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Communicated by Dr. Rozora 1.V.

On  September 28, 2023, Mykhailo
Moklyachuk, Doctor of Physical and Mathemati-
cal Sciences, Professor, Laureate of the State Pri-
ze of Ukraine in Education, and Academician of
the Academy of Sciences of the Higher School of
Ukraine, celebrated his 75th birthday.
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Volodymyr Zubchenko?, Ph. D., Assoc. prof.,
Yuliya Mishura3, Dr. Sc., Prof.,

Mykola Perestyuk*, Dr. Sc., Prof., Academician
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Rostyslav Yamnenko®, Dr. Sc., Assoc. prof.
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Mykhailo Moklyachuk — to the 75th
anniversary of his birth

1,2,3:45.6Taras Shevchenko National Universi-
ty of Kyiv, 64/13 Volodymyrska st., Kyiv, Ukrai-
ne, 01601,
e-mail: 'borysenko oleksandr@knu.ua, 2volody-
myr.zubchenko@knu.ua, 3yuliyamishura@knu.ua,
4pmo@univ.kiev.ua, Srostyslav.yamnenko@knu.ua,
btetianayanevych@knu.ua,

State University of Kyiv with a degree in probabi-
lity theory and mathematical statistics. Since
1976, Mykhailo Moklyachuk has been worki-
ng at Taras Shevchenko National University of
Kyiv at the Department of Probability Theory
and Mathematical Statistics (since 2009 — the
Department of Probability Theory, Statistics and
Actuarial Mathematics), where in 1977, under the
supervision of Mykhailo Yadrenko, he defended his
dissertation for the degree of Candidate of Physi-
cal and Mathematical Sciences on “Some problems
of linear forecasting of homogeneous random fi-
elds”. In the same year, he received the Young
Scientists Award of Taras Shevchenko State Uni-
versity of Kyiv for his scientific achievements. In
1980 he obtained International Science Exchange
Program (ISEP) grant (Stanford University visiti-
ng scholar).

In 1995, Mykhailo Moklyachuk defended his
doctoral dissertation on “Estimation of Functi-
onals from Stochastic Processes and Random
Fields”, his scientific advisor was Corresponding
Member of the National Academy of Sciences of
Ukraine Mykhailo Yadrenko. In 1999, he recei-
ved the Taras Shevchenko Prize of the Taras
Shevchenko National University of Kyiv for the
best textbook (“Calculus of variations. Extreme

Mykhailo Pavlovych Moklyachuk was born in  problems”), and in 2012, the State Prize of Ukrai-

Rozhychna village, Orativ district, Vinnytsia regi-
on. In 1972, he graduated from Taras Shevchenko

© O. Bopucenko, B. 3y6uenko, F0. Mimypa, P. dmuenko, T. duesny, 2023
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ne in Education.

In 2016, Professor Mokliachuk was elected an
academician of the Academy of Sciences of Higher
Education of Ukraine. In 2019, he was awarded
the badge of the Ministry of Education and Sci-
ence of Ukraine “For Scientific and Educational
Achievements”.

Mykhailo Mokliachuk the author of
more than 200 scientific papers, including 12
monographs, 13 textbooks and manuals. He is the
editor-in-chief of the journal “Bulletin of Taras
Shevchenko National University of Kyiv. Seri-
es: Physical and Mathematical Sciences” and a
member of the editorial boards of the journals
“Statistics, Optimization & Information Computi-
ng”, “Stochastic Modeling and Applications”, “Sci-
entific Bulletin of Uzhhorod University. Series of
Mathematics and Informatics”. Under his supervi-
sion, 7 postgraduate students defended their di-
ssertations for the title of Candidate of Physical
and Mathematical Sciences.

is

Mykhailo Pavlovych is a member of internati-
onal scientific societies such as the Ameri-
can Mathematical Society and the Institute of
Mathematical Statistics (USA). He is an acti-
ve participant in numerous international scientific
conferences, seminars and schools.

Mykhailo Pavlovych’s scientific research is
devoted to the study of stationary random
processes, functionalities of stationary processes
and random fields. For example, in [2| he investi-
gates methods for estimating linear functionals
of unknown values of stochastic processes. The
formulas for calculating the root mean square error
of the optimal estimation are presented. The least
favorable spectral widths and minimum (robust)
spectral characteristics are found.

Monograph [3] describes methods for esti-
mating linear functionals of unknown values
of vector-valued stationary random sequences
and processes. The problems of extrapolation,
interpolation and filtering are investigated. Two
main approaches to solving estimation problems
are developed. The first one, the case of spectral
certainty, is based on the assumption that the
spectral density matrices of stochastic sequences
and processes are known exactly. The second
approach, the case of spectral uncertainty, is
based on the assumption that the spectral densi-
ty matrices of processes are not known exactly,
but classes of permissible values of spectral densi-

2023, 2
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ties are given. These classes of densities descri-
be different models of vector-valued stationary
stochastic processes.

Methods for estimating linear functionals
from unknown values of random fields are descri-
bed in [4]. The formulas for calculating the
spectral characteristic and the root mean square
error of the optimal estimate are given. The least
favorable spectral widths and minimum (robust)
spectral characteristics are found.

The monograph [5] investigates methods for
estimating linear functionals from unknown values
of stochastic processes. The formulas for calculati-
ng the root mean square error of the optimal esti-
mate are given. The least favorable spectral densi-
ties and minimum (robust) spectral characteristics
are found.

The monograph [8] investigates the problems
of optimal estimation by the mean-squared criteri-
on of linear functions that depend on unknown
values of periodically correlated isotropic random
fields. The estimates are based on observations of
fields with noise. The formulas for calculating the
mean square errors and spectral characteristics of
the optimal linear functionals are obtained under
conditions of spectral certainty, where the spectral
densities of the fields are known exactly.

A thorough study of spectral theory and esti-
mation methods for random processes with stati-
onary increments is provided in [10]. In parti-
cular, the estimation of unknown value functions
for random processes with stationary increments,
including ARIMA processes, seasonal time series,
and the class of cointegrated sequences, is investi-
gated. A solution is proposed for the problems
of extrapolation (forecasting), interpolation (esti-
mation of missing values) and filtering (smoothi-
ng) based on observations with and without noise
in discrete and continuous time domains.

The monograph [11] investigates the problems
of optimal estimation by the mean-squared cri-
terion of linear functions constructed on the
basis of unknown values of stationary random
processes. The estimates are based on observati-
ons of processes with an additional stationary noi-
se process. The aim of the study is to develop
methods for finding optimal estimates of the
functional in the case when some observations are
missing.

The monograph [12] investigates random
processes involving random variables associated
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with the concepts of uncertainty or randomness.
The study of such processes is currently of parti-
cular interest in mathematics and applied sci-
ences. The growing interest of researchers in this
area is caused by various applications in such fi-
elds as mechanics, acoustics, economics, medici-
ne, biology, and others. The purpose of this book
is to combine the needs of practitioners and si-

Monographs co-authored by M. Moklyachuk
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multaneously present new theoretical results.

The staff of Mechanics and Mathemati-
cs faculty sincerely congratulates Mykhailo
Moklyachuk on this significant date and wishes
him good health, family happiness, creative inspi-
ration and new achievements in his scientific
research.
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ABromopdizmu rpyn Makki Automorphisms of Mackey groups

KwuiBchknit HarjonasbHuil yHiBepcurer iMeni
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Poszzaadaromvea momasvui nidnpocmopu 6 npocmopt AMHITHUL GYHKUYIOHANE HA0 HECKIHYEeHHO-
BUMIDHUMY BEKMOPHUMY NPOCTOPAMYU MaA NO6 A3AHT 3 HUMU aazebpy i epynu Maxki. [[a cmammasa
npucsauena onucy asmomopdizmic 2pyn Maxxki SLoo(VIW), Oxo(f) ma SUx(f) nad noasmu zapa-
Kmepucmuku, 6i0MinHoi 610 2 abo 3. Jas yb020 JoCAIONCYEMBCA 36 A30K MINC ABMOMOPPIZMAMU NOALG
ma a8momopPIi3Mamy 32000HUT 2PYT.

Jotc. Xoan 00616, U0 HECKIHUEHHUMU NPOCUMU HIHIMAPHUMY NEPIOOUNHUMU 2PYNAMU € 4O 3Ha-
KO3MIHHL 2DYNU HG HECKIMYEHHUT MHOCURAT, abo epynu Makki Had nosamu, wWo € aszedpuarumu
POSUWUPERHAMY CKIHYEHHUL NOAIE. ABMOMOPPIZMU HECKIMYEHHUL 3HAKOZMIHHUL 2PYN OYAU ONUCAHT
6 pobomazx owc. lpatiepa ma C.Yaama. Onucom asmomopdismie dinimapnuz epyn Makki ma cne-
YIAADHULT PINIMaprux yHimaprux 2pyn Maxki mu 3a6ePUYEMO KAACUPIKGUII0 A6MOMOPPIZMIE YCIT
HECKIHYEHHULT NPOCTUL PIHIMAPHUT NEPIOCUNHUL 2PYN HAO0 NOAAMY TAPAKMEPUCMUKY, WO He JOPi6-
nroe 2 abo 3. Jlosedenna JS'pynmyemnupca na 0NUCE A8MOMOPPIZMIE EAEMENMAPHUT ATHITGHULT 2pYn Had
ACOULAMUBHUMY KIALYUAMU, AKUT Haseocums 1.Toaybuury, O.Muxasvosy ma FO.3eavmanosy.

Karouosi crosa: Aemomopdiam, anmu-asmomopdism, HECKiHUeHHa npocma GiHimapha nepioouywta
epyna, epyna Maxxk:.

We consider total subspaces of linear functionals on an infinite-dimensional vector space and the
related Mackey algebras and groups. We outline the description of automorphisms of Mackey groups
SLoo(VIW), O (f), and SUx(f) over fields of characteristics not equal to 2, 3. Moreover, the paper
explores the relationship between field automorphisms and automorphisms of the aforementioned groups.

J.Hall proved that infinite simple finitary torsion groups are the alternating groups on infinite sets
or Mackey groups over a field, which is an algebraic extension of a finite field. J.Schreier and S.Ulam
described automorphisms of infinite alternating groups. With the description of automorphisms of fini-
tary Mackey groups and special finitary unitary Mackey groups we finish classification of automorphisms
of all infinite simple finitary torsion groups over fields of characteristics not equal to 2, 8. The proof
15 based of description of automorphisms of elementary linear groups over associative rings that due to
1.Golubchik, A.Mikhalev and E.Zelmanowv.

Key Words: Automorphisms, anti-automorphisms, infinite simple finatary torsion group, Mackey
group.

Communicated by Prof. Anatolii Petravchuk

1 Introduction define

End; = i .
Let F be a field of characteristic # 2, 3; and let sin(V) = 1{p € Ende(V) ‘ dime p{V') < o}
V be an infinite-dimensional vector space over F. The space V* has a natural structure of a
Let V* denote the vector space of all linear functi- right Endp(V))-module. Given a linear functional
onals V — F. For an element v € V and a linear X :V — F and a linear transformation ¢ : V. — V'
functional w € V*, we denote w(v) = (v|w). we define

A subspace W C V* is called total if v € V, (xe)(v) = x(p(v)), veV.
(v|W) = (0) implies v = 0.

Let Endp(V) be the associative algebra of
all linear transformations V — V. Additionally, A(VIW) ={p € Endp(V) | Wy C W}

The subalgebras

(© Oxcana Besymax, 2023
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and
Apin(VIW) = A(VIW) N End 43, (VW)

are called the Mackey algebra and the finitary
Mackey algebra, respectively. Clearly, Ay, (VW)
is an ideal of the algebra A(V|W). For more
information about Mackey algebra, see [6, 7, 8|.

The algebra Az, (VW) can be identified with
the tensor product

V or W, (Ul ®w1)(U2 ®w2) = (v2|w1)vl X wa.

Here, an element ), v; ® w; is viewed as the linear
transformation

v — Z(v[wi)vi, veV

The algebra A, (V|W) of a total subspace
W C V* is a nonunital locally matrix algebra;
see [1, 3, 4].

Let GL(V') denote the group of all invertible
linear transformations on V. The Mackey algebras
A(VIW) and Ay, (VIW) give rise to the groups:

GL(V|W)=AVIW)NGL(V);

GLoo(VIW) = (Afin(VIW) + Idy) N GL(V),

where Idy is the identity mapping V' — V. We
also consider the group

SLoo(VIW) = [GLoo(VIW), G Lo (VIW)].

This group SLeo(V|W) is a direct limit of groups
SLy,(F), and it is a diagonally local SL-group in
the sense of [2].

A bijective linear transformation (respecti-
vely, additive map) ¢ of an
algebra (respectively, ring) A is called an anti-
automorphism. if

associative

plab) = p(b)p(a)

for arbitrary elements a,b € A. An anti-
automorphism x* is called an involution if

(a*)* =a for an arbitrary element a € A.

N. Jacobson [6] showed that a finitary Mackey
algebra Az, (V|W) has an involution if and only
if the vector space V is equipped with a weakly
Hermition nondegenerate bilinear form f(x,y)
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such that W constitutes the space of linear
functionals

T:v— flv,x), veV,

where x runs over V. In this case, we call the
pair (V,W) dual; and the anti-automorphism is
the transpose

fle(vr),v2) = fo1, " (v2)).

Let us note that a linear transformation
¢ € Endp(M) has a transpose if and only if it
lies in A(V|W).

We also note that an anti-automorphism ¢t is
an involution if and only if the form f is symmetric

= ¢,

or skew-symmetric.
Consider the group O(f) of orthogonal linear
transformations defined as

O(f) ={a € A(V|W) ‘ al = a_l}
and
Ooo(f) = O(f) N GL(VW).

If the field F is equipped with an automorphism
of order 2: « — &, a € F, and the form f is semi-
linear, i.e.

flavy,ve) = af(vi,v2); f(vr, avy) = af(vi,ve),
then we define unitaly groups as follows:
U(f)={ac AVIW)|a" =a 1},

Uso(f) = U(f) N GLoo (VW)

and their special analogs:

SU(f) = U, U,
SUso(f) = [Uso(f), Uso ()]

We also consider scalar-unitary groups defined
as follows:

U'(f):{aeA(V\W)‘dt:aafl,();éaelﬁ‘}.

J. Hall [5] classified infinite simple finitary
torsion groups. He showed that a group belongs
to this class if and only if it is isomorphic to an
alternating group Alt(X) on an inifinite set X
or to one of Mackey groups SLoo(V|W), Ox(f),
SUx(F), where the ground field F is locally fi-
nite, and f is a nondegenerate (skew) symmetric
(semi)linear form. The proof uses the Classificati-
on of Finite Simple Groups.

17
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2 Main results

The following two theorems describe automorphi-
sms of Mackey groups
SLoo(VIW),

Oco(f),  SUs(f)-

In particular, they describe automorphisms of all
infinite simple finitary torsion groups in J. Hall’s
classification. Recall that automorphisms of infini-
te alternating groups were described by J. Schreri-
er and S. Ulam [9].

Theorem 1. (a) Let the characteristic of the fi-
eld F is not equal to 2 or 3. Then an arbitrary
automorphism ¢ of the group SLoo(V|W) either
extends to a ring automorphism of Apin (VW) or,
iof the spaces V. and W are dual, there exists an
anti-automorphism v of A (VW) such that

olg)=v(g ")

for an arbitrary element g € SLoo(VIW).

(b) Let the characteristic of the field F is not
equal to 2 or 3. Then an arbitrary automorphism
of the group Oso(f) or SUx(f) extends to a ring
automorphism of A, (VIW).

N. Jacobson [6] showed that all F-linear
automorphisms of A;,(V|WW) are conjugations by
elements from GL(V|W). Hence,

12

Autp (Afm(V’W))
= GL(V]W)/Center = PGL(V‘W).
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A ring automorphism of Az, (V|W) is semilinear
with respect to some automorphism o € Aut([F)
of the field F.

Let the subgroup Autyw (F) < Aut(F) consist
of those automorphisms o € Aut(F) that extend
to o-semilinear automorphisms of A, (V|W).

If both spaces V and W are countable-
dimensional, then

AutV,W (F) = Aut(F).

If the spaces V and W have uncountable dimensi-
ons, then the subgroup Auty (F) may be strictly
smaller than Aut(F).

Theorem 2. If the spaces V and W are not dual,
then the group Aut(SLoo(V|W)) is an extension
of Auty,w (F) by PGL(V|W). If the spaces V and
W are dual, then

Aut(SLoo(VIW)) /Autp (Afin(VIW)) =

= Autv7w(F),
Autp(Afpin(VIW)) /PGL(V|W) = Z/2Z.

The proof of Theorems 1, 2 are based on the
description of automorphisms of elementary linear
groups over associative rings due to I. Golubchik,
A. Mikhalev and E. Zelmanov; and on the fact that
Atin(VIW) is locally covered by algebras, to the
automorphisms or anti-automorphisms of which
the automorphisms of elementary matrix groups
are lifted.

The question about automorphisms of Mackey
groups in characteristics 2, 3 remains open.

4. Bezushchak O. Primary decompositions of uni-
tal locally matrix algebras / O. Bezushchak,
B. Oliynyk // Bull. Math. Sci. — 10(1) (2020).
doi:10.1142/5166436072050006 X

Haoll J.I. Periodic simple groups of fini-
tary linear transformations / J. 1. Hall //
Annals of Math. — 163 (2006). — P.445-498.
do0i:10.4007/annals.2006.163.445

Jacobson N. Lectures in abstract algebra.
Volume 2. Linear algebra / N. Jacobson /
Springer-Verlag, 1975.

Mackey G. On infinite-dimensional linear
spaces / G. Mackey // Trans. AMS. — 57
(1945). — P.155-207.



Bicnux Kuiscvko020 HayionaAbH020 YHIBEPCUMEMY

iments Tapaca Ilesuenka 2023, 2

Cepia: $i3uKo-mamemamuiHi HAYKU

8. Penkov I. Tensor representations of Mackey
Lie algebras and their dense subalgebras.
Developments and Retrospectives in Lie theory:
Algebraic Methods / I. Penkov, V. Serganova
// Dev. Math., Springer Verlag. — 38 (2014).
— P.291-330. doi:10.1007,/978-3-319-09804-3 14

9. Schrerier J. Uber die Permutationsgruppe der
naturlichen Zahlenfolge / J. Schrerier, S. Ulam
// Studia Math. — 4 (1933). — P.134-141.

References

1. BEZUSHCHAK, O. (2021) “Derivations
and automorphisms of locally matrix
algebras”, J.  Algebra 576, pp.1-26.
do0i:10.1016/j.jalgebra.2021.02.013

2. BEZUSHCHAK, O. (2020) “On the Lie
structure of locally matrix algebras”,
Carpathian Math. Publ. 12(2), pp.311-316.
d0i:10.15330/cmp.12.2.311-316

3. BEZUSHCHAK, O. (2021) “Spectra of locally
matrix algebras”, Algebra Discrete Math.
31(1), pp.17-36. doi:10.15330/cmp.12.2.311-
316

19

Bulletin of Taras Shevchenko
National University of Kyiv
Series: Physics & Mathematics

. BEZUSHCHAK, O., OLIYNYK, B. (2020)

“Primary decompositions of wunital locally
matrix algebras”, Bull. Math. Sci. 10(1).
doi:10.1142/5166436072050006X

. HALL, JI.  (2006) “Periodic  simple

groups of finitary linear transformati-
ons”, Annals of Math. 163, pp.445-498.
doi:10.4007 /annals.2006.163.445

. JACOBSON, N. (1975) “Lectures in abstract

algebra. Volume 2. Linear algebra”, Springer-
Verlag.

. MACKEY, G. (1945) “On infinite-dimensional

linear spaces”, Trans. AMS, 57, pp.155-207.

. PENKOV, 1. “Tensor representations of Mackey

Lie algebras and their dense subalgebras.
Developments and Retrospectives in Lie theory:
Algebraic Methods”, Dev. Math., Springer
Verlag, 38, pp.291-330. doi:10.1007/978-3-319-
09804-3 14

. SCHRERIER, J. “Uber die Permutati-

onsgruppe der naturlichen Zahlenfolge”, Studia
Math., 4, pp.134-141.

Received: 20.06.2023



Bichux Kuiscvko20 HauionaabH020 YHi8EPCUMemMy Bulletin of Taras Shevchenko

iment Tapaca Ilesvwernra 2023, 2 National University of Kyiv

Pi3uKO-MaAMEMAMUIHT HAYKU Physics & Mathematics
YK 519.21 https://doi.org/10.17721/1812-5409.2023/2.3

B. B. Tosomosuit!, %.¢.-m.n., dou. V. V. Golomoziy ', PhD, Prof. Associate

FO. C. Mimypal, d.¢.-m.n., npog. Yu. S. Mishural, Dr. Sci., Professor

T. O. duesuda', %.f.-m.n., doy. T. O. lanevych', PhD, Prof. Associate

I. O. Izaposal, d.10.1., npo. I. O. Izaroval, Dr. Sci., Professor

ITopiBHgHHS 2D 3ropToK Ta HIIJIBHUX Comparison of 2D convolutions and dense

HEWPOHHUX MepeXK B MOJEJITX MPUPOIHOT neural networks for natural language

00OpOOKM MOBHU 3 KiJIbKOMAa BXiIZHUMUN processing models with multi-sentence

peYeHHsMU input

! KuiBcobkuil HamionagbHUil yHiBepcuTeT iMemi

Tapaca Illesuenka, 01601, Kwuis, Bys. Bosomau- !Taras Shevchenko National University of Kyiv,

mupchbKa, 64/13; Ykpaina 64/13, Volodymyrska Str., Kyiv, 01601, Ukraine,

e-mails: vitaliy.golomoziy@knu.ua, yuliyamishura@knu.ua, tetianayanevych@knu.ua,
irina.izarova@knu.ua

Cmammio npuceauero anasidy cydosur cnpas, AKUL 2PpYHMYEmMvbea Ha MeKCmosit iHPopMayil,
WO BKANOUAE NOZOBHT BUMO2U, NIOCTABY M03068Y mMa 6id3ue sidnosidava. Bepywu do ysazu ui napame-
MpU, MU MOHCEMO KAGCUPIKYSAMU CcNPasy 0o 00HIcT i3 cemu Kamezopitl, GUSHAYEHUT OAL UiAeTl Ubo2o
docaidorcerna, ma CnpoeHo3ys8amu piuterhsa no Hitl y cydi nepwoi itnemarnuyii. Jas pods’asanns uiei 3a-
dani MU BUKOPUCTIAAU HETUDOHHY MEPEICY HA OCHOBT NPEICMABAEHHA MEKCTNOSUT JGHUT 32€HEPOSAHUL
mosaennesoto modeano XLM\|RoBERTa. Byao nopietano dea nidxodu do nobydoeu maxoi HEGpoHHoT
mepeoici. OQdun 6a3YembCs Ha BEPMUKAALHOMY 00 €0HAHHE YUCAOBUL NPEICTNABAEHD JEKIADKOL DEYEHD
MAKUM YUHOM, WO GOHU YMBEOPIIOMb MAMPUUI0, & NOMiM 3acmocysanni do wei 2D szeopmox. py-
2uti n10x10 NOAARAE 8 MOCAII0EHOMY 00 €OHANHT PEYEHD A 3ACTNOCYBAHHT UWTALHUL HETUDOHHUT MEPEIC.
Ocmarnit nidzid nokasye mporu Kpauli pe3yssmamuy 6 HawoMy eKcnepumMenmi, 6 mot Yac Ax nepuwul
democmpye npocmiwut NPouec HaABUAHHA.

Karomosi crosa: 06pobka npupodnoi mMosu, MOBAEHEST MOJEAT, 320DMKU, UIADHT HEUPOHHT MEPEIHCT

This paper is devoted to the analysis of court cases based on multiple sentences that represent
plaintiff’s claim, claim motivation and defendant’s response. Based on these parameters we classify a
given case into one of seven categories designed for our task and then predict its decision in the first
court’s instance. We use fine-tuned XLM|RoBERTa for this task. There were compared two approaches
for building fine-tuned model’s head. One is based on stacking the numerical representation of multiple
sentences so that they form a matriz and applying 2D convolutions. Second approach is based on
concatenated sentences and application of dense neural networks. The latter demonstrates a slightly
better performance in our experiments, while the former exhibits the simpler training process.

Key Words: Natural Language Processing , language models, convolutions, dense neural networks

Communicated by Prof. M. P. Moklyachuk

1 Introduction rational recommendations for the developing of
the judicial system.

Our research group is working on the project The analysis of legal documents, such as
whose main aim is to find the best way of using AI contracts and claims, constitutes a specific field
for analyzing court decisions of the Unified state of research and application of Natural Language
register of Ukraine (more then 100 million cases) Processing (NLP) algorithms. Special considerati-
to gain efficiency, speed, and valuable insights. ons in such analysis include: length of a document,
This enables us to make faster and more accurate specific legal language, special requirements for
legal research and decision-making, and provide the legal accuracy of the generated texts, etc. The
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length of a document or a series of documents
typically exceeds a limit of 512-2048 tokens per
sequence required by most open source Large
Language Models (LLM), such as BERT (see [1]).
In this paper, we construct an algorithm to predi-
ct court decisions based on documents related to
civil procedure. The cases may have tens of associ-
ated documents, with several thousands of tokens
each. For more details about the dataset see [2].

Another important aspect of the algorithm
under consideration is the multi-sentence input.
Typical NLP algorithms follow the standard
transformer approach to input. This approach
supposes three stages of input pre-processing. In
the first stage, every input sentence is trimmed or
padded so that all sentences have the same length.
In the second stage, every word is encoded using
some standard word embedding, thus creating a
vector representation of each word. Such vectors
then stack one on top of another, forming an input
matrix. Finally, this matrix is added to the matrix
of the same size, representing so-called positional
encodings. The result is a two-dimensional matrix
that represents a single input sentence.

In our project we are working on prediction
of various characteristics of the civil procedure.
The characteristics of interest are: first instance
decision, whether it was appealed, decision in
appeal, final decision, the process duration, associ-
ated costs and etc. Predicting these values based
on the whole text of the case documents is a
nearly unfeasible task since civil procedure may
last for years, and a stock of associated documents
may include tens or even hundreds of various
documents. To circumvent this problem, we have
manually labelled a subset of documents specifyi-
ng particular sentences or text fragments that, we
think, are relevant to the algorithm we develop.
Among others, we have chosen claim, claim moti-
vation and defendant’s response as three main
elements to base our algorithm on. Each of these
elements is a relatively short fragment of text
that can easily be passed through the existing
open-source LLMs. But each LLM takes only
one sentence as input, while we have three. Our
approach is to use LLMs to derive a contextual
numeric representation of each text fragment and
then build another neural network to predict
values of interests based on these representations.
As mentioned above, we use claim, claim motivati-
on and response as input text fragments, and after
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passing them through the LLM, we have got three
768-dimensional vectors.

When stacking these vectors, we got a 3 x 768
matrix as input to our algorithm. Since matrix-
type inputs are typical for convolutional neural
networks widely used in computer vision, we deci-
ded to utilize a convolution-based approach. It is
worth mentioning that the use of convolutions in
text analysis is not an entirely new idea. See, for
example, [10]. As an alternative approach, we can
use a dense neural network with all our inputs bei-
ng flattened into one long vector.

We developed and evaluated three models
(small, medium and large) for each approach
and compared the results. As a result of our
experiments, we have found that a dense network
approach performs slightly better in terms of hi-
gher accuracy, although it uses more parameters
and takes a bit longer to train. The best of our
convolutional models demonstrated comparable
performance with smaller number of parameters
and simpler training process. We believe that
convolutional approach for analysis of multi-input
NLP models is a perspective one and deserves
more attention in the future research.

The approach based on convolutions of matri-
ces created by word embeddings has been proven
to be fruitful, as presented in [5, 6]. It allows
analysis of a single sentence and uses general
word embeddings that miss the context, but such
methods demonstrate good results on relatively si-
mple tasks, like sentiment analysis (see [8]). Paper
[3] is devoted to 1D convolutions based on word
order, and [4] contains a detailed discussion on 2D
convolutions applied to one-hot word representati-
on. Convolutions applied to word embeddings for
a lexical analysis were used in [7, 15|, while [11] is
devoted to a semantic clustering problem.

An
contextual meaning of the words in a pre-
transformers era was developed in |9]. The authors
built a convolution-based model to obtain a latent
semantic representation for a given text. Another
work of a similar kind, where convolutions are
applied for development of semantic embeddings
from hashtags, is [12].

interesting approach to capture the

Finally, the paper [13] is devoted to general di-
scussion about application of convolutions in text
mining and natural language processing.

The paper is organized as follows. In Section 2
we describe the initial phase of data processing.
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We move on to the category prediction in Secti-
on 3. The different approaches for decision predi-
ction are considered and compared in Section 4.
The conclusion remarks are given in Section 5.
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2 Initial Phase

We started with about 700 labeled court cases,
each including the data that is described in
Table 1:

Table 1: Variables and their description

variable description average length
claim fragment of text describing the essence of a claim 12300

claim justification fragment of text motivating the claim 12300
response fragment of text that includes defendant’s response 12300
category categorical parameter describing a type of a case 7 categories in total
decision decision in the first instance 4 types

Our analysis pursued three goals:

1. to identify whether the categories are balanced
and have impact on decision;

2. to predict the category by a claim;

3. to predict the decision by claim, claim justifi-
cation and response.

We used simple descriptive statistics to exami-
ne our categories. We found out that categories are
unbalanced, with roughly 55-60% of cases being
judged in favour of plaintiff.

The second task (category prediction) is a
very important practical problem. The corpus of
judicial documents does not include good categori-
zation, while it is essential for such problems.
Different types of civil procedure require di-
flerent sets of documents to submit, have different
chances to win the case, and have different durati-
ons and associated costs. That is why categorizati-
on itself is a crucial problem. We used dense neural
network to predict categories.

Finally, the most important goal of this
research is to predict the first instance’s decisi-
on. To do this, we used our three text variables

as predictors and developed two families of neural
networks: one is based on 2D convolutions and
another is based on dense neural networks.

The actual problem that needed to be
solved was converting text parameters into
numeric vectors. Our text data are in Ukrainian
language, so we used a variant of XLM/RoBerta
large language model adapted for the Ukraini-
an language only. This model demonstrates fast
inference while sharing the overall performance of
the original XLM/Roberta model. We removed
the head of the model and used the last layer
as our numeric representation, which allowed us
to convert all our text data into 768-dimensional
numeric vectors used in our further analysis.

3 Category prediction

In order to predict categories we experimented wi-
th dense neural networks. There were used claim
as the predictor and achieved about 98% accuracy
on the test dataset with such model.

On the pie chart (Fig. 1) we can see how many
cases belong to the top six categories.

Figure 1: Category’s distribution

22
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We can see that the most popular category
includes about 50% of all cases, the second and
third include about 15%, the fourth is about 9%,
and the rest is 5% and below, which makes our
categories distribution quite unbalanced.

The model we developed uses claim text vari-
able as its input (it is encoded as 768-dimensional
numeric vector), which is passed through the two
dense layers of 512 neurons each before the final
classification layer. We used ReLu activation for
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dense layers and softmax for the last one.

We trained our model for 20 epochs with
cross-entropy loss function, Adam optimizer and
learning rate of 10~* and obtained 95% accuracy
on a test dataset.

Since our dataset is imbalanced, we evaluated
the performance of each category prediction by
calculating Precision, Recall and F1 score, which
gives the following results.

Table 2: Prediction performance

category total number TP FP FN Precision Recall F1

1 99 98 8 1 0.92 99 0.96
2 16 16 0 0 1 1 1

3 18 17 1 1 0.94 0.94 0.94
4 34 34 0 0 1 1 1

5 6 6 0 0 1 1 1

6 22 22 0 0 1 1 1

7 2 2 0 0 1 1 1

where TP is True Positive, FP is False Positi-
ve and FN is False Negative. Let the category
under consideration is category 1, say. Then True
Positive means the number of correct predicti-
ons, True Negative means number of prediction
for 1 category while the true category is different
and False Negative means prediction for another
category while the true category is 1. Here

R TP B TP
recision = op + FP  Total Positive’
TP
Recall = TP+ FN
TP

~ Total number of positive instances’

Precision * Recall

Fl=2+ Precision + Recall
We can see that model misclassifies the first
category, which is expected having the imbalance
of the dataset. At the same time we can see
that the model’s prediction performance is even
(homogeneous) across all categories.

23

4 Decision prediction

As for the term ’decision’, we are using one of
the following outcomes from the final judgment
of the first-instance court: ’complete satisfacti-
on of the claim’, ’decline the claim’, ’partially
satisfy the claim’ or ’other’. For the decision
prediction we built and evaluated two families
of deep models. One of the area of our interest
was evaluation how 2D-convolutions (Conv2D)
perform themselves in multi-sentence input setup.
Normally, 2D-convolutions are used in computer
vision problems, and they are known to be effecti-
ve in capturing spatial effects, such as identi-
fying an eye or an ear in a certain area of an
image. In our case, each element of the numerical
representation obtained from the large language
model contains some particular information about
the sentence. Our motivation was caused by
the fact that there is at least vertical spaci-
al alignment between elements of the input
matrix. In addition to that, other experiments wi-
th convolutions, 1-D convolutions, in particular,
demonstrated promising results in reducing the
number of parameters required, improving the
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training process and learning valuable insights
from the original numerical sequences representing
inputs.

For this purpose, we developed three models
(small, medium and large) based on convoluti-
ons and three models based on dense networks.
Our goal was to evaluate the performance of
convolution-based models, their difficulty to train
and approximate dependence of a number of
parameters.

It is appeared that decisions of about 60% of
all cases in our dataset were ”"complete satisfacti-
on of the claim”. It is worth mentioning that we
only used a subset of civil cases related mainly to
pension and social aid, that’s why the percentage
of ’positive’ decisions is so high. So, 60% is our
baseline.

All Conv2D models take input of the size
3 x 768. We tried two variants of a loss function:
regular cross-entropy loss function and weighted
cross-entropy with weights backwards proporti-
onal to the class distribution. We repeatedly
trained multiple models every time comparing
the performance and difficulty of training and
evaluating the model’s expressiveness. We trained
each model with a learning rate of 1073 for some
number of epochs (usually between 200 and 400),
then selected the best candidates and ran the trai-

16 —— Train Loss
Test Loss
1.4

1.2 4

1.0 4 A
- | N

.8 4 4 bl '
0.6 1
0.4 4
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ning for another 100-200 epochs with the smaller
learning rate of 1074,

4.1 Conv2D-small network

Our first Conv2D-small network model has the
following architecture:

1. Conv2D layer with 10 3x 3 kernels and ReLLU
activation function, that outputs tensor of
the size 1 x 766 x 10.

2. Conv2D layer with a single 1 x 1 kernel
and ReLlU activation function, that outputs
tensor of the size 1 x 766 x 1.

3. Flatten layer followed by Linear 766 x 20
layer with ReLLU activation.

4. Dropout layer with p = 0.3.
5. Final classification layer.

The model has 15,556 trainable parameters
in total. The best achieved result in the sense of
accuracy was 0.75, i.e. 15% above the baseline.

We may conclude that such a network does
not have enough expressiveness, but at the same
time it can be relatively easily trained and does
not require much fine-tuning.

0.7 4

0.6 4

0.5 4

0.4 4

0.3 4

0.2 4

—— Train Accuracy
0.14 Test Accuracy (max=0.753}

0 50 100 150 200 250 300

Figure 2: Conv2D-small network model performance

4.2 Conv2D-standard network

The second Conv2D-standard network model has
the following architecture:

1. Conv2D layer with 10 3x 3 kernels and ReLLU
activation function, that outputs tensor of
the size 1 x 766 x 10.

2. Conv2D layer with a single 1 x 1 kernel
and ReLU activation function, that outputs

24

tensor of the size 1 x 766 x 1.

3. Flatten layer followed by a Linear 766 x 50
layer with ReLLU activation.

4. Dropout layer with p = 0.3.

5. Another 50 x 30 linear layer with ReLLU acti-
vation.

6. Dropout layer with p = 0.3.
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7. Final classification layer.

The model has 40146 trainable parameters in

0.7 thi‘w

0.6 4

0.5 4

0.4 1
—— Train Loss
—— Test Loss

0 100 200 300 400 500
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total. The best achieved accuracy result was 0.786,
or 18.6% above the baseline.

0.72 —— Train Accuracy
—— Test Accuracy (max=0.786)

0 100 200 300 400 500

Figure 3: Conv2D-standard network model performance

The best result has been achieved with the
first training attempt (without the fine tuning).
However, we find that models with weights requi-
re some fine-tuning, while standard models usually
achieve their best results during the first training
attempt.

4.3 Conv2D-deep network

Our last Conv2D-deep network model has the
following architecture:

1. Conv2D layer with 10 3 x 3 kernels, paddi-
ng="same” and ReLU activation function,
that outputs tensor of the size 1 x 766 x 10.

2. Another Conv2D layer with 10 3 x 3 kernels,
and ReLU activation function, that outputs
tensor of the size 1 x 766 x 10.

3. Conv2D layer with a single 1 x 1 kernel
and ReLU activation function, that outputs
tensor of the size 1 x 766 x 1.

L4 q

124 J’
1.0 4
0.8 1

0.6 1

0.4 4
—— Train Loss
—— Test Loss

0.2 4

0 50 100 150 200 250 300

4. Flatten layer followed by a Linear 766 x 30
layer with ReLLU activation.

5. Dropout layer with p = 0.3.

6. Another 30 x 20 linear layer with ReLLU acti-
vation.

7. Dropout layer with p = 0.3.

8. One more 20 x 30 linear layer with ReLU
activation.

9. Dropout layer with p = 0.3.
10. Final classification layer.

The model has 25,436 trainable parameters in
total. The best achieved accuracy result was 0.73,
i.e. 13% above the baseline.

We may conclude that such a network does
not have enough expressiveness, but at the same
time is relatively easy to train and does not require
much fine-tuning.

—— Train Accuracy
—— Test Accuracy (max=0.734)

0.725 4
0.700 4
0.675 4
0.650 1
0.625

0.600 4

0.575 4 v"

0 50 100 150 200 250 300

Figure 4: Conv2D-deep network model performance
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4.4 Dense-small network

Our first Dense-small network model has the
following architecture:

1. Flatten layer that converts (3 x 768) inputs

into one 2304-dimensional array.

Dense layer that outputs 20 neurons followed
by ReLU activation and Dropout.

Final classification layer.

—— Train Loss
—— Test Loss

1.0 4

7 WMmWwM\W'ﬂ

0.4 4

0.2 4

Figure 5:

0.7 4 —— Train Loss

—— Test Loss

0.6 1

0.5 4

0.4 4

0.3

0.2 4

0.14
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The model has 46,205 trainable parameters in
total. The best achieved accuracy result was 0.818,
i.e. 21, 8% above the baseline. This result has been
achieved after multiple iterations of training each
consisting of 100-200 epochs and reducing learning
rate scheme.

We can see that “small” network has much
more parameters and convolution-based networks
and renders better accuracy. However it takes
more time to converge and is more difficult to
train.

1 — Train Accuracy
—— Test Accuracy (max=0.714)

50

Dense-small network model performance (1st series of 300 epochs)

0.825 {
—— Train Accuracy

0.800 —— Test Accuracy (max=0.818)
0.775 4
0.750 4
0.725 4
0.700 4
0.675 4
0.650 1

0.625 4

50

Figure 6: Dense-small network model performance (2nd series of 300 epochs)

4.5 Dense-medium network

The second Dense-medium network model has the
following architecture:

1. Flatten layer that converts (3 x 768) inputs
into one 2304-dimensional array.

2. Dense layer that outputs 50 neurons followed
by ReLU activation and Dropout.

3. Another dense layer that outputs 30 neurons
followed By ReLU activation and Dropout.
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4. Final classification layer.

The model has 116,935 trainable parameters in
total. The best achieved accuracy result was 0.857,
or 25, 7% above the baseline.

This is the best result we recorded. The traini-
ng process was relatively involving, required multi-
ple learning rates adjustment and testing different
combinations of batch size and other parameters.
This result was achieved using a weighted loss
function.
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Figure 7: Dense-medium network model performance (1st series of 300 epochs)

0.86
114 —— Train Loss

—— Test Loss
1.0 4

0.9 il l
0.8 1 | ' i‘}
0.7
0.6
0.5

0.4 4 —— Train Accuracy

—— Test Accuracy (max=0.857)

0.3 4

0 50 100 150 200 250 300 0 50 100 150 200 250 300

Figure 8: Dense-medium network model performance (2nd series of 300 epochs)

4.6 Dense-large network 4. Yet another dense layer that outputs 30
foll B L ivati
Our last Dense-large network model has the neurons followed By ReLU activation and
. . Dropout
following architecture:
1. Flatten layer that converts (3 x 768) inputs
into one 2304-dimensional array 5. Final classification layer

The model has 237,235 trainable parameters in
total. The best achieved accuracy result was 0.786,
i.e. 18,6% above the baseline.
Despite all adjustments and experiments we
3. Another dense layer that outputs 50 neurons can clearly see that this model overfits the data
followed By ReLU activation and Dropout  and demonstrates the worse performance of all
dense networks.

2. Dense layer that outputs 100 neurons
followed by ReLU activation and Dropout

1.0 4 —— Train Loss
—— Test Loss —— Test Accuracy (max=0.714)

7 — Train Accuracy

0.8 1

0.6 1

0.4 4

0.2 4

Figure 9: Dense-large network model performance (1st series of 300 epochs)
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Figure 10: Dense-large network model performance (2nd series of 300 epochs)

5 Conclusions

In this paper, we have developed the algorithm
for classification of various parameters related to
the civil procedure, such as court case category
and first instance decision. One important feature
of our algorithm is the use of multiple text
inputs such as court claim, claim motivation and
defendant’s response. In order to process such
inputs, we used XLM/RoBerta language model,
which provided us with numerical representations
for such text inputs. Thus, we obtained multi-
ple 768-dimensional vectors that represent our
input. In order to process them all at the same
time, we tried multiple approaches. One approach
was to use convolutional layers, typically used in
computer vision models, to process multiple layers
at once. Our motivation was that each numerical
representation keeps the same type of informati-
on at the same position of the embedding obtai-
ned from the LLM, and so there is some spatial
structure in our inputs if we represent them as a
matrix.

As alternative to convolutions, we used dense
neural networks consisting of fully connected
layers. We tried multiple architectures of each
type and searched for the best combination
of hyperparameters. Finally, we arrived to the
following results.

Dense networks, in general, produce better
quality (measured by accuracy). However, they are
more difficult and expensive to train. Convoluti-
onal networks are usually easier to train, and they
also produce good results, although slightly worse
than that of dense networks.

We may conclude that the use of convolutions
in such tasks deserves further investigation. It may
be fruitful to try to reshape the output of a large
language model so that the similar features are
located close to each other in the resulting numeri-
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cal vector, thus increasing the spatial connectivity
of inputs.
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Locaidocyemoves 3adava onmumMasbHo2o OUIHIO8AHHA NMHITHUT GYHKUIOHAAIE 610 HEGIJOMUT 3Ha-
YeHD NEPLOUUHO KOPEALOBAHOT CMOTACTNUNHOT NOCAIIOEHOCTNG 3G CNOCMEPEHCEHHAMU TOCAIA08HOCTNI 13
NPONYULEHUMU 3HAYEHHAMY. FHATIEHO GOPMYAU OAA 0OMUCAEHHA 3HA%CHD CEPEOHBOKBAPAMUYHUT NO-
TUBOK Ma CNEKMPAALHUL TAPAKMEPUCTIUK ONMUMAAOHUL OUIHOK PYHKUIOHAAIE Y 6unadky, KOAU cne-
KMPANHT WIABHOCTNT NOCATdosHOCMET MOouHO 8idomi. OMPUMAHO GoPMYAU OAA BUSHAYEHHA HATMEHWUL
CNPUAMAUBUL CNEKMPAADLHUTL ULLADHOCTET M MIHIMAKCHUL CNEKMPIAYHUT TAPAKMEPUCNUK ONMU-
MANOHUL ATHIGHULT 0UTHOK PYHKUIOHANIE Y BUNGOKY CNEKMPAALHOT HEGUSHAUEHOCTIE, KOAU CNEKMPAAL-
HI WIABHOCTNE NOCAId08HOCTET TMOYHO He 6100ML, aAE 3G0AHO MHONCUHY CONYCTIUMUL CTEKMPASOHUL
ULADHOCTNEN.

Ka10106i cr06a: nepioduuio Kopesvosana Cmoracmusha nocaido6HICMb, MinimakcHa (pobacmna) ouir-
K@, HAUMEHUL CPUATNAUBE CNEKMPAALHA ULADHICTIL, MINIMAKCHT CNEKMPAAbHL TAPAKMEPUCTIUKY.

The problem of the mean-square optimal estimation of the linear functionals which depend on the
unknown values of a periodically correlated stochastic sequence from observations of the sequence with
missings is considered. Formulas for calculation the mean-square error and the spectral characteri-
stic of the optimal estimate of the functionals are proposed in the case where spectral densities of the
sequences are exactly known. Formulas that determine the least favorable spectral densities and the mi-
nimax spectral characteristics are proposed in the case of spectral uncertainty, when spectral densities
of sequences are not exactly known but the class of admissible spectral densities is given.

Key Words: periodically correlated stochastic sequence, minimax (robust) estimate, least favorable spectral
density, minimaz spectral characteristics.

Introduction with stationary processes. W. A. Gardner [4],
W. A. Gardner, A. Napolitano and L. Paura 5]
W. R. Bennett in 1958 [1] started to explore presented bibliography of works in which properti-
cyclostationarity as a phenomenon and property es and applications of cyclostationary processes
of the process, which describes signals in were studied. Recent developments and applicati-
channels of communication. Studying the stati- ons of cyc]ostationary signal analysis are revi-
stical characteristics of information transmissi- ewed in the papers by A. Napolitano [28], [29]. In
on, he calls the group of telegraph signals the other sources cyclostationary processes are called
cyclostationary process, that is the process whose periodically stationary, periodically nonstationary,
group of statistics changes periodically with time. periodically correlated. We will use the term peri-
W. A. Gardner and L. E. Franks [3] highlights the odically correlated processes.
greatest similarity of cyclostationary processes,
which are a subclass of nonstationary processes, E. G. Gladyshev in 1961 [6] was the first who

© I. I. Golichenko, M. P. Moklyachuk, 2023
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published the analysis of spectral properties and
representation of periodically correlated sequences
based on its connection with vector stationary
sequences. He formulated the necessary and suffi-
cient conditions for determining of periodically
correlated sequence in terms of the correlation
function. A. Makagon carried in his works [17], [18]
detailed spectral analysis of periodically correlated
sequences. Main ideas of the research of periodi-
cally correlated sequences are outlined in the book
by H. L. Hurd and A. Miamee [12].

The problem of estimation of unknown values
of random processes is one of the very important
and topical subsections of the theory of stochastic
processes. Processes that are observed can be
completely defined by its characteristics (correlati-
on function, spectral density, canonical decomposi-
tion) or their characteristics can be defined only
by the set of admissible values of characteri-
stics. The linear extrapolation and interpolation
problems for stationary stochastic processes under
the condition that spectral densities are known
exactly were first introduced by A. N. Kolmogorov
[15]. Solutions of the extrapolation and filtering
problems for stationary processes and sequences
with rational spectral densities were offered by
N. Wiener [34] and A. M. Yaglom [35]. Predicti-
on problems for vector-valued stationary processes
were investigated by Yu. A. Rozanov [32] and
E. J. Hannan [11].

Since processes often accompanied by undesi-
rable noise it is naturally to assume that the exact
value of spectral density is unknown and the model
of process is given by a set of restrictions on
spectral density. K. S. Vastola and H. V. Poor
[33] showed for certain classes of spectral densities
that the Wiener filter is very sensitive to minor
changes of spectral model unlike the robust Wi-
ener filter. That is the filter is the least sensitive to
the worst case of uncertainty. Thus, it is reasonable
to use the minimax (robust) estimation method,
which allows to define the optimal estimate for
all densities from a certain class of the admissible
spectral densities simultaneously. Ulf Grenander
[10] was the first who proposed the minimax
approach to the extrapolation problem for stati-
onary processes. A survey of results in minimax-
robust methods of data processing can be found in
the paper by S. A. Kassam and H. V. Poor [14].
Formulation and investigation of the problems of
extrapolation and interpolation of linear functi-
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onals which depend on the unknown values of
stationary sequences from observations with and
without noise are presented by M. P. Moklyachuk
in the paper [23]. Similar problems of optimal esti-
mation of vector-valued stationary sequences and
processes were examined by M. P. Moklyachuk
and O. Yu. Masyutka [24], by O. Yu. Masyutka,
I. I. Golichenko and M. P. Moklyachuk [22].

In their book M. M. Luz and
M. P. Moklyachuk [16] investigated the minimax
estimation problems for linear functionals whi-
ch depends on unobserved values of stochastic
sequences with stationary increments. In their
book I. I. Golichenko and M. P. Moklyachuk
[27] presented results of investigation of the
interpolation, extrapolation and filtering problems
for linear functionals from periodically correlated
stochastic sequences and processes.

The interpolation and extrapolation problems
of linear functionals from periodically correlated
stochastic sequences with missing observati-
ons were investigated by I. I. Golichenko and
M. P. Moklyachuk in [7], [9], by I I. Goli-
chenko, O. Yu. Masyutka and M. P. Moklyachuk
in [8]. The results of the study of the extrapolati-
on, interpolation and filtering problems for li-
near functionals constructed from unobserved
values of multidimensional stochastic sequences
and processes are presented in the papers by
O. Yu. Masyutka, M. P. Moklyachuk and M. I. Si-
dei [19]-[21], [26]. We also refer to the book by
M. P. Moklyachuk, O. Yu. Masyutka and I. I. Goli-
chenko [25] where results of the investigation of
the problem of mean square optimal estimation
(forecasting, interpolation, and filtering) of linear
functionals constructed from unobserved values of
periodically correlated isotropic random fields are
described.

In this paper we study the problem of opti-
mal linear estimation of the functional A{ =

> a(j){(—j), which depends on the unknown

J€Zs

values of a periodically correlated stochastic

sequence ((—j),j € Zs = {T + 1,T +
S

2,... }\ U {MlT—l-l, ey (Ml—i-NZ)T} Estimati-
i=1

on is based on observations of the sequence ((j) +

0(j) at points j € {...,—(T+2),—(T+1)}\S,S =

i=1

an uncorrelated with ((j) periodically correlated
stochastic sequence. Formulas for calculation the
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mean square error and the spectral characteri-
stic of the optimal estimate of the functional A(
are proposed in the case where spectral densities
are exactly known. Formulas that determine the
least favorable spectral densities and the minimax
spectral characteristic are proposed for the given
class of admissible spectral densities.

1 Periodically correlated and multidi-
mensional stationary sequences

The term periodically correlated process was
introduced by E. G. Gladyshev [6] while
W. R. Bennett [1] called random and periodic
processes cyclostationary process.

Periodically  correlated  sequences  are
stochastic sequences that have periodic structure
(see, for example, the book by H. L. Hurd and
A. Miamee [12]).

Definition 1.1. A complex valued stochastic
sequence ((n),n € Z with zero mean, E((n) = 0,
and finite variance, E|((n)]? < +oo, is called
cyclostationary or periodically correlated (PC) wi-
th period T' (T-PC) if for every n,m € Z

EC(n+T)((m+T)=R(n+T,m+T)= R(n,m)
(1)

and there are no smaller values of T' > 0 for which

(1) holds true.

Definition 1.2. A complex valued T-variate
stochastic sequence £(n) = {fy(n)}gzl ,n € Z
with zero mean, E¢,(n) = 0,v = 1,...,T, and
E||€(n)||? < oo is called stationary if for all n,m €
Z and v,u € {1,...,T}

ES(n)€u(m) = Ryp(n,m) = Ryu(n —m).

If this is the case, we denote R(n) =
{Ryu(n)}z u—1 and call it the covariance matriz

—

of T-variate stochastic sequence £(n).

Proposition 1.1. (E. G. Gladyshev [6]). A
stochastic sequence ((n) is PC with period T if
and only if there exists a T-variate stationary
sequence £(n) = {fy(n)}le such that ((n) has
the representation

T
¢(n) = Ze%m"/Tﬁy(n), n € Z. (2)
v=1

—

The sequence &(n) is called generating sequence of
the sequence ((n).
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Proposition 1.2. (E. G. Gladyshev [6]). A complex
valued stochastic sequence ((n),n € Z with zero
mean and finite variance is PC with period T if

and only if the T-variate blocked sequence ((n) of
the form

—

C(n)]p =C(nT +p), neZ,p=1,....,T (3)

is stationary.

. - T
We will denote by fS()) = { fﬁu()\)} 1

v,p=
the matrix valued spectral density function
of the T-variate stationary sequence ((n) =
(¢i(n),...,¢r(n)) " arising from the T-blocking

(3) of a univariate T-PC sequence ((n).

2 The classical projection method of fi-
Itering

Let ¢(j) and 6(j) be uncorrelated T-PC stochastic
sequences. Consider the problem of optimal linear
estimation of the functional

AC =" al§)¢(—),

J€Zs

that depends on the unknown values of T-PC
stochastic sequence ((—j), j € Zs = {T + 1,T +
S
2, N\NU{M T+, (M + N;)- T}, (M; >
i=1

1,M; > M;—1 + Nij_1,i = 1,...s). Estimation is
based on observations of the sequence ((j) + 0(j)
at points j € {...,—(T +2),—(T + 1}\S,S =
S

U{-M;+N;)-T,...,—M;-T —1}. Note that in
i=1

every interval of known and unknown observations
of sequence ((7)+6(j) the amount of observations
is a multiple of the period T.

Let assume that the coefficients a(j),7 € Zs
which determine the functional A satisfy condi-

tion
> la()] <

JE€Zs

(4)
and are of the form

a(j) = a ((j— M T> i H T> _

a(v + JT) = a(j)e*™ /T, (5)

where v = 1,...,T,j = [%} > 1; v =T and
J=A—-1ij=T-\X€Z, or

a(j) = a(T-\) = a(T+(A-1)T) = a(A—1)?™A-DT/T,
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Under the condition (4) the functional A has the
finite second moment.

