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KuiBcbknit HauioHanbHUIA yHiBepcuTeT iMeHi Tapaca LesueHka, Kuig, YkpaiHa
2HauioHanbHWUM TeXHIYHWUM YHiIBepcUTeT YKpaiHu
"KuiBcbkum MonitexHiyHmMn iIHCTUTYT imeHi Iropsa Cikopcbkoro”, Kuis, YkpaiHa

CNABETHMUMH IOBIJIEM BUAATHOI MOCTATI:
A0 80-PIYYA BiA AHA HAPOQXKEHHA ONIEKCAHAPA rPUrOPOBUYA HAKOHEYHOIO

lNpucesiyeHo 80-piv4to ei0 OHs1 HapOOdXXeHHs1 sUGamHO20 yKpaiHCbKO20 84eHO20-MameMamuka ma nedazoaa npogecopa Kuie-
CbKO20 HayioHasibHo20 yHieepcumemy imeHi Tapaca LlleeyeHka OnekcaHOpa [puzoposu4a HakoHe4Hoz20. OKpecsieHo
io2o xxummeaul i npogpeciliHull wnsix. OCHoeHY yeaay npudineHo o2nady pyHoaMeHmanbHUX Haykoeux pesynbmamie O. I'. Ha-
KOHe4yHo20. HasedeHo nepenik eubpaHux HayKoeux npaysb roeinsipa.

KnwuyoBi cnoBa: OnekcaHOp HakoHeyHull, eunadkoei npoyecu, cucmemHull aHani3, meopisi NpPuliHAMMSs piweHb,
yMoeu Hegu3HayeHoOCM.

Knacudikauis BignoigHo ao AMS 2020: 60G20, 39A50, 01A70.

Y HaujioHanbeHi HayKoBiv Tpaguuii € nocTaTi, Yna npaus He nuLie BU3Ha4Yae PO3BUTOK OKPEMUX ranysen, a n hopmye iHTe-
nekTyanbHi ropu3oHTK KpaiHu. [lo Takmx niogen HanexuTs Onekcanap puroposny HakoHEYHWI — YKpaiHCbKUIA Y4eHWin, neqa-
ror, AOKTOp i3dnKo-MmaTeMaTUYHKX HayK, MPodecop, akaaemik i TpeTin npeam,quT Axkapgewmii Hayk BI/ILLLOI LKkonu Ykpainu.

Bpaxae xutTeBuit i npodpecinHunii wnax yyeHoro. Lie nepeko- !

HMAMBWI NPUKNag TOro, K HAMOMEernMBICTb, IHTENEeKT i BiAdaHICTb
cnpaBi 34aTHi CTBOPUTN dyHOAMEHT ANA HOBUX HayKOBUX LLIKIS i
Linux HanpsmiB gocnigpkeHb. Hapoamewmck 9 cidHa 1946 p.
B c. KpacHe OGyxiBcbkoro p-Hy KuiiBcbkoi 061., BiH 3marnky nisHas
LiHy npaui Ta BignosigansHocTi. 3akiHumBeLum y 1962 p. Micbke npo-
deciiHo-TexHiuHe yumnuile Ne 4 npu KuiBcbkomy 3aBodi BepcTa-
TiB-aBTOMaTiB iMeHi [Opbkoro, a 3rogoM — BEYIpHIO LUKOMY
pobiTH1YOi Monogi B Byui, Monognin OnekcaHap 3ymiB noegHaTtu
daxoBy MiAroTOBKY 3 BUCOKOK OCBITHLOK METO. BuaHavanbHum y
NOro XWTTi CTano HaB4YaHHs Ha MexaHiko-MaTemaTuyHoMy dakyrb-
TeTi KniBcbKoro yHiBepcuTeTy imeHi Tapaca LleByeHka, sike BiH 3a-
BepwmB y 1969 p., cnewjanisytouncs y ranysi Teopil IMOBIPHOCTEN.

Yxe B nepLli poku nicns oTpuMmaHHsa gunnomy OnekcaHgp
"puropoBuy BUsIBMB cebe sk TanaHoBUTUI JOCHiIAHMK | haxiBeLb
y cdepi mateMaTU4YHOro MporpamyBaHHs Ta kibepHeTukn. Po-
60Ta iHxeHepom-nporpamMictom y nabopartopii MaTeMaTU4YHOrO MpPoOrpamMyBaHHs!, @ 3ro40M BUKIadaLbka SisnbHICTb Ha da-
KynbTeTi kKibepHeTHKN — Bif acucteHTa Ao npodecopa kadeapn MOAEnNtoBaHHsS CKNagHMX CUCTEM — CTanu TUM I'PYHTOM, Ha
SIKOMY BM3Pinv NOro ManbyTHI HayKOBI [OCATHEHHS.

3axucT kaHauaaTcebkoi aucepTadii Ha Temy "MoMeHTHI dyHKLIT cTapLlunx nopsiakie BunaakoBux npouecis”" y 1973 p. nig
KepiBHMUTBOM akageMika A. B. Ckopoxofa Ta AOKTopcbKoi "MiHiMakCHe ouiHioBaHHA oyHKLUIOHanNIB Bif PO3B'A3KIB PiBHSAHL 3
YacTuHHMMMK noxigHumn" —y 1981 p. 3a cneujianeHicTio "MaTemaTnyHa kKibepHeTuka" — yTBepAUnmM NOro ik O4HOrO 3 NPOBIAHNX
yYeHUX y ranysi BUnagKkoBmx NpoueciB, CUCTEMHOIO aHani3dy Ta ONTUMarnbHOrO OLHIOBaHHS CKNagHUX MatemaTuyHux moge-
nen. MpodecinHun asToputeT OnekcaHgpa MpuropoBmnya 3aKOHOMIPHO NPUBIB MOro 40 KepiBHMLTBA kadeapoto CUCTEMHOIO

© Kawnyp OneHa, 3rypoecbkuit Muxaiino, Kanyctsin OneHa, Maxkparosa Hatanis, 3iHbko MeTpo, Jlocesa Mapis, 2026
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aHanisy Ta Teopii NPUUHATTA piweHb, fka 3 1996 p. cTana OAHUM i3 KMHOYOBUX HAYKOBO-OCBITHIX LEHTPIB
akynbTeTy kibepHeTukn KHY imeHi Tapaca LleB4yeHka.

O. I'. HakoHe4YHuIh € BUOATHUM yYEHUM Y ranysi Teopii NPUNHATTSA pilleHb B yMOBaxX HEBU3HAYEHOCTi Ta CUCTEMHOIO aHanisy
npouecis pi3Hoi npupoaun (HakoHeuHun, & KaunHebkuin, 1996; Marzeniuk, & Nakonechny, 2003; HakoHeuHun, & Bepec, 2007;
HakoHeuHun, & XKyk, 2009; MapueHiok, & HakoHeuHuin, 2009; Mallet, Nakonechny, & Zhuk, 2013; HakoHeuHuit, MapueHiok, &
AHppywak, 2014; KanyctaH, KanyctaH, & HakoHeunnid, 2021; Bekesiene, et al., 2023a; Bekesiene, et al., 2023b; Bekesiene
et al., 2024). dakTnyHO, BiH € OAHUM i3 TBOPLIB Ta iAEMHNM HAaTXHEHHMKOM YNPOBamXXeHHs cneuianbHocTi "CucteMHuii aHanis"
B OCBITHIll Ta HaykoBMI NanawadT YKpaiHu. ABTOp noHag 421 HaykoBMx npaub (98 Moro HaykoBMX Mpab BXOASTb 40 HayKoMe-
TpU4HOI 6a3m Scopus), 3 H1UX 13 MoHorpadiii, 8 HaB4anNbHUX NOCIGHMKIB. Y ranysi NpUKNagHOi MaTeMaTUKM Ta CUCTEMHOIO aHa-
ni3y CTBOPMB 1 OYOMIOE BNacHy HayKoBy Likony "MatemaTtnyHe MoferntoBaHHsi Ta Teopis onTuMarnbHUX pieHs". Cepef ioro
yyHiB 20 kaHaMAaaTiB | 6 4OKTOPIB HayK, SIKi NPaLoOTb Y MPOBIAHUX YHIBEpCUMTETaxX i HAYKOBUX IHCTUTYTax CBITY, po3BuBatoun igei
CBOro BUYMTENS Ta NPUMHOXYIOUN IHTENEKTYarnbHUI NoTeHLian ykpaiHCbKOI HayKu.

O. I'. HakoHeuHnMm Byno ogepxaHo pyHAameHTanbHi pedynbTaTi B ranysi ouiHIoBaHHSI PO3B'A3KIB i napaMeTpiB PiBHSAHb
i3 YaCTMHHMMU NOXiAHMMU 3 AeTepMiHOBaHMMU Ta cToxacTudHnMmn 36ypeHHamu (Nakonechnyi, & Podlipenko, 2021, Mallet,
Nakonechny, & Zhuk, 2013; Zhuk, Polyakov, & Nakonechnyi, 2017; Nakonechnyi, Kapustian, & Chikrii, 2019; Nakonechnyi,
& Podlipenko, 2022). na nobynoBu KOHCTPYKTMBHOI Teopii ouiHioBaHHA O. I'. HakoHeuHuIn 3acTocyBaB MiHIMakCHUA nigxig
(Nakonechnyi, & Zinko, 2023; Nakonechnyi et al., 2023a; Nakonechnyi et al., 2023b; Kapustian, & Nakonechnyi, 2020;
Nakonechnyi, Kapustian, & Podlipenko, 2019; Nakonechnyi, Zinko, & Shevchuk, 2018; Zhuk, & Nakonechnyi, 2018; HakoHe-
yHun, 2000). Buxoasum 3 BapiauiviHoi Teopii piBHSHb eninTu4Horo, napaboniyHoro Ta rinepbonivyHoro TNiB y rinb6epToBUX
npocTopax, HUM Bynu po3pobneHi opuriHanbHi MeToaM onTMMisaLii B ymoBax HeBuaHadeHocTi (Nakonechnyi, Shestopalov,
& Podlipenko, 2014; Zhuk, Polyakov, & Nakonechnyi, 2017; Nakonechnyi, Kapustian, & Chikrii, 2019; Nakonechnyi, &
Podlipenko, 2022; Nakonechnyi, Podlipenko, & Shestopalov, 2021a; Nakonechnyi, Podlipenko, Shestopalov, 2021b;
Nakonechnyi, Kapustian, Chikrii, 2019), wo cytteBo y3aranbHioBanu pesynstatu Kanmana-B'toci, H. H. Kpacoscbkoro,
A. B. KypxaHcbkoro, XK.-J1. INlioHca. CTBOPEHHS Takoi Teopil BiAKPUIO MOXIUBICTb iT 3aCTOCyBaHHS Nif, Yac po3pobneHHs 06-
YNCMIOBArNbHMX CUCTEM aBTOMaTU30BaHOI 06PO6KM pe3ynbTaTiB eKCNEPUMEHTIB i3 BU3HAYEHHSI NapameTpiB cepeoBULL, iH-
TEHCMBHOCTI mpkepen Towo. MMopibHi 3agadi BMHMKaOTL B aKyCTuUi, rigpoavHamiui, onTuui, pagionokadii, acTpoHOMii,
meTeopororii, ceicmororii, Tennodianui (HakoHeuHni, & KaunHcbkuin, 1996; Marzeniuk, & Nakonechny, 2003; MapLeHtok,
& HakoHeuHun, 2009; HakoHeuHuin, MapueHtok, & AHapyLiak, 2014; Mallet, Nakonechny, & Zhuk, 2013; Nakonechnyi, Zinko,
& Zinko, 2025a; Nakonechnyi, Zinko, & Zinko, 2025b).

Hapani HaykoBa gisinbHicTe O. I'. HakoHe4yHoro Gyna nos'sizaHa 3 MOAEMNOBaHHSAM M ONTUMI3aLie0 CKNagHMX CUCTEM.
[obpe Bigomi haxisusm MOro npawi 3 MOAENoBaHHA i onTUMI3aLii 3BMYanHUX andepeHLianbHMX PiBHAHB i PIBHSHD i3 Yac-
TUHHUMK noxigHumu. Lli gocnigmkeHHa 6ynu posnoyati B 1974 p. i CyTTEBO PO3BUHYNW TEOPIlO OLiHIOBAHHSA Ta KEpyBaHHS B
ymoBax HeBwmsHaveHocTi (Nakonechnyi, & Podlipenko, 2021; Zhuk, Polyakov, & Nakonechnyi, 2017; Nakonechnyi,
Podlipenko, & Shestopalov, 2021b; Nakonechnyi, Kapustian, & Chikrii, 2019 ). Y3aranbHuBLM npuHUMn gyanbHocTi P. Kan-
MaHa, BiH po3pobyB METOAM OfEpPKaHHSA PEKYPEHTHMX OLLIHOK CTaHIB i NapameTpiB CTOXaCTUYHUX PiBHSHb B YMOBaX HEBW3Ha-
yeHocTi. MNpodecop HakoHe4HUI Ta 04OMOBaHi HUM HayKoBL 3000yny 3Ha4Hi pe3ynbTaTh y Takux Hanpsmax:

e CTOXACTWYHI PiBHSIHHSA 3i CTpMbKamu,

e CTOXaCTWYHIi PIBHAHHS 3i 3MiIHHOIO CTPYKTYpOIO,

® CTOXaCTWU4HIi PIBHSIHHA 3 iHOPMALIMHUMWN KPUTEPISMWN OLLiIHIOBaHHS,

o JudepeHUianbHi PIBHAHHSA i3 3ani3HEHHSAM,

e nnaHyBaHHSA ONTUMarnbHWUX CTPATErii CNOCTEPEXEHHS ANs PIBHAHb i3 YaCTUHHUMMW NOXIGHVMMMU,

e 3ajaudi OLiHIOBaHHS Ta KepyBaHHSA B rigpoakycTui,

e 3aavi NPOrHO3yBaHHsI PO3B'A3KIB PiBHSIHb NEepeHoCy Ta Andysii.

OcobnuBy yBary OnekcaHap 'pyropoBuy Npuainse BNpoBafKEHHIO OfAepXKaHNX HAayKOBUX pe3ynbTaTiB y BUPOOHMLUTBO.
3 1976 p. BiH OyB kepiBHMKOM pOBGIT 3i CTBOPEHHSA aBTOMAaTU30BaHOI cMCTEMM 0OPOGKN pe3ynbTaTiB NIbOTHOTO EKCNEPUMEHTY.
I3 uieto meToto Breplue 6yB po3pobneHnit nakeT nporpam "Mogens", Kyan BBINLNM HOBi anropuTMM pPeKypeHTHOro OLiHIo-
BaHHs. Lle nakeT 3HaliLLIOB 3acTOCyBaHHA Ha 3aBogi iM. AHTOHOBa (M. KuiB).

3 1980 p. 3a kepiBHMuTBa O. . HakoHeYHOro BMKOHYBanucs poboTu 3i CTBOPEHHSI CUCTEMU MOAEMIOBaHHS 1 06pobku
AaHux rigpoakyctuyHoro ekcniepumeHTy (CMOTAC), sika 3Hanwna 3actocyBaHHs B 060POHHIili MPOMMCIOBOCTI.

Y 1997-1999 pp. pasom i3 BueHUMU E€nbcbkoro yHiBepeuteTy (CLUA) Benacsa pobota, ovontoBas sky O. I'. HakoHeuHui,
3i CTBOPEHHSI CUCTEMMN MOAENIoBaHHA 1 06POOKN AaHWX YNbTPa3ByKOBUX EKCNIEPUMEHTIB 3 METOK AUCTaHLINHOIO KepyBaHHS
iHTenekTyanbHMMM poboTammn HOBOTO NOKONIHHA TUNY "Kaxkan" i "Oenbgin". ¥ 2011-2012 p. OnekcaHap MpuropoBmy KepyBas
YKpaiHCbKO-(hpaHLy3bKMM NPOEKTOM "AnocTepiopHe MiHIMaKkCHe OLiHIOBaHHS pyxy pianH" pasom i3 HaykoBusaMM 3 HauioHa-
NBbHOro JOCNIOHMLBKOrO iHCTUTYTY KOMM'IOTEPHMX Hayk i kepyBaHHs (INRIA) y mexax Mporpamu cninbHUX Ai Mixk YkpaiHoto
Ta ®paHuieto B ranysi HaykoBO-TEXHOMOrYHOro cniBpobiTHMUTBa "OHinpo". Y 2022-2023 pp. konektus nig opyaot Onekca-
HOpa [puropoBuya BUKOHYBaB CMiflbHUI YKPAiHCbKO-NMTOBCLKMI NPOEKT "MoaentoBaHHA poni NioAcbKoro noTteHuiany aons
3abe3neyeHHst 060pOHM KpaiHM Nig Yac HOBITHIX 3arpo3" pa3oM 3 HaykoBLUSMMU JIMTOBCLKOI BIICbKOBOI akageMii iMeHi reHe-
pana Monaca Xemaiitica.

HaykoBuin eHTysia3m O. I'. HakoHe4Horo 3HanwwoB CBOE BTINEHHS y MiXXKHAPOAHIW HayKoBin koHdpepeHuii "Mpobnemun npun-
HATTA pileHb B ymoBax HeBuaHaveHocTi" (PDMU), siky BiH pa3om 3 ogHogymusamuy 3anovatkyeaB y 2001 p. KoHdepeHuis mae
3HAYHUIN PEe30HaHC Yy HayKOBOMY CBITi, 00'€gHYy€E y4yeHUx 3 GaraTtbox KpaiH i WOopiYHO NpoBOANUTLCA sIK B YKpaiHi, Tak i 3a 1i
mexamm (Yexis, MNonbLua, Mpysia, AsepbanmpkaH, Jlutea, €rvneT) (doTo 1, 2, 3).

O. I'. HakoHe4YHuIn nocnigoBHO 0BCTOKE NPUHLMNN akadeMivyHoi 4oOpoYecHOCTI Ta 3MiLHEHHS1 MapTHEPCLKMX 3B'sA3KIB 3
NPOBIAHMMU YKPAIHCLKUMUM OCBITHLO-HAYKOBUMMW YCTaHOBaMM Yy rany3i CUCTEMHOIO aHanisy — HaB4arnbHO-HayKOBMM KOMMIIEKCOM
"I[HCTUTYT MpUKNagHOro cuctemMHoro aHanisy" HauioHanbHoro TexHiyHoro yHiBepcuteTy YkpaiHu "KWiBCbKUIA MORITEXHIYHMI
iHCTUTYT iMeHi Irops Cikopcbkoro” MOH Ykpainv i HAH Ykpainu, JIbBiBCbKMM HaLioHanbHUM YHIBEPCUTETOM iM. IBaHa PpaHka,
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Ocobnusy yBary npodecop HakoHe4Hui npuainge BUXOBaHHIO HAyKOBMX KadpisB BULLOI kBanidikalii Ta MeToan4Hin po-
6orti. 3 1996 no 2021 p. — ronoea cnedianizoBaHoi BY4eHoi paaum [ 26.001.35 i3 3axucTy OKTOPChKMX aucepTauin, a i3 2024 p. —
3aCTYMNHWK ronoBu crevjianizoBaHoi BYeHoi pagm [ 26.001.09. Y 1991-2010 pp. npautoBaB B ekcnepTHin pagi BAK Ykpainu.
13 2007 no 2010 p. 6yB 3acTynHUKOM ronoBu HaykoBO-MeTOAWYHOI KOMICIT 3 iHpopMaTuKM Ta NpyKNagHoi MaTtemMaTtuku, a
TaKoX 3aCTYMHWKOM ronoBu HaykoBo-MeToauyHOI KoMicii i3 cuctemHoro aHanizy npn MOH Ykpainu. Y 2010-2015 pp. — 3a-
CTYMHUK ronosu HaykoBo-MeToAMYHOI KOMICIT i3 CUCTEMHOro aHanisy, ronosa MigKOMICIT i3 CMCTEMHOro aHanidy KnacuyHmx
yHiBepcuTeTiB npu MOH YkpaiHn. € ogHuM 3 aBTOpiB po3pobkmM rany3eBux ctaH4apTiB BULLOT OCBiTU HanpsMky 040303 "Cu-
ctemHun aHanis". Y 2016-2019 pp. 6ys uneHom konerii MiHicTepcTBa OCBITW | Hayku YKpaiHu Ta YneHOM eKCcrnepTHOI paau
OepxaBHoro poHay PyHOAMEHTaNbHUX AOCNIOKEHb.

Onekcangp MpyropoBnd BXoaUTb A0 PeAKONErii yKpaiHCbKMX HayKOBUX XXypHanie: "»XypHan ob4McnoBanbHoi Ta npukna-
OHoi matematukn", "Mathematical modeling and computing” (BxoguTte o Scopus i3 2017 p.) Ta 3aKOPAOHHOTO XypHany
"Transactions of National Academy of Sciences of Azerbaijan. Series of Physical-Technical and Mathematical Sciences, Issue
Mathematics".

HaTxHeHHa HaykoBoO-neaaroriyHa npaws Ta nocnigoBHa rpomagsHcbka nosuuis npodecopa O. I'. HakoHeuHoro 6ynu Bia-
3HayeHi Hu3Koko Haropog: NoyecHoto rpamoToto MiHicTepcTBa ocBiTY | Hayku Ykpainm (2006), BigsHakoto BueHoi pagu Kuis-
CbKOro HaLjioHanbLHOro yHiBepcuTteTy iMmeHi Tapaca Lesyenka (2008), FpamoToto Buwioi atectauinHoi komicii Ykpainm (2010),
Haropopoto Cesatoro Bonoammmpa AH BLU Ykpainu (2016). Onekcangp IM'puroposuy — 3acnyxeHuin npaLiBHUK OCBITK YKpaiHu
(2009), naypeat [depxaBHOi npeMii YkpaiHu B ranysi Hayku i TexHiku (2011) (oo 4).

Y 2015 p. B4eHuit otpmumaB lNpemito imeHi Tapaca LLleeueHka KHY imeHi Tapaca LeBueHka. ¥ 2015 p. O. I'. HakoHeuHomy
NPUCBOEHO NOYecHe 3BaHHSA "3acnyxeHun npodecop KMiBCbKOro HauioHaneHoro yHisepcuteTy iMeHi Tapaca LleByeHka". Y
2018 p. BiH 06paHuii MNoyecHum npodecopom JlaHkapaHCbKOro aepxaBHoro yHiBepcuteTy (AsepbangxaH). O. I'. HakoHeu-
HWUIA — [NoYyecHun JoKTop YKpaiHCbKO-aMepuKaHCbKoro yHisepcuteTy KoHkopais. 13 2016 p. BiH € MNovecHnM uneHom MixHa-
poaHoi akagemii Hayk 3 iHpopMaTusauii ocsitu ([pya3is).

<
>
%
7

®doto 4. Ha Bpy4eHHi [lepxxaBHoi Mpemii YkpaiHu B rany3i Hayku i TexHiku (2011)

Mpodecop O. . HakoHe4Huit ycnilwHO NoeaHYE HayKoBO-NeAaroriyHy poboTy 3 akTMBHOK MPOMAaACHKO AissbHICTIO. I3
2003 p. — akageMik-cekpeTap BiggineHHs iHpopMaTUKM Ta CUCTEMHOrO aHanisy, a i3 2014 p. — npe3naeHT rpoMaacbkoi op-
radisauii "Akagemisi Hayk BMLLOT LLIKONK YkpaiHu", Wwo o6'eqHye BYEHNX 3aknagiB BULLOI OCBITU YKpaiHu ANs CNpUsiHHSA B Npo-
BefleHHi DyHAaMeHTanbHUX i IpUKNagHuUX AOCNIMKEHb Y ranysi NpUpOaHNYNX, TEXHIYHUX Ta COLLio-ryMaHiTapHUX Hayk, OOMiHy
HayKOBUM Ta NeAaroriyHMm AOCBIAOM, 3aXUCTY iX haxoBuX iHTEpeCiB.

BigaHnavatoun 80-pivHnii toBinen OnekcaHapa Mpuroposmya HakoHEYHOro, My BLUGHOBYEMO HE NULLE BUAATHOIO BYEHOTO,
a " NIauHy, ska 3yMmina noegHatu rmuboKMIM iIHTENeKT i3 pigKiCHOK MIOASHICTIO, BUMOITMBICTb — i3 4OOPO3MUNUBICTIO, akaae-
MIYHICTb — i3 BiIKPUTICTIO 40 CBITY Ta HOBKX iAel. loro BHECOK y pPO3BUTOK YKpaiHCLKOT KiBepHeTUKM, NPUKNaaHOT MaTeMaTuku
1 NigroToBKY HAYKOBWX KaApiB 3anunUNTLCS BaXXMBOK CTOPIHKO iCTOPIT BITYM3HSAHOT HaykW. Konern i y4Hi, Bigaatoyy waHy

3p006yTkam npodecopa O. . HakoHe4HOro, LMpOo BiTaloTb AOrO 3 HOBINEEM, 3u4aTb HOBMX TBOPYMX 3400YTKIB, JOBIUX, MMid-
HUX i LLLACNNBUX POKIB XUTTS.
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BHecok aBTopiB: OneHa Kawnyp, Muxanno 3rypoBcbkuii — KoHUeNnTyanisawis; metoauka; OneHa KanyctsaH — 36ip i nepesipka emnipu-
YHMX AaHux; Hatanisa MNaHkpaToBa — emnipynyHe gocnigxeHHs; MeTtpo 3iHbko, Mapisi JloceBa — aHani3 mxepern, NiArotoBka ornsgy nireparypu
abo TeopeTUYHNX OCHOB AOCHIIKEHHS.

Dxepena diHaHCcyBaHHA. PiHaHCyBaHHA AOCMiAXeHHs 4acTkoBO 3abe3neyeHo KWIBCbKMM HauiOHANbHUM YHIBEPCUTETOM iMEHi
Tapaca LLeByeHka.
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GLORIOUS ANNIVERSARY OF AN OUTSTANDING FIGURE: TO THE 80TH ANNIVERSARY
OF THE BIRTH OF OLEKSANDR GRIGOROVYCH NAKONECHNY]I

The article is dedicated to the 80th anniversary of the birth of Oleksandr Hryhorovych Nakonechny, the outstanding Ukrainian scientist,
mathematician and teacher, professor at the Taras Shevchenko National University of Kyiv. His life and professional path are outlined. The article
highlights his academic career, scientific and pedagogical activities, as well as his significant contribution to the development of mathematics
education and science in Ukraine, in particular, in the systems analysis, decision-making theory, stochastic processes with uncertainty. The main
attention is paid to the review of the fundamental scientific results of O. G. Nakonechny. A list of selected scientific works of the jubilee is provided.

Keywords: Oleksandr Nakonechnyi, stochastic processes, systems analysis, decision-making theory, uncertainty conditions.

AsTtopwm (O. Kawnyp ta O. KanycTsiH) € uneHamu pefkonerii BuaaHHs, ToMy BOHW He Bpanu yyacTi y peLeH3yBaHHi Ta MPUAHATTI piLleHHs
wono nybnikauji uiei ctatTi.

ABTOpU 3asBNAIOTb NPO BiACYTHICTb KOHANIKTY iHTepeciB. CNoHcopu He Bpanu yyacTi B po3pobneHHi AocniaxeHHs; y 36opi, aHanisi umn
iHTepnpeTaLii AaHVX; y HaNUCaHHi pyKonucy; B pilleHHi Npo nybrnikavito pe3ynbTaris.
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EXTENDED UNIQUE FIXED POINT THEOREM IN COMPLETE QUASI-METRIC SPACE

The primary goal of this research is to present novel fixed point theorems within the framework of complete quasi-metric
spaces. Fixed point theory is a critical area connecting pure and applied mathematics. While classical results like the Banach
contraction principle are well-established in metric spaces, this paper extends these concepts to the more generalized quasi-
metric space, which lacks the symmetric condition of a standard metric space. We prove a unique fixed point theorem for
continuous mappings in a complete quasi-metric space under a newly defined, comprehensive contractive condition. This result
significantly generalizes and extends several existing fixed-point theorems in the literature. An example is provided to illustrate
the applicability of our findings. Our work contributes to the development of fixed point theory in asymmetric spaces, which
have applications in diverse fields such as shape-memory alloys and Hamilton - Jacobi equations.

Keywords: fixed point, contraction mapping, complete metric space, complete quasi metric space.
AMS 2020 classification: 47H10, 54H25.

Introduction

Fixed point theory is a fascinating branch of mathematics with deep connections across pure and applied disciplines.
Its origins trace back to the early 20th century, notably with Banach’s pioneering work in 1922 on the Banach contraction
principle (Banach, 1922). This principle has wide-ranging applications in areas like differential and integral equations, metric
spaces, and numerical analysis. Inspired by this, many researchers have proven various fixed point theorems in different
mathematical spaces.

Following Banach, Kannan in 1968 (Kannan, 1968) and Chatterjea in 1972 (Chatteriea, 1972) introduced similar results
on metric spaces, which were later generalized for complete metric spaces by Jojar et al. (Jojar et al), 2022). A pivotal
development in the generalization of metric spaces was the introduction of quasi-metric spaces, also known as asymmetric
metric spaces (Wilson, 1931). These spaces are defined without the symmetric condition of a standard metric, making
them suitable for modeling phenomena where directional distance matters.

The relevance of quasi-metric spaces extends far beyond theoretical mathematics, finding numerous recent and sig-
nificant applications in both pure and applied domains. These applications include, but are not limited to, the modeling of
complex behaviors in shape-memory alloys (Mielke, & Roubicek, 2003), addressing questions of existence and uniqueness
in Hamilton-Jacobi equations (Mennucci, 2013), facilitating automated taxonomy construction (Woon, & Madnick, 2009),
providing robust models for material failure (Rieger, & Zimmer, 2009), and analyzing rate-independent models for plastic-
ity (Mainik, & Mielke, 2005). The utility of fixed point theorems in these contexts often lies in proving the existence and
uniqueness of solutions to equations that arise from such models.

This research article aims to further advance fixed point theory by establishing new fixed point theorems for continuous
mappings in complete quasi-metric spaces. Our results introduce a novel contractive condition that extends and generalizes
several well-known existing results in the literature. We provide a suitable example to demonstrate the applicability of our
findings. This work contributes to the theoretical understanding of fixed points in asymmetric spaces and their potential use
in various scientific and engineering problems.

1. Preliminaries
In this section, we introduce some basic definitions and an example that will be used further.
Definition 1. (Wilson, 1931)): Let X be a nonempty setand let d : X x X — [0,00) be a function satisfying the following
conditions:
1. d(z,y) =dy,z) =0 = z=1y;
2. d(z,y) < d(z,z) +d(z,y) Vz,y,z € X.

Then, d is called quasi-metric (or g-metric) on X and the ordered pair (X, d) is called a quasi-metric space.
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Example. (Ayoob, Chuan, & Miaiki, 2023) An example of a quasi-metric space is a circle, where the distance d between
two points A & B on the circle is defined as the length of the shortest arc measured in a clockwise direction.

Definition 2. (Uleli, & Samet, 2018) A sequence {z,} in a quasi-metric space (X,d) is said to be g-convergent to z if
limnso0d(Tn, 2) = 0 = limn0d(z, zn). Here, z is the g-limit point of a sequence {xz, }.
Definition 3. (Uleli, & Samel, 2018) A sequence {x, } in a quasi-metric space (X, d) is said to be Cauchy sequence if for a
given e > 0, there exists a ng € N such that for all m,n > no,

d(Tn,xm) < €0rd(Tm,zn) < €.

Definition 4. (Wilson, 1931) A quasi-metric space (X, d) is considered complete if every Cauchy sequence in X converges
to a pointin X.

Definition 5. (Banach, 1922) Let (X, d) be a metric space and let f : X — X be a function. Then a point x € X is a fixed
point of f if f(z) = «.

2. Main Results

In this section, we establish some fixed point theorems for continuous mappings in a complete quasi-metric space. Our
results extend and generalize some well-known existing results in the literature in (Banach, 1922; Chatterjea, 1972; Jojar
et al), 2022; Kannan, 1968; Mittal et al., 2023).

Theorem 1. Let (X, d) be a complete quasi-metric space and T : X — X be a continuous self-mapping satisfying the
condition

d(Tz, Ty) < ard(z,y) + azld(z, Tx) + d(y, Ty)] + as[d(z, Ty) + d(y, Tz)]+ (1

d(z,y)d(z, Ty) ] tas {d(% Ty)(1 + d(z, Tw))} tas [ d(z, Ty)d(y, Ty)
d(z,y) + d(y, Ty) 1+d(z,y) d(z,y) + d(y, Ty)

forall z,y € X,a1,a2,as,a4,a5,a¢ = 0 and a1 + 2a2 + 2a3 + a4 + as + ag < 1. Thus, T has a unique fixed point in X.

+aq

Proof. Let zp € X be an arbitrary element in X and define an iterative sequence as
x1 =Tx0, 20 =T = T2m0, oy =Txn_1 =T"x0
for all n € N. Then

d(z1,22) = d(Txo, Tx1) <
< a1d(zo, 1) + az[d(zo, Txo) + d(x1,Tz1)] + asld(xo, Tx1) + d(x1, Tzo)]+
d(xo,z1)d(x0, T21) } tas [d(:cl,Txl)(l —|—d(xo,T:ro))} tas [ d(xo, Tz1)d(x1, T1) } _
d(zo,z1) + d(z1, Tx1) 1+ d(zo, 1) d(zo,z1) + d(z1, Tx1)
= a1d(wo, 1) + az[d(xo, 1) + d(x1, 22)] + as[d(zo, z2) + d(z1,z1)]+
d(zo,z1)d(zo, x2) ] +as |:d(l‘171‘2)(1 +d(xo7x1))} ta { d(zo,x2)d(z1,x2) } o
d(zo,z1) + d(z1, z2) 1+ d(zo,z1) d(zo, 1) + d(x1,T2)
< a1d(zo, z1) + a2d(zo, 1) + asd(z1, x2) + as[d(zo, z1) + d(x1, x2)] + aad(x0, 1) + asd(z1, x2) + asd(z1, 22) =
= [a1 + a2 + a3 + aa]d(wo, z1) + [a2 + a3 + as + ae]d(z1, 2).

+aq [

+ay [

Therefore, [1 — (a2 + as + as + ag)]d(x1,22) < [a1 + a2 + as + a4]d(zo, x1). This implies

d(z1,22) < [ a1+ G2 + a3 F G4 } d(xo,x1).

1— (a2 4+ az + as + as)
Let

k= a1+ a2 +as +aq
1—(az+as+as+ae)]’

Then, d(z1,z2) < kd(zo,z1). Similarly,
d(l‘g,xg) < k2d($07561)7 d(I3,$4) < kgd(:c07:c1).

Proceeding like this we get for any positive integer n, d(zn, xnt1) < k"d(zo, 21).
Now, if p is any positive integer,

d(ﬂ:nalﬁH—P) < d(-’rn7 -’1777.-‘(-1) + d(xn-‘rly xn+2) + -+ d(xn_'.p_l,mn-‘rp) <
<k d(zo, 1) + k" d(zo, z1) + - + K" (2o, 1) =
= K" (Lt k+ -+ kP d(z0,21) <

k™ k"
< L — k] d(zo,z1) < {m} d(xo, Txo).
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Since a1 + 2a2 + 2as + a4 + as + as < 1, then 0 < k < 1. So, d(zn, Tntp) — 0@s n — oco. Therefore, {z,} is a Cauchy
sequence. As X is a complete quasi-metric space, we have

lim z, =p e X.
n— o0
Since T is continuous, lim,,_,c T, = T'p = liMy 00 Txny1 = Tp. Thus,
Tp =p.

Hence, p is a fixed point of T'.
Uniqueness: If p € X is a fixed point of 7. Then by Equation (fi])

d(p,p) = d(T'p, Tp) <
< a1d(p, p) + a2[d(p, Tp) + d(p, T'p)] + as[d(p, Tp) + d(p, Tp)|+

tay d(p,p)d(nTp))} e [d(p7Tp)(1+d(p7Tp))}+a {d(nTp)d(p,Tp)

d(p,p) +d(p, Tp 1+d(p,p) d(p,p) +d(p,Tp) | ~
< [al + 2a2 + 2a3 + % +as + %] d(p, p).

Since a1 + 2a2 + 2a3 + % +as + %2 < 1and d(p,p) > 0, we have d(p,p) = 0. Thus, d(p,p) = 0if p is a fixed point of
T. Suppose that p and ¢ are two fixed points of T' (p # q); thatis, p = Tp and ¢ = Tq. We have
d(p,q) = d(Tp,Tq) <
< a1d(p, q) + az2[d(p, Tp) + d(q, Tq)] + as[d(p, Tq) + d(q, Tp)]+

tas d(p, q)d(p, Tq) } 1+ as {d(%Tq)(l + d(p, Tp))] L as { d(p, Tq)d(q, Tq)
d(p,q) +d(q,Tq) 1+ d(p,q) d(p,q) +d(q,Tq) |
d(p,q) < [a1 + a3 + adld(p, q) + asd(g, p). )
Similarly,
d(q,p) < [a1 + a3 + ald(g, p) + asd(p, q). 3)

Subtracting equation (§) from (B)), we get

|d(p, q) — d(q,p)| < |a1 + aa||d(p, q) — d(q,p)|-

Since, |a1 + as] < 1, we have |d(p, ¢) — d(g,p)| = 0. This implies

d(p, q) = d(q,p)- (4)
Putting equation (#) in (8), we get
d(p, q) < [a1 + a3 + ad]d(p, q).
Since, 0 < a1 + a3 + a4 < 1, we have d(p, ¢) = 0. Similarly, d(q,p) = 0. Hence, p = q. O

Example. Let X = R with g-metric defined by

0 ifz=y
d(z,y) = {m2 oty Vo, y € X

1

and let T : X — X such that Tz = £ be a continuous self-mapping. Suppose a1 = %, a2 = &, a3 = &5, as = &=, as = 55,

as = % then T satisfies all the conditions of Theorem fi], and = = 0 is the unique fixed point of 7" in X.
Remark 1. In Theorem i,

1. Ifaz = a3 = a4 = a5 = as = 0, then it extends the result of (Banach, 1922).

2. If a1 = a2 = a4 = a5 = as = 0, then it extends the result of (Chatterjea, 1972).

3. If a1 = a1 = a5 = as = 0, then it extends the result of (Jojar et al., 2022).

4. If a1 = a3 = a4 = a5 = as = 0, then it extends the result of (Kannan, 1968).

5. If as = 0, then it extends the result of (Mittal et al., 2023).

Discussions and conclusion

In this paper, we proved a unique fixed point theorem for continuous self-mappings on complete quasi-metric spaces.

The result is based on a generalized contraction condition involving several distance terms and extends classical fixed point
theorems such as those by Banach, Kannan, and Chatterjea. Unlike many earlier results, our theorem does not require
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additional structures like convexity or dislocation. An example was also given to support the main result. We hope this work
will be useful for further studies in fixed point theory on asymmetric spaces.

Authors’ contribution: Anurag — conceptualization, methodology, validation, formal analysis, original draft preparation; Aparna, Vyas
— conceptualization, formal analysis, original draft preparation; Gibak, Kim — review and editing.
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PO3LUIUPEHA TEOPEMA MNMPO €AUHY HEPYXOMY TOYKY B MOBHOMY KBA3IMETPUYHOMY MNMPOCTOPI

OcHoeHoto Memoto AocnidXKeHHs1 € NpedcmaesieHHs HO8UX MeopeM MpPo HePyXOMy MOYKY 8 MOBHUX KealiMmempuyHuUx npocmopax. Teopis
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cmuckaHHs. Ljeli pesynbmam cymmeeo y3a2asibHI0€ Mma po3WUuUproe HU3Ky 8iGoMux meopem rpo Hepyxomi moyku, 3zadaHux y nimepamypi. Ans
inrocmpauii 3acmocoeHocmi Hawux pe3ysnbmamie HagedeHo npuknad. Hawa po6oma po6umb HECOK y PO38UIMOK Meopii HePyXOMUX MOYOK &
acumMempu4HUX Npocmopax, siki 3Haxo0simb 3acmocyeaHHs1 y Pi3HUX 2aJly3siX, 30Kkpema 8 AoclidxeHHi cnnasie 3 egpekmom nam’ssmi gpopmu ma
pieHsiHHAX amMinbmoHa - 5IkoGi.

Knw4yoBi cnoBa: Hepyxoma moyka, cmuckasbHe eidob6paxeHHs, NoeHuli Mempu4HuUli Npocmip, NoeHull KeaziMmempuyHuUli npocmip.
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DYNAMICS OF A NON-AUTONOMOUS STOCHASTIC MUTUALISM MODEL WITH JUMPS

In nature, we can find many examples where the interaction of two or more species is to the advantage of all. Mutualism
occurs when one species provides some benefit in exchange for some benefit, for example, ants and aphids, in which the ants
obtain honeydew food resources excreted by aphids while the aphids obtain increased survival by the non-trophic service of
ant defense against natural enemies of the aphids. Mathematical deterministic mutualism models are widely used to study the
dynamics of such population systems. In real life, there is a lot of randomness and stochasticity, such as environmental noise,
so using stochastic models is more suitable. Suppose we want to take into account abrupt environmental perturbations, such
as epidemics, fires, earthquakes, etc., in the considered models. In that case, we must introduce Poisson noises into population
models to describe such discontinuous systems. So, we take into account not only “small” jumps, corresponding to the centered
Poisson measure, but also the “large” jumps, corresponding to the non-centered Poisson measure. The existence and unique-
ness of the global positive solution are proved for the system of stochastic differential equations describing a non-autonomous
mutualism model disturbed by white noise, centered, and non-centered Poisson noises. We obtain sufficient conditions of
stochastic ultimate boundedness, stochastic permanence, non-persistence in the mean, weak and strong persistence in the
mean, and extinction of the solution to the considered system.

Keywords: stochastic mutualism model, global solution, stochastic ultimate boundedness, stochastic permanence,
extinction, non-persistence in the mean, weak and strong persistence in the mean.

AMS 2020 classification: 92D25, 60H10, 60H30.

Introduction

In nature we can find many examples where the interaction of two or more species is to the advantage of all. Mutualism
occurs when one species provides some benefit in exchange for some benefit, for example, ants and aphids, in which the
ants obtain honeydew food resources excreted by aphids while the aphids obtain increased survival by the non-trophic
service of ant defense against natural enemies of the aphids. Mathematical deterministic mutualism models are widely
used to study the dynamics of such population systems.

In (May,, 1976), the following deterministic two-species mutualism model

IS
8
—~
~
N
I

z(t) (7’1 - Iflli;t()t) — 51:1;(16)) dt,

1
dy(t) = y(t) (ra — 22205 — cay(r)) dt A

is proposed. Here z(t), y(¢) denote the population densities of each species at time ¢, r;, K;, bi,e; (i = 1,2) are positive
constants, r1, 72 denote the intrinsic growth rate of species z(¢), y(t) respectively, K1 is the capability of species x(t) being
short of y(t), similarly K> is the capability of species y(t) being short of z(t).

In the paper (Li et all, 2015) the stochastic version of the model (fl]) is considered in the following form

dz(t) = x(t) (rl - Kblli;t()t) — 51;17(t)) dt + anz(t)dwn (¢),

2
dy(t) = y(t) (7“2 — g2 — szy(t)) dt + azy(t)dws(t), @

where w1 (t), w2(t) are mutually independent Wiener processes. The authors proved the existence and uniqueness of a
global positive solution to the system (). It is proven that the solution to the system (B) is stochastically ultimate bounded,
stochastically permanent, uniformly Hélder-continuous. The sufficient conditions for persistence in the mean and extinction
of the solution to the considered system are obtained.

Population systems may suffer abrupt environmental perturbations, such as epidemics, fires, earthquakes, etc. So, it
is natural to introduce Poisson noises into the population model for describing such discontinuous systems. In the paper
(Li, Gao, & Wang, 2016), the authors consider the stochastic mutualism model with white and centered Poisson noises

da(t) = z(t™) (rl(t) - et 51(t):c(t)) e+ aa(O)dwn (0) + [ (6, 2)P(dt, dz) |

dy(t) = y(t™) (7“2(t) - % - 82@)?/@)) dt + 2 (t)dws (t) + {’72(757 z)v(dt, dz)
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Here x(¢t7), y(t™) are the left limit of =(¢) and y(t) respectively, r;(t), bi(t), K:(t), €:(t), ai(t), i« = 1,2 are all positive,
continuous and bounded functions, Y is a measurable subset of (0, +o0), w;(t),: = 1,2 are independent standard one-
dimensional Wiener processes, o(t, A) = v(t, A) — tII(A) is the centered Poisson measure independent on w;(t),i = 1, 2,
Elv(t, A)] = tII(A), II(Y) < oo, 7:(t, 2),4 = 1,2 are random, measurable, bounded, continuous on ¢. The global existence
and uniqueness of the positive solution to the problem (B) are proved. The sufficient conditions of stochastic ultimate
boundedness, stochastic permanence, persistence in the mean, and extinction of the solution to the system (E) are obtained.

In this paper, we consider the stochastic mutualism model with jumps generated by centered and non-centered Poisson
measures. So, we take into account not only “small” jumps, corresponding to the centered Poisson measure, but also the
“‘large” jumps, corresponding to the non-centered Poisson measure. This model is driven by the system of stochastic
differential equations

dl‘l(t) = Z‘rb(t) |:7'i(t) — % — ¢ (t);vl(t) dt + o; (t)xl(t)dwl (t)+
+/%(t,z)m¢(t7)171(dt,dz) + /61'(25,z)xi(tf)yz(dt,dz),xi(()) =z >0,1=1,2,
R R

(4)

where w;(t),: = 1,2 are independent standard one-dimensional Wiener processes, i1 (t, A) = v1(t, A) — tI11 (A), vi(t, A),
1 = 1,2 are independent Poisson measures, which are independent on w;(t),: = 1,2, E[v ( A)] = tIL;(A),i = 1,2,
I1;(A),i = 1,2 are finite measures on the Borel sets A in R.

We prove that system (H)) has a unique, positive, global solution for any positive initial value, and this solution is stochas-
tically ultimately bounded. The sufficient conditions for stochastic permanence, extinction, non-persistence in the mean,
weak and strong persistence in the mean of the solution to the system () are derived.

It is worth noting that the impact of centered and non-centered Poisson noises to the stochastic predator-prey model
that depends on the population density of the predator is studied in the paper (Borysenko, & Borysenka, 2023).

In the following we will use the notations X (t) = (z1(t),z2(t)), Xo = (%10,720), | X&) = /z3(t) + 23(t),
RZ ={X €R?: z; > 0,22 > 0},
Bi(t) = /'yl (t,2) — In(1 4 ~i(t, 2))]I1 (dz) /In (14 68:(¢, 2))|1L2(d2),

R

i = 1, 2. For the bounded, continuous functions f;(t),¢ € [0,+0),¢ = 1,2, let us denote

fisup = Sgp fi(ﬂ,fiinf = JQB fi(t)7i = 1,2, fmax == max{flsup,stup}a fmin = min{fl infy f2inf}~
t=0 Z

The rest of this paper is organized as follows. In Section 2, we prove the existence of a unique global positive solution to the
system () and derive some auxiliary results. In Section 3, we prove the stochastic ultimate boundedness of the solution
to the system (@), and obtain sufficient conditions under which the solution is stochastically permanent. The sufficient
conditions for extinction, non-persistence in the mean, strong and weak persistence in the mean of the solution are derived.

1. Existence of a global solution and some auxiliary lemmas
Let (2, F, P) be a probability space, w;(t),7 = 1,2,¢ > 0 are independent standard one-dimensional Wiener processes
n (Q,F,P), and v;(t, A),i = 1,2 are independent Poisson measures defined on (22, 7, P) independent on w; (¢),7 = 1, 2.
Here E[v;i(t, A)] = t11;(A),i = 1,2, D5(t, A) = v;(t, A) — tIL;(A),i = 1,2, I1;(-),% = 1,2 are finite measures on the Borel
sets in R. On the probability space (2, F, P) we consider an increasing, right continuous family of complete sub-o-algebras
{Fi}i>0, where Fy = o{w;(s),vi(s, A),s < t,i=1,2}.
We need the following assumption.

Assumption 1. It is assumed, that r;(¢) > 0,b;(t) > 0, K;(t) > 0,ci(t) > 0, 0:(t),i = 1,2 are bounded, continuous on ¢
functions, cmin > 0, Kmin > 0, 7i(t, 2),0:(¢, 2),7 = 1,2 are continuous on ¢ functions and In(1 + v;(¢, 2)),In(1 + 8;(¢, 2)) are
well-defined and bounded, IT;(R) < oco0,7 =1, 2.

In what follows, we will assume that Assumption [ holds.

Theorem 1. There exists a unique global solution X (t) to the system (@) for any initial value X (0) = Xo € R%, and
P{X(t) eRI} =1

Proof. Let us consider the system of stochastic differential equations

t) + exp{vs—i(t)}
+/In(1 + 7i(t, 2))o1(dt, dz) + / n(1 + 0;(t, 2))2(dt, dz), vi(0) =Nz, i =1,2.

R R

dvi(t) = (ri(t) e E’ b expivit)l ) explun(t)) — @(t)) dt + o (t)dw (t)+
_ (®)

The coefficients of the system (B) are locally Lipschitz continuous. Therefore, for any initial value (v1(0), v2(0)) there exists
a unique local solution V'(t) = (v1(t),v2(t)) on [0,7.), where sup,_. |V (t)| = +oo (cf. Theorem 6, p. 246,(Gikhman, &
Skorokhod, 1982)). So, from the Itd’s formula, we derive that the process X (t) = (exp{vi(t)}, exp{v2(t)}) is a unique,
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positive local solution to the equation (H). To show this solution is global, we need to show that 7. = +oco a.s. Letng € N
be sufficiently large for zio € [1/n0,n0],7 = 1,2.

For any n > no we define the stopping time 7, = inf{t €[0,7e): X(t) ¢ (l, n) X (1, n) } . Itis easy to see that 7,
n n

is increasing as n — +oo. Denote 7o, = lim,_, o 7, from which 7o, < 7. a.s. If we prove that 7., = o a.s., then 7. = oo
a.s. and X (t) € R% a.s. forall t € [0,+00). So we need to show that 7.. = oo a.s. If it is not true, there are constants
T >0ande € (0,1), such that P{roc < T} > ¢. Hence, there is n1 > no such that

P{r. <T}>¢, VYn>=ni. (6)

For the non-negative function V(X) = > (z; — 1 —Inx;), X = (z1,22), z; > 0, i = 1,2, by the 1td’s formula we obtain

V]

V(X(T A Tn)) = V(Xo) + . { / [(Iz(t) — 1) (Ti(t) — % — Ci(t)l’i(t)> + /Bz(t)+
+ / 5i(t, z)xi(t)Hg(dz)] dt+ [ (@ilt) = Vos(t)dwi(t) + / / it )2 () — In(1+ % (t 2))in(dt, d=)+ ()

R

o\

0 R

// (t, 2)z(t™) — In(1 + 5:(t, 2))]ia(dt, dz)}

Under conditions of the theorem, there is a constant L > 0, such that

22: |:(:ci—1) (Ti(t)—%—cz() )-!-/31 /6 (t ZIHQ(dZ)] <

i=1 ) (8)
b
Z |:(7'max + Cmax + Kr—nax + 5maxH2(R)> Tqi — Cminl‘? + Bmax] <L,
i=1 min
WhEre dmax = MaXi=1,2{SUP, > .cr di(t, z)}. From (@) and (B) we have
2 TATn
V(X(T A1) < V(Xo)+ L(T A1) + Z / (z:(t) — 1)os (t)dw; (t)+
=1
TATn T ATy, ’
//[% (t, 2)x:(t7) = In(1 4+ v4(t, 2))] o (dt, dz) + //[5 (t,2)xs () — In(1 + 6;(¢, 2))] 2 (dt, dz)}
0 R
Whence taking expectations, yields
EV(X(T A7) < V(Xo)+ LT. 9)

Set Q, = {7, < T} forn = ni. Then by (B), P(Qn) = P{m, <t} > ¢, ¥n > n1. Note that for every w € Q,, there is some
i such that z;(7,,w) equals either n or 1/n. So V(X (7,)) = min{n — 1 —Inn, 2 — 1 + Inn}. It then follows from () that
V(Xo) + LT > E[1, V(X(n))] = emin{n — 1 —Inn, L — 1+ Inn}, where 1q, is the indicator function of £2,,. Letting
n — oo leads to the contradiction co > V(Xo) + LT = co. This completes the proof of the theorem. O

Lemma 1. Let X(t) = (x1(t), z=2(t)) be a solution to the system (H). Then the density of the population x;(t),i = 1,2 has
. In xT; (t) .

a property lim sup — <0,i=1,2as.

t—o0

Proof. By the Itd’s formula we have fori = 1,2

bL(S)Iz(S)
e Inz;(t) — Inzgpo /6 {lnxl ) +rils) = Ki(s) +w3-i(s)

(10)
/[In 1+7i(s,2)) — Wi(S,Z)]Fh(dZ)} ds + i (t),

—ci(8)xi(s

where

t

wi(t):/esaz )dw; (s //e IN(1 + v:(s, 2)) i1 (ds, dz) // e’ In(1 4 6;(s, 2))va(ds,dz), i =1,2.

0
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By virtue of the exponential inequality ((Borysenko, & Borysenkd, 2019), Lemma 2.2) we have

P{sup Ci(,u,t)>ﬁ}<e M0 < pu<l, >0, i=1,2,

0<t<T

Ci(mt):q/h‘(t)—%/e%af ds—f// 14 7i(s, 2))* —1—

e’ In<1+w<s,z>>} Iy (d2)ds— / / (146105, 2))" 1] Ta(dz)ds, = 1,2,

where

Choosing T = kr,k € N,7 > 0,u=e"*",3=0e""Ink, 6 > 1 we get

P{ sup Ci(p,t) > 0 In k} < i=1,2.

o<t<kT

1
k77
By the Borel-Cantelli lemma for almost all w € 2, there is a random integer ko (w), such that for Vk > ko(w) and 0 < ¢ < k7
we have

di(t) <

ST /6250'12 )ds + " // 1 + (s, 2) S S In(1 +’yi(s,z))] 14 (dz)ds+

(11)
eFr // {(1 Foi(s,2) T - 1} Ia(dz)ds + 0" Ink, i = 1,2.
0 R

Applying the inequality 2" < 1+ r(z — 1), valid forallz > 0,0 < r < 1, firstfor z = 1 + 7i(s,2), r = *~*7, then for
z =1+ 6(s,2), r = e, we derive from ({1 the estimates

t

Pi(t) < 2elkT /e2saf(s)ds+// e’ [fyi(s,z)—ln(l—l—’yi(&z))]Hl(dz)ds—i—// e*8i(s, 2)Ila(dz)ds + 0" Ink, i = 1,2. (12)

0

So from (f0) and (i), we get for i = 1,2

e'inz;(t) < Inayo + /eS {In xi(s) +7ri(s) — —Kz(b;)(—&)-xi )l( 5~ ci(s)xi(s) — oi(s) (1 - esfl”) +

¢
+ / 0i (s, 2)IIy (dz)} ds + 0" Ink < Inzy + /es[ln 2i(s) — ciintzi(s) + Lilds + 0" Ink <

R 0
<Inzio + L(e' — 1) + 60" Ink, Vk > ko(w), 0 <t < kT,

for some constant L > 0, where L; = 7;sup + SUP, > [ 02(, 2)I12(dz). So forany (k — 1)7 <t < k7, Vk > ko(w) we have

kT
(loeyp——de ik 19 as

In SL‘Z(t) < ,tln Zi0 L
e=D7In(k — 1)7

nt Int ' Int

Therefore
. In liz(t)
limsup ———=

t—o0 Int

<P, i=1,2,V0>1,¥Vr >0, a.s.

If6 1,710, then we obtain

lim sup Inz:(t) xlft)

t—o00 l

<1,i=1,2 as.

So limsup @

t—ro0o

<0,i=1,2 as. O

Lemma 2. Let p > 0.Then for any initial value x;o > 0,7 = 1,2 we have

limsupE [z} (¢)] < Li(p), i = 1,2,

t—o0

where L;(p) > 0,7 = 1,2 are some constants depending on p.

Proof. Let 7, be the stopping time defined in Theorem fil. Applying the 1t&’s formula to the process V (t,z;(t)) = e'z?(t),

7
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i=1,2,p > 0, we obtain fori =1, 2
tATH 9
VAT, xi(tATR)) = aby + /esmf(s) {1 +p (n(s) - % - Cz(s)l'z(s)) + MJF
0 tATH
/ (14 75, 2))" — 1 - pyils, D] Th (d2) + / [(14+61(s,2))" ~ ]n2<dz>} dst [ peal@o@dus+ (19
0
//ex [(14+7:(s, 2))P—1] 1 (ds, dz) //ex [(1 4 d:(s,2))? — 1] 2(ds, dz).
Under Assumption il there are a constants L;(p) > 0,i = 1,2, such that
s bi(s)zi(s) p(p — 1)o7 (s)
P __0\S)Ti\S) . PP~ 2)9:i\5)
e'at(s ){1+p( () = B ) + =P
(14)
[(147i(s,2)" =1 —pyi(s, 2)] M1(dz) + [ [(1+d:(s,2))’ —1]2(d2) p <
R R
1
<e’ {xf(s) (1 + prisup + |p2 | oFawp + stur)) _pciinfl‘i+l(5):| < e’Li(p),
where
Jisup = Sup {/ (1 +7(s,2))" =1 = pyi(s, 2)] T (dz) + /[(1+5i(8,2))”—1} Hz(dZ)} :
520 R R
From (i) and (fi4), taking the expectation, we obtain
E[V(EATn, z:i(tAT))] < by + Li(p)e’, i =1,2.
If n — oo, then we get
e'E[zP(t)] < 2% + Li(p)e’, i = 1,2.
Hence limsup,_, . E[z7(¥)] < Li(p), i = 1,2. O
Lemma 3. Ifmin{(r1 — B1)inf, (r2 — B2)int} > O, then for any initial value z;o > 0,7 = 1,2 we have
1 6
i — < L; =
IlrtrLsolipE [(:ci(t)> ] <Li(0),0<0<1,i=1,2, (15)
where L;(0) > 0,7 = 1,2 are some constants depending on 0 < 0 < 1.
Proof. For the process U;(t) = 1/z;(t),i = 1,2 by the 1td’s formula we have
t bils)ai(s) 2(s,2)
(D) = U . o i . . 2 Til$ % _
Uilt) = Ui(0) + /m( >[ n(s) + ey s em(s) + ol(s )+/1+%(8 Z)rh(dz)] ds
_ ’yZ s, z
/U s)oi(s)dw;(s // 1—|—'yzsz 1(ds, dz) //U 1+5 sz) vo(ds,dz).
Then by the It0’s formula we derive for0 < 0 < 1,7 =1,2
/ b
(14 U0 = (14 T(0)+ [ 0(1+Ti(9)" 2 {<1+Ui<s>>m<s> [— o)+ I sy o)+
’L 3—1
0
2 6
2 Vi (S,Z) 0— 2 1/ ( 1+UZ(S)+’Y’L(Saz) )
: LA 11 (de —U ~ [ la+Ui( ~1
rato+ [ )}* o) 1T T anart)) )7
R R , (16)
. M 1/ L+ Ui(s) + di(s, 2) B B
+ 6(1 + Usi(s)) T+ 7:(5.2) 7 (14 Ui(s 5 0:(5,2))(1 + Ui (5)) 1| 2(dz) p ds
R

_/0(1+U¢(8))91U‘( s)dwi(s //
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o

where I .0cn(t),7 = 1,3 are corresponding stochastic integrals in (8). Under Assumption i there exist constants
|L;i,1(0)] < o0, |L;2(0)| < o0, i = 1,2 such, that for the process J;(¢) we have the estimate

146:(s, 2

(1+%7))) —(14Ui(s7)) } 2(ds,dz)=(1+U;(0 /9 (1+Ui(s 9 2 ds+Z[J stoch (

J0) < (14 B0 [—mu) w00 (5 ) +ato+ [t z)fh(dz)] v

+9%U?<t)a?(t> +3 /(1 +Ui(1)*

1| I, (dz)+

<1+’yt(t,z) + 1+1U¢(t))0 B

0 2
+% /(1 +Ui(1)° (1 +($(t7z) + 1 +][-]i(t)> — 1| Ma(dz) < U (L) [*n(t) + U’T(t)+
+/ i (¢, z)Hl(dz)—i— O’Z 9/[ +7i(t, 2)) 111, (dz) —&—é (14 6:(t, 2)) —1]H2(dz)]+

+L; 1(0)Us(t) + Li,2(9) = —L;o(t, Q)U (t) + Li,1(0)Us(t) + Li2(6).

Here we used the inequality (z 4+ 3)° < 2% 4+ 2%y, valid forall 0 < § < 1, =,y > 0, in the first integral term for
z=(1+v(tz2)"" y=(1+U(t)*, and then in the second integral term for z = (1 + 6;(t,2)) ", y = (1 + Ui(t)) ™+
Due to

lim [2 %/ (14 vi(t,2)”7 — 11 (dz) + é/[(l +6:(t,2)) "% = 1|Ta(d2)+
R

60—0+
R

+ / IN(1 4+ ~;(t, 2))1 (dz) + / In(1 + &;(¢, Z))Hg(dz)] = tglinowJr Ai(0,t) =
—
and the condition min;=1,2(r; — Bi)int > 0 we can choose a sufficiently small 0 < 6 < 1 so that
Lio(0) = JQE Lio(t,0) = t'gf)[n'(t) — Bi(t) — Ai(6,t)] >0
is satisfied. So from (f{§) and the estimate for Ji(t) we derive

d [(1 + Ui(t))e] <O+ Ui(t)" *[~Lio(O)UZ () + Li,i (0)Ui(t) + Li2(0)]dt — 0(1 + Us(£))° " Us(t)os () dwi () +

+R/ [(1 + %)9— (1+Ui(t_))9} 1 (dt, dz)+R/ <1+1f;£it,)z))e—(1+ Ui(t))? | 22(dt, dz). (7)
By the It8’s formula and ({7]) we have
a1+ U0)] =AM+ U(0) dt + Ma[(1+ Ui)°] < o1+ Ui(1)" [f (Li,o(o) - g) UZ(t)+
+(Li1(0) + % Ui(t) + Li2(0) + %} dt — 0™ (1 + U () U (t) o () dwi (8) + (18)

(1 + Ui(t_))>0 — (14 Ui(t))9:| Da(dt, dz).

+€/ (1+1+%t)2)) (HUi(t))g]ﬁl(dt’dz)’%”/ 150t 2

Let us choose A = A(f) > 0 such that min;—1,2 L; 0(#) — A/68 > 0. Then there is a constants L;(6) > 0,7 = 1, 2, such that
fori =1,2 we have

(14U (1) {— (Lw(e) - g) U2(t) + (Li,l((?) + %) U(t) + Loa(6) + g} < L.(6). (19)

Let 7,, be the stopping time defined in the Theorem fi. Then by integrating (f{8) from 0 to ¢ A 7., using (f[9) and taking the
expectation we obtain

E [e)‘(MT")(l LU A Tn))f’} < <1 + 2 )9 + 5.0 (e“ - 1) .

Zi0 A

Letting n — oo leads to the estimate

e'E [(1 + Ui(t))"] < (1 . )6 + .0 (e“ - 1) . (20)

Zi0

ISSN 1728-3817



DI3BUKO-MATEMATUYHI HAYKMW. 1(82)/2026 ~ 23 ~

From (R0) we obtain

limsup E [(x-l(t))e] = limsupE [Uf(t)] < limsupE [(1 + Ui(t))e] < ——Li(6),

t— oo t— o0 t— oo

and this implies (f5). O

2. The long time behaviour
Definition 1. ((Li, & Mad, 2009))) The solution X (¢) to the system (#) will be said stochastically ultimately bounded, if for any
e € (0,1), there is a positive constant xy = x(¢) > 0, such that for any initial value X, € R2, the solution to the system (&)
has the property that

limsupP{|X(#)| > x} <e.
t— o0

In what follows in this section we will assume that Assumption [i] holds.

Theorem 2. The solution X (t) to the system (B) is stochastically ultimately bounded for any initial value X, € R%.

Proof. From Lemma [ we have an estimate

limsup Ezi(t)] < Li, i =1,2. (21)

t—o0

For X = (z1,22) € R% we have | X| < x1 + z2, therefore, from (1) limsup, , E[|X(t)|] < L = L1 + Lo. Let x > L/e,
Ve € (0,1). Then applying the Chebyshev inequality yields

. 1. L
limsup P{|X(t)] > x} < = limsup E|X(t)| < = < e.
t—oo X t—oo X

O

Definition 2. ((Li, Gao, & Wand, 2016)) The solution X (t) to the equation () is said to be stochastically permanent if for
any € > 0, there are positive constants H = H(e), h = h(e) such that fori = 1,2

liminfP{z;(t) < H} >1—¢, liminfP{z;(t)>h}>1—¢,
t—o0 t—o0

for any initial value X, € R3.

Theorem 3. Under the conditions of Lemma 3, the solution X (t) to the system (H)) is stochastically permanent for any initial
value X, € R3.

Proof. From Lemma [ we have an estimate

limsup Efzi(t)] < L.i=1,2.

t—o0

Thus for any given ¢ > 0, let H = L /e, by Chebyshev’s inequality, we can derive that

limsup P{z;(t) > H} < msup E[z;(t)] < e.
t— oo

L li
H t— oo
Consequently Iitm infP{z;(t) <H} >1—¢,i=1,2.
—
From Lemma [§ we have the estimate

limsupE [(xl(t))a] <L), 0<0<1.

For any givene > 0, let h = (E/L(Q))l/‘), then by Chebyshev’s inequality, we have

t— 00 t— o0 t—o0 X; (t)

limsupP{z;(t) < h} < IimsupP{(gg(ﬂ)Q > h9} < Rk’ limsupE K L >9] <e.

Consequently Iitm infP{z;(t) > h} >1—c¢. O
— 00

Theorem 4. Iffori = 1,2 we have

t

p; = limsup % /pi(s)ds < 0, where p;(s) = ri(s) — Bi(s),

t—o0
0

then the solution X (t) to the system () with initial condition X, € R% will be extinct: tlim zi(t)=0,i=1,2a.s.
L — 00
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Proof. By the It6’s formula, we have fori = 1,2

Inz;(t) = Inzio + /Ot [Ti(s) — sz(sw

) + s i(5) ci(s)zi(s) — ﬂi(s)] ds + Mi(t) < Inwio +/O pi(s)ds + Mi(t), (22)

where the martingale

t t

Mi(t) = /tm(s)dwi(s)—l—//In(l—l-’yi(s,z))z?l(ds,dz) +//|n(1+6i(s,z))172(ds,dz), i=1,2, (23)

0 R 0 R

has quadratic variation (Meyer’s angle bracket process)

(M;, My)(t) = /af(s)ds+// In2(1+'yi(s,z))1'[1(dz)ds+//In2(1+6i(s,z))ﬂg(dz)ds <KL i=1,2

Then the strong law of large numbers for local martingales (Lipster, 1980Q) yields lim;_, ., M;(t)/t = 0,i = 1,2 a.s. Therefore,
from (22) we obtain

t
lim sup Inzi(t) < limsup 1 /pi(s)ds <0, as.

t—o0 t—o0 t
0

Solimi_ e zi(t) =0,s = 1,2 a.s. O

Theorem 5. If p; = 0,7 = 1,2, then the solution X (t) to the system (@) with initial condition X, € R will be non-persistent

in the mean:
t

1 .
lim f/cci(s)ds =0 as.,i=1,2.
t— o0 t

0

Proof. From the first equality in (22) we have
t t
Inz;(t) < Inxio + /pi(s)ds — ¢ inf/xi(s)ds + M;(t), i=1,2, (24)
0 0

where martingale M;(t) is defined in (23). From the definition of 5} and the strong law of large numbers for M; (¢) it follows,
that Ve > 0, 3to > 0, and 3Q. C Q, P(2.) > 1 — ¢ such that

t

1 . & M) e
- i < i a < o 2 ) Qs~
t/p(s)ds p—i—2 ; 2Vt to, w €
0
So, from (£4) and condition 5} = 0,7 = 1,2 we derive
t t
Inz;(t) — Inzio < t(p; +¢) — Ciinf/mi(s)ds =te — CiiM/CIZ’i(S)dS, i=1,2, Vt > to, w € Qe. (25)
0 0
Let yi(t) = [, zi(s)ds, i = 1,2, then from (25) we have
In (dy#it)) Let— Ciinf’yi(t) +1In Ti0, 1 = 1,2, Vt > to, w € Qe.

Therefore
eciintyi(t) dyi(t)
dt
By integrating the last inequality from ¢, to ¢t we obtain

< mioe, 1=1,2, Vt > to, w € e

eCiintyi(t) < “n; 0 (eft _ 65t0) + ec‘l,lnfy‘l.(to), i=1,2, Vt>to, w € Q..

So

yi(t) < In [eciinfyi(tﬂ) + CiinfZi0 (est _ esto)] ,i=1,2, Vt > to, w € o,

Ciinf €

and therefore
t

lim sup%/wi(s)ds <

t—o0

€ .

,i=1,2, Vw € Q.
Ciinf
0
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t

Since ¢ > 0 is arbitrary and z;(t) > 0,7 = 1,2 a.s., we have tlim %/:ci(s)ds =0,7=1,2a.s. O
— 00
0

Theorem 6. If 5} > 0, i = 1,2, then the solution X (t) to the system (@) with initial condition X, € R2 will be weakly

persistent in the mean:
t

. 1 .
Z; = limsup = zi(s)ds >0, i=1,2, a.s.
t— o0 0

Proof. If the assertion of the theorem is not true, then P{w € Q | 3(w) = 0} > 0. From the first equality in (27) we get

¢ ¢

In l’l(t) In ZTi0 1 / bl sup 1 / Mz(t) 3

-, 2 " 0 - 1 » i -, - 17 27 2

, ; + L P (s)ds from + Cisup i (s)ds + " i (26)
0 0

where martingale M;(t), i = 1,2 is defined in (23). For Vw € {w € Q| #5 = 0} in virtue of the strong law of large numbers
for martingale M;(t), i = 1,2 we have

In l‘l(t)

limsup >p; >0, i=1,2.

t— o0

Therefore
P{weﬂz Iimsup@ >o} >0,i=1,2.

t— o0

But from Lemma [l we have
P{w €Q: Iimsup@

t—o0

So we obtain a contradiction. O

t
Theorem 7. Ifp;. = Iitm inf%/ pi(s)ds > 0,1 = 1,2, where p;(t) = ri(t) — Bi(t), i = 1,2, then
[— 00 0

B 1 t 5 b )
Tix = IItmInff xi(s)ds > p”, a.s., where m; = dinf 4 Cisup, 1 = 1,2,

—oo t [o m; iinf

Therefore, the solution X (t) = (x1(t), z2(t)) of system (@) with initial value X, € R3. will be strongly persistent in the mean:
Zix > 0 almost surely, i = 1,2.

Proof. From (26) we get

t ¢
Inz;(t) > Inzio + /pi(s)ds — mi/mi(s)ds + M;(t), i =1,2, (27)
0 0

where martingales M;(t), i = 1,2 are defined in (23). From the definition of 5;.., 7 = 1,2 and the strong law of large numbers
for M;(t),7 = 1,2 it follows that Ve > 0, 3to > 0, and IQ. C Q, such that P(Q.) > 1 — ¢,

f/pi(s)ds > Pin — % MT(” > ,%7 i=1,2, Vt > to, w € Q..
Hence, from (27) we have
t
INnz;(t) >INz + t(Pix — &) — mi/mi(s)ds, i=1,2, Vt > to, w € Qe.
0

Applying the same arguments for the processes y;(t) = fot z;(s)ds, i = 1,2 as in the proof of Theorem B, we derive the
estimate

1 s i Ti P 5. —
s> L [em1y1<zo) + T (e — et e)to)} Li=1,2, V> b, w € Qe
So
t
. . 1 71'* - .
Ilmlnff/;ri(s)ds > u, 1=1,2, we Q..
t—oo ms
0
Using the arbitrariness of € > 0, we complete the proof of the theorem. O

Discussion and conclusions
In this paper, we consider the non-autonomous stochastic mutualism model driven by the system of stochastic differen-
tial equations with white noise, centered and non-centered Poisson noises. So, we take into account not only “small” jumps,
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corresponding to the centered Poisson measure, but also the “large” jumps, corresponding to the non-centered Poisson
measure. For the considered system, sufficient criteria for the existence and uniqueness of a global positive solution are
obtained. We derive sufficient conditions of stochastic ultimate boundedness, stochastic permanence, non-persistence in
the mean, weak and strong persistence in the mean, and extinction of the population densities in the considered stochastic
mutualism model. The results strictly generalize existing results, so they are meaningful and important.

Authors’ contribution: Oleksandr Borysenko — conceptualization, writing, and editing; Olga Borysenko — methodology, writing,
viewing, and editing.
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HauioHanbHuM TexHiYHUIA yHiBepcuTeT YkpaiHu «KniBcbkui noniTexHiyHun iHcTUTyT imeHi Iropsi Cikopcbkoro», Kuis, YkpaiHa

DOUHAMIKA HEABTOHOMHOI CTOXACTUYHOI MOLENI MYTYANI3MY 31 CTPUBKAMM

Y npupodi Mmu moxemo 3Halimu 6azamo npuknadie e3aemodii deox abo 6inbwoi Kinbkocmi nonynAyil, 3a siKUx eU200U 00ePKY€E KOXHa i3
nonynayiti. Modeni Mymyaniamy euHukarombs modi, Kosiu oOHa nonynsyisi Hadae neeHi su2odu iHwili 8 06MiH Ha eu2o0u Ans cebe. lMpuknadom
MOXymb criiy2yeamu nonynsyis mypax i nonynsyisi nonentoxu. Mamemamuy4Hi demepmiHoeaHi Modesi WUPOKO euKOpUCMO8YOMbLCS Ni0 Yyac
eueYeHHs1 QuHaMiKu makux nonynsiyiliHux cucmem. Y peanbHOMY xummi Ha nonynsyiliHi cucmemMu Yyacmo enauearoms eunadkoei 36ypeHHs,
momy OouyinbHO 8uKopucmosyseamu cmoxacmuyHi modesi nonynsAyiliHoi OuHamiku. SIKWo Mu xoyeMo epaxoeyeamu maki panmosi 36ypeHHsI
cepedoeulya, sik enidemii, noxexi, 3emnempycu, modi Ham AoyinbHO eeecmu yeHmMpoeaHuli i HeueHmpoeaHul nyaccoHieckKi wymu y nonynsayitiHy
modenb. Omixe, Mu 6ydeMo epaxosyeamu He Minbku “mMani” cmpubku, ujo 8idnoesioaromes UeHMPOB8aHOMY MyacCOHI8CLKOMY WyMy, ane i “eenuki”
cmpubku, wo eidnoeidaroms HeyeHMpPoeaHOMY MyaccoHiecbkoMy wymy. Y po6omi doeedeHo icHyeaHHs1 i eOuHicmb 2nobanbHo20 dodamHo20
po38’s13Ky cucmemu cmoxacmu4Hux dughepeHyianbHUX pieHsIHb, WO ONUCY€E HeagMoOHOMHY Modesib Mymyainiamy, 36ypeHy “6inum” wymom, yueHm-
poeaHUM i HeyeHmpoeaHUM nyaccoHiecbkumu wymamu. OdepxkaHo docmamHi yMoeu 2paHUYHOI cmoxacmu4Hoi o6MexeHocmi, cmoxacmuYyHoi
nepmMaHeHMHOCMI, 6UMUPAaHHSI, HE8UXUBaHHS1 Y cepeOdHbLOMY, C/1abK020 i CUNIbHO20 8U)XUBaHHS1 Y cepedHLOMY 01151 PO38’sI3Ky cucmemu cmoxac-
MuYyHux dugpepeHyianbHUX pieHsIHb, W40 onucye 8idnoeioHy Modesnb Mymyaniamy.

Knw4yoBicnoBa: cmoxacmuyHa Mmodesib Mymyainiamy, 2ro6anbHuUll po3e’si30K, 2paHUYHa cmoxacmu4yHa o6MexeHicmb, cmoxacmuyHa
nepmaHeHMmMHicMb, 6UMUPaHHS, He8UXUBAHHS Y cepeOHbOMY, criabKe i cunbHe 8UXUBaHHS Y cepeOHbLOMY.

ABTOpYU 3asIBNSAOTb NPO BIACYTHICTE KOHMMIKTY iHTepeciB. CnoHcopu He 6Gpanu y4YacTi B po3pobneHHi gocnigxeHHs; y 36opi, aHanisi
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MODELLING HIV/AIDS EPIDEMIC IN UKRAINE AS A CONTINUOUS-TIME
MARKOV PROCESS

Ukraine remains among the countries with the highest rates of HIV/AIDS spread globally. In this study, we fit a continuous-
time Markov model to describe the progression of HIV to AIDS and ultimately to death for an individual and so obtain the means
to model the epidemic on the global level. Our analysis reconstructs the information lost due left- and interval-censorship of
empirical data. Our methodology integrates survival analysis, maximum likelihood estimation, Monte Carlo simulation, and the
construction of confidence intervals. The results provide insights into the dynamics of the epidemic in Ukraine and can further
be used in actuarial research of HIV/AIDS as an insurance risk.
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Introduction

The HIV/AIDS epidemic remains one of the most pressing challenges facing Ukraine’s healthcare system (Kruglov et
all, 2008; Barnett et all, 2000). According to international reports, Ukraine is among the countries with the highest rates of
HIV/AIDS transmission (Miranda et all, 2021; Parczewski et al., 2025). To ensure effective resource allocation, strategic
planning, and informed healthcare policy-making, a formalized approach to modeling the epidemic at the individual level is
essential.

The use of discrete multi-state models to describe the progression of chronic diseases has long been a standard
practice, with Markov models being particularly prominent (Johnson, Kemp, & Kotz, 2005). In this study, we first fit a
discrete-time Markov chain to represent the progression of HIV/AIDS at the individual level and then extend this framework
to a continuous-time Markov process.

A major challenge in the modeling process is the presence of left- and interval-censoring in the empirical data (Cox,
1972). After fitting the continuous-time Markov process, we address how the information lost due to censoring is recon-
structed by the model’s design.

The objective of this paper is to develop a statistical model of the HIV/AIDS epidemic that captures both local and
broader dynamics, taking into account the epidemiological context of Ukraine. Furthermore, we conduct simulation using
msm package in R (Jackson, 2007) and explore the application of the derived model in the actuarial analysis of HIV/AIDS
as an insurance-related risk.

1. Data sources introduction and preparation

This study uses aggregated region-level data from the State Enterprise “Center of Public Health” of the Ministry of
Health of Ukraine (HIV/AIDS.Data, 2025), covering the period from January 2014 up until the present time. The dataset
includes the following information for each region and month:

* number of newly reported cases of HIV,

* number of newly reported cases of AIDS,

* number of AlDS-related deaths,

« total number of people with HIV/AIDS under medical supervision at month-end,
« corresponding rates per 100 000 population.

Due to the nature of data collection, these data are left- and interval-censored. The presence of statistics calculated per
100 000 people and the lack of explicit population data imply that these values were estimated. Additionally, we used data
on general mortality rates at the region level, sourced from the website of the State Statistics Service of Ukraine, covering
the period from January 2015 to January 2022 (State Statistics Service of Ukraing, 2022). Information for later dates is
unavailable due to Russia’s full-scale invasion of Ukraine.

The empirical data from the sources were stored in a format unsuitable for direct import into Microsoft Excel, so Optical
Character Recognition (OCR) technology was employed. For this task, ABBYY software was used, as it specializes in
OCR of documents resembling Excel spreadsheets. However, this approach had several limitations. Notably, the software
occasionally misinterpreted the digits 0 and 1 as the letters “0” and “", respectively; introduced rare and sporadic data
corruption; and interpreted center-aligned symbols as entries containing multiple spaces.
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In order to restore data lost due to shortcomings of OCR, we manually removed extra spaces and applied global
character substitution of the form o — 0.

Afterward, where possible, we derived the number of people who died due to causes different from AIDS (CDA). Later,
we made a reasonable assumption that the number of people who die due to CDA within a certain group (e.g., people with
HIV) is proportional to the number of people who died due to CDA in the general population (P).

This allowed us to estimate the number of people who died due to CDA in the following groups: people who are undiag-
nosed (U), people living with HIV (H), and people living with AIDS (A). It should be emphasized that undiagnosed includes
individuals with HIV or AIDS who are unaware of their condition, which is realistic, given that HIV may be undetectable for
up to half a year after contraction and asymptomatic for years thereafter.

Further, we will use the following right subscripts:

» _ - denoting the total number of people in a certain group,

* N - denoting the increment in the size of a certain group,

* D - denoting the number of people who died in a certain group,

» .A - denoting death due to AIDS,

» .CDA - denoting death due to CDA,

* .100k - calculated per 100 000 people.

Additionally, we use the left subscript “t” to specify the moment in time. For example, the total number of people who

died due to CDA at time point 4 can be written as 4 Pp.cpa. Thus, our estimate for the number of people who died due to
CDA within an arbitrary group G can be expressed as:

G
tGp.cpa =+Pp.cpa - vzl
t

As previously mentioned, statistics per 100 000 people were estimated and thus implicitly carry information about
estimated population sizes. This allows us to recover estimates for group sizes using the formula:

+G 100k

+G_100k = - 100 000,

t

where _ stands for any statistic where the calculation of the corresponding statistic per 100 000 people is present.
Lastly, to address sporadic data corruption, we applied the following formulae to reconstruct the data:

+H=11H+Hy —tHp.cDA4;
tA=¢ 1A+ AN —tAp.cpa — tAD. 4.
It should be noted that the number of progressions and regressions between HIV and AIDS is not accounted for, since
currently, all people with HIV/AIDS under medical supervision receive antiretroviral therapy (ART), which eventually reverts

AIDS back to HIV and puts HIV into remission. This makes such transitions unlikely and impossible to estimate with the
given empirical data.

2. Designing the model

Natural choice of states would be Undiagnosed (U), has HIV (H), has AIDS (A), and Dead (D). Intuitively, one might
want to connect these states in the way the virus progresses naturally, i.e., U — H — A, with all of them connected to D.
However, that model is not realistic, due to several reasons:

» The widespread use of ART treatment allows transition A — H,

» People under medical supervision almost never transition from H to A (Raboud et al., 2002),

* Most people in state A are “late presenters,” i.e., individuals who are diagnosed in the late stages of the infection
(Miranda et al., 2021|; Parczewski et al/, 2025).

So, a more realistic picture (Fig. fl) of the Markov model would be:

ol

Fig. 1. Detailed model (inestimable)
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The only problem with that model is that it is not possible to estimate the transition probability for A — H from the
empirical data. Therefore, for the sake of further research, we introduce a new state H/A, for which all the transition
probabilities can be estimated from empirical data. In this model, Markov chain (Fig. B) and the monthly transition probability
matrix take the following forms:

Fig. 2. Simplified model (estimable)

1—pu,a/A —DPUD PU,H/A PU,D
0 1 —pu/aA,D PH/AD
0 0 1

It should be noted, that reversions A — D are not represented in ;Hx .

Lastly, even though state U includes people with HIV/AIDS, it does not contribute to the number of deaths caused by
AIDS, since most AIDS-related deaths occur among individuals who are diagnosed with AIDS at a critical stage and die
before their immune system can be restored through ART.

With a discrete time-homogeneous Markov model in mind, we consider that the time until a certain transition is geomet-
rically distributed, and the total number of transitions during a month is binomially distributed (with the same p, and different
n for each month). It is intuitive to derive ML-estimator for p:

L(p) = [[ Crip™ (1 —p)" ™,
=1

L(p) =InL(p) = Zn: InCri + z;Inp + (n; — 2;) In(1 — p),

i=1

, 1 1 & 1 -
L = - i — i — L) = ———— i—pni | =0,
=3 S pu_p)(;w pn>
_ 2T

Thus, estimators for transition probabilities of interest are:

StHn + >0, AN

Pu,H/A = T7
— > tUp.cpa
s ZtU )
» _ > +Hp.cpa n > tAp.cpa+ Y. tAp.a
H/A,D S H A .

With the fitted model, we can address the problem of censorship. Firstly, it is easy to find a continuous-time Markov
chain that, when discretized by months, turns into the discrete time-homogeneous Markov model we have just fitted to the
empirical data. In order to obtain the transition matrix for the discrete time-homogeneous Markov chain from a continuous-
time Markov chain with generator @, we use the formula P = e'@Q; thus, to reconstruct the generator function we use
tQ =InP.

With the interval censorship removed from the distribution, the best way to address left-censorship is to shift all the
information by a period of 6 months to account for the undetectability of HIV in the early stages. With exponential sojourn
times, accounting for the starting age of observation does not yield any improvements, due to the lack of memory property
of the exponential distribution.

With the individual epidemic Markov model derived, it is straightforward and described in (Johnson, Kemp, & Kotz, 2005)
how to obtain the population epidemic Markov model, given the individual model generator Q and the initial population by
groups, the mean vector and covariance matrix are expressed as follows:

z(t) = z(0)e'?, (1)
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C(t) = Cov[z(t)] = Diag(z(0)e"?) — @’ Diag(z(0))e"“. )

3. Simulation testing
Using results from the previous section, we obtain the following estimate for the discrete-time transition matrix P:

0.998931 3.361732e — 05 0.001035343
0 9.450082e — 01  0.054991825
0 0 1

Estimate for the continuous counterpart of the same individual-level process generator Q is:

—0.001069532  3.459568¢ — 05 0.001034936
0 —0.056561701  0.056561701
0 0 0

The estimated initial population vector is:
#(0) = (43192218, 171418, _).

The number of dead individuals is set to zero, since we are interested in modeling only the number of people living with
HIV or AIDS.
Expected vector after 1 month of observation:

#(1) = (43145390, 153817, _).
Absolute percentage differences from observed data at ¢t = 1:

sz(1) = (0.02018511, —0.1086147, _).

Expected vector after 3 months of observation:

Z(3) = (43051887, 124446, _).
Absolute percentage differences from observed data at ¢t = 3:

52(3) = (—0.03802216, —0.2782137, _).

It can be seen that forecasts based on the initial time of observation tend to underestimate the total number of individuals
living with HIV/AIDS. This is caused by two factors: the assumption of exponential sojourn times, and the inability to account
for the starting age at the beginning of the observation period. Estimate for the population process covariance matrix C(3):

1795865.4 —119254.9170 —179489.9249
—119254.9  124101.3380 —518.8347
—179489.9 —518.8347 186522.1861

We used the msm library for R (Jackson, 2007)) to simulate the population process. To achieve this, we conducted
multiple individual-level simulations and aggregated the resulting data into a simulated population-level process. This
allowed us to obtain confidence intervals for the population-level values at each moment in time. By performing multiple
simulations, we derived empirical confidence intervals for the population process at each time point. The results are shown
on the Fig. B-§
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Fig. 3. Cl for the number of people with HIV/AIDS with population 10000 and proportional counts
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Fig. 4. Cl for the number of undiagnosed people with or without HIV/AIDS with population 10000 and proportional counts
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Fig. 5. Cl for the number of dead people with or without HIV/AIDS with population 10000 and proportional counts

Within this model, we did not account for population growth, since most people who tested positive for HIV or AIDS were
aged 15 or older. The number of parenteral sources of infection, as can be seen in (HIV/AIDS.Datd, 2025), is negligible.
Additionally, as stated in (Fowler, Flynn, & Aizire, 2018), children born to women living with HIV/AIDS undergo prophylaxis,
and less than 1 % of such children contract HIV; thus, accounting for newborns or other parenterally infected individuals
(Kleinman, & Busch, 2000) is unnecessary during the observation period.

Discussions and conclusions

This study explored the dynamics of the HIV/AIDS epidemic in Ukraine using a continuous-time Markov process model
fitted to the empirical data. The model assumes that the time to transition between states U, H/A, and D is exponentially dis-
tributed, which carries an inherent assumption about memoryless progression. While analytically tractable, this assumption
introduces certain limitations in capturing temporal variability in transition behavior.

The forecasts generated by the model tend to underestimate the future number of individuals living with HIV/AIDS. This
bias is attributable to the non-constant nature of transition intensities over time, as shown in the Fig. E:

In particular, the observed variation suggests that the assumption of homogeneous transition rates is too restrictive
for capturing the evolving epidemiological landscape-driven by factors such as changes in testing practices, treatment
accessibility, and behavioral patterns.

A natural methodological improvement would involve changing the model to model the individual level as a semi-Markov
process, in which sojourn times follow more flexible distributions, such as the Weibull distribution. This extension would
relax the memoryless assumption and allow for modeling duration-dependent transitions. Importantly, it would also enable
more accurate inference about long-term epidemic trajectories.

The semi-Markov approach has a discrete-time counterpart in time-inhomogeneous Markov chains, which could be
used to estimate a new model’'s parameters using LSE estimation on available data. Moreover, such models offer a frame-
work for incorporating the starting age of individuals, thereby addressing the left-censoring issue present in the current
analysis. Integrating age-structured entry would allow the model to more faithfully represent the natural history of HIV
progression in a population with varied entry times into the observation window.
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HIV Contraction Intensity Over Time
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Fig. 6. HIV contraction intensity over time

Another critical extension involves incorporating reverse transitions from AIDS to HIV, enabled by ART. Estimating
parameters for A — H transition in a 4-state Markov model would more realistically reflect disease dynamics and improve
the model’s descriptive and predictive accuracy. However, this extension requires access to detailed medical data on
patient-level health outcomes and ART-adherence information, which are currently limited.

Finally, improving the model’s demographic realism could be achieved by estimating the inflow of newly observed indi-
viduals aged 15 and above, which constitutes the age threshold for inclusion in most HIV surveillance programs. Modeling
this influx explicitly would support a more robust population-level framework, accommodating both epidemiological transi-
tions and demographic processes.

In summary, the proposed refinements-semi-Markov modeling, inclusion of reverse transitions, and dynamic popula-
tion entry-represent promising directions for improving the accuracy and applicability of stochastic models of HIV/AIDS in
Ukraine. These extensions would allow for more nuanced analysis of epidemic trajectories and provide more informative
guidance for public health policy and intervention planning.

In this article, we constructed and justified a reasonable model for the process of HIV/AIDS diagnostics. We fitted
continuous-time individual-level and population-level Markov processes to describe the HIV/AIDS epidemic in Ukraine,
estimating the discrete-time transition matrix P and its continuous-time counterpart — the generator matrix Q. We managed
to retrieve information about distributions lost due to interval censoring, obtained the mean vector of the population Markov
process z(t), and its covariance matrix C(t). Finally, we used Monte Carlo simulations to build confidence intervals for the
counting process of the total number of people living with HIV/AIDS.
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simulation, and analysis of the results, and preparation of the literature review.
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MOLENIOBAHHA ENIAEMIT BIN/CHIA B YKPATHI AK MAPKOBCbKWW NPOLIEC I3 HENEPEPBHUM YACOM

Ynpodoex mpueanozo 4acy YkpaiHa exodumsb 3o nepeniky kpaiH 3 Haleuuwumu memnamu enidemii BIJT/CHIf. ¥ npedcmaeneHili po6omi
oyiHeHO NapaMempu MapKo8ChbKO20 JlaHUto2a 3 HerepepeHUM YyacoMm, ujob onucamu npoyec 0o diazHocmyeaHHs1 BIJI/CHI ma, epewmi-pewm,
cmepmb iHOugiOa, i 8 makuli cnoci6 ompumamu modesnb enidemii Ha pieHi eciel nonynsuii. 3aedsiku aHanidy 30ilicHeHo cnpoby eiOHosumu
iHgbopmauyjito, empayeHy Yyepe3 niee ma iHmepeanbHe UeH3ypyeaHHsl, HasieHe 8 eMnipu4Hux AaHux. 3anpornoHoeaHa Memodoso2is NoedHye
aHaJsi3 euxueaHHsl, OYiHO8aHHSI MaKkcuMasibHoi npaedonodi6éHocmi, MmodesiroeaHHs Memodom MoHme-Kapsio ma no6ydosy dosipyux iHmepeaiiis.
OmpumaHi pesynsmamu daromb 3Mo2y Kpauwje 3po3ymimu AuHamiky enidemii BIJT/CHIL e Ykpaini ma Hadani MoxXymb 6ymu eukopucmaHi onsi
akmyapHux docioxeHb enidemil, po3ansdaroyu 3apaxeHHs BlJ1 sk cmpaxoeuli pusuk.

Knw4yoBi cnoBa: modeni suxusaHHs, kpamHi 0ekpemeHmu, modeni Mapkoea, cumynsuis, eaunadkosi npouyecu.
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ON THE CLASS OF EXPONENTIAL STATISTICAL STRUCTURES OF TYPE B

The article is devoted to the study of exponential statistical structures of type B, which constitute an important subclass of
exponential families of probability distributions. This class is characterized by a number of analytical and probabilistic properties
that make it a convenient tool for solving both theoretical and applied problems in mathematical statistics. The relevance of this
research lies in the need to generalize known classes of distributions and to develop a unified framework for their analysis, which
is essential for applications in stochastic modeling, machine learning, and financial mathematics.

The paper proposes a formal definition of type B distributions based on the Laplace transform of dominating measures
and a system of functional-differential equations describing their structure. Necessary and sufficient conditions for a statistical
structure to belong to class B are established, and it is proved that such structures can be represented through a dominating
measure with an explicit Laplace transform. The obtained results make it possible to describe a wide range of well-known
one-dimensional and multivariate distributions, including the Binomial, Poisson, Normal, Gamma, Polynomial, and Logarithmic
distributions, as well as specific cases such as the Borel-Tanner and Random Walk distributions.

Particular attention is given to the proof of structural theorems that determine the stability of class B under linear trans-
formations and the addition of independent random vectors. It is shown that if a distribution belongs to class B, its linear
transformations and sums also belong to this class with the corresponding parameters. Recursive relations for initial and cen-
tral moments as well as for semi-invariants are obtained, providing an efficient analytical and computational framework for their
evaluation.

Furthermore, the tails of type B distributions are investigated using the properties of the Laplace transform. As a result, new
exponential inequalities for estimating the probabilities of large deviations are derived, which extend classical approaches to
the analysis of statistical distributions. The obtained results can be applied in theoretical studies and in practical problems of
stochastic modeling.

Keywords: exponential statistical structures, class B, probability distributions, Laplace transform, stochastic modeling,
linear operators.

AMS 2020 classification: 62E10, 62H12, 62F10.

Introduction

The concept of an exponential statistical structure was formed in the mid-20th century within the framework of the theory
of exponential families of distributions. The first systematic constructions appeared in the works of J.-R. Barra (Barra, 1981)),
who developed the analytical foundations of mathematical statistics and introduced the concept of natural parameters of
the exponential family. Classical discrete distributions — Binomial, Poisson, and Negative Binomial — were generalized in
the monograph by Johnson and Kotz (JUohnson, & Kotz, 1969). Further development of the theory was achieved through
the works of A. Noack (Noack, 1950), who proposed a new class of discrete distributions with the property of closure
with respect to the addition operation, and C. Morris (Morris, 1982), who systematized Natural Exponential Families with
Quadratic Variance Functions (NEF-QVF). The classical works of Kendall and Stuart (Kendall, & Stuari, 1969) presented the
foundations of the statistical theory of moments and cumulants, which became the basis for further analytical developments.

At the same time, starting from the 2000s, exponential structures have been considered not only as an analytical tool
but also as part of the broader framework of information geometry. In particular, in the works of S. Amari (Amari, 2016),
Ay and Jost (Ay, Jost, & L&, 2017), as well as Kass and Vos (Kass, & Vos, 2019), it was shown that exponential families
can be described through the Riemannian structure of the parameter space, where the Fisher—Rao metric is defined as

gij (0) = Eg [%@X") %ﬁf”} This approach made it possible to establish a connection between classical exponential

distributions, Bayesian models, and the geometric properties of statistical manifolds.

Furthermore, generalizations of the classical NEF—QVF constructions have emerged. In particular, in the works of Letac
and Mora (Letac, & Mora, 1990), natural exponential families with cubic variance functions (NEF—-CVF) were studied, which
are described by the relation V(m) = am?® 4+ bm? + ¢cm + d, where V(m) is the variance function, and m is the mean.

In recent years, the theory of exponential families has been further extended in both theoretical and applied directions.
In particular, Shushi (Shushi, 2018) introduced a generalized exponential family of distributions, providing new insights into
their structural properties and extending classical characterizations beyond standard natural exponential families. These
developments highlight the flexibility of exponential-type models in capturing complex stochastic behavior.
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At the same time, Efron (Efron, 2022) presented a comprehensive modern treatment of exponential families, empha-
sizing their central role in contemporary statistical theory and applications, including Bayesian inference, large-scale data
analysis, and machine learning. This work unifies classical results with modern perspectives, reinforcing the importance of
exponential structures as a fundamental tool in statistics.

These advances demonstrate the continued relevance of exponential families and motivate the study of new subclasses
and generalizations, such as the exponential statistical structures of type B considered in this paper.

Recently, Laplace transform methods have been reconsidered as a powerful tool for analyzing the asymptotic properties
of exponential models. Katsevich et al. (Katsevich, 2024) developed a rigorous approach to the multidimensional Laplace
expansion: I(A) = [, e *@a(z)de ~ e Ne@0) (20)/? _al@o) __ \ _, o5 where a( is the point of minimum of ¢(x),

Vet (o)

which provides precise applicability conditions in high dimensions.

Despite the existing results within the NEF-QVF and NEF-CVF frameworks, the class of exponential structures de-
fined through the Laplace transform of dominating measures that satisfy a functional-differential equation linking parameter
variables and moment characteristics has not yet been systematically described. This gap is filled by the present study.

The object of research is exponential statistical structures of type B, which form a subclass of exponential families of
distributions.

The aim and objectives of the research are to establish the necessary and sufficient conditions for a statistical structure
to belong to class B, to construct the corresponding analytical apparatus through the Laplace transform of dominating
measures, and to prove structural theorems regarding the closure of this class with respect to linear transformations and
convolutions.

1. Exponential statistical structures of type B
Among exponential statistical structures (Noack, 1950, p. 177-190) , one can distinguish a subclass characterized by
a number of important analytical properties.

Definition 1. We say that a statistical structure (Q(x),z € X), where X C R™ is an open set representing the parameter
space, belongs to class B if there exists a function ¢(z, z), which is the Laplace transform of the measure Q(z), and this

function satisfies the equation:
9 L ) fwp =0, e0,0)=1 VoeX (1)
az am 30 - SD ) - .

The distributions Q(x) themselves will be called distributions of type B.

Theorem 1. For a statistical structure {Q(z),z € X} to belong to class B, it is necessary and sufficient that there exists a
measure p dominating the distributions Q(x) such that

Q(x)(dt) = (u(s(x))) ™" exp(—s(@)t) u(dt),
where u(z) is the Laplace transform of the measure p, and s(z) is the s-characteristic of the measure p.

Proof. Let us prove sufficiency. Suppose that there exists a measure u such that

Q(z)(dt) = (u(s(x))) " exp(—s(x)t")u(dt),

where u(z) is the Laplace transform of (.
Then the Laplace transform of Q(x) is given by

_ —zt! _ —1 —(z+s(z)t’ _ U(Z + S(I))
pao) = [ Q) = uls@) ! [ e ) = 22D,

Differentiating ¢(z, z) with respect to z and z, and using the properties of the Laplace transform, one verifies by direct
substitution that ¢(z, x) satisfies equation (1). Hence, Q(x) belongs to class B.

Now, let us prove necessity. Since ¢(0, ) = 1, the function o(z, ) is the unique solution of equation (fl).

Let us express it differently. To do this, fix an arbitrary point (z, ) and denote by s(z) a particular solution of the equation
ds/dr = —W(z) = —(V(z))~*. Since for all z € X the matrix W (z) is positive definite, there exists a neighborhood § of
the point z in which the mapping s(z) has an inverse. Denote it by z(s), s € §. Next, consider the equation db/dz = z(s).
Since dz;/dz; = dz;/dx;,i,j = 1, m (as a consequence of the symmetry of the matrix W (z)), this equation has at least
one solution. Denote by b(s) the analytic continuation of this solution to the strip 75 = {¢ € C™ : Re ¢ € §}. Then, by direct
substitution into equation (fl]), it can be verified that

p(z,7) = exp((b(s(z)) — b(s(z) + 2))).

Consider the measure

p(dt) = exp(s(z)t’ — b(s(x)))Q(x)(dt).
This measure does not depend on z, since its Laplace transform is the function u(z) = exp(—b(z)), z € Ts. Let us prove
that the measure . is the desired one. Indeed, consider the measure

a(@)(dt) = (u(s(x))) " exp(—s(a)t)u(dt).
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The Laplace transform of the measure ¢(z) is the function exp((b(s(z)) — b(s(x) + 2))), i.e., ¢(z, ). Due to the one-to-
one correspondence between measures and their Laplace transforms, this means that ¢(z) = Q(z), which completes the
proof. O

In practice, the membership of a family of distributions {Q(z),z € X} in the class B is established by checking the
relation (ff]).
We symbolically denote that the family {Q(x),z € X} belongs to the class B as:

Q(z) € B(z; V(x)).

If ¢ ~ Q(z), we also write: £ € B(z; V(x)).
Many well-known families of distributions belong to the class B.

Example 1. The Binomial distribution B, € B(np;np(1 — p)).
Example 2. The Poisson distribution P, € B(\; \).
Example 3. The Negative Binomial distribution
NBj € B(n(1—p)p~'snp~ (1 —p)).
Example 4. The Normal distribution @,, 2 € B(a;0?).

Example 5. The Gamma distribution T, » € B()\/a; A/a?), (parameter X is fixed). In particular, the exponential distribution
a1 € B(a ™ a7?).

Example 6. The Multivariate Normal distribution ®,, ,2 € B(a;0?), where a = (au, ..., am), 0 = (045),4,j = 1, m.

Example 7. The Multinomial distribution

B(T;)l ..... Pm) € B(n(p17 cee 7pm); npl(éz] - pj))viaj =1,m.
Example 8. The Negative Multinomial distribution (Johnson, & Kotz, 1969, p. 292)

NB?pl ,,,,, Pm) € B(n(plv‘ .. apm);npi((sij +p]))v7’v] =1,m.

Example 9. Consider the Multivariate Logarithmic distribution A g,
follows: let k = (k1,...,km) € N" ki + -+ + kn, > 1. Then

