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KuiBcbknit HauioHanbHUIA yHiBepcuTeT iMeHi Tapaca LesueHka, Kuig, YkpaiHa
2HauioHanbHui yHiBepcuTeT "Kneso-MorunsiHcbka akagemisi”, Kuie, YkpaiHa

NABMO KHOMNOB: HAYKOBUM LUNAX | CTAHOBJIEHHSA LWWKONU
CTOXACTUYHOI ONTUMI3ALI

lNpucesiyeHo 85-piuyto [Maena ConomoHosu4ya KHonoea (Hap. 21.05.1940, Kuie) — d-pa ¢piz.-mam. Hayk, 4n.-kop. HAH YkpaiHu;
ghaxieuysi 3i cmoxacmuy4yHOi onmumi3ayii, cmamucmuku eunadkosux rnpoyecie i nosie, meopii pusuKy ma KepyeaHHsi; agmopa no-
Had 250 npayb i 13 MoHoz2padpiti; 8id 1999 p. — 3asidyeaya 8iddiny mamemamu4Hux Memodie docnidxeHHs1 onepayit I-cmumymy
ki6epHemuku iMm. B. M. Mnywkoea HAH YkpaiHu, eid 1987 p. — npogecopa KHY; naypeama [LepxaeHoi npemii Ykpainu (2009),
npewmiti im. B. M. Fnywkoea (1997) ma im. B. C. Muxaneesu4a (2021), 3acnyxeHozo disya HayKu i mexHiku Ykpainu (2021).

Kuiecbka wkona cmoxacmuyHoi onmumi3sayii, 0o po3sumky sikoi icmomH+o donyyuscs I1. C. KHonos, € Haykogaum ¢gheHoOMeHOM,
wo noedHye meopito liMmogipHocmel, MamemMamuyHy cmamucmuKy ma meopilo KepyeaHHs1 Onisi po3e'si3aHHsA 3aday yxeasleHHs
piweHb 8 yMogax Heau3HayeHOCmi. Y cmammi makox euceimsieHo Herpocmull xummeasuu i HayKkoeul WJiisix y4eHo20, W0 npou-
wos Kpi3b sunpobyeaHHs ernoxu Ui ymeepdusecs sik 0OUH i3 Npo8iOHUX MameMamuKie c8020 MOKOJTiHHSI.

Knwo4yoBi cnoBa: cmoxacmuyHa onmumi3ayisi, KepygaHHsi cmoxacmuyYyHUMU cucmemMamu, pobacmHa cmamucmuka,
M-ouyiHro8aHHs, cmoxacmudyHi nossi, eenuki eiOXuseHHs, Kuiecbka wkosa limogipHocmeli.

Knacudikauis BignoBigHo ao AMS 2020: 01A70, 90C15, 01A72, 93E20.

Becryn

IcTopis Hayku cknagaetbecs He nuwe 3 hopmyn i TeopeMm, a 1 i3 NACLKMX Aonb. BoHa HapooXyeTbes y cnoragax, y
aetansax biorpagin, y po3amoBax npo Te, sik hopMyBarniocs NOKOSiHHA HAyKOBLB, LLIO 3yMiN0 CTBOPUTM LLKOMY CBITOBOIO PiBHS.
KunieB gpyroi nonoBmHu XX CT. CTaB OOHUM i3 LEHTPIB Teopii MMOBIPHOCTEN Ta CTOXaCTU4YHOI onTuMisauii. LLUnsax ogHoro i3
npeacTaBHUKIB Ui€i Wwkonu gobpe incTpye, SK NoeaHyBanucs cknapHi ocobucri
o6CcTaBuHKM, cuna iHTenekTy W HaykoBa CninbHOTA, WO NiATPUMYyBana 1 BUxoByBana
HOBWX JOCHIOHVKIB.

1. OUTUHCTBO Yy BOEHHI pOKMu

MarbyTHi maTemaTuk Hapoamecs y 1940 p. —y pik, konu Hag YkpaiHoto nponwna
XBUMA BilHW. Moro 6aTbko MiloB Ha GPOHT i 3arMHyB y nepLunx 6osax BoceHn 1941 p.
OVTUHCTBO Big camoro nodaTky Oyno nosHayeHe Tparegieto. PoguHa Gyna eBakyiio-
BaHa o CBepanoBcbkoi 0br., e BOHU nepebyBanu ax 4o B13BoneHHs Kuesa.

lMoBepHeHHS 4OAOMY HE MPUHECTIO BigYyTTS CMOKOK: Y MOBOEHHOMY MiCTi JoBe-
nocs AinuTu KiMHaTy B KOMYyHanbHill KBapTUpi 3 Kinbkoma poguHamu. [poluen 6pa-
KyBano, MaTu npautoBana, OTpMMyBana CKpOMHY 3aprnnaTtHIO 1 HEBENUKY NEHCIto Ha
cvHa. Came us cyBopa pearbHiCTb, NOCTiiHE BigyyTTst CKPYTU 1 BOgHOYAC Hanosne-
rMUBICTb MaTepi BUXOBanu y Xnonus xapakTep — CTPUMaHui1, ane piyyumn.

Monpwu TpyaHoLLi, BiH pic y cepefoBuLLi, Ae HaB4YaHHSA UiHyBanocs. Cneplly Bu-
XOBYBaBCs y autaumx cagkax Kvesa, a arogom ctaB yyHem wwkonun Ne 21. Came Tam
ynepLue 3ycTpiB yunTenbKy Po3y 3Beptoxy, sika npuilenuna nobos O MaTeEMaTUKN.
"BoHa, MabyTb, y NEBHOMY CEHCi BU3Hauumna Min wnsx", — aragyBaB 3roaoM YYeHUin.
PoauHHi npyvknagu Tex 6ynu BaxknnMBMMMI: MOro poaunyka, sika Lie o BiiHM BCTynuna
Ha MexaHiko-maTeMaTU4HUI hakynbTeT, NiCrs BiMHWM NOBEpPHYracsa A0 HaBYaHHA 1
nigTpumyBarna 3B'a3kv 3 MPOBIAHNMMY MaTeMaTkaMu TOro yacy.

© NoHomapbos Bagum, MopeHeub Bonoaumup, Pozopa Ipuna, Lapanos Muxaino,
YopHen PycnaH, Cna6ocnuubkuin OnekcaHgp, 2025
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Y AMTUHCTBI He ByNo HaAMULLIKY KHUXKOK Yn peneTuTopis, ane byna xvea atMocdepa NoLyKy 1 MisHaHHS. Y Takux ymoBax
ManbyTHIN HaykoBeLb hOpMyBaB CBill iHTEPEC OO0 TOYHUX HAYK, HaBITb HE MiLO3PIKYK, WO Nonepeay Ha HbOro Yekae Lina
HayKoBa LUKOSa | AeCATUNITTS SOCNIAXEHb.

2. CTyneHTCbKi poku

1957 pik cTaB nepenomMHMM: BiH BCTYMMB Ha MeXaHiko-MaTemMaTuyHui dpakynbeTeT KuiBcbkoro yHiBepcuteTy. Lie 6yB yac,
KOMNKW YHIBEPCUTET NepexmnBaB NigHeceHHs. B ayautopisix naHyBana atmocdepa iHTenekTyansHoi ceoboau, a cepes BUKna-
daudiB 6ynu Ti, uni iMeHa 3rogom yBilLLINKM B ICTOPI0 MaTeMaTUKK.

Buknagayamu B Toit yac npautosanu W. |. MixmaH, A. B. Ckopoxoa, B. C. Muxanesuy, B. C. Koponiok, |. M. KoeaneHko,
M. . Anpenko, A. A1. [loporosLes — NOCTaTi, ki CTBOPUINM OCHOBY KUIBCBKOI LLIKONM MOBIPHOCTEA. IxHi nekuii 6ynm unmock
OinbLMM, Hi>XX 3BUYHWIA BMKNaZ maTepiany: ue 6ynu 3ycTpidi 3 noabMu, SKi XKUIM MaTemMaTMKo, BiOKpUBanv HOBI Hanpsimu,
npautoBany nnivy-o-nniv 1 i3 3apyoiKHUMM HAaYKOBMMM LLKOSTAMM.

CTyneHTChKi poku 6ynu Yacom He nuLle HaBYaHHs, a i doopMyBaHHs cBiTornagy. Cnoyatky 1. C. KHonos uikaBuBcs an-
rebpoto 11 aHanisom, ane nig snnmeomM A. B. Ckopoxofa 1 iHLnX BUMKNagaYiB NOCTyNoOBO 3aHYPUBCS Y CBIT Teopii MMOBIpHOC-
Tel. BaxnuBow cTana yyacTb y CTYAEHTCbKMX HayKOBWUX rypTkax, e OOroBoproBanucs HOBi CTaTTi, 3agadi, e Monodb
HaBYanacst MUCNNTK Ha PiBHI HAYKW, a He NuLLE NigpyYHUKa.

3. lnax y Hayui

Micns 3akiH4eHHs yHiBepcuTeTy Haykosui wnsax 1. C. KHonosa GyB TicHO noB'a3aHuin 3 IHCTUTYyTOM kibepHeTunkn AH
YPCP, HuHI [HcTUTYyTOM KibepHeTuku iMm. B. M. MywkoBa HAH YkpaiHu, — 0QHMM i3 HANMOTYXXHILLMX CBITOBMX HAyKOBUX LiE€H-
TpiB y ranysi iHbopmaTukn Ta NpuknagHoi Matematuku. Came TyT posropTanucs AOCNIMKEHHS y cdepi CTaTUCTUKM BUNaa-
KOBWX NPOLECIB i MONIB, HErMAaAKOoT Ta CTOXaCTUYHOI ONTUMI3aLlii, ONTUManbHOIo KepyBaHHs Ta po3ni3HaBaHHsi obpasiB.

Kanampatcbky avceptadito Masno ConoMoHoBWY 3axuCTVB nig kepiBHMUTBOM AHatonis [JoporoBuesa. PoboTta ctocyBanacs
CTaTUCTMKM BUMNAAKOBMX NPOLIECIB i NoniB, i BXe ToAi 6yno 3po3yMino, Lo Liei HanpsiM CTaHe NPOoBIAHUM Y NoAarnbLUii AifnbHOCTI.

M. C. KHonoB (niBopyu) i3 koneramu

Y 1970-1980-x pp. KMiBCbKa LUKOMa aKTUBHO NpaLoBana Haj Teopier cToxacTUYHOI onTumisauii. Lie 6yna HoBa ranyab,
Ae noegHyBanucs igei Teopii MIMOBIPHOCTEN, MaTeEMaTUYHOI CTAaTUCTUKN Ta TEOopii ONTMMansHOro kepysaHHs. Y Kuesi npoxo-
Annn mactabHi koHdepeHLii, Wwo 36upanu NpoBigHMX MaTemMaTuKiB 3 YCbOro CBiTy. [lns Monogoro Haykosus Le 6yno He
nvwe cepepfosuile poboTu, a 1 LKona XUTTA: BiH 6a4mB, Sk hopmyBanucsa HOBI Teopii, Ak HapoaXXyBanacs MoBa Hayku,
3posymina i axiBuam, Lo 3aiMaloTbCs NPUKNaAHOK HayKoto, | TeopeTukam.

Cepep Tem, gkumu 3arimaBcs M. C. KHonos, 6ynu:

e CraTucTuka BUNALKOBMX NOMIB — iIHCTPYMEHT 41151 MOOENIOBAaHHS CKITagHUX cucTeM y qidnLi i TeXHIL.

¢ OnTmarnbHe KepyBaHHS CTOXaCTUYHMMW CUCTEMaMU — Bif AUCKPETHUX MOAENen A0 HenepepBHMX NPOLIECIB Ta NOMiB.

e MeToam cToxacTuyHOI onTMMi3auii — niaxig, Wo 3rogqoM cTaB OAHMM i3 pyHAAMEHTIB Cy4acHOi Teopii MamMHHOIO
HaBYaHHS.

o Teopis BENUKMX BiOXMIEHb — rany3b, Aka NOACHIOE PiaKiCHI noaii 1 po3pobnse MatemaTuyHi Mogeni Ta MeToam ansg
BU3HAYEeHHS e(PeKTMBHUX 3aX0AiB MiHiMi3aLii puaunkiB Ans 06'eKTiB KPUTUYHOIT iIHPPaACTPYKTYPW, AOBKINMSA Ta NPOAOBONbYOI
6esneku.

e Mogeni Teopii 3anacis, oNTUManNbLHOrO KepyBaHHA CMCTEMaMM, MacoBOro OOCNyroByBaHHS!, 3abe3neyeHHs Hagin-
HOrO PYHKLIOHYBAHHS CKIMAgHUX TEXHIYHUX CUCTEM — MpUKNagHa MatemaTtuka y chepi eKOHOMIKM, TEXHIKW, NOTiCTUKMN.

e BunapgkoBi npoLecu i3 nokaneHOW B3aEMOAIE0 — MoAeni, WO 3HaNLLIN 3aCTOCYBaHHSA y dinLi, ekoHoMiIUi 11 Teopii
po3nisHaBaHHs obpasiB.

Woro npaui noeaHysanu dyHaamMmeHTanbHICTb | NpuknaaHe 3acTocyBaHHs: BOHM (hopMyBarni MaTeMaTUYHWIA anapar, kil
MOXHa Byno BUKOpMCTOBYBaTV NS yNpaBriHHA pecypcamu, MPOrHo3yBaHHSA HagiNnHOCTI CUCTEM, aHani3y CKrnagHuX NpoLecis.

4. MixHapopaHa cniBnpaus

Posnag PagsiHcbkoro Coto3y BiaKpWB 41151 YKpaiHChKUX YYEHMUX HOBI FTOPU3OHTU. AKLLO paHille BMi3f 3a KOpOoH OyB Maibke
HEMOXIMBMM, TO 3 noyaTtky 1990-x pp. noyanacs akTMBHa iHTerpauis y CBiToBy HaykoBy cninbHOTy. Came Togi Maeno KHonos
OTpMMaB 3MOTy He nuLle JoNy4aTUCa 00 MKHApPOAHWX AOCHi[XEHb, a i CTaTh MOBHOMPABHUM YYaCHMKOM i KEPIBHUKOM Be-
JIMKNX NPOEKTIB.

Y4yeHuii npavtoBaB y rpaHToBKX nporpamax London Mathematical Society (1996), Royal Society (1997), DFG (HimeuunHa,
1998-2010), cnienpautoBas 3 yHiBepcuTeTom bonbuaHo (ITanis, 2000), peanizoByBaB CninbHi NPOekTN MixX HAH YkpaiHu
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ma IIASA (2007-2025). OgHumMm i3 KNYOBUX NAPTHEPIB CTaB yHiBepcuTeT y TpoHrenmi (Hopserist), ae 6yno 3aincHeHo Gara-
TOpiYHY Nporpamy OOoCnigKeHb Pa3oM 3 YKPAiHCLKUMW HayKOBLISMU.
TemaTuka umx pobiT Gyna Hanpo4ya LUMPOKOH: Bif pO3pobrneHHss METOAIB OLIHIOBaHHS PU3UKIB A4S aTOMHUX €NeKTpoC-
TaHUiN i MogentoBaHHA Ha4iMHOCTI TEXHIYHUX CUCTEM — 4O NPUKNAOHOI CTaTUCTUKM 1 ONTUMI3aLii eHepreTUYHNX NpoLecis.
OcobnuBe Mmicue 3arMmManu NpoeKTH, NOB'A3aHi 3 nikeigauieto Hacnigkie YopHOOMbCLKOT kaTacTpodu: BOHM OXOMMOBanm ouji-
HIOBaHHS PU3MKIB, ONTUMI3aLlil0 TEXHIMHOrO 06CNyroByBaHHS!, CTBOPEHHS Moaenel 6e3neku.
MaBno KHonoB BMCTynae Ha GaraTbox MidkHapoaHUX KOHpepeHLisix, cepen siknx: MikHapoaHi KoHdpepeHUuii 3 Teopii iMo-
BipHOCTEN Ta MaTemaTunyHoi cTatTnucTukm (1973, 1985, 1989, 1994, 1998), BcecBiTHil kKoHrpec matemaTukiB y bepniHi (1998),
€Bponencbkuin koHrpec matemaTukis y Ctokronbmi (2004), 16- MixxHapogHMI KOHrpec 3 MaTeMaTUYHOrO NPOrpaMyBaHHSA B
JloszaHnHi (1997), Scandinavian — Ukraine Conference in Mathematical Statistics B Ymeo (1997), koHdepeHLUis 3 npobnem
pusnky SAR and SRA — Europe Annual Conference y JlongoHi (2000), mixkHapoaHi KoHdepeHLii 3i CTOXaCTUYHOro nporpa-
MyBaHHs1 B Konymbiricbkomy yHiBepcuteTi (CLUA, 1998) Ta B Kuesi (1984), International Conference on Stochastic Optimiza-
tion: Algorithms and Applications y ®nopuacskomy yHiBepcuteTi (2002), a Takox KOHdepeHLUIi 3i CTOXaCTUYHOro aHanisy B
Kuesi (2012, 2015).
Y4yacTb y MKHapOaHWUX JOCHiIIAXEHHAX NpUHecna He nuiwe iHaHCoBY MIATPUMKY 1 cydacHe obnaaHaHHs, a i rofoBHe —
BiAYYTTS MpUHanNexXHocTi Ao rnmobanbHOI HayKoBOI CMinNbHOTW. Lie A4ano 3Mory ykpaiHCbKil LIKOMi CTOXacTUYHOI onTuMmisauii
He 3aMKHyTuCS y cobi, a BNEBHEHO BUWATU Ha piBeHb, Ae ii pe3ynbTaTn cTanu WMPOKO BiAOMUMM Y CBITi.
5. BUKnagaHHA Ta WKona y4HiB
Buknagaubka gisneHictb MNaBna ConoMoHoOBMYa nocigana Baxnvee Micue B MOro »xuTTi. Y KniBcbkoMy HauioHanbHOMY
yHiBepcuTeTi iMeHi Tapaca LleByeHka BiH BUKnagas Ha kadeapi NpuknagHoi CTaTUCTUKN, YNTaB Kypcu 3 MaTeMaTUyHol cTa-
TUCTUKN, (PIHAHCOBOI MaTemMaTUKN, TEOPIi KEPOBAHNX CTOXaCTUYHMX NPOLIECIB.
3a fecATuniTTs BUKNadaHHA BiH BUXOBAB Liny LWKony yyHiB. Cepen HUX — aBTopu MoHorpadii i3 Teopii puanky, onTUmi-
3aLii, CTaTUCTUKN BUNAAKOBUX NpoLeciB. YacTuHa 3 HUX CTBOpUIAa BriacHi HayKoBi rpynu, Npautoe Y NpoBiAHUX YHiBEpcUTeTax
€sponu Ta CLLA.
Y4Hi 3ragytoTb, L0 MOro CTUMNb BUKIAA4AHHSA BiA3HA4YaBCA BUMOMMMBICTIO 1 BOOHOYAC YBAXHICTIO OO KOXHOMO CTyAEHTa.
BiH ymiB 3auikaBUTU CKNagHMMKM TeMamu, nokasaTtu iXHil 3B'sI30K i3 peanbHMMKM 3agadvamu. [ns HbOro HaByYaHHSA Oyro He
dopManeHICTIO, a WNAXOM (POPMYBaHHS MUCIIEHHS.
6. BHecok y po3BUTOK HayKu
Mpaui Maena KHonoea Ta cchopMOBaHOI HUM HAYKOBOI LLKOMM 3p0OMnu BaromMmuii BHECOK y CBITOBY MaTeMaTuKy 1 NMpuK-
nagHy ctoxacTuky. KuiBcbka LLKona Teopii MIMOBIPHOCTEN i CTOXaCcTUYHOT ONTUMI3aLii, 40 PO3BUTKY SKOI BiH ICTOTHO Jony4un-
BCsl, 3a00yna MikHapoaHe BU3HAHHS 3aBASKM MOELHAHHIO BUCOKUX TEOPETMYHMX CTaHOapTiB 3 yBarow A0 pearnbHUX
iH)XEHEePHUX i coLianbHO-EKOHOMIYHMX 3a4ay. YUHi Ta crniBpOGITHUKK LLIKONW OTPUMYBanv MiXkHapoZHi BiA3HaKK, a pe3ynbTaTtu
6yno ony6nikoBaHo y MoHorpadisix i posainax nposigHux BuaasHuuTe — Kluwer, Springer, CRC, ISTE-Wiley.
HocnigxeHHs MNaena ConoMoHoBMYa NoeaHy0Tb PyHAAMEHTarnbHICTb | NpakTU4HY opieHTauito. BoHu ctanm ocHoBoto ans
PO3BUTKY HOBMX Cy4acCHMX HanpsiMiB MaTemMaTtuku Ta iHopmaTtukm. KrnoyoBot BiCCHO MOro BHECKY € npobnemaTtuka npuii-
HATTA pilleHb B YMOBaX HeBU3Ha4eHOCTi. TyT 3aknageHo 6a30Bi NOCTAHOBKM MiHiMi3aUil pu3nKy 3a HENMOBHOI anpiopHOI iH-
dopmallii, 30kpema 3 BUKOpUCTaHHAM BaraTomogenbHUX knacie i 6aeciBcbkmnx pobacTHux nigxonie. MNMokasaHo, sik BUNaaKoBi
KpUTepii MOXHa NepeTBOPIOBaTH Ha KEpOBaHi AeTEPMiIHOBaHI (DYHKLiOHaNM pu3nKy Ta npautoBaTth 3 iMOBIpHICHUMW OOMEXeH-
HAMUK (chance constraints).
Opyrum BaxnuMBuMM HanpsiMoM cTana pobacTHa cTaTUCTuKa M M-OUiHIOBaHHS ANst CKnagHUX Moaenen — HeniHinHmx, He-
CTauioHapHMX Ta i3 3anexHnMu cnoctepexeHHsamu. Lli gocnigpkeHHs cTBopunn dpyHaameHT onsa meTtogis, siki HUHI 3acToco-
BYIOTb Y hiHAHCOBIN MaTeMaTuLi, MaWMHHOMY HaBYaHHI 1 iHXXeHepii HadiMHOCTI.
TpeTinn HanNPSAM NOB'A3aHUN i3 KEPYBAHHSM CTOXaCTUYHUMM CUCTEMaMMU, LLO MaloTb MPOCTOPOBY CTPYKTYPY. TyT 3anpono-
HOBaHO MOZeri KEpOBaHNX MapKOBCbKMX MOMIB i CTOXaCTUYHMX irop Ha rpadax i3 po3nogineHnMu areHTaMm Ta NoKanbHUMN
B3aemogisimu. Byno onncaHo ymoBM iCHyBaHHS piBHOBAr i NOMiTKK i3 JOBEAEHVMMM BNAacTMBOCTAMM CTabinNbHOCTI, WO cTano
HOBWM CIIOBOM Y MOA€ENOBaHHi 6araToOKOMMNOHEHTHUX CUCTEM.
HapelLuTi, BaXXn1BOI CKMagoBoOK € CNagKOEMHICTb LUKOMK. MMiAroToBNEHO YMMarno y4HiB, CTBOPEHO LMK MOHorpadin i
HaBYanbHUX MaTtepianis, LLO NArNY B OCHOBY YHIBEPCUTETCHKUX i NICNSAMNIIOMHUX KYPCiB i3 pobacTHOI CTaTUCTUKKM, cToXac-
TWUYHOI ONTUMI3aLlii Ta KepyBaHHs. 3aBASKM LibOMY HanpaLbOoBaHi NiAX0Aun He nuie 36epiratoTbCs, a i PO3BMBAKOTLCS Y HOBUX
ranyssx — Big piHaHCOBOI iHXXeHepii A0 Cy4aCHUX METOZIB MaLLUMHHOIO HaB4YaHHS B YMOBaX HEBM3HAYEHOCTI.
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BucHoBKM i NoGaxaHHs cTyaeHTam
Y cBoiX nobaxaHHsAX Monoaum gocrnigHukam Masno

ConomoHOBMY 3aBXAu NigKpPeCcnioe: MaTemaTunka 3anm-
LWIAETLCA (PYHOAMEHTOM CYyHaCHUX TEXHOMOrIN i HayKu.
Monpu maTtepianbHi TPYAHOLL Ta 3HWKEHHSA MPECTMXY
akagemidyHoi kKap'epu, BOHa Aae MOXNMBICTb BUPILLY-
BaTW 3aBAaHHS, WO 3MiHIOOTb CBIT.

"Hes3Baxatoumn Ha BCi TPYQHOLLi Cy4aCHOrO XUTTS, He
BapTo 3abyBaTu Npo mMaremaTtuky Ta 36epiratn 4o Hei
iHTepec. AKLWOo gocnigKeHHs cnpaBai MalTb NPaKTUYHY
LiHHICTb, BOHW 3HaNAYTb BU3HAHHS i NiATPUMKY", — 3a-
3Hauvae BiH.

Llem wnax — Big ANTUHCTBA y BOeHHOMY Kuesi Ao
CBITOBOr0 BU3HAHHS — € CBIQYEHHSIM TOrO, L0 CUMa Ha-
YKM nonsrae He nuiwe y hopmanbHunx 3o6yTkax, a 'y
3[0aTHOCTI AonaTtu nepeLukoau, 3bepiratu iHTepec Ao ni-
3HaHHA 1 NnepegaBaTth MOro HAaCTYMHMUM MOKOSTIHHSAM.

BHecok aBTopiB: Bagum NoHOMapboB — KOHLENTyani3auis, MeTogonorisi, opManbHUA aHari3, HaNnUCaHHSA — OpUriHanbHUIN TeKCT; Bo-

nogumup MopeHeLlb — HanucaHHst — peLieH3yBaHHSA Ta pefaryBaHHs, NiaroToBka pykonucy Ao nopaHHsi; IpuHa Po3opa — koHuenTyanisauis,
peLeH3yBaHHs1; Muxaiino LLlapanos — pegarysaHHs; Pycnan YopHeit — nigbip intoctpauin i matepianis; OnekcaHap Cnabocnuubkuii — peaa-
ryBaHHs Ta nigbip maTepianis.

Mxepena diHaHcyBaHHA. PiHaHCYBaHHSA JOCNIOKEHHS 34INCHIOETLCS BMAcHUM KOLLTOM aBTOpPIB Ta 4acTKoBO 3abesneyeHo KniBcbkum

HauioHanbHWM yHiBepcuTeToM iMeHi Tapaca LUeB4yeHka.
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PAVLO KNOPOV: THE SCIENTIFIC PATH AND THE FORMATION
OF THE KYIV SCHOOL OF STOCHASTIC OPTIMIZATION

The article is dedicated to the 85th anniversary of Pavlo Solomonovych Knopov (b. May 21, 1940, Kyiv) — Doctor of Physical and Mathematical
Sciences, Corresponding Member of the National Academy of Sciences of Ukraine; a leading specialist in stochastic optimization, statistics of random
processes and fields, risk theory and control; author of over 250 scientific works and 13 monographs. Since 1999, he has headed the Department of
Mathematical Methods of Operations Research at the V. M. Glushkov Institute of Cybernetics of the NAS of Ukraine, and since 1987 he has been a
professor at Taras Shevchenko National University of Kyiv. He is a laureate of the State Prize of Ukraine in Science and Technology (2009), the
V. M. Glushkov Prize (1997), the V. S. Mikhakevich (2021), and was awarded the title of Honored Scientist and Engineer of Ukraine (2021).

The Kyiv school of stochastic optimization, to the development of which P. S. Knopov made a significant contribution, represents a scientific
phenomenon that combines probability theory, mathematical statistics, and control theory for solving decision-making problems under uncertainty.
The article also outlines the difficult life and scientific path of the scholar, who went through the trials of his time and established himself as one of
the leading mathematicians of his generation.

Keywords: stochastic optimization, control of stochastic systems, robust statistics, M-estimation, random fields, large deviations, Kyiv
school of probability.
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iHTepnpeTauii AaHWX; Y HanMCaHHI pyKonucy; B pilleHHi Npo nybnikauito pe3ynbTartis.
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MATRIX REPRESENTATIONS OF ITERATED WREATH PRODUCTS
OF ONE-DIMENSIONAL LIE ALGEBRAS

The wreath product is a classical construction in group theory, known for its ability to generate complex groups from simpler
ones and its deep connections to permutation and automorphism groups. Its analogue in Lie algebra theory, however, remains
less developed, despite several notable contributions by A. Shmelkin, F. Sullivan, V. Sushchansky, N. Bondarenko, V. Petro-
gradsky, and others. In particular, the Lie algebras L, ,,, associated via the Lazard correspondence with Sylow p-subgroups of
symmetric groups Sym(p™), admit a decomposition as iterated wreath products of one-dimensional Lie algebras over the field
F,, along with a tableau-based representation of elements. In this paper, we consider the Lie algebras L,, := L, and their
inverse limit L, which is the infinitely iterated wreath product of one-dimensional Lie algebras over 2. We construct explicit
embeddings of L., into the Lie algebra UT,, (F2) of strictly upper triangular matrices of minimal possible order m = 2"~! 11, and
extend this to a recursive embedding of the Lie algebra L into the infinite-dimensional Lie algebra UT ., (F2). The construction
employs matrix schemes inspired by earlier representations of iterated wreath products of cyclic groups. These results provide
a concrete realization of L, and further deepen the connection between combinatorial Lie algebra structures and their matrix
representations.

Keywords: Lie algebra representation, wreath product, infinitely iterated wreath product, matrix scheme.
AMS 2020 classification: 17B10, 17B70, 17B40.

Introduction

The wreath product is a fundamental algebraic construction that combines two structures into a more complex one.
It is particularly important in group theory, where it provides a method to build intricate groups from simpler components,
preserving key structural features and playing a central role in the study of permutation groups, automorphism groups,
and the construction of examples and counterexamples. In the context of Lie algebras, the wreath product has been less
extensively explored, with notable contributions such as the verbal wreath product introduced in (Shmelkin, 1973), wreath
products with abelian Lie algebras studied in (Sullivan, 1985; Sushchansky, & Netrebad, 2005b; Bondarenkag, 2006b), a gen-
eral framework for wreath products of Lie algebras presented in (Petrogradsky, Razmyslov, & Shishkin, 2007)), and a matrix
wreath product of algebras introduced in (Alahmadi et all, 2017, 2019). This have further contributed to the development of
self-similarity ideas in the theory of Lie algebras, see (Bartholdi, 2015; Petrogradsky, 2016; Futorny, Kochloukova, & Sidki,
2019).

One of the earliest applications of the wreath product is the description of the Sylow p-subgroup S, of the symmetric
group Sym(p™) as the n-th iterated wreath product of the cyclic group C,, see (Kaloujnine, 1945). This approach allows
for representing group elements as special tableaux, which have been used to establish many properties of these groups.
In particular, the representation of the group S,,» by unitriangular matrices is constructed in (Leonov, Nekrashevych, &
Sushchansky, 2005) and extended to infinitely iterated wreath products of C,, in (Leonov, 2004, 2012).

An important connection between discrete groups and Lie algebras is provided by the construction of a graded Lie
algebra associated with the lower central series of a group. This construction is especially effective for nilpotent groups and
p-groups — a relation known as the Lazard correspondence. The group S, is a p-group, and we denote the associated
graded Lie algebra by L, ,,. It is shown in (Sushchansky, & Netrebad, 2005a, 2005b) that the algebra L, ,, decomposes as
the n-th iterated wreath product of one-dimensional Lie algebras over the field F,,. In particular, elements of L, ,, admit
a special tableau representation, analogous to that of the group S, ,,. This representation was used to describe charac-
teristic subalgebras, as well as the lower and upper central series of the Lie algebra L, ,,. Subsequently, iterated wreath
products of n-dimensional abelian Lie algebras over the field F, were studied using the same tableau-based approach
in (Bondarenkag, 2006b), and the Lie algebra associated with the group of finitary automorphisms of the p-adic tree was
described in (Bondarenko, Gupta, & Sushchansky, 2010). Recently, the algebra L, ,, has found applications in algebraic
combinatorics related to integer partitions with a special role of the algebra L. ,,, see (Aragona, Civino, & Gavioli, 20243,
2024b).

In this paper, we consider matrix representations of the Lie algebras L,, := L2, and the infinite-dimensional Lie algebra
Lo, which is the inverse limit of L,,, the infinitely iterated wreath product of one-dimensional Lie algebras over the field F.
We construct an explicit embedding of L,, into the Lie algebra UT,, (F2) of strictly upper triangular matrices for the minimal
possible order m. As a consequence, we obtain an explicit embedding of the Lie algebra L. into the Lie algebra UTw (F2)
of infinite strictly upper triangular matrices. Further, we show that this embedding can be constructed recursively using
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matrix schemes, introduced in (Leonov, 2004). It is worth noting that an embedding of the Lie algebra UT,, (F,) into the Lie
algebra L, ,, was previously constructed in (Bondarenkd, 2006a).

1. The matrix representation of the n-th iterated wreath product of one-dimensional Lie algebras
Let L,, = ;A1 be the n-th iterated wreath product of the one-dimensional Lie algebras A; over the field F;. The
elements of L,, are tableaux of the form:

u = [ur,uz(x1), us(z1,22), . - -, un (@1, ..., Tn-1)],

where u; € T2 and w; (w1, ..., 2-1) € Fafw1,...,zi-1]/(xi,23,...,27_1). The elements of the quotient ring are uniquely
represented by polynomials, called reduced polynomials, in which each variable x; appears with exponent either zero or
one. The k-th coordinate of the tableau « is denoted as ux. The operations in L,, are defined as follows:

1) The sum of two elements « and v is given component-wise by (v 4+ v)r = ur + vk.
2) The multiplication of an element « by a scalar « € F, is defined as (au)r = aus.

3) The Lie bracket operation of two elements v and v is defined by the rule

o ou
(u, v)e = Z (32% tim BZEZ‘) '

i=1

An important concept in studying the properties of the Lie algebra L,, is the notion of height. The height of a reduced
monomial %22 2" "1k € {0,1}, is the number

LTp_1 >

h(l‘llgll‘gz.. JTZ 1 )—1+k‘1+l€2 2+l€34++k‘n,12n_2

Note that for every heighti € {1,2,...,2"7'} there exists a unique monomial of height i, which we denote by (). A few
first monomials:
t(l) =1, t(2) = z1, t(3) = z2, t(4) = 122,
t(5) = 3, t(ﬁ) = X173, t(?) T2I3, t(8) = T1X2T3.

The height of a reduced polynomial is defined as the largest height among the heights of its monomials. Every re-
duced polynomial u(z1,z2,...,2zn—1) can be uniquely represented as a sum of monomials ¢(i) for different values of
ic{1,2,...,2""}.

Let us construct the matrix representation of L,, within the Lie algebra UT,, of strictly upper triangular matrices over
the field Fo. The Lie algebra L., is nilpotent of class 2"~ !, while UT,, is nilpotent of class m — 1. Therefore, it is required
that m > 2"~* + 1, and we will demonstrate that this lower bound is achievable.

For a reduced polynomial g(x1, z2,...,2,—1) and a tableau v € L, define the polynomial

Z 8xk

It was shown in (Sushchansky, & Netrebd, 2005b) that h(¢g“) < h(g) — 1.
We define the mapping ¢ : L, — UT,n-1,, as follows. Given a tableau v € L,, consider the monomials ¢(j) for

je{L,2,...,2"" Ly 1}, apply u, and express the result as a linear combination of monomials:
n—1 j—1
, ot(4)
t(j)" = 5y = E aij - (1), a;; € Fa

The coefficients a;; form an upper triangular matrix A* = (a; ;) of order 2"~ 4 1. We define ¢(u) = A®.

Theorem 1. The mapping ¢ : Ly, — UTyn—1,, ¢(u) = A", is @ monomorphism.

Proof. The mapping ¢ is linear by construction. We need to verify that ¢ preserves the Lie bracket:
o((u,v)) = [p(u), p(v)] forall u,v € Ly,.

It is sufficient to verify the equality on the basis elements of L,,, which are tableaux where all coordinates are zero except
for one, which contains the monomial corresponding to all possible heights at the respective coordinate.
Consider the element
u=1[0,...,0,¢(1),0,...,0] € Ly,
where the monomial ¢(1) of the variables z1, 2, . .., z,_1 is located at position p, here I < 2P~*. Let us describe the matrix
A = ¢(u). We compute:

t(j)" = aatT(Z,)t(l) =t(i), wherei=nh (%(i)t(l)) < J.

ISSN 1812-5409 (Print), ISSN 2218-2055 (Online)



~14 ~ B 1 CH MUK Kuiecbkoro HauioHanbHoro yHisepcurety imeHi Tapaca LleBueHka

It follows that every row and every column of A contains at most one non-zero coefficient. The ij-coefficient of A is non-zero
if and only if the variable x,, appears in the monomial ¢(;), and the monomials ¢(j) and ¢(!) do not have common variables.
Let I,,; be the set of heights of the monomials ¢(j) satisfying these conditions. Then

Ay =1ifandonlyif i=j+1—2"""'—1 foreveryjcI,,.
Consider another elementv = [0, ...,0,t(m),0,...,0] € L,, where the monomial t(m) of the variables z1, z2, ..., zq-1
is located at position ¢. Let B = ¢(v) and consider (u,v) and [4, B] = AB — BA.

1. If p = ¢, then (u,v) = 0. Consider the matrix AB. The ij-coordinate of AB is non-zero if and only if the following
monomials are non-zero: ]
_ 0t()

)" = Got0) = H(s) and 1(s)"

_ous)
T Oy

Note, however, that the first equality implies that ¢(s) does not contain x,, and therefore the second equation is always
equal to zero. It follows that AB = 0. Similarly, BA =0and [A, B] = 0.

2. Letp < q. The tableau (u, v) has the following coordinates:

t(m) = t(3).

_ Ovg _ 0t(m)
N 8xpuP T Oxp t).

(u,v)r =0 fork # q and (u,v),

Then the ij-coefficient of the matrix C = ¢(w) for w = (u, v) is non-zero if and only if the following equality holds:

) =1()" = Y Gy = G0y, = QUL Oy
k=1 q q P

Let us compare this with the matrix [A, B] = AB— BA. The ij-coordinate of AB is non-zero if and only if the following
equalities hold:

)" = G20 = o),
1) = t(s)" = aatii)t(m) - ai;éi)p (1) - t(m) + aat;i) . %tii) t(m).

Since p < ¢, the monomial ¢() does not contain the variable z,; therefore, the last term in the above sum is equal to
zero. Similarly, for the ij-coordinate of BA, we get:

)" = G2 tm) = 165,
1) = t(s)" = a{;;i)t(z) - i};é?q CH(m) - (1) + agg) . a;(;:) (1),

Since we are working over the field F2, the ij-coordinate of [4, B] = AB — BA is non-zero (equal to one) if and only
if we have
ot(j) Ot(m)
t(z) = . -t(l
)= Ger e, 1D

which coincides with the condition for C. Therefore, C' = [A, B].

It remains to prove that ¢ is injective. Let us take a nonzero element u € L,,, and let k£ be the smallest position such that
ux # 0. For the monomial t(2"~* 4-1) = x;, we have (27! 4+1)* = u;. Hence, for every monomial ¢(i) appearing in uy, the
(i,2%~ +1)-coefficient of ¢(u) is equal to one. This implies that the kernel of ¢ is trivial, and thus ¢ is a monomorphism. [

2. The matrix representation of the infinitely iterated wreath product of one-dimensional Lie algebras
The sequence of Lie algebras L,, naturally forms an inverse system,

...—>L3—>L2—>L1,

where the transition map =, : L, — L,—1 is defined by restricting tableaux with n components to their first n—1 components.
The inverse limit of this system is called the infinitely iterated wreath product L., = I(Ln L, = j~1 A, of the one-dimensional
Lie algebras A; over the field F2. The elements of L, are infinite tableaux of the form:

u = [u1,u2(x1), us(z1,22), ., Un(T1, .oy Tne1),. -],

where u, € Fy and u;(z1,...,zi—1) € Fa[z1,. .., m,l]/@s%, z2,. .. ,m?,ﬂ, 7> 2.

The representations ¢,, : L, — UT,»-1,, constructed in the previous section are compatible with the inverse system
of L,, in the following sense. The Lie algebras UT;,, form an inverse system, where the transition map 7.,, : UTy, = UT—1
is given by restricting a matrix to its (m — 1) x (m — 1) submatrix. The inverse limit is the Lie algebra UT of infinite strictly
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upper triangular matrices over the field F5. The definition of ¢,, implies that the following diagram is commutative:

5 T4 3 2

— Ly — L3 — Lo — L1
{ ¢a 1 @3 1 @2 Lo
A U LTS 5 ) S Urs = Un

Passing to the limit, we get a monomorphism ¢ : L. — UT~. Explicitly, given a tableau v € L., and a columnindex j > 1,
compute ¢(j)* and express it as a linear combination of monomials:

nu = OL(j)
t(5) —; o~

-1
U = Zaij . t(’i), a;5 € Fs.
i=1

Then, we have
¢(u) = A, where A = (ai,j)i,j>1 cUTw.

We will show that the representation ¢ could be described recursively (or self-similarly) using the notion of matrix
schemes introduced in (Leonov, 2004; Leonov, Nekrashevych, & Sushchansky, 2005). Let M., be the set of infinite matrices
over the field Fo. For a matrix A = (ai;)i,j>1 € Mo, we define four submatrices A11, A2, A21, A2z as follows:

Aigjo = (bij), where bij = ai,i2(i-1),jo+2(—1)» 0, Jo € {1,2},

Qig,jo Qig,jo+2 Qig,jo+4
A Qig+2,j0  Aig+2,jo+2  Qig+2,50+4
0jo = | Qig+4,50  Fiot+4,go+2  Qig+4,jo+4

Definition 1. The (parity) scheme of a matrix A € M is the 2 x 2 matrix, whose coefficients are matrices:

All A12
h(A) = .
sh(4) ( An As )
Example. Let us construct the scheme of the matrix A = ¢(u) for the table v = [1,0,0,...] € L. The ij-coefficient of A
is determined by the equation:
v _ o 0t) ot(5)
t = = =t
)" =3 Gy 1= iy, =10

We have a;; = 1 if and only if ¢(j) contains the variable z, which occurs when j is even. In this case, i = j — 1 and
aj—1,; = 1. Consequently, we get the matrix and its scheme:

0 1.0 0 0 0 O
0 00 0 0 0 O
0O 0 o1 0 0 O 0 E
A=10 00 0 0 0 0 and sh(A)=<00>-
0O 0000 1 O
Definition 2. For a tableau u = [u1, uz2(x1), us(z1, z2),...] € Lo, define two tableaux u|o and u/|; as follows:
U‘C = [ui,ué(xﬂ,ué(ml,mz),...] € LO<>7 c=0,1,
where u},(z1,...,x,_1) is obtained from ug41(z1,. .., zx) by applying the substitution:
T1+>C, Ta > T1, T3> T2, ..., Tk +> Th—1. (1)

Theorem 2. The mapping ¢ : L. — UT satisfies the recursion:

_ (ulo) u ks
sh(¢(u)) = ( o(ulo) + P(ul1)  @(ulo)

Proof. Let A = ¢(u) = (as,5)i,5>1 and B = ¢(ulo) = (bi,5)i,;>1- We need to show that Ay, = B, which is equivalent to the
condition a142i,14+2; = bi4s,14+; forall 4,5 > 0. The coefficients of A and B comes from the equations:

),uELoo.

oo . 27
- (1 +2 .
2y = 3 P = 3 i 1),
k=1 =1
N o114 i j _
1y =3 D ) = 3 by 160
k=1 i=1
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Note that a monomial has odd height if and only if it does not contain the variable z;. Consequently, monomials of
even height appearing in u; do not contribute to the coefficients a; 142, for odd i. The key observation we need is that,
the construction of (uo)x from ux 1 via the substitution (fll) implies a bijective correspondence between the monomials
t(1 + 2) appearing in u,+1 and the monomials ¢(1 + [) appearing in (u|o)x. The monomial ¢(1 + 21) of w1 contributes to
the coefficient a112:,1425, where

at(1 + 27)

1+2i=h
( O 41

t(1+2l)) =142j4+20-2" = i=j+1-2""1
The monomial ¢(1 + 1) of (u|o)x contributes to the coefficient b1;,14;, where

1+i:h(mt(1+1)> =14j4+1-2""
a.’Ek

This produces the same value of i as above, implying a142i,1+2; = bi44,1+;, and hence A1; = B. The proof that A2» = B
follows in a similar manner.

Let us prove that A, = u; E. For an even j, the monomial ¢(;) contains the variable z;. It follows that every monomial
appearing in the last sum of the equation

w02+ 27) ot(2 + 25) o Ot(2 + 2j)
H2+25)" = = 3
(2+25) Pt Ox Uk o1 b +k>1 Oz b

has even height and does not contribute to A;2. Consequently, if u; =0, A12 =0, and if u; = 1, then A2 = E.
LetC = (ﬁ(uh) = (Ci,j)i,jgl- We are left to show that A2, = B+ C, i.e.,

a242i,1425 = bi44,145 + C144,14; foralli,j > 0.

Only monomials of even heights in u; contribute to the coefficient a; 142; for an even i. The k-th component of u|,
is constructed from w1 via the substitution (fl). By construction, every monomial (2 + 21) appearing in ux1 produces
the monomial ¢(1 + ) in (u|1), but also every monomial ¢(1 + 2I) in ux41 produces the monomial t(1 + 1) in (u|1)x. The
monomial ¢(2 + 21) of ux+1 contributes to the coefficient az12;,1+2;, where

Ot(1 + 27)

24+2i=h
’ ( 5$k+1

t(2+21)> =1+42j+1+20-2F = i=j4+1-2""
The monomial ¢(1 4 1) of (u]1)x contributes to the coefficient ¢14,,1+;, where

1+i:h<7at(1+”t(l+l)> —14j+1—2F 0
amk

Note that this produces the same value of 7 as above.

A possible monomial ¢(1 + 1) in (u|1)» coming from ¢(1 + 2I) in w1 also contributes to the coefficient ¢4 145, while
t(1 4 21) does not contribute to az42i,1+2;. Note that ¢(1 + 21) in uk41 produces t(1 + 1) in (u]o)r. Therefore, this possible
additional term in (2 + 2;)*!* has a corresponding term coming from t(1 + [) appearing in (u|o)) that contributes to the
coefficient b14:,1+;. Consequently, az12i,14+25 = bi+44,14; + Ci+i,1+5, and hence A1 = B+ C. O

Example. Consider the tableau v = [1,1,1,...] € Lo. Then
ulo=ul1 =[1,1,1,...] = u.

Therefore, we obtain the following scheme recursion for A = ¢(u):

aw=( s £)=

By expanding this recursion, we obtain the matrix:

SR

S
~—

01 101000
000 10100
000 1 00T10
000 0O0UO0OTO 0 1

A=l 0 0 0 0 0 1 1 0
000 O0O0UO0OTO 0 1
0000 O0UO0TO 0O
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Example. Consider the tableau u = [1, 21,2, ...] € L. We compute:
vi=ulo = [0, 21, x2, 23, .. .], uli = [1, 21, T2, x3,...] = u,
vlo = [0, 21, 22,23, ...] = v, vl = [1, 71,32, 23,...] = u.

Therefore, we obtain the following scheme recursion for A = ¢(u) and B = ¢(v):

Sh(A):(AfB g) Sh(B):(AfB g)

We can simplify the recursion using:

B+B E 0 E
Sh(A+B):Sh(A)+Sh(B):(A+B+A+B B+B):<0 0>'

By expanding this recursion, we obtain the matrices:

0 1 00 0 0 0O 0 00OO O 0O
0 01 00 0 0O 0 01 00 0 0O
0 0 01 1 0 0 O 0 0 0 0 1 0o 0 O
0 001 01 0O 0 001 01 0O
A=10 0 0 0 0 1 0 0 » B=10 000 00 0 0
0O 0 0o 0 0 o 1 0 0O 0 0 0 0 o 1 o0
0 0000 0O 01 0 00OO 0O 0O
Example. Consider the tableau u = [1, 21, z122, 12223, . ..] € L. We compute:
’u|0 = [0,0,0, .. .}, u|1 = [1,131,1211)2,1‘1:E2£3, .. } = U.
Therefore, we obtain the following scheme recursion for A = ¢(u):
01 0 0 O
0 0 1 0 O
0 E 000 1 0
sh(A) = , A=
) (A 0) 000 0 1

3. Discussion and conclusions

We have constructed explicit matrix representations of the Lie algebras L,,, defined as the n-th iterated wreath products
of one-dimensional Lie algebras over the field 2, as embeddings into the Lie algebra UT,, (F2) of strictly upper triangular
matrices with minimal possible order m = 2"~! + 1. Furthermore, we have extended this construction to a recursive
embedding of their inverse limit L., the infinitely iterated wreath product, into the infinite-dimensional Lie algebra UT (F2),
using matrix schemes inspired by similar constructions for iterated wreath products of groups. The recursive nature of
the embeddings may provide insights into automorphism groups, growth functions, and homological invariants of these
algebras, while also suggesting potential applications in representation theory, combinatorics, and the theory of self-similar
Lie algebras. In future work, it would be natural to explore the representations of iterated wreath products of higher-
dimensional abelian Lie algebras over F,,, their cohomological dimensions, and potential applications to p-adic and profinite
Lie theory.

Authors’ contribution: Nataliia Bondarenko — problem formulation, conducting research, literature review, and writing the original
draft; levgen Bondarenko — conducting research, writing, and editing of the manuscript.
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MATPUYHI 30BPAXEHHA ITEPOBAHUX BIHLEBUX OOBYTKIB OOHOBUMIPHUX AJIFCEBP 11

BiHyeesuli 006ymok € Knacu4yHor KOHCMpYKUieto 8 meopii 2pyn, eidoMoro ceoero 30amHicmio ymeoproeamu ckiadHi 2pynu 3 npocmiwux,
a makox 2nu6oKuMu 38’s13kaMu 3 2pynamu nidcmaHoeok ma aemomopepismie. Mozo aHanoz y meopii anze6p Jli, 00HaK, 3anuwacmoscs MeHW
docnidxeHUM, He38a)Kalo4U Ha HU3KY 8a20MUX éHeckKie, 3pobnieHux A. LLimenskiHum, ®. CannieaHom, B. CywaHcbkum, H. BoHOapeHko, B. [Tempo-
2padcbKkum ma iH. 3okpema, anzebpu Jli L, ,,, Wo noe’s3aHi i3 cunoscsKkumu p-nidepynamu cumempuyHux epyn Sym(p™) yepe3 eidnoesidHicme
Jlazapa, donyckaromb OekoMmo3uyito sik imeposani eiHuyeei do6ymku odHosuMipHux anze6p Jli Had nonem F,, a makox matome mabnu4He 306pa-
JKeHHs1 enleMeHmis. Y yili po6omi mu po3ansidaemo aneebpu Jli L,, := Lo ,, ma iXHI0 360pOMHY 2paHuyto L .., WO € HECKIHYeHHO imeposaHuM
8iHyeaum do6ymkom oOHoeuUMipHuUX anze6p JliHad nonem F5. Mu 6ydyemMo sieHi 3aHypeHHs1 anzebpu L,, e anze6bpy Jli cmpoz2o eepxHbLOMPUKYMHUX
mampuyb UT,, (F2) MiHiManbHo MOxnueo20 nopsidky m = 27~ ' +1 ma nowuproemo ue Ha peKypcusHe 3aHypeHHs anzebpu Jli L .., 8 HeCKiH4eHHO-
sumipHy anzebpy Jli UT (F2). KoHcmpykuyisi eukopucmosye mampuyHi wabnoHu, nobydoeaHi Ha oCHO8i nonepedHix 306paxKeHb imeposaHux
eiHyesux dobymkie yukniyHux 2pyn. Ui pesynsmamu 3a6e3neyyromb KOHKpemHy peanizayito L., i uje 6inbwe no2nubnrooms 36’s30K MiX
KoMb6iHamopHoto cmpykmyporo anzebp Jli ma ix MampuyHUMU 306paKeHHsIMU.

Knw4yoBi cnoBa: 306paxeHHs anzebpu Jli, eiHyeeuli J06ymok, HeckiH4eHHO imepoeaHuli eiHyeeuli 306ymok, wabsoH Mampuui.
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PREDICTION FORMULAS FOR INTEGRATED FRACTIONAL BROWNIAN MOTION

This paper investigates the projection (prediction) of increments of the integrated fractional Brownian motion (ifBm). We
introduce ifBm, calculate its covariance function, and establish the stationarity of its increments. Our primary goal is to determine
the coefficients for the linear prediction of a future ifBm increment based on a series of past increments. We show that the
prediction coefficients exhibit complex behavior, with their signs changing depending on the Hurst index (H). For overlapping
increments, this sign change occurs at a non-trivial values of H. In contrast, for non-overlapping increments, the sign change
happens at H=0.5, consistent with the properties of fractional Brownian motion itself. This work provides explicit formulas where
possible and extensive numerical tables, offering insights into the properties and predictability of ifBm, laying the groundwork
for further research.

Keywords: fractional Brownian motion, integrated fractional Brownian motion, covariance function, projection problem,
projection coefficients.

AMS 2020 classification: 60G15, 60G22.

Introduction

Fractional Brownian motion (fBm) is one of the most popular processes in recent decades. The reason is that it is
a stochastic process that has memory, and this property is inherent in real processes in physics, biology, electronics,
economics, and finance. Investigation of stochastic representations and the main properties of fBm started with the works
(Mandelbrot, & Van Ness, 1968; Barton, & Vincent Poor, 1988; Cioczek-Georges, & Mandelbrot, 1995; Dai, & Heyde, [1996;
Decreusefond, & Usttinel, 1998; Carmona, & Coutin, 1998; Coutin, & Decreusefond, 1999; Decreusefond, & Usttinel, 1999;
Norros, Valkeila, & Virtamd, 1999; Novikov, & Valkeild, 1999). Then, stochastic analysis of fBm and related processes,
together with the main applications, was developed in the papers (Alos, Mazet, & Nualari, 2001|; Coutin, Nualart, & Tudor,
2001; Duncan, 2001; Duncan, Pasik-Duncan, & Maslowski, 2002; Biagini et al}, 2002; Alds, & Nualari, 2003; Bender,
2003b, 2003a; Benth, 2003; Boufoussi, & Oukning, 2003; Nualari, 2003; Nualart, & Ouknine, 2003; Anh, & Inoue, 2004;
Carmona, Coutin, & Montseny, 2003; Cheridita, 2001; Cheridito, Kawaguchi, & Maejima, 2003; Bender, & Elliotl, 2004;
Cheridito, & Nualari, 2005; Corcuera, Nualart, & Woerner, 2006; Bender, Sottinen, & Valkeila, 2008). Let us mention also
expansions and transformations of fBm contained in (Dzhaparidze, & van Zanten, 2004}, 2005; Uost, 2006). Of course, this
list is not exhaustive. The basic properties of fractional Brownian motion have been summarized in many books and papers,
and without claiming to be complete, we will mention just the books (Banna et all, 2019; Biagini et all, 2008; Beran, 1994;
Nourdin, 2012; Pipiras, & Tagqu, 2017; Samorodnitsky, 2016). Although a fairly convenient and flexible model, fractional
Brownian motion still has the disadvantage that fractional exponents in the covariance function make the covariance matrix
very inconvenient for analytical research, calculations of the determinant, inversion and other operations. Often, problems
related to calculating the determinant do not have an analytical solution at all, but only a numerical one. This point, the
accompanying conditions and possible actions were discussed in detail in the papers (Malyarenko et all, 2023; Mishura
Ralchenko, & Shklyar, 2020). In particular, in paper (Mishura, Ralchenko, & Shklyar, 2020), considering applications of
fractional Brownian motion to financial markets, we hypothesized that for values of the Hurstindex H € (%, 1), all coefficients
of projection of the increment of fBm on the subsequent increments are strictly positive. Because of the overly complex
form of the determinants associated with the covariance matrix of the increments of fBm that arose when solving this
problem, we were able to analytically verify our hypothesis only for a limited number of increments, and we also considered
numerical examples. Taking this into account, in paper (Bodnarchuk, & Mishura, 2024) we considered, instead of fBm,
an integrated Wiener process, which preserves memory but has not a complicated covariance matrix. In this case we
could completely resolve the problem of projection, but the result was unexpected: in this case the signs of the coefficients
alternate. Integrated fractional Brownian motion is a natural generalization of an integrated Wiener process. It is natural
to average very big datasets in the periods of time. It has also proven its value, in particular, in modeling first-passage
time problems in various fields such as computational neuroscience, finance, and queueing theory. Specifically, in case of
computational neuroscience, it is used to model the time variability and firing rate adaptation of neurons. (see, e.g., the
discussion in (Abundo, & Pirozzi, 2018, 2019)). Now, given the value of studying such integrated processes, we decided in
the present paper to consider the problem of projection (prediction) of the increments of the integrated fractional Brownian
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motion. Why are the problems of projection (roughly speaking, to find E[Al, | AL, ..., Al,], see Section ) and prediction
(roughly speaking, to find E[AI, | Aly,...,AI,_1])equivalent? Just because we consider stationary sequences, for which
the corresponding coefficients are simply arranged in mutually inverse order. The paper is organized as follows: in Section
fl we give preliminaries on fBm; in Section fl we introduce integrated fBm, calculate its covariance function and establish its
properties; in Section § we calculate the coefficients of projection E[Aly | AL, ..., Al,], n > 1 with overlapping intervals
analytically for n = 1, partially analytically for n = 2 and provide numerical results for 2 < n < 10; in Section g we do the
same for the non-overlapping intervals.

1. Preliminaries
A fractional Brownian motion (fBm) with Hurst index H € (0,1) is a centered Gaussian process B = {Bf}i>0
satisfying the following properties:

+ B{f = 0 almost surely;

» For every t, s > 0, the covariance function is given by
B[BIBN] = L (7 12 - spt)

« B has stationary increments;

« the trajectories of B are almost surely locally Hélder continuous of order « for every o € (0, H), i.e., for every
compact interval [0, T, there exists a random variable C' = C(T,w) > 0 such that

|Bf — BF| < C|t—s|*, foralls,te[0,T] as.
The last property, in particular, implies that for any 0 < a < b < oo the integral f: B ds is well-defined in the classical
Riemann sense and is a zero-mean Gaussian random variable.

2. Integrated Fractional Brownian Motion
In this section, we consider the increments of the integral of a fractional Brownian motion, more precisely, we consider
the integrals I, = :“ BEds, where B denotes fBm with Hurst index H € (0,1),and k£ > 0 is an integer.

Lemma 1. The covariance function of I, is given by the formula

1
E[I.I)] = 5 (In k0 — T2k ),
where 1
I _ [ 1)2H+1 _ 2H+1 1)2H+L _ 2H+1]
LeLS 5 (l+1) l +(k+1) k
P LA Yt et o el B i
Bkt (2H + 1)(2H + 2) '
Proof. Indeed,
k+1 +1 k+1 +1 k+1 l+1
E[I.I;] =E U B ds B/ dt} / / E[BY Bf'|dt ds = / / S s t|2H) dtds =
k+1 z+1 k41 l+1 1
{/ / a4 t2H dtds — / / 2Hdtds} = 3 (I1,k0 — I2ke1) -
Then, obviously,
1 2H41  2HF1 2H41 4 2H+1
Ly = 7[ 1 - 1 - }
Ve S 5 (l+1) l +(k+1) k

Consider two cases. If k = [, then the integral I» 1,; simplifies to

k+1 k+1 1 1
o= / / |s — t|*" dtds = / / |s — t|*" dtds =
0 0

2H 1 52H+l 2
=2 dtds = 2 ds = .
// y /0 2H +1°° 7 2H + 1)(2H + 2)

Further, for k > [, the integral equals
k+1 l+1 k+1 o l)2H+1 o (S N 1)2H+1
I _ 2H _ / (S _
2,k,l = / / dtds = . Y ds

ey M G nwﬂ}dv (L D 2 D
2H +1 J, (2H + 1)(2H +2) '

-1

ISSN 1728-3817



DI3BUKO-MATEMATUYHI HAYKMWU. 2(81)/2025 ~21~

Since the initial integral is symmetric in s and ¢, the previous case can be naturally generalized for k£ < I. Finally, we get

s = ke — 1] + 12742 — o)k — 1[2H+2 4 ||k — 1| — 1[2H+2
o (2H + 1)(2H + 2) ,

and the proof is completed. O

Corollary 1. The variance of I, is given by

(H+ 1) [(k'+ 1)2H+1 _ k2H+1] —1

E[I] = (2H + 1)(H + 1)

The following statements present additional properties of the discrete-time process {I,k > 0}.

Corollary 2. The discrete-time process {1,k > 0} is not stationary, since the covariance does not entirely depend on the
difference |k — .

Lemma 2. The discrete-time process {Ii, k > 0} has stationary increments.
Proof. We can prove even a bit more general fact. Indeed, introduce Al = Ix+1 — Ik, k > 0 and consider a shift of the

integration interval, not necessarily by an integer, but by any 4 > 0. Then we need to check whether E[A I, Al ] depends
solely on h.

k+1 k+h+1
BALAL)= [ [ s(B, - BBl - B drds = (1)
k k+h
k+1 k+h+1 1
:/ / 5(|s—t+1\2H+|s—t—1|2H—2|s—t|2H) dt ds =
k k+h

1,1
:%// (|u—v—h+1|2H+\u—v—h—1|2H—2|u—v—h|2H) dv du,
o Jo
which is a function just of h. O

In what follows we use the notation for the covariance
p(d, H) :==E[Al Al4],d € No = NU {0}.
Note that p(d, H) = E[AIxAlktd), k, k+d > 0.
Lemma 3. The covariance function p(d, H) is given by the formula

(d H) _ |d+2|2H+2 74|d+ 1|2H+2 +6|d|2H+2 74|d* 1|2H+2 4 |d* 2‘2H+2
A% 2(2H + 2)(2H + 1) '

Proof. Consider the covariance E[AI,AI] for k,! > 0 and rewrite it in the following way:

E[ALAL] = E[(Ik41 — L) (D41 — 1)) = Ellkq1Li41] — Ellgq1 [i] — E[Le i) + E[Ii 1] =

=—Ippt111 + o1+ T2 ki1 — T2 =
B ‘d_"_ 2|2H+2 _ 4‘d+ 1|2H+2 + 6‘d|2H+2 _ 4‘d_ 1|2H+2 + ‘d _ 2|2H+2
N 2(2H + 2)(2H + 1) ’

d= |k - l|7
from which the result of lemma immediately follows. O

Remark 1. Note thatinthe case ! = k+1 (d = 1) the increments Al = I, +1 — I, and A, = I;;1 — I, are considered under
overlapping intervals, while in the case d > 2 the underlying intervals do not overlap. This directly affects the properties of
the respective covariance.

It is well-known that the increments of fractional Brownian motion are positively (negatively) correlated when H >
1/2(H < 1/2) if the respective intervals are non-overlapping. However, as it was mentioned in Remark fl, the intervals
overlap if d = 1 and do not overlap if d > 2. This affects the sign of the covariance. In the following lemma, we investigate
the sign of p(d, H).

Lemma 4. The function p : Ny x (0,1) — R has the following properties:
(i) ford > 2, p(d, H) is negative (positive) for H < % (H > %), and zero otherwise.

(i) p(1, H) is negative (positive) for H < ooy (H > ), and zero otherwise, where ag ~ 0.2626.

ISSN 1812-5409 (Print), ISSN 2218-2055 (Online)



~ 22 ~ B 1 CH MUK Kuiecbkoro HauioHanbHoro yHisepcurety imeHi Tapaca LleBueHka

Proof. Similarly to (fl),
E[ALAL] =E [(Ix41 — I)(Lig1 — )] =

b2 k+1 142 I+1
:IEK/ des—/ des>< B dt — Bth)]:
k+1 k +1 l
! H H ! H H ! ! H H H H
—E { / (B 1 — BY) du / (B 141 — Bv+l)dv] - / / E (Bl i — BILOB s — BILY)] dudy.
0 0 0 0

Inside of the expectation we have a product of two increments. If d = |k — | > 2, the intervals are non-overlapping, and we
get the first statement.
We are left to consider the case d = 1, for which the intervals overlap. Using the expression for p, obtained in Lemma 7R
we get:
32H+2 _ 4 92H+2 +7
2(2H +2)(2H +1)

Since the denominator is strictly positive, the sign of p(1, H) is determined by the sign of the numerator. Let us define the
numerator as a function of H

p(1, H) =

fH) =322 — g 22072 47,
We need to analyze the sign of f(H) for H € (0, 1). First, observe the limits at boundaries

lim f(H)=0, lim f(H)=24.

H—0 H—1

We compute the derivative to study monotonicity

d

yH) = (3”’+2 R LA 7) — 181og3 - 9" — 32l0g2 - 4"

Setting f'(H) = 0 gives the critical point S

Iog 16log 2
18log3-9°% = 32log2 - 4°# = By = M ~ 0.14157.

log ¢

Since g(H) = (%)H is strictly increasing, if H < Bu, then f'(H) < 0 and if H > g, then f'(H) > 0. Therefore, f(H) is
strictly decreasing on (0, ) and strictly increasing on (8w, 1), attaining a local minimum at H = gg. Since f(H) starts at
0, becomes negative, and then increases up to a positive value, it changes the sign exactly once at some point a. Solving
the equation f(ay) = 3?*#+2 — 4. 2%2¢5+2 1 7 — ( numerically yields ag ~ 0.2626. Therefore, for 0 < H < ag, the
function f(H) starts at 0, decreases to a minimum at 8, and increases back to 0 at ax. Thus, f(H) < 0on (0, ax). For
H > ap, the function f(H) continues to increase from f(ax) = 0. Thus, f(H) > 0on (ax,1). For H = am, f(H) =0.
Since the sign of p(1, H) is the same as the sign of f(H ), we conclude that p(1, H) is negative for H € (0, ax ), positive

for H € (am,1), and zero at H = ay, where ag ~ 0.2626. O

3. Coefficients of projection

In this section we consider the projection of Al, onto (AIlL,...,Al,), that is, the conditional expectation E[AI, |
Al ...,Al)]. Note that the joint distribution of (A1, ..., Al,) is centered and Gaussian. Applying the theorem of normal
correlation, we obtain the following representation

E[ALy | AL, ..., AL =Y b"AL, n>1, 2)
k=1
where the coefficients bL”) € R. Since the increments are stationary (by Lemma B), clearly E[ALL | Aliy1, ..., Aliyn)

contains the same coefficients. Now, let us consider the coefficients b,(c’” in the projection (B). The approach to obtain the

coefficients b,(;” is to solve the system of linear equations, which we get by multiplying both sides of (B) by AI;, I > 1 and
taking the expectation. We get the system

n
14 :Zbggn)PUc—l\: lzlv"'7n7
k=1

where pq := p(d, H) = E[AIyAl,] and is given explicitly by Lemma 8.
Let us define the matrix A™ € R™*™ with entries A;; = p;;_; and the vector r'™ = (p1,...,p,)". Then

 detAl”
T detA™®™)’

AMp™ =™ and b 3)
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where A\ is the matrix obtained from A by replacing the kth column with the vector r™). Note that det A" is strictly
positive, it cannot be proved similarly to Theorem 1.1 from (Banna et al., 2019). Therefore, the sign of each coefficient is
determined by the det A,(C”). Now we will proceed as follows: we will calculate analytically those coefficients for which this
is possible, and we will carry out the rest of the analysis by numeric. Let us write down the expressions for po, p1, p2, where
pa = p(d, H), using the formula obtained in Lemma f8:

84" -3 _9.97—16-4" 47 _16-16" —36-9" +24-47 —4
P=ym+neE+Y) T s yeHEY) T 2T A(H +1)(2H + 1)

Case n = 1: In this case, the matrix A and the vector r™ contain only one element each, and they are equal

9.9 _16.-47 7
4(H+1)(2H +1)

_ 8-47 -8
S 4HA+1D)(2H + 1)

AW = O -

Solving the equation AMb{" =+ for b we get that

b(1>_&_9-9H—16~4H+7
L oo 8. 4H 8 ’

Since po is a variance, it is strictly positive for all H € (0,1). Therefore, the sign of bﬁ” is determined by the p, in the
numerator. The next result is a direct consequence of Lemma [,

Proposition 1. The coefficient bgl) is negative (positive) for H < Hi1 (H > Hi1), where Hy 1 := ay ~ 0.2626.

A _ po  pP1 r? — P1
p1 po)’ p2)

p» — Pilpo—p2) 2y _ pop2 — pi
1 = 2 __ 2 2 — 2 __ 2
Po — P1 Po — P1
As mentioned previously, the sign of each projection coefficient is determined by its numerator, since the denominators are
the determinants of a covariance matrix and therefore always positive.

(2)
1

Case n = 2: In this case

Therefore

Proposition 2. The coefficient b;”’ is negative (positive) for H < H»1 (H > H»1), where Hz 1 := ang ~ 0.2626, and the
coefficient b<22) is negative (positive) for H < Ha 2 (H > H32), where Hy > ~ 0.8171.

Proof. Note that po > p2 for all H € (0,1), because of the general variance-covariance inequality. So, the sign of the
coefficient b§2) is determined by p1, which we addressed earlier. Therefore, according to Lemma [, b(12) is negative for
H < ay and positive afterward, where any =~ 0.2626.

For b;2>, its sign is determined by the function pop2 — p3 := go(H), which can be written in closed form as

_ —81-817 4128647 — 192 16" +162- 97 —17 g3 (H)
N 16(H + 1)2(2H + 1)2 TO16(H + 1)2(2H +1)2°

g2(H)

Due to the complex nature of g5 (H), a complete analytical study of its sign on the interval (0, 1) or even establishing its
behavior on certain subintervals using elementary analytical tools seems to be an unsolvable problem.

Consequently, we rely on numerical methods to analyze the behavior of function g5 (H ). These numerical investigations,
which are further supported by a plot of b(22) presented at (Fig. fl]), indicate that g3 (H) has a unique root within the interval
(0,1) at point Hz,2 = 0.8171. The numerical analysis shows that g5 (H) < 0for H < Hz2 and g5(H) > 0for H > Hz5. O

Remark 2. While a comprehensive analytical proof of the behavior of g5 (H) on the interval (0, 1) is not provided due to its
complexity, we can investigate its characteristics around specific points of interest using Taylor expansions. This approach
does not serve as a general proof of the function’s behavior across the entire interval but offers insights into its local
properties. In our primary consideration, H € (0, 1), but since g5 (H) is continuous, we can extend the domain to H € [0, 1]
to include boundary points. To explore the behavior near H = 0, we can employ Taylor expansion. It can be verified that
g5(0) = 0. The first and second derivatives of g5 (H) are

g5'(H) = —81-81" log 81 + 128 - 64" log 64 — 192 - 16" log 16 + 162 - 9" log 9.

95" (H) = —81 - 81" (log 81)® + 128 - 64" (log 64)* — 192 - 16" (log 16)* + 162 - 9" (log 9)*.

x /!

Evaluating at H = 0, we find that g3’ (0) = 0 and g3” (0) < 0. The Taylor expansion for g3 (H) around Hy = 0 is thus

g3 = g3 0) + g5’ O + X017 4 o),

*//

Since g5 (0) < 0, this suggests that g5 (H) is negative for small positive values of H. To understand the function’s behavior
around the numerically identified root H2 2 ~ 0.8171, where g5(H2,2) ~ 0, we can examine its first derivative. It can be
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checked that g3’ (Hz,2) > 0. The Taylor expansion around Ho = Hz s is
g5 (H) = g5(Hz2,2) + g5 (Ha2.2)(H — Hz,2) + o(H — Ha2).

Since g3 (H2,2) = 0 and g3’ (Hz,2) > 0, this expansion indicates that the function is increasing as it passes through this root,
transitioning from negative to positive values. Furthermore, direct evaluation shows that g5 (1) = 0. Of course, while the
fact that we dropped the denominator from the analysis affected the position of the critical points, it did not affect the roots
and thus the behavior of the sign of b(22) we were initially interested in.

Numerical results

In this section, we present the numerically computed coefficients b;cn) forn =1,...,10. The results below are listed for
the Hurst indices # = 0.1, 0.4, 0.7, 0.9 (Tab. [-4).

Table 1
Coefficients bgcm for H=0.1
n/k 1 2 3 4 5 6 7 8 9 10
1 -0.1400 - - - - - - - -
2 -0.1637 -0.1621 - - - - - - - -
3 -0.1808 -0.1793 -0.1050 - - - - - - -
4 -0.1897 -0.1946 -0.1204 -0.0854 - - - - - -
5 -0.1957 -0.2031 -0.1341 -0.0986 -0.0700 - - - - -
6 -0.1999 -0.2089 -0.1421 -0.1108 -0.0817 -0.0596 - - - -
7 -0.2030 -0.2132 -0.1478 -0.1181 -0.0925 -0.0700 -0.0519 - - -
8 -0.2053 -0.2164 -0.1521 -0.1236  -0.0993 -0.0798 -0.0612 -0.0459 - -
9 -0.2072 -0.2189 -0.1553 -0.1276 -0.1044 -0.0861 -0.0701 -0.0544 -0.0412 -
10 -0.2088 -0.2210 -0.1580 -0.1309 -0.1083 -0.0909 -0.0759 -0.0626 -0.0490 -0.0374
Table 2
Coefficients bL") for H=0.4
n/k 1 2 3 4 5 6 7 8 9 10
1 0.1377 - - - - - - - -
2 0.1500 -0.0893 - - - - - - - -
3 0.1485 -0.0868 -0.0163 - - - - - - -
4 0.1481 -0.0890 -0.0125 -0.0252 - - - - - -
5 0.1477 -0.0892 -0.0141 -0.0226 -0.0174 - - - - -
6 0.1474 -0.0896 -0.0143 -0.0240 -0.0151 -0.0156 - - - -
7 0.1472 -0.0898 -0.0146 -0.0242 -0.0163 -0.0136 -0.0133 - - -
8 0.1471 -0.0899 -0.0148 -0.0245 -0.0165 -0.0147 -0.0116 -0.0118 - -
9 0.1469 -0.0901 -0.0150 -0.0247 -0.0168 -0.0148 -0.0125 -0.0102 -0.0105 -
10 0.1468 -0.0902 -0.0151 -0.0248 -0.0169 -0.0151 -0.0126  -0.01M11 -0.0091 -0.0095
Table 3
Coefficients bé") for H=0.7
n/k 1 2 3 4 5 6 7 8 9 10
1 0.5091 - - - - - - - -
2 0.5212 -0.0238 - - - - - - - -
3 0.5235 -0.0730 0.0945 - - - - - - -
4 0.5200 -0.0704 0.0755 0.0363 - - - - - -
5 0.5186 -0.0735 0.0784 0.0149 0.0410 - - - - -
6 0.5173 -0.0740 0.0760 0.0172 0.0250 0.0309 - - - -
7 0.5164 -0.0747 0.0755 0.0151 0.0271 0.0165 0.0278 - - -
8 0.5158 -0.0750 0.0748 0.0147 0.0253 0.0183 0.0153 0.0241 - -
9 0.5152 -0.0754 0.0745 0.0142 0.0250 0.0167 0.0170 0.0129 0.0216 -
10 0.5148 -0.0756 0.0741 0.0139 0.0245 0.0164 0.0155 0.0144 0.0116 0.0194
Table 4
Coefficients bgcn) for H=0.9
n/k 1 2 3 4 5 6 7 8 9 10
1 0.8212 - - - - - - - -
2 0.8078 0.0163 - - - - - - - -
3 0.8048 -0.1323 0.1840 - - - - - - -
4 0.7906 -0.1221 0.1219 0.0772 - - - - - -
5 0.7841 -0.1324 0.1322 0.0103 0.0845 - - - - -
6 0.7788 -0.1331 0.1239 0.0187 0.0352 0.0629 - - - -
7 0.7752 -0.1351 0.1228 0.0116  0.0427 0.0187 0.0568 - - -
8 0.7724 -0.1360 0.1207 0.01M1 0.0367 0.0253 0.0189 0.0489 - -
9 0.7703 -0.1368 0.1196 0.0094 0.0363 0.0200 0.0249 0.0150 0.0439 -
10 0.7685 -0.1374 0.1187 0.0087 0.0348 0.0196 0.0202 0.0204 0.0135 0.0394

The situation with the signs of the coefficients, to some extent, reflects the situation with overlapping intervals. However,
it is also a mixture with the situation of projection of the increments of fBm: for small values of H all coefficients are negative,
as in the case of increments of fBm, but for H > % the coefficients become strictly positive, except for the second one, and
for the increments of fBm they are all positive.

To better illustrate the behavior of the coefficients, we present the plots of the coefficients as functions of H forn = 2, 3

(Fig. ).
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Fig. 1. LEFT — Case n = 2: b{"), b?) as functions of H. RIGHT — Case n = 3: b, b{?), b}*) as functions of H

4. Projection of “non-overlapping” increments

Our previous analysis focused on the general form of the projection, which involved increments on the overlapping
intervals, leading to complexities in coefficient behavior. Let us now consider the projection E[AIy | ALy, Aly,. .., Alsy],
where p > 1. The conditional expectation then can be written as follows

p
E[Aly | ALy, Al,... ALy =Y bP ALy, p>1. (4)
k=1

To obtain the coefficients Eip), we multiply both sides of the projection equation () by Al forl = 1,...,p, and take
the expectation. This yields the following system of linear equations

P
E[AI AL =Y b E[AL,AL].
k=1

Using the definition pq = E[AloAl,] and the stationarity property E[AL;AL] = pji—j|, we get
2 ~
pa = Zbip)l’lzk—zz\, I=1,...,p.
k=1

Let us define the matrix A® € RP*? with entries

Aij = pl2i—2j| = p21i—j|» 4J € {1,...,p}.

Then the matrix A® has the following form

Po p2 pa o Pap—1)
P2 Po P2 pag—2)
AP — P4 P2 Po Tt P2(p—3)
P2(p—1) P2(p—2) P2(p—3) - Po
Let the vector of coefficients be b® = (5", ... 5")T, and vector F?) be defined as F'*) = (pa, pa, ..., p2p)T. Then
() N - det A
AP pP) — r(p)’ and b](gP) _ Tk (5)
det A(®)

where A" is the matrix obtained from A*) by replacing the kth column with the vector ¥*). The covariance function
pa = p(d, H) = E[AIyAl,] is given by Lemma [3, as before.

We will conduct our further analysis of the coefficients in a way similar to that we did in the previous section. Specifically,
we will consider the cases p = 1 and p = 2, for which we write down useful expressions, namely po, p2, p4, in the following
closed form

o 8-47 -3 ~16-167 —36-97 42447 — 4
PP ym+neE 1) T A(H +1)(2H + 1) :
_36-36" —100-25" 496 - 16" —36-9" 444"

- 4(H 4+ 1)(2H + 1) '

pa
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Case p = 1: In this case, the projection coefficient 5(11) is given by pOE(ll) = p2. Thus, we ftrivially get

p2 _ 16-16" —36-9" +24.4" —4

B —
! 0 8. 4H 8

As before, po is a variance and thus always positive. The behavior of Bﬁl) is then defined by the numerator p.
Proposition 3. The coefficient 135“ is negative (positive) for H < 3 (H > ).
Proof. By Lemma f, we know that p», and thus 5", is negative (positive) for H < 1 (H > 1). O

Case p = 2: Here, the coefficients 5> and 5 are given by the system of equations A?b® = ¥ where
1 2
A _ po P2 Fle) P2 )
p2 po)’ p4

B = pz(z;o - 54)7 B = PoPa = 55.
Po — P2 Po — P2
As repeatedly emphasized, the denominators are the determinants of covariance matrices, hence strictly positive. There-
fore, the behavior of the coefficients is defined by the numerators pa2(po — ps) =: fi(H), pops — p3 =: fo(H) with the
following closed form

The coefficients b equal

fi(H) _ f2(H)
(H + 1)2(2H + 1)’ F2(H) = (H + 1)2(2H + 1)2’

fi(H) =
where f7, f5 are given by

fr(H) = —36-576" +100 - 400" + 81 - 324" — 96 - 256" — 225 - 225" 4 198 - 144" + 150 - 100" —
—81-817 —140-647 +54-36% —25.25% +22.167 +9.97 —13.47 1 2,
f3(H) = —16 - 256" +90 - 144" — 50 - 100" — 81 - 81" +72.36" +50-25" —74.16" + 104" — 1.

Proposition 4. The coefficients b\>,b{” are negative (positive) for H < 1 (H > 1).

Proof. (i) In case of 1352), we use the same reasoning as in the previous section, since the expression in the numerator
simply factorizes to p2(po — pa). We know that po > p4 by the general variance-covariance inequality and thus the behavior
of the numerator is defined by ps, which was discussed previously. Hence, Ef) is negative for H < % and positive for
H> 1

(ii) The determination of the sign of 5(22) for H < % follows from Lemma ], which establishes that pops — p2 < 0 within this
domain, since py is strictly positive and p2 < 0, ps < 0for H < % However, the case H > % requires a different approach,
which is not accessible at the moment. Alternatively, we present a plot of 5%2) at (Fig. [) to convey its behavior. O

Remark 3. Similarly to Remark [, we can investigate the behavior of f around interesting points using Taylor expansions.
First, we check the behavior near H = 0. We verify that f5(0) = 0, f3'(0) = 0, f5"/(0) < 0 and then apply the Taylor
expansion around Hy = 0, which immediately gives us that f5(H) starts negative for small positive H. Next, we analyze
the function near H = . We make sure that f5 (1) = 0 and f3'(3) > 0. Since f3’(1) > 0, the Taylor expansion around
Hy = % shows that the function starts positive for H > % Finally, we analyze the function near H = 1. We ensure that
f5(1) =0and f3'(1) < 0. Since f5'(1) < 0, the function is decreasing at H = 1. This shows that for H < 1 and H ~ 1,
f3(H) > f5(1) = 0, so the function was positive and decreases towards zero at H = 1.

Numerical results

Here we present the numerically computed coefficients Eﬁf’) forp =1,...,10. The results below are listed for the Hurst
indices H = 0.1, 0.4, 0.7, 0.9 (Tab. §-B).

Table 5
Coefficients bff) for H=0.1
p/k 1 2 3 4 5 6 7 8 9 10
1 -0.1391 - - - - - - - - -
2 -0.1462 -0.0513 - - - - - - - -
3 -0.1476  -0.0552 -0.0267 - - - - - - -
4 -0.1480 -0.0561 -0.0291 -0.0165 - - - - - -
5 -0.1482 -0.0564 -0.0298 -0.0181 -0.0112 - - - - -
6 -0.1483 -0.0566 -0.0300 -0.0186 -0.0124 -0.0081 - - - -
7 -0.1483 -0.0567 -0.0301 -0.0188 -0.0127 -0.0091 -0.0062 - - -
8 -0.1484 -0.0567 -0.0302 -0.0188 -0.0129 -0.0093 -0.0069 -0.0049 - -
9 -0.1484 -0.0567 -0.0302 -0.0189 -0.0130 -0.0094 -0.0071 -0.0055 -0.0040 -

-
o

-0.1484 -0.0568 -0.0302 -0.0189 -0.0130 -0.0095 -0.0072 -0.0057 -0.0044 -0.0033
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B Table 6
Coefficients bff) for H=0.4
p/k 1 2 3 4 5 6 7 8 9 10
T -0.0686 - - - - - - - -
2 -0.0708 -0.0314 - - - - - - - -
3 -0.0714  -0.0328 -0.0202 - - - - - - -
4 00717 -0.0333 -0.0212 -0.0148 - - - - - -
5 -0.0719 -0.0335 -0.0216 -0.0156 -0.0116 - - - - -
6 -0.0720 -0.0337 -0.0218 -0.0159 -0.0123 -0.0095 - - - -
7 -00720 -0.0338 -0.0220 -0.0161 -0.0126 -0.0101 -0.0081 - - -
8 -0.0721  -0.0339 -0.0221 -0.0162 -0.0127 -0.0104 -0.0086 -0.0070 - -
9 -0.0721  -0.0339 -0.0221 -0.0163 -0.0128 -0.0105 -0.0088 -0.0074 -0.0061 -
10 -0.0722 -0.0340 -0.0222 -0.0164 -0.0129 -0.0106 -0.0089 -0.0076 -0.0065 -0.0055
~ Table 7
Coefficients 5" for H=0.7
p/k 1 2 3 4 5 6 7 8 9 10
1 0.2416 - - - - - - - - -
2 0.2172  0.1008 - - - - - - - -
3 0.2105 0.0864 0.0663 - - - - - - -
4 0.2073 0.0821 0.0559 0.0495 - - - - - -
5 0.2053 0.0799 0.0527 0.0413 0.0395 - - - - -
6 0.2040 0.0786 0.0509 0.0387 0.0327 0.0329 - - - -
7 0.2031 0.0776 0.0499 0.0372 0.0305 0.0271 0.0282 - - -
8 0.2024 0.0770 0.0491 0.0363 0.0293 0.0252 0.0232 0.0246 - -
9 0.2018 0.0765 0.0486 0.0357 0.0285 0.0241 0.0215 0.0202 0.0219 -
10 0.2014 0.0761 0.0481 0.0352 0.0279 0.0234 0.0205 0.0187 0.0179 0.0197
~ Table 8
Coefficients 5" for H=0.9
p/k 1 2 3 4 5 6 7 8 9 10
1 0.6797 - - - - - - - - -
2 0.5226 0.2311 - - - - - - - -
3 04880 0.1527 0.1500 - - - - - - -
4 0.4715 0.1360 0.0965 0.1095 - - - - - -
5 0.4621 0.1276 0.0848 0.0689 0.0862 - - - - -
6 0.4560 0.1228 0.0788 0.0598 0.0534 0.0711 - - - -
7 0.4517 0.1195 0.0751 0.0550 0.0460 0.0435 0.0604 - - -
8 0.4485 0.1172 0.0727 0.0521 0.0420 0.0372 0.0367 0.0526 - -
9 04460 0.1155 0.0710 0.0502 0.0396 0.0339 0.0313 0.0317 0.0465 -
10 0.4441 0.1142 0.0697 0.0488 0.0379 0.0318 0.0283 0.0269 0.0279 0.0417

Here we can see that the behavior of the projection coefficients in the non-overlapping scenario is consistent with the

properties of fBm: all coefficients are negative for H < % and all coefficients are positive for H > %

As in the previous case, we present the plots of the coefficients as functions of H for p = 2, 3 (Fig. ).
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Fig. 2. LEFT — Case p = 2: b$"), b{*) as functions of H.

5. Calculation of the Prediction Error
In this section, we derive the formula for the Mean Squared Error (MSE) of the projection discussed in Section B. The
error of the prediction is defined as e,, = Aly — E[Aly | AL, ..

the variance of this error, MSE,, = E[e2], and it equals

for overlapping, and
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p
MSE, = po — > _ parb{?’
k=1
for non-overlapping intervals, where the values of coefficients are given by (8) and (). In Tab. B, we can see that the MSE
decreases as the number of predictors grows, both in the overlapping and non-overlapping scenarios. It is interesting to see
that MSE decreases as H approaches its boundary points H = 0 and H = 1 and increases when H is close to 1/2. The
behaviour around H = 1, where fBm and consequently ifBm degenerate to ¢ - ¢(t), where ¢(t) = t for fBm, and ¢(t) = t*/2
for ifBm, is very clear. The same is about H = 1/2 because the terms of prediction are independent for non-overlapping
intervals. When H approaches 0, fBm tends in distribution to white noise, and therefore the norm of projection increases,
and consequently MSE decreases.

Table 9
Mean Squared Error (MSE) for the Overlapping Case Mean Squared Error (MSE) for the Non-Overlapping Case
n | H=0.01 H=04 H=07 H=0.99 p | H=0.01 H=04 H=07 H=0.99
1 0.0259 0.5770  0.5952 0.0366 1 0.0266 0.5854  0.7566 0.0696
2 0.0250 0.5724  0.5949 0.0366 2 0.0266 0.5848  0.7489 0.0637
3 0.0246 0.5723  0.5895 0.0347 3 0.0266 0.5846  0.7456 0.0614
4 0.0243 0.5719  0.5888 0.0344 4 0.0266 0.5845  0.7437 0.0602
5 0.0242 0.5717  0.5878 0.0340 5 0.0266 0.5844  0.7426 0.0595
6 0.0240 0.5716  0.5872 0.0338 6 0.0266 0.5843  0.7418 0.0591
7 0.0239 0.5715 0.5868 0.0336 7 0.0266 0.5843  0.7412 0.0587
8 0.0239 0.5714  0.5864 0.0335 8 0.0266 0.5843  0.7407 0.0585
9 0.0238 0.5714  0.5861 0.0334 9 0.0266 0.5842  0.7404 0.0583
10 | 0.0238 0.5713  0.5859 0.0333 10 | 0.0266 0.5842  0.7401 0.0581

Discussion and conclusions

In this work, we have successfully investigated the projection of increments of integrated fractional Brownian motion
(ifBm). We began by formally introducing ifBm, deriving its covariance function, and establishing the key property that its
increments are stationary. Our primary contribution lies in the determination of the coefficients for the linear prediction of an
ifBm increment, A, based on a series of subsequent increments, (A4, ..., Al,). We derived exact analytical formulas for
the projection onto a single subsequent increment in both overlapping and non-overlapping scenarios. For projections onto
two increments, we provided partially analytical results. The corresponding code for reproducing these results is provided
in our repositoryﬂ.

To handle more complex cases, we computed numerical solutions for projections onto as many as ten increments
for both interval configurations. A significant finding of this study is the complex behavior of these projection coefficients,
particularly the sign changes observed as a function of the Hurst index H. This reveals a non-trivial dependence struc-
ture, especially when the intervals overlap. However, the covariance structure of the fractional Brownian motion poses a
significant problem in terms of formal analysis, and thus needs new approaches.
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SOPMYINU NPOIMHO3Y AnsA IH-TEFPOBAHOIO APOBOBOIO BPOYHIBCbKOI'O PYXY

[HocnidxeHo npoekuito (Npo2HO3) npupocmie iHme2posaHo20 Apo60e020 6poyHiecbko20 pyxy (i0bp). YeedeHo idbp, o64ucsieHo lio2o Koeapi-
auyiliHy ¢pyHKuil0o ma ecmaHoesieHo cmauyioHapHicms io2o npupocmie. OcHoeHa mMema pobomu — eu3Hayumu kKoegpiyiecHmu 0Ons niHiliHo2o
npoz2Ho3y MalibymHbo20 npupocmy iOBP Ha ocHoei psidy MuHynux npupocmie. [oka3aHo, wjo koegiyieHmu NPo2Ho3y eMOoHCMpPYMb CK1adHy
noeediHKy, 3i 3MiHOIO 3HakKa 3as1exHo 8i0 noka3Huka Xropcma (H). ns npupocmie Ha iHmepeanax, wio nepemuHarombcs, Ysi 3MiHa 3Haka 8iobysae-
mbcs1 3a HempueianbHux 3HavyeHb H. Ha eiomiHy eid ybo2o, dns npupocmie Ha iHMepeanax, Wo He nepemuHarombcsl, 3MiHa 3Haka eidbyeaembcsi
3a H=0.5, wo y3200)xyembcs 3 e1acmusocmsiMu camoz2o 0po6oe8oz2o 6poyHiecbkozo pyxy. [locnidxeHHsi Hadae sigHi gpopmynu, de ye MOXIU8o, ma
8eJIuKy Kinbkicmb mabnuyp i3 YucesnbHO o6paxoeaHUMU 3Ha4eHHsIMU KoegbiyieHmie npoekyii Ans pisHux 3HayeHb iHOekcy Xropcma, NponoHyrYu
PO3yMiHHS1 ennacmueocmeli i npo2Ho3y iOBbP, wo 3aknadae ocHosy Osis1 nodanbwux G0CiOKeHb.
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KuiBcbkui HalioHanbHUM yHiBepcuTeT iMeHi Tapaca LLeB4yeHka, KuiB, YkpaiHa

MPOrHOCTUYHA MOAENDb JIOrICTUYHOI PErPECII A OUIHIOBAHHA NOKA3AHDb
A0 NIKYBANbHOI IMIMNTAHTALLII MPU NPOJIABYBAHHI LUNYHKA Y CTPABOXIA,
ABO KAPOIANBbHY ANAHKY WWNYHKA

lMo6ydosaHo npozHOCMU4YHY MOOesIb Ha OCHO8I J1Io2icmu4HOT pezpecii 0 oyiHr8aHHS Noka3aHb 00 JliKyeanbHol iMnnaHmauyii
y nauieHmie i3 nponabyeaHHsIM wilyHKa y cmpaeoxid abo kapOlianbHy OinsiHKY wilyHKa Ha ocHoei daHux 558 nayieHmie eHAocko-
ni4yHoz2o eiddineHHs Kipoeozpadcbkoi o6nacHOI nikapHi 3 KniHiYHUMU cumMnmomMamu U eHOOCKOMiIYHUMU XapakmepucmuKamu.
Modenb ypaxoeye dee'ssmb npedukmopie: ckapau Ha fneyiro, pe2ypaimayito, muck 3a 2pyOuUHO, ocurlicms 20J10Cy, HasieHicMb
degbekmie cnusoeoi 3a Jloc-AHOXerniecbKoro knacugikayiero, aucomy nposiabyeaHHs wisiyHKa y cmpagoxio abo kapdianbHy OinsgHKy
winyHKa, nosioxeHHs Z-niHii ma HasieHicmb epo3ili | supa3ok, ykpumux 2emamuHoM. [1id yac no6ydoeu sozicmuyHoi pezpeciliHoi
moderii ocobnuey yeazay npudineHo Medu4Hili iHmepnpemauyii ompumaHux KoegiyieHmie, cmaHl@apmHux MOMUJIOK, Cmamucmuk
Banb0da, Mampuuyb eapiayili, eidHOWeHb waHcie ma iHwuM nokasHukam modeJti. Lje 0ano 3mMo2y He nluwe oyiHUMU cmamucmuy4Hy
3Ha4yywicmb npedukmopie, a i 3po3yMimu iXHe KiiHi4He 3Ha4YeHHs1 ¥y NpPo2HOo3ye8aHHIi Moxiueocmi iMnaHmMauyii 8 KOHKpPemHo20
nayienma. [qns aHani3zy 3anexHocmel Mix npedukmopamMu 6ysiu eukopucmani mabnuyi cnpsixeHocmi ma koegbiyieHmu Kpamepa,
wo donomoeasio susieumu cabki U MomipHi 38'A3Ku MiXk cuMnmomamu ma 3pobumu eUCHOBOK PO HeausTy4YeHHS 8cix npeduKkmo-
pie 3 Modeni. [jns oyiHO8aHHsI NOSICHO8asIbHOI 30amHocmi Moderi sukopucmaHo KkoegiyieHmu demepmiHayii Kokca ma CHenna,
modudpikoeaHuli koegpiyieHm demepmiHayii Helidxenkepa, mecm Xocmepa — Jlemewoea ma knacudpikayiliny maénuyro 3a mo-
dennro. Pe3ynsmamu GeMOHCMPYOMb 8UCOKY MPO2HOCMUYHY 30amHicmb modesti (moyHicmb 98,6 %) i nidmeepdxxyromsb KiliHiYHY
3Hauyywicmb Hagimeb pidkicHUX cuMnmomis.

KnioyoBi cnoBa: sozicmuyHa peepecis; npoeHocCmMuYyHa Modesb, MeOUYHa iMnnaHmauisi, nponabyeaHHs WIyHKa,
eHAockoni4Hi npedukmopu, KniHiYyHe pilueHHs.

Knacudikauis BignoigHo ao AMS 2020: 62J12, 62P10.

Bctyn

3apavi MeguM4YHoOI fiarHOCTVKM Ta MPOrHO3yBaHHS HanexaTb [0 Knacy 3agad knacudikadii, e Ha OCHOBI MHOXWHU KIiHIKO-
€HO0CKOMIYHMX 3MIHHUX HEeObXiOHO BU3HAYMTK HANEXHICTb nauieHTa 4o ofHiel 3 kaTeropii. MatemaTuyHe MoOentoBaHHS
LibOro NpoLecy BUMarae BUKOPUCTaHHSA anapaTty MMOBIPHICHO-CTaTUCTUYHUX METOAIB, WO Aa€ 3MOry NepeTBopuTu Habip em-
NiPUYHUX JaHuX y popmarnisoBaHy cUCTEMY MPUAHATTA pilLeHb.

KnacvnyHum nigxogom A0 Takvx 3afadv € BUKOPUCTaHHSA noricTnyHoi perpecii (Hosmer, Lemeshow, & Sturdivant, 2013),
wo 3abe3nedvye BigoOpakeHHs1 NPOCTOpPY MPEeaMKTOPIB Y NPOCTIPp MMOBIPHOCTEW 3a AOMOMOroK noriT-chyHKLil. Baxnusoto
BMACTMBICTIO NOFCTUYHOI perpecii € MOXNUBICTb iHTepnpeTauii kKoedilieHTiB y BUrNSAi BiGHOLWEHHS LWaHCIB, Lo pobuTs ii He
nviwe iHCTPYMEHTOM NPOrHO3yBaHHS, ane 1 3acoboM OLiHIOBaHHA 3HAYYLLOCTi KOXHOrO oKpemoro npeaukropa. Moaeni nori-
CTUYHOI perpecii BUKOPUCTOBYIOTLCS B MEAMUMHI SK LiHHUA MaTeMaTUKO-CTaTUCTUYHUIA anapaT ANns BUSBMEHHS XBOPOOU
MapkiHcoHa (Verma, & Sinha, 2025); nporHo3yBaHHs1 nicnsonepauinHoi CMepTHOCTI Y XBOpPUX Ha pak nereHis (Bernard et al.,
2024); nporHo3yBaHHs1 IMOBIPHOCTi rOCTPOro kKopoHapHoro cuHapomy (Hua et al., 2025) Ta iH. KntoyoBi MOXnMBOCTI 3acTocy-
BaHHS NOriCTUYHOI perpecii B MeauumHi HaseaeHi B poboTi (Schober, & Vetter, 2021).

Y nponoHoBaHin cTaTTi 6yae nobygoBaHO MaTeMaTUYHY MOAENb, WO iHTErpye KNiHiYHi 1 eHAOCKONIYHI AaHi ANsi NPOrHo-
3yBaHHsI NMoKa3aHb i NPOTUMOKa3iB 40 iMNNaHTaLji giarHoCTUYHMX Ta/abo TepaneBTUYHUX NPUCTPOIB, 30Kpema cuctem Bravo,
JSPH-1, BEST Capsule, EndoStim gns ctumynsuii HWXHBOrO CTpaBOXiAHOrO cdpiHKTEpa, KancynbHUX AaTyukiB Smart
nanowire Ta iH. (Lawenko, & Lee, 2016; Li, Liu, & Tao, 2013) y nauieHTiB i3 NaTonorieto LnyHKOBO-CTPABOXiAHOIO 3'€QHaHHS,
3 METO0 MiABULLEHHSA TOYHOCTI NOG'EKTUBHOCTI KNiHIYHOIO yXBaneHHs pilleHb.

1. MocTaHoBKa 3agavi

Ha ocHoBi BMGipku i3 558 naujieHTiB eHOoCKONIYHOro BiAAINEHHA KOMYHanbHOro HekomepLiiHoro nignpuemMctaea "KipoBo-
rpagcbka obnacHa nikapHs KipoBorpaacbkoi o6nacHoi pagm" Ta ixHix KniHiYHUX XapaKTepuCTUK, fikapi, Ha OCHOBI AeTanbHOro
aHaniay iXHbOro cTaHy, 3MOrN OLIHUTU MOXIMBICTb iIMMNaHTaUii / He iMnNnaHTauji NikyBanbHOro MPUCTPOLO Y NALEHTIB i3 Npo-
nabyBaHHSM LUMYyHKa Y cTpaBoxig abo kapAianbHy AiNsHKy wnyHka. OCHOBHMMM ymoBaMu A4S iMnnaHTauii 6ynu Taki: HasB-
HICTb CKapr Ha nevito, Big4yTTs perypritauii Ta TUCKy 3a rpyauHO, OCUNIIOCTb rofiocy (NoeaHaHHS ckapr Yy KOHTEKCTi JO3BOMy
iMnnaHTauii BU3Ha4yanu nikapi); nNokasHuK BUCOTU NponabyBaHHs LyHKa Y CTpaBoxXia abo kapaianbHy AiNsHKY WyHKa Mae
AopiBHIOE abo ByTVM MEHLIMM 3a MoKasHWK Z-MiHil; BigcyTHicTb AedekTiB Tuny C i D 3a Jloc-AHaeniBcbkoto Knacudikauieto
OLiHKM peddniokc-e3odariTy; BiACYTHICTb €po3ii i BUpas3oK, YKpUTUX reMaTvHOM y pasi aedektiB Tuny A i B i iHWi mMeHLw
3HaYyLLi XapaKTEPUCTUKK, ki Nnikapi BU3Ha4yanm y npoueci o6CTeXeHHs nauieHTiB.

MeTa nponoHoBaHOI CTaTTi NoNsrae y 3HaxoMKeHHi MOAeri, sika Ha OCHOBI pAAY OTPUMAHUX KNiHIYHUX NOKa3HWKIB 1 OTpU-
MaHuWX paHille pe3ynbTaTiB (3aknioYeHb) Nikapis WOoAo iMnnaHTawii / He iMnnaHTauii nikyBanbHOro NPUCTPOLo, 3MOXe Ha Oc-
HOBI KIMiHIYHUX NOKa3HMKIB HOBOro NauieHTa HagaTu BiANoBigb NPO MOXNMBICTb iMMnaHTaLii MpUCTpoto.

IMpoaHaniayemo, HacKinbKku foricTU4Ha perpecis Ha No4YaTkoBUX AaHUX 34aTHa BiOTBOPUTY YiTKi KNiHIYHI NpaBuna knacu-
dikauii nauieHTiB Woa0 MOXIIMBOCTI iMAnaHTauii. KoediuieHTn NoricTMYHOT perpecii NoKaxyTb, SIKi N04aTKOBI 03HaKU peanbHO
BMMVBaOTb Ha pe3ynbTaT, HaBiTb 6€3 SBHOro KoAyBaHHS NpaBwn.

2. OcHoOBHI pe3ynbTaTn

Y norictuyHin perpecii npegukTopu (NOSICHIOBamNbHI 3MiHHI) MO3HAYeHO SK Xq, X, ) Xp, 0€ p — KINbKICTb NpeauKTopiB
(y Hawin 3agavip = 9).
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BxigHi 3miHHi Mogeni (npeaukTopu): 1) ckapru Ha neuito (biHapHa 3miHHa: 1 — HasBHi; 0 — BiOCYTHI) — x;; 2) ckapru Ha
BioYyTTs perypritauii (6iHapHa 3miHHa: 1 — HasBHi; 0 — BiACyTHI) — x,; 3) ckapru Ha Big4yTTS TUCKY 3a rpyavHoro (GiHapHa
3MiHHa: 1 — HasiBHi; 0 — BigCyTHI) — x5; 4) ckapru Ha ocunnicTb ronocy (6iHapHa 3miHHa: 1 — HasiBHi; 0 — BiOCYTHI) — xy;
5) HasBHiCTb AedekTiB crnmM3oBOi, knacudikoBaHmx 3a Jloc-AHmXeNIBCbKOK Kracudikalieto ouliHkn pedniokc-e3odarity (no-
psigkoBa 3miHHa: gedektu BigcyTHi — 0; Tun A—1; Tun B — 2; tun C — 3; Tun D — 4) — x5; 6) Nnoka3Huk BUCOTK nNponabyBaHHs
LUMyHKa B cTpaBoxig abo kapaianbHy AiNsHKY WyHKa (KinbkicHa 3MiHHA, CM) — X; 7) NOKA3HMK po3TallyBaHHs Z-NiHii (Kinb-
KicHa 3MiHHa, CM) — x; 8) HasiBHICTb ep03il, YKpUTUX reMaTuHoM (biHapHa 3miHHa: 1 — HasBHiI; 0 — BiACYTHI) — xg; 9) HasIBHICTb
BMPa30K, YKPUTUX reMaTuHom (BiHapHa 3miHHa: 1 — HasBHi; O — BiACYTHI) — xo. Pe3ynbTytloua 3MiHHa Y: MOXNMBICTb iMNnaH-
Tauii (1 — Tak; 0 — Hi). Y Hawomy Bunagky i = 1n,pe n= 558 — KinbKiCTb NaLieHTiB).

Hexait x; — BeKTOp nNpeauKTopiB Ans i-ro cnoctepexeHHs (nauieHta): x; = (1, X1, X2, ..., Xip)', A€ NEPLINIA enemeHT 1
BignoBigae BinbHOMY uneHy mogeni ;. 3MO4ENtOEMO NMOBIPHICTb NO3UTUBHOIO pesynbTaTy (YCnixy, HacTaHHA nogii — im-
nnaHTauii npucTtpoto) sik: p; = f(x;; B) =exp exp (x;{B) /(1 +exp exp (x{B) ), Be p; = E[Y;] — ue odikyBaHa AMOBIPHICTb yCrixy
(imnnaHTauii) Ans i-ro cnocTepexeHHs (nauieHTa); [ — BekTop KodilieHTiB Moaeni.

Hani norictnyHy dyHKuito nobyayeMo gk norapudmivHy dyHkuito waxcis (Nguyen, 2020):

. p !
logit(p;) = In (1 _lp,) =x;B = Bo + Brxu + PoXip + 0+ BpXip,
L

Ae BenuuuHa p;/(1 — p;) NpeacTaBnsie WaHCcK Ha ycnix (CniBBigHOLLEHHS MMOBIPHOCTI yCnixXy 4O WMOBIPHOCTI HeBAaui).

OTxe, iIMOBIpHICTb p; — Lie IMOBIPHICTb YyCnixXy, fka nokasye, HacKinbku NMOBIPHO, WO Ans i-ro 06'ekta (nauieHTa) nogis
HacTaHe (byae nokasaHHs o imnnaHTauii). A BenuumHa p; /(1 — p;) nokasye y CKinlbkv pasiB iMOBIpHILIMI yCNiX 3a HeBaaYy
(Bin 0 po «). Aani HatypanbHun norapudm In (p;/(1 —p;)) NEpeTBOPIOE LIAHCU Ha LKany Bif —«< A0 +%, WO 3py4HO
ANst MOAEMOBaHHS.

Ockinbku Y; Bignosigae posnoginy bepHynni 3 iMOBIpHICTIO p;, TO OYHKLiS NpaBAonoAibHOCTI ANS n He3anexHWX cnocre-
pexeHb MaTume BUrMAg,

L(B) = L(p) =1}, szl(l - Pi)l_yi' bi = %: 1-p; = m' ni = xi’ﬁ-

Akwo y; = 1, y gobyTtok ige p;. Akwo y; = 0, y gobytok ige (1 — p;). OTxe, dyHkuis L(B) nokasye, "Hackinbku gobpe"
Mofernb 3 KoedgilieHTaMu S onucye cnocTepexyBaHi AaHi.

3pyuHiwe npautoBati 3 norapucdmomM nNpaBgonoAibHocCTi (nor-npaBgonodibHicTio), Wob nepeTBopmTH JOBYTOK y CyMy:

n

1B =lntnL(B) =Y Dylnln @) +A=-y)Intn(1-p)]
=1
Y naketi IBM SPSS Ststistics 3aknageHi anroputm HetoToHa — PadpcoHa v anroputm diwepa, Wwo AaTb 3MOry oTpumaTti
OLiHKM MaKcumanbHoi npaegonoaibHocTi napameTpis B. 3a 4OCTaTHLO BENMKOT BUBIpKM po3noain £ (ouiHOK KoediLieHTiB)
HabnmxaeTbca A0 6araToBMMIpPHOrO HopMankHoro posnoginy f ~ AN(B, [I(8)]™), ae I1(B) — iHdopMaLiitHa maTpuus 3a

dilepom, Lo BU3HAYaE AMcnepciitHo-kosapiaiiHy cTpykTypy £. Ii BusHavatots sk I(8) = E [%Bﬁ)a%i) .

OuiHkm koediLieHTiB f = 1(B) nepebyBaloTb B OCHOBI iTEPaLINHNX YNCENbHIX METOB.
. . . .l
O6uuncnoemo noxigHi nor-npaBgonogibHocTi. [ns KOXKHOro i: oy = Vi~ i
i

Y matpuuHin copmi rpagieHt sanucyemo Ak U(B) = Vpl(B) = XT(y—p), ae X — matpuus nXp, p = (Py, -, Pn),
¥ = (Y1, -, Yn). MaTpuuo lecce po3paxosyemo Tak: H(B) = Vﬁ?l(ﬁ) =—XTWX, npe W = diag(wy, ..., wp) i w; = p;(1 —p;)). W
— L€ JiaroHanbHa MaTpuus, Y SIKOI BCi eNeMeHTU No3a rOfoBHOK AiaroHansmno AOPIBHIOKTL HymM. 3ayBaXumo, Wwo GinbLui
Barn B KOHTEKCTi HalLOl 3aadi BignoBigaTMMyTb nauieHTam, Ans Skux Mogernb MeHL yneBHeHa (TobTo p; 6nusbko o 0,5).
MeHwi Baru BignoeigaTb NauieHTam, ANs SKUX MoAenb Ayxe BneBHeHa (TobTo p; 6nmnsbko ao 0 abo 1). IHWMMK cnoBamu,
Baru nigKpecnioTb, HACKINbKN "BaXNMBUM" € KOHKPETHE CMOCTEPEXEHHS ANA YTOYHEHHSI NapaMeTpiB MoAeri Ha MOTOYHOMY
Kpoui iTepauii.

dopmyna HetoToHa — PadhcoHa y HalomMy BUNagaky MaTume BUrmsaa;

BE+D = pO — g-1(pO)y(p®) = pO — (_XTW(t)X)‘lxr(y —p®) = p® 4 (XTW“)X)_lXT(y —p®).

Yeegemo poBoumin sigryk z® = xg® + [W(t)]_l(y —p®).Togi kpok moxHa 3anucatn sik D = argmaxg(z® —
—xB) ' W®(2® — XB), wo nae HopmanbHi piHsiHHS (XTW O X)EHD = XTw ©)7(0),

Lle nokasye, L0 KOXHa iTepaLisi — e KPOK 3BaXXEHOro HalMeHLLUX KBagparTiB 3 Baramm w;.

AcvMNToTYHa MaTpuLs Bapiaii Var(f) ~ I71(8) ~ —H=(f). Ockinskn H(f) = —XTWX, 10 Var(f) ~ (XTWX) ™.

CraHpgapTHa nomunka j-ro koediuieHTy — Le KBaapaTHWA KOPiHb AiaroHanbHOro enemeHTy uiei maTpuui: SE([?,-) =

= fl/ar([?j). CTaHgapTHa NoMurka nokasye, HacKifbku TOYHO OLHEHO BB MEBHOIO NPeauKTopa Ha MMOBIPHICTb iMMaH-

Tauii. Hu3bke 3Ha4YeHHs NpeamKTopa BKasye Ha BNAMB LbOro nNpegukTopa. Benuvke sHauyeHHs npeamkTopa BKasye, LLO OLjiHKa
[?j HecTabinbHa, To6TO AaHNX HegocTaTHEO abo BOHM Ayxe BapiabenbHi A4nA HaginHOro NporHo3y. Y KriHiYHiA NpakTuLi HaBiTb
HecTabinbHWMI NPeanKTop Moxe OyTW BaXNMBMM AN YXBarneHHs pilleHb, 0COBMNMBO AKLLO BiH TEOPETUYHO OOr'pYHTOBaHMN
(Matsui, Le-Rademacher, & Mandrekar, 2021).

[ns 6yap-akoro npeaykTopa x; koedilieHT Bj MOB'A3aHU i3 BiAHOLLEHHAM LaHciB (odds ratio): OR; = ePi. Y koHTexcTi noricTu-
YHOI perpecii BiGHOLLEHHS Nokasye, SK 3MiHa NpeauKTopa BNAVBAE Ha LUAHCK HacTaHHs nogiji. IHTepnpeTauis: OR =1 — Hemae
BNMUBY NpeamnkTopa; OR > 1 — 306inbLUeHHS WaHCy HacTaHHA NOAjT 3a 3pocTaHHs NpeaukTopa; OR < 1 — 3MEHLUEHHS! LLaHCy.

Hasenemo kpuTepii 36ixHoCTi B iTepauiiivomy npoueci B nakeTi IBM SPSS Statistics: 1) [|f¢*D — 8D, < &, ge
& = 0,001; 2) pocArHeHHss MakcMMyM iTepauin (maxit), 4e maxit = 20.
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Ansa aHanisy 3HadvyLoCTi koedilieHTiB perpecii (MepeBipkn HynbOBOI rinotesn Hy: f; = 0) 3acTocoByBaTUME CTaTUCTUKY

Banbpa W; = ﬁjz/SE(ﬁj)z. Posnogin x? 3 1 creneHem cBo6oau Aae 3MOry 0BUYMCIIUTU p-3HAYEHHs KpuTepito. CTyneHi cBo-
Goau Ans KoxHoro koediuieHTa f; df = 1, TOGTO TECTyEMO Nnvie OAMH napameTp. 3HaYYLWICTb (p-3HauyeHHs!) Nokasye Mmo-
BIpHICTb OTpUMaTHK Taky CTaTUCTUKy Banbaa, skwo Hacnpasgdi §; = 0: p = 1 — F,2(W;, df = 1), fe F,z — dyHkUia posnoginy
x? 3 ogHuM cTyneHem ceoBoau. Mane p-3HaveHHs (< 0,05) cBigunTb Npo Te, WO HasBHUIA NpeanKkTop Xj CTaTUCTUYHO 3Ha-

YyLLIO MOB'A3aHUI 3 IMOBIPHICTIO YCMiLLHOT iMNnaHTauii. Benvke p-3HauyeHHs nokasye, Lo HeAOCTaTHbO AoKasiB, Wob cTBep-
AXyBaTu BNMB NPeanKTopa, afne He 03Havae, Lo MOoro MoXHa irHopyBaTu KNiHiYHO.

Mobynyemo noricTuyHy perpecito Ans nepepaxoBaHmX KNiHIYHUX NOKa3HKKIB y cTaTucTnyHomy naketi IBM SPSS Statistics.
Y Tabn. 1 HaBe4eHO NOKA3HUKM PIBHSIHHSA NOMICTUYHOT perpecii Ta iXHI0 3HavyLLiCTb Yy Mogeni perpecii. Takox NoaHo OCHOBHY
iHcbopmaLito LWoao MeauyHoi iHTepnpeTauii NoKasHUKIB.

Ta6bnuuys 1
lNMoka3HMKM 3MiHHUX PiBHAHHS NOriCTUYHOI perpecii Ta iXHA MeAuYHa iHTepnpeTauis
OuiHKK CepeaHbo- .
KniHiyni KoedilieHTiB | KBagpaTU4Hi | CTaTUCTUKM Cryneni BigHoweHHs | MeauyHa iHTepnpeTauis
. . cBo6oam, | p-3HaYeHHA . .
NOKa3HMKM noricTu4Hoi noxum6kw, Banbpa, W; d waHcis, OR; noKasHuKiB
perpecii B; SE(B)) f
Ckapru Ha neuito 1,866 0,841 4,917 1 0,027 6,460 HasBHicTb ckapr 36inbLye
LIaHCK MokasaHb
Jo imnnaHTauii y 6,5 pasa.
3HavyLwuii NpeaukTop
Ckaprv Ha BiguyTTsi -1,784 0,760 5,503 1 0,019 0,168 HasiBHicTb perypriTauii
perypritauii 3MeHLUYyE LWaHcK y 6 pasis
(1/0,168 = 5,95). 3miHHa
"nepesepTaeTbCa” y 3HaK
"3axucHoro cpaktopa"
LITYYHO. 3HaYyLLmMiA
npeavkTop
Ckapru Ha BiguyTTsl -17,030 19381,806 0,000 1 0,999 0,000 KoediuieHT HecTabinbHWMIA.
TUCKY 3a rpyavHOL0 MpeankTop CTaTUCTUYHO
HesHavyLumn
Ckapru -0,659 1,133 0,338 1 0,561 0,517 MpeankTop CTaTUCTUYHO
Ha OCMNNiCTb ronocy He3HavyLmmn
HasiBHicTb aedekris -4,432 0,737 36,188 1 0,000 0,012 HasiBHicTb aedekTiB pisko
Cn130BOI, Knacu 3MEHLLYE NMOBIPHICTb
ikoBaHMX 3a (manxe y 83 pasn).
Jloc-AHOXeniBCbKo Lyxe cunbHUI | 3HavyLLmn
Knacuaoikauieto npeauKTop
OLiHKM pedbntoke-
esodarity
MokasHWK BUCOTH -1,054 0,364 8,408 1 0,004 0,348 KoxHa oamHunus
nponabyBaHHS 3pOCTaHHs BUCOTU
LUMyHKa y cTpaBoxig, nponabyBaHHs LUMyHKa Y
abo kapgianbHy cTpasoxig abo kapaiansHy
OiNSHKY LWNyHKa OiNSHKY LWnyHKa (cMm)
3MEHLLYE LIaHCK
iMnnaHTauii maixe
y 3 pasu (1/0,348 = 2,87).
3HavyLwm NpeaukTop
MokasHuk 0,748 0,376 3,967 1 0,046 2,114 36inbLUEeHHS NokasHukKa
posTallyBaHHS Z-niHii nigsuye
Z-niHii MMOBIPHICTb iMAnaHTauii
GinbL AK 'y 2 pasu.
3HavyLwuin NnpeaukTop
HasBHicTb eposin, -23,762 8127,078 0,000 1 0,998 0,000 TexHiYHO He3HauyLmn
YKPUTUX reMaTUHOM NPeLVKTOp Yepes PiakicTb
sBuMLLa
HasBHicTb BMpasok, -23,247 6186,634 0,000 1 0,997 0,000 TexHiYHO He3HauyLmn
YKPUTUX reMaTUHOM NPeLVKTOp Yepes PiakicTb
LTI
KoHcTaHTa 21,066 11,324 3,461 1 0,063 1,41 x 10° | Benwka, ane He 3Havylwa

KoediuieHT perpecii [?]- — Ue OuiHKa BNJIUBY j-i HE3aNEXHOT 3MIHHOT Ha JIOTIT-AMOBIPHOCTI. [1Ns1 KOXHOT 3MiHHOT Xx; 3Ha4Y€HHS
/?1 nokasye, sk 3MiHa Ha OAMHULIO B X; 3MiHIOE logit(p;). 3ayBaxnmo, Lo Ans A0AATHUX 3HAYeHb B]- LLIaHCK Ha iMNnaHTaLito

apocTaioTh y efi-pasis. Y Halwomy BUNaaKy piBHAHHS NOTICTUYHOT perpecii Mae Takuii BUrnsAa;
logit(p;) = 21,066 + 1,866x;; — 1,784x;, — 17,030x;3 — 0,659x;, — 4,432x;5 —
—1,054x;4 + 0,748x;; — 23,762x;5 — 23,247 ;. (1)
MpoaHanizyemo nokasHWKU SKOCTi NOricTUYHOT Moaeni Ha OCHOBI KoediuieHTiB AeTepMiHauii Kokca Ta CHenna, a Takox
koedgiuieHTa Henpxkenkepka. KoediuieHT getepmiHauii Rg&s Kokca Ta CHenna nokasye BigHOCHe MOMiMnLEeHHs1 nor-npaego-
nogibHocTi Mmogeni 3 NnpeaukTopamu NopiBHAHO 3 MoAennto nuwe 3 koHcTaHTo (Cox, & Snell, 1989). O6paxoByeTbes 5K
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2
R2gs =1— (Lo/Ly)7, A€ Ly — NpaBaoBOLiGHICTL 3a HYNLOBOK MOAENIIO (3 KOHCTAHTO); L., — NpaBaobogiGHICTL 3a OLiHEHO
MOZENmo (3 NpeavkTopamm); n — KinbKiCTb criocTepeskeHb. MakcumaribHe 3HadeHHsi Riqs <1 (vacto = 0,75-0,9 Hasitb ans
ineanbHoi Mogeni). TOMy BUKOPUCTOBYEMO MOAMMIKOBaHWIA KoedilieHT aeTepMiHaLii Henmkenkepka (R = Rg&s/(l - Lf]/ ")),
AKUIA MacwTabyeTbea Tak, LWo6 MakcMmarnbHe 3Ha4YeHHst MOrmo gopiBHoBaTH 1.

Hawa mopenb xapaKkTepusyeTbCsl BUCOKOK MOSICHIOBANbHOK 34aTHICTIO, WO MiATBEPAXKYETHCA BUCOKUM RZ = 0,903,
TOOTO MoAenb BiATBOPIOE Malxe BCi BapiaLii 3anexHoi 3MiHHOI.

Ha ocHosi Tecty Xocmepa — JlemelloBa npoaHanisyeMo Y3rofKeHiCTb CNoCTepexyBaHUX (EMMIPUYHNX) W OTPUMAaHMX
TEOPeTUYHUX 3HaYeHb Mogeni. [ins pospaxyHKy cTaTucTukm Xocmepa — fleMeluoBa y2; crnocTepexysaHi AaHi rpynyoTbest
y g-rpyn 3a NporHo3oBaHoto WMoBipHicTio (Hosmer, Lemeshow, & Sturdivant, 2013). [nsi koxHoi rpynu obuncntoemo cnocre-
pexxyBaHy KinbkicTb nogit E; i HesignosigHocTeit (OL- - E"l-). CTaTUCTUKY KPUTEPil0O pPO3PaxoBYEMO TakK: yZ, =
_ Zg (0;-E;)? N N N 6 df = g —2 . .
=Xi=1  F,a8,myRe KnbKiCTe cTynewis cso6oam f=g—2, a p-3HayeHHs (3Ha4yLliCTb) PO3pPaxoBYeEMO 4epes
x?-po3nogin. Y Halwomy BUNafky Ha ctaHaapTHomy piBHi 0,05 3a TecTom XocMmepa — fleMelloBa MOAernb € NPUAHSTHO
(p = 0,034 < 0,05).

Y KOHTEKCTIi LibOro TECTY NpoaHarnisyemo pesynbtaTu knacudikauii 3a otpumaHoto mogennto. [ns nauieHTiB 6e3 nokasaHb
0o imnnanTadii (0) mogens npaBunbHO nepenbaymna 111 3i 116 Bunaakis, T0610 95,7 % npaBunbHUX nepegbdbaveHb. M'aTb
nauieHTiB 6ynv nomunkoso nepenbadyeHi sk 1 (nomwunka | Tuny ans uiei kateropii). [nsg nauieHTiB i3 nokasaHHAMM A0 iMnnaH-
Tauii (1) mogenb npaBunbHO nepegbaymnna 438 i3 441 Bunagky, 10670 99,3 % npaBunbHUX NnepegbadeHb. Tpu nauieHTy Bynu
nommnkoBo knacudikosaHi sk 0 (nomunka Il Tuny). Mogenes npasunbHO nepeabavae 98,6 % ycix Bunagkis. Lie ayxe Bucokui
NOKa3HWK TOYHOCTI, WO CBiAYNTb NPO CUIbHY NPEAVKTUBHY 30aTHICTbL MoAaeni.

Cnpobyemo npoaHaniayBaTu, Y4 LOUiNbHO BUIy4aTy NPeanKTOpY 3 OTpMMaHoi Mogeni. [ns Lboro Mixx nokasHUkamm ckapr
npoaHanisyeMo 3anexHicTb. [N ouiHIoBaHHSA 3anexHOCTi ckopucTaemocs koediuieHTom cnpsxeHocTi Kpamepa V (Sheskin,
2000): V = {/x2/(N - (k — 1)), e x? — 3HayeHHs kpuTepito MipcoHa 3 Tabnuui cnpskeHocTi; N — o6car Bubipku; k = min (7, ¢),
e r — KiNbKiCTb psAAKiB, ¢ — KiNbKicTb cToBNUiB Tabnuui (y Hawomy Bunagky r = ¢ = 2; V € [0,1].

MpoaHaniayeMo HanoBHEHHSA Tabnuupb cnpshkKeHocTi Ta koedilieHTn Kpamepa ans koxHoi napu ckapr. 1) Meuisa Ta peryp-
riTauis. Perypritauia manxe 3aBxaum NoegHyeTbcsl 3 nedvielo (nuwe 14 i3onboBaHUX BuUMagkiB perypritauii 6e3 nedii).
V = 0,596. Maemo nomipHuin CTaTUCTMYHO 3HaYyLUMIA 3B'A30K. Perypritauis € noxigHMM BUSBOM pedritoKCHUX CMMMTOMIB
(neuii). 2) Medyia Ta Tuck 3a rpyaunHoto. Ckapru Ha TUCK 3a rPYAMHOI0 MPAKTUYHO BIACYTHI (Nuwe 3 i3onboBaHi BUNagku Ta
196 y noegHaHHi 3 nedvieto). Y bGinbocTi Bunagkie (359) obuasi ckapru BiacyTHi. V = 0,099. Maemo cnabkui, ane 3HavyLmn
3B'A30K. Y Benukmx Bubipkax cnabkui 3B'a30K Yyacto moxe O6yTu 3Havywmum (Van den Berg, 2017). 3) lNMedia Ta ocunnictb
ronocy. Ckaprm Ha ocunnicTb ronocy 3yctpidatTbes pigko (20 Bunapgkie i3 558), ane nepeBaXHO B NauieHTIB i3 nedyieto
(14 npoTtun 6 BNaakis 6e3 neuii). Lle cBiguunTb, WO ocunnicTb ronocy Moxe 6yTn BTOPUHHUM BUSIBOM racTpoe3odarearnbHoro
pedniokey. V = 0,138. Maemo cnabkuii, ane 3HauyLuin 3B'a30k. OCMNNICTb rofiocy MOXHa PO3rnsiAaTu siK YCKNaaHEeHUN BUSIB
nevii. 4) Perypritauia Ta TUCK 3a rpyaunHOI0. YCi BUNagkvn TUCKY 3a FpyAMHOI0 NoB'asaHi 3 perypritauieto: V = 0,137 . Maemo
cnabkuii, ane 3HavyLwui 3B'a30k. CumnTomMm "criBiCHYIOTL", MPOTE 3aNeXHICTb He Taka cunbHa, K Y napm "nedis — peryprita-
uis". 5) Perypritauia  ocunnicte ronocy. B 11 Bunagkax perypritauis NOeAHYETbCA 3 OCUMNICTIO NPOTU 9 i30MbOBaHMX BUNa-
kB ocunnocTi: V = 0,151. Maemo cnabkuii, ane 3Hauylimin 3B'a30k. OcunnicTb ronocy moxe OyTu BTOPUHHUM BUSIBOM
perypritadii. 6) TUck 3a rpyauHOLO 11 OCUNAICTb rofiocy. YCi BUNagKku ocunocTi BUHMKaoTb 6e3 Tucky (20 isonboBaHMX Buna-
akis ocunnocrTi): V = 0,014 . 3B'A30K CTaTUCTUYHO He3HauyLmi. Lli cumnTomMn HesanexHi, MoxHa po3rnsgaTti iX OKpemo.
3ayBaxmmo, L0 MiX XOAHOK Napol 3MiHHUX HEMAE CUINbHOIO CTaTUCTUYHOrO 3B'A3ky (V > 0,6). OTxe, BUBOAUTM SAKiCb NO-
KasHWKWN ckapr i3 3aranbHoi Mogeni perpecii He aouinbHo. OTXe, HaBiTb AKWO 3B'A3KM MiXK AEAKAMU 3MiHHUMW criabki, Ui
NOKA3HMKN € BAXITMBMMU MEONYHUMW NPELMKTOPaMU i MaloTb 3anuaTtncs B Mogerni Ans 36epexeHHst KniHiYHOI LiHHOCTI
nporHo3yBaHHA (Matsui, Le-Rademacher, & Mandrekar, 2021).

LLlo cTocyeTbCs NpeauKTOpiB HAABHOCTI €po3ili | BUPa3oK, YKPUTUX reMaTUHOM, TO Y CTaTUCTUYHOMY CEHCI NPeaUKTOpU €
"HesHavyLWMMKN" Yepes3 Haa3BUYaHy pigKicTb sABuMLa (cTaHaapTHI Noxubku Benuki). Lie Tunosun Bunagok npo6nemm "po3pi-
oxeHnx gaHux" (Greenland, Mansournia, & Altman, 2016). MNpoTe ix He MoXHa BBaxaTu "HeBaxnNueMMK", 60 BOHW MalTb
BMCOKY KMiHIYHY CneumivHiCTb: HaBiTb MOOAMHOKI BUNaAK/ TaKMX yparKeHb € MOKa3HMKOM TSXKKOCTI NpoLecy Ta pUsuKy yckna-
OHeHb. Y pasi BUNy4YEHHS UUX 3MIHHUX MoZernb BTpayae KiiHiYHy peneBaHTHICTb: BOHA nepecTae "0auntu" KpUTUYHI, X0 i
pigKiCHI cTaHW, WO oapasy 3HWXKYE ii NPOrHOCTUYHY LiHHICTb Y npakTuui. KpiM Toro, BuaaneHHs Takux aMiHHUX Npu3BoAnNTb
[0 noripweHHs SKocTi moAeni. Lle noB'sa3aHo 3 TUM, Lo HaBiTb PiAKiCHIi CUMNTOMM Aal0Tb BHECOK Y pO3MeEXyBaHHS rpyn (Hanp.,
"Hemae natonorii" uun "Baxki popmun").

Ouckycisi i BACHOBKK

Omxe, oTpuMaHa Mofernb NOriCTUYHOI perpecii (1) Harkpalle BigoOpakae 3B'A30K MK KNiHIYHMMM NOKa3HMKaMW | pe3yrb-
TYHYOH 3MiHHOI LLOAO MOXIMBOCTI iMMAnaHTauii nikyBanbHOro nNpuctpoto. 3ayBaXMmo BMVB 3HAYYLLUMX NPEOUKTOPIB, SKi
3HaYHO 3MiHIOTb NOKa3aHHA Ao iMNnaHTauii NpucTpoto. HasBHICTb ckapr Ha nedito B naujieHTa 36inbLuye WaHCcK nokasaHb
Ao imMnnaHTauii y 6,5 pasa. HasBHiCTb perypriTauii 3MeHLUye WaHCK Y WicTb pasiB. 3MiHHa "nepeBepTaeTbes” y 3Hak "3axuc-
Horo paktopa” WTy4Ho. MNpoTe, hakTUYHO, Ckapri Ha perypriTawiio 3Ha4yHO BMMBAOTb HA NOKa3aHHA Ao imnnaHTauii. Hase-
HIiCTb AedekTiB cnM3oBoi 3a JIoC-AHOXKENIBCLKOIO KnacudikaLlieto pisko 3MeHLUYe WaHeu Ao iMnnaHTauii — mamxe y 83 pasu.
[yxe cunbHWiA i 3HaYyLLmii NnpeankTop. KoXXeH caHTUMETP 3poCTaHHsS BUCOTUM NponabyBaHHs! LWyHKa y cTpasoxig abo kapai-
anbHy AiNAHKY LWAYHKa 3MEHLUYE LWaHCK iMnnaHTauii mamke y Tpu pasu. 30inbleHHsA nokasHuka Z-niHii nigsuLLye NMoBIp-
HiCTb iMNNaHTaLii y noHaa aBa paswu.