Using Proposition 1.2, the linear functional
A( can be written as follows

AC="a(j)¢(—)) =

J€Zs
T s ~
> a() Y T (v + 1)) =
5625 v=1
Z Z 27r1]1//T (_3) —
]GZ‘ v=1
> at()(=) = AC
i€z
where
Z,={1,2,3,. . N\ J{M;, ..., M; + N; — 1},
i=1
a" () = (aG)e- - sar(3))
a,(j) = a(j)e 2’”7"/T v=1,...,T, (6)
G) = {C,,( )} » is T-variate stationary

sequence, obtained by the T-blocking (3) of uni-
variate T-PC sequence ¢(—j), j € Zs.

Let C(j) and 6(j) be uncorrelated T-variate
stationary stochastic sequences with the spectral

(B}, |

)

density matrices fg()\) = and

o ={mw}

problem of optimal linear estimation of the functi-

onal
AC =Y a (5)¢(—)),

j€Zs

, respectively. Consider the

that depends on the unknown values of sequence
((=j),J € Zs, based on observations of the
sequence C(7)+0(j) at points j € {..., =2, —=1}\ S,

S= U{ (M; + N;) +1,...,—M;}.

Let the spectral densities fg()\) and fé(A)
satisfy the minimality condition

— —

[ oo+ £onar< e (@)
Condition (7) is necessary and sufficient in order
that the error;free ﬁlpering of unknown values of
the sequence ((j) + 0(j) is impossible [32].
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Define as H = Ly(Q,F,P) the Hilbert
space generated by random variables { with zero
mathematical expectation, ¢ = 0, finite vari-
ation, E|(|*> < oo, and inner product ((,6) =
E(O. Consider values (,(j),v = 1,....T;j € Z
and 0,(j),v = 1,..,T;j € Z as elements of H.
Denote by H* [C + 9] the closed linear subspace
in the Hilbert space H generated by elements
{GG)+6,0),5€{..,—2,—-1}\S,v=1,...,T}

Denote by La(f) the Hilbert space of vector
valued functions b(\) = {b,(A )}V , that are
integrable with respect to a measure with the

density f(A )_{fuu( )}yp, 1

/ BT FOBA) A =

| S b\l

T yu=1

b (N)d\ < +o0.

Denote by L5(f) the subspace in La(f)
generated by functions

z A

J 61/7(S _{6’/“}# 1>

T, 5€{,—2,—1}\ S,

v=1,...
where 6, = 1,6,, = 0 for v # p.

Every linear estimate A5 of the functionzil AQ?
from observations of the sequence ¢ () + 6(5) at
points j € {...,—2,—1} \ S has the form

BT (e (Z8(dN) + 20

~ T

/ S h(eM)(Z5(AN) + ZIaN)), (8)

().

v=1

AC = (dN)) =

v=1

where Zg(A) = and Zg(A) =

- T
Z9(A

{ V( )}IJZI s s .

of the sequences ((j) and 6(j), and h(e
) T

{h (e},
estimate AC. The function h(e™) € LS(fC + fe)

The mean Square error A(h fC fe) of the esti-

are orthogonal random measures

z‘>\) —

is the spectral characteristic of the

mate AC is calculated by the formula

AR €, 17) = B|AC - AL =

. % ' A (e
1 )
v [T RN

M)} e [A(eM) - E(ew)} A+
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A = Y aG)e

j€Z,

The spectral characteristic E( f@?, fg) of the opti-
mal linear estimate of A{ minimizes the mean
square error

— — — — —

ACFS, 17y = AG(FS, 10); 14, £7) =

I . |2
Comin AR fS f0) = mAinE‘Ag—Aj .
heLy(f<+£9) AC
(10)

With the help of the Hilbert space projection
method proposed by A. N. Kolmogorov [15] we can
find a solution of the optimization problem (10).

The optimal linear estimate Af is a projection of
the functional AC on the subspace H*[( + 6]. The
projection is characterized by following conditions

1) ACe H*[ + 4],

2) AC— AC L H*[C + 4.

The condition 2) gives us the possibility to
derive the formula for spectral characteristic of the
estimate

r—
k,‘
I
—~
=
+
]
N}
~—
.
|
|

where

C(ei)‘) = Z E'(n)eij)‘ + Z E(W)Gij)\a
=0

jes

where ¢(j),j € S U {0,1,2,...}, are unknown
vectors of coefficients.
Denote by U = SU{0,1,2,...}.
Condition 1) is satisfied if the system of
equalities
™ — jnd > .
/ RS e ™ d = 0me U (12)
—Tr
holds true.

The last equalities (12) provide the following
relations

1

Z 5TG)£ ' fg()‘)(fE(A)-Ffé()\))_1e—i)‘(3+m)d)\_

G€Zs

2023, 2

Bulletin of Taras Shevchenko
National University of Kyiv
Series: Physics & Mathematics

m e U. (13)

Denote the Fourier coefficients of the matrix
functions (fS(\) + ff(\)~' and fSON)(fC(N) +
FEN)) 7 as

Bm.j) = 5- /7r (FEO) + FI) e Am=D gy,

or .
meU,jeU,

R(m,j) = % _7; FEONSEN () e gy,
meU,je Z.

Using the notations above we can rewrite
relation (13) in the form of the system of equations

> R(m,j)a(j) =Y B(m,j)ei)+Y_ B(m,j)e()),
j=0

jeZs jes
m € U. (14)
Denote by
a'=|(07,..,0",a"(1),..,a"(M; — 1),
——
Zf:l Ni+1

—

0',...,0",...,a" (My+ N,),a@" (My+ Ny + 1), ...
N——
N1

a vector that has zero vectors 0' = (0,...,0),
——
T

vectors @(1),...,a(M; — 1),...,d(Ms + Ns), ..., are
constructed from coefficients of the functional A(
by formula (6).
Denote by ¢’ =
unknown coeflicients.
The last system of equations (14) can be rewri-
tten in the matrix form

(€7 (m))mev a vector of the

Ra = Bc.

The linear operator B is defined by the matrix

Bs,s Bs,sfl Bs,l Bs,n
Bs—l,s Bs—l,s—l Bs—l,l Bs—l,n
B = . . . . ,
By s Bis1 B By,
Bn,s Bn,s—l Bn,l Bn,n

34
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constructed with the help of the block-matrices

By = { Bua( N-)}*M’ i
L = P m=—(M+N;)+1 == (My+Ni)+1’
lLbk=1,..s,
B, ={B ~'}_Ml o 1=1
Ln = Bin(m, j) e g0 L= b S
B —{B (m~')}°o M I=1,..5
n,. — n,l yJ m:O}Z*(Ml+Nl)+1’ =1,...,s8,
~ oo
Bn,n = {Bn’n(m’j)}mzog‘io’

Bii(m,j) = B(m,j),Vl,k =€ {1,...,s} U {n}.

The operator R defined by the
corresponding matrix, which is constructed in the
same manner as matrix B.

The unknown coefficients é(m),m € U are
determined from the equation

linear is

¢ =B 'Ra4, (15)

where the m-th component of the vector € is the
m-th component of vector B"'Ra:

&(m) = (B™'Ra)(m), m € U. (16)

We will suppose that the operator B has the
inverse matrix.
The mean-square error of the optimal estimate

AC is calculated by the formula (9) and is of the
form

Ak, £ 9 = B|AC = AP =
S a0y [ O + )

(17)

where (a,b) denotes the scalar product, D is
defined by the corresponding matrix, which is
constructed in the same manner as matrix B, with
elements

Dn.3) = 5 [ FFNEE) + £700)

x fFI(N)e =g\ m, T e U.
The following statement holds true.
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Theorem 2.1. Let ((j) and 6(j) be uncorrelated
T-PC stochastic sequences with the spectral density
matrices fC(A\) and fO(\) of T-variate stationary
sequences (| (j) and 6(7), respectively. Assume that
SN and fO(N\) satisfy the minimality condition
(7). Assume that condition (4) is satisfied and
operator B is invertible. The spectral characteri-
stic E(fc, f%) and the mean square error A(f<, f%)
of the optimal linear estimate of the functional Ag?
based on observations of the sequence 5(3)4—5(}) at
points j € {ee, =13\ S, are calculated by formulas
(11) and (17).

Consider the mean-square estimation problem

of functional AC = Y a(5)¢(—j), Zs = {T +
JE€Zs

LT+ 2,..} \{MT + 1,...,(M + N)T} based
on observations of the sequence ((j) + 0(j) at
points j € {.,—(T +2),—(T + 1)} \ {—(M +
N)T,...,—MT — 1}. Using Proposition 1.2, the li-
near functional A{ can be written as follows

AC =Y a(i)¢(=)

J€Zs

> d (=) = AC

G€Zs

where

Zs={1,2,3,...,\{M,...,M + N —1}.

The estimate Ag of functional AE from

— ~ — ~

observations of sequence ((j) + 0(j) at points
je {13\ {=(M+ N)+1,...,— M} is defined
by spectral characteristic i_i( 1<, %) (see formula
(8)). The spectral characteristic is calculated by
the following formula

() = (AT ) - €T () x
> =~ -1
< [F+] L as)

A -M S N
where C(e') = > aAG)e 43 &g)e
j=—(M+N)+1 J=0

unknown coefficients ¢(j),57 € {—(M + N) +
1,...—M}U{0,1,...} are calculated by formula

—

¢ =B 'Ra.
Linear operators B, R are defined by compound
matrices, for example

o

Bi1
Bn,s

Bs,n
Bn,n
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is constructed with the help of the block-matrices
B1.1, Bsn, Bp s, B with the elements

B Biim )y M
L= { 1’1(m’j)}m:—(M+N)—13=—(M+N)—1’

By = {Bs,n(mJ)};f_(MJrN)_l}?io’

_ S M
B?’l,S - {Bn7s(m7j)}m:();:*(M+N)fl’
Bn,n - {Bn,n(maj)}mzo']eio'

The vector

g = (07,..,0",a"(1),....,a" (M —1),
N——’
N+1
07,...,00,@ (M +N),a"(M+N+1),...
N

is a vector with vectors d@(1),...,a(M —1),a(M +
N), ..., constructed from coefficients of the functi-
onal A¢ by formula (6).

The mean square error A(f€, fg) is calculated
by the formula

—

A(f¢, f%) = (D4, &) + (BE, &),

—

(19)

where linear operator D is defined by the
corresponding matrix, which is constructed in the
same manner as matrix B above.

The following corollary from the theorem 2.1
holds true.

Corollary 2.1. Let ((j) and 6(j) be uncorrelated
T-PC stochastic sequences With the spectral
density matrices fS(\) and f7(\) of T-variate
stationary sequences E (}) and 5(5), respecti-
vely. Assume that fS()\) and f7()\) satisfy the
minimality condition (7). Assume that condi-
tion (4) is satisfied and operator B is inverti-
ble. The spectral characteristic ﬁ( f<, %) and the
mean square error A(f¢, f%) of the optimal li-
near estimate of the functional Af based on
observations of the sequence (| () + 5(3) at poi-
nts j € {o, =1} \ {=(M + N) +1,...,—M}, are
calculated by formulas (18) and (19).

Consider the mean-square estimation problem
of functional A¢ = Y a(j){(—7j), Zs = {T +
JE€EZs
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LT+2, 3\ {MT +1,..,MT + T} based on
observations of the sequence ((j) + 6(j) at poi-
nts j € {..,—(T +2),—(T+ 1)} \ {-(MT +
T),...,—(MT +1)}. Using Proposition 1.2, the li-
near functional A( can be written as follows

AC =" a(i)C(=5) = Y a (G)¢(—))

JE€Zs 3625

~ =

(7)¢(

= A¢,

where

Ze=1{1,2,3,..., \{M}.

The estimate A§' of functional Af from
observations of sequence ((j) + 6(j) at points
j € {..=1} \ {-M} is defined by spectral

characteristic h( fC fe) The spectral characteri-
stic is calculated by the following formula

TS A7) = (AT ) = 0T () x
> =~ -1
< |[F+ ] e

'L])\

-}

where C/(e™) (—M)e MA 4 Z c(j)

unknown coefficients ¢(j),j € {— M} U {O 1,.
are calculated by formula

—

C =

B 'Ra.

Linear operators B, R are defined by compound
matrices, for example

o

is constructed with the help of the block-matrices
B_y—ms By Bn,—wm, Bpon with the elements

B yv-vm By
Bn,—M Bn,n

B_m,-m = B(-M,—-M),
B—M,n = {B—Mn }
By -y =A{Bn—m(m,—M)}, m

Bnn = {Bn n(m, J)}

The vector

=0,1,...

)

OO
m=0 ]—0

=T

il = (6T,6T,5J(1), wnd (M —1),07,

@ (M + 1), (M +2),...)

is a vector with vectors a@(1),...,a(M —1),a(M +
1), ..., constructed from coefficients of the functi-
onal A¢ by formula (6).
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The mean square error A( fg, f(;) is calculated
by the formula

—

A(f¢, f) = (D&, &) + (BE, ),

—

(21)

where linear operator D is defined by the
corresponding matrix, which is constructed in the
same manner as matrix B above.

The next corollary from the theorem 2.1 holds
true.

Corollary 2.2. Let ((j) and 6(j) be uncorrelated
T-PC stochastic sequences With the spectral
density matrices f<(\) and f7(\) of T-variate
stationary sequences f (}) and 5(;), respectively.
Assume that f<()\) and fY(\) satisfy the mini-
mality condition (7). Assume that condition (4) is
satisfied and operator B is invertible. The spectral
characteristic ﬁ( f¢, %) and the mean square

error A(f¢, %) of the optimal linear estimate of
the functiogal Ag based on observations of the

sequence C(j)+0(j) at points j € {..., —1}\{—M?},
are calculated by formulas (20) and (21).

The filtering problem of linear functional for
the case with factorization of density matrices

fg()\) and fg()\) of T-variate stationary sequences

~ U~

((7) and 6(j) is considered in the article [2].

3 Minimax (robust) method of filtering
problem

Let f(A) and g(A) be the spectral density matrices
of T-variate stationary sequences (| (j) and g(j),
obtained by T-blocking (3) of T-PC sequences ((j)
and 6(7), respectively.

Formulas (11) and (17), (18) and (19), (20)
and (21) may be applied for finding the spectral
characteristic and the mean square error of the
optimal linear estimate of the functional Af only
under the condition that the spectral density
matrices f(\) and g(\) are exactly known. If the
density matrices are not known exactly while a
set D = Dy x D, of possible spectral densities is
given, the minimax (robust) approach to estimati-
on of functionals from unknown values of stati-
onary sequences is reasonable. In this case we fi-
nd the estimate which minimizes the mean square
error for all spectral densities from the given set
simultaneously.
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Definition 3.1. For a given class of pairs of
spectral densities D = Dy x D, the spectral densi-
ty matrices fY(\) € Dy, g°()\) € D, are called the
least favorable in D for the optimal linear esti-
mation of the functional Af if

A(f°, 9% = AR, 6°); 12, °)

max A(h ,9): [ 9).
(ax A(h(f,9); f 9)
Definition 3.2. For a given class of pairs of

spectral densities D D; x D, the spectral

characteristic h%()\) of the optimal linear estimate
of the functional A( is called minimax (robust) if

R\ eHp= () Li(f+9),
(f.9)eD

min max A(i_i; fy9) = max A(ﬁo;f,g).
heHp (f,.9)€D (f.9)€D

Taking into consideration these definitions
and the obtained relations we can verify that the

following lemma holds true.

Lemma 3.1. The spectral density matrices
fO°(\) € Dy, ¢°(\) € Dy, that satisfy the mini-
mality condition (7), are the least favorable in the
class D for the optimal linear estimation of Af , if
the Fourier coefficients of the matrix functions

(P +°0N7 PPN+

FPFON) +° )"
define matrices B%, R?, DY, that determine a
solution of the constrained optimization problem
max ((Ra, B7'R&)) + (D4, a)) =
(f,g)eD(< )+ )

R, (BY)'R"a)) + (D&, &). (22)

The minimax spectral characteristic RO
R(f0,4°) is given by (11), if A(f°,¢°) € Hp.

The least favorable spectral densities fO(\) €
D¢, ¢°(\) € D, and the minimax spectral
characteristic B = E(fo,go) form a saddle poi-
nt of the function A(h; f,g) on the set Hp x D.
The saddle point inequalities

AR f,9) < AR 12,9°) < Ah; 0, 6°),

Vh € Hp,Yf € Dy, Yg € D,

hold true when k0 = H(fo,go), h(f°, ¢%) € Hp

and (f°,¢°) is a solution of the constrained opti-
mization problem

A (ﬁ(fo,go); f; g) — sup, (f,g) € Dy x Dy.
(23)
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2023

A(f2,¢%); frg) s

The linear functional
calculated by the formula

AR, %) f.g9) =

1 T (AT(GM)QO()\) + (CO(ei)\))T) >

-~/
X(F) + 6" )LL) + 62 ()
x (AT(EN)g° ) + (COe)T) i+
s [ (ATENP0) - (e)T) %
<(FOO) +g" () g (O (N) + ¢ (V) 7 x

% (AT(eM)1°0) = (€(e)T)

where C0(e) ZjeUEO(j)eij)‘,
to the formula (16) column vectors ¢ °(j)
(B°)~'R%&)(j).

The constrained optimization problem (23)

is equivalent to the unconstrained optimization
problem, [30]:

),

according

AD(fv g) = _A(ﬁ(f()?go); fa g)+

5((£.9)|Dy x Dy) —inf, (24)
where 6((f,9)|D¢ x Dg) is the indicator functi-
on of the set D = Dy x Dy. A solution of the
problem (24) is characterized by the condition
0 € dAD(f°, ¢°), where DA (fY, ¢°) is the subdi-
fferential of the convex functional Ap(f, g) at poi-
nt (f°, %), [31].

The form of the functional A(ﬁ(fo,go);f,g)
admits finding the derivatives and differentials of
the functional in the space L x Lj. Therefore
the complexity of the optimization problem (24)
is determined by the complexity of calculati-
ng of subdifferentials of the indicator functions
3((f,9)|Ds x Dgy) of the sets Dy x Dy, [13].

The form of the functional A(R(f°,¢%); f,g)
is convenient for application the Lagrange method
of indefinite multipliers for finding solution to
the problem (24). Using the Lagrange method of
indefinite multipliers and the form of subdifferenti-
als of the indicator functions we derived relations
that determine the least favourable spectral densi-
ties in some classes of spectral densities (see books

[27], |24]).
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4 The least favorable spectral densities in
the class D = Dy x Dq5

Let f(A) and g(A) be the spectral density matrices
of T-variate stationary sequences ((j) and (),
obtained by T-blocking (3) of T-PC sequences ((j)
and 6(j), respectively.

Consider the problem of minimax estimation
of the functional Af based on observations of the

— ~. — ~

sequence ((7)+0(j) at points j € {iery =2, —1}\5,
S = U{-(M; + N;) + 1,...,—M;}, under the
=1

condition that the spectral density matrices f(\)
and g(\) belong to the class D = Dy x D145, where

Dy ={10 |55 [ svar=p}

Dl = {o |5 [ i) - '] ax < 6,
D} = {f(A) ‘ o [ )ar =ik = 1,...,T},
Dt = a0 55 [ 1Moo - ab)]an < i

k=1,..,T},

where g'(\) = {g,il()\)}ZJZI is known positive
definite Hermitian matrix, 0, g, p, pp, k = 1, ..., T,
are known and fixed numbers.

The classes Dé,z’ = 1,2, describe densities wi-
th the moment restrictions. The classes Di 50 =
1,2, describe the ”é—neighborhood” models in the
space L of a fixed bounded spectral density g'()).

With the help of the method of Lagrange
multipliers we can find that solution (f°()), g°(\))
of the constrained optimization problem (23) sati-
sty the following relations for these sets of admi-
ssible spectral densities.

For the pair D} x D% 5 we have relations

(9" N A(eM)+CO(e)) (9" () T (A(e™)+C0(e™)

(PP -CTE) ()T (A(e
B + P, (26)
o [T = onfan=sen

where a, 8 are Lagrange multipliers, [¢(\)] < 1
and ¢(\) = sign (Tr(g°(A) — g'(V))) if Tr(g”(A) —
g'(\) #0.
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For the pair D x D%é we have relations

(6" () A(e™) + COe)) x
x (9"(\) T (A(e™) + C%e™) T =

(FOO) + 6°)) {0fdu}y 1y (FOO0) +g° (V)
(28)
(FO N A(R) = CO(eR)) x
<f°<A>>T< (€)= C%eM) T =
(fo( {Bkwk 6kl}kl 1 fo( ) O()‘))7
(29)
;ﬂ }Tr 9N = g W) dX = 6,k =1,...., T,

(30)
where ai,ﬁi are Lagrange multipliers, dy; are
Kronecker symbols, |[¢p(A)] < 1 and ¢(A) =
sign (Tr(g(A) = 9 (V) if Te(g2 (V) — g (V) #
0,k=1,...,T.

Hence the following theorem and corollaries
hold true.

Theorem 4.1. Let the spectral densities fO(\)
and g°(\) satisfy the minimality condition (7).
The least favorable spectral densities fO(X), g°(\)
in the class D§ x D%& for the optimal linear filteri-
ng of the functional AE are determined by relations
(25)-(27). The least favorable spectral densities
fo(N), g°(N) in the class DE x D35 for the optimal
linear filtering of the functional AE are determi-
ned by relations (28)—-(30). The minimax spectral
characteristic of the optimal estimate of the functi-
onal AC is determined by the formula (11).

Corollary 4.1. Assume that the spectral density
g(\) is known. Let the spectral density fO(A\)+g(\)
satisfies the minimality condition (7). The least
favorable spectral density fO()\) in the class D} or
Dg for the optimal linear filtering of the functi-
onal AC based on observations of ( (}) at points
j € {..,-2,—1}\ S is determined by relations
(25), (28), respectively, and by the constrained
optimization problem (22).

Corollary 4.2. Assume that the spectral density
f(A) is known. Let the spectral density f(\) +
g°()\) satisfies the minimality condition (7). The
least favorable spectral density g°()\) in the class
Di; or Di; for the optimal linear filtering of the
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functional Af based on observations of 5 (3) at poi-
nts j € {...,—2,—1}\ S is determined by relati-
ons (26)—(27), (29)-(30), respectively, and by the
constrained optimization problem (22).

5 The least favorable spectral densities in
the class D = Dy x D‘V/V

Let f(A) and g(A) be the spectral density matrices
of T-variate stationary sequences (| () and g(j),
obtained by T-blocking (3) of T-PC sequences ((7)
and 6(j), respectively.

Consider the problem of minimax estimation
of the functional AE based on observations of the
sequence C(5) + 6(j) at points j € {...,—2,—1} \
S, under the condition that the spectral densi-
ty matrices f(A) and g(\) belong to the class
D = Dy x DYV, where

= fo oo}

D ={g(\) [U) < g(N) < W(N),

o [ san=a}.

where P, () are known positive definite Hermitian
matrices, U(X), W () are fixed spectral densities.

The class Dg’ describes densities with the
moment restrictions. The class D[V]V describes the
“strip” models of spectral densities.

With the help of the method of Lagrange
multipliers we can find that solution (f°()), g°(\))
of the constrained optimization problem (23) sati-
sfy the following relations for this set of admissible
spectral densities.

For the class Dg X D(‘;V we have relations

—T

(9" (N A(e?) + CO(e)) x
(6°N) (A + (™) T =
(SO +g°n)aa’ (f° () +¢°(), (31)

(SN A(e?) = CO(e))
(SO T (A(e™) = C%(e™) T =

(O N+9" V) (FET +r1<A>+rz<A>><f°<A>+gO<A>(>, |
2

where @, 3 are Lagrange multipliers, I'1(A) < 0
and T1(A) = 0 if ¢g°(\) > V()), Ta(\) = 0 and
La(A) = 0if g°(\) < W(N).

Hence the following theorem and corollaries
hold true.

39



Bicnux Kuiscvkoz2o nayionanrvbro2o yrisepcumemy
iment Tapaca Ilesuwernra
Cepia: Pizuro-mamemamusri HAYKY

Theorem 5.1. Let the spectral densities fO(\)
and g°()\) satisfy the minimality condition (7).
The least favorable spectral densities fO()\), g°(\)
i the class Dg X D(I/]V for the optimal linear filteri-
ng of the functional AE are determined by relati-
ons (31), (32). The minimax spectral characteri-
stic of the optimal estimate of the functional Af 18
determined by the formula (11).

Corollary 5.1. Assume that the spectral density
g(\) is known. Let the spectral density fO(A\)+g(\)
satisfies the minimality condition (7). The least
favorable spectral density f°()\) in the class D}
for the optimal linear filtering of the functional
Af based on observations of 5 (}) at points j €
{...,—2,—1}\ S is determined by relation (31) and
by the constrained optimization problem (22).

Corollary 5.2. Assume that the spectral density
f(N\) is known. Let the spectral density f(\) +
g°()\) satisfies the minimality condition (7). The
least favorable spectral density g°()\) in the class
D(‘}/ for the optimal linear filtering of the functi-
onal AC based on observations of ( (}) at points
je{..,—2,—1}\S is determined by relation (32)
and by the constrained optimization problem (22).

6 Conclusions

In this article we study the filtering problem
of the functional A which depends on the
unobserved values of a periodically correlated
stochastic sequence ((j). Estimates are based on
observations of a periodically correlated stochastic
sequence ((j) + 6(j) with missing observations,
that means that observations of ((j) + 6(j) are
known at points j € {...,—(T+2),—(T+1), }\S.
The sequence 6(j) is an uncorrelated with ((j)
additive noise.

The filtering problem is considered under
conditions of spectral certainty and spectral
uncertainty. In the first case of spectral certai-
nty the spectral density matrices f(A) and g(\) of
the T-variate stationary sequences ¢ (n) and 6(n),
obtained by T-blocking of T-PC sequences ((7)
and 6(j), respectively, are suppose to be known
exactly. With the help of Hilbert space projecti-
on method formulas for calculating the spectral
characteristic and the mean-square error of the
optimal estimate of the functionals are proposed.
In the second case of spectral uncertainty the
spectral density matrices are not exactly known
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while a class D = Dy x D, of admissible spectral
densities is given. Using the minimax (robust) esti-
mation method we derived relations that determi-
ne the least favorable spectral densities and the
minimax spectral characteristic of the optimal
estimate of the functional A{. The problem is
investigated in details for two special classes of
admissible spectral densities.
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B pobomi docnidaceno cxopuneosi mooeni K iHCMPYMeHmM YIPAGLIHHA KPeOUMHUMU PUSUKAMU, iX munu
ma ocobausocmi. Posensinymo nowsmms KpeOumocnpoOMONICHOCMI MA CKOPUHZY, MUnu CKOpuMzy ma ix
0C00UBOCII, MEMOOU CKOPUH2O8UX MOOeiell (T02iCMUYHA pezpecis, depesd piuilets, TiHiliHe NPo2paMy8aHHsl,
depesa piwenv ma inwi) ma emanu ix nodoyoosu. B pobomi Hasedeni ocHosHI Gopmynu, wo
BUKOPUCTNOBYIOMBCA O OYIHKU  KPEOUMOCHPOMONCHOCIE NO3UYANbHUKIG ™A NIOSUWEHHS MOYHOCMI
CKOpuH208UX MoOenell, 6KIoualol  inoekc cmabinbnocmi nonyiayii, koegiyienm R, xoeghiyienm
Koamozcoposa-Cuipnosa ma inwii; po3ensiHymo npaKmuune 3acmocy8anHs CKOPUH2O8UX Modenell 6 DaHKax
Ykpainu na npuxnadi munogoeo no3uuanbHuKa.

Kniouosi  cnosa: kpedumnuii  cxopume, KpeoumocnpOMONCHICMb,  NAAMOCHPOMOICHICIb, — OYIHKA
KpeoumocnpoMOiCHOCTI, NO3UYANbHUKY, CKOPUH208A Kapma, KIACUQIKayis 03HAK, Memoou CMEOpPEHHs,
MawiuHHe HAGUAHHS, MeCMYBaHHA MOOEI.

In the paper we investigate scoring models as a tool for credit risk management, their importance, types,
features and applications. We consider the history of scoring models and the development of the modern
concepts of creditworthiness and scoring, examine scoring types and their features, methods (logistic
regression, decision trees, linear programming, decision trees, and others), strengths and weaknesses of each
considered method and stages of building scoring models; we stress the importance of scoring cards for
building scoring models, indicate the main quantitative and qualitative features, their classification used for
and describe the procedure of creating scoring cards. In the paper we consider the factors needed to be
considered for more effective scoring model building process, we indicate the main formulas used to assess
the creditworthiness of borrowers and improve the accuracy of scoring models, including Population Stability
Index (PSI), R-Square Coefficient, Kolmogorov-Smirnov Coefficient, GINI Coefficient, and others; the
practical application of scoring models in banks of Ukraine and their steps after applying scoring models are
described on the example of a typical borrower.

Keywords: credit scoring, creditworthiness, solvency, creditworthiness assessment, borrowers, scoring
card, classification of features, creation methods, machine learning, model testing.
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Beryn

B Hamm gac kpeuTyBaHHS € OJTHIEIO 3 KIIFOUYOBHX
€KOHOMIYHHX CKJIQZOBUX, OCKIIBKH IJI1 OaHKIB
BOHO € OCHOBHHM JDKEpeloM npuOyTky. B
Cy4acHOMY CBITI CIIOCTEPITA€ThCS 30UTBIICHHS
00CSTIB CIIOXKMBUOTO KpeauTyBaHHs. [IpoTe pazom

3 UM,  3pOCTa€ 1 KUIBKICTh HETOBEPHEHUX
KpeIuTiB, 10 HAHOCUTh  BENHKI  30WUTKH
OaHkiBcbkMM ~ ycTtaHoBaM. Came uepe3 1e

BOXJIMBOIO 33J]a4€l0 € MiHIMI3aIlis KPeIUTHHX
PU3HKIB IS 3MEHINCHHS ITMX 30UTKIB. 3 TII€I0
METOK  OyJI0  po3po0JIeHO  KilbKa  METOJIB
OIIIHIOBaHHS KPSUTHUX PU3HKIB, OJTHUM 3 SKUX 1 €
KpPEAUTHUN CKOPHUHT.

Y 1940 pormi HamioHansHe 0I0p0 €KOHOMITHHX
nocmimpkens CIIA omyGnikyBasnio poboty Panbda
Aura «Ocobucti (iHaHCOBI KoMmaHii Ta ix
KpeIuTHA TIpaKTHKa», B sKil Boepme Oy
BUCIIOBIIEH] i€l ckopuHry. OmHaK, 3apa3 mpo Lo
nmyOIiKaLilo 3HA€ JUIIE By3bKe KOJIO (axiBIiB, a
«BUHAX1THUKOM» CKOPUHTY BBakaeTbcs JleBin
JopaH, skwWii amantyBaB po3poOsieHy [ amHcom
dimepom MeToauKy kinacudikamii pociuH I
kiacudikamii KpeIuTiB Ha «IoraHi» 1 «xoporri». Y
1941 p. HamionanpHe OIOp0 EKOHOMIYHHX
mocmimkeds CIIHA 3aMOBUIO  IOCTIIHMIILKUN
MPOEeKT, B sKoMy J[fopaH Ha OCHOBI CTaTUCTHUKH
OaHkiB 1 IHIIMX (pIHAHCOBUX  OpraHizarfii
MPOaHaTi3yBaB COTHIO MO3UTHBHHUX i HETATHBHHX
KpPEIUTHUX iCTOPil, BUKOPUCTAB TUCKPUMiHAHTHHUHA
aHaJi3 Ta po3pOOUB IHINUBIIyIbHY CHCTEMY OIIHKH
CTYTICHsI BOKJIMBOCTI TTapaMeTpiB.

Mogens /[I. [opana cknaganmace 3 TpyInu
YUHHUKIB JUI BU3HAYEHHS CTYTEHS KPEIUTHOTO
pU3MKy Ta KOeQIIIEHTIB s Pi3HUX (DAKTOPIB, IO
XapaKTepPU3yI0Th KPEAUTOCIIPOMOKHICT KITIEHTA.

VY 1956 poui amepukanui — imxkeHep Binbsim Dep
1 MmaremaTwk Epn AM3ek, sKi TMpaioBaId B
CrendopACbKOMY  JOCHITHUIIBKOMY  IHCTHTYTI,
ONMcany Meplly KPEOUTHY CKOPUHTOBY MOJEINb.
Bonu po3poOuan MaTeMaTUYHHKA aJrOPUTM, IO
JIO3BOJISIB  TIPOPAxXOBYBATH KPEAWTHI PHU3UKUA Y
BUIJISA/II TPHOX3HAYHOTO YHCIIA, SKE € KPSAUTHUM
peHTHHrOM, 1 TakMM YHHOM BH3HAuYaB piBCHb
KPEIUTOCTIPOMOXXHOCTI ~ TO3WYanbHUKA.  BoHu
3acHyBaiu Kommadiro Fair, Isaac and Company
(FICO), sxa pmoci € omHUM i3 JJEpiB cepen
PO3POOHHKIB CKOPUHTOBHX CHCTEM.

Ha nouatky 1960-X pokiB 3 MOSBOIO KPEAUTHHX
KapTOK, CHUCTEMU KPEIUTHOTO CKOPHHTY HaOyIu
OUTBIIOTO TIOMMpPEHHS. Benukuil MOTIK KIEHTIB,
SIK1 3BepTAHCA 32 KPEIUTHIMH KapTKaMH, Pa3oM 3
negiuuToM TPYOOBHX pecypciB  MpPHUBIB 10
aBTOMaTHU3aIlii KPEIUTHOTO nporecy.
BuxopucTtanHs KpeauTHOTO CKOPHHTY B OaHKax
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3MEHIIMIO KUTBKICTh AedonTiB mo no3ukam Ha 50%
B MOPIBHSHHI 3 BAKOPUCTAHHAM €KCIIEPTHOI TyMKH,
SIKY BUKOPHCTOBYBAJIH JI0 LILOTO.

VYemix 3acTOCyBaHHA CKOPHMHTY Yy BHUAAdi
KPEIUTHUX KapTOK 3a0e3lednB Ha Modatky 80-X
POKIB Tmepexig MeToxy 1 Ha iHmi OaHKIBCBbKi
MPOIYKTH, TaKi K TEPCOHATBHI KPEIUTH, ITTOTCUHI
KpeIUTH Ta KPEeAWTH s Mayioro Oi3Hecy.
JlocsrHeHHS B 00J1acTi OOYHCIIOBAIBHOI TEXHIKH
BIZIKPHIIM MOXKITMBOCTI AJ1s1 TOOYTOBU CKOPHHTOBUX
MOJeNIeld HOBUMH criocoO0amu. bymu po3pobiieHi Ta
BIIPOBA/KCHI OCHOBHI MaTeMaTH4HI METOMM, SKi
BUKOPHCTOBYIOTHCS i CBOTOJIHI: TiHilHE
MporpamMyBaHHS, JepeBa pIllIeHh Ta JOTICTHYHA
perpecis.

Meta  pobotu PO3KPUTH  TIOHATTS
KPEIUTOCTIPOMOYKHOCTI Ta CKOPHHTY, PO3TIISIHYTH
TATIA CKOPHHTY Ta iX OCOOJMBOCTI, PO3TIISHYTH
MeToau (JIOTiICTUYHA perpecis, JepeBa pillleHb Ta
JiHIHE TpPOrpaMyBaHHS) Ta e€Tand MOoOyIOBH
CKOPUHTOBUX MOJICIICH, HABECTH OCHOBHI ()OPMYIIH,
1o BUKOPUCTOBYIOTBCS JUTSt OIIIHKA
KPEAUTOCTIPOMOKHOCTI MMO3UYAIILHUKIB Ta
MiIBUIIECHHS TOYHOCTI  CKOPHHTOBUX MOJIEIICH;
ONHMCATH TPAKTHYHE 3aCTOCYBaHHS CKOPHHTOBUX
Momeneii B OaHkax VYKpaiHM Ha IpUKIani
KOHKPETHOTO MMO3MYaIbHHUKA.

1. 3araabHa indopmanisi npo npeamer
JOCTiIZKEeHHS
OCHOBHUM  KpHUTEpi€EM, IO  BHU3HAYAE
MOXJIMBICTh ~ HaJaHHI OaHKOM  KpeIuTy, €
KPEAUTOCTIPOMOXXHICTh Ta  ILIATOCIIPOMOXKHICTh
MO3WYAIBHAUKA, IICISA TEPEBIPKH SKUX OaHKH
BU3HAYalOTh  ()aKTOpW, MO0 BIUIMBAIOTH Ha

MOKJIUBICTh HETTOBEPHEHHS KPEIUTY.
KpenurocnpoMokHICTh - HasBHICTh Y KITI€EHTa
MePeayMOB ISl TIPOBENEHHS AaKTHUBHOI oreparii
(oTpuMaHHS KpemuTy) 1 HOro CHpPOMOXKHICTh
MOBEPHYTH KPEAUT y TIOBHOMY 00Cs31 Ta B
00yMOBJICHI TOTOBOPOM CTPOKH.
banku (¢pinaHCcOBI ycTaHOBM) TpH OWIHII

KPEIUTOCTIPOMOXKHOCTI  BPaxOBYIOTh ~ HACTYIIHI
(hakropu:
V' (dinancosuit cTaH HOTEHIIHOrO
MO3WYaATbHUKA,
v/ 0Oprose HaBaHTAXKEHHSI — CITiBBiIHOIICHHS

ICHyI0OuYMX 3000B's3aHh 1 3amUTyBaHOL
MO3UKH 0 OCHOBHOTO IOXOJY 3asBHHKA,
KPEIUTHY PeIyTaLilo KIi€HTa;

BapTICTh MaifHa, AK€ € Yy BIACHOCTI
NO3UYaIbHUKA;

AN
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v\ cowianbHMH  CTaTyCc  3adBHUKA, MOTO

OCOOHMCTICHI XapaKTEePUCTHKH, TPOCYBaHHS
Kap'€pHUMH CXOAaMU Ta iHIIi (PaKTOpH.

[TmaTocipOMOKHICTD - 1€ 3AaTHICTh OOPIKHUKA
0aHKy 3IIHCHIOBAaTH PO3paxyHKH 3a BCIMa BHIIAMH
CBOiX 3000B'sI3aHb BiJIITOBITHO JIO YMOB JJOTOBOPIB.
[1]

KpeaurocnpoMoXxHICTh  MO3WYaNbHUKA, Ha
BiIMiHYy BiJl OTO IUIATOCIIPOMOXKHOCTI, HE (DIKCYyE
HEIUTaTeX1 3a MUHYJIUH MepioJ] UM Ha TICBHY ATy, a
MIPOTHO3Y€E 3AATHICTh IO IOTAlIeHHS OOpry Ha
HaWOMIKIy TIePCIICKTHBY. OTtxe,
KPEJIUTOCTIPOMOXKHICT — IIe  SKiCHAa OIliHKa
MO3UYaTbHIKA, KA JA€ThCs OAHKOM ISl PO3TISAY
MATaHHS PO MOXKITUBICTH 1 YMOBH KPEIUTYBAHHS 1
JIO3BOJISIE TIepPeN0avYuTH WMOBIPHICTH CBOEYACHOTO
MOBEPHEHHS  TO3WMK Ta  1X  e()EeKTHBHOTO
BUKOPUCTAHHA. [2]

Jia BU3HAYEHHS KPEOUTOCIPOMOXHOCTI Ta
MIATOCTIPOMOXKHOCTI KPEIUTOMO3NYaTbHIKA OaHKH
3aCTOCOBYIOTh METOJ KPEAUTHOTO CKOPHHTY.

Kpeoumnuii  cxopune - wmaTematuyHa abo
CTaTHCTUYHA MOJCTbh, CTBOPCHA Ha IiJCTaBi
KpenIuTHOI  icTOopii  MHHYJIMX  KJ€HTIB  3a
JIOTIOMOT0I0  5IKO1 OaHK HaMaraeTbCs BU3HAYHTH,
HACKUIBKM BEJIMKa BipPOTiAHICTH TOTO, IO OKPEMHI
MOTCHIIHHUI TMO3UYaJbHUK IOBEPHE KpEAWT B
00OyMOBJIICHHI CTpPOK; CHCTEMAaTH30BaHA IIKaja
3HAaY€Hb SAKICHUX Ta KIJIbKICHHX IIOKa3HMKIB, a
TakoX OalliB, M0 BUKOPUCTOBYETHCS IS OI[IHKU
WMOBIpHOCTI TIOBEPHEHHS KPEIUTY.

B 3ajexHOCTI BiIl METH TPOBEICHHS OIIHKU
BHUJIUISIFOTH TaKi 4 TUITH KPETUTHOTO CKOPUHTY:

1) ammikamiiinuii  cxkopuar  (application
scoring) - BUKOPHUCTOBYETHCS Ha IOYATKY
KPEIUTHUX BiJHOCUH, KOJIM TMO3UYATHHUK
orpumye Kpeaut. [3] JlaHa cKOpHHroBa
MOJIETIb € METOJOM OIliHKMA TOTEHITIHHUX
MMO3WYANBHUKIB I TPUUHATTSA PIIICHHS
IIOJI0 HAJaHHS KPEIUTY Ta TpaHCHOpPMYyE B
KUTBKICHI 3HAQ4eHHS Ti PHU3UKH, SKi
MOB's3aHI 3 TMPaBUILHOIO  OIIHKOIO
couiabHUX, AeMorpadivyHux, (GiHaHCOBHX

Ta IHIIMX JaHWUX [O3WYajnbHUKa. i
BUKOPUCTAHHS JIO3BOJISIE OTpHMAaTH
HaWO1IpII 00'€KTHBHY OIIHKY Ha IIiACTaBi
CTaTHCTUYHO MiITBEPHKCHUX
3aKOHOMIpHOCTEH, a He Cy0'eKTHBHOL
JyMKH TIEBHOTO KOJIa 0cCi0;

2) TOBEAiHKOBHUM CKOPHHT (behavioral
scoring) €  YacTHHOK  KPEAUTHOTO
MOHITOPUHTY ~ MPOTSATOM  KPEIUTHOT'O

nepiony. [3] JdaHuil CKOPHHT € OILHKOIO
HMOBIPHOCTI MOBEPHEHHS MO3MYATIEHIUKOM
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B)KE ICHYIOUMX KPEIUTIB, SKa 3aCHOBaHA HA
JIAaHUX TIPO ICTOpPiI0 TpaH3aKIliii mo Horo
paxyHkax, Horo KpeouTHil icropii,
(hiHaHCOBOMY CTaHi, COIAJIbHUX,
nemMorpadiuyHuX Ta IHIIUX JaHHX;

3) komektopchkuii  ckopuHr  (collection
scoring) - OIliHKa HIMOBIPHOCTI TOBHOTO 200
YaCcTKOBOTO TIOBEPHEHHS Kpeauty. [3]
Jlanuii BUII CKOPHHTY BHKOPHUCTOBYETHCS
NP TOPYIICHHI MO3UYaIbHUKOM TEPMiHY
JIOTOBOPY ~ Ta  3JIHCHIOETBCS  JUIS
BH3HAYCHHS TPIOPUTETHUX 3aXOJIIB OO
MOBEPHEHHSIM ITO3UYATLHUKOM KPEINTY;

4) maxpaiicekuii ckopusr (fraud scoring) -
CTATUCTUIHA OITiHKa BipOT1THOCTI
mraxpaicbkux i 3 OOKy MOTEHUiHHOTO
Mo3uYaIbHUKA. [3]

CKOpHMHTOBI MOJEJ € iHCTPYMEHTOM OIIIHKH
KpeoumHno2o  pusuky, TOOTO IMOBIpHOCTI
BUHUKHEHHS 30UTKIB a00 J0JaTKOBHX BTpar abo
HEJOOTPUMAaHHS 3aITAHOBAHUX JTOXOIB YHACIIIOK
HEBUKOHAHHSI OOpPKHHKOM y35THX Ha cebe
3000B's13aHb BiATIOBIHO 10 YMOB JIOTOBOPY. [5]

CKOPHHTOBI MOJIEIi 3aCTOCOBYIOTBCS 3 METOIO:
v [IPUCKOPECHHS npoIeypH OIIIHKU

Mo3WYajIbHUKA 1, SK HACHIJOK, 3MCHIICHHS

TEPMIHY pO3IJISAY 3asiBKH Ta TPUHHATTS

PpITIICHHST;

v 3MeHIIEHHs 00CATY HEMOBEPHYTUX KPEAUTIB Ta
3MEHIIEHHs 00CATiB cOopMOBaHUX (BiANOBIAHO

JI0 HOPMATHBHUX BUMOT') PEe3€PBIB ITiT MOKITHBI

BTpaTH 3a KPEAWUTHHMH 3000B’sI3aHHIMHU

BIAIIOBIiAHO;

v\ 3HWKEHHS BIUIMBY JHOJICHKOro (akropy Ha

NPUAHSTTS PIllIeHb 32 KPEJIUTHUMU 3aIATaAMU;
v' (opMyBaHHs MOBHOI Ta sKICHOI 0a3¥ IaHMX

MO3UYaIbHHUKIB TOIIO.

EtamamMmn moOymoBH CKOpPHHTOBOI MOAEITI
MOYKHA 3a3HAYHTH:
= BHU3HAYCHHS OCHOBHHMX XapaKTEPUCTHK Ta

MIPUITYIIICHB;
= MIiAroTOBKAa BXIJHUX MaHHUX JUIsl CKOPUHTOBOI
MO, TIEPEeBIpPKa IX SIKOCTI 1 TOCTATHOCTI;
o0y 10Ba MOJIEIIL;

TECTyBaHHS MOJENi Ta OLiHKa KOPEKTHOCTI ii
pe3yIbTAaTIB;

OTIMC Ta 3aTBEPKEHHS MOJIETI;

BIIPOBAHKCHHS MOJIEII;
MOHITOPUHT MOJEJI Ta,
BHECEHHSI 3MiH.

U

U

32 HEOOXIJHOCTI,
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2. MeTonuka nody/i0B1 CKOPUHTOBUX MoJeJeii
2.1. Metoau i Moaesi AJsi BUpileHHs 3aaaui
OL[iHIOBAHHS KPeIMTHUX PU3HKIB

OcCHOBHUMU METOJaMH, 10
3aCTOCOBYIOTBHCS IJI1 CTBOPEHHS CKOPHUHTOBUX
MOJIeNIel, € JIHIWHE MporpamyBaHHS, JepeBa
pillIeHb Ta JIOTICTUYHA PErpecis.
JliniiiHe mnporpaMyBaHHS B KOHTEKCTI OIIIHKH
KPEIUTOCTIPOMOKHOCTI KITIEHTAa BUKOPHUCTOBYETHCSI
JUTst TOOYTOBH JIiHIHHOT IMOBIpHICHOT MO,

Jinitina 1imogipHicha mooenb — MOJIENb, Y
SIKIK WMOBIPHICTh BHHHUKHEHHS TIEBHOI IOJIi
(HampuKIam, BUIUIATH KPEIUTy ab0 3aTPUMKH Y
TIaTex)ax) MOJACTIOEThCS SK JIiHIHHA (DYHKINS Bif
Habopy TMOKa3HUKIB a00 3MmiHHUX. 1li moka3zHUKH
MOXYTh  BKIIOYAaTH  pI3HI  XapaKTEPUCTHUKH
KpEJIUTONO3NMYAILHUKIB, TaKi SK BIK, 3aiHATICTS,
JIOXiJl, KpEAUTHA 1CTOPIs Ta IHIIII.

JliniiHy ~WMOBIpHICHY MOJEIh MOXKHA
MPEICTABUTH HACTYITHUM YHHOM:

P(Y=1|X) = ag + a:X; + axX; + ... +aiXy,

ne P(Y = 1|X) nmpencrasise WMOBIpHICTD mozil Y
(HampuKiIanm, BUIUIATA KPEOUTY) TPU  3aJaHUX
3HAUYEHHAX MOKa3HUKIB Xi, Xz, ..., Xk. Qo, a1, a2, ...,
ax € Koe(ilieHTaM¥u MOJIEJI, SIKi BU3HAYAIOTh BILIHMB
KOYKHOTO IMOKa3HMKAa Ha WMOBIPHICTh BUHUKHCHHS
momii. Xi, Xz, ..., Xk € 3HAYECHHSIMH IIOKA3HHUKIB
KpEIUTOTIO3NYaTLHUKIB.

JliniiiHi TIMOBIPHICHI MO € IPOCTUMH B
peadizanii Ta iHTepHpeTanii Ta J0CUTh CTIHKUMH 10
BUKHUIB IaHUX, IPOTE MalOTh HU3bKY €(PEeKTUBHICTD
mpu  poOOTI 3 MaHWUMHU, SKi XapaKTePU3YIOTHCS
HETIHIHHUMU 3aJ1€KHOCTSIMHU.

Jlocicmuyna peepecisi — e CTAaTUCTHYHHUN
perpeciifHmii METO/I, IO 3aCTOCOBYIOTh y BUIIAIKY,
KON 3ajie)kHa 3MiHHA € KaTeropiiHOI (MOXKe
HaOyBaTh TUIBKM JBa 3HAYeHHs), TOOTO 3a
JIOTIOMOT'OI0 JIOTICTHYHOT perpecii Mo)kKHa OIIHUTH
WMOBIpHICTh TOTO, IO TOAIS HACTyHHUTH IS
KOHKPETHOTO AOCIHiIKEHHS, HalpHUKIad, 4u Oyxe
neont mo KpeauTy, 4d Hi. B octaHHI poku
JIOTICTHYHA perpecis cTajia HaHOUTBIT TOMUPEHIM
METOAOM MOOYIOBH CKOPHHI'OBUX MOJENEH s
pPO3paxyHKy  PEUTHHTY  TO3MYaIbHUKIB i
YIpPaBIiHHSA KPEIUTHIMH PH3UKAMHU.

JlorictnuHa perpecis MO3BOJSE OIIHUTH
HMOBIpHICTE  TOrO, IO BigOyneTbca  sIKach
KOHKpETHa TIOZisl JUIs TEBHOTO BHIPOOYBAHHS
(HampwKIIam, TOBEPHEHHS KPEIIUTY ).

Jlorictnuna perpecis OIHCYETHCA
(dhopmyIioro:
1
F(X) T 14e—Wot wixg++wnxn)® ne
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X1, X2 .... Xn - HE3QJICKHI 3MiHHI/TIOKa3HHUKH;
Wi, W2 .... Wn — KOe(ILIIEHTH JIOTICTHYHOI perpecii;
N - KiJbKICTh HE3AJICKHHUX 3MIHHHX/TTOKa3HUKIB.

Icaye Kimpbka METOMIB  3HAXOKEHHS
koeillieHTiB JIoricTHUHOI perpecii. Haiiuacrire
BUKOPUCTOBYIOTh METO/T MaKCHUMAaJIbHOT
npaBnoONoNiOHOCTI. MOro BHKOPHMCTOBYIOTH B
CTaTUCTHIl, MO0 OIepKaTH OIlIHKK TapaMeTpiB
reHepaJbHOI CYKYNMHOCTI 3a JaHuMu BUOipku. B
OCHOBI METOY 3HAXOUTHCS ¢byHKLisA
npapaonogionocti  (likehood  function), sxa
BHpaXXa€ IIUIGHICTh IMOBIPHOCTI CIIUTHHOI ITOSBH
pe3yNbTaTiB BUOIPKH.

Jlo mepeBar JOTiCTHYHOI perpecii Mo)KHa
BiHECTH €(PEKTHUBHICTh B HABYAHHI Ta 3p03yMUIICTh
B iHTepmpeTauii pe3ynbrariB. OKpiM LBOTO, B
NOPIBHSIHHI 3 JIHIHHOIO PErpeci€ro JIOTiCTUYHA
perpecis moTpedye MEHIIe BXITHUX TaHUuX, 00 IS
il mpoBeneHHS MOTPIOHO MEHIIe MpUIymeHb. [Ipu
IILOMY, OJTHUM 13 OOMEXEHb JIOTiICTUYHOI perpecii €
Te, MO BOHA HE JIO3BOJISIE OINUCATH CKIAJIHI
HENiHIMHI  3B’S3KM MDK  HE3aJeKHUMH  Ta
3aIKHUMHA ~ 3MIHHUMU. [HIIUMU — HegoJiliKaMu
JoricTM4HOi perpecii € Te, 0 BOHA NOTpedye
BEITUKOT'0 00CSTY HaBYAJILHUX JaHUX 1 € UyTIUBOIO
JI0 BUKHIIB.[4]

Jlepesa piwienv TPEACTaBIAIOTH COOOIO
CTPYKTYpYy, 3a3BHYaii CTBOPEHY 3a JONOMOTOIO
ITOPUTMIB MAIITHHOTO HABYAHHS, SIKA MOJICITIOE
NPUUHATTS PIlIEHh [UISXOM pO3Trally’KEHHS Ha
OCHOBI HaOOpy mpaBwiI Ta yMoB. JlepeBo pimieHb
MO>KHA TIPOLTIOCTPYBATH SIK 1€papXidHy CTPYKTYPY,
B fAKIH criocTepekeHHs KIacu(iKylOThCS Ha OCHOBI
TBEPUKEHb «SIKLIO... TO...». Y JepeBax pillcHb
BHOIp KIacu(pikaTopiB Ta iX T'PaHWUIHUX 3HAYCHD
3MIMCHIOETBCS ~ aBTOMAaTHYHO HAa  OCHOBI  iX
CTaTUCTUYHOI ~ BaxmBocTi. JlepeBo  pilleHb
MMOYHHAETHCS 3 HAWBAKIMBIIIOro KiacudikaTtopa
(kopeHEeBOrO By3la nepema), SKWA po3dmBac BCi
3aJIeXKHi 3HaueHHs Ha JBi rpynH (ictuHa abo xuba).
VYci wactynHi  knacudikatopu (omepatopu if)
Ha3WBAIOTHCS BHYTPIMTHIMH BYy3JIaMH. 3aJIeXKHI
3HAYEHHS MPHUCBOIOIOTHECS BIAMOBIIHUM TpyIam
omepaTopiB then, siki HA3UBAIOTHCS JTUCTKAMH.