0.,) (Johnson, & Kotz, 1969, p. 303), defined as

~~~~~

,,,,,

= P{e=(ki,....km)t = (k14 + Em — D (k1! k) 105 00 log(1 — 01 — - — 0,) 1,
0<0; <1, O+---+6,<1.
This family of distributions belongs to the class B:

) )eB<_ (01,...,0m) 0; ej(1+|og(1—|9|)))>
m ( ’

1= [6])log(1 —10]) (1 —J6])log(1 — 0]) (5”' (1—16])log(1 — |6])

.....

where (i,5 =1,m, |0 =01+ -+ 0pn.)
In the univariate case:

0 B 0 14 0
(1-0)log(1—06)" (1—06)2log(1—0) log(1-0)/))"
Example 10. Define the Multivariate Random Walk distribution B

(P1,---» Pm)°

AQGB(—

Let
keN™ |kl=ki+ - +km, 05<p <1, i=1m, p:1 1+ m(2p,-—1)_1 71.
2

i=1

Then

m ki
£e B(nm ,,,,, pm) P{{=Fk}= n(|]|§]|€|'_ . ((|k| ?;f|n)/2> plkH'”(l _p)W—n H (225_—11> .
: i=1 t
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In the univariate case:
Byen2p-1)"hn2p-1)"Y(2p-1)"7"-1)).

Example 11. Define the Multivariate Borel-Tanner distribution BT, . € B.
Let

m -1
keN™, 0<a; <1, i=1m, a=1—<2(1_ai)‘1> .

i=1

Then

n k|! 11
£ S BT(al,m,am) <~ P{£ - k’} = %n)'nﬂc“k‘ ! H

11—« ki |k|—n
R 11 (l—aj> exp(—|k|a)a )

We have for i, 5 = 1, m:

BT{ay oy € B(n((1=a0) ™o (U= am) )s n(l=ay) (6= (1= ay) '@ = (1—a) " = a))).

In the univariate case:

n n o no
BT, eB(l—a’i(l—aP)'
The class B also includes the Noack distribution family [3] and the so-called natural exponential families with quadratic
variance function (NEF-QVF distributions) (Morris, 1982).

Theorem 2. Leta = (aij),i,j = 1, m be an arbitrary non-singular matrix, and b = (b1, ..., bn,) an arbitrary vector. Then, if
¢ € B(z,V(z)), we have
n = af +b € Blax +b;aV(x)a’).

Proof. To prove the statement, it is sufficient to verify the equality

Oy | Opn

Oz ay Vn(y) —Ypn = 07

with y = az + b, where ¢, = v, (2, ) is the Laplace transform of the distribution of the random vector 7, and V;,(y) = cov .
The verification of the given equality is carried out in coordinate form.
Note that M, = y = az + b, hence

Y; = Zajkmk +b;, j=1,m, covn=cov(a+b)=aV(x)a

therefore
= (Z (x)) i j=Tm, @n=Mexp(—z(at +b)') = exp(—2b)p(az, z).
k,r=1
Letw =az, w = (w1,...,wn). Then
) [ Doy
aij + Z (Z Qir G Vrk (T )) e T+ yjon =
Jj=1 k,r=1
= exp(— (Z ari Z 6('0660 e Z (Z a ) airvrk(x) + Z airzrp(w, x))
g=1 Tq k,r=1 \j=1 r=1
where a( Y are the elements of the matrix a .
Since
é] 1)a/jk — 6qk7
j=1
we obtain
b dp(w, x) 8<p W, T)
exp(—zb') ;a ( T Z (z) + zrp(w, x) | =0,
which completes the proof. O
Theorem 3. Letés,... &, . .. be asequence ofindependent and identically distributed random vectors, with &1 € B(x; V (z)).
Then

N =&+ -+ & € B(nz;nV (x)).
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The validity of this statement follows from the fact that
Pnn (2, ) = (p(2,2))".
Corollary 1. ¢, := (&1 + -+ +&,)/n € B(x;n 'V (2)).

Theorem 4. If the distribution Q(z) € B(z;V(z)), then I(z) = V' (z), where I(z) is the Fisher information matrix of the
family {Q(z),z € X}.

Proof. Let the measure p dominate the distributions Q(z). Then
(dQ(z)/dp)(t) = p(t, z) = exp(—s(2)t’ — Inu(s(x))).
Let ¢;;(x),4,j = 1, m, denote the elements of the matrix I(x), and let £ ~ Q(z). Then

as() = ar (L02EE) INPER)) _ py ((pie 2 22ED) PO

and if we denote w := s(z)t’ + Inu(s(z)), then

4y (@) = Li (™) ()i 2) = wiy(a) = W(a) = V' (@),
which completes the proof. O
Theorem 5. Let Q(z) € B(x;V(z)), ar = ax(x) be the raw moments of order k = (ki, ..., kn) of the distribution Q(z),

Br = Br(x) the central moments, and o, = o (x) the semivariances. Then for all k. € N™ the following recurrence relations
hold:

Ohte; = Z vij(x + Ti0k, Qe; =Ti, 1= 1,m; (2)
0 .
/BkJreL ZVZ] (ﬂ + k]/Bk eJ) 5 60 = 17 ﬂei = Oa 1= Lm; (3)
Okte; :Zui~(x)% Oe. = x4, 1=1,m. (4)
i — J ij’ i I )

Proof. Rewrite relation (fl) in coordinate form:

% N~ oo i
aZi—l—Zl/U(m)axj—&—mlcp—O, i=1,m. (5)

j=1

Since aj, = (—1) (0, ), differentiating equality (B) k times and setting z = 0 yields (B).
Let 5i(x) be the central moments related to the initial moments ax(x) by the relation

Bi(z) = Y (=) PICF ap(x) ar(2)* 7.

p<k
Differentiating with respect to z; and taking into account (B), we have

Bk _ N~ 9Bk e AP ‘
sz (9 (aeref xjap) p<ka A Opte; — KjBr—c;-

Substituting this into (g]), we obtain (E).
To obtain relations (#), note that s, = (—1)*(In¢(z, x))i@o. Moreover, from relations (ff]) it follows that the function
1 = Ing(z, x) satisfies the equation

o _
g + (.f)% + 0,
or in coordinate form
W, < W
6Zi+zl/ij(l’)6 +z;, =0, i=1,m,
from which () follows. O

Corollary 2. In the one-dimensional case (m =

\_/

the following relations hold:
agp+1 = V(z)
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0
/Bk+l :V(Z') (£+kﬁk—l)7 50:17 ﬁl :07 k= 172a"'
o —V(x)% or=z, k=1,2 (6)
k+1 — ax7 1 =4, = L4 ...

The obtained recurrence relations for moments and semivariances are quite convenient for their computation. In some
cases, all moments and semivariances can be derived explicitly from these relations.

We limit ourselves to some examples for finding semivariances, since there exist formulas expressing moments in terms
of semivariances (Kendall, & Stuari, 1969).

Example 12. Let V(z) = x(ax + b), where a, b are arbitrary constants. Then the solution of equation () (can be verified

directly) is the function
k

orr1(z) = x(az +b) Y m!b " S(k,m)(ax)" ", k=1,2,... )

m=1

where S(k, m) are the Stirling numbers of the second kind, i.e.,

_ 1 U m j Nk
S(k,m) = —5 3 (j>(1> (m— )"
=0
In particular, setting a = —1, b = 1, = = np in (), we obtain explicit formulas for the semivariances of the binomial
distribution B
k
ok+1 = np(l — p) Z m! S(k,m)p™ "', k=1,2,...
m=1

settinga =1, b =1, = = n(1—p)p~*, we obtain explicit formulas for the semivariances of the negative binomial distribution
NBy:

k
ok =np (1 —p) Z m! S(k,m)p ™" (1 —-p)™, k=1,2,...

m=1

settinga =0, b =1, x = )\, we obtain the semivariances of the Poisson distribution Pj:
or=2A, k=1,2,... (8)
settinga = A™', b= 10, = A\a~ ", we obtain the semivariances of the gamma distribution T’y ,:
op = (k—1D!a " (9)
Relations (B) and (8) are known (Kendall, & Stuari, 1969, p. 108-109).

Example 13. Consider Bernoulli random walks on a line: a particle moves along the axis ¢ at times ¢t = 1,2,.. ., it moves
left with probability p > 1/2 and right with probability ¢ = 1 — p by one step. Suppose initially the particle is at position
t = n. The walk ends if the particle reaches the origin. Let £ be the random variable representing the time of the walk. This
random variable can take values n,n + 2,n + 4, ... with probabilities (Volkov, 1992, p. 152)

n k (k+n)/2 (k—n)/2
— k= +2,...
Wnk = % <(k n)/2>10 q » n,n ,

Since the generating function of this distribution is u(s) = (1 —/1- 4pq82)n (2¢s)™", it can be easily verified that

3
n n n
B _
£€ <2p—1’(2p—1) 2p—1>7

thus the semivariances of the random variable ¢ satisfy the equation:

n

3, -2 ="
2p—1’

or+1(x) = (z°n z)oy(z), o1(z) ==, k=1,2,...

It can be directly verified that the solution of this equation is the function

opra = (2°n 72 —2) Y (=) (2r + Dlleyp(zn” ),
r=0

where

k
Chor = Z (Z)zm‘TS(m,r), kE=0,1,2,...

m=r
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Next, we will consider the estimation of the tails of distributions of type B.

Theorem 6. Let Q(z) € B(z;V(x)), x € X, and s(z) be the s-characteristic of the measure y dominating the distributions
Q(x). Then for any y such that s(x) > s(y), the following inequality holds:

Q) > v) <o (~—a) ([ a-0ver ity - w-a)). (10)
Remark 1. Ift = (t1,...,tm), y = (y1,-..,Yym), then
tzyeti 2y, lm 2 Ym;
s(x) 2 s(y) @ s1(x1,. oy 2m) Z 1Yty -y Ym)s ey Sm(T1, ooy Tm) = Sm(Y1y - vy Ym)-

Proof. Consider the operator

Li(fiz) = | f(OQz)(dE).

Rm
Let 1, dominate the distributions Q(x), s(x) be the s-characteristic of 1, and u(z) be the Laplace transform of u. Then, if
n(t) is the Heaviside unit function, for any vector a = (a1, . . ., a,) with non-negative coordinates, n(t1) ... n(tm) < exp(at’),

and hence for any y € R™
Li(n(ts =) .0t — ym);x) < La(expla(t —y)');z) = exp(‘(ay' ~In “2“*)3)))) .

The last inequality is equivalent to

Qx){t:t>y} <exp (f (ay'fln %)) . (11)
Set B(a) = ay’ — In % and using properties of the Laplace transform of i, we obtain
% — oy —2(s(@) —a), a(s) = —dInu(s)/ds
— the mapping inverse to the mapping
(@) T8 = V(a(s(a) - a)).
Since the matrix V' is positive definite, the function 5(a) is convex, and hence at the point a(y) = (a1(y), - . ., am(y)) defined

by the system
y =z(s(z) — a).
it attains a maximum. Therefore,

Set
Aly) = Bla(y)) = aly)y’ — In L@ —aW)

which is the maximum value of the function 3(a). The expression for A(y) can be simplified. Note that A(z) = 0. Moreover,

() ety - dsi o dsw)
() k) — o) (B2 ) < oty

Hence, 44 . Further,
Y ly=2z=0

d’A  da _ ds(y) -1
a7 ay - ay W
Then, representing the function A(y) by its Taylor expansion around the point = with the remainder in integral form, we
obtain

Aw=w-o( Vi iy - D)) (v =)

Since inequality (f]) holds for any a with non-negative coordinates, it also holds for a = a(y), if s(z) > s(y) (for
example, if all elements of V! are non-negative, then a(y) > 0 provided = < y). Hence, Q(z){t : t > y} < exp(—A(y)),
which completes the proof. O

Discussion and conclusions

The relations (B)—(H) obtained in this work generalize the classical results of Kendall and Stuart (Kendall, & Stuari, 1969)
regarding moment equations, but unlike them, they are derived within a unified approach to exponential structures defined
through the Laplace transform. This allows for the derivation of recurrent formulas for raw moments, central moments, and
semi-invariants not only for individual distributions but also for a wide class of measure-dominated families that satisfy the
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functional-differential equation (fl). Such an approach provides a unified algorithm for computing analytical characteristics
for various distributions, including Binomial, Poisson, Normal, Gamma, and Lognormal, which turned out to be special cases
of the class B(z; V (z)).

Of particular importance are the obtained structural theorems (B)-(#), which prove the closure of the class B with
respect to linear transformations and convolutions. This means that when independent random vectors are added or affine
transformations of the distribution parameters are applied, the distribution remains within the same class. This property is
fundamental for constructing multivariate stochastic models, particularly in problems of risk aggregation and modeling of
cumulative random effects in financial processes.

An important result of the research is also the proof of exponential inequalities (f{0), which provide estimates of large
deviation probabilities. This opens up the possibility of applying the methods of class B in problems of risk control, system
reliability assessment, and the analysis of the tail behavior of distributions in statistical models.

The practical significance of the obtained results lies in the fact that structures of type B form a theoretical basis for
constructing generalized exponential models capable of describing both symmetric and asymmetric stochastic processes
with exponential tails. This makes them promising for modeling loss distributions in insurance, the behavior of financial
assets, as well as for training machine learning models that take into account nonlinear variance dependencies.

Further research should be directed towards extending the theory of exponential structures of type B to non-stationary
processes, analyzing multivariate parametric models with dependent components, and developing efficient numerical algo-
rithms for computing moments and semi-invariants for high-dimensional distributions. A separate promising direction is the
application of the obtained results to problems of optimal statistical inference, parameter estimation in complex stochastic
systems, and the construction of adaptive models in machine learning and financial analytics.
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KNAC EKCNOHEHUIANBHUX CTATUCTUYHUX CTPYKTYP TUMY B

Cmammio npucesyeHo O0CNiOKeHHI0 eKCrIoOHeHyiaIbHUX cmamucmuyYHuUXx cmpykmyp muny B, wo ¢popmyroms eaxnueuli nidknac eKCrnoHeH-
yianbHux cimeli po3nodinie. Lleli knac eupi3HIeMbCs1 HU3KOK aHanimMu4Hux i iMmoeipHicHUX enlacmueocmeli, wo po6ums (i020 3py4YHUM iHCMpY-
MeHmMoMm 0711 meopemuYyHuUX i npuknadHux 3ada4y I4HOI € icmuku. AkmyanbHicmb memu 3ymoesieHa nompe6oro e y3azasibHeHHi
gidomux knacie posnodinie i no6ydoei eAuHoz20 anapamy Ons ix aHani3y, o Mae NPakKMu4He 3Ha4eHHs1 y cMmoxacmu4HoMy Modeslto8aHHiI, MaWUH-
HOMY Hag4aHHi ma ¢hiHaHcoeili Mamemamuuyi.

Y po6omi 3anpornoHoeaHo ¢hopmasnibHe O3Ha4yeHHs1 po3nodinie muny B Ha ocHoei nepemeopeHHs1 Jlannaca domiHyroyux Mmip i cucmemu
pyHKUioHanbHo-dughepeHyianbHUX pieHsIHb, WO onucyroms ixH cmpykmypy. BcmaHoeneHo Heo6xidHi i docmamHi ymosu HasiexHocmi cmamuc-
muyHoi cmpykmypu do knacy B, doeedeHo, wjo maki cmpykmypu Moxxyms 6ymu nodaHri yepe3 OOMiHyro4y Mipy 3 s8HUM nepemeopeHHsIM Jlannaca.
OmpumaHi pesynsmamu daroms 3M02y ornucamu wupokuli cnekmp eidomux po3snodinie, ceped sikux 6iHoMianbHul, NyaccoHiecbKull, HOpMmanbHUl,
2aMMma-po3nodin, nosniHomianbHul, no2apugmiyHuli, a makox crneyudiyHi eunadku: po3nodin bopens — TaHHepa ma po3nodinu eunadkoeux
6nyKaHb.

Ocob6nusy yeazy npudineHo oeedeHHI0O CMPYKMYpPHUX MeopeM, W0 8u3Ha4yaroms cmilikicmb Knacy B 8iOHOCHO niHiliHux nepemeopeHb ma
onepauyii dodasaHHs1 He3anexHuUx eunadkosux eekmopis. [TokasaHo, wjo Konu po3nodin Hanexums Ao knacy B, mo lio2o niHitiHi nepemeopeHHs
ma cyMu makox 3anuwarombcsi 8 YUboMy knaci. OmpumaHo peKypeHmHi crieeiOHoweHHs1 O11s1 no4amkoeux i yeHmpasabHUX MOMeHmie, a MaKox
0onsi cemiHeapiaHmie, wjo 3abe3nedyroms eghekmueHuli anapam Ol iXHbO20 aHaIiMUYHO20 Ma YucesIbHO20 06YUCIIEHHS.

Kpim moeo, docnidxeHo enacmueocmi “xeocmie” po3nodinie muny B 3a donomozoro xapakmepucmuk nepemeopeHHs Jlannaca. Y niocymky
sueedeHO HO8i eKCroHeHUiasIbHi HepieHocmi Onsi oyiH8aHHS liMosipHOCcMel eesIUKUX 8i0XusieHb, WO PO3WUPHOOMb Knacu4yHi nidxodu Ao aHasli-
3y cmamucmu4Hux po3mnodinie. OmpumaHi pesynbmamu Moxyms 6ymu 3acmocoeaHi y meopemuyHux AocnideHHsix ma e 3adavax npuknadHo20
cmoxacmu4Ho20 Modes1t08aHHSsI.

Knw4yoBi cnoBa: ekcrnoHeHyianbHi cmamucmuy4Hi cmpykmypu, knac B, imoeipHicHi po3nodinu, nepemeopeHHs Jlannaca, niHiiHi
onepamopu, cmoxacmu4He MoOesIt08aHHs.
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BOUNDS SIMULATION FOR FLUID FLOW MODEL OF THE SECOND ORDER

This paper presents an approximation formula for the conditional cumulative distribution function of the maximum of a
Brownian bridge with a given minimum. The formula enables us to develop an algorithm that generates the minimum and the
upper bound of the maximum for a Brownian bridge trajectory. Thus, we can determine the simulation procedure for the upper and
lower limits of a second-order fluid flow model. The demonstration of the results of the algorithm for a specific set of parameters
is given. The extrema empirical distributions obtained using the sequential discretisation method and the approximate quantile
method are compared. The possibility of sampling points in the middle of intervals, as well as choosing one of the subintervals
at which the minimum is achieved, is considered.

Keywords: strong simulation, acceptance-rejection sampling with squeezing, quantile transformation.
AMS 2020 classification: 60G51, 65C05, 91G60.

Introduction

Fluid models can be considered as a special class of Markov additive processes that allow the study of inhomogeneous
dynamics. The parameters are assumed to depend on the state of the external environment, which can be described in
terms of a finite Markov chain. Two main types of fluid models are recognized: first- and second-order. The first-order
models imply piecewise linear paths that change direction at the transition moments of the environment, or regime-switching
moments. A detailed list of references on the applications of these models in various fields, as well as an overview of known
extensions, can be found in (Latouche, & Nguyen, 2018). Such models are appropriate if the system characteristics can be
completely determined by first moments. The second-order model emerges when controlling the first and second moments
of the rates of change is necessary (cf. (Karandikar, & Kulkarni, 1995)). This model evolve like a Brownian motion, but the
drift and volatility depend on the environment state. It is also referred to as Markov-modulated Brownian motion (see, for
example, (Latouche, 2025)).

Fluid models are versatile enough to represent a variety of phenomena while remaining analytically tractable. A matrix-
analytical framework has been developed for them. Within this framework, many probabilistic characteristics (at least in
terms of some integral transform like the Laplace transform) can be expressed in explicit form as a function of solutions to a
certain quadratic matrix equation (see, for example, (Ahn, & Meini, 2019)). The framework stays relevant for some exten-
sions like models with phase-type jumps (see, e.g., (Breuel, 2010a; D’Auria et al., 2010)), models with barriers ((lvanovs,
2010; Breuer, 2010b; Horvath, & Telek, 2017), to name just a few), and with the level dependent evolution (see (Almousa,
Horvath, & Telek, 2020) and the references therein).

Including jumps in the model whose distribution differs from the phase-type distribution (or, more generally, from a dis-
tribution with a rational characteristic function) significantly complicates the possibility of obtaining an explicit solution. The
problem of establishing effective numerical procedures becomes apparent in this case. One direct approach is to use the
Monte Carlo method. Rather than trying to derive analytical expressions for probabilistic characteristics, we can generate
a large enough number of paths to get the empirical distribution of the characteristic of interest. Under the assumption
that the jump part is independent of the diffusion part, the main issue will be related to the latter (sample paths of it are
infinite dimensional random elements). For a general overview of the issue see, e.g., (Pollock, 2013). Using a discreti-
sation scheme (simulating from the finite dimensional distributions) introduces the bias to the Monte Carlo estimator. To
overcome this issue, (Beskos, Peluchetti, & Roberts, 2012) presented the e-strong algorithm, a rejection sampling method
for constructing upper and lower Brownian path boundaries. This method allows for unbiased Monte Carlo estimators over
path expectations. For an extension to the case of jump diffusion, see (Pollock, Johansen, & Roberts, 2016). For some
alternative approaches, see, for instance, (Gribaudo, lacono, & Manini, 2021), (D’Onofrio, & Lanteri, 2023), (Herrmann, &
Massin, 2023), and the references therein.

The e-strong algorithm involves iterative use of the rejection method at all steps, including the initialization one. At
this step, it was proposed to select from an increasing sequence of nested space intervals the one (the so-called Bessel
layer) that contains the entire trajectory at a given time interval (for more details, see (Pollock, Johansen, & Roberts, 2016,
Section 7.1)). In this paper, we present and justify an algorithm for modeling upper and lower bounds using the inversion
method. Specifically, we propose to simulate the endpoints of a path over each time interval with the minimum and an
upper bound of the maximum (cf. (Pollock, Johansen, & Roberts, 2016, Section 7.2)). The possibility of midpoint values
simulation with subsequent inclusion of refinement and bisection steps of the e-strong algorithm for certain subintervals is
also discussed. This can provide enhanced control over path behavior on the corresponding interval. Thus, the proposed
algorithm complements the existing range of diffusion modeling methods.

This paper is structured as follows. In Section [il, we provide the definition of the second-order fluid model. Section P
contains an in-depth discussion of the modeling methods employed. In Section §, we present a monotonic sequence that
approximates the conditional cdf of the Brownian bridge maximum with given minimum from below. We use this sequence
to justify the algorithm for modeling the minimum and an upper bound of the maximum. An example for comparison with
the results obtained by the standard discretization method is provided. Section f is devoted to discussing the possibility
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of modeling midpoint values in order to clarify the behavior of the trajectory on subintervals. Finally, Section § describes
the simulation procedure that combines the steps of constructing a path envelope with endpoints and midpoints, taking
regime-switching into account.

1. The model

Let J = {J:,¢t > 0} be a homogeneous irreducible Markov chain with right continuous sample paths and finite state
space £ = {1, ..., N}. Denote by Q = ||Qi;||7 ;=1 the rate transition matrix and by = = (7, ... 7n) the invariant distribution.
For certainty, we assume that = is also the initial distribution of the chain. J is usually referred to as a phase or regime
process, and J; can be interpreted as the environment state at the moment ¢. The environment controls the flow parameters:
a; € R (drift) and o7 > 0 (volatility), s € E. The model will be of the second order if 3i € E: o7 > 0, and if Vi € E: 07 = 0,
we get the first order model.

Let W = {W(¢t),¢t > 0} be a Wiener process. We assume that J and W are mutually independent. The fluid level
process is defined as

t t
Xt:Xo+/ aJsds+/ o5, dW,
0 0

where X is the initial level. That is, X follows a Brownian motion in between any two jumps of J. The process {X, J} is
called a fluid flow process, and it is a special case of Markov additive processes (see, for example, (Cinlar, 1972)).

The simulation of J is straightforward. We begin with a randomly selected initial state according to the initial distribution,
say Jo = j. The time J spends in the state is exponentially distributed with rate —@Q;;. Then, sample the next state from
the distribution %J” 1 # 7, and generate independently the next inter-transition time, etc.

In between transitions, X is a pure diffusion. We can split the time interval, say, into 2" parts, m € N, and simulate the
sample path at each point of partition iteratively. This discretization scheme does not sufficiently characterize the simulated
sample paths. A path’s entry into a region cannot be accurately determined simply by examining its position at a limited
number of points. To gain more control over the path behavior within the partition interval, it can be helpful to get upper
and lower bounds. Since we fix the initial and terminal values, the Brownian motion is actually a Brownian bridge. Although
there is an analytical expression for the joint distribution of the minimum and maximum, it is represented in terms of an
infinite series, which complicates the simulation. In the next section, we consider some versions of two basic techniques to
simulate a random variable, namely, quantile transformation and the accept-reject method (see, e.g., (Brandimarte, 2014,
Chapter 5) or (Owen, 2013, Chapter 4)), which can be useful for overcoming complications.

2. Simulation methods
Let g (z) be a nonnegative function with [* g (z)dx = ¢, < co. Assume that we can simulate a random variable

C(~g(x) = ig (z), but we need to simulate a random variable ¢ ~ f (z) with

f(@)e<p(z)g(z),
where p (x) is the probability of an event which we only know up to the alternate sequence:
p2(z) <pa(z) <...<pan—2(2) <p2n (@) < ... <p(2) <o < p2atr (@) <p2n—1(2) < ... <1 (2),
nIme pan (z) = p(z) = nlL)mOO pan—1 (x), Vo € R.

Assume p_; () = 1 and po (z) = 0. In this case we can use the following accept-reject algorithm with squeezing (see, for
instance, (Pollock, 2013, Algorithm 2.6.1)).

1. Setn = 1. Simulate independently » ~ Uniform (0,1) and ¢ ~ g (z).

2. If n > p» (€), then back to Step 1 (reject ¢). If not, go further.

3. If n < pny1 (€), then put £ = ¢ and stop (accept ¢). If not, increase n by 1 and go to Step 2.
Proposition 1. Random variable £ obtained by the accept-reject algorithm with squeezing, has probability density function

1.

Let v be the number of steps we need to simulate a sample from f of size one. Then forn > 2

q
Pr{v=n}= Z H Rog;—1 A2k, 4, (1)
q,kl,...,kzq.H eN: i=1
q < n,n—qliseven,
S k= (n—q)/2

where | e
Rop—1 = — (P2r—3 (2) A1 — pa—1 (2) A1) G (2) dz,
g — 00
1 e -
Aoy = ; (ka (Z) V0 — pak—2 (Z) \Y O) g (Z) dz,
g —o0

xVy:=max{z,y}, zAy:=min{z,y}.
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Proof. Denote f(m) =p(x)g(z)and cy = ffooo f(:c) dz. Using the total probability law and independence of n and ¢ we
get

Pr{¢ <z} = Pr{¢ < z|¢ is accepted} Pr {C is accepted} + Pr{¢ < z|( is rejected} Pr{( is rejected} =
= Pr{¢ < z|¢ is accepted} Pr {¢ is accepted} + Pr{¢ < z} Pr{( is rejected} =
= Pr{¢ <z, is accepted} + Pr{¢ < z} Pr{C is rejected} . (2)

From the algorithm

Pr{Cisrejected} =Pr{3k e N:n > par_1({)} =Pr{n>p(()} = Pr{n > f(C)} =E {E []1{ (O}] |§] =
1250

70
R 1 B e 1O JN )
‘E{l g(q)]‘l L GrIBdE=1=

and

[~

Pr{¢ < z,( is accepted} = E [E {11{4@}11{ Egg}] IC] =E [n{cq}%} _ /j‘ g((z))g(z) dz = %[z f(2)dz.

Substitution in (@) yields Pr{¢ < 2} = [ _ f(2)dz. Thus, £ ~ f ().
To get (fll) just note that

n<

|

Q|

Agr, = Pr{(is accepted in 2k steps} = Pr{pax—2 ({) <1 < p2r ({)},

Rai—1 = Pr{(is rejected in 2k — 1 steps} = Pr{par—1 (¢) <1 < p2r—3({)}.
O
From a practical point of view, the use of formula (f) to estimate the complexity of the algorithm may require consid-
erable analytical effort. In accordance with the algorithm, we will check within the loop whether a proposal falls within the
acceptance or rejection region. One way to control the execution time of the loop is to impose a maximum number of steps.
Consequently, it would be suitable to consider the probability that the check of the proposal will require no more steps than

the pre-established limit.
FiX nmae: € N and denote the events

H = {Check of the proposal takes more than 1., steps},S = H,

A = {The proposal is accepted} , R = A.
For concise notation, we will use Pr as the probability of event E and P4g as Pr(AN B).

Proposition 2. Let v be the number of proposal checks that take more than n.,... steps. Then

. Pas - Prg \™'  PaPy
Pr{iz=0'=-—"2_ Pr{p= = ,m e N. 3
(7= 0p = T2, Prip—m) = () T m 3)

Proof. Event {v = 0} corresponds to the case when all checks take less than or equal to 1,4, steps. So,

Pas

k=0

Conditioning on whether the last step of acceptance take more than n,,,.. steps and on the number of preceding rejections,
we have

Pr{v =m}=Pan »_ Cr 'Pas""'Ppi'+Pas > Ci'Prs™Piy.

k=m-—1 k=m
Since W = Z;o:m C}’Tpggm we get
Pr {5 = m} = LAnPRE PasPRy ( Pru )’"‘1 (PAH (1— Prs) + PASPRH)
(1= Prs)™ * (1 — Prs)™"! 1 = Prs (1~ Prs) .

The observation that Pax (1 — Prs) + PasPru = PaPr completes the proof.
O

Remark 1. From Proposition B we have that the distribution of  is the mixture (with parameter 15‘;1?5) of the distribution

concentrated at 0 and the geometric distribution Geom (1 — :’}Dgs ) . This is to be expected as we wait for a particular event
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to occur in successive independent experiments and count only those that meet the given criteria. From () we deduce

-2
e () G-y

A (1 — Prs)® Py

This result can be obtained as a consequence of Wald’s equality and the representation 7 = -7 | X;, where « is the number
of proposals we need to generate ¢~ f(z)and {X;};°, arei.i.d. indicators of event A. From the proof of Proposition fil the
probability of acceptance is --. The number of proposals that we must make before one is accepted has the distribution

Geom ( and the expected number of proposals is C‘? . We count only the proposals that require complex verification

which can happen with the probability
Pr= [ s ()3 (2)
Cyg

where

0 (2) Lp()>13 + P (2) Lipu <1y = Po-1 (2) Ly, o)5g),  misodd,

n(2) = .
ﬂ{pn_l(z)>1} + pn—1(2) ﬂ{pn_1<z)<1} —pn (2) Ugp, ()50}, N iSeven.

Thus, the expected number of such proposals is

25 dnan (2) 3 (2) d2
I5.p(2)g(z)dz

Assuming that n.,... is even and large enough (such that p,,,.. () > 0and p,,,..—1 (2) < 1) we get the upper estimate

Ev=

Ev <

~1 4)

S e Prmas—1(2) 3 (2) dz
S 2o Primas (2) §(2) dz
Now, consider the following modification of the quantile transformation method. Let ¢ be a random variable with strictly

monotonic continuous cdf F' (z) = Pr{¢ < z}. The exact formula for F' (x) is not known. We can only approximate it from
below by F,, (z): F, (z) < F (), F, (z) is strictly monotone and continuous on the set of nonnegative values of F,, and

im0 Fr (z) = F (2), Yz € R. Define F, (z) = Fy, () L(r, ()50} () and F;* (z) = inf {y cF,(y) > u}, then Vz € R:
F, (z) 1 F(z)and Vy > 0: Fi;! (y) | F~' (y) (see Fig. fil). Therefore, the following statement holds.

Lemma 1. Letn ~ Uniform (0,1) and put &, = Ft (n). Then the sequence {¢,}.. , converges almost surely to a
random variable with cdf F.

F,(x)

¢ | & z

Fig. 1. Upper bound simulation for ¢

Lemma [i] justifies the quantile method of modeling an upper bound that monotonically approaches a random variable &
inthe case when its cumulative distribution function is known to W|th|n an approximating sequence. The exact representation
for ;! (z) is the exception rather than the rule. To find &, = E,; ' (1), we will use a numeric procedure for solving the
nonlinear equation (e.g., the van Wijngaarden-Dekker-Brent method (Forsythe, Malcolm, & Moler, 1977, Section 7.2)). In
this case, we need to be careful that we are trying to approach the solution from above.

3. Simulation of the minimum and an upper bound of the maximum for a Brownian bridge
Let {Bz,,y (t),t € [0,1]} be the Brownian bridge process with value € R at 0 and value y € R at! > 0. Since

t l—t
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we have that the event that the Brownian bridge stays in an interval corresponds to the event that a Wiener process does
not cross linear boundaries (for more details see (Casella, & Roberts, 2008, Appendix 1)):

(y—u)t+(z—u) (v—y)t+(v—2z)
\ﬂ < Wi < \ﬂ

Set B, ,, = infiejo,) Bz 1,y (t) and B;l’y = SUP,¢ (o, Bz,i.y (t). Then from (Beskos, Peluchetti, & Roberts, 2012, (4.3)) we
get

Pr{u<Bz,l,y(t)<v,we[o,z]}:Pr{— ,Vte[o,l]}.

Pr {B;l,y > u, B;L’Ly < v} = (1 — Z Hy, (l,v—u,z —u,y — u)) Liuca,y<v}s (5)
n=1
where . . ~ B
H,([,AJA;,Ay)=e D +e7% —e™h —e™2 A>A;, A, >0,
with 9 )
g = Y(HA—Ax)(nA—Ay),(E =7 ((n=1DA+A:) ((n=1) A+ Ay),
_  2nA _  2nA

As a consequence, we can get the marginal cdfs (see also (Doob, 1949, (4.2)))

. + .
Baiy 1 otherwise, ~ Be.iy 0 otherwise,

—2(z—u)(y—u —2(v—z)(v—
P (u)—{e 7 (z—u)(y )7 u<z,y, F (u)—{l—e 7 (v—2)( y)7 v >,y

and expectations

_ [l (@=w? sVy—x Ay
EBz,l,y :x/\yf ge 2l erfc (T) 5

[l (@=v)? TVy—x Ay
EBf,, =zVy+ et erfc (7 ,
Wy Y 8 /a1

where erfc (z) = 1 — \/gfoz et dt is the complementary error function. Each addend of H,, (I,v — u,x — u,y — u) is

monotone in u, and from (Jones, 2001, Ch. 16, Sec C) we can use term-wise differentiation of the series in (), which gives
the following statement.

Proposition 3. The conditional cdf of the Brownian bridge maximum with given minimum v < x can be represented as the
series
ﬁgfleGn(lw—u,w—u,y—U% v=zTVy,
F_+ (U) = Bty

ot Pay = 0 v<zVy
9

where f,—  (u) is the pdf of minimum, and

z,l,y

+ + - -
Gn (laAaszAy) = 67q1 pf + 67(]2 p; - 6*41 p; - 67q2 p;a A 2 Az»Ay > Oa

with
2(n—1 2
pr =20 gnaa,a) p = e -nAa A +A,),
b= @A+ AL = A p7 = T 2nA+ A, - Ad).
Theorem 1. Function F, (v) = F, (I, z,y,u,v) = ﬁ > Gn (v —u,x —u,y — u) Diysavyy IS continuous and
x,l,y .
strictly monotone on the set on which it is non-negative. Moreover, Fy, (v) 1 FB;,,yI BI, = (v) asm — oo.

Proof. Fixn > 2,1 > 0,A, > 0,A, > 0, then the function G, can be considered as a linear combination of functions of
the following type f (A) = e~ *®)p (A) with ¢ (A) = (aA + b1) (aA + ba), p(A) = kA +m, a >0,k >0, A > A, where
A := max {0, b b —ﬂ}. For the derivative, we have the representation

a a’ k
F(8) = ™ (= (A) p(A) + 5 (A)) = e 1) (—a(ad + by +al + ba) (kA +m) + k).

Since 0 < (aA + b1 + aA +b2) (kA +m) T +o0 as A T 400, we have only the two possible cases for behavior of f. If
f (A) > 0, then f firstincreases to some point A* > A (the corresponding values of A* for each term of G, are VitBs+Ay

2n ’
ﬁ;@jf”, ‘ﬁ_éz‘%”, and ‘m'g;_A”), and then monotonically approaches 0. If f’ (A) < 0, then f monotonically

approaches 0 from the starting point (see Fig. B).
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f (A) >0 1a) 7 (A) <0

0 AA* 0 A

Fig. 2. Cases of possible behavior of e~ 2(2)p (A)

Since ¢ < ¢y and ¢ < ¢3, e’qu + e’q;p2 tends to 0 more slowly than e~%1 p; + e~ 9% p; . Hence, G, starting
from some A, WI|| be positive monotonically decreasing to 0 (see the top right graph in Fig. B), and this A,, will decrease
monotonically in n (the bottom left graph in Fig. B).

Ifn =1,thene % p; and e*q’;p; show the similar behavior as shown in Fig. B. While e=% pi and e~ p; are constant

in A. More precisely, e‘qfrpl+ e Py In=1,A=0—u,Ap=z—u,Ay—y—u = fB , (u). The term G, as function of A starts from

the non-positive value (for certainty, let A, < A, then G1 (I, Ay, Az, Ay) = ‘7(2% =)2 7 (3Ay — Ag) <0), reaches
zero at some pomt Al, and then monotonlcally approaches fo ( ). So, the sum "7 | G is continuous and, starting

ehpy +etpy

o+ ot +
e~ pf +e % p]

A, A

0
N

Fig. 3. Behaviorof 3~ | G; withi =2,A; =0.1,A, =0.2

O

Combining Lemma [i] with Theorem [i gives us the following modified quantile transformation method for modeling the
minimum and an upper bound of the maximum. Let F,;' be the inverse function of F,,, restricted to the set {v : F},, (v) > 0}
and (1, (2 are independent Unifom (0, 1)-distributed random variables. Define £ = F}; (¢1) and nm = Ent (G2) |u=es

x,l,y

then n,, > n and

GQ<F__ (n) o by

z,l,y

Pr{§<r717m<q}:E]l{ }Fm(q)|u e 41) / F () lu=zfp- (2)dz.

By Lebesgue’s dominated convergence theorem

(@) fp- (2)dz=Pr{B,,, <rBf <q}.

le‘B’fwl,y:z x,l,y

Pr{§<rnm<q}—>/ Fyet
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Example. Just to illustrate, we fixed x = 2.1, y = 2.2, I = 1, and simulated 100000 of Brownian bridge trajectories using
standard discrete-time approximation. Namely, we simulate a Wiener process path {Wti}?;nl at points ¢, = 2’—1, m = 12,
and calculate B,y (ti) = x4+ 5 (y — ) + Wi, — %W, i = T, m. The points (Mini<i<om By (i), MaXi<i<om Boy (ti))
determined for each trajectory are presented in Fig. 4 (on the left). The contours in Fig. @ are constructed based on the
approximation of the joint density of the minimum and maximum, obtained as the sum of the derivatives with respect to u
and v of the first 30 terms in (). The graph on the right in Fig. ] shows the results of 100000 simulations using the modified
quantile transformation. To find £, (¢2) |.=¢, we used the van Wijngaarden-Dekker-Brent method, iteratively increasing m
to no more than 50, until the difference between successive solutions became less than 10~8. The sample and theoretical

values of the expectations, together with the 0.025 and 0.975 quantiles, rounded to 6 significant figures, are shown in Tab. fl.

v (2

ol @ | D

u u
0 zVy 0 TVy

Fig. 4. Generated minimum and maximum of the Brownian bridge using sequential discrete-time simulation (left) and the
approximate quantile method (right)

Table 1

Estimates and exact values of the mean and quantiles for extrema
Minimum B, | Maximum B,

Theoretical Mean

152037

277963

Theoretical Quantiles

(0.790978, 2.02688)

(2.27312, 3.50902)

Discrete-time
approximation

Quantile transform
approximation

Discrete-time
approximation

Quantile transform
approximation

1.52782
(0.795669, 2.03636)

1.52104
(0.799451, 2.02684)

2.76925
(2.26324, 3.50005)

2.78048
(2.2754, 3.50600)

Sample Mean
Sample Quantiles

In general, the discrete-time approximation gives us an overestimate for the mini&num and underestimate for the max-
imum. To demonstrate, we simulated 1000 Brownian bridge paths at points {ti}le, found the average values for the

minimum and maximum, and repeated this process 150 times. Similar steps were performed for the quantile transforma-
tion. The smooth kernel density estimates for the resulting data are shown in Fig. B.

Minimum Maximum
[
1
]
I
I
1
1
/)
/
ra \s
Theoretical Theoretical
mean mean

Fig. 5. Kernel-smoothed empirical marginal distributions for the average of minimum (left) and maximum (right) using
sequential discrete-time simulation (dashed lines) and the approximate quantile method (solid lines)

Remark 2. ltis possible to apply the considered algorithm to model Brownian motion with drift « and volatility o%. To do so,
substitute lo? instead of I in the obtained relations (see, e.g. (Metwally, & Atiya, 2002, Section I1)). According to Girsanov’s
theorem, the value of the drift is not essential (Beskos, Peluchetti, & Roberts, 2012, Section 6.1).

Example. Leta = —1, ¢ = v/5. We split the interval [0, 1] into 80 subintervals of the same length and start from = = 2. Fig.
B shows sampled points of a Brownian motion path with corresponding lower and upper bounds.

The first passage time to the level 0 has an inverse Gaussian distribution (see, e.g., (Karatzas, & Shreve, 1998, Ch. 3,
(5.12))) and the probability of crossing this level on the interval [0, 1] up to 6 digits is 0.527339. We did a series of 1000
runs. In each run, we simulated 500 times the points and bounds on the interval [0, 1], which was divided uniformly into 200
subintervals. We then determined the average number of times a path crossed the zero level. The empirical distribution of
these averages is shown in Fig. [d, (a). The total average for all runs was 0.527874 and the empirical 0.025, 0.5, and 0.975
quantiles were 0.482, 0.528, and 0.568, respectively.
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Fig. 6. Simulated path points of the Brownian motion with drift « = —1 and volatility c = /5

For a series of 50000 simulations, we recorded the value of the left boundary of the subinterval on which the crossing
happened. Fig. [, (b) shows the corresponding histogram and the conditional pdf of the first passage time through level 0,
given that the crossing occurred within [0, 1]. Given the specified parameter values, and despite the potential for bias, the
estimated outcomes appear to be reasonable. For a method of direct and exact simulation of the first-passage time, the
reader can refer to (Herrmann, & Zucca, 2019). This method avoids simulating the full path, introduces no approximation
error (only statistical error), and does not restrict the first passage time to be within a fixed time interval.

0.482 0.528 0.568
(a) (b)

Fig. 7. (a) Kernel-smoothed empirical distribution for the average number of times trajectories cross zero level. (b) Histogram
of an approximation of the first passage time and its conditional pdf (solid line)

4. Midpoint simulation

To further detail the trajectory behavior in the interval, we can adapt the idea of the e-strong algorithm from (Beskos,
Peluchetti, & Roberts, 2012). After defining the boundaries, the next step is to determine the position at the middle of the
interval. The modeling routine can be justified using the following consequence of (Beskos, Peluchetti, & Roberts, 2012,
Proposition 5.1).

Lemma 2. The conditional pdf fmia (z) of Bo,y (L) given By, =wand B, < v is proportional to p* (z) ¢ (z), where

z,ly z,ly

pt (2) =pt (l,z,y,z,u,v) = —% (Pr{B’ >u, B . <v} Pr{B;é,y >u, BT y <v}),

1 l
z T3, 235

+y)2

b(z)=e 10772
For sampling from f.,.;4 () we can use the accept-reject algorithm with squeezing. First, note that

2(z—u)2—1

£ l
maxf,- (u)=maxf,- (u)=4  a-u z—u< \£7
s et Ho—w) otherwise.

Second, the monotonicity of probabilities gives 0 < f% Pr {B’ ., >u,BT, < v} < fy
x z T,5,%

2 m%

PR

4 0 _ _
0<p™ (») = (—%Pr{B%é’z >u,B::%’z <’U}> PV{BZ’L y>u,B:é7y<v}+

0 _ _
+|(—=—Pri{B", >u,BY, <ov}|PriB, >uB', <ol (6)
ou 2,55y 2,55y T, 5,2 T,5,2
< - - < - - = Uz u-
< wa,%,z (u) + fBz%’y (u) < max fo,g,z (u) + max fBzvéﬁy (u) Ly,
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The algorithm requires 0 < p* (2) < 1, which can be satisfied using = Ll p* instead of p*. Third, the function ¢ (2)
oLy

up to a constant is the density of normal distribution N ("‘;y, i) Finally, without explicitly specifying the dependency
on the corresponding arguments, the alternating sequence for Pr {B’ >u, Bt < v} is {hn}oo, (for details see (Beskos,

Peluchetti, & Roberts, 2012, Section 4)) and for (—-Z Pr{B~ > u, B* <v})is {g.}>", where

n n—1
hop—1=1— ZH“ hs, = max {1 — Z H;, — (67q;r + eiq;r) i—n,o} 5
i=1 =1
" o+ o+ n
gy T G (BT ) i, DI Gi2 O, S G
n— = n — 1 n . .
fo- (), otherwise, =R

The expression for the lower bound g»,, follows directly from Theorem fil. For the upper bound g2,,_1 we can use arguments
similar to those in the proof of the theorem. In case >, G; < 0, instead of the upper bound fz- (u), @ more accurate

estimate would be (Z?Zl Gi + (e‘q1+ + e‘q;) |i:n+1) at the root of the equation 3~ G; = 0, but finding the correspond-

ing solution at each iteration step can be computationally expensive. Thus, the alternating sequence for p* is defined by
BOIOINONC)
n n 9n n (
Culy,u
or (z,£,y,u,v), respectively.

see Fig. B), where the number in the superscript indicates the set of terms arguments in (B), (x, %, Z,u, v)

-
-
Phas

(ot}
1

Fig. 8. 1st, 2nd, and 10th elements of the alternating sequence for p* with ! =1,z = 2.1,y =2.2,u = 1.8,v = 2.5

For illustrative purposes, we have included in Fig. g the histogram of a sample of 5000 points from f,,:4 () with [ = 1,
1

. MW, @), (2,0
r=2.1,y=2.2u=1.8,and v = 2.5. The solid curve corresponds to the graph of % with n = 11 (a further
oy

increase in n does not result in a noticeable change in the graph).

AT
R
.llllll |II|I-

U v

Fig. 9. Histogram of simulated midpoints with | = 1,2 = 2.1,y = 2.2, u =18,v=2.5

Remark 3. After bipartition, we take into account that the minimum is reached at least in one of the subintervals. To
determine on which one, we simulate the value of the indicator 1 {n < r}, where n ~ Uniform [0, 1],

(—%PF{B;LZ >u,B:Lz <v}> Pr{BZ_L1 >u7B+L <v}
5 % s %y 24y

r=

p* (2) ’
. . T . . . . f](l) h(z)
using the technique from (Beskos, Peluchetti, & Roberts, 2012, Section 4.2). Thatis, we increase n until % <n
9on Nop T92n Non
(1), (2)
(and assume that the minimum was reached in the first half of the interval) or —; sY2n h2’; -— > n (respectively,
9;n)71hén)71+9;n)71hén>71

in the second). If the denominator is equal to O, the fraction is defined as 1. For the interval with the given minimum, we
can continue to define the value at the midpoint using Lemma . For another interval, we can employ the refinement with
consequent bisection as described in (Beskos, Peluchetti, & Roberts, 2012, Section 5).

5. Algorithm description
The following basic modeling steps can be obtained by collecting the considered facts together. Let d be the maximum
length of subintervals. The upper limits of some loop indices have not been explicitly specified. They can be defined in
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accordance with a particular condition. For example, the loop by k& can be executed until T}, exceeds the predetermined
value. We may continue to execute the loop by m until the accuracy constraints are met.

1. Set Ty =0, X1, = Xo. Generate Jr;, from the initial distribution.

2. Loop by k > 1.
Q "
(a) Draw Jr, from the discrete distribution {#,j #Jr,_, }

(b) Generate the inter-jump time ATy ~ Exponential (fQJTkilJTkil) .Set Ty, = Tx—1 + ATy.
(c) Puttd |, =Th_1, np = [%] +1, 1= Aﬂ—?‘, where [] is the integer part.

(d) Loop by i =1,ny.
i. Sett_, =t,"" + .
ii. Generate
Xt};71 = thill + aJqu I + UJTk—l \/E{, C ~ N (0, ].) .

iii. Generate the minimum B, , and the upper bound of maximum B,;"Z for Brownian bridge BXtF1 W Xy
(see Section ). e '
iv. Set S = t};_l, SR = tz
v. Loop by m > 2.
A. Puts,, = *L5°E_ Given B, , and B/, generate midpoint value X, using Lemma [.
B. Choose between intervals [s1, s,,] and [s,, sg] with minimum using Remark §. Set sg = s,,, in the
former case and s;, = s, in the latter.

C. Forthe chosen interval, we continue the loop, and for the other interval, we can apply e-strong algorithm
from (Beskos, Peluchetti, & Roberts, 2012).

Remark 4. According to the proposed algorithm, the lower bound for the maximum and the upper bound for the minimum
required in the e-strong algorithm need to be refined only for one of the intervals obtained after midpoint simulation.

Example. Let's choose the following parameters for Z. Assume that for J the state space is £ = {1, 2}, the intensity matrix
1 1

is Q = ( _15 2 ) and the initial distribution is 7 = (2, %). For X the drift parameters are a1 = 1,42 = —32, and
the volatility parameters are o1 = /5,02 = /2. Fig. [[J shows the results of applying the algorithm without the e-strong
algorithm steps. Specifically, it displays the simulated trajectory points at the moments of state transitions, the minimum
and the upper bound of the maximum on the corresponding intervals. It also displays the midpoints. For the purposes of
simplicity, we took d = oo, indicating that [T —1, T%] were not divided into subintervals.

Xi

1
|
|
|
i
1
|

1
1 )

|

't
T3

ﬁ____
.\yﬂ__

Fig. 10. Regime-switching moments (vertical dashed lines), values of X at those moments (blue points), values of midpoints
(red points), the minimum of X (horizontal dotted lines), and the upper bound of maximum (horizontal dashed lines) between
regime-switching moments. The gray bars indicate the interval selection (on Step B.). The darker color indicates a later
selection

Discussion and conclusions

We propose an algorithm that permits us to generate lower and upper bounds for a fluid flow model of the second order.
The algorithm has a direct generalization for models with jumps (under the assumption that the jump part is independent of
the diffusion part) and allows for reducing the problem of estimation bias due to discretization. It is based on the e-strong
algorithm incorporating a combination of rejection sampling and quantile transformation.
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The algorithm has some pros and cons compared to the e-strong algorithm. The main advantage is that in the initializa-
tion step, we simulate the precise value (up to machine precision) of the minimum and the upper bound of the maximum. By
performing additional calculations, it is possible to ascertain a lower bound for the maximum, thereby ensuring the precision
of the path upper boundary. The specification of the path behavior at intermediate points with a given value of the minimum
(or maximum) necessitates the use of a distinct type of process. For instance, conditional on a Brownian bridge sample
path minimum and the time instance when it is achieved, the law of the path parts is that of Bessel bridge (see, e.g.,(Pollock,
2013, Section 2.8)). As the value of d decreases, the necessity for intermediate point modeling also decreases; at the same
time, the number of calculations increases, which may result in redundancy. The determination of the optimal rule for d
depending on the functional under study and the required level of accuracy may be of interest for further research.

Sources of funding. This study did not receive any grant from a funding institution in the public, commercial, or non-commercial
sectors.
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ANALYSIS OF LINEAR SYSTEMS WITH COMPLEX ELEMENTS
BY THE BASIS MATRIX METHOD

This work proposes the application of the mathematical framework of complex variable function theory (specifically, for linear
systems with complex elements) to describe the mechanism of interaction between components in a system ("model” — "re-
searcher”) during the process of mathematical modeling. The method of basis matrices is extended to linear systems with complex
elements. An algorithm and computational procedure are developed for analyzing the properties and solving such systems, taking
into account the interaction mechanism between the real and imaginary components in the representation of the mathematical
model. A computational experiment is conducted to verify the correctness of the proposed algorithm and computational procedure.

The object of the study is processes of various natures in the context of solving the problem of mathematical modeling.
The subject of the study is methods, algorithms, and computational procedures of mathematical modeling, particularly the mathe-
matical apparatus of complex variable function theory and linear algebra.

Research Objective: to develop algorithms and computational procedures for analyzing the properties of two-component math-
ematical models of processes (with complex elements), capable of accounting for the researcher’s activity in the problem-solving
process.

Research Tasks: to analyze known approaches to solving computational problems while considering the "activity” of the hu-
man analyst, operations researcher, or decision-maker; to identify basic mathematical methods in the class of linear systems that
incorporate the ability to account for (human) activity in the problem-solving process; to develop computational procedures and
algorithms adapted to modeling tasks (at various stages) for comprehensive analysis of linear systems (two-component systems),
with a component accounting for human activity; to conduct a computational experiment based on the proposed method, algo-
rithm, and procedure to verify their correctness on model examples; to analyze and summarize the experimental results and outline
prospects for further research.

The mathematical modeling procedure involves a series of sequential stages (with feedback). Unfortunately, the unavoidable
issue of the adequacy of the mathematical model in representing the studied process remains a challenge in solving applied prob-
lems. It is well known that modeling problems are expressed using mathematical tools of varying complexity and are often simpli-
fied (reduced) to linear models. This includes the discretization of continuous problems and the linearization of nonlinear ones.

It should be noted that the modeling process does not explicitly account for the influence of the researcher’s experience, i. e.,
the human factor, on the quality of the modeling process at all stages. In fact, the two-component structure of the problem ("ex-
plicit" component — the mathematical model, and "implicit" — the researcher within the modeling loop) can be "traced”.

This underscores the relevance of developing new mathematical problem formulations for modeling with complex elements
(two-component systems), in which mechanisms are embedded to account for the researcher’s experience in achieving greater
adequacy of the model to the studied process at various problem-solving stages.

Keywords: system of linear algebraic equations, basis matrix method, complex analysis.
AMS 2020 classification: 15A06, 65F05, 30A99.

Introduction

In recent decades, a scientific direction has gained intensive development (in practical tasks), which involves taking into
account the presence of a person (in various guises) in the problem-solving contour of a model when presenting it. For
example, dialogic (Dul et al., 2012), human-machine (Mrachkovskyi, 2023; Tan, Feng, & Shen, 2017), active (Strauch, 2017),
ergatic (Korobiichuk, Tokar, & Danik, 2019), expert decision-making systems, and others. In practice, they include various
interpretations of two-component systems — taking into account a person (analyst, researcher, expert, operations researcher).
That is, the mechanisms of human interaction with the system (influences on a certain mathematical model). In the mathe-
matical aspect (as a generalization), the nature of the category of a complex number (in the theory of functions of complex
variables) is based on two-componentity (real and imaginary parts). And the modulus of a complex number can be interpreted
as the resulting interaction of two components: real and imaginary.

In general, there is an implicit tendency towards an increasingly widespread involvement of the mathematical apparatus
of complex (and hypercomplex) numbers in the description of complex processes (mathematical representation) (Demmel,
1997; Blackford et al., 2002).

The use of a more complex formal mathematical apparatus, on the one hand, "leads" to a more complicated representation
of the model, and on the other hand, contributes to a more adequate representation of processes of a complex nature. Ac-
cordingly, the use of the mathematical apparatus of linear systems with complex elements can be a "golden mean", that is, a
parity "measure of balance" between the complexity of the study and the adequacy of the representation.

Further study of the properties of linear systems with complex elements seems important in the field of practical application
in the description of applied problems.

The object of research is processes of various nature in the context of solving the problem of mathematical modeling.

The subject of the research is methods, algorithms and computational procedures of mathematical modeling. In particular,
the mathematical apparatus of the theory of functions of a complex variable, linear algebra.
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The purpose of the research: to develop algorithms and computational procedures for analyzing the properties of two-
component mathematical models of processes (with complex elements) with the ability to take into account the activity of the
researcher in the process of solving the problem.

Research objectives:

+ to analyze known approaches to solving computational problems taking into account the "activity" of a person, such as
an analyst, operations researcher, decision maker, etc.,

+ to identify basic mathematical methods in the class of linear systems, which include the ability to take into account (and
activity) of a person in the process of solving a problem, i.e. two-component systems,

» to develop computational procedures and algorithms for the complex analysis of linear systems (two-component
systems) adapted to modeling tasks (at different stages), with a component of taking into account human activity,

« to conduct a computational experiment based on the proposed method, algorithm and procedure to verify the
correctness of their "work" on model examples,

* to analyze and form conclusions based on the results of the experiments and outline prospects for further research.

1. Overview and relevance

It is known that mathematical models of processes are presented in the class of nonlinear problems, often optimization
problems. When studying them, simplification procedures are used, for example, by transitioning from continuous problems
to discrete ones (discretization of continuity), replacing nonlinear complex dependencies with simpler ones (linearization of
nonlinearity in the neighborhood), etc. As a result of such transformations, the initial problem is formalized in the class of
linear systems, in particular, equations, inequalities, etc.

It is natural (desirable) that the study of a linear system with complex variables can also be reduced to a system of linear
algebraic equations with real elements (generally, of higher dimension). This indicates a wide range of possible practical
applications of linear systems.

Of course, when analyzing solvability (unsolvability), the appropriate basic theoretical background can be applied (Demmel,
1997). It should be noted that the issue of solvability of systems of linear algebraic equations (SLAE) was embedded in classical
theoretical results: the fundamental theorem of linear algebra, Kronecker — Capella, Mynkivsky — Farkash. A number of studies on
the analysis of the solvability of linear systems and the influence of the parameters of the organization of calculations on the quality
of the mathematical model were conducted, in particular, in (Granlund, 2023; Fromberger, 2005). The practice of performing calcu-
lations revealed differences between the mathematical (theoretical or exact) and machine (approximate computer) representation
of the model, which was described in (Demmel, 1997; Blackford et al., 2002). These differences (as irreducible errors) are an addi-
tional source of inadequacy of the model and the process (for example, the incorrectness of the problem).

It has also been established that when using computational methods for solving SLAE, it is important to estimate and take
into account the rank value and its completeness (it depends on the accuracy of the model representation). It has been
established that for SLAE with an arbitrary ratio of the number of rows and columns, the Gaussian method can be considered
the most universal (Demmel, 1997). This method allows solving the problem without restrictions on the structure of the con-
straint matrix and the dimension of the corresponding matrix. The importance (for correct calculations) of controlling the rank
values (and the properties of its completeness) (Kudin et al., 2019a), conditionality (Kudin et al., 2019b) has been established.
It is also important for analyzing the structure of the system (Kudin, Onyshchenko, A., & Onyshchenko? 1., 2019) to find the
corresponding rank matrix (basis), fulfill the conditions of support, and non-degeneracy of the basis matrix (Kudin et al., 2007).
In particular, in the work (Kudin et al., 2019a) the influence of the accuracy of the representation of model elements (mantissa
length, order value, machine zero threshold and overflow) and the options for organizing calculations on the properties of
solutions was investigated. The corresponding software implementation was developed for calculations using the basis matrix
methods (BMM) (Kudin et al., 2019a). Long arithmetic for models with rational elements was used here. In the works (Kudin
et al., 2019b), algorithms and computer implementation of Gauss-type methods and artificial basis matrices (a variant of the
basis matrix method) (Kudin et al., 2007) in the Matlab and Visual C++ environments were proposed using the technology of
exact calculations of method elements, primarily for ill-conditioned systems of different dimensions (Kudin et al., 2019b).

It has been confirmed by experiments that computational procedures can be developed and applied in different ways
(subjectively). This is also observed when choosing: a computational algorithm, the accuracy of calculations, the representa-
tion of numbers (the length of the mantissa), the tool for performing calculations (the threshold value of the machine zero),
and the degree of taking into account the conditionality of the system. This ultimately forms a "different vision and assessment"
of the course of calculations. That is, the influence of such subjectivity in organizing calculations can be significant. And in the
future (due to the established value of the rank of the constraint matrices) to affect the solvability, the dimensionality of the
solution space (in the case of non-uniformity). This indicates the importance of developing a mechanism to take into account
the possible influence of the researcher (his implicit activity) during the construction of the model at the stage of developing
the computational method and algorithm. In general, through the quantitative selection of the parameters of the organization
of calculations, it is possible to actively influence (i.e., interact with the system) the quality of the mathematical model at the
stage of organizing calculations. Such activity can be quantitatively assessed, i.e., acquire its meaning, by introducing into
consideration the coefficient of influence of the subjective on the mathematical model. The use of the mathematical apparatus
of complex numbers makes it possible to quantitatively take into account the experience of the researcher (through the coef-
ficient of influence activity) on the real component (mathematical model) when solving the problem.

2. Main definitions and results

Let us investigate the properties of a linear system with complex elements. In particular, the conditions of solvability and
non-solvability in the context of using the method of basis matrices (artificial basis matrices) (Kudin et al., 2007).

We have a SLAE with complex elements

APy =C, (1)

where AP = A® +id®,C“? =C® 1+iC® — real and imaginary components (i’ =-1), i. e. matrices and constraint vectors

m,m () (8) m,m .
, A" =(al-j ) - matrices (and elements)
_ e

. T .
of a complex linear system, u=(u,,u,...,u,) — vector of variables, 4" =(al§.R))i o
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of real and imaginary components (components), C® :(c,‘”’)'_ﬂ_1 , C® :(cjs’)"il — respectively, the vectors of the right-hand

sides of the constraints of the component of the complex system. In particular,

O =a, P +ia,,c P =c' +ic®,i=1,m,j=1,m — complex elements of a linear system.

a
Let us consider a system of the form:
A(Mod)u — C(Mod) , (2)
whose elements are formed by the corresponding modules of complex numbers of the elements of the model (1), where
AMod) =(aij0d) ),m}: , Ced) :(C’(Mo(/)):il , ai/_(l'l/lod) — a;jR)z +a§/5)2 , C[(Mod) _ /ch)z +c[(5)2 ,iZl,_fn,jzl,_fn ]
That is, the classical mechanism of (element-wise) interaction of real and imaginary components of a complex linear
system.
Without loss of generality, system (1) can be written in equivalent form:
ABy =
Ay =S (3)
Let us rewrite the linear system (3) in the form :
Au=C, 4)

(R) (R)
where 4= [A‘S’}C :[C‘S’J , accordingly, the matrix A of dimension 2m x m , which will be called the main or generating matrix
in the future, C is the constraint vector of dimension 2m .
When studying system (4), we will also use a system of the form:
EMu=1", (5)

m,m . . . . . . . . . .
in  which E‘”’)=(efj’"))l_j:l=5,j,ef,.’"’=1,1=J,e,§."’):0,l¢] is a trivial square matrix of dimension (mxm),

™ = (ii‘.‘””)fll ,e™ =1,i=1,m is a constraint vector of dimension = , with a known solution and inverse matrix. In the following,
we will call it an auxiliary system.

The basis of the proposed method of artificial basis matrices (ABM) and its corresponding algorithms is the idea of a
basis matrix formed by linearly independent rows. The process of iterative "incrementing" (replacing) the constraints of the
auxiliary system (5) with the relaxed constraints of the main system (4) is carried out. During the iterations (based on the
formed artificial basis matrices), the magnitude of the rank of the matrices of the formed intermediate systems is analyzed
and the main elements of the method are found.

Definition 1. The submatrix 4, of the matrix 4, composed of m linearly independent normals 7, =(i,i,,....,i,) I = {1,2,...,2m}
of constraints (4), will be called artificial basis, and the solution u, = (u,,u,,....4,,)" Of the corresponding system of equations
A, =Gy,

where C, = (c,.I NN )" is the subvector C, artificial basis, A, =au,—c,,rel is the residuals of the constraints.
Let e, be elements of the inverse matrix A;] =||e!./.|| @ :I,_m;jzl,_m) composed of m linearly independent column vectors

(Jisdase-rdin) (ev/. =(e0e5,00e ),j:1,2,...,m) inverse to 4,; a, =(a,,a,,,...,a,,) — vector of expansion of the constraint

> Y mj r22° 0 rm

normal vector a,u =c, a, along the rows of the basis matrix 4, (o, =a,x4,"); «,, #0 —leading element of the transformation

Ik
method, where [ is the number of the normal-row of the constraint matrix that is introduced, and & is the number of the
normal-row of the constraint matrix that is extracted from the artificial basis matrix. It has been established that between the
coefficients of expansion of the constraint normals (4) along the rows of the artificial basis matrix, elements of the inverse
matrices, artificial basis solutions, and constraints (4) in two adjacent artificial basis matrices, the relations given in (Kudin et
al., 2007) take place.

Let us establish the properties of solutions of a linear system with a square matrix of constraints. Let system (5) have a
square matrix of constraints, for definiteness of dimension m ( r=rang(4)=m).

Proposition 1. For the existence of a unique solution (4), it is necessary and sufficient that a’ #0,i :I,_m, where o’ are

the leading elements of the simplex iteration of the method of artificial basis matrices by replacing the rows of the basis matrix
formed by (5) with the normals (4).
Proof. Let the simplex iterations of replacing the rows of the matrix (5) with the normals of the constraints (4) (Kudin et al.,

2007) satisfy the condition a,(k“ ¢O,i:1,_m. That is, at all m iterations, the condition of support of the intermediate artificial

basis matrix (linear independence of the rows of the matrix) and the nondegeneracy of the matrix (4) are satisfied. This means
that there is a solution to the system (4) and, unique. It is not difficult to verify that the "reverse" condition is also satisfied.
m}

Proposition 2. The matrix A of the main system is full rank (non-degenerate for this case) if o’ #0,i :I,_m, where iis the
number of iterations for replacing the normal vectors of the auxiliary system (5) with the vectors of the main system (4).
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Proof. The validity of the statement follows from the fulfillment of the support condition (linear independence of the rows of
the basis matrix) when performing the substitution iteration and its non-degeneracy.

Corollary 1. The rank of system (4) is determined by the number of correct substitutions (fulfillment of the support condition
— linear independence of rows) based on simplex iterations.

Let »=rang(4)<m . In general, the solvability analysis of the SLAE (4) is carried out in two steps. In the first step, we
find a separate solution of the relaxed SLAE (4) with the normal constraints forming the basis matrix. In the second step, we
analyze the solvability of (4) as a whole, i.e., we establish the admissibility of the found solution to the basic system. It should
be noted that the solvability conditions of the above statement can be extended to the general case of the structural properties
of the constraint matrix and the rank value, i. e., r =rang(A) < min(n,m) .

Proposition 3. A necessary and sufficient condition for the undecidability of system (4) for which r =rang(A4)=m is the
violation of the relation for at least one of the expansions of the row (the normal vector «,,i €I of the constraints)

¢zc,=aC,ielll,, (6)
ie, iyelll,c #c =aC,.
Proof. Necessity. Proof by contradiction. Let system (4) be solvable. Taking into account the solvability property for Yu, eU
(in particular, our intermediate) in the assumption of the value of rank r, we have

au,=c,,iel

in particular, the systema, u,=c, is equivalent «, 4,u,=c,C, as a linear combination of basis constraints, then
a, 4, =a,, o, C,=c, =c, . We have arrived at a contradiction, since by the condition must Ji,,c, #¢, =«,C, .
Sufficiency. Proof also from the converse. Let us have the fulfillment of condition (6), i.e. among «;,,i €I — series expansions
of normals Ji,c, #¢, =a,C,, with solvability (4). For Vu,eU the solution of system (4), a,u,=c,,iel. In particular, under

the assumption of solvability, it follows that ¢, 4,u,=2,C,, &, 4, =a,, @, C,=c, =c,. Due to the assumption of (6), we have

reached a contradiction.

O
Proposition 4. A necessary and sufficient condition for the solvability of system (4) for which r = rang(A) = m is the fulfillment
of the relation for vectors «,,i € I, , row expansions of normals (4):

¢=c¢=aC, iel,. (7)

The proof of the statement is carried out according to the scheme of the previous one (statement 3). Taking into account the
solvability of (4) we obtain the validity of (7). On the other hand, the assumption of the validity of (7) for
Viyel, 1a,u, =, 4,u,=a,C,=c, =c, , will determine the solvability of (4).

m}

It should be noted that the conditions of the statement correspond to the provisions of the well-known Kronecker-Capelli
theorem on the solvability of a system of equations.

Let us consider the main stages of the relaxation scheme of sequential inclusion of relaxed constraints (4) into system (5)
with known elements of the method. At the last iteration of the inclusion, the rank value, the solution of the relaxed ("interme-
diate") system of algebraic equations (4) with constant elements for a non-degenerate system, will be established.

Algorithm 1

Preparatory step. We assume that the solution u, and the inverse matrix 4;' of the SLAE of type (5) of the auxiliary
system are initially known.

Step 1. We perform simplex iterations by replacing the rows of the basic matrix of the system (5) with the normals of the
constraints of the system (4), according to the relations (Kudin et al., 2007).

We find the corresponding elements of the method: row expansion of the basic matrices with constraints from (4), the
inverse basic matrix, artificial basic solutions ug“ , where £ is the iteration number.

Step 2. We check the number of iterations » of replacing the rows of the auxiliary system (5) with the rows of the main
system (4) for which the conditions are met: a, * 0 is the number determines the rank of the main system.

Step 3. If the number of iterations for which «.’ #0 is equal to m , then we proceed to the next step. Otherwise, to the
penultimate step.

Step 4. We find the unique solution of the relaxed system (4) 4,'-C, =u’ .

Step 5. Fulfilling the condition » < m means violating the condition of completeness of rank and uniqueness of the solution
and requires further analysis of the solvability of the problem.

The last step. Formation of initial information based on the results of the analysis (5).

3. Computational experiment

A specific model problem was constructed (m = 5 selected), for which:

1) The pseudo-random number sensor generated a solution u, with components from the range [0, 99];
2) the off-diagonal elements of the coefficient matrix A are complex numbers a,“” with real and imaginary parts —
numbers from the range [0,1];
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3) diagonal elements a,“” are calculated by the formula:

a, ' = Za,j(k) + iZaU(S) =a,'” +ia,”
= =
J#i J#i
where m is the dimension of the coefficient matrix.
4) the vector of the right-hand sides is calculated by the formula C“? = APy, =(4® +id®)u, =C*® +iC® | i. e. the

components of the system with complex elements (3) are found;

5) system (4) is formed and "normalized" (each row of constraints is divided into the corresponding diagonal element of
the matrix).

As a result (de facto) we obtain a SLAE of type (4) with a diagonal advantage of the component constraint matrices for

both the real and imaginary parts ( A4'®, 4)) of the form:
1 0.205882 0.169118 0.257353 0.367647
0.472973 1 0.027027 0.135135 0.364865

AP = 0 0.330189 1 0.5 0.169811 |,
0.25283  0.350943 0.283019 1 0.113208
0.334601 0.114068 0.368821 0.18251 1
1 0.285714  0.107143 0 0.607143
0.175115 1 0.299539  0.442396  0.0829493
A% =10.436893 0.0485437 1 0.038835  0.475728 |, (8)
0.235632 0 0.195402 1 0.568966
0.608696  0.236025 0.0807453 0.0745342 1

C® =(120.199 834189 165.047 149.238 154.365)
C® =(111.071 10223 162.087 172.546 130.161)T, 9)

where 4P = 4P 4i4® C9 =C® +iC® | i* =-1 - imaginary one.

The exact solution of such a generated systemis u, :(45 16 98 95 84)T.

For testing, a computer program was developed in the C++ programming language that implements the ABM with calcu-
lations within the long double type (for real, imaginary times, solution and intermediate values).

The accuracy parameter of the computational experiment was chosen as eps=1e-12 — the threshold value for comparison
with zero (Kudin et al., 2019a).

Experiment 1. Solving the SLAE (4) with the coefficient matrix (8) and the right-hand side (9) using the ABM.

As a result of the 5 iterations, a solution u =(45 16 98 95 84)T with an error of 10" was obtained, which is due to the

error of the input data, the error of calculations and the machine "epsilon". During each iteration, the fulfillment of the condition
a, #0 was observed. In addition, the solvability conditions of the redefined system (4) were checked by calculating and

evaluating the residuals of the solution rr_la[x|A,| <4.3-10™, which are within the computational error and confirm the correct-

ness of the solution of the redefined system (4).

The content of the iteration results is given in Appendix A.

Experiment 2. Numerical modeling of the mechanism of interaction between real and imaginary components of the system
— for a complex two-component model.

The activity coefficient is introduced into consideration, a function of the influence of the imaginary component of a complex
system on the real one. For example, in the form of A =a(k)=1/k , with parameter & €[0.5, 2].

In this computational experiment, using the ABM, solutions of the SLAE were found, the elements of the model of which

(constraint matrix) depend on the activity function a(k) and are formed by the relations: z, :min{ajf”,aa,;:‘)} , where a and

a" are the real and imaginary parts of the elements of the matrix A" .

Figures 1-5 shows graphs of the dependence of the components of the SLAE solution on the parameter k €[0.5, 2], which
varies with a step of 0.15. The horizontal lines drawn in black correspond to the components of the solution of the initial SLAE
(1) with coefficients (8), (9).

The graphs above (Fig. 1-5) show the dynamics of changes in the solution components (5 of them) when the activity
coefficient changes (within [0.5, 2]. An increase is observed for all solution components except the first component when
increasing, and for the first component from the 8th iteration.
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Fig. 1-5. Evolution of solution components depending on k (k = 0.5 ... 2) — abscissa axis

Discussion and conclusions

According to the research objectives, an analysis of known approaches to solving computational problems, taking into
account human "activity" was conducted. Basic mathematical methods (in the class of linear systems) were identified, which
include the ability to take into account the activity of a person in the process of solving a problem. The computational proce-
dures for the complex analysis of linear systems (two-component systems) were developed (adapted to modeling tasks at
different stages), with a component of taking into account human activity. A computational experiment was conducted to verify
the correctness of the "work" of the procedures on model examples.

The results of the experiments (obtained residuals of order 103 and Figures 1-5) confirm the correctness of using ABM
in numerical modeling of problems related to solving SLAE with complex elements. Prospects for further research are outlined,
in particular, the "complete" complex linear system, and the development of a generalization of the developed computational
procedures for the analysis and solution of complex systems based on classical methods.

Appendix A

Program output when solving SLAE (1) with coefficient matrix (8) and right-hand side (9). Here tek_alfa_|_k is the lead-
ing element of the transformation ( ¢, ).

Table A.1
(AIC)
1 0.205882 0.169118 0.257353 0.367647 120.199
0.472973 1 0.027027 0.135135 0.364865 83.4189
0 0.330189 1 0.5 0.169811 165.047
0.25283 0.350943 0.283019 1 0.113208 149.238
0.334601 0.114068 0.368821 0.18251 1 154.365
1 0.285714 0.107143 0 0.607143 111.071
0.175115 1 0.299539 0.442396 0.0829493 102.23
0.436893 0.0485437 1 0.038835 0.475728 162.087
0.235632 0 0.195402 1 0.568966 172.546
0.608696 0.236025 0.0807453 0.0745342 1 130.161
Table A.2
Iteration 1

tek alfa | k=1;

The inverse of A is AMN-1):

1 -0.205882 -0.169118 -0.257353 -0.367647

0 1 0 0 0

0 0 1 0 0

0 0 0 1 0

0 0 0 0 1

[MpaBa yacTuHa c:

120.199 [ 1 [ 1 [ 1 [ 1
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Table A.3
Iteration 2
tek_alfa_|_k=0.902623;
The inverse of A is AM-1):
1.10788 —0.228093 —0.181198 —0.254293 —0.324086
—0.523998 1.10788 0.0586746 -0.0148613 —0.211581
0 0 1 0 0
0 0 0 1 0
0 0 0 0 1
c:
120.199 | 83.4189 [ 1 [ 1 [ 1
Table A.4
Iteration 3
tek_alfa_|_k =1.01937;
The inverse of A is AM-1):
1.07713 —0.163069 —0.177754 —0.166289 —0.30632
—0.514039 1.08683 0.0575595 —0.0433586 | —0.217334
0.16973 —0.358858 0.980995 —0.485683 —0.0980501
0 0 0 1 0
0 0 0 0 1
c:
120.199 | 83.4189 | 165.047 [ 1 [ 1
Table A.5
Iteration 4
tek_alfa_|_k=0.805283;
The inverse of A is AM-1):
1.10603 —0.113794 —0.125531 —0.206497 —0.320416
—0.506503 1.09967 0.0711762 —0.0538426 | —0.221009
0.254148 —0.21494 1.13352 —0.603121 —0.13922
—0.173813 —0.296321 —0.314049 1.2418 0.0847668
0 0 0 0 1
c:
120.199 83.4189 165.047 | 149.238 [ 1
Table A.6
Iteration 5
tek_alfa_|_k=0.831702;
The inverse of A is AM-1):
1.25024 —0.131513 0.000395104 | —0.233865 —0.385253
—0.407036 1.08745 0.158035 —0.0727201 —0.265731
0.316805 —0.222638 1.18824 —0.615013 —0.167392
—0.211963 —0.291633 —0.347363 1.24904 0.10192
—0.450059 0.0553001 —0.393009 0.0854148 1.20235
c:
120.199 83.4189 165.047 149.238 154.365
Table A.7
Program completion
Residuals vector:
—4.26e-14 | —142e-14 [284e-14 [0 [0 [ -4.26e-14 [ 0O [0 | - 2.84e-14
The system is correct
Solution u:
45 | 16 | 98 | 95 | 84
Execution time: 0.034 seconds

Authors' contribution: Volodymyr Kudin — concept, problem statement, method, algorithm, source analysis, preparation of literature

review or theoretical foundations of the study; Vyacheslav Onotsky — computational procedures, software, experiment (collection and
verification of empirical data, research), source analysis, preparation of literature review or theoretical foundations of the study.
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AHATI3 NIHIKHWX CUCTEM 13 KOMMNNEKCHUMW ENEMEHTAMU METOAOM BA3UCHUX MATPULIb

3anponoHosaHoO 3acmocyeaHHsI MameMamuy4yHO20 arlapamy meopii (hyHKYiT KOMMNIeKCHOI 3MiHHOT (8 YacmuHi JiHilIHUX cucmeM i3 KOMIM/IeKCHUMU
esileMeHmamuy) 05151 onucy mexaHiamy e3aemodii komnoHeHm y cucmemi ("Modenb"” — "docnidHuk") y npoyeci Mamemamu4Ho2o ModesitoeaHHsI. Po3su-
HeHo Memod 6a3ucHUX Mampuyb 00 JIiHIlIHUX cucmeM i3 KOMIJIeKCHUMU efleMeHmMamu. Po3po6ieHo anzopumm U o64uciroeansHy npoyedypy aHanizy
eracmusocmel i po38'a3aHHs1 3 ypaxyeaHHsIM MexaHi3mMy e3aemodii dilicHOi ma ysieHoOI ckllado8ux KOMIMOHEHM y nodaHHi Mamemamuy4Hoi modeni. po-
sedeHO 06y4ucIro8anbHUL eKcriepuMeHm 3 rnepesipku KopekmHocmi po6omu 3anpornoHo8aHo20 as2opummy U o64yuctosansHoi npoyedypu.

06'ekmom AocnidxeHHs1 € Mpoyecu pi3HOT NPpupodu 8 KOHMeKCcMi po3e‘a3aHHs 3adavyi MamemMamu4yHO20 MOOESTHO8aHHS.

Mpedmem AocnidxeHHss — Memodu, anzopummu i o64ucroeanbHi Npoyedypu MameMamu4yHo20 Modeslro8aHHs, 30KpemMa, MameMamuyHul
anapam meopii ¢pyHKuii KoMnneKkcHoi 3MiHHOI, niHiliHoi anze6pu.

Mema docnidxeHHsi: po3pobumu anzopummu Ui o64yucnroeanbHi npoyedypu aHanizy enacmueocmeli 80X KOMIMOHEHMHUX MameMamu4HuUX
modereli npoyecie (3 KOMNIeKCHUMU efleMeHmMamu) 3i 30amHicmio epaxoeyeamu akmueHicmb 0ocsliGHUKa e npoyeci po3e'si3aHHs1 3adadyi.

3ae0daHHs1 docnidxeHHsI: npoeecmu aHani3 eidomux nidxodie o po3e'a3aHHsA 064uUCI08aNIbHUX 3a0ay 3 ypaxyeaHHsAM "akmueHocmi” ft0OuHU
K aHanimuka, docniOHUKa onepauiti, ocobu, sika yxeasnoe pilleHHsI mou,o; eusseumu 6a3oei MamemMamu4Hi Memodu e knaci niHiliHux cucmem, y
sAKuXx 3aknadeHo 30amHicmb ypaxosyeamu (Ui akmueHicmb) /TIOOUHU 8 npoyeci po3e'a3aHHs 3adayi; po3pobumu adanmosaHi nid 3ada4i moderto-
8aHHs1 (Ha pi3HUX emanax) o64ucsioeanbHi npoyedypu U an2opummu KOMIJIEKCHO20 aHanidy iHiliHuUx cucmeM (O80KOMMOHEHMHUX cucmem), 3i
cknadogoro epaxysaHHs akmusHoOCMmi JIFOUHU; Nposecmu o64uco8anbHUll eKCrnepuMeHm Ha OCHOB8I 3arnpornoHo8aHo20 Memody, anzopummy ma
npoyedypu 3 nepeeipku ixHboi KOpekmHocmi "po6omu” Ha MoOesIbHUX Npuknadax; 3pobumu aHani3 i cgpopmyeamu 8UCHOBKU 3a pe3y/ibmamamu
eKcrepuMeHmie ma okpecsaumu rnepcrnekmueu rnoodasbwux 00CiOKeHb.

Y npouyedypi Mamemamu4yHo20 modesntoeaHHs 3aKk1adeHo npoeedeHHs psidy nocnidoeHux emanie (3 06epHeHUM 38 's13koM). |, Ha anb, HeycyeHa
npobnema adekeamHocmi MamemamuyHoi Modesli NodaHHs1 AocnidxyeaHOMy MPOYEeCy € CynymMHUKOM po38'si3aHHs1 npuknadHux 3aday. Sk eidomo,
3adayi ModesiroeaHHs1 NoO0arOMbLCSI MameMamuy4YHUM arapamom pi3Hoi ckiiaHocmi i yacmo "npueodsimbcs” (cnpoulyromscsi) 36e0eHHSIM 00 NiHil-
Hux modesel, 30kpema, 30ilicHloembcsi uckpemu3sayisi HenepepeHuXx i NiHeapu3auyis HeniHiliHUX 3aday.

Bapmo 3a3Havyumu, ujo e npoyeci ModesnoeaHHs He 3aksiadeHo y seHOMY euansidi epaxyeaHHs ennuey doceidy docnidHuka, mo6mo nrodcbKo020
ghakmopy, Ha sikicmb npoyecy mModesntoeaHHs1 Ha ecix emanax. [Je-gpakmo, deokoMnoHeHMHicmb cmpykmypu 3adadyi ("sieHa" cknadoea — mamema-
muyHa Modesib ma "HesieHa" — dociOHUK y KOHMYpi ModestoeaHHs1) "npocmexyemscs”.

Le obymoentoe akmyanbHicmb po3pob6rieHHsI HO8UX MameMamu4HUX MOCMaHO80K 3aday ModJdeslto8aHHSI 3 KOMIUIEKCHUMU esleMeHmamu

(080KOMMOHEHMHUX cucmeM), y IKUX 3aKia0eHo MexaHi3Mu epaxyeaHHs doceidy docsliOHUKa w000 docsi2HeHHs 6inbwoi adekeamHocmi moodersi
docnidxyeaHoMy npouyecy nid Yyac po3e'sizaHHs 3adayi Ha pi3HUX emanax.

Knw4yoBi cnoBa:cucmema niHiliHux anzebpaiyHux pieHssHb, Memod 6a3UCHUX Mampuyb, KOMIJIEKCHUL aHasli3.

OpauH 3 aBTopiB (B. KygiH) € uneHoM peakonerii BuaaHHs, TOMy BiH He BpaB yyacTi y peueH3yBaHHi Ta NPUAHATTI PilleHHs Woao
ny6nikauii yiei cTarTi.

ABTOpM 3a8BNSIOTb NPO BiACYTHICTb KOHMMIKTY iHTepeciB. CnoHcopy He 6panu yyacTi B po3pobneHHi AocnimpKeHHs; y 36opi, aHanisi un
iHTepnpeTauii AaHWX; Y HanMCaHHI pyKonucy; B pilleHHi Npo nybnikauito pe3ynbTartis.
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ON ERGODIC PROPERTY OF SOME LEVY-TYPE PROCESSES IN R

In this paper, we investigate the ergodicity in total variation of the process X, related to some integro-differential operator
with unbounded coefficients, and describe the speed of convergence to the respective invariant measure. Roughly speaking, a
Markov process is said to be ergodic if there exists an invariant probability measure to which the transition probability of the
considered process converges. In this case, the speed of convergence is also called the ergodic rate, and it plays an important
role in further investigations of asymptotic properties, in particular, in simulating the processes, calculating their functionals,
and also in limit theorems.

In the proofs, we use the Lyapunov-type criterion, which resembles the well-known from the theory of ordinary differential
equations Lyapunov’s second method. Some examples are provided.

Keywords: ergodicity, Lévy-type process, Lyapunov criterion, Lyapunov function.
AMS 2020 classification: 60G51, 37A50, 60G17.

Introduction
Consider an integro-differential operator

Lf(x) :f(r)-Vf(w)wL/]Rd\{o} (flx+u) = fz) = V(@) ulju<i) v(z, du), (1)

defined on the set C?3(IR?) of twice continuously differentiable functions with compact support, where £(-) : R* — R¢, and
the Lévy-type kernel v(z, du) satisfies

/ (1A Jul®)v(z,du) < oo forany z € R”.
R4\ {0}

To simplify the notation, we assume that the kernel v(z, du) does not have an atom at 0 and write f]Rd instead of fm\{o}.

Under certain conditions (see Section fi below) one can associate with (L, CZ(RR¢)) a Markov process X, whose transi-
tion probability kernel P;(z, dy) possesses certain regularity properties. The process X is often called a Lévy-type process,
because locally its structure resembles the structure of a Lévy process, e.g. a process with independent stationary incre-
ments.

The aim of this paper is to derive sufficient conditions for ergodicity of the process X related to (ffl) and find the ergodic
rates.

This work further develops our previous studies on the ergodicity of Lévy-type processes: we began our investigation
in (Knopova, & Mokanu, 2024) with the one-dimensional case and bounded Lévy-type kernel; continued in (Knopova, &
Mokanu, 2025), where a Lévy-driven stochastic differential equation (SDE) with unbounded coefficients was considered in
dimension d.

The long-time behaviour of Markov processes has been extensively investigated. Skorokhod in (Skorokhod, 1987)) dis-
cussed the long-time behaviour of general Markov processes and solutions to SDEs, as well as stabilisation properties of
solutions to systems of SDEs. Masuda in (Masudd, 2004), (Masuda, 2007) investigated a Lévy-driven Ornstein-Uhlenbeck
process, in particular, the existence of a smooth density, ergodicity, and convergence rates. Sufficient conditions for recur-
rence, positive recurrence, and exponential ergodicity of one-dimensional Lévy-type processes generated by the integro-
differential operator were derived in (Wang, 2008). In (Wang, 2013) sufficient conditions for exponential and strong ergod-
icity of SDEs driven by symmetric «—stable processes were obtained. Next, exponential ergodicity of solutions to certain
SDEs (in particular, SDEs of McKean-Vlasov type), damping Hamiltonian dynamics with state-dependent and non-local
collisions, and Lévy driven Langevin dynamics with singular potentials was studied in (Liang, Majka, & Wang, 2021)), (Bao,
& Wang, 2023) and (Bao, Fang, & Wand, 2024)), respectively. Ergodicity of a solution to the jump-diffusion SDE was studied
by Wee in (Wee, 1999). In (Fort, & Roberts, 2005) and (Douc, Fort, & Guillin, 2009) sufficient conditions for ergodicity were
given in the form of so-called ( f, r)-modulated moments. In (Kulik, & Scheutzow,, 2018) the problem of the uniqueness of an
invariant probability measure of a Markov process was investigated; here the authors also derived sufficient conditions for
the weak convergence of the transition probability to the invariant measure. Kulik in (Kulik, 2018) discussed the asymptotic
behaviour of a wide range of Markov processes from simple Markov chains with finite state spaces to more sophisticated
models (including solutions to Lévy driven SDEs), in particular, the author examined different types of ergodic rates and
their further application in limit theorems; the question of weak ergodicity was addressed as well. Sandri¢ in (Sandrid,
2013) gave sufficient conditions for recurrence, transience, and ergodicity of stable-like processes in terms of their coeffi-
cients. Further, sufficient conditions for recurrence, transience, and ergodicity of stable-like Markov chains under certain
assumptions on their density functions and drift were derived in (Sandrid, 2014). In (Sandrid, 2016) the author discussed re-
currence, transience, ergodicity, strong, (sub)-exponential ergodicity, and mixing properties of Lévy-type processes driven
by the infinitesimal generator.

ISSN 1812-5409 (Print), ISSN 2218-2055 (Online) © Mokanu Yana, 2026



~ 64 ~ B 1 CH MUK Kuiecbkoro HauioHanbHoro yHisepcurety imeHi Tapaca LleBueHka

The structure of this paper is as follows. In Section [, we recall the notion of ergodicity, discuss the assumptions, and
formulate our results. Proofs are given in Section J and examples in Section f3.

1. Main definitions and results
A Markov process (X;):>0 on R¢ with a transition probability kernel P;(z, dy) is called (strongly) ergodic (see (Sandrid,
2016)) if there exists an invariant probability measure = (-) such that

Jim [[P.(,) = 7l =0

for any z € R?. Here || - ||rv is the total variation norm. Moreover, one can describe the speed of convergence to the
invariant measure, if certain assumptions are satisfied. The process is called (non-uniformly) «-ergodic (see (Sandrid,
2016) for polynomial and exponential rates), if there exists a function v > 0, ¢/(t) — 0 as t — oo, such that

[Pe(z,-) —=m()lrv < Clx)p(t), t=1, (2)

for some C: R* — [0, c0).

There are several possible ways to show ergodicity of a Markov process (see (Kulik, 2018, § 3.5)). We use the skeleton
chain approach, described in (Kulik, 2018), which allows us to reduce the continuous-time setting to the discrete one by
constructing a skeleton chain X" := {X,.,,n € Z. } and apply ergodic theorems, developed specifically for Markov chains.
Under certain irreducibility assumptions (e.g., Dobrushin condition), ergodicity of the skeleton chain implies ergodicity of
the initial process with the same convergence rate (cf. (Kulik, 2018, § 3.2), (Sandrig, 2016)).

To see if the chain is ergodic, one can check the (local) Dobrushin (or other forms of irreducibility condition, suitable
for a particular task (see the discussion in (Kulik, 2018, p. 64))) and the Lyapunov-type conditions ((Kulik, 2018, Th. 2.8.9,
Th. 3.2.3)). Note that the irreducibility-type assumption is crucial for the described approach, but if it fails, it is still possible
for the process to be ergodic only in a weaker sense (see the discussion in (Kulik, 2018, § 4)).

A Markov chain X with a transition kernel P(z, dy) satisfies the local Dobrushin condition (cf. (Kulik, 2018, p. 42)) on
a measurable set B ¢ RY x RY if

sup [[P(z,-) — P(y,")llrv <2. @)
z,yeB

In practice, it is sufficient and reasonable to check if there exists an absolutely continuous component of P(z, dy), such
that  — P(z,-) is continuous in L, (see (Kulik, 2018, Prop. 2.9.1)), instead of proving () directly. This, in turn, is the
case if the initial Markov process possesses a strictly positive transition probability density p:(z, ), such that z — p:(z,-) is
continuous in z in L; (see (Sandrig, 2016)). It means that the respective semigroup (P;):>0, P f(z) := E® f(X:) possesses
the Cy-Feller property, that is, it preserves the space of bounded continuous functions (see (Bottcher, Schilling, & Wang,
2013)). The Dobrushin condition ensures that the process converges to the same invariant measure, regardless of its
starting point.

The Lyapunov-type condition (see (Kulik, 2018, p. 52)) allows us to establish moment estimates, responsible for (non-
uniform) ergodic rates. Suppose that there exist:

« anorm-like function V : R* — [1,00) (i.e. V(z) — oo as |z| — oc), bounded on a compact K;
+ afunction f: [1,00) — (0, 00), that admits a non-negative increasing and concave extension to [0, co);
e aconstant C > 0;

such that the following relations hold:

E*V (X)) —V(z) < —f(V(z))+C, zeR% (4)

¥ (1 + xigLV(m)) > 2.

Inequality (f]) is called the Lyapunov inequality, and such a function V is called the Lyapunov function.
Given that we are in the continuous-time settings, it is reasonable to consider the Lyapunov-type condition in terms of
the process X itself, namely, in terms of its full generator £:

LV(z) < —f(V(z))+C, (5)

where f,V and C have the same meaning as above.

The full generator is taken into consideration because Lyapunov functions are often unbounded and the domain of L
is too narrow to include them. Recall the “stochastic version” of a full generator, see (Bottcher, Schilling, & Wang, 2013,
(1.50)). The full generator of a measurable contraction semigroup (P;):>o on the space C(R?) of continuous functions
vanishing at infinity is

Li={(f,9) € BRY)BRY): M= (X)) - f(a) = / g(Xds, @ eRY >0,
0
is alocal F,¥ := 0(X,s < 1) martingale}.

Note that in general L is not single-valued, see the discussion in (Bottcher, Schilling, & Wang, 2013, p. 36).
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Since for f € CZ(R%)
Pif(z) — f(z) = / P,Lf(z)ds Yt>0,z¢e R (6)
0

see (Ethier, & Kurtz, 1986, Ch. 1, Prop. 1.5), by the strong Markov property and the Dynkin formula (f, Lf) C L for any
f € C3(R%). Further, it is not difficult to check that L f(x) < oo for f € Do, where

Do := {f € C*(RY) :

/I |>1(f(ac +u) — f(x)v(z, du)

< 00 VJJERd}.

Using the localization procedure, the Ito formula, and taking the expectation, we derive (B)) for any f € Do and, consequently,
we get that (f, Lf) € L, f € Do. We denote this extension of L to D by L.

Summarising, condition (B) for the initial process implies (@) for its skeleton chain (see (Kulik, 2018, Th. 3.2.3)), which,
along with the Dobrushin condition, ensures the ergodicity in total variation of this chain and provides the (non-uniform)
ergodic rate (cf. (Kulik, 2018, Th. 2.8.6, Th. 2.8.8)). As it was mentioned above, the ergodicity of the chain implies the
ergodicity of the initial process with the same ergodic rate.

The speed of convergence to 7 in (f) as t — oo is (cf. (KuliK, 2018, Th. 2.8.8, Th. 3.2.3))

5
1 dw
1/175::(7)7 F(t):= [ —, te(1,00), (7)
©= G en) O] Fowy 1)
where v, 4§ € (0,1). Moreover,
f(V(z))m(dz) < 0.

R

Our standing assumptions in this paper would be
There exists a solution {X;, ¢ > 0} to the martingale problem for (L, C3 (R%)); (A1)
The skeleton chain X" := {X,., n € Z, } satisfies the Dobrushin condition. (A2)

Condition (A1) assures the existence of the process associated with (fll) (which we call the Markovian selection related
to L), but it looks rather abstract and is not easy to check. The sufficient conditions ensuring (A1) were obtained in (Kihn,
2020) and are the following:

The symbol ¢ is locally bounded, continuous in z, satisfies ¢(z,0) = 0; (AT’)
lim sup sup |q(z,&)|=0. (A17)

R0 |5|<R |¢|<R-1

Recall that the symbol ¢(z, £) of the operator L is a function, such that for f from the Schwartz space S(R<)
Liw) == [ a0 i€
R
where f is the Fourier transform of #, and

a(z.€) = —il(z) - € + /

(1 — T e u]l|u|<1> v(z, du).
Rd

Under (A1) and (AT7), there exists a solution to the Martingale problem for (L, C§°(R?)), which is strongly Markov,
see (Kuhn, 2020, Th. 1.1, Cor. 4.1).

The uniqueness of the process in the case of unbounded coefficients is harder to prove. Up to our knowledge, at the
moment there are no general results establishing the uniqueness of the solution to the Martingale problem for (L, C5° (R?)),
if the kernel v(x, du) is unbounded, unless one can rewrite L (using the change of measure) in the form, usually used in Lévy-
driven SDEs, and check the conditions for the existence and uniqueness of the (strong or weak) solution to the respective
SDE. We do not pursue this topic in the current article and confine ourselves with finding the conditions that guarantee the
ergodicity of some Markovian selection, related to (L, C§°(R%)).

Itis a kind of general knowledge that ergodicity can come from the drift or diffusion parts of the generator. We investigate
the conditions on the Lévy-type measure under which (B) is satisfied. Our interest lies both in the drift- and noise-induced
ergodicity. Further, we will show that in the second case, when the ergodic behaviour comes from the kernel v(z, -) itself,
the support of v(z, -) must depend on the direction of the vector z.

Denote by |u| the norm of a vector v € R; by B(r) and B¢(r) the ball centred at 0 with radius r and its complement,
respectively; by A(r, R) the annulus with the inner radius r and the outer radius R.

As a Lyapunov function we take

V(z)=1+¢"(z), pe(0,1), zeR (8)
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where ¢ : R? — R4, ¢ € C*(R?), such that ¢(x) = |z| for |z| > 1 and ¢(x) < |z| for || < 1.
We also denote by e, = ﬁ the unit vector of z € R?, and by ~..... the cosine of the angle between unit vectors e, e.:

Yz,u = COS L€z, €y).

The aim of the article is to find conditions ensuring the Lyapunov-type inequality (§) for £. Our strategy is to select
its negative and positive components to compare their impact on the generator. For the sake of simplicity, we consider
separately the “drift” and “kernel” parts:

LV(m):VV(x)-(E(:r)Jr / uy(:c,du))Jr
AL ]z])

+/ (V(z+u)—V(z) = VV () uljy<a) v(z, du) =

= L7V (2) + L5V (2).
Consider the “drift” part. For |z| big enough V(z) = 1 + |z|?, so we can transform
LT (2) = pla|P (|£(x)|’yz,g(m) + / Vau| U] y(aadu)).
A(L]z])

Since our ultimate goal is to compare the speed of all generator components, we define the first “growth” function
¢ () == |z[P~ ! max (\z(x)\,/ ful v(w, du)).
A(L,|z])
It is not hard to see that there exists ¢ € [—2, 2], such that

LIV (2) < —pCg™ ! (). 9

Additionally, fix A € (0,1) and split the “kernel” part £*" into the “ball” and “tail” sub-components, based on the jump
size |ul:

L£rery (@) = / (V(z+u) —V(z) - VV(x) u)v(z,du)+ (10)
B(lz»)
+ / (V(z4u) = V(z) = VV(@)ul 4pr |ap)) ¥(2, du) =:
Be(|z|)

= LMY () + LTV ().

Further, again according to the jump size |u/|, split the “tail” part:

£ty (z) = / (V(z+u) —V(z) - VV(z)-u) vz, du) +
A(lz|A,|z])
+ / V(z+u) = V(z))v(z,du) =:
Be(lz])

=: LYV (2) + L1V (2).
Now we are ready to introduce the rest of the “growth” functions:
S @)= lol [ P, 6 @) = el [l vl du),
B(lz|*) B(|z|*)
and
o= ter [ Wstea, 6@ = [ st
A(lz|X, ) Be(|=))
Therefore, we arrive at the following result.
Lemma 1. ForV from (8) and ¢ € [-2,2]:
LV (z) < —pCo™ ™ (x) + 2(1 +o(1)) (1" (@) + (p — 2)6" () + 6" (2) + ¢'*"**(x),  |a| — oo. (11)
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Inequality (1)) gives us a first vision on how the final condition may look. Indeed, consider the right-hand side of (fi1]).
The last two terms (which relate to “tail”) are positive by construction. Consequently, the negativity of LV can come from
either the “drift” or “ball” components, or a combination thereof. According to this, we introduce several constants that
illustrate the interconnection of the corresponding “growth” functions.

First, it can be seen from (1)) that ¢%*" and ¢*** correspond to the positive and negative parts of “ball’ respectively
thus, the sign of £>*"'V is fully determined by their relation. Define

ball .__ s ¢T”($)
O =M S i)

By definition C**" > 1 and it has to be less than 2 — p for £°*'V to be negative. In other words, it means that the measure
v(z,-) has to be concentrated along the direction, collinear to z.
To compare “drift” with “tail” we introduce

; . (bbig(x) larae . large T
C* .= limsup ——+2 and C'"9° .= limsup ———— 2.
|x\—>oop ¢dr1ft(1=) |a:|—>oop ¢d”ft(x)
In the same vein, the constant
i ) max big z), large P

shows the relation between “ball” and “tail”.
In both cases, finite constants ensure that “tail” does not spoil the negativity of £V, and under additional assumptions,
one can get either “drift’- or “ball”-induced ergodicity (respectively).

Remark 1. In ({2) we do not consider the constant, related to ¢!, because in the case of “ball’-induced ergodicity, the

strictly negative component of “ball” (that is ¢*"') has to dominate.

Finally, to compare “drift” and “ball”, we define

_ ball o ball
criit —timsup 25 @ ang it jiming 2= (@)

|z|—o00 (bdrift(x) |z|—o00 (bd'rift(m)

Note that the functions ¢/t and ¢**!! are not necessarily monotone; thus, in order to formulate our main result in a
more “user-friendly” manner, we assume that they can be bounded from below by some power-type functions. Namely,
suppose that for |z| big enough there exist some strictly positive K9/, Ktel! and 49"/t 42!l such that the following

inequalities hold:
drift

(bdrift (l’) 2 Kdrift‘xry 7 ¢b_all($) 2 Kball|x|'y
Now we are ready to formulate the main results of the paper.

ball

(13)

Theorem 1. Case 1. (“Drift-induced” ergodicity). Suppose that (8) holds with ¢ € (0,2], and CI/*, Corft, ¢bia, Clerae
are finite. Then (B) holds with f(u) = Ku"""""/? K > 0, if

—p¢ + % (C“i”’ft +(p— 2)(?%”’”) 4+ C% 4 ¢ < 0. (14)
Case 2. (“Ball-induced” ergodicity). Suppose that ", C**l < co. Then (B) holds with f(u) = Ku""""'/? | K > 0, if

either
a) CHt = o, ¢ € [-2,2] and

g(cba” +p—2)+20"" < 0. (15)
or
b) C4Ht ¢ (0,00), ¢ € [—2,0] and
—éf,iﬁ + g(cb““ +p—2)+20" <0. (16)

Remark 2. In Case 2 we have purely “ball’-induced ergodicity: in Case 2a) “drift” does not have any impact compared
to “ball” and in Case 2b) “drift” is positive and thus works even against. In Case 1 ergodicity comes from “drift” only, if
Crift = 0; otherwise both components contribute.

2. Proofs
Proof of Lemma[. We already have the estimate of £L4*/*V/ (see (H)). Consider now £**"'V'. Since |u| € B(|z|*), then for
|z] > 1:
|z +ul > 2] - 1= |22 > 1,

ISSN 1812-5409 (Print), ISSN 2218-2055 (Online)



~ 68 ~ B 1 CH MUK Kuiecbkoro HauioHanbHoro yHisepcurety imeHi Tapaca LleBueHka

and V(z +u) = 1+ |z + ulP. Thus, we can apply Taylor’s formula to the integrand function of the first term of (f0) and get

1
0
where
1+ (p-2)y; W (p-28% - (p-2)y
2
d _ (p_2)191070022 1+ (p— Q)x—Q (p_Q)TiI2d
D*V(x) = {05V (2)}; ,_, = pla"™” e} E El
1T ToT 22
(p_2)m|;‘2d (p—2) ‘;|2d 1+(p_2)7712
Then

1
£y (z) = % / /(1 — 0 - D*V(z + 0u) - uv(x, du)dl =
B(|z|*) O
d

/ /1(1—0)|x+0up—2<z(1+p 2%>u?+

B(|z|*) O -

d

+p—-2) > wy

4,j=1,i#j

(CCZ‘ + Hui)(acj + Qu]')
|z + Oul?

) dov(x, du).

Regroup the sums in the inner integral and apply the sum of squares formula to w;(x; + 6u;):

2
£y (z / / (1—0)|z + 6ul’? (Z ur + W (Zul (z4 —|—0u1)> )d@y(:c,du) =

B(\»’C\ ) 0

/ /(1 — 0| + ulP 2 Ju)? (1 +(p—2) (eu - eoron)’ )dey(x, du).

B(|z|*) O negative

Consider the squared scalar product

2 2
T 0|u T 20|z| - |u
(eu . ez+9u)2 = ('Vz,u| | ‘ + ‘ | ) 2 'Yi,u ( | ‘ ) - ( | ‘ | |2

z+0u| |z + Oul |z| + |u| |z| — |ul)

N 3 2|z
Tz ol = [zA)2

Estimating the inner integral of £**!'V depending upon its sign (again by triangle inequalities), we get

(] - 11— |1 )P

w\»—x

1
el I+ )2 < [ (= 0)fo + 0up = do <
0

Summarising, we derive the final estimate of the “ball” part:

L2 () < {I’MH / |uf* (Ci(2) + (p — 2)Ca()7z ) v(w, du) =
B(|z|*)
= PO (@)gt (@) + PO

@) @),

where
1 2(2 - p)lz ! 1

, Cala)=
T e N (e (e A TP R
Both C1(z) and C2(z) tend to 1 as |x| tends to infinity; therefore for |x| large enough:

C1 (CE) =

£ (@) < T+ 0(1) (65" (@) + (b — 26" (@)).

(17)

Next, consider the “tail” part, beginning with the big jumps. Since by definition V' (z) is either 1 + |z|? or 1 + ¢P(z)
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(depending on the value of |z|), and ¢(z) < |z|, then V(z +u) < 1+ |z + u|?, and

vy < [ el el el ) o) =

Al >, |])
g
= |zf? 120l el —1 du) —
= |z| + Iz |’qu+ 2] v(z,du)
Az, ]z])

— plaf! / by vz, du) =: Ty (z) + Ta(x).

Alz|>,]2])
Now using the fact that u € A(|z|*, |z|), we derive
ya
Ji(z) < |zf? / ((1 +(1+ 27, “)I :) ’ 1)1/(m,du) <
A(lz|>,]z])
<Dt [ 2l e dw.
Az, ]z])
Summing Ji(x) and J2(x), we obtain the final estimate of the big jumps part:
V) < Bl [ fulledu) = 6(). (18)
Az, |z])
In the case of large jumps we again use that by definition V(z + u) < 1+ |z + «|?. Then
V@) < [ (el ol e dn < [l e du) = 87 @) (19)
Be(|x]) Be(|z])

Together estimates (H), ({{7), {(8) and (f[d) yield the statement of the lemma, namely,

LV (z) < —p¢¢"™ " (z) + g(l +o(1))(¢5" (2) + (0 = 20" (2)) + 6" (2) + 6" (2), |a| = oo

Now, using the results of the proven lemma, we can easily prove Theorem .

Proof of Theorem M. Case 1. “Drift-induced” ergodicity. Suppose that (8) holds with ¢ € (0, 2]. Dividing both sides of (f)
by ¢/t and taking lim sup as |z| — oo, we get

H LV(‘I:) dmft ~drift big large
imsup Sy < <+ E(C4t + (p—2)C00*) + O 4 cleroe. (20)
Then it is clear that the Lyapunov-type condition (B) is satisfied if Cd”ft ciritt ¢bis clarse gre finite, and moreover the
right-hand side of (B0) is strictly negative.

Case 2. “Ball-induced” ergodicity.

a) Assume that C"*/* = o (that is, “ball” is way faster than “drift’) and ¢ € [—2, 2]. Dividing this time both sides of ()
by ¢**!! and taking lim sup as |z| — oo, we get

limsup ———=~ AVi@)

p ball tail
= 2 . 21
NP gren(zy < 4 (@7 ¥P D20 @)

If C*e¥ Ot < 0, and the right-hand side of (21) is strictly negative, condition (B) is satisfied.

b) Assume Cf’”’ft € (0,00) and ¢ € [-2,0]. Following the same approach as above we get
. Lv o ai
“‘n‘] sup ¢ball((m$)) < —égﬁ-ﬂ g(cb Y +p—2) 420t (22)
xT|—r0o0 — -

If Ctelt ¢t < o, and the right-hand side of (£9)) is strictly negative, condition (§) holds.
In each case, the form of f from () (and thus of the ergodic rates 1 from (7)) is determined by ({3).
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3. Examples
Example. Consider a one-dimensional symmetric bounded v(-, -) and suppose that the drift part £(z) is absent. Then ¢
"9, and ¢!'%"9¢ are all equal to zero for all z € R, and we are in the setting of Case 2a) with C***! = 0. Moreover, given that
we are in the one-dimensional setting, |v...| = 1, thus, ¢5*" = ¢**" and C*** = 1. Then (fI5) is always satisfied, yielding
the Lyapunov-type condition (§).

drift

Example. Consider now an a-stable Lévy-type measure v(z,du) = |z|?|u|"% %du, z € R, with 8 € (1 — p,1) and
a € (0,2). Take ¢(z) = |z|", n € (0,8), and assume that ¢ € [1/2,1].
First, estimate

¢b_all(x) < qﬁa”(x) _ Séd -1 |x‘p—2+ﬁ+>\(2*a)’
-«

where S(d — 1) is the surface area of the unit sphere of dimension d-1.
Next, to calculate the rest of the “growth” functions we define

ann

() = [P lul'" 4" du, 7€ {0,A}.
A7, |=])
Simple calculations lead us to
(a— 1)71\m|p71+5+(17°‘>7, a>1,
#2"" (2) < S(d—1){ (1 — ) Hz|PtP—e, a <1,
(1 —7))zP~ P In 2|, a=1.

Then (remember that n € (0, 3))
o7 (@) = 9§ (@), @7 (@) = o8 ().

2
Finally,
d)large(m) _ S(d - 1) ‘m|p+ﬁ*a.
a—p
We can easily see that C"/* (hence and C*"*/*) are equal to zero for every a € (0,2). Furthermore, given that ¢ €
[1/2,1], inequality (f4) is automatically satisfied for o > 1, thus, Lyapunov-type condition (B) holds with f(u) = Cupjw,
p—1+8 p+B—«

C < p¢, fora > 1,and with f(u) = Cu™ »  Inu, C < B(2¢(—1+)),fora = 1. Fora < 1, (B) holds with f(u) = Cu a

C <p(¢—3) — =2, if p satisfies the inequality

p>(1—2¢) — pa(l —2¢) —2(1 —a) > 0.

In each case, C was derived directly from (f4).

Discussion and conclusions

In this paper, we investigated the long-time behaviour of the process X, related to some integro-differential operator
with unbounded coefficients. Using the Lyapunov-type criterion, we found the conditions on the Lévy-type measure of the
process X ensuring its ergodicity in total variation norm; in particular, we showed that in the case of noise-induced ergodicity
the Lévy-type measure must be concentrated along the direction, collinear to the spatial coordinate x. The conditions were
given in terms of the coefficients of the process’s generator, making the results easily applicable in practice.
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HauioHanbHuM TexHiYHMIA yHiBepcuTeT YKkpaiHu “KuiBcbkuin nonitexHiyHumM iHCTUTYT iMeHi Iropsa Cikopcbkoro”, KuiB, YkpaiHa

EPrOAWYHICTb OEAKUX NPOLIECIB TUMY NEBI B R*

HocnidxeHo ep2oduyHicmb y noeHili eapiayii npoyecy X, noe’s3aHo20 3 desikuM iHMe2po-OughepeHyiliHUM ornepamopoM 3 Heo6MeXxeHUMU
KoegpiyiecHmamu, ma onucaHo weudkicmb 36ixHocmi Ao eidnoeidHol iHeapiaHmMHoI Mipu. IHwumu crnoeamu, npoyec Mapkoea € ep200u4YHUM,
AKWo icHye iHeapiaHmHa timogipHicHa mipa, do sikoi 36icaembcs A0po limogipHocmi nepexody eidnosidHozo npouyecy. ¥ makomy pa3si wieudkicmb
36ixHOCMi Hazueaembcs KoeghiyicHmom ep2odu4HOCMi; 8OHa gidizpae axusy posb y nodasnbWoMy 8u8YEeHHi aCUMNMOMUYHUX 8rlacmueocmeli,
30Kpema e Modeso8aHHI npouyecie, 064uUCIeHHI ixHix (pyHKUiOHanie, a maKoX y 2paHUYHUX meopeMax.

Ans doeedeHHs1 3acmocoeaHo kpumepili muny JlanyHoea, wjo Hazadye gidoMull 3 meopii 3eu4aliHux dughepeHyiasibHUX Pi6HsIHb Opyaull
memoa JlsanyHoea. Teopemu4Hi pe3ysibmamu npoinocmpoeaHo npuknadamu.

Knw4yoBi cnoBa: epz2oduyHicms, npoyec muny Jleei, kpumepili JlanyHoea, ¢pyHkyisi JlanyHoea.

ABTOp 3asBrnsie NPo BiACYTHICTb KOHMNIKTY iHTepeciB. CnoHcopu He Bpanu yyacTi B po3pobneHHi JocnimpKeHHs; y 300pi, aHanisi un
iHTepnperTauii 4aHUX; y HanucaHHi pykonucy; B piLLeHHi Npo ny6Gnikauilo pesynsraTis.
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THE CONVERGENCE OF SEQUENCES IN TERMS OF POSITIVE AND ALTERNATING
PERRON EXPANSIONS

In this paper we study conditions for the convergence of sequences in terms of positive and alternating Perron expansions of
real numbers (P-representation and P~ -representation). These conditions make it possible to verify the continuity of functions
defined via the P-representation or P~ -representation.

The main results of this work are as follows. First, we systematically consider all possible cases and, by taking into account
the geometric structure of Perron expansions, significantly reduce the number of distinct cases that require separate analysis.
Second, for each case, we formulate and rigorously prove aconvergence condition that is both necessary and sufficient. Third,
the results are obtained not for specific expansions (such as the Engel or Pierce expansions), but for the Perron expansions,
which include many classical representations of real numbers as special cases.

These results provide a foundation for further analysis of fractal functions defined through Perron expansions or their special
cases (the Liiroth, Engel, Pierce, and Sylvester expansions).

Keywords: convergence sequences, Perron expansions, Liiroth expansions, Engel expansions, Pierce expansions.
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Introduction

Many expansions of real numbers serve as effective tools for defining and analyzing functions that exhibit locally com-
plex behavior and fractal properties, including nowhere monotonic, nowhere differentiable, and singular functions. For
instance, various number expansions can be employed to define singular functions such as the Minkowski question-mark
function, the Salem function, and the Cantor function, as well as continuous functions that are nowhere monotonic and
nowhere differentiable, such as the Tribin function (Prats’ovytyi, Baranovs’kyi, & Maslova, 2021).

In recent years, the Engel and Pierce expansions have been increasingly utilized for such purposes, enabling the mod-
eling of fractal functions with structures more intricate than self-similar ones (see, e.g., (Albeverio et all, 2013; Baranovskyi/
& Pratsiovytyi, 2023; Moroz, 2017, 2024)). Verifying the continuity of such functions is often essential, yet it is not always
a trivial task. However, a general approach to verifying the continuity of such functions was not proposed in these works.
In this paper, we aim to lay the foundations of such a general approach. Continuity is understood here in the Heine sense
— namely, in terms of the convergence of sequences. Accordingly, our primary focus is on establishing conditions for the
convergence of sequences whose elements are given in terms of such expansions.

We formulate and prove all propositions for the positive and alternating Perron expansions of real numbers ( P-represen-
tations and P~ -representations) (Moroz, 2024, 2025). These expansions generalize a number of classical representa-
tions, including the positive and alternating Liiroth expansions (Zhykharyeva, & Pratsiovytyi, 2012; Kalpazidou, Knopf-
macher, & Knopfmacher, 1990), Engel expansions (Erdés, Rényi, & Szusz, 1958), Sylvester expansions (Erdés, Reényi,
& Szusz, 1958), DKB-expansions (Galambos, 1998), Pierce expansions (Shallil, 1986), and second Ostrogradsky expan-
sions (Torbin, & Pratsyovyta, 2010). They are also closely related to Oppenheim expansions (Galambos, 1976; Oppenheim,
1972; Sydoruk, & Torbin, 2017).

1. General information about Perron expansions and main notations

Consider functions ¢, (z1,...,z,): N* — Nfor all n € N, with po = const € N. A fixed sequence of such functions
(¢on)nZo is denoted by P. Each sequence P defines two types of Perron expansions of real numbers: the P-representation
(positive Perron expansion) and the P~ -representation (alternating Perron expansion).

The P-representation of a number z: € (0, 1] is defined as its expansion into a positive Perron series:

> ""0 .. ’r’n
xr = ’ 1
7;) (p1 — L)p1-++ (Pn — 1)pnpnt1 (1)
where 79 = @0, 'n = Pn(p1,...,pn), @nd p, = 7,1 + 1 for all n € N. The number z and its P-representation (fll) are
denoted briefly by A}, ... For each sequence P of functions ., every z € (0, 1] has a unique P-representation (MoroZ,

2024, Theorem 1). The number p,, = p,(z) is called the nth P-digit of z.
The P-cylinder of rank k with base c; . .. ci is defined as the set Aflmck consisting of all numbers z € (0, 1] such that
pi(z) = c1,...,pp(x) = ck. Itis known (Moroz, 2024, Lemma 3, Corollary 3) that the P-cylinder Aflu_ck is an interval of

the form (a, b]. The infimum, supremum, and diameter of the P-cylinder Aimck are given by the following formulas:

k—1
Ianf . TO " Tn , 2
oo = 2 o Ter - (en — v ?

70 Tho1
(61 — 1)61 cee (Ck — 1)Ck'7

supAL . =infAL .+ 3)
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AP _ To- TRl 4
AL e = e e e 4)
where ro = po and r, = gpp(c1,...,cn) foralln=1,... k- 1.

The geometry of the P-representation was studied in greater detail in our previous work (MoroZ, 2024). Figures il and
B illustrate the relative positions of P-cylinders and provide insight into the geometric structure of the P-representation.

P AP
P AF +1

W
A T T T
0 7"0-(;-3 7"0-(‘1)-2 To-(l)-l 1

Fig. 1. P-cylinders of rank 1 inside (0, 1], 7o = o
P AP
P cr...ci[re+1
nfAl o ——— WAL,

P
Acl .

<. Ck

Fig. 2. P-cylinders of rank k + 1 inside the P-cylinder Afl.,.ck of rank k, . = pr(c1,...,ck)

The P~ -representation of a number x € (0, 1] is defined as its expansion into an alternating Perron series:

_ > (=1)"rg---Tn
T=2 (@1 = 1)g1--(gn — Dgn(gnt1 — 1)’ ©®)

n=0
where 7o = o, 7'n = @n(q1,...,qn), and ¢, > 7,1 + 1 for all n € N. The number z and its P~ -representation () are
denoted briefly by Af;l;z,_, For each sequence P of functions ¢, there exists a countably infinite set 7S* < (0, 1] whose

elements do not have its P~ -representation. However, every = € (0,1) \ IS has a unique P~ -representation (MoroZ,
2025, Theorem 3.12). For z € (0,1) \ IST ", the number q,, = ¢,.(z) is called the nth P~ -digit of x.

The P~ -cylinder of rank k with base ci ... cy is defined as the set A, . of all numbers = € (0,1) \ IS”  such that
q1(z) = c1,...,qu(z) = ci. Itis known (Moroz, 2025, Corollary 3.14) that the P~ -cylinder A . is a set of the type
(a,b) \ IST . The infimum, supremum, and diameter of P~ -cylinder AZ .

« if k is odd, then

k
. are given by the following formulas:

k—1
—_ (D)o
SUPAL oo = & Do (e Do)’ (6)

n=0

ro - ThR_1 @)

infAL”  =supAf . —
c1...ck PAc ..c, (Cl — 1)01 . (Ck — 1)Ck7

« if k is even, then
— (=D -1

. P~ —
infAL o= (e — D1 (en — Den(onr — 1) (8)

n=0
sup AL =infAL rorr Thot 9
Up Cl...Ck | Cl...C + (Cl _ 1)01 . (Ck _ 1)Ck7 ( )
* in both cases
AP _ ro - Th—1 10
ALl = e e =T (10)
where 7o = o and 7, = @n(c1,...,c,) foralln =1,... k — 1. Itis important that IS* is the set of infima and suprema

of all P~-cylinders.

The geometry of the P~ -representation was studied in greater detail in our previous work (Moroz, 2025). Figures 1, 2,
and 3 in (Moroz, 2025) illustrate the relative positions of P~ -cylinders and provide insight into the geometric structure of
the P~ -representation. Note that the geometry of the P~ -representation is similar to that of continued fractions.

2. The convergence of sequences in terms of P-representation
We now prove several propositions that establish a connection between the convergence of a numerical sequence and
the P-digits of its elements.
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Letzo = AL ., €(0,1],and let (z,);2, be a sequence of numbers from (0, 1] \ {zo}. For each n € N, let k,, denote
the smallest index such that px,, (zn) # pk,, (o).

Proposition 1. If lim k, = 400, then |lim x, = xo.

n—00 n—00

Proof. Assume, without loss of generality, that &, > 2. Then z, and z,, are contained in the same P-cylinder Aflmc
of rank k,, — 1, and we have

kp—1

cClpy—1 |

0<|zo—zn| < )AZ

Since k,, — 400, according to (Moroz, 2024, Lemma 4) we have ’Af’l...c — 0asn — oo. It follows that z,, — z9. O

kp—1

The condition lim k, = oo is sufficient for the convergence of the sequence (z,)5Z; to zo. However, it is generally
n— o0

not necessary. There are several fundamental cases, each characterized by its own necessary and sufficient conditions for
convergence.

Proposition 2. If x is not the endpoint of some P-cylinder, then

lim z, =20 < |im k, = +cc.

n—o0 n—oo

Proof. Given the Proposition [i], it suffices to prove that

lim z, =20 = lim k, = +oo.

n—00 n—r00

Suppose to the contrary that lim z, = o and lim k, # +o0o. Then there exists a constant M and an infinite sequence
n— oo

n—roo

(n¢+)f2, such that k,, < M. Since zo is neither the infimum nor the supremum of any P-cylinder, we have

infAL .., <zo=AL., <supAl .

c1c2-. M

However, it follows that z,,, ¢ AL =)

RSV
|zo — Zn,| = min< zo —infAL sup AL - = const > 0
0 ne| = 0 c1...Cpr0 p c1...Cpf Zo ¢ = > 0.

Since this inequality holds for infinitely many indices n., the sequence (z,);Z; cannot converge to x¢. This contradicts our
assumption. Hence, k,, — +o0. O

It follows from the geometry of the P-representation that the infimum of any P-cylinder coincides with the supremum
of the adjacent left P-cylinder of the same rank. Moreover, the supremum of any P-cylinder, except for Afjoﬂ], coincides
with the infimum of another P-cylinder, though not necessarily of the same rank.

The following proposition provides necessary and sufficient conditions for the sequence (z,, )52, to converge to =, from
the left, where ¢ is the supremum of a P-cylinder.

Proposition 3. Let zo € (0, 1] be the supremum of a P-cylinder, and let (z,,);-, be a sequence such that 0 < x,, < zo for
alln € N. Then
im z, =29 < Ilim k, = +oo.

n—oo n—oo

Proof. The proof is similar to that of Proposition [. O

The following proposition provides necessary and sufficient conditions for the sequence (z,);~; to converge to =, from
the right, where z; is the infimum of a P-cylinder.

Proposition4. Letxzy = ianflm%, and let (z,,)52, be a sequence such that xo < x,, < 1foralln € N. Then lim z, = x¢

n—r00

if and only if there exists an index no such that

(11)

pi(zn) = c; foralli < kandn > no,
n'EnOO Pr+1(XTn) = F00.

Proof. Sufficiency. It follows from (1)) that

~CkPr+1( k

foralln > no. Thus, infAL ., <z, <supAl

)- Using (Moroz, 2024, Corollary 1), which follows from (@) and
(8), we obtain

ek Pr41(Tn

. ToT1 " Tk
0 < zn —z0 < SUp AL oy —infAY = -0
€z Zo p c1...cpPrt1(xn) 1---Ck (Cl — 1)01 T (Ck; — 1)Ck(pk;+1($n) — 1)
as pr+1(zn) — 0o, Where ro = o and r; = p;(c1,...,¢;) forall i < k. Hence, z,, — zo.
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Necessity. Assume, for the sake of contradiction, that (f{1) fails to hold for any no. We distinguish two cases to show
that in both z,, - xg.
Case 1: There exists a sequence (n:);2; and indices i; < k such that p;, (xz,,) # c;, for all ¢ € N. In this case,
Tn, AL ., 50
2o =INfAG e, <SUPAL oy < Tny,

and therefore

T, — To > ’AZ...ck = const > 0.

Since this inequality holds for infinitely many indices n:, the sequence (z),=100 does not converge to z.
Case 2: Suppose that p;(z.) = ¢; for all i < k and n > no, but there exist a constant M and a sequence (n:){2; such
that pr+1(zn,) < M. Assuming without loss of generality that n, > no, from (Moroz, 2024, Corollary 1) we have

ne — z0 > InfAL —infA? L = ror
Tny o C1<-<Ckpk+1(znt) c1...CR (Cl — 1)01 . (Ck — 1)Ckpk+1(xnt)
rori Tk
> = const > 0,
(Cl — 1)01 s (Ck — l)CkM

where ro = o and r; = @;(c1, ..., ¢;) for all ¢ < k. Since this inequality holds for infinitely many indices n:, the sequence
(zn)n2, does not converge to zo.

Thus, condition () is both necessary and sufficient for the convergence of (,,)5; to xo. O

Since the number 0 does not have a P-representation, we will consider the convergence of the sequence (z,);2; to 0
separately.

Proposition 5. lim z, =0 < Ilim p(z,) = +o0.

n—o0 n— o0

Proof. This proposition follows from the inequality 0 < —72— < z,, <

P C) where ro = ©o. O

70
p1(zn)—1’

3. The convergence of sequences in terms of P~ -representation
Not every number = € (0,1) has a P~ -representation. Therefore, we will assume that all elements of the sequence

(x,)32, belong to (0,1) \ ST . However, the limit of such a sequence can be any number from [0, 1]. Consequently,
several cases need to be considered. -
Letzo = AL, €(0,1)\ IS” , and let (z,);2, be a sequence of numbers from (0, 1) \ (ISP U {xo}). For each

n € N, denote by k, the smallest index for which g, (zr) # qx,, (0).
Proposition 6. |Im z, =z < |lim k, = 4oc.
n— oo n—oo
Proof. The proof is similar to that of Proposition fil and Proposition J. O
Consider the cases in which the sequence (z, )52, converges to a number that does not have a P~ -representation.
Proposition 7. lim z, =0 < Iim q(z,) = +oc.
n— oo n—o0
Proof. The proof is similar to that of Proposition B. O

Lemma 1. Every number from I1ST" is the supremum of some P~ -cylinder of odd rank. In particular,

< infAL o, =SupAL . . .4 ifkisodd,

* SUp AL ., =SUupALl . . ifkiseven, wherer, = gi(ci,.. ., ck),

< infAL ., =infAD ., =supAl . .y ifkisevenandcy =i 1(ci,...,ck1)+ 1,

< infAL o, =SUPAL L o1 = SUPAL L iew 1oty KIS evenand ¢y > or_1(c1,...,ck-1) + 1, where
e = @r(Cly ..oy Che1, 06 — 1).

This lemma follows directly from the geometry of the P~ -representation and from formulas (8), (@), (8), and (8).

Proposition 8. Let zo = sup Af;“ck, where k is odd, and let (x, )5~ be a sequence such that 0 < =, < x¢ foralln € N.
Then lim x, = x if and only if there exists an index no such that

n— 00

i(xn) = ¢ foralli < kandn > no,
{Q( ) 0 (12)

lim grt1(zn) = +oo.
n—r oo
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Proof. Sufficiency. It follows from (f2) that

P~ P~
Tn € Ac14.4cqu+1(zn) C Acl...ck

for all n > ng. Then ianimcquﬂ(z” Using (Moroz, 2025, Corollary 3.8), which follows from

) < an < SUpAL .
formulas (8), (@), (B), and (), we obtain

e

- . ToT1- Tk
erken o) T (e — ey - (er — 1)er (et (@n) — 1)

0<zo—z, <SUpAL . —infAl -0
as gr+1(zn) — 0o, where o = po and r; = p;(ca, ..., ¢;) forall i < k. Hence, z,, — 0.

Necessity. Assume, for the sake contradiction, that ({J) fails to hold for any no. We consider two possible cases and
show that in each case z,, » xo.

Case 1: There exists a sequence (n:)$2; and indices i; < k such that ¢;, (zn,) # ¢, for all ¢t € N. In this case,

-
Tny & Agy...cp» SO

Tn, <INfAL ., <SUpAL ., = o,
and therefore ~
To — Tn, > ’Ai..ck = const > 0.

Since this inequality holds for infinitely many indices n:, the sequence (z,);%=, does not converge to zo.
Case 2: Suppose that ¢;(z,) = ¢; for all ¢ < k and n > no, but there exist a constant M and a sequence (n.)s2; such
that gr11(zn,) < M. Assuming without loss of generality that n: > ng, from (Moroz, 2025, Corollary 3.8) we have

—xn, >supAL . —supALl = ror Tk
o Tny > p cy...cp p c1-Crai+1(Tny) (Cl — 1)C]_ . (Ck — 1)quk+1(.l’nt) >
ro- - Th
> = const > 0,
(01 — 1)01 e (Ck — 1)CkM

where ro = o and r; = p;(c1, ..., ¢;) forall ¢ < k. Since this inequality holds for infinitely many indices n:, the sequence
(zn)nz, does not converge to zo.

Thus, condition (12) is both necessary and sufficient for the convergence of (z,,)3%; to zo. O

Lemma 2. Every number from IST", except for 1, is the infimum of some P~ -cylinder of even rank. In particular,

« sup AL ., =infAl

cen_ilent1) IF K is even,

cinfAl = ianii%mﬂ] if k is odd, where i, = @i(c1, ..., cr),

* SUPAL ., =SUpAL ., , =infAl . . ifkisoddandcy = ¢k 1(c1,...,ce1) +1,

k

¢ SupAZiAck = iantii»Ckfl[ck—l] - |anZ

T = cpk(cl, ooy Chk—1,Ck — 1).

enalen—1ru+1) If K is odd and ¢, > pr_1(c1,...,ck—1) + 1, where

This lemma follows directly from the geometry of the P~ -representation and from formulas (B), (@), (8), and (8).

Proposition 9. Letzo =infA, . , where k is even, and let (x,),=, be a sequence such that xo < x, < 1foralln € N.
Then lim x, = x if and only if there exists an index no such that

n— o0

i(xn) = ¢ foralli < kandn > no,
{Q( ) 0 (13)

lim grr1(zn) = +oo.
n— oo
Proof. The proof is similar to that of Proposition B. O

Discussion and conclusions

The above propositions provide necessary and sufficient conditions for verifying the convergence of any sequence
defined in terms of positive or alternating Perron expansions. If a sequence contains infinitely many elements on both sides
of the limit point, which is the endpoint of some P-cylinder or is an element of IS* | it suffices to consider two corresponding
subsequences and apply the relevant proposition to each of them. Moreover, to establish the continuity of a function at a
given point, the propositions concerning one-sided limits are fully sufficient.
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IHcTuTyT MaTemaTtukn HAH Ykpainn, Kuis, Ykpaina

3BDKHICTb YACNOBUX NOCNIAOBHOCTEN Y TEPMIHAX AOAATHUX | 3SHAKO3MIHHUX
PO3KNAAIB NEPPOHA

Po3ansiHymo ymoeu 36ixHocmi Yucnoeux nocsidoeHocmel, eileMeHmu sikux nodaHo y euansioi ixHix dodamHux i 3HaKoO3MiHHUX po3knadie
MeppoHa (P-npedcmaeneHHsi ma P~ -npedcmasneHHs dilicHuUx Yucen eidnoeidHo). Li ymoeu daromb moxnueicmes docnidumu Ha HenepepeHicmb
byHKUiT, Wo su3HavyeHi 3a dornomozot0 P-npedcmassnieHHs1 Yu P~ -npedcmaesieHHs1 HYuceJs.

OcHoeHi pesynbmamu docnidxeHHs1 nonsizatoms y makomy. [lo-nepwe, Mu cucmeMamu4Ho po3ansidaemo eci Moxsiuei eunadku, ma, epa-
X08yHo4U 2eoMempuYHi enacmueocmi po3knadie lNeppoHa, 3Ha4HO 3MEHWYEMO Kinbkicmb eunadkie, wjo mompe6byromb okpemo20 po3ansdy. lo-
dpyee, 01151 KOXXHO20 8UnadKy Mu 3HaxoOuMo ma 3o800UMO yMoey, W0 € 00HOYacHo HeobxiOHot ma docmamuboro. [To-mpeme, Hawi pe3ynbmamu
ompumaHi He 0511 KOHKpemHux po3ksadie (makux sik po3knadu EHzens yu lipca), a dns po3knadie [leppoHa 3a2asibHO20 8udy, W0 OXOMNJIHOIOMb
6az2amo knacu4yHux po3knadie dilicHux 4ucen (sik cneyianbHi eunadku).

3asHaveHi pesynbmamu 3aknadaromb OCHo8y Osisl aHanily ppakmanbHux ¢hyHKyil, Wio susHavyeHi 8 mepmiHax po3knadie [leppoHa 4u ixHix
yacmkoeux eunadkie (po3knadie Jllopoma, EHzens, lMipca, Cunbeecmepa mowo).

Knw4yoBi cnoBa: 36ikHi nocnidoeHocmi, po3knadu lMeppoHa, po3knadu Jlrlopoma, po3knadu EHeensi, po3knadu [lMipca.

ABTOp 3asaBnsie Npo BiACYTHICTb KOHMMIKTY iHTepeciB. CnoHcopu He Bpanu yyacTi B po3pobneHHi gocnimkeHHs; y 36opi, aHanisi un
iHTepnperTauii AaHNX; Y HanMCaHHI pyKonucy; B piLLeHHi Npo ny6nikaLilo pesynsraTis.
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WEAK CONVERGENCE ANALYSIS OF DYNAMIC CUTTING FOR LEVY-TYPE PROCESSES

We derive weak error bounds for Euler - Maruyama schemes of the one-dimensional Lévy-driven SDE, where small jumps are
truncated in a time-dependent way using a dynamic cutting technique. Large jumps are simulated exactly, while small jumps are
either (i) omitted or (ii) replaced by a Gaussian term with matching variance. Under standard Lipschitz-growth and smoothness
conditions on the coefficients and Lévy measure, we prove that the weak error of both schemes is of order O(n1). This rate is
achieved by choosing the scaling hyperparameter as h = n—/(2=) for (i) and h = n—°/((3=)) for (ii) respectively.
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Introduction
We consider a Lévy-driven SDE of the type

¢ t t oo _
X: = Xo +/ a(s, Xs)ds + / b(s, Xs)dBs + // c(s, Xs—,2) N(ds,dz), (1)
0 0 0J—co

where N(ds, dz) is the compensated Poisson random measure corresponding to a Lévy process Z;, and a(s, z), b(s, z),
c(s, z, z) are some measurable functions, conditions on which we specify in Section J.

The analysis of weak approximation errors for Lévy-driven SDEs began with the work of (Protter, & Talay, 1997)), who
established that the error of the Euler scheme can be expanded in powers of 1/n. Building on this, (Jacod, 2004) established
functional limit theorems for the normalized error process.

A main practical obstacle is the infinite activity of many Lévy processes, making the exact simulation of small jumps im-
possible. To tackle this (Asmussen, & Rosinski, 2001) introduced a truncation method where jumps below a fixed threshold ¢
are removed and their effect is approximated by a Gaussian term with suitable variance. Recently, (Bossy, & Maurer, 2025)
revisited the fixed-cutoff for the time-inhomogeneous SDEs, demonstrating that the weak convergence rate of 1/n + ¢~
can be achieved by choosing threshold ¢ optimally.

Classical approaches rely on a fixed truncation level. In contrast, time-dependent threshold for simulating Lévy pro-
cesses was introduced by (lvanenko, Knopova, & PlatonoV, 2025). Later, the same dynamic cutting approach was applied
to analyze strong error bounds of the time-inhomogeneous SDEs (Knopova, & Platonov, 2025). In this paper, we transfer
this dynamic cutting framework to weak error analysis.

1. Dynamic cutting setup
We assume that the driving jump process Z admits the Lévy-1td representation

Zi = // N(ds,dz) — v(dz)ds) //ZN (ds, dz), )

where N((0,], B) counts the jumps of Z that fall in B, N(ds, dz) = N(ds, dz) — v(dz)ds denotes the compensated Poisson
random measure, and v is the associated Lévy measure.
Let v" := vy 400y @and v~ := v](_w,0). Denote for r > 0

NT(r) == v"(r,4+00), N7 (r):=v" (=00, ~7),
and their generalized inverses at t=* for t > 0 by
TE(t) :=sup{r>0: N*(r) >t '}, 3)
7(t) == max(r"(t), 7 (1)) . 4)
For s > 0, define

B(s,h,e) = {z: =77 ((sh)?) < 2 < 77 ((sh)")}.

Here, h € (0,1) and € € (0, 1) are the dynamic cutting parameters introduced in (lvanenko, Knopova, & Platonov, 2025).
They are responsible for controlling the shape and scaling of the time-dependent threshold.
Consider two types of Euler-Maruyama schemes:
Xo T, = X0+ alts, XA+ b(t, X0 T VAE + Cr (X7, (5)
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X2T, = X7+ alti, X[ A + b(ti, X[T)VAE + Co,(XET) + 0i(X27)Giy (6)

i+l
where:
* &, ¢; —sequences of i.i.d. standard Gaussian random variables;
* Cy,(z) is the compensated frozen large-jump increment

tit1 -
Cy;(z) = / / c(ti,x,z) N(ds,dz).
t; R\B(t;,h,e)

+ o?(x) is the variance of the Gaussian correction and uses the frozen left-endpoint value

oi(x) == A A (ti, z, 2) v(dz).
B(t;,h,e)

For simplicity, we write X7 to denote X" or X" when the distinction between the schemes is not relevant.

Let0 =ty < t1 < --- < t, = T be the grid formed by combining equally spaced points and large jumps (positive
and negative). This construction guarantees that large jumps are included as grid points. In the weak-error proof below,
we use the standard frozen-coefficient continuous Euler interpolation associated with these grid values and, for notational
simplicity, denote this interpolation again by X/ .

In addition, let us define the lower Pruitt functions as

W) = / e v (du), =BT gt (7)
{u#0, |ug|<1}
2. Assumptions