MporHocTyHa Moaenb NOTCTUYHOI perpecii € 3HauyLLo 3a KpuTepieM Xocmepa — JlemeluoBa. PesynbTaT 4EMOHCTPYOTh
BMCOKY NMPOrHOCTUYHY 30aTHICTb MoZeni (ToYHICTb 98,6 %) i NigTBEPLKYOTh KNiHIYHY 3HAYYLLICTb HaBiTb PiAKICHMX CUMMTOMIB.

Dxepena ciHaHcyBaHHsA. PiHaHCyBaHHA OOCMIMKEHHS 3MiNCHIOETLCA BMACHUM KOLLTOM aBTOpa Ta YacTkoBo 3abe3neveHo KuiBcbkum
HaLujioHanbHUM yHiBepcuTeToM iMeHi Tapaca LleByeHka.

ISSN 1728-3817



DI3BUKO-MATEMATUYHI HAYKMU. 2(81)/2025 ~ 35~

CnncoK BUKOPUCTaHUX Axepen

Bernard, A., Cottenet, J., Pages, P. B., & Quantin, C. (2024). Is the Validity of Logistic Regression Models Developed with a National Hospital
Database Inferior to Models Developed from Clinical Databases to Analyze Surgical Lung Cancers? Cancers, 16(4),
734. https://doi.org/10.3390/cancers 16040734

Cox, D. R., & Snell, E. J. (1989). Analysis of binary data (2nd ed.). Chapman and Hall/CRC.

Greenland, S., Mansournia, M. A., & Altman, D. G. (2016). Sparse data bias: A problem hiding in plain sight. BMJ, 352, i1981.
https://doi.org/10.1136/bm;.i1981

Hosmer, D. W., Lemeshow, S., & Sturdivant, R. X. (2013). Applied logistic regression (3rd ed.). Wiley.

Hua, Y., Stead, T. S., George, A., & Ganti, L. (2025). Clinical risk prediction with logistic regression: Best practices, validation techniques,
and applications in medical research. Academic Medicine & Surgery. https://doi.org/10.62186/001c.131964

Lawenko, R. M. A., & Lee, Y. Y. (2016). Evaluation of gastroesophageal reflux disease using the Bravo capsule pH system. Journal of
Neurogastroenterology and Motility, 22(1), 25-30. https://doi.org/10.5056/jnm15130

Li, J. N, Liu, C. L., & Tao, X. H. (2013). Clinical utility and tolerability of JSPH-1 wireless esophageal pH monitoring system. BMC
Gastroenterology, 13(10). https://doi.org/10.1186/1471-230X-13-10

Matsui, S., Le-Rademacher, J., & Mandrekar, S. J. (2021). Statistical models in clinical studies. Journal of Thoracic Oncology, 16(5), 734—739.
https://doi.org/10.1016/j.jth0.2021.02.021

Nguyen, M. (2020). A guide on data analysis. Bookdown. https://bookdown.org/mike/data_analysis

Schober, P., & Vetter, T. R. (2021). Logistic regression in medical research. Anesthesia & Analgesia, 132(2), 365-366.
https://doi.org/10.1213/ANE.0000000000005247

Sheskin, D. J. (2000). Handbook of parametric and nonparametric statistical procedures (2nd ed.). Chapman & Hall/CRC.
https://dl.icdst.org/pdfs/files3/22a131fac452ed75639ed5b0680761ac.pdf

Van den Berg, R. G. (2017). Cramér's V — What and why? SPSS Tutorials. https://www.spss-tutorials.com/cramers-v-what-and-why/

Verma, V., & Sinha, B. (2025). Logistic regression-based detection of Parkinson's disease. Preprints. https://doi.org/10.20944/
preprints202502.0239.v1

References
Bernard, A., Cottenet, J., Pages, P. B., & Quantin, C. (2024). Is the Validity of Logistic Regression Models Developed with a National Hospital
Database Inferior to Models Developed from Clinical Databases to Analyze Surgical Lung Cancers? Cancers, 16(4),
734. https://doi.org/10.3390/cancers16040734
Cox, D. R., & Snell, E. J. (1989). Analysis of binary data (2nd ed.). Chapman and Hall/CRC.
Greenland, S., Mansournia, M. A., & Altman, D. G. (2016). Sparse data bias: A problem hiding in plain sight. BMJ, 352, i1981.
https://doi.org/10.1136/bm);.i1981
Hosmer, D. W., Lemeshow, S., & Sturdivant, R. X. (2013). Applied logistic regression (3rd ed.). Wiley.
Hua, Y., Stead, T. S., George, A., & Ganti, L. (2025). Clinical risk prediction with logistic regression: Best practices, validation techniques,
and applications in medical research. Academic Medicine & Surgery. https://doi.org/10.62186/001c.131964
Lawenko, R. M. A., & Lee, Y. Y. (2016). Evaluation of gastroesophageal reflux disease using the Bravo capsule pH system. Journal of
Neurogastroenterology and Motility, 22(1), 25-30. https://doi.org/10.5056/jnm15130
Li, J. N, Liu, C. L., & Tao, X. H. (2013). Clinical utility and tolerability of JSPH-1 wireless esophageal pH monitoring system. BMC
Gastroenterology, 13(10). https://doi.org/10.1186/1471-230X-13-10
Matsui, S., Le-Rademacher, J., & Mandrekar, S. J. (2021). Statistical models in clinical studies. Journal of Thoracic Oncology, 16(5), 734—739.
https://doi.org/10.1016/j.jtho.2021.02.021
Nguyen, M. (2020). A guide on data analysis. Bookdown. https://bookdown.org/mike/data_analysis/
Schober, P., & Vetter, T. R. (2021). Logistic regression in medical research. Anesthesia & Analgesia, 132(2), 365-366.
https://doi.org/10.1213/ANE.0000000000005247
Sheskin, D. J. (2000). Handbook of parametric and nonparametric statistical procedures (2nd ed.). Chapman & Hall/CRC.
https://dl.icdst.org/pdfs/files3/22a131fac452ed75639ed5b0680761ac.pdf
Van den Berg, R. G. (2017). Cramér's V — What and why? SPSS Tutorials. https://www.spss-tutorials.com/cramers-v-what-and-why/
Verma, V., & Sinha, B. (2025). Logistic regression-based detection of Parkinson's disease. Preprints. https://doi.org/10.20944/
preprints202502.0239.v1
OTpumaHo pepakuieto xypHany / Received: 05.08.25
NMpopeueHszoBaHo /| Revised: 03.10.25
CxsaneHo pno apyky / Accepted: 10.10.25

Oleksandr HALUSHKO, PhD Student

ORCID ID: 0009-0009-0275-6542

e-mail: health24@ukr.net

Taras Shevchenko National University of Kyiv, Kyiv, Ukraine

PROGNOSTIC LOGISTIC REGRESSION MODEL FOR ASSESSING INDICATIONS FOR THERAPEUTIC
IMPLANTATION WITH GASTRIC PROLAPSE INTO THE ESOPHAGUS OR THE CARDIAC PART OF THE STOMACH

In this study, a prognostic model based on logistic regression was developed to assess the indications for therapeutic implantation in patients
with gastric prolapse into the esophagus or the gastric cardia. The analysis was performed on clinical and endoscopic data from 558 patients of the
Endoscopy Department of the Kirovohrad Regional Hospital. The model incorporated nine predictors: complaints of heartburn, regurgitation,
retrosternal pressure, hoarseness, presence of mucosal defects according to the Los Angeles classification, height of gastric prolapse into the
esophagus or the gastric cardia, the position of the Z-line, and the presence of hematin-covered erosions or ulcers. Special attention was devoted to
the medical interpretation of the estimated coefficients, standard errors, Wald statistics, variance—covariance matrices, odds ratios, and other model
diagnostics. This approach enabled not only the evaluation of the statistical significance of the predictors but also the understanding of their clinical
relevance in predicting the feasibility of implantation in individual patients. To analyze dependencies among predictors, contingency tables and
Cramér's V coefficients were applied, which revealed weak to moderate associations between symptoms and justified retaining all predictors in the
model. To assess the significance of the model, the Cox and Snell coefficients of determination, the modified Nagelker coefficient of determination,
the Hosmer — Lemeshov test, and the classification table for the model were used. The results demonstrate a high predictive ability of the model
(accuracy of 98.6%) and confirm the clinical significance of even rare symptoms.

Keywords: logistic regression, prognostic model, medical implantation, gastric prolapse, endoscopic predictors, clinical decision.
ABTOp 3asBMs€ Npo BIACYTHICTb KOHMNIKTY iHTepeciB. CnoHcopn He Gpanu yyacTi B po3pobneHHi gocnigkeHHs; y 36opi, aHanisi un
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CONTINUOUS TRANSFORMATIONS PRESERVING TAILS OF NEGABINARY
REPRESENTATIONS OF NUMBERS FROM UNIT INTERVAL

For the negabinary representation of numbers from the [0; 1] interval, we consider continuous transformations of this in-
terval (i.e., bijective mappings of the set onto itself) that preserve the tails of number representations. These transformations
are constructed using left and right shift operators. It is proven that the set of such transformations, under the operation of
composition, forms a non-commutative group, which contains a continuous subgroup of increasing transformations.

Keywords: Negabinary representation of numbers, cylinder, left and right shift operators, tail set, continuous transfor-
mations of the interval, group of interval transformations.

AMS 2020 classification: 28D05, 28D15.

Introduction
The negabinary numeral system has long been used in electronics and programming (Rao, Rao, & Krishnamurthy,
1974; Grover et al), 1983; Cherri, & Kamal, 2004). The negabinary representation of numbers in the interval [0; 1]:

= am 2 a2 Q3 A2
+,;1 Cop =3 (3 e ) = A

is metrically equivalent to the classical binary representation (Pratsiovytyi, 2017). Moreover, it is topologically equivalent to
the continued fraction A- representation of numbers (Pratsiovytyi, 2022). These are the examples of two-symbol encoding,
which has multiple applications in number metric theory, probability theory, dynamical systems theory, fractal analysis,
etc (Galambos, 2006; Schweiger, 1995; Albeverio, Pratsiovytyi, & Torbin, 2004). The efficiency of using the negabinary
representation has been convincingly demonstrated multiple times in applications within the constructive theory of locally
complex functions (Pratsiovytyi, 2022).

It is known that the group of continuous transformations of the unit interval (bijections of the interval onto itself) contains
many interesting subgroups, including those related to different coding systems for real numbers and fractals (Pratsiovytyi,
2022). The cardinality of such subgroups remained mysterious for some time. In works (Osaulenko, 2016; Pratsiovytyi,
Lysenko, & Maslova, 2020; Isaieva, & Pratsiovytyi, 2016; Pratsiovytyi, Chuikov, & Skrypnyk, 2019), only their infinitude was
established. However, in (Pratsiovytyi, Lysenko, & Ratushniak, 2024), the continuity (cardinality of the continuum) of the
group of transformations preserving the tails of Q2-representations was proven. In this paper, we obtain analogous results
for transformations that preserve the tails of the negabinary representation of numbers.

€r=

w| N

1. Negabinary representation of an integer
The negabinary representation of an integer z is (Pratsiovytyi, Goncharenko, & Lysenkao, 2015; Kasatkin, 1982) its
expression in the form

a1 (=2)° +az- (2 + - Fan (-2 = (az - an ),
where «; take values of 0 or 1. For any integer x, there exists a unique sequence (a, .. ., a2,) such that
r=1-(=2)""+ao,- (-2 +- +a; (-2)°.

In this representation, the negabinary encoding of any natural number always contains an odd number of digits.

Example. © 910 = 110012, —310 = 1101 _»
Let A = {0,1} be the alphabet of the binary system, and let L = A x A x --- denote the space of sequences of

elements from this alphabet (the space of sequences consisting of 0 and 1). It is known (Pratsiovytyi, 2022) that for any
z € [0, 1], there exists a sequence (a,,) € L such that

2 S an 2 a1 Q2 | Qs 9
RPN T S C i 0

The representation of z by the series (I) is called the negabinary representation, and the symbolic notation AZ 2, ;. ...
is referred to as the negabinary encoding.

Remark 1. In (Pratsiovytyi, 2017) the relationship between the negabinary and the classic binary representation of the
same number z = A7, o, = AZ ... ... isgiven by the formulas:

nee

1—w, Iifnisodd,
Qp = . .
Wn if n is even.
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Thus,
A2 =A;?

Wlwowsg... [1—wi]wa[l—ws]..."

Lemma 1. (Pratsiovytyi, Goncharenko, & Lysenkd, 2015) Numbers x and x’ that have the following negabinary represen-
tations:
T = A;12.4.cn,0(01) and o' = A;?“c,g(m)

are equal.

Numbers that have exactly two negabinary representations are called (Pratsiovytyi, Goncharenko, & Lysenkqd, 2015)
negabinary-rational (NDR) numbers. The set of negabinary-rational numbers forms a dense subset of the rational numbers
in [0, 1], but not every rational number is negabinary-rational. The set of rational numbers that are not negabinary-rational is
also dense in [0, 1]. Numbers from the interval [0, 1] that are not negabinary-rational are called negabinary-irrational. Each
digit in the negabinary representation of a negabinary-irrational number is a correctly defined function of the represented
number.

A cylinder set of rank n with base a; a2 - - - v, corresponding to the negabinary representation of numbers in the interval
[0; 1], is defined (Pratsiovytyi, 2017) as the set

—2 —2
ADotas..an = {x = Aa1a2---anﬂ1,@2-»-’ (Bn) € L}‘

The cylinder set is given by the interval

—2
Aalag...a” = [u — VU + w],

where

2 &K w

1
U=+ -
3t
=1
and
v = 3.%717 if n is Odd7 w = 3»27%’ if nis Odd7
Fi=T, ifniseven; 2=, ifniseven.

2. Special functions of the negabinary representation of the fractional part of a real number
The left shift operator for negabinary digit sequences is defined as:

-2 -2
n(Aalaz...a"...) = Aagag...a”...

This operator is well-defined only when a convention is adopted to use one of the two representations of negabinary-rational
(NDR) numbers (e.g., the representation with period (01)). The analytical expression of the left shift operator is:

n(x) = =2z +2 — a1 (x);
2z +2, ifxe Ay,
n(z) = ) "y
—2z+1, ifzeAT”.

The operator is linear on each first-rank cylinder.
The right shift operator with parameter i, where i € {0, 1}, is defined as:

—2 —2
Ti(x = Aalag...an...) = Aialagmanu.'

The function has the following form:

—§+§7 |f’L:O.

The n-multiple left shift operator for negabinary representation is defined as:

nn(A;faQMan.“) = n(nnil(A;fagmanm)) = A;,,%Jrla”Jrzm-
The analytical expression is:
n"(z) = (=2)" -z +a,
where
a=2-2""" a1 42" % aa+-+ (=1)" - an.

The n-multiple right shift operator with the parameter set (i1, iz, ..., i,) is defined as:

—2 —1 -2 -2
Tgbu-in(Aalaz-»~an~~) = Tiy (Tizmin(Aalazmanm)) = Aili2<..ina1a24.4an”.'
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The analytical expression is:
n T
Tivin...in (x) = —2) + a,
where
a_g_g Ln_7;1+272+ _|_27"
3 3\ -2 2 4 (=2)n"

3. Continuous transformations of the interval [0; 1] that preserve tails

Recall that a transformation of a set is a bijective mapping (i.e., both injective and surjective) of that set onto itself. A
continuous transformation of the interval [0; 1] is a continuous increasing or decreasing function such that either f(0) = 0,
F()=1,0r f(0) =1, f(1) =0,

The negabinary representations of numbers A;f@man ..and A§1252--ﬂn--- have the same tails if there exist natural
numbers n and m such that ay,4+; = Bm+; forall j € N.

A function f preserves the tails of the negabinary representation of numbers if there exist natural numbers n and m

such that an+;(z) = am+;(f(x)) forall j € N.
Theorem 1. The set G of all continuous transformations of the interval [0; 1] that preserve the tails of negabinary repre-
sentations of numbers, under the operation of composition, forms a continuous non-commutative group, whose continuous

subgroup consists of increasing transformations.
Proof. Itis known that all continuous transformations of the interval [0; 1] form a group under the operation of composition,

where the identity transformation is the neutral element, and the inverse transformation serves as the symmetric (inverse)
element for a given transformation. Clearly, the set G is closed under the operation of composition, and if f € G, then

f~! € G. Therefore, G forms a group by the subgroup criterion.
To prove that the group G is non-commutative, consider the transformations f;(z) and f.(z), defined by the following

2 —2
3= 8

expressions:
fi(@) 71(x), when 0 < z <
1(x) =
n(z), when 2 <z < 1.
() mi0(z),when 0 <z < 1 = A(*OQHO),
2(z) =
n?(z), when % <z <1
1 A 1 I T T
\ 1 I 1
\ ! ! '
\ 1 ! I
T \ [} 1 I
08 \ 0.8 1 1 !
\ ! 1 1
\ I 1 1
! 4 1
NSO ! ! ]
08 ; R 06 1 / !
H ~ 1 ! !
: ~d [} ! I
n ! n n! 0’
’, T, (5 1
0.4 n I 1 !
H 0.4 ! ] I
: ! ! !
1 I i
I ! I
02 1 ! 1 -
02 1 ! ! -
! ! ! £
I ] T10 I
I ] I 1
/ I ! [
0 02 04 06 2 08 1 1 Il I &
3 0 0.2 0.4 06 08 1
Fig. 1. fi(z) Fig. 2. fa(x)
It is easy to see that fi(z) is a continuous strictly decreasing transformation, since 7, is a continuous and decreasing
function, 7(z) is continuous and decreasing on the cylinder A;2, and 2 is a solution of the equation 7o(z) = n(z). Similarly,
f2(x) is a continuous strictly increasing transformation, since 71 is continuous and increasing, n*(z) is continuous and
o> and 2 is a solution of the equation 710(z) = n*(z).

increasing on the cylinder Ay,
Let zo = Ag7, ) = 35 then:
-2 5 —2 7
fi(fa(zo)) = fl(Au(o)) = fl(ﬁ) = A111(0) o
—2 7
10111(0) — %

folfi(w0) = Fo(Aie) = o) = A
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Thus, fi(f2(z0)) # f2(f1(z0)).

Let us prove that the group is infinite. Consider an infinite sequence of functions fs:
Ti010...10, When 0 < z < zy,
fa(z) = 2k

772k(x), when z, <z < 1,

where 1 = Ag2, 01101010, depending on a natural parameter k.
N e N e’

2k 2k
Each function in this sequence is continuous, strictly increasing, and preserves the tails of the negabinary representation
of numbers. Therefore, the group G is infinite. O

Lemma 2. The equation n"™(x) = i, i, (x) has 2™ solutions A~> where a; € {0,1}, j = 1,n, and the equation

(a1...aniy...in)’
0" (x) = 74,4, (x) = = has exactly one solution A&fi%in).

Proof. Let us consider the equation " (z) = 7;,...;,, (). Anumber z = A;fa%anm is a solution of this equation if and only
if the following system holds:
11 = Qntl = Q3pt1 =

12 = Qnt2 = Q3p42 = ...

In = Qop = Qan = . ..
a1 = O2n+1 = O4n4+1 =

a2 = O2n+4+2 = QUUn42 = ...

Qp = Q3 = Q5p, = . . .

The solutions to this system are the numbers A@imannmin)’ where (a1, az,...,an) € A". Therefore, in each cylinder
of rank n, there is exactly one point that belongs to the set of solutions of the equation 1" (z) = 7;,...;,, (). Among all the
solutions of the given equation, only one point z = A(Zfig.“in) solves the equation 7;, .. ;, (z) = =. O
Introduce a sequence of points:
_2 —2 -2 -2 —2 —2
{0; A(n); A(00)? A(0111)? A(0100)5 T A(()1m0111)5 A(01m0100)? 51}

and denote them by wo, w1, ..., wj,....

The first point of this sequence is 0, the second point will be 1, the third point will be % and the next following points
will also be the solutions of the equations 7p101...0111(x) = = = 7°™(x) = wan, To101...0100(z) = = = *"(z) = wan+1, Where
SN—— N———

2n 2n
n € N.
Define the functions fr(x), foo,, (z), fi1, () on the interval [w2n—1; w2,] as follows:
fr(@) = ;
n*™(x), when wan—1 < = < too,
oo, (z) = To1...0100(x), when too < = < wan;
——

2n

7o1...0111 (), when wa, 1 <z < ti1,
_ N——
fu, (z) = 2n
n*"(z), when t11 < = < way;

where too,t11 are the intersection points of the 2n-multiple left shift and right shift operators, which have the following
representations:

— A2 = A2
too = A(014..0111 01...0100) t11 = A(01..4010001..40111)'
—_ N——— ——
2n 2n 2n 2n

Define a sequence (a,), where a; € {0,1,2}. Then, define function f., (z), that is a piecewise-defined function and on
each interval [wa,,—1; w2y ] is defined as follows:

foo,, (x), if the n—th element of the sequence (a,) is equal to 0,
fan () = ¢ f11,,(z), if the n—th element of the sequence (a,,) is equal to 1,
fr(z), if the n—th element of the sequence (a,) is equal to 2.

The set of all numbers in the interval [0; 1] can be put into a one-to-one correspondence with the constructed class
of transformations V' by the following rule: by writing a number ¢ from the interval [0; 1] in the ternary numeral system,
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c= > 3 "= Ai’mmc"m, we obtain its ternary code (the sequence ¢, ), which belongs to the alphabet {0, 1,2}. This

corresponds to the transformation f,, (z) € V. Therefore, V is a continuous set.

Discussion and conclusions

The structure of the set G and its invariants require separate investigation. The question remains open whether there
exist continuous transformations of the interval [0; 1], different from piecewise linear ones, that preserve the tails of the
negabinary representation of numbers.
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HENEPEPBHI NEPETBOPEHHSA BIAPI3KA, LLO 35EPIFAIOTb XBOCTU HEFA-ABIMKOBOIO 306PAXEHHSA
YUCEN 3 BIAPI3KA [0;1]

[ns Heza-0silikogo20 306paxeHHs1 Yucen gidpiska [0; 1] po3ansiHymo HernepepsHi nepemeopeHHs1 Yb0o20 8idpizka (mo6mo GiekmueHi 8ido6pa-
JKeHHS1 MHOXXUHU Ha cebe), siki 36epizatomb xeocmu 306paxKeHHs1 yucesl. BoHu koHcmpyrorombcsi 3a 00noMo2oto onepamopie s1ieo- ma npasocmo-
POHHBLO20 3cyeie. [JoeedeHO, WO MHOXUHA MaKux nepemeopeHb 8iOGHOCHO onepauii "KoMno3uyiss” ymeoproe HeKOMymamueHy 2pyny, Wo mae
KOHMUHYHasbHy nidapyny 3pocmaro4ux rnepemeopeHb.
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BANDWIDTH SELECTION FOR DENSITY ESTIMATION BY MIXTURE WITH VARYING
CONCENTRATIONS

Finite mixture models arise in statistics of biological and medical data when the investigated subjects belong to sub-
populations with different distributions of observed variable. In the model of mixture with varying concentrations (MVC) the
concentrations of the mixture components can vary from observation to observation. We consider estimation of a probability
density for a mixture component in MVC by a modification of the kernel density estimator (KDE). To apply KDE one needs to
select a tuning parameter named the bandwidth. Two approaches to the bandwidth selection are considered. The first one is a
modification of the Silverman’s rule of thumb. The second one is a version of the leave-one-out cross-validation algorithm. We
present results of simulation which show that both algorithms demonstrate similar behavior for nearly Gaussian densities and
the cross-validation outperforms the Silverman‘s rule of thumb on highly non-Gaussian densities.

Keywords: finite mixture model, varying concentrations, kernel density estimator, bandwidth selection, Silwerman’s
rule of thumb, leave-one-out cross-validation.

AMS 2020 classification: 62G07, 62G09.

Introduction

Nonparametric density estimators are widely used in applied statistics. One of the most popular such estimators is
the kernel density estimator (KDE) (Hastie, Tibshirani, & Friedman, 2009, Section 6.6). To apply KDE one needs to select
a tuning parameter called the bandwidth. Among different methods of bandwidth selection the Silverman’s rule of thumb
is maybe the simplest one, and the cross-validation technique is one of most advanced ones (Silverman, 2018, Section
3.4), (Stone, 1984). Standard versions of these techniques were developed for homogeneous samples of independent
identically distributed observations.

In this paper we discuss KDE and bandwidth selection rules in the case when observed subjects belong to M different
sub-populations with different distributions of the observed variable ¢. If the sub-population which the subject belongs
to is unknown, then the observed distribution of £ is a mixture of its distributions for different components. In classical
finite mixture models the mixing probabilities are the same for all observed subjects (Titterington, Smith, & Makov, 1985),
(McLachlan, & Peel, 2000). We consider more flexible model of mixture with varying concentrations (MVC) at which the
mixing probabilities are different for different subjects (see (Maiboroda, & Sugakova, 2012) for theory and applications to
genetical data analysis, (Pidnebesna et al., 2023) for applications in neuroscience). A modification of KDE and Silverman’s
rule of thumb for MVC is considered in (Sugakova, 1999).

The main goal of this paper is to introduce a modification of the cross-validation technique for MVC KDE and to compare
its performance with the performance of KDE with the bandwidth selected by the Silverman’s rule of thumb. We performed a
simulation study to analyze accuracy of these estimators. Note that the jackknife technique modification for MVC was con-
sidered in (Maiboroda, Miroshnichenko, & Sugakova, 2022). In the case of independent identically distributed observations
the jackknife is rather similar to the cross-validation. But their modifications for MVC data differ significantly.

1. Mixtures with varying concentrations and components estimation

Assume that the observed subjects O.,..., O,, are obtained from M different sub-populations (components of the
mixture). The true number «(O) of the sub-population which the subject O belongs to is unknown, but the probabilities
pj = P{x(O) = i} are given. These probabilities are called the concentrations of components or the mixing probabilities.

For each subject we observe a numerical random variable &; = £(O;). The distribution of £(O) depends on x(O):

Fi(z) =Pr{¢(0) < z | k(O) = i}.
So, the cumulative distribution function of ¢; is

M
P{¢ <a} =) piFi(x). (1)
i=1

Formula (fl) is called the model of mixture with varying concentrations (MVC). It is assumed that ¢; are independent. The
CDFs F; are unknown. We suppose that they have probability densities f;:

Fl(ac) = /jg fi(t)dt.
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Then the probability density of &; is 37" pj i(x). Our aim is to estimate f;, by the data = = (§1,...,&,). Let us start from
estimation of F}. The usual way to estimate CDF by a homogeneous sample is to use the empirical CDF

Fale) = - S 14g <o

j=1

But in the MVC case the empirical CDF would estimate some mixture of different F;, ¢ = 1,..., M, not the CDF Fj of
a chosen mixture component. To estimate F}, one can use some weighted version of empirical CDF with weights which
suppress the influence of nuisance components. In (Maiboroda, & Sugakova, 2012) weighted CDF with minimax weights
is proposed for this purpose:

Fkn Za]].{fj <$}
Here the matrix of minimax weights a = (a});=1,...,,,i=1,..:s € R**" is defined as a = pI';,*, where
’L. P 1
P = (Pj)i=1,...ni=1,.M € R™M T, = ﬁpr'

As discussed in (Maiboroda, & Sugakova, 2012), if detI';, # 0, then F.n(2) is @ minimax estimator to Fy () with respect
to the quadratic loss function. With the weighted CDF F.,, at hand, one can readily construct estimators for numerical
characteristics of the k-th component distribution. Say, to estimate the m-th moment of Fy,

Wi = [ ")

—oo

one can use
oo
ﬂ?n:/ T Fkndx E aj Em
— 00

The variance -
o) = [ () Bl
can be estimated by

c?i:/oo(x—u )" Freon (dz) = Zaj fin ) (2)

— 00

Consistency and asymptotic normality of these estimators is dlscussed in (Maiboroda, & Sugakova, 2012).
In what follows we will also need an estimator for the interquartile range (IQR) of F}. Recall that IQR of a CDF Fj, can
be defined as

IQR(F%) = sup{z : ) < 3/4} — mf{x : Fr(x) > 1/4}.
(If the function F, has an inverse F} ', then IQR(Fk) 1 (3/4) — F;'(1/4)). So, we define the estimator for IQR(F},) as
IQR, = sup{z : Fyn(z) < 3/4} —inf{z : Epn(z) > 1/4}. 3)

Asymptotic behavior of such estimators is discussed in (Maiboroda, & Sugakova, 2020), (Maiboroda, Miroshnichenko, &
Sugakova, 2024).

2. Modified kernel density estimator for mixture components
Let us now consider estimation of the kth component density fi.. In (Sugakova, 1999) a modified kernel density estimator
(MKDE) for fi(z) is considered of the form

j=1

where K : R — R is a kernel, i.e. a function satisfying [ f(z)dz = 1, h > is the bandwidth. The bandwidth is a tuning
parameter of the estimator which must be selected carefully to ensure a good accuracy. The integrated squared error

ISE() = ISE(fin) = | (fun(0) — fu(a)) P, (5)
and the mean integrated squared error
MISE(1) = MISE(fun) = |~ E(fun(e) — fi@)de = E [1SE ()] ©)

are the most useful measures of estimator‘s accuracy.
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The following theorem on the lower bound of asymptotic MISE of kernel density estimators is shown in (Sugakova,
1999).

Theorem 1. Assume that
(i) There exists a finite interval [by, b2] C R, such that fi,(x) = 0 for all z & [b1, b2].
(i) ! (x) = d® fr,(x)/dx? exists for all z € [b1, bs] and

P = /700 (fr(2))dz < co.

(i)

/ zK(z)dz=0, D = / 22K (2)dz < oo, d* = / K?(2)dz < oco.
(iv) Ay = L5377 (a})* = Aasn — oo, where 0 < A < cc.
(v) There exists ¢ > 0, such that detT’,, > c for all n.

Then
ILnliorlfn‘w MISE(frin) > g(DAd?)‘*/5 7)
and the equality in (@) is attained if
A2\

The bandwidth h%" defined by (B) is called the theoretically optimal bandwidth. It corresponds to asymptotically least
possible value of MISE as n — co. But it is impossible to use kS in the density estimation by real data, since the value of
¢ depends from the unknown density. So one needs some practical sub-optimal bandwidth selection algorithm.

3. Modified Silverman'‘s rule of thumb
The simplest bandwidth selection algorithm is the Silverman's rule of thumb. It is based on the idea to approximate ¢y,
by its estimator by the data. This needs some additional assumptions on fx. If fr was a Gaussian density with variance

o2, then its ¢y would be

b = 3
k_8ﬁ05

and the optimal bandwidth would be
pot _ (BYTALNY?
" 3D* ’
Replacing here o}, by its estimator &, defined by (B), we obtain a simple bandwidth selection rule. To make this rule more
robust, one can utilize the IQR for estimation of ;.. Namely, since o, = IQR(F},)/(2®'(0.75)) for Gaussian Fy, we obtain
the following modification of the Silverman’s rule of thumb for MVC data:

. 2\ 1/5 __
BV — (BVTATN T i (6a, 1QR/ (2071 (0.75)).
3D*
Surely, the true fj, to be estimated, is not Gaussian. So this rule of thumb will not be optimal even asymptotically. But
one expects that it should lead to appropriate estimators if fi is a Gaussian-like probability density.

4. Modified cross-validation bandwidth selector
Another way to chose the bandwidth is based on the leave-one-out cross-validation technique (LOO-CV). It is based
on the approximate minimization of ISE given by (B). Observe that

|SE(h) =J; (h) — 2Jz(h) + J3,

where

Ju(h) = / " (Fuon(@))?dz, Ja(h) = / " Fuon(@) fu(@)de,

= [ Z(fm»?dx.

The term J3 does not depend on & and can be dropped. The term J1(h) can be calculated by the data directly. But J2(h)
depends on h and on the unknown f;. To obtain a feasible bandwidth selector we need to estimate J>(h). Let us do it by
a LOO-CV type estimator. Observe that

Jo(h) = E[fim(n) | 2,
where 7 is a random variable with CDF F}, independent of the data = by which fkn is calculated. To estimate J2(h) we use
the weighted mean

) = = S a0 ),
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Fig. 1. Graph of CV' (k) in the Experiment 1. Component 1 on the left panel, Component 2 on the right pannel

where (/") (z) is the MKDE, calculated by all observations except the jth one. More precisely, £\’ (x) is defined as

follows. Let
I 0 ifj=k,
. . n . 1 i .
pi) = (pé"l Yimtrmi=1,..m € RPM 07 — E(p( NTpli=),
al ) =)
Then

pli— 1« i r =&
RICEES S K( h]).
j=1

Observe that a}"'~ = 0, so ¢; and f\",’ (z) are independent.
Now the cross-validation functional is defined as

CV(h) = Ji(h) — 2J2(h).
It is an estimator of ISE(h) — Js. The cross-validation bandwidth is
hs' = argmin,,_, CV(h). 9)

In the simulation experiments we considered two-component mixtures (M = 2) with the concentrations defined as

The Gaussian kernel K (t) = exp(—t?/2)/+/2n was used in the density estimator.

Experiment 1. In the first experiment we simulate the sample of size n = 1000. Both components are normal: the first
one has distribution N(10,1) and the second one N(0,0.2). Plot of CV(h,,) for the first and second components (Fig. i)
show presence of the global minimum. So, calculation the optimal 4., by formula (g) is reasonable.

5. Simulation results

In all the following experiments we generated samples of the size n = 100, 250, 500, 750, 1000. For each n, T = 1000
samples were generated. Firstly, we calculate for every case h5'"" and hS"Y. Than we derive means and variations for
ISE(h.,,) defined by (B) for h,, = h3""* and h,, = hSV.

Experiment 2. In second experiment both components are normal too, but with another parameters, then in the
Experiment 1: the first component ~ N(—1,1), the second one ~ N(1,1). The results are presented in the Tab. fil and B.

The results are practically identical for the Silverman’s and CV bandwidths, but the estimators based on the Silverman’s
rule perform slightly better. In the next experiment we work with heavy-tailed distributions.

Table 1
Experiment 2, Component 1

n mean(ISE(hGY)) | mean(ISE(h57")) [ var(ISE(hGV)) | var(ISE(hS™))
100 0.024065 0.018527 7.23E-04 1.93E-04
250 0.011508 0.008928 9.95E-05 3.48E-05
500 0.006502 0.005176 2.41E-05 1.08E-05
750 0.004907 0.003936 1.50E-05 5.63E-06
1000 0.003885 0.003137 8.67E-06 3.69E-06
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Experiment 2, Component 1

n mean(ISE(hSV)) | mean(ISE(hS7?)) [ var(ISE(hGV)) | var(ISE(hS7))
100 0.025176 0.018637 6.59E-04 1.82E-04
250 0.011968 0.009080 1.09E-04 3.38E-05
500 0.006694 0.005290 3.42E-05 1.16E-05
750 0.005156 0.004025 1.71E-05 6.66E-06
1000 0.003967 0.003087 9.07E-06 3.01E-06

Table 2

Experiment 3. In this experiment both components have Student’s t distribution: the first component with df = 5
degrees of freedom, the second one with df = 20 degrees of freedom.
The results of this experiment presented in Tab. 3, | are rather similar to Experiment 1. The Silverman’s rule performs

a bit better. So the heavy tails of the estimated density does not deteriorate the estimators performance.

Table 3
Experiment 3, Component 1
n mean(ISE(hSV)) | mean(ISE(hS7?)) [ var(ISE(hGV)) | var(ISE(hS™))
100 0.024022 0.016803 6.46E-04 1.70E-04
250 0.011216 0.007846 1.47E-04 3.35E-05
500 0.007206 0.005233 4.34E-05 1.21E-05
750 0.005117 0.003769 2.48E-05 6.25E-06
1000 0.003963 0.003115 9.52E-06 4.30E-06
Table 4
Experiment 3, Component 2
n mean(ISE(hSV)) | mean(ISE(hS7?)) [ var(ISE(hGV)) | var(ISE(hS™))
100 0.025452 0.017431 9.55E-04 1.76E-04
250 0.011807 0.008621 1.10E-04 3.60E-05
500 0.007048 0.005089 4.78E-05 1.19E-05
750 0.004811 0.003675 1.57E-05 6.12E-06
1000 0.004145 0.003010 1.86E-05 3.68E-06

Experiment 4. In this experiment the first component is normal ~ N (0, 1) but the second one is a mixture of two normal

distributions N(3,1) and N(—3, 1) with concentrations equal 1/2. The results are presented in Tab. § and B.

Here the distribution of the second component significantly differs from the normal one, so one expects that the Silver-

man’s rule would fall. Accordingly, in this case the CV-based estimator outperform the Silverman’s one.

Discussion and conclusion
We have introduced a new modification of CV-approach to the bandwidth selection for the kernel density estimators.

Table 5
Experiment 4, Component 1
n mean(ISE(hSV)) | mean(ISE(hS7?)) [ var(ISE(hSV)) | var(ISE(hS7))
100 0.024363 0.019493 4.24E-04 1.76E-04
250 0.011588 0.009500 8.18E-05 3.24E-05
500 0.006695 0.005624 2.37E-05 1.11E-05
750 0.004867 0.004023 1.14E-05 5.13E-06
1000 0.003905 0.003246 6.97E-06 3.26E-06
Table 6
Experiment 4, Component 2
n mean(ISE(hSV)) | mean(ISE(hS7?)) [ var(ISE(hGV)) | var(ISE(hS™))
100 0.020952 0.038626 2.07E-04 2.17E-05
250 0.009808 0.027813 3.65E-05 1.19E-05
500 0.005848 0.020735 1.20E-05 6.20E-06
750 0.004155 0.017020 6.17E-06 4.13E-06
1000 0.003320 0.014971 2.87E-06 3.40E-06

This approach allows to chose the bandwidth for the estimation by data from a mixture with varying concentrations. Results
of simulations demonstrate that the CV-based estimators perform nearly as well as the modified Silverman’s rule of thumb
based estimators when the estimated density is similar to the Gaussian one. But in the highly non-Gaussian case the CV
bandwidth selection outperforms the Silverman’s rule significantly even for small sample sizes. Further experiments are
needed for investigation of small sample behavior of CV-based estimators.

Authors’ contribution: Rostyslav Maiboroda — conceptualization; methodology; Olena Sugakova — methodology; software.
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BUBIP MAPAMETPA 3MMAIXYBAHHA ONA ANEPHOI OLIIHKK 3A CNOCTEPEXEHHAMMU 13 CYMILLI

CmamucmuyHi GaHi 6iono2iyHUX i MeOuYHUX AoclidXKeHb Yacmo siessilomb cob60r0 CyMiw criocmepexeHb 06’ckmie, W0 Haslexamb Pi3HUM
nidnonynsayiam 3 pisHUMU cmamucmuYHUMU 8/1acmueocmsiMu criocmepexyeaHux xapakmepucmuk. Taki OaHi 3py4yHoO onucyeamu mamemMamud-
HUMU MoOenisiMu CKiHYeHHUX cymiwel. Y nponoHoeaHili po6omi 0ns1 onucy daHux euKkopucmaHo Modesib cyMiwi 3i 3MiHHUMU KOHUeHmpauismu
(C3K), y sikili KOoHUeHmpauii KoMMoHeHmie MoOXXymb 3MiHIO8amuch 8i0 criocmepexeHHs 3o criocmepexeHHs. Po3ansiHymo 3adavy Henapamempu-
HO20 oyiHI8aHHs wWinbHocmi po3nodiny okpemoi KoMnoHeHmMu cymiwi e mexax modeni C3K. [ns ybo20 eukopucmosyembcsi MoOugpikoeaHa
si0epHa oyiHka wjinbHocmi (FOLY). MpakmuyHe 3acmocyeaHHs 51Ol nompebye subopy napamempa 3251adyeaHHsi. ¥ cmammi 3anponoHoeaHo
dea nidxodu do makozo eubopy: Ha ocHoei ModudgpikoeaHozo npaeuna CineepmaHa i 3a donomozoro anzopummy Kpoceanidayii, adanmoeaHoz20
9o C3K. Slkicmb ompuMaHuXx ouiHOK rnopieHEMbCs 3a 00NOMO20t0 iMimayiliHo2o ModestoeaHHs1. Pe3ysibmamu MoOes1o8aHHsl MoOKa3yromsb, Wo y
eunadky winbHocmel, 6n1u3bkux 0o 2ayccoeux, obudea nidxodu darome Malixke oOHakoei pesynbmamu. [4ns winbHocmel, siKi 8iOpi3HArOMbCS1 8i0
2ayccoeux, eubip napamempa 321adxyeaHHs1 Ha ocHoei ModugbikosaHoi kpoceanidauyii dae 3Ha4YHO Kpawi pe3ynbmamu, HiXX Ha OcHoei npasuna
CineepmaHa.

Knw4yoBi cnoBa: modenb ckiHYeHHOI cymiwi, 3MiHHI KOHUeHmpaujii, sdepHa ouyiHka winbHocmi, eubip napamempa 32/1a0)Ky8aHHs,
npaesusno CineepmaHa, kpoceanioauisi.
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INTERPOLATION PROBLEM FOR MULTIDIMENSIONAL HARMONIZABLE
STABLE SEQUENCES

The problem of estimation of unobserved values of stochastic processes is of constant interest in the theory and appli-
cations of stochastic processes. The problem of forecasting future values of economic and physical processes, the problem
of restoring lost information, cleaning signals, or other data from observations with noise is magnified in an information-laden
world. Therefore, the development of estimation methods is one of the main tasks of the modern theory of stochastic processes.
In this paper, we consider the problem of optimal linear interpolation of a functional that depends on the unknown values of a
vector-valued harmonizable symmetric alpha-stable random sequence from observations of the sequence with noise. We use
the classical approach to derive formulas for computing values of the mean-square error and the spectral characteristic of the
optimal linear estimate of the functional. The crucial assumption of this approach is that the spectral densities of the involved
stochastic sequences are exactly known. However, in practice, complete information on the spectral densities is impossible in
most cases. In this situation, one finds a parametric or non-parametric estimate of the unknown spectral density and then ap-
plies one of the traditional estimation methods provided that the selected density is the true one. This procedure can resultin a
significant increase in the value of the estimation error. To avoid this effect, one can search for the estimates that are optimal for
all densities from a certain class of admissible spectral densities. These estimates are called minimax because they minimize the
maximal values of the errors of estimates for all densities from a given class. Therefore, in the case of spectral uncertainty, we
use the minimax approach and propose formulas that determine the least favorable spectral densities and the minimax spectral
characteristics of the optimal estimates of the functional for some classes of admissible spectral densities.

Keywords: harmonizable stable random sequence, periodically harmonizable stable random sequence, optimal linear
estimate, minimax-robust estimate, minimax spectral characteristic, least favorable spectral density.

AMS 2020 classification: 60G10, 60G25, 60G35, 62M20, 93E10, 93E11.

Introduction

The problem of estimation of the unknown values of harmonizable random sequences and processes were investigated
in papers (Cambanis, 1983; Cambanis, & Soltani, 1984; Hosoyd, 1982; Masani, & Wiener, 1957). The interpolation problem
for harmonizable symmetric a-stable random sequences were investigated in papers (Weron, 1985; Pourahmadi, 1984).

Basic results concerning estimation of the unknown (missed) values of stochastic processes are based on the assump-
tion that spectral densities of processes are exactly known. In practice, however, complete information on the spectral
densities is impossible in most cases. In such situations one finds parametric or nonparametric estimates of the unknown
spectral densities. Then the classical estimation method is applied under the assumption that the estimated densities are
true. This procedure can result in significant increasing of the value of error as Vastola and Poor have demonstrated with
the help of some examples (Vastola, & Poor, 1983). This is a reason to search estimates which are optimal for all densi-
ties from a class of admissible spectral densities. These estimates are called minimax since they minimize the maximal
value of the error. A survey of results (till 1985) in minimax (robust) methods of data processing can be found in the paper
(Kassam, & Poor, 1985). The paper (Grenander, 1957)) should be marked as the first one where the minimax extrapola-
tion problem for stationary processes was formulated and solved. Later Franke and Poor (Franke, & Poor, 1984; Franke,
1984, 1985) applied the convex optimization methods for investigation the minimax-robust extrapolation and interpolation
problems. The book (Moklyachuk, & Masyutkd, 2012) is dedicated to minimax-robust extrapolation, interpolation and fil-
tering problems for vector-valued stationary processes and sequences. In the book (Moklyachuk, & Golichenkd, 2016) the
minimax-robust extrapolation, interpolation and filtering problems for periodically correlated processes are investigated. In
the paper (Moklyachuk, & Ostapenka, 2016) minimax-robust interpolation problems are studied for harmonizable stable
sequences.

In this paper the problem of optimal estimation is investigated for the linear functional

-

Ané = Z(d’(a’)f ()

-

that depends on the unknown values £(j),5 = 0,1,..., N, of a vector-valued harmonizable symmetric a-stable random
sequence £(j) = {§k(j)}kT,:1, from observations of the sequence £(j) + 77(j) at points j € Z\ {0,1, ..., N} where £(j) and
77(j) are mutually independent harmonizable symmetric a-stable random sequences which have the spectral densities f(6)
and ¢(0) satisfying the minimality condition.

The problem is investigated under the condition of spectral certainty as well as under the condition of spectral un-
certainty. Formulas for calculation the value of the error and spectral characteristic of the optimal linear estimate of the
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functional are derived under the condition of spectral certainty where spectral density of the sequence is exactly known.
In the case where spectral density of the sequence is not exactly known sets of admissible spectral densities is available,
relations which determine least favorable densities and the minimax-robust spectral characteristics for different classes of
spectral densities are found.

1. Harmonizable symmetric a-stable random sequence
Definition 1. (symmetric a-stable random variable) A real-valued random variable ¢ is said to be symmetric a-stable, Sa.S,
if its characteristic function has the form Eexp(it§) = exp(—c|t|*) for some ¢ > 0 and 0 < a < 2. The real random variables

&1,&2, ..., &, are jointly SaS if all linear combinations Y~;'_, axéx are SasS, or, equivalently, if the characteristic function of
the random vector 5: (&1,...,&n) is of the form
¢e(t) = Eexp (iztk£k> = exp {—/ >ty ng(f)} :
k=1 Sn k=1
where ' = (t1,...,tn),t1,...,t, are real numbers and Fg(f) is a symmetric measure defined on the unit sphere S,, € R",
called the spectral measure of the random vector f = (&1,...,&n). There is a one-to-one correspondence between the

distribution of £ and its spectral measure I'#(Z) (Cambanis, 1983).

For real-valued jointly Sa.S random variables &, n with 1 < « < 2 the covariation of £, ) is defined by
el = [ @@l (a0),
2

where (y) <7~ = |y|"1y.
For jointly Sa.S random variables £ = & + €2 and n = n1 + in2 the covariation of £ with 7 is defined as (Cambanis,
1983)

[6777]04 = / (Il + 1I2)(y1 + iy2)<a71>dr'51v52ﬂ717"72 (I17x27y1’y2)7
Sa
where 2<#> = |2|°~z for a complex number z and 8 > 0.

The covariation in general is not symmetric and linear on second argument and for &, &1, &2, n jointly SaS has the
following properties (Cambanis, 1983; Weron, 1985)

[51 +f2:77]a = [€17n}0¢+[€27n]a7 (1)
(@&, bnla = a(®)* " [£,7]a, 2)
[€,m]e =0 if £ and n are independent, (3)
[£,m +m2a = [§,m]a +[€,m2]e T m and n2 are independent, (4)
1€, 7ol < [1éllalInlla ™, (5)
the functional
1€]]a = [€, €15/ (6)

is a norm in a linear space of Sa.S random variables which is equivalent to convergence in probability

1D €lls =D llgela (7)
k=1 k=1

when 1, ..., &, are independent, the mapping
£ = [€1]a (8)
is a bounded linear functional with the norm ||||2~* on the linear space of Sa.S random variables, and every bounded linear
functional on such a space is of this form for some 7.
It should be noted that || - ||~ is not necessarily the usual L* norm.

Definition 2 (symmetric a-stable stochastic sequence). A stochastic sequence {{(n),n € Z} is called symmetric a-stable,
SasS, if all linear combinations Zlm:1 am&(nm) are SaS random variables.

A vector-valued stochastic sequence £(n) = {gk(n)}le ,n € Z, is called symmetric a-stable, Sa.S, stochastic se-
quence, if all linear combinations 3" ™' _ a,,, &k () are Sa.S random variables.

Let Z = {Z(t) : —oco < t < oo} be a complex Sa.S process with independent increments. The spectral measure of the
process Z is defined as u{(s,t]} = | Z(t) — Z(s)||a-
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The integrals [ a(t)dZ(t) can be defined for all a(t) € L*(u) with properties for all a € L*(u),b € L*(p) (Cambanis,
1983; Cambanis, & Soltani, 1984; Hosoya, 1982):

H / a(t)dZ (1)

= [laFauco, ©)

[ awazao). [saz)] = [awoen=>aue, (10)
and for vector-valued functions @(t) = {ax(t)};_, ,ax(t) € L*(u), b(t) = {br(t)}1_, ,be(t) € L*(u),and Z(t) = {Zx(t)}}_,

—

[ [@wraza, [ (E(t))TdZ(t)} = [@en" auteEen==>, (1)

where p is the matrix-valued spectral measure corresponding to the process Z(t).

Definition 3 (harmonizable symmetric a-stable sequence). A symmetric a-stable, Sa.S, stochastic sequence {£(n),n € Z}
is said to be harmonizable, HSa.S, if there exists a SaS process Z = {Z(0) : 6 € [—=, ]} with independent increments
and a finite spectral measure p such that sequence £(n) has the spectral representation

&(n) :/ e™dz(0), nez,
and the covariation has the representation

[€(n), ()] = / " im0 g6), i € 7.

A vector-valued symmetric a-stable, Sa.S, stochastic sequence &£(n) = {&x(n) r -y, n € Z,is said to be harmonizable,
HSas, if there exists a vector-valued Sa.S process Z(6) = {Z;c(@)}kT):_O1 ,0 € [—m, ) with independent increments and a

—

finite matrix-valued spectral measure p such that sequence £(n) has the spectral representation

£(n) = /W ™ aZ(0),n € 7,

and the covariation has the representation

— —

), E(m)]a = / ¢4 (0), m,m € Z.
Definition 4 (periodically harmonizable Sa.S sequence). A symmetric a-stable, Sa.S, stochastic sequence {¢(n),n € Z} is
said to be periodically harmonizable, P H SasS, if the vector-valued stochastic sequence £(n) = {£(nT + k) Z;Ol ,neZ,is
harmonizable symmetric a-stable, HS«.S, stochastic sequence.

Note that a HSaS stochastic sequence is not necessarily stationary even second order stationary, but for « = 2 the
HSaS sequences are stationary with Gaussian distribution.

In this article we consider the case where 1 < o < 2.

Denote by H(¢) the time domain of the HS«aS sequence {{(n),n € Z}, which is a closed in the norm || - ||, linear
manifold generated by all values of the HSaS sequence {£(n),n € Z}. It follows from the spectral representation of the
HSasS sequence {£(n),n € Z} that the mapping £(n) « ¢, n € Z, extents to an isomorphism between the spaces H (€)
and L*(y). Under this isomorphism to each n € H(&) corresponds a unique f € L*(x) such thatn = [ f(0)dZ(6).

For a closed linear subspace M C L*(u) and f € L%(u), there exists a unique element from M which minimizes the
distance to f. This element is called projection of f onto M or the best approximation of f in M. This projection is denoted
by Py f and is uniquely determined by the condition (Singer, 1970)

[ g(f — Puf)<> " du=0, gel. (12)

Similarly, for HSasS stochastic sequence {{(n),n € Z} and a closed linear subspace H~ (§) of the space H () there
is a uniquely determined element ¢{(n) € H ™ (£) which minimizes the distance to {(n) and is uniquely determined from the
condition

[mem—Em)] =0, nen (. (13)
From linearity of the covariation with respect to the first argument from this relation we have that

660) = Em)lE = [¢(m),6(m) —€m)] = [m).&m) —€m)] = [e(m),€m) = Em)] - (14)

[e%

This relation plays a fundamental role in the characterization of minimal HSa.S stochastic sequences {£(n),n € Z}.
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2. Interpolation problem. Observations with noise. Projection approach
Consider the problem of the optimal estimation of the linear functional

ANE= D@08 = [ (An(e")TdZ o)

J=0
where
N ..
An(e) = (e,
7=0
that depends on the unknown values E(j),j = 0,1,..., N, of a vector-valued harmonizable symmetric a-stable random

sequence .{(j) = {gk(j)}le, from observations of the sequence E(j) +7(j) at points j € Z\ {0,1,...,N}.
. We consider the problem for mutually independent vector-valued harmonizable symmetric a-stable random sequences

&) = {§k(j)}f:1 and 7(5) = {mx (j)};‘::l which have absolutely continuous spectral measures and the spectral densities
f(0) and ¢(0), satisfying the minimality condition (Pourahmadi, 1984|; Weron, 1985)

[ [+ gon ] db < oo (15)

Denote by HY (¢ + n) the closed in the || - || norm linear manifold generated by values of the harmonizable symmetric
a-stable stochastic sequence f(j) +7(j), 5 € Z\ {0,1,...,N} in the space H({ + n) generated by all values of the
harmonizable symmetric a-stable, HSa.S, stochastic sequence £(5) + 77(j), j € Z-

The optimal estimate ANfof the functional ANgis a projection of ANEon the subspace H™ (¢ +n) which is determined
by the relations

[n:ANg_ ANg]Ot:()v VUEHN(5+77)7

or, equivalently, by relations

[gk(]) +77k(])>AN€_ ANE]& 207 .] S Z\{Ovlv---vN}> k= 17T (16)

It follows from the isomorphism between the spaces H({+n) and L*(F +G) that the optimal estimate AN{ofthe functional
ANfis of the form

AnéE= /:Tuz(e)f (aZ¢(6) +aZ"(0)). (17)

It is determined by the spectral characteristic k() of the estimate which is from the subspace L% (F + G) of the L®(F 4+ G)
space generated by functions

6ij0(5k, 51@:{6“}?1:1, k=1,...,T, jEZ\{O,l,...,N}.

The spectral characteristic h(9) = {hi(6)}._, of the optimal estimate satisfies the following equations

T . <a—1> _ .
/ e’ [f(0> (4() - (o) = 9(0) (h(9))=* ﬂ 9 =0, 5 € Z\{0,1,...,N}. (18)
It follows from these equations that the spectral characteristic 1(6) of the estimate is determined by the equation

[70) (4 = 1@) ™ = g0 (o)< | = (e (19)

N
Cn(e) =Y ag)e ",
j=0

where &(j) = {ck(j)}f:1 ,7=0,1,..., N are unknown coefficients.
The unknown coefficients ¢(j),7 = 0,1,..., N, are determined from the condition h(0) € L% (f + g), which gives us the
system of equations
/ e "% n0)do =0, k=0,1,...,N. (20)
The variance of the optimal estimate of the functional is calculated by the formula
~ @ " . T . <a—1>
| Ave —dne|" = / (An(e™) = 1(®) 70 (An(e®) ~ ()" o+

™

+[ " (h(0)" 9(8) (h(8))<"1> do. (21)

ISSN 1728-3817



DI3BUKO-MATEMATUYHI HAYKMWU. 2(81)/2025 ~ 51~

In the case where the dimension of the sequence T' = 1, this formula can be written in the form

| Axe — Awe|” /

We can conclude that the following theorems hold true.

™

f(6)de +/ |h(6)]* g(0)db. (22)

-

@

An(e") — h(6)

Theorem 1. Let£(j) = {€1(j)}i_,, j € Zandij(j) = {nx(j)}}_, , j € Z be mutually independent harmonizable symmetric
a-stable HSasS, stochastic sequences which have absolutely continuous spectral measures and the spectral densities f ()
and g(0) satisfying the minimality condition ({3). The optimal linear estimate A ~E& of the functional A€ = Z;.V: olags ))Té (),
that depends on the unknown values £(5),7 = 0,1,..., N, of the sequence £(j), from observations of the sequence & )+
7(4) atpoints j € Z\{0,1, ..., N'} is calculated by formula ({{7). The spectral characteristic h(6) of the estimate is determined
by equation ([T9), where the unknown coefficients &(j ),7 =0,1,..., N, are determined from the system of equations (0.
The variance of the optimal estimate of the functional is calculated by formula 1) (by formula ([22) in the case where
dimension T = 1).

Theorem 2. Let the vector-valued harmonizable symmetric a-stable, HS«.S, stochastic sequences
£(n) =T + R} 2y, in) = (n(nT+ )} ), n € Z,

that correspond to periodically harmonizable symmetric a-stable, PH S«.S, stochastic sequences &(n) and n(n), n € Z,
have absolutely continuous spectral measures and the spectral densities f(6), g(), satisfying the minimality condition ({8).
The optimal linear estimate A N{ of the functional

R N N T-1
AnE = (a(j => > ar()EUT + k),
j=0 j=0 k=0
where @(j) = {ax(j)}1=L, £(j) = {€(JT + k)}'=}, that depends on the unknown values £(j),j = 0,1,...,T(N + 1) — 1,
of the sequence £(j) from observations of the sequence £(j) + n(j) at points j € Z\ {0,1,...,T(N + 1) — 1} is calculated
by the formula (7). The spectral characteristic h(0) of the estimate is determined by equation ({I9), where the unknown
coefficients ¢(j) = {ck(j) f;ol ,j=0,1,...,T(N +1) — 1, are determined from the system of equations (20). The variance

of the optimal estimate of the functional is calculated by the formula (1) (by formula (22) in the case where period T = 1).

3. Interpolation problem. Observations without noise. Projection approach
Consider the problem of the optimal estimation of the linear functional

Zﬁ' )0 = [ (ante)Taz )

where
N
=2 die",
j=0
that depends on the unknown values E(j),j = 0,1,..., N, of a vector-valued harmonizable symmetric a-stable random

sequence .{(j) = {gk(j)}le, from observations of the sequence E(j) atpoints j € Z\ {0,1,...,N}.
We consider the problem for vector-valued harmonizable symmetric a-stable random sequence £(j) = {.fk(j)}f:l

which have absolutely continuous spectral measure i and the spectral density f(0), satisfying the minimality condition
(Pourahmadi, 1984; Weron, 1985)

/ Tr [(f(e))*l/““”] o < co. (23)
Denote by H" (¢) the closed in the || - || norm linear manifold generated by values of the harmonizable symmetric
a-stable random sequence £(j), j € Z\ {0,1,..., N} in the space H(¢) generated by all values of the HSa.S sequence
) ={at jez. | )
The optimal estimate A ¢ of the functional Ax¢ is a projection of Ax ¢ on the subspace H™ (¢) which is determined by
the relations

~ —.

[, AnE — AnEla =0, Vne HY(9),
or, equivalently, by relations

[€6(j), AnE — AnEla =0, j € Z\{0,1,...,N}, k=1,T. (24)

It follows from the isomorphism between the spaces H(¢) and L (1) that the optimal estimate Ax¢ of the functional AnE
is of the form

AnE = / (h(6)) T dZ(6). (25)
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It is determined by the spectral characteristic h(0) of the estimate which is from the subspace L% () of the L*(u) space
generated by functions §
6”951@, O = {(5kl}lT=1, k=1,...,T,5 € Z\{O,l,...,N}.

The spectral characteristic h(6) = {h1()}+_, of the optimal estimate satisfies the following equations

9 =0, jez\{0,1,...,N}. (26)

[ s (ante ~wo) "

-

It follows from these equations that the spectral characteristic 1(6) of the estimate is determined by the equation
i0 <a-1> i0 i0 i
10) (Av(e) = n(0) T = On(e”), On(e) =D ah)e ™,
j=0
where &(j) = {ex(j)};—,,j = 0,1,...,N are unknown coefficients. It follows from the last relation that the spectral

characteristic h(0) of the estimate is of the form

1
<=7~

hO) = An(e”) = (£ O)Cn () . (27)

The unknown coefficients ¢(j),7 = 0,1, ..., N, are determined from the condition h(6) € L% (u), which gives us the system
of equations

/ e % h(6)do =0, k=0,1,...,N. (28)

These equations are of the form
. v N B N B <ati>
/ e 'Ok (Z o'i(j)e”9> - ((f(@))_l ( E’(j)e_”9>> dd =0, k=0,1,...,N. (29)
- j=0 j=0
The variance of the optimal estimate of the functional is calculated by the formula
o . o ™ 1 o <atr>]" <21
|ané - Ané] ) :/ (11 @Cn (™) 76) (F7T@)Cn () do. (30)

In the case where the dimension of the sequence T' = 1, this formula can be written in the form

fove el = [ i

We can conclude that the following theorems hold true.

f(0)do. (31)

(11 @Cn (™)

™

Theorem 3. Let £(j) = {&x(J)}}_, , j € Z be a vector-valued harmonizable symmetric a-stable, HSaS, stochastic se-
quence which has absolutely continuous spectral measure ((6) and the spectral density f(6), satisfying the minimality
condition (83). The optimal linear estimate Ax¢ of the functional An& = Zj.v: ola(y ) TE(4), that depends on the unknown

— — —

values £(j),j = 0,1,..., N, of the sequence £(j), from observations of the sequence £(j) at points j € Z\ {0,1,...,N}
is calculated by the formula ([28). The spectral characteristic h(0) of the optimal estimate is determined by the equation
([©7), where the unknown coefficients &(j),7 = 0,..., N, are determined from the system of equations (29). The variance
of the optimal estimate of the functional is calculated by the formula (30) (by formula (81) in the case where dimension of
the sequence T' = 1).

Theorem 4. Letthe vector-valued harmonizable symmetric a-stable, HS«a.S, stochastic sequence E (n) ={&(nT + k) 5;01 ,

n € Z, that corresponds to periodically harmonizable symmetric o-stable, PH S«.S, stochastic sequence {£(n),n € Z}, has
absolutely continuous spectral measure 1(9) and the spectral density f(0), satisfying the minimality condition (23). The
optimal linear estimate A Nf of the functional

AnE= 3 (@) €6 =D Y- ar(DEGT + k),

a(j) = {an()YEZL, €(j) = {€(T + k)YLZL, that depends on the unknown values £(j),j = 0,1,...,T(N + 1) — 1, of
the sequence &(j) from observations of the sequence £(j) at points j € Z\ {0,1,...,T(N + 1) — 1} is calculated by the
formula ([25). The spectral characteristic h() of the optimal estimate is of the form (£7), where the unknown coefficients
é4) = {ex()¥Zg,d = 0,1,...,T(N + 1) — 1, are determined from the system of equations (29). The variance of the
optimal estimate of the functional is calculated by the formula (Bd) (by formula (81) in the case where period T = 1).

Example. Consider the problem of the optimal linear estimation of the functional Ao = a£(0), that depends on the unknown
value £(0) of a harmonizable symmetric a-stable, HS«.S, stochastic sequence £(n) that has absolutely continuous spectral
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measure p(6) and the spectral density f(6), satisfying the minimality condition (3), from observations of the sequence
&(n) atpoints n € Z \ {0} (Moklyachuk, & Ostapenka, 2016).
In this case the spectral characteristic h(0) of the optimal estimate of the functional is of the form

h(O) = a— c“F1” (F(0)F T
The variance of the optimal estimate of the functional is calculated by the formula
where the constant c is a solution of the equation

/:r (a S (f(@))‘ﬁ) 6 = 0,

1

ST (J(0)

o

f(0)ds,

(27Ta)<a—l>

(47, (o))~ vae) ™

In the case of a = 2 we have the Kolmogorov (Kolmogorov, 1992) results

MO =a— ()"
e=a (5 [ (o)

[ - el =2ria (55 [ (o) )an)

Cc =

—1>-

—1

4. Interpolation problem. Minimax approach
The value of the error

A (h(fo,90); f,9) = HAN5* AN?HZ

and the spectral characteristic h(f,g) = h(6) of the optimal estimate Ay ¢ of the functional Ax¢ = Z;V:O(d(j))Tf(j) that

depends on the unknown values f(j),j =0,1,..., N, of the sequence f(j), from observations of the sequence g(j) + 7(5)
at points j € Z \ {0,1,..., N} can be calculated by the proposed formulas only in the case where we know the spectral

—

densities f(6) and g(6) of the mutually independent harmonizable symmetric a-stable H Sa.S, stochastic sequences £(j) =
{€() Yo s 5 € Zand () = {ne(i)} iy » § € Z.

However, in practice we can’t exactly evaluate the spectral densities of stochastic sequences, but, instead, we often
can have a set D = Dy x D, of admissible spectral densities. In this case we can apply the minimax-robust method of
estimation to the interpolation problem. This method let us find an estimate that minimizes the maximum of the errors for
all spectral densities from the given set D = Dy x D, of admissible spectral densities simultaneously (Moklyachuk, &
Masyutka, 2012; Moklyachuk, & Golichenkg, 2016).

Definition 5. For a given class of spectral densities D = Dy x D, the spectral densities fo(8) € Dy, go(8) € D, are called
the least favorable in D = Dy x D, for the optimal linear estimation ANfof the functional ANE, if the following relation hold
true

A (fo,90) = A(h(fo,90); fo,90) =  max  A(h(f,9);f 9).

(fvg>€Df><Dg

Definition 6. For a given class of spectral densities D = D; x D, the spectral characteristic h° = h(fo) of the optimal
estimate AN{of the functional ANéis called minimax (robust) for the optimal linear estimation ANé, if the following relations
hold true

ey eHo= () L(f+9),

(f,9)€EDfxDgy

min max A(h;f,g)= max A (kK% f,q).
Jmin - max A (hif.g) = max, (h"; £, 9)

The least favorable spectral densities f5(6), go(#) and the minimax spectral characteristic h° = h(fo, go) form a saddle
point of the function A (h; f, g) on the set Hp x D. The saddle point inequalities

A(h,fO,gO) 2 A (ho;f07go) > A (h07fyg)7 Vh € HD7 vf € Df7 v.g € Dg
hold true if h° = h(fo, go) and h(fo, go) € Hp, where (fo, go) is a solution to the conditional extremum problem

max A (h(fo,90); f,9) = A (h(fo,90); fo, 90) s (32)

(f,9)€ED XDy
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A 905 7.9) = [AnE= v = [ (ante) = 0) " 100) (ante) ~0) ™ ap
+/” (1°(6)) " g(6) (h°(6)) """ . (33)
The constrained optimization problem (B2) is equivalent to the unconditional extremum problem
Ap(f,9) = —A(h(fo,90); f,9) + 6(f,g|Ds x Dg) — inf, (34)

where §(f, g|Ds x D, ) is the indicator function of the set D = D x D,. Solution ( fo, go) to the problem (B4)) is characterized
by the condition 0 € A (fo, go), Where OAp( fo) is the subdifferential of the convex functional Ap(f, g) at point (fo, go).
This condition makes it possible to find the least favorable spectral densities in some special classes of spectral densities
D = D¢ x Dy (loffe, & Tihomiroy, 1979; Pshenichnyj, 197 1; Rockafellar, 1970).

Note, that the form of the functional A(R(fo, g0); f,g) is convenient for application the Lagrange method of indefinite
multipliers for finding solution to the problem (B2). Making use the method of Lagrange multipliers and the form of subdif-
ferentials of the indicator functions we describe relations that determine least favourable spectral densities in some special
classes of spectral densities.

Summing up the derived formulas and the introduced definitions we come to conclusion that the following lemmas hold
true

Lemma 1. Let £(5) = {& (N}, j € Zand(j) = {m(j)};_, , j € Z be mutually independent harmonizable symmetric
a-stable random sequences which have absolutely continuous spectral measures and the spectral densities fo(0) and go(0)
satisfying the minimality condition ({T8). Let the spectral densities (fo,g0) € Dy x D, give a solution to the constrained
optimization problem (B2). The spectral densities (fo, go) are the least favorable ones in Dy x D, and h° = h(fo, go) is the
minimax spectral characteristic of the optimal linear estimate A NE ofthe functional A N§ that depends on the unknown values
f(j),j =0,1,..., N, of the sequence E(j), from observations of the sequence E(j) +7j(j) at points 5 € Z\ {0,1,...,N}, if
ho = h(fo,go) € Hp.

Lemma 2. Let £(j) = {&k(j )}Y+_,, j € Z be a harmonizable symmetric a-stable random sequence which has absolutely
continuous spectral measure and the spectral density fo(6) satisfying the minimality condition (23). Let the spectral density
fo € Dy gives a solution to the constrained optimization problem

max A (h(fo); f) = A (h(fo); fo), (35)

feDy

where

T a—1

At = [axé=ané [ = [T (5 @) o) (F@esEn) T a. os)

The spectral density fo is the least favorable spectral density in Dy and h° = h(fo) is the minimax spectral characteristic
of the optimal linear estimate Ax¢ of the functional An€ that depends on the unknown values & (4),5=0,1,...,N, of the
sequence £(j), from observations of the sequence £(j) at points j € Z\ {0,1,...,N}, if h® = h(fo) € Hp.

5. Least favorable spectral density in classes D = Dy x D,

Consider the problem of the mean-square optimal interpolation of the functional ANfin the case when spectral densities
of sequences belong to the class of admissible spectral densities D = D§ x DF k =1,2,3,4, where

o= {s® |y [ 0w =y .

D! = {gw)

Trg(0) = (1 - )Trgu(0) + £Tru(®), o /_7; Trg(6)d = q};
D = {f(a) ‘% /:T Srr(0)dO = pr, k =1,T },

D? = {gw)

g (0) = (1 — €) gk (0) + ewi (6), % /7r 9rk(0)d0 = qi, k = ﬁ};
i ={so|p [ wsepa =y |,

D = {4(0)| (B2 9(6)) = (1= &) (o, 31 00) + € o) 5 [ (g0 0 =

%/_Zf(@dezp},

0! = {a(0)jat0) = (1= 0:(0) + <o), 5 [ at0)0 =2}

Dt = {fw)
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where ¢1(0) is a known and fixed spectral density matrix while w(6) is an unknown spectral density matrix, p, ¢, pr, gx,
k =1,T are given numbers, P, Q, B1, By are given matrices.

From the condition 0 € 9Ap(fo,g0) we find the following equations which determine the least favourable spectral
densities for these given sets of admissible spectral densities.

For the first pair D§ x D} we have equations

(An(e®) = 2°®)) ((An(e™) - ho(e))T)<“_l> — o’E, (37)
w0 (W°0)T) T =8 +00), (38)
where y(0) < 0and v(0) = 0if Trgo(8) > (1 —&)Trg:1(0).
For the second pair DZ x D? we have equations
(An(e) = 120)) ((Ane®) =10 T) ™" = {adsu}r . (39)
10) ((°O)7) T = {8+ w@)dudy, (40)
where v (8) < 0and v,(0) = 0if g (0) > (1 — €)gii(6).
For the third pair D3 x D2 we have equations
() = 1°0) ((Aw(e = 100) ") = a®By, @1)
B0) ((h°0)7) " = (8 0B, (42)
where () < 0and v/ (0) = 0if (B2, g0(9)) > (1 — €){(Bz, g1(0)).
For the fourth pair D} x D? we have equations
(An(e™) @) (v — 100 ") " =aa, (43)
w0 (0e)™) " =35 1), (44)

where I'(0) < 0and I'(8) = 0if go(8) > (1 — £)g1(6).
Thus, the following statements hold true.

Theorem 5. Let the minimality condition ({I8) hold true. The least favorable spectral densities fo(8), go(8) in the classes
Do x D. for the optimal linear interpolation of the functional A NE are determined by relations (B37), [B8) for the first pair
D¢ x D! of sets of admissible spectral densities; (39), (¢0) for the second pair D3 x D? of sets of admissible spectral densities;
(#1), [2) for the third pair D3 x D2 of sets of admissible spectral densities; (¢3), ([4) for the fourth pair D§ x D? of sets of
admissible spectral densities; constrained optimization problem (33) and restrictions on densities from the corresponding
classes Dy x D.. The minimax-robust spectral characteristic of the optimal estimate of the functional A NE is determined
by the formula ({9).

Corollary 1. Let the minimality condition ([23) hold true. The least favorable spectral densities fo(6) in the classes D§,
k= 1,2, 3,4, for the optimal linear interpolation of thg functional A Ng, which depends on the unknown values of the

sequence £(j) based on observations of the sequence £(j) at points j € Z\ {0, 1, ..., N}, are determined by the following
equations, respectively,

(1 O () T (T @enE)T) T = o, (45)
(5O ) T (O @) ) = {atou)], . (46)
(15 @) T (G @ E@)T) T = 0B (47)
(5 @0 (@) T (G @) T) T —a-a (48)

constrained optimization problem (B8) and restrictions on densities from theqcorresponding classes DE, k =1,2,3,4. The
minimax spectral characteristic of the optimal estimate of the functional Ax¢ is determined by the formula (27).

Corollary 2. Let the minimality condition [23) hold true. The least favorable spectral densities fo(6) in the classes DF,
k= 1,2, 3,4, for the optimal linear interpolation of thg functional An¢&, which depends on the unknown values of the

sequence £(j) based on observations of the sequence £(j) at points j € Z\ {0, 1, ..., N}, are determined by the following
equations, respectively,

P BN

(17O ) T (O @) ) = (8 +0)E, (49)
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< a—1

(5 @Cw () ™ (U OCN ) T) " = {8 + w0}y, (50)

a—1
<a=1~

(5 OCx ) T (GO0 T) T = (84 (0) B, 1)

1
<g=7~> (

(2 O)Cn () G @Cn@)T) " = F- 5 + 1), (52)

constrained optimization problem (B8) and restrictions on densities from theﬁcorresponding classes DF, k =1,2,3,4. The
minimax spectral characteristic of the optimal estimate of the functional An€ is determined by the formula (27).

6. Least favorable spectral density in classes D = DY x Das

Consider the problem of mean square optimal interpolation of the functional ANfin the case when spectral densities
of the sequences belong to the class of admissible spectral densities D = DY x Das,

oY ={10)|Tro@) <T@ < Truto), o [ Tesoa0 =p},

Dis={a0) 55 [ 1Tetat0) ~ o) P a0 < 5}

Py = {f<e>

() < 50) < w0, 3= [ @0 =pr k=TT,

1 4 L
o [ loa®) -~ b @ <50 =TT}

D3, = {g<0>

0t = {10 (5100 < (150 < Bruto). 5 [ (B sy a0 =),
Dis = {9055 [ 1B2900) -~ o0 ap < 5.

DYt = {f(@)

0(6) < 0) < u(6), 5 /j F(0)d0 = P} ,

pts = {900

where spectral densities v(6), u(6), g1(6) are known and fixed. The class DY describes the “strip” model of stochastic
processes, Dys describes "d-district” in the space L, of the given bounded spectral density g1 (6).

From the condition 0 € 9Ap(fo, g0) we find the following equations which determine the least favourable spectral
densities for these given sets of admissible spectral densities.

For the first pair Dgl x D35 we have equations

1 [" 2 R

(An(e™) = 1°®) ((An () =12 T) ™ = (@ + 1) +2()E, (53)
w0 (0°0)T) T = BT ) - 6 O)E, (54)
o [ 1T (00(®) — 10 a0 =5, (55)

where v10) < 0and ~v1(0) = 0if Tr fo(0) > Trv(0), v2(0) = 0 and v2(0) = 0if Tr fo(N\) < Tru(h).
. U2 2 .
For the second pair Dy~ x D3s we have equations

(AN(ew) - hO(G)) ((AN(@ie) - hO(Q))T)<O¢*1> = { (o} +7x(0) + 72’“(9))5’”}:,1:1 7 (56)
n°0) (R 0)T) ™ = {5R0) — gl )}, (57)
% _W |92%(0) — gii (0)|” dO = 64, k=T, T, (58)

where ’ylk(e) < 0and ’Y1k(9) =0if f,?k(é?) > ’l}kk(e), ’YQk(e) > 0 and ng(e) =0if f;?k(a) < ukk(e)
For the third pair DY* x D2; we have equations

<a—1>

(An () =1°©0) ((An(E) =°O)T) " = (@* +41(6) +7%(8) By, (59)

O ((1°0)T) T =B (B2 g0(0) — g1 O)) I, (60)
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i ™
2 J_ .
where ~1(0) < 0and v1(0) = 0if (By, fo(0)) > (B1,v(0)), v2(0) > 0 and 15(8) = 0 if (B, fo(0)) < (B1,u(d)), I is a matrix
of ones. .
For the fourth pair DY" x D3; we have equations

(B2, go(0) — g1(0))|* db = 4, (61)

(An(e) = 10®) ((An(e) = 10@)T) ™ =@ @ +11(0) +T2(0) ©2)
120) (n°0)7) T = {8,065 0) ~ a5 O}, (63)
= j 19%(0) — gL (O)[do = 65, i,j = 1,7, (64)

where I'; (§) < 0and I'1 (8) = 0 if fo(0) > v(6), I'2(8) > 0and I'z(0) = 0'if fo(0) < u(8).
The following theorem and corollaries hold true.

Theorem 6. Let the minimality condition ({I8) hold true. The least favorable spectral densities fo(8), go(6) in the classes
D = DY x D, for the optimal linear interpolation of the functional Ax¢ are determined by relations (63) — (B3) for the first
pair DY" x D15 of sets of admissible spectral densities; (58) — (58) for the second pair DY> x D25 of sets of admissible
spectral densities; (B9) — (61) for the third pair DY’ x D35 of sets of admissible spectral densities; (62) — (64) for the fourth
pair D54 x D35 of sets of admissible spectral densities; constrained optimization problem (B2) and restrictions on densities
from the corresponding classes D = DY x D,s. The minimax-robust spectral characteristic of the optimal estimate of the
functional A N{ is determined by the formula ({19).

Corollary 3. Let the minimality condition (23) hold true. The least favorable spectral densities fo(6) in the classes D"fk,
k= 1,2, 3,4, for the optimal linear interpolation of thg functional An¢&, which depends on the unknown values of the

sequence £(j) based on observations of the sequence £(j) at points j € Z\ {0,1, ..., N}, are determined by the following
equations, respectively,

(15 O () T (GO @) ) T = (0 + 7 (0) 4 1a(0) P, (65)
(55 @ewe) ™ (7 @0 ) T =

= {(0} +7k(0) + 72100t} ,_, » (66)

(15 @0 (@) (@O ) ) 7 = (2 +94(0) +24(0) B, (67)

(75 1<9>0N(e”>)<ﬁ> (0 1(9>0N(ei9>>T)<g> =a-a" +T1(0) +T2(0), (68)

constrained optimization problem (B8) and restrictions on densitie§ from the corresponding classes ng. The minimax
spectral characteristic of the optimal estimate of the functional An¢ is determined by the formula (27).

Corollary 4. Let the minimality condition (23) hold true. The least favorable spectral densities fo() in the classes DXy,
k = 1,2,3,4, for the optimal linear interpolation of the functional A N{, which depends on the unknown values of the

sequence £(j) based on observations of the sequence £(j) at points j € Z\ {0, 1, ..., N}, are determined by the following
equations, respectively,

(5 OO ) ™ (T @O @) ) = BT (fo(0) - 9 O)E, (69)
(fgl(a)cN(ew))<ﬁ> ((fgl(e)cN(eié))T)<3:1> = {BR(f(0) = ghn ()i}, (70)
(17 O @) ™ (@O ) T) T = 8 (Bay £o(0) — 1O . )

T
i,j=1

(4 O (™) ™ (G O @) = (8, (75(60) - (o)}

constrained optimization problem (38) and the following restrictions on densities from the classes DE;, k = 1,2,3,4, re-
spectively,

(72)

o [T (o) — 1 (0 a0 =, (73)

1 s
o | 1540) ~ glu(0)] do = 50 k=TT, (74)
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1 s
o [ 1B 100~ a0 a0 = (75)
1 g 2 [ —
The minimax spectral characteristic of the optimal estimate of the functional A N{ is determined by the formula (£7).

Discussion and conclusions

We propose methods for solving the optimal linear estimation problem for the linear functionals that depend on the
unknown values f(j), j = 0,1,..., N, of a vector-valued harmonizable symmetric a-stable random sequence f(j) =
= {&(4)}}_,, from observations of the sequence £(j) + 77(j) at points j € Z\ {0,1,..., N} where £(j) and 77(j) are
mutually independent harmonizable symmetric a-stable random sequences which have the spectral densities f(¢) and
g(0) satisfying the minimality condition.

The problem is investigated under the condition of spectral certainty as well as under the condition of spectral uncer-
tainty. Formulas for calculating the value of the error and the spectral characteristic of the optimal linear estimate of the
functional are derived under the condition of spectral certainty where spectral density of the sequence is exactly known. In
the case where spectral density of the sequence is not exactly known, but a set of admissible spectral densities is available,
relations which determine least favorable densities and the minimax-robust spectral characteristics for different classes of
spectral densities are found.

Authors’ contribution: Mikhail Moklyachuk — methodology, derivation of the main results and preparation of the paper; Oleksandr
Masyutka — derivation of the main results and preparation of the paper.
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3ALAYA IHTEPNONALII BEKTOPHUX TAPMOHIZOBAHUX CTIMKMX NOCNIQOBHOCTEN

3adaya oyiHro8aHHsI He8i0OMUX 3Ha4eHb CIMoxacmu4YHUX npoyecie € akmyasibHOI MPo6s1IeMoro sIK y meopil, mak i  npuknadHuUX 3acmocyeaH-
HSIX cmoxacmu4Hux npouyecie. [lpobnemMu npoaHo3yeaHHsI MaliBymHix 3Ha4eHb €KOHOMIYHUX i ¢hi3u4HUX npouyecie, 8i0HOB/IeHHS1 empayvyeHol
iHghopmayii, oyuuieHHs1 cuezHany abo iHwux daHux 3i crocmepexeHb i3 WyMOM 20CMpPO nocmaroms 8 Hacu4eHomy iHghopmauyjiero ceimi. 3 oansidy
Ha ye po3pobrieHHs1 Memodie ouyiHO8aHHSI € 0OHUM 3 OCHOBHUX 3aedaHb Cy4acHOi meopii cmoxacmu4Hux npouyecis. Y nponoHosaHilt cmammi
po32/1siHymo 3adayvy onmumarsbHoi niHiliHof iHmepnonsyii pyHkyioHana eid HeeidomMux 3Ha4eHb 8€KMOPHOT 2apMOHi308aHOi cuMempPuUYHOT anbga-
cmitikoi eunadkoeoi nocnidoeHocmi 3a crocmepeXxeHHsIMU MocJs1idoeHocmi i3 wymom. BukopucmaHo KnacuyHuli nioxio ons eueedeHHs1 hopmyi
0nsi o64ucieHHs1 3Ha4eHb cepedHbokeadpamu4Hoi Moxubku ma cnekmpasnbHOI XapaKmepucmuKu onmumMasnbHoI NiHilHOT oyiHKu gyHKyioHana.
OCHOBHUM NpUNyuweHHsIM U020 Nidxody € me, Wo crnekmpasbHi WinbHOCMi HasieHUX cmoxacmu4HuUXx nocslidoeHocmeli Mmo4yHo eidomi. OGHak
Ha npakmuyi ompumamu rnoeHy iHghopMayiro npo cnekmpasnbHi winbHocmi e Ginbwocmi eunadkie HeMoxnueo. Y ybomMy eunadky 3Haxo0ssmb
napamempuyHy a6o Henapamempu4Hy OUiHKy HesiOdomoi cnekmpanbHOi winbHocmi, a momiMm 3acmocoeyroms 0OUH i3 mpaduuyiliHux memodie
OUyiHI08aHHS1 3@ yMo8U, W0 obpaHa winbHicms € icmuHHoto. Ljeli nidxio moxe npueecmu 3o 3Ha4HO20 3POCMaHHS 3Ha4YeHHs MoXUGKU OUiHI08aHHSI.
Ans nodonaHHs ybo20 eghekmy MOXKHa WyKamMu OUiHKU, sIKi € onmuManibHUMU 05151 ecix winbHocmel 3 NegHO20 Knacy AonycmumMux cnekmpanbHUX
winbHocmel. Ui oyiHku Hazueatomeb MiHiIMaKCHUMU, OCKi/lbKU 80HU MiHIMi3yromb MaKkcuMasbHi 3Ha4eHHs1 MoxXuboK oUiHOK Ons ecix winbHocmeu
i3 3adaHozo knacy. Tomy y eunadky cnekmpasbHOI Heeu3Ha4YeHOCmi MU 8UKOpUCMOBYEMO MiHiMaKcHUlU nidxid i nponoHyemo ¢hopmynu, w0
eu3Ha4aromb HaliMeHW cripusimiuei cnekmparbHi WinbHOCMi ma MiHiMaKCcHi ciekmparsibHi xapakmepucmuKu onmuma’sibHUX OUiHOK (pyHKUioHana
dns desikux knacie donycmumMux criekmpasnbHuUX winsHocmedu.

Knw4yoBicnoBa: 2apMmoHizoeaHa cmilika eunadkoea nocsidoeHicms, nepioOu4YHo 2apMoHizoeaHa cmilika eurnadkoea noc1idoeHicms,
onmumarsnbHa niHiliHa oyiHka, MiHiMakcHa (pobacmHa) oyiHka, MiHiMakcHa criekmpasibHa xapakmepucmuka, HaliMeHW crpusimiuea crnekmpasnbHa
winbHicms.
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TOPOLOGICAL STRUCTURE OF SIMPLE HAMILTONIAN FLOWS ON THE PROJECTIVE
PLANE AND THE KLEIN BOTTLE

For every non-orientable surface, there exists an oriented double cover. We consider flows whose lift to the double cover
are Hamiltonian flows with a Hamiltonian being a Morse function. By analogy with oriented manifolds, a flow is simple if there
are no saddle connections between different saddles within it.

To describe the topological properties of functions on two-dimensional manifolds, an invariant known as the Reeb graph
is used. In the case of simple Morse functions on closed oriented two-dimensional manifolds, this is a complete topological
invariant for stratified equivalence and topological equivalence of Hamiltonian flows. However, in our case, on a non-orientable
manifold, there is no function that generates a Hamiltonian flow. Therefore, the concept of the Reeb graph requires redefinition.

To investigate the topological properties of simple Hamiltonian flows on non-orientable surfaces, we describe the structure of
all possible atoms, which are analogous to the Bolsinov-Fomenko atoms for Morse functions and Hamiltonian flows on oriented
surfaces. In particular, there are five types of such atoms on non-orientable surfaces. We construct a complete topological
invariant, which is the Reeb graph with marked vertices and half-edges incident to the vertices, describe its properties, and
prove a criterion for the topological equivalence of flows. For the projective plane and the Klein bottle, we prove theorems about
the existence of flows with a given Reeb graph. For cyclic Reeb graphs on the Klein bottle, we describe an algorithm for their
enumeration. For all other types of Reeb graphs on the projective plane and the Klein bottle, we obtain recursive formulas for
determining their numbers. The results provide calculations of the number of topological structures of flows with no more than
eight saddles. The obtained results open up the possibility of studying the structures of Hamiltonian flows of greater complexity
on compact non-orientable surfaces.

Keywords: topological equivalence, Reeb graph, classification, non-orientable surface.
AMS 2020 classification: 37C10, 37C15, 37C20.

Introduction

For oriented closed surfaces, the trajectories of Hamiltonian flows coincide with the level sets (components of the level
curve) of the Hamiltonian function, which means that the topological structure of Hamiltonian flows is determined by the
topological structure of the functions. The functions in general position are simple Morse functions, where each critical
level contains one critical point, and this point is non-degenerate. For flows, simplicity means the absence of trajectories
connecting saddle points.

For every non-oriented surface, there exists a unique (up to homeomorphism) oriented double cover. Therefore, func-
tions and flows on non-oriented surfaces correspond to Z-invariant functions and flows on oriented surfaces. For example,
functions on the projective plane RP? (the Klein bottle K1) can be defined as even functions on the sphere S? (the torus
T?). However, such functions do not define a flow on a non-oriented surface, as they do not allow for the alignment of
movement directions along the level sets on the non-oriented surface. Conversely, if we use odd functions instead of even
ones, then the directions of movement along the trajectories of their Hamiltonian flows are consistent with the symmetry
with respect to the origin. It is precisely such flows, defined by odd Morse functions, that we consider in this paper.

If we collapse each component of the function level on a closed 2-manifold to a point, we obtain a graph known as the
Reeb graph (Reeb, 1946) or the Liapunov graph for the Liapunov function (de Rezende, & Franzosa, 1993). In the case
of simple Morse functions on closed oriented two-dimensional manifolds, this is a complete topological invariant for fibre
equivalence. If a linear order is given on the set of vertices, it becomes a complete topological invariant with respect to
topological equivalence. Automorphisms of Reeb graphs was described in (Kravchenko, & Maksymenkg, 2019).

In the case of non-orientable two-dimensional manifolds, as well as manifolds with boundaries, additional information is
needed to construct a complete topological invariant. Another way to determine the topological structure of Morse functions
is to use Morse vector fields with specified function values at critical points. Therefore, the topological classification of
Morse vector fields is closely related to the classification of functions and Hamiltonian flows.

The topological classification of Morse vector fields for closed surfaces was obtained in (Cobo, Gutierrez, & Llibre, 2010;
Oshemkov, & Sharko, 1998; Maksymenka, 2009; Neumann, & O’'Brien, 1976; Nikolaev, & Zhuzhoma, 1999; Prishlyak, &
Loseva, 2020; Wang, 1990; Yokoyama, 2022).

Moreover, topological invariants of Morse functions on surfaces were constructed in (Bolsinov, & Fomenkag, 2004;
Hladysh, & Prishlyak, 2019; Khohliyk, & Maksymenka, 2020; Maksymenka, 2006, 2020; Prishlyak, 2000; Sharka, 2003).
The object of research is flows on non-orientable surfaces that do not have connections between different saddles, and
whose preimages on a two-sided orientable cover are Hamiltonian flows for Morse functions.

The aim and objectives of the research is to investigate the topological properties of Reeb graphs of simple Hamiltonian
flows on the projective plane and the Klein bottle, and to count the number of their different structures for flows with no more
than 8 saddle points.
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The methods of the research are following: 1) Reeb and Liapunov graph methods, 2) atoms and molecules metod
according to Bolsinov-Fomenko, 3) topological graph theory, 4) combinatorial methods for enumerating trees.

The structure of the paper. In Section 1, we describe methods for defining flows on the projective plane and the Klein
bottle. In Section 2, we study the local structure of simple Hamiltonian flows on non-orientable surfaces. To do this, we
describe atoms that are analogous to the Bolsinov-Fomenko atoms for Morse functions. All atoms are divided into five types,
and the structure of flows on each type is described. In Section 3, we investigate a global invariant that is analogous to the
Reeb graphs of simple Morse functions. The properties of this graph are outlined in Theorem 1, while Theorem 2 provides
a criterion for the topological equivalence of flows using Reeb graphs. Section 4 describes all possible structures of simple
Hamiltonian flows on the projective plane (Theorem 3) and derives a formula for the number of Reeb trees (Lemma 1),
which is used to prove a recursive formula for the number of flows on the projective plane (Theorem 4). In Section 5, a
recursive formula for Reeb trees with two fixed leaves is derived. Section 6 describes all possible structures of Reeb graphs
on the Klein bottle. Theorem 5 proves the realization of the Reeb graph by a flow, and Theorem 6 addresses the number
of flow structures with a given number of saddles on the Klein bottle. Section 7 outlines a method for counting the number
of Reeb graphs with a cycle (the last type of flows on the Klein bottle). Section 8 presents examples and computational
results using the derived formulas.

1. Flows on the Projective Plane and the Klein Bottle

The real projective plane RP? is the set of one-dimensional subspaces of three-dimensional Euclidean space. A one-
dimensional subspace is a line that passes through the origin. The distance between points in projective space is defined
as the sector between the lines that represent them. The projective plane can also be viewed as a quotient space of the
sphere S? under an equivalence relation where each equivalence class consists of a pair of antipodal points. In this case,
the sphere serves as a double-sheeted oriented cover over the projective plane. The projection of the sphere onto the
projective plane allows us to construct a flow on the sphere from a flow on the projective plane. The corresponding vector
field at symmetric points on the sphere is defined by opposite vectors.

If we cut out a regular neighborhood of any point from the projective plane, we obtain a set that is homeomorphic to
the Mobius strip. Additionally, the projective plane can conveniently be represented as a two-dimensional disk D? where
diametrically opposite points on the boundary are identified. In this case, the flow V' at opposite points must satisfy the
property in polar coordinates (p, ¢) such that V,,(1, ) = =V,(1, ¢ + ), Vo (1,¢) = Vi.(1, ¢ + 7). In particular, if the flow is
tangent to the boundary, then at opposite points it defines the same orientation of the boundary.

The Klein bottle K can conveniently be defined as a quotient space of the square [0, 1] x [0, 1] under an equivalence
relation generated by the following relations: (0,v) ~ (1,v),v € [0,1], (u,0) ~ (1 — u, 1),u € [0,1]. Then, the vector field
V = {V1,V2} on the Klein bottle is defined by a vector field on the square with coordinates (u,v) under the conditions
V(0,v) = V(1,v), Vi(u,0) = =Vi(1 — u, 1), Va(u,0) = Vo(1 — u, 1), u,v € [0, 1].

If we consider the torus as a surface of revolution in R?, then by identifying points that are symmetric with respect to the
center of symmetry of the torus, we obtain a Klein bottle. This allows us to view the torus as a double cover over the Klein
bottle. Therefore, vector fields on the Klein bottle correspond to vector fields on the torus that are symmetric with respect
to the center of symmetry of the torus.

Note that oriented double covers over non-oriented surfaces are uniquely defined up to homeomorphism.

By analogy with flows on the projective plane and the Klein bottle, we can define flows on other non-oriented closed
surfaces. For a non-oriented surface of odd genus, we attach empty handles to a sphere (taking the connected sum with
an even number of tori at pairs of symmetric points). On the resulting surface, we define a flow that is symmetric with
respect to its center of symmetry. After factoring by the action of the group Z/2Z as central symmetry, we obtain a flow
on a non-oriented surface of odd genus. Flows on non-oriented surfaces of even genus can be defined using a similar
construction, starting with a torus instead of a sphere.

2. Atoms of Simple Hamiltonian Flows on Non-Oriented Surfaces

Definition. A flow on a non-orientable surface is called Hamiltonian if its lift to the orientable double cover is a Hamiltonian
flow. A Hamiltonian flow on a non-orientable surface is called simple if each of its separatrices forms a loop, and the
Hamiltonian of the lift to the orientable double cover is a Morse function.

B\g//// =

saddle center

Fig. 1. Singular points of simple Hamiltonian flows
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Since in a Morse function the critical points are non-degenerate, they can be of three types: local minima (there exists a
coordinate system x, y such that in the neighborhood of this point the function f(z, y) = z>+y?), saddles (f(z,y) = 2> —y?),
and local maxima (f(z,y) = —2* — y*). For a saddle, the singular point of the Hamiltonian vector field is also a saddle,
X (z,y) = {y, =}, while for local extrema it is a center, X (z,y) = {—y, z} (see Fig. f).

Under the condition of simplicity of the flow, the trajectories entering and exiting a saddle point form loops. Therefore,
they create a graph that is homeomorphic to 8. The neighborhood of this graph is called the atom of the saddle point if its
boundary consists of closed trajectories of the flow and the neighborhood does not contain other singular points (except for
the point belonging to 8). If this neighborhood is oriented, then it is homeomorphic to a three-holed sphere (a sphere with
three holes), and in it, the flow is a Hamiltonian flow of a Morse function with one saddle point and constant on the boundary
components. We denote this atom as A, (Fig. B).

Fig. 2. Atoms of Saddle Points

Example 1. On the torus, as a surface of revolution (x = (2 + coswu)cosv, y = (2 + cosu)sinv, z = sinu), we
consider a Hamiltonian flow generated by the function f(z,y,2) = z. Then, the atom A, can be taken as the set
Ao = f71([-3/2,—1/2]). If, on the torus, we identify points that are symmetric with respect to the origin of coordinates, we
obtain the atom A, on the Klein bottle.

In other cases, we have unoriented atoms. There are two possible cases depending on the number of boundary
components of the atom. Each of these cases can be obtained from an oriented atom through the following procedure.
Consider a regular point on one of the loops. We draw a transversal to the flow that intersects the boundary of the atom at
two points. We cut the atom along this transversal and glue it back together, using a reflection that reverses the orientation
and is constant at the point of the loop. In the first variant, we apply this operation to one loop, and in the second — to each
of the loops.

Atom A;. If the neighborhood of one of the two loops of the atom is homeomorphic to a Mdbius strip, and the other
loop is homeomorphic to a cylinder, then the atom has two boundary components. Thus, the atom is homeomorphic to the
projective plane with two holes (or, equivalently, a Mébius strip with a hole). The double cover of this atom is a sphere with
four holes.

Example 2. An example of such a cover is the neighborhood U of the critical level (preimage of 0) of the function f(x,y, z) =
= 2% — 9® + zyz on the unit sphere z® + y* + 22 = 1, U = f~'([=0.01,0.01]) (Fig. ). If this function is extended to the
sphere so that each component of the complement to the atom contains one critical point that is a local extremum, then it
serves as a Hamiltonian for the Hamiltonian flow on the sphere. Upon identifying symmetric points, we obtain a Hamiltonian
flow on the projective plane with one saddle and two centers.

Atom A,. If the neighborhood of each of the two loops is homeomorphic to a Mébius strip, then the atom has one
boundary component. Therefore, the atom is an unoriented surface of genus 2 with one boundary component — the Klein
bottle with a hole. The double cover of this atom is a torus with two holes.

Example 3. In local coordinates u, v on the torus, the double cover is the neighborhood of the preimage of 0 of the function
f(u,v) = sinu+sinv, u € [0,27],v € [0, 27]. The atom A, is obtained from [0, 27] X [0, 7]/ ~, where (u,0) ~ (27 —u, ), u €
[0, 27], by removing a neighborhood of the point (7/2,7/2). The field of the skew gradient of the function f defines a
Hamiltonian flow on A;. By extending it to the flow on the removed neighborhood, we obtain a Hamiltonian flow on the
Klein bottle with one saddle and one center.
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Fig. 3. Atom A;. The gray region is the image of U by the orthogonal projection of the hemisphere

Definition 1. A closed trajectory is called regular if it has a neighborhood homeomorphic to S* x [0, 1]. A closed trajectory
is called singular if its regular neighborhood is homeomorphic to a Mdbius strip.

The atom of the center is called its regular neighborhood, the boundary of which is a closed trajectory. We denote it as
C. Thus, C is homeomorphic to D? (Fig. H).

An atom B (Fig. f]) be called a regular neighborhood of a singular closed trajectory, the boundary of which is a regular
closed trajectory of the flow. Thus, B is homeomorphic to a Mdbius strip.

Fig. 4. Atoms B and C

Example 4. If we consider the function f(xz,y, z) = z on the sphere 5% = {(xz,y, 2) : > + 4> + 2® = 1}, then its Hamiltonian
vector field is symmetric with respect to the origin. After identifying diametrically opposite points on the sphere, we can
distinguish two atoms:

1 2
B={(y,2) €8s <3~  C={@y2)e8 >3} ~.

As the last example shows, there exists a Hamiltonian flow on the projective plane without saddles. From the Poincaré-
Hopf theorem, it follows that on the projective plane, the number of centers is one more than the number of saddles, while
on the Klein bottle, the number of centers equals the number of saddles. Since every Morse function on a closed manifold
has extremum points, the simple Hamiltonian flow contains at least one center. Therefore, on the Klein bottle, every simple
Hamiltonian flow contains a saddle.

3. Reeb Graph
Definition 2. A fiber of a simple Hamiltonian flow be one of the following sets: 1) a regular fiber is a regular closed trajectory;
2) a singular fiber is either a singular closed trajectory or the union of a singular point along with its separatrices.

Definition 3. The factor space M/ ~ is called a Reeb graph, where z1 ~ z2 if 1 and z2 belong to the same fiber. In this
graph, for each vertex of degree 1, the type of the corresponding atom (As, B, or C, meaning that vertices of degree 1
are colored in three colors) is indicated, and for each vertex of degree greater than 1, one of the incident edges is marked.
Marked edge for a vertex v of the Reeb graph is the edge, which corresponds to two or three hyperbolic sectors of a singular
point, that corresponds to v. Reeb graphs are equivalent if there exists an isomorphism between them that preserves the
type of vertices of degree 1 and the marked incident edges for vertices of degree greater than 1.

Let N(A;) (N(B), N(C)) denote the number of vertices in the Reeb graph corresponding to A; (B, C) atoms, V be the
total number of vertices, and E be the total number of edges.

Theorem 1. The Reeb graph of a simple Hamiltonian flow on a connected non-orientable surface has the following prop-
erties:
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1) the graph is connected, and the degree of the vertices does not exceed 3;
2) the non-orientable genus g of the surface can be computed using the formula:

g=N(A1)+2N(A2) + N(B) +2(E -V +1). (1)

Proof. 1) The Reeb graph is a factor space of a connected manifold, and therefore it is connected. Since the vertices of
the Reeb graph correspond to singular fibers, their degrees are the same as those of the corresponding atoms in the Reeb
graphs: one for Az, B, C, two for Ay, and three for Ao.

2) If all atoms are removed from the surface, we obtain a disconnected union of cylinders. Therefore, the surface can
be viewed as a union of these sets glued together. Each Md&bius strip increases the genus by 1. Thus, gluing each of the
atoms A; or B increases the genus by 1. The atom A, is a union of two Mdbius strips, so its gluing increases the genus
by 2. Hence, if the Reeb graph is a tree, the genus of the surface is determined by the number of atoms A, A3, B. Any
graph can be obtained from a tree by connecting pairs of vertices with edges. Adding such an edge to the Reeb graph
is equivalent to adding a blank handle to the surface (removing two disks and gluing a cylinder to the boundaries of the
holes). This operation increases the oriented genus of the surface by 1 or the non-oriented genus by 2. This accounts for
the presence of the last term in the sum. O

Remark 1. For Morse-Smale fields and Lyapunov graphs, analog of Theorems [i was proven in (de Rezende, & Franzosa,
1993).

Theorem 2. Two simple Hamiltonian flows on non-oriented closed connected surfaces are topologically equivalent if and
only if their Reeb graphs are equivalent.

Proof. The proof scheme is analogous to the proof for the oriented case (Bolsinov, & Fomenka, 2004). First, we prove the
topological equivalence of flows on the atoms, and then we extend the obtained homeomorphisms to the complements of
the atoms (cylinders).

The isomorphism of Reeb graphs defines a bijection between atoms and their boundary components. We fix a Rie-
mannian metric on the manifold, which in the neighborhoods of singular points coincides with the Euclidean metric of the
coordinate system in which the Hamiltonian H (z,y) = £22 + y2. Then, the trajectories orthogonal to the flow, along with
the flow trajectories, can be used to construct a local coordinate system, and the topological equivalence of flows can be
defined through the convergence of coordinates.

Let = be a double covering, H be a Hamiltonian, p be a saddle point, x,y be local coordinates in a neighborhood
of the point p, in which H(z,y) = 2? — 3°, the atom A is a component of 7(H '(—¢,¢)), ¢ > 0, containing p = (0,0);
U ={(z,9) : |2® —y?| < ¢, |zy| < €} is a neighborhood of the point p; b C A is the singular fiber; ; are the components
of [z? — ¥?| < e, |zy| = €; a; are the components of b\ Int(U) (in Fig. B, U is the region filled with trajectories, 3; is an
arc perpendicular to the flow at the boundary of this region, and «; is an arc of the critical level in the region not filled with
trajectories). Note that the curves xy = const are orthogonal to the trajectories of the Hamiltonian field lying on the curves
z2 — 3% = const. In U, the homeomorphism is defined by the equality of the corresponding coordinates of points. We then
extend this homeomorphism to the atom A. For this, we define homeomorphisms for «;. Since the components A \ U
are homeomorphic to a; x 3;, and homeomorphisms are constructed on each of «; and f3;, they define a homeomorphism
for a; x B; and for A. Similarly, the homeomorphism from the atoms extends to the cylinders. The consistency of the
constructed homeomorphisms on each of the segments follows from the isomorphisms of Reeb graphs. O

4. Simple Hamiltonian Flows on the Projective Plane

To obtain the number of topologically non-equivalent Hamiltonian flows, we calculate the number of Reeb graphs with
a given number of vertices that correspond to saddle critical points.

We begin calculations for graphs that are trees, having vertices of degree one (type C) and three (type Ao), with one
of the degree-one vertices serving as the root. Such graphs are Reeb graphs of Morse functions ( and their Hamiltonian
flows) on the 2-disk (the root is correspond to the boundary fiber). We orient all edges according to the following rules: 1) if
the edge is incident to the root, then it is directed away from it, 2) if the marked edge for a saddle vertex is entering it, then
two other edges are outgoing from it, 3) if the marked edge is exiting from a saddle, then two other edges are incoming to
the saddle.

Since a vertex of degree 2 is not a source or sink on the graph, the orientation of one of the edges incident to it determines
the orientation of the second edge. Similarly, at a vertex of degree 3, the condition that the marked edge has the opposite
orientation to the other two edges allows the orientation of one edge to determine the orientation of the other two incident
edges. Since the tree is a connected graph, the orientation of one edge sequentially determines the orientations of the
edges adjacent to it, then the orientations of the edges adjacent to the adjacent ones, and so on, until the orientation of all
edges of the graph is determined.

Lemma 1. The number K, of Reeb graphs that are rooted trees with k saddle points (vertices of type Ao) and other vertices
of type C can be computed using the following recursive formulas: Ko = 1,

n—1
Kap =3 KiKon 1 foreven k=2n; (2)

=0
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2 n—1
Kopt1 = % + 32 KiKon—; forodd k =2n + 1. (3)
=0

Proof. If k=0, then the tree has no saddles. Such a graph is unique. It has two vertices and one edge connecting them.
From now on, we assume that £ > 0.

Consider the saddle v closest to the root of a rooted tree G with k£ saddle points (vertices of type Ap) and other vertices
of type C. ltis a vertex of degree 3. We cut the graph by v. We obtain three connected components. One of them is the
edge e connecting v to the root. The other two components (A and B) can be viewed as rooted Reeb graphs, where the
root is v. Let us assume that the number of vertices |V4| of no fewer than the number of vertices V| of B (|Va| > |VB]).

Then there are three possibilities:

1) the marked edge to a vertex v is e;

2) the marked edge belongs to A4;

3) the marked edge belongs to B.

Multiplying by 3 in formulas (2) and (3) is to indicate which subgraph with the marked edge is connected to.

If K = 2n, then the number of graph vertices is different (|V4| > |Vz]), and A cannot be isomorphic to B. The number
of non-isomorphic trees with 7 saddles is equal to K;, and with 2n — 1 — 7 saddles is equal to K2,,—1-;, so the total number
of trees G of this type is equal to K; K»,—1—;. By considering all possible values of i, we obtain formula (2).

If k = 2n + 1 and |V4| > |Vg|, then we have similar products as in the case of k = 2n. Let’s consider the case of
[Val = |VB| = n in more detail. If edge e is not marked, then we relabel the graphs so that the marked edge belongs to
graph A. Since each of the graphs can be chosen in K,, ways, there are K2 graphs G of this type. If edge e is marked,
then two cases are possible: 1) graph A is not isomorphic to graph B, 2) graphs A and B are isomorphic. In the first case,
we have K, (K, — 1)/2 non-isomorphic graphs, and in the second case, K,, graphs. Summing everything together, we
obtain formula (3). O

The results of the calculations of the number of Reeb rooted trees on RP? are presented in Tab. fi.
From theorem [i] it follows:

Corollary 1. The Reeb graph on the projective plane has the following properties:
1) the graph is a tree;
2) the graph has no vertices of type A, and only one vertex of type A, or B.

Proof. In formula (fll), all four summands are non-negative, therefore, since the genus of the projective plane is g = 1, it
follows that E — V 4+ 1 = 0 (which is a criterion for a connected graph to be a tree), N(Az) = 0, and one of the following
holds: 1) N(A1) =1, N(B) =00r2) N(A1) =0, N(B) = 1. O

Theorem 3. Let a graph G be given, which is a connected tree with vertices of degree 1 colored in two colors (B, C), and
has one of two types:

1) it has a single vertex of degree 2 (type A:), while the remaining vertices have degrees 1 and 3, all vertices of degree
1 are of type C, and for the vertex of degree 2 and the vertices of degree 3, one incident edge is marked to each;

2) all vertices have degrees 1 or 3, one of the vertices of degree 1 is of type B, while the remaining vertices of degree
1 are of type C, and for the vertex of degree 3, one incident edge is marked to it.

Then there exists a simple Hamiltonian flow on the projective plane, whose Reeb graph is equivalent to G.

Proof. In the first case, we construct the atom A, and the flow on it as in Example §. The vertex of degree 2 splits the graph
into two rooted trees — the Reeb graphs of simple Morse functions on a two-dimensional disks, constant on the boundary.
We consider the Hamiltonian flows generated by these functions. By attaching disks to the boundary of A;, we obtain an
undirected surface with the desired flow on it.

In the second case, we start with the atom B in Example , and then, as in the first case, we construct the flow on the two-
dimensional disk and attach this disk to the boundary of B. We smooth the obtained flows as it is done in (Gutierrez, [1986;
Neumann, 1978). Since the field is smoothed at the gluing points and, according to these works, the topological structure
of the flow is preserved during smoothing, the smoothing process actually consists of smoothing the Hamiltonian function.
Consider a neighborhood of the edge as a collar S* x [0, 1) with a Hamiltonian on it H1 (s, t) = Hi (t) for the first of the glued
surfaces and S* x (—1,0] with a Hamiltonian H»(s,t) = Ha(t). Here, S* x {0} is a common boundary for both surfaces.
Let’s define the Hamiltonian function on the glued surface as H(s,t) = Hi(s, t) for the points of the first surface. And for the
points of the second surface, H(s,t) = Ha(s,t) + H1(0) — H2(0) if H1(0)H3(0) > 0 and (s,t) = —Ha(s,t) + H1(0) + H2(0)
if H1(0)H%(0) < 0. On the set S* x (—1,1) we have H(s,t) = H(t) and this function is monotonic and smooth except at
point ¢ = 0. Smoothing it at 0, we obtain the desired Hamiltonian function. O

Remark. Theorem 3 also holds in the other direction: if G is the Reeb graph of a Hamiltonian flow on the projective
plane, then it is of type 1) or 2). This follows directly from Theorem 1.

Theorem 4. The number of topologically non-equivalent simple Hamiltonian flows with k saddles on the projective plane
RP? can be calculated using the formula

k—1
NRP*), = K + Y KKy 1.

1=0
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Proof. Since the projective plane is a non-orientable surface of genus 1, the flow must contain either 1) one singular closed
trajectory, or 2) one atom A;. In the case of a singular closed trajectory, it corresponds to a vertex B on the Reeb graph,
which we consider as the root. Therefore, the number of such flows is equal to K.

In the second case, the complement to the atom A; is a disconnected union of two two-dimensional disks. On each
of them, we have a Hamiltonian flow. The complete topological invariant of such flows is the rooted Reeb graphs (the root
corresponds to the boundary of the 2-disk). We order these two 2-disks: the first disk lies in one sector of the saddle point
of the atom A, while the second disk lies in three sectord of this point. Since the flow on the second disk does not depend
on the flow on the first disk, and the total number of saddle points on these two 2-disks is equal to k£ — 1, the total number
of flows satisfies the formula from the theorem. O

The results of the calculations of the number of simple Hamiltonian flows on RP? are presented in Tab. fi.

Table 1
Numbers of rooted trees and simple Hamiltonian flows on RP2
k 011 2 3 4 5 6 7 8
Ky 112 6 25 | 111 | 540 | 2736 | 14396 77649

NM®RP?), | 1 3] 10| 41 185 | 898 | 4560 | 23985 | 129415

5. Reeb Graphs with Two Fixed Leaves

For a tree with two fixed leaves and with one and three degree vertices, we orient all edges according to the following
rules: 1) if the edge is incident to the first leaf, then it is directed away from it, 2) if the marked edge for a saddle vertex is
entering it, then two other edges are outgoing from it, 3) if the marked edge is exiting from a saddle, then two other edges
are incoming to the saddle. We say that the isomorphism of the graph preserves the order of leaves if it maps the first fixed
leaf to first fixed leaf an second fixed leaf to the second one.

Lemma 2. Up to isomorphism that preserves the order of leaves, the number L;, of Reeb graphs that are trees with two
ordered fixed leaves and k saddle points (saddles have degree three, and all other vertices have degree one) can be
computed using the following recursive formula: Lo = 1,

Ly =3(LoKi-—1+4+ L1 Kk—2+ ...+ Lik_1Ko).

Proof. If k = 0, there is one graph with one edge: Lo = 1. Suppose k£ > 0. Just as in the previous theorem, consider the
saddle point v closest to the first fixed leaf. It is a vertex of degree 3, since k£ > 0. We cut the graph at v. This results in
three connected components. One of them is the edge connecting v to the first leaf. The other two components can be
viewed as the rooted Reeb graph G1 and a graph G5 with two ordered fixed leaves, where the root (the first leaf) is v.

Again, we have three options for selecting the marked edge in v, which explains the presence of the multiplier 3 in the
formula:

1) in both graphs, the edges incident to v are outgoing (the marked edge does not belong to either G; or G3);

2) this edge is outgoing in G1, while it is incoming in G2 (the marked edge belongs to G1);

3) it is incoming in G2, while it is outgoing in G (the marked edge belongs to G-).

The first and second graphs are not isomorphic, as the first has two fixed leaves, while the second has only one (the
root). Therefore, the number of non-isomorphic original graphs with such subgraphs equal the number of non-isomorphic
subgraphs multiplied together. This gives the desired formula. O

Example. In the case k = 1 the graph has the shape of the letter Y. At the vertex of degree 3 there are three options for
choosing the incident edge corresponding to the vertices of degree 1: 1) the first fixed vertex, 2) the second fixed vertex,
3) a non-fixed vertex. Therefore L, = 3.

Furthermore, we need the concept of a monotonic graph. A monotonic graph is a Reeb graph of a simple Morse function
with two fixed leaves v1, v2 and each saddle vertex of the simple path from v; to v2 has the marked edges belonging to the
path. This means that an orientation can be assigned to the graph that is consistent with the fixed edges, and the path from
v1 to v, is directed (the restriction of the Hamiltonian to them is monotonic). Let M} denote the number of non-isomorphic
monotonic graphs with & saddles (up to isomorphism that can preserve or change the order of the fixed pair of vertices)
and let M, denote the number of non-isomorphic monotonic graphs with k£ saddles up to isomorphism, which preserves the
order of the fixed pair of vertices (the orientation of the path from the first to the second vertex).

Let’s find a recursive formula for M}, similar to Lemma 2. There exists a unique graph without saddles — a segment.
Therefore, My = Mg = 1. Let k>0 and v;v be an edge incident to v;. Then v is a vertex of degree 3 belonging to the path
from v; to vs. It divides the graph into three parts: 1) the edge vi1v, 2) a monotone graph with two fixed leaves v and v,
3) a tree with root v. The monotone graph and the rooted tree have a total of & — 1 saddle vertices. Therefore, the following
formula holds:

M =2(MoKg-1+ MiKi_2+ ...+ Mp_1Ko).

Let’s find the number of monotone graphs with k& saddles for which there exists a graph isomorphism onto itself that
swaps fixed leaves and preserves the distinguished edges. This isomorphism has an invariant vertex or edge. If itis a
vertex, then it has degree 3 and one of the edges is distinguished, and therefore its image under the isomorphism is also
a distinguished edge, which is impossible, because each saddle vertex has only one distinguished edge. Therefore, the
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invariant is an edge. It divides the graph into two isomorphic subgraphs, which are monotone. Therefore, the number of
such graphs is equal to M;, ;. Taking this into account, we have Mg = %Mk for odd k, and M = w for even k.
The results of calculations using these formulas are shown in Tab. 2.

Example. If k=1, then the monotone graph with two fixed leaves has the form of the letter Y. Then, the marked edge for
vertex 3 can be incident to either the first leaf or the second. If the isomorphism preserves the order of the leaves, then
these two options are different, and if it can change the order of the leaves (the orientation of the path from one leaf to the
other), then they are isomorphic. Therefore, M; =2 and M{ = 1.

Table 2
Numbers of trees with two fixed leaves and monotonic graphs
k 01 2 3 4 5 6 7
Ly 113 1] 15| 81 | 462 | 2700 | 16074 | 96876
M, | 1] 2] 8 |36 | 178 | 918 4904 | 26824
M,f 101 5 |18 | 93 459 2470 13412

6. Simple Hamiltonian Flows on the Klein Bottle

A vertex of a graph is called an R-vertex for a cycle in the graph if the marked edge for this vertex does not belong to
the cycle.

Since the non-orientable genus of the Klein bottle is 2, it follows from Theorem f that:

Corollary 2. The Reeb graph on the Klein bottle has one of the following types:

a) the graph is a tree containing two vertices of degree 2, and the vertices of degree 1 are of type C;

b) the graph is a tree containing one vertex of degree 2, one vertex of type B, and the remaining vertices of degree 1
are of type C;

c) the graph is a tree that does not contain vertices of degree 2, has two vertices of type B, and the remaining vertices
of degree 1 are of type C;

d) the graph is a tree that does not contain vertices of degree 2, has one vertex of type A», and the remaining vertices
of degree 1 are of type C;

e) the graph has one simple cycle, this cycle contains an odd number of R-vertices, and all vertices of the graph are
either of type C' or of degree three.

Proof. As noted earlier, the condition E — V' + 1 = 0 for a connected graph is equivalent to it being a tree. Therefore, we
have the first four options. In the fifth option, £ = V/, which is equivalent to the existence of a cycle in the graph. In this
case, the first three summands in the formula (fl]) are zero. If the cycle is cut at an interior point of an edge, we obtain a Reeb
graph that is a tree and defines a Hamiltonian flow on the cylinder. We fix one of the boundary components of the cylinder.
Projecting one base of the cylinder onto the other allows us to compare the orientations on them. If the orientations are the
same, then after gluing the bases, we obtain a torus; if they are different, we obtain the Klein bottle. Moving a point along
the cycle on the Reeb graph, we compare the orientations of the corresponding closed trajectories with the orientation of
the initial one. Passing through R-vertices changes the orientation to the opposite, while other vertices do not change it.

Therefore, to obtain a Klein bottle after gluing, there must be an odd number of R-vertices on the cycle. O
K; B
PR
Ay A,
L, | Li K,
L
A ! 4
op B 2
K;
(a) (b) (c) (d)

Fig. 5. Five types of Reeb graphs on Kl (each edge denotes a tree without A;, As, B-vertices)

Theorem 5. Let a graph G be given, which has one of the five types from the previous theorem. Then there exists a simple
Hamiltonian flow on the Klein bottle, the Reeb graph of which is equivalent to the graph G.

Proof. For each vertex of the graph, we construct an atom corresponding to the neighborhood of this vertex and a flow
on it as was done in the examples of atoms. Each edge of the Reeb graph corresponds to a cylinder S* x [0, 1], on
which a Hamiltonian flow is defined, generated by the projection onto the second factor. We attach the cylinders to the
corresponding boundary components of the atoms, ensuring that the directions of movement along the trajectories on the
boundary component of the cylinder and the boundary component of the atom coincide. We smooth the obtained flow as
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it is done in (Gutierrez, 1986; Neumann, 1978). The Hamiltonian is smoothed like proof of Theorem 3. As a result, we
obtain a closed surface that is non-orientable for the first four types of graphs due to the presence of a non-orientable atom.
In the last type, the non-orientability of the surface is justified in the proof of the corollary. According to formula (), the
genus of the surface is equal to 2. Thus, we have a flow on the Klein bottle. On the non-orientable atoms, this flow lifts to
a Hamiltonian flow on the double cover as in the examples, while on the orientable atoms and disks, it is duplicated twice
for each of the lift copies. Therefore, the constructed flow is Hamiltonian with the given Reeb graph. O

Theorem 6. The number N(KI); of topologically non-equivalent simple Hamiltonian flows on the Klein bottle can be
computed using the following formula for even k = 2m or odd k = 2m + 1 numbers of saddles:

N(Kl)r = N(KI)j + N(K1);, + N(K1)§;, + N(K1)i + N(K1)5,
where the number N (K1)} of Reeb graphs containing two A:-vertices (degree 2) is computed using the formula

N(K)g=2 >  KKL,+ > KL+ >  KLjKy
i+j+n=k—2 2(i4j+1)=k 2i42j4+n=k—3

the number N (K1)} of Reeb graphs having one A,-vertex and one B-vertex is computed using the formula

N(KD; =2 > KLy
itj=k—1

the number N (K1), of Reeb graphs having two vertices of type B is computed using the formula

e 1 _
N(KDi = 5Lk + L + m;:k LiK;), k=2m,

1
N(Kl)j = =(L LiKj), k=2 L
(KD)R 2(k+2i+j2+1:k ) m+

the number N (K1)¢ of Reeb graphs that have one vertex of type As is calculated using the formula
N(KD)f = Ky-1;

and N (K1)§ is the number of Reeb graphs that contain a cycle.
Here, in all sums, i, j,n > 0 and the sums are taken over these indices.

Note that the cases (a)—(e) of the flows from the theorem correspond to Fig. B (a)-(e).

Proof. Case a. (Fig. B (a)). Two atoms A; divide the surface into three parts: two 2-disks and one cylinder. If the cylinder
lies in one hyperbolic sector of one of the atoms A; (which we call the first), and in three hyperbolic sectors of the second
atom A;, then we have a natural ordering of the atoms. Therefore, the number of possible flows in this case is equal to

k—2
SkKL = E KiK;Ln.
itjtn=k—2

The cases where the cylinder lies in one hyperbolic sector of each atom and where it lies in three hyperbolic sectors
of each of the A, are identical, so we only consider the first case and multiply the resulting number of flows by 2. We fix
the order of the A; atoms. The number N of Reeb graphs up to isomorphism that preserve an unordered pair of vertices
is equal to the sum of the number N; of such graphs for which there is no isomorphism that swaps the vertices, and the
number N, of such graphs for which the specified isomorphism exists. If we fix the order of the pair of vertices and consider
graph isomorphisms that preserve this order, we obtain K = 2N; + N, graphs. Thus, N = (K + N»)/2. Considering the
doubling of the total number, we have that the number of non-isomorphic graphs equals the sum of the number of graphs
with an ordered pair of fixed vertices (A1) up to an isomorphism that preserve order of the vertexes and the number of self-
symmetric graphs up to an isomorphism. As before, up to an isomorphism that preserves the given order of A;-vertices,
the total number of Reeb graphs is equal to Sf(}fL. Changing the order of the A; atoms leads to a rotation of the orientation
on the cylinder and the symmetry of the Reeb graph.

With an odd number of saddles, the symmetric graph can have one fixed edge (Fig. @ (a1) ). This edge divides the
graph into two identical parts, each consisting of one root tree A and one tree with two fixed leaves B. Their total possible

number is
> KL
2(i+j+1)=k
If instead of the edge, C is invariant under symmetry subgraph (Fig. B (a2) ), then there is a vertex v, which devide the
Reeb graph onto 3 part, one of which is C. Other parts are isomorhic. Each of them consists of a root tree A and tree with
two fixed leaves B. The number of Reeb graphs of such a type is equal >, ., 3 K:L; Kn. We add this to the total
number of flows. Thus, we obtain the first formula.
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A e+ B |- Bleq A A e B B leq A
A1 Al Al Al
(a1) (a2)

Fig. 6. Symmetric graphs with two A, vertices (V(A) =, V(B) =4, V(C) =n)

Case b. The Reeb graph in this case does not allow symmetries that change two fixed points: the vertices A; and
B. The vertex A; divides the Reeb graph into two parts: a root tree and a tree with two fixed leaves. The tree with two
fixed leaves has a canonical orientation, generated at vertex B by the movement from vertex B to A;. Therefore, the total
number of Reeb graphs is the sum of the products of K; and L;. The total number of saddles in these trees is k — 1. Since
at vertex A; there is the possibility to marking each of the two incident edges, we double the total sum.

Case c. We consider two vertices B as marked leaves. The symmetry of the graph that swaps them can occur in two
cases: 1) when there is no fixed vertex under the symmetry (possible only with an even number of saddles), 2) when there
is a fixed tree. In the first case, graphs with such symmetries are determined by their halves, so their number equals L,,.
In the second case, the complement to the tree consists of two isomorphic graphs with two leaves. Their common vertex
is also a saddle (and is an R-vertex). Therefore, the total number of such graphs equals

> LK.

2i4j+1=k

All together gives the desired formulas.
Case d. We consider vertex A, as the root, thus we have a rooted tree with £ — 1 saddles, and the number of Reeb
graphs equals Kj,_1. O

7. Reeb graphs with a cycle

For Reeb graphs that have a cycle, the number of vertices in the cycle, with the marked edge not belonging to the cycle,
is odd. If the cycle is a loop (Fig.[d.1), then the vertex of the loop is the root of the complement to the loop. In the Reeb
graph, the loop corresponds to a monotonic graph, and the complement to the loop are rooted trees. Since the graph can
have symmetry that change orientation of the loop, the number of monotonic trees is calculated as ;. Thus, the number
of such graphs is

k—1

S
S MEKi.
1=0

In other cases, when calculating the number of graphs, one should consider the possible symmetries of the graph
relative to the cycle (Fig. Be). An algorithm for finding all cyclic Reeb graphs with n saddles can be constructed according
to the following scheme:

1) We find this number separately for each odd m (m < n) of R-vertices on the cycle. We represent the cycle as a
regular m-gon. The symmetries of the graph correspond to the symmetries of the m-gon. They are divided into two types:
a) axial symmetries — the axis passes through a vertex and the center of the opposite side (Fig. .11 and 14), b) rotations
— cyclic permutations of the vertices (Fig. [§.10 and 15).

2) R-vertices (vertices of the m-gon) partition the Reeb graph into rooted trees and monotonic graphs (Fig. Be). Thus,
each vertex of the m-gon corresponds to a rooted tree, and each edge corresponds to a monotonic graph. The total number
of saddle vertices in the rooted trees and monotonic graphs equals n — m. We count based on the maximum number & of
saddle vertices in each rooted tree and monotonic graph. We first consider the case when one vertex of the m-gon has k
saddles. Then only the symmetry relative to the axis passing through this vertex is possible. If n —m — k is odd, then there
are no self-symmetric graphs, so the total number is half the sum of the products K; and M, corresponding to the sides
and vertices of the m-gon:

M, ... M;,.

m

1
S(n—m—k) =5 > Ki ...K;
ig+...+ipm_1+J1+.. . Fim—1=n—m—k

Here iy = k. If n — m — k is even, then there are graphs with an axis of symmetry, which are determined by their half, that
is, a graph with % vertices. In this case, the number of non-isomorphic Reeb graphs equals

S(n—m—k)+ S(%m’k).

If we have two vertices with the same number &, then there is a unique axial symmetry that maps one vertex to the other.
Therefore, the calculations are analogous to the case of one vertex with k. In the case of three vertices with the same &
and m being a multiple of three, in addition to axial symmetries, cyclic permutations are also possible. In this case, the
graphs that are invariant under such permutations are defined by graphs with %’"*’“ saddles. Here we assume that each
0< i <k
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Separately, we consider the case when the maximum number of vertices on an edge (in a monotone graph) equals k,
while on all root trees it is less than k. If there is only one such edge (monotone tree), then the number of Reeb graphs of this
type equals M;.S(n—m—k) for odd k, and taking into account the symmetries relative to this edge — (M + My, /2) S (n—m—k)
for even k. If we have two or more edges with a maximum number of &, then the possible symmetries are accounted for
similarly to those in the case of vertices.

8. Examples
Let us illustrate how the number N(Kl)ﬁC is obtained using the example of graphs with 6 saddles.

MF Ks M3 K> M K M5 =
Ks_; K K, K,
1 2 3 4 5 6 7 8

Kl Kl Kl Kl Kl
() , M, M$ + K,

Ml K1 K1 Ml K1
9 10 11 12 13 14 15 16

Fig. 7. Cyclic Reeb graphs with 6 saddles (the marked edges represent trees)

All possible types of cyclic graphs with no more than 6 saddles are shown in Fig. . Since R-vertices correspond to
saddles, the following cases are possible: 1) one R-vertex, 2—15) three R-vertices, 16) five R-vertices. In the first case,
the R-vertex divides the Reeb graph into a monotonic graph (loop) and a tree. Since the graph may have symmetry, we
have M;° possible graphs for the loop, taking symmetry into account. For the tree, there are K5_; graphs. In total, in the
first variant, we obtain Zf;o M?P Ks_; = 1529 cyclic graphs. In the case of three R-vertices, graphs 4, 6, 8, 9, 12, and 13
have no symmetries. Therefore, the number of cyclic graphs is determined as the product of the corresponding numbers.
Additionally, symmetries are considered for graphs 2, 3, 5, 7, and 11. In the case of 14, with a fixed K;, we have two
options when the graphs are symmetric to themselves, and two when they are symmetric to each other. Thus, taking K;
into account, there are a total of 6 cyclic graphs of this type. Graph 10 can have both axial symmetries and symmetries
with cyclic permutations of vertices (rotation by 27/3). To find the number of options, we denote the graphs with K as G
and G-. In a cyclic graph, there can be from 0 to 3 graphs G;. Therefore, there are 4 cyclic graphs of type 10. For type 15,
symmetries and cyclic permutations are also possible. We fix the direction of traversal of the cycle. In relation to it, there
are two possible situations: 1) all monotonic graphs are the same, 2) two are the same, and the third is of a different type.
Thus, there are only two cyclic graphs of type 15. In summary, we find 147 cyclic graphs with three R-vertices. In the case
of type 16, we have 5 R-vertices. If the sixth (non-R) vertex lies on the monotonic graph, then there is exactly one variant
up to symmetry. If it belongs to the tree, then there are 2 variants. In total, there are three cyclic graphs with 5 R-vertices.
Overall, we have 1679 cyclic graphs with 6 saddles.

Results of Calculations

Using the obtained formulas and the described algorithm, the number of Reeb graphs of each type was found, as well
as the total number of flow structures with no more than 8 saddles. The results of the calculations are presented in the
Tab. B.

Table 3
Numbers of simple Hamiltonian flows on the Klein bottle

k 1 2 3 4 5 6 7 8

a 0] 3 16 89 530 3214 19575 | 120407

b 2|10 | 54 | 308 | 1800 | 13016 | 64584 | 392938

c 219 45 | 254 | 1422 | 8400 50058 | 303211

d 1 2 6 25 1M1 540 2736 14396

e 1 3 14 62 316 1679 8987 49348
N(Kl), | 6 | 27 | 135 | 738 | 4179 | 26849 | 145940 | 880300

9. Discussion and conclusions
A topological classification of simple Hamiltonian flows on the projective plane and the Klein bottle has been obtained.
All possible topological structures of flows with no more than 8 saddles have been described. A recursive formula has
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been derived for determining the number of topologically non-equivalent flows with a given number of critical points on the
projective plane. Flows on the Klein bottle have been divided into five types; for the first four types, recursive formulas have
been obtained to find the number of their possible structures, while for the last type, an algorithm for finding such structures
has been described.

The results obtained may be useful for further research on the topological properties of Hamiltonian flows on various
surfaces.