KirrodoBoro mepeBaroro jaepeB pimieHs € ix
3pOo3yMijie TPEACTaBICHHS y TOTO, SIK OymH
OTpUMaHi pe3ynpTaTd Mozeni. lepapxiuna Ta
MOCITIIOBHA CTPYKTypa NEPEB pIIIeHb T03BOJISIE
MIPOLTIOCTPYBATH HETIHITHI 3B’ SI3KH MIXK
HE3aJIOKHUMHU Ta 3alekHMMU 3MiHHUMU. [lle
OJIHI€IO TePeBarolo 3aCTOCYBaHHs JepeBa pillicHb €
Te, MO MeH MeTon € eheKTHBHUM y polOoTi 3
BiJICYTHIMU 3HAYCHHSMU. [ OJIOBHUI HEMIOJIK IEPEB
pIIICHD TIOJIATAE€ B TOMY, IO BOHU MOXYTh OyTH
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HECTIMKUMH 0 TICPCHABYAHHSI Ta 3MIiH Yy

HaBYAIBHUX JAHWX — IIe O3Hayae, 10 HEBEJWKI
KOPHUT'YBaHHS BXiTHUX JJAHUX MOXKYTh KapJIHHAIBHO
3MIHUTH CTPYKTYPY JepeBa PillicHb.[5]

OcraHHIM 9acoM HaOHUPAIOTh MTOMYJIIPHICTh
HOBI MIX0/H 10 TOOYIOBU CKOPUHTOBUX MOJIEIICH,
0 BHKOPHCTOBYIOTH MOXKIUBOCTI  IITYYHOTO
IHTEJICKTy, TakKi SK HEHPOHHI MEpexi Ta METO.
BHIIAIKOBOTO JIiCY.

Heiiponuni  mepesci  —  1HCTPYMEHT
HEeNIHIMHOTO  MAIIMHHOTO  HaBYaHHA. BoHH
CKJIaJIAlOThCS 3 BXIJIHOTO, TMPHXOBAaHOTO Ta
BUXiTHOTO mIapiB HeWpoHiB. HapuanpHi gani

NepeaaloThCs Yepe3 BXigHI HEMpOHU A0 HEHpOHIB
MpuxoBaHWx mapiB. Ha HactymHOMy Kpoii
HEHPOHM TPUXOBAHWX IIAPIB  HAMAararThCs
pO3Mi3HATH JIesSKi 3aKOHOMIPHOCTI B JaHUX Ta
3B’A3KM MDK O3HaKaMH Ta 3aJIEKHOI0 3MIiHHOIO.
[Ticis 06poOKY WX TaHWX BOHH MEPEAAIOTHCS JaTi
Ha BUXiOHMH piBeHb. OWIHKM BHXIIHOTO PiBHA
MOPIBHIOIOTEC 3  (DAKTUYHUMH ~ JAHUMHU — Ta
OO0YHCITIOETHCS TOXUOKA MOJIEITI.

Heifiponni mepesxi 31aTHI BUABIISTH CKIaIHI
HENIHINHI MOAEIl MAHUX 3 BEJIHMKOIO KIJIBKICTIO
mapaMeTpiB 1 CIOCTEPEXEHb. 3 1HIIOro OOKY,
HaBYaHHA HEHPOHHMX MeEpex MoTpedye Oarato
4acy 1 BETUKUX OOYMCIIOBATBHUX MOTYKHOCTEH, a
pe3ynbTaTH  CTBOPEHHMX  HUMH  MOJENCH €
CKIIAIHUMU JJIs iHTeprpeTartii.[5]

Bunaoxosi nicu — ue rpyma MeTOZIiB
MAaIIMHHOTO HABYaHHS, SIKi BHKOPUCTOBYIOTBCS JUIS
3amay kiacu(ikaiii Ta perpecii. OCHOBHa ines
METOJIy BWITAJKOBUX JICIB TOJsIrae B TOOYIOBI
HaOoOpy JepeB pIllICHb i3 BUMAJIKOBO BHOpPaHUMU
miaBuOipKkaMu JaHUX Ta o3HaK. KokHe nepeBo B
JiCl  HE3aJICKHO  KOHCTPYIOETHCS  ILIAXOM
BUMAJKOBOIO  BHOOpPY  migBUOIpKM  JaHUX
(bootstrapping) Ta  BUIAIKOBOTO BHOOPY
I IMHOKMHY O3HaK. BumaakoBuit BUOiIp O3HAK €
JIPYTMM  METOJIOM, SIKHA  BHUKOPHCTOBYETHCS
BHIIAJIKOBUMHY JIicaMd JUIS AuBepcudikaiii aepen
pimeHs. Y 1pOMY MiAXOAi HE BCI MapaMeTpu
BUKOPHCTOBYIOThCS B HAaBYaHHI JIepeBa pillICHb.
Koxxne 3 mepeB pilleHb BHIAIKOBOTO Jicy Oyze
moOyI0BaHO Ha HABYAIBHIN BHOIPII 3 YaCTHHOIO
BHITAIKOBO BHOpaHWX HE3aJSKHUX 3MIHHHX. SIK
HACIiIOK, BUIAJKOBHH BUOIp MapaMeTpiB MoOJei
He J03BOJISIE MOJIENI Ha/laBaTH HaJMIPHO BEITNKOTO
3HAYCHHS TICBHHM [apamMeTpaMm Ta HEXTyBaTH
THIITMH.

MeTo BUIIagKOBOrO JIiCy Ma€e KilbKa
mepeBar 1 HemomikiB. Ilel migxim m03BOISE
3MEHIIUTH JHUCIIEPCII0 OKPEMHX JEpeB pillleHb i
3amobirtu mepeobnamHanHo Mojem. lle onmHa
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mepeBara BHIAAKOBOTO JIICY TOJSATaE B TOMY, ITIO
BiH MOXeE OOpOOIATH BiACYTHI 3HadeHHA. Kpim
TOTO, METOJ BHIIAJIKOBOTO JIiCy HE BHMAarae
MOTIEPETHROI HOpMaTi3allii 3MIiHHHX a00 BHOOPY
O3HaK 1 €peKTHBHO OOPOOIATH HAOOPW TaHUX i3
BEJINKOIO KUIBKICTIO BX1IHHAX 3MIHHHUX.
HaiioinpumM HeloIiKoM IIbOTO IMiIXO0Jy € BHCOKA
CKJIQITHICTh aHAITi3y MOJIETI Yepe3 BETUKY KiJIbKiCTh
BUMAJKOBUX JIEPEB Ta TMOTpeda Yy BEIUKUX
00YHCITIOBATILHUX TOTYKHOCTSX.[5]

2.2. Bu3HayeHHsI OCHOBHMX XapaKTepPHCTHUK,
MiAroTOBKa BXiTHMX JaHMX, lepeBipKa iX AKOCTI
Ha nanomy erami moOyJoBHM CKOPHHIOBOL

Mozel  3IiHCHIOEThCS ~ oOpoOka 1 aHami3
XapaKTePUCTHUK-TTOKA3HUKIB po MOBEIIHKY
AHAJIOTIYHUX  TIO3MYAIBHUKIB B  MHUHYJIOMY,
eKCTIepTHUX 3HaHb, 3HAYHOI KINBKOCTI JaHUX,

OTPUMAaHMX 3 Pi3HHUX (B T. 4. 30BHIMIHIX) JUKEPEI.
[Toka3HMKH, 1110 BUKOPUCTOBYIOTHCS, TOAUISIOTHCS
Ha KUTBKICHI Ta SKICHI.

Jlo ckimamy SKiCHMX TOKa3HUKIB MOXYTb
BKITFOUATHCh, 30KpPEMa, aJie He BUKJIFOYHO, HACTYITHI
MOKa3HUKU:
cIMeMHUH CcTaH;

BiK MMO3WYANILHHKA,

OCBiTa MO3UYAITLHUKA;

CTax poOoTH;

CTa)k pOOOTH Ha OCTAHHBOMY MiCIIi pOOOTH;
nocana;

HasBHICTB/BIJCYTHICTh BJIaCHOTO MakiHa Ta/a0o
HEPYXOMOCTI.

Jo ckiany KiNbKiCHUX ITOKa3HUKIB MOXYTh
BKJIIOYATHUCh, 30KpeMa, ajie He BUKIIIOYHO HACTYIHI
MOKa3HUKU:

» KoedimieHT
MO3WYaTbHUKA,
PO3MIip TOXOTy MO3MIATHHHIKA;

MOKA3HUK CYKYITHOTO YHCTOTO JIOXOIY;

YacTKa MOTalleHHs KPeIuTy B YUCTOMY TOXOM1
MO3WYATbHUKA,

KoeQIIieHT OoproBoro HaBaHTAKCHHS
(BimHOWIEHHS MICSTYHOTO IJIaTexy
NO3UYaJIbHUKA 32 KPETUTOM A0 HOTO MiCSYHOTO
JIOXOY).

s hopmyBaHHS TTOBHOIIHHOT BUOIPKU Ta
CYTTEBOTO MABHIIEHHS SIKOCTI JTaHUX,
3MIHCHIOETHCS MUICCIIPSIMOBAHUH, CHCTEMATHIHUI
30ip 1 aHAJI3 JaHUX.

Ha ocHOBi 3i0paHuX NaHUX CTBOPIOETHCS
cKOpuHeo8a Kapma, TOOTO Halip XapaKTepHCTHK
(Bik, moxim, mpodecis, TOCBiA poOOTH, HASBHICTH
MaifHa TOINO) TMO3WYalbHHUKAa Ta TEBHI Bar,
BupaxeHi B Oanax. Kiienty 0aHKy HapaxoBYe€TbCS

VVVYVYVYVYVYVY

HJ'IaTOCHpOMO)KHOCTi

YV VVYV
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MEBHA KIJIbKICTh OalliB 3aJIeXKHO BiI iHGOpMAILIii, AKY
BiH ITOB1IOMUB TIpo cebe.

MakcuManbHa CyMa KpemuTy, siKy OaHK
TOTOBHM HaJaTH TO3WYANBHUKY, PO3PaXOBYETHCS
3aJIe)KHO BiJ KUTbKOCTI OaniB. JloricTiaHa perpecis
€ HaHOLIbLI MOIIMPEHOI0 CTATHCTHYHOIO MOZEIUTIO
OLiHIOBaHHA OiHapHOI 3aiexHoi 3MiHHOI. OuiHka
Koe(iIieHTiB JIOTICTHYHOI perpecii sk OaliB €
TOJIOBHMM KPOKOM Y PO3po01i KapTu OaiB.

B NOAANIBIIOMY 3I1HCHIOETBCS
kiacudikallis BCiX MO3MYAIbHUKIB HA TPY OCHOBHI
Tpymnu:
a)

b)
c)

xoporii (gam - Goods);

norai (maii - Bads);

HeBU3HaYeHi (maii - Indeterminated).
Knacudikamis mo3uyanbHUKIB 3aJIEKHUTh
Bil. METH, BIAMOBITHO JIO SKOi PO3POOIIHOETHCS
ckopunrosa Mmoxeiab (behavioral scoring, fraud
scoring, collection scoring abo application scoring).

[To3n4anbHUKY, TIO SKHUX BiFICYTHI BUTIAJIKH
BHHHKHEHHS IPOCTPOUYCHOI 3a0OproBaHOCTI IS
Application scoring knacugikyoTbes, sk «Goodsy.
[No3nvanbHUKY, 332 KPSAUTHUMHU OMEPAIiSIMUA SKHX
BHUHHKJIa TPOCTPOYECHA 3a00prowaHicTh moHax 90
nHiB s Application scoring, KIacCH(pIKyHOThCS, SIK
«Bads». SIx Bads Takox MOXyTb OyTH BH3HA4eHi
MO3UYATBHUKU TI0 SKHX BiJOYJIOCh CIIHCaHHS
KpeIUTHOT 3a00pTroOBaHOCTI 3a paxyHOK
chopMOBaHOro (BIIANOBIIHO HOPMATHBHUX BHUMOT)
pe3epBy, pediHancyBaHHS ~ (TOB’s3aHOTO 3
(hiHaHCOBMMHM  TPYyIOHOIIAMH  TO3WYAJIBLHUKA),
TIOTaIIeHHs KPEeIUTHOT 3a00PTOBaHOCTI TOIIIO.

[lo3nuyanbHUKK, fAKi HE MOXYTb OYTH
knacudikoBani sk «Goods» Ta  «Bads»
kinacudikyoThcs s Application scoring, SIK
«Indeterminated» Ta He BpaxoOBYIOTbCS NpHU
po3podii ckopuHTroBoi Mojemi. [JJo Indeterminated,
HaIpPUKIIa, MOXIIHMBO BiTHECTH MO3WYAIBHUKIB 32
SIKHMMW BUHUKAJIA IPOCTPOUCHA 3a00PTOBaHICTD BiJ
30 mo 60 nHiB.

s ocratouHoro Bu3HaueHHs «Badsy mpu
3MiiCHeHHI Kiacudikamii MO3WYaTbHUKIB MOXKE
OyTH 3aCTOCOBAaHMM OJWH 13 TPHhOX METOJIB, B
3aJIe)KHOCTI BT JOCTYITHUX JaHUX:

v\ METOJ KOHCEHCYCY (CHiJbHE 0OrOBOPEHHS
PI3HUMHU 3alliKaBICHUMH CITy’)kOaMu OaHKY
IUIE  JTOCATHEHHS  KOHCEHCYCY  IO0JO
HaKpamoro BU3HAYCHHS «Badsy,
BUXOISIYM 3 JOCBIAYy Ta oOIepariiHoi
JUSUTBHOCTI BIATIOBIAHHUX CITY:KOM);
CTATUCTUYHUNA  METOH, SIKUH  MOXKeE
OyIyBaTHCS Ha aHATI31 3MiH IPOCTPOIEHOL
3aboproBanocti (Roll Rate) 3 wmeroro
BH3HAUYCHHS piBHS MPOCTPOYEHOT
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3a00pPTOBAaHOCTI, TICHS SKOTO OUIBIIICTh
MO3WYATBHUKIB Oy AyTh TPOOJIEMHUMH (TaK

3BaHOI  «TOYKM  HEMOBEPHEHHS»)  Ta
MOPIBHSAUTPHOMY aHaNi31 PIiBHA IOTOYHOL
MIPOCTPOUCHOT 3a00proBaHOCTI 3
HaUTipIIM;

v/ KoMOiHAlis  METOAy KOHCEHCYCy Ta

CTaTHCTHYHOTO METOY.

OmHuM 3 Tepmux KpoKiB mpu 1moOyaoBi
CKOpUHIOBOI Mozeni Ta (opMyBaHHS BHUOIpKH €
BU3HAYCHHS Mepiogy B MHUHYJIOMY, 3a SKHH
OepyThCA TO3WYATBHUKH I aHalmizy («BIKHO
CIIOCTEPEIKEHHA») Ta BU3HAYCHHS KiHIEBOI TOYKH,
TOOTO JaTH, CTAHOM Ha SIKy BH3HAYA€THCS CTAaTyC
HO3UYAIIbHUKA.

3 MeTorw mIBUIICHHS e()EKTUBHOCTI
MpoIeCy  PO3pOOKH CKOPHUHTOBUX  MOJelei
morepenHidi  BUOIp  MOKA3HUKIB  HEOOXIIHO

3MIHCHIOBATH, BPaXOBYIOUH HACTYITHI (DaKTOPH:
HAIIHHICTE Ta CTA0IILHICTE;
3pY4HICTh 300pY JaHUX;
IHTEepPIPETOBAHICT;
JOCTYITHICTh B MAOYTHHOMY;
pO3paxyHOK KoeQiIlieHTIB
OTpUMaHMK  KOEQIIliEHT
0OI'pyHTOBaHUH).

Hnst  moOynoBH  CKOPHHTOBOI  MOAETi
BHOIpKa Ma€ OyTH iCTOTHOIO 1 TOCTaTHHOIO, & CaMeE:
1500 —2000 keticiB koxHoro 3 kiacis (Goods/Bads)
Oyze pmoctaTHbO il TOOYNOBH CKOPHHTOBHX
Mojellel  BHCOKOi  sKOCTi.  IIpOayKTHBHICTBH
CKOPHHTOBOI MOJENT ICTOTHO TIOTIPIIyETHCS Y
BUNIAJIKy, KONM KiJbKICTh KelciB menma 3a 100
KOXKHOTO 3 KJaciB Mo3uyainbHHKIB. B mportusary,
BHOIpKa, mo Bkmodae Oimpiie 5000 koxHOTO 3
kiaciB (Goods/Bads), He Mae 3HauHOTO ehekTy Bix
il BHKOpPHUCTaHHS TIpU TOOYAOBI CKOPHHIOBOL
MOJIEI.

VVVYYV

(Oynp-skmid
[OBUHEH  OyTH

2.3. Macmta0yBaHHS Ta TeCTYBaHHSI

Jis  3py4HOCTI  BUKOPUCTaHHS  Ta
IHTEepIpeTanii pe3yJabTaTiB  OIIHKK HEOOXigHO
3aCTOCOBYBAaTH  MAacIITa0yBaHHSI. B xomi

MaciuTaOyBaHHs MigOUpaeTbes Aiana3oH i ¢popmar

OasiB CKOPHMHTOBOI MOJENi, a TaKOX IIBUIKICTDH

3MiHM IIO3UTHBHUX IIIAHCIB Y Mipy 3pOCTaHHs OaJIiB.

dopmMaT CKOPUHTOBUX OajiB MoOxe OyTH

PI3HHM, BKJIIOYAIOYN JCCITKOBUH a00 AUCKPETHHI
BUpA3, HAIIPUKIIAL!

a) 0anM MOXYTb BUpaXKaT HMOBIPHICTH TOTO,

mo KoHkpetHu#l [losmuanbHukK  Oyne

HIOT'aHUM;
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b) Oanu MOXYTh y BHUIJISI YMCIIOBOI IIKAJIH 3
3aJIaHUM MIHIMyM/MaKCUMyM (HaIPHUKIA/I,

Bixm 0 mo 1, Bix 1 mo 100).

Ilicis  po3poOKM CKOPHHTOBOI  MOEII
HEOOXITHO 3aMipATH ii MPOTHOCTUYHY 3IaTHICTH Ta
KOpekTHIicTh 11 moOynoBu. @DiHanmpHi Oamu 1O
KPEJIUTHUM 3allUTaM HEOOXiHO PO3MOAUIUATH IO
KJIacTepax 3a TIPUHIAIIOM KpPHUBOi JHCTPUOYIIii
(po3mopin 'aycca, abo HOpManbHUI po3moAin) 3
IHTYITHBHO JIOT1YHUM po3noaioM Approval Rate ta
Bad Rate (unM HWXYHM CKOPUHTOBHM 0aj, THM
BHINWN pU3HK 1 HIDKIUi Approval Rate, Ta HaBmakm
— YUM BUIIUA CKOPUHIOBUI 0an, THM HIKYUH
pm3uk 1 Bummii Approval Rate; Tpenn Bad Rate
MTOBUHEH OYTH MaKCHMAaJIbHO piBHHM). IIpu 1meomy
BIIXWJICHHS PpO3MOAUTY BIiBO abo BIOpaBO €
JIOITYCTHMHMHU 33 YMOBH, SIKIIIO CHJIbHI TIOBEIIHKOBI
MMOKa3HUKA CYMICHO OyJauM  BHUKOPHCTaHI B
CKOPHHTOBIM MOJENi, HaNpHUKIad, TMOKa3HUKH 3
KpPEIUTHOTO 3aIuTy.

Kiacrepn ckopuHTOBHX OajiiB ITOBHHHI
OyTH CerMEHTOBaHI 3 BpaxyBaHHAM MOTPeO Oi3HECy
Ta 3aBIaHHA CKOpuHTY. Hampuxman, mns
Application scoring CKOpUHIoBi 6l MOXKYTb Oy TH
PO3IOIICH] Ha:

1) 3eneHy 30HY (aBTOMATHYHE IMOTOKCHHS);
2) Cipy 3ony (motpebye OifbIml TITHOOKOTO

PYYHOTO aHami3y);

3) UepoHy 30HY (aBTOMaTHYHA BiZIMOBA).

IcHye nmekinmpka CTaTUCTUYHUX TOKA3HUKIB JIIS
BESIBJICHHS BIJTIOBIAHOCTI MOJIEIIi CTAaHAAPTY:

1. Tmnexc crabimpHOCTI TomyJsaIii (Population

Stability Index, PSI);

2. Koedimient R
3. Log Likelihood;
4. Koedinieat GINI.

HOeKC cmabinbHocmi NONYIAYil  TIOKa3ye
BEIMYMHY 3MIHM TOMYJAMmii MK  BHOIPKOIO
HEJaBHIX  TO3WYAIGHUKIB Ta  OYiKyBaHHMH

BEJIMYMHAMH (BUXOSYU 3 HABYAIBbHOI BUOIPKH) Ta
PO3paxoBYETHCS 32 POPMYIIOLO:

SI = (% bakTuuHul — % O4iKyBaHUN) *
( % cbaKTW{Hnﬁ)

% o4iKyBaHMH

% axmuunui, % ouikysaHui — PO3MOIIT
BUIIAJIKIB JIJI1 HEJJABHBOI BHOIPKU MO3NYAIEHUKIB 1
HaBYaJLHOI BHOIPKH BIIMOBIAHO IS KOXXHOTO
IMOKA3HHKA.
UuM Hmwkue 3HaueHHs SI, TUM CcTaOlIbHIIINAHA
noka3Huk. Haiikpare 3HaueHHs nparae 1o 0.

Koegiyienm R’ 1eMOHCTpye TOYHICTB
HAaOJIMKCHHS  MPOTHO30BAHOTO  3HAYCHHS  JIO
BUXIIHUX JaHUX Ta PO3PaXOBYETHCS 32 HACTYITHOIO
dhopmyioro:

2023,2

50

Bulletin of Taras Shevchenko
National University of Kyiv
Series Physics & Mathematics

2 _ Varl9] _ B, 0i-Ymean)®
- Var(y] - Z?’:l(Yi_Ymean)z’
Ie J; — TpOrHo3HE 3HAYEeHHS; Y;- IEpBICHE
(bakTrune) 3HaueHH. UM Kpaiie MOAeNb, THM
BuLMii R?, 3HaueHHs siKoro 3MiHIoeThes 3 0 10 1.
Log Likelihood BUKOpUCTOBY€TbCS IS
OLIIHKH SIKOCTI MOJIEJTi TIBKHU 3 TOYKH 30py OiHapHOT
kracudikarii. Moro MoxHA  HOpIBHSITH 3
HatypanbHuM snorapupmom ¢ynkmii Likelihood na
nepeadadyBaniii BUOIpLIi.
Log Likelihood =
1

e —(Wo+W1Xi1 +WaXiz4... + WnXp)

In
(1 +

i,where yi=1

1
i,where yi=0
1

1+ e—(VAVo+VT/'1xi1+VT’2xiz+w..+ WnXn)

Log Likelihood 3amxmu Hwk4ye Hyns. Kpama
monens Mmae Bummid Log Likelihood (abcomoTHe
3naueHHs Log Likelihood moBuHHO Habmmkatucs
IO HyJIs).

Koegiyienm GINI - e Mipa OIIHKH SIKOCTI
CKOpMHTOBOI Mojem. Jlo3Boisie CcyauTd Tpo
3MaTHICTh ~ CKOPHHTOBOI ~ MOXEJI  BIAPI3HITH
«xopomux» [lo3WJaabHUKIB Bill «IIOTAHUX» Ta
PO3paxoBYEThCS 3a (HOPMYIIOLO:
2+(CB+CBi_1)*SBiGi—5

1_1 TotalB ’

2 2 Total
CB; — cykynHa 4dactka «Bads» B 1 — i Bin Bix

3arajabHOI KIIBKOCTI «Badsy;

SB,G; — yactka «Bads» ta «Goods» B 1 — i1 Bin Bix
3arajabHOI KiTBKOCTI «Bads» ta «Goodsy;

TotalB — 3aranpHa KiIbKicTe «Badsy;

Total - 3aranbHa KinbKicTh «Bads» ta «Goods».

Hatisumie 3nauenns koedimienty GINI e
KpamuM, TOOTO OUTBII BHUCOKE 3HAYEHHS JaHOTO
KOeQIIIEHTY MOKAa3ye, 110 KOHKPETHa CKOPUHIOBa
Mojens Kpame BiapizHsie «Bads» 1 «Goods».
Haiikpame 3nagenns mparse 1o 100% (a6o 1).

Hyxe Bucokuit GINI He € pearmicTHIHAM Ta,
CKOpIIll 32 BCE, BKa3ye Ha Te, IO MOJAEIh Tpeda
nepepoouTH.

Koedimiear GINI mopiBHIOE  KpHBY
Jlopenma (Lorenz Curve) 3 IiHI€E JOCKOHAIOT
BunankoBocTi (Line of perfect randomness). Ha
pucyHky Hk4de, GINI - 11e BiTHOIIIEHHS TUTOIIT i
kpuBoto JlopeHra 1 Bumie JIiHIT JTOCKOHAIOL
BUMAAKOBOCTI (A) 1m0 BCi€l TUIONI HAM JIHIEHO
JIOCKOHAJIO1 BUTTATKOBOCTI (A + B). (puc.1)

— In (

GINI =
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Percentage of Defaults
g
*

Line of perfect randomness

0% 10% 20% 30% 40% 50% 60% 70% 80% 90% 100%

Percentage of Total Applicants/Borrowers

Pucynox 1

Koegiyienm Koamoeoposa-Cmiprnosa (KC) €
MMOKA3HUKOM PO3MOALTY [t OiHApHOT Kiiacupikalrii.
Koedinient Koamoroposa-CmipHOBa BU3HAYAETHCA
3a hopmyIioro:

KS = |Fg(score) —F, (score)|, Ji(S
F;(score), Fy(score) - xymynsatuBHuil po3mozii
ckopuHrosoro 0ana s «Goods» 1 «Badsy.

Teopernuno xkoeginienT Kommoroposa-
CwMmipHOBa MOe mpuiiMaT 3HadeHHs Big 0 g0 100,
azne Ha pakTuili mpu 3Ha4eHHi KC >70 BBakaeThes,
mo € mpobieMu B po3paxyHKax abo i3 camoro
MOJIEIITIO.

3. IIpakTHYHe 32CTOCYBAaHHS CKOPHMHIOBUX
MozeJieil B 0aHkax YKpaiHu

PosrnsHeMo Ha TpHKIami KeHcC OmHOTO 3
0aHkiB YKpainu.

B Gank  «CrabinbHiCTB»  3BEpHYBCS
MOTeHIIWHUN mo3nvansHuK [lerpenko [letpo
IBaHOBMY 13 3amUTOM Ha TIPOBEICHHS AKTHBHOL
omeparii, a caMe - KPEAWTYBAaHHS TPHIOAHHS
HOBOTO TpPaHCIOPTHOTO 3aco0y, MpH LbOMY
3anuTyBanuid Kpeaut ckiamae 1 200 000rpH. Ha 84
micsd mig 15%.

HosinkoBo: Ilerpenko ILI. 1975p.H.
npoxuBae B M. KponmuBHHULIBKKH, 12 pOKiB mpaltoe
nmikapeMm-cromatoigoroMm B TOB  «Smile 32,
onpyxenuid B 2011p., Mae y BnacHOcTi OyIWHOK.
3TiIHO JOBIKH MPO JOXOJM 32 OCTaHHI 6 MICSIIB
oro moxomm ckmamaroTh 306 000rpH. (moxomm
IpY)KHHA HE BpaxoOBYIOTbCS 0 pPO3PaxyHKY),
momicsiuHi  000B’sI3KOBI  BUTpaTH  (IIOAATKOBI,
KoMmyHaipHI Turatexi) — 15 000rpH., paxyHKiB B
0aHKy HEMae.

bank «CrabinbHICTBY MIPOIIOHYE IS
¢bi3nyHNX ocib 0aHKiBCHKHI MIPOIYKT
«ABTOKpPENUTYBaHHS» - KpPEOUT Ha TMPHUAOAHHS
HOBOT'O aBTOMOO1JIS.
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YMOBU KpeIUTyBaHHS:
e cTpoK - Bix 1 1o 7 pokiB;
e mporenTHa ctaBka — Big 0.01% mo 18%.

® MaKCHMallbHa CyMa KpeauTy — JI0
2 000 000rpH.

[Ipy upoMy OaHK BUKOPHCTOBYE HACTYITHY
EKCIIEPTHY CKOPHHTOBY MOJIENb U OIIHKU
TUIATOCIPOMOKHOCT] MOTEHIIMHOTO MO3WYaJIbHUKA
3a HANPSAMOM KPEJUTYBaHHS Ha MPUIOAHHS HOBOTO
TPaHCIIOPTHOTO 3aco0y (IuB. puc. 2)

st ouinky iHAHCOBOTO CTaHy MO3UYATbHUKA
0aHKOM BHKOPHCTOBYIOTBHCS HACTYITHI KiNbKiCHI
MOKa3HUKU:

- KoedilieHT MIATOCTIPOMOYKHOCTI
no3nYaIbHUKa (BimHOIIEHHS CYKYITHOTO
CEPEAHLOMICSYHOTO JIOXOAY IO3MYAIbHUKA [0
CyMH  CEpEJAHBbOMICIYHHX CYKYIIHHX  BHUTpat
Mo3WYaIbHUKA Ta IIOMICSYHUM IUIATEKEM II0
KPE/UTy);

- YacTKa TMOTAIlCHHS KPEIUTy B YHCTOMY
CYKYITHOMY JIOXOJli TO3WYaJIbHUKA (BiIHOIICHHS
HIOMICSIYHOTO ~ IJIaTeXy IO  KPEemuTry [0
CEPEHLOMICIYHUX CYKYITHUX YACTHX HaJIXOJKCHb
MO3WYATBHAKA (JTOXOAH TO3UYAIbHAKA 32 MIHYCOM
Horo BUTpar);

- MOKAa3HUK CYKYITHOTO YHCTOTO JOXOIYy
Mo3NYaIbHUKA (BU3HAYAETHCA, SK BiTHOIICHHS
3aJMIIKY KOWITIB (IIOMICSYHMX JOXOAIB) HA OAHY
0co0y Mo3uYaNbHUKA Ta WICHIB HOTO POJHMHH, IO
3HaXOMATHCS HA  yTPUMaHHI, TICIHS  CIDIATH
MOCTIHHUX BUTpPAT Ta MICIYHOTO IUIATEXKY 3a
KpeIWTOM  JI0  TOKa3HWKa  IPOKUTKOBOTO
MIHIMYMY);

- MOKAa3HUK HAKONHMYEHb IMMO3WYAIbHUKA HA
IHIINX paxyHKax B OaHKy (BiJHOILEHHS 3arajbHOi
CYMH 3QJIHIIKIB TPOIIOBHUX KOIITIB HA JCTO3UTHUX
paxyHKaxX MO3WYalbHUKA, BIIKPUTHUX B OaHKax IO
CYMH KPEINTY);

Ho SIKICHHUX ITOKa3HHMKIB, SIK1
BHKOPHUCTOBYIOTECS OaHKOM pu OTTiHIT
(biHAHCOBOrO  CTaHy  BIJHOCATBCS  HACTYIIHI
MOKa3HUKU:

- HasSBHICTP BJIACHOTO MaliHa y MO3MYAIbHUKA;

- HasBHICTH MOCTItHOT po0OTH;

- 3araJIbHUH CTaX poOOTH;

- CIMEHMHHII CTaH;

- MiCIIe TIPOKUBAHHS;

- BIK TO3WYaJbHHKA HAa MOMEHT TIOTAIlICHHS
KpEIuTy.

TakuM  YUHOM, CKOPHHTOBA  MOJEJb
moTeHIiitHoro mo3udansHuka lletpenka ILI.
MaTHMe HACTYITHHUN BUIJISA (OUB. pUcC. 3):
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Koedinienr . 3navenns 1 1.1 12 13 14 1.6 18
1A TOCHPOMOKHOCTL T g
TMO3HYATBHHEA Kinsxicts banis 170
UacTka NOTaIIEHANR KPETHTY B SHAMEHHA 1 [E] 075 06 0.3 0.4 03
CYKYIHOMY J0X0J1 N03HYAILHHKA] [IBKICTs Gamb 130
S JHAueHHE 05 0.7 0.9 12 13 14
HE Aexian ATRHENA Hinexicrs Sanis 160
HaueHicTh HAKONHYEHE HA 3HausHEA 0 0.1 0.11 0.15 0.18 02 023
paxyHKax B GaHKy Kinexkiers fams 0
§ N HEPYROMICTR/| . HEPVEOMICTE EHIIO T2 ] EIIACHE
HaaeHicTs BAacHOI 3HAUSHEA HE Mag EHIO | HepyRoMICTE z
el i ] 3 TPEHCIOPT Ta TPAHCIOPT TPRHCIOPT MaiEo
PYxO) Hinekicts Gams 5 13 20 28 38 42 45
. . Fam GespobiTsii CTyAeHT/ Bxlimol Big 1 o 2 Eixl o 3 Bix 3 oo 5 81 5 poxis
Hassnicte nocriiinei poSora TeHCioHEeD POKY POKIE PUKIE PoNIE
Kinexicts ams 0 14 18 23 27 33 37
i Bin 1 poky ELT 2 poMIE Eix 3 BLI 3 oo Bin 10 a0 135 GlIEme
Crax pofoTn 3o serme | poxy o 2 poKIE 1o 3 pokis o 5 poKlE 10 poris poKiE 13 poris
Kinericte Gams 0 14 19 25 30 37 40
ompyEeRHH HEOIPYHEHH
Ee0IpVEEHHH He- Ha 'll;p;m ONPYEEHHE Ha | ONPVEEHH | ONpYEeHHE
Cintefimgil 3EaueHHA Ha VIPHMAHHI| ONpYEEHH VIPHMAHEL : VIPHMAHH] #Emo 10 Gimbme 10
iMeHENER cTaH Ginsme 2 ocib . Gimpme 3 VTPHMAHEL 10 3 ocif KIE OKIE
e 1o 2 oci po P
ocid
KinexicTe Sams 10 13 20 27 33 43 50
F—. - OpeHIa EHIIO HHIIO EHTAO ¥ ::Ef; BIACHE
Micug npokHEAHHA } EETN2 ofTEEEES PoOETIE EpemHTi : HHTAO
- ] MOOpYEOET
Hinekicrs Sams 0 14 20 28 EE] £ 40
Bik nossuaIbHAKA Ha MOMEHT Jmavenms 23 30 35 30 5] 55 [E]
TMOTANIEHHA KPETHTY HinsricTs Sams 16 22 21 44 50 35 30
Pucynox 2
Koedpinicsr . s 1 11 12 13 14 16 18
IR TOCHPOMOEHOCTL . - .
NO3EYANLEHES Kimeicrs Ganis 170
YacTra DOTAINEHEA EPEIETY B Jmagenus 1 0.8 0.75 0.6 (] 04 0.3
CYKYIEOMY J0X001 D0IHYATEEERE| Kimkicrs Gams 130
ns Wi )
ot v o 5 3£a‘mnm : 0.5 0. 0.9 1 12 1.3 :64“
MERICTE Dams
HasenicTs BakonEYeH: Ha Smagenns ] 0.1 0.11 0.15 0.18 0.2 025
paxyvERaX B fammy Kimsicrs Gamiz 0
q o HEDYEHOMICTE HEpyHOMICTE EHTTIO T2 - EMacHS
HasagmicTs EnacuHoi Smanennn He M3E EETI0 HEPIROMICTE =
| TpAsCIOpT T3 TPAHCTIOPT TRAECTIOPT naiiEo
Kimsricts famis 5 15 20 i 38 42 45
i Sespofizem eTymeET/ ein05m0l eix 1 na 2 el 2 na 3 g1 o 5 P .
HasemicTs noctifinol podora poniT meHCioHeD pOEY pokiB poxie POKIE Ll
Kimsrics fams 0 14 18 23 27 13 7
zixg | posy Bi7 2 POEIR eig 3 eig ¥ oo Eix 10 o 15 OUTEmE
Crax pofora Smaemmn asemmme | posy o 2 poxie o 3 poxie o 5 poxie 10 poxie poxis 15 poxie
Kimsricts famis 1] 14 19 25 30 37 40
éi oapysem HEQpY e “ &
HEOQpYEEHHEH] He- Ha E s OOpPYEEHHH H2 | OODYEEHH | OOPYEEHHHE
= EE O SHavTeEHT HA VTPEMEHE]|  OApYIHeHE VTpHEAEE ; VIpEMAEE] oo 10 imeme 10
R OUTEms 2 octd| i E:i.'m_::_e 3 -";E?;?; o 3 ocd POELE porie
ool =
Kimsrics fams 10 15 20 7 35 45 50
Smavemms ez Farma opeHIa EHTTD EHTTD EHTIO ¥ f;;f EJACHE
Micme nposaeaEEs . =HTIR ofTTEEEs pOSIE EpemaTL e AETI0
ToapyEcEd
Kimsrics fams 0 14 20 2B 33 36
Bix mo3E9aTeEERS HL Jmagenns 25 30 35 30 43 £5 3
mor KPEIHTY Kimsrics fams 16 2 7 44 50 s 30
Pucynok 3

3aranpHui Oan AaHOTO NO3WYaIbHUKA CKIIAB
679 on.

Y cmpomieHOMy BHIJISIAI HACTYMHI €Tamnu
1010 KPEIUTHOI OTIepartii BUTISAAI0Th TAKHM YHHOM:
3MIHCHIOETBHCS aHajli3 OTPUMAHOTO 3araibHOro Oanry
KOHKPETHOTO TIO3WYajJbHUKA 3TiHO CKOPUHIOBOI
Mozem. Y pa3i  HEBIAMOBITHOCTI BH3HAYECHOTO
3arajJpHOTO Oajdy MO3WYaJbHHKA HOTO MiHIMaIbHO
HEOOXiTHOMY pO3Mipy (BCTaHOBICHOMY B OaHKY)
KpeIMTHAa 3asBKa TIOTCHIIHHOTO IO3WYabHUKA
BIAXWISAECTHCS.
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Y pasi NpUAHATTS TOMEPEIHHOTO PIlICHHS
Opo TMPOBEACHHS KpPEOWTHOI omepawii, OaHKOM,
BiJITIOBITHO JI0 BCTAHOBJICHUX BHYTPIIIHIX MIPOLEAYP
Ta 3 ypaxyBaHHsIM HopMmaTuBHuUX Bumor HBY, Ha
mifcTaBl  OTPUMaHUX pe3yJbTaTiB  CKOPUHIOBOT
Mojeni  (BeNMYMHM TIOKA3HUKIB) BHU3HAYAETHCS
KPEIUTHUN PEUTHHT Ta Kiac mo3umdanbHuka? Ilicms
YOro TpPUHAMAETBCS  OCTATOYHE PINICHHS IPO
NpPOBENEHHS KpPEAUTHOI omepamii (yKIagaroThes
JIOTOBOPH, HAJTAIOTHCS KOIITH, POPMYETHCS KPETUTHA
cIIpaBa MO3WYAILHAKA TOIIIO).



Bicnux Kuiscbroeo Hayionanvnozo yHieepcumemy
imeni Tapaca llleguenxa
Cepisn: pisuxo-mamemamuyni HayKu

2023,2

B momanpmiomMy 37iHCHIOETECS MOHITOPHHT

KpeIuTHOI omeparrii
KpEJIUTYBaHHS Ta,
BH3HAUCHUX  TEPMIHIB,
(hiHaHCOBOTO  CTaHy

MIPOBOAMTHUCS
mo3uyajbHUuKa 1,

BucHoBku
B xomi pobotu Oymu pO3TISHYTI €Tamu
Mo0yJOBH CKOPHHTOBUX MOJEIICH Ta IesiKi METOIH,
SK1 BUKOPUCTOBYIOTH JUIA 11i€1 METH, TaKi sIK JIiHiHHI
WMOBIpHICHI MOJIEII, JIOTICTUYIHA perpecis, aepeBa
pimieHsb, HEHPOHHI MEpPEeXi Ta METO] BUIAIKOBOTO
Jicy, KOXKEH 13 SKMX MAa€ CBOi IlepeBard Ta

HEIOJIKU:

. JliniiiHi #IMOBIPHICHI MOJETI € MPOCTHMH Y
3aCTOCYBaHHI Ta iHTepmperamii, ame MarTb
oOMexxeHy  cdepy  BUKOPUCTAaHHS,  OJHAK

BIIPI3HAIOTHECS HU3BKOIO €(DEeKTUBHICTIO TIPH POOOTI
3 HEJIIHIMHUMH 3aJI€KHOCTSIMU JaHUX;
. JloricTiuHa perpecis 37aTHa MPAIIOBATH 3
HEBEJIMKOIO KUTBKICTIO BXiTHUX IaHHX 1 € MPOCTOIO
B IHTEpIIpeTallii, aji¢ € YyTIUBOIO IO BUKHIIB Ta
noTpedye BEIMKOT HABUAIBHOT BUOIPKH.
. JepeBa pimeHp 34aTHI TPOUTIOCTPYBAaTH
HeNiHIMHI  3B’S3KM MDK  HE3aJeKHHMH  Ta
3aJIe)KHAUMH 3MIHHUMH Ta JIEMOHCTPYIOTH BHCOKY
e(eKTHBHICTb y POOOTI 3 BIACYTHIMU JaHUMH, aie
Bpa3NIMBi 10 TICPEHABYAHHS Ta 3MiH y HaBUaJILHUX
JIAHUX.
. Heiiponni mepesxi 31aTHI BUABIIATH CKIaIHI
HeNiHIMHI MOAEN JAaHWX 3 BEJIHKOI KUIBKICTIO
rapaMeTpiB 1 CIOCTEpPEKEHb, aje TOTPeOYIOTh
BEIUKUX OOYHCIIOBAJIbHHUX TMOTYXXHOCTEH 1 €
CKJIQIHUMHU 7S IHTEepIpETAIlii.
. Mertoa BHMAAKOBOTO JiCy  €(hEKTHBHO
00polOiiaTH HaOOpU AAHWX i3 BEJIMKOK KUIBKICTIO
BXiJJHUX 3MIHHHX, aJI¢ € CKJIaJIHUM Y 3aCTOCYBaHHI
Ta nmoTpedye BEIIUKHX 00YHNCITIOBATEHUX
MOTYHOCTEH.

3arajgoM, CKOPHHIOBI MOJETi € HEOOXiTHUM
iHCTpyMeHTOM  ans  OaHKiB y  mpoueci
KpenuTyBaHHSA. BuOip  KOHKpeTHOI  Mozemi
3aJIeKUTh Bil OaraThboxX (akToOpiB, TAKUX SK THII
JIaHWX, CKIIQJHICTh 33j1a4i, HOpPMaTUBHI OOMEKEHHS
Ta TOTYXHICTh JOCTYITHUX OOYHCITIOBAIEHUX
pecypciB. Po3yMiHHS TiepeBar Ta HEIOJIKIB Pi3HUX
CKOPHHTOBUX MOJIeNel JoroMarae OaHkam 3poOuTH
oOTpyHTOBaHMI BHOIp Ta JOCATTH KpaIlux
pe3yIbTaTIB Y BU3HAYCHHI KPETUTOCIIPOMOKHOCTI
KITIIEHTIB.

Cnucox BUKOPUCTAHUX JZKepes
1. TlonmoxeHHs mpo BU3HAYCHHA OaHKaMH
Vkpainu  po3Mmipy  KpPEeOUTHOIO  PH3HKY 32

MPOTATOM BCHOTO TEPMIHY
BIIIOBIIHO 70 HOPMATHUBHO
OLIIHKA
3a
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HEOOXITHOCTI, KOPHUTYBaHHS HOro Kiacy Ta
KPEIUTHOTO PEUTUHTY, BPaXOBYIOUM MOKA3HUKH, SIKi
Oyau OTpUMaHHS TIpU  TPOBEACHHI MOTOYHUX
pO3paxyHKiB.
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Y poboTi J0C/TiIKYETHCS MOJIEb 3MINTAHOTO IPOOOBOT0 OPOYHIBCHKOTO pyXy Burisany Xy = oWy +

+ kB, mo ckasaerses 3i crangapraoro 6poynischkoro pyxy W ora apo6oBoro 6poyHiBCHKOrO pyxy
BH 3 innexcom Xepcra H. Po3ragmaloTbesa CTpOro KOHCUCTEHTHI OIIHKY HEBIIOMUX ITapaMeTpiB MOJIei
(H,k,0) Ha OCHOBI DIBHOBLIJIAJIEHUX CIIOCTEPEKEHb TPAEKTOPIl. JlOBEJEHO CHiJIbHY ACUMITOTHUYHY

HopManbHicTs oninox a1 H € (0,1) U (5, 3).

Kotouosi cioBa: apobosuit OpoyHIBCHKUIT PYyX, BIHEPIBCHKHIT IIPOIEC, 3MiIIAHA MOJE/b, IapaMeT-

pWYHE OIIHIOBAHHS, ACUMIITOTHIHUHI PO3TOJILI.

We investigate the mixed fractional Brownian motion of the form X; = oW, + f-thH , driven
by a standard Brownian motion W and a fractional Brownian motion B with Hurst parameter
H. We consider strongly consistent estimators of unknown model parameters (H, x, o) based on the
equidistant observations of a trajectory. Joint asymptotic normality of these estimators is proved for

He(0,3)U(3,2).

Key Words: Fractional Brownian motion, Wiener process, mixed model, parameter estimation,

asymptotic distribution.

1 Introduction

Many real-world processes that evolve over time
are traditionally mathematically modeled using
the standard Brownian motion. Still, multiple
studies show that some time series possess prop-
erties of self-similarity, long-range dependence and
complex correlation structures [1] and thus cannot
be modeled properly by the usage of the Brow-
nian motion only. Instead, a fractional Brown-
ian motion can be used as it has correlated in-
crements which implies short-range (H < 1/2) or
long-range (H > 1/2) dependence [2]. The mixed
fractional Brownian motion combines properties of
both standard and fractional Brownian motions;
this makes it a suitable model for many financial
applications. It was first proposed by Cheridito
[3]. There are already existing practical applica-
tions of this model, see, e.g., [4]. Its properties can
be found in [5]. In the present paper we consider
the following mixed fractional Brownian motion:

X; = oW, + kB, t >0, (1)

© K.B. Pamvaenko, M.C. SIkosnes, 2023

where W is a Wiener process, B is a fractional
Brownian motion with Hurst index H, B¥ is in-
dependent of W. We aim to estimate unknown
parameters (H,k,0)’ based on observed {Xgs,
k=0,1,2,...}, h > 0.

In the present paper, following [6], we intro-
duce the next statistics

L Nl ,
EN = N (Xk1)n — Xin) ™
k=0
L Nl
W=y (Xkt1)p — Xin) X
k=0 (2)
X (X (kr2)h — Xkt 1)) »
;| Nl
V=57 (X (kt2)h — Xkn) X
k=0

X (X (rayn — X(pr2)n) -

Let us denote

™~ = (Eny v, Cv) (3)
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According to [6, Lemma 3.2], for any H € (0,1),
™~ = (E€L,En, EQ)T
— (0'2h+ Ii2h2H,l‘€2h2H (22H—1 . 1) ’

K2h2H22H (22H—1 o 1))T =19

a.s., as N — oo. Then, similarly to [6], for
H € (0,2)U(4,1), we can consider the following
strongly consistent estimators for the parameters
(H,k? 0%

Hy = llog &
~2 NN
AN = h2ﬁN(22HN—1 1) (4)
. 1 .
0'12\7 = ﬁ (§N — K}NhQHN>
with

1 logyz, if x>0,

0 T =
82+ 0, if £ <0.

(Evidently, the model is non-identifiable in the
case H = %, so we should exclude this value.) The
goal of the present paper is to study joint asymp-
totic normality of these estimators. It worth men-
tioning that asymptotic normality does not hold
for H > %, which is typical for models with frac-
tional Brownian motion, see, e.g., [7]. The esti-
mators remain strongly consistent, but have non-
Gaussian agymptotic distribution.

The paper is organized as follows. In Section 2
we prove the joint asymptotic normality of statis-
tics (2) and evaluate their asymptotic covariance
matrix. Thereafter, in Section 3 we obtain the
main result on asymptotic normality of (4) by ap-
plying the delta method. Section 4 we investigate
the behavior of the estimators numerically, using
Monte Carlo simulations.

We use the following notation. The symbol
E denotes expectation and acts as an operator on
the total product of quantities, cov stands for the
covariance of two random variables and for the
covariance matrix of a random vector. The upper
index T denotes transposition. In the paper, all
the vectors are column ones. Weak convergence in

distribution is denoted by q.

2 Asymptotic normality of
vector (€N7 nn, CN)T

We will start by studying the asymptotic proper-
ties of the vector (£x,7mn,Cn) . Let us denote the

2023, 2
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increment
AX = X(k—i—l)h — Xpp = c AW + HAB,?

It is well-known that {AX}} is a stationary Gaus-
sian sequence with the following autocovariance
function
p(i) = cov(AXy, AX;) = 0% cov (AW, AW;) +
+ K2 cov (ABé{, ABzH) =
= o?hll gy + K2R p(i), i€, (5)

where
1
pi) =5 (i + 127 = 201" + i = 1*7)  (6)

denotes the autocovariance function of the station-
ary sequence {Bé{Jrl — BH 'k > 0}, which is known
as fractional Gaussian noise.

The following statement provides some impor-
tant properties of sequences p(i) and p(7), i € Z,
defined by (5) and (6) respectively.

Lemma 1. Let H € (0,3). Then the following
statements hold

1) p(i) ~ H(2H = 1)|i]*" 2 as |i| — oo,

2) 2o PP(i) < o0,
3) For all o, B € Z,
+o00

> pli+a)pi+ ) < oo

1=—00

(7)

Proof. First two statements are well known, see
e.g., |7]. In order to prove the third one, we ob-

serve that
oo
Z ﬁz(i) — o412 4 9p2K2p2H+1
1=—00
o0
+ riptH Z p?(i) < oo,
1=—00

by the second statement. Then, using the Cauchy—
Schwarz inequality, we get for all «, 8 € Z,

+o0
> i+ a)pi+B) <
“+oo +00
<y 2 Plita): Yy P+ p) =
+oo )
= ) (i) < oo,

where the equality follows by substitutions
=i+oaand ' =i+ 6.

O
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Now we are ready to prove the main result of
this section.

Theorem 2.1. Let H € (0,3) U (3,2). The vec-
tor TN defined by (3) is asymptotically normal,
namely

Ev —Eén 4~
VN(ry —=10) = VN [y —Enn | S5 N(0,3)
(v —Edn

with the asymptotic covariance matriz i which
can be presented explicitly as

_ 211 212 213
L= |21 Xy Yo
Y3 Yoz X33
where

Sn=2 Y i)

o= >0 (i) (5(0) + (i +2).

Sag = Y p(i)(6p(0) + 8p(i + 1) + 3p(i + 2)+
+A4p(i+3) +6p(i +4) + 4p(i + 5)+
+p(i+6))7

S12=2 Y Ai)pGi+1)

Sz =2 Z ( (i+1) +25(i +2)+
+p(i+3)),

S = Y A0) () +20(i + 1)+

+25(i +2) + 250+ 3) + pli + 4)).

Proof. The proof consists of two parts: in the first
part we compute the asymptotic covariance ma-
trix i, while the second part contains the proof of
asymptotic normality.

Part 1: Identification of the asymptotic co-
variance matriz. First, we will find the explicit
form of covariance matrix 3 by evaluating con-
vergence limits as N — oo for the following vari-
ances and covariances: N Var({y), N Var(ny),
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N Var((y),

N cov(nn,(n).
1.1 Ewvaluation of convergence Ilimit for

N Var(¢y). Using Isserlis’ theorem!, and station-

arity of the sequence {A Xy}, we can write

Ncov(én,nn), Ncov(én,(n),

cov ((AXy)?, (AX;)?) = 2p(k — 5)°.

Therefore

1 N-1
N Var(¢y) = NVar (Z (AXk)2> =

k=0

=2 Y i)’ as N — oo,

i=—00

where the passage to the limit can be justified
by the dominated convergence theorem due to
Lemma 1.

1.2.  PFEuvaluation of convergence limit for
N cov(én,nn). Write

Ncov(é{n,nn) =

1 N-1 N—-1
2
= co v D (AXL)? D AXAX | =
k=0 7=0
N—-1N-1
1 2
= N cov ((AXk) ,AX]‘AX]‘+1) .
k=0 j5=0

By Isserlis’ theorem,

cov ((AXy)?, AX;AX 1) = 26(j—k)p(j—k+1).

sserlis’ theorem [8]: if (X1, X2, X3, X4) is a zero-mean multivariate normal random vector, then E(X; X2 X3X4) =
EX1X2EX3Xy +EX1X3E XXy +EX1 X4 EX2X3. In particular, cov(X$, X3) = 2cov(X1, X2)%
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Therefore arguing as in (9), we obtain

Ncov(én,nn) =
9 N-1N-1
=2 D A=kl —k+1) =
j=0 k=0
9 N-1 J
=y 2 A+ =
j=0 i=j—N+1
S (q N
=2 <1 - N) 5(i)p(i 4 1) —
i=—N+1

as N — oo, where the last series converges accord-
ing to the Lemma 1.

1.3.
N Var(ny). We have

N Var(ny)

N—

N—

[y

COV(AXkAXk_H, AX]'AX]'_H).

k=0 j=0

By Isserlis’ Theorem,

COV(AXkAXk+1, AXjAXjJrl) =

= plk =3+ pk =+ 1)k —j — 1),
Therefore
| NoIN-1
Var(ny) = N Z
k=0 ]:O
1 N-1N-1
Pk —j+ Dpk —j —1). (10)
k:O 7=0

According to (8) and (9), the first term in the right

hand side of (10)
| NoIN-d
N P — 2 —
N pk—j)
k=0 7=0
N N a2
=3 Varlen) > Y #iF, Nooo

The second term can be treated similarly to (9) as
follows:

N—

1 1

2

(k=j+1pk—-j—1)=
=0

ES
Il

J 0

2023, 2
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1 N-1 J
= > ali—1)pi+1) =
J=0 i=j—(N~-1)
p d
_ (1) ati= v+ 1 -
i=—(N-1)
—>Z pli—1)p(i+1) =
- ‘Z pli)pi+2), as N —oo.  (11)

Combining (10)—(11

), we arrive at

lim N Var(ny) =

N—oo

oo

> ) () + (i +2).
1=—00
Convergency limits for N cov(én, Cn),
N cov(nn,(n), N Var((y) are evaluated in a sim-
ilar way.