Throughout this section we write < to indicate that particular constants are not important for the bounds.

Assumption 1 (Regularity of coefficients). Forall s,t € [0,7] and z,y,z € R:
1. The coefficients are globally Lipschitz in the space-time variables:

la(t, ) — a(s,y)| + [b(t, ) — b(s,y)| < (It — s| + |2 — yl),
le(t, @, 2) — c(s,y,2)| S (It — 5| + & — y]) XA 2]).
2. The coefficients satisfy a linear growth condition in the state variable:
la(t, )| + [b(t, 2)| < (1 + |=),
le(t,z, 2)| S (1+|2]) (LA J2]).

Assumption 2 (Smoothness). Fix an integer m > 3.
1. Forallt € [0,T), z € R, z # 0 and integers k,£ > 0 with 1 < k+ £ < m:

|8§a(t,m)| + |6I;b(t,m)| + |8I;8ﬁc(t,x,z)| <1.
2. There exists a measurable function q € (., L”(v) such that forevery k = 1,... ,m:
‘Bﬁc(t, x, z)‘ < q(z), forall x € R, z # 0.

Assumption 3 (Kernel assumptions). Recall the definition of the lower Pruitt functions (@l). Then
1. v(du) is absolutely continuous.
2. N*(r) =< ob%a/r).

Remark 1. Under Assumption B N* are strictly decreasing and N*(7%(t)) = 1. Moreover, under Assumption B.2 one
can show that there exists o € (0,2) such that 7= (¢) < £/~ . We also define

a:=max(a”,am). (8)
3. Well-posedness and some implications
We define the operator £; on f € CZ(R) by
Lof(x) = a(t,z) f'(x) + 5b(t, 2)* f" () + /R [f(z +c(t,z,2)) = fz) — et z, 2) f' () |v(dz). (9)

Proposition 1. Let u(t,z) := E[®(X7")], where ® € C3(R) and X"* is the strong solution of the SDE (fll). Then under
Assumptions [ and B, the following statements hold:
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() vecC? ((0, T) x ]R) and its derivatives satisfy the polynomial growth condition for some p > 0:

Osu(t, )| S (14 |=”). (10)

(i) The function w is the unique classical solution of the backward Kolmogorov PDE:

Owu(t,z) + Leu(t,z) =0, u(T,z) = ®(x). (11)

Proof. Under Assumption fil, the SDE (fll) has a unique strong solution (Sitd, 2005, Thm. 117), and standard moment
estimates give the polynomial bound for the solution itself. By Assumption B and (Breton, & Privauli, 2020, Prop. 4.1),
the solution flow = — X%” is three-times differentiable in =. Moreover, (Breton, & Privauli, 2020, Thm. 5.1) gives the
corresponding L? bounds for the flow derivatives. Thus, for every ¢ > 2,

sup E[| X719 <1+ |a|%, sup E[\@L“Xﬁ’ﬂq} <oo, k=1,2,3. (12)

sE[t,T) SE[L,T)

The moment bounds in () combined with the boundedness of ®*) allow us to apply the dominated convergence
theorem to justify differentiating under the expectation, as the moment bounds provide the necessary integrable majorant.
For k = 1, 2, 3, differentiation of the stochastic flow using the chain rule yields

k
Obult,) = | 37 B0 (X4 B (0, X4, . .,aﬁmﬂxgaﬂ)] |

m=1

where By, .., are the exponential Bell polynomials given by the Faa di Bruno formula (Comtel, 1974, Chap. lll, Thm. A). The
boundedness of the derivatives of @, together with the moment bounds for the derivatives of the stochastic flow, gives the
required polynomial growth estimates for 9%« and confirms that u(t, -) € C*(R).

Having established the spatial regularity of u, we now prove its differentiability in time and show that it solves the
backward Kolmogorov PDE using the semigroup approach. Let (Ps,;)o<s<t<r be the time-inhomogeneous two-parameter
semigroup defined by Ps ; f(z) = E[f(X;"®)]. Then we can then write u(¢,z) = P, r ®(z). By the Markov property, for a
small h > 0 such thatt + h < T, we have P; v = P; +n Piyn,r. This allows us to write:

u(t7 CL‘) = Pt,t+h Pth,T @(CL‘) = Pt,t+h u(t + h, 1‘)
Rearranging this and dividing by h gives us an expression:

u(t+h,:p) 7u(t7$) _ Pt,t-&-h*I
h B h

) u(t + h, x). (13)
Let us examine the r.h.s. of the above equation. Let f € C*(R). By It&’s formula on [t, ¢ + A,

t+h
FXES) = F(XP7) = / Lof(X5%)ds+ Myson,
t

where M, .4 is a local martingale part with E[M, ;4] = 0. Taking expectations and using X; = z gives us

t+h
Pooinf(@) — f(2) =E{ / Lo (XE®) ds| .

If f(s,-) and its derivatives have polynomial growth, and the coefficients satisfy the growth and integrability conditions in
Assumption [l the operator £; is bounded by a polynomial: |£f(z)| < (1 + |=|?) for some g > 0. By applying the moment
bounds from (f2), we can use Fubini’s theorem to interchange the expectation and the integral.

_ t+h
w _ %/ﬁ E[Lof(X07)] ds. (14)

Hence, by the dominated convergence and Lebesgue differentiation theorems, noting that X/** = z, we get

1 t+h . .
iRl ds s BIESO] = L)

COnseqUently,
. P x) — f(x
}lLlrnO t,t+hf(h) f( ) th(x)

Using the limit results, together with u(t + k, -) — u(t, -), we obtain the backward Kolmogorov equation:

Oru(t,x) = —Leu(t, z). (15)
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For uniqueness, let v € C''*3 be another classical solution and set w := v — u. By linearity, w solves d;w + L:w = 0 with
w(T, ) = 0. Applying It&’s formula to w(s, X%*) on [t, T] gives a sum of an ordinary integral and a martingale term. Taking
expectations eliminates the martingale term (as it has zero mean) and gives:

E[w(T, X7%)] —E[w(t, X;%)] =E Ut (Dsw + Lsw) (s, X5¥)ds| = 0.

Using the terminal condition w (T, -) = 0 and the initial condition X}"* = =, this simplifies to 0—w(t, z) = 0. Thus, w(t,z) =0
for all (¢, z), which implies v = w. O

Corollary 2. If we additionally assume higher smoothness, namely u € C*®°, then under the hypotheses of Proposition [,
for every integer 0 < ¢ < 3 and for some p > 0, the mixed derivatives satisfy the growth condition

0. 05u(t, z)| < (1+ |z[?).

Proof. From Proposition [, we have the identity &,u = —L,u. The regularity « € C*® allows us to differentiate with respect
to z up to order ¢:
0u(t, @) = —0,(Lru).

We bound the term on the right by analyzing its drift, diffusion and jump components separately.
The drift and diffusion components of the operator’s derivative are

L= dlfalt,z) dpult,z)], 1L = %aﬁ[bz(t,x) Ou(t,z)].

Applying the Leibniz rule gives the expansions

L

£
— 1 3
I =3 CH@ta) (0, ), L= OOk (0 R,

k=0 k=0

where the term 9%b? expands to S°F _ CF*(9b) (85~ ™).

Proposition [ yields polynomial growth |07 ul < (1 + |z[)P° for some po > 0. For j > 1, Assumption B gives uniform
bounds on the derivatives of the coefficients, [02a| < C and |9%b| < C; for j = 0, Assumption f gives |a| + [b] < (1 + |z]).
Hence, each term in the Leibniz sums is either bounded by (1 + |z|) (from a) or (14 |z|)? (from b?). Consequently, for some
p1 =20

It a)| + 5t a)] S (14 |=])™.

Let ¢ := c(t,z,z) and I5(t,z) == 0% [, J(t, x, z) v(dz), where by the Taylor theorem,
1
J(t,z,z) == u(t,z +c) —u(t,x) — cOzu(t,x) = % c? / (1—35) 8§u(t, z+ sc)ds.
0

We need to move 9? inside the z-integral. To justify this step, we build an integrable majorant for |8£J|. Using the Leibniz
rule, we obtain

LJ(t,x, 2) ZCZ ) /( —8) 0y " PPu(t,x + sc) ds.

For j = 0, Assumption fl provides the bound [d7c| < (1 + |z|)(1A|z]), while for j = 1,2, 3, Assumption P gives |82¢| < q(2).
Since each 92¢? is a product of at most two such entries, we have

05 (t,@,2)| S (1+ ) [(LAL2) + (LAl2]) a(2) + a(=)?]
Proposition f] says that for m < 5 for some ps > 0
0y u(t, y)| S (L+[y))**, te€[0,T], yeR.

Because |c| < (14 ]z|), replacing y by z + s ¢, s € [0, 1] shows that the s-integral is bounded by (1 + |z|)?? for some ps > 0.
Combining the previous two steps, for some ps > 0 we obtain

0z (t,z,2)] S (L+1e))™ G(2), G(2) = (LAl2])” + (1Alz]) a(2) + a(2)*.

Next, we show that G € L'(v). Indeed,

(1) [l 1/\|z| Y21 (dz) < oo based on the Lévy measure definition.
(2) [, a(2)*v(dz) < oo by Assumption B

(3) Using the Cauchy-Schwarz inequality and letting ¢ € L?(v),

/R(WZ')Q(Z) v{dz) < (/(1A|Z|)2V(dZ))l/2 (/ a2 v(d)) " < oo.
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Since [0%J] < (14 |z|)P*G(2) with G € L' (), dominated convergence theorem allows us to move 97, inside the integral in
the definition of the I4(¢, z), giving
[I5(t,)| S (1 +|a])™.

~

Adding the polynomial bounds for the drift, diffusion, and jump parts together yields the result. O

Lemma 1. Under Assumption [, for any p > 1, the grid-point moments of the schemes are finite:

E[max |X[i|p} < 0.

o<isn

Proof. Letthe gridbe 0 =1ty <t1 < --- < t, =T. Itis enough to control the moments at the grid points. Indeed,
TP < T |P
E[OrglaéJXtJ } < ZOEUXM ]

The number of points n is finite. Thus, it is sufficient to show that E[| X7, |’] < oo for all i. We do this by induction. We
have the base case E[| Xo|"] < co. For the inductive step, we derive a recursive bound for 4; := E[| X/, [*].
Fix i and consider the scheme’s update on [t;, t;11] with coefficients frozen at (¢;, X7,):

tit1 -
XtTi+1 = XZ; + ai; + bi(Bti+1 - Bti) + / / CI(Z) N(d57 dZ) + H{scheme 2} Ji£i7
t R\B(t;,h,e)

where the coefficients a;, b;, c; are defined as frozen at time ¢;.
Next, our goal is to bound }E[|X,;+1 | | Fi;]. We can do this by applying the inequality

|z1 4+ -+ zk|” < Cp(|$1\p+'“+ |$k|p)

and considering each term from the right-hand side separately.
Using Assumption [i] to bound coefficients, the moment bounds for the Brownian terms, and the Novikov’s theorem
for the compensated Poisson integral, we obtain the one-step conditional bound:

E[|X7 7| Fo] <IXEIP+CAP(1L+|X7IP), By :=min(1,p/2).
Taking full expectations gives the following recursion:

Since Ay < oo, by induction we have that A; < o for all i. Therefore,

E[max |X;|”} < o0.

0<i<n

Throughout the following theorem and its proof we write E[-] for E*[-] with non-random initial condition X, = z.

Theorem 3. Let Assumptions -3 be satisfied and ® € C¢(R). Then the weak error between the true solution X1 of SDE

(f) and the approximations X7 from the Euler schemes () and (B) is of order n=!:

|E[®(Xr)] —E[®(X7)]| <nt
This rate is achieved when h is chosen as h = n” =2~ for scheme (B), and h =n"~ =3-a for scheme B).

Proof. In the proof we rely on the approach outlined in (Bossy, & Maurer, 2025).
Our goal is to find an upper bound for

‘E[@(Xt)] —E[o(x7)]|, ®eCi®). (16)

Applying It6’s formula from Theorem H to u (¢, X;), we obtain

t
u(t, X¢) = u(0, Xo) + / (Osu + Lsu)(s, Xs) ds + My,
0 S

=0

where M, is the martingale part with zero expected value defined by
t t -
M, ::/ b(s, Xs)0zu(s, Xs)dBs +/ /[U(S,XS_ + (s, Xs—y 2)) — u(s,Xs_)] N(ds,dz).
0 0 R
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Therefore, E[u(t, X:)]

= u(07 Xo).
Let n(s) := sup{tx =0

|t < s}. Then, using Kolmogorov PDE (fi]), for DC schemes (B) and (B) we obtain
t t
u(t, X7) = u(0,X3) + [ (Ouu-+ £Iu)(s, X ds o+ M7 = u0,X5) + [ (~Lou+ Lu)(s, X7) ds+ 7.
0 0

where M/ is the martingale part with zero expected value defined below for both schemes respectively

t
MY = // [u(s,X;’_l + c(n(s),X;é),z)) - u(s,XST’_l)] N(ds,dz) +
0 JR\B(n(s),h,e)
t
+ [ b0 X57k) druls, XT) dB
0

t ~
M2 = / [u(s,XST;2 + c(n(s),X:]Ei),z)) - u(s,XsT’f)} N(ds,dz) +
0 JR\B(n(s),h,e)
t

t
+/ b(n(s),X;i))amu(s,X;’Q)st+/ d(n(s),X;i))&:u(s,XST’Q)dWS,
0 0

d*(s, ) :z/ A (s, x, 2) v(dz).
B(s,h,e)

Thus, on [t;, ;11), the Gaussian interpolation uses d(t;, X, ), with the variance over the interval o7 (X[.) = Aid*(:, X7,).

ETI@ = af @ P@ [ [ al) @) - @) v (17)
STI@=af @ P @ s [ ) - @) - ae@r )] v + (18)
e [ A, (19)

where a; := a(t;, X{,), b == b(ts, X7,), ci(2) == c(ts, X, 2).
Note that since X§ = X, = z, we have «(0, Xj) = u(0, Xo). Then, by taking expectations, we get

T
E[®(X:)] - E[®(X/)] = / B[(L: — LD)u(t, X¢)] dt. (20)
0
Since the coefficients of the frozen Euler interpolation are frozen on [¢;, t;+1) at the left endpoint value, we analyze the

operator difference at the fixed state 2 = X/,.
Setting f(x) := u(t, =), this difference can be decomposed as

(L = L) f(z) = (A) + (B) + (C) + (D), (21)

where for ¢ € [t;, tiy1)
(A) = [a(t,z) — a(ts, )] f'(z),
(B) := L[b(t, ) — b*(ts, 2)] £ (),

(C) = / [f(x + C(t7x> Z)) - f(.T + C(ti7x7 Z)) - (C(t’ €, Z) - C(ti7 T, Z))fl(m)] V(dz)a
R\B(t;,h,e)

(Dq) := / [f(z+c(t @, 2)) — f(z) — ct,z, 2) f'(z)] v(dz). (Scheme 1)
B(t;,h,e)

For Scheme 2, write (D2) = (D2,1) + (D2,2), where

(D211) = /];’(ti,h,s) I:f(m + C(tvxvz)) - f(x) - c(t,a:,z)f’(a:) - %C2U/vl‘vz)f”(x) V(dz)’

(Da2,2) := %f”(m) /B(t‘ - [cz(tw,z) — 02(ti7x7z)] v(dz).
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Bound (A). Using Assumption [l and Proposition i, we obtain
(A S It =il [/ ()] £ Ai(L+ [z[7*),  for some pa > 0. (22)
Bound (B). By Assumption [l we have
|b%(t,2) — b*(s,2)| = (b(t,x) — b(s,2)) (b(t,z) + b(s,x)) < [t — s[(1+ |z]).
Thus, adding Proposition fi], we obtain
I(B) < (t = ta) (1 + |z f"(2)] £ Ai(1+ |2[)(1 + [2]) < Ai(1 + |z[™), for some py > 0. (23)

Bound (C). Let
c:=c(t,z, 2), ¢ = c(ts, x, 2), 0:=c—c;.

Assumptions -2 give us the following bounds
6] St —tal (LALD), el S (1 Jz]) (LA]2]).
The first order Taylor expansion of g(u) := f(z + u) at u = ¢; yields:
g(c) = g(ei) +6g'(ci) + 5 6% g"(ci +68),  0€(0,1).
Hence,
9(¢) = g(ei) = 8g'(0) = 8(g(ci) — ¢'(0)) + 5 6% ¢" (ci + 66).
Applying the mean-value theorem and Proposition i, we get:
lg'(ci) = g'(0)] < (1 + |z[™*) [ei-

The second term is bounded by Proposition fil. After that the argument z + ¢; + 65 grows at most linearly with |z| by
Assumption fil. Consequently, we have the following polynomial bound:

9" (ci +00)| = 07ult, x + ci +08)] S (1+ |z + i +0072) S (1+ |2]).
Then, for f(x) = u(t, z) we have
[f(z+¢) = fla+e) = 6f (@) S L+ [al™) 18] |ei| + 5 1617 (1 + [2[™) S (1 + |=]”) (16] |es] +[81) <
S (U JzPe) (1t = ol (WA =)+ 1t =8> (LA ]27) S (14 |2]P) As (LA [21%).
Finally, by definition of the Lévy measure we get
[(C)] S Ai(1 + |z|P¢), for some p. > 0. (24)

Bound (D). For each z there exists 6, = 6:1(z) € (0,1) and 6, = 02(z) € (0, 1) such that the Taylor expansion for both
Euler schemes can be written as following:

flx+c)— f(@)—cf'(x) = L (x + 1c), (25)

fl@+e) = f(z) —cf (x) = 3" (@) = § " (x + O2c). (26)
Using Assumption fil and Proposition fi,
[f(+¢) = f@) —cf ()] S (L4 |27 |2,

[f(z+¢) = f(z) = cf (&) = 3 [ (@)] S (L+ [277) ||
Here, we used the fact that (1 A |z|) = |z|, since we are in the small-jump region.
For Scheme 2, the term (D-,1) is controlled by the cubic Taylor remainder:

fat o) — f(@) - of () - gczf”w\ < (U el |2
Therefore,
Do | < (14 2+) / J2[? v(dz).
B(t;,h,e)

It remains to control (D2 2). By Assumption i,

|C2(t7ZE,Z) - CQ(ti,ZB,Z” < |C(t,x,2) - C(thxaz)'(‘c(tax?'zﬂ + ‘C(ti,.ZB,Z)D-
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Using the Lipschitz and growth bounds for ¢, we get
| (t, @, 2) = & (ti, @, 2)| S [t =il (1 + [2])* (1A [2])%

Hence, for some p > 0,
|Dao| <[t —ti|(1+ [2[7) /(1 Alz)? v(dz) S Al + |zf?).
R

Completing the proof.
Taking expectations and using the grid-point moment bound from Lemma fil, and noting that A; < % <n7!, we get:

/0 E[l(A)] + (B + (O] dt <n”".

In addition, for the (D) part we apply Theorem [ and obtain

T 2hs
[ Emonas
0
and, for Scheme 2,
T TS(hE) T 1
[ Bl des =2 [ dt g0
0 0

Consequently,

T
[ 0o s = va
0 he
Using the Remark fil and taking h = n~ 2= for scheme 1,and h = n~ =@ for scheme 2, we get

|E[®(X7)] —E[®(X7)]| Snt

~

Appendix
Theorem 4 (It&’s formula for a compensated Lévy-type SDE (Applebaum, 2009, Thm. 4.4.7)). Let X, be a solution to (f).
Then, for any function f € CZ(R), the following holds a.s. for all t > 0:

t

£ = 150) = [ als, X (X ds+ 5 [ 6, X)X ds+ [ (s, X0) 1 () dB +

+/Ofl/R[f(Xsf + (s, Xomy 2)) — F(Xsm) *c(s,Xsf,z)f'(Xs,)]y(dz) ds 4

t ~
+/ /[f(Xs_ + (s, Xom, 2)) —f(Xs_)]N(ds,dz).
0 R
We state the next theorem in the form adopted by our framework.

Theorem 5 (Small jumps moments (Knopova, & PlatonoV, 2025, Lem. A.3)). Let X, be a solution to (fl). Then for any
p=2
t P €
// |e(s, X, 2)|" v(dz) ds:| < T UZ )
0 J B(s,h,e) h

Theorem 6. (Kuhn, & Schilling, 2023, Th. 4.20) Let (X+:):>0 be a one-dimensional stochastic process given by

E

t o~
Xi =/ / F(s,y)N(dy,ds), t=>0,
0 y#0

where F is a predictable stochastic process, and N=N-Nisa compensated Poisson random measure with compensator
N(dy, ds) = v(dy)ds, where the measure v satisfies fy#o min{1, |y|*}v(dy) < oco.

B[ ' / . P | < .

for some T > 0, then for any a € [1,2] and p € [0, a] C [0, 2], we have

(/ ' /. |F<s7y>|“u<dy>ds)p/a} | (27)

1. (Novikov, [1975) If

E (sup |Xt|p> < CpoE

t<T
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2. (Kunitd, 2004, Th.2.11) For all p > 2, we have

T p/2
B (sup Xif") < [( [ [ rsatuanas)
t<T o Jy#o

Discussion and conclusions

We studied weak approximation of time-inhomogeneous Lévy-driven SDEs, analyzing two Euler schemes: (i) small
jumps are removed completely and (ii) small jump are approximated with a Gaussian term. Under the stated assumptions,
we proved O(n ') weak error when scaling hyperparameter & is chosen optimally.

+ cpE {/OT /W50 |F'(s,v)|Pv(dy)ds| . (28)

Sources of funding. The study was partially financially supported by Taras Shevchenko National University of Kyiv.
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AHATNI3 CNABKOI 3BDKHOCTI AMHAMIYHOI 3PI3KM ANA MPOLIECIB TUMY NEBI

OmpumaHo ouyiHku cnabkoi 36ixHocmi dns cxemu Elinepa — Mapysimu odHoeumipHux CP, keposaHux npoyecom Jleei, y sskux Mani cmpubku
OuHaMiYyHO 3pi3alombcsi 3aJ1eXXHO eid 4Yacy. Benuki cmpubku modesiorombcsi moYyHo, modi sik mani cmpu6bku (i) abo nosHicmio i2zHopyrombCsi,
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THE H PROBABILITY DISTRIBUTIONS

Probability distributions are important models in all scientific fields; however, they are essential in statistics. We provide
a new class of mixed joint probability distributions with probability spaces that are sequences of nested piled 2D—lattices.
The methodology for producing these models involves embedding a discrete variable extended 5—Benford’s distribution into a
continuous variable modified Bernstein polynomial. (3 is the parameter of this family of distributions and denotes the base of an
arbitrary number system. Our purpose was to describe the mathematical structure and statistical features behind the interactions
of these probability distributions. On the basis of the theoretical development and its results, we conclude that these models are
valuable for numerous applications in various scientific disciplines. A concrete decimal system case is introduced to support
our hypothesis.

Keywords: extended 5—Benford distribution, Bernstein polynomials, number system, universal properties of a proba-
bility distribution, homotopic simplicial complex.
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Introduction

Probability distributions have played an important role in all fields of science, especially statistics, since the sixteenth
century, initiated by G. Cardano, followed by P. de Fermat and B. Pascal in the seventeenth century; this tradition is carried
on to this day by scientists such as (Franklin, 2015; Debnath, & Basu, 2015). For example, after the discovery of the
renowned Benford’s distribution in 1938 (Benford, 1938), which originally went back to 1881, as surmised by astronomer
(Newcomb, 1881). Since then, many papers and books supporting its theoretical and practical applications have been
published in various fields of science. Namely, in statistics, mathematics, in business (accounting, economics, finance,
and management), physics, chemistry, social science, computer science, etc. This means that there is rich and abundant
literature on Benford’s distribution.

Some researchers aimed to find generalizations of Benford’s law, achieving fruitful results, such as (Fu, Shi, & Su,
2007), who proposed an interesting, first-digit, generalized Benford’s law

p(z) = Nlogio (1+ > x=1,2,3,4,5,6,7,8,9,

s+ x4
where N is a normalization factor that makes p(x) to be a probability distribution, and s and ¢ are some model parameters,
see (Fu, Shi, & Su, 2007) for details. In addition, (Pietronero et al., 2001) showed that Benford’s law can be generalized
to a series of numbers generated from more complex systems, such as catalogs of seismic activity. (Barabesi, & Pratelli,
2020) provide some properties of the Generalized Benford Law, a flexible model for the distribution of significant digits, and
abundant references in the introduction of their publication. Although there is abundant literature on this topic, it remains
insufficient. This definition can be expanded to encompass broader domains. In addition, new probability distributions need
to be identified, and their applicability extended beyond the current distributions to both classical and quantum fields. This
need was one of the motivations for writing this paper.

In the introduction, we begin with a brief presentation of the well-known standard Benford probability distribution (SBPD)
for a discrete random variable W and for any positive integer 8 >2, defined by

B(w;ﬁ):log/ﬁ(]‘Jr%)? w:1727"'7/871’ (1)

where S~ B(w; 8) = 1 and B(w; ) is non-negative for all w, see the proof of (B). Note that for the decimal system,

B =10, win {1,2,3,...,9} is a special case that our brain understands the most. We derive the expected value, variance,
and moment generating function of this SBPD for any number of systems of base 5 > 2, and obtain the following:

(B=1)
E(w; B) = logs {m} ) 2)
FICERK gB-1 12
Var(w; B) = logs W - {loyﬁ(m)} ) 3)
/Be(ﬁ—l)t
Mw (t) = loggs P 1)6(171)t _ Gt | “)
i=2

where e denotes the Euler number. We note that these impressive results depend only on the parameter 3, which is the
basis of an arbitrary number system. Namely, if we consider the binary number system then 8 = 2, and E(w;2) = 1,
Var(w;2) =0, Mw (t) = €' for real ¢t.
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In Section fl we demonstrate the properties of the extended SBPD, defined in Equation (§), as a more general case to
clarify the veracity of Equations (B)), (8), and (#)). To the best of our knowledge, we do not know whether these interesting
results have been published in the literature.

Henceforth, we establish that parameter 3 functions as both the base of the numerical system and the base of the
logarithm. Any system and logarithm base chosen are automatically convertible by computers to either a natural logarithm
or a decimal logarithm during processing.

In this study, we provide a novel family of mixed joint probability distributions, denoted by H(x, w; 3, j), associated with
an extended 3—Benford distribution, Equation (B), and special polynomials formulated for an arbitrary number system of
bases 8 > 2. We show that each member of this family defines a mixed two-dimensional probability distribution with its own
features and characteristics. We then provide a concrete example for 8 = 10 in the decimal system to clarify the theory.

In other words, the primary goal of this research is to introduce finite families of mixed probability distributions char-
acterized by their nested-piled 2D-lattices and their features. It is organized as follows: Section [i] provides the proposed
extended 3—Benford probability distribution and its preliminary features and methodology. The crucial theoretical develop-
ments for a generalized H¢ (z, w; 8, j) distribution are formalized in Section J starting with Theorem B and its generalization
Theorem [3, followed by several propositions. To clarify this theory, we choose the decimal system 8 = 10 as an application.
All other bases work in the same manner. Section @ discusses some theoretical and practical implications of the main
findings and concludes with a brief summary of the contributions of this study.

This study makes four contributions. First, a new generalized 5—Benford distribution for all digits of any number system
of bases 3 was formulated. This distribution constitutes one of the two key components of the structure of our models.
Second, a family of 2-dimensional mixed joint probability distributions is introduced along with its statistical features. These
are the models called the H distributions. Third, a connection between these # distributions and Bézier curves of degree
B — 1 with 8 control points is provided. Fourth, an analytic allocation distribution function is established.

1. Material and Methodology

The Equations (@), (B), and (@) are the fundamental properties of the SBPD. This widely acknowledged SBPD is also
referred to as the first non-zero digit law or the distribution of the most significant digits, as it is restricted to sets of data with
non-zero first digits. This means that the digit zero of a number system is not an element of its domain. However, there
are many sets of data in all fields of science whose leftmost digit begins with zero, namely: SSN, student ID, ORCID, bank
accounts and loans, constants in physics, etc. Therefore, to examine the frequency of the first positional digit for this kind
of data, we need to extend the domain in (fll) of the SBPD to all digits of any number system.

Thus, to remedy these shortcomings, we provide an extended Benford probability distribution (EBPD), which includes
all basic symbols of an arbitrary number system of base 33, in the following theorem.

Theorem 1. Let W be a discrete random variable. W has an EBPD H(w; 3) given by

1
1 -
logs(1 + "

H(wvﬁ) +1)7 ’LUIO,l,Q,,ﬂ—l, (5)

1
- logs(B+1)
where 8 > 2 is a positive integer that plays the role of the base of a number system and, at the same time, is the base of
the logarithm function, as we established above.

We clearly observe that this discrete variable W includes all the basic values of a numerical system. For example, if
B = 2or 3 = 10, we have the well-known binary (w = 0,1) and decimal (w =0, 1, 2, ..., 9) systems and log2(-) and logio(-),
respectively. It is understood that any logarithm function of base § is related to the natural logarithm In. Fig. fi illustrates
the shapes of these probability distributions for distinct positive integer values of 5 > 2. For example, for 5 = 2, w = 0;1
with probability values #(0;2) = 0.63 and #(1;2) = 0.37. For 8 = 3, w = 0; 1; 2 with probabilities 4 (w;3) = 0.5,0.29,0.21
(or 50, 29, 21 %), respectively. Note that the total probability in these two examples, as well as in all other instances, is 1,
as required, and decays exponentially.

For each value of 8 and w = 0,1, 2, ..., 3 — 1, gluing together consecutive points, we have topological building blocks
called simplicial complexes. A 0-dimensional simplex is a vertex; a 1-dimensional simplex is a line segment with two
vertices; a 2-dimensional simplex has three vertices and three edges, and so on. We clarify these topological objects a little
more in Section f. See (Singer, & Thorpe, 1967) for more details.

Proof. ltis easy to verify that (B), as well as ({i]), satisfies the two universal properties of a probability distribution (p.d.). That
is, H(w; B8) > 0 for all w and Zi;g H(w; B) = 1. For the second property, when executing the summation, all terms cancel
out each other except for the last term, logg (8 + 1), which survives, and then it cancels out with the constant of normality
of (B). Also, to prove it, one should use the telescoping series. O

Equation () is one of the two fundamental pieces in the construction of the distribution H¢ (x, w; 8, 7). In what follows,
we write log(.) to denote logs(.). We now compute some natural properties of (§).

Proposition 1. Let W be a random variable distributed as in (B), then the expected value and the variance are given by

(8-1)
BOViH) = i stog(C ),

log(B+1) (6)
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Fig. 1. Graphs of H(w; 3) for distinct bases 8 = 2,3, ..., 10, 16.
1 L(B-1)7° 1 IRNCEY
VarW:8) = pegyteol S =)~ gy oo ) ™)

Proof. In general, one could show this proposition by finding the kth moment about the origin of the random variable W,
usually denoted by u;, the expected value of W*.
Symbolically, for 8 > 2, w =0,1,2,...,8 — 1, we have

1 = 1 1 S w2
ky .+ k _ w _
EWT) = log(B+1) wz::()w log(l+ =) 10g(6+1)log[g)(w+ ]
(B-1)F
= I 1 log[ (6+1)k X k]’
og(B+1) ., G =1)%—=(i—2)
where 1, = E(W;8) when k = 1 and Var(W; 8) = ps — (p1)> when k = 1,2. 0O

We can notice that as g increases, both the expectation and the variance increase.

Proposition 2. Let W be a random variable whose probability distribution is given in (B), then its moment generating function,
for all real values of ¢ is given by

(B-1)t
(B+1)°
Mw () = 100+ D) Og[]‘[ﬁ G G B2 2 1€ (Foo, o) 8)
=1
Proof. We use the definition of the moment-generating function
B—1 B—1
1 1 1 W+ 2 tw
Mw(t) = E(e™)=> €™ log(1 = l — ).
w(t) =E(e) 2= log(B+1) o9+ 1) = g1 Og[g)(w+1) ]

Expanding the product operator, on the right-hand side, associating the exponents of each pair of consecutive factors, and
simplifying, yields the proof. O
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Of course, from this My (t), we can generate all of the moments of W by successively differentiating Mw (¢), with
respect to ¢, and then evaluating the result at ¢ = 0. This is another way to prove the Proposition fi. We leave this to the
reader. Notice that Mw (0) = 1, forevery 8 > 2 and t € (—o0, +00).

2. Main theory and results
In this section, following all notations as above, we formulate the probability distribution #(.) of two random variables.
It is a joint distribution of a mixed random vector (X, W) that is described in the next theorem.

Theorem 2. A random vector (X, W) has a mixed joint probability distribution, denoted by H (z,w; 3), with parameter § > 2
if its joint distribution is given by

8- 1> 2 (B =)’

w ) B TogA11) 90T

H(x,w;ﬂ)z( ), w=0,1,2,...86—1. 0<x<p. (9)

w1

It is a bivariate distribution of a continuous random variable X and a discrete random variable W, sitting on a mesh
domain. The foundation of H(x, w; 3) is the result of embedding the EBPD defined in (B) with a generalization of 3-Bernstein
basis polynomials of degree 8 —1 over an interval [0, 3], for any number system of base 5 > 2. This theorem is the backbone
of this research from which abundant theoretical information emerges. This probability distribution has certain properties and
characteristics that, traditionally, any probability distribution must have. These include the cumulative distribution, marginals,
conditionals, expected values, variance, covariance, correlation coefficient, moment generating function, characteristic
function, etc. Our goal in this section is to investigate and characterize the mathematical and statistical structures underlying
these probability distributions. Primarily, #(z, w; 8) needs to satisfy the universal properties:

B-1 .8
(i) H(z,w;B) >0 forallvaluesof (z,w) and (i) Z/ H(z,w; B)dx = 1.
w=0"0

Proof. The property (4) is clear, since all factors of H(z,w; ) are positive for each value of (z,w) on their domains. For
(i7) the key step is to solve the integral [z (3 — z)P~*~1dz. To solve it, one may use any mathematical software. Here
we use (Maple.Soff, 2024), obtaining

1

BT —— 2" hypergeom([w + 1, —B + w + 1], [2 + w)

w41 ),

i
B
then, evaluating at the limits of the integral = = 8 and = = 0, we have 8°T'(8 — w)T'(w + 1) /T'(8 + 1)5. Now, replacing this
result in the Equation (i) then expanding the binomial coefficient and simplifying it turns out

A1 log(1+ %H)

1;) log(B+1) L

which is the case of Equation (B) and completes the proof. O

Proposition 3. Let (X, W) be a random vector with joint probability distribution established in Theorem B for 8 > 2, then
the marginal probability density function of X and the marginal probability mass function of W are, respectively,

B—1 —w—
o B—1\z“(B—a) " 1
H(x; B) = E:O: ( w > BF~Tlog(B+ 1) log(1 + w+ 1)7 0<z<pB, (10)
1 1
Hwih) = et o) v=0bze AL )

Proof. Obviously, to be H(z; 8) and H(w; 3) probability distribution, by themselves, they must satisfy the universal proper-
ties (i): non-negativity and (i): total probability. In both cases the non-negativity is clear. For the (ii) the Equation (f]),

H(w; B) = mlog(l + w%rl), w=0,1,2,.., 8 — 1., was shown in (B) that #(w; 3) satisfies the universal property.

That is, Zi;t H(w; B) = 1. Thus, it qualifies to be a discrete marginal probability distribution of H(z, w; 8). To show that
(f0) is a probability density function (p.d.f) it can be written as

B-1 _ w _ B—w—1
M f)= Y <5w 1) O Hw®). o<a<p (12)

w=0

Now, integrating both sides, we solve the definite integral foﬂ H(z; B)dx of Equation ({J) as we did in the Theorem B and
simplifying, we get the result foﬂ H(z; B)dx = 1. O

T'(m) = (m — 1)! is the discrete gamma function.
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We show a special case and its applications in the next section. We continue this section showing some standard
properties of H(z, w; 3).

Proposition 4. Consider all the random variables satisfying assumption of Proposition fil Then, the means and the variances
of X and W are, respectively,

B (B+1)°

Bwi8) = Gl ek 832, (13)
gy — b’ (B+1)7EHD i B+
B e o e N CEa 7GR e B (4

Proof. The expected value E(w; 3) and the variance Var(w; 8) have already been proven in Proposition fl. To demonstrate
(f3) and ({i4) we first determine the kth moment about the origin of X . Consider Theorem B and follow the strategy that we
have done in Proposition

B-1 .3 B-1 .3 w+k B—w—1
By k ) _ B—1\z¥" (B —x) 1
E(X") = wE:O/o " H(z,w; B)dx = wE:O/o ( w > B 11og(3 1+ 1) log(1+ P 1)da¢. (15)

Solving the integral in (f(8), with (Maple.Soff, 2024), and simplifying, we obtain

« Nw+DI'(B+kEk+1) log(B+1) (B+k'logﬁ+ w+1
il [H w+2 (w+k)' — 0,(8) [(ﬁ-f—l)(/tﬁiﬁlv)y] 52
- o T k(k+i—o2) by = b
T (B+k)log(B+1) w+ 1 I i S
where 05 = ¢ To obtain the last expression, of the right hand, expand the product for w then find the pattern
h 0(B (ﬁ+k)élog(ﬁ+1)

of the factors and combine their exponents.
Now, from the result of (8), we find E(X), E(X?) and Var(X) = E(X?) — (E(X))? as special cases. That is, for
k=1,

_ B
1) = G Dlog(B+ D)
and for k = 2, ,
_ B
20 = G DE+ DlegB+ 1)
Thus, the mean value in ({3) and the variance in (fi4) are, respectively,
B;6) = 0iegt CEV), 55,
B(B+1) B
Var(a; 8) = 02(8)logl L) — (6, (810 L2

[T, a

O

Additional key features of this H(z, w; 3) distribution include its covariance and the linear correlation coefficient, which
we present in a generalized form in Equations (25) and (26), respectively.

3. Generalization of Theorem 2

Now we present an analogue of Theorem P and more general features of the {—distribution. That is, the Theorem [,
Equation (8), can be generalized over an underlying family of nested 2D—lattices Qs(j) = {w} x [0,3 — j] for each
j,w=0,1,...,8 — 1 as follows.

Theorem 3. Consider all the data from Theorem B and let j = 0,1, ..., B — 1, then the generalized version of Theorem [ is

given by
. B—1 /Bl‘w(ﬁ—]—l‘)B w=l log(wH) .
H x,w; P, = 7’LU— ) 7'7 x< - J- 16
For any number system of base 8 > 2 and each fixed j there is a generalized mixed probability distribution, denoted
by H(.), defined in a sample space Q3(j) = {(z,w) : x € [0,8—j],w =0,1,2,,,8—1}. In other words, given 3, for each

j €40,1,2,...,8 — 1} there is a probability distribution H ¢ (z, w; 8, j) which is a homogeneous polynomial of degree 8 — 1
with 3 monomial terms, one term for each value of w. See Tab. 1 of Section f] and see Fig. | for 5 = 10. Note that when
4 = 0, Theorem @ shows up with all its features discussed above. Also, when j = 3 — 1 this generalization He(-) becomes
a standard Bernstein polynomial of degree 5 — 1 defined on the interval [0, 1] or Bézier curves with /3 control points given by
the marginal discrete probability distribution s (W; 3, j) of Equation (f9) and the curves are given by the marginal density
probability distribution #¢ (X, 8, 5) of Equation ({8).
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We have found, from this generalization, sets of families of probability distributions, one family for each fixed base £,
with 8 members in the family. It is well-known that there are infinitely many number systems. Hence, we have infinitely
many families of probability distributions available. The news is good!. For example, for the family called the decimal system
B = 10, there are 10 probability distributions, one for each j. Thus, with j = 0,1, 2, ...,9, each probability distribution has
10 basis polynomials of degree 9 each, one monomial term for each w with w = 0, 1,2, ..., 9. So, this example gives us 10?
basis polynomials. See Tab. 1. We elaborate an example in the next section. All these probability distributions of number
systems are sitting over probability spaces (23, F3,P3) of descending sequence of nested 2D —lattices (or filtrations)

{w} % [0,8] D {w} x[0,8—1] > .. > {w} x [0, —4] D ... > {w} x [0,1], w=0,1,..., 0 — 1

foreach g8 and each j = 0,1,2,..., 8 — 1, respectively. These sequences are dependent on the parameter 3 of the number
system. We point out that these families of sets of descending chains are homotopic topological spaces that hold some
interesting properties of topological invariance. We briefly explain these properties in the next section.

Proof. The Theorem [, Equation ({§), must satisfy the universal properties of a probability distribution. That is,

(1) Ha(z,w; B, 4) = 0,for all (z, w),
w=0 0

(B—39)° log(B +1)

(i) is obvious. To show (ii), one may proceed as in Theorem P. We first solve the integral [ 2*(8 — j — x)?~*~'dx which
results
(B—g)P et
w41

hypergeom(fw + 1, -8 + w + 1], [w + 2], ﬁ)

Then we evaluate in the limits of the integral z = 8 — j and = = 0, then simplifying it results (B’j)ﬁrr(éj_’f)mw“).
Now, replace this result into (fI7), then run the sum and simplify to get 1. O

Same to Proposition 8, for any base 8 > 2, the marginal distributions for X and W, respectively, are given by

B—1 . —w—
54— B—1\pz“(B—j—a) ! L B
Hc(az,ﬁ,y)—g()( y ) B logar ) 90t ) 0Se<B-3.0=0.5-1, (18)
1
”Hc(w;/@:j):mloﬂl-l-m), w=0,1,2,.,8-1 (19)

Equations (B) and (f{1)) already explain ({9). To clarify ({8), let’s write it as follows

p-1 /. wig i \Bw—1
Ha(w:B.5) = <5w1> br (’3(5]_].;;) Ys(w), 0<z<B—j (20)
w=0

where 13(w) is discussed in Proposition B. With the expression (0) we have found a family of generalization of Bézier
curves of degree 8 — 1 with 8 control points given by v 3(w) for each w satisfying the condition ZZ‘ZB Ya(w) = 1. But, in
this case, these expressions are families of probability distributions. Furthermore, the equations

jow=0,1,2,...,8—1 1)

_ w s B—w—1
s = (1) B

are, for each fixed j in {0,1,2,3,..., 3 — 1}, the well-known Bernstein basis polynomials in a general form that we have
extended over an arbitrary real lattice {w} x [0, 5 — j] which includes the interval {w} x [0,1] as a special case. Claim:
All theories developed about Bernstein polynomials, Bézier curves, splines, binomial distribution, and relations to Gamma,
Beta, Hypergeometric, etc. and their applications are also applicable for this new distribution of probabilities Ha (X, W; 8, 7).
Explicitly, the distribution in (20) seen from the Bernstein basis polynomial point of view of degree 3 — 1 forms a partition of
unity, as we tested above. Subsequently, we present propositions that delineate the fundamental statistical characteristics
of the generalized distribution g (X, W; 8, j) as defined in ({6).

Proposition 5. Let Ha (X, W; 8,7) be a generalized p.d. of the random vector (X, W) defined in (16) with marginal distri-
butions given in ({{§) and ({d), respectively. The mean and variance of the random variable X from ({{§) are given by

_ 4 B8
B(X:8,5) = (5+1§10955+1)l0 [(5;!” L, =012 81, (22)
Caa (B—4)° (B+ 1P+ B—3j (B+1)7 o
Ve8I = e s e 0 ¥ i m G e g Ve @)

Proof. At this point, it is worthwhile to notice that the random variable W is immune to this generalization, however the
random variable X is infected, because of the changes in its domain for each value of j. It means that all properties of
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H(w; B), inclusive the E(W*) for k = 1,2, 3, ... and variance, remains as in Proposition fl. To prove (22) and (23) we just
need to find the kth moment of the marginal p.d. #(z; 3, j) given in (f{§), and proceed as in the case of Proposition [.

o (77 o ivae— [OOSR (B BB ) w2

Assuming convergence, first, we solve the integral to get

—5)*p! = (k +w)! w+2 (B+1) St
BixF) — _ (B=0)"P! Y = 0:(8, )1 L i=0,1,..,8—1, 24
S (B+kMog(B+1) = w! Og(w + 1) £(8,7) Og[HiﬁZI S(i+k=2) oy g g (24)
_k
where 05 (8,j) = % andk=1,2,3,...
Thus, from this result in (24), we get E(X; 3, 4) for k = 1, and E(X?) for k = 2 and Var(X, 3, j), respectively. O

We clearly observe that Equations ({3) and ({i4) of Proposition i emerge from Equations (22) and (23) when j is 0.

Proposition 6. Let Hg(x,w; 5,7) be a joint mixed p.d. defined in (8) with 3 > 2. Then, for j = 0,1, ..., 8 — 1, the covariance
and correlation coefficient? between X and W are given, respectively, by

_ (B+nP-VA . B (8-1)
(B =gl Zams] (8- j)logl CHPlog L]

Cou(X,W;B,7) = - ) (25)
( )= T B Doy (3 + 1) (5 + D(log( + )2
Cov(X,W;8,5
Corr(X,W;8,j) = BATD) EELRARR B-1?2 ’
(37100l TG o gl ey (9 ] o @P Dy (20)
[ (B+D(B+2)log(B+1)  ~ ~ (B+1)%(log(B+1))? ] [ log(B+1) T (log(B+D))?

Proof. The calculations for E(W), Var(W) in Equations (B) and (7), as well as E(X), Var(X) in Equations (2) and (23),
and E(XW), combined with substitutions in the standard formulas for covariance and correlation coefficients, make up the

proof. See the complete proof in the Appendix H: proofs. O
We have validated the findings with Maple 2024. Note that the effect of replacing Equation (25) in the numerator of

Equation (R6) produces the cancellation of the factors (5 — j) in Equation (26). It means that Corr(X, W; 8, j) depends only
on parameter 3. That is to say, the relationship between all members of a family 3 is the same. See details in Appendix [,
Equation BY. In other words, for each given j the S—distributions, for j = 0,1,2,...,3 — 1, have the same correlation
coefficient. As it could be, in practice, all members of a family should satisfy the same properties. We illustrate the decimal
system in the Section [.

Finally, but not least, we present the marginal characteristic functions of H¢(x, w; 8, j) as an alternative to their cumu-
lative probability distribution functions.

Proposition 7. Let H(z, w; 3, ) be a generalized p.d. defined in () with marginals distributions given in ({g) and (f9).
Then the characteristic function ¢ : R — C are, respectively, given by

B—1
ex(t) = B ) =Y 1F1w+ 1,8+ 1,i(8 - j)t|Ha(w; B), teR, (27)
w=0
(-1t
pwlt) = B™) = oy tonli P (28)

where i is the complex imaginary unit and ¢ € R is the argument of the characteristic function. Ha(w, 8) is given in ({9),
() and (B). 1F1[w + 1,3 + 1,i(3 — j)t] is the Kummer confluent hypergeometric function, see (Wolfram.Sofi, 2025). All
other notations are already presented above.

Proof. The proof of the characteristic function given in Equation (27) follows by solving the definite integral foﬁfj et BV x
x (8 — j — z)?~*~'dz. On this occasion, (Mathematica.Sofi, 2024) is our ally. We have

(ﬁ)_w(ﬂ — )P BI (B — w)T(w + 1) Hypergeometricl F1Regularized[w + 1, 8 + 1,i(8 — 5)t],

if Re(8) > Re(w) > —1.

2We compute the covariance Cov(X, W) and correlation coefficient Corr(X, W) using K. Pearson’s product moment because both
random variables are quantitative. However, due to the mixed nature of the variables, a point multi-serial correlation coefficient could be
considered, but it is not the focus of this study. Interested readers can see (Wiley.StatsRef, 2014; [Tate, 1954).
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Next, consider the relation Hypergeometricl F1Regularizedw + 1,8+ 1, (8 — j)it] = 1F1[w+l£1(%:11,)(57j)it] . (Wolfram.Sof,
2025) and the result of the integral to replace in

B-1 _ B—j itz w i B—w—1

w=0
we have
/§ 6 _1 ﬁ(ﬁ%j)—w(ﬁ _ j)ﬁ—wF(/B - U))F(w + 1) 1F1[w + 1,ﬁ + 1, (ﬂ —j)’Lt]H (wﬁ)
- G ) .
2\ w (B—j)P T(6+1)
We now carry out the binomial coefficient formula and express it as discrete gamma function notation

51y G- _ TG+
w B-—w—-Dw! TB—-wl(w+1)

Subsequently, substitute this last outcome into the penultimate expression and simplify to complete the proof of Equation
(27). Proving (8) is simpler. Follow the proof of Proposition B. O

Remark 1. To find the mixed joint characteristic function
exw(t,s) = Elexp(i(tX + sW))],
where i is the imaginary unit, is a challenge exercise.

From these characteristic functions, one can derive all traditional concepts of probability distributions. Namely, all the
moments of marginals of H¢(z, w; 8, 7) and joint moments can be generated from ¢(.). We leave this challenge to the
reader.

We may keep computing many more consequences and propertiesIa to describe the H¢ (x, w; B, j) mixed joint probability
distribution, but these are enough for our purposes in this paper and the following section. We have purposefully left some
algebraic operations for the reader to perform in order to enhance their comprehension of the 7 distributions and to help
them identify additional properties and applications across a variety of scientific disciplines. This is an important point to
emphasize.

4. Example of decimal system 5 = 10
In this section, our purpose is to clarify the properties and usefulness of Ha (X, W 10, ). We summarize the results in
Tab. 1. From (f{6) for 8 = 10, summing over w, we have

Ho(Xi10.5) = 3 (w)loxz(ﬂl(é(i—j)g‘lg x)°~

w=0

Yro(w), j=0,1,2,...,9. 0<2<10—j.

Is is clear that there are 10 probability distributions; one homogeneous polynomial of degree 9 for each j in {0,1,2,...,9.}.
See Tab. 1. To get the E(X;10,7) and Var(X;10,5) of Ha(X; 10, 5) let's write Equations (2) and (R3) as follows

(i) BE(X;B,4)=(B—7)A1(8) and (i) Var(X;B,j)=(8-75)"0:(8) - [(B—)A(B)] (29)
where ( )B
1 B+1
MO = G Do+
and B(B+1)
_ 1 (B+ 1)+t
22000 = G DiogB+ 0 [,
Thus for 5 = 10 we have
10
A1(10) = mlog[lllo! ] ~ 0.3364518821
and . 1110
As(10) = 132l0g(11)log[12243648m1020] ~ 0.1883053492.

Replacing A1(10) and A2(10), in (), we get 10 different expected values, 10 variances, 10 covariances, one for each j
and a single correlation coefficient, due to (#0). See Tab. 1. Simplifying (i) and (i) of (29) with (Maple.Sofi, 2024)) we get
simpler formulas

E(x;8,7) = (B — j)A1(B8) = 3.364518821 — 0.33645188215, j = 0,1, ..., 9,

3We trust that readers will have the opportunity to continue developing more properties and applications of this machine built for the
advancement of probability and statistics and related fields.
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Var(z; 8,7) = (8 — j)*[A2(B8) — AT(B)] = 0.07510548034(—10 + 5)°, 7 =0,1,2,...,9.
Now we describe the relationships between X and W. From Equations (25) and (26) we have
(9)(10)
(10 — j)log[ 15— — Moa D175, A0
. I;2 i(21-2) (10 ])log[ 1 ]l [ ! .
Cov(X,W;10,5) = =1 - 10! 100~ forj =0,...9.
( 7 (Dlog(11) (11) oy (11))? 7
Evaluating at each j in {0,1,2,3,4,5,6,7,8,9} and rounding we get:
j 0 1 2 3 4 5 7 8 9
Cov(.) | 6.780 | 6.102 | 5.424 | 4.746 | 4.068 | 3.390 | 2.712 | 2.034 | 1.356 | 0.678

Another way to find these results is by simplifying with (Maple.Soft, 2024)) the Cou(-) for j and get

Cov(X,W;10,j) = 6.780137493 — 0.6780137493 x j for j =0,1,2,...,9,

from which one can verify these results.

Next we calculate the correlation coefficient with Equation (R6), for j = 0,1, ...

Corr(X,W;10,j) =

Cov(X,W;10,7)

,9:

(11y1o11)

(10— )2 (log[ L1212 })2

(1n®?

i(2i—3)]

(log[*—<gr—

(11)( )

)2

(A1) (12)log(11)

\/ (10—1)2509[W]
[ i=1 _

(11)2(l09(11))2

} [“’g[nzgl

log(11)

(log

(11))z

Simplifying, with Mapleg, surprisingly we found that Corr(X, W; 10, j) = 0.9059142578¢csgn (10 — j) or

Corr(X,W;10,j) =

1.336129624(6.780137493 — 0.67801374935)

We note that all Cov(X,W;10, j) are positive and decay linearly as j gets closer to its highest value, ; — 5 — 1, and
+0.90591425 are also positive invariant for all j in {0,1,2,3,4,5,6,7,8,9} since csgn(z) is £1 and all

unation (28).
n

Corr(X,W;10,j) =

covariances are positive. We explain this fact above and further in the lines below of E
Additionally, with the Proposition [, Equation (R7), we get the characteristic functio

x(t;8,7)

w=0

(10 — 4)?

where i is the imaginary unit of complex numbers. In particular, if 5 = 10, we have

9

w=0

for 7=0,1,2,..,

9.

9
=Y 1Flw+1,8+1,(8 - j)itlHa(W;8) foreach j=0,1,2,..,9,

= 1F1[w+1,11,(10 — j)it]Ha(W;10) foreach j=0,1,2,..,9.

Ten probability distributions # (X 10, j) (left column), one for each j, and some properties for 5 = 10

7 Ho(X:10,7) E(X; 10) Var(X;10)
0 () 103””*“;010(@[;), 0<2<10 | 10A1(10) | 100A2(10) — [L0A(10)]2
1 o )quo(w), 0<z<9 | 9A1(10) 81A5(10) — [9A1(10)]2

2| 39,0 )%zplo(w)? 0<z<8 | 8A1(10) | 6485(10) — [8A1(10))?
3| 20, () T ), 0< 2 <7 | TA1(10) | 498a(10) — [T, (10)
4] 30 (O)C T (), 0< s <6 | 6A1(10) | 36A(10) — [6A;(10)]2
5 o (3)%ww<w>, 0<w<5 | 5A1(10) | 25A5(10) - [5A:(10)]2
6 9 o (91U Ty j(w), 0<a <4 | 4A:1(10) | 16A2(10) — [4A,(10))?
7 o (%) %ﬁg”ww(w), 0<z<3 | 3A:(10) 9A5(10) — [3A1(10)]2
8| 50 ()T () 0<a<2 | 28,0100 | 425(10) — PAL(10)2
9 0 (20T (), 0<a <1 | 141(10) | 1A5(10) — [1A4(10))

Based on the results of distinct cases (8 = 10 is included), we dare to Conjecture: Let Cov(X, W, 3,j) = a+bj for any
,B8—1,then Corr(X,W;,5) =r - csgn(B

base 8 > 2 and let ¢ and b be real numbers, j =0
The proof or disproof is in progress.

4The csgn(z) function is used to determine in which half-plane (left’ or 'right’) the complex-valued expression or number z lies.
5We leave the study and analysis of the characteristic function o xw (¢, s; 3, ) of Hg (X, W; 3, 7) to the interested reader, which we

will develop in another project.
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We also illustrate some properties of the marginal distribution Ho(W; 3, j) for 8 = 10. By Proposition [l and Equa-
tions (B) and () we have

1 11°
E(W;10) = =2
(W;10) log(ll)log[ 10!] 70097070, (30)
1 118 1 118,
Var(W;10) = log (1) 109[21334557...1017] — (log(ll) log[ 101 1) =~ 0.08729569, (31)

and using Equation (R§) from Proposition [, we get

9it

_ 1 log| 11°¢
~ log(11) ' e g e g e

Mw (t) ] (32)

We observe that the behavior and properties of the marginal distribution ¢ (WW; 8, ) are independent of j and are solely
dependent on the parameter 5. Consequently, they are distinct for each number system. In Tab. 1, each row constitutes a
probability distribution over its specific sample space, pile nested lattices, {w} x [10 — j], for w = 0,1,2,...,9 and each j in
{0,1,2,...,9}. Each p.d. is a homogeneous polynomial of degree 9, with 10 monomial termsE and they satisfy the universal
properties. Each term has an initial original contribution to the probability distribution. For instance, for j = 0,0 < = < 10
expanding the probability distribution H«(x, w; 10, 0) given in the Tab. 1, then integrating each term, we have

w=0 w=1 w=9

—_—N—
log(11/10) o

) _ log(2) o . 9log(3/2) 3
10 . _In(2) | In(3/2) | In(4/3) In(11/10)
/0 Halz,wil0,00de = ms + 0any Y ean T T Ay

= 0.2890648263 + 0.1690920837 + 0.1199727426 + ... 4+ 0.03974743221 =1

or [ He(z,w;10,0)dz =29% + 17% + 12% + ... + 4% = 100 %.

See Fig. B, which is an illustration for j = 0,3,5,9. One can verify that E(z, 10, 5), Var(x; 10, §), Cov(z; 10, j) decay
linearly, as j — f, from the left, and 3 large. Each figure in Fig. B shows 10 smooth curves, one for each term of a
homogeneous polynomial of degree 9. Each curve represents the path of a polynomial term obtained by replacing each
value of w € {0,1,2, ...,9} in Equation ([{6]). See also Tab. 1.

The distribution H¢ (z, w; 8, ) or more easily Hq (w; 3) gives us precisely the contribution of each value of the random
variable W and surprisingly, those are the Benford distribution probabilities, but counting all digits (0 is included) of a decimal
system. It means, in finance, each value of W has a role to allocate a proportion of resources or investments. This function
is non-negative and satisfies the universal property in its domain [0, 10] for j = 0. For others values of j = 1,2,...,9. the
same probabilities are redistributed. That is, for example, for ;7 = 9 the distribution H¢ (z, w;10,9) is on [0,1] x {w} and
integratingE we have

w=0 w=1 w=9
log(2) o  90log(3/2) 8 10log(11/10) o
;1 =1 1-— ———z(1l - e ————
He(r,w;10,9) Olog(ll)( x)” + log(11) z(l—x)"+.. + log(11) ;

1
/ He(z, w; 10,9)dz = 0.2890648263 + 0.1690920837 + ... + 0.03974743221 =1
0

or fol He(z,w;10,9)de =29 % + 17 % + 12 % + ... + 4 % = 100 %. We can arrange these integration results in the
rows and columns of a 10 x 10 matrix whose entries are transition probabilities of a Markov chain with 5 = 10 states. The
family of distributions H¢ (x, w; 10, j) have 100 monomial terms, each of degree 9, and 10 homogeneous polynomialsE or
probability distributions in their own probability space (Q10, F10,P10) given by the nested, closed, and bounded intervals
[0,10] D [0,9] DD ... D [0,1]. These intervals are topological spaces with a rich set of properties, see (Munkres, 2000).
Because the mixed variables in our study, namely, X is continuous and W is discrete, the underlying probability spaces
are filtrations of a series of nested lattices. For instance, if ; = 0 there is a rectangular lattice, with the right-hand rule
orientation, [0, 10] x {0, 1,2, 3,4, 5,6, 7, 8,9} with vertices at (0, 0), (10, 0), (10,9) and (0, 9) and if j = 9 there is a rectangular
lattice [0,1] x {0,1,2,3,4,5,6,7,8,9} with vertices at (0,0), (1,0), (1,9) and (0,9). In Fig. B, we provide a 3D geometric
representation of Ha(z,w; 10, 7) for 7 = 0,3,5,9 whose lattices have right side continuous frontier intervals 0 < z < 10,
0<x<7,0<x<5and0 <z <1, respectively.

6The curve described by each monomial is the path followed by an object with an initial and final state. For 3 = 10, there are ten simple
paths, which simultaneously change over time according to the change in each value of 5 and W in the Ha (X, W 10, 5) distribution. See
Fig. B. We might think that these changes describe random motions over time. But polynomials are smooth functions and follow the rules
of standard calculus,

7Also, the same allocations are obtained evaluating the marginal He (w; B = 10) foreach w = 0,1, ...,9.

8In this research, homogeneous polynomials are smooth functions in a single variable that have nonzero 3 terms, each of degree 3 — 1,
and obey to all calculus laws.
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(d) Probability distribution H¢ (z, w; 10,9) when j = 9 and

(c) Probability distribution H¢ (x, w; 10, 5) when 5 = 5 and
w=0,...,9and0 <z <1

w=0,...,9and 0 <z <5

Fig. 2. The subfigures, (a)-(d), illustrates the shapes of four probability distributions for j = 0, 3,5, 9., for a fixed 8 = 10

All these closed and bounded intervals are topological spaces in the Euclidean space, and satisfy several topological
properties of invariance, such as compactness, connectedness, path-connectedness, locally connectedness, simple con-
nectedness, contractibility, homotopy equivalence, and are simplicial complexes of dimension 1. Any interval [0, 3 — j] for
j=0,1,2,...,8 — 1 can be deformed continuously into [0, 1]. Simply, the variable s = %J maps z in [0, 8 — j] to sin [0, 1].
Nicely, each space [0, 8 — j] is contractible and behaves as a single point. Therefore, all have the same homotopy type,
all are correlated, for any positive integers 5 and j. For our purpose, let [0, 3 — j] be a contractible topological space with
standard topology. Then all maps H¢ : [0, 83— j] — [0, %] are homotopic if and only if [0, %} is contractible. In particular,
5 and j are both even or both odd. With this support, we may construct a family of homotopies as follows.

Let [0, — j] and [0, %] be topological spaces, and let Ha1(z, w; 3,7) and Haz(z, w; B, j) be polynomials maps
He : (0,8 — j] — [0, %] of degree 8 — 1. Then a polynomial H¢1 is homotopic to polynomial H¢: if there exists a
continuous map H : [0, 8 — 5] x I — [0, 23] such that H(z,0) = He1(z) and H(xz, 1) = Hez(z) for all z in [0, 3 — j]. The
map H is called homotopy from Hq1(x) to Haz(z). For (z,t) € [0, 8 —j] x I, we may interpret t € I = [0, 1] as a parameter
measuring time. Then H(z, t) is 1-parameter family of maps [0, 3 — j] — [0, %}. As time increases from 0 to 1 the map
Hea(z) is deformed continuously into the map Ha2 ().

In particular, for 5 = 10, j = 0,2,4,6,8 if we choose j = 0, then H(z,¢) : [0,10] x I — [0,5] and from Tab. 1 it
corresponds to H(z, w; 10,0) = 30 _(9) mlw(ﬁ]’iﬁ)www(w) and H(z,w;10,5) =30 _ (2) mw‘g%ﬁ“wm(w).
Then, a linear homotopy can be given by

H(z,t) = (1 —t) - Her(z, w; 10,0) + ¢ - Haz(z, w; 10, 5). (33)

For every z € [0, 10], the line segment joining Ha1 (z, w; 10, 0) lies completely inside [0, 5]. Essentially we move values
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of the probability distribution H¢1(x, w; 10, 0) into probability distribution Hea2(z, w; 10,5) along a straight line. In general,
it is well known that homotopy is an equivalence relation. With regret, we leave this topological discussion of the sample
space of these distributions, but those interested could read any textbook of algebraic topology. For example, (Munkres,
2000, Chap. 9). This specific example is merely one among hundreds or possibly thousands of other number systems that
can be investigated. We hope to keep working on this topic and release its results shortly.

Discussion and conclusions

The outcomes of this research provide a new class of two-dimensional mixed probability distributions and their char-
acteristics. The development of these distributions focused on both the general theoretical foundation and their practical
implications in different scientific fields, particularly in statistics.

To achieve our findings: we first consider the F. Benford distribution in (fll) and extend its domain from {1,2,..., 8 — 1}
to {0,1,2, ..., 3 — 1} as shown in (B) and then embedding these generalized Benford distributions into an extended form of
Bernstein polynomials. It is mathematically demonstrated that these models satisfy all the universal properties that every
probability distribution must fulfill.

A key feature of these distributions is that all moments are functions only of their parameter 8 > 2, which is the base
of a number system. Since there are infinitely many number systems, we are faced with an infinite family of probability
distributions, all well-defined and supported mathematically. Here, we only present the finite family’s case. The cornerstone
of the development of these families of distributions lies in the Theorems || and (), whose proofs and the implicated truth
propositions guarantee their theoretical rigor. Our study is rigorously documented and is easy to understand for an advanced
undergraduate audience in probability theory.

This "machine”, known as the # distribution, is advantageous for the production of statistical congruence data for
arbitrary congruence modules under standard arithmetic operations of addition and/or multiplication. The result presented
in the context of the decimal system scenario with 5 = 10 indicates that we have developed a method for generating doubly
stochastic Markov chains. Once the statistical data is made and put into the Markov chain’s transition matrix, it can be used
to study how a stochastic system changes over time and make predictions, among other things.

We refrain from employing historical data and acknowledge that our theoretical probability distributions require more
tangible real-world applications, as they are novel and in the exploratory phase. Based on the results, we modestly believe
that these distributions have a significant application impact across several scientific domains.

The main contribution of this study is to give an analytical tool that is easy to use and understand, capable of solving
many problems in different fields, especially in statistics. Based on the mix of variables, the type of applications that could
be focused on are amphoteric phenomena. That is, experiments or phenomena that behave continuously and discretely
at the same time or alternately. This is similar to what occurs in price valuation in finance, with continuous models with
discrete jumps. During the writing of the research, the following contributions were observed and noted: first. We have
extended the Benford distribution to more general domains by including the digit zero in its definition for any number system
with base 8 > 2. Second. The marginal distribution H¢(z; 3, 5) in (BQ) is related to the family of Bézier curves of degree
B — 1 with 3 control points given by s (w). Third. A new family of probability distributions H (X, W; 8, j) is introduced
into the statistical literature. Fourth. We introduce a methodology using these models to simulate statistical congruence
data, specifically focusing on the operations of addition and multiplication within congruence classes across various num-
ber systems. Fifth. We provide a mathematical allocation function, which can be represented by either the H (W, 8) or
Hea (X, W; B, j) distribution, to optimize resource distribution in statistical models.

Also, we have demonstrated that all moments (expected value, variance, covariance, correlation coefficient, etc.) of
the H distributions depend only of the parameter 5. Therefore, they are easy to calculate. Future research should focus
on refining this family of models with real-world data and finding new applications.

Finally, there are other applications of the # distributions that were planned for inclusion in this project, but there is a
limitation of space in the document. Therefore, we are aware that we are leaving several parts of our study open, as they
were not included in our objectives, and we believe this will be a source of inspiration for readers who decide to investigate
further.

APPENDIX: Proofs
Proof of Proposition [§. We recall the well-known expressions of covariance and the cross-correlation coefficient. Recall
thatfor 8 > 2, j,w=0,1,....,0—1:

oxw = Cov(X,W;3,5) = E(XW) — E(X)E(W), (34)

pxw = Corr(X,W;8,5) = COU(X"W;BJ) —. (35)
VIVar(X; B, j)[Var(W; 8, )]
We use (Maple.Soff, 2024) to solve some summations and integrations, as needed. Results of E(X) = E(x;3,7) and
E(W) = E(w; 8, 7) are given in Equation (22) and Equation (B), respectively. Next, we compute E(XW):

. (B—1)
(b — f)log[ET 7]

M, i%2 36
(B+Dlog(B+1) (36)

E(XW) = E(XW,B,j) =
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Thus, replacing Equations (B), (22) and (B6) into (B4) we have the covariance given in Equation (25), which is

(8 —j)log[i(rfﬁfﬁﬁ} (8= loglEE log| U
(B +1)log(B +1) (B+1)(log(B +1))?

On the other hand, we have computed the variances Var(X; 3, j) in Equation (3) and Var(W; 8, 7) in Equation (7).
Thus, we replace Equations (#), (23) and (87) into (85) as follows

Cov(X,W;B,j) = ,j=0,1,..,8 -1 (37)

Corr(X,W;8,j) =

Nogl B0 PDB _
(B—J)ZOQ[W (B*j)log[(ﬂ_gyl)ﬁ]109[(ﬁ+1}s(!ﬁ =3
_ (B+Dlog(B+D) (B+1)(log (3+1))? =0, 81 (38)
. (B+1)B(B+1) (ﬁ+1)(/3*1)2 B ’ T ’
(ﬂ—j)2log[ﬁ71_[{:1 2 (ﬂ—j)z(log[(ﬁ-;—f})ﬁ])z 109[41_[?:1 @5y (log[(‘[ﬂ'l}#])?
B+D(B+2)log(B+1)  —  (B+1)%(log(B+1))2 log(B+1) o (log(B+1))2
Simplifying the common factors, (8 — j), of the numerator and denominator, we have
Corr(X,W;B,j) =
(B+1)(B—1)6 _
log[nle =) log[(ﬁgll)ﬂ]log[(wrlg(!ﬂ 1)]
_ (B+Dlog(BFD)__ (5D (log(p+1)? =0, .81 (39)
(B+1)BB+D (5+1)<5,1)2 B ’ PREES) .
tos| ne_, 2 J _ (log[(ﬂfgill)ﬁ])z log[nle @) B (log[wﬂzgﬁl)2
(B+1)(B+2)log(B+1)  (B+1)2(log(B+1))?2 log(B+1) (log(B+1))2
It is clear that the correlation coefficient does not depend on j; it only depends on the parameter g > 2. That is,
] (B-1)B B
R T L (A D (LA Gt}
o - 2
CO’I“T(X, I/Vvﬁ) _ — (B+1)log(B+1) (/3‘9‘1)”09(5;;1))1)2 . (40)
B+1)ABHD) ogl BFDPE—D” _
log| Hf:“m‘, ] - (log[(f*‘gi!l)ﬂ])’z ! 9[1—153:113(2173)] B (log[(/ﬂ‘*'lg#])z
(B+1)(B+2)log(B+1)  (B+1)2(log(B+1))? log(B+1) (log(B+1))2
O

One can easily evaluate these formulas using Maple or any other software for any value of 5 > 2, as shown in the
previous sections above.

Sources of funding. This study did not receive any grant from a funding institution in the public, commercial, or non-commercial
sectors.
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MMOBIPHICHI PO3NO4INU TUMNY H

WmosipHicHi po3nodinu e saxnueumu ModensiMu @ ycix HayKosux 2asy3sax, 0OHaK 60HU Maromb euUpiWabHe 3Ha4eHHsl caMe 8 cmamucmu-
ui. Mu nponoHyemo Hoeuli Knac 3miwaHux cymicHux po3nodinie limogipHocmeli, liMmogipHicHi npocmopu sikux € nocsidoeHocmMsAMU eKnadeHuUx
2D —pewimok. Memodonoezisi no6ydoeu yux modesnel nepedbayaec eksadeHHs1 QUCKpemHo20 po3uwupeHo20 po3nodiny bengopda 3 napamempom
3 y HenepepeHuii ModughikoeaHuli noniHom BepHwmeliHa. 3 € napamempom ybo20o cimelicmea po3nodinie i susHa4ae ocHosy 008inbHOI cucmemu
yucneHHsi. Memoro po6omu 6ys10 onucamu MameMamuyHy CmpyKmypy ma cmamucmuyHi enrlacmusocmi 83aemModil yux liMoegipHicHux po3nodirnis.
Ha ocHogi meopemuy4Hux po3po6ok ma ixHix pe3ynbmamie Mu po6uUMO 8UCHOBOK, W0 3a3HayeHi Modesli € YiHHUMU OJ1s1 YUC/IeHHUX 3acmocyeaHb
y 6acambox Haykoeux AucyunniHax. [ns nidmeepdxeHHs 2inome3u HagedeHO KOHKpemHul npuknad decsimkoeoi cucmemMu YUCIIEeHHS.

Knw4yoBicnoBa: poswupeHul 3—po3nodin benghopda, noniHomu BepHwmeliHa, cucmema 4ucer, yHisepcasibHi eriacmusocmi limosip-
HiCHO20 po3nodiny, 2coMmomoniyHuli ceMnai4yHUli KOMIIEKC.

ABTOp 3asBrsie Npo BiACYTHICTb KOHANIKTY iHTepeciB. CnoHcopu He Gpanu yyacTi B po3pobreHHi JocnimkeHHs; y 36opi, aHanisi um
iHTepnperTauii AaHNX; Y HAaNMCaHHI PyKoOMuUcy; B piLLeHHiI Npo ny6nikaLilo pesynsraTis.
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ROBIN'S PROBLEM FOR A FOURTH-ORDER HYPERBOLIC EQUATION

The Robin problem, also known as a mixed boundary condition, is often applied to partial differential equations. It defines a
relationship between the value of a function and its derivative at the boundary of a domain, enabling the modeling of physical processes
that affect both the properties of the surface itself and the flow of matter or energy. Fourth-order hyperbolic equations describe complex
processes involving wave propagation and their interactions, enabling the modeling of dispersion effects often present in real-world
physical processes. Such equations are used in hydrodynamics to model wave propagation at great depths, where both the velocity and
the influence of dispersion on wave behavior are taken into account; in elasticity theory to analyze deformations and wave propagation in
elastic materials, where dispersion effects and complex boundary conditions are present; and in seismology.

The aim of this work is to solve the Robin problem for a fourth-order hyperbolic equation with conditions imposing a
relationship between certain derivatives of the function at the boundary. For this problem, the obtained solution to the Cauchy
problem for a second-order hyperbolic equation is used. The solution to the Cauchy problem is obtained using differential
operators that transform arbitrary functions into a regular solution of an m-th order hyperbolic equation. By reducing the problem
to a solved Cauchy problem for a second-order hyperbolic equation and matching the boundary conditions of these problems, a
system of equations arises whose solution exists and is unique as a solution to the Volterra integral equation and as a solution to
the inhomogeneous Bessel equation. The solution to the Robin problem is a combination of the obtained solutions to the
corresponding Cauchy problems for second-order equations.

Keywords: differential operator, regular solutions, iterated equations of hyperbolic type, Robin's problem.

Classification according to AMS 2020: 35Q74, 35R09.

Introduction

Hyperbolic equations are used to describe wave propagation processes, such as sound, heat, and light waves, as well as
in electromagnetism and elasticity theory. They are used to model with high accuracy dynamic phenomena characterized by
wave propagation and interaction, as well as the vibration of bridges, structures, and mechanical systems. Mathematical
models are formulated as boundary value problems for partial differential equations in bounded and unbounded domains, for
which a general theory of function-theoretical methods is considered in (Gilbert, 1969).

In the Riquier and Robin problems, which consider mixed boundary conditions for partial differential equations, solutions
are determined taking into account the values of the function and its derivative at the boundary of the domain. Problems for
higher-order elliptic equations are considered in (Gomez-Polanco, Guevara, & Molina, 2013; Karachik, 2003). In the Robin
problem (Rozkosz, 2025), the existence of a positive renormalized solution was proven and a stochastic representation for a
uniformly elliptic divergence operator with a measure on the right-hand side of the equation and an absorbing term on the
boundary containing collapsing terms was proposed. In the paper (Guarino Lo Bianco, La Manna, & Velichkov, 2021), a two-
phase free limit problem was studied for the first time, in which the solution satisfies the Robin limit condition. The case in
which the solution is continuous on the free boundary was considered, and the existence and regularity of minimizers for the
associated variational problem were proven.

The use of fourth-order hyperbolic equations allows one to model dispersion effects, which are often present in real
physical processes. Wave propagation in dispersive media (liquids, gases, and certain types of solids) requires the formulation
of fourth-order hyperbolic equations that take this dependence into account.

This paper is devoted to deepening the results of studying solutions to differential equations containing operators of the

m
form D, :ﬁ and their iterations, taking into account the Robin limit condition. Methods for solving such equations
Xl XZ... xm
are based on the creation of differential and integral operators that determine the solution of hyperbolic and elliptic equations
and systems.

The differential operators constructed in (Lyashko et al., 2024) that transform arbitrary functions of the domain DcR?
into a regular solution to the Robin problem equation
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6x8y 2(x+y) oy Ox
are applicable to solving the Robin problem.
1. Main results
Consider the differential equation
L=ml @) am DY)
ot W, 2 =Y (2)
$(x) +y(y) (©(x)+w(»)
where ¢(x),y(y) are functions satisfying the condition (¢(x)+wy(¥))d'(X)W'(y) #0, n,me N U {0}, and W(x,y) are defined by
the equality (Lyashko et al., 2024)

. .k k
Y (7_7) W:O,meN,AeZ, (1)

W) = 3 oyt M Dak @)™ w

par Kin=k)! (o(x) +y(p)"* @)
r m—k
" em(n+D, e (W) W) (),
+kzo( P Tk emrwoy Y

is a solution to equation (2), and the functions g(x), f(y) are arbitrary, differentiable a sufficient number of times in the domain D .
Let us formulate the Cauchy problem. In the domain D =[a,b]x[a,b], find a solution of the equation

2
W 0, 4
Y et ) 4)
satisfying the conditions
oW oW
W(xay) |y:x: (X(X), (E - E) |y:x: B(x)a (5)

where a(x) e C*([a,b]),(x) e C*([a,b]) are given functions, x+ y =0 in the domain D .
According to formula (3), satisfying conditions (5), the solution to the Cauchy problem will have the form

— y
L L R (LA GO LG (6)

L, 1 , 1
where y(1) = —(a/'(t) = B(®)) + — (a'(t) = B'(1) - — (1) -
2t 2 2t
We move on to equation (1) for 2k € Z . Replacing W = (x+y)"+1V into equation (1), takes the form

2 m
N +”("+13 V=0,meN,neN - @
6x6y (x+y)

Let D be the domain in the upper half-plane. Using mathematical induction, it was established (Lyashko et al., 2024) that
the solution to equation (7) is

m—1 3
Vixy)=2 (x+»)'Vi(xy), (8)
i=0
where V;(x,y), i=0,m—1, are 2(i +1) continuously differentiated solutions of the equation Y,V =0.

Theorem 1. For any solution of the equation Y,"V =0, m> 2, in the domain D there are functions g;(x), f;(v) such that

m-1

V(x,y)= z (x+y) x

n 2n - k)! 1 ok 2n—k 1 ok
x[kzo(_l)n k ;’(n_k))'(ﬁy)n Pt —— g (x)+ Z (1" k ]E'(n_k))l(xq-y)n e f,(J’)J
and vice versa, if g;(x), f;(y) - are arbitrary in D funct/ons, differentiated the required number of times, then (9) is a solution
of equation (7) in D .

Let us apply formula (9) to solve the Robin problem for the equation Y2V =0.

Robin problem. Let D be a square [a,b]x[a,b]. Find in the domain D a solution of the equation

) 2
vr=| 2 2 |y, (10)
Ox0y (x+y)2

9)

cnpaBaXyr4n ymoBUu
lim [V + (i—i)jv = ay(x),
yox Ox Oy
(11)

2 2
i[a_z pol_0 2

)—r>nv (6x6y (x+y)2) Ox 0Oy O0x0y (x+y)2 )VJ_aZ(X).
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Here a(x), a,(x) are given functions of sufficient smoothness.
In accordance with statement (8), we seek the solution of problem (10), (11) in the form
V(x,y)=Vo(x,y) + (x+ )V (x,p) .
Satisfying boundary conditions (11), we obtain
. 0 0
lim | Vo + (x+ ) + (=) + (x+ 0N | = ay(x),
yox Ox 6y
tim | (2 e -2 g |
y—x| OxOy (x+ ) 0 ! Ox 0Oy Oxdy (x+ ) ‘ : ? .
Since 1,,V; satisfy to equation
2
o 2 v =0,
ady (x+y)?
then to find functions ¥V,(x,y),V;(x,») we have the following Cauchy problems
%, 2 v, o,

. - Vo=0, Vylyer =t y — —— |y = , 12
6x6y (ery)z 0 0 |y7x l(x) o |y X Bl(x) ( )
a2 o, on

——1=0, =a — |, = . 13
axay (x+ y) 1 |y =x Z(x) A ay |y—x BZ(x) ( )

The functions o, (x), B;(x), a,(x), B,(x) are determined from the system of equations:

0 (x) + 2xaup (x) + 31 () + 2B, (x) = a1 (x)

205 (x) = By (x) + Bl(x) +By(x) =ay(x)

og(x) = goh (x) =PBi(x) '

1
as(x)— gaz(x) =B2(x)

transforming which, we obtain

268D () + (o + 2270l (x) + doay (x) — (1+ 1/ x)aty (x) - izaz(x) = 4xoly (x) + 2x7as (x)
X

Ba(x) = a3 (x) - Otz(X)

of(x) + 0 (x) - ? o (x) = ag (x) = 2x(aa (x) + B2(x)) = 2(0p (x) + B2 (x))

’ ”, 1
Bi(x) = aj(x) —?011()5)
Putting o (x) = ¢(x) , for ¢(x) we will have an integral Volterra equation of the 2nd kind

2620+ [ K(r)o)de = F(2),

X0

where K(x,7)= 4x +2x7 +4x(x—t)— ( —t) ——(x ) , F(x):4xa’2(x)+2x2a'2'(x).

Then the functions a,(x), Bz(x) are expressed by ¢(x):

3
oy(x)= — j W) (x—t)dt | By(x) = j ¢(t)(£x2+ == tx+1z21ni+t2—’—)dt.
X 4 X 12x

The function o, (x) is a solution of the equatlon
” ’ 1
of(x) + oy (x)— 2—2a1(x) =G(x),
X

where G(x)= al(x)—fx o(x)— J¢(;)((x e+ s )+f§ 2,32,
%)

which is a non-homogeneous Bessel equation, and has the form
dxl

s enba
2 2 X

oy (x) = xe 72 5 /( ] [ exp(ye %y \/—y(%))G(xz)dxz.
x0 exp(xe” rlJ\/*/( )) X0 2
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Finally,
3
By (x) = ay(x) — oy (x) - 2xxj0¢(z)( (x-1)° + x +%(x—t)—tx+%tzlné+t2 —é—x)dt.
The solution of each Cauchy problem (12), (13), according to the solved problem (4), (5), will be
Fo ) = @)~ = v (x)+7y (02 (-0t - Py, (14)

where mr)%(ai(z)—sl(z»%(a - Bi(0) -5 al(z)

(x,p) = (a5 (x) =By (x) ———

+ 0o, (x)+

=) L1007~ (y == P)pa(0)d (15)
+y +y

where v, (1) =%(01'2(f)—ﬁz(f))+%((X§(f)—ﬁ'2(t)))—#az(f) .

The solution of the Robin problem (10), (11) is V(x,y) =Vy(x,»)+(x+ y)V (x,»), where Vy(x,») and Vi(x,y) are defined
n (14) and (15).

Discussion and conclusions

The Robin problem for a fourth-order hyperbolic equation is considered and solved by reducing it to the Cauchy problem
for a second-order hyperbolic equation. The solution is obtained using differential operators that transform arbitrary functions
into an established, inductively regular solution to the m-th order hyperbolic equation. A theorem for solving the m-th order
hyperbolic equation is formulated, which is used to find a solution to the fourth-order equation. The method proposed in this
paper allows one to solve problems with complex boundary conditions.

Authors' contribution: Iryna Aleksandrovych — conceptualization; methodology; Larysa Adzhubey — relevance analysis; discussion of
the theoretical foundations of the study; Andriy Ryzhenko — analysis of sources, discussion of conclusions; Viktor Lyashko — literature review.
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'KniBcbKkuit HauioHanbHWUIA yHiIBepcuTeT iMeHi Tapaca LLleByeHka, Kuis, YkpaiHa
2lHcTUTYT KiGepHeTUKM imeHi B. M. Mnywkosa HAH Ykpainu, Kvis, Ykpaina

3AO0AYA POBEHA ANA NNEPBOJTIIYHOIO PIBHAHHA YETBEPTOIO NOPAOKY

3adayy PobeHa, eidomy sik 3MiwaHy Kpaliogy yMosy, 4acmo 3acmocos8ytomb 00 OughepeHyianbHUX Pi8HSIHb ¥ YaCMUHHUX MoxiOHux. BoHa eu-
3Hayae 38'I30K MiX 3HaYeHHsIM pyHKUiT ma ii noxiOHoro Ha Mexi o6nacmi, wjo dae 3mo2y modesroeamu hi3uyHi npoyecu, Ha sIKi ennuearOmMb siK
e/1acmueocmi camoi Mo8epxHi, mak i MOMOoKU pe4o8UHU Yu eHepeil. [inep6oniyHi pieHsIHHS Yemeepmo2o nopsioKy onucyroms cknadHi npoyecu, wo
OXOMJIIOOMb MOWUPEHHS X8Uslb ma ixHio e83aemModiro, donomazaromb Modesmoeamu AucnepciliHi egpekmu, sIKi Yacmo HasieHi 8 peasibHUX Pi3u4YHUX
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npoyecax. Taki pieHsIHHS1 auKkopucmosyromsb y 3adayax 2idpoduHamiku 0551 MOOesIl08aHHS1 MOWUPEHHS X8uUJslb Ha 8eslUKUX anubuHax, de epaxosy-
romb K weudkicmb, mak i ennue Aucnepcii Ha NoeediHKy xeusib, meopii NPyXHocmi Ons aHanizy degpopmayili ma NOWUPEHHSI X8UJSTb Y NMPYXHUX
Mamepianax, Konu HasieHi egpekmu ducnepcii ma cknadHi 2paHUYHIi yMo8uU, a MaKox y celicMosiozii.

Mema nponoHoeaHoi po6omu nossizae e po3e'sa3aHHi 3adayi Po6eHa dns 2inep6oJs1iyH020 pieHsIHHSA Yemeepmoz20 nopsioKy 3 ymMoeamu, Wo Ha-
knadarome 38's130K MiX neeHUMU noxiOHUMU ¢byHKUiT Ha Mexi. [ns nocmaeneHoi 3adayi eukopucmoeyemMo ompumMaHuli po3e’'si3ok 3adayi Kowi dns
pieHsIHHSA 2inep6os1iyHO20 muny dpy2020 nopsidky. Po3e'szok 3adayi Kowi ompumaHo 3a donomozoro dughepeHyianbHUX onepamopie, Wo nepeeo-
Osimb doeinbHi hyHKUiT 8 peaynsipHulli po3e's130k pieHsIHHA 2inep6oni4Ho20 muny m-20 nopsidky. [1id yac 3eedeHHs1 3adayi Ao po3e'sizaHol 3adayi
Kowi dns pieHsiHHA 2inep6osiiyH020 muny Apy2020 nopsioKy U y3200)KeHHs Kpaliosux yMoe yux 3aday UHUKae cucmema pieHsIHb, PO38 'A30K sIKOi
icHye i € eOUHUM sIK po38'sI30K iHme2pasnibHO20 pieHsIHHSI Bonilbmeppa, a MaKox sik po38 'si30k He0OHOPiOHO20 pieHsIHHS1 Beccens. Po3e'siskom 3adayi
Pob6eHa 6yde kombiHauis ompumaHux po3e'si3kie eidnoegioHux 3aday Kowi Onsi pieHsiHb Opy2020 NopsioKy.

KnwuyoBi cnoBa: dugepeHuianbHuli onepamop, pe2ynsipHi po3e'a3ku, imepoeaHi pieHsiHHS 2inep6osliiyHo20 muny, 3ada4ya PobeHa.

ABTOpU 3asBNAIOTb NPO BiACYTHICTb KOHANIKTY iHTepeciB. CnoHcopu He Bpanu yyacTi B po3pobneHHi 4ocniaxeHHs; y 36opi, aHanisi umn
iHTepnpeTaLii AaHKX; y HANUCaHHI pyKonucy; B pilleHHi Npo nybnikaito pesynbTaris.
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YNCENBLHE MOAENIOBAHHA AEPOAKYCTUYHUX NPOLIECIB
nig YAC OBTIKAHHA CEFMEHTIB NNOMNATEW BITPAAHUX TYPBIH

lNpedcmaeneHo yucenbHy MemoduKy Osis1 GOCliO)KeHHsI aepoaKycmu4YHUX NMPoyecie, W0 8UHUKarOMb Mid Yac o6mikaHHs cea-
MeHmie fonamel eimpoeux mypb6iH. Memoduka rpyHmyemscsi Ha po3e‘'si3aHHi cmucnueux pieHsiHb Hae'e — Cmokca i3 3acmocy-
8aHHAM Memody eenukux euxopie (LES) dns mo4Ho20 ModesnroeaHHss myp6yneHmMHux medil, wjo dae 3Mo2y epaxosyeamu
cknadHy e3aeModiro 2idpoduHamiyHuXx U aKkycmu4HUX sieuw. 3anpornoHoeaHul nidxio nosnsizae e 3acmocyeaHHi NPsIMO20 aKkycmu-
4Ho20 Memody (DAS) dns demanbHO20 aHanizy 65UXHbLO20 nosist ma aHanoezii ®oykc Binbsimca — NokiHeca (FW-H) dnsi egpekmue-
HO20 NPOo2HO3ye8aHHs WyMy e 0asrlbHbOMY MOJli.

3 memoro eepudgpikayii Memoduku YucenbHi excriepumMeHmu npoeedeHo Os1si aepoduHamiyHo20 npoghinto NACA0012 e nepexi-
OHux pexumax obmikaHHs1. BiomeopeHo K/1royoei ocobrueocmi medyii, maki sik eiopue npumexoeoeo wapy, hopmyeaHHs1 8idpu-
8HUX 30H, Nnepexiod NpuMexxoeo20 wapy e mypbyreHmHuli cmad i3 MroemopHUM NpuedHaHHSIM 00 06Mi4yHOI Mo8epxHi, ymeopeHHs
euxpoeUX CMPYKMyp ma ixHsi 83acMo0isi i3 3a0HbOI KPalKOH sIK OCHO8He O)xepesio aepoduHamiyHo2o wymy. HaeedeHo nopie-
HSIHHS1 ompuMaHo20 po3rnodifly akycmu4HUX xapakmepucmuk y 6/1uXHboMy nosli 3 8i0OMUMU po3paxyHKO8UMU OaHUMU.

BukoHaHO docnideHHs1 wymoeux xapakmepucmuk npoginto NACA0012 y 6nuxHboMYy noni 3 aukopucmaHHsim memody DAS,
8cmaHoeJsIeHO 38'30K MiX aepoduHaMiYyHUMU ocob1ueocmsiMu MOMOKY ma MexaHi3MoM 2eHepayii akycmuyHux ¢hriykmyauid. [o-
CJIiGXeHHs1 WyMOoeUX XapaKmepucmuk y 0asibHLOMY IMOJli MaKoX NMpoeedeHo i3 eukopucmaHHsIM aHanozii FW-H. CnekmpanbHul aHa-
i3, BUKOHaHUl Ha ocHoei anzopummy wieudko2o rnepemeopeHHs1 dyp'e, npodeMoHcmpyeae y3200)XKeHHsI ompuMaHuUX 4acmom
MOoHanbHo20 wyMmy, odepxaHux memodamu DAS i FW-H, a makox kopensiyiro i3 eidoMuMu ekcriepumeHmansHUMU GaHUMU.

Po3pobneHa memoduka € eghekmueHUM iHCMPyMeHmMoM 07151 sUBYEHHSI MexaHi3Mie 2eHepauii wymMy ma moxxe 6ymu 3acmoco-
8aHa y cmeopeHHi MaslowyMHUX KOHCMPYKYil jonameu eimpsiHux mypG6iH.

Knwo4yoBi cnoBa: aepoakycmuka, HucesbHe Modesito8aHHsl, eimpoei myp6iHu, ceameHmu sionamel, aepoduHaMiyHul
wym, Memod NpsIMO20 aKyCmMu4YHO20 MOGesIro8aHHsl, aHaso2isi ®oykc Binbsimca — [okiHeca.

Knacudikauis BignoigHo ao AMS 2020: 76Q05.

Bctyn

AepopnHaMmiyHMIA LWYyM, L0 reHepyeTbCS nonaTsiMy BiTPOBMX TYpGiH, € OAHIE 3 KMOYOBMX NPOBeM cyyacHoi BiTpoeHe-
preTuku, sika obmexye GinbLl LIMpoke BNPOBaKEHHS BITPOBMX TEXHOSOriA, 0CO6NMBO B yMOBax LinbHOI 3abyaosu abo B
6e3nocepeHin 6rM3bKOCTI A0 XUTNOBKX 30H. [Mpobnema wymy HanbinbLw KpUTUYHA ANS Manux i cepefHix BiTPOYyCTaHOBOK,
AKi Aefani YacTile 3acTOCOBYHOTb SK NOKanbHi [jkepena enektpoeHeprii. Takui wym 3gaTeH HeraTMBHO BMMMBATK Ha 340-
POB'A NtoAewn, TBAPUH, @ TAKOX BUKIMKATU 3HWXKEHHS PIBHSA coLiarnibHOro NPpUAHATTSA BiTpoeHepreTuyHmx npoekTiB (Teff-Seker
et al., 2022; Zhu, Shen, & Sarensen, 2018).

CknagHicTb JoCnigKeHHs aepoAMHaMIYHOTO LLYMY 3yMOBEHa KOMMIEKCHUMU TypOYyNeHTHUMIM TeYisiMU HAaBKOJO nonaTten
i NOB'A3aHMMM aKyCTUYHUMW SBULLEAMM, LLIO 3anexaTb Bif KOHCTPYKLUii nonati TypbiHW, LWBMAKOCTI BITPY M YMOB HaBKOMMLL-
HbOro cepepoBuLa. TpaauUiiHi MeToan BUMIPIOBaHHS LWYyMY, Taki ik NONboBi BUNPOOYBaHHS, € OPOrMMU i 0BMeXeHMM 3a
TOYHICTIO Yepes BMnMB (hOHOBOIO LLYMY Ta METEOPOSIONYHNX YMOB. Y LibOMY KOHTEKCTI YNCENbHI METOAN MOAENIOBAHHSA CTa-
10Tb €PEKTUBHUMMW IHCTPYMEHTaMM AN NPOrHO3yBaHHS PiBHIB aepoaMHaMiYHOro LWymy Ta po3pobKM TEXHOMOTIN AOro 3HK-
XeHHs (Zhang, Y., Zhang, T., & Li, 2018).

OcHoBHa npobnema MogentoBaHHS aepoOAMHaMIYHOMO LWYMY NOB'A3aHa 3 HEOOXIAHICTIO BpaxyBaHHS sIK MOro OCHOBHOTO
xepena, Tak i AuHamikn TypOyneHTHUX Teuil, WO XapakTepu3yeTbCs CKIMAQHOK Ta CTOXAaCTUYHOK npupoaoto. Bigomi nia-
XOAM OO0 MOAENMOBAHHS LUYMOBMX XapaKTEepUCTUK, 3aCHOBaHi Ha CNpOoLLeHUX Mopensax TypOyneHTHOCTI, He3Baxalroun Ha
6inbLL NPOCTY NpakTUYHY peanisauito, MalTb 0BMEXEHY TOYHICTb, WO YCKNaAHIE IXHE BUKOPUCTAHHSA Mig Yac po3pobneHHs
HOBWX, TUXILUMX aepoamMHaMivyHnx npodinis. OgHak cyyacHi AOCArHEHHS 004YMCMOBanbHOI TEXHIKK i IXHA Aepani Ginbwa ob-
YncnoBanbHa NOTYXHICTb BiAKPMBAKOTL MOXIMBOCTI AN TOYHOrO MOAENOBAHHA TYpOYNneHTHUX Tedil, Ta, BiANOBIgHO, 3Ha-
YHO KpaLLoro NMpOrHO3yBaHHS LUYMOBWX XapakTepucTuk npodinie. MpoTte HeobxigHO 3a3HaunTu, Wo Ans 3abe3neveHHs
HafiNHOCTI YMCcenbHNX Modenen, siki po3pobnatoThLCS, BaXTMBUM CTae NPOBEAEHHS IXHBLOT Bepudikauii LWnsaxom nopiBHAHHS
3 ekcnepuMeHTanbHUMu AaHnmMun. Takuii nigxig gae 3amory kaniopysaTt YACNEHHI pe3ynbTaTy, MiABULLYIOYN TOYHICTb MPOrHO-
3yBaHHS LUYMOBMX XapaKTepuUcTuk. ToBTO YncenbHe MoaentoBaHHS YMOXIMBIIOE NPOBEAEHHS AeTanbHOr0 aHanidy MexaHi-
3MiB reHepauji Wymy, ToAi Sk eKcnepuMeHTanbHi AaHi cryxaTb Ans NigTBEPAKEHHS 4OCTOBIPHOCTI Modenen.

3aBaaHHa 064MCnoBanNbHOI aepoakyCTUKN MOXYTb PO3B'A3yBaTUCS 3 BUKOPUCTAHHAM TakMX OCHOBHUX NiAX0AiB: MPSAMOro
akyctuyHoro mogentoBaHHs (Direct Acoustic Simulation — DAS) Ta ribpnaHux meTofiB (akyCTMYHa aHanorisi, akyCTuyHui /
B'askicHuI nogin) (Jones et al., 2008; Huang, Yang, & Leung, 2021).

© AnekceeHko Cepriin, Hakawmpgze Jlinisi, 3onoTtapeHko Ceprin, 2026
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MeTon DAS pae 3mory ogHO4acHO OTpMMYBAaTK SK MiApPOAMHAMIYHI, TaK N aKyCTUYHI BEMUYMHM LUMSXOM NPSMOro po3Bs's-
3aHHS piBHAHb HaB'e — CTokca Ansa ctucnmemx cepenosuLy. Lieit meTon € npupoaHnm cnocobom o64mcneHHs reHepadii 3ByKy,
OCKinbky 6a30Bi piBHAHHS MOBHICTIO onucyloTh isnky siua (Jones et al., 2008). Takox nepeBaramy 3asHa4eHOro Nigxoay
€ BiACYTHICTb OOMeXeHb, 3yMOBMEHNX MPUAHATUMWU MPUMYLLEHHSIMUW, MOXIMBICTb YTOYHEHHS MOTOKOAKYCTUYHUX 3B'A3KIB i
MOXIMBICTb BiACTEXEHHSA NPOLECIB reHepaLlii Ta NowmnpeHHs 3BYKY Y BnvxHix | cepegHix nonsx. Bapto 3ayBaxuTy, WO xo4a
DAS BuMarae 3Ha4HuUX 0B4YMCOBanbHUX PeCypCiB, 0COONMBO Ha PO3B'S3aHHS iHXEHEPHUX 3aBAaHb, 3 PO3BUTKOM BUCOKON-
POAYKTUBHUX OBUMCMOBaNbHUX TEXHOSON METOAM NPSIMOrO MOAENIOBaHHS cTalTb Aeaani 4ocTynHiwmmu. MpoTte 6axaHo
BMKOPUCTOBYBAaTW BUPiLLYBayi 3 BUCOKOK HaAiMHICTIO, CYMICHICTIO Ta MOXNMBICTIO NnapanenbHux obuyncnexs (Jones, Sand-
berg, & Sandham, 2008).

FbpuaHi MeToaM NonaratTb Y BUKOPUCTAHHI ABOX Pi3HMX YMCENbHMX BUPILLYBaYiB: HECTaLiOHApHOT 064MCOBAnNbHOI Ti-
APOOUHaMIKMN SIK reHepaTopa J)Xepena 3BYKy W aKyCTMYHOro BUMpilllyBaya sik METOAY nepeHeceHHs. BogHovac akyCcTuyHmin
BMpillyBay Moxe OyTW 3acHOBaHWIA Ha PO3B'sA3aHHI cuCTeMM AudepeHuianbHUX PiBHAHb Y YaCTKOBUX MOXIOHWUX, Takux siK
NiHiHI piBHAHHA Ennepa abo piBHAHHSA akycTM4HUX 36ypeHb (Ewert, & Schréder, 2003), abo sk iHTerpanbHUii MeTop, Hanpu-
knag, 3 BukopuctaHHsam aHanorii FW-H Ha ocHosi pobiT (Lighthill, 1952) Ta (Ffowcs Williams, & Hawkings, 1969). 3 o64uc-
NtoBarnbHOI NO3uLii iHTerpanbHi METOAM MeHLU 3aTpaTHi i AaloTb 3MOry OTpUMaTU SIBHUIA PO3B'A30K ANS akyCTUYHOrO TUCKY,
AKMIN HeObOXiOHO YMCenbHO OLHUTM 3 NOYATKOBUX YMOB, OAEpPXKaHMX LUMASXOM po3B'a3aHHs piBHAHb Has'e — CTokca.

Y pasi BukopuctaHHa metoay DAS knto4oBMM NUTAHHAM € MOZENoBaHHA TypOyneHTHOCTi. HaTenep HanToYHiWmMM MeTo-
OOM MoZentoBaHHsA nonsa TypOyneHTHoI Teuii € meTog Benukux Buxopis (LES) (Wagner et al., 1996), npoTe uew nigxig 064n-
cnoBanbHO BuUTpaTHuini. OgHak 3HayHe 36inbleHHs obuyncnoBanbHOI MOTYXKHOCTI, WO BiAbynocs ocTaHHiM 4acom, Ta
BMKOPUCTaHHSI TEXHOSOTi NapanensHux ob4mcneHb AatoTe 3Mory BukopuctoByBaTtu LES nig yac mogentoBaHHs Teuin, nos'-
A3aHWX i3 LUWYMOM 3aHbOT KpanKku.

LES rpyHTyeTbCcsl Ha NpocTopoBin dinbTpauii, a He Ha ycepeaHeHHi 3a Yacom, Sk y Bunagky 3 RANS-moaentoBaHHAM.
MpocTopoBa dinbTpauis 3abesnevye npsime po3gineHHs mMacwwtabiB TypOyneHTHOCTI, WO NepeBuLLyloTb po3Mip CiTku, 6e3
OyAb-AkuX NpunyLLeHs MogentoBaHHsA. [na maclwtabiB TypOyneHTHOCTi, MEHLUMX 3a PO3MIp CiTKKU, 3aCTOCOBYIOTb crievjianbHy
Mofenb TypOyneHTHOCTI, BigoMy sik MoAenb niaciTkoBoro Macwrtaby (SGS).

Kpim 3ragaHvMx OCHOBHMX MiAXOAIB A0 PO3B'A3aHHA 3afay 064MCrioBanbHOI aepoakyCTVKW, BapTO BMOKPEMUTU METOL,
npsiMoro vncenbHoro mogentoBanHs (Direct Numerical Simulation — DNS), sikuii € HAaRTOYHILLMM METOLAOM, OCKiNIbKM pO3B'A3ye
NoBHi piBHSAHHA Hae'e — CTokca 6e3 BUKOpUCTaHHA Oyab-skux mogenen TypOyneHTHOCTI, Jato4um 3MOry MOBHICTIO po3B'A3aTu
BCi MacwTabu TypbyneHTHocTi (Sandberg, & Jones, 2010). Llei nigxin 3abe3nevye aetanbHuUiA aHania TypOyneHTHUX Teuiin
Ta aKyCTMYHUX ABULL, arne BUMarae Haa3BMYanHO BENMKUX 00YMCMOBANbHUX PECYPCIB, O pobUTb A0Oro BKpa 0OMeXeHUM
AONsi NPaKTUYHNX 3aCTOCYBaHb.

Heponiku cydacHux meTogiB, 30Kpema BMcoka obumcnioBaneHa cknagHicte DNS, o6mexxeHa TouHicTb FW-H y 6nvkHbOMY
noni Ta pecypcoemHicte DAS, obrpyHTOBYIOTH HEObXigHICTb po3pobneHHs meTodonorii, ska 6 iHTerpyBana ixHi nepesaru
Anst e(PeKTUBHOro MOAENI0BaHHSA aepPOANHAMIYHOIO LyMY.

O0'ekTOM JOCHiIAKEHHS Y NPOMOHOBAHIN pobOoTi € aepofaMHaMiyYHe 11 aKyCTUYHE MOoNe HABKOSO CermMeHTa fonati 3 npodi-
nem NACAO0012. MeTa pgocrigXeHHs — po3po0bIieHHs1 YUCENBHOTO IHCTPYMEHTY A1 MOAESIOBaHHSA aepoanHAMIYHOMO WyMy

Po3zgin 1 poboTn npucBsaveHo onucy MeToamMKu JOCNIOXKEHHS, po3a. 2 i 3 MICTSTb KIOYOBI TEOPETUYHI MonoxeHHs LES,
DAS ta FW-H, onucaHy noctaHoBKy 3agayi Ta MeToauKy po3B'asaHHs. Po3ginu 4 i 5 npucesaYeHi pesynbtatamM YmcernbHUX
eKCrnepyMEHTIB i IXHiln Bepudikauii. Y po3g. 6 HaBeaeHO 06roBOpeHHs, BUCHOBKW Ta NEPCMNEKTUBM NogarnbLlUnX AOCHiAXKEHb.

1. MeToauka gocnigXeHHs

3anponoHoBaHa MeToauka SABMsie COOO KOMMMEKCHUN YNCENbHUIA NigXig 40 MOLENOBaHHA aepoaKyCTUYHMX NPOLECiB
nig Yac obTikaHHSA cerMeHTiB nonaTewn BiTpoBuX TypOiH. BoHa iHTerpye metog LES gna getanbHoro onucy TypOyneHTHUX
Tevin, DAS anst aHanidy GnmkHBOro akyCTMYHOro nosns Ta aHanorito FW-H ansa nporHosyBaHHS WyMy B AarbHbOMY MOJIi.
OcHoBoOIO cnyryoTb CTUCNUBI PiBHSIHHA HaB'e — CToKca, Lo po3B'A3ytoTbes 3 BUKopucTaHHAM LES ans dinbTpauii Benmkmx
MacwwTabiB Typb6yneHTHocTi Ta Mogeni CMaropvHCLKOro Ans NiaciTkoBux HanpyxeHb. 3anydeHHst DAS, Ha BigmiHy Big obme-
XeHHst nuwe FW-H, ponomarae 6e3nocepeHb0 BCTAHOBMOBATU 3B'SA30K MiXK rigpoAvHaMiYHUMKM OCOBNMBOCTAMU MOTOKY
(TakMMU sIK BiOPMB NPUMEXKOBOTO LIapy, opMyBaHHS BUXPOBUX CTPYKTYP i TypOYyneHTHi conykTyauii) Ta MexaHiamamu reHe-
pauii wymy B 6nvkHLOMY noni, Ae rigpoAnMHaMika 1 akycTuka TicHO nepennitatoTbed. [1poTe He BCi rigpoanHaMivHi xapakre-
PUCTMKM BMAMBAIOTb Ha LUYM, KMOYOBY pOrb BigirpaloTb NuLle HecTauioHapHi KOMMOHEHTU, Taki SK NepioanyHi BUXOpU 4uu
nynbcadii, aki FW-H egekTnBHO ekcTpanontoe B AanbHe Nnose sk iHTerpanbHuin MeTo, MiHiMi3ytoum obumncritoBanbHi BUTpaTHu.

Peanizauia metognkn nepenbayae YmcenbHUIA anroputM po3B'a3aHHA piBHAHb Hae'e — CTokca 3 guckpeTtuaalieto Tpe-
TbOro NOPSIAKY ANS TOYHILLOro BiATBOPEHHS TYpOYNeHTHUX CTPYKTYpP i BUCOKOT po3ainbHOT 30aTHOCTI CiTKM B 30Hax Typbyne-
HTHOCTI. [insa Bepudikauii nigxoay 3acTocoBYyeEMO BiJOMi TECTOBI BUNaaku oOTikaHHS aepoanMHaMivyHKMX NpodiniB y nepexigHmnx
pexumax, Wo Aae 3Mory NepeBipUTH BIATBOPEHHS KIMHOYOBMX 0COBNMBOCTEN TeYii, TAKUX SIK YTBOPEHHS BUXPOBUX CTPYKTYP i
ixHs B3aemopisa 3 nosepxHeto. Obpobka pesdynbTaTtiB nepegbavae cnekTpanbHUi aHanis (3 BukopuctaHHam FFT) gnsa nopis-
HSHHS1 YaCTOTHMX XapakTepucTuk Mk DAS (NoBHWIA curHan i3 CyMiLlLLIo rigpoAvHaMiYHUX M akyCTuYHuX donykrtyauin) i FW-H
(i3onboBaHWM akyCTUYHWIA BHECOK), WO AonoMarae igeHTudikyBaTn KOMNOHEHTM rigpognHamikv, BiANoBiganbHi 3a reHepaldito
Lymy, Ta 4ONaTV CKNagHICTb PO3AiNeHHs akyCTUYHOI CKNagoBOoi y OrvkHbOMY Mosi. Takuid KOMMNNEKCHUI aHani3 y OnmkHbOMY
Ta AanbHboMy nonsx 3abesnevye NoBHOTY, konm DAS cokycyeTbeca Ha NokanbHUX MexaHiamax reHepadii, a FW-H — Ha no-
LLUMPEHHI Ta PIBHAX LUYyMY.

3aranom meToguka MoXe CryryBaTh iHCTPYMEHTOM ANl BUBYEHHS] MEXaHI3MIB LLYMOYTBOPEHHSI Ta pO3pObKMN TEXHOMOTIN
3HWDKEHHS LLYMY, TakMX SIK ONTUMI3aLlist reoMeTpii nonaTer Ym nacuBHM abo akTUBHUIA KOHTPOIb NOToKy. Cepen nepeBar MoXHa
3a3HaunTy 6anaHc MK TOYHICTIO 1 0BYNCIIIOBanNbHOK eEKTUBHICTIO, @ TaKoX MOXIMBICTb IMMOOKOro aHanisy B3acMO3B'A3KiB
MiX riapoAMHaMIKOI Ta akycTukol. BogHouac HeobXxigHO 3ayBaxuTu, WO, SK i B iHLUMX YMCENbHUX MigXxodax OO aepoakyCTUKK,
OyAp-aKi 0cobnMBOCTI PO3paxyHKOBOI CXeMU MOXYTb MPU3BOAUTU A0 Po3bikHOCTEW y pesynbTatax AOCnioKeHb, TOMY iCHye
npobnema 3abesnevyeHHs BiANOBIAHOCTI OTPUMAaHMX YNCENbHUX Pe3ynbTaTiB peanbHUM eKCnepruMeHTansHUM gaHum. 3 ornsaay
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Ha L€ KIYOBMM NPIOPUTETOM METOAMKM € 3abesneydeHHs ii HagiHOCTI, WO rapaHTye OTPMMaHHS peaniCTUYHMX pesynbTaTie
Ans ePeKTUBHOTO NPaKTUYHOIO BUKOPUCTAHHS B PO3POOIEHHI TEXHONMOTIN LUYMO3HUKEHHS.

2. MaTemaTu4yHa nocTaHOBKa 3agavi

Y Mexax 3anponoHoBaHOi METOAMKN MaTemaTu4Ha nocTaHoBKa 3afadvi 6a3yeTbcst Ha po3B'si3aHHi piBHAHbL Has'e — CTo-
Kca, L0 BpaxoBYylTb CTUCIUBICTb NMOTOKY Ta AaloTb 3MOry AeTarnbHO OnucyBaTy mxepena wymy. Lli piBHAHHS oxonnioTb
PiBHSIHHA HENepepBHOCTI, IMNYNbCY 1 eHeprii i MaloTb TakMn BUMMNA:

ap B
; E-l—V'(pu)—O, )
(5:)+V-(pu®u) =-Vp+ V- 1+ pf, @)
%+V-(u(pE+P))=V'(U'T)+pf'U+V-(kVT), 3)

Ae p — ryCTVHa, u — BEKTOp LWBUAKOCTI, p — TUCK, T — TEH30P B'A3KUX HanpyxeHb, E — noBHa nutoma eHepris, f — macosi
(o6'emHi) cnnn, k — koedilieHT TennonposigHocTi, T — TemnepaTypa.

Cuctema piBHSIHb (1)—(3) 3aMMKaETbCA PIBHAHHAM CTaHy, WO NOB'A3Y€e TUCK, 'YCTUHY Ta Temneparypy.

Y LES Benuki maclutabu TypOyneHTHOCTI po3B'aA3ytoTb NPSIMAM YMCENbHUM METOAOM, TOAI K ApPiOHI macluTabu mogenio-
I0Tb 3a AONOMOroto NiACITKOBUX MoAenen. ®inbTpoBaHi piBHAHHA Hag'e — CTokca HenepepBHOCTi Ta imnynbey Ansa LES ma-
10Tb BUrNA4;

ap

—_— - (p) = 4
B FT (p) =0 (4)
a(;’t“) +V- (pu®t) = —Vp+V-T— V1565, (5)

e pucka Haj CMMBOJSIOM MO3Ha4vae NpocTopoBe hinbTpyBaHHA BigNOBIAHOI BENWMYMHM; U — WBKUAKICTb, BiAdinbTpoBaHa 3a
®aspom; 55 — nigciTkoBwit TeH3op HanpyxeHb. [ns MogentosaHHs T 3anponoHoBaHo BUKOPUCTOBYBAaTH Moaerns Cmaro-
PVHCBKOTO:

TS = =2v,Sij, ve = (Cs8)?ISI,  1S| = V2Sij Sij, (6)
ae v, — TypbyneHTHa B'askicTb, Cs — KOHCTaHTa CmaropuHcekoro (mpuimaemo 0,1), A — wuvpuHa inbTpa, §ij — TeH30p
aedopmadii.

HaBepaeHi piBHSIHHA ONWCYIOTb AUHAMIKY CTUCIIMBOIO NOTOKY, 30Kpema TypOyNeHTHICTb 1 akyCTUYHI XBUTi, LLO € KPUTUYHO
BaXXNMBUM 41151 MOAENIOBAaHHS aepoanHamivHoro wymy (Wagner et al., 1996).

Y pasi 3actocyBaHHsa aHanorii FW-H, o BukopucToBye iHTerpanbHuin nigxig Ans ob4YMcneHHs akyCTUYHOro TUCKY Ha
OCHOBI A@HMX MPO Teuilo, PIBHAHHSA A5 BU3HAYEHHS aKyCTUYHOTrO 36YPEHHS TUCKY B TOYLi CMOCTEPEXEHHA Mae BUIMALA;:

92 a 3 [y
P’ = Gem TuH (D] + 52 (LSO + 5 [M8(P], (7)
Ae p' — akycTudHe 36ypeHHs Tucky, T;; — TeHsop Jlantxinna, H(f) i §(f) — dyHkuii Xesicanaa i aenbTa-dyHKuUia Jipaka, L; —
BEKTOPHA LUiNbHICTb CUMOBUX JKepen Ha NoBepxHi, a M — WiNbHICTb [XKeperna MacoBoro noToky.

dopmyna (7) cnpaBeanuea 3a YMOBM, SIKLLO MOTIK 3a MeXaMu iHTerpauiiHoi NoBepxHi BBaXkaTtu He3bypeHuM (Tob6To rig-
poAvHaMiyHi 36ypeHHs € Manumu, a ixXHii BHECOK Y reHepaLlito LUyMy € HEICTOTHMM), @ cama MOBEPXHsi MOXe ByTn pyxoMoto
abo gedopmoBaHoio.

MeTton DAS nepenbavae npsiMe po3B'si3aHHSA MOBHMX CTUCIMBUX piBHAHb Hae'e — CTokca 6e3 4oaaTkoBUX NpUnyLLeHb,
Lo 3abe3neyye BUCOKY TOYHICTb Y BvbkHBOMY Mo, Ae rigpoanHaMiyHi 1 akycTuyHi edpekTu TicHo noe'a3aHi (Belamadi et al.,
2022).

[nsa BUkopucTaHHA 3a3Ha4YeHUX METOAIB HEOOXiAHO 0BrpaTy TOUKM CNOCTEPEXEHHST B NPOCTOpI, Ae byae obuncnioBaTucs
aKyCTUYHUIN TUCK. BUBip TOUOK CNOCTEPEXXEHHS 3aneXuTb Big MeToay i uinen aHanisy.

3. YncenbHun metop

YUncenbHuin METOA, OXONMIOE ANCKPETM3aLto piBHSHL Has'e — CTokca Anst CTUCNMBUX CepefoBULL, MOLENoBaHHS TypOyneHT-
HKX Teuin 3a gonomoroto meTogy LES, o6uncneHHs akyCTUYHOro nons 3 BUKOpUcTaHHAM aHarorii FW-H anst ganeHboro nons ta
DAS ans 6nvkHbOro nons, a TakoX HanalTyBaHHS 004MCIIOBaNbHUX CITOK, FPaHUYHUX YMOB | TOCTOOPOBKM pe3ynbTaris.

Y 3anponoHoBaHii MeToauLi 3aCTOCOBAHO HESABHUIN YNCENbHUIN anroputM po3B'a3aHHs piBHAHL Hae'e — CTokca 3i 3B'A-
3yBaHHSM TUCKY Ta LIBMAKOCTI. MNpOCTOpOBY AMCKPETU3aLii0 BUKOHAHO TpeTbonopsiakosot cxemoto MUSCL ansa 3abesne-
YEeHHs BULLOI TOYHOCTI BiATBOPEHHA TypOyneHTHMX CTPYKTYp i, BigNoOBigHO, akyCTUYHMX nonis. [ins 4acosoi avckpeTusauii
BMKOPWCTAHO HesABHY CXeMy ApYroro nopsiaky, Wo rapaHTye cTabinbHiCTb o6uncneHb. YacoBuii Kpok At Gyno obpaHo Tak,

wob uncrno KyppaHta — ®pigpixca — Jlesi (CFL) 6yno meHwum 1, 3 ypaxyBaHHSAM ymMoBU At < min (CAC%#) ne Ax —

MiHIManbHU NPOCTOPOBUIM KPOK, ¢ — LWIBUAKICTb 3BYKY, @ fiax — BEPXHS MeXa YaCTOTHOro CNeKTpy, WO BU3Ha4Yae MiHiMansHy
TOYHICTb AMCKpeTM3aLii B yaci.

Mpu yboMy nig Yac MoaentoBaHHA BUKOPUCTOBYETLCS CiTKa 3 BUCOKOK PO3AiNbHOIO 34aTHICTIO B 30HaX 3i 3HAYHOK Typ-
OYNEHTHICTIO, TakUX AK 3aHS KpaWka i crig 3a cermeHToM nonari, Ae po3Mip KoMipku 6yB meHwunm 3a 1/10 macwtaby TypOy-
NEeHTHUX BuxopiB. Mig Yac po3paxyHKiB AN OOCATHEHHS] CTaTUCTUYHO CTIMKOro CTaHy Tedii Oyno 3abesneyeHo OoCTaTHHO
KiNTbKICTb 4aCoBUX KPOKiB, NpUHATY Ak 20 nepioAiB 00TikaHHS cerMeHTy nonari.

Y pasi 3actocyBaHHst FW—H go Hepyxomoi TBepAOoTinoi NoBepXHi, PiBHAHHSA (7) CNPOLLYETbLCA A0 Tak 3BaHOI aKyCTUYHOI
iHTerpanbHoi hopmynu:

’ a n a —
amp' (X,6) = o [ 22 dS + [, = (22) s, (8)

Ae X — TouYKa CNOCTEPEXEHHS, 1 — BiACTaHb MiXX [XXeperom i npuimavem, U,, — HopManbHa CKNnagoBa WBWMAKOCTI HA MOBEPXHI
S, po — TUCK CNoKo. Hopmanb n opieHToBaHa 30BHi Bif, NOBEPXHi OOTiKaHHS.
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13 BuKkopuctaHHam DAS BUKOHaHO NpsiMe po3B'A3aHHA NOBHUX CTUCMMBUKX pPiBHSAHb Has'e — CTokca Ta 34iicHeHo aHanis
drnykTyauin TMCKY B 06paHMX ToYKax CrOCTEPEXEHHS B NMPOCTOPI.

[na npumexoBoro wapy 3abesnedyeHo BUKOHAHHA BuMorn yt < 0.2 ans nepluoi KoMipku 6ins noBepxHi, Wo rapaHTye
npaBuIibHE PO3B's3aHHs B'A3koro nigwapy. TyT y* — e 6e3po3MipHa BiaCcTaHb Bif CTIHKU [0 LEHTPY NEpPLUOT CITKOBOT KOMipKMU,
LLIO BPaxoBYy€ B'A3Ki XxapaKTepuCTMKM MOTOKY.

4. O6pobka pe3ynbTaTiB po3paxyHKiB

KntouyoBum eTanom peanisauii METOOMKM YNCENBHOIO MOAEMBAHHSA aepoaKyCTUYHNX NPOLECIB y pOoBOTi € OLiHKA LLIYMO-
BUX XapaKTepUCTUK CErMEeHTIB ronarten, Wo AOCNiAXYTbCs, 3 NoAanbLUMM aHani3oM Ta fokanisauieto mxepen wymy. 3a-
NPONoOHOBaHWMIA Nigxia nepenbavae aHania akyCTMYHOrO TUCKY, OTpMMaHoro 3a gonomorotwd DAS Tta aHanorii FW-H, 3
noanblUMM 00UYMCIIEHHSIM CMEKTPIB LWWyMY, PiBHIB 3BYKOBOro TUCKy (SPL), Bidyanisauieto gxepen wymMy Ta NopiBHAHHSM pe-
3ynbTaTtiB. Xoya obuaBa metoaM MaroTb ChinbHi eneMeHT noctobpobku, Taki sik BukopuctanHsa FFT n obuncneHHs SPL,
npouecy OTPUMaHHS AaHuX Pi3HATbCA: Yy DAS akyCTWYHWMI TUCK € YacCTMHOK PO3B'A3KY MOBHWX CTUCIMBMX PiBHSAHb
Has'e — Ctokca, Toai sk y FW-H inoro BusHavatoTb Yepes iHTerpasnbHi CniBBiAHOLEHHSI HA OCHOBI AaHWX NPO Tevilo, 0TpuMa-
HUX i3 po3paxyHkiB i3 BuKopuctaHHam LES (Wagner, Barei, & Guidati, 1996). Y metoguui nepeadadyaeTbCa NOPIiBHAHHS
pesynbTtaTtiB DAS i FW-H 3a nikoBumn 4yactotammu cnekTpiB LWyMy, a Takox Bepudikalis Yepes NopiBHAHHA 3 eKCrepuMeHTa-
NbHUMMW JaHUMK Y BMKHBOMY Noni.

Toukn cnoctepexeHHst ana DAS 6ynu poatalwoBaHi y 6rmkHbOMY noni nobnunsy 3agHboi Kparky cermeHTa nonarti, Ans
FW-H — y nanbHboMy nosi.

CnekTpw LyMy BUKOPUCTAHO AN aHanisy YaCTOTHUX XapakTepuCTVK aepoAMHaMIYHOro LLYMY, Lo Aa€ 3MOry igeHTudiky-
BaTW AOMiHaHTHI YacToTh Ta ixHi mxepena. [ina o6ox BUKOPUCTAHUX METOAIB CNEKTPY OTPUMYIOTh LLMSXOM 3aCTOCYBaHHS
FFT oo yacoBux psigiB akyCTUYHOrO TUCKY.

Y meToai DAS akycTu4He none € CknagoBOK YaCTUHOI 3aranbHOro po3e'sasky piBHsAHb Hae'e — CTokca Ans cTUCnNmnBoro
cepeposuwa (Huang, Yang, & Leung, 2021). Lle aae 3mory 6e3nocepeqHb0 OTPMMYBaTU HaCOBi PsSiAM aKyCTUYHOIO TUCKY
p'(t) y BUBpaHMX TOYKaX CMOCTEPEXEHHS.

[ns aHanidy 4aCcTOTHUX XapakTepucTuK LyMy A0 LUX CUrHarniB 3acTOCOBYEMO LUBMAKE NepeTBopeHHs Pyp'e, Wwo gono-
Marae o6YMCINTY KOMMIEKCHY CNeKTpanbHy amnnityay:

& .
P(f) = [_,p' (e dt, 9)
Ae P(f) — komnnekcHa cnekTpasnbHa KOMMNOHEHTa akyCTUYHOTO TUCKY Ha YacToTi f, p'(t) — YacoBuMiA psifi akyCTUYHOIO TUCKY B
TouLi cnocTepexeHHs. Llen npouec gae 3amory BU3HAYMTV 4acTOTHUIA PO3MOAin LyMy, Hanpuknag, ToHamnbHi KOMMNOHEHTH,
noB'si3aHi 3 BUXPEYTBOPEHHSM, abo LUMPOKOCMYroBUiA LIYM Bifg, TypOyneHTHocTi (Belamadi et al., 2022).

Y metoai FW-H akyCTu4YHMIA TUCK BU3HAYaloTb OKPEMO Ha OCHOBI OTPMMaHUX AaHMX Npo Tevito. Mpu uboMy OCHOBHe piB-
HAHHS FW-H (7) onsa TBepaoi noBepxHi cerMeHTiB nionaTen cnpoLLyeTbes Ao Burnsay (8).

PiBeHb 3BykoBOro tucky (SPL) € 3aranbHOMPUAHATUM MOKa3HMKOM PIBHSA LUYMy, LLO AONOMarae nopiBHIOBATU YNCENbHI
pesynbTaTv 3 eKCnepuMeHTanbHUMM AaHnMmn abo HOpMaTVBHUMW BUMOTaMu.

Y DAS, 0CKinbky akyCTUYHWUI TUCK p'(t) € YacTuHO po3B'A3ky, SPL oGuucnioeTbcsa GesnocepenHbo i3 YacoBUX psais
TUCKY B 0BpaHnX TOYKax CNoCTEepPEeXeHHS:

SPL = 20l0g1 (222),  pyms = AT e, (10)

A€ Prms — CEPEAHbOKBaAPaTUYHE 3HAaYEHHSA aKyCTUYHOrO TUCKY 3a nepiod cnoctepexeHHs T, p, = 20 pyPa — ONOPHWUIA TUCK,
LLIO BiAMNOBiAaE MOPOrOBOMY 3HAYEHHIO YyTHOCTI A5 NIOANHMN.

Taka meTpurKa Hagae MOXIMBICTb NPSAMO MOPIBHIOBATV pe3ynbTaT MOAENIOBAHHSA 3 eKCNepUMEHTanbHUMK AaHnMmn abo
HOPMaTMBHUMW BUMOTaMm LLOAO LLYMY.

Y meToai FW-H nicns o6umcneHHs akycTUYHOro TUCKy p'(t) 3a JONOMOrot iHTerpanbHuUx hopMyn y ToYkax cnoctepe-
XeHHs SPL pospaxoBytoTb 3a Ti€to X popmynoto.

5. Bepudikauis yncenbHoOi MeTOAUKMN

3 meToto Bepudikauii 3anponoHoBaHoro nigxogy 6yno BUKOHaHO cepito 064McnioBanbHUX eKCrepuMeHTiB. SAK TecToBuiA
6yno obpaHo BigoOMUIA po3paxyHKOBUI BUNagok 06TikaHHa cumeTpuyHoro npodinto NACA0012 npu yncni PenHonbaca Re =
50 000 i uncni Maxa M = 0,4. Po3paxyHku NpoBeAeHO ANs TPbOX 3HayeHb KyTa ataku: 3°, 5° Ta 7°, Wo A0MOMOrfo OXOnUTU
JianasoH pexumiB 06TikaHHSA NPOMINto 3 YTBOPEHHSM BiAPMBHOIO NyXMps Ha NOBEPXHI BCMOKTYBaHHS.

ObuuncnioBanbHa obnactb Mmictuna 1 440 000 enemMeHTiB opToroHanbHoi O-CiTkM, chopMoBaHOi HABKOMO aepoamHaMmiy-
Horo npodinto 3 agiabatuyHoto cTiHko 6e3 npokoB3yBaHHA. Ha BiacTaHi 40 JOBXUH XxopAun Big Npodinto 3acTocoByBanm
YMOBW BiflbHOro MOTOKY i3 MOCTYNOBMM PO3PIiSXKEHHSM CITKU [0 MEXi Anst e(PEKTUBHOIO YCYHEHHS! LUTYYHUX BigOUTTIB.

OTpumaHi peaynbtaTtv 6ynu 3ictaBneHi 3 BigoMumu yncensHumm gaHumm (Arif et al., 2020; 2022), wo gano MoXnMBICTb NigT-
BEPOVTU KOPEKTHICTb peanisauii MaTeMaTuyHOi 1 0G4MCnioBanbHOI MoAenen Ta iXHIO 34aTHICTb BiTBOPHOBATU CKMNagHi BUXPOBI
CTPYKTYpU Tedii, B3aeMoaia SkuXx i3 00TIHHOK NMOBEPXHELD NPOiNnto € OCHOBHUM J)KEPENOM aKyCTUYHOTO BUNPOMIHIOBaHHS.

YHacnigok MogentoBaHHs 3a 3anpornoHOBaHO MeTOAMKOI Byo BiATBOPEHO CKkNagHy AMHaMIKy Teuii nobnmay noBepxHi
npodinto, 3okpema PopMyBaHHS BiAPVBHOIO MyXMps, WOro Nyfnbcalii Ta noAanblue YTBOPEHHS PeryispHUX BUXPOBUX CTPY-
KTYp Yy 3agHboMy Lunendi (puc. 1).

Mip gieto HeraTMBHOrO rpagieHTa TUCKY NaMiHapHUIA NPMMEXOBUIA LWap BigpvBaeTbLCA Ta Nig BNANMBOM 36ypeHb, L0 Hapo-
CTaloTb, NepexoanTb y TypOyneHTHUIA pexum. [Mpu LboMy B NPUMEXOBOMY LLaPi NOCMINIOETLCS NEpeMiLlyBaHHS Ta nepegaya
iMNynbCYy B HanNpsIMKy, NepneHanKynsapHoMy A0 NOBEPXHi. YHACNIQOK BTPATU eHeprii NpUMEXOBUI LLap 3HOBY NPUELQHYETLCA
A0 06TiYHOT NOBEpXHi, YTBOPIOKYM Tak 3BaHUWA "BiApuBHUIA Nyxup". Y 30HIi MOBTOPHOrO MpUEOHaHHS Yepe3 HECTINKICTb, Lo
po3BMBaETLCA Nig Yac OOTiKaHHS NMOBEPXHi, 3apOMKYOTbCA BUXOpWU. [ani, B3aemogitoun i3 3aAHbOI0 Kpankow npodinto, Ui
BMXOPW FreHepYIoTb TOHAMNbHWIA LLYM.
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t=4,28x10" ¢
Puc. 1. EBontouisa po3noainy 3aBMxpeHocTi B Yaci nia yac obtikaHHa npodinto NACA0012 nig kytom aTtaku a = 5°

Ha puc. 1 npointocTpoBaHO NepeMilleHHs TakuxX BUXPOBUX CTPYKTYP MPOTSAroM OOHOrO LMKy, WO Bignosigae, y ubomy
BMNaAKY, BUHUKHEHHIO TPbOX (hriykTyaLi TUCKy y 6nvbkHboMy noni. KapTuHa Tedii Ta AnHamika nepemilleHHst BUXOpIB € Mno-
AibHMMKU po pesynbTaTi, onybnikoBaHux y (Arif, 2020).

Kpim Toro, HeraTuBHWI rpadieHT TUCKY 3 BOKY HarHiTaHHA No6M3y 3aAHBOT Kpawikv NPU3BOAWTL A0 BUKPUBMEHHS Npodinis
LLUBWAKOCTI Y NPUMEXOBOMY LUAPI, AKi TAKOX NEPEXOAATb Y 30HY BiAPWBHOIO NOTOKY. HECTIMKICTb, Lo NOLUMPIOETLCA BHUS 3a
NOTOKOM, iCTOTHO NOCUIIOETBLCS B Lt 06nacTi 1 MOXXe OXONMBaTU 3aHK0 Kparky, 6epyyn y4actb y pOopMyBaHHi 30BOEHOMO
KiHL,EBOro BMXopy. Ak 3asHavanocs, Li BUXOpy B3AEMOAIIOTh i3 3aHbOI0 KPAMKOK, CTBOPHOKOYM KONMMBarbHe Nnofie HaBKoso
Npointo Ha Ti camin YacToTi, Lo 1 CnocTepexXyBaHa HeCTINKICTb, i, BiANOBIAHO, CNOCTEPEXyBaHUA ONCKPETHUA TOH.

OkpiM TOro, Ha OCHOBI PO3MNOAiNTy MOMEHTAaNbHMX MOSIB 3aBUXPEHOCTI Byno NpoBeAeHo iaeHTudikauio To4ok BigpmBy Ta
NOBTOPHOrO MPUEAHAHHS NPUMEXOBOrO LWapy, i3 opMyBaHHAM "BiPUBHOIO Nyxmps", a TakoX BUKOHAHO NOPIBHSAHHS 3 Bido-
MUMK AaHnmMu (puc. 2). CnocTepiraeTbCsa XOpoLUE Y3roXKEHHsI faHWX.

OTxe, 3anponoHoBaHa MeToAMKa MOAENOBAHHS aepOAMHAMIYHOIO LLYMY 3 BUKOPUCTAHHSIM NPSIMOrO PO3B'si3aHHS CTUC-
nueux piBHaHb Hae'e — Ctokca (DAS) i3 3acTtocyBaHHAM mogeni LES, Lo Takox nexuTs B OCHOBI METOAY i3 BUKOPUCTaHHAM
iHTerpanbHoro niaxoay FW-H, aae amory BigTBOpUTU XapaKkTepHy CTPYKTYpy OOTikaHHS Npodinto Ta pisnyHi MexaHiamu re-
HepalLlii aepoaMHaMIYHOro Lwymy.

6. PesaynbTatn po3paxyHkiB

HacTtynHi gocniopkeHHst NpoLeciB PO3MNOBCIOMKEHHST aepOAMHAMIYHOro LWymMy Oynv NpOBEAEHi TakoX Ha npuvknagi npo-
dinto NACA0012, o o6TikaeTbecs Mig KyToM aTaku 5° i3 xapaktepuctukamu notoky M = 0,4 i Re = 5 x 10%. Ha puc. 3 HaBe-
OEHO MWUTTEBMI PO3NOAIN NOBEPXHEBOro KoedilieHTa TUCKY Ta BiAHOCHMX KOMMBaHb TUCKY B MOMEHT B3aEMO/ii BUXPOBOI
CTPYKTYpW i3 3aHbOIO Kpavikoto npodpinto. Ha puc. 3 6 nokazaHo obnactb nobnuay npodinto, Wo OXonme BruKHE Ta nepe-
XigHe #o AanbHboro none. CnocTtepiraeMo 3HauvHi nykTyauii TUCKY Ha 3afHil YacTUHi BEPXHbOI NOBEPXHi Mpodinto, Lo
3YMOBIEHi NOCNiJOBHUM CXOOXKEHHSIM 3@ MOTOKOM BUXPOBUX CTPYKTYP MiCNsi TOYKM MOBTOPHOIO NPUEAHAHHS BiJOKPEMITEHOTO
npumMexoBoro wapy (puc. 3 a). Okpim TOro, Ha HWXHIN YacTuHi Npodpinto Takox 6a4Mmo konmBaHHS KoedilieHTa NnoBepxHe-
BOro TUCKY (ane 3i 3Ha4HO MEHLLIOK aMMiTyAok) i3 HacTOTOoH, Lo 36iraeTbCs i3 HACTOTOK CXOMXKEHHSA BUXPOBUX CTPYKTYP i3
3aHbOI Kpanku Npodinto. YHacnigok aHanidy nons TMcky B 6rmkHbOMY noni pobMMo BUCHOBOK NPO Te, WO OCHOBHUM OXe-
penom akyCTUYHUX KONMBaHb € 3afHS kpanka npodpinto (puc. 3 6), OCKINbKN LLEHTP KOHLEHTPUYHUX KONOMOAiGHMX XBUIb po-
3MiLLYETBCS Ha Ui Kpanui, a KonMBaHHA TUCKY BHWU3 | BrOpY Big Kpanku — y npoTudasi.
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X
0.8 &
0.6+ 1
o
0.4r
0.2 2 =
B) 3 5 7 G,O

r
Puc. 2. MonoxeHHA TOYOK BiApPUBY Ta NOBTOPHOro NpMEAHaHHA NPUMEXOBOrO Lapy 3a NnepexiAHoro pexuMy o6TikaHHsi npodinto
NACA0012 3 yTBOpeHHAM "BigpMBHOro nyxupsa", Ans KyTta atakm o = 3°(a), 5°(6) Ta 7°(8), (r) — kpuBa 1 BignoBiAac NonoxeHHto
TOYOK MOBTOPHOro NpUeEAHaHHA, KpUBa 2 — NOMNOXEHHIO TOYOK BiApUBY NpuMeKoBoro wwapy, ¢ — (Arif et al., 2020), ° — pesynbTaTtn

uiei po6oTtun

Cp

1.5¢ 1

1.0 2 , \

0.0f \J AA
-1.0r

0.0 0.5 1.0x
a) 6)

Puc. 3. MutTeBui po3noain KoedilieHTa TUCKY Mo OOTi4HIM NoBepXxHi: (a) — kpuBa 1 BignoBiAae BepxHin YacTuHi npodinto,
KpUBa 2 — HUXHIN YacTUHI Npodpinto; MAUTTEBI BiAHOCHI KONUBaHHSA TUCKY B o6nacTi no6nusy npodinto —
Bi3yanisauif 3agHboI Kpanku npodinto Ak gaxepena aepoguHamivyHoro wymy (6)

Ha pwuc. 4 HaBedeHoO KpyroBy fiarpamy po3noAiny BifHOCHOIo TUCKY p/p- (A€ p- — TUCK MOTOKY, WO Habirae) Ta cepeaHbo-
KBagpaTW4He 3HaAYeHHS aKyCTMYHOrO TUCKY 3a Mepiof CMOCTEPEXEHHS P 'rms MO KONy Ha BiACTaHi TPbOX AOBXWH XOPAM BiA
3aHbOI Kpanku Npointo. TakoX BUKOHAHO MOPIBHAHHS i3 BiAOMUMM po3paxyHkoBumu AaHumu (Arif et al., 2020), cnocTepi-
racTbCA PO3XOMKEHHA p/p- B Mexax 0,5 % Ta AkicHe i KinbKiCHe y3romXeHHs p rms i3 BiaxuneHHsm He Ginbie 25 %.

90° 90°
120° 60° 120° 60°
1
150° 30° 150° 30°
3
180° ‘r°°50o 180° 00000 00004 00008 00012 00016 (jo
210° 330° 210° 330°

240° 300°
270°
o)
Puc. 4. MpocTopoBuit po3noAin akyCTUYHUX XapakTepUCTUK: asuMyTanbHuM rpadik ycepegHeHoro 3a yacom p/p.- (a)
Ta asumyTanbHuUM rpadik p ms (6) ana r= 3, a = 5°; 1, 2 — pesynbtatn po6otu (Arif et al., 2020),
3 — pe3ynbTaTtH Ui€i poboTn
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Kpim uporo, ymcenbHi gocnigpxkeHHst 6ynu npoeeeHi ans npodginto NACA0012 i3 gosxuHoro xopam ¢ = 0,1 M i3 LUBMAKICTIO
Habirato4yoro notoky V- = 24 m/c nig kytom ataku a = 0°, wo Bignosigano uncny PerHonbaca Re ~ 160 000. Toyka BUMipto-
BaHHSA KONMBaHb TUCKY pO3TalloByBanacs Ha BiacTtadi 0,1 M Hag 3afHbOK Kpalkoto npodpinto. CnekTpanbHuiA aHani3 pesyrb-
TaTiB, OTPMMaHKX YHacrigoK NPSMOro MofentoBaHHs, Oyno NpoBeAeHO 3a JOMOMOrok LUBMOKOMO NepeTBOpeHHst Pyp'e i3
YaCTOTHOW po3AdinbHOK 3aaTHicTio 12 u. OTpuMaHi pe3ynbTaTv 3icTaBuny 3 BiZOMUMW €KCMepUMEHTaNbHUMK OAHUMU
(Yakhina et al., 2020). Pe3dynbTati nopiBHAHHA OTPMMaHWX CMEKTPIB LWyMy (puc. 5) nokasanu XopoLuy Kopensuitlo YactoT
nikis: ocHoBHWIM TOH — 1300 My (ekcnepumeHT) NpoTh 1240 Ny (YncenbHe MoAeNtoBaHHSA); BTOPUHHI TOHW — 1410 u, 1520 Iy,
1200 'y (ekcnepumeHT) npotn 1410 'y, 1520 Iy, 1130 Ny (YMcenbHe MOAENOBaHHS), ane BOAHOYAC BiACYTHICTb BTOPUHHOIO
niky i3 yactoTolo 844 'y (YcenbHe MOAENiOBaHHSA) B eKcnepuMeHTi. [1poTe piBeHb 3BYKOBOrO TUCKY Y BUKOHAHMX OBOBUMIp-
HUX po3paxyHKax BUSBMBCSA BULIMM Ha ~15 ob, npo wWo Takox € 3ragka, Hanpuknag, B (Nguyen et al., 2021).
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Puc. 5. CnekTpu wymy ansa moaeni cermeHTy nonari 3 npodinem NACA0012 3i wBuAakicTio Habiraro4oro notoky 24 m/c
i KyToM aTtaku 0°, NOPiBHAHHA PO3PaxyHKOBUX i BiAOMUX eKCrepuMeHTanbHUX JaHUX

3 iHWoro 60Ky, ANA AOCNIMKEHHS BiANOBIAHOCTI pe3ynbTaTiB, oTpuMaHux metogamm DAS i FW-H, 6yno npoBeaeHo goc-
NiMPKEHHS1 YaCTOTHMX CMEKTPIB aepoavHaMiyHoro wymy nig 4ac oOTikaHHs npocpinto NACAOO12 i3 OOBXMHOK XOpau
¢ = 0,215 m 3i wBuakicTio Habiraro4yoro notoky V- = 10 M/c nig kyTom atakm a = 0°. Toyka cnocTepeXXeHHs y GrvkHbOMY Nnoni
po3millyeTbcs Ha BigcTaHi 0,2 M Hag 3a4HLOK Kpankol Npodinto, a y AanbHboMy noni — 2,1 M.

OTpumaHi pesynbTaTi HaBefeHo Ha puc. 6. Cnoctepiraemo NpakTUYHO NOBHY BIAMOBIQHICTL YAaCTOTHUX MIKIB Y LLYMOBMWX Cnek-
Tpax y 6nvxHboMy i ganbHeoMy nonsx. Omke, y poboTi nokasaHo, Wo metog DAS nig yac gocnimkeHHs npouecis reHepadii Ta
PO3MOBCIOOKEHHST aepPOANHAMIYHOTO LIYMY B BrVvbkHBOMY NOri CNPUSE OTPUMAHHIO abCOMOTHO KOPEKTHNX YAaCTOTHMX PO3Mogainis,
i, BIANOBIAHO, € ePEKTUBHUM i AOCTATHLO TOYHWUM IHCTPYMEHTOM A5 PO3POONEHHS TEXHONMOTIN 3HWKEHHS aepPOaNHAMIMHMX LLYMIB.
OpfHak po3paxyHKoBe 3Ha4eHHsi PiBHS 3BYKOBOTO TUCKY He MOxe ByTu Hanpsamy 3icTaBneHe i3 isNHHUMM 3HAYEHHAMM.
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Puc. 6. CnekTpu wymMy ans moaeni cermeHTy nonarti 3 npocpinem NACA0012 goBxuHoto xopau 0,215 m
3i WBMAKicTIo Habiraroyoro notoky 20 m/c i KyToM aTaku 0°, NOPIBHAHHA PO3pPaxyHKOBUX AaHUX, OTpMMaHux metogamm DAS i FW-H

BurikopucTaHHs BOBMMIPHOI MOCTAHOBKM 3a4aqi Aarno 3Mory B Mexax NpoBeAeHNX OOCNiIKEeHb 3aCTOCyBaTu AeTarbHy CiTKy Ta
BpaxyBaTh NPUMNYLLEHHS MPO NaMiHapHWIA XxapakTep Tedii Ha 3HaYHil YacTWHI NPOInto 3 MOXIMBMMU BiOPUBHUMM 30HAMW. TaKoX,
sk 3a3HayeHo B (Desquesnes, Terracol, & Sagaut, 2007), ABOBMMIpHI po3paxyHkv 30aTHi BigTBOpIoBaTH (i3nKy, npUTtaMaHHy yTBO-
pIOBaHUM BMXPOBWM CTPYKTYpam nig vac obTikaHHsA nepexigHnx npodinis, Ta NikoBi TOHW aepoANHAMIYHOTO LLYyMY.

OTxe, uMcenbHe MogerntoBaHHS 3a AOMOMOrol Po3pobneHol METOAMKM Ha NPUKIaAi ABOBUMIPHOI MOCTAHOBKM CMPUAIO yCri-
LUHOMY BiATBOPEHHIO OCHOBHMX OCOONMBOCTEW Teuil, OXOMNMHYM BiAPUB NamiHApHOro MOrpPaHWUYHOIO Lapy, 3 MOro MOBTOPHWM
NPUEAHAHHAM Ta HACTYNMHUM YTBOPEHHAM BUXPOBMX CTPYKTYp. Lli CTpykTypw, B3aemogdiloun i3 3afHbOI0 KpamrKo, reHepyoTb
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nynbcaii TUCKY, Lo € [)KeperioMm aepoamHamiqHoro LwyMy. XopoLua Kopensuis 4acToT MikiB MK OTPUMaHUMK YucenbHUMK Ta Bi-
OOMVIMU eKCrepUMEHTaNbHUMM AaHUMM MIOTBEPIPKYE 30aTHICTb MOAENi TOYHO BiATBOPIOBATM MEXaHi3Mu reHepallii Lymy.

P036iXHICTb y piBHAX 3BYKOBOrO TMUCKY MOXe OyTM noB's3aHa 3 0OMeXeHHsiMM ABOBMMIPHOT MOAENI, sika HE BpPaxoBYeE
TPUBUMIpPHI eheKTH, L0 BNMBAKTL Ha IHTEHCUBHICTb BUXPOBUX CTPYKTYP. XOo4a TPMBMMIPHI MOZeni MOXyTb 3abe3neuntu
TOYHILLi MPOrHO3u piBHIB LUYyMYy, NPOTE ABOBMMIpHA MOAENb BUSBUITACA TakoX eheKTUBHOI Afsi aHanidy 4acToTHOro cknagy
" ineHTudikauii gxepen WwyMy, WO € BaXNMBUM A1151 pO3po0neHHst cTpaTerii 3MeHLeHHS LIYMHOCTI.

[unckycis i BUCHOBKM

Y poboTi po3pobneHo Ta peanisoBaHo YMCenbHY METOAMKY MOLEMOBAHHA aepOAMHAMIYHOIO LyMY, L0 BUHUKAE Mig vyac o6Ti-
KaHHS cerMeHTiB nonarew BiTpoBux TypbiH. MeToauka 6asyeTbca Ha po3B'a3aHHi CTMCIMBUX piBHSAHL Has'e — CTokca i3 3acTocy-
BaHHAM MeToay LES Ta nonsrae y 3actocyBanHi nigxogis DAS 1 iHTerpanbHoi aHanorii FW-H, o gae MoxXnmBicTb BigTBOpHOBaTU
Ak BrivkHE, TaK | JanbHe akycTuyHe none. MNpoBeaeHe AOCNiAXKEHHS Nokasaro, Lo OCHOBHUM [KEPerioM LWyMy Mig Yac obTikaHHs
nepexigHnx Npodinis € nepioanyHi BUXPOBI CTPYKTYPW, LLO YTBOPIOIOTLCS BHACMIAOK HECTIMKOCTEN Y NPUMEXOBOMY LLApi Ta SKi
B3aEMO/I0Tb i3 324HLOK0 KPanKoo Npodinto, opMyoUn TOHAMNbHMIA KOMMOHEHT akyCTUYHOrO BUNPOMIHIOBAHHS.

UucenbHi pospaxyHku ana npodpinto NACAO0012 3a manux kyTiB ataku Ta uncni PeriHonbaca go 160 000 ponomornu
BiJTBOPUTW XapaKTepHy CTPYKTYpY Tedii, BKIIOYHO i3 POPMYBaHHAM BiAPUBHOIO MyXuMpsi, NepioguyHUM BUXPEYTBOPEHHAM i
KONMMBaHHAMM NiANOMHOI cunu. AHani3 dnykTyauii TUCKy y 6nmxHbLOMY MOni BUSIBUB KOHLEHTPALil0 aKyCTUYHOI aKTUBHOCTI
nobnun3y 3agHbOi Kpawku, WO MOBHICTIO BiANOBIAAE TEOPETUYHUM YSIBIEHHSIM NPO MEXaHi3M reHepadii TOHanbHOro wymy
yepes aKyCTUYHO-TIAPOAMHAMIYHMIA 3BOPOTHUI 3B'A30K. CnekTpanbHUA aHarni3 OTPUMaHMX YacoBUX CUTHaniB akyCTUYHOIo
TUCKY NPOAEMOHCTPYBaB BMCOKY TOYHICTb MPOrHO3yBaHHS 4acTOT OCHOBHOIO Ta BTOPMHHMX TOHIB, WO Aobpe 36iraoTbecs 3
pesynbTaTaMu BiJOMMX EKCEPUMEHTArbHMUX BUMIpIOBaHb (BigXMneHHs He nepesuLlye 3-5 %).

BogHouac BCTaHOBMEHO, LLO piBEHb 3BYKOBOrO TUCKY, pO3paxoBaHuii y ABOBUMIPHIN NOCTAHOBL 3adadi, NepeBULLYE eKe-
nepumeHTanbHUin NpubnmaHo Ha 15 ab, wWo, BoYeBMab, NOSICHIETLCS BiACYTHICTIO TPUBUMIPHOT Ancunadii B Mogeni.

HesBaxatoum Ha ue, OTpMMaHi pe3ynbTaT € 4OCTAaTHbO TOYHUMU OIS SIKICHOTO aHani3y MexaHi3MiB LUyMOYTBOPEHHS Ta
AatoTb 3Mory edeKkTUBHO igeHTMIKyBaTu Axxepena LwymMy nig vyac obTikaHHS cerMeHTy nonarti BITpAHOI Typ6iHn. 3anponoHo-
BaHa MeToAMKa € THYYKUM i AOCTOBIPHUM iHCTPYMEHTOM, SKUIA MOXe ByTn BUKOPUCTaHUIA sk AN dyHAaMeHTanbHuX AocCni-
KeHb, TaK i ONs NPaKTUYHOTO MPOEKTYBAHHSA MAroWyMHUX MNPOQiniB TEeXHIYHMX npucTpoiB. Mopanblui OOCNImKEHHS
nepenbavatoTb po3LWMPEHHS MoAeni 4O TPMBUMIPHOT MOCTAHOBKU, @ TAKOX BUBYEHHS BNIMBY reOMETPUYHMX MoandiKauin Ha
aKyCTU4YHY ePeKTUBHICTb nonari.

BHecok aBTopiB: Cepriii ANeKCeeHKo — KOHLeNTyarnisawis, MeToguka, TeopeTuydHi OCHOBM gocnigxeHHs; Jlinis Hakawwvase — metono-
norisl, popManbHuin aHanis, peaaryBaHHs TekcTy; Ceprit 3onoTapeHKo — aHani3 fgaHux, Bidyanisauis.

Dxepena cdiHaHcyBaHHsA. POOOTY BUKOHaHO 3a NiATPUMKM 30BHILLHLOIO IHCTPYMEHTY Aonomorn €sponencbkoro Cotody Ans BUKOHaHHS
3000B'A3aHb YkpaiHu y PamkoBin nporpami €sponericbkoro Cotody 3 HaykoBMX AocnidkeHb Ta iHHoBauin "Mopu3oHT 2020", gorosip PH/54-
2024 3 MiHicTepcTBOM OCBITY | Hayku YkpaiHn, Ne gepxasHoi peecTtpauii: 0124U004405.
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NUMERICAL MODELING OF AEROACOUSTIC PROCESSES DURING
THE FLOW AROUND WIND TURBINE BLADE SEGMENTS

The paper presents a numerical methodology for studying aeroacoustic processes that occur during flow around wind turbine blade segments.
The methodology is based on solving the compressible Navier — Stokes equations using the large eddy simulation (LES) method for accurate modeling
of turbulent flows, which allows taking into account the complex interaction of hydrodynamic and acoustic phenomena. The proposed approach
consists in applying the direct acoustic method (DAS) for detailed analysis of the near field and the Fawkes Williams — Hawkings (FW-H) analogy for
effective prediction of noise in the far field.

To verify the methodology, numerical experiments were conducted for the NACA0012 airfoil in transient flow regimes. Key flow features are
reproduced, such as boundary layer separation, formation of separation zones, transition of the boundary layer to a turbulent state with reattachment
to the streamlined surface, formation of vortex structures and their interaction with the trailing edge as the main source of aerodynamic noise. A
comparison of the obtained distribution of acoustic characteristics in the near field with known calculation data is presented.

The noise characteristics of the NACA0012 profile in the near field were studied using the DAS method, establishing a connection between the
aerodynamic features of the flow and the mechanism of acoustic fluctuations generation. The noise characteristics in the far field were also studied
using the FW-H analogy. Spectral analysis, performed based on the fast Fourier transform algorithm, demonstrated the agreement of the obtained
tonal noise frequencies obtained by the DAS and FW-H methods, as well as correlation with known experimental data.

The developed methodology is an effective tool for studying noise generation mechanisms and can be applied in creating low-noise designs of
wind turbine blades.

Keywords: aeroacoustics, numerical modeling, wind turbines, blade segments, aerodynamic noise, Direct Acoustic Simulation, Ffowcs
Williams — Hawkings analogy.

ABTOpM 3a8BNSAIOTb NPO BiACYTHICTb KOHMIKTY iHTepeciB. CnoHcopy He Gpanu y4acTi B po3po6neHHi AoCnimKeHHs; y 36opi, aHanisi un
iHTepnpeTauii AaHWX; Y HanMcaHHI pykonucy; B pilleHHi Npo nybnikauito pe3ynbTarTis.

The authors declare no conflicts of interest. The funders had no role in the design of the study; in the collection, analyses or interpretation
of data; in the writing of the manuscript; in the decision to publish the results.

ISSN 1728-3817



DIBUKO-MATEMATUYHI HAYKMU. 1(82)/2026 ~115 ~

YOK 539.3
DOI: https://doi.org/10.17721/1812-5409.2026/1.14

Onekcangp MPUFOPEHKO', a-p ciz.-mat. Hayk, npod.
ORCID ID: 0000-0002-4109-2672
e-mail: ayagrigorenko1991@gmail.com

Bonoaumup TPAYZ, o-p TexH. Hayk, npodp.
ORCID ID: 0000-0001-9500-2743
e-mail: v.m.trach@nuwm.edu.ua

AHgpiit MOOBOPHUW?, p-p TexH. Hayk, aou,.
ORCID ID: 0000-0001-8518-4395
e-mail: a.v.podvornyi@nuwm.edu.ua

Haranisi XKYKOBA', kaHa. pi3.-MaT. HayK, CT. HayK. cniBpo6.
ORCID ID: 0000-0002-2699-3771
e-mail: zukowa_n@ukr.net

"lHcTUTYT MexaHiku im. C. IN. Tumowenka HAH Ykpainu, Kuis, YkpaiHa
2HauioHanbHUI yHiBepCUTET BOAHOIO rocnoaapcTea Ta NPUPoOAOKOPUCTYBaHHS, PiBHe, YkpaiHa

HAMPY>XEHO-AE®OPMOBAHUN CTAH AHI3OTPONMHUX TOBCTOCTIHHUX
UMNIHAPUYHUNX OBONMOHOK NiA 3MIHHUM HABAHTAXEHHAM

ToecmocmiHHi yuniHOpu4Hi 0605I0HKOBI KOHCMPYKUil € eaxueumMu esleMeHmamu Pi3HOMaHIMHUX CYyYacHUX iH)XXeHepHUX
cnopyd, makux sik mpy6onposodu, pe3epeyapu, peaKmopHi ycmaHOeKu U aepokKocMiyHi kKopnycu. Ekcnnyamauia yux
KOHCmPpyKUili 8 ymoeax ck/naGHo20 cusio8020 abo memnepamypHO20 HagaHMaXxeHHs1 mompebye AocmoeipHO20 aHasi3y iXHb020
HanpyxeHo-0eghopMogaHo20 cmaHy, ocobsueo y pa3si Oiif po3nodizieHo20 HadaHMaXXeHHsI, W0 MOXKe 3MIHO8amucs 3a Ko/108UM
Hanpsimkom. 100i6Hi ennueu MoxXxymb 6ymu 3ymoesieHi HepiesHOMipHUM muckomM po6oyozo cepedosuuya, AK-om HecuMempuy4yHul
myp6yneHmHulii nomik y mpy6onpoeodax abo acumempuyHe aepoluHaMidYHe HagaHMaXXeHHs1 Ha Koprycu imasibHuUx anapamis.
IM00i6Hi YUHHUKU MOXymb Cymmeeo ernsiueamu Ha MiyHicmb, cmilikicmb i doe208iYHicmb KOHCMPYKUYill.

Y nponoHoeaHili po6omi po3ansHymo npocmoposguli nidxid 0o po3e'si3Ky 3adayi 0ocniOKeHHS1 HanpyXeHo-0eghopMo8aHO20
cmaHy Onsi aHizomponHoi moecmocmiHHOI YusiHOpuYyHOi 060/I0HKU 3 6oponsacmuka, Ha sIKy Oie po3nodineHulli Muck,
nepioQuyHoO 3MIHHUL y KosloeoMy HanpsiMKy. AHi3omponis npyXHuUx enacmueocmeli mMamepiasly KOHCMPYKUii o6ymoesieHa
He36i20M (1020 ennacHUx oceli opmomponii i3 KpueosiHilIHOK cucmemMor KOOpOUHam UusliHOPUYHOT 060JTOHKU.

Ana no6ydoeu mpusumipHoi cucmemu dughepeHyianbHUX pieHsIHb 3acmocoeaHo Modudpikayiro eapiayiliHozo npuxHyuny Xy —
Bacid3y. Po3e'ss30k ompumaHoOi cucmemMu pieHsIHb 30iliCHIOEMBLCS 3 BUKOPUCMAaHHSIM aHanimuyHoz2o mMemody by6Hoea —
lanepkiHa. 32i0HO 3 HUM yci KOMNOHeHMU HarnpyxeHo-0e¢hopMo8aHO20 cmaHy cucmeMu pieHsIHb Po3K/iadarombcs y MooeiliHi
psdu ®yp'e mak, o6 3a KoopAuHamoro y3008)X MeEipHOi 06O/IOHKU 8O0HU 3a00BOJILHAIU 2PaHUYHUM yMO8aM Ha MOPYSX,
a y KosioeoMy HanpsiMKy 6yna epaxoeaHa ixHsi nepiodu4Hicmb. Pe3ynbmyro4a cucmema HeoOHOPiOHUX dugbepeHyianbHuUX
pieHsAHb po3e'a3yembcsi YuceslbHUM Memodom OucKpemHoi opmozoHani3zayii. [[pedcmaeneHuli nidxio dae 3mo2y ompumamu
docmoeipHi pe3ynbmamu Onsi KOHCMPYKUil, wo ¢yHKyioHyltomb 8 yMoeax CK/1la0HO20 HaeaHMaXeHHsl, i Moxe 6ymu
eukKopucmaruli Ons1 nideuweHHs1 ixHboi HadiliHocmi ma 6e3neku.

KnwuyoBi cnosa: moecmocmidHa aHi3omponHa 060s10HKa, IPOCMopoea NoCMaHo8Ka, HarnpyxeHo-0egpopMmogaHuii
cmaH, 3MiHHe po3nodifneHe HaBaHMaXKeHHSI.

Knacudikauis BignosigHo o AMS 2020: 74G10, 74G15.

Beryn

TOBCTOCTiHHI LMNIHAPUYHI OOONOHKM € KIHYOBUMMW enemeHTaMm 6araTboX iHKEHEPHNX KOHCTPYKLiNA, Taknx sik Tpybonpo-
BOAW, pe3epByapu, KOPrycx KOCMIYHWX anaparTiB Ta iHWKMX CnopyA, Lo eKCniyaTyloTbCa B YMOBAX CUITOBOrO HaBaHTaXEHHS
abo TemnepaTypHoro BnnvBy. JocnigkeHHs iXHbOro HanpyxeHo-gedopmoBaHoro craHy (HOC) HabyBae ocobnuBoi akTya-
NBbHOCTi Y BpaxyBaHHi 3MiHHOIO B KONTIOBOMY HanpsAMKY HaBaHTaXXeHHS, L0 YacTo BUHUKAE B pearbHUX yMoBax ekcrnyaTtauii.
Taki HaBaHTaXeHHS, CNPUYUHEHI, HanpuKNaz, HePIBHOMIPHUM PO3MOAINOM TUCKY, MOXYTb CYTTEBO BMAMBaTW Ha MILHICTb,
CTIKICTb | LOBrOBIYHICTb KOHCTPYKLIiI.

AHanis HAC TOBCTOCTIHHMX LMNiHAPMYHMX 060N0OHOK Y NpOoCcTOpOBil nocTaHoBui (IMpuropeHko, BacuneHko, & MaHkpaTtoBsa,
1991) nae 3mory HarinoBHille BpaxyBaTu xapakTtep AedopMyBaHHS Ta B3aemofii HanpyxeHb, WO He 3aBXAW MOXITMBO 3a-
6e3neynTn B MeXax KNacUyHMX Yn YTOYHEHMX Teopil. BukopuctaHHs npocTopoBoro nigxody € HeobxigHnm ans 3abesne-
YeHHs1 PYHKLIIOHYBaHHSI KOHCTPYKLA, 0COBNMBO B yMOBaX, KON IXHE PyNHYBaHHS MOXE NMPU3BECTM A0 3HAYHUX EKOHOMIYHUX
abo ekonoriyHux Hacniakis.

AHani3 ocTaHHix gocnigxeHs i nybnikauin Bkasye Ha Te, WO HayKoBi pobOoTH i3 Liei TeMaTukM NpakTUYHO BiACyTHI. Y ooc-
nigxeHHi (Mpuroperko, BacuneHko, & MaHkpaTtoBa, 1991) npeacrasneHo niaxig Ao po3s'asky noAibHoi 3agadi, ane nvwe ansi
OKpeMMX BUAIB rPaHUYHMX YMOB Ha TOPLAX LMNIHAPUYHMX OBOMNOHOK.

Y npepacTaeneHin poboTi aBTopy NPOMoHyThL Miaxia Ao po3e'a3aHHs 3aaadvi npo HOC aHisoTponHoi uuniHapnyHoi 060NoHKM
(puc. 1) y npocTopoBili MocTaHoBL, Lo nepebysae B noni Aji po3noineHoro 60KoBoro TUCKY, 3MiIHHOTO B KONTOBOMY HarnpsMKYy.
Matepianom, 3 sikoro BUrotoBrieHa 06OMOHKA, € BONTOKHUCTUI KOMMNO3UT — 60ponnacTyk. AHI30TPONis NPY>KHMX BACTMBOCTEN Mo-
B'A3aHa 3 He36irom Moro BNacHWX ocer OpTOTPONii 3 KPUBOTMIHIMHO CUCTEMOIO KOOPAMHAT LMMIHAPUYHOT OBONOHKW.

© I'puropeHko Onekcanap, Tpay Bonogumup, NMoasopHuin AHApii, XXykosa Hartanis, 2026
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Puc. 1. HeToHka aHi3oTponHa uuniHgpuyHa o60noHka

1. OCHOBHi O3Ha4YeHHSA Ta pe3ynbTaTn
BignosigHo go BapiauiiHoro npuHumny Xy — Bacigdy (Washizu, 1982) 3 ymoBwu ctauioHapHocTi dyHkuioHany II;, wo
BM3HAYaETbLCS 3 iHTErpany:

Iy = IIJ;I{W(eU)—GU- [eij —%(ui;j +uj;i)}}dV+£f‘P(ui)dSl —i_f pl-(ui —LTi)dSz, (1)

MOXIMBO 3400yTH HeobXiAHI AN PO3B'A3Ky MOCTaBNeHOI 3afadi PiBHAHHS piBHOBAru, CniBBigHOLIEHHS NPYXXHOCTI Ta rPaHNYHI

ymosu. Y Bupasi (1), 6e3 gogaTkoBux yMOB, BapiloloTbCs nepeMillieHHs u;, Aedopmadii €; » HaNpyXeHHsl c;; , Hanpy>XeHHs!

p; Ha MoBepxHi S, , IO BUKINKaHI NepeMilLleHHAMM ;. TakoX y LboMy pyHKLioHani W(e,»j) — noTeHUianbHa eHepria aedo-

pmauii, ‘I’(ul) — MOTeHUian NOBEPXHEBUX HABaHTaXEHb, Kpanka 3 KOMOK nepen napameTpamu i, j No3Ha4yae koBapiaHTHY
noxigHy 3a KoopAvHaTolo 3 BignoBigHWM iHaekcoMm i, j = 1, 2, 3, ge 1 Bignosigae koopauHati z,2— 0,3 — r; V — ob'em
mMaTtepiany oOONMoHKH.

3rigHo 3 nigxogom, npeacraeneHum y (Semenyuk, Trach, & Podvornyi, 2023), BUKOPUCTOBYHOUM YMOBY CTaLiOHAPHOCTI
BMpa3y Ans Bapiauii dyHkuioHana (1) Ta i3 3acTocyBaHHAM reomeTpuyHux crieigHoweHb (Novozhilov, 1961), oTpumaHo
TPUBUMIPHY cUCTEMY i3 LecTu audepeHuianbHNX piBHSHb PiBHOBary Ans LMNiHOPUYHMX aHI30TPOMNHMX 06OMOHOK Y YaCTWH-
HUX noxigHwx suay (Semenyuk, Trach, & Podvornyi, 2023).

2. oBeneHHA

3 MeTOol 3MeHLUEeHHS PO3MIPHOCTI 3000YTOi CUCTEMU PiBHSIHB CKOPUCTAaEMOCS NMpoLeaypoto aHaniTu4yHoro metoay by6-
HoBa — NanepkiHa (Semenyuk, Trach, & Podvornyi, 2023), BignoBigHO 00 sIKOro po3knaaemMo pyHKUii HanpyXxeHb i nepemi-
LeHb Y NoABiViHI TPUFOHOMETPUYHI paaun dyp'e 3 ypaxyBaHHAM iXHbOI NEPIOAMYHOCTI 3@ KONOBMM HanNpPsMOM, a TakoX Y340BX
TBiIpHOI LMNIHOPUYHOI 0BONOHKM TaK, WOO BOHM 3200BOIbHSNMM YMOBAM Ha TOPLSIX OOONOHKM.

Micna BigNoBiAHMX MaTeMaTUYHUX NepeTBOPEHb OTPUMAEMO OOHOBUMIPHY CUCTEMY AMdepeHLianbHUX piBHAHb ABaHaa-
LATOro nopsaky B HopmaneHin chopmi Kowwui:

%:T(r)y+f, T(r)=ty,(r); (n,1=1+12), 2)

- . . . . . S N L A A/ ! :
ae y:{ylsp,stp’y37p5y4:p’y5’p9y6’p9y1’m’yZ’m’y3’m9y4’m9y5’m’y6 ’m} — posBA3ytoya BeKTOp-beHKLUﬂ, a f — HaBaHTa-
JKEHHS, T(r) — KBagpaTHa MaTpuus i3 3MiHHUMKM KoedillieHTamMu, Lo 3anexXuTb Bid apryMeHTy 1, , ,(r) — HEeHyrnbLOoBI eneme-

HTU MaTpuui T(r), BOHW X € KoedpilieHTamu 3a HeBioOMMX cucTeMm (2).

Cuctemy piBHaHb HOC (2) 3a ymoBamu Ha TopLsix 060NOHKM

GO =U. =Up =0 (3)

PO3B'A3YEMO 3 BUKOPUCTAHHAM YMCENBbHOro METOAY ANCKPETHOI opToroHanisadii (MpuropeHko, Bacunexko, & MaHkpatosa, 1991).

3. NMpuknagu

[na npeactaBneHHs MOXXUBOCTEW 3aMpPONOHOBAHOIO MiAxo4y PO3rNsaHEeMO LMNIHAPUYHY TOBCTOCTIHHY aHi30TpomnHy 06o-
FIOHKY, BUrOTOBMNEHY 3 BONOKHUCTOrO komMno3uTy — 6oponnactuky (puc. 1). O6onoHkoBa KOHCTPYKUis nepebysae nig gieto
pO3rMoifieHoro 30BHiLLHLOIO TUCKY g =—qqgsin(niz/ L)cosk® , 3a g, = 1,0M[Ma Ta napameTpa XBuUreyTBOPEHHs k = 4 3a Korlo-
BMM HanpsimkoM 0 . Oci opToTponii maTepiany 6oponnactuky MoxyTe GyTV NoBepHyTi Ha KyT 0° <y <90° BiAHOCHO TBipHOI
obornoHkmn (puc. 1). FfeomeTpuyHi napameTpun uniHApa: padiyc BHYTPILLHLOI NoBepxHi 7 = 0,54 Mm; 30BHiLHLOI — 7, = 0,66 Mm;
OOBXMHa y3a0BX TBipHOI L = 1,2 M. MexaHi4Hi XxapaKTepuCcTUKM OAHOHaNpsAMNEHOro BOMOKHMCTOro Komnosuty 6oponnac-
Tvky: E,, =280E,; Egg=E,. =31Ey; Gg=Go=10,5E; G, =212E); vy, =0,25; v,4=0,0277; E,=1000Mla.

Ha puc. 2 npeacTaBneHo 3anexHicTb BENUYMH HOPMarnbHUX HanpyxeHb Ggg Bifd KyTa 6 Ha piBHi 30BHILIHLOI (3aBaHTa-
XeHoi) nosepxHi obonoHkn. Kpmea 1 Bignosigae kyty = 0° kpuBa 2 gnsa y= 30° 3 —y=60° 4 — y= 90°.

3 aHanisy pe3ynbTaris, HaBeJeHUX Ha puc. 2, 6a41MMo, LLIO 3MiHa BEMNYMH HOPManbHUX HaMNpyXeHb Ggy 3a KOMOBWUM Hanps-
MKOM Ha 30BHILLHii HaBaHTaXeHin noBepxHi 0O0MNOHKM BiAGYBaETECS LMKMIYHO BiANOBIAHO A0 NapameTpy XBUIEYTBOPEHHS k
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Ta 3anexXuTb Bifl BENIMYMHU KyTa NOBOPOTY  FOMOBHMX HaNPsMiB NPY>HOCTi BOMOKHUCTOrO MaTtepiary KOHCTPYKLii. MokasaHo,
wo 3a kyta y=0° BenMuMHM Gy HabyBalTb MiHIMaNbHUX 3Ha4YeHb, 3pocTalyuM 3a 36iMblUeHHs KyTa .
Po36ikHICTb MK MiHIManNbHUMK BENMUMHAMN Ggg 3a = 0° Ta MakcumarnbHuMm 3a y = 90° nocsrae 43 %.

15

10 3

AL UA T \
RIANNANN |
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Ounckycis i BUCHOBKM

Y nponoHoBaHin poboTi WwnsxoM mogndikauii BapiauinHoro npuHumny Xy — Bacigdy oTpymaHo TpUBUMMIPHY CUCTEMY Au-
depeHLianbHNX PiBHAHb PiBHOBArv B YaCTUHHUX MOXIOHUX, IO ONUCYHOTb HamnpyXeHo-AedOPMOBaHUA CTaH aHi30TPOMHUX
TOBCTOCTIHHMX LMNiHAPUYHMX 060M0HOK. [4na npuBegeHHS Takoi CUCTEMU PIBHSHb A0 OAHOBUMIPHOT BUKOPUCTaHO Npoueaypy
aHaniTm4yHoro metody bybHoBa — ManepkiHa. Po3B'si30k 04HOBUMIPHOT cMCTEMM 3BUYaAHUX AudbepeHuianbHNX piBHAHb Ha-
npyxeHo-4edopMOBaHOro ctTaHy B HopmanbHii dpopmu KoLl 3AiMCHIOETLCA 3a pafianbHUM HanpsIMKOM LuniHApa 3a BUKO-
PUCTaHHS YMCENbHOro MeToay AUCKPETHOI OpToroHanisadwii.

Po3rnsHyTo 3mMiHy ogHOro 3 napameTpiB HanpyeHo-AedopMOBaHOroO CTaHy 3a KONOBUM HanpsiMKOM aHi30TPOMHOI TOBC-
TOCTIHHOT LMNIHAPUYHOI OBONOHKM ANs Pi3HMX KyTiB MOBOPOTY FOMOBHMX HaNpAMIB MPY>XHOCTI NonepeaHb0 OPTOTPOMHOro
BOJIOKHWUCTOrO Marepiany KOHCTPYKLUi.

BHecok aBTopiB: OnekcaHap puropeHko — KoHLUeNnTyani3auis, meToauka, 36ip i nepesipka emMnipuyHUX AaHUX, eMMipuydHe AOCIIMKEHHS;
Bonoaumup Tpay — koHuenTyanisauisi, Metoaunka, 36ip i nepesipka eMnipuyHMUX AaHnX, eMnipudHe AocnigpkeHHst; AHapivi NoaBopHMIA — nporpamHe
3abesneyeHHs1, emnipuyHe gocnimxeHHs; Hatanis YKykoBa — nporpamHe 3abe3neyeHHsi, aHanis gxkepen, nigroToBka ornsay nirepatypu.

Mxepena cdiHaHcyBaHHA: [locnigkeHHs Byno npoBedeHO BNacHWM KOLUTOM aBTOPIB.
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STRESS-STRAIN STATE OF ANISOTROPIC THICK-WALLED CYLINDRICAL SHELLS
UNDER VARIABLE LOADING

Thick-walled cylindrical shell structures are essential components of various modern engineering systems, including pipelines, storage tanks,
reactor installations, and aerospace bodies. The operation of such structures under complex mechanical or thermal loading requires reliable analysis
of their stress—strain state, particularly in the presence of distributed loads varying along the circumferential direction. Such effects may arise from
non-uniform working medium pressure, for example, asymmetric turbulent flow in pipelines or asymmetric aerodynamic loads acting on aerospace
hulls. These factors can significantly influence the strength, stability, and service life of the structures.

This study presents a three-dimensional approach to the analysis of the stress—strain state of an anisotropic thick-walled cylindrical boroplastic
shell subjected to distributed pressure periodically varying in the circumferential direction. The anisotropy of the elastic properties of the material is
determined by the misalignment of its orthotropy axes with the curvilinear coordinate system of the cylindrical shell.

To derive the three-dimensional system of differential equations, a modification of the Hu — Washizu variational principle is applied. The resulting
system is solved using the analytical Bubnov — Galerkin method. Within this framework, all stress—strain components are expanded into double
Fourier series, ensuring that the longitudinal coordinate satisfies boundary conditions at the shell ends, while circumferential periodicity is preserved.
The final system of nonhomogeneous differential equations is solved numerically using the discrete orthogonalization method.

The proposed approach provides accurate results for structures operating under complex loading conditions and can be effectively applied to
improve their reliability and safety.

Keywords: thick-walled anisotropic shell, three-dimensional formulation, stress-strain state, variable distributed load.
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INCOMPLETE TRIGONOMETRIC SPLINES IN THE PROBLEMS OF CONSTRUCTING APPROXIMATE
SOLUTIONS OF THE SECOND ORDER LINEAR DIFFERENTIAL EQUATIONS

This study introduces a numerical analytical method for deriving approximate solutions to the first boundary value problem
associated with second-order linear differential equations. The approach is founded upon the utilization of incomplete fundamental
trigonometric splines, both even and odd, whose structural properties closely parallel those of classical polynomial splines and
have been extensively investigated in prior works. The proposed methodology employs residual minimization through the
established collocation technique, thereby reducing the original problem to the resolution of systems of linear algebraic equations
with respect to the spline-defining parameters. A distinctive feature of this method lies in the fact that the values of the sought
solution themselves serve as the determining parameters of the fundamental trigonometric splines. Boundary conditions are
incorporated by prescribing specific values for the corresponding spline parameters. The theoretical exposition is supplemented
with illustrative examples.

It should be noted that incomplete trigonometric splines are functions with a certain evenness. In our opinion, in many cases
this property is convenient when setting boundary conditions for the desired solution. The given method assumes generalization.
Thus, in particular, the minimization of the residual can be carried out by the method of discrete least squares and its variations.
This method can also be applied to linear differential equations of arbitrary orders.

Keywords: fundamental trigonometric splines, incomplete trigonometric splines, even fundamental splines, odd
fundamental splines, boundary value problems, linear differential equations.

AMS 2020 classification: 65D05, 41A05.

Introduction

The primary objective of this study is to develop a methodology for constructing approximate solutions to the first boundary