Authors’ contribution: Alexandr Prishlyak — conceptualization; methodology; empirical research; Kateryna Butok — software;
empirical data collection and validation; analysis of sources, preparation of literature review and theoretical foundations of research.
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TONOJNOrYHA CTPYKTYPA MPOCTUX FAMISILTOHOBUX MOTOKIB HA MPOEKTUBHIW NIOLLUHI
TA MNALWLI KNEAHA

Ans koxHoi HeopieHMoeaHol noeepxHi icHye opieHmoeaHe deonucme Hakpummsi. Mu po3ansidaemMo Momoku, NiOHsAMms sikux Ha deonucme
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MHo208u0dax — ye noeHuli monoso2iyHul iHeapiaHm 0151 nowapoeor ekgieasieHMHocmi i monoso2iyHol ekeieasieHMHOCMi 2aMirlIbMOHOBUX MOMOKie.
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Mpome e Hawomy sunadky, Ha HeOpPiEHMOBHOMY MHO208UQi He iCHY€e ¢hyHKUiT, ujo Nopodxye 2aminbmoHosuli nomik. 3 o020y Ha ye NOHsIMMs
2pagha Piba nompebye nepesusHayeHHs1.

Ans docnidxeHHs1 mononoziYyHuUx enacmueocmell MPOCMUX 2aMi/lbIMOHOBUX MOMOKi8 Ha HEOPIEHMOBHUX MOBEPXHSIX OMUCAHO CMPyKmMy-
Py 8cix MoxJiueux amomie, Wo € aHas020M amomie BosiciHoea-®omeHka Onsi ¢pyHkyili Mopca ma 2aminbmoHo8ux NMomokie Ha opiecHmMoeaHux
noeepxHsix. 30Kpema, Ha HEOPiEHMOBaHUX MOBEPXHSIX € N’AMb munie makux amomis. [Mo6ydoeaHo NogHuUll mornosoz2i4yHuUll iHeapiaHm, wo €
2paghom Piba 3 MapKyeaHHHSIM (1020 8epwuH ma iHyudeHmHux 00 eepwuH nigpebep, onucaHo lioeo enacmueocmi ma Ao8odeHO Kpumepill
monosoziyHoi ekeieaneHmHocmi nomokie. [ns npoekmueHoi naowuHu ma naswku Knelina mu doeodumMo meopemu npo icHyeaHHs1 MOMOokKie
i3 3a0aHum 2paghom Pi6a. [Ons yuknidyHux 2paghie Pi6a Ha nnsiwui KneiiHa onucaHo anzopumm Onsl iXHbO20 nepepaxyeaHHsl. [ns ecix iHwux
munie 2pagpie Pi6a Ha npoekmueHiii nnowuxi ma nnswyi Knelina ompumaHo peKkypcueHi ¢popmyu 0151 3HaxodXeHHs1 ixHbo20 Yucna. HaeedeHo
pe3ynbmamu o64ucsieHb Yucsia mornoJsio2iYyHUX cmpykmyp rnomokie 3 He 6inbw HiX eocbma cidnamu. OmpumaHi pesynsmamu eidKkpuearoms
Moxnueicmb AocniOKeHHs1 cmpyKmyp 2aMinbmoHo8uXx nomokie 6inbwoi cknadHocmi Ha KOMMaKMHUX HeopieHMo8aHUX MO8EePXHSIX.

Knw4yoBi cnoBa: mononozidyHa ekeieaneHmHicms, 2pagh Pi6ba, knacudikayis, HeopicHmMoeHa noeepxHsi.

ABTOpYM 3asBNSAOTb NPO BIACYTHICTb KOHMMIKTY iHTepeciB. CnoHcopy He Gpanu yyacTi B po3pobneHHi gocnigxeHHs (y 36opi, aHanisi
4n iHTepnpeTaLii 4aHux, SKLWO Le Mano Micue), y HanncaHHi pykonucy Ta B pilleHHi Npo nybnikawito pesynbraris.
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LIMIT THEOREMS FOR GENERALISED CONVEX HULLS

The (K,H)-hull of a set A C R? is a generalization of the standard closed convex hull of A which can be defined as the
intersection of all images that contain A of a closed convex subset K C R under the action of a subset H of the group of
invertible affine transformations of R¢. We demonstrate that the scaled normalization of the (K, H)-hull of a random sample,
distributed according to a probability measure ;. on K with a power-like behavior near the boundary 0K of K, converges in
distribution to a random closed set which can be viewed as the zero cell of a certain Poisson hyperplane tessellation with explicit
intensity measure.

Keywords: Generalized convexity, Poisson hyperplane tessellation, zero cell, curvature measure.
AMS 2020 classification: 60D05.

Introduction

A random closed set in a finite-dimensional Euclidean space is a random element taking values in the family of closed
sets in this space equipped with the Fell topology. More information on the Fell topology can be found in Appendix B
in (Molchanov, 2005). Over the past decades, considerable attention has been paid to the problem of generalized convexity
and the related constructions emerging from random point samples. For instance, recall that for a subset A of the unit
Euclidean ball, the ball hull of A is defined as the intersection of all translated unit balls that contain A. The paper (Fodor,
Kevei, & Vigh, 2014) investigates ball hulls of random samples in R?, that is, the case when A = =, = {£1,...,&,} consists
of independent points uniformly distributed in the unit Euclidean disk. This study has been subsequently extended to ball
hulls in R? in (Fodor, 2020). This concept was further generalized by replacing the unit Euclidean ball with an arbitrary closed
convex body K in (Fodor, Papvari, & Vigh, 2020) and (Marynych, & MolchanoV, 2022). The approach evolved further in a
recent study (Kabluchko, Marynych, & Molchanov, 2025), introducing the concept of a (K, H)-hull in the following manner.
Let K be a closed convex subset of R?, distinct from the entire space. Let H be a nonempty subset of R%xGL, , where GLg
represents the group of all invertible linear transformations in R%. The (K, H) hull of a set A C R is defined in (Kabluchko,
Marynych, & Molchanov, 2025) as follows:

conv (x my (A) = N g(K + ),
(2,9)€H: ACq(K+a)

where g(B) = {gz: 2 € Bland B+x = {z +z: 2 € B}, for (g,x) € Hand B C R%.

We assume that K € IC‘{O), where /Cfo) is the family of compact convex sets that contain the origin in their interior. Let
u be a probability measure supported by K and E,, = {£1, ..., &, } a set of n independent random points with the common
distribution p. Let M, denote the space of all real-valued d x d matrices, and let exp : M; — GL, denote the standard
matrix exponent. The following set

Xn = {(z,C) €ER? x My : E, C exp(C)(K + )},

which is the main object of investigation in the present paper, has been introduced and studied in (Kabluchko, Marynych,
& Molchanov, 2025) in the case when p is the uniform distribution on K. The importance of this set and its connections to
conv k. (En) and also to the Lie algebra of R? x GL, are explained in (Kabluchko, Marynych, & Molchanoy, 2025).

Assuming that y is the uniform distribution on K, it was shown in (Kabluchko, Marynych, & Molchanov, 2025) that for
any closed set ® C R? x M, the random closed set nX, N® C R? x M, converges in distribution, in the Fell topology,
to a random closed set defined as a certain intersection of half-spaces in R? x M,. These half-spaces are derived from
a Poisson point process whose intensity measure is determined by the curvature measure of K. The present study aims
to determine the limiting behavior of an appropriately rescaled X,, when the measure p is not uniform. Our main result
(Theorem B below) states that, under suitable normalization, the intersection X,, N © converges in distribution to a random
closed set, which is also defined as an intersection over the points of a Poisson point process. However, in this case, the
intensity measure of the Poisson process depends not only on the curvature measure of K but also on the behavior of
the measure p near the boundary of K. The limiting random closed set can be interpreted as the zero cell of a Poisson
hyperplane tessellation in this space. When R? x M, is replaced by R x {0}, a similar result has been established in
(Visona, 2024).

The remainder of the paper is structured as follows. In Section [l], we review relevant definitions from convex geometry
and introduce our assumptions on the distribution ;.. Section J is dedicated to the proof of Lemma [, which is a variant of
Proposition 2.2 from (Visona, 2024), as well as results from (Kiderlen, & Rataj, 2006). This lemma plays a central role in
the proof of our main theorem. In Section [§, we state and prove our main result concerning the convergence of a suitably
rescaled X,,. Several examples are presented at the end of Section 3.
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1. Preliminaries and necessary definitions

Let us introduce some necessary definitions. Int A denotes topological interior of a set A ¢ R¢. The Minkowski sum of
two sets K and L is the following set, see Section 3.1 in (Schneider, 2013):

KeL={k+l:keK,le L}
Minkowski difference of two sets K and L is defined as follows:
KoeL={z:2+LCK}.

Let S9! denote the unit sphere in R%. By B,.(a) we denote the closed ball in R? of radius = and center a € R?.

Even though in the present work we are interested in convex closed sets K, we find it useful to formulate some auxiliary
results for a more general class of closed sets called gentle sets. To this end, we need to introduce some additional
notation. For an arbitrary closed (and not necessarily convex) set K, the exoskeleton exo(K) is the set of points that do
not admit a unique nearest point in K. It is known that the set exo(K) is Lebesgue measurable and, with V; denoting
the d-dimensional Lebesgue measure, V;(exo(K)) = 0, see Section 2 in (Kiderlen, & Rataj, 2006). The metric projection
¢x 1R\ exo(K) — K is defined by letting £x (a) be a unique point in K closest to a.

Let K C R? be a closed set. The reduced normal bundle of K is

N(K) := { <§K(z), ﬁ%) 2 g KU exo(K)} .
The set
N(K) := N(OK) \ N(K)

is called the inner reduced normal bundle of K. The reach function of K is a mapping 6(K, -, -) : N(K) — [0, +oc] defined by
d(K,a,u):=inf{t >0:a+tucexo(K)}, (a,u)e N(K),

assuming that 6(K, a,u) = +oco if the set {t > 0: a + tu € exo(K)} is empty.
Let #%~! denote (d — 1)-dimensional Hausdorff measure. A closed set K is said to be gentle, see (Kiderlen, & Ratal,
2006), if the following holds:

1. H* '({a € B: (a,u) € N(OK),u € S*'}) < oo for all bounded Borel sets B C R%

2. For %% !-almost all « € 9K, there are non-degenerate balls B; and B, containing a such that B; C K and Int B, C
K¢, where K° denotes the set complement.

It is known, see p. 107 in (Kiderlen, & Rataj, 2006), that for #¢~'-almost all & € 9K, there exists a unique outer normal
vector u = u(a) such that (a,u) € N(K). Let C4_1(K, -) be a measure defined as the image of #*~* on K under the map

0K 3 aw (a,u) € N(K).

As explained above, this map is defined #*~*-almost everywhere on 9K and is measurable. The measure Ci-1(K,")
is called the curvature measure of K. Let Cjj_,(K,-) be the image measure of Cy_1 (K, ) under the reflection (a,u) €
N(K) — (a,—u) € N(K), this reflection is well-defined almost everywhere.

We will use the abbreviation for almost all (a, u) € N(K) instead of for Cy_ (K, -)-almost all (a,u) € N(K). The same
convention is used for N(K) equipped with the measure Cj_, (K, ).

The following assumptions on the measure 1 on K are borrowed from (Visond, 2024)). In what follows we shall work
under these assumptions.

Let i be a finite measure, supported by K, and satisfying:

(M1) The measure ;. has a compact support and is absolutely continuous with respect to the Lebesgue measure on R?
and with density f.

(M2) There exists an a > —1 such that, for almost all (a,u) € N(K),

fla+te) _,

lim g(a,u) = g(a) € [0, +00), (1)

tl0 to
where the function g is strictly positive on a subset of 0K of positive measure and is bounded almost everywhere.
Note that if K is a compact set, then 1 always has a compact support.
We will also need some definitions for a convex compact set S. The support plane of S with outer normal vector u # 0
is the following set:
H(S,u) :={x € R*: (z,u) = h(S,u)},

where £ (S, -) is the support function of S in the direction u defined byl

h(S,u) :=sup{(z,u) : z€ S}, wueS

"Observe that (S, -) is well-defined for any compact set S (not necessarily convex) and h(S, -) = h(conv (S), ).
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Let H, (t) denote the closed half-space defined by:
H,(t):={zxeR": (z,u) <t}, teR, ueS"
For v, which belong to the boundary 95 of a convex compact set .S, the normal cone N (S, v) to S at v is defined by
N(S,v) := {u e R\ {0} : v € H(S,u)} U{0}.

Let Nor(S) denote the normal bundle of the closed convex S, that is, a subset of &S x S¢~!, which is the collection
(x, N(S,x) N §%~1) for x € 8S. For the closed convex set S, the reduced normal bundle N(S) coincides with Nor(S), the
normal bundle.

2. Measure change after taking Minkowski difference

Our proof uses a version of the Proposition 2.2 in (Visona, 2024)). This theorem describes the asymptotic properties
of a measure satisfying (M1) and (M2) with respect to the Minkowski difference between the gentle set K and a scaled
compact set L. While in (Visond, 2024 the theorem is proven for the measure of K \ (K ©¢L), as ¢ | 0, we extend this
result in Lemma [ to the case when the measured set under the limitis £, 4 (C) N (K \ K © L), where C is a bounded
Borel set.

The following lemma was formulated and proven in (Visona, 2024), see Lemma 2.1 therein. We provide only the
formulation of this lemma.

Lemma 1. Let K be a gentle set and let L be a compact set in R%. Let f be a nonnegative integrable function and let
h(L,—u)" denote positive part of the support function. Then, for almost all (a,u) € N(K), there exist functions t and t_,
which satisfy

lim tele) _ h(L, —u)",
el0 I

and such that
ty(e) §(0K,a,u) t_(e)
/ f(a+tu)dt</ f(a+tu)1K\KegL(a+tu)dt</ fla+tu)dt
0 0 0
for all sufficiently small .
Proof. The proof of this result can be found in Lemma 2.1 in (Visona, 2024). O
Lemma 2. Let K be a gentle set, let C' be a bounded Borel set from R?, and let L. be a compact set in R%. Suppose that
is a finite measure on K which has compact support, is absolutely continuous in a neighborhood of K with density f that
satisfies (M2). Put v := (o +1)"'. Then

L H(EGR(C)N(K\K©e'L) (R(L,u) ")
lng 2 . 7/N(K)1c(a)g(a)TC’d_l(K,d(a,u)).

Proof. Our demonstration closely mirrors the proof of Proposition 2.2 in (Visona, 2024). There exists a certain constant
s > 0 such that the finite measure p is absolutely continuous on the boundary 0K @ B,(0). Additionally, there exists a
constant » > 0 with L C B,(0).

Fore < (s/r)'/7, Proposition 4 from (Kiderlen, & Rataj, 2006) implies that

wEr(C)N(K\K©e'L)) = /Rd f@)e(Cox () k\koer s (2) do =

d §(0K,a,u)
= Zmi / 1c(a) / tiflf(a+tu)1K\K957L(a+tu) dtve—;(0K,d(a,u)), (2)
i=1 N(9K) 0
where the measures on 9K, denoted as 1y (0K,-),...,va—1(0K,-) are called support measures, with «; representing the
volume of the i-dimensional unit ball fori = 1, ..., d. According to Corollary 2.5 and equation (2.13) in (Hug, Last, & Weil,

2004), these support measures possess locally finite total variation. It is also important to highlight that the measures are
signed for convex bodies.

The conditions outlined in Proposition 4 of (Kiderlen, & Rataj, 2006) necessitate that f is bounded. However, the
proposition can be applied to integrable functions that are not necessarily bounded. Consider the sequence of functions
defined by fn. := f1;s<n}, Which is both monotonic and composed of bounded elements. Due to the principle of monotone
convergence, equation (2) holds true even for integrable functions that are unbounded.

We next verify that for i > 2, the terms in (B) are on the order of o(¢) as € — 0. The function 1\ Keev 1 is supported
within K @ Bay.~ (0), implying that

§(OK,a,u)
1/ 1c(a)/ t 7 fa+tu) x 1\ woer (a4 tu) dt va—; (OK, d(a,w))| <
€ JN(K) 0
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2re” )
< 1/ / 1c(a)tl_1+aM dt [va—i| (0K, d(a,u)) <
€ Jo N(9K) te

v\ita
< (2re™) sup fla+tu)

i X |va—i|(0K, 0K (g) x S~ = 0,
(i + Qe ((au),t)eN(OK)x[0,2re7) te | I( (€) )

ase — 0, foralli #1,withy = («+1)"* and a > —1, where

0K (e) :={zx € OK : x +y € supp f for y € Ba,.~(0)},

which remains compact for all sufficiently small £ because the support of f is compact on 9K . Consequently, the measure
lva—i| (DK, 0K () x S4~') is bounded for each integer i in the range 1 to d — 1, due to 9K (¢) being bounded and these
measures having a locally finite total variation. Additionally, from assumption (M2), the expression f(a + tu)/t® remains
constrained for almost every ((a, u), t) within the set N(0K) x [0,2re”) when ¢ is sufficiently minimal.

Propositions 4.1 and 5.1 in (Hug, Last, & Weil, 2004) imply the equation:

2041 (0K, ) = Ca—1(K,-) + Ci_1 (K, ).

For almost every (a,u) € N(K), we defined+ := (9K, a, +u). Using that k; = 2 we conclude

i HELO) N (K\ K 0eD)
10 5
2 §(0K,a,u)
=lim= 1c(a)/ fla+tu) X 1\ geevr(a + tu) dtvg_1 (0K, d(a,u)) =
=0 € SN (oK) 0

2 o+
:Ilm—/ 1c(a)/ fla+tu)1g\keevr(a+tu) dt Ca1 (K, d(a,u))+
N(K) 0

el0 2¢
9 5_
=/ c(a) fla+tw)l\keevr(a+tu)dtCi_i (K, d(a,u)) =
2e N(K) 0
1 - .

=lim = 1c(a) fla+tu)1g\keerr(a+tu) dt Cy_1 (K, d(a,u)),
0 € JR (k) 0

since the density function f vanishes outside K. Applying Lemma fi, we obtain for almost all (a,u) € N(K),

o NFyatl ty ()
g(a)M —lim  inf Ml/ o dt <

a—+1 €10 5€[0,t4 (7)) s e Jo

<lim 1 /Msﬂf( +tu)dt <

sims g a+tu <

1 /5=
g lim = f(a+tu)1K\K95wL(a+tu) dt <
el0 € 0

1 t_(e7)
<Iimf/ fla+tu)dt <
el0 € 0

. 1 [t
<lim  sup M* / tdt =
el0 50, (7)) 5 € Jo

((L, —u) )

=g(a) a1

Thus, s
1 [ (L, —u)*t)ott
Flo) =1 [ flat ttiwen(o+ ) de - o) M0
for almost all (a,u) € N(K). The limiting function is bounded and has compact support, because g is a bounded function
with compact support and L is compact. .
The sequence F. is bounded for all ¢ > 0 and for almost all (a,u) € N(K)N((supp fNIK) x S4~1), which is compact.
We can then find an upper bound and apply the dominated convergence theorem.
We conclude by noticing that

asel0

(h(L, —u) Ty, _ (h(L,u) )"
[, et MBI e oy = [ Ac@ato) MEEE

Ca_1(K,d(a,u)).
" L (K do,w)

O

The following corollary follows from the fact that K C IC‘(io) is also a gentle set, see Section 2 in (Kiderlen, & Rataj,
2006).
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Corollary 1. The limit relation in Lemma @ holds true if K € K{,,.

3. Limit theorem for X,,

From now on, we will assume that K ¢ IC?O) Each set from IC (0) is @ convex body (a compact convex set with a
nonempty interior).

Let Pk denote Poisson point process on (0,c0) x N(K), with the intensity measure v defined as a product of an
absolutely continuous measure on (0, co) with density ¢t and a measure v* on N(K), defined by

V*(K,WQN(K)) = /N(K) 1(a7u)ewg(a)0d_1(K7 d(a,u)),

where W is a Borel subset of N(K).

We start with the lemma which is the main technical result, needed for the proof of our main result, Theorem g below.
The proof follows the same reasoning as in Lemma 4.4 in (Kabluchko, Marynych, & Molchanov, 2025), with only minor
modifications for our specific setting.

Lemma 3. Let K be an element of IC(D), and assume p. meets conditions (M1) and (M2). It follows that

d
D k-t —F D Ooitua 8 n oo, @)

k=1 (t,a,u)EPK

with the convergence interpreted as convergence in distribution within the space of point measures on (K¢ \ {0}) x R?
furnished with the vague topology. Here, K¢ represents the set of compact convex sets that include the origin (which may
not be interior). As previously, we define v = (a +1)~*

Proof. For L € kg \ {0} let L° denote its polar set defined by L° := {z € R? : h(L,z) < 1}. To begin, we observe that the
subsequent equality is valid for the limiting Poisson process. L € K¢ \ {0} and every Borel R C R¢

P{[0,t 'u CLoragégaK( ) forall (t,a,u) € Pk} =

=exp (—v({(t,a,u): [0, 71u]§§L,a€§aK(R)}):
:exp( {(t,a,u) LOZHU_(t),a€§aK(R)}) =
=exp (—v({(t,a,u) : H(L°,u) > t,a € ok (R)}) =

(h(L%,u) ")

= exp ( - /N<K> 1iacesn (r)19(a) Y Ca-1(K, d(a, U)))-

According to Proposition 7.9 in the Appendix of (Kabluchko, Marynych, & Molchanov, 2025), we need to show that, for
every L € K¢ \ {0} and every Borel R C R?, as n — oo,

((L?, u) )

ot Ca-1(K,d(a,u)). 4)

WP~ (K —€)° ¢ L.é € R} — / Vcenn (1 9(a)
N(K)
Note that

lim nP{n (K —€)° € L, € Ry = lim nP{nT"L° & (K — ), € R} =

= nleoo nP{EgKon "L° € R} = nleOO nu(RN(K\ (Ken "L%)) =
h LO, +\ya+1

= /]1](}0 1{a€R}g(a)%C‘i*1(K7 d(a’7 u))7

where the last equality follows from Corollary fl, where ¢ = n~!, L is replaced by L° and C = &3k (R). Thus, () is verified
and the proof is complete. O

Let us formulate now the main theorem of this work.

Theorem 2. Assume that K € IC (0) @nd the measure . satisfies (M1) and (M2). Suppose that ® is a closed convex set

in R x M, which contains the origin and let v = (a + 1)~ be a real parameter, with o. > —1. The sequence of random
closed sets ((n”X,) N D)nen converges in distribution in the space of closed subsets of R? x M, endowed with the Fell
topology to a random closed convex set 3k N'D, where

3= () {(xC’)e]Rdde (Cn+mu>\t} (5)

(t,mu)EPK

and 3 is the reflection of 3k with respect to the origin in R x M.

Proof. The structure of this proof will closely resemble that of Theorem 4.1 in (Kabluchko, Marynych, & Molchanov, 2025).
Referring to Lemma 7.3 in the same source, it is necessary to demonstrate that (n”X,,) N ®© N & converges to 3xk ND N K.
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This should be shown for an arbitrary compact convex subset & of R x M, that contains the origin in its interior, and
subsequently, one must take the limit as £ approaches (R? x M,). Consequently, it holds

(nX,) N & = {(m, C) € f:E, Cexp(C/n")(K + x/m)} -

I
DL

{(m,C) ER: & € exp(C/n'y)(K—&—x/n'y)} =

>
Il
_

I
")

{(m,C) € R:exp(—C/n" )& € K+m/n”} _

£
Sl
-

{(a:, C) € f: (n(exp(=C/nY) — ))&, —z € n' (K — gk)},

™
I
—

where I is the identity matrix in M. Let

am:=sup  sup | (n”(exp(~=C/n") —I)y+Cy|, meN.

nzm (z,C)ER,yeK

Note that a,, — 0 as m — oo, because n” (exp(—C/n”) —I) — —C locally uniformly in C'as n — oo, the set & is compact
in R? x My, and K is compact in R%.
Recall that B,,, denotes the closed ball of radius a., in R? centred at the origin. For each m € Nand n” > m, we have

M € ((N7X0) NK) C N, (6)
where .
Nho =[] {@C)eR: ~C& —x €n (K — &)+ Ba, }
k=1
and .
N = (] {(&,C) € 8: —=C& — x4 Ba,, Cn" (K — &)} 7)
k=1

The benefit of the lower and upper bounds in () is the convex nature of ‘ﬁi,n, simplifying their analysis. We plan to utilize
Lemma 7.8 from (Kabluchko, Marynych, & Molchanov, 2028) by setting Y,£,, = "M% , n® and X,, = (nX,) N &N D.
Let £ be a compact subset of 8. Denote
1(8) = {(L,y) € K§ xR : —~Cy — 2 € L° + B, forall (z,C) € £},
m(£) = {(L,y) € K§ xR : ~Cy — x + B,,, C L’ forall (z,0) € £},
M(L) = {(L,y) € K§ xR*: ~Cy —z € L° for all (z,C) € £}.
Then
P{eco .} =P{(n (K -&)&) € Myi(g),i=1,...,n}.

By Lemma [, the point process {(n~"(K — &)°,&),i = 1,...,n} converges in distribution to the Poisson process
{([0,t7'u],m) : (t,n,u) € Px}. The sets M(£), M;:(£) are continuity sets for the distribution of the limiting Poisson
process. Indeed, for each (¢,7n,u) € (0,00) X N(K),

{([o t ), n) € OM(L) } =

—{ Cn—x € Hy (t+ am) forall (z,C) es}\{ Cn—x € IntH (t + am) for all (z es} =

- { —On — z,u) < t+am forall (z,C) ):} \ {(—C’n—x,u) <1+ am forall (z,C) s} =

= {(—Cn —z,u) <t+anm forall (z,C) € £ }ﬂ {(—Cn — z,u) =t + an, for some (z,C) € E},
where Int denotes the topological interior. Since the probability of the latter event for some (¢, 7, u) € Pk vanishes, it follows
that M} (£) is a continuity set for the Poisson point process {([0,t " u],n) : (t,n,u) € Pk }. Letting a., = 0, we obtain that

M (£) is also a continuity set. The argument for M, (£) is similar by replacing a., with (—a).
Thus, forall m € N,

P{ecal,.}—=P{{(0 ((tmu) € P} C ML)} =P{eC N}
as n — oo, Where
Nt = ﬂ {(m,C’)ER:—Cn—eru_(t—Fam)}.
(t,nu)EPK
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The random closed sets ‘ﬁ,fw and 91, are convex and almost surely contain a neighbourhood of the origin in R x M,,
hence, are regular closed, meaning that they coincide with the closure of their respective interiors. By Theorem 7.5 from
(Kabluchko, Marynych, & Molchanoy, 2025) applied to the space R? x M,, the random convex set ot . converges in

distribution to 91;},. Since ‘ﬁ;;,n N N, as n — oo, and the involved sets almost surely contain the origin in their interiors,

Corollary 7.7 from (Kabluchko, Marynych, & Molchanov, R025) yields that (91}, ,, N D) LN (M} ND) as n — oo, for each
closed convex set © which contains the origin in R? x M, (not necessarily as an interior point). Thus, we have checked
part (i) of Lemma 7.8 from (Kabluchko, Marynych, & Molchanov,, 2025).
We proceed with checking part (ii) of Lemma 7.8 from (Kabluchko, Marynych, & Molchanov, 2025) with Y,,, := 91,,,
where
N, = ﬂ {(m,C)eﬁ:—Cn—eru_(t—am)}.

(t,mu)EPK

Note that the random sets M,, ,, and 21, may be empty and otherwise not necessarily contain the origin. We need to
check 7.14 from (Kabluchko, Marynych, & Molchanov, 2025), which in our case reads as follows

P{M,,ND2NL#2,0eN,,} >P{N, NDNLE#2,0eN,,} as n— oo, (8)

for all compact sets £ which are continuity sets of 91;;, N©. We shall prove (B) for all compact sets £ in R¢ x M,. To this end,
we shall employ Lemma 7.6 (Kabluchko, Marynych, & MolchanoV, 2025) and divide the derivation (§) into several steps,
each devoted to checking one condition of Lemma 7.6 from (Kabluchko, Marynych, & Molchanov, 2025).

Step 1. Let us check that, for sufficiently large n € N,

P{(0,0) €N, .} =P{(0,0) € IntN,, .} >0, meN.

Since the interior of a finite intersection is the intersection of the interiors, and using independence, it suffices to check this
for each of the sets which appear in the intersection in (). If (0,0) belongs to Y} := {(a:, C)e R: —C& —x+ Ba,, C
n? (K — &)}, then Ba,, € n” (K — &). Since & is not concentrated on 0K, we have

P{B

C (K — &)} = P{Ba, Cn"Int(K — &)}

Am, am

foralln. If B, C n” Int(K —¢&), then —C¢, —xz+ B
of the origin in R¢ x M,. Furthermore,

C n" (K —¢&) forall z and C from a sufficiently small neighbourhood

Am,

P{(0,0) €N} =P{Ba,, Cn"(K—&),k=1,....n} =P{B,, /n»n CKOE,} >0

am,

for all sufficiently large n.
Step 2. Let us check that, foreach m € N,

P{(0,0) € 9,,} =P {(0,0) € IntaT,,} > 0.

The equality above follows from the observation that the origin lies on the boundary of {(z,C) € & : =Cn—=z € H, (t—am)}
only if ¢ = a.,, which happens with probability zero. Furthermore, (0,0) € N, if t > a., for all (¢,n,u) € Pk, which has
positive probability.

Step 3. By a similar argument as we have used for ‘ﬁﬁn, for every compact subset £ of R and m € N, we have

P{S - 9?;17”} — P{{([O,tilu],n) 2 (t,n,u) € PK} - M,;(S)} = P{S - ‘ﬁ;} as n — oo.

In summary, we have checked all conditions of Lemma 7.6 (Kabluchko, Marynych, & Molchanoy, 2025). This finishes
the proof of (B) and shows that all the conditions of part (i) of Lemma 7.8 from (Kabluchko, Marynych, & Molchanov, 2025)
hold. It remains to note that

MLND) L BxrNAND), M, ND)1+BxkNAND) as.as m— oo

in the Fell topology, and
lim P{oeMN,} =1

m— oo

Thus, by Lemma 7.8 from (Kabluchko, Marynych, & Molchanov,, 2025) (n” %,,) N8N converges in distribution to 3 x N&ND
as n — oo. By Lemma 7.3 from (Kabluchko, Marynych, & Molchanov, 2025), (n”X,) N ® converges in distribution to
3}{ noD. |

Note that 3« is almost surely a closed set as the intersection of half-spaces. The question of boundedness depends
on the properties of measure v*. If it is supported by sets contained in 0K x H C 0K x S%!, where H denotes a closed
hemisphere of S¢~!, then this set is almost surely unbounded and is almost surely bounded otherwise.

As set 3 is an element of space R? x M, the latter space can be turned into a Euclidian one, given the proper scalar
product, see Section 5.1 in (Kabluchko, Marynych, & Molchanov, 2025). Then, the set 3 x can be viewed as the zero cell
of the Poisson hyperplane tessellation in space R? x M.

Corollary 3. Convergence in distribution of random closed sets in Hausdorff metric also implies convergence in distribution
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of intrinsic volumes, so
Vi X, N®) L V(3 ND) as n—o0,j=0,1,...d,
where V; denotes the j—th intrinsic volume.

Before we proceed with example, it is necessary to introduce some new definitions as well as some assumptions,
borrowed from (Kabluchko, Marynych, & Molchanov, 2025). Let V be a sufficiently small neighbourhood of I in GL,, where
the matrix exponent is bijective. Let log : V — M, be the inverse of the matrix exponent. Define mapping exp : R? x logV
R? x V by exp(x, h) = (z,exph),z € R%, h € logV.

Assume that the following objects exist:

+ a neighbourhood §I C R? x log V of (0,0) in R% x My;
+ aneighbourhood U C R* x V of (0,1) in R? x GlLg;

+ aclosed convex cone ¢ in R? x M, with apex at (0, 0) such that
HNU = exp(Cx N LL).

Similarly to (Kabluchko, Marynych, & Molchanov, 2025), in our examples we will look at intersections of 3k with the cone
¢u. More information on properties of this cone can be found on pages 12-13 of (Kabluchko, Marynych, & Molchanoy,
2025). In the following example, we examine properties of such 3 that arise as part of the limit in Theorem @, where X,
is defined using Z,, sampled according to a probability measure p satisfying assumptions (M1) and (M2).

Example. Let K be aunitball B and H=T x G = {0} x GL4 . In this case, ¢y = {0} x M, and

3B, N ({0} x M) = {0} x ﬂ {C eM;: (Cu,u) < t},

(t,u)eP

where P is a Poisson point process on R, x S?~! with intensity measure being the product of an absolutely continuous
measure with density t* and measure v* on S¢~!, defined as

VK, W NS :/ 1uewg(a)Ca_1(B1,d(a,u)),
N(B1)

where g(a) is defined in the same way as in ().

Discussion and conclusions

In this work, we studied the asymptotic behavior of generalized convex hulls defined via group actions when the un-
derlying point sample is drawn from a non-uniform distribution on a convex body K. Although the construction as well as
limit theorems for the (XK, H)-hulls were introduced in (Kabluchko, Marynych, & Molchanov, 2025) under the assumption of
uniform sampling, our main contribution lies in identifying how the local behavior of the sampling density near the boundary
of K affects the limit. We proved that under power-like decay conditions, the scaled hull converges in distribution to a
random closed set defined as the zero cell of a Poisson hyperplane tessellation, where the intensity measure now depends
not only on the curvature measure of K, but also explicitly on the boundary behavior of the density. This result confirms and
extends previous findings from (Visona, 2024)) on randomly translated sets and shows that the limit structure is sensitive to
the anisotropy introduced by the sampling scheme. Our approach demonstrates that non-uniformity introduces additional
geometric information into the scaling limit, opening new perspectives for modeling and analysis. These insights are likely
relevant in applications where data is naturally concentrated near certain regions of a domain such as in image processing,
statistical physics, or non-homogeneous spatial processes.
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IMPROVEMENT OF CHARACTERIZATION INEQUALITY FOR NORMS OF ¢©-SUB-GAUSSIAN
RANDOM VARIABLE

The paper is focused on refining the characterization inequality for the norm of p-sub-Gaussian random variables. The core
of this improvement lies in a detailed analysis of the remainder terms in Stirling’s formula, which provides an approximation
for n!. This study conducts a comparative analysis of several pairs of known remainder terms, «,, and (3, to identify the pair
that minimizes the approximation error. By calculating the absolute difference for these pairs, we demonstrate that the tightest
bounds are achieved with a specific selection of higher-order terms. This optimized approximation for n! is then applied to
sharpen the constant in a characterization inequality for comparing different norms of a p-sub-Gaussian random variable and
also in the theorem on p-sub-Gaussianity of a random variable.

Keywords: Stirling’s formula, remainder, characterization inequality, norm, o-sub-Gaussian random variable.
AMS 2020 classification: 60E15, 26D15.

Introduction

Stirling’s formula is a cornerstone of mathematical analysis, offering a powerful approximation for the factorial function,
n!. The classical representation of this formula, known since the 18th century, states that as n approaches infinity, the ratio
of n! to v/27n(n/e)™ converges to 1. This approximation is indispensable in various fields, including probability theory,
statistics, and physics, where direct computation of factorials for large n is impractical.

While the limit-based formula is powerful, its practical application often requires more precise error bounds. Conse-
quently, a significant body of research has been dedicated to refining Stirling’s original approximation. The primary objective
was to conduct a comparative analysis of several of these well-established remainder terms. The goal is to identify the spe-
cific pair of ., and g, that yields the least approximation error among the considered options.

The refined result is then applied to sharpen the characterization inequality for the norm of ¢-sub-Gaussian random
variables. These variables are a generalization of Gaussian random variables and have been widely researched and
described in monographs (Buldygin, & Kozachenka, 2000; Vasylyk, Kozachenko, & Yamnenkd, 2008).

1. Stirling’s Formula Remainders
Since Stirling’s time (1764), it has been known that n! ~ C'/n(n/e)", with C = /27, that is
n!

lim NeTTeATEs 1. (1)

Formula (fl]) is known as Stirling’s formula, and many elementary proofs of it have been given. Most such proofs use Wallis’
formula
lim 2:2-4-4--... 2n - 2n _T 2)
n—so01:3-3-5-----2n—1)2n+1) 2’
to show that C = v/27. However, one of the elementary proofs by W. Feller (Feller, 1967) avoids any appeal to Wallis’
formula. Since completely elementary proofs of (B) are well known (see, for example, (SchwartZ, 1967)), this does not
seem to be essential. In addition, a number of upper and lower bounds for n!, most of which imply (i), have been obtained
by various authors. One of the most elementary estimates ¢!'/2,/n(n/e)” < n! < ey/n(n/e)™ was obtained by Hummel
(Hummel, 1940) in 1940. Most bounds are of the form

V2rn(n/e)"e®™ < nl < V2mn(n/e)"e ", (3)

where a,, and 4, tend to zero through positive values. For example, 5, = (12n)~" was proved in (Uspensky, 1937), while
the successively better values

 _ 1 2 1 1 @3 1 1 1

Qp "~ = I Qp "~ =

- ’ Qp " = - + ) 4
(12”+2<2n3+1)) 12n  360n3 12n  360n3 (1260(1+ 2 )n5) (4)
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(1) — i _ ; where = 30M

" T 120 (360 + ya)nd) o n2(n+ 12

@_ 1 1 (5)
" 12n  (360n(n + 1)(n +2))’

@ 1 1 1

12n  360n3 + 1260n5
were obtained in (Maria, 1965; Nanjundiah, 1965; Beesack, 1969; Hu, Lui, & Shi, 2006; Long, 2014; Macyz, 2021). As
proofs for the mentioned remainders are given — we focus on choosing the left and right remainders that will give us the
least n! approximation error among those listed.

To do this, we need to calculate the possible error for each pair of left and right remainders. In common sense, it looks
like €2 =e"" _ can=Fn _ 1 And for an equation like this — we can use the fact that for small z, ¢* — 1 = z.

eBn

Let's calculate the first pair of & and 8 with ,, defined in (B).

wm_ 1 1 _ 1 1 _ 330 +91n® + 123n + 60 5
"7 I (60450t 120 (360 + 2000 G0n(Tn? + 1007 + 25 + 12) (6)
1 _ 1 B 4n + 2
ap’ = = : (7)
3 48n2 + 24n + 3
(12n + 2(2n+1))
With the equations calculated above (B) and ([d), we can compute the absolute difference between « and 3.
‘am s _ int2 (1 1
" " 48n2 4 24n + 3 12n (360 + v, )n3 @)
- 32n° + 80n" + 31n® — 75n° — 123n — 60
" 160n(112n5 + 360n* + 55903 + 411n2 + 121n + 12) |
Now let's do the same for the next two pairs of « and g from (f]) and (B) respectively.
@ _g@|_ |1 1 1 1 =t )(n+2)| _ 3n+2
] S (S - = C)
12n  360n3 12n 360n(n +1)(n + 2) 360n3(n+1)(n+2) 360n3(n+1)(n+2)
o® _ 5@ _ 1 o1 _ n>+n—(n*+n+2) _ 2 (10)
" " 1260 (n2(+rflr>2) ns 1260m° 1260(n? 4+ n + 2)n® 1260(n2 +n + 2)ns’

As we consider n > 2, it's easy to see that « and 8 achieve their supremum with n = 2. So, to calculate the least possible
error — let’s substitute it into equations (8), (8), (f0):

1946

W _ 4| _ ~ 1,032

‘O‘” ™ 12015714 = 103%¢

@ _go|_ 3242 44

‘0‘" "7 360-8-3.4 ¢
@) _ 53] _ 2 ~ 6.2¢6 11
o =P = 960 (412 +2) 32 0% - (1)

As we convinced earlier, o and Bﬁf’) from (@) and (B) respectively give us the least error (f(1]). That is why we will be
using it further. Now let's assume that n = 2.

Then
@_ 1L 1 N 1 _ 1680 — 1441 1667
" T 12-2  360-8  1260-32 40320 © 40320
and
@ 1 1 2.3 13334 6667

Ay

- — = = . 12
12-2  360-8 + 1260-(2-3+2)-32 322560 161280 (12)

2. Improvements of inequality for norm of space of p-sub-Gaussian random variables

p-sub-Gaussian random variables, spaces, and their properties were introduced in (Giuliano-Antonini, Kozachenko, &
Nikitina, 2003). We will try to improve the accuracy of the inequality for the norms of the space of p-sub-Gaussian random
variables, referring to the lemmas from there.

Lemma 1. Let & € Sub,(?). Then for every a > 0 the next inequality holds true:

Eler <2 (£)" (o) o ot —amo) <20 (i)

Then, from |, we can obtain the following result.
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Corollary 1. Let ¢ € Sub,(2). Then the next inequality holds true
To(§) 2 99@(5)/\/57

where 6,(¢) = supE (|§\")% @, and 0, (€) is a norm for Sub, ().

n=2
Lemma 2. Let¢ € Sub, (). Thenfork =1,2,... the following inequalities hold true:

ek

E€*| <El¢]* <2(1(8)* ——— kL
B¢ < Bl <2

Corollary 2. If¢ € Sub,(Q2), then the next inequality holds true

where v, (§) = sup,,», [EE" ‘? £ 1(n)
("')

Norms 6,(-) and v,,(+) are less popular than 7, (-), yet they are used in applications of p-sub-Gaussian processes, see,
for example ([Troshki, 2017)).

Lemma 3. Let¢ € Sub, () and v, (§) > 0,(§). Then the next inequality holds true:

329227

Vp(§) < 3225600, (€). (13)

Proof. We can see that this inequality holds true accordlng to proposition ﬁ] lemma [, and Stirling’s formula (@), stating that

nl =n"e™" (2mn)"/? e’ forn > 2, where [0, | < 15 — 555 + — . Using the value calculated in (f2), we
(1260(1+n(n+1) n )
derive the following inequality
1490
my® =Lt e’ Lot 1 g
n(2mn)zn M n

Lemma [ improves the following result from (Giuliano-Antonini, Kozachenko, & Nikitind, 2003, Corollary 4.4):

ve(©) <en { 5 10.(6).

Lemma 4. Let £ be a random variable with E¢ = 0, and let ¢ be a N-function satisfying the condition Q). Let Ao > 0 be
some number and
co= inf  o(\)/)\°.

0<|A|<Ao

Let also v,(§) < oo. Then & € Sub,, () and the following inequality holds:

To(§) < Sevp(§), (14)
where S, = max ~; ', and v, is the root of the equation v = Xo+/co(1 — ), 72 is the root of the equation v* — 2(1 — ~) = 0,

i=1,3
and s is the root of the equation v = = *(2)/co(1 — 7).

The proof can be found in (Giuliano-Antonini, Kozachenko, & Nikitina, 2003).
Also, note that Lemmas [§ and [ establish the equivalence of the norms v, (¢) and 7,(¢). Furthermore, a random
variable ¢ belongs to Sub, () if and only if E€ = 0 and v, (&) < oc.

3. Orlicz spaces of exponential type

Let +) be an arbitrary N-function. The Orlicz space generated by the N-function U(z) = {exp {¢(z)} — 1,z € R, is called
an Orlicz space of exponential type. We shall be interested in the Orlicz space of exponential type Exp,- () generated
by the Young-Fenchel transform ¢* of an N-function . The Luxemburg norm in Ezp.- () is denoted by o+, i.e. for a
random variable £ € Exp,~ () we have

00+ (€) =inf{a > 0: E{expy™(¢/a)} < 2}.
The space Exzp,- () is a Banach space with respect to the norm o« ().

Lemma 5. Let ¢ be an N-function and £ € Exp,~ (). Then, for any p > 1, the following inequality holds:

(El¢lP)r <27 @]f(p) (3} (15)

The proof can be found in (Giuliano-Antonini, Kozachenko, & Nikiting, 2003).
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As a consequence of ({3), the following inequalities are also improved.

Lemma 6. Let ¢ be a N-function satisfying the condition @), and let £ be a random variable such that ¢ € Sub,(Q2) and
E¢=0. Then

329227

To(§) < Spe322560 gpx (£),

where S, is defined in (4).

Lemma 7. Let ¢ be a random variable such that

P{el >t < Cexp{-v(5)},
where 1) (x) is an N-function. Then ¢ € Exp,, () and 4 (§) < (1 + C)D

Lemma 8. Let ¢ € Sub,(Q2); then { € Exp,«(2) and the following inequality holds:
oy (§) < 37 (). (16)

Considering the lemmas, propositions, and equation () mentioned above, we can arrive at the following theorem.

Theorem 1. A random variable & belongs to the space Sub,(2) only if E£ = 0 and there exist constants C > 0 and D > 0

such that
P{igl> ) <Cexp{~¢" (5)} (17)
for any = > 0. If ({{7]) holds, then
70(6) < S, 32560 (1+ C)D
where S, is defined in ({4).

H”

Example. Consider the Orlicz N-function ¢, (z) = , 1 <p <2 orforp > 2, the piecewise definition ¢, (z) = =,

|z| = 1, and pp(z) = % |z| < 1, and examine inequahty (f8) in this particular setting.
Put 7, (¢) = 7. Let's apply Lemma fi|. Since for s > 1

(&

inf exp {o, (1) — st} = ()7,

then .
S S q S
E [¢] <2(g)‘17. (18)
Since ¢, (z) = % for the case 1 < p < 2, and ¢, (z) < 'I (as ¢ < 2) we have by ({[§) fora > 0
. €9 _ N LE |s|k a
Eexp{¢"({/a)} < Eexp{ Zk— <1 +22 k'ek ( ) k. (19)
It follows from Stirling’s formula and ({J) that
k" 1 13334
—/ < € 322560 |
klek = /2rx

Therefore

13334
. § 2@ 322560 )
oo (£)) <1s 2R S
The above geometric series converges if 7/a < 1 and in such case its sum is equal to

26355560 (1/a)?

Vor 1= (7/a)®

13334 1/q
I — 2e 322560 ‘1
V2 ’

then the last quantity in (f9) is not greater than 2 if a/7 > L > 1. This gives us the following result

opr (§) < L7y, (£) -

1+

Put

Discussions and conclusion

By refining Stirling’s formula through an optimal choice of remainder terms, we obtained sharper constants in the char-
acterization inequality for norms of p-sub-Gaussian random variables. This illustrates how classical analytic improvements
translate into tighter probabilistic bounds, with potential applications to concentration inequalities and stochastic modeling.
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AXISYMMETRIC POROELASTICITY PROBLEM FOR A MULTILAYERED CYLINDER

Poroelastic materials are the object of close attention of researchers due to their wide representation both in the natural environment
(geological formations, biological tissues) and in technical applications (engineering structures, filtration systems). Among them,
cylindrical structures are of particular importance, often characterised by radial layering and heterogeneity. The study of the stress-strain
state of such objects is of significant practical importance for calculating their strength, stability, and efficient operation. Despite the
considerable amount of scientific work, most of it is based on numerical modelling. At the same time, it is analytical methods that allow
us to gain a deeper understanding of physical laws, identify limit regimes, and verify numerical approaches.

In this paper, we consider an analytical solution of an axisymmetric problem for a finite-length poroelastic cylinder with a
radially layered structure. A load is applied to the cylindrical surface, which can be either a mechanical or a pressure load. The top
and bottom edges of the cylinder are in smooth contact and are impermeable. Perfect mechanical contact is maintained between
the layers. The application of the Fourier integral transform method allows us to reduce the original problem to a one-dimensional
vector boundary value problem, the general solution of which is found using the matrix differential calculation. The method of
recurrence relations is used to find the unknown constants of each layer of the cylinder. As a result, an exact solution was derived,
which allows us to study the distribution of normal stress and pore pressure depending on the applied load, geometric
characteristics, and physical and mechanical properties of the layers. The obtained results are important for the further
development of the analytical mechanics of poroelastic media

Keywords: axisymmetric problem, poroelasticity, multilayered cylinder, integral Fourier transform, matrix differential
calculation, recurrent correspondences.

AMS 2020 classification: 35Q74, 42A38, 74G05.

Introduction

Relevance of research. The investigation of the stress-strain state of layered finite poroelastic cylinders is an important
scientific and practical task due to the growing requirements for the reliability and efficiency of structures made of poroelastic
materials. Such cylindrical elements are widely used in engineering practice. The presence of a layered structure along the
radius allows for structural optimisation of the distribution of mechanical characteristics, which provides increased resistance
to external loads. Despite the existence of a significant number of studies on the mechanics of poroelastic bodies, the issue
of stress and strain distribution in finite layered poroelastic cylinders, taking into account boundary conditions and interlayer
interaction, remains insufficiently studied. The construction of mathematical models for such objects, as well as the analytical
solution of the corresponding boundary value problems, is important for the development of the theory of poroelasticity and
the practical application of its results in the design of advanced materials and structures.

The object of research is a poroelastic layered solid cylinder with ideal contact conditions between the layers under the
action of a load applied along a cylindrical surface.

The aim and objectives of the research are to construct an analytical solution of the poroelasticity problem for a multi-
layered solid cylinder with ideal contact conditions between the layers under the action of a load applied along a cylindrical
surface, as well as to construct and analyse graphs of the distribution of normal stress and fluid pressure

In recent years, many scientific papers have been published on numerical methods for finding solutions and studying
important characteristics of multilayer poroelastic cylinders (Eldeeb, Shabana, & Elsawaf, 2021; Bociu et al., 2021). Some
studies combine analytical and numerical approaches (Naccache et al., 2022; Gnadjro, d'Almeida, & Franklin, 2024; Grigo-
renko, Y., Grigorenko, O., & Rozhok, 2022). At the same time, only analytical methods allow us to study important qualitative
properties of solutions (Gohari, Zarastvand, & Talebitooti, 2020; Kubenko et al., 2023; Zhupanska, & Ulitko, 2005; Meleshko,
& Tokovyy, 2012). In this paper, we present an analytical approach that allows us to find an exact solution of the axisymmetric
poroelasticity problem for a multilayered solid cylinder.

1. Statement of the problem

The finite solid poroelastic cylinder 0 <r < 1,0 <z < h,— < ¢ <m, which consists of N layers a;,_; <r <a;i=
=1,N,ay, = 0,ay = 1 is considered. The ideal contact conditions are fulfilled between the layers (Cheng, 2016)

ullr:al—o = ul+1|r=al+01Wl|r=al—0 = Wl+1|r=al+0' pllr:al—() = pl+1|r=al+0' 0—1£|T=al—0 = 0-11'+1|r=al+0r

L — 14 _ D1+ _
Trzlr=ai-0 = Trz lr=a;+0 ki ar lr=qi~0 = Ki+1 “or lr=qq+o, ! =1L N =1,

where v, (r, z), w;(r, z) are dimensionless displacements of /-th layer of solid skeleton regarding axes r, z respectively, p;(r, z)
is dimensionless pore pressure of th layer, o!(r, z), 1., (r, z) are dimensionaless normal and tangential stress of /-th layer
correspondingly. At the cylindrical surface r = 1 the loading is applied ¢¥|,=; = —L(2) — ayP(2), t™&|,=1 = T(2), Pxly=1 =
P(z), where L(z),T(z),P(z) are known functions, «; is Biot's coefficient of /-th layer. The edges z = 0,z = h are under slide
contact conditions, and they are impermeable w;|,—q; = 0,7k |,=0n = 0,%IZ:M = 0. The displacements and pore pressure
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should satisfy the system of equations (Verruijt, 2010). The stress-deformable state of the multilayered cylinder with indicated
boundary and transmission conditions should be found.
2. The solving of the boundary value problem
The original problem is reduced to the one-dimensional boundary value problem with the help of finite sin-, cos- Fourier
transform regarding variable z (Vaysfeld, & Zhuravlova, 2023). The derived one-dimensional problem in transform domain is
written in a vector form
(LY g(r) = 0,411 <7 < ay, Agyn g (1) + Bpyin g (1) = G, Viglr=ar—0 == Vis1,8lr=arvor (Sup¥ip + Tup¥ip)lr=aio
= (Si+1pVl41p + Tiv1,8Y1+1,8) lr=ar+0
where differential operator
(1d(d) 1 k-1, 28 d K—1d 2 1d 1d(d> K +1
z " dr " dr/ Kk —1

(1

- - - PR, PR, 2 —
2 Kk +1" Kk +1dr alk,+1dr ,—lrdrr rdr B ap

a1d apf 1d 2 _Sm

I(lrdr() K; rdr( dr) B )

v = _ ((ky—1)
vectors y; 5 () = (ul'ﬁ(r),Wl'ﬁ(r),plﬁ(r)) g = (

K
Ag=(ky +100010000),B; =B -1y B—Kky)BO —300001)51[;_(1 1010000100019)11,3:

“\rar

(anPs — Lﬁ),Tﬁ,Pﬁ) , matrices

_(3 “8 38 b6, 0 —30100000)

Ki—la; k-1
k; = 3 — 4y, is Muskhelishvili's constant, y; is Poisson ratio, Sp;, K; — are dimensionless values of storativity of the pore space
Sy and permeability coefficient k; of -th layer respectively.

The apparatus of matrix differential calculation (Gantmacher, 1959) is applied for the find of general solution of the
boundary value problem (1). According to it, the corresponding matrix differential equation L,Y; 3(r) = 0 is considered. The
following correspondences take place (Popov, & Protserov, 2016) L,Q;(r,¢) = —Q;(r, )M, (£),i = 1,2, where

Q&) = (1(§r) 000 J5(§r) 00 0J5(§7)), Q2(r, &) = (N1(§7) 0.0 0 No(§7) 00 0 No(§1)),

J1(&7), ], (ér) are Bessel functions, N; (ér), No(fr) are Neumann functions, M; ;3 (£) is known matrix. The solution of the matrix

equation is found by the formula Y 5 ;(r) = Q;(r, E)M[[}(f)df,j = 1,2, where closed contour C covers all singularity

—9
2mi 7C
points of the integrand. The genral solution of the vector boundary value problem (1) has the form y, 5 (r) = ]q,ﬁ(r)fl, where

Vip() = (hpa(1=1,(Yp1(1), Yp2(), 2 S LS N LG = (e c12,€13) 51 = L, (Co1 €2 Q3 € s Cus) 2 S LS
SN, Hyp(r) = (Yp(r) S ¥ s(r) + Tzﬁylﬁ(T) ).
The transmission conditions in (1) can be written in the following matrix form H; ﬁ(az)Cz Hjq B(al)C,H,l =1,N — 1, from which,
according to (Popov, 2013) the constants of each layer Cl are recurrendly expressed through the constants of the first layer C;l
Cl = Rlﬁc1 = Hlﬁ(al DH - 1[5’(011 1) - Hzﬁ(al)Hlﬁ(al)Clrl =2,N. )
Substituting (2) in the boundary condition in (1), we derive C; = [(ABYN'[,,(I) + BgYy s (r)(l)) Ryp 51]_1 Jg - The case when

B = 0 is solved analogically.

3. The results of the numerical analysis

The derived exact solution of the original problem allows to conduct the numerical investigation of normal stress and pore
pressure change inside the cylinder. This analysis was carried out for the applied concentrated mechanical loading

L(z) = (z——) T(z) =0,P(z) =0 (6(2) is Dirac delta function). Geometrical sizes of the cylinder were chosen as:

a,; = 0.5m,h = 1 m. The two-layered cylinder with the materials Ohio sandstone for the inner layer and Boise sandstone for
the outer layer (Cheng, 2016) was studied.

At Fig. 1, the normal stress and pore pressure are symmetrical, which is explained by the same boundary conditions at
the edges z = 0,z = h and the fact that the load is applied in the middle of the cylinder. The normal stress is negative, and no
tensile stress is observed. The maximum is reached at the point of load application. The highest values are seen closer to
the loaded face r = 1. The pore pressure is nonzero, which is due to fluid leakage on the cylindrical surface, which also affects
the compression of the cylinder.

o,(r,z) p(r,z)
0.0 == —
N rs 0.25
N R4
—0.5 '\‘ v
—= \ J 0.201
M
_10 4
3 2 — r=1/4
\ // 0.15+ r=172
i \ £ —- r=3/4
~-15 \ - / r=3/:
\ / 0.10 A
-2.01 (! !
— r=1/4 \ / 0051
r=1/2 \ '/ - -
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Fig. 1. Normal stress and pore pressure inside the cylinder

ISSN 1728-3817



DI3BUKO-MATEMATUYHI HAYKMU. 2(81)/2025 ~ 89 ~

As can be seen at Fig. 2, an increase in the thickness of the inner layer of the cylinder increases the pore pressure inside
this layer. This is due to the fact that the inner layer of the cylinder (Ohio sandstone) has a higher permeability coefficient.
Changing the height of the cylinder also has a significant effect on the pore pressure. Thus, the highest pore pressure values
are observed for a longer cylinder. This can be explained by the fact that the outer surface area through which the fluid can
flow increases.

p(r,h/2) p(r,h/2)
0.40
[ =t — a1=1/4
0.354 ‘\.\. ar =12 0.35 1
~
~ —- a;=3/4
0.301 <, 0.30 1
\.
0.25 \' 0.25 4
\4
0.20 A \ 0.20 1
\
0.15 1 \ 0.151
0.10 1 \ 0.101
\‘
0.054 \ 0.05 1
—— \ 1
T ——
0.00 1 = 0.00 1
0.0 0.2 0.4 0.6 0.8 1.0 0.0 0.2 0.4 0.6 0.8 1.0

r r

Fig. 2. The change of pore pressure regarding the change of thickness of the inner layer (left) and the change
of the cylinder's height (right)

Discussion and conclusions

In the present study, an exact analytical solution of the axisymmetric problem for a finite multilayered poroelastic cylinder
was obtained using the methods of integral transforms, matrix differential calculation, and recurrence relations. The numerical
analysis revealed the nature of changes in normal stress and pore pressure depending on geometric parameters.

The highest absolute values of normal stress and pore pressure were recorded at the point of concentrated mechanical
loading's application, which indicates a localised increase in the interaction between the solid matrix and the pore medium. It
is established that an increase in the thickness of the inner layer causes an increase in the pore pressure in this area, while
an increase in the height of the cylinder generally contributes to an increase in pore pressure along its entire length.

The proposed methodology demonstrates high versatility and can be adapted to analyse cylindrical structures with more
complex conditions of interlayer communication, which opens up prospects for its further application in engineering practice
and biomechanics.
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methodology; software.
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OCECUMETPUYHA 3AOAYA NMOPOMNPYXHOCTI ANA LUAPYBATOIO LIMNIHAPY

IMoponpyxHi Mmamepianu € 06'ekmom nunbHoOi yeaz2u docnidHuUkKie 3aedsiku WuUpokili npedcmaessieHocmi siKk y npupodHomy cepedosulyi (2eoso-
2iyHi gpopmauyii, 6ionoziyHi mKkaHUHU), Mak i 8 mexHiYHUX 3acmocyeaHHsIX (iHxeHepHi KOHCMpPYKuii, pinbmpauitiHi cucmemu). Ceped Hux ocobnueoi
e8azu Habyearomb YuniHOpU4YHi cmpyKkmypu, w0 Hepioko xapakmepu3yrombcsi padiasibHo wapyeamicmio ma HeoOHopidHicmio. Bue4yeHHs Hanpy-
JKeHo-OeghopmMieHO20 cmaHy makux o6'ekmie Mae cymmeee npakmuyHe 3Ha4YeHHs1 O/is1 Po3paxyHKy IXHbOI MiyHocmi, cmilikocmi i eghekmueHo20
yHKyioHyeaHHs1. He3eaxaro4yu Ha 3Ha4yHull o6csie HayKkoeux npayb, 6inbwicme 3 HUX 6a3yembcsi Ha YuceslbHOMY ModestoeaHHi. BodHovyac came
aHanimuy4Hi Memodu daromb 3MoO2y ompumamu 2aubwe pPo3yMiHHS (hi3u4YHUX 3aKOHOMIpHOCMel, eusseuUMU 2paHUYHi peXXuMu ma 3abesneyumu
nepeeipky 4ucenbHux nioxodie.

Y nponoHoeaHili po6omi po3anssiHymo aHanimu4yHe po3e 'a3aHHs ocecuMempuYyHoi 3adayi 0151 CKiH4eHHO20 3a O0BXKUHOH MOPOMNPYXHO20 Yuli-
HOpa 3 padianbHo-wapyeamoro cmpykmyporo. [jo yuniHOpuYyHoOi noeepxHi NpuknadeHo HagaHMaXKeHH s, WO MoXKe 6ymu sik MexaHiYyHUM, mak i Haea-
Hma)xeHHsIM mucky. BepxHili i HWKHIiU mopuyi yuniHopy nepebysaromb 6 ymMoeax 251a0Ko20 KOHMakmy ma € HenpoHukHumu. Mix wapamu
BUKOHYIOMbLCS1 yMO8U ideasibHO20 MexaHiYHO20 KOHmMakmy. 3acmocyeaHHsi Memody iHmezpasibHo20 nepemeopeHHs Pyp'e Hadae Moxxusicms 3ee-
cmu euxidHy 3ada4yy Ao 0OHOBUMIPHOI 8eKMOPHOI Kpaliogoi 3adadyi, 3a2asibHuUll PO38'sA30K sIKOi ompuMaHO 3a AOMOMO20t0 anapamy Mampu4Ho20
ougpepeHyianibHO20 YucneHHs. [ns1 3Haxo0xeHHs1 He8idoMuUX cmasiux KOXXHO20 wapy YyusiHopy euKkopucmaHo Memood peKypeHMmMHuUXx crnieeiGHoWeHb.
Y nidcymky ompumaHo moyHuli po3e 'a30k, wjo dae 3mo2y docnidumu po3nodin HopmasbHUX HarnpyxeHb i MUCKy PiOUHU 3anexHo 8id npuknadeHo20
HasaHMaXKeHHsl, 2e0MempPUYHUX XxapaKmepucmuk i ¢pisuko-mexaHi4HuUx enacmueocmeli wapie. O0ep)xaHi pe3ynbmamu € eaxJsiueumu Oss1 Nodasb-
wo20 po3eumKy aHanimu4Hol MexaHiku NoponpyxHux cepedosuul.

Knwo4yoBi cnoBa: ocecumempuyHa 3adayva, noponpyxHicms, wapyeamul yuniHop, iHmezpanbHe nepemeopeHHs1 Pyp'e, MampuyHe
dughepeHyiasibHe YUCIIeHHS, PeKypeHmi crie8iOHOWeHHs.
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"IHcTuTyT rinpomexanikn HAH Ykpainu, Kuie, YkpaiHa
2KniBcbKuii HaUioHaNbHWUI yHiBepcuTeT iMeHi Tapaca LLlesyeHka, KuiB, YkpaiHa
3BenMKOTMPHOBCLKMUI YHiBepcuTeT iMeHi ceaTux Kupuna i Medogisn, Benvko TupHoBo, Bonrrapis

BIJIUB 3rnAQXYBAHHA NOBEPXHI CKIHHEHHOIO KNNMHONOAIBEHOIO OG'€EKTA
HA XAPAKTEPUCTUKM PO3CIIOBAHHSA NNOCKOI XBUIIL.
YACTUHA II. AHANI3 YUMCENBbHUX PE3YIILbTATIB

lponoHoeaHa cmammsi € Opy2ot0 YacmuHoto pobomu (MpiHyeHko, Jle6edeea, Mayunypa, 2024), wo npucesiyeHa 3adadi
PO3Ciro8aHHSI NJIOCKOI 2apMOHIYHOI xeusli Ha CKIHYeHHOMY KITUHOMNOGi6HOMYy 06'ekmi 3i 321adeHor0 NnoeepxHero (iHWUMU cjo-
eamu, i3 3aokpyaneHHsAM). Takuli 06'ckm sienisie cob6oro cnpouwjeHy modesib npodginto Kpuna nimaka. Ans yiei modeni, 6asyroyucsb
Ha po38'si3Ky, ompumMaHoMy 8 Mexax Memody Yyacmkoeux obnacmel, ausHa4eHo aupa3s OJisi 380POIMHO20 Nepepi3y PO3Cito8aHHSI.
HaeedeHo npuknad eukoHaHHs1 2paHUYHUX YMO8 Ha Mexi Yyacmkoeux obnacmel. [TobydoeaHo 2padhiku 360pOMHO20 nepepizy
po3citoeaHHs Ons1 pi3Ho2o padiyca 3aoKpyarieHHs1 nepedHbOoi KPOMKU npogbinto modeni i pi3HOi npogiOHOCMI nosepxHi 3aokpyea-
neHHs1. [Toka3zaHo, wjo 3eopomHuli nepepi3 po3ciroeaHHs1 icMOMHO 3anexums eid padiyca 3aoKpyaieHHs1 Npoginto i HopMmanbHoOI
npoeidHocmi noeepxHi 3aokpyanerHHs. llpu yboMy NoKpummsi noeepxHi 321adyeaHHs1 NO2/IUHaOYUM MamepianoMm icmomHo
3MeHwye, y negaHoMy Oiana3oHi Kymie nadiHHs1 xeuJli, po3cisiHe nose 06'ekma.

lMo6ydoeaHuli yucenbHo-aHanimuyHull po3e'sa3o0k dae 3mozay 30ilicHrO8amMu OYiHO4YHI po3paxyHKU 380POMHO20 fepepisy po3-
citogaHHs 06'ekma y pa3i 3MiHU 8 wupokomy diana3oHi lio2o 2ceomMmempuYHuUX i ¢hizuyHUX napamempis.

Knw4yoBi cnoBa: 3sopomHuli nepepi3 po3ciroeaHHsi, Memod Yyacmkoeux obsiacmeli, NyI0CKa xeuJsisi, MOMo4Kose crpsi-
JKeHHs1 nonis.

Knacudikauis BignoBigHo ao AMS 2020: 76Q05.

Bctyn

3agaya npo Andpakuiio XBurb Ha HECKIHYEHHOMY abo CKIHYEHHOMY KIWHI € dPyHAaMeHTanbHo NpobnemMoto, Ha pesynb-
TaTax po3B'A3Ky sKoi 6a3yoTbea 6araTo di3nyHMX yaBMEeHb Npo Npolecu B3aemogii XBunb i3 Tinamu. Liin npobnemi npuces-
YeHo BeNuKy KinbkicTe axepen (Daniele, & Lombardi, 2020; Felsen, & Marcuvitz,1973; Sommerfeld, 2004; Grinchenko, Vovk,
& Matsypura, 2018), y Akux gocnigxyoTb K HeckiH4eHnn knuH 3 ineansHumn (Monzon, Forester, & Loschialpo, 2005) Ta
AienekTpuyHnmun nosepxHamn (Emig, 2024; Grzesik, 2019), Tak i CKIHYEHWI KMNWH i3 Pi3HOKO reoMeTpieEld Ta BNacTUBOCTSMU
noeepxoHb (Grinchenko, Vovk, & Matsypura, 2018). BapTo Big3HauMTu BENMKuiA iHTEpec 40 Npobrnemu po3citoBaHHS eNeKT-
pPOMarHiTHUX XBWMb Ha KNUHoONoAibHWx ob'ekTax y dpaxisuiB y ranysi enektpoguHamikn (Emig, 2024; Grzesik, 2019;
Hacivelioglu, Sevgi, & Ufimtsev, 2011). 3aranom nigsuLLeHni iHTepec Ao npouecy Andpakuii XBuni Ha KNWHI 3yMOBEHWUIA
MNOro rmmboknM ¢oisnYHMM 3MICTOM | BXKITMBUM MPAKTUYHUM 3HAYEHHSIM.

MponoHoBaHa cTaTTa € APYrot YacTuHot poboTu (MpiHyeHko, Jlebenera, & Mauumnypa, 2024), wo npucesiyeHa 3agadi
PO3Cit0BaHHsI NIOCKOI rAPMOHIYHOT XBUIi HA CKIHYEHHOMY KINMHOMOoAiIGHOMY 06'eKTi 3i 3rnaa)eHo noBepxHeto (iHWWMK crno-
BaMM, i3 3a0KpyrrneHHsm) (puc. 1).

Takun 06'ekT sABNsie coboto cnpoLleHy Mmogenb Npodinio Kpuna nitaka. Y 3agadax poscitoBaHHS XBUIb HaWBaXNMBILLMMU
XapakTepucTMKamu € nepepisn poscitoBaHHs ob'ekta. Lli eHepreTuyHi xapakTepucTukvM BU3HAYaloTLCs B Aanekomy nori pos-
CitoBaHHS.

Cnupatouncb Ha pesynbTtatv poboTn ([piHdeHko, Jlebegera, & Mauunypa, 2024), oTpumyemo BMpa3 4511 3BOPOTHOIO
nepepisy po3cCitoBaHHS:

5.(60) = 7 L(80)L" (8), (1)
ae
L(®)
- Ay T - B, T

= Z ————cos(nf) exp (—inz )+ Z ————sin(nf) exp (—in<) +

nozoonIl)’(ka) ( 2) ] Hr(ll)’(ka) B ( 2) (2)

C, 73 D, 13

+ Z —————cos(n@) exp(ikd cos 6§ —in=)+ + Z ————sin (nf) exp (ikd cos 6 —in—=).

S 1, (kR) ( 2 S H (kR) ( )
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OAnHMLA BUMIPIOBaHHS 3BOPOTHOIO Nnepepi3dy po3citoBaHHSA Ans Nnockoi 3agadi — MeTp.

@© L
@

7 0
l 0,7 Y 0o
0O, "‘d O
R - b

Puc. 1. FeomeTpia mogeni

LLlo6 3pobuTyn BMpa3 (1) 6e3poamipHum, 11oro AinaTe Ha Migens o6'ekta. Migenesuii nepepis (Migens) — Le nrnoLa nonepeyHoro
nepepidy 30HM reoMeTpUYHOI TiHi 06'ekTa. Migenb 3anexuTb Bif KyTa nagiHHA xBuni 6, Ha 06'exT 4ocniaXeHHs, ToMy Byaemo ginutu
Bupa3s (1) Ha MakcumarnbHe 3HaYeHHs Migens M., . [Ans Hawoi nnockoi 3agadi (puc. 1) BenuunHa M., = d + a.

1. MoGypoBa YncenbLHOro anropuTMy i nepeBipka BUKOHaHHA FPaHUYHMUX YMOB

HeobxigHo 3ayBaxuTy, WO NoOyA0BaHi B Mexax MeToay YacTKOBUX obnacTel aHaniTUyHi ysiBNeHHs1 3ByKOBOTO MO 3aB-
XOW TOYHO 3a00BONbHSATL PiBHAHHA 'enbmronbLa 3a 6yab-AKoi KiNbKOCTI CKNagoBux, WO YTPUMYIOTECA B psgax. 3 ornsagy
Ha Le B OCHOBY OLHKM TOYHOCTi PO3B'I3Ky 3aJadi BAapTO MOKMACTW OLiHKY TOYHOCTI BUKOHAHHSI YMOB CMPSXKEHHS MONiB Ha
Mexax 4acTkoBux obnactein. O4eBnaHoO, WO ANs NigBULLEHHS] TOYHOCTI OLIHKM 3BYKOBMX NOMiB He0bXigHO 36inbLuyBaTh Kinb-
KiCTb YTPMMYBaHNX HEBIAOMMX KOMMIEKCHMX KOoedilieHTiB Nia Yyac po3B'asky anrebpaiyHoi cucteMm piBHsSIHb METO40M peay-
Kuii. OcobnmBo Le BaXNMBO 3a BMCOKMX 4acTOT. YMCENnbHWUIA eKCNEPUMEHT Oae 3MOry OUHWTU CTYMiHb BUKOHaHHS YMOB
CNPsPKEHHSA 3BYKOBWX MONiB AnA BUOpaHuX napameTpiB mogeni. Taka npoueaypa € CTaH4apTHOW Y pasi BUKOPUCTaHHA Me-
TOAY YacTKoBMX obnacTteln i He pa3 anpoboBaHa Hamu (Grinchenko, Vovk, & Matsypura, 2018). 3rigHo 3 MipkyBaHHAMMU, 3a-
3HaAYEeHUMK Yy NepLuinn YncTuHi pobotu (MpiHyeHko, Nebenesa, & Mauunypa, 2024), 6yaemo BUKOPUCTOBYBATM MOTOYKOBE
CNPSPKEHHSIMM NOMIB HA MeXi YacTkoBMX obnacTei.

OTxe, 0OGMEXMMO HECKiHYeHHI psau y chopmyri (2), 3agaroum KinbkicTe koedilieHTiB A,, B, piBHUM N, koediuieHTiB C,,
D,, — N,, koediujieHTiB E,,, F,, — N3 (FpiH4eHko, Jlebenera, & Mauunypa, 2024). BianpaBHOI TOYKOK B po3paxyHKax 3a NoTo-
YKOBOIO CMpshKEHHS MOJiiB € HOPMOBaHa A0 AOBXWHU XBUITi A BiACTaHb 4 MiX BY3/IOBUMMW TOYKaMu, TOOTO BenuumHa A4/A.
3rigHo 3 BENMYMHOW A/, BCTAHOBMIEMO KiMbKICTb BY3noBUX TOYOK: N; = [2ma/A], N, = [2nR/A], N3 = [2(m — y1)R/4]. Ha-
BELeMO MpUKnag BUKOHAHHS rpaHnYHMX YMOB. 3rigHo 3 puc. 1 3agaemMo reoMeTpuyHi napameTpum o6'ekTa a i R, KoedilieHT
BiAOWTTS 3rnagpkeHoi noBepxHi V i KyT nagiHHA nnockoi xBuni 6. BuaHayaemo Takox Taki reoMeTpuyHi napameTpu:

d =00, =VR?+a?, y =n —arccos (a/d), y, = /2 — arccos (a/d). (3)

Ockinbku aAns Hac LikaBolo € MoZenb NpPoginto Kpuna y BUrnagi roctporo KNnHonogibHoro ob'ekTa 3 HAsiBHICTHO MIOCKMUX

. . . . .. R
NOBEPXOHb CKIHYEHHOro KInHY BEJIMKOro XBWUITIbOBOIo pPoO3MIpy, TO OGGpEMO TaKl reoMeTpudHI napamMeTpu mMoaeni: 1=

=10,2, a/2 = 0,8. Hexan V = 1, Toai BiAHOCHa HOpMarnbHa NPOBIAHICTL 3rnageHol nosepxHi Y = 0. 3riaHo 3 hopmynamm
(3), kyTny = 94,5° iy, = 4,5°, BenuuuHa d/A =~ 10,23. Hexaw KyT nagiHHa nnockoi xsuni 8, = 90°. ®yHkuii v, (a, 8) i v, (R, ;)
y rpaHu4HUX ymoBax (aus. chopmynu (8) i (10) B nepLwuiii YacTuHi poboTu (piHYeHkKo, Nlebenesa, & Mauunypa, 2024) nokna-
AEMO PIBHUMU HYTIHO.

Bnbepemo BiacTaHb MixX By3noBUMK TOYKaMu Ha koni pagiyca a, wo aopieHioe A/A = 0,05, a Ha koni pagiyca R — sika
popiBHioe A/A = 0,15. Togi KinbKiCTb BY3roBMX TOYOK i, BiANOBIAHO, KiNbKICTb MOA, LLIO BPax0OBYOTbCSl B HACTKOBMX 00nacTsix,
BM3HAUNTbLCS BenuuuHamu N, = 102, N, = 214, Ny = 209.

pacbikn Ha puc. 2 iNOCTPYHOTb BUKOHAHHSI YMOB CMPSKEHHS NOMIB Ha Mexi YacTkoBux obnacteit 1 i 2, Tob6To Ha Koni
papiycom R 3a 3miHu kyTa 6, B Mexax 6, = (y;, ; —T, —y,) ANns aMnnityq Tucky |p| i wewuakocTi |v|. Mpadiku Ha puc. 3 noka-
3YI0Tb XOPOLLY SIKICTb BUKOHAHHS1 YMOB CMPSKEHHSI MOSIB.

MoxkHa Big3HaunTK Taki 0cobnmMBOCTI B NoBeiHLi KpMBKX Ha puc. 2 (8, = 90°). Ana amnnityan TUCKY |p| YiTKO BUAINATbLCS
iHTepBan kyTiB 6; = (y1,90°), y SIKOMy CrOCTepiraeTbCsi sickpaBa iHTepdepeHLUisa MixX XBUMeD, WO nagae, i Xsuneto, Wo Big-
6umBaETbLCS, Bif NNOCKOI NOBEPXHI KMNMHA BEMNWKOro XBUNbOBOIO PO3MIpY.

B iHTepBani aminm kyTiB 6; = (120°,180°), (—180°, —120°) iHTepcepeHLis MiXX 3a3Ha4YEHNMMN XBUNAMWU NPAKTUYHO
BiACYTHS | TYT JOMIHY€E Nnocka XBUNS OOUHWYHOI aMnniTyaum, wo nagae. IHtepsan kyTiB 6; = (—90°, —y;) BM3Ha4a€e 30HY re-
OMETPUYHOI TiHi.

Mopi6HWIA xapakTep Mae i KpuBa ANs aMmnniTyau LIBUAKOCTI |u| 3 KOpekuiew Ha nnaBHWIA crnag A0 Hynst 3a KyTiB
0, = £180° (8N UUX KyTiB HOpMarbHa CKragoBsa LWBMAKOCTI 4O NOBEPXHi NoAiny YacTkoBMX obnacTel [OPIBHIOE HYIHO).

2. Po3paxyHOK 3BOPOTHOrO nepepisy po3citoBaHHsA

Ha puc. 3 nokasaHo rpaciku 3anexHocTeli 380pOTHOTO Nepepisy po3citoBaHHA o, (6,) ANA TPLOX BapiaHTiB Moaeni.

Y BCiX TpbOX BapiaHTax po3mip NOCKOI NOBEPXHi MOAENi 3anNULIAETbCA HE3MIHHUM, a came R/A = 10,2. Ans kpuBoi 1
3a0KPYrNEeHHSA NPOointo € akyCTUYHO XXOPCTKMM i3 pagiycom kona a/A = 0,8. [1nst KpMBOI 2 3a0KPYINEHHSI TaKOX € aKyCTUYHO

YKOPCTKUM, arne 3 pafiyCoM OKpPYrieHHs BOBIYI MeHLUM, To6To a/A = 0,4. KpuBa 3 BignoBigae 3aoKpyrieHHo 3 NOrnnHayor
NoBepXxHeto 3 koedilieHTOM nornnHaHHa V' = 0,1 i BenmunHot a/A = 0,8.

ISSN 1728-3817
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Puc. 3. 3anexHicTb 3BOPOTHOro nepepisy po3ciloBaHHA 0, BiA KyTa nagiHHA nnockoi xBuni 6, 3a pisHMx napameTpiB Mmogeni,
R/A=102:1-a/A=08, V=1, Y=0;2—a/A=04, V=1, Y=0;3—-a/A=08, V=0,1, Y =0,818

Ak 6aunmo, 4ns 3BOPOTHOTO Nepepi3y po3citoBaHHS g;, YCi TPU XapakTePUCTUKU MatoTb ABa Biabnvcku, 06ymMoBneHi Hop-
MarbHUM nagiHHAM MAO0CKOT XBUAi Ha NMOCKY MOBEPXHIO 3HAYHOro XBUNbOBOro po3Mipy R/A = 10,2. [NopiBHioro4mM KpuBi 1 2,
MO>XHa Bifj3HAa4YMTW, LLIO 3MEHLLEHHS pafiyca 3a0KpYrneHHs 3HUXKY€E BENUUMHY 3BOPOTHOMO Nepepisy po3citoBaHHA B Aiana3oHi
KyTiB —70° < 65 < 70°, LLO € LiNKOM OYiKyBaHUM pesynbTaToMm. [ToKpUTTS NOBEPXHI 3a0KPYrNeHHs NOrnnMHaynMm MaTepianom
i3 kKoeilieHTOM MNOrfMHaHHA ¥ =0,1 ICTOTHO 3HWXYE BENMYUHY nepepidy 3BOPOTHOrO PO3CitoBaHHSA B Aianas3oHi KyTiB

—70° < 6, < 70° (kpvBa 3) MOpiBHAHO 3 KpmBOW 1. MM 3HalwNM 3HaveHHs N = 14 - 10°, wo Bignosigae iHTepsany
[-A,A] = [-1000,1000].

Ounckycissa i BUCHOBKMU

Ha ocHoBi meToay YacTkoBMXx obnacten NnobyaoBaHO TOYHMI (CTPOrMIN) PO3B'A30K 3a4adi PO3CitoBaHHS NIOCKOi XBUMi Ha
CKiHYEHHOMY KnuHonoAdibHomy 06'exTi. [JOCTOBIPHICTL PO3B'sA3Ky 06yMOBNEHa KOHTPONEM SKOCTi BUKOHAHHS YMOB CMPSXKEHHS
nonie Ha Mexax 4aCTKOBMX 06riacTen i rpaHNYHOT YMOBM Ha 3riafXeHin noBepxHi 06'exTa.

MpoBeaeHo po3paxyHku 3BOPOTHOIO nepepidy poacitoBaHHA 06'ekTa. NokasaHo, Lo 3BOPOTHUIN Nepepi3 po3CitoBaHHS ic-
TOTHO 3aneXxuTb Bif pagiyca 3aoKpyrieHHs Npodinto i HopManbHOI NPOBIAHOCTI NOBEPXHI 3a0KpyrneHHs. Mpn LboOMy NOK-
pUTTS MOBEPXHi 3rraKyBaHHA MOrMUHAYMM MaTepianoM iCTOTHO 3MeHLUYe, B MeBHOMY Aiana3oHi KyTiB nagiHHA XBuni,
po3cisiHe norne o6'ekTa.

MobynoBaHuiA YncenbHO-aHanNiTMYHUIA PO3B'A30K Aa€ 3MOry NPOBOAMTM OLIHOYHI PO3paxyHKN 3BOPOTHOrO nepepisy pos-
citoBaHHA 06'ekTa y pasi 3MiHM B LUIMPOKOMY Aiana3oHi MOro reoMeTpuyHuX i isuyH1X napameTpis.

BHecok aBTopiB: BikTop piHYeHKO — NnocTaHoOBKa 3afadi 1 0broBopeHHst BUCHOBKIB; IpuHa Jlebepesa — poboTa 3 niTepaTypHUMN mxe-
penamu, nobyagoBa aHaniTMYHOrO PO3B'A3Ky 1 06roBopeHHs BUCHOBKIB; Bonogummnp Mauunypa — nobygoBa aHaniTMMHOIO po3B'asky 1 0bro-
BOPEHHS BUCHOBKIB; TuxoMup TpudoHoB — nobyaoBa aHaniTMYHOro po3B'sa3Ky i 06roBopeHHst BUCHOBKIB.

Dxepena ciHaHcyBaHHA. PiHaHCYyBaHHS 34iNCHIOETLCS BMACHMM KOLLTOM aBTOPIB | YacTkoBO 3abesnevyeHo KMiBCbKMM HauioHanbHUM
yHiBepcuTeToM iMeHi Tapaca LLeByeHka.
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EFFECT OF SMOOTHING OF A FINITE WEDGE-SHAPED OBJECT
ON THE SCATTERING CHARACTERISTICS OF A PLANE WAVE.
PART Il. ANALYSIS OF NUMERICAL RESULTS

This article is the second part of the work (Grinchenko, Lebedyeva, & Matsypura, 2024), which is devoted to the problem of scattering of a plane
harmonic wave on a finite wedge-shaped object with a smoothed surface (in other words, with rounding). Such an object represents a simplified
model of an aircraft wing profile. For this model, based on the solution obtained within the limits of the partial domains method, an expression for the
inverse scattering cross section is determined. An example of the fulfillment of boundary conditions at the boundary of partial domains is given. Plots
of the backscattering cross-section were constructed for different rounding radii of the front edge of the model profile and different conductivities of
the rounding surface. It is shown that the backscattering cross-section significantly depends on the radius of the profile rounding and the normal
conductivity of the rounding surface. In this case, covering the smoothing surface with an absorbing material significantly reduces, in a certain range
of wave incidence angles, the scattered field of the object. The developed numerical-analytical solution makes it possible to perform approximate
calculations of the backscattering cross section of the object under variation of its geometric and physical parameters over a wide range.

Keywords: inverse scattering cross section; partial domains method; plane wave; point conjugation of fields.
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1OHINPOBCLKMIA HaUWioOHanbLHUI yHiBepcuTeT imeHi Onecs MNoHuapa, [iHinpo, YkpaiHa
2HauioHanbHWUM TeXHiYHWUI yHiBepcuTeT "[HiNpoBCbKa nonitexHika", [Hinpo, YkpaiHa

AHANI3 AKYCTUYHOIO BUNPOMIHIOBAHHA MOOAN®IKOBAHOIO CEFrMEHTA JIONATI
BITPOBOI TYPEIHM 3 MPO®UJIEM NACA 0012

AkmyanbHicmb 0ocnioxeHHS 3ymossieHa nompeboro 3MeHWeHHs1 WyMo8020 3abpyOHEHHS, W0 8UHUKac nid Yyac ekcriyamayii
8impoeHepzemuYyHUX ycmMaHOBOK, 30KpeMa 8 yMogax 2ycmoHacesieHuUx abo ekosi02i4Ho yymmnueux pezioHie. OOHUM i3 nepcnek-
mueHux nidxodie 00 3HUXXeHHSI aKycmu4HO20 8UNPOMiHIO8aHHs1 lonamell eimpoeux mypb6iH € Modudgbikayisi ixHboi 2eomempii Ons
KOHmMpoJs1to myp6ysieHmHux cmpykmyp nomoky. Y nponoHoeaHili po6omi npedcmaesieHo Memodosiozilo ma pe3yrbmamu eKcrie-
puMeHmasibHo20 AocidXeHHs1 aepoOUHaMiYHO20 wWyMy, w0 2eHepyemscs npoginem nonami muny NACA0012. fJocnidxeHo
ensue nepioGuy4yHuUx 3a3y6puH Ha 3adHill Kpalyi Ha akycmuYHi xapakmepucmuku npoginto. Memoro pobomu € oyiHka egpekmue-
Hocmi 3a3y6peHoi 3a0HbOI Kpaliku y 3HWKeHHi pieHs aepoduHaMidyHo20 wymMy. [ocnidxeHHs1 npoeedeHO &8 6e3syHHIl Kamepi 3
eUKOpUCMaHHAM ¢hi3u4yHUX modenel npoginto, suzomoesieHux Mmemodom 3D-OpyKy, a akycmuyHi euMipro8aHHsI BUKOHaHO 3a 30~
nomozoro wymomipa 3 nodanbwum o6pobrieHHsIM daHUX MemodoM wWweudko20 nepemeopeHHs1 dyp'e (FFT). EkcnepumeHmu oxo-
nnrosanu pi3Hi weudkocmi Habizaroyoeo nomoky (8id 10 do 20 m/c) i Kymu amaku (0° ma 5°), a pe3ynbmamu nodaHo y euansidi
crnekmpie 38ykoeo20 mucky. BcmaHoesieHo, wjo moducgpikoeaHutli npoghine 3abesneyye 3HUXEHHs pieHsl 38yKo8o20 mucky do 7 db
nopieHsAHO 3i cmaHOapmHuM npodpinem. E¢pekm ocobnueo supaxeHull y 4yacmomHomy Oiana3oHi do 8 kl'y, xapakmepHomy Onsi
suxposux Oxxepes wymMmy 3a 8iOHOCHO HU3bKUX WeudKocmeli MOomMokKy. 3anponoHoeaHull nNioxid deMoHcmMpye eUCOKy eghekmue-
Hicmb i Mo)Xe 6ymu 3acmocoeaHull 05151 onmumi3ayii KOHcmpykyiti eimposux myp6iH, a makoxXx iHwux o6epmoeux efemeHmis,
makux sik nponenepu BIJIA abo eeHmunssmopu.

Knw4yoBi cnoBa: aepoduHamiyHuli wym, eimposa mypb6iHa, npogine NACA0012, 3a3ybpeHa Kpalika, ekcriepumeHma-
JNbHe 00cidXeHHS, aKkycmu4Hi eumiproeaHHsi, FFT, akycmu4yHe eunpoMiHo8aHHSI.

Knacudikauis BignosigHo ao AMS 2020: 76Q05.

Bctyn

AepoavHamivHWiA WyM, WO BUHUKAE Nig Yac poboTu BiTpoBUX TypbiH, € HEraTMBHUM (DaKTOPOM, SIKUI OOMEXYE MOXINBO-
CTi pO3BUTKY HA3eMHOI BiTPOBOI EHEPreTHKN, 30KpEMAa B paioHax i3 BENMUKOIO LLiNbHICTIO HaceneHHsi, abo B paioHax, Bpas-
nueux 3 nornsigy GiopisHoMaHiTTs. [eTanbHWi ornsig couianbHUX W eKonoriYHUX npoGrem, NoB'A3aHMX 3 aKyCTUYHUM
BUMPOMIHIOBaHHAM, nodaHo B poboTtax (Omodaro et al., 2023; Sander, Jung, & Schindler, 2024). Mpupoaa BUHUKHEHHS ae-
pPOAUHAMIYHOTO LWyMy nonsdrae y B3aeMogii 3aAHbOI Ta NepefHboi Kpanok npodinsa nonati 3 TypbyneHTHMU CTPYKTYpamm
nig Yac o6TikaHHA NOTOKOM NOBITPSA. OCHOBHI (Pi3nYHI MexaHi3amMK reHepalii LLyMOBOro BUNPOMIHIOBaHHSI aepoavHaMiYHNM
npodinemM po3rnsHyTo, Hanpuknag, y poboti (Bertagnolio, & Fischer, 2022). BapTto 3ayBaxuTu, Wwo npobnema aepognHami-
YHOrO LLYMY fonaTtew € akTyanbHO He TifbKu AN BITPOBUX TYpOiH, a Takox i 4NA NPOMMUCIOBKX Ta NOBYTOBMX BEHTUNSATOPIB,
nonaren nponenepis BMNJ1A Ta iHWKXX NiTanbHUX anaparTis.

MeToam 6opoTbbu 3 aepoanHaMiYHUM LLYMOM NOAINSOTLCA Ha akTuBHI | nacueHi (Ahmed et al., 2025). AKTMBHI MeToaN
BMKOPWCTOBYIOTb 30BHILLHI BMNMBW Ha CTPYKTYPY NPUMEXOBOTO LLapy 3a4/1si KepyBaHHS CTAHOM NMPUMEXOBOTO Liapy i Typby-
neHTHicTo. [1o Takmx MeToAiB HanexaTb METOAM BAYBaHHSA NOBITPst abo BiACMOKTYBaHHS MPUMEXOBOrO LWapy 3 NOBEPXHi
(Yang et al., 2023), kepyBaHHs chopMOto nonaTi 3a gonomoroto 3akpunkis (Hu et al., 2022), BukopucTaHHSA eNnekTponnasMoBmnx
meTogis (Patel et al., 2021) Towo. He3Baxatoum Ha Te, WO aKTUBHI METOAMN AAKTb 3MOrYy OOCAITW Kpawux pesynbTaTiB 3i
3HWKEHHS PiBHS LLYMY, NPOTE BOHW € 4OCUTb CKNagHUMMW, BapTiCHUMM, NOTPebyoTe 40AaTKOBOIO CMOXMBaHHSA eHepril i MeHLL
HagivHi. Hatenep Taki MeToan BUKOPUCTOBYIOTLCSI NEPEBAXKHO NULLIE B EKCNIEPUMEHTanNbHMX BiTpoBUX TypbiHax. Ha npakTui
Habynu NOWMpPeHHSA NacuBHI METOAMN 3HWXKEHHS WyMy. Taki meToau nepeabavaloTb BUKOPUCTAHHS LWYMOMOrNnHansHnx abo
TekcTypHux matepianis (Yang et al, 2024a) ans nonaten Typ6iH, nopnctux (Shige et al., 2024) abo gemndipyBanbHMX BCTa-
BOK y KOHCTpyKUii nonari (Arif et al., 2024), a Takox pi3Hi MogndikaLii 3agHbOI Kpanku nonarti, Wo Aae 3MOory pywHyBaTu
TypbOyneHTHi CTpyKTYypw, siki BuHMKatoTh (Liu et al., 2022). Came ocTaHHin niaxig € 0gHUM 3 HaNMEePCNEeKTUBHILLMX, OCKINbKM
Jonomarae 3aMeHLUNTUM piBeHb WyMy 6e3 BTpaTh aepoanHamiyHUX xapaktepucTuk npodping nonarti (Zhou et al., 2022).

YnpoBamkeHHs Taknx mogudikaivi noTpebye 3aiiCHeHHS BIAMOBIAHUX aKyCTUYHUX AOCHimMXeHb. EkcneprmMeHTanbHi akyc-
TUYHI JOCAiMKEHHSA BUMaratoTb NPOBEAEHHS JOCNIAIB Y crneuianbHnx 6e3nyHHNX KiMHaTax abo aepoamHamivyHMX Tpybax 3 opra-
Hi3aujeto cknaaHoi iHdopmaLinHo-BMMiptoBanbHoi cuctemu (Firoozi et al., 2024). OcHoBHOO Npobnemoto B TakvMx AOCHIAKEHHSAX
€ CKnagHicTb BiJoKpeMneHHs (pOHOBOrO LWyMy abo LyMy Bif 30BHiLLHIX A)kepen (MexaHi4HOro WyMy ekcrnepvMeHTanbHol ycTa-
HOBKW). OCHOBHUM iHCTPYMEHTOM [OOCHIMXEHHS aKyCTUYHWX MpoueciB M onTumisauii npodinto TypbiH € matemaTunyHe
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MoAentoBaHHA. HWHI 3anponoHOBaHO BENWKY KinbKiCTb Mogenen i MeTofiB po3paxyHKy aepoauHamikvi npodinis Big npocTtux,
LLIO BUKOPMCTOBYIOTb TEOPIlO igeansHoro Bitpokoneca (Goman et al., 2022), 4o cknagHWX YMCIIOBUX METOAIB 06UMCnioBanbHOI
aepogmHamikm (Alekseyenko et al., 2022) i meTogiB mawmHHOro HaB4aHHS (Yang et al., 2024b). Xoua cy4acHi uicnosi nigxoau,
30Kkpema MeToau obumcnoBanbHoi aepoakycTuku (CAA), AEMOHCTPYIOTb 3HAYHWI NPOrpec y nepeadayeHHi LyMOBUX XapaKTe-
PUCTWK, BOHW 3anuLIAIOTLCS 3arNeXHMMK BiJ MOAENIOBaNbHUX NPUNYLLEHb, SK-OT: TYpOYNEeHTHICTb, rpaHWYHi YMOBMW, TOYHICTb
yncenbHoi CiTkn. EkcnepMmeHTanbHi BUMIpIOBaHHS!, 30Kpema MIKpodOHHI MacuBK, 3abe3nedyoTb He3anexHe JKeperno AaHuX,
LLIO Ja€e 3MOry He NuLLe NepeBIPUTU TOHHICTb YMCMOBMX MOAENEN, ane v BUsiBUTU (Di3NYHI siBMLLA, SIKi BXKKO NigaalTbCs Moae-
NOBaHHI0). EkcnepumMeHTanbHi MeToam nocigalTb KIHOYOBE MicLie B aepoakyCTUYHUX AOCHIAKEHHSAX, JOMOBHIOKYM YUCIIOBE
MOZENNOBAHHS LUMAXOM Bepudikauii 1 yTOUHEHHS po3paxyHKoBMX pedynbTaTiB. OTxke, iHTerpauis ekcrnepMMeHTanbHUX i Yncno-
BMX METOZIB € KPUTUYHO BaXMMBOIO ANs JOCTOBIPHOrO aHanily aepoakyCTUYHIX NPOLECIB Ta po3pobrneHHs edpeKTMBHUX 3aco0iB
LLUYMO3HWXXEHHS. Y NPOMOHOBaHI pOGOTi BUKOPUCTAHO EKCNEPUMEHTANBHUIA MeTog, 1 anroputM o6pobKM ekcrepMMeEHTanbHUX
AaHVX Ha OCHOBI WBKAKOro nepetBopeHHs Pyp'e (FFT) ana gocnimxkeHHs akyCTUYHWUX NPOLECiB, LWo nepebiratoTb nig Yac obTi-
KaHHs1 CTaHOAPTHOrO | MoandikoBaHoro npodinie nonati TypGiHW.

O6'exT gocnimkeHHs — aepoguHamiyHmi npodins NACA0012, siknid HavacTille BUKOPUCTOBYIOTb Y TECTOBUX 3aJavax 3
JOCnigXeHHs aepoanHaMiki nonaten TypoiH.

MeTa poboTn — BU3Ha4YeHHs BNNuBY moaudikauii 3agHboi kparkv npodinsa Ha piBeHb aepoAUHaMIYHOMO LLYMY LLNAXOM
MaTeMaTUYHOrO 1 KOMN't0OTEPHOrO MOAEMNOBaHHs. [Ana AOCArHEHHA MeTU cchopMynbOBaHO Taki 3aBAaHHSA: BU3HAYNTN METO-
OONOrito 4OCNIAKEHHS, BUKOHATUN PO3PaxyHKM aKyCTUYHMX MOSiB HAaBKOMO NPodifiB pisHOi reoMeTpii, OuiHKa BNMBY Moandi-
Kauii 3a4HbOT Kparku Ha piBeHb aepofmMHaMiYHOro wymy npodins.

1. MocTaHOBKa 3agavi i MeToaonoria gocnigXXeHHsA

PosrnaHyTo ABa BapiaHTV BUKOHaHHs ronaTi BiTpoBOi TypbiHK, Wo MaloTb aepoamHamMiyHum npodine NACA0012: cran-
OapTHUR | mogudpikoBaHM. EkcnepumeHTanbHi mogeni, wo 6ynu BurotoeneHi metogom 3D-gpyKy npeactaBneHi Ha puc. 1.

a 6
Puc. 1. CxeMu BUKOHaHHA aepoauHaMiyHoOro npodinto:
a — cTaHgapTHa; 6 — mogudikoBaHa

CraHgapTHe BMKOHaHHA npodinto nepeabayae rocTpy MiHinHy y NnaHi 3agHIo Kpawiky, Sk nokasaHo Ha puc. 1 a. Y gpyromy
BapiaHTi 3aJHI0 KpaWKy BUKOHAHO Yy BUrNsAi 3a3yOpuH, sik nokaszaHo Ha puc. 1 6. MNepenbayaeTbes, Wo Taka moamdikauis
CnpuATME PYNHYBAHHIO CUMbHUX KOrepeHTHUX TypOyneHTHUX BUXOPIB Y 30Hi BiAPUBY MOTOKY, LLO Mae NpUBOAUTU A0 3MEH-
LLIEHHS IHTEHCUBHOCTI aepoanHaMIYHOro Wymy. Po3rnsHyTo cermeHT npoching gosxuHow 200 MM i xopaoto 215 MM, Ha skomy
posTaloBaHo 13 ogHaKOBMX 3aroCTpeHnx 3a3ybpuH poamipom 43,3 Mm.

[ns pocnigXeHHs aepoavMHaMIYHOrO LWYyMy CerMeHTa ronarti BiTpoBoi TypbiHM po3pobneHo opuriHanbHWUIA ekcrnepumMeH-
TanbHWW Nigxia, peanisoBaHun y 6e3nyHHi kamepi po3mipom 3,8%3,8x3,2 M, Ae CTiHN BKPUTO 3BYKONOIMMMHANbLHUMWU MaTepi-
anamu. ExcnepvMeHTanbHa ycTaHOBKa cknagarnacb 3 00epTOBOi LUTAHIM i3 3aKpinneHo MOAENo CerMeHTa ronarTi
npodcpinto NACA0012, wo pyxanach 3i cTanor NiHinHo0 WBWUAKICTIO (40 24 M/C) 3a HyNbOBOrO KyTa ataku. [nst yHUKHEHHS
BMMUBY KiHLIEBMX BUXOPIB MOAENb PO3MiLLlyBanu Mixk TOpLIEBMMU MracTUHaAMW.

AKyCTWYHI BUMiptOBaHHSA nposoaunu wymomipom SV 971A1 3 mikpodoHom ACO SV 7152, posTaluoBaHum Ha (ikCoBaHil
BiACTaHi Big TpaekTopii moaeni. [Ans 3MeHLIeHHs BNAMBY LUYMY Big NPMBOAY BCTAHOBMIEHO 3BYKOI30MsALUiHMIA ekpaH. O6pobka
CUrHanis BUKOHYBanu i3 3aCTOCyBaHHAM anropuTMy LUBUAKOrO nepeTBopeHHst dyp'e i3 YaCTOTHO PO3AiNbHO 3aaTHicTio 12
u. [Ans BUAiNeHHs KOPUCHOrO CUrHamy 3acTtocoBYyBanu CrneKTparbHe BigHiIMaHHA (OOHOBOTO LLYMY, LLO ikCyBanu okpemo Ao
3anycky mogeni. 36ixHiCTb pe3ynbTaTiB BUMIpIOBaHb 3a6e3MneyeHo LUMSXOM KOHTPOSO NOBTOPHOCTI M ycepeAHEeHHs pesyrnbTarTis
3a MHOXMWHOMO iHTepBaniB cnoctepexeHHs (0o 20), BignosigHo ao sumor ctaHgapty ACTY FOCT ICO 5725-1:2005. OTpumaHi
pe3ynbTaTv 4anu 3mMory igeHTudiKyBaTV TOHamNbHi KOMMOHEHTY LLYMY, 8 TAKOXX BCTAHOBUTU 3aeXHICTb PiBHSI 3BYKOBOIO TUCKY.

AHani3 aKkyCTUYHUX CUrHariB NPOBOAMMM 3 BUKOPUCTaHHSM anropuTMy LUBMAKOrO nepeTBopeHHs Pyp'e, Lo Hagae MoXu-
BiCTb NepewTu Big YacoBoi 0bnacTi 4o YacTOTHOI 3 po3AdinbHo 3aaTHicTio 12 My. OCHOBHOK MeTO Gyno BUAINEHHS cnekTpa
aepoAMHAMIYHOrO LyMY, 3yMOBIEHOr0 PyXOoM MOAENi Nonari, i3 CyMapHOro curHarny, Lo MIiCTUB TakoX )OHOBI KOMMOHEHTMU.

AKYCTUYHWUI curHan x(t) HagxoamTb i3 LWYMOMIPY Y BUMMAAI AMCKPETHOI NOCMiAOBHOCTI 3Ha4YeHb x[n], Ae n — iHAEKC Bianiky
yacy, a YacToTa guckpeTusadii f Bu3Havae yacoBuii kpok t = 1/f. LLBuake nepetBopeHHs ®yp'e fae MOXUBICTb 064nCcnNnTU
OUiHKY cnekTpa curHany X[k] y yactoTHi obnacri:

L2TC
X[kl =3N=d x[n]-e” %, k=01,..,N-1, (1)
ae N — [oBXMHa aHani3oBaHOro BikHa (KinbkicTe Tovok FFT), k — iHgekc yactoTwu, Wwo Bignosigae f; = %

3 (1) Bu3navaemo amnnityay |X[k]| Ta arg X[k] . Hexai y 4acogii o6nacti cymapHuiA curHar, Lo OTPMMYEMO B pe3yrib-
TaTi BUMIpIOBaHb,

x(t) = s(t) + n(t), (2)
ae s(t) — KopucHui curHan (LWym mMogeni), IKMn NoTpiGHO BioKpeMuTH, n(t) — OHOBUIA LLYM, BUMIPSIHAIA OKPEMO B aHarnori-
YHUX yMOBaXx, arne 6e3 mogeni. Y 4acToTHi obnacTi 3anuwemo

X[f1=S() +N. @)
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OuiHKy cnekTpa kopucHoro curHany S(f) oTpuMaeMo Yepes criekTparnbsHe BigHIMaHHs

IS(AHIZ = max (IX(F)I? — alN()I?,0), (4)
ae o — koediuieHT komneHcauii wymy (1 < a < 2), BiA'eMHi 3Ha4YeHHs ycyBaemMo yepe3 obMexeHHs Ha >[10. PEKOHCTpyKLis
cnekTpa 3 ypaxyBaHHsM dasn

S() = VISP - e 79X 6)
MMicnsa ounLLieHHA cnekTpa 3acToCOBYEMO 0OepHeHEe nepeTBOpPeHHs Pyp'e ANa NoBEpHEHHS B YacoBy 06nacTb
sfn] = ~3NZd S[K]- el Wk, (6)

Bupas (6) gae amory oTpuMaTti OuMLEeHnin curHan. CnekTpanbHa LWinbHICTb NOTY)XHOCTI KOHBEPTYETLCS B piBEHb 3BYKO-

BOro Tucky SPL

. 2T
SPL(H) = 101g (D) TN=d STk - €', (7)

ae p, = 20 MklMa — pedepeHTHe 3HaYeHHs TUCKY ANSA NoBiTpA. [na 3MeHLWeHHs BUunagkoBux donykTyauin cnekTpu ycepea-
HIOKOTBCA 3a KiNbKOMa He3aneXHUMU iHTepBanamMmm CriocTepPEXEHHS

1
SPL==3%1,  SPLi(f), (8)
ae M — kinbkicTb HesanexHux iHTepeaniB cnoctepexeHb. OuiHka cTabinbHOCTIi NPOBOAUTLCS 3@ BIAHOCHUM BiAXWUIEHHSAM
1 |sPL;(f)-spL|
Arer= M 1}”:1 ]ﬂ . 9)
[ns iHTerpanbHOi OUIHKK LWYMY BUKOPUCTOBYEMO CEPEAHBbO3BAXKEHNI PIBEHDb LLIYMY
1 T
Leg=101g(3[; 104®©/10t), (10)

ae T — TpuBanicTb curHany, L(t) — MUTTEBUIA piBeHb WyMy B Aeunbenax.

3. PeaynbTaTtu gocnigxeHHs

BignosigHo 40 3anponoHoBaHOro anropuTmy 6yno NpoBeAeHO HU3KY AOCHIMKEHb aKyCTUYHOTO BUNPOMIHIOBaHHA cerme-
HTIB cTaHaapTHOI (6e3 3a3ybpuH) i MogudikoBaHoi (i3 3a3ybpuHammn) nonarew BiTpoBoi TypOiHW, L0 BCTAHOBIEHI MiJ pi3HUMU
KyTaMu aTaku i Ha pisHUX LWBMAKOCTAX BIiTPY. Ha puc. 2 npeacrtaBneHo NOPIBHANbHUIA aHani3 piBHIB aepoANHaMIYHOIO LWyMYy
SPL ans tectoBoro (ctaHaapTHoro npocping NACA0019 6e3 3a3ybpuH) cermeHTa nonaTi i MoaidikoBaHoi nionarti (i3 3a3y06-
puvHamun). Pesynbtatv npeacTaBneHi y BUrnsaai CNekTpis, WO OTpMMaHi BHacnigokK WBemaKoro nepetsopeHHs ®yp'e. Po3paxy-
HKM NpoBOAUNK NS WwBMaKocTen Habiratouoro notoky Big 10 m/c go 20 m/c, pesynbTaTtv NpeAcTaBneHo Anst HyNbOBOro KyTa
aTaku. OTpMMaHi cnekTpanbHi XxapakTepUCTUKN OatoTb 3MOrYy MPOCTEXMUTU YacTOTHY CTPYKTYPY aKyCTUYHOrO BUMPOMIHIO-
BaHHs, WO, 3i cBOro 60Ky, Jonomarae nokanisyBaTu AxXepena LuyMmy, MoB'si3aHi 3 TypOyneHTHUMN 30YpEHHSIMU Ha 3afHii
kpanui. Lle 3abeanevye HagiiHUin KpuTepii ANst NOPIBHAHHSA €(PEKTUBHOCTI Pi3HUX rEOMETPUYHMX KOHirypauin npodinto B
KOHTEKCTi 3HWKEHHSI aepoANHaMIYHOro LLyMy.

FFT spectraat v =125 m/s
)l / ]
)
g
g ] /
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Puc. 2. FFT-cnekTpu Wwymy Bia TecToBOi (niHifA 1) i moandikoBaHoi (niHiA 2) nonaTten
3a HyNbOBOro KyTa aTaky i LUBUAKOCTeN Habirarto4oro noToky:
a—10 m/c; 6 12,5 m/c; B— 15 m/c; 1 — 20 m/c
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OKpiM LWBMAKOCTI, HA aKyCTUYHE BMNPOMIHIOBaAHHSA 3HAYHO BNNMBAE KyT aTaku. Ha puc. 3 npeactaBneHo BNnvB KyTa aTaku
Ha piBeHb LWyMy And MogndikoBaHOro npointo.

FFT spectrum of the seradynamic noise of the NACAGOTZ airfeil (Asil = &)

FFT spectrum of the asradymamic nalse of the MACAGON2 airfoll (A0A = §)

ol

NN

' il Ay vy
: W 1 T
=, by L s .
. Ay T A "
k y At e - A hﬂ' ‘lfﬁ.“ﬂ.i:l‘tl. '1;1.;:.:““&..
e Y A o

e
- - ) h '1_ b Freguency (MZ)
a 6
Puc. 4. FFT cnektpu wymy ansa moaudikoBaHoro npodyins Ha pisHMX Kytax ataku: a — 0% 6 — 5°

Ha puc. 4 npeactaBneHo pe3ynbTaTv MOAEMNOBAHHS aKyCTUYHOIO BUNPOMIHIOBAHHS SIK 4151 CTAaHAAPTHOrO, Tak i Moandi-
KoBaHoro npoding ans kyta ataku 0°.

70

10? Frequency (Hz) '

Puc. 4. FFT cnekTpu wymy Ans KyTta ataku 5°i pi3HUX LWUBUAKOCTAX Habiralo4oro noToky :
1 — TecToBUIA NpoQinb; 2 — mogudikoBaHun npodinb

OTxe, OTpUMaHi CNeKTpU 4ak0Tb 3MOry HA0YHO MOPIBHSTY PiBHI aepoAnHaMIYHOrO LYMY MiX CTaHA4apTHUM i MoaudikoBa-
HUM NpodinNsaAMK 3a pi3HUX yMOB OOTikaHHS. BusiBneHi BiAMIHHOCTI B YaCTOTHOMY CKNafi LymMy CTBOPIOIOTb MiArpyHTS Ans
noanbLUOro aHanizy eeKkTMBHOCTI 3anponoHOBaHOI reomeTpuyHOI MoaundikaLii.

[unckycis i BUCHOBKM

PesynbTaTi AocnimxeHHs Aany 3Mory oTpUMaTu HafilHi AaHi Wwoao po3nodiny akyCTUYHOro TUCKY Ta CneKTpanbHUX Xa-
pakTepucTuk WwymMy. HaBegeHi pe3ynbTat YMCNOBOro aHanidy criekTpanbHUX XapakTepUCTUK aepOoAMHaMIYHOro Wymy nigr-
BEPOXKYIOTb eheKTUBHICTb 3anponoHoBaHoi Moaundikauii 3agHboi kpavikn npodinto NACA0012. MogudikoBaHmin npodins i3
3a3yb6peHMN KparikaMu NPOAEMOHCTPYBAB 3HVDKEHHS PiBHS 3BYKOBOIO TUCKY B LUMPOKOMY YaCTOTHOMY AianasoHi NOpiBHAHO
3 TpaguLUinHMM npodinem, ocobnmBo B Aiana3oHi HU3bKKX i cepeHix YacToT (0o 8 kML), WO € TMMOBMMY AN aepoauHamiy-
HOro BMMPOMIHIOBaHHS Bi BUXPOBUX CTPYKTYP. Y BMCOKOYACTOTHIN 06nacTi akyCTUYHI XapakTepUCTUKN He AEMOHCTPYOTh
3HaYHOI po3bixHOCTI ANa 060x BUNaakis. MNokasaHo, LWo AN HyNbOBOroO KyTa aTakv MakcumarbHe 3HWKeHHS piBHA SPL cTa-
HOBWUTb [0 5-7 b 3a weuakocTei Habiratodoro notoky 10-15 m/c. Lleii edhekT AeLlo 3aMeHLLYeTbCS 3a 36iNbLUEHHS LIBUAKOCTI
Habiraro4oro NOTOKY i NiABULLEHHS KyTa aTaku. Lie NosicHIoEMO 3MIHOI CTPYKTYpM BiApyBY NOTOKY Ta 3CyBOM [pKepen LUyMy.
BogHo4ac ans BCix po3rnsHyTMX po3paxyHKOBKX BapiaHTiB Moaundikauis npoding gae 3Mory 3MEeHLNTM akyCTUYHE BUNPOMI-
HIOBaHHSA. 3ayBaXxnMO, L0 36iNbLUeHHS KyTa aTaku Npu3BOAMTb A0 36inbLUeHHs piBHA aepoAuHaMIYHOro LWyMy Bif ronari.

MpoBeaeHe pocnigXeHHs NiaTBepAnno, Wwo moamdikauia 3aaHboi Kpaku Npodinto nonati BiTpoBoi TypbiHM y BUrnsAgi
nepiognyHMX 3a3ybpuH Cnpusie CyTTEBOMY 3MEHLLEHHIO aepoAMHaMIYHOro LLYMOBOIO BUNPOMIHIOBaHHSA 6e3 BTpath reomeT-
pWYHOT LinicHocTi abo aepoauHamiyHOT eheKTUBHOCTI. HanbinbLunii epeKT 3HUKEHHST PIBHS LLYMY CMOCTEPIraemo 3a Hynbo-
BOr0 KyTa aTaku Ta cepefHix LWBMAKOCTEN Habiraw4oro notoky. Lle o3Havae, Wo 3anponoHoBaHa Moaudikauis €
NepcrnekTUBHOK AN BUKOPUCTAHHS Y BiTPOBUX TypOiHax, a Takox ONTMMi3aLii KOHCTPYKLiM iHLUMX TUMiB nonaTew (Hanp., Npo-
nenepis BINJ1A abo npomucnosux BeHTUNATOpPIB). Po3pobneHa meToauka aHaniay Moxe Oyt BUKOpUCTaHa Ans noganbLumx
AocnigXeHb 1 onTuMisadii npodinsa nonari BiTpoBOI TYpOiHM 3 METOK 3MEHLLEHHS aepPOANHAMIYHOIO LyMy.
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ANALYSIS OF THE ACOUSTIC EMISSION OF A MODIFIED SEGMENT
OF AWIND TURBINE BLADE WITH A NACA 0012 AIRFOIL

The relevance of the study is due to the need to reduce the noise pollution that occurs during the operation of wind power
plants, in particular, in densely populated or environmentally sensitive regions. One of the promising approaches to reducing the
acoustic radiation of wind turbine blades is the modification of their geometry to control turbulent flow structures. This paper
presents the methodology and results of an experimental study of aerodynamic noise generated by a NACA0012 blade profile. The
effect of periodic notches on the trailing edge on the acoustic characteristics of the profile is studied. The aim of the work is to
assess the effectiveness of the notched trailing edge in reducing the level of aerodynamic noise. The study was conducted in an
anechoic chamber using physical models of the profile manufactured by 3D printing, and acoustic measurements were performed
using a sound level meter with subsequent data processing using the Fast Fourier Transform (FFT) method. The experiments
covered different incident flow velocities (from 10 to 20 m/s) and angles of attack (0° and 5°), and the results are presented in the
form of sound pressure spectra. It was found that the modified profile provides a reduction in the sound pressure level of up to
7 dB compared to the standard profile. The effect is especially pronounced in the frequency range up to 8 kHz, typical of vortex
noise sources at relatively low flow velocities. The proposed approach demonstrates high efficiency and can be applied to optimize
the designs of wind turbines, as well as other rotating elements, such as UAV propellers or fans.

Keywords: aerodynamic noise, wind turbine, NACA0012 airfoil, serrated edge, experimental investigation, acoustic
measurements, FFT, acoustic emission.

ABTOpU 3aABNAIOTb NPO BiACYTHICTb KOHANIKTY iHTepeciB. CNoHcopu He Bpanu yyacTi B po3pobneHHi AocniaxeHHs; y 36opi, aHanisi uun
iHTepnpeTaLii AaHVX; y HAaNMUCaHHi PyKonucy; B pilLeHHi Mpo nybrikavito pe3ynbTaris.
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TECHNOLOGY FOR LASER THERMOFORMING
OF THIN-WALLED METAL STRUCTURAL ELEMENTS

The article investigates the thermoforming of thin-walled metal structural elements using pulsed laser irradiation with a
physically nonlinear thermoviscoplastic finite element model. The research focuses on the deformation mechanisms caused by
transient thermal loads and their impact on the geometric accuracy of the molded parts. Simulation shows that pulsed laser
irradiation creates localized thermal stresses and residual plastic deformations, which in turn cause controlled bending of thin
metal sheets without the need for external dies or mechanical tools.

Numerical analysis demonstrates that the temperature-dependent viscoplastic properties of alloys play a decisive role in
determining the efficiency of deformation and the stability of the resulting geometry. This article proposes a numerical model for
simulating the laser thermoforming (LTF) process. It is based on the thermodynamically consistent theory of coupled
thermoviscoplasticity. It is shown that it is suitable for modeling LTF for thin-walled metal structural elements. Within this model,
the problem formulation consists of the Cauchy equation, the equations of motion, and the heat conduction equation, as well as
mechanical and thermal boundary conditions and initial conditions. A generalized model of physically nonlinear temperature-
dependent thermoviscoplasticity is used to describe the behavior of the material. Spatial discretization of the axisymmetric problem
of laser pulse loading of the disk is performed using the finite element method. The unsteady process of LTF of the deformed disk
configuration is modeled. The final profile of the disk is obtained as a result of the thermally induced state of residual stresses and
deformations caused by rapid heating and subsequent gradual cooling of the material in the laser irradiation area. The results
confirm that laser thermoforming allows localized shaping of thin-walled parts with reduced material waste, lower energy
consumption, and higher flexibility compared to conventional forming methods. In particular, the modeling results align with
experimental trends reported in the literature, where bending angle control, curvature reversal, and multi-pass strategies are
feasible for both aerospace-scale panels and micro-electromechanical system (MEMS) components.

Keywords: laser thermoforming, thin-wall metal elements, thermoviscoplasticity theory, thermomechanical model, finite
element simulation, residual stress-strain state.

AMS 2020 classification: 35Q79, 74F05.

Introduction

The demand for lightweight yet high-strength structural elements in mechanical engineering, aerospace, automotive, and
microsystems industries continues to grow due to the superior performance of metallic materials such as aluminum, titanium,
and their alloys. Traditional forming processes - deep drawing, hot stamping, and superplastic forming - remain widely used
for manufacturing thin-walled components of complex geometry. However, these conventional methods suffer from several
drawbacks, especially when processing materials with high elasticity and strength, such as titanium alloys (Hu et al., 2016;
Langer, Spradlin, & Fitzpatrick, 2016). Laser-based processing offers an alternative tool-free approach that relies on localized,
non-contact heating to achieve shape modification of metallic sheets. Among these methods, laser thermoforming (LTF) has
proven particularly attractive for the precise bending and shaping of thin-walled elements. By controlled irradiation with pulsed
or continuous laser beams, residual thermal stresses are generated, enabling permanent deformation without external forces
or dies (Ocafia et al., 2011). Compared to conventional processes, LTF provides high design flexibility, low-cost adaptability,
and the possibility to process materials that are otherwise difficult to form mechanically, such as nickel-based superalloys and
refractory metals (Hu et al., 2016).

Recent advances in experimental and numerical studies have demonstrated that LTF enables smooth curvature
transitions, reversal of bending direction, and multi-scale applications from large aerospace panels to micro-electromechanical
systems (MEMS) (Ocafia et al., 2011). Numerical modeling based on coupled thermo-viscoplastic formulations has also
become an indispensable tool for predicting deformation, stress distribution, and microstructural changes during pulsed
heating and subsequent cooling (Wakchaure, Misra, & Menezes, 2024; Langer, Spradlin, & Fitzpatrick, 2020). In this paper,
the interaction between a thermal pulse and a structural element is studied, making use of a dynamic problem statement
involving a generalized model of physically nonlinear behavior of materials in a wide temperature range consistent with the
thermodynamics of irreversible processes.

1. Problem statement

The formulation of the problem of irradiation of a metal structural element by a short-term thermal pulse based on a
coupled model of thermos-inelastic behavior was discussed in the literature (Hu et al., 2016; Ocafia et al., 2011; Zhuk,
Senchenkov, & Boichuk, 2009). In this paper, the axisymmetric version of the problem statement is used. Below, the equations
of the thermo-viscoplastic model of material behavior, along with the problem equations, are briefly presented. Then, the
formulation of the initial and boundary conditions usually used in modeling the LTF process is also listed to complete the
problem statement.

© Zhuk Yaroslav, Fallah Arash Soleiman, 2025
ISSN 1812-5409 (Print), ISSN 2218-2055 (Online)



~102 ~ B 1 C H U K KuiBcbkoro HauioHanbHoro yHieepcurety imeHi Tapaca LleBueHka

Let a metal disk of radius and thickness % be considered. Its geometry in the cylindrical coordinate system Orz¢ is given
as follows: [f|<R, 0<|z<h.

The formulation of the dynamic axisymmetric coupled problem of thermo-viscoplasticity consists of the equations of
kinematics and dynamic equilibrium/motion in terms of the Cauchy stress tensor, the energy balance equation, which is
reduced to the heat conduction equation, mechanical and thermal boundary conditions, as well as initial conditions that are
listed below

Ou, ou, u, 1({0u, Ou,
& =7 &= > &=, o A + (1)
oz or r 2\ or oz
oo, +l(0 o)+ o, d'u, oo, L, 0o _ o’u, @)
ar T T TP T TR T e TP
c,0+3a0K, (&, —3a0)- D'~ kA0 =1, (3)
c,n,=0 onS, (4)
00 . 00
—kg:q‘c on §, i 0<¢<¢t,; 5:0 on S-S, (5)
u, =u =u, =u =0, 6=0, at t=0 (6)

where u,, u, are the displacements along the corresponding axes; ¢, , ¢, €_, and g, are the components of the strain

o
tensor; o,, ©,, o, and G, are the components of the stress tensor; 0 is temperature; o, ¢,, and &k are coefficients of
linear thermal expansion, heat capacity at constant volume, and thermal conductivity, respectively; . K, . is volume modulus
of the material; 7, is power of the given internal heat sources; D’ is mechanical energy dissipation rate; 9, is the initial
temperature; »;'s are the component of the outward unit normal vector to the corresponding boundary surface; S, is part of
the surface (r <r,, z=0) subjected to the thermal pulse; and ¢, =¢, +£&_+¢, is the rate of the dilatation.

To describe the physically nonlinear thermo-viscoplastic behavior of the disk material, a generalized model developed in
(Zhuk et al., 2001; Zhuk, Senchenkov, & Boichuk, 2009) is used. It is consistent with the thermodynamics of irreversible
processes and consists of a representation of the total strain as a sum of elastic, inelastic, and thermal components,

g, =€ +el +e,, i ©r,2,02,0, (7)
where thermal deformation is represented as:
0 0 ’ v,
ey =5, a(0')d0’ 8)
e Hooke's law written for the deviatoric and volumetric parts of the stress tensor
sl.j:ZG(eij—sg), G, :SK,,(ek —e,?k), 9)
where 85 and e, are the deviators of the stress and strain tensors, respectively; G is the shear modulus; the summation
over the repeating indices is assumed;
o the flow rule accompanied by the condition of plastic incompressibility
g =hs,;, &,=0; (10)
e kinetic equation
D! =D} exp[f(Zz/3J2)”:|, Z=K+D, Jy=s,5,/2, DI =ilil 2, 2= DI [, (11)

where Z=K+D, J,=s,5,/2, D} =&L&! [2, A =Dy [J,;
¢ and the evolution equations for the internal variables of isotropic and kinematic hardening

K=m (K ~K)W, K(0)=K; B, :mz(Dlu,.j _B:'/')Ww B,(0)=0; D=Bu;, u;=c,/(s,,0,, )1/27 W, =c,t]. (12)

The values D,, D,, K,, K, m;, m, and n are constants of the constitutive model. The expression for the dissipative

function D’ used was derived in (Zhuk, Senchenkov, & Boichuk, 2009) in the frame of thermodynamics of irreversible
processes

ij?

D,:G!‘/ég_Ks_ﬁUdii :Wp_WvK_Wsﬁ- (13)
The values of & and o, are some internal variables conjugate to the thermodynamic forces K and B, (parameters of

isotropic and kinematic hardening, respectively).

We assume that a laser pulse irradiates the center of the surface z=0 over a circular spot of radius r, . This single

thermal pulse is modeled by a specified heat flux g, of duration ¢, across the disk boundary. The time-space law describing

the pulse is given as follows:
wr . T
Gycos——sin—; r<r,, t<t,,
qs = o (14)

0; r>r,,t>1,
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A thermal insulation condition is assumed on the rest of the disk surface. After the pulse has ceased, the irradiated part
of the surface is also considered to be thermally insulated. Equations (1)—-(13) with initial and boundary conditions (14)
constitute the formulation of a coupled problem of thermomechanics of physically nonlinear solids under thermal loading.

2. Material properties and solution technique

Steel 35CrMo was chosen as the disk material. The physical and mechanical properties for this material and their
dependencies on temperature were taken from (Senchenkov, & Tabieva, 1996; Zhuk, Senchenkov, & Boichuk, 2009).

The problem statement, as formulated by equations (1)—(14), represents an essentially nonlinear problem which may only
be solved numerically. Here, the same approach as developed in (Zhuk, Senchenkov, & Boichuk, 2009; Zhuk et al., 2001) for
solving dynamic plane and axisymmetric problems of thermo-viscoplasticity is adopted.

The numerical implementation of this technique is carried out as a double iterative process. The spatial discretization of
the problem is carried out by making use of the finite element method (FEM). The calculations were performed for a fine
mesh, especially in the irradiated area, to correctly simulate the thermomechanical response caused by large temperature
gradients. The application of FEM within the framework of the external iterative process leads to the problem of the dynamics
of viscoelastic solids. The second time derivatives in the equations of motion for an arbitrary moment of time are represented
by Newmark's formulas. At each time increment, the problem is solved by the iteration method, while each iteration consists
of solving a linearized problem of motion.

3. Calculation results and analysis

Calculations were performed for a disk of radius R=5-10°m and thickness 4#=10"*m, which are typical for

micromechanical systems. The radius of the irradiation zone was », =1.5 107 m, the pulse durations t, have been varied
from 10°* s to 107 s, and the heat flux parameter ¢, was also varied from 6-10” to 2-10° kW/m?2. The initial temperature 9,

of the disk was assumed to be the room temperature of 20 °C.

The mechanism of laser thermoforming of thin-walled parts is to create laser-induced thermal residual strain without the
use of tools or external forces. When a disk is irradiated, a region of high temperature gradients occurs on the surface and in
the near-surface zone, which changes its configuration over time. After the end of the laser pulse, in the absence of heat
exchange with the environment, the temperature gradually equalizes over the disk volume. As a result of the fast expansion
of the material over the irradiated zone, significant compressive stresses occur, which form a quasi-static component of the
stress field. After a significant time has elapsed compared to the pulse duration (for the considered configuration and
conditions, calculations showed that the stabilization time can be chosen as 1=0.4-10"s), the compressive stresses
disappear, and a region of quasi-static residual tensile stresses is formed in the center of the disk, which can subsequently
compromise the strength and durability of the structure.

u, 10, m w107, /"™ 1P, m
m

0.710° /
0.210° — 1
% 2 L
1107 0

4= 210 %
/ 1 7 07510 1
S 310° %(ﬁ %

/ 2 1
4107 o
L2108, kIi/m?
prem %0 05 1 15 g, 108

-3 -
0 2 4 ri0,m 30 1 2 3 4 r,mm kWi/m?
a b c
Fig. 1. Results of disk forming simulation
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The developed problem statement, the method of its solution, and the obtained modeling results were used to study the
applicability of the LTF technology to treat the structural elements by short thermal pulses for the purpose of stamping or forming
the desired profile (configuration). The presence of significant inelastic strains induced by thermal processing, which are asymmetric
relative to the median surface of the disk, leads to a modification of the surface curvature of metal plates, shells, and structural
elements without the use of an external force load. The results of modeling this process are illustrated in Fig. 1.

Figure 1 a shows the evolution of displacements of the surface points of a disk irradiated by a laser pulse for the case of
a free edge. The time moments for which the surface profiles were drawn are marked with numbers. The maximum deflections
are achieved in the center of the disk. Fig. 1 b shows the residual displacements of the disk surface under the influence of
pulses of different power. For higher laser pulse powers, which are simulated by an increase of the heat flux parameter ¢,

an increase in surface deflections is observed both in the center and at the edge. The dependence of the maximum
displacement magnitude on the heat flux parameter is shown in Fig. 1 c.

The maximum deflection is always observed in the center, with the bend directed toward the irradiated side. The edge of
the disk moves in the opposite direction. An additional factor that affects the quantitative characteristics of the thermoforming
is the conditions applied at the disk edge. In the case of a fixed contour, the residual deflections for the given problem
parameters are predicted to be 7.5 % smaller than in the case of a free contour.

Discussion and conclusions

The model developed for studying the process of laser thermoforming of a thin-walled steel structural element allows for
simulating the complex coupled thermomechanical behavior of the material under the assumptions made. A dynamic formulation of
the problem was applied with making use of a generalized model of physically nonlinear response of materials in a wide temperature
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range consistent with the thermodynamics of irreversible processes. The obtained quantitative and qualitative results of modeling
the laser thermoforming of metal sheet parts show that the creation of laser-induced thermal residual inelastic strains is the main
mechanism of shape change. The evolution of inelastic deformation fields in a disk, the dependence of residual inelastic deformation
distributions along the radius and thickness of the disk, the effect of laser thermal irradiation level on the magnitudes of induced
deflections, and the influence of the conditions of disk contour fixation on the efficiency of thermoforming were studied. It was found
that a greater variation of the disk profile can be achieved when the disk edge is free.

Authors’ contribution: Yaroslav Zhuk — conceptualization; methodology, software; Arash Soleiman Fallah — analysis of sources,
empirical data collection and validation, empirical research, preparation of literature review, and theoretical foundations of research.
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TEXHONOrIA NA3EPHOIO TEPMO®OPMYBAHHA TOHKOCTIHHUX
METANEBUX KOHCTPYKUIMHUX ENNEMEHTIB

3anponoHoeaHo YucenbHy Modesb Onsi MOOesto8aHHS Npouyecy 1azepHo20 mepmogopmyeaHHs (LTF). BoHa po3pobneHa Ha ocHogi mepmModu-
HaMi4Ho y3200)xeHoi meopil criony4yeHoi mepmoeickonnacmu4Hocmi i nioxodums Ans modentoeaHHs1 LTF Anss moHKocmiHHUX Memanesaux KOHCmpYy-
KyiliHux enemeHmis. Y Mexax yiei Modeni nocmaHoeka 3adayi cknadaemscsi 3 pieHsiHHsA Kowi, pieHsiHb pyxy ma pieHsIHHSI eHep2emuYHo20 6anaHcy,
wo 38edeHo A0 PiGHSIHHSI MeMNIoNPO8IOHOCMI, @ MaKOX MexaHi4HUX i mensioeux 2paHUYHUX YMO8 ma rno4amkosux ymos. [jns onucy nosediHku
Mamepiany eukopucmaHo y3a2anbHeHy Modesib (i3uyHO HeniHiliHoi memMnepamypHo-3anexHoi mepmoegickonnacmu4Hocmi. [l[pocmopoey duckpe-
mus3sayiro ocecumempu4Hoi 3adayi 1a3epHoO20 iMNyIbLCHO20 Ha8aHMa)KeHHs1 OUCKa 8UKOHaHO MemMoAOM CKiHYeHHUX efleMeHmie. 3Mo0esIbo8aHO He-
cmauyioHapHuli npoyec LTF degpopmoesaHoi koHgpicypayii ducka. Kinyeeuli npoginb ducka ompumaHo eHac/idok mepmiyHO iHOyKoeaHO20 cmaHy
3a/luwKosuUX HanpyxeHb i de¢hopmayili, BUKITUKaHO20 WEUOKUM Haz2pieaHHSIM i nodanbwum Mocmynosum oxosioKeHHsIM Mamepiany & OinsiHyi,
OnpoMmiHeHil nazepom.