Part 2: Proof of asymptotic normality. Let us
— (v y@ @\
define Y, = (Y, Y, 7, Y, by

v = AXy, V= AXp,
YV = AXpyg + AXpys. (12)
Then
N-1 N-1
1 1)) 2 1 1)(2
k=0 k=0
| V-1
1 2 3
o= L3 (@)
=0
We shall prove the convergence of vector
(éx,mn,Cn) " with the help of the Cramér—Wold
device. Let the parameters a, 8, v € R be any

fixed ones satisfying the condition a®+32+~2 # 0.
We introduce the function

Fy) = ayi + Byrye + v(y1 + y2)ys,

y=(y1,92,y3) € R,

so that

aén + By + (N =

1 V-1

N > ).
k=0

Thus, we need to prove that the sequence

\/N(a(gN —E&n) + B(ny — Enn)+

N—-1
Hew — ) = o= 30 (1) - E£0))
k=0

(13)
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converges to a normal distribution. This fact can
be established by application of the Breuer—Major
theorem for stationary vectors |9, Theorem 4], see
also [10, Theorem 1.1]. In order to apply this the-
orem, it suffices to verify the following condition:

Z ’r(p’l)(j)‘q < oo, forallple{l,273} (14)
JEZ

where

rg””(k)1=:COV’<Yfp)7Yka>’ ke,

and ¢ is the Hermite rank? of f with respect to Y7.

It is not hard to see that this Hermite rank
q > 2. Indeed, note that f(Y7) is a second-order
polynomial of zero-mean normally distributed ran-
dom variables Yl(l), Y1(2), Yl(g) in which only terms
of the second order are present, namely (Yl(l))Q,
Yl(l)Yl(2), and Yl(l)Yl(g). Therefore, according to
Isserlis” theorem, we will have that the expected
value of the product of f(Y;) and any of Yl(t),
t € {1,2,3}, will be equal to zero. All the
obtained terms will have the form EG1G2G3,
where (G1,G2,G3)" is a zero-mean multivariate
normal random vector and according to the Is-
serlis’ theorem EG1G2G3 = 0. Therefore, the
expected value of the product of f(Y;) and any
first-order polynomial of {Y;1} (a linear combina-
tion of Yl(l), Y1(2),Y1(3)) will be equal to zero, and
therefore the Hermite rank g of the function f with
respect to Y7 cannot be equal to 1.

Since ¢ > 2, we easily see that in order to
verify the condition (14), it suffices to prove that

2
3 ‘r(p’l)(j)‘ < oo, forall p,le{1,2,3). (15)
JEZ
In turn, (15) follows from Lemma 1, since us-

ing (12) and the definition of p, we can represent
rPh via p as follows:

r02 (k) = pk+1), vV (k) = plk 1),
rE3 (k) = bk +2) + pk + 3),
rOD (k) =k —2) + ok - 3),
r®3 (k) = plk + 1) + p(k + 2),
PO (k) = ok = 1) + p(k - 2),
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r®3 (k) = plk + 1) + 25(k) + p(k — 1).

Indeed, for example the series

NS (18 )
§ ()=

“+oo
= ) (alk+2)+ ok +3)° =
k=—oc0
+oo +oo
= > pk+27+2 > pk+2)x
k=—00 k=—o0
+oo
xpk+3)+ > pk+3)?
k=—o00

converges as a finite sum of series convergent ac-
cording to Lemma 1. Similarly, other series in (15)
are also finite.

Therefore, the assumptions of the Breuer—
Major theorem for stationary vectors are satisfied,
whence the desired weak converge of (13) to a
zero-mean normal distribution follows. O

3 Asymptotic normality of
vector (Hy,/3%,63)"

In this section, we provide the main result on
asymptotic properties of our estimator (4). Let
us denote

U= (H7 "4‘270—2)1—7
1§N = (ﬁNv’%%Vva-]QV)Tv N eN.

(16)

204
mator Uy 1s asymptotically normal, namely

Theorem 3.1. Let H € (0,3) U (3,32). The esti-

Hy—H
VN (dn =9) = VN | 8 -2 | SN (0,30
6]2\,—02

with the asymptotic covariance matriz X°, which
can be found by the formula

20 = ¢/(10)% (¢'(10)) ",

where ¥ is defined in Theorem 2.1 and

0 Gi2 Gis
’ =10 G2 Ga3
g'(70) Y ;
h h(22ZH_2)2 p(22H2)2

2The function f: R? — R is said to have Hermite rank equal to ¢ with respect to a random vector X if
(a) E[(f(X) — E[f(X)])pm(X)] = 0 for every polynomial p, (on R?) of degree m < q — 1; and (b) there exists a
polynomial p, of degree ¢ such that E[(f(X) — E[f(X)])pm(X)] # 0, see [10].
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with Then
-1 _ n
Gia = 2R2h2H(22H_1 —1) log2’ 92(&1m.0) = h291(§777,C)(2291(577770—1 -1)
Con — 1 _ n _ 2772+C
197 92p2H92H (22H-1 1) 10g 2’ ORI GEETI
2 (2 +1logy, h)22H —2(logy, h+1
Gag = th( 2L ()QQH — 2)(2 . ), Therefore, the corresponding partial derivatives
are equal to
o 2 (2logy, h—(logy, h+1)2%) q
23 = 32H 92M (2 _ 2)2 : 0g2 _0
o0& ’
6g2 _ 2(2 4 c)nlJrc(CCJrl _ 277<C) + 2772+CCC -
Proof. Let us introduce the following function of 5777 - (Cetl —2p¢e)? -
T = (5,7]7 C)T: (2 + C)U1+CCC+1 _ 2(0 + 1)772+CCC
=7 T —2n¢)? -
9(1) = (91(7), 92(7), g3(7)),, . )
_o (" (2+c)n¢ —2(c+1)n
where ¢ (¢ — 2n)2 )
1 ¢ 992 24 —1
= = — — _— = 2 c,

91(7') gl(ﬁﬂ%() 92 10g2+ 777 8<— n (Cchl — QnCC)Q X

n
2291(£7W7C)_1 — 1)’

92(7) = g2(&,m, Q) = 291 (€m:0)(

95(r) = 03(6m, Q) = 3 (€~ 2(6,m, QP E19)

Then the estimator (16) can be presented in the

following form

On = (Hy, 7%.6%)" = g(én,nw, ).

To prove the asymptotic normality of Iy we will

apply the delta method to function g(7) and se-
quence 7y that is asymptotically normal by Theo-
rem 2.1. For this we will need to find matrix ¢'(7)

and to show that it is non-singular at 79. We will

start with evaluating partial derivatives of func-
tion g1. Since

1 ¢ log¢—logn
= 71 - —
91(577770 92 089t n 210g2
we see that
91 _, O _ 1 991 _ 1
o T On 2nlog2’  9¢  2Clog2’

In order to evaluate partial derivatives of go and
g3, let us consider two intermediate functions:

()

" 0
9291(&m0)—1 _1 _ 9logay %*1_1 _ i—l ¢ ; 277.
n

2n

<
n =

R291(EnC) — plogay

where ¢ = logy, h, and

59

n

-+()

X ((c +1)¢° — 2077(0_1) =

“n*(2en = (e+ 1))

¢ (¢ —2n)?
The function g3 can be rewritten as
93 (gv 1, C) =
1 U
- E <£ N h291(§77770 (2291(6777’4)_1) x
2
w h291EmQ) ) — 1 = 2n .
h ¢—2n
Hence,
993 _ 1
o R
995 _ (1) 4n(¢—2n) — 2n*(-2)
o h (¢ —2n)?
_ An(n =)
h(C —2n)%’
ogs _ 20
o¢  h(C—2n)*
So, we have the following derivative matrix:
n
JeEn =% % %|=
993 dgs  Ogs
96 Oy ¢
0 Gh G1s
=10 22 3|,
1 4An(n=¢) 21
h h(C=2m)*  h(C—2n)*
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with
i ~1
Gz = 2nlog2’
- 1
Gz = 2(log?2’
e o) ¢~ 2ct i
- ¢ (¢ —2n)? 7
T _ Q(Q)CTIQ(QCTI — (C + 1)C)
BUTC 0 C-m2
where ¢ = logy, h.
At T=m
0 G12 Gis
"(r9) = | O G2 Gas
g (7o) L g ;
ho R(2PA_2)Z  h(22H_2)2

where G123, G13, Go2, Gog are defined in the in the
formulation of the theorem.

It is not hard to see that the determinant of
this matrix

1
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“+o00

+> pli+1—a)p(i+1-8),

1=0

where «, 8 € Z. Series > °% p(i + a)p(i + B) are
estimated with precision § = 1073 by evaluating
the sum S, = > ", p(i + a)p(i + ) with the
first m such that |S, — S,_1| < 1073. Also,
for simulation purposes, we will be using only
H € (0,3)U(3, 3) because otherwise the series (7)
will not converge thus the asymptotic covariance
matrix will be non-evaluable. Moreover, the same
will be applied for each case when the estimated

Hy will be out of boundaries (0,3) U (3,2).

det(g'(10)) = T Q2HTI 2P AR (92H-1 _ 1)2]0g 2"

is well defined for H € (0, 3) U (3, 2) and it is not
equal to zero. Therefore the matrix of derivatives
is non-singular at 7 = 75 and so the delta method
can be applied, see, e.g., [11, Theorem B.6|. This
method implies the statement of the theorem and
provides with the formula for asymptotic covari-
ance matrix 30, 0

4 Simulation study

In this section we would like to present results
of estimators performance by numerical simula-
tions. For each generated trajectory we will es-
timate asymptotic covariance matrices defined in
(2.1) and (3.1) by using values of estimators (4).
For each set of parameters we generate 1000 tra-
jectories of the process X; and calculate the em-
pirical means, empirical standard deviations of the
estimates, the square root of estimated asymptotic
variation divided by N (y/6/N) and cover prob-
ability (CP) for a = 5% based on estimator of
asymptotic covariance matrix. Series alike (7) are
divided into sum of two convergent series

= +00
Z ﬁ(l‘*'a)ﬁ@"'ﬂ) :Zﬁ(i+a),5(i_|_ﬁ)+
== i=0
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Table 1: The estimator fAIN with 2 = 6.25,
02 =225 (h=1)
N
H 28 212 216 220
0.2 Mean  0.1823 0.2018 0.2008 0.2000
S.dev. 0.3135 0.0721 0.0176 0.0043
Vo/N 03027 0.0728 0.0181 0.0045
CP% 100.00 97.522  95.600 96.400
0.4 Mean  0.4281 0.4052 0.4009 0.3994
S.dev. 0.7990 0.1686 0.0403 0.0103
Vo/N 0.6739 0.1715 0.0404 0.0100
CP% 100.00 99.636 97.005 94.795
0.6 Mean 0.5963 0.5903 0.5999 0.5999
S.dev. 0.5792 0.1232 0.0290 0.0070
Vo/N 04746 0.1119 0.0279 0.0070
CP% 100.00 100.00 95.755 95.496
Table 2: The estimator #3%, with x? = 6.25,
02 =225 (h=1)
N
H 28 212 216 220
0.2 Mean 13.197 6.5692 6.2721 6.2505
S.dev. 86.074 1.3784 0.2560 0.0604
Vo/N 4.0819 1.0934 0.2569 0.0633
CP% 100.00 93.427 95.500 95.900
0.4 Mean 85306 25.768 8.0469 6.2735
S.dev. 54.206 206.04 9.9068 0.5839
Vo/N 13130 4.2116 2.0175 0.5636
CP% 98.131 70.909 88.412 94.094
0.6 Mean  9.1450 26.615 10.454 6.2924
S.dev. 39.869 269.74 104.39 0.5002
VOo/N 17947 4.5897 1.7836 0.4920
CP% 100.00 83.200 88.639 94.795
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Table 3: The estimator 6% with x* = 6.25, only a few hundred iterations are needed, while
0?2=225(h=1) for H = 0.6 it requires hundreds of thousands of
N iterations. Moreover, lowering the precision from
H 58 512 516 520 10719 to 103 has almost no impact on the esti-
mated value .S, for low H, but for high H it could
0.2 Mean  3.2413 2.1907 2.2265 2.2492 result in a difference around 1%.
S.dev. 1.4481 0.8823 0.2542 0.0602 _ ~ . 9
\/&/7N 410495 1.0873 0.2554 0.0629 Tzable 4: The ¥1; convergence with k* = 6.25,
CP%  100.00 92.996 95900 96400 =22 (=1
0.4 Mean  5.7222 44137 2.6526 2.2297 0
S.dev. 1.8376 1.6134 12686 05759 0% 107 277 107
Vo/N 13129 4.2119 2.0175 0.5636 0.2 m 8 31 129 543
CP% 99.533 70.000 89.063 94.094 S, 76.879 76.830 76.881 76.881
S.dev. 2.2077 1.8375 1.2471 0.4946 S, 73,768 73.831 73.851 73.853
VOo/N 17972 4.5923 1.7840 0.4920
CP% 100.00 82.600 88.764 94.795

In Tables 1-3 one can find performance of the es-
timators Hy, R3;, and 6%, for the following true
values of the parameters: x = 2.5, ¢ = 1.5. We
observe that the cover probability and asymptotic
variance estimators demonstrate better results for
H in (0, 1/2) in comparison with H in (1/2, 3/4).
Moreover, the closer parameter H to 1/2 the lower
rate of convergence for constructed estimators and
this is consistent with numerical simulations re-
sults obtained in [6].

We believe that partially observed results are af-
fected by convergence rates of series defined in
Lemma 1. These series do converge for H € (3, 2)
but with a such significantly slow rate that it ac-
tually has an impact on estimating the sum of
the corresponding series. At the same time for
H € (0,3) there is no significant impact. More-
over, the convergence rates for H € (1,2) cre-
ates some technical difficulties. As was previously
stated we evaluate such series by splitting them

in two. We have conducted simulations for the

following series:
+oo
> o).
i=0

We estimate (17) by finding the first m € N such
that for S, = > it p(i)? for some pre-defined &
it holds that |Sy, — Spm—1] < 9.

This estimation was conducted for § € {1073,
1075,1077,107%} for k = 2.5, ¢ = 1.5 and
H € {0.2,0.6}. Estimation results are presented
in Table 4. As one can see, in order to estimate
S, with a precision of § = 10710 for H = 0.2

(17)

61

Additionally, we want to note that for a small
number N there is a high percentage of itera-
tions that result in some estimators (4) being non-
evaluable (Non Ev.%) or estimated value of H be-
ing out of interval (0,2)N(3,2) (H Out%). In such
cases, asymptotic covariance matrices cannot be
estimated because the required series (7) will not
converge. Corresponding simulation results can be

found in Table 5.

Table 5: Percentage of estimated results that can-
not be used for estimating asymptotic covariance
matrix in previous simulations

N
H 28 212 216 220
0.2 Non Ev.% 34.10 6.900 0.000 0.000
H Out% 25.80 0.300 0.000 0.000
0.4 Non Ev.% 59.00 44.10 23.20 0.100
H Out% 19.60 0.900 0.000 0.000
0.6 Non Ev.% 52.60 42.20 19.90 0.100
H Out% 31.80 7.800 0.000 0.000

5 Conclusion

Joint asymptotic normality of estimators for pa-
rameters (H, k, o) constructed in [6] is proved for
H € (0,3) U (3,32) and respective asymptotoc co-
variance matrix is estimated. Provided simula-
tions show that constructed estimators are much
more accurate for low values of H, while for high
values of H they are less accurate and much harder
to compute. In general, the obtained results are

consistent with conclusions from [6].
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V it cmammi nodano o2a80 memody, Wo WUPOKo SUKOPUCTMOBYEMBCA OAL OUTHIOBAHH.A TUMOBID-
nocmi degpoamy, sanpononosaruti K. Ilaymonom i JI. Toawe. Hasederno npunyuienms ma ompumaro
HEPIBHICTL, 68 AKIU UMOBIPHICMY JehoAmyYy 3AAEHCUMD 610 BNAUBY CUCTIEMAMUYHO20 GAKMOPY.

This article gives a probabilistic overview of the widely used method of default probability estima-
tion proposed by K. Pluto and D. Tasche. There are listed detailed assumptions and derivation of the
iequality where the probability of default is involved under the influence of systematic factor. The
author anticipates adding more clarity, especially for early career analysts or scholars, regarding the
assumption of borrowers’ independence, conditional independence, and interaction between the probabi-
lity distributions such as binomaal, beta, normal, and others. There is also shown the relation between
the probability of default and the joint distribution of \/oX — /1 — oY, where X, including but not
ltmiting, s the standard normal, Y admits, including but not limiting, the beta-normal distribution and

X, Y are independent.

Key Words: probability of default, binomial distribution, beta-normal distribution, Vasicek distri-

bution, Pluto-Tasche method.
1 Introduction

The probability of default p is actually the most
important metric in credit Tisk management.
Roughly, this probability provides the likelihood
for a certain obligor not to follow the taken fi-
nancial commitments properly within a certain pe-
riod of time, typically one year. The number of
defaulted borrowers divided by the number of total
borrowers within a certain portfolio is known as
the observed default rate, while the predicted one
p is called the expected default rate. Any model
tasked to predict p, should ensure the alignment
between the observed and expected default rates.
However, in some instances, such as low default
portfolios, there is not possible to have any robust
observations for the observed default rate. In such
instances, the famous work [T}l suggests applying
the Bernoulli trials to estimate the experiment’s
success probability p. This article is a survey of
two models: (a) the estimation of p when obligors
i the portfolio are treated independently of each
other and there is no side influence for such a

© A. Grigutis, 2023
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portfolio, (b) the estimation of p when obligors in
the portfolio are treated conditionally independent
of each other when each obligor is influenced by
some systematic factor. We aim to reflect on the
detailed steps and assumptions used in deriving the
two mentioned models and add some insights about
the involved probability distributions.

Let us recall several well-known random va-
riables.

o We say that the random wvariable X 1is bi-
nomial distributed with parameters n € N
and p € (0, 1) (denoted X ~ Bin(n, p)) if
the probability mass function is

P(X =k)
= (Z)pk(]' —p)n_k’ k = 0? ]'7 ] n7
where
n\ n!
k) El(n — k)
We denote the cumulative distribution
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function of the binomial random variable by

Bing, (k) :=P(X < k)
k n . .
=0

o We say that the random wvariable X 1is beta
distributed with parameters o > 0 and > 0
(denoted X ~ B(a, B)) if its probability

density function is

(1 — )8
ba,,@(fﬂ) = M’ €T € (0, 1),
where
Bla. 5 — L)L)
T T(a+ B)

and the gamma function for the complex
number s € C s

I'(s) = / t5te~tdt, Rs > 0.
0

denote cumulative  distribution

We the
function of the beta random variable by

Baple) = | “bos(y)dy. z € (0, 1)

2 Binomial and mixture binomial distri-
butions for the probability of default
estimation

In this section, in the subsections and
respectively, we review the deriwation of two
methods used to estimate the probability of default
p. As mentioned in Introduction[], the first method
1s just the Bernoulli trials assuming the obligors’
independence, while the second method provides
the estimation of p under the assumption of obli-
gors’ conditional independence of each other under
the influence of a certain systematic factor.

2.1 Binomial distribution

Let X1, Xo, ..., X, be independent copies of
Bernoulli random wvariable X which distribu-
tion is P(X = 1) = p = 1 - PX =

0). In risk management, the random wvariables
X1, Xo, ..., X, are treated as independent obli-
gors and the attained value X; =1,1=1,2, ..., n
means that the i’th obligor defaults within some
observation period (typically one year), while X; =
0,i=1, 2, ..., n means that the i’th obligor does
not default within the same observation period.
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and its inverse by B;lﬂ(a:), z € (0,1).

e We say that the random wariable X is
normally distributed with parameters p € R
and 0% > 0 (denoted by X ~ N(u, 0?)) if
its probability density function is

1

oV 2m

Ppuor(@) = e CH g R

We denote the cumulative distribution
function of the normal distribution by

Bl = [

and its inverse by ([3;102 (x). We recall the

symmetry ®, ,2(x) = 1 — @, s2(—x + 2pu)

and write o(z), ®(z) and ®~(x) respecti-
1),

vely if X ~ N

SDM,JQ(y)dya r€eR

),
(

The other distributions met in this paper, are
introduced in the proper places where they are used.

Then, the sum Y = X1 + X9 + ... + X,, may

attain any value from the set {0, 1, ..., n} with
probability

P(Y = k)

(T K n—k _

= <k>p 1-p)" " k=0,1,....,n. (1)

The probability mass function of the binomial
distribution means the probability to default k
out of total n obligors in the portfolio, while the
distribution function

Bing, p(k) = P(Y < k)

_ g <Z?>pi(1—p)"—i, k=0,1,...,n (2)

is the probability to default no more than k obligors
out of total n. Obviously,

Bing p(n) =P(Y < n)

= g (?)pi(l —p)" ' =p+1-p"=1

for any p € (0,1).

In many examples, e.g., tossing a coin or a
die, the experiment’s success probability p is known
beforehand. However, in real-life problems, such as

64
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default probability estimation, the probability p is
desired to know. In order to get p out of or
we need an expert judgment first. Let us suppose
that the probability of the amount of defaulted obli-
gors does not exceed k € {0, 1, ..., n— 1} out of
n 1s at least 1 —~. Then,

k
. ny n—i
Bing,, (k) =P(Y < k) = ; <Z>p (1-p)
2(1_7)7k€{0717"‘7n_1} (3)
and, in view of Proposition [I], the upper bound of
default probability p is

(4)

where B;—lk,k-s-l(') is an inverse of beta distribu-
tion function. In particular, if k = 0, i.e., we
are certain with probability 1 — ~ that there be no
defaulted obligors at all, then

p<l— B;ik,kJrl(l =),

p<1—(1—y)tm

The probability 1 — ~ can be introduced as
the probability of type I error, also known as
the false positive instance classification, which in
our contert means that the actual probability of
default does mot belong to the predicted interval
0<p<1- B;ik7k+1(1 —7); see [4]. Moreover,
the confidence interval of the binomial distribution
is known as the Clopper-Pearson interval; see [5],

[3/.

2.2 Mixture of Binomial and Normal
distributions

Let r be an annual return rate and (1+7/n)", n €
N the increment of the invested amount when the
return rate is compounded n times per year. It is
well known that (1 + r/n)" — € when n — oc.
Thus,

Vi = Vie"

assuming the continuously compounded return,
where Vi > 0 denotes the final value and Vi > 0
the initial one. Based on the previous thoughts, we
define

Tlog i= 1nE =InVry —InVj.

o 6

The return derived in 1s called the logari-
thmic return or just log-return. We now assume
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the logarithmic return to be a random wvariable.
More precisely, we assume

Tlog = ﬁS—Fﬁ, (6)
where B € R, S ~ N(u1, U%), & ~ N(u2, U%);

the random wvariables S and & are independent
and both non-degenerate. Also, S is known as
systematic risk factor, while & as idiosyncratic; see
[9]. The origin of return’s definition (6) has simi-
larities with the capital asset pricing model which
states that every expected return Er; under certain
assumptions satisfies

E(r; —ry) = BilE(rar —7y),

where 1y 1s the risk-free return rate, rpy the return
of systemic portfolio M and B; = cov(ri, rar) /o3,
see, for example, [0] and observe that @ implies
IE:("“log —¢&) = BES.

Let us now standardize the log-return @ It
is easy to check that

rlog:BS—i—f =

Tlog — IErlog ,8

S —ES —E
os L% § f'

O-Tlog O-Tlog os O-Tlog 0‘5

Thus, it is equivalent to define rioq as

'Flog :\@S"i' \/ 1_957 (S [031]7

2 2 9

g B0

0= <5 > = 5
UTlog

= 2, 27
Brog +of

(7)

where

(8)

and S, §~ are independent standard normal random
variables. Indeed, 1159 ~ N (Bu1 + 2, B20% + 09)
is quivalent to Ty ~ N(0, 1).

We note that

gs

2 o 2
1= O'gl — ﬂ + 3
9 O-Tlog O-rlog

and the coefficient o in 1s called the asset
correlation (see [19]); it expresses the correlation
between Tioq and S':

corr(Tiog, 5) = cov(\@g + mg’ g) = /e
We now define the default event D by

o

1, if VoS + T — o€ < xp,

0, otherwise.
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Of course, D
and z, = ® Yp) since the random wvariable
\/@g + /T = o€ is standard normal. We now are
interested in that particular p which causes D =
1. Conditioning on S, assuming that the

systematic factor attains some particular value
x € R, for o # 1, we have

is  Bernoulli random wvariable

1.€.,

P(D:1|§=x)zp<§<q)

Q:v)

(P Hp) -
“I’< VI o

and
0|5 = z)
~'(p)
. (11)
(o)
The random variable

o (20— oS
Vi

where S ~ N(0, 1), is known as Vasicek distri-
bution, see [18].

Let D1, Do, ...,D, be the conditionally
independent copies of the random variable D when
the systematic factor S = x. Then, D := Dy +
Do +...+ D, is binomial random variable and the
conditional probability that D =i if S = x is

B0 =5 =) = () o (D VB
(s |

o '(p) - \/Ew)>"_
Vie )

where 1 = 0, 1, ..., n. Thus, being certain with

probability at least 1 — ~y, that there default up to

k€ {0,1,...,n— 1} obligors out of total n, by
the law of total probability we get

) ,p€(0,1),0€[0,1), (12)

(13)

P(ng):ﬂ»z(

+oo

N i()(( ))

o~ '(p) — o
1—-@ r>1—7. (14
(e (R )) a9
Notice that if kK = n, then the inequality 18
satisfied with any p € (0, 1) when v € [0, 1].
Also, o = 0 in implies the inequality (3)).
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Equally, the integral in 1s nothing but the
mixture of the binomial and Vasicek distributions:
it is the cumulative binomial distribution function
Bing, p(k), k =0, 1, ..., n when the parameter p
is Vasicek distributed (12)). See [12] for the mizture
distribution models.

According to Proposition [2], the upper bound

of p in 18
— 0 (VI=oFn,(1=) . (15)
where F

. k ki1, 0¥): ¥ € R is the inverse of the
cumulative distribution function

F,_ k, k+1, g(y) =

/Bn ke k41 ( <\/I<I>1(x) +y>) dx. (16)

It is not easy to get a more convenient
expression of the cumulative distribution function
Fo i k+1,0(y) in . Thus, we shall search for
the quantiles of the underlying distribution, descri-
bed by Fr_k k+1,0(y), numerically; see Section .
Of course, the function Fy,_i 11, ,(y) is defined in
view of Proposition |2| by replacing

in and there is equivalent to search for such

p € (0,1) that
o1 P
Fokkt1,0 (— H) >1—7
or

Fn—k, k+1, g(p) =

o L(p
1- Fn—k,k+1,g (_ ( )

Tr)<a

where Fy_g 111.0(p), p € (0,1) is the continuous
cumulative distribution function with respect to p.

Let us mention that the probability distributi-
on, described by its cumulative distribution functi-
on

BNa,ﬁ,u,GQ (:L') = Ba,ﬁ (¢‘u7o’2(l‘)) , T € R,

15 known as We write X ~
N (a, B, 1, 02) if X is the beta-normal random
variable and bng 5, ,2(7), * € R denotes its
density. See [1], [8], [10] and [15] for the beta-
normal distribution. Thus, F, g ,(y) in can

beta-normal.
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be easily described in terms of the beta-normal di-
stribution. See also [2] as the good initial source
on credit risk management and some other insi-
ghts deriving inequality . Equally, in view of
, we depict the probability density function

d Fa, B, Q(y)

7 ,YER, a>0,6>0,0<0<1
Yy

for some chosen parameters in Figure and
the cumulative distribution function F, g o(y)
correspondingly in Figure [2] below.

051
0375
025

0.125

-3 -2 -1 0 1 2 3
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0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8

— =2 B=5,0=025 — a=5; =2 0=0.25 — a=pB=2; 0=0.25
— a=f=2;0=05 a=B=1, O=so<l — a=B=1/2; 0=0.25
Figure 3: The probability density function whose
cumulative distribution function is Fy,_, k41, 0(p),
pe(0,1).

— a=2, $=5;0=0.25 — a=5; B=2, 0=0.25 — a=B=2; 0=0.25

— a=p£=1 0=0.25 a=p=1; 0=0.75

Figure 1: The probability density function whose
cumulative distribution function is Fy, g ,(y), v €

-

I L L L
-3 -2 -1 0 1 2 3

—— a=B=1 0=0.25 a=B=1; 0=0.75

Figure 2: The cumulative distribution function
Fo8,0(y), y €R.

The derivative of Fn,hml’g(p) m and
the cumulative distribution function Fn_k, k+1,0(D)
for some chosen parameters are depicted in Figure
and Figure [4] below respectively.

0.75

05

0.25

0 0.1 0.2 0.3 0.4 05 0.6 0.7 0.8

a=2; =5, 0=0.25 — a=5; f=2 0=0.25 — a=p=2; 0=0.25

0.9 1

a=p=2; 0=05 a=p=1; 0<o<l — a=p=1/2 0=0.25

Figure 4: The cumulative distribution function

Fn—k, k+17g(p)7 pE (07 1)

a=2;, =5; 0=0.25 — a=5; B=2, 0=0.25 — a=p=2; 0=0.25

The depicted functions in Figures relate
the search of the upper bound of p with the quantile
function of 1 —~ under the underlying distribution.
According to Propositions [2] and [8, in Figures
[6] and [7] below we illustrate the search of the upper
bound of p relation with the partial volume of the
unit given by 1 —~ (the blue colored volume in Fi-
gures |§| and E[) under the joint density surface.
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Figure 5: The joint density ¢(z)bna, g, 0,1(y),
(z, y) € R? and the line \/oz — /T — oy = @~ (p),
whena =5, =2, 0=1/2and p = 1/10. The red
colored volume corresponds to \/or — /1 — gy <
®~Y(p), while the blue one is 1 — v = 0.869. In
other words, the inequality with 1—+ = 0.869,
k=1, n = 6 and o 1/2 is satisfied when
p € (0, 1/10].

2023, 2

Figure 6: The joint density 1-bng 5.0,1(y), 0 < z <
1, y € R and the curve ,/p@ '(z) — VT — oy =
®~1(p), when o = 5, 8 = 2, o = 1/2 and
p = 1/10. The red colored volume corresponds to
V0@ (z)—/T=py < ® !(p), while the blue one
is 1 — v = 0.869.

68

Bulletin of Taras Shevchenko
National University of Kyiv
Physics & Mathematics

Figure 7: The joint density 1- b, 5(y), 0 < z, y <
1, and the curve \/p® '(z) — VT =00 !(y) =
& 1(p), when a = 5, 8 = 2, ¢ 1/2 and
p = 1/10. The red colored volume corresponds to
Vo Hz) — vT=02 ' (y) < @ !(p), while the
blue one is 1 — v = 0.869.

To estimate the probability of default p
by or among the portfolio sub-classes
A1, Ag, ..., A, where Ay represents the lowest
risk borrowers and A; the highest respectively,
there was proposed a method of conservatism;
see [I4)]. The method of conservatism states the
following. Let ny, no, ..., ng, ki, ko, ..., k; and
P1, P2, ..., Py be the number of obligors, the
number of expected defaults and default probabi-
lities over the portfolio sub-classes Ay, As, ..., A;
respectively. Then ny +no...+n;=mn, k1 + ko +
...+ k; =k and the probability of defaults p1 shall
be estimated using the parameters (n, k) in or
, pe shall be estimated using (n —ny, k — k1),
p3 with (n —ny —ng, k— k1 — ka) and so on up to
p1 which shall be estimated using (ny, k).

Discussions and dissatisfaction among the
practitioners that the estimates @ or of the
probability of default are too conservative, force
some adjustments to estimate p conditionally (bi-
ased), see [16] and related papers.

3 Statements

In this section, we recall the connection between
the binomaial and beta distributions, provide several
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equivalent forms of inequality , and its
connection to the normal multivariate distributi-
on when there are no expected defaults, i.e. k = 0.

Proposition 1. Letn e N, k€ {0,1,...,n—1}
be fized andp € (0, 1). Then the cumulative distri-
bution function of binomial and beta random va-
riables are related as

1 = Bit1n—k(p) = Bu—pp+1(1 — p)
= Bingpp(k), p € (0, 1).

NOTE 1: Let us emphasize that the function
Bing, (k) in Proposition || is understood as the
function of p € (0, 1), when n and k are fized.

Proposition is often met in probabilistic
books; e.g., [4, p. 82].

Proposition 2. Letn e N, k€ {0,1,...,n—1}
be fizred and p € (0, 1). Then the inequality

admits the following equivalent representations:

[
qu@))) dr (18)

e
- o
B k,k+1< ( o JToo

1
Y -1
— | B, o, /-2 ol
/ m(( e

L ORARPN
VIi—o

21_’}/)

p(T) X

x —

(19)

where Bp_j k41(-) is the cumulative distribution
function of the beta random variable.

NOTE 2: The same way as Proposition [I]
relates the cumulative distribution functions of
binomial and beta distributions, Proposition
relates the cumulative distribution function P(D <
k), & € {0,1,...,n} from to the ones
in or when p € (0,1). Of course,
Bk k+1(+) in and can be easily replaced
by BN p—k k+1,0,1(-) due to the argument ®(-).

We denote U(0, 1) the uniform distribution
over the interval (0,1). Then, the following
proposition is correct.

Proposition 3. Let X ~ N (0, 1), Y ~ BN (n —
k,k+1,0,1), Z~U0,1), W ~B(n—k, k+1)
and suppose that the random wvariables in pairs
(X, Y), (Y, 2), (Z, W) are independent. Then
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the distribution function in or , when

€ (0, 1), equals to
P(®(yoX —yI—oY)>p) =
— QY) >0p

P <<I> <\/§<I>_1(Z) -
- \/ﬂ‘P’I(W)) > p

P (@ (yoo

NOTE 3: Of course, there can be given some
other joint distributions’ expressions than those

provided in , , .

Corollary 1. If k=0, n € N and X ~ N(0,1),
then the left hand-side of the inequality 18

- [Tewer (-2
=Pr (=2 '(p), ..., =2 (p)),

where ®r is the Gaussian copula with the correla-
tion matrix

(23)

> dx (24)
(25)

1 o 0
o 1 0
R=|" )
o o ... 1

nxn

On top of that, the multivariate density of ®r

m 18
i=1T z 2921<z<]<nx1xﬂ}

(1+(n—2)p
—2(1 0)(1+(n—1)o)

)1 = o) (1 + (n—1)o)
xn) € R™.

, (26)

(xh""

Corollary |1 and its proof (see Section m-
plies

. > (p)
E® ( 1-— QX * \/m)
= p (B (p), -, 271(0)),

where X ~ N(0, 1), and these moments of Vasi-
cek distribution are connected to the moments
of the probability distribution given by

(5) [ o (=)

vIi—o
> 1(p) —

gm)) dx,

— = (27)
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where n € N and i € {0,1,...,n}, see (13).
Indeed, due to the well-known moment-generating
function of the binomial distribution, the moment-

generating function M (t) of is
. <1>< o v <1>‘1(p)>
1—-o0 Vv1I—op

+<1><—\/EX+ %)a)n,teﬂ@,

where X ~ N(0, 1). Notice that M (logt) is the
probability-generating function of the underlying
distribution.

4 Proofs

This section provides the proofs for three
formulated statements in Section [3. The majori-
ty of the given proofs are commonly known among
researchers or scholars and it is difficult to give
any nitial source.

Proof of Proposition [I] Let us first show that

1= Biy1nk(p) = Bakrs1(1 —p).
Indeed,

fol_p u"_k_l(l — u)kdu B
Bn—k, k+1)
flp(l o .’L‘)n_k_llbkd;v fpl xk(l _ x)”_k_ldx
Bn—k, k+1) B(k+1,n—k)
_ Bk+1,n—k)— Tak (1 —a)
B(k+1,n—k)

=1- Bk+1,n—k(p)'

Bk k411 —p) =

We now aim to prove

1- ann,p(k) = Bn—k,k—i—l(l - p)7
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One may observe that f(0) =0, f(1) =1 and the
derivative

n—1\ 0
n 1_
Rl P VA p))
n! k —-1-k
S ————
Wi k=i 1P

is positive for all p € (0, 1). Thus, f(p) is the
cumulative distribution function over the interval
p € (0, 1) and its derivative is nothing but the
density of the beta distribution with parameters
(k+1,n—k), ie.,

d‘z;](?p) = bk+1,n—k(p)
F(n+1)

= Rt ot P e (0,

where Binpp(k) is considered as a function of  proof of Proposition Pl The integral in im-

p € (0,1) when k and n are fixed. Let us rewrite

f(p) :==1— Biny, p(k)

n

=y <?;>pi(1—p)n_i,k:(), 1,...,n—1

plies by Proposition while implies
by the change of variable ®(z) — x. O

Proof of Proposition [l The probability is
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implied by ((18) observing that because

[ et

/f

[
©(@)bnp—, k41,0,1(y) dr dy
)
- @X - V%)
=P (VoX —vI-o¥ > 07\ ())

:IP’<<I><\/§X— —QY)>p),

when X and Y are independent. The remaining

probabilities and are implied by the
integral in by the same arguments. O

bnn k k+1,0,1(y)dy | dx

:p(y<

Proof of Corollary [1, Let a, b € R. Assume the
random variables Y7, ..., Y, are independent and

identically distributed by N'(0, 1). If X ~ N(0, 1)

and Y7, ..., Y, are conditionally independent of
X, then
P(Yi<aX+b,...,Y, <aX +b) =
+oo
/ P(Yi1 <aX+b,...,Y, <aX +bX =1)
—o0
X p(z)dr

I

The equality follows by choosing

a= b= —
\/1—9

while the equality is implied observing that

P(,ﬂ —oVi —oX < —07Y(p), ...,

o(x)®"(ax + b) dx = E®"(aX + b).

o0

1— oV, —oX < -3~ (p ))
=P (-2 (p), ..., —2'(p),
where
L o 0
=]l
o 0 1
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corr(ﬂl@ —oX, \/HYJ — \/§X>

and

E(«/l—gifi—\/@X) —0,i=1,....n
The determinant of R is
(1-0™"'(1+(n—1)p)

and the inverse matrix of R admits the following
representation

1,i=7,
0,1 #]

|R| =

- 1
B i+ m-ne
1+ (n—2)p —0 —0
—0 1+ (n—2)e —0
*.Q *.Q 1+(ﬁ*2)9

Indeed, it is easy to check that RR™' = I, where
I is the identity matrix. Then, the multivariate
density is implied by the formula

exp{ (w1, ..., zn) R (2, ..., xn)T}
(2m)"|R| ’
(1, ..., xn) € R",

see, for example, [I1], [1], [17].

5 Examples

Example 1. Suppose there are up to 3 defaults
expected with probability 1 — ~v out of 800 obli-
gors which are split into three risk classes: A, B
and C, where A represents the lowest risk and C
the highest. Assume the numbers of obligors are
100, 400, 300 and the numbers of expected defaults
are up to 0,2,1 in risk classes A, B and C
respectively. We apply Propositions and the
method of conservatism introduced in [T]|] to esti-
mate the probabilities of default pa, pp and po in
risk classes A, B and C.

The method of conservatism (see [14] and the
description by end of Section states that pa
shall be estimated for the entire portfolio, i.e.,
n = 800 and k = 3 in the considered case. The
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probability pp shall be estimated for the entire
portfolio excluding the class A, i.e., n = 700 and
k = 3 in the considered case. Then, the probability
pc s estimated using n = 300 and k = 1 as per
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the riskiest class C.

Using Proposition the wunderlying logic
stated in subsection and the method of
conservatism, we obtain Table [I]

v 05 | 075 | 09 | 095 | 0.99 | 0.999
1— Brgr ((1—7) | 0.46% | 0.64% | 0.83% | 0.97% | 1.25% | 1.62%
1— Bygr ((1—7) | 0.52% | 0.73% | 0.95% | 1.10% | 1.43% | 1.85%
1— By o(1—7) | 0.56% | 0.90% | 1.29% | 1.57% | 2.19% | 3.04%

Table 1: The upper bounds of p4, pp and pc.

Note that the numbers in Table [l are given
in [T4l] too and we replicate them for comparison
purposes, especially calculating the quantiles of the
underlying distribution given by F,_i k11, 0(y)-

in Ezample [II Then, using Proposition the
underlying logic stated in subsection the
method of conservatism, and the function "Find-
Root"in program [13] we obtain Table [2| and Table

Suppose the asset correlation o = 12% Bl
vy 0.5 [ 0.75 ] 0.9 | 095 0.99 | 0.999
F779%,4 012l =) | 261|234 ]209|194|1.67 | 1.36
F6_9%74 012(1—7) | 257 1229 | 2.04 | 1.90 | 1.62 | 1.31
F2_9572 012(1—7) | 255|225 ]198 | 182|152 1.19

Table 2: The quantiles of distribution which cumulative distribution function is Fy,_ k1, 0(¥)-

¥ 0.5 0.75 0.9 0.95 0.99 0.999
®(a) | 0.71% | 1.41% | 2.49% | 3.41% | 5.88% | 10.08%
®(b) | 0.80% | 1.58% | 2.76% | 3.77% | 6.43% | 10.91%
®(c) | 0.84% | 1.75% | 3.18% | 4.41% | 7.67% | 13.13%

Table 3: The upper bounds of p4, pp and po under the influence of systematic factor. Here a =
—/1— QF{Q%A’OM(l —7v),b=—/1—- QF(S_Q%A’(].H(l —7),c=—y/1— QF2_951972’0'12(1 — ) as provided

in Table

The provided numbers in Table |3| match the
corresponding ones in [1]|] except few cases caused
by rounding errors in the fourth decimal place.

Example 2. Suppose there are up to 7 defaults
expected with probability 1 — v out of 1500 obli-
gors which are split in four risk classes: A, B,
C and D where A represents the lowest risk and
D the highest. Assume the numbers of obligors
are 400, 700, 250, 150 and the numbers of expected

72

defaults are up to 2, 1, 3, 1 in risk classes A, B,
C and D respectively. We apply Propositions
and the method of conservatism introduced in [17)]
to estimate the probabilities of default pa, pp pPc
and pp in risk classes A, B, C' and D.

Using Proposition the wunderlying logic
stated in subsection and the method of
conservatism, we obtain Table [4
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ol 0.5 0.75 0.9 0.95 0.99 0.999
Biiss(1—7) | 0.51% | 0.65% | 0.78% | 0.87% | 1.06% | 1.30%
Bioos.s(1— ) | 0.52% | 0.67% | 0.84% | 0.95% | 1.19% | 1.49%
By s(1—7) | 1.17% | 1.56% | 1.99% | 2.27% | 2.87% | 3.65%
Bioo(1—7) | 1.12% [ 1.78% | 2.57% | 3.12% | 4.34% | 5.99%

Table 4: The upper bounds of pa, pg, pc and pp.

Notice that 83191(3,5(1/2) > 81?972(1/2) in Table
El and, as stated in [T}, Footnote 6/, ”... this is not
a desirable effect, a possible work-around could be
to increment the number of defaults in grade D
up to the point where pp would take on a greater
value than po ...”.

Suppose the asset correlation o = 12%
in Ezample 2l Then, using Proposition the
underlying logic stated in subsection the
method of conservatism, and the function "Find-
Root"in program [13] we obtain Table |5| and Table
0l.

v 05 [0.75] 0.9 [0.95]0.99 [ 0.999
Fiis.s.012(1—7) | 257 [ 2.31[2.07 | 1.93 | 1.67 | 1.37
Fiobs.6.012(1 —7) | 257 [ 2.30 [ 2.06 | 1.92 | 1.65 | 1.35
Fig6.5.010(1 =) [ 227200 [ 1.75 [ 1.61 | 1.33 [ 1.02
Fig.0.012(1—7) [230[1.98[1.71 [ 1.54 [ 1.24 | 0.91

Table 5: The quantiles of distribution which cumulative distribution function is Fy,_ k1, 0(¥)-

5 05 | 075 | 09 | 095 | 099 | 0.999
®(a) | 0.79% | 1.51% | 2.59% | 3.49% | 5.58% | 9.90%
o(b) | 0.79% | 1.53% | 2.64% | 3.58% | 6.06% | 10.23%
d(c) | 1.64% | 3.04% | 5.01% | 6.60% | 10.61% | 16.87%
&(d) | 1.56% | 3.13% | 5.45% | 7.36% | 12.21% | 19.76%

Table 6: The upper bounds of pa, pp, pc and pp under the influence of systematic factor. Here

a=—y1- QFﬂé&s,o.lz(l —9),b=—/1— QFf()éE),ﬁ,o.m(l =), c=—/1— QF?I)};,5,0.12(1 -7),d=

—/1— QFI:L}),ZO.H(]' — ) as provided in Table

Notice that Figq 5 0.15(1/2) > Figg 5 012(1/2)
i Table and consequently the corresponding
upper bounds of pc and pp in Table [6] maintain
the upper bound reversal.

6 Concluding remarks

As stated, this survey article gives a detailed
probabilistic overview of two methods for the
upper bound of default probability. The provi-
ded insights reveal the important role played by
the beta-normal distribution. However, the beta-
normal distribution appears to be little studied,
compared to the wvoluminous literature for the
separate normal or beta distributions. It would be
of interest to get any closed-form of the inverse

of Fu,p,o(p) (see (16)) in terms of a superposi-
tion of @;7102(-) and B;lﬁ(-), which  possibly
would include studying the cumulative distribution
function @, ;2 (a(I)il&Q (x) +b) when a, b € R
and x € (0, 1).
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Asymptotics of the mild solution of
a parabolic equation with a general
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AcumMnToTuka M’SIKOTO PO3B’A3KY
napaboJiivHOro piBHAHHS i3 3arajibHOIO
CTOXaCTUYIHOIO MipOIO

KuiBchkuit mamiona/ipHuil yHiBEepcuTeT ime-
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Anomauis. Poseasnymo sadawy Kowi 0aa napabosiunozo pisHAHHA 6 00HOBUMIPHOMY NPOCMO-
Pi, KePoBar020 3a2GAbHON0 CMOTACMUYHONW Mipoto. Jlosedeno, wo 3a NesHUX YMO8 M AKUT PO36 A30K
NPAMYE 00 HYAA MAUAHCE HAMEGHO, AKUO ADCONOMHA BEAUHURA NPOCTOPOGOT 3MIHHOL npamye 00 He-
CKIHYEHHOCT.

Ka10406i ca06a:; acumMnmomuyna noeedinga, Cmoracmuyha Mipa, CIOTACMuYHe napaborivre pie-
HANHA, M axul po3s’asok, npocmip Becosa.

Abstract. We study the Cauchy problem for a parabolic equation on the line driven by a general
stochastic measure. Under some assumptions, we prove that the mild solution tends to zero almost
surely as the absolute value of the spatial variable tends to infinity.

Key Words: asymptotic behavior, stochastic measure, stochastic parabolic equation, mild solution,
Besov space.

Communicated by Professor Yuliya Mishura.

1 Introduction of R, and the operator L has the form
0?u(t, x) ou(t, x)
We continue investigation of the parabolic equati- Lu(t, ) = a(t) 92 +5(1) or +
on driven by a general stochastic measure. Namely, du(t, x)
we study the asymptotic behavior of the mild +e(t)ult, ) — ot (2)
lution.
soration where functions a, b, ¢ are defined on the set
Let Lo(€2, F,P) be the set of all real-valued
random variables defined on complete probabili- S=[0,T]xR={(t,z):t€[0,T], x € R}.

ty space (€2, F,P), X be a metric space and B(X)
be a o-algebra of Borel subsets of X. Let u be a
general stochastic measure (or simply «stochastic

The solution of equation (1) is understood in
the following mild sense

measure» ) on B(X), i.e. a o-additive mapping p :

B(X) — Lo(2, F,P) (see, for example, |1, Secti- u(t, ) —/p(t,x;O,y)uo(y) dy+

on7|). We do not require the fulfillment of any ¢ ®

other assumptions except o-additivity. —|—/ ds/p(t,x;S,y)f(Syy,u(Say)) dy+
0 R

Consider the following equation

+ /R du(y) /0 p(t.zss,y)o(s.y)ds.  (3)

{ Lu(t, z)dt + f(t,z,u(t,x))dt + o(t,z)du(xr) = 0, Here p(t,z;s,y) is the fundamental solution of the

u(0,2) = up(x), operator L defined by (2). The integrals of random

(1) functions with respect to ds and dy are taken for

each fixed w. Some approaches to a definition of

such integrals and their properties are investigated

where (¢t,z) € [0,T] x R, u is a general stochastic in [2]. For more details about the definition of the
measure defined on the o-algebra of Borel subsets mild solution see |3, Chapter 6].

(© LM. Bodnarchuk. 2023
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The existence, uniqueness and Holder Then by [11, Lemma 3.2] the stochastic functi-

regularity of the solution of equation (3) are
proved in [4].

Our aim here is to establish the conditions
under which that the solution of problem (3) tends
to zero almost surely as the absolute value of the
spatial variable tends to infinity. The same result is
presented in [5] for the heat equation. We generali-
ze it to the case of a parabolic equation.

Boris Manikin in [6] obtained the asymptotic
properties of the same parabolic equation as
t — o0. The particular case of this problem (heat
equation) is considered in [7].

Similar asymptotic behavior and the regulari-
ty of the mild solution of the wave equation
with general stochastic three-
dimensional space are investigated in [8] and [9].

The heat equation with stochastic measure
depending on time variable ¢, is considered in [10],
where it was proved that the mild solution tends
to zero as |z| — oco.

measure in

2 Preliminaries

Consider the Besov space BS([b,c]), a €
(1/2,1), b,c € R, that is, the space of functions
g : [b,c] = R such that the norm

9l Bg, (1b,el) = 1191l (1b.c) +

b 2 3
([ wapator)star)®,
0

is finite. Here
o
(f

For any fixed j € Z put

1

h 2
wspag(gr) = sup ([ lg(s +h) - g<s>|2ds) .
0<h<r

AR =G+ (k-1

n=>0, 1<

127", j + k27"
k< 2™

B

Let function

g(t,z,v): [0, T| xRx[j,j+1] — R

be such that V(t,z) €
nuous on [j,j + 1].
Put

[0,T]xR: g(t,z,-) is conti-

gn(t, =, v) Zg(t z, 7)1 (v) +
+ ) gt i+ ( — 12710 (v).

1<k<2n

76

on

wta) = [ gt 0)da(o), (t.0) € [0.TIXR,
[5,5+1]

has the version

ﬁj(tvx) = / 90(t7$av)dﬂ(v)+
[7,5+1]

+Z/{j

n>1

— gn-1(t, x,v))du(v),

(4)

(gn (ta xz, ’U)
J+1]

such that, for all

e>0,weQ,(t,

x) €0, 7] x R,

we get

7 (t,2) < |g(t, 2, 4)u(lj, 5+ 1)) |+

+{Z 2" N gt @i+ k27—
n>1 1<k<2n
—g(t,:E,j + (k - 1)2—n)|2}

1

For this version we have, by [12, Theorem 1.2],

(SIS

X

A(])

2

> 3 u

n>1 1<k<2n

7;(t, z)| <

S T WaEl, )

kn
n>1 1<k<2n
where o« = £/2+1/2 and the sum with a stochastic
measure is finite by [11, Lemma 3.1]. Note that
we can chose the same version (4) for all (¢t,z) €
[0,T] x R, while the constant C' depends on « and
does not depend on j,t, x,w.

ln(A

3 Main result

The following conditions are assumed throughout
the paper.

Al. Function up(y) = uo(y,w) : R x @ — R is
measurable and bounded, namely,

[uo(y, w)| < Cuo (W)-
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A2. Function ug(y) is Holder continuous in
y € R, that is,

[uo(y1) = uo(y2)| < Lug (@) [y1 — 2,

Blug) = 1/2.
A3. Function f(s,y,z) : [0,T7] x RxR — Ris
measurable and bounded, namely,

£ (s,y,2)] < Cy.

A4. Function f(s,y, z) is uniformly Lipschitz
iny € R, z € R, that is,

|f(s,y1,21) =f (5,42, 22) | < Ly (|y1 — y2|+|21 — 22|).

A5. Function o(s,y) : [0,7] x R — R is
measurable and bounded, namely,

|o(s,9) < o

A6. Function o(s,y) is Holder continuous in
y € R, namely,

lo(5,91) — 0(5,92)| < Lo |y1 — 42|*@, B(0) >1/2.

A7. Fundamental solution p of the operator L
is homogeneous in the space variable, namely,

p(t,x;s,y) = p(t,x —y;s).

A8. Functions a(t), b(t), c(t) are continuous
in [0,7] and there are ae > 0, A > 0, Ag > 0 such
that

la(ty) — a(te)| < Aty —t2|, a(t1) > Ao,

for all ¢1,t2 € [0, 7.
A9. Function |y|” is integrable with respect to
p on R for some 7 > 1/2.

A10. |ug(y)| — O,

sup | f(s,y,2)| = 0,

s€[0,T], zeR
as |y| — oo.

Note that we consider the fundamental soluti-
on p of the operator L that is homogeneous in
the space variable (Assumption A7). In this case
coeflicients a, b, ¢ do not depend on the space vari-
able.

If Assumption A8 holds, then according to [13,
Section 4, Theorem 1| we have

1 Ae?
Ip(t,z;8)| < M(t—s) ze =5, (6)
t, x; |2
‘8]9(8’5’ s) < M(t— 3)*16_1.@ 7 (7)

where X\ and M are positive constants.

The symbols C' and C(w) denote nonrandom
and random constants which can vary from line to
line.

2023, 2
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Theorem 3.1. Suppose Assumptions Al—A10

hold. Then the solution of equation (3) has a versi-

on u(t,x) such that for all t € [0,T], w € Q,
lu(t,z)| = 0, |z| — oo.

Proof. According to [4, Theorem|, under

Assumptions A1-A7 for all t € [0,T], 2 € R,

equation (3) has the unique solution u(¢,x).
We have

W@wﬂékép@w—ymMde4+

t
—+ /0 dS/Rp(t,l‘y;‘S)f(sayvu(Say))dy‘Jr

+

/Rd/t(y)/0 p(t,x —y;s)o(s,y) ds
— Li(t,2) + Do(t,2) + I3(t, ).

(8)

Now each of terms is treated separately.
First consider the integral with respect to
stochastic measure. Put

t
h(t,l‘,y) :/ p(t,x—y, S)U(Say)d‘sa
0

then

I3(t7 .’E) <

> /( IRUGERLCY
23

JEZ
Let arbitrary j € Z, t € [0,T], = € R, be
fixed. Then the random function

nﬂtx)=:/ Wtz y)du(y)
(J,g+1]

has a version (4) that admits estimate (5). This
version is denoted by the same symbol 7. Thus,
for any o € (1/2,1), we have

i (t, )| < |h(t, 2, 5)u(ld, J + 1))+
+C|h(t, 2, )| Bg, (.j4+17) X

S SERD SRS

n=1 1<k2n

.

and

Ig(t,.l‘) < Z |77j(t7 J})| < Jl(ta l’) + JQ(t>$)7 (9)
JEZ
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the following result.