value problem for linear differential equations, utilizing incomplete trigonometric splines of both even and odd types. Linear
differential equations frequently arise in scientific and engineering applications. Although a variety of theoretical approaches
to their solution have been established, obtaining exact solutions is often challenging and, in many cases, unattainable. In
such cases, the problem of finding approximate solutions to such equations is considered; such solutions are found using
numerical methods.

Numerical methods for finding approximate solutions to differential equations can be divided into two classes: numerical
and numerical-analytical methods.

Numerical methods allow us to find discrete values of the desired approximate solution on the interval of the differential
equation. There are many such methods known, among which we mention the Runge — Kutta, Adams, Euler, Krylov, etc.
methods and their modifications. Such methods are quite simple to implement on modern computers and, if applicable, lead
to satisfactory results.

When applying numerical-analytical methods, an approximate solution is sought in the form of some sufficiently smooth
function that depends on several parameters; these parameters are chosen based on certain conditions. Since we will be
dealing with methods of this class in the future, let's consider the use of such methods in more detail.

Suppose we have a linear differential operator of the 2nd order of the form

Lyu = u"(x) + p1 (0w’ (x) + p (Dux), (1)

where x € [a, b], p;(x), p,(x) are some functions that are generally continuous on [a, b].
Consider the equation

Lou = f(x). 2)
It is known from the theory of differential equations that the general solution u(x) of this equation contains 2 arbitrary

constants. To determine these arbitrary constants, additional 2 conditions are added to (2). We will consider the case when
these conditions are imposed on the values of the desired solution at points a and b of the segment [a, b], and have the form

u(a) = ao; u(b) = by. 3)
Such conditions are called boundary conditions and are said to be the first boundary value problem.
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Let C[’fw] be the class of functions that have a continuous derivative of order k on [a, b]. Note that the classes C[‘fl_b] contain
continuous functions, and the classes C[;'lb] contain piecewise continuous functions with a finite number of discontinuities of
the first kind.

Let's look for a solution to this equation along with the boundary conditions in the form of a function ¢ (x, @4, a5, ..., ay) that
satisfies the conditions:

a) p(x,ay, ay, ..., ay) € Cfa_b], where r > 2;
b) p(a,ay, ay, ...,ay) = ag; @(b, a1, ay, ..., ay) = by;
and a4, ay, ..., @y are some unspecified parameters (N = 1,2, ...).
Substituting the function ¢ (x, ay, a4, ..., ay) into (2), we get a residual
Loo(x, ag, q, ..., ay) — f(x) = e(x, ap, @y, ..., ay). (4)

By minimizing the residual in one sense or another, it is easy to obtain the conditions for determining the parameters of
Aoy Aqy e, Ay

There are various methods for minimizing the residual: the collocation method, the least squares method (continuous and
discrete variants), the method of moments and its variants, the subdomain method (Fletcher, 2012), etc. In this paper, without
losing generality, we will limit ourselves to the collocation method. As is known, this method consists of the following.

A certain system of points a < x; < x, < - <xy < b is seton [a, b] and it is require that the following conditions be met

e(xy oy, g, oay) =0 (i =12,..,N). (5)
From this system of N equations, it is possible to determine N parameters a,, a4, ..., ay.

When applying numerical-analytical methods for constructing approximate solutions, the method of constructing the

function ¢(x, a4, a5, ..., ay) plays an important role. In many cases, a generalized polynomial is chosen as this function
Py(x) = a1y (x) + apwa(x) + -+ + aywy(x), (6)
where w;(x), w,(x), ..., wy(x) is a system of linearly independent functions.

In the last decades, splines have been widely chosen as such systems of functions. The fundamental basis of spline
theory and its application to variational problems was established in the classical works of (Ahlberg, Nilson, & Walsh, 1967;
Prenter, 1975; Schumaker, 2010). Significant contributions to the development of spline collocation methods for differential
equations were also made by (Fairweather, & Meade, 1989). However, polynomial splines have limitations when
approximating functions with oscillating nature. For such problems, the use of trigonometric splines, first introduced by
(Schoenberg, 1964), is more natural. The fundamental theory of functions on grids, which is essential for such approximations,
is detailed in (Guter, Kudryavtsev, & Levitan, 1966).

Recently, there has been a resurgence of interest in using trigonometric B-splines for solving boundary value problems.
(Abbas et al., 2014) and (Nazir et al., 2016) demonstrated the unconditional stability and effectiveness of cubic trigonometric
B-splines collocation for diffusion and advection problems. (Heilat, 2023) extended this to systems of second-order boundary
value problems, while (Yaseen, Abbas, & Riaz, 2021) applied it to fractional diffusion equations. To improve accuracy,
researchers have introduced hybrid and extended B-splines with free parameters, as seen in the work of (Khan, & Misro,
2025), where optimization algorithms are used to tune shape parameters. Advanced applications to nonlinear and singular
problems have been explored by (Kukreja, & Shallu, 2025; Roul, 2024), while (Zou, 2025) proposed optimization-based
trigonometric interpolation for mixed boundary conditions.

Despite these advances, most B-spline methods use control points as coefficients, which complicates the satisfaction of
boundary conditions (3). In this study, we propose a method based on incomplete fundamental trigonometric splines. Classes
of such splines were introduced by (Denysiuk, 2018), and their representation forms were analyzed by (Denysiuk, &
Rybachuk, 2024). A distinctive feature of our method is that the coefficients a; in (6) are the values of the solution itself. This
allows boundary conditions (3) to be satisfied trivially by setting a; = a, and ay = by, significantly simplifying the
computational algorithm.

1. Main definitions and results

In (Denysiuk, & Rybachuk, 2024), three forms of representation of trigonometric splines were given: through discrete
(finite) Fourier series, through trigonometric B-splines, and through fundamental trigonometric splines.

When developing methods for constructing approximate solutions to boundary value problems for linear differential
equations based on trigonometric splines, the form of representation of trigonometric splines and the interpretation of the
parameters of trigonometric splines in each case play an important role. Thus, in the case of representation of trigonometric
splines through discrete (finite) Fourier series, discrete Fourier coefficients act as defining parameters; both periodic and non-
periodic splines can be constructed.

In the case of representing splines through trigonometric B-splines, the defining parameters are the coefficients at these
B-splines, which are difficult to interpret in any reasonable way; at the same time, only periodic splines are currently plotted.

Finally, in the case of representing trigonometric splines through fundamental splines, the determining parameters are the
values of the desired solution at the nodes of the given collocation grids; both periodic and non-periodic splines can be
constructed.

Although all three forms can be used for methods of constructing approximate solutions, in our opinion, the most
convenient form is the one using fundamental trigonometric splines. This is because using the values of the desired solution
as parameters greatly simplifies the enforcement of the boundary conditions for this solution. Therefore, in the following, we
will limit ourselves to considering the case when the desired solution is constructed using fundamental trigonometric splines.

Let [a, b] be a certain segment of the real axis, and let there be a certain grid 4y = {xj}y_l on this segment, and a < x; <
< x, < <xy <b. The system of functions ¢,(x) (k =1,2,...,N) on the grid 4y is called fundamental if the following
conditions are met (Guter, Kudryavtsev, & Levitan, 1966).
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_(Lk=j;
(%) = {O,k #j,kj=12..N. (7)
Given a system of fundamental functions, the function @, (x) interpolating a given function f(x) at the nodes of the grid
Ay can be represented as

Py(x) = 1}¥=1f(xk)(l’k(x)-

Similarly, systems of fundamental polynomial splines are introduced.

Systems of trigonometric fundamental splines are of three types: complete fundamental splines, as well as even and odd
fundamental splines (Denysiuk, & Rybachuk, 2024).

Complete fundamental splines are periodic functions and can be used to find periodic solutions of linear differential
equations if such solutions exist; recall that the existence of such solutions is discussed. In this paper, we will not consider
the problem of finding periodic solutions of differential equations.

Even and odd fundamental splines can be used to find nonperiodic solutions to differential equations. Let us consider this
issue in more detail.

- : - o _ (" ©__m i W _ i o _ ("
Let us define uniform grids 425" = {xj }j=1 on [0, ], where xj = N_1(1 1), X = (2j —1) and 43, = {xj }j=1’
where xj(o) = ﬁj, xj(l) = % (2j — 1), I is the grid indicator (I = 0,1), and N = 1,2,3, .... We will not introduce separate notations

for the nodes of these grids, since in each case we will determine which grid we are talking about.

Non-periodic even and odd trigonometric splines are constructed on the grids Azfj) and A3,(J), respectively (Denysiuk, &
Rybachuk, 2024). Even and odd trigonometric splines have different properties; in particular, even trigonometric splines take
non-zero values at the points 0 and =, and their derivatives take zero values at these points. Odd splines, on the other hand,
take on zero values at the points 0 and &, and their derivatives at these points take on non-zero values. Taking this into
account, and wanting to deal with uniform grids, we will limit ourselves to considering even splines with the same stitching
and interpolation grids AZE\?) and odd splines with the same stitching and interpolation grids A3§\f).

Here are the expressions for constructing fundamental even splines on the grid AZS’); here and further, in the notation of
even and odd fundamental splines, we will omit the indices of the stitching and interpolation grids, as well as the index of the
type of convergence factors, which is equal to a1(r, j) = j~(*" (r,j are natural numbers).

The paired fundamental splines stc(r, q, k, t) of order r (r = 1,2, ...), and their derivatives of order q (¢ = 1,2,...,r —1 ) on
the grid AZI(\?) are calculated by the expressions
c(ol,r,q,N-1,t) cos(x,(co)) (8)

—_2 . N—2¢(o1,7,q,jt) cos(x](co))
ste(r,q. k, t) = = [0.5 I(q) + X5 Hoir]) + 0.5 P p——

where

@)= {54~

0, otherwise’

H(ol,7,k) = o1(r, k) + X_qlol(r,2m(N — 1) + k) + o1(r,2m(N — 1) — k)],

T
c(ol,r,q,j,t) =al(r,))j?cos(jt + qE) +

+ Z [o1(r, 2m(V = 1) + ) (2m(V = 1) + ) cos(@mN — 1) + )t + qg) +

m=1
+01(r,2m(N = 1) = ) (2m(N — 1) = )? cos((@m(N = 1) = )t +q5)].
Graphs of paired trigonometric splines are shown on the Fig. 1 (r =1 and N = 9 for clarity). Note that here and in the

following graphs, the vertical lines coincide with the nodes of the grid AZ,(\?).

15 1.

1 1
SO 1’3*“ 05 S0(1, 0,2, t) 0,5/\
0 0

- 05 - 05
! t
1.5 1
1 1
S0(1,0,5,1) 05 /\ S0(1.0.9.0) g4
0 0
- 05 _ 05

t t
Fig. 1. Paired fundamental splines on the grid AZS)); r=1, N=9

Similarly, the odd fundamental splines sts(®(r,q,k,t) of order r (r =1,2,..), and their derivatives of order g (g =
=12,..,r — 1) on the grid A3(°), are calculated by the expression
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. . . (0)
(0) — 2 s(a1,r,q,j,t) sin(jx; ") 9
sts™(r,q, k. t) N+1 H(o1,r,)) ’ (%)
where

H(ol,7,k) = o1(r, k) + Xp—1[01(r,2m(N + 1) + k) + o1(r,2m(N + 1) — k)],

m=1

i3
s(ol,r,q,j,t) = al(r,j)j?sin(jt + qz) +

+ Z -nm [al((r, 2m(N+ 1)+ )(2m(N + 1) + jH)qsin(2m(N + 1) + jHt + qg) -

—ol1((r,2m(N + 1) — ))(2mN + 1) — )H)qsin((2m(N +1) — )t + qg)].
As before, we present the graphs of odd trigonometric splines (Fig. 2), assuming r = 1, N = 9. Note that the vertical lines

in these graphs coincide with the nodes of the grid A3§\?).
15 1.5
1 1
w,tt) 0.5/\ M,Z,t) 0.54/\
0 0
- 05 - - 05 -
1.5 1.5
1 1
81(1,0.5.1) 05 /\ S1(1,0,9,t) 05 /\
0 0
- 05 - 05

t t
Fig. 2. Odd fundamental splines sts®(1,0,k,t) on the grid 43{"; r=1, N=9

On the grid A31(V1), the odd fundamental splines sts™(r,q,k,t) of order r (r = 1,2,...), and their derivatives of order
q (@ ==12,...,r — 1), are calculated by the expressions

IeY) _ E N—15S(011,q,jt) sin(jx,(cl)) s(o1,r,q,N,t) sin(Nx,(cl))
sts(r gk t) =3 [Zf:l H(o1r,)) 5 H(o1,7,N) ’ (10)

where

H(ol,7,k) = o1(r, k) + Xg=qlo1(r,2mN + k) + o1(r,2mN — k)],
T
s(al,r,q,j,t) = al(r,j)j?sin(jt + qE) +

T
+ Z (—D™ [, 2mN + ) (2mN + )7 sin( @mN + e +q) -
m=1
—01((r,2mN — j)(2mN — j)? sin((2mN = )t +q3)].
Graphs of odd trigonometric splines are shown on the Fig. 3, assuming r = 1, N = 9. Note that the vertical lines in these
graphs coincide with the nodes of the grid A3,(f).

15 15

1 1
S1(1,0, 1, t) 0.5/\ S1(1,0,2,1t) O.SA
0 0

- 05 - 05
t t
1.5 15
1 1
$1(1,0,5,t) 05 /\ $1(1,0,9,t) 05 /\
0 0
- 05 - 05

t t
Fig. 3. Odd fundamental splines sts®(1,0,k, t) on the grid 43°; r =1, N =9

Given the even and odd fundamental splines stc(r, ¢, k, t), sts((1,0,k, t) and sts™ (1,0, k, t), the splines Stc(r, g, t) and
Sts(r, q, t) interpolating a continuous function f(x) at the nodes of the grids AZ,(\?), A3,(\?) and A3,(V1) can be represented as

Ste(r, q,t) = 0.5f(xq)stc(r, q, 1,t) + INZ2 £ (xx) ste(r, q, k, t) + 0.5f (xy)stc(r, q, N, t), (11)
$ts(r,q,0) = S, £ () sts@(r,q,k, ), )
$ts®(r,q,0) = Ty f(0) stsD(r, gk, 0. (13)
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It is clear that interpolation splines Stc(r, q, k, t), StsQ(r,q,k,t), StsM(r,q,k,t) and fundamental splines stc(r,q,k, t),
sts©(r,q,k, 1), sts™(r,q, k, t) belong to the class C[; .

Let us now consider the first boundary value problem for (2) with boundary conditions (3), which, as we have already
mentioned, is formulated as follows. Find the function u(x),u(x) € C{O,n] (r = 2), x € [0, ], which satisfies the equation

u”(x) + p; (U’ (x) + p(ulx) = f(x) (14)
and boundary conditions
u(0) = ag; u(m) = by. (15)
There are three ways to find an approximate solution u*(x) to this problem.
a) On the grid AZI(\?) via paired splines
u*(x) = 0.5a;stc(r,q,1,x) + XN=1 aystc(r, q, k, x) + 0.5aystc(r,q, N, x), (16)

where r > 3 and the parameters «;, (k = 2,2, ..., N — 1) are determined from the collocation conditions.
It is necessary to take into account the fact that when finding an approximate solution in the form of (16), additional
boundary conditions of the form u'(0) = u'(7) = 0 are also fulfilled. This is due to the fact that when differentiating (16), the

functions cos(x) are transformed into functions — sin( x), which turn to 0 at the ends of the segment [0, ].
b) On the grid ABI(\?) through odd splines in the form
w®(x) = T agstsO(r,q,k, x), (17)

(€Y

and on the grid 43, in the form of

wO ) = YN apstsD(r, q,k,x), (18)
where r > 3, and the parameters «;, (k = 1,2, ..., N) are determined from the collocation conditions. Note that such splines are
conveniently used for problems with zero boundary conditions.

In cases where the solution to the equation is sought on the segment [a, b], this segment is mapped to the segment [0, 7]
by linearly replacing the variables.

Consider the case when the solution to problems (14), (15) is sought in the form (17). It is clear that in this case, the nodes
x; = 0 and xy = m of the AZI(\?) mesh coincide with the ends of the segment [0, ], and, therefore, it follows from (15) that
a, = ay and ay = by. To determine the parameters of a,, a5, ..., ay_1, we substitute (17) into (14) and equate the values of
the left and right parts at the nodes x,, x5, ..., xy_, of the grid Az,(\?); as a result, we obtain the following system of linear
algebraic equations with respect to the desired parameters a,, a,, ..., ay_4:

0.5a0A(r, 1,%;) + X¥=3 arA(r, k,x;) + 0.5b0A(r, N, x;) = f(x;) (j=23,..,N—1), (19)
where
A(r, k, xj) = stc(r, 2,k, xj) + pl(xj)stc(r, 1, k,x]-) + pz(xj)stc(r, 0,k, xj) (k=12,..,N;j=23,..,N—1).
2. Examples
To illustrate these provisions, we will provide examples.

Example 1. Let us consider a boundary value problem
" C x _ Co2-x204n) :
u' () + w0 = oulx) = @y Y€ [0,1];
u(0) =0;u(1) =05, (C=0, 1, 10).
The exact solution to this problem is
ul(x) = S—x
By composing a system of equations of the type (19) at r = 3, and solving it, we obtain approximate solutions u1(x) of
this problem for the values C =0, 1, 10. Graphs of exact solution and approximate solutions for different values of the
parameter C are shown on the Fig. 4.

c=0 C=1 c=10
/7‘41 o - "'/‘
/l/ = =2
0.4 e 04 ///' 0.4 -
uiix) A ux) /-/’/ u3(x) 7
24 v A
M2l o2 S Rl e (g2 i
i //
0 / 0 oy
0.5 05 0.75 0.25 05 075 1 05 05 075

X X
Fig. 4. The exact solution u0(x) and approximate solutions u1(x), u2(x) and u3(x),
corresponding to the values of the parameter C=0, 1, 10

Note that the largest deviations of the exact solution from the approximate solution do not exceed 0.048 when C =0, 0.044
when C = 1, and 0.042 when C = 10.
Example 2. Let us consider a boundary value problem
u”"(x) + u(x) = cos(x) cos(2x), x € [0,m];
u(0) = Lu(m) =-1.
The exact solution to this problem is
u0(x) = 1.0625 cos(x) — 0.4 sin(x) — 0.0625 cos(3x) + 0.25x sin( x).
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By composing systems of equations of the type (19) at r = 3,4,5, and solving them, we obtain approximate solutions u3(x),
u4(x), u5(x) of this problem corresponding to the given values of the parameter r. Graphs of exact solution and approximate
solutions for different values of the parameter r are shown on the Fig. 5.

u3x)
uQx)

u4x)
_y( X)

ugx)
R

0 1.047 2.094 3.14 0 1.047 2.094 3.14 0 1.047 2.094 3.14
X X X

Fig. 5. The exact solution u0(x) and approximate solutions u3(x), u4(x) and u5(x),
corresponding to the values of the parameter r = 3,4, 5

The largest deviations of the exact solution from the approximate solution do not exceed 0.048 at r = 3, 0.045 at r = 4,
and 0.043 at r = 5.
Let us now consider the case when the solution to problems (14), (15) is sought in the form (18), with (15) having the form
u(0) = 0;u(m) = 0. (20)
It is clear that the nodes x; and x, of the A3,($) mesh do not coincide with the ends of the segment [0, ]. Since (18) is
equal to zero at points 0 and m, the boundary conditions are automatically satisfied. By drawing up a system of equations of
the form
YhoraA(r ko x) = f(x), = 23,..,N - 1), (21)
where
A(r, k,x)) = sts©(r,2,k,x;) + py(x;)stc@(r, 1, k, x;) + p2 (x)stc@(r, 0, k, x;),
(k=12,..,N;j =123,..,N)
and finding the value of a;, (k = 1,2, ..., N), we construct an approximate solution 1*(® (x).
Reasoning similarly, and using the splines sts™(r, g, k, x) to construct the values A(r, k, xj), it is easy to construct the
solution u*® (x).
As before, to illustrate the above provisions, we will provide an example.
Example 3. Let us consider a boundary value problem
u'(x)+ulx) =—-x, x€[0,m] (xe€[0,1]),
u(0) =0;u(l) =0.
The exact solution to this problem is

_ sin(x) _
ulx) = sin(1) t.

By composing systems of equations of the type (21) at r = 3,4,5, and solving them, we obtain approximate solutions
u3©@(x), ud®@(x), u5©(x) of this problem corresponding to the given values of the parameter r. Graph of exact u(x) and
approximate u4( (x) solutions to this problem is shown on the Fig. 6; we also show the errors of other solutions for different
values of the parameter r.

0.075

0.0§

u4x)
Y,

)

0.03

®

0.019

s

0 0.25 05 0.75 1
X

Fig. 6. The exact solution u(x) and the approximate solution u4(x), corresponding to the values of the parameter r = 4

The largest deviations of the exact solution from the approximate solution do not exceed 0.00157 at r = 3, 0.00105 at
r =4, and 0.00098 at r = 5.

Similar calculations were performed for the approximate solutions 3™ (x), u4™® (x), u5™ (x); the largest deviations of
the exact solution from the approximate solution do not exceed 0.0005 at r = 3,4, but increase to 0.00063 at r = 5.

Discussion and conclusions

The study introduces methodologies for constructing approximate solutions to the first boundary value problem associated
with linear differential equations through the application of incomplete trigonometric splines of both even and odd forms.

The utilization of even trigonometric splines is particularly appropriate in cases where the first derivative of the solution is
subject to homogeneous boundary conditions, whereas odd trigonometric splines are recommended when the solution itself
satisfies zero boundary conditions. To substantiate the theoretical framework, illustrative examples are provided.

Furthermore, it is demonstrated that the computational error exhibits dependence on the parameter r, which encapsulates
the differential properties inherent to the employed trigonometric splines.

The proposed approaches underscore the necessity for continued investigation to refine and extend the methods for
approximating solutions to the first boundary value problem in the context of linear differential equations.
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HEMNOBHI TPUTOHOMETPUYHI CMNAWHM B 3A0AYAX NOBYAOBU HABJIMXXEHUX PO3B'A3KIB
JIHIMHNX OAUOEPEHLUIANBHUX PIBHAHb APYIOro norPAOKy

lMpedcmaeneHo 4ucnoeuli aHanimuyHuli Memod Ons1 ompuMaHHsl HabuXeHUX po3e's3Kie nepwoi kpaiiogoi 3adayi, noe'sa3aHoi 3 NiHiliHUMU
ougpepeHyianbHUMU pigHSIHHAMU Opy2020 nopsidky. [idxid 6a3yembcsi Ha euKopucmaHHi HernosHux hyHOameHmMasibHUX MPU20HOMEemMpPUYHUX
cnnaliHie, AK NapHUX, mak i HerapHuUXx, CmpyKkmypHi ennacmueocmi sikux 0y)Ke CXO0Xi Ha e1acmueocmi Kllacu4HuUX nosiHomianbHuUX cnnatiHie ma 6ynu
wupoko docnidxeHi 8 nonepedHix po6omax. 3anponoHoeaHa Memodosioz2isi sUKOPUCMOBYE MiHiMi3ayilo 3anuwkie 3a G0NOM0O20+0 8CMaHOBJIEHO20
mMemody Kosnokauyil, mum camum 3800514u euxidHy 3adayy 0o po3e'sizaHHs1 cucmeM NiHilIHUX anezebpaid4HuUx pieHsiHb 8iOHOCHO Napamempis, Wo eu-
3Havyaromsb cnnaliH. BiOmiHHa ocobnueicmb Yb020 Memody rnosisi2ae 8 Momy, W0 cami 3Ha4YeHHs1 WyKaHO20 Po38'A3Ky € sU3Ha4Ya/lbHUMU napamem-
pamu ¢hyHOaMeHmMasnbHUX MPU20HOMEeMmMpPUYHUX crialHie. paHu4YHi ymMoeu epaxoeaHO WIISIXOM MPU3Ha4YeHHsI KOHKPEeMHUX 3HavyeHb Ornsi
sidnoeidHux napamempie cnnaliHa. TeopemuyHuli euksiad AoNoOBHEHO iNnrocmpamueHUMU NPuKadamu.

Bapmo 3a3Ha4umu, w0 HernoeHi mpuzoHomempuyHi crnnalHu € (yHKUisMuU 3 neeHoro napHicmio. Ha Hawy dymKy, y 6aezambox eunadkax ysi
enacmuegicmsb 3py4Ha nid Yac 3a0aHHs1 2paHU4YHUX yMO8 OJ1s1 wyKaHO20 po38'si3Ky. HasedeHuli MemoOd nepedbayqac y3azasibHeHHsI. 30Kkpema, MiHiMi-
3ayiro 3anuwKy MoxHa 30ilicHumu MemodoM OuCKpemHux HaliMeHwux keadpamie i lio2o eapiayissmu. Ljeli Memod makox MoxHa 3acmocoeyeamu
00 niHiliHuUx dughepeHyianbHUX pieHsIHb A08iNIbLHO20 MOPsIOKY.

KnwuyoBi cnoBa: ¢yHdameHmanbHi mpuzoHomMempu4Hi cnialiHu, HerMoeHi mpu2oHoMempu4Hi cnnaliHu, napHi ¢gpyHdameHmanbHi
cnnaliHu, HenapHi ¢pyHOameHmanwsHi cnnaliHu, Kpalioei 3adadyi, NiHiliHi dugepeHyianbHi pieHAHHSI.
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Ald cun AKYCTUYHOIo BUNPOMIHEHHA
B IAEAJILHIU PIAUHI HA B'A3KY KPAMJIO

HocnidxeHo dito akycmu4Hoi padiayiliHoi cunu Ha cghepu4Hy Kparnsto 8 'si3Koi piOuHu, po3mauwoegaHy 8 ideasibHill piQuHi  noni
ninockoi 3eykoeoi xeusni. AKycmu4Ha padiayiliHa cuna € miporo e3aemMo0ii Mix nadaro4yoro aKycmu4HOK XeuJsiero ma Kparisero e 's-
3Koi piOuHU, W0 8U3Ha4YaembCsl IK cepedHE 3a YacoM iHmezpasibHe 3Ha4YeHHS1 38yKO8020 MUCKY Ha M08EepPXHI0 8'A3KOi Kpanii.
Po3pobrieHo npoyedypy po3e'sizaHHA 3adadyi, ujo peasisyemncsi y dea emanu. Ha nepwomMy emani 0nsi ausHa4eHHsI MUCKY pO3po-
6neHo nioxid, ujo nepedbayae 3acmocyeaHHs MomeHuyjiay noJsisi weuoKocmi, ompuMaHo20 siK piweHHs NiHiliHoT 3ada4i dugbpakuyii
nepeuHHoI xeusi Ha nepewkodi. I1id yac ¢ghopmynroeaHHs 2paHU4YHUX YMO8 MUCK IT08epPXHe8020 Hams2y Kpansi He epaxoeyeasu,
a it padiyc eeaxxanu He3aMiHHUM, mo6mo po3ansidanu eunadok Masux nynbcayiliHux KosueaHb. 3a0080JIeHHSI 2paHUYHUX YMO8 Ha
noeepxHi e'A3koi kpanni i ymoe 3ommepghenib0a Ha HeCKiHYeHHOCMI pa3oM i3 UKOPUCMAaHHSIM 8Jlacmueocmi opmo2oHasbHocMi
nosniHomie JlexxaHopa d0ano 3Mo2y ompumMamu HeCKiH4eHHy cucmemMy asnzebpaiyHux pieHssHb 8i0HOCHO HegidoMuXx KoegbiyieHmie
y PO38UHEHHsIX nomeHuyianie y psdu ®dyp'e. Ha dpy2omy emani po3e'sizyeaHHs1 3a0ay4i 3a A0rOMO20t0 3HalideHUX nomeHyianie
o64ucieHo muck i 2idpoduHamiyHy cuny, eUKIuUKaHy akycmu4Hum rnonemM. HacmynHe ocepedHeHHs1 2i0poduHamiyHoOi cunu 3a 4a-
com dornomoasio o64yucnumu 6e3nocepedHbLO akycmuy4Hy padiauilivy cuny. Yucnoei po3paxyHku npoeedeHo Ons1 eunadkKy, Kosiu
308HIWHBLOI PiOUHOI € 800a, a KparnJsi, ymeopeHa i3 Hepo34UHHOI y 800i e'a3koi piduHu, — aniyepuH. lpoeedeHo cepito po3pa-
XYHKie Or1s1 MHOXXUHU 3Ha4eHb padiycy e'a3koi kpansi. BcmaHoesneHo, ujo akycmu4Ha padiayiliHa cuna He € MOHOIMOHHOI (OYHK-
yiero yacmomu nepeuHHoI xeuJi. Y eunadky meepdoi cghepu’Hoi yacmuHKu Hanpsim Oii padiayiltiHoi cunu, sik esidomo, 36izaembcs
3 HanpsiMoM MOWUPEHHSI aKycmu4Hoi xeusi. Y eunadky e'a3koi cehepuyHoi kpanni Hanpsm Oii padiayiliHoi cunu moxe sik 36iea-
mucsi 3 HanpPsIMOM MOWUPEeHHs1 XxeuJsti, mak i 6ymu npomunexHum. BusieneHo, wjo icHyroms 4acmomu nadaro4oi xeusi, siki 3a6e3-
neyyroms Hynbogy padiayiliHy cuny, wo die Ha Kpanso, sika 8 YbOMy 8UrnaodKy € HepyXOoMOI0.

Knwo4yoBi cnoBa: akycmu4Ha padiayiliHa cuna, cgpepuydHa Kpansnsi piouHu, ideanbHa cmucnuea piOuHa, 8'si3ka piduHa,
nnocka 2apMOHiYHa xeuJssi, 38yKoee roire.

Knacudikauis BignoBigHo ao AMS 2020: 76Q05, 74F10.

Bctyn

YnepLue siBULLIE aKyCTUYHOMO TUCKY, LLO BUHMKAE Nig Aieto 3ByKOBOI XBWi, Byno onncaHe y knacuuHini poboti (King, 1934).
MoganbLlumi pO3BUTOK TEOPIi CNPSAMOBaHWIA Ha AOCHIOKEHHST aKyCTUYHUX pagiauiiiux cun (APC), ski 4itoTb Ha TBepai, PiguHHI
Ta rasosi 00'extu, Lo nepebysatoTb y noni 3BykoBoi xBuni (Zhuk O., Zhuk Y., & Klimchuk, 2023; Cantrell, 2018). Lli cunn €
pe3ynbTaToM Nepepo3noAiny iMnyrbCcy XBWIi BHACMiAOK PO3CilOBaHHSA Ha MeXax NoAiny cepenoBuLL i 3yMOBMHOOTL CTarny KOM-
noHeHTy Tucky (King, 1934; Doinikov, 2005). 3 npakTn4Horo nornagy, epekT akyCTUYHOro BUNPOMIHEHHS LLMPOKO 3aCTOCOBYHOTh
y Cy4acHUX TEXHOOrisIX — 30KpeMa, A4 yNbTPa3BYKOBOI NeBiTaLil, O4YMLLEHHS PIOUH, aKyCTUYHOrO TPaHCMOPTYBaHHSA MiKpoOKpa-
nenb, MaHinynaAuin i3 MikpoyacTHkamm Towo. [Inst onmMcy TakMx CUCTEM HeObXigHO BpaxoByBaTW sIK BMTACTUBOCTI 30BHILUHLOMO
cepefoByLLa, Tak i BHYTPILLHIO B'A3KICTbL Kpanni, WO BNAMBAaE Ha pO3noAin TUCKY Ta LUBUAKOCTI B PiAVHI.

Y NporoHoBaHIn CTaTTi JOCHIMKEHO Ail0 aKyCTUYHOrO BUMPOMIHEHHST Ha CPepuydHy Kpanso B'A3KOI PiAnMHM, pO3MiILLEHY B ifea-
NbHiA CTUCNMBINA piguHI Nig, gjeto Nockoi rapMOHIYHOT 3BYKOBOI XBUMi. MeToto poboTH € BCTaHOBMEHHS 3aKOHOMIPHOCTEW BMMBY
napamMeTpiB 3BYKOBOrO Nossi Ta 4idVYHNX XapaKTEPUCTUK PiAMH Ha BENUYMHY | HANpPsIMOK akyCTUYHOI cunu. BukopuctaHo aHanitu-
YHUI Migxig, Wwo 6a3yeTbcst Ha PO3B'A3aHHI NiHIMHOI 3agadi AudpakLii XBuni METOAOM PO34iNeHHst 3MiIHHKX | MoAanbLLIOMY BU3Ha-
YeHHI rigpogvHaMiYHMX Ta pagialinHMX CUI LWSIXOM ycepeaHeHHs 3a nepiod xsuni (Zhuk O., Zhuk Y., & Klimchuk, 2023).

1. MocTaHoOBKa 3agavi

YBeaemo 3 noyatkoM y LIeHTPi cpepuyHOol Kpansi ABi CUCTEMM KOOPAUHAT: NPAMOKYTHY [iekapToBy Oxxyx; i chepuyHy

O9p. [OuHamiununii Npouec y 30BHILLHIN ifeanbHil piavHi, BU3HAYeHWi A Ha neplioMy eTani Mg Yac Po3B'A3aHHs MiHINHOI
3agadi gudppakuii, onncyetbca noteHuianom @; nepBMHHOI xBWMi Ta noTeHuianom @, PO3CiAHOT XBUMI Ha Kpansi, Lo €
po3B'si3kamu MNiHIMHOrO XBUIMLOBOIO PiBHSHHS
1 %0
o-—%3=0. (1
610 ot

®; =dexp|i(kx-ot)], ®,=4 i (2n+1)i" j, (kr) P, (cos0)exp(—iot), ® = i Anh,sl)(kr)Pn (cos©)exp(—imt),
n=0

n=0

o
p=—poa—, Vv=grad ®, ® =0, +D, k=2
t agp
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MoteHuian @, 3agoBOrbHAE yMOBU 3o0MMepderbaa Ha HECKIHYEHHOCTI.

[unHamivyHMIi npouec y B'A3KIN piguHi Kpanni Ha nepLioMy eTani nig vYac po3B'a3yBaHHA MiHIMHOI 3agadi gudpakuii onu-
LIeMO 3a JONOMOroH NiHeapn3oBaHOi TEOPIl B'A3KOT CTUCIIMBOIT PIAVUHKN, BUKOPUCTABLUW NOTEHLiany WBUAKOCTI NoTeHUianbHOT
®, i BUXpOBOi ¥, cKnafoBKX NOTeHLjiany WBKUAKOCTI XBUIbOBOrO MOJIS, L0 € PO3B'SI3KamMu PiBHSHb:

' ' 2
P N PN (V’A—ﬁj\?d =0, 2)
podg Ot) @ ot o
O, = i 4, j, (0r) B, (cos®)exp(—iot), ¥, = Z B, j, (Br) B, (cos®)exp(—imt). (3)
n=

o=k +ik, k =ik, k =(N+2y) (o/(2p0ao) B= (z(o/v) , V=Vd, +V><(V><érr‘¥’d),
A+ 2 0 S Lo
“A atJ(I)d, G, =€.°G-€,., C,g=€.-G-&y.

13 MHOXWMH pOo3B'sA3KiB ANA q)s,&)d i \ifd BUGIp HEOOXiAHMX CniBBIOHOLIEHb ANS MOTEHLianiB — 064YMCNEHHS HEBIJOMUX

6:(_1—,+wv.%)}§+2p’é, 2é=v5+(v5) , P=Po [

KoeiLieHTIB B TXHIX PO3BUHEHHSAX Y paan dyp'e — NpoBeAEHO LUNAXOM AOTPUMAHHS rPaHNYHUX YMOB Ha NOBEPXHI ChepUYHOI
Kpanni B'A3KOI PignHN:
v

r‘r:R = 17"‘F:R ’ p‘r:R = G”"r:O ’ Gre‘r:R =0. (4)

Mg yac dopMynoBaHHA rpaHMYHMX YMOB TUCK MOBEPXHEBOro HaTAry Kpanmni He BpaxoByBanwu, a ii pagiyc R BBaxanu
HEe3MIHHUM — Mani NyfbCcaLiviHi KONMBaHHS.

2. MeToaukKa po3B'si3aHHs 3a4avi Ta BNacTUBOCTI piguH

BukopucTaBLUM opToroHankeHiCTb NoniHoMiB JlexxaHapa B piBHAHHAX (4), ogepaHO HeCKiHYeHHY cucTemy anrebpaiyHmx
PiBHSIHb BIAHOCHO HEBIAOMMX KOEMILIEHTIB 4,,4,,B, B PO3BUHEHHSIX noTeHujianis y pagn dyp'e

dh(l) q O, = 0, = Ul
k”d—q()An +1E[31,,A,, +z—;32n L, =—A(2n +1)z”k%
. u =2y = .
lmpOhr(tl)(Q) n _R_l;alnAn R 0"Zan = A(2n + 1) n+1(‘)p0]n (q) (5)
€1,4, +€,,B, =0, q=FkR.

Y cucTtemi piBHSAHb (5) yBeoeHO Taki MO3HAYEHHS:

Ay =[”2 _n_@]jn (O*R)+2((’“R)jn+l(0“R)r O2p = n(n+l)|:(n—l)jn (BR)_(BR)jnJrl(BR):I’ Ban = n(rH—l)jn (BR)’

ﬁln = njn ((XR) _(aR)jnH (O“R)’ ey = (}’l _l)jn ((XR) - (aR)JnH ((IR), Eop = {nz -1 _@Jjn (ﬁR) - (BR)]n (BR)

. , - . 1/2 . .
CucTtema piBHsIHb (5) po3B'A3aHa ans BUNaaKy mMarnoi B'A3KoCTi. YBedeHo napameTp ¢ — (V/(mRZ))/ <1 i3 ToyHicTio O

&2 opepxaro: OR~KR, BR z(1+i)/<8\/§) =g exp(in/4).

Mig yac obuncneHHs chepuyHMX PYHKLIN 3@ BENUKMX 3HAYEHb apryMeEHTIB BUKOPUCTAHO iXHi aCMMNTOTUYHI NpeacTaB-
neHHs. Bu3HayeHHAM noTeHUianiB akyCTUYHOrO Nonsi 3aBepLUyeETbCA PO3B'A3yBaHHA 3adadi Audpakuii nepBMHHOI XBUAi Ha
B'A3KIN Kpanni.

Ha gpyromy eTani po3s'sadyBaHHs1 3agadi 0GYMCNEHO TiapoAvHaMIYHY CUIy, BUKIIMKAHY akyCcTUYHMM nonem. CumeTpisi
aKyCTUYHOrO Nons BiAHOCHO oci Ox; 06yMOoBItoeE HanpsaM Ti Aii Ha kpanmo B3OOBX Liei oci. BoHa gopiBHIoE

n2n

Fx3 :—sz' j' psinBcos0d0d o - (6)
00

BignosigHo 0o NpuiAHATOrO MeToay AOCNIMKEHHS, TCK Py cdopmyni (5) Ans rigpoAnHaMivHOi cunu ob4mcneHo, BUKOpU-
ctaswwy noteHuian @ =®; + ¢, akyCTMYHOro NOIs, OAepPXaHui Ha nepLIoMy eTari po3s'a3yBaHHA 3afadi. [lo Toro x Bigno-

BiJHO O 3aCTOCOBAHOIO MeToAy AOCNIMKEHHSI TUCK Py dopmyni (6) Ans riapoAMHaMIYHOI CUITM BU3HAYEHO 3 TOYHICTIO OO0
BENUYUH APYroro nopsaky

oD 1 oD
_—poa———Po(gmdq’) +t po[ atj 7

Ctpyktypa dopmynu (7) nepenbadae nig yac o6YMCreHHs TUCKY P BUKOPUCTaHHA AiACHOI CKNaJoBOi NoTeHuiany o

Togi y chopmyni (7) onsa Tucky HeobxigHO noknacTu
6£=d£—Vx cosGai+Vx sin6 00 (8)
ot dt 3 or 3o 08
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[na BU3Ha4eHHs1 LWBMOKOCTI KONMBarnbHOro pyxy Kpanii B34oBxX oci Oy 3aCTOCOBAHO PiBHAHHS

av, oD 4
3 - 3=
m—-=-=—[[ pcos0ds, =—py—, m=—nR"p, - 9)
" Isjp P==Po, 3 ™RPo

IHTerpan y npasin yacTuHi piBHAHHA (9) 6epeTbcs No BCil MOBEPXHi cchepryHOT Kpansi 1 BU3Ha4a€e cuny, Wo Aie Ha Hei 3
©O0Ky OTOUYHOYOI idearnbHOI pignHN.

BBaxkatoum pagiyc cchepuyHoi kpansni manum i He HaBOASIHM FPOMI3AKI BUKAAKM Nig Yac oBYMCneHHs rigpognHamivyHol
cunu (7) i B il ocepeHeHHi B Yaci, 0Aep>XUmo:

(Fiy)= <Fx(31)> + <N£?> +(NE )+ <Fx(33)> (10)
<Fx(31)> 2mp n[ [K( )4Kola) ( ). (q)dL((;;fJ)j 2 EKl(q)dKz( )en(q )sz(q)j (Kl(q)K2(q)+L1(q)L2(q))j
<N§1)> 2mpod i(zn+Y)zzln+3)[dK§q(q)dK"J;(q)+de5 )dL";;( )]’

<N( )> 47tp0 i M(Kn (q)K,,+1(q)+Ln (q)LnH (q)) !

— O(Zn + 1)(2n + 3)

(R )= 2mp0” & o (K @)Kt () £ 0) s ()

Y dopmynax ansa cknagosux APC nosHaveHo:

o) =204 1) 5 () 1 1 ()= Al ) =(20 1)1 ()i |+ A 0) ),
A,=Red, +ilm A, = 4, +i4,,.

AprymeHT ¢ B 064MCNEHHI HaBeAEHUX BULLE CMiBBIAHOLIEHb AOPIBHIOE kR .

3. PesynbTatn po3paxyHkiB 1 aHani3

[ns yncnosux gocnigxeHb Aii APC Ha cdepunyHy Kpannto B'a3Koi PiguHY B ifeanbHiv piguHi BukopuctaHo cdopmyny (10).
30BHILWHLOW piguHoto € Boda (ryctuHa 1000 kr/m3, weunakicts 38yky 1500 m/c), a, Kpanns yTBOpeHa i3 HEePO3UYMHHOI Y BOA;
B'AI3KOT pianHK, — rniuepuH (ryctvHa 1264 kr/m3, weunakicts 3syky 1920 m/c, koediuieHT amHamiyHoi B'siakocTi 1,412 Ma-c).

Amnnityaa AnepsuHHoi xBuni @; ctaHoBUTb 0,9-1074 M?/c. PeaynbTaTu po3paxyHkiB 306paxeHo Ha puc. 1, 2. Lindopu, skumm
No3Ha4eHo KpuBi, BKa3ytoTb pafiyc Kpanni B mMirlimeTpax.

) 7’ f L

)/
L] ~ -

-2

(F3) 105, N

(F3)y- 10", N
o
\

0 10 20 30 40 50 60 0 20 40 60
fa kHz f, kHz
Puc. 1. 3aranbHa 3anexHicts APC Big Hyns Puc. 2. Oco6nusicTb noBeniHkun APC

B OKOJ1i YacTOTU NepPBUHHOI XBUII

Bauumo, Wwo pagiauiiHa cuna He € MOHOTOHHOIK (PYHKLLIEID YaCcTOTU NepBUHHOI XBUAi. Ha BigMiHy Big BMnagky TBepaoi
chepunyHoi YacTUHKK, HanpsiM Aii pagiauiiHoi cunm Moxe sk 36iratucs 3 HanpsIMOM MOLUMPEHHSA aKyCTUYHOT XBUIi, TaK i ByTu
NPOTUIEXHUM.

Ounckycis i BUCHOBKM

BcTaHoBneHo, Lo akycTu4Ha pajiaLiiHa cuna He € MOHOTOHHO OYHKLIIEI0 YaCTOTU NEPBUHHOI XBUIi. Y BUNaaKy TBepaol
cdepuyHoi YacTrHkM Hanpsm aii APC, sk Bigomo, 36iraeTbCs 3 HAaNPAMOM MOLUMPEHHS aKyCTUYHOT XBWMi. Y BUNaAKy B'A3KO1
cchepunyHoi Kpanni Hanpsam Aii pagiauinHoi cuny Moxe sk 36iraTncs 3 HanPsSIMOM MOLUMPEHHS XBUITI, TaK | ByTN NPOTUNEXHUM.
BuaBneHo, Lo iCHY0Tb YacToTV Nafaroyoi XBuni, siki 3abesnedytoTb HynboBy APC, Lo Aie Ha Kpannto, fka B LibOMY BUMaaKy
€ HEPYXOMOHO.

BHecok aBTopiB: OnekcaHap Xyk — koHuenTyanisauid, metoauka; Apocnae Xyk — 36ip i nepeBipka eMnipu4HNX AaHUX, emnipuydHe
AocnimkeHHs, nporpaMHe 3abesneveHHs; Mapia KawTansH — aHania gxepen, nigrotoska ornaay nirepatypu abo TeopeTU4HMX OCHOB [0C-
TNiIKEHHS.

Dxepena cdiHaHcyBaHHA. PoboTa ciHaHcyBanacs 4acTkoBO BnacHWM kowwToMm i kowtom KHY imeHi Tapaca LeByeHka.
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THE EFFECT OF ACOUSTIC RADIATION IN AN IDEAL FLUID ON THE VISCOSITY OF A DROP

The effect of acoustic radiation force on a spherical drop of viscous liquid, located in turn in an ideal liquid in a plane sound wave field, is
investigated. Acoustic radiation force is a measure of the interaction between an incident acoustic wave and a drop of viscous liquid, defined as the
time-averaged integral value of the sound pressure over the surface of the viscous drop. A procedure for solving the problem has been developed,
which is implemented in two steps. At the first step, an approach was developed to determine the pressure, which involves the use of the velocity
field potential obtained as a solution to the linear problem of incident wave scattering at an obstacle. When formulating the boundary conditions, the
surface tension pressure of the drop was not taken into account, and its radius was considered constant, i.e., the case of small pulsation oscillations
was considered. Satisfying the boundary conditions on the surface of a viscous drop and Sommerfeld's conditions at infinity, together with the use
of the orthogonality property of Legendre polynomials, made it possible to obtain an infinite system of algebraic equations with respect to unknown
coefficients in the Fourier series expansions of potentials. At the second step of solving the problem, the pressure and hydrodynamic force caused
by the acoustic field were calculated using the found potentials. The subsequent averaging of the hydrodynamic force over time allowed us to calcu-
late the acoustic radiation force directly. Numerical calculations were performed for the case where the external fluid is water and the drop is formed
from a viscous fluid insoluble in water - glycerin. A series of calculations was performed for a set of values of the radius of the viscous drop. It was
found that the acoustic radiation force is not a monotonic function of the incident wave frequency. In the case of a solid spherical particle, the direction
of the radiation force, as is known, coincides with the direction of propagation of the acoustic wave. In the case of a viscous spherical drop, the
direction of the radiation force can be either coincident with the direction of wave propagation or opposite to it. It has been found that there are
frequencies of the incident wave that provide zero radiation force acting on the drop, which in this case is stationary.

Keywords: acoustic radiation force, spherical liquid drop, ideal compressible fluid, viscous fluid, plane harmonic wave, sound field.
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STABILITY OF INFECTION-FREE ALMOST PERIODIC SOLUTION
IN IMPULSIVE SEIR-MODEL

Mathematical models of the infection spread dynamics have remained a relevant area of research for the past few decades.
Moreover, these models have also proven to be suitable for modeling DDoS attacks in computer networks. The qualitative
behaviour of solutions in such models is usually arranged as follows: there is some threshold value at which the global asymptotic
stability of the solution with a zero component, which is responsible for the number of infected individuals, changes to the stability
of the non-zero equilibrium position. From a meaningful point of view, this means that the self-exhaustion and disappearance of
the infection changes to a constant circulation of the infection in the population.

However, the presence of an impulsive perturbation can make the infection-free solution asymptotically stable regardless of
the threshold value, and such impulsive perturbations allow a natural interpretation within the framework of the epidemiological
model as the process of vaccination of a certain part of individuals.

Such problems have already been considered for the SIR- and SEIR-models in the case of a simple structure of impulsive
points, due to which the impulsive problem was actually reduced to a problem without impulsive perturbation. However, a more
complex structure of the set and magnitudes of impulsive effects requires the application of the theory of impulsive differential
equations, which is done in this work.

Namely, the article considers the SEIR-system of differential equations with impulsive perturbations that have an almost
periodic character. The existence and properties of an infection-free impulsive almost periodic solution are investigated, and its
asymptotic stability is proven.

Keywords: SEIR-model of differential equations, impulsive perturbation, infection-free solution, periodic solution, almost
periodic solution.

AMS 2020 classification: 34C25, 34C27, 34D10, 34D20.

Introduction

The classical SIR-model is a three-dimensional system of differential equations that describes the infection spread dynamics in
a population consisting of potentially Susceptible, Infectious and Recovered individuals. Various modifications of this system, as well
as a qualitative analysis, are contained in the review (Hethcote, 1989). SEIR-model is a four-dimensional system that includes
Exposed individuals of infection as part of the population (Liu, Hethcote, & Levin, 1987). This model can also be adapted to describe
the dynamics of certain types of DDoS attacks in computer networks (Balarezo et al., 2022). A qualitative analysis of this type of
model has been investigated in works (Li, & Muldowney,1995; Li, & Muldowney, 1996). As in SIR-models, it is shown that if the
contact number ¢ < 1, then there are physically justified invariant regions where the only globally asymptotically stable equilibrium
position is I = 0 (infection-free). If & > 1, then another equilibrium position with / > 0 becomes asymptotically stable.

It turns out that the presence of an impulsive perturbation can radically change this qualitative picture. The theory of
differential equations systems with an impulsive perturbation was created in the works of prominent mathematicians
A. M. Samoilenko and M. O. Perestyuk (Samoilenko, & Perestyuk, 1995). In models of the infection spread, the impulsive
perturbation has a natural interpretation as a vaccination procedure of a certain part of potentially susceptible individuals. For
the first time, such a problem was considered in (Shulgin, Stone, & Agur, 1998). In the simplest situation, when moments of
an impulsive perturbation are equidistant, the asymptotic stability of an infection-free impulsive periodic solution was proven.
The same impulsive problem for the SEIR-model was solved in (D'Onofrio, 2002). It should be noted that the simple structure
of the impulsive moments (t, = nT) actually allows to reduce such a problem to the study of a periodic problem without
impulses, that makes it problematic to use the approach (Shulgin, Stone, & Agur, 1998), (D'Onofrio, 2002) to more complex
impulsive problems (Feketa, Klinshov, & Licken, 2021).

In this paper, we investigate the impulsive problem when at the moments of time t, = nT + «,,, ({a,} — almost periodic
sequence) trajectories of SEIR-model undergo impulsive perturbation which can be interpreted as a vaccination process.
Using the general impulsive systems theory (Samoilenko, & Perestyuk, 1995), we prove the existence of an almost periodic
impulsive infection-free solution and investigate its dependence on the parameter T. This allows us to establish the main
result of the paper that for sufficiently small T this solution is asymptotically stable.

© Kapustyan Oleksiy, Sukretna Anna, Kapustian Dmytro, Ospanov Myrzagali, 2026
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1. Formulation of the problem
We consider a classical SEIR-model respect to the unknown functions S(t) (Susceptible is the fraction of the population that
can become infected), E (t) (Exposed is the fraction of the population that is carried the infection), I(t) (Infectious is the fraction of
the population that is infected) and R(t) (the fraction of the population that Recovered and has immune), for which equality
SHO+EQ+I)+RM)=1,t=0
and an ordinary differential equations system
(S =-ASI+v—vS+6R,
E = ASI — (¢ + V)E,
{i=eE—(y+v)1,
U? =yl — (5§ + V)R,
holds. Here 4,v, §, €,y are positive parameters that determine the indicators of the spread of infection, namely:
A > 0 is the natural frequency of contacts,
v > 0 is the proportion of deaths and newborns,
6 > 0 is the proportion of recovered people who lose immunity,
€ > 0 is the proportion of infection carriers who get sick,
y > 0 is the proportion of sick people who recover.
Also important for analysing the problem is the contact number
g
(e+v)(¥y +v)
Substituting the expression R = 1 — S — E — I into the system, we have the main object of study
S=-ASI+v—-v§S+8(1—-S—E-1D),
E = ASI — (¢ + V)E, (1)
I =¢E—(y+v)I.
Let's
D={SEDER} |0<S+E+I<1}

then the following result is known.

Theorem 1 (Li, & Muldowney, 1996). For any initial data (S(0), E(0),1(0)) € D there is only one corresponding solution of (1)
on the interval [0, +o0) and for all t = 0 the inclusion (S(t), E(t),I(t)) € D takes place.

If 0 <1, then where is the only one equilibrium point P; = {S; =1, E; = 0, I = 0} (infection free) in D, which is globally
asymptotically stable in D.

If ¢ > 1, then Pj is an unstable equilibrium point and another equilibrium point P = {S{ = % E;€(01), I] € (0,1)} appears,
which is globally asymptotically stable in int D.

Modelling the vaccination process as a sharp decrease in the susceptible to infection population proportion we arrive at
an impulsive problem
AS't:tn: = S(tn + 0) - S(tn) = _bns(tn)r (2)
where {b,,} c (0,1), {t,} are the given values and the moments of the impulsive perturbation.
By solution (1), (2) according to (Samoilenko, & Perestyuk, 1995) we will understand a left-continuous function, which is
satisfies the system (1), when t # t,,, and at points {t,,} satisfies the equality (2).
In papers (Shulgin, Stone, & Agur, 1998), (D'Onofrio, 2002) in the case b,, = b, t,, = nT it is shown that when ¢ > 1 in
problem (1), (2) there is a periodic impulsive solution P(t) = (5(t), 0,0), which under condition
1 (7. 1
Tfo S(t)dt < p
is asymptotically stable.
In this paper we generalize this result to the case of almost periodic (Samoilenko, & Perestyuk, 1995) sequences {b,,},
{t, = nT + a,}. We prove the existence of an almost periodic impulsive infection-free solution and show that for sufficiently
small T > 0 this solution is asymptotically stable.
2. Main results
Let us first consider a periodic problem, namely, let there exist p € N and T > 0 such that

0<t;<t;< .. <t, <T, tyyp=t,+T, n=1,
bpsp =by, n>1. )
Then the following statement is true.
Lemma 1. Under conditions (3), problem (1), (2) has a periodic infection-free impulsive solution, and also

supS(t) >0, T - 0. 4)
£20

Proof of Lemma 1. Let's find S(t) as a T-periodic solution to the problem
S=@Ww+8)1-9),
- _ ®)
AS|i—¢, = —bpS(ty).
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On the interval of continuity [z, t] we have
S(t) = (S@) — Ve~ WO 4 q,

then
St +0) =[(S(0) — De~ 4 +1](1 — b)) =S(0)e V(1 —b) +a;, 0<a;<1-—e 4
and so on
p
5(t, +0) = S(0)e~ W+ l_[(1 —b)+a, 0<a,<1l—e O,
i=1
Therefore,

p
S(T) = $(0)e~+oT l_[(l —b) + (ap = 1)e”@+DT-5) 4 1

i=1
and the initial data for this periodic solution is determined as follows
(a, —1)e~+OT-1) 4 1
1—e OO (1—by)

5(0) = (6)

At the same time, it follows from (6) that
1-— e—(v+6)T
S(0) = ——a55r ANCETSE
which means that S(T) —» 0, T — 0. Then from (5) we deduce that for any £ > 0 there exists T* > 0 such that for all T € (0,T*)
and for all t > 0 we have S(t) < ¢, hence (4) holds. Lemma 1 is proven. o
Remark 1. It is easy to see that the periodic solution 5(t) is asymptotically stable in problem (5), that is, for an arbitrary initial
data S(0) € (0,1) and the corresponding solution S(t) of problem (5) holds
St)—S(t) -0, t— oo, (7)

Now we consider an almost periodic impulsive problem. We will use the following definitions (Samoilenko & Perestyuk,
1995).
Definition 1. A sequence {1;};c is almost periodic if

Ve>0 AN=N(e) VKkEZ IpE[kk+NINZ Vi€EZ |ty, — 7| <e (8)

The number p is called e-almost period of the sequence {t;};cz.

In the sense of Definition 1, it is stated that for any € > 0 there exists a relatively dense set of e-almost periods.
Remark 2. If the sequence {t;};cz is such that equality t;,,, = t; + T holds for any i € Z, then the sequence {t; = t;;1 — t;}iez
is almost periodic.

In the following, we consider the situation when the sequence {t;};c; satisfies the condition

<G <tpy1 <..., L€EZL t;> Foo, [ > F0,

Let N(t,t + s) denotes the number of the sequence {t;};c; members belonging to the interval (¢, t + s].

It is known (Samoilenko, & Perestyuk, 1995) that if a sequence {t;,; — t;};cz is almost periodic, then uniformly over t € R
there exists a limit

N(t, t+s
tim YEEXS g

S—00

9)

In particular, if t;,,, = t; + T than 6 = 2.
Definition 2. For a given sequence {t;};cz, we put rg =tiyj — t; i,j € Z. We will say that the sequence {rl’} is uniformly almost
periodic if for an arbitrary € > 0 there is a relatively dense set of e-almost periods common to all j, that is

Ve>0 3N VkeZ Apelkk+NInZ Vj€Z Viel |, —1|<e
Lemma 2 (Samoilenko, & Perestyuk, 1995). Let the sequence {t;};c; be such that for some T > 0 the equalities
ti=L'T+a,-, lEZ,
hold, where the sequence {a;}icz is almost periodic and sup |a;| = a < g Then the sequence {rl’ =ty — ti} is uniformly
almost periodic. <
Definition 3. A piecewise continuous function ¢: R — R¢ with discontinuities of the first kind at points {t;};cz is called almost
periodic if the sequence {rl’ =t — ti} is uniformly almost periodic and the following properties are satisfied:
1) Ve>0 36>0 VIieZ Vi t"e(t,tipq): [t/ =t' <6 = o) -t <s
2) for arbitrary € > 0 there exists set I for which there exists such [ > 0 that foralla € R: [a,a + ] n T # @ and for each
T €T, t € Rinequality [t — t;| > e leads to |lo(t + ) — ()| < &.
Now consider the almost periodic impulsive problem (2), where
tiziT+al-, LEZ,

the sequence {a;};cz is almost periodic and sup|e;| = a < g, (10)
i€z
the sequence {b; };cz is almost periodic, {b;};cz € (0,1) and ing |b;| = b > 0.
L

Lemma 3. Under conditions (10), problem (1), (2) has an almost periodic infection-free solution P(t) = {S(t), 0, 0} in the
sense of Definition 3 and
supS(t) >0, T - 0.

t=0
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Remark 3. It also follows from (Samoilenko, & Perestyuk, 1995, Theorem 24.1) that the almost periodic solution S(t) is
asymptotically stable for problem (5)9, i.e., the limit equality (7) holds.

Remark 4. For the correctness of the definitions, we consider the impulsive perturbation on the entire real axis, but we are
interested in the dynamics on the half-axis [0, +0).

Proof of Lemma 3. Since the inequality

—(v+6)+6In (sup(l — bl-)) <-(v+46)<0
i€z

holds, where 0 is determined from (8), then from (Samoilenko, & Perestyuk, 1995, Theorem 24.1) problem (5) has a unique
almost periodic solution

S(H) = (v +6) f X(t,5)ds, (11)

where for t;, <t < tyyq, tmeq < s < tp, s <twe have
X(t,s) = e~ (V+OE-t) n (1 — b)e~WOEi=tia) (1 — p Y=+ tm=s),
B ssti<t
From formula (11) we deduce that S(t) € (0, 1) for an arbitrary t € R.
For a more precise estimate of S(t), we note that from the existence of a uniform with respect to t € R limits in (8) we
have

N (0, KT + Z)

0 = lim 2) _ lim k + min{0, sign a} _ l

e kT 4 % e KT + % T
Then for an arbitrary € > 0 there exists such K = K(¢) = 1 that for all t = s we have
X(t S) < Ke(s—v—5+%ln(1—b))(t—s)

and therefore (Samoilenko, & Perestyuk, 1995, Theorem 24.1) for € = % and for K > 1, which does not depend on T for

sufficiently small T number g = —% + %ln(l — b) < 0 is negative and so for t > 0 we have
_ 1 Kv+6
50 <kw+0) (=) =553 (1 N
B2 Y3 Lin( - b)|

therefore sup S(t) » 0, T - 0. Lemma 3 is proven. o

t=0
The main result of the paper is the following theorem.
Theorem 2. Let in problem (1), (2) impulsive perturbations satisfy conditions (3) or (10) and P(t) = {§(t),0,0} is a
corresponding infection-free impulsive almost periodic solution. Then there is such T* > 0 that for T < T* the solution P(t) is
globally (in Int D) asymptotically stable.
Proof of Theorem 2. With fixed E (t) and I(t), consider the impulsive problem for first equation of system (1).
S=—-ASI+(Ww+8)(1A-=5)-8E+D,
AS|t=t’n = _bnS(tn)' S|t=0 = 50 € (0’ 1)
Since there are E(t) = 0, I(t) = 0, then for an arbitrary t > 0 we have

(12)

S(6) < X(0), (13)
where X (t) is the solution of (5) with the initial condition X (0) = S, and therefore, according to the remarks 1, 3, we have
Xt)=-St) >0, t— oo (14)

Now, with a fixed S(t), consider second and third equations of system (1)
E = 2SI — (¢ + V)E,
[=¢E—(y+v), (15)
E(0) =E, €(0,1), I1(0) =1, € (0,1).
Since system (15) is cooperative, that is, there are inequalities
oF ai
— = AS(t) > 0, —=g>0,

al oE
hold, then according to Kamke's theorem, we have

0<E()<Y(), 0<1I(t) <Z(),
where {Y, Z} are the solutions of the system
Y = AXZ — (e +v)Y,
Z=¢Y—-(y+v)Z (16)
Y(0) = E,, Z(0) = I,
and X(t) is satisfied by the limiting relation (14). So, for sufficiently large t, we have that

%(Y(t) +Z@) == - (¥ +v—-2X(1)Z(t) < —v(Y(©®) + Z(D)), (17)
if T* is chosen so that the inequality
supS (¢) < /Zl (18)

t=>0

holds for T < T*.
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Thus, for arbitrary t = 0 we have
E(t) +1(t) < K(Ey +Iy)e™, (19)
where K > 0 is some constant.
Let's go to the new variables x,y,z in (1), (2), where
S@®) = 5@ +x(®),
E@® =y,
~ I(t) = z(¢t).
Then the stability of P(t) is equal to the stability of the zero solution of the system
x=-AS(t)z — Axz —vx + §(—x —y — 2),
y =AS(t)z + Axz — (e +v)y,
z=ey—(y+v)z
Axlt:tn = _bnx(tn)-
Under condition (18), for each t = 0 we have
y(©) +2(6) < (yo + zo)e™". (21)
Further, on an arbitrary interval of continuity (z,t), from the first equation in (20) we obtain

%%xz(t) < —(v + 8)x%(t) — sx(O)y(t) — (AS(t) + 8)x(t)z(t).

Choosing T* > 0 so that for T < T* condition

(20)

_ v
supS (t) <= (22)
£20 A
is fulfilled, we obtain
1d v+46 v+4
Eaxz(t) < -+ 8)x2®) + v+ O)x®I(y@®) +z(1)) < — 3 x2(t) + 5 (y(®) + Z(t))z.
Thus, on an arbitrary interval of continuity (z, t), using (21), we derive
d
X0 < v+ XD + v +O(© + 2(0)’,
t
x2(t) < x2(0)e~WHODE-D 4 (y 4 S)f o + 2)2e~2se~+Ot=s)gs <
+5 (23)
< x2(7)e” (oD 4 vre 5 (vo + 2g)%e e
Then
+6
x2(t) < e O + 122 (g + 20)%e 7,
+4
x2(tz) < x%(t) (1 — by)?e”+OEmt) 4 VT o +29)%e ™V <
+6
S x§(1—by)e ¥tz VT (o +20)*((1 = by)* + ez,
continuing further at the k-th step, we obtain
B v+4 _
Xz(tk) < Xg(l - b)Zke &)tk 4 m(yo + Zo)ze Vi, k=>1. (24)

From estimates (24) we deduce that x2(t) — 0, t — oo, and this, together with (21), gives the desired asymptotic stability.

Theorem 2 is proven. o

Discussion and conclusions

The article considers the SEIR system of differential equations with impulsive perturbations of an almost periodic nature.
The existence and properties of an almost periodic impulsive solution without infections are investigated, and its asymptotic
stability is also proven. From a practical point of view, this means that by choosing a certain realistic vaccination schedule
(which takes into account possible deviations from a strictly periodic nature) and supporting vaccination of a certain proportion
of the population, it is possible to achieve the stability of the infection-free state of the system, which will mean the attenuation
of the epidemic process. The obtained results can also be applied to high-dimensional systems of differential equations, which
are used for describing DDoS attacks in computer networks. The study generalizes previously known results by considering
a more mathematically complex model that allows for a more realistic practical interpretation. It should be noted that the linear
impulse perturbation condition (2) is due to empirical data on the cessation of the circulation of infections in the population
upon reaching a sufficiently high level (80—90 %, and sometimes more than 95%) of vaccinated people in the population (see,
for example, https://ourworldindata.org/vaccination ). As a rule, achieving such levels requires mass vaccination, so we really
neglect the throughput of the medical system, considering it proportional to the population size. In our further studies, we plan
to consider the case of a nonlinear dependence of the magnitude of the impulse disturbance on S, which is a more realistic
case from the point of view of the practical vaccination process, which depends on the capabilities of the system.
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KniBcbKkui HauioHanbHWUIA yHiBepcuTeT iMeni Tapaca LLleuyeHka, Kuis, YkpaiHa
2€BpasincbKuin HauioHanbHUIM yHiBepcuTeT imeHi J1. H. FlyminboBa, ActaHa, Pecny6nika KasaxcrtaH

MPO CTIMKICTb MAMXE NEPIOAWYHOIO BINbHOIO BI IHOEKL|I PO3B'A3KY
B IMMYNbCHIW SEIR-MOAENI

MamemamuyHi Modeni AuHamiku po3noectodKeHHs1 IHPeKyil € akmyanbHUM HanpsIMKOM OocCsliOKeHb ynpodoeX KiflbKox ocmaHHix decssmunimsb. ba
6inbwe, yi Modeni nokaszanu cebe npuéamHuMu Makox Ons modesmroeaHHsi DDoS-amak y kKoMn'tomepHux Mepexxax. SlkicHa noeediHka po3e 'si3kie y makux
modereli 3a3euyall ynawmoeaHa mak: icHye Oesike nopo2oee 3HaYeHHsl, y pa3i 00Csi2ZHeHHSs1 IK020 2s106anbHa acuMnmomuyHa cmilikicmb po38 3Ky 3 Hy-
JIb0BOHO KOMITOHEHMOHO, WO 8idnoeidae 3a Kinbkicmb iHghikoeaHuX oci6, 3MiHIOEMBLCST HAa cMiliKicmb HEeHYITb08020 IMOJIOXKEeHHS pieHo8azu. 3i 3MicmoeHoi
no3uyii ye o3Hayae, Wjo camocmitiHe suvyepriaHHs Ma 3HUKHEeHHS iHgheKuii 3MiHFoeMbCs1 Ha MOCMIlHY YUPKYsAyito iHghekyii e nonynsuii.

OOHak HasieHicmb iMnynbCHO20 36ypPeHHs1 MoXe 3pobumu 8inbHUl 8i0 iHghekyil po3e’'I30k acuMNMoOMmMU4YHO CMIilIKUM He3aslexHo 8id nopoao-
8020 3HaYeHHsI, MPUYOMY maki iMnynbCcHi 36ypeHHs1 donyckaromb NPupPodHy iHmepnpemauyito y Mexax enioemMionoziyHoi Modeni sik npoyec eakyu-
Hauii negHoi YacmuHu iHOugidyymis.

Taki 3a0ayi e4eHi exe po3ansdanu ons SIR- i SEIR-modeneli y eunadky npocmoi cmpykmypu iMnysnbCHUX MOYOK, 3a805IKU YOMY iMnynbCHa
3adaya ¢hakmu4Ho 3800unacsi 9o 3adayi 6e3 iMmnynbcHo20 36ypeHHs. [Ipome cknadHiwa cmpyKkmypa MHOXUHU ma 8eslu4UH iMnysIbCHUX ensusie
euMazae 3acmocyeaHHsi meopil iMnynbcHux dugpepeHuianbHuUx pieHsIHb, Wo i 3pobneHo y yili po6omi. 3okpema, y cmammi po3anssiHymo SEIR-
cucmemy OugpepeHyianbHUX pieHsIHb 3 iMMYbCHUMU 36YpeHHsIMU, W0 Matomb Matie nepioduyHull xapakmep. JocnidxeHo icHyeaHHs1 ma enacmu-
eocmi einbHO20 eid iHghekyili iMnynbcHo20 Malie nepioGu4YHO20 po3e'sa3Ky ma doeedeHo io20 acuMnNMomuYHy cmilikicmb.

KnwuyoBi cnoBa: SEIR-Modenb dugpepeHyiansHUX pieHsIHb, iMnynbcHe 36ypeHHs, 8inbHuUll 8id iHghekyii po3e'sa30ok, nepioduyHul po3e'-
30K, Malixe nepiodu4yHull po3e'sa30oK.

OpawvH 3 aBTopiB (O. KanyctaH) € uneHoM peakonerii BUAAHHSA, TOMy BiH He GpaB y4acTi y peLeH3yBaHHi Ta NPUIHATTI PiLLEeHHS Woao
ny6nikauii uiei ctarTi.

ABTOpU 3asBMSATb NPO BiACYTHICTb KOHANIKTY iHTepeciB. CoHcopu He Bpanu yyacTi B po3pobneHHi AocniaxXeHHs; y 36opi, aHanisi un
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SINGULARITY OF THE POTENTIAL FIELD AT THE VERTEX OF A SYMMETRIC TIP
WITH FOUR IDENTICAL PERPENDICULAR WINGS OF WEDGE-SHAPED FORM

The study addresses a spatial problem of the potential theory outside a symmetric tip with four identical perpendicular wings
of wedge-shaped form. The main objective is to determine the singularity of the solution at the tip's vertex.

By utilizing the symmetric shape of the tip, the problem is reduced to finding a harmonic function in a quarter-space that
satisfies mixed boundary conditions on its sides.

The homogeneous solutions of the problem are expressed in spherical coordinates as a Mehler — Fock-type integral involving
Legendre functions. Using the method of integral transforms, the problem is reduced to a Wiener — Hopf-type functional equation,
which is transformed into an infinite system of linear algebraic equations by the Wiener — Hopf method. The solutions of this system
allow for the derivation of analytical representations for the homogeneous solutions of the original boundary-value problem. The
constructed homogeneous solutions enable the determination of the singularity of the potential field at the tip's vertex.

As a result of solving the given problem, a relationship between the singularity exponent and the deviation angle of the tip's
wing edges has been established.

The constructed homogeneous solutions enable the determination of the nature of the potential field singularity at the tip's
vertex and establish a quantitative relationship between the singularity exponent and the deviation angle of the tip's wing edges.
The obtained results provide an assessment of the qualitative behavior of the potential field at the tip's vertex, as well as determine
the quantitative characteristics describing this behavior. It makes it possible to find correct solutions of boundary-value problems
in complex domains with corner points with the same geometry, especially when numerical methods are used.

Keywords: potential theory, mixed boundary-value problem, solution singularity, integral transformation method, Wiener
— Hopf technique.

AMS 2020 classification: 31B20, 31B25.

Introduction

Studying physical fields, defining their qualitative and quantitative characteristics, and describing technical and
technological processes often involve the analysis of boundary-value problems of mathematical physics in domains with
complex shapes. When a field or process is studied in a domain or body with irregular inclusions, or when its boundary
contains edges, vertices, or other singular points, the field or process has some distributional singularities in the regions
surrounding them, which consequently affect its qualitative and quantitative characteristics. Therefore, identifying the
peculiarities of field behavior is an important task from both qualitative and quantitative perspectives with respect to the field
or process under study. Furthermore, the identification of these peculiarities makes it possible to improve existing numerical
algorithms for solving problems of mathematical physics and to develop new, more advanced ones.

One of the approaches to constructing solutions for problems in domains with internal inclusions and boundary
irregularities is based on the use of integral transforms and Wiener—Hopf methods. This approach is quite effective for solving
problems in domains of complex geometry. It became especially popular in two-dimensional problems involving the
propagation of waves of different types. In particular, the work (Nethercote, Kisil, & Assier, 2022) considers the problem of
acoustic wave diffraction on an array of point scatterers. The works (Daniele, & Lombardi, 2021) and (Kuryliak, & Lysechko,
2022) are devoted to the construction of solutions to problems involving the propagation of electromagnetic waves in two-
dimensional wedge-shaped domains with boundary conditions of various types. It is also worth paying attention to the works
(Nagasaka, Kishiguchi, & Kobayashi, 2022) and (He, & Kobayashi, 2023), in which the authors, using the Wiener — Hopf
method, solve two-dimensional problems of electromagnetic wave diffraction on a semi-axis with impedance-type boundary
conditions and in a waveguide with a piecewise homogeneous filling. Besides wave problems, the Wiener — Hopf method
also makes it possible to solve two-dimensional problems in potential theory and elasticity theory for domains with corner
points on the boundary and for domains containing inclusions of irregular geometry (Daniele, & Lombardi, 2022; Loveikin,
2022; 2023). In problems with complex geometry, constructing the exact solutions requires solving the vector Wiener — Hopf
equations. The author of the works (Idemen, 1979) presents a method for obtaining the exact solution of such vector equations
in some cases. In the works (Kurilyak, 1998; Kurilyak, 1999), vector Wiener — Hopf equations make it possible to construct
the solutions of diffraction problems for wedge domains with different boundary conditions.

The present work addresses a spatial problem concerning the singular behavior of a potential field at the vertex of an
inclusion shaped as a compound tip composed of four identical sectoral plates (wings), which share a common edge and are
arranged in perpendicular planes (see Fig. 1). Locally, at the tip's vertex, the problem exhibits a purely three-dimensional
character. Although the nature of the singularity along the wings can be determined using results from two-dimensional
potential theory, it is not feasible to do so at the vertex of the tip. Thus, the three-dimensional problem must be solved. A
similar conclusion was drawn by Maurizi M. and Berto F. (2020), who investigated spatial singularities in problems of elasticity
theory for domains with corner points.

© Loveikin Andrii, Krenevych Andrii, 2026
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1. Problem formulation
We consider an inclusion shaped as a tip (or spike), with its wings lying in the Oxz i Oyz planes (see Fig. 1). Their common
edge lies along the positive semi-axis 0z, , while other edges deviate from vertical axis by an angle ¢ (0 < a < g).

Fig. 1. Form of the tip and wing geometry

To identify the singular behavior of the potential field — electrostatic, for instance — we seek homogeneous solutions of the
problem, defined as nontrivial solutions of the corresponding homogeneous boundary-value problem.

Au =0, (x,y,2z) € RA\W, uly =0, 1)
where W is the union of all four wings. From a geometrical point of view, the problem is symmetric with respect to the x and
y coordinates. Hence, we seek its solution in the coordinate quarter where x > 0,y > 0. The main singularity of the behavior
of the potential field is determined by the solutions that are even with respect to both the x and y coordinates. For such
solutions, the boundary-value problem takes the form:

Au=0,x>0,y>0, (2)
uly:O = 0' (X,Z) € Wl! ulx:O = 0; (y;Z) € W2r (3)
ou — ou —
. =0! (x!Z)EW! a. =0! ( 'Z)eW: 4
ay y=0 ! ax x=0 y z ( )

where W, , are two-dimensional open domains representing the wings lying in the half-planes 0x,z and 0y, z respectively
(see Fig. 1). Conditions (4) express the evenness of the homogeneous solutions with respect to the y and x coordinates.

Taking into account the geometry of the inclusion, it is more convenient to solve problem (2)—(4) in the spherical coordinate
system (p, 8, ¢), in which it takes the following form:

s
Au=0,p>0,0<9<7t,0<<p<§, 5)
u
Ulp=0=0,p>0,0<0=<aq, a—| =0,p>0,a<0<m (6)
®lyo
| =0,p>0,0<0< Ju =0,p>0,a<0<
u(ng—,p ) <aq %Lp:%—.p , TT. (7)

Boundary conditions (6) and (7) are symmetric with respect to the bisectoral half-plane ¢ = %, which divides the domain

of the problem (5)—(7) into two symmetric subdomains. As a result, the homogeneous solutions split into two series — even
and odd with respect to the half-plane. The main feature of the singular behavior of the potential field at the vertex of the tip
is determined by finding even solutions that must satisfy the following condition:
du
aqo| _m
?=3
The present article is devoted to the construction of such solutions.
2. Construction of homogeneous solutions.
We seek nontrivial solutions of problem (5)—(7), which satisfy condition (8), in the form of a Mehler — Fock-type integral
with respect to coordinate 8 (Parfenenko, & Ulitko, 1988).
11

+iw T _
u= ps‘irf uAs(u) cos (u (—— (p)) Gs(WP ¥ (cosB)du, p>0,0<8<m0<¢<
) e 4 5=

=0. (8)

T
- 9

> (©)
where Ag(w) is an unknown coefficient, G,(u) = FG— s +u) FG+ s +u), I'(§) — Euler's gamma function, P, #(t) is the
Legendre function of the first kind (Bateman, & Erdelyi,1953). The parameter s is assumed to be a purely imaginary number.

1
The equation (9) can be viewed as Mellin transformation of the desired harmonic function up to a factor p*=.
For the kernel of the Mehler — Fock-type integral it's possible to obtain the following asymptotic (Bateman, & Erdelyi,1953)

_ N
uGs (WP~ (cos 6)| ~T(1+p (tan E) , U — tioo, s—fixed number;
s-1
2

p—Eico
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Y
=|FA+in)| ~Vre 2", T - too.
u=it
With this choice of the function u, condition (8) is automatically satisfied.
Therefore, to determine the unknown coefficient A;(1), we substitute expression (9) into the mixed boundary conditions
(6), which are extended over the entire interval 0 < 8 < 7 by introducing the unknown functions as follows:

r(1+uw) (tan g)”

1o+ 0, 0<6<a,
|, #As0) €S G GO i (cosO)du = (o), acozm o
+ico .
2 o(@)sinf, 0<0<a,
P Ag(uw) sm G (u)P 1(Cos 0)du = { 0, a<fen

—iw

The unknown function v defines the values of the sought harmonic function u on the extension of the wings, while the
unknown function ¢ represents the normal derivative of u on their surfaces.

We apply direct Mehler — Fock-type transform formulas to equalities (10) (Parfenenko, & Ulitko, 1988).

Using the formula for the Legendre function with a negative argument and expressing these functions in terms of the
hypergeometric function (Bateman, & Erdelyi, 1953), we obtain:

T a X ()
I‘lAS(Au) COST_ r(1 +[.l)' (11)
4.G0) w1 — cos( )a”Ys(u) m a MY(—p) IR |<1
s sin = G\ " ra s taw ta—p ) M <2

where X;(w), Y;(u) are unknown functions of a complex argument, defined in terms of v and ¢ as follows:

Tty(m—t) 0t o1 1 Lt
Xs(ll)=llj; W(a-tanﬁ F(E—s,§+s,1+u,sm E)dt’

(A 1 _,t
Ys(u)=f0 a(t)( tanz) F(E_S'E+S'1+”'sm E)dt'

F(.,,,) denotes the hypergeometric function, a = tan; (0<a<).

Taking into account the root singularity of the harmonic function u along the wing edge and applying Watson's lemma
(Olver, 1974), we obtaln the following for the unknown functions of a complex argument: X, (u) and Y (u) are analytic in the

half-plane Re u > — -, as functions of the argument u for each fixed value s, and behave like Const - 4"z as u tends to infinity.

Excluding the unknown A;(u) from the equalities (11), we obtain the Wiener—Hopf-type equations (Noble, 1958) with
respect to the analytic functions X (u), Y (u)

Ty
Gs (1) cos(ms) a®* Yy (1) m COST Ys(—) 1
—| X + = Reyu| < = 12
A+ | W+ cos Lsin? |~ sin(mu) sin L T(1 ~ )’ IReul <3 (12)
Factorization of the equation coefficient (12) (Bateman, & Erdelyi, 1953)
W a _K
n cosTf ra+§)r(1-9

ST sin f —AT(T(—w)

1, u 1wy
riz+priz-%)
Applying factorization and separately collecting the functions that are analytic for Re u > —% and Repu < % we rewrite

equation (12) in the following form:

cos(ms) a®# 1
q’s(ﬂ)"‘ﬂ‘y W) = —K;(—)¥s (=), |R€ll|<— (13)
4 cos—- > in2 v

where, for simplicity of reasoning, we have introduced the following notation for the unknown functions:

(%(u))zr(% 1) 1600 (10) )
¥/ p (14 )T+ G0

and the coefficient:

4r? (1 + %) r2(u)
2 (% + %) Gs(/-l).

The functions @, (u), ¥, (u) are analytic in the half-plane Re u > —%, as functions of the variable u for each fixed value of

K.(w) =

s. As u - o, they behave like Const - 1" z. At the point u = 0, the functions @,(u) and ¥, (u) have zeros of at least first order.
The coefficient K;(u) has a pole of second order at the point 4 = 0, and K;(u) —» 1 as u — .
After factorization, the second term in the left-hand side of equation (13) has a simple pole at 4 = 0, which lies in the strip

|Re u| < % This pole will be compensated by the same pole of the function K (—u)¥s(—w) in the right-hand side.
The right-hand side of equation (13) is analytic in the half-plane Re u < % except for a simple pole at the point 4 = 0. The

first term on the left-hand side of the equation is analytic for Re u > —%. The second term has simple poles at u =1 + 2k,
k = 0,1, .., second-order poles at u = 4j, j = 1,2, ..., and simple pole at u = 0.
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By eliminating these singularities, we can rewrite equation (13) in the following form:

+00
cos(ms) a®# cos(ms) O (—1)kg2(1+20)
¢S(#)+Tq¢'()+ - 1ok kT
4cosTsm T e
+00
yjIna® + z cos(ms) O (—1)ka?(1+2k)
. 20 = K (=wV¥.(— —
2 cos(ns) +2 (o L st + S (15)
i yjlna® + z 1
——cos(ns) —+Z 81( + - ,|Reu| <5,
(r— 4/)2 ©—4j H=3
where
=WI0), xe=W,(1+2K),k=01,., y =Y4) z=¥4)j=12.., (16)
Const Const Const .
and x ~ - k= +oo, y; ~ T 4T T e

In the present work, we consider the case where the deviation angle of the tip blades « is bounded by 0 < a < g Under
these restrictions, the parameter a = tan% belongs to the interval (0,1], which ensures the convergence of the series in
equation (15).

In equality (15), the additional terms were chosen so that the left-hand side is analytic in the half-plane Re u > —%, and
the right-hand side is analytic in Reu < % respectively. As u — oo, both sides of equation (15) tend to zero as Const: u~*

Under these conditions, according to the Wiener—Hopf method (Noble, 1958) both the left-hand and right-hand sides of
equation (15) reduce into the zero function. As a result, to determine the unknown analytic functions ®(u), ¥,(u) we write
the following:

o cos(ms) a?* w cos(ms) - (—1)kq2(1+2k)
s + m (W) + 2 a1k X —

2_ (17)

i yijlna® + z; 1

——cos s —+Z 8’( L/ E— - =0, Rep>—=;

() (e — 4j)? w—4 H 2

cos(ns) (—1)"a2(1+2k) _yjln a% + z

Ks(¥s(=0) + T opt 1+ 2k it COS(T[S) m + Z (u+ 4])2 u+4j =0 (18)

R >——
eu >

For the complete determination of the analytic functions ®¢(u) and ¥,(u) we must find the unknown quantities Cy, x;, k =
0,1,.., ¥j,2, j = 1,2,..., which appear in expressions (17) and (18). To accomplish this, taking into account expression (16),
we consecutively substitute uy = 1+ 2m, m = 0,1, .... into equality (18). We obtain equations that determine x,, for k = 0,1, ...,

+00
cos(s) O (—1)kq2(1+2k)
K,(1+ 2m)x,, + o , TEp——

k=
C +00 l 2+ (19)
0 _Zasj Vi WM TEHN =012
1+2m = (1+2m+45)? 1+2m+4j
=

After that, we consecutively substitute u = 4n,n = 1,2, ..., into (18). As a result, we obtain equations for determining y;,j =
1,2, ..,

Xp —

4
— Fcos(ns)

¥ vk 2(142k) Yoo . n a2 4.
K, (4n)y, + cos(ms) (-D*a cos(ms) @ 3 z Y < Y yilna® +z;

i 4n+ 142k T 4(n+))?  n+j >=0,n=1,2,.... (20)

Finally, we differentiate expression (18) and consecutively substitute u = 4n,n = 1,2, ..., into the resulting equality. Hence,
we obtain equations that define the unknown values z; for,j = 1,2, ...,

K, (4n) (zn + {%(1,0(71) -y (%+n)> +2y(1+4n) -y (l— s+ 4n) -y (%— s+ 4n)}yn> —

cos(ns)i (—1)kq2(1+2k) N cos(ns) CO Z 8j yi __yjln a% 4+ z 0 n=12
w LGn+1+202" T A 2+ (m+p2 )| T e

(21)

Here, (t) denotes the logarithmic derivative of the gamma function (Bateman, & Erdelyi, 1953).

Equations (19)—(21) do not close the infinite system with respect to all unknown values, as they don't include an equation
for determining coefficient C,. To obtain the final missing equation, we express the function W;(u) from equality (18). The
resulting expression is then substituted into equation (17), and we take the limit as 4 — 0. Thus, we obtain the last equation
of the system.

[cos(ns) (ln a’?+ %1,0 ( ) + 2y ( + s) - —1,0(1)) - nsin(ns)] Co— (22)
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1+ 2k J

As a result of the solution, the Wiener — Hopf-type equatlon (1 7) has been reduced to an infinite system of linear algebraic
equations (19) — (22). In the case 0 < a = tan% <1(0<a< g), the resulting system is quasi-regular with meromorphic

+00
s —1)kq2(+2k) cos(ms Ina? + z;
_ECOS(HS)Z( ) X — ( )Z 8]<y] - y] - ]> =0.
k=0

coefficients for all complex values of s. In the case a = tang =1(a= —) the reductlon to the quasi-regular system (19)—(22)

can be achieved by the change of variables: x; = B = 01,.,y = 2, .... The regularity of the infinite

Vivzr’ [ [1
system (19)—(22) allows us to analytically continue it with respect to the parameter s from the imaginary axis to the entire
complex plane. For the analysis of the solutions of this system and their numerical approximation (if needed), the method of
reduction to the finite system can be applied.

4. Explicit form of the homogeneous solution and analysis of the field singularity at the tip vertex.

For the final construction of the homogeneous solutions, we write their representation in terms of the solutions of the
infinite system of linear algebraic equations (19)—(22). For this purpose, we determine the coefficient A;(x) from the first
equality in (11) and substitute it into expression (9). Taking into account equality (14), we obtain:

1 ,u n
S=5 +ico r CcoSs ([.l (Z - (p)) T
u= pZTI _ a *o (u)(w) (2 2) T PS__ME(COS 0)du, p>00<08<m0<¢< > (23)
—ico (1 Z) COST 2

In the case 0 < 8 < «, the integral (23) can be evaluated using the Residue theorem. If we close the integration contour
in the half-plane Re ¢ > 0 and compute sum of residues at all simple poles u = 2 + 41, | = 0,1, ..., of the integrand in this half-
plane, then we obtain

F1+lF2+M
E D (2 + 41) a+D (a2+4l ) 5_21_4l(cos 0)sin((2+4Dg), p>00<0<a0<g@<— (24)
-2

N[ R

From equalltles (17), (18) it foIIows that the values ®,(2 + 40), [ = 0,1, ..., are expressed linearly in terms of the solutions
of the infinite system (19)—(22): Co, x, k = 0,1, ..., y}, 2, j = 1,2, .... Thus, the explicit form of the sought homogeneous solutions
of the boundary-value problem (5) — (8) is completely defined by the solutions of the system (19)—(22).

A similar representation can also be obtained for the homogeneous solutions in the interval « < 6 < m.

Up to this point, we have assumed that the parameter s is purely imaginary. Since both the infinite system (19)—(22) and
its solutions can be analytically continued from the imaginary axis to the entire complex plane, representation (24) remains
valid for the sought homogeneous solutions for all arbitrary complex values of s.

The system (19)—(22) is a linear homogeneous system. Therefore, it has the obvious trivial solution for all complex values
of s. However, to determine the homogeneous solutions of the boundary-value problem (5)—(8), this system must have a
nontrivial solution, which is only possible for certain values of the parameter s. These specific values of s determine the final
form of the homogeneous solutions of problem (5)—(8). Since the infinite system of linear algebraic equations (19)—(22) is
quasi-regular for all complex values of s, it can be replaced by a reduced (finite) system for the approximate determination of
the possible values of s. The reduced system will have nontrivial solutions if and only if its determinant is equal to zero. The
numerical analysis shows that the parameter s can only take real values symmetric with respect to zero.

The singularity of the potential field at the tip vertex at the point O (see Fig. 1) is determined by positive values of s. If we
consider only the homogeneous solution corresponding to the smallest positive value s = s;, then, taking into account
expression (24), the derivative of the potential on blade W, (see.Fig.1) along the normal 7 can be written as follows:

uy 1 ou 4 yﬁrmgz+u)m1+nr@+40
= - 1 - 7
sind (% n l) az+4

= == P~?71*(cos0), p>0,0<0<a,
dtily, psin@del e=0 np 51—% (cos), p a (25)
0<f<a =
3
where y; =51 — >

It follows from (17) and (18) that the values &, (2 + 41), I = 0,1,2, ..,, satisfy the following asymptotic expressions:

Fi
O (2 +41) ~ T al l - oo, F; = Const.

Using it together with the properties of Gamma function and Legendre function P, *(cos 8) (Bateman, & Erdelyi, 1953),
expression (25) could be rewritten as follows:

Qysin@
=ph| —=—+w, 0 >0, Q,
Y1 +w,(6) >0,0<0< (26)

Jsin(a —0)
where @, = Const, and w,(8) denotes the sum of a uniformly convergent series on 0 < 8 < « and, therefore, is a continuous
function.
The following Tab. 1 represents approximate values of s; and the singularity exponent depending on the angle deviation
a of the blade edges.
Analyzing equality (26) and numerical results presented in the table, we can conclude that as the tip vertex (point 0, see
Fig. 1) is approached while p —» 0, and 6 € (0, @) is a fixed value, the derivative of the potential along the normal grows like
u
- ~ Y1
Bl Ko(8) p™, p - 0 +.
The obtained result shows that the potential field has a power-law singularity at the tip vertex, with the exponent y;
depending on the deviation angle a of the wing edges. For sufficiently sharp deviation angles of the edges 0 < a < a,

6u|
only,
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~ 0.36894 & the singularity exponent satisfies the estimate y; < — % This means that the power-law singularity at the tip vertex
is stronger than the classical power-law singularity that occurs along the wing edges. In the case a = a,, the classical square-
root singularity occurs at the tip vertex, while for a, < a < % the singularity at the vertex becomes weaker than that along the
wing edges.

Table 1
Approximate values of s; — the smallest positive zero of the determinant of the reduced system (19)—(22)

and the singularity exponent y, of the solution's normal derivative
Y S1 ) £1 Y S1 ) £1 Y S1 Y1
0.01 | 0.61075 | —0.88926 0.2 0.81605 | —0.68395 0.36894 1 -0.5
0.05 0.671 —0.82901 0.25 0.8651 —0.63493 0.4 1.0416 | —0.45836
0.1 0.7224 | —0.77761 0.3 0.91795 | —0.58209 0.45 1.1168 | —0.38332
0.15 | 0.76925 | —0.73079 0.35 0.97615 | —0.52385 0.5 1.2103 | —0.29568

Based on equality (26), we can analyze the behavior of the square-root singularity intensity coefficient that arise along the
wing edges. If we fix the value of p and let 8 approach a —, then from (26) we obtain
6_u N K, (p)
dily, ~ Vr
where r = p sin(a — 6) is the distance to the edge (see Fig.1), and the following equality holds for the intensity coefficient of
the singularity:

0> a—,

1
K, (p) = p"**2 @ sina, p>0.

From the obtained equality for the coefficient K; and numerical results presented in the table, we conclude that for sharp
angles 0 < a < a, = 0.36894 m, the intensity coefficient of the singularity on the edge tends to infinity as the tip vertex O is
approached along the edge. This is due to the fact that the singularity at the tip vertex is stronger than those along the edges.
In the case a = a,, when the classical singularity occurs at point 0, the coefficient K; remains bounded while approaching
this point. On the other hand, if a, < a < g the intensity coefficient tends to zero as the tip vertex O is approached, since for

such values of the angle a, the singularity at the vertex is weaker than that along the wing edges.

Discussion and conclusions

In the present work, an exact solution to the three-dimensional problem of potential theory was obtained for determining
the singularity of the potential field at the tip vertex formed by four mutually perpendicular wedge-shaped blades sharing a
common edge.

To construct the homogeneous solutions of the problem that make it possible to identify the singularity, spherical
coordinates are used together with Mehler—Fock-type integral transforms involving Legendre functions.

The problem was reduced to a Wiener—Hopf-type functional equation, which, using the Wiener—Hopf method, was further
reduced to a quasi-completely regular infinite system of linear algebraic equations. The analysis of the obtained infinite system
allowed us to determinate the explicit form of the homogeneous solutions of the problem.

The constructed homogeneous solutions make it possible to determine and analyze the singularity of the potential field at
the tip vertex. It has been established that the behavior of the potential field near the tip vertex has a complex three-
dimensional character, and the singularity of this behavior can only be determined by solving the spatial problem considered
in the present work.

Authors' contribution: Andrii, Loveikin — conceptualization; methodology; analysis of results; Andrii, Krenevych — software; numerical
analysis, preparation of literature review.
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OCOBJIUBICTb MOTEHUIAJIBHOI'O NOJiA Y BEPLUMHI CUMETPUYHOIMO HAKOHEYHUKA I3 HOTUPMA
OAOHAKOBUMU NEPNEHAUKYNAPHUMU KNMMHONOAIBHUMU KPUITAMU

Po3e'sizaHo npocmopoey 3adayy meopii momeHuyiany 308Hi 6K/TFOYEHHS1 y ¢hopMi cuMempUYHO20 HAKOHEYHUKa i3 Yomupma oGHaKoeuMu nep-
neHOUKYNsAPHUMU Kpunamu KIuHonodi6Hoi ¢popmu. OCHO8Ha Mema — 8u3Ha4yeHHs1 ocobsiugeocmi noeediHKU Po38's3Ky y 8epWUHi HAKOHEYHUKa.

Bukopucmoeyroyu cumempuyHy ¢hopMy HaKOHe4YHUKa, 3adayy 38edeHo G0 eiOwyKaHHs1 2apMOHI4YHOI QhyHKUIT y 4eepmi npocmopy, wo Mae 3a-
0080/IbHAIMU MiwaHi Kpaliogi yMoeu Ha (io20 CImopoHax.

OOHopidHi HempueianbHi po3e'a3ku 3adavi NodaHo y cghepudHUx KoopOuHamax iHmezpanom muny Menepa — ®oka no ¢pyHkyisix JlexxaHdpa.
Memodom iHmezpanbHUX nepemeopeHb 3adayy 36e0eHO 00 (hyHKUioHanbHO20 pigHsIHHA muny Binepa — Monga, ujo memodom BiHepa — Mondgha
3800umbcsi 3o 00HOpPiAHOI HeCKiHYeHHOT cucmemu NiHilIHUX anzebpaidyHux pieHsiHb. Po3e'si3ku ompumaHoi cucmemu daromb 3MO2y 3anucamu aHa-
nimuyHi 306paxeHHs1 Onsi 0OHOPIOHUX po38'si3Kie suxidOHOI Kpalioeoi 3adauyi.

IMo6ydoeaHi 0GHOPIGHI po3e'si3ku Aonomazarome 6cmaHo8uUMU xapakmep ocobiueocmi NomeHyianbHO20 MoJsisi Y eepWuHi HaKoHeYHUKa. lMoka3HuKu
ocobiueocmi eU3Ha4YalOmMbCs1 3 yMoe8 iCHy8aHHs1 HempueiasibHUX po3e'si3kie 00HOPIOHOT HECKIHYEeHHOI cucmeMu NiHilHUX an2e6paidHuX pPieHsIHb.

YHacnidok po3e'sazaHHs nocmaesieHoi 3adayi ecmaHoOesIeHO 3alleXHiCMmb MK NMOoKa3HUKOM ocobsiueocmi ma Kymom eidxuneHHs1 pebep Kpus
HakoHe4YHuka. OmpumaHi pe3ysibmamu 0alomb 3MO2y OYiHUMU sIKiCHY KapmuHy noeediHKU NoOMeHYianbHO20 MoJis Y 8epWUHi HAKOHEYHUKa, 8 MaKoX
8U3HaYyuUmMu KinbKiCHi xapaKkmepucmuku, Wo onucyromsb Yro nosediHKy.
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'YHiBepcuteT AGepucTsita, AGepucTiit, CnonydyeHe Koponiscteo
20pechLKuit HalioHanbHUI YHiBepcuTeT iMeHi |. |. MeuHukoBsa, Opeca, YkpaiHa
3Kinrc-konemx JlonaoH, NloaoH, CnonyyeHe KoponiscTeo

3AQ0AYA TENNONPOBIAHOCTI ANA CKNAQEHOIo uMniHAarPy
3 HEIAEANTbBHMMM YMOBAMM KOHTAKTY MDK MOro WWAPAMM

Po3znssHymo 3ada4yy mensonpoegioHocmi Ans1 6azamowapoeo2o yusiHdpa 3 ypaxyeaHHsIM ensiuey MixghazHuUx KoHmpacmie,
wjo icmomHoO 3MiHOIOMb MeXaHi3Mu merionepeHeceHHs U yCKnaGHIMb 8U3Ha4YeHHS1 egpekmueHoi mennonposidHocmi. Memoro
docnidxeHHs1 € ompuMaHHs1 HeideaslbHUX YMO8 KOHMakKmy Mixk wapamu Osi pi3Hux nopsiokie koegiyieHmie mennonpogioHocmi
3a HasieHocmi npowapky. Ha ocHoei acumnmomu4Hoz2o nidxody sueedeHO MpuU Munu yMoe crpsiKeHHsl, Wo eionoeidaroms xapa-
KmepHUM pexxumam e3aemodil wapie. 3anponoHoeaHuli Memod 3abe3sneyye MOXJ/ugicmb KOPEKMHO20 oNnucy K/10408ux merJio-
eux i MexaHiYHUX eghekmie 3a OONMOMO20I0 CIIPOUW,eHUX criegiOHOWeHb, MpudamHux Os1s1 M0dasIbWUuX iHXeHepPHUX 3acmocyeaHsb.

Knw4yoBi cnoBa: cknadeHul yuniHop, mennonpoegioHicmsb, HeideanbHi yMO8U CIPsKeHHSI.
Knacudikauis BignoBigHo ao AMS 2020: 80A11, 74A15.

Becryn

HasBHicTb npolwapkiB Ta iHTepdencie y baratowlapoBnx Martepianax CyTTEBO 3MIHIOE MEXaHi3MKN TEeMNSoNepeHeCceHHs 1
yCcKnagHoe onuc edpeKkTUBHOT TEMNMONPOBIAHOCTI. Ha BigMiHY BiA 0AHOPIAHWX Tin, Ae TENnOonpoBIAHICTb BU3HAYaETLCS NuLLe
BHYTPILLUHIMW BNAacTMBOCTAMW MaTepiany, y LWapOoBaHUX CTPYKTypax BaXnvBy pOfb BidirpaitoTb TEPMIYHUIA Onip MeXi,
MIKPOCTPYKTYypa iHTepdenciB, a TakoX MOXMuBI OedeKTU Ta HEeOOHOPIAHOCTI Ha KOHTaKTi. Y cyyacHMX KOMMoauTax,
TOHKOMIIBKOBUX CUCTEMax i HaAHOCTPYKTypax iHTepdencHUii TennoBun onip 4acTo CTae AOMIHAHTHUM (akTopoM, Lo
BM3HaYae TennoBy NoBediHKY BCIET cucTemmn.

JocnigkeHHs y LbOMy HanpsiMKy BUMKOHyBanucsa GaraTbma aBTOpamu, NMepeBaXHO B Mexax CMpOLLEHUX MOCTaHOBOK,
npeacTaBneHnx y KrnacuyHux MoHorpadisx (KosaneHnko, 1965; Nowacki, 1975). Monpu 3006yTi pe3ynbTati, NUTaHHSA
KOPEKTHOTO (POPMYIOBaHHS YMOB CMPSPKEHHS 3@ HAsIBHOCTI KOHTPACTHMX BNACTMBOCTENW Yy LUIAPOBAHUX CTPYKTypax
3anuwanocs BigkpuTuM. HasBHi poboTn nepeBaXHO I'PYHTYBANUCsA Ha NigXo4ax KIacU4HOI Teopii NPY)XHOCTI, 30Kkpema Ha
pesynbTaTtax, OoTpMMaHux y npausix (Bigoni et al, 1998; Mishuris et al, 2006; Dumont et al, 2022) Tta noganbLuMx
OOCNIAXEHHSAX, MPUCBAYEHUX IHTEpdENCHUM edekTam.

MeTa nponoHoBaHOi po6oTK NondArae y BpaxyBaHHi HeideanbHUX YMOB KOHTaKTY, L0 BUHMKAOTb YHaCiAOK TemMnepaTyp-
HWUX HEJOCKOHANOCTEN, Ta Y BUBEAEHHI N NOAanbLUIOMY aHani3i NPakTUYHO 3HaYYLLMX YMOB CMPSKEHHS MiX Lapamn. Y mexax
3ajadi TennonpoBiAHOCTI ANS CKNaAeHoro LmniHgpa oTpuMaHo TpU TUMKM YMOB CMPSKEHHS, WO BignoBigaoTb PisHUM Nopsia-
KaM cniBBigHOLEeHb KoedilieHTiB TENNONPOBIAHOCTI LWapiB i BacTUBOCTEN MiXEasHOro NpoLLapKy Mk HAMM.

1. OCcHOBHiI pe3ynbTaTn

PosrnsHemo B LuniHAPUYHIA cucTeMi kKoopauHaT UuniHApP, WO cKnagaeTbes i3 TPbOX Luapis:

Q:0<r<R-H <z<-N/y;000<r<R-N/,<z<M/,; 0,00 <7 <RN/,<z<H,
ae h < Hy, H, TOBLMHA MDXGA3HOrO BKITHOYEHHS.
Yepes u;, k; nosHaunmo Temnepatypy Ta KoedilieHTV TennonposigHoCTi B obnacTax Q; j=0,1,2. dyHkuUii u; MatoTb 3a-
[OOBOMbHATU PIBHAHHS TEMMOMNPOBIAHOCTI

. 29
1i(r%)+ﬁ=0,(r,z)e.(2j. M

ror\' or 922
MpaHNYHi YMOBU, He 0BMEXYHUM 3aranbHOCTI MipKyBaHb, BBaXaeMO TakUMU: LIMMIHAPWUYHA NOBEPXHA r = R uMniHapa Ta

MNOro HWXKHSA OCHOBA z = —H,; € Tennoi30/bOoBaHi, a Ha BEPXHii OCHOBI z = H, 3afaHo TemnepaTypy
ou; ouq

g =0, j = 0,12 22|,y = 0; Up|,_, = £(7). (2)
YMoBamMu CripsikeHHs Wwapis umniHapy 6yayTh piBHICTb TeMnepaTyp i TENNOBKX NOTOKIB Ha TXHIX CNiNbHUX rpaHULsX
(3)

B o6nacTi Q, BBEAEMO HOBY 3MiHHY { = E Je & — Mana BenuunHa, { € (— h°/2 ; ho/z),ho = g Ta PO3rASHEMO PIBHSHHA
BiHOCHO uy (7, {)

_ Up _ Ug _ du, _ duy
Utly=ty, = Uolpmoty Ko 50 lm by, = Ko 5 lom oy, TA U]ty = Uol,hy Ko 50 by, = Ko 5, oty

10 ( dug 10%u, _ _ho ho
rar(raro)+gz 6(20_0'03T<R’ /2<{< /2'
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YpaxoByoun aHania nopsigkiB MOro YneHis BiAHOCHO HOBOI 3MIHHOI, OTPMMYEMO, LO
ug(r,{) = A(r){ + B(r). YMoBU cnpsikeHHs (3) nepenuniuemo Tak:
. ko Juo — ), O . ko 9o — . 02 (4)
uo|<:_h0/7=u1|zz_h/2' u0|<:h0/7=u2|z:h/2 T8 o lemshoy, =ty ety o0 N eihey = Ka G oy,
PosrnsHemo Tpu BUNagKkv yMOB CNPSKEHHS 3aNeXHO Bif NOpsAKiB CMiBBiAHOWEHHSA KoedilieHTiB TENNONPOBIAHOCTI Ky i
k1, k, Wwapis umnniHgpy.
| sunadok. KoediuieHT TennonposigHocTi k, Mae NopsifokK, Lo AOPiBHIOE Nnopsigkam koediuieHTiB kq, k,. 306pasumo dy-
HKLLiHO Uy (T, {) AIK aCUMMNTOTUYHWI PAL 38 CTYNEHSAMU £: Uy = Vg + £V + €2V, + «-
PoarnsHemo cnoanKy OPYry YMOBY CNpshKeEHHS i3 (4)

662 =0, 3BI,E|,KVI— =A(r) Ta

(?{0 +¢ {j;? +- |<__ / = k1% |z= h/z' (L:? +e& Ej;? ) |(:h0/2 = kz % |Z:h/2.

Y npaBux YacTMHax MiCTATbCS BeNuuuHM nopsiaky 0 (1), omxe 22 T l( shoy = =0.3Biacn A(r) = 0iuy = (r,{) = B(r). 3 ypa-
XyBaHHSAM LbOro MaemMo, Lo CTpMOOK Temnepatypu (uy) = u0|(:_ o, uo|€:ho/2 =0 3 nepwoi 3 ymoB (4) u1|z=_h/2 ==
Uy |z=h/2' Lle Hapgae nepluy 3 yMOB ieanbHOro TeNsOBOro KOHTAaKTY — PIBHICTb TeMneparyp.

PiBHAHHA TennonposigHocTi (1) AN LbOro BUNagKy 3anvcaHo y dopmi

)=

ror ar £ 6{2
9%y
YpaxoByoum Nopsaakn BennymH oAaHKiB, MaemMo 6(2 =0, 3BI£|,KVI —==C(r)i
6u0 _ 61}0 61;1
2| o =22, MQ+ = c).

3 ornagy Ha ue CTpVI60K TennoBoro I'IOTOKy
ﬂ6u0> ko 6u0 ko 0ug |

e 00! e 3 c—— o/, e o7 '¢="of,
I3 apyroi 3 ymoB (4) oTpMMaHo, LWo kl% |z=—h/2 = k2 a_z |z:h/2' Lle e opyroto yMOBOIO iiearbHOro TEMMOBOro KOHTaKTy —

PiBHICTb TEMMOBUX NOTOKIB.
OTxe, BUNagok | 380ANTECA A0 YMOB KITacUYHOrO idearnbHOro TeMnmoBOro KOHTaKTy

=0.

ou du.
u1|Z=‘h/2 = u2|Z=h/2; kla_zl|2=—h/2 = kza_zz |Z=h/2' (5)
Il sunadok. Hexan Tenep koedilieHT TennonposigHocTi ky, Mae NOpsAoK Habarato MeHLWW HixX Nopsigkn koedilieHTiB
ki, k,, TOBTO k¢ = €k, oe k Mae NnopsaoK, TaKUI siK | koedilieHTN ky, k.
3 ymoBwu (4) 4nga TennoBmx NOTOKIB 3HAXOOUMO

vy vy _ duy . vy v, _ du,
sk—(—+ 5t ) ey, = k1;|2=_h/2, ek (Gp+eG o)l hy, = ko 52l

( a¢ a¢ a¢
| 3 ypaxyBaHHSAM TOrO, u.lo = A(r), oTpumMyemo f L2 6( (=—tof, = kA(r) = k1E|z=_h/2| 3BigKM
k1 6u1 _ ka0u,
A(T') = Z=—h/2 36014(7') % 9z \lz=- h/2

OT1xe, cTpMbok TemnepaTypu HabyBae ernﬂ,qy

(o) = ol _ng) —tol,__noy = AM)2+BE)+AM) T =B() = Ao = Fho 52,y .
0/2 {=- 0/2 2 z /2
eky b klh
[€ BenuyvHa —h0 ro s~ &, Maenopapok 0(1). YpaxoBytoun Tenep nepLuy 3 ymoB (4), OTPUMaEMO NepLLy YMOBY CMPSPKEHHS
0

Up| _ny —uy h=M%| ny @60 uy| _n, —uy| h=@%|h.
2lz= /2 1lz=— /2 ko 0z 'Z=— /2 2lz= /2 1lz=— /2 ky 0z 'Z= /2

[ns onepxxaHHA Apyroi YMOBU CMPsHKEHHS1 pO3rNsiHEMO CTPUGOK TEMNMOBOrO NMOTOKY

% vy 6170 _ % _ _ _
(ko 6§> <k ) 6( ¢=-hoy, kaz |Z=h0/2 kA(r) — kA(r) = 0.

. . ou,
Togi 3 gpyroi ymosu (4) OTPUMYEMO, LLIO k1 E |Z:_h/2 =k, I’ |z:h/2' SayBa)KVIMO, LLIO LA yMOBa TakoX BUNSIMBae 3 rnore-

PeAHbOro Cnps>XeHH4. OT)Ke, ,qpyr|/||7| BMNaAoK 3BOAUTLCA A0 TaKUX YMOB CINpAXXeHHA:
u, | —u| Kah Ouy k%| =k %| (6)
2 Zzh/z 1 Z=—h/2 ko 0z 'z=— h/z 18z Z=—h/2 2 9z Z=h/z'

1l sunadok. KoeiuieHT TennonposigHocTi k,Mae nopsgok Habarato Binblwmnin HiXX nopsaku koedilieHTiB ky, k,, TO6TO
k < . - . . . .
ko = - Ae k Mae nopsaoK Takun, SK i KoecblLueHTM k1, k,. Topi ymoBy (4) BifHOCHO TeNnoBUX NOTOKIB 3anMcaHo y opmi

k1(ovo 90y 20v =k,
(az tea ey )|z=“°/ = k2 laty,
3BiACH, YPAXOBYKOUM NOPSKM BEMMUMH [OAAHKIB, OTPUMYEMO, 110 22 % |{ shoy = Z—?|<_+ho/ =0. Topi A(r) ==2=0Ta
A, =t

vo(r,{) = B(r). I3 uporo BunnuBae, Wo cTpubok Temnepartypu
(V) =(vy) = U0|E=h°/2 - v°|€=—h°/z =B(r) — B(r) =0.
YpaxoBytoun nepuly 3 ymoB (4), OTPUMYEMO MEPLLY 3 YMOB CMPSHKEHHS ul|Z:_h/2 = u2|Z:h/2. PiBHAHHA (1) BigHOCHO
dyHKUIT v, (7, {) Y UbOMY BUNaaKy HabyBae Burnsgy

L2 (p00) B0

ror or a2
Micns iHTerpyBaHHA 3a 3MiHHOK { OTPMMYEMO a;g = —%%( a”") { + C(r). CTpnbok TennoBoro NoToKy 3HakAeHo:
v, 61:2 _ % 1 a ( Bvo)
(k5) = 5z lehoy, =k 57 1oy, = =357 \7 57 ) Kho:

h P
Bukopuctaemo, Wwo khy = Skog = koh mae nopsigok 0(1) Ta y 3a3Ha4yeHOMy BUNaaKy NpaBUITbHUMW € CMiBBiAHOLLEHHS
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_ _ ov, T T T
Vo = u1|z=_h/2 = u2|z=h/2 Ta kg T |(=h0/2 =k oz |z=h/2: 0z |€=_h0/2 =k oz |Z=_h/2-

[pyra ymoBa cnpsikeHHsi HabyBae BUrIsSiAY

uy _ 0 - _ __( 3“1)
. k, 0z |Z=h/2 ky 9z |Z=—h/2 - kohrar ar |Z=—h/z'
OT)Ke, Tp6T|l7| BMNaAoK 3BOANUTLCA 0 TaKUX YMOB CNPAXKEHHA:
— ) _ . 0w ( aul) (7)
ullzz_h/z - u2|2:h/2' ka oz |Z:h/2 ks oz |2— hfy = kohrar or |Z=—h/2'

[nsa 3BegeHHA po3rnsaHyTUX KpanoBux 3agay 40 OOHOBMMIPHMX 3a4ay 3aCTOCYEMO CKiHYEHE iHTerparnbHe NepeTBOpPeHHS
["aHKens 3a 3MiHHO 1

ujp(2) = fOR u;(r, 2)Jo(Ayr)rdr,j = 1,2;n = 0,1,2, ....
i3 hopmynoro ob6epHeHHsI

_ 2 Jo(An1)
uj(r! Z) - RTZ;?:Oujn(Z) Z(nR)’

aely =0,ai,,n=12,..—Ue goaaTHi KopeHi piBHAHHS [, (AR) = 0, ae J,, (x), m = 0,1 — umuniHapuYHi yHKLIT nepLIoro poay.
3acTocyeMo Le iHTerpanbHe NepeTBOPEHHS A0 PiBHSIHL (1) Ta KpanoBMX yMOB (2) 3a 3MIHHO z, MPU LibOMY KpanioBi YyMOBU
3a 3MiHHOIO 1 OyAyTb 3a40BOSMBHATUCS aBTOMATUYHO. 3Baxaloum Ha Lie, OTPUMYEMO Taki KpaioBi 3agavi:

Ui (2) = 2u,(2) =0,—H, <z < — /Z,uln( H) =0, (8)
U (2) = Bttan (2) = 0,1y < 2 < Hyyuan(Hy) = fou fo = f F o (r)rdr. ©)
HdopaTkoBi KpaloBi yMOBM ogepXKyeMO Ni3Hille, NiCNnA 3aCTOCYBaHHS iHTerpanbHOro nepeTBOpeHHs aHkens Ao ymoB
cnpsbkeHHs (5)—(7).
Po3B'sa3kom kparoBoi 3agavi (8) € doyHKuUii

hAn(z+H,)
uy9(2) = By Tauy,(2) = B, Ccmﬁ, (10)
ae By, B, — HeBigoMi cTani, a po3B's3koM KpawoBoi 3agadi (9) — dyHKuii
chly, sh,(H,—2)
n0(2) = fo = CoHy = 2) Ta Un(2) = fy Sate- — €, T2EEE )

ae Cy, C, — HeBigoMi cTani.
PosrnsHemo cnovatky Bunagok |, TobTo igeanbHWin TENNOBWIA KOHTAKT. 3aCTOCYEMO iHTerpanbHe nepeTBopeHHs aHkens

00 YMOB cnpsbkeHHs (5):
uln(_ h/z) = UZn(h/z)i k1u£n(_ h/z) = kzuén(h/z)»n =012,..
MigctaBmumo Bupasn (10) i (11) Ta 3Hangemo
By = fy,Co=0,B, = %chAnHl, C, = i—: [k1ch, 2 sha, (Hy = 2) = kosha, 2 cha, (Hy, = )|
TYT Ay = kyshdy (Hy = 5) shan (Hy = 35) + kochiy (Hy —3) chy, (Hy —3).

3a (pOpMyﬂo}O OﬁepHeHHﬂ iHTerpaﬂbHOrO nepeTBOpPEHHA ["aHkens OoTpMUMaeMo:
chin(z+H,) ]o(lnr)

i (r,2) = g fo + R B for TR RIS,
up(r,z) = 2 fo + 250 1Cm o {chiyz M[k1 chin 5 shay (Hy —2) = kpshi, s chd, (Hy = 2]} ;08:;))
PosrnaHemo Tenep sunagok Il. Ymosu cnpspkeHHs (6) y npocTtopi Tpchq)oplvlaHT "aHkens MaPOTb Takvun BUrnag;
kl ! ! !
u2n(h/2) - uln(_ h/z) = k_ohum(— h/z)i kluln(_ h/z) = kzuzn(h/z)-
MigcTaBmsLum Bupasu (10) Ta (11), 3Hangemo
By = fy,Co = 0,B, = k'z,f“chl H,
C, = {klch/ln shin (Hy —3) = kashay [ch/l (H1 -+ iy shiy (1 -2)]}-

TyT A, = kyshi, (H1 - —) sh/l ( ;) + kychdy, (H2 - —) [ch/l (H1 - —) +a h/lnsh/l (H1 - E)]

3a dopmynoto ob6epHeHHs iHTerpanbHOro nepeTBopeHHs MaHkens mpmmaemo

2 2k; chAn(z+Hy) Jo(AnT)
uy (1, 2) =_fo+ ZZn th— A, - ]:(A R)

[ee) /111 _
W 2) = 5 fo + s B Tl {chA w[k1 hiy 2 sha, (Hy = %) -

—kashi & [chd, (Hy =) + £ h,sha, (Hy — 2 ]]}m

J§ R
PosrnsHemo tenep Bunagok l1l. 3actocyBaBLum iHTErpaneHe NepeTBOpPEeHHS MaHKeNs 40 YMOB CNPsBKEHHS (7), OTPUMYEMO
uln(_ h/z) = uZn(h/z):' kzuén(h/z) - kluin(_ h/z) = kohl%uln(_ h/z)'
MinctaBumo go Hux supasu (10) i (11) Ta sHanagemo

kafn
By = f0,Co =0,B, = AZI]: chA,Hy,
h

C, = {kzshzn chiy (Hy =) = kychdn = [sh, (Hy = 2) + haneha, (H, = 2]},
TYT Ay = keychdy, (Hy = g) chh, (H2 = 2) + kusha, (H2 =) [shAn (1 - g) + hAnchdy (Hy = 3)].
3a opmynoto 06epHEHHS iHTerpanbHOro NepeTBopeHHs FaHKens MaeMo:

2 2k chAn(z+H;) Jo(Ap1)
uy (r,2) =§fo ZZn 1/n nAH Lot

R
uy(r,z) = 7 fo +R2 Y 1ch,{"H {Chl +M{k2 shin Chl ( g) -
— kychay 2 [shay (Hy = %) + haysha, (Hy — —)]}} R
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Ouckycis i BACHOBKKU

Y npoBefaeHOMY AOCHiMKeHHI BpaxoBaHO HeigearnbHi YMOBU KOHTaKTY, 3yMOBIEHI TeMnepaTypHUMU HEQOCKOHANOCTAMN
Ha MeXax LwapiB CkiH4eHHOro umniHgpa. OTpumaHo TpU TUMNKW YMOB CRIPSKEHHS, LLLO BiMNOBIiAa0Tb PisHUM nopsiakam chiBBig-
HOLEeHb koedilieHTiB TENNONPOBIAHOCTI LWapiB i XapakTePUCTUK Mixkda3HOro npowapky. 3anponoHOBaHUM MNigXia rpyHTy-
€TbCA Ha acMMNTOTMYHOMY METOZi, WO Oae 3MOory adekBaTHO BigoOpasvTu KNOYOBI MexaHiyHi edekTn N BogHodac
BMKOPUCTOBYBATW CNPOLLEHI CNIBBIAHOLIEHHSI AN NOAAnbLUNX iHXEHEPHUX PO3paxyHKIB.

BHecok aBTopiB: 'eHagin Miwypic — koHUenTyani3auis, metoauka, Hatans Bancdenba, KOpint Mpouepos, 3iHaina >KypaBnboBa — Teo-
PETWYHI AOCHIOXEHHS Ta YMCIIOBI PO3PaXyHKU.

Mopsikm Ta Axxepena ciHaHcyBaHHA. JocnigXeHHs NigTpMMaHo EBPONENCHLKUM MPOEKTOM, WO iHaHCyeTbCa PaMKkoBoO nporpamoto 3
pocnigkeHb Ta iHHoBauin Mopm3oHT 2020 (2014—-2020) (H2020-MSCA-RISE-2020) N'paHToBa yrona Ne 101008140 EffectFact "EdekTmBHi
MeToaun dakTopuaauii NS MaTpuYHMX yHKUin: Po3BUTOK Teopii, YncenbHNX MeToAIB i edpeKTUBHUX 3acTocyBaHb", HaTtansa Bawvicdenbs €
BASYHOIO rpaHTy Bonbdcona Koponiscebkoro ToBapuctea R3/233003.
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The paper considers the thermal conductivity problem for a multilayer cylinder, taking into account the influence of interface contrasts, which
significantly change the mechanisms of heat transfer and complicate the determination of effective thermal conductivity. The aim of the study is to
obtain non-ideal contact conditions between layers for different orders of thermal conductivity coefficients in the presence of an interlayer. Based on
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CONTROLLABILITY OF PSEUDOPARABOLIC INTEGRO-DIFFERENTIAL SYSTEMS
WITH MEMORY

The paper studies linear pseudoparabolic integro-differential equations with a Volterra-type integral term, which provide an
effective mathematical framework for describing dynamic processes with memory and nonlocal interactions. Such mathematical
models are characteristic of various areas of applied research, where the evolution of a system depends not only on current
conditions but also on its previous state. Typical examples include the behavior of viscoelastic materials (such as polymers,
biopolymers, and high-temperature metals), the processes of groundwater filtration and contaminant transport in porous media,
as well as in problems related to the transport of heat and nutrients in tissues.

The aim of the study is to generalize known theoretical results to a broader class of pseudoparabolic equations by introducing
additional terms into both the differential and integral parts of the operators. To achieve this goal, the methodology of a priori
estimates in negative norms, developed by S. I. Lyashko and his colleagues, is employed. The proposed approach enables
the investigation of well-posedness, generalized solvability, and issues of controllability and optimal control for systems with
distributed parameters.

The main result of the study is the establishment of a priori estimates in negative norms that account for the new terms
introduced into the pseudoparabolic integro-differential equation. A key distinction of this work from previous studies is that
the obtained estimates are proven without imposing non-negativity assumptions on the lower-order terms of the differential
operator. This substantially broadens the applicability of the theory, allowing the extension of theorems on the well-posedness
of initial-boundary value problems, as well as results on controllability and the existence of optimal control, to a wider class of
pseudoparabolic-type systems.

Keywords: pseudoparabolic integro-differential equation, Volterra operator, memory effect, a priori estimates, well-
posedness, generalized solvabillity, controllability, optimal control.
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Introduction

Partial differential equations appear in the analysis of many physical phenomena. They serve as a fundamental tool
for mathematical modeling, providing a framework for describing dynamical systems that evolve over time. While classical
PDEs typically focus on processes governed by local interactions, there exists a broad class of equations that extend this
perspective by incorporating terms accounting for nonlocal and memory effects.

Temporal nonlocality is widely observed in physics, biology, chemistry, ecology, materials engineering, and mechanism
design. For example, in many physical and biological systems, complex models account for the interaction of chemical re-
actions, momentum transport, diffusion processes, and mechanical stresses (Vromans, van de Ven, & Muntean, 2019),
and such phenomena are frequently modeled by PDEs with delay (see, e.g., (Guo, Feng, & Li, 2025; Zhang, & Li, 2025;
Pokojovy, & Anikushyn, 2019, 2017; Liu et al), 2025; Wu, & Yin, 2025; Ezzinbi, & Staili, 2025; Salhi, 2025; Demchenko,
Anikushyn, & Pokojovy, 2019)). Another important class of temporal nonlocal models arises from fractional time deriva-
tives, which encode history-dependent effects through power-law memory kernels. Such equations naturally emerge in
the modeling of anomalous diffusion, viscoelasticity, and heterogeneous transport processes. Several derivations have
been proposed using stochastic time-change, continuous-time random walks, and homogenization techniques (see, e.g.,
(Metzler, & Klafter, 2000; Mainardi, 1996; Mainardi et al,, 2006; Caputo, & Mainardi, 1971; Kubica, Ryszewska, & Ya-
mamoto, 2020; Gal, & Warma, 2020; Jin, & Zhou, 2024)).

Beyond delay and fractional models, a broad and versatile framework for temporal nonlocality is provided by PDEs with
memory. These systems incorporate hereditary effects, where prior states influence present dynamics through convolution
terms involving suitable memory kernels. Such behavior is commonly observed in processes involving porous media,
including groundwater flow, pollutant transport in soil, and the movement of fluids and gases through fractured materials
(e.g., (Lyashka, 2002; Cueto-Felgueroso, & Juanes, 2009; Di, Shang, & Zheng, 2016; Jhangeer et al|, 2024))). Memory
effects also arise in viscoelastic materials, which are extensively used in construction and industrial manufacturing. For
example, in carbon sequestration applications, the prior history of gas injection and deformation of rock formations can
significantly influence storage efficiency. Moreover, biological systems often exhibit memory-driven transport of heat and
nutrients in tissues, which plays a crucial role in medical procedures such as hyperthermia-based cancer treatments (Ragab
et all, 2021).

These memory effects are especially prominent in the mechanical response of certain materials (Anikushyn, Lyashko,
& Samosonok, 2024). In the modeling of viscoelastic substances, for instance, one typically arrives at equations of motion
formulated as linear hyperbolic differential equations modified by a dissipative Volterra-type integral term (Conti, Gatti, &
Patd, 2008; Cannarsa, & Sforza, 2011; Duvaut, & Lions, 1976; Hranishak, & Anikushyn, 2024; Anikushyn, 2024). Materials
that demonstrate such viscoelastic characteristics include amorphous and semicrystalline polymers, biopolymers, metals
exposed to high temperatures, and bituminous substances (Lakes, 1998).

Numerous applied mathematical models governed by linear integro-differential equations have been rigorously ex-
plored in classical monographs (Renardy, Hrusa, & Nohel, 1987; Fabrizio, & Morrg, 1992), where the authors offer formal
justifications for these formulations and analyze their mathematical behavior.
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Over the past years, various formulations for linear and nonlinear pseudoparabolic integro-differential equations and
their systems have attracted significant attention across multiple research communities. The scope of this progress is vast
and extends beyond what can be concisely summarized here. We provide just a few examples.

Di et al. (Di, Shang, & Yu, 2020) considered a nonlinear integro-differential equation of pseudoparabolic type given by

ur — Aur — Au + /Ot gt — 7)Au(r)dr = f(u)

where the Volterra-type integral term accounts for the memory behavior of the system. Under homogeneous Dirichlet bound-
ary conditions, the authors demonstrated the existence of finite-time blow-up solutions for initial data with non-negative and
positive energy levels.

In a related study (Liu, Kim, & Fang, 2025), Liu et al. investigated the well-posedness and blow-up behavior of a
semilinear pseudoparabolic equation with a nonlinear convolution memory term. The integral operator considered in this
setting commonly arises in models from filtration theory, population dynamics, and semiconductor physics. The authors
established threshold conditions that distinguish between global existence and blow-up scenarios for initial states with low
energy.

Magbul & Raheem (Magbul, & Raheem, 2020) analyzed a one-dimensional semilinear pseudoparabolic equation,
where the temporal nonlocal operator was applied directly to the function u, which differs from the previously examined
cases where Au served as the argument of the integral term. The problem was studied under homogeneous integral con-
ditions, and the Rothe time-discretization method was applied to establish the existence and uniqueness of strong solutions.

Further research has focused on developing numerical methods for solving initial-boundary value problems of this class.
For instance, in (Wang, 2024), efficient two-grid finite element algorithms were proposed for two-dimensional nonlinear
pseudo-parabolic integro-differential problems. Optimal error estimates were obtained for fully discrete schemes in the H;
and L, norms. The analysis relied on a combined temporal-spatial error splitting strategy.

Amar et al. (Amar et all, 2019) studied a degenerate pseudo-parabolic problem with memory

t
—div (C’Vut + AVu + / B(z,t — T)Vud7-> =7,
0

u=0,z € 99,
Z|t=0 = uo(x) on Q.

Here A, B, C are symmetric matrices, A is positive definite and C' is only positive semi-definite. The authors obtained the
existence and uniqueness result.

In most physical and biological systems, diffusion is positive as it represents the spontaneous spreading of particles,
heat, or other quantities from regions of high concentration to regions of low concentration, driven by the natural tendency
toward entropy maximization. From a mathematical perspective, a positive diffusion coefficient ensures that the corre-
sponding equation is parabolic and dissipative, implying that perturbations decay smoothly over time and that solutions
remain stable.

However, negative (or effective negative) diffusion may arise in certain contexts, such as active media, reaction—
diffusion systems, phase separation processes, or linearizations around unstable states. In such cases, feedback mecha-
nisms, energy input from external sources, or coupling between system components lead to local aggregation rather than
dispersion. Stability can often be recovered through additional effects, including nonlinear responses, higher-order cor-
rections, or memory terms. For instance, effective negative diffusivity appears in the continuum limits of discrete models
describing social aggregation (Popescu, & Dietrich, 2004; Miller et all, 2024|, 2025).

In the pseudo-parabolic context, typical physical models leading to such equations (e.g., second-order fluids, consoli-
dation of clays, double-porosity diffusion, viscoelastic diffusion with small relaxation time, Sobolev-type corrections) usually
yield a positive definite coefficient matrix B = {b;;}{';_; (defined later in (B)), corresponding to positive diffusivity. This is
the standard and physically natural case (Cannon, & Lin, 1988).

A negative sign of the matrix B in the linear constant-coefficient setting corresponds to an energy input or anti-diffusion.
Such behavior is usually physically unstable or non-physical for simple diffusion or filiration models. Negative diffusivity was
considered, for example, in (Bertsch, Smarrazzo, & Tesei, 2013, 2016), where the authors analyzed the pseudo-parabolic
regularization

ur = Ap(u) + € Alg(u)ly,

associated with the forward-backward parabolic equation
ur = Ap(u).

The key feature of that model is a Perona-Malik-type nonlinearity ¢ (u) whose derivative ¢’ (u) changes sign, for some
a>0:
¢'(u) >0 foru € [0,a), ¢'(u) <0 foru € (a,0).

The derivative ¢’ (u) thus acts as an effective diffusion coefficient multiplying Aw in

Ap(u) = V- (&' (u) V) = ¢ (u) [Vul* + ¢’ (u) Au.
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Hence, regions where ¢’(u) < 0 correspond to effective negative diffusivity, since the coefficient multiplying Au becomes
negative. Whenever ¢’ (u) < 0, the equation u; = Ayp(u) becomes backward parabolic and thus ill-posed in the classical
sense. The pseudo-parabolic regularization term ¢ Ay (u)]: compensates for this instability and restores well-posedness
by introducing higher-order temporal smoothing.

Analyzing such complex systems, particularly those that may be ill-posed or lack classical stability, requires a mathemat-
ical framework that allows one to establish well-posedness and controllability. One suitable approach is the methodology of
a priori inequalities in negative norms, developed by S.1. Lyashko and his colleagues, the principles of which are presented
in the monograph (Lyashko, 2002). The application of this theory has proven effective for issues of well-posedness of
initial-boundary value problems, optimal control, controllability of systems with distributed parameters, etc.

This methodology has been comprehensively developed and applied in a number of subsequent works, particularly
(Lyashko, & Semenov, 2001; Nomirovskyi, & Anikushyn, 2011; Nomirovskyi, 2004; Lyashko, & Nomirovskii, 2003; Lyashko
Nomirovskii, & Sergienkqg, 2001; Lyashko, & Nomirovskyi, 2003; Nomirovskyi, 2006; Nomirovskii, 2007; Nomirovskyi, &
Vostrikov, 2016; Tymchyshyn, & Nomirovskii, 2021). Later, it has also proven effective for application to Dirichlet prob-
lems for various classes of integro-differential equations with Volterra-type integral terms. In particular, hyperbolic integro-
differential equations were studied in (Hranishak et al., 2025; Anikushyn, 2024; Anikushyn, Lyashko, & Samosonok, 2024;
Hranishak, & Anikushyn, 2024), parabolic equations in (Hulianytskyi, & Anikushyn, 2014; Anikushyn, 2014, 2025), and pseu-
doparabolic type equations were presented in (Hulianytskyi, & Semenov, 2012; Anikushyn, & Andaral, 2025; Anikushyn, &
Nazarchuk, 2024).

In the present paper, we consider a system described by a linear pseudo-parabolic integro-differential equation with a
Volterra-type integral operator

n

a(@)ur = Y (aij(@)ure; o, +b(@)u+ Y bi(@)us, — » (bij(@)uz, )z, +

i,j=1 i=1 i,j=1

n

+ n n
(35 Ut 4 Dt 4 ot = s
0 \i,j=1 i=1
with Dirichlet-type conditions

U|z€8§2 =0, u|t:0 = 0.

A specific case of this initial-boundary value problem (K; = K = b; = 0) was studied in (Anikushyn, & Nazarchuk,
2024), where a priori estimates in negative norms were established. Using the approach developed in (Lyashka, 2002), the
authors proved the well-posedness of the problem and formulated a theorem on the existence of an optimal control for the
corresponding system.

In (Hulianytskyi, & Semenov, 2012), a priori estimates in negative norms were also obtained for a structurally related
pseudoparabolic integro-differential equation containing an additional Volterra-type term. These estimates served as the
basis for proving existence and uniqueness theorems for generalized solutions of the associated boundary value problems.
The study additionally addressed the problem of impulse-point controllability for systems governed by such equations.

In the present work, we extend the analysis of the pseudoparabolic integro-differential equation considered in (Anikushyn|
& Nazarchuk, 2024) by introducing additional terms with coefficients b, in the differential part of the operator, as well as
kernel functions K;;, K;, and K in the integral operator. We derive a priori estimates in negative norms for this extended
equation, with full consideration of the new terms. The assumptions on the coefficients are retained from (Anikushyn, &
Nazarchuk, 2024): the self-adjointness of the differential part, the non-negative definiteness of the matrix {a;;}; ;—,, and
the non-negativity of the function a.

The derived inequalities allow us to generalize the results of (Anikushyn, & Nazarchuk, 2024) and (Hulianytskyi, &
Semenoy, 2012) to a wider class of equations. This generalization covers well-posedness, generalized solvability, the
optimal control problem, and controllability, while crucially extending the framework from (Anikushyn, & Andaral, 2025) by
removing the assumption of non-negative definiteness for the matrix {b;;}}';_; and non-negativity for the function b.

1. Main notations and spaces
Let us consider the cylindrical domain Q = Q2 x (0,7"), where Q is a bounded domain in R™ with a smooth boundary
012, and the linear integro-differential equation with a Volterra-type integral operator

Lu = Lpu+ Liu= f(z,t). (1)

Here, u(z,t) is the unknown function describing the state of the system in the domain @, and the operators Lp and L; are
given by

Lpu = (Au)¢ + Bu, 2)
t n n
Liu= / < > (Kij(x,t, TVa,),, + > Ki(w, b, m)ua, + K(x,t, T)u> dr, (3)
0 \ij=1 i=1
where .
Au= = (ai(2) Ua, ), + alz)u, (4)
i,j=1
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n

Bu=— " (bj(x 1%%+Zb Ve, + b(x)u. (5)

i,j=1

We assume that the coefficients {a;}7 =1, {bi;}7 ;=1 C C'(Q), a,b,b; € C(Q) satisfy, for all z € €,

aij(z) = aji(x), bij(x) = bji(z), a(w

and there exists a constant o > 0 such that, forallz € Qand & € R, i = 1, n,

Z a/’Lj 515] = az& . (7)

ij=1

~

>0, (6)

We also assume that the kernels K;;(z, ¢, 7), K;(x,t, ) are continuously differentiable, and K (x, t, 7) is continuous. In
particular, there exists a constant A/ > 0 such that |K;;(z,t,7)| < M, |Ki(z,t,7)] < M, and |K (z,¢,7)| < M forall z € Q
and t,7 € [0, T]. For simplicity, we additionally assume that all functions |a;;|, |b:;], |b:|, a, |b] in © are bounded by the same
constant M.

The domain of the operator £ is taken to be the space of functions infinitely differentiable in Q and satisfying homoge-
neous initial and Dirichlet boundary conditions

ult=0 = 0, (8)
ul|gean = 0. 9)
We denote this set of functions by CZ.
We define the space Wgr as the completion of CZ with respect to the norm

n 1/2
ullw = </ u?+2uiitdcz> : (10)
Q i=1

The adjoint operator (in L2(Q)) is defined as £*v = Lpv + Ljv, where

Lhv = —(Av)s + B v,

Lﬁuz[ (}:(KU@¢JwﬁbjE:ug@ﬂ¢n0ﬁ+1q@7¢w>dr

i,j=1 i=1

The domain of £* is taken to be the space of functions infinitely differentiable in @ and satisfying
V|i=r =0, (11)

V|ecan = 0. (12)
We denote this set by C3z+, and by W+ we denote its completion with respect to the norm from Equation ({0).
Furthermore, we denote by Hgr and Hgz g+ the completions of Cxr and CZ, ., respectively, with respect to the norm

" 1/2
= 2y 2 d , 13
lull (/Qu > Q) (13)

and by Wg,, W_ the corresponding negative spaces constructed with respect to the associated positive

BRt’
spaces relative to L2(Q).

HBR’ HBR+

Remark 1. It can be shown that the completions of C% and Cf,+ with respect to the norm (fi3) coincide. Hence,
Hpr _HBR+ and H BR _HBR+

2. Generalized solvability and controllability
Consider a pseudoparabolic-type system in which the state function w satisfies the equation

Lu=f+Bh, feWg,, (14)

where the operator £ is defined according to (fil)—(B), and B describes the action of the control 1 from the admissible set 4
of the control space # on the system. The function u(z, t) is subject to the initial-boundary conditions (§), (8).

In the next section, we establish a priori estimates that play a key role in justifying the well-posedness and general-
ized solvability of the initial-boundary value problem, as well as in formulating the controllability problem for the obtained
solutions. We first present these estimates in the form of the following theorem.

Theorem 1. There exist constants Cy > 0 and C2 > 0 such that, for all uw € Cgr and v € Cp+, the following inequalities

hold
ClHUHHBR < ||L‘,uHW7 < C2||UHWBR7
BR*

Cillolla g oy < NL - < Collollw

BRT BRt '
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Below, we present an approach to defining a generalized solution to problem ({i4), following the ideas of (Lyashkd,
2002; Anikushyn, & Andaral, 2025). Other possible approaches to defining a generalized solution can also be found in the
cited literature.

Definition 1. Afunctionu € Hpr is called a generalized solution of problem ({i4) with the right-hand side F = f + Bh € Won+
if there exists a sequence u; € Cggr, ¢ = 1,2,..., such that

o= wilitpn =2 0, Cui=Flly- = 0.

Applying Theorem 3, and Lemma 3 of (Lyashkd, 2002, pp. 8,10), along with inequalities from Theorem [, the following
statement holds.

Theorem 2. Forany function F' € W . ., there exists a unique solution v € Hpr of problem (4) in the sense of Definition [d.
Moreover, there exists a constant C' independent of F' such that

lullpr < ClIFly- -
BRT

Following (Lyashko, & Semenov, 2001), we focus on asymptotic controllability.

Definition 2. System (fi4)) is said to be asymptotically controllable in Hzr by the set of controls i/ if, for any u* € Hpg,
there exists a sequence h; € U,i=1,2,..., such that

luhi) = w" g — 0,
1—> 00

where u(h;) is the generalized solution of equation (f4) with the right-hand side F = f 4 Bh; € W nt-

Based on the a priori estimates from Theorem fl], the results of Theorem B, and the approach of (Lyashkd, 2002), we
obtain the following result.

Theorem 3. Ifthe set B(U) is dense in W .., then system (A4)) is asymptotically controllable in the space Hpr by the set
of admissible controls U.

We now consider an application of Theorem [ to the problem of controllability for a system with impulsive action.
Suppose that the operator B is given by

Bh = zs:é(t —t) @ gi(x), t; €[0,T], gi(z) € La(), (15)

where the control is h = {(¢;, g:(x)) }i—1, a finite sequence of elements from the set H = ([0, 7] x L2(£2))°.
It is known (Lyashko, & Semenov, 2001)), that the set of functions

{i (S(t — ti) ®gl(l’) | h e 7‘[}

is dense in W, Therefore, we can formulate the following theorem.

BRt"

Theorem 4. Let the state of the system be described by the solution of problem ({4)) with the operator (15) and the control
space H, and suppose that B(U) is dense in W ... Then system ({4) is asymptotically (impulsively) controllable in Hpr
by the set U.

It is worth noting that similar results on density, and hence controllability, can also be obtained for other types of gen-
eralized actions. In particular, let us consider the case of impulsive-pointwise control, as studied in (Lyashko, & Semenoy,
2001; Lyashko, Semenov, & Sergienkd, 2002).

Suppose that the domain Q is cylindrical with respect to the variable z1, i.e., @ = (0,1) x @/, Q' € R™™!. And let the
operator B is given by the following equation

Bh = Z(S(t — tz‘) ® 6(331 — CI?LZ') ®gi(ac2, .. .,l’n), t; € [O,T], T, € [0, 1], gi € LQ(Q/), (16)
i=1

where the control is h = {(¢;,1,i,9:(x2,...,Ts))}i=1, a finite sequence of elements from the set # = ([0, 7] x [0,1] X
XLQ(Q/)S.
The set of functions

=1

{zs:(;(t — ti) (034 (5(1‘1 — 1‘1,1‘) ®gi(x2, .. .,mn) ‘ h € 7‘[}

is dense in W, (Hulianytskyi, & Semenov, 2012; Lyashkd, 2002), which ensures the applicability of the asymptotic
controllability theorems to this type of generalized action as well.
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3. A priori inequalities in negative norms
We now proceed to prove the a priori inequalities from Theorem [l for the operators £ and £*. We shall assume that C
may denote different constants where its exact value is immaterial.

Lemma 1. There exists a constant C > 0 such that, for any function u € C&%, the following inequality holds:

Cllullwpr > [1£ully, -

Proof. For any function v € C'3+, consider the scalar product (Lpu,v) 1, (q). Applying the Cauchy-Schwarz and Poincaré
inequalities to estimate the term containing b;, we obtain

‘/ UzbiuccidQ < Uzbium dQ <M </ nv’dQ Zlﬁﬂ@) <
Q =1 i=1

Qzl

1/2 n 1/2
< C2Myn ( /Q v?dcz) ( /Q Zuiitd@ < C2M/alollw, . [ullwss.
=1

The remaining terms of the differential part of the problem operator are estimated as in (Lyashkag, 2002).
Thus, for some constant C, we have

|(Lpu, v)Ly@)l < Cllvllw, gy lullws g - (17)

Next, for any v € CZ, we estimate (Lru, v)r,q):

[(Lru,v) ny0)| < Kij(x,t, T)ug, ), . dTv(as 1)dQ| +

7,]1

/ / ZK (z,t, T)ug,drv(z, 1)dQ| + ‘/Q/Ot K(ZL‘7t,T)u(:L‘,T)dT’U(l‘,t)dQ’.

By repeatedly applying the Cauchy—Schwarz and Poincaré inequalities, and taking into account conditions (8), (), we obtain
the following estimate for the first term:

(Kij(z,t, T)ue, ), . d‘rv(m t)dQ| =

/ / Z Kij(z,t, m)ug, (x, 7)dT v (2, 1)dQ)| <

i,J=1

i,7=1

Z / / [Kij (2, t,7) tg, (2, Tz, (x, 1)|d7 dQ <

1,7=1

n n 1/2
<M Z / [va (, 1) \/ [tg, (z,7)|dT dQ < Z (/ Uide/ uiidQ) <
Q Q

i,j=1 i,7=1

1/2 1/2

< nMTC? (/QZvijtdQ> (/QZuiitdQ> < Cllvllw, ., lellwpr-
j=1 i=1

For the second term, we have

i(z, t, T ug, dr v(z, 1)dQ| <

Z/ / K (2, t, 7)ua, (2, 7)0(x, ) |dr dQ <

/2

1/2 [/ n !
< MT ( / mﬂdQ> (Z / uiidQ> <
Q i=17Q

12 n 1/2
< MTCE\/E< /Q v?dcz) < /Q Zuiitdcz> < Cllollw, ., lullwss.
=1

For the third term, we obtain

‘//th’f deTvxtdQ’ /\Kth) (z,7)v(z, t)|dT dQ <

can ([ )" ([ )
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1/2 1/2
<Mﬂﬁ<@ﬁaﬂ (Lng) < Cllvllw, ., lulwsn.

Hence, for some constant C, we have

|(Lru, v) Ly @)l < Cllvllwy oy lullwp g (18)

From (A7) and (f{§), we arrive at the overall estimate
|(Lu, ) Ly@)| = (LDu, v)1y(Q) + (L1, v) Ly < [(Lous v)1y(@)] + (L1, v) Ly @) < Cllvllwy, oy lullwip g,

for some constant C.
Since the set C; is dense in the space W+, dividing the last inequality by [[v||w ., and taking the supremum
over v yields the desired inequality. O

The following lemma is proved in a similar way.
Lemma 2. There exists a constant C' > 0 such that, for any function v € C3 5+, the following inequality holds:

Cllvllw

Rt 2 ||L*UHW§R‘

Remark 2. The inequalities established in Lemmas [l and P allow the operators £ and £* to be extended by continuity from
their domains of definition to the spaces Wr and Wi+, respectively. These inequalities remain valid for all w € Wgg
and v € Wy g+, while preserving the previous notation for the extended operators.

To prove the following inequalities, we shall use the following auxiliary results, established in (Anikushyn, & Andaral,
2025) and (Hulianytskyi, & Anikushyn, 2014).

Lemma 3. Let f € C([0,T]) and suppose that, for any t, € [0,T], the inequality |K(t,7)| < M holds. Then, for any
constant ¢ > 0, the following estimate is valid:

/OT/Oz K(t,r)e”f(r)drf(t)dt‘<M\/T/OT€th2(t)dt'

Lemma 4. Let f € C'([0,T]), f(T) = 0, and suppose that, for any t, T € [0, T], the inequality | K (t,7)| < M holds. Then,
for any constant ¢ > 0, the following estimate is valid:

T ¢ et pl MT T ct !/ 2
K(t,7)e" f'(r)dr f(t)dt| < — e (f () dt.
o Jo ¢ Jo
Lemma 5. There exists a constant C' > 0 such that, for any function v € Wgr, the following inequality holds:
ILully- = Cllullpg-
BRt

Proof. Consider any function u € CgZ. Let
t
v(z,t) = —eCt/ e > Tu(x, 7)dr. (19)
T

As in (Anikushyn, & Nazarchuk, 2024), we have v € W+ . Differentiating with respect to ¢, we see that
u(e, t) = u (z,t) + u® (z,1),

where
u (2, t) = —evy(, t), (20)
u® (z,t) = cev(z, t). (21)
The positive constant ¢ will be specified later. We now show that, for some positive number C, the inequality holds:

2
(Lu, 'U)L2(Q) > CHU||WBR+ :

We first consider the scalar product (Lpu,v),(q). By applying integration by parts, the boundary condition (8), and
noting that the function v defined by (f9) satisfies v|;—r = 0, we obtain

/Qau,gde:/Q(auv),glef/ch,gule:/Q /OT(auv)tdtdQ/QauvtdQ:

_ /Q ((auv)ls—r — (@uv)]s—o)d2 — /Q auvdQ = — / auvdQ =

Q
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:7/ au(thde/ au(2)vtdQ. (22)
Q Q

Taking into account () and condition (B), we have
/ / aljuz 2,V ) dtdQ) =
Q

3 / T
Z/ azyu'z]|t T)rlv‘t =T — (CL”UT]h 0) ’l)|t o)dQ_O

i,j=1 i,j=1
4,j=1

Now, using the Gauss formula and the last equality, we obtain

/Z awu%gcwdQ— /Z a”u% dQ+/ Z a”u% 2, 00dQ =

i,j=1 231 2]1

“Js

Similarly, applying the Gauss formula in the standard way to the terms obtained from the operator B, we arrive at

(Lpu,v)ryQ) = / Z auuzj Ve dQ — / Z auuz] Va1 dQ—
i,j=1 7,] 1
S buyulle, dQ + / S bu, dQ +

7/ au' vtdQ /au vtdQ+/
Q Qz] 1 Q’Lj 1

/Zb umv dQ+/ Zb u(z)v dQ+/ buMv dQ+/ buPv dQ.

In (Anikushyn, & Nazarchuk, 2024) it was shown that, taking into account condition (B) and the Poincaré and Cauchy
inequalities, the terms involving (") can be estimated as

—/ aul vtdQ /aeCtvt2 (24)

/ Za”uz7 V2¢dQ = / Zame VetV dQ > /ZedvitdQ (25)
i:l

1]1 1]1

/bu(l)v dQ = 1/ va|t:on+E/ betv2dQ >
Q 2 Jq 2 Q

/ Z bljuxj Uzqu = 7/ Z bzyvzj ‘t Ovz7|t 0dQ) + — / Z sze 1}171)557(1@
Q

i,j=1 i,j=1 i,j=1

Z / V2 limod€2 - ”MCZ / (27)

For the term with b; we apply integration by parts, obtaining

/ S bulvdQ = — / S bieva,0dQ = — / S (bie v, 0)dQ + / S (bietv) s, dQ =
Qi—1 Q=1 Q=1 Q=1

Z iUz ; Vo1 dQ = —/ Z az]uz vm +dQ — / Z awuz yz +dQ. (23)

i,j=1 'Lj 1 zg 1

2 CMCp ~ ct 2
o ’Uw,i‘t:OdQ - T;/ € 7-)3: an (26)

— / Zbivzi|t:01’|t:0 dQ+c/ Zbiedvziv dQ+/ Zbiedvzivtd@. (28)
Q QI P}

i=1
Recalling that the constant M bounds all coefficients [b], {|b:|}7=1, {|b:;]}7 ;=1 in the domain ©, and using the Poincaré
and Cauchy inequalities, we estimate the terms in (28) as follows:

n n M n
/ waxi\t:ov\tzo a2 > —M/ Z |'Uaci|t:O'U|t:0| dQd > 5 Z/ (Uzih:o + 1)2|t:0) dQ) >
=1 =1 i=179
M & 2 MC,p &
2 7? ;/S;vxi - 2 =1

V2 |e—o dS2, (29)
Q
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c/ ZbieCtvx,ide > —Mc/ Zed}”wﬂf dQ > — M7Z/ et vzl +v )dQ >
Q=1 Q=1 i=1
Me ~ / ct 2 CMCp = / ct_ 2
2 _— e vzi dQ _—— e Uwi dQ, (30)
2 ; o 2 Ez: Q
n n 2
/ > bievg, v dQ > fM/ 3" e foa,ve] dQ > — Z/ (k% ”t) dQ >
Q=1 Q=1 k
A tsa M [,
i=17 @

Here k£ > 0 is an arbitrary number to be chosen later.
Overall, taking into account (24)-(B1), for the terms with «() we obtain

/ Z awuz Ugc +dQ — /au ve dQ —
Q

i,j=1 Qz]l

- ct 2 MC, . 2 cMCy = ct 2
a/QZe U,:dQ — < 5 Z szi|t:0dQ—|— 5 Z Qe v, dQ | —
i=1 i=1 i=1
nM nMc ct 2 M 2 MC, - 2
_ < Z/ /Ua%|t 0dQ+ Z/ > — (22/9'0xit—0 dQ“r T; vai|t:0 dQ —
% ct 2 CMC ct 2 Mik: < ct 2 ct_ 2
(Z;L L dQ + Z/ dQ) (2;/62 Z/ vl d ) (32)

We now turn to the terms with «(?. Integrating by parts with respect to ¢ and applying the boundary condition (f{1), for
the term in (22) we have

2
—/ aviu'?dQ = —c/ avee“vdQ = —E/(aeetv2)tdQ+ C—/ ae?dQ =
Q 2Jq 2 Jo

2
:—7// (aev?) dtdQ+C—/ ae“v?dQ =
2 Jq

2
— —g / (aeCTUQ\t:T — av2|t:0)d§2 + %/ aev?dQ =
Q Q

(bijus) de—i—/ szu(l)de—&—/ buv dQ >
Q

¢ 2 ¢? ct, 2
= 7/ av |t=on—|—f/ ae” v dQ. (33)
2 Jo 2 Jo

Since a(x) > 0, this expression is non-negative.
Similarly, for the corresponding term in (23), we apply integration by parts with respect to t. This yields

—c/ Z U/ijectvzjvmitdQ_ / Z awe vmjvz dQ+ / Z a”e Ug;]’l}zldQ—
Q

1,7=1 Z] 1 ’L] 1

/ Z azyvz |t Ovzl‘t OdQ+*/ Z azge Uz 'UzldQ
Q

1,5=1 zgl

Applying the uniform ellipticity condition (i), we obtain the estimate

/Q S 4@, dQ > % / Z%\t o2 + 25 / “vatdcz (34)

1,j=1
The remaining terms involving «(? are estimated directly using the Cauchy and Poincaré inequalities:

/ bu(2)de = c/ beCtvde > —CMCpZ/ eetviidCZ (33)
Q Q =1 Q

/ Z b”ufj) . vdQ = Z b”’ugj)vzidQ:C/ Z bme Um]vzldQ Z/ GCtUidQ. (36)
i=17 @

1,7=1 Q'le 7,]1
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The term with b; is estimated similarly to (80):

/ S b dQ = / 3 bieva,0 dQ > —% 3 / o dQ — CMZ 3 / 2. dQ. (37)
Q=1 Q ;=1 i=17Q i=17@Q

In view of (B3)—(B7), for the terms containing u(?, we obtain

— Z aijugfj)vzit dQ — / au@v, dQ — / Z (bijufv?)ziv dQ +/ Zbiug)v dQ +/ bu@v dQ >
Q Q Q=1 Q

Qi 5=1 i,j=1

n 2 n n
> %/ ST 02 li—0d + % et Y 02,dQ — MG, Z/ 02 dQ—
Q-1 Q i=1 i=17Q

_nMcZ/ eCtvidQ— <A/2[CZ/ eCtvii dQ + C]\éOp Z/ edvi dQ). (38)
i=17Q i=17@Q i=17@Q

Thus, adding Equations (B2) and (B8), we obtain

(Lpu,v)p,0) 2 70]\/.;Cp Z/ eCtviidecMC’pZ/ eCtviide n]ch/ eCtviide
i=17 @ i=17Q i=17Q

_nMcZ/ eCtviidQ _ MGy Z/ eCtviidQ _&e Z/ eCtviidQ—
i=17Q 2 i=17@ 2 i=17@
CMC;D . ct 2 MC . ct 2 Mk . ct 2
5 ;/Qe Vg, dQ 5 ; o e vy, dQ 5 Zzzl o e g, dQ

Mc,,"/2 nM"/2 Mn/2
— Ux,i ‘t:()dﬂ _ Uxi ‘t:()dQ - — vmi |t:0dQ—
M

Cyp S / 2 OéC/ S 2 ac? ct = 2

— U3, [t=0dQ2 + — U, lt=0dQ+ — [ e 05, dQ—
> 2, > o S

MCP ct = 2 / ct - 2 _
2% Qe ;quitdQ—i—a Qe ;’UzitdQ_

= % (ac® — Mc(5C, + 3n + 2) — Mk) / e ZviidQJr
Q =1

+% (ac — M(2Cp +n + 1))/ Zviih:odﬂ + (a — ]\4251’) / ot vacitdQ'
Q=1 Q@ i=1

Choosing k = %CP and a sufficiently large ¢ such that ac > M (2Cp, + n + 1), we have

«

n 2 n
(Lpu,v)1yq) = % / e szitdQ + % (ac2 — Mc(5C, +3n+2) — M Cp) / e ZviidQ. (39)
Q@ =1 Q@ =1

Next, consider the scalar product (L;u,v)r,(g). Applying the Gauss formula to the terms containing K;;(x, ¢, 7) and
K;(z,t,7), and taking into account the initial-boundary conditions, we have

n t n t
(Lru,v) Ly = — Z / / Kij(f,t,T)U:(Eli)(iU,T)dT'Uzi (z,t)dQ — Z / / Kij(x,t,r)ug?(m,ﬂdrvzi (z,t)dQ+
QJ0 QJo

i,j=1 4,j=1

n t n t
+Z// Ki(x,t,T)ui?(x,T)dTv(x,t)dQ+Z//Ki(a:,t,T)u;i)(x,T)dTv(x,t)dQ—i—
i=17/QJ0 i=17QY0

+/Q/OtK(:Jc,t,T)u<1)(x,7—)dTv(x,t)dQ+/Q/OtK(:Jc,t,T)u<2)(x,7—)d7—v(x,t)dQ.

Using Lemmas [ and [, together with the Cauchy-Schwarz and Poincaré inequalities for each z € §, we estimate the
terms of the integral part of the operator.
For the terms with «‘%), we obtain

>

i,j=1

¢
// Kij(z,t,7)e vg 7 (@, T)dT vy, (,1)dQ
QJo

<UL [ eyt o, (40)
Q@ =1
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z":/ /t Ki(z,t,7)e vy, (z, 7)dT v(2, t)dQ
= Jalo

< MTCp/ S 02,dQ,
C
Q i=1

// K(z,t,7)e v (z, 7)dTv(z, 1)dQ| < MT/ e“2dQ < ﬂcp/ eCtzviitdQ.
c Jg c e =

For the terms with (%, we have

/ / Kij(z,t,7)e cvg, (2, 7)dT va; (2, 1)dQ| <

nM\/7/ ot vaidQ,

1,j=1

i/ /t Ki(z,t,7)e" cvy, (z, 7)dT v(z, )dQ
QJo

Z//Kthe Tev(x, T)dT v(x, t)dQ| <

Combining (BY) and (B0)-(#5), we obtain

< MvaTc/ eCthiidQ,
Q i=1

(Lu,0)15(@) = (LD, v) 15(Q) + (L1t 0)1y(@) = (LD, 0)Ly@) — |(L1u, v)La@)| 2
o c =~ 1 M C c
22/Qet;viitdQ+2(ac2Mc(5C’p+3n+2) )/ th%de
nMT / JR MTC, / "= 2 MTC, ot 2
- e Vg, 1dQ — —— [ e Vg,4dQ — —— [ e Vg, dQ—
¢ Ja 2:; ¢ Ja ; ¢ Je ;
_nM\/Tc/ et ZviidQ - MCPVTC/ e ZviidQ - MC’p\/Tc/ et Z’Uid@ =
Q i=1 Q i=1 Q i=1
a MT o —
_ (5 - 250, 4+ ) /Qe t;yiitd%—

+% (a62ch(5Cp+3n+2)72MvTc(2Cp+n) MCy )/ CthxldQ

Choosing c¢ sufficiently large, we have

Cwv)@>g [ ”vadQ Clloliy, .,

Note that v and v satisfy the inequality

1+l

e < 2 .

Therefore, in view of (f6) and, in a standard way, applying the Schwarz inequality, we obtain

2
ClHu”HBR”UHWBR+ < CtHUHWBRJr < (Lu, U)Lz(Q) < H‘CUHW§R+ HU||WBR+7

cM\/7/ “2dQ < MCF/ CthzldQ.

(41)

(42)

(43)

(44)

(45)

(46)