Knio4yoBi cnoBa: nasepHe mepmogopmyeaHHsi, MOHKOCMIHHI Memariesi efleMeHmu, meopisi mepmMos ‘si3KkonaacmuyHocmi, mepmMomMexa-
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UNIFORM ATTRACTORS AND ASYMPTOTIC GAIN PROPERTY FOR THE PDE-ODE SYSTEM

The paper investigates the qualitative behavior of weak solutions to a dissipative infinite-dimensional non-autonomous per-
turbed system, which consists of a parabolic reaction-diffusion system and a nonlinear system of ordinary differential equations.
Perturbations are modeled by bounded functions included in the right-hand side of both systems. The considered system is
known to possess a global attractor in the absence of perturbations, which determines the long-term dynamics of all trajec-
tories. However, the robustness of such attractors under external disturbances remains a challenging issue, especially in the
context of nonlinear and infinite-dimensional systems.

In this study, we adopt an approach based on the theory of uniform attractors for non-autonomous dynamical systems (semi-
processes). A corresponding family of semi-processes associated with the perturbed PDE-ODE system is constructed. The
existence of a uniform attractor is proven, and its convergence to the global attractor of the unperturbed system is established
as the amplitude of disturbances tends to zero. This allows us to derive a nonlocal robust estimate of the asymptotic gain (AG)
type, which complements the local ISS-based robustness result and provides an upper bound on the deviation of perturbed
trajectories from the unperturbed attractor in terms of the perturbation magnitude. The results contribute to the theoretical
foundation for robustness analysis in dissipative infinite-dimensional systems with complex long-term dynamics.

Keywords: asymptotic gain, uniform attractor, infinite-dimensional system, PDE-ODE system.
AMS 2020 classification: 34D45.

Introduction

It is known that the global asymptotically stable equilibrium position of a linear system is robust in the sense that for
any bounded perturbations, the solution eventually finds itself in an equilibrium position, and the size of this neighborhood
depends only on the norm of the perturbations. For nonlinear systems, this is generally not the case (Khalil, 1992). An
estimate of the trajectory divergences for such a system in the case of its perturbation can be obtained within the frame-
work of the Input to State Stability (ISS) theory (Sontad, 1998; Atamas, Dashkovskiy, & Slynko, 2023a; Zheng, Zhu, &
Dashkovskiy, 2022; Mironchenka, 2023h, 20234; Mironchenko, Prieur, & Wirth, 2021). The main tool in both the finite-
dimensional and infinite-dimensional cases is the ISS Lyapunov function, in terms of which the desired robust estimates
are obtained (Sontad, 1998; Dashkovskiy, & Mironchenkg, 2013; Kasyanov, & Zgurovsky,, 2018a; Atamas, Dashkovskiy, &
Slynko, 2023b; Mironchenka, 2023d). However, for many infinite-dimensional dissipative dynamical systems, a character-
istic property is the presence of a non-trivial attracting set in the phase space — a global attractor (Temam, 1998; Robinson,
2001; Kasyanov, Toscano, & Zadoianchuk, 2012; Kapustyan et al., 2014; Chueshov, & Rezounenkd, 2015; Chueshov, &
Ryzhkova, 2012). The transfer of the basic ISS constructions to parabolic and hyperbolic systems with a non-trivial attractor
was carried out in work (Kapustyan, & Dashkovskiy, 2022). At the same time, to prove the property of Asymptotic Gain
(AG), an approach related to the analysis of uniform attractors of non-autonomous dynamical systems (semi-processes)
and their dependence on perturbations turned out to be productive (Kapustyan et all, 2023; Kasyanov, & Zgurovsky, 20184,
2018b; Zgurovsky et al., 2017; Dashkovskiy, & Slynkd, 2022; Xu, Caraballo, & Valerg, 2022b, 20223).

In this work, this approach is applied to the PDE-ODE type system, the robustness of which in the sense of local
ISS was established in the article (Kapustyan, & Yusypiv, 2023). Here, a corresponding family of semi-processes will be
constructed, the existence of a uniform attractor will be proven, and (based on the fact of its convergence to the attractor
of the unperturbed system) a robust estimate will be established in the sense of AG.

1. Problem statement and main result
Let Q ¢ R? be a bounded domain. Consider the PDE-ODE system

(1)

ur = AAu — f(u) + B(z)v(t) + di(¢, x),
ulon =0
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dv

i —F(v) + /G(:c)u(x,t)da: + da(t) (2)

where A is given N x N-matrix for which 3(A + A%) > I, u = u(z,t) = (u',...,u"),0 = v(t) = (v',..,0") are

unknown functions, B,G € L*(Q) are given matrices of corresponding dimensions, di € L*(0,+oo; (L*(Q)"Y), d2 €
L>(0, 4+00; RM) are incoming "disturbing” signals, and for all y, w € R, » € R the following conditions hold:

f e CYRY;RY), F e C'(RM;RM),
DIy v W -,
=1 1=1
N . _Pi N
DSIFWIPT <Dl + 1), (3)
=1 i=1
(Df (ww, w)gn = —es - ||wllzx,

Mo A
Z:F’(u)uZ > vs|lullam — ca,
=1

where vy, 2,3, ¢1, 2, c3, ca @re given constants, p; > 2,i =1, N.
Hereafter, we will use the notation:

pi
pi—1
LP(Q) = LP*(Q) x ... x LPN(Q),
LP(0,T; LP(Q)) = L' (0, T; LP () x ... x LPN (0, T; L (),
H= (L)Y, V= (Hy ()"
AC([0,T); RM) is the space of absolutely continuous functions from [0, 7] to R™.

p=(p1,-sPN),q = (q1,-,qN), @i =

)

Using Galerkin approximations (Robinson, 2001; Kapustyan et all, 2014), it is standardly established that under con-
ditions (), the problem (1),(2) for arbitrary perturbations d = {d1,d>} € L°°(0, +o0; (L*(2))™) x L*(0, 4-00; R*) and for
arbitrary initial data zo = {uo, vo} from the phase space X = (L*(Q2))™ x R™ has a unique weak solution

z = {u,v} € (L*(0,T; V)N LP(0,T; L*(Q))) x AC([0, T]; R™)
on (0,T) with z(0) = zo. Extending each such solution to [0, +c0), we define
Sa(t, z0) := {2(t), z(-) is a solution to (1),(2) with perturbation d, z(0) = zo}.

In the paper (Kapustyan, & Yusypiv, 2023), it was proven that in the absence of perturbations (i.e., d = 0), the semigroup
So has a global attractor © C X, meaning there exists a compact set © C X that is invariant:

So(t,©) =0Vt >0,

and uniformly attracting:
dist(So(t, B),0) — 0,t — oo for any bounded B C X,

where, here and hereafter,
dist(A, B) = inf sup|la — b||x.
a€A beB

In the presence of perturbations, S, is no longer a semigroup, and the question arises as to how the deviation of the
trajectories of the perturbed system S; from the set © depends on the magnitude

l[dl|ec := max{esssupezolldi(t)||m, esssupeol|da(t)|[pm }.
The deviation of a point z € X from the set © C X will be evaluated using the quantity:
lIzlle := inf ||z — 6] x.
0co

In the paper (Kapustyan, & YusypiV, 2023), by constructing an ISS-Lyapunov function in a neighborhood of the attractor,
the local stability of © with respect to perturbations d in the local ISS sense was established, that is,

dr>0,36 €KL, 3v € K such that
YV |lzolle <7V ||d]|oc <7,V E 20,

[15a(t, 20)lle < B(ll20lle,t) +~(lldlloo),
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where K is the class of continuous, strictly increasing functions + : [0, +o0) — [0, +00) with v(0) = 0, and KL is the class
of continuous functions 3 : [0, +00) % [0, +00) — [0, 4+00), such that Vs > 0 (-, s) € K,Vt > 0 B(t,s) — 0,5 = +oo.
In this paper, we will establish the nonlocal property of AG only under the conditions (B):

Iy e K,Vz € X,

o 4)
Jim |84 (t, 20)[le < (lld]o0)-

To prove (@), we use the semiprocess technique: we immerse problem (1),(2) into the family of semiprocesses { (1), }sex,
where (1);0; = (1), and X is a specially constructed parameter space that depends on the perturbation d. Next, we will
prove that the family of semiprocesses {(1), }-ex has a uniform attractor ©x and

dist(©s,0) = 0, ||d||lse — 0.

The last convergence just allows us to prove estimate (§).

2. Semiprocesses and their attractors
Let ¥ be a translation-invariant set of functional parameters, i.e.

Vh >0, Vo(-) €X, o(-+ h) € X.

Let a given family S, (t,7,z), wherec € Xt > 7 > 0,z € X.
Definition 1. A family {S,}-ex is called a family of semiprocesses if for all o € ¥,z € X the following conditions are
satisfied:
So(1,7y2) = x,V7 > 0,
So(t,8,Ss(s,7,x)) = Se(t,7,2),VE 2 s>7 >0,

So—(t-'rhﬂ'-f'h,l'):‘sg( +h)( )7Vt T O,Vh

Remark 1. When ¢ = 0 (undisturbed case) we have
So(tl + 12,0, :C) = So(tl, 0, So(tz, 0, CL‘))

In other words, Sy satisfies the semigroup property.

Let us put
Sx(t,0,z) = LGJESU(t,O,x).

Definition 2. A compact set ©s C X is called a uniform attractor of the family {S, }, <=, if for an arbitrary bounded B C X
diSt(Sz(t7 0, B), @2) — 0, t — oo,

and Oy is the minimal closed set satisfying this property.

Lemma 1. (Kapustyan et al., 2014) Let > be a compact set, and the following properties hold:
1) exists bounded B, C Xsuch thatV bounded B C X

3T = T(B),Vt > T, Sx(t,0, B) C Bo;
2)V{on} C X, bounded {z,} C X, {t, ~ oo}
the sequence {S.,, (t,0,x,)} is precompact in X.

Then {S,}scx has a uniform attractor ©s C By.

If an additional condition is met:

3) vVt > 0 mapping (z, o) — S (t,0,z) is continuous,
then ©s; is invariant in the following sense:

Os C Sx(t,0,0x),Vt > 0.

Remark 2. For ¥ = {0} conditions 1)-3) guarantee the existence of a global attractor © for the semigroup So.

Lemma 2. (Kapustyan, & Dashkovskiy, 2022) Let ¥ = ¥(d), ||d||«~ < R satisfies the conditions of the Lemma 1 with the
same set By, ¥(0) = {0}, d € 3(d) and the following conditions are fulfilled:
1) V||dnllooc = 0,¥{xn} C Bo,Vtn / 00,Von, C X(dn)

sequence {S;,, (tn,0,z,)} is precompactin X;
2) YVt > 0,V||dn||oc = 0,VY0, € B(dy),Va, — = up to a subsequence

So, (t,0,2) = So(t,0,x).
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Then 3y € K, Vo € X,V||d]|oo < R
t@o dist(Ssa)(t,0,),0) < v([|d][oo)- (5)
Remark 3. Since d € %(d), then (B) implies

Tim [Sa(t,0,2) e < ¥([ldl)-
3. Uniform attractors of the semiprocesses generated by (1),(2)
Letd € L= (Ry; X) with ||d||c < Ro. We consider the set

¥(d) = Clez(;g](RJr?X){d(. +7)|T >0},

where ¢l means the closure, and L>* (R ; X) is the space of locally integrable X-valued functions supplied with the local

loc

weak convergence topology. It is known that 3(d) is translation-invariant and compact in L>* (R, ; X). Moreover,

loc
t+1
Yo € (@) Il i=sup [ lo(s)kds < . ©)

As in the case of bounded perturbations, using Galerkin approximations (Robinson, 2001|; Kapustyan et al., 2014), it is
standardly established that under conditions (B), the problem (1),(2) for arbitrary perturbations of the form o = {o1, 02} €
L%,.(0,+00; X) and for arbitrary 7 > 0 and z- € X has a unique weak solution on [r, +00), satisfying the condition z(7) = 2.
Moreover, the family of mappings

So(t, 7, 27) := {z(¢), z(-) is solution to (1),(2) on (7, +o00) with perturbation o € ¥(d), z(7) = 2, }
satisfies the conditions of Definition 1, thus forming a family of semi-processes.

Theorem 1. For every perturbation d, ||d||cc < Ro, the family of mappings {Ss},cx(a)y POSSesses the uniform attractor
@E(d); and
@E(d) C Sg(d) (t,0, @E(d)) vVt > 0.

Proof. Let us verify the fulfillment of the conditions of Lemma 1. To this end, we establish some a priori estimates for
2(t) = {u(t),v(t)} = So(t,0, 20), where ¢ = {01,002} € %(d) satisfies (). Since for v € L?(0,T;V) N L?(0,T; L?(Q)),
v € C([0, T); RM), by virtue of (@),

AAu— f(u)+B-v+D-de L*(0,T;V*) + LU0, T; L(Q)) + L>=(0,T; L*(Q)) € L*(0,T;V*) + L9(0, T; L*(2)),

then, according to (Robinson, 2001), z : [0,7] — X is an absolutely continuous function, and after multiplying (1) by
scalarly in H, and (2) by v scalarly in R™, we obtain: for almost all (a.e.) ¢ > 0

1d

§§HU(UH?{ +ullu@)V + vellu®)lfe < 1l + 1Bl - lo@llzar + low@)llallu@)] (7)
1d 2 2
3 g P @liza +vsllv@®)llza < es + Gz - [u®) |z + o2 lpar o)l (8)

From (@), (B), Young’s inequality, and the Poincaré inequality, we deduce that there exist v > 0, ¢ > 0, depending only on
the constants of the problem, such that fora.a. t > 0

%(Hu(t)l\iz + o) llzar) + v (a7 + lu®1Z, + lu@)llF + lo@)llzar) <

< e(L+ lor @)l + llo2(t) Izar)-

Next, using the inequality
t+1

t
/Hh(S)IIQe*““*S)dS <(1—e ") "sup / 1h(s)l*ds,
0

zZ

and due to the continuity of z. = {u(-),v(:)} : [0, 400) — X, we deduce:
Ve > 0 [0l < llzollce™ + 7 + el (9
From (B), we obtain condition 1) of Lemma 1 with the set
Bo={z € X ||z]% <1+ - +cRf}.
Let us verify condition 2): the precompactness of the sequence {{, = S5, (tn,0,20)}, where {0} C X(d), tn — 400,
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and {z¢ } is bounded in X.
Since, by the properties of the semiprocesses and condition 1), for sufficiently large n > 1, we have

fn - So'n, (tn -1 + 17tn - 17 San (tn - 1,0,23)) = Scn('+tn71)(170750n(tn - 1707 ZSL)) S 52(170730)7

it is sufficient to show the precompactness of the {S,,, (1,0, 28")}, where {0} C £(d), ||2§||x < 7.
Let 2, (t) = {un(t),vn(t)} = Ss, (t,0,28), |20 ]| x < 7.
The boundedness, and hence the precompactness, of the {v,, (1)} in R* follows from (g).
Let us prove that
[un(Dlv < K(r) (10)

for some constant K(r) independent of n. Then, by the compactness of the embedding V' C H , we obtain the precom-
pactness of the {u, (1)} in H.

Let us derive (f{0) following the arguments from (Teman, 1998), which are justified by passing to Galerkin approxima-
tions of problem (1),(2). We multiply equation (1) by Au,, in H. Taking into account conditions (8) and the smoothness of
f, we obtain the inequality:

1d n
5 g lun 1Y+l Aun @1 < eallun (@Y + 1B 2 llon ®)llear | Aun (®) 11 + lloT ]| A (0|1 (11)
Since, by (8)
SUp [on (t)llgar < /2 +  + cR3,
t>0 v

we deduce from (f1)):
d n
%Hun(t)H\Z/ + Mun (O3 < e(r)(lun @ + 1+ o7 ())17) (12)

for some positive constants A i ¢(r).
Multiplying (f2) by te*t yields:

d n
5 tunOIFe™) < @) ([un @)1} + 1+ o7 @)lIF)te™ + [lun (@)™

Integrating the last inequality over [0, 1], we obtain:

lun (DI < (e(r) + 1)/0 l[un (8)]I3dt + c(r) RE. (13)

From estimates (f7) and (8) we have:

! 1
n [ lun(®lfde < 557+ cal] + (1Bl + By 2 + € + B3 (14)
0

Combining ([3) and (f[4)), we derive estimate (fi0).
Thus, the family of semiprocesses {5, },cx(a) POSSesses the uniform attractor Oy (q).
The theorem is proved. O

4. Robust stability of the global attractor of the system (1),(2)
Now we turn to the formulation of the main result regarding the robust stability of the global attractor.

Theorem 2. The attractor © of the unperturbed system (1),(2) (when d = 0) is stable in the sense of AG, i.e., 3y € K such
thatV zo € X V ||d||oo < Ro o
Jim [1Sa(t, 20)lle < ~(lldfl),

where we denote Sq(t, z0) = Sa(t,0, 20).
Proof. Suppose that the limit equality holds
dist(©x(a),©) = 0,]|d||cc — 0. (15)

Let us prove that ({8 implies (). Indeed, by construction (0) = {0} and d € %(d). Therefore, for zo € X, z € Oxya), t > 0,
z(t) € Sa(t, zo) we have the following implications

12() = Ollx < [l2(8) = zllx + ]z = blx =

= J0f [12(t) — Ollx < [|2(6) = 2llx + Jnf |2 — 6x =

= inf ||z2(t) = 0|x < inf ||z2(¢t) —z + su inf ||z —0||x =
3 (0) =Ollx < _jnf () —zllx + sup jnf == Ollx
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= |lz()lle < dist(z(t),Ox)) + dist(Os), ©) =

= HSd(t, Zo)“@ < diSt(Sg(d) (t, Zo)7 62@) =+ diSt(@E(d>, @)
Since Ox(q) is the uniform attractor, then from Definition 2 for each d we have:
dist(SE(d) (¢, 20), 62@) — 0,t — 400.

Let us put v(s) := sup dist(Ox(q),©) + s. Then s — ~(s) is increasing and vy(s) — 0 as s — 0+. Therefore (Clarke,

lld]l oo <s

Ledyaev, & Stern, 1998), Lemma 5 implies the existence of y1 € K such that dist(©x4), 0) < 71(]|d||), Which means
that (H) is satisfied.

So, according to the previous arguments, we need to verify assumptions 1), 2) of Lemma 2.

Since V||dn || — 0, Vo, € X(dy) satisfies ||on||+ < ||dn|| < Ro, condition 1) follows from the arguments of Theorem 1
and the estimate (f(0).

Now consider z1 — 22, where z1 = {u1,v1},22 = {uz2,v2} are solutions to (1),(2) with perturbation d = {di,d-},
|ld]l«« — 0, and without perturbations, respectively. Using the estimate for each solution

(&
sup |2(8)[% < [I2(0) 1% + — + ¢Rg,
t=0 v

>

we derive fora.a. t > 0:

s (6) = us(6) B+ valua(0) — w20} < callia () — ua () i+
B 2 o (8) = oo ()lhear s () = wat) s + e (0) e an (8) = wa(®)
I ® — wa@Ear < sup D@ Jor(5) = va(t) o+

vl ar <70

Gl L2 llua(t) — w2 @)l allor () — v2(B)l[rar + [|d2(8)[|rar [|or () = v2(E)[[gar,

where ro = \/max{\|21(0)l\§<, [22(0)[I% } + ¢ + cR3.
Thus, with some constant ¢(ro) > 0, we obtain

Ve 2 0 ||z (t) — z2(0)[% < €T ([[21(0) — 22(0) X + [1d%)-

From the last inequality, the desired property 2) of Lemma 2 follows.
The theorem is proved. O

Discussions and conclusions

This study provides important insights into the behavior of complex, infinite-dimensional PDE-ODE systems under
external disturbances. We constructed a family of semiprocesses for the perturbed system and proved the existence of
a uniform attractor, showing that it approaches the global attractor of the unperturbed system as the disturbance size
decreases. This establishes a nonlocal asymptotic gain property, which measures how far perturbed trajectories deviate
from the unperturbed attractor. Building on earlier local stability results, our findings use mathematical techniques like
Galerkin approximations to confirm the system’s robustness, enhancing our understanding of its long-term dynamics under
perturbations.

These results are valuable for applications like reaction-diffusion processes, where such systems are common. The
AG property offers a way to predict and control system behavior despite external influences, aiding in the design of effective
control strategies. Future work could explore systems with time-varying or random disturbances and test these findings in
practical settings. The methods used here, combining semiprocesses and stability analysis, can also be applied to other
complex systems, opening new avenues for research into their robustness and stability.

Authors’ contribution: Oleksiy, Kapustyan — conceptualization and methodology; Taras, Yusypiv — preparation of theoretical foun-
dations of research and empirical research; Yuriy, Perestyuk — empirical data collection, validation; Zoia, Khaletska — analysis of sources,
preparation of literature review.
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2Llem'pan|=Hoy|<pa'|'|-|ct.|(|/||7| AepXxaBHWUW yHiBepcuTeT imeHi BonognmMupa BuHHuyeHka, KponuBHULIbKWI, YKpaiHa

PIBHOMIPHI ATPAKTOPU TA BITACTUBICTb ACMMNTOTUYHOIO NIACUNEHHA ONA CUCTEMU TUMY PDE-ODE

Y cmammi docnidxeHo sikicHy noeediHKy crabkux po3e’si3Kkie HeCKiHYeHHO8UMIPHOT ducunamueHoi HeagmMoHOMHOI cuCmMeMU i3 308HIWHIMU
36ypeHHsIMU, W0 cKnadaembcs 3 napaboniyHoi cucmemu muny peakuii-Ougy3ii ma HeniHiliHoi cucmemu 38uyaiiHux dugpepeHyianbHUX PiBHSIHb.
36ypeHHs1 MOOe 1o MbCs1 06MexeHUMU hYHKYisMU, wjo 8xo0simb y npaei 4YacmuHu o6ox nidcucmemM. Biodomo, ujo 8 He36ypeHomy aunadky maka
cucmema mae 2nobanbHUli ampakmop, sikuli eu3Ha4yae doe2ompusasy OuHaMiky ecix mpaekmopili. BodHoyac numaHHs pobacmHocmi makux
ampakmopie 3a HasieHOCMi 308HiWHIX 36ypeHb 3anuwaemscsi cknadHuM, ocobnueo y eunadky HesiHilIHUX ma HecKiH4eHHO8UMIPHUX cucmem.

Y nponoHoeaHomy docnidxeHHi 3acmocoeaHo nidxid, ujo 6a3yemsbcsi Ha meopii pieHOMiIpHUX ampaKkmopie 0711 Hea@MOHOMHUX OUHaMIiYHUX
cucmem (meopis Hanienpouyecis). [To6ydoeaHo 8idnoeidHy cim’to Hanienpoyecie, wjo sionoesidae 36ypeHili cucmemi muny PDE-ODE. [JoeedeHo
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icHyeaHHs1 pieHOMipHO20 ampakmopa, a maKo eCmaHoeJ1eHo (1020 36ixHicme 0o 2/106a51bH020 ampakmopa He36ypeHoi cucmemu 3a HabIUXeHHs1
amnnimyou 36ypeHb Ao Hynsi. Lle Oae 3Mo2y eusecmu HesokanbHy pobacmHy oyiHKy muny acumMnmomu4Ho2o niocusneHHs (AG), wo dornoeHoe
pobacmHy oyiHKy 8 CeHci I0KanibHOT ISS i 3abe3neyye 8epxHIoO MeXy 8ioxuneHHs1 36ypeHux mpaekmopiti 8id He36ypeHO20 ampakmopa 8 mepMiHax
Hopmu 36ypeHb. OmpuMaHi pe3yssmamu crnpusiloms Po38UMKy meopemuYyHux 3acad aHasnizy po6acmuyocmi ducunamueHux HeCKiH4eHHOBUMIPHUX
cucmem 3i cknadHoro dos2ompuearsioro noeediHKor.

Knw4yoBi cnoBa: acumnmomuyHe nidcuneHHs:, pigHOMipHuli ampakmop, HecKiH4eHHo8uMipHa cucmema, cucmema muny PDE-ODE.

ABTOpYM 3asBMAIOTL NPO BiACYTHICTb KOHMMIKTY iHTepeciB. CnoHcopu He Bpanu yyacTi B po3pobneHHi gocnigxeHHs (y 36opi, aHanisi
4n iHTepnpeTaLii AaHuX, SKLWO Le Marno Micue), y HanncaHHi pykonucy Ta B pilleHHi Npo nybnikavito pesynbraris.
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MOAENIOBAHHA NOLWMPEHHSA 3BYKY
Y NNOCKOMY XBUJIEBOAI 3 OKPYIrlIMMU BUTMHAMMU

e' AkmyanbHicmb npoeedeHo20 G0CIiGXeHHs1 3yMoasieHa NPaKMu4YyHoOK 3Hadyujicmio xeusneesodie cknadHoi 2zeomempii ma
Cymmeegoro 3as1e)XKHiCMI0 XxapaKmepucmuK MOWUpPeHHs1 XeuJslb y HUX 8i0 (hi3uyHuUX i 2eoMempu4HUX napamempie cucmemu. Mema
pobomu — su3Ha4eHHs1 3aKOHOMipHOocmell MOWUPEeHHs 38YKOBUX X8UJIb Y MNIOCKOMY xeusieaodi, 3arnoeHeHoMy ideasibHO cmuc-
Jnueoro piduHoto, sskuli Micmums 0ea okpyeaii su2uHu. Ha ocHoei Memody yacmkoeux obnacmeli no6ydoeaHo YyucesibHo-aHanimu-
4HYy Modesnb, wjo Oae 3moay docnidyeamu rnoeediHKy aKycmu4HUX Xeusib y xeusieeodi 3anexHo eid0 obpaHux napamempis.
BukoHaHo aHasi3 ocobnueocmeli NPoxXodXXeHHs1 Xeusi Kpizb 2eoMempuYyHi HeOOHOPIOHOCMI 3aeXHOo 8i0 Xeu/lb08020 PO3Mipy
0Ons1 deox eapiaHmie 3Ha4yeHb Kymie eu2uHie. O64ucsIeHO eHep2emuyYHi KoegbiyieHMu NPOHUKHEHHSI 38YKOBOI X8uJli Kpi3b sU2UHU,
a makox koegpiyieHmu 36ypeHHs1 0OHOpPiOHUX MOO y wupokKomy Oiana3oHi napamempis. [I[poeedeHo sepudpikayito ompumaHux
pe3ysibmamie wJssiXoM KOHMpPOJII0 8UKOHaHHS1 3aKOHY 36epexxeHHs1 eHepeii. [Toxubka o64ucieHHs 3pocmac 3i 36inbwWeHHsIM xeu-
JIb08020 PO3Mipy ma Kymie eu2uHie, npome Moxe 6ymu 3MeHueHa 3a80siKu epaxyeaHHIo 6inbuwof Kinbkocmi HeoOHOPiIGHUX MOO.
lMoka3aHo, ujo 3apodKeHHs1 auujoi 0OHOPiIOHOI MOOU o8 'A3aHe 3i 3MeHWeHHSAM KoegiyieHma NpoHUKHeHHs. [pu ybomy Moxnuse
noeHe 3anupaHHsi MOMOKY eHepeii xeusi, ujo eidnoeidae 3apodxeHHIO nepwoi Modu. [nsa Kymie euzuHie 45° doMiHaHMHOIO €
Hynboea Moda malixe Ha ecboMy diana3oHi xeunboeux po3mipie. Onsi kymie euauHie 135° eusieneHo dodamkoei obnacmi 3Hu-
JKeHHSI KoegbiyieHma NMPOHUKHEeHHS, W0 3yMoeJIeHi pe3oHaHCHUMU egheKmamu 2eomempii xeunegody. Y ubomy eunadky Ha nepuwit
nosioeuHi po3ansiHymoeo diana3oHy xeusiboe8ux po3mipie doMiHye Hysboga M00a, a Ha Opyeil — nepwa. OmpumaHi pesynbmamu
MOXymb 6ymu eukopucmadi nio Y4ac npoekmyeaHHs1 NogimpsiHuUx 3eykornpoeodie, YacmomHo-cesIeKmMu8HuUX npucmpoie i cucmem
wymonoanuHaHHA. [lepcriekmueHUM HanpsiMom nodasnbwux AocsidKeHb € aHasi3 MexaHi3mie nepemeopeHHs eHepeii MiX Mo-
Odamu, wo eidkpueae Moxxiueocmi Os1s1 KepyeaHHs IPOCIMOPOBOIO CIMPYKMYPOI aKyCmu4yHO20 MOJIsl.

Knw4yoBi cnoBa: akycmu4Ha xeuns, xeusneeid, 3eykoee nose, oOHOPiOHi MOOU, HeEOOHOPiIOHi MOOuU, eHep2emuyYHi
KoegpiyieHmu, Memod yacmkoeux obnacmedl.

Knacudikauis BignoBigHo go AMS 2020: 34B60, 65L10.

Bctyn

CyuacHa aKycTuKa € OfHi€et0 i3 KMoYoBUX ranysen gisunku, a ii npuknagHi acnekTn OXOnoKTb LWMPOKUIA CNEKTP NpaKThy-
HUX 3acTtocyBaHb. OcobnvBe 3Ha4YeHHs MaloTb XBUINEBOAW, FEOMETPIA AKMX Y BaraTbox iHXEHepHUX i HayKOBWUX 3aJadax €
CKNagHolo, Lo CYTTEBO BMNMMBAE Ha XxapakTep nowmpeHHs xsunb (Grinchenko, Vovk, & Matsypura, 2018). S3okpema, y po6orTi
(Maumnypa, Bosk, & TpyHoB, 2013) BcTaHOBMNEHO, LLO BNacHi opmu 0AHOPIAHMX MOZA, Y KPUBONIHINHMX | NnockonapanensHUX
XBUIEBOAAX MOXYTb CYTTEBO Bigpi3HATUCS. Kpim Toro, y gocnimxkeHHi (TpyHoB, 2014) noka3aHo, Lo CTPYyKTypa nons 3a Bu-
rMHOM XBUIEBOAY 3HAYHO 3aneXuTb Bif NOro reoOMeTPUYHNX NnapaMmeTpiB. Y 3B'A3Ky i3 UMM BUHUKaE notpeba B AeTanbHOMY
aHanisi 3aKOHOMIPHOCTEW MOLLUMPEHHS 3BYKOBUX XBUIb Y XBUIEBOAAX CKNaaHOI hOpMMU.

OpHVM 3 edheKTMBHMX CyvacHMX MNigxodiB OO aHari3y XBUITbOBMX MPOLIECIB Y CKMagHWX reoMeTpisax € MeTod YacTKOBUX
obnacren. Hanpuknag, y po6oti (Naida et al., 2023) npoaeMoHCTpoBaHO e(heKTUBHICTb PO3LUMPEHHS LibOro MeToay Ans po-
3B'I3@aHHS CKIMagHMX MPOCTOPOBUX 3afad i3 NMPaKTUYHWMK 3aCTOCYBaHHSAMW, 30Kpema, y GiomeanudHin iHxeHepii. Y gocni-
axeHHi (MpiHyeHko, & Mauunypa, 2025) nNpoaeMOHCTPOBaHO MOXMMBICTb OAHOYACHONO BUKOPUCTaHHS Pi3HUX chopm
3aranbHOro po3B'sI3KY B OKPEMMX YACTKOBMX 0OMacTsiX — SIK aHanNiTUYHKX, Tak i YACENbHUX — 3 METOK 3MEHLUEHHS obcsriB
o6umncneHb 3a 36epexeHHs TOYHOCTI pe3dynbTarTis.

O6'ekTOM MPOMOHOBAHOrO AOCMIAXEHHS € aKyCTUYHE Mone B HECKIHYEHHOMY MIIOCKOMY XBUNEBOAI 3 ABOMa OKpYrnummu
BUrMHaMU, 3aroBHEHOMY ijearnbHOK CTUCIUBOI pianHo. MeTa po6oTn — nobyaoBa YncenbHO-aHaniTMYHOro Po3B'A3Ky 3a-
[Aadi MOLLUMPEHHS 3BYKOBKX XBWMb Yy TAKOMY XBUIEBOZI i3 3aCTOCYBaHHAM METOAY YacTKOBMUX 06nacTen, a Takox BU3HAYEHHS
3aneXHOCTEN MiXX XapakTepUCTUKaMM aKyCTUYHOIO Mors Ta napaMmeTpamMun XBUIEBOAY .

1. NocTaHoBKa 3aAayi Ta MaTeMaTuyHa moaernb

ABTOpamu po3rnsiHyTO 3aga4y Npo NOLUMPEHHST aKYCTUYHUX XBUIb Y HECKIHYEHHOMY MIOCKOMY XBWUIEBOAI 3 JBOMA OKPY-
My BurnHamu (pyc. 1). BenuunHm BUrnHiB BU3Ha4yeHo Kytamu o Ta . XBUneBig, 3anoBHEHWI ifeanbHO CTUCMMBO piau-
HO, MOBEPXHi BBaXxkanucst abcontoTHO XopcTkMMU. BTpaTtu 3ByKOBOT eHeprii y cepefoBuLLi BiACYTHI.

JocnigXeHHst akyCTUYHOro Mons y XBUNeBOAi NPOBOAUIM Ha OCHOBI MeToAdy YacTkoBux obnactei. 3aranbHy obnacTb
iCHyBaHHs1 3ByKOBOTO MOJsi NPUPOAHO PO3AiNuTK Ha N'aTb obnacTten, ae obnacTi I Ta V — Le HaniBHeCKiHYeHHi XxBuneBroam 3
BMCOTOW h, obnacTb III — CKiHYeHHUI XBUNEBIA, 3 BUCOTOK h Ta AOBXWHOW L, obnacTi I i IV — obmexeHi gyramu kin 3 pagiy-
camu R,R+ h TaR’,R’' + h BignosigHo. YBoaMNUca YoTUpKU AeKapToBi cucTeMu koopauHat x0y, x'0y', x"'0'y" T1a x"'0'y""
Tak, Wob ixHi oci opanHaT 6ynu napanensHMMK 0 NoBepxoHb obnacte I, I Ta V, a Takox ABi NONsIpHi CMCTEMU KOOPAMHAT
i3 ueHTpamu B Toukax O Ta 0'.

© KysbmeHko Bonogumup, TpoueHko Sipocnas, 2025
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X
Puc. 1. Cxema xBuneBoay 3 BUrMHamun

Hexanm niBopyd y XBWMEBOAI MOLIMPIOETLCA TFapMOHIYHA nflocka XBWUNA 3  OOUHUYHOK  aMnmiTygol  TUCKY
po =exp exp (iky) , ae k = 21 /A — XBUNbOBE YMCI0, 1 — AOBXMHA XBUi. YacoBMIN MHOXHUK exp (—iwt), A€ w —YacToTa XBuni,
He BPaxOBYEMO AN CKOPOYEHHS BMKNaZoK. [ina aHanidy akyCTMYHOro momns XBureBogy HeobXiaHO nmpeacTaBuTu dpyHKUIT
TUCKY p B KOXHili YaCTKOBIl obnacTi Tak, Wwo6 BOHW 3a40BONBHANN PiBHAHHS [enbMronbLa Ta KparoBi YyMOBU Ha MNOBEPXHAX
XBuUneBoay, To6To HopmarnbHa CKNnagoBa LUBMAKOCTI KONMMBaHb Ha CTiHKaxX JOpPiBHIOBana Hyrlto.

YHacnigok B3aemogii Nnockoi XxBuni 3 BATMHOM YTBOPHOETLCS BifOUTa XBUMS Ta XBUIS, LLO NPOXOAUTL B obnacTs I1. Tomy
TUCK B obnacTi I MoXHa 3anucatu B cuCTeMi koopamHaTt x0y siK CyMy najar4oil XBuri Ta BigbuToi, siky NpeAcTaBneHo sk
cynepnosuuito HopmanbHuUx Mog obnacri I:

- nm
pr =exp exp (iky) + Z Ancos(in(x = R)exp (=i&ny),  Ae =7, §u= k- uE
n=0
AHanoriyHo, nose TUcKy B obracti V B cucteMi koopauHat x'"’0'y""’ BU3Hauyae NpoHUKNY XBUMIO KpPi3b APYFWIA BUTUIH:
(o]

pr=D Bucosa(x" = R))exp(~iay"))
=0

B o6nacrTi 111 pyHKLit0 TUCKY MOXHA NPeACTaBUTM B CUCTEMi koopamHaT x'0y' sik cynepnosuiio Binbutux xsunb Big nep-
LLIOTO T APYroro BUTMHY:

P = Z C, cos cos (nn(x - R)) exp exp (i&y") + Z D,, cos cos (nn(x - R)) exp exp (—Lfn(y — l))
n=0 n=0
Mobyayemo poss 530K gnsi obnacri II:

Py = Z E, cos cos (n,(x —R)) exp exp (i&,y) + Z F, cos cos (n,(x" — R)) exp exp (—ié&,y") +

n—0 n=0

Ju, (kr
+Z G, cos cos (v, ) ],,(}/C(Th)) Z H, cos cos (V) ———< v, (kR) ne v, = "
Tyt ], (kr) Ta Yvn(kr) dyHkuii beccena 1-ro Ta 2-ro pop,y BiANOBIAHO, WTPUX Npu yHKUIT Beccensa nosHavae noxigHy 3a
aprymeHToMm.
AHanoriyHo n06y,qyeM0 po3B'A30k Ans obnacti IV:

,,n (kr) nm

P = Z P, cos cos (n,(x" = R")) exp exp (—i&,y") + Z Qy, cos cos (n,(x""" — R")) exp exp (i&y'"") +
n—O n=0
! ] n kr n kr
+ nz(; R, cos cos (u, ") ]un,{;{((ﬁ Z S, cos cos (pp@") YH EkR)) ae U, = %T

[nsa BM3HAYEHHs1 HEBIQOMUX KoedilieHTiB HeoOXiaHO 3a,ELOBOJ'IbHVITI/I YMOBM CMPSKEHHS HA MeXax YacTKoBMX obnacren,
TO6TO 3a6e3ne4nTn PIBHICTb TUCKIB | HOPManbHWUX CKNaA0BMX KOMMBAmNbHUX LUBUAKOCTEN, @ TakoX KpanoBi YMOBY Ha XOPCT-
KX NoBepxHsix B obnactsax Il Ta IV. MigcraHoBka BUpasiB, L0 ONMCYOTb NOMst TUCKY B KOXHIi 3 obnacTel, y BiANOBiAHI yMOBU
CMPSPKEHHS Ta KparoBi YMOBW, 3 ypaxyBaHHSAM hopMyI NepeTBOPEHb MiXK CUCTEMaMM KOOpAMHAT, NpuBeae A0 cuctemm dy-
HKLLiOHaNbHWX PiBHSAHb. 3acTocyBaHHSA BNAacTUBOCTI OPTOroHarnbHOCTI BiANOBIAHUX CUCTEM (DYHKUIN Aae 3mory anrebpaisy-
BaTW oyHKLUiOHaNbHyY cucTemMy. Y nigcyMKy OTPUMaeMO HECKIHYEHHY CUCTEMY MiHINHMX anrebpaiyHnx piBHSHb APYroro poay
BiJHOCHO HeBIAOMUX KoediLliEHTIB, SKy po3B'a3ytoTb MeToAoM peaykuii (Grinchenko, Vovk, & Matsypura, 2018).

2. PeaynbTatn po60oTu nporpamu

BaxnmBmmu xapakrepmucTmkaMmmn noLwmMpeHHs 3BYKOBOI XBUINi Y XBUNEBOAi € eHepreTnyHi koediuieHTn, To6To koedilieHT
NPOHVKHEHHS W nagaroyoi XBurii Kpidb BUMMHM Ta KoedilieHT Bigdutta V Big neplioro BurmHy. KoediuieHT W BU3HauMmo sk
BiHOLLEHHS1 cepeHbOro NMoToKy MOTYKHOCTI XBUAi B obracTi V 4o cepeaHbLOoro noToky MOTY)KHOCTI Nagaro4oi xBuni B obnacTi 1.
BukopucToBytoun BianoBiaHi BUpa3n Ans yHKUIN py Ta py, OTPUMMaEMO

N.

&n 2
W=D W ge W, = ReEIB
TyT N; — KinbKiCTb OAHOPIAHWX MOA B obnacti V. [ns xBunesoay i3 XOpCTKUMW Mexamun & =1, &, =05 ana n >0

(Grinchenko, Vovk, & Matsypura, 2018). AHanoriyHo, koediuieHT BigduTTa V BU3HA4YaEMO SK BiAHOLLEHHSA CepeaHbOro NOTOKY
NOTY>XHOCTI Yy BiAOWTIN XBWNi O cepeHbOro NOTOKy MNOTYXXHOCTI Nagatyoi XxBuni B obnacTi I:
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N
&
V=) Va o ae o= Re(IAL
n=0

N, — KinbkicTb ogHopigHUXx mog B obnacri L.
[ns npegcrtaeneHunx y uii poboTi pe3ynbTaTiB KinbKiCTb AoAaHkKiB y psgax dyp'e ctaHosuna n = 15. flosxuHy obnacTi I

obupanu Takoto, Lo AopiBHIE | = h — Rtg (%) —R'tg (%) a papiycy BurnHiB — R = R'. Ha puc. 2-3 HaBefeHo 3anexHoCTi eHe-
preTudHux KoedidieHTiB W + V, W Ta koediujeHTiB 30ypeHHs HopmanbHux xBunb W, obnacti V Big XBMNbOBMX PO3MIpIB %
3a kyTiB BUIMHIB a = 45° 8 = 45° 3aKoH 30epexeHHs1 eHeprii BUKOHYETbCS 3 TOYHICTIO He Hwkye 0.03 % (puc. 2 a).
3a % ~ (0.5 KoeilieHT NPOHUKHEHHST W 3HWXKYETBCS A0 HYns, TOGTO CNOCTepiraeTbCsl 3anupaHHsa NOTOKY eHeprii XBui, Wo
noB's3aHe i3 3apoMKEeHHsIM NepLUoi Moan xBunesoay. 3a % ~T1i % ~ 1.5, WO BiANoBigae 3apOXXeHHI0 ApYyroi Ta TpeTboi Mo
BiAMOBIAHO, 3annpaHHs NOTOKY eHeprii He BiabyBaeTbca (pyc. 2 6). BapTo 3ayBaxuTu, WO NPaKTUYHO HA BCbOMY PO3rNSHY-
TOMY iHTepBani %D.OMiHaHTHOIO € HynboBa mopaa (puc. 2 B).

W+V, w W
1.00000 ~—"" _*-__/]

0.8 08

0.99995 4

0.6 0.6
0.99990

04 0.4

0.99985 +

02 024 =— n=o0
- on=1
0.99980 h — =2
_ 00 = o0{-— n=3

~| s

0.0 0.2 04 0.6 0.8 10 12 14 16 ﬂ. 0.0 0.2 04 0.6 08 10 12 14 16 A 0.0 0.2 04 0.6 08 10 12 14 16
a 6 B
Puc. 2. 3anexHicTb eHepreTUYHMX KoedilieHTIB Bia XBUNbOBMUX PO3MIipiB 3a a = 45°, 8 = 45°:
a—-W+V;6-W;B—=W,
Ons kyTiB @ = 135°, 8 = 135° 3akoH 36epeXxeHHs1 eHeprii BUKOHYETLCSA 3 MEHLLOK TOYHICTIO, HarBuLLa noxmbka obumc-
h . S .
JNIEHHS CTaHOBUTbL 6MnNn3bKo 3.9 % 3a i 1.44 (puc. 3 a). 3meHWnTU NOXMOKY MOXHA, ypaxyBaBLUK BinbLuy KiNbKiCTb 4OAAHKIB

, h . . . . .
ny psgax Pyp'e. 3anmpaHHsa NOTOKY eHeprii 3a 2~ 05He BinbyBaeTbCH, MPOTe HasABHi AOAATKOBI 06NacCTi 3HMXEHHSA Koedi-
LjieHTa NPOHUKHEHHSA W, NoB'si3aHi 3 pe30HaHCHNMMW BMAacTMBOCTAMM reomeTpii. HanbinbLue 3HmKeHHs koedilieHTa NPOoHMK-

. h h f f
HeHHst W cnocTepiraeTbes 3a - ~ 1.04 (puc. 3 6). Y ubomy BMNaaKy 3a 7 < 0.82 pomiHaHTHOIO € HynboBa MoAa, Tofi sk 3a

% > 0.82 nepeBaxae nepLua moga (puc. 3 B).

W+V W, W,

104 104

103 08

06

0.4

0.2

00

h h
0.0 02 0.4 0.6 08 10 12 14 16 ﬂ- 0.0 0.2 04 06 08 10 12 14 16 Il
a 6
Puc. 3. 3anexHicTb eHepreTU4HUX koedilieHTIB Big XBUNbOBMUX PO3MipiB 3a a = 135°, B = 135°:
a-W+V;6-W;B—W,

Lunckycis i BUCHOBKM

OTpumaHi pe3ynbTaTy y3ro4XXyloTbCsi 3 AaHUMU nonepeHix gocnigxeHbs. Y poboTi (TpyHos, 2014), Hanpuknag, nokasaHo,
LLIO 32 NeBHMX KOMOGiHaLin napaMeTpiB XBUNEBOAY 3 BUTMHOM CMOCTEpiraeMo JOMiHYBaHHS OAHiIel 3 Mop, i Lel edekT nocu-
TNOETLCS 3i 3MEHLLEHHSIM BiAHOLLEHHS pajiyca 3aoKpyrieHHs 0o WnpuHW xBuneeoay. Y pobori (Bosk, Mauunypa, & TpyHOB,
2014) BCcTaHOBMNEHO, WO 3a OMiHYBaHHS HYNbOBOI MOAM KOediliEHT NPOHUKHEHHSI € BUCOKUM, TOAi SIK Y pasi nepeBa)aHHs
BULLMX MOZ BiH 3HMKYETBCS.

OTxe, y npeacTasneHii poboTi po3s'a3aHo 3agavy NoOLMPEHHS 3BYKOBUX XBUIb Y MIIOCKOMY XBUMEBOAi 3 aKyCTUYHO XO-
PCTKMMU CTiHKaMM Ta reOMeTPUYHUMM HEOOHOPIAHOCTAMU Y BUINSAAI ABOX OKPYINMX BUTMHIB i3 BUKOPUCTAHHSM MeToAy Yac-
TKkoBUX obnacTelt. MpoBeaeHo BepudikaLilo 3akoHy 30epexeHHs1 eHeprii. [TokasaHo, WO 3apoaXKEHHST BULLMX OAHOPIOHMX
MOJ, CYNPOBOMKYETLCS 3MEHLUEHHAM KoedilieHTa NPOHUKHEHHS. KpiM LibOro, MOXNMBE NOBHE 3anupaHHSA MOTOKY eHepril
XBWAi, WO MOB'A3aHe 3 NOsIBOK NepLuoi ogHopigHOT Moan. BeTaHoBReHO, WO 3a KyTiB BUMMHIB 45° HynboBa Moaa AOMiHye
NPaKTU4YHO B YCbOMY Aiana3oHi XBMITbOBUX po3MipiB. HaTomicTb 3a kyTiB 135° BMABNEeHO goAaTKoBi 06MnacTi 3HMKEHHS Koe-
diLieHTa NPOHUKHEHHS1, 3yMOBJIEHI PE30HAaHCHMMM BITACTUBOCTAMU reoMeTpii XBuneBsoay. Y uboMy BUNAAKY Y HUXKHIA YaCTUHI
JianasoHy XBMITbOBUX PO3MIpiB NepeBaxae HyrboBa MoAa, TOAI 5K y BEPXHi — nepLua. Y ManbyTHIX AOCNIMKEHHSX NIaHYeEMO
npoaHaniayBaTu 3anexHiCTb XapaKTepUCTUK akyCTUYHOro Nons y XBUMEBOAI Big pagiyca 3aoKpyrneHHs Ta KyTiB BUMMHIB, a
TakoX PO3rnsHyTU KOHirypawiio XBuneBoay i3 NPOTUMNEXHNM HaNPSAMKOM APYroro BUTMHY.
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OTpuMaHi pe3ynbTaTn MalTb NPaKTUYHY LiHHICTb ANs PO3BUTKY TEOpii Ta 3aCTOCyBaHHSA XBUMNEBOAIB CkNagHoi hopmu.
KinbkicHi xapakTepuctukm TpaHcdopmauii Moa MOXyTb GYTY BUKOPWUCTaHI, Hanpuknag, nig Yyac NpoeKTYBaHHS MOBITPSHMX
3BykonpoBofis. [loganblue BUBYEHHA MeXaHi3MiB NEpeTBOPEHHS eHeprii Mk MoJamun BifKpUBaE NepCcrneKkTUBU CTBOPEHHS
epeKTUBHUX LUYMONOrNMHANbHNX CUCTEM | YaCTOTHO-CENEKTUBHUX NPUCTPOIB.

BHecok aBTOpiB: Bonogumup KyabmeHko — hopmanbHvin aHanis, nporpamHe 3abesneyeHHs, HanmcaHHs (opuriHanbHa YepHeTka); Spo-
cnaB TpoueHKo — aHani3 mpxepen, KOHUenTyarnisalis, MeToAororis, HanucaHHs (nepernag i peaaryBaHHs).

Dxepena ¢iHaHcyBaHHA. OiHaHCYBaHHS 3AiCHIOETLCSA BNACHUM KOLLUTOM aBTOpIB Ta YacTkoBo 3abe3neyeHo KniBCbkUM HauioHanbHUM
yHiBepcuTeToM iMeHi Tapaca LleByeHka.
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MODELING OF SOUND PROPAGATION IN A PLANAR WAVEGUIDE WITH ROUNDED BENDS

The relevance of this study is determined by the practical significance of waveguides with complex geometries and the strong dependence of
their wave propagation characteristics on the physical and geometric parameters of the system. This work aims to investigate the regularities of
sound wave propagation in a planar waveguide filled with an ideal compressible fluid and containing two rounded bends. A numerical-analytical
model based on the partial domains method has been developed, enabling the analysis of acoustic wave behavior in the waveguide depending on
the selected parameters. The features of wave transmission through geometric inhomogeneities are analyzed for two bending angle configurations
across a wide range of normalized wavelengths. The energy transmission coefficients of the sound wave through the bends, as well as the propagating
mode excitation coefficients, have been computed over an extensive set of parameters. The obtained results have been verified by checking the
fulfillment of the energy conservation law. It is shown that the computational error increases with larger normalized wavelengths and bending angles,
but can be reduced by accounting for a greater number of inhomogeneous modes. The onset of higher-order propagating modes reduces the
transmission coefficient, while the emergence of the first mode can lead to a complete suppression of the wave energy flux. For bending angles of
45°, the zero mode dominates across almost the entire range of normalized wavelengths. For bending angles of 135°, additional regions of reduced
transmission are observed due to the resonant properties of the waveguide geometry. In this case, the zero mode dominates in the lower half of the
considered wavelength range, while the first mode becomes dominant in the upper half. The obtained results can be applied in the design of air ducts,
frequency-selective acoustic devices, and noise reduction systems. A promising direction for future research is the detailed study of intermodal
energy conversion mechanisms, which provides opportunities for controlling the spatial structure of the acoustic field.

Keywords: acoustic wave, waveguide, sound field, homogeneous modes, inhomogeneous modes, energy coefficients, partial domains
method.
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PARAMETRIC IDENTIFICATION OF ASSET DYNAMIC MODELS

The article describes the mathematical formulation of the problem of constructing the optimal structure of a securities portfolio
on the stock market. The most important mathematical problems in decision-making by investors are the problems of constructing
a forecast for a single share and optimal diversification of the portfolio structure. In applied mathematics, such a problem is called
a mathematical problem of optimal control. In this work, mathematical models are used that describe the dynamics of the formation
of the market value of a single share and a portfolio. The corresponding models are written in the class of ordinary differential
equations with parameters. The procedure for constructing a dynamic model of the formation of the market value of a single share
is based on the application of the market model of W. Sharpe and the fundamental theory of H. Markowitz.

The paper formulates a problem of mathematical models identifying the parameters of dynamic processes that can be described
by ordinary differential equations and systems. Using the example of mathematical models of dynamic formation of the market
value of a single share and a portfolio of shares, algorithms for constructing optimal values of parameters of such models have
been developed. Parametric identification and optimization algorithms are based on iterative procedures that allow, at each step,
to form the "best" values of model parameters from the point of view of selected quality criteria. An algorithm for constructing
guaranteed parameter estimates in the class of ellipsoidal sets has been developed. The mathematical models and algorithms
presented in this study make it possible, together with the methods of technical analysis, to develop effective tactics and strategies
for optimal investment in securities. The results obtained should be considered as one of the alternative approaches to modeling
the dynamics of market assets and their portfolios.

Keywords: mathematical modeling, asset dynamics models, parameter identification, stock market.

AMS 2020 classification: 65K10, 93B30.

Introduction

This article is devoted to the construction of algorithms for determining the parameters of mathematical models of the
dynamics of risky assets of the stock market formation. The relevance of this scientific direction is confirmed by the fact that
a large number of scientific studies have been devoted to the development of such models and algorithms, which were carried
out by H. Markowitz, W. Sharpe, K. Ito, F. Black, M. Scholes, and R. Merton. The object of the study is parametrically specified
mathematical models of the stock market assets.

Modern applied mathematical modeling operates with various approaches to calculating parameters with a certain structure of
mathematical models. The most well-known and widespread methods for identifying parameters of discrete and continuous models
include: methods of covariance-dispersion analysis; methods of simulation modeling; approaches based on the principles of stability
theory; approaches based on methods of sensitivity analysis of solutions; methods of minimax identification.

However, due to the complexity of the model structure, the nonlinear nature of the processes being modeled, as well as other
factors, it is often necessary to turn to computer modeling, which makes it possible to build computer images of models by searching
through a large number of candidate models using self-organization or simulation modeling methods (Xin-Yu Guo, & Sheng-
En Fang, 2023). The complexity of a parametrically specified model will be understood as the dimensionality of the parameter vector,
and the main principle of simulation modeling will be: "the more complex the model, the more accurate it is”, in contrast to the main
principle of model self-organization about "the existence of a of optimal complexity model" (Elder, Zehetner, & Kunze, 2016). Such
approaches, which include methods such as neural networks or group consideration of arguments, are often used in solving
problems of modeling complex and interconnected economic processes, including mathematical problems of the stock market and
the banking sector of the economy (Rios, Efimov, & Moreno, 2017).

The approaches to building mathematical models of the formation of price dynamics of a single share and a portfolio of
shares are based on the principles of portfolio theory, formulated by H. Markowitz and W. Sharpe. H. Markowitz proposed
approaches to measuring risk and basic principles of portfolio investment (Markowitz, 1952). This laid the theoretical
foundation for research on a portfolio of risky investments. Sharpe's capital asset pricing model (Sharpe, 1964) is also actively
used by investors in solving problems of modeling the dynamics and building short-term forecasts of market prices of assets.

Among other important approaches to solving applied portfolio theory problems, the following can be noted:

+ Evolutionary and Memetic Computing for Project Portfolio Selection (Kolish, & Fliedner, 2022; Yue, Jing, & Liu, 2025);

» An exploration of meta-heuristic approaches for the project portfolio selection (Harrison et al., 2020);

» A simheuristic method for project portfolio selection under uncertainty (Panadero et al., 2020);

* A bi-objective fuzzy portfolio selection model (Kar et al., 2019);

» A genetic programming for portfolio selection problem solution (Lin, Zhu, & Gao, 2020);
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» An alternative mathematical method for the portfolio selection problem (Mohagheghi, Meysam Mousavi, & Mohagheghi,
2020; Li et al., 2020);

* Project portfolio selection and scheduling optimization based on risk measure (Dixit, & Tiwari, 2020).

The first part of this study is devoted to the consideration and analysis of mathematical models of the market value
dynamics of a single share and a portfolio of shares (Kulian, Yunkova, & Korobova, 2022). An important feature of models of
the formation of stock market asset dynamics is their parametric representation. In this regard, any applied problem that can
be formulated for such models requires preliminary determination of parameter values. Constructing a short-term forecast or
optimal diversification of an investment portfolio is a most important applied problem (Kulian, Yunkova, & Korobova, 2021).
The second part of the study is devoted to constructing mathematical algorithms that can be used for solving the problem of
parametric identification of mathematical models of the formation of asset dynamics. The third part of the study considers an
application of the constructed algorithms to solve applied problems of modeling the asset dynamics in the real stock market.

1. Analysis of stock price formation models in the stock market

As shown in (Kulian, Yunkova, & Korobova, 2021), based on the market model of W. Sharpe, generalized deterministic

mathematical models of the formation of the market value of a single stock and a portfolio of stocks can be written in the form

fi =20 = f(r,t,0), 1i(ty) =mo,t € [t, T], i = Ln ™

and
‘Y.‘p =fp(rp,xi,5ci,ri,7"i,t) (2)
respectively, and are given parametrically. Here, ; is the expected market value of the stock; L is the expected market value

of the investment portfolio; X; is a share of the i-type asset in the portfolio; t is time.

An important mathematical problem, the solution of which is used to correctly formulate the problem of constructing the
optimal structure of an investment portfolio, is the problem of identifying the optimal values of the parameters a of
mathematical models of the formation of the market value of one share (1) and a portfolio of shares (2). The problem of
optimizing a portfolio of shares from the point of view of its profitability in the static case has the form

—Z xr—)max

In practical investing, it can be conS|dered in the foIIowmg formulation
n(M) =YL, xMn) - J(Tél)%l()tc) 1, (to) = Ty, t € [to, T]

and consists in constructing an investment portfolio with optimal profitability at the final point T. Here X(t) is a bounded closed
set of stocks. The right-hand sides of the equations of the system (1) are linear and depend on the parameters. To ensure
the possibility of its integration

Tt = (@1 SMina(t) + a1 ()i () + a3 (i (), pyy), i = Ln
we will build procedures for their determlnatlon Here, SM;,,4(t) — Stock Market Index; I(t) — Inflation index; p;; — correlation
coefficient between i and j shares.

In different formulations of the problem, the vectors a = (ay, @, a3) or a = (a;,a;) can be considered as the parameter
vector. The first representation of the parameter vector will be used in the case when the information about the market value
of shares is "noisy". In the case when the market value of shares adequately reflects the market dynamics, the second
representation is used.

2. Algorithms for constructing optimal parameters of the models

Algorithm 1. Another approach to solving the parametric identification problem is to use sensitivity functions. Consider
the problem of constructing sensitivity functions for pricing models of a single stock and a portfolio of stocks.

For the convenience of transformations, we denote the right-hand side by f(t,r, a), where a = (a4, a;). We will also
assume that the initial conditions r(ty) =1, = ry(@), t, =ty,(a) and that a is a scalar and a = a,, since in short-term
modeling of the dynamics of stock price formation a, can be considered constant. In such a statement, p;; are the correlation
coefficients between stocks, which can be calculated based on known statistical information. According to (Kulian, Yunkova,
Korobova, 2021), provided that the right-hand side of (1) is continuous in its arguments and continuously differentiable in r, «
and also under the continuous differentiability of the functions ry, tyin a4, there is a continuous derivative
ar(t, ay)

u(t,a,) = EP
1

This derivative satisfies the differential equation
du 0f(rt,ay) N af(r,t,ay)
—_— = u

dt or da,

under the initial condition
w(te) = T2 — f(ry(a), toay), @) . 3)

Equation (3) is obtained by direct dlfferentlatlon with respect to a4, and the initial condition is obtained from the
differentiation of the integral equation

dTO(al)
ay

t

r(t,ay) = f FOr (@ an), 1, a)dT + ot ar)
tolaq)

and looks like
_ ar(tr al) _ t af(r(T' al)r T, al) af(r(tr al)t T, al)
u(t,a;) = 670(1 = J;O(al) [Tu(r, aq) + 6—0(1 dr +
— fr(to(ay), ar), tolay), a;) ——=

dTo(al) dto(fh)

+
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The initial condition for the sensitivity function u(t,) is obtained by putting t = ¢, in (3). Therefore, for (1), we have defined
the initial condition and the sensitivity function, which describes the dependence of the stock price on the parameter «;. Let
us apply the sensitivity function to identify the parameters «,, a, of the mathematical model (1). The mathematical problem
has the following form

min(r(t, ay, ay) — z(t))?, t € [t,, T].
aq,a;

Here z(t) — observation of the share price behavior in the market.

Algorithm 2. The vector of model parameters is written in the form a = (a4, a,) provided r(t,) =1, at t € [ty t;]-

Consider the point a, in the parameter space of the mathematical model

Ay = (aol,aoz).

And let this value of parameters be the solution of the problem of parametric identification of the model (1). Around the

point o, we describe a circle of unit radius
(@1 —ap, )+ (az —a,)* =1
with the center in p. (ay,, @, ). The length of the circle will then be | = 2.

Let us divide this line into n equal parts, and the value of n is chosen depending on the accuracy of the obtained solution
to the problem of constructing a guaranteed multiple-parameter estimate. Consider an arbitrary point a;, = (akl, akz).

Let's draw a tangent to the circle at this point. Its equation will be F, (ay,, ax,)(az — ax,) = Fa, (ar,, ax, ) (a; — ax,).

The equation of the normal to the tangent at this point will be
Fa,1 (ak1’ak2)(a2 - akz) = Fa’z (ak1’ akz)(al - ak1)'
We will search for new values of the parameters «a that satisfy the conditions for the software functioning of the system on the
normal. From the equation of the normal we determine «,
Féz (akl' akz)(al — ak1)
a, = ;
Fa1 (akﬂ akz)
The new position of the coordinate «a, is determined by changing the position of the coordinate a,
ay, = ay+8a,, 6 >0,
_ B (e, i) (@ + 8y — ay,)

Fél (akl' akz)
Thus, a new position of the parameter value ay € 4, is obtained, where A is a bounded closed set of parameters of the
mathematical model

+ akz.

N ko

ay = (aNl, (XNZ).

The above procedure implements the movement of the parameter a along the normal until one of the selected criteria
above is met. By performing such steps for each of the previously defined points, we will obtain new values of the coordinates
of the vector a in the parameter space of the mathematical model.

Table 1 below presents the results of a computational experiment for the practical application of Algorithm 2 for model (1).

Table 1
Results of modeling the dynamics of two stocks
Charact Day
eristic 1 2 3 4 5 6 7 8 9
n,$ 42.22 43.74 43.60 44.13 43.11 42.87 42.59 42.57 42.08
9 3046.01 3106.89 3133.15 3190.00 3140.02 3125.71 3115.51 3088.99 3087.67
SMipg 5133.07 5170.97 5196.52 5204.08 5162.25 5082.77 5056.90 5068.05 5080.94
Ay 0.047 0.054 0.034 0.035 0.081 0.062 0.054 0.043 0.040
A, 0.031 0.035 0.047 0.034 0.096 0.071 0.059 0.037 0.032

In the table r; denotes the market value of the first company's stock, and r, denotes the market value of the second
company's stock. Through A, indicates the deviation between actual and calculated trajectories of the first stock, and through
A,indicates the deviation between actual and calculated trajectories of the second stock.

To calculate deviation A, of trajectories were used a; = 2.348, a, = 0.017, a3 = - 0.76. To calculate deviation A, of
trajectories were used a; = 1.981, a, = 0.032, a3 = - 0.489. I(t)= const. Correlation dependencies p;; and model (1) parameters
aq, a,, aswere calculated based on known statistical information of the S&P 500 market using Algorithm 2. Analysis of the
results in Tab. 1 shows the correlation between the dynamics of the market index and the dynamics of market prices of shares
of two companies. Analysis of computational experiment results shows that the application of Algorithm 2 in areas of a stable
positive or negative trend allows obtaining a 2-5 % deviation of the real and calculated trajectories, while in areas of a change
in the direction of dynamics, an increase in the deviation of the trajectories to 8-9 % is observed.

Algorithm 3. When solving forecasting or management problems in the above application areas, it is necessary to develop
algorithms and methods to obtain guaranteed financial results. An example of such an approach can be the development of
the Value at Risk methodology, and confirmation of its relevance is its general recognition as a reliable mathematical tool
when making investment decisions. Let us turn to the problem of constructing a guaranteed multiple-parameter estimate for
a mathematical model of general form (1). Let us formulate a procedure for constructing an optimal ellipsoidal parameter
estimate of the mathematical model (1).

After constructing and analyzing solutions to the problem of identifying the parameters of the mathematical model of the
formation of the market value of a stock (or a portfolio of stocks), we will determine the point that is farthest from the point
D(af,a$), the coordinates of which will be determined using the formulas

1 i 1 j
c_ vk J c_Ivk J
ay = dj=o %, @2 _k§1=° a;.
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To do this, we will solve the one-dimensional optimization problem
R = maxL(a;, a°),
L

where L(p, q) is a function of the distance between points p and q.

On the boundary of the circle S(1, D) of radius 1, with the center at the point D(af,a$) we form an arbitrary § -grid
{i}iek, With nodes y;. At each node y; we construct the external normal vector 72, to the circle according to the rules described
above, and we solve the auxiliary problem of constructing new values of the parameters a analogously to the approach
described in Algorithms 1, 2.

Having performed the above procedure for each of the vectors n;, i € K,,, we will obtain a new set of points a, € A. Let
us describe the ellipsoid of the smallest volume (the ellipse of the smallest area in the plane) around the points thus
constructed, which we will call the "guaranteed ellipsoidal estimate" of the parameters of the model (1), constructed on the
defined criteria

. (T 0
min [, (0(to, tr, 7o, @) — Texp (D)L,

i 0
min max ||(r°(ty, t1, 7o, @) — Toyy ()]|.
aEAtE[tO,T]“( (to, t1,70, @) — Texp (Ol

Here r°(ty, t1, 79, @) is the solution of the Cauchy problem for model (1) under the condition r°(t, 1,7, @), 7oy, — the
experimental or program trajectory.

Based on the solutions of the parametric identification problem of the mathematical model (1) and known observations,
we will construct a guaranteed multiple estimate of the parameters in the class of ellipsoidal sets

QB,d):{(Bla —d),a—d) <1}, 4)
where B is a symmetric positive-definite matrix that specifies the geometry of the multiple estimate in the parameter space;
d is geometric center of the ellipsoid, a,d € R™. The set (4) will be called a "guaranteed multiple estimate" if each value of the
parameter a obtained for arbitrary observations belongs to Q(B, d).

The iterative procedure of the method for constructing a guaranteed multiple estimate implements the refinement of the
elements of the matrix B and the vector d at each step. The initial matrix B is chosen to be the unit B = E, and the initial
position of the center d is defined as the center of mass

d°=21yk g
k~j=1 ]
where k is the number of points.
At the k + 1- step of the procedure, the formulas for determining B**'and d*** have the form

Bkl = B¥ 4+ 21y {(B¥(a — d¥), a — d¥)},

Akt = d* + AP (B* (a — d¥), a — d9)},
where A%*land 25*! are such that

(Bk+1(/111c+1)(ai _ dk+1(/112(+1)’ a; — dk+1(Alzc+1)) <
< (B*(a; — d¥),a; — d*), where i =arg arg max (B(a; — d), a; — d).
(Bl(a—df),a—d/) < 1.

On the boundary of the sphere S(l, df) with the center at the point d/ (where the j -number of the procedure step for which

the inequality (B/(p — d’),p — d’) < 1 is satisfied), we form an arbitrary & -grid {y; };cx, with nodes y;.

a
0,8
i1 — first iteration;
0,6 mi — intermediate iteration;
li — last iteration;
d® — initial center;
0,4 d' — terminal center
il
0,2
mi a
0 1
0 1 2 3 4 5 6

Fig. 1. Construction of multiple evaluation

As shown in Fig.1, at each node, using the described method of constructing the ellipsoid of the smallest volume around
the given points, we construct a guaranteed multiple parameter estimate, which, as determined by Algorithm 3, ensures the
fulfillment of the selected quality criteria. The set constructed in this way allows us to form an admissible set of parameters,
and with further optimization of this multiple estimate, the logical next step is to formulate and solve the problem of constructing
an "effective" by H. Markowitz multiple estimate.

Discussion and conclusions

The presented mathematical procedures make it possible for dynamic mathematical models of a single stock and a
portfolio of stocks to solve the problems of parametric and guaranteed multiple identification of parameters and, based on the
developed algorithms for determining the admissible set of parameters, to find solutions to the problems of constructing a
market value trajectory for mathematical model (1) and optimal diversification of an investment portfolio of risky securities
based on model (2).
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IDEHTU®IKALIA NAPAMETPIB MOAENEW AMHAMIKU AKTUBIB

OnucaHo Mmamemamuy4Hy rnocmaHoeky 3adayi mo6ydoeu onmumasnibHOi cmpykmypu rnopmdpensi yiHHux nanepie. Halisaxnueiwumu npuknadHumu
npobnemamu 8 yxeasieHHi piwleHb Npo iHeecmyeaHHs1 € MameMamu4Hi 3adayi NpPo no6ydosy KOPOMKOCIMPOKOBO20 MPO2HO3y Ol OKPeMoi akuii ma
3adayva npo onmumasnbHy dueepcudpikayiro cmpykmypu nopmebesnsi. [1id yac ¢popmynroeaHHs ma po3e'sizaHHs1 3ada4 ModestoeaHHs1 QUHaMiKu akmueie
¢p0HA08020 PUHKY PO32/IsTHYMO MameMamu4Hi Mooesli ghopMyeaHHs1 PUHKOBUX UiH OOHieT akuii ma nopmaebens akyit. BidnoeioHi modeni cgpopmyribo-
8aHo y knaci 3euyaliHux dugbepeHuyianbHuUx pieHsIHb 3 napamempamu. lapamempamu makux modeseli € KoeghiyieHmu yymueocmi puHkoeoi eapmocmi
0do 3MmiHU ghakmopie, wo Ha Hei ennuearoms. lpoyedypa nobydoeu OuHami4HOi Moderni ghopMyeaHHs1 pUHKO8OI 8apmocmi oKpeMoi akyii rpyHmyemscsi
Ha 3acmocyeaHHi puHkoeoi modeni B. LLlapna (i enemenmie ¢pyHdameHmansHoi meopii I. Mapkosuuys. Y docnidxeHHi cghopMynboeaHo 3a2asibHy 3adavy
idenmucdpikayii napamempie AuHamiyHUX nNpoyecie, o MOXXymes 6ymu onucaHi 3eu4aliHuMu oughepeHyianbHUMU PieHSIHHSIMU ma cucmemamu. Ha npu-
knadi MamemamuyHux modesieli gpopMmyeaHHs1 OuUHaMiKu puHKoeoi eapmocmi oOHiel akyii ma nopmaebens akuili po3po6sIeHO as20pUMM eu3Ha4YeHHs
onmumaribHUX 3HaYyeHb napaMempie makux modesel. Anzopumm nobydoeaHo Ha OCHoei imepauyiliHoi npoyedypu, sika 0ae 3Mo2y Ha KOXXHOMY Kpoui
gopmysamu "onmumarnbHi", 3 no3uyii o6paHux kpumepiie skocmi, 3Ha4eHHs1 napamempie modesii. Po3pobneHuli anzopumm 00380JIsi€ 8U3Ha4Yamu maki
ouyiHKu napamempie y knaci enincoidanbHUx MHOXuH. Ha npuknadi Mamemamu4Hux 3ada4 no6ydoeu onmumasibHOi cCmpyKmypu rnopmabesisi pusukoea-
Hux akmuegie po3pob6rieHo ¢hopmasibHuUll Nidxid 0o ¢ghopmysaHHs "2apaHmosaHux"” ¢hiHaHCO8UX MoKa3HUKie iHeecmuyiliHoi disinbHocmi. MamemamuyHi
modeni U anzopummu, npedcmaesieHi y nponoHoeaHoMy AoclidXKeHHi, 0aromb 3MO2y pa3oM i3 MemodamMu mexHiYHO20 aHaslizy po3pobumu egpekmueHi
makmuky ma cmpameaito onmumMa’sibHo20 iHeecmyeaHHs1 y UiHHi nanepu. Pe3ynsmamu AocnidxeHHs1 apmo po32a/si0amu siKk 0OUH 3 aflbmepHamueHuUxX
nidxodie hyHAameHmManbHo20 aHasnizy do ModesntoeaHHs1 QUHaMIKu PUHKOBUX akmueie.

KnwuyoBi cnoBa: mamemamu4He modentoeaHHsl, QuHaMika akmuey, ideHmudbikauiss napamempis, ¢poHOOUU PUHOK.
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METOAUKA EKCNEPUMEHTANBHOIo MOAENIOBAHHA NPOHUKHEHHSA
BUCOKOWBUAOKICHUX YOAPHUX EJNIEMEHTIB Y BPOHEMATEPIANAX

Po3po6sieHo ma cmeopeHo eKkcriepuMeHmarsnbHuUli KOMM/IeKC HacminbHoO20 pPo32iHHO20 cmeHdy, y sIKoMy Kyssi Qiamempom
8 MM 3i cmani LLIX15 npuckoproembcsi eHepziero 2a3zie MOHMaXkHO20 NampoHy Mid Yyac pyxy KkaHasoM 3aedoexku 570 MM 3 Kepo-
eaHor weudkicmro eid 200 do 1500 m/c ma pizHuMu Kymamu amaku eid 45 do 90°. [I[poeedeHo anpobayiro po32iHHO20 cmeHAy.
BcmaHoeseHo, w0 nicnsi o6ecmpiny 3i weudkicmro 200 m/c ma 600 m/c Ons pi3HUx 3pa3kie 6poHeMamepiarie 3'senssemscs nnac-
muyHa eM'smuHa pizHo20 euansidy ma pi3Hoi enubuHu. BoOHo4ac y 3anuwkoeill eM'amMuHi eusiesieHo 3asuwKu npouyecy nnae-
JIeHHs1 ma eUMUCKyeaHHs1 6poHeMamepiany i3 eM'smuHu. Y pa3i o6cmpiny 6azamowapoeo20 6poHenakemy Kysetro 3i weuodkicmio
600 m/c He 8i0byeaembcs Oeghopmauii Kyni. [ns oyiHku ¢hi3uko-mexaHiYHUX xapakmepucmuk AoclidXyeaHo20 6azamowapoeo20
6poHeMamepiany euKOHaHO cepilo sumiproeaHb Mikpomeepdocmi 6ins mMicyb e3aeMo0lii Ha noeepxHi 3pa3ka. TecmyeaHHs1 Ha Mi-
kpomeepdicmb nposedeHo cmamu4HumM memodom Bikkepca (ITMT-3). BcmaHoeneHo, ujo 3Ha4eHHs1 Mikpomeepdocmi 6ins 3anu-
wkoeol nnacmu4Hol eM'amuHuU 3a3Hae icmomHux 3miH. CnoYyamky 3Ha4eHHs1 Mikpomeepdocmi 3meHwyembcsi Ha = 0,4 ITla i,
3asexHo ei0 mozo, y3008Xx siKux 83aEMHO rneprneHOUKYsAPHUX JliHil eidbyeasnocs npogintoeaHHA noeepxHi, dopieHroe 0,026 IMa
ma 0,07 I'Ma. NMomim 3Ha4YeHHs1 Mikpomeepdocmi 36inbwyembcsi 0 NpakMu4Ho cepedHix 3Ha4yeHb 0,35 Ma. Omxe, 3miHa 3Ha-
YeHHs1 Mikpomeepdocmi nid yac npogintoeaHHsi NO8epPXHi 8ka3ye Ha 3MiHU hi3uKo-MexaHiYHUX eslacmueocmel Mamepiasny e He-
eesiuKili 30Hi no6nu3y micys 3imkHeHHs1. [l[pome e yux 3oHax meepdicmb Mamepiany cymmeeo 3MeHWY€eMmbCsl i 3a 108MOPHO20
ob6cmpiny moxnuee noeHe npobummsi 6azamowapoeo2o 6poHenakemy.

KnioyoBi cnoBa: 6poHemamepian, ydapHo-xeusnboee HagaHmMaxeHHs, 6poHenpobummsi, Mikpomeepdicmsb, kKapmozapa-
¢pyeaHHs1 Mikpomeepdocmi.

Knacudikauis BignosigHo go AMS 2020: 74E30, 74E15.

Bcrtyn

[nsi BUroToBneHHs cy4acHUx 6araTOKOMMOHEHTHUX BPOHEXUNETIB BUKOPUCTOBYOTLCS PisHOMaHITHI kombGiHauii cneuia-
NbHUX 3aXMCHUX MaTepianis, Takux sk Kevlar®, Twaron®, Artec®, Nomex®, Kermel®, Teijinconex®, Kynol®, a Takox Haga-
BMCOKOMONneKynspHui nonietuneH (Dyneema ®, Spectra®, Zylon®, M5® Ta iH.), BUrOTOBNEHi y (OOPMi BONOKOH i TKaHWH
(Abtew et al., 2019) [Ins BupobHULTBa GpoHEeNnaHenen 3aBaAsKM BUCOKIN XXOPCTKICTb | HU3bKIN LLINbHOCTI 3aCTOCOBYIOTb KOM-
NO3WTHI Ta Pi3Hi BUAM KepaMidHMX MaTepianiB, Taknx ik okcuA, kapbig i HiTpug 6opy. BogHovac nnactuHm i3 GpoHeBMx cTanem
i cnnaeiB TUTaHy TaKOX He BTPa4aloTb aKTyanbHOCTI AN BUFOTOBMEHHSA GpOHi. HUHI TpagmuiiHo BUKOPUCTOBYOTbL BUCOKOIE-
roBaHi OpOHbLOBI CTani 3 TaKUMU BUCOKUMW XapaKTepUCTUKaMW, SIK TBEPAICTb, MiLHICTb, BiAHOCHE BUAOBXEHHS, MOAYMb Mpy-
XKHOCTi, TemnepaTtypa nnaeneHHsi. Kpim Toro, po3pobHMKM GpOHI NPOMOHYTL OUCMEPCINHO 3MiLHEHI CnnaBu Ha OCHOBI
antomiHito, migj, 6inbLu 4OPOruX i Nerkux MeTarnis, Takux sik 6epunint i TMTaH, abo BUrOTOBNEHUX Ha iXHili OCHOBI KOMMNO3WLIAHUX
cuctem. OTxe, HaTenep BYEHMMU PO3poONeHo HMU3KY MeTOoiB ofepXaHHsi OpOHEeCTINKMX MaTepianis i komno3audin (Crouch,
2019). MNMpoTe ockinbkn GpoHexuneT mae 3abesnedyBaTv ePeKTUBHNUI B6aniCTUYHNIA 3aXMCT XUTTEBO BAXNMBMX OPraHis Ha
piBHi He MeHLe 90 %, To Anga 3abe3neyeHHs Takoro BUCOKOrO PiBHA 3axXMCTy BpoHexunneTv matTb ByTh peTensHo nepesipeHi
1 OUiHeHI 3a BignoBiaHMMK BUMoramu Ta kputepismu (Yaneva, 2020; Tahenti, Coghe, & Nasri, 2020).

CyuacHe 3acTocyBaHHS OpoHemarTepianis BuMarae nigBULLIEHOT CTIMKOCTI WoAo0 Ail BUCOKOLBUAKICHOrO yAapHOro HaBaH-
TaXEHHS, 3HWKEHHS TXHbOI NMTOMOI Baru, cobiBapTOCTi Ta CMPOLLEHHS TeXHOMOril BUroTOBMNEHHs. Lle MmoxnmBo 3a ymoBu
HayKoBO-0Or'pyHTOBaHOro MiaxoAy A0 iXHbOI po3pobKM Ta BUFOTOBMEHHS, WO Nepenbavae 3'ACyBaHHS MEXaHi3MiB pyWHY-
BaHHsi bpoHeMaTepianis y pasi Aii Ha HX BUCOKOLLBUAKICHOIO HaBaHTaXXeHHS 1 ONTUMIi3auii CTPYKTYpHUX ocobnmBocTen Bia-
NoBiAHO 40 oepXXaHuX pe3ynbTaTiB.

BapTo 3ayBaxuTy, L0 BUNPOOYBaHHS 3paskiB ogepaHoi 6poHi Ha BanicTUYHY CTIAKICTb NPOXOAATL NEPEBAXHO NKWLLIE Ha NOo-
niroHax i 3a3Bunyai 3a HEKOHTPONbOBaHWUX LLUBMAKOCTEN i KyTiB aTakv Bpaxatodmx enemeHTis (Yaneva, 2020; Yun-ho, Jung-hoon, &
Jong-Hwan, 2018). Lien wnsax € 4ocutb BUTPaTHUM i ManoiHopMmaTuBHUM. Y 3B'A3KY i3 LIUM BUHUKAE HEOOXIOHICTb y PO3BUTKY
HOBVX NiAXOAiB A0 3MICTY CaMUX AOCHIIKEHb, LLO I'PYHTYIHOTLCS Ha CUCTEMATUYHUX eKCrepUMEHTanbHUX AOCHIMKEHHSAX ANHAMIKK
NPOLIECIB NPOHVMKHEHHST BUCOKOLLIBUAKICHUX YAAPHUX ENTEMEHTIB Y NEPENOHU 3 PisHNX BaniCTUYHOCTIVKMX MaTepianis.

Y nponoHoBaHi poboTi NpeacTaBneHo METOANKY EKCNIEPUMEHTANbLHOITO MOAEMNOBAHHSI MPOHUKHEHHS BUCOKOLLBUAKICHUX
yAapHuX enemeHTiB y 6poHemaTepianax. [nsa yaapHux sunpobyBaHb nepeabavaeTbcs BUKOPUCTOBYBATU PO3pobneHuii Ha-
CTiNbHUIA PO3FiHHWI CTEHA, Lo AaE MOXIMBICTL hopMyBaTW YAAPHI XBUNi B LLMPOKOMY AianasoHi TUCKIB, SKi 3MIHIOIOTb CTPYKTYPY
mMaTepiany nepeLukoaun. BukopuctaHHs ctenay Ans yaapHMx BUnpobysaHb i MOaentoBaHHS ANHAaMIKM NPOLLECiB MPOHUKHEHHS
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BMCOKOLLBUAKICHUX YAAPHUX €NEMEHTIB Yy nepenoHun 3 pidHMX BPOHECTINkuX maTtepianis AONOMOXeE PO3pOoOMTN MEeTOANYHI
0COBMMBOCTI BU3HAYEHHST AUHAMIYHOT CTIMKOCTi BpoHemaTepianiB y BENIMKOMY Aiana3oHi LUBMAKOCTEN i KyTiB aTaku yaapHOro
HaBaHTaXeHHHA. Ha OCHOBI OTpMMaHux napameTpiB cTaHy OpoHemaTepianiB y 30Hi nepebiry npoueciB pyiHyBaHHS OyayTb
MOXITMBMMMW aTecTallisi Ta po3po6rieHHs1 pekoMeHAaLi WoA0 AOUINbHOCTI IXHbOro BUKOPUCTAHHS.

1. OCHOBHi O3Ha4YeHHSA Ta pe3ynbTaTyn

[nsi nocTaHOBKM METOAMKM EKCNIEPUMEHTaNbHOIO MOAEMNOBaHHS MPOHUKHEHHS BUCOKOLLBUAKICHUX yOAPHUX €NEMEHTIB Y
6poHemaTepianax y poboTi 6yno po3pobneHo KOHCTPYKL0 Ta CTBOPEHO NabopaTopHUIA eKCnepUMEHTarbHUIA KOMINIEKC Ha-
CTiMBbHOrO PO3riHHOrO CTeHAy, Y KoMy Kyns giametpom 8 MM 3i ctani LUX15 npuckoploeTbCs eHeprieto rasiB MOHTaXHOro
naTpoHy Nif Yac pyxy kaHanom 3aBgoBxkn 570 mm 3 kepoBaHoto weuakicTio Big 200 go 1500 m/c Ta pisHUMM KyTamm ataku
—Big 45 no 90° (puc. 1).
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Puc. 1. CxemaTu4yHe 306pakeHHs1 HACTiNIbHOrO PO3riHHOro cCTeHay

Ha puc. 1 HaBeeHO cxeMaTuyHe 3006paXKeHHs! HACTINBHOIrO PO3riHHOrO CTEHAY. Y PO3rNsHYTIN KOHCTPYKLIi 3anponoHo-
BaHO BUKOPWCTOBYBATU EHEPTito rasis 3MiHHOro MOHTaxHoro Haboto (1). Lle Aae MOXnuBICTb ANst PO3roHy cTanesunx ccepu-
YHUX yaapHukiB giameTpom 8 mMm Ta mMacow 2,2 r (2) Big 200 m/c go 1500 m/c. dikcoBaHa gosxuHa cteona (570 mMm)
3abe3neyvye KOMNaKTHICTb PO3riHHOro GMoKy i BCboro cteHay 3aranom. Cteon (3) MiCTUTbCS B 3aXWCHIN cTanesin 060MoHLUi
(4). MoHTaxHuI Habin mae enekTpuyHuin nignan (5), Wo gae 3Mory BUKOPUCTOBYBATM AWCTAHLINHWIA MYCK i3 CYCiQHbOro npu-
MiLLeHHS. BuMiptoBaHHA No4aTKoBOI LBWAKOCTI Kyni 34iIACHIOETLCA XPOHOMETPOM (6) 3a JONOMOroK CTapToBOro (7) Ta KiHue-
Boro (8) Tpurepis i3 noxubkoto He Binbwe 10 m/c. MiweHb i3 6poHemaTepiany (9) BcTaHoBNOEMO No6nu3y xpoHorpada Ha
BigcTaHi 250—400 mm nig pisHumun kytamu ataku (10). 3a ekcnepMMeHTanbHoOro MoAentoBaHHS NPOHUKHEHHS Kyni BCi napa-
METPU CTEHAY 3anuLalTbCs CTanuMn. 3MiHHUM NapameTpoM € NuLle WBMAKICTb Kyni. [Ins noganslioro BUKOPUCTaHHS Ha-
CTiNbHOrO PO3riHHOIO CTEHAY MOXHa 3aCTOCOBYBaTW CTBONW Pi3HOro AiameTpy W yAapHi eNeMeHTU He TiNbK1 y BUrnsai Kynb,
a 1 TakoX y BUrNSAi CTPYDKHIB 3 Pi3HUMWN HAaKOHEYHUKaMu.

BapTo 3ayBaxuTy, LLIO BTpATa CTIKOCTI NPSIMONIHINHOIO pyXxy yAapHMX enemeHTiB 6e3 cTabinisytouoro obepTaHHsi HaBKOSO
ocCi BigOyBaeTbCA Ha BENUKMX BiACTaHSAX Big OyNbHOMO 3pi3y, TOMy B 3anpOrNoOHOBAHOMY PO3riHHOMY CTEHZAi BOHM MiHIMasbHi.
Hesenuki po3Mipy cTeHay AaloTb 3MOry BCTAHOBIIOBATH MOro B ByAb-Ak1X NpUMILLLEHHSX | nabopaTopisx. Po3pobneHuii HacTi-
TNBbHWIA PO3riIHHWIA CTEHA, MA€ MOXIMBICTb BCTAHOBIEHHS SIK Y FOPU30HTANbHOMY, TaK i y BEPTUKANIbHOMY MOMOXEHHI.

Ons anpobaLii po3riHHOro crenay B po6oTi BUKOPUCTOBYBanu 3pasku GpoHeMaTepianise 3i ctani Ta 6aratowaposui 6po-
Hemartepian i3 3anisa Ta migi. Micna obcTpiny 3i waunakicTio 200 m/c Ta 600 M/c pisHKMX 3pa3kiB OpoHemaTepianis He crnocTe-
piraemo gedopmalii Kyni, 8 Ha NOBEPXHi 3'ABNAETLCA NNacTMYHa BM'ATUHA PI3HOro BUrMAAyY Ta pi3Hoi rmubunum (puc. 2). Mig
Yac nNocTpiny B OAMH i3 gocnimKyBaHnx 6poHemaTepianis 3i ctani (puc. 2 6) B 3anNuLWKOBIV BM'ATUHI CNOCTEPIracmo 3anuiiku
npoLecy NNnaBfieHHs1 Ta BUTUCKYBaHHS OpoHemartepiany i3 BM'ATMHU. [na iHWoro 3paska 6poHemartepiany (puc. 2 B) Taki
npouecu He BUHMKaTb. HeobxiaHO nigkpecnuTu, Wwo nicnsa o6cTpiny 6aratowapoBoro OpoHenakeTy TakoX He CMoCcTepiraemo
npouecy nnaeneHHst (puc. 2 r). Ha puc. 2 o HaBeeHO 306paxeHHs 3anuvLLKOBOI BM'ATUHM 32 HEBENWKOIO OMTUYHOrO 36inb-
LWeHHs y N'aTb pasiB. Mpu ubomMy BinbyBaeTbCst 6GaraTospycHe NocrniaoBHE BUTUCKYBaHHS BpoHeMaTepiany.

a a
Puc. 2. 3aranbHui BUrnaa noBepxHi nicns B3aemMogii Kyni 3i ctaneBumu 6poHemartepianamm (a, 6, B, A)
Ta cTaneBo-MigHMM GaraTowapoBumM GpoHemaTepianom (r)

Y po6GoTi 6yno npoBeaeHo OLLiHKY i3NKO-MEXaHIYHNX XapaKTepUCTUK AOCHigKYBaHOro 6araTolapoBoro 6poHematepiany. Ans
KapTorpadyBaHHA MexaHiYHUX BMacTUBOCTEN Nicns B3aeMogii Kyni 3 NoBEpPXHEID BUKOHAHO Cepilo BUMIpIOBaHb MiKpOTBEPAOCTi
cTtatnyHum metogom Bikkepca (MMT-3).

"pacbikn 3mMiHWM BENMYMHM MIKPOTBEPAOCTi 3@ 3MiHWM Micus iHAeHTyBaHHSA NobyaoBaHi Ha OCHOBI CepeaHiX 3HaYeHb MIKpO-
TBEpPAOCTi, 0TpMMaHmx i3 10 nocnigoBHMX BAaBNeHb 3 iHTepBanaMmu 50 Mkm 3a HaBaHTaxkeHHs1 200 r. Ha puc. 3 npeactaBneHo
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3MiHy 3Ha4YeHHS MiKpOTBEPAOCTi B3A0BX ABOX B3AEMHO NEPNEeHANKYNAPHUX MiHiN He BpaXkeHOi NoBepxHi Ta 6ing 3anuwkoBoi
NnacTUYHOI BM'ATUMHM Bif, Kyni 3 No4aTKOBOK LWBMAKICTIO 600 m/c. 3Ha4YeHHs MiKpOTBEPAOCTi HA HEe BPaXXeHil MOBEPXHi CyT-
TEBO He 3MiHIETbCS (puc. 3 a).
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Puc. 3. 3miHa 3Ha4YeHHA MiKpOTBEepAOCTi B340BX ABOX B3aEMHO NepneHAUKYNAPHUX fiHin (1, 2) Ha noBepxHi (a)
Ta 6insA 3anuLIKOBOI NNacTUYHOI BM'ATUHM (6) 6araTowapoBoro 6poHemarepiany

13 puc. 3 6 BUAHO, L0 3HAYEHHS MiIKPOTBEPAOCTi BiNst 3anMLLKOBOI NNACTUYHOI BM'ATUHM 3a3HaE 3Ha4YHMX 3MiH. CrnovaTky
3HaYeHHs1 MikpOTBEPAOCTi 3MeHLLYeTbCs Ha = 0,4 Ta i, 3anexHo Bif y300BX sSiKMX 3a4aHunX NiHin BigdyBanocs npodintoBaHHs
nosepxHi, gopisHioe 0,026 Ma (puc. 3 6,1) Ta 0,07 Ma (puc. 3 6, 2). MNMoTiM 3HaYeHHs1 MIKPOTBEPAOCTi 36iNbLIYETLCA A0
npakTu4Ho cepefHix 3HadveHb 0,35 MMa ogHakoBo 3a NpodintoBaHHA NOBEPXHI B3A0BX 3adaHuX MiHin. OTxe, 3MiHa 3Ha4YeHHs
MiKpOTBEPAOCTi NPy NPOiNtoBaHHi NOBEPXHi BKa3ye Ha 3MiHU Pi3MKO-MexXaHiYHUX BNacTUBOCTEN MaTepiany B HEBENNKIN 30Hi
nobnmnsy micusa 3iTkHeHHs. MNpoTe B UMX 30HaX TBEPAICTb MaTepiany CyTTEBO 3MEHLUYETLCS i 3@ NOBTOPHOIro 0GCTPINy MOX-
nvBe noBHe NpobuTTsa baraToLapoBoro OpoHenakeTy.

[unckycis i BUCHOBKMU

Po3pobneHo KOHCTPYKLi0 Ta CTBOPEHO EKCMepUMEHTANbHUIA KOMMIEKC HACTINIbHOrO PO3riHHOMO CTEHAY, Y SAKOMY Kyns
AdiametpoM 8 MM i3 ctani LUX15 npucKoproeTbCa eHeprieto rasiB MOHTaXXHOro NaTpoHy Nif, Yac pyxy KaHarom 3aBOOBXKKM
570 mm 3 kepoBaHoto weuakicTio Big 200 go 1500 m/c Ta pisHMMK KyTamu aTaku Big 45 no 90°. BctaHoBneHo, wo nicns
o6cTpiny 3i weugkictio 200 m/c Ta 600 m/c ans pisHux 3paskis GpoHemaTepianis 3'ABNSETLCA NNacTUYHa BM'STUHA Pi3HOro
BUMSAAY Ta pi3HOi rMMbuHW. BogHoyac y 3anuLUKOBi BM'ATWMHI CNOCTEPIraemMo 3anuLLKy NpoLecy nNnasneHHs Ta BUTUCKYBaHHS
OpoHemartepiany i3 BM'aTUHW. Y pasi 06¢cTpiny 6aratowapoBoro 6poHenakeTy Kyneto 3i weugkictio 600 m/c He BiabyBaeTbCA
aedopmadii kyni. Y poboti 6yno npoBeAeHoO OUIHKY (Di3VKO-MeXaHIiYHUX XapaKTepUCTMK OOCTiAXyBaHOro 6aratowapoBoro
OpoHemartepiany. [na kapTtorpadyBaHHs MEXaHIYHMX BNAcTMBOCTEN MiCNsS BUCOKOLLBUAKICHOT B3aemogii Kyri 3 MOBEpPXHE
6araTtowwapoBoro 6poHemaTepiany 6yno BMKOHAHO Cepild BUMipOBaHb MIKpOTBEPAOCT 6insa Miclb B3aeMopfii Ha NOBEpPXHi
3paska. TecTyBaHHA Ha MIKpOTBEPAICTb MPOBOANMAM CTaTUYHUM MeTodoM Bikkepca (MMT-3). Mpadpikn 3anexHocTi BenuynHn
MiKpOTBEPAOCTi Yy pasi 3MiHMi Micus iHOEHTYBaHHs NobyaoBaHi HAa OCHOBI cepefiHiX 3Ha4YeHb MIKPOTBEPAOCTi, OTPUMAHMX i3
10 nocnigoBHUX BAaBneHb 3 iHTepBanamun 50 MkM 3a HaBaHTaxeHHs1 200 r. BcTaHOBMEHO, L0 3HaYeHHS MiKpoTBEpAOoCTi 6ina
3anULLIKOBOI NITACTUYHOI BM'ATMHU 3a3HA€E iCTOTHMX 3MiH. CnovaTKy 3Ha4YeHHs1 MiKpOTBEpPAOCTi 3MeHLWyeTbes Ha = 0,4 [Tla i,
3anexHo Bif y340BX AKMX B3AEMHO NeprneHAMKYIAPHUX MiHii BiabyBanocs npogintoBaHHA noBepxHi, gopieHioe 0,026 Ma Ta
0,07 MMa. MoTimM 3Ha4YeHHs1 MiKPOTBEPAOCTI 30iNbLUYETLCA A0 NPAKTUYHO cepeHix 3HadeHb 0,35 Ma. Omke, 3MiHa 3HAaYEHHS
MiKpOTBEpPAOCTi 3a NPOMINtOBaHHA NOBEPXHi BKA3ye Ha 3MiHM (hi3MKO-MeXaHiYHNX BNAaCTUBOCTEN MaTepiany B HEBEMWKINA 30HI
no6nmay micus 3iTkHeHHs. MpoTe B Uux 30Hax TBEPAICTb MaTtepiany CyTTEBO 3MEHLUYETLCS i 3@ NOBTOPHOrO 0bCTpiny MOX-
nvBe NoBHe NpobuTTsa BaraTollapoBoro GpoHenakeTy.

BHecok aBTOpiB: Mukona MenbHUYEHKO — KOHLENTYyani3awis, MeToauka, emnipuyHe gocnigxeHHsi; JleoHin Aposow — 36ip i nepeBipka
eMnipnyHux gaHux; Hatans lNMyyko — aHani3 mxepen, Nigrotoska ornsay nirepatypu; Muxanno BogoTtoBka — emnipuyHe AOCAIOXEHHS.

Mxepena diHaHcyBaHHA. [JocnigxeHHs Byno BUkoHaHo 3a diHaHcoBoi niaTpumkm MOH YkpaiHu B Mexax BUKOHaHHS NpoekTy "MeTo-
[AVKa OOChiMKEHHs AMHaMIYHOI CTIMKOCTI Ta npoueciB pyiHyBaHHs BpoHemaTepianiB nig Qi€ yAapHOro HaBaHTaXeHHs".
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METHOD OF EXPERIMENTAL MODELING OF PENETRATION
OF HIGH-VELOCITY IMPACT ELEMENTS IN ARMOR MATERIALS

The work developed and created an experimental complex of a desktop acceleration stand in which a ball with a diameter of 8 mm made of LLIX15
steel is accelerated by the energy of gases from a mounting cartridge while moving along a channel 570 mm long with a controlled speed from 200
to 1500 m/s and at various angles of attack from 45 to 90°. The acceleration stand was tested. It was found that after firing at speeds of 200 m/s and
600 m/s, various types of armor materials exhibited plastic dents of various shapes and depths. At the same time, the residual dent shows traces of
the process of melting and extrusion of the armor material from the dent. When firing a multi-layer armor package with a bullet at a speed of 600 m/s,
no deformation of the bullet is observed. To evaluate the physical and mechanical characteristics of the multilayer armor material under study, a
series of microhardness measurements was performed at the points of interaction on the sample surface. Microhardness testing was performed
using the Vickers static method (PMT-3). It was found that the microhardness value near the residual plastic indentation undergoes significant
changes. Initially, the microhardness value decreases by = 0.4 GPa and, depending on the mutually perpendicular lines along which the surface
profiling took place, is equal to 0.026 GPa and 0.07 GPa. Then the microhardness value increases to practically average values of 0.35 GPa. Therefore,
a change in microhardness during surface profiling indicates changes in the physical and mechanical properties of the material in a small area near
the point of impact. At the same time, the hardness of the material in these areas is significantly reduced, and repeated firing may result in complete
penetration of the multilayer armor package.

Keywords: armor material, shock wave loading, armor penetration, microhardness, microhardness mapping.
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KBA3ICTATUYHA KOHTAKTHA B3AEMOIA CKIHYEHHOIO XXOPCTKOIro UMniHAPA,
WO OBEPTAETLCH, TA MPY>KHOIO NiBNPOCTOPY
3A ®PUKLINHOIO TENNOYTBOPEHHA

IcHye 6aezamo mamemamu4Hux modersnel, W0 MOK/IUKaHi onucamu npoyec KOHMakmyeaHHs1 min, npome po3e‘'a3amu 6inb-
wicmb meopemuyHuX i IPakKMu4YHUX Mpu6ono2iyHux npobsieM HeMOXueo 6e3 po32sisidy 2eoMempPUYHUX XapaKmepucmuK KOH-
makmHoi e3aemodii. OOHak y KOHMaKmHux 3ada4ax mepMOrpYy>XHOCMi ¢hakmopu cKiHYeHHocmi po3mipie wmamna ma
KpueoiJiiHitiHicmb (i020 ocHO8U 3a3euYali He epaxoeyromsb.

Ha npuknadi ocecumempuyHoOi 3adayi PO eMUCKy8aHHsI 8 NPY)XXHUU nienpocmip CKiH4eHHO20 XOPCIMKO20 KPYy208020 YUJTiH-
dpa, ujo o6epmaembcsi HABKOJI0 C8O€ET OCi 3 MOCMILIHO Kymoegoto weudKicmio, y npornoHoeaHili po6omi po3assiHymo Memoouky,
sika 0ae MoxJiueicmb 3Modenitoeamu i docnidumu wupoKul criekmp sseuW, W0 MOXXYyMb 8UHUKamu 3a e3aemodii min: eidokpem-
JIeHHS1 KOHMAaKMHUX M08ePXOHb, 3amMUHaHHs, 0OHOYacHe iCHy8aHHs1 30H 34erIeHHs1 i koe3aHHs1. Ha dinsiHyi KoHmakmy eHaciook
dif cun mepmsi ymeoproembcsi menno, i HeideanbHull mennoguli KOHMaKm MiX YusniHOPOM i niempocmopomM MameMamu4HO MoO-
denoembcs 3a o0NoMo200 "mpembo20 mina” — MOHKUX NPUNoeepxHea8uUX i MPOMIXKKo8UX Wapie KOHMaKmMHuUXx min, ¢hisauko-me-
XaHiyHi enacmueocmi sikux eiOpi3HsItombCs1 8id enacmueocmeli min KOHMakmHol napu. [ns KOXHO20 3 KOHMaKmHux min
po3e'a3aHo HecmayioHapHe pi8HSIHHSI mernionpoeioHocMmi 3 M04amKo80r yMOBOH Ha memnepamypy, y pewmi auxiOHux cniegio-
HoweHb Yacoea 3MiHHa ¢hicypye sik napamemp. Bukopucmoeyroyu inmezpanbHe nepemeopeHHsi Jlannaca 3a 4acom, 3acmocoey-
ro4u iHmezpansHe nepemeopeHHs1 XaHkensi 3a padianbHol KoopAuHamoto Onisi nienpocmopy ma Memood npsiMux Ons yuniHopa,
ompumaHo po3nodin memnepamypu ma mernso8ux foJie y yuniHopi U nienpocmopi, KOHMaKMHUX HanpyXxeHb i nepemMiujeHb
nienpocmopy. O6epHeHHsI mpaHcghopMmaHm wykaHux pyHKUil 3dilicHro8anu 4ucrnoeo. BusieneHo sikicHo eiOMiHHi emanu 3a2arnb-
HOI KapmuHu Kea3icmamu4Hoi e3aeModii Ansi nocmaeneHoi 3adadyi. 3'icoeaHo, wo nepebiz eidnoeidHUX Npoyecie susHa4YacmbCsi
KOHKPpemHuUMuU HaeaHMa)xeHHsIMU i xapakmepucmukamu napu mepmsi. Bid3HayeHo, wjo keazicmamuyHi KOHMaKkmHi 3adayi doui-
JIbHO po32nsi0amu modi, Konu no4amkoei 0aHi ma xapakmep HagaHMa)XeHHs CMPUYUHAOMb NepeeuueHHs MaKkcuMallbHUX 3Ha-
4YeHb AocnidxyeaHux eenuqyuH 8ionoeiOHUX xapakmepucmuk y cmayioHapHOMY pPexumi.

Knwo4yoBi cnoBa: koHmakm, mepmsi, po3izpie, mennonpoeioHicms, mepMonpyxHicms.

Knacudikauis BignosigHo no AMS 2020: 74F05.

Beryn

BusHayeHHs TemnepaTypHUX MOMIB Y KOHTAKTHWUX Tinax nig 4yac iXHbOro BiQHOCHOrO KOB3aHHSI € OAHIEI0 3 aKTyanbHUX
3agay Tpubonorii. Pis3HOMaHITHICTb YMHHUKIB BNNMBY Ha TENSMOBUIA PEXUM Napy TepTs 3yMOBIIIOE CKIadHICTb onvcy Ta maTe-
MaTUYHOrO MOZJEMOBAHHSA TaKOI NMPaKTUYHOI HAaYKOBO-TEXHIYHOI 3adavi. Yneplue KOHTakTHy B3aEMOAi0 B TEPMOMPYXHOCTI
posrnaganu B po6oti (George, & Sneddon, 1962), ae 6yno AocnigXeHo po3nodin HanpyxeHb i NepeMilleHb y Mpy>KHOMY
niBNPOCTOpI Mg Yac BTMCKYBaHHSA B HbOMO >XOPCTKOro LUTamna 3 NeBHOK TemnepaTypot. OgHak y Ui Ta BinblIoCTi iHWnX
ny6nikauin He 6panu 4O yBaru BUNUHAHHSA OCHOBM i, IK HACNIAOK, LIINIKOM MOXITMBE BiCTaBaHHA AeSKMX AiNSHOK WTamMna Big
OCHOBU. 3a CMpOLLEHUX FPaHNYHMX YMOB 3aady HEMOBHOMO KOHTAaKTY MOCKOI OCHOBM LUTaMmna 3 NPY>XHUM MiBNPOCTOPOM
6yno poarnsHyTo B poboTi (Barber, 1967), oocnigXeHHst r'pyHTyBanocst Ha ToMmy, L0 TENo, sike YTBOPIOETLCA BHACMIAOK
TepTs, PO3MNOAINAETLCA MK ABOMA KOHTAKTHUMMU NOBEPXHSMU. MaTemMaTUyHO MOZENoBaTH PEXUMU TEPTS, 3HOLLYBAHHS Ta
TENNOYTBOPEHHS 3a JOMNOMOIOK po3rnsay Tak 3BaHOr0 YMOBHOTO "TPeTboro Tina" — TOHKUX MPUMOBEPXHEBUX i MPOMIDKKOBMX
LIapiB KOHTAKTHMX Tin, pisnKO-MexaHivHi BRaCTUBOCTI AKMX BiAPi3HSAIOTLCA Bif, BIaCTUBOCTEN TiN KOHTaKTHOI Napu, Ta Mikpo-
reoMeTpielo NOBEPXOHb TiN y KOHTaKTHIN 30Hi, 6yno 3anponoHoBaHo y poborTi (Levyts'kyi, & Onyshkevych, 2002). ins onucy
KOHTaKTHOI B3aemogii 6yrno BUKOPUCTaHO y3ararnbHEHi yMOBU TEMIOBOIO KOHTaKTY, LLIO BPaxoBYOTb y3aranbHeHy Xxapakrepu-
CTUKY — KOeILJEHT TEMMONPOHMKHOCTI KOHTaKTy. MaTemaTnyHOMy MOZEMIOBaHHIO Ta PO3POBNEHHI0 aHaniTUYHUX | YNCTIOBUX
MeTofiB AOCHiOKEeHHS KOHTAKTHOI B3aemogii Tin pisHOi reoMeTpu4HOT (hopMU i Pi3NYHOI CTPYKTYPY 3 ypaxyBaHHAM LLOPCTKO-
CTi IXHiIX M&X, MPOKOB3yBaHHS i po3LLapyBaHHS CMPSXXEHNX NOBEPXOHb NPUCBAYEHO MoHorpadito (MapTuHsk, & Maranuyxk Ta
iH., 2022). OgHak yHiBepcanbHUX aHaniTMKO-4YMCIOBUX METOAiB PO3B'si3yBaHHSA KOHTAKTHUX 3adadv Yy KBasicTauioHapHin noc-
TaHoBLi HeMae, Hanpuknag, y poboTi (OHuwkesuy, & bapabau, 2023) 3anponoHoBaHO METoA NOCNIAOBHO-ANCKPETHOrO po-
3[AiNEeHHS rpaHNYHUX YMOB 3 BUKOPUCTAHHAM PYXOMOI MiHii PO3AINEHHs rpaHUYHUX YMOB, L0 MOXe ByTn BUKOpUCTaHe Ans
PO3B'A3yBaHHs HECTALLiOHAPHOI 3aAavi LWNSAXOM 3BeAeHHS ii 40 NOCNig0BHOCTI 3a4ad i3 HE3MIHHMMM OiNsiHKaMuy NpUKNagaHHs
BMAO3MIHEHWNX TPAHUYHNX YMOB.

O6'exTOM OOCNIAKEHHSI € KOHTAKTHA B3aEMOZiSl X)XOPCTKOro KPYroBOro LMniHapa CKiHYEHHOI JOBXWUHM, Wo obepTaeTbes
HaBKOMO CBOET OCi 3 MOCTIMHOK KYTOBOK LUBWUAKICTIO i BTUCKYETBLCS Y MPYXXHUI NiBAPOCTIP 3@ HAasiBHOCTi TENIOYyTBOPEHHS Ha
JiNsHUi KOHTaKTY Big Ail cunn TepTs.

MeTa Ta 3aBAaHHA AOCNIMKEHHSI — MaTeMaTu4Ha NOCTaHOBKa OCECMMETPUYHOI KBasicTauioHapHOi 3agayvi TepMOnpyXHO-
CTi ANS ujiei TpnbonorivyHoi Napun 3 ypaxyBaHHAM TEMMOYTBOPEHHS B 30Hi KOHTaKTY; MOAENOBAHHA HeifeanbHOro TennoBoro
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KOHTaKTy 3a JOMOMOrot "TpeTboro Tina"; po3pobneHHa MeToaMKN po3B'A3yBaHHA NOCTaBMEHOI 3a4adi 3 ypaxyBaHHAM MOX-
NMBOTO BiJOKPEMIIEHHS KOHTAKTHUX MOBEPXOHb, 3aTUHAHHS, OAHOYACHOrO iICHYBaHHS 30H 34EMMEHHS | KOB3aHHS.

1. MocTaHoBKa 3agavi

PoarnsHyTo umniHgpuyHui Wtamn i3 pagiycom R i BACOTOW H, LLO BTUCKYETLCSA BEPTMKAIBbHOK CUMOK Py NpyXHWUA NiB-
NpocTip # 0b6epTaeTbCst HABKOMO CBOET OCi 3 MOCTINHOIO KyTOBOIO LUBMAKICTIO » . BBaxaemo, Lo B NOYaTKOBUI MOMEHT Yacy
Temnepartypa uuniHgpa i niBnpocTopy € HynboBMMU. Mixk BEpXHbOK MOBEPXHEID WTamna, 6iYHMMK NOBEPXHAMU LWITaMna i
HeHaBaHTaXXEHO NOBEPXHEID MIBMPOCTOPY 3 OAHOr0 GOKY Ta 30BHILLUHIM CEPEAOBULLEM 3 iHLLIOMO 34iACHIOETLCS TENN00OMIH
3a 3aKOHOM HbloTOHa 3 pisHUMK KoedilieHTamu TennoobmiHy. TennoBuii KOHTaKT MiX LUTAMMOM i MiIBIPOCTOPOM € Heigearb-
HMM, NOro MOZENEMO 3a JOMOMOrot Tak 3BaHoro "tpeTboro Tina" (Levyts'kyi, & Onyshkevych, 2002) — ToHkMx npunoBepx-
HEBUX i NPOMDKKOBUX LUAPIB KOHTAKTHUX Tin, (Pi3vko-MexaHiyHi BNacTMBOCTI SKUX BiApi3HAOTbLCSA Bif BNacTUBOCTEN Tin
KOHTaKTHOI napu, Ta MIKpOreoMeTpiEl0 NOBEPXOHb Tifl Y KOHTAKTHIM 30Hi, 3 BUKOPUCTAHHAM y3aranbHEHOI XapakTePUCTUKN —
koedpilieHTa TennonNpPoHMKHOCTI KOHTaKTy h. Big aii cunu TepTta Ha QinsHui KOHTakTy BibyBa€eTbCA TENMOYTBOPEHHS, O Npo-
nopuiiHe iIHTEHCUBHOCTI cunu TepTd. TemnepaTypy 30BHILLHBOrO cepefoByLLa BBaXXaeMO HYIbOBOW. Po3B'A3yBaHHs 3agadvi
nonsrae B Tomy, o6 3a40BOMbHUTY:

1) piBHAHHSI TEPMOMPYXXHOCTI A4S NIBMPOCTOPY

w0 _ Bt de _BOt N _ 0% 10 0 _ouw  u  Ou
Aur_r_2+k5_u6r'Auz+kaz_uaz'A_arz ror 6r2'e_6r+r+az' M
2) piBHSIHHSA TENMONPOBIAHOCTI ANS LUuMniHApa i niBIpocTopy
aT at
AT = Xy = At = X, = )
3) TemnepaTypHi rpaHNYHi yMOBU
z2=0:2 =y T <r<R),r=RIE=—yT0<z=D), 3)
e e i Lo e T)(0 < <R)at— t(r >R (4)
z= g 1aZ—fT‘D7”0zz»zaZ 15, ( J0<r< ’az_YH(r )
4) cnoBi rpaHW4YHi YMOBM
z=H:u,=f(0<r<R),0,,=00r=R),1,, =001 < x); (5)
5) noyaTKoBi ymMOBU
T=0:t=T=0,f=0f/0t=0. (6)

Tytk=QA+w/u=1/(A—2v), v — koediuieHT MNyaccoHa, B = (3A + 2p)ar, A Ta p — KoediuieHTn Jlame, ar — Temnepa-
TYPHUIN KOemILiEHT NiHIMHOrO po3WnpeHHs, f(T) - BeNMYMHA OCidaHHA WwTaMna, A; Ta A, — KoedilieHTU TennonpoBigHOCTI
BiQMOBIAHO ANA WTamna i NiBNPOCTOPY, Yo = Yq = Yy — KoeilieHTn TennooOMiHy i3 30BHiLIHIM cepedoBULLEM BiaMNOBIOHO
ans Topusa uuniHapa, noro GiYHOT MOBEPXHi i He3aBaHTaXKeHOi MOBEpPXHi MiBnpocTopy, 7 — Temnepartypa uuniHgpU4HOro
wTamna, t— TemnepaTtypa niBnpoctopy, X; = 1/a;(i = 1,2), a; — koediuieHTn TemnepaTyponposigHocTi (i = 1 BignoBigae wra-
mny, a i = 1 Bignosigae niBnpocTopy), h — koemiLiEHT TEMNONPOHUKHOCTI KOHTaKTY, T, = fr0,,, O€ fr — KOediLlieHT TepTs.
OyHkuii ¢, T, u,, Uy, Uy, 0,,, Tr; € PYHKUIAMKU Big TPbOX OINCHUX 3MIHHUX r, Z, T. BBaXaemo, WO WTamMn Mae 3akpyrieHi kpai i
B 06nacTi KOHTaKTy € 06MexXeHn NoBepxHeto obepTaHHS, Lo CKNaaaeTbes i3 ABOX OiNSHOK: 3a 0 < r < r* — nnowwHa, a 3a
r* <r < R — napabornoif 3 BEPLUMHO0 B TOYLi 7*:

£ = £10) = G HG =), f1(1) = const, (7)

[e BenuuuHa r* 6nusbka Ao R, R, — pafiyc KpUBuMHM Kpais wtamna, H(r — r*) — dyHkuis Xesicaaa. Min yac poss'asyBaHHs
3agadvi 6yaemo BUKOpUCTOBYBaTU YMOBY AMHAMIYHOI piBHOBaru wramna
m% =P(1) + 21 fOR r0,,(r,H,T)dr, (8)

Ae m — Maca WwTamna, P — npuTMUCKHa BepTMKanbHa cuna.

2. MeTtop po3B'A3yBaHHA 3apadi

3acTocyeMo iHTerpansHe nepeTBoOpeHHs Jlannaca 3a Yacom [0 piBHSAHB (2), ypaxoByoun noyaTkosi ymosu (6). Buko-
PUCTOBYIOYM MeTO4 NPSMUX i 3a40BONbHSIOUN Apyry YMOBY (3), OTpUMaHe piBHAHHA Y 6e3p03MipHUX 3MiHHUX p = 1/R,{ =
z/H MOXHa 3anucaTtu B KoxHih 3 N Touok po3outts p; = Ap(i — 1) = (i — 1)/(N — 1),(i = 1, ..., N) Ta 3BecTv 3agady Tenno-
NPOBIAHOCTI ANs UMNiHAPa [0 CUCTEMM MiHINHUX AndepeHLianbHMX piBHAHb BUAY dw/d{ = BW. Ii po3s'asok mae Burnsig

L L
WT({r 5) = <TL(p1v Q S), R TL(pNJ Z; S)v ar (pl‘ Z‘ S) 2y ar (pN' (' S)>

@ T @
i 6y,D,y6TbCFI 3a gonomoror ManW—IHOT EKCMNOHEeHTU
W(Z,s) = exp(B()0) d(s) = o 2 d(s), (10)

ae B(s) — Bigoma matpuusa po3MipHocTi 2N X 2N, a BeKTop J(s) BM3HAYaETLCS 3 rpaHUYHUX YMOB (3).

3acTocoBytoun iHTerpanbHe nNepeTBOpPeHHs XaHKens HynbOBOro Mopsiaky no padianbHii koopauHaTi A0 PIBHAHHS Ans
niBnpocTopy B TpaHcdopmaHTax Jlannaca, oTpMMaHo B1pasu Ans NoABIVHUX TPaHCOPMaHT LUYKaHWUX Hanpy>eHb, nepemi-
LLeHb, TeMMepaTypu Ta TennoBux noTokis. Mepexoaaun y dopmynax ana t*¥ (g, H,s), ¢"¥ (€, H,s), ut” (¢, H,s), oL (§, H,s) oo
6e3po3mipHoro napameTpa 1 = §R, 3aCTOCOBYHOUM O6epHeHe NepeTBOpeHHs XaHKens, 3a40BOMNbHAYM rpaHnyHi ymosw (4) — (5)
Ta NPOAOBXYUYM OTPUMaHi BMpasn Ha BCHO BiCb p 3a JOMNOMOroto (pyHKUii XeBicanga, nogamo HeBigoMi PyHKUii y BUrMAai
posknagis y paan dyp'e — beccens

®(p,s) = bo(s) + Xn=1 bn()]o (1nP), 072 (p, 1,5) = Xn=1 @n(s)]o (np), (11)

Ae W, — Hyni dyHkuii Beccensi HyNboBOro nopsaky J,(x). Bupasunswm gyHKLUii Yepes HeBigoMi koedilieHTH, 3a00BOMNbHSAOYN
(8) Ta nepLuy rpaHnyHy YMOBY (3) B KOXHI TOYLi PiBHOMIPHOTO po30uTTS p;, NPUAAEMO 40 CUCTEMM PiBHSAHBL 3 4N HEBIZOMUMU:
an(s), bp(s)(n =1,..,N) tad,(s)(n = 1,...,2N). O6uncneHHs opuriHanis dyHkuin tX(p,H,s), q~(p, H,s), ut(p, H, s) aaincHio-
Banu YMCMOBMM METOAOM Yy BUMMAAI po3BUHEHHA B psag dyp'e 3a dyHkuismu sin(2k + 1) 0, Aki Ans [QiNCHUX 3HaYeHb
sp=(2n+1)o(n=0,,...,N*) yTBOPIOIOTb MOBHY OPTOrOHamNbHy CUCTEMY.

9)
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3. Yucnosi pesynbTtaTtn

Min yac o6uyncneHb BBaXkanu, LWO NPUTUCKHA BepTuKarbHa cuna P 3apgaeTbes piBHAHHAM P(t) = F(1 — exp(—ar)),
Ae a Ta F € geskMuMmmn KoHcTaHTamu. Po3rnsgany, Wwo martepian umniigpa — cranb, a martepian niBnpocTopy — antoMiHin.

Ha puc. 1 306paXeHO po3noAin KOHTAKTHMX HamnpyXeHb, a Ha puUc. 2 — TeMnepaTypa Ha rpaHuui NiBNPOCTOpYy B Pi3Hi
MOMEHTH Yacy.

20 30
-,
=0.1 =— =05 =—
tmor = g S
— T=35
T=4 204
104
10+
1 P 1 1 P
0 0.5 1 ° 0.4 08 12

Puc. 1. Po3nopgin KOHTaKTHMX HanpyxeHb (MIMa) Puc. 2. Temnepartypa Ha rpaHudi nisnpocTtopy (°C)

Ouckycisi i BACHOBKKU

Ha ocHoBi NpoBeAeHMX YNCINOBUX OOYMNCIEHD 1 aHarni3y AiNsHOK 3MiHW 3HaKy KOHTaKTHMX Hanpy>XeHb 3'COBaHO, LLO 3a-
ranbHy KapTUHY KBasicTaTU4YHOI B3aemogii y 3agadi MoxHa onMcaTti TakumMm SiKiCHO BiAMiIHHMMUW eTanamu:

* MOBHE 34€eMNSIeHHsl OCHOBM LUTaMMa i3 CYMIDKHOIO AiNsIHKOO MIBNPOCTOPY; TENIOYTBOPEHHS HE BiAOyBaeTbCs;

* YaCTKOBE 34eNSIEHHS OCHOBU LUTaMMa 3 KOHTAKTHOK AiNsIHKOK NiBMNPOCTOPY; Ha 30BHILLUHBOMY KiNbLii KOHTAKTY CnocTe-
piraemMo NpOKOB3YBaHHS, a BiATaK i TEMNOYTBOPEHHS;

* Ha BCi AINSHUi KOHTaKTY (3a BUHATKOM Marioro OKosy OCbOBOi TOYKM) Lil0Tb CUnK TepTs i BigbyBaeTbCa MPUKLINHUIA
HarpiB; KOHTAKTHI HanNpPy>XeHHS Nepepo3noAiNATLCA, ane pagiyc AiNAHKA KOHTAKTY He 3MIHIOETbCS;

* BiOOKpPEMIIEHHSI YaCTMHN OCHOBW LMMiHAPA Bif NOBEPXHI NIBMPOCTOPY SK HACNIAOK Ail TEPMiYHUX haKTOpIB;

* CTalioHapHa cTagis; »o4Ha i3 LWyKaHUX OYHKLA 3 YAaCOM He 3MIHHETLCS.

Mepebir onucaHmx NpoLeciB BUBHAYAETLCA KOHKPETHUMMN HAaBaHTaXXEHHSAMM | XapaKTepucTUKamun napu TepTs. Y BUnagky,
KON NPUTUCKHA CUNa i KPYTHUA MOMEHT, MOCTYNOBO 3pOCTalo4K, 3 YacoMm cTabinisytoTbCsi, MOXHa OTPUMAaTH Y3rOMKEHHS 3
BiJOMMMM KnacuyHUMK pesynbTaTamu poboTtn (George, & Sneddon, 1962). KeasictaTuyHi KOHTaKTHI 3adadi A0OLiNbHO poar-
nsaaTtv ToAi, KONy NoyaTkoBi AaHi | XapakTep HaBaHTaXXEHHSA CNPUYNHAKOTLCA 40 TOro, O MakCUMarbHi 3HAYEHHS AOCNIAXY-
BaHWX BENUYUH NEePEBULLYIOTb BiAMOBIAHI XapakTepuCTUKM CTalioHapHOro pexumy. MatematuyHe MoaentoBaHHS BUSBIEHNX
SIBMLL, HEJOCKOHAIOro KOHTaKTy NiaHyeTbCS NPOOOBXUTM B NOAANbLUMX AOCTIIKEHHSAX.

BHecok aBTopiB: Bonogumup OHULIKEBUY — NOCTAHOBKA 3afadi, METOAUKA PO3B'si3yBaHHS; YMCMOBi obuncneHHs; ManvHa bapabaw —
aHani3 mxepen, ornag nirepatypw, 36ip i nepeBipka eMnipUYHMX OaHUX.

Dxepena ciHaHcyBaHHA. PiHaHCYBaHHS 34iNCHIOETLCS BACHMM KOLLTOM aBTOPIB | YacTkoBO 3abesnevyeHo KWiBCbKMM HauioHanbHUM
yHiBepcuTeToM iMeHi Tapaca LLleByeHka.
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THE UNSTEADY CONTACT INTERACTION OF A ROTATING STIFF FINITE CYLINDER
AND ELASTIC HALF-SPACE WITH FRICTIONAL HEAT GENERATION

There are several mathematical models that help describe the contacting process for bodies, but solving the majority of theoretical and practical
problems is not impossible without considering the geometric characteristics of contact interaction. However, in the contact problems of
thermoelasticity factors of finiteness of stiff dimensions and curvilinearity of its basis are not taken into account mostly.

In the example of an axisymmetric problem about pressing a finite rigid circular cylinder, rotating around its axis with constant angular velocity,
into an elastic half-space, we consider the method that allows us to model and investigate a wide range of phenomena arising at the interaction of
bodies: separation of contact surfaces, wedging, and simultaneous existence of adhesion and sliding zones. On the contact area, heat is generated
by friction forces, and non-ideal heat contact between cylinder and half-space is mathematically modeled using "third body" — thin near-surfaces and
intermediate layers of interacting bodies, the physical and mechanical properties of which differ from those of the contact pair, and by the
microgeometry of their surfaces in the contact zone. For every contact body, the non-stationary equation of thermal conductivity with initial condition
on temperature is solved, and the time variable appears as a parameter in the rest initial ratios. A Laplace integral transformation with respect to the
time coordinate and a Hankel integral transformation with respect to the radial coordinate for the half-space and the method of straight lines cylinder
are used to solve the problem. The temperature and thermal flux fields in the cylinder and in the half-space, the contact stresses, and the
displacements of the half-space are determined. The inversion of the transforms of the desired functions was carried out numerically. Qualitatively
distinct stages of the overall picture of unsteady interaction for the formulated problem have been identified. It was found that the course of the
relevant processes is determined by specific loads and friction pair characteristics. It is noted that quasi-stationary contact problems should be
considered when the initial data and the nature of the load cause the maximum values of the studied quantities of the corresponding characteristics
to be exceeded in the stationary mode.

Keywords: contact, friction, heating, thermal conductivity, thermoelasticity.
ABTOpM 3aABNSAIOTL NPO BiACYTHICTb KOHAMIKTY iHTepeciB. CnoHcopy He 6panu yyacTi B po3pobneHHi AoChimKeHHs; y 36opi, aHanisi un
iHTepnpeTauii AaHWX; y HanMcaHHI pykonucy; B pilleHHi npo ny6nikauito pesynbTarTis.
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YepHiBeLbKui HallioHanbHUI yHiBepcuTeT imeHi l0pia ®egbkoBuYa, YepHisui, YkpaiHa

®YHOAMEHTAJIbHUMA PO3B'A30K 3AAAUI KOLUI
AnAa QUCUNATUBHOI O YJIbTPANAPABONIYHONOPIBHAHHA KOJMIMOIrOPOBA
3 HE3ANEXHUMM BIA 3SMIHHUX BUPOAXKEHHA KOE®ILIEHTAMMU

Ana ynempanapa6oni4Hozo pieHsiHHs1 Konmozaopoea 3 koeghiyieHmamu, wjo He 3anexams 8i0 3MiHHUX 8UPOOXKEHHS i € He06-
MeXeHUMU 3a NPocImopoeoro 3MiHHO, NobydosaHo ¢hyHOaMmeHmMasbHull po3e'sa3ok 3adayi Kowi. 3pocmaHHs koegiyieHmie pie-
HSIHHS1 3anexumb 8i0 3pocmaroyoi pyHKUil, sIKy Ha3ueaeMo xapakmepucmukoro ducunayii. Koegpiyienmu pieHsIHHS
3adoeosibHAIOMb cneyianbHy ymosy Nenbdepa, wo Micmums xapakmepucmuky ducunayii. JugepenyitiogHicmb koegpiyieHmie
He suMaz2aembCsl, MOMY Ha xapakmepucmuky ducunauyii HaknadeHo dodamkoey ymosy. YnbmpanapaboniyHi pieHsiHHs1 Konmozo-
posea 3i 3pocmaroyumMu KoegiyicHmamu suHUKaromb y 3adayax meopii sunadkosux npouyecie, y cmamucmu4Hili padiomexHiyi.

®yHOameHmarsnbHuli po3e'a3ok 3adayi Kowi nobydoeaHo memodom Jlegi. 3a napamempukc y3ssmo ¢hyHOameHmManbHul
po38'sizok 3adayi Kowi po3ansidyeaHo20 pieHAAHHA 3 KoehiyieHmamu, 3anexHumu 8id 4acoeoi ma napamempu4Hol npocmopoeoir
3MiHHOI. Lje ycknadHroe docnioxeHHS, OCKinbKu y eunadky ob6mexeHux KoegpiyieHmie 3a napamempukc 6epemncsi pyHOameHma-
NbHUU po3e'sa30k 3adayi Kowi pieHsIHHS i3 3amopoXeHUMU KoedbiyieHmamu minbKu 2pynu cmapuwux noxioHux.

OmpumaHi oyiHku noxidHux ¢pyHOameHmManbHO20 po3e'sa3Ky 3adayvi Kowi Moxymb 6ymu eukopucmaHi nid 4ac eue4yeHHs
numandb po3e'a3Hocmi 3adayi Kowi i iHmeapanbHO20 306pakeHHSI po38's3Kie y creyiarbHUX 8a208UX NPOCMopax, a Makoxx Orsi
nobydoeu knacu4yHo2o hyHOamMeHMasnbHO20 po3e'si3Ky 3adayi Kowi ons eupodxeHozo pieHsiHHSI muny Konmozopoea 3i 3pocma-
roYuMuU 3a |x| - o Koegbiuienmamu, o 3anexams i 8i0 3MIHHUX 8UPOOXKEHHS, | cucmeM MmaKux PieHsIHb.

KnwuyoBi cnoeBa: ynbmpanapaboniyHe pieHsiHHs1 Konmozaopoea, 3pocmaroyi koegpiyieHmu, hyH0ameHmanbHul po3e 's-
30k 3adayi Kowi, Memoa Jlesi.

Knacudikauis BignoBigHo o AMS 2020: 35K70, 35A08.

Betyn

MoHATTA yHOamMeHTanbHOro po3e'si3ky 3agadi Kowwi € OCHOBHMM Yy AoCnimKeHHi po3B's3HoCTi 3agadi Kowi. HannosHiLwi
pe3ynbTaTn Npo yHOaMeHTanbHUIA po3B'A30kK 3aaadi Kowi ogepxaHo ans napaboniyHux 3a |. MeTtpoBcbkuMm Ta 3a C. Ei-
AenbMaHOM PIBHSIHb | CUCTEM PiBHSIHb 3 OOMEXEHUMY | 3pocTarounmm 3a |x| — oo koedilieHTamu. BoHn BuknageHi B MOHoT-
pacbii (Eidelman, Ivasyshen, & Kochubei, 2004) Ta wuwutOoBaHMXx Yy Hin nybnikauiax. [MoGynosi i AOCRIAKEHHO
pyHAaMeHTanbHoro po3e's3ky 3agadi Kowi ans ynstpanapaboniyHnx piBHAHb npucesayeHi npaui C. Eigensmana, I'. Manu-
ubkoi, J1. TuuuHebkoi, C. IBacuwwena, 1. AHgpocoBoi, B. [IpoHs. MNepeBaxHo Ui pe3ynbTaTv NpoaHanisoBaHi Ta BUKNaaeHi y
3rafaHin moHorpadii, e nobyaoBaHo yHAAMeHTanNbHWUI Po3B'sA30k 3adadi Kowwi gns BMpoaxeHoro piBHsIHHSA Tuny Konmo-
roposa 3 KoediuieHTamu, 3anexXHMK Big 3MIHHOI t. Y Npausix iTanincbKnx MaTeMaTuKiB BUBYAOTLCS L—p0o3B'a3ku 3agadi Kowwi
ynbTpanapaboniyHmx piBHSHb i3 6no4Hoto cTpykTypoto (Di Francesco, & Pascucci, 2005). 3Baxatoun Ha pi3HOMaHITHI 3acTo-
CYBaHHS1, OCHIOXEHHS ynbTpanapabonivyHux piBHSHb 34iNCHIOETLCS TaKOX iHWMMK MeTogamm 6e3 nobyaosn dyHaameHTa-
nbHOro po3s'aAsky 3agadi Kowi (Mpouax, & MrawHuk, 2017).