) =Y |ht,z, (G5 + 1), To(t,x) <CY [\h(t,:z:, e+ +
JEZ JEZ
1 1
7) = C Dbt g, 41 % ([ agis () tar) } x
JEZ 0 o
. 1 . 1
D2 3 AP} {302 ST AP}
n>1 1<k<2n n>1 1<k<2m
= C > At )y (1 ¥
Consider the first term from (9). Get jez
X 1
: {2 3 w@aghR) +
CN—27 . n>1 <k<2m
Jit,z) < <Z<1+m> 2 rh<t,x,g>\2) x ek .
JEL ) +CZ</ w2’[j7j+1](h,r)) T_Qa ld )2
(Z 2 JEZ
X (1+!j!)27\u([j,j+1])2> = Fy - Fy. Ny s
—n, (@212
jez A2 Y AP <
{n21 1<kg2n }

By Assumption A8 for 7 > 1/2 according to < Ot x) + Cna(t, ).

[11, Lemma 3.1] for function (1 + [j])71(; j41(¥)
we obtain that Iy < 400 a.s. And we can assume
u(t,z) = 0 on the set of w such that Fy = 4o0. Tor(t,2) =

Further, by Assumptions A5,A7 and upper 1
2
bound (6) we have = (S I Ry

JEZ
« ( Z2fn€ Z
JjE

>+
7z n>1 1<k<2n

:DI'D27

Here

X

1

t
h(t,z,j <CU/ t,x— j:8)|ds < . 2
|n(t, z, 5))| (e = gis)lds ,H(A,&)),z) _

¢ 1 Aa—jl?

CoM | (t—s) 2e "t
0

<20,MVEt < C

<

s <

10
(10) and

Due to the fact >z (1 + 7)) 72" < +o0, we
conclude that Fj is bounded. Moreover, by esti-
mates from (10) we obtain, for any fixed j € Z,

X

YA+l

JET

Joa(t,z) = (

x (/01 (wa,fj 1) (o)) =27 dr) %D 2

X
h(t,x,j) =0, |x|— oc. (11) .
(T X X mag) -
Thus by the Lebesgue’s dominated convergence (; n%:l K%;zn
theorem we get — Dy Dy

Fi =0, |z|— oo Firstly, estimate the Ls-norm of function
h(t,z,-) for fixed parameters (¢, z). We have from
Consequently, (10), for any j € R,
. 1
J+1 2
Ji(t,z) =0, |z = oo. 1At @, )Ly (g 5+1) = </ \h(t,x,y)\Qdy> <
J

< CVit,

Now we consider term Ja(t, z). For it, we have
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hence, for any v € (0,1), where constant C' depends on
v, M, A and T.

1At 2, s (1) — Os 2] = 0. Taking into account the representation

We obtain that series D; converges and tends

t
to 0 as |z| tends to oo. jQ(t,x) < / ‘p(t,m — Yy — s)a(s,y)’ds+
On the other hand, by [11, Lemma 3.1] series . 0
Dy is bounded almost surely. Here we use Lemma +/ ‘p(t, z—y;8)o(s, y)‘ds <C
3.1 for functions

gi(y) = 2_%5(1+|j|)THA<”(y)’j € Z,n € N, k = 1, n.we can similary to (11) conclude that
kn

We can put u(t,z) = 0 on the set {Dy = +o00}. Jo(t, ) = 0, |z — oo. (14)
Thus,
Recall that v,y € (0,1) and B(o) > 1/2.
Jo(t,x) = 0, |z| — oo. (12) Thus,
Further we estimate function ws [ j41)(h,7), h(t, 2,y +v) — h(t, z,y)| < Cv™,
for r € [0,1], and term Jaa(t,x). Let v € [0,7], we
have where a; = min{f(o),~}. Since v € (0, 1) is arbi-
trary, the last estimate is correct for any a; <
‘h(t,l‘,y—F’U) —h(t,x,y)| = 5(0’)

Therefore,

t
/ p(t,x —y—v;s)o(s,y+v)ds—
0

wy [ j+1)(h, 1) =

t
—/ p(t,r —y;s)o(s,y)ds| <
0

1

J+l-v 2
t _ sup( / |h<t,x,y+v>—h<t,x,y>|2) <
</ Itz —y —v;8)||o(s,y +v) — o(s,y)|ds+ OSSN
0

1
< sup (C’\l—v|v20‘1> < Crot.

o<v<r

—i—‘/o (p(t,:c—y—v;s)—p(t,w—y;s))a(s,y)ds =

— jl(t,g;)_FjQ(t,x), Hence there exists o € (1/2,1) such that
1/2 < a<ag < B(o) and

1
2 _9q—
/0 (w27[j,j+1] (h, T)) T 2 1 dT‘ <

Next we use Assumption A6 and estimate (6)
to conclude

2
J(t,x J)/ M(t —1/2g= T g < 1 2(a1—a) |1
< / Cr—2a—1p2en g, — C'ri <O,
g 01}6(0). 0 2(0[1 — Oé) 0
Moreover, similarly to (11) we obtain where C' depends on (o).
. On the other hand, due to convergences
Ji(t,x) = 0, |z] = oo (13) (13) and (14), by the Lebesgue’s dominated

convergence theorem we conclude

Also, by A5 and (7),

~ 1
t Jo(t,x) = /0 (wQ,[j’j_H](h, 7“))27“_20‘_1 dr — 0, || — oc.
y+v t gy
_ / It = wis) o N dwds| <
ow Consequently,

t y+v )\\sz\Q
< C’U/ / M(t — s)_lef t—s  dwds. Ey — 0, |z| — oo,

0

According to upper bound (11) from [4] by A5 and similary to (12) we get

we get B
Jo(t,z) < Cv7, Jaa(t,z) =0, |z| — oo,
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and the same result is fulfilled for Ja(t,z) =

Jo1(t, ) + Jaa(t, x). That is why we have
Is(t,x) = 0, |z|— oo.

Consider another terms of (8). For an arbi-
trary yo € Ry, we have

Ir(t,z) <
t
< / ds/ p(t,z —y;s)f(s,y,u(s,y)) dy| +
0 ly|<yo
t
+ / dS/ p(t,x —y;8)f(s,y,u(s,y))dy| =
0 ly|>vo

= Iy (t,x) + I2a(t, ).

By Assumption A9 for any € > 0 there exists
Yo € Ry, such that

sup  |f(s,y,2)] <&, ¥V |y| > yo.

s€[0,T],zeR

Let fix this yy. Since

/R p(t,x — y: 9)ldy < C,

where C' depends on M, A from (6), and on T (see
[4, estimate (7)]), we can conclude that

Ino(t, o) < et < eT.
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Further by the Lebesgue’s dominated

convergence theorem we get
I (t,z) = 0, |z| — occ.
Here we use the estimates

|p(t,3j - Y s)f(s,y,u(s,y)| <

_ Az—y|?
t—s

< CpM(t—s) ze

(obtained by inequality (6) and Assumption A3)
and

_/\\'yo—y\Q

_ Az—yl?
t=s |$’ 2 Yo,

e t—s <Ke
and also the arguments similar to those applied in
the inequality (11).

Thus we obtain that I(t,x) tends to zero as
|z| — oo.

The same arguments and condition A10 for
function wug give us convergence

Li(t,x) = 0, |z| — oo.

As the result, we get the statement of our
Theorem.
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062060peno pe3yrbmamu po3paxyHKy aKyCMUYHUX HABAHMAICEHb HA NOBEPXHI CMApMYIO4oi paxkemu,
ompumani 3a 00nomoeoio Hanieemnipuunoi memoouxu NASA SP-8072 ons cmapmosoi nosuyii,
Po3mawio8anoi Hao axeamopiero odotimu. o ocobausocmetl cmapmosux cnopyo HAIedcamv 3MeHuleHa
0082ICUHA  2A30X00Y U HAABHICMb KIUHOBUOHO20 2A300UHAMINHO20 Oe@piekmopd, po30ileH020 HA 08d
CUMEMPUYHI  NPOMUNIEHCHO Cchpamogani cxunu. Illpu pospaxynkax Opanaca 00 yeazu MONCIUSICMb
00Medicen sl 00BICUHU TAMIHAPHORO SI0pA PeaKmUgHO20 CIPYMEHs Ni0 4dc 371emy 3a PaxyHOK 83aemoolii 3
Odeghaexmopom. Bnepuwie y éimuusnanii npaxmuyi GUKOPUCIIAHO CKOPE208AHY 3AAedCHICMb 07 PO3NOOILY
302aMbHOT aKyCMUYHOI eHepell y30080ic HA038YK08020 cmpyMeHs. [[ano OyinKy 6HecKie Odicepen 36YKY,
NO8'SI3aHUX 3 PI3HUMU OLISHKAMU CIMPYMEHSL, MAd aKyCMUYH020 8i00ummsi 6i0 NOepXHi 600U 6 3ANEHCHOCMI
610 sucomu niotiomy paxemu. Biosnaueno cymmesy 3a1edicHicms pe3yibmyrdo20 aKyCmuyHo2o nojst 8 OKOJi
20106HOT YaCMUHU pakemu 6i0 O0ACUHU 20PUBOHMATLHOL OLISHKU 2A30X00).

Kniouogi cniosa: axycmuyni Haganmasgjicenus, Ha038YKOBUL peaKmMUHULL CMpyMilb, Cmapmosi cnopyou,
HaniseMnipuiHa Memoouxd.

The paper deals with assessing the acoustic loads on the surface of a launching rocket obtained using the
semiempirical technique NASA SP-8072 adapted for a launch pad located above the water area. The
features of the launch facilities include the reduced length of the gas duct and the presence of a wedge-
shaped gas-dynamic deflector divided into two symmetrical oppositely directed slopes. The calculations are
made with the allowance for the limited length of the rocket jet's laminar core during take-off due to
interaction with the gas-dynamic deflector. A corrected dependence is used for the overall acoustic energy
distribution along the supersonic jet for the first time in domestic practice. The contributions of the sound
sources associated with different jet sections and acoustic reflection from the water surface are assessed,
depending on the current height of the rocket lift. A significant dependence of the resulting acoustic field
around the rocket head on the length of the horizontal section of the gas duct is noted.

Key Words: acoustic loads, supersonic jet, launch facilities, semiempirical technique.

CrarTio ipecTaBuB wieH-kopecnonaeHT HAH Ykpainu, a.¢.-M.H., mpod. XKyk 5.0.

Beryn ToMmy s onucy pe3yiabTyHOUOro 3BYKOBOI'O IOJI

HEOOXiTHO 3HATH «TOHKY» CTPYKTYpY

Xoya pakKeTH KOCMIUHOTO TIPU3HAYCHHS W
HaJeKaTh 0 HANMOTYKHIIIUX JDPKEpes 3BYKYy, Ha
HOro TeHepalilo BUTPAYaeThCs JIMINE Maja 4YacTKa
KIHETUYHOI eHeprii ra30JuHaMiyHOro MoToKy [1].

©T.41. baryrina, B.H. Omiitauk, 2023

HecTal[iOHAPHUX BHXPOBHX TIONIB Y ra30IMHAMIYHIX
CTPYMEHSAX pu JaMiHAPHO-TYPOYJICHTHOMY
nepexofii, popMyBaHHI IIapiB 3MilllyBaHHS, BHECKH
SIKHX TIPEBATIOIOTH B aKyCTUYHOMY BHIIPOMIHIOBaHHI
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JIBUTYHIB peaslbHUX pakeT. [Ipu Takux po3paxyHKax

AIBTEPHATHBOIO IpPSIMOMY YHCEIEHOMY
MOJICJTFOBAHHIO CTaJM HAIMIBEMIIIPHYHI METOIH, SIKi
CIHUPAIOTHCA Ha YHIBepcaJbHi posroninu

XapaKTePUCTUK aKyCTHYHUX JDKEpell, OTpPUMaHi B
eKcriepuMeHTax. BOHW HeBUOAriuBi 70 3alydeHuX
OOUYHUCITIOBATBHAX TIOTY)KHOCTEH 1 3a0e3NmevyroTh
NPUAHATHY s IH)KEHEpHUX MOTped TOYHICThH
pe3yNbTaTIB.

Y  1mpoMy  JIOCHI/DKEHHI  OOTOBOPIOIOTHCS
pe3yibTaTH, OTPUMaHi 3a JIOTIOMOTOI) METOIUKH
NASA SP-8072[2] mms craptoBoi miardopmu,
MpHU3HAYCHOI JUIS CTapTy pakeTh 3 akBaropil
BojioiiMu. [Ipoliec momMpeHHs 3BYKY MOJIETIOETHCS
Ha OCHOBI MiZIXOJTy TEOMETPUYHOT aKyCTHKH.

I'eomerpis 3apaui

PosrisiHeMo MoOAENbHY TEOMETpPil0 CTapTOBOTO
KOMIIJIEKCY, CTBOPEHOTO /sl BHBOAY Ha oOpOiTy
PpaKeTH-HOCIS KOCMIYHOIO Ipu3HaueHHs (puc. 1).

Zro
>
1 1
1 1
‘ ---------
1
1
Qo
|
i
1
* _________ NPOMiHb
1 %, eKPaHYETbCA
I 1
et ¥
1 = I-Q
0o | A
L
1
l ~ As
LU l‘ . .. :’: .
Bf i | Axepena
< i O ar IRREEEEEE > 3BYKY
v d;
? BOAHA NOBEpPXHA
=
v

yABHI Axepena 3BYKY

Puc. 1 Kondiryparis cTapToBOro KOMILUIEKCY
Bin
nopxkuHOK0 d, =8 M abo 16 M, po3mimeHoi Ha

CKJIAJIA€ThCSl 31 CTapTOBOi miatrdopmu

Bucoti /1, =10 M Hax ypisom Boau. Yci KOHCTPYK-

1ii CKJIAJa0ThCS 3 aKyCTHYHO JKOPCTKUX IUIMT TOB-
muHoto b =0.5 m. Ycepeauni miatgopmu BiIamiTo-
BaHO HACKPI3HUI TOPU30HTANIBHUN KaHaJ JUIS BiiBe-
JICHHSI Ta3iB PEaKTHMBHOI'O CTPYMEHS, PO3TalllOBaHUIt
TakKMM YHMHOM, IO BIJCTaHb BiJ IOBEPXHI
CTapTOBOTO CTOJIa JIO JHA Ta30X0Ay CTaHOBUTh

h

g
ra3oxiji y CTapTOBOMY CTOJIi BJIAIITOBAHO BOTHEBY

=5 M. [lng BXO@y pEaKTUBHOTO CTPYMEHS B
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npoiimy wmpunowo d, =3.6 m. Ilix wac 3nery

HEHTpallbHa BiCh PaKeTH NPOXOJHUTH Yepe3 IEHTP
BOTHEBOI MpOMMH, a BHXIIHWHA 3pi3 ii comna B
MOYaTKOBHM MOMEHT CHIiBNaja€ 3 IUIONMHOIO
craproBoro crona (H — moroyna BucoTa TimioMy
HaJl CTapTOBUM CTOjioM). 1)1 31ifiCHEHHS TTOBOPOTY
(dakena peakTHBHOTO CTPYMEHsS MO WEHTPY JHA
ra3oxo/ly pO3MIIIEHO Ta30AWHAMIuHUI JediaeKTop,
MOMEpEYHNH  Tepepi3  SAKOro  Mae  BUTIII

piBHOOEIPEHOro TPUKYTHHKA BUCOTOIO /1, =3 M 3
2a, = 60°
Habiraroun Ha nediekTop, MOTIK PO3AULIETHCS Ha
JIBA OJHAKOBI «pPYKaBH», SKi BHXOIATh 3 OIYHHX
OTBOPIB  Ta30XoAy B  BHINIALI  HPOTHICKHO
HaNPSMIICHHX TOPH30HTAIBHUX «XBOCTiB». BoaHy
MOBEPXHIO BBa)KAEMO TOPU30HTAIHLHOIO
HEOOMEXEHOI0 Ta iJealbHO BimOMBaroO4o0, a
MOXIIUBUM XBUITIOBAHHIM HEXTYEMO.

Touka crocTepexeHHs P pos3ramioBaHa Ha
Kopryci pakeru. Ii asuMyT cmiBmajgae 3 ogHUM i3
«XBOCTIBY» PEaKTUBHOTO CTpyMEHS. v
MO3I0BXKHLOMY HAIPSIMKY BOHA BiJajicHa BiJ 3pi3y

KyTOM  PO3XHIY NpH  BEpIIMHI.

coia Ha BigcraHe & , =17 M. Hexail niamerp

HATIHIPHYHOT YJaCTUHU pakeTu CTaHOBUTH

d,=2r,=2.4 M, a Buxiguii niamerp corua —
d, =1.5 m. Jlns po3s's3aHHs aKyCTHYHO] 3a/1a4i HaM

3HAJO0JATBCS TaKi XapaKTEePUCTHKH PEaKTHBHOTO
pymris ®a 3pisi comma: Tara N =2000 xH,
MIBHJIKICTh BUTIKaHHS PEaKTUBHHUX rasis

v, =2600 m/c Ta uncno Maxa M, =3.3.

Po3paxyHnkoBa cxema

B ocnoBi meromuku SP-8072 [2] nexwuts imes
3aMiHM aKyCTHYHO aKTUBHOI JUISHKH PEaKTHBHOTO
CTpyMeHS HabOpOM IHUCKPETHHX JDKEepeld 3BYKY 3
MEBHUMH XapaKTepucTHKaMu. BoHM po3TaioBaHi Ha
OoCi  OCHOBHOI'O  TIOTOKY Ta  MOJACTIOIOThH
BUITPOMIHIOBaHHS WTIHAPUYHUX OCHOBHX IEpepi3iB
JIOBXKUHOIO As , SIK TOKa3aHO Ha puc. 1.

[HTerpanpHuil piBeHb aKyCTUYHOI MOTYKHOCTI

W,, BIIHOCHO CTaHZAPTHOIO MOPOTY 10" Br y
nenubenax (n1b) 0OYUCITIOITD K

WOA _
107

Koe(iIieHT

L, =10lg 101g| L My, [+120.
W 2 e

ze n - aKyCTO-Ta30AMHAMIYHOI
edexTuBHOCTI. 3BakalouM Ha TEOPETHYHY OIIHKY
aKyCTUYHOI edexkTuBHOCTI TypOYJIEHTHOTO
MPUMEKOBOTO IIApy HAA3BYKOBOTO TMOTOKY 3
uncaamMu Maxa M > 2 [1], moknagemo 1 = 0.6 %.
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0 3pi3i  comia Ta HABKOJIHUIIHBOMY CEpPEIOBHII
Nagamatsu . BianoBimHO. ToAl akyCTHYHA MOTY)KHICTh JDKEpena
-5 (kopekuin) e .
2 § 'y 4acTOTHiil CMy3i 3 LIEHTPAIBHOI YACTOTOI f,
Z10 . ‘ it mmpunoto Af, Oyne
— .~" Eldred \ . , Afb
-15 ” (TPaAMuiiHM) \ L, ,=L (St)+L, +101lgSt +10lg—=>.
L -~ \ b
=l o1 ) * 3HaHHS  YaCTOTHO-TIPOCTOPOBOTO  PO3IOILTY
’ s/s. HNOTYXKHOCTI ¥ XapakTepy  CIOpPSMOBAHOCTI

Puc. 2 TpanmumiiiHuii 1 cKoOperoBaHuid PO3MOALIH
aKyCTHYHOI €Heprii CTpyMeHs 10 JOBXKHHI

OCKITbKY aKyCTHYHA €Hepris
L'(s)=10lg 5V(s) ,
OA
PO3IOAUIAETHCS B3IOBXK OCI PEAKTUBHOTO CTPYMEHS
3TiIHO 3 YHIBEPCATBHOIO 3aJISKHICTIO PHC. 22, TO JJIs
TOYKOBOI'O JDKEpena § MaeMo

. A
L, =L (s)+L, +10lg—.
Sy
Tyr s, — JOBXKHMHA JaMiHApHOTO fA1pa, TOOTO

MaKCHMallbHa BiJICTaHb BiJI 3pi3y coIlia, Ha SKid Ime
3aJUIIAEThCS  JTaMiHAPHOIO TIPUOChOBAa YaCTHHA
OCHOBHOI'O IIOTOKY. BiANOBIAHO 10 METOAMYHHUX
BKa3iBOK [2] ii OI[IHIOIOTH TaK:

s, =3.45d (1+0.38M ).

[Tix gac crapTy MOXIUBE pyWHYBaHHSI BEPIIMHU
JaMiHAPHOTO  siapa 32 PaxyHOK  B3aeMOJil
Ha0Iralouoro CTPyMEHs 3 €IEMEHTAaMH CTapTOBUX
cropyd. Y IMX BHIIAJKaX 3aMiCTh IMOBHOI JOBXXHUHU

A1pa S, BUKOPHCTOBYIOTh PeAyKOBaHy [3].

[Mo3moBxkHIM  po3Mip  aKyCTUYHO  aKTHBHOI

YaCTHUHHU CTPYMCHSA CTAaHOBHTH SSL , 4 MakKCUMyM

BUIIPOMIHIOBaHHS criocTepiraethes mpu ~ 1.5s,, ne

BiZIOyBa€ThCsl HAHOLIBII IHTEHCHBHA TypOyIi3allis B
mapi 3mimryBaHHS [2]. Y po3paxyHKH 3aKiagaBcs
CKOperoBaHWil TpeHn (AWB. puc.2), SKUA Hapasi
BBAKAETHCSI €TAJIOHHUM [4].

CrieKTpasibHO YaCTOTHI BIACTUBOCTI aKYCTUYHOTO

BHITPOMIHIOBaHHS PEaKTUBHOIO CTpyMEHS
MIATOPSIKOBYIOThCS BIIOMIN aBTOMOJIENIbHII
3anexHocti [2]  Bim  MoaupikoBaHOTO  ymca

Crpyxans St =Stc, /c,
W(f,s) v, ¢,
W(s) sc,

KoopanHaTa MKepeiia

L7(St)=10lg

Tyr f — wacrora; s —

B3JIOBX CTpyMeHs; St= f§/v, — ocboBe w4HCIO

Crpyxansa; ¢, 1 ¢, — WIBUJAKOCTI 3BYKY B Ta3l Ha
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BUITPOMIHIOBAHHS BiJI KOKHOTO § -OTO JTUCKPETHOT'O
JDKepena 3BYKY JO3BOJISIE 3HAMTH 3TeHEpOBaHI HUM

AKyCTUYHI HaBaHTAKEHHS B  JOBUIBHIM  TOYIl
criocrepexenus P :
2
SPLS,/,,,, = LW,S,b +DI(f,s,0)—-101g(4xr).

Tyr DI(f,s,0) — ¢yHkuionansuuii Bupas mwist
JiarpaMu  CIPSMOBAHOCTI, BiACTaHL  Bif
JDKeperna 10 TOYKH CIIOCTepeKeHHs; 6 — KyT Mixk
HATPSMKOM OCHOBHOTO IOTOKY W HAampsMKOM Ha
TOYKY crocrepekeHHs. [lpu pospaxyHkax Oyio
00paHO MOJENbHY HiarpaMmy crpsmoBaHocti Plotkin,
JUIs SIKOi  pO3pOOJIeHO 3py4HE amnpoKcUMalliifHe
CHIBBIJHOIIICHHS, NPEACTaBIeHE B [5].

PiBeHb 3BYKY Ui HEKOPETHOBAHOTO IIYMY BiJ
YCbOTO PEAKTHBHOTO CTPYMEHS, 30CEpE/DKECHHH Y

’/‘_

4aCTOTHIif CMy3i 3 IIEHTPAIBHOIO YacTOTO f, , Oyne

SPLb,P =10lg ZIOSPLS,},VP/lo

3araneHuii  piBeHb 3ByKy OASPL  3maiigemo
MiJICYMOBYIOYM BHECKH BCIX YaCTOTHO CMYTOBHX
piBHIB.

[Tpu HasBHOCTI Ha NUISXY BiMOBITHOTO IPOMEHS
EKpaHyIOUYHX MMOBEPXOHb BBAXKAETHCS, 1110 BiH HE Ja€
BHECKY B aKycTtuuHe mnosie B toutti P . [IpucyrHicts
BIIOMBAIOYHMX IIOBEPXOHb MOJCIIOIOTh 33 PaXyHOK
YBEACHHS BIAMOBIAHMX YABHUX JDKEPEN, SKIIO
J03BOIIsiE KOHGirypartist cucremu (IuB. puc. 1).

Yucaosi pe3yabTaTu

Ha puc.3 moka3aHo 3ajJeXHICTh 3arajabHOTO
pIBHS  aKyCTHYHMX  HaBaHTaXeHb y  TOUIl
criocTepexeHHst P Bin Bucotu migiiomy pakeru H ,
a TAaKOK KOMIIOHEHTH aKyCTHYHHUX HaBaHTAXXEHb BiJl
OKpPEMHX 30H CTPYMEHS Ul CTapTOBOI miathopMu
NOBXHUHOIO d, =8 M.

[Mpr mamux BucoTaXx MiNHOMY B aKyCTHYHHX
HABaHTa)XEHHSIX IPEBATIOIOTh BHECKU BiJ YaCTHHU
CTpYMEHS, 1[0  3HaXOJUThCS B  Ta30XOi,
TOPU30HTAIBHUX «XBOCTIB» 1 BIIOMTOrO BiJ BOAU
nons. Bomnowac mpu H <15 M pons He30ypeHoi
YaCTUHH CTpyMEHS He3HayHa. BoHa TOCTYIOBO
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3pocrae 1 nominye, nounnarouu 3 H =20 m. Hamami
piBeHB 3araJJbHUX AKYCTUYHUX HaBaHTAXCHb
ITIOCTYIIOBO BUXOJUTH HAa aCUMIITOTUYHEC 3HAYCHHS.

OASPL (d,=8m)
2 135 |\, OASPL (d,=16m)
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e~
rasoxig M t .
115 ~ >
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Bucota, m

Puc. 3 PiBHi akyctnunux naBaHTaxkeHb (OASPL) B
TOYIIi criocTepexenHs npu d, =8 mil6 M

JAist TOBIIOTO Ta30X0/y CHOCTEPIraeThesl iICTOTHE
3HWKCHHS  PIBHIB  aKyCTHYHHX  HABaHTaXEHb,
ocodonmuBo npu H <10 M, nge pi3HHOI MOXKe
nocsaratu 3 nb (YopHa MyHKTHpPHA KpHBa Ha puc. 3).
VY nmpoMy BHIAJIKy KOHCTPYKIii OUThII eeKTHBHO
eKpaHyIOTh BUITPOMIHIOBaHHS BifI 30HH
MaKCHUMaIIbHOI TypOyIti3ailii peakTHBHOT'O CTPYMEHS
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npu H <15 M, 3HIKYIOYM BHECOK BiJIXWJIEHHX
«XBOCTIB» (32 OpakoM Miclisi BOHU HE HaBEJICHI).

BucHoeku

3a IOomoMOrow HamiBeMITIpUYHOTO MeTony SP-

8072 BUKOHAHO PO3paxyHOK aKyCTHUYHHUX
HABaHTaXEHb MPH CTapTi paKeTU-HOCIs 3 HaJBOIAHOT
miaTdopmu, 00 1aTHaHOT CUMETPUYHHUM

KJIMHOBHJIHUM Je(pJIGKTOPOM 1 ra30X00M 3 JBOMA
MPOTHIJISKHO CIPSIMOBAHUMH BHXOJaMH.

Crnepmty B aKyCTHMYHHX  HaBaHTa)KCHHSIX
JOMIHYIOTh BHECKH BIIXHJIGHUX TOPHU30HTAIBHO
«XBOCTIB» PEAKTUBHOTO CTpyMeHs. 31 301IbIICHHIM

BUCOTH migiioMy  iXHA ~ poib IIOCTYIIOBO
3MEHIIYEThCS, a Ha TMEPeAHId TUIaH BHUXOIUTH
BUIIPOMIHIOBaHHS  BiJ  He30ypeHOi  YacTHHU

cTpyMeHs. ['ONOBHY ponb y 3HHIKEHHI CTapTOBUX
PIBHIB 3BYKY MOOJIM3Yy TOJOBHOI YacCTHHHU paKeTH
BiJirpae JMoBKWMHA razoxomy. KirodoBa Bumora Jo
foro KoHQirypamii— o007acTh MaKCHMAalbHOTO
aKyCTHYHOTO BHIIPOMIHIOBAaHHS BiJI PEAKTHBHOTO
CTpYMEHS Ma€ sIKOMOTa JIOBIIE 3HAaXOAWUTHUCH
ycepeauHi ra30BiIBiIHOTO KaHAITY.
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B pobomi docaioncerno MoAHCAUBICTID GUKOPUCTIAHHA KOMOIHAUIT 060X 8APIAHMIE CNPANCEHHA TEU-
ADOBUL MO (NOMOUK06020 CIPANCEHHA MA CEPEIHBOKEAOPAMUUHO20 HAOAUNCENHA) 6 MEMODE YACTNEKO-
sux obaacmets Ha NPUKAGIE PO36 A3AHHA 300a%E NPO GUNPOMIHIOGAHHA NOPULHA 6 CKIHYEHHUT KAUNHYEA-
mull xeuaesod. Ilokaszano, wo 6apianm GUKOPUCTNAHHA CEPEIHBOKBAIPATNUYHOZ0 HADAUNCEHHA € HAli-
KPAUWUM, 8 Mot 4acC AK BUKOPUCTNAHHA NOMOUKOB020 CNPANCEHMHA NOAIG 6 ULAOMY CNPOWYE PO3PALYHOK
3adawi. Bubip neobxidnoi Kombinauii po3parynry 3anexcumsb 610 mozo, Aka 3adaua Po32AAdaEMBCA,
MOAHCAUBL, CUMYAUIA KOAU CAME KOMOIHOBAHUT 8aPIAHM PO3PATLYHKY MONCE NPUCECMU 00 KPAULO20
P036°A3KY 3adai 3 MOUKU 30PY BUKOHAHHA 3GKOHY 30EPENHCEHHA EHEPRLl YU YMOB S3UWUBAHHA NOALE.

Karuosi caosa: Memod uwacmrosuxr obaacmeti, cepednborsadpamurne HAOAUNCEHHA, NOMOYKOSE
CNPAACEHHA NOME, CKIHUEHHUT KAUHYBAMUT TEUAECOD.

The paper investigates the possibility of using combinations of two options of wave fields conjugation
(the conjugation by points and the root mean square approximation) in the method of partial domains
using the example of solving the problem of piston radiation in o finite wedge-shaped waveguide. It is
shown that the option of using the root mean square approximation is the best, while the use of the
conjugation by points of fields generally simplifies the calculation of the problem. The choice of the
required calculation combination depends on the problem under consideration, and it is possible that
the combined calculation option may lead to a better solution to the problem in terms of fulfilling the
law of energy conservation or field conjugation conditions.

Key Words: Partial domains method, root mean square approxrimation, conjugation by points, finite
wedge-shaped wavequide.

Crartio mpesacrasus wien-kop. HAH Ykpainu, a.¢.-m.u, npod. 2Kyk 4.0.

1. Beryn JIiB B 9aCTKOBUX 00JIACTSIX HA TPAHUIIAX ITUX 00J1a-
Meroy yacrkoBux obsiacreil oTpuMas MUPO-  creit. Peasizaris rpaHMYHIX YMOB IPU3BOIUTH JI0
Ke 3aCTOCyBaHHA B 3a/ladax aKyCTHKH, B KOTPUX (pyHKIIIOHAJBHUX PIBHAHD 3 HEeBigoMuME Koeditri-
JOCTIIZKYIOThCsl 3BYKOBI TOJIsl B CKJIQTHAX, HEKA-  eHTaMH, SKi € aMIUITyHIMI KoedillienTaMmn Moyl
noniunnx obmacrax [1]. Tmes meromy monsrae B y 4YacTKoBUX obyactax. st Bu3HAUEHHS IITyKa-
PO3JILIEHH] CKJIaHOT 00/IACTi ICHYBaHHSA XBUJIHO-  Hux AMILTIITYIHAX KOeMIIeHTIB MO/I C/Iij epeiTu
BOTO TI0JIsT Ha NPOCTI 00/1aCTi, TPOCTL B TOMY CeH- iy (byHKIIOHATLHIX PIBHSIHD 10 HECKIHICHHOI CH-
ci, MO B KOXKHIfi 3 HUX MOXKHA MOOYTyBaTH 3a- cremu JiHiliHuX ajre0paiuHux pIBHHAHDL, SKA HA-
rajbHuil po3e’sa30K pisustua Lenbmrosbia. Taki  gami poss’ssyerscss mMeromom pexykmii. Ilepexis
PO3B’A3KM OMUCYIOTH 3BYKOBI HOJIA B YACTKOBHUX 10 JHHIMHOI cucTeMm anre6paitinmX piBHAHBL CIH-
00J1aCTsIX NPU JIOBLILHUX MPAHUYHUX yMOBAX Ha IX  paeThcs Ha MOOYJOBaHI 3arajbHi PO3B’A3KH PiB-
rpanntgx. Jlaii Bunukae norpebda CrpsKeHHs 110-

(© Bopuaceiiko O. B., I'ycax B. O., Mamumypa B. T., 2023
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HsTHHST [eILMro/Iblla B 94acTKOBUX OOJIACTSIX. 3a-
TaJIbHAM PO3B 30K mepeadadiac HAABHICTD Y HbO-
My TOBHOI Ta OPTOIOHAJBHOI CHCTEMH (QYHKIIH,
3aBASKH SKIM MOXKHA 3aMUCATH y BUIVISOL PAay
Dyp’e Oyap-aKky (po3ymuy 3 Gi3UIHOT TOUKH 30-
py) dyrkio. BUKOpUCTOBYH0OUM OPTOTOHATBHICTE
Ihoro Habopy PYHKIIH, MOKHA OTPUMATH CHCTE-
My asarebpaiunnx piBusgub. 1Ipo 110 nporeaypy ro-
BOPATDH fK PO HabJMKeHHs PYHKINH y pO3yMiH-
Hl MiHIMaJILHOCTI CEPEIHBOKBAIPATUIHOIO BlJIXW-
siends. TPy HOII MOXKYTh BUHUKHYTH B CUTYaIlil,
KOJIM JIJIsT 3AITUCy XBUJABOBUX TOJIB Y YACTKOBUX
06./1acTIX TOBOAUTHCA BUKOPUCTOBYBATH JEKiIbKA
(mpuvomy, Haifuacrimie, pi3HUX) CHCTEM KOODJIHU-
HaT. K pe3yabTaT, Ipy MEPEXOi 0 CHCTEMY aJITre-
OpaldHuX PIBHAHL MOXKYTh BUHHUKATH CKJIAJHI iH-
TerpaJin.

Iumwmit BapianT mepexomy [0 cuCTeMHU aJire-
OpaidHuX piBHAHD IOJATAE B IPHUPIBHIOBAHHI DyH-
Kl (moJ1iB y CyMI»KHUX 4aCTKOBUX 00JIACTSAX) B
ckinueHoMy HabOpi TOYOK (HA3BEMO TX BY3JIOBUMHU
TOYKaMM) Ha Mexi mux obmacreit. KinmbkicTs By-
3/IOBUX TOYOK HA TPAHUIN BU3HAYAE TOPSIIOK CH-
CTEMH PIiBHAHB 1 THM CaMHM KLIBKICTBH MIYKAHUX
aMILTI Ty aHIX KOeIIi€HTIB MO y YaCTKOBUX 0014~
crax. fx 6aunmMo, Takui miaxina He MICTATE 004H-
CIOBAJIBHUX TTPOOJIEM.

B crarri [2] po3risiHyTO BUKOPUCTAHHS JBOX
BapiaHTIiB IIEPEXO/TY /10 CUCTEMU AJIreOPalIHuX PiB-
HSTHB Ha IIPUKJIJI] PO3B’A3aHHS 3a/1a4i PO BAIIPO-
MIHIOBAHHS TTOPITHS B HECKIHYEHHUN KJIWHYBATHI
xBUaAeBOM. [Ipoa0oBKyI0OUN 1110 TeMY, B JaHiil pobo-
Ti PO3IIIAAETHCS 3a/1a49a 3 OiJIbII CKJI3/IHOIO T'e0-
MeTpiero 006,1acTi iCHYBaHHs 3ByKOBOTO MOJIsT (CKiH-
4YeHu#l KJIMHYBATHI XBUJIEBOJ) Ta BUKOPHCTOBY-
IOTBCsT pi3Hi KOMOIHAINT TOTOYKOBOIO CIPSIZKEHHST
XBUJBOBUX TOJIB Ta CEPEIHBOKBAIPATHIHOTO Ha~
OamkeHHsT. MOKINBICTh BUKOPUCTAHHA KOMOIHA-
il JIBOX IJIXOJIB JI0 CHPSI?KEHHH IOJIB HA Me-
JKaX 4acTKoBUX objiacTeil poburh METOJ YaCTKO-
Bux obsiacreil OlabIl THYyYKUM Opu 1MOOYI0BI 3a-
TAJILHOTO PO3B’SI3KY 3a1a4i.

2. IlocranoBka i po3B’a3aHHga 3agad4i

Posrnsagaerses miocka 3ajava mpo BUIPO-
MIHIOBAHHS MOPIIHS B CKIHIEHOMY KJIUHYBaTOMY
xpuieBozi (puc. 1). Iloprmens 3aiiicHioe rapMoHi-
9HI KOJMBAHHS 3 9acTOTO w. ia ommcy xBu-
JIOBUX TTOJIIB BUKOPHUCTOBYEMO JIBI CHCTEMHU KOOD-
JUHAT: JEKapTOBY X,y 1 TOJApHY 7,0 3 3arajib-
auM 1eaTpoM B Touri O. IloBepxHi XBHIEBOIY 1716~
AJIbHO XKOPCTKi, TOOTO HYJIIO TOPIBHIOE HOPMAIbHA,
CKJIaJIOBA KOJTMBAJBHOI IIIBUIKOCT] HA IUX TIOBEPX-
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HsIX. BymeMo BBakaTu, M0 B TPUKYTHI{ 06gacTi
0O AB xBUILOBE TIOJIE BiICYTHE.

Puc. 1: I'eomerpisa 3agaqi

3TiHO MEeTOAY YacTKOBUX 00JacTeil BUIIJIN-
MO uoTupu 4acTkosi obsiacti. [lepmra wactkosa
obJracth 0O0MEXKEHA MOBEPXHEIO IMOPIIHS 1 JAyTOI0
KoJsia pajiyca R, —¢/2 < 0 < ¢/2, 10610 yTBO-
peHa JacTWHAMU MOBEPXOHBL JEKAPTOBOI i mOoJIap-
HOI CHCTeM KOOPAWHAT BIATOBIAHO. [HIT wacTKOBI
00J1aCTi BUSHAYAIOTHCHA B TOJSIPHUX KOOPIUHATAX.
Hpyra: R < r < Ry, —¢/2 < 0 < ¢/2. Tpers:
0<7r< Ry, ¢/2<0< 71T U —1<0<—0/2
Yerpepra: 1 > Ry, —7 <0 < 7.

[Tone Tucky B obaacri 1 3anunieMo y BUTJIS
CyMHU MOJT TLJIOCKOTIAPAIETHHOTO XBUIEBOMY 1 CyMu
MOJT 0OMeKeHOl 06J1acTi KJAMHYBATOIO XBUJIEBOIY
(qacoBuit MHOXXHUK exp(-iwl) He nuIeMo):

p1 = Z Ay, cos (any)exp(ivn(z — o))+

n=1
= Jg, (kr)
+ B, cos(8,0) ——, 1
; (B )‘]Bn(kR) (1)
ae an = 2T, o = /A2 ol B, = 25T,
n=1,2..; k=w/c— XBUIbOBE 4nCJIO.

[Tone Tucky B 0ob6acTsx 2 i 3 npencraBuMo y
BUTJIS/ MOJ, KTUHYBATOTO XBUIEBOY:

= g, ()
= C,, cos(Bp0) —"——
" nZ::l v )Jﬁn(le)
s Y, (kr)
+ > Dy, cos(Bn0)———. (2)
nzl Y, (FR)
= 3 cos 9y Jnn (kr).
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_ 2(n—1)m
A€ Tin = —9n—4 >

upu 0 < 0.
Tlote Tucky B obsacti 4 mnpemcraBuMoO y
BUTJISIII CYTEpIo3uIil OlKyInX IMUTHIPUIHIX

3Hak (—) mpu 0 > 0, 3uak (+)

XBUJIb:

> HY, (k
pr=" Fycos((n— 1)0)W. (4)
n=1 H(n_1)(le)

g Bu3HAYEHHS II€CTH HAOOPIB HEBIJIOMUX
koediuientis A,, Bp, Cn, Dn, E,, F,, n =

1,2... HeOOXiTHO PO3MHCATH INiCTh TPAHUIHUX

YMOB:

1 ap L L

@871;1 :’U(Z'O,y)a T =To, Y= [_575]’ (5)
p1=p2, =R, 9:[—32]’ (6)
opy _Opp ¢ ¢
M _po=-20
p2 =ps, T =Ry, 9:[_%%}’ (8)

p3 =p4, 7= Ry, 0:[—%,—§]U[§,ﬂ, (9)

%_ %, r= R, 0:[_%’%]

o "\ r= i, 0= (om0

(10)

Ilpn Buxonamui rpammaaux ymos (5) — (10)
Oy/1eMO BUKOPUCTOBYBATH KOMOIHAIIIO ABOX IIi/1XO0-
JIiB: TOTOYKOBOTO CIIPSIZKEHHS IIOJIIB Ta CepegHbO-
KBaIpaTudHoro Hab mkenns. B poboti goc/imKy-
FOTHCsT HACTYITHI KOMOIHAINT ABOX TIiIXOIB CIPs-
JKEeHHSI TIOJIiB:

1) cepeTHBOKBAJAPATAIHE HAD/IMIKEHHS;

2) MOTOYKOBE CHPSIZKEHHST TOJIB: yMmMOBH (5)
— (7), cepeHBOKBAIpATHIHE HAOJIUKEHHS:
ymosn (8) — (10); .

3) TOTOYKOBE CHpsiZKeHHs MOJiB: ymoBH (5)
— (9), cepeaHbOKBaIpATUIHE HAOINKEHHS:
ymoBa — (10); _

4) TOTOYKOBE CIPSIZKEHHS TIOJIIB.

3. AHaJi3 ynceJgbHUX Pe3yJIbTATIiB
B akocTi KOHTPOTLHWX BEJIUYWH BUKOPUCTO-

BYEMO TaKl €eHEPreTUIHI KPUTEPIl:

' pl) _ pli)
6PV = | —d | =1 2 3, 4
P
(1) (m)
6P(17m) — ‘Pd (I)Pd , m = 27 37 47
Pd
e Pi(j ) MOTIK MOTY2KHOCTI 3 MOBEPXHI MOPIITHSA

IIpU BUKOPUCTAHHI BapiaHTy pO3paxyHKy 1, 2, 3,
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4 BiamoBizHO; chj)
Hiit 30mi o61acti 4. Besmmaunu 6PY), mo cyri, su-
BHAYAIOTH TOYHICTH BUKOHAHHS 3aKOHY 30epeKeH-
HsI €Heprii /i1 KOHKPETHOTO (OJHOTO 3 YOTHPBOX )
BapianTy po3paxyuky, a seamuman 6 P1™) | m =
2, 3, 4 1ar0Th NOPIBHSJIBHY OI[IHKY MOTYKHOCTI B
JaTbLHBOMY TIOJT TTPU BUKOPUCTAHHI BapiaHTIB pO3-
paxyaky 2, 3, 4 mo BimHOmeHHIO 10 BapiaHTy 1
(cepeHBbOKBaIpATHYIHE HAOIMKEHHS).

st obunciieHHs MOTOKY HOTY2KHOCTI BUKOPH-
croByemo dopmyiy [1]:

P:/ IdS:0,5/ Re(pv,,)dS, (12)
(S) (S)

Je p i v, — TuCK 1 HOpMaJIbHA IIBHJIKICTH HA Jle-
sIKiifl moBepxHi S, 3ipOYKa — 3HAK KOMILIEKCHOTO
crpsikensst, inrencusnicrs I = 0,5Re(py;)).

Bubepemo Taki mapamerpm 3agadi: ¢
150°, R/A = 1,2, Ry/A = 1,4, roni L/ = 2,3.
[IBuakicts wa moBepxui mopmag v(zg,y) = 1.
PezysbraTn po3paxynkiB mnpejcrasiieHi B TabJin-
ui; Ah/\ — BigHOIIEHHS BlICTaH] MiXK BY3/JI0BUMUI
ToukaMu Ah 10 JOBXKUHU XBUJI .

Tabs. 1: Eneprerwani xkpurepii

— HOTIK HOTYKHOCTI B JTaJIb-

YD) 0,3 0,2 0,1

oPD 11,2-1073[3,2-107% [ 4,3-107°
6P? [29.1072[1,2-1072 [ 3,1-1073
6oP® [26-1072[8,7-1073 [ 2,6-1073
oPW [4,2.1072[3,5-1072 [ 6,3-1073
oP12) [58.107212,7-102[8,9-1073
oPI3) [ 4,4.10021,6-1072 [ 3,5-1073
oPIA 11,8-1072[8,5-1073 [ 8,3-1073

fx BUIHO 3 TAOMUII, /IS BCIX TOTUPHOX Bapi-
AHTIB PO3PAXYHKY BEJTUIUHA (5P(j), 7=1,2, 3,4,
3MEHIYIOThCS TIPU 3MEHIIEHHI XBUTHOBOI BiJCTa-
HI Mk ByssioBumu Toukamu Ah/A, Mo BusHAUaEe
BiOBiHe 30iIbIMEeHHS KiJTBKOCTI MOJ B TaCTKO-
Bux obuiactax. Ak i mepembadasocs, BapianT Bu-
KOPUCTAHHS CEepPETHbOKBAIPATUIHOTO HAOJINKEH-
Hg (BapianT 1) € malikpamuM, iHII BapianTu pos-
PaxXyHKY IpPaIO0Th TPUOIU3HO OJHAKOBO. X04a,
Iyt 1aHol 3ajadi, MabyTh CJIij BiA3HAYUTH Bapi-
ant 3 (opienryemoca na Benuuuny Ah/\ ~ 0,1),
Jle B CepeHbOKBAIPATUIHOMY HAOJTUKEHHI peaJi-
BYEThCsT YMOBA, CIIPSXKEHHS 10 TIBUIKOCTI HA TPa-
Huti obsacti 4 3 obnactavu 2 i 3. g rpanwuis,
JIK CKJIQJIHA TPAHUIS TPHOX 00/1acTeil Mae KyTOBi
Toukn = +¢/2, ane BUKOpHUCTaHHS OfHIET (T10-
JIAPHOI) CHCTEMHU KOOD/MHAT JIO3BOJISAE, 3aB/ISAKH
BJIACTUBOCTI OPTOTOHAJIBLHOCTI BiAIIOBITHOrO HAOO-
py dyHKIR, TOCTATHBO IPOCTO IMPOBECTU IIPOIie-
nypy anrebpaizarii (pyHKIIOHAJBHOTO PIBHAHHSI.
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ITobynoBanuit po3B’a30K T0O3BOJIAE TPOJIEMOH-
CTPYBATH €KPAHYIOUY BJIACTUBICTH CKIHIEHOTO
KimHy. J1d ThoTO PO3TJISHEMO TOPIIEHD JTOCTa-
THBO MaJnX XBUILOBUX po3mipis. Hexa#t mapa-
MEeTpH 3ajadi Taki: ¢ 150°, R/A = 0,1, To-
ai L/A = 0,193, semmauna Ah/A = 0,02. Ha
pHC. 2 TOKa3aHl TpH BapiaHTH PO3PAXYHKY Xa-
PaKTEePUCTUKKU HAIPABJIEHOCT] 110 IHTEHCUBHOCTI:
MOpIIeHb ¥ BlIbHOMY TpocTopi (kpuBa 1); gac-
TKOBa 00s1acTh 2 BigcyTHst, T06T0 Ry = R (kpu-
Ba 2); Ri/A = 0,3 (kpusa 3). fk Gauumo, y
BLTRHOMY TpocTOpi (KpuBa 1) TOpINEHb MPAKTH-
ano HeHanpasaenuii. Kpusa 2 Bimmosizae curya-
11ii, KOJU JIpyra CTOPOHA IMTOPIMHS OXOIIEHa eKpa-
Hom (oBnacte OAB wa puc. 1), mo, npupomsHo,
3MEHIIyE€ TOTIK eHeprii 3 THWJIBHOI CTOPOHU TOP-
miHsd. EKpaHyrody BJaCTUBICTH CKIHUEHOTO KJIMHY
Hao9HO imfocTpye kpuBa 3. llpm mbomy ciim Big-
MITHTH, 1110 XBUJIBOBUN PO3MIP €KPAHY JIOCTATHBO

mMajuit, a came R; — R =0, 2.
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Puc. 2: Eneprernuni piarpamMu cIpsaMOBaHOCTI:
¢ = 150°, R/A = 0,1, L/X = 0,193: 1 — nop-
IIeHb y BibHOMY mpoctopi, 2 — Ry = R (obmacts
2 Bigcyrns), 3 - R1/A=0,3
4. BucHOBKU

Ha ocnosi meroay gacrkoBux obiacreit oTpu-
MaHO PO3B 30K 33124l ITPO BUIIPOMIHIOBAHHS TIOP-
IIHe B CKiHYeHHU{ KIWHyBaTuit xsuieson. llpm
CIPSDKEHHI XBUJIbOBHUX TIOJIB HA TPAHUISAX Yac-
TKOBHX 00JIacTell BUKOPHCTAHO KOMOIHAINIO JTBOX
HIJIXOJIB: [TOTOYKOBOI'O CIIPSXKEHHSI TI0JIIB Ta cepe-
JIHBOKBa/IPATUIHOrO HAOJINIKEHHS.

Bukopucranns pizHux KoMOiHaIiil po3paxyH-
Ky IIKOM KOpekTHO. Bci kombinarii mparooTs
npuban3HO OJHAKOBO. BapiaHT B IKOMY BUKOPH-
CTOBYETHCH TIIbKM CepPeIHbOKBAIPATUIHE HAO/M-
JKeHHs HalTouHImmi. BuKopucTaHHS ITOTOYKOBO-
[0 CIIPSZKEHHH TTOJIIB CIPOIYE PO3PAXYHOK 3a1a4i.

Bubip meobxigaoi koMOiHAIII PO3paXyHKY 3a-
JIEKUTh BiJl TOrO, dKa 3a/a9a PO3TJIsIa€THCH.
fAKImo g 3amucy XBUJIBOBUX MOJIB B YaCTKO-
BUX OGJ’[aCTHX AOBOAUTHCA BUKOPUCTOBYBATU Ki.)'[b-
Ka CHCTeM KOODAWHAT, TO IIPH BUKOPUCTAHHL Ce-
PETHBOKBAIPATUIHOTO HADJIMKEHHA 3 SIBIATHCA
CKJIQJIHI IHTerpan, Tpu 00YUNCIEHH] TKUX MOXKYTh
BUHUKATH TPYIHOII, B TOH Yac IK TPHU BUKOPU-
CTAHHI MTOTOYKOBOTO CIIPAXKEHHS TIOJIB O0UNC/TIO-
BaJIbHUX TP00JIEM HE BUHUKAE.
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nepemeopenHsi.

The exact solution of the poroelasticity problem for a semi-infinite hollow cylinder under the
axisymmetric load is derived in the paper. The original problem was reduced to a one-dimensional problem
by applying the integral Fourier transform. The one-dimensional boundary value problem in the transform
domain is formulated in a vector form, its solution is found using the matrix differential calculation
apparatus. The derived analytical formulas allow to investigate the change of displacements, stresses and
pore pressure depending on the type of porous material, the applied load, the size of outer and inner radii of
the cylinder.

Key Words: poroelastic hollow cylinder, axisymmetric loading, integral transform.

Crartio npenctaBus wieH-kop.HAH Ykpaiuau, n.¢.-m.H., mpod. Kyk 5.0.

[opomnpyxHi MaTepiaqu MIUPOKO 3YCTPIHAIOTHCS
y PI3HHX Taimy3siX MEIMLUHH, Te0Jorii, iHXKeHepii.
[uM  moOsICHIOETBCST  BEJNIMKA  KIJBKICTH  POOIT,
MIPUCBSYCHUX JOCITIDKEHHIO IMOPOIPYKHUX CTaHiB
TNl Pi3HOI reoMeTpU4HOI (HOpMH, 30KpeMa IWITiHI-
piB. Ane BapTO BIAMITUTH, IO OUIBIIICTH JTOCIIJ-
KEHb € YUCIOBUMH Yepe3 BEIHKY KUTBKICTh PIBHAHB
3agay. AHamituuHi Mmeroau [1]-[5] matoTe 3Mory
JOCTITUTH SIKICHY TMOBEIIHKY IMepeMilieHb, Harpy-
KEHb Ta TUCKY. TakoX iX MOXXHa BUKOPUCTOBYBATH
Ut BepHudikarii yucaoBux meroaiB. Tomy mpobie-
Ma po3poOKH HOBUX aHATITHYHUX IMIIXOAIB J0 PO3-
B’sI3aHHS 3a/lad HOPOIPYKHOCTI 3IHIIAETHCS aKTY-

© H.J. Baiicpensa, 3.10. XKypasaboa, 2023

anpHOW0. Y naHiil poOOTi IPOMOHYETHCS HOBA METO-
JUKa, 32 JOTOMOIOI0 SKOI OTPUMAaHO TOYHHH pPO3-
B’SI30K 3ajJjadl TOPOIPYXKHOCTI JUIsl TiBHECKIHYEH-
HOTO  MOPOXHUCTOTO  MWIIHAPY  MiJ i€l
0CECHMETPUYHOTO HABAHTAKCHHS.