for some constant C;. This completes the proof for all u € C'%F. The statement of the lemma for all other functions «w € Wgr

is obtained by passing to the limit, as described in (Anikushyn, & Andaral, 2025).
Lemma 6. There exists a constant C' > 0 such that for any function v € W+ the following inequality holds:

1€ 0l > Clloll

BRtT "

Proof. The proof is analogous to that of Lemma B, considering the auxiliary function

t
u(z,t) = eiCt/ e*Tu(x, T)dr
0
and using analogues of Lemmas 8 and .

Discussion and conclusions

O

We extend the analysis of pseudoparabolic integro-differential equations with Volterra-type terms to a wider class that
includes additional terms with coefficients b; in the differential operator B and kernels K;;, K;, and K in the integral part. A
key contribution of this work is the establishment of a priori estimates in negative norms under the structural assumptions
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of (Anikushyn, & Nazarchuk, 2024), namely the self-adjointness of the differential part, the non-negative definiteness of
{ai;}1 =1, and the non-negativity of a. Crucially, we achieve this generalization without requiring the non-negative defi-
niteness of the differential operator B. This significantly extends the framework presented in the recent work (Anikushyn
& Andaral, 2025), where such non-negativity was assumed, thus broadening the applicability of these results. These esti-
mates enable us to extend the theorems on the well-posedness of the initial-boundary value problem and the controllability
results from (Anikushyn, & Nazarchuk, 2024) and (Hulianytskyi, & Semenov, 2012).

Although this issue is not addressed in the present paper, the same a priori estimates make it possible to extend the
result concerning the existence of an optimal control to our setting, in a manner analogous to that presented in (Anikushyn|
& Nazarchuk, 2024).
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KEPOBAHICTb NCEBAOONAPABOIIYHUMU IHTEPO-AN®EPEHLUIANNIBHUMMN CUCTEMAMU 3 MAM’ATTIO

HocnidxeHo niHiliHi nceedonapaboniyHi iHmez2po-oughepeHyianbHi pieHsIHHS 3 iHMe2pasnibHUM YsleHoM muny Bonbmeppa, wjo 3abesnevyyroms
eghekmueHuUll MameMamuyHuUll anapam Ons1 onucy OUHaMiYHUX Npoyecie i3 nam’smmr ma HesokanbHUMU 83aeModiamu. Taki MamemamuYHi
modersi € xapakmepHUMU Ons1 Pi3HUX HanpsiMie NPuknadHuUx 0ocioKeHb, 0e e8osIoUis cucmeMu 3anexums He nuuwe eid MoMo4YHo20 cmaHy,
asie U eid if nonepedHix cmanie. Tunoei npuknadu oxonsoroms NoeediHKy 8’sI3KONPY)XXHUX Mamepianie (makux sik nonimepu, 6iononimepu ma
8UCOKOMIUHI Memasnu 3a eUcoKux memnepamyp), npouyecu ¢inbmpayii nidzeMHux 800 i NnepeHeceHHs1 OMIWOK y nopucmux cepedosuujax, a
makox 3adadyi, noe’si3aHi 3 nepeHeceHHsIM mensna U MoXXUeHUX Pe408UH y MKaHUHax.

Memoro po6omu € y3azanbHeHHs 8i0oMuUX meopemuy4HuUX pe3ysibmamie Ha wupwul knac nceedonapabosidyHuX pPigHsIHb WIISIXOM 868€0eHHS
dodamkoeux yneHie sk y dughepeHyianbHy, mak i 8 iHmezpanbHy YyacmuHu onepamopis. [nsi docsicHeHHs yiel Memu eukopucmaHo MemoouKy
anpiopHux ouyjiHOK y HezamueHux Hopmax, po3pobneHy C. Il. JlawkoMm ma iio2o Konezamu. 3anpornoHoeaHul nioxid dae 3moa2y docnidxyeamu
KopeKmHicmb nocmaHoeku 3aday, y3az2asibHeHy po3e’si3HiCmb, @ MaKoX NumaHHsi kepoeaHocmi Ui oNMuUMasibHO20 KepyeaHHsl Ons cucmem i3
po3nodineHumMu napamempamu.

OCHO8HUM pe3ynibmamom O0CiOKeHHs1 € 6CMaHOBJIEHHS anpiopHUX OYIHOK y He2amueHUX HOPMaXx, WO 8PaxoeyroMmb HO8I YleHU, eedeHi
do nceedonapabosiyHo20 iHMezpo-dugpepeHyianbHo20 pieHsIHHSA. Knroyoea eidmiHHicmb yiei po6omu eid nonepedHix nonsicae 6 momy, w0
ompumaHi oyiHku doeedeHo 6e3 HakslaGaHHsI 8UMO2 Hegid’eMHOCMIi Ha YJIeHU HUX4020 nopsidKy dugpepeHyianbHo20 onepamopa. Lje cymmeeo
PO3WUPIE 3aCMOCO8HICMB Meopii, 0alo4u MoXJIugicmb MOWUPUMU MeopemMu rpPo KOPeKmMHicmb rno4amkoeo-kpaliogux 3adad, a makox pe3ysib-
mamu w000 keposaHocmi U iCHy8aHHs1 ONMUMasibHO20 KepyeaHHsI Ha wupwul Knac cucmem riceedonapabosiyHo20 muny.

Knwuyosicnosa:
nceedonapa6oniyHe iHmezpo-dughepeHyianbHe pieHsIHHSI, onepamop Bonbmeppa, eghekm nam’ssmi, anpiopHi oyiHku, KOpeKmHicmb nocmaHoeKu,
y3az2anbHeHa po3e’si3Hicmb, KepogaHicmb, onMmMuMasibHe KepyeaHHS.
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RESONANCE PROPERTIES OF A PIEZOELECTRIC GYROSCOPIC SENSOR BASED
ON BULK ACOUSTIC SHEAR WAVES

The article develops a mathematical model of a piezoelectric gyroscopic sensor based on bulk acoustic shear waves
propagating through the thickness of a layer with piezoelectric anisotropy perpendicular to the electrical load. The layer rotates
around an axis perpendicular to its lateral faces, and the excited shear waves have the properties of Coriolis dispersion. The
obtained conjugate equations of motion are one-dimensional through the layer thickness only in the case of the absence of
mechanical forces at the boundaries and homogeneous conditions of the electrical load.

An analytical solution to the problem is constructed, and exact formulas for the distributions of stresses and displacements
through the layer thickness in traveling shear waves with elliptical polarization of coupled components in the median plane are
obtained. In accordance with the exact solution for the thickness component of the electric displacement field, an expression for
the conduction current function in the external circuit was obtained, and the amplitude-frequency characteristic of the gyroscopic
sensor was constructed on the primary (excited) and secondary (sensor) modes. It was determined that on the first main resonance
of the layer, the efficiency of the excited mode is about 24 percent, and the efficiency of the sensor mode is about 1.8 percent at a
value of the normalized angular velocity of the order of 0.01.

Keywords: shear waves, piezoelectric effect, resonance, Coriolis forces, wave gyroscopes.
AMS 2020 classification: 74F99, 74H05, 74J05, 74J10.

Introduction

In inertial navigation systems that are subjected to significant shock and vibration effects during operation, it is proposed
to use solid-state gyroscopic sensors based on bulk acoustic waves (BAWs), built on the effects of Coriolis dispersion of
elastic waves (Shoenberg, & Censor, 1973; Ulitko, 1995). One such effect is a change in the direction of the shear wave
polarization vector over a finite length of the waveguide, which is proportional to the magnitude of the measured angular
velocity (Sarapuloff, & Ulitko, 2001; Gribkova, Peregudov, & Shevelko, 2011; Sarapuloff, 2013; Liu et al., 2024). In the works
mentioned above, additional piezoquartz emitters and receivers or complex spatial systems of sectioned electrodes for
electrostatic excitation are used to excite and detect waves in fused quartz and silicon carbide elements.

Another way to create BAWSs sensors is to use piezoelectric materials in their sensing elements and, accordingly, the
phenomenon of the piezoelectric effect for excitation and detection of waves (Yang, Dejous, & Hallil, 2023). In this case,
gyroscopes based on BAWs do not require any additional means for generating and receiving a signal, except the electrode
coatings of the piezocrystal, which simplifies and significantly reduces the cost of mass production of such sensors. If we
follow the methods of developing other types of piezoresonant sensors, the main factor that requires analysis is the function
of the conductivity current or electrical impedance and its dependence on the resonant frequencies of the primary (exciting)
and secondary (sensing) modes of the gyroscope, i.e., the amplitude-frequency characteristic (AFC). The relevant questions
are: how far are the primary and secondary resonant frequencies of a certain resonance spaced from each other, and also
how efficient energetically is the excitation of the secondary frequency compared to the primary?

The aim of the research was to establish the conduction current function and the energy electromechanical coupling
coefficient (EMCC) (Ulitko, 1977) as consequences of the complete analytical solutions of the conjugate electroelasticity
problem in the mathematical model of a layer with piezoelectric anisotropy perpendicular to the loading electric field.

1. Problem formulation for a piezoelectric layer under homogeneous electrical excitation

Let us suggest that the flat side faces of the layer z=1h (see Fig. 1) are not mechanically loaded
Gz‘z:ih:()’ szlz:ih =0, rlez:ih =0, (1)
and let the uniform loading electric field be applied to the electrodes that completely cover these faces

o .
o :iIexp(zo)t), E,=0, E,=0 )
with the frequency ® and the electric potential difference 2J{. The piezoelectric material is assumed to be transversely

isotropic and has an anisotropy axis, denoted by the dipole symbol in Fig. 1. The coordinate system Oxyz is a relative

reference system; the axis of rotation Oz does not change its position in space.
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Fig. 1. To the formulation of the problem of harmonic oscillations of a uniformly rotating layer

Based on the analysis of the piezoelectric effect equations for this type of material anisotropy (Berlincourt, Curran, & Jaffe,
1964) under mechanical (1) and electrical (2) boundary conditions, it follows that the electroelastic state of the layer is
determined by the shear stresses Tz Tyzs and displacements that are independent of the coordinates of the midplane x , V
and given by

u(z,0) = iuy (2,0) + juy (2,0) - (3)

The component of displacement u,(z,¢) and normal stresses G, which are not affected by the inertia forces of the
rotating motion, and the corresponding equations describing the thickness fluctuations of the layer, will be excluded from
further consideration.

The equations for shear waves are derived from the linear equations of the piezoelectric effect, the equations of Newton's
dynamics and Maxwell's electrostatics, and the linear kinematic formulas of Cauchy (Grinchenko, Ulitko, & Shulga, 1989).
Taking into account the components of relative, translational, and Coriolis accelerations in the right-hand parts, we write them

in projections on the axis Ox, Oy

. 0%u 02 . .

Ox: cfy 62;‘+e1567§’:p(ux—ﬂ%ux—mouy),

cE —cE 0%u . .
Oy: SZALER iy - O, +2001) @)

2 02u

S _ X

e e
Voo e T s T

Equations (4) form a conjugate system of electroelasticity equations for a piezoelectric layer that rotates uniformly with an
angular velocity Q. The first and second equations are conjugate for components —2Qti,, and 2Qqu, of Coriolis
acceleration, as well as the first and third equations are conjugate for electric potential Y . The derivative 92y /922 can be

expressed from the third equation in terms of 924, /922 and substituted into the first equation. Consequently, we obtain the

following:
0%u, I . .
=—— (i —Qdu, —2Qqu,,)

2
o%u,y _ 1
2 2
oz 3y

(iiy — Qfu, + 2Ot ) (5)

1/2
where ¢y | = [cf4 (1+ 6125 /(8191054 ))/p] is the propagation velocity of a coupled electroelastic shear wave in the direction

of anisotropy (Ox), 2 Z[(CIEI—CFZ)QP] is the propagation velocity of an incoherent shear wave in the isotropy plane

(Oy). In written formulas, cfj,ch,cf, are the elastic moduli, ejs is the piezoelectric constant, &7 is the dielectric
permittivity, p is the density of the piezoelectric material. Let us write down the formulas for shear stresses and the thickness
component of the electrical displacement in the form:

g Ouy ov - Ouy

oY ou
= +ejs—, =12 ., D,=-85 —+ X (6)
oz = Ca Oz és < 2 Oz ‘ 15, éls oz

2. Solution of the electroelasticity boundary value problem, AFC, energy efficiency of the secondary mode
Solutions for the displacements of Coriolis-dispersive plane waves in a layer are characterized by the fact that each
component u, and u, is a complex superposition of electroelastically coupled and incoherent shear waves with wave

numbers k&, k, depending on the normalized angular velocity € =Qy/ o),

e1s Vo 1 5 2 5, | coskiz 2 2 2y | coskyz
Uy (z,t) =—2>—- kt ———(+¢&%) |————| ks ———(1+¢&%) |———=—}cos(wt) , 7
+(20) cE b k2 k3 [1 cgz( ) kysinkih |2 cgz( ) kg sinkyh (o) 7)
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2
uy(z,t):—el—ESV—2ismT- 21 2{ CO_SkIZ - co§kzz }sin(wt).
cpy h 3, ki —ks (kisinkih ko sinkyh

Expressions for ki, k, are given in (Ulitko, 1995). The trajectories of particle motion in a wave are ellipses, and the
direction of the displacement vector u is formed by these components. When the wave propagates through the thickness of
the layer —h <z <h, it is rotated by a certain angle, linearly dependent on the value of the angular velocity € =Qq/®
(polarization effect).

The solutions for stresses 1., 1), are written similarly using formulas (6).

For resonant oscillations with frequency ®, the magnitude of the conduction current in the external (observational)
electrical circuit is determined by the following formula (Grinchenko, Ulitko, & Shulga, 1989)

I exp(iot) = —% ” D, (z)exp(iot)dV , ®)
S;—h<z<h
where integration is performed over an arbitrary area S of the surface electrode on the front face of the layer z = +/ , through
which the electrical load is applied and detected, and by the thickness of the layer —4 <z </ . In the case of solid layer
electrodes, a unit area value can be set for S. Determining 152 by formulas (6), (7), after integration over the layer thickness
—-h<z<h,wefind

2 Y 1-4 A 144 Co{ksz
A e —
1) =262, CoVpx 1 1+[ ISSJ (e) cosh , 1+A4(e) ! , 9)
CI4ET] 2 AsinA 2 Xk—z i kk—z
ki ky

where Cj = Slsl% is the electrostatic capacitance of the layer, kjh =\, koh =\ky / k| are the wavenumbers, and A(¢) is

some monotonic decreasing function. The AFC graph (8) is shown in Fig. 2.
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Fig. 2. Calculated amplitude-frequency characteristic of a gyroscopic sensor on the shear of BAWs

Discussion and conclusions

The calculated AFC (see Fig. 2) in the primary (red curve) and sensor (blue curve) modes demonstrates parameters of
the gyroscopic sensor output signal that are satisfactory for practice. For a normalized angular velocity value of 0.01 at the
first main resonance, the frequency of the sensor mode is 0.78 of the excited frequency, and the efficiency of the energy
conversion according to the energy criterion (green curve) (Ulitko, 1977), is about 24% for the primary mode and about 1.5 %

for the sensor mode compared to the static shear electromechanical coupling factor k125 .

Authors' contribution: Igor Ulitko — basic research concept, problem statement, solutions for coupled displacements; Oleksandr
Boryseiko — analysis of sources, preparation of literature review, energy analysis; Iryna Lebedyeva — AFC analysis; Oleksandr Kurylko —
resonance and antiresonance frequency calculations, energy conversion.
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PE3OHAHCHI BJIACTUBOCTI ME€30ENEKTPUYHOI O NPOCKOMNIYHOIo CEHCOPA
HA OB'€MHUX XBUNAX 3CYBY

Po3pobneHo MamemamuyHy Modesib n'€e30e/1eKMPUYHO20 2iPOCKOMIYHO20 CeHcopa Ha 06'€MHUX aKyCmMUYHUX Xeusisix 3cyey, WO mowupio-
HOMbCs 3@ MOBWUHOIO Wapy i3 n'e3oesieKmMpuY4yHoOI0 aHisomponieto, neprneHOUKynsipHoto 0o HagaHMaxKyeasnbHO20 esleKmpu4Ho20 nossi. Lllap o6ep-
maembcsi HagKos10 nepneHOuKynsipHoi Ao lio2o 6iYHUX epaHell oci, a 36y0dxyeaHi 3cysHi xeuni maromb enacmueocmi Kopionicoeoi ducnepcii.
OmpumaHi cnpsixeHi pieHsIHHS pyXy € 0OHO8UMIPHUMU 3a MOBWUHO0 Wapy jiuwe y pa3si eidcymHocmi MexaHi4YHUX cusl Ha 2paHuUysiXx ma oOHOpPiGHuUX
YMO8 esleKmpu4yHO20 Ha8aHMaXKeHHSs1.

IMo6ydoeaHo aHanimu4Huli po3e'si3ok 3adayi, ompumMaHoO MoyYHi ¢popmynu po3nodisnie HanpyxeHb i NepeMiljeHb 3a MOBWUHOO Wapy 8 6ixXy4ux
3CYB8HUX XeuJIsiX, W0 Maromb eflinmuy4Hy nossipulayiro 3e'a3aHUX KOMMOHeHMi8 y cepeduHHil niowuHi. BidnogioHo do moyHoz20 po3e'si3Ky Ons
moeuwUHHOI KOMIMOHeHMU MoJisl 3MiuweHuUx 3apsidie ompumaHo eupas 0ss1 pyHKuii cmpymy npoeiOHOCMi 8 308HIWHBLOMY Kosli ma nobydoeaHo amn-
nimydHo-4acmomHy xapakmepucmuKy 2ipOCKoni4Ho20 ceHcopa Ha nepe8UHHili (36ydxyeaHill) ma eMOPUHHILl (CeHCOpPHili) MoOax. BusHa4yeHo, wjo Ha
nepwomy oCHOB8HOMY pe30oHaHCi wapy eghekmueHicmb 36y0xyeaHoi MoOu cmaHosumsb 611u3bko 24 %, a egpekmueHicmb CeHCOPHOi MOOU — 6/TU3bKO
1,8 % 3a 3HaYeHHs1 HOpMo8aHoOi Kymoeoi weudkocmi nopsioky 0,01.

Knio4yoBi cnoBa: xeuni3cysy, n'‘ezoenekmpuyHuli e¢pekm, pesoHaHc, cunu Kopionica, xeunbosi 2ipockonu.
ABTOpM 3aABNSIOTb NPO BiACYTHICTb KOHAMIKTY iHTepeciB. CnoHcopy He 6panu yyacTi B po3po6neHHi AocnimpKkeHHs; y 36opi, aHanisi un
iHTepnpeTaLii AaHKX; y HanucaHHi pykonucy; abo B pilleHHi Npo ny6nikauito pe3ynbTaTis.

The authors declare no conflicts of interest. The funders had no role in the design of the study; in the collection, analyses or interpretation
of data; in the writing of the manuscript; in the decision to publish the results.
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MOAENb AE®OPMYBAHHA APMOBAHMUX Y NNOLWMHI BONTOKHUCTUX MATEPIANIB
13 ®I3UYHO HENIHIMHOIO MATPULIEIO

Y pa3si 36inbweHHs1 HaeaHMaxxeHHs1 6acamo 0OHOPIGHUX | KOMMO3UMHUX Mamepiaslie MPosIeNsIoMb HesiHIlHUU Xapakmep 3anexHo-
cmeli MiX MakpoHanpyXXeHHsIMU ma Makpodeghopmauismu. Le moxxe 6ymu obymoeneHo ¢hizu4Horo HeniHilinicmro deghopmyeaHHsI KOM-
noHeHmie. BonokHucmi mamepianu eukopucmosyroms y crniopydax i demassix, o hyHKUiOHytomb 8 yMoeax eUCOKUX cusioeux i
memmnepamypHuUXx HadaHMaxeHb. 3 0251510y Ha ye NPO2HO3y8aHHs iIXHiX HeniHiliHuUXx efacmueocmell € aKmyasnbHUM.

Mema po6omu — no6ydoea modesnii ma docnidxeHHs HeniHiliHo2o deghopmyeaHHs1 apMO8aHUX y MIOWUHI 80JIOKHUCMUX KOM-
no3umHux mamepiariie i3 ¢hi3u4yHo HeniHilIHOO Mampuuero.

ApmoeaHi y niowuHi 8osI0KHUCMIi Mamepiasiu po325siHymo sik 6a2zamoKoMnoHeHMHi Mamepianu 3 sunadkoeuM po3maulyeaH-
HSIM 80JIOKOH, 8U3HalO4YU Mampuuyto i 80JTOKHa KOXXHO20 HarnpsMKy OKpeMuMu KoMrnoHeHmamu. Bydemo eeaxamu, w0 mamepian
80JIOKOH — mpaHceepcasibHO-i30mpornHull i3 siccro cumempii y300ex 80/IOKOH, Mamepian Mmampuyi — izomponHull ¢hizu4HO Heri-
HiliHuUl. Bu3HavyeHHs1 ehekmueHux deghopmamueHux enacmueocmeli i HanpyxeHo-0eghopMmieHO20 cmaHy Mamepiany eidbyea-
embcsi y dea emanu. Ha nepwomy emani eusHa4yeHo enacmueocmi nidcucmemu, wjo € OGHOCMPSMO8aHUM B8OJIOKHUCMUM
Mamepianom, ymeopeHUM 80JIOKHaMU NeeHO20 HanpsiIMKy i YacmuHoto mampuui. Po3e'sizaHHs1 3adayi nepwoa2o emany 30ilicHto-
€mbcsi Ha ocHoei Modesli 0OHOCMPSIMOB8aHO20 80JIOKHUCMO20 Mamepiany cmoxacmu4yHoi cmpykmypu. Po3e'a3ok no6ydoeaHo i3
3acmocyeaHHIM Memody ymoeHux momeHmie J1. [1. XopowyHa. Ha dpy2omy emani 3a o64ucseHumMu enacmueocmsimu nidcucmem
8U3Ha4YyeHo eghekmueHi enacmueocmi eciei cucmemu. Po3e'sizok no6ydoeaHo Ha ocHoei cxemu Polixma. HeniHiliHi pieHsAHHS, W0
epaxoesyromb hi3uyHy HenidiliHicmb Mampuuyi, po3e'sa3aHo 3a imepayiliHuMm Memodom.

Po3pobneHo anzopumm eu3HavyeHHs1 egheKmusHUX erlacmusocmell ma HanpyxeHo-0e¢hopmieHO20 cmaHy Mamepiany i3 ¢i-
3UYHO HeliHiliHo Mampuyeto. BcmaHoesieHi 3aKOHU 38's1I3Ky MiX MaKpoHanpyXeHHsIMU i Makpodegopmauyissmu e mamepiasi ma
3anexHocmi cepedHix degpopmauili i HanpyxeHb y Mampuuyi mamepiany eid makpodegpopmauyili. [JocnioxeHo kpuei deghopmy-
8aHHA Mamepiany. 3'acoeaHo, W0 HesiHiliHicmb KOMIOHeHMie cymmeeo ennueac Ha e¢hekmueHi deghopmamueHi ennacmueocmi
ma HanpyxeHo-0eghopmoeaHuli cmaH mamepiany.

Knwo4yoBi cnoBa: eomokHucmuili KOMNO3UMHUlU Mamepias, apMoeaHi y nnowuHi Mmamepianu, HeniHilHa Mampuusi,
egpekmueHi deghopmamueHri enacmueocmi, HanpyxeHo-0eghopmieHuli cmaH, ennue HesliHiliHocmi, koMn'tomepHe Modes1t08aHHs!

Knacudikauis BignoBigHo ao AMS 2020: 74-10.

Bcrtyn

MpocTopoBO apmMoOBaHi 1 apMOBaHi y NMOLLMHI BONTOKHUCTI KOMMO3MUTU HAbyNu LUMPOKOro 3aCTOCYBaHHA B PiI3HOMAHITHUX
ranyssax TexHiku, Ae npea'sBnsiTbCA BUMOrM A0 BMCOKOI MILHOCTI 3@ 3HWMXEHOI Macu KOHCTPYKUin. B ymoBax 3pocTaHHs
HaBaHTa)XeHHsA GaraTto O4HOPIOHUX | KOMMO3UTHMX MaTepianiB AEMOHCTPYOTb HEMIHINHWUIA XapaKTep 3aneXHOCTEN MiXK Mak-
poHanpy>xeHHsMK Ta Makpogedopmadisgmu. Lle moxe 6yt obymoBneHe ¢isnyHOK HENIHIMHICTIO 4edOpMyBaHHS KOMMOHE-
HTiB. Taknin BUA HENIHIMHOCTI € TMNOBUM ANSA KOMMNO3WUTIB HA OCHOBI NMACTU4YHOI MeTaneBoi MaTpuLi, a TakoX Ha OCHOBI
nonimMepis 3a nigBuLLEHUX TemnepaTyp. ApMOBaHi y NMOLMHI BOMOKHUCTI MaTtepiann BUKOPUCTOBYOTbL B 0O0NOHKaX, L0 BXO-
AATb Y KOHCTPYKLi, siKi (DYHKUIOHYIOTb B yMOBaX 3HayHMX curoBmx abo TemnepaTypHuUX BNAuUBIB. 3 ornsigy Ha Le NporHosy-
BaHHS IXHIX HENIHINHWX BNAacTUBOCTEN i AehopMyBaHHS € akTyarnbHUM.

HeniHinHi BONOKHWUCTI Ta NPOCTOPOBO apMOBaHi BOMOKHUCTI KOMMNO3UTHI MaTepianu BmBYanucsa 6aratbma asTopamu. Bu-
3HaYEeHHI0 edPeKTMBHMX BNAacCTUBOCTEN BOMOKHUCTUX KOMMO3UTHWUX MaTepianiB npucBaYeHi JocnigkeHHs (XOpoLyH Ta iH.,
1993; Khoroshun et al., 2008; Khoroshun, & Nazarenko, 2013; Maslov, 2017; 2022; XopoLuyH, & LLUnkyna, 2011; 2016) Ta iH.
Po3B'a3aHHsA NiHiHOT 3agadvi Npo AedopMyBaHHSA CTOXaCTUYHO HEOOQHOPIAHNX BONIOKHUCTUX MaTepianiB MpoCTOPOBOro apMy-
BaHHA Oyno oTpMmMaHo B poboTax (XopowyH Ta iH., 1993; Khoroshun, & Shikula, 2008; Khoroshun, & Nazarenko, 2013).
OpHak aBTOpU BUBYanuM nuile niHiiie gedopMyBaHHs. He 6yno nobyaoBaHo mogeni AedopMyBaHHsSt B pasi HENiHINHOro
AedopMyBaHHsi MaTpuui, Tox NobyaoBa Takoi MOAEri € Ha Yaci.

O06'ekT gocnigXeHH — apMOBaHi y NMNOLUMHI BOMTOKHUCTI KOMMO3MTHI MaTtepianu.

MeToto npornoHoBaHoi poboTn € NobygoBa Mogeni Ta AOCNISXEHHS HeniHiiHOro AedopMyBaHHA apMOBaHMX Y MIOLLMHI
BOJTOKHUCTMX MaTepianis i3 i3nYHO HEMIHINHO MaTpuLeto.

© LUukyna OneHa, XXykoBa HaTanis, BuwHiscbkuii Biktop, Binoycosa CeiTnaHa, 2026
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Y cTaTTi apMoBaHi Y NOLWMHI BOMOKHUCTI MaTepiany po3rfisHyTo sk 6araTOKOMNOHEHTHI MaTepianu 3 BUNagkoBuMM po3-
TallyBaHHSAM BOMOKOH, BU3HAK4YM MaTPULIO | BONTOKHA KOXHOMO HanpsiMKy OKpEMUMK KOMMOHeHTamu. byaemo BBaxatu, Lo
MaTepian BOJIOKOH — TPAHCBEPCarnbHO-i30TPOMHMWIA i3 BiCCIO CUMETPIi y300BXK BOJIOKOH, MaTepian MaTpuui — i3oTponHui disu-
YHO HeniHinHWIA. Bu3HayeHHs edeKkTUBHMX AedopMaTUBHUX BNACTUBOCTEN i HanpyxeHo-gedopMiBHOrO ctaHy maTtepiany
nposefeHo y ABa eTanu. Ha neplomy eTani 3'4CoByeEMO e(PeKkTUBHI BNacTUBOCTI NigCcUCTEMMU, O € OAHOCNPSMOBAHNM BO-
TNOKHWUCTUM MaTepiarnioM, yTBOPEHUM BOOKHaMM NEBHOTO HaMpPsIMKY | YacTUHOK MaTpuLi. Po3B's3aHHsA 3agadi nepLuoro etany
3[iNCHI0OEMO Ha OCHOBI MOZeri 0AHOCNPSIMOBaHOIO BOSIOKHUCTOrO Martepiany CToXacTUYHOI CTPYKTYpu. B ocHOBY noknageHo
CTOXaCTUYHI ANdEPEHLiVHI PIBHSHHS TEOPIii NPY>XHOCTI, po3B'a30k N0GYA0BaHO i3 3aCTOCYBaHHAM METOAY YMOBHUX MOMEHTIB
J1. 1. XopouwyHa. Ha gpyromy eTtani 3a o64McneHumMm BNacTMBOCTAMM NiCMCTEM BU3HAYaEMO epeKkTUBHI BNacTUBOCTI BCi€l
cuctemun. Po3B'azaHHsa 3agadi gpyroro etany nobynoBaHO Ha OCHOBI cxemy dorxTa. HeniHiliHi piBHSHHSA, WO BPaxoBYOTb
Pi3NYHY HEMIHINHICTb MaTpuLi, PO3B'A3aHO 3a iTepauiiHuM MeTO40M.

1. MaTepianu Ta meToam AocnimXeHHsA

PosrnsHemMo nNpocTOpoBO apMOBaHWI BOFIOKHUCTUIA MaTtepian CTOXaCTUYHOK CTPYKTYpW, LLIO € CUCTEMO BONOKOH N
HanpsIMKiB, NOB'si3aHMX MaTpuueto. BonokHa k -ro HanpsMKy XxapakTepusytoTbCsl HanpPAMHUMU KOCUHYycamu (puc. 1)

ng) =sin0; cos@y; Y(2k) =sin6, sin@y; ygk) =cosO; (0<0; <n/2; 0< ¢, <2m k=1,2,..,N). (1

X1

Puc. 1. HanpsiMHi KOCMHYCU BONOKOH
Hexain 06'€eMHi BMIiCT BOMOKOH k -r0 HanpsiMKy i MaTpuui JOpPIBHIOIOTL BiAMOBIAHO cl(k) i ¢y. 3aranbHa KoHUeHTpauis
)
BONOKOH ¢; = Y ¢, MPU UbOMY ¢; + ¢, =1. BUaHaueHHs echekTUBHIUX AechopMaTUBHUX XapakTepucTuk MaTepiany Gynemo
k=1

BMKOHYBaTW y ABa eTanu. Ha neplomy eTani 3'dcoByeMo edekT1BHI BMacTMBOCTI NiACUCTEMM, LLO € OQHOCNPSAMOBAHUM BO-
NIOKHUCTUM MaTepiarnoM, yTBOPEHUM BOMOKHaMM k -0 HAaNPSIMKY | YaCTUHOK MaTpuLi 3 06'eMHIM BMicTOM i) = ¢y~ 1e(®).

2. BusHauyeHHs edeKTUBHUX AedpopmMaTUBHUX BNAaCTUBOCTEN NPOCTOPOBO apMOBaHUX BONIOKHMCTUX MaTepianis
Hexaw makpoo6'eM NpoOCTOPOBO apMOBAHOrO BOFIOKHUCTOrO Matepiany nepebysae B yMOBax O4HOPIAHOMO HaBaHTaKEHHS.

Mo3Ha4YMMOo MpY>KHi CTani BOMOKOH & -FO HaNpsiMKy ?»,(f) , @ edopmaTmBHI XapakTepuUCTMKN MaTpuLj, WO 3anexaTb Big aedop-
Mauii, — Ay, =A,(€), Hy =, (€). Toai BUpa3n Ana edeKTUBHUX XapaKTepucTWK MiagcucTeMmn maroTb Takun surnag (Myse Ta iH.,
2003; XopoLuyH Ta iH., 1993):
(OO MY 2 —2p5)°
2¢O 00 +1p) + 8O B 18y 4 20
PP A 2
2,0
}’l(k) + Zm(k)
B AE B 20, — 2B ~2,) @)
2¢0) (hy +1y) + SO B 128y L 20
26V 08 - )” |
2¢0 0y +pp) + PO 4 A0y 4 2m B

2 006 = P 38 2o o) 1)

2C1( )Hz +C2( )(}\4%1) —}\452))4'

*(k k) (k k
= el -

A = ) 4 P, +20)

k) (k k
Cl( )(?g )(X(q 4) *},12)2
k k)y (k k)®
Cl() 5)7»(“)+s()

k) = (k) (k) ()
Mgy = Mgy ey 1y
My +e

EcbekTuBHi xapakTtepucTukm (2) — KOMNOHEHTN TEH30PIB €DEKTUBHUX MPY>KHUX XapaKTePUCTUK Y FTOKanbHIN CUCTEMI KO-
opavHaT x; , Ae BiCb x3 naparnesibHa BOMOKHaM nigcuctemMu. Y sarasbHiil CUCTEMi KOOPAMHAT 3riAHO 3 NepeTBOPEHHAM
Xp =0 XG5 X, = 05X oy =cos0cos; oy =—sing; o3 =sinBcosg; @)

Oy =cosOsing; 0y =COSQ; Op3 =sinOsing; o3 =-sin6; o3, =0; o33 =cos6.
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k .o .
TeH3opu edeKkTuBHNX AedOopMaTUBHUX XapakTePUCTUK x;ﬂﬁn) y 3ararnbHil cMcTeMi KOOpAWHAT BUpPaXalTbCsa 4epes
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Martepian gobpe BUTPUMYE BCi OCbOBI HABAHTAXKEHHS, HENIHINHO AePOPMYETLCS TiNTbKU 3@ HEBESNMKOTO 06'€MHOIO BMICTY BOFTOKOH,
a 33 3CYBHVX HAaBaHTaXXeHb Y HAMPSMKY, NepneHaVKYNSPHOMY NIOLLMHI po3TaLlyBaHHS BOMOKOH, HEMIHIMHICTb MaTpuL Jy>Ke CyTTEBO
BNVBae Ha AedhOpMyBaHHsi KOMMO3MTY 3a BCiX 3HAa4eHb 06'EMHOrO BMICTY BOOKOH.
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Ouckycisa i BACHOBKM

MobynoBaHO MoZenb i 4OCHioKEHO HeNiHiNHe AedhOpMyBaHHSI apMOBaHMX Y MIOLLMHI BOSTOKHUCTUX KOMMO3UTHMX MaTepianis i3
i34HO HermiHiMHO MaTpuLeto. Po3pobneHo anropuTM BU3HAYEHHST €CDEKTUBHMX BIACTUBOCTEN | HanpykeHO-4edpopMIBHOIO CTaHy
Matepiany i3 gisnyHO HeniHIMHOK MaTpuLeto. BcTaHOBMNEHO 3aKOHM 3B'A3KY MiXK MaKpoHanpy>XeHHsIMM | MakpogedopmMaLisvm B Ma-
Tepiani Ta 3anexHocTi cepefHix Aedhopmalii i HaNpy>eHb y MaTpuLi MaTepiany Big Makpoaedopmauin. JocnimkeHo Kpusi aedop-
MyBaHHs1 Matepiany. 3'acoBaHO, L0 HEMiHIMHICTL KOMMOHEHTIB CYTTEBO BMNMBAE Ha edeKTVBHI AedopmaTuBHI BNacTMBOCTI Ta
HanpyxeHo-AedopMoBaHWi CTaH MaTtepiany. MaTtepian Jobpe BUTPUMYE BCi OCbOBI HABAHTaXEHHS, HENiHINHO AedhopMyETLCA TiNbKK
3a HeBENUKOro 06'eMHOr0O BMICTY BOFOKOH, @ 3@ 3CYBHWX HAaBaHTaXeHb Y HaMpsAMKY, NepreHanKynAapHOMY MITOLLMHI PO3TaLLyBaHHs
BOMMOKOH, HENiHIAHICTb MaTpuLi AyXe CyTTEBO BMNNMBaE Ha AedOpMyBaHHS KOMMO3UTY 3a BCiX 3Ha4YeHb 06'€EMHOrO BMICTY BOIOKOH.

BHecok aBTopiB: OneHa LUnkyna — koHuenTyanisauis; metoguka; Hartanis >)KykoBa — CTBOPEHHS anroputMy Ansi po3paxyHkis; Biktop
BuwHiBcbkuii — nporpamHe 3abesneyeHHs; Ceitnana binoycosa — rpadiyHa iHTepnpeTauis YucenbHUX pesynbTaTis.

Dxepena cdiHaHcyBaHHsA. PoboTy BukoHaHo B mexax HAP "[ocnigxeHHs noBeiHKM KOMMO3UTHUX MaTepiarniB pi3HOi CTPYKTypu (apmo-
BaHMX KOPOTKMMW BOSTOKHaMU Ta LuapyBaTux) Ta 060NMOHKOBUX KOHCTPYKLIM 3 HUX B YMOBaXx Aii CTUCKal4Mx HaBaHTaxeHb", Ne aepxpeect-
pauii 0119U103519, IHcTuTyT MexaHikn HAHY.

CnUCoK BUKOPUCTaAHUX axepern

ly3b, A. H., XopowyH, J1. ., Muxainosa, M. W., Babwy, [. B., & Wwukyna, E. H. (2003). MexaHuka komnozumos: T. 12. [MpuknadHble uccrie-
dosaHusi (A. H. Tysb, Peg.). "A.C.K.".

XopouuyH, 1. M., Macnos, b. M., WWvkyna, E. H., & HasapeHko, J1. B. (1993). MexaHuka komnozumos: T. 3. Cmamucmuyeckasi MexaHuka u
aghgpekmusHble ceolicmea mamepuarios (A. H. ly3b, Pen.). HaykoBa gymka. https://librarygo.lpnu.ua/?elbook=mehanyka-kompozytov-
v-12-tomah-tom-3-statystycheskaya-mehanyka-y-%D1%8Dffektyvn%D1%8Be-svojstva-materyalov

XopouuyH, 1. 1., & LWnkyna, E. H. (2011). AedopmrpoBaHme chusnHeckn HEMMHENHbIX CTOXaCTUHECKMX KOMMO3UTHBIX MaTtepuarnos. [ledopmmrpoBaHue
N KpaTKOBpeMeHHas MOBPEXOaeMOCTb (PU3NYECKN HESNMHENHBIX CTOXaCTUYECKUX KOMMO3WUTHLIX MaTepuarnoB. Ycnexu MexaHukn: T. 6 (kH. 2)
(A. H.Tysb, Peq.). llurepa NTA.

XopouyH, I. M., & Wwvkyna, E. H. (2016). EdexkTuBHi AedopMiBHI BNAacCTUBOCTI BOMOKHUCTMX KOMMO3WUTHUX MaTepianis npu HeniHiiHoMy
nedopMyBaHHi KOMNoHeHTiB. [Jornosidi HayioHansHoi akademii Hayk YkpaiHu, 6, 47-55. https://doi.org/10.15407/dopovidi2016.06.047

Khoroshun, L. P., Nazarenko, L. V., Muller, W. H., & Wille, R. (2008). Homogenization of Unidirectional and Arbitrarily Oriented Fiber-
Reinforced Materials by the Method of Conditional Moments. PAMM Proc. Appl. Math. Mech., 8, 10451-10452.
https://doi.org/10.1002/pamm.200810451

Khoroshun, L. P., & Nazarenko, L. V. (2013). Deformation and damage of composite materials with anisotropic components (Review). Int.
Appl. Mech., 49(4), 388—455. https://doi.org/10.1007/s10778-013-0578-6

Khoroshun, L. P., & Shikula, E. N. (2008). Deformation of physically nonlinear stochastic composites. Int. Appl. Mech., 44(12), 1325-1351.
https://doi.org/10.1007/s10778-009-0159-x

Maslov, B.P. (2017). Stress concentration in nonlinear viscoelastic composites. J. Mech Adv Technol., 79(1), 5-10.
https://doi.org/10.20535/2521-1943.2017.79.66490

Maslov B. P. (2022). Nonlinear hereditary creep of isotropic composites of random structure. Int. Appl. Mech. 58(1), 75-90.
https://doi.org/10.1007/s10778-022-01136-3

References

Guz, A. N., Khoroshun, L. P., Mikhailova, M. I., Babich, D. V., & Shikula, E. N. (2003) Mechanics of composites: T. 12. Applied research
(A. N. Guz, Ed.). "A.S.K." [in Russian].

Khoroshun, L. P., & Nazarenko, L. V. (2013). Deformation and damage of composite materials with anisotropic components (Review). Int.
Appl. Mech., 49(4), 388—455. https://doi.org/10.1007/s10778-013-0578-6

Khoroshun, L. P., & Shikula, E. N. (2008). Deformation of physically nonlinear stochastic composites. Int. Appl. Mech., 44(12), 1325-1351.
https://doi.org/10.1007/s10778-009-0159-x

Khoroshun, L. P., & Shikula, E. N. (2011). Deformation of physically nonlinear stochastic composite materials. Deformation and short-term
damage of physically nonlinear stochastic composite materials. Advances in Mechanics: Vol. 6 (book 2) ( by A. N. Guz, Ed.). Litera LTD
[in Russian].

Khoroshun, L. P., & Shikula, E. N. (2016) Effective deformation properties of fibrous composite materials with nonlinear deformation of
components.  Proceedings of the National Academy of Sciences of Ukraine, 6, 47-55 [in  Ukrain-
ian]. https://doi.org/10.15407/dopovidi2016.06.047

Khoroshun, L. P., Maslov, B. P., Shikula, E. N., & Nazarenko, L. V. (1993). Mechanics of composites: Vol. 3. Statistical mechanics and effective
properties of materials (A. N. Guz, Ed.). Nauk. Dumka [in Russian]. https://librarygo.lpnu.ua/?elbook=mehanyka-kompozytov-v-12-tomah-tom-
3-statystycheskaya-mehanyka-y-%D1%8Dffektyvn%D1%8Be-svojstva-materyalov

Khoroshun, L. P., Nazarenko, L. V., Muller W. H., & Wille, R. (2008). Homogenization of Unidirectional and Arbitrarily Oriented Fiber-Reinforced
Materials by the Method of Conditional Moments. PAMM Proc. Appl. Math. Mech., 8, 10451-10452. https://doi.org/10.1002/pamm.200810451

Maslov, B. P. (2017). Stress concentration in nonlinear viscoelastic composites. J. Mech Adv Technol., 79(1), 5-10.
https://doi.org/10.20535/2521-1943.2017.79.66490

Maslov, B. P. (2022). Nonlinear hereditary creep of isotropic composites of random structure. Int. Appl. Mech. 58(1), 75-90.
https://doi.org/10.1007/s10778-022-01136-3

OTpumaHo pepakuiet xypHany / Received: 25.09.25
MpopeueH3oBaHo / Revised: 26.02.26

CxBaneHo po aopyky / Accepted: 16.04.26
Ony6nikoBaHo / Published: 05.06.26

ISSN 1728-3817



DIBUKO-MATEMATUYHI HAYKMU. 1(82)/2026 ~ 169 ~

Elena SHIKULA"?, DSc (Phys. & Math.), Prof.
ORCID ID: 0000-0002-7385-2816
e-mail: ensh@ukr.net

Nataliia ZHUKOVA?, PhD (Phys. & Math.), Senior Researcher
ORCID ID: 0000-0002-2699-3771
e-mail: zhukova_n@ukr.net

Victor VYSHNIVSKYI', DSc (Engin.), Prof.
ORCID ID: 0000-0003-1923-4344
e-mail: vish_vv@ukr.net

Svitlana BILOUSOVA', PhD (Phys. & Math.), Assoc. Prof.
ORCID ID: 0000-0002-2557-8146
e-mail: svetlana_belousova@ukr.net

State University of Information and Communication Technologies, Kyiv, Ukraine
28. P. Tymoshenko Institute of Mechanics, National Academy of Science of Ukraine, Kyiv, Ukraine

MODEL OF DEFORMATION OF IN-PLANE REINFORCED FIBEROUS MATERIALS
WITH PHYSICALLY NONLINEAR MATRIX

With increasing load, many homogeneous and composite materials exhibit nonlinear relationships between macrostresses and macrostrains.
This may be due to the physical nonlinearity of component deformation. Fibrous materials are used in structures and parts operating under high
force and temperature loads. Therefore, predicting their nonlinear properties is relevant.

The aim of the work is to build a model and study the nonlinear deformation of in-plane reinforced fibrous composite materials with a physically
nonlinear matrix.

In-plane reinforced fibrous materials are considered as multicomponent materials with a random arrangement of fibers, considering the matrix and fibers
of each direction as separate components. We will assume that the fiber material is transversely isotropic with an axis of symmetry along the fibers, the matrix
material is isotropic physically nonlinear. The determination of the effective deformation properties and the stress-strain state of the material is carried out in
two stages. At the first stage, the properties of the subsystem, which is a unidirectional fibrous material formed by fibers of a certain direction and part of the
matrix, are determined. The solution of the first stage problem is carried out on the basis of a model of a unidirectional fibrous material of a stochastic structure.
The solution is built using the method of conditional moments of L.P. Khoroshun. At the second stage, the effective properties of the entire system are
determined based on the calculated properties of the subsystems. The solution is built on the basis of the Voichta scheme. Nonlinear equations that take into
account the physical nonlinearity of the matrix are solved by the iterative method.

An algorithm for determining the effective properties and stress-strain state of a material with a physically nonlinear matrix has been developed.
The laws of the relationship between macrostresses and macrostrains in the material and the dependence of the average strains and stresses in the
material matrix on macrostrains have been established. The deformation curves of the material have been studied. It has been established that the
nonlinearity of the components significantly affects the effective deformation properties and the stress-strain state of the material.

Keywords: fibrous composite material, in-plane reinforced materials, nonlinear matrix, effective deformation properties, stress-strain state,
influence of nonlinearity, computer modeling
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RANDOM NETWORKS IN MODELING HEAT AND MASS TRANSFER
IN POROUS MATERIALS

A detailed literature review on mathematical models of mass and heat transfer processes in porous media based on random
graphs (networks) is presented. In these models, individual pores (graph nodes) are considered to be connected with a given
probability by narrow channels (graph edges) through which a liquid or gas can move. A classification of the main types of random
networks used in mathematical modeling of porous media is given, as well as corresponding discrete and continuous mathematical
models for single-component Newtonian liquids and mixtures of immiscible liquids. In coupled heat and mass transfer problems,
double random networks are usually considered, one of which corresponds to heat-mass transfer with a liquid, and another is
associated with heat transfer through a solid phase. The available algorithms for constructing random graphs, mathematical
models of heat and mass transfer on networks, and the results of modeling of liquid flow, several miscible or immiscible liquids of
Newtonian and non-Newtonian liquids are presented. It is shown that, in addition to the possibility of the disappearance of a
network edge due to the suffusion and/or aggregation of liquid/solid phase particles, it is also possible to restore the connection
between neighboring nodes due to the destruction and washout of the solid phase, as well as disaggregation/disintegration of
particle conglomerates. The results of the review analysis of the literature can be used to select the best random graph (network)
model, discrete or continuous mathematical model, and numerical method for calculations on a specific case of a porous medium.

Keywords: flows in porous media, random graphs, machine learning methods, mathematical modeling.

MS 2020 classification: 76S05, 05C80.

Introduction

Random graphs (or random networks) are mathematical objects that arise by taking n vertices (vertex set) and placing an
edge (edge set) between any pair of distinct vertices with a fixed probability, independently for all pairs (Hofstad, 2016). Edges
may appear or disappear during the evolution of the corresponding dynamical system (for example, due to the erosion of solid
particles in a porous medium or, conversely, pore clogging); they may also be directed and weighted. This approach is referred
to as neuron-like, as it corresponds to the structure of neural networks used in artificial intelligence approaches (Zhou et al.,
2020). Random graphs are widely used in applied mathematics and mechanics to model fluid flow and heat transfer in porous
media, multiphase systems with phase transitions, and related processes. The most well-known examples are the random
graph models of Erdés-Rényi and Gilbert: G(n, m), where a random graph has n vertices and m edges and all such graphs
are equally likely, and G (n, p), where each edge is present independently with probability p. The number of edges k incident
to a vertex is called the degree of that vertex. For large n, the degree distribution of a random graph approaches the Poisson

distribution pj, = (k)*e~*)/k!, where (k) is the average over all vertices (Li et al., 2021). In the limit n — oo, with m = [C2p]

(where square brackets denote the integer part), the models of random graphs G(n,m) and G(n, p) become equivalent.

When applied to heat and mass transfer in porous media, graph models are referred to as pore-network models. Mass
transfer processes may be accompanied by heat transfer. For example, evaporation of water from soil leads to a decrease in
its surface temperature. Spontaneous fluid percolation may lead to local temperature jumps of several degrees due to surface
chemical interaction between the fluid and the solid phase. Heat transfer occurs not only through the fluid in the pore space,
but also through the solid phase. Thus, the geometry of the "thermal network" differs from that of the network associated with
mass transfer, and therefore, they are usually specified separately. Both networks are treated as random, since flow
stagnation with local pore blocking may occur, causing abrupt changes in both mass transfer between network nodes and
convective heat transfer. Similar problems arise for flow through porous media involving immiscible fluids, where the
concentrations, and even the presence of each fluid in a given pore, are random (Joekar-Niasar, & Hassanizadeh, 2012;
Fyhn et al., 2021; Savani et al., 2017a).

Pore-network models consist of pore bodies (nodes) and connections between them (edges). Pore bodies are relatively
large cavities of the pore space, whereas edges represent local constrictions separating these cavities. This approach is
known as the watershed algorithm (Koch et al., 2021). Modern percolation theory on random graphs belongs to the class of
models describing the geometrical properties of random media (Li et al., 2021). In statistical physics, percolation theory is
often accompanied by scaling laws, fractal properties (self-similarity), self-organization criticality, and renormalization, which
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are all of immense importance theoretically in many diverse fields of physics. The term percolation, as well as the geometrical
and probabilistic concepts of transport processes in porous media, first appeared as mathematical formulations in the work
(Broadbent, & Hammersley, 1957). According to this concept, the connection of any two adjacent pores is probabilistic,
supposing the probability is p. If most pores are connected into a single large cluster, the fluid can reach the center of this
cluster from the surface of the porous medium. The percolation problem reduces to determining whether there exists a
connected path of pores from the surface to the center of the medium for a given probability p. Such problems have most
often been studied on square lattices. It can be shown that for p > 0.6, large clusters appear in the pore space that connect
the surface of the medium with its center. This ensures percolation throughout most of the medium (Li et al., 2021).

Random graph models are also used to describe resource consumption and the eventual resource depletion during fluid
flow in porous media. Directed edges forming shortest paths that connect pairs of nodes in the direction of fluid flow are
removed if the flow rate through them falls below a certain threshold. As a result of this edge-removal procedure, together
with the elimination of disconnected nodes, the graph becomes disconnected, i.e., it undergoes a percolation transition. In
(Kim, & Radicchi, 2024), it was shown that under limited flow capacity, this transition is identical to that of standard percolation,
where a single giant cluster shrinks as edges are removed from the graph. However, for an infinite flow budget, the transition
becomes sharper than in standard percolation and is accompanied by an abrupt fragmentation of the graph into a set of
clusters of equal size.

The object of this study is various types of random graphs used to model heat and mass transfer processes in porous
media. The aim of this work is to identify the most promising combinations of random network type, mathematical model, and
numerical algorithms for simulating transport processes in porous, fractured, and porous-fractured media.

1. Classification of models

1.1. Geometry of random networks

1.1.1. Regular lattices with random edges

In two-dimensional problems, regular triangular, square (Fig. 1a), rhombic, hexagonal, or bi-hexagonal lattices (Ewing, &
Gupta, 1993) can be used. Connections (edges) between certain pairs of neighboring nodes are randomly removed (with a
given probability), or their conductance (hydraulic permeability) is reduced. In three-dimensional cases, tetrahedral or cubic
lattices are most commonly used. Tree-like graphs are also employed in the form of binary trees or Bethe lattices (Fig. 1 b).
These are infinite connected graphs without cycles (infinite trees) in which all vertices have the same degree (Li et al., 2021).

1.1.2. Fully random networks

These networks have edges assigned with a given probability according to the Gilbert model G (n, p), the Erd6s-Rényi
model G (n, m), and several others, while the degree distribution of the vertices follows a Poisson distribution (Fig. 1 c, d).

1.1.3. Small-world graphs

A small-world network is a graph in which two arbitrary vertices a and b are not adjacent with high probability. However,
one can reach b from a in a small number of steps via other vertices. As a result, such a graph is characterized by a path
length (i.e., the number of steps) between two vertices L~log (n). In such graphs, clusters arise — relatively small subsets of
vertices that are connected to their hub (i.e., a node with a degree significantly higher than the average in the graph) by short
paths of length L~2 — 4 (Fig. 1e). Such properties are exhibited by various porous media, including fractured soils.

1.1.4. Scale-free networks

Scale-free networks are networks in which the degree distribution follows a power-law, at least asymptotically. That is, the
fraction P (k) of nodes in the network that have k connections to other nodes depends on k as P(k)~k™4, 2 < q < 3 (Fig. 1 f).
These models are based on observational data on the number of citations of scientific publications, the topology of the
Internet, and others, which have shown that some nodes (hubs) have significantly more connections than others, and that the
network as a whole exhibits a power-law distribution of node degrees. Similar properties are observed in some porous media.

1.1.5. Other types of networks

In addition, the following types of random networks are distinguished: fully connected, star-shaped (centroid), ring, bus,
hybrid, partial, and incomplete networks (Xiong, Baychev, & Jivkov, 2016).

1.1.6. Multiscale random networks

In real porous media, there exist large (mesoscale), small (microscale), and nanoscale pores, as well as corresponding
fractures at different scales. To model heat and mass transfer processes in such complex media, multiscale random networks
with different types and degrees of connectivity have been deployed (Rabbani, Babaei, & Javadpour, 2020).

1.2. Percolation models on random networks

1.2.1. Percolation on regular lattices with prescribed random conductivity

In this model, nodes and/or edges are randomly considered either occupied (with probability p) or unoccupied (with
probability 1 — p). For convenience, each unoccupied node/connection with probability p = 0 can often be removed. However,
in models with deformation and erosion of the solid phase, such connections may reappear (with probability p # 0), and
therefore they must be retained to allow for switching. In the case of flow of a mixture of immiscible fluids through a cross-
section of a porous medium (Savani et al., 2017a), channels (graph edges) through which a given fluid flows at a given time
are selected randomly (Fig. 2a). This is because such flow most often occurs in the form of intermittent motion of fluid slugs
(Fig. 2b) with different probabilities, i.e., with different hydraulic conductivities of the edges (Fig. 2c). Monte Carlo methods
are also used to model percolation on random graphs (Savani et al., 2017b; Gjennestad, Winkler, & Hansen, 2020).

1.2.2. Discrete percolation models

Discrete percolation models are typically studied using probability theory. One of the simplest examples is the Bernoulli
lattice, where each cell of the lattice is open with probability p or closed with probability 1 — p. The study of percolation on
such a lattice makes it possible to determine the values of p at which large clusters of open cells appear, forming pathways
for the percolation of a fluid or gas.
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One of the key problems in percolation theory is the determination of the percolation threshold p., which indicates the
critical probability at which the transition from fragmented clusters to large connected clusters capable of transmitting a fluid
or gas through the entire material begins.

At the same time, there exist discrete models designed, for example, to evaluate the efficiency of filters, in which the
clogging process is described by a deterministic sequence of channels becoming blocked (Goldsztein, 2009).
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Fig. 1. Pore-network geometries: regular lattice (a), Bethe lattice (b), 3D random network with p = 0.5 (c),
2D random network with p = 0.2 (d), small-world network (e), and scale-free network (f)
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Fig. 2. Pore-space geometry: (a) Kozeny model, with the link between two vertices shown in gray; (b)
a single link with two immiscible fluids flowing through the pore space; (c) a random rhomboidal network of nodes and channels
with different randomly assigned hydraulic conductances, indicated by color

1.2.3. Continuum percolation models on random networks

In the case of two immiscible fluids with relative concentrations ¢ and 1 — ¢, the average flow velocity v = v, + (1-9)V,
is determined by the pressure difference at the inlet ( £,) and outlet ( P, ) nodes of the network (Fig. 2c), where ¥, and v, are
the velocities of fluids 1 and 2 (e. g., hydrophilic and hydrophobic), which satisfy Darcy's law:
vlz_Kl(ps(P)ﬁﬁ’ VZZ_Kz(ps(P)ﬁpz’ )

y H,

where p,, p, are the fluid viscosities, and K|, K, are the permeabilities of the network edges corresponding to each fluid
and dependent on the probability p. The local hydrostatic pressures B, P, are related through the capillary pressure
P =PF—P, (Savani etal., 2017a).
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Darcy's law establishes a linear relationship between the pressure gradient and the filtration velocity of a fluid through a
porous medium. This linear relationship holds only for slow flows with Reynolds number Re < 10. The filtration velocity at
which Darcy's law ceases to be valid is referred to as the critical filtration velocity. The pore size distribution significantly
affects the critical characteristics of the percolation process. Variability in material properties (network heterogeneity) also
influences the velocity parameters of filtration.

For the systematic study of traditional problems within the framework of the hydrodynamic theory of filtration, the stochastic
theory of filtration processes is employed.

2. Machine learning in percolation models

2.1. Machine learning methods

2.1.1. Supervised learning

Machine learning methods have rapidly become pervasive instruments due to better fitting quality and predictive quality
in comparison with traditional models in terms of phase transitions and critical phenomena. Usually, machine learning can be
divided into supervised and unsupervised learning. In the former, the machine receives a set of inputs and labels. Supervised
learning models are trained with high accuracy to predict labels.

For the analysis of a two-dimensional percolation model, we use datasets obtained via Monte Carlo simulations and a
convolutional neural network (CNN). The CNN architecture consists of four layers, including two convolutional layers and two
fully connected layers (Fig. 3). Percolation configurations X are used as input data:

a1 A2 0 AN
Az1 Q2 - Qzn

x=|( 3 A . 2)
ama1 Amz2 0 Aun

The CNN receives the permeability p as an output.

Output

filter2

Canv2 Flatten

Input filfer?
Convi

Fig. 3. The structure of the CNN with four layers, including "Conv1", "Conv2", "FC" Tta "Output”

2.1.2. Unsupervised learning

On the other hand, in unsupervised learning models, there are no labels. Unsupervised learning can be used as a
meaningful analysis tool, such as sample generation, feature extraction, and cluster analysis.

The following unsupervised models are used to generate new initial configurations: a variational autoencoder (VAE) and
a convolutional variational autoencoder (cVAE). A VAE is an architecture introduced by Diederik P. Kingma and Max Welling
and belongs to the class of variational Bayesian methods (Kingma, & Welling, 2014). The VAE is composed of an encoder
and a decoder. The VAE uses two different CNNs as two probability density distributions. The encoder in the VAE, called the
inference network P,,..qer(Z|X), can generate the latent variables Z. The decoder in the VAE, called the generative network
Paecoaer(X|Z), reconstructs the raw configuration X.

To better reconstruct the raw two-dimensional configuration X, the fully connected layer in the VAE is replaced by the
convolutional layer. Now we have got the cVAE. The architecture of the cVAE is shown in Fig. 4. Usually, the performance of
the cVAE is better than the VAE due to the configuration X with spatial attribute (Cheng et al., 2021).

filter?

)
&

fitter2

Conv3

filtert
Input Convi

Output

Encoder Decoder

Fig. 4. The structure of the cVAE with an encoder and a decoder. The left part refers to the encoder with three layers,
including the input layer, two convolutional layers, a flatten layer, and a fully connected layer with mean value "u" and the
standard deviation "o". The right part is a decoder with four layers, including the layer "Z", a fully connected layer "FC",

a reshape layer, two transposed convolutional layers, and an output layer
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2.1.3. Training and optimization

For training, we make use of the TensorFlow library to perform the CNN with four layers. Let the first two layers of this
CNN consist of two convolutional layers ("Conv1" and "Conv2"), both of which possess "filter1"=32 and "filter2"=64 filters of
size 3x3, and a stride of 1. Each convolutional layer is followed by a max-pooling layer of size 2x2. The final convolutional
layer ("Conv2") is strongly interlinked to a fully connected layer "FC" with 128 variables. The output layer ("Output"), followed
by "FC", is a fully connected layer. For the two convolution layers and the fully connected layer "FC", a rectified linear unit
(ReLU) a = max(0,x) is chosen as activation function due to its reliability and validity (Agarap, 2018). However, the output
layer has no activation function.

After determining the framework of CNN, here we mention how to train CNN for deducing p. First, we carry out the Adam
algorithm (Kingma, & Ba, 2014) as an optimizer to update parameters, i.e., weights and biases. Then, a mini batch size of
256 and a learning rate of 10™* are selected for its timesaving. Following this treatment, CNN is trained for 1000 epochs on
40000 uncorrelated and shuffled configurations, respectively. Before training, we split X configurations (2) into a 32 000
training set and an 8000 testing set.

While training, we monitor using the loss function, i.e., mean squared error (MSE) (3) for training and testing sets (Cheng
etal., 2021). y7™ and y”"** denote the true and predicted values of p in Eq. (3).

MSE = 3, (yP7 =y ™) 2. (3)

If the loss function on the test set reaches a minimum, the optimal CNN is obtained. As the number of epochs increases, the
MSE continues to decrease until it reaches a plateau. Another performance metric of the CNN is the difference between the
initial permeability p and its predicted value p. The dark gray points in Fig. 5 indicate a strong positive correlation between t
he actual permeability p and its predicted value p. Additional statistical tests show that most deviations between p and p are less
than 0.1. An additional optimization step, principal component analysis (PCA) can be used to reduce the dimensionality
of the input data before training, facilitating data analysis, noise reduction, and the analysis of latent variables (Yu, & Lyu, 2020).

1.0  raw with extrapolated dataset

0.8

0.6

0.4

Predicted permeability by CNN

0.2

0.0

0.0 0.2 0.4 0.6 0.8 1.0

Raw permeability

Fig. 5. Correlation between raw permeability and CNN-predicted permeability. Dark gray points denote data from the training
range of the original dataset (0.4-0.8). Light gray points denote data from the extrapolated ranges (0-0.4 and 0.8-1.0).
The black curve shows the mean predicted permeability for raw permeability values ranging from 0.01 to 1.0 with a step size of 0.01

Discussion and conclusions

As machine learning approaches are becoming increasingly popular and effective, they can be used to study percolation
in porous-media models. In this paper, a CNN was used to model the permeability of porous media. VAE and cVAE were
applied to generate new configurations — the generated variants preserve the main structural features but differ from the initial
configurations, which confirms the robustness and generalization ability of the CNN. In addition, PCA was used for
optimization in order to reduce the dimensionality of the initial configurations.

Neural networks provide fairly accurate predictions but require further cross-validation. The machine learning methods
considered here are effective for studying physical characteristics in the percolation model. However, it should be
acknowledged that they are based on a two-dimensional percolation model and therefore have certain limitations.

Authors' contribution: Oleg Afanasiev — machine learning, analysis of methods; Natalya Kizilova — conceptualization, theoretical studies
(writing an original draft); Sergii Poslavskyi — random graphs, methodology.
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BUMNALKOBI MEPEXI Y MOOENIOBAHHI TEMJTIOMACONEPEHOCY B MOPUCTUX MATEPIATTAX

lpedcmaeneHo demanbHuli 021180 Nimepamypu 3 MameMamu4YHux Modesel npoyecie mensomaconepeHocy 8 nopucmux cepedosuuwsax Ha
ocHoei sunadkosux 2paghie (eunadkoeux mepex). Y yux Modesisix okpemi nopu (ey3nu 2pagha) esaxaromscsi 3 aHoro lIMO8IPHICMIO 38 'A3aHUMU MiX
co6010 8y3bKUMU KaHanamu (pebpamu epagha), kpi3b siki pyxaembcsi piduHa abo 2a3. HasedeHo knacugbikayiro 207108 HUX munie sunadkKoeux MepeXx,
W0 8UKOPUCMOBYHOMbCS 8 MameMamu4HOMY MOOeJsTI08aHHI nopucmux cepedoeull, a MakKoXx eidnoeioOHUX OUCKPeMmMHUX i KOHMUHyanbHUX MamemMa-
muyHux moderneli 05151 0OHOKOMMOHEHMHUX HbFOMOHIBCbKUX PiOUH, Onsi cyMiwell He3MiwyeaHux piduH. Y 38'a3aHux 3adayax mensionepeHocy po3-
2s1iHymo nodeiliHi eunadkoei Mepexi, 3 AKux oOHa eidnoeidae mensomaconepeHocy 3 piGuHOo, a Opy2a — nepeHocy Kpisb meepdy ¢a3sy. HasedeHo
HasieHi aneopummu no6ydoeu sunadkosux epaghie, Mamemamu4Hi MoOesli mensiomaconepeHocy Ha Mepexax i pe3ynibmamu MoOeso8aHHs Qinbm-
pauii piouHu, KinbKox 3miwyeaHux abo He3MiulyeaHuUX HbIOMOHIBCLKUX i HEHbIOMOHIBCLKUX PiOUH. KpiM MOoXnueo20 3HUKHEeHHs1 pebep Mepexi eHa-
cnidok cyghosii ma/abo acpezayii yacmuHok piduHu / meepdoi ¢ha3u, MOX/TUBUM MaKOX € 8iOHOBJ/IEHHS 38'A3Kie MiX CyciOHIMU nopamu wnsixom
pyliHyeaHHs i sumueaHHsI meepdoi ¢ha3u, a makox desazpezayii / po3nady KoH2/1o0Mepamie YyacmuHOK. Pe3ynbsmamu oa2nsidoeozo aHani3y nimepa-
mypu MoXxyms 6ymu eukopucmani Onsi eubopy Halikpauwjoi Onisi KOHKpemHo20 eunadky nopucmozo cepedosuwa Modesni eunadkoeozo 2pagha
(mepexi), duckpemHoi abo KOHMUHyanbHOi MameMamu4Hoi MOOesli, a MaKoX 4ucesibHO20 Memody po3paxyHKie. Po3ansHymo 3acmocyeaHHs1 Me-
modie MawWuHHO20 HagYaHHs1 Onsi AocnidXeHHs1 hi3uYHUX Xapakmepucmuk nopucmozo cepedosuuia 8 MoOesli nepKossyil.

Knw4yoBi cnoBa: meuii e nopucmux cepedosuujax, sunadkoei epaghu, Memodu MaWUHHO20 Ha8YaHHsI, MameMamuy4yHe MOOesIF08aHHS.
ABTOpM 3aABNSIOTb NPO BiACYTHICTb KOHAMIKTY iHTepeciB. CnoHcopy He Bpanu y4acTi B po3pobneHHi AoCHimKeHHs; y 360pi, aHanisi un
iHTepnpeTauii AaHWX; y HanMcaHHi pykonucy; B pilleHHi Nnpo ny6nikauito pesynbTartis.
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of data; in the writing of the manuscript; in the decision to publish the results.
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MOPIBHANIbHUX AHAJI3 NOCTKBAHTOBUX MPOTOKOJIB LLUGPOBOIO NIAMNUCY,
BA30OBAHUX HA FELU-®YHKLIAX

B enoxy akmueHoz20 po3sumky iHghopmayiliHux mexHosioeili i mpucmpoie nosiea NopmamueHUX ma 3a2aslbHo3aCmoco8HUX
KeaHmMoeuUXx KoM 'tomepie € siuwe numaHHaM 4Yacy. | xo4 kopucmb ei0 ixHbOI 8 pa3u 6inbwoi egpekmueHOCMi, NOPi6HSIHO 3i 38U-
qaliHumu 6imosumu komn'romepamu, 6yde o4esudHorO, 80OHOYaC 8OHU NMpuHecymsb i 6azamo epa3nueocmel Ao cyyacHUX asnzo-
pummie kpunmoezpaghii ma ki6epbesneku. Lljo6 3anobicmu ubomy, ¢paxieuyi exe posnoyanu pobomy Had OociGKeHHAMU
nocmkeaHmMoeBUX MPOMOKoJIie 3aMmicmb Cy4acHUX.

He cmanu euHsimkom i npomokonu yugpoesozo nionucy. Hanpuknad, o0HUM i3 nidxodie po3e’s3aHHs1 OKpecsieHoi npobnemu €
nobydoea nocmkeaHmoeux rnpomokoJiie yugpoeozo nionucy, 6azoeaHux Ha sew-gpyHkuiax. Mepwumu eapianmamu cmanu cxemu
odHopa3oeux nidnucie, 6azoeaHux Ha 2ew-gyHKUisIx, IKi 6ynu 3axuuieHi 8i0 Moxsiueocmel K8aHMo8UX KOMII'tomepie, mpome MaJsiu
oyesudHy eady oOHopa3oeocmi. Haligidomiwum esaxatomb mak 38aHuli oOHopa3oesul nidnuc Jlamnopma. O0Hak yel HedoJlik 00-
Hopa3oeocmi ycyHyJiu, 3anporoHyeaewu pi3Hi cxemu 6azamopa3oeux yugpoeux nionucie, 6azoeaHux Ha cCMeoOpPeHHi ma euxkopuc-
maHHi 6azambox o0Hopa3oeux nidnucie. Bynu 3anponoHoeaHi naHyr20Modi6Hi ma depesonodibHi cxemu 6azamopa3oeux nidnucie.
Came peani3ayii ma nopieHsiHHIO pi3HUX cxeM 6a2amopa308020 nidnucy i npuces4eHo nNpornoHosaHy pobomy.

Y xo0di docnidxeHb HasedeHO mMeopemuyHi OUiHKU 8UKOPUCMAaHHA nNam'smi ma 4yacy, Heo6xiOHi Onsi po6omu pi3HUX CXeM.
IModanbwa peanizayis yux cxem i ocmamoyHi 3aMipu eusieunu eidnoeioHicms meopemuYHUX OUYiHOK eMMipUYHUM pe3ysibmamam,
a makox si8HO npodeMoHcmMpyesasiu nepesazu ma Hedosiku pisHux cxem. Halikpawy npodykmueHicmb, 30Kpema, noka3anu oepe-
80rnodibHi cxemu, ocobnueo mi, y sikux depeeo 6ydyembcsi nocsiidoeHo. [I[pome e neeHux aunadkax Mae CeHC euKkopucmoesyeamu
depeeo 3 NosHUM 3a2/1ubneHHsAM nid 4ac nobydoeu.

3 0251510y Ha 8iOHOCHY HOBU3HY ma Marly Kinbkicmb docnioxeHb y Uil 2any3i, 6aezamopa3osi yugposi nionucu maroms eenu-
Kuli npocmip 0ns1 nodanbwux 0ocnidxeHb, Hanpuknaod, po3assad N-apHux depee ma iXHbO20 MNOPi8HSAIHHA 3 6iHaPHUMU.

Knw4yoBi cnoBa: cew-¢yHKyiss, yugpoei nidnucu, nocmkeaHmoei nNpPomokosnu, odHopa3oei yudgposi nidnucu,
6azamopa3soei yugposi nionucu, naHyro2onodibHi cxemu, depeeonodibHi cxemu.

Knacudikauis BignoBigHo ao AMS 2020: 81P94, 94A60.

Becryn

TexHOMNOoriYHWIM Nporpec He CTOITb Ha Micuj, i B MakbyTHbOMY OLHWM i3 KMOYOBMX YMHHUKIB Y HbOMY CTaHYTb KBAHTOBI
koMn'totepu. MpoTe A0 HAWGINbLUNX PU3KKIB IXHBOTO BNPOBAAXEHHS HANEXWUTb BPa3NMBICTb NOTOYHUX KpUNTorpadivyHmnx an-
rOpUTMIB, B OCHOBI SIKUX NEXUTb PO3paxyHOK 0GMEXeEHOCTi 3BMYaiHmx 6iToBMx komn'toTepis. TpaauLiiHi kKpunTocMcTeEMHN CMK-
palTbCca Ha 3apadi hakTopumaauii Linux Ymcen abo 3agadvi AUCKPETHOro norapuMyBaHHS, sKi TErko MoXKHa po3B'a3aTh Ha
OOCTaTHbO BENUMKMX KBAHTOBMX KOomM'loTepax. 3 ornsgay Ha Le OCTaHHIM 4acoM CTanu AyXe akTyanbHUMW OOCHiIOXKEHHS Y
cchepi NOCTKBAHTOBMX NPOTOKOMIB Yy KpunTorpadoii, Lo € He3anexHMMm Big KBAHTOBUX 0OUYMCIIEHb, @ TOMY CTIIKUMMK 0O KBaH-
TOBUX aTak. MpoTokonu, 3aCHOBaHi Ha ret-gyHKLiSX, MOXYTb OYTH CTIMKMMW 0 KBAHTOBMX OGYMNCIEHD.

He € BUHATKOM i LMdpOoBI nignucn. Hantunosiwnm NpuknagomM NOCTKBAHTOBOrO LMdPOBOro nignucy ctas ogHOpPa3oBun
nignuc Jlamnopta (Boneh, & Shoup, 2017). [HwuMKn cnoBamu, HagiiHICTb Lboro nianucy 6esnocepeHbLO BUNMMBAE 3 MOro
O[HOPA30BOCTi. |aenHo anropuTm nonsgrae y TakoMy. byayeTbcsa npyBaTHUIM KIkOY, 40 SKOTO BXOASTb Napyu BUNagKoBUX YMcen
Ha KOXeH BiT BXigHoro nosigomneHHs. [1na nobyaosw > nyGnivyHoro krnoya obmpatoTe NeBHy rew-gpyHkuito H, Ta 3 it gonomo-
rot0 3HaXOASIThb reLl-3Ha4YeHHs1 KOXXHOrO enieMeHTa NpMBaTHOro kntoya. MNianucom NoBiJOMITEHHS 32 AOMNOMOrOK TaKOoro Kroya
Oyae MHOXMHa 3Ha4YeHb B 06CA3i KinbKOCTi OiTiB BXiAHOMO NOBIAOMIEHHS, LLIO 0OMPaTLCS 3 KOXHOI Mapyu NpUBaTHOrO Kioya
3anexHo Bif 3HAYEHHs BiAMNOBIgHOro OiTa BXigHOro noBigomMeHHs. 3a Takoi NnobyaoBM Nerko nepekoHaTucs, Wo ue 4ilncHo €
nigNMCoM MOBIAOMIIEHHS, NMPOrelwyBaBLUN 3HAYEHHS 3a AoNOMOrot ¢yHKuii H, Ta 3BipMBLUM 3 BigNOBIOHMMK 3HAYEHHAMMN
ny6bniyHoro kntova. BogHouac, He 3Haoum Apyroi NOMOBMHU MPUBATHOIO KIYa, HIXTO iHLWMIA He 3MoXe B ManbyTHbOMY CKO-
pucTaTUCst HAM AN MiANUCy NoBiAOMMEHb, BiAMIHHUX Bif yxe nignucaHoro. € 1 iHWwi ogHopasosi nignucy, Taki sk WOTS
(Merkle, 1989), WOTS+ (Hulsing, 2013), Bleichenbacher-Maurer OTS (Bleichenbacher, & Maurer, 1994), BiBa OTS (Perrig,
2001) Ta HORS (Reyzin, L, & Reyzin, N, 2002).

MpoTe B LMX NignNuciB BCe Lie € Heaonik — BOHM oAgHopa3oBi. HanpolwyeTbes noriyHe 6axaHHA — 06'eaHaTn 6araTo knoyis
ofHOpasoBMX NiANMCiB B oauH. 3 ornsaay Ha ue 6yB 3anponoHoBaHwi nignuc Mepkens (Boneh, & Shoup, 2017) Ha ocHOBI
aepea Mepkens (Katz, & Lindell, 2014, ¢. 183—-184). CTBOpOETHCSA NEBHA KiNbKICTb OAHOPA30BUX KIHOYIB i Ha TXHIX MyOGnivyHuX
Knto4ax, sk Ha nucTkax, byayetbcsa 6iHapHe OepeBo, A€ KOXHA BEPLUMHA MICTUTb rell-3HavyeHHs ii AiTel, a 3HaYeHHs B KOPEH
— ny6niyHWi kntoy Takoro nignucy. Toai Ans nignucaHHsA Wopasy BUKOPUCTOBYHOTL YEProBUii OQHOPA30BUiA NiAMUC, WO LWe
He OyB BMKOPUCTaHWUIA, a TAaKOX 3 HUM HadawTb YCi HeobXiaHi 3Ha4YeHHs 3 oepeBa Ha LUNSAXy Bid BiAMNOBILHOrO NUCTKA, SKUM
Oyno nignMcaHo NoBiOMIEHHS, A0 KOpeHs AepeBa. Toai ans BepudikaLii nepesipsitoTb 6e3nocepeaHbLO caM 04HOPa30BUMA
nignuc, a TakoXx Te, WO HafaHi 3Ha4YeHHs AIACHO € eneMeHTaMy AepeBa, Lo BiANoBiaae nyonidyHoMy Krovy KOpeHst.

| xou Takuii nigxin 3abesneyye GaraTtopasoBicTb, BiH BCe Lie € oOMexeHuM. OQHUM i3 BUXOAiIB CTanu Tak 3BaHi NaHLUorosi
nignucm (Chain-Based Signature) (Katz, & Lindell, 2014, p. 465—-468). Y Hux Tex 3a ocHoBy 6epyTb NEBHUI OO4HOPA30BUNA
nignuc. IMig yac nignucaHHa NOBIAOMMNEHHS NIANUCYIOTb HE TiNbKM came NOBIAOMIIEHHS, ane TakoX NyGniYHUA KoY HOBOMO
CBIPKOCTBOPEHOro 04HOPAa30Boro nianucy. Mig yac HacTynHOro NignMcaHHA BXe BUKOPUCTOBYIOTb Liel HOBUW Mignuc, 3a Jo-
NMOMOIOI0 SIKOTO MIAMUCYTb HOBE MOBIOOMITEHHS, @ TAKOX NMyOMiYHWMIA KoY LWe OAHOro CTBOPEHOMO MiANMCy. Takum YMHOM
BMOYyLOBYETLCS NaHLor i3 nignucis. LLlob6 moxHa 6yno BepudikyBaTv 6yab-siknii 3 HUX, NOTPIGHO HaaaTU BECh NaHLUOr pa3oMm
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3 BigNOBIigHNMW NYGMiYHUMK KMoYamMKn Ta BXiAHUMU MOBIOOMNEHHAMM, WO Oynu nignMcaHi Big noyaTkoBOro nianucy Oo nig-
NMcy NOTOYHOrO MOBIAOMMEHHS. Pazom 3 noyaTkoBUM NybnivyHMM KMo4eM, Nerko NepekoHaTncs B AiCHOCTI KOXHOro 3 nig-
NUCiB B NaHLKO3i, 30Kpema i B TOMy, LU0 LiKaBUTb NepeBipsinbHMKa. To6TO hakTnyHo "nignncom” noBigoMneHHs BBaXarTb He
6e3nocepeaHbO 3pobrneHnii y NaHuo3i OCTaHHIN NianMc, a BeCb MOTOYHWUIA CTaH NaHutora pasoM 3 OCTaHHIM nignucom. Y
Takoro nigxody € O4eBUAHWIA HeJoMiK — 3 KOXKHUM HOBMM MiANUCOM 3pOCTae sik po3Mip caMmoro nignucy, Tak i Yac, HeobxigHni
Ha roro BepudikaLito.

OpHak iges Takoro nigxody AaBana MOXIMBICTb BUKOPUCTaHHS 6araTtopa3oBux LMGPOBUX MiANMUCIB HA OCHOBI reLu-gyH-
KUiR i, 9k Hacnigok, npueBena Ao peanisauii pisHoro pogy kombiHaui i Haabygos. Hanpuknag, 6yB 3anponoHoBaHWMi NignNuc
Ha ocHoBi HMAC (Hash-based Message Authentication Code) (Lizama-Pérez, 2022). Y npoTtokoni uboro niagnucy 6yno Buko-
pucTaHo ogHopa3soBui uudpposuii nignuc WOTS, ae, nonpu Moro 0gHOpasoBiCTb, BiH NEBHUM YHOM BUKOPUCTOBYBABCA ABiYi
— ANs NigANMCaHHs NOTOYHOrO OCHOBHOMO MOBIAOMMEHHS Ta BepudikaLlii HacTyrmHoro, a noBepx LUbOro GyB BMKOPUCTaHWM
HMAC — pns nepeBipku UinicHOCTi iHdopmalii nig Yac KoMyHikalii.

LLlo6 ckopotuTh po3mip nignucy, 6yno 3anponoHoBaHO NOEAHAHHS igei naHuoroBoro nignucy ta aepesa Mepkens. Hanpu-
knag, ans nodbygosm aepesonogibHoro nignucy (Tree-Based Signature) (Katz, & Lindell, 2014, p. 468—473) nponoHyeTbcs 6y-
ayBatu GiHapHe aepeBo, aHanoriyHe AepeBy Mepkens, TifbKW KOXXHa BepLUMHA MICTUTb Y CObi He reLl-3Ha4YeHHs CBOIX OOMIpHiX
BEPLUMH, a iXHi nignuc. Ona uboro Anst KOXHOI AOYiPHBOI BEPLUMHU CTBOPIOKTL Mapy KIMHOYiB AN NiANMCY, SKLWO BOHU LWe He
Oynu CTBOPEHi paHille, i Nicns uboro NigNMCYTb NyOMiYHI KoY LMX AOYIpHIX BEpLUMH. Kpim TOro, KOXHIn BEpLUWHI BigNoBiAae
aeskun psgok "a" 3 0 Ta 1 TakuiA, WO B AOYiIPHIX BEPLUMH NOTOYHOI BepLUMHKM ByayTh paakm "a0" ta "al", a kopeHo npu ubomy
BiANOBIAAE NOPOXHIV psiAoK. BeplmHun, y sKknx OOBXUHA psigka OOPIBHIOE OOBXUHI GiTOBOrO 3HAYEHHS BXiAHUX MOBIOAOMITEHD,
BBaXxatoTb nnuctkamn. OfHak Lie fepeBo He ByayeTbcs NOBHICTIO ogpasy, a po30ynoByeTbCS 3 YacoM. [yBniYH1M KIoyeM Takoro
Aepesa nignucis Oyae nybnivyHWI Koy BepLuMHK aepesa. IMig Yac nignvcaHHs X YeproBoro BXigHOro NoBiAOMIEHHS e Cnyck
no AepeBY Bif KOPEHS Tak, L0 psigok KOXHOT BepLUMHM ByB npedikcom GiTOBOro 3anuncy BXigHOro noBiaoMeHHst. AKLLO B SIKoiCb
BEPLUMHWY LLie HeMaE fiTel | BOHa He € NUCTKOM, K Y>Ke 3a3Hayanocs, Ans Hel CTBOPIOKTLCS KoY 04HOpa3oBux Nignucie Ta
niaNnCyoTbCA IXHI NyBMiYHI KMoYi 3@ 4OMNOMOrOK NPMBATHOTO KI0Ya NMOTOYHOI BEPLUMHW. FAKLLO X BOHA € MTMCTKOM, TO 3a A0ro-
MOTOH0 ii MPMBATHOrO Kro4a NigNMCYETLCS BIANOBIAHE BXiAHE MOBIAOMIMEHHS. FAKLLO X Take BXiAHE MOBIOOMIEHHSI BXe Oyrno
nignvMcaHe paHille — BUKOPUCTOBYETLCS 30epexxeHe 3Ha4YeHHs1. Y nigcyMKy, MiagnnMcoM y TakoMy aepesi nignucie 0yae 6esnoce-
peaHbO caM NignNMc BXiAHOMO NOBIAOMITEHHS Y IMCTKY, YCi MANUCY y BEPLUMHAX HA LUMAXY Bi JIMCTKA 40 KOPEHS, a TakoX MyOniyHi
Krtodi BiANOBIAHMX AOYipHIX BepwmH. [nsa BepudikaLlii »x NpoCTo NepeBipsatoTb, WO BCi NANUCKU € AINCHUMU (@ OTXe, | MyOniyHi
KIoYi JOMIPHIX BEPLUMH TEX), @ TaKoX CaM MiAnuc BXiAHOro NOBiAOMITEHHS.

3a Takoi nobynosu, Bci nignucy 6yayTb MaTtu dikcoBaHy AOBXMHY, WO BiANoBigaTMMe OOBXWHI 6iTOBOro 3anucy BXigHuX
NoBiJOMIIEHb, @ TOMY, NMOYMHAKYM 3 AESIKOrO MOMEHTY, JOBXUHA NigNMCy Ta Yac, HeobxiaHWM Ha noro Bepudikauio, byayTb
KpaLumMmu, HiX y nignucy 3 NaHUoroBo CTpykTypoto. MpoTe anst 36epiraHHs Luboro aepesa 6yae noTpibHO Ginblue nam'aTi,
Hi>X Ans 36epiraHHs NigNMCy 3 NaHLroBo CTPYKTYypoto. KpiM Lporo, Ha BiaMiHHY Big AepeBa Mepkens, Hemae HeOOXiaHOCTi
B nobynoBi ogpasy BCbOro Aepesa, Yepes WO i 3HMKae 0OMEXEHICTb ABHOMO MNiMIiTY KiNbKOCTI 0Q4HOpPa30BMX Nignucie (3anu-
LWAETbCA Nue 06MeXeHHst NPUCTPOIB Ha 36epiraHHs NOBHOIO Takoro Aepesa). Takox BapTo 3ayBaXuTu, WO 3a Takoi CTpy-
KTYpu B Nignuci BXigHMX NOBiAOMIIEHb He (DirypyoTh paHille nignucadi BXigHi NoBiAOMMEHHS.

Ao X dirypyBaHHs nonepeaHix BXigHUX NOBIOMINEHb Y MOTOYHOMY NiANWUCI NOBILOMIEHHSA HE € NPOONemMolo, MOXHa
OynysaTtu nopibHe anbTepHaTMBHE OepeBOo. FAKWO 3anpornoHoBaHe BULLE AepeBO OyoyeTbCsl 3a aHamnoriel 4O anropuTMy
nowyky B rmunbuHy, nobuparoumnck 0o NUCTKIB Bid KopeHs AepeBa dikcoBaHOro po3Mipy, To MoxHa byayBaTu AepeBo 3a aHa-
rorielo 4O anropuTtMy NOLIyKy B LUMPUHY, @ caMe ByayBaTy BEPLUMHM MOCHIAOBHO 3aNeXHOo Bif iXHbOI BiACTaHi 4O KOpeHs
aepesa (Sequential Tree-Based Signature). MNpu KOXXHOMY HOBOMY NiANUCAHHI BXiAHOMO NOBIAOMMEHHA 0OMPAETLCA HACTyMHa
B Yeps3i BepLuMHa, Ans Hel CTBOPHOOTLCH ABi AOYiPHI BEPLUMHM 3 HOBMMW OAHOPa30BUMM MiANUCaMu KOXHa Ta A0AAalThCS B
KiHELb Yepru, i, 3a JONOMOror NPMBATHOrO KITko4a MOTOYHOT BEPLUMHM, NiANUCYOTLCA NYOiyHI Kntoyi HOBOCTBOPEHMX OOYIPHIX
BEPLUMH pa3omM i3 BXigHMM MoBigomneHHaMm. ignucom y TakoMmy Aepesi, BignoBigHO, BBaXat0Tb YCi MANMCK Ha LUNAXY Big, NOTO-
YHOI BEPLUMHM [0 KOPEHS, pa3oM i3 MyGniYHMMU Krnovamuy AOHipHIX BEPLUMH Ta BiANOBIAHUMW MUHYNIMU BXIZHUMU MOBISOMMEH-
HsaMKU. 3a Takoi NoOyA0BU KiNMbKICTb BEPLUMH, WO irypytoTb B ogHOMY nianuci, 6yae CyTTEBO MEHLLOIO, a OTXKe, i KinbKiCTb
BepudikaLin ogHOPa3oBUX Mignucis 6yae MeHLUOM, WO Mae BNAVHYTKM SIK Ha Yac nignucy Ta Bepudikadii, Tak i Ha po3Mip ogHoro
nignmcy, NopiBHAHO 3 NonepeaHiM 3anponoHoBaHUM AepeBoM. 3 iHLWoro 6oky, B nianvci 6yayTb Takox dirypysaTti nonepeaHs0
nignvcaHi BXigHi NOBiQOMINEHHS, WO 30iNbWNTbL PO3Mip OA4HOI NTAHKK Mignucy.

LLle ogHieto anbTepHaTMBOIO Byae aHanoriYyHui Nigxia Ao nonepegHLoro, ane B AKOMy B nignucax He 6yayTb BUKOPUCTO-
BYyBaTUW MnornepeaHbLo MignvcaHi noBigomneHHs. HaTomicTb KOXXHa BeplUMHA MaTMMe He OBi AoYipHi BepwnHu, a Tpu (Wide
Sequential Tree-Based Signature). llisa Ta npaBa — 36epiratoTb CBili 3BMYaHUI OYHKLIOHAN i BUKOPUCTOBYHOTLCA B NOAANb-
Wi nobyaoBi AepeBa, ToAi SK LieHTpanbHa BepLUMHA € NTMCTOMKOM AepeBa i BUKOPUCTOBYETLCH NULLE ANs NiANMCaHHSA NoTo-
YHOrO MOBIAOMMEHHs. 3aBAsKM Takih 4OOATKOBIM reHepauil nucTka ANns NiANUCaHHS MOBIAOMIIEHb Y KOXHOI 3BUYaNHOI
BEpLUMHW AepeBa, Ans nepesipkv NPOMDKHMX MignuciB Ginblue He NOTPIGHO 3HaTW BIANOBIAHI MPOMiXHI NoBiAOMNEHHs. 3a-
MiCTb HUX NS NePEBipKkX NPOMIKHUX MiANUCIB HaAaTb BiANOBIAHI NyOnivHi KNoYi NUCTKIB. Ak Hacnigok, y nignMcax He BUKO-
PUCTOBYIOTBCA paHile nignucaHi NoBiJOMIEHHS, NPOTe reHepyeTbCa B MiBTOpa pa3u Ginblle ogHOpPa3oBuUX NiANWCIB, LWO
BMMMBae SK Ha Yac, TaK i Ha po3Mip Aepesa.

Lis poboTta cnpsiMoBaHa Ha po3pobrieHHst peanisauii pisHux BuaiB 6araTopasoBux NiANUCIB HA OCHOBI OQHOPA30BMX, a
TaKoX MOPIBHSIHHIO TXHLOT MPOAYKTUBHOCTI.

1. ba3oBi 3amipu

Yci BUMiptoBaHHs Ta JocnigXeHHs1 npoBoaunucs Ha 6asi HoyToyky MacBook Pro 2021 poky 3 npouecopom Apple M1 Pro
Ta 32TBb onepatmBHOi nam'aTti. MoBHUIA kop peanisauii MOXxHa 3HaWTW 3a nocunaHHaMm: https://github.com/albashuk/
Dissertation/tree/master/Experiments/Python.

B ocHOBI BCiX Ha3BaHVX O4HOPA30BMX MNIANUCIB NEXUTb BUKOPUCTaHHA relw-dyHkuin Hash, wo nosepratots HashSize-
6iToBi 3Ha4YeHHs, Big BMOOPY AKX Hanpsmy 3anexatb pesynbTatu. [ina npoBedeHHs gocnimpxkeHb 6yno obpaHo Ta BUKOpUC-
TaHo OfHy 3 HaMnonynaApHiwmnx rew-gyHkuin SHA-256 (NIST, 2015). 3amipyn npoayKTUBHOCTI HaBeAeHi y Tabn. 1.
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Ta6bnuys 1
3amipu dyHkuii SHA-256
KinbkicTb iTepauin CepepfHin Yac rewyBaHHs, ¢ CepepHin po3mip rewy, banr
1 0.00000715256 152.000
10 0.00000162125 196.000
100 0.00000109196 192.560
1000 0.00000088501 192.792
10000 0.00000094020 192.428
100000 0.00000079224 192.000
1000000 0.00000072344 192.447
10000000 0.00000071610 192.909

2. TeopeTnyHa ouiHKa uudpoBux nignucie

KoxxHa cxema uudpoBoro nignucy mae Tpu kno4vosi yHKUii: GEN — reHepauis ny6niyHoro Ta npyBaTHOrO KMoYiB Mignucy,
SIGN - reHepauis uudpoBoro nignMcy NoBiAOMIEHHSA 3a 4OMOMOrol npusaTHoro kntoya, VRFY — Bepudikauis umdposoro
nignucy 3a gonoMoro BignoBigHoro nybniyHoro kntoya. Came Ha 4acoBUX 3amipax LMX TPbOX PYHKLIN i Byae CKOHLEHTpo-
BaHa yBara. [poTe B peanbHMX YMOBaX, y Xo4i nignucaHHsa NoBigoOMITEHHsT Ta Bepudikauii nignucy, YacTuHy yacy 3anmMae
nepecunaHHa nianucie Yyepes mepexy. Lia BenuumHa gyxe 3anexuTb Big YMOB 3'€4HAHHS Ta MOXe 3HaYHO pisHUTUCS. Boa-
HoYac 3a KOHKPETHO 3aaHnX YMOB Lt BENNYMHA MiHIMHO 3anexuTb Big po3Mipy AaHuX, Lo nepegatTbcs. ToMy siK HanbinbL
onTumarsbeHe pilleHHs Byae BUMIpIOBaTUCS Yac BMKOHAHHSA CYTO anropuUTMIMHUX Li KOXHOT 3 TPbOX KIMHYOBUX (PyHKLUIN, a
TaKoX po3Mip AaHuX, WO NepecunarTbes.

2.1. NamnopT

Ons reHepauii npusaTtHoro knoya Tpeba ctBoputn HashSize nap BuMnagkoBux r-aHaveHb, a Ang nyoniyHoro knwoya —
Habip rewiB 4O KOXHOrO i3 rew-3HadyeHb y npueaTHOMY Krtodi. BignosigHo yacoBa cknagHicTb byae:

O(Tggy) = HashSize * 2 * O(Tyasn) + HashSize * 2  0(Tyasn), (1)
a obcsar nam'ati nybniyHoro Ta NPMBaTHONO KIOYIB:
0(Ssi) = 0(Syy) = HashSize * 2 x 0(Syqsn)- (2)

Onsa nignucaHHa noBigoMneHHs NoTpiGHO cnepluy nepesecTy oro B HashSize-6iToBe 3HaveHHs. MNicnsa uporo obupatoTb
HashSize rew-3HayeHb NpMBaTHOrO Krto4va BignosigHoOro o 6iTiB 3Ha4YeHHSA BXiQHOro NOBIAOMIEHHS, a Toai:
O0(Tsign) = O(Thasn) + 256 x O(Ty), (3)
0(Ssign) = 256 * O(Shasn)- (4)
Ons Bepudikauii nignucy noTpibHo nepesecTu BXigHe nosigoMneHHs B HashSize-6itoBe 3HayeHHsA, NPONTK NO BCiX rewu-
3HAYEHHSIX NigNucy, 3HaAWTK rewi Big LMX rel-3HayeHb i NOPIBHATK iX i3 BiANOBIAHUMM 3HAYEHHAMM MyOMivYHOro KnoYa Bigno-
BiHO [0 BXiAHOro NoBiAoMmneHHs. TobTo
O(Tyrry) = O(Thasn) + HashSize * O(Tyqsp)- (5)
[nsa noganblunx po3paxyHkiB yBegemMo nosHaveHHss OTS (One-Time Signature), sk cxeMy ogHOPa3oBOoro nignmcy.
2.2. CBS (Chain-Based Signature)
eHepauia npuBaTHOro Ta Ny6niYHOro Kro4iB NOBHICTIO BiAMNOBIAAOTL reHepalii npuBaTHOro Ta NyonivyHoro kntodie Bia-
nosigHoi cxemun OTS. ns nignMcaHHs HOBOro NOBIAOMIEHHSI NOTPIBHO CTBOPUTK HOBY Napy NybniyHOro Ta NPMBAaTHOTO KIto-
yie OTS. 3a [ONOMOroK OCTaHHLOrO MPUBATHOTO KioYa B CNMCKY HeoOXigHO nignucatu NOBiAOMMEHHS pas3oMm i3
HOBOCTBOPEHMM MNyb6nivyHMM KroyYeM Ta JoAaTh HOBOCTBOPEHI KIOYi pa3oM 3 OCTaHHIM MNigNMCOM i MOBIAOMMEHHAM Y KiHLUi
BignoBigHMX cnuckis. Mignnucom NoBigOMMEHHs B Lii cxeMi OyayTb NOTOYHI CTaHW CMMCKIB MOBIJOMIEHb, MIANWCIB i NyGiYHNX
kntoyiB OTS, wo 6ynu BMkopucTaHi. Toai HeobXigHO 3HANTU:
O(TSIGN) = O(TOTSJ}EN) + O(TOTS,SIGN)I (6)
0(Ssign) = N * (0(Sors_msg) + 0(Sors_pk) + 0(Sors_sian))» (7)
ae N — KinbKicTb nignncaHux nosigoMneHb, BKMOYHO 3 MOTOYHUM.
Ons Bepudikauii nignucy notpibHo nporitn no Bcix OTS-nignucax i3 3aranbHoOro Nignucy Ta NepeBipUTK iXHIO OiNCHICTb,
TO6TO:
O(Tyrry) = N * O(Tors vrry), (8)
ae N — kinbkicte OTS nignucie y HagaHomy CBS nignuci.
Ak 6aunmo, po3mip nignucy Ta Yyac noro Bepudikadii 3 KOXKHUM HOBUM MiZNMCOM 3pOCTae MiHIiHO.
2.3. TBS (Tree-Based Signature)
eHepauia npuBaTHOro Ta Ny6niYHOro Kro4iB NOBHICTIO BiAMOBIAAOTL reHepalii npuBaTHOro Ta NyoniyHoro kntodie Bia-
nosigHoi cxemu OTS. [insa nignucaHHa HOBOro nosigomneHHs, Tpeba cneplly nepesecTy oro B HashSize-6iToBe 3HaueHHs,
noTiM, BiANOBIAHO A0 GiTiB NOBIAOMMEHHS, CNYCTUTMCS MO AEPEBY B KOPEHSI 4O NUCTKA, NapanenbHO CTBOPHOYN HOBI Bep-
LWMHW gepeB.a, Ta Nignucytodmn ixHi nyonivHi knrodi, 3a noTpebn. 3a 4ONOMOror X NPUBATHOTO KIoYa MCTKa NignncyeTbes
6esnocepenHbO came nosigomneHHs. [ignMcom NoBiAOMNEHHS B Ui cxemy Byaemo BBaxkaTu CUCKM NIANWCIB Y BepLUMHAX
Ha LWAXy Big BiONOBIAHOMO NNCTKA 4O KOPEHS, @ TaKoX BignoBigHi Ny6nidHi Ktodi 3 A0YipHIX BEPLUMH, WO BiANOBIAaTb LM
nignucam. 3 ornsaay Ha ue
O0(Tsign) = HashSize x (O(Tors_cen) + O(Tors_cen) + O(Tors_sion)) + O(Tors_sian), 9
O(S_SIGN) = HashSize * (0(S_(OTS_pk)) + O(S_(OTS_pk)) + 0(S_(OTS_SIGN))) + O(S_(OTS_SIGN)). (10)
A ansa Bepudikadii nignmucy noTtpibHo nporTtn no Beix OTS-nignmcax i3 3aranbHOro NigNUcy Ta NePeBipMTH IXHIO OiNCHICTb,
TO6TO:
O(Tygrry) = HashSize « O(Tors vrry)- (11)
Ak 6a4mmo, po3mip nignucy Ta vac oro BepudikaLii 3 KOXXHUM HOBUM NiANUCOM 3anNuLWaeTbCA CTanum.
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2.4. STBS (Sequential Tree-Based Signature)
eHepauia npMBaTHOro Ta NyOnivYHOro KroYiB NOBHICTIO BiANOBIAAKOTL reHepadii npMBaTHOro Ta NyOnivyHOro KroviB Big-
noeigHoi cxemn OTS. [Ing nignMcaHHss HOBOrO MOBIAOMITEHHS, HEOOXIAHO B3ATU HACTYMHY B Yep3i 06x0o4y AepeBa B LUMPUHY
BepLUMHY (MOXHa Nerko BiAcnigkoByBaTh 3a 4ONOMOIOH BKa3iBHUKIB), CTBOPUTM OBi AOYipHI BEPLUNHM 3 HOBUMUW NapamMu Kito-
yiB 4NS HKX | 32 JONOMOrOK NPUBATHOrO KIoYa NOTOYHOI BEPLUMHM NiANMCcaTH NOBIAOMMAEHHS pa3oM i3 NyoniYHUMK Knoyamm
ABOX 11 foYipHiX BepLlumH. MNignncoM noBigoMneHHs B i cxemy 6yayTb BBaXaTUCS CMMCKM MiAMUCIB Y BEPLUMHAX Ha LUMAXY
BiJ BiANOBIAHOIO NNCTKa OO KOPEHS], @ TAaKOX BiANOBIAHI MyGniyHi KMto4i 3 4OYIpHIX BEPLUMH i NignucaHi paHille NoBigoOMIEHHS,
Lo BignNoBigalTb UuM nignucam. 3Baxkatoun Ha e,
O0(Tsign) = O(Tors_en) + O(Tors_cen) + O(Tors_sian), (12)
0(Ssign) = logz(N) * (0(Sors msg) + 0(Sors pr) + O0(Sors pk) + 0(Sors sian))» (13)
ae N — KinbKicTb nignncaHux noBigoMMNeHb.
Onsa Bepudikauii nignucy Tpeda npovitv no Bcix OTS nignucax i3 3aranbHOro NignNUCy Ta NepPeBipUTK TXHIO OiNCHICTDb,
TOOTO:
O0(Tyrry) = M * O(Tors_vrry), (14)
ae M — kinekicte OTS nignucis y HagaHomy STBS-nignuci.
2.5. WSTBS (Wide Sequential Tree-Based Signature)
Lia cxema igerHO NOBHICTIO aHanoriyHa nonepeaHin 3 To BIAMIHHICTIO, LLO 3BUYaliHi BEpLUMHW AepeBa reHepyoTh He [Bi,
a TpW BEPLUUHU, TOMY:

O0(Tsign) = O(Tors_aen) + O(Tors_cen) + O(Tors_gen) + O(Tors_sign)s (15)
0(Ssign) = loga(N) * (0(Sors_pk) + O(Sors pi) + 0(Sors pr) + 0(Sors_sign)) + 0(Sors msg)s (16)
O(Tygrpy) = M = O(Tors_vrry) (17)

ae N — kinbkicTb nignMcaHux nosigomneHb, a M — kinbkicte OTS nignucie y HagaHomy WSTBS-nignuci.

Ha nepwuin nornsg octaHHi ABi CXeMy nepeBaXatoTb Hag cxemoto TBS sk 3a yacom, HeOOXigHUM Ha NiANUCaHHS | Bepu-
dikadito, Tak i 3a po3mipamu camoro nignucy. HatomicTb, sk 3a3HavaeTbes B kHU3i (Katz, & Lindell, 2014, p. 472—-473), Takun
nigxia TEOPETUYHO Jae MOXIUBICTb BTINUTU cxeMy 6e3 36epiraHHs cTany nignucie. OTxe, KOHKPETU3YEMO: OCKiMNbKM B OCHOBI
BCiX reHepaLlin KrodiB niexxatb NceBAoBMNaaKoBi OYHKLIT, 3@ NpaBMITbHOI peanisauii, SKLO0 3HaTK KOPiHHE 3HaYeHHs (Cia) umMx
nceBAOBUNAAKOBMX PYHKLIA, TO Oyab-aKy 3a3ganerigb obpaHy napy nybniyHoro Ta npMBaTHOro KIo4iB 0O4HOPA30BOro Mig-
nucy MoxkHa nerko BigTBoputn. OfHaK, ypaxoBykouM, WO BCi 3HAYEHHS, SKi NiANUCYOTLCS LMMU NMPUBATHUMKM KtoYamu, 3a
iKCOBaHOro 3HaAYEHHSA Cifa NOBHICTIO AeTepMiHOBaHi, a Big NignncyBaHOro MoBigOMITEHHSI NPOCTO OOMpPaETbLCS, AKa rinka
AepeBa cTaHe Nignucom, To B NOCTIMHOMY NiATPUMAaHHI CTaHy MiagnuciB Hemae NoTpebu, OCKINbKX, 3HAKYUM Cif, MOXHa NEerko
BiATBOPUTU Becb Mignuc Ha xoay. | xoya HaginHICTb Takoro nigxoay 3Ha4YHO CNMPAaETbCs Ha NpaBUbHWUIA BUGIp NnceBaoBuna-
OKoBOI dOyHKLUIT, HATOMICTb 3HMKae NoTpeba B NOCTIVHIN NiaTpuMLUi Ta 36epiraHHi cTaHy nignucie.

3. Onuc peani3sauii oCHOBHUX (PYHKLiN

Y upomy nigpo3gini 6yayTe po3rnaHyTi peanisdauii ocHoBHMX dyHKUin GEN, SIGN Ta VRFY ans koxHoro peanisoBaHoro
NpOTOKOIy.

3.1. NNamnopT

[nsa reHepalii npyBaTHOro Krntoya CTBOPKETLCA MacuB po3MipHocTi 2xHashSize, wo 3anoBHOETLCA rellamu Big BUnag-
KOBO 3reHepoBaHuX 3HayeHb. [1icnsa uboro 3 Hboro hopMyeTLCH MyOMIYHMIA KoY, LUASXOM CTBOPEHHSI MacuBy Takoi camoi
PO3MIPHOCTI, e KOXXHE 3HAYEHHS — reLl Bif BiAMOBIAHOIO 3HAYEHHS NPUBATHOrO Krtoya:

def gen() -> sk, pk:

sk = [[SHA256(randomValue()) for j in 0..HashSize-1] for i in 0..1])

pk = [[SHA256(sk][i][j]) for j in 0..HashSize-1] for i in 0..1])

return sk, pk

LLo6 nignucatn noBigoMneHHs, 4OCTaTHLO CTBOPUTM MacuB po3mipHocTi HashSize, sakui 3anoBHUTK 3HAYEHHSAMU NpuBa-
THOrO Krtoya, BignoBsigHo 4o GiTiB nignucyBaHOro NoBigoOMMIEHHS:

def sign(sk, msg) -> sign:
sign = [sk[((msg >> j) & Ob1)][j] for j in 0..HashSize-1])
return sign

[na Bepudpikauii nignucy [octaTtHbO NepeKoHaTUCH, L0 rell-3HadeHHs Big eNeMeHTIB 3 Nianvcy BiANOBIAaTb 3HAYEHHAM
ny6nivyHoro kntoya, BignoBigHo Ao GiTiB NiANMCYBaHOro NOBIAOMIEHHS:

def vrfy(pk, sign, msg) -> bool:
forjin 0.. HashSize-1:
if SHA256(sign[j]) != pk[((msg >> j) & 0b1)][j]:
return False
return True

3.2. CBS (Chain-Based Signature)

eHepauisa napwm kntoydie CBS nosHicTio Bianosigae reHepaduii napu kntoyie, obpaHoi OTS, i3 TO BigMIHHICTIO, O NpuBa-
THUI kntod CBS Hacnpaegi sBnsie coboro CTPYKTYpy, sika 36epirae cnnckamm yci NpOMiDKHI MOBIAOMITEHHS, iX MiANMCH, a TaKoX
3reHepoBaHi NpuBaTHi Ta Ny6niyvHi kNtoYi Big ogHOPa30oBUX NiAMNUCIB:

def gen() -> sk, pk:
otsk, otpk = OTS.gen()
sk = {otsks: [otsk], otpks: [None], otsigns: [], msgs: []}
pk = otpk
return sk, pk
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MMig yac nignucaHHsa reHepyeTLCS HOBa Napa Kro4iB 04HOPa30Boro Nianucy, NyoGnivyHWM KoY AKoi pa3oM i3 NoBiAOMMEH-
HAM MiQNUCYETLCA NOTOYHUM MPUBATHUM KItoYeEM ogHopa3oBoro nignucy. lNMicnga yoro copmoBaHui nignuc, pasoMm i3 nosi-
OOMIIEHHAM i HOBOCTBOPEHMMM MPUBATHUM Ta MNyOniYHMM KrntoYamu AOA4AKTbCS B KiHUi BiAMOBIOHWX CMMCKIB NPUBATHOrO
kntoya nignucy CBS. VY kiHui popMyeTbes nignuc CBS, Wwo cknagaeTbes 3i cnuckiB ogHopa3oBuX NyonivyHMX KrtodiB, ogHopa-
30BUMX MignuMciB i noBigomneHsb i3 cekpeTHoro kniova CBS:

def sign(sk, msg) -> sign:
otsk, otpk = OTS.gen()
otsign = OTS.sign(sk.otsks.last(), msg || otpk)
sk.add(otsk, otpk, otsign, msg)
sign = {otpks: sk.otpks, otsigns: sk.otsigns, msgs: sk.msgs}
return sign

Y npoueci Bepudikauii nignucy BinbyBaeTbCca nepeBipka BCiX HagaHUX ogHopa3oBmx nignucie i3 nignucy CBS. [nsa npoc-
TOTW NEPEBIPKN, NEPLUNIA ENEMEHT 3i CMMCKY 0AHOPA30BMX NyONIYHUX KITHOYiB 3aMiHIOETLCSA Ha Ny6nivHun knod CBS:

def vrfy(pk, sign, msg) -> bool:
if sign.msgs.last() != msg:
return False
sign.otpks[0] = pk
for otpk, next_otpk, otsign, msg in sign:
if not OTS.vrfy(otpk, otsign, msg || otpk):
return False
return True

3.3. TBS (Tree-Based Signature)

eHepauisa napu kntodie TBS noBHicTio BignoBiaae reHepadii napu kntoyie obpaHoi OTS, i3 Tieto BigMiHHICTIO, WO NpuBa-
THWI knod TBS Hacnpaeai siBnsie coboto CTPyKTypy, fka 36epirac CMMCKOM BepLUMHY AepeBa, KoKHa 3 skux abo MicTUTb y
cobi neBHe MOBIAOMMEHHS i Or0 OQHOPa3oBWIA NiANMC Ta BiANOBIAHY Napy OAHOPAa30BMX KIouiB, abo MocunaHHsa Ha OBi
[OOMIPHI BEPLUMHW, OOHOPA30BMI MiANKUC TXHIX NYGNiYHMX KOYiB Ta BIANOBIAHY Napy O4HOPa30BUX KHOYIB:

def gen() -> sk, pk:
otsk, otpk = OTS.gen()
sk = [{otsk: otsk, otpk: otpk, left: None, right: None, sign: None, msg: None}]
pk = otpk
return sk, pk

Mig yac nignMcaHHA NOBIJOMINEHHS BiOYBaETLCS CNYCK YHU3 NO AepeBy A0 NUCTKA, 3HAYEHHIO SIKOro BiAMoBiAae nianu-
cyBaHe noBiAOMNEHHS. AKLWO Ha LWNAXYy Y BEPLUMHM He iICHYE AOYipHiX BEpLUWH, — BOHM CTBOPIOOTLCHA pa3oM i3 napamu
0QHOPa30BMX KItOYIB MiANUCIB, i HOBOCTBOPEHI Ny6niyvHi KModi NianucyroTbcs 04HOPA30BMM NPUBATHUM KIHOYEM MOTOYHOT
BepwumHK. lMicna yporo BiAbyeTbCA 3arnmMbneHHs B O4HY 3 AOYipHIX BepLUMH, BignoBiaHO A0 GiTy BXiOHOro MOBiAOMMEHHS.
Konwu x gocaraeTbCst NMCTKOBA BEpLUMHA, BigOyBa€ETbLCA NiANMCAHHA camMoro noBigomMmneHHs. Mignuc npu uboMy mMae aHano-
riYyHy CTPYKTYpy Ao nignucy CBS, ane 6yaoyeTbCcsa 3 €NeMEHTIB Ha LUNAXY A0 JIMCTKA | TaKOX MiCTUTb MyOniyHi Krtodi JOYipHIX
BEPLUMH [0 BCiX, O € Ha LIbOMY LLIFIAXY:

def sign(sk, msg) -> sign:
cur=0
sign = {otpks: [], lotpks: [], rotpks: [], otsigns: [], msgs: [J}
for height in 0..HashSize-1:
if sk[cur].sign == None:
sk[cur].left = sk.size()
lotsk, lotpk = OTS.gen()
sk.add({otsk: lotsk, otpk: lotpk, left: None, right: None, sign: None, msg: None})

sk[cur].right = sk.size()
rotsk, rotpk = OTS.gen()
sk.add({otsk: rotsk, otpk: rotpk, left: None, right: None, sign: None, msg: None})

sk[cur].sign = OTS.sign(sk[cur].otsk, lotpk || rotpk)
sk[cur].msg = None

else:
lotpk, rotpk = sk[sk[cur].left].otpk, sk[sk[cur].right].otpk

sign.add(sk[cur].otpk, lotpk, rotpk, sk[cur].sign, sk[cur].msg)
cur = ((msg >> height) & 0b1) ? sk[cur].right : sk[cur].left

sk[cur].sign = OTS.sign(sk[cur].otsk, msg)
sk[cur].msg = msg

sign.add(sk[cur].pk, sk[cur].sign, sk[cur].msg)
sign.otpks[0] = None

return sign
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3Baxaloun Ha aHanoriyHiCTb CTPYKTYpu nignucy 3i cxemotro CBS, koa Bepudpikauii inerHo ineHTnyHun:

def vrfy(pk, sign, msg) -> bool:
if sign.msgs.last() != msg:
return False
sign.otpks[0] = pk
for otpk, lotpk, rotpk, otsign, msg in pk:
if not OTS.vrfy(otpk, otsign, msg || lotpk || rotpk):
return False
return True

3.4. STBS (Sequential Tree-Based Signature)

eHepauia napwm kntoyviB STBS noBHicTo oy0ntoe reHepauito napm knodie TBS ansa obpaHoi OTS i3 Tieto BigMIHHICTHO, WO
KOXXHa BeplUMHa [epeBa TakoX Mae nocurnaHHs Ha GaTbKiBCbKy, @ pa3oM i3 caMum OepeBOM Takox 36epiraeTbCcs BKasiBHUK
Ha HacTynHy BepLUMHY AN MignMcy HOBOMO NOBIAOMIIEHHS:

def gen() -> sk, pk:
otsk, otpk = OTS.gen()
sk = {tree: [{otsk: otsk, otpk: otpk, prev: None, left: None, right: None, sign: None, msg: None}], head: 0}
pk = otpk
return sk, pk

Mig Yac nignucaHHA noBigoMneHHs cneplly 6epeTbCa HacTynHa BepluMHa B Aepesi. [ins Hei reHepyloTbCca ABi AOYipHI
BEPLUUHMW, Pa3oM i3 napamu 0gHOPa3oBUX MyOMiYHMX KIOYiB KOXHA, | HOBOCTBOPEHI Ny6niyvHi KMtodi, pa3oM i3 HOBUM MOBIJO-
MIIEHHAM, NiAMUCYIOTECA O4HOPa30BMM MPUBATHUM KINoYeM MOTOYHOI BeplmHu. Micnsa uporo 6yayetscsa nignuc STBS 3a
NPVHLMNOM MPOXOMKEHHS Bif MOTOYHOI BEPLUMHUN OO KOPEHS, Y SKMI TaKOX A0AAKTHCA NyOiyHi KItoYi AOYipHIX BEPLUWH OO
BCiX, LLIO € Ha LibOMY LUAAXY:

def sign(sk, msg) -> sign:
sign = {otpks: [], lotpks: [], rotpks: [], otsigns: [], msgs: [J}
cur = sk.head

sk.tree[cur].left = sk.tree.size()
lotsk, lotpk = OTS.gen()
sk.tree.add({otsk: lotsk, otpk: lotpk, prev: cur, left: None, right: None, sign: None, msg: None})

sk.tree[cur].right = sk.tree.size()
rotsk, rotpk = OTS.gen()
sk.tree.add({otsk: rotsk, otpk: rotpk, prev: cur, left: None, right: None, sign: None, msg: None})

sk.tree[cur].sign = OTS.sign(sk.tree[cur].otsk, msg || lotpk || rotpk)
sk.tree[cur].msg = msg

while cur != None:
lotsk, rotpk = sk[sk[cur].left].otpk, sk[sk[cur].right].otpk
sign.addFromBegin(sk.tree[cur].pk, lotpk, rotpk, sk.tree[cur].sign, sk.tree[cur].msg)
cur = sk.tree[cur].prev

sk.head = sk.head + 1
return sign

3 ornagy Ha aHanorivyHICTb CTPYKTYpU nignucy 3i cxemotro TBS, ko Bepudikauii inenHo igneHTUYHUIA.

3.5. WSTBS (Wide Sequential Tree-Based Signature)

eHepauis napu ktovie WSTBS nosHicTio oybntoe reHepadito napu kntodie STBS ana obpaHoi OTS i3 Tieto BigMiHHICTIO, L0
KOXHa BEpLUMHa AepeBa, OKPiM NUCTKIB, TaKOXX Mae MOCUINaHHA Ha NIMCTOK AEPEBA, SKUM YXKe NiANNCYETLCS NMOBIAOMMEHHS:

def gen() -> sk, pk:
otsk, otpk = OTS.gen()
sk = {tree: [{otsk: otsk, otpk: otpk, prev: None, left: None, mid: None, right: None, sign: None, msg: None}], head: 0}
pk = otpk
return sk, pk

Mig yac nignucaHHsa NoBigOMNeHHs cneplly 6epeTbCa HacTynHa BeplunHa B Aepesi. [Insg Hei reHepyloTbCsa Tpu A0YIpHi
BEPLUUHM Pa3oM i3 napamn O4HOPAa30BUX NYGNIYHMX KMOYIB KOXHA, i HOBOCTBOPEHI NyGniyHi KNtoyi NignMcyoTbCa 0gHOpaso-
BMM MPUBATHUM KITOYEM NMOTOYHOI BepwmHK. IMicnsa uboro 6yayeTtbes nignuc WSTBS 3a npuMHUMNOM NPOXOAXKEHHS Bif NOTO-
YHOI BEPLUNHU 4O KOPEHS:
def sign(sk, msg) -> sign:

sign = {otpks: [], lotpks: [], motpks: [], rotpks: [], otsigns: [], msgs: []}
cur = sk.head

sk.tree[cur].left = sk.tree.size()
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lotsk, lotpk = OTS.gen()
sk.tree.add({otsk: lotsk, otpk: lotpk, prev: cur, left: None, mid: None ,right: None, sign: None, msg: None})

sk.tree[cur].mid = sk.tree.size()
motsk, motpk = OTS.gen()
sk.tree.add({otsk:motsk, otpk:motpk, prev:cur, left: None, mid: None ,right: None, sign: None, msg: None})

sk.tree[cur].right = sk.tree.size()
rotsk, rotpk = OTS.gen()
sk.tree.add({otsk: rotsk, otpk: rotpk, prev: cur, left: None, mid: None ,right: None, sign: None, msg: None})

sk.tree[cur].sign = OTS.sign(sk.tree[cur].otsk, lotpk || motpk || rotpk)
sk.tree[cur].msg = None

cur = sk.tree[cur].mid
sk.tree[cur].sign = OTS.sign(sk.tree[cur].otsk, msg)
sk.tree[cur].msg = msg

while cur != None:
lotsk, motpk, rotpk = sk[sk[cur].left].otpk, sk[sk[cur].mid].otpk, sk[sk[cur].right].otpk
sign.addFromBegin(sk.tree[cur].pk, lotpk, motpk, rotpk, sk.tree[cur].sign, sk.tree[cur].msg)
cur = sk.tree[cur].prev

sk.head = sk.head mod 3 == 0 ? sk.head + 1 : sk.head + 2
return sign

3Baxkatoumn Ha aHanorivyHiCTb CTPYKTYpU nignucy 3i cxemoto TBS, koa Bepudikauii inenHo igeHTUYHNIA.

4. 3amipum peanizoBaHux uudpoBux nignucie

byno BuMMipsHO Yac reHepadii kKnYiB nignucy, Yac nignucaHHsa NoBigOMIIEHHS Ta Yac Bepudikauii y cxemi JlamnopTa
(Tabn. 2):

Tabnuys 2
Yac BMKOHaHHA MeToAiB cxemu JlamnopTa
KinbkicTb iTepauin CepegHin yac GEN, c CepegaHin yac SIGN, c CepegHin yac VRFY, ¢
1 0.003451 0.000114 0.000749
100 0.003304 0.000166 0.000745
10000 0.003319 0.000172 0.000745
164187 0.003498 0.000175 0.000742
a TakoX po3Mip 3reHepOoBaHMX Map KuiB Ta po3mip nignucy (tabn. 3):
Tabnuys 3
Po3Mmipu 3reHepoBaHUX nNap KnwdiB i nignucy B cxemi JlamnopTta
KinbKicTb iTepauin CepepHin po3mip napwm kntouis, Mb CepepHin po3mip nignucy, Mb
1 0.1956 0.0439
100 0.1839 0.0424
10000 0.1837 0.0424
164187 0.1837 0.0424

Po3mipu nap kntoyiB i nignmcy NoBHICTIO BiAMOBIAaOTL OYiKyBaHHSM, ane ocb 4Yac BMKOHaHHSA dyHkuin GEN, SIGN Ta
VRFY nepeBuLye ix opieHTOBHO B 4-5 pasiB. poTe B LUbOMY BUMNAAKYy Lie 3yMOBMEHO NMEBHUMMW acnektamu peanisauii 1
06MEXEHHAMN MOBW.

Mepenigimo Tenep Ao Garatopa3oBux CXeM MiaANUCiB Ha OCHOBI Nianucie JlamnopTa. [ina 3aMipiB NoBeAiHKN Pi3HUX CXEM
baraTopasoBux nignucis reHepyBanu NoBigoMneHHsa poamipom 2560 BiT i nocnigoBHO ix nignucysanu, a NoTiM NepeBipsanm
BiANoOBigHI mignucn. 3amipsanu yac nignucyBaHHSA, Yac NiANMCyBaHHS 3 KOMitoBaHHAM, Yac Bepudikauii, po3mip nignucy Ta
3aranbHe BUKOPUCTaHHS onepaTuBHOI Nam'saTi. 3 ornsay Ha pisHy acUMNTOTUYHY CKMaAHICTb OYHKLIN Pi3HUX CXeM, KiNbKiCTb
noBidoOMIIEHb, Ha SKUX NPOBOAMNM 3aMipu, pisHa. Hanpuknag, CBS 6yna nepesipeHa Ha 1000 nosigomneHHsix, TBS — Ha
10259, STBS — Ha 83550, a WSTBS — Ha 59052. Yci 3i6paHi aaHi MmoxxHa nobaunTtu Ha rpadpikax, ge CBS 4yepBOHOro Konsopy,
TBS — nomapaHyeBoro, STBS — 3eneHoro Ta WSTBS — cunboro (puc. 1).

Moka3HMKM 3aranbHOro BUKOPUCTaHHS Nam'aTi nepeBaXHO O4ikyBaHi, OCKINbKM 3 KOXXHUM MNigNMCOM CTPYKTYpa, o 36epi-
rae NOTOYHWUI cTaH nignucie (cnucok abo aepeBo), NPOCTO NiHIMHO 3pocTae Ha ogHaKoBY BenuyuHy. MNpoTe y Bunagky TBS
3aMmipyv MOCTINHO NOKasyBanu KOHCTAHTHY BENUYUHY. Lle NOACHI0EMO TM, Lo BHACNIAOK NCEBOOBUMNALKOBOCTI reLl-gyHKLN
OiNbLUICTb BEPLUMH Ha LWNAXY Bif KOpeHs A0 nucTodka byae 3ycTpivyatvca Ham yneplue Ta reHepyBaTuCh, TOAi SK paHille
CTBOPEHi BEPLUNHU, 3@ HEBUKOPUCTAHHS, aBTOMATU4HO NEPEHOCHATLCS 3 OnepaTMBHOI NaM'aTi Ha KOPCTKUA Anck. PosrnsHemo
iHLWIi 3aMipun geTanbHile.
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3aranbHe BUKOPUCTAHHA onepaTuBHOI nam’saTi (MB)
Puc. 1. OcHoBHiI 3amipu

4.1. Yac nignucaHHnA

Ha 060ox rpacpikax Yacy niagnucaHHs BUAHO NOCMIAOBHI CNecku, WO 3pocTatoTb. [MpoTe eamHa BigMiHHICTE MiX rpadikaMu — Lie
[O00ATKOBI BUTPATK Yacy Ha MOBHE KOMitoBaHHSI MianuMcy, ane Ha rpadiky 3 KonitoBaHHAM CrnieckiB NnoMiTHO OinbLue. Lle nerko nosic-
HWTW BHYTPILLHIMM NpoLiecaMu KomMm'toTepa, Ha SKoOMy NPOBOAMIMU 3aMipy, LLO ¥ BUKINMKaNM Takuin "lwym". KoHkpeTHilue, BinbLuicTb
i3 HMX — Lie 3BiNbHEHHSI ONepaTMBHOI Nam'aTi Nig, CTPYKTYpY, Lo 36epirae nignucu. YCyHyBLUM LUYM, MaTUMEMO (puc. 2):

3 —CBS 3 —cBS
8S ey
—sTBS —STBS

25 —wsTBs| 2.5 —WSTBS

2 2
15 15

1 1
0.5 0.5

0 1 L Ll L L =] 0 a

0 10k 20k 30k 40k 50k 60k 70k 80k 0 10k 20k 30k 40k 50k 60k 70k 80k

MouaTkoBi AaHHI
Puc. 2. OunwieHHsA gaHUX Yacy nianucaHHsA, ¢

MounweHi paHHI

Yac, HeobxigHMI Ha nignucaHHsa y cxemi TBS, odikyBaHO HAGNMXEHUIM 0O KOHCTAHTHOrO i NMpakTUYHO BiANOBIgae Teope-
TUYHUM po3paxyHkaM, 3rigHo 3 SKMMK Ha nignucaHHa mae nTn 1.83 c¢. AKLWOo X posrnagaTty geTanbHiwe BCi iHWi cxemn Ta
TPOX¥ ycepeaHWUTW AaHi, Matumemo (puc. 3).

Ha rpadikax e cnocTtepiraetbes "WyM", ane B iHLWOMY Yac Tex HabnwkeHni 4o KOHCTAHTHOro Ta 36epirae cnieBigHO-
LLIEHHS BIiANOBIAHO A0 KiNbKOCTi reHepaLin knio4viB ogHOpa3oBoro Nignucy 3a O4HOro MiAnUCaHHS.

4.2. Yac Bepudikauii

PosrnaHemo yac Bepudikauii (puc. 4).
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Y cxemi CBS yac Bepudikauii pocte niHinHo, Todi sk y cxemi TBS yvac 36epiraetbcst HabnkeHUn 40 KOHCTAHTHOTO, Lo
MOBHICTHO BiANOBIAAE aCMMNTOTUYHUM OLiHKaM. AKLLO X BUOkpemuTn cxemmn STBS Ta WSTBS, matumemo (puc. 5).

[~ces | [—cas

—STBS | —STBS

0.025 |—wsTBs|0.025 —WsTBS|
0.02 0.02
0.015 J ] 0.015
0.01 ! ey | A A A A e MM A S e 0.01

WW .uﬂ.L TR | LIl.L.UA”ll |\_1d
0.005 0.005

0 0
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CBS npomixok YcepeaHeHU NOBHUIA NPOMIKOK

Puc. 3. YcepenHeHi gaHi yacy nianucaHHs, ¢
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Puc. 4. Yac Bepudikadii, c
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0.014

0.012
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0.008
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0 10k 20k 30k 40k 50k 60k 70k 80k
Puc. 5. Yac Bepudikauii STBS i WSTBS, ¢

CnocTepiraeTbcs norapmdmivyHa acumnTotTuka o6ox rpadikis 3 ACkpaBo BMPaxXeHUMM "cxognHKaMmm" ogHaKoBOI BUCOTH,
LLIO BiAMOBIAAOTb 3POCTAHHIO AOBXUHM NIONWUCY Ha OOHY NaHKy.

4.3. Po3wmip nignucy

PosrnsHemo rpadikv po3mipy nignucy (puc. 6).

3HoBY 6auMMo NOBHY BiAMNOBIAHICTL aCMMNTOTUYHMM OLiHKaM. Ha ocTaHHbOMY rpadiky TakoX CMocTepiraeMo HEBEIUKUIA
"lym" Ta "cxoQMHKM" 04HAKOBOI BUCOTMH, LLO BiANOBiAaTb 3pOCTaHHIO AOBXMHM NIANUCY HA OAHY NaHKy.

4.4. 3aranbHun aHanis

3 ornagy Ha rpadikm MoxxHa nobaumTn siBHY nepeBary nignucie Ha OCHOBI AepeB Hag MignMcaMy Ha OCHOBI JTAHLIOTIB.
MpakTnyHO ogpasy cnocrepiraemo CTpiMKe 3pOCTaHHS AK Yacy Bepudikalii, Tak i po3Mipy nignucy, 4Yoro He BiabyBaeTbCs B
iHWKxX cTpykTyp. BogHoyac 4ac mignucaHHA He CUNbHO BIAPI3HAETLCS Bif iHWMX cxeM, okpim TBS. Ak pesdynbtat Maemo
abConTHY HEKOHKYPEHTOCTPOMOXHICTb.

Ao x po3rnsgaTty cyTo AepeBonofdibHi cxemu, To STBS Ta WSTBS sBHO nepeBaxatoTb Hag cxemoro TBS Ha aekinbka
nopsiakiB 3a BCiMa 3amipSHUMM NOKa3HUKaMK, OKpPiM Nam'aTi, HeobXigHOT ANa NiATPUMAHHS CTaHy CTPYKTYpU AaHuX. AKLO X
OCTaHHE, HaBMaku, € BaXnueunm, To cxema TBS 3a npaBunbHoi peanisadii € dpaBopuToMm.
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Puc. 6. Po3mip nignucy, Mb

Ouckycisi i BACHOBKK

Y nNponoHoBaHin poboTi JoCniaXeHi MOCTKBAHTOBI MeTOAM LMGPOBUX MNiANKUCIB, 30kpema yBary Gyno npuaineHo cxemi
opHopasoBoro nignucy JlamnopTta. KpiMm uboro, 6ynun po3rnsHyTi Ta 3icTaBneHi i pi3Hi MeToam nobynoBu cxem Garatopaso-
BOro Nignncy Ha OCHOBI OQHOPAa30BMX NiANUCIB.

OTpuMaHi pesynbTaTy NoKa3anu, WO HaikpallmMmMm 3 po3rnsiHyTUX MeToAiB NobynoBu GaraTopa3oBux MiAMUCIB € CXemMu,
Lo I'PYHTYIOTbCS Ha nobynoBi GiHapHux aepes nianucy. MNpoTe BoHM MatoTb sIK CBOi nNepeBaru, Tak i Hegoniku. Hanpuknag,
AKLLO LWBUOKOAIA 32 4acoM i Manuin po3mip nianucy He € OCHOBHMMMU LiNsMu, TO BUMigHILWe ckopucTaTuca cxemoto TBS, Togai
SIK B iHLWOMY BMnNagKy AouinbHiwe Bukopuctosysatu cxemn STBS abo WSTBS.

BapTo 3ayBaxuTy, WO B PO3rMSHYTMX CXeMax BUKOPUCTOBYBanucs nuiwie GiHapHi gepesa nowyky. 3 iXHbO 4OMOMOro
aCMMMTOTUYHY CKNagHICTb BOANocs 3MeHLWUTK 3 NiHiHOT A0 norapudmivyHoi. HanpolwyeTbecsa noriyHe NpunyLeHHs, Wo iHLi
noaibHi CTpyKTypu 306epexxeHHs 4aHuX, 30Kkpema I TepHapHi Ta N-apHi gepeBa nignucie, MOXyTb AaTh Xo4a 1 aCUMNTOTUYHO
aHanorivHi ouiHKK, ane NOPIBHAHO KpaLli OCTaTOYHI pe3ynbTaTh. 3 ornsaay Ha ue HaBeAeHi paHille CTPYKTypu MarTb OyTu
PO3rAsiHyTi Ta AOCNIAXEHi B NOA4anbLLOMY.

Dxepena diHaHCyBaHHA. OiHaHCyBaHHSA YacTKOBO 3abe3neyeHo KUiBCbkUM HauioHanbHUM yHiBepcuteToM imeHi Tapaca LeBuyeHka.
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COMPARATIVE ANALYSIS OF POST-QUANTUM DIGITAL SIGNATURE PROTOCOLS BASED
ON HASH FUNCTIONS

In the era of active information technologies and device development, the emergence of portable and general-purpose quantum computers is
only a matter of time. And although the benefit of their many times greater efficiency, compared to ordinary bit computers, will be obvious, at the
same time, they will bring many vulnerabilities to modern algorithms of cryptography and cybersecurity. To prevent this from happening, society has
already started researching post-quantum protocols to replace modern ones.

Digital signature protocols were no exception. Thus, one of the approaches was constructing post-quantum digital signature protocols based on
hash functions. The first representatives were schemes of one-time signatures based on hash functions, which were protected from the capabilities
of quantum computers but had the obvious disadvantage of one-time use. The most famous is the so-called Lamport one-time signature. However,
this disadvantage of one-time use has been solved by proposing different schemes of multi-time digital signatures based on the creation and use of
many one-time signatures. Thus, chain-based and tree-based schemes of multi-time signatures were proposed. This work is devoted to the imple-
mentation and comparison of various multi-time signature schemes.

During the research, theoretical estimates of memory usage and time required for the operations of various schemes were given. Further imple-
mentation of these schemes and final measurements showed the correspondence of theoretical estimates with empirical results and clearly demon-
strated the advantages and disadvantages of different schemes. Thus, tree-based schemes showed the best performance, especially those where the
tree is built sequentially. However, in certain cases, it makes sense to use a tree with full-depth construction.

Due to the relative novelty and small amount of research in this field, multi-time digital signatures have much room for further research, for
example, considering N-ary trees and comparing them with binary ones.

Keywords: hash function, digital signatures, post-quantum protocols, one-time digital signatures, multi-time digital signatures, chain-based
schemes, tree-based schemes.
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IHTEFPOBAHA MOAEIb ®AKTOPHOIO BIABOPY TA KATEIrOPIANbHOI PErPECII
ANA NPOrHO3YBAHHSA PIBHA PU3UKY IMMNAHTALII
AIArHOCTUYHO-TEPANEBTUYHUX NMPUCTPOIB
MPU NATONOrII LWWNYHKOBO-CTPABOXIAHOIO 3'€AHAHHA

lNpedcmasneHo iHmMeepogaHuli Memod MPoO2HO3y8aHHSI Pi8HS PU3UKY iMnnaHmMauyii diaezHocmuyYyHo-mepaneemMu4YyHUX Mpu-
cmpoieg y dinsiHyi wyHKogo-cmpaeoxiOHo20 3'edHaHHA Ha OCHoe8I ghakmopHO20 aHasizy ma kamezopianbHoi peepecii. Ha eubipyi
i3 558 nayieHmie 6yno eudineHo 15 kniHiYHUX Ma eHAOCKOMiIYHUX MOKa3HUKIe, W0 XxapaKmepu3yomb CMaH c/1U3080i, aHaMOMIiYHi
ocobnueocmi ma cumnmomamuky pegsirokcy. PakmopHuli aHasi3 MemodoM 20J108HUX oceli 3 o6epmaHHsIM Oblimin dae moxnu-
eicmb 3@8ecmu novyamkosuli Habip 3MiHHUX 0 MPLOX JJameHMHux ¢hakmopie: F, — "KniHiyHi ma mopghonoziyHi o3Haku 2acmpoe-
30¢pazeanbHoi peghirokcHoi xeopobu”, F, — "AHamMoMo-gyHKUYioOHasIbHIi NoKa3HUKU cmpaeoxody” ma F; — "Epo3ueHi ypaxeHHs1
cnu3soeoi”. li pakmopu 6ynu eukopucmati ik npeduKkmopu e kamezopianbHill pe2pecii 0nsi Npo2HO3ye8aHHs N'amu pieHie pusuky
iMnnaumauyii. Modens npodeMoHcmpyeana eucoKy sikicmb npo2Hosy (R? = 0,858), yci gpakmopu 6ysiu cmamucmu4Ho 3Hady-
wumu (p < 0,001), a noKka3HUKU MysibmukoJiiHeapHocmi npeduxkmopie > 0,8 nidmeepdunu eidcymHicmb KpUMUYHOI My/IbMUKO-
niHeapHocmi. OmpumaHa modenb 3abe3nedyye cmaHOapmu3oeaHy cmpamudikayito pu3suky, Oornomazaroyu KiiHiyucmam
o6'ekmueHiwe oyiHreamu AoyinbHicmb iMnIaHmMauii ma eusHaYamu nayieHmis, siki mompe6byroms dodamkoeoi onmumizauii
cmaHy neped npoyedyporo.

Knw4yoBi cnoBa: iMmnnaHmauyiss npucmpoie, gpakmopHul aHasi3, KamezaopianbHa pe2pecisi, pu3ukK, WiyHKO8O-cMpaso-
XiOHe 3'eOHaHHsI, cmpamudikayis pusuky.

Knacudikauis BignoBigHo ao AMS 2020: 62J12, 62P10.

Bcrtyn

IMnnaHTauio giarHOCTUYHMX | TepaneBTUYHUX NPUCTPOIB Y AiNAHLI LWITYHKOBO-CTPABOXiAHOIO 3'e€QHAHHS (30KpeMa cuctem
6e30poToBOro pH-MOHITOPUHTY, CTUMYNSITOPIB HMXKHLOFO CTPaBOXIAHOrO CohiHKTEpa, KancynbHUX CEHCOopIB) AeAari JYacTile
3aCTOCOBYIOTb Y KINiHIYHIA NpakTWLi ANs AiarHOCTUKM Ta NikyBaHHSA ractpoe3odareansHoi pedrtokcHoi xsopobu (FTEPX) Ta
noB'si3aHuMX i3 Het0 naTtonori. BogHouvac Ui BTpy4aHHs NoB'A3aHi 3 pU3MKOM PO3BUTKY YCKIaAHEHb, L0 3yMOBIOE Heobxia-
HICTb MonepeaHbOi 06'EKTMBHOI OLHKM FTIOKaNbHOro CTaHy CrvM3oBOi 0B0NOHKW, aHaToMO-byHKLiOHanbHUX ocobnueocTein
CTpaBOXOAY Ta KIiHIYHOT CMMNTOMAaTWKN NauieHTa.

Ha npakTuui pilueHHs Woao AouinbHocTi Ta 6e3neyvyHocTi iMnnaHTauii YacTo rpyHTYETbLCS Ha eKCNepTHIN ouiHui nikaps 3
ypaxyBaHHSIM BEMUKOI KiNbKOCTi KMiHIYHMX Ta eHAOCKOMIYHUX MOKa3HUKIB pi3Horo tuny (GiHapHMX, NOPAOKOBUX i KiNbKiCHMX).
Lle ycknagHoe ctaHgapTusadiio nigxoay, nigsuLLye cy6'eKTUBHICTb pilleHb 1 06MeXye MOXNMBOCTI hopmanizoBaHoi cTpa-
Tdikauii pusmky. Kpim Toro, Benuka KinbKicTb B3a€EMOMOB'A3aHUX 3MiHHUX | HAsIBHICTb PiOKICHNX KaTeropin CTBOPHOIOTL NPo-
6nemu ans knacu4yHux GaraToBUMIpHUX Moaernen Yepes MynbTUKONiIHeapHICTb | HECTINKICTb OLLIHOK.

Y 3B'A3KY i3 MM aKTyanbHUM € po3pobreHHs MaTeMaTUyHO ObrpyHTOBaHNX Modernen, Wo AalTb 3MOry iHTerpyBaTu pis-
HOPIZHI KNiHIYHI NOKA3HUKM, 3MEHLLYBATN PO3MipHICTb AaHux 6e3 BTpaTtu iHcbopmaLlii Ta 3abe3nevyBaT 06'EKTMBHE NPOrHO-
3yBaHHS PiBHA PU3KKY iMnnaHTauii.

JlaTeHTHi cbakTOopn Yy MeanyHMX OOCHiMKEHHAX 3aCTOCOBYIOTb ANl BUSBMEHHS NpuxoBaHux (HebesnocepeaHb0 HEBUMI-
ptoBaHMX) CTPYKTYP Y CKNagHUX nepenikax KniHiyHnx, nabopatopHux abo aHKeTHMX AaHuX. BoHn gonomaratoTb 3MeHLWNTU
PO3MIpHICTb AaHnX 1 06'egHaTH Kinbka B3aEMOMOB'A3aHUX MOKA3HWUKIB Y CNiflbHi KOHLENTyarnbHi KOMNOHEHTK (Hanp., "MeTa-
6oniyHnin cmHapom", "NcMxoemoLinHMi cTan", "aHaTomo-yHKUiOHanbHi nopyweHHs"). MNoganbLue BUKOPUCTaHHS UmMX dak-
TOPIB y perpecinHoMy aHanisi gae amory 6yayBaTy NPOrHOCTUYHI MoZeni, siki € Binbl cTabinbHUMK, iHTEpNpeToBaHNUMK Ta
MEHLL YyTIIMBUMM A0 MYSbTMKOMIHEAPHOCTI MiXK NEPBMHHUMU 3MiHHUMW. Takuin Nigxig WWPOKO 3aCTOCOBYHOTb AN OLHKM
pY3KKy po3BUTKY 3axBoptoBaHb (Smith et al., 2017); nobynosn mogenen nateHTHUX knacis abo nigTunie nauieHTie (Guo, Wall,
& Amemiya, 2006); aHani3y ncMxomeTpuyHuKX i kniHiyHKx wkan (Viana, Gongalves, & Paez, 2024); po3pobkun meToais dak-
TOPHOI perpecii Ans iHTerpauii 3MiHHUX | NaTEHTHUX NOKa3HUKIB y eauHy mogens (Devlieger, 2019) Ta iH.

3aBOsiku LbOMy (baKTOPHO-perpecinHvi nigxig BBaXarTb ePeKTUBHUM IHCTPYMEHTOM 4115 NOOyA0BU NepCcoHanisoBaHnx
NPOrHOCTUYHMUX CUCTEM Y KNiHIYHIA MeguLMHI.

O6'ekTOM NPOMOHOBAHOrO AOCHIMKEHHS € KNiHIYHI Ta eHAOCKONIYHI XapaKTEPUCTUKN NauieHTiB i3 MaTONOrIE0 LLUNYHKOBO-
CTPaBOXiQHOro 3'€4HaHHS, LLIO BUKOPUCTOBYIOTLCH ANS OLHKN PU3NKY IMMNaHTaLii BiarHOCTUYHMX | TepaneBTUYHNX MPUCTPOIB.

MeTa pob0TH — pO3pO6EHHS I OOIPYHTYBAHHS iHTENPOBAHOI MaTeMaTUYHOI MoAeni NPOrHO3yBaHHS PIBHA PU3UKY iM-
nraHTauii NpPMCTPOIB Y AiNsHLUI LWYHKOBO-CTPABOXiAHOro 3'€HaHHSA Ha OCHOBI NOEAHAHHA (haKTOPHOro aHani3y Ta KaTeropi-
arnbHOI perpecii.

[ns gocarHeHHs uiei MeTu NoCTaBNeHo Taki 3aBaaHHS:

e BigibpaTu peneBaHTHI KMiHiYHI 1 eHAO0CKONIYHI MOKa3HUKM, L0 XapaKTepuayoTb CTaH NaLieHTiB;

® 37INCHUTY PaKTOPHWIA aHani3 Ans 3MEHLUIEHHsSI PO3MIPHOCTI Ta BUAINEHHS NTAaTEHTHUX KIiHIYHO iHTepnpeToBaHNX hakTopis;

¢ nobyaysaTn Mofenb KaTeropianbHOI perpecii 3 ONTUManbHUM LLKanioBaHHAM ANs NPOrHO3yBaHHS NOPAAKOBOI 3MiHHOT
"piBEHb PU3NKY";

® OLiHUTK SIKICTb, CTabiNbHICTb Ta iIHTEPNPETOBaHICTL OTPUMAaHOI Moaeni.
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Y pocnigppkeHHi cnovyaTky BUKOHaHO hakTOPHMI aHani3 3a MeTo rofloBHUX ocen i3 obeptaHHam Oblimin ons BugineHHs
KNiHIYHO IHTEPNPEeTOBaHUX NTATEHTHUX haKTOPIB i3 15 €HOOCKOMIYHMX i KNiHIYHMX NOKa3HMKIB, @ NOTIM OTPMMaHi hakTopu no-
CTalTb SK NPEeaUKTOPY B KaTeropianbHil perpecii Anst NporHo3yBaHHA M'ATW PiBHIB PU3UKY iMNaHTawji.

1. ®PopMyBaHHs1 BUGIpPKK, 3MIHHUX i LUKANX PU3KKY

Y npefctaeneHin ctatTi nobyaoBaHO MaTeMaTUYHY MOAENb, WO iHTEerpye KMiHiYHi W eHOO0CKOMiIYHI AaHi ANs NPOrHosy-
BaHHS PiBHS PU3NKY A0 iMNaHTauii giarHOCTUYHMX Ta/abo TepaneBTUYHMX MPUCTPOIB, 30KkpeMa cucteM Bravo, JSPH-1, BEST
Capsule, EndoStim gns ctumynsauii HUKHBOrO CTPaBOXIAHOrO ChiHKTepa, KancynbHMX AaTymkiB Smart nanowire Ta iHWNX
(Lawenko, & Lee, 2016; Li, Liu, & Tao, 2013), y nauieHTiB i3 naTtonorieto LWNyHKOBO-CTPABOXIAHOIO 3'€4HaHHSA, 3 METOHO Nif-
BULLEHHSI TOYHOCTI 1 06'EKTUBHOCTI KMiHIYHOTO yXBaneHHs pilleHb.

MokasHWKM Ans Modeni: rinepemMist CrM3oBoi B cyOkapaianbHin ginaHui (6iHapHa 3miHHa: 1 — HasiBHa; 0 — BiACYTHA) —X;;
ckapru Ha nevito (6iHapHa 3miHHa: 1 — HasiBHa; 0 — BiOCYTHS) — X,; CKapru Ha BigyyTTa perypritadii (6iHapHa 3MiHHa: 1 — HasiBHa;
0 — BigcyTHA) — X5; HasiBHICTb AedekTiB cnM30BOi KnacudikoBaHux 3a Jloc-AHOKenecbkor Kracudikalieto OLiHKK pedrtoKc-
esodarity (nopsigkoBa 3MiHHa: gedbektu BiacyTHi — 0; Tm A — 1; Tun B — 2; Tun C — 3; tun D — 4) — X,; HaABHICTb eposil,
nokputux gibpmHom (biHapHa 3miHHa: 1 — HasBHi; 0 — BiACYTHI) — X5; HAsiBHICTb €po3il, NOKPUTMX remaTnHoM (GiHapHa 3MiHHa:
1 —HasaBHi; 0 — BigCyTHI) — X4; HAsABHICTb BUpa30K, MOKpUTUX pibprHOM (BiHapHa 3miHHa: 1 — HasBHi; 0 — BigCyTHi) — X ; HAsBHICTb
BMPa30K, MOKPUTUX remaTvHoM (BiHapHa 3miHHa: 1 — HasBHi; 0 — BiACYTHI) — Xg; NOKa3HWK po3TawlyBaHHs Z-niHii (KinbKicHa
3MiHHa, cM) — X,; BUCOTa BEPXHLOIO CTPABOXIAHOro CcpiHKTepa (KinbKicHa 3MiHHa, M) — X;4; MOKa3HWK AdiadparmManbHOro 3By-
XeHHS (KinbkicHa 3MiHHa, cM) — X;;; NOKa3HWK BUCOTM nMponabyBaHHs LWnyHKa y cTpasoxia abo kapaianbHy AiNsHKY LWyHKa
(kinbkicHa 3miHHa, cM) — X;,; AOBXWHA NponabyBaHHA (KiNbKiCHa 3MiHHA, CM) — X, 3; riNnepeMis B HWXHIA TPEeTUHI CTpaBoXoay
(6iHapHa 3miHHa: 1 — HasBHa; 0 — BIACYTHS) — X14; KypPiHHA (BiHapHa 3MiHHa: 1 — HasBHe; 0 — BiACYTHE) — X 5.

Ha ocHoBi B1bipku i3 558 nauieHTiB eHOOCKOMIYHOro BiadiNeHHs KOMyHanbHOro HekoMepuinHoro nianpuemcrea "KipoBo-
rpagcbka obnacHa nikapHs Kipoorpagcbkoi obnacHoi pagn” Ta ixHix KniHiYHUX XapakTepucTuk (X;—X,s) nikapi 3amornuv Bcta-
HOBMWTU PiBHI pM3KKy ANs nikyBasnbHOI imnnaHTauii. Byno BugineHo 5 piHiB puanky. NMpoaHanisayeMo OCHOBHI XapaKTepPUCTUKN
ANA rpagauii Ha rpynu 3a piBHAMU PU3KKY.

0 (BiACYTHIiN puank). IMOBIpHICTL po3BUTKY YCKnaaHeHb MiHiManbHa. Hacnigku HeaHauHi Ta nerko koHTponsoBaHi. Mpo-
ueaypa iMnnaHTauii BBaxkaeTbcst 6e3neyHoo. basosi kputepii: Moxxe ByTu rinepeMisi B HUXKHI TpeTuHi cTpaBoxoay abo rine-
pemisi B cybkapaianbHii ginsHui WwWnyHka; 4OBXUHA NponabyBaHHs MeHLUe 2 CM; BiACYTHICTb AedeKTiB Cnn3oBoi.

1 (HM3bKMN pu3uK). IMOBIPHICTL ycknagHeHb MiHiManbHa. Hacnigkvm HesHauyHi, 4obpe koHTponboBaHi. [poueaypa im-
nnaHTauii 6esnevHa, noTpibHe nNuwe ctaHaapTHe cnocTepexeHHs. basosi kpuTepii: Moxe ByTu rinepemis B HWXKHIA TPETUHI
CTpaBoxoay i/abo rinepemia B cybkapAianbHin 4ingHui WyHKa; OBXMHA NponiabyBaHHA He NepeBuLLyEe 2 CM; MOXYTb ByTu
aedeKkTn CnM3oBoi Y BUMMSAI eposilt, MOKPUTUX PIOPUHOM.

2 (cepeHin pu3uk). IMOBIpHICTb ycknaaHeHb NoMipHa. HacnigkvM KOHTponboBaHi, 0gHaK pEKOMEHA0BaHE A0TPMMaHHS
JieTn, pexnMy xapvyBaHHS Ta NocuIeHe KniHiYHe cnoctepexeHHs. basosi kpuTepii: Moxe ByTu rinepemisi B HVKHIN TpeTUHI
cTpaBoxogy i/abo rinepemis B cybkapaianbHiv AinsHui WnyHKa; AOBXWHA nponabyBaHHA He nepeBuLlye 3 cM; MOXyTb OyTu
AedekTn cnu3oBoi y BUrNaAi eposin Ta/abo BMpasok, NOKpUTux ibpuHoMm.

3 (BMCOKMIA pn3uK). IMOBIPHICTb YCKNaaHeHb niaBulleHa. Hacnigky kniHiYHO 3HauyLli, NoTpebyoTb NOCUNEHOro Meamy-
Horo Harnsagy. lNMpoueaypa iMnnaHTauii 4onyckaeTbCa nuile nicna peTenbHOI ouiHkn. basosi kpuTepii: gosxunHa nponaby-
BaHHs He nepeBullye 3 CM; MOXyTb OyTn gedekTn cnvms3oBoi y BUrMsAi eposin Ta/abo BMpasoK, MOKPUTUX reMaTMHOM.
KombiHauii "rematuh" nigHiMaloTb pusnK 40 BUCOKOTO He3anexHo Bif rinepemii UM Habpsiky.

4 (KPMTUYHUI PU3KK). IMOBIPHICTb yCKNagHeHb BUcoka. Hacnigku moxyTe 6yTn HebesneyHumu ans xutTsa. MNpoueaypa
iMnnaHTauii He pekoMeHZoBaHa, NoKM pu3nkn He ByayTb ycyHeHi abo 3MeHLweHi. Ba3osi kpuTepii: AoBXnHa nponabyBaHHSA
GinbLie 3 cm; MOXyTb ByTM AedeKTn Crnn3oBoi Y BUrNagi eposint Ta/abo BMpa3ok, NoKpUTxX ibpMHOM i remaTnHOM.

3ayBaxumo, WO TyT HaBeAeHi KMNYoBi MapKepu Woao rpagauii 3a rpynamv pusmky. Jlikapi BpaxoByBanu BeCb CMEKTp
3a3HaYeHMX NOKa3HUKIB X;—Xs.

2. BupineHHs nateHTHUX (pakTOpiB METOAOM rOfIOBHMX OCEN

Ockinbku KinbKiCTb 3MiHHUX OyXXe BENUKa, a TakoX Aesika YacTuHa 3MiHHUX MICTUTb MOOAMHOKI 3HaYeHHs1 (€ npobnema
PO3pigKEHMX AaHNX), TO AN 3HAXOKeHHS MoAeni, Wo 6yae BinobpaxaTtu piBHI pu3nky, NpoBeAeMo hakTOPHWUI aHari3 3MiH-
HUX X;—X;5 | BA3HAYMMO NaTeHTHi pakTopu, siKi MOSICHIOTb OCHOBHI 3aKOHOMIPHOCTI B AaHMX | 3MEHLUYIOTb KiflbKICTb 3MiHHUX,
3anuwianym MakcumMarnbHO MOXIUBY iHCpopMalLito.

OTxe, 4NA CNOCTEPEXYBaHUX p 3MIHHUX X;—X;5 MpuUnyckaemo, Lo icHye m (m < p) naTeHTHUX dakTopiB Fy, Fy, ..., Fy,,
Taki, Lo KoXXHa 3MiHHa Moxe OyTu nNpeacraBneHa sik:

X] = j1F1+Aj2FZ ++Aijm+€], ] = 1,..,15, (1)
€ Ajx — aKTOpHi HaBAHTAXEHHS, L0 MOKa3yrTb, HACKINbKK X; NoB'AsaHa 3 hakTopoMm Fj; & — yHikaribHa YacTuHa 3MiHHOT
X;, AKY (pakTOpy HE NOACHIOTb.

Bynemo BukopuctoByBaTu MeTof rofnioBHux ocer (Principal Axis Factoring, PAF), Lo He BUMarae npunyLleHHsi Npo Hop-
ManbHui posnogin aaHux (Finch, & French, 2019; Yong, & Pearce, 2013). Lle po6uTb 1ioro npveabnvMemm BUGOPOM, KOMM
AaHi He BignNoBigalTb yMOBaM HopMarnbHOCTI. [opiBHSIHO 3 METOAOM MakcuManbHOI NpaBgonoAibHOCTI, Wo noTpebye Hop-
ManbHoCTi gaHnx, PAF € GinbLu rHy4kuM i CTIiKMM A0 NOpYLUEHb L€l yMOBM.

Mepwmm KpOKOM 3a3HavyeHoro MeTody € cTaHAapTu3auis 3MiHHUX Yepes3 cepefHi 3Ha4YeHHs Ta CTaHAapTHI BiOXUNEHHS
3MiHHUX

Zij = S_j' L= 1, 558, ] = 1, 15,
Ae Z;; — cTaHAapTM30BaHe 3HauY€HHs 3MIHHOT j And i-ro naujieHTa; )?] — CcepefHe 3HaYeHHs 3MIHHOT X;; s; — cTaHaapTHe Bia-
XWUSEHHS 3MIHHOT X;.

Lie 3aGesneyye, Wo BCi 3MiHHi MatoTb E(Z;) =0, Var(Z;) = 1.
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Hani 6yayemo matpuLto kopenauiit R = [1jx]pxp, ENEMEHTM AKOT BUSHAYAEMO Tak:
T)’k = M, ],k = 1, .. 15.
Sjsk
[nsa 6iHapHMX 3MiHHUX KoedilieHT kopensuii MNipcoHa YncenbHO 36iraeTbest 3 KOeMILIEHTOM KOHTUHIEHLUIT @, SKUIA BUKO-
PUCTOBYEMO AN OLiHIOBAHHSA 3B'A3KYy MiX GiHapHMMK 3MiHHUMM (Akoglu, 2018), ToMy 3acTOCyBaHHSA CTaHOAPTHOI MaTpuLi
kopensiyin y SPSS (Statistical Package for the Social Sciences — ctatucTuyHe nporpamHe 3abe3neyeHHs Ans couianbHUX
HayK) KOPEKTHE HaBiTb 3a 3MiLlaHNX TUMIB 3MiHHUX.
Y maTpuyHin copmi 0OCHOBHY chakTopHy Moaenb Ans BCiei BUBIpKM 3anmMcyemMo sk:
Z=FN +E,
ae Z — matpuusa cTaHgapTU30BaHUX 3MiHHUX PO3MIpHOCTI n X p; F — maTtpuusa daktopHux 6aniB (naTeHTHUX akTopis) pos-
MipHOCTi n X m; A’ — TpaHCNOHOBaHa MaTpuLs PaKTOPHUX HaBaHTaXeHb PO3MIPHOCTI m X p; E — MaTpuus yHiKanbHWUX 3anu-
LLKIB PO3MIPHICTIO n X p.
[Ins KOXXHOro OKPEMOro CNocTepexeHHs (NauieHTa) Le piBHAHHA Mae BUrMsAa:
zi=ANf;+¢, i=1,..n,
[€e z; — BEKTOp CTaH4apTM30BaHUX 3MiHHUX ANS i-ro NauieHTa; f; — BEKTOP 3HAaYeHb NaTeHTHUX haKTopiB; & — BEKTOp 3anu-
LLIKOBUX MOXNOOK.
PAF pospaxoBye Taki (hakTopHi HaBaHTaxeHHs A = [A;;], Wo6 KoBapiauiiiHa CTPYKTypa 3MiHHWUX 3a40BOSIbHANA PIBHICTb:
R=AN+1,
ae AN’ — gucnepcisi, nosicHeHa nateHTHUMK haktopamu; U = diag(yy, ..., P,) — AiaroHanbHa MaTpuLs YHIKanbH1X gucnepcin,
TOOTO 3anuLLKIB, LLIO HE NOSICHIOLTLCSA bakTopamu.
Ansa KoXHOT 3MiHHOT X; 0B4MUCNIoEMO 3aranbHy AMCMEPCito 3MIHHOT, NOSACHEHY hakTopamm h?, T06TO YacTky aucnepcii

3MiHHOI, NOSACHEHOI BUAINEHNMY hakTopamu:
m
2 _ 2
W= %
k=1

Y naketi SPSS pospaxosyemo Initial (noyaTkosi) i Extraction (BuaineHi) hjz. Bucoki 3HaveHHs hj2 (hj2 — 1) o3HayvaloThb, WO
thakTopun DO6PE NOACHIOIOTL 3MiHHY X;.

MeTon PAF Bigwykye Taki bakTOpHi HaBaHTaXeHHs A, o6 3BeCT! 40 MiHIMYMYy Pi3HULIO MK eMMipUYHOI MaTpuLeto
KopenAuin Ta ii chakTopHoto anpokcumauieto (AA’ + ). Ha npaktuui ue aocaraetbes itepauinHo. MovaTkoBi 3HAYEHHS ;
3apalTb K 1 — hjz. 3 maTpmui R — Y 064MCrIIoI0TL BNacHi 3Ha4eHHs Ta BnacHi Bektopu. POpMytoTbCS HOBI HABaAHTaXXEHHS A
i3 BNacHMX BEKTOPIB, LLO BiAMOBiga0TE HANBINbLUMM BNAaCHUM 3Ha4Y€HHsIM. [1poLiec NOBTOPHOETLCA AO0TH, LOKU 3MiHU hj2 CTa-
HYTb HE3HAYHUMWU.

[ns nonerweHHs iHTepnpeTauii pe3ynbTaTiB ckopuctaemocs Mmetogom obepTtaHHsa Oblimin i3 Hopmanisauieto Karisepa.
Lie meToq Aae dakropam MOXNMBICTb BYTU KOPENbOBaHNMMU, WO BAXINMBO AN KNHIYHMX 03HAK, siKi MOXYTb OyTu B3aemo-
noe'si3aHi. Takoxk akTOpPHI HAaBaHTaXEHHsI Nicns 0bepTaHHs nerile iHTepnpeTyBaTn, BOHM YiTKO NOKa3ytoTb, sSIKi 3MiHHI BXO-
OSTb 4O KOXHOMO NTaTEHTHOro dhakTopy.

Micns obepTaHHs

AN = AT,
ae T —wmatpuus obepTaHHs, WO CrpoLLye CTPYKTYPY haKTOPHWUX HaBaHTaXeHb TakUM YMHOM, LLO KOXKHa 3MiHHa Mae cyTTeBe
HaBaHTaXXEHHS Ha oaWH dhakTop.
KpuTepiem npugatHocTi AaHux ansa daktopHoro aHanisy € tect Kansepa — Menepa — OnkiHa (KMO), Wwo BUMIpIOE Npo-
nopu;ito aucnepcii 3MiHHNX, Ky MOXHa NOACHUTU chinbHUMK bakTopamu. KMO o64mcnioemo 3a (hopmMyroto:
_ YjekThe _ rik
kMO = Tjek et jer i Pjke = _m ’
ne /¥ — enemeHT 06epHeHOT MaTpuLii kopensilii R™*; /7, rk* — niaronankbHi enemeHTn R™1, Wo BignoBifatoTh 3MiHHUM X, Xj.
3HaveHHs KMO 6nusbke Ao 1 BKadye Ha BUCOKY NpuAaaTHICTb AaHWX ANs (hakTOpHOro aHaniay.

TecT cchbepuyHocTi BapTneTTa nepeBipsie rinotesy nNpo Te, Lo KopensuiiHa MaTpuusa 3MiHHUX € OAVHUYHOK, TOGTO 3MiHHI
He KopenboBaHi Mixk cob0t0. TeCT € BaXXnNUBMM Nepef 3acTOCyBaHHAM )akTOPHOro aHanisy, OCKiNbK/ 3Ha4yHa Kopensuis Mix
3MiHHMMM — HeOOXigHA yMOBa 4118 BUAINEHHSA NaTeHTHUX cakTopi. CTaTUCTUKy KpuTepito bapTneTTa po3paxoByemo Tak:

2= (n —1- Zp;- 5) In(det(R)).

Akwo B SPSS p-3HaveHHs TecTy bapTneTtTa MeHLue obpaHoro piBHS 3HaYyLLOCTi, TO FiNOTE3y NPO OAMHUYHICTE KOpensi-
LiHOT MaTpuLi BiAXUNAOTb, O CBIAYMTb NPO HaSIBHICTb 3HAYYLLMX KOPensLUii MK HAMU.

MpoaHanisyemo getanbHO pe3ynbTati akToOpHOro aHanisy Ans Hawoi mogeni. 3 Tabn. 1 BUAHO, WO onNTUManbHa Kinb-
KicTb pakTopiB AopisHioe 3. 3rigHo 3 kpuTepiem Kansepa, y Mmogeni 3anuwatoTb nuwe Ti hakTopu, BNacHi 3Ha4YeHHS SKNX
nepesuytoThb 1 (Statistics Solutions, n. d.).

3 1abn. 1 BMaHoO, WO nepLui TpM akTopy MatoTb BNACHi 3HaYeHHs: A; = 6,143; A, = 2,862; 43 = 1,516, Wo pa3om nosic-
HI0OTb NpMbnnsHo 70,1 % 3aranbHoi ancnepcii BUXigHMX 3MiHHUX [0 06epTaHHs. IMicns ob6epTtanHs Oblimin i3 Hopmanisauieto
Kalisepa cymapHa nosicHeHa gucnepcist cTaHoBUTb 64,6 %, WO € NPUAHATHUM pe3ynbTaToM Ans meauko-6ionoriyHux gocni-
OXXeHb, e 3MiHHI MaloTb cknagHy 6aratoBUMipHY npupoay.

Bnbip came Tpbox chakTopiB 4OAATKOBO MiATBEPOXYETHCA rpadhikom kam'aHucToro ocuny (scree plot) (puc. 1), Ha skomy
YiTKO cnocTepiraemo "nepenom" mMix TpeTim i YeTBepTUM dakTopamu. [icna TpeTboro akTopy BracHi 3Ha4YeHHs Pi3ko 3me-
HLUYHOTbCS Ta HAbNMMXKaTLCA A0 HyMs, WO CBiAYMTb NPO HE3HAYHWUIA BHECOK HACTYMHUX (DAKTOPIB Y NMOSICHEHHST AUCMEPCil.
OTxe, pilLEHHSA NPO BUOKPEMIIEHHSA TPbOX NAaTEHTHNX (DAKTOPIB € TEOPETUYHO Ta CTAaTUCTUYHO OBI'PYHTOBAHMM.
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Ta6bnuys 1
MosicHeHa gucnepcis dakTopiB 3a pe3ynbTaTaMu hakTOPHOro aHanisy MeTogoM rorioBHMX ocen
. . Micnsa BuAineHHs: Micnsa obepraHHsA:
MoyaTtkoBi BnacHi uucna - X *
®dakTop cyMma KBaapaTiB HaBaHTaXeHb cyMa KBagpaTiB HaBaHTaXeHb
3aranbHe | % aucnepcii | KymynatueHo, % | 3aranbHe | % aucnepcii | KymynatusHo, % 3aranbHe
1 6,143 40,952 40,952 5,864 39,093 39,093 5,390
2 2,862 19,079 60,030 2,629 17,527 56,619 2,833
3 1,516 10,106 70,136 1,196 7,972 64,592 2,663
4 0,900 6,001 76,138
5 0,760 5,064 81,202
6 0,711 4,741 85,944
7 0,641 4,274 90,218
8 0,427 2,849 93,067
9 0,338 2,253 95,320
10 0,240 1,602 96,921
11 0,183 1,221 98,142
12 0,129 0,860 99,003
13 0,077 0,516 99,519
14 0,067 0,449 99,969
15 0,005 0,031 100,000

Mpumimku: 1. MeTop BuAiNeHHs — MeTos ronoBHUX oceli (PAF). 2. MoaHauka (™) o3Havae, Lo Konu akTopu KopenboBaHi, To Cymu
KBagpaTiB HaBaHTaXeHb He MOXKHa Aof4aBaTV ANS OTPUMAaHHS 3aranbHoi gucnepcii.

BnacHe sHaveHHA

0 < —

1 2 3 4 5 6 7 8 9 10 11 12 13 14 15
Homep cakTopy
Puc. 1. I'padik kam'aAHucToro ocuny (scree plot)

Ha ocHoBi kopensuiiHoi maTpuui Ta Tabnuui h]-2 (Tabn. 2) MOXeMo 34iNCHUTY KNiHIYHY iIHTepnpeTaLiio BaXnMBOCTi noyaT-
KOBUX 3MiHHUX X;—X;s Ha BU3HAYEHHHA PAKTOPHUX 3MIHHUX F;—F;.

Tabnuys 2
3aranbHi gucnepcii 3MiHHUX, NOsICHEHi pakTopaMu, Ta KniHiYyHa iHTepnpeTauif 3MiHHUX y paKTOPHOMY aHanisi
Mpepukropu| Mouatkosi hf BupineHi h,z KniHiyHa iHTepnpeTauis :I_':_;":;
X 0,732 0,454 JNlokanbHe 3ananeHHs, nos'a3aHe 3 aHaTOMIYHUMMW 3MiHAMK CepegHin
(Bu1coTa cpiHkTepa, AOBXMHa nponabyBaHHs)
X, 0,712 0,678 Knacnynuni cumntom MEPX, kopentoe 3 gedekramm crnm3oBoi Bucokui
X3 0,787 0,649 Kntoyosui cumntom FEPX, NOB'A3aHWIA i3 TAXKMMUW ypaKEHHAMMN Bucokuw
X, 0,910 0,922 Knto4oBuii eHAOCKOMIYHNIA MapKep, KOPENioe i3 cMMNToMamMm Bucokuw
Xs 0,763 0,915 AKTMBHE ypaXKeHHs!, NOB'sI3aHe i3 CUMMNTOMaMM, aHATOMIEI Ta KYPiHHAM Bucokun
X, 0,175 0,083 PigkicHe ypaxXeHHsi, KriHiYHO ManosHavylLue Hun3bkun
X5 0,715 0,639 TSOKKI ypaXKeHHs, NOB'A3aHi i3 CUMNTOMaMmn Ta CTPYKTYPHUMU 3MiHaMK1 Bucokui
Xg 0,255 0,199 ManocneumndiyHe, pigkicHe ypaXeHHsi Hunsbkumn
Xo 0,795 0,711 AnatomivHuin mapkep FEPX, Bigobpaxae TSxXKICTb pedrokcy Bucokuw
X10 0,878 0,897 MexaHiqHunn 6ap'ep NpoTv pedritokCy, MOB'A3aHUN i3 JOBXKMHOK NponabysaHHA Bucokuw
X1 0,987 0,858 OCHOBHWIA @HAaTOMIYHMIN MapKep TSXXKOro pedrtoKcy Bucokun
X5 0,991 0,977 Mapkep Tsxkoro pedokcy, NoB'a3aHui i3 giadparmManbHUM 3BYXKEHHAM Bucokun
X3 0,966 0,623 MexaHivyHe 3Ha4YeHHs, BTOPUHHUI MapKep Bucokui
X4 0,533 0,519 Moka3HWK 3ananeHHsl, acouinoBaHWN i3 CUMNTOMaMMU i CTPYKTYpPOIO CepegHin
Xis 0,608 0,564 PaKkTop pU3MKy, MOCUNIOE CUMNTOMU N YPaXKEHHS CNM30BOI CepegHin
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3rigHo 3 HaWWM pe3ynbTaTtoMm, 3Ha4yeHHs KMO = 0,740 (tabn. 3). Lle cBiguntb Npo 3Ha4yHe nepekpuTTs iHdopmauii Mix
3MiHHMMM Ta HasiBHICTb cepeHbOi YacTKoBOI kopensuii. OTxe, npoBeAeHHS hakTOPHOro aHanisy € Linkom obrpyHToBaHUM.
IHWK1MK cnoBamu, BUOIpKa i CTPYKTYpa AaHUX AalTb 3MOTy BUOKPEMUTU NaTeHTHi baktopu. 3a TectoM cchepuyHocTi BapT-
nettap = 0,000 < 0,05, TOX rin0OTE3y NPO OANHWUYHY KOpEnsALUinHy MaTpuuto Bigkmgaemo. Lle o3Havae, wo 3miHHI B3aemo-

noB'a3aHi, i PakTopHUI aHani3 AoLuiNbHUA.

Ta6bnuys 3
KpuTtepii npuaaTtHocTi gaHux ansa dakropHoro aHanisy (KMO Ta Tect chepuuHocTi Baptnerra)
Cratuctuka kputepiro KMO 0,740
TecT chepuuHocTi BapTnetra Xi-kBagpaTt cTratucTuka 8597,565
CryneHi cBoboam 105
PiBeHb 3HavyLocTi (p) 0,000

Ha ocHoBi Tabnuui pakTopHux HaBaHTaXkeHb Ans 15 KNiHiYHMX 3MIHHUX METOAOM rofioBHMX ocel 3 06epTaHHsM Oblimin
BUAINUMO NaTeHTHi bakTopu Ta Hagamo iX 3MICTOBHY iHTeprnpeTaLito (B AyXKKax 3a3HayaTMMeMO (hakTOpHi HaBaHTaXXeHHS
KNiHIYHMX NOKa3HUKIB).

daktop 1 — F; "KniHiyHi Ta MopdonorivHi o3Haku MEPX" oxonnioe Taki NoKasHWKN: NOKa3HWK AiadparmanbHOro 3BY)XEeHHS
(0,830); HasBHiCTb BMpa3ok, NokpuTux gibpmHom (0,780); nokasHuK poaTalyBaHHs Z-niHii (0,748); ckaprv Ha Big4yTTS pery-
pritauii (0,730); HasBHicTb AedekTiB cnn3oBoi 3a Jloc-Angxeneckkoto knacuadikauieto (0,729); kypiHHa (0,598); ckaprun Ha
neuvito (0,592); rinepemisa B HWXHi TpeTuHi cTpaBoxoay (0,572); HasiBHICTb BUPa3oK, NOKpUTUx rematuHom (0,438).

dakTop 2 — F, "AHaToMO-(pyHKLiOHaNbHi MOKa3HWKM CTPaBOXOAY" OXOMNMIOE Taki MOKa3HWKN: BUCOTa BEPXHLOIO CTPaBOXi-
AHoro capiHkTepa (— 0,870); nokasHuk JOBXMHK NponabyBaHHs (— 0,783); nokasHWK BUCOTU NponabyBaHHSA LUSyHKa y CTPaBo-
xig abo kapgianeHy ginaHky (0,698); HasBHICTb rinepeMii cnM3oBoi B cybkapaianbHin ginaHui (0,635).

dakTop 3 — F; "EpO3MBHI ypaXKeHHsi CrTM30BOI" OXOMNMIE TaKi MOKa3HUKN: HAsBHICTb eposiii, nokpuTux didpmnHom (0,973);
HasIBHICTb epo3ii, MoKpuTKXx rematuHom (0,256).

Micnst o6epTaHHsi po3paxoByemMo hakTopHi 6any Ons KOXXHOro CrocTepeXeHHs. Y Hallomy Bunagy ue oyae:

fil'fiZ’fi3' i= 1, ...,558,

ae fi;1 — baktopHuin 6an ans dakropa 1 "KniHiyHi Ta MopdonoriyHi o3Haku FEPX"; f;, — daktopHuin 6an gnsa dakropa 2
"AHaTOMO-DYHKLIiOHaNbHi MOKa3HUKK cTpaBoxoay"; fiz — dakTopHun 6an anga dakropa 3 "Epo3vBHi ypaXKeHHs crim3oBoi”.

dakTopHi 6anu fj;, Ans KOXKHOrO CNOCTEPEXEHHS i Ha haKTopi k po3paxoByeEMO K 3BaKeHy KOMbiHaLilo cTaHOapTU30Ba-
HUX 3MiHHUX:

fik = W1 Ziy + WopZip + -+ WpiZip,

Ae wj, — koedilieHT Baru Ana 3MiHHOT Z; Ha dakTopi Fy,.. Bary B nakeTi SPSS 0641cnioemo MeTohom perpecii, e qakTopHi
6anu — ue Halikpalla ouiHka akTopiB 3a MiHIMYMOM cepeaHbOKBaApaTUYHOI NOXMUOKN.

Hani obumcnioemo kopensuinHy maTpuuto dakTopHux 6anis:

TFFy = w' jok =123,
Cfij'Fk
Ae Cov(F;, Fy) — KoBapiauist Mix paktopamu F; Ta Fy; OF;» OF;, — CTaHAapTHI BigXuNeHHsi hakTopHux Ganis BianoBiaHO.
Y Tabn. 4 HaBeAeHO MaTPULIO BiOMNOBIAHMX (PAKTOPHUX KOPENSILLN.

Ta6nuys 4
MaTtpuus drakToOpHUX Kopensuin
®PakTop 1 2 3

1 1,000 —0,149 0,288

2 —0,149 1,000 — 0,001

3 0,288 —0,001 1,000
MosagiaroHanbHi eneMeHTy B Tabn. 4 NokasyloTb B3aEMHyY Kopensuito Mixk daktopamu: F; i F, (r = — 0,149) — cnabka
HeraTMBHa KOpensiLis; Mamxke He3anexHi; F; i F; (r = 0,288) — cnabka no3nTuMBHa KOpersiLis, Aesike NepeTuHaHHS 03Hak;

F, i F3 (r = —0,001) — npaKkTU4HO BiACYTHS KOpensuis, (akTopy He3anexHi.

KiHueBa cdopma daktopHoi mogeni (1), Lo nokasye, SK KOXHa 3MiHHa pO3KNnaaaeTbCs Ha BNAMB (PakTopiB Nc 3anui-
KOBY YacTWHY, Mae BUMMSA;
X1 =-0130-F, +0,635-F, + 0+ F3 + ¢;;
X3 =0,730+F, — 0,217 - F, + 0 F3 + &3;
Xs=0-F,+0-F, 40973 F; + &s;
X, =0,780-F, — 0,153 F, — 0,373 - F3 + &;;
Xy = 0,748+ F; 4+ 0,303 - F, + 0,201 - F; + &g;
X1, = 0,830 F, + 0,359 F, + 0,192 F; + &,5;
Xi3=0-F, —0,783F, +0F; +¢&3;
Xi5=0,598F, +0-F, + 0,301 F; + &.
Omxe, Tpy BUZINEHi hakTopm nepeBakHO He3anexHi i BigobpaxatoTb pi3Hi aCneKTH KNiHIYHMX 3MiH Yy NauieHTiB.
3. NMo6yaoBa 1 ouiHka Moaeni KateropianbHOI perpecii pusunky
Mepengemo Big 15 KNiHIYHUX NOKa3HMKIB Pi3HOro TNy i Npupoan Ao 3 akTOPHUX 3MIHHMX, LLIO NMOBHO Ta 3Ha4vyLLo OXOon-
NoI0Tb AaHi NokasHWKWM. Ha oCcHOBI OTpMMaHUX TpbOX aKTOPHUX 3MiHHMX NOByAyeMO MoAenb KaTeropianbHoi perpecii, sika
AacTb MOXNMBICTb KnacudikyBaTh NalieHTIB 3a PIBHAMU pU3WKY NS MiKyBanbHOI iMnnaHTauii.

X, =0592F, —0,182-F, + 0,369 - F; + £5;
Xy =0729F, — 0,258 F, + 0,347 - F3 + &,;
Xe=0-F +0-F,+ 0,256 F; + £;
Xg=0438-F, +0-F, — 0,202 F; + &;
X10=0,133-F, — 0,870 - F, + 0,260 - F5 + &;;
X3 = 0,698 F, 4+ 0,729 - F, + 0,188 - F5 + &;5;
X4 =0,572-F, — 0,186 - F, + 0,226 - F5 + &4
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KateropianbHa perpecis (B8 SPSS: Optimal Scaling Regression / CATREG) — ue y3aranbHeHHs niHiliHOi perpecii, wo gae
3MOry BUKOPWUCTOBYBATM 3MilLiaHi TUNWU 3MiHHWUX: KiNbKiCHi, NOpsiAKoBi, HOMiHanbHI. MNepen nobyaoBoto perpeciiHoi Mogeni
BMKOHYETbLCS ONTUMAIbHE LUKanioBaHHA: KOXHI HOMiHanbHin abo NopsaKoBiin 3MiHHIA NPUCBOTL ONTUMAarbHi YCNOBI 3Ha-
YeHHS, SKi MaKCUMIi3Y0Tb MHOXWUHHY KOPensLilo MiX NpeamMkTopamm Ta 3anexHor0 3MiHHOH.

3ayBaxumo, L0 3anexHa 3MiHHa y Hac nopsakoBa (MOXNIMBO Ti TaKOX BU3HAYaTW SIK HOMiHanNbHy) N y Hel HasfBHI Taki
KaTteropii puauky: 0 (BiACYTHIN pu3unK); 1 (HU3bKMI pU3KK); 2 (CepeaHin pu3nk); 3 (BUCOKUI pU3KK); 4 (KPUTUYHWUI PU3KK). [HLLI
3MiHHi — KiNbKICHi — Lie (paKTOpHi HaBaHTaXeHHs AN TPbOX akTopiB.

Mincymyemo: Y € {0,1,2,3,4} — ue nopsgkoBa 3MiHHA; HE3aNEXHi 3MiHHI — KinbkKicHi pakTopHi 6anu (naTeHTHi dhakTopwm),
AKi MW OTpMManu i3 akTopHOro aHanisy: F;, F,, F;.

Topi kaTeropianbHa perpeciiHa Mofesb y HaloMy BUNadKy MaTumMe BUMMSL:

YY) = Bo + P11 (fr) + B2 (f2i) + Bads(fai) + &, i=1,..,m,
ae 1:{0,1,2,3,4} » R — MOHOTOHHA @YHKLiS ONTUMAsNIbHOIO LUKarBaHHS 3anexHoi 3MmiHHOI (36epirae nopsaok):
Y(0) < P(1) <yP2) < Y(3) <P(4); ¢;:R>R — dyHKUIA ONTUMAnNLHOIO LIKAMIOBaHHA j-ro npeawkropa (j = 1,2,3);
Bo, B1, B2, B3 — KoediuieHTn perpecii; &; — Bunagkoa noxmbka 3 E(g;) = 0.
KoeiuieHTu Sy, f1, B2, 3 Ta TpaHcdopmauii i, ¢4, ¢, ¢3 BU3HAYAKOTLCA LWNAXOM MiHiMi3aLii cyMu KBagpaTis 3anuLuKiB:
n 3 2

BoBuBaBabibs b ; Y=o ]Z Bi®i ()

B anropuTtmi BUKOPUCTOBYEMO HabnmkeHHs1 Yepes anckpeTtusadito (IBM, n. d.):

K;j
o;(fii) = Z el (fi € ),
k=1

Ae I — iHTepBanu (rpapauii) sHadYeHb haktopa Fj; ¢, — ONTUMAanbHi YMCIIOBI KOEMILIEHTU WKanu AfiA KOXHOT rpaaauii;
1(fj; € Ij) — iHanKaTopHa yHKUiA (1, AKWO fj; HaneXUTb inTepBaty [y ).

3peLwToro PopMyTbCS HOBI 3MiHHI:

=9, fi=¢;(fi) J=123
Mogenb y NpocTopi WKanoBaHUX 3MiHHUX Mae BUrMSA MiHIMHOT perpecii:
Yr=Bo+ B flit B2 fai +Bsf3i + & 2)

BignosigHo, ; — NpypicT 04ikyBaHOTO LIKANIOBAHOTO iHAEKCY PU3NKY Y™ 38 OAUHUYHOTO NPUPOCTY F;' B yMOBax (ikCoBaHUX

iHLUMX NPeAMKTOPIB. 3HaK f; BU3HAYaE HaNPsAM BrNvBY (HakTopa Ha LIKaroBaHUi PUSKK, @ MOAYIb — BIHOCHY CUITy BIUIUBY.

Ta6nuysa 5
MapameTpu sikocTi Mmoaeni kaTeropianbHOI perpecii Ans 3anexHoi 3amiHHoiI "pyna pusuky"
MHOXWHHUI R R? CkopurosaHuin R> CepefHA KBagpaTU4yHa NOMUIIKa NPOrHO3y
0,926 0,858 0,857 0,142

MHOXMHHWIA KoeiLiEHT kopensuii MK (dakTUYHMMK | NPOrHO30BaHNMM 3HAYEHHSIMU 3aneXHOoI 3MiHHOT "pyna puamky"
R = 0,926 cBiguMTb NPO OyXe cUnbHUI 3B'A30K. KoedilieHT aetepmiHauii R? = 0,858 o3Havae, wo 85,8 % Bapiauii "Mpyna
PV3MKY" NMOSICHIOETLCA Mogenmo. CkopurosaHuin R = 0,857 3 NOMNPaBKO Ha KiNbKiCTb NPEAVKTOPIB i po3mip BUBIpKK Maibke
Takuii camuit, ik R%, To6T0 Mofienb He HaaTo yCKnadHeHa.

Ta6nuys 6
Pe3ynbTatu aHanisy aucnepcii (ANOVA) ans Mmogeni kateropianbHoi perpecii 3anexHoi 3MiHHOi "pyna pu3uky"

Dxepeno Cyma kBappartiB CTtyneHi cBo6oau CepepHin kBagpat F-kpuTepin PIBe(I;)b_S:Z‘l?l’:.)lOCTI
Perpecis 476,376 5 95,275 665,264 0,000
3anuuiku 78,624 549 0,143

3aranbHa 555,000 554

3 T1abn. 6 BMAHO, WO MoAENb 3HAYYLLO NOSCHIOE 3MiHHY Y — "pyna pu3uky", ockinbku p — value = 0,000. OTxe, MMOBI-
PHICTb TOro, WO MoAenb Bunaakosa, meHwa 0,001.

CraHpgapTmsoBaHi koediuieHTu (Tabn. 7) nokasyroTb CUMy Ta HAaNpPsIMOK BNNBY NPeauKTopiB: F; Mae HEBENUKMI NO3UTU-
BHUI BNnuB (+ 0,126); F, — oy>xe cunbHWii HeratueHuii Bnnue (— 0,857); F; — HeBenuKMi no3ntmueHui Bnnue (+ 0,164). KoxeH
KoediuieHT cTaTucTnyHO 3Hadvywmii (p-value < 0,001). BignoBigHO HacUnbHIWKMIA NpeankTop F,, WO CBig4MTb Npo Te, Wo
3MiHHiI, SIKi NO4aTKOBO ChopmyBanu 3asHavyeHUn akTop, HaUCUmbHILLE BNANBAKOTh HA BUSIBIIEHHS PIBHA PU3WKY ANSA NiKy-
BanbHOI iMnnaHTadil. MpoTe 3ayBaxxmmo, Lo BCi hakTOpu 34iACHIOITL CYTTEBUI BNNNB Ha 3anexHy 3MiHHY HaBiTb Ha PiBHI
3HauywocTi 0,001.

Tabnuys 7
CraHpapTM30BaHi koedillieHTU Ta cTaTUCTMYHA 3HAYYLWiCTbL NPeAUKTOPIB Moaeni KaTeropianbHOI perpecii Ans 3anexHoi 3MiHHOI
"lpyna pu3uky"

Mpeaukrop Betacm"‘g&:‘:‘(?;?:;::ﬁ:;}'fl:::'sm CTtyneHi cBo6oaun F-kputepin PiBeHb 3HauywocrTi (p — value)
F, 0,126 0,028 2 20,869 0,000
F, -0,857 0,021 1 1681,605 0,000
Fy 0,164 0,033 2 25,502 0,000
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BignosigHo Hawy mofens kaTeropianbHOI perpecii MoxHa 3anucatu y Burnagi (2):
Y =By +0126- f; — 0857 f,; + 0,164 f3; + ¢;.

Y Tabn. 8 HaBeAeHi BaXNMBi XapakTEPUCTMKN KaTeropianbHoi perpecii. HynboBa Kopensauis — ue npocTta Kopensuia Kox-
HOro NPeAMKTOpPA i3 3aNeXHOK 3MiHHOI, 6€3 KOHTPOIHO 3a IHLWMMK NpeauKTopamMu. YacTkoBa kopensuis — Kopensuis npeau-
KTOpa i3 3anexHol0 3MiHHOK, ypaxoByuM BNAUB iHWNX NpeaukTopiB. HaniByacTkoBa kopensuis: y ubOMy BUMNAAKy BMAAVB
iHLWMX NpeauKTopiB BUMYyYaETLCA NULLE i3 NpeaukTopa, a He i3 3anexHol 3MiHHOI. BHecok o3Haku — Le nokasHuK, Wo Bigo-
6pakae "Bary" npegukTopa nicns onTUManbHOro LUKanioBaHHS y KaTeropianbHin perpecii. Moka3Huk MynbTUKoniHeapHOCTi 3i
3HayeHHsaM < 0,1 cBigYUTb MPO CUMbHY MyMbTUKOMiIHEeapHicTb (Liao, 2019).

Tabnuys 8
Kopensuii, BHecok NnpeAuKTOPIB Ta NOKa3HUKN MyNnbTUKONiHeapHOCTI ANs MoAeni KaTeropianbHoi perpecii
(3anexHa 3miHHa "lpyna pusuky")

Kopensuis lNMoka3HUK MynbTUKOSliHEapHOCTI
n BHecok -
Mpeaukrop HynboBa YacTkoBa HaniByacTkoBa Micna Do

N ] . npeaukTopa
Kopensuis Kopensuis Kopensuis TpaHcdopmaluii | TpaHchopmauii

F; 0,255 0,311 0,123 0,037 0,961 0,823

F, — 0,906 -0,911 -0,831 0,905 0,939 0,886

F; 0,300 0,393 0,161 0,057 0,960 0,920

OT1xe, HarBWLLi abCOMOTHI 3HAYEHHS yCiX TUNIB kopensui Mae dakTop F, (Hynsoa —0,906, yacTkoBa —0,911, HaniB4Ya-
ctkoBa —0,831). Lle 3HOBY nigTBEpAXYE, WO came F, € OCHOBHUM haKTOpOM, L0 BU3HAYa€E 3MiHy 3anexHoi aMiHHoi "pyna
pu3unky". Bucoke 3HadyeHHs BHeCKY npeaukTopa nicns TpaHcdopmadii (0,905) Takox niaTeepaKye Noro npoBifgHy porib y Mo-
peni. F; | F; 0eMoHCTpyoTb cnabLui 3B's13kM i3 3anexHoK 3MiHHo (kopensuii 0,255 ta 0,39). IxHinn BHecok nicna TpaHcdop-
MaLuii ctaHoBuTb 0,037 i 0,057 BignoBigHoO, WO BKa3dye Ha ApYropsgHUiA BHECOK Y MOAErb.

3HayeHHsA NOoKa3HWKIB MyNbTUKONIHEAPHOCTI A0 Ta nicna TpaHcdopmauii 4N BCiX dakTopiB CyTTEBO He BiAPI3HAOTLCA.
Lle o3Havae, o onTMmanbHe LKanioBaHHA He CNOTBOPUIO CTPYKTYPY 3B'A3KIB, @ NuLIe YTOYHUIIO iX.

Yci 3HaYeHHs NokasHuKa MyrbTUKoNiHeapHocCTi > 0,8, Wo CBiAYNTb MPO BUCOKY HE3ANEXHICTb (hakTopiB Mixk coboto, TO6TO
npo BiACYTHICTb MYNbTUKOMIHEAPHOCTI.

Omxe, mogenb cTabinbHa, i koaeH dakTop He Ay6ntoe iHdopmauito iHLIOoro.

[unckycia i BUCHOBKMU

MeTogonoriyHunii nigxia "dakTopHui aHania y noegHaHHi 3 kaTeropianbHOlO perpecieto” edekTUBHO CKOpOTUB GaraToBu-
MipHY no4aTkoBy iHdopMalLito (15 3MiHHKX) 4O TPbOX NaTEHTHUX hakTopiB (F;—F3) 3i 30epexeHHsAM KIiHiYHOT iHTeprnpeToBa-
HOCTI i CTaTUCTUYHOT iIH(POPMAaTUBHOCTI.

IHavkaTopu npuaaTtHocTi gaHux (ctatuctuka KMO = 0,740; TtecTt cdepuyHocTi baptnetta p < 0,001) nigTBepaxyoTb
AoUinbHICTb hakTopHOro aHanisy Ans uiei Bubipkun (n = 558). MepLui Tpy dakTopu NosicHOTL NpMbnuaHo 70 % aucnepcii
[0 obepTaHHsA (nicna obepTaHHa cyMapHa iHTeprnpeToBaHa AUCnepcis CTaHoBUTL 64,6 %), WO € NPUAHATHUM pe3ynbTaTom
Ans Meanko-6ionoriyHmMx gaHux.

KopoTko npoaHanidyemo kniHiYHe 3Ha4YeHHs BuaineHnx dakrtopis. Paktop F; "KniHiyHi Ta mopdonorivHi o3Hakn MTEPX"
OXOMME CUMNTOMU Ta CTPYKTYPHIi Mapkepu pedriokCy, a TakoX Mae MOMIpHWUIA NO3UTUBHUI BNNUB Ha puank. Paktop F,
"AHaTOMO-(pYHKLiOHaNbHI MOKa3HUKM CTPaBOXOAY" € HaMCUIbHILUMM NPeaMKTOPOM i Ma€ 3HaYHUIA (HEFaTUBHUIN Y MeXax Mo-
Aeni WkanyBaHHS) BNIIMB Ha KaTeropito pusuky, WO NiAKPECI0E porib aHaTOMIYHNX XapakTePUCTHK (BUCOTa CdiHKTepa, AOB-
XWHa nponabysBaHHs, BUcoTa nponabyBaHHs) Y BU3HAYEHHI NpuaaTHOCTI Ao iMnnaHTadii. ®aktop F; "EpPO3MBHI ypaxeHHs
cnmn3oBoi" fgoaae iHopmaLito Npo akTUBHICTb €PO3MBHOIO NPOLECY i NiABULLYE NPOrHOCTUYHY 34aTHICTb MOAEi.

KateropiansHa perpecisa 3abesneynna BUCOKY SKICTb MPOrHO3Y: MHOXMHHWIA R = 0,926 i R* = 0,858 (CkopuroBaHuii