PesynbTaTtv npo dhyHAaMeHTanbHi po3s'asku 3agadi Kowi ana ynetpanapaboniyHnx piBHAHb 3 0OMeXeHnMU koediLlieH-
TaMu OOCUTb TOYHI, OAHAK TakKMMKN BOHU He € Y BUMaAKy 3pocTatoumx koediuieHTiB. Mobyaosi dhyHAaMeEHTaNnbHOro po3B'a3ky
3apadvi Kowi gns piBHAHHA TMny Konmoroposa 3 o6mexeHMMmM koedpillieHTamm, 3anexXHUMuU Bif, YCiX 3MiHHUX, NPUCBAYEHO psig
npaup C. IBacuweHa Ta |. MeaguHcbekoro. Y ctatTi (Ivasyshen, & Medyns'ky, 2018) peanizoByeTbcs noeTanHe 3acToCyBaHHS
meTogy JleBi, npuyomy KoedilieHTH piBHAHHSA 3a40BOMbHAITL crelianeHy ymoBy 'enbaepa. [ns BupomxeHoro napaboniy-
HOro PIBHSIHHS APYroro nopsiaky 3i ctanvMm y rpyni CTapLumnx i 3poctatoummMuy y rpyni MOMOALUMX NOXiOHWX i3 ABOMa rpynamu
3MiHHMX BUpOAXeHHs B npadi (IBacuweH, & MaciyHuk, 2014) ogepxxaHo B ABHOMY BuUrnsgi chopmyny cyHOaMeHTanbHOro
po3B'asky 3agadi Kowwui.

Y NponoHoBaHiIn CTaTTi po3rnAHyToO ynbTpanapaboniyHe piBHAHHSA Tuny Konmoroposa i3 ABoma rpynamu 3mMiHHMX i koedi-
LiEHTaMu, L0 He 3anexaTb Bif 3MiHHUX BUPOIKEHHS, @ iIXHE 3pOCTaHHsI 0OyMOBIEHE OESKOK 3pOCTaYor hyHKLUie. AK iy
BUMAAKYy HEBUPOMXKEHMX PiBHSHb, ANsl KOedilieHTIB po3rnsayBaHOro piBHSHHA BBOAWUTLCA ABi cepii YMOB. TyT poO3rnsiHyTo
BMNaZOoK renbaepoBux KoedilieHTiB i3 100aTKOBOK YMOBOI Ha hyHKLt, Bif SIKOT 3anexuTb picT koediuieHTis. [ns nobynosu
byHAaMeHTanbHoro po3e'asky 3agadi Kowwi BukopuctaHo metog JleBi. 3 ornsigy Ha Le 3HayHa yBara npuaineHa BUBYEHHIO
BNaCTUBOCTEW rOMOBHOIO YneHa hopmynu cyHOamMeHTanbHOro po3s'asky 3agadi Kowi.

1. OCHOBHi O3HaYeHHs Ta pe3ynbTaTu

Y wapi o7y = (0,T] X R™ CKiIHYEHHOT TOBLMHM T > 0 pO3rNsAAaEMO PiBHAHHS

ny ny
Lu(t,xq1,0:0,):=1 S — Z a;s(t, xl)axljaxls - Z a;(t, xl)axlj —ay(t,x) Ju(t,x) =0. (1)
j,s=1 j=1

TyT ny, n, — 3afaHi HaTyparbHi Yicna, Npuyomy n, < ny, n = n,; + n,, 3MiHHa x = (x;,x,) € R™ cknagaeTbecs i3 ABOX rpym,
ae x; = (x,l,---,xlnl) ER™, 1e{1,2}, S=0, —Z]."zzl x1j6x2j. PiBHsIHHA (1) € BUpPOAXXEeHMM piBHAHHAM TNy Konmoroposa
Apyroro nopsaky (ynbTpanapaboniyHum pisHsHHAM Tuny Konmoroposa), ioro koedoiuieHTn ajs, {j,s} € {1,-,n4}, a;, j €
{1,-+,n4} i ap He 3anexartb Bif 3MIHHNX BUPOMKEHHSA Xy, j € {1,-+, 1y}
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OsHaverHs1. PieHsHHs (1) Hasusamumemo QucunamueHUM yrbmparnapabonidyHum pieHsiHHaM murly Konmozopoea B Il (g r),
AKWO icHye HerepepsHa hyHKYisi D: R™ — [1,00), sika 3a0080/IbHSAE MaKi yMosu:

1) D(x;) — o npu |x1| — o]

2) @pyHKuii bjs(t,x1) = ajs(t,x1), by(t,x1) = a;(t, x)D(x1)7", {j,s}c{1,-,mq}, bo(t,x1) = ao(t,x,)D(x1)7?, x; € R™,
0 <t <T, obmexeHi;

3) 0ns pigHsAHHS

ny

ny
S Z Bjs (b, %), O,y — Z By (£ x) s, (—i0y.,,) = bo(t x1) (=B, )% | v(t, %) = 0

js=1 j=1
3 obmexeHUMU KoegiyieHmamu i do0amKo8ok MPOCMOPOBOI0 3MIHHOK X, 1 BUKOHYEMbCS yMo8a napabornidHocmi
ny n
3§>0 Vo, ER™ Vu€R: Rel| — Z bjs (t, X1) 0%, O, — Z b;(t, x1) 0%, ;1 — bo(t, x)u? | = 6(|o1|? + u?).
J,s=1 j=1

@yHKuUisi D 3a makoi yMo8u Ha3ueaembCsl Xxapakmepucmukoro oucunaujii pigHsiHHS (1).

MpunycTUMO, L0 BUKOHYIOTBCS TaKi yMOBU Ha KoedilieHTH piBHAHHSA (1).

B;. PiBHsaHHA (1) € AucunaTtMeHUM yribTpanapabonidHum piBHAHHAM Tuny Konmoroposa B [ 7y, i3 XapakTepucT1Ko
auecunadii D.

B,. 3C>0 31€(0,1] V{x;,y1} C€ER™ Vt € [0,T]: |47 a;s(t,x1)| < C |xg — y:11%,

|A¥i aj(t‘ xl)l < Clxy— y1|l(D(x1) +D(y1)), |A;¥1 aj(t,x1)| < Clxg - 3’1"1 ((D(xl)) + (D(y1))2):

yHKUil by, bj, {j,s} € {1, ...,n1}, by, K DYHKL t, € HENEPEPBHUMU PIBHOMIPHO LWOAO X; € R™.

B;. XapakTtepucTvika gucunadii D 3a40BOSIbHAE Taki yMOBMU:

1)3C>0 V{x;,y}c R™, [x;—y| <1: D(xy) < CD(yy);

2)3C>0 V{xy,y}< R™, |x;—y1l>1: D(x) < Cexp{elxy — y. | DOy},
Ae € — AoCuTb Mane gogaTtHe ymcno, BM6opoM SKOro B KOHKPETHIN cutyauii 6yaemo onepysati.

Hexai g: R™ — [1,00) — doyHKUi4, L0 NOB'A3aHa i3 XxapakTepucTuKo aucunadii D yMoBO

B,.g(x1) = o0 3a |x;| = oo, iCHyIOTb NOXigHi 6,’:11 g, 0<|ki| £ 2, ANA AKMX CNPaBAXYIOTLCA HEPIBHOCTI

05 9G] < €0 (DG)™, (820 9G] < Cn ey =yl (DGe)™ + (DOD)™), v} € R, 0< kil < 2
ne € > 0,1 € (0,1] 3ymoBu B,,  — 0OCUTb Mare goaaTHe YMcrio, BUGOPOM SIKOro B KOHKPETHIl cuTyaii Oyaemo po3nopsimpKaTuch.

HaBegemo OCHOBHWIA pe3ynbTaT Npo hyHAaMeHTanbHUM po3B'a3ok 3agadi Kowi ans piBHsAHHA (1).

BukopuctoByBaTUMEMO e Taki MO3HAYEHHs:: M:=n,m; +mn,m,, Ae my:=1/2, my:=3/2; x;:= (x1,x{), Bbe
x1:= (X11, 0 X1ny )s X1 = (Xa(nya1)s 0 Xan, )i X1 (0) = 21, Xo() = %, + txi;

E.(t,x,8):= exp {—c(IX1(t) — & 1Pt7" + X5 (8) — &1t 7)} = EZ(t, %1, 61) EZ(t,X,(8),§5);

My: = |kqlmy + |ky|m,, e mynbTviHaeke k = (kq, ky) € ZE, aakwo k, = 0, 70 My : = |kq|m,.
Teopema. Hexal ans piBHsIHHS (1) BUKOHYIOTbCS YMOBUW B; — Bs. ToAi Ans HbOro icHye chyHAaMeHTanbHMi po3e'sa30K 3agavi
Kowi G(t,x;7,6),0<t< t < T, {x,&} € R™, ons sIKOro cnpaBgXylTbCs OL|iHKM

056t %78 < €6 (=)™ Maexp {—ct - (D))} + (D)) ) Elt =128, Ikl < 2, (2)
926627, 0] < € (=)™ M eap {—e(e = D(DED)} + (DED) ™) Eelt —7,2,) x
x (14 (D) +exp{e ¢ —D(DG)’}), k| = 2, (3)

0<t< t<T, {x,6} c R",
e | — poBinbHo bikcoBaHe gogaTHe yncno C; > 0, ¢ > 0.
Kpim TOro, npaBuibHUMK € OLiHKK

L2
6Tl < €)Y =DM M) Bt - 11,8 explgle) - 9@}, Ikl < 2
j=0
Kl
|0G(t,x:7,8)| < sz (t = )™M Mt (D(x)) (14 (D))" +exp {e (¢ = D(DG))’}), Ikl = 2,
j=0

0<t<t<T {x¢écR" (4)
ae C >0, ¢ > 0, g — byap-sika pyHKUiH, Ska 3a00BOSbHSE YMOBY B,.
dyHAameHTanbHUM po3B'a3ok 3agadi Kowi wykaemo metogom Jlesi, TOMy onuwiemMo cno4vaTKy rofoBHUI YreH hopMynu
ansa dyHaaMeHTaneHoro po3s'asky 3agadi Kowwi.
2. N'onoBHUI YneH hopMynu ana chyHaameHTanbHoro po3B'aA3ky 3apadi Kowwi
PosrnsHemo gonomMikHe piBHSAHHSA

Ny ny ny
. . 2
8, — Z X1j0x,, = Z bjs(t,y1) 0y, O, — Z bj(t, ¥1)0x,,(=i0x,,,) = bo(t, y1)(=idy,,,)" | v(t, %, Xn41) =0,
j=1 js=1 j=1

(t,x,xn+1) € ”(O,T]: = (0, T] X R,
e y; — dikcoBaHa Toyka npoctopy R™:. LLlykatoun po3s's3ok 3agadi Kowi Ansa uboro piBHAHHS y BUrNaai
U(t, X, x‘n+1) = F;ix,naxnﬂ [ﬁ(t, g, T’)]: t> 0; (x, xn+1) € Rn+1 ’
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i, BUKOpPWUCTaBLUM BnacTUBOCTI 0bepHeHoro nepeTBopeHHs Pyp'e, ogepxmmo Ans Hesigomoi dyHkuii ¥ 3agady Kowi ans
NiHINHOrO HEOOHOPIAHOIO PIBHAHHS i3 YACTUHHUMW NOXIAHVMM NEPLIOro NOpsAKy, Ky PO3B'a3yeMO METOAOM XapaKTePUCTUK.
Y nigcymky npuxogmMmo Ao popmynu

v(t, X, Xpeq) = f Go(t, %, 7,8, Xpi1 — Enar, Y @(E) dE dépyq, >0, (x,xn41) € R™1,

Rn+1
y SIKin
Go(t,x,7,&, Xp11 — $ne V1) = F;i X(t-T)—& V > Xpp1—Ens1 Vo uwv,y)IE T %8 Xn1 — $nvn Y1), (®)
a dpyHkuisa V (¢, 1, 4,v,y,) € po3B'aA3koM 3aaui
nq

(0, — E bis(t,y1) ([1aj + (6 = Dugsls) + maysi ) (s + (6 — Dptaslss + passs) —
js=1
ny

_lz bj(tvyl) ([Aulj + (0 - T)#Z}]C], + H11§]”) V= bO(tryl)UZ) V(t, T,[.l,V,yl) =0, V|t=‘r =1, (6)
j=1
peci={1 jeE{l,...n},0, jE{my +1,....mq}, ¢/ =0, jE{l,...,n},1, jE{my + 1,...,n4}.
Ak onsa 3anexHux Big t B (Eidelman, Ivasyshen, & Kochubei, 2004) koediuieHTiB, oaep>XyemMo OLiHKY
V(t,T,0 +iy,n,y)| < Cexp{(=81loy | + c1ly1 1)t — 7) + (=61l02 1% + 1|yt — ©)° = SInl*(t — D)},
0<t<t<sT, {o,y}c R™, n€R, y1 € R™,
yskinC >0, 6; >0, ¢; >0, 6§ >0,aHanigcTasi Ui€ei oyiHkK, (5) 1 ymoBM B; 00epXyeMO
|aJ}CCaQIZ:_+11 GO(tJ X1, f! Xn+1 — fn+1v yl)l < Ckan (t - T)_M_Mk_an/ZEc(t - TX f) X
X {_Clxn+1 - ‘fn+1|2(t - T)_l} ’ 0 <7<t S T, {xif} c Rn ’ {xn+1' €n+1} c Rr yl € Rnl'
pe k€Z}, kny1 €Zy, Cyy,,, >0, c>0 — peskicrani. Hexain G, (t,%7,&;v;y1) = B, [Go(t, %57, 85 2, y1)]
G(t,x;7,&y1) = Go(t,x;7,& D(v1); y1). BUKOPUCTOBYIOUM BNACTUBOCTI NepeTBopeHHs dyp'e, 0aepxyeMo

0¥G(t, %7, y)| < Gt = D)™ MKEC(t — 7,%,8) exp {—c(t = DD (1))},

0<7T<t<T, {x,é} < R™, y, € R™, (7)
npuiomy G (t,x;7,&;y,) = F;_{X(t_,)_g [Vo(t, T, 0,y)](t 1,x,¢,y1) € DyHOaMEeHTanbHUM po3B'A3koM 3agdadi Kowi piBHAHHS
L(t,y1,0;,0,)v(t,x) =0, (t,x) € o), (8)

a Vy(t,t,0,y1) =V(t,17,0,D(y1),y1) 3riaHO 3 (6) € PO3B'A3KOM PIBHAHHS
ny

0, - Z a;s(t, Y1)([01j +(t— T)UZj]C]" + U1j§,"’)([01s + (t — Dogslss + o1565) —

Jj,s=1
ny
_iz a;(t, y1) ([01]' + (- T)Uzj]CJ" + Ule,"’) —aog(t,31)) Vo(t,T,0,y,) =0, 9)
=1
’ 1,je{1,...,n2}, ,,._{ O,je{l,...,nz},
e S = {0: jeEfm +1,...,n4} ST 1, jef{n,+1,...,n.} Mpu ueomy

Vo(t, 7,0 + iy, y)| < Cexp{(=61lo1|? + c1ly1|*)(t — ©) + (=81lo2|* + c1ly21*) (¢ — ©)° = §(D (v, )*(t — D)},
0<7t<t<T, {o,y} < R", n€R, y1 € R™, (10)
e C>0,6,>0, ¢,>0, §>0.
OuiHka (10) NexmMTb B OCHOBI OTPUMaHHS MOBHOTO aHaNiTMYHOro onucy G. HaBegemo aeski BNacTMBOCTI dyHAaMeHTa-
NbHOro PO3B'A3KY PIBHAHHS (8).
TeepaxeHHs 1. Hexal koegiyieHmu pieHsiHHS (8) 3a0080nbHsOMb yMO8U By, B,. Todi cripagdxyombcsi OUIHKU
A505¥G(6,1,6y) < Clyr—zi)* (€ = D)™™ Mk (exp {=c(t —D)(D(y1))*} +exp {—c(t = D(D(z; ))*}) x
x (D1 ))? + (D(z, ))Z)Ec(t -1,x8), 0<st<t<T, {x,écR" {y,z}c R™, keZl (11)
JlosedeHHa meepOxeHHs 1. Ha niactasi 3a3HavyeHoro, Ans piBHSHHS ANA OTpMMaHHS OuiHKKM (11) JocuTb ogepkaTh OLiHKY
pisHuLi A7 Vo(t,7,0,1), 0<T<t<T, {y1,z:} € R™, g € C™. Ha nigcragi (9) 3anuwemo

A;11 Vo(t,T, Qr}/l) = J

T

t e
Vo(t,0,0,51) ( Z Ajzzll ajs (0,y1) ([o1j + (6 — ©)aylsj + 016} ) ([o1s + (8 — T)ozslgs +
js=1

s
n

+01565) — iz a;(6,y1) ([01]- + (6 — T)sz]g]’- + aljgj'-’) —ay(t,¥1)) Vo(6,7,0,v,)d6 = 0.
j=1
CkopucTaBLUMCb YMOBOI B, 1 ouiHkoto (10), maTumemo
Agzzi Vo(t,7,0,y1) < C lys — z11* exp (=61 |011? + c11y1 1) (& = 1) + (=8,1021? + c11y.1P) (¢ — )%} x

t
x ((0G)” + (p@)) f {~8 (0OW)’ t-0) -8 (D)) (0 -} do,

0<7T<t<T, {y1,z1}c R™, p=0 +iyeC™, ¢, >0, §;>0, 6, = 61/4.
Ockinbkun

[F = (o)’ -0 -6 (D) (0 -1} a0 <= (exp (-2t = D(DG)’} +ewp (-2t - D(D@))’}),
TO
43 Vo(t,1,0,31) < C lyy — 211" exp exp {(=61 |y |* + c1ly1 ) (t — 1) + (=82l0, 1% + c11y2 1) (€ — 1)} x
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x (exp {-3t = D(DOD)} +exp {2t = D(PE))’}) (PGD)" + (D(z)°).

0<7T<t<T, {yi,z,}cR™, p=0+ iyeC™

TBepaxeHHA 2. [lpasuribHa pigHicmb "
f G(t,x;1,&y,)dé = Ut aO(B,yl)dG} , 0<t<t<T, x€R" y €RM™M
[osedeHHs meepO)KT(Li‘HHFI 2. MNoTpibHy cbopmyTny OTPMMYEMO 3
[ eemnsimds = Fieos M@nomml@nn i nds

nicns 3amiHW 3MiHHKX iHTEerpyBaHHs & 3a hopMynoto I;((t -7)—-&=n.

3 TBepAXeHHA 2 BUNNMBAE, WO Ana AoBinbHux k € Z}, 0<t<t< T, x € R™iy; € R™ npaBurbHa PiBHICTb ;

6,’}[ G(t,x;7,&y,)dE =0, 0<t<t<T, X € R®, y, €R™, (12)
I

MopsA i3 pyHKuUieto E, BUKOPUCTOBYBATUMEMO LLE OLiHHY (PYHKLiO
_ _ , , 2., _
Fo(t,x,8):=exp {—c (I — 617407 3], + @7e(xs +&) - &)}, >0, e Ry,
Aae ¢ > 0, gKa 3 TOYHICTIO 4O CTaroro MHOXHUKa BU3Havae oyHaameHTanbHUM po3B'a3ok 3agadi Kowi ns MoaensHOro piBHSAHHSA
(1) 3i cranumm koedpiuieHTamn. OuiHHI yHKLT E,. Ta F, 3rigHo 3 (IBacuiueH, & MeguHcbkuin, 2014) matoTb Taki BRaCTUBOCTI :

E.(t,x,§) < F, (t,x,&) < E,(t,x,8), t>0, {x,&} c R™, 0<c,<c¢ <c (13)
f E (t,x,&)t™ d& = C, (14)
v6e(0,1) 3Cs>0 V{t,0,1}cR,0<Tt<O0<t<T V{x,& cR™
f E(t—6,%y)E.(0 —7,y,)((t—0)(6 — T))_Mdy < Cs (t =) ™Ecq-sya(t — 1, %), (15)
R‘".
J Fc(t_a:x:y)Fc(e_T'Y:f)((t_a)(a_T))_Mdy = C(t_T)_MEC(t_Trer)r c>0. (16)
3asHauyumo, ulj,o
E(t—1,X(t—6),8) < E.(t—1,x%), 0<t<b<t, {x,é} c R™, (17)
E.(6 -1, (v, X,(t — 0)),&) < Ec/p(t —7,%,8EL, (6 — 1,71 — 1), 0<t<O<t, {x, &} c R™, (18)
asa 6 €[(t+1)/2,t] ogepxyemo
E(6 —7,(y1,X2(t —6)),§) S Ecpp(t —7,%,8) ELyc(t = 6,y; — x7). (19)

[lani BUCTOBYBaTMMEMO MPUPOCTM A,Zf;f(-, %) = 227 F (%), p (1,2}, pe 2M: = (24, %,), 2@: = (x4, 2,).

TeepaxeHHsA 3. Hexall koegiuyieHmu pigHsIHHS (8) 3a0o8orbHstomb yMosu B, — B3, a HenepepsHa ¢hyHKUist o(t,x;7,¢&), 0 <
T <t<T, {x,} € R™ 3a0080/bHSsIE yMOBU

lo(t ;7,61 < G (=™ 2 exp {—c(t — (D))} + (£ = DV2DED ) Ee (- 7,%,0), (20)
|42 gt xi7, 0| < €ty — 2] (€= Dm0 exp [—e(t - (D))} + (£~ DE M (D(E) )
X(E(t—tx8)+ F(t-12zP,§)), 0<al<A B3=21-2L, 0<2i<
ae | — noBinbHO ikcoBaHe AogaTHe Yncno. Toai dyHKuis
w(t,x;1,é) = J-t de f G(t,x;0,y; y)e(8,y;7,&)dy, 0<t<t<T, {x,&} c R",
T R™

. . . Ak . .
Mae HenepepsHi NoxiaHi 0,'w, |ky| < 2,1 Sw, Ans skux npaBubHi popmynm

t
Oy, W (t,x;r,f)=f def axuﬁ(t.x;9,y;y1)<p(6,y;r,€)dy,
RTL

T

1
3 23 Eg—/lz, p € {12}, (21)

ty
OO it )= [ d0 [ 00,00,00%6,7:90000, 57, £ )dy +
RTL

T
t

+f de f 6x1.6xllé(t,x; 0,y; yl)A;((t_g)qJ(G,y;T,f) +
t. R™

J
1

t
+f (f O, 02, G (8, %; 9.y;y1)dy> ®(0,X(t—06);7,§)do,
t R™

1

4
5W(t,x;‘r,f)=<p(t,x;r,§)+f dBJ S@(t,x;@,y;yl)(p(@,y;‘r,f)dy+

t t
+ f Ao | SG(t,x;6,y;y1) 45 P(0,y;7,8)dy + f ( SG(t,x;6,y; yl)dy> 06, X(t —0);7,8)do,
ty R™ ty R™

0<t<t<T, {x,§}cR™ t;=(t+71)/2.
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LosederHsi meepdxerHs 3. Ana 0 <1t <t < T, {x,&} c R™ Ta |k{| < 2 3anuwemo

o8 | 6xi0yiv) 0@yt §)dy = [ 06(6xi0.3: ) 90,5, )y = I
R™ R™

Interpan J*1) 36iraeTbcsa piBHOMIPHO WOAO x; € R™ 3a dikcoBannx t, 7,60 i&. 3a |k,| < 2 ue Bunnmeae 3 ouiHok (7), (20)
Ta 36iKHOCTI iHTerpanis f: (t — 9)~Mkalmi(g — ¢)=1+2/2 4g | f; (t — §) Ikalmai(g — ¢ )M+A/2 gg |

Ons noxigHUX Apyroro nopsagky 3a X; i 6 € [ty,t] Taka ouiHka He npupatHa. [i MoxHa noninwmTn ans x,eB(0,R/2),
ae R — 6yab-sike dikcoBaHe gogaTHe umcno, a B(y;, R): = {x; € R™, |x; — y;| < R}. 3anuwemo

J = f O, 02, G (630,778, V (0, y;7,§ )y + <f 8;2510x, 0, G (t,2; 6, ; c)dy) 9(0,X(t—0);7,§) =

R™ R™
=L+0Le0,X({t—-0)1,8).
BUKOPUCTOBYIOUM |A)y((t‘9)<p(9, y;1,8)| < |A§y1’X2(t_9))(p(0,y;T,E)| + |A)((3(,:;z(t_9))<p(9. y;t,&)|, (7), (14), (15), (18) ,
(19)i3 c =c¢y/3,(21) i Te, wo D = 1, ogepxyemo
L <Ct—D)™ E,(t—1,%8)((0 — 7)™ 1™ + (9 — 1)~ 1+2am2),

peC; >C, 0<c¢ <cy<c c; =min{cy,cy/6}. 3a gonomoroto (11), (14), (15) matumemo

L] < €t — )™ (D ) + f dy, f (t = 0)™ME, (¢ - 0,5, (D))’ dy, +
R"2 B(x,,1)

2
| (t = 0)ME,. (¢ — 6,5, (D)) dy).
R7T2 R™\B(xy,1)

3riaHo 3 ymoBoto B; D(y,) < € D(x;) Ansiy; € B(xy, 1), aansiy; € R™ \ B(xy, 1) 3a gonomoroto HepisHocTi FOHra (D (yl))2 <
CEL, (t—6,x; —y)exp{e (t — 0)(D(x1))2}, TO, obpaBwm ¢, Wob ¢; = ¢y — & > 0, Ta BUKopuctaswm (14), ogepxumo
| < C(t =)™ 4/2 ((D(xy))” + exp (& (¢ = 0)(D(x1) Y )-
Omxe, BpaxoBytoun we (17), 3a |k,| = 2
PE| <€t —1)™E,, (t —7,x,8)((t — D) H2M 4 (£ —1)71FAam ) 4
+C €t = 0) 2 (D))" + exp {e (t = D(D (1))} ) (£ = )™M 42 4 (£ = DY2)Ec(t = 1,%,€),
0<t<t <O <t<T, {x,¢ cR".

[ns noBefeHHs NpaBUbLHOCTI OpMyI AnsA Sw ouiHUMO iHTerpan 10 = fRn SG(t,x;0,y; y,)dy. Wo6 ouiHutn I°, ckopuc-

TaeMOCs PiBHICTIO

ny nq
SG(t,x;6,y;y1) = Z ajs(t'yl)axljaxls'i'z a;(t,y1)0,, + ao(t, x1) |G(t,%;6,y;y1),
j.s=1 j=1

0<0 <t<T, {x,é cR" y, €R™,
piBHOCTSIMU (12), ouinkamm (11) i (19) n ymoBamum Ha KoedilieHTaMun piBHAHHSA. Maemo

ny ny
[ a0 0n + Y a0, |6 xi0yizdy |+
j.s=1 j=1
ny ny
+ fn Z A;iajs(t,yl)axljaxls+z A;iaj(t,yl)axlj @(t,x;@,y;zl)|21:yldy +
j,s=1 j=1

+ <

f ao(t,y1)G(t,%;0,y; 1) dy
Rn

— - 3 2
<C (-2 f (t—0)™ME., (¢t = 6,%) (0O))” +DGD(D(x))”) dy .
RTL
OcTaHHin iHTerpan ouiHIETLCA Tak, SK BiANOBIAHWN iHTerpan 3 I,. Y NiaCyMKy oAep>XyeMO Taky OLLiHKY:
0] < € (£ = )42 ((D(xy))” + exp {3e/2(t - 0)(D(x1)’} ).

3. [loBeAeHHs1 OCHOBHOI TeopemMu
3rigHo 3 MmeToaom JleBi hpyHOaMeHTanNbHUI PO3B'A30K 3aaadi Kowwi Ans piBHAHHSA (1) WyKaemo y Burnsagi

t
G@txt,8)=06(1txT&EE)+ f do f G(t,x;0,y;y1) (8,y;T,8)dy, 0<t<t<T, {x,§} cR™ (22)
ae ¢ (51,8): M) — C - Hesigoma cby:u(u,iﬂ, ;IKI;/ ninbepemo Tak, wob dyHkuia G (-, 7,§): o) = € Gyna po3s'askom pis-
HAHHA (1) Anga Byab-akoi dikcoBaHoi Touku (1,$) € o 7).
Hexaw WwykaHa yHKUIS ¢ € HENepepBHOIO | ANA HeT cnpaBmKyoTbes oLuiHkK (20) i (21). 3acTocyBasLun audepeHLians-
HWU BUpas L 3 (1) Ao dyHKuUii (22) Ta BUKOPUCTaBLUM NPUNYLLEHHS LWOAO ¢, Ha NiACTaBi TBEPAXXEHHSA 3 OepXUMO A4S ¢
iHTerpanbHe pPiBHAHHS

t
ot x;1,8) =K(t,x;1,8) + f do K(t,x;0,y)p(0,y;t,&)dy, 0<1<t< T, {x,§} cR" (23)
T R™
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ae
ny ny
Kt x;1,6) = Z Axlajs(t xl)axljaxls + Z Afl (¢, xl)axl +Afl Lao(t,x1) Gt x7,& &)
j.s=1 j=1

Ouinnmo agpo K. 3a gonomoroto ouiHkm (7), ymoBu B,. Maemo
K(t 57,9 < €t =) ™MH2 B, (- 7,2, {—c(t (D))" } x
x ((n1)2 (t =D +ny (D) + DED)(E =2 + (D) + (D(El))z)), 0<t<t<T (x&cRY

e C>0,0<cy<c. Akwo |x; —&;| <1, T0 3 Ui€i HepIiBHOCTI Ha NiACcTaBi yMOBU B;. 0O4EPXyEMO
— - 2
IK(t,x7,6)] < Colt = ) ™MH27E, (¢ = 1,3,8) exp {—co (t = D)(D(E))’}.
Akwo |x; — & | > 1, To 3a gonomorot ymoBn B;, BMOpaBLUM B Hili € Tak, Wwob ¢; = ¢y — € > 0, oAEpPXKUMO
IK(t, %;7,6)| < C'o(t — 1) ™M271E, (£ —1,%,) exp {—c1 t-(DE)’}
OTxe,
1 - - 2
|K(t,%,7,)] < Cot — 1) ™M271E, (¢t = 1,2,6) exp {—c; (t - (D))"} (24)
Ha niacrtasi ouiHku (24) piBHAHHSA (23) 3rigHO 3 pesynbtaTtamu 3 poboTu (MaciyHuk, 2024) po3s'a3yeTbCa METOAO0M NoC-
NigOBHMX HAabnWKeHb | NpaBunbHa ouiHka (20).
[Nosenemo npasunbHICTb ouiHkK (21). Mpu |x; — z;|Y/™ > (t —1)/2 Ta |x, — 2,|Y/™ > (t — T)/2 BiANoBiAHO oujiHKK (21)
1/my
BUMNnMBatoTb 3 (20). ToMy 4OCUTbL PO3MNSAHYTM BUNAOOK, KON |xl7 - z,,| < (t-1)/2,p€e{l,2}.
CropucTaBLumch (7) Ta HepiHicTio Eg(t — 7, x P, &) < € E¢ (t — 1,x,§), 0 < ¢y < ¢, Aie xP) — TouKa, sika HanexwTb BiapisKy,
wo cnonyyae Toukn x i z®, p € {1, 2} 3 (IBacuwweH, & Me,qMHCbKMM 2014), o,qep»(yemo

8320,,0,6(637,6:61)| —Z 1t = 211l [0, 9,9, G T 6560 < CZ 1 = zul (6= 7)™73/2 x

=1
X exp {—c(t - r)(D({l))z} < Clxy — zy|* (¢t — 7)"M-1-aimy E. (t—1x, f) exp {—c(t -1)(D(§)) },
820, 66606 )| < C g — 2|9 (e - ) MV2-dm B (¢ —1,x,8) exp {—c(t - (D)}
|A,zcllGA(t,x; 1,§; fl)| <Clx;— zllag(t — T)'M'“(i)mi E.,(t —1,x,&) exp {—c(t — T)(D(fl))z},

aea? €(0,1), 0< c(J <c. BI/IKOpVICTOByIOHVI Lji OLiHKM 3 al = ATa ouiHku (7), NpunyLweHHs LWoAOo KoedilieHTiB piBHAHHSA (1),
HepiBHICTb |z, — & |4 < |x; — | + |x, — &%, npuiigemo no
ng

|A ‘K(tx;T,6)| = |(Z A2 tays (e, xl)ax”axls + Z A L ayg(t, xl)Axlax”axls +Z Vi ta;(t, xl)ax” +

S— ],5=
+Z NG Laj(t, x1)A% 0, + A7 ao (8, x,)+4% tag(t, x)A7) G(t,x;7,€; )| <

<Clxy —z M=) ™M 1R, T,x,21,8),
ae

R(t,7,%,20,¢) = (2 + (D(ry) +2D(zy) + DE))(E — 1) + ((DG)* +2(P())" + (D)) (¢t - T)> x
X e (t = 7,%,) exp{~c(t = )(D (D)},

C>0,0<cy<c Akwo |x; —&| <1, |z; —&]| < 1, To Ha nigcTaei ymoBu B;. Maemo
R(t,t,x,zM,8) < ¢ (1 +DEN(E - + (D(fl))z(t - r)) Ec (t —1,x,8)exp {—c(t - T)(D(fl))z} <

< E. (t—1,x,8)exp {—co(t - T)(D(fl))z}, 0<c¢<c.

Akwo |x; — & > 1, |z; — & | > 1, TOo 32 gonomoroto ouiHok cteneHiB D(x;) i D(z;), Sk B ouiHui |I,|, ogepxyemo
R(t,7,x,2z1,&) < E, (t—1,x,8)exp {—cl(t - T)(D(El))z} (Er(t—1,x; — &)+ EL(t— 1,2, —x)EL(t —1,x; — &) + 1),
ae ¢ > 0 TaKe, K i B oujiHUi K. Ockinbku |x; — z;|Y™ < (t —1)/2, T0 EL.(t — 7,2, — x;) < C. Togi, BU6paBLUN &, MOXMUBO,
MEHLUMM, HX Y (24), i 3MiHuBLN Yncrio ¢, oaepxumo R(t,7,x,z1, &) < CE. (t — 1,x,)exp {—cl(t—r)(D(fl))z}. AHa-

NOrivYHO PO3rnsAaemMo BUNAAKK, KOMK |x; — & | <1, |z — &> 1T1a |x —&|>1, |z, — & < 1.
Y nigcymky, 3a |x; — z;|Y™ < (t — 1)/2 onepxyemo
|42 Kt 0, 8)| < Clxy — 2 (t = )™M E, (t — T, x5, exp {—c,(t - D)(D(E)) ) 0t <t < T, {620} cRY,
3BiKM, 30KpeMa, 3a |x; — z;|¥/™ < (t —1)/2 BUNNMBaE oujiHKa
|42 K (6, %57, 8)| < Clxy — 20| (£ — )™M BmE, (¢ —1,%,) exp {—cl(t —D(DED)} A =21-24, 2t € (0,2).
AHanorivHo 3a |x, — z,|Y/™ < (t — 1)/2 ogepxyemo
|42 K (6, %;7,€)| < Clay — 25| (¢ — )™M~ M (¢ — 1,x,) exp {—cl(t —D(DED)’}, A =2/3-23, 43 € (0,4/3).
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Ons oTpumaHHs ouiHkm (21) 3a |xp - zp|1/m” < (t —t)/2 3rigHo i3 (23) 3anncyemo

v
A,ZCZ<P(t,x; 7,§) = Ai‘;K(t, xT,8) + f ae A,Z(’;K(t. x0,y)9(6,y;t,§)dy +
T R™

t t
+f do K(t,x;0,y)p0,y;t,&)dy — f deo J- K(t,z(p); 0, y)(p(H,y; 7,&)dy, p € {1,2},
v R™ v R™

|1/m'”, i BukopucTtoByeMo (14), (15), HepiBHOCTI

E.(t—0,,Y)E.(6 —7,,8) < E;(t —1,x,%), 0<T<O<t<T, {x,&, v} c R,

nev=t—|x, -z

i
1+4/2

t 2/t—1 1/ A2 1/
fv (t— )" 1HM2(g — 7)"1+4/24p SE( 5 ) (|xp—zp| mp) sl = zp) ™ < (t-1)/2, pe{12}

Josenemo Tenep NpaBUnbHICTb ANst G ouiHOK (2) i (3). Ans noxiaHmXx Big nepLuoro AoaaHka i3 (22) cnpaBmkyoTbCst OLiHKM (7).
Tomy ouiHMMO noxigHi Big gpyroro goaaHka. PosrnsHemo Bunagok |k, | = 2. Ha nigctasi TBepaxeHHs 3 Ta (12) 3anuwemo

t ¢
Bxljax“w(t,x; 7,&) =f do f 6x1j6qu(t,x; 0,v;v)e0,y;t,&)dy + f de f axljaxuc(t,x; 0,y;y1) X
T R™ ty R™

t
x 85006, y;7,§ )y + j ( f A52500 0,6t x;6,y; zl)dy><p(9,X(t— 0);7,§)do =
R™ 1j

ty (25)
=h+)+]s

3a pgonowmoroto (7), (14), (15), (20) Ta E.(t — 6,x,¥) E.(0 —1,y,8) < Ec/s(t —1,x,8), <0 <t, {x,§,y} € R", Maemo

ty 2
1l S C(t =) ™MEc1_6)(t — 1,x,8) exp {—c(t = T)(D(§1))*} (t —t;)7! f @-1)"""2do+

t t
+C(D(f1))_l Ecti—syyat —7,%,8) (t —t)7! ( de + f 6 - T)Mzd@) <

< ¢ (=)™ 14472 exp {—c(t - 1)(D(ED))} + (D)) B (t = 1,%,6).

Mpw ouiHOBaHHI AofaHKa J, BUKOPUCTOBYEMO (7), OLLIHKM NPUPOCTIB A;((t_e)qo, notim (17) Ta (18) 3 ¢ = ¢y/3 , a pani (14), (15)

Ta yMOBO B; Ha xapakTepucTuKy gucunadii. Y niacymky OTpMMYyEMO OLLHKY
t
lsc [ do [ - (@-netmexp -~ (D)} + 0 - %™ (D)) %
ty R™
2
X (Ec(f -1,x%8) +E 6t —1,x%, g)E12C0/3(t -0,y — x1))(t = 9)_M_1+Mm15co (t —6,x,y)exp {_C(t - 0)(D(y1)) }dy +

+C f: do fRn (¢ — 0)M=14m (g — 1) M-1+ma oxp (6 — ) (D ()"} + (0 — DH ™ (D(E)) ) x

1

X (Fc(e - 1,X, f) + ECD/G(t - 1,X, E)EEZCO/S(t - 9' Y1~ xl)) Eco (t - 9' X, y) exp{_c(t - 9)(0(}’1))2} dy <
<G (=DM 2 exp {—cy(t = D(DED)} + (DED) ™) B, (t — 13,8,

y ki C; > C, 0 < c; < ¢y <c, ¢, =min{cy, cy/6}. AHanNoriyHo ouiHEMO J;. 13 (25) 11 ouiHOK J; — J; BUNNuBae (3).

[nst opepxaHHs (4) BBOAUMO HOBY (byHKLI0 v 3a AonomMoroto cpopmynu u(t, x) = eI*Dy(t, x), (t,x) € o, B€ DyHKUiA
g 3a00BonbHAE YMOBY B,. BogHouac anst v ogepXyemMo piBHAHHS, sike 3a JOCUTb Maroro 1 3a4oBONIbHAE yMOBU By — Bs,
Tomy Ans HbOro icHye dpyHAamMeHTanbHWUIM po3B'a3ok 3agjadi Kowi G, (t,x;7,¢), 0 <1<t < T, {x,&} € R™, ons sikoro cnpas-
DKYHOTbCS OUiHKM (2) i (3). PyHaameHTanbHi po3B'asku 3agadi Kowi G i G; 3B'A3aHi Mixk cob0t0 piBHICTHO

G(tr X1, E) = exp{g(xl) - g(fl)} Gl(t' X T, f)r
3 gKkoi besnocepeHimM AndepeHLiloBaHHAM i BUKOPUCTaHHAM OLUIHOK (2) i (3) 1 ymoBM B, oAep>KyeMO OLiHKu (4).
m}
Ouckycis i BACHOBKKU
Ons noxigHux ppyroro nopsiaky oOuiHKa (2) 3a Takow METOOUKOK He OTPUMYETbCS, OCKINbKM OUiHKa iHTerpana

Jgn  0x,,02,,G(t,x; 6, y; y1)dy mae iHTerposHy ocobnmsicTb 3a t = 6.

DyHKUia ¢ i3 (23) Taka, WO iCHYIOTb NOXigHi 6x2jw YHKUIT w i3 TBEepOKEHHA 3 11 iCHYHOTb BigNOBIAHO NOXIiAHi axzjc; 3a
3MiHHOI BUPOXKEHHS PiBHAHHSA. [loBeAeHHS LibOro rpomisake i 30iMCHI0ETLCA 32 METOAMKOK OTPUMAaHHS BiANOBIAHWX OLiHOK
3a 3MIHHOI x; 3 BUKOPUCTAHHAM BMacTUBOCTEN OLHHUX PYHKLUIN E..

OTpumaHi pesynbTaTvi MOXyTb OYTU BUKOPUCTaHI Anst AOCHIAXEHHS] PO3B'A3HOCTI 1 iIHTerpanbHOro 3o6paxeHHsi po3B's3kiB
3agadvi Kowi y cneuianbHyx BaroBmx Npoctopax Ta npu gocnigxeHHi pyHaameHTanbHoro po3s'asky 3agadi Kowwi Ang piBHAHHSA
Tuny Konmoroposa 3 koediuieHTaMu, 3anexXHUMu i Bif, 3MiHHUX BUPOMXEHHS, | CUCTEM TaKknX PiBHSHb.

Dxepena ciHaHcyBaHHS. Lle focnigkeHHs He OTPMMaro XOA4HOrO rpaHTy Bif iHaHCOBOT YCTaHOBW B Aiep>XaBHOMY, KOMepLiiHOMy abo
HEKOMEpLNHOMY CEeKTOpax.

Cnucok BUKOPUCTaHUX Oxepen

IBacuweH, C. 0., & MeguHcbkun, 1. . (2014). KnacuyHui pyHaameHTanbHUIN pO3B'A30K BUPOOXKEHOTO PiBHAHHA Konmoroposa, koedilieHTn
SIKOTO He 3arnexartb Bif, 3MiHHUX BUPOMXEHHS. ByKog8UHCbKUU Mamemamuy4Hul xypHan, 2(2-3), 94—106.
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FUNDAMENTAL SOLUTION OF THE CAUCHY PROBLEM
FOR THE DISSIPATIVE ULTRAPARABOLIC KOLMOGOROV EQUATION
WITH COEFFICIENTS INDEPENDENT ON VARIABLE DEGENERATION

For the ultraparabolic Kolmogorov equation with coefficients that do not depend on the degeneracy variables and are unbounded in the spatial
variable, a fundamental solution of the Cauchy problem is constructed. The growth of the coefficients of the equation depends on an increasing function,
which is called the characteristic of dissipation. The coefficients of the equation satisfy the special Hélder condition, which contains the characteristic of
dissipation. Differentiability of the coefficients is not required; therefore, an additional condition is imposed on the characteristic of dissipation. Ultrapara-
bolic Kolmogorov equations with increasing coefficients arise in problems of the theory of random processes, statistical radio engineering.

The fundamental solution of the Cauchy problem is constructed by the Levy method. In this case, the parametrics are taken as the fundamental
solution of the Cauchy problem of the equation under consideration with coefficients depending on the time and parametric spatial variables. This
complicates the study, since in the case of bounded coefficients, the parametrics are taken as the fundamental solution of the Cauchy problem of the
equation with frozen coefficients only of the group of higher derivatives.

The obtained estimates of the derivatives of the fundamental solution of the Cauchy problem can be used in studying the issues of solvability of
the Cauchy problem and the integral representation of solutions in special weight spaces, as well as for constructing a classical fundamental solution
of the Cauchy problem for a degenerate equation of the Kolmogorov type with coefficients increasing as |x| — «, which also depend on the degener-
acy variables, and systems of such equations.

Keywords: ultraparabolic Kolmogorov equation, increasing coefficients, fundamental solution to the Cauchy problem, the Levy method.
ABTOp 3asiBNsie Npo BiACYTHICTb KOHMNIKTY iHTepeciB. CnoHcopy He Gpanu yyacTi B po3pobreHHi gocnigkeHHs; y 36opi, aHanisi uu
iHTepnpeTauii AaHWX; Y HanMCaHHI pyKonucy; B pilleHHi Npo nybnikauito pe3ynbTartis.
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MATHEMATICAL PROBLEMS OF FEATURE MATCHING FOR VISION-GUIDED VEHICLES
WITH LIMITED RESOURCES

Vision-based sensing plays a critical role for autonomous vehicles, where image data serve as the primary input for nav-
igation, mapping, state estimation, and motion control. These operate under real-time and resource-constrained conditions,
requiring feature detection and matching algorithms that are accurate and computationally efficient. A key component of such
pipelines is the identification of keypoints - distinctive image locations x € R? within a digital image function I : R> — R¢, where
c is the channels number, and I(x) € R¢ denotes the local pixel intensity. Each detected keypoint is associated with a descriptor
d € RP encoding a local visual structure in a form invariant to translation, rotation, and moderate scale changes. Keypoints
between two images x; and x;, are matched by comparing descriptors yielding the correspondences x,, <+ x;. Geometric verifica-
tion is performed by estimating a transformation matrix H € R3>*3 and accepting ||x; — Hx;|| < ¢, where ¢ is a matching tolerance.
The proportion of such inlier correspondences referred to as the inlier ratio serves as an accuracy metric. Classical keypoint
methods, e.g. the Scale-Invariant Feature Transform (SIFT) versus learned methods, e.g. the SuperPoint (applied to a manually
constructed dataset of satellite imagery), are mathematically evaluated. Performance is analyzed in terms of inlier ratio and
computational efficiency, reflecting the trade-offs between robustness and resource use. The results pursue design guidelines
for integrating lightweight yet accurate vision algorithms into platforms such as UAVs, enabling reliable visual odometry and the
Simultaneous Localization and Mapping (SLAM) under constrained hardware conditions.

Keywords: unmanned autonomous vehicles, image matching, feature detection, computer vision, pattern recognition.

AMS 2020 classification: 68T45, 68U10, 65D19.

Introduction

Vision-based sensing has become a cornerstone of modern autonomous vehicles to perceive and navigate complex
environments, where cameras provide rich environmental information for navigation, mapping, and control, with particular
importance in the GPS-denied environments (Boyun et all, 2025). Then the feature detection methods can be divided into
two categories: classical and learned ones. Classical techniques, e.g. the Scale-Invariant Feature Transform (SIFT) (Lowe,
2004), rely on hand-crafted heuristics such as image gradients and binary intensity tests. They are lightweight and facilitate
real-time Simultaneous Localization and Mapping (SLAM) systems (Mur-Artal, Montiel, & Tardos, 2015) and visual odom-
etry computation pipelines (Scaramuzza, & Fraundorfer, 2011)). These are efficient on CPU-based embedded systems but
could be sensitive to noise, illumination, and geometric distortions. The learned methods, e.g. the SuperPoint (DeTone,
Malisiewicz, & Rabinovich, 2018), employ deep neural networks to jointly detect and describe keypoints, as well as learning
robust features, directly from the data. Trained on diverse image collections, they achieve higher repeatability and robust-
ness to viewpoint and illumination changes compared to classical handcrafted descriptors, and became widely adopted in
remote sensing applications (Rusyn, Lutsyk, & Kosarevych, 2021). Combining with learned matchers like SuperGlue (Sarlin
et all, 2020) yields the state-of-the-art results in image matching and relative pose estimation, consistently outperforming
the SIFT. Large-scale benchmarks (Huang et al., 2024) consistently report improved reconstruction quality and localiza-
tion accuracy for learned pipelines. Nevertheless, these improvements come at the expense of computational complexity.
The SuperPoint involves a dense convolutional architecture with multiple encoder/decoder stages, requiring on the order
of several gigaflops (GFLOPs) per forward pass and significant memory to store intermediate feature maps. This causes
longer inference times and practical need for GPU or hardware acceleration to achieve the real-time performance.

We develop a mathematical framework for evaluating and comparing keypoint-based image matching strategies, for-
malize the matching pipeline and compare classical and learned methods in terms of inlier correspondences and runtime.
To evaluate image matching techniques, we construct a custom dataset consisting of a satellite imagery collected by uti-
lizing the Google Maps Static API (Google, 2025), capturing images tile-by-tile over a predefined geographic region. Each
image is defined by the GPS coordinates of its center point and a fixed zoom level ensuring a consistent spatial resolution,
scale and minimal distortion across the dataset. The sampling grid was designed to ensure a partial overlap between the
neighbouring images enabling a robust pairwise matching evaluation.

1. Scale-Invariant Feature Transform (SIFT)
The SIFT is a hand-crafted pipeline for detecting and describing local features. It constructs the scale space represen-
tation L(x, o) by convolving the image with a variable-scale Gaussian kernel G(x, o),

L(x,0) = G(x,0) * I(X),

where x = (z,y)" denotes coordinates of the input image I, o > 0 is the scale parameter. To detect scale-invariant
keypoints, the SIFT computes the Difference of Gaussians (DoG),

D(x,0) = L(x,ko) — L(x,0),
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where k£ > 1 is the multiplicative factor between successive scales. Local extrema of D(x, o) in both spatial and scale
dimensions are selected as candidate keypoints. Each detected keypoint is assigned with a dominant orientation to achieve
rotation invariance: 6(x) = arctan (L,/L.), where L, and L, denote the image derivatives computed from the smoothed
image L(x, o), to introduce a canonical direction for each keypoint based on the predominant edge direction in its local
neighborhood so that the descriptor can be rotated relative to this orientation and remain consistent across rotated views.

The SIFT descriptor is formed by sampling gradient magnitudes and orientations in a region around the keypoint,
partitioning this region into a grid of spatial cells, and computing orientation histograms in each cell. The bins number
in each histogram determines the final descriptor dimension D, which depends on the cells number and the number of
orientation bins per each cell. The resulting vector is normalized to the unit length to improve the robustness.

2. The SuperPoint

Interest Point Decoder w
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' W/8 X
Input : rochane B
P Encoder ' - - Xl gl Reshape Ko o
w [ressssaaassaiees Dot H/8 H
5 : 1

-------------------------------------- W

o
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...................................... D

Fig. 1. The SuperPoint (DeTone, Malisiewicz, & Rabinovich, 2018) network architecture. The input image is processed by a
shared convolutional encoder into a low-resolution feature map which is then split into two decoder “heads” for the interest
point detection and descriptor extraction

The SuperPoint backbone is a fully-convolutional neural network consisting of convolutional layers with the ReLU acti-
vations f(x) = max(0, z) interleaved with three 2 x 2 max-pooling layers which reduce the spatial resolution by a factor of 8
to H. = H/8 and W. = W /8. The backbone feeds into two decoder heads. The "detector” head, or interest point decoder
(Fig. fll, upper branch) outputs a score tensor z € R7<xWe*65 \where the first 64 channels represent positions within an
8 x 8 grid cell and the 65-th channel (“dustbin”) indicates the absence of a keypoint. A channel-wise softmax,

ezz,k
Sy et
u=

produces a probability vector p; € R%® for each spatial location i. The detector is first trained on a synthetic dataset where
ground-truth keypoints are defined at corners and intersections of primitive geometric figures (e.g., lines, circles, triangles,
squares). Neural network training minimizes the spatial cross-entropy in the general definition (Goodfellow et all, 2016),

p; = softmax(z;), pix =

H:W. 65

1
Ldetector = _W Z Zyi,k log pi, k., (1)

i=1 k=1

where y; . € {0,1} encodes the ground-truth channel for the spatial location i in the H. x W, output grid. Then, in the
homographic adaptation phase, the trained detector is applied to multiple random homographic warps of real, unlabeled
images, resulting much richer set of interest points than traditional corner detectors — not only corners and intersections but
also textured patches, edges and other repeatable patterns. Detections are warped back to form a pseudo ground-truth,
and the network is fine-tuned using the same loss (ff]).

The descriptor head (Fig. fil, lower branch) outputs f € Re*WexD ‘which is bicubically upsampled to H x W x D and
is Lo-normalized for every pixel. The descriptor training uses the same real images and random homographic warps as in
the homographic adaptation stage. Keypoints identified by the detector from the previous training stage are extracted from
both the original and warped images, and the known homography is used to find corresponding positions between them.
Let di; = ||f: — f;||2 be the Euclidean distance between descriptors and s;; € {0,1} indicate the matches. The descriptor
loss is the contrastive loss (Goodfellow et al., 2016):

N M
Ldescriptor = Z Z ASij maX(O, mp — dij) + (1 — Sij) maX(O7 dij — mn),

i=1 j=1

where m,, and m,, are the positive and negative margins, respectively, and A balances the contributions of positive and neg-
ative terms. The first term penalizes matching pairs (s;; = 1) whose distance exceeds the positive margin m,,, encouraging
descriptors for corresponding points to be close in feature space. The second term penalizes non-matching pairs (s;; = 0)
whose distance is less than the negative margin m,,, pushing unrelated descriptors apart. The network parameters for both
detector and descriptor heads are optimized jointly using stochastic gradient descent with backpropagation.
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3. Comparative Study

To objectively compare feature-based image matching methods, such as SIFT and SuperPoint, we adopt a geomet-
ric verification strategy based on the Random Sample Consensus (RANSAC) (Fischler, & Bolles, 1981)) inlier statistics.
Although learned matchers like SuperGlue (Sarlin et all, 2020) significantly enhance the performance of the SuperPoint,
this work isolates the contribution of the feature extractor itself by using a standard RANSAC-based evaluation pipeline,
ensuring compatibility with both classical and learned descriptors.

L

Fig. 2. Keypoint matches between two neighbouring images with an overlapping region. Keypoints are obtained by using the
SIFT. The red lines indicate inlier keypoint matches retained by the RANSAC filtering. A collection of the satellite images is
retrieved by utilizing the Google Maps Static API (Google, 2025)

Given two images of the same scene under varying viewpoint (Fig. ), a local feature extractor (e.g., SIFT or SuperPoint)
identifies keypoints and their descriptors. The descriptor matching yields the candidate correspondences which are typically
noisy and include incorrect matches due to descriptor ambiguity or repeated structures. To filter out incorrect matches, the
RANSAC geometric model estimation is applied, estimating a homography matrix H by iteratively selecting random minimal
samples and maximizing the number of inliers, defined as matches that satisfy the geometric model within a tolerance . A
match (x;, ;") is counted as an inlier if ||z;'~Hx;|| < . This leads to a set of inlier correspondences I C M, from the full
set of candidate matches M. We define the inlier ratio as » = |I|/|M]|. This ratio quantifies the geometric consistency of
matched keypoints. A high inlier ratio indicates that many descriptor matches are geometrically valid and, therefore, reflects
higher feature precision and robustness.

Comparison of accuracy and computational efficiency. The number next to each method indicates the number of keypoints eZ(-ﬁ'la)(I:?ea
per image. Measurements are taken on the same hardware setup in CPU-only mode.

. Inlier ratio r Inlier ratio r Detection & description time,
Algorithm L o Lo o t
(overlapping images), % | (non-overlapping images), % ms per image
SIFT 100 32.21 0.53 111.53
SIFT 200 32.80 0.59 112.83
SIFT 500 34.45 0.42 115.00
SuperPoint 100 38.96 0.02 728.84
SuperPoint 200 41.34 0.04 729.47
SuperPoint 500 43.81 0.08 726.19

Discussion and conclusions

We compared the classical SIFT detector-descriptor pipeline with the learned SuperPoint method in the context of
image matching for a vision-guided system. Both methods are evaluated using a custom-constructed dataset of satellite
images, with the RANSAC-based geometric verification employed to filter correspondences and compute the inlier ratio as
the primary accuracy metric. While the SIFT offers lower computational cost and CPU-friendly performance, the SuperPoint
achieves insignificantly higher inlier ratios and improved robustness to viewpoint and illumination changes, at the expense
of multiply increased inference time and hardware requirements (Tab. fl). In line with (Bojanic et all, 2019; Prystavkd
&t all, 2025) comparative studies and related evaluations, our findings confirm that classical algorithms retain a practical
advantage for real-time navigation tasks and deliver competitive performance, often matching learned approaches. These
findings are relevant to navigational systems (Se, Lowe, & Littlé, 2005; Mur-Artal, Montiel, & Tardos, 2015; Zhu, Liu, & Cai,
2015) and vision-guided vehicles (Hoffmann et all, 2006; Kawamura et all, 2023), where computational resources, energy
consumption, and real-time constraints must be balanced.

Future work will extend this analysis to the challenging task of cross-view matching between aerial/satellite imagery,
where large scale variations, seasonal changes, and lighting differences present additional difficulties. We also plan to
investigate descriptor aggregation methods, e.g. VLAD, to enable efficient large-scale image retrieval, which can benefit
both navigation and mapping pipelines.

Sources of funding. This work was supported by the Simons Foundation grant (SFI-PD-Ukraine-00014586, O.S.) and the project
0125U000299 of the National Academy of Sciences of Ukraine.

ISSN 1728-3817



DI3BUKO-MATEMATUYHI HAYKMWU. 2(81)/2025 ~ 141 ~

References

Bojani¢, D., Bartol, K., Pribani¢, T., Petkovi¢, T., Donoso, Y. D., & Mas, J. S. (2019). On the comparison of classic and deep keypoint
detector and descriptor methods. In IEEE 11th symposium on image and signal processing and analysis (pp. 64—69). https://doi.org/
10.1109/ISPA.2019.8868792

Boyun, V., Kasim, A., Voznenko, L., & Matvienko, O. (2025). Three models for creating stereo images from UAV sensor data. International
scientific conference Information technologies and computer modelling, 111-114 [in Ukrainian]. [BotoH, B., Kacim, A., BosHeHko, J1., &
MartsieHko, O. (2025). Tpu mopeni CTBOpeHHs cTepeo3obpakeHb 3a ceHcopHUMM AaHnmu BIMTA. MixHapodHa HayKogo-npakmuyHa
KOHbepeHuisi IHghopmay,itiHi mexHonoaii ma komm’tomepHe modentosarHs, 111—114].nttps://journal.comp-sc.if.ua/test/index.php/ITCM/
article/view/716

DeTone, D., Malisiewicz, T., & Rabinovich, A. (2018). Superpoint: Self-supervised interest point detection and description. In IEEE
conference on computer vision and pattern recognition workshops (pp. 224—236). https://doi.ora/10.1109/CVPRW.2018.00060

Fischler, M. A., & Bolles, R. C. (1981). Random sample consensus: a paradigm for model fitting with applications to image analysis and
automated cartography. Communications of the ACM, 24(6), 381-395. https://doi.org/10.1145/358669.358692

Goodfellow, I., Bengio, Y., Courville, A., & Bengio, Y. (2016). Deep Learning. MIT Press.

Google. (2025). Maps static API (Accessed: 14.08.2025). https://developers.google.com/maps/documentation/maps-static/

Hoffmann, F., Nierobisch, T., Seyffarth, T., & Rudolph, G. (2006). Visual servoing with moments of SIFT features. In IEEE conference on
systems, man and cybernetics (p. 4262-4267). https://doi.org/10.1109/ICSMC.2006.384804

Huang, Q., Guo, X., Wang, Y., Sun, H., & Yang, L. (2024). A survey of feature matching methods. IET Image Processing, 18(6), 1385-1410.
https://doi.ora/10.1049/ipr2.13032

Kawamura, E., Dolph, C., Kannan, K., Brown, N., Lombaerts, T., & Ippolito, C. A. (2023). VSLAM and vision-based approach and landing
for advanced air mobility. In AIAA SciTech 2023 Forum (p. 2196). hitps://doi.org/10.2514/6.2023-2196

Lowe, D. G. (2004). Distinctive image features from scale-invariant keypoints. International journal of computer vision, 60(2), 91-110.
https://doi.org/10.1023/B:VISI1.0000029664.99615.94

Mur-Artal, R., Montiel, J. M. M., & Tardos, J. D. (2015). ORB-SLAM: A versatile and accurate monocular slam system. /EEE transactions
on robotics, 31(5), 1147—-1163. https://doi.ora/10.1109/TRO.2015.2463671

Prystavka, P., Cholyshkina, O., Kovtun, O., & Pryshchepa, D. (2025). Automation of UAV navigation support based on SIFT-like methods.
In International Workshop on Computational Intelligence (IWSCI) (pp. 227-239). nttps://ceur-ws.org/Vol-4035/

Rusyn, B., Lutsyk, O., & Kosarevych, R. (2021). Evaluating the informativity of a training sample for image classification by deep learning
methods. Cybernetics and Systems Analysis, 57(6), 853—-863. https://doi.org/10.1007/s10559-021-00411-4

Sarlin, P.-E., DeTone, D., Malisiewicz, T., & Rabinovich, A. (2020). Superglue: Learning feature matching with graph neural networks. In
IEEE conference on computer vision and pattern recognition (pp. 4938—4947). https://doi.org/10.1109/CVPR42600.2020.0049¢

Scaramuzza, D., & Fraundorfer, F. (2011). Visual odometry [tutorial]. IEEE robotics & automation magazine, 18(4), 80-92. https://doi.ora/
10.1109/MRA.2011.943233

Se, S,, Lowe, D. G., & Little, J. J. (2005). Vision-based global localization and mapping for mobile robots. IEEE Transactions on robotics,
21(3), 364-375. https://doi.org/10.1109/TR0O.2004.839228

Zhu, Q., Liu, C., & Cai, C. (2015). A novel robot visual homing method based on SIFT features. Sensors, 15(10), 26063—-26084.
https://doi.org/10.3390/s151026063

OTpumaHo pepakuieto xypHany / Received: 26.05.25
NMpopeueHsoBaHo / Revised: 21.09.25
CxBaneHo ao Apyky / Accepted: 10.10.25

Oner CAMOWMNEHKO, acn.

ORCID ID: 0000-0003-4466-4004

e-mail: oleh.samoilenko@imath.kiev.ua

IHcTuTyT MatemaTtuku HAH Ykpaium, KuiB, Ykpaina

MATEMATUYHI NPOBNEMMU 3ICTABJIEHHA O3HAK [J1A OB’EKTIB 3 OBMEXEHUMU PECYPCAMMU,
KEPOBAHUX HA OCHOBI 30PY

BisyanbHe cnpuliHamms gidiepae K040y posib 8 a8MOHOMHUX MpPaHCcrnopmHux 3acobax, de 306paxeHHs Crly2ylomb OCHO8HUM 8XiOHUM
cuzHanom 0ns Haeizauii, no6ydoeu kapm, oyiHKu cmaHy ma kepyeaHHs1 pyxom. Taki cucmemu Yacmo npayroroms 8 yMoeax peasibHo20 Yacy ma
o6MexeHuUX pecypcie, U0 sUMa2ac aseopummie usiesieHHs1 ma 3icmaeJsieHHs1 03Hak, siKi € moYHuUMU U o64ucnroeanbHO eghekmueHUMU. Baxnueoro
CKN1ad060I0 MaKux 06YUCI08aNLHUX NOCIIO08HOCMell € 8USHAYEHHS KJTFOYOBUX MOYOK — XapaKmepHUX Micub 306paxeHHs1 X € R? y yugppositi
pyHKUii 306paxeHHs1 I : R? — RS, de c — Kinbkicme KaHanie, a I (x) € R® — nokanbHa iHmeHcugHicme nikcensi. KoxHa eusieneHa knro4oea
moyka acouitoembcs 3 deckpunmopom d € R”, wo kodye nokanbHy eisyansHy cmpykmypy y chopmi, iHeapiaHmniti do 3cysy, o6epmarHs ma
nomipHoi 3aMiHuU macwmao6y. Knroyoei moyku mixx deomMa 306paxeHHsIMU X; ma x; 3icmaesieHo WiIisiXoM NMopieHsIHHA GecKpunmopie, ymeoproro4u
eidnoeidHocmi X, «» x;. FeoMempu4Hy eepuikauito 8UKOHaHO WISIXOM OUYiHKU Mampuui nepemeopeHHsiH € R3*3 | npuiinamms [, — Hx;| < &,
de £ — donycmuma noxubka. Yacmky makux eHympiwHix eidnoeidoHocmel, wjo Ha3usaembcs KoeghiyuieHmom easnioHux eionoesidHocmeii, eukopuc-
maHo siKk MempuKy moyHocmi. MamemMamu4Ho oyiHeHO Knacu4Hi Memodu eu3Ha4yeHHs1 K/Tl0408UX MOYOK, maki sik Scale-Invariant Feature Trans-
form (SIFT), y nopieHsiHHi 3 MemodamMu Ha OCHO8i MaWUHHO20 Hae4YaHHsl, makumu sik SuperPoint, 3acmocosyro4u ix do epy4yHy cghopMoeaHO20
Habopy cynymHukosux 306paxeHb. [IpodykmueHicmb npoaHanizoeaHo 3 no3uyii koegiyieHma sanidHux sionosidHocmetli ma o64yucno8anbLHol
eghekmueHocmi, wjo eidobpaxae Komnpomic mix HadiliHicmro Ui sukopucmaHHsIM pecypcie. OmpumaHi pe3ynbmamu nokKuKaHi Hadamu peKoMeH-
Odauii w000 iHmezpauii neakux, ase MoYyHUX asn2opummie KoMn’romepHo20 30py 8 niuameopmu, maki sik BI1J1A, 3a6e3neyyroqdu HadiliHy 8i3yanbHy
odomempito ma oOHo4acHy floKanisayiro i kKapmozpaghyeaHHsI 8 yMoeax 06MexeHUX anapamHux pecypcie.

Knwo4yoBi cnoBa: 6e3ninomHi nimanbHi anapamu, 3icmaesieHHs1 306paxeHb, 8UsI8/IEHHSI O3HaK, KOMM’romepHul 3ip, po3ni3HasaHHs
obpasis.

ABTOp 3asBnsie NPo BiACYTHICTb KOHMNIKTY iHTepeciB. CnoHcopu He Bpanu yvacTi B po3pobneHHi gocnigxeHHs(y 36opi, aHanisi un
iHTepnperTauii AaHKX, SKWO Lie Mano Micle), y HanncaHHi pykonucy Ta B pilleHHi Npo nybnikavjito pesynbraris.
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AHANI3 EOEKTUBHOCTI KOMBIHYBAHHSA YYACTI ABUI'YHIB BENIMKOI TA MAJOI TArn
nia YAC NEPENBLOTIB 3EMJIA - MAPC

MixnnaHemHi ninomoeaHi nepennsomu nompe6byroms wWeuokoi Ui ekoHOMiYHOI peasizayii. 3adoeoslbHUMU 3a3Ha4YeHi sumoau
MOJKHa wsixoM noedHaHHs1 y4acmi 0eu2yHie eesniukoi ma masnoi msiau, siki @ 3M03i 3abe3neyumu HanexHi nomy»xHicms U eHep20-
egpekmueHicmb. Y nporioHoeaHoMy docidxeHHi po3ansiHymo 3adady "cnpuHmepcbko2o” nepenbomy 3emssi — Mapc, wjo nons-
2ae e nepesedeHHi KOCMi4YHO20 anapamy i3 3adaHoi kpy2oeoi opbimu Haekono 3emsi Ha 3adaHy kpyz2oey opbimy Haekoso Mapcy
3a 3adaHuli yac, MeHwull 3a Yac Ks1iacuyHoz20 nepessomy muny FomaHa. Kom6iHyeaHHs1 y4yacmi deu2yHie eennukoi ma manoi msiau
npueodumb 00 8UHUKHEHHS1 3adayi onmumi3ayii po3nodiny cymapHoi xapakmepucmu4Hoi weudKocmi MaHe8py Mix OinsHkamu
eesiukoi ma masioi msieu. lpu ybomy pyx Ha 2enioyeHmpuYHil dinssHYyi mpaekmopii 8i06yeaembcs He 3a 3euyaliHoro Kennepiechb-
KO mpaekmopiero, a 3a 671u3bkoro 8o Hei Oy20r0, wjo hopmyembcsi 0su2yHoMm masioi msau. [Jeu2yH eenukoi msizu 3abesneyye
maHespu y cehepi ennugy nnaHem. 3ag80siku YbOMY, MOPI8HSAHO i3 KNacu4YHUM eapiaHMOM 3acmocyeaHHs 8UKITHOYHO 8eJIUKOi msiau,
3azafbHUll Yyac MaHeepy He 3MIHIEMbCS, @ YacmuHa nanuea eukopucmoeyembcsi eheKmueHiuon cucmemMoro Masioi msau.
lMpome 8uUHUKae NUMaHHSI: 3a AKUX yMO8 Maca 3eKOHOMJIEHO20 8 makuli crocié nanuea nepesepwums Macy 0o0amKoeo ecma-
Hoe8JIeHOI pywiliHOi cucmemu Masnoi msieu. Y npornoHoeaHili cmammi ompuMaHoO OUiHKy mpueasniocmi nepesbomy, ujo obmexye
38epxy iHmepean mpueasocmi nepesbomis, y SKoMy KOM6iHyeaHHs1 deuayHie eennukoi ma masioi msi2u € onmMuMasbHUM.

Knwo4yoBi cnoBa: wmiknnaHemHuii nepenim 3emnsi — Mapc, kombiHyeaHHs1 eennukoi ma masnoi msiau, si0epHuli dsu2yH,
mMemoOd mpaHcrnopmyeasbHOI mpaeKkmopii.

Knacudikauis BignoBigHo no AMS 2020: 70F15, 34H05.

BcTtyn

CtBOpeHHs 6a3n Ha Mapci 3 noganbLUOK KOMOHI3auie NnaHeTn — OJHE 3 roflIOBHUX 3aBAaHb Cy4aCHOI KOCMOHABTUKM,
pO3B'A3aHHA SKOro BUMarae 3acToCyBaHHS HOBMX TUMIB PyLWinHMX cucTeM. CydacHa KoHUenuis 3AiiCHEeHHS MinoToBaHMX ne-
penboTiB 3emnsa — Mapc, npunHsata B NASA (auB., Hanp., InspeNet, 2023; Gosse et al., 2023) nepenbavae 3acTocyBaHHs
6araToyHKLUiOHaNbHNX SAEPHUX AXXepen eHeprii, ki BUKOPUCTOBYIOTLCA AN YTBOPEHHS PeaKTUBHOI TAMM i PYLUIHUMK CUC-
Temamy BENWKOi TAru (S4epHi Tennosi pakeTHi aABuryHu, TPM)) i pywiiHuMy cuctemMamm Manoi Taru (eNeKTpUYHi pakeTHi
asurynu, EP[1). Take noegHaHHst noTyxHiwmx (ATPL) n ekoHoMiuHiwmnx (EPL) ABUryHiB Aano 3amory obrpyHTyBaT MOXIn-
BiCTb 3ailCHeHHs1 nepenboTy 3emns — Mapc ycboro 3a 45 aHis (Gosse et al., 2023). LLlo6 peanisyBaTu Takuii "cnpuHTEpChknin”
MixnnaHeTHun TpaHcgep, NASA obpano Bxe [OCTaTHLO BignpauboBaHy TEXHIYHO KOHLEMLI0 ABOPEXUMHOIO SAepHOro pa-
KeTHoro aguryHa (Gosse et al., 2023), y akomy SaepHUIN peakTop BUKOPUCTOBYIOTb SIK AXepeno TENnoBOi eHeprii pyLUiHOi
cuctemn Benukoi Tarn Ha ocHosi ATPA tuny NERVA i ak gxxepeno enekTpuyHoi eHeprii Ans xusnenHa EP[ marniTonnas-
MoauHamidHoro tuny. OTke, aHani3 onTUManbHUX TPaEKTOpPi kocMiyHux anapartiB (KA) 3 AP € akTyanbHow 3agayeto
Cy4acHOi KOCMOHaBTUMKW. Y NpeacTaBneHii poboTi 3anponoHOBaHO NPOCTUI | BOAHOYAC eChEKTUBHUIA anropmuTM OLHKM nepe-
Bar Bia 3actocyBaHHA AP NOpiBHAHO i3 KNacuyHUM NigxoaoM, 3a SKOro TpaekTopis (POPMYETLCH BUKIMIOYHO ABUIYHOM Be-
nukoi Tarn. PaHiwe 3a3HaveHi inei 6ynv BukopucTaHi npu ontumisadii MaHeBpy 3 BuBeAeHHA KA Ha cdepy BnnvuBy Mapca
(XapuTtoHoB, CaBueHko, & MipaHaa, 2019). Y nponoHoBaHi poboTi oTpuMaHi pe3ynbTaTy po3noBCHOXKEHI HA BUNAA0OK ABO-
XiMNySIbCHOro MiXnnaHeTHoro nepensoTy 3emns — Mapc.

1. MocTaHoBKa 3aga4

HocnipxkyeTbca 3agaya onTumisadii miknnaHeTHoro nepenboTy 3emnst — Mapc 3a dikcoBaHOi TpmBanocTti maHespy T.
OnTtumisauii nignsrae po3nogin 3aranbHoOi XapakTepUCTUYHOI LUBUAKOCTI MaHeBPY Av MiX ABOMa iMMynbCaMu BENUKOI TAru,
Lo pOopMylOThb MMAHETOLEHTPUYHI OiNAHKM TPAeKTopil, i renioLueHTPUYHOK AINAHKOK Marnoi TSrv 3a KpuTepieM Makcumymy
KOPVCHOIO HaBaHTaXeHHS.

BurkopurcToBytoum nigxig iMnynbCHOI anpokcuMaLlii akTUBHWUX AiNSHOK BENWKOI TArM Ta MOAENb ifeanbHoro AsuryHa obme-
YKEHOI MOTY)XXHOCTi AN ONUCYy pyxy Ha renioueHTpuyHin AinsHui (Beletsky, 2012), oTpumyemMo aHaniTU4HWMiA BUpas ans Macu

KOPUCHOIro HaBaHTaXXeHHA:
_(Ave+Avy)
Mye 14
M, = — M (N) — M, (1)

Av,
P )
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He 2 Ue HUm 2 Um
258 1 ve? - f—, Avy, = /2— m2 f—, 2
Re+v R, Um Rm+v R, (2)

ae M, — noyaTtkoBa Maca KA, M, — Maca KOPUCHOIro HaBaHTaXeHHsl, M,, — Maca pyLliinHoi cuctemn, M, — maca 6akis, N —
eneKkTpuYHa NOTYXHICTb XUBIEHHs1 ABUIYHa Manoi Taru, V — edpeKkTUBHA WBUAKICTb BUTIKAHHS, ., Uy, — FPaBiTaLUiiHi napame-
Tpu 3emni i Mapca, R,, R,, — pagiycu NnaHeTOLEHTPUYHUX KPYTOBUX OPBIT CTapTy Ta NpuaHadveHHs, 35, B3 — rinepGoniuHi
HaOMMLIKU WBMAOKOCTI ANA BignoBiaHUX opBiT nepenboTy MixX umMMmm opbiTamu Ta ccpepamu Bnnuey, J(9S, 7) — dyHKUioHan
BapiauinHoi 3aaadi onTuMi3aii renioleHTPMYHOro MaHeBpY 3 Marok TAroH.

y A

Opb6ita
3emni

Op6iT
Mapca

Puc. 1. Cxema mixknnaHeTHoro nepenboTy 1 inoCcTpauifs meToay TpaHCNOPTYBarnbHOI TPaEKTOPIi.
PeanbHa (cyuinbHa niHis) TpaekTopis KA Ta TpaHcnopTyBarnbHa TpaeKTopis (LUTpUxoBa iHisA)

Y KOHTEKCTi MOCTaHOBKM 3aAadi onTUMi3auii renioueHTpMYHOro MaHeBpy 3ayBaXKUMO, LLO MaKkcuMmiauis M, BuMmarae MiHi-
mizauii dpyHkuioHany J(¥&, 7). 3 MeTol OTpUMaHHSi aHaniTUYHOTO BMpasy (yHKLioHana My MOXeMOo 3acTocyBaTh MeToq
TpaHcnopTyBanbHoi TpaekTopii (Beletsky, 2012). Ak TpaHcnopTyBanbHy opbiTy BukopuctoByemo Kennepis eninc, wo 3abes-
neyye nepenit M renioLeHTpU4HNMK kpyroemmm opbitammn 3emni i Mapcy 3a 3agaHuin yac 3a MiHiManbHOT XapakTepucTUYHOI
LUBUAKOCTiI NepenboTy (LTPUXoBa MiHis, puc. 1). Ha LuboMy pUCYHKY VS, ,, U, — rinepboniuHi HagnuLLIKX WBUAKOCTI Ans nna-
HETOLIEHTPUYHMX OpOIT, L0 BiAMOBIAAOTL TAKOMY MaHEBPY. YBIMKHEHHsI AiNSHKW Marnoi TArn HeobXiaHe Ansi 3MEHLUEHHS
3aTpar XxapaKTepuUCTUYHOI LIBMAKOCTI HA MaHEBPU 3 BENUKOIO TAroH, Tak Wob Av, + Av,, < Av,, + Avy, ., A€ NPUPOCTM LIBU-
AKOCTi BU3HAYaloTbCA (2). Take 3MEHLLEHHS 03Havae, Lo YaCTUHA eHepreTMYHMX 3aTpaTt Ha MaHeBp 3abe3neyyeTbCst eKOHO-
MiYHIlWMM ABUryHOM Maroi Taru. MNpoTte Taka cxema, Wo nepenbadae yBiMKHEHHS ABUryHa marnoi Taru, 6yae BunpaegaHa
TOAi, KOnn Maca 3eKOHOMITEHOro 3aBAsiKM MOro BUKOPUCTaHHIO NanvBa nepesunTb Macy AoAaTKoBOI PYLUINHOT cuctemu 1
obnagHaHHs, NOTPIGHOro ANS reHepyBaHHSA Manoi TAru.

BianosigHo fo meTody TpaHcnopTyBarbHOI TpaekTopii, Noaamo pagiyc-BekTop LeHTpy mac KA #(t) y surnsgi:

7(t) = 7 (t) + A(0), ©)
fje 7, — papiyc-BeKTOp no4vaTtky TpaHCMopTyBasibHOI CUCTEMU KOOPAMHAT, Lo pyXaeTbcsi no Kennmeposomy enincy,
p(t) = (€(t),n(t)) — pagiyc-BekTop LeHTpy Mac KA y TpaHcnopTyBarnbHii cucteMi koopamHat 0,.6m.

MocTaHoBKa BapiauiHOT 3agadi pyxy 3 Marnol TArow y TPaHCMOpPTYBanbHi CUCTEMi KOOPAMHAT Byae Takoto:

= ve, N=v, Uy=acoscos(H), vg=sinsin(0), J=a?
5(0) =0, 77(0) =0, ](0) =0, Uf(o) = Uf, Un(o) = U;: (4)
E(M) =0, n(T) =0, ve(T) =v, v (T) =vy, J(T) - min.
Y (4) BBEOEHO TaKi MO3HAYEHHS:
VE S VSx —Vorx Vy = Vey —Very Vi = Vs —Virx Vy =V8y —Viry,
0 — KyT Mi>k BEKTOpOM TAarw i Biccto Ox (puc. 1), a — peakTBHE NPUCKOPEHHS.
2. Pe3ynbTaTy Ta iXHin aHani3
3apava (4) mae aHaniTMYHWIN PO3B'A30K:

T) = 4 e2 e.,m m2 e2 e,,m m2 (5)
J(T) —f{[vx + vt + v+ vy up )t + vt
Omxe, dyHkuioHan J(T), i, Ha ocHoBI (1) — (2) ocHOBHWIA (hyHKUIOHaN onTumisauiiHol 3agadi M, 3anexaTtb Big BMGoOpy
BEKTOpIB ¥&, U, O BM3HAYaloTb NnaHeToLeHTPUYHI rinepbonivHi op6iTn. OgHak Big HanpsMy LMX BEKTOPIB 3aNexuTb nuiie
dyHKuUioHan (5), a pewTa Bupasy (1) — nuwe Big aGCoNTHUX BEMUYMH LMX BEKTOPIB. 3BiAcK, HanpsaMU BeKTopiB VS, Ui
MaeMO BU3Ha4aTKn 3 Takoi 3agadvi Ha YMOBHU eKCTPEMYM:
](Ugo,x' Veo,y» Voo Uorgy) - min,

e 2 e 2 _ _e?2 m 2 m 2 _  m2
Vox TVwy = Ve , Vox T Vwy =Ve - (6)
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Omxe, 3BaXatlouu Ha po3B'A30k (6), NuLLe ABI i3 YHOTUPLOX KOMMOHEHT BEKTOPIB B¢, U1 € HesanexHumu. BignosigHi cnis-
BiHOLUEHHSA MaloTb BUMNAA:

. Vo x (vo’gfx{vfo’t’y + ZUQ,W} +{v&x — Vs ix — ZVO’Qt‘x}(vQIt,y + ZU&’t’y))

0,y —

Voo xVorx — {Ufo,x —Vorx — Zvorg,t.x}{vorg.x —Voptx 2V§o,t,x} '
m v;ffx(v&,x{vo’gt,y + 2v§o’t’y} + {vgfx 2 2v§o't'x}(v§0_t_y + ZUO’Z}'t'y)) @
0,y — e .

Vo xVeorx — (Voox = Voo tx — 2Vt HVeox ~ Ventx — 2Veo, 0}

[Ons intocTpadii epekTMBHOCTI 3anponoHOBaHOro Nigxody 3agavy po3rnsHyToO AN Pi3HUX 3HaYeHb TPUBANOCTI MaHeBpYy.
Mpunyckanu, wo ctaptoBa maca KA ctaHoBuTb 160 T, op6iTn cTapTy i NpuaHayeHHs KpyroBi i matoTb BucoTy 400 kM. Y BMpasi
(1) Ans po3paxyHKy Macu pyLUiHOI Marnoi TArv BUKOPUCTaHO emnipuyHuin Bupa3 3 pobotu (Kharytonov, & Kiforenko, 2011),
o nogae M, y Burnsaai yHKLUii enekTpudHOi NOTY>XHOCTI:

M) = NN, @) = n (5= +F), ®)

e MoxHa npuniHatTm A = 72kr, B = 0,01, C = 1,05kBT, F = 2,83kr/kBT, n = 0,77. KoediuieHT n yBBeAeHU Ons Bpaxy-
BaHHS MOXINMBOCTI NOABIMHOrO BUKOPUCTaHHA SAEPHOIo peakTopa — K [pkepena TennoBOoi eHepril | aK Axepena enekTpudHoi
eHeprii Ans XXMBNEHHS OBUTYHIB Marnoi Tarn. AKLWO pyLiiHa cucteMa Maroi TAarM Mae OKpeMe pkepeno eHeprii, Ton = 1.

Ha puc. 2 a HaBeaeHi 3anexHocTi 6e3p03M|pH0| Macu KOPUCHOIo HaBaHTaXeHHA m; = M—n Bif, €NeKTPUYHOI NOTYXHOCTI N
0

ANs pisHMX Tpusanocten nepenboTy Big 240 ao 140 gHiB, MeHWKWX 3a TpMBanicTb NnepenboTy Tuny Momaxa (259 gwis). Ans
KOXXHOI TPMBaNoCTi NepenboTy i AN KOXHOro 3HaveHHs N Big 0 go 6MBT, yHacnigok miHimisauii Bupasy (1) 3 ypaxyBaHHAM
(6), 6yno BM3Ha4yeHO ONTUMAaNbHWIA PO3MNOAIN ManUBHUX BUTPAT MiXK OiNAHKaMW BENWKOi i Manoi Taru (Ui BUTpaTh Linkom
BM3HaYaloTbCA BeKTopamu B¢, ¥1%). BionosiaHi onTuManbHi 3Ha4yeHHA m,, HaBedeHi Ha puc. 2 a.

eff, % 14
0.48 ‘
—+— 240 days
-e~ 220 days 12
0.46 | —+— 200 days
| == 180 days 10+
0.44% | =8~ 160 days

0
2
033 : 4 i
1.0 20 30 40 5.0 6.0 140 160 180 200 220 240
N, MWt T, OHi
a 6

Puc. 2. EdpeKTUBHiCTb KOMGiIHYBaHHA BENUKOI i Manoi Taru

HaBegeHi Ha puc. 2 a KpuBi MaloTb floKarbHi MiHIMyMU 1 MakCUMyMKW. HasBHICTb MiHIMYMiB MOACHIOEMO TUM, LLO, Ypaxo-
BYIOUM (hiKCOBaHy TpUBanicTb NEPENnbOTY, 3a Manux 3Ha4YeHb eNeKTPUYHOI MOTYXXHOCTI pyLUiiHa cuctemMa Marnoi Tarv 3gatHa
3abe3neynTn 30BCiM HE3HaAYHWI BiACOTOK eHepro3aTpaT Ha MaHeBp, a OTXe, ii Maca akTM4YHO cTae MepTBOol. JloKkanbHi
MaKkCUMyMU BU3Ha4aoTb ONTUMAarbHi 3HaYeHHs N, Ans SKMX Maca 3eKOHOMIEHOro 3aBASKM BUKOPUCTaHHIO PYLUIMHOT cucTemMm
Marol Tarv nanvea Hankpalle cniBeigHOCUTLCS 3 Macolo camol PYLLIAHOT cCUCTEMU. AKLO 3HAYEHHSA m,; B TAKOMY MaKCUMYyMi
nepeBuLLye 3Ha4YeHHst 3@ N = 0, TO 3aCTOCYBaHHS ABOPEXUMHOI PYLLINHOT CUCTEMU CTae e(PEKTUBHNM, afKe Maca 3€KOHOM-
NEeHOoro nanuea nepesuLLye Macy pyLiiHOT cuctemMu Marnol Tarn. Yum MeHwa TpuBanicTb MaHeBpy, TUM BULLUMU € eHepro-
3aTpaTyh Ha Oro BUKOHAHHS, @ OTXKe — TUM BinbLUMMK € MOXIMBOCTI ANsi EKOHOMIT ManuBa BHACMiA0K 3aCTOCYBaHHSI CUCTEMMU
Marnoi Taru. ToMy 3a 3MeHLLEHHS TPUBANoCTi NepenboTy MakCUMyMu Ha KpUBKX PUC. 2 a 3MiLLyIOTbCS NpaBopyu.

EcbekTuBHICTb 3aCTOCYBaHHS Nigxody KOMOiHyBaHHS BENUKOI i Manoi TArn 3anexHo Big TPUBaNoCTi NepenboTy Npointoc-
TpoBaHo Ha puc. 2 6. EdekTnBHiCTb 064mcnioBanu 3a hopmyrnoro

_ Mumax — Mz (0) 0
eff = MO X 100%,

8€ M max — MAKCMMarbHe 3HaYEHHS KOPUCHOTO HaBaHTaXEHHS! 3@ KOMGiIHYBaHHS BEMMWKOI | Manoi TArv (NMoKanbHUA MakCUMyMm
KpUBMX Ha puc. 2 a), M;(0) — 3Ha4eHHS1 KOPUCHOrO HaBaHTAXEHHS 32 BUKOPUCTaHHS TiNlbKW BENUKOT TAMN.

Ak BunnuBae 3 puc. 2 6, koMBiHyBaHHS BEMMKOI Ta Manoi TArn € epekTUBHUM, SIKLLO TpMBanicTb NepenboTy He NepeBuLLye
190 gHie.

Lunckycis i BUCHOBKM

3a oTpumaHumu pesynbTaTtaMmy MOXHa nonepeaHbO OLHUTU ePEKTUBHICTb 3aCTOCYBaHHS MiAXoay KOMOiHYBaHHS ABUTY-
HiB BENUKOI Ta Manoi TAru ons 34iNCHEHHS MibKNnaHeTHUX nepenboTiB. EGEeKTMBHICTb 3pocTae 3a 3MeHLIEHHS TPUBAnocCTi
nepenboTy, 3BaXat4un Ha Te, Lo Npu LboMy 36inbLUYyETHCA BifCOTOK 3aranbHUX EHEProBUTPAT, SK1A Moxe OyTn 3abeaneve-
HUIA PYLLIRHOIO CUCTEMOLO Manoi Tarn. BogHoyac Ans po3paxyHKy KOPOTKOTpUBaNuX M eHeprosaTtpaTHUX NepenboTiB NoTpi-
OHO LUyKaTU TOYHILWi METOAM OTPUMAHHS aHaniTUYHOrO BUpa3y 3anexHOCTi YHKLiOHany renioueHTpUYHOro MaHeBpy Bif
NraHeTOLEHTPUYHMX WBUAKOCTEN Ha cdhepax BBy J(VE, vI).
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BHecok aBTopiB: Onekcii XaputoHoB — NocTaHoBKa 3afadvi, nobyaoBa MeToamkm ii po3B'sidaHHs; Onekcin KyueHko — 3aiiCHeHHs pos-
paxyHkiB; AHacTacis KyueHko — aHani3 gxepen, nigrotoBka TEOPETUYHUX OCHOB AOCHIOKEHHS.

Mxepena ciHaHcyBaHHsA. PiHaHCyBaHHS 34iMICHIOETLCS BMACHUM KOLLTOM aBTOPIB i YacTKoBO 3abesneveHo KUiBCbkMM HauioHanbHUM
yHiBepcuTeTOoM iMeHi Tapaca LLeByeHka.
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ANALYSIS OF THE EFFECTIVENESS OF COMBINING HIGH-AND LOW-THRUST ENGINES
IN EARTH - MARS FLIGHTS

Interplanetary manned flights require rapid and economical implementation. These requirements can be met by combining high-thrust and low-
thrust engines, which can provide the necessary power and energy efficiency. The problem of a "sprint” flight from Earth to Mars is considered, which
consists in transferring a spacecraft from a given circular geocentric orbit to a given circular areocentric orbit in a given time, less than the time of a
classic Hohmann-type transfer. The combination of high-thrust and low-thrust engines leads to the problem of optimizing the distribution of the total
Av budget between the high-thrust and low-thrust maneuvers. At the same time, the heliocentric part is formed by the low-thrust engine and differs
from the usual Keplerian arc. The high-thrust engine provides maneuvers in the spheres of influence of the planets. Thanks to this, compared to the
classic option of using only high thrust, the total maneuver time does not change, and part of the fuel is used by a more efficient low-thrust system.
This raises the question: under what conditions will the mass of fuel saved in this way exceed the mass of the additionally installed low-thrust
propulsion system? The paper provides an estimate of flight duration, which assesses the upper limit of the flight duration range in which the
combination of high- and low-thrust engines is optimal.

Keywords: Earth- Mars interplanetary flight, combination of high and low thrust, nuclear engine, transporting trajectory method.
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BOUNDEDNESS OF SOLUTIONS OF THE FIRST ORDER LINEAR MULTIDIMENSIONAL
DIFFERENCE EQUATIONS

We investigate the boundedness of solutions of the first order linear difference equation of the form x,, 1 = Axyp +yn, n > 1
where A is a square matrix with complex entries, sequence {y,},>1 and initial value =, are supposed to be known. Firstly, we
discuss the one-dimensional case of this equation x,, 1 = ax, +yn, n > 1 where a is a complex number. In particular, we obtain
the sufficient conditions for boundedness or unboundedness of the solutions in case |a| = 1(the critical case) by considering
the exponential sums of the forms > yne(ny) and > e(f(n)).

Then we proceed to the investigation of the equation in the multidimensional case and reduce our problem to the analysis of
the spectrum and Jordan cells of the matrix A. The problem is especially interesting when the spectrum of A contains eigenvalues
Awith |\| = 1. At the end of the article we obtain a theorem that reveals the connection between equations x,,+1 = axy,+yn, n > 1
with |a| = 1 and z,,+1 = Jxn + yn, n > 1 with J being a Jordan cell of an eigenvalue )\, |\| = 1.

Keywords: Linear difference equation, bounded solution, exponential sums.
AMS 2020 classification: 39A06, 11L03, 11L07.

Introduction
In space C™ with Euclidean norm we consider the following difference equation

Tn+1 :Ax71+yn7 nzl1 (1)

with respect to unknown sequence {z,, : n > 1} C C™. The first element of this sequence z1, sequence {y, : n > 1} C C™
and square matrix A € M,,(C) of order m are supposed to be known. Various necessary and sufficient conditions for the
existence and uniqueness of the bounded solution of this equation were previously investigated by different authors in
finite-dimensional and infinite-dimensional cases (see (Gomilko, Gorodnii, & Lagoda, 2003), (Horodnii, & Lahoda, 2001),
(Chaikovs’kyi, & Lagodd, 2022), (Gorodnii, & Kravetsi, 2020) and cited literature there).

Difference equation (fll) has the following well-studied cases:

1) If spectrum of A is such that o(4) C {z € C||z| < 1} then for any z; € C™ the solution is bounded;

2)Ifo(A) C {z€C||z| > 1} thenonly for z1 = — 33> | A~*~ 'y, the solution is bounded;

3)Ifo(A) N {z € C||z| =1} = @ then itis possible to decompose the space into a cartesian product of two spaces,
which satisfy the conditions of cases 1 and 2.

On the other hand, the case 0(A) N {z € C| |z| = 1} # @ always requires some additional investigation because
the simple characterization for it is not known. Existence of the bounded solution of the difference equation (fl]) in this case
depends on the input sequence {y, : n > 1} in a rather complicated way in comparison with the cases 1)-3). Our aim is to
establish some interesting and significant instances of such a dependency.

1. One-dimensional equation
We consider the difference equation of the form

Tni1 = ATn + Yn (2)

with respect to unknown sequence {x,},>1. Numbers z1, a € C and the sequence {y.}»>1 C C are supposed to be
known.
By induction, it is not difficult to deduce that the solution of the equation (f)) is

n—1
Tn=a" tz + Z an_k_lyk, n > 1.
k=1
For the critical case |a|] = 1 we investigate the conditions for {y,}»>1 and z: under which the solution {z,}.>1 is
bounded or unbounded.

We begin this section with the following observation.
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Proposition 1. If |a| = 1, then the solution of the difference equation () is bounded <= IM > 0 YK >0

K

Z Yr | o
k

k=1

Proof. The proof is a simple consequence of the solution formula above. O

\

The question of boundedness of solution {z,},>1 in case |a| = 1 is rather difficult. Unlike in other cases, the simple
and full characterization is still not known. So, particular results with sufficient conditions of boundedness are interesting.

We write a = e72™, where ¢ € [0,1). Therefore according to the Proposition il solution {z,},>:1 of the difference
equation (B) is bounded if and only if the sequence of sums

N
{Zyne%m” N > 1}

n=1

is bounded.
Thus, we see that our problem is equivalent to the study of the boundedness of the exponential sums written above.
For real number z define e(x) := ™",
In this subsection, we are solely concerned with the boundedness of exponential sums

{Ze(f(n)) : N2> 1}, 3)

n=1

where f : N — R is some function.

Definition 1. For the function f : N — R we define the finite difference of f to be

Af(n):=f(n+1)— f(n)

and we define the second order finite difference of f to be

A?f(n) = Af(n+1) = Af(n) = f(n+2) = 2f(n+1) + f(n).
One of the interesting results connected with the question of boundedness of exponential sums is following.

Theorem 1 (Kusmin-Landau Inequality). Suppose function f and real number 0 are such that

0<O<AFN)SAFR)<...<AF(N—1)<1—0.

Then
N
>t <cot (7).
n=1
Proof. For the proof and detailed discussion, see the paper of Mordell (Mordell, 1958). O

We would like to remark that if function f has monotone derivative f’ on segment [1, N] and § < f'(z) < 1 — 6, then
from Lagrange’s mean value theorem it follows that f satisfies the conditions of Theorem fi.

The proof of Kusmin-Landau Inequality] written in the book of Graham and Kolesnik (Graham, & Kolesnik, 1991)) presents
us an interesting and useful identity.

Proposition 2.

- Z )) = 5 (13- COl(RAF(N + 1)) - e((N +1)) = 5 (144 - 0ot(xAf(no))) - (S (n0))—
f% S e(f(n+1)) i (cot(rAf(n +1)) - cot(rAf(n)).

Proof. We write

e+ () _ L cotteA
e(fm) = TS O = g el 1) —elf(m))) - (1 +i - cot(mAf ()

and using Abel’'s summation by parts formula, we obtain the desired identity. O

Boundedness of exponential sums -, e(na), a € (0,1) and geometric intuition suggest us a natural question:
IfAf(n) = ¢ Z asn — oo, is it true that the sequence of exponential sums (B) is bounded?
And the answer is Yes! if A f(n) converges fast enough. With the aid of Proposition B, we prove the following Theorem.
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Theorem 2. Let f be such that 3, ., |A2f(n)| < co. Then:

1. Af(n) ¢ eRasn — .
{Ze(f(n)) : N>1}

2. Ify ¢ Z then sequence of exponential sums
is bounded.
Proof. Firstly, since 3° -, |A%f(n)| < oo series Dozt A% f(n) is convergent. Therefore, because

AF(N) = AF() + 3 A%f(n)

we deduce that 3lim,,,oc Af(n) =: ¢ € R.
Now suppose that ¢ ¢ Z. There exist some m € Z, no € Nand ¢ € (0, 1) such that for all n > no we have

m+0 < Af(n) <m+1—0.
>

It means that | sin(wA f(n))| > sin(n8) =: T for all n
Thus for all n > no we have

no.

|sin(rAf(n+1) — 7Af(n))| _
[sin(rAf(n+ 1))||sin(rAf(n))|
_ |sin(A? f (n)| _ 7l f(n)]
[sin(rAf(n + 1))|| sin(rAf(n))] T2 ’
We conclude that for all N > no we have:

|cotm(Af(n+ 1)) —cot(Af(n))| =

N
Z e(f(n+1)) i(cot(rAf(n+1)) —cot(rAf(n)))| <
N
nz; |cot(rAf(n+1)) — cot(mAf(n)| < 7 nz; IA%f(n < 73 ;m f(n)] < oo.
Also
[(14i-cot(rAf(N +1))) -e(f(N+1))] <1+ |cot(nd)].
Thus, according to Proposition B, sequence of exponential sums {Eﬁzl e(f(n))}N>1 is bounded. O

With the help of this Theorem, we can, for example, prove boundedness of the following sequences of exponential
sums.

Example. 1. Forallp e R\ Z
N
{Ze(mp—&-\/ﬁbg(n)) N > 1}.

2. Forarbitrary s > 1and ¢ € (0,1), ¢ + Zk>2 ksmov) ¢7

log* (K)
a Sln
e (e 2 i) o)

We proceed to another observation, whic:h is also inspired by geometric intuition.

Theorem 3. If & SN JAf(n)] = 0, N — oo, then the sequence of exponential sums

{S et - w21}

n=1

is unbounded.

Proof. Put S(N) := 3> __e(f(n)) for N > 1. We suppose by contradiction that 3M > 0VN >1 : |S(N)| < M.

n=1

Using Abel’'s summation by parts formula, we get:

= > elfm)(1—e —f(n)))’ -

n=1
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N

= (1= e(—F (N + D)SIV + 1) = (1= e(~f())SQ) + 3 (e(~F(n + 1)) — e(~f(n)))S(n + 1)| <
<AM 4 fe(—f(n+ 1)) — e(—f)[S(n+ D] < 4M + M S [ = f(n+1) + f(n)] =

=4M + MY |Af(n)

n=1
There exists some Ny such thatforall N > No : 3N |[Af(n)| < s and therefore
1
—ISINI <IN = [S(N)[| < [S(N) = N| <4AM + 5N,
which implies that |[S(NV)| > N — 4M. Contradiction. O

Corollary 1. If Af(n) — ¢ € Z, n — oo, then the sequence of exponential sums

{dem:N>%

Proof. Since e(f(n)) = e(f(n) — ny) and A(f(n) — ny) = Af(n) — ¢ without loss of generality, we may suppose that
Af(n) — 0, n — oco. Hence, by Stolz-Cesaro Theorem, Ele |[Af(n)] — 0, N — co. The corollary follows from the
previous Theorem. O

is unbounded.

Now we write a = e™2™"? = e(—¢), where ¢ € [0, 1), and study boundedness of the solutions of difference equation:

Tnt1 = e(—p)Tn + Yn, n = 1. (4)

We would like to remark that Proposition [l implies that the boundedness of solutions of () depends only on ¢ and
{yn }rn>1 and does not depend on the initial value .

Proposition 3. Every solution of the difference equation () is bounded if and only if the following sequence of sums

{Zyn ~e(np) : N > 1}

is bounded.
Proof. Follows from the Proposition . O

Definition 2. By W, we denote the set of all sequences {,,}»>1 C C for which every solution of difference equation (@) is
bounded.

We remark that W, is not empty because {0},>1 € W,. We make the following easy observation.
Proposition 4. For every ¢ € [0,1) the following holds:

o If {zn}n>1, {Wn}nz1 € Wy then {z, + wntn>1 € W,

e Ifae Cand {z,}nz1 € W, then {azptnz1 € W,,.

o If{zn}n>1 € W, then {z,}n>1 is @ bounded sequence.

* If {b,}n>1 C R is monotone bounded sequence and {z,}n>1 € W, then {b,z,}n>1 € W.

Corollary 2. Forevery ¢ € [0,1) W,, is a vector space over C. In addition, it is the vector subspace of the vector space of
all bounded sequences in C.

Theorem 4. Let f be suchthat_, ., |A2f(n)| < co. Then Af(n) — 1 € Rasn — co. Ifh + ¢ ¢ Z and y, = e(f(n)),
n > 1, then every solution of () is bounded, that is, {e(f(n)}nz1 € W,.

Proof. Put g(n) := f(n) + ne. Then A?g(n) = A%f(n), n > 1 which means that AZ%g(n)| < oco. In addition
n>1

Ag(n) = ¢ + ¢, n — oo and
N
{Zyn e(ny) 1} {Ze 1}.
n=1

By Theorem B sequence of exponential sums {anl e(g(n))} is bounded. Hence, by Proposition [, every solution of
1
(@) is bounded. O
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Example. For all ¢ € (0, 1) every solution of the difference equation

ZTnt1 = e(Q)Tn + e(n% — n% +log(n)), n>1
is bounded.

Theorem 5. Let f be suchthat Af(n) — ¢ € Rasn — occ. If & SN Af(n)+¢| = 0, N = coandy, = e(f(n)), n > 1,

n=1
then every solution of (@) is unbounded, that is, {e(f(n))}n>1 ¢ W.,.
Proof. Put g(n) := f(n) + np. Then Ag(n) = Af(n) +¢,n > 1. So + 3 |Ag(n)| — 0, N — occ. Therefore, by
Theorem [§ sequence of exponential sums {Eff:l e g(n))} is unbounded.
NZ=1

>

Because {Zf:/:l Yn ~e(mp)}N>1 = {22]:1 e(g(n))}N>1, Proposition B implies that every solution of the difference

equation (@) is unbounded. O

Corollary 3. Let f be such that Af(n) ¢ € Rasn — co. If ) + ¢ € Z and y, = e(f(n)), n > 1, then every solution of
(@) is unbounded, that is, {e(f(n))}n>1 ¢ W,,.

Proof. Put g(n) := f(n) + ny. Then Ag(n) = Af(n) + ¢, n > 1. So Ag(n) converges to an integer. Therefore, by

Corollary fil sequence of exponential sums {Ziv:l e(g(n))} is unbounded.
N>1

Because {22]:1 Un ~e(mp)}N>l = {25:1 e(g(n))}N>1, Proposition B implies that every solution of the difference
equation (@) is unbounded. O

Example. For all o € (0, 1) all the solutions of the following difference equation are unbounded
Tn4+1 = Tn + e(na), n 2 1.

Example. All the solutions of the difference equation

i >, arctan(k)

. T
Tny1=€2x, +e ,n=1

are unbounded.

2. Multidimensional equation
In space C™ with Euclidean norm we consider following difference equation

z(n+1)=Az(n)+yn), n>1 (5)

with respect to unknown sequence {z(n) : n > 1} C CM.

The first element of the sequence (1), a sequence {y(n) : n > 1} C C™ and M x M square matrix A with complex
entries are supposed to be known.

Our goal is to find sufficient conditions for the sequence {y(n) : n > 1} C C* and value z(1) which guarantee
boundedness of the solution in the critical case c(A) N{z € C | |z| =1} # @.

Remark. We will use Hilbert-Shmidt norm of matrix A = (ai;) € Mar(C) which is defined as [[All2 = /3=, ; |ai; [

Note that the Cauchy-Bunyakovskyi-Schwartz inequality implies
Ve € CM VA € My (C) : || Az|| < || All2]z].-

Now we introduce the following notation:

(@) = 1:[(1»‘+i)7 (@) 1= 1:[(13 —1).

These polynomials are widely known as factorial polynomials or, more precisely, raising and falling factorials respec-
tively. They satisfy the useful identities listed below.

ies _ [n]
Proposition 5. (%) = {0 (*+n=1) = &)™ for gl z ¢ Rand n € N.

Proposition 6. (—x),) = (-1)" - (—z)l.

Proposition 7. (z + y)m = Yo (1) (@) - () jn—i-

Proof. Induction on n. O
These properties immediately imply the following lemma, which will be of great importance for us later.
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n—k\ U ym—jm (k)[m_j]
. )‘;f 0 (5)

We proceed to the analysis of the multidimensional equation. We remark that the computations below are well known;
however, for completeness, we would like to include them in our article.

Let .J be a Jordan Normal Form (JNF) of the matrix A. There exists an invertible matrix 7' such that A = TJT ™! —
J =T~'AT. Multiply the equation (B) at left by matrix 7' and obtain:

Lemma 1.

T 'a(n+1) =T "Az(n) + T 'y(n) <= T 'z(n+1) =T 'AT (T 'z(n)) + T 'y(n) =

= T 'z(n+1)=J (T 'z(n)) + T 'y(n).
Put {z'(n) :n > 1} := {T " 'z(n)}, {¢'(n) : n > 1} := {T"'y(n)} and obtain the difference equation

2'(n+1)=Jz'(n)+y'(n), n > 1. (6)
The nonsingularity of the matrix 7" implies that the solution of the difference equation () is bounded if and only if the

solution of the difference equation (B) is bounded; thus, we will investigate the equation (B).
In this way, our problem is reduced to the study of the difference equation of the form:

(n+1) = Jaz(n) +y(n), n > 1, ()
Al 0
0 A 0
where Jx=[: : . | isthe Jordan cell that corresponds to the eigenvalue X of the matrix A of the equation ®).
0O 0 X 1
0 0 0 X

If the order of Jy is 1, then equation () is the First Order Linear Difference Equation in C.
If the order of J is M > 2, then we do the following.

z1(n) yi(n)
za(n) y2(n) , ,
Let z(n) = : ,y(n) = : , then equation (fd) can be rewritten as
17]\/[.(70 yM.(n)
z1(n+1) A1 0 0 z1(n) y1(n)
za(n+1) 0 X 1 za(n) y2(n)
S 5 N
l’]y[71(n+ 1) 0 0 O A 1 xM,1(n) nyl(n)
XM (n + 1) 0O 0 0 0 X T (n) YMm (n)
1(n+ 1) Ao1(n) + w2(n) + 31 (1)
z2(n+1) Az2(n) + z3(n) + y2(n)
— : = : ,n> 1.
zpm—1(n+1) Axyr—1(n) + zar(n) + yar—1(n)
zm(n+1) Az (n) + yau(n)

The solution of the difference equation zxs(n + 1) = Azam(n) + yam(n) is
n—1
xM(n) = )\nile\/[(l) + Z Anikilyju(k).
k=1
Then the solution of difference equation zp—1(n + 1) = Azp—1(n) + zm(n) + ym—1(n) is
n—1
zar—1(n) = X" lapo1(1) + Z AR @ (B) 4+ ya—1 (k) -
k=1
Hence, the solution of equation z;(n + 1) = Azi(n) + zi+1(n) + yi(n) is

2i(n) = Nas(1) + 30N (s (6) + i ().

Thus, we have found the solution of the difference equation (). Now we turn our attention to the investigation of the
case |A| = 1, and our idea is to find the connection between one-dimensional and multidimensional equations in this case.
At the end of this section, we will describe an interesting statement that, in fact, reveals this connection.
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By induction, it is not difficult to deduce that the solution of ([fl) can be written in the following way:

n—1

z(n) = Jy - a( —&—ZJ” =y

Thus, forl <m < M:

We apply Lemma fil:

n—k-— : n [o=)
() e ()
and obtain
M—m n— - n—1 i - n— [i—7] k1
e B ()
i=0 k=1 \r=0 '

Mmoo , i . A
= Z [( ] 1>)\n_1_l'1'i+m(1)+2{(_ ( 1) (Z SATT Z'yz‘+m(k)> H

We change the order of summation:

Ei{er () (87 el

M—m M—m ] n— n—1 [i—7] L
=X S e (1) (B )
r=0 i=r k=1

For convenience, we swap the indices ¢ and r:

= i — &2 (k) k—1—r
S (o (1) (B0 )}
=0 r=t

Therefore,

M—m n— . M—m n— iy n—1 [r—i] .
E [ E () o G )]

Mom [ L N g [r=1] —k—1—r
-y ( Z 1) [)\" L riem()+ Y {(UT 3 (Ef)— o ‘y”m(k)) H -

Mom /o . M—m—i n-1 [r] Ck—l—r—i
Z( 1) {/\"_ Cgm() {(—1)T' <(k2! N 'y””m(k))}]'

Proposition 8. The solution of ({@l) can be written in a following way:

M—m n— M —(i+m) n—1 Ir]
Tm(n) = Z < ; 1> AnTie [xi+m(1) + Z {(—1)T . Z ((k)
k=1

=0 r=0
The main theorem of this section follows.

Theorem 6. Let M > 2, {ym(n):n >0} C C, 1 < m < M and the following conditions hold:

« Foralll<m <M :ym(n) =220 n>1

nm—1"

* Foreach1 < m < M there exists some a.,, € C, such that the solution of the difference equation z,+1 = Azn+ym(n),
n > 1, z1 = au, is bounded. Equivalently, the sequence of sums {Zf:;l gm(n),\*"} is bounded.
N>1
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Then the solution of the difference equation ([d) is bounded if and only if Ym € {2,..., M} :

M—-m oo [r]
me(l) = - Z {(_1)r : Z (% . A_k_r : yr+m(k)) } .

r=0 k=1

Proof of The Main Theorem
Firstly, we would like to remark that each series

b [r]
Z(%-A’k*r~yr-+m(k¢)>,2<m<M,0<T<M—m
k=1 '

is convergent by Dirichlet’s test. Indeed,

W) AT Grrm(RAT"
-l A “Yram(k) = T T eram—1\ (8)
(*557)
r+m— -1
The sequence {(%) k> 1} is eventually monotone and is convergent to 0 because

kr+m71 kr«kmfl
(k)[v‘] ~ kT

=k k- oo

Also, by the assumption, the sequence of sums {Zszl z%n(k))\*"'} is bounded.
N>1

Proof of sufficiency
We need the following Lemma:

Lemma 2. Let {a, : n > 1} C R be monotone, convergent to 0 sequence. And let {b, : n > 1} C C be a sequence, for
which there exists a constant C' > 0, such thatVN >1 : ‘22]:1 bn| < C. Then |327°  arbk| < Clan| foralln > 1.

This lemma follows from Abel’s summation by parts formula.

Now we use that Vim € {1,2,...,m} 3Cpn > 0VN > 1: ‘zﬁ;l T (WA < Co.

Therefore, by (8), forall 2 < m < M, 0 < r < M — m we have:

i ((l?![r-] AR yr+m(k)>

k=N
Hence, since Vm € {2,..., M} :

M—m > [r]
xm(l) = - Z {(_l)r : Z ((k% . )\7}@77- : yr+m(k)> } .

<

’ Nm—1

[r] —_ 1"
Cm N7 Cm (Ntr—1) :o( !
Pl NTEmeT S T N

),N—>oo.

r=0 k=1
We deduce that forall 1 < m < M and forall 0 <7 < M — m we have:

Zivm (1) + MZ";Z' {(_W 5 ((zgr)!m e yrﬂ-m(m)} 0 (s ) e

r= k=1

Since (") = O (n*), n — oo using Proposition B we obtain that the solution of (7) is indeed bounded.
Proof of necessity

Suppose that the solution {z(n) : n > 1} of the equation (f) is bounded. In particular, the sequence {z:(n) : n > 1}
is bounded.

where

r!

) M—-—m—i n—1 (k)[r]
Ag(n) = A" {l’ﬂm(l) + Y {(—1)7' : < AR yr+i+m(k)> H ynzl
r=0 k=1
Then Ay—1(n) - (74) = O (n*7?), s0 Ay—1(n) = O (L) = Am—1(n) — 0, n — oco. Using the same argument
from the proof of the sufficiency we deduce that Ax;—1 = O (Wﬂﬂ_l) = Ay—1(n)- (1) =0().
1

Thus Ax—2(n)-(1;-%) = O (n™ %) = An—_2(n) — 0, n — oo and analogously Axs—2(n)-(;:~") = O (1). Continuing

this argument we show that A,,(n) - 0, n —» oo forall 2 < m < M.
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Discussion and conclusions

In this work, we established novel, insightful sufficient conditions for the existence of a bounded solution of the first order
linear difference equation in the one-dimensional case and further applied these conditions to the multidimensional case of
this equation. The obtained results enrich the existing body of research in the field and complement previous studies.

Authors’ contribution: Andrii Chaikovskyi — conceptualization; Oleksandr Liubimov — methodology; Oksana Lahoda — analysis
of the results, preparation of literature review.
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OBMEXEHICTb PO3B’A3KIB NIHINHOIO PIBHULIEBOIO PIBHAHHS NEPLLOO NOPAQKY
Y BATATOBUMIPHOMY BUNAOKY

HocnidxeHo o6mMexeHicmb po3e’s3Kie NiHiliHO20 Pi3HUYE8020 Pi8HSIHHSA Nepuio2o nopsidky euensidy r,41 = Az, + yn, n > 1, de A -
KomMnieKcHa keadpamHa mampuus, nocnidoeHicms {y., },>1 Ma no4amkoee 3Ha4yeHHs1 x| e8axarombcs eidomMmumu. Po3anssHymo odHosuMipHuUl
8unadoK Yb0o20 PIBHSIHHA T, 11 = AT, + Yn, N > 1, 0 a — KOMMIEKCHe Yucsio. 30kpeMa, ompuMaHo AocmamHi yMoeu, 3a SIKUX Po38’s3Ku
PiGHsIHHS € 06MeXeHUMU abo HeobMexeHUMU y eunadky |a| = 1(kpumuyHuii eunadok), po3assidaroqu eKCroHeHyiabHi cymu euansady > yre(ny)

ma 3 e(f(n)).
TMomim 30ilicHeHo AocnidxeHHs1 pieHsIHHA y 6a2zamoeuMipHoMy eunadky ma 3eedeHo Hawly 3ada4vy 0o aHasi3y cnekmpa ma knimuHok XKopdaHa
mampuyi A. 3adaya € ocobnueo yikagoro, Koau crekmp Mampuui A Micmume enacHi yucna A\, |\| = 1. Y nidcymky ompumaHo meopemy, sika

rnoKa3sye 38’s130K MiX PI8HAHHAMU Ty, +1 = ATy + Yn, n = 1, |a| = 1 mMaxz,41 = Jz, + yn, n = 1, e J — knimuxka XopdaHa, wjo eidnoeidae
en1acHOMY qucsy \, || = 1.

Knw4yoBi cnoBa: niHiliHe pi3Huyeee pigHHsI, 06MexeHUll po38°’A30K, eKCroHeHYianbHi cymu.

ABTOpYM 3asBNAIOTL NPO BiACYTHICTb KOHMNIiKTY iHTepeciB. CnoHcopu He Bpanu yyacTi B po3pobneHHi gocnigxeHHs (y 36opi, aHanisi
4n iHTepnpeTaLii AaHuX, SKWO Le Marno Micue), y HanncaHHi pykonucy Ta B pilleHHi Npo nybnikavito pesynbraris.
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NONASYMPTOTIC BOUNDS ON RETURN DEGRADATION FOR OBD-PRUNED NEURAL
CONTROLLERS

Deep reinforcement learning (RL) has delivered striking results across domains ranging from games to robotics, yet the
resulting controllers frequently comprise millions of parameters — far beyond the memory, latency, and energy budgets of em-
bedded platforms such as quadrotors, mobile manipulators, and on-board microcontrollers. Pruning offers a practical path to
deployment by removing parameters while preserving accuracy, but a fundamental question remains open for control: how much
does pruning degrade closed-loop return? A theory is developed that links parameter-space perturbations produced by pruning
to return degradation in a discounted MDP, without relying on global curvature of the training loss. The starting point is a tight,
policy-level inequality: we show that the return gap |J(=') — J(r)| is controlled by the statewise total-variation (TV) distance
between the original and pruned policies. This TV-based bound follows directly from the performance-difference lemma and a
bounded-advantage argument, and admits a KL variant via Pinsker’s inequality. To connect this policy shift to the magnitude of
pruning, we provide two complementary routes. First, at a locally optimal policy, a second-order Taylor expansion of the policy
probabilities yields an OBD-style bound. Second, recognizing that a global Hessian is infeasible for modern models, we invoke
a layer-wise robustness theorem for ReLU MLP controllers. Practically, the bound enables pre-pruning budgeting, post-pruning
validation, and principled layer allocation. Conceptually, it bridges compression and safe policy improvement: the same TV/KL
machinery that underlies trust-region methods now certifies pruning steps in deep RL. Overall, the results provide the first end-
to-end, scalable framework to translate pruning actions into behavior-level guarantees for deep RL controllers, enabling reliable
compression under tight on-board constraints.

Keywords: deep reinforcement learning, neural policies, optimal brain damage pruning, safety certificates, compres-
sion.

AMS 2020 classification: 68T07, 68T05, 93E20, 93B35.

Introduction

From mastering board and video games — Go (Silver et al., 2016), Atari (Mnih et al|, 2015), Dota 2 (Berner et al,
2019), and StarCraft Il (Vinyals et all, 2019) — to producing agile locomotion in simulation (MuJoCo) (Todorov, Erez, &
Tassa, 2012) and dexterous visuomotor manipulation on real robots (Levine et all, 2016; Andrychowicz et all, 2020; Black
et all, 2025), recent breakthroughs have been powered by deep reinforcement learning (RL). The policies behind these
systems typically contain hundreds of millions to billions of parameters, a scale that accelerates learning and robustness
but clashes with deployment realities: limited on-board memory, tight real-time latency, and strict energy budgets on plat-
forms such as quadrotors, mobile manipulators, and autonomous vehicles. This mismatch makes model compression —
especially parameter pruning — an indispensable step for bringing RL controllers out of the lab and into embedded, safety-
critical settings. Second-order pruning methods such as Optimal Brain Damage (OBD) (LeCun, Denker, & Solla, 1989)
and modern calibration-based approaches like SparseGPT (Frantar, & Alistarh, 2023) offer effective reductions in model
size, yet their impact on return remains poorly understood. Motivated by this gap between empirical practice and provable
guarantees, we develop bounds that translate parameter perturbations into certified limits on performance, building on the
performance-difference framework (Kakade, & Langford, 2002; Schulman et al!, 2015) and recent layer-wise robustness
analyses (Shamrai, 2025).

The contributions of the paper are following: (i) a unified performance—difference bound: we start from the classical
Kakade—Langford lemma and derive a tight upper bound on the return drop in terms of the total-variation (TV) distance
between the original and pruned policies (Theorem B); (ii) Second-order link to OBD: via a Taylor expansion we connect
the TV distance to the diagonal Hessian scores used by OBD, producing the first explicit refurn guarantee that scales
with the standard OBD metric (Corollary B); (iii) scalable, Hessian-free certificate: to avoid a d x d global Hessian, we
incorporate a recent layer-wise robustness theorem and obtain a /ayer-local bound linear in the /> norm of the pruned
weights (Corollary J).

Our analysis bridges two previously disconnected areas: the neural network compression, which focuses on reducing
model size but seldom reasons about downstream control metrics and the safe RL, which studies return-sensitive modifi-
cations but rarely addresses large-scale pruning (Gu et al), 2024)). The resulting framework enables practitioners to prune
deep RL policies with performance certificates, paving the way for resource-aware yet reliable autonomy.

1. Preliminaries

Fundamental notations are: discount factor: v € (0, 1) controls the importance of future rewards; v~ 1 encourages long-
term planning, whereas small v focuses on immediate gains; state & action spaces: S and A are finite sets of states and
actions; dynamics and rewards: P(s'|s, a) is the state-transition kernel and the reward is bounded: 0 < r(s,a) < Rmax < 00
for all (s, a); norms: bold symbols (e.g. x) denote vectors, || - |1 and || - ||> are the usual ¢; (sum) and ¢ (Euclidean) norms;
probability simplices: A(A) denotes the set of all distributions over A; we treat probability distributions as column vectors
whose entries sum to 1 (both norm and linear algebra notation apply seamlessly).

Definition 1 (Markov Decision Process). A Markov Decision Process (MDP) is the tuple (S, A, P,r,, p), where p is the
distribution of the initial state so.
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Definition 2 (Policy). A policy is any measurable mapping 7 : S — A(A), s +— 7(-|s). We write a ~ 7(-|s) when sampling
an action from  in state s.

A pruned policy 7' is obtained from a given neural policy 7 by setting a subset of network parameters to zero using
Optimal Brain Damage (OBD) (LeCun, Denker, & Solla, 1989). We use 7’ = 7, to emphasize the new parameters ¢’.

Definition 3 (Value, action-value, and advantage). For any policy = and state-action pair (s, a),
Vﬂ(s) = Ex [Z:io 'ytr(st,at) ’ S0 = 5]7 QW(S,G) = Ex [Z;ﬁo ’ytr(st7at) S0 = 8,00 = a],

A" (s,a) == Q" (s,a) — V" (s).

Intuition. V™ (s) is the expected return starting from s when following 7; Q™ (s, a) is the same, assuming we first force
action a. The advantage A™ measures how much better (or worse) a is compared to the average prescribed by  in s.

Definition 4 (Discounted visitation distribution). The discounted state visitation under = is

d"(s) = (1—7)Y ' Pr(s; =s|mp),

t=0
which places more weight on states visited earlier in an episode.

Definition 5 (Expected return (performance)). Given an initial-state distribution p, the (discounted) expected return of policy
T is
- 1
J(m) = Esgmp[V7(s0)] = T Eswdr, ann(-|s)|r(s,a)],
where the second equality is a standard identity obtained by unrolling the definition of d™ in Def. . For a pruned policy =/,
we write J(7') analogously.

Definition 6 (Total variation and KL divergence). For distributions p,q € A(A),

Drv(p,q) : Z Ip(a D (pllg) : ZP Z

acA acA
Lemma 1 (Performance—difference lemma (Kakade, & Langford, 2002)). For any two policies m, ',

1
J(r') = J(n) = T E, o Eann [A™(s,0)].

We parameterize the policy by 8 € R? and write 5. Pruning removes parameters to reduce memory and inference
cost. Formally, let m € {0, 1}d be a binary mask and define the pruned parameters ¢’ := m ® 6 (Hadamard product). The
parameter perturbation is § := 6’ — 0 = (m — 1) ® 6, so that §; = —0; for pruned indices and 0 otherwise. For layered
networks we also use layerwise notation {W,, b,}}_, and masks M, so that Wy = M, ® W,.

Optimal Brain Damage (OBD) selects weights to prune by minimizing a second-order approximation to the post-pruning
loss. If h; > 0 denotes the ith diagonal entry of the Hessian of the loss (or a suitable layer-local surrogate), the saliency
of weight 6; is s; := h;#7. Under a global sparsity budget = € (0, 1) (or a target of k weights), OBD prunes the indices
with the smallest s;, yielding 0’ that (approximately) minimizes the predicted loss increase subject to the budget. In the
sequel we relate this parameter change ¢ (or layerwise ||§Wy||2) to changes in the behavior of the policy, quantified by
Dry(n'(- | s),m(- | s)) and ultimately by the return gap |J(n") — J()|.

To connect small parameter perturbations to changes in the controller’s outputs, we rely on the following deterministic
robustness result for single-layer pruning in feed-forward ReLU networks. It upper-bounds how a perturbation of layer &
propagates to the policy output via a product of spectral norms of the unpruned layers.

Theorem 1 (Robustness of an OBD-pruned policy (Shamrai, 2025)). Let 7(-;©) be the L-layer MLP controller
zo = 8, x=o(Wexe—1 +be), £=1,...,L, T(s;0) =zr,

with ReLU-type activations o, and weights © = {W,, bg}gL:l. Suppose layer k is pruned, giving W\k = Wi + W, and
© = O + 60O. Then, for every input state s € X,

I7(s:©) = 7(s:®)||,, < lloWill2(Is ||2H|\We||2+2 1T Iwleliol ) < (1)
Z#k = lé€;+1
k—1 L
< Wiz (‘suplls quuwean [T welzliballz) - @)
l;ék = Me;?étl
=: Cmax

ISSN 1728-3817



DI3BUKO-MATEMATUYHI HAYKMWU. 2(81)/2025 ~ 157 ~

Consequently, the control-error bound in (f) can be summarized as B (6©) = Crax||0Wik||2.

2. Results
Theorem 2 (Return difference via total variation). In any finite MDP with r € [0, Rmax] and discount -,

I = I < G B [P ). 7 19)].

Corollary 1 (KL-based version). Combining Theorem [ with Pinsker’s inequality gives

[I(x') — J(m)| < % E, o [\/sDe(wl) -

A simpler (conservative) worst-case bound is obtained by replacing the expectation with a supremum over s.

Corollary 2 (OBD performance bound). Let my« be a locally optimal network policy with vanishing first derivatives, that is
Vomo+(a|s) = 0. Prune weights P C [d] to obtain ' = 60* + 6, §; = —0} fori € P. If each 0+ my(a|s) is C* with bounded
third derivatives, then Rinax

|J(7T9/) - J(ﬂ'e*)‘ < WSOBD + O(H(;”g)?

where Sosp = D ;cp [Z(sm hi“’s)]ei*z is the sum of diagonal Hessian scores used by OBD (LeCun, Denker, & Solla,
1989).

Intuition. Sogp is precisely what OBD minimises; the corollary states that, for small enough pruning, the drop in return
is linear in that score.

The diagonal entries 2{**) in Corollary B come from the global Hessian H,, , € R?*¢, where d~10° for contemporary
vision or language policies. Even storing H,_, is infeasible, let alone computing it for every (s,a). SparseGPT (Frantar, &
Alistarh, 2023) circumvents this by optimising a simple quadratic objective %HXW—YH% layer by layer, whose Hessian X T X
is small and easy to invert. Thus curvature is captured /ocally while memory scales linearly in the number of parameters.

Corollary 3 (Return bound via layer-local TV (single pruned layer)). Assume the setting of Theorem [ and that the pol-
icy head mapping the final network output to action probabilities is 1-Lipschitz in {2 (e.g., a softmax over logits) so that
w(- | s),7'(- | s) € A(A) with A := | A| < co. Then
Rmax \/Zcmax
(1—=7)?
The corollary leverages the layer—wise output perturbation control from Theorem fi] to upper bound the statewise policy
shift in total variation, and then propagates this shift to a guaranteed return bound via Theorem B. The certificate is: (i)
linear in the pruning magnitude ||6W}||2; (ii) dimension—free with respect to the total parameter count; and (iii) dependent
on the action—space size only through v/A. A less conservative, distributional variant replaces sup, by E__ - [], yielding
the same scaling but with Crax multiplied by an average instead of a worst—case factor. For multiple pruned layers, a
triangle—inequality extension gives ||’ — 7ll2 < 37, o O&’Q&H(SW;CHQ, leading to an additive bound on the return gap.

|J(x") — J(m)| < [[oWe|[,-

Discussions and conclusions

We studied the effect of pruning on the behavior of deep RL policies, providing performance guarantees that are both
interpretable and scalable. Our analysis starts from a policy-level quantity and ends with a certified bound on the return gap,
avoiding any direct reasoning about nonconvex training losses. We derived a TV-based performance bound (Theorem [)
that upper-bounds |.J(7') — J ()| through the state-wise policy shift Dry(n’, 7), with a KL variant via Pinsker (Corollary f),
connected TV to second-order parameter perturbations at an optimal policy, giving an OBD-style certificate (Corollary B,
eliminated the intractable global Hessian by invoking a layer-wise robustness result (Theorem i), which yields a tight,
layer-local estimate of probability shift; combined with Theorem B, this produces a practical, dimension-free return bound
(Corollary ). Together, these results form a pipeline

pruning magnitude (||6Wx|l2) = Dy (n',7) = |J(x') — J(7)|

that scales to modern policies without global curvature estimation.

The bound depends on (a) the pruning magnitude ||6W||2, (b) a computable robustness constant Crmax (product of
layer spectral norms and input bounds), and (c) the action-space factor v/A. Each quantity can be estimated once per
model (via power iteration and a calibration bound on ||s||2), enabling pre-pruning budgeting and post-pruning validation
with negligible overhead. The certificate is additive across pruned layers by triangle inequality, which supports iterative or
structured pruning schedules.