Posrisinaerbcsi MiBHECKIHUEHHUH TMOPOKHUCTHIMA
MOPOTIPYKHUM IWITIHAP y paMkax moxeni bio [6],
10 3aiimMae 001acTh

a,<r<a,0<z<o,—r<@<m. BepxHi rpaHp

z =0 3HAXOJHUTHCS B YMOBaAX INIaAKOTO KOHTAKTY Ta
€ HCIIPOHUKHOIO
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0

P
w_,=07.]_ =0=| =0, 1
|z:0 1z |z=0 az 0 ( )
v,z u (r,z
ae u(r,z) = % (r2) r,z)= u(r2)
a a
0e3p0o3MipHI IepeMillleHHsd, O, (V,Z),TFZ(F,Z) -

0e3po3MipHi HaIpyKEHHS, p(r,z) - 0e3po3mMipHUi
THUCK PiJFHH, [0 3HAXOAUTHCS B OPax IITiHAPY.
ITo 30BHIMHIA HWIIHAPUYHIN TpaHi 7 =a, 3a1aHO

L =P @

3HaxXOJUTbC B YMOBaAx

HaBaHTaXXCHHs

Ol = L(z),z’rz

r

r=a, = T(Z)’p

BHYTpIIIHS TpaHb 7 =q,

3YEIUICHHS Ta € IPOHUKHOIO
r=ag r=ag = 0’p r=ay = 0 (3)
[oTpiOHO BU3HAUUTH MEPEMIilLICHHs, HAMPYKEHHS Ta

TUCK DIJUHHM, IO 3aJ0BOJBHSIOTH KPalHOBI YMOBH
(1)-(3) ta piBusiHHEA [7]

u

13(,@) L xotdt 2 Pw x-ldp
ror\  or e K+1 972 K+10roz k+lor
la(awj Jk+1d’w 2 16[814] »_y
ror\ or k-1p82 x-1ror oz az
13( 5pj+f’ P_g[lﬁ(m) ELW}_LP o
ror\ or 0z2 Klror oz K
4)
e k=3-4p - craa MycxemmBim, p - KoepilieHT
k

Ilyaccona, a - koediuient bio, Sp =5, G k=45

Ge3posmipHi Benmunud, G — MOAYJIb 3CYBY, S,

3amam’ITOBAaHICTh TMPOCTOPY TOpP, k- Koe]ilieHT
TIPOHUKHOCTI.

Buxigny kpaiioBy 3amauy (1)-(4) 3Bemeno 1o
OJIHOBUMIPHOT 3a JOMOMOIOI0 MiBHECKIHUEHHOTO
CHHYC, KOCHHYC TepeTBOpeHHs Pyp’e 3a 3MIHHOIO z

ug () L u(r.2) |[cos Bz

wg (r) = _[ w(r,z) || sinPz |dz
e (r) 0 p(r,z) cos Pz
KpaiioBy 3amauwy y mpoctopi TpaHchopMaHT
c(OpMYIIBOBAHO Y BEKTOPHOMY BUIJISIII
Lz}ﬂ (l") = 0,
(%)

Fp(b)=0,455"5(1)+ Bpyg(1)=8p
Tyr L, - nudepennianbauii omepatop Apyroro
MOPSIZIKY, Aﬂ, B 5 - Bijomi Matpuii, g B - Bigomuii
- T
BEKTOD, yB (}") = (uﬁ (}’),WB (I"),pB (}")) .

Po3B’si3aHHs  BeKTOpHOT KpaiioBoi 3amadi (5)
OymyeTsCsl 3a JOMOMOTOI0 amapary MaTpUYHOTO
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JuQepeHLialbHOro YucieHHs [8], 3rigHo 3 SKuM

PO3TIISAAETHCS BiJINIOBiZHE MaTpUYHE
JudepeHLianbHe piBHAHHS
L)Y, (r):O, (6)
ze Y, (r) - Matpuns  mopsaaky — 3x3.
Buxopucrosyroun CHIBBIAHOIICHHS
L2H(F,§)=—H(V,§)M(§), Ac
J, (fr) 0 0
H(r,§)= 0 Jo(ér) 0 )
0 0 J, (fr)
J, (fr) ., (fr) - byHKi Beccens,
4+ K__l 5’ i £ - K_l £
K+1 K+1 K+1
2 +1 )
me=| Lo gElp g
k-1 k-1
a ap 2y g2y e
K d K SHE K
pPO3B’30K MAaTPUYHOTO piBHAHHA (6) MOXHA
OoTpUMaTH 3a HaCTYITHOIO (dopmyoro
Yp(r =—[[]H (nEYM'(&)dé. ne M7(&) -

MaTpHLs, 06epHeHa 1o matpui M (§) , 3aMKHYTHH

koHTYp C OXOIutoe yci 0coONMBI TOYKH MAaTpHII
M™(&). Toni po3s’a130k BEKTOpHOT KpaioBoi 3anadi

(5) MoxHa OTpUMAaTH 33 HOPMYJIOIO

4] Cyq
VB (r)=X(r)] e |+ Y5 (r)] s @)
a3 %
matputi Y (r),% () €  dyHIaMEHTaIBHOIO

CHUCTEMOIO PpO3B’SI3KIB MaTpU4yHOTO piBHAHHA (0),
cTam ¢;,i= 1,6 3HAXOMATHCA 3 KPaiiOBHX YMOB y (5).
3actocyBaHHs (opMynH OOEpHEHHS 110 BUpa3y
(7) 3aBepirye mnoOyIOBY TOYHOTO aHATITUYHOTO
pO3B’sI3Ky BUX1IHOI KpaioBoi 3aaadi.
UYncnosi po3paxyHKH TPOBOIINCE 411 Pypcpkoro
MCKOBMKA 3  HACTYNHMMH  Tapamerpamu  [9]:

G=133-10°N/m’,u=0.12,a = 0.637,
k=2-10"m"/N-s5,8,=39215-10"m* / N .

BYJ'IO PO3ITIAHYTO J[Ba BHUIIAAKH HABAHTAKCHHS:

HOPMaJIbHE MEXaHIuHe HaBaHTa>XCHH
L(z)=sin(zz/h),T(z)=0,P(z)=0 (Puc. 1-2)
Ta HaBaHTa>XCHHSA THCKOM pi[[I/IHI/I

L(z)=0,T(z)=0,P(z)=sin(zz/h) (Puc. 3-4).
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Puc. 2. Tuck p[%, yJ NpU  HOPMAJIBHOMY

MeXaHIYHOMY HaBaHTaKEHHI

Sk BUJIHO, y BUNAJIKy HOPMAJILHOTO MEXaHIYHOTO
HaBaHTA)XEHHS MaKCHUMajbHI a0COIIOTHI 3HAYEHHS
HopMaibHOro HampyxkeHHs (Puc. 1) mocsraroTbes
JUTst OLTBII TOHKOT CTIHKH MOPOKHUCTOTO IMIIIHAPY,
B TOHM 4ac sIK JUIsl TAKMX T€OMETPUYHHUX MapamMeTpiB
Trck pianau (Puc. 2) y nopax € HaliMeHIINM.

BucHoBKHI

Y poboti Oyno moOymoBaHO TOYHHMU PO3B’S30K
3a7a4l  MOPOMNPYKHOCTI Ui MiBHECKIHUEHHOTO
TTOPO’KHUCTOTO HWTHIPY i €0
O0CECUMETPUYHOTO0 HABAHTAXKEHHS 32 JOMOMOTOI0
amnapariB IHTErpajbHUX I1€PETBOPEHb Ta MATPUYHOTO
nuepeHIiaibHOTO YuciaeHHs. JlochmipkeHo 3MiHy
HaNpy>XeHb Ta THCKY PIAWHU yCepequHi IIIIHAPY B
3JI€KHOCTI  BiI IMOPOMPY)KHOTO MaTepialy Ta
TeOMETpUYHHUX po3MmipiB. Januii miaxig mMoxxe OyTh
BUKOPHCTaHUH s OUTBII CKJIAIHUX OOJIACTeH,
TaKOX JIsI 00J1acTeid, mocIabIeHuX e(eKTaMu.

0.0 02 04 0.6 0.8 10
z

a, +a .
Puc. 4. Tuck p(%, yj Mpy  HaBaHTAXKEHHI

THUCKOM PiAMHU

Y BHNAIKy HABaHTOKCHHS THCKOM PiAMHH
MaKCHUMaJibHI a0COJIOTHI 3HAYECHHS HOPMAJIbHOIO
Hanpyxenust (Puc. 3) Ta MakcUMalbHUN THUCK
pimuan  (Puc. 4) cmocrepiraroTbCsi Ui MEHIIOL
PI3HULI MK JiaMeTpamMu LMIHAPY a, —d, .
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Bepmuxanvni kpai npAmMoKymnoi ocHO8U 3HAXO0SMbCA 8 YMOBAX KOB3HO2O KOHMAKMY, HUMNCHIU Kpail
HepyXomo 3aKpinieno, a 3 6epxXHiM Kpaem 3uenieHo O6anky (6anrouny naumy) 3 sinoHumu Kinyamu. o 6arxu
NPUKIAOEHO HOPMANbHE HABAHMANCEHHS, fKe 2apMOMIYHO 3MIHIOEMbCA 3a uacom. Ilicna po3e’s3anis
8i0NO0GIOHUX KPAUOBUX 3a0aY, 3HAUOEHO NepeMijenHsi NPAMOKYMHOI OCHO8U ma npocun Oaiku. 3 ymosu
CHONYYeHHsT MIJC OANKOIO mMa OCHOBOW OMPUMAHO I[HMe2paibHe pIGHAHHA GIOHOCHO He8i00MO20
KOHMAKMHO20 HANPYHCEHHS, AKE PO36 SA3AHO MEMOOOM OPMOSOHANLHUX MHO20UNEHIE.

Kniouosi cnosa: npamokymua ochosa, 6aika, OuHamiune KOHMAKMHe HARPYHCEHHS.

The plane contact problem of a beam’s oscillations on a rectangular elastic base is considered. The
vertical edges of the rectangular base are in conditions of the nonfriction contact, the lower edge is fixed,
and a beam (beam plate) with free ends is attached to the upper edge. The normal loading is applied to the
beam and harmonically changes in time. To solve the boundary valued problem for the elastic base the
integral transform method is applied. The apparatus of the Green’s function is used to construct the solution
for the boundary valued problem for a beam. The displacements of the rectangular base and the deflection of
the beam were found. The interface condition between the base and the plate is used to derive the integral
singular equation relatively the dynamical contact stress. The orthogonal polynomial method was used to
solve the integral equation. The investigation of the oscillations’ frequency influence on the deflection of
beam and elastic rectangular base’s displacements and stress was conducted.

Key words: rectangular base, beam, dynamic contact stress

Crartio npeacraBuB wieH-kop. HAH Ykpaiuu, a.¢.-m.H., npod. XKyk £.0.

JMHAMIYHIM KOHTAaKTHUM 33/1a4aM IPHCBIICHO | x| <1,0<y<h, kpai sikoi x=+/ 3HAXOAITHCSA B
Oarato mpai. Y OUIBIIOCTI 3 HHUX PO3TJISJAETHCS
KOHTaKT a0COJIOTHO TBepAoro Tina (wrammy) 3
MPY’KHOIO OCHOBOIO Yy BHIUIAMI HAIMiBIOPOCTOPY, 3aKpIMIeHo, a 3 KpaeM y =0 Ha JUIAHII |x|£a<l
Hanismouyay ado wapy (Zhilin Li, John C. Simo,  3yemmeno Oasky (OanodHy IIMTY), Kpai X =% a sKoi
Alan P.Pipkin, Yonggang Huang, J. N. Reddy, I'.41.
[Tomos, B.I. Octpuk, B.M. Ceiimos, A.®. YiiTko [1-
4]) 3Ha4HO MEHIIE POOIT MPUCBIYEHO KOHTAKTY
OankoBMX IUIMT a0o HaKJIagoK 3 IPYKHORO 663p03MipHI/IX KOOpAWHATax x' :xail,y’ :ycf
CKIHYE€HOIO0 OCHOBOIO.

Y poboTi pO3riasHYTO 3ajadyy INpO IUIOCKY
neopMaliro  TIpSIMOKYTHOT — o0Oiacti  (OCHOBH)

yMOBax KOB3HOTO KOHTakTy, Kpall y =/ HEpyXxoMo

BitbHi. Jlo Oanku TpHMKIaAeHe  HOPMANbHE
HABAHTAKCHHS  iHTeHCHBHOCTI  ¢(x)e™. VY
1

MaTeMaTH4He (OpMyNIOBaHHSA 3afadyi  BiAHOCHO
aMILTITY nepeMileHb TOYOK OCHOBU

© H.J. Baiicdenna, 10.C. IIpouepos,
A.B.Tonkauos, 2023
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u(x, y),v(x, y) HaOyBae BUTISAY (sl cripomienns —3alUCy MITPUX OIIYIIEHO):

2 2
ou y +ﬂ2‘3 S+ (1 —,32)—6 Y ku=0
ox oxoy
, . . |x|<b,0<y<d (1)
(I—ﬂz)—8u+ 26_\2/+8 +k’v=0
Ox0y o’ oy°
ov |x| <1
“x:ihzo’axz_ yma =0V, :O’O-y|y=0 :{0’ 1<|n|<b’ "y|y L0 (2)
ne  f=cyc ).k =awe (i=12),b=la",d=ha"', XBUIb Y HPY)XHIH OCHOBI. AMILIITYJa HPOTUHY
¢,,¢, HMIBUIKOCTI IOMEPEYHO]I Ta MO3/10BKHBOT banku w(x ) MYCHTb 3aJI0BOJIHATH KPAHOBY 3a/1adqy
w!” (x)- 74w(x) =a'D™! (q(x) —p(x)), w'(£1)=0, w"(£1)=0 3)

e p(x) aMIUTITy/la HEBIJIOMOTO KOHTaKTHOTO KpiMm  TOro, Mycuthb  BHUKOHYBAaTHCI  yMOBa
. CIOJTyYEHHSI Mi>K OaITKOI0 Ta OCHOBOIO
HaNpy>KeHHS MIX 0aJIKOIO Ta OCHOBOIO,

y*=d'ph@’ D, D wmningpmuma xoperkicts  w(x)=v(x,0), |x| <1 €]

Ganku, p,,h, [yCTHHA MaTepialy Ta TOBIIMHA Oanky.  3a JJOMOMOTOI0 CKiHYEHHUX nepeTBopens Pyp’e
b b

u,(y)= j u(x,y)sind,xdx, v,(y)= I v(x,y)cos A, xdx, A, = %
b b

KpaiioBy 3amauy (1) — (2) 3BeZieHO 10 OAHOBUMIPHOT, PO3B’SI30K SIKO1 Ma€ BUTIIS]T

A,
un (y) a pn

1OA [2/17120'10'2ch0'1y +0,0, (/'tf +0o; )chO'Zy - A7 (/1,,2 +o; )ShO'1 (y—d)sho,d -

207 03sho, (y—d)shod - o0, (/1,,2 +o; )cha1 (y—d)cho,d - 21%0,0,cho, (y- d)chald]

acp,
v, (y)=—2%Ln

YTy [2/1"2010'25}101)/ + A7 (/Inz +0; )shazy — A (/1,12 +0; )cha1 (y—d)sho,d -

—24}0,0,cho, (y—d)sho,d — 0,0, (/"tn2 +o; )ShO'1 (v—d)cho,d -2} sho, (y - d)cho]d]
A, =200, (A +03 )+ 4, (2@;‘ —Jp (I + 206 )+ ek +%k§jshaldsh02d -

—(2/1;‘ ~Alk; +%k§]01020h01dch02d; o, =42 =k, i=1,2

ak, sink (y—d)

Vo(y)=_

Do> A€ p, = jp COSﬂ xdx

Gk;  coskd b
CkopucTaBIINCh dbopmynamu obOepHeHHs1 Hanpukian, Bupa3 Uil BEpTHKAIbHUX MEpeMilleHb
neperBopeHHs @Dyp’e, OTpUMAHO BHpasd Ui TOYOK BEPXHHOTO KPar0 OCHOBH, SIKMH 3HAJOOHTHCS
aMILTITY]l TIEpEMiIlleHb OCHOBH. Hajgaml, Ma€ BUTIAT
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1 o
v(x,0)= 4bG (2/’:—12tgkld - L, cosﬂnxcos/lngjp(gﬁ)dgf,
2

n=1

ne L, =k}t (ﬂzchaldshazd 0,0,5hoyd cho,d )

}'l

Po3B’s130k kpaiioBoi 3aaay4i (3) moxaHo 3a GopmyIioo w(x) =a'D™! j. G, (x,f)[q(f) - p(f)]df , e
G, (x,&)= [sh7|x & -siny|x - cf” ——(shy(cf +1)+siny (& + 1))1//0 (x)+
+%(ch7/(§ +1)+cosy(E+1))y, (x)+$(sh}/(§ 1)sing (E-1))p, (x) -

_%(chy(g—l) +cosy(& - 1))‘/’3 (x)

€ ¢yHkiieto ['pina miei 3aqaui.

OyHkii ( x) YTBOPIOIOTh ~ (yHIaMeHTanpHy IlICIS  3a/JOBOJICHHS YMOBH  CHOJNy4eHHs  (4),

. . . OTpHUMAaH IHTErpaibH IBHSAHHS  BIJHOCH
0a3KuCHY CHUCTEMY PO3B’s3KiB, MOOYIOBaHI Ha OCHOBI o1p o erp ¢ P AHOCHO

¢ynkuiii Bracosa i € koMOiHauiero rinepooniynux Ta KOHTAKTHOTO HANPYIKCHHA p (x)
TPUTOHOMETPUYHUX (PYHKIIIH.

b k, N
,jl 2I§ZGk22 'ghd - 4bGnZ;L cos d,xcosd, ¢ +a" DGy (x, 5)} (§)dé=a’D lJlGo(x,f)q(f)df

AmHani3 Bupasy L, Kouu 7 —>00, NpUBOAUTh A0 ILle 103Bonmio BuAimuTH Yy sAApi  OTPUMAHOIO

K IHTETPAIFHOTO PIBHSHHS CHHTYJIApHY YacTUHY Ta
ACUMIITOTUYHOIO ITOTaHHS LU P A€ 3amucaTH HOTO y BUITIAM
-1
K=k +k (k5 -5 )
1 1
[| =7+ R(x.€) | p(&)dE = f(x), —1<x<I )
-1 |x — § |
ne R(x,&) perynsipHa yacTuHa sapa. 222, k=0
HasBHiCTh CHEKTPAILHOTO CIIiBBiIHOIIECHHS b=y =z k=12 % - Heizomi xoedinien-
V2K’
27xIn2, k=0 .
J- I (f) Td. TakuM  4YHWHOM, JUHAMiYHE  KOHTaKTHE
n 7Z' . 6 .
S /— 21 (x).k=12... HaNPY/KEHHs Mae Ha KiHISX KOPeHeBy 0cobmBicTh,
! ‘ é ‘ 1-¢* k Zk( ) SIK 1 y CTaTMYHOMY BumNaaky. Peamizamis cxemu

METOAy TIpUBeNla JO HECKIHUYCHHOI CHCTEMH
ne T, (x) - Muorowienu YeGuiueBa Nepuoro poay, piuiiinix ANTEOPAIIHIX PIBHAHD
Jla€  3MOTY  3acTOCyBaTH sl HAOJMKEHOTO
PO3B’sI3aHHS 1HTErpaJIbHOTO piBHSHHA (5) MeTox
OPTOTOHAJLHUX MHOTOYJIEHIB. 3TiJHO /O HBOTO,
PO3B’SI30K MOJAHO Y BUTIISIL

P = R AT ()

98



Bicnux Kuiscokoeo nayionansno2o ynisepcumenty 2023,2 BulletinofTaras Shevchenko
imeni Tapaca llleguenxa NationalUniversity of Kyiv
Cepis pizuxo-mamemamuyni HayKu SeriesPhysics&Mathematics

m+iamklk=fm> m=0,1,2,...
k=0
Lol ey 2 g, g, =L s 2l

t D,
o = ﬂmﬂkj 1-x* 5 «/1 £

1_ 2
UucnoBy  pearizaiifo  TPOBENEHO IS JIHIEIO TO3HAYEHO Pe3yNbTaTH AJsl BiJMOBIIHOT
BHIaJKy OETOHHOI OCHOBHM Ta CTaneBoi Oanku 3 cTalfioHapHO1 3a/1a4i.
PIBHOMIpHO PO3MOJINIEHMM HAaBaHTAXKEHHSM, IIO

TIpHUKIIaJieHe y310BX Bciei 11 gosxkuni (Puc.1,2). T | w10’

Py

220

210

190

-4 -3 -2 -1 o 1 2z 3 4
Puc. 2

180

‘ . 3 rpadikiB BUIHO, IO 3MiHA YaCTOTH Malio
P L BILUIMBAE HA 3HAYEHHS KOHTAKTHOTO HAMPY>KEHHS i
CyuinpHa JIiHiS TYT BiANOBiZa€ BUMAAKY YaCTOTH MepeMIllIeHHs], TOJi K KOHTaKTHE HANpy>XEHHS 1
=15, IyHKTUpHA JiHIA BIiANOBINAE YACTOTI MEPEMIIIEHHS Y CTAlllOHAPHOMY BHIIAJIKY CYTTEBO
@ =3 . JIns OpiBHSIHHS IITPUX MYHKTUPHOIO MEHILE HIK y IMHAMIYHOMY BHIIQJIKY.
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On brittle fracture of a body with partial

3aJ1iIKOBAHOIO 3ipYacTOI0 TPiLIHHOIO healed star-shaped crack
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Excnpec-memoouxa oyinxu miynocmi mina 3 4acmkoo 3aiK08AHOI0 MPIUUHOIO BUKOPUCOBYEMBCSL O1s
MOOeOBanHss peHosayii mina i3 3ipkonoodiOHuM Oepexmom YuKIUHO-cumempuunoi cmpykmypu. 3a
PO38’A3KAMU 3a0a4i MEXAHIKYU MPIWUH Y OOHOPIOHOMY 3d NPYICHUMU GIACMUBOCHIAMU MA HEOOHOPIOHOMY
34 MPIWUHOCMITKICMIO MIinl  00CHIOUAU  3ANIEHCHOCTT  eeKmMUBHOCMI  3ANIKO8YEAHHS 6I0 CMYNEHs
3aNnO6HeHHsT MpiuHu ma 6i0 AKOCMI 3 '€OHY8ANbHO20 wapy. [lemanbHo poseasHymo 06a eapianmu
3a1IKOBYBAHHSA: NOOIUZY 6EPUIUH MA NOOIU3Y YeHmPa 3ipUacmoo depexmy.

Kurouosi cnosa: meepoe mino, 3ipuacma mpiyuna, Kpuxxe pyuHy8anHs, eqhpeKmueHicmb 3a1iKy6anHs.

In this article, the express methodology for assessing the strength of a brittle material with a partially
healed crack is used to model the renovation of a body with a star-shaped defect of a cyclically symmetrical
structure. The rheology of the joint layer is not taken into account, but the specific surface energy in the
healed area is generally different than in the solid body. Therefore, we have the problem of crack mechanics
in a body that is homogeneous in terms of elastic properties and heterogeneous in terms of crack resistance.
The degree of crack healing was described by two parameters: the ratio of the crack resistance of the joint
and body materials and the ratio of the length of the healed area to the length of the initial crack. The
subject of the analytical study was the efficiency of healing - the ratio of ultimate loads of brittle failure for a
healed and primary crack. Two treatment options are considered in detail: near the peaks and near the
center of the star defect.

Key Words: solid, star crack, brittle fracture, healed efficiency.

CrarTio npencraBuB wieH-kopecnionaeHT HAH Vkpainu 5.0.2Kyx
3HMXKYE KOHIICHTPAIlil0 HANpyXeHb Oist 1 BEepIIHH.

Ile, omHak, BiAOYBAa€ThCA 3a PaxXyHOK ITiIBUIICHHS
HaTpyXeHb Ha 3ayikoBaHiid nurtHii. Llg oOcraBmHa

Beryn

[Ipobnema mpomoBKEeHHS TEPMiHY eKCIuTyaTarii

CNIEMEHTIB KOHCTPYKIIIA 3aJMIIa€ThCsl aKTyalbHOKd MYCHTh OyTH  BpaxoBaHa IiJi Yac  OI[HKH

HAa CHOTOJHINIHIA JeHb. PyiiHyBaHHA wMartepiany yTpPUMYBaJbHOI 3[aTHOCTI BiIpEMOHTOBAHOI ICTAIII.

BHACIZIOK PO3BUTKY TpPIIIMH € ONHIEW 13 Mera 1iei poOOTH — OLIHUTH €(EKTUBHICTH

HANMOIMPEHIMMX TPUYXH BTPATH HOTO MUTICHOCTI.  YacTKOBOTO  3alliKOBYBaHHS KPUXKOro Tima i3
BignoBnenHs CYIUIBHOCTI JnedeKTHOT  3ipuacToro TPINHHOO.

KOHCTPYKI[iII Ha 4YacTWHI TPIIIUHK 3aKOHOMIPHO

© T.M. Hansk, LII. [llaupkuii, 2023
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Mogaenn 3aiikoBanoi Tpilnunu. IlocranoBka
3agavi

Excopec-Meroamka OLIHKM MIIIHOCTI Tina 3
YaCTKOBO 3aJIKOBAHOK TpimmHOW [1] y mboMmy
MOBiJOMJICHHI BUKOPHCTOBYETHCS TSI MOJICITIOBAHHS
peHoBamii Tima i3 3ipKOMOgiOHUM e eKTOM
MUKITIYHO-CHMETPUYHOI  CTpYKTypu. TpimmHa Yy
negopMoBaHOMY Tilli PO3YMIETBCS SK TIOBEPXHS
PO3pUBY MepeMilieHb. Ko y neskiii mimgooiacTi
i€l TOBEPXHI BIMHOBUTH CYIUIBHICTH TLIA, TO
JICTAaHEMO HOBHH 00’€KT — YaCcTKOBO 3aJliKOBaHY
TPINIMHY. Peomnoris HEKOHTPACTHOT'O
3’€IHYBaJbHOTO MIapy HE BPaXOBYETHbCSA, OTHAK
NMTOMa IOBEPXHEBAa EHEPris J, Ha 3aJiKoBaHii

JUISHII 3arajoM BBaKA€ThbCs 1HAKILIOK, HLK Y, Y

CyLUIbHOMY TuTl. TakuM 4YHMHOM, MaeMO 3aaady
MEXaHIKK TPIIUH Y OJHOPIAHOMY 3a TNPYKHUMH
BJIACTHUBOCTSIMHU Ta HEOTHOPITHOMY 3a
TPIIIMHOCTIAKICTIO TiJi.

Cryninb 3aJiKOBYBaHHS TPIIIMHH OMKCYBAJN
JBOMa napamMeTpamu: BiJTHOIICHHSIM
TPINIMHOCTIAKOCTEH MaTepiamiB 3’€IHAHHS Ta TiNa:

N =+7,/Y7, Ta BIIHOLIEHHAM [JOBKHHH 3a7TiKOBaHOI

IOUISHKA 10 JIOBKMHHM  I0YaTKOBOI  TPIIIMHHU:
v=I,/1,€[0,1].
IIyKadd SK BIIHOIICHHS TI'PAHUYHUX HaBaHTaXKCHb
JUIS  3aJ1iKOBaHOI Ta  MEPBHUHHOI  TPIIIMHU:
X=py/Po-

Y Mexax TNpUIyIIeHb IUIOCKOT 3amadi Teopii
MPYKHOCTI pO3risifany Oe3MeXKHY IUIOIMHY 13

EdexkTuBHICTE  3aMiKOBYBaHHS

3ipuacToro N -TaHKOBOIO TPIIIMHOIO 32 yMOB
BCEOIYHOTO pO3TATYy HANpPYKEHHSAMH p = const .
[Mobynyemo 3anmexHicte  y(77,y) U1 PI3HHX

BapiaHTIB 3aJIIKyBaHHS.
Tpimuna, 3aj1ikoBaHa B 0K0.1i BepIIUH

Hexait 3ipuacta TpimmHa 3ajikoBaHa MOOJIN3Y
BepmMH Ha autaHkax (/,/)), ToOTO Maemo N -

JIAHKOBY CHCTEMY YKOPOUEHHUX TPIIINH 3aBIOBKKH [

(puc. 1).
Toni xoe(ilieHT IHTEHCUBHOCTI HANPYXEHb IS

BHXIJHOI TPIIIMHU OYE:

k! =p1/ﬂlOFO(N),

a JUIs 3aJ11IKOBAHOI —

k' = py[rIFO(N),

(1

2
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Puc. 1 3ipyacra TpinmHa, 3amiKoBaHa MOOIHU3Y
BEPIIMH

ne F O(N ) — Bimoma (yHKIIiSA BiJ KUIBKOCTI JIAHOK

[2-4].
BpaxyBaBmu

Ipidpdirca [4]:

CIIBBITHOIICHHS KPUTEPIIO

k' =K =42Ey, ,
K=kl = \2Ey,

i3 popmyi (1) 1 (2) MaeMO TpaHUYHI HABAHTAXKCHHS

Do = \2Ey,
DO Nl
V2Ey,

Dh=—g ———- (3)
"R Nl
3HaitieMo e eKTUBHICTh 3aTIKOBYBaHHS:
p
y="= _n 4)

po -y

Jnst 3amikoBaHOl MOOJM3Y BEPUIMH TPIMIMHA
edexTuBHICTh (4) HISK HE 3aJEKHUTH BiJl KUTBKOCTI
nmaHok  gedekty. I3 3pocTaHHsIM  BiTHOCHOI
MPOTSHKHOCTI JIUTSTHKA 3aJTIKOBYBaHHS W
CIIOCTEPIraeMo 3pOCTaHHS CTPUMYBAIBHOI 3/1aTHOCTI
(puc. 2). BukopucraHHs MaTepiamiB 3 OUIBIIONO
TPIIIMHOCTIAKICTIO TaKOX TO3WTHBHO BILIMBA€E HA
3Ha4YeHHS e(pEeKTHBHOCTI J . 3a3HAYUMO TaKOXK, 10
MpoIeaAypa BIAHOBICHHS I[UTICHOCTI Ma€ CEHC, SIKIIO
x >1.
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X
— n=0.8
51— n=1.0
— n=1.25
2.0 A
1.5 4
1.0 1
0.5 ~
00 1 1 1 1
0.0 0.2 0.4 0.6 0.8 v

Puc. 2 BB cTyneHs 3amikOByBaHHS BEPIIUH
TPIIIMHU Ha yTPUMYBAIIbHY 31aTHICTh Tijia

Tpimuna, 3ajikoBaHa B 0KO0Ji eHTpa

Hexait Temep cymibpHICTH TiJIa BITHOBJIEHO B
OKOJIi IIeHTpa 3ipuactoi TpimuHu Ha ainsHkax (0,a)
(puc. 3). 3amaua Ui 3aIKOBAHOI  TPIIIUHU
TpaHc(HOPMYETHCS Yy BiIOMY 3ajady  pO3TATY
IUIOIIMHA 3 [HUKIIYHOK CHCTEMOIO paiaIbHUX
po3piziB (a,l,) [4,5], 3a po3B’si3kamMu SKOi MaeMO
CHIBBIJHOIICHHS JUIsI KOE(DIIEHTIB 1HTEHCHBHOCTI
3yCHIIb:

k= p\rIF*(2,N), ()

2023, 2

Bulletin of Taras Shevchenko
National University of Kyiv
Series Physics & Mathematics

Puc. 3 3ipuacra TpinmHa, 3amiKoBaHa MOOIHU3Y
LEHTpa

ne F*(A,N) Bimobpaxae B3aeMHe pO3TalIyBaHHS
pospisi, a [ =([,—a)/2, A=I/R, R=(a+l,)/2.

3actocyBaBmm  kputepiii  Ipipditca 1o
crmiBBimHOIIEHHS (5) Ta BHKOHABINM aHAJIOTIYHI JIO
MONEPEHBOI0  MYHKTY MEPETBOPEHHS, MICTalH
BUpA3 /IS TPAHUYHOTO HABAHTAKCHHS:

p, = min| — V257 V2Er |6

Jr1E Ny Jr1F ()

Bpemri, ckopucTaBIICh 3HAUYCHHSMEI TPaHUYIHIX
HaBaHTaxeHb (3) 1 (6), oTpumanu QopMyny s
eexTrBHOCTI 3aliKOBYBAaHHS TPINIMHU MOOIU3Y

2.5 A

2.0 A

1.5 A

1.0 A

0.5 1 1

0.0

n=1.25

T T T T
0.0 02 04 06 08 Yy

T T T T
0.0 02 04 06 08 Yy

T T T T
00 02 04 06 08 y

Puc. 4 BB cTyneHs 3a1iKOByBaHHS IICHTpa TPIIMHA HA YTPUMYBAIIbHY 3JIaTHICTh Tijla
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IHeHTpa:
0
_2Ew 1” ,-11 . 9)
I-y F _—W,N Ft _—W,N
I+y l+y
Tyr BPaxOBaHo, 1110 Il =(1-y)/2,

A=1-y)/(+y).

Ha puc. 4 nomaHo 3alexHICTh yTPUMYBalbHOI
3IATHOCTI Ne(EKTHOro Tijla BiJ JAOBXKUHHU UISHKH
3aTiKOBYBaHHS JUISL PI3HOI KUIBKOCTI Je(eKTiB Ta
pI3HMX  XapaKTepUCTHKaX  SKOCTI  Marepiaiy
BIJHOBJIEHHS. Y BuUnaaky 1n<1 Hebe3nedHon

3aBKIM € 30HA 3amiKkoByBaHHS. Jma mamux

S EKTUBHICTh 3POCTA€ 31 30UIBIICHHAM KUIBKOCTI
nmaHok gedekty, s OUbmMX W — edekT

MPOTUIICKHHUNA. 3a BIICYTHOCTI KOHTpacty (77=1)
CIIOCTEpIraeMo 3MIiHY TEHICHIIH — I Mallux W

Hebe3neuHow Oyze Bce Ie BHYTPINIHS YacTHHA, B
Toif wac gk mna y >0.15 (N=4), yw>0.11

(N=6)iy>0.1 (N =28) HeOe3NeUHIINMH CTAIOTh

30BHIIIIHI BEPIIMHM TPIMHU. Taka 3MiHa XapakTepy
pyHHYBaHHS BioOpa)kaeThes 3MaMaMu Ha rpadikax.
Bunsitkom € Bunagku N =2; 3. I3 3poctanasm i > 1
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MePepo3NOAiT BiIOYBAaeThCS I yCIX BapiaHTIB
KUTBKOCTI JTAHOK, @ TOYKH 3MIHU TUIY pyWHYBaHHS
3MIMIYIOTBCS YITiBO.

BuchHoeku

Pospobnena Merommka JIO3BOJIIE  OTPHUMATH
AQHAIITUYHI OI[IHKK MII[HOCTI KPUXKOro Tina 13
YaCTKOBO  3aJIKOBAHOI  3IPYacTOl0  TPILIUHOKO.
AHaNTHYHUIA pPe3yJbTaT JIOCATAETHCS 3a PaxXyHOK
paZMKaIbHOTO CIPOIICHHS — HEXTYEMO PEONIOTIEI0
3’eTHaHHS OeperiB TPINMHH.

30LIbIIEHH 30HM BiJIHOBJIEHHS Ta IIIJBUIIEHHSA
SIKOCTI 3YeIJICHHS CTIPUSIIOTH 3pOCTaHHIO
YTPUMYBAIILHOI 3aTHOCTI MaTepiay.

Y pa3i 3amikoByBaHHS MOONU3y  BEpIIMH
3ipKoIoTiOHOT TPIIHA edekTuBHICTH
3aIIKOBYBaHHS HE 3aJICKHUTh Bijl YKCIIa JIaHOK.

Y pa3i 3amikoByBaHHS TOOIM3Y  I[EHTpa
MO3UTUBHUMA PE3YyNbTaT JOCATAETHCS ISl HE HAJITO
KOPOTKUX [IIUISHOK 34eruieHHs (He mane y ). Kpim

TOro, JJS Malux 7] HeOe3NeuHi € BHYTPIlIHI
BEpUIMHU, a TpU OUIBIIMX — 30BHINIHI BEPIIUHH

3a;mikoBaHoi TpimuHH. [Ipo 3MiHY MeXaHi3MY
pYHHYBaHHS CBiIYaTh 371aMU Ha rpadikax.
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Posensnymo 3adauy npo 63aemo0ilo 060X CMOPOHHIX 00 €KMIi8, PO3MAMOBAHUX y PIOUHI 6 ROl
aKyCmu4Hoi X6uii, AKa NOWUPIOEMbCA 6300824C JiHII po3mauly8anHs yux min. Yzaeanoneno memoo
PO38 sA3aHHA 3a0a4i, SAKUU NONA2AE Y OO0CHIONCEHHI NIHIUHOI 3a0aui pPO3CIl08AHHST NEPEUHHOI X6UTNL HA
CMOPOHHIX 00’ exmax, 00HUCIeHHT 2I0POOUHAMIYHUX CUNL, SKI OIIOMb HA KONCHUUL 00 '€Km, 3 HACMYNHUM
ocepeonenHsm ix 6 uwaci. B pamkax yvoeo nioxody eusedeno @opmyny 01s O0OUUCTEHHS aKyCMUYHOl
paodiayitnoi cunu (APC) ons eunaoky, Koau CMOPOHHI Mila € Kpanuisamu pIiOuHU, Wo PO3MAWOSAHI 6
306HIWHIN PIOUHI. JoCHiOdceno 6naue Ha aKyCmuyHy padiayiihy Culy 4acmomu naoaiodoi Xeuii, ei0cmani
MidIC Kpansimu, ix paoiycis i (pizuuHux napamempis piouH.

Kurouosi crosa: ideanvha piouna, niocka akyCmuyHa Xeujist, pioka cihepuuna xkpanis, 2i0poOuHaAMivHa
cuna, aKkycmuita padiayiuia cuid.

The problem of interaction of two foreign bodies placed in a liquid in an acoustic field propagating along
the line connecting the bodies is under investigation. An approach is elaborated to characterize the
interaction between the bodies caused by the acoustic radiation forces that are the time-constant components
of hydrodynamic forces acting upon the bodies located in the outer liquidmedium. For example of the
method application, propagation of the plane acoustic wave along the center line of two liquid spherical
drops placed into a space filled with another liquid is under investigation. Study of the acoustic radiation
forces is performed in the frame of two-step procedure. The first step comprises solution of the linear
problem of incident wave diffraction on the bodies. The problem is solved by the variable separation method.
To satisfy the boundary conditions on spherical surfaces, the expansion of the incident and reflected wave
potentials over the spherical wave functions are used. The second step is calculation of the hydrodynamic
forces acting upon each body followed by time averaging of forces determined. The analytical formula for
the acoustic radiation force calculation is derived for the case under consideration. It is established that
value of the acoustic radiation force affecting each liquid drop depends significantly on the incident wave
frequency, densities, speed of sound in the outer and internal liquid as well as on the radius and distance
between drops.

Key Words: ideal liquid, plane acoustic wave, liquid spherical drop, hydrodynamic force, acoustic
radiation force.

Crartio nipencraBuB akagemik HAH Ykpainu [lepectiok M.O.

Oynp0aliok, Kpamneiab PiJMHH B iHOIH pimuHI Po3-
rusganics B podorax [1-3]. 3Haunwmil iHTEpec s
TEXHOJIOT'TYHUX TMPOIIECIB, Y IKHX BUKOPHCTOBYETHCS
Jisl aKyCTUYHHUX XBWJIb, MAa€ BUBYCHHS PYXy Kpareib

1. Beryn

Pi3Hi muTaHHS WOMO PyXy 1 B3aeMOAil ra3zoBHX

©O0.I1. XKyxk, A.0. XKyk, T.B. Knimuyk, 2023
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PIAMHHM TiA Ai€l0 pamialiiHux cuil (KoaryJsisiis i ce-
JUMEHTAIlll  aepo30JiiB,  Jerasailisi, CTBOPCHHS
00’eMHOI cuii B HeBaroMocTi Ta iHmmi). [TyOmikarii
JNOCTIDKEHb, TMPUCBAYCHUX  PI3HUM  I[HUTaHHAM,
MOB’SI3aHUM 3 JIi€I0 pajiallifHUX CHJI HA TBEP/i 1 pi-
JIKi CTOpOHHI 00’€KTH B PiiMHI, HABEJICHO B poOOTax
[1-3]. V paniif craTTi po3rNIAAa€ThCS BHUIAJOK IMO-
IMIUPEHHS! TUIOCKOI aKyCTHYHOI XBWJI B piauHI
B3JIOBK IPSIMOI, Ha KA 3HAXOAATHCSA LIEHTPU JIBOX
cepryHUX Kparelnb HIN0T PIIMHU, HiXK 30BHIIIHS.
2. IlocranoBka 3amaui
PO3B’A3yBaHHSHA

audpakoii Ta i

Bynemo BBaxkatw, 1110 iJeajibHa CTHCIMBA PiAMHA
TYCTUHH P, B SKii 3ByK IOLIMPIOETHCSA 31 MIBUJIKIC-
TIO q,, 3aIIOBHIOE BeCh MPOCTip. Y Hill 3HAXOIATHCA
IBi cepryHi Kparuii 1HIIOI ixeaabHOl PiTMHH, Bif-
cTaHb MDK meHTpamu sikuX [. ['ycTuHa pinuHuU B
kparti Mel p,, MBHUIKICT 3BYKY B piAMHI Kpamii 4, ,
a paniyc cdepuunoi kpamiai R,. BigmoBimHo B
kpamt M2 - p,,a, 1 R,. 'onoBHa cucrema Koop-
JMHAT — MPSMOKYTHA AekapToBa Oxyz,, IEHTP KOl
3HAXOIUTHCS Ha CEPEIUHI BificTaHl { MK IICHTpaMH
chepruYHHMX Kpamenb. 3 KpariiMH TaKOX 3B’ SKEMO
cuUCTeMH JeKapToBHX koopauHaT Ox .y .z  (s=1,2)
i chepuuni cucremu kxoopauxat O.r.0.¢, (s=1,2)
(puc.1). Bynemo BUXomuTH 3 MOJIENI i1€abHOT CTHC-
JIUBOT OapOTPOIHOI PiAMHM 1 cuITy 11 il Ha chepuuny
KpaIuli0 BUPaXyeMO 13 YMOBH MOTEHIIIABHOIO 00Ti-
KaHHS Kpart. Homepom 1 10MOBUMOCH TIO3HAYATH
Kparuio, Ha SIKy XBHJIS MaJa€ TEpIIol0, a HOMEPOM
2 — IpyTy Kparuio.

X1

(2

Puc. 1. Cucrema IBOX piIKUX Kpamenb B piinHi

KopoTko BHKJIaieMO IMOCTaHOBKY 3ajadi (xerasi
nuB. y [3]). Hexait ®© moteHIiian mosusi MBUAKOCTI B
30BHIIIHIA PiWHI, SIKM CTAHOBUTH CyMY MOTEHIIia-

. .. . . (.S) _
ay ®, nepeuHHOI XBUJI 1 moTenuianis @’ (s =1,2)
PO3CISIHUX Ha KpaIuIaX XBHJIb. Toai THCK p B 30B-

HIMIHIA piAMHI MOKHA BHPaxyBaTH, CKOPUCTABIIHNChH
OJIcpKaHUM TOTEHIIIaIOM, 3 TOYHICTIO J0 BEJIHYHH,
10 MalOTh MOPSIOK KBajapaTiB 4yucia Maxa, 3a ¢op-
Myoro [2,3]

ob 1 2
=—py——— rad®) +
p Po o 2po(g )

2
2 9
2a; \ ot
B skiit moteHIian @ e po3B’sI3KOM XBHIILOBOTO PiB-
HSTHHS

2

OOuuciieHHs pajiamidiHOl CHUIM, fKa Ji€ Ha
00’€KTU B PiIMHI, 3BOJUTHCS 10 YCEPEAHEHHS B Yaci
TiIPOJMHAMIUHOL CHITH

F=—[[ pNds, 3)
S

ne N — BEKTOp OJMHUYHOI HOpMaJi J0 30BHINIHBOT
noBepxHi S o0’exrta. JliHilfHiCTh piBHAHHSA (2)
JI03BOJISIE BUKOPUCTATH MPHHIUI CYIIEPIIO3UILIT MpH
BHU3HAYEHHI MOTEHIIATY MO MIBHIKOCTI Y BUMAIKY
cHCTeMH 00 €KTIB Y PiluHIi, OTXKE pO3B’sI3aTH 3a/1a4y
po X B3aEMOIIIO.

Hexaiti mnoreHmian mNepBUHHOI XBHJI, SKHH €
po3B’si3koM piBHSIHHSA (1.2), MOJA€THCSI BUPA30M

D, :Aexp[i(kz—(ot)], 4)

bi (] A -aMILIITY 13, ® -KpyroBa

k =w/a, -xBunbose uucio, ¢ - yac.

4acrora,

[TepBunna xBuis 3 norteHuianom @, mommpro-

€TbCs B JopaTHOMYy Hampsimi oci Oz . XBHUIIBbOBE
MoJie B 30BHIMIHIN PiIMHI YTBOPIOETHCS B PE3YNIbTATI

iHTepdepeHnii mepBuHHOT XBWII (4) 1 XBHWIIb,
PO3CISTHUX Bil cEpUUHUX Kparielb
. (s)
N
=0, +) O . (5)

s=1

I'panu4Hi YMOBM BHMararoTh HEIEPEPBHOCTI pa-
JiaJIbHAX KOMITOHEHT IIBHJIKOCTI 30BHIIIHBOT 1 BHYT-
pIIIHBOT PIIMHN Ha TMOBEPXHSX Kparelb i Hemepep-
BHOCTI BEIMYUHU THUCKY IIPH IIEPEXO/i Yepe3 MmoBep-
XHi Kpamnenb. [X 3amuieMo B TAKOMY BHIJIAII:

) (5 (5

Ts

— ‘7(3')

-5 ©)

rg=Rg

> P

rg=Rg

ry=Rg 15 =R

3ayBakuMo, 110 MOTEHI[iIAId PO3CITHUX Ha Kparl-
JSIX XBWJIb TIOBUHHI 3aJOBOJIBHSIITH TaKOXX yMOBaM
BUIIPOMIHIOBAaHHSI Ha HecKiHueHHOcTi. [Ipu dopmy-
JIOBaHHI TPaHUYHUX YMOB Ha TMOBEPXHSIX CQepud-
HUX Kpareinb MU He BPaXxOBYEMO NTOBEPXHEBHI HATSIT
B KpaIuIsiX 1 BBAKAEMO, IO aMILIITy/Ia KOJIMBaHb IMO-
BEPXHI KpaIlii € MaJIOl BEIMYUHOI 1 TOMY pajiyc
Kparii NnpuiMaeMo HEe3MIHHHMM. 3a3HauuMo, II0 Y
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¢dopmyiax (6) pucka HajJ CUMBOJIOM II03HAYAE BEJH-
YMHU, SKI XapaKTepu3yloTh CTaH PiOUHH, SKa
3HaXOJUTHCS B KPaIUIsIX.

3acTrocyBaHHSI METO/Y, JETallbHO OIHCAHOTO Yy
[2,3], 1o3Boyse 3BeCTH 3adady BU3HAYCHHS
MOTEHIIIaTiB MMOJIiB IIBUJIKOCTI Y 30BHINIHIN PiUHI i
piAMHI Kpameiab 10 pO3B’sA3aHHS HECKIHUEHHOT
CHCTEMHU anreOpaiuyHUX  pIBHSAHb  BIITHOCHO

xoedinientin 41 A, s=1,2y po3BUHEHHSX 1HX
nmoreHuiamie y psaau  Dyp’e
XBHIILOBUX (DYHKIIISIX

no chepuuHUX

k" (KR, ) A =, g, (kR ) A, +kS17 (KR ) =

s=1,2;

= 2 4ke" MR 1 (kR ), ;
()

pohy (KR,) A, =p.j, (kR,) 4, +

1kl/2 n

i"j, (kR,).

Heckinyenna cucrema anreOpaiuHux piBHIHB (7)
n=0,1,2,...,

SIKU 3HAaXOJIMMO METOIOM peaykiii. O04YucieHHsIM
uX KoeQilieHTiB GopMaNbHO 3aKIHYYETHCS BH3HA-
YeHHs I[IOTEHLajiB IIOJIB IIBUAKOCTI B 30BHILIHIA
pimmHi 1 B pimuHI Kpamenb. 3aJaHWi CTeIiHb
TOYHOCT1 3a0€3MeUy€eThCsl IOPIBHSHHSAM Pe3yJIbTaTiB
O0YHMCIICHDh IS TOCHIIOBHO 3pPOCTAl0Yoro 4Yucia
PIBHSIHB.

0,07, (KR, ) = —24p,e

Ma€ €IMHHUA pPO3B’I30K {A,ES),Z,?)},

2. BuznaueHHs pagianiiiHux cuJ, siki 1il0Th HA
chepuuni kpanii

Jyist o0UMCIICHHSI T1IPOMHAMIUHOT CHITH, KA i€
Ha Kparuiro, Oyzmemo 3actocoByBatu (opmyny (1)
JUISl THCKY B PIIUHI Y HACTYITHOMY BHUTJISIII:

3 \2 '
S0 = Lpo (2O 100V )
2a; ot 27 o,
_Lpyfo0Y
272 00, )
OcepeHIOIYN BHECOK KOKHOT'O 3 JTOJIaHKIB Y (8)

10 TIOBEPXHI KPAILIMHHM 1 32 TIepioj] Maaarvol XBUIi,
OTPUMAEMO BIIMOBIAHO

®)

(F$)=-2mp, (kR )’ imx

n=0

©)
(KOKG + 101,

o)y iR S+l
() =2m0 (W) X ) (10)
X(Kr(ls),Kr(li)r L(S)'L(ns_z]r )’
1)(n+2)
1) g S M+ 1)(n+2)
<23> npoz 2n_|_1(2n+3)>< (11)

(KK, + £15))

Honatoun (9)-(11), oTpuMyeMO OCTATOUYHUN BHU-
pa3 Ui aKyCTHYHOI pajiailiiHol CHJM, IO Ji€ Ha
OKpEeMY Kparuto

n+l

< (‘)> 2npozmx

(KRG + L0 )[n(n+2)-al |+ (12)

(K(s)'K(i)]' +L(é)'L(nSJ2]') }’ o, = kRS.

Bupasu st Kis), L(n”, Kis)' i Lff)' HaBeNEeHi y
crarTi [3].

3. Yucaogi pe3yabTaTu Ta ix aHami3

I3 3acTocyBaHHSAM PO3POOJIECHOrO MiAXOAY JAOCIHi-
JDKEHO 3aJlavy NP0 BHU3HAUCHHS aKyCTHMYHHUX pajia-
uittinx cun (APC), mo nitotb Ha 1Bi chepuyni
Kpami — TeTpaxjopupy  kapbomy  (a;, =926

M/C, Py, = 1594xr/M’), po3TamoBaHi y 3OBHIIIHi#H
pimuni — Bomi (g, =1500 m/c,p, = 1000 kr/m’) Tin

JIE0 TJIOCKOT 3BYKOBOI XBHJI,
B3JIOBK JIIHIT IEHTPIB KPaIIKH.

IO TTOHIUMPIOETHCA

R, ¥ 5mm
4
4mm zx
2mm
2 3mm ]
=,
2o -
: ~
/L,:N \\ Imm
~ \
-2 “
-= M \ \
4 f— () v \
0 2 4 i 6 8 10

Puc. 2. 3anexnocti APC Big 4acToTH najaro4oi 3BY-
KOBOI XBMJII IpU R, > R, .

Ha Puc. 2 nmokasano 3anexnicte APC, 1o 1ifoTh
Ha MepIy i APYry Kparuito, <FZ(')> (ITpUxoBa JiHIsA)

i <FZ(2)> (cyminbpHA JiHIS) BIAMOBIAHO, Bl YaCTOTH

Majaryoi 38yKoBoi XBuii. [Ipu nboMy reomerpuyHi
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napaMeTpy CUCTEMM € HACTYMHUMHU: R, =5 MM, 3Ha-
YeHHsl pajdiycy Apyroi kparut, R,, BKaszaHi Ouis
BimnoBimHUX rpadikiB. BixcTaHb Bim IEHTPIB
kparmma ¢ =50 wmm. [ItpuxoBi minii Ui Beix
3HaueHb R, CMIBNAJAalOTh 3 TOYHICTIO 10 300pakeH-
HS Ha PUCYHKY, BKasyiouu, 1o BeanunHa APC, mo
Jlie Ha TIepIly Kparwlio Ui JaHWX MapaMeTpiB He

3aJIOKUTH BiJl pajiycy APYyroi Kparuii.
1

o

/'(ll

(F,) 10%, N

'
N

—— (FM) \\ \
— () \
I I v

0 2 4 6 8 10
kl

Puc. 3. 3anexnocti APC Bix yacToTH I1agaro4oi
3BYKOBOi XBWJIi IpH R, < R, .

-2

Ha Puc. 3 mokazano 3anexnocti APC Bix vac-
TOTH TMaJaI090i 3BYKOBOI XBHIIi, aHAJOTIYHI 3aJICK-
HOCTSIM, TIOKa3aHUM Ha Puc. 2, s BHNAAKY, KOJH
paziyc mepioi Kparmii € MEHIIIMM BiJl paaiycy Apyroi
kparuti. [ITpuxoBUMH 1 CYIITBHUMH KPUBUMH TIOKa-

3aHi aKyCTHYHI pajaialliiHi CHIH, <FZ(')> 1 <FZ(2)> , 110
JUIOTh Ha MepIly 1 ApYyTry Kpario BiIMOBIIHO.
3 Puc. 2 i 3 BugHo, mo npu R, < R,, Ha BiAMIHY

Bifl BUNAAKy R, >R,, BeIUYHHA <FZ(')> CYTTEBO
3aJIeKUTh Bif pajiycy Hepuioi kpami R, .

B o00ox Bumazkax BOHA € HalpaBlCHOK B
CTOpOHY, TPOTHIISKHY HAmpsSAMKy TIOIIUPEHHS
nagarouoi xpuii. [Ipu somy APC, 110 aie Ha Apyry
Kparuio, 3MIHIOEThCS SK 332 BEIMYMHOIO, Tak 1 3a

Cnucox BUKOPHUCTAHUX T7KEPeEa

1. King L.V. On the Acoustic Radiation Pressure
on Spheres / L.V. King // Proc.Roy. Soc. Ser.
A. —1934. —147, Ne861. — P. 212-240.

2. Zhuk A.P. Effect of acoustic radiation on a
spherical drop of liquid / A.P. Zhuk // Int. Appl.
Mech.— 2007. —vol. 43, No. 7. — P. 726-733.