R? = 0,857), W0 BKasye Ha Te, LIO 3aMponoHoBaHa KomBiHaLis daKTopiB MOSICHIOE 3HAYHY YacTUHY Bapiauil PiBHIB PU3UKY.
Yci Tpu dhakTopy CTaTUCTUYHO 3HadyLWi (p < 0,001). MokasHMKM MynbTUKONIHEAPHOCTI NpeankTopiB > 0,8 cBig4aTb Npo Bia-
CYTHICTb KPUTWUYHOI MYNbTUKOMNiIHEaPHOCTI.

OTpumaHa mMoenb MOXe CnyryBatu AOMOMIXKHUM IHCTPYMEHTOM ANs CTaHAapTU30BaHOI cTpaTudikauii pusunky nepep
iMnNnaHTauielo NpucTpoiB y AiNsSHLI LMYHKOBO-CTPABOXIAHOIO 3'€QHaHHS, CNPUSIOUN 06'€EKTUBHILLOMY yXBaneHHIO PilleHb i
BM3HAYEHHIO NaLiEeHTIB, siIkKMM NOTpibHa JoAaTKoBa oNTUMI3aLisi cTaHy nepes npoueaypoto.

3ayBaxumo, WO AOCigKEeHHS oOMexXeHe OAHOPEriNHOK BMOBIPKOK Ta peTpOCMneKTUBHOW / 06cepBaLiiHO NPUPOLOHD
aHanisy; mogenbs notpebye 30BHIWHLOI Banigauii Ha He3anexHUx KoropTax, nepesipku pobacTHOCTI A4ns pi3HMX nigrpyn na-
LieHTiB (Hanp., 3a BikoM, CynyTHiMK XxBopo6amm) 1 OLIHKM KMiHIYHOrO BMAMBY 3@ MPOCNEKTUBHOIO 3acTocyBaHHS. MNoganbLui
OOCTNIMKEHHSA MOXYTb PO3IMAHYTY iHTErpaLito 4oaaTkoBUX MapkepiB (yHKLiOHanNbHi TeCTU, TpMBAIi MOHITOPUHIW) i BUKOPU-
CTaHHS iHWKNX anropuTMiB Knacudikauii 4ns NOPiBHAHHA NPOAYKTUBHOCTI.

Dxepena diHaHCyBaHHA. OiHaHCyBaHHSA YacTKOBO 3abe3neyveHo KUiBCbkUM HauioHanbHUM yHiBepcuteToM iMmeHi Tapaca LeBuyeHka.
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The article presents an integrated method for predicting the implantation risk of diagnostic-therapeutic devices in the gastroesophageal junction
based on factor analysis and categorical regression. In a sample of 558 patients, 15 clinical and endoscopic indicators were selected, characterizing
the mucosal condition, anatomical features, and reflux symptoms. Factor analysis using principal axis factoring with oblimin rotation reduced the
initial set of variables to three latent factors: F, — "clinical and morphological features of gastroesophageal reflux disease”, F, — "anatomical and
functional indicators of the esophagus”, and F; — "erosive mucosal lesions”. These factors were used as predictors in categorical regression to
forecast five levels of implantation risk. The model demonstrated high predictive quality (R* = 0,858), all factors were statistically significant (p <
0,001) and multicollinearity indicators of predictors > 0,8 confirmed the absence of critical multicollinearity. The resulting model provides
standardized risk stratification, enabling clinicians to more objectively assess the appropriateness of device implantation and identify patients who
require additional optimization prior to the procedure.
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BUKOPUCTAHHSA OOHO- TA BATATOMOBHMX MOAEJIEMA HA BA31 BERT ANnA
PO3B'A3AHHA 3A0AY ABTOMATUYHOI OBPOBKM TEKCTIB YKPAIHCbKOIO MOBOIO

06'ekmom docnidxeHHs1 NPONoHo8aHOi cmammi € 00HO- ma 6azamomoeHi Modesii Ha ocHosi BERT. [Tpedmemom 00C1iO)KeHHs1
— nopieHsIHHSA NPodyKkmMueHocmi makux modesiell Ha 3ag0aHHsIX 06po6ku npupodHoi moeu (OlMM) 3 akyeHmom Ha iXHbOMy 3acmo-
cyeaHHi 0ns yKkpaiHcbkoi moeu. MemodosnozidHy ocHogYy NnopieHsiIbHO20 aHasli3y CIMaHoUJI0 8UKOPUCMAaHHsI cmaHOapmHux nio-
xodie do Hae4aHHS1 U oyiHku Modenel. Y docnidxeHHi eukopucmosyeanu docmyrnHi Oxepena iHgpopmauyii. EkcnepumeHmu
BUKOHYyeasucs nuuie Ha 8idkpumux abo enacHopy4 0oHag4yeHuUx Modersix Ui 0Xornoeasnu HasieHi yKkpaiHCcbKi 6eHYMapKu.

Pe3ynbmamu docnidxeHHs1 ceidyamb npo me, W0 sik 0OHOMOBHI, mak i 6azamomoeHi modesi Ha ocHoei BERT moxymb 6ymu
eghekmueHUMU Onsi po3e'sizaHHsA 3ae0aHb OlM 3anexHo ei0 KOHKpemHoi Moeu, 3aedaHHsI ma docmynHux pecypcie. Xo4ya 0OHO-
MoeHi Modesii Hacmo nepesepuwyroms 6acamomMoegHi 8 3ae0aHHAX C80€T KOHKpemHoi Moesu, 6azamomMoeHi Modesli MoXXymb Mamu
nepeesagzy, Kosu pecypcu 0Osis1 Hag4aHHsI 0OHOMOBHUX Modesiell 06MeXeHi.

Pe3ynbmamu nopigHsiHHS1 0eMOHCmpyomb me, w0 Modesli, HampeHoe8aHi "3 Hynsa" Ha ykpaiHcbkux mekcmax abo dompeHo-
8aHi Ha HUX, 3a2aJloM Maromb Kpawi pe3ynbmamu Ha 3aedaHHsix OTIM ykpaiHcbkoi Mogu, Hixt 6azamomoeHi. Lje edanocsi nokazamu
Ha 3ae0daHHsIX po3ri3HaeaHHsl iMeHoeaHUx cymHocmel, knacudpikayii mexkcmie i 3anoeHeHHs1 nponyckie. bazamomoeHi modeni
deMoOHcmpyromb KOHKypPeHmMHi abo kpawji pesynbmamu y "neawux" 3ag0aHHsIX, Hanpukaod, y 3ad0ay4i po3pi3HeHHs1 3Ha4eHb cJlis,
ocobnueo Kosu pecypcu 07151 MO8HOYiHHO20 mpeHy8aHHsI 0OHOMOBHOI Modesli 06MeKeHi.

Take 3icmaeneHHs1 nidmeepdxye HeobxiOHicmb adanmayii a6o MoeHO20 mMpeHye8aHHs1 yKpaiHOMOBHUX Moderiel O cneyia-
nizosaHux 3aday4, e00HOYac 3a/uWaryu npocmip 0511 eKOHOMi4YHO AoYiNIbHO20 sUKOpUCcmMaHHs 6aezamoMo8HUX cucmeM y murio-
8uUX cuyeHapisx.

lNpakmuyHa yiHHicmbs po6omu nonsicae y hopmyeaHHi y3a2asbHeHoi kKapmu npodykmueHocmi cy4yacHux modesieli ma y nior-
PYHMI On1si cmeopeHHs NoeHoMacwmabHo20 ykpaiHcbko20 GLUE-nodi6Hoz20 6eHYMapKy, wo cmumysiroeamume nodasbuwi docii-
OxeHHs1 ma nideuwumb MoYyHicmb 3acmocyHkie OlM Ons ykpaiHcbkoi Mogu.

KnwuyoBi cnoBa: 06pobka npupodHoi Moeu, eesiuki MO8Hi Moderti, 00HO- ma 6azamomoeHi modesi, BERT.
Knacudikauis BignoBigHo no AMS 2020: 68T50, 68T07.

BeTtyn

O6pobka npupogHoi mosu (OINM) oxonntoe 6e3niy 3aBaaHb, CNPSMOBaHMX Ha Te, WO iHTenekTyarnbHi NporpamHi cuc-
TEMU MO PO3YMiTH, iIHTEPNPETYBaTU Ta reHepyBaTu Ntoacbky MoBy. OCTaHHi 4OCNimKeHHS Y cdepi rMBOKOro MalLMHHOMO
HaBYaHHS, 30KpeMa CTBOPEHHS Ta BUKOPUCTaHHS MOAenen Ha OCHOBHI apXiTekTypu TpaHcdopmepa (Vaswani et al., 2017;
Mmuboseub, & bikueHTaes, 2022), sk BERT (Devlin et al., 2019), 3Ha4HO PO3LIMPUNN MOXIMBOCTI AN51 PO3B'A3aHHSA 3a4ad
06pobku npupoaHsLoi mosu (ONMM). Ta ix BukoprcTaHHA notpebye 3HaYHMX pecypciB.

Jocutb NepcrnekTMBHO anbTepHATMBOIO ANs MOB 3 OOMeXeHMU pecypcamu ctanu 6aratomoBHi (multilingual) mogeni, wo
HaBYalTbCS Ha 3NUTUX Koprycax GaraTboX MOB i NOKa3yloTb BUCOKI pesynbTaTy Ha 6araTbox i3 HMX. [Ans MoB 3 OGMEXEHO
KINbKIiCTIO pecypciB Ans HaB4aHHA GaraToMOBHi MoAeni oapasy nokadysarnv nepefoBi Ha Tor Yac pesynbtaty. MNMpyyrHa Lbomy —
KpPOC-NiHrBiCTUYHMI TpaHcdep, abo "nepeBnKopmncTaHHs" 3HaHb NPO OAHY MOBY AnNs PO3yMiHHSA iHLWOI. BaratomoBHi Moaeni Mo-
XyTb "nepeBnkopucToByBaTh" NEBHI "3HaHHA" NPO MOBU 3 BEMNVKMMW pecypcamm Ha MOBax 3 0OMEXeHNMU pecypcamu.

HuHi Garato gocnigeHb NpUCBAYEHi BUBYEHHIO MOXIMBOCTENW OOHOMOBHUX i GaraTomMoBHMX Mogenen. Oesiki gocni-
OXeHHs, sik-0T (Virtanen et al., 2019), LeMOHCTPYI0Tb, WO OAHOMOBHI MoAeni NnepeBepLUyoTb 6araToMoBHi Ha 6araTbox Ok-
pemMux 3aBAaHHAX ONA NeBHOI MOBW. IHLWI AOCNiMXEHHA OOBOAATh, WO 6araTOMOBHI Mogeni MoXyTb OgHOYacHo 6yTwu
edeKTMBHUMN ANsi BEMMKOPECYPCHUX MOB i MOKa3yBaTy Kpalli pe3ynbTaTty, HiXXK OAHOMOBHI AN TUX MOB, Aie pecypcu obme-
XeHi (Hanp. y BUnagKy yKpaiHCbKOi MOBM).

OOG'ekToM pocnigkeHHs uUiei poboTn € ogHo- Ta GaratomoBHi Mogeni Ha ocHosi BERT. lMpegmeTom AocnigkeHHa —
NOPIBHAHHSA NPOAYKTUBHOCTI TakMX MOAENeN Ha okpemnx Tunax 3aesgaHb ONM (ykpaiHcbKoi MOBM): po3ni3HaBaHHS iMEHOBa-
HUX CYTHOCTEN, PO3pi3HEeHHS 3Ha4yeHb, krnacudikauis TekcTiB, 3anOBHEHHS MPOMYCKIB i po3midyBaHHSA YacTuH MoBu. MeTa
OOCNIAXEHHS - OLIHUTM ePeKTUBHICTb pisHUX TUNiB Mmogenen BERT ansa 3actocyBaHHs 4O BUKOHAHHS 3a3Ha4YeHUX 3aBAaHb.
[nsa gocarHeHHs uiei MeTn 6yno BUpILLEHO OLHUTU: pe3ynbTaTi OQHOMOBHUX Mogenew, siki Oynu HaTpeHoBaHi Ha NepeBaXHo
YKPaiHCbKMX TEKCTax; afanTtoBaHuX A0 yKpaiHCbkoi 6araToMoBHUX Moaenew (Hanpuknag, 3a metogom WECHSEL); Bukopu-
CTaHHSA "unctmx" 6araToMoBHMX Moaernen. 3po3ymino, Lo NoTpibHO Gyno NPOBECTU i NOPIBHAMNBHWI aHani3 OTPUMaHNX pe-
3ynbTaTiB 3aCTOCYBaHHS Pi3HMX TWUNIB MOAENeN Ta BU3HAYNTU 0COBNUBOCTI IXHbOrO BUKOPUCTAHHS.

MeTo[onoriYHOK OCHOBOK AOCTIAKEHHSA OYNO BUKOPUCTAHHS CTaHAAPTHMX NiAXOAIB 40 HABYAHHSA 1 OUiHKK Moaenen. Mu
BMKOPUCTOBYBanNuN AOCTYMHI 4OTPEHOBaHi Ha 3aBAaHHi Moaeni, abo 6a3osi Moaeni, ki 6ynn JOTpeHOBaHi AN 3aBAaHHSA Y
Mexax gocnigxeHHsi. OuiHloBanu mogeni 3a JONOMOro TakMx METpUK, sik F1-score (ons po3nisHaBaHHsi iIMEHOBaHWX CYT-
HocTen) abo TO4YHICTb (4ns po3MidyBaHHS YacTMH MOBM). 3aBOaHHS 3arnOBHEHHSI MPOMYCKIB OLUiHIOBanM 3a [OMOMOro
ONUTYBaHHS, a TaKOX Yepe3 pyyHe MOPIBHAHHS 1 aHani3 sIKoCTi BiANoBigen pisHNX Mmoaenen.
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Y uboMy JoCnigXeHHi ANns MNOpiBHAHHS 0OHO- Ta 6GaraTOMOBHMX Mogenen 6ynu obpaHi Ti 3aBAaHHs!, ANst SK1X iCHYTb
yXe roToBi Habopu AaHNX Y1 BeHUMaPKM YKPAiHCLKOK MOBOI, € pe3yrnbTaTul OLiHKM YKpaiHOMOBHUX Mogenei abo nybnivyHo
OOCTYNHI Mogeni, Ski 4OTpeHOoBaHi abo MOXXHa AOTPEHyBaTU AN NEBHOIO 3aBOaHHS.

HocnigXeHHs Mae sk HayKoBe, Tak i NpakTUYHe 3Ha4YeHHs. 3 HayKOBOI MO3KLi, BOHO JonomMarae Kpatle po3yMiTi KOMMpo-
MiC MiXX BUKOPUCTaAHHAM OOHO 1 6araTOMOBHUX MOAENEN i NOTEHLiHI 0COBMMBOCTI KOXHOrO 3 MiaxoaiB. 3 NnpakTnyHOro 6oky
— pesynbTaTh SOCHIOKEHHS MOXXHa BUKOPUCTOBYBATU ANS 3BaXXEHOro 0bpaHHa HanonTMManbHiloi Moaeni ANA KOHKPETHOro
3aBAaHHsA. 3ibpaHi pesynbTaTy NOPIBHAHHA Ta Nepenik MoAenen MoXHa TakoX BUKOPUCTATK, SIK OCHOBY AJ151 CTBOPEHHS KOM-
nnekcHoro 6eHYMapKy OLiHKM 3aCTOCYBaHHA Mogenen ans ykpaiHCbKoi MOBW.

1. OCHOBHI O3Ha4YeHHs Ta pe3ynbTaTu

O6pobka npupogHoi mosu (OMNM) nepenbadvae 6e3niyv 3aBgaHb. Cepen HUX MOXHa BUAINUTU: kKnacudikauis Tekcty (Text
Classification); BussneHHs cnamy (Spam Detection); BusHayeHHs Hamipy (Intent Detection); mapkyBaHHS nocnigoBHocTewn
(Sequence Labeling); reHepauisa Tekcty (Text Generation); mawuHHuiA nepeknag (Machine Translation); nopiBHAHHSA TekcTy
(Text Comparison); iHdopmauinHuii nowyk (Information Retrieval); aHani3 TekcTy (Text Analysis); po3ymiHHsa moBu (Language
Understanding).

Bubip apxiTekTypu MOBHOI MoZerni 3anexuTb Bi KOHKpeTHoro 3aBgaHHa OlNMM. Hanpuknag, ans HecknagHux 3aBAaaHb
TMNy "NOCniAOBHICTb — MOCNIAOBHICTL" (MaLUMHHWIA Nepeknag), MoxyTb OyTu JocTaTHIMU pekypeHTHI HelpoHHi mepexxi (RNN).
3aBaaHHs knacudikauii cnamy moxe 6yt po3B'sidaaHo i HaiBHUM GaecoBuM knacudikatopom. MNowmpeHa 3apa3 TpaHcdop-
MepHa apXiTekTypa ctana Ayxe nonynspHoO 3aBAsikv YHiBEpCanbHOCTI Ta 34aTHOCTI HaBYaTMCS BUSBNSATU 3B'A3KM MiX ene-
MEHTaMM TEKCTY, pO3TallOBaHNMK Ha Pi3HMX BiacTaHsaX. BoHM po3B'asyloTb npobnemy 3racaHHs BaXXMMBOCTI KOHTEKCTY Ta
perynspHoro nepepaxyHky KOHTEKCTHUX Bar y PEeKypeHTHUX apXiTekTypax.

YacTo 3aBAaHHAM Ha eTani 6a3oBoro TpeHyBaHHS € NpocTe nepegbadeHHsA cnosa B KOHTEKCTi. Hanpuknaa, mogens Ha-
BYaeTbcsA nepenbadyBaTy "3amackoBaHe" CoBO Y peyeHHi. [ins Lboro 3aBAaHHsA He NOTPiOHI po3mideHi AaHi | AN HaBYaHHS
NOTEHLIHO MOXHa ckopucTaTucs 6yab-9KUM sIKICHUM TEKCTOM Ha LinboBilA MOBI.

HesBaxatoum Ha Te, Wwo BERT yxe BMiloTb Ha 3aranbHOMy piBHi po3ymiTi MOBM (BMiHHS Nepea6avyaTy CrioBa y KOHTEKCTI),
yce X Lboro HegocTaTHbo Ans 6inbw cneumdiyHnx 3aBaaHb. bazoBa Moaens Moxe nuwe nepegbavaTv MackoBaHi CroBa,
a Ans CKnagHiworo 3aBAaHHs, BignoBiAHO, sIK BIAMNOBIAb HA NMUTaAHHA YM Nepekas TEeKCTY — MoAenb Mae OyTu foHaBYeHa Ha
po3MiYeHux AaHux. 3amicTb TOro, Wob HaBYyaT! Mogenb "3 Hyna", Npouec TOHKOro HanawTyBaHHA MOYNHAETLCHA 3 BUKOPUC-
TaHHS BXe HasBHOI nonepegHbO HaBYeHOI Modeni, AKy adanTyloTb Mif KOHKpeTHe 3aBAaHHsA. Lle gae amory "nepeswukopuc-
TaTn" 3HaHHA, OTPMMaHI 3 BEMMKOrO HECTPYKTYPOBaHOrO Habopy AaHWX Mif Yac nonepeaHboro HaBYaHHSA. [logaBaHHS HOBUX
AaHuX, Wwo 6nunsbki 40 KiHLEBOro 3aBAaHHs, Jonomarae HanawTyBaTi Mogenb ANs PO3B'A3aHHS KOHKPETHUX 3adad.

ToHKe HanawTyBaHHS nepeabayae onTMMi3aLito rinepnapameTpiB, TakMX SIK LUBUAKICTb HABYAHHS, PO3MIp NakeTy AaHUx
i KiINbKICTb enox HaBYaHHS. Lle gfonomarae 0ocartv Harkpawoi NpoAyKTUBHOCTI Ha cneundiyHnX Ans 3aBaaHHA AaHUX i Takox
BM3HAYa€eTbCA eMMIPUYHO.

OpHomosHun BERT (Bidirectional Encoder Representations from Transformers — oBoHanpasneHe KogyBaHHSA NpeacTas-
NneHb i3 TpaHCcOopMepiB) — Lie MOBHA MOAENb, L0 BUKOPUCTOBYE TpaHCOpMepHy apxiTekTypy. BoHa cknagaetbces i3 wapis
camoyBsaru (self-attention) i HeipoHHUX Mepex npsmoro nowmpeHHs (Devlin et al., 2019). Mogenb nonepeaHL0 HaBYaETLCS
Ha BENMKNX OAHOMOBHMX KOprnycax Yyepes nepeabayeHHs 3amMackoBaHOrO TOKEHA Y HEePO3MiYEeHOMY TEeKCTi. Y LibOMy MeTofi
YacTuHa BXiAHUX TOKEHIB BUNAAKOBO MacKyeTbCs, 8 MOAENb HABYAETLCA MPOrHO3yBaTH iX HA OCHOBI KOHTEKCTY.

Takun nigxig gonomarae BERT 3anam'atoByBaTtu iHopMaLito Npo MOBY 3 HECTPYKTYPOBaHUX AaHWUX, AK-OT 3HAYEHHS
OoKpemux cniB, MOPSIAOK CriB y peYeHHi Ta rpaMaTuyHi kateropii. 3aBosku LbOMy MOAENb MOXHA NErko HanawTyBaTtu Ans
pi3HUX 3aBAaHb i3 MiHiManbHUMK Moaudikauiamu, cneundidHnmn ansa 3asaaHHs (Devlin et al., 2019). Po3pobneHi 6arato-
MoBHi BapiaHTu BERT, Taki sk mBERT 1a XLM-RoBERTa (Shaham et al., 2024), po3wupioioTe MOXMIMBOCTI Mofeni And
po60oTK 3 Kinbkoma MoBaMMU.

Lli mogeni HaByatoTbCa Ha 06'eaHaHKX kopnycax 4o 100 MOB, BUKOPUCTOBYIOYUM CiNbHY iHOPMaLito MiX pis3HUMK MOBaMu
ANs NoninweHHs poboTn Ha OKPeMnx MoBax, @ 0COBNMBO AN MOB 3 HU3bKUM PIBHEM PecypceiB, Takux SK yKpaiHcbka (Liu et
al., 2019). OcHoBHa iges nonsirae B TOMy, LUO NiTepun Ta oparMeHTH ChiB 4acTo 36iraloTbCsl y CXOXMX MOBaXx, LLO CMpOLLYE
TPeHyBaHHSI TOKeHi3aTopa, a TakoX 6arato MOB MarTb MOAIOHY CeMaHTUYHY CTPYKTYpy, foriky nobyaoBu cniB Yv HaBiTb
cninbHi cnoea. Bukopuctosyroun 6araToMoBHi KOPMycu, B4AETbCA 3HAYHO 36iNbLLUNTY PO3MIp TPEHYBanbHUX AaHUX, @ MOAernb
MOXE CKOpPUCTaTUCH 3i CXOXKOCTi Pi3HNX MOB.

MpoTte edekTnBHiCTL GaraTomMoBHMX Mogenein BERT moxe BapitoBaTUCA 3anexHO Bif KOHKPETHOI MOBUM Ta 3aBOaHHS.
MuTaHHs Toro, AKi 3 ABOX MoAenewn € e(PeKTUBHILLMMU ANS KOHKPETHOI MOBU, MOXXHa BU3HAYMTK nuwie emnipuyHo. Lle gocni-
OXXEHHS NpUCBSiYEHe TakoMy eMMipUYHOMY MOPIBHAHHIO LUMX MoAenen Ha pisHux 3aBgaHHax OlNMM ang ykpaiHcekoi. baraTto-
MOBHI MOAeni MOXyTb AocsAraTv Kpawmx pesynbTaTiB y LWMPOKOMY fAianasoHi MOB 3 BENUMKMMUK pecypcamn. Takmn "Kpoc-
NIHrBICTYHMIA TpaHcdep" Aae Moaensam 3mMory BUKOPMCTOBYBATW 3HAHHS, OTPMMaHi B OQHIN MOBI, ANS iHWXX MOB, O 0CO6-
NBO KOPUCHO A5 MOB 3 obmexxeHumMu pecypcamu (Sanh et al., 2019).

OpJHOMOBHI MOAENi YacTo MOXyYTb NepeBepLUyBaTH CBOI GaraTOMOBHI aHanorn B AesKnX 3aBAaHHSAX, BKIMIOYHO 3 BUSBIEH-
HsIM MOBW BOPOXHeui Ta reHepyBaHHsIM pedeHb (Pires et al., 2019; Sido et al., 2021). Lia Buwa npogyKTUBHICTb MoXe ByTK
nos'si3aHa 3i 30aTHICTIO O4HOMOBHOT MoAeni rMubLLe Po3yMiTU HIOAHCK | TOHKOLLL OAHIET MOBW, a He PO3MOoAINsATN CBOI pecypcu
Mix kinekoma moBamu (Ruder, 2022). BaxnmemMM Takox € TUM AaHWX, HA SKUX TPeHyBanacs Mogerb.

MopiBHAHHS pe3ynbTaTiB OAHOMOBHMX | BaraTOMOBHMX MoAernen AN yKpaiHCbKOi MOBM MOXe BKa3aTw, Yy SKMX Hanpsimkax
OOCTNIAHMKM MOBMHHI NpuainuTy Binblue yBary po3pobreHHI0 AKiICHUX YKpaiHOMOBHMUX HabopiB AaHWX | Modenen.

YKpaiHcbka MoBa Mae 6araty MOpdonoriyHy CTPYKTYpPY, XapakTepHy Anst cuHTeTndHux moB (Haltiuk, & Smywinski-Pohl,
2024). BoHa cTukaeTbCs 3i 3Ha4HMMM BUKNUKamMun B obnacti 06pobku NnpupoaHoi MOBUM, HacaMnepes Yepes HecTady AaHux
Ansi TpeHyBaHHs. Y 2020 p. ykpaiHCbKy MOBY BM3HauMnm sik "rising star" — MoBy, Lo cTpaxaae Big HecTadi po3mivyeHnx Habo-
piB gaHux (Joshi et al., 2020). OcHOBHOO NepeLLKOAOI0 AN YKpaiHCbKOT MOBU € HECTaya 3aranbHOA0CTYNHUX, OPIEHTOBaHMX
Ha KOHKpeTHIi 3aBaaHHs kopnycis (Haltiuk, & Smywinski-Pohl, 2024). Lie 3aBaxxano po3BuTKy HagiiHUX OAHOMOBHUX Mogenewn
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ANs yKpaiHCbKOI MOBW Ta 3MyLLyBano AOCMIAHUKIB NOKNagatucA Ha KPOC-MOBHe TpaHCcepHe HaB4aHHsS 3 iHWWX MOB
(Hamotskyi et al., 2024; Torge et al., 2023).

Y npeacTaBneHoMy AoChimpkeHHi Oyae Takox nepeBipeHa rinotesa, Wo MoAernb, HaTpeHoBaHa Ha KOPMyCi CrOB'SSHCbKMX
MOB, MOX€ MoKasaTu Kpalli pe3ynbTaTtu, HiXX OQHOMOBHa MoAerb AN KOHKPETHUX 3aBAaHb.

2. MNopiBHAHHSA ogHO Ta 6araTOMOBHMX Moferel Ha 3aBAaHHAAX 06pPO6GKK yKpaiHCbKOI MOBU

2.1. BeHumapku ons ouiHkK pesynbTaTiB

Ockinbkn meTolo poboTK € NOPIBHSAHHA pe3ynbTaTiB Mogenew Ha pi3HMX 3aBAaHHsAX 06poOKM NPUPOAHOT MOBU, BaXINBO
BM3HAYMTU NOTEHUiNHI 6GeHYUMapkn Ta 3aBAaHHSA, siKi MOXHA BUKOpPUCTATW ANs Takoro nopiBHAHHS. Monpu gepani Ginbunm
iHTepec go ONM ans ykpaiHCbKOi, KOMMNIeKkCcHNX 6GeHYmMapkiB Ans OUiHKM MOBHUX Mogernen aoci 6pakye. | xoua anst KOHKpeT-
HUX 3aBAaHb iCHYKTb FOTOBI HAOOPU AaHWUX, CTAaHAAPTM30BAHOrO Ta NOBHOro 6eHuYmapky, nogiéHoro oo GLUE (Wang et al.,
2019) abo SuperGLUE (Wang et al., 2020) gnsa anrnincekoi un KLEJ (Rybak et al., 2020) ona nonbcbkoi, skuin 61 nokpmeas
LUMPOKe KOmo 3aBAaHb, Hapasi Hemae.

Ham ©ynu poctynHi komnnekcHi 6eHumapku: UA-datasets (Panchenko et al., 2022), Eval-UA-tion (Chaplynskyi, &
Romanyshyn, 2024). MNeplwa konekuis MicTuTb Habopu AaHUX ANS pi3HWX 3aBAaHb, TakUX SIK po3MiTka YacTuH Mosu (POS
tagging) i knacudikauisi HoBuH (Panchenko et al., 2022). Apyrui Habip oxonmntoe AaHi ANst OLiHKU NPOAYKTUBHOCTI MOBHUX
Mofenen y Takmx 3aBAaHHSAX, 9K po3yMiHHSA HapaTusis onosigaHb (UA-CBT), acoujauisa ctaTen i3 ixHimu 3aronoskamu (UP-
Titles) n enemeHTapHi MoBHi 3aBgaHHsa (LMES).

Yepes BiACYTHICTb rOTOBUX KOMMIIEKCHUX OEHYMapKiB Ansl NOPIBHAHHA MoAeNewn, Y NPOMOHOBaHIN pobOoTi BUKOPUCTAHO
noeaHaHHsA pe3ynbTaTiB Ha AeKinbKox okpeMux 3aBaaHHsX. Cepep HUX po3ni3HaBaHHS iIMEHOBAHUX CYyTHOCTEN, PO3Pi3HEHHS
3HayeHb cniB, knacudikadisi TekcTiB, 3aBaaHHsA 6eHumapky Eval-UA-tion, 3anoBHeHHs nponyckiB i po3MiYeHHS YaCcTUH MOBMW.

2.2. Po3ni3HaBaHHA imeHoBaHux cyTHocTeln (NER)

PosnizHaBaHHS iMEHOBaHMX CYyTHOCTEN NONArae y BUSIBMEHHi Ta knacuadikadii iMeH, Ha3B opraHisadin, micub, Tonorpadi-
YHMX Ha3B TOLLO Y TEKCTax.

[ns ykpaiHcbKoi MOBM AOCMIAHMKM HelwoAaBHO Bunyctunu oHosnexmn kopnyc NER-UK 2.0 (Chaplynskyi, & Romanyshyn,
2024), wo mictutb 323 200 cnis i 21 993 iMeHOBaHi CyTHOCTI. Y AOCMiAXEHHI aBTOPY TaKoX AONYYMIIN NOYATKOBI pe3dynbTaTti
ans mogeni robertalarge (Hugging Face, 2024). Y Tabn. 1 HaBe4eHO NOPIBHAHHSA pe3ynbTaTiB PidHUX MOgEeNen Ha MonepeaHin
Bepcii kopnycy NER-UK 1.0 (GitHub, 2025). Tyt 06'edHaHi pe3ynbTtaty 3 (Haltiuk, & Smywinski-Pohl, 2024); Hugging Face,
2024); GitHub, 2025) Ta BnacHoro gocnimkeHHsi. 3Ha4eHHs B Oy»KKax NO3HA4YaloTb CTaHAAPTHE BiAXUIEHHS METPUKN.

Ta6bnuys 1
Pe3ynbTaTtu ouiHku mogenen Ha NER-UK 1.0
Twn i MoBa mogeni Po3mip mogeni NER-UK 1.0 F1 ouiHka

RoBERTa WECHSEL Ukrainian base 90.81 (1.51)
RoBERTa WECHSEL Ukrainian large 91.24 (1.16)
RoBERTa Scratch Ukrainian base 89.57 (1.01)
RoBERTa Scratch Ukrainian large 89.96 (0.89)
ELECTRA Ukrainian base 90.43 (1.29)
XLM RoBERTa Multilingual base 90.86 (0.81)
XLM RoBERTa Multilingual large 90.16 (2.98)
LIBERTa Ukrainian (pretrained) large 91.27 (1.22)
RoBERTa Slavic large 90.89

uk_ner_web_trf_13class RoBERTa large 91.3

Tabnuusa 1 MicTUTb pe3ynbTaTy MoAeni, HaTpeHOoBaHOI Ansa ykpaiHcbkoi moBu metogom WECHSEL (Hugging Face,
2025), 6aratomoBHoi mogeni XLM-R ta HewoaaBHo ony6nikoBaHoi mogeni LIBERTa (Haltiuk, & Smywinski-Pohl, 2024).
OcTtaHHg 6yna HaTpeHoBaHa 3 "Hyns" Ha Habopax JaHWX yKpaiHCbkoi MoBM. [OpiBHAHHA Nokasye, Wo Moaeni, aganToBaHi
ANst yKpaiHCbKOT MOBW, eheKTMBHILLi 32 6araTOMOBHI B po3ni3HaBaHHi iMEHOBaHUX CyTHOCTEMN.

Ak 3a3HaveHo B (Haltiuk, & Smywinski-Pohl, 2024), opyra Benvka mogens XLM-R gemoHcTpye ripwi pesynsTaTth, HiX yCi
6a30Bi Mmogeni. BoHa Takox Mae HanbinbLUy BapiaTMBHICTb pe3ynbTaTiB. Lie nigkpecntoe HeobxigHICTb TpeHyBaHHS Mogenei,
crneumdivyHnx Ansa nesHoi MoBu, ockinbkn sk WECHSEL-RoBERTa, Tak i LIBERTa matoTb MeHLUIY BapiaTUBHICTb pe3ynbTarTis.

Tabnuua Takox MiICTUTb pe3ynbTaTv MOAESi Ha KOpnyci CNoB'aHCbkUX MOB (6onrapcbka, Yecbka, NoNbCbka, CrIOBEHCHKA,
pociricbka 1 ykpaiHcbka) (Piskorski et al., 2024). Lia mogens 6yna goaaTtkoBo JOTPEHOBaHa Ha YacTuHI HAabopy AaHuX y Xofi
pocnigxkeHHs. MoxHa nobayunTu, Wwo pesynbtaTv MOAeri, HaTPEHOBaHOI Ha CIOB'AHCBLKUX MOBaX, KpaLi, HiXX y 6araToMOBHUX
MOAensX, ane BCe X ripLui, HXK y moaenen, agantoBaHuX Ans YKpaiHCbKOi MOBW.

Ha 6eHumapky WikiANN (Pan et al., 2017), skuii TakoxX nepeadavae po3nizHaBaHHS iMeHoBaHUX cyTHocTel, LIBERTa,
sika MOBHICTIO HATPeHOBaHa Ha yKpaiHCbKi MOBI, Nokasye ripLi pe3ynbTati. Pe3ynbTaTu NOPIiBHSAHHA Mogenew HaBedeHi y
Tabn. 2. 3HayeHHs B3ATO 3 (Haltiuk, & Smywinski-Pohl, 2024).

Tabnuys 2
Pe3ynbTatu ouiHkun mogenen Ha WikiANN
Tun i MoBa mopgeni Po3mip mogeni WikiANN micro f1
RoBERTa WECHSEL Ukrainian base 92.98 (0.12)
RoBERTa WECHSEL Ukrainian large 93.22 (0.17)
ELECTRA Ukrainian base 92.99 (0.11)
XLM RoBERTa Multilingual base 92.27 (0.09)
XLM RoBERTa Multilingual large 92.92 (0.19)
LIBERTa Ukrainian (pretrained) large 92.50 (0.07)
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ABTOpM 3a3HavaloTb, WO Taki pesynbTaTy MOXyTb ByTW CMPUYMHEHI BIAMIHHOCTAMM MiX AaTtaceTamu Ta HaBYanbHUMU
AaHvumu ans mogeni. Mogenb i TokeHizaTop Oynv HaTpeHOBaHi NepeBaXkHO Ha YKPaiHCbKMX TEKCTax, Toadi ik 6araToOMOBHi
MOZESi YacTo TPeHyTbCA Ha AaHux, 3ibpaHux i3 Wikipedia (Haltiuk, & Smywinski-Pohl, 2024).

Omxe, y 3aBaaHHi NER mogeni, agantoBaHi Ans ykpaiHCbKoi MOBM, MOKa3yloTb BULLY NPOAYKTUBHICTb NOPIBHSAHO 3 Gara-
TOMOBHUMY MofensiMu. [Ons Lboro 3aBAaHHsi CTBOPEHHSI Ta BMKOPWUCTaHHA MoJEnen, OpieHTOBaHMX Ha yKpaiHCbKy MOBY,
BaXnuBe Ans JocarHeHHs kpawmx pesynetatis. WECHSEL-RoBERTa Ta LIBERTa, Hanpuknag, nokasytoTe BUCOKY TOYHICTb
i HeBenuKy BapiaTUBHICTb. [1poTe pi3HMLA MidX pe3ynbTaTaMu Mogeni, HaB4eHoI Ha ykpaiHCbkux AaHux, Ta ROBERTa, HaBue-
Hoi 3a metogom WECHSEL, He3HauHa. Lle Mmoxe o3Havatu, Lo NonepeaHe TPEHYBaHHSA Ha YKPAiHCbKUX OaHUX He fano
3Ha4yHoi nepeBaru nopisHsHO 3 metogom WECHSEL.

2.3. Po3pi3HeHHsA 3HayeHb cniB (Word Sense Disambiguation)

Po3pi3HeHHs1 3HayveHb cniB (WSD) gonomarae po3s'sidaatv npobrnemMy HeEOAHO3HAYHOCTi MOBM (HasiBHICTb OMOHIMIB "Krtou
XypasniB" — "kntoy Big aAepein"). Ockinbkn 6araTo cniB MatoTb Kifnbka 3Ha4YeHb, HATPEHOBaHa MoAeNb HaMaraeTbCsl BU3Ha-
YUTU NPABUIBbHUI CEHC CIOBa 3areXHo Bi KOHTEKCTY. PO3B'A30K LibOro 3aBgaHHsA Moxe OyTy 4aCTUHOO LLUMPLLOrO KOHBEEPY
3 MoZenen, Uinb sikoro nepekasatv TEKCT Y1 BiAMNOBICTU HA NMUTaHHS NPO TEKCT.

Y pocnigxeHHi (Laba et al., 2023) aBTOpM NOPIBHIOTL TOYHICTL PO3pPi3HEHHSA 3HaveHb cniB (WSD) ans ykpaiHCbkoi MOBM,
BMKOPUCTOBYIOUM Pi3Hi cTpaTerii 06'egHaHHA Ta nonepegHbo HaBYeHi mogerni 6e3 40AaTKOBOro TPeHyBaHHS.

Tabnuug 3 (3HadyeHHA 3ano3un4deHo 3 (Laba et al., 2023)) nemoHcTpye, Wo mogens paraphrasemultilingual-mpnet-base-v2
(PMMBV2) 3 (Reimers, & Gurevych, 2019) nokasye kpawli pesynstatn WSD, Hixx mogens RoBERTa, nonepegHb0 HaBYeHa
Ha ykpaiHcbkii moBi y 2020 p. (Radchenko, 2020). Y po6oTi (Laba et al., 2023) nigeuwimnu npoayktmeHicte PMMBV2 go
0.779, ToHKO HanawTyBaBLUM ii HA OCHOBI AaTaceTy 3i CnoBHuKa ykpaiHcbkoi Moy (CYM).

Ta6nuysa 3
CepefHs TOYHICTb pO3pi3HEHHS 3Ha4eHb cNiB 6€3 TOHKOro HanawTyBaHHSA
Twn i MoBa mogeni Po3mip mogeni CepegHs ToyHicTb WSD
mBERT cased multilingual base 0.602
XLM RoBERTa Multilingual base 0.529
XLM RoBERTa Multilingual large 0.547
XLM RoBERTa Ukrainian base 0.528
RoBERTa Ukrainian large 0.580
Parahprase MPNET Multilingual base 0.735

YTiM, Wo6 oTpumaTtun peneBaHTHe NOPIBHAHHS MiXK OAHOMOBHMMUK Ta GaraToMoBHMMU Moaensamu B 3agadi WSD, Heobxi-
OHO MPOTECTyBaTU CydacHiLLy ykpaiHCbKy mogensb, Taky sk LiIBERTa (Chaplynskyi, & Romanyshyn, 2024), 3 pogaTkoBum
HanawTyBaHHsM Ha TOMY X Habopi AaHuX.

2.4. Knacudikaudis TekcTiB

Y pocnigxkerHi (Haltiuk, & Smywinski-Pohl, 2024) asTopu npeactasunu mogens LIBERTa, wo 6yna nonepeaHbL0 HaBYeHa
3 HyIsl HAa YKpaiHCbKMX AaHnX. BoHU HagatoTb pe3ynbTaTh NOPIBHAHHSA il NPOAYKTMBHOCTI HA 3aBAaHHi knacudikauii TekcTis 3
Ukranian News Classification benchmark (Panchenko et al., 2022). Lie 6eH4Umapk nokasye, Hackinbkv TOYHO MOLESb MOXe
BM3HAYNTU, 0 AKOrO HOBMHHOIO JXXepena HanexXxuTb NeBHa ctatTsa (baraToknacosa knacudikauis).

Ak BugHo 3 Tabn. 4 (3HaveHHs 3ano3uyeHo 3 (Haltiuk, & Smywinski-Pohl, 2024)), mogenb, nonepeHbO HaBYEHA Ha YK-
paiHCbkuX gaHux, nepesepllye 6aratomoBHy Mogene XLM-R 3a npogykTusHicTio. OgHak Mogenb, agantoBaHa A0 YKpaiHCh-
Koi moBu 3a gonomoroto metogy WECHSEL, nokasye Lue Kpalwi pesynbtaTti.

Tabnuys 4
MopiBHAHHA pe3ynbTaTiB Mogenen Ha 3agadi knacudikadii ykpaiHCbKMX HOBUH
Twvn i MmoBa mogeni Po3mip moageni Knacudikauiss HoBuH macro F1
RoBERTa WECHSEL Ukrainian large 96.48 (0.09)
XLM RoBERTa Multilingual large 95.13 (0.49)
LIBERTa Ukrainian (pretrained) large 95.44 (0.04)

2.5. Eval-UA-tion

Eval-UA-tion (Hamotskyi et al., 2024) — ue cneujansHuii 6eH4YMapk, po3pobneHnn Ans OUiHKM NPOSYKTUBHOCTI MOBHMX
MoAenen Ha yKpaiHCbkii MOBI. BiH cknagaeTbcs 3 Tpbox OCHOBHUX 3aBAaHb: UA-CBT, UP-Titles, LMentry-static-UA (LMES).

Mepwe 3aBOaHHA cTBOpeHe 3a aHanorieto 3 Tectom Children's Book Test. BoHO nepenbayae 3anoBHEHHsSI MPOMNyckiB y
pPO3MoBiasAX NpaBUIIbHMMK CNOBaMKU 3 HafaHOro Habopy BapiaHTiB. 3aBOaHHS OLIHIOE 34aTHICTb MOAEnNi pO3yMiTU TEKCT i
nepenbayaTtu nponyLueHi crnoBa Ha OCHOBI KOHTEKCTY.

Y 3aBagaHHi UP-Titles noTpibHO 3icTaBuTK cTaTTi 3 OHNaH-raszeTn "YkpaiHcbka Mpaega” 3 ixHiMmM npaBUbHUMK 3aronoBs-
Kamu 3 HagaHoro Habopy cxoxux BapiaHTiB. Lle ouiHioe 3gaTHICTE Mogeni 3po3yMiT OCHOBHY ifeto CTaTTi Ta BigpisHATK ii Big
CXOXUX TEM.

LMentry-static-UA (LMES) — Habip 3aBgaHb, po3pobneHuin Ha ocHoBi 6eHuUMapky LMentry, cneuianbHoO Ans OuiHKM MOX-
nmMBocTen MoBHUX Mogenen. Lli 3aBgaHHs, xo4 i NpocTi A4nsa Noaen, YacTo € CKNagHUMM ANs LWTYYHOTO iHTENeKTy — Hanpu-
Knag, BU3Ha4YeHHs HangoBLLOro crioBa 3 napu abo BugineHHs N-ro crnosa B peyeHHi.

Eval-UA-tion micTntb 6a30Bi pe3ynbTaTi 4518 KOXHOro 3aBAaHHs: NOKa3HMK NIOACHKUX BignoBigew i BUNagKkoBoi reHepadlii.
MeTa Eval-UA-tion nonsrae y BCeGiYHil OLiHLi MOXIMBOCTEN MOBHMX MoAeNnen Anis YKpaiHCbKOi MOBU Ta CTUMYIOBAHHI
noganbluMx AocrigxeHb Yy Ui cdepi. BiH 6yB npencraBnenuin Ha koHdepeHuii UNLP 2024 i mMicTUTb OUiHKM AnNst pi3HMX
6araToMOBHMX I O4HOMOBHMX Mogenen. HesBaxaium Ha BUKOPUCTaHHS CyyacHiwmx mogenew 3amicte BERT, nopiBHAHHIO
SIKMX NPUCBSIYEHO Lil0 pOoBOTY, aBTOPM NMOKa3yTb pesynbTaTy, WO € KOPUCHUMU A1S1 NOPIBHAHHS NPOAYKTUBHOCTI 6araTomo-
BHUX 1 OAHOMOBHUX MoAenen.
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3rigHo 3 pesynbTatamu, npegactaeneHnmm Ha puc. 1, mopenb SherlockAssistant/Mistral-7B-Instruct-Ukrainian, saka
npoLna nonepeaHe HanawTyBaHHSA Ha YKpaiHCbKNX AaHUX, BuaBunacs epekTneHilo ans 3asaaHHsa UP-Titles (Hamotskyi
et al., 2024), Hixx 6araTomoBHI mogeni, wo He € OpenAl, Ta HaBiTb nepeBepwmna GPT-3. Xovya GPT-4, 6aratomoBHa Moaerb,
nokasana Havikpalli pe3ynbTaTi, BapTo 3ayBaXuWTW, LLO NPsIME NOPIBHSIHHSA YCKMNaAHIOETLCA Yepes 3HauHi BigMiHHOCTI y pos-
Mipi Mogeni  06casi Habopy AaHuX Anst nonepeaHbLOro HaBYaHHSA NMOPIBHAHO 3 IHWUMK MOAENSIMU.

LMES-wordalpha _,4-50

0 baseline

LMES-wordlength human
---- random

B---- UA-CBT most-frequent

LMES-cats_bin —0469

| 0.91

N 1
IO 34
1

0.35

LMES-LOW | O . 37
1

LMES-WIS 0. 19

I 0.45

UA-CBT e ' 55

1 « 061

_0-97
1 -
UP-unmasked T 0.92

H model 86

— mmm  Mistral-7B-Instruct-v0.2 0.97
! Ms-Inst-Ukr-Slerp

— mmm Ms-Inst-Ukr-sherl
UP-masked — gpt-3.5-turbo
i = gpt-4-1106-preview

0.0 0.2 0.4 0.6 0.8 1.0
score

Puc. 1. Pe3ynbTaTu nopiBHAHHA Moaenen Ha 3aBpgaHHsax Eval-UA-tion (Hamotskyi et al., 2024).
Mo3HauyeHHsA: baseline — 6a3oBa Moaenb; human — ouiHKka nAMHOK; random — BUNagKkoBuUM BUGIp;
UA-CBT most-frequent — HaryacTiwmi knac. Bicb X — 3HauyeHHAA meTpuku (score)

2.6. 3anosHeHHs nponyckiB (Mask filling)

Ha eTani nonepeaHboOro HaB4aHHst Mogenen Ha ocHoi BERT 3a3Buuyali ix TpeHytoTb nepegbayat BUNagkoBoO 3amacko-
BaHi cnosa y BenuKoMmy kopnyci gaHmx 6e3 po3mitku. Lie gonomarae mMoBHin Mogeni BuB4aTv pyHaameHTanbHi npeacTas-
NeHHss MOBM abo MOBHI CTPYKTYpM, Taki ik MOPSOOK CMiB Y PEYEHHSAX | 3HAYeHHS cniB (Yepe3 HaB4YaHHSA TOKeHi3aTtopa Ta
nepeTBOPEHHs1 BekTopiB). Lli monepegHbo HaBYeHi Mogerni NoTiM AOHaBYaKTLCA Ha cneundivyHnX Habopax AaHuX Anst KOHK-
peTHUX 3aBaaHb. TOMY OLHIOBaHHSA NPOAYKTUBHOCTI MOAENi Ha 3aBAaHHI 3anoBHEHHS NMPOMNYCKIB NOTEHLUINHO MOXe nokasaTw,
Hackinbku fobpe moaens "po3ymie” ykpaiHCbKy MOBY.

[ns ouiHOBaHHS Mogenel HamMmM CTBOPEHO Habip peyeHb i3 3amMmacKkoBaHVMU CIOBaMK, LLO BUMaratoTb He NULLIE 3HaHHS yKpa-
THCBKOT MOBM, ane 1 "po3yMiHHA" YKpaiHCbKOro KOHTEKCTY (KynbTypa, Noesisi, iCTopis, KyxHs, Tpaauuii). AKiCTb 3anoBHEHHS nponyc-
KiB pisHAMW MoOgensaMW [ae 3MOry BU3HAYUTU SIKICTb AaHWX, BUKOPUCTaHWMX Mig Yac HaByaHHeA. Hanpwuknag, BiacyTHICTb
OopuriHanbHWX YKPaiHCbKNX TEKCTIB MOXeE NPU3BECTU OO TipLUMX pe3ynbTaTiB Y peYeHHsIX, NOB'A3aHMX 3 YKPaiHCbKO KyIbTYpOto.

[ns pocnimkeHHsA SKOCTi 3anOBHEHHSA MPOMyCKiB My CTBOpUNY Habip nuTaHb, WO reHepysanucsa mogennto Gemini, a Ta-
KOX JOMUCYBanucs Ta nepesipsanucs BpyyHy. [Ing 3anoBHEHHSA NPOMNYCKIB Ha KOXXHOMY NMUTaHHI BUKOPUCTOBYBAaInM Kifbka Mo-
aenen. OuiHoBaHi Mogeni oxonnoBanu 6araToMoBHI Mogeni, Mogeni, siki 6ynu 4oaaTkoBO HABYEHI HA YKPAIHCbKMX TEKCTAX,
" ogHOMOBHI Mogeni. [poBoannu ABa TUMNY OLiHIOBaHHSA: pyYHe OLUiHIOBaHHSA AN BUCHOBKIB i MOPIBHSAHHA NPOAYKTUBHOCTI, Ta
3ararnbHe OLiHIOBaHHS.
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3aranbHe OUiHIOBaHHS NMPOBOAMNM 3a A4ONOMOro BebcanTty, e pecnoHaeHTV 6aunnu BUNagkoBe 3anuTaHHs 3 NPOMnyCcKoM
i Bignogigi Big Kinbkox Mmogenen (iHpbopmadisi npo Ha3By Mogeni, Lo 3reHepyBarna KOHKPETHyY BiagnoBiab, Oyna npuxoeaHa). Yua-
CHVIKam OnNuTyBaHHSA NMPOMOHYBAasM OLHUTY KOXHY BiANOBIAb 3a LWKaroto Big 1 4o 5 3a Takumm kpuTepiamu: 5 (TOYHe Ta KOHTEKC-
THO peneBaHTHe 3anoBHEHHS NPOMyckKy), 4 (NepeBaXHO TOYHE, ane 3 He3Ha4YHMMK Nomunkamm), 3 (desika peneBaHTHICTb, ane
He 30BCiM TOYHE), 2 (NoraHa peneBaHTHICTb | TOYHICTb), 1 (MOBHICTIO HepeneBaHTHe abo rpamaTYHO HEMPaBUITbHE).

Ockinbkn MeTol onuTyBaHHS Gyna ouiHKa, HacKiNbky SIKICHO 3aMOBHEHI MPONYCKU MOJENsMU, a He pe3ynbTataMm SKoi
mMogaeni HagaayTb nepesary noan (Human Feedback), To ana onutysaHHs 6ynu 3anpolueHi nioan. Ons Bcix y4acHukKiB ykpa-
THCbKa MOBa € OCHOBHOI MOBOIO CNiNKyBaHHS. YCi y4aCHUKN Manu BULLY OCBITY.

OuiHoBaHi mogeni oxonnoBanu 6aratomoBHuit XLM-RoBERTa (6asosuit i Benukun), GPT40 (sk etanoH), RoBERTa
WECHSEL ykpaiHcbkun (6asosuii i Benukuin) Ta YouScan RoBERTa (6asoBuiA, nonepegHb0 HaBYEHUIA Ha YKpaiHCbKOMY
Habopi AaHnx). Pe3ynbTat py4yHOro Ta 3aranbHOro OLiHIOBaHHS HaBEOEHO HIKYe.

Pesynbmamu py4yHo20 OUjiHI08aHHS

BaratomoBHi Mogeni 3a3Buyai NokasyTb ripLle 3HAHHST YKpaiHCbKOro KOHTEKCTY (Tabn. 6).

Mopeni, nonepeaHbLO HaBYeHI abo NepeHeceHi Ha YKkpaiHCbKy, YacTO MOKa3ykoTb Kpalle 3HaHHS YKPaiHCbKOrO KOHTEKCTY
(hanp., y Tabn. 7 mogens WECHSEL gopana Hiwesi ykpaiHCbKi TONOHIMK).

Tabnuys 6
Mpuknag pe3ynbTaTiB 3aNOBHEHHA NPONYCKiB Pi3HUMKU MoaensiMu

BupgaTtHi ykpaiHCcbKi nMCcbMeHHUKM, Taki sik [MASK] i [MASK], 3po6unu Benvkuii BHeCcoK y nitepatypy. ([TumaHHsi 32eHeposaHe LUI)
Hassa mogeni Pe3ynbTaT 3anoBHEHHS NPOnycKiB
XLM RoBERTa BupatHi ykpaiHcbki nucbMeHHUKN, Taki Sk LLleBYeHko i LLleBYeHKa, 3pobunu Benvkuin BHECOK Y niTepaTtypy.
base
RoBERTa BupatHi ykpaiHCbki NCbMeHHUKM, Taki Sk @paHko i LLieBYeHKO, 3pobunun BeNnknii BHECOK Y fniTepaTypy.
WECHSEL base
YouScan RoBERTa Uk BupaTHi ykpaiHCbki NUCbMEHHMKHN, Taki sik LLieBYeHKO i iHLWi, 3po6Guny BeNuknin BHECOK y niTepaTtypy.
base

Tabnuys 7

Mpuknag pe3ynbTaTy 3anoBHeHHs1 nponycky mogennto WECHSEL
YkpaiHcbki Kapnatu cnaBnsitbca cBoimmu KypopTamu, Takummu sik [MASK] i [MASK], ne moxHa HaconomxyBatuca [MASK].
(MumaHHs 32eHeposaHe L)

Hasea mogeni PesynbTaT 3anoBHEHHSA NPONYyCKiB
RoBERTa YkpaiHcbki Kapnatu cnaBnsitbCst CBOIMU KypopTamm, Takumm sik Tpyckaseup i Apemue, 4
WECHSEL large € MOXXHa HacoNno4KyBaTUCsa NPUPOAOHD.

Mogeni, nonepeHbO HaBYEHi Ha YKpalHCbKUX AaHWUX, TaKoX 3a3BMYai reHepyoTb HEeCMOAiBaHiILLi BiANoBiAdi NOPIBHSAHO 3
iHLIMMK MoaenaMn. BoHW Takox Ginbll NOCHiOOBHI i3 3aKiHYEHHAMM ChiB, O € BaXXKMM 3aBAaHHAM Ans 6araToMOBHUX MO-
Oenen, OCKinbku ykpaiHCcbka MoBa € MopdororiyHo 6araToto.

OpHak yci mogeni nocnifoBHO NMoKa3yTb Gpak AKOCTI MipKyBaHb i 3HAHHS YKPATHCLKOrO KyIbTYPHOIO KOHTEKCTY MopiB-
HSAHO 3 HabaraTo GinbLuoto Ta 3pinoto mogennto GPT4o. Bignosigi cxunbHi 6yTu 6inbLu 3aranbHUMKM, 0cOb6NMBO ANs 3anuTaHb,
noB'a3aHunX i3 HaykoBnmMu paktamu (Tabn. 8, 9).

Tabnuys 8
Mpuknag pe3ynbTaTiB 3anOBHEHHA NPONYCKiB, WO BMMaraloTb 3HaHHA akTiB, pi3HMMK Mogensimu

Codis KuiBcbka — Le [MASK], sika 6yna nobypnoBaHa y [MASK] poui i € npuknagom [MASK] apxitekrypwm. (lTumaHHsi 32eHeposaHe LLI|)

Hasea mogeni PesynbTaT 3anoBHEHHSA NPONyCKiB

GPT4 Cogisi KuiBcbka — Le cobop, sika 6yna nobygosaHa y 1037 poui i € npvknagom Bi3aHTIMCLKOT apXiTEKTYpMW.

XLM RoBERTa base Cogist KniBcbka — Lie uepkBa, sika 6yna nobygosaHa y 1905 podi i € NpMknagom cy4YacHOI apXiTekTypu.

RoBERTa Codpist KniBcbka — Lie LiepkBa, sika 6yna nobygosaHa y 2007 poui i € npuknagom yKpaiHCbKOT apXiTeKTypu.

WECHSEL base

RoBERTa Cogis KniBcbka — ue 6yaiBns, sika 6yna nobyaosaHa y 1991 poui i € npuknagom cyyYacHoi apXiTekTypu.

WECHSEL large

YouScan RoBERTa Codpist KniBcbka — Lie LiepkBa, sika 6yna nobynosaHa y 2001 poli i € Npuknagom Hapo[HOI apXiTeKTypy.

UK base

XLM RoBERTa large Cogis KniBcbka — Lie LepKBa, sika 6yna nodygosaHa y 1929 poui i € NpMknagom yKpaiHCbKOI apXiTekTypu.
Ta6bnuys 9

Mpuknag pe3ynbTaTiB 3anOBHEHHA NPOMNYCKIB, WO BMMaraloTb 3HaHHA akTiB Npo icTopito YkpaiHu
yu Gionorito, 3reHepoBaHi pi3HMMK MogensimMu
Jroacbka nam'aTtb pyHkuUioHye 3aBasikn [MASK] i [MASK], wo ao3Bonsie sanam'atoByBaTtu [MASK]. (lTumaHHsi 32eHeposaHe L)
HasBa mogeni PesynbTaT 3anoBHEHHS MponyckKiB

GPT4 Jlloacbka nam'saTb OYHKLIOHYE 3aBAsIKM MO3KOBIW AiANIbHOCTI i HEMPOHHUM 3B'si3KaM, LLO [03BONSE
3anam'aToByBaTu iHchopMaito.

XLM RoBERTa base Jlioacbka nam'aTb PYHKLiIOHYE 3aBasikun eHeprii i GPS, 1o go3Bonsie 3anam'aToByBaTu iHhopmalito.

RoBERTa JTioacbka nam'aTb PYHKLIOHYE 3aBOsSKM MO3KY 11 Bifeo, L0 J03BONsSE 3anam'sToByBaTu iHpopmauito.

WECHSEL base

RoBERTa JTioacbka nam'aTb (OYHKLIOHYE 3aBAsiKM HayLi i po3yMy, LLO JO3BOSISIE 3anaM'aToByBaTH Noaen.

WECHSEL large
YouScan RoBERTa Uk Jlioacbka nam'atb PyHKUIOHYE 3aBASKM TEXHONOTIT 1 eHeprii, LU0 J03BOrIsSiE 3anamM'aToByBaTy iHpopmadito.
base

XLM RoBERTa large Jltoacbka Nnam'atb (PYHKLIOHYE 3aBOSKM PYXY i Hacy, WO A03BOMSE 3anam'aToByBaTu iHpopmauito.
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Lle we pas nigkpecntoe 3Ha4YHy nepeBary BENUKMX KOMEPLiIMHUX Modenen Hag MeHWUMY 6e3KOLITOBHUMN MOAENSAMN 3
BiOKPUTMM KOAOM. Taka BiAMIHHICTb Y NPOAYKTMBHOCTI, MMOBIPHO, NOB'A3aHa 3 TUM, LLO KOMepLiViHi Mogeni MatoTb GinbLuy
KiNbKIiCTb NapaMeTpiB i HABYAKTLCHA Ha 3HAYHO LUIMPLIKMX Habopax AaHuX.

Pe3ynbmamu 3a2anbH020 OUiHI08aHHS

Min yac 3aranbHOro oLiHIOBaHHA BCi BiAnoBiai Mmogenen ouiHoBany Big 5 no 1. GPT40 BMKOPMCTOBYBanu ik eTarnoH.
Pe3ynbTaTn 3aranbHOro oLUiHIOBaHHS, HaBeaeHi Ha pyc. 2, NoKasyloTb, WO Mogeni, nepeHeceHi Ha yKpaiHCbKy 3a A0NOMOro
metony WECHSEL, nepesepLuytoTb Moaens YouScan RoBERTa, nonepeaHbo HaBueHy Ha ykpaiHcbkin MoBi. OfHak HanHu-
Xyi 6anu otpumanu 6aratomoBHi mogeni XLM-R.

MopiBHAHHA cepeHbOI OLIHKN Moaenen

5.00

CepenHs ouiHKa

GPT4o0 XLM RoBERTa RoBERTa WECHSEL RoBERTa WECHSEL YouScan RoBERTa XLM RoBERTa
Multilingual base Ukrainian base Ukrainian large Uk base Multilingual large

Mopenb

Puc. 2. Pe3ynbTaTu 3aranbHOro ouiHBaHHs Mogenei (OHNManH-oNnUTYBaHHs)

BoagHouac xogHa Mogernb He gocarna sikocTi KomepuiiHoi mogeni GPT4o.

[ina 3aBAaHHA 3anOBHEHHS NPOMYCKIB MoAeri, nonepeaHb0 HaByYeHi abo nepeHeceHi Ha yKpaiHCbKy, 3a3Buyan NpaLoTb
Kpawle, Hix 6aratomoBHi Mogeni. MpoTe aganToBaHi 40 yKpaiHCbkoi MoBM 3a gonomoroto Metogy WECHSEL G6aratomMoBHi
Mofeni, HecnodiBaHo nepeBepLUyoTb Mogeni, nonepeaHbo HaBYeHi BUKITHOYHO Ha YKpaiHCbKMX TekcTax. MoxnmeBum nosc-
HEHHSAM Uboro moxe 6yTn Te, wo mogeni WECHSEL oTpumytoTe nepesary Big rmubLLIOro po3ymiHHS MOBW Ta BENUYE3HWX
MacuBiB AaHuX, WO BUKOPUCTOBYIOTLCSA A5t HaB4aHHs 6a3oBux mogenen. OgHak 3anuwaeTbCa HE3PO3YMINnuM, UM MOKaXyTb
BOHW BULLi pe3ynbTaTu, HiXX OCTaHHs ykpaiHcbka mogens LIBERTa, apyra Bepcisa sakoi nokasana kpally NpoAyKTUBHICTb, HiXK
WECHSEL Ha iHwmnx 3aBgaHHsax (Haltiuk, & Smywinski-Pohl, 2024).

2.7. Po3miuyBaHHA yacTuH moBu (POS tagging)

AsTopu (Haltiuk, & Smywinski-Pohl, 2024) nopiBHIOTb NPOAYKTUBHICTL Pi3HUX 6araTOMOBHUX i OAHOMOBHMX MoAenNemn
Ha yKpaiHcbKii YacTuHi Habopy gaHux Universal Dependencies (Nivre et al., 2017). PoamivyBaHHs yacTuH moBu (POS
tagging) — Ue npoLiec Npu3HayYeHHs rpamaTu4Hoi kaTeropii (abo "Tery") koXHoMy crnoBy B TeKcTi. Lli Tern BkasytoTb Ha YacTuHy
MOBW CroBa, Hanpuknag, iMeHHWK, QiECNOBO, NPUKMETHUK, NPUCAIBHUK, 3aNMEHHUK, MPUAMEHHMK, CNONYYHMK abo BUTYK.

3rigHo 3 (Haltiuk, & Smywinski-Pohl, 2024), npoayKTUBHICTb YCiX MoAenen y LboMy 3aBAaHHi € 4OCUTb BUCOKOIO Ta CXO-
X010, LLI0 MOXe CBiA4YMTM Npo Te, Wwo 3aBaaHHA POS tagging € BiGHOCHO NpOCTUM ANS YKPaiHCbKOI MOBW, @ Pi3HULA B pesyrib-
TaTax Mmoxe OyTu BUNaakoBot. PesynbTaTy nopiBHAHHA HaBedeHi B Tabn. 10.

Ta6bnuuys 10
Pe3ynbTatn mogenen Ha 3apadi po3midyBaHHS YaCTMH MOBM
Tun i moBa mopeni Po3mip mogeni UD POS (TO4HicTb)
RoBERTa WECHSEL Ukrainian base 98.57 (0.03)
RoBERTa WECHSEL Ukrainian large 98.74 (0.06)
ELECTRA Ukrainian base 98.59 (0.06)
XLM RoBERTa Multilingual base 98.45 (0.07)
XLM RoBERTa Multilingual large 98.71 (0.04)
LiIBERTa Ukrainian (pretrained) large 98.62 (0.08)

OTxe, Le NOPIBHAHHA NOoKasye, WO Ans PO3MivyBaHHSA YaCTVH MOBW Pi3HULS Y NPOAYKTMBHOCTI MiXK OGHOMOBHUMM 11 6a-
raTOMOBHVMUW MOAENAMM € MiHIManbHOH.

2.8. Pe3ynbTaTt NOpiBHAHHA

PesynbTaTy NopiBHAHHA 0fHO- Ta 6araTOMOBHUX MoZernen HaBeaeHo B Tabn. 11.

Mo>kemo 3po6UTH BUCHOBOK, LLLO afanToBaHi 40 YKpaiHCbKOi O4HOMOBHI MOZENNi YacTo AEMOHCTPYHOTh Kpalli pesynbtaTu
y cnevianisoBaHux 3asaaHHsX. [MprknagomM Lboro € NokasHUKM MOPIBHAHHA MoZernen Ansa po3nidHaBaHHS iMEHOBaHWX CYTHO-
cTen i knacudpikauii TekcTiB. Lle yacTto nos'a3aHo 3 TuMm, WO MOAENI, crneuianbHO TPEHOBaHI Ha YKPaiHCbKNX AaHWX, Kpalle
PO3YMIlOTb KOHTEKCT 11 OCOBMMBOCTI MOBW, @ TaKOX OPIEHTYHOTBCA B KOHTEKCTI YKPAiHCLKOT KyNbTypW, Bif YOro MOXyTb CTpa-
»aatun 6araToMoBHI Mogeni.
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B 1 C H U K KuiBcbkoro HauioHanbHoro yHieepcurety imeHi Tapaca LleBueHka

Ta6bnuys 11

MopiBHAHHA oQHO- Ta 6araTOMOBHMX MoJernen Ha YKpaiHCbKUX 3aBaaHHAX NLP

3aBaaHHsa OMNM gns ykpaiHCbKOi MOBU

MopiBHSAHHA ogHO- Ta 6araTOMOBHMX MoAenen

HdopaTkoBi KOMeHTapi

PosnisHaBaHHs iMeHOBaHUX CYyTHOCTEWN
(NER)

OpHoMOBHa Mofenlb  TpeHoBaHa nepeBaXHO
Ha YKpaiHCbKUX TeKCcTax MnokKasye Hankpawui
pesynbTaTt

Po3pisHeHHs 3HaveHb cnis
(Word Sense Disambiguation)

BaratomoBHa Mofenb OOTpeHOBaHa YKPaiHCbKOK
nokasye Kpalumn pesynbsTar

€ notpeba MopiBHATK 3 pe3ynbTa-
TOM O6inbll Cy4YacHoi yKpaiHCbKOI
mogeni LIBERTa v2

Knacudikauis TekcTiB

Mogenb aganToBaHa [0 YKPaiHCbKOI MeTOAOM
WECHSEL nokasye «kpawi pesynbTati, Hix
ykpaiHcbka LIBERTa

[Opyra Bepcia mogeni
LIBERTa nepesepwye WECHSEL,
ane pesynbTaTtu LWe He onybnikoBaHi

UA-CBT (4acTuHa EvalUA-tion)

Mogenb Mistral-7BSherlock poTpeHoBaHa Ha
YKpaiHCbKUX AaHuX MoKa3ye Kpalli pesynbTatu

Mistral-7B-Sherlock He pocsrae
piBHs gpt-41106-preview

UP-Titles
LMentry-static-UA (LMES):
3anoBHEHHs NPonyckiB

Hi>k GBaraTomMoBHa Moaenb

Mopenb aganToBaHa [0 YKpaiHCbKOi MeTogoM | »KogHa Mogenb He Aocsirae piBHSA

WECHSEL noka3sye GPT4
Kpalli pe3ynbTaTy, HiX yKpaiHCbka
YouScan/RoBERTa
Po3mivyBaHHs yacTuH mosu (POS Tagging) HesHauyHa pi3HuLs y pesynbTaTax ogHo- Ta 6arato- | MoxnuBo, noB'si3aHO 3 JErkicTio
MOBHUX Moaenen 3apgadi

BogHouac 6aratoMoBHi Mogeni, AOTPEHOBaHi YKpaiHCbKOK MOBOIO, TAKOX MOXYTb OyTn edhekTMBHUMU ANs 3aBAaHb, LU0
He NoTpebyTb rMMBOKOro po3yMiHHs cneumdikn moBu. MNMpUKNagoM Takux 3afad € po3pisHEHHS 3Ha4YeHb. [NoTeHLUIHO Big-
MiHHICTb Mi>XX MOAENAMMU, HaTPeHOBaHMMM 3 "Hyns" YKpaiHCbKOK Ta AOTPEHOBAHMMU YKPAiHCLKOK, MOXE 3MEHLUNTUCH, 3ane-
XHO Bif AKOCTI Ta KinbKOCTi TpeHyBanbHWX AaHux. Onsg aeskux npocTux 3agad, Sk po3MivyBaHHS YaCTUH MOBW, Pi3HULS MiX
Pi3HMMU TUNaMy MoAeNeln He3HayHa. Y NpakTuLi Ans TakmMx 3agad Bubip npaBunbHOI Mogeni Moxe He ocobnvMBo BNnMBaTu
Ha edEeKTUBHICTb.

OpHomoBHa Mofenb, nornepeaHb0 HABYEHa Ha YKPaiHCbKUX AaHuX, xoda i He nepesepwye WECHSEL-monens ans yk-
paiHCbKOi MOBU, OHAK Y>Ke Nokasye Kpalli pe3ynbTaTu, Hixk nonepeaHi MOBHICTIO yKpaiHCbki Moaeni. Lle moxe cBigunty npo
Te, WO Yac, KOnu MoAenb, HaTPEHOBaHa NULLIE Ha YKPAiHCbKUX AaHWX, NokasyBaTUMe Kpalli pesynbTaTu, HiK aganToBaHa
mMogenb, Bxe 6nusbko. (3rigHo 3 Buctynom (Haltiuk, & Smywinski-Pohl, 2024) Ha koHdepeHuii UNLP, apyra Bepcisa mogeni
LiIBERTa Bxe nokasye kpalyi pesynbtati, Hxx WECHSEL mogens)).

OT1xe, BMGIp Mi>Xk OHOMOBHMMU Ta 6GaraTOMOBHUMW MOAENSIMU 3aNEXUTb Bi KOHKPETHOrO 3aBAaHHs: Ans GinbLu cneuja-
ni3oBaHUX i cKkNagHMX 3agay OouinbHille BUKOPMCTOBYBaTU OAHOMOBHI Moaeni, ToAi ik Ans 3aranbHilunx 3agay 6araToMoBHi
MOXYTb ByTK aHanoriyHo ecekTuBHUMU. List BiaMiHHICTb NOTeHUiHO MOXe HiBentoBaTtucs binbLue, akwo moaeni 6ynu agan-
TOBaHi A0 yKpaiHCbKOI MOBMW.

3. O6mexeHicTb | ManbyTHe gocnimKeHHA

Onwncaswm oTpuMaHi pesynbTaTi, BaXNMBO BiA3HAYMTU NEBHi OOMEXEHHS LbOoro JOCNIMKEHHS, ki BapTO BpaxoByBaTu
nig Yac iHTepnpeTauii Ta NoAaNbLIOrO BUKOPUCTAaHHSA BUCHOBKIB.

ObmexxeHicmb obyuctosanbHUX pecypcie U obcsizie daHux. MNoBHOLIHHE HaBYaHHS "3 Hyna" BENUMKMX MOBHUX Moaenen,
Takux 9k BERT, noTpebye 3HauHmx o6uncnoBanbHUX NOTYXKHOCTEN | Benuye3Hnx obcsrie AaHux. [NonepegHs ouiHka BapToCTi
Ta yacy HaB4YaHHA Mogeni (64 GPU npotsrom 4 ai6 3a uiHoto $4.5/ron) ctaHoBuTb NpubnusHo $7000. OkpiM LbOro, AOCTYMHI
KOpMycW yKpaiHCbKMX TEKCTIB 0OMexeHi (opuriHanbHuiA Habip gaHux BERT mictute 3.3 mnpg cnig). Yepes ui oOMexeHHs B
LbOMY AOCHIAKEHHI NEpeBaXXHO BMKOPUCTOBYBANN TOHKE HanNalTyBaHHS BXE HaBYeHWX Mogenen. Xova BOHO i AaE 3mory
OOCAITV HemnoraHmx pesynbTaTtiB 3 MEHLIVMMMW BUTPaTaMu rpoLler i YacoBUX PecypciB, Lie He AOMOMOrIO MOBHICTIO OLHUTY
noTeHuian moaeni, OCKINbKM BOHA BXe ajanToBaHa [0 MEBHUX AAaHWX Ha eTani 6a30BOro TpeHyBaHHS Ta MICTUTb ynepe-
OXXEHHSI CTOCOBHO LIMX AaHWX.

[ns kpaloro nopiBHsAHHSE po6oTK Moaenel NoTpibHO MaTh pecypcu ANs TPEHYBaHHsI MOAENi Ha KOpnyci CroB'SHCbKMX
moB. [lo Buxogy LIBERTa (Haltiuk, & Smywinski-Pohl, 2024) icHysana notpeba Takox HaB4MTK 3 "Hynsa" ykpaiHOMOBHY MO-
Aenb, o, nonpu cnpobu, He Boanocs 3pobutu B Mexax NoTOYHOro AOCHiAXeHHs Yepe3 bpak obuncnioBasnbHUX pecypcis.

Bidcymmnicmb komrninekcHo20 beHuYmMapKy. Ha BigMiHy Big, aHrMiicbKoi MOBU, ANS SIKOT iCHye CTaHAapTU30BaHWiA Habip GeH-
umapkiB GLUE, wo oxonntoe pisHi 3agadvi OMNM, ans ykpaiHCbKOi MOBM TaKoro iHCTPYMeHTY Gpakye. Lle cyTTeBo ycknagHoe
NOPIBHAHHS Pi3HWX MoAenen i NiaXoAiB, OCKINbKY 4OBOANTLCS BUKOPUCTOBYBATU OKpEeMi Habopu AaHNX | METPUKK, SIKi MOXYTb
OyTV He NOBHICTIO penpe3eHTaTUBHUMUY AMsl BCiX aCNeKTiB MOBU.

BigcyTHicTb yHiBepcanbHOro ctaHgapTy OUiHKM pobUTb MOPIBHAHHS Pi3HUX Modenew MeHLW OO'EKTUBHUM W YCKNagHIoe
NpoLEeC NepeBipkn ANst KOXHOIo 3aBAaHHS.

BukopucmaHHs peaynbsmamis koHgbepeHuii UNLP 2024. KoHdepeHuis UNLP 2024, wo Binbynacsa 25 tpaBHs 2024 p.,
cTana Baxnuoto nogieto ansa po3suTtky OINM B YkpaiHi. Ha koHdepeHLii npeacTtaBunu HOBi Mogeni, HaTpeHoBaHi "3 Hyns"
4Yn OOTPEHOBAHI Ha yKpaiHCbkMx TekcTax (Haltiuk, & Smywinski-Pohl, 2024; Kiulian et al., 2024). Kpim Toro, koHdepeHuis
BiA3Haymnacs poswmpeHHaM 6eHuYmMapkiB AN OUiHKK Mogenen. Y mMexax Hawoi poboTn Mu 3aincHUnmu cnpoby iHTerpyeaTtu
AesiKi i3 uux pesynbTaris, TpoTe 0OMeXeHUn Yac He AaB 3MOTM I'PYHTOBHILLE BUKOPMCTATK HOBI Modeni Ta 6eHYmMapku.

MalibymHsi poboma ma Hanpsimku docnidxeHb. Pe3ynbTaTu JOCRiAXEeHHS nokasanu, Wo cnelianizoBaHi yKpaiHOMOBHI
MogZeni MaloTb 3HayHi Nnepesarv B GinbLIOCTI 3aBAaHb 3 06pobku ykpaiHcbkoi MoBu. OfgHak 3'sBunacsa HaranbHa notpeba B
CTBOPEHHI KOMMIEKCHOro ykpaiHOMOBHOro 6eH4YMapky, aHanoriyHoro o GLUE a6o KLEJ, onsa BceGiyHOT oLiHKM Mogenen 3a
pisHMMU 3aBAaHHaMU. Lis noTpeba cTae e akTyanbHILWOo 3 ornaay Ha akTUBHWUIA PO3BUTOK MoJenen, HaTpeHOBaHUX nepe-
Ba)KHO Ha YKPaiHCbKNX AaHWX, Ta NOSIBY HEBENUKMX KOMMIEKCHUX BGEeHYMapKIB.

OCHOBHMMYM HanpsiMKaMyn ManbyTHBLOI poboTK €: po3pobKa KOMMIEKCHOrO GeHUMAapKyY, SkuiA Byae YKpaiHCbKMM aHanoroM
GLUE; po3srnsa 3aBgaHb Ha rmmnboke po3yMiHHSA yKpaiHCbKOT MOBW; pO3LUMPEHHS Ta AuBepcudikalis Habopy AaHux, Wwo Bu-
KOPUCTOBYIOTBCS AN HaBYaHHS 1 OLUiHKM Mofernen. Lle cnpusatume nigBuLEeHHIO TOYHOCTI 1 aAeKBaTHOCTI MOAenen.

ISSN 1728-3817



DIBUKO-MATEMATUYHI HAYKMU. 1(82)/2026 ~ 203 ~

Mpu po3pobui 6eHumapky Ta Mogenen HeobxiaHO NPUAINATU 3HaYHY yBary eTUYHMM acnekTam, TakuM siK yrnepeaXXeHicTb,
AMCKpuMiHaLis Ta gesiHcdopmauis. Baxnveo 3abesneunTu, Wwob mogeni 6ynv cnpaseanvemMmMm, NPpO30puMMM Ta He 3aBgaBanu
wkoawm cycninecTBy. Lle nepeabavae petenbHuii aHania gaHux, anropuTMiB i pesynbTaTiB poboTn Mogenen, a Takox po3po-
OKy MexaHi3MiB KOHTPOIO Ta KopekLii.

3aranom peanisauisi 3anponoHOBaHNX HAMPSAMKIB AOCNiMpKeHb Mae 3Ha4YHUIN NOoTeHUian Ans po3BUTKY YKpaiHCbKOT chinb-
HoTM OlNM Ta CTBOPEHHSI NOTYXXHUX IHCTPYMEHTIB ANs1 BUKOHAHHSA Pi3HOMaHITHUX 3aBAaHb Y Pi3HUX cpepax XUTTS.

Ouckycisi i BACHOBKK

B mMexax npeacTaBrneHoro OocriaXeHHs BAANOCsi MOPIBHATU pe3ynbTaTn ogHO- Ta 6aratoMoBHUX Mogenen Tuny BERT
Ha OKpeMux 3aBAaHHAX 06pobkun ykpaiHCbKOT MOBW. Pe3ynbTaTv NOPIBHSAHHS OEMOHCTPYIOTh Te, WO MoAeni, HaTpeHoBaHi "3
Hyns" Ha yKpaiHCbKUX TekcTax abo [OTPEHOBaHI Ha HKX, 3aranom MatoTb KpaLli pe3ynbTaTu, Hix 6aratomoBHi. Lle Baanocs
nokasaTtu Ha 3aBAaHHSAX po3ni3HaBaHHSA iIMEHOBaHUX CyTHOCTEN, Knacudikauii TeKCTiB Ta 3anoBHeHHs nponyckiB. BoaHouac
6araTomoBHI MoZeni nokasyoTe HabnuxkeHnii abo KpalLmin pedynbTaT Ha Nerwmnx 3aBaaHHAX (PO3Pi3HEHHST 3HAYEeHb ChiB).

YkpaiHCbKi MoAeni nokasanu KpaLli MOXMMBOCTI 3aXONioBaTU YKPaTHCbKUA KOHTEKCT i BpaxoByBaTW KYNbTYpPHi HI0aHCH,
AKi MOXYTb BTpayaTncsa B 6aratoMoBHMX Mogenein. Xoya mogens LIBERTa HaTpeHoBaHa "3 Hyns" Ha yKpaiHCbkMx Habopax
OaHVX rokasarna ripwi pesynbTaTi, HiXX MPOCTO NepeHeceHa Ha ykpaiHcbky metogom WECHSEL 6aratomoBHa moaenb —
srigHo 3 Buctynom asTopiB LIBERTa (Haltiuk, & Smywinski-Pohl, 2024), apyra mogenb yxe nepesepwye WECHSEL-
RoBERTa. Lle moxe no3HayaTty, Lo KiNbKiCTb HEPO3MIYEHMX SKICHMX AaHUX YKPAiHCbKOK AOXOAWUTb 40 TOr0 MOMEHTY, KOnun
TPEHOBaHI NULLE HA HUX MOZENi BXe MOXYTb MOKa3aTu KpaLli pe3ynbTaTy, Hik agantoBaHi 6araToMoBHi.

JocnigkeHHs nokasano, LWo BMbip Mi ofHO- Ta 6araTOMOBHMMU MOAENSIMU 3HAYHO 3aneXuTb Bif 3aBAaHHS.

Y po6oTi 6ynu 3i6paHi Ta NopiBHSAHI 0gHO- Ta 6GaraToOMOBHI Moeni Ans pi3HUX MOB, L0 A04ATKOBO MiAKPECIWIO BaXIN-
BiCTb MPOBEAEHHSA OKPEMOro NOPIBHAHHSA AN YKpaiHCbKOi MoBW. EdpekTuBHICTL NeBHOro nigxody 3anexuTb Bif MOBW, 3a-
BAAHHA Ta AOCTYMNHMX pecypciB. Hanpuknag, ogHoMmoBHa diHcbka mogens BERT nepeepwmna 6aratomoBHy mBERT, ane
pesynbTaTy NOPIBHAHHA ANs NOPTYranbCbKoi MOBW Oynn KapanHanbHO NPOTUNEXHUMM.

[ns nopiBHSAHHS 0gHO- Ta 6araTomMoBHWX Moaenew 6ynu 3ibpaHi pe3ynbTaTth 3 pisHUX AXepen, cepea SKUX i HayKoBi CTaTTi
Ta mogeni. [leski 3 BUkopucTaHux mogernen 6ynu 4oaaTkoBo HanawToBaHi. [ns 3aBgaHb, Ae NoTpiGHO 6yno 3anoBHUTM NPo-
NyCcK1, MU BUKOPUCTOBYBANMW roToBI nonepeaHsL0 TPEHOBaHI Moaerni.

BinbLicTb Mogenew, BUKOPUCTaHUX Yy AOCHIIXKEHHI, HEe AocAraloTb PiBHA KOMepLiHMX Mogenen, Takmx gk ChatGPT4 ve-
pe3 oOMexXeHICTb KinbKOCTi NapaMeTpiB Mogeni, obcsary gaHux Ans TPeHYBaHHsS Ta MOXIMBOCTEN OTPMMYBaTU 3BOPOTHUNA
3B'A30K LLoA0 poboTn Mmogeni.

MpoLec NopiBHAHHA MOAENeN 3HAaYHO yCKMagHBana BiACYTHICTb KOMMNIEKCHOro 6eHYMapKy Ans YKpaiHCbKOI MOBWM, AKUIA
©yB 61 aHanorom GLUE a6o KLEJ.

Pe3ynbTaTn NpONOHOBAHOIo AOCNIMKEHHSI MOXYTb JOMOMOITY Y BU3HAYEHHI ONTUManbHOI Mogeni Ans 3aBAaHb, LWo 6ynu
npeacTaBneHi B NopiBHSAHHI. Kpim Toro, 3ibpaHi noka3HMKM NOpPIiBHSHHSA Mogenen i nepenik 3aBgaHb MOXYTb CIyryBaTyi OCHO-
BOK ANS po3pobku KoMMnnekcHoro 6eH4YMapky Ans yKpaiHCbkoi MOBW. 3ararnomM pesynbTaTi poboTu TakoX NigKpecrnioTb
BaXXIUBICTb PO3pOOKKN Ta BAOCKOHANEHHS OOHOMOBHWX MOAENEN ANs YKPaiHCbKOi MOBMU, L0 JOMOMOXe 3abe3neynTu ixHio
e eKTMBHICTb Y LUMPOKOMY CMEKTpi 3aBgaHb 06pobku MOBM.

BHecok aBTopiB: Mukona 'nMmboBeLp — KoHUenTyanisauisi, Metoauka; daHuno BaHiH — nporpamHe 3abe3neyeHHst; Mukona Mmuboseupb
— aHani3 i MaroToBka TEOPETUYHMX OCHOB AocnimpkeHHs; JaHnno BaHiH — aHani3 pesynbrartis, 36ip i nepesipka emMnipuyHUX AaHUX, aHani3
[Kepen, nNigrotoBka ornsay nirepatypu.

Dxepena ciHaHcyBaHHS. Lle focnigkeHHs He OTPMMaro XXOA4HOTrO rpaHTy Bif (iHaHCOBOT YCTaHOBW B Aiep>XaBHOMY, KOMepLiiHOMy abo
HEKOMepLiNHOMY CeKTopax.
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THE APPLICATION OF MONOLINGUAL AND MULTILINGUAL BERT-BASED MODELS
FOR TEXT AUTOMATION TASKS IN UKRAINIAN

The object of this study is mono- and multilingual models based on the BERT architecture. The research focuses on comparing their performance
in natural language processing (NLP) tasks, with an emphasis on their application to the Ukrainian language. The methodological framework follows
standard approaches to model training and evaluation, relying on publicly available information sources. Experiments were conducted solely on
open-source or self-fine-tuned models and covered all existing Ukrainian benchmarks.

Overall, the findings show that both monolingual and multilingual BERT models can be effective for NLP tasks, depending on the target language,
specific task, and available resources. While monolingual models often outperform multilingual ones for tasks in their own language, multilingual
models can prove advantageous when resources for training language-specific models are limited.

The comparison demonstrates that models trained from scratch on Ukrainian texts—or further fine-tuned on them—generally achieve higher results
on Ukrainian NLP tasks than multilingual counterparts. This advantage was evident in named-entity recognition, text classification, and masked-token
prediction. Multilingual models, however, achieve competitive or superior performance in "lighter" tasks such as word-sense disambiguation,
especially when full training of a monolingual model is not feasible.

These findings underscore the need to adapt or fully train Ukrainian-language models for specialized tasks while still allowing for the cost-
effective use of multilingual systems in everyday scenarios. The practical significance of this work lies in providing a consolidated performance map
of modern models and laying the groundwork for a full-scale Ukrainian GLUE-like benchmark, which will stimulate further research and improve the
accuracy of Ukrainian NLP applications.

K ey word s : natural language processing, large language models, monolingual and multilingual models, BERT.
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ALGORITHMIC APPROACHES TO MODELING AND ANALYZING
ENDGAME POSITIONS IN BACKGAMMON

The final phase of the backgammon game, known as "races”, is considered. This phase is characterized by minimizing the
interaction of opponent's checkers and reducing the game process mainly to assessing the rate of moving checkers to the "home"
and their subsequent withdrawal from the board. The delvered analysis covers the specifics of this stage in various backgammon
variants, in particular in classic backgammon, using mathematical models and probability theory. The paper proposes methods
for optimizing strategies in the final phase of the game, which are based on a comprehensive analysis of possible game positions
and calculating the probabilities of the dices values. Special attention is paid to algorithmic approaches to decision-making, which
allow calculating the most effective game actions to achieve the optimal result.

The results of the study are valuable both for improving the game strategies of practicing players and beginners, and for
developing theoretical approaches to game analysis based on modeling and assessing the effectiveness of decision-making in
conditions of limited interaction between participants.

Keywords: backgammon, "races” stage, probability theory, total probability formula, simulation, optimal strategies,
doubling cube, pip-count, game optimization.

AMS 2020 classification: 62H30, 34C60.

Introduction

Backgammon is one of the oldest board games, gaining popularity both in Europe and the Middle East. Despite its centuries-
old history, this game remains relevant due to the variety of its variations, among which the most common are long nardy,
backgammon, tavli, etc. A special place among them is occupied by backgammon, which is the subject of numerous studies in
the field of game theory and probability theory, and also serves as the basis for holding international championships and online
tournaments. The main strategy of the game is to move checkers to the "home", or final area, with their subsequent withdrawal
from the board. However, the most intensive mathematical and algorithmic analysis concerns the final stage of the game, which
is known as "races" or "speed game". In this phase, the opponent's checkers cease to interact, and success is determined by
the player's ability to bring checkers correctly into the house for their subsequent withdrawal as quickly as possible.

The complexity of analyzing strategies in backgammon has repeatedly attracted the attention of researchers. In particular,
in the work (Witter, 2021) it was proven that the problem of determining the possibility of winning from an arbitrary position
belongs to the class of computationally complex ones, which explains the relevance of the search for approximate methods.
A significant contribution to the understanding of the stochastic aspects of the game was made by models of optimal strategies
for doubling bets, presented in the work (Blath, & Morters, 2001), which showed the effectiveness of decision-making under
uncertainty. A separate area of research is devoted to the "races" phase: in the article (Ross et al., 2007) mathematical
models for estimating the probabilities of winning were built and compared with the results of simulations. The work of Tesauro
played a key role in the development of the algorithmic approach, who used temporal difference learning methods and neural
networks to evaluate positions and improve strategies in the TD-Gammon project (Tesauro, 1995). In addition, an analysis of
the effectiveness of search algorithms, such as minimax and its variations, was presented in the works (Bell, 1997; Olsen,
2019), which confirms the promising application of optimization techniques in strategy simulation.

Thus, the analysis of "races", as a key phase of the backgammon game, has not only mathematical but also applied
significance, as it allows to construct highly efficient strategies. This paper examines in detail the methods of optimizing
strategies for this stage of the game with an emphasis on the use of modern analytical tools based on probability theory and
decision-making algorithms.

1. Mathematical model. The main concept

Pip-count (PC). Let the fields of the board be numbered from 1 to 24, so that the nearest field in the house is numbered
1, etc., and the field farthest from the house is numbered 24. Then the sum of the products of the number of checkers by the
numbers of the fields they occupy is called the pip-count or score. The opponent, to calculate his score, numbers the fields in
reverse order. Thus, in backgammon, before the start of the game, each player's score equals to

2:24+5-13+3-8+5:-6=167.
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In fact, the score is the minimum number of points that a player must roll (over a number of moves) to bring the checkers
into the house and then to withdraw them. It is said that a player who has a lower/higher score than the opponent is ahead/be-
hind in speed, respectively. The skill of quickly calculating the score is an important component of a player's skill, the technique
of such calculations can be found in (Kissane, 1992).

The roll. Each player's move is preceded by the roll of two dice. In this case, if the number of points on the dice matches
(for example, 3-3), then it is said that a "double" has been rolled, and the number of points rolled is doubled (i. e. in this case
the player has not two, but four moves of three points). The probability distribution of the number of points in one roll, taking
into account doubles, is given in Tab. 1.

Table 1
Probability distribution of the number of points in one roll (two dice)
j 3 4 5 6 7 8 9 10 11 12 16 20 24
- 2 (3| A4 6 |5 422 11 1
J 36 36 36 36 36 36 36 36 36 36 36 36 36

This probability distribution has the following characteristics:
MU)=y=§z81mmﬁ)=a=@§z4zw.

Doubling cube. In backgammon there is a rule of doubling bets. Let the game be played at a single bet at start. A player
who has sufficient (in his subjective opinion) advantages in the position can say "double" before his roll. In this case, his
opponent must make one of two decisions - to surrender without further play (and pay a single bet) or to continue the game
at a doubled bet. There can be several doublings during the game. A double cube is a cube with degrees of 2 on its sides -
from 2 to 64 and which is an indicator of the doubling status. At the beginning, when the game is played at a single bet, the
cube is in the middle and this situation is called "our cube". If the player has accepted the offer to double, then the cube moves
closer to him on the board, and the upper face shows the current (doubled) bet value. In this case, he is called the "owner of
the cube", and the situation that has arisen is "my cube" (for the one who accepted the doubling) and "his cube" (for the
opponent), and only the "owner of the cube" has the right to further double.

2. Optimal doubling strategies

It turns out that the correct managing of the double cube (i. e., an adequate evaluation of situations in which the player
needs to double the bet himself, and either to accept to surrender as opponent doubles) is no less important than the ability
to make the right moves. This problem was first considered in (Keeler, & Spencer, 1975). Let W (t) be a standard Wiener
process and W(0) = 0.5, the observation of the process ends at time t,, when the value of the Wiener process trajectory
takes the value 1 (then it is considered that the 1st player won) or 0 (then the 2nd player won). Then at each time t the
conditional probability of the 1st player winning is equal to the value W (t), and the conditional probability of the 2nd player
winning is equal to the additional probability. For this situation, it is proved that the 1st player should double at the moment
when W (t) = 0.8. The second player should accept the double if W(t) < 0.8 and surrender if W(t) > 0.8. If the first player
doubled at W (t) = 0.8, then the second player is indifferent to whether to accept the double or surrender, in any case his
average loss is equal to the current bet. Due to the symmetry of the model, the critical doubling point for the second player is
obviously 0.2. But at the end of the game, situations may arise that are not adequate to the continuous game model. The
situations where this inadequacy is most evident are the so-called one-step and two-step games considered in (Tuck, 1980).

In subsequent works, it was shown that the "continuous game" model, although it plays a significant role in estimating the
threshold values of doubling and doubling acceptance, is not fully adequate, since the players' chances can change dramat-
ically during a single roll (Tuck, 1980).

One step game. Let the first player after his throw win with probability p and lose with additional probability. Such a model
is fully adequate to the real game situation in which the 2nd player has one or two checkers, which he will definitely throw
away if it comes to his turn, i. e. one checker in the cell 1,2 or 3 or two checkers 1 — 1 or 1 — 2. It is worth doubling for the 1st
player when his expected gain at doubling is greater than the expected gain if he does not double, i.e. 4p — 2 >> 2p — 1.
Then the first player in the situations "my cube" and "our cube" should double if p > 0.5. In this case, the 2nd player should
surrender if, having accepted the doubling, he loses more than by surrendering, i.e. 4p —2 > 1 orp > 0.75.

Two steps game. Let the first player after his roll win with probability p and with additional probability the move goes to the
second player. If the move has reached the 2nd player, he also makes a roll, after which he wins with (conditional) probability g,
otherwise the 1st player wins. Then the following result occurs. Consider the square [0; 1] x [0; 1], where the values of p and q are
plotted along the abscissa/ordinate axes, respectively. Let the square be divided into 4 regions by such curves.

0.5, = 0.75;
49 -2 1
%W)={£_1ﬁ5quaﬁ; M
0,q <0.5.
3724 05 o5,
4—2q’1=""
Pr(q) =469 -3
- 05<g<0.75;
661_2,05_61_075,
0,q < 0.5.

)
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0.75,q = 0.75;

8q—3 (3)
5<9g<0.75;

8q—2'05_q_0 5;

IQ(Q)— 1
1—— 025<ag<05:
’ =q= ;

kO,q < 0.25.

Then the correct behavior of the 1st player will be as follows. In the region "left and above" Py (q) it should not be double
in any case. In the region enclosed betweenP,(q) and Pi(q), it should be double in the situation "our cube" and not double
in the situation "my cube". In the region "right and below" P;(q) it should be doubled in any case (see Fig. 1).

The correct behavior of the 2nd player is to accept doubling if the point (p, q) lies "to the left and above" and to surrender
if "to the right and below" the curve Py(q). In more detail, how the inequalities, with respect to expected winnings, give rise to
the above-described curves Pp(q), Pr(q), Po(q), was considered in (Tuck, 1980).

A doubles but
does not redouble

=

<z 1.0 T T T T T T

o

b |- A never doubles T
E nor redoubles,

g 0.8 and expects T
= to lose.

£ o ]
x P=py(q)

o 0.6 B
i -
= A doubles or P=py (q)

- redoubles, and

a 0.4 B accepts. 7
o i
° & doubles or redoubles

= 0.2 and B quits.

£

3 ~ .
o

° 0 L1 ! L ) 1 ] 1

‘;- 0 0.2 0.4 0.6 0.8 1.0

Fig. 1. Diagram of reasonable ddubiing and accepting dotjbling zones

Applying the results to backgammon gives the following practical rules. In a one-step game, player 1 should double if he
has one checker left in any position or two checkers in positions 2 — 5 or better. Player 2 should surrender if player 1 has
one checker left in any position or two checkers in positions 1 — 4 or better. Otherwise, player 2 should accept the double.

For example, in a one-step game in position 2 — 5, although player 1's probability of winning is g ~ 0.528, player 1 should
double, and player 2 should accept the double. This "increased aggressiveness" of player 1 is explained only by the fact that
his chances of winning, although only slightly exceed % are in a "double now or never" situation, i. e. he will not have a chance

to wait for a more favorable situation, as in the continuous game model (Keeler, & Spencer, 1975).

3. Single checker model

In (Ross et al., 2007) the "one-checker model" in the tempo game was considered. This means the following. Let the
players' checkers not interfere with each other, the players have scores S, and Sz, respectively, and after the roll, each player
substracts the number of points that were rolled from his score. The player who first withdraw all his points wins. Such a
model would be adequate if the players had one checker each, and these checkers moved to their homes on a "large board".
But, as noted above, the score is the minimum number of points that a player must throw to remove the checkers from the
game. In reality, it may be necessary to throw more points. For example, let a player have two checkers in positions 2 and 3
(totally 5 points), and throws 1 — 6 (7 points). Although the number of points thrown out formally exceeds the score, it is not
enough to throw both checkers off the board.

As a result, one checker remains on the board, which will be withdrawn on the next move. If the player has a large number
of checkers in positions 1 and 2, this will also lead to the fact that the real amount of points that will be needed to withdraw all
the checkers will exceed the score, since in one throw you can remove at best 2 or 4 checkers (if a double did not fall out/fell
out, respectively). For example, let there be 3 checkers left on 1 and 2 on 2 (i. e. the total score is 7). Then it is not important
for the player whether large numbers will be present in the throw. For example, let 6 — 5 be thrown out, but only 2 checkers
can be removed. The next throw 5 — 4 can remove 2 more checkers. Then 5 — 3 the last checker is removed. So for throwing
5 checkers with a score of 7, throwing 11 + 9 = 20 points turned out to be not enough. The thrown points are obviously used
inefficiently. Another factor that leads to inefficient use of discarded points at the stage of discarding checkers is "holes in
positions". For example, let a player have 5 checkers in positions 5, 3 and 1: formally the score is 45, but there is a hole in
position 4 and, having discarded 4, the player can only move checkers from 5 to 1 (see Fig. 2).

A clear explanation of the inefficiency of using the points on the rolled dices can be the following situation. Suppose you
have a sum of money in notes of different denominations. Suppose you periodically need to buy goods for different amounts,
but the seller never gives change. If at first you may have no problems finding the required amount without change, then later
you have to overpay, and the actual amount of money spent exceeds the total cost of the purchased goods.
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121110 9 8 7 6 5 4 3 2 1
Fig. 2. Possible situation on the final stage of the game

In (Lamford, 2002) it was delivered a set of heuristic rules for calculating the "add-on" to the formal value of a count.
Although these rules are not strictly substantiated, simulations show that they are adequate.

Let's return to the one-checker model. Its main advantage is the significant reduction in the state space (from 1.7 - 107 to
180) and the fact that, taking into account the above-mentioned corrections, the model adequately estimates the real game
in terms of tempo.

Let p;(s) —the probability to withdraw s points in exactly i moves, i > 0. Let p,(0) = 1,p;(0) =0,i = 1. Let p(s) be a
vector with components p;(s), starting from zero, sh(d@) be a vector shift operator that adds a zero component to the left, so
that wo sh((ag, ..., an)") = (0,ay, ..., a,)T. Let the vectors §(0), ..., (s — 1) have already been calculated. Then, based on law
of total probability and the principle of dynamic programming

B(s) = sh(Tismip(s — )+, (4)
where m; — the probability of rolling a sum i on the dice. Let P(S) be a vector whose components are equal to
Pi(s) = YL_1 pk(s) be the probability that it will take no more than i moves to withdraw s points, F(k,s) be the probability
that A wins, provided that A has k, and B has s points, and the move belongs to A. Since at least 3 points are withdrawn in
one move, the maximum index of the 7(s) non-zero component does not exceed [s/3] = ceil(s/3). Then, according to the
law of total probability

H (6)

F(k,s) = X pj(s)P; (k).

To make a decision about doubling or accepting/not accepting the offer to double, it would be useful for the player to know
the value of this function. It is clear that directly calculating in the head the sums of the products of the position numbers by
the number of checkers is hardly acceptable. For such calculations, there are various alternative methods that can be divided
into two main types. One method is similar to the method of products applied to calculating the sample mean in statistics. Let
us divide the player's positions into zones of 3 positions in the zone, so that positions 1 — 3 are considered the minus first
zone, 4 — 6 are zero, 7 — 9 are the second, etc., and the maximum zone number is 6, although in a tempo game, as a rule,
the player's checkers are no further than the 3rd zone. Let k; be the sum of the products of the number of checkers in each
zone by the zone number (this sum is much easier to calculate than k). In each zone, from the number of checkers that are
further away, we subtract the number of checkers that are closer than the "average" position of the zone, and denote the
resulting sum for all zones by k, Then

Another method is based on dividing the set of checkers into clusters (if possible, symmetrical) and further calculating the
number of checkers in a cluster on the "coordinates of the centers of mass" (Kissane, 1992). The use of these methods will
not only considerably simplify the procedure for calculating the current pip count, but you can also use it as a training tool for
improving oral calculation skills.

The authors found three different methods for calculating F(k, s) in the literature that are of theoretical interest but are
inconvenient or extremely inconvenient in a real game.

In (Keeler, & Spencer, 1975) the following table of probabilities of a player's winning (in percentages) is given, constructed
based on Monte Carlo simulations (Tab. 2).

Table 2
Player's winning probability (in percents)

k 0 5 10 15 20 25 30
s—k
20 70 81 91 96 98 99 99
40 65 76 85 92 95 97 98
60 62 72 80 87 92 95 97
80 60 68 77 86 91 94 95
100 58 67 76 83 87 91 94
120 57 67 76 82 86 89 93

A more complete table was given in (Zadeh, & Kobliska, 1977). Here the calculation of elements was based on the principles of
dynamic programming. The authors performed simpler calculations using formula (5) and the similar results are obtained.
In article (Lamford, 2002) the following formula was delivered

_ enoy o 900+k+400L o
P(k,s) = 50% +7k+7“25 %, Ae L =s — k.

This formula is based on the fact that the function P(k,s) is convex in both of its parameters, and the dependence is
sought in the form of a hyperboloid, and the parameters were selected by the least squares method, and turns out to be quite
accurate (gives an error within 2 % for k <40 and less than 1 % for 100 < k < 150).

In (Ross et al., 2007) a method for estimating F(k,s) was proposed, based on the central limit theorem for recovery
processes, formulated as follows: if independent identically distributed random variables with mean p and variance o2 are
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summed up until a sum equal to T is reached, then the number of terms has an asymptotically normal distribution with mean
E and variance i—: .
Thus, to withdraw k points, the following number of throws will be needed:
n~N (E f’z_k)
N w' w3 )’
s—k+u/2_\/ﬁ> (6)
Vs+k a)

However, even at the assumption, that a player has phenomenal computational abilities and can calculate the value of
F (k, s) using one of the formulas (or study Table 1 and perform linear interpolation), the main question still remains open — to
double or not to double?

4. Tips for doubling

Instead of calculating the probabilities of winning, the authors calculated the "advice to double" and "advice to accept
doubling" matrices using dynamic programming and presented the data in a form convenient for practical use.

In (Buro, 1999) the concept of "equity" (E) is considered, which means a dimensionless quantity equal to the ratio of the
expectation of the win to the current bet, which varies in the range from 1 (if the player is sure to win) to -1 (if he loses). Let
us assume that both players behave rationally, that is, they double their bets, fold, or accept the doubling in such a way as to
maximize the mathematical expectation of their winning.

Let's take a look at these functions: ED,, (k, ), Eqy, (k, $), Emy (K, ), EQur (K, 8), Egyr (K, 8), Egyr (K, 5).

Here the subscript my /our corresponds to the situation my cube/our cube respectively. The superscript is 0 if the player did not
double, and 1 if he doubled in this situation (assuming that in all subsequent situations the players will be rational). Let

Epmy(k,s) = max (E,?w(k, s), Eqy (k, s)), ()
Eour (k,s) = max(EQy - (k, s), Egur (k. 5)) (8)

rational choice of the player at this step. For all introduced functions, we define initial values corresponding to the final (trivial)
game situations:

F(k,s) = P(ng —ng = 0)~d><

E(0,)) =1, 9)
E(i,0) = —1, (10)
ELHN=EQR)=EGBH=1, (11)
where i,j > 0.
/ 11 1 \
-1 1 1
Ex(i,)=]| —1 1 1
—1 elements that are
-1 not calculatedi Yyet
First, let's calculate the elements of the matrices E7,,,, then Eg,,...
Epy(k,s) = X2 X523 mimj By (k= D4, (s =4, (12)
Ey(,5) = min (1, =2 5241 By (s, (k = 1)), (13)
E(())ur(k; s) =- 313 Tj Eour (s, (k= )4, (14)
Egur(k,s) = Eqy (K, 5). (15)

These formulas may be explained as follows. Consider (12). Let in the situation (k, s) the 1st player not double. Then the
first player withdraw some (random, according to his roll) number of points i from his k. The second player has no opportunity
to double, he makes a throw and withdraw (random, according to his roll) number j, and so, the score becomes equal to
((s =), (k= 4), and the move again passes to the first player. By virtue of the assumption of optimality of all subsequent
steps E becomes equal to E,,,,, ((k —1i),,(s — j),), averaged over the probabilities of possible throws of both players. If the
1st or 2nd arguments of the function become zero, this means that the 1st or 2nd player wins. If both arguments become
zero, this means that the 1st player wins, since it was previously determined that, although formally, after the 1st argument
becomes zero, the 2nd player makes a "useless" throw.

Consider (13). Let in the situation (k,s) "my cube" the 1st player doubled. If the 2nd player surrenders, then E = 1. If the
2nd player accepts the double, then the 1st player withdraw (random, according to his roll) points, the bet will double, the
move and the right to double will pass to the 2nd player. Thus, for the 2nd player the situation will be (s, (k —i),), my cube,
i. e. E will be equal to E,,;,, ((k —1i);,(s —j);). Averaging over all possible throws and taking into account that the values of
E are always equal in magnitude and opposite in sign for the opponents, we will obtain for the 1st player
E = —2Ep, (s, (k —i),).

Based on the assumption of rationality of the players, the 2nd player will choose the one of the two actions (surrender,
accept) that corresponds to the minimum of the two terms (13).

Consider (14). Let in the situation (k,s) and "our cube" the 1st player did not double. Then similarly to (12) the 1st player
withdraw some (random, according to his roll) number of points i from his k, while the 2nd player gets into the situation, "our
cube". Therefore, for the first player the value of E is taken with the opposite sign.

Consider (15). The consequences of doubling in the situations "my cube" and "our cube" are the same, all considerations
are similar to (13), so Ej,,-(k,s) = Eny(k, s), so both matrices may be denoted as E*(k, s).

Based on the calculated matrices E, we construct matrices of advice regarding doubling Db,,,, (k,s) Ta Db, (k,s) and
accepting doubling Ac(k,s). If in this situation it is advisable to double, then Db, (k,s) = 1, if it is advisable not to double,
then Db, (k,s) = 0. In a similar way, Ac(k,s) = 1 or 0, depending on accepting double is advisable or not. Then

Dby (k,5) = x (E*(k,5) = Efy (k,9)), (16)
Dbour (k, S) = X(El(kl S) 2 E((J)ur(k' S))
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The sign of the non-strict inequality in these formulas is explained as follows. Let the 2nd player be hopelessly behind, for
example, k = 10,s = 100 (in this case they say "there is no theory"). Then, obviously, all values in (16) are equal to each
other and equal to 1. Obviously, in this position one should double and this is the end the game, the outcome of which is
predetermined. If the inequality were strict, then the game would continue until the very end. When calculating the matrix
Ac(k, s) one should take into account that the optimal behavior of the 2nd player has already been taken into account when
calculating E'(k,s), therefore

Ac(k,s) = y(E*(k,s) < 1). (17)

It turns out that in each row of the matrices Db, (k,s), Dby, (k,s) there are zeros at the beginning, and starting from
some number - ones. Accordingly, in Ac(k,s) there are first ones, then zeros. Let us construct the vectors db,,, (k) and
dboy, (k), in which the k -th component is equal to the index of the first one in the row of the matrices Db,,, (k,s) and
Db, (k,s) respectively. Let us also set the k -th component of the vector ac(k) equal to the last one in the k -th row of the
matrix Ac(k,s). Then let

dbsy (k) = dbpy,y, (k) —k,
db;ur(k) = dbou'r (k) - k;
ac*(k) =actk) — k
vectors characterizing the minimum advantage for doubling and the maximum possible lag for accepting it. It turns out that
the components of these vectors form non-decreasing numerical sequences that can be compactly presented in the form of
a table (see Tab. 3). It makes no sense to put the data for k < 22 into the table, since in this case the required number of
throws depends strongly on the position

Table 3
Doubling Tips Table
Minimal advantage Minimal advantage Maximum lag
for doubling at our cube for doubling at my cube for accepting a doubling
k s—k k s—k k s—k
22-27 0 23-27 1 23-26 3
28-32 1 28-33 2 27-31 4
33-38 2 34-38 3 32-37 5
39-45 3 39-44 4 38-44 6
46-53 4 45-51 5 45-51 7
54-62 5 52-60 6 52-59 8
63-72 6 61-69 7 60-68 9
73-82 7 70-79 8 69-78 10
83-93 8 80-89 9 79-88 11
94-105 9 90-100 10 89-98 12
106-117 10 101-111 11 99-110 13
118-129 11 112-124 12 111-122 14
130-143 12 125-136 13 123-134 15
144-157 13 137-150 14 135-148 16
158-170 14 151-163 15 149-161 17
164-170 16 162-170 18

Let us consider the analysis of another possible scenario of the end of the game using dynamic programming. Let oppo-
nents A and B have m and n checkers respectively in position 1. With each move, the players discard 2 or 4 checkers with
probabilities 5/6 and 1/6 respectively (if a double doesn't rolled or rolled respectively). Let us consider the following equiv-
alent model.

Let k = [mT”] ,S = ["T”] be conditional points, so,that one or two conditional points can be deducted (if double is rolled
on dices or not respectively) for one roll. Since m,n < 15, then k,s < 8. Next, similarly to the previous case, the matrices
E,Db, Ac are calculated, but now j =1 or 2 with probabilities 5/6 Ta 1/6 respectively.

The results of the calculations can be formulated as easy-to-remember advice: in the "my cube" situation, double, if k < s
abo k = s < 4, in the "our cube" situation, if k < s or k = s < 8. However, the advice to double in situations (7,7) and (8,8)
gives a small benefit on average, but increases the risk, since

EL,.(88)—ES, (88) =1.6-1073,EL,.(7,7) — ES,(7,7) = 7.2 - 1073,
So whether to double or not in this situation is a matter of risk appetite. It should also be noted that for these results to apply,
it is not necessary for all checkers to be on 1. For example, the position "1 checker on 4, 3 on 3, 6 on 2 and 5 on 1" is not
significantly worse than 15 on 1", so all the above considerations can be applied to it.

Discussion and conclusions

This paper provides a comprehensive analysis of the final stage of backgammon game ("races"), a phase characterized
by minimal interaction between players' checkers and the outcome depending first of all on the speed of the checkers' move-
ment. During the study:

1. A mathematical model of the game process is proposed to assess the effectiveness of decisions, based on the pip-
count indicator, which allows quantitatively assessing the player's advantage.

2. Optimal strategies for using the double cube are created based on probabilistic calculations and dynamic programming
principles. It is shown that the critical points of doubling and accepting doubling depend on the probabilities of winning, mod-
eled as Wiener processes.

3. Practical algorithms for evaluating game positions, in particular for one-step and two-step games, have been found.
The results confirm the importance of accurate probability calculations in decision-making.

4. Recommendations for doubling down and accepting doubling down in various game situations have been developed,
allowing players to maximize their advantage in the game.
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The obtained results demonstrated the possibility of increased accuracy of modeling of "races" phases by reducing the
state space through the localization of critical moments and the use of the central limit theorem. The practical consequences
of the work are the simplification of strategic decision-making in competitive conditions and the creation of a basis for improv-
ing training methods for players.

The results of the study confirmed the high importance of using probabilistic and mathematical models for effective eval-
uation of positions in the "races" phase. The proposed pip-count calculation method and its adaptation to backgammon allow
for accurate prediction of the winning chances. Such calculations are especially relevant for sophisticated positions.

Future research could be aimed at expanding the model to adapt to individual playing styles of opponents and take into
account psychological aspects of decision-making. Another promising direction is the integration of the developed methods
into artificial intelligence to automate learning and analysis of game data.

Authors' contribution: Serhii Dotsenko — conceptualization, methodology; Georgi Dimitrov — methodology, theoretical foundations of
the study; Anastasiya Vecherkovskaya — methodology, source analysis, preparation of a literature review; Ilgor Makushenko — methodology,
data collection and verification, empirical research.
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ANFOPUTMIYHI NIAXOAU OO MOAENIOBAHHSA TA AHATNI3Y ®IHANBHUX MNO3ULIA Y TPl B HAPOU

Po3sansinymo kiHyegy ¢pa3sy epu e Hapdu, sidomy sik "races"” abo "epa 3a weudkicmro", w0 xapakmepulyemncsi MiHimizayieto e3aemModii wawok
cynpomueHukie ma 38e0eHHSIM i2p0e0o20 npouyecy nepesaxHo Ao oyiHKU weudKocmi nepemMiljeHHs1 8J1lacHUX wawok y "dim" i iXxHbo20 nodanbuio20
sueedeHHs1 3 dowku. [fpedcmaeneHuli aHani3 onucye cneyugiky uiei cmadii e pizHuUx eapianmax Hapd, 30kpema U y Kiacu4HUX KOPomKux Hapoax
(backgammon), i3 3acmocyeaHHsIM MameMamu4Hux modesneli i meopii limogipHocmeli. 3anponoHoeaHo Memodu onmuMi3sayii cmpameeil y kiHyesil
¢pasi epu, wo 6a3yromuscsi Ha KOMIJIEKCHOMY aHasli3i MOXJ/IUuUX i2poeux mpaekmopili ma po3paxyHKy limosipHocmeli eunadiHHs 3Ha4YeHb 2paslbHUX
Kyb6ukie. Okpemy yeazy npudineHo anzopummid4HuUM nidxodam 0o yxeasieHHs piuweHb, o daromb 3Mo2y obyucnroeamu HalieghekmueHiwi izposi Oii
0Ons docsizHeHHS1 ONMUMasibHO20 pe3ynbmamy.

Pe3ynbmamu docnidkeHHs € YiHHUMU sIK Orsi 800CKOHaIIeHHs1 i2posux cmpameeili 2pasuie-npakmukie i Hoeaykie, mak i Ansi po3eumKy meopemuyHux
nidxodie do aHani3y i2op Ha ocHoei ModestoeaHHs Ui OUiHKU eghekmueHOCMI NPUliHAMMS pilWeHb 8 yMoeax 06MexxeHOI 83aeMOdii M) y4acHUKaMU.

Knw4yoBi cnoBa: Hapdu (backgammon), ghasa "races”, kopomki Hapdu, meopisi imosipHocmeli, MamemMamu4He MOOesIl08aHHsI, onmu-
ManbHi cmpameeil, aneopummivyHuli aHanis, 0abn-ky6 (doubling cube), pip-count, iepoea onmumizayis.
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INTERMEDIATE LAYER CONFIGURATIONS FOR IMAGE SIMILARITY:
EVALUATING MULTI-LEVEL FEATURE EXTRACTION ACROSS CNN
AND TRANSFORMER ARCHITECTURES

Evaluating visual similarity between images requires vector representations that preserve information across multiple levels
of abstraction. Multi-level feature aggregation from intermediate CNN layers has shown good results in near-duplicate detection
tasks, yet no structured analysis exists of how architectural properties of different backbones affect the quality of such multi-level
representations. This study addresses the question of which structural characteristics make an architecture suitable for
intermediate layer aggregation.

We formalize the multi-level aggregation pipeline as Global Average Pooling applied to intermediate activations, followed by
concatenation and L2-normalization, producing a fixed-length descriptor. A compact MLP classifier is trained on the resulting
pairwise representations. We evaluate six backbone architectures — VGG-16, Inception v3, DenseNet-121, MobileNetV2, ResNet-50,
and ViT-B/16 — analyzing their stage structure, spatial resolution progression, intermediate feature dimensionality, and information
flow properties. Quantitative evaluation is performed on the INRIA Holidays dataset using F1-score for pairwise similarity
classification. ResNet-50 with layers C2+C3+C5 achieves F1=0.77, outperforming all other configurations. VGG-16 multi-level
aggregation yields F1 = 0.72 but suffers from parameter inefficiency (138M vs. 23M). DenseNet-121 reaches F1 = 0.74 despite feature
redundancy from dense connections. ViT-B/16 intermediate blocks produce F1=0.70, limited by homogeneous block structure
without clear spatial hierarchy. MobileNetV2 and Inception v3 show F1=0.68 and F1=0.71 respectively.

Clear stage hierarchy with residual connections, progressive spatial-to-semantic transition, and moderate intermediate
dimensionality are the key architectural requirements for effective multi-level feature aggregation.

Keywords: multi-level feature aggregation, image similarity, convolutional neural networks, vision transformers,
intermediate representations, near-duplicate detection, architectural comparison, ResNet-50.

AMS 2020 classification: 68T45, 68T07.

Introduction

Automated detection of visually similar images across large collections remains an open challenge in applied computer
vision. When two photographs of the same room differ only by a watermark or a slight crop, a human recognizes them as
near-duplicates instantly. Automated systems must solve the same problem at web scale, and their accuracy depends heavily
on how images are encoded as vectors (Thyagharajan, & Kalaiarasi, 2021). The standard approach — extracting a fixed-
length descriptor from a pre-trained deep network and comparing via a distance metric (Razavian et al., 2014) — works well
in many settings, yet the choice of network architecture is rarely justified beyond convention. The same challenge appears
across many visual domains — from detecting reposted content on social platforms to matching product images in e-commerce
and verifying document authenticity.

A known weakness of single-layer representations from final network layers is the loss of low- and mid-level visual
information. These features encode high-level semantic content but suppress textures, edges, and local structures that matter
for near-duplicate detection and structural correspondence (Kordopatis-Zilos et al., 2017). This trade-off motivates multi-level
feature aggregation — combining activations from several intermediate layers to preserve information across the full
abstraction hierarchy (Kubytskyi, & Panchenko, 2023; Panchenko, Bozhok, & Kubytskyi, 2026).

Combining features from different depths has precedents in HyperColumns (Hariharan et al., 2015) and Feature Pyramid
Networks (Lin et al., 2017), but both target dense prediction and require spatially aligned outputs. Image similarity needs a
single compact descriptor per image. The pipeline in (Kubytskyi, & Panchenko, 2023) solves this by applying Global Average
Pooling to each intermediate layer, concatenating the results, and L2-normalizing the combined vector. While effective on
real estate image similarity tasks (Kubytskyi, & Panchenko, 2023; Panchenko, Bozhok, & Kubytskyi, 2026), the backbone
architecture has not been compared against alternatives. Vision transformers (ViT) (Dosovitskiy et al., 2021) and contrastive
vision-language models (CLIP) (Radford et al., 2021) offer architecturally distinct alternatives to CNNs, yet whether their
intermediate features are useful for multi-level aggregation has not been studied.

The research object is the multi-level intermediate feature aggregation pipeline and its dependence on the structural
properties of the backbone architecture.

The aim of this research is to evaluate the suitability of six deep learning architectures — VGG-16 (Simonyan, & Zisserman,
2014), Inception v3 (Szegedy et al., 2015), DenseNet-121 (Huang et al., 2017), MobileNetV2 (Sandler et al., 2018), ResNet-50
(He et al., 2016), and ViT-B/16 (Dosovitskiy et al., 2021) — for multi-level intermediate feature aggregation in image similarity
tasks, and to identify the architectural properties that determine aggregation quality.

The structure of the paper is as follows. Section 1 describes the aggregation pipeline and evaluation protocol. Section 2
presents the architectural analysis and experimental results. The paper concludes with a discussion of findings and practical
recommendations for backbone selection.

© Kubytskyi Volodymyr, Bozhok Artem, 2026
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1. Multi-level aggregation pipeline and evaluation protocol

The aggregation pipeline, originally proposed in (Kubytskyi, & Panchenko, 2023), operates as follows. Given a backbone
network, we select K intermediate layers at distinct depth levels. For each selected layer k, the activation tensor is reduced
to a fixed-length vector via Global Average Pooling (GAP). The resulting vectors are concatenated and
L2-normalized:

e = [GAP(F;); GAP(F;); ..., GAP(Fy)], e_norm =e/lelly, (1)
where Fy denotes the activation tensor at layer k. The normalized descriptor (1) is architecture-agnostic and can be applied
to any backbone that produces spatially-structured intermediate activations.

For pairwise similarity classification, we construct a symmetric feature vector from two image descriptors x@, x? and train
a compact MLP (2048—1024—512—256, ELU activation, batch normalization, dropout) with binary cross-entropy loss
(Panchenko, Bozhok, & Kubytskyi, 2026). The base CNN remains frozen; only the MLP is trained.

Evaluation is performed on the INRIA Holidays dataset (Jégou, Douze, & Schmid, 2008), containing 1,491 images grouped
into 500 scene classes with variations in viewpoint, scale, illumination, and partial occlusions. Positive pairs are drawn from
the same class; negative pairs are randomly sampled across classes in a balanced 1:1 ratio. The MLP is trained on
100 labeled pairs. All architectures use ImageNet-pretrained weights with frozen parameters, ensuring that differences in
performance reflect the quality of intermediate representations rather than training procedures.

All experiments are implemented in Python 3.10 using PyTorch 2.1 with torchvision model implementations. Feature
extraction and MLP training are performed on a single NVIDIA RTX 3090 GPU. Each configuration is evaluated over
10 independent runs with different random pair splits (seed values 0-9); we report the mean F1-score and standard deviation
across runs. Input images are resized to 224x224 pixels with standard ImageNet normalization.

For each architecture, we select intermediate layers that correspond to distinct processing stages, aiming to capture
features at maximally different levels of abstraction. The specific layer selections are: VGG-16 — after conv2_2, conv3_3,
convd_3 (128+256+512 = 896-D); Inception v3 — outputs of mixed stages at spatial resolutions 35%x35, 17x17, 8x8
(concatenated branch outputs, 1280-D); DenseNet-121 — after denseblock1, denseblock2, denseblock4 (128+256+1024=
= 1664-D, skipping denseblock3 to reduce redundancy); MobileNetV2 — after bottleneck stages 2, 4, 7 (32+64+160=
= 256-D); ResNet-50 — C2, C3, C5 outputs (256+512+2048 = 2816-D, excluding C4 due to overlap with neighboring stages);
ViT-B/16 — outputs of attention blocks 3, 6, 9, 12 (768x4 = 3072-D).

2. Architectural analysis and experimental results

We analyze six architectures along four structural criteria that determine their suitability for multi-level feature aggregation:
(i) stage clarity — whether the architecture has well-defined, separable processing stages; (ii) spatial progression — whether
spatial resolution decreases monotonically across stages; (iii) feature independence — whether features at different stages
capture genuinely distinct information; and (iv) residual information flow — whether architectural mechanisms preserve input
information through the network depth. Table 1 summarizes the structural properties.

Table 1
Structural properties of backbone architectures for multi-level feature aggregation

Architecture Params (M) Stage structure Intermediate dims Ref?::";‘al 3:_?& In{;ntlsr?e Aggregation suitability
VGG-16 138 Sequential 128/256/512 No Med ~120 Limited by params
Inception v3 24 Branched Mixed/varied Partial Low ~95 Ambiguous layers
DenseNet-121 8 Dense 128/256/512/1024 Dense Low ~110 Feature redundancy
MobileNetV2 3.4 Inv. residual 32/64/160 Yes Med ~35 Low-capacity features
ResNet-50 23 4-stage residual 256/512/2048 Yes High ~75 Optimal
ViT-B/16 86 Uniform blocks 768/768/768 No Low ~130 No spatial hierarchy

Note: inference times measured on NVIDIA RTX 3090, batch size 1, 224%224 input.

VGG-16 (Simonyan, & Zisserman, 2014) has a purely sequential structure of 3x3 convolutional blocks, making
intermediate layer selection straightforward (e.g., conv2_2, conv3_3, conv5_3). The spatial resolution decreases by factor 2
at each pooling layer, creating a clear hierarchy from fine-grained (128-D at 56x56) to semantic (512-D at 7x7) features.
However, VGG-16 lacks residual connections, meaning that low-level information is progressively diluted through the depth
— early layer details must be re-learned at each subsequent stage rather than being preserved via skip connections. The fully-
connected layers alone contain 123M of the total 138M parameters, making the architecture computationally inefficient for
feature extraction when used as a frozen backbone. Multi-level aggregation produces a 896-dimensional descriptor
(128 + 256 + 512), achieving F1=0.72 — lower than ResNet-50 despite having 6% more parameters.

Inception v3 (Szegedy et al., 2015) processes each spatial resolution through parallel branches with different kernel sizes
(1x1, 3x3, 5x5, pooling). This multi-branch structure creates an ambiguity problem for multi-level aggregation: at each stage,
there is no single canonical feature tensor to extract. Selecting one branch discards information from others; concatenating
all branches yields an inconsistent representation across stages since the number and configuration of branches varies. While
the total parameter count is moderate (24M), the internal topology does not support transparent extraction of hierarchically
organized features. Aggregation from mixed outputs yields F1=0.71, but the result is sensitive to branch selection choices,
making the pipeline less reproducible.

DenseNet-121 (Huang et al., 2017) connects each layer to all subsequent layers within a dense block via
concatenation. While this ensures strong gradient flow and feature reuse, it creates a problem for multi-level aggregation:
features at different stages are not independent. Each dense block's output already contains information from all preceding
layers within the block, and transition layers between blocks further compress this accumulated information. Concatenating
features from multiple dense blocks therefore introduces substantial redundancy — the same edge and texture information
may appear in multiple components of the aggregated descriptor. Despite this, DenseNet-121 achieves F1=0.74,
benefiting from its compact architecture (8M parameters) and efficient internal feature reuse that partially compensates for
the redundancy at the aggregation level.
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MobileNetV2 (Sandler et al., 2018) uses depthwise separable convolutions and inverted residual blocks to minimize
computational cost and parameter count (3.4M). While the architecture does include residual connections and has a stage-like
structure, the resulting intermediate features have very low channel dimensionality (32/64/160 at the selected stages). This low
capacity limits the representational richness of each component in the aggregated descriptor. The multi-level descriptor is only
256-dimensional — an order of magnitude smaller than ResNet-50's 2816-D — and the F1 of 0.68 confirms that extreme parameter
efficiency comes at the cost of feature richness for similarity tasks requiring fine-grained discrimination.

ResNet-50 (He et al., 2016) provides the most suitable structure for multi-level aggregation due to three key properties.
First, its four clearly defined stages (C2, C3, C4, C5) with progressively decreasing spatial resolution (56x56 — 28%x28 —
14x14 — 7x7) and increasing channel dimensionality (256 — 512 — 1024 — 2048) enable transparent layer selection at
distinct levels of abstraction. Second, residual connections within each stage preserve low-level information through the entire
depth, ensuring that early-stage features retain discriminative details that would otherwise be lost in a feedforward
architecture. Third, the moderate total parameter count (23M) and intermediate dimensionality (256+512+2048 = 2816-D with
C4 excluded) balance expressiveness and computational efficiency. The C2+C3+C5 configuration achieves F1=0.77,
consistently outperforming all other architectures. C4 is excluded due to significant feature overlap with neighboring stages
(Kubytskyi, & Panchenko, 2023).

ViT-B/16 (Dosovitskiy et al., 2021) consists of 12 identical transformer blocks, each producing a 768-dimensional output
over a 14x14 grid of patch tokens. Unlike CNNs, ViT lacks a spatial hierarchy: all blocks operate at the same patch resolution,
and the self-attention mechanism allows each block to aggregate information globally from the first layer. Intermediate
features from blocks 3, 6, 9, 12 have identical dimensionality and similar structural properties, limiting the complementarity
that drives multi-level aggregation gains in CNNs. The concatenated 3072-dimensional descriptor achieves F1=0.70 — only
2 percentage points above the single-block baseline, compared to the 9 p.p. gain observed with ResNet-50. ViT-B/16 also
has 86M parameters — 3.7x more than ResNet-50 — and longer inference time.

CLIP ViT-B/32 (Radford et al., 2021) shares the architectural limitations of standard ViT but adds a further constraint:
contrastive text-image training suppresses fine-grained visual details in favor of semantic alignment, making it poorly suited
for near-duplicate detection tasks (Gkelios, Boutalis, & Chatzichristofis, 2021).

To quantify the practical impact of architectural properties, we evaluate each backbone in the multi-level aggregation
pipeline described in Section 1. For each architecture, we report the F1-score achieved by the multi-level configuration
alongside the single-layer baseline (final convolutional or attention block only) to measure the aggregation gain — the
improvement attributable to intermediate layer inclusion. Results are presented in Tab. 2.

Table 2
Multi-level aggregation performance on INRIA Holidays (F1-score)
Architecture Multi-level config Dim. Multi-level F1 Single-layer F1 Gain (p.p.) Key limitation
ResNet-50 C2+C3+C5 2816 0.77 £ 0.02 0.68 + 0.03 +9 -
DenseNet-121 dense1+2+4 1664 0.74 £ 0.02 0.68 + 0.03 +6 Feature redundancy
VGG-16 conv2+3+5 896 0.72 + 0.03 0.66 + 0.03 +6 No residual flow
Inception v3 mixed stages 1280 0.71+0.03 0.67 £ 0.03 +4 Ambiguous layers
ViT-B/16 blocks 3+6+9+12 3072 0.70 + 0.03 0.68 + 0.03 +2 No spatial hierarchy
MobileNetV2 stages 2+4+7 256 0.68 + 0.03 0.63 +0.03 +5 Low capacity

The results in Tab. 2 reveal two key patterns. First, multi-level aggregation consistently improves over single-layer
baselines across all architectures, confirming that intermediate features carry complementary information regardless of
backbone design. Second, the magnitude of improvement varies widely and correlates with the structural criteria defined
above. ResNet-50 shows the largest gain (+9 p.p.), followed by DenseNet-121 and VGG-16 (both +6 p.p.), MobileNetV2 (+5
p.p.), Inception v3 (+4 p.p.), and ViT-B/16 (+2 p.p.).

The ordering of aggregation gains is not random. Architectures with clear stage hierarchy and residual connections
(ResNet-50) benefit most because their intermediate features are both diverse and well-preserved. Architectures where
intermediate features are structurally similar (ViT-B/16) or already entangled through dense connections (DenseNet-121)
benefit less, because concatenation adds redundant rather than complementary information.

The descriptor dimensionality does not predict performance: ViT-B/16 produces the largest descriptor (3072-D) yet
achieves lower F1 than ResNet-50 (2816-D) and DenseNet-121 (1664-D). This confirms that the structure of intermediate
features matters more than their quantity. From a practical standpoint, ResNet-50 achieves the best accuracy with moderate
computational cost (23M parameters, ~75 ms/image), making it the most efficient backbone for production similarity systems.

Discussion and conclusions

This study identifies three architectural requirements for effective multi-level feature aggregation in image similarity tasks.
First, clear stage hierarchy with distinct spatial resolutions ensures that features from different layers capture complementary
information — from fine-grained edges and textures at early stages to semantic concepts at deep stages. Second, residual
connections preserve low-level details through the network depth, preventing the information loss that degrades aggregation
quality in architectures like VGG. Third, moderate intermediate dimensionality provides sufficient representational capacity
without the excessive redundancy observed in DenseNet or the insufficient capacity of MobileNet.

ResNet-50 uniquely satisfies all three requirements, which explains its best performance across all tested configurations.
Its four-stage structure provides a natural progression from spatial to semantic features, while skip connections ensure that
each stage retains access to input-level information.

ViT-B/16 shows the smallest aggregation gain (+2 p.p.) despite having the largest descriptor. The uniform block structure —
all 12 blocks produce 768-dimensional outputs at the same spatial resolution — means that intermediate features differ
primarily in degree of abstraction rather than in spatial resolution or feature type. Hierarchical vision transformers such as
Swin Transformer (Liu et al., 2021) may address this limitation by introducing a stage-based structure more analogous to
CNNs. CLIP adds a further constraint: contrastive pre-training suppresses fine-grained details, making it poorly suited for
near-duplicate detection.
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For practitioners selecting a backbone for multi-level similarity systems, these results translate into concrete guidelines. If
the task requires fine-grained discrimination, ResNet-50 with C2+C3+C5 is the recommended choice. If inference speed is
the primary constraint, MobileNetV2 offers 2x faster processing at lower accuracy. DenseNet-121 provides a middle ground
when memory is limited. VGG-16, Inception v3, and ViT-B/16 are not recommended for this pipeline due to the structural
limitations identified above.

Limitations of this study include the use of a single benchmark dataset and frozen pre-trained weights. Future work should
extend the evaluation to additional visual domains, investigate fine-tuning of intermediate layers, and test hierarchical vision
transformers that combine the stage-based structure of CNNs with the self-attention mechanism. Another direction is learned
aggregation weights, where the contribution of each layer is optimized jointly with the similarity classifier.

Authors’ contribution: Volodymyr Kubytskyi — conceptualization, methodology, software, formal analysis, writing — original draft. Artem
Bozhok — data validation, formal analysis, writing — review and editing.
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KOH®IrYPALIT MTPOMDKHUX LWAPIB ANS 3AOAY NOAIEHOCTI 306EPAXEHb: OLIIHKA BAFATOPIBHEBOIO
BEKTOPHOI'O NPEACTABJIEHHA, OTPUMAHOIO 3 APXITEKTYP CNN | TPAHC®OPMEPIB

OuiHka ei3yanbHoi nodi6Hocmi 306paxeHb nompebye eeKkmopHuUx npedcmaesieHb, wWo 36epizaroms iHhopmayito Ha pPi3HUX pieHsIx abcmpakuyii.
BazamopieHeea azcpezayisi o3HaK i3 npomixHux wapie CNN demoHcmpye sucoky egpekmueHicms y 3adavyax eusiesieHHs1 malixe Ay6nikamie, oOHak cuc-
memamudyHull aHani3 ennuey apximekmypHux enacmueocmel pisHux backbone-mepex Ha sikicmb makux npedcmaeneHs doci He npoeoduecs. Y npo-
noHoeaHiti po6omi gpopmasizoeaHo koHeeep b: )pieHeesol acp Jii: GAP, koHKameHauisi ma L2-Hopmani3zayisi npoMiXXHUx akmueau,iti 3 mooasnbworo

knacudpikayiero komnakmHum MLP. [fpoaHanizoeaHo wicmb apximekmyp — VGG-16, Inception v3, DenseNet-121, MobileNetV2, ResNet-50 ma ViT-B/16 —
3a Kpumepisimu Yimkocmi cmaditi, MPocmopoe8oi Npozpecii, He3anexxHocmi 03Hak i 3anuwkoeo2o nNomoky iHghopmauii. KinbKicHy ouiHKy eUKOHaHO Ha
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Habopi 0aHux INRIA Holidays 3a F1. ResNet-50 i3 wapamu C2 + C3 + C5 docsizae F1=0,77, nepesepuiyroydu eci iHwi koHgizypauii. VGG-16 dae F1=0,72
3a Hadnuwkoeoi Kinbkocmi napamempie. DenseNet-121 docsizae F1=0,74 nonpu HaomipHicmb o3Hak. ViT-B/16 noka3ye F1= 0,70, o6mexeHuli 0OHOpPiO-
Hoto cmpykmypoto 6nokie. Yimka iepapxisi cmadili i3 3anuwkoeumu 38 'sa3kamu, nocmymnoeuli nepexio eid npocmoposux o ceMaHMUYHUX O3HaK i MoMi-
PHa NpoMiXxKHa PO3MipHiCMb € KIIF0408UMU apXimeKkmypHUMU eumMo2amu 01 e¢hekmueHoi 6azamopigHesoi azpezauii.

Knwo4yoBi cnoBa:6azamopieHesa azpezayisi 03HaK, Nodi6Hicmb 306pakeHb, 320pmkoei HelipOHHI MepexXi, 8i3yanbHi mpaHcgopmepu,
npomixkHi npedcmaesieHHs1, susiesieHHs1 Malixe Oy6iikamie, nopieHsIHHS apximekmyp, ResNet-50.

ABTOpM 3asBNAIOTb NPO BiACYTHICTb KOHANIKTY iHTepeciB. CnoHcopu He Bpanu yyacTi B po3pobneHHi AoCniaxeHHs; y 36opi, aHanisi umn
iHTepnpeTaLii AaHVX; y HAaNMUCaHHi PyKOMucy; B pilLeHHi Mpo nybrikavilo pe3ynbTaris.
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of data; in the writing of the manuscript; in the decision to publish the results.
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FRAME RULE IN MONOTONE FLOYD - HOARE LOGIC EXTENSION

Separation logic is an extension of Floyd — Hoare logic, aimed at the specification and verification of programs with a main
focus on the representation of dynamic memory handling. Its main tool is the frame rule, which enables local proofs. Apply-
ing the composition-nominative approach to classical Floyd — Hoare logic, its monotone extension was developed. The main
advantages it offers are the use of nominative data to describe the state of the program and the consideration of partial pred-
icates. The main purpose of this research is to introduce the frame rule and pointer capabilities for monotone Floyd — Hoare
logic. This further extension adds support for local reasoning, which is crucial today when the complexity of software only
rises. Local reasoning means that a property of a part of the program can be proved separately and combined with proofs for
other components if specific conditions hold. For this purpose, the nominative data was enriched with the notion of an address.
New special compositions for storing and loading from dynamic memory were introduced. The logical connective separating
conjunction was redefined as a composition in program algebra. This composition was proved to be monotone. To extend the
proof of the program’s approximations to a complete proof, all compositions have to be monotone. Furthermore, rules for new
operators were added to the derivation system. Rules for storing to and loading from dynamic memory are modifications of the
rules for the assignment operator. The frame rule states that, with the help of a separating conjunction, a valid Hoare triple can
be augmented with an assertion for a part of the memory that was not modified by the program. It was shown that the classic
version of the rule, implemented within Separation logic, is not sound for a monotone extension. Conditions for a sound version
were presented. Investigation of possible restrictions on the operations with pointers, which will lead to constructive frame rule
conditions, is the aim of future research. Complex nominative data with dynamic memory is out of the scope of this paper and
should be considered separately.

Keywords: formal methods, software verification, program logic, nominative data, separation logic.
AMS 2020 classification: 03B70, 68Q60.

Introduction

Relevance of research. Software verification is a crucial part of software engineering as its main goal is ensuring the
correctness and quality of program systems. The main challenge within this domain remains the availability of efficient
tools supported by formal methods with sufficient expressiveness. Floyd — Hoare logic, after being introduced, became a
standard basis for formal verification. Different extensions were studied over the years (Apt, & Olderod, 2019), covering,
among others, parallel programs, complex data structures, etc. One such extension is the Separation logic. The main
advantages of the suggested approach were the operators introduced to handle assertions over dynamic memory and a
frame rule aimed at local reasoning. The importance of local reasoning is reinforced by the growing complexity of modern
software. Further development resulted in the introduction of numerous variants of the Separation logic (Reynolds, 2002),
covering different aspects of program systems. Among such variants of significant interest are the following:

» Separation Incorrectness logic (Raad et al!, 2020), which enriches the Incorrectness logic with tools for handling
dynamic memory. Incorrectness logic is a dual approach to Hoare logic, aimed at finding errors rather than proving
correctness in all states.

» Exact Separation Logic (Maksimovic et al), 2023), which combines in a single formal system over-approximation of
Separation logic, and under-approximation of Separation Incorrectness logic.

» Concurrent Separation Logic (O’Hearn, 2007), where disjoint memory areas are treated more in terms of parallel
programs, and communication is performed with the help of common memory.

» Dynamic Separation logic (De Boer, Hiep, & de Gouw, 2023), which combines Separation logic with dynamic logic,
that is, an approach of defining Floyd — Hoare logic as modal logic.

Monotone Floyd — Hoare logic extension (Nikitchenko et al., 2018) uses nominative data and partial mappings to prop-
erly describe the state of execution of a program and account for a possible non-terminating behavior. It is defined within
the composition-nominative approach (Shkilnyak, 2025), which also allows definitions in a semantic-syntactical manner.
Different types of complex nominative data were broadly studied for the monotone Floyd — Hoare logic extension, also cov-
ering such problems as the unambiguity of the complex names for such data. But at the same time, pointers and dynamic
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memory pose different challenges, such as aliasing, pointer arithmetics, and proving the exclusiveness of the memory ac-
cess. To handle such problems, notions of dynamic memory and disjoint areas of dynamic memory need to be adopted for
the monotone Floyd — Hoare logic extension. Combined with the frame rule variant, this would allow a program logic that
will have local reasoning and nominative data capabilities, together with monotone operators.

Lately, there has been a rise in interest in an under-approximating approach to program logic that is dual to an over-
approximating approach of the Floyd — Hoare logic. Logics that follow such an approach are aimed at finding the execution
that leads to an error, rather than at proving that executions starting in a proper initial state will be correct. Examples of
such logics are the Incorrectness logic (O’Hearn, 2019) and its Separation version (Raad et all, 2020). Even though under-
approximation is not considered for the monotone Floyd — Hoare logic extension, it is a topic for future investigation. This
proves that the frame rule and dynamic memory handling can be beneficial for a broad range of program logics.

The object of research is program logics that allow reasoning about the dynamic memory aspect of the programs and
complex data structures.

The aim and objectives of the research are to introduce a nominative data extension with pointers and dynamic memory,
provide the implementation of the frame rule of Separation logic within monotone Floyd — Hoare logic, and investigate
conditions for its soundness.

1. Main definitions and results
Monotone Floyd — Hoare logic is defined with a semantic-syntactic approach. This means that first semantics is intro-
duced as the following three-sorted program algebra:

< PrYA FnY A FPrg v, =, {Sh boeu vy, {SEYoeu vy, { @} eev, {32} oev, id, {AS” }aev, o, [F, WH, FH > .

Here Pr¥:4 : ND(V, A) %, Bool is a set of all partial mappings from nominative data N D(V, A) to a set of boolean values

Bool = {True, False} that represent semantics of boolean expressions in the program, Fn""4 : ND(V, A) 2, Aisasetof
all partial mappings from nominative data N D(V, A) to a set of values A that represent semantics of arithmetic expressions
in the program, FPrg"4 : ND(V,A) =+ ND(V, A) is a set of all partial mappings from nominative data ND(V, A) to
nominative data N D(V, A) that represent the semantics of program operators where nominative data models the current
state of the variables. At the same time, nominative data is defined as the set of all partial mappings from the set of the

names of the variables V' to a set of all possible values A: ND(V, A) : V 25 A.

Operators of the algebra are called compositions and denote the main constructs of the programming language. Super-
position operators { St }ser (v, {SF }wev () With parameter € U(V) correspond to the function or predicate calls, where
U(V) is the set of all finite sequences of different variable names. {'z}.cv is a parametric denaming operator used to re-
trieve the value of a variable. Compositions Vv, =, {3z }.cv represent respective logical connectives. On the program level,
compositions id, { AS”}.cv,e, [ F,W H are used to denote program constructs skip (idle operator), assignment operator,
sequential execution, if-then-else operator, and while-do operator accordingly. F'H is a special composition representing
the semantics of the Floyd — Hoare triple.

Nominative data has to be extended to allow reasoning about dynamic memory or the heap. We will use the same
assumptions as in classical Separation logic, namely: the set of all possible values is the same set that is used as addresses
for pointers; variables can be assigned either a value or an address. This leads us to the following definition.

Definition 1. Dynamic nominative data over a set of variable names V' and a set of addresses A is a partial mapping of the
type: DND(V,A): VU A 25 A.

For further convenience, the next notations will be used to denote the stack and heap parts of the dynamic nominative
data st € DND(V, A): stack(st) = st|v and heap(st) = st|a. Here st|y marks the restriction of the mapping st to a set V.
As dynamic nominative data represents a state of the program, both terms will be further used interchangeably.

Substituting nominative data with dynamic nominative data, we can introduce dynamic versions of the partial mapping
types: Pri,* : DND(V, A) %5 Bool, Fn};* : DND(V, A) 25 A, FPrg};* : DND(V, A) 25 DND(V, A).

Extension of most program algebra compositions on dynamic nominative data is straightforward and is omitted in this
paper. Only superpositions require consideration. To describe operations with a heap, new compositions of storing values
to and retrieving values from a specific address are introduced. We assume that to operate with an address, it has to
be first stored in some variable. This won't limit the expressiveness of a programming language, but it will help to make
address arithmetic expressions clearer. Also, as in the case of nominative data, only equitone predicates and functions are
considered for dynamic nominative data. Mapping f over dynamic nominative data is considered equitone if for any state
st, f(st) 4= Vst' D st : f(st') L= f(st). Here, f(st) | denotes that mapping f is defined on state st; f(st) 1 will be used
to indicate that mapping f is undefined on state st. Restriction of Prg’A and an’A to only equitone mapping is natural, as
it corresponds to the intuition that if information within a current state is sufficient to calculate a value of the expression of
a condition, this value should not change for any extension of the state.

Definition 2. Parametric store composition ST” of a type an’A 5 FPrgg’A with a parameter x € V can be defined on
arbitrary state as ST (f)(st) ~ stV|[st(z) — f(st)]. Here [v1 — a1,...,vn = an,al — af,...,an, — an,] is an explicit
form of dynamic nominative data representation for v1,...,v, € V and a1,...an,a1,...,a,,,af...a,, € A, where each
pair denotes either name-value or address-value in data. Overriding operator V is defined as follows: st Vst: = [l — all €
€ dom stz A sta(l) = a VI € dom st; \ dom stz A sti(l) = al. In other words, st = st1Vsta, the result of the application of

ISSN 1812-5409 (Print), ISSN 2218-2055 (Online)



~ 220 ~ B 1 CH MUK Kuiecbkoro HauioHanbHoro yHisepcurety imeHi Tapaca LleBueHka

the overriding operator will be the state (nominative data) in which variable and address mapping that was defined in the
right operand st. is retained together with all pairs from the left operator st, that are not defined in st».

Definition 3. Parametric load function LD? of a type FnE’A with a parameter = € V' can be defined on an arbitrary state in
the following way: LD*(st) ~ st(st(x)). Applying nominative data st to a variable x will yield the address stored in it, but
the second application will return the value stored at that address.

Definition 4. Parametric extended predicate superposition composition {Sf;i}gﬂe[](v) of a type Prl‘g’A X (Fn}:’,’A)”m LN

4 Pr;* with parameters v1, va, . . ., Un, u1,us, . . ., um € V can be defined on arbitrary state in the following way:

Sli;“il(p7 fiseo s [y g1y oy Gm)(st) = p(stV[vr = fi(st),...,von = fu(st),st(ur) — gi(st),..., st(um) — gm(st)]).

A common type of property that needs to be verified for programs that manipulate the heap deals with exclusive access
of certain program components to their own part of the heap. Separation conjunction is a logical connective introduced in
Separation logic to handle such assertions without the need for repeated explicit conditions describing parts of the heap
each component works with. Intuitively, it can be defined in the following way: formula P x @ holds for each configuration
where there are two disjoint subheaps, on one of which P holds and on another — @ holds. Let us give a formal definition
of two states having disjoint heaps with a shared stack.

Definition 5. Two states st1, st € DND(V, A) are considered disjoint configurations st1||v,a stz if stack(st2) = stack(st2)
and dom heap(st1) N dom heap(sta) = 0

If two states are disjoint, the overall state can be obtained by applying the override operator. Disjoint union will be used
as a name for the resulting operation.

Definition 6. State st € DN D(V, A) is called a disjoint union of two states sti, st € DND(V, A) (denoted st = sti & st2)
if St1||V7ASt2 and st = st1Vsts.

Based on the definition, the next properties of disjoint union can be obtained: st, @ sta = sto P st1, stack(st, @ stz) =
= stack(st1) = stack(stz), heap(st1 @ st2) = heap(st1) U heap(stz). Additionally, if st = st, & st2 we will use © to mark
the remainder of the heap: st1 = st & st and sts = st & st;.

With a formal means to describe states with the same stack but non-intersecting areas of dynamic memory, separation
conjunction composition can be introduced for program algebra monotone Floyd — Hoare logic extension with heap. For
convenience, it will be used in infix form.

Definition 7. Separation conjunction composition  of a type Pri,* x Pri;* % PrY# can be defined on the arbitrary state
in the following way:

True, iff exist st1, st2 such that st = st1 @ sta A P(st1) = True A Q(st2) = True;
P« Q(st) = < False, iff for every st1, st2 such that st = st1 @ st» it holds that P(st1) = False V Q(st2) = False;
1, otherwise.

Let us recall the definition of the monotone operator prior to presenting the results on whether the separation conjunction
composition is monotone. Monotonicity is treated in the sense of definedness.

Definition 8. A composition C : (Pri4)* x (Fn¥4)! x (FPrgl;*)™ 5 Pr%4 is called monotone over the first argument
if for any p,po,...,pk, 0’ € Priy?, fi, fo,..., fi € Fn};?, and pri,pra,...,prm € FPrg);” it holds that p C p’ implies
C(pap27 e 7pk7 f17 f27 R flaprlapr27 A ,me) g C(p/ap27 e 7pk7 f17 f27 R fhprhpr?a A ,me)- Here g iS ConSidered
for mappings as a set-theoretical relation over the graphs of respective mappings. A composition is called monotone if it is
monotone over every argument.

Lemma 1. Separation conjunction composition is monotone.

Proof. Monotonicity will be proved for the first argument of composition. Proof for another argument is similar.
Assume that property doesn’t hold, this means that 3P, P',Q € Pr);” suchthat P C P’ AP+ Q ¢ P’ x Q. The latter
is possible in the following cases:

* st € DND : PxQ(st) |=True A (P' xQ(st) J= FalseV P’ x Q(st) 1),
e st € DND : PxQ(st) = False A (P' x Q(st) = TrueV P’ x Q(st) 1).

Let us consider the first case. If P x Q(st) = True then by the definition of composition there should exist such
st1 and sty that P(st1) = True and Q(st2) = True and st = sti & sta. From P(st1) = True and P C P’ we obtain
P’(st1) = True and from definition of composition using P'(st1) = True, Q(st2) = True and st = st ® st2 we can
conclude that P’ x Q(st) {= True = P x Q(st) which contradicts with our assumption.

The second case, where P x Q(st) |= False, proof is similar. Using the definition of composition for every st; and
sta such that st = sty @ sto, either P(st1) = False or Q(st2) = False. If P(st1) = False, using P C P’ we obtain

ISSN 1728-3817



DI3BUKO-MATEMATUYHI HAYKMW. 1(82)/2026 ~ 221 ~

P’'(st1) = False. Finally, this proves we cannot find a pair of disjoint states such that at least one of P'(st1) = False
and Q(st2) = False won't hold. Thus, P’ x Q(st) |= False = P x Q(st), and in the second case, we also achieve a
contradiction.

Both cases were considered, which means that P+xQ C P’ x(Q and composition is monotone over the firstargument. [

Combining the given definition, we will obtain a three-sorted algebra that will define the semantics of the monotone
Floyd — Hoare logic extension with dynamic memory.

< PTE7A7 FnE’Aa FPng,A; V%, {Szﬂl/ }F,HGU(V)? {S}Z’u/ }?,EEU(V% {‘x}xEV7

{3z}sev,id, {AS" }oev, {ST  }acv,{LD" }yev,o, IF,WH,FH > .
The next step, after new compositions were defined and their properties were investigated, is to provide sound derivation
rules for a monotone Floyd — Hoare logic extension that operates with those compositions. Proof that existing rules remained

sound when moving from nominative data to dynamic nominative data is straightforward and also omitted in this paper.
The rule for store composition can be viewed as the modification of the rule for assignment composition:

R_ST

{S¢ (p, HIST=(H){p}

Lemma 2. Rule R_ST is sound.

Proof. The rule is sound if for valid premises — valid outcomes are derived. As in the rule, there are no premises — we need
to prove that triple {S'}é/ (p, /)}YST®(f){p} is valid. Triple {p}r{q} is considered valid if for every interpretation and for every
state st, such that p(st) = True, either r(st) 1 or q(r(st)) = True. In our case, based on the definition of superposition
composition, if S (p, f)(st) J= True then p(stV[st(z) — f(st)]) }= True. If program ST*(f) terminates for starting state
st, p(ST®(f)(st)) = p(stV]st(z) — f(st)]), which evaluates to True based on the previous assertion. This proves the
soundness of the rule. O

In the Separation logic frame, the rule for the derivation system is defined as follows:

{p}pr{r} _
R_FRAME_SEPW,ch(pr) N fu(q) = 0.

Where ch(pr) denotes variables that were changed by program pr and is defined inductively based on the structure of
pr, fu(q) is the list of free variables for predicate ¢. Such a variant of the rule is not sound for monotone Floyd — Hoare
logic extension. The reason behind this fact is that the introduced condition doesn’t account for complex pointer arithmetic
available in the general case. We will investigate restrictions in the semantic form that will address this issue. The main
idea behind condition ch(pr) N fv(q) = 0, together with the use of the separation conjunction, was to describe that when
there is an assertion about the part of the heap that the program doesn’t affect — it can be combined with any valid assertion
about the part of the heap that the program modifies.

Let us introduce tools to describe such aspects of the predicates and programs as the part of the heap affected by
them. As pointer arithmetic is not limited in our case, part of the heap affected by the program in terms of updating stored
values is a function over the state. It cannot be described by only considering the variables that the program updates. In
the general case, the definition of the required function can be seen below.

Definition 9. Memory footprint function for a program pr € FPrgg’A is a function of a type DN D(V, A) 25 24 that for an
arbitrary state st where pr(st) | is equal mem(pr)(st) = {ala € A A st(a) | Apr(st)(a) |# st(a)}, and mem(pr)(st) = 0
otherwise if program is not terminating on st.

The intuition behind the memory footprint function is the maximal heap area affected and changed by the program. It
doesn’t account for addresses that were updated in the process with the same value. In this case, a strict version of the
function can be introduced that considers not only the addresses that were changed by the program but also the addresses
that are required by the program to terminate.

Definition 10. A strict memory footprint function for a program pr € FPrgg’A is such a function of a type DN D(V, A) 104
that for an arbitrary state st, where pr(st) |, it can be defined as mem,(pr)(st) = |J Ai, where A; are all such sets of

3
addresses that retain(pr, st, A;)A=3A; C A; : retain(pr, st, A;) and retain(pr, st, A;) is a special notion for pr(st)|vya, =
= pr(stlvua,)|vua, A heap(stlyucaya,)) = heap(pr(st)|vu(aya,)), and mems(pr)(st) = 0 if program is not terminating on
st.

Remark 1. Based on the monotonicity of compositions it can be shown that the condition for A; also holds for their union and
any superset up to st, which means retain(pr, st, mems(pr)st) and for all A such that mem,(pr)st C A C dom heap(st) it
holds that retain(pr, st, A).

Remark 2. Itis obvious that for arbitrary st € DN D(V, A) and arbitrary pr € Prg);® mem(pr)(st) C mems(pr)(st).
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Restrictions on the memory modification capabilities for programs that are available within program algebra impact
whether the memory footprint function can be defined inductively based on the program structure.

Similarly to the programs, a general definition of a memory function for predicates can be given based on the intuitive
notion of an area of memory required for the predicate to be defined.

Definition 11. Memory footprint function for a predicate p € Prg‘A is a function of a type DND(V, A) L5 24 that for
an arbitrary state st where p(st) | it is equal mems(p)(st) = |J A , here A; are all such sets of addresses such that

p(stlvua,) 4= p(st) A ~3A; C A; : p(st|vua,) 1= p(st), and mem(p)(st) = 0 otherwise if predicate is not defined on st.

Using the notion of the memory footprint frame rule, modified semantical conditions can be introduced:

M s :p(s mems(pr)(s mem st) = ch(pr v =
R_FRAME WP st € DND(V, A)  plst) = (mems (pr)(st) (1 mem(a) (st) = 0), ch(pr) 1 fo(a) =0

Theorem 1. Rule R_FRAME is sound.

Proof. Assume that triple {p * q}pr{r = ¢} is not valid. This means that there exists such a state st that p x g(st) = True,
pr(st) is defined, and r * g(pr(st)) = False. If p x q(st) = True then from the definition of separating conjunction exist st;
and sty such that st = st1 @ sto, p(st1) = True, q(stz2) = True.

Consider sty = sta|vumem(q)(st), iN this case we can construct st; O st such that st; = st © stp. This state will
extend the heap of st; with the part of the heap of st2, not in st,. Based on the properties of compositions of the predicate
level p(st}) = True. q(sty) = True holds based on the definition of memory footprint of a predicate if we show that
sta|yumem(q)(st) = St2|vumem(q)(sta)- The latter is equal to mem(q)(st) N dom heap(st2) = mem(q)(st2) as heap part of
the state can be restricted only up to the list of its addresses. This statement is true if we consider that q(st2) = True,
stz = st|yvudom heap(sts)s 4(st) = True, and the definition of the memory footprint.

Next we shall prove that for any states st and st such that st! C st, stack(st) = stack(st!), pr(st) | and also
dom heap(st!) N mems(pr)(st) = O there exist the states st5, st{’, such that st = st{ @ st5, pr(st) = pr(sty) @ st{’,
stack(st{") = stack(pr(st)) and heap(sty") = heap(sty). In this case, st5 O st|vUmem. (pr)(st), Which means that conditions
from the definition of the strict memory footprint also hold for st5 and pr(st) = pr(sty) @ sti’.

It is easy to see that if st{ = st, then all the required conditions hold and st; = st; as st = st| @ sth. Thus,
pr(st) = pr(sty) @ sti’, stack(st!’) = stack(pr(st)), and heap(st{’) = heap(sty). Based on the definition of ch(pr),
stack(st")[v\chpry = stack(st)|yv\chpr)y = stack(sts)|v\cnpr)- AS ch(pr) N fu(q) = 0, we have fu(q) C V' \ ch(pr),
together with heap(sty’) = heap(sty) and stack(sty")|v\ch(pr) = stack(sts)|v\cnpr this gives us g(sti’) = q(sta) = True.
To show that r(pr(st})) = True we need to use the fact that {p}pr{r} holds for any state, and for state st, p(st1) = True
and pr(sty) |. From pr(st) = pr(st}) @ st!’, q(st{’) = True and r(pr(st})) = True we can obtain r x q(pr(st)) = True,
this contradicts with assumption, which proves that rule R_FRAME is sound. O

2. Examples

To showcase the frame rule for monotone Floyd — Hoare logic extension, we will use a simple example with a specifica-
tion of the stack data structure. This is a first-in-last-out data structure, assertions for two main operations — put a value on
top of the stack and retrieve a value from the top of the stack. Memory allocation and deallocation are not considered in this