Our guarantees are worst-case and may be conservative if Crnax is dominated by a small number of large spectral
norms or by a loose input bound sup, .  ||s||2. The v/A dependence is inevitable for ¢> — ¢, conversion, but can overstate
degradation in highly peaked policies. Finally, the theory assumes a 1-Lipschitz policy head (e.g., softmax or bounded
continuous control) and does not exploit environment-specific mixing or structure beyond bounded rewards.
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IHcTuTyT MaTemaTtukn HAH Ykpainn, Kuis, Ykpaina

HEACUMMNTOTUYHI MEXI NMOTPLUIEHHA ,D,I/ICKQHTOBAHO'I' KYMYNATUBHOI BAHArOPOAU ANs
OBD-NPOPIIXXEHUX HEMPOHHUX KOHTPOJIEPIB

OcmaHHiIM Yacom 2n1uboke Hag4yaHHs 3 nidkpinneHHsMm (RL) npodemoHcmpysasio npuaosomMwiuei peysnbmamu 8 2asy3six eid icop do po6omo-
mexHiKu, 0OHaK ompuMaHi KOHmMpoJsiepu Yacmo Micmsimes MinbUOHU Napamempie — 3Ha4Ho 6inbuwe 3a 06MeXeHHs nam’simi, 3ampumkKu U eHepa2ocno-
JKueaHHs1 e6ydoeaHux niameopmMm Ha Kwmanam kKeadpokonmepie, MobinbHUX MaHinynsmopie i 6opmoeux mikpokoHmponepie. [lpopidxeHHs
(pruning) nponoHye npakmu4Huli wisix o po32opmaHHsi, Uny4aroyu napamempu 6e3 empamu moyHocmi, ane A1 cucmeM KepyeaHHs TUWaemb-
cs1 sidokpume ¢hyHOamMeHmarsnbHe 3anumaHHsl: HacKinNbK1 NpopiaXeHHsA noriplye 3amMmkHeHy (closed-loop) BuHaropopay? Y nponoHoeaHiii po6omi
po3pobsieHO meopito, Wo noe’si3ye 36ypeHHs1 y Npocmopi napamempie, Cipu4UHeHi MPOPIiOKeHHSM, i3 no2ipweHHsIM 8UHa2opodu 8 OUCKOHMOBHIU
MIIMP (MDP), He noknadatoyucb Ha 2m06anbHy Kpueu3Hy hyHKYii empam nid yac Has4yaHHsi. BidnpaeHOl0 MOYKOI € «WinbHa» HepieHicmb
Ha pieHi nonimuku: nokasaHo, wo pospue y euHazopodi |J (') — J(r)| eusHa4yaembcsi BapiauiiHoto (TV) eidcmaHHI0O MiX noYamkoeoro ma
npopidxeHor nosimukamu Onisi KOXXHO20 cmaHy. Lsi mexa Ha ocHoei TV 6e3nocepedHbo eunueae 3 sieMu npo pPi3HUYyr npodyKmueHocmi
U oyiHKu 06 of nep I, a makox mae KL-eapiaHm 4yepe3 HepieHicmb [liHckepa. LLjo6 noe’azamu yro 3MiHy nMoslimMuKku 3 eeslUMUHOK
npopidxeHHs, MU NpornoHyemMo dea KomniemeHmapHi wnsixu. lo-nepwe, y pa3si 10kasbHO onmumMasbHOI nosimuku po3knad Telsiopa dpy2020
nopsidky ons limoeipHocmeli nonimuku dae mexy y ctuni OBD. lMo-Opyze, su3Hatoqu, wjo 2nobanbHuli 2ecciaH € HernpPakKMu4YHUM Os1si Cy4acHUX
Modeneli, Mu 3aly4aeMo meopemy npo nowaposy pobacmHicms 0nsi koHmponepie ReLU MLP. Ha npakmuyi 3anpornoHoeaHa Mexa yYMOX/1uesltoe
nnaHyeaHHs1 6r00xemy neped NPopioKeHHSIM, rnepeeipKy nicss NPopidXeHHs1 ma NpuHyunoauli po3nodin cmyneHs NPopPiGXeHHs1 MiX wapamu.
Ha koHuenmyanbHoOMYy pieHi 8oHa NoedHye Komnpecito ma 6e3neyHe noninweHHs nosimuku: mou camuli anapam TV/KL, wo nexumb 8 ocHosi
trust-region memodie, menep Hadae cepmudgbikayiro Kpokie npopidxeHHs y 2nubokomy RL. 3azanom ompumaHi pe3ynbmamu nponoHyroms nepwy
HacKpi3Hy, Macwma6boeaHy 6a3y, ujo nepemeoproe dii 3 NpopidxeHHs1 Ha rapaHTii Ha piBHi NoBeAiHKW A7151 2nu6okux RL-koHmponepie, 3abesneyyto-
4yu HaodiliHy KoMnpeciro 3a xopcmkux 6opmoeux o6MexeHb.

KnwuyoBi cnoBa: anuboke HagyaHHs 3 MiOKpin/IeHHsIM, HelipoHHI nosiimuku, npopidxeHHs optimal brain damage, cepmucgikamu
6e3rneKu, CMUCHEHHS.

ABTOp 3asBnsie NPo BiACYTHICTb KOHMNIKTY iHTepeciB. CnoHcopu He Bpanu yvacTi B po3pobneHHi gocnigxeHHsA(y 36opi, aHanisi un
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OPTIMIZATION OF THE CANONICAL HUFFMAN CODES FOR WORD-BASED NATURAL
LANGUAGE TEXT COMPRESSION

Canonical Huffman codes are widely used in data compression and allow fast decoding without compromising compression
efficiency compared to classical Huffman codes. If the maximal length of a codeword does not exceed 11-12 bits or long code-
words are very rare, any variable-length code, including Huffman codes, can be effectively decoded using a naive ’table’ method.
Canonical Huffman codes should be used primarily if the encoded text consists of a relatively large number of long codewords.
For example, this is the case of word-level natural language text compression, where words are the symbols of an alphabet. A.
Moffat and A. Turpin proposed the fastest state-of-the-art algorithm for decoding canonical codes. We offer several optimiza-
tions of this algorithm, which, according to our experiments, can speed it up by 20-30% without reducing the compression ratio.
Some of these optimizations are based on low-level code parallelization using the SIMD architecture of modern processors, while
others propose combining classical decoding of canonical codes with a universal ’table’ decoding method. In addition to the
above optimizations, the article discusses in detail the canonical Huffman codes, including the basic and optimized algorithms,
as well as the universal ’table’ method for decoding arbitrary variable-length codes. The results of an experimental comparison
of the performance of the basic and optimized algorithms are presented. The results of the study can be used in information
retrieval and data archiving systems.

Keywords: Huffman, encoding, codes, canonical, text compression.
AMS 2020 classification: 68P30, 94A29, 94-06.

Introduction

Relevance of research. Huffman codes (Huffman, 1952) are a keystone of lossless data compression. In semi-static
statistical compression, for a given data source, they provide an optimal compression ratio if symbol probabilities are nega-
tive powers of 2 and a near-optimal ratio in many practical use cases. However, the default decoding algorithm for Huffman
codes requires bit-by-bit processing of the encoded text with the corresponding traversal of a Huffman tree. This approach
suffers from low decoding speed, which is a crucial characteristic in many practical data compression scenarios. In the
last two decades, many other codes that trade the decoding speed for compression ratio have been proposed, e.g., Byte-
Aligned codes (Brisaboa et al., 2003), Reverse Multi-Delimiter Codes (Anisimov, & Zavadskyi, 2017)), Binary Mixed-Digit
Codes (Zavadskyi, & Kovalchuk, 2023). Also, there are known solutions that can improve the Huffman decoding through-
output without compromising the compression efficiency. Among them, one of the simplest and most widely used is the
Canonical Huffman Codes (CHC), first proposed in (Schwartz, & Kallick, 1964).

The research objects are Canonical Huffman Codes and their fast decoding algorithms.

The aim of this research is to optimize the state-of-the-art canonical Huffman code decoding algorithm proposed in
(Moffat, & Turpin, 1997), specifically for cases where the encoded text contains a large number of long codewords.

The structure of the paper is as follows. In Section i, we describe the idea of the CHC and different known up-to-date
approaches to their fast decoding, as well as the more general but also efficient 'table’ method of a variable-length code
fast decoding. In Section J], we discuss our main contribution - several optimizations to Algorithm TABLE-LOOKUP from
(Moffat, & Turpin, 1997), which we consider as the baseline. In Section [§, we provide the results of experiments, where we
measured the execution time of different CHC decoding methods.

1. Canonical Huffman Codes

Before we discuss the CHC, let us note that there exists a universal and simple ‘table’ method of decoding classical
Huffman codes, as well as any variable length codes. Let max Len be the bitlength of the longest codeword. Then, we use
lookup tables D and L that are indexed by all possible binary max Len-bit vectors that start from a codeword. We call such
bit vectors buffer vectors. Assume the bit representation of some buffer vector = starts from the codeword c. Then, the
DIz] is the result of the decoding of ¢ (we also call it the result of the decoding of x), while L[z] is the bitlength of c¢. The
decoding process becomes almost trivial: at a given bitstream position, we read the maxLen-bit value z, output the result
of the decoding D[z] and shift the read position by L[z] bits forward. This method can hardly be outperformed if maxzLen
does not exceed 11 or 12 bits. However, each of these tables consists of about 2™**¢" elements, and when the maximum
codeword length becomes bigger, tables do not fit into the processor cache, which slows down the decoding dramatically.

Therefore, on short alphabets, such as ASCII characters, DNA nucleotides or protein bases, the fast decoding task
can be considered successfully solved by the ’table’ method described above. However, compression of data on larger
alphabets is no less important task, e.g. compression of word-based natural language texts. As experiments show, the
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semi-static compression of a word-based English text can be almost twice as efficient as a character-based text. This is
why word-based natural language text compression is the main subject of interest to us.

The Canonical Huffman Codes allow us to avoid using both the large lookup tables and, to some extent, bit-by-bit
code processing. They assume using the dictionary model of the encoded text. All source alphabet symbols reside in the
dictionary — the array sorted by the descending symbol frequencies. During the encoding, we find the text symbol in the
dictionary and encode its index. The decoding is reverse: we decode the index and then use it to get the symbol from the
dictionary. Therefore, bigger encoded numbers correspond to less frequent symbols.

For a given source symbol distribution, codewords of the CHC have the same lengths as the classical Huffman codes,
and thus, the compression ratios of these code classes are the same. However, the most important property of the canonical
codes is that the codewords of the same length form a contiguous set of integers. Let baseCwd|i] be the smallest value of
the codeword of length ¢ and baseSym/[i] be the result of its decoding. Then, if we know that the buffer vector starts from
the codeword c of length ¢, the result of its decoding can be calculated as baseSym|i] + ¢ — baseCwd]i]. The codeword ¢
can be obtained by shifting the buffer by max Len — i bits to the right. The only problem that remains is to get the codeword
length given the buffer vector. In the original canonical codes, the desired length is searched linearly, i.e., the length [ is
incremented, starting from the minimal possible value, until the buffer value is greater or equal to the threshold Limit]l],
which is the smallest buffer value that starts from the smallest codeword of length I. This search can be faster than traversing
the Huffman tree; nonetheless, it remains too slow. In (Moffat, & Turpin, 1997), the authors propose to get the initial length
value from the lookup table Start of limited size. They use b leftmost bits from the buffer as the index V4 of that table.
Start[V,] is the length of the shortest codeword ¢, which is consistent with V4. The word "consistent’ here means that either
some prefix of Vj, coincides with ¢ or some prefix of ¢ coincides with V;,. Then, the obtained length value [ is incremented
until the buffer value is no less than the threshold Limit[l].

The detailed algorithm is given below.

We process the input bit array E, which is indexed by bit positions. The variable pos holds the current read position.
After loading bits from E to bu ffer, we address bu ffer both as a variable (line 5) and a bit array (lines 4 and 7). Two more
’mask and shift’ operations are needed to get prefixes of the bu ffer bit array in lines 4 and 7.

input : Encoded bit sequence E[1..n];

Lookup tables Start, Limit, baseSym, baseCwd defined above;
Dictionary D;
Maximal codeword length maxLen;
Length of the start lookup bit vector b.
1 pos < 1;
2 while pos < n do

3 buffer < E[pos..pos + maxLen — 1]
4 l + Start[buffer[1..b]];
5 while buffer > Limit[l] do
6 | L1417
end
7 codeword < buffer[l..0];
8 symbol < baseSym][l] + codeword — baseCwdl]l];
9 Output(D[symbol]);
10 pos < pos + 1;
end

Algorithm 1: Decoding of the canonical codes - baseline algorithm

In (Liddell, & Moffai, 2006), an extension of Algorithm il was proposed (Algorithm 3 in the cited paper). The method
combines a limited 'table’ decoding procedure with the canonical Huffman decoder: p bits are first read from the bitstream,
and if they already contain one or more complete codewords, decoding is performed using the 'table’ method; otherwise,
the canonical decoder is applied. Following authors, we denote this approach as Ext-p, where p is the parameter of the
‘table’ method, while the unmodified canonical decoder is referred to as the Baseline. However, the experimental results
given in Tab. [ demonstrate that this extension increases the decoding time compared to the baseline implementation when
applied to texts on word-based alphabets, though it can be efficient for short character-based alphabets (the experimental
environment is described in Section ). A similar behavior was reported in (Liddell, & Moffai, 2006). For each text, we
hereby take the best decoding time presented in Tab. [l as the state-of-the-art baseline.

Decoding time of the baseline canonical decoder and its extension (Ext-p) in seconds per 1000 iterations Table 1
File name Baseline | Ext-6 | Ext-8 | Ext-10 | Ext-11 | Ext-12 | Ext-13 | Ext-14 | Ext-15 | Ext-20
Alice29 0.136 0.179 | 0.197 | 0.170 0.147 0.150 0.153 0.162 0.228 0.450
Harry Potter 0.385 0.482 | 0.550 | 0.565 0.503 0.506 0.506 0.527 0.764 2.665
Bible 3.738 5.934 | 5515 | 4.760 4.219 4.194 4.139 4.226 5.769 16.918
Shakespeare 4.322 5.970 | 6.338 | 6.580 6.394 6.343 6.418 6.568 9.268 | 33.384
English.50MB 50.47 66.22 | 68.38 | 67.37 64.50 66.47 68.77 69.96 95.88 | 254.41
Shakespeare - char 2.671 2.297 | 1.593 | 1.165 1.184 1.261 1.416 1.574 2.292 5.060

Experiments on real-world word-based text compression show that, for p = 12, the loop in lines 5 — 6 never has more
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than 1 iteration and most often is not executed at all. The loop was never entered for files of about 0.5MB; on the 4 — 5MB
files, the probability of one iteration execution is less than 0.1%. At the same time, the size of the Start lookup table is
2P = 2'2 which is much less than 2me*2e" ¢ [2'7, 222] for the tables of the default method discussed in the Introduction, and
acceptable to fit into L1 processor cache. Thus, the Algorithm fi] can be considered a fast and memory-efficient decoding
method with O(1) per symbol time complexity. Nonetheless, we will discuss a number of further improvements that can
accelerate this method significantly.

2. Baseline algorithm optimizations
1. In Algorithm fl, arrays baseSym and baseCwd are used in line 8 only, both with the same index, in the expression

baseSyml|l] — baseCwd|l]. Thus, we can replace both these arrays with one array Base, Base[i] = baseSym][i] —
baseCwd][i]. This simple replacement saves one subtraction and one loading from memory per decoded symbol.

. It would be better to get the decoded value itself from the Start table instead of the codeword length. However, if the
alphabet size is bigger than 2°, it is impossible to ’pack’ all decoded values into the 2°-element array. Nonetheless,
some prefixes of the buffer[1..b] bitstring may coincide with a whole codeword. For word-based natural language
text compression, the probability of this event is about 0.7 — 0.95, dependent on the value p and the type of text.
This implies we can combine the ’table’ method with the canonical codes if we store in the special array Ncwd the
number of whole codewords in the bitstring buffer[1..p], where p is some predefined parameter; typically p < .
Then, if Newd[buffer[l..p]] > 1, we can extract one or two decoded numbers from bu ffer[1..p] and proceed to the
next iteration; otherwise, we decode the canonical codeword as in Algorithm fi.

Let us note that the idea of retrieving several decoded results at each iteration of the decoded loop has repeatedly
appeared, e.g., in (Choueka, Klein, & Perl, 1985) or (Milidiu et al., 2003). In application to CHC, it was investigated
in detail in (Liddell, & Moffai, 2006). However, as we mentioned in [i], it appears not to be efficient in the practical
decoding of texts on word-based alphabets. We claim that it is due to implementation shortcomings. The condition
Ncwd[buffer[l..p]] > 1, which is checked in line 14 of Algorithm 3 in (Liddell, & Moffal, 2006), can be true or
false with relatively high probability. Thus, the 'if’ statement that checks it is unpredictable, and it slows down the
program significantly. To avoid it, we exploit the advantage of the 64-bit architecture of modern processors, using
the approach first implemented in the Binary Coded Ternary data compression code (Zavadskyi, 2022). Namely,
we always output two 32-bit decoded symbols packed into a 64-bit word, even if the bitstring bu ffer[1..p] contains
one or zero full codewords. Then, we increase the counter of output symbols by Ncwd[buffer[l..p]]. Therefore, if
Ncwd[buffer[l..p]] < 1, we output one or two fictitious numbers, and at the next iteration, the actual numbers will be
output to the same memory.

Both optimizations 1 and 2 are given in Algorithm B. Apart from the lookup tables defined above, to shift the read
position, the table Shift in line 8 is used to store the total length of codewords that coincide with the prefix of
buffer[l..p]. Also, we explicitly show using the output array as the logic of writing values to it is important.

input : Encoded bit sequence E[1..n];
Lookup tables Start, Limit, Base, Ncwd, Result, Shift defined above;
Dictionary D;
Maximal codeword length — max Len,;
Length of the start lookup bit vector — b;
Length of the by f fer prefix for table decoding — p.
output: Array of numbers Out.
1 pos < 1;
2 outPos « 1;
3 while pos < n do
4 buffer < E[pos..pos + mazxLen — 1];

5 prefix « buffer[l..p];
6 OutloutPos, outPos + 1] < Result[prefiz];
7 outPos < outPos + Ncwd[prefiz];
8 pos < pos + Shift[prefix];
9 l + Start[buffer[1..b]];
10 while buffer > Limit[l] do
1 | 141,
end

12 codeword < buffer[1..1];
13 OutloutPos] <— D[Basell] + codeword];
14 outPos < outPos + 1;
15 pos < pos + I;

end

Algorithm 2: Hybrid table and canonical decoding

3. In Algorithms fil and ], we omitted the process of loading bits from the encoded bitstream E for simplicity. However,

in the case of Canonical Huffman Codes, the decoding of individual symbols is already highly optimized, making the
processing of the bitstream a significant contributor to the overall execution time. There are two baseline ways to
load the chunk of the bitstream from memory to the variable buffer (line 3).
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(a) Byte-based buffer management. The bitstream is stored as a sequence of bytes. We need to divide pos by
8, load 8 bytes from memory to a buffer processor register, and perform a shift operation to remove up to 7
previously decoded bits. However, the applicability of this method depends on the machine’s endianness and
whether the leftmost bit is stored as the least or most significant bit of the integer. Due to these dependencies,
this approach is unsuitable for CHC decoding.

(b) Conditional buffer refilling. The buffer is always maintained with at least 32 valid bits. During decoding, the
i’ statement checks if fewer than 32 bits remain in the buffer. If so, a 32-bit integer is loaded into the buffer.
This method is independent of endianness but introduces overhead due to frequent unpredictable conditional
checks.

Both of these techniques refill the buffer for each decoded symbol. Now, we propose an optimization that minimizes
the overhead associated with processing the bitstream E. Instead of refilling the buffer at every decoding iteration,
we update it only once every k = [%J decoded symbols. Together with Optimization 1, this is presented in

Algorithm B. Each macro-iteration of the decoding proceeds as follows:

First, 64 bits are loaded into the buffer in line 5. In practice, the bitstream E is stored as a sequence of contiguous
64-bit integers. During the buffer update, the bu ffer is updated with two adjacent 64-bit integers from E using bitwise
OR operation. If necessary, the first 64-bit integer is shifted left to update the most significant bits of the bu ffer. Then,
the 64-bit integer is shifted right to update the least significant bits of the bu ffer.

In lines 6-14, k iterations of the standard decoding are performed. Each iteration processes [ bits and finishes with
line 14, where [ bits are removed from the top of the buffer.

input : Encoded bit sequence E[1..n];
Lookup tables Start, Limit, Base defined above;
Dictionary D;
Maximal codeword length maxLen;
Length of the start lookup bit vector b.
output: Array of numbers Out.
1 pos < 1;
2 outPos « 1;
3k | matrm )

4 while pos < n do

5 buffer < E[pos..pos + 63];
for i< 1to k do

6 prefiz < buffer[1..b];

7 l + Start[prefix];

8 while buffer > Limit[l] do

9 ‘ I+ 1+1,

end

10 codeword < buffer[l..0];

1 OutloutPos] < D[Basell] + codeword];

12 outPos < outPos + 1;

13 Ppos < pos + 1;

14 buffer < shiftLeft(buffer,l);
end

end

Algorithm 3: Canonical decoding with fast buffer updates

4. Lines 7 and 8 of Algorithm (| involve a shift operation to retrieve codeword from buffer, lookup into Base table
(considering Optimization 1), and addition to get decoded symbol. The addition operation depends on the result of the
preceding shift, potentially introducing latency. To optimize this, we propose moving all of the mentioned operations
outside the main decoding loop. Both optimizations 1 and 4 are detailed in Algorithm f. Instead of processing each
symbol individually, the values of bu ffer and lengths [ are stored in temporary arrays tmpBuffer and tmpL during
the decoding process (lines 10 and 11). Once enough symbols (e.g. 512) are processed this way, these values
are decoded in batches using SIMD instructions to perform the shifts, lookups, and additions simultaneously (lines
13-17). Experiments demonstrate execution time improvements on processors supporting 256-bit SIMD operations,
such as those with AVX and AVX2 instruction sets. In lines 13—18, variables ending with 8 represent SIMD registers,
each holding 8 32-bit integers. The simd_load8 operation loads 8 consecutive integers from memory into a SIMD
register. The simd_subtract8 operation subtracts corresponding integers in one SIMD register from another. The
simd_shiftRight8 operation shifts each integer in one register to the right by the number of bits specified in the
corresponding integer of another register. The simd_lookup8 operation fetches 8 values simultaneously from the
Base table, using integers in a SIMD register as indices. Finally, the simd_add8 operation adds corresponding
integers from two registers element-wise. These operations allow efficient parallel processing on 8 integers at once.
Let us note that Optimization 2 is incompatible with Optimization 4. On processors limited to 128-bit SIMD without
the required shift and table-lookup instructions, this optimization may actually degrade performance due to overhead.
Conversely, on newer architectures with 512-bit SIMD (e.g., AVX-512), we expect higher speedup.
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input : Encoded bit sequence E[1..n];
Lookup tables Start, Limit, Base defined above;

Dictionary D;

Maximal codeword length maxLen;
Length of the start lookup bit vector b.
output: Array of numbers Out.

1 pos < 1;
2 outPos < 1;
3 mazLen8 < simd_fill8(maxLen);
4 while pos < n do
for i < 1to 512 do
5 buffer < Elpos..pos + maxLen — 1];
6 prefiz < buffer[1..b];
7 l + Start[prefix];
8 while buffer > Limit[l] do
9 | 1141
end
10 tmpBufferli] < buffer;
1 tmpL[i] < ;
12 pos < pos + I;
end
for i + 1to 512 by 8 do
13 buffer8 < simd_load8(tmpBuffer[i..i + T]);
14 I8 + simd_load8(tmpL[i..i + T]);
15 codeword8 < simd_shiftRight8(buffer8, simd_subtract8(maxLen8 — [8));
16 base8 « simd_lookup8(Base, 8);
17 symbol8 +— simd_add8(codewords, base8);
for j « 0to 7 do
18 OutloutPos] < D[symbol8[j]];
19 outPos < outPos + 1;
end
end
end

Algorithm 4: Canonical decoding with SIMD optimization. 256-bit SIMD operations are assumed.

3. Experimental results

We have implemented both the baseline algorithm and its optimizations in C++ language and compiled them with the
Visual Studio compilerm. We conducted testing on a Windows OS using an Intel i7-7700HQ processor (2.80 GHz) with 32
KB of L1 data cache per core and 16 GB of DDR4 RAM. Algorithms were tested by decoding five English texts encoded

with the Canonical Huffman Codes on word-based alphabets. Text parameters are listed in Tab. J.

The optimal value of the parameter b in all algorithms has been determined experimentally as b = 12, while the optimal

value of the parameter p in Algorithm 2 has been determined as p = 10.

In Tab. [, we give the total time of 1000 runs of different algorithms and their combinations. We did not evaluate the effi-
ciency of optimizations 2, 3, and 4 without optimization 1, since the latter is straightforward and does not adversely affect any
of the other improvements. To compare the productivity fairly, we did not measure the time of common text postprocessing
operations, such as converting integers to strings or concatenating words to form the resultant text in memory.

Text parameters

Table 2

File Size Total symbols | Different Entropy Encoded Average codeword
symbols | HO (bytes) size length (bits)
Alice’s Adventures in
Wonderland by L. Carrol 145KB 26,446 3241 29,747 29,860 9.03
Harry Potter and
the Philosopher's Stone 427KB 78,419 7067 95,450 95,792 9.77
The Bible,
King James version 3593KB 766,111 13,754 850,668 853,812 8.91
Shakespeare’s complete works 5320KB 899,822 36,693 1,189,654 1,192,828 10.6
50MB English text from
Pizza&Chilie corpus 51200KB 9,435,637 148,865 | 12,389,798 | 12,421,116 10.53
Shakespeare’s complete works -
character-based alphabet 5320KB 5,447,171 84 3,131,931 3,149,568 4.63

"The source code can be downloaded from https://github.com/reeWorlds/Fast-Large-Huffman/tree/main/Test3.
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Table 3
Decoding time comparison in seconds per 1000 iterations

File State-of-the-Art | Opt.1 | Opt. 1+2 | Opt. 1+3 | Opt. 1+4 | Opt. 1+2+3 | Opt. 1+3 +4
Alice 0.136 0.124 0.113 0.101 0.118 0.106 0.098
Harry Potter 0.385 0.362 0.348 0.309 0.341 0.328 0.293
Bible 3.738 3.516 3.071 3.051 3.279 2.836 2.855
Shakespeare 4.322 4.114 4172 3.507 3.873 3.828 3.260
English.50MB 50.47 45.04 42.54 41.93 43.30 41.74 38.58
Shakespeare - char 1.165 2.281 1.574 2.079 2171 1.369 2.017

Combining different optimizations allows us to accelerate the baseline algorithm significantly. As optimizations 2 and
4 are incompatible, we tested optimizations 1 + 2 + 3 and 1 4+ 3 + 4. The latter option demonstrates the best results for
all word-based texts except for The Bible, where optimizations 1 + 2 + 3 are the best. This is explained by the fact that
the average codeword length for The Bible is the shortest, which means that two codewords can most often be processed
within the same iteration of the decoding loop in Algorithm . By contrast, for Shakespeare’s complete works, where the
average codeword length is the largest, optimization 2 actually reduces the effect of optimization 1. The state-of-the-art
decoding (Moffat, & Turpin, 1997) is 31 — 39% slower than the methods that use the full stack of our optimizations.

We also included one character-based text in our experimental set (the last line in all tables). Its average codeword
length is roughly half that of the word-based texts. Consequently, Algorithm 3 from (Liddell, & Moffai, 2006) proves to
be the most time-efficient, even for moderate values of the lookup bitvector length p. Thus, for p = 10, the condition
Ncwdbuffer[l..p]] > 1, which is checked in line 14 of Algorithm 3 in (Liddell, & Moffai, 2006), is almost always satisfied,
which makes the corresponding ’if’ statement predictable and removes the main source of inefficiency in that algorithm.
The Ext-10 method from (Liddell, & Moffat, 2006) outperforms not only the baseline algorithm from (Moffat, & Turpin, 1997)),
but also our most efficient stack of optimizations 1 + 2 + 3.

Discussion and conclusions

We offer optimizations of Huffman Canonical Codes that improve state-of-the-art decoding time for texts on word-based
alphabets by more than 30%. The decoding algorithms with our optimizations are faster than any other known decoding
method for large alphabets, where codeword lengths may exceed 11-12 bits, except for BCT codes (Zavadskyi, 2022), which
are faster but produce about 5% larger files. The proposed methods can be used in a wide range of data compression and
information retrieval systems.

Authors’ contribution: Igor Zavadskyi — conceptualization, methodology, Algorithm 2; Maksym Kovalchuk — software, empirical data
collection and validation, Algorithms 3 and 4.
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OonTUMI3ALIA KAHOHIYHUX KOAIB XA®MAHA A51A NOCNIBHOro CTUCHEHHA NPUPOAHOMOBHUX TEKCTIB

KaHoHi4Hi kodu XaghpmaHa — ye Memod cmuckanbHo20 kodyeaHHs1 Oxepernia OaHux, wo dae Moxueicme WeudKo20 AeKkodyeaHHSI, He 3MeHWy-
oYU egheKmueHOCMi CMUCHEHHS1 MOPI8HAAHO 3 KacuyHUMU kodamu XagmaHa. SIKujo MakcumasibHa 0o8XuHa K0008020 c/lo8a He rnepesuulye
11-12 6imie ab6o doeei kodoei crioea mpannsitombcsi Oyxe pidko, 6yOb-siKuli k0O 3MiHHOI 008)XUHU, 30Kpema koou XaghmaHa, MOXHa eghekmueHo
dekodyeamu HaieHUM “mabnu4yHum” memodomMm. KaHoHiuyHi koOu XaghmaHa AouyinbHO eukopucmoeyeamu Hacamrneped modi, Konu cmucHymudi
mekcm micmumb docmamubo 6a2zamo doeaux kodosux cnie. Hanpuknad, ye xapakmepHo 0551 NPUPOOHOMOBHUX MeKcmie, AKWO efleMeHmamu
anghaeimy eeaxamu cnoea. Haliweudwuli Ha cb0200Hi anzopumm dekodyeaHHs1 KaHOHIYHUX Kodie po3pobrnieHo M. Jlidnem ma A. Moghamom.
Mu nponoHyeMo Kinbka onmumisayili ybo020 anzopummy, uio, sik ceidyame npoeedeHi HaMu ekcriepumenmu, aroms 3Mo2y MPUCKopumMuU io20
Ha 20-30 %, He 3HUWXylo4u KoediyieHma cmucHeHHs. [esiki 3 yux onmumisauili 6a3yrombcsi Ha HU3bLKOPI@HE8OMY po3napasiesitoeaHHi Kooy
3 eukopucmaHHsaM SIMD-apximekmypu cy4acHux npouecopie, 8 iHwux npPornoHyeMo noedHysamu Knacu4yHe 0ekoOyeaHHsI KaHOHIYHUX Kodis i3
YHieepcanbHUM "ma6bnu4Hum” memodom. Kpim 32adaHux onmumizayili, y cmammi demasnbHO po32/isiHymo KaHOHi4Hi koOu XaghmaHa, 8KJIH0YHO 3
6a3oeum ma onmumizoeaHum M. Jlidnem i A. Moghamom anzopummamu, a makox yHieepcanbHuill "ma6nuyHuii” Memod dekodyeaHHs kodie 3MiHHOT
doexxuHu. lTpedcmaenieHo pe3ysibmamu eKcriepuMeHmarsbHO20 opieHsIHHA weudkodil 6a308020 ma onmumizoeaHux anzopummie. Pesynbmamu
docnidxeHHs1 MOXXymb 6ymu eukopucmari 8 cucmemax iHgphopmauyiliHo2o nowyky U apxieyeaHHs1 AaHUX.

Knw4yoBi cnoBa: XagpmaH, kodyeaHHs, KOOU, KaHOHIYHI, CMUCKaHHsI meKcmy.
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APXITEKTYPA TA ®YHKLIIOHAJbHI OCOBJIMBOCTI MNATOOPMU
Ansa ABTOMATU30OBAHOIO TECTYBAHHSA BEB3ACTOCYHKIB

lpedcmaeneHo nnamgopmy Onss aemomMamu3oeaHo20 mecmyeaHHs ee63acmocyHkKie Ha OCHO8i 06'eKmMHO-opieHMoeaHo20
nioxody i3 3acmocyeaHHsim C#. [lnam¢gpopma npu3sHayeHa Onsi MacwmaboeaHO20 ma 2Hy4KO20 mecmyeaHHs1 eeb3acmocyHkKis,
niompumyroyu moxsueocmi Ul- ma API-mecmyeaHHsi. OnucaHO OCHO8HIi KOMITOHEHMU cucmemu, w0 npoaHasnizoeaHi 3 nosuyii
iXHbOI hyHKUYioHanbHocmi ma poni @ aemomamu3sauyii. lemanbHo po3ansiHymo cmpykmypy ma e3aemodil0 KOMIMOHeHmie, w0
3abe3neqyyromb eghekmueHe ynpaesiiHHs 6pay3epHumM dpalieepoM, HasauimyeaHHs mecmoeozo cepedosuuwya, 36ip i 06pobky me-
cmoesux daHux. Ocobnuesicmio € eukopucmaHHsi namepHy "singleton” dnsi po6omu i3 6pay3epHum dpatieepom i nidmpumMka Kpoc-
6pay3epHo20 mecmyeaHHsi, wjo Oae 3Mo2y nepeegipssimu eeb63acmocyHKu Ha pi3Hux nnamgopmax. [lnamgpopma makox
niompumye OuHamivyHe HaslawmyeaHHs1 ma pPo3WuUpeHHs1 MoXxsiueocmell 3a80sIKU KOHpi2ypayiliHum ¢halinam i yeHmparnizoeaHoMy
ynpaenidHio napamempamu. Cucmema 3abesneyvye 3pyyHull nowyk eebeneMenmie ma ixHix Konekuyil i po3wuproe pyHKYioHab-
Hicmb O0ns iHmezpayiliHoezo mecmyeaHHsi APl ma po6omu 3 nokanbHUM cxoeuuwem 6paysepa. [lnamgopma opieHmoeaHa Ha ae-
momamu3sayito K cueHapHO20, mak U ymusimapHO20 mecmyeaHHsl, Crpusitodu eghekmueHoMy nioxody OO0 nepesipku
¢yHKUioHasibHOCMi ma cmabinbHocmi ee63acmocyHkie.

Knwo4yoBi cnoBa: aemomamu3zoeaHe mecmyeaHHs, ee63acmocyHku, C#, kpocbpay3epHe mecmyeaHHsl, KOHi2ypauisi
cepedoeuuwja, Ul-mecmyesaHHsi, APl-mecmyeaHHs.

Knacudikauis BignoBigHo no AMS 2020: 68M15, 68N19.

Betyn

B ymoBax cy4acHOro LBMAKOro po3BuUTKY BEBTEXHONOri aBTOMaTM3aLis TeCTyBaHHS BEG3aCTOCYHKIB CTae KItoYOBUM haKTo-
pom Ans 3abesneyveHHs AKOCTi nporpamMHoro 3abesneveHHs. PydHe TeCcTyBaHHSA BXe He 34aTHe MOBHICTIO BignoBigaty BUMOram
edEeKTUBHOCTI, HAAIMHOCTI Ta LWBWAKOCTI BUBEAEHHS NPOAYKTY Ha PUHOK. ABTOMaTun3auis Aae 3MOory LWBMALLE BUSBNATU MOMUIIKK,
OXOMNMOBATY LLUMPOKE KOO TECTOBUX CLEHAapIiB | 3Ha4YHO CKOPOYyBaTU Yac, HeoOXiaHWUIA Ans perpecinHuX NepeBipokK.

TpaguuinHe TecTyBaHHA Beb3acTocyHkiB nepeabavae nepesipky yHKLiIOHaNbLHOCTI iIHTepdency KopucTyBayda, NOBEAIHKN
CTOPIHOK Ta IXHiX KOMMOHEHTIB Yy pi3HuX 6pay3epax i cepegoBuiax. OgHak, KpiM iHTepdencHOro TECTyBaHHS!, BaXXITMBO TaKOX
npoBoauTh TectyBaHHs APl ons 3abe3neyeHHs KOpeKTHOro obMiHy AaHuMu Mk ppoHTeHAOM | GekeHaoM. KomnnekcHui
nigxia 40 aBTOMAaTU30BaHOro TECTYBaHHS, LWo oxonnoe Ak Ul-, Tak i API-TecTun, fae amory ebekTMBHO NepeBipATH BCi PiBHI
Be63acTOCyHKYy, Lo € 0cOBNMBO BaXXnuBMM ANS cknagHux 6aratowaposux cuctem (Forgacs, & Kovacs, 2024).

MeTolo npeacTaBneHoi cTaTTi € onuc 3anpornoHOBaHOi aBTopoM nnatdopmMu y Burnagi 6ibniotekn gns asTomatusauii
TeCTyBaHHsi Be03aCTOCYHKIB, Lo 06'eaHye moxnumeocTi Ul- Ta API-TecTyBaHHS, NiaTpMMye Kpocbpay3epHiCThb | Hagae iHCTpyY-
MEeHTV ANs AeTanbHOoi Banigauii  reHepalii 3BiTiB. B 0CHOBI nnaTopmun BUKOPUCTAHO Cy4YacHi iIHCTPYMEHTHU | TEXHONOTT, Lo
3abesneyytoTh i nerke macltabyBaHHs 1 aganTaLito nig BUMOTM KOHKPETHOTO MPOEKTY.

1. ApxiTektypa nnarcgopmu

MnaTtcdopma AN aBTOMaTU30BAHOrO TECTYBaHHSI € KOMMIEKCHUM iHCTPYMEHTOM, WO 3abe3neyye TouHe, cTabinbHe Ta
THy4YKe BMKOHaHHS TecTiB. Ii apxiTekTypa nobygosaHa Tak, Wob iHTerpysaTi BCi HEOBXiOHI KOMMOHEHTU B €AMHMUI NOTIK BUKO-
HaHHS, OXOMITIOIYM TaKi KITHYOBI acnekTn, sik poboTa 3 Bebapaneepom, 0bpobka enemeHTiB, Bepudikauisi, NoryBaHHsi, reHe-
pauis 3BiTiB Ta 6araTto iH. 3aBAsKM 3aNpPONOHOBaHIN CTPYKTYpi, NnNatgopma Aae 3mMory BUKOHYBaTW TECTYBaHHSA HaBiTb Y
HaWcKnagHiWnx cueHapisix, 3abesnevyoun MmacuTaboBaHiCTb, NPOCTOTY Y BUKOPUCTAHHI Ta BUCOKY edheKTUBHICTb. HaBeaemo
OMMC OCHOBHMX MOAYNIB, 3 AKMX CKINagaeTbCca cucTema.

Mogynb WebDriverManager 3abe3nedyye 3anyck i KOHTponb Gpay3epa ni Yac BUKOHaHHSI TECTIB, @ MOro OCHOBHMMM Krnacamu
€ IWebDriverManager i WebDriverManager (Homes, 2024). IHtepderic IWebDriverManager 3agae koHTpakT ans poboTtu 3 apan-
BepoM. BiH oxonntoe BnacTyBOCTI Ta MeToau ANst OTPUMaHHS ek3eMnnsipy Bebapaneepa, BUKOPUCTaHHS MeXaHi3MiB OYikyBaHHS
(WebDriverWait), nowwyky enemeHtiB Ha cTopiHkax (ElementFinder, ElementsFinder) Ta BegeHHs noris uyepe3 LogWorker. MeToq
OpenApplicationStartPage Bignosinae 3a BigKpUTTsi CTAPTOBOI CTOPIHKM TECTOBaHOrO BE€63aCTOCYHKy.

Knac WebDriverManager peanisye uen iHTepdenc i Bignosigae 3a CTBOPEHHsI ApaiBepa BiaAnoBigHO A0 KOHQirypauin.
Mpw iHidianisauii BiH oTpuMye 06'ekT TestSettings, ae 3GepiratoTbca BCi napaMeTpu, BKoYaroum Tun 6paysepa, Bepcito, pe-
Xnm BUKoHaHHA Ta URL BeG3acTocyHKy. JlokanbHuin 3anyck ApanBepa 3aiicHoeTbes Yepes metogn GetWebDriver. Y Hbomy
BpaxoByloTb BUbpaHuin 6paysep (Chrome, Firefox, Safari), i 3acTocoBytoTh BignoBiaHi HanawTyBaHHsA. [N BigganeHoro Bu-
KOHaHHS BUKopucToByoTb MeToa GetRemoteWebDriver, o ctBoptoe apansep Ha ocHosi Grid URI, 3agaHoro B koHdirypalii.

WebDriverWait peanidyetbcst yepes BnacTtusictb Lazy<WebDriverWait> ona edektnBHOro ynpasniHHS OYiKyBaHHSAMU.
Lle nae 3mory BMKOHYyBaTV AUHaMIiYHI aii 3 enemeHTamu 6e3 3aBOro HaBaHTaXKEHHS.

MeTtoa OpenApplicationStartPage 3gincHioe maclwtabyBaHHS BikHa Gpaysepa Ta HaBirauito Ha NoYaTKoBY CTOPIHKY, BUKO-
puctoBytoum URL i3 HanawTtyBaHb. BiH 3a6e3nevye roToBHICTb CepeaoBuLLa ANst BUKOHaHHSA TecTiB. KpiM Toro, knac peanisye
iHTepcbenc IDisposable gnsi 3abe3neyeHHs KOPEKTHOrO 3aBEPLLEHHS CECiV ApanBepa Ta 36epexxeHHst NoriB Nicns BUKOHAHHS
TecTiB. Llert Mmoaynb 3abes3nedvye rHyykicTb Y HanawTyBaHHi 6paysepa 1 aganToBaHiCTb A0 Pi3HNX CepefoBULl, BUKOHAHHS,
Lo pobuTb NnaTopMy yHiBEpCanbHUM iIHCTPYMEHTOM Arsi aBTOMaTU30BaHOro TECTYBaHHS.

Mopoynb obpobkn BebenemeHTiB y nnatdopmi peanisoBaHuin 4epes3 Habip knaciB, cepen skux Element, Elements,
ElementFinder, ElementsFinder, a Takox Metoan poswmpeHHs WebElementExtension (Homes, 2024). Knac Element
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NpeacTaBnsie okpemuii BebenemMeHT i Hagae BNacTMBOCTI M MeToau ANs B3aeMOfii, BKIKOYHO 3 AOCTYNOM OO OCHOBHOMO
ob6'ekta Tuny IWebElement yepe3 webElementCore, 0TpMMaHHsI TEKCTOBOIO 3HAYEHHs1 enemeHTa Yyepes Text, a TakoX Me-
TOAM ANSA KNiKy, OYNULLEHHST TEKCTOBOTO NMOSs Ta BBEAEHHS TeKcTy. [loaaTkoBo BiH NigTpMMye pyHKLii aBTOMaTUYHOIO NPOKpY-
yyBaHHs Ao enemeHTa ScrollToElement Ta nigceivyBaHHS enemMeHTa neped B3aemogieto PerformActionWithHighlighting, wo
nigBuLLye cTabinbHICTb | 3py4YHICTb TECTYBaHHS.

ATFramework2 \
ElementHandle}
@ Element

© IWebElement webElementCore
o string Text

Driver}

@ IWebDnverManager

@ Elements

O |Enumerable=l\WWebElement> _slements

O IWebDriver Driver
o Lazy<WebDriverWait> WebDriver\Wait
o ElementFinder ElementFinder

® Element(iWebElement element]
@ void Click()

& void Clear()

® void SendKeys(string text)

@& Elements{|Enumerable<lWebElement> elements])
® int Count()

o ElementsFinder ElementsFinder
o LogWorker LogWorker

o void OpenfpplicationStartPage()

i

@ WebDriverManager

O TestSettings _testSettings

2 IWebDriver Driver

o Lazy<WebDriverWait> WebDriverWait
& ElementFinder ElementFindar

© ElementsFinder ElemenisFinder

o Log\Worker LogWorker

® wer

@ void Initialize(l\WebDriver driver)

@ void UntilTrue{Func<IWebDriver, bool> condition, int imeoutinSeconds, string timeoutMessage)
@ Element UntilElementlsVisible({By locater, int timeoutinSeconds)

@ Element UntilElement|sClickable(By locator, int timeoutinSeconds)

® bool UntilAttributeCentains(Element element, siring attribute, string value, int timecutinSeconds)

2 WebDriverManager{TestSettings testSettings)
@ void OpenApplicationStariPage()
o void Dispose()

® IWebDriver GetWebDriver()

o WebDriver GetRemoteWebDiriver()

= WebDriverWait GetWaitDriver()

Puc. 1. Mogyni ElementHandle ta DriveManager

Knac Elements gae 3amory npautoBaTy 3 KonekuissMy BebenemeHTiB, 3abesnevyoun, Hanpuknag, OTPUMaHHS KiNbKOCTi
eneMeHTiB y konekuii Yepes metog Count. Knacu ElementFinder n ElementsFinder peanisytoTb noLyk o4HOro abo Aekinbkox
enemeHTiB 3a gonomoroto CSS-cenektopis, XPath abo ID. MeToa Css y ElementFinder wykae nepLunii enemMeHT 3a 3agaHum
CSS-cenektopoM, noeepTatoun 06'ekT Element, Togi sik y ElementsFinder aHanoriyHuin meton noBepTae Bci 3HanaeHi ene-
MeHTW y Burnsgi o6'ekta Elements (Homes, 2024).

MeToau po3wmpeHHsa WebElementExtension gogatote dyHkuioHanbHicTb Ao IWebElement, 3okpema aBTomatnyHe npo-
KpyyyBaHHS [0 eneMeHTa, NiACBiYYBaHHS Mig Yac B3aeMofii, a TakoX NepeMilleHHsa Kypcopa A0 LeHTpa enemeHTa. Yci ui
MOXITMBOCTiI JOMOBHIOTL 6a3oBui dyHKUioHan Selenium WebDriver, 3a6e3neuvytoun nigaBuLLeHy cTabinbHICTb i 3pYYHICTb
poboTu 3 enemeHTamu. 3aBAsKM MOAYMbLHIA CTPYKTYPI el KOMMOHEHT Nerko iHTerpyeTbes 3 iHLWMMKW YacTUHaMu nnatgopmu,
O poOUTb MOro He3aMiHHMM AMs aBToMaTu3aLii TECTyBaHHS.

ATFramework
Extensions),

Configh,

@ TestSettings

a Uri? Applicationlr
o BrowserSettings Browser

@' LEETTEEIEOT @ BrowserSettings @ ReponSettings
o bool ToGenerate
o string? PathToSave

» void PerformActicn'ishHighlighting(WebElement element, Action action)
# woid ScrolToElement{WebElement element)
@ void MowelMouseToElementCenter{l\WebElement elemant)

o BrowssrType Type
o string? Version

(@) UtiityS=tiings
€) ConfigRead
o flost? Timeoutinterval O e

N Tss,: i‘_\';'i';T;’:'E TestRunType ® static TestSettings ReadConfig()

@ LogsSettings

o string? PathToSave

@ TestRunContext @ TestRunType @ Peesealine
string TestRunTimestamp Local E-_:;ZE
@ static woid Initizlize() Grid Safari

Puc. 2. Moayni Extensions i Configuration
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Mopynb Wait 3abe3nevye cTabinbHICTb TECTiB | KOPEKTHY poboTy 3 AHaMiYHUMK BEGCTOPIHKaMK, peanidyoum MexaHiam
ovikyBaHb. Knac mictutb Habip cTaTMyHMX MeTOoAIB ONs KepyBaHHS OuvikyBaHHAMM Ha ocHoBi WebDriverWait. IHiuianisauis
BUKOHYETbLCA Yepe3 MeTog Initialize, Wo npuimae eksemnnap BebapariBepa, akTMBye BHYTPILLHIA 06'ekT — driver i Hagae go-
CTYN A0 BCiX PYHKLiN O4iKyBaHHS.

MeTtog UntilTrue gae amory 4yekaTu BUKOHaHHS 3a4aHOol YMOBW, LLO nepenaetbes y BUurnsaai dyHkuii condition, 3 MOXnMBICTIO
BCTAHOBMEHHA TalM-ayTy. Y pasi nepeBuLLEHHS TalM-ayTy reHepyeTbCs BUHATOK i3 BigMoBiaHMM MosigomneHHsMm. Metoau
UntilElementlsVisible i1 UntilElementlsClickable ctBopeHi ansi pobotu 3 BebenemeHTtamu. MNepLunii odikye NosiBy enemeHTa Ha CTo-
piHUi Ta noBepTae noro y Burnaai ob'ekta Element, apyruii nepesipsie, Konu enemeHT ctaHe JOCTYNHUM ANs KIiKy.

dyHkuioHanbHicTe UntilAttributeContains nae 3amory BigctexxyBatu 3miHn aTtpubyTiB enemeHTa, Ouikyrouu, Noku aTpmudyT
oTpvMae NoTpibHe 3HaYeHHs, Wo 0cobNMBO KOPUCHO AFIS KOHTPOMO CTaHy AUHaMIYHUX eNIEMEHTIB.

IHTerpauis uboro MexaHiamy 3 iHLWKMMKM KOMMOHEeHTamu, 3okpema 3 ElementFinder, cnpusie edekTMBHOMY MOEOHAHHIO MO-
LUYKY €NeMEHTIB 3 O4iKyBaHHSIMU, L0 3MEHLUYE MMOBIPHICTb MOMWMIOK, CNPUYMHEHMX aCUHXPOHHOK NPUPOLOoK BeB3acTOCyH-
KiB. 3aBAAKM LbOMY TECTYBaHHS CTa€ HafiNHILLMM HaBiTb Y HAWCKNaAHILWMX CLeHapisx.

Mopyne HtmIReportGenerator Bignosigae 3a ctBopeHHs getanbHux HTML-3BiTiB PO BUKOHAHHS TECTiB, Hadalum iHCTPY-
MEeHTW AN 3py4HOI a iHTepaKTUBHOI Bidyani3auii pe3ynbTaTiB TecTyBaHHS. |Hiuiani3auito BUKOHYOTbL MeToaoMm Instance, Lo
CcTBOpIOE abo NoBepTaE BXe HasIBHUI ek3eMnnsp Lboro knacy. Peanisauia 3a gonomoroto natepHy Singleton rapaHTtye, o
ANs OQHOro TeCTOBOro 3anycKy 6yae CTBOpeHo nuLue oanH ekdemnnsap. KoHdirypauinHi napameTtpum 3unTytoTh i3 TestSettings,
LLO Aa€e 3MOry BU3HaUYMNTK HEOOXIOHICTb reHepadii 3BiTiB | Bka3aTy LWNSAX ANg iXHbOro 36epexxeHHs.

ATFramework2 \
Utilities |

@ HtmIReporiGenerator

o static HimIReportGenerator _instance
static object _lock

D TestSettings _testSettings
StringBuilder _reportContent

o Dictionary<string, StringBuilder= _scenarioReports

o int _scenarioCounter

e HtmIReporiGenerator(TestSettings testSettings)

e static HimIReportGenerator Instance(TestSettings testSettings)

e void InitializeReport()

@ void StartScenario(string featureName, siring scenarioName)

e void AddStepResult(string scenarioName, string stepName, string status)

@ void EndScenario(string scenarioMame)

@ void FinalizeReport()

o void AddLogAnalysisResults(List=string= logText, List<string> analysisResults)

Puc. 3. Moaynb HtmIReportGenerator

dopmyBaHHsa 6a3oBoi cTpykTypy HTML-0OKyMeHTa BUKOHYOTb, BUKOPUCTOBYoUM MeTof InitializeReport. BiH foaae 3aronosok,
ctvni CSS ans odopmneHHst Tabnuub, KHOMOK 1 iHLIMX eneMEeHTIB, a Takox JavaScript-kog ons iHTepakTmBHUX dyHKUjn. Hanpu-
knag, collapsible-6roku gatoTb MOXUBICTb 3ropTaTy 1 po3ropTaTii po3ainu Arns 3py4HOro Nepernsiay Aetarnei TECTOBMX CLeHapiiB.

[onaBaHHs HOBOrO cueHapilo A0 3BiTY 34iMCHIOETLCA Yepe3 meTod StartScenario, O CTBOPIOE 3aronoBOK CLeHapito,
iHiLianisye Tabnuuio Ans 3anmcy TEeCTOBUX KPOKIB i NPUCBOIOE yHikanbHUi ineHTudikatop. Metoa AddStepResult goaae iH-
dopmalLito NPo BMKOHAHI KPOKM, BKMOYHO 3 iXHIMK Ha3Bamu, ctatycoM (Passed abo Failed) i yacosoto miTkoto. BukopurctoBy-
€TbCH KONbOPOBE BUAINEHHSA: 3eMeHNI Konip AN YCNiLLHUX KPOKIB | Y4epBOHWI — ANns HeBaanux. licns 3aBepLueHHs cueHapito
MeToq EndScenario 3akpuBae BignoBigHy Tabnuuo.

Konwu BCi TecToBi cueHapii BuKoHaHi, metog FinalizeReport 36upae Bci gani B eanHun HTML-gokymeHT i 36epirae noro y
BKasaHin gupektopii. Im'a danny mMicTuTb YacoBy MITKy, LLO Nonerwye igeHTudikauito KOHKPETHOrO TECTOBOrO 3anyckKy.

3aBasku Uin peanisadii 3BiTM € He nuwe iHOPMaTUBHUMMU, a 1 IHTEPaKTUBHUMW, HAaaun AeTanbHy iHpopMaLilo npo
KOXXEH TECT i CNpOoLLytoYn aHani3 pe3ynbTaTiB TECTYBaHHS.

Mogayni CheckWorker i VerifyWorker 3abe3neuytoTb nepeBipKy OuYiKyBaHWX pe3ynbTaTiB Mig Yac TeCTyBaHHs, Hagjakoum
iHCTPYMEHTM ANS KOHTPONMIO BIAMOBIAHOCTi PaKTUYHMX 1 OYiKyBaHNX 3HAYEHb Y TECTOBMX cLieHapiax. Moro dyHKLioHanbHICTb
crnpsiMOBaHa Ha nigBULLEHHsT THY4KOCTi Ta cTabinbHocTi TecTiB. Knac CheckWorker mictntb Habip ctaTuuHux metoais ons
nepeBipkM yMOB, Takmx sk Equals, Wwo gae 3mory nepeBipAaTH PiBHICTb ABOX 3HAYEHb i3 NIATPMMKOK YyTANBOCTI 4O pericTpy,
3okpema: NotEquals, skuin nepeBipsie HepiBHICTb 3HaveHb; Contains, WO BM3HAYa€e HasiBHICTb Nigpsaka B pAAKY 3 OnuioHanb-
HOO MiIOTPMMKOI HEeYYTIMBOCTI A0 pericTpy; Ta Matches, sikuii BUKOHYE NepeBipKy 3a perynsipHumMu Bupasamu. CneumdidHi
metoam, sik DateTimeEquals i DateTimeNotEquals, 3a6e3neuytoTb NOpiBHAHHA AaTt. [Ans AMHaMiYHWX cepefoBULl, METOZ
ExecuteWithRetry gonomarae noetoptoBati nepeBipku 0 ycrnixy abo 3aBepLUeHHs1 Yacy ouvikyBaHHs. [licns 3aBepLUeHHs
TecTiB dyHkuis FinalizeChecks 36upae Bci HeBaani nepesipku Ta Hagae BUHATOK i3 AeTanizaoBaHWM CMUCKOM NMOMUIIOK.

Knac VerifyWorker Hagae posLumpeHi MOXnuBOCTI, 30kpema nepeipky cnuckis metogom ListEqualsignoringOrder, akuia
NOPIBHIOE CMNCKM He3anexHo Big nopsaky enemeHTis. Metoa Multiple gae amory BMKOHyBaTW Kinbka nepeBipok 04HOYACHO,
36uMpatoun BCi NOMUNKM B OAMH pe3ynbTaT. JloryBaHHs pesynbTaTiB nepesipok yepe3 LogWorker pobuTtb aHania npo3opumM i
3pyyHuMm (Loubser, 2021).
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ATFrameworkz'\
Verilications\

@ WVerify\Worker
o static LogWorker _logWorker

o static void Equal<T={T expected, T actual, siring message)

o static void NotEqual=T=(T expected, T actual, siring message)

@ static void True(bool condition, siring message)

o static void False(bool condition, string message)

o static void Null{object obj, string message)

@ static void NotMull{object obj, string message)

o static void Fail(string message)

o static void Contains=T=({T expected, IEnumerable=<T> colleclion, slring message)

o static void CollectionsEqual<T=(IEnumerable<T= expected, IEnumerable<T= actual, string message)

o static void ColleclionsEquivalent=T=({|Enumerable=T= expecied, IEnumerable=T> actual, sfring message)
& static void StringsEqual({string actual, string expected, bool ignoreCase, string message)

o static void StringContains(string actual, siring substring, bool ignoreCase, siring message)

o static void StringStartsWith(siring actual, string prefix, bool ignoreCase, stning message)

o static void StringEnds\With{string actual, string sufiix, bool ignoreCase, string message)

o static void StringMatches(string actual, sfring pattern, string message)

o static void DateTimeEqual{DateTime expected, DateTime actual, TimeSpan tolerance, string message)

o static void DateTimeNotEqual{DateTime expected, DateTime actual, TimeSpan tolerance, string message)
o static void DateTimelnRange(DateTime acitual, DateTime start, DateTime end, sfring message)

o static void DateTimeBefore(DateTime actual. DateTime reference, siring message)

o static void DateTimeAfter(DateTime actual, DateTime reference, string message)

Puc. 4. Mogynb VerifyWorker

ATFramework2 )
Verifications

@ CheckWorker

O stafic List=string= _failures
o static LogWorker _logWorker

o static void Equal=T=(T expecled, T actual, string message)

o static void NotEqual=T=(T expected, T actual, siring messags)

o static void True(bool condition, sfring message)

o static void False(bool condition, string message)

o static void Null{object obj, string message)

& stafic void NotNull{object obj, string message)

o static void Fail(string message)

o static void Contains=T=(T expected, IEnumerable=T=> collection, siring message)

o stafic void CollectionsEqual=T=(IEnumerable=T> expected, IEnumerable<T> actual, siring messages)
& stafic void CollecfionsEquivalent=T={|IEnumerable<T= expected, IEnumerable<T= actual, string message)
o static void FinalizeChecks()

Puc. 5. Moayns CheckWorker

O6uaea knacu iHTErpoBaHi 3 iHWKWMK KOMNOHeHTamMu nnaTtdopmn, Takumm sk LogWorker ansa sanucy noris i Wait gns
NOBTOPHMX Nepesipok. Moaynb BepudikaLii € HeBia'eMHO YacTUHO NnaTdhopmu, 3abesnedyoun HagilHUA KOHTPOMb SKOCTI
TECTOBUX CLEHapIiB i pe3ynbTaTiB, WO CNpusie CTabinbHOCTI 1 ePeKTUBHOCTI TECTYBaHHS.

Mopynb ApiWorker 3abesneuye B3aemogito 3 REST API, Hagatoum 3pyyYHUn i THYYKUiA iIHCTPYMEHT ANnst BUKOHaHHSA HTTP-
3anuTiB 1 00po6KKM BianoBigen y TectoBmx cueHapisx. OcHoBoto moayns € 06'ekt HitpClient, o iHkancyntoe noriky BUKOHaHHS
HTTP-3anuTiB i Aonomarae rHy4ko HanawiTOBYBaTW MOBEAIHKY, Hanpuknag, Yyepes3 godaBaHHa middleware abo HanawTy-
BaHHs TavM-ayTiB. [Ins cTBopeHHs ek3emnnsipa ApiWorker noTpibHo nepepatu iHidianizoBaHui HitpClient, wo aae moxnu-
BiCTb Nerko aganTyBaTu Mogy-nb A0 crneundidHmx Bumor TectyBaHHs (Mohan, 2022).

MNigTpumka ocHoBHux CRUD-onepauit y Mmoayni peanizoBaHa 4Yepe3 acMHXPOHHI MeToau, Lo 3abe3nevytoTb edpekTuBHY
B3aemogito 3 API. Metop GetAsync BukoHye HTTP-3anut go BkasaHoro endpoint i noBepTtae pesynbTar y BUMISAi psaka,
nepeBipsAlYM YCNilHICTb onepauii 3a gonomorot EnsureSuccessStatusCode. [Ana HagcunaHHA AaHWX BUKOPUCTOBYIOTb
PostAsync, akui npunmae JSSON-gaHi y doopmarti StringContent i3 BignosigHum Content-Type. OHoBReHHS pecypciB Ha cep-
Bepi BUKOHYIOTb MeTogom PutAsync, wWo Mae aHamnoriyHui mMexaHisam poboTu. BuganeHHs paHux peanisoBaHO 4epes
DeleteAsync, sk 3Hagcunae 3anuT Ha 3agaHun endpoint.

AcCUHXpOHHa pearnisaLis BCiXx MeToAiB Cnpusie napanenbHOMY BUKOHAHHIO 3anuTiB y TECTOBUX CLEHapisX, NiaBULLYOYN
NPOOYKTMBHICTb i MHYYKiCTb iHTerpauii. 3aBasku peanisadii iHTepdeiicy IDisposable knac ApiWorker gae 3mory KOpekTHO
3aBepLuyBaTn poboTy 3 HttpClient, BUBiNbHsAOUM pecypcu nicns 3aBepLUEHHSI TECTYBaHHS.

3asHayeHnin Moaynb Bigirpae BaxnvBy porib y nnatdopmi, 3abe3neuyioun MOXIMBICTb IHTErpaLinHOro TecTyBaHHS, ne-
pesipkn po6oTn AP| Ta nerkoro HanawTysaHHs 3anuTiB BiANOBIAHO A0 BUMOT TecTyBaHHs. Moro Baaemopis 3 iHLMMN KoMMo-
HEeHTaMu, TakuMW SK FOryBaHHs Ta Bepudikauis, nigBuye edeKkTUBHICTL aBToMaTu3alii Ta po3wmnploe (YHKLiOHANbHI
MO>XXITMBOCTiI TECTOBOI NnaTchopmum.
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Mogaynb LocalStorageWorker Hagae iHCTpyMeHTH Ana poboTu 3 nokanbHUM CXoBuLLEM Gpay3epa, 3abe3nedyoum Mox-
NVBICTb MaHINYMIOBaHHS AaHNMU, 36epeXeHNMM B TOKaNbHOMY CXOBWLLi Be63acToCcyHKiB. Moro dyHKLioHanbHicTL 6asyeTbes
Ha BMKOHaHHi JavaScript-kogiB yepes lJavaScriptExecutor, wo 3abe3nevye npsiMmiz 4OCTYN 4O CXOBULIA.

MeTop GetlLocalStorage BukoHye JavaScript-kog Ans 34nMTyBaHHS BCiX KntodiB i iXHiX 3Ha4veHb y Local Storage Ta nosep-
Tae pe3ynbTaT y BUrnagi cnosHuka Dictionary<string, string>. Lie nonomarae nepeBipATy AaHi, Wwo 36epiraloTbCs 3aCTOCYHKOM
nig vyac po6otn. Metog AddTolocalStorage gopgae HOBi 3anucy y BUIMA4i Napyu KoY — 3HAYEHHS, BMKOPUCTOBYIOYUM
JavaScript-dyHkuito window.localStorage.setltem, o gae 3mory nigrotysatu ctaH 6paysepa ans TectiB. OHOBMNEHHS OaHNX
y cxoBuLi BUKOHYEeTbCA MeTogoM UpdateLocalStorageValue, o 3miHI0E 3HaYeHHA 4ns 3a4aHoro knoda. BuoaneHHs 3anu-
ciB peanizoBaHo yepe3 metog DeleteFromLocalStorage, o BukoprcToBye yHKLUiO removeltem, a noBHe oumnweHHs Local
Storage BMKOHYeTbCS 3a gonomorot metoay ClearLocalStorage, sakun Buknunkae window.localStorage.clear.

Llen mogynb € BaxXnmMBMM A5is TECTYBaHHSA 3aCTOCYHKIB, LLIO BUKOPUCTOBYIOTL Local Storage ans 36epexeHHs AaHnX Ko-
pucTyBadiB, HanawTyBaHb abo ceciil. Hanpuknaa, nepes BUKOHaHHSAM TECTIB MOXHa 3MiHIOBaTV aHi B CXOBWULLj, 06 CTBO-
puUTK HeobXigHi NoYaTKOBI YMOBW AN TECTOBUX CLIEHAPIIB.

LocalStorageWorker nerko iHTerpyeTtbcs 3 iHWMMKM mogynsamu nnatdopmn. OTpumaHi AaHi MoXyTb B6yTn nepesipeHi 3a
gonomorot mMogynis Bepudikauii, Taknx sk CheckWorker abo VerifyWorker, abo 36epexeHi B TECTOBMX 3BiTax 4depe3
HtmIReportGenerator. Lle 3a6e3neyvye nnatgopmy 0OOATKOBOK rHYYKICTIO | JonoMarae TeCTyBaTU CKNagHi cueHapii pobotu
3 Beb63acToCyHKamu.

Mogynb TestDataWorker cnpusic CTBOPEHHIO YHiKanbHUX | QUHAMIYHMX TECTOBUX JaHUX, WO aganTyTbCs OO Pi3HUX cLe-
HapiiB TECTYBaHHA, HaAAlouM THYYKICTb | BapiaTUBHICTb BXiAHWUX NapaMeTpiB. Mloro BUKOPUCTAHHSA 3MEHLLYE 3anexHICTb Bif
CTaTUYHUX AaHUX i NiABULLYE FHYYKICTb TECTIB.

ATFramework2 \
Utilities \

© ApiWorker © LocalStorageWorker
o0 HitpClient _httpClient O lJavaScriptExecutor js
e ApiWorker(HttpClient hitpClient) e LocalStorageWorker({IWebDriver driver)
® Task<string> GetAsync(string endpoint) e Dictionary<string, string> GetlLocalStorage()
o Task<string>= PostAsync(string endpoint, string jsonData) o void AddTolocalStorage(string key, string value)
o Task<string= PutAsync(string endpoint, string jsonData) e void UpdateLocalStorageValue(string key, string new\Value)
@ Task<string> DeleteAsync(string endpoint) e void DeleteFromLocalStorage(string key)
e void Dispose() e void ClearLocalStorage()

© Testpataworker

static string GenerateString(string customPart, string guidFormat, int guidLength)

static int Generatelnt(string customPart, string guidFormat, int guidLength)

static double GenerateDouble(string customPart, string guidFormat, int guidLength)

static DateTime GenerateCurrentDate()

static DateTime GenerateRandomDate(DateTime stariDate, DateTime endDate)

static string GenerateFormattedDate(string format)

static string GeneratePhoneNumber(CountryCode countryCode, int length)

static string GenerateEmail(string customPart, EmailDomain domain, bool includeGuidinName, bool includeGuidinDomain)

2 2 @ 0 00 00

Puc. 6. YTunitapHi kKomnoHeHTH nnatcdopmm

[ns reHepauii pagkis i yucen metoa GenerateString CTBOPIOE yHIKanNbHWUIA PSAOK, MOEAHYIOYN KOPUCTYBALbKY YaCcTUHY Ta
GUID i3 moxnuBicTio HanawTyBaHHs dopmaty Ta aoBxuHn. Meton Generatelnt reHepye yHikanbHi Lini yucna Ha OCHOBI
xewyBaHHsA psgka 3 GUID, a GenerateDouble cTBOpHOE YHikanbHi YMcna i3 nnaBatoyolo Kparnkow, KOMOIHYyH4YM psifok
i3 xelwoBaHUMK 3HayeHHaAMW. [Ons pobotu 3 patamu GenerateCurrentDate noBepTae noTouyHy pfaty Ta uac,
GenerateFormattedDate gae 3amory oTpumyBatu gatm B 3agaHomy dgopmarti, a GenerateRandomDate reHepye BUNaakoBy
4aTy B Mexax 3a4aHoro iHTepBary, NepeBipsAoyM KOPEKTHICTb diana3oHy.

"eHepauia TenedoHHUX HOMepIB 3aiMcHI0ETbCA MeToaoMm GeneratePhoneNumber, skuid cTBOpOE HOMEPW i3 BKasaHUM
KogoM kpaiHu, Takumu sk +1 ana CLUA um +380 gnsa YkpaiHu, 3 MOXNUBICTIO HanalwTyBaHHA AOBXWHM HoMepa. MeTon
GenerateEmail npogykye yHikanbHi email-agpecu, gogatoun GUID 0o KopucTyBaLbKOi YaCTUHM YM OMEHY 3a HeOOXIaHOCTI,
BMKOPUCTOBYOUN BUBpaHUI AOMEH, Hanpuknag, example.com ym test.com.

Mopaynb 3py4HuiA 4nNa aBToMaTu3aLii CTBOPEHHS AaHUX Y Pi3HUX TECTOBUX CLEHapIsiX, TAKMX SK PEECTpaLlisi KOpUCTyBadiB
i3 BUKOPUCTaHHAM 3reHepoBaHMX email-agpec, TecTyBaHHA ¢hopm i3 BUNagkoBuMmu aatamu abo imitauis yHikanbHUx tene-
OHHMX HOMEpIB ANs NepeBipku nokanisauii. 3reHepoBaHi AaHi Nerko iHTerpylTbes 3 iHWUMK Moaynsamu nnaTdopmu, Ta-
KMMU SIK MOZyrb 00pobkK enemeHTIB Ans 3anoBHeHHs popm ymn ApiWorker ansa TectyBaHHsa API-3anuTiB.

TestDataWorker € yHiBepcanbHUM iHCTPYMEHTOM AN AUHaMIYHOrO HanaluTyBaHHsS TECTOBUX CLEHapIiB, WO 3HA4YHO CKO-
poyye Yac iXHbOI NiAroTOBKW 1 NiABULLYE €PEKTUBHICTb TECTYBaHHS.

Mopynb LogWorker 3abesneuye BigCTEXEHHS NpoLecy BUKOHAHHA TeCTiB, 36ip AiarHOCTUYHOI iHdopmadii Ta aHanis no-
MUIOK, Bigirpatoyum Baromy ponb y nnatdopmi (Loubser, 2021). Peanisauis Lboro KOMNOHEHTa iHTerpoBaHa y BaxnvBi Mo-
ayni, 3okpema CheckWorker, VerifyWorker, WebDriverManager i HtmIReportGenerator.
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ATFramework2\
Utilities\
Logs

'®LOQLeve|\ @ LogEntry

o DateTime Timestamp

[T o string Message

g?;?mg o LoglLevel Level
Critical o string Feature

o string Context

© Logworker

o List<LogEntry> _logEntries
o string _logFilePath

e LogWorker(string logFilePath)

e void Log(string message, LogLevel level, string context, string feature)
o List<LogEntry> GetLogsByLevel(LoglLevel level)

® List<LogEntry> GetLogsByContexi(string context)

o List<LogEntry> SearchLogs(string keyword)

e void SavelLogsToFile()

o void DisplayStatistics()

m void LoadLogsFromFile()

Puc. 7. Moaynb noryBaHHs

OcHoBHa ¢yHkUioHanbHicTb LogWorker oxonntoe 3anmMc TEKCTOBMX NOBIAOMIMNEHb Y nor-cdannun 3 gogaBaHHSAM 4acoBUX
MITOK, PiBHIB BaXXnMBOCTi (Hanp., Info, Error) Ta KOHTEKCTY BMKOHAHHS, WO MICTUTb MeTof i Knac, siki Buknukanu nor. Lle
Jonomarae CTBOpHOBaTW AeTarnbHi 3annucy noAivi AN nerkoro igeHtTudikyBaHHs gxepena npobnem. MosigomMneHHs maTb
CTPYKTYpPOBaHUM BWUrNsh, Hanpuknag: [2024-12-14 12:34:56] [INFO] [WebDriverManager. OpenApplicationStartPage]
Bigkputo ctapToBy CTOpiHKY: https://example.com, wWwo 3a6e3neyvye 3pyYHICTb YNTAHHSA 1 aHaniay.

[ns pisHMX KOMMOHEHTIB CTBOPKOTLCA OKpemi nor-coamnu, Hanpuknag, VerifyWorkerLog.txt ons nepeipok a6o
GlobalTestLogs_{timestamp}.txt ons po6oTn 3 gparBepoM. Takuin Niaxig Aae 3Mory YiTko BigoKpemntoBaTh iHbopmaLllito npo
Pi3Hi YaCTMHW CMCTEMMW.

JloryBaHHs TiCHO iHTerpoBaHe 3 iHwuMy Moaynsmu nnatdopmn. Y CheckWorker i VerifyWorker 3anucytoTb K ycniLlHi
nepeBipKX, Tak i MOMUIIKK i3 3a3HaYEHHSIM OYiKyBaHMX i akTUYHUX 3HadeHb. HtmIReportGenerator BUkopncTOBYE NoOryBaHHs
ANns 3anucy npolecy CTBOPEeHHs 3BITiB, doikcauii noMunok 1 iHwmx knodosux nogin. Y WebDriverManager norytotbcs aii,
noe'asaHi i3 3anyckom Gpaysepa, Hasirauieto M CTOpiHKaMu Ta 3aBepLUEHHsIM CecCill Apansepa. Yci noru 3bepirarotbes y
anpekTopii, 3a3HaveHin y LogsSettings.PathToSave, wo cnpolyye AocTyn 40 HUX AN NOA4ANbLUOro aHaniay.

3aBasikv CTPYKTYPOBaHMM Nloram TecTyBarnbHUKN MOXYTb LUBMAKO ineHTUdikyBaT npobnemu, onTuMisyBaTtu cueHapii Te-
CTyBaHHS Ta HagaTy 4OKa3n pe3ynbTaTiB 3aMoBHMKaM. Lien KOMMOHEHT NigBULLYE HAAIMHICTb | NiATPMMYBaHICTb NnaTdopMu,
pobnsaum ii ehekTMBHOK HaBIiTb Y MaclUTabHUX NpoeKTax.

IHTerpauia onucaHmx mogynis NnaTopmy B €AMHWUIA NOTIK BUKOHaHHSA € 3aBepLuarnbHUM, ane ogHUM i3 HanBaXnmBILLNX
acnekTiB ii pobotn. KoxxeH mogynb — Big pobotn 3 BebapariBepoM, 06pobku enemeHTiB, BepudikaLii, reHepauii 3BiTiB i 4O
NOryBaHHS1 — OpraHiyHO B3aemogie 3 iHWnMun, 3abe3neyytoun LinicHICTb TECTOBOro NpoLecy.

MoTik NnounHaeTbea 3 iHiLianisauii o6'ekta TestSettings 3a gonomoroto mogynsi ConfigReader, sikuii 3uuTye napameTpu 3
JSON-danny ana HanawTyBaHHS nnaTdopMm BiANOBIAHO A0 TECTOBOrO 3anycky. MNapanenbHO CTBOPHETLCA KOHTEKCT BU-
koHaHHs TestRunContext i3 4YacoBoK MITKOK Ans noganbLlioro BiacTexeHHs ain. Micna uboro WebDriverManager ctBoproe
BebapariBep, BMOMpatoun nokanbHUIM Yu BigganeHun pexmm pobotun, a metog OpenApplicationStartPage Bigkpusae ctap-
TOBY CTOpPIHKY, BU3HaudeHy y TestSettings.ApplicationUrl. Yci gii norytotbcsa yepes LogWorker.

Ha HactynHomy etani mogyni ElementFinder i ElementsFinder 3a6e3neuytoTb nolyk enemMeHTiB Ans B3aemogii, a Wait
rapaHTye, Lo BOHM AOCTYNHi. Yepes Element BukoHyoTbCA fii, AK-OT KMiku Yn BBEAEHHS TEKCTY, i3 3aCTOCYBaHHAM METOLIB
PO3LUNPEHHS, Lo 3abe3nevytoTb CTabinbHICTb | TOYHICTL onepadin. PesynbTaty gin nepeBipsTbCsA 3a 4ONOMOroK MOAyNIB
CheckWorker i VerifyWorker, siki norytoTb ycnilLHi nepeBipkn Ta NOMUIIKK.

Ons iHTerpauinHux TectiB BukopuctoBytoTb ApiWorker, wo Hagcunae HTTP-3anutu o 6ekeHa-cepsiciB v aHanisye Bia-
noBigi. Yci Baxknuei nogdii, pe3ynbTaTi Ta cTaTycu TecTiB ikcytoTbes y nor-gannax yepes LogWorker, o 3abesnevye npo-
30picTb MNpouecy. 3aBeplianbHUM eTanom € reHepadisa 3BiTiB yepe3 HtmlReportGenerator, skuin popmye HTML-3BIT i3
JeTanbHo iHhopMaLieto Npo cLeHapii, KpoKK Ta pe3ynbTaT BUKOHaHHS. [icns 3aBepLUEeHHS BCiX TECTIB ApaniBep 3akpuBa-
€TbCs, a 3ibpaHi gaHi 36epiratoTbCcsa B 3agaHnX ANPEKTOPIAX.

IHTerpauis Mmogynie nnatgopmu peanizoBaHa Tak, Wob 3abe3neunTm iXHIO B3aEMO3aNEXHICTb 1 y3rogkeHy poboTy, CTBO-
pHOOYN EOUHUIA CKOOPAMHOBaHUI NpoLec aBTOMaTM30BaHOro TeCcTyBaHHA. Hanpuknaa, aaHi, s3HangeHi ElementFinder, nepe-
patotecsa B VerifyWorker ona nepesipku, pesynbtatv Bepudikauii Bxoaste o 3BiTiB HtmIReportGenerator, a LogWorker
3anucye Bei KNoYoBi eTany poboTtun nnatdopmu.
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Lis iHTerpauis 3abe3nedyye YiTkuii NOTIK BUKOHaHHS, aBTOMaTU3YO4M BCi acnekTy TeCTyBaHHA. 3aBAsaku LboMy nnaTtdopma
3anMLWaETbCs FHY4KO, MacluTaboBaHOK Ta NPOCTOI Y BUKOPUCTAHHI HaBIiThb ANs CKNaaHUX NPOEKTIB, Bignosiganyy BUMoram
Pi3HUX TECTOBUX CLieHapIiB.

2. dyHKUioHanbHi ocobnueocTi nnatdgopmu

3anponoHoBaHa nnatdopMa AN aBToMaTusauii TecTyBaHHs Be63aCTOCYHKIB € Cy4aCHUM PiLLEHHSIM, LLLO NOEAHYE eddek-
TUBHICTb, CTabiNbHICTb i MaclTaboBaHICTb Y eQUHOMY MiAXoai 40 TecTyBaHHsA. BoHa cTBopeHa 3 ypaxyBaHHsIM npobnem, 3
AKUMW CTUKAIOTbCS TECTYBaNbHMKM Nig Yac poboTu 3 TpaguLinHAMM iIHCTPYMEHTaMK, Ta NPONOHYE Taki MOXNMBOCTI ANnst GinbLu
rHY4KOI Ta TOYHOI aBTOMaTM3aLii:

1. THy4ka MofdynbHa apXxiTekTypa € BaXnuBOK OCOBMMBICTIO NNaTtdopmMK, OCKINMbKM BOHA Aa€ 3MOry iHTerpyBaTu HOBI
dYHKUiOHaNbHI MOXIMBOCTI 6€3 HeOOXigHOCTI 3MiHM OCHOBHOrO Koay. Ha BiamiHy Big 6araTboXx pilleHb, WO MakTb XXOPCTKY
apxiTeKTypHY CTPYKTypy Ta BMMaratTb 3HA4YHMX 3MiH Mpu aganTauii 4O HOBOro cepenoBuLLa, Usi nnaTdopma 3abeanevye
nerkicTb HanawTyBaHb i MacluTabyBaHHA 3aBASIKM YiTKO BU3HAYEHUM KOMMOHEeHTaM. Lle ocobrnvMBo BaxnuBO Anst BENUKMX
NpOoEKTIB, e HeOOXiAHO WBMAKO aganTyBaT TECTOBE cepefoBULLE 0 3MiH Y Be63aCTOCYHKY.

2. MMiaTprMKa pisHMUX TUNIB TECTYBAHHA € OAHIEI0 i3 hyHAaMeHTansHWx nepesar nnatgopmu. MNnatdopma gae Moxnu-
BiCTb BUKOHYBATW He NnuLle TEeCTYBaHHSA KOPUCTYyBaLbKkoro iHTepdency (Ul-tectu), ane n API-TecTyBaHHS, WO € KPUTUYHUM
ansa 6aratopiBHeBMX Be63aCTOCYHKiB. 3aBAsKM LbOMY BOHa fornomarae TecTyBarnbHUKaM NepesipATy sk 6e3nocepeHio B3a-
emofito kopuctyBaya 3 BebiHTepdencom, Tak i npaBurbHICTb pob6oTn BukNukiB API, Lo 3abe3neyye kKOMNNEKCHUI Nigxig oo
nepeBipKk/ NporpamMHoro 3abesneyeHHs.

3. OuHamiyHe HanalwiTyBaHHS napameTpiB TecTyBaHHs yYepe3 JSON-cannu gae amory nerko 3MiHoBaTh CepefoBuLLEe
BMKOHaHHS TecTiB 6e3 HeobXigHOCTi BHOCUTU 3MiHM [0 KoAy, Lo 3abe3nedye rHyyKiCTb i 3pyYHICTb Y BUKOPUCTaHHI nnaTtdo-
pmu. Lle ocobnmBo KOpUCHO Mif Yac BUKOHaHHS TECTYBaHHS B Pi3HUX cepeoBULLax, TakuMX SK NlokanbHe, TECTOBE, NPOMiXKHE
abo krieHTCcbke, Ha BiAMIHY Big TpaguuinHux nnatgopmM, Wo BUMaratoTb PyYHOro BHECEHHS 3MiH Y ko4 abo BUKOPUCTOBYHOTb
cknagHi cuctemn KoHdirypauin, Wo 3Ha4yHO YMNOBINbHIOE NPOLIEC HaNaLUTYBaHHS TeCTIB.

4. HasaBHICTb Pi3HMX pexuMiB 3anycky TeCTiB, BKMOYHO 3 NOKanbHMM BMKOHAHHAM i 3anyckoMm 4epe3 Selenium Grid,
crnpusie ePeKTMBHOMY BUKOPUCTAHHIO MraTopMm B pO3nogineHnx cuctemax TectyBaHHs. Lle 0cobnvBo BaXknueo anst Benu-
KMX KOMaHp, abo opraHisauiii i3 BENMKO KifbKiCTIO TECTOBUX CLIEHApIiB, OCKiNbKM 3abe3nedyye MOXIMBICTb napanenbHoro
BMKOHaHHS TECTIB Ha Pi3HMX NpUCTposX i bpay3sepax.

5. MexaHiam ynpaBniHHa Opay3epHuMU AparBepamMu € MepeBaro nnatopMK, OCKINbKA BUKOPUCTAHHSA NaTepHy
Singleton gae 3Mory yHUKHY TV 3aiBOro CTBOpeHHs Gpay3epHUX Cecild, Lo 3Ha4HO MiaBULLYE CTabinbHICTb TECTIB Ta ONTUMI3yeE
BMKOPUCTaHHSI pecypciB. Y KOHKYPEHTHUX Nnatgopmax yacTo 3ycTpivyaeTbcs npobnema HagmipHoro 3anycky 6paysepis, Lo
NpU3BOAUTL A0 NepeHaBaHTaXeHHs1 TECTOBOro cepefoBuLla Ta HecTabinbHOI poboTu TecTiB. 3aBasikv NpaBUIIbHOMY Kepy-
BaHHIO pecypcamu i iHTenekTyanbHoMy odikyBaHHI0 (Lazy WebDriverWait) nnatcopma He nepeHaBaHTaxye cuctemy i npa-
LII0€ 3HAYHO LUBMALLE.

6. Moaynb 06pobkn BebenemeHTiB 3abe3nedye MOXIMBICTb B3aEMOAIT 3 enieMeHTaMmn CTOPIHOK, CMPOLLYIOYM BUKOHAHHSA
aBTOMaTM30BaHUX TecTiB. YOyooBaHi MexaHiaMyM aBTOMaTUYHOrO NMPOKPYYYBaHHS 4O €NIEMEHTIB Ta iXHE MiAcBivyBaHHA Mig
Yac BUKOHAHHS Aii 3MEHLLYIOTb KiMbKiCTb TECTOBUX NMOMMITOK, MOB'A3aHUX i3 HEBUAVMMMM abo HeQOCTYNMHVMMK eneMeHTaMu.
Lle ocobnnBo KOPUCHO ANs CKNagHMX AUHaMIYHUX Be63aCTOCYHKIB, Y SIKMX CTaHAAPTHI iIHCTPYMEHTU B3aemogii 3 eneMeHTaMu
MOXYTb NpautoBaTh HecTabinbHo. Po3pobntoBaHa nnatdopma 3abeanevye rmmnbLumin KOHTPOrb Hag, poboTok 3 eneMeHTamu,
LLIO NiABULLYE TOYHICTb | HAZINHICTE TECTYBaHHSA, Ha BiAMiHY Big 6araTbox iHWKX nnatdopmM, ski obmexytoTbesa nuwe 6azoBoto
B3aEMOZIE0 3 iHTEepdENCoM.

7. HasiBHa cuctema ovikyBaHb He BUKOPUCTOBYE XXOPCTKO 3afaHi TaMiHr, a A4a€ MOXIMBICTb BCTAHOBMIOBATY AUHAMIYHI
YMOBW OYiKyBaHHs. Lle ocobnvBo BaxnmBo Ansd Be63acTOCYyHKiB, L0 aKTUBHO BUKOPUCTOBYIOTb aCUHXPOHHI 3anuTu Ta AnHa-
MiYHUI PpeHOEPUHT KOHTEHTY. Ha BigMiHY Bid iHWKX nnaTgopmMm, Lo YacTo BMMaratoTb py4HOro HanawTyBaHHS OYiKyBaHb, Lien
nigxig cnpoLlye NiaTpUMKy TECTIB i MiABMLLYE IXHIO CTabINbHICTb.

8. ABTOMaTU4HO 3reHepoBaHi iHTepakTnBHi HTML-3BiTM MiCTATb AeTanbHy iHhopMaLito Npo KOXeH TeCTOBUM CUeHapin,
BKIMHOYHO 3i cCTaTycamy BUKOHaHHS!, CKPiHLIOTaMu NOMWIIOK Ta iHTepakTUBHUMK enleMeHTaMu Ans Hasirauii. Lle cyTtTeso cnpo-
LLlyE aHani3 TeCTOBMX 3anycKiB, y TOW Yac sik 6araTo iHLINX pilleHb 0OMEXYHOTbCS NULLE TEKCTOBMMM abo CTaTUUHMMU 3BiTaMu.

9. API-TecTyBaHHs € BaXnmMBOl 0COBNUBICTIO NNaTdopmm, OcKinbku 3abesneyye MOXNMBICTb aBTOMAaTU30BaHOI Nepesi-
pkn poboTun BebcepsiciB 6e3 HeobXiAHOCTI py4HOro BTpyyYaHHS. Ha BigmiHy Big nnatdopm, Ski BUMararoTb iHTerpadii 3 okpe-
MUMW IHCTpYyMEeHTamu Ans TectyBaHHs API, 3anponoHoBaHa cuctema mae BbyaosaHuin APl-mogyrnb, WO Hagae MOXINMBICTb
NpoBOANTM NOBHOLHHE TecTyBaHHA REST-iHTepdbelciB 6e3 AoAaTKOBUX HanalwTyBaHb. 3aBAsku peanisalii NiaTpumkn acu-
HXPOHHOIO BUKOHaHHSA 3anuTiB, API-TeCTV BUKOHYIOTLCA 3HAYHO LBUALLE, HiX Nid Yac BUKOPUCTAHHA TPaauLiHUX pilleHb.

10. MoxnuBocTi Bepudikauii 4aHnxX y nnatdopMi € po3LLMPEHNMU, O CNPUSE 34INCHEHHIO AeTarnbHOI NepeBipkn KOPEK-
THOCTI OTpUMaHux pesynbTaTiB y TecTax. YOynoBaHi Mogyni nepesipku pe3ynbTaTiB NigTpPUMYOTb aBTOMaTUYHWUIA NOBTOP
nepeBipoK Y BUNaAKy HEBIANOBIAHOCTEN, WO 3abe3neyye rHydKiCTb Mifg Yac TeCTyBaHHSA AMHaMivHKX iHTepdelicis. Lie gono-
Marae 3MEHLUNTM KifbKiCTb XMOHO BUSIBIEHMX MOMUIIOK y TecTax i 3abe3neyye TouHiWy Bepudikauilo (yHKLiOHaNbHOCTI.

11. MigTprmka poboTH 3 NokansHUM cxoBuLLiem Bpaysepa gae 3mory edeKTMBHO TeCTyBaTu cLeHapii, nos'a3aHi 3i 36e-
PEeXeHHSAM i BUKOPUCTaHHAM AaHux Ha piBHi bpaysepa. Lle ycyBae notpeby y BUKOPUCTaHHI 30BHILLHIX CKpUMTiB abo py4YHOro
MaHinysitoBaHHA AaHUMU Y CXOBULL.

3aBOsikv MOAYNbHOCTI apXiTEKTYpU, iHTerpauis WTy4YHOro iHTENeKTy He NoTpebyBaTMe CyTTEBMX 3MiH y KOAOBI 0asi Ta
[4a€ 3MOory NocCTyrNoBO PO3LLMPKOBATU iHTENEKTYarbHi MOXINMBOCTI NnaTdopmMu, AO4aAKYN HOBI @anropuTMK AnS NOMIMLIEHHS
aBToOMaTu3aLii TecTyBaHHs. [Noganblunii po3BuTOK Nnatgopmn nepeadavae BNPOBaKEHHS LWTYYHOrO iHTENEKTY AN aHa-
ni3y TecToBuUX Noris. BUkopnucTaHHs MalWMHHOIO HaBYaHHSA HafacTb MOXIMBICTb aBTOMATUYHO KracudikyBaTy Ta npioputu-
3yBaTW MOMMIIKW, aHanidyBaTW 3aKOHOMIPHOCTI y 360siX i NporHo3yBaTu MoTeHLUiliHi npobnemu. Lle npuHece [oaaTkoBi
MOXITMBOCTI y chepy aBTOMaTu3aLii TECTyBaHHSI, OCKiNlbKW JOMOMOXE 3MEHLUNTU HaBaHTaXXEHHSA Ha TeCTyBarbHWKIB i NigBu-
LWMTN edPEKTUBHICTb YCYHEHHS AedekTiB.
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3anponoHoBaHa nnaTtdopma 3abe3dnedye cTabinbHICTb, MPOAYKTUBHICTD | 3PYYHICTb Y BUKOPUCTaHHI. 3aBAsAKM CBOIN rHy-
YKOCTI, iIHTErpOBaHOCTi Ta MOXITMBOCTSIM PO3LLUMPEHHS, OYIKYETBCS, L0 BOHA MOXe CTaTh e(peKTUBHUM iHCTPYMEHTOM SIK ANS
Manux KoMaHg, TaK i N5 BENMKUX NPOEKTIB. YpaxoBytoum onmcaHy yHKUIOHamNbHICTb, LS cCUCTEMa Ma€e 3HaYHUM noTeHLian
A58 NoganbLIoro po3BUTKY 1 yNpoBaaXXeHHst HOBUX iHHOBALi y cdhepi aBToMaTU3aLii TeCTyBaHHS.

[unckycis i BUCHOBKMU

3anponoHoBaHa nnartgopma Ansi aBTOMaTM30BaHOrO TECTYBaHHS BE63aCTOCYHKIB € KOMMIIEKCHUM PilLEHHSIM, IO MOea-
Hye moxnueocTi Ul- Ta API-TecTyBaHHs, nigTpumye KpocbpaysepHy B3aemogilo Ta gonomarae MacltaboBaHO NMpOBOAUTM
nepesipku dyHKUioHanbHOCTi Be63acTocyHkiB. OCHOBHOM ii 0COBNMBICTIO €:

e MoAyNnbHa apxiTeKkTypa — rnerka agantauis, iHTerpauis HOBUX KOMMOHEHTIB | 3MiHa napameTpiB TecTyBaHHs 6e3 peaa-
ryBaHHs Kogy;

® KOMMMEeKCHWU niaxia — noegHaHHa Ul- Ta API-TecTyBaHHS B EAMHOMY CepeaoBULL;

® rHYYKiCTb — NpocTa iHTerpauis HoBux yHKLih 6e3 3miH y 6a30Bill CTPYKTYpI;

® LieHTpanizoBaHe ynpaBniHHSA KOHirypauisiMm — MOXIUBICTb LUBMAKOT 3MiHWM MapameTpiB TECTyBaHHs1 6€3 BTpyYaHHs! B KOA;

e aBToMaTtuyHi HTML-3BiTK — geTanbHa aHaniTvka, CKPiHLWOTK Ta NOryBaHHs Ansi NPO30pOCTi TECTYBaHHSI.

3asHayeHa nnaTtdopma TakoX BUPI3HAETLCA BUCOKOK CTabinbHicTIo. 3aBaskvu NpodyMaHili cucTeMi oYikyBaHb, po3Lumpe-
HUM MexaHiamam poboTu 3 enemMeHTaMmn Ta HanalwToBYBaHUM NapameTpam O4ikyBaHHS, BOHa Hala€ MOXIMBICTb €(PeKTUBHO
npautoBaTh HaBiTb i3 AMHaMiYHUMK Beb3acTocyHkamu. Lie pobuTs i npuaaTHO AN TeCTyBaHHA CknagHux Be63acToCyHKiB,
LLIO aKTUBHO BUKOPUCTOBYHOTb aCMHXPOHHI 3anvTH | AMHAMIYHUIA KOHTEHT.

MacwTaboBaHicTb nnatcopmu 3abe3neyyeTbCs MNiATPYMKOIO FTOKanbHOro Ta Bigg4aneHoro 3anycky TecTiB, Lo Aae 3Mory
BMKOPUCTOBYBATH il SIK y HEBENUKNX KOMaHAaX, Tak i B MacluTabHMX KOPNopaTUBHMX NpoekTax. BoHa nerko iHTerpyetbcs 3
iHLMMW IHCTPYMEHTaMU, LLO PO3LUNPIOE MOXITMBOCTI il BUKOPUCTAHHS.

3aBasikv 3py4yHOMY HanawTyBaHHIO NapaMeTpiB TECTYBaHHS Ta MPOCTOTI Y BUKOPUCTaHHI nnatdopma nigxoauTs Ans Te-
CTYBanbHUKIB i3 pi3HUM piBHEM MiaroToBKW. BoHa gae 3mory WBMAKO po3rnoyaTn aBTomaTum3alio TecTyBaHHsi 6e3 HeobxigHo-
CTi rMMOOKOro 3aHypeHHs B TEXHIYHI AeTani, Lo 3Ha4HO CKOPOYYye Yac ynpoBaJKEHHS aBTOMATM30BaHUX NEPEBIPOK y npoLiec
PO3pO6EHHS.

MpenctaBneHa aBTopoM nnatdopMa € Cy4acHUM, yHKLIOHANbHMM i MePCNEKTUBHUM IHCTPYMEHTOM AN aBTOMaTtu3adii
TECTYBaHHS, KU MOXe OyTV ePeKTUBHO BUKOPUCTAHWI Y LUMPOKOMY CMEKTpi NPOeKTiB. Noaanblimin po3BMTOK, 30KpeEMa iH-
Terpauist METOAIB LWTYYHOrO iHTENEKTY ANA aHanidy foriB Ta aBTOMaTUYHOI knacudikaLii NOMUNoK, JONOMOXe 3Ha4YHO nigsu-
LWMTU MNPOJYKTUBHICTL MPOLIECY TECTYBaHHs,, MPUCKOPUTU BUSBNEHHS AedekTiB i noninwuTh SKiCTb NporpamHoro
3abe3neyeHHs. 3aBOsku MOAYNLHOCTI apXiTEKTYpU, Taka iHTerpauis He BUMaraTuMme CyTTEBUX 3MiH Y KOAOBIW 6asi, Lo cnpu-
ATUME NOCTYNOBOMY PO3LLUMPEHHIO MOXMIMBOCTEN NnaTopMu BIiAMOBIAHO OO HOBUX BUKIUKIB Y cdhepi TECTYBaHHS.

Mxepena cinaHcyBaHHA. [locnigkeHHs YyacTkoBO npodiHaHcoBaHe KMiBCbKMM HaLUioHanbHWIM yHiBepcuTeToM imeHi Tapaca LleByeHka.
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ARCHITECTURE AND FUNCTIONAL CAPABILITIES
OF APLATFORM FOR AUTOMATED WEB APPLICATION TESTING

The article presents a platform for automated web application testing based on an object-oriented approach using C#. The platform is designed
for scalable and flexible testing of web applications, supporting both Ul and API testing capabilities. The main system components are described and
analyzed in terms of their functionality and role in automation. The structure and interaction of components are examined in detail, highlighting
efficient browser driver management, test environment configuration, and the collection and processing of test data. A distinctive feature is the use
of the singleton pattern for browser driver management and support for cross-browser testing, allowing validation of web applications across different
platforms. The platform also supports dynamic configuration and extensibility through configuration files and centralized parameter management.
The system provides convenient mechanisms for locating web elements and their collections and extends functionality for API integration testing
and working with the browser's local storage. The platform is geared toward automating both scenario-based and utility testing, contributing to an
effective approach to verifying the functionality and stability of web applications.
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FICTEPE3UCHA CTPATErIA AN OAHOKAHAJIbHOI CUICTEMM
I3 YEProo TA NOBTOPHUMU BUKITUKAMU

Po3anssHymo cucmemy o6crly2o8yeaHHsI MapKO8CbKO20 murly 3 MIO8MOPHUMU 8UKITUKaMU, W0 cKiadaembcsi 3 00HO20 obceny-
2oeyroyoeo npunady i 8 kil nepedbadeHo odHe Micye 8 4Yep3i. [Jnss onmumizayii po6omu cucmemu eukopucmaHo 2icmepe3ucHy
cmpameeito. OcHogHa idesi Ub020 Muny KepyeaHHs1 Noe'sizaHa i3 3as1exHicmro iHmeHcueHocmi exiOHO20 NOMOKY 8i0 Kinbkocmi
Oxxepes1 M0OBMOPHUX 8UKJIUKi8 y cucmemi. Po6omy makoi cucmemu 3Mo0e/ibo8aHo MPUSUMIPHUM npouecom mizpauii. ns Hbo20
8cmaHoe8JsIeHO yMo8U icCHyeaHHs cmayioHapHO20 pexxuMy ma docidxeHo iMoegipHicHi xapakmepucmuku npoyecy. Memod doci-
OxeHHs1 6a3yembcsi Ha anpokcumayii suxiOoHo20 npouyecy NPoyecomM 3 ob6MexxeHUM NPOCMOPOM cmaHie. [ns limosipHicHUX xapa-
Kmepucmuk npoyecy y cmauyioHapHOMY pexumi o0ep)aHO Ssi8Hi (bOpPMyJsiuU CKasIipHO20 mury, Osisi 3HaxOOXeHHsl SIKUX
euKopucmaHo Memod npupieHrO8aHHs MOMOKie iMoegipHocmel Yepe3 2paHuyi obnacmell, w0 obuparomscs cneyiaribHUM YUHOM.
Ans intocmpayii ompumaHux pesynbmamie HagedeHo npukad po3paxyHKy cmayioHapHuUx iMmogipHocmedl.

Knw4yoBi cnoBa: cmoxacmu4Ha cucmema, No8MmopHi 8 UKITUKU, 3MiHHa iHMeHcueHicmb 8xiOHO20 MOMOKY, cmauyioHap-
Hull po3nodin, npoyec mizpayir.

Knacudikauis BignoBigHo ao AMS 2020: 62H30, 34C60.

Bctyn

HuvHi gocnimkeHHst cuctemM 3 NOBTOPHMMM BUKIMKAMKN € OOHUM 3 HalaKTyarnbHiLLIMX HanpsiMKiB Cy4acHOI Teopii MacoBOro
06cnyroByBaHHs, WO aKTMBHO po3BuBaeTbes. Lli cuctemn getanbHo po3rnsHyTi B MoHorpadii (Falin, & Templeton, 1997).
IXHI0 NONYNSPHICTL NOSICHIOIOTL TUM, LLIO TaKi CUCTEMMU MaKOThb LUIMPOKE 3aCTOCYBaHHS SIK MaTeMaTuyHi Moaeni Ans peanbHuX
CMCTEeM Y NPaKTULL NPOEKTYBaHHSA KOMM'IOTEPHUX MepeX, AoCNiAKeHHi cncteM 06pobku iHopMaLii Ta cydyacHUX cucTem 3B's-
3Ky, Ana onucy npoLlecy nocagku noBiTpsHUX cyaeH Towo (Artalejo, & Gomez-Corral, 2008; Yang, & Templeton, 1987). Xa-
pakTepHa ocobnmMBICTb CUCTEM 3 MOBTOPHUMMW BUKINMKaAMW MONSrae B TOMY, L0 Yy BUMNAAKY 3alHATOCTI BCiX 06CMyroByoumx
npunagis BUMOIM HaAXOAATb Ha BipTyanbHy opbiTy i NOTiM 3HOBY Yepe3 BMMNaAKOBWUIA MPOMIDKOK Yacy MOBTOPIOIOTL Cnpoby
noTpanutn Ha obCcrnyroByBaHHS.

Y po6oTi po3rnsiHyTO CUCTEMY i3 YEProk Ta MOBTOPHUMU BUKIIMKaMW. Y Taknx cuctemax, sikLLLo BCi o6cnyroByodi npunaau
3aMiHATI, BUMOTIY, L0 HAOXOOSATb Y CUCTEMY, CTaloTb Y Yepry oOMexXeHoi JOBXUHM. AKLO BCi Micusa B Yep3i 3alHATI, TO Taki
BMMOIMY HaAXoAsiTb Ha BipTyarnbHy opbiTy i NoTiM, Yepe3 BMNaZKOBUIA NPOMIXKOK Yacy MOBTOPIOKOTE cnpoby noTpanuty Ha
o6cnyroByBaHHs. Taki BUMOrM CTaroTb AKepernaMmu noBTOPHMX BUKIUKIB i FeHEPYOTb BTOPUMHHMIA NOTiK. OgHe 3 BaXnMBUX
3acTocyBaHb MOAENeN i3 Yeprow Ta NOBTOPHUMMU BUKIMKAMMK MOMSIrae B TOMY, LUO 3 iXHbOK JOMOMOIol MOXHa CTaBUTHU i
po3B'A3yBaTu 3agadvi onNTMManbHOro kepyBaHHsa napameTtpamum cuctemm (Makushenko et al., 2023). CknagHicTb gocnigXeHHs
TakuMx CMCTEM MnoB'A3aHa 3 ixHiM HeobmexeHum dha3osum npoctopoM. Y poborTi (Jonin, & Sedol, 1970) BukopucToByBanu
i1et0 3aMiHWN HECKIHYEHHOT CUCTEMU Ha CKiHYeHHY. [1poTe nocTae NMTaHHSA NPO TOYHICTb HABMMKEHHSA XapaKTEPUCTUK HECKIH-
YEHHOI CUCTEMM 3a AOMOMOrOK OTPMMAHOrO CTauioHapHoOro po3anoginy ypisaHoi cucremun (Falin, & Gomez-Corral, 2000).
Po3B'a3aHHIo0 L€l 3agadi cnpusae 3Haxo4XXeHHs Ans cTauioHapHUX iIMOBIpHOCTEN SBHUX (DOPMYIT CKanspHOro Tuny.

1. MaTemaTtnyHa mogenb

Y npeactaBneHoMy AOCHIMXEHHI pO3rfsiHyTO cuctemy obCnyroByBaHHS TUMy [M/M/1/1+1](°°) 3 NOBTOPHWUMM BUKNU-
Kamu, Lo cknagaeTbcs 3 ogHoro obcnyroBytoyoro npunaay i B skin nepegbaveHo ogHe micue y Yepsi. Yac obcnyroByBaHHs
Mae NoKa3HUKOBMWI PO3MNOAIN i3 napameTpoM p . Ha BXig 06cnyroByto4oro npucTpoo HaaxoauTb NyaCcCOHIBCbKMI NOTiK BUMOT,

iHTEHCUBHICTb SIKOro hyHKLOHaNbHO 3anexunTb Bid YMcna axepern NoBTOPHUX BUKMMKIB. FAKLLO BUMOra Hadirlna Ao cuctemu,
ane BUSABUMOCS, LLIO BCi Npunagu 3anHATI, TO BOHa CTa€ B Yepry, SK Y KNacUYHUX CUCTEMaX 3 odikyBaHHAM. [icns 3BinbHeHHs
obcnyrosytodoro npunagy, BuMmora i3 yepru ogpasy 3arimae noro. TobTto 3aMHATICTE MicUa B 4ep3i 03HAYae i 3alHATICTb
o6GcnyroByroyoro npunagy. Y Takin cuTyauii Bumora, LWo HaaXxoauTb 40 CUCTEMU, CTa€E [KeperioMm NOBTOPHMX BUKIUKIB i re-
Hepye BTOPUMHHUI NYaCCOHIBCbKMI MOTiK BUMOT iHTEHCUBHOCTI V .

AnropuTM KepyBaHHsi pobOTOK Takoi CUCTEMM BU3HAYAETLCS! HA OCHOBI MiCTEPE3NCHOT CTpaTeril, siky MOXHa onncatu Tak. He-
Xaw h <h, — ABa HaTypanbHi Yncna, ski My byaemo HasmeaTh noporamu. AKLLO KifnbKiCTb MOBTOPHWX BUKNMKIB j < A, —1, TO cuc-

Tema Byae npautoBaTi B NEePLUOMY PEXUMI A iIHTEHCUBHICTb BXiAHOMO NOTOKY AOPIBHIOE A, (/) . AKWO j = A, , TO B APYrOMY PEXUMI
3 iHTEHCUBHICTIO BXiZHOTO MOTOKY A,(j) . A sKwo K < j<h,, To cuctema 3bepirae TOM pexuM, y SKOMy BOHa mpauoBana B
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nonepeaHin MoMeHT Yacy. Knac noporoeumx ctpaTteriii € NigMHOXMHOIO Kracy ricTepesncHUX CTpaTerii, Sk MoXHa oTpruMaTu 3a
h, = h, . Taki cuctemn po3rnsHyTo B pobotax (Lebedev, & Usar, 2013; Lebedev et al., 2017; Makushenko et al., 2023).

Mpouec obcnyrosysaHHs 6yaemo MoaentosaTyt TPMBUMIPHUM npolecom Mirpauii O(¢) = (Ql (¢).0, (t),Q3(t)) y (hasoBomy
npoctopi S=8"US?, SV AP =2, pe
SO ={(,7,1):i=0,1,2,j=0,1,...,h, -1}, S® ={(1,/,2):i=0,1,2,j=h,..},
0} (t) — CyMapHe 41crno 3aiHATUX Npunagis Ta Micub y Yepsi B MOMEHT yacy ¢, Qz(t) — 4YNCro oKepersi MOBTOPHUX BUMOT,

0O,(t) — pexum poboTH cCTeMr B MOMEHT Hacy ¢ . Skwo O;(7)=1, To cucTema npaLtoe B nepLuomy pexumi, sikwo O, () =2,

i

TO Yy OPYromy pexumi. IHdiHITe3aumanbHi XxapakTepucTunku q((i,j,r) ) npouecy Q(t) BM3HA4YaEMO Tak:

1) swwo (i=0,1, j=0L..hy =1, r=1)v(i=01, j=h +1,.., r=2),T0

L)y sa (@), 1) =(+1,j,r),
u, sa (@7, =(3-14,7),
g =4 v, sa (L) =41, =1r),
=(h (D+in+jv), sa (@) r) =@, j.r),
0, 6 iHwux eunaokax;
2) skwo (i=2, j=0,1..,,=2, r=1)v (i=2, j=h+2,., r=2) ,T0

r (), sa (@), r)=(2,j+1Lr),
q(i',j',r') K 3a @, jr)=1jr),
I T (h (D), sa () = (2,77,

0, 6 iHwux eunaokax;
3) sKwo i=2, j=h -1, r=1,710
k](hz - 1)’ 3a (i" j"rl) = (27 hzaz)a
q(,-',j',r') _ K, 3a (i" j"r') = (17 hz _171)7

CE (A (b =D+ 1), sa ()01 = 2.k, = L),

0, 6 iHwux eunaokax;
4) sakwo i=0,1, j=h, r=2,T0
}\‘Z(hl)r 3a (i'7jlar,) = (l + lahlaz)a
u, sa (@), ={-1h,2),
g = v, sa (@1 =+ 1k =1,
_(kz(h1) + H’ + h‘lv)a 3a (l.,,j',}”') = (iah172)a
0, 6 iHwux 6unaodkax.

2. YMoBM icHyBaHHs1 Ta siBHi hopMynu Ana crauioHapHoro posnoginy
3'AcyeMO yMOBWU iCHyBaHHS CTaLioHapHOro pexunmMy Aanst TpuBMMipHOro npotecy MapkoBa Q(t) , t20.

Nema 1. Hexait A, = lim), (/) <o . Toai 3a L2} <1 icHye cTaLjioHapHuit pexxim ans npouecy O(1).
Jo® u

HoesederHs. loBeaeHHs uiei nemn 6a3yeTbecsa Ha 3actocyBaHHi Teopemu Teigi (Falin, & Templeton, 1997, p. 97). PosrnaHemo
B poni TecT-dyHKLin J1sanyHoBa Taki dyHKUii, AK:
0(i,j,r)=ai+ j+r, (i,jr)es,
e napameTp "a" Gyae BM3HAYEHO Ni3Hille.
AKLWo My nokaxemo, Lo napameTp "a" MOxHa BMOpaTu Tak, Wwob cepefHin nepeHoc Ans umx pyHKUINR, SKMA BU3HaYa-
€TbCs 3a POPMYIIoH
ve= 2y ) =ein)= X g (@i ),
(i) 2. .r) (i) =i j.r)
Oyae piBHOMIpHO MeHLIe Hyns BifHOCHO (i,j,r), 3a BUHATKOM, MOXIMBO, CKIHYEHHOI KifbKOCTi TOYOK, TO i3 uboro 6yae Bu-
nnuBeaTtn Hawa nemMa.
He obmexytoumn 3aranbHocTi, Byaemo BBaxatu, Wwo A,(j) <A, , ge A, <1.Maemo
Yp= 2 qi @+ j =) =0 (Da+ jv(a=1)<hpa+ jv(a=1), j=h+1,...

(7200 )

we= X e —a=j)=ha(a-pa+ jv(a-1)=

(1", )2(0gor
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=a(X,(J)-w+ va—-D)<ap(2h, -+ jv(@-1), j=h+1,...
vp= 2 qi N a =D+ - j)=h()—pa<u(,—a), j=h+l
(i)' 2. 4.r)
YMoBu TeopemMu TBigi 6yayTe BUKOHaHI, SIKLLO MU BKaXeMo, o € >0 Ta a >0 i wo 6yayTe BUKOHYBaATUCA HEPIBHOCTI
Mya+ jv(a—1)<-g
au(27nz -+ jv(a— 1)) <-¢g
ph, —a) < —¢,
ONs BCIX j 3@ BUHATKOM, MOXIMBO, CKIHYEHHOI iXHbOI KifIbKOCTI.
Hexan A, <a<1. Todi nerko 3posymiTu, WO AN15 TaKUX a NiBi 4YaCTMHW HepiBHOCTeN y cucteMi 6yayTb MEHLWUMK 38 —€ 3
Aeskum ¢ >0 ans BCiX 4OCTaTHLO BEMUKMX .
Jlemy 1 poBeneHo.
[ns 3HaxooKeHHA CTauioHapHOro po3noainy crnovaTtky po3rfgHeMOo ypisdaHy cCUCTEMY, Y SKiM KiNbKICTb AXepen NOBTOPHUX
BUKIUKIB Byie 0BMEKEHOI0 AesikuM uncnom N >k, . Taky cuctemy My nosHadatumemo sk [M /M /1/1+1]1". Akwo N <o,

TO CTauioHapHWIA po3noain nf,j’)(N)z limP(Q,(t)=1i,0,(t)=j, 0s(t) = r) Ans npouecy QW (¢) 3aBxau icHye. [insi cnpoLeHHs!
nosHaueHb Beaxatumemo nl (N)=r!).

BBegemo Taki No3HayYeHHs:
B.(J)=2(N)+vi o (1) =2 (DB +ivn]i vi(7)=jvn(n, (5 -1)+28,(j) +n);

j-1
M’ o i=1, j=1,.,h -1,

————, 0na i=2, j=h+1,...
+1

Y
MosHaunmo matpuuio poamipom (h, —h)x(h, —h)
a, a, 0 0 0 0
ay ay a, 0 .. 0 0
0 0 V(B =1+i)+ o, (B —1+i), axwyo i=j,

0 0 —o, (b —2+1), axwo i=j+1,

0 ay, ay; ay

S O o O

A= 0 0 a, a

43 44

.ne a, =
/ =1, (h =1+ ), axwo j=i+l,

0 0 0 0, 6 iHwux eunaokax.
Ay, 1yt =2 Dyt =1yt —1 By =ty —1 1y~

o 0 0 o0 .. 0

Dyt by =1 By byt
Hexail 1 nosHayae BEKTOP-CTOBMYMK 3 K, —h KOOpAMHaTaMu, Neplia koopauHaTa SKoro AOPIBHIOE OAMHUL, a pewTa —
Hynto. YBeaemo BenninHn A(j), j=h,...h, —1 Tak:

AT =(A(h)sen A (1, -1))
[Noknagemo

b(h) =0, (m)A(h)=v,(h +1) A(h +1),

Q(j)=al(hl—1>31<hl—I)Bz(ﬁ{1‘“‘(”‘)/‘(”1)+b<hl>’21 !

Hhlv(LH'Bz(hl)) I:hlm ’
D(1 1) =22 =10 ‘1)+°°1(’Hy:(12131(hz ~1)A(h~1)B (b 1)

Teopema 1. Skwo A,(7), A,(j) >0, j=0,1,.,.N, 70 ans cuctemn [M /M /1/1+1]"Y) cnpasegnusi HacTynHi popmynu ans
cTauioHapHOro posnoainy

) _ B(j), 5a j=lowsh —1;
n e (B =1)B(h=1)A(j), 3a j=hoh,—1;
i) B,
() BI(J) 1(]) 3a j=0,.,h -1
iV H
nglo) al(hl_I)Bl(hl_l)Bl(j)A(j)) s j=hoh—1;
u
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(J+1)v(n+B,(j+1))B (j+1)

,3a j=0,..,h —2;
u, (/) !
OL1(}’1 _I)Bl(hl _1)[1_hlvu}h1(hl _I)A(hl)] 3a j=h -1
0 W (A _1) e
St =)o, (/) 4() = (J +)vir, () A(j +1)]
00 u 7‘1(1) ’

3a j=h,...h—2;
o, (h,—1)B (b —1)o, (h, —1) A(h, —1)

W (i -1) ,3a j=h, -1,
0 Q(j),3aj:hl,.,.,h2 -1
0 (JLQ(j) 3a j=h,...h -1
4 ROBOD(E)
LB zj(hz) ,3a j=h,,.,N
SLERG S
o, (h, =1)Q(h, —1) = hyvuh, By, h ,
. U0 e 0DU)
W) | GH)v(uB(j+1)B(j+1)D(hk) ‘
MM(J' Bz(hz) ,3a j=hy,..N—1
o, (N)B,(N)D(h,h,) o
Hzxz N)Bz(hz) =N
ae
Moy = {lﬂl B.(0 (1+u B (1)) B+ va J+l)(“+6ifgjgl))31(1+l)+
+M bl N ”2 |:OL1 ]+1)vuk( ) (J+1)]+
” {u ;(1 W (/)40 )
l—hvp;k((h _1)) (1), ou(h, x(h) _(1) } ZA”“ B.(/)) 00+ :Z z(j)Q(j)_(J;’Z?j\;uxz(j)g(j+l)
000 ) ol DU, DOVR[ 511, 7))

Xf ) (rtB.(+1)B(j+1) + QZ(N)BZ(N)} )
W j=n, 7”2(].) HZ}LZ(N) |

JlosedeHHs. 3anuiuemo piBHAHHA 4NS CTalioHAapHUX iIMOBIPHOCTEN CUCTEMW, BUKOPUCTOBYHOYM TEOPEMY MPO PiBHICTb NOTOKIB
iMoBipHOCTEN Yepe3 3aMkHeHu koHTYp (Walrand, 1988, Section II). MpoTe okpemo noTpibHO po3rnsgati Tpu obnacTi: 06-

nacTb, Ae Aie nuie nepwnin pexum, To61o 0< j <k —1; obnacTb Ae gie nuiwe Apyruin pexum, Tobto A, < j <N iobnacte

Ae MOXYTb AifaTn obuasa pexumn, Tobto A < j<h, —1. [Ina cnpoLeHHa no3HaveHb ByaeMo BBaxaTu n(’)(N)

i :nf.j’).OTpM-
Ma€eMO TaKki PiIBHAHHS:
G+ Dv(al) +all ) =2 ()=, j=0L.h -2, (1)
(M )+ v)al) =pl), j=0,1..h =2, (2)
(% () +rt gv) ) =2, ()mf) + (F +1)val), +pd) =01l =2 (3)

3 piBHsAHb (1), (3) Maemo

: . . (+D)v(x (/) +n) p(j+1)v .
(kl(])+p+]v)n£? =\ (])ng? + ll(}) Ttglj}.+1 + 7, (]) Tc(llj)ﬂ, Jj=0,1..,h-2.
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Akwo Tenep ypaxyeaTtu (2) Ta BBEAEHI MO3HAYEHHS, TO OCTAHHE PIBHAHHA MOXEMO nepenucaT Tak:
o, ()] =y, (G + 1)), j=01h 2.

o (i
MosHaunmo a( )= ) . Toai oTpUMaeMo peKkypeHTHE CriBBiAHOWEHHS

v,(j+1)
) =a(j)ml), j=0,1.h —2.
3Biaku
o)~ Tos 1)) = [Lak) . /=00t 2. “
Tenep i3 (2) maemo ! k=0
+jV’la noo,] 0,1, 2. )
K=0

AHanoriyHo 3 (1) Ta (4), (5) BunnuBae

i+ 1) v(A (j+1)+p+(j+1 J
Tc(zlj):(J )V( 1(] ) H (J )V) a(k)TEglO), j:O,l,...,hl—Z . (6)
A () ¥<0
YpaxoBytoun BBeAEHI NO3HAYEHHS, OTPUMAEMO

) =B (j)nl), j=Loh -1,
0B DBG) 0oy oo

v 1l v (7)

O (j+l)V(H+Bl (j+1))Bl(j+1) T

2j . 00> J =Yl .
7"1(])“
Hanvwemo piBHSIHHS 4N To4ok 0bnacTi, e MOXYTb OiaTv obuaBa pexvmu.
(M )+ V)] =pml) =y =1k =1 (8)
(}»l(j)+u+jv)n$1/) =A (j)ng; +(j+1)vrt£)1/).+1 +pn(21/)., J=hyhy =2 (9)
(s (B =1) + et (B =1)V) ) = (B = 1))+ dyv(=l), + 7))+ pad) (10)
(}”1(}‘2 _1)+H+(h2 _I)V)ngi«)rl = ?\‘l(hz _1)755)113271 + “n(zhz—l . (11)
(2 () +w)nl) =0, () + 0, (=) ), + (G + 1) val) =y =2 (12)
(% (hy=1)+p)ml) =2 (b= 1)ml) L+ 2, (hy—2) ) . (13)
(O (B =1+ 1)m) =2 (= 1))+ 2, (= 2)ml) L+ A (wf) + ) ) (14)
Opyrvii pexxum 3agisiHui nuwe B piBHAHHAX (10) Ta (14). Tomy cnoyaTKy po3rnsHEMO iHLWi piBHAHHS. 3 (8) maemo
! zﬁlflf)ng'}, j=h—1,..,h—1 (15)
i, BUNyumBLIK 3a gonomoroto (15) 3 pelTn piBHAHb rcf‘) , MicNa HecknagHUX nNepeTBopeHb OTPMMAEMO TaKi PiIBHSAHHS
o, (/) . .
kll(j)ung} =(/ 4—1)\/155)11),+l + urc(zlj),, J=hyenh, =2, (16)
o, (k-1
Sl a7)
AT i+1)vB,(j+1
(% () + ) = ‘(’)f‘( )at) e, -y, + LEDBG D) E U =t -2, (18)
A (A, —1)B, (A, —1

(7‘1 (hz _1) + “)n(zl;zrl = 1(2)}?1(2)7_(5)1}1))1 +A (hz _2)75(2113272 . (19)

3a ponomoroto opmynu (16) Buny4nmo n(;/). 3 piBHAHHSA (18). lMicns BignoBigHMX NepeTBOpeHbL OTPUMAEMO
71+ )0 = (0 (1) + 7, ())mh) + o (J=1)mE), =0, j=hyesy =2,
Lo fae Ham h, —h —1 piBHSAHbL ANa h, —h +1 HeBigoMuXx ng‘,z_l,...,ng‘,frz . Ham noTpi6GHo Le ofHe piBHSIHHS, IkKe MM OTPUMAaEMO

i3 (17), (19) Ta (16) 3a j =h, —2. lMicnsa BigNoBiaHNX 0b64YNCNEHb MAaTUMEMO:

(h _2) Oh -2 (al(h2_1)+YI(h2 1)) 013 1:0'
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OTxe, MU OTpPUManu Taky CUCTEMY NiHINHWX PIBHAHb
(OLI(hl)+yl(hl))7tf)hI A +1)nf)hl =a,(h —l)ng',f_l,
—o, (=)l + (o (7)) + 7, (1) nd) =y (G + 1)) =05 =R+ Lk, =2, (20)
—a, (h, - z)ng,Zz,z 4—(oc1 (hy=1)+7,(h, - 1))155)1,3271 =0,
ae Tfolxl\ 6yaemMo BBaxaTn BENIMYMHOIO BiJOMOIO.
Mo3Haummo maTpuLo

a(h) -y (h+1) 0 0 0 0
—o,(h) a(h+1)  —y,(h+2) 0 0 0
A(h,hy)=| 0 o, (m+1)  a(h+2) v, (B+3) .. 0 0 |, mea(j)=o()+v(J)-
0 0 0 0 | o, (h—-2) a(h,-1)

Hexan

A () T= (AR ) A 4 1) A, 1)) o 7 = (2 ) ) )
Tenep cuctemy (20) 3anvwiemo Tak:

A(hyhy) 7)) = a(h —1)al) T,

3BifcK, 3 ypaxyBaHHsM (7) Maemo
ol :{ Bl(j)ngo), sa j=1..,h -1
(7 =1)

21
1)B,(h =1)A(j)ns 3a j=hyershy —1. @1
13 dbopmyn (7) i (15) oTpumaemo
B (i
BB () ‘(’)nffg, sa j=0,..h -1
(1) hul VA(j (22)
- DBOBWA) )y 5y
i
3anuwemo Tenep opmynu ans n(zlj). 3a j=h-L.,h-2.
13 (16), (21) Ta (22) maemo
B h - 1)vur 1
TC(ZIJ)':(XI( o ( |:(x (j J+ )VM ( ) (J+ )]HEJ]O}’ j:hla---ahZ_z'
M 7‘1( )
3anuwmnocs 3HanTm ’T(zlh).-l Ta ”(2122_1 .13 (18) 3a j=h opepxumo
o -1)B,(h -1
) | = W{[yl(mml (h) = hvw, (B = 1) ] A() =y, (B +1) A(B + 1)}y (23)
1
3 o4yeBMAHOI piBHOCTI
A(h ) (A(B), A +1),es A(By 1)) =T
OTPUMAEMO, LLO
(v () + o () JA(R) =y, (B +1) AR +1) =1,
—a, (j=1)A(j 1)+ (o, (J)+7, (/) A()) 1, (j+1)4(j+1)=0, j=h+L...h -2, (24)

—a, (hy =2) A(hy = 2)+ (o, (hy = 1)+, (h, 1)) A(h, -
3 ypaxyBaHHsaM (17) Ta (24) moxemo 3anucatu (23) Tak:
(127 o (h-1)B, (hlz—l)%(hz —1)A(h,-1) 0 sa j=h 1.
: W, (b, 1)

Omxe, MaemMo
O‘1(}‘1_1)31(1"1 )[1 hvu?»( )A(hl)] (1)

5 .:h _la
W, (I =1) o
Tf(zlj)' _ OL1(}’1 _I)Bl(hl _1)[0‘1(])‘24(J)_(f +1)W’0L ( ) (J +1)] 755)10)5 3a j="h,nh,—2;
B, ])
o, (A —I)B, (hlz_l)(xl (hz _I)A(hz _l)ngg, 3a j=h,—1.
H 7“1(]”2 _1)
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Buxoasum 3 aHanoriyHnx MipkyBaHb, LUASXOM Nepexoay A0 iHLWMX YacTuH ha3oBOro NpoCcTopy, MM OTPUMAaEMO NOAAHHA ANS
BCiX CTavjioHapHuX iMoBipHOCTEN Yepes nily . [Ins Toro, Wwob 3HaiTh 1) BUKOPUCTOBYEMO YMOBY HOPMYBaHHSI.
Teopemy 1 noBeaeHo.
Akwo N =oo, TO 332 yMOBMU hmﬁ<l icHye cTauioHapHui po3nogin Hawoi cuctemu. o6 otpumatn dpopmynu ans
Jjow “

cTauioHapHOro posnoginy, NnoTpibHo B TeopeMi 1 nepentn Ao rpannui 3@ N — oo . Y 3B'SI3KY i3 LM NOKaXXeMo, Lo pag

:hj(““LBZ(J’))Bz(J’)
€ 30ixHun. Maemo, Lo _
.f(HJFBz(]'ﬁLl))Bz(J'+1):,—kz(j+l)+;,t+(j+l)v>< kz(j)[(kz(j)+jv)2+ujv} :lime(j)<1
e (n+B,(4)) By (J) oo hy(f) v p(j+0)v[2(j +1)v+u+d, (j)+ 20, (4)] == u

LLO 11 03Hayae 36ibxHICTb pagy. AHanoriyHo JoBoAMMO 36iKHICTL pagy
> (j+D)(p+PB,(j+1 )

Jj=h }\'2(])

3. NMpuknag

HaBenemo npuknaza po3paxyHKiB 5151 KOHKPETHOT cucTeMu. [Inst Liboro posrisiHeMo cuctemy [M /M / 1/l+l](2°) 3 TakMmun

napameTpamu:
h=6,h, :15,p:l,v:0,3,xl(j):l,xz(j):Zj/(1+l,5j)‘
[ns uiei cucteMu oTpMMaHo Taki pe3ynbTaTv po3paxyHKiB Ans cTauioHapHMX iIMOBIpHOCTEN:

ch)l,) 0.133 | 0.079 | 0.042 | 0.021 | 0.011 | 0.005 | 0.002 | 0.001 | 0.000 | 00O | O|O|(O|O|OfO|jO|JO|O|O]|O

chi.) 0.133 | 0.102 | 0.067 | 0.041 | 0.024 | 0.013 | 0.007 | 0.004 | 0.001 | 0000 | O|O|(O|O|OfO|jO|JO|O|O]|O

TC(Z]/)- 0.054 | 0.066 | 0.057 | 0.042 | 0.029 | 0.019 | 0.011 | 0.007 | 0.002 | 0001 | O|O|(O|O|OfO|jO|JO|O|O]|O

0({0|0(0|0|0]0.00001|0.00002 |0.00002 |0.00002 |0.00002 |0.00002 |0.00001 | 0.00001 | 0.00001 | 0.00001|0|{0|0(0]|O

T, |0(0|0|0|0]|O 0.00005]|0.00007|0.00009 | 0.00009 | 0.00009 | 0.00009 | 0.00009 | 0.00008 | 0.00008 | 0.00005|0 (0|0 |0 |0

71:(22!-) 0({0|0|0|0|O0O]0.00007|0.00012 |0.00016 | 0.00018 | 0.00020 | 0.00021 | 0.00022 | 0.00023 | 0.00024 | 0.00017 |0 {0 |0 |0 |0

[unckycis i BUCHOBKM

PosrnaHyTo ogHoKaHanbHy CTOXaCTUYHY CUCTEMY i3 YEProK i NTOBTOPHUMW BUKITMKAMK Ta BXiAHUM MOTOKOM 3MiHHOI iHTe-
HCMBHOCTI. 3MiHa iIHTEHCMBHOCTI BXiHOro NOTOKy BiAOyBaeTbCs Ha OCHOBI ricTepe3uncHoi ctparterii. PoboTta Takoi cuctemm
MOZEMNETLCS TPUBUMIPHMM MPOLIECOM Mirpauii 3 HenepepBHUM YacoMm. [1ns HbOro BCTAHOBMEHO YMOBM iCHYBaHHA cTaLio-
HapPHOrO peXxmnmy Ta OOCHiAXeHO iIMOBIpPHICHI xapakTepucTuku npouecy. MeTtoq gocnigkeHHs 6a3yeTbCcsl Ha anpokcumalii
BMXiOHOro npouecy npouecomM 3 o6MeXeHUM NPOCTOPOM CTaHiB. [locnigXeHHst cTalioHapHOro pexumy BUKOPWUCTOBYE piB-
HICTb NMOTOKIB IMOBIPHOCTEN Yepe3 rpaHuL0 3aMKHEHOro KOHTYpy ¢ha3oBoro npocTtopy. 3a BignosigHoro Bubopy cuctemm
KOHTYpIB ANs cTauioHapHUX iMOBIpPHOCTEN OTPMMaHO ABHI (hopMynu ckansapHoro Tuny. Lie aae amory poss'asaTu 3agady oui-
HKM TOYHOCTi HaBNMXKEHHS1 XapaKTePUCTUK HECKIHYEHHOT CUCTEMU 3a JOMOMOro OTPMMAHOrO CTauioHapHOro po3noginy ypi-
3aHoi cuctemun. OgepxaHi pesynbTaTv HagalTb MOXMMBICTb CTaBUTK i PO3B'A3yBaTW 3afadvi ONTMMAanbHOrO KepyBaHHS
napameTpamu CUCTEMMU.

BHecok aBTopiB: Irop MakyLueHko — KoHLenTyanisauisi, Metoanka, TeopeTUyHi OCHOBM AocniaxXeHHs); IpuHa Ycap — meToauka, 36ip i
nepesipka gaHux, emnipvyHe gocnigkeHHst; MaHHa JliBiHCbKa — MeToaMKa, aHani3 [pxeper, NiaroToBka ornsay nirepaTtypu.

Mxepena cinaHcyBaHHA. [locnigkeHHs YyacTkoBO npodiHaHcoBaHe KMiBCbKMM HaLioHanbHWIM yHiBepcuTeToM imeHi Tapaca LLleByeHka.
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HYSTERESIS STRATEGY FOR A SINGLE-CHANNEL SYSTEM WITH A QUEUE AND REPEATED CALLS

A Markov-type service system with repeated calls is considered. The system consists of one service device, and one place in the queue is
provided. A hysteresis strategy is used to optimize the system operation. The main idea of this type of control is related to the dependence of the
intensity of the input flow on the number of sources of repeated calls in the system. The operation of such a system is modeled by a three-dimensional
migration process. The conditions for the existence of a stationary regime are established for it, and the probabilistic characteristics of the process
are investigated. The research method is based on the approximation of the initial process by a process with a limited state space. Explicit formulas
of the scalar type are found for the probabilistic characteristics of the process in the stationary regime. With this aim, the method of equalizing
probability flows through the boundaries of regions that are chosen in a special way is used. To illustrate the obtained results, an example of
calculating stationary probabilities is given.
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CHOOSING THE OPTIMAL STRATEGY FOR A DISCRETE DYNAMIC COOPERATIVE GAME

Game theory steadily expands across economics, sociology, and engineering. Improvements in computing power have
facilitated the creation of mathematical models, the discovery of optimal solutions for diverse and complex problems, and the
handling of large datasets. In recent years, game theory concepts have also been applied in the military domain and across all
levels of security, including cybersecurity. A game involves the interaction of two or more rational players or teams, each pursuing
specific strategies to compete for a given reward. Game theory provides the construction of an optimal strategy for such games.
Game theory provides the framework for constructing an optimal strategy for such games. Moreover, game-theoretic approaches
can be extended to developing algorithms that allow system developers to predict game outcomes in favor of a group of players,
using complex game structures. This article explores research in game theory. A group of players, performing actions sequentially,
aims to achieve the best possible result within a limited number of steps. Collected statistical data makes it possible to analyze
optimal strategies practically. Based on game theory, the Markov model is also employed as a research method to achieve better
outcomes in dynamic corporate games.