3. Kyx  O.JI. Tlpo B3aemomito chepuyHux
Kpamnenb piIMHA B pajialifHOMYy MOl
akycrnuynoi xBwi / O.IL XKyk, 5.0. XKyk,
T.B. Kimimuyk // Bicauk KHY. Cep.: ®i3.-mar.
Hayku. —2023. — Ne 1. — C. 61-64.

HaTPSMKOM Y 3alleKHOCTI BiJl yactotu. Kpim Toro,
. - 2
ICHYIOTh II€BHI II 3HAY€HHs, IPU SIKHUX <FZ( )>:0,

TOOTO Ipyra Kparuis 3aJIHIIAETHCs HEPYXOMOIO.
4 .

- (F)

2 — (F®)
P BN il
5 4 \

50 kHz|
-6
v \W/\|reNnmrda k-
8 0 10 20 30 40

ki
Puc. 4. 3anexuicts APC Bix BigcTaHi MK LIEHT-

pamu Kparienb, / , Ha 3aJiaHiil 4acTOTi.

Ha Puc. 4 noxasana 3anexuicts APC Bijg Bigcra-
HI MDK LIEHTpaMHu Kpareib, £, Ha 3aJaHiii 4acToTi
JUISl CHCTEMH JIBOX Kparellb TeTpaxJIopuIy KapOoHy
y Bogi. Jlani HaBeneH1 IS BUNAJKY PIBHUX PajiiyciB
KpamiMH R, = R, =5 mM. Kpusi a1 gacror 40 1 50
k['11 mo3HaveHi Ha pUCYHKY. [3 301IbIIEHHSIM BijCTa-
Hi MK KparusiMU B3a€MOJisl 3MeHIIyeThest. Haitbi-
JIBIIMHA PIBEHb B3aEMHOTO BIUIMBY CIIOCTEPIra€ThCs
MPH BEIMKKX 3HAYEHHSX YaCTOTH Ha Malliil BigcTaHi
MDK KparuisiMH.

HaykoBi nociipkeHHs, pe3yabTaTd SKAX OmyOi-
KOBAHO B JIaHi#l CTAaTTi, BAKOHAHO 3a (pIHAHCOBOI Mij-
pumkn HarmionanbHOro GoHAy MoCHiKeHb Y KpaiHu
(TTpoext 2020.02/0112 «dudpakuiiiai mporecu i
pajianiiiHi cHIM B OOMEXKEHHX TiIPONPYKHHUX CHUC-
TEMax»).
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Y pobomi nposedeni cucmemamuuni OOCHIONCEHHS OUHAMIKU RPOYeCié pPYUHYSAHHS mMa e8oioyil
Oeexmie Ha Npuraadi 3pasKie i3 wmyuHo2o kamerio. llpu excnepumenmanrbHoMy OOCHIONCEHHI 3PA3KIE 31
WMYYHO20 KAMEHIO NICsl YOAPHO-XEUTLOBO2O HABAHMANCEHHSI CNOCNEPIcAEMbCsl YIMBOPEHHS PAdiaibHUX
MPIWUH, A MAaKoX#C 3APOONCEHHA MA PYyX JOKAIbHUX MpiWuH 6 pisHux micysax spasxie. OcmauHe Oae
MONCIUBICMb CMBEPOICYBAMU NPO HAABHICMb CKAAOH020 0aA2amopieHeso20 PYUHY8AHHS 3pA3Ki6 nid 0i€io
YOApHO-XBUNLOBO20 HABAHMANCEHHS.

Kurouoei cnosa: yoapro-xeunvosuii npucmpiil, subyx memanesoi (honveu, GIOKONbHE PYUHYSAHHS,
padianvia mpiyuna, 10KaILHA MPIUHA.

In work, systematic studies of the dynamics of destruction processes and the evolution of defects are
carried out on the example of artificial stone samples. During the experimental study of samples made of
artificial stone after shock wave loading, destruction of the samples was not observed. At the same time, only
the formation of radial cracks is observed. In contrast to ceramics, under the same load conditions, the rate
of crack growth in artificial stone samples is, on average, 75 km/s. Sofiware tools for 3D surface
reconstruction, with high spatial resolution, were used to study the initiation and movement of cracks after
shock-wave loading. 3D reconstruction of the surface makes it possible to observe and study the entire
pattern of crack growth from the center to the periphery of the sample. The study and analysis of individual
parts of the crack were carried out, particularly in the areas where their bifurcation and further growth
occur. The nucleation and movement of local cracks in different places of the samples were also observed.
The latter makes it possible to assert the existence of complex multi-level destruction of samples under the
influence of shock-wave loading.

Key Words: shock wave device, metal foil explosion, spalling failure, radial crack, local crack.

CrartTio ipecTaBuB wieH-kopecnonaeHT HAH Ykpainu, a.¢.-M.H., mpod. XKyxk 5.0.

Po3BuTok aBiamifiHO-KOCMIYHOI Ta BIMCHKOBOL
TEXHIKHM,  EHEepPreTMKH Ta  IHIIUX  ramy3el
MIPOMUCIIOBOCTI BUKIIMKA€E HEOOXIAHICTh JAETaJIBLHOIO
CKCIICPUMEHTAIILHOTO BUBYCHHS peakiii pi3HUX
KOHCTPYKI[IHHAX MaTepiayliB Ha yJapHO-XBUJIbOBE
HaBaHTa)XEHHS. AHAII3 yAapHO-XBUJIHOBHX SIBHII Y
TBEPAUX TiIaX IO3BOJISIE BCTAHOBUTH OCOOJIMBOCTI

© £1.0. XKyk, M.M. MenbHUYEHKO,
B.O.Annpymenko, A.M. Kip'es, 2023

nepediry nepopManifHUX MPOIECIB MPU BHCOKHX
MIBUAKOCTSX BIUIMBY. B nmaHuii yac me He icHye
€IMHOI Teopii, sika O MOSICHIOBaJIa KIIIOYOB1 e(eKTH,
[0 BU3HAYAIOTh MPY)KHO IUIACTHUYHI BJIACTHBOCTI Ta
JMHAMIYHY MIIHICTh MaTepialliB MpH iHTEHCHBHHUX
HaBaHTaXeHHAX. OcCOOIMBOCTI MOBEIIHKH METAIIB
Ta KepaMmik B YMOBaxX JAMHAMIYHOTO Ta YyIapHO-
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XBUJIBOBOTO HaBaHTaXXCHHS, O0OYMOBJICHHX HaBaHTAXCHHS, IPHU PO3BUTKY OJUHOYHOI TPILMHH
pPO3BUTKOM Ae(EeKTiB, € TMpeAMETOM CYy4acHHX Ta IPH MPOOUTTI MEeperKoIu.
AKTUBHUX  JOCHIDKCHb, SKi  CKJIAJAIOThCI 3 Crenudika yaapHO-XBHJILOBUX BIUIMBIB IOJISTa€e
EKCIIEPUMEHTAIBHOTO BHBYCHHS MOBEIIHKA B TOMYy, [0 Yepe3 Mally TPHUBAIICTh dYacy
MaTepiamiB Ta PO3POOKH METOAIB IIMPOKOMAia- HABAaHTKEHHS MPAKTUYHO BIACYTHIH B3a€MHHH
MA30HHOTO MOJICITIOBaHHSI. BIUTUB OKPEMHUX JIUISHOK HaBaHTaKyBaHOI'O TiNa, 10
JoBruii qac OTpUMAaHHS IUIOCKUX ~ MICTSTh OyIb-sKi BeNMHMKI nedeKTH, 1 BIAMOBIAHO IiX
HECTAI[lOHAPHUX  YAapHUX XBHJb JUisi LIel BHECOK y mpomec pyiiHyBaHHS. Kpim Toro, mpu
BUBUYCHHSI  TCPMOAWHAMIUYHMX 1  MEXaHIYHMX [[bOMY PpPO3BHBAIOTHCS  EKCTPEMAJbHO  BHCOKI

BIIACTUBOCTEH TBEPIUX 1 PIIKUX PEYOBHH TMiJl €O
IMITYJIbCHOTO THCKY TIPOBOJAWIIOCS TPaIUIIHHUMH
METO/IaMH, TaKMUMH SK IJIPUB 3apsay XiMIi4HOT
BUOYXOBOI PEYOBHHH, PO3TAIOBAHOI HA MOBEPXHI
3pa3ka, abo yJIapoM TOHKOI IJIACTHUHH, IMONEPEAHBO
pO3irHaHoi MpoJayKTaMu BHOYXY, a00 €IEeKTPUYHOIO
rapmaroro [1,2]. BuKopucTaHHS [UX METOJIB
BHUBUYCHHS MEXaHIYHUX BIIACTUBOCTEH MaTepiaiiB B
YMOBaxX BEJIMKHX MIBHAKOCTeW nedopmamii npu
MaJMX IMIYJIbCHUX HaBaHTaXXEHHSIX OOMexeHo abo
KPUTUYHOIO TOBIIMHOK BHOYXOBOI pPEUOBHHH, a00
CTIHKICTIO MPUCKOPEHHSI TOHKUX IJIACTHH.

Tomy s 1mx IUled B gaHMd  9ac
BHUKOPUCTOBYETBCSI CIIEKTPUYHHNA BHOYX MeTaneBoi
¢donpru, 10  pPO3TAIOBYETHCS HA  MOBEPXHI
BUMPOOYBaHUX  3pa3KiB. Merox  eIeKTPUYHOTO
BUOyXy  mepenbadae  MOXIMBICTD  IIBHJIKOTO
MEPEeTBOPEHHST  EIEKTPOMArHiTHOI  eHeprii  Ha
TEIUIOBY €Heprito marepiany (oJIbru i 3abe3mneuye
OTpUMAaHHS  3racalouuMx  yAapHHX  XBWIb 3
aMILTITYIOF0 BiJl KUTBKOX OAMHHMIIL 10 necsaTkiB ['Tla
[3-5]. IIpu 11bOMY €KCIIEPUMEHTAIBHO JOBENEHO, 110
METOJI EJIEKTPUYHOr0 BHOYXY (oNbru m03BOJISIE
MPOBOANTH BHBUCHHS MEXaHIYHUX BJIACTHBOCTEH
MPH MJIOCKOMY IMITyJTbCHOMY HaBaHTaXeHHi. Y lapHi

XBHJI,  IHIIHOBaHI  €JIEKTPHYHHUM  BHOYXOM
MPOBIHUKIB y PI3HUX CEPEAOBHIAX, 3HAXOMATH
INIUPOKE  3aCTOCYBaHHS  3aBISKH  MOXKIUBOCTI
KepyBaTH iX XapaKTePHCTHKAMH B  IIUPOKHX

Jliara3oHax NUISIXOM 3MiHU MapaMeTpiB po3psaHOTO
RLC-konTypY, po3Mipom Ta MarepiajaoM
MPOBITHHKA, 110 BHOYXae. JocnimkeHHs
JMHAMIYHOTO PYHHYBAHHS TBEPIUX T MPHU yIapHO-
XBHJIbOBOMY HABaHTAXXECHHI JIEMOHCTPYIOTh  Psif
edekTiB [6], MmO cynepedaTh KIACUYHMM MOJICIISAM
MIITHOCTI Ta TpimuHocTiiikocTi [7]. OctaHHE Mae
IyXKe BaXKJIMBE 3HAYCHHS, OCKUIbKH JWHAMIYHE
pyHHYBaHHS € BH3HaYaJbHUM TIpPH NPOOUBAHHI
Oponi Ta npoGineHHi cHapsmiB. Ilpu 1BOMY
CKJIAIHICTh AWHAMIYHMUX [OCIIOKEHb IOJISIra€ B
HEOOXIIHOCTI MPOBOJHUTH PEECTPAIiI0 TapaMeTpiB
MPOIIECY B MIKPO CEKYHIHOMY YacOBOMY Jiala3oHi,
a JUIA TiJABMINEHHS 1H(QOPMATHBHOCTI HEOOXIIHO
OI[IHIOBATH TMOBEIIHKY MaTepialliB PU Pi3HUX BUAAX
HABaHTa)XEHHS Ta PYHHYBaHHSA: y TUIOCKHX XBHJISX

MIBHJIKOCTI JeopMyBaHHs, BiIOyBaeThCsl pPO3IrpiB
PCUOBHHH, 3MIHIOETHCS CaM MEXaHI3M ILIACTHYHOL
nedopmarii (HanpukiIan, y Meranax BiIOyBaeThes
aKTHUBYBaHHS  JIONATKOBUX IUIOIIMH  KOB3aHHY,
30UTBIIYETHCS BHECOK NBIHUKYBaHHS B
nedopmariiro HaBiTh IS THX MarepiayiB, A€
3BHYAHUX YMOBaxX HaBaHTAXKEHHS jaedopMamiiiHi
NBIHHUKY HE YTBOPIOIOTHCS ).

AKTyalbHICTh  JOCHIDKEHb y IIH  ramysi
o0yMOBIIEHa  TakoX  HEOOXITHICTIO  PO3POOKH
MaTeMaTHYHUX MOJIENeH, 3aTHUX OIMUCATH 3B'S30K
MPY)XKHO TUIACTHYHOI TIOBENIHKKA Ta pPyWHYBaHHS
MaTepialiB 3 KIHETHKOIO HAKONMWYeHHS ae(eKTiB.
[Ipu npoMy MOAANBIIN JOCTIIKEHHS 3MIH MIIHOCTI
HAa MIKpOpiBHI Ta MEXaHI3MIB  IUIACTHYHOTO
nepopMyBaHHST ~ CHOPUATHMYTh  KOHCTPYIOBaHHIO
HOBHX BHUCOKOMIITHUX MarepiaiiB Ta
BIIOCKOHAJICHHIO TEXHOJIOTIT iX 00pOOKH.

3pa3ku i MeToaU BUMIpiB

lonmoBHa wmera pobotu momsrana y po3poOii
METOIUKH eKcIIpec-/1iarHOCTUKH JUTst
CKCIICPUMEHTAIILHOTO  BHM3HAYCHHS  MILHICHHX
BIIACTUBOCTEH KEepPaMiYHHMX, CKIISTHUX 1 MOJIMEPHHUX
MaTepiajiB MpH X yIapHO-XBHILOBOMY PYHHYBaHHI.

3 Mi€0 METOo aBTopaMu OyB pPO3pOOIICHUM
YIApPHO-XBHJILOBUH EKCIIEPUMEHTAIbHUN TPUCTPIid,
SKHH TPYHTYETbCS Ha BUKOPUCTaHHI crenugiku
YIApPHO-XBHJILOBUX BIUTMBIB. EKcnepuMeHTanbHUMA
MPUCTPI pO3POOICHO IS TECTYBaHHS TUHAMIUHOL
MIITHOCTI TaKMX MaTepiajiB sIK Kepamika, CKJIO, Ta
OPICKJIO PI3HOI TOBIIMHH. Y IapPHO-XBUJILOBUU
MPHUCTPIN J03BOJISIE TEHEPYBATH MPYKHUH IMITYJIbC
ctucHerHss go S5 ITla mporsrom wmenme 0,4

MIKPOCEKYHAM Ha IUIONII B KUIbKA JECATKIB
KBaJpaTHUX MiTiMerpiB. [lpm 1bpOMYy TOHKa
MeraneBa (oJbpra 3aTUCKAETRCS MDK  JBOMA

IMaJKAMU TUIACTUHAMU  (HAmpuKiIan, 31 ckima) i
BUOyXa€e (pO3IUIABISIETHCSI Ta BUIAPOBYETHCS) Bif
PO3psIly HAKOMMYYBaJbHOTO KOHJEHCATOpa. XBHIIS
CTHCKY JIOXOAWUTh JI0 BEPXHBOI BUIBHOI MEXI
BHUIIPOOYBAHOI IUIACTUHU 1, BIIOMBAIOYMCh BiI HeET,
dbopMmye XBWIIO pyHHYBaHHs, sfKka 3a0e3redye
KOHYCHE BIJIKOIIbHE pPYHHYBaHHS. 3a JIOIIOMOTOO
TAKOTO  MPHCTPOIO  MOXJHMBO JOCHTH  TOYHO
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BH3HAYaTH BEIMYUHY JIUHAMIYHOI MIIIHOCTI, IIO B poGoTi Takox Oyj0 MPOBEIECHO BUBYCHHS Ta

MOYATKy BiJKOJBHOIO PYHHYBaHHS, 1, TAKMM YHHOM,
Momu(IKyBaTH  TEXHOJNOTIYHMHM  Hpomec 10
OTpUMaHHS HEOOXIJHMX IMapaMeTpiB MIIHOCTI, a0o
MPOBECTH TMOPIBHSIHHI 1 BiIOip MaTepiaiiB s
KOHKPETHHUX IILJICH.

Pe3yabTaTu Ta iXHE 00roBOpeHHs

Y pobori Oynu mpoBemeHI CHCTEMAaTHYHI
JOCTIDKEHHS JUHAMIKH TPOLECIB PYHHYBaHHS IS
3pa3kiB 3 IITYYHOTO KaMEHIO, BUTOTOBIICHOTO 3a
3aBOACBKMMH  BuMoramu.  llTyuHumii  KaMiHb
CTBOPIOIOTh 3 KPUXTH TPHUPOJHOTO KaMEHIO 1 B
mepury 4epry — KBapUUTy. XapaKTepHCTHKH
MIITHOCTI KBapUUTy Iyxe BUcoki. IlITyunuii kaMiHb
MepeBepIlye He TUTBKK MapMyp, a i rpaHiT 3a BciMa
MMOKa3HWKaMK MIIIHOCTI: Ha yjaap, Ha BWIHH, Ha
CTHCK Ta Ha CTHCK IIPH OXOJIO[DKeHHI. Po3Mip 3pa3ka
craHoBuB 60 MM Ha 60 MM nipu TOBIIMHI 3 MM. [Ipu

B r
Puc. 1 300pakeHHs TPIIIMH MICNI yIapHO-
XBHJIbOBOTO HABAHTAXKCHHS: a- IICHTPaIbHA
YacTHHA, O Ta B-CEpeIHS YacTHHA, T-niepudepis
3paska (30LIbIICHHS Yy 5 pasiB).

EKCIIEPUMEHTAIBHOMY  JIOCHIDKCHHI  3pa3KiB  3i
MITYYHOTO KAMEHI0 TICIs  yJAapHO-XBUIBOBOTO
HABAaHTAXXCHHS HE CIIOCTEPIra€ThCsl  PyHHYBaHHS
3paskiB. Ilpy I1[bOMYy CIIOCTEpIra€Tbes  JIMIIE
YTBOPEHHS padiajJbHUX TPIIHH.

aHaJi3 OKPEeMHMX YacTUH TPIIIWH 30KpeMa Ha
IUISHKaX J€ BIAOYBa€TbCA 11X PO3JABOEHHS Ta
nmoJajibIIui pict puc. 1.

Jly’e BaXJIMBUM € MOXJIMBICTH BHMBYATH PICT
TPIIIMHKA 3 PO3IBOEHHAM puc. 2a,0. Ilicas
PO3IBOEHHS TPIIIMHU €HEPTIl IS POCTY BUCTAYAE SIK
MPaBUJIO JIMIIIE HA OIHY TUIKY PO3IBOEHOI TPIIIMHU
puc. 2a.

Puc. 2 300paxeHHs OKpeMHUX YaCTHH TPIL[MHY Ha
IUISTHKaX i€ BiOYBA€ThCS 1X PO3JABOEHHS - a Ta
MoJaJbIIUHI PICT - O (30UIBIICHHS Y 5 pas3iB).

OTrpuMaHi  pe3yibTaTd IO  JOCTIIKEHHIO
YTBOPEHHS Ta pPyxy TpPIMH MICIAsA  yJapHO-
XBHJIBOBOTO ~ HABAHTAKEHHS 3pa3KiB  IITYYHOTO

KaMEHIO JIal0Th MOJKJIMBICTH IPOBECTH OILIHKY
IIBUAKOCTI POCTY TPIIMH y TakuxX 3pa3kax. Ha
BIAMIHY BiJl Ke€paMiK{ MPHU OJHUX 1 THX e yMOBaXx
HaBaHTAKEHHS MIBUKICTH POCTY TPILNIMH y 3pa3Kax
IITYYHOTO KAaMCHIO B CEPEIHLOMY JIOPIBHIOE 75
KM/C, 1110 MaibKe y IBa pa3d MEHIIE HiX Y KepaMilli.
Jns mpenu3iHOrO BUBYCHHS 3apOJKEHHS Ta
Pyxy TPIIUH s YAapHO-XBHJILOBOT'O
HaBaHTAXEHHSA B  Po0OTI  BUKOPUCTOBYBAIH
nporpaMui 3acodu s 3D peKOHCTPYKINT MOBEPXHIi
3 BHCOKOIO IPOCTOPOBOIO PO3AUILHOK 3IaTHICTIO.
Ha puc. 3 mpomemoncrpoBano orpumany 3D
MOBEPXHIO TepuepiiiHOT YaCTUHU 3pa3Ka IITYYHOT'O
kameHto. 3D peKOHCTpPYKIliA  IIOBEPXHI  Ja€
MOJKJIMBICTB CIIOCTEPIraTH Ta BUBYATH BCIO KapTUHY
pocTy TpilMH BiA IEHTPY Ao nepudepil 3paska.
AnHani3z puc. 3 BKasye Ha MOXKJIMBICTh BHBYATH B
JIeTallAX PyX TPIMH J0 Kpaw 3pa3KiB g di€ro
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Puc. 3 3D 300paxxeHHs moBepxHi Ha nepudepii
3pa3ka i3 ITYYHOro KaMeHIO.
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HE3JIKHOCTI Bi/I KYTiB OCBITJIICHHS] HEOOX1JHHUX MPH
MeTanorpadiuHux — gociaimkeHHsX. [lpu  mpomy
CIIOCTEPIra€TbCsi TAaKOXK 3apOKEHHA Ta  PpyX
JOKaJbHUX TPINMH B PI3HUX MICISMX 3pa3KiB.
OcraHHE Ja€ MOXIUBICTh CTBEPIXKYBAaTH TIIPO
HASBHICTH CKJIAJIHOTO 0araTOpiBHEBOI'O PYHHYBaHHS
3pa3KiB iz €0 YAapHO-XBUIILOBOT'O
HABaHTa)KCHHSI.

Bci ozmepkaHi ekcreprUMeEHTallbHI Pe3yNbTaTH €
HEOOX1THUMH 1 IIyKe BaXKJIMBUMU TUIS
MaTEMaTHUYHOI'O MOJICIIIOBAHHS TPOLIECIB TPIIIUHO
YTBOPEHHSI 3 METOIO OJIepKaHHs HOBHX MaTepialliB 3
BUCOKMMHM 3HAYEHHSAMHU MIIHOCTI HEOOXIAHUMU JUIS
MPOTHIIT BHCOKOIIBUJIKICHUM yAapHUM
HABaHTA)KCHHSIM.
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Poboma npucesuena mooent08anHI0 BUMYUEHUX MOHOLAPMOHIUHUX KOAUBAHb KPY2loi NIAMIGKU, WO
ONUPAEMbCA HA AKMUGHI ONOPU 3 MEMOI0 GUIHAYEHHSA ONMUMANLHO20 PO3IMAULYBAHHA MIHIMATLHOT
KIIbKOCMI ONOp Ma ONMUMATbHO20 KEPYBAHHS ONOPAMU, W0 3a0e3neuyroms Gi0OXuieHHs 6i0 3a0anoi hopmu
XBUTLOBOZO PYXY NOBEPXHI naamisku 3 Heobxionow mounicmio. Ilpunyckaroce, wo Ha niamisyi
PO3MAUOBYEMBCSL AHCAMONL MAIUX HeOOHOpIOHOCmel (Oeexmis) 3 HesIOOMUMU 2eOMEMPUYHUMU MA
Gizuynumu  xapaxmepucmuxamu. Jepexmu MoO0ent08anuct CUHSYIAPHOCHAMU BUCOKO20 HOPSOKY, WO
3a0e3neyyioms eK8iGaleHMHICIb PO38 A3AHHA SPAHUYHOL 3a0aUi 3 MOYHICMIO 00 3A0AH020 CMENeHsi Mal020
napamempa, wo € XapakmepHoio niowero obaacmeti okpemux oepexmis. 3a 0CHOGHUT MEMOO 00CAIONCEHHS
3a0ayi 00pana CMoxacmu4rna onmumizayis. B skocmi kpumepiio ONMUMAIbHOCME PO32TSAHYMA UMOBIPHICMb
nepesuuets cepeorHbOK8a0PAMUYHUM BIOXUNEHHAM (DOPMU KOAUBAHL KEePOBAHOI NAAMIEKU IO 3A0aH020
X6UIb06020 NPoinio (mosipHicmes 8iOMosu). Dopmyeanus KiIbKICHOI Xapakmepucmuku UMOGIPHOCHI
8I0MOBU NPOBOOUNIOCHL WLIAXOM NOOYO08U CyeHapiig 3i 3eeHeposanumu Oeekmamu 3 GUNAOKOBUMU
xapaxmepucmuxamu. 3anpononosano euxopucmaris mip pusuxy bPOE ma CVaR, pozensnymi 6 [1], wo €
K8A3I0NYKAUMY 8IOHOCHO GUNAOKOBUX GETUUUH.

Kurouosi cnosa: kepysanns, konusanns naamisku, bPOE, CVaR.

The work is devoted to the modeling of forced mono harmonic oscillations of a circular plate on active
supports in order to determine the optimal location of the minimum number and optimal controls of
supports, which ensure the deviation from the given shape of the wave motion of the plate surface with the
required accuracy. It was assumed that the plate contains an ensemble of small inhomogeneities (defects)
with unknown geometric and physical characteristics. Defects were modeled by high-order singularities,
which ensure the equivalence of the boundary value problem solution with specified accuracy to a given
power of a small parameter, which is the characteristic area of the regions of individual defects. Stochastic
optimization is chosen as the main method of problem research. The probability of exceeding the rms
deviation of the oscillation form of the controlled plate from the given wave profile (probability of failure) is
considered as a criterion of optimality. The formation of a quantitative characteristic of the probability of
failure was carried out by constructing scenarios with generated defects with random characteristics. It is
proposed to use the risk measures bPOE and CVaR considered in [1], which are quasi-convex with respect
to random variables.

Key words: control, vibration of plate, bPOE, CVaR..
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Beryn

VY po0oTi y3aralibHeHi Ta PO3BHHYTI pe3yJIbTaTH,
OTpPHMaHi paHilie B [2-4], e JOCTIKYIOThCS 3aaa4l
3HaXO/KEHHS ONTHUMAITbHUX napamerpiB
MEXaHIYHUX MpHUCTPOiB  ans  30y[KeHHS  Ta
dbopMmyBaHHS XBHJIBOBOTO pyXy. Taki mnpucTpoi
MOXHA BUKOPHCTOBYBATH JUTSt reHeparii,
MepeTBOpeHHS Ta nepenayi iHdopmallii Ta XBUIbOBOT
eHeprii. B pmaHiii po0oOTi, pO3IAHYTO 3amady
MOJYJIAMIl J3epKayia, 3aKpilUIeHOTO Ha AaKTUBHHUX
ornopax. 3aBJaHHsI MOJIATaE B MONIYKY KEPYIOUHUX CHIT
Ta 1X XapakTepUCTHK - TOYOK NPUKIaJaHHS,
amIunityma  Ta  (asm  cuil, sAki 3a0e3medyroTh
Halikpalie HaOaWKeHHs 3amaHoi (opMu Ta (Baszu
KOIIMBaHb J3epKajia 3 YpaxyBaHHSIM CTPYKTYPHHX
HEOMHOpiAHOCTeH (Ie(eKTiB) 3 HEBU3HAUCHHUMHU
TreOMETPUIHUMHU Ta MEXaHIYHUMHU
XapakTepucTukaMu. B o0jacti HeogHopimHOcTeH
3MIHIOETHCS IIUIBHICTD MaTepiany, MoayJib FOHra Ta
LHWTIHIPUYHA KOPCTKICTh, IO € HEBU3HAYCHUMH.
HeBu3HaueHUMHU € TakoX po3TamryBaHHS Je(EeKTiB,
ix posmipu Ta (dopMma (3 ACIKMMHU HaKJIaJACHUMH
oOMexeHHsMH).  JloCHiIDKeHHST  CKIIQAaeThcs 3
JETEPMIHOBAHOI Ta CTOXaCTUYHOI YaCTHH.

B nerepMiHOBaHiil 4YaCTHHI BBa)KAJIKMCh BIIIOMUMU
xapakrepuctuku nedekrie. Bona 3BeaeHa no 3amadi
3HAaXO/KEHHS ~ MIiHIMyMy  (QYHKIiOHamy, IO
OyAyeThcs Ha CepPeIHbOKBAAPATHYHOMY BiIXHIICHHI
MPOrMHIB IUIATIBKM BiJ 3aJaHOr0 XBHJIBOBOI'O
npoditro. [lapamerpamu omnrtumizaiiii Oyad TOYKH
MPUKIAJAHHS, aMIUTITyIu Ta (a3d Kepylodux CHI
akTuBHUX omop [4]. i mpuckopeHHs po3B’s3aHHS
TpAaHUYHOI 3a/lavi pPIBHOBAarM IUIATIBKH, PO3B’ 30K
SKOi (opMye MHUILOBY (YHKIIO ONTUMI3aLiHHOT
3amavi, JAehEeKTH  MOJICIIOBAINCH  TOYKOBHMH
CHHTYJISIDHOCTSIMH  BHCOKOT'O TIOPSIKY 3TiIHO 3
TEXHIKOI0, OCHOBU SKOi PO3BHHYTO B [4-5], mo
3a0e3MEeYUI0 TOYHICTH 3aJlaHOrO  MOPSIKY 110
BITHOIIICHHIO JI0 MaJIOr0 MmapamMerpa - ol 001acTi
HEOJHOPIZIHOCTI B TIPUMNYIICHHI HE BUPOHKEHHS
PO3MIpHOCTI nedexTy. [pu PO3B’sI3aHHI
JETEPMIHOBAHOI 3a/1a4yi BUKOPUCTOBYBAJIUCH METOIU
y3arajibHeHoi (yHKIii ['piHa Ta rapMOHIMHUN aHaTi3
3 KOHTPOJIEM KIUTBKOCTI TapPMOHIK MPH PO3KIAJI 110
KOJIOBiM KOOPIMHATI TUIATIBKH.

B croxactMuHii YacTMHI BBa)ajaoCh, IO
KUIBKICTh  JC(EKTIB Ta IX XapaKTCPUCTUKH €
HEBU3HAYCHMMHM YM IIOJ0 HHMX € 4YacTKOBa

iHpopMmalis. BimmoBigHO 10 IBOTO 3aCTOCOBAaHO
METOJ CTOXaCTUYHOI ONTHUMI3allii Ha OCHOBI METOIY
MonTe-Kapro. 3a3Buyaii y Teopii HaAIHOCTI PH3HUK
KUIbKICHO BHM3HAUYa€ThCS HMOBIPHICTIO BiJIMOBH.
Xo4a WMOBIpHICTh BIIMOBHU JY)KE MOIMYJSpHA, BOHA
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Mae HeOa)kaHI MaTeMaTH4YHI BJIACTHBOCTI, Taki SIK
HEKOTepPEHTHICTh Ta PO3PUB Uil  BUOIPKOBHX
posnozinis. [1lo6 momonatyu mi Henodikyu, y [1] Oyio
PO3pO0OIICHO HOBY aNbTEPHATHBHY MIpYy PH3HKY —
OydepuzoBany imoBipHicTh BiqmoBu (BPF). Bona
BpaxoOBY€ CTYIIHb MEPEBUIIICHHS TIOPOTY BiIMOBH i €
OB KOHCEPBATUBHOIO, HIK KIIACHYHA HMOBIPHICTD
BiMOBH. BydeprzoBana iMOBIpHICTH TIEpEBHIIICHHS,
bPOE, 3ampomonoBana B [6], y3arameHioe BPF y
BHUIIQJIKY, KOJH TOPIT BIIMOBU CHUCTEMH MOXE OYyTH
Oyap-sxuM unciom (He Tinbku 0). Li Mipu pusuky
0a3yroThcsl Ha BIACTUBOCTSX Mipu pusnky CVaR [7].
bPOE mae BHUHATKOBI MaTeMaTH4HI BJIACTHBOCTI (3a
3aranbHux ymoB bPOE € kBasiomykiuMm BiZHOCHO
BUIIQIKOBOI BEJTUIHHHM ).

IlocTanoBKa Ta po3B’si3aHHd 3a1a4i
MareMaTHYHOI0 TOCTAaHOBKOIO JIETePMiHOBAHOI
3a/la4yi € rpaHUYHA 3ajada Ui PIBHSHHS BiTHOCHO
MPOTHHY CEPEIMHHOI IOBEpPXHI IUIATIBKA W Ta
3TUHAI0Y0ro MOMEeHTY M B obmacti Q:
LL,L,w—k*w=-L+
DO

) ) ,(x,0)eQ (1)
LL,w) k,LO(P)-k'w) k, 6(P)
j=1 Jj=1

3 ITpaHUYHUMH YMOBaMH Ha TpaHuili obmacti I:

ne L,L,,L, - niHiliHi MaTpuyHi audepeHnianbHi
oneparopu  [4], p,0’/D,=k*- nopmoBame
XBHJIbOBE YHCJIO, ¢ - 3OBHIIIHE HaBaHTAKCHHS

MOJEIIOIOTh  aKTUBHI

(kepyroui 110
onopu), AD, / Dy =kp,, Ap,/py=k,,, j=LJ -

CHUJIH,

HOPMOBaHI 3MIHH IJIIHIPHYHOI >KOPCTKOCTI Ta
TYCTHHH B 00macti j - ro nepekry, 0(P;) - bynkuis

obmacti j - ro gedpekry. B [4] nmokazaHo, 110 s
SHMIMTUYHKUX P EKTIB Mae Miclie:

J J
LL,wY k,LO(P)—k*w> x, 0(P)=

iKDjSPj {v,(£)0*6(x—X )/ ox’5(y-Y,) +
2v, (£,)06(x—X;)/0x05(y—Y;)/ 0y +
v, (E)°8(y=Y,)) /8y 5(x— X )} -

3)

S, S, WE S (kX NS (1) +O(S,)
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ne S, , j=1J- mmoma j - 1O nedexry,

Sp=maxsS,, & =(X,,Y,) - cepenns Touka j - ro
nedekry, o(.) - ¢yukuis  [ipaka,
V(E,)=—M(&;)/ (D, —AD) . B ubomy pocmimkenni

JOBEJICHO, 1110 (3) sK mepiie HaOIMKEHHS B IPOCTOPI
y3araJibHeHUX (yHKIIH Mae Micie st neeKTiB
JIOBUTBHOT ()OPMH TIPU YMOBi1 OJJHO3B’SI3HOCTI Ta HE
BUPOKEHHs1 obnacreil nedekris. B oMy BUMaaky
min &, Tpeba pO3ymiTH UEHTp mwiomi j - ro

nedekry. Po3pobOneHa TexHika i OTPUMaHHS
HAOMKeHb TpaBoi YacThHU (1) BUIIMX TOPSIIKIB,
OJlHaYe  BUKOPHCTAHHS  BUIIUX  HaOJIMKEHb
MOCKJIAHEHO THM, IO HAa BIAMIHY BiIl IEpIIOTro
HAOMDKeHHsT Mae Micue iHTepdepeniiis aedekris, a
OTKE TPUHIMII CYNEpHOo3UIlii HE BHUKOHYETHCS.
Buxopucranns ~ momeni  nedektiB (3) Ta
MOJIETIIOBAHHSI aKTHBHUX OINOP TOYKOBHUMH CHIIAMH
no3Boisie  mobymyBath  po3B’szok (1) - (2) 3
BHUKOPHUCTaHHSM y3aranbHeHol Gynkmii ['pina.
OnTumizaiiiina 3amaya B JeTepPMIHOBaHIH
MOCTAHOBIII  mpu  3aiKCOBAaHOMY  aHCaMOJIIO
nedekris 3 MacCHUBOM XapaKTEepUCTUK

JcIbTa

J . . . ..
D:J,{gj,ADj,Apj }j=] (xinpkicTh gedektiB J, iX
TIOJIOKEHHA Ha TIATIBLI &, TeOMETpUYHI Ta (BizuuHi

XapakTepucTuku AD,,Ap, ) Mae BUIIJISL:

- 2
I(w) = [|w(@ R, F:D) - W (3)| dQ, —min
o @)
{E,F} eU
me R={x,y)Y BusHAauae poO3TamTyBAaHHS OMOP,

= N . .
F :{F}i=l - KOMIUIEKCH1 aMIUITyOd CHJ, W10

i
MOJIICNIOITL omopu, W (X) - 3amaHudl XBUJIBOBUH
npodiib, 10 Mae OyTH HaOmwxeHud. U - o0iacTh
JNONMYCTHMUX  3MiH  TapaMmeTpiB  ONTHMI3allii.
Ockinbku w(¥;R,F;D) € pPO3B’A3KOM TIPaHUYHOI
3amaui (1) - (3), To ¢yHkuionan B (4) He €
kBajpatnuHuM. [loka3aHo, MO y BHIAJIKY, KOJH
OTOPH PO3TAIIOBYIOTHCSI HA KOHIICHTPUYHUX KOJIaX 3
JOBUTBHUMHU  pajliycamu, QyHKIioHan B (4) €
ONyKIUM. Y BUNAJAKY, KoM D € CTOXacTUYHUM,
w(X; R, F;D)
3Ha4YeHHs QYHKIIOHANY B (4) € BHUMAJAKOBHM. A
OTXKe, ONTHMi3alidHa 3amava (4) 3 BpaxyBaHHSIM
w=w(¥;R,F;D)
TpaHchopMOBaHa JI0 BUMIISLY MiHIMizalil GpyHKIIT:

CTa€ BHITAJKOBOIO (YHKI[IEI0 Ta

napamerpu3ariii Mae  OyTH
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H(R,F)=n(I1(w(%R,F;D)))—min
L RF (5)
(R.F|eU
ne 1(.) € nesKow Mipow pu3uky. B mpoBemaeHoMy
JOCII/DKEHHI B SIKOCTI  Mip  pU3UKYy  OyIlo
Bukopucrano CVaR Ta bPOE. 3a o3naueHHSM,
CVaR (Conditional Value-at-Risk) Bin BumagkoBoi
BemMuMHH X (U0 XapakTepu3yloTh BTpaTH)
BHU3HAYAETHCS SIK MATEMAaTHYHE OUiKyBaHHsI 3HAYCHb,
10 MEePEBUIILYIOTh 3HAYEHHS KBAHTLI 3 PIBHEM ¢ :

CVaR,(X)=E[X:X 2q,(X)]. (6)

ne  aua 3agaHoi  QyHKINT  po3mominy

F, (x) = P{X < x} , KBaHTIUIA  piBHI «

BU3HAYAETHCS SIK
q, (X) =F);] (a) =inf{x:a <F, (x)} ,Q 6(0,1).

CVaR € KoHCepBaTHBHOIO OI[IHKOO MO BiJIHOLICHHIO
no 3HavyeHHs kBauTinmi (VaR - Value-at-Risk), mo €
MPHPOIHOIO Miporo pHU3UKY Ta 9acTo
BHUKOPUCTOBYEThCS B TeOpii HaIIHHOCTI, ale Mae
CYTTEBO Kpallli MaTEMaTHYHI BIIACTUBOCTI: INIaJIKICTh
Ta ONYKIICTh 110 BIJHOIICHHIO JO BHITaJIKOBOL
BEJIIMYMHHU, OTXKE CYTTEBO CIIPOIIYE ONTHMI3alliiiHy
npouenypy. B [7] HamaeTbcs TpaBWIIO IS
migpaxynky CVaR:

CVaR, (X)=min(u+E[X —u] /(=) ,

ne []+ =max {-,0}.

Axmo CVaR (sx i VaR) Bu3Hauae 3Ha4YeHHS B
npocropi X , TOOTO cepemHe 3HAYEHHS BTpPAT, L0
MEPEBHIIYIOTh 3HAYCHHSI KBAHTLI 3 3aJ]JaHAM PiBHEM
TO obepHeHa no Hel BennunHa bPOE Bu3HauaeThCs
gk obepHena BenmumHa 10 CVaR, T100TO
HMOBIpHICTH TOT'0, IO CEpPEeTHE 3HAYEHHS BTpaT
MEePEBUIIUTH 3a1aHui piBeHb [6]:

0 if x>sup X;
bPOE (X)=41-CVaR™'(x; X) if EX <x<supJX;
1 otherwise.

Amnanoriydo bPOE € koHCepBaTHBHOIO OLIIHKOKO IS
POE (probability of exceedance):
pX(x)zP{X>x}=1—FX(x) Ta
BiactuBocTi, mo i CVaR. Bukopucranus CVaR 4u
bPOE € anpTepHaTHBHHM, 1 MPU3BOAUTH 10
OJTHAKOBUX PE3YJIbTATIB.

PesynbraroM  mociimKeHb  cTaja  po3poOKa
mporpaMHoro nakery B cepenosuini MATLAB, mo
JI03BOJISIE  BU3HAYaTH  ONTHUMaJbHI  MapaMerpH
KepyBaHHsI MpU 3aJiaHiil XBUIILOBiK (hOopMi TIOBEpXHI
KpyroBoro jaszepkaiga. B sikocTi 3aco0y po3B’s3aHHS
3ama4y YMOBHOT OITYKJION ONTHMi3aIlii

Mae TI €
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BUKOPUCTOBYEThCS Tponykr kommanii AORDA  edeKkTHBHICTh Ta MPOAYKTUBHICTH Ha piBHI real time
(http://www.aorda.com) PSG MATLAB. calculating.
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Pozeunymo moodens 30nu nepedpyiHy8ans, sKa 8 ymosax niockoi deopmayii nowuproemscs 3 @epuiuHu

Midcghasnol mpiyunu nio0 Kymom 00 NJIOCKOL Medici po30ity 060X PI3HUX OOHOPIOHUX I30MPONHUX
mamepianie. 30Hy nepeOpyUuHy8aHHs NOOAHO JHHIEIO pPO3PUSY NEPEeMIiUyeHHs, HA SKil BUKOHYEMbCS
dsonapamempuunull Kpumepiu miynocmi muny Mizeca — Xinna. Ilapamempamu mooeni cuysxcame onip
8i0pu8y i onip 3cy8y mamepiany, 8 AKOMY pO38UBAEmMbCA 30HA. Modenb 8paxo8ye Kpuxxuu i niacmuyHuu
MeXaHisMu PYUHY8AHHA 1 MOdce OYymu SUKOPUCMAHA Ol ONUCY KBA3IKPUXKO20 DYVIUHYBAHHA KYCKOBO-
00HOpIOHO20 mina 3 Mixcghasnoro mpiwunoio. Tloxazano Mmodcaugicms nepexooy Mide KPUXKum I
NIACMUYHUM MEXAHIZMaMU PYUHYBAHHS NPU 3MIHI 6I0HOUWEHHS ONOPIE8 8IOPUBY i 3¢y8y mMamepiay.
Kurouoei cnosa: midxcgasna mpiwuna, 30na nepedpyiunysanns, kpumepii miynocmi Mizeca — Xinna.

A model of the pre-fracture zone, which under plane strain conditions extends from the tip of the interface
crack at an angle to the plane interface of two different homogeneous isotropic materials, has been
developed. The pre-fracture zone is represented by the displacement discontinuity line, on which the strength
condition of the Mises - Hill type is satisfied. The parameters of the model are the tensile resistance and
shear resistance of the material in which the zone develops. The model takes into account brittle and ductile
fracture mechanisms and can be used to describe the quasi-brittle fracture of a piece-homogeneous body
with an interface crack. The possibility of a transition between brittle and ductile fracture mechanisms is
shown when the ratio of tensile and shear resistance of the material changes.

Key Words: interface crack, pre-fracture zone, Mises-Hill strength criterion.

Crartio nipencraBuB wieH-kop. HAH Vkpaiuu, a.¢.-M.H., mpod. XKyk .0.

Beryn. V mexanini pydHyBaHHS JUIs JOCHiA- Jia i 30HU mpornecy JleonoBa — [lanactoka, siki moja-

JKEHHSI TIPOIIECIB B OKOJI KOHIEHTPATOpIB HAINpy-
KEeHb TONIMPEHUM € BUKOPHCTAHHS PI3HOTO POIY
Mojeneil 30H mepeApyiHyBanHA. CTporuit ommc
MPOLIECIB MepeApyHHYBaHHS YCKIaJHCHUN HEIHIM-
HICTIO BU3HAYaJbHUX PIBHSHB, SIKi 3aJ1aI0Th HANpy-
xKeHo-fgeopMoBaHuil cTaH Martepiany B 30HI. Lle
3YMOBHWJIO BIIPOB/KEHHSI PSAY CIPOIICHUX MOJIe-
Jiel 30H 3 BUKOPUCTAHHSM THX Y IHIIMX KPUTEPiiB
pyHHYBaHHS, SIKi 32 TICBHUX YMOB JIOITyCKAIOTh aHa-
JITUYHE po3B’si3aHHsA. Jlo Takux Mojeneid BiaHO-
CATBHCS, 30KpeMa, MOJIeb MJIACTUYHOI 30HU Jlaraei-

© A.O. Kamiucekuii, M.B. dynuxk, FO.B.
Pemritauk, 2023

I0Th 30HU TEpEeNPYHHYBaHHS MOBEPXHIMHU PO3PUBY
MepeMillieHHsT 3 3aJaHiMHU KpUTepiaJbHHUMU OOMe-
KEHHSMH Ha KOMIIOHEHTH T€H30pa Halpy>KeHb.
Mopneni Jlaraeiina i JleonoBa — Ilanacioka Bu-
KOPUCTOBYIOTh OJHOIIApaMETPHUHI KpUTepii pyHHy-
BaHHs Uy Tpecka — Cen-Benana i crovatky mpu-
3HAYaJNCh ISl TOCHTI/PKEHHSI 30H MepeapyiHyBaHHS
B OIHOPITHUX MaTepianax. 3roJoM 3'SBHIUCH MPHU-
KJIa/IM 1X YCHIITHOTO 3aCTOCYBaHHS 0 MOJICITIOBAHHS
30H TMepepyiHyBaHHs OIS BEpIIUH TPIIIUH B KycC-
KOBO-OJIHOPITHUX Ta aHI30TpONnHUX Tinax. OgHak i
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MOJIENTI BHKJIMKAIOTh MUTAHHS MPO JOCTATHICTH BH-
KOPUCTaHHS B HUX OJHOIIAPaMETPUYHUX KPUTEPIiB y
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PO3B’sI3Ky aHAJIOTiYHOI 3a/1a4i 6e3 JiHii po3puBy [4].
3a JOMOMOTroOI0 IHTErPaJbHOTO IEPETBOPEHHS

BUMNAJIKy KBa3IKPHUXKOT0 THUILY ITPOLECIB PyViiyBasktsyr MeliHa 3a7a4a PO PO3paxyHOK MapaMeTpiB 30HU

abo 3a CKIagHOrO XapakTepy HaBaHTAXKEHHS. Y
3B’SI3Ky 3 IIMM Ha yBary 3aciyroByloTh Oararorapa-
METPHYHI KpUTEpil pyiHHyBaHHS.

VY poborax [1, 2] BUKOpUCTAHO JIBOMIApaAMETPH-
YHHWA KpuTepid MimHocTi Ty Mizeca — Ximna [3]
IUist TOOYIOBU MOjIesell 30H TepepyiHyBaHHs O
BEPUIMHU TPIIUHA B OPTOTPOITHUX Ta KYCKOBO-
OJHOPIAHMX TidaX BiAmoBigHo. [Tapamerpamu Mome-
Jield CIYXHITU OITip BiPUBY i OMip 3CyBY Marepiaiy,
B SIKOMY pO3BHBA€EThCs 30Ha. EdekTuBHICTH Moeneit
B [1] Oyna miaTBep/KEHa EKCIIEPUMEHTANBHO, B [2]
— YCHIIIHUM TMOPIBHSIHHSIM NependadyyBaHuX Ta CIo-
CTepeXXyBaHUX Ha JOCHiJI KyTiB MOBOPOTY Mik{das-
HOI TPIIAHU.

Mertoro aHoi poOOTH € JTOCITIDKEHHS B paMKax
MoJieiTi [2] BILIMBY MPOIECIB IJIACTHYHOTO 1 KPUXKOrO
MEXaHi3MIB pyiHYBaHHSI Ha ()OpPMyBaHHS 30HH Iepe-
JpYHHYBaHHS OUTS BEpIIMHY MiX(a3HOT TPIIHHHL.

Omuc mopesi. Posrisinaerbess Moenb Maaoma-
ciTabHOI 30HU TiepepyHyBaHHS B yMOBAaX TTOCKOT
nedopmarii Outss BepmIMHUA PO3KpHUTOI MiK(azHOT
TPINIMHM, PO3TAIIOBAHOI HA TUIOCKiH MeXi po3airy
JIBOX PI3HUX OJHOPIAHUX i30TPOIHUX MaTepiajiB 3
monyisamu tOnra E, £, 1koedimientamu [lyaccona
Vi, V, BIAMOBIAHO. 30HY MNepeapyHHYBaHHS IOJAHO
JIHIEIO PO3PUBY TEPEMIIICHHS, HAXUJICHOI Mia Ky-
TOM o 710 Mexi posziny (puc. 1). Hopmanbhe 1 notu-
YHE HaAIPYKEHHS Ha JiHIii pO3PHUBY 3aJI0BONBHSIOTH
KpuTepii MinHOCTI TUITY Mizeca — Ximna

(1

Iie 01, 7| — OIIOPHU BIIPUBY Ta 3CYBY MEPIIOr0 MaTepi-
aiy, B sSIKOMY mepeadadaeThcsi yTBOpeHHs 30HU. [lo-
B)KHMHA 30HHM MEepeApyHHYBaHHS [ BBAXKAETHCS 3HAYHO
MEHIIIOK, HIK JOBXHUHA Tpimuuu L (I<< L) (puc. 1).

(0,/0) +(t,,/7,) =1,

Ei, v

E, v

Puc. 1. Moaenb KyCKOBO-OJHOPIAHOrO Tijla 3 MDK-
(hazHOIO TPIMIMHOIO 1 30HOIO MepeApYHHYBAHHS

YMOBy Ha HECKiHUEHOCT1 cpopMyTHOBaHO Y BU-
ISl MOMKJIMBOCTI 3IIMBAaHHS IIYKAHOTO PO3B’S3KY
HAa BiAcTaHsXx [= r= L 3 acCHUMITOTHKOIO

3BEJICHO 710 (YHKI[IOHAIBHOTO piBHSHHS Binepa —
londa, mis skoro oTpuMaHO HAOIMKEHHH PO3B'S-
30K. BUKOpHCTOBYIOUM YMOBY OOMEKEHOCTI Hampy-
KEeHb B KiHIII JIiHIi pO3PHUBY, 3HANICHO PIBHSHHS JIJIs

PO3paxyHKy IOBXUHHU 30HH [ [2]:
2

0+,
G”—(l)[2Re(CF]lAONI)+ﬂj +

oK (1) 2r
(L 2
+ G22+—(1)[2Re(01~;l‘01v2)+ﬂj =1,
7K (-1) 2r

.1 —io ’ \/(e+Kl)(1+eK2)
ne C=—ieKL', €= 5 3os
2\V2r[(e+x)" —(1+ex,)’]
l+v, E
o=

= —, K9y =3—4V, 5 ;
l+v, E, 12) 12)

€+K1

1
owo=—-7In
2

Ay =—0.5+i®w — TOKa3HMK CHHIYJIAPHOCTI Hampy-

b
1+ ex,

XKeHb OUIs BepIMHU MiX(a3Hol TpimmHn; K — KOM-
TUIEKCHUA KOe(iI[iEHT IHTEHCUBHOCTI HANpyXeHb,
SIKMI XapaKTepU3y€e BEIUYMHY 1 KOH(ITYypaIiio 30B-
HIIIHFOT'O HaBaHTa)XKEHHS. PelnTa mo3HaveHb MpHBe-
JieHo B [2] 1 omymieHo TyT 4epe3 rpoMizakicTs. Opi-
€HTAIlisl 30HM TMepeApyHHYBaHHS BH3HAYAETHCH 3
YMOBU MaKCHUMyMY BEIWYMHU JUCHIAIi €Heprii B
30H1, JUIA SIKOi B [2] OTpUMAaHO BiJINOBiHHUN aHANi-
TUYHUN BUpa3. BuBeneHo ¢opmynu Ais po3KPHUTTS

. . . 2 2
TPIIIMHY Y 11 BEpIIHMHI Su = \/<u9 (0,a> +<ur (0,a>
Ta CepeHBOr0 3HaUCHHS (a30BOT0 KyTa HANpPyKeHb

B 30HI Y = arcth.
(0 /0y)

Yucaosuii anaxiz mogesi. JJocmigumo Hacmia-
KM MOJEJI OO0 BIUIMBY IPOIECIB IMJIACTUYHOIO 1
KPUXKOTO MEXaHi3MIB pyHHYBaHHsS Ha TapaMerpH
30HH TepenpyiiHyBaHHs. B skocti mpukiany pos-
TIITHEMO BHYTPINIHIO MiK(}a3Hy TpIMIMHY JOBXKH-
HOI L y KyCKOBO-OTHOPI/IHiI TUTOIIHMHI, HAaBaHTaXe-
Hill Ha HECKIHYEHHOCTi PIBHOMIPHO PO3MOALICHUMH
TaHTEHI[IAIBHUMH 1 PO3TATYBaJbHAUMH HOPMaJIbHU-
MU 3yCHILIIMHU (T,,=¢, 0,=p>0 Tipu x*+)°—0 B Je-
KapTOBi cHCTeMi KOOpIWHAT, 300pa)keHili Ha pHC.
1). HopmoBauuii kommiekcauii KIH B kiHIl Tpimim-
HU Bu3HavaeThes Kk K=K, +iK, [4], ne

(p—2wg)NrL Rop+g)NrL
K, =B EDNEE g AEBPTINER
V2 ch o V2 ch o
30BHIIIIHE HABaHTAXKCHHS 3aJa€EMO 0e3po3Mip-
HUM MoftyleM f =./p’ +¢* /o, Ta KoH}irypaliero,
10 BU3HAYAETHCS (a30BUM KyTom ¢ =arctg(q/ p).