example. The second stack and its properties are used to illustrate the frame rule and give another example of assertions
about data structures.

Example. Without any restriction on generality, we will use the set of lowercase letters of the Roman alphabet as variable
names V = {a,b, ..., 2z} and integer numbers as addresses A = Int = {...,—1,0,1, ... }. Basic predicates and functions
will include parametric predicates for relations greater, equals, and less, and parametric functions increment and decrement,
denoted respectively >, ., =¢.y, <z,y, € + +, and x — —. z and y are names of the variables that are used in mappings.
The stack data structure is presented by its top and bottom addresses; all addresses that are greater than the bottom and
less than the top are considered a part of the stack. To put a value on top of the stack — value is stored in the top address,
and the variable holding the top is incremented. Retrieving value is exactly opposite — if top is greater than bottom, return
the value at the top and decrement top. The stack is empty if the top address is equal to the bottom address. A stack is
considered invalid if its top address is less than the bottom address.

The subprograms and predicates described above can be defined semantically with the first parameter being a variable
storing the top address, and the second parameter being a variable storing the bottom address. pusha () ~ ST*(f) ®
e AS®(xz + +) pushes the value of the expression that represents function f to the top of the stack. pops,y,o ~ IF(>a,y,
ASY(LD%)e AS*(z— —),id) pops the top value of the stack to the variable v; if the stack is empty or invalid, it does nothing.
emptyq,y =z y, tnvalidy y ~<g .

Here are the properties of the stack data structure that can be proved: {empty.,, }pusha y(f){—emptye ,}, {emptye ., A
N =0 }POPz,y, v €MDYz y A =v,w} aNd {emptys, y tpushs y(f) ® Pops,yv{emptye,y A S (=vw, f)}. It is easy to define
memory footprints for push and pop: mems(pushaz,y(f))(st) = {st(x — —(st))}, mems(popz,y(f))(st) = {st(x + +(st))}.
Nominative data [z — 3,y — 1,1 +— 4,2 — 2] representing a simple stack with two values in it.

If we have another stack with top a and bottom b condition that this stack contains values in the ascending order can
be defined as ¢ = VeVf(>er A Zae A 25— S®Y(>4,y, LD, LDY). The frame rule cannot be used to prove that
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{emptys,y * ¢}pushg 4 (f) @ pops.y.o{(emptys y A S™ (=v,w, f)) * ¢}. The memory footprint of a predicate q is mem(q)(st) =

= {i € Int|b'(st) < i < d'(st)}. There is no guarantee that operations on the initial stack won’t overwrite values for
addresses of the second stack. One example is [z — 3,y — 1,1 +— 4,2+ 2,a— 5,b+— 3,3 +— 1,4 — 5]. This issue can
be handled by adding to the precondition assertion that the top address of the first stack is less than the bottom address of
the second, or vice versa.

The final Floyd — Hoare triple will be {(emptyz yA >b,2) *q}pushe,y (f) @ popz.y.o{(emptyz .y ASY (=v,w, f)) *q}. Shared
variable values within the separating conjunction and the absence of the restriction on the free variables of p in R_FRAME
made it possible to specify the needed condition. If we have another stack with top a and bottom b condition that the stack
contains values in ascending order can be defined as g = VeV f(>e.f A Zae A =5 ST (>4, LD, LDY). Frame rule
cannot be used to prove {empty. , * ¢}pusha.y (f) ® pope .y o{(eMmptys y A S (=v.w, f)) * ¢}. The memory footprint of the
predicate q is mem(q)(st) = {i € Int|b'(st) < i < a’(st)}. There is no guarantee that operations on the initial stack won’t
overwrite values for addresses of the second stack. The example for such astateis [z — 3,y — 1,1~ 4,2+— 2,a+— 5,
b+— 3,3+— 1,4~ 5]. This issue can be handled by adding to the precondition assertion that the top address of the first
stack is less than the bottom address of the second, or vice versa. The final Floyd — Hoare triple will be {(emptye,y A >b.)*q}
pushz y(f) ® popa,yv{(emptyz,y A S*(=v,w, f)) * q}. Shared variable values within the separating conjunction and the
absence of the restriction on the free variables of p in R_FRAME made it possible to specify the needed condition.

Discussion and conclusions

Dynamic nominative data was introduced, making it possible to define properties of the programs with pointers within the
composition-nominative approach. To represent basic operations with the heap, new compositions were defined, and their
monotonicity was proved. Similar results were achieved for the separation conjunction connective, which is the basis of the
frame rule and assertions over the heap. Overall, the conditions of the frame rule were investigated in terms of monotone
Floyd — Hoare logic extension, and a simple example of its application is provided. The updated conditions required new
means that describe a part of the heap affected by the program and a part of the heap needed for the predicate to be
defined. Basic properties of such memory mappings were presented.

Similar to what was achieved in already published papers, the introduction of the frame rule extended the capabilities
of monotone Floyd — Hoare logic extension for local reasoning. But it is worth mentioning that the construction of memory
footprints for special cases of logic, where address operations are restricted, is one of the directions of further research,
together with a weaker version of the frame rule, which has a less complex condition. Other open questions are working
with memory allocation and concurrency.

The general case of predicates over dynamic nominative data was considered. Further research is required to define
the properties of predicates needed for efficient computation of the memory footprint of the predicate. This could also lead
to the introduction of new logical connectives similar to the separating conjunction.

Authors’ contribution: Olena Shyshatska — conceptualization; Nataliia Rusina — methodology; Andrii Kryvolap — analysis of
sources, theoretical foundations of research.
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PAMKOBE NPABUIIO B MOHOTOHHOMY PO3LLMUPEHHI NOMKU ®NTOUOA — XOAPA

Jlozika po3dineHHs1 € po3wupeHHsIM ntociku ®nolida — Xoapa, cnpsimosaHuM Ha cneyugikayiro ma eepugpikayiro npo2pamMHuUX cucmem, 8 sIKux
euKopucmoegyemscsi duHamiuHa nam’same. I ocHo@HUM 3ac060M € paMKoee npasuso, ujo dae 3Mo2y npayroeamu 3 JI0KanbLHUMU O08edeHHSIMU.
MoHomoHHe po3wupeHHs noziku ®nolida — Xoapa 6ysio odepxaHo, UKOPUCMOBYHYU KOMMO3UYiliHO-HOMiHamueHul nidxid. OcHoeHi nepeeazu
ompumaHoi fio2iku nonsizalome y 3acmocyeaHHi HOMiHamueHux 0aHux 07151 onucy cmaHy npoapamu ma y po6omi 3 Yacmkoeumu npedukKamamu.
OcHoeHa Mema npornoHo8aHo20 A0ClideHHs1 — po3pobrieHHs1 paMKo80o20 fpaeusia ma 3acobie po6omu 3 ekalieHuUKamu Osisi MOHOMOHHOI J102iKu
®nolida — Xoapa. 3 oa2na0y Ha ye, soHa 6yna 36aza4eHa iHcmpymeHmamu Ons1 NiOMPUMKU fTokanbHux doeedeHb, W0 Had38uUYaliHO 8aXK/TUBO
Cb0200Hi, Kosnu cKkiiaBHicmb nNpoz2pamMHO20 3abe3neyeHHs1 nuwe 3pocmae. JlokanbHicmb O3HayYae, W0 esacmueicmb YacmuHU MPo2pamMu Moxe
6ymu dosedeHa oKpeMo ma rnoedHaHa 3 8/1acmueoCmMsIMU iHWUX KOMITOHEHMI8, SIKUW,0 8U3Ha4YeHi yMosu 8UKOHyrombCsi. [ins yb020 HoMiHamueHi
OaHi 6yno po3wupeHo noHsImmsim adpecu. lTpedcmaeneHo Hoei cneyianbHi KOMNO3uyii 36epexeHHs1 8 QUHaMIYHIl nam’sami i 3aeaHMa)xkeHHs1 3 Hel.
JloziyHa 38’s13ka eidokpemMsitoeasibHa KOH’IOHKYis1 6yna nepeeu3Ha4yeHa sik KOMINO3uuyisi 8 npo2pamHill anzebpi. [JoesedeHo, W0 maka KOMNo3uyis
€ MOHOMOHHow. Lljo6 Mamu mMoxnueicmb po3wupumu 0oeedeHHs1 Ons1 anpokcuMayili npoepamu 0o dosedeHHs1 Onsl NpozpamMu 3az2asioM, yci
Komno3uyii matomb 6ymu MoHomoHHuUmu. Kpim mozo, dodaHo npaeusna cucmemu eueody Onsi Hoeux onepamopie. lpaeuna Ons 36epizaHHs 6
duHaMiyHy nam’simb ma 3aeaHmaxeHHs1 3 Hel € Modugbikayieto npasuna Ans onepamopa NPUceocHHsi. Pamkoee npasuso — ye npasusno, sike 3a
donomMozoro 8iGoKpeMI08aIbHOT KOH FOHKUIT onucye, ik MOXHa po3wupumu icmuHHy mpiiiky Xoapa 3a dornomMo20r0 meepoeHHs O51s1 YaCMmuHU
nam’simi, sika He 6yna 3miHeHa npozpamoto. Byno nokaszaHo, w0 eapiaHm npasuna, peasnizoeaHull y no2iyi po30ineHHs, exe He € KOPEKMHUM Ons
MOHOMOHHO20 po3wupeHHsl. Bynu npedcmaeneHi ModudikoeaHi ymoeu, 3a sikux docsi2caembcsi KOopekmHicmb. Temoro malibymHix docnidxeHb
€ Moxnuei o6MexeHHs1 Ha onepayii 3 ekasieHuUKkamu, sIKi 0aromb MOXJIUGiCMb 3anpPonoHyeamu KOHCMPYKMUeHi yMoeu OJisi paMKo8o20 rnpaesuia.
IHwum eaxxnueum numMaHHAM, W0 euUxo0UMb 3a Mexi yielf cmammi, € po32s1510 euKOpUCMaHHsI CK1adHUX HOMiHaMueHuUx 0aHuUX pa3om 3 QuHaMmiy-
HOIO nam’ssmmio.

Knw4yoBi cnoBa: ¢opmansHi Memodu, sepucpikayisi 1C, npoepamHi noziku, HomiHamueHi 0aHi, nozika po30ineHHs.

ABTOpPYM 3asBMSAIOTL NPO BIACYTHICTb KOHAMIKTY iHTepeciB. CnoHcopu He Bpanu yyacTi B po3pobneHHi gocnimkeHHs; y 36opi, aHanisi
4n iHTepnpeTaLii 4aHuX; y HanucaHHi pPykonucy; B pilLeHHi Npo ny6nikadito pesynesraTis.
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IMPROVEMENTS TO THE CIRCUIT BREAKER PREDICTION MODEL
FOR INCREASING THE FAULT TOLERANCE OF MICROSERVICES

In high-load distributed systems, it is crucial to pay strict attention to the reliability of communication between architectural
components, making fault tolerance a fundamental property of microservice architecture. While various fault tolerance patterns
exist to improve microservice resilience, and their implementations are widely adopted, none are universal for the range of possible
failures in service communication. Therefore, there is a continuous need to search for more effective approaches to achieving fault
tolerance in distributed software systems.

This research is building upon our earlier study, which introduced the Circuit Breaker Prediction Model. The main principle of
the Prediction model is to calculate the rating of communication between two services, defined as a convex combination of various
performance metrics, and the rating value is then used to determine whether the interaction with the target service can be safely
re-established after the period of blocking outgoing requests. Compared to standard implementations of this method, it was
specifically designed to reduce the latency involved in blocking request transmission between microservices, especially under
uncertain load conditions.

The purpose of this paper is to enhance this model and verify its effectiveness when combined with other resilience patterns,
particularly Retry and Timeout. The study enhances the flexibility of the Circuit Breaker Prediction Model by describing an
adaptable sliding window mechanism that dynamically adjusts the context size based on load conditions at runtime. Also, the
algorithm of rating calculation is generalized to enable the usage of any substantial number of performance metrics. Finally, this
research conducts simulated experiments with multiple service communication configurations and fault tolerance pattern
combinations, using the standard Circuit Breaker implementation as a baseline for comparison. The findings show improved
communication performance, mainly due to reduced request transmission delays under the same load conditions. The prospects
of applying this model’s principles to other fault tolerance patterns have been discussed, with particular emphasis on the potential
of using machine-assisted optimization techniques in dynamic decision making.

Keywords: microservices architecture, distributed systems, fault tolerance, resilience patterns, high load, circuit breaker,
service communication, runtime adaptation.

AMS 2020 classification: 68M15, 68M14.

Introduction

In software engineering, microservice architecture (MA) is considered a practical approach for managing large-scale
enterprise applications. Breaking down the application structure into many functional parts not only allows for the division of
various entity domains and the isolation of distinct parts of the business logic but also increases the autonomy of teams in
research and development (R&D): this way, they can work in separate code repositories in parallel, making the development
process more granular, faster, and isolated.

Recent surveys highlight the popularity of microservices in software development. According to the JetBrains 2023
Developer Ecosystem survey (JetBrains, 2024), 82 % of respondents use microservices in their daily work. Similarly, Stack
Overflow’s 2023 Developer Survey (Stack Overflow, 2024) found that nearly half of the participants said their companies rely
on microservices. These statistics prove that more and more software development companies, teams, and developers are
considering this approach suitable for their system design. This makes microservice architecture one of the leading system
design trends in the 2020s.

Despite its popularity, the approach can sometimes be challenging in designing, developing, maintaining, securing,
ensuring availability, and implementing correct application logic. Because the key feature of microservice architecture is
decentralization, components rely heavily on communication, especially through events that may occur at different levels of
the entire system. According to (Lewis, & Fowler, 2014) "the microservice preference towards choreography and event
collaboration leads to emergent behavior," which may sometimes be negative and result in unforeseen consequences. If not
handled properly, even a brief network failure can cause data inconsistencies between the services, potentially leading to
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incorrect delivery of the intended functionality. To mitigate this risk, the developers must consider ensuring eventual message
delivery between services. This is where the concept of "resilience" emerges.

Fault tolerance patterns, also known as resilience patterns, are commonly used to mitigate disruptions, network outages,
security breaches, changes in application load, and system failures. They aim to recover from failures and operate effectively,
minimizing the impact of incorrect system behavior on the application’s availability.

While numerous fault tolerance patterns and techniques exist, and they can be classified into different categories, this
research focuses on those that influence direct synchronous communication between services, one of the basic types of data
transfer. Among such patterns, experts outline the following: Timeouts, Circuit Breaker (CB), Retries, Fallbacks, Bulkheads,
Rate Limiters, and others (Nygard, 2018, pp. 110-146; Resilience4j, 2025). Even though they seem to be simple in their
working principles, many software libraries and frameworks may provide different implementations of some of them. Mostly,
those algorithms use the canonical logic of a pattern, and most software developers may use the existing solutions out of the
box, changing only variable values in the configuration provided by a library. However, sometimes even a small optimization
of the algorithm can lead to a meaningful performance increase.

In this article, we focus on the Circuit Breaker method and extend our previous research published in (Hlybovets, &
Paprotskyi, 2024), where we proposed the Circuit Breaker Prediction Model as a modification to it. The model aimed at
dynamic adaptation to conditions in synchronous communication between two microservices by predicting the performance
of the interaction between two microservices and using a set of runtime metrics, reducing the Circuit Breaker’s state-transition
latency and improving the request success rate.

However, this model can still be enhanced to increase the method’s ability to adapt to load changes. Also, the previous
approach provided only a preliminary evaluation of the algorithm. Despite the promising results compared to the traditional
Circuit Breaker, we want to further validate whether the implementation is more effective in more complex microservice setups.
Apart from that, since the method used a particular set of performance metrics for the communication rating calculation, there
is a need to generalize the algorithm so that it could work with any number or combination of metrics.

According to the background, the object of this research is microservices that operate under high-load conditions.

The goal of the study is to improve and validate the Circuit Breaker Prediction Model in a more practical environment
and in conjunction with other resilience patterns, as well as to generalize the algorithm to support varying numbers and types
of performance metrics.

In this work, we consider a "more practical environment" to involve different combinations of synchronous microservice-to-
microservice communications, the simultaneous use of multiple resilience patterns, and larger workloads that change over time.

To achieve the goals of the research, the following objectives were defined for this paper:

e Enhance the model’s ability to adapt to workload changes by introducing automatic adjustment of the sliding window
size, which provides a more accurate data context for calculating service communication performance.

e Extend and unify the performance calculation formula introduced in our previous study, and present a generalized
version that supports an arbitrary set of performance metrics.

e Validate the model under more practical conditions, including a series of experiments that involve its simultaneous use
with other resilience patterns.

It makes sense to briefly mention the main concepts of the traditional Circuit Breaker pattern: it works analogously to a
real-world electric fuse. In software programming, this concept is typically implemented as a state machine that wraps the
logic of a given function, which makes a call to another service. Depending on the outcome of that function being executed
repeatedly, the CB state machine can transition between three states: Closed, Open, and Half-Open (Fowler, 2014).

The flow where one microservice requests another may sound simple and appear easy to manage. However, since
microservice architecture often distributes different domains across multiple services, the execution of application logic likely
requires multiple cascading requests between them. Given a situation where there is one or more services between the two
(as an example, service A makes a request to service B that makes a request to service C...), there is a possibility for some
of them to have a failure in communication, which, if not handled properly, may result in cascading failures of the whole call
chain. Not only will this break the application logic, but, more importantly, it will also overuse the available resources of all the
services in the mentioned call chain.

The Circuit Breaker pattern is used to counteract the situations described above. It rejects the execution of requests that
will almost certainly not result in a successful response, thus saving resources and reducing the network load (Fowler, 2014).

In the current study, other resilience patterns, which are often used in conjunction with the Circuit Breaker pattern, will be
considered as the methodological basis for experimentation. The patterns of Retry and Timeout. Their role in the research is
not isolated but rather complementary: they provide the context in which the proposed Circuit Breaker Prediction Model will
be validated, allowing us to test its behavior under combined resilience strategies.

The mentioned mechanisms were described in detail in (Nygard, 2018, pp. 110-146; Resilience4j, 2025).

Since resilience in microservice architecture is a highly multifaceted topic, it has also become the subject of numerous
research studies in the field of software engineering.

The study (De Souza Miranda et al.,, 2024) explores models, methods, and technologies for building resilient
microservices. They rely on various strategies to maintain system stability and reliability. The authors examine and present
the initial catalog of patterns for developing fault-tolerant microservices. They also provided a review of a wide range of
literature and organized a survey in this field of study to determine the difficulties and solutions for them.

The paper (Valdivia et al., 2020) presents a multivocal systematic literature review for microservices, identifying the
benefits and trade-offs of different patterns used in microservice architecture development and their association with quality
attributes and metrics. The paper identified the metrics that help to measure a system's readiness to meet quality criteria that
improve overall performance.

Recent research (Sun, Cui, & Cai, 2024) applied a deep reinforcement learning approach to fault tolerance in microservice
environments. They use metrics gathered from a service mesh and cluster in their circuit breaker strategy. The authors aim
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to dynamically adjust tripping thresholds and recovery times. This method learns policies from external telemetry data and
focuses on environmental observations outside the service. In contrast, our work uses microservices' internal context data for
calculating state predictions.

The research (Zhang et al., 2025) proposed a fault-tolerance framework using Spring Cloud and Docker. It utilizes
techniques and features like service discovery, load balancing, and failover. The authors focused on fault tolerance at the
architectural and orchestration levels, and focused on redundancy and quick service recovery. However, in our study, we
focus on the individual pattern’s level of optimization in the communication between individual pairs of services.

To sum up, the variety of different approaches in the recent studies shows that microservice resilience can be approached
from various angles. It can be observed and improved at the architecture level by analyzing the whole system performance,
or it can be optimized by changing the algorithms responsible for controlling service communication. Each perspective has
different pros and cons depending on the size and complexity of the target informational system.

There are various implementations of the CB in different programming languages, various libraries, and frameworks. Many
of them were mentioned in our previous study (Hlybovets, & Paprotskyi, 2024). The Resilience4j framework was selected for
implementing the Prediction Model, and the choice was explained in the mentioned article.

Most frameworks provide the standard Circuit Breaker pattern implementation, but some of them add extra features and
configuration variations to improve their customization capabilities. For example, (Resiliencedj, 2025) offers highly
customizable configuration, the possibility to combine multiple fault tolerance patterns, and advanced metrics (such as "failure
rate" and "slow call rate"). The latter framework is used in this research as a base for experiments.

1. Methodology

Circuit Breaker Prediction Model. The main concepts of our model, introduced in (Hlybovets, & Paprotskyi, 2024), are
briefly described below.

When using the Circuit Breaker pattern to resolve communication errors between microservices, it is crucial to understand
how it can be configured most effectively. The most complex challenge in such a configuration is determining the optimal
amount of time for the Circuit Breaker to wait in the Open state until the requests can be permitted.

The period between when a target service started failing to respond and when it became available is not static and may vary
across different failure occurrences. As a result, there is almost always a point when the target service has fully recovered, but the
Circuit Breaker in the consuming service remains in the Open/Half-open state, blocking requests from being sent. Moreover, the
transitions from the Half-open state back to the Open state sometimes make the total delay even longer: after each such transition
to the Open state, a cycle of waiting starts again, potentially resulting in the loss of those invaluable seconds of reestablished
communication between services, which may cost a lot of business value in an enterprise application.

Since the problem of operational delays is related to the static time-guessing nature of pattern configuration, the Circuit
Breaker Prediction Model was previously proposed. The idea of making the pattern to adapt to the communication
performance between the two services and predict whether the target service has already recovered forms the expectation
of working more efficiently than the original CB model.

Instead of using the canonical three states in the CB, the proposed model has only two: Open and Closed. Upon the target
function being called, which is wrapped by the Circuit Breaker, a decision is made on whether to close the "circuit" by
calculating the rating value of the communication. Hereinafter, the "rating value" represents the prediction of whether the
target microservice is ready to receive requests. If it is higher than the Rating Threshold value configured in the application,
the CB mechanism makes a transition to the Closed state, enabling it to make requests to the target service. There were no
changes to the Closed state, its conditions for detecting failures, and transitioning to the Open state compared to the canonical
CB. (Hlybovets, & Paprotskyi, 2024)

The Circuit Breaker Prediction Model implementation must gather a set of metrics to ensure its operation via the rating
value calculation. The sliding window method of data collection is used, thereby taking into account only the last configured
number of function invocations.

The particular metrics can vary depending on the future research of that algorithm, but the initial set of them was used in
the previous study:

e Failure rate. The percentage of failed requests compared to the total number of requests observed in the sliding window.
A request is considered failed if its invocation raises an exception from a preconfigured list.

e Slow call rate. The ratio of the number of requests that took more time than a configured threshold to the total number
of requests recorded in the sliding window.

e Success call rate. The ratio of successful (not failed) requests to the total number of requests recorded in the sliding
window.

e Time in the Open state. The current amount of time CB has been operating in the Open state, starting from the previous
transition. It is also essential to check if the time in the Open state has not exceeded the preconfigured threshold, the maximum
allowed time in that state, and close the CB if it does.

After some revision, we decided to use an enhanced list of metrics for our experiments in this research. The mentioned
list is discussed in Section 1.4.

Generalizing the algorithm. Despite the model having been proven to work, there is a necessity to generalize the
algorithm so that it can work with an arbitrary set of performance metrics.

Depending on its nature, we can logically categorize a specific metric as "positive" or "negative," based on how it
influences the communication rating value. For example, the Failure rate and Slow call rate are negative metrics because
the higher they are, the lower the CB rating value should be.

Therefore, formula (1) is used to represent the calculation logic for the Circuit Breaker Prediction Model:

rating = posM + negM, (1)
where posM and negM are defined using (2) and (3):
pOSM = Z?:l(ci * mposi); (2)
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negM = ¥9_;(c; * (1 = m,,;1), (3)
where variable a holds the quantity of positive metrics in (2), variable b holds the quantity of negative metrics in (3), and both
refer to the number of metrics gathered by the service in the runtime. The c¢; and ¢; are the preconfigured weight coefficients
for each positive or negative metric, which define the level of influence of the corresponding metric on the whole rating value.

The M5 and m,,qiare the values of each metric (also positive or negative). The weights of m,,qiare inverted, are inverted,

ensuring that all components contribute uniformly to communication quality.
To maintain the correctness of calculations, the following static configuration check, which verifies if the equality (4) is
satisfied, must be performed when the CB is loaded into the context of an application:

L+ Xiig=1. (4)

The check ensures that all coefficient values for the metrics are properly distributed relative to one another, and therefore,
the proportion of each metric in the overall rating calculation formula is accurately estimated.

Each metric in the mentioned equations is expressed as a ratio; the values are bound to the range from 0 to 1, so the final
rating value is also in the range from 0 to 1:

Ci» Myosis Cjy Myggj Tating € [0;1]. (5)

Therefore, the whole rating calculation is derived from a normalized weighted aggregation of metrics, with negatively
oriented ones inverted to ensure that higher values uniformly indicate better performance.

Finally, the rating value is compared with the preconfigured rating threshold. If the calculated value is bigger, the CB
changes its state to Closed, resuming the communication.

It is also important to briefly describe the core part of the model’s behaviour.

The algorithm was formalized in the following pseudocode listing:

When in CLOSED state:
* allow request *
result < * execute call and gather metrics *
if (result is error AND error not in IGNORED_ERRORS_LIST):
if (request duration OR failure counter exceeds thresholds):
transitionToOpenState()
* disallow further requests *
* update metrics *
else if (success):
if (request duration OR failure counter exceeds thresholds):
transitionToOpenState()
* disallow further requests *
* update metrics *
return

When in OPEN state:
On invocation attempt:
communicationRating < calculateRatingValue(metrics)
if (communicationRating > RATING_TRANSITION_THRESHOLD):
transitionToClosedState()
* allow request *
* update metrics *
else:
* decline request and update metrics *
return

function calculateRatingValue(metrics):
for each metric in metrics:
* compute individual metric’s component value *
if metric is negatively oriented:
* invert its contribution *
return sum of all rating components

According to what is described in this section, it is obvious that as long as both metric values and a sum of coefficients
are normalized, any substantial number of performance metrics can be used in this calculation. Each metric contributes to
the rating proportionally to its preconfigured weight, and negatively oriented metrics are inverted to ensure consistent
interpretation. Also, each metric’'s component value can be calculated differently if it makes sense for the algorithm, and if
any extra logic is required for the metric component to participate in the communication rating.

The Slow Call Rate metric value can be calculated by inverting the rate value and multiplying by the coefficient (Java code):

double slowCallRateMetric = countOfSlowCalls / totalCallsInAWindow;
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double slowCallRating = (1 - slowCallRateMetric) * SLOW_CALL_RATE_COEFFICIENT;
However, such metrics as Consecutive Failure Streak can be calculated in the following way:

int maxStreak = Math.max(maxStreak, consecutiveFailures);
double failureStreakMetric = Math.min((float) maxStreak / S_MAX, 1.0);
double consecutiveFailureStreakComponent = (1 - failureStreakMetric) * FAILURE_STREAK_COEFFICIENT;

In this case, the consecutive failure streak metric is additionally normalized to [0, 1] using a saturation limit S_ZMAX, because
there’s a need to ensure that excessively long failure sequences do not disproportionately affect the final communication
rating.

From an implementation perspective, such metric calculations can be provided by a fault-tolerance framework at the library
level, allowing a software developer to potentially select from a predefined list of metric components available for the Circuit
Breaker Prediction Model without the necessity to write their own calculation for it. The important detail is that all the reads
and writes to the state of CB and its set of metrics must be implemented thread-safe, ensuring consistency and correctness.

Enhancing the adaptiveness to periodic load changes. It is common for a microservice to experience varying load
levels over time, depending on the context within which the software system operates. For example, a Kafka worker instance
subscribed to multiple user-related topics in the backend of a public business-related website might experience a higher
average load during the working part of the day than at night. In this case, for each event processed by that worker instance,
if a synchronous request function (wrapped in the Circuit Breaker instance) is invoked to another microservice through the
processor's logic, the potential performance metrics increase in proportion to the number of such request invocations. This
should provide a better context for the Circuit Breaker Prediction Model, if it is used in this setup.

Most modern Circuit Breaker implementations work based on a sliding window, which is a continuously updating time or
call-based interval that collects recent request outcomes and performance metrics to evaluate the current reliability of service
communication. Existing frameworks and libraries only provide the static window size, depending on the sliding window type,
and only suggest using a fixed sampling duration; some of them also provide the mechanism of evicting the "bad instances"
(e.g., Istio/Envoy — "Outlier Detection" (Istio, 2025)), but also without automatic window size adjustments.

In this study, we propose an enhancement to the Circuit Breaker Prediction Model for dynamically adjusting the window
size based on recent load. Since our model analyzes performance metrics and is also based on a count-based sliding window,
it makes sense to adjust the context to natural traffic oscillations: the lower the traffic, the less recent requests should influence
the prediction about the state of communication between microservices, and vice versa.

To implement this idea, an adaptive sliding window controller was added to the existing model that scales the data window
size according to the observed throughput.

First, the current request rate is calculated (6):

=", (6)
where n, is the number of requests for the last interval 4, and 1, is the current request rate.

Then, we apply exponential smoothing to the observed request rate to stabilize short-term noise and produce a smoothed
throughput (7):

A=A =Y)-1+vA, v E(O1], ()
where 1, is the smoothed request rate at the moment t, 1,_,is the previous smoothed request rate, 1, is the current "raw"
request rate from (6), and y is the smoothing factor.

The smoothed rate is then used to compute the target window size at the moment ¢ (8):

Wtarget,t = clip(ade, Whin, Winax), (8)
where Wig,ge¢ i the target sliding window size at the moment t, 4, is the smoothed request rate at the moment t, a is the
scaling coefficient that controls the proportional growth of the window size relative to the request rate, W,,in, Winax are the
lower and upper bounds for the allowable window size, preventing excessive shrinking or expansion, clip is the bounding
function that limits the resulting value within the specified range [Wi,in, Winaxl-

To avoid oscillations due to minor traffic variations, the window size is updated only when its relative change exceeds the
hysteresis threshold (9):

|Wtarget,t - Wt—ll

W, = Wtarget,t if W,_, > & 9)

otherwise W, = W,_,,
where W, is the final window size applied at the current update step, Wi 4,gec is the newly computed target window size

before stabilization, W, _; is the sliding window size from the previous step (current value), and ¢ is the hysteresis threshold
that defines the minimum relative change required to trigger an update.

The recalculation process is performed periodically (e.g., every couple of seconds, configured according to the
application's needs) and runs as a separate thread from the main Circuit Breaker flows, or is initiated by a background
scheduler via a dedicated timer. The window size and request count variables should be accessed and updated in a thread-
safe way. The initial window size value W is meant to be configured at application startup.

As a result, the proposed algorithm conceptually operates as illustrated in Fig. 1:
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Fig. 1. Conceptual illustration of adaptive sliding window behavior compared
to a static configuration under periodic load changes

The adaptive sliding window adjusts its size according to the current request rate, and uses exponential smoothing and a
hysteresis threshold to avoid frequent value changes. In turn, the static window size remains insensitive to the load changes
and may capture either too little or too much data, so the adaptive window size should provide a more balanced representation
of system activity metrics.

We integrated this mechanism into the Circuit Breaker Prediction Model by default and used it in all scenarios in the
experimental study.

Experiments. Unlike the earlier study that used a simplified service communication simulation, this work assesses the
Circuit Breaker Prediction Model under more realistic and diverse experimental conditions.

In modern microservice systems, developers frequently apply multiple fault tolerance mechanisms together within the
same communication flow. They typically combine Circuit Breaker with Retry, Timeout, and other resilience patterns. The
experiments in this study were designed according to this idea, and the goal was to validate the CB Prediction Model under
these combined conditions in different setups and in a controlled environment to allow measuring and observability.

The configuration of each resilience pattern was selected through extensive empirical analysis. Parameter values were
chosen after a series of preliminary runs aimed at identifying stable and distinguishable behaviors between the compared CB
implementations of traditional and the Prediction models. Although no formal optimization techniques were used during the
preliminary tuning process, the configuration proved suitable for a comparison between the canonical and predictive versions
of the Circuit Breaker.

To ensure repeatability, we used identical configuration values for all experiments, making the observed performance
differences attributable to the model design itself rather than to random variation in settings.

In comparison to the previous study, we decided to enhance the set of performance metrics used for rating calculation in
our experiments. To avoid redundancy, only one of the complementary success and failure metrics was kept, as the Success
Call Rate and Failure Rate (with the inverted value) have the same contextual meaning when analyzing the state of
communication between services. Additionally, a couple of new metrics were introduced to expand the behavior.

The Permitted Call Rate is updated after each invocation attempt and reflects the recent availability trend of the protected
service.

The Consecutive Failure Streak metric accumulates failed requests until a successful one occurs, after which the counter
resets to zero. Its value is then normalized to remain within a fixed [0, 1] interval. To calculate it, we added a small addition
to the pattern’s base code, tracking consecutive failures through a simple internal counter.

The influence coefficients were slightly adjusted compared to previous work to reflect the updated metrics while
maintaining the model's overall balance (see the previous set of metrics in Section 1.1). The main idea was to preserve the
weight of reliability- and time-related indicators, but also allow some space to the new ones that capture how the Circuit
Breaker behaves and how short-term instability appears.

The coefficients used in the experiments are shown in Tab. 1.

Table 1
Influence coefficients of metrics used for service communication rating calculation

Metric Orientation Coefficient Description
The ratio of successfully completed requests to the total number of
Success call rate + 0.3 e - )
requests within the sliding window.
The ratio of requests exceeding the preconfigured response time
Slow call rate ) 0.15 threshold. Adds the context of request processing speed.
. The ratio of requests permitted by the Circuit Breaker to the total number
Permitted call rate + 0.2 SO h S
of attempted requests. Shows communication invocation availability.
. . The normalized length of the current sequence of consecutive failed
Consecutive failure streak - 0.1 . . i
requests. Captures short-term spikes of instability.
Time in the Open state ) 0.25 The current duration of the Circuit Breaker operating in the Open state.
P ) Shows the context of the current waiting time denying the requests.
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Since the goal of the new CB implementation is to reduce the potential time spent in the Open state while the target
service has already recovered from the outage and thus increase the percentage of successful invocations under load, the
experiments were designed as a simulation where one microservice (utilizing the CB) makes a large number of requests to
another service. The target service, in turn, tends to fail with a random probability and then recover after a random time within
a fixed interval. The response times are generated randomly, limited by a fixed timeframe.

To simulate load fluctuations, we designed the workload generation process to follow a precomputed trace of request
intensities over a fixed period of experiment runtime. The load was computed using the intensity function, which was defined
as a smooth oscillating signal with additive noise, representing natural load variations. We configured the duration of one full
oscillation cycle to be 20 min, while the total duration of each experimental run was 30 min, resulting in 1.5 cycles per run.

Since the workload trace was precomputed, it determined the number of requests to be sent at each discrete tick.

For each time tick At, the expected request rate A(t) was calculated, and the final workload trace can be represented as (10):

A(t) = Apin + AL + sin(?)) +n(t), (10)
n(t) = Poisson(u,),

where 1,,,;, is the baseline request rate, A is the load amplitude, T is the period of oscillation, and n(t) is a Poisson-distributed
random noise with a mean value y,,.

Each computed value A(t) was rounded to the nearest integer to obtain the number of requests issued during the time
interval At, and these requests were distributed across a fixed-size worker pool of 16 threads. The purpose of the mentioned
worker pool was to act like independent users that constantly initiate a varying number of invocations of the source service
(where the CB is configured). The same workload trace was reused across all runs to ensure consistency and comparability
between experiments.

For this study, the following values were used for the parameters mentioned above: 4,;, = 1000 requests/s,
A =800 requests/s, T = 1200 s (20 min), 4t = 0.5 s, u,, = 200.

During a 30-minute run, this workload generated approximately:

e 3.5 million requests in total (220 thousand requests per worker);

e an average intensity of around 120 requests/s per worker;

e a minimal intensity of around 420 requests/s;

e a maximum intensity of around 3100 requests/s.

Such a configuration provided a stable yet sufficiently dynamic load for observing how both Circuit Breaker
implementations process the requests.

To model the behavior of an external dependency, a simulated target service was implemented, where we defined internal
pseudo-randomized logic. The only purpose of this service was to simulate realistic failure and recovery processing instead
of performing a real business logic, so each APl endpoint invocation was followed by responding with a delaying thread
execution, instead of the real downstream call.

The target service was switching between three operational states:

e UP - the service is healthy, and returns a successful response after a pseudo-random delay (taken from a uniform
distribution between T,,;,, and T,,,,, values).

e DEGRADED - the service is partially healthy, meaning it returns either a successful response after a delay, or fails with
a preconfigured probability.

e DOWN - the service is not operational. All requests return a failed response after a maximum delay.

Transitions between the mentioned states were implemented by a semi-random schedule, controlled by a timer that
recalculated the next transition interval based on semi-random values within a fixed range. The idea behind this design was
to replicate the temporal instability and simulate a real-world microservice, where the service’s availability may be dependent
on load spikes, resource exhaustion, or network issues.

The main configuration parameter values used in the process described above (and fixed for the experiment) are
presented in Tab. 2.

Table 2
State configuration parameter values used in the experiments
State uP DEGRADED DOWN
Parameter
Response time, ms 50-400 200-2500 3000
Failure probability 0.01 0.15 1.0

Probability of switching

to the DOWN state 0.05 0.2 R

Load-dependent:

o Base degradation probability: 0.04

o Overload coefficient (sensitivity): 0.3 - 0.3

e Overload threshold: 0.74,,,,, where A,,., is the
current maximum request rate

- 0.4 0.6

Probability of switching
to the DEGRADED state

Probability of switching

to the UP state

Random delay bounds before
switching back to UP state, s
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The interval between state recalculations was set to 10 s.

We used the same pseudo-random seeds in our experiments to ensure the controlled and deterministic behavior during
the testing of two CB implementations. This made the pseudo-random parts of the environment’'s behavior controllable,
allowing performance differences to be attributed solely to the use of different Circuit Breaker models.

We also used the following Resilience4j configuration parameters of the traditional model of Circuit Breaker:

e Fixed sliding window size: 1000 requests.

Slow-call duration threshold: 3.75 s.
Time to wait in the Open state: 4 s.
Failure rate threshold: 50 %.
Slow-call rate threshold: 50 %.
Permitted calls in Half-Open state: 20.

The default Circuit Breaker was used as a base for implementation by following the instructions documented in
(Resilience4j, 2025). The CB Prediction Model was implemented via overriding the basic CB classes of Resilience4j
components. Because the library already monitors the metrics selected earlier, it was very useful for this implementation. For
more specific implementation details, refer to our previous work (Hlybovets, & Paprotskyi, 2024).

For the CB Prediction Model, we decided to use the following adapting window configuration described in detail in Section
1.3: smoothing factor (7) y = 0.2, recomputation cycle = 30 seconds, the target count-based sliding window Wgrgee . is
computed (8) with the scaling coefficient a« = 0.6, and bounds W,,,;,,= 300 and W,,,,,,= 2600. To prevent oscillations, the window
is only changed when the relative deviation from the current value exceeds 20% upward or 8% downward. The starting
window size W, = 1000 requests, so the traditional and adaptive versions of CB start with the same window size.

Circuit Breaker. Given the setup specified above, the simplest way to compare the difference in pattern accuracy
between the proposed model and the regular implementation is to run the simulation only using the Circuit Breaker.

Each request from the previously mentioned workers is targeted at the source service’s API, which processes it by calling
the invocation function wrapped in a particular Circuit Breaker implementation. In this case, either the default implementation
from the Resilience4j library or our enhanced implementation of the Circuit Breaker Prediction Model was used. The invocation
function, in turn, makes another synchronous request to the API of the target service. The effectiveness of this communication
is measured by calculating the success rate statistics.

See Fig. 2 for a schematic representation of this setup in our experiments.

Circuit Breaker
. - - Request
Incomin API invocation
request function
Response

Fig. 2. The simplest Circuit Breaker usage in the experiment configuration

The results of applying the environment described in Section 1.4 to this and all the subsequent experimental configurations
listed later in this section are shown in Section 2.

Circuit Breaker and Retry. The combination of the CB and Retry patterns was analyzed and recreated, since these
patterns are often used together. The Resilience4j framework already provides a highly customizable implementation of the
Retry pattern, which meets the needs of this research. It is important to mention that the Retry pattern context was wrapped
by the Circuit Breaker, thus providing the following invocation flow: request, then a sequence of retries if a failure occurs,
then the logic of the Circuit Breaker in case the number of retries is exceeded.

The schematic representation of this process is shown in Fig. 3.

Circuit Breaker
) Request
Incomin API Retry invocation
request function
Response

Fig. 3. The combination of Circuit Breaker and Retry in the experiment configuration

This way, most small failures, such as network blips, should be covered by the logic of the Retry mechanism, leaving the
Circuit Breaker with the duty of handling more significant outages and issues.

A simple configuration with two retries and an exponential backoff was established, resulting in the following delay order
between attempts: 0.5 seconds and 1 second.
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Circuit Breaker, Retry, and Timeout. It is also a common use case when the Timeout is used together with the already
mentioned patterns. In Resilience4j, this pattern’s implementation is called a TimeLimiter, and its configuration is simple: a
single duration is set, after which the request is considered failed. We put a Timeout to wrap the invocation function first
(see Fig. 4), so the invocation flow results in the following: if a request takes too long to receive the response, the Timeout
breaks this function’s invocation, and the first retry is executed; in case this happens more times, and after all the retries
were executed, the Circuit Breaker’s logic considers this function’s work as failed.

Source service
Circuit Breaker
Retry R t
Incomin - - eques o
—g—) API Ti t| invocation i
request imeou fumction API Target service
Response

Fig. 4. The combination of Circuit Breaker, Retry, and Timeout in the experiment configuration

In our setup, we use a 2-second timeout. Since we previously configured the two retries with delays of 0.5 seconds and 1
second, this resulted in a worst-case response time of up to 7.5 seconds. Half of this duration (3.5 seconds) is already
considered a slow request by both Circuit Breaker models.

Three Services: Circuit Breaker, Retry, and Timeout. Since one of the CB’s main goals is to reduce the probability of
cascading failures, the impact of using the different implementations should also be analyzed in a more complex setup.

This experiment involves adding an additional service to the call chain and configuring the Circuit Breaker accordingly
(Fig. 5).

Source service A Source service B
Circuit Breaker Circuit Breaker
Retry
Incomin API I invocation Request > API invocation Roquest > T e
imeout| > [limeout| L al sel
request function [<€ function [€ API o
Response Response

Fig. 5. Chaining the calls — adding an additional service with Circuit Breaker and Timeout in the middle of the flow

Service A sends a request to Service B, which in turn sends a request to the Target service synchronously.

In this two-hop configuration, retries were applied only at the edge (Service A). Service B used a Circuit Breaker with a
per-attempt TimeLimiter but no retries. This choice avoids retry-storm amplification and better reflects production guidance
for multi-hop RPC chains. We also had to increase the Timeout duration on Service A to 2.25 s (consequently, the worst-case
time budget was increased to 8.25 s) and the slow call threshold on Service A to 4.0 s. All other parameters remained identical
to the single-hop experiments to maintain comparability.

The percentage of successful requests in this setup only counts those that successfully invoke all three services in the
chain and return a response, thereby processing the entire end-to-end flow.

2. Results

While running all the previously mentioned scenarios, we collected the following primary metrics to compare the traditional
and predictive models of the Circuit Breaker: request success rate, end-to-end (e2e) 95th percentile (p95) latency, and the
fraction of time in the unhealthy state (Half-Open + Open for the traditional model, and only Open for the Prediction model).
To count the success rate, we used lock-free accumulators. Latency statistics and the CB state-based unhealthy time were
accumulated from internal transition events using aggregated counters. All the aggregations were performed in memory to
avoid the I/O overhead and any additional logging during the experiment runs.

Each experiment scenario was run in four iterations. The first was run using the traditional implementation of CB. The
other three were run using the Circuit Breaker Prediction model, but with a different threshold value for the calculated rating,
which triggered the state change from Open to Closed. We decided to use the following values for that parameter (based on
empirical research): 0.60, 0.65, and 0.70.

In Tab. 3, we present the results gathered from the first experimental setup described in Section 1.4.1.

Table 3
Performance results: Circuit Breaker only configuration

Model Rating Threshold Success rate (%) E2e p95 latency (ms) Unhealthy time (%)
Traditional CB - 53.4 2520 27.6
0.6 60.8 2388 21.9
Prediction CB 0.65 59.7 2426 22.7
0.70 55.1 2483 25.8

Under the basic configuration, both Circuit Breaker versions showed similar trends in stability and latency during load

oscillations. However, the predictive model consistently maintained a higher success rate and shorter recovery times.
Compared with the traditional CB implementation, it increased the overall success rate by approximately 7-9 percent, reduced
the 95th-percentile end-to-end latency by around 6 %, and decreased the total unhealthy time by almost 5 %. These
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improvements indicate that the adaptive window mechanism provided a more responsive adjustment to traffic variations,

maintaining better throughput even under unstable service conditions.

After adding the Retry pattern usage to the given setup (Section 1.4.2), the following results were obtained (Tab. 4).

Performance results: Circuit Breaker and Retry configuration

Table 4

Model Rating Threshold Success rate (%) E2e p95 latency (ms) Unhealthy time (%)
Traditional CB - 74.2 2260 12.8
0.6 86.1 2142 10.1
Prediction CB 0.65 84.7 2170 10.6
0.70 79.8 2229 121

After adding the retries, as shown in the table, overall service availability increased notably, with the success rate
increasing from roughly 74 % to over 86% in the best-performing configuration of the predictive model. In parallel, the
unhealthy time dropped from 12.8 % to nearly 10 %, suggesting that the model allowed faster reopening of the circuit once
the target service resumed stable operation.

Adding the Timeout pattern to the previous configuration (Section 1.4.3) provided us with the following results (Tab. 5):

Table 5

Performance results: Circuit Breaker, Timeout, and Retry configuration

Model Rating Threshold Success rate (%) E2e p95 latency (ms) Unhealthy time (%)
Traditional CB - 83.5 1764 8.8
0.6 94.6 1639 6.9
Prediction CB 0.65 93.8 1660 7.1
0.70 90.1 1712 7.9

As expected, the addition of the Timeout pattern reduced the total response time, so the difference between the CB
Prediction Model and the traditional CB was almost 7 % in the p95 latency and about a 10-11 % in the success rate.
Finally, introducing the scenario discussed in Section 1.4.4, presented in Tab. 6:

Table 6

Performance results: two-hop chain — Service A to Service B to Target service, Retries only at A

H 0,

Model Rating Threshold (A / B) Success rate (%) E2e p95 latency (ms) Unhealthy t'éne (%) atAl
Traditional CB - 69.8 3010 19.8/17.5
0.60/0.60 81.6 2790 15.7/13.2
Prediction CB 0.65/0.65 80.2 2831 16.2/13.6
0.70/0.70 76.4 2905 17.4/14.9

In the two-service chain setup, overall latency and error accumulation increased as expected, but the general pattern
remained consistent. It improved the end-to-end success rate by approximately 11-12%, reduced the 95th-percentile latency
by about 8%, and shortened the unhealthy periods at both Service A and Service B by up to 3-4%. These results demonstrate
that the approach continues to provide value in chained communication scenarios, where slower recovery recognition in any
upstream service can lead to additional failures.

In all experiment configurations, different scenarios with varying Rating Threshold values showed that overall success depends
on the correctly selected rating limit for transitioning from Open to Closed states of CB. However, even manual tuning of that
parameter was intuitive: the higher the threshold, the more strict we want our CB to be towards communication instabilities.

Discussion and conclusions

The conducted study expanded the earlier work on the Circuit Breaker Prediction Model presented in (Hlybovets, &
Paprotskyi, 2024) by improving it and validating its performance under more realistic and dynamic conditions.

The model was extended with an adaptive sliding window controller that scales the data window size according to the
observed throughput. This increased the model’s ability to adapt to workload fluctuations by providing a more accurate data
context for calculating service communication performance.

The main concept of this model’s calculation algorithm was generalized in the form of communication rating calculation
formulas, allowing the use of any substantial number of performance metrics within the algorithm. The pseudocode
instructions listing was also included to ensure reproducibility.

Through a series of simulation-based experiments combining the model with other fault-tolerance patterns, it was shown
that adaptive estimation of communication performance can improve the CB recovery speed and reduce unnecessary
downtime. Across all experiment configurations, the predictive Circuit Breaker implementation demonstrated an improvement
in request success rate ranging from 7 % to 12 %, a reduction of 5-8 % in the 95th-percentile end-to-end latency, and a
decrease of 4—6 % in total unhealthy operation time compared with the traditional model. The configurations involving two
microservices demonstrated that integrating the prediction-driven rating of service communication calculation (1) increases
the successful requests rate and reduces request latency, especially when combined with other stabilizing patterns like the
Retry and the Timeout. When testing the three-service configuration, the experiment results remained positively stable: the
percentage of successful requests remained better in the prediction-based Circuit Breaker, proving its better resilience
capabilities in withstanding cascading failures.

As a result of the above-mentioned, we consider the study's goal to have been achieved.
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The process of preparing the experiments revealed the role of tuning the parameters and thresholds to achieve optimal
fault tolerance performance in this method. The tasks of adjusting thresholds and identifying perfect correlations between
various performance metrics are complex for the human mind. It should be possible to do it more effectively by using
automated data-driven analytical approaches and various optimization techniques.

The conclusions align with the study (Souza, Neves, & Kimura, 2024), which analyzed industry practices in research
papers and surveyed microservice practitioners. It highlighted standard practices, gaps, supporting technologies, and the
evolution of fault tolerance. The study confirms the benefits of continuously improving resilience patterns and methods, and
emphasizes the growing integration of Al-based approaches into industry resilience strategies.

This points toward the future of prediction-based fault tolerance, where machine-assisted analysis may help reveal
complex dependencies among runtime metrics and improve adaptive decision-making.
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'KuiBcbkuM HauioHanbHWit yHiBepcuTeT imeHi Tapaca LLlesuyeHka, Kuie, YkpaiHa
2HauioHanbHuM yHiBepcuTeT "Kneso-MorunsiHcbka akagemis”, Kuis, YkpaiHa
3KuiBcbKMM HauioHanbHWiA yHiBepcuTeT ByAiBHMLTBA i apxiTekTypm, Kuis, YkpaiHa

YOOCKOHANEHHA ﬂPEﬂI/IKTVIBHO'I'MOgEHI NATEPHY CIRCUIT BREAKER AJ1A NIABULLEHHA
BIAMOBOCTIUKOCTI MIKPOCEPBICIB

Y sucokoHasaHmaxeHux po3nodinieHux cucmemax Had3eu4aliHO 8axiueo npudinsamu ocobnusy ysaay HadiliHocmi KOMyHikayii Mixx apximek-
mypHUMU KOMMOHeHmamu, wo pobums eiomoeocmilikicmb oOHieto 3 6a3oeux enacmueocmel MikpocepeicHol apximekmypu. lMonpu HasieHicmb
pi3HOMaHimHuUx namepHie nidsuweHHs1 eiOMoeocmilikocmi, crnpsiMoeaHux Ha noninweHHs1 cmilikocmi Mikpocepesicie, 00eH i3 Hux He €
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YHigepcanbHUM O 8Cb0O20 crieKmpa MoXX/1ueux eiomoe y cepeicHili 3aemodii. 3 oa2nsidy Ha ye 36epicaecmbcs nocmilina mompeba 8 nowyky ege-
KkmueHiwux nidxodie 0o docsizHeHHs1 s8ioMoeocmilikocmi e po3nodizieHux Npo2paMHUX cucmemMax.

Cnuparoyucb Ha Hawe ronepedHe OOCiOXeHHS, y sikoMy 6yno npedcmaesneHo npedukmueHy modensb Circuit Breaker, nponoHoeaHa po6oma
demarnbHiwe docnidxye ii 3acmocyeaHHs Onsi oyiHo8aHHs1 egheKmueHocmi 8 NoeGHaHHI 3 IHWUMU nowupeHUMU namepHamu eiomoeocmilikocmi.
LenmpanbHum npuHyunom npedukmueHoi Modesi € 064ucneHHs1 pelimuHay KoMyHikayii Mixk deoma cepeicamMu, susHa4yeHO20 siK onyksia KoM6iHayis
pi3HUXx Mempuk egpekmueHocmi. OmpumaHe 3Ha4yeHHs1 pelimuHay eUKOpucCmMoeyembCsl Onsi 8U3Ha4YeHHsI MO20, YU MoXe 83aemModist i3 yinboeum
cepeicom 6ymu 6e3ne4yHo eiOHoeseHa nicnsi nepiody 6nokyeaHHs. [1odi6Ho do mpaduyiliHo2o namepHa Circuit Breaker, 3anponoHoeaHa modesb
crnpsiMoeaHa Ha 3MeHWeHHs1 3ampPUMOK Mid Yac nepedasaHHs1 3anumie 8 ymoeax Heeu3Ha4yeHoO20 HasaHMaxeHHs. lTopieHsiHO 3i cmaHdapmHumu
iMmnnemeHmayisiMu yb020 memody Modesib Po3pPo6IIeHO 3 MEMOK CKOPOYEHHS Yacy 6J10KyeaHHsl UKJTUKie MiX Mikpocepeicamu.

Memoto cmammi € s0ockoHaneHHsi modeni Circuit Breaker ma nepesipka ii egpekmueHocmi 8 noedHaHHi 3 iHWUMU namepHamMu 8iOMog8ocmiliko-
cmi, 30kpema Retry ma Timeout. Y docnidxeHHi po3wupeHo 2Hy4kicmb Circuit Breaker Prediction Model wnsixom onucy adanmueHo20 MexaHi3my
KOB83HO20 8iKHa OsI1 MempukK, w0 OUHaMiYHO 3MiHIOE PO3Mip KOHMeKcmy 3asnexHo 8i0 HasaHMa)KeHHs1 nid yac po6omu 3acmocyHKy. Takox anezo-
pumm ob64ucneHHs pelimuHay 6ysno y3azanbHeHo, Wo6 3abe3ne4yumu MOX/1ueicmb 8UKOPUCMaHHSI 008IiNbHOT Kilbkocmi Mempuk egheKmugHocmi.
Y mexax po6omu npogedeHo cepito cuMynibo8aHUX eKcriepuMeHmia i3 pi3HUMU KoHgbicypauisiMu KoMyHikayii Mmix cepsicamu ma kom6iHayissmu na-
mepHie eidMoeocmilikocmi, sukopucmoeyr4yu cmaHdapmHy peani3ayiro Circuit Breaker sik 6a3ogy Onisi NOpi@HSIHHS.

OmpumaHi pe3ynbmamu rnokasyroms nidguuwieHHs1 NpPodyKkmueHocmi KOMyHikayii Hacamnepeo wWJsiXoM 3MeHWeHHs1 3ampPuUMOK y nepedaeaHHi
3anumie 3a 0OHaKo8UX yMO8 HagaHMaXKeHHs1. Takox po32/1aHymo nepcreKkmueu 3acmocyeaHHsl npuHyunie yiei modesi 0o iHwux namepHie siomo-
eocmilikocmi, 30kpeMa 3 aKyeHmMoM Ha MOX/IU8OCMi 8UKOpUCMAaHHsI pi3HOMaHIimMHUXx Memodie onmumisayii Onsi Niompumku AuHamiyHo20 yxea-
JTIeHHS1 piWeHb.

Knwo4yoBi cnoBa: MikpocepeicHa apximekmypa, po3nodineHi cucmemu, eidmoeocmilikicmsb, namepHu eidmogocmilikocmi, sucoke Haea-
HmaxeHHs, Circuit Breaker, e3aemodisi cepeicie, aBanmauyisi nio Yyac e UKOHaHHSI.

OpwuH 3 aBTopiB (A. MNawwko) € YneHom peakonerii BUAaHHs, TOMy BiH He BpaB yyacTi y peueH3yBaHHi Ta NPUAHSATTI PilLeHHs LWoao
ny6nikauii yiei cTarTi.
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STATISTICAL ANALYSIS OF FACTORS AFFECTING THE INCIDENCE OF DIABETES
MELLITUS

The seriousness of the problem of diabetes mellitus is explained by the scale of its prevalence. In 2021, approximately
537 million people worldwide were living with diabetes, which accounts for about 6% of the global population. Therefore, the
study and analysis of data on the dynamics of diabetes incidence are highly relevant, both for forecasting future trends and for
supporting effective government regulation and prevention of the disease’s spread.

The aim of this article is to conduct a statistical analysis of diabetes prevalence, to develop models of its dynamics for the
city of Kyiv, and to analyze the influence of factors among women, such as the number of pregnancies, blood glucose levels,
blood pressure, and body mass index (BMI), on the development of diabetes. Based on these variables, classification methods
are applied to build predictive models using the R programming language.

Keywords: time series, diabetes mellitus, forecasting and modeling, k-NN, Random Forest, logistic regression, algo-
rithm accuracy.

AMS 2020 classification: 60G10, 60G15, 91-10.

Introduction

Diabetes is a metabolic disorder that affects many people worldwide. Every year, the incidence rates are rising at an
alarming rate. If treatment is delayed, diabetes-related complications in many vital organs of the body can lead to a fatal out-
come. ltis very important to detect the disease at an early stage, which can halt its progression before complications arise.
The International Diabetes Federation (IDF) has stated that currently, over 537 million people worldwide have diabetes.
Over the last few years, the number of people with diabetes has risen sharply, making it a global threat. Unfortunately,
diabetes now consistently ranks third among the leading causes of death.

Because early detection is vital to halting the disease’s progression before fatal complications arise, researchers have
increasingly turned to machine learning as a viable solution for automated prediction and diagnosis. Various robust frame-
works have been proposed to address the complexities of medical data. The use of data analysis and machine learning
methods can significantly improve the diagnosis of diabetes and help to take timely measures for its prevention and treat-
ment. Due to the relevance of this direction, machine learning methods have been actively developed in recent years
(Aguilera-Venegas et al., 2023; Kangra, & Singh, 2023; Olisah, Smith, & Smith, 2022; Orlova et al., 2026). Works in this
area demonstrate the high efficiency of the classification models for various data sets. Recent advancements also include
specialized deep learning architectures like EchoceptionNet, which captures both temporal and spatial feature interactions,
and the comparative use of Decision Tree Classifiers and Artificial Neural Networks (ANN), with the former often demon-
strating superior accuracy in identifying diabetic conditions based on biochemical indicators like HbA1c¢ (lftikhar et al., 2025).
In (Livinska, Skrypnyk, & Galan-Garcia, 2024), the accuracies of different machine learning algorithms were compared for
diagnosing diabetes on binary data that do not include laboratory tests, and can be obtained by patient questionnaires.

This work examined data on people with diabetes in Kyiv and conducted a descriptive analysis to calculate key statistical
characteristics; it also investigated two models based on ARIMA processes and linear regression for the percentage of
children with diabetes. Using these, forecasts were constructed for the next 5 years. All this is described in more detail in the
first chapter. The second chapter is devoted to the analysis of the diabetes incidence dataset in women, along with 9 other
variables — factors that will be the focus of further work. The distribution of variables was analysed using histograms and
box-and-whisker plots, and the relationships between them were investigated using a correlation matrix. The Student’s t-test
was used to compare the mean values of variables in the two groups (healthy, diabetic). Three machine learning methods
were applied to classify patients into groups: k-nearest neighbours, logistic regression, and random forest. To compare
these methods, the following quality measures were calculated: accuracy, sensitivity, specificity, and other indicators.

1. Statistical analysis and forecasting of the incidence of diabetes mellitus in Kyiv

This section is devoted to the analysis of data on the incidence of diabetes in Kyiv. Based on the data from the website
(IDF, 2024). The data is obtained for 1995-2016 (no data for 2014, due to the annexation of Crimea and the east of the
country. Since 2017, data for all regions have not been available, and their collection has not been continued.

Autocorrelation, also known as serial correlation, is the relationship between a signal (time series) and itself at different
points in time. Informally, autocorrelation involves comparing two observations of the same signal at different times to
assess how similar they are. Let’s construct an autocorrelation function for the time series of the percentage of children
with diabetes. To do this, our dataset must be fully known, so we impute the missing value for 2014 using the average of
the nearest neighbours. Mathematically, the autocorrelation function provides a measure of the signal’s characteristics in

ISSN 1812-5409 (Print), ISSN 2218-2055 (Online) © Pychtar Mykola, Lytvyn Myroslava, 2026



~ 238 ~ B 1 CH MUK Kuiecbkoro HauioHanbHoro yHisepcurety imeHi Tapaca LleBueHka

the time domain, which is used to describe the relationship between the signal’s value at one point in time and its value at
another point in time (Fig. fi)).

1.0

ACF
. 0.
L

Lag

Fig. 1. Autocorrelation

To analyse trends in morbidity, time series analysis was used, with time series classified as stationary or non-stationary.
Non-stationary data, which is typical of medical indicators, is presented as the sum of the trend f(¢) and the stationary
process

XY= f(t)+ X, t €{0,1,....n—1}.

The ARIMA (Autoregressive Integrated Moving Average) model has been selected as the primary forecasting method; it
is characterised by the following parameters (p, d, q). Mathematically, the model for a non-stationary time series takes the
form():

P q
AdXt =c+ ZaiAdXt_1 =+ Z bjét—j + €t,
i=1 j=1
where A, is the difference operator of order d, and ¢; is a "white noise”.

The study is based on morbidity data for the city of Kyiv for the period 1995-2016. The key indicators identified are:

- p is the percentage of children among all patients with diabetes mellitus (DM).

- fp is the proportion of children among those newly diagnosed with diabetes. To analyze the dataset, R programming
language for statistical computing and data visualization was used.

Statistical analysis revealed significant variability in the fp value (coefficient of variation 36.0%) compared with p
(19.6%).

Modelling and forecasting results. Two forecasting models have been developed for the p indicator. The first model is
ARIMA(0,2,1) model: The coefficients were selected using the Akaike Information Criterion (AIC). The model indicates
an upward trend in the proportion of sick children over the next five years.

The second model was a linear regression model; the least-squares method (LSM) was used to estimate the trend
parameters. The analysis of the parameters revealed that the coefficients were statistically significant (p — value < 0.05);
however, the model explains only 20% of the variation in the series (R = 0.2091)

A comparison of the results reveals a discrepancy: the ARIMA model predicts a further rise in incidence, whilst linear
regression indicates a slight downward trend, highlighting the advantage of dynamic models for short-term forecasting of
health indicators.

2. Diabet prediction based on medical records

This section is devoted to the analysis of the diabetes prevalence dataset in women with 9 other variables: number
of pregnancies, blood glucose, blood pressure, body mass index (BMI), genetic predisposition to diabetes, insulin, age,
and presence of diabetes from (Smith et al., 1988). The dataset was collected by the National Institute of Diabetes and
Digestive and Kidney Diseases. The purpose of the dataset is to diagnose whether a patient has diabetes or not based on
certain diagnostic measurements included in the dataset. All patients in this dataset are women aged at least 21 years.

The contrast matrix (last column) in Fig. B visually demonstrates differences in diabetes incidence across several char-
acteristics, namely the number of pregnancies, glucose level, body mass index (BMI), and age. However, these observed
differences require further statistical verification to confirm their significance.

To analyze the relationships between variables in more detail, a matrix of pairwise correlation coefficients is constructed.
This matrix reflects the degree of linear dependence between each pair of factors. The lower triangular part of the matrix
contains the numerical values of the correlation coefficients, while the upper part provides a visual representation using
circles of varying intensity: with blue shading indicating a positive outcome (with diabetes) and red shading indicating a
negative outcome (without diabetes).

The Student’s t-test is one of the basic statistical methods used to compare means between groups of data and to
identify statistical differences. Comparing means allows you to determine whether the selected groups are significantly
different in terms of the indicator or outcome under study. In the context of medical research, comparing mean values
between groups, such as patients and healthy individuals, can help identify risk factors that contribute to the development
of diseases. This approach allows you to determine which indicators or properties of the body differ between groups and
may be associated with the onset and progression of specific diseases. This information can be important for developing
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strategies to prevent and manage disease risks. Suppose we want to compare two sample means: X, calculated from a
sample with standard sd; deviation and sample size n; and X calculated from a sample with standard deviation sd> and
sample size ny. Then, we formulate the following hypotheses:

a) Ho: In the population, there is no difference between the mean values.

b) H: The means in the population are not equal (the alternative hypothesis).
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Fig. 2. Matrix of contrasts and pairwise coefficients of correlations depending on whether there is diabetes

First, we assume that the null hypothesis H, holds. This means that in the population, there is indeed no difference
between the mean values X, and X, . If this is the case, then in repeated experiments (drawing samples and calculating
the difference between the two sample means), the difference X; — X5 should be close to zero. This is compared with the
tabulated value of the Student’s t-distribution with n, +n2 —2 degrees of freedom, which depends on the chosen significance
level. In R, we will use the function t.test and compare the obtained p-value with the significance level 0.05 (Tab. fi}). If the
p-value is greater than 0.05, there are no grounds to reject the null hypothesis at the 0.95 confidence level (the means are
statistically equal). Otherwise, the null hypothesis is rejected (the means differ with probability 0.95).

Table 1

Statistical significance of the difference between healthy and sick people

Factor t p-value Is the difference stat.significant?
Pregnencies -5.907 3.411e-09 yes
Glucose 1 -13.752 2.2e-16 yes
BloodPreassure | -1.7131 0.08735 no
Skin Thickness | -1.9706 0.05 no
Insulin -3.3009 | 0.001047 yes
BMI -8.6199 2.2e-06 yes
DPF -4.5768 6.1e-06 yes
Age -6.9207 | 1.202e-11 yes

For the classification of diabetes, three machine learning methods were applied: k-Nearest Neighbors, Random Forest,
and Logistic Regression.

The k-Nearest Neighbors (k-NN) method is one of the simplest machine learning algorithms used for classification
and regression. It is based on the assumption that similar objects have similar outcomes. In this method, there is no explicit
training process. The algorithm simply stores all the training data along with their labels (in the case of classification) or
values (for regression). To predict the class or value of a new object, the algorithm computes the distances between this
object and all objects in the training set. For applying the k-NN method, all values were normalized (for each variable, the
mean was subtracted and divided by the standard deviation). Next, the entire dataset was split into training and testing sets
in an 80 — 20 % ratio. For the nearest neighbors method, we use the parameter k = 5. The knn() function is used to build
the classification model, and a confusion matrix is constructed on the test set.

Random Forest is a commonly used machine learning algorithm that combines the outputs of multiple decision trees
to achieve a single result. A random forest is an ensemble of decision trees, where each tree depends on a certain set of
random variables. To apply the Random Forest method, all data are split into training and testing sets in an 80 — 20 % ratio.
Using the randomForest() function, a classification model is created, and a confusion matrix is constructed.

Logistic regression is a statistical method used to model the relationship between a dependent variable (response)
and one or more independent variables (predictors). Its primary purpose is to predict the probability of an event with a
binary outcome, for example, success or failure, a positive or negative diagnosis, and so forth. The dependent variable (Y")
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in logistic regression is categorical, most commonly binary (Y € {0,1}). In our case, 0 indicates no Diabetes, 1 indicates
the presence of Diabetes.

The model estimates the probability p that the event will occur: p = P(Y = 1| X).

To transform probabilities into a form suitable for linear modeling, logistic regression applies the logit function (the natural
logarithm of the odds):

logit(p) = In(p/(1 —p)) = Bo + b1 X1 + foXo + - - + B Xk,

where fo, 51, ... Br are model parameters estimated from the data.
Using the glm() function, we obtained the following logistic regression model for our dataset:

logit(p) = —8.404 + 0.123X; + 0.025X5 — 1.33X3 + 0.001X4 + 0.089X¢ 4+ 0.945X7 + 0.014Xs.

Based on this model, we classified individuals as either healthy or diabetic. The classification was performed using the
following R command, which assigns an observation to the diabetic group if the predicted probability exceeds 0.5.

To evaluate the model’s performance, a confusion matrix was generated using a table. This matrix provides a summary
of correctly and incorrectly classified cases, allowing for an assessment of the model’s accuracy.

3. Classification performance of quality metrics

Accuracy is one of the most widely applied quality metrics, defined as the proportion of correctly classified instances.

Sensitivity is used to assess the ability of a test or model to correctly identify positive cases. In other words, sensitivity
indicates the proportion of truly positive cases that were correctly classified as positive. From the table, it can be seen that
the method providing the highest sensitivity is Random Forest.

Specificity is used to evaluate the quality of a test or model. While sensitivity measures how well the test detects
positive cases, specificity reflects how well it identifies negative cases. In other words, it is the ability of the test to correctly
recognize the absence of a certain feature or disease. According to the table, Logistic Regression demonstrates the highest
specificity.

Precision characterizes the degree of consistency of results when measurements or experiments are repeated. In
other words, precision shows how closely the results of repeated measurements of the same quantity agree with each
other. The highest level of precision is achieved by Random Forest.

Negative Predictive Value (NPV) indicates how reliable a negative test result is. In other words, NPV answers the
question: “If the test result is negative, how likely is it that the individual truly does not have the condition?” The highest
NPV is achieved by Logistic Regression (see Tab. J).

Statistical significance of the difference between healthy and sick people Table 2

k-NN Random Forest | Logistic Reg
Accuracy | 0.7208 0.7662 0.78255
Sensitivity | 0.8617 0.8842 0.58209
Specificity | 0.5000 0.5763 0.89
Precision | 0.7297 0.7706 0.73933
NPV 0.6977 0.7556 0.79892

Discussion and conclusions

This paper examined and analyzed type 2 diabetes mellitus. First, the prevalence of diabetes in Kyiv from 1995 to
2015 was considered. Using ARIMA processes and a regression model, the short-term incidence of diabetes in Kyiv
was forecasted. Then we investigated and described another dataset consisting of one categorical variable (presence of
diabetes) and eight numerical variables. To explore the data in more detail, graphical visualization methods were used.
This allowed us to assess the distribution of each variable and detect potential outliers. To identify relationships between
variables and their dependence on the presence of diabetes, a correlation matrix was built. Then, to test whether the mean
values of indicators differ between diabetic and healthy individuals, a statistical test — Student’s t-test — was applied. For
patient classification into groups, three machine learning methods were used: k-nearest neighbors, logistic regression,
and Random Forest. Logistic regression achieved the highest classification accuracy (0.78). The method with the highest
sensitivity was Random Forest (0.88). Logistic regression achieved the highest specificity (0.89).

The conducted analysis shows that diabetes incidence is influenced by multiple factors, with glucose level, BMI, age,
and number of pregnancies being statistically significant predictors. The time series modeling for Kyiv revealed that the
ARIMA model is more suitable for short-term forecasting of non-stationary medical data, while linear regression provides
less reliable results.

The comparison of classification methods demonstrated that Random Forest achieves the highest sensitivity and pre-
cision, making it more effective for detecting diabetes cases. Logistic regression showed higher specificity and negative
predictive value, indicating better performance in identifying healthy individuals. The k-NN method yielded comparatively
lower accuracy.

Overall, the results confirm that combining statistical methods with machine learning improves both forecasting and
early diagnosis of diabetes, which is important for preventive healthcare and decision-making.

Authors’ contribution: Mykola Pychtar — conceptualization, methodology; Myroslava Lytvyn — software, empirical data collection
and validation, empirical research, analysis of sources, preparation of literature review.
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CTATUCTUYHUIA AHANI3 ®AKTOPIB, LLIO BMNJIMBAIOTb HA 3AXBOPIOBAHICTb LLYKPOBUM OIABETOM

Ceplio3Hicmb npo6nemu diabemy ¢haxieyi NosicHrOOMb pieHeM nowupeHHs1 xeopobu. Y 2021 p. npubnu3Ho 537 mnH nrodeli Ha ecili 3emni
xeopinu Ha uyykpoeul diabem, wjo cmaHoeums nNpubnu3Ho 6 % HaceneHHs. 3 oanady Ha ye OOC/iOKeHH ma aHani3 daHux 3a QuHaMiKol
3axeoproeaHHsl UyKpoeoz2o diabemy € akmyasibHUMU SIK 3 O3uyii To6ydoeu nNpo2Ho3y 3axeoprogaHoOCMi, mak i 3 mo3uyii Moxsiueocmi depxagHo20
peaynoeaHHs1 ma 3anobieaHHs1 NowupeHHIo xeopobu. Memoto npoekmy € cmamucmuyHull aHani3 3axeoproeaHocmi Ha Uykposuli diabem, no6by-
doea modesieli QuHamiKu 3axeoproeaHocmi Onsi Micma Kueea, a makox aHasi3 ensiusy makux noka3Hukie y XiHOK: Kinbkicmb ea2zimHocmeli, pieeHb
2J10KO03U 8 Kposi, Kpoe’siHull muck, iHoekc macu mina (IMT) mowo, Ha uykposuti diabem. [Jo yux 3miHHUX 3acmocoeaHo Memodu Knacugikayii ons
no6ydoeu Npo2HO3HUX 3Ha4eHb 3a A0MOMO2010 MO8U NpozpamyeaHHsi R. BionoeidHo do nocmaeneHoi Memu e po6omi po3e’si3aHO maki OCHO8Hi
3ae0aHHs: eidwykaHHs y eidkpumomy docmyni daHux wodo yykpoeozo diabemy; onpauroeaHHsi eidomux nidxodie Ao aHasi3zy makux AaHux;
o64ucneHHs1 6a308UX OCHOBHUX CMamMuCMUYHUX MOKa3HUKie 3axeoproeaHocmi ma eilyanizayiss daHux 3a AoOroOMo20l0 MO8U Mpo2pamyeaHHs
R; 3HaxodxeHHs1 mpeHAy 3axeoproeaHocmi; nobydoea mModesii ma NPo2HO3HUX 3Ha4YeHb Ha ocHoei npoyecie ARIMA ma pezpeciliHo2o aHanisy.
3a donomozoro kpumepito CmbrodeHma 30ilicHeHO nepesipKy Ha 8iOMiHHOCMIi 8 cepedHLOMY Makux MoKa3Hukie Onsi 30oposux i Xxeopux Ha
uykpoeut diabem, siK Kinbkicmb ea2cimHocmeli, pieeHb 2/110K03U 8 Kpoei, kpoe’saHuli muck, IMT moujo. [Ipo2HO3yeaHHsI 3axeopro8aHHs Ha diabem
peanizoeaHo 3a 00NTOMO20K MPLOX asl20puMmMie MaWuHHO20 Has4YyaHHSsI, a came: k-NN; Random forest; nocicmu4Hoi peepecii. BukoHaHo o64uc-
JIeHHS1 Mip sikocmi anzopummie i NopieHAHHA Mo4YHocmeu Knacugikauyii.

Knw4yoBi cnoBa: yvacoeuli pad, yykposuii diabem, npo2Ho3yeaHHs1 ma modesntoeaHHsl, k-NN, Random forest, nozicmu4Ha pezpecis,
mo4Hicme anzopummis.
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DIGITAL TWIN IN THE STRUCTURE OF THE MODERN EDUCATIONAL ENVIRONMENT

In today's world, the advantage of digital twins is the ability to create copies of various physical objects, systems or learning
environments, etc. This is especially true in engineering disciplines, where models of digital twins of a given accuracy provide
research and experimentation without physical risks and significant financial costs. In the context of the educational environment,
this means ensuring the effective functioning of virtual educational laboratories equipped with real equipment. The article develops
an educational environment using a digital twin of a SMART laboratory, which functions as a cyber-physical system with end-to-
end integration of a sensor network, actuators and a virtual model of the room. The purpose of the work is to theoretically
substantiate and experimentally verify the educational environment, that includes a digital twin, focused on improving energy
efficiency, comfort and safety of educational spaces. The methodological basis of the study includes system analysis,
mathematical modelling of microclimate dynamics, as well as imperative control logic using typical regulators.

Within the framework of the proposed architecture, a microclimate model has been developed that combines the subsystems
of monitoring, forecasting and adaptive control. Actualization of the real and virtual state is carried out in real time, which provides
the possibility of preliminary testing of control actions and assessment of their impact without risk to the material base. A series
of simulations and experiments confirmed the ability of the developed system to reduce resource consumption and stabilize
microclimate parameters under the influence of external disturbances. At the same time, the system maintains pedagogical
flexibility, supporting various formats of organizing the educational process.

The obtained results testify to the scientific novelty of the proposed approach, which consists in combining models and control
systems with educational scenarios in a single software environment. The practical significance of the work is determined by the
possibility of scaling the developed solution to other types of laboratories and academic disciplines, as well as the promoting the
formation of digital competencies of future specialists in the field of information technology and cyber-physical systems.

Keywords: educational environment, SMART laboratory, digital twin, monitoring, KPIs, microclimate.

AMS 2020 classification: 68M99, 28-04, 93B45, 93C05.

Introduction

Digital twins (DTs) are one of the key technologies of the modern cyber-physical paradigm, enabling the integration of a
physical object with its virtual representation in real time. They allow monitoring, forecasting, optimization, and management
of objects and processes based on the constant interaction between physical and virtual environments (Thelen et al., 2022).
This technology has become widespread in industry, energy, medicine, transport, as well as in Smart environments.

In Smart Home systems, DTs enable the effective solution of tasks related to automatic control of climatic conditions,
energy consumption, safety, maintenance of engineering systems and ensuring a comfortable environment for residents.
They function as an integration platform that integrates data from different sensors, analytical algorithms, and decision-making
systems in real time. The use of digital twins in such systems allows you to optimize resource consumption, increase the level
of comfort for users and ensure a prompt response to changes in the environment. At the same time, the use of DTs in the
learning environment, including for building Smart labs, has a number of specific requirements. Specifically, there is a need
to simulate typical educational processes, ensure the interaction of students with virtual and real equipment, the ability to
scale experiments and provide a safe environment for learning. In this context, the digital twin acts not only as a means of
automation, but also as a didactic tool for the development of digital, analytical and engineering competencies.

In the current conditions of digitalization of education, there is a need to introduce new forms of organization of laboratory
practice, focused on accessibility, personalization and flexibility of the educational process. This problem becomes especially
relevant in connection with the development of distance and hybrid learning, when direct access to physical laboratory
equipment is limited. DTs enable the educational process to be implemented the educational process in the format of an
interactive simulation that reproduces real conditions and provides real-time feedback. In addition, the introduction of DTs in
training laboratories contributes to increasing the efficiency of the use of educational, technical and energy resources, which
is especially important in the context of sustainable development and rational consumption. In particular, due to the integration
with the engineering infrastructure of the premises, it is possible to implement the control of microclimate, energy consumption,
security and technical diagnostics systems in an automated mode.
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This approach is consistent with strategic documents, including the European Union's Digital Education Action Plan
(2021-2027) (European Commission, 2023), which aims to develop high-quality, inclusive and accessible digital education in
Europe. Itis also in line with the Strategy for Digital Transformation of Education and Science of Ukraine (Ministry of Education
and Science of Ukraine, 2025a), which provides for the modernization of educational infrastructure and the introduction of
digital technologies into the educational process. In addition, the initiative is in line with the objectives of the Horizon Europe
program, which supports research and innovation in the field of digital learning and the development of digital competences
(the general objectives of the Horizon Europe program are confirmed in the context of Ukraine's innovation activities, in
particular, in the Digital Development Strategy for Innovation until 2030 (Ministry of Education and Science of Ukraine, 2025b;
Diia, 2025). These documents emphasize the importance of integrating digital technologies into the field of education to
ensure its quality, accessibility and compliance with the modern requirements of the digital society.

The article considers the conceptual foundations of creating a digital twin of the Smart Laboratory, proposes the
architecture of the model, and identifies the key technical, software and educational aspects of its implementation in the
educational environment of a higher education institution.

The purpose and objectives of the study are the development of an educational environment in the form of a cyber-physical
SMART laboratory focused on ensuring the adaptive, safe and resource-efficient functioning of the learning space, as well as the
formalization and implementation of DT as a key tool for modeling, monitoring and supporting real-time decision-making.

The object of research is an educational SMART laboratory with laboratory equipment and technical means of
automation.

Building a digital twin begins with the choice of architecture (Sai et al., 2024). They are usually multi-level. The literature most
often considers the following five levels: Reference Architecture Model for Industry 4.0 (RAMI 4.0) (Junior, 2025) (Tab. 1).

Table 1
Levels of CD architecture
Level Function Technologies/Facilities Literary sources
Physical Layer Real physical objects that will have Sensors, controllers, actuators, boards (Herrero, & Dasari, 2025;
a digital twin Hu et al., 2021; Piromalis,
& Kantaros, 2022)
Communication Data transfer between physical Protocols: MQTT, OPC UA, Modbus, Wi-Fi, (Kober et al., 2024;
Layer devices and the digital layer UsSB Raza, et al., 2024)
Digital Model Digitized attributes, metadata, JSON/XML, Digital Twin Model (DTDL), (Schlenger et al., 2025;
Layer semantics of objects Device Description Language (DDL), RDF, Ramonell, Chacén, & Posada,
OWL, SPARQL 2023; Xia et al., 2022)
Cyber Layer Calculations, algorithms, big data, Cloud/on-premises computing, uses (Xie et al., 2025;
risk management, optimization and scalable and distributed computing Gautam et al., 2025; Delgado,
predictive analytics technologies such as AWS, Azure & Oyedele, 2021).
Databricks, Hadoop and Google Analytics,
Al models, rule engines, stimulators
Application User interfaces, analytics, LMS, Web Ul, Analytics Panels, REST API (Saif, RazaviAlavi, & Kassem,
Layer visualization, interaction with the 2024; Tuhaise,
educational environment Tah, & Abanda, 2023)

It should be noted that each of the considered layers can have its own implementations in the DT SMART laboratory. The
Physical Layer may contain sensors specific to SMART buildings (Peldon et al., 2024; Huang, Zhang, & Zeng, 2022), power
supplies, oscilloscopes, mockups of instructional circuits, etc. The Communication Layer provides data transfer to the
backend. The server (physical, cloud, or edge — depending on the application) is responsible for the complete DT simulation,
including data collection, processing, and analysis, as well as performing calculations that support decision-making processes
and providing services to users (Weil et al., 2023). The Digital Model Layer typically focuses on the digital representation of
objects and the establishment of semantic relationships. Ontologies are prevalent in scientific literature for working with large
arrays of heterogeneous data. Their advantages include: describing complex objects, such as digital twin components, by
formalizing their structure (classes, properties) and interrelationships; ensuring integration with Al; and the fact that most
ontologies are based on open standards and languages (OWL, RDF), which significantly facilitates their integration into cross-
platform systems (Vlasenko et al., 2022; Lutska, et al., 2022). The digital layer provides a virtual representation of physical
objects by formalizing their geometric and other properties in a digital format that can be stored and managed on a variety of
electronic media. In contrast to the Digital Model Layer, the Cyber Layer utilizes scalable and distributed computing
technologies. The SMART lab's DT Application Layer can be responsible for the user interface, graph viewing, tasks, progress
analytics, and more (Van der Valk et al., 2024).

Depending on the tasks set at different stages of construction and levels of DT, different models are used to describe
approaches to its creation, structure and functioning. Among the most used models are the following:

e mathematical models that are built on the basis of physical laws, material, energy balances, etc. (Jia et al., 2024; Nezzi
et al., 2025);

¢ data-driven model based on statistical data, ML algorithms that learn on historical/real data (these include regressions,
neural networks, decision trees) (Beke et al., 2021);

¢ hybrid models that combine mathematical models and machine learning, which improves adaptability and increases
accuracy (Lu et al., 2024; Yu, Liu, & Li, 2020; Luo et al., 2020);
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¢ agent-based models, which consist of a set of autonomous agents with certain behaviors, rules, and interactions (Pretel
et al., 2024);

¢ ontological models to describe the semantics of objects (Ropero, 2022);

¢ Knowledge graph-based models for representing DT as nodes and edges (Meyers et al., 2022).

The ISO 23247 series of standards forms a common glossary, conceptual model and multi-layer digital twin architecture
for production systems, describing domains, entities and data flows throughout the full lifecycle of assets, thereby ensuring
unified data exchange between physical and virtual components of production. According to a systematic review (Semeraro
et al., 2021), such standardization enhances interoperability, simplifies the integration of IoT devices and enables real-time
predictive maintenance and process optimization, and generalized analysis (Sharma et al., 2022) demonstrates additional
benefits, including improved simulation accuracy, reduced design time, and support for physics-data-analytics feedback-
based decision-making. In addition, the review (Javaid, Haleem, & Suman, 2023) confirms that the application of ISO 23247
minimizes the risks of testing new process scenarios and contributes to the safe transfer of the developed models to
production lines. At the same time, the authors of these works and practitioners note a number of shortcomings: the focus of
ISO 23247 mainly on the discrete manufacturing sphere, incomplete coverage of cybersecurity and semantic interoperability
issues, as well as significant implementation costs and high staffing requirements, which limits the scaling of the standard to
cross-industry ecosystems and small and medium-sized businesses (Wallner et al., 2023).

Building digital twins for educational laboratories has its own characteristics related to the educational context of their use.
In such laboratories, it is important not only to ensure technical integration with physical devices and engineering
infrastructure, but also to create conditions for simulating various experiments, accumulating and analyzing data, and
interactive interaction of students with the laboratory environment. The DT of the training laboratory acts as a platform for the
development of competencies in the field of the Internet of Things (IoT), automation, analytics and cyber-physical systems,
contributing to the approximation of the educational process to the real conditions of modern engineering activities.

In the investigated educational lab, which is integrated with loT technology, it is intended to monitor and maintain a wide range
of variables to ensure effective, safe and adaptive educational interaction. These variables can be collected in real time, simulated
with the digital environment, compared with DT model data, output to the digital interface of the system, providing visualization, fault
forecasting, process adaptation and remote access to the laboratory. The laboratory model as part of the digital twin also has a
simulation interface to study its features. To provide feedback from the model, elements of recommendations and forecasting are
used, which are aimed at improving the key performance indicators (KPIs) of the laboratory.

1. General system architecture

To build a conceptual model (Fig. 1) of the educational digital environment, it is necessary to consider and analyze the
physical and virtual components. The Physical World includes the object of study: an educational SMART laboratory equipped
with sensors (measuring parameters affecting room comfort and safety), along with equipment and actuators that influence
the efficiency of its functioning. External factors affecting the facility's operation include equipment usage, the presence of
students and teachers in the lab, and the weather. The components of the Physical World interact with the virtual component.

The Virtual World comprises External Systems that ensure enhanced functionality and interaction between the DT and
the Physical World. These External Systems include network exchange protocols between sensors and the digital
environment, such as MQTT (running on TCP/IP) and Modbus, as well as databases. The DT itself consists of three main
components: a Data Manager (which receives heterogeneous data from sensors or the Monitoring system), a Models
Manager (which includes a mathematical model of the object), and a Services Manager (responsible for managing DT
functions). Within the DT structure, in addition to the virtualization module, a component responsible for coordinating the
physical and digital environments is implemented.

The collection and transmission of data from real sensors to the processing system is provided through the Monitoring
Manager. Based on the collected information, the Decision-Making Manager generates appropriate actions that are
transmitted to the level of executive devices. The Simulation Manager, in turn, is responsible for creating and maintaining
simulation scenarios in a virtual environment. In this work, the implementation of the monitoring and DT subsystems is
performed by the Node-RED tool for visual programming of data streams (Savchenko et al., 2025).

In terms of the RAMI 4.0 reference model presented in Tab. 1, the Physical World corresponds to the Physical Layer,
including sensors, actuators, and laboratory equipment. The communication between physical devices and the DT
infrastructure is implemented at the Communication Layer. The Models Manager represents the Digital Model Layer, while
the computational services for simulation, forecasting, and KPI evaluation correspond to the Cyber Layer. Finally, visualization
dashboards, user interaction tools, and learning interfaces belong to the Application Layer.

Thus, the developed architecture reflects the bidirectional integration of Physical World (laboratory equipment, sensors,
actuators) and Virtual World (Data, Models, Services Manager), complemented by external factors and components of the
educational digital platform (Fig. 1).

2. External data sources

The paper examines environmental and safety variables in the educational Smart Laboratory, which affect both the
comfort and safety of staying in the room, and the efficiency of laboratory equipment. Data is collected by sensors and
transmitted to a single digital environment in real time for visualization, analysis and adaptation of working conditions. Safety
indicators are critical for protection of users and equipment. They allow you to quickly respond to emergencies, prevent
accidents and keep an event log for audit. For each variable, the terms of reference are given: task, devices, control influences
and operating range (Tab. 2, 3).

3. Methodology for Environment Assessment Based on KPI Criteria

To ensure the safe, comfortable, and energy-efficient operation of the digital environment, a multi-criteria system for
assessing the condition by key performance indicators (KPIs) is proposed. A reasonable choice of criteria is based on modern
regulatory documents [DSanPiN, ISO, WHO] and practical requirements for the microclimate and operational safety of
technical equipment.
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Fig. 1. A library’s DT architecture
Table 2
The main variables affecting the comfort and safety of staying in the room
Variable Problem statement Sensor type Control actions Regulatory limits
Air Ensuring a comfortable Temperature sensors Ventilation, air +20...+24 °C (winter),
temperature microclimate and preventing conditioning, notification +23...+26 °C (summer)
overheating of equipment control
Air humidity Humidity control for electronics Humidity sensors Switching on the Optimal: 40-60%,
accuracy and comfort humidifier / ventilation, acceptable: 30-70%
logging
lllumination Providing the appropriate level of Light sensors Lighting adjustment, 300-500 lux
lighting for visual work automatic on/off (general works),
> 500 lux
(precision works)
Air quality Monitoring CO,, dust, and volatile Air quality sensors Ventilation control, CO,: <1000 ppm;
organic compounds (VOCs) to alarms, logging TVOC: < 500 ppb;
provide fresh air PM2.5: < 25 pg/m?
Noise (sound Noise control for a comfortable Acoustic sensors Noise fixation, alarm, Up to 50 dB (normal for
pressure) learning environment logging classrooms)
Vibration Detection of vibrations of Vibration sensors Emergency shutdown, <0.005-0.012 m/s?
equipment or structures alarm, logging (depending on
equipment sensitivity)
Table 3
Main variables affecting the efficiency of equipment
Variable Problem statement Sensor Type Control actions Regulatory limits
(Examples)

User presence

Tracking the entrance to the

laboratory within the allowed

time. Ensuring the safety of
equipment operation

Motion sensors

Presence logging,
signaling in case of
violation of access mode

User access only at allowed times

flame control

hazards

flame detectors

Overheating of Overheating detection to Temperature Notifications, Auto The temperature should not
equipment prevent equipment failure sensors Shutdown, Logging exceed 70-80 °C (depending on
the equipment)
Short circuit Monitoring of the power grid to | Current/Voltage Emergency shutdown, The current and voltage should
(overload) avoid emergencies Sensors alarm, logging not exceed the permissible values
for the equipment (usually
10-16 A and 180-250 V)
Smoke and Prompt detection of fire Smoke and Emergency Power Off, The presence of smoke or flames

Alert, Alarm

is a critical situation

The following KPIs were identified in the work:
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v' The comfort index (Comfort Index) determines how the environmental parameters correspond to those recommended
for normal human activity. The set of controlled variables includes:

e air temperature (T, °C): recommended range of 20-26 °C;

e relative humidity (H, %): recommended range of 30—60 %;

e light level (L, Ix): at least 300 lux;

e air quality (CO, level, ppm): CO,: <1000 ppm;

e noise level (N, dB): up to 50 dB;

e vibration level (V, m/s?): up to 0.005 m/s?.

Assessment is carried out according to the formula:

6
Comfort Index = %Z 6; - 100,
i=1
where
5 = {1, if the variable i is within the standard
¢ 0, in other cases.

Thus, the maximum value Comfort Index is 100 (perfect comfort), and the minimum is 0 (complete non-compliance of
the conditions with the norms).

v' The safety index (Safety Index) reflects the compliance of the technical condition of the environment with the criteria
of electrical safety and fire safety. Contains controlled variables:

e temperature of equipment surfaces (T_dev, °C): up to 70 °C;

e consumption current (I, A): up to 16 A;
voltage (U, V): in the range of 180-250 V;
o flame detection sign (F): Boolean signal.
The safety index is defined as:

4
1
Safety Index = Zz o; - 100,

j=1
where
o = {1, if the variable j is in safe range
¢ 0, in other cases.

This index is also normalized in the range from 0 to 100, where 100 means full compliance with all safety requirements.

v' The Energy Efficiency Index (Ef ficiency Score) reflects the ability of the system to consume electricity economically,
in particular, during non-working periods. It takes into account:

e presence of personnel in the room (presence, Boolean signal);

e current energy consumption by lighting, temperature and equipment load.

The efficiency index is calculated as:

P Ewaste
Efficiency Score = (1 — P—-I-s) -100,
where is a small number to avoid division by zero. € = 0.001.
Power consumption P is estimated as:
U1
P=Too0

where U is the voltage (V), / is the current (A) and P is the power in kW.
Energy losses are defined as the weighted sum of consumption components when staff are absent:

Eyaste = Z wy - (1 — presence),
k

where w,, € [0,1] are the weighting factors for temperature, lighting, and consumption.
The Digital Twin dynamically adjusts the importance of specific criteria by modifying the weighting factors wk. For the
practical implementation within the platform, three fundamental distribution profiles are defined:

e a profile with safety priority (w¢emp = 0.6, Wiigne = 0.2, Weons = 0.2);

e a profile with resource-saving priority (weemp = 0.2, Wiigne = 0.2, Weons = 0.6);

® 0.33, wyigne = 0.33, Weons = 0.34).

These values ensure the adaptability of the assessment model to different operational modes of the SMART laboratory.

The weighting coefficients satisfy the normalization condition Y, w, =1 and can be modified to reflect alternative
pedagogical or operational strategies.
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The general condition of the laboratory is determined by the number of critical deviations:

stable, if criticalCount =0
Overall Status = {warning, if 1 <criticalCount <3
critical, if criticalCount > 3,

where criticalCount is the number of indicators that have gone beyond the standard.

The proposed methodology for evaluating KPls is distinguished by its versatility and scalability, which allows it to be
applied in different types of environments. It combines technical and human comfort indicators, providing a comprehensive
assessment. In addition, the approach is open to integration with modern monitoring and optimization systems, in particular
based on loT, artificial intelligence and energy audits.

4. DT Model

For the DT model, a discrete dynamic structure in the space of state variables with constant coefficients is chosen. Such
a model provides flexibility in analysis, simplifies calculations and increases system stability, allowing for its effective
adaptation the model to different scenarios. This approach also improves forecasting accuracy and process optimization due
to its clear mathematical framework, making it a convenient tool for exploring and managing complex dynamical systems.

The model of the microclimate of the laboratory is presented in discrete time in the form of a system of difference equations
of the type:

x[k + 1] = Ax[k] + Bul[k] + Ed[k], (1)

ylk] = Cx[k],

where:

x[k] is the vector of states at the time k (x,[k] is the air temperature in the room, °C; x;[k] — relative humidity, %; x,[k] —
illumination, Ix; x5[k] — CO; level, ppm; x,[k] — noise level, dB; x;[k] — vibration, 107> m/s?;

ulk] — vector of control actions ( uy[k]— air conditioning (cooling) (0 — 10), u,[k] — ventilation (0 — 10), u,[k]- humidifier
(0 —10), us[k] — lighting (0 — 10);

d[k] — perturbation vector (external conditions): dy[k] — external temperature, °C; d,[k] — external humidity, %; d,[k] —
natural light (sun), Lux; d;[k] — number of people in the room; d,[k] — street noise, dB;

y[k] — system output (measurement);

A, B,E,C —coefficient matrices: A — internal dynamics; B — influence of control actions; E — the influence of external factors;
C — matrix of outputs/measurements.

The following values are used as initial values for these matrices (I — unit matrix):

0.92 0.03 0 0.01 0 0 —-04 —-02 0 O
0.02 0.90 0 0.01 0 0 0 —-01 03 O
4=l O 0 095 0 0 0l g=| 0 0 0 05
0.01 0.02 0 091 0 or 0 -05 0 O !
l 0 0 0 0 0.96 OJ 0 0 0 0
0 0 0 0 0.01 0.90 0 0 0 0
025 0 0 0.3 0
0 02 0 02 0
10 0 0.3 0 0
E=lo1s 01 0 o5 of ¢ e
0 0 0 0 03
0 0 0 0 0.2
Initial state:
22.00C
45.0%
_ 400 lux
x[0] = 800 ppm
45.0dB

0.006 m/sec?

The structure of the model was determined on the basis of a preliminary analysis of the physical relationships between
parameters (the effect of temperature on humidity, or the number of people on CO,). The coefficients of the dynamics model
matrices (4, B, E, C) were taken from the scientific literature and a priori assumptions based on the typical behavior of similar
systems. Their values are consistent with theoretical principles and can be adapted to specific conditions (Yao et al., 2013).
The initial conditions of the model were set on the basis of typical values characteristic of the laboratory environment, which
allows obtaining plausible results already at the initial stages of the simulation. However, given the theoretical nature of the
parameters, they can be clarified in the process of calibrating the model for specific experimental data collected in the process
of work. Thus, such a DT model is a rapid implementation model that will be further identified/calibrated through operation or
student training.

5. Algorithm for optimizing resources and comfort

The algorithm for improving resource efficiency and safety in the SMART laboratory is based on the integrated application
of a digital twin (DT), which acts as a virtual model of the environment with the ability to predict, simulate scenarios and assess
the impact of control actions before their implementation in physical space.

ISSN 1812-5409 (Print), ISSN 2218-2055 (Online)



~ 248 ~ B 1 C H U K KuiBcbkoro HauioHanbHoro yHieepcurety imeHi Tapaca LleBueHka

The main stages of the algorithm (Fig. 2):

1. Synchronized monitoring of the state of a physical object. All sensors send data to Monitoring Manager sensors, where
pre-processing (filtering, normalization, time alignment) is performed. Data is duplicated in DT Data Manager, maintaining its
up-to-date virtual state in real time.

2. Evaluation of quality indicators (KPIs). DT analyzes current variables and calculates three main indicators: Comfort
Index — a generalized characteristic of microclimate favorability; Safety Index — an indicator of approaching dangerous modes
(exceeding temperature, overloading power lines, etc.); Efficiency Score is the ratio between energy consumption and the
achieved levels of comfort and safety.

3. Forecasting based on the DT model. DT simulates the development of events for the next few steps, taking into account
the current state space (x;[k],...,xs[k]) and perturbations (d,[k],..., d4[k]) and current control actions (u,[k + 1],...,uz[k +
1]), behavioral patterns of laboratory use (presence of people, equipment activity). This forecast allows you to assess whether
KPIs are expected to fall below critical thresholds and take action in advance.

4. Formation of recommended control actions. In case of detecting trends towards deterioration of conditions, the system
generates recommendations through the DT model to optimize operation: changing the intensity of ventilation, heating or
lighting; activation/deactivation of certain areas of the laboratory; switching the system to energy-saving mode in the absence
of people. These actions are pre-simulated in DT, and only those that show an improvement in KPIs without deteriorating
other indicators are suggested to the operator or applied automatically.

5. Implementation and monitoring of results. After implementing the recommended actions, DT conducts a performance
analysis (before/after), updates the scenario database and forms new templates for successful configurations, this allows for
improving the quality of recommendations over time based on accumulated experience.

It should be noted that the DT model takes into account which work scenario is activated (real, simulated, mixed) and
automatically changes the weight of KPIs in the priority system. In particular, for a real scenario, safety is prioritized; for a
simulated scenario, energy efficiency is prioritized; and for a mixed scenario, a balance among all indicators is maintained.
Thus, there is an adaptation to the educational scenario.

Therefore, DT acts not only as a visualizer or a virtual copy of the laboratory, but as an active element of the decision support
system. It provides behavior prediction, virtual testing of actions, assessment of efficiency without risk to the physical object, which
significantly increases the safety, reliability and energy efficiency of the educational environment of the laboratory.
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Fig. 2. The main stages of the control algorithm
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6. Research results

Within the framework of this work, the educational environment is considered as a cyber-physical system. This system
integrates the integration of physical objects (equipment, laboratory installations, sensors) and digital components (models,
interfaces, analytical services) aimed at supporting the educational process. Such an environment not only reproduces the
real conditions for the functioning of the laboratory space, but also serves as a tool for the development of digital competencies
in students, in particular, in the field of information technology, IoT, data analytics, systems management and engineering
thinking. The proposed architecture of the digital twin architecture for the laboratory covers all the key components of the
educational environment: physical infrastructure, communication channels, virtual models, analytical algorithms, and user
interfaces. In this paradigm, the educational environment becomes adaptive, context-sensitive, and focused on optimizing the
learning process, thereby providing flexibility, accessibility, and personalization of educational interaction.

The developed DT SMART laboratory system was tested in simulation conditions with the involvement of real microclimate
and safety parameters, as well as in the context of the implementation of the educational process. The results of the study
showed the effectiveness of the selected architecture, control algorithms and approaches to resource monitoring.

Figure 3 demonstrates an online visualization of raw measurements with time graphs, deviation indicators, and color-
coded risk levels, which facilitates the quick identification critical trends.

The panel in Fig. 4 combines the calculated Comfort, Safety and Efficiency indices, warning messages. The drill-down
tools enable users to detail the contribution of individual parameters to the reduction of the generalized indicator.

Climatic parameters Security parameters Equipment parameters visualization
Start date: 08.06.2025, 10:36:11 Process duration: 00:02:52 Current time: 08.06.2025, 10:39:03
Air temperature, degree C 25 O Equipment temperature
Humidity, % 61 0ig

Equipment temperature 68 °C
Air quality, pg/m? 11.88 Current 15 A 68

0 B 100

Noise, dB 63 LT T
Vibration, m/s 0.0029 woltgs 21V Equipment temperature graphs

100

Emergency stop IO 75
Emergency Shutdown v 50 /\/\_//\/\/\/\/\/\/\’\/\/
Flame! fire
A EMERGENCY OFF 2

0
10:36:16  10:36:46 10:37:16  10:37:46  10:38:16 10:39:02

Fig. 3. Visualization Monitoring sensors Manager
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Fig. 4. Visualization Monitoring KPIs Manager
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Figure 5 presents a fragment of the functional implementation of the DT SMART laboratory, developed in the Node-RED
environment. The model integrates three main logical components: the microclimate model, perturbation actions and control
actions, which are combined into a single computational flow with automatic regulation of environmental variables.
Specifically, the matrix calculations for internal dynamics (A), control actions (B), and external disturbances (E) defined in (1)
are handled by the 'Model: x = Ax + Bu + Ed' function node. This node performs discrete-time state-space integration at a 5-
second frequency, serving as the core computational engine that links the theoretical mathematical model with the practical
Node-RED data flow. This fragment simulates the dynamic changes in key microclimate variables such as temperature,
humidity, lighting, CO, concentration, noise and vibration levels based on the input variables, with subsequent transmission
of results to visualization and control nodes.

Temperature setpoint set_sefpoint Temperalure
PID temp
Lighting setpoint set_light_setpoint Humidity
Lighting PID-temperature regulation
5s loop U
Model: x = Ax + Bu + Ed CO: Set u0 from PID
Run Mode! Now Noise
prepare PID-light chart
Mode/l updated timestamp Vibration
Microclimate model Model Updated Indicator PID-lighting regulation
Set u3 from PID
Air conditioning (u0) set index u0
Control actions
= Ventilation (uf) set index ut
Setu
Check & Reset wid Air humidifier (u2) set index u2
Automatic adjustment

Lamplight (u3) set index u3
reset and show u/d Outside temperature (d0) °C set index do
Outside humidity (d1) % set index d1

Natural lighting (d2), lux set index d2 Setd

/ Number of people (d3) set index d3

Disturbing actions
Street noise (d4) dB set index d4

Fig. 5. Digital Twin Implementation

Disturbance inputs (d4,...,d,) are represented by signals which include outdoor temperature, humidity, natural light, the
number of people in the room, and the level of street noise. These parameters can be entered manually or come from sensors,
acting as external disturbances. Control actions (u4,...,u3;) are responsible for operating actuators, specifically for air
conditioning, ventilation, humidification, and lighting. Control can be carried out manually through the "set index" functions or
automatically using PID controllers ("PID temperature controllers”, "PID lighting controllers"), which analyze the simulated
variables and generate appropriate control signals. The interconnection between the components demonstrates how DT
integrates simulation, data collection, control, and regulation into a single, interactive, real-time environment.

Figure 6 displays a visualization of the DT model's simulation screen. In particular, users can set external perturbations and
controls, then observe the predicted dynamics of state variables x, [k + 1],..., xs[k + 1] calculated according to equations (1).

Figure 7 demonstrates how automatic temperature and lighting controls compensate for perturbations and return variables
to standards, comparing system operation to a "no control" scenario.

Thus, DT integration with the laboratory's physical environment enables experiments, simulations, and real-time automatic
control.

Discussion and conclusions

In the context of implementing a DT for an educational laboratory, three primary scenarios for conducting lab work are
proposed:

1. Scenario of a real physics experiment with digital duplication: students work directly with physical equipment, with DT
carrying out parallel monitoring and analysis of indicators. This allows you to compare real and virtual data, get an advanced
view of the system's operation, detect obsolescence of DT model parameters, and automatically visualize and evaluate KPIs
in real time.

2. Simulated experiment scenario without physical access: Under distance or hybrid learning conditions, DT fully simulates
the behavior of the laboratory environment, allowing virtual experiments to be conducted, input variables can be modified,
simulation results can be observed, and analyzed according to training tasks.
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Fig. 7. Simulation mode of the automatic adjustment system on the Digital Twin model

3. Mixed-type scenario with adaptive environmental control: combines elements of real interaction and virtual model with
the ability to control the microclimate, energy consumption and safety. Thanks to the use of DT, dynamic adjustment of the
working conditions is implemented in accordance with the context (presence of students, type of experiment, resource
constraints, etc.).

The proposed scenarios ensure the adaptability of the laboratory course to different learning formats, increase the
efficiency of resource use, and create a safe and stimulating educational environment. In addition, each scenario is
accompanied by an analytical block, which allows for continuous improvement of the methodology of conducting classes
based on the analysis of the collected data.

The developed system of the educational environment of the SMART laboratory was tested in simulation conditions with
the involvement of real microclimate and safety parameters, as well as in the context of the implementation of the educational
process. The pedagogical evaluation of the proposed digital twin-based laboratory environment was conducted during regular
laboratory classes in control systems and automation courses. The study involved 24 undergraduate students divided into
small working groups. The experimental tasks included microclimate parameter analysis, PID controller tuning for temperature
and lighting regulation (Fig. 7), and comparative analysis of system behavior under different disturbance scenarios. Data
collection was carried out over a two-week period, covering six laboratory sessions with repeated task execution in real,
simulated, and mixed scenarios.
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The results of the study showed the effectiveness of the chosen architecture, management algorithms and approaches to
resource monitoring. In this case, it is necessary to note:

1. Simulations using a discrete dynamic microclimate model and an automatic regulator showed that a system with a DT
is capable of:

— stabilize the temperature and humidity within the standard values within 2—4 minutes after a disturbance;

— react to anomalies in the safety system (exceeding the current or temperature of the equipment) within 1-2 minutes;

— to reduce the total electricity consumption by approximately 5.4-11.2 % with the same quality of control compared to
manual mode.

2. Average values of KPIs for the entire simulation period (7 days of continuous simulation):

— Comfort Index: 91 %

— Safety Index: 96 %

— Efficiency Score: 87 %

These values demonstrate the high quality of adaptive control and the consistency of all subsystem operations.

3. Within the framework of conducting classes according to three scenarios (real, simulated, mixed), the effectiveness
assessment was carried out according to the following criteria:

— Number, variability, and speed of task completion: In the virtual scenario, an average of 23 % less time was spent on
each task due to adjustable simulation time and the ability to work with saved data.

— Accuracy of measurements and repeatability of experiments. The use of DT reduced the variation of measurement
results to 5.2 %, which is half that of traditional approaches.

— Interactivity and adaptability. A mixed scenario that combines physical access to equipment with remote simulation is
the most effective for building analysis competencies and optimizing processes.

Thus, the DT integration into the educational space not only improves teaching quality but also ensures the flexibility of
the educational process, which is critically important in today's environment. Virtualization allows you to scale the laboratory
into different academic disciplines while maintaining the conceptual integrity of the environment. At the same time, further DT
improvement requires model expansion and the development of an ontological knowledge base to ensure semantic
interoperability between different types of laboratories.

Therefore, the study confirmed the feasibility and effectiveness of the developed system as both a technical and
pedagogical tool for higher education. The developed educational environment in the form of a SMART laboratory with
integrated DT is an example of the practical implementation of modern approaches to the digitalization of education. It
combines physical measurements, mathematical modeling, automatic regulation and visualization in a single software
environment. Such integration allows not only to effectively manage microclimate and safety indicators, but also creates
conditions for the active involvement of students in the educational process.

The DT acts as a key element of adaptive management, providing not only the current display of the environment's state
but also its forecasting, assessing the quality of the learning space using key indicators, forming recommendations for
improvement, and storing successful configurations for future use.

In contrast to industrial standards like ISO 23247, which often entail high implementation costs and require specialized
staffing, the proposed Node-RED-based environment offers a significantly more accessible alternative. Due to its open-source
nature and low entry threshold provided by visual programming, Node-RED allows students to interact with complex digital
twin structures without extensive coding knowledge. This cost-effective approach facilitates the scaling of SMART laboratories
in academic settings where budget and time for specialized technical training are limited.

The system's implementation in the open Node-RED environment has demonstrated the platform's technical accessibility
and flexibility, enabling the approach to be scaled to other educational laboratories. The implementation of DT also supports
flexible forms of learning, in particular, distance and mixed formats, which is extremely important in the context of modern
educational transformation. Overall, the proposed approach demonstrates a new level of interaction among the student, the