Keywords: game theory, statistics, Markov model, cooperative games, strategy.
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Introduction

In today's highly competitive and rapidly changing market environment, discrete dynamic cooperative games are
becoming an essential tool for modeling the strategic behavior of companies and groups in the business environment. In real
business, decisions are often made not continuously, but at specific intervals (for example, budgets are determined quarterly,
strategic plans once a year). The discrete approach allows you to model the successive stages of decision-making clearly.
The dynamism of the market environment is characterized by rapid changes in technology, legislation, and the emergence of
new competitors. Dynamic games allow you to consider changes in the state of the system from stage to stage and predict
their impact on the players' strategies. In a corporate environment, it is essential to consider the consequences of actions in
the long term, and not just instant benefits, so with the help of discrete dynamic games, you can model situations where
current decisions affect future opportunities. In addition, modern companies have access to significant amounts of statistical
information (Big Data), which allows them to create more realistic dynamic models, and the application of game theory helps
to optimize decisions based on the analysis of accumulated data. Game models help companies build adaptive strategies in
conditions of uncertainty, when the behavior of competitors or external factors is unpredictable. Discrete dynamic games are
used in economics, finance, cybersecurity, energy, logistics, and the development of IT solutions.

A dynamic discrete cooperative game is a model in game theory used to analyze strategic interactions between companies
or divisions within an organization. In this model, time is viewed as discrete, that is, divided into distinct periods (e.g., quarters
or years), and participants make decisions at each of these stages, taking into account both the current situation and the
possible future consequences of their actions.

Let us consider the characteristics of dynamic discrete cooperative games, such as: discreteness of time, multi-stage, and
strategic interaction.

Discreteness of time means that players make decisions at separate moments in time, which allows for modeling a
sequence of strategic steps. Actions are separated by time intervals, and the results of actions accumulate or change step by
step. This will enable you to structure the game, easily model strategies, and predict the consequences of actions. Facilitates
the application of mathematical methods such as dynamic programming, Markov processes, and optimization theory.
Corresponds to real-world scenarios where decisions are made not continuously, but periodically (for example, daily trading
on the stock exchange, staged negotiations, turn-by-turn in the game).

Multi-stage (or multi-step) - game participants make decisions sequentially at several stages, and their decisions' results
affect the game's further course. At each stage, players can change their strategies, adapt to new circumstances, and take
into account both their own past decisions and the actions of other players and opponents. In this case, the game is divided
into a certain number of stages or moves, and decisions at each stage depend on the current state of the game and the
history of previous steps. The goal of such games is to optimize the total win or achieve a certain result by the end of the
game, and players must take into account not only the current win but also the future consequences of their actions. Two
types of multi-stage games are considered: with a fixed number of stages (finite game), when players know how many moves
there will be, and with an infinite number of stages (infinite or stochastic game), when the game continues indefinitely or with
a certain probability of ending at each stage.

In cooperative games that simulate the activities of companies or groups in a business environment, strategic interaction
means a decision-making process by several participants (companies, divisions, groups), where each participant takes into
account not only their own goals, but also the behavior of competitors, partners or customers. The gain of one player depends
not only on his actions, but also on the actions of other players. Therefore, each participant tries to predict how others will
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react to his strategy and adjusts his behavior accordingly. Players can either compete (for example, for market share) or
cooperate (for example, create alliances). For such games, it is important to formalize the players, namely to determine who
the participants are in the game, describe the strategies that are available to each player, and find an equilibrium state where
none of the players has an incentive to change their strategy unilaterally (for example, Nash equilibrium). Among the features
of cooperative games, it is worth noting the important role of information (complete, incomplete, asymmetric), long-term
consequences of decisions, the frequent occurrence of mixed strategies (planning actions with certain probabilities), and
possible coalitions or collaborations between players. Thus, strategic interaction in cooperative games is a process in which
companies or groups make decisions, taking into account the possible actions of competitors and partners, to maximize their
own gain in conditions of interdependence.

1. Analysis of the latest research and publications

Recent research in the field of game theory demonstrates its effectiveness in solving various corporate problems.

The basic principles of game theory were laid down by E. Borel, A. Cournot, J. Bertrand, J. Neumann, O. Morgenstern,
J. Harshani, R. Selten, T. Schelling, R. Aumann. A significant contribution to its development was made by V. Vitlinsky,
V. Algin, T. Boydel, E. Wentzel, E. Vilkas, O. Granaturov, S. Nakonechny, V. Sokolov and others. However, it was thanks to
J. Neumann that the final formation of this theory took place (Neumann, 1928). He managed to mathematically substantiate
the general strategy for a game between two participants in conditions of minimization and maximization. The book by
J. Neumann and O. Morgenstern's "Game Theory and Economic Behavior" demonstrate the possibility of applying game
theory to a certain number of participants, which made it possible to use it in economics to model the behavior of enterprises
in a competitive environment, that is, to form and choose a strategy for the development of enterprises. The "minimax"
strategy, or minimization of maximum losses, proposed in this book is especially important. Such a strategy allows
rationalizing the costs of enterprises in conditions of uncertainty (Baranovska, & Bukovskiy, 2017; Chan Kim, & Mauborgne,
2016; Dixit, & Nalebuff, 1991).

Zoryana Koval in her work proposes a methodology for selecting and evaluating enterprise strategies using game theory
(Koval, 2021). This approach allows you to take into account competitors' strategies or the state of the market, which
contributes to making optimal decisions in conflict situations. The author analyzes the advantages and disadvantages of using
game theory methods in this area, and also explores the features of using strategy selection criteria. She considered the
selection and search for opportunities to use game theory methods to analyze the effectiveness of enterprise strategies,
developed methods for assessing the effectiveness of enterprise strategies by modeling the situation using game theory, and
forming conclusions and recommendations on the application of game theory methods and tools in the field of assessing the
effectiveness of enterprise strategies.

V. V. Kazimko explores the application of game theory to modeling information security problems (Kazimko, 2022). He
notes that game theory concepts can be used to develop mechanisms that allow system developers to change the balance
and predict outcomes in favor of defenders using complex game designs. Using games, it is possible to develop and analyze
optimal player actions and find possible mathematical solutions to security problems. From a security perspective, the
combination of cyberspace and physical space leads to cyber-physical security, or the combination of security and economics
creates cyber insurance. To solve security and privacy problems in new areas, the most suitable tools are game-theoretical
methods, as they provide a variety of proven mathematical methods for creating multi-user strategies using different ways to
cover the confidentiality and security aspects of player interaction. The presented theories show the effectiveness and
feasibility of using game theory and differential game theory in the field of information security.

2. Research purpose

The research is aimed at constructing an optimal strategy for a discrete dynamic cooperative game. In accordance with
the set goal, the following main tasks are solved:

1. Analysis of the literature on research in the field of game theory, namely discrete dynamic cooperative games.

2. Construction of a mathematical model of the game.

3. Choice of strategy for the player.

4. Construction of an optimal strategy.

3. Presentation of the basic material and substantiation of the obtained research results

Consider a dynamic discrete cooperative game. There is a team of N players who perform actions sequentially. The initial
player is selected randomly, after which the players take turns deciding to perform an action or pass the move to the next
player (passing the move to oneself is prohibited). The game can have a maximum of M stages. If no one has performed an
action by the last stage, then the player to whom the move was passed at the last stage is obliged to perform the action.

Rules of the game. Each player has two main options: fo perform an action or pass the move to another player.

Performing an action can lead to:

¢ winning with probability Pwin, which brings the player 1 point and ends the game;

e losing with probability Pioss, which leads to the loss of 1 point and also ends the game.

Passing the move to another player. A player passes the move to one of N-1 others with probability Ppass, and continues
the game. Passing the move to oneself is prohibited. Passing the move to a player who has already participated in the game
is allowed.

Winning chances for each player are variable at each stage.

Sequence of moves. After each player's move, the next player also chooses between performing an action or passing the
move. The player can pass the move to any of the other players (except himself).

Multi-stage game structure. The game takes place in M stages:

Stage 1: The first player (randomly chosen) decides to perform an action or pass the move to another player.
Stage 2: The next player makes a decision. He can perform an action or pass the move to another player, including returning
the move to the previous player.
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Stage M: In the last stage, the player is obliged to perform an action.

Stopping the game. The game stops after any win or loss.

The goal of the game. It is necessary to calculate the probability of winning for players at any stage when performing an
action, which involves taking into account all possible decisions of players at previous stages. Choose a strategy for each
player at each stage and build the optimal game strategy to obtain the maximum chance of success.

Mathematical formulation.

Let us denote the set of players by the vector G = (G, G, G5...Gy).

Probabilities of actions. As initial data, we take complete statistical data of previous games in terms of players and their
quality of action execution. From these, we can form relative outcome matrices to construct the initial game matrices.

Let Pwin]’-‘ be the probability of winning at the stage k (k € [1; M]) of player G; (j € [1;N]). That is, in matrix form

Pv%/in
Pyin = Pivin , where Pk, is the vector of success probability, when performing an action at stage k (k € [1; M]), for each

Pwin

player of dimension N.
Pllost
Let Plost]l'c be the probability of losing at the stage k (k € [1; M]) of player G; (j € [1; N]). In matrix form Py, = Piost
PIA(;Ist
where PF . is the vector of failure probabilities, when performing an action at stage k (k € [1; M]), for each player of dimension N.
Let Ppassj’-‘ be the probability that player G; (j € [1; N]) decides to pass the move instead of performing an action at stage
k (k € [1; M]).

k _ k k
Ppassj _l_Pwinj _Plostj-

1
Ppass
2
In matrix form P,qgs = Poass , Where Pp"ass is a vector of probabilities of passing a move for each player of dimension N,

Ppﬂéss
and (k € [1; M]).
The probability of passing a move by player G; (j € [1; N]) to player Gi(i € [1; N]) is the same for any of the stages, denoted
by Ppass ji- Since passing a move to oneself is forbidden, then B, jj = 0. Moreover, the sum of all probabilities is equal to 1, that is:

ZiN=1 Ppassji =1

Accordingly, for player G;the following equality is valid at each stage:

Pyin |+ Puost | + Ppass | X (Zi1 Ppass j1) = 1; where k € [1; M] is the stage number, j,i € [1; N].

Objective:

1) Calculate the probability of winning for players at any stage when making certain moves, which involves taking into
account all possible decisions of players at previous stages.

2) Choose a strategy for each player at each stage.

3) Construct the optimal game strategy to obtain the maximum winning chances.

Solution Approach.

To calculate the final probability of a player winning at the last stage, one can plot all possible scenarios and apply a
decision tree with conditional probabilities at each step. This will ensure an accurate calculation of the success probability.

The probability of a move reaching a player at a given stage and the formation of a payoff matrix.

In order for the game to reach a player, it is necessary that the players at the previous stages pass the move on without
performing any action. This scheme is a first-order Markov chain. We will write this sequence in a transition probability matrix,
where the matrix data represent the probability of a move passing from one player to another and, finally, achieving a result.
Thus, a matrix of probabilities of a move passing from one player to another was created, where the rows correspond to the
player passing the move, and the columns to the player receiving the move. Since a player cannot pass the move to himself,
the central diagonal of the matrix will be zero.

0 P2 P13z - Pwv

D21 0 p23 .- Don

T=|p: P 0 -+ P3N
Pni Pnz PNz .- O

For a given transition matrix, the statement that the sum of the probabilities in each row is equal to 1 is valid:

N
Ypy=1  JeLN]
i=1

where i € [1; N] is the row number of the player who passes the move, j € [1; N] is the column number of the player who
receives the move.
To determine the probability of a player getting a move at a certain stage, we define the initial state vector.
Vi=® Dz P3 ... DPn),
where the elements are the probabilities of the player getting the first move.
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Let's consider the probabilities of the player getting a move at the second stage, for this we multiply the initial state vector

by the transition matrix. The resulting vector will be the resulting vector.
vz = (V1 ° plass) xT,

where the elements are the probabilities of the player getting a move in the second stage. Using the Hadamard product, the
vectors V! and Pplass are multiplied element by element.

For the stage k, the equality will take the form:

vk = (Vk_l ° Ppka_ssl‘) xT = (Vl ° Pplass ° szass °...0 Ppka_sg‘) x Tk-1,

To determine the probability of winning players at the stage k (W), we calculate as the Hadamard product the probability

of reaching the player's move at the stage k and the probability of winning the player when performing an action at this stage:

Wk =VkoPk, .
Wl
2
Therefore, the total probability of winning for players at all stages can be represented as a matrix: W = w , Where
WM

W is a vector of success probability for each player of dimension N at stage k (k € [1; M]).

The matrix found is the odds of winning for players at any stage when performing an action that involves taking into
account all possible decisions of players at previous stages.

Choosing a strategy for a player at each stage.

To find the optimal strategy, you need to decide when players should perform an action and when to pass the move to
the next player in order to maximize the overall success probability.

Note that:

¢ At each stage, players have a choice: perform an action or pass the move.

¢ The optimal strategy will depend on the probabilities of winning and losing each player at each stage, as well as on the
probabilities of passing the move.

Determining the criteria for choosing an action or passing the move at stage k for player G;:

If player G;received a move at stage k, the expected gain from performing the action for him is ij, where the probability
of receiving a move at this stage and the probability of winning are taken into account.

The criterion for choosing to perform an action will be the correspondence of the value of Wj" to the maximum value of
the probability of winning for this stage. That is, if Wj"‘ =max (W™ ,vi€[1,N],VvmEe [k,M]} is the maximum value among
the elements of the payoff matrix vectors W, of all rows of stages starting from the k.

If this value is less, the player must pass the move to the next player, i.e. continue the game. The priority player for passing
the move will be the player with the maximum odds of winning at the next stage. If such a player is the player passing the
move, then pass the move to the next player with the highest probability.

Grexe = max; (W, v i € [1,N],i # next,k < M}.

When receiving a move at the last stage M, the player is obliged to perform an action.

After constructing the vectors of success probability at each stage, it is possible to determine the potentially most optimal
players at each stage. Accordingly, the transfer of the move to the next stage, namely the choice of the player, can be chosen
precisely according to this criterion.

Calculation of the optimal strategy.

Using the above criteria, we can determine when each player should pass the move or perform an action to maximize the
overall odds of winning.

To achieve a cooperative win, it is necessary to determine the stage and the player with the maximum probability of
winning, and construct the optimal path to reach the given player at the given stage for him to perform the action.

max;  {W¥, Vi€ [1,N],V k€ [1,M]}.

From the maximum value of the probability of winning, the index i will correspond to the player G;, and k - to the stage at
which he should perform the action.

Discussions and conclusions

We have formulated and proposed a solution to a dynamic discrete cooperative game. The strategies of the players and
the team are determined for the optimal solution of this game.

This dynamic discrete cooperative game is the basic part for building a mathematical model of the game and building
optimal strategies for players. Using the constructed outcome matrices (Martyniuk, & Tsurkan, 2024), it is possible to form
input data for the considered game. Since probabilistic data are formed based on the analysis of players' actions during
previous similar games, they will clearly set the initial conditions for the game. In further studies, it is important to consider the
qualitative impact of performing an action or passing a move on the constructed game, as well as the dynamics of changing
the initial data for the game according to the mathematical model.

The complete game model can be broken down into parts that can be represented and solved using the game in question.
Also, an important area of research will be the practical use. What areas of problems can be represented by such games,
and how can we form the initial data for them?

Authors’ contribution: Sergiy Martyniuk — conceptualization; methodology; Viacheslav Tsurkan — empirical data collection and
validation; empirical research; analysis of sources, preparation of literature review or theoretical foundations of research.
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BUBIP ONTUMAINBLHOI CTPATET I ANA QUCKPETHOI AMHAMIYHOI KOOMEPATUBHOI I'PU

3 KO)XXHUM poKoM 8i06yeaembCsi PO3WUPEHHST BUKOPUCMaHHSI meopil i2op 8 ekoHoMiyi, coyionoeail, inxeHepHUx Haykax. Pozeumok o64yucntosa-
NbHUX pecypcie 0ae 3mMo2y 6ydyeamu mamemamuyHi Modeni ma 3Haxodumu onmumanbHi cmpameeii Onsi pi3HoMaHimHux 3aday i pi3Hux pieHie
ixHbOT cknadHocmi, 06po6simu eenuki 06'emu iHhopmauii. OcmaHHIM YacoMm KoHUenyii meopii i2zop 3acmocoeyromb makox 9o eilicbkkoeoi cghepu,
do ecix pleme 6e3neku, eKk/1t0O4YHO 3 Kibepnpocmopom. pa nepedbayae dii deox abo binbwe payioHanbHUX 2pasyie Yu KOMaHO, W0 Malome NesHy
cmp ) i Y)MbCs 3a NeeHy euHaz2opody. Teopisi izop 3a6esneyye nobydosy onmumanbHoi cmpameeii Ans makux izop. Kpim mozo, meo-
pemuko-izpoei Nidxodu Mo)Ha nowupumu Ha po3pobrieHHs1 anzopummie, wjo donomazaromes pPo3pobHUKaM cucmem nepedbayamu pesynbmamu
i2op Ha Kopucmb 2pynu 2pasuyie, UKOPUCMOBYIOYU CKadHi i2po8i KOHCMPYKUii.

Y nponoHoeaHili cmammi po3ansiHymo docnidxeHHsi meopil izop. 'pyna epaeyie, ukoHyro4U nocidoeHo Oil, npacHymb docsi2Hymu Makcuma-
JNIbHO20 pe3ynbmamy 3a o6MexeHy KinbKicmb Kpokie. BukopucmaHHsi 3i6paHux cmamucmu4Hux 0aHux 0a€e 3Mo2y Ha Npakmu4YHoOMY pieHi po3ansi-
Hymu onmumanbsHi cmpameeii. Takox 0ns docsi2HeHHs1 Kpaujux pe3ynbmamie y QuHaMiyHUX KoorepamueHUX i2pax i3 euKopucmaHHsIM meopii izop
sk Memod docidxeHHs1 3acmocoeaHo modesnib Mapkoea.

Knw4yoBi cnoBa: meopis 2pu, cmamucmuka, modenb Mapkosa, koonepamueHi izpu, cmpameaisi.
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APXITEKTYPA CUCTEMU BUABINEHHA BOTIB Y COLLIAJIbBHUX MEPEXXAX

Cy4acHi iHghopmauyiliHi cucmemu nompebyroms eghpekmueHoi apximekmypu 9Ans1 3abe3neyeHHs1 8UCOKOI NPodyKmueHocmi, Ma-
cwma6boeaHocmi ma HadiliHocmi. Y npedcmaeJsieHili cmammi po32ssiHymo nidxid 0o npoeKkmyesaHHs1 apximeKkmypu cucmemu, wo
8paxoeye Ho8imHi mexHos102i4YHi piueHHs ma Memodu onmumizayii po6omu 3 eeslukKuMu Macueamu GaHux. 3arpPornoHo8aHo ena-
CHY apximekmypy cucmemu eusiesnieHHs1 6omie, 3acHo8aHy Ha MikpocepeicHOMY nidxodi ma cyvyacHux memoodax o6po6bku 0aHux.
Ha eidmiHy eid HasieHuUX piweHb, cucmema akueHmye yeazy He Ha po3pobrieHHi padukasbHO HO8020 Memody Knacugikayil, a Ha
eghekmueHoMy noedHaHHI exxe sidomux nidxodie y eOuHil apximekmypi.

Po3eumok iHghopmayiliHux mexHos102ili euMa2ae cCmMeopeHHs eheKmueHUX apXimeKmypHuUX piweHb, Wo 3abesneqyyroms eu-
coky npodykmueHicms i HadiliHicmb npo2pamHux cucmem. 3i 3pocmaHHsIM o6csicie 0aHux i euMo2 0o weudkodii, KnacuyHi nio-
xodu do nobydoeu apximekmypu nompe6byromsb yOoCKOHaneHHs. [JocnioxeHHs 8 Yil 2anysi € saxnueumu O51s1 po3pobHukie i
apximekmopie npo2pamMHoz20 3abe3ne4yeHHsi. Mema nponoHoeaHoi po6omu — po3pobreHHs1 KOHUenuii apximekmypu, w,o eidnosi-
Odae cyyacHUM suMo2aM npodyKkmueHocmi, MacwmaboeaHocmi ma 6e3nexku. OCHO8HUMU 3a80aHHSIMU € aHani3 HasieHUXx nidxodis,
idenmudbikayisi ixHix nepeeaz i Hedorikie, a makox eubydoeyeaHHs1 e¢peKmueHoI apximekmypu, w0 MiHiMi3ye eumpamu pecypcie
i nidsuwye weudkicmb 06po6Ku OaHuXx.

Y docnidxeHHi 3acmocoeaHo MemoOu aHasi3y apximeKmypHux piweHb, MOOesIl08aHHSI cucmemMu, mecmyeaHHs1 MPodyKkmue-
Hocmi ma nopieHsnbHUlU aHaniz egpekmueHocmi pi3Hux nioxodie. [ns peanizayii apximekmypu eukopucmaHo cy4acHi mexHoJsio-
2ii, 30kpema mikpocepeicHull nioxid, koHmeliHepu3ayisi ma po3nodineHi 064YUCIeHHS.

3anponoHoeaHa apximekmypa dae 3mo2y nidsuwjumu nNPodyKmueHicmb cucmemu WIIsIXOM onmumi3ayii o6pobku 3anumis
ma po3nodiny HaeaHmMa)keHHs1 Mix cepeicamu. BukopucmaHHsi KOHmMeliHepu3ayii ma opkecmpauii donomazae docsizmu 2Hy4Ko-
cmi y macwmabyeaHHi ma noninwye cma6binsHicmb po6omu cucmemu. AHani3 npodyKkmueHoOcmi Noka3ae 3MeHWeHHs1 3ampuMOK
06po6ku 3anumie U e¢hekmueHe 8UKOPUCMaHHS pecypcie cepeepis.

Po3pobneHa apximekmypa niomeepduna ceor eghpekmueHicmb y mecmoeux cepedosuujax i Moxxe 6ymu 3acmocoeaHa onsi
euUCcOKOHasaHmMaxxeHux cucmem. llepcnekmueu nodanbwux docnidxeHb nepedbayaromb iHmMezpayito WMy4yHo20 iHmenekmy ons
asmomamuy4yHo20 MacwmabyeaHHs Ui onmumMizauii po6omu cepeicie, a makox 0ociOxeHHs1 ennuey pi3Hux nidxodie do Keuwy-
8aHHA daHUX Ha MPodyKmMueHicmb cucmemu.

KnwuyoBi cnoBa: apximekmypa cucmem, 6om, API, NLP.

Knacudikauin BianosiaHo no AMS 2020: 68P05, 68P10, 68P15, 68P20, 68W32.

Betyn

3i 3pocTaHHAM NOMyNAPHOCTI CoLjanbHUX MepeX akTUBHICTb BOT-akayHTIB 3Ha4yHO 36inbwwmnacs. BoHu BUKOpUCTOBY-
I0TbCS ANsl MaHinystoBaHHS rpOMaACbKO AYMKOR, NOLIMPEHHS aesiHcopMauii Ta diwmHry. 3rigHo 3 oCnigXeHHAMMN, 3Ha-
YHa YacTMHa iHTepHeT-Tpadiky reHepyeTbCs aBTOMaTM30BaHMMU CUCTEMaMM, MpoTe WKianvei 60Tn 3anmMaTb 32 % Big
ycboro Tpadiky, 3rigHo 3 (Imperva, 2024), wo MicTuTb 3arpo3sy iHpopmaLiiHin 6e3ned;.

IcHyBaHHS 6OTIB y coLlianbHUX Mepexax CTBOPHOE HU3KY Npobnem, NoB'a3aHunX i3 nowmpeHHAM aesiHdopMadii Ta MaHiny-
nAuieto rpomMaacbkolo yMKO. BoTn MoXyTb iMiTyBaTV NOBEAIHKY pearnbHUX KOPUCTYBaYiB, WO YCKNAAHIOE IXHE BUABIEHHS
Ta Cnpusic HEKOHTPONbOBAHOMY PO3MOBCIOIKEHHIO HEMPaBAMBOI iHpopMauii. 3 po3BUTKOM reHepaTUBHUX MoAenewn, CTBO-
PEeHHS (hENKOBUX HOBWMH CTano AOCTYMHILLMM, Lo Migcunioe npobnemy aesiHdopmadii B couianbHUX Mepexax.

BusiBrneHHst 60TiB € cknagHUM 3aBAaHHAM, WO NoTpebye BUKOPUCTaHHS PisHUX MeTodiB aHanisy. TpaguuinHo Anst Lboro
3aCTOCOBYBAIM aHarni3 MmetagaHux npointo Ta NiHrBiCTUYHI 0coONMBOCTI NoBigOMeHb. OgHAK AOCNIAXKEHHA NOKAa3yHOTh, WO
aHani3 CTpyKTYpHMX 0COBNMBOCTEN MEpEXi, 30KpEMa BUKOPUCTAHHSA CTPYKTYPHUX yOyaoByBaHb, MOXe OyTn eheKTUBHILLIMM
y BUsIBNeEHHI 60TiB. Lle niaTBepaxye rinoTtesy, Lo nokanbHa couianbHa Mepexa, chopMoBaHa HaBKoS1o 60T-akayHTiB, MiCTUTb
LiHHY iHdopMaLUito Ang iXHboi ineHTudikauil.

Kpim Toro, cy4acHi cuctemu BUsiBNeHHs1 0OTIB CTMKalOTbCA 3 Npobnemamu macluTaboBaHOCTI 1 y3aranbHeHoCTi. binbLictb
i3 HMX Ga3ylTbCa Ha METOAAX MALUMHHOIO HAaBYaHHS 3 BUKOPUCTAHHSAM BPYYHY NO3HAYeHMX AaHUX, WO 0OMeXYe iXHIo 3aaT-
HICTb BUSIBMATU CKOOPAMHOBAHI Aii 60T-Mepex. IcHye noTpeba B po3pobneHHi GinbLu yHiBepcanbHWX NiOXOAIB, WO BpaxoBy-
I0Tb pPi3Hi acnekTn AisnbHOCTI GOTIB, BKMOYHO 3 aHanisoMm 300paxeHb Ta MiKNNaTtOpPMHOK akTMBHICTIO. [lpobnemy
BUSIBIIEHHS CKOOPAMHOBaHUX 60T-Mepex Takox po3rnsaHyTo B poboTtax, npuceayveHux BotNet-getekuii (Devle et al., 2021).
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Otxe, Ana edekTnBHOI 6opoTEOKN 3 BOTamMM Ta MOB'A3aHNMM 3 HUMK 3arpo3amu HeobxigHO NoegHyBaTK PisHi MeToam
aHanisy 1 po3pobnATy HOBI NiAX0AW, O BPaXOBYKTb Cy4aCHi TEHAEHLT B pO3BUTKY TEXHOJOTIN | noBeaiHKM 60TiB y couianb-
HUX Mepexax. IcHytoui MmeToan BusBneHHs 60TiB nepenbayaloTh:

e aHani3 nosediHkosux namepHis (4actota nybnikauin, Yacosi iHTepBanu, aHomanii);

e 06p0obky npupodHoi mosu (NLP) ansi aHani3y KOHTEHTY Ta BU3HAYEHHs1 aHOManin y CTURicTuLj;

® 2pachosi Memodu (aHani3 MepexeBoi CTPYKTYpH 3B'sI3KIB);

® 2ibpudHi nidxodu, Wo KOMBIHYIOTb Kinbka nigxoAis Ansa nigsueHHs TouHocTi (Sen et al., 2018).

OcrtaHHi pocnimpxeHHs (Pote, 2024) ta (Antispoofing Wiki, 2024) noka3sytoTb, L0 METOAN HA OCHOBI rpadoBux embeanHris
3a6e3neyytoTb BULLY TOYHICTb MOPIBHSAHO 3 TPAAMULINHUMM Migxodamu, Wwo rpyHTyoTbea Ha NLP Ta MeTa-gaHux akayHTiB.

"onoBHa MeTa JoCrimKeHHsS — CTBOPEHHS MacluTaboBaHOi cMCTEMU BUSABNEHHSA BOTIB y coLianbHMX Mepexax, Lo 3aaTHa
npautoBaTi B peX1Mi pearnbHOro 4yacy, 3abeanevyoum BUCOKY TOYHICTb knacudikadii. Baxnueumn acnekramu cuctemu €:

e MigTpYMKa NOTOKOBOT 06POOKKN BENMKNX 0BCAriB gaHuXx,

® BUKOPUCTaHHS rpacdoBmx embeuHriB ANs NiaBULLEHHS TOYHOCTI AeTeKLii,

e iHTerpaujs i3 cyyacHuMu 6asamm 4aHnx i TEXHOMOriMM KOHTeNHepu3aaui,

e macwtabyBaHHS cucTteMu nNpu 36inbLUEHHI HABAHTaXEHHS.

Mepen noyaTkoM Po3pobnEeHHS cUCTEMU BUABIIEHHST DOTIB HEOOXIAHO BU3HAUYMTM OCHOBHI 3arpo3u, Tunu 60TiB i meToaum,
SIKi BOHM BMKOPUCTOBYIOTb A1 MackyBaHHS CBOET akTUBHOCTI. BOTU MOXyTb MaTu pi3Hy MeTy, 30Kkpema:

e MaHinynoBaHHA rPOMaACbLKOK AYMKOK — BUKOPUCTaHHS 60TIB A4Nsi NOWMPEHHSA AesdiHdopmalii, nonitTuyHoi npona-
raHan abo couianbHOro BMfMBY Yepe3 MacoBe CTBOPEHHS Ta MOLUMPEHHST KOHTEHTY.

e diHaHCOBe WaxpalcTBO — nepeadavae HakpyTKy Nankis, nepernsgis, MiANUCHWKIB, a TAKOX LUAXPaNCbKi CXEMU i3
KpunToBanoTamMmu Ta iHaHCOBUMU onepauisgmu.

o Kibep3arposu — BukopucTaHHsi 60TiB 4N iluMHroBUX aTtak, cnamy Ta po3noBclogXeHHs wkignueoro M3.

CyuacHi 6011 gepani yacTille BUKOPUCTOBYHOTb CKNaAHi TEXHIKM MaCKyBaHHSI CBOET akKTUBHOCTI, LLO YCKNAaAHIOE iXHE BU-
ABMNEHHS:

e ImiTauia noacbkoi noBeAiHKM — HePiBHOMIpHI iHTepBanu Mix nybnikauismv, B3aeMogisi 3 iHLWIMMW KOPUCTYBa4amu,
nepemexyBaHHs aBTOMaTUYHUX Ta PYYHUX AiN.

e [NuHamiyHa 3miHa IP-agpec — BukopucTtaHHsa VPN, npokci-cepBepiB abo 60THET-iHpacTpyKTypy Anst NPUXOBYBaHHS
CNpaBXHbOro Micue3HaxomkeHHs 6oTa.

e [epcoHanizoBaHi 06NiKOBi 3aNUCK — BUKOPUCTAHHSA pearbHMX abo 3MaMaHuX akayHTiB, O MarTb iCTOPil0 aKTUBHO-
CTi Ta gpysiB.

o AsTOomaTtm3auin yepe3s LI — BukopuctaHHsa mogenen GPT Ta aHanoriYHnx Hepomepex Ans CTBOPEHHS npasgonogi-
OHOro KOHTEHTY, L0 BaXKO BigPi3HWTM Big MOACLKOro. TakoX BapTo BpaxoByBaTU MOXIUBICTL BOTIB reHepyBaTu BidyanbHWN
KOHTEHT CaMOCTIHO, HaMpWKnaza, 3a JONOMOrol Takux mogenen, sik Stable Diffusion.

o6 edekTmBHO BUSABNATU BOTIB, HEOOXIQHO BMKOPMCTOBYBATU Killbka B3aEMOMOB'A3AHUX MiOXOAIB, KOXKEH 3 SIKMX Aa€
3Mory igeHTudikyBaTu pi3Hi xapakTtepucTuku GOTIB i IXHbOI aKTMBHOCTI. 3acTOCyBaHHsi KOMMIIEKCHOrO aHarnisy goromMarae
CYTTEBO MiABULLMNTM TOYHICTb Knacudikauii 60TiB. TakKMM YMHOM MU OTPUMYEMO LLie OAHY BUMOTY [0 CUCTEMU — MOXITUBICTb
3aCTOCYyBaHHS OQHOYACHO KiNbKOX MiaxodiB Ans aHanidy nosefiHkW. AHaniTUYHWUIA CepBic MaTUMe Kinbka MoayniB, 3okpema:
MOAYfb aHanidy NoBeAiHKOBUX NaTepHiB, aHanidy TEKCTIB Ta aHanidy MepexeBunX 3B'A3KiB.

Mepwwnii mogynb Bignosigae 3a aHani3 NoBeAiHKOBMUX MaTEPHIB KOPUCTYBaYiB, 30KpeMa YacoBUX PAAIB iXHbOT akTUBHOCTI
Ta BMSABMEHHSA aHoManin y nybnikauisax.

Opyrnii mogynb 34iNCHI0E 06POOKY KOHTEHTY akayHTIB A51s BUSIBNIEHHS BOTiB HAa OCHOBI MOBHMX XapaKTepPUCTUK iXHIiX 4O-
nucie. OCHOBHI HAaNpPsIMKK aHaniay:

® JIeKCUYHUU i CUHMaKCU4YHUl — 3aCTOCyBaHHA MeTofiB 06pobku npmpoaHoi moeu (NLP) ans aHanisy cTpyKkTypu peyeHb,
BUSIBMEHHS HAOMIPHOIO BUKOPUCTaHHSA LWabnoHHUX TEKCTIB i MOBTOPIOBaHUX KntovoBmx criB (Tzoumanekas et al., 2024);

® ceMaHMUYHUU — BU3HaYeHHS1 CMUCMOBUX 3B'A3KIB MiXK CroBamMu Ta TeKcTamu, Lo AonomMarae po3snisHaBaTn aBTomaTtu-
YHO 3reHepoBaHMM KOHTEHT. BukopuctosytoTbea mogeni Word2Vec, BERT, RoBERTg;

e cmuslicmu4HuUl — OLHIOBaHHS XapaKTepHMX 0COBNMBOCTEN TEKCTIB, TAKUX SIK OBXWHA peYeHb, CKINaAHICTb rpamaTyhky,
YacToTa BUKOPUCTaHHSI NEBHUX CiB. BOTM YacTo AEMOHCTPYIOTb HECTaHAAPTHY CTUNICTUKY;

® moHarbHicmb U eMouiliHull aHarsi3 — OUiHIOBaHHSA eMOLIHOT CNpsIMOBAHOCTI TEKCTIB (MO3UTMBHA, HENTpanbHa, Hera-
TMBHA) Ta BUSIBNEHHS LWabNoHHOT eMOLiiHOI NoBeAdiHKM OOTiB.

[6puaHi rmmboki HEMPOHHI apXiTEKTYpW, LLO MOELAHYIOTb PEKYPEHTHI Mepexi Ta BEKTOpHI nogaHHA cniB (Hanp., BiGRU-
LSTM i3 BukopuctaHHsim GloVe), 4eMOHCTPYIOTb BUCOKY e(PeKTUBHICTb Y 3aaadax BusiBNeHHs 60TiB y couianbHUX Mepexax
(Ellaky et al., 2024).

Peanisauis gpyroro moayns nepeabavae sukopuctaHHs 6ibniotek NLP, Takux sk spaCy, Hugging Face Transformers Ta
anropuTMmiB MalnHHOro Hae4yaHHA (LSTM, Transformer-based models).

TpeTii Moaynb Oae 3MOry aHarnisyBaTu CTPYKTYPY CoLjianbHMX 3B'A3KIB KOPUCTYBaYiB Ans BUSBNEHHSA 60T-mepex. OCHOBHI
MeToAMn nepenbavaloTb:

® epacposuli aHani3 — BukopuctaHHs anroputmis Node2Vec, Struc2Vec Ansa BUSBNEHHS CXOXWUX NaTepHiB B3aeMogii ce-
pea akayHTiB;

o jOeHmucpikauis KOopOUHayitHUX epyr — AOCAIAXEHHSA NOBEAIHKN rPyn akayHTIB, O CUHXPOHHO B3aEMOAII0TL i3 NEBHUM
KOHTEHTOM (MacoBi peTBiTU, ChifbHI NiANNCKX, O4HOMOMEHTHI Nybnikauii);

® VMo0er8aHHs coyianbHux epachie — aHani3 3B'si3kiB MiXk akayHTamy 3 BUKOPUCTaHHAM Takux METPUK, sIK LLeHTparnbHiCTb,
Knactepm3sadisi, koedilieHT CnifbHUX cyciais;

® 8USBIIEHHSI aHOMasbHUX 38'A3Ki6 — BU3HAYEHHSA aKayHTiB 3 aHOManbHO BMCOKOK B3aemofieto 3 iHwumn 6otamm abo
BENUKO KiNbKIiCTHO OOHOTUMHUX 3B'A3KIB.
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1. Onuc apxiTekTypu cuctemun

ApxiTekTypa cuctemm BusiBneHHs 60TiB pearnizoBaHa y BUrmnsgi Habopy B3aemogitoumx BeGcepsicis, Lo Aae 3mory 3abes-
neynTu macwTaboBaHICTb, FTHYYKICTb | He3anexxHe OHOBIIEHHS KOMMOHEHTIB. B OCHOBI apXiTEKTYpu NexuTb Kinbka KIo4YoBmX
CepBICiB, KOXEH 3 SKNX BUKOHYE crievianizoBaHi dyHKuii (puc. 1).

CucTtema novvHaeTbcs i3 cepsicy 3060py AaHuX, LIO BiAMNOBiganbHUIA 3a OTPMMaHHS iHdopMauii 3 pisHUX couianbHKX
Mepex, Takux sk Twitter, Telegram ta Facebook. [Ins uboro BukopucToBYHOTb 0dpiLiiHi API-nnatdgopm, a Takox meTtoam
BebckpaniHry. Ller cepsic Takox 3acTocoBye nonepeHto dinbTpadito, Wwob ameHwnTn obcar obpobntoBaHoi iHpopmallii.

Hani indopmauis npoxoauTs Yepes cepsic ETL-06pobku, L0 BUKOHYE OuYnLLEHHSA, HOpMani3aLilo Ta TpaHcdopmauio ga-
HUX Ang ix noganbloro aHanisy. Lle nepenbavae BupganeHHa aybnikaTiB (OTPUMaHHSA OAHOrO MOBIOOMIEHHST 3 Pi3HMX
xepen), ctTaHgapTusauito doopmariB 11 arperauiio JaHux, Wo Aae 3Mory nigrotyBaTy ix Ans noganbLloro aHanisy.

MoTokoewi Bydep

Mogayne 36opy aaHux

YnpaeniHHa Cepsic sanigauii

KoHpirypauieto [aHnx TNor noMmunok

[o]
o
2
3
=l
o
Basa gaHmx E-

|

Mogyns 06po6kn
/ Mopynk o6poBiu N2 pﬂ:lynbfsrln IHTEpdEic KopUcTyBaya
/ Moaynb 06pobkn Ne2 /

Puc. 1. 3aranbHa cxema apXiTeKTypu CUCTEMM BUSIBIIEHHA GOTIB y coliianbHUX Mepexax

LleHTpansH1M enemMeHToM € aHaniTM4HWI CepBic, KM 3aCTOCOBYE anroputMmM MaLUMHHOMO HaBYaHHA AN Knacuadikauii
6oTiB. BiH CknagaeTbCs 3 AEKiNbKOX OCHOBHMX MiAMOAYIIB: aHanidy noBeAiHKOBUX NaTepHiB, aHanidy TEKCTy Ta aHanisy me-
pexeBux 3B'A3kiB. MNepunii Mogynb aHarnisye YacoBi paAM akTUBHOCTI akayHTIB, BUSIBNSIOYM aHOManii Ta NoBTOPoBaHi wab-
NoHu, apyrun 3actocosye NLP-meToaun a4ns ouiHkM 3MicTy Ta CTUMICTUKM NOBIJOMIEHb, TOAi K TPETIN BUKOPUCTOBYE rpadooBi
anropuTMn Ans BU3HAYEHHS Migo3pinux 3B'sA3kiB Mk akayHTamu. LLle B ogHOMy 3 MogyniB aHanisyemo, siki o0coGrmMBOCTi KO-
pYCTyBayiB MOXHa BMKOPUCTOBYBATU AMA BUABNEHHs 60TiB. Lli 0co6nmBOCTi po3ainsgemo Ha 4oTupu rpynu:

e NLP 1a P — gaHi npodinto 1 03Haku, oTpuMaHi 3 TBITiB 3a 4ONOMOro 06pobk/ NPUPOLAHOT MOBM.

o GF — npocrTi rpacoBi XxapakTepuCTuKK, Taki K LleHTparnbHICTb BY3niB.

e EMB — o3Haku, oTprMaHi i3 coLiMepexi 3a JONOMOror anropuTmie yoyaoByBaHHS (MOGINSIHOTLCS Ha KIMAaCUYHi Ta CTPYKTYPHI).

MeToto Lboro Moayns € He CTBOPEHHSI HOBOTO Kracudikatopa 60TiB, a NOPIBHAHHA e(PEeKTUBHOCTI Pi3HNX HabopiB 03HaKk,
ocobnmBo cTpykTypHUx EMB. My nokasyemo, wwo 60T1 yacto popmytoTb NOKanbHi couianbHi CTPYKTYPU, SKi MOXHa BUSBUTK
came 3a JOMOMOrO0 TaKuX O3HaK.

Bubip MikpocepBiCHOI apXiTeKTypy MOSICHIOTbL HEODOXiAHICTIO 3ab6e3neunT MacluTaboBaHICTb CUCTEMM Ta MOXIUBICTb
He3arnexHoro OHOBMEHHSI OKPEMUX KOMMOHEHTIB 6e3 3ynunHkuM poboTw Beiel iHdpacTpykTypu. Ha BigMiHy Big MOHONITHMX CK-
CTeM, MIKpOCepBiCM A4atoTb 3MOry LUBMAKO afganTyBaTUCS A0 3pOCTaHHA HaBaHTaXeHHS Ta CMpOLLYIOThb iHTerpawiio 3 HOBUMM
cepsicamu. MpakTuyHi Nigxoam 4O po3ropTaHHS MaclLTaboBaHNX MIKPOCEPBICHNX CUCTEM i3 BUKOPUCTAHHSIM KOHTenHepu3aLii
Ta opkecTpauii 3a gonomoroto Docker i Kubernetes getansHo onucati B po6ori (Lin, 2019).

Bukopuctania REST API 3dymosneHe notpeboto yHichikoBaHOT B3aEMOZii MiXX KOMMOHEHTaMM CUCTEMMU Ta 30BHILLHIMK
3acTtocyHkamu. Takun nigxig 3abesnedye NpocToTy iHTerpaLii Ta BUCOKY CyMICHICTb i3 HassBHUMUW iHCTPYMEHTaMM aHaniTuku.

MoenHaHHa PostgreSQL i DuckDB obpaHo ans onTumisauii po6otu 3 pisHumn Tunamu gaHux: PostgreSQL rapaHTtye Ha-
OiNHICTb | TpaH3aKuinHy uinicHicTb, Toai sk DuckDB 3abesnevye edekTnBHYy 0OpOOKY BENUKMX aHaniTUYHMX 3anwuTiB.
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Elasticsearch iHTerpoBaHo sk iHCTpPYMEHT ANSA LWBMOKOIO MOLLYKY W aHaniTMKM B PEXUMi peanbHOro 4acy, WO € KPUTUYHO
BaXXITMBMM Y pOGOTi 3 BUCOKOLLBUAKICHUMYW NMOTOKAMW AaHUX.

[ns aHaniTMYHMX MoayniB BUKOPUCTaHO anroputMu rpadpoBmx yoyaoyBaHb (Node2Vec, Struc2Vec Ta iH.), OCKinbku BOHM oa-
H0Tb 3MOry aBTOMaTU4YHO 3HaXOAUTU MPUXOBaHI coLjiarnbHi CTPYKTYpuW Ta B3aEMO3B'A3KM, LLIO € CKNaAHUM 3aBAaHHAM ANs KINacu4HUX
niaxodiB Ha OCHOBI NLLIE TEKCTOBOrO aHanidy Yn NpocTMX CTaTUCTUYHMX XapakTtepuctnk. Omxe, obpaHa KombiHaLis TeXHOMorin
[Aae 3Mory noeaHaT rHyyKicTb y MacluTabyBaHHi, HagiliHICTb 30epiraHHs Ta BUCOKY TOYHICTb BUSIBNEHHS OOTiB.

KnioyoBi pesynbratu:

e Yci yotmpwn Habopwu o3Hak (NLP, P, GF ta EMB) matoTe NnpeankTnBHy cuny y BUSBEHHi 6OTiB.

o [oegHaHHA KNacMYHUX | CTPYKTYPHMX O3HaK NiABULLYE TOYHICTb MOAenen.

o AnroputmMn EMB MOXyTb aBTOMaTUYHO 3HAaXOAMUTU KOPUCHI OCOBIMBOCTI, sIKi CKIagHO CTBOPUTU BPYUHY.

e CTpykTypHi EMB MatoTb BULLY TOYHICTb, HiXX KnacuyHi MmeToan BOyOBYBaHHSI.

o [ligsuieHHsa poamipHocTi EMB HesHauHO BnnvBae Ha pe3ynbTaT, afke HaBiTb HU3bKOPO3MipHi BOy0BYBaHHS e(DeKTUBHI.

o EMB-Mofeni AeMOHCTPYIOTh CTINKICTb A0 LWYMY B couianbHin Mepexi.

3anponoHoBaHa cuctema 6asyeTbes Ha NpuHUmMnax Kanna-apxitektypu, wo nepegbayae notokoBy o6pobky AaHux y pe-
anbHOMy 4Yaci Ta BUKOPUCTaHHS €AMHOT 0BuMcnioBanbHOI Mogdeni Ans Beix TuniB 06pobku. Ha BigmiHy Big Lambda-apxiTek-
Typu, Oe iCHye noAin Ha nakeTHWI i NOTOKOBWUI piBHI, Kanna-apxiTekTypa cnpoLuye nigTpMMKy CUCTEMM, OCKifbKW ycyBae
AybnioBaHHS norikn 06pobku Ta Hagae MOXINUBICTb YHUKHYTU MOBTOPHUX 064YmncneHb. Lie ocobnmeo BaxknnBo Ans cuctem
BMSBMEHHS BOTIB, O NpauooTh i3 BEMUKMMU NOTOKaMKU AaHKX i3 coLianbHUX Mepex, A€ WBUAKICTb peakuii € KpUTUYHOI.
MoTokoBa 0bpobka AaHWX y peanbHOMY Yaci B NoAiGHMX apXiTekTypax 3a3Buyan peanisyeTbCcsl 3 BUKOPUCTaHHsIM BpokepiB
nosigomneHs, Takux sk Apache Kafka, wo nigTBepaxyetbcs cy4acHUMM NPoOMUCIOBUMM NpakTukamu (Statsig, 2024). Buko-
puctaHHa Kanna-apxiTektypu 3abesnevye macluTtaboBaHiCTb, CNPOLLYE iHTerpauio HOBUX [Xepen AaHux i niaBullye edek-
TUBHICTb 00pobneHHa 6e3 HeobXigHOCTI 4OAATKOBOI MAakeTHOI 0OpobKu.

Cnucok moaynis, O MOXYTb OyTu iHTerpoBaHMMK B cepBic, AeTanbHo onucaHi B (Antispoofing Wiki, 2024). AHaniTudHui
CepBiC iHTerpyeTbCs 3 iHWKMMKU YacTuHamu cuctemu Yepes REST API, wo 3abesnedye noro maclitaboBaHiCTb i nerky agan-
TaLilo 40 HOBMX 3arpos.

PesynbTaTtn aHanisy nepegatotbcsa 0O cepBicy 00pobkM iHbopmauii Ta cxoBULLa AaHUX, A€ BOHW 30epiratoTbCs y CTPYK-
TypoBaHoMy copmaTi Ans noganblioro o6pobneHHs. BukopuctaHHa pensauinHux 6a3 gaHux, Takmx sk PostgreSQL Ta
DuckDB (iHTerpauis peanisyetbcs 3a gonomorot okpemoro mogymnto pg_duckdb), 3abe3nevye edekTnBHe 36epiraHHsa Ta
LIBMAKUIA JOCTYN A0 AaHux, Todi sk Elasticsearch fae amory BukoHyBaTu MOLYK 11 aHaniTUKy B peanbHOMY Yaci.

HopaTkoBo cuctema Bukopuctoye MinlO (BigkpuTe S3-cymicHe cxoBuLle AaHuX) Ans 36epexeHHs Benukmx obcsris ic-
TOPWYHMX AAHWX.

MigcymkoBMM pe3ynbTaToM aHanisy € ouiHka pu3uKy, Lo BU3Ha4Yae MMOBIPHICTb TOrO, LLO KOpUCTyBay € 60ToM. HAKLo
3Ha4veHHs ouiHkM nepesuLye 95 %, cuctema aBTOMaTUYHO BiAHOCUTb akayHT 40 kaTeropii 60TiB. AKLLO X ouiHka nepebyBae
B giana3oHi 70-95 %, To pilleHHs1 NnepeaaeTbCs NoAnHI (onepaTopy CUCTEMMU) ANS NoAanbLlIoro po3rnaay. AHanoriyHo o
Cy4YacCHUX CUCTEM aBTOMIMNOTIB Y TaKCi, KONN anropuTM MOXe CaMOCTINHO KepyBaTu y CTaHOAPTHUX CUTYaLisX, a y CKNagHUx
BMMNagKax nigknioyaeTbCcs onepartop, TyT CUCTEMa NparHe MiHiMi3yBaTu KinbKiCTb BUNAAkKiB, KONWM agMiHicTpaTopy HeOOXigHO
BTPYy4aTUCSt BPYUHY.

[Onsa B3aemogii 3 kopuctysadyamm po3pobneHo Ul-cepsic, Wwo Hagae rpadidHui iHTepdenc ansa agmiHictpaTopiB Ta aHa-
niTukie. BiH po3pobneHun Ha ocHoBI cydacHoro frontend-cperiMBOpPKY | AO3BONSAE KepyBaT HanalTyBaHHAMU cUCTEMU, ne-
pernsiaaTtu 3BiTM 1 MOHITOPUTU aKTUBHICTb BOTIB Y couianbHUX Mepexax.

IHTerpauia Ul 3 backend BinbyBaetbcsa yepe3 REST API. 3aBgsku noginy Ha okpemi Bebcepsicu, cuctema niaTpumye
BMCOKY MPOAYKTUBHICTb, MacluTaboBaHiCTb | MOXNUBICTL 6e3nepepBHOr0 OHOBMEHHS 6e3 3yNMMHEHHSI POGOTH.

Ounckycis i BUCHOBKM

OTpumaHi pesynbTaTtu cBigyaTh, Lo noegHaHHs pisHMx rpyn o3Hak (NLP, npodinbHi xapakrepucTuku, NpocTi rpadhoBi METPUKA
Ta CTPYKTypHi BOy4OBYBaHHS) 3a6e3neyye BULLY TOYHICTb MOPIBHAHO 3 BUKOPUCTAHHSIM OKPEMUX METO/IB, LLO Y3ropKyeThCA 3 BU-
CHOBKaM¥ iHLWMX gocnigHukie (Dehghan et al., 2023; Tzoumanekas et al., 2024). Ha BigmiHy Big TpaauWUiiHWX pillieHb, SKi aKLEeHTY-
I0Tb YBary Ha aHanisi TekctiB abo metagaHux (Sen et al., 2018), 3anpornoHoBaHa apxiTekTypa iHTerpye Kirnbka niaxois ogHo4YacHoO
Ta 3abe3nevye poboTy B pexvMi peanbHOro Yacy. Baxknmeum acnektom € Te, WO apXiTekTypa peanidye npuHumnu Kanna-apxitek-
Typu, e BCi AaHi 06pobnsioTbCa y MOTOKOBOMY pPeXuMi, a pesynbtatn 3bepiralotbea Ansg nogansiioro aHanidy. Lie gae amory
YHVUKHYTW Oy6rtoBaHHS oO4MCrieHb i crnpoLuye niaTpMMKy cMcTeMuM nopiBHAHO 3 Lambda-apxitekTypoto. MoganbLui gocnigkeHHs
MOXYTb ByTI CNPSIMOBaHI Ha ONTUMI3aLlito anapaTHNX BUMOT, L0 JONOMOXE 3MEHLUMUTY 3aMeXHICTb Bif, BUCOKONPOAYKTUBHOO 00-
nagHaHHs. MepcnekTMBHUM HanNpsIMKOM € YAOCKOHaNeHHs MoAernen MallMHHOIO HaBYaHHS, 30KpemMa BrpOBapKeHHS Cy4acHWX
apXiTEKTYP HENPOHHMX MEPEX AN TOYHILLIOrO aHanidy TEKCTY N NOBEAiHKOBUX OaHUX.

BaxnvBuM 3aBOaHHAM TakoX € pO3LUMPEHHSA MOXIMBOCTEN MoAyniB 360py AaHux Ans poboTu 3 HoOBUMMK nnatdopmamm
Ta BNPOBaAXXeHHS METOAIB AMHAMIYHOro OHOBIEHHST Mogenen, Wwo 3abe3neynTsb iXHI0 aganTaliio 4o HOBMX 3arpo3. Peanisa-
Ljist TaKMX yOOCKOHANEeHb AOMOMOXE MiABULLUTY TOYHICTb BUSIBMEHHS GOTIB, pO3WNMPUTK pyHKLIIOHAMNbHI MOXITMBOCTI CUCTEMN
M iHTerpyBaTm ii 3 iHLLMMK TEXHOMOriAMM Ta NnaTtgopmamu.

BusiBneHHst 60TiB y couianbHUX Mepexax € CKnagHUM 3aBgaHHAM, Lo BUMarae KOMMIEeKCHOro nigxody. 3anponoHoBaHa
cucTema Ha ocHoBi Kanna-apxiTektypu 3abesnedye BUCOKY NPOAYKTMBHICTb, MaclUTaboBaHICTb i THYYKiCTb.

Mopjanblunii Po3BMTOK Li€i cMCTeMM AacTb 3MOry edeKkTUBHILLE NPOTUAIATM cydacHMM 6oTam, NigTpumytoum 6esneky Ta
AKICTb B3aEMOZii y couianbHUX Mepexax. BukopuctaHHa nepeaoBrx MeTOAiB MaLLMHHOMO HaB4YaHHSA Ta NOTOKOBOI 06pPO6KM
OaHVX BiAKPUBAE HOBI MOXIMBOCTI ANsi BUSIBNEHHS OOTIB HaBiTb y CKNagHMX yMOBaX.

BHecok aBTopiB: OnekcaHap BopuceHko — HanucaHHs, opuriHanbHa YepHeTka; Muxanno MaxHo — KoHUenTyanisawis, MeTo4ornoris;
Onekcin Pepopyc — moaudikauisa niaxoAis i pegaryBaHHs; Makcum Bepemuyk — moaudikauist nigxoais i peaaryBaHHs.

Mxepena ciHaHcyBaHHsA. [NybnikaLito YacTkoBo NpodiHaHcoBaHO KMIBCbKMM HaLjioHanbHUM yHIBEpcUTeTOM iMeHi Tapaca LUeByeHka.
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ARCHITECTURE OF A SOCIAL MEDIA BOT DETECTION SYSTEM

Modern information systems require efficient architectures to ensure high performance, scalability, and reliability. This article presents an
approach to system architecture design that incorporates the latest technological solutions and methods for optimizing the processing of large data
sets. The paper proposes an original architecture of a bot detection system based on the microservices paradigm and modern data processing
techniques. Unlike existing solutions, the proposed system does not aim to develop a radically new classification method but focuses on the effective
integration of well-established approaches within a unified architecture.

The advancement of information technologies requires the development of architectural solutions that guarantee high performance and reliability
of software systems. With the increasing volume of data and growing demands for processing speed, traditional architectural approaches require
refinement. Research in this field is important for software developers and system architects.

The aim of this study is to develop an architectural concept that meets modern requirements for performance, scalability, and security. The main
objectives include analyzing existing approaches, identifying their advantages and drawbacks, and designing an efficient architecture that minimizes
resource consumption and incr data processing speed.
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The study employed methods of architectural analysis, system modeling, performance testing, and comparative evaluation of different
approaches. For the implementation of the architecture, modern technologies were used, including the microservices paradigm, containerization,
and distributed computing.

The proposed architecture improves system performance by optimizing request processing and distributing workloads across services. The use
of containerization and orchestration enables flexible scalability and enhances system stability. Performance analysis has shown reduced request
processing latency and efficient utilization of server resources.

The developed architecture has proven its effectiveness in test environments and can be applied to high-load systems. Future research directions
include the integration of artificial intelligence for automatic scaling and service optimization, as well as studying the impact of different caching
strategies on overall system performance.

Keywords: system architecture, bot, API, NLP.

ABTOpM 3aABNSAIOTb NPO BiACYTHICTb KOHAMIKTY iHTepeciB. CnoHcopy He 6panu yyacTi B po3pobneHHi AoCnimpKeHHs; y 36opi, aHanisi un
iHTepnpeTauii AaHWX; y HanMcaHHI pyKonucy; B pilleHHi Nnpo nybnikauito pesynbTartis.

The authors declare no conflicts of interest. The funders had no role in the design of the study; in the collection, analyses or interpretation
of data; in the writing of the manuscript; in the decision to publish the results.

ISSN 1728-3817



DI3BUKO-MATEMATUYHI HAYKMU. 2(81)/2025 ~193 ~

YAK 004.89
DOI:https://doi.org/10.17721/1812-5409.2025/2.30

Pycnan MPABOCY/, acn.

ORCID ID: 0009-0008-9450-5515

e-mail: pronod9999@gmail.com

KuiBcbkui HalioHanbHUM yHiBepcuTeT iMeHi Tapaca LLeB4eHka, KuiB, YkpaiHa

OnekcaHgp MAPYEHKO, a-p ¢i3.-mat. Hayk, npod.

ORCID ID: 0000-0002-5408-5279

e-mail: omarchenko@univ.kiev.ua

KuiBcbkui HauioHanbHUM yHiBepcuTeT iMeHi Tapaca LLeBuyeHka, KuiB, YkpaiHa

NMEPEHECEHHSA CTUMIO AIIANOrY 3A AONMOMOIroro nAPAMETPUYHO
E®PEKTUBHOINo oOHABYAHHA

Po3znsiHymo 3acmocyeaHHs1 cy4acHux memodie AoHag4YaHHs1, W0 Xxapakmepu3yombCsi 8UCOKOIO MapaMempuyHoOro eghekmu-
eHicmio, Ao 3adayi 2eHepauii diaso2oeux pensik y cmusi neeaHo20 eu2adaHo20 abo peanbHO20 nepcoHaxa. OcHoeHa Mmema doc-
nidxeHHs1 nosnisieae 8 po3pobneHHi Nioxody, wjo donomazae adanmyeamu exe Hasi8Hi MO8Hi modeni o cneyugiyHo20 cmMuIItO
cninkyeaHHs1 abo MoeJsIeHHsl, 8JlacCmMuU8020 KOHKpemHili ocobucmocmi, 3 aUKOPUCMaHHAM MiHiManbHOT KinbKkocmi Hoeux napame-
mpis. Lje dae 3Mo2y YyHUKHYmMU Mo8HO20 nepeHas4yaHHs1 eeslukux modesnel i SMeHwumu ob4ucnroeanbHi sumpamu.

OdHiero i3 knro4yoeux yineli € Moxnueicmeb peanizayii KoMnakmHoi, ane hyHkyioHanbHOi MO8HOI Moderti, AKy MoxHa 6yde
3anyckamu Ha oKkpeMoMmy Komr'tomepi 6e3 Heo6xiOHOCcMi euKopucmaHHs cepeepie Yu nomyxHux 2pagiyHux npoyecopie. Takul
nioxio eidkpusae Hoei MoXiueocmi Onsi NepcoHanizogaHux abo po3eakasibHUX 3acmocyeaHb, 30KpemMa cCmeopeHHs1 Yam-6omis,
SAKi MOXXymb 83aemMo0issmu 3 kopucmyea4yamu e o6pa3i neeHo20 NepcoHaxa 3 KHu2u, (inbmy 4yu icmopu4Hoi ocobu.

Ans peanizauii makozo nidxody 3anponoHoeaHo eukopucmaHHsi Memody LoRA (Low-Rank Adaptation), ujo donomazae egpe-
KmueHo doHae4Yamu HasieHi mpaHcgopMepHi apximekmypu — 30kpema modesnib GPT-2 — 6e3 nog8Ho20 nepeHas4YaHHs ii 8cix wapis.
3acmocyeaHHs1 LORA dae 3mMoz2y dodaeamu cmusicmu4Hi ocobnueocmi Ao MoenieHHs1 Moderti, He empadYaroyu ii 6azoeux MOXIu-
socmel 2eHepyeamu J102i4Hi, 38 'I3Hi mekcmu.

Ljo6 nepesipumu, HacKinbku dobpe Modenb Hag4unacs iMmimyeamu yinbo8uli cmusb MO8JIeHHS, MU 000amKo80 MpPeHy-eMO
modesnb BERT sik knacughikamop, wjo po3pizHsie mekcmu e 6axxaHoMmy cmusli ma 3euyaliHi, HelimparnbHi pensiku. ¥ makut cnocié
MU ompuMyemo 06'ekmueHy MempuKy sikocmi 2eHepauyii, wjo Hadae Moxnueicmsb oyiHUMu eghekmueHicmb GOHa84YaHHsI.

Ha6ip daHux, sikuli sukopucmaHo 0151 Hag4aHHSs1, 6110 32eHepoeaHo 3a dornomoeoro modesii GPT4-mini, ujo dae 3mMo2y weudko
cmeopumu eesnuky KinbKicmb npuknadie y nompi6Homy cmuiii, 3a6e3ne4vyro4yu docmamHil o6c¢csie daHux 0551 egheKmueHoO20 Hae-
YaHHs1 ma eanidauii pesynbmamis.

Knwo4yoBi cnoBa: o6po6ka npupodHux Mos, napamempuyHo eghekmueHe OOHas4aHHS, HU3bKOpaHzoea adanmauis,
2eHepayiss mekcmy.

Knacudikauis BignosigHo no AMS 2020: 68T50, 68T07.

Bcrtyn

YnpoaoBX OCTaHHiX pokiB Benuki MoBHi mogeni (LLMs) npogemMoHcTpyBanu 3Ha4yHuii nporpec y reHepaldii NpupoaHOMOB-
HOrO TEKCTY, LU0 3HaxoAMTb 3aCTOCYBaHHS Y CTBOPEHHI 4ianoroBmMx CUCTEM, XYAO0XHIX iCTOPIN i NepcoHanisoBaHOro KOHTEHTY.
Monpwu ue, HanawWTyBaHHA Taknx Moaernen Ha cneumdivHi 3agadi abo cTuni YacTo BUMarae 3Ha4HMX 0BYMCMOBANbHUX NMOTYX-
HOCTEeMN, L0 YCKIafHIE IXHE BUKOPUCTaHHSA Ha MpUCTPOsiX 3 obmexeHnMmn pecypcamu. OTxe, NocTae akTyarnbHe 3aBAaHHA —
30INCHUTU ePEKTUBHE CTUNICTUYHE JOHABYaAHHS 6e3 CYyTTEBMX BUTPAT PECYPCIB i 30epekeHHsIM BUCOKOI SIKOCTi pe3yrnbTarTiB.

3aBaaHHsa reHepauii CTUNICTUYHO y3ro4)KEHOro TEKCTY LUMPOKO AOCHIIKYETLCS BYEHMMU B ranysi o6pobku npupogHoi
moBu (NLP), n octaHHiM Yacom y Ui cdepi JOCATHYTO 3HA4YHOro Nporpecy 3aBAsikM PO3BUTKY MacluTabHuX nonepenHbo
HaTPEHOBaHMX MOBHUX MOAENeN i MeToAiB JOHaBYaHHS.

MepeHeceHHsi ctunto B NLP cnpsimoBaHe Ha TpaHcdopMaLito TEKCTY Tak, Wob 36epiraBcst KOro 3micT, ane 3miHioBanmcs
CTUNICTUYHI xapakTtepucTukuy. MNepui nigxoam Ao uiei 3agayi 6asyBanvca Ha cucTemMax i3 npaBunaMu Ta pydyHomy gobopi
03HaK 4119 KoQyBaHHSA CTUMNICTUYHUX BNAcTMBOCTEN. 3 NOSBO rMMBOKOro HaBYaHHS Novany 3acToCOBYyBaTW BapiaLiiHi aBTo-
kogepu (VAE) Ta reHepaTmBHo-3maranbHi mepexi (GAN) ons nepeHeceHHs CTUMIo B TEKCTax.

Cy4acHi meToan gepani vacTille BMKOPUCTOBYHOTbH MomnepeHbO HaByeHi MOBHI Mogeni, Taki sk GPT-2 ta GPT-3, gna
CTUMICTUYHOI reHepauii. Hanpuknag, y po6oti (Keskar et al., 2019) 6yno nokasaHo, sik BAKOPUCTaHHS KepyBalibHUX KOAIB Y
Moaensx Ha 6a3i GPT gae amory cnpsiMoByBaTW reHepallito B 3a4aHOMy CTUNICTUYHOMY HanpsMky. OfHak Taki metToam 3a-
3BMYan NoTpebyoTb 3HaYHMX 0BUYNCTIOBaNbHMUX PECYPCIB, L0 0OMEXYE IXHE 3aCTOCYBaHHsI B cepeoBULLax 3 0OMeXeHMM
MoXnuBocTaMU. Hala poboTa ycyBae Lie 06MEXEHHS LUNSAXOM BUKOPUCTaHHS NapameTpuyYHO edpeKTUBHOMO AOHABYAHHS NSt
OOCArHEHHs1 CTUNICTUYHOI Y3ro4>KeHOCTi 3 MiHiManbHMMK BUTpaTaMn pecypciB.

TpagwvuinHe JoOHaBYaHHS BENMKMX MOBHMX MoAenel 3asBuyan nepenbdadae OHOBMEHHA BCiX MapameTpiB, WO € HaA3BU-
YamHO pecypcoeMHUM npouecoM. CyyacHi nigxoau 0o napameTpuyHO ehekTUBHOrO AOoHaBYaHHSA, 3okpema AdapterFusion
(Pfeiffer et al., 2021) Ta LoRA (Hu et al., 2021), po3B'sa3ytoTb L0 NpobremMy LASAXOM yNpoBaAKEHHS NErkux MoayniB 3 napa-
MeTpamu, OpiEHTOBAHUX Ha KOHKPETHI 3apadi. Lli MeToam gonomaratoTb agantyBaTh nonepegHb0 HaBYeHi Moaeni 4O HOBUX
3aBaHb i3 MiHIManbHUMKU BUTpaTaMu pecypciB i o6csarom nam'aTi.

OcobnuBoi yBaru 3acnyroBye LORA, 1o noegHye NpocToTy peanisauii 3 BUCOKO eDEKTUBHICTIO B JOHABYaHHI MacLuTa-
6HMX Mogenel. 3aBasikv BOy4OBYBaHHIO MaTpULb HU3LKOTO paHry B MexaHiamu yBaru mogeni LoRA gae amory edekTMBHO
apanTyBaTu noBefiHKy 6e3 3MiH OCHOBHUX Bar Mofeni.

CTBOpEHHSA AKiCHMX HAabopiB AaHMX YacTO € BY3bKMM MICLIEM Y BUKOHAHHI 3aBOaHb CTUNICTUYHOIO JOHaBYaHHA. Huska
Cy4acHUX OCNigXeHb pO3rnagae BUKOPUCTaHHS BENUKNX Mmoaernen, Takmx sk GPT-3 abo GPT-4, ansi reHepauii CMHTETUYHNX
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aartacetiB. Hanpuknag, y gocnimkeHHi (Schick, & Schiitze, 2021) nokasaHo, W0 CUHTETUYHI AaHi MOXYTb €(PeKTUBHO J0MOB-
HIOBaTU HaBYaHHSA y BUMNagkax 3 0OMexeHnMn pecypcamu. Y Hawin poboTi My BukopuctoByemo mogenb GPT4-mini ans
reHepauii pi3HOMaHITHOro i IKiCHOro Habopy AaHuX, WO Anomarae 3MeHLWUTK NoTpeby B py4Hii po3miTui Ta 3abesneunTn
CTUMICTUYHY Y3rogXeHiCTb

IMiTauis MOBMEHHSA KOHKPETHOro NepcoHaxa BiAKpMBa€E HOBI MOXIMBOCTI B ranyssax posBar, OCBiTU 1 iHTepdeincis "nio-
OvHa — komn'totep". Hanpuknag, 4yaT-60TK 3 iHAMBIQyansHUM CTUNEM, irpoBi PonboBi CLeHapii YM reHepalis aBTOPCbKOro
TEeKCTy noTpebytoTb 34aTHOCTI MoAeni reHepyBaTu CTUMICTUYHO BIAMNOBIAHI Ta norivni penniku. MNpoTe TpaguuiiHi MeToam
AOHaBYaHHA nepeabavaloTb OHOBMNEHHS BCIEI MOAeri, Lo € HAATO pecypco3aTpaTHUM.

o6 ycyHyTu uto npobnemy, mu 3actocoByemo anroputm Low-Rank Adaptation (LoRA) aona aganTauii nonepeaHeo Ha-
BYeHoi mogeni GPT-2. Lle gae MOXNMBICTb 3MiHUTU NoBeAiHKy MoAerni B 6axaHoMy HanpsiMKy, MiHIMi3ytoun KinbkicTb napa-
MeTpiB, siKi NOTPIOHO AOHaBYATHU.

[ns ouiHkK SKOCTi 3areHepoBaHKX BiANoBiAeN MY BUKOPUCTOBYEMO Kriacudikatop Ha ocHosi BERT, wWwo HaB4YaeTbesa posni-
3HaBaTW TEKCTU B 3afjaHOMy CTuni. [lna CTBOpPEHHS HaB4anbHoro Habopy gaHux 3actocoByemo GPT4-mini, wo nae amory
OTpUMaTK Pi3HOMaHITHI MPUKNaan BUCOKOI SIKOCTI.

OcHoBHi 3006yTKM Ui€i poboTu:

e EchekmueHe 0oHas4aHHS 3 MiHiManbHUMU pecypcamu: 3aBOsKN BUKOPUCTaHHIO LORA My 3meHLyemo obuncnioBarnbHi
BUTPaTU Ta 3a6e3ne4vyeMo MOXIMBICTb 3aMyCcKy Ha MEHLL NOTYXXHWUX NPUCTPOSIX.

o [lpakmuyHa npudamHicmb 071 cUeHapiie, OpieHMOBaHUX Ha NepPCOHaI8: 3anpPOrNOHOBaHWI MiaxXia AOBIB CBOK €(heKTUBHICTb
y CTBOPEHHI pennik, siKi BiAnoBigaTb CTUMO NEBHOI 0COOM, WO poOUTbL NOro KOPUCHUM ANs iCTOPIN, YaT-00TiB | CUHTETUYHUX
jaraceTiB.

1. MeTtoaun

Y npoueci gocnigkeHHst 6ynu BUKopUCTaHi MeToaM aHanidy, MOPIBHSAHHS 1 eKCNEPUMEHTY.

2. OcHOBHi 0O3Ha4YeHHA Ta pe3ynbTaTn

Modenb 0ns ouiHKu cmurto

llideomoska Gamacemy. [laTtaceT ANs HaBYaHHS MoAeni ANgA OLiHKM CTUMO CKNadaeTbes i3 ABOX YacTuH: gartaceTy di-
nocodcekmx gianoris (Hypersniper, 2023) (6nusbko 40 %), a Takoxk (inocodCbkux nuTaHb, reHepoBaHmx GPT4-mini. Lien
aaraceT MicTutb NpndnmaHo 1000 dhinocodcbknx NuTaHb. KoxXHe NMTaHHA 3roqomM BUKOPUCTOBYBANW SIK BXiAHWIA 3anvT Ans
GPT4-mini gnsa reHepauii 4BOX TMNiB Bignosigen:

1. Bignosigp y ctuni cinocoda Cokpara.

2. Bignosigb 3 no3uuii 3Bu4anHoi NogUHN.

3reHepoBaHi napw 6ynu obpobneHi y Takomy dopmari:

JlloOuHa: <nuTaHHa>

Cokpam: <signosigb>

Lli ctpykTypoBaHi napu 3abe3neunnu HaByanbHi AaHi ANs pO3Pi3HEHHS CTUMICTUYHUX BiOMIHHOCTEN MiX COKpaTiBCb-
KMMM Ta 3BM4aNHMMU BUCTIOBITIOBAHHAMM.

HasuarHs moderni. Mogenb (Sanh, 2019) 6yna goHaB4eHa Ans knacudikadii BUCNOBMOBaHb SK COKpaTiBCbkUX abo 3BK-
YalHWX LUNSXOM NPUCBOEHHS BUHaropogd. Mo3nTuBHa BuHaropoa odikyBanacs ans signosigew y ctuni Cokpata, Toai sik
3BMYaNHMM BigNOBIASM NpU3Havanacs HeraTVBHa BMHAropoza.

OuiHtosaHHs1 modeni. Mogenb BuHaropogm Gyna ouiHeHa 3a 4OMOMOroK TeCTOBOro fAaTaceTy, wo ctaHouB 20 % Big,
noyaTkoBOro gatacety. Pe3ynbTati nokasanu:

o CepepnHs BuHaropoga noHag 3.0 ang signosigen y ctuni Cokpara.

e CepepnHs BMHaropopa MeHwwe —3.0 Ansi 3BMyaiHuX BignoBigen.

e ToyHicTb 99,5 % y po3pi3HEeHHi COKpaTIBCbKMX i 3BMYaNHMX BiAMOBIAEN LUMAXOM NOPIBHSAHHS iXHIX BUHaropoa.

OcHosHa moderb. Y TpaauUinHOMy AOHaBYaHHI BCi abo GinbLicTe napaMeTpis Moaeni oHoBnoTbCA. HaTtomicTs LORA
(hikCcye BCi OCHOBHI NnapameTpu MOAenNi Ta AoAaE HeBeNuKi A0AATKOBI HU3bKOpPiBHEBI (low-rank) matpuui 4O NeBHUX KOMMOHe-
HTIB TpaHcdopmepa — 3a3Bnyar 4o MaTpuup 3anuTiB (Q), kntovis (K), abo 3HadveHb (V) y mexaHiami camoyBaru (self-attention).
3aMmicTb OHOBMNEHHS BEMMKUX OpUriHanbHNX maTpuub, LORA BCTaBnsie ABa [OOATKOBI LWapU: MaTPULIKD 3HUXKEHHST PO3MIpPHO-
cTi. ig Yac goHaB4YaHHS OHOBIOKTLCA NULLIE Ui LWapKW, a opuriHanbHa MOAENb 3anMLLAETbCS HE3MIHHOLO.

MonepenHbo HaTpeHoBaHi mogeni GPT2-large (Radford et al., 2019) (800 mnH napameTpis) Ta GPT2 (125 mnH napame-
TpiB) 6ynu noninwexi 3a gonomoroto LoRA (Low-Rank Adaptation) wnsxom gogaBaHHS 4oOaTKOBUX HU3bKOPIBHEBUX MaT-
pvub Ans koMnoHeHTiB Q, K i V y wapax tpaHccopmepa 3 paHrom 32. Lli goaaTkosi wapu 6ynu eguHnmMm, WO nignsaranm
OOHaBYaHHIO, i cTaHoBUNM MeHwe 1 % Big 3aranbHOi KiNbKOCTi NnapameTpie moaeni: 5,898,240 3 779,928,320 ans GPT2-
large Ta 1,179,648 3 125,620,225 gna GPT2 BignosigHo.

JoHasuyaHHs. o6 kpalye BiaTBOpIOBaTM BaXKaHuii CTUIMb MOBIEHHS, CNepLUy MV NPOBENU CTaHAapTHE AOHAaBYaHHS MO-
aernen, MiHIMi3ytoun nepexpecHy eHTponinHy BTpaTy.

Ak TpeHyBanbHWW faTtaceT ANA UbOro MiA3aBAaHHS BUKOPUCTOBYBamnu fAianoru 3 ogHiei penniku i3 CokpaToMm y
dopmari:

JlloOuHa: <nuTaHHS>

Cokpam: <ignosigb>

MMicnsa uboro My oUiHUNM MOAEeNb Ha TECTOBOMY AaTaceTi, 4OCATHYBLUM cepeaHboi BuHaropoau 3.123216 3i ctaHaapTHUM
BigxmneHHam 0.068859 ona GPT2-Large Ta cepegHboi BuHaropoan 3.720361 3i ctaHgapTHUM BioxuneHHsm 0.074097 onsa
GPT2, wo aocutb CyTTEBO BiAHOCHO Haropo, OTpUMaHUX Ha Moferi 6e3 goHaB4aHHA (Tabn. 1).

[ns ouiHkK 3B'A3HOCTI Mi>xk COGOI0 3a 3MICTOM MMTaHb Ta BiAMNOBIAEN, a TakoX BiAMIHHOCTI Mixk COG0I0 3reHepOBaHOBAHNX
Bignoeigen, 6yno BukopuctaHo BERTScore (Zhang et al., 2019). Pe3synbTtati HaBegeHo B Tabn. 2 — nuTaHHA Ta BigNoBIAi
MatoTb Big4yTHO BinbLUy CeMaHTUYHY CMOPIOHEHICTb, HiXX Napa OOBINbHUX BIAMOBIAEN, WO CBiAYNTb NPO Pi3HOMATHICTb reHe-
poBaHWUX pensiiKk i 3B'A3HICTb Y MeXax MOTOYHOro Aianory.
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Ta6bnuys 1
MopiBHAHHA MoAdenen 3a CTUNICTUYHOK Haropogow
Mogenb CepefHe 3Ha4YEHHsI METPUKN CepefHe BigXWUNEHHS METPUKKN
GPT2-Large 6e3 goHaBYaHHsi 0.53929 0.69312
GPT2-Large 3 fOHaBYaHHAM 3.123216 0.068859
GPT2 6e3 goHaBYaHHs 0.48294 0.739292
GPT2 3 goHaB4YaHHAM 3.120361 0.074097
Tabnuys 2
MopiBHAHHA ceMaHTU4YHOI NoAiIGHOCTI BignoBigen
Mogenb CepegHe 3Ha4yeHHss BERTScore CepeaHe BigxuneHHa BERTScore
GPT2-Large 0.1896 0.1137
NUTaHHA VS BiANOBiab
GPT2-Large 0.1432 0.0912
NUTaHHA VS iHLLI NUTaHHA
GPT2 o 0.1753 0.1174
NUTaHHA Vs BiANoBigb
GPT2 0.1487 0.0875
NUTaHHA VS iHLWI NUTaHHSA

lMpuknad pianory sreHepoBaHoro GPT2 3 goHaBYaHHAM:

Person: What form of art resonates with you the most?

Socrates: Ah, my dear interlocutor, the art of expression has deep roots in Western philosophy, tradition, and human
experience. To appreciate its nuances, | suggest you ponder what art embodies the highest ideals about what we seek out
and strive for.

Person: | find that music resonates with me the most; its ability to evoke emotions and connect human experiences
transcends words and speaks to the soul. It captures the essence of life's joys and sorrows in a way that feels both universal
and deeply personal.

Socrates: Ah, indeed! Music is a mirror of the human experience. Tell me, what art has shaped your understanding of
this realm? What music instills a sense of unity, unity in moments. What can you imagine to be the essence of music in the
presence of the divine?

[unckycis i BUCHOBKM

Y pocnifxeHHi npeacTtaBneHo pecypcoedeKkTMBHUI Niaxia A0 HaBYaHHS MOBHMX Mogenew [Ans reHepadii gianoris y
CTUNi NEBHOrO NepcoHaxa 3a JOMOMOrol napameTpoedeKTMBHOro HanawTyBaHHs. 3anponoHOBaHUA METO BUKOPUCTOBYE
anroputMm Low-Rank Adaptation (LoRA) ansa HanawTyBaHHA mogenen GPT-2 Large Ta GPT-2 3a miHimanbHux obuncniosa-
NbHUX BUTpaT. MeTpuKy ouiHEHO 3 BUKOPUCTaHHAM Kracudikatopa Ha ocHoBi DistiiBERT gns nepesipku, WwWo mogens noc-
TiVIHO reHepye pesynbTaTu, Y3romKeHi 3 6akaHnm cTunem.

MpencraBneHa meTogonorist Moxe GyTu 3acTocoBaHa B pi3HUX cdepax, 3o0Kpema:

e yaT-60TN 3 OCOBMCTICTIO MEPCOHaxa;

e CTBOPEHHS AiarnoroBux CUCTEM, LLO iMITYHOTb iICTOPUYHKX OCiO, BUragaHnx nepcoHaxis abo BigomMi ocobucTocTi;

e reHepauis HapaTuBIB, Y3rogXXeH1X 3 XapakTepoM NepcoHaxiB, Ans XyAOXHiX TBOPIB;

® CTBOPEHHSI CTUIICTUYHO Pi3HOMaHITHMX HAabopiB AaHUX ANs HABYaHHSA abo OLUiHKM Mogenen.

Hanpsamu ana noganbwmnx AOChiaXeHb:

® pO3LIMPEHHA MeToay ANS NATPUMKW KiNbKOX NepcoHaxiB abo cTunie 04HOYaCHO;

e BUKOPUCTaHHSA HaBYaHHS 3 NiOKPINNEHHAM ANa AOHABYaHHA MOAErTi;

e iHTerpauisi 3BOPOTHOrO 3B'A3KY Bi NtoAen abo anbTepHaTUBHMX MeXaHi3MiB OLiHKM ANns NOKpaLLEeHHSs BiaNoBigHOCTI;

e [OCnifKeHHs MacliTaboBaHOCTI NiaXoay 3 BUKOPUCTAHHSIM MEHLL MOTYXXHUX NONepeAHbo HAaBYEHNX MOAENEN, TaKkNX SK
ANCTMNboBaHi abo KBaHTU30BaHi.

Omxe, npeacTtaBneHa poboTa 4EMOHCTPYE, Lo NapameTpoedekTUBHE HanaluTyBaHHS € MPaKTUYHMUM PiLLEeHHAM Ans CTu-
NICTUYHOT reHepalii TeKCTy, WO crnpusie pecypco3bepiratodomy BNpoBagKeHHIO Moaenen o6pobkn npmpoaHoi MoBu 3 ocobu-
CTiCHOI opieHTauieto. OTpuMaHi pe3ynbTaTu NiAKPECo T NOTEHLUIan Lboro nigxoAy Ansg po3BUTKY nepcoHanisosaHoro LI
Ta reHepauii KpeaTUBHOIO KOHTEHTY.

BHecok aBTopiB: OnekcaHap MapuyeHko — koHuenTyanisauis; metoauka; PycnaH lNMpasocya — nporpamHe 3abe3neyeHHs, 36ip i nepesi-
pKka eMnipuYHMNX AaHWX, eMnipuyHe AOCNIAXKEHHS, aHani3 mkepen, NiAroToska ornagy nirepatypu Ta TEOPETUYHNX OCHOB AOCHIMKEHHS.

Dxepena cdiHaHcyBaHHA. [y6nikaLilo 4acTkoBO nNpodiHaHcoBaHO KUIBCbKUM HauioHanbHUI yHiBepcuTeToM iMeHi Tapaca LLeByeHka.
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DIALOG STYLE TRANSFER WITH PARAMETER-EFFICIENT FINE-TUNING

This work explores the application of modern fine-tuning methods, characterized by high parameter efficiency, to the task of generating dialogue
responses in the style of a specific fictional or real-life character. The main goal of the study is to develop an approach that allows existing language
models to be adapted to the specific communication or speech style of a particular personality using a minimal number of new parameters. This
avoids the need for full retraining of large models and reduces computational costs.

One of the key objectives is to enable the implementation of a compact yet functional language model that can be run on a standalone computer
without requiring servers or powerful graphics processors. Such an approach opens new possibilities for personalized or entertainment applications,
such as creating chatbots capable of interacting with users in the persona of a character from a book, movie, or even a historical figure.

To implement this approach, we propose the use of the LoRA (Low-Rank Adaptation) method, which allows efficient fine-tuning of existing
transformer architectures — in particular, the GPT-2 model — without retraining all of its layers. Using LORA makes it possible to add stylistic features
to the model's speech without compromising its core ability to generate logical and coherent texts.

To evaluate how well the model has learned to imitate the target speech style, we additionally train a BERT model as a classifier to distinguish
between texts written in the desired style and ordinary, neutral responses. This provides an objective quality metric for generation and allows us to
assess the effectiveness of the fine-tuning.

The dataset used for training was generated using the GPT-4 mini model, which enables the rapid creation of a large number of examples in the
desired style.

Keywords: natural language processing, parameter-efficient fine-tuning, low-rank adaptation, text generation.
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METOA HAMMEHLUUX KBAOPATIB BIAHOCHUX NOXUBOK
Ans ouiHIOBAHHA NAPAMETPIB CUCTEM 3A HEKNACUYHUX NPUNYLEHDb

Po3anssHymo 3adayy onmumarsibHO20 OUyiHI08aHHSI Napamempie pezapeciliHoi Mmodesi 3a docmynHUMU CriIocmepeXXxeHHAMU 3a-
JNIeXXHOI 3MiHHOI U ycix peepecopie. 3anponoHoeaHo 0151 po3e'a3aHHsA yiei npobremu eukopucmoegyeamu Memod HaliMeHWUuXxX Kea-
dpamie eiOHOCHUX noxubok. OyiHka ybo20 memody — ye moYyka, y siKili docsieae c8020 MiHiMyMy cyma Kkeadpamie 8iOHOCHUX
noxubok pezpeciliHoi Mmoderi, a He cyMa keadpamie abconromHux noxubok moderni, IK y 3euyaliHoMy Memodi HaliMeHWux Kkeao-
pamie, sikuli MoO)XxHa Ha3eamu MemoOoM HaliMeHWux Kkeadpamie abcosIromHux Noxubok. 3HavyeHHs1 hyHKUioHana sskocmi po3asisi-
Hymozo memoady exe He 3asiexxums 8i0 00UHUYb 8UMipy GOCMYIMHUX CITOCMEPEXEHb.

Y po6omi sieHa ¢hopma npedcmaesieHHs onMuMarnbHOi oyiHKuU Memody HaliMeHWux keadpamie 8iOHOCHUX Moxub6okK y cumya-
yif, Konu cnpaeednueo KnacuyHe NpuUNyuw,eHHsi, wjo 2apaHmye ii eOuHicmb, NowupeHa Ha eunadok, KOJIUu ue npunyujeHHs1 rnopy-
weHo U oyiHKa exe He € eOQuHOK. B ocmaHHIl cumyayii euHukae nompeba y eukopucmaHHi onepamopa rncee0oo6epHeHHs
mampuyb 3a Mypom — lMeHpoy3om. Takox Onst o6ox eunadkie npedcmaesieHi 8i0noeioHi si8Hi aupa3u 05151 NOXubKu oyiHO8aHHs
yum Memodom.

Kpim yboeo, sik Hacnidok Ons 3eakeHo20 Memody HaliMeHuwux Kkeadpamie, y eunadKy euKopucmaHHsl sIKk ea2080i Mampuuji
doeinbHOI Mo3umueHo eu3Ha4yeHoi Mampuuyi, 05151 060x 32adaHux cumyauill 3a aHasnoziero makox HaeedeHOo si8Hi ¢ghopmu npeod-
cmaesneHHs1 8i0noeidHOI onmMuMasibHOI OUiHKU Ub020 Memody ma eupa3y Osisi MOXUbKU OUiHIO8aHHS.

KnioyoBi cnoBa: pezpeciliHa Modenb, OuyiHrO8aHHSI Napamempie, HeKacuyHe NpunyweHHs, onepamop nceedoobep-
HeHHs1 3a Mypom — leHpoy3om, Memod HaliMeHWux Keadpamie, 3eaxeHull Memod HaliMeHWux Kkeadpamie, Memod HaliMeHWux
Kkeadpamie 8iOHOCHUX MOXUBOOK.

Knacudikauis BignoBigHo o AMS 2020: 93E24, 62H12.

Betyn

EcbekTuBHe AoCnigxeHHs pisHUX CKNagHMX KNnaciB CUCTEM BaXKO ysiBUTU 6e3 KOHCTPYIOBaHHSA AN HUX BiANOBIAHWNX afe-
KBaTHUX MaTeMaTUyHMUX mogenen. MNMpuyomy, KO MaeMo cripaBy i3 3agaveto igeHTudikauii o6'ekta y By3abkoMy pO3yMiHHI,
TO AOCTynHa iHdopMalis Npo MateMaTU4Hy Modenb Oyae BigoMa 3 TOYHICTIO A0 AEesiKUX HEBIOOMWMX nmapamMeTpiB, TOOTO
npobrnema KOHCTpYBaHHA NOTPIOHOT Moaeni 3BoaANTLCA 40 PO3B'A3aHHS 3afadi 3HAaXOMKEHHST OLLIHOK LIMX napaMeTpiB MO-
Aaeni, onTuMarnbHUX Y AesaKOMY PO3YMiHHI.

OavH i3 nowmpeHnx nigxoais Ao po3B's3aHHsA 3ragaHoil npobnemu ineHTUdikauii napaMmeTpiB MaTeMaTUYHOI Moaeni no-
nsirae y BUKOPUCTaHHI Bigomoro metogy HavmeHwux keagpartie (MHK) (Gauss, 1809; Legendre, 1805). Ouinka MHK 6yna
pocnigXeHa aK y cuTyauil cnpaBeanmMBOCTi KNacMYHOro NPUNYLLEHHS, Lo rapaHTye il €AUHICTb, Tak i B cUTyauiil Moro MoXxnu-
Boro nopyueHHs (Albert, 1972; Bjoérck, 1996; Hansen et al., 2013; Rao et al., 2008; Weisberg, 2014). B octaHHin cutyadii
BUHMKae noTpeba 3BepHYTMCA OO BMKOPUCTaHHS onepaTtopa nceBnoobepHeHHs 3a Mypom — lNMeHpoysom (Moore, 1920;
Penrose, 1955).

Bigomo, o ouiHkoto 3BuyanHoro MHK € Touka, y sikini jocsrae cBoro MiHiMmymy cyma kBagpartiB noxnbok mogeni, ToUHile
cyma KkBagpatiB abcontoTHMX noxnbok Mogeni. Y noganswmnx mogundikauisx MHK nepeiwny go MiHimizauii kBagpaTtuiHnx
dopm Big, BekTopa abcontoTHMX NoXnbok Moaeni 3 BarosBUMu NO3UTUBHO BU3HAYEHUMU MaTpULSMK crielianbHOi CTPYKTYpU
(Rao et al., 2008; Weisberg, 2014).

Y npencTaeneHii poboTi 3anponoHOBaHO A5 OLHKW NapaMeTpiB perpeciiHol moaeni Bukopuctosysatv MHK BigHocHMX
noxmbok (Chengsi, 2001; Tofallis, 2008), onTumarnbHa OLjiHKa SKOro MiHiMi3ye Cymy KBaApartiB BiHOCHMX NOXMOOK moAeni Ha
BigMiHy Bia ouiHku 3BnyanHoro MHK, wwo 6a3yetbca Ha MiHiMi3auii cymu kBagpartiB abcontoTHMX noxubok mogeni. Y nybnika-
uisix (Chengsi, 2001; Tofallis, 2008) ansa uiei mogeni ouiHka MHK BigHOCHUX NOXMBOK aHamMi3yeTbCsl TiNbKN y BUNAAKY, KON
CrpaBeAnMBO KnacuyHe NPUNyLLEHHS, WO rapaHTye il €4VHICTb. Y OOCHIOXKEHHI Lel pe3ynbTaT NOLWNPEHO Ha BUNAAOK, KON
Lie Knacu4He npunyLleHHst Moxe ByTu nopylieHo. Takox ans 06ox BMnNaakisB npeacraBneHi HeobXxiaHi Bupasn anst noxnbok
ouiHioBaHHA MHK BigHOCHUX MOXMOOK.

Ak Hacnigok, 3a aHanorieto, HaBedeHi BiANOBIAHI pe3ynbTaTh y BCiX 3ragaHux BUnagkax Ans OuiHKM 3BaXKeHOro metoay
HarmeHLwwnx keagpaTis (3MHK) 3 4OBINbLHO NO3MTUBHO BU3HAYEHOK BaroBo MaTpuLElo.

1. OcHOBHI pe3ynbTaTn

Po3rnsHemo 3agady 3HaxXO[MKEHHS OLiHKM BEKTOpa HEBIQOMMX CTaLiOHApHUX NapaMeTpiB oL ANs perpeciiHoi moaeni
y(k)=x" (kyou+e(k), k=LN, (1
ne y(k)— BiZomi ckansipHi CNocTEPeXeHHs! Haf 3anexHo 3MiHHOMW, x(k) — JOCTYMNHI BekTopu perpecopis, aeR”, e(k) —
NOXmnoKK mogeni.
HeobxigHo 3a oTpyMaHuMK BUMipamu {y(k),x(k)}liv=1 3HaUTWN oNTUMarnbHY OLIHKY BEKTOpa napameTpis o cuctemu (1).

OntumaneHicTb Bygemo posymitn sk y pobotax (Chengsi, 2001; Tofallis, 2008).
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OsHayeHHs. Hexan ona o6'exta (1) cnpaseanueo y(k)#0, k=1,N . OuiHkol BEKTOpa HEBIAOMMX NapameTpiB o Arns cuc-
Temun (1) METOAOM HaMEHLLMX KBagpaTiB BiGHOCHUX MOXMOOK € OLjiHKa G , Ha SKil OCAraeTbCa MiHIMyM Takoro doyHKLioHana

o327

MoTpibHO nigkpecnuTy iHBapiaHTHICTb 3HAYEHHS KPUTEPIO ONTUMAaNbHOCTI (2) BiQHOCHO OAUHMLE BUMIPY OOCTYMHUX CMO-

CTepexeHb {y(k),X(k)}kN=1 :

Mepenuwemo cuctemy piBHAHb (1) y MaTpuyHOMy BUrMAgi

y=Xo+e,
»(1) (1) (1)
e e y(:z) e xT:(Z) My, (R). e e(:z) .
»(N) A (N) e(N)

Teopema 1. OuyiHka & e6ekmopa Hegidomux napamempie o Modesni (1) memodom HaliMeHwux keadpamie 8iOHOCHUX
rnoxubok 6yde:
1) eGuHoro modi i minbku modi, Konu rank(X ) = p, i Mae suensd

&= (XTDX)_I X"y, 3)
npu4omy ii noxubka ouiHr8aHHs
A6)=d-a :(XTDX)_IXTDe : )
2) He eduHoro modi i minbku modi, Konu rank(X ) < p, @ MHOXUHa yCix yux ouiHok 6yde 3adasamucs 32i0HO 3

+ +

1 1 1 1
d(c): D2X | D2y+ E,- D2X | | D2X ||c, ceR?, (5)

npu4omy eidnoesiOHa rnoxubka oyiHI8aHHs
1Y 1\ 1

A(a(c))=6(c)-a=| D2X | D2e+|E,~| D2X | | D2X ||(c-a), ceRP”. (6)

HalimeHwy Hopmy ceped ycix oyiHok (5) 6yde mamu ouyiHka
1 !
Ga=|D2X | D2y,

+

npu4oMy ¢hopMynia OCmaHHbOI OUIHKU CYmmeeo Cripowyemscs, SKWO0 Mampuus X Mae MoeHull paHz o psokax
(rank(X)= N ) i Habyeae euansidy

-1
a=xT ()Q( T ) V.
Tym D:diag( y2 (1), y_2(2),---, y‘z(N )) (") — onepamop nceedoobepHeHHsi 3a Mypom — [MeHpoy3om, E, — 00uHu4Ha

mMampuusi mopsioky p .

JlosedeHHs1. O4eBMAHO, LLO OLiHKa G MeTOoAy HalMEHLUMX KBafpaTiB BiGHOCHMX MNOXMOOK MO CTPYKTYpPi € YaCTUHHUM BU-
nagkoM OLiHKM 3BaXkeHOro MeTody HawmeHwwwux ksagpatis (SMHK) (Bjorck, 1996; Rao et al., 2008; Strutz, 2016), Ha skin
[ocaraeTbCs MiHIMyM OyHKLioHana

eTWe, w >0,
y cuTyaluii, KON siKk NO3UTUBHO BU3HAYeHy MaTpuui W B3ATO fiaroHanbHy MaTpuul D .

Lle mae 3mory cnpoctuTu aHani3 ouiHK1 MeToAy HalMeHLUUX KBagpaTiB BiHOCHUX NOXMOOK & . Po3rnsiHemo nocnigoBHO
obuaei cuTyalii.

1) Mpwunyctumo, wWwo mnk(X) = p . OueBMaHO, WO UA ymoBa 6yae HeobXiaHOW Ta 4OCTaTHLOK YMOBOK €AMHOCTI OLLHKM

MHK BigHOCHMX NOXMOOK & , a BUrNsg 6e3nocepeHbo OUiHKM & Ta ii TOXWMOKM OLiHIOBaHHS A(d) HabyayTb NpeaAcTaBneHHs

(3) Ta (4) BignoBigHO, Sk YacTUHHI BMNaaku BignosigHnx dopmyn ans ouiHkm 3MHK (Bjorck, 1996; Rao et al., 2008; Strutz,
2016), konu BaroBa matpuus W =D . BigmiTumo, Wo ouiHka & Ans uboro Bunaaky y urnsgi (3) 6yna Bxe oTpumaHa y
poborTi (Tofallis, 2008).
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2) Hexan rank(X)< p . 3po3ymino, wo B uboMy Bunagky ouiHka MHK BigHocHux noxubok He Gyae eamHoto. Cnovatky
KpuTepin (2) TpaHcdopmyeMo 0 BUrNAQY
2
N 2 1 1
e(k) T 2u_n2
O(a)= ( ] =e¢' De=|D2y-D2Xa| ,
(@) ;ZI »(F)

ne |4 — eBkninoBa HopMma.

OcTaHHe oae 3amory CTBepaKyBaTH, L0 MHOXMHA Ycix ouiHok MHK BigHOCHMX NoxmbBok 36iraeTbCsl i3 MHOXWHOO BCiX Nce-
BOPO3B'A3KIB BIOHOCHO 0L Takoi CMCTEMU MiHiIHNX anrebpaiyHux piBHAHb (YapiH, 2004)
1 1
D2Xa=D2y,
i 3apaeTbes Tak (Albert, 1972):
1Yo 1Y

oc(c): D2X D5y+ E,- D2X | | D2Xx c, ceR?P.

A BignosigHa noxmbka oLiHtOBaHHSA

1\ 1 1

A(a(c))=6(c)-a=|D2X | D2y+|E,~| D2X | | D2X ||c-a=

1
=|D2X Dze+ E,- D2X (¢c—a), ceR?.

Cepep ycix ouiHok MHK BigHOCHMX noxubok Ha MHOXWHI (5), 3rigHo 3 (Albert, 1972), HalnmeHLWwy HopMy Byae MaTtu OuiHka
Y
&=|D2X | D2y

[MpoaHanizayemMo ocTaHHIO OLUiHKY Y BMNadKy, Konu Matpuus X Mae NoBHUW paHr no psgkax. Hexawm rank(X):N, TOoMi

1 1
3pO3yMino, Wo i rank| D2X |= N Takox. Ockinbku D2X Tex Mae NMOBHWI paHr no psakax, To ii nceBgoobepHeHa maTpuus

nerko nigpaxoByeTbca Ta 3rigHo 3 (Albert, 1972) HabyBae Burnaay

TN 1 Yooy o Y 17 1 -1

p2x | =|p2x | || D2X || D2X -xTp2 1)5()()(T)1)E :XT(XXT)_ D 2.

Togni

N
1 1 11
1 -1

&=| D2X DEy:XT(XXT)_ID_EDEy:XT(XXT) v

[oBeneHHs1 3aBepLUEHO.
3ayBaxeHHs. [1idkpecriumo, wo y sunadky, Komnu rank(X ) = p , MakKkoX MOXxHa Kopucmysamucsi ¢popmynamu (5) ma (6), 60

y ubomy eunadky pedynbmamu (3) ma (4) € yacmuHHuMmu sunadkamu ¢chopmyn (5) ma (6).

3 [oBefeHHs OCTaHHBbOI TEOPEMU BUMNIUBAE, LLIO BOHA CNPABAXYETLCS | TOAi, KONMU K OLHKY BEKTOpa HeBigoMUX napa-
meTpiB o Mogeni (1) 3amiCTb OLiHKM MeToAy HaMeHLIMX KBaApaTiB BiHOCHMX NoXnbok & BukopucTtath ouiHky 3MHK dy
3 OBINbHOK MO3UTUBHO BU3HAYEHOK BaroBot maTpuueto W . OuiHka Gy Y BUNaZKy, KOMU cripaBedniMBe KIacuyHe npumny-

LLeHHS, WO rapaHTye ii eaunHicTb, Oyna gocnigpkeHa y poboTax (Bjorck, 1996; Rao et al., 2008; Strutz, 2016), a ocTaHHin
BMCHOBOK [03BOMNSE OOMOBHUTM 3ragaHe AOCMiAKEHHS pe3ynbTaToM y BUMNaAKy, KOMu Le KnacuvHe NpunyLLeHHs MopyLuy-
eTbcsl. A came, cnpaBeAnviBe Take TBePAXKEHHS.

Teopema 2. Hexall Oy € OUiHKO 38ax€HO20 Memody HaliMeHWUx keadpamig Orisi 8eKmopa HegidoMux napamempis o

moderni (1), mobmo Ha Hili docsieae MiHiMyMy ¢byHKUioHan

e'we, w>0,
O0e W — QosinbHa no3umueHo gusHayeHa mampuusi Mopsioky N .
Todi oujiHka 38axxeHo020 Memody HaliMeHwux keadpamig Oy 6yde:

1) eduHoro modi i minbku modi, Konu rank(X ) = p, i Mae suensd
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dyy = (XTWX)A xXTwy,
npu4omy ii noxubka ouyiHr8aHHS
Aéy ) =6y —o = (XTWX)il XTWe;
2) He eQuHoro modi i minbku modi, Konu rank( X ) < p, @ MHOXUHa ycix yux ouiHok 6yde 3a0agamucs 32i0HO 3

1Y 1Y
Gy (c)=|W2X | W2y+|E,~| W2X | |W2X ||c, ceR”, (7)

npu4yomy 8idnoegiOHa rnoxubka oyiHeaHHs1 Habysae guernsidy

+ +

1 1 1 1
Aldyy (c)) =6y (c)—a=|W2X | W2e+|E,~|W2X | |W2X ||(c-a), ceR”.

HadimeHuwy HopMmy ceped ycix ouiHok 6yde mamu ouiHKa

1\t 1

qy =| W2X | W2y,

npuyomMy ¢hopMyna ocmaHHLOI OUIHKU CYmmeso CrpOulyembCs, SKWO Mampuus X Mae rosHull paHa no psdkax
(rank(X)=N ), i Habysae suensidy

&W:XT()O(T)_IJ/.

[unckycis i BUCHOBKM

[ns ouiHkM napameTpiB perpecinHoi MoAeri 3anponoHOBaHO BUKOPUCTOBYBATW OLHKY METOAY HaMMEHLUUX KBaapaTiB BigHOC-
HMX NOXMBOK & . Bupas i sBHOI hbopMmM NpeacTaBneHHs, KOMW CNpaBoKYETLCS KIacuyHe MPUMYLLEHHS, Lo rapaHTye ii eQuHIiCTb,
y3aranbHEeHO Ha BUNagoK, KOMW MOPYLLYETLCS 3rafaHe KrnacuyHe npunyLleHHs. B octaHHbOMyY BUNaaKy AOCNioKEeHHS MPOBEAEHO
3 BUKOPUCTaHHSIM onepaTtopa ncesgoobepHeHHA matpuub 3a Mypom — MNeHpoysom. [ing obox Bunaakis HaBeaeHi sBHIi hopmMu
NpPeACTaBIEHHs SK AN OLiHKM METOAY HaMEeHLUMX KBafpaTiB BiGHOCHMX NOXMOOK, Tak i Ans il noxmbku oujiHoBaHHSA. Ha BigmiHy
BiJ OLiHKM 3BUYaAHOrO METOAY HaMMEHLLMX KBaapaTiB, Lo MiHiIMi3ye cyMmy kBagpaTiB abCconmtoTHUX NOXMOOK Moaeni, OLiHKa MeToay
HalMeHLLNX KBaZipaTiB BigHOCHUX NOXMOOK MiHIMI3ye cyMy KBapaTiB BilHOCHMX MOXMBOK Mogeni. 3 ornsaay Ha Lie 3BM4aiiHui MeToz
HalMEeHLLMX KBagpaTiB MOXHa Ha3MBaTM METOAOM HaMeHLUMX KBaapaTiB abCoMOTHUX NOXMOOK.

Ak Hacnigok Ans o6ox 3ragaHnx BUNaAKiB TakoX NPEACTaBMNEHO aHanorivyHi pe3ynbTaTi Ans OLiHKW 3BaXKEHOro MeToay
HaMeHLINX KBaapaTiB, KONW B poni BaroBoi MaTpuLi B3ATO AOBINbHY NO3UTUBHO BU3HAYEHY MaTpuULLIO.

Yci npeacTtaeneHi TBEPAXEHHS MOBHICTIO Y3rOApKyHOTbCH 3 paHille OTPUMaHUMK BiGOMUMMK pesynbTatamu.

Dxepena iHaHCyBaHHA. [locnigXeHHsi 4acTKOBO NpodiHaHcoBaHO KMIBCbKMM HauioHanbHUii yHiBepcuTeToM iMeHi Tapaca LLeByeHka.
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LEAST SQUARES METHOD OF RELATIVE ERRORS
FOR PARAMETER ESTIMATION OF SYSTEMS UNDER NON-CLASSICAL ASSUMPTIONS

The problem of optimal estimation of regression model parameters based on available observations of the dependent variable and all regressors
is considered. It is suggested to use the least squares method of relative errors to solve this problem. The estimate of this method is the point at
which the sum of squares of relative errors of the regression model reaches its minimum, not the sum of squares of absolute errors of the model, as
in the ordinary least squares method, which can be called the least squares method of absolute errors. The value of the quality functional of the
considered method no longer depends on the units of measurement of the available observations.

In the paper, the explicit form of the representation of the optimal estimate of the least squares method of relative errors in a situation where the
classical assumption is valid, which guarantees its uniqueness, is extended to the case when this assumption is violated and the estimate is no
longer unique. In the latter situation, there is a need to use the Moore-Penrose matrix pseudo-inversion operator. Corresponding explicit expressions
for the estimation error by this method are also presented for both cases.

In addition, as a consequence, for the weighted least squares method, in the case of using an arbitrary positive definite matrix as the weight
matrix, for both of the above-mentioned situations, explicit forms of representation of the corresponding optimal estimate of this method and the
expression for the estimation error are also given by analogy.
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TPUBUMIPHI 3AQAUI KEPYBAHHA AUMHAMIKOIO
HEMOBHO CNMOCTEPEXXYBAHUX TOBCTUX NMPYXHUX NINT.
YACTUHA IIl. BUNAQOK OUCKPETHO 3AAAHOINO BAXKAHOIO CTAHY

Ynepwe po3e'sizaHo cknadHi 3adayi kepyeaHHsI MOGCMOI0 MPYXHOK MIUMO, OUHaMIKy sSIKOi onucaHo pieHssiHHaMuU Jlsime e
ob6mexxeHill mpusuMipHili npocmopoeili o6nacmi Ha cKiH4eHHOMY Yacoeomy giopi3Ky. Cymb yux 3aday nosisieac 8 momy, w0 rnosie
npyxHo-0uHaMivyHUX 3MiweHb naumu nio dieto kepyroyoi hyHKYiT Mae Habyeamu 6axaHo20 cmaHy, 3ad0aHo20 QUCKPemHO & Mpo-
cmopi ma 4aci, abo nepebyeamu e MiHiMasIbHO MOX/TUOMY, 3a 8i0OMUX yMO8, cepeOHbLOK8adpamuYyHOMY OKOJIi Uux 3Ha4eHb. Y
posi Kepyroyux yHKYili Moxxymb 6ymu obpaHi 06'eMHi, no4amkoei, noeepxHeai ma mopuesi pyHKYii 308HiWHLOOUHaMiYHUX
ennueie, W0 MOXyms enueamu Ha QUHaMiKy NUMU KOXHa OKpeMo, abo 8 npakmu4YyHO MOXueili KoM6iHayii KinbKkox makux
ennueie. 3a3Ha4eHi 3adayi po3e'sizaHO 3a HasieHOCMIi OUCKPEeMmMHO 8u3Ha4YeHUX 308HIWHbLOOUHaMIiYHUX crlocmepexeHb 3a no4am-
KoeUM, KpaliloguM i mopyeeumM cmaHOM naumu y Haneped eidoMux mo4kax, W0 Hasexamb obracmsam eu3Ha4eHHs 32adaHux
suwe cmaxis. PaKmu4Ho, Ui criocmepexeHHs1 € QUCKPeMmMHUMU MoYamKoeuMu, KpaliogeUMU ma mopuyesumu ymoeamu, IKUMU OO-
noeHremsbcsi pieHsiHHs1 Jlsime. lpome ixHs1 Kinbkicmb i sskicmb Mo)xe 6ymu AoeinbHO ma ensueamume Jsuwe Ha 2pomizokicme
o64ucrnieHb. Ha ocHosi duckpemHux noyamkoeux, kpallogux i mopyesux ymMoe pa3oM i3 duckpemHumu 6axxaHumu cmaHamu, ypa-
X08YHOYU MPU YbOMY iHmezpanbHull euansio moderti, hyHKYil KepyeaHHs1 3HaliOeHO sk ceedopo3e 'sI3KU cucmemu anzebpaiyHux
pieHsIHb a6o cucmemu iHmezpanbHUX pieHsAHb. Takox No6ydoeaHo i oyiHeHO Ha MOoYHicmb i 0GHO3Ha4YHicMb aHanimu4Hi 3ane-
JKHOCMIi 308HIWHBLOOUHaMIYHUX Kepyro4ux ¢hakmopie ma eUK/TUKaHO20 HUMU MOJIs1 MPYXKHO-OUHAMIYHUX 3MiUWjeHb MOYOK niaumu.
Po3anssHymo yacmuHHi eunadku desikux Mo)xsiueux Kom6iHayili kepyeaHb QUHaMiKor0 moecmoi nNpyxXHoi naumu.

Kno4yoBi cnoBa: npocmopoeo po3nodineHi QuHamiyHi cucmemu, npocmopoei 3ada4yi meopii npyxHocmi, moecmi
npyxHi nnumu, 3adayi KepyeaHHs1.

Knacudikauis BignosigHo ao AMS 2020: 74-10, 74H75.

BcTtyn

MponoHoBaHa cTaTTa NPOAOBXYE AocnimkeHHs aBTopiB (CTosH, YepHin, & Bonolyk, 2024) npobnem kepyBaHHS ANHA-
MIKOI MPY)XHO-AMHAMIYHOI KOHCTPYKLi, WO € 06'eKTOM AOCHimKEHHs | ABnse cobol BU3HAYEHE Yy MPOCTOpi TPUBUMIpHE
NpyXHe Tino, obmexeHe ABOMa napanenbHMU NAoLWMHaMK Ta A0BINbHOro 06pUCy LMMIHAPUYHOK NOBEPXHEHD MK HUMMU.

[ocnimKkeHHs NPyXHO-ONHAMIYHUX XapaKTePUCTUK TakuX Tin (NAnT) y TPMBUMIPHINA NOCTAHOBL € CKNagHUM MaTteMaTtuy-
HUM 3aBAaHHAM, LIO HE Ma€E TOYHOrO Ta MPUAHATHOrO ANS NPakTUKM po3B'asky. e cknagHilwmmmn € 3aBAaHHA KepyBaHHS
OnHaMmikoro Takux Tin. OcTaHHe noB'sidaHe 3i cknagHowamy MaTemaTuyHuX 3anexHocTten (Lur'e, 1964; Timoshenko, &
Woinowsky-Krieger, 1987) nons npy>Ho-guHaMi4HMX 3CyBIB Tifa Bif 30BHiLUHbOANHAMIYHUX 30yproBanbHUX YakTopiB, AKMMMU
BOHW BU3HA4alOTbCS.

BinblWicTb TpagWUiNHO BiAOMWX pe3ynbTaTiB AOCMIMKEHHS AWHAMiKM Ha3BaHUX OO'ekTiB OynyM OTpUMaHi YMCENbHO
(Grigorenko, Savula, & Mukha, 2000; Grigorenko, Ya., & Grigorenko, A., 2013) Ha niacTaBi mMaTemaTU4HUX Mogenewn
(Nemysh, & Khoma, 1993; purontok, & Cenesos, 1973; Huryn, 1963; LLepemeTbes, & Menex, 1964) ixHbOi AMHaMIKK, IO
3a3Buyan bygyesanucs (Selezov, 2018) Ha npunyweHHsx (Cenesos, 1961) Npo HEBENUKY TOBLUMHY MPYXXHOTO Tifa Wwoao horo
iHLUMX reoOMeTPUYHUX PO3MipiB.

3rogom Hamm 6yno 3anpornoHoBaHo (CtosiH, 2016) HaniBTPMBUMIPHI MaTemaTuyHi Moaeni AUHaMIKN TOBCTUX MPY>KHUX MIuT,
AKUMMW TPMBUMIpHE Nore AVHaMIYHMX 3MILLEHb NIMTX ONUCYBAarocs ABOBUMIPHUMU ANdEPEHLianbHUMN PIBHAHHAMMW, NapameTpu-
YHO 3aneXHUMW Bif, BUPOAXKEHOI NOMepeYHoi koopamHaTi. HesBaxatoum Ha HECKIHYEHHOBMMIPHWUIA NOPSAOK LUMX PIBHSHb, HAMU
Oyna 3anponoHoBaHa i MeToavka nobyaoBU IXHBOrO TOYHOrO MaTeMaTUYHOIO PO3B'A3KY 3 MoAarnbLUMM BUKOPUCTaHHSIM 4O PO3B's-
3aHHS TPUBMMIPHUX NMOYATKOBO-KPaMoBKX 3a4a4 AMHAMIKV NPYXHUX MNUT | kepyBaHHA HUMu (CTosH, 2016).

Y poboTi (Stoyan, 2018) nobynosaHo OinbL BAany MaTteMaTuyHa MoAeNb AVHAMIKA TOBCTUX MPYXXHUX NIWT, Ska B 3pyy-
HiLi ANst NpakTUkn oopMi ONMcye TPUBUMIPHE NPYXXHO-AUHaMIYHE More TOBCTOI NpyxHoi nnuTn. OcTaHHe AonomMorno noby-
AyBaTu aHaniTU4HUIA PO3B'A30K MOYATKOBO-KPAMOBOI 3agadi AMHaMIKU MAUTU, SKUA, TOYHO 3a40BOMbHAYN AndepeHLiiHe
PIiBHSIHHSA MoZerni, 3a cepeAHbOKBaApaTUYHUM KPUTEPIEM Y3roaXYeTbCH i3 30BHILUIHbOAMHAMIYHUMU CMOCTEPEXEHHSIMU 3a
NAUTOK Ha il rpaHMYHO-NOBEPXHEBUX OOMAcTsAX, HE3BaKaluWM Ha KinbKiCTb i SKiCTb ocTaHHiX. Ha 6asi uiei mopeni y
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aocnimkeHHi (CtosH, YepHin, & Bonowyk, 2024) 6ynu ycniwHO po3B's3aHi i 3agadi kepyBaHHSA OUHAMIKOK TOBCTOI MPYXXHOI
NNUTU 3 BUBEAEHHS NOMs ii MPY>XHO-AWHAMIYHNX 3MillleHb Y cepeQHbOKBaZApaTUYHUIA OKIN aHaniTMYHO 3a4aHoro CTaHy rpa-
HUYHO-NOBEPXHEBMX 06IacTeN OCTaHHbLOI.

MeToau, nogibHi oo poarnaHyTux y (CtosH, 2024), ane BUKOPUCTaHi A4S MOAENMOBaHHSA PYHKUIOHANBHO CTIKUX TEXHO-
NOriYHMX NPOLLEeCiB NPOMUCIIOBUX NignpueMcTs 6ynu 3actocoBaHi B poboTtax (Pichkur, & Sobchuk, 2021; Pichkur et al., 2024),
e aBTOpW PO3rMsHYNN NiHINHY ANCKPETHY MoAenb AesKoro abCcTpaKTHOro npouecy Ta 3afgadvy KepyBaHHS HUM, BUKOPUCTO-
BYIOYM NPU LbOMY BrAcTUBOCTI NCeBA00OEPHEHNX MaTPULb.

JocnigXeHHs, npoBeaeHi y npeAcTaBrneHin poboTi € akTyanbHUMMK, OCKiNbKM anroputM nobyaoBKM Ha iXHii OCHOBI pO3B's-
3Ky 3agadi kKepyBaHHS QUHAMIKOK TOBCTOI MPYXHOT NANTU CyTTEBO CMPOLLYETLCH, HE 3aneXuTb Bif, KifbKOCTi Ta AKOCTi yMOB
Npo No4YaTKOBMWI, KpaioBWI, TOPLEBUI | BaxkaHWUiA CTaHu NNUTK | Moxe ByTy BiQHOCHO HecKNagHo peanizoBaHuUi 3a 4ONOMO-
roK Cy4aCHUX CUCTEM KOMMN'IOTEPHOI MaTeEMaTUKK.

Hwxue, K npopoBxeHHs pesynbTaTtiB pobotu (CtosiH, YepHin, & Bonowyk, 2024), 3 BUKOPUCTAHHSAM BUKMNaAeHUX Y
(CtosH, 2024) meToaMK OOCNIOKEHHSA PO3MOAINEHMNX NPOCTOPOBO-YACOBNX CUCTEM B YMOBAX HEBU3HAYEHOCTI, HAaMK OyayTb
po3B'A3aHi 3agadi kepyBaHHS NonemM MnpyxHo-ANHaMiYHUX 3MiLLEeHb TOYOK TOBCTOI NPY>XHOT MAUTU AN HENiAMOMHUX Knacuy-
HOK MaTemaTuKO BUMafKiB, Konu 6axaHuin CTaH NUTU 3a4aeTbCsl B OKPEMUX MPOCTOPOBO-TPAHNYHMX TOYKaX OCTaHHbLOI.
3a NpunyLLeHHs, WO ANCKPETHO BU3HAYEHOI € i iHdopmMaLis Npo rpaHMYHO-NOBEPXHEBUIA CTaH NNuMTW, ByayTb NobyaoBaHi
aHaniTMYHI 3aneXHOCTi N0YaTKOBO, MPaHWYHO Ta NOBEPXHEBO BU3HAYEHMX KEPYHOUUX (DaKTOPIB, KOXKEH 3 SIKMX OKPEMO Ta Cni-
NbHO 3 iHWKMMK Aa€e 3MOry Nore NpYXHO-ANHAaMIYHUX 3MiLLEHb TOYOK NNUTU 3a cepeaHbOKBAAPaTUYHUM KPUTEPIEM NPUBECTU
0o 6axaHoro ctaHy. Ak i B (CtosiH, YepHiin, & Bonowyk, 2024) 6yayTb AOCHimXEHi MMTaHHst TOYHOCTI 1 0QHO3HAYHOCTI OTpU-
MaHMX PO3B'A3KIB, @ TaKoX ixHs hopma y BUPOKEHUX BUNadkax — HeobMexeHa B MnaHi nnuta (MpyXHWI Wwap) i guHamika
NNnUTK, WO BCTaHOBUNACS B Yaci.

1. OCHOBHi O3HaYeHHs Ta pe3ynbTaTu

1.1. TpuBuMipHa MaTeMaTuU4Ha MoAernb AUHAMIKM TOBCTOI NPYXHOI NNUTH

MpoooBXMMO po3rnsaa AMHaMIKM TOBCTOI MPYXXHOI MAUTK, BHYTPILWHIA 06'eM S, SKOi y AeKapTOBii cucteMi KoopavHaT
0x, 0y, 0Z OBMeXeHU NoBepxXHAMMN z = +h i umniHapom I = {¢ = (x,¥,2): (x,y) € I, —h < z < h} MiX HUMK.

Mo3HaumBLM Yepes A i u NPYXHO-AMHAMIYHI XapakTepucTMKM MaTepiany nnutu, AnHamiky (f — yacoBsa koopauHara) ii
OnMLIEMO CUCTEMOIO PiBHSHB Jlame (Lur'e, 1964)

L(g, 9, )u(s) = f(s), (1)
y skt s = (.t) € Sg = Sy X Ty X [0,T], g = (0y,0y,0,,),
(A + 202 + u(0; + 07) — po? (A + a0, (A + 1)a,0,
L(9,0;) = (2 + W, 0, (A +2w)05 + u(9Z + 07) — pof (4 +wdy0, :
(A + o, 0, (A +wa,o, A+ 207 + u(02 + 02) — po¢

a f(s) = col(fi(s), f2(s), f5(5)) i u(s) = col(u,(s), uy(s), u3(s)) — BeKTopm 06'€MHO BUBHAYEHMX CUITOBMX DAKTOPIB i CNprym-
HEHWX HAMM 3MiLLeHb TOYOK & € Sy X [ Y HanpsIMKy KOOPAMHATHUX OCEMN.
Ak i B (CTosH, YepHini, & Bonoluyk, 2024), audepeHuianeHy matematuyHy Mogens (1) 3amiHnumo (CtosH, 2016; Stoyan,
2018) 3pyuyHiwmm ansa poboTw i iHTerpanbHUM ekBiBaneHToM BUay
+00

u(s) = J- G(s —s"f(shHds',

+100 +ico (2)

E(zJ q, s")
G(s—s") 16714 J- f ————dpdq,

—jco —joo

Ae i — ysIBHa OAVHNLS, p = (P, P2, P3), dp = dp1dp,dps, @

L(0g,0.)G(s —s') = A(s —s") (3)
3a

A(s —s") =diag(6(s—s"),i=1,3),

8(s—=s5") =6(x—xN6(y—y)6(z—2")
(TyT 8(*) — 8-pyHkuisa Hipaka).

3Baxatoun Ha 06MEKEHICTb NPOCTOPOBO-4acoBOi 06AacTi ST, 30BHILLHLOAUHAMIYHY KapTUHY (DYHKLIOHYBaHHSA NAUTW Ans

Hai3aranbHilloro Bunaaky BU3Ha4MMO CriBBigHOLLEHHAMM:

L?"(at)u(s)lt=0,feso = frO(f)'r = 1! RO ’

L (0)u(s)] s = fo"().p = LRE, @
Lg(as)“(sﬂsesur =f, (s),p =1,Rr,
y skmx  L90,) (r=1LR,), Ly (0) (p = ﬁ) Lh(%) (p=1,Rr) ~— 3apaHi [udbepeHuianbHi  onepatop,

o ={(xy) €S,z=2m}x[0,T], Sg={T@x(-h<z<mW}x[0,T], a fAEO(r=1LR), f;(s)(p=1R%),
fX(s) (p = 1, Rr) — BinOMi curosi chaktopm.
YpaxoBytoun BracTMBOCTI BU3HAYEHOI 3rigHo i3 (2), (3) maTpuyHoi dyHKuUii G(s —s'), po3s'asok 3agad (1) i (4) moxHa
3anucaTtu (Stoyan, 2018) y surnsai
u(s) = Ug(s) +u(s) +ut(s) + u=(s) +ul(s), (5)

ISSN 1812-5409 (Print), ISSN 2218-2055 (Online)



~ 204 ~ B 1 C H U K KuiBcbkoro HauioHanbHoro yHieepcurety imeHi Tapaca LleBueHka

ne
Uy (S) = jG(s —sNf(s"ds',
s
w(s) = f G(s — oo fO(€)dE',
% 6)
w(s) = f G(s — sHFE(S)ds
st
ul(s) = fG(s - s (sNHds'
3a o

fO8) = col(£°(§),r =1L Ry),
" 0
f*(s) = col(fy (s),p =1,Ry),
fT(s) = col(f5(s),p = TRr) .
3ayBaxumo, Lo npeacTaBneHHs (5) Bektop-cpyHKuii u(s) 3MiLLeHb TOHOK po3risayBaHOl MUTK CrocTepiraTMMeMo i Ansi Buna-
OKY, KON 30BHILUHbOAMHAMIYHI 06'EMHI Ta rpaHWYHO-NOBEPXHEBI CMIMOBI (DAKTOPX BU3HAYEHI AUCKPETHO TaK, LU0 NpW 3agaHux y
Toukax s; (I = 1, L) 3HayeHHsmu f; (I = 1, L) 06'eMHO po3nogineHnx 30BHiLLHEOAMHaMIYHNX CUIOBUX hakTopiB f(s)
Lg(at)u(s)h:og:;l“ = fr(i ,7=LRy,l=1,Lg,

+ + T pt
L0 )ul| _see = foip = LRE L= 1, Ly, (7)
Lg(af)u(s)h = fu(s),p=1LRr,1=1,Lr.

=sfesy
MpoTe

L
Ua(s) = ) GG = s)fi,
=1

Ry Lo
— 0 0
uO(S) = ZZG(S -5 )lt{’=0,§’=flo frl ’
r=1 l=Rl L
+ Ls o (8)
ut(s) = ZZG(S —Sf)f,;l ,
p=11=1
Rr Lp
ul(s) = ZZG(S —slr)fprl ,
p=11=1

Lo, 5K i BMLLe, po3B'A3ye novaTkoBo-kparnosi 3agaui (1), (4) Ta (1), (7).
Onsa sunaaxy, konu dyHkuii £0(8), f(s), fT(s) Ta BekTopK
O =col((fSr=1Ry), 1 =1,Ly),
fr=col((f,p=1Ry)l=11Ly),
fT = col((fpp = TR),1 = TLp)
IXHiX 3Ha4YeHb MalTb HEe CUINOBWIA XapakTep, BNMB OCTAHHIX HA CTaH BHYTPILLUHbO-NOBEPXHEBMX TOYOK MANTM MOXHA 3MOAe-
—0 —+ —r
nioBatu (Stoyan, 2018) cunosummn xapaktepuctukamu f (s°), £ (st), f (sD),

/70 = col (]_‘?n,m = 1,—11/10)
—+ ),

}_‘i = col( ;l,m =1,M
—r —T
f = col( m= 1,Mr),

+

oo =0  —0 o —+ & T T .
wo cnpasednuei ans f, = f (spm), f,, = f (Srﬁ_), fm =_f _(sm),
s°€S,s% €5,5 =25, % (—,0],
st €S sheS, 5T = (RA\Sy) x (z> ) x [0,T],
sTES ,s, €S, S =(R3\S) x (z<—h)x[0,T],
I I I
sTeS s es,s =(R3\Sy) x(—h<z<h)x[0,T]
Ta BM3Ha4aloTb 3a aHanorieto i3 (6), (8) dyHkuii

u(s) = f G(s — s’)?o(s')ds',
S
ut(s) = f G(s— s')}_ci(s’)ds’, 9)

5
ul(s) = fer G (s - s')]_‘F(s')ds’,
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abo

My
—0 _
u’(s) = Z G(s—sp)f SmES,
m=1
M

W) = ) G(s—si)f 5w €S, (10)
m;rl
_r _T
ul(s) = G(s—sh)f,, SmES

y cnieBigHowweHHi (5) npu
0

Ry
®= f I2@u()le=o = F2ON7dE + ). f 15 (@ )us) = £ @) ds +
15 p

Mx

=1+

S woo (11)
+;§[ 145 (3 uls) = £ ()]s + pZ J 12500 )uts) ~ £ (s)[ds — min

S

r

abo
q)zq)1+q)2+q)3+q)4—>rl}:1(£r)1, (12)
Ry Lo 2
@, = ZZ | L?(af)u(s)h:o.ssz - fr(% ’
r=11=1
Ry Ly 2
@a= > sl ~ gl
p=11=1
R_ L_
@1 = 3 3 (0 lecs; il
p=11=1
Rr Lr 2
I IN [ACH ORI
p=11=1

a BekTop-pyHKLUis u(s) byayeTbesa 3 ypaxyBaHHaM (9), (10).

He 3ynuHsa4mch Ha po3B'asanHi 3agad (1), (4), (11) ta (1), (7), (12), ski 3a BigoMux 06'eMHO po3noAineHnx 30BHiLLIHbO-
AvHaMivyHUX 36ypeHb f(s) aeTaneHo po3rnsaHyTi Hamu y (CTosiH, YepHin, & Bonoliyk, 2024), 3ayBaxumo, Lo NpeacTaBneHa
cniBeigHowweHHsaMM (5), (9) Ta (5), (10) BekTop-chyHKUiA u(s) piBHSAHHIO (1) Byae 3a00BOMbHATU TOYHO, @ CNiBBIAHOLIEHHAM
(4), (7) cepeoHbokBagpaTU4HO  Mpu  BM3HadYeHux  3righo 3 (11), (12) mopgentoBanbHOMY  BEKTOpY

= —0 —+ — T = —0 —+ _ —T
f=col(f ,f ,f ,f ) TamogentoBanbHin BekTop-dyHKUil f(s) = col(f (&), f (). f (s),f (5))-

1.2. 3apayi kepyBaHHA AUHAMIKOI TOBCTOI MPYXHOI NAUTU 06'€éMHO pPoO3NoAiNIeHUMMU 30BHILLHLOAUHAMIYHUMU
BNNMuBamu

BuknageHi pesynbtatu OCnigXeHH AUHAMiKM TOBCTOI MPY>XHOT NAUTK 3BOAMMMUCS A0 PO3B'A3aHHS 3a4ay nodyaoBu Be-
KTOP-(PYHKUiT 3MiLLleHb TOYOK NNNTK 3a BiJOMMX NOYaATKOBUX 00'€MHO-ANHAMIYHMX NOBEPXHEBO i FPaHNYHO PO3MNOAINEHNX 30-
BHILLHbOAMHAMIYHMX 36ypeHb, AKMMKM Bynu sk cunosi daktopu £(s), f°(&), f(s), fT(s), Tak i 36ypeHHs He CUNOBOro
XapakTepy, cniBBigHoLWEHHsIMU (4), (7) BU3HAYeEHi Yepe3 KOMMNOHEHTN BEKTOP-pyHKLUIT u(s).

PosrnsHemo 3agayi nobyaoBM 04HOMo 3 Has3BaHWX hakToOPIB 3a BIAOMMX iHLLKX, SIKi BU3HAYMMO 3 ypaxyBaHHsM (4) abo (7)
" ymoB GaxaHux cTaHiB

Lr(as)u(s)|s=sv = UT'(S*)'r =1LR, (13)
Lr(as)u(s)lszs[ = Url'r =LRI=1L (14)

npv 3apgannx L, (0s), U.(s), U, Tas* € ST, s; € ST, 1=1,L.

3ayBaXxumo, Lo BiACYTHICTb OOMEXEeHb Ha KinbKiCTb i siKicTb iHGopMmalLii, 3agaHoi cniBBigHOWEHHSAMY (4), (7), a Takox
OOBINbHICTb y BU3HaYeHHi (13), (14) 6axxaHoro ctaHy NvMTK, NOCTaBEHi 3afadvi kepyBaHHSA pobnsaTe MaTeMaTUYHO HEKOPEK-
THUMW. 3 ornsiQy Ha ue HeBiaoMi kepytodi dhakTopu BM3HA4YaTMMEMO 3 YMOBM HaMKPaLLOro cepefHboKBaApaTUYHOIO Yy3ro-
DKEHHS1 BeKTOP-PYHKUIT u(s) 3MiweHb iM BiONOBIAHMX 3i 3HAYEHHAMM GaXkaHMMK Ta CMOCTepeXyBaHMMU 3rigHo i3 (4), (7).
3ayBaxumo, Lo AN BUNagKy, KONW OCTaHHI 3a4aloTbCsl HEMEPEPBHO CMiBBIAHOLLIEHHAMU (4), TO MOCTAaHOBKM Ta PO3B's3KMN
3afad kepyBaHHA HaBepfeHi y (CtosH, YepHin, & Bonouwyk, 2024).

Hwxye 3ynuHMMocCst Ha po3B'si3aHHi LMX 3afadv Ans AUCKPETHO BU3HAYeHOoro 6axaHoro ctaHy (14) 3a ymMoBM, LLIO 30BHiLL-
HbOAMHAMIYHI Ta TOPLEBI CMOCTEPEXEHHS 3a NMUTOI BU3HAYaoTbCA cniBBigHOWEHHSM (7). Ak i B (CTosH, YepHin, & Bono-
wyk, 2024) ui cnoctepexxeHHA MoAentoBaTMMEMO OUCKPETHO Ta HENEPEPBHO BU3HAYEHUMN MOAentoBansH1UMK daktopamm

—0 —+ T —0 —t —r
(f .f ., fH)ta(f (s).f (s), f (s)) sianosigHo, siki no3a po3rnaayBaHoo 06nacTio S; BuaHadeHi Tak, Wob 3a cepeaHbOKBa-

OpaTMYHOro BMKOHaHHA yMOB (12)
L

R
.= 3 L 0)uS) e = U - min (15)
4 u(s)

=1
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Po3B'sdyBanbHi piBHAHHA ANS BU3HAYEHHS LMX MOAENoBaNbHNX BEKTOPIB i BEKTOP-DYHKLN oTprMaemo i3 (7) nicnsa nig-
crtaHoBoK Tyam (5), (10) Ta (5), (9) BignosigHo. Lle 6yayTb cuctemMm niHiiHMX anrebpaiyHmx i NiHIMHUX iHTerpanbHUX PiBHSHb,

AIKi MPU KepyBaHHi NPYXHOIO MIMTOK 3a JOMOMOrol 06'eMHO po3noineHux 3ycunbs f(s) Ta ]_f = col(f(sm) = fm=1, M),
MaTMMyTb BUMSAA B
Af =F (16)
Ta
©
TyT (+) 03Havae iHTerpyBaHHsA Mo obnacTi BUSHaYeHHS nigiHTerpanbHoi dyHKLUii, a
F = col (((f;;,r =TR)1=11Lo),((fp =TR)L=TL),((fp =TR),U=T L),

((fprl'p =1LRp)l= TLF)'((UHJT =1R)l= L_L))
— BekTop 6axaHoro CTaHy Ta 30BHILIHbOANHAMIYHMX COCTEPEXEHb 3@ CTAHOM MINTH,
F=col (77 F.7.7),
F(s) = col (70 ©.F ), 7‘(5),7%5),7(3)) ,
— BEKTOP Ta BEKTOP-PYHKLIS Kepyouunx Ta MozaentoBanbHNX 3rigHo i3 (12) i '(‘1 5) npyxHo-guHaMiyHMX hakTopiB, a
a=[ay)2 A6 = [446)]7

i,j=1
— MaTpuus Ta MaTpuyHa YHKLIS, Yy SKNX

A;j = col (( str (Z(i)G (s — EO))L:EU) ,m= 1,MQ’)),r(i) = 1,§(i)),l = @)

A;j(s") = col <(Z(i)G(s - s')|s=§(i),r(i) = l,ﬁ(i)),l = 1,£(i)> ,s' €X(j).
TyT iHgeken i = 1,5 Ta j = 1,5 BU3HAYa0Th HOMEPU KOMMOHEHTIB BEKTOPIB
r(@) = p,p,p.7),
L) = (1830, L (05, Ly (35), L5 (05), L, (35) ),
R() = (Ro, Ry, R_, Rr, R),
L(l) = (Lo, L+, L_,L[‘, L):
S@) = ((f{’, 0),s,s0, st sl*),
S(G) = (Sp S Smo St Sm)»
M) = (Mg, My, M_, My, M),
——+ - _r
2()=(55.5.5,s7).
Posg’saskamu cucrem (16), (17) Taknumu, wo

= 2
|af = F[" - min, (18)
2

j A(s)f(s)ds — F|| — min, (19)

) 7@

OoyayTb (Stoyan, 2018) B

. [=ATPF+U-ATPj AV, (20)
f(s) = AT(S)P;F +u(s) — AT(s)P;A,, (21)

3a BiANoOBIAHUX po3MipHOCTEN BekTopa U = col(vy, v+, v, 1, v) Ta BekTop-dyHKLUii
— — —_ —r
v(s) = col((vy(s),s € 5), w*(s),s € S+), W (s),s €S ), @W'(s),s €S ), W(s),s €SY)),
TOTOXHO PIBHMX HyMHO, AKWO det ATA > 0 Ta Al]im det[AT(si)A(sj)]:'j,:V > (0 BignosigHo,
BeKTOpa
A, = J-A(s)ﬂ(s)ds
©
Ta MaTpuub
P, = AAT, P, = f A(S)AT (s)ds
©)
nceBOo06epHEHHS SKMX MO3HAYEHO 3HAKOM *.
3i cniBigHOLWEHb (20), (21) 3Haxo4MMO Kepytody BEKTOP-(YHKLLH0
f(s) = (4l5(s),i = 1,5)P;(F — Ay) +vu(s),
BU3HAYEHNI BULLLE BEKTOP 1T 3HAYEHb
f=(4k%,i=15)P/(F-Av) + 7,
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a TakoX MoAentoBarbHi BeKTop-(pyHKui'l'
f (s) = (AL,(s),i = 1,5)P;(F — A,) +v,(s),
f (s) = (45(s),i = 1,5)P;(F — 4,) +v*(s), (22)
(s) = (A (s),i=1, 5)P2 (F-A4,))+v (s),
(s) = (A (s),i=1, S)P2 (F—A4,) +v"(s),
3 IXHIMW 3HaYEHHAMU
f (A%, i=1,5)P;(F — AD) + vy,
f = (4%,,i=1,5)P; (F — Av) +v*
f = (A%,i=1,5)P;(F — Av) + v~
= (A7, i=1,5)P;(F — Av) + v".
BusHaueHHi y (22), (23) MogernioBanbHi cbyHKLul fo(s), 7). F () ]_fr(s) Ta BEKTOPY IXHIX 3HaYeHb /70, A ]_CF AaloTh
aMory 3a HeobxiaHocTi yepes cniesigHoLeHHs (9), (10) aHaiTh cknanosi u’(s), ut(s), ul(s) BekTop-pyHKuUii cTaHy u(s).

BignosigHo no (Selezov, 2018) usa dyHKuUis, OyBLIM PO3B’A3KOM PIBHSAHHS (1), i3 30BHILUHbOAMHAMIYHMMMW CMOCTEPEXKEH-
HsIMM (7) Ta BU3Ha4yeHomy B (14) 6axkaHoMy cTaHi nnuTn Byae y3romKyBaTUCS 3 TOYHICTHO

2 = min(® + ®,) = min||Af — F|| = FTF — FTAA'F (24)
u(s) f

(23)

3a [IUCKPETHO BM3HAYEHOTO KepyBaHHS! f Ta
2

£? = min(® + ®,) = min fA(s)F(s)ds —F|| =FTF —FTP,P;F (25)
u(s) TN

3a NPOCTOPOBO PO3MOAINEHOro AMHAMIMHOTO KepyBaHHS f(s).
MogamMo kepyroumii BEKTOP f Ta kepyrody BEKTOp-pyHKUi0 f(s) y 3py4dHIilLOMY AN NPaKTUYHOrO BUKOPUCTAHHS BUMNSAAI.
3Baxaroum Ha Te, Lo

A = col(( str (L‘}(at)G(s Sm)ls=(e00pm =1, M) r=1, RO) =1, LO)

Ays = col <(str (L5 @)6(s - Sl _gpm = TM),p=1TR,),1=T, L+>,

=

Ass = col <( str (L;(as)G(s - sm)|s=sl_,m = m)p = ﬁ)z = _L_>

Ags = col<(str(L£(as)G(s—sm)| _om=1 M) p —1,_Rl—),l =1_>,

,Lr
Agg = Col((str(L (0)G(s = spdls=spm =1, 1,M),r=1,R),l= 1,L),
KEPYUUNA BEKTOP 7 MOXHa 004YnCcnNUTK 3a PopMyroLo:
f=(Als A}s A%g Al Als) (AAT)* (F — AD) +v,
A€ U — [JOBINbHWI BEKTOP po3MipHOCTi My + M, + M_ + My + M 3 AiiCHUMKM KOMMNOHEHTaMu. 3ayBaXKMMO, LLIO KOMMOHEHTU

BeKTOpa f piBHi OCTaHHIM M KOMMOHEHTaM 3HargeHoro 3a dopmynoto (20) BeKTopa Kepyumnx i MogentoBasnbHUX NPY>XHO-
OWHaMiYHUX bakTopiB.
YpaxoBytouu Te, WO

Ays(s) = col((LO(a )G(s = s)o(erop™ =1, RO) 1=1,L ) s' €T,
Ay5(s") = col ((L (05)(0)G (s — S')|s=sl+'p = 1,R+),l =1, L+>,S’ €55,
Azs(s’) = col( L (0,)G(s — sm)|s_s_,p = 1,R_),l =1, L_>,s’ € ST,

|

Ays(s") = col ((LE(OS)G(S - Sm)ls:s{‘p =1, Rr).l =1, LI‘)!S’ €55,

Ass(s") = col ((Lr(as)G(s = Sm)ls=s; 0 = 1LR),l= L_L),S’ € ST,
Kepytody BEKTOPHY (PYHKLtO f(s) MOXHA 0BYMCIIUTY 338 (OPMYIOLO:
F(s) = (AT5(s) ATs(s) ALs(s) AGs(s) AT5()) P(F — A) +u(s),
ne u(s) — AOBINbHA HenepepBHa B S7 BEKTOPHA (YHKLLS, PO3MIPHICTb SIKOT yaromkeHa 3 f(s). 3a3HaunMO, L0 KOMMOHEHTM
BEKTOPHOT (pyHKLIi f(s) piBHi OCTaHHI KOMMNOHEHTI, 3HaAEHOT 3a hopMyroto (21) BEKTOPHOI-YHKLT Kepytounx Ta MOAENto-
BaNbHUX NPY>XHO-ANHAMIMHUX GOaKTOPIB.
1.3. 3agaya KepyBaHHA AMHaMIKOIO TOBCTOI MPYXHOI NIUTU 3@ y4acTHO 06'€éMHO po3noAiNneHnx 30BHIlWHbOAVHA-

MiYHMX BNJIMBIB | (PaHUYHO-NOBEPXHEBUX 30ypeHb
PosrnsHemo 3agadvy kepyBaHHsSl AUHAMIKOK TOBCTOT MPYXKHOT NAMTW AN BUNaaKy, KONu, siK i BuLLEe, 6axaHui cTaH BU3Ha-
YaeTbes Kputepiem (12), a y npoueci kepyBaHHs, KpiM 06'eMHO po3nogineHux kepytoumx daktopis f(s) Ta f , bepyTb y4acTb
i rPaHNYHO-NOBEPXHEBI KepYtoYi 30ypeHHs
£, (§ €So,m=1LRo); f;7 (), (sEST,p=1LRy); f;(s)(sE€ESg,p=1R); f;(s),(s €Sg,p=1Rr).
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AHaniTUYHi BMpasn NS OCTaHHIX OTpUMaeMOo 3i cniBBigHOWEHb (4) 3a HasiBHOCTI BekTop-hyHKUil u(s), nobyaoBaHoi

3 ypaxyBaHHsIM BEKTOP-GpyHKLIif /70(5), ]_‘i(s), fr(s), abo BekTopiB ]_‘0, fi, }_‘r iXHIX 3HaueHb, 3rigHO i3 (12), MOAEMIOIYMX
30BHILLUHBOANHAMIYHY KapTUHY crnocTepexeHb (7) 3a Heto. 3adada BM3HAYEHHs LUX MoAentoBanbHUX (GakTopiB, a TaKoX i
Kepyoumnx BekTop-pyHKUii f(s) Ta BekTopa f 3BeAeTbCcsa A0 CepefHbOKBaApaTUYHOro 3rigHo i3 (18), (19) obepHeHHsM po3B'-
A3Y0UNX PiBHSAHB (16), (17), MoaundikoBaHMX ANS KOXHOIO KOHKPETHOrO BUMNAaZAKy KepyBaHHS.

KepyeaHHsi no4amkoeumu Ui 06°'eMHO po3nodineHumMu QuHaMiYyHUMU 36ypeHHsIMU

PosrnsHemo 3agadi kepyBaHHsi AMHAMIKOIO MPYXXHOI NAUTM CYMICHOIO Ajeto 06'eMHO pO3nogineHmx i No4aTkoBO BU3HAYEHUX

30BHILLIHLOAMHAMIYHUX 36YpeHb £ (s) (a60 f) Ta f,(s) 3a HAasIBHOCTI NOBEPXHEBO-TPaHNYHIX criocTepexeHb [+, £, fT y (7).

Kepytoya BekTop-dyHKUis f(s) | BEKTOP )_‘ pa3soM i3 BEKTOP-pyHKLiEI0 f(s), AKOK Ha3BaHi CNOCTepeXeHHs1 MOAEeNoTLCS,
OyanyTb Bu3Hayatucs poss'askamu (20), (21) piBHsHb (18), (19), 3anncaHux 6e3 rpynu piBHAHbL 3 HECMOCTEPEXYBaHVMM
9 (r=1,Ry 1 =1,Ly) npasopyy. Kepytody x BekTop-byHKUito f°() oTpumaemo i (4) 3 ypaxyBaHHAM u(s) BM3HAYEHOrO
BignosigHo fo (5), (9).

KepyeaHHsi cymicHoto dieto 06'eMHO po3nodineHuUx 308HiWHbOOUHaMiYHUX 36ypeHb U 0OHO20 i3 2paHU4YHO-No-
eepxHesuXx ernsusie

PosrnsHemo BMnagok kepyBaHHSA AUHaMIKOKO MPYXKHOI NAWTU 32 AONOMOro 06'€MHO PO3MNOAINEHOro 30BHILLHBEOAUHAMIY-
Horo 36ypeHHs f(s) (abo )_‘) ¥ OHOTO i3 rpaHNYHO-NoBepxXHEeBMX BNNMBIB £ (s), T (s) 3a HAsBHOCTI NOYATKOBMX Ta rPaHNYHO-
NOBEPXHEBUX CroCTepeXeHb (7) 3a PeLUTO 30BHILLIHbOAVHAMIYHUX 30yproBanbHUX akTopiB.

Mo>kHa MoMITUTK, Lo PO3B'A3aHHS LMX 3adadv 3BeAeTbCs A0 cepeAHbOoKBaapaTUYHoOro obepHeHHs piBHSaHb (18), (19), vy
sikMx GyayTe BICYTHI PIBHAHHS 3 HecriocTepexysaHumm [ (p = 1,Ry, 1 =1,Ly), fy, (p = 1,Rp,1 = 1,L) y Npasiit 4acTuHi.
Po3B'a3aHHA Hawmx piBHAHL chiBBigHOWeEHHsAMM (20), (21) BU3HAUMTL MOAentoBarbHi YHKLUIT (260 BEKTOPM iXHiX 3HaYEHb),
AKUMM 3rigHo 3 (9), (10) 3HaX0AMMO CKNaAoBi Uy, (s), u(s), ut(s), ul (s) BekTop-byHKLIi 1(s), a Yepes Hei CniBBiAHOLLEHHSIMY
(4) — | KOMMOHEHTM LLYKaHUX 06'EMHUX Ta rPaHUYHO-NOBEPXHEBMX KepyBaHb f(s), f(s), fT(s).

3ayBaXkMmo, O aHanoriyHo MoXyTb ByTW po3B'A3aHi i 3agadi kepyBaHHA AMHAMIKOI pO3rnsigyBaHOi NANTU, KON BOHO

BMKOHYETbCA 06'€MHO po3noaineHum cunosum daktopom f(s) (abo f) cninbHo 3 gBoma abo HaBiTb TPbOMa NOBEPXHEBO-
rPaHNYHMMM 30BHILUHBOAMHAMIYHUMU 36ypeHHAMU. OcoBnUBICTIO PO3B'A3aHHS TakUX 3a4ay KepyBaHHS € Te, L0 Y PO3B'sa3y-
Ho4UMX piBHAHHAX (18), (19) 6yayTh BiacyTHI ABa ab0 Tpu PiBHSAHHSA, LLO BiAMNOBIAATL HECMIOCTEPEXYBAHMM BigNoOBiAHO A0 (4)
30BHILUHBOANHAMIYHUM haKTopaM.

1.4. 3agavya KepyBaHHA AUHAMIKOK TOBCTOI NPYXHOI NINTU NpU BiAOMUX 06’€MHO po3noAineHuX 30BHilWHbOAU-
HaMi4YHUX 30ypPEeHHAX

Po3srnsHemo ocobnmBocCTi kepyBaHHS MHAMIKOIO TOBCTOI MPYXXHOI MAUTK AN BUNAAKY, KONy 06'eMHO po3noAineHi 30BHi-
LWHBbOANHAMIYHI 306ypeHHsT f(s) dyHKUIOHANbHO BigOMi, 30BHILUHbOAMHAMIYHWUIA MPOCTOPOBO-YaCOBUI CTaH BU3HA4YaeTbCA
cnieBigHowweHHsM (7), a i 6axaHuin cTaH (14) gocsraeTbes Aieto 04HOro, ABoX Ta GinbLue AOCTYMHUX NS LbOro NoYaTKoBUX

i NOBEpPXHEBO-KPaoBUX KEPYIOUNX aKTOpIB }_‘0 ©®, fi (), ]_fr(s).

O6paHuii ans peanisauji kepytounin paktop (0AWH, UM Kinbka) BU3HAYMMO CRIBBIQHOLLEHHSM (4) 3a BigoMOi BeKTOp-cpyHKLT
—t+ -]

u(s), sKy nobyayemo BignosigHo Ao (5), (9) abo (5), (10) 3a HassBHOCTI dpyHKLN f ’ @&, f i(s), f ' (s) abo BekTOpIB /70, . f ' TXHiX
3HaYeHb, AKMMM 3rigHo i3 (12), (15) mogentoeTbea AOCTYNHa AN CNoCTepeXeHb KapTuHa (7) 30BHILLHBOAMHAMIYHOMO CTaHy MnnTW.

BusHayeHHs 3ragjaHunx BuLLE MOAENOBANbHMX BEKTOPIB 3BeOEeTbCS 00 PO3B’A3aHHA (CepefHboKBagpaTuyHoro obep-
HeHHs) cucteM (16), (17), nobyaoBaHMX 3 ypaxyBaHHSM MOCTAHOBKW 3a4advi kepyBaHHA (BiOOMO, UMM KepYeETbCSA AMHaMiKa

nnuth). 3okpema, y cuctemax (16), (17), sk i Buwe, 6yayTb BiACYTHI piBHAHHA 3 £ (r = 1, Ry, [ =1, L), fpil (p=1Ryl=
P — —_— _— —0
1,L.), fprl (p = 1,Ry, 1l =1, L) y NpaBii 4aCTWHi, KO Y CNUCKY KEPYIOUMX 30BHILLHBOANHAMIYHMX aKTOpPIB € 36ypeHHs f (),

—+ _r
£ (), f (s) sianosigHo.

3aranbHUM AN BCiX BUMAAKIB KepyBaHHS Y po3B's3ytounx piBHsHHSX (16), (17) 6yaoe 3miHa BekTopa F y iXHiX npaBux
YyacTUHax Ha

F = col ((((fﬁ ~ 180U (Mrmogogy) 7 = TRo ) L= ﬁ)

<((fpt L0t (®emsz ) 0 = TRy ) L = m>.(((fp7 1 (0w @so).p = TR) L =T L),
(((fpﬁ — 10 e (Dlogp) 0 = TRr) L = 1_Lr>)

e BeKTop-hyHKLIS Uy, (s) cniBBigHOWEHHAM (6) BU3Ha4YaeTbCst Yepe3 06'eMHO po3nogineHe 36ypeHHs f(s).

Po3B'asaHHs MoaudikoBaHMX TakMumM YMHOM pO3B'A3ytoumx piBHSAHb (16), (17) gossonuTb 3rigHo 3 (5), (9) abo (5), (10)
BM3HAYNTU PYHKLiO u(s), BigNOBIAHY HAsiBHUM 30BHILUHBOAMHAMIYHUM yMOBaM (7) dpyHKUioHyBaHHA nnmTw. LUykaHi kepytoui
pakTopu ByayTb 3HaWAeHi 3a JOMOMOro CriBBiAHOLWEHHS (4).

TouHiCTb poO3B'A3aHHA BiONOBIQHOI 3adadi Ta il OAHO3HAYHICTb, SK | BULe, OyayTb BM3HAYaTMCS, YMOBAMU TOYHOCTI 1
OOHO3HAYHOCTI PO3B'A3aHHs piBHAHL (16), (17).

HOuckycisi i BACHOBKM

OT1xe, y poboTi 3anponoHOBaHO i 4OBEAEHO A0 NPOCTUX MaTEMaTUYHKX CNiBBIAHOLIEHb METOAUKY PO3B'A3aHHS CKNagHmX
3aay KepyBaHHSA AMHAMIKO TPMBMMIPHOIO MPYXHOro Tina y ¢opmi nrnockoi Nnnutn 6e3 obmexeHb Ha dopmy ii TopLeBoi
nosepxHi. Mepenbayvanocs, WO AnHaMiKa NUTU BU3HAYaAETLCS NPOCTOPOBO PO3MNOAINIEHUMN Y BHYTPILLUHBOMY 00'eMi NNnTw,
a TaKoX NoYaTKOBUMU Ta rpaHUYHO-NOBEPXHEBUMM 30BHILLHBOANHAMIYHUMU DakTopamu, Lo MOXYTb ByTu BigoMUMU, cnoc-
TepiraTucs B QUCKPETHO 3aJaHuX NPOCTOPOBO-4aCOBMX TOYKax abo po3rnsifaTvcs sk Kepytodi BMMMBM HA NNUTY 3 METO
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cepenHbOKBaApaTUYHOrO HabNWXKEHHS 0O AMCKPETHO 3adaHoro ctaHy. Po3B'azaHo 3agadi nobynoBu 3a3HaYeHNX KepyUmnx
haKTopiB, a TAKOX MaTeMaTUYHOrO MOAEMIOBAHHS OCTaHHIX 3@ ANCKPETHO BM3HAYEHOIO PeakLUieto MANTM Ha iXHI0 HasBHICTb.
BiacyTHicTb 0OMexeHb Ha KinbKiCTb i SKICTb iHopmaLii Npo 30BHILLHBOAMHAMIYHWIA CTAH NAUTKM PobUTb 3adadi BUBYEHHS
AVHaMIKV NAUTU HE4OBU3HAYEHMMMN Ta MaTeMaTUYHO HEKOPEeKTHUMK. MNpobnemun JocnigXeHHS AMHaMIKM Takux NAuT yckna-
AHIOTLCA Mif Yac po3B'A3aHHA 3a4ay KepyBaHHS Takow AMHaMIKo. | Le npy Tomy, WO KepyYMMKn po3rnsaaloTbes BCi 3
MOXITMBUX 30BHILLHbOAUHAMIYHMX BMMUBIB Y AOBINbHIl KinbKiCHi komBiHauil.

[Ons Bciei pi3HOMaHITHOCTI TakMX CKMagHUX MaTteMaTUYHUX 3a4ay KepyBaHHS CKNagHUM MeXaHiYHMM 06'€eKTOM y mexax
CKnagHoi TPMBMMIPHOI MatemaTM4HoI Moaerni No4aHo po3paxyHKoBi (POpMYnu Anst BU3HAYEHHSA 06paHuX kepytodmx akTo-
piB, @ Takox Ans nobyaoBn BMKNMKAHOTO HUMW TPUBMMIPHOTO NOMS MPYXHO-AWHAMIYHWUX 3MilLleHb 3 OLiHKOK TOYHOCTI Moro
Y3rofpKeHHs i3 3asganerigb 3agaHumMmn 6axxaHMMM 3Ha4YEHHSAMM.

BHecok aBTopiB: Bonogummnp CTosiH — KOHLUeNnTyanisawis, MeToauka, TeopeTuyHi OCHOBM AocnigKeHHs; Omutpo YepHih — meToguka,
36ip i nepesipka gaHux; Ceprin Bonouyk — meToauka, emnipuyHe AOCHIAKEHHS, NiAroToBka ornsaay nitepaTtypu; PomaH 3atopcbkuin —
eMripuyHe A0CNILKEHHS.

Dxepena diHaHcyBaHHs. ®iHaHCYBaHHS 3[iNCHIOETLCS BMACHMM KOLLTOM aBTOPIB Ta YacTkoBO 3abe3neyeHo KMiBCbKMM HauioHanbHUM
yHiBepcuTeTOM iMeHi Tapaca LLeByeHka.
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THREE-DIMENSIONAL PROBLEMS OF CONTROLLING THE DYNAMICS OF INCOMPLETELY OBSERVED THICK
ELASTIC PLATES. PART Il. THE CASE OF DISCRETELY SPECIFIED DESIRED CONDITION

For the first time, complex control problems for a thick elastic plate, the dynamics of which are described by Lame's equations in a bounded
three-dimensional spatial domain over a finite time interval, are being solved. The essence of these problems lies in the fact that the field of elasto-
dynamic displacements of the plate under the influence of a control function should attain a desired state, specified discretely in space and time, or
remain in the minimally possible least-squares neighborhood of these values, given the known conditions. The control functions can be chosen from
volumetric, initial, surface, and edge functions of external dynamic influences, which can affect the plate's dynamics either individually or in practi-
cally feasible combinations of several such influences. These problems are solved given the presence of discretely defined external dynamic obser-
vations of the initial, boundary, and edge conditions of the plate at known points, which belong to the domains of definition of the aforementioned
conditions. In fact, these observations are discrete initial, boundary, and edge conditions that are complemented with Lame's equations. However,
their quantity and quality can be arbitrary and will only affect the complexity of the computations. Based on the discrete initial, boundary, and edge
conditions, along with the discrete desired states, and considering the integral form of the model, control functions are found as pseudosolutions of
a system of algebraic equations or a system of integral equations. Analytical dependencies of the external dynamic control factors and the field of
elastodynamic displacement of the points of the plate induced by them are also constructed and evaluated for accuracy and uniqueness. Partial
cases of some possible combinations of control strategies for the dynamics of the thick elastic plate are also considered.

Keywords: spatially distributed dynamical systems, spatial problems of elasticity theory, thick elastic plates, control problems.
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ALGORITHM FOR RECOGNIZING SIMPLE GRAPHS BY A COLLECTIVE OF AGENTS

Abstract. These days, automation and robotization across various processes are developing rapidly. Naturally, this trend also
extends to exploring environments where human operation is more difficult — or even dangerous — than operating under the same
conditions with specialized robotic systems. This makes research on exploring unknown graphs (map construction) by mobile
agents particularly relevant. This paper proposes a new algorithm for exploring finite, undirected, simple graphs by two different
types of agents. One agent, the researcher, moves through the graph, reads and modifies marks on graph elements, and transmits
information about its actions to the other agent — the experimenter. The researcher's operation is based on a depth-first graph
traversal method. The researcher agent has finite memory that does not depend on the dimension of the graph. The experimenter
agent operates outside the explored graph. Its main task is to build an internal representation of the explored graph (as a list of
edges and nodes) based on information received from the researcher agent. The experimenter agent has finite but unboundedly
growing memory, the size of which depends on the number of nodes in the explored graph. This paper examines in detail the
researcher’s modes of operation, indicating the priority of their activation depending on local conditions, and lists the messages
exchanged by the agents during the algorithm. The complete algorithm for the experimenter to process the received messages —
on the basis of which graph exploration takes place — is also provided. Additionally, the paper analyzes the time, space, and
communication complexity of the algorithm and the number of edge traversals performed by the researcher during graph traversal.
It is shown that the proposed algorithm has quadratic (from the number of nodes of the explored graph) time, space and
communication complexity. The upper estimate of the number of transitions along the edges performed by the researcher agent is
estimated as O(n?), where N is the number of nodes in the graph. For the work of proposed graph exploration algorithm, the
researcher agent needs two paints of different colors and one stone.

Keywords: undirected graphs, graph exploration, agent collective, algorithm complexity, depth-first traversal method.

AMS 2020 classification: 05C85 68R10.

Introduction

A pressing problem in computer science, which has received considerable attention, is the interaction between a controlling
system and a controlled system. Many works over the past decades have been devoted to solving this problem (Dopp, 1971;
Dudek et al., 1993; Stepkin, 2015; Nagavarapu et al., 2020), under the assumption that it involves moving mobile agents through
some environment toward a specific goal. It is quite clear that an agent's movement in an operational environment is possible
only if a complete model of the chosen environment exists. In modeling environments, several approaches have been identified,
one of which is topological. Under this approach, a roaming agent has access to information about connections between different
regions of the environment but lacks metric and algorithmic information about it. Such a situation often arises in robotics (Dudek,
2024), and the topological model is taken to be a graph, equipped with additional information on edges, vertices, and incidences
(points where edges meet vertices of the graph). Typically, three main tasks of environment exploration by an agent are
distinguished: (1) agent self-localization within the environment; (2) verification of the model's correspondence to the actual
environment; (3) construction by the agent of a map model of the environment. A significant number of papers (Fraigniaud et al.,
2004) are devoted to the problem of environment recognition (map model construction), and several recognition algorithms are
known, yielding many results on the feasibility and complexity of such recognition using various agent capabilities. However, the
problem of graph recognition by teams of agents remains under-investigated, making studies aimed at recognizing (mapping)
unknown graphs by various teams of mobile agents especially relevant.

To address the problem of graph recognition by a collective of agents, a number of approaches have been defined and
various algorithms proposed for moving a team of agents through a graph and marking its elements with paints or stones,
enabling recognition of the target graph up to isomorphism. The first works on graph exploration by an agent swarm appeared
in the 1990s (Dudek et al., 1993; Dudek et al., 1998). In these publications, all agents start from a single vertex. They schedule
their next meeting time, divide the available edges among themselves, and disperse along them. After a predetermined
interval, having traversed part of the graph, the agents return to the starting vertex to merge their partial maps. They then set
the next meeting time and again spread out through the graph. This process repeats until a complete map of the explored
graph is built. Similar swarm-based algorithms were proposed in (Wang, Jenkin, & Dymond, 2009; Zhang, 2010). By contrast,
in (Das et al., 2007) an algorithm is presented in which agents start from different vertices, and communication occurs via
tokens that agents leave at graph vertices.

In (Stepkin, 2015), the problem of recognizing finite, simple, undirected graphs by a collective of agents is examined. Two
researcher agents move through the graph simultaneously, read and modify labels on graph elements, and send the
necessary information to an experimenter agent, which constructs the map of the explored graph in its memory as lists of
edges and vertices. For recognition, each moving agent uses two different paints (three colors in total). The method is based
on a depth-first search traversal.

In the paper (Nagavarapu, Vachhani & Sinha, 2016), a decentralized approach to map-building of graphs by a collective
of agents is proposed, in which agents avoid collisions by using marks placed by agents on previously visited vertices of the
graph. In this algorithm, decision-making lies directly with each agent and does not depend on the actions of other agents.
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By contrast, in the paper (Banfi et al., 2018), agents exchange information about completed tasks with a base station via
a dedicated network. In other words, to organize coordinated action among agents, it is first necessary to establish a network
that meets certain conditions.

The object of our research is the problem of constructing maps of the explored graphs by a collective of mobile agents.

The goal of the research is to develop a new algorithm for recognizing simple undirected graphs using two agents, serving
as a base algorithm for further scaling to a larger number of agents traversing the graph.

1. Main Results

We consider connected, finite, undirected simple graphs (without loops or multiple edges). Let ¢ = (V,E) — be a graph
with vertex set V and edge set E. An edge is a two-element subset {u, v} of V; its endpoints u, v are called adjacent vertices,
and the edge (u, v) is said to be incident to both u, v. We may denote the edge either as (u, v) or (v,u). A triple ((v,w),u) is
called the incidence (or point of contact) of edge (v, u) with vertex u. The incidence ((v, ), w) is called the far incidence of v,
and ((v,u), v) the near incidence. Denote by I the set of all such triples. The set L =V U E U [ is called the set of elements of
the graph G. A coloring function of the graph G is a surjective map u: L — {w,r, b}, where w is white, r is red, and b is black.
The pair (G, 1) is called a colored graph. A sequence u,, u,, ..., u; of pairwise adjacent vertices is called a path in G, and k is
the length of that path. If u; = u,, the path is called a cycle. The neighborhood Q(v) of a vertex v is the set of graph elements
consisting of the vertex v, all vertices u adjacent to v, all edges (v, u), and all incidences ((v, u), v) and ((v, u), u). We denote

the power of the sets of vertices VV and edges E by n and m, respectively. It is clear that m < @ An isomorphism between

graphs G and H is a bijection ¢: V; — V}; such that (v,u) € E;; ifand only if (¢ (v), ¢(w)) € Ey. Thus, isomorphic colored graphs
differ only by renaming of vertices and recoloring of their elements.

In this paper, we study a team of two agents: a researcher and an experimenter. The researcher is capable of moving along
edges of the graph and recoloring graph elements. The experimenter agent builds and stores the graph map in its memory based
on messages received from the researcher. The researcher agent has finite memory that does not depend on the dimension of the
graph under investigation; the experimenter agent, in turn, has finite but unboundedly growing internal memory.

At the start of its operation, the researcher agent is placed at an arbitrary vertex of the graph G and paints it in its own
color. The experimenter agent at that moment adds a new vertex to the set V/y in its memory. The researcher agent moves
through the graph from vertex v to vertex u along edge (v, u), and can change the coloring of vertices v, u, edges (v,u), and
incidences ((v,u),v), ((v,u),u). While at vertex v, the researcher agent can perceive the labels of all elements in the
neighborhood Q(v), and based on this information determines which edge it will move along next and how it will color the
graph's elements. The experimenter agent, in turn, sends, receives, and identifies messages received from the researcher
agent and records in its memory the result of the researcher agent's operation at each step. Based on this information, the
experimenter agent builds a map of the graph G, initially unknown to the agents, as lists of edges and vertices.

Note that the proposed algorithm has several features: first, the graph G is unknown to the agents; second, the proposed
method of recognizing the graph is based on a depth-first search strategy; third, during the traversal of graph G, the agents
create an implicit numbering of visited vertices. Based on the constructed numbering, the recognition of graph G occurs by
building a graph H isomorphic to G. In the course of traversal, the researcher agent builds an implicit depth-first search tree,
all edges of which are divided into those that are colored red upon first traversal and belong to the tree itself, and those that
do not belong to the tree and are colored black upon first traversal-back edges. Tree edges during the execution of the
algorithm are traversed at least twice, and on the last traversal they are colored black by the agent. Back edges are traversed
from one to two times.

Red vertices of graph G at each step of the algorithm form a red path. When moving into a new vertex, the red path is extended;
when moving back, it is shortened; when recognizing a back edge, it does not change. A vertex whose all incident edges have been
recognized is colored black. The algorithm finishes when the red path becomes empty and all vertices are black.

The operation of the researcher agent can be divided into two modes: Normal mode. The researcher agent moves forward
over white vertices, coloring the vertices, the edges connecting those vertices, and the far incidences red. If in the
neighborhood of the current vertex there are no white edges or vertices — that is, no possible paths of movement — then the
researcher agent returns back, coloring the traversed vertices, edges, and near incidences black. Upon returning to the
starting vertex, the researcher agent terminates. At each step, the researcher agent exchanges data with the experimenter
agent. Recognition of back edges. If, while moving forward at a vertex v, a back edge is detected, then the researcher agent
stops working in normal mode and switches to back-edge recognition mode. The researcher agent leaves a stone in the
current vertex. After that, it begins to move backward along its path until it finds the vertex incident to the back edge (this
refers to a white edge whose far endpoint is colored red and in which the stone is located) and traverses that edge, coloring
it black. Then it returns to the previous vertex and continues moving backward. At this stage, two cases are possible: 1) the
researcher agent finds another back edge. In this case, the researcher agent repeats the back-edge recognition procedure.
2) The researcher agent reaches the starting vertex, which means that all marked back edges have been recognized. After
this, the agent returns to the end of the red path where the stone is located, picks up the stone, and continues working in
normal mode.

Let us examine in more detail the agents' algorithms.

Algorithm of the researcher agent:

1. p) =r;

2. if 3(v,u) € Q)| (u(v,u) = w) and (u(w) = u(v) =r) then EXPL_IE(v);
3. else if A(v,u) € Q(v)|(u(v,u) = w) and (u(u) = w) then do

4. FORWARD (v);

5. goto 2;

6. end do;

7.

else if A(v,u) € Q(v)|(,u((v, u), v) = r) and (u(v,u) = r) then do
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8. BACK(v);
9. goto 2;
10. end do;
11. else STOP(v);
EXPL_IE(v):

-

agent leaves the stone u(v) = ;

2. ifaww € QW)|(u((w,w,v) =7) and (uw,w) = 1) and (u((w,w),u) = w)

3 then do

4. agent selects (v,u) € Q(v)|(u((v, u),v) = r) and (u(v,u) =r) and (,u((v, u),u) = W) follows it to the vertex u;
5. vi= U,

6 agent appends RETURN to its message list M;

7 go to 2 of this procedure;

8 end do;

9. ifa(w,u) € Q)|(uw) =7r)and (u(v,u) =w) and (u(w) =1)

10. then do

11. agent moves along edge (v,w), coloring: u((v,w),v):=r,u(w,w):=r,u((v,u),v):=r;

12. vi=u;

13. agent appends FORWARD_[E to its message list M;

14. agent selects any edge (v,u) € Q(v) such that: (,u((v, u),v) = r) and (u(v,u) =r) and (u((v, u),u) = r),

moves along it to the vertex u, coloring
(u((w,w),v) = b) and (u(v,u) = b) and (u((v,w),u) = b);

15. go to 2 of this procedure;

16. end do;

17. else go to 2 of this procedure;

18. ifa(wv,u) € Q(v)|(u((v, u), v) = w) and (u(v,u) =r) and (u((v, u),u) = r)

19. then do

20. agent selects (v,u) € Q(v) such that: (u((v, u),v) = W) and (u(v,u) =r) and (u((v, u),u) = r) and moves
through it to vertex u;

21. vi=u;

22. go to 18 of this procedure;

23. end do;

24. else do

25. agent picks up the stone u(v) =r;

26. agent appends RECOGNIZED _IE to its message list M;

27. end do

During the FORWARD (v) procedure, the researcher agent selects from the neighborhood Q(v) an arbitrary edge (v, u)
for which (u(v,u) = w) and (u(w) = w), then moves along it to vertex u. In doing so, it colors (u(v,u):=r)and
(u((v, u),u): = r) and (u(u): = r), performs the assignment v := u, and appends the message FORWARD to the list M.

During the BACK(v) procedure, the researcher agent selects from the neighborhood Q(v) an edge for which
(@) =7) and (u((v,w),v) =7) and (u(v,u) = 1), then moves along it to vertex u. In doing so, it colors pu(v):=b,
w((w,w),v):=b, u(v,u):= b, performs the assignment v := u, and appends the message BACK to the list M.

During the STOP(v) procedure, the researcher agent colors u(v): = b, appends the message STOP to the list M, and
terminates.

Algorithm of the experimenter agent:

Input: list of messages M from the researcher agent.

Output: lists of vertices V; and edges Ej of the graph H, which is isomorphic to G.

Data: Vy, Ey — lists of vertices and edges of graph H, isomorphic to G. ct — a counter of how many vertices of G have been
visited by the researcher agent. M — the list of messages from the researcher agent. i — a counter used to determine the
indices of far endpoints of back edges after a stone has been placed at their common vertex. STOP — a variable used by the
researcher agent to signal to the experimenter agent that the graph traversal is complete. (1) ...r(t) — the list of indices of
the vertices on the red path, where t is the length of this list. Mes — a variable that holds the current message.

Algorithm of the experimenter agent:
ct=1,M:=0,i=0Ey; = 0,STOP :=0, t=1, r(t)= ct, Vy = {1}, Mes :="";
while STOP =0 do
if M # @,
then do
read the next message into Mes and remove it from the queue M;
LIST_PROCESSING();
end do;
end do;
print Vy, Ey.
IST_PROCESSING():
ifMes := "FORWARD", then FORWARD(),
ifMes = "BACK" then FACK(),

NPRCOONDDOAWN =
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3. ifMes == "RETURN" then RETURN();

4. ifMes == "FORWARD_IE" then FORWARD_IE(),
5. ifMes == "RECOGNIZED_IE" then RECOGNIZED_IE();
6. ifMes = "STOP" then STOP();

FORWARD():

1. ct:=ct+1;

2 t=t+1,

3 r(t) = ct,

4 Vy =Vy U{ct},

5. Ey=EguU{rt—1),r@)},

BACK():

1. Delete the element r(t) from the list (1) ... r(t);
2. ti=t—1;

RETURN():

1. i=i4+1,

FORWARD_IE():

1. Ey =Egu{r@),rt—10}

RECOGNIZED_IE():

1. i:=0;

STOP():

1. STOP = 1;

3. Algorithm Analysis

Lemma 1. Two agents, while executing the recognition algorithm on a graph, uniquely identify (recognize) all back edges.

Proof. During the EXPL_IE(v) procedure, the agents recognize back edges. Specifically, when moving forward, if the
researcher agent notices a back edge originating from the current vertex, it marks that vertex with a stone [ (see line 1 of
EXPL_IE(v)) and begins moving backward along the red path. At each step, it sends the message "RETURN" to the
experimenter agent (line 6 of EXPL_IE(v)). Based on this "RETURN" message, the experimenter agent's RETURN()
procedure counts how many edges of the red path have been traversed backward.

If at some vertex during this backward traversal the researcher agent detects a white edge whose far endpoint is marked
by the stone [, then it traverses that edge, coloring the near incidence, the edge itself, and the far incidence all in red (line 11
of EXPL_IE(v)), and sends the message "FORWARD_IE" to the experimenter agent (line 13 of EXPL_IE(v)). Upon receiving
"FORWARD_IE," the experimenter agent's FORWARD_IE() procedure determines the previously unknown implicit index of
the second endpoint of the back edge. Since the agents already know the implicit index of the vertex where the stone was
placed, the experimenter agent can add this back edge to the edge set of graph H using the same procedure.

After handling the back edge, the researcher agent returns to the previous vertex, coloring the near incidence, the edge,
and the far incidence through which it traversed all in black (line 14 of EXPL_IE(v)) and continues moving backward along
the red path until it reaches its very beginning, thereby recognizing all back edges incident to the vertex marked by the stone.

Having reached the start of the red path, the researcher agent then returns to its end and sends the message
"RECOGNIZED_IE" to the experimenter agent (line 26 of EXPL_IE(v)). Upon receiving this message, the experimenter
agent's RECOGNIZED_IE() procedure resets its counter of traversals to zero.

Thus, for each back edge incident to the vertex marked by the stone (in fact, this is the vertex at the end of the red path
at that stage of the graph traversal), the agents count the number of transitions along vertices of the red path required to
reach the second endpoint of the given back edge and uniquely determine its index. This, in turn, allows them to
unambiguously identify the back edge and add it to the edge set E; of graph H. Q.E.D.

Theorem 1. Two agents, after executing the recognition algorithm on a graph, will recognize any graph up to isomorphism.
Proof. At the beginning of the recognition algorithm (for n > 3), each time the researcher agent visits a white vertex of the
explored graph G, the procedure FORWARD(v) is invoked at least twice. Each invocation of FORWARD() creates a new
vertex in graph H. Thus, the execution of this algorithm induces a mapping ¢: V; — Vy from the vertices of G to the vertices
of H. Moreover, the equality ¢(v) = ct s established when vertex v is colored red.

This mapping naturally establishes an implicit numbering of the vertices of graph G. Moreover, the mapping ¢ is a bijection
because we consider only connected graphs, and in such graphs every vertex is reachable from any starting vertex. Therefore,
all vertices are visited by the researcher agent, and upon its first visit, the agents assign it an implicit number.

From the algorithm's description, it is clear that the researcher agent traverses every edge of G, since after the algorithm
completes, all edges of the graph are colored black.

When executing the procedure FORWARD(), the experimenter agent recognizes a tree edge (v, u) and numbers vertex u so
that the edge in graph G corresponds uniquely to edge ((p(v), <p(u)) in graph H. When executing the procedure
FORWARD_IE(), the experimenter agent recognizes a back edge (v, u) of G and associates it uniquely with edge ((p(v), <p(u))
in H. Since all edges of the graph are divided exclusively into tree edges and back edges, it follows that the mapping ¢ is an
isomorphism from G to H. Q.E.D.

Theorem 2. The time, space, and communication complexities of the recognition algorithm, as well as the number of edge
traversals performed by the researcher agent, are bounded above by sik 0(n?), where n is the number of vertices in the graph.
Two different-colored paints suffice for recognition.

Proof. Let us examine more closely the properties of the red path. From the algorithm's description, at each step the red
path is a simple path that starts at the vertex v with ¢ (v) = 1 and ends at the vertex u with ¢(u) = ct. Hence, the length of
the red path does not exceed n. Each time the procedures FORWARD(v) and BACK(v) are executed, the researcher agent
traverses exactly one edge. In a single run of the back-edge recognition mode, the researcher agent recognizes at most n — 2
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back edges, during which it: spends one move to place the stone in a vertex; traverses at most n — 1 edges of the red path
twice (once moving backward and once returning to the last red vertex); traverses at most n — 2 back edges twice while
coloring them.

When analyzing the time complexity of the algorithm, we assume that algorithm initialization and the choice of any one of
the possible procedures each take some constant amount of time. We also assume that traversing an edge by the researcher
agent and processing the command by the experimenter agent — received at that step from the researcher agent — each take
time equal to some constant. We further assume that the time to send a single message equals a constant that does not
exceed the time it takes for the researcher agent to traverse one edge. Moreover, the total time spent on analyzing the
neighborhood Q (v) of vertex v and choosing the necessary edges is bounded above by 0(n?).

Then the time complexity of the algorithm is determined by the following relations:

1. The procedures FORWARD(v) and BACK(v) are each executed no more than 2 x (n — 1) times, and the total time for
their execution is 0(n).

2. The time spent recognizing back edges is (n —2) x (2 xn—1)+2xn- 2)) steps, i.e. essentially 0(n) x 0(n)
steps. Therefore the total time for executing the back-edge recognition procedure is 0(n?).

Hence, the upper bound on the number of edge traversals performed by the researcher agent is 0(n) + 0(n?) = 0(n?),
and the overall time complexity T (n) of the algorithm satisfies T(n) = 0(n?).

The space complexity S(n) of the algorithm is determined by the combined sizes of the lists Ey, Vg, and r(1),...,7(t),
whose complexities are 0(n?), 0(n), and 0(n), respectively.

Thus, the upper bound on the space complexity of the algorithm satisfies S(n) = 0(n?).

When calculating the communication complexity of the algorithm, noting that the researcher agent can send the
experimenter agent only one of six possible messages (FORWARD, BACK, RETURN, FORWARD_IE, RECOGNIZED_IE,
STOP), we assume that each message occupies one unit of memory.

Since in normal mode, at each step exactly one message (FORWARD, BACK, or STOP) is transmitted, the total volume of
information sent in this mode is bounded above by 2 x 0(n). In back-edge recognition mode, while the researcher agent moves
backward along the red path, it sends one message (RETURN) at each step, so the total volume of information sent in that mode
is also bounded above by n x 0(n). At the first traversal of a back edge, one message (FORWARD_IE) is sent, so the total volume
of information in that part is also n x 0(n). No messages are sent when returning along a back edge. Finally, one message
(RECOGNIZED_IE) is sent when returning to the vertex containing the stone, so that volume is n x 0(1).

Thus, the total volume of information transmitted by the agents is
Kn)=2x0(Mm) +nx(0(n)+0(@x)+0(1)) =0(n? Q.E.D.

Discussion and conclusions

The paper proposes a new algorithm for recognizing finite, undirected, simple graphs (without loops or multiple edges)
using two agents. One agent — the researcher agent — traverses the graph, reads and updates labels on graph elements, and
transmits information about its actions to the other agent, the experimenter agent. The researcher's operation is based on a
depth-first search traversal. The researcher has finite memory that does not depend on the graph's dimension. The second
agent — the experimenter — operates outside the explored graph. Its primary task is to construct an internal representation of
the graph in its memory based on information received from the researcher. The experimenter's memory is finite at each step
but unbounded overall, growing with the number of vertices in the graph.

The paper also analyzes the time, space, and communication complexities of the proposed algorithm and examines the
number of edge traversals performed by the researcher during the graph traversal. It is shown that the algorithm's time, space,
and communication complexities are all quadratic in the number of vertices n. The upper bound on the number of edge
traversals by the researcher is 0(n?). To execute this graph-recognition algorithm, the researcher needs only two different-
colored paints and one stone.

The results of this study are planned to be scaled up to a larger number of agents to develop more efficient graph-
recognition algorithms.
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AIITOPUTM PO3NIBHABAHHA MPOCTUX TPA®IB KONEKTUBOM AIrEHTIB

HuHi documb duHamiyHO po3suearombcsi HanPsIMKU asmomamus3ayii ma po6omu3auii pi3Hux npoyecis. 3sicHo, ye cmocyemscsi i ocnidxeHHs
pi3HoMaHimHux cepedosuuy, Oe opaaHisayisi po6omu noAuHU € cknadHiwor abo Haeimb He6e3ne4HiWworo, HiX opaaHizayis po6omu e mux camux
yMmoeax creuianbHux po6omu3oeaHux cucmem. Lje po6umb akmyansHumu AocnidxeHHs1, cnpsiMosaHi Ha po3ni3zHaeaHHs (mo6ydoey Marnu) Hegido-
Mux 2paghie MobinbHUMU azeHmamu. Y npedcmaeneHrili po6omi 3anponoHoeaHo Hoeuli af2opumm po3ni3HagaHHs CKiH4eHUX, HeopieHmMoeaHux apa-
¢pie 6e3 nemenb i kpamHux pebep 3a 00NOMO20+0 080X azeHmie pi3Ho20 muny. OOUH 3 azeHmie — a2eHM-00CiGHUK, W0 nepecysaemucsi o epagy,
34umye ma 3MiHIO€ MimKu enileMeHmie 2pagha i nepedae iHghopmauiro npo ceoi dii iHWoMy azeHmy — acenmy-ekcnepumeHmamopy. Po6oma azeHma-
docnidHuka 6asyembcsi Ha Memodi 06xody epagha y enubuHy. AeeHm-00c1liOHUK Ma€ CKIHYeHy nam'ssmb, W0 He 3asieXXums 8i0 po3mipHocmi epagha.
Apyauti - ye Kecrepl p, wio nepebyesae nosa mexamu docnidxyeaHozo epagha. [0/108HUM 3a80aHHSIM 4b020 azeHma € rno-
6ydoea npedcmassnieHHs1 docnidxyeaHozao 2pagha (y euansdi nepeniky pebep i eepwuH) y ceoili nam'smi Ha ocHoei iHghopmauii, Ky eiH ompumye
8i0 acenma-docnidHuka. A2eHm-eKkcriepuMeHmMamop Mae CKiH4eHy eHympiwHo nam'sims, W0 HeO6MeXeHo 3pocmae, Po3MipHicMb sIKOT 3anexums
8i0 KinbKkocmi eepwuH 2pagha Had po3nizHagaHHSIM SIKO20 MpayroroMmMb a2eHmu.

Takox demasnbHO PO32JIIHYMO pexumu pobomu azeHma-docnidHuKa i3 3a3Ha4yeHHsIM npiopumemHocmi IXHbOI akmueayii 3anexHo eid Haeko-
NuwHix ymoe i nepenik nogidommneHb, AKUMU 06MiHIOIOMbLCS a2eHMuU y npoyeci po6omu anzopummy. HagedeHo nosHuli anzopumm pobomu azeHma-
ekcriepumeHmamopa 3 06po6ku ompuMaHux nogidomsieHb, Ha OCHogI sIKux i eid6yeaembcsi po3ni3HasaHHs1 2pagha. BukoHaHO aHai3 4acoeoi, EMHi-
CHOI, KOMyHiKauyiliHoi cknadHocmi no6ydoeaHo20 afeopummy ma npoaHasizoeaHo Kinbkicme nepexodie no pebpax, siki BUKOHYye a2eHmM-00CiOHUK
nid yac 06xo0y 2pagha. 3'sicoeaHo, WO 3anNPONoHoeaHuli azopumm mMae KkeadpamuyHi (€id kinbkocmi eepwuH docnidxyeaHoz20 2pagha) yacoey,
EMHICHY ma KoMyHikayiliHy cknadHocmi. BepxHto ouyiHKy kinbkocmi nepexodie no pebpax, siki 30ilicHioe azeHm-docnidHuk, oyiHeHo sik O(n’2),
de n — Kinbkicmb eepwuH y epadi. [jns po6omu 3anponoHoeaHo20 asi2opummy po3rni3HasaHHs epagha aezeHmy-0ocniOHuKy HeobxidHo dei ghapbu
Pi3HO20 KosIbopYy Ui 0OUH KaMiHb.

Knio4yoBi cnoBa: HeopicHmoeaHi epaghu, po3nizHasaHHs1 2paghie, Koriekmue aceHmie, cknadHicmb anzopummy, o6xi0 y 2nu6uHy.

ABTOpM 3a8BNSIOTb NPO BiACYTHICTb KOHAMIKTY iHTepeciB. CnoHcopy He Gpanu y4acTi B po3po6neHHi AocnimKeHHs; y 36opi, aHanisi un
iHTepnpeTaLii AaHVX; y HAaNMUCaHHi PyKOMucy; B pilLeHHi Mpo nybrikaLilo pe3ynbTaris.
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3ACTOCYBAHHA METOAIB MALULMHHOIO HABYAHHA
B CYYACHIN AHTUPAKOBIA TEPAMNII

Memoro nponoHosaHo20 GocidXeHHS € aHani3 cy4acHux nioxodie o oyiH8aHHs1 echekmusHocmi ma 6e3ne4Hocmi nikap-
cbKux 3acobise, siki 3acmocoeyromb 8 aHmupakoeiti meparnii, i3 aukopucmaHHsIM Memodie MaWuHHO20 Hag4YaHHs1. Ocobnuey yesazy
npudineHo nepcrnekmueam ynpoeadxeHHs1 makux memodie y MamemMamuy4Hy OHKOJIO2ir0 — 2asly3b, W0 aKmueHO 8UKOPUCIMo8y€e
Mamemamu4He MoOesIFo8aHHS Ma KOMI'tomepHi cuMmynsiyii 8 OHKO/102i4HUX O0CiOKeHHsIX.

Y mexax po6omu 6yno 30ilicHeHO NowykK i 8u84eHHs1 akmyasibHUX HayKoeux O)kepeJi, IPUC8sIYeHUX 3acimocye8aHHIO0 MalwluH-
HO20 Has4aHHsI 8 OHKoJ102il. Takox NnposedeHO cucmemamuyHuli 0251510 Nimepamypu, W0 8UCEiMJIF0€ 8UKOPUCMAaHHSI MaWUHHO20
Haey4aHHS y yili cghepi.

lpoaHanizoeaHo 0CHOBHI Nidxo0u MawWUHHO20 HagYaHHS, MakKi sk KOHMpoJsbogaHe Hag4YaHHs1 (Supervised Learning, SL), He-
KOoHmposnboeaHe Has4aHHs (Unsupervised Learning, UL) ma Hae4aHHs 3 nidkpinneHHsm (Reinforcement Learning, RL) y KoH-
meKkcmi cy4acHoi oHKosoeii. Po32/isiHymo KOHKpemHi npuknadu euKopucmaHHsl pi3HUX ajl2opummie MaWUHHO20 Hag4YaHHSl 8
docnidXeHHsIX, 108 'siI3aHuX i3 NliKyeaHHSIM paKy, a maKo 3a2allbHiluux OHKO/102i4HUX 3a0ay. OyiHeHO nepeeaau Ui 06MexeHHs yux
nioxodie 3as1exxHO 8i0 NnocmasesieHUXx yinel, Hanpuknad y makux, sik 3adaJi Npo2Ho3yeaHHs1 8i0onoeidi Ha nikyeaHHs1, ideHmudika-
yis 6iomapkepie, aemomamu3oeaHull aHasni3 MeOUYHUX 306paXKeHb.

3a pesynbmamamu pobomu ecmaHoe/IeHO, W0 MaWUHHe HadYaHHSI 8)Ke aKmueHOo ernpoeadXyembCsi 8 OHKO/O2i4Hi doci-
OXXeHHs1 ma GeMOHCMPY€E 8UCOKY egheKmueHicmb y po3e'sizaHHi pi3HOMaHimMHux 3aday, 30Kpema eusiesisie npuxoeaHi 3aKOHOMIp-
Hocmi, w0 HedocmynHo 3a mpaoduyiliHo2o aHani3y. BoOHoYac 8id3Ha4eHo, W0 iCHyromb wje YucsieHHi HanpsiMu, de 3acmMocy8aHHs1
MawuHHO20 Hag4YaHHsI MOXe Cymmeeo Nocuumu Haykoei po3pobku ma KniHiyHy npakmuky. 3o0kpema, nepcrnekmueHUM € 8UKO-
pucmaHHsi anzopummie Has4yaHHsI 3 NiOKPINIeHHsIM y cghepi nepcoHanizoeaHoi npeyusiliHoi MeQuUUUHU, Wo eidicpac Kiro4Yosy
poJib y cmeopeHHi iHduegidyanizoeaHux nidxodie 0o JliKyeaHHs1 OHKOJI02i4HUX X80pPO06.

Knwo4yoBi cnoBa: MmamemamuyHe MOOeslt08aHHsI, KOHMPOJIbOBaHe Hagd4YaHHs, HEKOHMPOJ/iIbO8aHe HadYaHHSs, Ha84aHHsI
3 nidkpinneHHsaM, npeyusiliHa MeQuyuHa, nepcoHasnizoeaHa mepanis.

Knacudikauis BignoBigHo no AMS 2020: 91F10, 92F04, 68V11.

Betyn

OHKOnoriyHi 3aXBOPHOBaHHSA ¥ HaAani 3anuwalTbCs OAHIE 3 OCHOBHMX NMPUYMH CMEPTHOCTI Y CBITi, HE3BaXar4um Ha [do-
CAATHYTUI NPOrpec y MeTofax AiarHOCTMKM Ta NikyBaHHSA. Y cBiTi y 2022 p. O6yno 3apeectpoBaHo 65rm3bko 20 MITH HOBUX BU-
nazkiB paky, a KinbKicTb CMepTel Bifl LbOro 3axBoproBaHHsA csirHyna 9,7 mnH (Bray et al., 2024). Xoya BxXe gaBHO BiAOMO, L0
eEeKTUBHICTb NPOTUNYXIMHHUX NpenaparTiB MoXe CYTTEBO BiAPI3HATUCS B Pi3HUX MauieHTiB, HA NPaKTULi YacToO BUKOPUCTO-
BYIOTbCSl CTaHOAPTHI cXemu nikyBaHHsi 6e3 ypaxyBaHHSs iHAMBIQyanbHUX 0COBNMBOCTEN 3MOSKICHUX KIITUH, LLIO MOXE 3HMXY-
BaTn edheKkTMBHICTb Tepanii abo HaBiTb WkoauTh nauieHTy (De los Rios de la Serna et al., 2024).

OpHieto 3 KPUTUYHO BaXKIMBMX NPOOEM Y CyYacHin MeauLMHI 3anuLLaeTbCsi CBOeYacHe BUSIBNEHHS Ta 3anobiraHHst NoGivYHMM
peakuisim Ha nikapcbki 3acobu (Adverse Drug Reactions, ADR), a Takox 3MeHLLEHHS MeaMKaMEeHTO3HOI TOKCUYHOCTI. Hessakaroum
Ha CyBOpE peryrtoBaHHS Ta MPOXOKEHHS KiNlbKoX doas KNiHIYHMX JocrnigkeHb, NobidHi edhekTn npenaparTiB i Hagani 3anMwarTbes
3HaYYLLMMM YMHHUKaMK NiaBuULLEHOT 3axBoptoBaHocTi Ta cmepTHocTi (Nilashi et al., 2024). TpaauuiiHi MeToam MOHITOPUHIY PUSUKIB,
Taki sk CMOCTEPEXEHHS Ta 30ip NoBiAOMIEHb NPO NOGIYHI ABULLA, 3a3BMYali € pEaKTVBHUMU A He 3aBXau 3abe3neyytoTb CBoeYacHe
BMSIBMEHHS 3arpo3, L0 MOXYTb OXONWUTW BEMUKY KinbkicTb nauieHTiB (Yang, & Kar, 2023).

Oco6nunBo rocTpo usi npobnema BUSBASETLCA Y NALIEHTIB 3 OHKONOTYHUMM 3aXBOPIOBAHHAMM, SIKi OTPUMYIOTb KOMBiHaLiio
Kinbkox nikapcbkmx 3acobiB. Lle 3HayHO nigBuLlye pusmnk HebaxkaHnx peakLuin Yyepe3 MOXNMBI Nikapcbki B3aemopii. Hanpu-
Knag, 3rigHo 3 4aHMMK PETPOCNEKTUBHOIO AOCHIIKEHHS, 6NM3bKO ABOX TPETMH OHKOMOTiYHUX NaLiEHTIB, rocniTanisoBaHux 4o
cTauioHapy, OTpMMyBanu LLOHaMeHLle OgHy NOTeHLinHO HebesneyHy kombiHauito npenapartis (Riechelmann et al., 2008).

Y 3B'A3KY i3 MM NoLyK ePeKTUBHMX iHCTPYMEHTIB NS paHHbOI AiarHocTukM ADR i 3HWXEHHSA TOKCUYHOCTI NikiB € npiopu-
TETHUM 3aBAAHHAM SK AN hapMaLeBTUYHOI ranysi, Tak i Ana MegnyHoi cuctemu 3aranom (Siyun, & Supratik, 2023). Ons
pPO3B'A3aHHA LUMX 3a0a4 BUKOPUCTOBYIOTBCS Pi3HOMAHITHI JyKepena AaHuX: Bi4 peakuin KIMiTMHHUX MiHIN Ha Nik1 4O 3MiH nyx-
NMHHOT MacuK, 3adikcoBaHux 3a gornomoroto MPT abo KT (Bhandari et al., 2024).

MeToam mawmHHoro HaByaHHsA (Machine Learning, ML) BigkpuBatoTb HOBi MOXIMBOCTI 411 aHani3y TakMx BEMNWKKX i CKna-
OHWX MacuBiB MeOu4HUX AaHux. Y cdepi MateMaTUyHOI OHKOMOril — MibkgucuunniHapHoT ranyasi, Wo noegHye matematuyHe
MogaentoBaHHs, Gionorito Ta komn'toTepHy cumynsuito — ML gemoHcTpye ocobnueo Bucokuin noteHuian (Rockne, & Scott,
2019). 3acTocyBaHHSA anropMTMiB MAaLUMHHOIO HaBYaHHS N aHanidy BENUKUX AaHUX Aa€ 3MOry BUSABNATU NPUXOBaHi B3aEMo-
3B'A3KN, NPOrHO3yBaTW BiAMNOBIAb HA NiKyBaHHA Ta 3HAXOOAUTW YMHHMKK, LWIO BNAUBAKTb Ha pe3ynbTaTUBHICTL Tepanii. Lie
3HAYHO CrNpuUsiE NiABULLEHHIO e(PEKTUBHOCTI PO3pOBNEHHS HOBKX MiKiB, @ TAKOX IXHbOMY NEPCOHani3aoBaHOMy 3aCTOCYBaHHIO
B KniHiYHi npakTtuui (Teplytska et al., 2024).
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1. MawurHHe HaBYaHHA B Cy4acHi OHKomorii

HaTenep icHytoTb ABa OCHOBHI Migxoamn A0 NPOrHO3yBaHHS NoBiYHUX peakLuii Ha nikapcbki 3acobu (ADR), wo 6a3ytoTbea
Ha NepcoHani3oBaHMX 4aHUX NaLieHTIB i iXHil iCTOpii NiKyBaHHS: Lile METOAN CTaTUCTUYHOTO aHanidy BMXKUBaAHHA 1 anroputmm
KOHTPONbOBaHOIro MalUMHHOIro HaB4YaHHA. Cepel CTaTUCTUYHUX METOoZAIB ANs OUiHKM WMOBIpHOCTI BUHMKHEHHS ADR 4vacto
3aCTOCOBYIOTb KpUBI BUXMBaHocTi KannaHa — Menepa, a Takox mofenbs nponopuinHux pusnkis Kokca, LWo gonomMarae npoBo-
AWTW YacoBwI aHani3 po3BuUTKY NobiyHux edekTiB (Eguale et al., 2016). BogHouac, He3Baxatum Ha NonynspHicTe, Moaernb
Kokca mae neBHi 0bmexeHHs: BOHa nepegbayae cyBope AOTPMMaHHS YMOB NPOMOPLINHOCTI PU3MKIB, SIKi HE 3aBXAW BignoB.i-
0al0Tb pearbHUM KIiHIYHUM JaHVMM, @ TakoX He 34aTHa 00pobnaTy cknagHi Ta pisHopiaHi TMnNK iHdpopMauii, Hanpuknag, me-
AVYHI 306paxkeHHsa abo reHeTnyHi npogini.

HaTomicTe meToan MawwmHHOro HasByaHHsA (ML) 4EeMOHCTPYIOTL WMPLII MOXIMBOCTI Y MEANYHUX JOCHIMKEHHSsX. X yxe
aKTMBHO 3aCTOCOBYIOTb 4151 MPOEKTYBaHHSA Mikapcbkux 3acobis (Guan, & Wang, 2024 ), nporHo3yBaHHSA NPOTUMYXIMHHUX Ne-
NTUAIB i3 BUKOPUCTAHHSAM BaratoBMMipHOro Buny4eHHs osHak (Liu, Li, & Chen, 2022) i nentugHux nocnigosHocten (Phan et
al., 2022), paHHboi giarHocTukm ADR i BU3Ha4eHHs piBHSA TOKCMYHOCTI npenaparTis (Badwan et al., 2023). Takox meTtogn ML
YCMILIHO 3aCTOCOBYIOTb ANs nepeabaveHHs edpeKTUBHOCTI NPOTUNYXIMHHMX 3acobiB Ans MoHoTepanii pisHMX TUMIB paky
(Partin et al., 2023), paky mono4yHoi 3ano3u (Nilashi et al., 2024), abo nepegbaveHHs edekTMBHOCTI kOMBiHaUIM NikiB npn
paky MonoyHoi 3anoau (Zhou et al., 2023), y mogeni rnnbokoi HerpoHHoi Mepexi (She et al., 2022), y kombiHoBaHin mogeni
(Fan, Cheng, & Li, 2021), BkNtOYHO 3 OLHKOI iXHLOI CuHepreTnyHoi B3aemogii (Shan et al., 2023) i nporHo3yBaHHAM Yacy
BUHMKHEHHS ADR (Timilsina, Tandan, & Novacek, 2022).

3aranoM MeToAM MAaLUMHHOIO HaBYaHHS YMOBHO MOAINSATb Ha TPW OCHOBHI KaTeropii: KOHTPONbOBaHE HaBYaHHS
(Supervised Learning, SL), HekoHTponboBaHe HaBudaHHsi (Unsupervised Learning, UL) Ta HaB4aHHA 3 nigkpinneHHAM
(Reinforcement Learning, RL) (Siddharth et al., 2022). KoxeH i3 unx nigxogiB Mae CBOi yHikanbHi nepeBaru i 3acTOCOBY€ETbCS
ANs po3B'si3aHHSA NEBHOro Knacy 3aBAaHb Y MaTeMaTUYHI OHKOOTii.

2. KoHTponboBaHi metoaun

ANropyTMu KOHTPONBLOBAHOIO HaB4YaHHsA SL 6a3yloTbCs Ha HAassBHOCTI MONepPeAHbO NIArOTOBMNEHNX 3HaHb | € HaA3BUYaNHO
edeKTMBHUMM ANA NPOrHO3yBaHHA HOBKX BiOMNOriYHMX 3aKOHOMIPHOCTEN, BUSBNEHHS CreLndivHNX XapakTepUCTUK KNITUHHNX
NiHin abo BCTaHOBMEHHS NOTEHLiNHNMX B3aEMO3B'A3kiB. OCHOBOI ANA HaBYaHHSA TakMxX Modenen 3asBuyan noctae "3onoTun
CTaHgapT" — eTanoHHWI Habip AaHuX, KA MakCMManbHO TOYHO Bigobpaxkae 00'ekT abo sBumLle, Wo BMBYaeTbCA (Triguero,
Garcia, & Herrera, 2015). OgHak y BMNagKy OHKOSOTYHUX JOCTiAXEHb YacTO CMOCTEPIraeMo HecTayy AOCTOBIPHMX abo noB-
HUX JaHWX, WO BMMarae Big Mogernen niaBULLEHOT CTIMKOCTi 4O HEBU3HAYEHOCTI Y BXiAHiN iHpopmauii.

SL-meToau MalMHHOIO HaBYaHHS 34aTHi BUKOHYBaTU KnacudikaLio, TO6To (hopMyBaHHS NpaBws, L0 JoromaraloTb po-
3pi3HATK 00'eKT (HaNp., FeHW YW KNITUHHI NiHiT), Ski HanexaTb Ao pi3HMX kaTeropii. Cepen HaWNOLIMPEHILIMX anropuTmiB, WO
3aCTOCOBYIOTLCA ANS TakUX 3aBAaHb, — METoA OnopHUX BekTopie (Support Vector Machine, SVM) (Cortes, & Vapnik, 2009) i
witpadHa norictuyHa perpecis (Tibshirani, 2011).

AnroputMu SVM MaloTb 34aTHICTb €heKTUBHO HABYATMCS HABITb HA CKNagHUX 3agadvax i MOXYTb BUKOPUCTOBYBATU He-
NiHINAHI QYHKUIT ANs MogentoBaHHA cknagHux 3B'a3kiB. Lii mogeni ycnilwHo 3actocoByBanu Ans knacudikadii myxnmHHMX 3pa-
3KiB Ha Ti, O € YyTnuBMMMK abo CTiKMMK OO XiMioTepaneBTUYHOro fnikyBaHHs. Kpim Toro, SVM-perpecito BUKOpMCTOBYBanu
ONs paHXyBaHHSI MOTEHUINHMX Nikapcbknx 3acobiB i MporHo3yBaHHA BignoBigi nyxnuHu Ha nikyBaHHs (Kurilov, Haibe-Kains,
& Brors, 2020).

Okpim knacudikauiiHnx 3agay, SL gae 3mory possssyBaTv npobnemu perpecii, TO6To nporHosyBaHHs Ge3nepepBHUX
3HayYeHb. Y LibOMY KOHTEKCTi HalnoLMpeHiLLMMK € MeTOAM MiHINHOT perpecii abo perpecii, Wwo 6a3yeTbcst Ha ONOPHUX BEKTO-
pax. AnroputMmn MiHiHOI perpecii BUPI3HAIOTLCA NPOCTOTOK peanisauii Ta LWNPOKOK cdepoto 3acTocyBaHHSA. Hessaxatoun
Ha cBOK 6a30BY CTPYKTYPY, NiHiiHI MoAeni 3anMwarTbCA OAHMM i3 KITHOYOBUX IHCTPYMEHTIB Y CTAaTUCTUYHOMY MOAEMOBAHHI

Ta MallMHHOMY HaB4YaHHi (Hastie, Tibshirani, & Friedman, 2009):
P
F@ =B+ ) 1B, (1)
j=1

Ae f(x) — NPOrHo3oBaHe 3HAYEHHs 3anexHol 3MIHHOI;, S, — BINbHUIA YNEH; x; — 3HAYEHHS j-0i He3anexHol 3MiHHOT; §; —
KOedIiLiEHT Npw j-in 3MiHHIN; p — KiNbKICTb HE3aNEXHNX 3MIHHUX.

MeTopn HanmeHLWwKnx kBagpaTie 4obpe npautoe i3 NnpocTuMn Habopamm JaHWX, OAHaK 3i 30iNbLUIEHHSIM CKNaaHOCTI Moaeni
BMHMKaE PU3NK NepeHaB4YaHHsA — cuTyalLii, KoM MoAernb Mae HU3bke 3MILLEHHS, ane BUCOKY AMcnepcito. [insa po3s'asaHHs Liei
npobnemun 3aCTOCOBYHOTb Pi3Hi perynsapuaadinHi nigxogn, 3okpema rpedeHeBy perpecito (ridge regression), perpecito Jlaco
(Lasso regression) Ta MeTo4 enacTuYHOI CiTkM (elastic net), Wwo 3abe3nevytoTb Kpawmn 6anaHc Mixk y3aranbHEHHsIM | TOYHi-
ctio (Rafique, Islam, & Kazi, 2021).

Cepep pisHnx metoais SL gepeso pileHsb (Decision Tree) € ogHWUM i3 HannonynApHILWKMX AN 3agad knacudikadii. Lien nigxia
NMOYMHAETBCS 3 KOPEHEBOrO BY3na, WO OXONMOE BeCb Habip AaHuWX, | Aani posranyxyerbcs Ha NiAMHOXWHM LUNSXOM NOCHifoB-
HOro NOAiNy 3a NOoriYHUMKM YyMOBaMK, AOMNOKN He Byae AOCArHYTO KiHLEBOro pesynbTaTy B NIMCTOBUX By3nax. KoxeH BHYTpILLHIN
BY30M [iepeBa Bignosigae neBHoMy aTpubyTy, WO BU3HAYae HanpsIMOK NofanbsLuoro posranyxeHHst (Podgorelec et al., 2002).

[epeBa pileHb HanexaTb 40 Tak 3BaHWX "Mogenen 6inoi CKpMHbKK", OCKINbKK iXHi piLleHHS Nerko BidyanisyBaTtu i iHTe-
pnpetyBaTtu. NMpoTe y pasi 36inbleHHs CKNagHoCTI 1 06cary gaHnx, BOHM MOXYTb BTpadaTu 34aTHICTb OO y3aranbHEHHs i
AEeMOHCTpyBaTK nepeHaByaHHsA. [ns nogonaHHs Lboro obMexeHHs 6ynu po3pobreHi BAOCKOHaneHi aHcambnesi meToau,
Lo o6'eqHy0Tb Aekinbka cnabknx Mmoaenen y noTyXHY CyKynHy MOZENb 3 BULLOKO TOYHICTIO Ta cTabinbHicTio. [Jo Takmx nig-
xoaiB Hanexatb Random Forest i Gradient Boosting Machines (GBM).

Y mogeni Random Forest HaB4anbHui Habip 6aratopa3oBo BUMNaAKOBMM YMHOM NOAINSETLCA HA NIAMHOXUHM, 41151 KOXHOT
3 Akux byayloTb okpeme AepeBo pieHb. OKpiM LpOoro, iCHYTb NocnifoBHi aHcambnesi anroputmu, Taki Ak AdaBoost Ta
Gradient Boosting. B AdaBoost koxHa HacTynHa wmogenb OKyCYETbCS Ha BWMNPaBreHHi MOMWIOK MonepeaHix
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knacudikaTopis, Toai sk Gradient Boosting onTumisye dyHKLi0 BTpAT, BUKOPUCTOBYIOUYMN AepeBa GinbLioi rmmbuHn. Obuasa
MEeToAN OEMOHCTPYHOTb BULLYY eDEKTMBHICTb NOPIBHSAHO 3 okpeMumu aepeamu (Rafique, Islam, & Kazi, 2021).

OpHak, nonpu BMCOKY TOYHICTb, aHcambneBi Mmoaeni BTpayatTb NPO30piCTb Y NPOLECi XBareHHs pilleHb. Yepes Benuky
KiNbKICTb KOMMOHEHTIB CTa€ CKNagHO BU3HAYMTU, SIKi caMe BXiOHi XapakTepuUCTMKN Hanbinblle BNAMHYNM Ha pesynbTart. Lle
3HWXKYE TXHIO NPUAATHICTb ANS BUKOPUCTAHHS Y KPUTUYHUX NPUKNagHKX ranyssix, e noTpibHa iHTepnpeToBaHicTb, WO Xapa-
KTepHa Ans NpocTilmx Mogenewn, sk-oT NiHiiHi mogeni abo okpemi aepea (Bertsimas & Wiberg, 2020).

[o iHTYiTMBHO 3pO3yMinuX i NPoCTVX METOAIB KNnacudikaLii v perpecii HanexuTb Takox meTof k-Hanbnwkumnx cyciais (k-Nearest
Neighbors, KNN). Y ubomMy nigxoai nporHo3 anst HoBoro 3paska 6a3yeTbCsl Ha O3HaKax HaMObINbLL CXOXUX Ha HBOFO BXE BiAOMUX
3paskiB — Tak 3BaHux cycigis. KNN ycniluHo 3actocoByBanu Ans 3agad NpOrHo3yBaHHA BIiAMNOBI4i Ha nikapcbki 3acobu (Drug
Response Prediction, DRP), ge 4yTnmBicTe HOBOro 3paska BU3Ha4yanm sik CepeaHe 3Ha4eHHs YyTIMBOCTI MOro HanbnmK4mnx cyciais
(Li, Umbach, & Krahn, 2021). Llen nigxig nonomir BUsSiBATM NOTEHLIMHO HOBI acoLiavii Mibx nikamu 11 reHamn. BogHovac metog KNN
€ YyTNMBMM 0 "3allymneHunx” abo HepeneBaHTHNX 03HaK i NoTPebye 3Ha4YHMX 0OUMCTIOBarNbHNX PECYPCIB, Lo 06MeXye 1oro ede-
KTUBHICTb Nif Yyac poboTtu 3 Benukumn aaHmumm (Firoozbakht, Yousefi, & Schwikowski, 2021).

IHWKM NpMKNaaoM NOTYXHOrO IHCTPYMEHTY SL, KM akTUBHO 3aCTOCOBYETLCS B OHKOMOTil, € LUTYYHIi HEMPOHHI Mepexi
(Artificial Neural Networks, ANN). Lli mogeni cknagHi, ane 3gatHi o6pobnsitn Benuki o6carn gaHnux 3 YUCTIEHHUMU 3MIHHUMU,
Hanpuknag, ans nepegbayeHHs BiAMOBiAI Ha xiMioTepanito Ha OCHOBI TMCAY O3HaK. Y HamnpocTiwomy Bunagky (Hastie,
Tibshirani, & Friedman, 2009; Mnih, Kavukcuoglu, & Silver, 2015) cboopmyna onsa ogHoro Lapy HeMpOHHOI Mepexi onucye
NiHINHe NepeTBOPEHHS 3 NOAANbLLOK akTUBALLE, WO A03BONSAE BUSBNASTU NPUXOBaHI 3aneXHOCTi HaBiTb y cknagHux biome-
OVYHUX JaHWUX.

n
y=0 Zwixi+b , (2)
j=1

Ae x; — BXiOHi 03HaKK; w; — BaroBi KoedilieHTW; b — 3CyB; o — aKTUBaLiHa yHKLif; y — BUXig nepeabadeHHs.

LUTyyHi HerpoHHi mepexi (ANN) BCTaHOBMNIOKOTb 3B'A30K MiXK BXiAHMMMW O3HaKamu Ta NPOrHO30BaHWMW pe3ynbTaTtamMm Ye-
pes GaraTopiBHEBY CUCTEMY MaTeMaTUYHUX NepeTBopeHb. CnoyaTtky BXigHi AaHi NiHINHO TpaHCHOPMYTECS y BY3Nn NPUXO-
BaHOro Lwapy, nicnsd 4yoro o6pobnsaTbCcs 3a AONOMOror HENiHINHMX dYHKLUIN akTmBauii. Taka apxiTekTypa Aae amory mogeni
BUSIBNATY CKIAAHI 3aneXXHOCTi HaBiTb Y BENMKOMACLUTaOHUX | HEOOHOPIAHMX AaHUX.

OcTaHHIMM pokaMu HelpomMepeXeBi Modeni 3a3Hanu 3Ha4YHOro po3BUTKy. 3okpema, 6yrio BNpoBagXEHO PEKYPEHTHI Hen-
poHHi mepexi (Recurrent Neural Networks, RNN), siki edbekTMBHO npautotoTe 3 MOCNIAOBHUMW AAaHUMMW, 3rOPTKOBI HEMPOHHI
mepexi (Convolutional Neural Networks, CNN), Lo crneuianidytoTbcst Ha 06po6Li 306paxeHb, a TakoX reHepaTUBHI 3MararbHi
mepexi (Generative Adversarial Networks, GAN), siki 4EMOHCTPYIOTb 34aTHICTb CTBOPIOBATU HOBI 3paskun AaHuX, cepes sKnx
306paXeHHs Ta TEKCTHU.

MonynspHICTb HEMPOHHMX MEPEX 3HAYHOK MIPOK0 3YMOBIEHa IXHBbOK 3AaTHICTIO ePEKTUBHO NpaLoBaTh 3 HECTPYKTYPO-
BaHMMM TMNamun JaHunx i macwtabyBaTucst 40 BUCOKOBMMIPHMX 3adad. YTiM, iIX CKNagHICTb € TakoX iXHIM HeJonikoM: yepes
HENpPOo30pu1I NPOLIEC MPUNHSATTSA pilleHb Taki Mogeni YacTo HasnBarTb "YOPHUMU CKpUHbKamMK". AK iy BUNaaky 3 aHcambre-
BMMM Migxogamu, obMexxeHa iHTepnpeToBaHICTb 3HWXKYE iXHIO NPUAATHICTb OO BUKOPUCTAHHS Y KIiHIYHUX YMOBaXx, e BaX-
NNBO He nuLle oTpuMaTy TOUHMI NPOrHO3, a M 3po3yMiTH, Ha YoMy BiH 6asyeTbes (Bertsimas, & Wiberg, 2020).

3. HekoHTponbOBaHe HaBYaHHSA

HekoHTponboBaHe HaB4aHHs UL npautoe 3 AaHuMu, Lo He MatoTb 3a3fanerigb BU3HadeHux mitok abo knacis. OCHoBHe
NOro 3aBaHHsi — BUSIBUTU NPUXOBaHi CTPYKTYpU, 3aKOHOMIpHOCTI abo rpynu B aHux 6e3 BUKOPUCTaHHSI LiNbOBOI 3MiHHOT YK
30BHILLUHBOrO KOHTPOSHO.

Taki anropytMu galTb 3Mory igeHTMdikyBaTu NOBTOPIOBaHI abo AOMiHaHTHI XapakTepucTukn y Bubipui, NpoTe BOHU
MOXYTb BYTU 4yTNMBUMU OO 30BHILLHIX abo 3millyBanbHUX hakTopiB, WO He BigobpaxaloTb CNpPaBXHIO CTPYKTYPY AaHWX
(Greene et al., 2014).

Ha BigMiHy Bif KOHTPONLOBAHOrO MiAX0AY, O OPIEHTOBAHWA HA MPOrHO3yBaHHSA KOHKPETHOI 3MiHHOI, HEKOHTPONbOBaHe
HaBYaHHSA BinblU 30cepexeHe Ha BUBYEHHI BHYTPILLHBOT opraHisadii gaHux. Lie aae amory BUSIBUTU NpUXOBaHi naTepHn 6e3
HeobXigHOCTI B nonepeaHbo MapKkoBaHMX NPUKNazgax, Taknx siK BUXUMBAHICTb YW peakLis Ha NikyBaHHS.

OpHielo 3 HaMnowMpeHiWwnx i HanbinbL iHTepnpeToBaHux TexHik UL y BioMeamyHmnx 3acToCyBaHHAX € KracTtepu3auis.
3okpema, KnacTepHUin aHania enekTpoHHUX MeAMYHUX 3annciB NaLieHTIB i3 NEBHUM 3aXBOPIOBAHHSAM MOXE JOMOMOITH Y BU-
ABMEHHI Pi3HNX KNiHIYHUX beHoTuNIB abo NiATUMIB NaLieHTIB Y MeXax OAHIEl [iarHOCTUYHOT rpynu.

Anroputmu knactepu3sadii 3a3suyan CNpAMOBaHi Ha NOAIN AaHUX Ha FPYNn TakMM YMHOM, LWOB MaKCMMi3yBaTu CXOXICTb
Mk o0'ekTamn B OOHOMY KnacTepi Ta BOAHOYAC MiHIMI3yBaTh CXOXICTb MK knactepamu. OuiHKa CXOXOCTi HanyacTiwe
30INCHIOETLCA 3 BUKOPUCTAHHAM METPUK BiACTaHi, Takmx SK eBKNigoBa BigcTaHb, abo Ha OCHOBI koedilieHTIB kopensuii
(Bertsimas, & Wiberg, 2020).

OpHumM i3 nonynspHUX MeTOAIB knacTtepu3adii € anroputm K-cepeHix (K-means). WMoro meTa nonsrae B TOMY, LWOO 3HaNTH TaKi
LIEHTPY KNacTepiB, WO MiHIMI3yl0Tb CyMy KBaApaTiB BiCTAHEN MK KOXHOK TOYKOH Ta Hanbnmkumm ueHTpom. OTxe, anroputm

HamaraeTbCsi 3rpyrnyBaT TOUKM Tak, Wob BoHM Bynum sikHanbnvbkye Jo LeHTpiB cBoix knactepis (Pratap, 2017):
k

J= 20D =l @)
k=1i€Cy
Je ] — 3aranbHa CymapHa kBagpaTudHa nomunka; k— Kinekictb knactepis; €, — MHOXWHA TOYOK, LLIO HanexaTb 40 Knactepa
k; x; — 06'eKT maHux; u, — cepeaHe knactepa k; ||x; — ux||?> — eBknigosa BiacTaHb (B KBaApaTi) MiXK TOYKOK Ta LEHTPOM i
Knacrepa.
lgeHTudiKkauia MonekynapHUX NIATUNIB 3MOAKICHUX MNYXIWH € TUMOBO 3adaveto, Ky e(pekTUBHO PO3B'A3YH0Tb 3 BUKOPUC-
TaHHAM HEKOHTPONbOBaHWX METOZAIB aHanisy. Y BuMnagkax, konv AOCMiAHWK Mae OOCTYN A0 AaHUX MPO EKCMPECilo reHiB y

ISSN 1812-5409 (Print), ISSN 2218-2055 (Online)



~ 220 ~ B 1 C H U K KuiBcbkoro HauioHanbHoro yHieepcurety imeHi Tapaca LleBueHka

Pi3HMX 3pa3kax MyXNMHHOI TKAHWHW, OCHOBHOIO METOI € BMSBNEHHSA XapakTepHUX LWabnoHiB ekcrnpecii, Wwo AatoTb 3mMory 06'-
€4HaTV 3pasku y rpyniu 3rigHo 3 iXHIMY MOMNEKYNAPHUMW BNAaCTUBOCTAMM.

Cepep HanoLLMpEHILLIMX anropuTMIB KracTepu3allii 3acTOCOBYOTb MeTo k-cepeHix Ta iepapxiyHy knactepusadito. Me-
Toa k-cepenHix 6asyeTbCcsl Ha eBPUCTUYHUX Mpoueaypax Ans nofiny BMOIpkM Ha Hanepen BM3HA4YeHy KinbKicTb KracTepis,
TOAj SIK iepapxiyHa knacrtepmsauis NOYMHAETbCS 3 iHAMBIAYanbHOrO Po3rnsay KOXHOro efieMeHTa sik OKpeMoro krnacrepa,
nocTynoso o6'eAHytoum iX y GinbLui rpyny BiANOBIAHO A0 MiXKKNAcTepHOI BigcTaHi. PesynbTaToM Takoro nigxogdy € AepeBorno-
AibHa cTpykTypa, Lo Aae 3MOory BapitoBaTW piBeHb KracTtepum3auii 3anexHo Big obpaHoro nopory arperadii (Bertsimas, &
Wiberg, 2020).

OpaHVM 3 roNoBHUX BUKMKWKIB Y BUKOpUCTaHHi UL € iHTepnpeTauis oTpuMaHux KnacTepis, WO 0COBNMBO akTyarnbHO B KOH-
TEKCTi NEPBUHHOIO AOCNIAHMLBKOrO aHanidy 6ioMeanyHmnx gaHux.

4. HaBYaHHA 3 NigKpinneHHam

YXBaneHHs! KNiHiYHUX pilleHb YacTo € CKNaaHMM i HENIHIMHMM NPOLLecoM, Lo 3anexuTb Big 6araTbox dakTopiB ogHouva-
cHo. Wo6 ynopatucs i3 uMmu cknagHowamu, y MeauUmMHi 3pocTae 3auikaBreHiCTb Yy MeToAax HaBYaHHs 3 MiaKpinneHHaMm
(Reinforcement Learning, RL) — HanpsiMKy MalUMHHOrO HaBYaHHSA, A€ areHT B3aeMOfi€ i3 cepefoBULLEM, NMPUAMAaKOYN pi-
LLIEHHS 3riAHO 3 MEBHOI CTpaTerielo, MeTolo SIKOI € MakCcuMi3aLisi BAHaropoau.

Y mexax RL areHT dhopMye NoniTUKy — aganTUBHWI NNaH A, CNpAMOBaHUA Ha AOCATHEHHS MaKCMMaIbHOI KYMYNATUBHOI
BMHaropoau. lNpouec HaByaHHA 6a3yeTbCs Ha iTepaTMBHOMY BOOCKOHANEHHi cTpaTerii Yepes eKCnepumeHTy i MOMUIKK, NOKN
He Byne 3HangeHo abo HabnmxeHo onTumanbHe pieHHs (Lopez, 2024; Siddharth, 2022).

KoxkHa gis areHTa 3MiHI€E CTaH cepeoBumLLa, WO Y MeANYHOMY KOHTEKCTI MOXe BignoBigaTu KniHiYHOMY CTaHy nauieHTta
abo cynyTHiM napameTpam. 3anexHo Bif HacnigkiB Uiel aii areHT oTpumye no3utmuBHy abo HeraTueHy BuHaropogy. OTxe, BiH
nocTynoBo hopmye MoNiTUKY, CMMparYncCh Ha OTPMMaHi BUHaropoam Ta npasua nepexoay Mixk ctaHamu Ta gisiMu, Lo BNuW-
BaloTb Ha BMOIp NoganbLUMX KPOKIB.

"onoBHOK METOM areHTa € He MakCcKMi3aLisi KOPOTKOCTPOKOBOI BUrOAM, @ ONTHUMIi3aList JOBrOCTPOKOBOIO pe3ynbTaTy Luns-
XOM 0Br'pyHTOBaHOro BUGOPY Aii AN KOXHOro KNiHiYHOro ctany. Takui nigxia Aae amory epekTMBHO MOAENoBATN AMHAMIYHI
npouecy yxBarneHHs pilleHb y MeaunyHin npaktuui (Van Buuren, 2018).

[ns ouiHKM AKOCTi NOMITUKN BUKOPUCTOBYIOTb (OYHKLiIO 3HaYeHHs cTtaHy V™ (s) (Lopez, 2024):

Vi) = D mls) Y. TGuadlRG s + 1V (sl )
as€A St=1 €S
ae V™(s) — dyHKUiA LiHHOCTI cTaHy S Npuv NOMiTULi 7, BOHa Nokasye O4vikyBaHy CymMapHy Haropogy, nodvHawuu 3i CTaHy s
i goTpumytoumnck nonitukn m; (s,;) — iIMOBIpHICTb BMOOPY Aii a; y cTaHi s; 3a nonitukoto m; T (s, a;) — PyHKUIS nepexoay,
MNMOBIPHICTb NOTPaNUTU y CTaH S;,, MiCNsi BAKOHAHHSA Ail a; y cTaHi s;; R(s;, S;4+1) — Haropoaa, oTpumaHa 3a nepexif 3i ctaHy
St Y Sgy1; ¥ — KOEILEHT AnckoHTyBaHHA 0 < y < 1, 10 3MeHLLYe Bary ManbyTHiX Haropog.

HaByaHHs 3 nigKkpinneHHsM BUABRSETLCA 0COBNMBO e(PEKTUBHUM AN PO3B'sI3aHHS CKNagHUX 3aBAaHb, TakUX SIK KMiHIYHe
yXBaneHHs pieHb, agpke RL-areHTn MoxyTb NnpuiiMaty Aii HaBiTb Nig Yac NpoLuecy HaB4YaHHA i NOCTYNOBO aganTyBaTh CBOi
cTparerii AN MakcuMmi3auii ovikyBaHOi BUHAropoaun. Xo4a anropuTMm 3 HaBY4aHHAM Mif Harns40M TakoX MOXYTb npaLoBaTty
3 HEMOBHUMW AaHVMU, BUKOPUCTOBYHOYUM iMNyTaLito, Li MeToan He 3aBxan 3abe3neyytoTb TOYHICTb | MOXYTb NPU3BOAUTU 0
nomunkoBumx piweHb (Van Buuren, 2018).

Yepes Te, Wo BUHaropoam B RL MoXyTb OyTu pigkicHUMKM Ta BigknageHMMM B Yaci, Li anroputMuy 3aaTtHi BigcTexyBaTu
NPUYMHHO-HACIIOKOBI 3B'A3KM MK OissMW Ta IXHIMW Hacnigkamu, WO € CKNagHWM 3aBOaHHAM ONs TpaauuinHuX nigxonis
(Siddharth, 2022). 3aBgsaku MOXXNMBOCTI NpaLiloBaTV 3 BENUKUMY 06csraMm faHux, BKITHOYHO 3 Bidyanisauismu, 6iomeamyHumn
nokasHukamu v iHamBigyanbHUMKU XapakTepucTmkammn nauieHTis, RL gonomarae ontumidyBaTu cTpaTerii nnaHyBaHHA Ta Mo-
HITOPWHIY NiKyBaHHSA y pexuMi peanbHoro yacy. Lle ocobnmeo Baxnuneo B OHKONOrii, Ae Tepanis Mae 6yTn aganTMBHOW 1
nepcoHarnisoBaHo, a peakuia nauieHTa Ha nikyBaHHsA € HenepenbadvyBaHot. Kpim Toro, RL BpaxoBye 4OBroCTpOKOBi Hac-
NigKW KNiHIYHKX pilleHb, HaBiTb SKLLO B3aEMO3B'A3KN MK TepaneBTUYHUMU OigMy Ta pesynbTaTaMuy NOBHICTIO He 3'ACOBaHi.

BapTo 3ayBaxuTu, wo RL He HanexuTb Hi 4O METOAIB HABYaHHSA Nif HArNs40M, Hi 10 MeTodiB HaBYaHHsA 6e3 Harnagy. Ha
BiAMiHY BiJ nepLumnX, siKi HABYaKTbLCA HA OCHOBI MIYEHMX AaHUX, | APYTUX, SKi WYKaTb NPUXOBaHI CTPYKTYPU B HEMIYEHUX
AaHux, RL 6a3yeTbcsl Ha B3aemogii areHTa i3 cepefoBuLLEM, e 3BOPOTHUI 3B'A30K NOAAETLCHA Yepe3 CUCTEMY BUHAropos i
wrpadgis (Sutton, & Barto, 2018).

MeTtoam RL noainsoTe Ha mogeneHi (model-based) Ta 6e3mogensHi (model-free). Y mogensHux nigxogax areHT oopmye
BHYTPILLHIO MOAENb AUHaMIK1 cepefoBuLLa | BUKOPUCTOBYE i1 ANA nnaHyBaHHA AiW. beamoaensHi anropuTtmu, Haenaku, He
MatoTb AOCTyny Ao iHdopMaLii Npo nepexoan Mk CTaHamu Yy BUHaropoau W HaB4valTbca Be3nocepefHbO 3 AOCBIAy 3a
ponomoroto cnpob i nomunok (Eckardt et al., 2021).

Be3mogenbHi MeToaM NOAINsoTb HA TPM OCHOBHI KaTeropii: 3acHOBaHi Ha WiHHOCTAX (value-based RL), 3acHoBaHi Ha no-
nitTuui (policy-based RL) i aktopcbko-kpuTuyHi (actor-critic RL).

Y value-based nigxogax MeTo € BUBYEHHS LIIHHOCTI CTaHiB abo nap cTtaH — fis AN BU3Ha4YeHHs ONTUMarbHOT MOMITUKNA.
OpHvM i3 HarinowmpeHiwnx anroputMmis € Q-learning, LWo AonoMarae areHTy 3Haxo4UTW HavKkpally CTpaTerito, MakCUMi3ytoun
Ccymy MainbyTHiX BUHaropon.

Policy-based meToau npautotoTb LWnsxom 6e3nocepeHboi ONTUMI3aLil napaMeTpiB NomMiTMKM 3 METOK MakcumisaLii odi-
KyBaHOI BUHaropoau, npuknagom skux € anroputm State — Action — Reward — State — Action (SARSA).

AKTOPCbKO-KPUTMYHI MeTOAM noedHytoTb nigxoau value-based i policy-based, ycyBawum HefomMiku KOXHOIO 3 HUX.
papieHTHIi MeToAM NONITUKM CXMMbHI 3aCTpABaTH B NIOKaNbHMX MaKCMMyMaX i MaloTb BUCOKY BapiaTUBHICTb, ToAi Ak value-
based anroputmu iHogi noraHo 36iralTbCs. AKTOPCLKO-KPUTUYHI anropuTMin BUKOPUCTOBYHOTL akTopa Anisi BUbopy Ain Ha
OCHOBI rpagi€HTiB MNONITUKK, a KpUTUKA — OS5 OLIHKM LMX Aid 3a 4ONOMOro MeToAy HaBYyaHHS i3 YacoBUX BiAMIHHOCTEMN,
Lo nigBuLLye cTabinbHiCTb 1 edpeKkTUBHICTL Y 3agavax i3 6e3nepepBHUM npocTopoM Ai. Mpuknagamy Takux MeTodiB €
A2C Ta A3C (Lopez, 2024).
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5. Pe3ynbTaTtv Ta BUCHOBKM NPO NEPCNEeKTUBM BUKOPUCTAHHSA MALUMHHOINO HAaBYaHHA B OHKOMOTil

Ha cyyacHomy eTani MeToam i anropyTMmn MalLMHHOMO HaBYaHHS ML 3acTocoByoTb AN 06pobku faHuX, po3nisHaBaHHS,
Knacudikauii, MPOrHo3yBaHHS 1 yxBaneHHs pilleHb y CKrnagHux GaratonapameTpuyHnX 3agadax NpakTU4HOI OHKonorii, ae
4YacTo BiACYTHi 0QHO3HA4YHi PO3B'sA3KN. Yepes 3HauyLLICTb i CKNagHiCTb MaTeMaTUYHMX NIAX0AiB OCTaHHIM YacoMm copmyBa-
nacs mixgucumnniHapHa ranysb — MaTtemaTuyHa OHKONOTis, WO BUKOPUCTOBYE CydacHi MatemaTuyHi 1 o64mcnoBanbHi iH-
CTPYMEHTU ANst AOCNIMKEHHS BUHUKHEHHS1, PO3BUTKY Ta peakLii paky Ha nikyBaHHsi. MaTemaTuyHa OHKOMOrisi NOEAHYE 3HAHHS
3 MatemaTuku, iHdbopmaTuku Ta Gionorii Ans CTBOPEHHS MOAENEN, LLIO ONUCYIOTb paK Ha Pi3HUX PIBHSIX — Big, MOMNEKYNSIPHOro
(3oKkpema reHeTnYHi Mapkepwu) 40 KNiTUHHOTO i TKAHMHHOTO (MPoLEeCcH POCTY MYXMMHK | MeTacTadyBaHHS).

Y cy4acHin oHkonorii Bubip metogy ML BU3Ha4aeTbCA KOHKPETHOK NOCTaBneHow 3agadeto. [Nepesaru 1 Hegonikn pisHUX
anropuTMmiB, siki 3aCTOCOBYBanu B OOCTAXKEHHSX, y3aranbHeHi y Tabn. 1.

Ta6bnuys 1
MNopiBHAHHA BUKOPUCTaHHSI MeTOAIB MalMHHOIrO HaB4YaHHSA B OHKoOJorii
MeTopn Mpuknagn H . n 3aB'antm’
HABYAHHS anropuTmis efoniku epeBaru [e meTof HaulKpalle
BMKOPUCTOBYETLCS
KoHTponboBaHe Linear Models [MoTpebytoTb HasBHOCTI Bucoka 3po3yminictb [MporHo3 BuxnBaHoCTi,
HaBYaHHs (Geeleher, Cox, & MIYEHVX JaHVIX; He CMPaBnsoTeCA | 1 iHTEpNpeToBaHICTb paHHE BUSABNEHHSA
Huang, 2014; 3 HEMiHINHUMK 3anNEeXHOCTAMN; pes3ynbTaTiB; NpocToTa 3axBOpHOBaHb;
Kong et al., 2020; cnabka NpoayKTUBHICTb y HOBMX | i LUBMAKICTb po6oTH OLjiHKa pu3ukiB
Parker et al., 2009) MyTaLisix; NOraHo npauoTb
3 BUCOKOKOPENbOBaHNMMU
o3HaKkamm
Support Vector Baxkko macltabysaTtu Crivikicte oo MporHo3 peunamBis;
Machine (Ammad- Ha Benuki obcarn aaHmx nepeHaBYaHHs; HagiiHa Knacudikauis nyxnuH
Ud-Din et al., 2017) poboTa 3 HeBENMKMMM
Habopamu JaHux
Decision Tree Models | Moxnvee nepeHaBYaHHs; EdektuBHa poboTta Knacudikauis nauieHTis,
(Malyutina et al., YyTnMBI 4O Wymy 3 KaTeropianbH1UMK NpPOrHo3 peakuii
2019) Ta YNCNOBUMU AaHUMMU; Ha npenapar.
YiTKO iHTEpPNPETOBaHI
npasuna
Ensemble Models [loBrum Yyac HaBYaHHS; Crinkictb oo [MporHo3 Bignosigen
(Kim et al., 2020) CKNnagHo iHTepnpeTyBaTh nepeHaBYaHHs; BUCOKA Ha nikyBaHHs; knacudikauis
TOYHICTb MPOTrHO3iB TUMIB MYyXJIVH.
Neural Networks CknagHi B HanawTyBaHHi; EdekTnBHi Ans 06pobku | BussneHHs nyxnuH
(Chang et al., 2018; BiJOMi §IK "JOpHa CKpMHbKa"; 300paxeHb; MOXIUBICTb | Ha CKaHax; knacudgikauis
Menden et al., 2013; noTpebyoTb Benukmx obesris MoerntoBaTu cknagHi ricTo306paxeHb.
Sakellaropoulos LaHnx HEeniHiHI B3aEMO3B'sA3KY;
etal., 2019) nobpe macwtabyoTbes.
HekoHTponboBaHe | Autoencoders Baxko iHTepnpeTyBaTy; 3MeHLUEHHS PO3MIpHOCTI | BusiBNeHHs piakicHMX
HaBYaHHs (Zhang et al., 2021) noTpebyoTb BENUKOi OaHuX; 3aaTHICTb MyTaUii; 3MEHLIEHHS
KinbKOCTi AaHuX BUABNATU aHoManil PO3MipHOCTI AaHNX
K-means CknafHo iHTepnpeTyBaTh [onomarae BusBnATH CrpaTtudikauis nauieHTis;
(Tothill et al., 2008) pesynbTaTu; YyTIMBUN HOBI 3aKOHOMIiPHOCTI; BMSIBMIEHHS HOBMX NigTVNIB
0o Bubopy k; He 3aBxan LBMaka obpobka paky
KNiHIYHO peneBaHTHUI; He BENUKUX AaHWUX;
rapaHTye onTMmaribHe po3buTTs npocTa peanisauis
HaBuyaHHsA Q-learning (Zade, CknagHo BanigosysaTu MNipxoanTb Bwu6ip nocnigoBHoCTi
3 NiAKPINNEeHHSM Haghighi, & Soltani, " iHTepnpeTyBaTu; BUMarae Ons cknagHux niKyBaHHS; onNTMMi3aLis
2020; Li et al., 2024; NPaBuWIbHOI MiAroHKU cepefoBuLL,; LWBUAKNA [03yBaHHSA
Shen et al., 2020) rinepnapameTpis; MOXNBI noLyK onTUMansHoi
HecTabinbHoCTI noniTukn
SARSA (Alsaadi Bucoka obuncnioBanbHa OnTumisauis cxem IHTepakTMBHI pekomeHaaLii
et al., 2023) CKIafHIiCTb; BPa3nuBui nNiKyBaHHS; cTabinbHi ONns nepcoHanizoBaHoi
[0 NepeHaByaHHs; cknagHo pe3ynbTaTy; ypaxyBaHHs | Tepanii; aganTuBHi
iHTepnpeTyBaTy; 3anexuTb peanbHOT NoBeaiHKN NPOTOKONW fiKyBaHHS;
Bifl NOTOYHOT NONITUKM areHTa ONTMMI3aLlis 4O3yBaHHS
Reinforce (Wang et CknagHa Banigauis EdektnBHa poboTa 3 HaBuaHHs1 TakTuK Tepanii
al., 2020) N iHTepnpeTauis; nosinbHa HenepepBHUMU B KOHTEKCTi Yacy
36iKHICTb; BUCOKa ancnepcis npoctopamu Jin; i Bignosiaj
rpagieHTiB. nerkictb peanisauji
AC (Actor-Critic) (Liu, | CknagHa Banigauis 3mMeHLeHa ancnepcis [nHamiyHe ynpaBniHHA
Shen, & Pan, 2022; 1 iHTepnpeTauis; YyTnMBui 4o OLiHOK; BinbLw cTabinbHa | nikyBanbHUM NPOTOKONIOM
Xu et al., 2023) HanawTyBaHb rinepnapameTpis; | i wsunAawa, Hix Reinforce | y peanbHomy yaci
cKnagHicTb peanisadii

MeToam koHTponboBaHoro (SL) Ta HekoHTponboBaHoro (UL) HaB4aHHS, onvcaHi B nonepeaHbOMy po3aini, LUMPOKO BUKO-
PUCTOBYIOTb Y MEOUYHWX JOCIOKEHHSIX, 0COGNMBO B pobOTi 3 peTPOCNEKTUBHUMM AaHUMU. |X edDeKTUBHO 3aCTOCOBYOTbL A1S
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BMKOHAHHSA Takux 3aBfaHb, SK AiarHOCTuMKa, cTpaTudikalis pusmky, knacudikauis reHeTU4HUX nigTvnie, MPOrHO3yBaHHS pe-
3ynbTaTiB Teparnii, MOHITOPVHI peunamBIB | nepegdadeHHs peakuii nauieHTiB Ha nikyBaHHA (Yu, Beam, & Kohane, 2018).

OpHak KriHiYHe cepedoBULLE 3MIHIOETLCA AMHAMIYHO: 3a3HakThb 3MiH K i3ioNorivHi NnapameTpu naujeHTa, Tak i 30BHILLHI
daktopu. binbuicte Mogenei SL Ta UL He BpaxoBYHOTb Lii YacoBi 3MiHW, LLLO 0OMeXXye TXHI0 e(peKTUBHICTb Y NPaKTUYHMX YMOBaX.

Y UbOMY KOHTEKCTi HaBYaHHs 3 nigkpinneHHsm (RL) noctae sik nepcnekTuBHa anbTepHaTWBa, OCKINbKA BOHO AAE 3MOry
yXBarnoBaTu NoCcrifoBHi pilleHHs B Yaci 3 ypaxyBaHHAM 3MiH cepegoBua. RL-moaeni 3gaTtHi aganTtyBaTtu CBOi Aii 4O NoTo-
YHOrO CTaHy nauieHTa, OpPIEHTYIOYMCh Ha MaKCMMIi3aLlito JOBrOCTPOKOBUX KNiHiYHUX pe3ynbTartis (Eckardt et al., 2021).

Lle nioxig noBHicTiO BignoBiaae ineonorii npeuunsinHoi MmeanumHK, Wo nparde 4o iHaMBigyanisoBaHoro nikyBaHHA. RL nae
3mory nigibpatn HaredpeKkTUBHILLY Tepanito Ta A03YBaHHS 3 ypaxyBaHHSAM ocobucTux GionoriyHmx napameTpis i nepebiry 3a-
XBOPIOBaHHs. Lle nigBuiLye eheKkTUBHICTb MiKyBaHHS, 3MEHLLYE MMOBIPHICTb MOBGIYHMX edheKTiB i Noninwye SKiCTb XXUTTA Na-
uieHTiB (Rafique, Islam, & Kazi, 2021). RL gonomarae rHy4ko aganTyBaTu NnikyBanbHi CTpaTerii 4O KOHKPETHUX NauieHTiB abo
nigrpyn, Wo MOoXyTb OTpMMaTK HanbinbLly kopucTb Bif iHTepBeHLi (Eckardt et al., 2021).

MopiBHSAHO 3 iHWKMK nigxogamu, RL-anropntMu 4EMOHCTPYIOTb KpaLli pesynbTaTy B onTMMi3aLii Ta AMHaMidYHOMY ynpas-
NiHHI NikyBanbHUMKU npouecamu. Hanpuknag, y gocnigxerHi (Liu, Shen, & Pan, 2022), o 3actocoByBano anroputm Actor-
Critic Anst BUBYEHHS 3B'A3KY MiXK reHETUYHMMM XapakTepucTukamMm Ta BianoBigato Ha npenapaTtu Npu fikyBaHHiI paky MOMOYHOI
3anosun, RL-nigxig nepesepwwus n'atb iHwmx metopis: ElasticNet (EN), Kernel Ridge Regression (KRR), Similarity-
Regularized Matrix Factorization (SRMF), pekomeHnaauiina cuctema CaDRRes, Ta Kernelized Ranking Learning (KRL).

B iHwomy gocnigxenHi (Wang et al., 2020), Reinforce-anroputm nokasae BUCOKY eDeKTUBHICTb y AndoepeHruiaLii 4obposiki-
CHUX i 3MOSIKICHVX BY3MiB MOMOYHOT 3ar1031 Ha OCHOBI YNbTPa3BYKOBMX 306paxeHs. oro pesynbTaTi nepesepLnm Ti, Wwo 6ynm
OTpUMaHi Bil ogHOMOZAanbHUX MOZENEW i cydacHUX MynbTUMOAanbHWUX Migxodis, Takmx sik Share-Net, Centralnet Ta Voting
Schemes. Y po6orTi (Shen et al., 2020) anroputm Q-learning 6yB BUKOpUCTaHUA A4Ns NNaHyBaHHS NikyBaHHA MPOMEHEBOIO Te-
panieto 3 MOy NbOBAHOIO IHTEHCUBHICTIO. Moro pesynbTaTi 6ynu 3icTasHi 3 PilLeHHsIMM JOCBIAYEHOro Nikapsi, KU BPYUHY Ha-
nawToByBaB NapameTpu Tepanii, Taki ik o6csr 403u, ANst CTBOPEHHST ONTUMAaNbHOIO NiaHy NikyBaHHS A5 KOXHOro nauieHTa.

HocnigxeHHs rpadikis go3ysBaHHa nikiB (Alsaadi et al., 2023), onTumansHux pexumie ximiotepanii (Zade, Haghighi, &
Soltani, 2020), nnaHyBaHHsA nikyBaHHA npomeHeBolo Tepanieto (Shen et al., 2020), ckpuHiHry paky nediHku (Xu, Song, &
Zhang, 2023) Takox nigTBEpAMM BUCOKY edekTnBHiCTb RL-nigxoaiB y MeguyHoMy KOHTEKCTI — BOHU 3abe3nevytoTb Kpally
abo NpyHanMHi piBHOLIHHY NPOAYKTMBHICTb NOPIBHAHO 3 TPAAULUIMHMMK anropyuTMaMy MalUMHHOTO HaBYaHHS.

Ouckycis i BACHOBKKU

Y poboTi npeacTaBneHo ornag cyvacHux niaxo4is Ao 3a4adv po3nisHaBaHHS, knacudikalii, (POrHo3yBaHHS Ta yXBaneHHs
06r'pyHTOBaHMX pilleHb Lwoao BUbopy xiMioTepaneBTUYHOro MiKyBaHHS A MiHiMi3aLii pu3vKy BUHUKHEHHS NOBIYHUX peakuin
(ADR) y naujieHTiB 3 OHKOMOr4YH1MMK 3axBoploBaHHAMM. [opsf i3 KnacuyHUMK MeToAaMm MaTemMaTUYHOT CTaTUCTUKK, Y MaTe-
MaTWYHIA OHKOIOrii akTMBHO 3aCTOCOBYIOTb METOAU rMMBoKoro HaByaHHs. OcobnmMBoO eHEKTUBHUMU BUSIBUNTUCS anropuTMu
BMnagkosux nicis (Random Forest), onopHux BeKTOpHMX MalwmH (SVM) i wTy4yHnx HempoHHuX Mepex (ANN), wo 3gaTHi mo-
AentoBaTy CknagHi B3aEMO3B'A3KN MidK BEMNMKOIO KiNbKICTIO PiI3HOMaHITHUX 3MiHHUX — Bifi reHETUYHUX MapKepiB | xapakTepuc-
TUK NiKapCbKnx 3aco0iB 4O TPMBUMIPHUX 300paXkeHb NyXnvH 3a AaHMMMK KOMM'OTEPHOT ToMorpadii.

Hainbinbwy yBary npugineHo MeTogaM KOHTPOSIbOBAHOIro HaBYaHHSA (SL), HEKOHTpONboBaHOro HaB4yaHHsi (UL) Ta HaB-
YaHHs 3 nigkpinneHHsam (RL). Y Tabn. 1 y3aranbHeHO Ko4oBi NepeBark Ta Hegoniku KOXHOro niaxody, a takox cdepu ix-
HbOr0 OMTUMAarbHOIO 3acToCyBaHHs. 3po6neHO BUCHOBOK, WO RL € HainepcneKkTUBHILLIMM HanpsIMOM, OCKiMbKW Aa€e 3mory
CTBOpPIOBATU iHTENEKTYanbHi cUCTEMU NIATPUMKU KNiHIYHMX pilleHb, Lo 34aTHI B peXuMi peanbHOro Yyacy agantysaTtu Tepa-
neBTUYHI cTpaTerii BiaNoBigHO A0 3MiH Yy CTaHi nauieHTa, peakuii opraHiamy Ha nikyBaHHS Ta NOsiBU MOXIMBMX NOBIYHMX edbe-
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THE APPLICATION OF MACHINE LEARNING METHODS IN MODERN CANCER THERAPY

The purpose of this study is to analyze modern approaches to assessing the efficacy and safety of drugs used in anti-cancer therapy using
machine learning methods. Particular attention is paid to the prospects of implementing such methods in mathematical oncology, a field that actively
uses mathematical modeling and computer simulations in oncological research.

As part of the study, we searched for and studied relevant scientific sources on the application of machine learning in oncology. As a result, a
systematic review of the literature covering the use of machine learning in this area was conducted.

The main machine learning approaches, such as Supervised Learning (SL), Unsupervised Learning (UL), and Reinforcement Learning (RL), are analyzed
in the context of modern oncology. Specific examples of the use of various machine learning algorithms in research related to cancer treatment, as well as
more general oncological problems, are considered. The advantages and limitations of these approaches are assessed depending on the goals set, for
example, in such tasks as predicting treatment response, biomarker identification, and automated medical image analysis.

The study found that machine learning is already being actively implemented in oncology research and demonstrates high efficiency in solving
various problems, in particular, identifying hidden patterns that are not available in traditional analysis. At the same time, it is noted that there are
numerous other areas where the use of machine learning can significantly enhance scientific research and clinical practice. In particular, the use of
reinforcement learning algorithms in the field of personalized precision medicine, which plays a key role in creating individualized approaches to
cancer treatment, looks promising.

Keywords: mathematical modeling, supervised learning, unsupervised learning, reinforcement learning, precision medicine, personalized
therapy.
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CORRELATION BETWEEN THE FRACTAL DIMENSION
OF SURFACE TEXTURE AND ITS LASER SPECKLES AS THE BASIS
FOR A NON-CONTACT METHOD FOR ANALYZING CERAMIC MATERIALS

A quantitative relationship between the fractal dimension of the ceramic surface texture obtained by optical microscopy and
the fractal dimension of the corresponding laser speckle field was studied. A low sensitivity of speckle analysis for defocus has
been identified, which simplifies the control procedure. Analysis of homogeneous samples revealed statistically significant
differences in the fractal characteristics of the images of the two types of ceramics, confirming the possibility of using them to
identify materials and detect defects. In the case of a layered ceramic sample, fractal analysis of speckle paintings clearly reflected
its structure, indicating the potential of the method for non-destructive layering and homogeneity testing. The demonstrated
robustness of the approach highlights its metrological reliability and opens up prospects for its integration into standardized
schemes of quality control, ensuring consistent and reproducible assessment of structural integrity in ceramic manufacturing.
Prospects for further research are associated with the development of simplified optical speckle analysis schemes for the creation
of portable systems for express quality control of ceramic products.

Keywords: optical microscopy, laser speckles, microrelief, fractal dimension, ceramic surface, layered ceramic system.
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Introduction

With the development of modern technologies in such key industries as aviation, astronautics, medicine and energy, the
need for materials with improved performance characteristics is constantly growing. In this context, ceramic materials, due to
their exceptional hardness, high thermal resistance and chemical inertness, open up broad prospects for application in
extreme conditions.

Among ceramic materials, layered ceramic composites are of particular interest, demonstrating significant potential in
applications requiring high strength and durability (Minatto et al., 2015). Their unique architecture using specially designed
weak interfacial layers is key to effective damage localization. Interfacial layers, such as those based on boron nitride (BN),
promote crack deflection and delamination, preventing catastrophic failure (Ahmad et al., 2025; Chen et al., 2022) and
enhancing the performance of the composite.

Bulk properties of ceramic materials, determined by the conditions of synthesis and processing, are reflected in the
microstructure of the surface, the set of parameters of which determines its texture (Bowman, 1994; Behera et al., 2021).
Although this relationship is often complex and nonlinear, and its analytical description poses a significant problem, it is this
correlation that opens up promising opportunities for the development of non-destructive methods for studying the internal
structure and properties of materials by analyzing their surface.

Traditional methods of analyzing the texture of microrough surfaces based on optical microscopy are well developed and
provide high resolution. However, their application is often associated with the need for precise positioning of the sample
relative to the optical system, which significantly limits the possibility of rapid screening analysis. In addition, the contact nature
of some microscopic techniques and the complexity of integration into technological lines make it impossible to conduct
studies in real time, for example, during the processes of forming or processing of the materials under study. Therefore, there
is a need to develop new, non-contact and operational methods for determining surface characteristics. One of the possible
effective solutions is the use of coherent optics methods, in particular, speckle surface microscopy.

In our previous work (Yakunov, & Sachko, 2024) it has been demonstrated that the analysis of laser speckles —
characteristic spotty structures that arise from the interference of coherent light waves scattered by microscopic
inhomogeneities of a rough surface — is an effective approach for studying key surface parameters. It has been shown that
the statistical characteristics of the speckle field carry information about such important surface properties as its roughness,
anisotropy and other spatial correlation parameters.

The aim of this study is to establish a quantitative relationship between the fractal dimension of the ceramic surface texture
obtained using optical microscopy and the fractal dimension of the corresponding laser speckle field. Fractal dimension was
chosen as the most physically justified texture parameter, since it is closely related to surface roughness and is able to
effectively quantitatively describe complex microreliefs of ceramics, and on the other hand, it adequately describes images
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with large-scale self-similarity, to which laser speckles belong. Considered potential opportunities speckle microscopy for
determining layer boundaries and assessing the homogeneity of the structure in layered systems.

1. Surface texture and bulk properties of materials

Surface texture, determined by a set of micro-irregularities of different scales and orientations, is in many cases a direct
reflection of the bulk properties of the material, which are formed at the stages of its synthesis, processing, and operation.
Micro- and nanorelief of the surface carries information about the crystalline structure, phase composition, presence of
defects, mechanical stresses and other internal characteristics of the material. Thus, detailed analysis of textural parameters
provides the possibility of non-destructive study of bulk properties, opening up prospects for quality control, prediction of
material behavior and development of new technological processes with specified surface characteristics. (Bunge, 2013).

Fractal methods are an effective tool for modeling rough surfaces, as they are able to adequately reflect their hierarchical
organization and statistical characteristics (Militky, & Bajzik, 2001; Nayak et al., 2019). Fractal dimension, as a measure of
the complexity and self-similarity of an object at different scales, quantifies the degree of roughness and spatial filling of rough
surfaces. It is calculated by various methods, such as the box-counting method, structural function method or radial basis
function method, which analyze the change in surface characteristics with a change in the observation scale. Formally, higher
fractal dimension correlates with greater surface roughness, as it indicates the presence of finer details and a more complex
hierarchical structure of the microprofile.

Scattering of coherent laser radiation on a rough surface leads to interference of secondary waves and formation of a
speckle pattern, which also demonstrates signs of large-scale self-similarity. Despite the complexity and non-obviousness of
the direct connection between the fractal dimension of a rough surface and its speckle field, experimental studies confirm the
existence of a statistically significant correlation between these characteristics. (Li et al., 2006; Shao et al., 2023; Souza et
al., 2021). This opens the prospect of non-contact estimation of surface roughness by analyzing the statistical properties of
the corresponding laser speckles.

2. Materials and methods

The work investigated homogeneous composite materials and multilayer structures based on them. Two types of composites
were synthesized, differing in the excess content of boron carbide (hereinafter referred to as sample A) or titanium carbide (sample
B). Multilayer samples (C) were formed from the two specified composite systems, separated by a graphite layer, which was formed
during the reactive hot pressing process and functioned as a weak interface for crack deflection. Detailed way sintering samples
covered in the previous the work of one of the authors (Ovcharenko, Dibrov, & Semenko, 2024).

The study was conducted on samples in the form of cylindrical tablets with a diameter of 10 mm. Each sample was fixed
on the microscope stage and sequentially illuminated by two sources: a white light LED lamp (for visualization of the surface
microstructure) and a helium-neon laser (for formation of a speckle pattern from the same place on the surface). Laser
radiation was directed to the sample surface at an angle of incidence of about 40°. The area on the sample surface illuminated
by the laser beam, which formed the speckle pattern, had the shape of an ellipse, which, when visualized through the
microscope objective with a 10-fold magnification, occupied the central part of the field of view. Registration of the surface
microrelief and the corresponding speckle pattern was carried out by a digital camera with a resolution of 1024 x 768 pixels.
The central rectangular area of the image measuring 340 x 250 pixels was characterized by an almost uniform distribution of
illumination intensity both for visualization of the microrelief and for registration of the speckle pattern (Fig. 1). Optimization of
exposure parameters and other camera settings, as well as conversion of color images into 8-bit format with 256 gray levels,
were performed using specialized software. These procedures were aimed at obtaining images with optimal qualitative and
informative characteristics necessary for further analysis.

T Ay ]

speckle pattern (b)

The fractal dimension of the surface microrelief images and the corresponding speckle patterns was determined using the
ImagedJ program with specialized plugins. To verify the obtained results, the original software developed by the authors was
used in parallel, which did not provide for any image preprocessing procedures. The comparative analysis showed the general
consistency of the values of the fractal dimension of the microimages obtained by both methods. At the same time, certain
discrepancies were observed in the values of the fractal dimension of the speckle patterns, which may be related to the
specifics of their structure and the potential loss of information due to preprocessing. The numerical values given below were
obtained using the original software.

m}

3. Results and analysis

At the previous stage of research, the influence of the accuracy of microscope focusing on the values of fractal dimensions
of microimages and corresponding speckle patterns was analyzed. Experiments were carried out using flat surface of one of
samples. Figure 2 illustrates dependence fractal dimensions microscopic images and corresponding speckle structures from
degree defocus optical systems that varied in steps of 40 ym.
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Fig. 2. Dependence of the fractal dimension of the microimage and the corresponding speckle pattern on the defocus value

Received results showed that for microimages indicated dependence characterized by sharp maximum, which
corresponds to the optimal focusing condition. Even insignificant deviation leads to significant reduction value fractal
dimensions. Further increase in defocus does not cause significant changes to this parameter, which probably reflects integral
characteristics of the blurred surface, irregularities lighting and noise recording device.

In contrast this, similar dependence for speckle images demonstrates weak sensitivity fractal dimensions to defocusing.

With precise focusing observed minor local maximum, which can be associated with the modulation of the speckle picture
by the surface relief With increase defocus this modulation disappears, and the fractal dimension speckle paintings slightly
decreases. Such behavior consistent with the physical principles of formation speckle pattern where the maxima interference
form elongated three-dimensional areas. Their cross-section by any plane forms the same two-dimensional distributions of
illumination, the differences between which are mainly in scale coefficients.

At the main stage experimental research was two homogeneous samples (A, B) and one five-layer (C) were analyzed. For
each of the homogeneous samples 20 measurements were taken fractal dimensions by two opposite flat surfaces (conditionally
labeled as top and bottom). Five-layer sample was scanned along its lateral cylindrical surface with a step of 0.5 mm.

Figure 3 shows the results in the form of a scatter plot. Each point corresponds to a specific area of the surface of one of
the samples and represents a pair of fractal dimensions of the microscopic image and the corresponding speckle picture.
Statistical analysis shows that all the points that respond sample A, form single cluster with high density. Data for the sample
B, obtained from different its surfaces, form two close clusters that may be due to different quality processing these surfaces.
However, at the same time, a slight difference does not significantly affect the overall picture.

Clearly traced statistically significant excess average value fractal dimensions of both microimages and speckle patterns
of the sample B comparatively from sample A.
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Fig. 3. Scatter plot of fractal dimension of microimage (abscissa axis) and speckle (ordinate axis) for two ceramic samples.
The ellipses show a 95 % confidence region

Thus, the fractal analysis of the speckle pattern in terms of information capacity is at least not inferior to the analysis of
microscopic images. However, it should be noted that the ellipses that delineate the 95 percent confidence regions show a
tendency to be oriented along the horizontal axis (for this, it is necessary to take into account the ranges of values of the
corresponding scales). This indicates lower scattering values of the fractal dimensions of speckle patterns compared to
microimages. Thus, the set of surface parameters that are determined through speckle patterns is characterized by a higher
value of the signal-to-noise ratio.
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Figure 4 shows the results of scanning the lateral surface of sample C. The dependence of fractal dimensions on the
coordinate of images and speckle patterns clearly demonstrates the five-layer structure of the sample. At the same time, the
fractal dimension of the speckle pattern exhibits more regular behavior, which makes it a more reliable identification marker.
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Fig. 4. Dependence of the fractal dimension on the coordinate for the microimage and the corresponding speckle pattern
when scanning on the side surface of a five-layer sample

Considering low sensitivity speckle patterns to accuracy focusing optical systems, they are significantly more convenient
object for express analysis surfaces ceramic materials compared to their microscopic images. Given the physical nature of
the formation speckle-picture, exists possibility substantial simplification optical schemes microscopy speckle images or even
full refusals from her.

An alternative approach may be to analyze the local characteristics of the surface (for example, roughness) using a
speckle structure, which is formed over a small area of a given size using a focused laser beam and recorded by a video
camera matrix located in a convenient place in the optical circuit.

In comparison with established techniques of non-destructive evaluation, such as ultrasonic inspection, X-ray
microtomography, or Raman spectroscopy, speckle-based analysis combines operational simplicity with sufficient sensitivity
to surface and near-surface features, while avoiding the need for complex and expensive instrumentation. At the same time,
its limited depth of penetration and sensitivity to external perturbations remain challenges for practical application.

Discussion and conclusions

The conducted research confirms the effectiveness of fractal analysis of speckle patterns for the characterization of
ceramic surfaces. The method demonstrates informativeness comparable to microscopic imaging while offering the important
advantage of low sensitivity to optical focusing, which significantly simplifies measurement procedures and enables rapid
control of technological parameters.

Statistically significant differences in fractal characteristics of ceramics of various compositions, revealed in both
microimages and speckle patterns, indicate the suitability of the approach for material differentiation and process monitoring.
Higher stability of fractal dimensions in speckle analysis highlights its greater reliability for unambiguous surface evaluation.
In multilayer ceramics, the method clearly reflects stratified structures, underscoring its potential for non-destructive testing
of composite systems.

Future research should aim at improving robustness of the optical setup, expanding depth-sensitive capabilities, and
integrating speckle analysis with complementary methods to establish comprehensive and reliable diagnostics of ceramic
materials.

Authors' contribution: Andriy Yakunov — conceptualization; methodology; source analysis; empirical research; Volodymyr Dibrov —
preparation of experimental samples; empirical research; Artem Sachko — empirical research; computer calculations.
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KOPENAUIA MDK ®PAKTAJIbHOKO PO3MIPHICTIO TEKCTYPU MOBEPXHI
TA Il NASEPHUMU CNEKINAMU AK OCHOBA BE3KOHTAKTHOIO METOAY AHANI3Y KEPAMIYHUX MATEPIANIB

HocnidxeHo KinbkicHUU 38'30K MiX ¢hpakmasibHOK PO3MipHICMI0O MeKcmypu KepaMiyHOI MoeepxHi, ompumaHoi 3a A0rOMO20+0 ONMUYHOI MiK-
pockonii, ma ¢hppakmasbHOr pPo3MipHicmio 8idNoeiOHO20 n1a3epHO20 creksn-nossi. BusieneHo HU3LKY Yymnueicmb crekr-aHanizy 0o 0egokycy-
8aHHs, w0 crnpouwye npouyedypy KoHmposto. AHani3 0OHOpPiIOHUX 3pa3Kie eusieue cmamucmuyHO 3Hadywi eiOMiHHocmi ¢hpakmanbHUX
Xxapakmepucmuk 306paxxeHb deox eudie kepamiku, nidmeepduewu MoXueicmb IXHbLO20 8UKOpUCMaHHS1 Ons ideHmudgbikayii Mamepianie i susie-
neHHs1 Oeghekmia. Y eunadKy wapyeamoz2o KepaMiyHO20 3pa3ka gppakmanbHull aHani3 creks-kapmuH 4imko eidobpaxae lio2zo cmpykmypy, eka3y-
oYU Ha nomeHyian memody Onsi HepyliHiBHO20 KOHMPOJIO wapyeamocmi Ui oOHopidHocmi. [TpodemoHcmpoeaHuli nidxid nidkpecnioe (o020
mempousoz2iyHy HadiliHicmsb i eiOkpueae nepcrnekmueu 0ns io2o iHmezpauii y cmaHOapmu3oeaHi cxeMu KOHMpPOIIto sikocmi, 3a6e3neqyroyu noci-
0oeHy ma eidmeoprosaHy OUiHKy cmpyKmypHoi yinicHocmi y eupo6Huuymei kepamiku. lMepcnekmueu nodanbuwiux AocnidxeHb noe's3aHi 3 po3pob-
JIeHHSIM CPOWeHUX oNMUYHUX CXeM CrekKl-aHai3y 0511 CmeopeHHs MopmamueHUX cCucmeM eKCripec-KOHMpPOJIto IKocmi KepaMidHUX eupoGbis.
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