digital model, and the physical object, not only enhancing learning quality but also fostering the digital competencies
necessary for future specialists.

The results obtained prove the effectiveness of the concept and create the basis for scaling the approach to other types
of classrooms and for further research towards the ontological integration of DTs from different laboratories into a unified
educational ecosystem.
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“KuiBCcbKuit HauioHanbLHMI yHiBepcuTeT imeHi Tapaca LUesueHka, Kuie, YkpaiHa

LUN®POBUNU ABIMHUK Y CTPYKTYPI CYYACHOIO OCBITHbOIO CEPEOBULLA

Y cyyacHomy ceimi nepeesazoro yughposux deiliHUKie € Moxsiueicmbs cmeopeHHs1 Konili pi3Hux ¢pizudHUx 06’ckmis, cucmem abo Hag4YaslbHUX
cepedosuu, moujo. Lje ocobnueo akmyanbHoO Ons iHXeHepHux ducyunniH, de modeni yugpoesux deiliHukie 3adaHoi mo4Hocmi 3abe3sneyyromb
npoeedeHHs docidxeHb ma ekcriepumeHmie 6e3 gizuyHUX pu3ukie i cymmeesux ¢iHaHcoeux eaumpam. Y KoHmekcmi oceimHbo20 cepedosuuja ye
O3Ha4ae 3abe3neyeHHs1 eheKmueHO20 hyHKUiOHy8aHHS eipmyanbHUX Hag4yaslbHUX jJabopamopill, OCHaueHUx peasibHUM 0671a8HaHHsIM.

Y npedcmasneHili cmammi po3pobneHo oceimHe cepedosuuje 3 8UKOPUCMaHHAIM yughposozo dsiliHuka SMART-nabopamopii, ujo ¢pyHKyioHye
K KibepghizuyHa cucmema 3 HaCKpPIi3HOK iHMezpayieto ceHCOPHOI Mepexi, BUKOHasg4YUX MexaHi3mie i eipmyanbHoi modeni npumiwieHHsi. Mema
po6omu — meopemuyHe o6rpyHmyeaHHsi Ui eKcriepuMeHmarsbHa eepudpikayisi oceimHbo2o0 cepedosuwa, wo Micmumsb yugposuli O8ilIHUK,
opieHmoeaHuli Ha nideuujeHHs1 eHepz2oegheKkmueHocmi, KomgpopmHocmi U 6e3neku Hae4anbHUX npocmopie. Memodosio2i4HO OCHOE0H
docridKeHHs1 € cucmeMHul aHaini3, MamemMamu4He MoOOesIl08aHHs1 QUHaMiKu MIKpOK/iMamy, a makoX imMnepamueHa Jiozika peayrnoeaHHs1 3
B8UKOPUCMaHHSIM MUMoeux pe2yssimopis.

Y mexax 3anpornoHoeaHol apximekmypu po3po6brieHo Modesib MiKpoKiiMamy, wio NoedHye nidcucmemu MOHIMOPUH2Y, MPO2HO3y8aHHs1 Ui adanmueHo20
KepyeaHHsl. AKmyani3auyisi peaslbHo20 ma eipmyasnibHo20 cmaHy 30iliCHIOEMbCS1 8 peasibHOMY 4aci, wo 3abe3nedye MoJ/ueicmb MonepedHLo020
mecmyeaHHs1 Kepytoyux Oili ma oyiHloeaHHs1 iXHbO20 ennuey 6e3 pusuky Onsi MamepianbHoi 6a3u. [lpoeedeHa cepis cumynsyili ma ekcriepumeHmie
niomeepdusna 36amuicmb po3pobiieHoi cucmemu 3MeHWyeamu Crio)XueaHHs1 pecypcie i cmabinizyeamu napamempu mikpoksiimamy 3a ymoe Oii 308HiWHIix
36ypeHb. BooHouyac cucmema 36epicae neda2oeiyHy 2Hy4kicmb, Nidmpumyroyu pisHi gpopmamu opzaHizayii Hag4asbHO20 rpoyecy.

OOdepixaHi pe3ynbmamu 3aceid4yromb HayKoey HO8U3HY 3arporioHOo8aHO20 Nidxody, Wo nosisi2ac 8 NoedHaHHi Mmodesiell i cucmem KepysaHHs 3
oceimHiMu cyeHapissmu e eOuHOMy npozpaMHoMy cepedoeuuwii. [fpakmuyHe 3HayeHHs1 po6omu eu3Ha4aembCsi MOXJiugicmro mMacumabyeaHHs
Po3pobrieHo20 piweHHs1 Ha iHWi munu nabopamopill i HagYyanbHi ucyuNiHU, @ MaKoX CIPUSHHAM (hopMy8aHHIO YugpPO8UX KOMIemeHmHocmedu
malibymHix ¢haxieuie y 2any3i iHgpopmayiliHux mexHonogil i kKiGepghisudHuUx cucmem.

Knw4yoBi cnoBa: oceimHe cepedosuwe, SMART-nabopamopis, yugpoeuti dgiliHuk, MoHimopuHz, KPI, mikpoknimam.

ABTOpU 3asBNAIOTb NPO BiACYTHICTb KOHANIKTY iHTepeciB. CNoHcopu He Bpanu yyacTi B po3pobneHHi AoCniaxXeHHs; y 36opi, aHanisi umn
iHTepnpeTaLii AaHVX; y HaNUCaHHi PyKonucy; y pilleHHi Npo ny6nikauito pesynbTaTiB.
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META-ANALYSIS OF PARETO-OPTIMAL OBJECT DETECTION MODELS FOR UNMANNED
AERIAL VEHICLES ON THE VISDRONE2019-DET DATASET

The subject of this research is modern deep learning models for object detection from unmanned aerial vehicles (UAVs), trained
and evaluated on the benchmark VisDrone2019-DET dataset. The problem addressed was the lack of a systematic analysis of
existing models based on the criterion of optimal balance between detection accuracy, computational speed, and model size, all
of which are critical for real-time operation on UAV onboard computers with limited resources. The core result lies in a
comprehensive meta-analysis of over 60 scientific publications and the identification of two groups of Pareto-optimal models: one
focused on minimizing model parameters and the other on minimizing computational complexity. Through multi-criteria Pareto
analysis and the creation of the most complete performance summary table to date, the study identified architectures that offer the
best trade-offs between accuracy, speed, and size. These turned out to be optimized versions of YOLO and transformer-based
detectors like DETR, a result explained by the efficiency of their core architectures and further tuning for the specifics of aerial
imagery. Using the Hailo 8L accelerator as a case study, the research also demonstrated that a model’s computational complexity
is directly proportional (with a coefficient of determination up to 0.98) to its execution speed on the typical neural accelerator that
is used in a UAV companion computer. This allows engineers to estimate relative runtime based on the number of operations,
avoiding time-consuming benchmarking. Overall, the findings can be used by engineers to make informed choices about detector
architectures depending on specific UAV hardware constraints, and by researchers as reference points for developing new models
for autonomous UAYV operation in aerial monitoring, infrastructure inspection, and search-and-rescue missions.

Keywords: unmanned aerial vehicles, VisDrone2019, object detection, deep learning models, Pareto analysis.

AMS 2020 classification: 68T07, 68T10, 90C29.

Introduction

Unmanned aerial vehicles (UAVs) are increasingly used in surveillance, infrastructure inspection, precision farming,
rescue operations, traffic monitoring, security operations, and reconnaissance (Cao et al., 2023; Du et al., 2024; Gutierrez
et al., 2025; Jiao, & Abdullah, 2024; Li et al., 2023; Zhu et al., 2019). The unique aerial view, mobility, low cost, and ease of
use of UAVs provide advantages over both ground-based systems and manned aviation (An et al., 2024; Cao et al., 2023;
Hua, & Chen, 2025; Li et al., 2023; Mirzaei et al., 2023; Wan et al., 2021).

Autonomous or semi-autonomous operation of UAVs is becoming critically important due to radio horizon limitations,
possible communication interference in difficult terrain or urban environments, delays in data transmission over long
distances, and the need for instant response to dynamic changes in the environment without operator intervention, especially
in the presence of electromagnetic interference or electronic countermeasures. In addition, full autonomy eliminates the
human factor and allows the operator's work to be automated (Elmokadem, & Savkin, 2021).

A key technology for solving the autonomy problem is object detection, which allows UAVs to identify and locate objects in
their environment, understand the scene, and provide operational information(Cao et al., 2023; Jiao, & Abdullah, 2024; Nikouei
et al., 2025). Modern detectors, such as those based on transformers, are often too resource-intensive, making them unsuitable
for use on board UAVs in real time, as they have significant limitations in terms of battery consumption, payload, computing
power, and memory capacity (Chen et al., 2021; Suo et al., 2024). At the same time, faster models, such as those based on
EfficientNet (Tan et al., 2020), are not accurate enough for stable detection of small objects in dense scenes. Despite significant
research in this area, there is no systematic comparative analysis of existing models based on key parameters, which complicates
the selection of the optimal solution for specific UAV hardware constraints. Researchers and engineers are faced with the
problem of navigating a vast "zoo" of models, each of which demonstrates improvements in certain metrics, but without a clear
understanding of the overall picture of trade-offs between accuracy, speed, and model size.

The practical value of this study lies in creating the most comprehensive comparison of object detection models for UAVs
to date, based on the VISDRONE2019-DET dataset (Du et al., 2019) and evaluated according to three key parameters:
average accuracy (mAP), number of model parameters (M), and computational complexity (GFLOPs). Using Pareto analysis
(Nia et al., 2022), the study allows us to objectively identify models that demonstrate the best balance between these
parameters. Although GFLOPs is not traditionally used as a direct measure of detection speed, the study shows that for
models with similar architectures, this indicator allows approximating the relative execution time, providing a theoretical basis
for the initial selection of models without the need for testing on specific hardware.

The relevance of the study lies in establishing a starting point for both researchers working on new architectures and
practitioners interested in directly implementing models on board UAVs. A systematic meta-analysis allows for quick
navigation among the multitude of existing solutions and select models that demonstrate the best balance in their "weight
class" for specific hardware constraints.
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1. Literature review and problem statement

Standardized datasets play an important role in the objective evaluation and comparison of object detection models in
aerial photography. One such comprehensive reference dataset for object detection from UAVs is VisDrone2019 (Du et al.,
2019), developed by the AISKYEYE team at Tianjin University. It consists of 10209 images containing a variety of scenes
under different weather and lighting conditions. The key challenges of this dataset are significant variations in viewpoints and
scales, a large number of small objects, scenes with high density and overlap, and a complex background (Wan et al., 2021).
The complexity of the VisDrone2019 dataset has stimulated the active adaptation and development of various object detection
paradigms. However, analysis of existing solutions reveals a number of unresolved issues related to the fundamental trade-
off between accuracy and computational efficiency on board UAVs. Detection models can be divided into three categories:
two-stage, single-stage, and transformer detectors.

Traditional two-stage detectors, such as Faster R-CNN (Ren et al., 2016) and Cascade R-CNN (Cai, & Vasconcelos,
2018), although demonstrating high accuracy on standard datasets, remain computationally expensive and slow. This
significantly complicates their use on UAV edge devices for real-time computing (Song et al., 2024).

Single-stage detectors, in particular the YOLO family (Redmon et al., 2016), SSD (W. Liu et al., 2016), and RetinaNet (Lin
etal., 2020), offer significantly better speed, making them a popular choice for real-time systems (Vaddi et al., 2021). However,
the standard configurations of these models do not always effectively handle the specifics of aerial images. Anchor-free
approaches such as CornerNet (Law, & Deng, 2020), CenterNet (Duan et al., 2019), FCOS (Keles et al., 2022), and YOLOX
(Camarlinghi et al., 2024) partially solve the problem of detecting objects with variable aspect ratios, but as noted in (Du et
al., 2019; Xiao et al., 2024), they can have difficulty localizing very small objects, which is a critical drawback for VisDrone.
Thus, the question of reliable detection of small targets using fast single-stage models remains open.

A new paradigm of transformer detectors (DETR) (Kong et al., 2024; Liu et al., 2025; Zhang et al., 2025; Zhao et al., 2024)
offers an end-to-end approach with a global attention mechanism that also eliminates the need for additional Non-Maximum
Suppression (NMS) post-processing. Despite this, early DETR models had significant drawbacks: high computational cost
and low performance in detecting small objects (Rekavandi et al., 2023). Although recent models such as RT-DETR (Zhao et
al., 2024) and specialized versions UAV-DETR (Zhang et al., 2025) and VRF-DETR (Kong et al., 2024) have become more
competitive, they do not solve the problem completely. For the most part, achieving high accuracy still requires significant
computational resources, and their lighter versions are inferior in accuracy to specialized convolutional architectures. Thus,
the question of creating a transformer architecture that simultaneously retains its advantages and achieves parity with the
best CNN models in terms of accuracy/efficiency ratio on small objects remains unresolved. To overcome these challenges,
researchers have proposed a number of strategies, but each has its limitations.

For example, multiscale feature fusion techniques - Bidirectional and Recursive Feature Pyramid Networks (Xiao et al.,
2024), Hierarchical Extended Path Aggregation Networks (Chen, & Zhang, 2025), self-attention mechanism and specialized
"heads" (Chen, & Zhang, 2025) improve the detection of small objects, but often at the cost of increasing the number of
parameters and computational complexity, which contradicts the requirements for peripheral devices.

The use of lightweight architectures such as YOLO-tiny/n/s (Redmon et al., 2016), EfficientDet (Tan et al., 2020),
EdgeYOLO (Liu et al., 2023), RT-DETR-R18 (Zhao et al., 2024), VRF-DETR (Wenbin, 2025) leads to a reduction in
computational complexity. The same applies to the use of efficient convolution operations: depthwise separable (X. Tang et
al., 2024), partial (Wang et al., 2025) and gated (Wenbin, 2025) convolutions, and spatial-channel separable downsampling
(He, & Wang, 2023; Peng et al., 2018) decrease computation complexity and parameter count. However, simplifying the
architecture often leads to the loss of important features necessary for identifying the smallest and most complex objects,
which in turn affects the accuracy of the model.

To improve detection accuracy and training stability for small objects, it is recommended to use specialized loss functions
such as Normalized Wasserstein Distance (Xu et al., 2022), Shape-loU (Zhang, H., & Zhang, S., 2024), or Wise-loU (Tong
et al., 2023). They are less sensitive to localization errors of small objects, as these functions do not "penalize" minor shifts
of a few pixels, which are critical for standard loU metrics. The danger of this approach lies in the potential increase in
computational complexity during training and the risk of model over-specialization. If the loss function is too focused on small
objects, it can potentially impair the model's ability to generalize to medium and large objects.

Several approaches are used to address detection on high-resolution images. One of them is to slice images (Akyon,
Altinug, & Temizel, 2022) into smaller, often overlapping blocks, allowing standard models to find small objects. Another
approach is super-resolution (Xiao et al., 2024), which attempts to artificially increase the quality of areas with small objects
before detection. However, the disadvantage of these methods is a significant increase in processing time, as the detector is
run multiple times, and a loss of global context, which can lead to errors at block boundaries or misclassification. QueryDet
(Yang, Huang, & Wang, 2022) is an alternative that avoids dense computations on high-resolution feature maps. Although
more efficient, this approach complicates the architecture, and its success strongly depends on the quality of the initial, coarse
detection stage, where errors cannot be corrected later.

Analysis shows that achieving state-of-the-art results on VisDrone is an evolutionary process of adapting existing models
(YOLO, DETR) by integrating specific modules. However, most publications focus on demonstrating the accuracy gains from
their proposed modifications, often without conducting an in-depth analysis of the trade-off with computational costs in the
context of real UAV hardware platforms. Although there is dynamic competition between CNN and transformer approaches
in the industry, there is no single methodology that would allow objective identification of models that offer the optimal balance
for different hardware budgets. Researchers and practitioners face the problem of choosing among dozens of models without
a clear understanding of their practical suitability.

Thus, an important unresolved problem is the lack of a systematic analysis and identification of models that form the
Pareto front in the multidimensional "accuracy-speed-size" space for the task of object detection in aerial images. Existing
studies offer local improvements but do not provide a global picture that would allow engineers to make informed choices
about the architecture that best suits the hardware constraints of a particular UAV and mission requirements.
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Problem statement: It is necessary to identify which of the existing object detection models not only achieve high
accuracy on complex aerial images, but are also computationally efficient enough for real-time use on resource-constrained
UAVs. This requires a careful analysis of the "accuracy-speed-model size" trade-off and a search for optimal solutions on the
Pareto front.

2. Research objectives

The aim of the study is to conduct a critical comparative meta-analysis of modern deep learning models for object detection
tested on the VisDrone2019-DET dataset to identify architectures that form the Pareto frontier in the "accuracy-speed-size"
space. This will enable us to formulate informed recommendations for engineers and researchers on the selection of optimal
solutions for practical applications on UAV onboard computers, taking into account their hardware limitations. To achieve this
goal, the following tasks were set:

1. Collect and compare data on accuracy (mAP), number of parameters (M), and computational complexity (FLOPs) for
a wide range of models tested on VisDrone2019-DET.

2. ldentify models that demonstrate the best balance between accuracy and computational cost (Pareto front) for different
levels of resource requirements.

3. Show how GFLOPs correlate with execution speed in ms for different types of models using the example of Hailo 8L NPU

3. Materials and research methods

This section begins with a definition of the key elements of the research.

Research object: modern deep learning models for object detection, optimized for aerial monitoring tasks using unmanned
aerial vehicles (UAVs) and tested on the VisDrone2019-DET benchmark dataset.

The main research hypothesis: among the variety of existing architectures, it is possible to identify a distinct set of Pareto-
optimal models that offer the best compromise between accuracy, speed, and size. It is assumed that this frontier is
predominantly formed by specialized rather than standard detectors, thanks to their targeted adaptation to the challenges of
aerial imagery.

Assumptions made in this work: model performance data collected from various scientific publications are comparable
because they were obtained on the standardized VisDrone2019-DET benchmark. It is assumed that this dataset adequately
represents real-world aerial monitoring scenarios.

Simplifications made in this work: the multifactorial task of optimizing a model for UAVs (accuracy, execution speed,
energy consumption, size) is simplified to the analysis of three key metrics: average accuracy (mAP), number of parameters,
and computational complexity (FLOPs). It is important to note that although FLOPs is a common metric for computational
complexity, the actual speed of the model, measured in frames per second (FPS) or milliseconds of execution (inference
time), depends on many other factors (Fernandez et al., 2023). These include the specifics of the hardware platform (e.g.,
GPU, NPU), software optimization, memory bandwidth, and other implementation aspects. FLOPs is a theoretical, indirect
metric, while the actual speed depends on the cost of memory access and platform characteristics (Jayanth, Gupta, &
Prasanna, 2024; Ma et al., 2018). To investigate the relationship between theoretical complexity (GFLOPs) and practical
runtime on representative edge hardware, we analyzed the correlation using performance data from the Hailo-8L NPU (Hailo-
8l Model Zoo, 2025). The Hailo-8L is a specialized Al accelerator designed for edge devices, representative of hardware used
in modern UAV companion computers.

The performance data (latency in milliseconds) was sourced directly from the official Hailo Model Zoo benchmarks. These
benchmarks are conducted on the Hailo-8L M.2 PCle module using the HailoRT (Hailo Runtime) environment. The analysis
includes approximately 40 object detection models from the YOLO and DETR families, providing a statistically robust dataset
for this investigation.

Crucially, the models benchmarked on the Hailo-8L utilize Post-Training Quantization (PTQ) to convert the model weights
and activations from 32-bit floating-point (FP32) to 8-bit integer (INT8) format. This quantization is necessary for efficient
execution on the NPU. While the meta-analysis (Tab. 1) reports accuracy in FP32 precision-as this is the standard metric
reported in the original research papers and allows for fair architectural comparison-it is important to acknowledge that INT8
quantization typically results in a minor accuracy degradation (usually 1-2 % mAP) in practical deployment. The Pareto
analysis in this study is based on FP32 accuracy and theoretical GFLOPs to identify the most efficient architectures. The
Hailo-8L analysis (Fig. 3) then serves to validate whether this theoretical efficiency (GFLOPSs) translates to practical execution
speed (latency) on quantized models running on target hardware.

The research methodology was based on a comparative meta-analysis of the collected data. The following key metrics
were selected to evaluate the "speed-accuracy" trade-off:

e Mean Average Precision (mAP): The mAP@0.50 indicator was mainly used (detection is considered correct if the
intersection over union (IOU) between the predicted and reference frames exceeds 0.50). Notably, mMAP@0.50 is preferable
to the more stringent mAP@0.5:0.95 (which averages precision across loU thresholds from 0.50 to 0.95 in increments of
0.05) when evaluating small objects, as loU-based assessments tend to underperform for diminutive targets due to their
sensitivity to minor pixel-level discrepancies.

o Number of parameters (Parameters, M): This metric is measured in millions (M) and indicates the size of the model, its
complexity, and, accordingly, the memory requirements for storing and running the model.

e Number of floating point operations (FLOPs, G): Measured in billions and quantifies the computational cost of a single
forward pass of the model (inference). This metric is often used to estimate theoretical computational efficiency.

Performance data (mAP, Parameters, FLOPs) were primarily extracted from the original research papers. In cases where
the number of parameters or FLOPs was not explicitly reported (marked with ™" in Tab. 1), they were estimated using a
standardized methodology. The estimation relied on architectural similarity and theoretical calculation/profiling. If the model
is a direct modification of a known baseline (e.g., YOLOv5s with an added module), the baseline's values were used as a
starting point, and the cost of the added modules was estimated based on their description. We also reconstructed the model
architecture based on the description provided in the paper, utilizing the official source code if available. The theoretical
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FLOPs and parameter counts were then calculated using standard PyTorch profiling tools, such as torchinfo or the thop
(PyTorch-OpCounter) library. For example, the estimations for the EDNet series (Nos. 5, 7, 9, 11, 30, 47, 48) were performed
by profiling the architecture based on the details provided in (Song et al., 2024). All calculations assumed the input image
resolution specified in the respective paper; if the resolution was not specified, a standard benchmark resolution (e.g.,
640 x 640) was used for the estimation.

Pareto front analysis was used to visualize and analyze the trade-off between these metrics. The model A is considered
Pareto-optimal in the set of models S if there is no other model B € S that is simultaneously inferior to A in all criteria and
superior to it in at least one criterion. That is, A is Pareto optimal if 2B € S : [Vi, fi(B) = fi(A)] A [3j,f(B) > f;(A)], where
f; are criterion functions (MAP, number of parameters, GFLOPs) that need to be maximized or minimized depending on the
task. The models that form the Pareto front represent a set of optimal solutions for which it is impossible to improve one
indicator (e.g., mAP) without worsening another (e.g., increasing the number of parameters or FLOPS).

4. Research results

We start by benchmarking the surveyed models on VisDrone2019 across three axes — mAP@Q0.5, parameter count, and
GFLOPs-and we summarize the results in Table 1. The literature analysis revealed a number of architectures that were
specifically designed or adapted with a focus on real-time performance and computational efficiency for deployment on UAVs.
To quantitatively assess the accuracy-efficiency trade-off, the performance data of various models on the VisDrone2019
dataset was analyzed. Table 1 provides summary data for representative models, including those at the Pareto frontier and
well-known baseline models.

Table 1

Comparison of the performance of selected object detection models on VisDrone2019-DET.

Ne Object detection model Family mA(I:/(o@),.SO Pa(n;;;ns Flzg;) s Pa;:tt:g%prit;?al
1 Drone-DETR (Kong et al., 2024) DETR 53.9 28.7 128.3 M, FLOPs
2 VRF-DETR (Wenbin, 2025) DETR 51.4 13.5 44.3 M, FLOPs
3 UAV-DETR-R50 (Zhang et al., 2025) DETR 51.1 42.0 170 -

4 RT-DETR-R50 (Wenbin, 2025; Zhao et al., 2024) DETR 50.7 41.8 133.2 -
5 EDNet-X (Song et al., 2024) YOLOv10 50.2 48.7 270.4* -
6 DBYOLOVS8s (Tan et al., 2025) YOLOv8s 49.3 11 119.8 M
7 EDNet-L (Song et al., 2024) YOLOv10I 49.0 31.7 179.2* -
8 Modified YOLOvV8I (Wang et al., 2025) YOLOvSI 48.3 31.2 490.9 -
9 EDNet-B (Song et al., 2024) YOLOv10 48.3 25.5 141.1* -
10 RT-DETR-R18 (Wenbin, 2025; Zhao et al., 2024) DETR 47.2 20.2 57.0 -
11 EDNet-M (Song et al., 2024) YOLOv10 471 19.1 88.4* -
12 SL-YOLO (Chen, & Zhang, 2025) YOLOv8s 46.9 9.6 36.7* M, FLOPs
13 YOLOv9e (Song et al., 2024; Wang et al., 2025) YOLOv9 46.5 57.4 189.0 -
14 LSOD-YOLOv8s (Li, & Wu, 2024) YOLOv8n 45.2 2.7 23.5 -
15 MSGD-YOLO (Xiao et al., 2024) YOLOv8n 45.2 2.6 215 M, FLOPs
16 YOLOv10x (Song et al., 2024; Hussain, 2024) YOLOv10 44.8 31.6 160.4 -
17 YOLOV5x (Song et al., 2024; Hussain, 2024) YOLOvV5 44.7 97.2 205.7 -
18 YOLOv8x (Song et al., 2024; Hussain, 2024) YOLOv8 44.7 68.1 257.8 -
19 YOLOv5s VIOU+PFFN+ADhead (Lu et al., 2023) YOLOvV5 44.6 19.26 112.6* -
20 HIC-YOLOVS5 (Tang et al., 2024; Wenbin, 2025) YOLOv5S 44.3 10.5 31.2 -
21 YOLOV10I (Song et al., 2024; Hussain, 2024) YOLOv10 44.3 25.7 120.3 -
22 YOLOVSI (Song et al., 2024; Hussain, 2024) YOLOv8 43.6 43.6 165.2 -
23 YOLOv10-B (Hussain, 2024) YOLOv10 43.4 20.4 92 -
24 YOLOvV5s VIOU+PFFEN (Lu et al., 2023) YOLOv5 43.2 7.4 39.6* -
25 YOLOvV9m (Song et al., 2024; Wang et al., 2025) YOLOV9 43.1 20.0 76.3 -
26 YOLOV9-C (Wang et al., 2025) YOLOv9 431 253 102.1 -
27 YOLOv12-M (Wenbin, 2025) YOLOv12 431 20.2 67.5 -
28 CPAM-YOLO (Wu, Zhu, & Cao, 2024) YOLOVSI 43.0 27.5 106.4 -
29 YOLOVS5I (Song et al., 2024; Hussain, 2024) YOLOv5 42.9 53.1 109.1 -
30 EDNet-S (Song et al., 2024) YOLOv10 42.5 9.3 37.1* -
31 Modified YOLOvVSs (Li et al., 2023) YOLOv8 42.2 9.6 22 -
32 YOLOvV8m (Song et al., 2024; Hussain, 2024) YOLOv8 41.9 25.9 78.9 -
33 DM-YOLOX (Li et al., 2024) YOLOX 41.9 9.6 27.9 -
34 LV-YOLOv5 (Wang et al., 2022; Wang et al., 2025) YOLOV5 41.7 36.6 38.8 -
35 YOLOv10m (Song et al., 2024; Hussain, 2024) YOLOv10 41.5 16.5 59.1 -
36 PDWT-YOLO (Zhang et al., 2023) YOLOv7-tiny | 41.2 6.4 24.2 -
37 YOLOvV5m (Song et al., 2024; Hussain, 2024) YOLOv5 411 21.2* 49 -
38 UN-YOLOV5s (Guo et al., 2023) YOLOvV5S 40.5 9.1* 374 -
39 LAI-YOLOvS5s (Deng et al., 2023) YOLOv5 404 6.3 29.0 -
40 YOLOV9s (Song et al.,, 2024; Wang et al., 2025) YOLOvV9 39.0 7.2 26.4 -
41 YOLOV8s (Jiao, & Abdullah, 2024) YOLOv8 38.9 11.1 28.5 -
42 YOLOv5s (Wang et al., 2025) YOLOvS 38.5 9.1 23.8 -
43 YOLOV10s (Song et al., 2024; Hussain, 2024) YOLOv10 38.5 8.0 21.6 -
44 C3TB-YOLOV5 (Wu et al., 2024) YOLOv5 38.3 8.0 19.7 FLOPs
45 MPE-YOLO (Su et al., 2024) YOLOv8 37.0 4.4 11.9* FLOPs
46 YOLOv7-tiny (Wang et al., 2025) YOLOv7 33.9 6.0 13.3 -
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47 EDNet-N (Song et al., 2024) YOLOv10 33.8 2.9 15.2* -

48 EDNet-Tiny (Song et al., 2024) YOLOv10 33.3 1.8 14.2* M

49 YOLOvV8n (Wang et al., 2025) YOLOv8 33.2 3.0 8.1 FLOPs
50 Faster R-CNN (ResNet50-FPN) (Kong et al., 2024) R-CNN 33.2 41.2 2071 -

51 DCE-YOLOvS8n (An et al,, 2024) YOLOv8 32.7 4.82* 13* -

52 YOLOv10n (Song et al., 2024; Hussain, 2024) YOLOv10 32.3 2.7 6.7 FLOPs
53 YOLOv5n (Wang et al., 2025) YOLOv5 32.2 2.5 71 -

54 YOLOv6s (Wang et al., 2025) YOLOv6 29.1 16.3 44.2 -

55 CenterNet-ResNet-50 (Lu et al., 2023) CenterNet 29.0 32 120* -

56 RetinaNet-ResNet-50-FPN (Kong et al., 2024) RetinaNet 27.3 19.8 93.7 -

57 SSD-ResNet-50 (Kong et al., 2024) SSD 23.9 24.5 87.9 -

58 YOLOv3-tiny (Wang et al., 2025) YOLOv3 23.6 121 18.9 -

59 EfficientDet-D1 (Lu et al., 2023) EfficientDet 21.2 6.6* 6.1* FLOPs

Values marked with "*" were not directly reported in the original works, but were approximated by the authors using the
methodology detailed in Section 3. In the "Pareto optimal" column, "M" denotes Pareto optimal models by the number of
parameters, and FLOPs by the number of operations.

Building on these benchmarks, we apply Pareto analysis to reveal the best accuracy-efficiency trade-offs. The scatter
plots (Fig. 1: parameters vs. mMAP@Q0.5; Fig. 2: GFLOPs vs. mMAP@Q0.5) make the Pareto front clear along the upper-left edge.
The application of Pareto analysis in this task allows not only to systematize existing architectures, but also to objectively
evaluate their effectiveness in a multidimensional space of criteria. The models that form the Pareto front are benchmarks in
terms of the balance between accuracy, speed, and size, and they should be considered a priority for practical implementation.
This approach eliminates subjective model selection based on a single criterion and promotes transparency and
reproducibility of research in the field. This approach ensures that all models on the Pareto frontier are the best possible
compromises for the given constraints and requirements. The results of the meta-analysis are presented in summary tables
and graphs, which are a summary visualization demonstrating the best models for practical application on UAVs, where each
of these models represents the optimal trade-off between accuracy and efficiency for different hardware constraints.

It is noteworthy that models such as MSGD-YOLO, SL-YOLO, VRF-DETR, and Drone-DETR appear on both sides of the
Pareto front, indicating their exceptional balance in terms of both size and computational complexity relative to the achieved
accuracy.

To connect these trade-offs with real device behavior, we relate GFLOPs to latency on a representative UAV companion
computer — the Hailo-8L NPU, using YOLO/DETR models as a case study (Fig. 3). FLOPs are a useful indicator for comparing
architectures, especially within a single model family or on a single hardware platform, but they are not an absolute measure
of real-world performance, and testing on target hardware remains necessary. In Fig. 3, a bubble chart is shown demonstrating
models for object detection of the YOLO and DETR families on Hailo 8l for another dataset popular in object detection —
COCO (Hailo-8I Model Zoo, 2025). The horizontal axis shows the computational cost in gigaflops per image (GFLOPs, logi,
scale), and the vertical axis shows the processing delay of a single image in milliseconds (log,, scale). The area of the bubble
is proportional to the number of trained parameters (Params M), which forms the third dimension and reflects the memory
requirement. The purple subset, which corresponds to YOLOv11 n/s/m/l/x, is also a Pareto optimal model according to
(Hailo-8 Model Zoo, 2025).
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Fig. 1. Number of parameters (M) vsmAP@0.5. Pareto models are shown in red.
The size of the bubble is proportional to GFLOPs, the number corresponds to the column "No." in Tab. 1
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Fig. 2. Flops (G) vs mAP@Q0.5. Pareto models are shown in red.
The size of the bubble is proportional to the number of parameters, the number corresponds to the column "Ne" in Tab. 1
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Fig. 3. Dependence of model speed on GFLOPs using the example of Hailo 8L NPU

Log-log orthogonal regression (purple dashed line) summarizes the global trend of the dependence of "GFLOPs on
execution time". The analysis is based on approximately 40 data points spanning various YOLO and DETR architectures.
The coefficient of determination R? =~ 0.85 globally, R? = 0.92 for the YOLO family, and an exceptionally high R? = 0.98 for the
YOLOv11 subfamily. This strong correlation indicates a clear power-law relationship between inference time and GFLOPs on
the target hardware, suggesting the data is statistically robust for this specific accelerator.

This high correlation confirms that GFLOPs can serve as a powerful proxy for runtime on the Hailo-8L, likely due to the
high degree of optimization achieved by the Hailo Dataflow Compiler, which minimizes software overheads. However, it is
crucial to discuss the limitations of this correlation. While GFLOPs measure the number of arithmetic operations, actual latency
is also significantly influenced by Memory Access Cost (MAC), data movement, operator parallelism, and the efficiency of
specific kernel implementations on the NPU (Ma et al., 2018).

The slightly lower global correlation (R?~0.85) compared to intra-family correlation (up to 0.98) highlights architectural
differences. For instance, DETR models might exhibit different latency characteristics compared to GFLOPs-equivalent YOLO
models due to the differing computational nature and memory access patterns of attention mechanisms versus convolutions.
Therefore, while GFLOPs provide a robust heuristic for pre-selecting models, the correlation might weaken when comparing
architectures with vastly different operational profiles or when applied to different hardware platforms.

Discussion and conclusions

The results showed that among modern detectors for VisDrone2019, there is a wide range of trade-offs between accuracy
and computational complexity. Table 1 shows how the average accuracy of mMAP@0.50 varies from 33% for the simplest
models to 54% for the best ones, while the number of parameters ranges from 2 million to 97 million and the complexity
ranges from 12 to 490 GFLOPs. Thus, higher accuracy is usually achieved by models with higher resource costs, but
numerous exceptions indicate significant progress in architectures. For example, the specialized transformer model Drone-
DETR achieved the highest mAP = 53.9 % at 128 GFLOPSs, while a typical two-stage detector achieved only 48 % at nearly
491 GFLOPs. Similarly, the improved single-stage SL-YOLO model achieved 46.9 % mAP at 36.7 GFLOPs, exceeding the
accuracy of the standard large YOLOvSx (44.7 % mAP) with approximately 6 times fewer computations. Thus, through
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targeted optimization for UAV applications, some models provide significantly better accuracy per unit of computation than
classical detectors. This is particularly important for UAV onboard computers, where computational resources are limited.

To formalize the "accuracy-efficiency" balance, Pareto fronts were constructed based on parameters (Fig. 1) and GFLOPs
(Fig. 2).

Pareto analysis objectively identified a limited set of the best solutions. In particular, the Pareto frontier mainly consists of
improved versions of YOLO and DETR, specially adapted for small objects. These include MSGD-YOLO, SL-YOLO, VRF-
DETR, and Drone-DETR, which are present in both diagrams (by parameters and FLOPs). This indicates their exceptional
balance between model size and computational complexity while maintaining high accuracy. Other models on these fronts,
such as DB-YOLOv8s, EfficientDet-D1, MPE-YOLO, and C3TB-YOLOV5, provide optimal compromises in their complexity
ranges. Importantly, none of the traditional approaches, except for YOLOv8n and YOLOv10n, made it into the Pareto frontier,
and none did so on both criteria simultaneously. They either lose in accuracy at equal cost or require more resources to
achieve similar accuracy compared to the selected Pareto models. For example, the baseline YOLOv8x achieved 44.7 %
mAP at 257.8 GFLOPs, while the much lighter MSGD-YOLO achieved 45.2 % at only 21.5 GFLOPs.

The dominance of YOLO and DETR variants on the Pareto front is consistent with general trends in object detection, but
their success in the UAV domain (specifically VisDrone) warrants architectural discussion. The efficiency of YOLO architectures
stems primarily from their single-stage design, which avoids the computational overhead of region proposal networks found in
two-stage detectors. Furthermore, modern YOLO variants utilize efficient backbones and optimized neck/head structures that
effectively balance feature fusion across scales — critical for detecting the small, densely packed objects common in aerial
imagery. In contrast, DETR-based models leverage the global context provided by self-attention mechanisms. This allows them
to better model relationships between objects and the complex backgrounds typical of VisDrone, potentially reducing false
positives. While early DETR models struggled with small objects and high computational costs, specialized variants like Drone-
DETR and VRF-DETR incorporate mechanisms (e.g., enhanced high-resolution features or specialized queries) that specifically
address these limitations, making them competitive and often superior in this specific domain.

Thus, the problem of selecting the optimal model for a hardware-constrained UAV is actually solved by determining this
Pareto set. The identified models achieve mMAP@0.50 ~50 % with parameter sizes < 15 M and costs < 60 GFLOPs, which is
consistent with the typical capabilities of onboard systems. This means that UAVs with different resources should use different
models to achieve the best performance.

Results show how well the theoretical computational complexity of a model (GFLOPs) describes its actual performance
on the target accelerator. Research using the Hailo 8L NPU confirmed a strong correlation between GFLOPs and inference
time: models that perform fewer operations tend to run faster. In Fig. 3 for a set of YOLO and DETR family models, there is a
near-exponential dependence between GFLOPs and execution speed, with a coefficient of determination R?=0.85 globally
(for all models) and up to 0.92-0.98 within a single architecture. In other words, in practice, reducing GFLOPs results in an
almost proportional reduction in processing time, especially when comparing related models. This is an important result
because it confirms the validity of using GFLOPs as a proxy for model speed in the early stages of selection. However, it
should be noted that the correlation is not absolute: for example, DETR models may have slightly higher latency than
GFLOPs-equivalent YOLO models due to differences in architecture, memory access, and optimization. Therefore, GFLOPs
should only be interpreted as a rough guide, and final performance verification should be performed on the target hardware.
Despite this caveat, the results obtained demonstrate that for models from the same family (e.g., different versions of YOLO),
GFLOPs are almost directly proportional to inference time. Thus, computer vision system engineers for UAVs can confidently
use GFLOPs as a preliminary selection metric for models capable of meeting real-time requirements, narrowing down the
pool of candidates before detailed testing on hardware.

Data on the performance of over 60 object detection models on the VisDrone2019-DET dataset has been collected and
systematized, creating the most comprehensive consolidated database for this task to date. The analysis revealed a wide
range of characteristics: from lightweight models with 1.8M parameters (EDNet-Tiny) to heavy ones with 97.2M (YOLOv5x),
with an mAP@0.50 accuracy ranging from 21.2 % to 53.9 %. This systematization allows you to quickly navigate the "zoo" of
models and make objective comparisons.

Two groups of Pareto-optimal models have been identified, forming the front of the best compromises. Based on the
parameter minimization criterion, the optimal models are EDNet-Tiny, MSGD-YOLO, SL-YOLO, DBYOLOv8s, VRF-DETR,
and Drone-DETR, which achieve mAP@0.50 ranging from 33.3 % to 53.9 % with 1.8-28.7M parameters. Based on the
criterion of minimizing GFLOPs, the optimal models are EfficientDet-D1, YOLOv10n, YOLOv8n, MPE-YOLO, C3TB-YOLOVS5,
MSGD-YOLO, SL-YOLO, VRF-DETR, and Drone-DETR with a range of 6.1-128.3 GFLOPs. It is noteworthy that four models
(MSGD-YOLO, SL-YOLO, VRF-DETR, Drone-DETR) are present on both fronts, which indicates their exceptional balance.

The high correlation between the theoretical GFLOPs metric and the practical execution speed has been experimentally
confirmed using the Hailo 8L NPU as an example. The coefficient of determination R?>~0.85 for all models and R?~0.92-0.98
for models of the same family indicates an almost exponential dependence, which validates the use of GFLOPs as the primary
model selection criterion. This simplifies the process of selecting an architecture for specific UAV hardware constraints without
the need for full-scale testing on the target platform.

Data availability: For a more detailed and interactive study of the data, allowing dynamic filtering and comparison of models, a web page
has been created, available at: https://smolinyaroslav.github.io/visdrone_literature_review
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METAAHATI3 NAPETO-ONTUMAJIbHUX MOLENEW BUABNEHHA OB'EKTIB
AOnA se3NINOTHUX NITANIbHUX AMAPATIB HA HABOPI JAHUX VISDRONE2019-DET

Mpedmemom nponoHoeaHo20 A0CiOXKeHHS € cy4acHi Modeni 2n1u60ko20 Hag4yaHHs1 Ons eusienieHHs1 06'ekmie i3 6e3nimomHux nimanbHuUx ana-
pamie (BI1J1A), Has4eHi U oyiHeHi Ha emanoHHoMy Habopi daHux VisDrone2019-DET. Tpo6nema, siky po3ansiHymo e po6omi, nonsizana y eiocymHo-
cmi cucmemamuyHO20 aHasnily HasieHux Modesieli Ha OCHO8i Kpumepilo onmumasibHo20 6anaHcy MiX MOYHICMIO 8usie/IeHHS, wWeudKicmio
o64ucrieHHs1 ma po3mipom Modesti, W0 € KpUMUYHO 8axyiueumu 01151 po6omu e pexumi peasibHO20 Yacy Ha 6opmoeux komn'tomepax BI1J/IA 3 o6me-
JXeHumu pecypcamu. OcHO8HuULU pe3ynbmam nossi2ac y ecebiyHoMy memaaHanisi noHad 60 Haykosux ny6nikayil i eusHayeHHi dsox epyn Mapemo-
onmumasnbHuUx modesiel: oOHa 3ocepedxeHa Ha MiHiMi3ayii napamempie modeni, a iHwa — Ha MiHiMi3ayii o64ucnroeanbHoi cknadHocmi. 3a donomo-
2010 6acamokpumepianbHo2o aHaniy lMapemo ma cmeopeHHs1 HalinoeHiwoi Hamenep mabnuyi nidcyMmkoeux nokasHukie egpekmueHocmi, y xo0i
docnidxeHHs1 6ys10 sU3Ha4YeHO apximekmypu, wjo 3abe3neyyroms Halikpauwyuii KOMpomic MiXx moyHicmro, weudkicmro ma po3mipom. Humu eusieu-
nucsi onmumizoeaHi eepcii YOLO ma demekmopie Ha ocHogi mpaHcghopmepie, makux sik DETR, wjo nosicHroemuscsi eghekmueHicmio ixHboi OCHO8HOT
apximekmypu ma do0amkKoeuM HanawmyeaHHsIM nid ocobiueocmi aepoghomo3HiMkie. Bukopucmosyroyu npuckoproeay Hailo 8L sik npuknad, doc-
nidXeHHs1 MaKoX npodeMoHcmpyearso, wo obyucnroeanbHa cknadHicmb modeni npsiMo nponopuyiliHa (3 koegiyienmom demepmiHauii do 0,98) ii
weudkocmi 8UKOHaHHSI Ha MUMNO8OMy HelipOHHOMY NMpPUCKoproeadyi, KUl UKopucmosyembcsl 8 komn 'tomepax-cynymuukax BIJIA. Lle dae 3moz2y
iHXeHepaMm ouyiHleamu eiOHOCHUUI Yac 8UKOHaHHSI Ha OCHO8I KinbkKocmi onepauyill, yHukaro4u mpydomMicmko2ao mecmyeaHHsl. 3a2anioM ompumaHi
pe3ynbmamu MOXymb 6ymu eukopucmati iHxeHepamu Onsi yxeasieHHs1 06r'pyHmoeaHux piweHb wyodo apxil ypu o opie 3anexHo eid
KOHKpemHux obMexeHb anapamHoz2o 3abe3neyeHHsi BI1/1A, a docnidHukamu — sik opieHmupu 0Onsi po3pobrieHHs1 Hoaux Moderneli A5151 a8MOHOMHOT
ekcnnyamauii BI1J1A e nogimpsiHoMy MOHIMopUHay, iHcnekyii iHghpacmpykmypu ma nowykoeo-psimysasnbHuUX ornepauyisix.

Knw4yoBi cnoBa: 6e3ninomni nimansHi anapamu, VisDrone2019, demekuyisi 06'ekmis, Modesii 2n1u6oko20 Hag4aHHsI, aHasi3 lMapemo.
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BASIC PROPERTIES OF THE METRIC OF TANGENTS

The article studies a metric related to the boundaries of figures of a certain class. To properly define it, the class of figures,
referred to as figures with convex-concave boundaries, is first introduced. For this, there must exist a finite set of points on
the boundary of the figure, such that the arc between any two adjacent points is convex. This allows the boundary of the figure
to be considered as a union of a finite number of convex arcs. Since the metric is defined using generalized tangents to the
boundary of the figure, and for convex figures, a generalized tangent becomes a supporting line, this approach opens promising
prospects for further study of figures of this class. A dense subset of this class is the collection of all polynomials. For practical
applications, this serves as an efficient simplification, as figures are usually defined by a set of points on their boundary, and
any approximation begins with approximating the figure by a polynomial.

For the given class of figures, a tangent metric is defined, which is determined through generalized tangents to the boundary
of the figure. Previously, this metric was studied together with an initial term formed by the Hausdorff metric. This made it
possible to avoid verifying the first axiom of the metric, as it followed from the Hausdorff metric. However, it was found that the
Hausdorff metric is not a necessary component when defining the tangent metric, as demonstrated by the conducted research.
In general, the presence of the Hausdorff metric stemmed from a certain similarity to the metric of the space of continuously
differentiable functions, which has the metric of continuous functions as its first term. Therefore, this advancement, which
enabled the elimination of the Hausdorff metric as a redundant component, proved to be pivotal. This will also streamline future
algorithms for computing the tangent metric.

For further research, firstly, it will be necessary to narrow the class of functions to the set of all polynomials. As a result,
studying the properties of the canonical decomposition of a figure within the class of all polynomials has become important.
Additionally, for polynomials, constructing generalized tangents becomes a simpler problem.

Keywords: metric of tangents, generalized tangents, smooth metric, canonical decomposition, figure.
AMS 2020 classification: 52A10, 54E35.

Introduction

For various plane figures, the Hausdorff metric is highly popular (Conci, & Kubrusly, 2017; Ortigosa et al., 2021; Kumar el
all, 2020; Huttenlocher, Klanderman, & Rucklidge, 1993). Under certain restrictions on the class of figures being considered,
a sequence of figures converging in the Hausdorff metric will also have estimates for the convergence of their areas to the
limiting figure. Finding analogous metrics for perimeter convergence is significantly more challenging. While some metrics
evidently possess this property, they are all primitive, such as:

P2y, ®y) = P(O)(q)uq)z) +|P(®,) — P(®,)],

where p© is the Hausdorff metric, and P(®) is the perimeter of the figure ®.

The aim of this paper is to propose a fundamentally different approach to constructing such a metric, one that leverages
the properties of the boundary of the figure without directly computing its perimeter. This study continues the research
initiated in works (Rublev, & Petunin, 1999a, 1999b; Rublev, & Molodtsov, 2000).
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1. Class of Figures with Convex-Concave Boundary

Let S(U denote the class of planar simply connected regions bounded by closed rectifiable Jordan curves. Consider a
figure ® € S and define an orientation w on its boundary I'(®) such that, when moving along the curve T'(®) according to
the orientation w, the figure ® remains on the right. Let AB denote the arc of the curve I'(®), connecting points A and B,
that lie on I'(®) in the direction of the orientation w.

Assume there exists a finite set of points M, M,,..., M,,_,, ordered according to the orientation w that satisfies the
following conditions (for convenience, we assume M, = M, and M, ., = M,):

1) The arc M, M, ML+1 is distinct from the segment M; MLH, i=0,n—1;
2) The figure F;, bounded by the arc M M, Vi Miy and the segment MM, ,, is convex, i = 0,n — 1,
3) The figure G bounded by the arc M M, ,, and the segment M, M, , ,, is not convex, i = 0,n — 1.

Such a set of points P = {M,,i = 0,n—1} is called the canonical partition of the boundary of the figure, and the
figure ® € SW is referred to as a figure with a convex-concave boundary (FCCB). The collection of all such figures will be
denoted by S. An arc M M, C T'(®) is called convex if there exists a segment PQ with endpoints on the arc MM, M,
that lies entirely within the flgure ®, otherwise, it is called concave (Conci, & Kubrusly, 2017; Huttenlocher, Klanderman, &
Rucklidge, 1993).

Thus, if ® € S, the boundary T'(®) is divided into convex and concave sections by the points of the canonical partition.
If the arcs M, M, and M, M, , have different convexity characteristics, the point M; is called an inflection point of the
boundary of the figure ®.

The properties of the canonical partition of a figure ® € S significantly depend on the structure of the boundary of ®.
We divide all such figures into three subsets. The subset S, includes all figures whose boundaries do not contain two points
A, B € T'(®), such that AB coincides with the segment AB. The subset S, includes all polynomials, and the remaining
figures form the subset S,, meaning the boundaries of these figures contain at least one straight segment. We define some
interesting properties of the canonical partition, some of which significantly depend on the membership of a figure in a
particular subset, while others hold for all figures of the class S.

M0=M1=M2

Fig. 1. Convexity and decomposition of the figure ®

2. Properties (Canonical Decomposition)
Property 1. The canonical decomposition of a figure ® € S consists of a single point, i.e., P = {M,}, if and only if the figure
@ is convex (see Fig. fl). In this case, the point M, can be any point on the boundary of the figure.

This property is obvious, but it is important to understand condition 3) in the definition of canonical decomposition. It
should be noted that the arc M, M, differs from the arc M, M, in that the former must traverse the entire boundary of the
figure twice.

Property 2. If the canonical decomposition of a figure ® € S consists of two points, i.e., P = {M,, M, }, then the arcs
MyM, and M, M, can either have different convexities or both be convex.

MO M1

Fig. 2. Convexity and decomposition of the figure ®

Neither arc can be concave, as it is always possible to draw a segment inside the figure. The other cases are illustrated
in Fig. B. Note that for a figure from the class S, this property can hold for the same figure ® € S,. Consider the quadrilateral
ABCD (see Fig. B). If we choose the decomposition P, ={A,C}, the arc ABC'is convex, while the arc CDA is concave.
If we choose the decomposition P, = {B, D}, both arcs BCD and DAB are convex.
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B
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A c

Fig. 3. The quadrilateral ABC D Fig. 4. Figure ® with segment AB as part of its boundary

M®
Mg = M N
Fig. 5. Figure ® with two canonical decompositions P1 and P2 Fig. 6. Figure ® with a canonical decomposition

Property 3. For certain figures ® € S there exist multiple canonical decompositions.

This property is obvious if ® ¢ S, i.e., if the boundary of the figure contains a straight-line segment. In Fig. @, a figure
d € S, is shown, where part of the boundary is formed by the segment AB. The canonical decomposition P is defined by
the points {M,,, M,, M,, M,}. At the same time, any point of the segment AB could be chosen as the point M.

It is more interesting to come up with a similar example for a figure from the subset S,. This is illustrated in Fig. . Here,

we have two canonical decompositions: P, = {M.", M\, M{"} and P, = {M”, M{* M{P'}.
—_——
Note that any point on the arc M{”M{Q) can be chosen as a point of the canonical decomposition of the figure ®.

Property 4. If a figure @ € S, has a canonical decomposition where all the decomposition points are inflection points, then
this canonical decomposition is unique for such a figure.

Consider a decomposition P = {M;,i = (0,n— 1)} of the figure ® € S,, where all the points are inflection points.
Suppose there exists another canonical decomposition of the boundary of this figure. Let M’ be a point from the other
decomposition P’ of the figure ®, and let it lie on the arc M, , M, (see Fig. B). Where can the next point, M”, in the
decomposition P’ be located? It cannot be located after the point M, because the figure between the segment A/’ M” and
the arc M’M” is not convex. Thus, it must lie on the arc M’ M. Similarly, the point of the canonical decomposition P’, that
precedes the point M’, must lie on the arc M,_, M’. Therefore, the point M’ is redundant according to the definition of a
canonical decomposition. The contradiction obtained completes the proof of the property.

In particular, it follows that if for a certain figure ® € S the arcs between any two adjacent points A, B € I'(®) have
different convexities and AB does not contain straight line segments, then the points of any canonical decomposition on
this arc are uniquely determined.

Property 5. For figures ® € S, i.e., for polynomials, there exist canonical decompositions that do not have any common
points. Moreover, for one of the decompositions, all the arcs will be convex, while for the other, they will be concave.

One example of such a figure is shown in Fig. [§. Here, for the polynomial ABCDEF, there are two canonical decom-
positions: P, = {A,C,E} and P, = {B, D, F'}. In the first case, all the arcs are concave, while in the second case, they
are convex.

Property 6. If a figure P, = {M,, M,,...,M,,_,}and P, = {N,,N,,...,N,_,}, that do not have any common points, then
<2

Proof. In Fig. B, a figure is shown for which @ = 2. Here, the case m = 6 and n = 3 is depicted, which can be easily
generalized for any natural values. We see that the flgures bounded by M ;41 and the segment [M; M, ] are either

triangles or curvilinear triangles. The figures bounded by NN, ;N1 and the segment [V, N, ] are curvilinear quadrilaterals.
We will show that this is the maximum p033|ble value ofsuch aratio. Consider the decomposmon P, ={Ny,Ny,...,N,},

and for each point N, associate the arc N ,+1- On this arc, no more than two points from another canonical decomposition
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C
B D
F
A E
Fig. 7. The polynomial ABCDEF Fig. 8. A figure illustrating the case ' = 2 withm =6and n =3

can be located. Indeed, if we assume that there are at least three such points, consider three consecutive points in the
direction of traversal: A, B, C. Then, the figure bounded by the segment AC and the arc AC'is convex, since it lies inside a

convex figure bounded by N, N, , and the segment [V, N, ,] (see Fig. B). This contradicts the definition of a decomposition,

so it is not possible. Thus, for each decomposition point N;, no more than two points from another decomposition can be
associated with it, which leads to the inequality * < 2, completing the proof. O

n

N1
Fig. 9. The figure bounded by the segment AC and the arc AC

It is clear why we are focusing so much on polynomials. For practical applications of the metric, all images will have
boundaries in the form of polynomials, possibly with a large number of vertices. Therefore, the properties of polynomials
themselves will be particularly important.

3. Generalized tangent to figures of class S

In this regard, the concept of FCCB (Figure with Convex-Concave Boundary) without specifying the canonical decom-
position will not be entirely correct. Therefore, we will further use the term figure ® from class S (or ® € S, or FCCB) to
denote not only the figure ®, but also the canonical decomposition P = {M,, M,, ..., M, _,} of its boundary I'(®). If there
are multiple decompositions, we will take any of them and continue the investigation with that decomposition.

For an arbitrary point M € I'(®), we define the concept of a generalized tangent to the figure ® € S, passing through the
point M. If M ¢ P, then M € M,;M, ,. We choose two arcs DM and MC, such that DC M; M, . Due to the finiteness
of the set of points in the canonical decomposition, this choice is always possible. If M = M, for some i = (0,n — 1), then
we select arcs DM and MC, such that DM C M, M, and MC c M;M;, .. Next, we construct a sequence of points
(D) C DM, such that it converges monotonically to M along DM as k — co. By the convexity of DM, the sequence of
lines D, M converges to a line, which we denote as [,. Similarly, we define the line [/, as the limit of lines C,, M/ when the
sequence of points (C}) C MC approaches M. Clearly, the lines [, and [, do not depend on the choice of sequences (D,)
and (C},).

A line I, passing through a point M € I'(®), is called a generalized tangent (GT) to the figure ® at point M (or to the
curve T'(®)), if one of the following three conditions holds (see Fig. fid):

1. 36 > 0: The segment of line [, of length ¢ centered at M, is entirely contained within the figure ®;
2. 3§ > 0: The segment of line [, of length § centered at M, has no interior points in common with the figure &;

3. The line [ coincides with one of the two lines [, or [,.
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Fig. 10. The generalized tangent (GT) to the figure ®

Lemma 1 (Set of Generalized Tangents). The generalized tangent (GT) does not depend on the specific form of the
canonical partition of I'(®).

Proof. The proof follows from the fact that the convexity of an arc does not change when the canonical partition is modified.
For a fixed point M € I'(®), the extreme generalized tangents [, and [, remain unchanged. Consequently, the set of all
generalized tangents at M also remains unchanged. Thus, the lemma is proven.

O

Lemma 2 (Connection Between Generalized Tangents and Supporting Lines). Every generalized tangent to the figure
® c Satapoint M € M;M, , C T(®), M ¢ {M,, M,.,}, is a supporting line of the convex figure F;, which is bounded by

—

the arc M;M, ., and the segment M, M, , ,.

——

Proof. The proof follows from the fact that for the part of the arc M, M, ,, containing the point M, the generalized tangent
is defined analogously to a supporting line for the convex figure F;. The lemma is proven.
O

Lemma 3 (Number of Generalized Tangents in a Given Direction). For each line m, there exists a finite number of gener-
alized tangents to the figure ® € S, that are parallel to the given line m.

Proof. Each generalized tangent that is parallel to the line m either passes through a point of the canonical partition (and

o —

thus their number is finite) or is a supporting line to the figure F;, which is bounded by the arc MM, and the segment

M;M,,, i = (0,n—1). The number of such figures is finite, and each of them has exactly two supporting lines parallel to

m. This conclusively proves the lemma on their finiteness. The lemma is proven. O

Fig. 11. lllustration of more than one generalized tangent at point M/

A point M on the boundary of a figure ®, where more than one supporting line to ® exists, is called a corner point (or
angular point) of the curve T" (Fig. [[1]). The remaining points of the curve are referred to as simple points of the curve I.

A corner point M, for which I, = 1,, is called a cusp (Fig. [[2). If M is a cusp, then any line passing through M will also
be a GT to @ at this point; whereas at a simple point of the curve I'(®), the GT is unique. It should also be noted that if M
is a simple point and an inflection point of T'(®), it satisfies only condition 3) of the GT definition.

Fig. 12. A return point M
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4. Definition of the tangent metric for figures of class S
Let ®,, @, € S be given figures. Choose an arbitrary point M, € I'(®,), let [, be a generalized tangent (GT) to ¢, at
point M, and {17, ..., 1i™ be all the GTs to figure ®,, that are parallel to line /,. Choose the line I\, that is closest to ,,
i.e., ‘
p(1,1,) = min p(ly)1,).

1<i<m

Next, we sequentially define:

M, 1) = p(,1 M,) = M,,1 = M,).
r (M, 1) = p(l57, 1), 7 (M) l"lngl’frl( Lh)y o M:'él?(gl)ﬁ( 1)
Similarly, by swapping the figures ®, and ®,, we define the quantity r,. The tangent metric in the class of figures S is
defined as the function:
p1(®y, ®,y) = max{r,,r,}.

In works (Rublev, & Petunin, 1999a, 1999b), a function called the smooth metric was studied:
P(l)(q)u ®,) = p(0)<q)lv Qy) + py (D4, D,),

where p0(®,, ®,) is the Hausdorff metric between the figures ®, and @,. It was proven that the smooth metric is indeed a
metric.

5. The tangent metric is a metric.

To prove that this functional is a metric, it requires verification of three axioms. The second axiom is obvious, and the
third axiom has been proven in works (Rublev, & Petunin, 19994, 1999b). However, the first axiom for the smooth metric
followed from the fact that it holds for the Hausdorff metric, one of the terms. The main goal of this work is to prove that the
first axiom holds for the tangent metric.

Theorem 1 (First Axiom for the Tangent Metric). If for any figures ®,,®, € S the tangent metric p,(®,,®,) = 0, then
O, =,

Proof. Let us start with the case where ®,, &, € S are polynomials. We will prove the statement by contradiction. Suppose
that &, # ®,. Without loss of generality, this means there exists a vertex A of the polynomial ®,, that is not a vertex of
the polynomial ®,. Since this is a vertex, it is a corner point, and therefore, there is an infinite number of tangent lines to
®, at this point. Let us consider five of them: m,, ..., m5. Each of these must be a tangent line to ®,, as follows from the
theorem’s condition. Thus, on each of these lines, there is at least one point I'(®,), for which the corresponding line is a
tangent line. Let these points be denoted as By, ..., B;. Three of them are located on the same side of point A. Let us
denote them as B,, B,, B, (see Fig. [3). Then, the corresponding convex figure F;, which has part of the line I'(®,), as
its boundary, cannot contain all points B, B,, B;. Thus, between m, and m, there is at least one convex segment. Since
such sets of lines can be constructed infinitely, this would imply that the canonical partition of the boundary of such a figure
must consist of an infinite number of points, which contradicts the definition of figures in class S. The resulting contradiction
completes the proof.

Fig. 13. Tangent lines

For arbitrary figures in class S consider a vertex A € T'(®,), which does not belong to T'(®,). Then, there exists a
sufficiently small arc ZTAQ for which A ZTAQ C I'(®,), and which does not have any points in common with I'(®,). Next,
using similar reasoning, we examine tangent lines to the points of this arc and obtain that ®, does not belong to class S.
The theorem is proven. O

Discussion and conclusions

The article studies a metric related to the boundaries of figures of a certain class. To properly define it, the class
of figures, referred to as figures with convex-concave boundaries, is first introduced. Since the metric is defined using
generalized tangents to the boundary of the figure, and for convex figures, a generalized tangent becomes a supporting
line, this approach opens promising prospects for further study of figures of this class. A dense subset of this class is
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the collection of all polynomials. For practical applications, this serves as an efficient simplification, as figures are usually
defined by a set of points on their boundary, and any approximation begins with approximating the figure by a polynomial.

Further research on the tangent metric should focus on two directions. First, an attempt should be made to generalize
it to a broader class of figures and investigate the completeness of the obtained spaces. Second, algorithms for computing
the tangent metric should be developed, along with its application for image processing.

Fig. 14. Example of a sequence of figures (®,,) that does not converge to ® in the tangent metric

In the future, it is planned to compare the tangent metric with other metrics. Regarding the Hausdorff metric, the
following example is very illustrative. Consider a figure ® — a square with a side of 1, and a sequence of figures (®,,), as
shown in Fig. fi4. If the small squares have a side ¢ = -, then for the Hausdorff metric we have:

2n’
PO(D,D,) =eV2= \2/—3 — 0,7 — 0.
For the tangent metric, if we consider the GT [, drawn through the middle of the side of the square ®, we have:
PV (@, ) = 2-50,n — cc.

As can be easily seen, the convergence of perimeters P(®,,) to the perimeter of the figure ® also does not occur.

Authors’ contribution: Maryna Chigidina — study of the properties of the class of figures, Iryna Lazarenko — study of the properties
of the class of figures, Dmytro Nomirovskii — proof of the axiom of the metric, Bogdan Rublyov — definition of the tangent metric, Viadimir
Semenov — definition of the tangent metric, Kateryna Svitovenko — proof of the axiom of the metric.
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TKuiBcbKuii HalioHanbHWit yHiBepcuTeT iMeHi Tapaca LUeBuenka, Kuis, Ykpaina
2HauioHanbHUI TeXHIYHMI YHiIBepcuTeT YKpaiHn ”KUIiBCLKMI NoniTeXHiYHUM iHCTUTYT imMeHi Irops Cikopckkoro”, Kuis, Ykpaina

OCHOBHI BJIACTUBOCTI METPUKN OOTUYHUX

HocnidxeHo mempuky, wo noe’sizaHa 3 Mexxamu cpicyp neeHoz2o knacy. [ns ii KopekmHo20 su3Ha4eHHs1 croYyamky eu3Ha4eHo Knac gpizyp,
sKul HaseaHull ¢hicypamu 3 onykno-y2Hymumu mexamu. 3adnsi yb020 Ha Mexi picypu mae icHyeamu ckiH4eHHUl Habip mo4okK, Onsi sikux dyaa
MiX KOXXHUMU d8oMa cyciOHiMu moykamu € onyksoto. Lje dae 3mozy posansadamu mexy gpicypu sik 06’¢OHaHHS CKIH4€HHOI KinbKocmi onyknux dya,
OCKifIbKU MempuKy eu3Ha4yeHoO 3a JOMOMO200 y3a2asibHeHUX GomuyYyHuUXx Ons1 Mexi ¢picypu, a Onsi onyknux ¢picyp y3a2anbHeHa domu4yHa cmae
ornopHoto nNpsiMoro. 3a3HaqyeHuli nioxid eidkpueae 2apHi nepcrnekmueau 05 NoAasbWo20 8UBYEHHS hicyp UYbo2o knacy. LUinbHo NiOMHOXUHO
8 UbOoMYy Knaci € cyKynHicmsb ycix MHO20KymHukie. [nsi npakmu4Hux 3acmocyeaHb Ue € 00C 160 egh I8HUM cripoweHHsIM, 60 3a3euyali
gpicypu 3adarombcsi HA60POM MOYOK Ha ixHili Mexi i 6yOb-sika anpoKcumayiss MoYUHaemMbCsl 3 Ha6UXeHHs1 hizypu MHO20KymMHuUKoM. [nsi Haeede-
HO20 Knacy ¢hicyp euzHayeHO Mempuky GomuyHuX, Ky 3a0aHo 4Yepe3 y3az2asnbHeHi domuyHi Ao mexi ¢hicypu. PaHiwe yro Mempuky euedanu
pa3om 3 nepwum dodaHKoM, siKuli ymeoproeae mempuky Xaycdopgpa. Lje dasasno 3moz2y He nepesipsimu nepuy aKkcioMy MempuKu, wio eunsueana
3 mempuku Xaycdopdpa. [l[pome mempuka Xaycoopgpba susigunacsi He 0608’si3k08uM G00aHKOM MPU 8U3Ha4Y€HHi MempPuUKU GOMUYHUX, W0 MPSIMO
eunnueae 3 npoeedeHux docnidxeHb. 3a2anom mempuka Xaycoopgha euHukKa 3 negHoi Nodi6Hocmi Ao Mempuku npocmopy HenepepeHo oude-
peHyilioeaHux ¢hyHKUil, sika Mae nepwum 000aHKOM MempuKy HernepepeHux ¢yHKuil. Tomy Ayxe eaxsueum cmae yeli Kpok, sikuli do3eosnue
no36ymucs mempuku Xaycdopdgba sik 3alieo2o dodaHKy. Lle mak camo Hadani mae cnpocmumu an2opummu 3 064UCIEHHS] MEMPUKU OOMUYHUX.
Ans nodanbwux docnidxeHb NepwuM KPOKOM cmaHe 38YXeHHs Knacy (yHKyil do cykynHocmi ycix 6azamoKymHuKie, Mo 8aX/TU8UM € 8UBYEHHS
enacmueocmell KaHOHi4HO20 po36umms dpicypu came 8 knaci ycix noniHomie. Takox Onsi noniHomie cmae npocmiwumM numMaHHsi no6ydosu
y3azanbHeHUX QOMUYHUX.

KnwuyoBi cnoBa: mMempuka domu4Hux, y3azansHeHa domuyHa, 2riadka Mempuka, kKaHoHiYHa dekoMno3suyisi, gizypa.
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SUBDIFFUSIVE MODELS WITH LOCAL VOLATILITY FOR ILLIQUID MARKETS

The paper focuses on subdiffusive models with local volatility that extend classical approaches to capture illiquidity effects
and trapping events through stochastic time changes.

The illiquidity effects mean lower trading volume, wider bid-ask spreads, greater price volatility, and long periods without
any trading for risky assets. These effects occur during crisis periods that negatively affect financial activity, or in emerging
markets where the number of participants and, thus, the number of transactions is relatively low. All models based on Brownian
motion are perpetually moving. They are not adapted for modeling periods with motionless stock returns. Nevertheless, in
statistical physics, there are subdiffusion processes that are well suited to describe the dynamics of underlying returns with
trapping events. However, for modeling the dynamics of the financial market with illiquid effects, we need not only to describe
stock prices, but also to propose a method for option evaluation. The main option pricing tool in this paper is a fractional
extension of the Dupire equation, which gives the fair price for call and put options for subdiffusive underlying assets and takes
into account local volatility. It is a forward partial differential equation in which the derivative with respect to time is replaced
by a Dzerbayshan — Caputo (D — C) derivative. The form of the D — C derivative and fractal Dupire equation depends upon the
chosen Lévy subordinator. We apply the equation for subdiffusive in a Brownian setting in the case of the inverted tempered
stable subordinator and demonstrate numerical results for real financial data.

Due to the proposed approaches and numerical algorithm, the investor gets tools that allow him to take into account both
the market’s illiquidity and local volatility.

Keywords: option pricing, subdiffusion, local volatility, tempered stable subordinator.
AMS 2020 classification: 91G20, 91G60, 60G40.

Intoduction

An illiquid market refers to the state of a stock, bond, or other asset that cannot easily and readily be sold or exchanged
for cash without a substantial loss in value. It happens for crisis periods that negatively affect financial activity or for emerging
markets in which the number of participants, and thus the number of transactions, is rather low. As a result, illiquid assets
tend to have lower trading volume, wider bid-ask spreads, greater price volatility, and long periods without any trading.
To account for the market’s ability to accelerate or slow down during periods of varying trading intensity, fractal models of
activity over time have been proposed, see for example (Heyde, 1999; Casteli, Leonenko, & Shchestyuk, 2017; Leonenko
Liu, & Shchestyuk, 2025), etc. In the context of this model, the “activity time” process can be interpreted as time over which
market prices evolve, and it is often associated with trading volume or the flow of new price-sensitive information. However,
these models and any other models based on Brownian motion are perpetually moving; they are not adapted for modeling
periods with motionless stock returns.

Nevertheless, in statistical physics, there are subdiffusion processes that are well suited to describe the dynamics of
underlying returns with trapping events (Metzler, & Klafter, 2000). Magdyarz was the first to propose a subdiffusion extension
of the Bachelier and Black-Scholes models (see (Magdziarz, Orzet, & Weron, 2011; Magdziarz, 2009)). He considered the
standard diffusive process S; = Su,, which is time-changed by some stochastic process H; called the inverse subordinator
("hitting time”). In general, for a given subordinator G, the inverse subordinator H; is defined as

H,=inf{r >0:G; > t}, ()]
and interpreted as the first time at which G hits the barrier t. The subordinator G, in ({) is generally Lévy process with

Laplace transform in the following form:
E (efeat) _ eﬂs\p(e)7

where ¥ (0) is called Lévy exponent, which can be written in the following driftless form

() = /;oo (1 - e‘“) 5(dz),

U(dx) is an appropriate Lévy measure. By construction, the inverted process may be constant, and any process subor-
dinated by H: exhibits motionless periods. Magdziarz constructed the corresponding martingale measure, showed that
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the model is incomplete, and derived the formulas for European put and call option prices using the martingale method
(Magdziarz, Orzet, & Weron, 2011|; Magdziarz, 2009). A general result that implies that subdiffusive markets are generally
incomplete is given in (Torricelli, 2020), Theorem 2. In (Scalas, & Toaldg, 2021), Theorem 5, a pseudo-differential equation
that generalizes the Black and Scholes equation for the underlying time-changed geometric Brownian motion was derived.
However, Magdziarz’s approach has two drawbacks. Firstly, following the martingale method, the option price can be eval-
uated by computing an integral that includes the hitting time density. Thus, the density should admit a closed form. An
alternative is to calculate the price using a Monte Carlo simulation. These solutions are explored in (Magdziarz, 2009) in a
Brownian setting for a-stable subordinator, in (Shchestyuk, & Tyshchenka, 2025) for inverse Gaussian subordinator, and
in (Shchestyuk, Drin, & Tyshchenkad, 2024) for Gamma subordinator. Unfortunately, in the general case, the closed form
of the hitting time density is unknown, and we need to look for other ways. Secondly, Magdziarz considered subdiffusive
models in a Brownian setting with constant volatility. In fact, the realized volatility of an underlying asset actually varies with
time and with the underlying itself, and it is worth taking into account.

The object of the research is a subdiffusive model with local volatility that extend classical approaches to capture
illiquidity effects and trapping events through stochastic time changes. To price options, we use the Dupire fractal equation,
which does not require a closed form for hitting time and takes into account local volatility. It is a forward partial differential
equation in which the derivative with respect to time is replaced by a Dzerbayshan — Caputo (D — C) derivative. In (Hainaut,
& Leonenkag, 2021) was proved that option prices for subdiffusion can be found as solutions of the fractal Dupire equation.
The form of the D — C derivative and fractal Dupire equation depends upon the chosen Lévy subordinator. In (Hainaut, &
Leonenka, 2021)), it was detailed for a-stable and Poisson subordinators in the jump-diffusion setting.

The aim of the paper is to propose the subdiffusion model in case of a Brownian setting for a Tempered Stable Subor-
dinator T'S(«, A, ¢), develop a numerical method for the corresponding fractional Dupire equation, and apply the model to
real market data for demonstration of its practical relevance.

The paper is organized as follows. In the second section, we consider the subdiffusive model for the dynamics of the
illiquid market and formulate the proposition about the form of the fractal Dupire equation for option pricing in the case of
the tempered stable subordinator. After that, we shortly discuss the issues of the existence of arbitrage opportunities and
the completeness of the 7SS subdiffusion market, the interpretation of the T'S.S parameters in light of the market price
of risk. Beside this we mention that inverse Gaussian 1G/(d,y) subordinator can be considered as tempered stable Lévy
subordinator T'S(1/2,~%, §) and demonstrate the form of the corresponding fractal Dupire equation in this case. The third
section is devoted to the numerical approach and pricing of options for real financial data.

1. Subdiffusive option pricing via fractal Dupire equation

We assume that the subdiffusive market consists of at least three components: a risk-free bond, a risky asset, and
an option. The idea of subdiffusion models is to replace the calendar time ¢ in the risk-free bond motion and the classical
geometrical Brownian motion (GBM) by some stochastic process H; that represents the hitting time, defined as (fll). Thus,
the bond B: and stock S; are the solutions of the time-changed stochastic differential equations:

dBm,

Hy

=rdH,, By = 1,

2
dSHt =(p -+ T H, dHt + UthBHt7 t> 07
SH, 2

where o = oq, is local volatility.

To model option pricing, we use the fractional approach that was introduced in (Hainaut, & Leonenka, 2021)) in a jump-
diffusion setting, where the derivative for the time in the Dupire equation is replaced by a Dzerbayshan — Caputo derivative for
jump-diffusion. The applications of anomalous diffusions for option pricing and the volatility term structure were considered
in (Jacquier, & Torricelli, 2020; [Torricelli, 2020). Option pricing in time-changed Lévy models with compound Poisson jumps
was explored in (Ilvanov, & Ang, 2018). The theory in these papers was detailed for inverse a—stable (Magdziarz, 2009;
Magdziarz, Orzet, & Weron, 2011; Hainaut, & Leonenkd, 2021), Mittag — Leffler (Scalas, & Toaldg, 2021) and inverted
Poisson processes (Hainaut, & Leonenkd, 2021). We denote the option price as Cu (T, k), where T is the time to maturity
and the logarithmic strike price as k = log K. We then replace the standard time derivative in the classical Dupire equation
with a convolution-type derivative. Thus, the Fractal Dupire equation can be written in the form

2

1, 1o}
CH(T7 k) + 50— (Tv SHt)@CH(Ta k)v (2)

9

YD Cu(T, k) = —ror

where YD wu(t) is the convolution-type derivative for an absolutely continuous on (0, o) function u(t), called the Dzer-
bayshan — Caputo (D — C) derivative and defined as

YD u(t) = /0 %u(t — s)v(s)ds. (3)

In the (@) the tail of the Lévy measure, or kernel v(s), is obtained as

v(s)ds = /:Q 5(dz) ds,
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where the Lévy measure o(dx) for the subordinator G; with Lévy exponent ¥ can be expressed throw the inverse Laplace

transform p
p(dx) =L7" {%\D(m)} ().

We apply the equation (B) to diffusion in a Brownian setting with the inverse tempered stable subordinator 7'S(a, A, c).
The T'S(«, A, ¢) subordinator is a type of Lévy subordinator with Lévy exponent

V() =c((A+2)" =A%), (4)

where 0 < « < 1 is stability parameter, A > 0 is tempering parameter and ¢ > 0. The corresponding hitting time process H:
is called an inverse tempered stable subordinator (ITS). Its analytical properties are fully detailed in (Kumar, & Vellaisamy,
2015) and (Alrawashdeh et all, 2017).

Proposition 1. The European call option price Cu (T, k) = Cu (S, K,T,ou) for a time-changed version of the Brownian
setting with local volatility, in case of an inverse tempered stable subordinator H; is a solution of the fractional Dupire
equation:

a® 9 _ 0 1 5 02
cm/o a—TC’H(T —s,k)I(e, As)ds = —r—Cu (T, k) + 50 (T, Su,) u(T, k), (5)

ok arz”
with the initial condition Cr (0, K) = (Su, — K)™. The European put option price is a solution of the same fractional Dupire
equation but with initial conditions Py (0, K) = (K — Pp,)*.

Proof. Using (i) we compute

d\I}(gj‘) _ a—1
I = a(A+2)*,
and obtain Lévy measure:
~ _ « —a—1_—Az
v(dx) = cir(1 — a)x e I.~odz.

To compute the kernel v(s), we evaluate the tail integral:

— < _ L < —a—1_-—Az
V(s)ds—/s v(dx) dS_CF(l—a)/s T e “dxds.

Using the change of variables x = § =dzr = % we have

aX® a1 —t aX®
N AN — XN
v(s)ds cF(l ] /A t e “dtds cF(l )I (—a, As) ds,

s

where I'(—a, \s) denotes the upper incomplete gamma function. Then D-C derivative () for T'S(a, ), ¢) subordinator can
be written as

v o aX T 0 B
DCy(T, k) = 0711(1 —a) /0 aTC’H(T s, k)T'(a, As) ds. (6)

Thus, if we substitute (B) in (B)), the proposition follows. O

We can notice that the derivative we obtain is a tempered D-C derivative (see (Sabzikar, Meerschaert, & Chen, 2015;
Scalas, & Toaldg, 2021)). In general, these kinds of convolution operators have been introduced in (Kochubei, 2011)) and
then further explored in (Toaldo, 2015) and (Chen, 2017)).

Remark 1. The issues of the existence of arbitrage opportunities and the completeness of the 7'S'S subdiffusion market
were investigated in (Torricelli, 2020; [Toalda, 2015), where was proved that subdiffusive 7'S.S market is arbitrage-free and
incomplete.

Remark 2. The presented option pricing subdiffusive model with T'S(«, A, ¢) subordinator has an interesting interpretation
of its parameters in light of the market price of risk. Thanks to the theorem about the incompleteness of the subdiffusive
market, the existence of a market price of duration risk naturally arises (see (Torricelli, 2020)). Once S; is calibrated to
liquid market prices, the market price of duration risk will be reflected in the martingale density parameters, and these same
features will thus be reflected in the (risk-adjusted) frequency and duration of trade pauses incorporated in hitting time H:.
In (Torricelli, 2020) was shown the parameter A expresses belief in the speed at which the granular price evolution of the
asset will revert to a fully "liquid” state, which is well approximated by a standard Lévy-driven diffusion. So, A captures the
risk of latency to liquidity, while absolute trade duration risk is defined by «. Therefore, T'S(a, A, ¢) models offer a unified
framework in which ultra short-term option pricing accounts for the microstructural duration effect, whereas options at typical
maturities are priced according to the usual Lévy paradigm: the cut-off between the two states is encoded in .

Remark 3. Since the inverse Gaussian IG(4,y) subordinator can be considered as tempered stable Lévy subordinator
TS(1/2,~%,9), we can refer to the paper (Shchestyuk, & Tyshchenkd, 2025), where the fair option price for IG market was
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explored as a solution of the PIDE:
75’}’2 0_2 82

o e 2 0
25/0 QCH(T —s,k) (V(‘I’ (vWs) =1+ \/%> ds = *T%CH(T: k) + 7@0H(T7 k),

with the initial condition C'# (0, K) = (Su, — K)*, and k = InK. Here, parameter ~ captures the risk of latency to liquidity,
while absolute trade duration risk remains constant and is defined by 1/2 (see (Shchestyuk, & Tyshchenka, 2025; [Torricelli,
2020)).

Remark 4. If v = 0 for TS(1/2,~2, ), we get a regime where prices exhibit maximum staleness at all temporal scales. In
fact,

T
v 0 1
D Cu (T, k :25/ —Cu(T - s,k) - ds.
u (T, k) . aT u(T - s,k) orria
Using the substitution z =T — s = ds = —dz, we get
b 20 1 1 /T QQCH (Z, k/‘)
D Cu(T, k) = r(i E dz. 7
H( ) m (2)1—\(1_%) o (T—z)1/2 z ()
We remind the definition of the Caputo derivative
1 t 2 u(z)
Da — oz
ut) = sy | e ®)
and use I'(1/2) = /7, then we can rewrite ([) in the form
D Cu(T, k) = 2 py e (T, k).
H 5 H
\/» 1/2
This leads to the fractional Dupire-type equation:
5 2T, S
D12Cu(T) = 7—CH(T k) + M7CH(T k). 9)

2 0k 4 Ok?

V2
2. Numerical approach and illustration
In this section, a numerical approach involving the discretization of the integro-differential equation (B) is applied. The
Caputo derivative on the left-hand side of (§) admits a finite difference representation (see, for example, (Dend, 2008)). In
what follows, we use the discretization formula given in Eq. (37) of (Hainaut, & Leonenkg, 2021):

(At~

DoCr(k,7) m

Q

(Cr(k,j) = Cu(k = 1,5)) +

—a

m_a>§:k m)~* (Culm+1.5) = Cia(m. )

The matrix form of Caputo derivative for the case o = £ can be written as

1 r_ 1 (A3 N T
5 DuaCint ) = =0 (ol ) — e~ 1) +
+i2 (DU)CH(0: ke —1,) s,

where 1;_; is a (k—1) — vector of ones, D(k) is a special matrix of dimension (k — 1) x k with appropriate coefficients:

0 0 27z (272
D(k) (?t();; | 0 —(f’>)*§ (3)72 0
ORI (ORI 0

The first and second order derivatives with respect to k on the right side of () can be calculated by a central finite difference

approximation:
Cu(k,j) _ Cu(k,j+1)—Cu(k,k—-1) 9Cu(k,0)  Cu(k,1)—Cu(k,0)

ok 2A K ’ ok Ax ’
OCH(]C,TLK+1) - CH(k,nK—i—l) CH(k TLK)
ok - Ax
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Cu(k,j) _ Cu(k,j+1)—2Cu(k,j)+ Cu(k,j—1)

k2 A2 :
82CH(]€,0) - 620H(k‘, 1) 82CH(]€777,K + 1) - 6ZCH(k,nK)
ok T ok 7 k2 - ok

where nx = [K"%K‘KO] These derivatives are represented in matrix form:

Cu(k,j) _ - v ?Cu(k,j) _ T
Ok ~ KRlCH(kv ) ’ k2 ~ K RQCH(k7 ) 5
where
-1 1 0 0 1 =2 1 0 ... 0
-1 0 L .0 1 -2 1 0 ... 0
_ 1 -0 i . n,— Lt o 1 -2 1 o ..
B=xel . >0 2 0 s 0 T T

0 ... 0 -1 1 0 ... 0 1 -2 1

K = diag(K;)jeco.1,...ny, the diagonal matrix of strikes and C (k, .) is the k-th line of the matrix of call prices, denoted by
Cu (see (Hainaut, & Leonenka, 2021)).
Therefore, the final numerical iterative scheme for solving (§)) in the case § = 1 can be written in the form:

V2 T
« (”At)z' (D(k)Clit (k — 1,.))T1k_1> ,

_ _ 2 1 (A2
Cr(k,)" ~ (Kng ~K°Ra 4 Loy (&)

V2 VT

where I,,, +1 is the identity matrix.

Numerical experiments were performed to compute European call option prices on AMD stock for the date 13/02/2025 with
the following parameters: strike price K = 111, spot price S = 111, and interest rate » = 5%. The annual constant volatility
from historical data equals o = 47.37%. Local volatility oioca1 Was constructed iteratively using the recurrence relation:

Tlocal (1) = ocal(i—1) - (Bo + Bri” + p1i”7), fori=1,...,m,

with initial value oioca1(0) = o and parameters 3o = 0.99, 81 = —1.10 x 1071, ~ = 1.63, which was found by optimization
procedure.
Three models were evaluated:

* Classical Black-Scholes model;
» Subdiffusive model with constant volatility;
+ Subdiffusive model with local volatility.

Figure [l presents the comparison of call option model prices and actual market prices (premiums) for varying times of
maturity.

As we can see from the graphics in Fig. 1, the Black-Scholes option pricing model shows better results in the short-term
period, while the subdiffusive model is more effective in the long-term perspective. To assess and compare the predictive
performance of the models, for two time periods, the following accuracy metrics were calculated: MAE — Mean Absolute
Error, MSE — Mean Squared Error, RMSE — Root Mean Squared Error, ARPE — Average Relative Pricing Error.

The results are presented in the Tab. fi.

Table 1
Accuracy metrics by time interval and model

Interval Model MAE MSE RMSE | ARPE
Black—Scholes 0.753 | 0.652 0.807 | 0.061
2025-03-21 to 2025-09-19 | Subdiffusive (const) | 3.888 | 15.533 | 3.941 0.369
Subdiffusive (local) | 3.087 | 10.218 | 3.197 | 0.302

Black—Scholes 1.066 | 1.140 1.068 | 0.054
2025-10-17 to 2026-01-16 | Subdiffusive (const) | 2.128 | 4.656 2.158 | 0.109
Subdiffusive (local) | 0.888 | 0.974 0.987 | 0.046

Discussion and conclusions

The paper develops a subdiffusive model with local volatility time-changed by inverse T'SS subordinator. The main
pricing tool for European call and put options in this paper is a fractional extension of Dupire’s equation in a Brownian
setting with local volatility. We apply the equation for T'S'S -subordinator and demonstrate numerical results for real historical
financial data.

The results of comparing the studied model with the classical one and real option prices show that the classical Black-
Scholes model demonstrates better results in the short-term period, while the subdiffusive models are more effective in the
long-term perspective. These results, based on the fractal Dupire equation technique, are similar to those obtained with the
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Fig. 1. Comparison of model call option prices with actual market premiums

I1G(4, ) subordinator using the Monte Carlo method in the already published article (Shchestyuk, & Tyshchenka, 2025).
Moreover, the accuracy of the subdiffusive model with local volatility prevails over the subdiffusive model with constant
volatility.

It may be noted that in the articles of other authors dealing with option pricing based on subdiffusion (Magdziarz, Orzet|
& Weron, 2011; Magdziarz, 2009; Hainaut, & Leonenkd, 2021)), the fair prices of options were not compared with real market
prices (premiums).

Due to the proposed approaches and numerical algorithm, the investor gets tools that allow him to take into account
both the market’s illiquidity and local volatility.
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CYBAU®Y3IAHI MOAENI 3 NIOKATbHOIO BONATUIBHICTIO AN HENIKBIAHUX PUHKIB

Po3ansiHymo cy60udpy3iliHi Modeni 3 10KasIbHOIO 80J1lamuJibHICMIO, W0 PO3WUPHOOMb K/1acu4Hi nidxodu 3 Memoro epaxyeaHHsi egpekmie
HernikeiOHOCMi pUHKY ma 3ampumok (Macmok) YiH wisixoM cmoxacmuYyHuUX 3MiH 4acy.

Ecpekmu HenikeioHocmi o3Ha4yaromb MeHwull o6¢csi2 mopeis, wupwi cnpedu Mix yiHamu nonumy ma npoodaxy, 6inbwy eonamusnbHicmb UiH
i mpueani nepiodu 6e3 6ydb-sikoi mopzieni pusukoeaHumu akmueamu. L|i egpekmu suHukaromsb y Kpu3oei nepiodu, siki HezcamueHo ensuearomb
Ha ¢hiHaHco8y akmueHicmb, a60 Ha PUHKaXx, W0 po38U8aroMbCsl, Ha SIKUX KilbKicmb y4acHUKie, a omxXe, i Kinbkicmb mpaH3akyili, docums HU3bKa.
Ockinbku yci modeni, 3acHoeaHi Ha 6poyHiecbKOMYy npouyeci, onucyroms nocmiliHuli HernepepeHUli XaomMu4HuUl pyXx, Mo 80HU He NPUCMOCo8aHi
onsi Mmodeso8aHHs UiH akyil 3i cmanumu nepiodamu, Kosu UiHU MOXymb He 3MiHIO8amuchk MPoOmsi2oM rneeHo20 4acy. OOHuUM i3 eapiaHmie
suxody 3 makoi cumyauyii € me, wjo y cmamucmudyHil ¢izuyi icHyromb npouecu cy60udbyasii, ki dobpe nidxodssmb Ans onucy duHamiku 6a3osux
akmueie 3 e¢hekmamu nompansisiHHs1 YaCMUHKU 8 nacmky, e eoHa Moxke nepebyeamu neeHuli 4ac 6e3 pyxy. O9Hak 0nsi ModesnroeaHHs1 UHaMiKu
¢piHaHC08020 PUHKY 3 egheKmamu HenikeiOHOcMi HaM MOMpPi6HO He Nuwe onucamu YiHU akyil, a U 3anpornoHyeamu Memod OYiHKU ONyioHie.
OCHOBHUM iHCMpPyMeHMoM UiHoymeopeHHs1 onyioHie y uili cmammi € dpo6oee (hpakmanbHe) po3wupeHHs pieHsiHHA [ronipa, wjo dae cnpasednu-
8y uiHy Onsi onyioHie muny kos1 ma nym y eunadky cy60ugysilinux 6a3oeux akmusie i epaxosye fokanbHy eonamusbHicms. Lje dugpepeHyianbHe
Pi8HSIHHA 3 YaCMUHHUMU MOXiOHUMU, 8 IKOMY NMoXiOHa 8iOHOCHO Yacy 3amiHEMbCS hpakmasnbHOI noxioHoro [3ep6atiwaHa — Kanymo (D — C).
Bud noxioHoi D — C ma ¢hpakmanbHo20 pieHsiHHA [ronipa 3anexums 8i0 o6paHozo cybopduHamopa Jleei. Y yili cmammi Mu 3acmocosyemo
3a3Ha4eHe pieHsIHHSA Os1s1 2eomempu4Hoi 6poyHieckbkoi cy6Augby3ii'y eunadky o6epHeHozo TS (tempered stable) cy6opduHamopa ma demoHcmpye-
MO qucroei pesynbmamu Ons peasnibHUX ¢hiHaHcoeux AaHuXx.

3aedsku 3anponoHoeaHuM nidxodam i Hucs0eoMy anzopummy iHgecmop ompumMye iHcmpymMeHmu, wo daroms oMy MOX/ugicmb epaxoey-
eamu sIK HeslikeiOHiCMb PUHKY, MaK i JIOKasbHy e0/1amusibHICMb.

Knw4yoBi cnoBa: ouiHka onyioHie, cy6dugysis, nokanbHa eonamusbHicmb, memneposaHuli cmabinbHuli cy6opduHamop.

ABTOpYU 3asIBNSAOTb NPO BIACYTHICTb KOHMMIKTY iHTepeciB. CnoHcopu He 6Gpanu y4acTi B po3pobneHHi gocnigkeHHst; y 36opi, aHanisi
4n iHTepnpeTauii AaHuX; Y HanucaHHi PyKonucy; B piLLeHHi Npo ny6nikaLito pesynesraris.
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INFLUENCE OF THE POSITIVE FEEDBACK RESISTOR RESISTANCE
ON THE AMPLITUDE-FREQUENCY RESPONSE OF THE GYRATOR BASED
ON THE OPERATIONAL AMPLIFIER

You can get rid of the use of inductors in active RLC filters of the second and higher orders by using a gyrator — an RC cell
included in the positive feedback circuit of an operational amplifier. This "active inductor” circuit allows you to implement active
filters even using microelectronics devices. The purpose of our work is to develop practical recommendations for choosing the
value of the feedback resistor resistance in gyrator circuits and to investigate its influence on the amplitude-frequency character-
istic of the device.

As a research method, computer modeling was used in the LTSpice software application, during which the main characteristics
of the oscillatory LC circuit and the circuit with a gyrator on an LT1006 operational amplifier were compared, and the corresponding
amplitude- and phase-frequency characteristics were obtained.

It is shown that the position of a maximum of amplitude-frequency response of the circuit with a gyrator is closer to the resonant
frequency of the RLC oscillating circuit, when the resistance value of the coupling resistor is closest to the output resistance of
the operational amplifier, but at the same time it must be at least 100 Ohm. To ensure a stable transmission coefficient of the circuit
with a gyrator when the resonant frequency changes tenfold, the resistance must be about half the operational amplifier's output
resistance, 300 Q in this case.

Keywords: active filter, gyrator, feedback, operational amplifier, amplitude-frequency response.

Classification according to AMS 2020: 94C60.

Introduction

In radio engineering and radio electronics, there is a need to pass and amplify signals only in a certain frequency range,
the so-called passband, or to suppress them outside the selected range — in the suppression band. This task is assigned to
four-poles (filters), the amplitude-frequency characteristics (AFC) of which are non-zero in the passband and close to zero at
its outside (Levytskyi, 2007; Bekh, 2024; Carter, & Mancini, 2018).

Passive second-order RLC filters are more efficient than first-order RC filters, but the latter, in turn, do not contain induc-
tors, the dimensions and other parasitic parameters (resistance, interturn capacitance, etc.) of which increase significantly at
low frequencies close to the frequencies of the audio range (Bekh, 2024; Carter, & Mancini, 2018). Another disadvantage of
passive RC filters is the attenuation of the useful signal in the passband. This drawback is eliminated by combining passive
RC filters with amplifier stages covered by various types of feedback. Such combined filters are called active (Bekh, 2024;
Carter, & Mancini, 2018).

The object of the study is the gyrator circuit — an RC cell connected in the positive feedback loop of an operational amplifier
(Bekh, 2024; "Old Hack EE", 2022; National Semiconductor Corp, 1980) for a change from the use of inductors in active filters
with order higher then two. The voltage across capacitor C in the gyrator circuit causes the voltage and current at the output of
the circuit to behave similarly to those values across the inductor. Similar "active inductor" circuits allow implementing active
filters in a wide frequency range (up to units of GHz (Kilinc et al., 2025)) even by means of microelectronics, where, however,
they are more often implemented on inverting and non-inverting amplifiers included in the feedback loop on separate field-effect
transistors (Patel, & Oza, 2018), which complicates the calculation of such circuits due to the need to take into account the
steepness and nonlinearity of their transmission characteristics (Patel, & Oza, 2018; Saad, & Garrab, 2025; Kilinc et al., 2025).

The literature (Bekh, 2024; Carter, & Mancini, 2018) provides practical recommendations for choosing the value of the
resistance of the feedback resistor R2 in the gyrator circuit on the operational amplifier (Fig. 1 b) — it should be equal to the
minimum load resistance of the operational amplifier. However, the minimum load resistance of the operational amplifier itself
is not often included in its passport data. In addition, there is no information about the influence of the value of the resistance
R2 on the frequency properties of the resulting device.

The goal of the study is to develop practical recommendations for choosing the value of the feedback resistor R2 in the
gyrator circuit and to study its influence on the amplitude-frequency characteristic of the device.

Computer simulation in the LTSpice software environment using the LT1006 operational amplifier available in it (Linear
Technology, 2007) was chosen as the research method.

1. Modeling Details

Figure 1 shows a schematic of an oscillating circuit with an inductor (Fig. 1 a) and a circuit with a gyrator (Fig. 1 b) based
on the LT1006 operational amplifier, whose "inductance" is determined by the circuit elements, together with the operational
amplifier, and is equal to the inductance of the circuit’s coil.

© Bekh lhor, Bohdanov Roman, 2026
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Fig. 1. Schematic of an RLC oscillating circuit with a repeater based on an operational amplifier (output — a "L-output”) (a)
and a circuit with a gyrator (output — "Gyrator_output”) (b). The values of the components without a background correspond
to a resonant frequency of approximately 300 Hz, while those with a gray background and an asterisk (*) correspond to — 3 kHz

The resistance of the load resistors (Fig. 1 a and Fig. 1 b) for the LT1006 operational amplifier, as specified in its documentation (Linear
Technology, 2007), ranged from 600 Q to 10 kQ. A final value of 10 kQ was selected to eliminate the influence of this parameter.

The circuit with an inductor is loaded by a repeater on the operational amplifier and a resistor connected in parallel to it
(Fig. 1 a), which acts as a load resistance even when the operational amplifier's input impedance is very high. Reducing the
resistance leads to a decrease in the quality factor of the oscillating circuit, but this changes the results only quantitatively.

The parameters of the gyrator components (Fig. 1 b) were calculated according to the algorithm (Bekh, 2024):

¢ the resistance of the feedback resistor was selected R2;

e The resistance of the resistor was selected R1, such that it satisfies the conditions R1 > R2 (but not more than
200 - R2)and R1 < 0,1 - Ry, (Where R, —is the input resistance of the operational amplifier);

¢ For this resonant frequency f;, the values of the circuit capacitor C2 and the capacitor C1 were selected based on the
inductance of the coil L1 (Fig. 1 a), ae — L1 = R1-R2- (1, (Fig. 1 b).

The Q-factor of the gyroscope, obtained from the expression (Bekh, 2024):

1 R1
0= ()
has always been 7,07.

The ranges of parameter variation for the circuit (Fig. 1) elements are listed in Tab. 1. The step size for changing the
resistance of the feedback resistor R2 was 1,5 to 2 times the previous value. This change also determined the values of the
parameters R1 and C1. The resonant frequency of the circuit f; was 300 Hz in the first stage of the study (the "300 Hz" case
in Tab. 1) and 3 kHz in the second stage (the "3 kHz" case in Tab. 1).

During computer simulation using the LTSpice software environment, several frequency response and phase response
curves were obtained. They are:

e amplitude-frequency dependences (characteristics) of the transmission coefficient K (in dB) as a function of signal
amplitudes (hereinafter referred to as AFCs).

¢ phase-frequency characteristics, which hereinafter are referred to as phase responses or PFCs or Phase (in degrees).

In the frequency response graphs obtained using cursor measurements in LTSpice at the maximum transmission coeffi-
cients Ko_gyrator—1 and Ko_gyrator—2 the resonance frequencies fo_riparop—1 aNd fo_riparop—2, @8 Well as the circuit passbands
(at the -3 dB level) were determined; based on these, the Q-factor of the circuit with coils Qz;¢_; and Qg.c_, and with gyrators
Qgyrator—1 @nd Qgyraror—2 Was calculated. The resistance value of the resistor R2 was normalized to 1 kQ to evaluate the
relative change in resonant frequencies, the resonant frequency of the circuit with the gyrator was normalized to the frequency
of the R5C3L1 oscillating circuit with coils fy_gic—1 and fo—_rrc—2-

2. Experimental results

Figures 2 and 3 show the frequency response and phase response curves of the circuits under study for the "300 Hz" and
"3 kHz" cases, respectively. Noticed that in both cases, the circuit with real inductance (dark solid line) has higher values
compared to the same parameter of the circuit with a gyrator (light solid line), while the frequency response behavior of both
circuits in the vicinity of the resonant frequency (dotted lines) is similar.

Table 1
Changing the parameters of the RLC oscillating circuit and the gyrator-based circuit for two frequencies

Parameter Circuit 1 — "300 Hz" Circuit 2 — "3 kHz"
Resonant frequency f;,
Hz (theoretical) 301 3041
Minimum Maximum Minimum Maximum
R1, kQ 10 320 8 256
R2, Q 50 1600 40 1280
R3, kQ 10 10
R4, R5, kQ 1,78 0,445
C1 5,6 UF | 5,47 nF 438 nF | 427 pF
C2,C3 0,1 uF 20 nF
L1 2,8H 140 mH

ISSN 1812-5409 (Print), ISSN 2218-2055 (Online)




~ 282 ~ B 1 C H U K KuiBcbkoro HauioHanbHoro yHieepcurety imeHi Tapaca LleBueHka

9dB 180°
6dB | 460°
3dB- | 1400
0dB- | 0e
348 K(L-output) -100°
‘B /s e Phase(L-output) L g0°
-9dB— p 3
-12dB- - 60°
-15dB - 40°
-18dB~ ' i - 20°
-21dB- ~ T T, e
-24dB : ; ———— ; y -20°

10(;Hz 1KHz

Fig. 2. Amplitude-frequency response (solid lines) and phase responses (dotted lines) plots of an oscillating circuit
with an inductor (dark lines) and a circuit with a gyrator (light lines), obtained in LTSpice

with a feedback resistor R2 = 160 () and a resonance frequency of 300 Hz
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Fig. 3. Amplitude-frequency response (solid lines) and phase responses (dotted lines) plots of an oscillating circuit
with an inductor (dark lines) and a circuit with a gyrator (light lines), obtained in LTSpice
with a feedback resistor R2 = 160 () and a resonance frequency of 3 kHz

According to cursor measurements, the resonant frequency of the circuit RSC3L1 is -fy_g,c—1 = 311,236 Hz for the "300 Hz" case and
fo-rLc—2 = 3041,515 Hz for the "3 kHz" case.

Figure 4 shows graphs of the relative change in the resonant frequency of a circuit with a gyrator fy_gyrator—1 and
fo-Gyrator—2 cOmpared to the resonant frequency of a circuit with inductance fy_g;c-1 and fy_gic—» a@s a function of a re-
sistance of the resistor R2 for both simulation stages. Measurements showed that the resonant frequency of the circuit with a
gyrator fo_gyrator—1 @nd fo_gyrator—2 can differ from the frequency of the circuit with real inductance in the upward direction
up to 12% at resistance of the resistor R2 > 300 Q, and the closest values are observed at a resistor resistance of R2 =
{200..400} Q. At a resistance of R2 < 100 Q in the "300 Hz" case, a sharp increase in the resonant frequency of the circuit
with the gyrator is observed; at the same time, in the "3 kHz" case at R2 < 300 Q, a further decrease in the resonant frequency
of the circuit with the gyrator relative to the circuit R5C3L1 frequency is observed.

1,12F
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1,081
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1,041
1,021
1,00+

Q0,981
“= 0,961

0941 © _u g f f  =311,23612 Hz

/ .
7 0-Gyrator-1" 0-RLC-1’ "0-RLC-1
0,92 1 ' yrator

-0o-f If f =3041,5152 Hz

0,90_'_ 4 o-Gyrator -2/ To-RLC-27 To-RLC-2
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S
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} t t } t t } } t
00 0,2 04 06 08 10 12 14 16 18
R,/1 kQ
Fig. 4. Graphs showing the relative change in the resonant frequency of a circuit with a gyrator f,_;,,q¢0r—1
and f,_gyrator— cOmpared to the resonant frequency of a circuit with inductance f,_r,c_; and fy_g;c_»
as a function of the resistance of the feedback resistor R2
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Figure 5 shows graphs of the transmission coefficient of the circuit Ko_gyrator—1 @nd Ko_gyrator—2 With a gyrator at the
resonant frequency as a function of the relative change in the resistance of the feedback resistor R2, normalized to the
transmission coefficient of the circuit with the coil, which was approximately K,_g;c_; = 8,908 dB for the "300 Hz" case and
Kp.ric.2=14,844 dB for the "3 kHz" case. Analysis of the graphs showed that for the "300 Hz" case, the maximum transmission
coefficient of the circuit with a gyrator is achieved at R2 = 400 Q and does not exceed 0,74 of the transmission coefficient
of the circuit with inductance, while for the "3 kHz" case, at R2 = 200 Q it does not exceed 0,7. With a coupling resistance
of R2 < 100 Q, the transmission coefficient of the circuit with a gyrator decreases rapidly (Fig. 5).

K =8,9082344 dB

KO-Gyra!or - 1/K0-RLC-1 ’ 0-RLC-1

K =14,844285 dB

-_0—- .
0,14 KO-Gymtor»ZlKo-RLC-Z' 0-RLC-2

00 02 04 06 08 10 12 1,4 16 1,8
‘ R, kQ

Fig. 5. Graphs showing the dependence of the transmission coefficient-K;_s,,4t0r—1 @nd Ky_gyrator—2 ON the resonant frequency
of the gyrator normalized to the transmission coefficient of the coil-based oscillating circuit relative to the feedback resistor R2

As is well known, the transmission coefficient of the circuits under study is related to the Q-factor of both the oscillating
circuit with a coil and the circuit with a gyrator. Figure 6 shows graphs of the Q-factor of the circuit with a gyrator Qgyrator-1
and, Qgyrator—2 Normalized to the Q-factor of the RLC circuit with a coil Qg -1 =2,439 and
QrLc—2 = 5,36 respectively, as a function of the relative change in the resistance of the feedback resistor R2. By comparing
the graphs shown in Fig. 5 and Fig. 6, one can see that the dependence of the relative Q-factor of studied circuits with a
gyrator mirrors the behavior of the dependence of their transmission coefficients, albeit with slightly lower values.

In conclusion, it can be stated that the optimal resistance of the feedback resistor R2 should not exceed the output impedance
of the operational ampilifier. For the circuits studied in this work, at both values of the resonant frequency, a resistance of 300 Q can
be considered optimal, i.e., half of the recommended load resistance for the operational amplifier (Linear Technology, 2007).

0,9
—s—Q__ Q. .Q  =2439;f =301Hz

4
Gyrator-1°  RLC-1" " RLC-1
0,84 V!
4

—0—-Q, .1 .. Q=536 f =3,01kHz

Gyrator-2  RLC-2’ ~ RLC-2

07l
061
05t
041
0,3 1
021
011
0,0

QGyratorlQRLc

00 02 04 06 08 1,0 1,2 1,4 1,6 18
R,/ kQ
Fig. 6. Graphs showing the dependence of the Q-factor of the circuit with a gyrator (Qsyrqror—1 @aNd Qgyrator—2)s

normalized to the quality factor of the RLC circuit with a coil (Qz;c_; and Qg;¢_>),
on the relative change in the resistance of the feedback resistor R2

Discussion and conclusions

To obtain a resonance frequency for a circuit with a gyrator based on the LT1006 operational amplifier that is as close as
possible to the resonance frequency of a circuit with an inductor, the resistance of the feedback resistor R2, which is part of
the gyrator, must be no less than 100 Q, and to ensure a stable gain of the circuit with the oscillator when the resonant
frequency changes tenfold, it (R2) should be approximately half the output impedance of the operational amplifier used (for
the LT10086, the resistor R2 value will be 300 Q). Note that these values depend on the type of operational amplifier, specifi-
cally its output resistance, which must be accounted when selecting values of R2 in practice.

Author’s contributions: lhor Bekh — conceptualization; methodology; development of the theoretical framework; analysis of the results;
Roman Bohdanov — analysis of sources; preparation of the literature review; software; collection and verification of empirical data; empirical
research and analysis of the results.
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BrNJiMB ONoOPY PE3UCTOPA NO3UTUBHOIO 3BOPOTHOI O 3B°A3KY
HA AMMAITYAHO-YACTOTHY XAPAKTEPUCTUKY NPATOPA HA OMEPALIMHOMY NIACUNIOBAMI

lMo36ymucs eid sukopucmaHHsi Komywok iHdykmueHocmi 8 akmueHux RLC-ghinbmpax dpyzoe2o ma 6inbwe nopsidkie MoxHa 3a AOMOMO20H0
2ipamopa — RC-KoMipKu, yeiMKHeHOi 8 KoJI0 M03UMmu8HO20 380POMHO20 38’°A3Ky onepayiliHo2o nidcunroeaya. Taka cxeMa «aKmueHoOl KOMYyWHKU iH-
dykmueHocmi» dae 3Moz2y peasizogeyeamu akmueHi ¢hinbmpu Hasimb 3acobamMu MiKpoes1eKMpPOoHiKu.

Memoro npornoHogaHo20 OOCiOXEHHS € PO3PO6IIEHHSI MPaKMUYHUX pekoMmeHOauyili wodo eubopy eeslU4UHU OMOPY Pe3ucmopa 380POMHO20
38’s13Ky y cxemi 2ipamopa ma lio2o ennuey Ha amnaimyoOHo-4acmomHy xapakmepucmuky (A4YX).

Slk Memod docnidxeHHs1 6710 UKOPUCMAaHO KOMIT’romepHe MOOesTi08aHHs1 y Npo2paMHOMy 3acmocyHKy LTSpice, nid yac siko2o 6ys10 nopieHsIHO
OCHOBHI XapakmepucmuKu KonueanbHo2o LC-koHmypy ma KoHmypy 3 2ipamopom Ha onepayitiHomy nidcunroeayi LT1006 i ompumaHo eionoegioHi
amnnimydHo- ma ¢ha3080-4acmomHi xapakmepucmuku.

lMoka3aHo, wo nonoxeHHss Makcumymy AYX koHmypy 3 2cipamopom mum 6nux4e Ao pe3oHaHCHOl Yacmomu RLC koHmypy, Yyum onip pesucmopa
38’s13Ky 6nuwx4uii o suxioHo20 ornopy onepayilino2o nidcunrosaya. [l[pome 8iH mae 6ymu He meHwum 3a 100 Om, a Ons 3abe3neyeHHs1 cManoz2o
3HayeHHs1 KoegbiyieHma nepedaydi KOHMypy 3 2ipamopom, y pa3i 3MiHU pe3oHaHCHOi Yacmomu y decsimb pa3ie, Mae cmaHoeumu 6/1U3bLKO M0/I08UHU
suxidHo20 onopy onepayiliHo2o nidcunoeaya, y Ubomy eunaoky — 300 Om.

Knio4yoBi cnoBa: akmueHul ¢inbmp, 2ipamop, 36opomHuli 38°A30kK, onepayiliHul nidcunroeay, amnaimydHo-yacmomHa
Xxapakmepucmuka.
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EFFECT OF THE POLYMER NETWORK ON THE DIFFUSION
OF FOREIGN PARTICLES IN HYDROGELS

In the present work, we introduce a physical model of foreign particle diffusion in polymer hydrogels that accounts for the
network architecture of these systems. The model employs a classical diffusion theory framework in condensed media to derive a
theoretical dependence of the diffusion coefficient on the volume occupied by the hydrogel’s network. We demonstrate that the
changes in the diffusion of foreign particles can be attributed to the changes in the free activation energy due to the presence of
the polymer network. Using optical image analysis, we obtained the dependence of the diffusion coefficient in agarose and gelatine
hydrogels on the concentration of the gelling agent. The experimental data obtained are in good agreement with the theoretical
dependences predicted by the proposed physical model. Furthermore, when the size of the diffusing particles is much smaller than
the hydrogel pore size, the diffusion coefficient appears to be independent of the nature of the hydrogel and determined solely by
the gelling agent concentration.

Keywords: diffusion, hydrogels, agarose, gelatine, rhodamine, polymer network.

PACS classification: 66.30.-h, 82.70.Gg.

Introduction

A polymer hydrogel is a water-polymer system in which polymer chains form a network (Yuan et al., 2025; Zhu et al.,
2023; Alekseev et al., 2019). These hydrogels are widely used in the pharmaceutical industry (Clegg et al., 2024; Yang, 2022;
Mehta et al., 2023; Ho et al., 2022) for drug delivery systems. When a hydrogel ‘loaded’ with an active pharmaceutical
ingredient is brought into contact with tissue, the diffusion flow of the API molecules is formed (Richtering et al., 2016). The
rate of this flow is given by the diffusion equation (Birkhoff, 2015):

J = -DVc, M
where c is the concentration of API, and D is a diffusion coefficient.

This implies that the duration of drug action is, in part, determined by the rate of diffusion. Engineering the rate of diffusion
thus offers an opportunity to modify a drug's half-life, as described, for instance, in (Smeets, & Hoare, 2013; Wang et al.,
2020; Armstrong et al., 2014; Velasco et al., 2011), where the authors’ work is empirical and practical. The knowledge gap,
however, exists in the absence of a physical model of the diffusive motion of particles of enriching agents in hydrogels. The

© Zabashta Yuri, Lazarenko Yaroslav, Alekseev Oleksandr, Vergun Lena, Hnatiuk Kateryna, Andrusenko Dmytro,
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difference in the diffusion of such particles in hydrogels, compared to water, is primarily due to the network architecture (Roca-
Arroyo et al., 2025; Zhu et al., 2025). Thus, in this work, we present the model of diffusion of foreign particles that accounts
for the presence of a polymer network.

1. Theoretical model

1.1. Diffusion mechanism in condensed matter: general characteristics

The current understanding of the diffusion mechanism in condensed matter is based on the classical theory described in
(Frenkel, 1955). This theory can be summarized as follows.

The particle that undergoes diffusion has position vectors given by ry,7,,..,7, at instances t; t,,...,t, . Each of the
positions of the particle corresponds to a certain locally equilibrium state of the system, which contains this particle (Hnatiuk
et al., 2023; Lazarenko et al., 2024; 2025). Let’s denote the free energy of each of these states as F,, F,, ..., F,,. The volumes
in which the local equilibria are established, and which contain the particle in question, will be denoted V,,V5, ..., V,.

The change in the position vectors of the particle in two consecutive states is

li=r4—mn, (2)
an elementary displacement of the particle.

The time interval 9; during which the elementary displacement takes place is thus

0; = tipa — ;- 3)

As the particle undergoes diffusive motion, an intermediate locally equilibrium state of free energy F; is formed between
the pair of states with free energies F; and F;,, . The volume where this locally equilibrium state is formed is denoted Vl-'.

The difference in energies

E;=F —F, (4)
is usually referred to as a free activation energy.

In the diffusion motion the following condition is met

F/>F;,Fiyq. (5)

As seen from the inequality (5), for the particle to undergo an elementary displacement, the system must overcome the
energy barrier E;. This occurs due to thermal fluctuations, and thus the transition from state with free energy F; into the state
with free energy F,, is referred to as the thermal fluctuation event. The state with free energy F; is referred to as an activated
state and the states with free energies F; and F;; as non-activated. Finally, the diffusive motion itself is a thermally activated
motion.

Let's denote the lifetimes of states with free energies F; and F; as 7; and t;, respectively. The lifetime of the elementary thermal
fluctuation act, and thus the duration of the elementary displacement of the particle is determined by the following sum:

HL' =T + Ti/. (6)

According to Boltzmann'’s principle (Bagchi 2023), the following equation stands

N exp (- L), (7)
T kgT
where kg is the Boltzmann constant and T is the absolute temperature.

The following inequality must also stand:

L ®
kBT ’

With this in mind, equation (6) becomes

(9)
01' =~ T;.

In other words, the duration of the elementary displacement is the lifetime of the state with free energy F;, or the lifetime
of the equilibrium state between the displacements.

1.2. Diffusion of particles in hydrogel: a physical model

The general features of the diffusion mechanism in condensed matter, as mentioned above, should be inherent in the
diffusion of foreign particles in a hydrogel. The free activation energy plays the main role in this mechanism (Wolde-Kidan et
al., 2021). Within this mechanism, the fluctuation associated with the formation of the activated state, occurring in the region
with the initial volume V', tends to increase with increasing volume. This tendency meets resistance from the environment.
The amount of the resistance experienced must then determine the numerical value of the free activation energy. The polymer
network of the hydrogel must significantly increase this resistance (compared to water) and thus must substantially increase
the free activation energy.

For each position of the particle, the value of E; is determined by many factors: the configuration of the polymer network
in the vicinity of the particle, the network’s rigidity, the particle's location relative to the network, etc. In other words, the value
of E; is determined by the local supramolecular structure of the hydrogel. The strict calculation of the free activation energy
could be performed using methods of statistical physics. Instead, in the present work, we introduce a simplified thermodynamic
model that accounts for the presence of the polymer network when describing the diffusion of foreign particles in a hydrogel.
This model is based on approximations used in the classical diffusion theory (Frenkel, 1955).

The first approximation we use in the model is the following: we assume that the elementary displacements are equal in
magnitude, and so are the durations of each elementary displacement. We denote the elementary displacements as [ and
the durations of these displacements as t. Within such an approximation, the values of the diffusion coefficient must be a
function of both [ and t:

D =D(1). (10)

The unit of the diffusion coefficient, as indicated by (1), is m?s™". Based on this, the function in (10) is (up to a factor of
order one) equal to:

p=". (11)

ISSN 1728-3817



DI3BUKO-MATEMATUYHI HAYKMU. 1(82)/2026 ~ 287 ~

After substitution of (7) into (11) we get:

D 12 ( E ) (12)
TP kT
For the foreign particles in water (denoted by |ndex “0”) diffusion coefficient can be written as:
- ﬁ _E) (13)
Dy = = exp T

The second assumption made in the model is that elementary displacements [ and [, must be of the order of magnitude
of the size of a particle, while " and t, must be of the same order of magnitude (Frenkel, 1955). This implies that:

12 _ 13 (14)
Ty
Consequently, we can arrive at the following expression for the diffusion coefficient:
D=D LS (15)
0€Xp kgT/)’
where
AE = E — E,. (16)

According to (14), within the classical theory formalism, the presence of the polymer network changes the value of D as it
changes the value of the free activation energy: AE.

Within the assumptions made, as indicated by expressions (10) and (14), AE must be the quantity averaged over the
system. Therefore, it must be the function of macroscopic parameters, holistically characterizing the system. One of such
parameters is the concentration q , a relative volume occupied by the polymer network.

Consequently, we assume the existence of a function of g which gives the values of AE:

AE = f(q). (17)

As the polymer network slows down the diffusion of the foreign particles, this function can be safely assumed to be
monotonously increasing. In this case, we can expand this function into a power series and limit this expansion to the first
term:

a 18
-4 q (18)
Then expression (15) becomes:
D = Dyexp [_ﬁ] (19)
where
Q) =7 (20)

| .

Expression (19) summarizes the essence of the model proposed. The presence of a polymer network changes the
diffusion of the foreign particles via the change imparted on Q(T). This quantity can be thought of as the value of concentration
q that prevents the diffusion of foreign particles in the volume occupied by a hydrogel.

2. Materials and methods

In the present work, we used the following two gelling agents: agarose (purchased from Sigma-Aldrich) and gelatine
(purchased from Bloom 200, France). Agarose is the main component (70-80%) of agar-agar natural extract obtained from
Florideophyceae algae (Jiang et al., 2023). Gelatine is an animal-sourced protein, predominantly consisting of collagen. It
can be found in animal skin, bones, and ligaments and is 90% protein (with such amino acids as glycine, proline, and
hydroxyproline) (Milano et al., 2023). Both agarose- and gelatine- based hydrogels are bio-compatible. They have a porous
structure (Lazarenko et al., 2025), that resembles a honeycomb structure, as revealed by cryo-scanning electron microscopy
(Rahbani et al., 2013). Agarose pores are spherical in shape, with radii between 370 and 700 nm. Gelatine pores are smaller,
more uniform, with radii between 320 and 650 nm. The foreign particles introduced into the hydrogel were rhodamine 6G
(R6G) molecules. The hydrodynamic radius of the R6G molecule is only 0.65 nm (Majer, & Melchior, 2014), several orders
of magnitude smaller than the size of the pores.

Unstained hydrogels were prepared by mixing gelling agents with distilled water and keeping them for 10 minutes at 90 °C.
Hydrogels stained with a dye were prepared by mixing gelling agents with 0.1 % aqueous solution of R6G. The following
samples were prepared: 2, 4, 6, 8 % agarose gels; 16, 20, 25 % gelatine gels; 10 % (2 % agarose + 8 % gelatine) and 14 %
(4 % agarose + 10 % gelatine) mixtures.

The systems in which diffusion was observed were prepared as follows: first, 1 mL of pure hydrogel at 90 °C was placed
in a 2 mL syringe. The hydrogel was allowed to cool to room temperature. Then 1 more milliliter of stained hydrogel at 60 °C
was added to the syringe. The resulting sample with a boundary between the stained and unstained gel is shown in Fig. 1.
Subsequent diffusion was observed in the syringe at 24 °C.

4| )

Fig. 1. Syringe with hydrogel at the beginning of the experiment: the left side contains rhodamine dye

To observe the diffusion process, the image processing analysis was utilized (Davydiuk et al., 2024). The syringe was
uniformly illuminated with white, diffused light from two 40 cm — long rectangular white LED lamps, which were placed
horizontally on a stand in front of a digital camera. The images were taken at equal time intervals, starting from the moment
the stained and unstained hydrogels were brought into contact. The time intervals for hydrogels with higher concentrations
were longer than for those with lower concentrations. The RGB images obtained were processed in Imaged software. As R6G
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absorbs blue light well, only the blue channel in the RGB image was used for processing and analysis. The changes in the
blue channel intensity were normalized for each sample.

3. Results and their discussion

Figure 2 shows the snapshots of the syringes with hydrogels taken at 0, 2, 4, 6, and 14 hours after the start of the
experiment. The rows of the figure represent the hydrogels with, respectively, 4 % (agarose), 8 % (agarose), and 16 %

(gelatine) concentrations.
Oh  2h 4h 6h

Z
4%A 'PP-'
E | | ‘

8%A | |
16%G !!’! '!,!

0 |

Fig. 2. Syringes with gels of different concentrations: 4 % (agarose), 8 % (agarose), and 16 % (gelatine).
Images of the syringes were taken at the start of the experiment and after 2, 4, 6, and 14 hours, respectively

14h

The initial analysis of Fig. 2 shows that the stained/unstained boundary moves more slowly for gels with higher R6G
concentration. To quantify the diffusion rate, ImagedJ was used. Firstly, the Image\Color\Split Channels function was used to
split the RGB image into separate channels. Then, the blue channel image was converted to greyscale (Fig. 3 b).

The central section of the image was then selected for analysis using the Analyze\Plot Profile function (Fig. 3 ¢). This
function was used to plot the intensity vs. coordinate function (Figure 3d), which correlates with the spatial distribution of the
R6G relative concentration in the gel.
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Fig. 3. Digitization of the images representing the dye concentration boundary (front) position in space.
a - original image, b — the same image after converting into greyscale by blue color intensity, c — the area of the image used for
the intensity distribution analysis, d — intensity of the greyscale image vs. coordinate,
e — relative concentration of R6G vs. coordinate
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In Fig. 3 e, the highest relative concentration (C) of R6G corresponds to € = 1, and the absence of R6G corresponds
to € = 0. To determine the numerical value of the diffusion coefficient of the R6G in the hydrogel, a multistep algorithm was
utilized. We use the data from Fig. 4, representing relative concentration vs. coordinate for the 25 % gelatine hydrogel, to illustrate
this algorithm. The data in the graph shows the concentration of the dye at different points in the sample at different times.
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Fig. 4. Relative concentration of R6G vs. coordinate recorded at different times for the 25 % gelatine gel

The change in the concentration of R6G must obey Fick’s second law (Crank, 1979):
aC(x,t) _  9%C(x,t) (21)

at axz '’
where C(x, t)is the concentration of the substance that undergoes diffusion, D is a diffusion coefficient, ‘;—f is the partial first

derivative of the concentration function with respect to time, whereas 2272 is the second partial derivative of the concentration

with respect to coordinate x.
The solution of (21) for a half-space with a constant concentration C, of the diffusant at the boundary is a Gauss error
function (Crank, 1979):

C(x,t) = Cyerfc (ZL\/D_t)' (22)

where x is the position of the boundary, and t is time.

Which gives the following expression:

o h (23)
- 4(erfc? (C(x,t)/Co))z'

To calculate the value of erfc™* (C(x,t)/C,) let's examine a gel with R6G concentration of 0.002 % (Fig. 4). The initial
concentration of the rhodamine in the stained gel was C; = 0.1 %. The boundary corresponds to the half of this value:
Co = Cs/2 = 0.05%. The 0.002 % concentration is thus 25 times smaller than that at the boundary. Such a value allows us to
neglect the non-linear effects of a camera at high concentrations of the dye. The numerical value of the ratio C(x,t)/C, =
= 0.02. The value of erfc™! (0.02) ~ 1.453.

Then the coefficient of diffusion is given by

D =0.118%°/,. (24)

Expression (24) gives the value of the diffusion coefficient, given the position of the boundary at a given time instant.

In Fig. 4, a horizontal line corresponding to the given (0.002 %) concentration of R6G intersects the graphs plotted for
different time intervals at different values of coordinate x. The intersections provide the data point pairs x; and t,, x, and t,,
and so on, corresponding to the same dye concentration. This data, x2 vs. t is plotted in Fig. 5. As shown in this figure, the
squared position of the given R6G concentration in a hydrogel appears to vary linearly with time, with a slope
of 1.627 ~10™* mm?-s~1.

Substituting this numerical value into the equation (24) we get the following for the diffusion coefficient: D = 0.118-
+1.627 -107* = 19.2 - 10~° mm?s~1. The same algorithm is applied to determine the diffusion coefficient for gels with different gelling
agent concentrations. This plot of diffusion coefficient vs. the concentration of a gelling agent in a hydrogel is shown in Fig. 6.

The variation of the diffusion coefficient with the concentration of the gelling agent appears to be exponentially decaying in
agreement with (19) This behavior persists despite the different nature of the gelling agents — all points seem to fit the same curve,
even though some of them correspond to agarose hydrogels, other to gelatine hydrogel, and the rest to hydrogels formed by the
mixture of agarose and gelatine. The latter fact can be interpreted as follows: when the size of the diffusant molecule (R6G in this
case) is much smaller than the pore size in the gel, the nature of the gel does not affect the diffusion coefficient.
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Fig. 5. Squared position of the given (0.002 %) concentration of R6G in a sample of 25 % gelatine hydrogel vs. time
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Fig. 6. Diffusion coefficient of R6G vs. gelling agent concentration in the hydrogel

Discussion and conclusions

The diffusive motion of foreign particles in hydrogels has features inherent to the diffusion of particles in any condensed
matter. It can be thought of as a sequence of elementary displacements, in each of which the system, due to thermal
fluctuations, overcomes an energy barrier called free activation energy.

Diffusion of foreign particles in the hydrogel is altered by the presence of a polymer network, which creates obstacles to
the diffusion. Such interference forces the diffusion coefficient of the foreign particles to become a function of the relative
volume occupied by the polymer network. This function has the form of an exponential decay. The constant that determines
the rate of decay serves as a parameter characterizing the effect of the polymer network on the diffusion of foreign particles
in the hydrogel.

The experiment shows that (within experimental uncertainty) this constant is identical for hydrogels of various natures.
Thus, the exponential decay observed can be considered a universal process in polymer hydrogels. And latter fact may be of
interest when engineering hydrogels intended for controlled drug delivery.
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“ByyaHcbkui niuen Ne 4, m. Byya, Kniecbka o6nactb, YkpaiHa

BMNNnB KAPKACA HA N®Y3IH0 CTOPOHHIX YHACTUHOK Y MONIMEPHUX ITAPOrENAX

3anponoHoeaHo ¢hizu4yHy Modernb, W0 onucye ensue Kapkaca Ha dugby3iro CMopPOHHIX YaCMUHOK y noJslimepHux 2idpozensix. 1id yac no6ydosu
yiei Mmodeni eukopucmaHo mpaduyiliHuli nioxid, enacmueuli kKnacu4Hili meopii dugpy3ii 8 koHOeHcoeaHux cepedosuujax. OmpumMaHo meopemuyHy
3anexHicmb koegpiyienma dugpysii 8io0 06’emy, 3aliHimoao kapkacom. [loka3aHo, W0 ernue Kapkaca Ha dugby3iro CIMOPOHHIX YaCMUHOK y 2idpozeni
8U3HayaembCs rnepesaxHo 3MiHaMu 8iNIbHOI eHepeaii akmueauii, sUKIIUKaHUMU Hasi8HiCMI0 KapKaca.

3a donomozoro Memody aHasnizy onmuYHUX 306paxeHb OMPUMaHoO 3anexHocmi koegiyieHma Ougby3sii 8 2zidpozensix azapo3u ma xerlamuHu 3
pi3HOI KOHUEeHmpauyieto 2eneymeoproeaya. BcmaHoeneHo, uyo ompumaHi ekcriepumMeHmarnbsHi 3aseXXHocmi y3200)KyrombCsi 3 meopemuYyHoro 3are-
JKHicmto, nepedba4eHoI0 3anpornoHo8aHor isuyHoro modesnnto. [TokasaHo, wo Koslu po3mip 4acmok dugpy3aHmy Habazamo MeHwuli 8id po3mipy
nopu 2idpozesnto, mo koegpiyicHm dugpy3ii 3enexxums He 8i0 npupodu 2idpozesto, a 8i0 KOHUeHmMpauil 2enneymeoprosaya.
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