» K,

Pe3ynbTaTi 4MCIOBUX PO3paxyHKIB JUIS CTAIHUX KO-
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edimientiB [lyaccona vi=v,=0.3 momaHo Ha puc. 2,
ne rpadiku a, b, ¢, d BimoOpaXkarTh 3aJ€KHOCTI Bix
BiJIHOILICHHS OTOPiB BiPWUBY Ta 3CyBY Martepiany, B
SIKOMY BUHHUKJIA 30Ha, BIAMOBIAHO BIIIHOCHOT JOBKH-
HU 30HM TepelpyiHyBaHHA x=I[/L, KyTa o Haxuiy
30HH JI0 MEXI1 po3ainy, Ga3oBoro Kyra  Hanpy»eH-
HSl B 30HI Ta HOPMOBAHOTO PO3KPHUTTS TPIIMHU Y il
E,  du

41-v3) L~

Sk BUIUIMBAE 3 aHAi3y pUC. 2, Y 3aJICKHOCTI
napamMeTpiB 30HH TepeNpYyHHYBaHHS BiJ BiJHOIICH-
Hs OMIOPIB BIIPHMBY 1 3CYBY IepeadavaeTbes JBa crie-
nudiuaux epexrtu. [lepmmii monsrae y nmepexosi Bia
KPUXKOTO XapakTepy pYyHHYBaHHS Marepiairy Jo
TUTACTUYHOTO Ta TPOSBISIETHCS Y MIBUAKOMY 3pOC-
TaHHI PO3MIPIB 30HU 1 PO3KPHUTTS TPIMIMHU TP Tie-
PEBHIIIECHH] OIIOPOM BiZIpUBY ¢ MaTepiaily 3HaYCHHS
oropy 3cyBy 71 (puc. 2a, d). Ilpu 1IbOMy TaKOX 3Mi-
HIOETBCS XapaKTep 3aJIeXHOCTI KyTa HaXuiy 30HH JIO
MeXi po3ainy (puc. 2b) i ha3oBoro Kyra HanpyxeHb
B 30HI (pHC. 2¢) Bix BigHOIICHHS 01/7). Januii edekrt

BepIuHi o=

X

0.04

0.03

0.02 |

0.01

)

-
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MOJKE€ CIIOCTEPIraTUCs MPH 3MiHI TEMIIEPaTypH TBEp-
WX TIT, OCKUILKA TP HArpiBaHHI OMIp BiIPUBY
3MIHIOETHCS MaJjIo, TOAI SIK OIIp 3CYBY IIOMITHO 3Me-
Huryerbest [5]. TlinTBepmKEeHHAM I[BOTO MOXYTh
OyTH pe3yJabTaTH EKCIEPUMEHTIB 3 JOCIIIPKCHHS
BIUIMBY TEMIIEpaTypH Ha TMOUIMPEHHS Mix(a3Hol
TPIIMHKA y 0araToNIapoOBUX BYIJICTUIACTHKOBUX Jia-
MiHaTaxX [6]. Sk BCTaHOBJCHO B [6], KyT IOBOPOTY
TPIIIMHU Bil MEX1 PO3IUTY JBOX Pi3HOHAIpPABIEHUX
IIapiB 3MEHIIYETHCS 31 30LTBIICHHSIM TEMIIEpaTypPH.
Leit pe3yabTaT y3ro/UKYEThCs 31 3MCHILIEHHSIM KyTa
HAXWJIy 30HU TMepeApyHHYBaHHS TpH 30UIbIICHHI
BiIHOIICHHS 0)/7; (CYLiNbHI JiHIT Ha puc. 2b mis
@<0°) 1 moB’si3aHUI 31 3MEHIICHHSM OIOpPY 3CYBY
MaTepialy Iapy MNpH MiABHINEHHI TeMIepaTypH.
OpHak poO3BHHYTa BHIIEC MOJCNb HE 3a0e3Meuye Ki-
JMBKICHUW aHali3 pe3ynbTariB poOoTH [6], OCKUIBKH
HE BPaxOBY€ 3aJISKHICTh BiJl TEMIIEPATypH MPYKHUX
XapaKTePUCTUK 1 TEIIOBE PO3IIUPEHHS MaTepialis,
IO MPUBOIUTHME JI0 BUKPUBJICHHS MEXi PO3JIUTY Ta
MOSIBH JIOATKOBHX HaTpPyXEHb.

(XO
100

80 [

40 o

-1 0 1

0.008

0.006 [

0.004

0.002 |

0 | S N [ SR E—
4 3 2 -1 0 1

2 logz(01/79)

Puc. 2. 3anexnicTh mapaMeTpiB 30HU NepepyHHYBaHHS BiJl BIAHOIICHHS OMOPIB BIIPHUBY 1 3CYBY

Hpyruii edekt Bim 3MIHM BiIHOIICHHS OMOpPiB
BIJIpUBY 1 3CYBY NPOSIBISIETHCSA B PO3TATY)KEHHI 30HH
nepenpyinyBanHs npu 0,>27; 1 ¢<0°. OmHa i3 riIok
30HM (11 BIIMOBINAIOTH CYNiIBHI JiHII Ha Tpadikax)

MOBEPTAETHCS 10 MEXI pO3aiiy, a iHma (MyHKTUPHI
JIHIT) BIAXMJISETHCS BI MEXKI Ha 3HAUHHUM KyT (pHC.
2b). KpiM Toro, B HUX BUSBIISIETHCS PI3HUM HAIIpsi-
MOK JIOTHYHHUX HanpyxeHb (puc. 2¢). OcKibku mpu
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01>2 7 IPOIleCH pYHHYBaHHS B 30HI HaOyBalOThH Iie-
PEBaKHO IJIACTHYHOIO XapakTepy 1 MoB’si3aHi 3 3Cy-
BHUMH JiepopMallisiMi, po3raxyKeHHsI 30HH Iepe-
JpYHHYBaHHS MOYKHA PO3IJIAJATH SIK HENPSIMUN Ha-
CITIZIOK 3aKOHY MapHOCT1 IOTHYHUX HAIpyKeHb. Po3-
raly)XeHHs TJIACTUYHOI 30HU JIEMOHCTPYIOTh, 30K-
pema, pe3yabTaTH YHCIOBOIO MOJENIOBAaHHA B [7]
MaJIOMacITabHOTO MOJS TUIACTHYHHX JedopMaiil y
MPYKHOIUTACTHYHOMY ~ MaTepiani Ol  BepIIMHH
MikgaszHol TpimwHH. OAHAK CIiI 3a3HAYUTH, IO
PO3BHHYTA BHILE MOJIENb JIMIIEC BKA3yE HA MOMKIIH-
BICTh pPO3TaJy)KEHHS 30HU IepeApyWHYBaHHsS, aie
HeNpHuJaTHa JJIsl BU3HAUCHHS TapameTpiB 1i Tilok,
OCKUTBKH 0a3yeThCsl Ha MPHITYIIEHHI PO HASBHICTb
JIVIIE OHIET TUIKH.
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BucHoBku. B cTarTi H0CIIDKEHO ABOXIIapaMe-
TPUYHY MOJENb MaJoMaclITabHOI 30HU TepeaApyi-
HYBaHHS B KBa3ipyXHOMY MaTepiai KOMIIO3UTHOTO
3'eHaHHs OUIs BepmMHU MiK(a3Hoi TpinmHu. Oco-
ONMMBICTIO MOJICITI € BUKOPUCTAHHS KPUTEPiO MIITHO-
cTi Tuny Miszeca — Xiuta, mapaMeTpaMu SIKOTO CiIy-
XKaThb OMip BiPUBY 1 omip 3cyBY MaTepiamy. Mojenb
BpPaxoOBY€E OTHOYACHO KPUXKHH 1 TUTACTHYHHN TIpoIie-
cH pyHHYBaHHS MaTepially B 30HI Ta NpU3HAYEHA
JUIS BUBUCHHS KBa3IKPUXKOTrO PyHHYBaHHS KYCKOBO-
OJTHOPIAHOTO Tida 3 MiK(pa3HOW TpilmHOK. BHKo-
HAHO YMCIIOBH aHAIi3 MapaMeTpiB 30HH Mepeapyi-
HYBaHHS B KiHIII BHYTPIIHBOT MiXK(a3HOI TPIILUHH Y
KYCKOBO-OJTHOPIHIN IJIONIMHI NPHU T HABaHTAXKCHHI
BiIaJICHUMH PIBHOMIPHO PO3MOAUICHUMH TaHT€HITI-
QIBHUM 1 PO3TIATYBaJIbHUM HOPMAIIBHUM 3YCHIUISIMHU.
BusiBieHo icHyBaHHS Mepexoly MK KPUXKHM 1 I1a-
CTUYHMM MEXaHI3MaMHU pYHHYBaHHS y BY3bKOMY
iHTEepBalli 3HAYEHb BIJHOLICHHS OIOPIB BipUBY 1
3CyBY OUIs 01/7=2.
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Pozensnymo mooenvny 3adauy npo posmsie 080WAPOB020 YUNIHOPY 3 Kilbyegow NiOHANIABHOI
MPIiYuHoI0, POIMIYEHOI0 8 OCHOBHOMY mamepiani yurinopa. OCHOGHUL Mamepian YUIiHOPA 88ANCAEMbCI
JUHIUHO-NPYAHCHUM, HANAAGICHHSA — NPYAICHO-NIACMUYHUM 3 OLHIUHUM 3MiyHeHHAM. J{ocaiodxcyembes
3aN1eHCHICMb KoeiyieHma IHMeHCUBHOCI HA 8HYMPIUHbOMY (PPOHMI MPIUHU 610 8eTUNUHU 306HIUHBO2O
HABAHMADICEHHSL MA BEIUYUHU 3ATUMKOBUX Oeghopmayiil 8 Hannagnenni. 3a0aua po3e s13y8anacs YuceabHo 3d
00NOM02010 Memody CKIHYEHHUX eleMeHmis. BcmanosieHo, wo RNIACMUYHA 30HA 68 HANJIAGIeHHI
PO3BUBAEMBCA HE 3 HANPAMKOM NPOOOBICEHHS MPIWUHU, d Ni0 OesKum Kymom 00 Hboco. [lonepednvo
npoGedeHull aHAN3 HANPYICEHO20 CIMAHY 3a 8IOCYMHOCHI MPIWUHU 003601UE NOSCHUMU Yell (heHOMEH, 5K 1
OesiKi IHWI 3aKOHOMIPHOCTI, OMPUMAHL 8 YUCETbHUX pe3yibmamax. Bucnosku, 3pobaeni ¢ pobomi, Modxcyms
Oymu KOpUCHUMU NpU OYiHYi MpiwuHoCcmiukocmi 001a0HaHHA ma mpyoonpogoodie 3 AHMUKOPOIIUHUM
HanaaenenHsM.

Kurouosi cnosa: osowaposuii yunindp, nidinmepgeticna mpiwuna, 3aiuuKosi oegpopmayii.

The model problem of tension of a two-layer cylinder with an annular subcladding crack located at the
base material of the cylinder is considered. It is assume that the base material of the cylinder is linear
elastic. The cladding of the cylinder is considered as elastic-plastic with bilinear strengthening. The base
material of the cylinder is considered to be linear-elastic, the cladding is considered to be elastic-plastic
with bilinear strengthening. The dependence of the stress intensity factor on the internal crack front on the
value of the tension stresses and the magnitude of the residual strains in the cladding is investigated. The
problem was solved numerically using the finite element method. It was established that the plastic zone in
cladding does not develop in the direction of crack extension, but at some angle to it. A preliminary analysis
of the stress state in the absence of a crack made it possible to explain this phenomenon, as well as some
other regularities obtained in the numerical results. The conclusions presented in the work can be useful in
evaluating of the crack resistance of equipment and pipes with anti-corrosion cladding.

Key Words: two-layer cylinder, subcladding crack, residual strains.

Crartio npeacrasus wieH-kop. HAH Ykpainu, a.¢.-m.H., mpod. XKyk 4. O.

KOpo3iifHoro HarutaBieHHs. [Ipu mboMy 11ie AeKiapKa
JECSATUIITh Ha3al, KOJIM PiBEHb PO3BUTKY OOUUCIIIO-
BaJIbHUX 3ac00iB OyB HEJOCTATHIM AJISl POBEACHHS
pPO3paxyHKiB Ha MOBHOMACINITAOHWX MOJENSX, MpU

Beryn

B OaraThox rayry3sx IpoOMHCIIOBOCTI JJISl TIOJTOB-
JKEHHS TEPMiHY eKCIUTyaTalii BiAnoBigamsHe 00maa-
HaHHS Ta TPyOONPOBOIU BKPUBAIOTH IIAPOM AHTH-

© O.TI. Kyuenxo, O.M. XapuroHoB,
A.T'. Kynenxko, 2023
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pO3paxyHKy TaKoro OOJaJHaHHS HA OIp KPUXKOMY
PYHHYBaHHIO BUKOPHCTOBYBAJIUCS HAOMMKEHI 1HXKe-
HEpHI METOJIM 1 HAsSBHICTh HAILIABJICHHS HE BPaxo-
ByBaynacst (muB., Hampukian, [1] posmin 3.5.5).
BBaxkanocs, mo Takud MmaXii € KOHCEPBATUBHUM,
TOOTO HEXTyBaHHS HASBHOCTI HAIUIABIICHHA WHIE Yy
3amac  MiIHOCTI. 3 TMOYaTKOM IIMHPOKOTO 3acTo-
CYBaHHS KOMII'FOTEPHOI TEXHIKHM JUIS TPOBEICHHS
PO3paxyHKIB Ha MIIHICTh 3’sCyBaJIOCS, IO 1€ HE
3aBkaM Tak. Hampwkmam, y poboti [2] mpome-
MOHCTPOBAaHU HETaTWBHUH BIUIMB HAIUIABICHHS Ha
CTaH HAIMIBEJINTUYHOI TPIIIMHA, IO 3HAXOJIUTHCS B
ocHoBHOMY Metaiti (OM) cTiHKH KOpIyCy peakropa
BBEP-1000 mobGmu3y i#oro iHTtepdeiicHOi 3
HaIUTaBJICHHSAM TOBEPXHi. byllo BKa3aHO Ha MPUYHUHY
TAKOI'0 BIUIMBY — PO3KJIMHIOBAHHS TPIIIUHU 3aJIHIII-
KOBUMH JiepopMarlisiMu, sIKi BUHUKAIOTh Yy HaIllaB-
nenHi. [Ipore y Bka3zaniii poOOTi MeTa AOCIIIKEHHS
Oyna KOMIUIEKCHOIO 1 CTOCyBanacs, TOJIOBHUM YH-
HOM, BIUIMBY PajialliiHOTO 3MIIHEHHS HAIUTaBJICHHS
Ha TpimmHOCTIMKicTh KP. ToMy nerampHO mporec
PO3KJIMHIOBAHHS TPIIIMHU 3aJTHIIKOBUMHU Jiedop-
MallisiMi po3DIISIHYyTHH He OyB. Mera maHoi pobotn
MOJISITA€ B YCYHEH1 O3HAYEHOTO YITYIICHHSI.

ITocTaHoBKa 3a1a4i Ta monepeaHiii anamis

Jlnst 3’scyBaHHA MEXaHi3My PO3KIMHIOBAHHS
PO3TIISIHEMO MOJICNIbHY 33J]ady MPO PO3TAT JIBOIIA-
pOBOro WLWIIHApPa 3 KOJIOBOIO MiJiHTEP(EHCHOIO
TPIIIMHOK TOCTIHHUMHU OCHOBUMH HANPYyKCHHIMHU
p, TPHUKIAIEHUMHU JI0 TOpLS HWIiHAPY. JloBxkHHA
TpiMHU [ BBAXKAETHCS MOCTIMHOI, HE3aJICKHOIO
BiJI KOJIOBOT KOOpAWHATH. TakuM YMHOM, MaEMO OCe-
CUMETPUYHY 3aJady 3 JOJATKOBOKO IUIOLIMHOIO
CHUMETPii — IUIOIIHWHOIO PO3TaIllyBaHHs TPilIMHU. 3a
TaKUX YMOB JIOCTaTHHO PO3TISHYTH HANpyKCHHN
CTaH JIMIIE€ Yy BEpPXHIA IIOJIOBHHI IO3I0BXKHBOTO
nepepisy CTiHKY HMIIiHApa (IuB. puc. 1).

h s
/\—/—\/—\_/
O S N
L
R [

Puc. 1 I[lo3moBxkHil TIepepi3 CTIHKY IMTIHAPA

[IpumyckaeTbcsi, MO OAHA 3 BEPIIUH TPIIIHMHH
3HaXOAUThCS Ha iHTepdeiici, a cama TpiuHA TOB-
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HicTIO po3tamoBaHa B OM. Paniyc imTepdeiicHOi
MOBEpXHI R Ta AOBXWHA TBIpHOI LUIiHApa L BBa-
JKAIOTHCSl BEJIMKUM Y MOPIBHSIHHI 3 TOBIIMHOIO HIapy
OM s . B cBoro uepry ToBmmHA mmrapy OM € 3HaYHO
O1NIBIIOIO 32 TOBIUMHY HAIJIaBIEHHS / Ta OBXKUHY
TpimHA. ToMy AN MOJAIBLIOTO aHai3y pamio-
HaJILHO BBECTU HACTYIHI 0e3po3MipHi reoMeTpuyHi
napaMeTpH

I=1/s, h=hls. (1)

Marepian OM BBaXaeThCs iACaIBHO JTiHIHHO-
OpYy>KHUM 3 MOJYJeM IpyxkHoOcTi E Ta xoedi-
mieatom Ilyacoma v. lle MOsSCHIOETBCS THM, IO
Meka TekydocTi OM 3HA4HO BHUINA 338 MEXY TEKy-
YOCTi HaILIaBJICHHSA. Martepian jke HarluIaBJICHHS MO-
JIETIOEThCS K OUTIHINHANA 3 THMH CaMHUMHU TIPYX-
HUMH BIacTUBOCTAMH. JliJsiHKa 3MILHEHHS MMOYUHA-
€TbCSI 3 MEXKI TEKydoCTi o, 1 BIANOBIJA€ 130TpoI-

HOMY 3MIIIHEHHIO 3TigHO Teopii TUIaCTUIHOCTI
I'e6epa-Mizeca-I enxki:
Ee¢, £<é&p,
o= 2

E8T+T(8—8T), E>¢&r,

Je 0 — HamnpyXeHHS IPU OJHOBICHOMY PO3TATY, &
— BIJNOBiJHA MOBHA (CyMa MPY>KHOI i TIACTHYHOT)
nedopmauis, & =0,/E, T — NOTUYHUI MOIYIb,
SKUW BIANOBIAAE 3aJIEKHOCTI IUIACTHYHUX nedop-
Malliif BiJ HampykeHb. [Ipy nbOMy MOBHHI MOIYJb
Ha Apyrii auaHmi E, piBauid ET(E+T YL

Jiis po3yMiHHS MeEXaHi3My PO3KIMHIOBaHHS
TPIIITUHN KOPUCHO TIPOaHaIi3yBaTH PO3MOALT HATIPY-
skeib B OM Ta HamaBieHHI 3a il BimCcyTHOCTI. Y
OMY BHINAAKy HAlpyKEHHH CTaH € Juie (QyHK-
€0 pagialbHOI KOOPIWHATH » . BpaxoByroun 3p00-
JIeHI TIPUMYIIEHHS TPO CIIBBIAHOIICHHS Xapak-
TEPHHUX PO3MIpiB, MOKHA BBaXXATH, IIO IO3A0BXKHI
HaNpyXCHHS B HAIUIABJICHHI € MOcTiiHuMHU, a B OM
— PO3IOAIICHAMH JIiHIHHO:

() _ ) _ R+s—r r—R
O-zc - O-ZO s O, =0, + %) > (3)
S S
Jie yepes af) Ta 0'5”) MO3HAaueHl OCHOBI Hampy-

JKEHHsl B HaIlJIaBJIeHHI Ta OCHOBHOMY Metani (clad-
ding ta base metal). 3nauenns cranmux o, o, Ta

z1»
0., , BU3HAYAIOTLCA 3 YMOB CHMJIOBOi Ta MOMEHTHOI
piBHOBarm i yMOBM pPIBHOCTI MO3IOBXKHIX Jedop-
Malliif B OCHOBHOMY MeTaJli Ta HaIlIaBJICHHI.

[loxu B HamIaBiICHHI HE BUHMKA€E IJIACTUYHUX
nedopMariiii, BCi i TPH CTaji PiBHI PO3TATYIOUUM
HaNpYXEHHSAM p 1 OCbOBI HAlpy>KEHHsSI HE 3MiHIO-
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IOTBCSI B1Jl TOUKH 10 TOUYKHU. SIK TIIBKM HaNpyKEHHS
3a Mi3zecoM B HalIaBJICHHI MEPEBEPIIYIOTH MEXKY

TEKY4YOCTi, BOHH CTalOTh MeHIIUMHU 3a p . OmgHO-
9acHO 3 IIMM 3pOCTalTh O, Ta O, ,, IPUUIOMY 3
YMOBA MOMEHTHOI piBHOBaru BUIUIMBAE, IO

0. >0,,, 10010 B OM yTBOpIOETbCSA 3TUHAIOYUIL

zl»

MOMEHT. Y BWIIAJIKy HasBHOCTI TPIIIIMHH 3aJIATITKOBI
nedopmariii B HarUIaBJICHHI INCHS 3HATTS 30BHIII-
HBOTO HAaBaHTAXXCHHS CTBOPIOIOTH MOII0HUI MOMEHT
MPOTHJICKHOTO 3HAKY, SIKHA 1 TPU3BOIUTH 1O
PO3KPUTTA OEperiB TPIILUHH.

MeTtoau A0CTiAKEeHHS

CdopmynboBaHa 3a1a4a pO3B’s3yBasacs
YHUCEeNbHO 3a JONOMOTOI0 CKiHYEHHO-EJIEMEHTHOTO
nakety CalculiX [3]. 30BHIIIHS Ta BHYTPILIHSA Ipa-
HULS CTIHKM LWJIIHIpa, a TakoX Oeper TpPillMHU
BBOXAJKMCS BUIBHMM BiJ HampykeHb. Ha iHImii
YaCTHHI HIKHBOI TpaHWIl 007acTi 3aaaBaiiucs
YMOBU CHUMETpii (HyJTbOBI HOpMaJIbHI 3MILICHHS 1
JIOTUYHI HampyxkeHHs). Ha BepxHiii rpanumi Ha
MEepIIOMY KpOIli HaBaHTAXKECHHS 3aJlaBaIUCS HOP-
MaJIbH1 Halpy>K€HHsI p Ta HYJIbOBI JOTHYHI HAmpy-
JKEHHs, Ha IPYroMy — yMOBH BiJIbHOI TpaHuili. Ha
KOKHOMY KpOIIi BH3HAYaBCS KOE(IIli€eHT IHTCHCHB-
Hocti HampyxeHb (KIH) y Bepmmni TpinmHi,
poswmiteniit B OM (mpasiit). Moro 3naueHus Ha mep-
IMIOMY Ta JPYroMy Kpokax MmosHadanucs ak K . 1

K. BiOnoBigHo. 3amaya po3B’si3yBanacs B OCECH-

min

MeTpuuHiii mocraHoBmi. Ockibku OM  BBaxkaBcs
ineanpHO TIpy)kHUM, KIH oOumciroBaBcs OUISIXOM
ACUMIITOTHYHOI alipOKCUMAIlii HOPMAaJIBHUX 3MIIlICHb
Touok OeperiB TpimmHHU. [Ipm mpoMy y BepuImHI
TPINTUHU BUKOPUCTOBYBAIIMCS CHHTYJISIPHI CKIHICHHI
eneMeHTH. PospaxyHkm Oynud TpoBeneHI s
MPAKTUYHO BAXKJIMBUX 3HAYEHB MTAPAMETPIB:

— & Bz 0,02 10 0,06 3 kpokom 0,01;
- [ Bin 0,1 mo 0,2 3 kpoxom 0,25;
- p=p/o, Big 0,1 no 2 3 kpokom 0,1.

Pe3yabTaTu Ta ix anani3

Ha pwuc.2 nHaBemeHO 3alIeKHOCTI CepeaHBOL
IUIaCTHYHOI Aedopmalii Ha TPOJOBKEHHI TPILIMHU B
HaIIaBJICHH] Bijl BITHOCHOT BEIMUYUHU PO3TATYIOIHX
HaIpy>KeHb. 3aJIeKHOCTI HABEICHI JUIS PI3HUX 3HA-
YeHb BiAHOCHOI NOBXHHU TPIIIMHK Ta TMOCTiIHHOI
TOBIIMHU HAMNpaBIEHHA h =0,02. bauumo, 110 BCi
rpadiku € MOmIOHMMH 1 YTPUMYIOTH OBl IiISHKH:
IUISTHKY TOBIJIBHOTO 3pPOCTaHHSl Ta IUISHKY JIiHIM-
HOro pocty. Ilepmia nminsHKa BIANOBiZa€ BUHHK-
HEHHIO Ta PO3BHTKY IUIACTUYHOI 30HM B HAILIaB-
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JIEHHI, Ipyra — TEPeXoay BChOTO HAIUTABJICHHS Y
TUTACTUYHHUN cTaH. Yepe3 HasBHICTh TPIIIMHU IICH
mepexig BiZOYBaeTbcs 3HAYHO paHille, HIK p

Aocira€ 3Ha4€HHA O . .

1 £(%) [ [
£=0' 200 e
1=0.175 ad
08 1=0.150 P
1=0.125 g
0.6 [=0.100 ———-— o
0.4
0.2 e
,"J;,;;:;;’,// 7
0 ii‘g’aé—_ - P
0 0.5 1 1.5 2
Puc. 2 3anexHicTh CepeaHbOi IIJIACTUYHOI
nedopMmariii  Ha  TPOJOBKCHHI  TPINIUHH  Bif

HaBaHTaXeHHs rpu /i = 0,02

1 K] VPRI e
0.95
0.9 7
1=0.2
. 1=0.1
0.85 ===t AL 1=0.150 ------
. ,/ V/ [=0.125 -—---
__’—/ // l=0100 o
e | | |
0.8 | | |
0 0.5 1 i ]

Puc. 3 3anexnicts KIH Ha kpolli HaBaHTaXCHHS BiJ
fioro BenuunHu ripu 4 = 0,02

Ha puc. 3 maBeneHo 3a1eXHOCTI 6€3p03MIpHOTO
KIH K, /pyzl) sin 7 amm H=002. i
3QJIEKHOCTI YTPUMYIOTh TPU TUISHKA: JBI KpaWHi i
nepexigHy MiK HHMH, HPUYOMY KpaiHi MaloTh
TOpU30HTaNbHI acuMnToTu. KpaliHs J1iBa BimoBimae
MajoMy piBHIO TDIACTHYHUX AehopMalliid, TOOTO mpHr
P > 0 oTpuMyeMO BHYTPIIIHIO KiJIbIIEBY TPIIIMHY B
OIHOpiIHOMY mpyxXHOMY uumiaapi. [lpu p— o
rpadik aCHMOTOTHYHO HAOIMKAETHCS O 3HAYCHHS
KIH pans BHYTpimHBOi KpaiioBoi TpimmHH (Uis
BEJIMKUX paniyciB muwiiHapa ~1,12), ToOTO BIUIHB
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HaIIaBJICHHS Yepe3 BEJIMKI IIaCTHYHI Aedopmariii B
HBOMY 3BOJIUTHCS HaHIBEIIb.

0.2 K
0.15
O ) —_—
Ry i
0.1 B S,
. ";;';; /’ 2 zzo D00 werereeeen
a 120.175 -====-=-
sy 1=0.150 ------
0.05 .':"ll /'/ £=0 125 —==--
1=0.100 ===
5 p
0
0 0.5 1 1.5 2

Puc. 4 3anexnicte KIH Ha kpoui po3BaHTa)KeHHS
BiJl BEIMYMHY HaBaHTaxkeHHs ipu /i = 0,02

Puc. 5 3omy, 1e o, >0,

Ha puc. 4 HaBegeHO 3aI€KHOCTI O€3p03MIpHOTO
KIH K,,/(pJzl) sin p ams h=002. Xou
3Ha4YEHHs AaHOI XapaKTePUCTUKH Ha MOPAIOK MEHII
3a K./ (p\/ﬁ ), JKICHA TIOBEJIHKA BIANOBIJHUX

3HaYe€Hb CXO0)Ka. BIiAMIHHUM € JIMIIE HAasBHICTD
MakCUMyMy Y KpuBUX 3 pucyHka 4. Kpim Toro,
TIepeXiTHI JUISTHKA Ha puC. 3 Ta 4 3MIIIeHI BIPABO y
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MOPIBHSAHHI 3 TEPEXiTHUMH JUISHKAMH Ha pHC. 2.
BigzHaunmo Takox, 1Mo BCi HaBeIeHI 3aKOHOMIPHOC-

Ti 30epiraroThCs 1 TSI IHIIUX 3HAYCHB TapaMerpa / .

BkazaHi 0coOJIMBOCTI MOSCHIOIOTHCS THM, IO
IHTETpalbHO HANpYXXEHHS B HAIUIABICHHI Ha IMPO-
JIOBKEHHI TPIIIMHN 3BOJATHCS HE JIMIIE 0 OCHOBOL
CHJIM, a TaKOX 1 10 MOMeHTy. OCTaHHE MPU3BOIUTH
JI0 3MIIIEHHS HANPSAMKY PO3BUTKY IUIACTHYHOI 30HU
3 JiHii npoJoBXKeHHs TpiumHu (AuB. puc. 5). Ilicns
3HATTS] HABAHTA)KEHHS HASBHICTH MPYXKHOT 30HU Ha
NPOJIOBKEHHI TPIIIMHU CTBOPIOE MOMEHT OOEpHEHO-
ro 3HaKy, SKHA 1 PO3KPHUBAE TPILIMHY MOOIH3Y
BHYTPILTHBOT (ITpaBoi) BEPIINHU.

BucnoBku
Posp’sa3ana  MopaenpHa 3amaya  JO3BOJIMIIA
MOSICHUTH MEXaHI3M BILIUBY IUIACTHYHHUX

nedopMarliiii HarIaBJACHHS Ha CTaH HigiHTepdeicHol
TPILMHM MiCHS 3HATTS HaBaHTa)xeHHs. He3Bakaroun
Ha BIOHOCHO HeBHCOKI BimmoigHi 3HaueHHs KIH,
HEXTYBaTH UM MEXaHI3MOM HE MOXKHA, aJpke B
yMOBax TEPMOYAapy, KO Ha BHYTPIIIHIN MOBEPXHi
oOnasHaHHSA YU TPYOOMPOBOIY PI3KO MAAE TEM-
nepaTypa, 3 HElO CTPIMKO 3HM)KYETHCS 1 3HAYEHHS
kputnunoro KIH. ToMy HaBiTh Takuii HEBUCOKHH
piBEHb HaIpPy>KEHb B OKOJIi BEPLIMHU TPIIMHU MOXKE
mpu3BecTH 10 il 3pymeHHa. Kpim Toro, maHwWii
MEXaHi3M HAa04YHO JEMOHCTpye ToW (akT, 10
HEBpaxXyBaHHs TUIACTHYHHX Aedopmaliii He 3aBKIU
€ KOHCEPBaTUBHUM.
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Jlocniosceno 3aeanvHi 3aKOHOMIPDHOCMI GNAUBY 2OMEMPUYHUX NAPAMEMPI8 MPIWUHU 6MOoMU HA
HANPAMOK 1i pocmy 6 NpYJjCHUX NAACMUHAX Npu ix o00Ho8icHoMY po3msey. Pozenanymo npsmoniniiini
mMpiwuny, Mpiuru y Uil NOBHO20 Nepiody KOCUHYCOiou, mpiyuru y euenidi oyeu Koia ma mpiuHu y
8U2ISI0T IOMAHOI 8 WUPOKOMY OIANA30HI 3MIHU IX ceomempuunux napamempis. Hanpsamok pozeumxy mpiwjun
BU3HAYABCA Y BIONOBIOHOCI 00 KPUMEPIo MAKCUMANbHUX KOLOBUX Hanpyxcenvb. Ompumani pe3yromamu
003601 3pOOUMU BUCHOBOK, WO Y BUNAOKY 21A0KUX Depeie mpiunu HanpsaMoK ii pocmy 6 neputy uepey
3anedcums 6i0 Kyma mige OOMUYHOI0 NpU 6EPUIUNT A HANPIAMKOM po3mszy. Bcmanoeneno, wo HaseHicms
Kymoeoi mouku bepeza mpiwunu nooau3y ii epuiuHu Cymmeso 8NauU8aAc HA HANPSAMOK ii pocmy y eunaoxy
MAUX Kymie Midc OOMU4HO0 ma HanpamKom po3msazy. [na makux 6unaokie yuceibHo He 80aNocs 0ocaemu
HENnepepeHo20 ePAHUYHO020 Nepexody 6 pe3yibmamax npu HAOIUdICEeHHI KYmoeoi mouku 00 eepuiunu. /lana
00CmMaUHA YCKIAOHIOE NUMAHHS PO BUOIP PO3MIPY NOYAMKOB020 NPUPOCHLY MPIUUHU.

Knrouosi cnosa: kpumepiti makcumanbHux Ko108UX HANPYicenb, 10MaHa MpijuHa.

The general regularities of the influence of the geometric parameters of a fatigue crack on the direction
of its growth in elastic plates under uniaxial tension were studied. Straight cracks, cracks in the form of a
full cosine period, cracks in the form of a circle arc and kinked cracks were considered in a broad range of
their geometric parameters variations. The direction of crack growth was determined in accordance with the
criteria of maximum tangential (circumferential) stresses. The stress intensity factor of mode I and mode 11
of fracture were determined numerically using the finite element method. The obtained results made it
possible to conclude that in the case of smooth crack faces, the direction of its growth primarily depends on
the angle between the tangent at the crack tip and the direction of tension. It was established that the
presence of a corner point of the faces near crack tip significantly affects the direction of crack growth in the
case of small angles, between the tangent and the direction of tension. For such cases, numerically, it was
not possible to achieve a continuous limiting transition in the results when the corner point approaches the
tip. This circumstance complicates the issue of choosing the size of the initial crack growth step.

Key Words: maximum tangential stress criteria, kinked crack.

Crartio npeacrasus wieH-kop. HAH Ykpainu, a.¢.-m.H., mpod. XKyk 4. O.

Beryn pyHHYBaHHS BXe IMMOHA[] MBCTOMITTSA. BOHO MoeqHye

BHBUCHHS [POLIECY MiAPOCTAHHS TPILIMH BTOMH B co0l JieKibKa CKJIAJOBUX: BCTAHOBJIEHHS KpHTE-
3aJIMINAETBCH  aKTyaJbHMM HAIpPAMKOM MexaHikp PUB BH3HAUCHHA HANPAMKY PO3BHTKY TPIIUHM Ta
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3QJIEKHOCTEH IMIBUIKOCTI TMOIMUPEHHS TPIMIUH BiJ
IHTEHCHUBHOCTI 30BHIIIHBOIO HABaHTAXCHHS MJIS
pi3HUX MaTepialniB, po3poOKy METOAIB BU3HAYCHHS
XapaKTepUCTUK MEXaHIKM pyHHYBaHHs], IO BJIMBa-
I0Th Ha mpouec, Tomo. Orsiy IocHiIKeHb 3 JaHOol
TEMaTHUKH MOXHa 3HaiTH B poboTax [1,2].

MeTtor0 maHoi poOOTH TOKJIAJAEHO BCTAHOBJIEH-
Hs 3arajibHUX 3aKOHOMIPHOCTEH BIUIMBY Pi3HHX I'€O-
METPUYHUX UYUHHUKIB Ha (OPMYBaHHS TPAaEKTOpii
TUTOCKUX (HACKPI3HUX) TPIIIMH B TMPYXHHUX TUIACTH-
Hax. Ha myMKy aBTOpiB JaHe MHUTaHHS HE 3HAWIILIO
CBOT'0 OCTaTHBOI'O BiJOOpa)KeHHs B HASIBHUX ITyOTi-
KaLlisiX.

IlocTaHoBKa 3a7a4i Ta MeTOAHM XOCTIKEeHHSI

Bynemo posrisimath ueHTpaibHY TPILIMHY B
NpYXHIN KBaApaTHil TIacTUHiI po3Mmipamu 2ax2a,
sKa PO3TATYETHCS B3IOBXK OIHIET Mapu CBOIX CTODIH
HanpyxeHHsMH p (muB. puc. 1). Kondirypauis Tpi-
IIMHU HE 3MIHIOETBCS IO TOBILMHI IUIACTMHHU. 3a
XapakTepHUH PO3MIp TPIILMHHA NPHUHMAETHCS JOBXKH-
Ha ii Xopau (BiApizka, 0 CMOdyYae KiHLI TPILIUHH)
2/ . HopMans A0 XOpAM CKIIafa€ KyT 3 HaIpsM-
KOM po3rary. HanpsMok momupeHHs TpillMHA
3ala€Thcsl KyTOM &, SIKHH BIAKIAHAeTbCsAd BiA
MPOJOBXKEHHS XOPIU MPOTH TOAMHHUKOBOI CTPLIKH.

RERRAL.
y ylxﬁa

bbby

Puc. 1 [TnactuHa 3 MIOCKOIO TPITUHOIO

VY sKoCTI KpUTepil0 BU3HAYCHHS HAMpPIMKY
PO3BHUTKY TPIIIMHN OyJAeMO BHKOPHUCTOBYBATH KpPH-
Tepiii MAaKCUMAJIBHUX KOJIOBUX HAIPy>KeHb y BEpIIIU-
Hi TpimHU. BiH € icTopuuHO mepimuM i HaHOiIbII
BXHBAaHUM KputepieM. Pa3om 3 kputepisMu HampsiM-
KY MaKCHMaJIbHOI IIBMIKOCTI BUBIJIbHCHHS €HEpIil
neopmManii Ta HaOpsAMKY MiHIMalbHOI MUTOMOI
eHeprii nedopmanii BiH Ja€ CXOXi pe3yabTaTd y
BUTNIAJIKY Kpuxkoro Tina [3]. Y BiamoBimHocTi 10

HBOTO KYT  HampsMKy  3pOCTaHHS  TPILIUHH
BH3HAYAETHCS 31 CIIBBIIHOIICHHS [4]:
3K, +K,\/K} +8K}
1 1 1 1
9 = arccos , (D)

K; +9K;,
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ne K, — Koe]ili€HT IHTEHCHBHOCTI HaNpy)KeHb
(KIH) medopmauii HOpManbHOTO PO3PUBY TPILMHY,
K, — KIH nedopmanii nonepeqHoro 3cyBy Tpiliu-
au. Jlna 3HaxomxkenHs 3Hadenb KIH Oymemo

BUKOPUCTOBYBAaTH METOJ CKIHUCHHHUX EJIEMEHTIB,
peanizoBanuii y maketi CalculiX [5].

Pe3yabTaTu Ta iX aHauxi3
[IpoanamizyeMo cHo4atky 3aleXHICTb KyTa
3pOCTaHHA MPSIMOJIIHINHOT TPIIKMHY Bix ii JOBXKUHK
Ta opieHTarii. Ha pucynky 2 HaBenmeHi BiAIOBIiIHI
rpadiku. 3 HAX BHILTABAE, IO HAIPSIMOK 3POCTAHHSI,
NPaKTUYHO, HE 3aJCKUTh Bi JOBKUHH TPILIUHH.
[pu npomy cami 3nauennss KIH mBuako 3pocraroth
3 HaOJIMKCHHSIM ITIBIOBKUHU TPIIMHA 10 d .
80
70
60 =f=======ng
50 B R
40
30
20
10

0

90

| la

0 0.2 0.4 0.6 0.8 1

Puc. 2 Po3noin ¢ ans npAMONTiHIHHOT TPIIIMHU

Puc. 3 PosrisayTi KOHGIryparttii TpimmH

JocniguMo BIUIMB Ha HampsIMOK 3pOCTaHHs
TPIUHA 1i KpUBH3HHU. J[7I IIHOTO PO3TIITHEMO IBa
TUNH KPUBOJIHIMHUX TPILMH: Y BUIJISII KOCHHYCO-
inn (puc. 3a) Ta y BUrIAAl ayru kona (puc. 30). Y
TPILMH MEPLIOr0 TUIYy XOPAHM IOTUKAIOTHCS 10 IX
OeperiB y BepmnHax. KpuBuHa Takux TpilInMH Xapak-
TEPU3YETHCSI BEIMYMHOIO IOJBOEHOI aMILIITyAN
KOCUHYycOinu /.

Po3paxyHKH MOKa3yrOTh, IO I MAJIMX TPiLIHH
HEPIIOTO TUILY HAIPSIMOK POCTY TPILIMHU 3aJIEKUTh
TOJIOBHUM YHHOM BiJl KyTa M’k HOPMAJITIO JTO XOPIH
Ta HapSAMKOM po3TAry. Tak i TPiIMHHU JOBKH-

Hoo [ =0,la, opienToBaHOIO mix KyroM o =45",
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0<h<li

TpilMEK €, npakTMyHO, HesMimHuM: 53° < §<55°
(muB. puc. 4).

11 3HAa4YCHb HaIllpsAMOK  IIOIIHMPEHHA

55 —

54 [ — |

oy — Wi
0 02 04 06 08 1

Puc. 4 Po3nogin & Ans TpilMHU-KOCUHYCOI TN

3 HaBEJCHOTO BUILIMBAE, IO Y BHUIAJKY, KOJIH
Oepern TPIIIMHU € TJIAAKUMH, a iX HAXWiI B OKOJI
BEpIIVHU CITBHANa€ 3 HAXWIOM XOPAM TPIIUHHY,
HampsIMOK TOAAIBIIOTO POCTY TPINIMHHA 3aJICKUThH
came BiJ BIAMOBITHOrO KyTa. PO3IIsTHEMO BHIIAJIOK,
KOJIM IOTUYHA JI0 Oepera Mmpu BEepIlIrHI Ta Xop/a He €
KoJiHeapHUMH. ISt IBOTO JOCTHIAMMO HampyKEeHUI
CTaH B IUIACTHMHI 3 TPIIIMHOK Y BHUIJISII AYTM KoJja.
Bim3Hauumo, 1m0 KyT MDK JOTHYHOIO Ta XOPIOH0
TaKoi TPILIMHU — KYT £ , PiBHUH MOJOBHHI KyTOBO-

r'0 po3Mipy OyTH.

0
50 9: Ty

46

42

38

0

Puc. 5 Posmonin ¢ g mpaBoi BepIINHA TPIIIUHA Y

BHTJIAI AyTH Koa ipu o — 3 = 40°

AHaJi3yroun pe3yibTaTH PO3pPaxyHKIiB IS Tpi-
IIUHA-TYTH, MOKHA TIPUATH [0 BUCHOBKY IIPO CYTTE-
BY 3aJICKHICTh HOTO BiJl KyTiB @ Ta [, AKIO QiKCy-
BaTH OJWH 3 KyTiB 1 3MiHIOBaTH iHIIHH. [IpoTe K10
PO3TJISTHYTH PI3HUIO & — [, TO MOKHA TOMITHTH,
mo mpu il ¢ikcoBaHOMY 3Ha4YeHHI KyT & ci1abo
3aJIe)KHUTh SK BiJ KyTa ¢, TaK 1 BiJ JOBXKUHHU
TpimmHU. BKka3aHuii BHCHOBOK LIFOCTPYETHCSI PUCYH-
KOM 5, Ha SKOMY 300pakeHO rpadiku 3aeXKHOCTI
KyTa ¢ ajs npaBoi (IuB. puc. 30) BepIIUHU TPIlIU-
HU BiJ] KyTa ¢¢ Ta BIAHOCHOI JOBXWHHU XOPIH TPIlIU-
I pu o — 5 =40°.

TakuM 4MHOM, MOKEMO KOHCTaTyBaTH, IO KYT
PO3BUTKY TPIIUHU-IYTH 3aJIS)KUTh HE OKPEMO BiJ
KyTiB @ Ta [, a Bix ix pisaumi. Lle moscHoeThCs
TAM, WO Pi3HUIE « — [ BIONOBIAE KyTy MiX
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JMOTHYHOIO 70 TPIIIMHM Yy i1 BEPUIHHI Ta HAMPSIMKOM
po3tary. Bimpm cuipHa 3anexHicTh $  Bifg Teo-
METPUYHHUX TTApaMeTPiB MPH BEIUKUX PO3Mipax Tpi-
IIMHU TOSCHIOETHCS BHKIIIOYHO BIUIMBOM TPiLIMHU
Ha rI00aNbHUI PO3MONIN HAmpy>KeHb B IUIACTHHI.
3ayBaXMMO, 110 Y BUTAIKY HPSIMOJIIHIHHAX TPIIIAH
Ta TPILMH-AYT aJeKBaTHICTh OTPUMAHUX PE3yJIbTa-
TiB KOHTPOJIOBAJIacs LUUISXOM TOPIBHSHHS 3 BHUIAM-
KOM HEOOMEXeHOI INIACTHHM, IS SKOrOo BiIoMi
TOYHI aHATITHYHI PO3B’S3KH.

Beperu Bcix Bxe pO3IJISIHYTUX TPIIIMH € Tiaf-
KAMH. 3’5CyeEMO, SK Ha HAIPSIMOK POCTY TPIIIMHU
BIUIMBA€E HASBHICTH KYTOBHX TOYOK O€periB, BiJMiH-
HUX Bif BepunH. s 1bOTO PO3IISHEMO TPIILUHY,
AKa CKIAJAETbCA 3 TPHOX NPAMOTIHIHHUX JIAHOK
(muB. puc. 3B): UEHTpPalbHOI MOBXHHOIO 2/ Ta
CUMETPUYHO PO3TAILOBAHUX KPaiHIX TOBXKUHOIO d
KOXHa, HAXWICHUX IiJl KyTOM 5 IO CepPeIHBOI.

Oco0nmBwHiA iHTEpEC SABIISAE BUTIATOK, KOJH KYTO-
Ba TOYKA PO3TAIIOBAaHA TOOIH3Y BEPITHMHY TPIIIHHH,
T00TO d <</. O4eBHIHO, IO B IIOMY BHIIAIKY il
BIUIUB € cyTTeBimmM. [lomiOHa cuTyallisi BUHUKAE
MIpH 3MiHI HaBaHTAXKEHHS, KOJH J0 TIEBHOI'O MOMEH-
Ty TpillMHA MiIpOCTalia IiJ i€ OJHOrO HaBaHTa-
JKeHHS, a IMOTIM BOHO 3MIHHJIOCS, HaIPHKIIAJ, 3Mi-
HUBCS HANIPSIMOK PO3TATY IUTacTUHU. TpIilMHU Tako-

rO THITY B JTITEPATypi NPUHHATO HA3MBATH JIOMAaHUMU
(kinked crack).

30

: —200
3 — Tew
25 tf T
i a=2_(_)_(_) ................................
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Puc. 6 Po3nonin & aiis 10MaHOi TPIIUHA

LikaBo mpocmigKkyBaTd caMe 3a IOYaTKOBHM
eTarnoM PO3BUTKY HOBOi JIaHKM JIOMaHO! TPIIIUHH.
Hns uporo Bubepemo KyT [ piBHHM KyTy & i
OpsAMOJIiHIMHOT TpilMHU. BBakarouu NOBXKHHY Tpi-
IIMHU MAJIOI0 y TIOPIBHSHHI 3 PO3MipOM IUIACTHHH,
el KyT MOXKHA 3HAWTH 3 criBBigHOMEHHS (1), SIKIIO0
HOKJIACTH B HHOMY
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K,=cos’a, K, =sinacosa. 2) BucHosku

JloriuHO MPHUITYCTHTH, IO I TaKol JIOMaHOi
Tpimmuan ¢ — 0, sxkmo d — 0. Po3paxyHkm moka-

3yI0Th, O 1N KyTiB o < 40° 1e, miiicro, Tak. IIpo-
Te IS OUTBIMMX KYTIB JaHWU pe3ylbTaT HE € ode-
BUAHUM. SIKIIO MOIMBUTHCS Ha PUCYHOK O, Ha
AKOMY 300pakeHi rpadiku 3aJexHOCTI KyTa  Bin
BITHOCHOI JOBXMHHM KpaiHIX JAHOK AJS Pi3HUX
KyTiB @, TO MOXHa N00a4YUTH, L0 AN KYTiB

a>40°, KYT &, X04 1 3MCHIIIYETHCS 32 BEIIMUHNHOIO,
MpOTE HE [0 HYJbOBOrO 3Ha4YeHHsA. Ilpu IbOMY
KpaliHi JiBI TOYKHM LUX TIpadikiB BiAMNOBIIAIOTH

3HaueHHIM d /[ =0,001, a, HanpuKIam, Il o = 80°

kyr § cxmagae Ging 15°. IIpuumHOIO Takoro
BIIXWICHHS MOXXe OYyTH BIUIMB CHHTYJSPHOCTI B
KYTOBI TOYIlI Ha PO3MOMII HANPYXKEHb OUIA
BEPIIMHM, SKUM TPaAULiIiHO HEXTYIOTh 0€3 YiTKOro
TEOPETHYHOTO OOTPYHTYBaHHS [6].
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Hagseneni pe3ynpTaTu 103BOJISIOTH CTBEPIKYBa-
TH, 110 Y BUNAJAKY IIaJKUX OeperiB TPIlMHU Harpsi-
MOK 11 MOJANBIIOrO POCTy B IEPILY Yepry BU3HAYA-
€THCSI KyTOM MIDX JOTHYHOKO 10 OEpEriB y BEpIHHI
Ta HaANpsSMKOM po3Tsry. Jis JoMaHuX TpINUH 3
MaJIMMH KyTaMHU MiXX CEpelIHBOIO JIAHKOIO TPILIMHU
Ta HANPSMKOM PO3TATY YHCEIbHO HE BAAJIOCS OTPH-
MaTH HENepepBHOIO TpaHWYHOTrO mepexony 4 — 0,
npu d — 0. JlaHe nutaHHS TOTpedye T0IATKOBOTO
nocmimkenHs. [IpoTe HaBiTh 3a yMOBU CHpaBedjIH-
BOCTI TaKOTO MEPEX0ay, FOCTPO MOCTAE MUTAHHSA [IPO
BEJIMYMHY IEPIIOro KPOKy YTBOPEHHS HOBOI JIAHKU
TPILIMHM TIPH i1 MiAPOCTaHHI, aJke NpU TPUPOCTi B
0,05% nmoBXHMHU TPILIMHA BiJXWICHHS HAMPSIMKY
pOCTY TpPINIMHU BiJ TEOPETHYHO IependadeHoOro

Moke ckianaty Oitsme 10° .
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MonenwBanHs 1e¢opMyBaHHS COJSTHHX Modelling of the salt structures deforming due
CTPYKTYP BHACJII0K rpaBiTaniiinoi to gravitational buoyancy
IUIABYY0CTi

ITonraBchKa rpaBiMeTpHYHA obceppatopis | Poltava Gravimetrical Observatory of NASU, 36014,
HAHY, 36014, m. IlonraBa, Bym. Mscoenosa | Poltava, Myasoedova st., 27/29,
27/29, e-mail: mikhail lubkov@ukr.net
e-mail: mikhail.lubkov(@ukr.net

Pozenanymo mooeniosanns i eeoghizuuny inmepnpemayiio 0eghopmysants COIIHUX CMPYKMYP 6HACTIOOK
epasimayiunoi naasyuocmi (eanokines). [na  eupiwtenns yiei eeoizuunoi npobremu  3acmocosano
sapiayitinuil CKIHYEeHHO-e/IeMEeHMHULL MemO0 PO38 S3AHHS 3A0adi NPYAHCHOCII 3 YPAXYBAHHAM HEOOHOPIOHO20
PO3NO0INY 2e07102I4HUX NOPIO BCEPEOUHT PO3LTAHYMUX CONAHUX CIPYKHIYD.

Kmouosi cnosa: neoonopiona 3aoaua npysicHocmi, 2aoKines, 8apiayiiHull CKiH4eHHO-eleMeHmHULL Memoo.

We consider modeling and geophysical interpretation of the obtained results in the deforming process of
the salt structures due to gravitational buoyancy (halokinesis). For solving this geophysical problem, we use
variation finite element method of elastic problem resolving with calculation of heterogeneous rocks
distribution into considering salt structures. We have defined that salt structures deforming amplitudes
mainly depend on linear sizes (length and thickness) of the bottom parts of these structures. Decreasing of
these parameters lead to noticeable drop of the press-strain state near the whole region of the salt structure
(diapirs). Another hand forms and linear sizes of the top parts of the salt stocks influence only on the
deforming of the local regions near these structure elements and don’t essentially influence on the whole
region deforming around the stock. Quantity characteristics of linear sizes of the salt diapirs structural
elements define the whole picture of the stress-strain state around these objects.

Key Words: heterogeneity elastic problem, halokinesis, variation finite element method.

CrarTio npencraBuB wieH-kopecnionaeHT HAH Ykpainu XKyxk 5.0.

1. Beryn rajokinesy 3aiiManuch 0araTto JOCTIIHUKIB, SKi
OyayBainu BiamoBigHi reoi3wuHi Ta MaTeMaTH4HI
MOJIeTli I[LOTO MPOIIECy, aje B CHUJIYy HPUCYTHOCTI
0araThox cTpaTUrpadiuHO-reoNOrYHUX Ta TeKTOHIY-
HUX (akTOpiB, SK MPaBHIIO, OOMEXKYBAIUCH ITUIIE
OKPEMHUMH SIKICHUMH BUCHOBKaMHu [2, 3, 6 - 9].

VY nmaHiii poOOTi Ha OCHOBI BapialiifHOro CKIHYEHO-
CIEMEHTHOI'O0 METOMy Ul TpPYXKHOI 3amaui Oyne
MPOBEICHO  KUIbKICHE MOJIETIOBAHHSI  TaJOKIHE3Y
piBHUX CTPYKTYypHUX (hopm, TOOTO TiporieciB nedop-
MYBaHHS DPI3HHX CONSHHUX CTPYKTYp, MOB’S3aHUX 3
IPaBITAIIHOIO TUIABYYICTIO CONISTHUX IIapiB BiTHOCHO
OLTBIII MIITPHUX HABKOJMIIHIX TEPUTEHHUX TOpix [5].

VY Ham 4ac € Ba)KJIMBUM PO3YMIHHS OCHOBHHX
eTaliB PO3BHUTKY COJITHOrO Aiamipusmy. Lle moB’s-
3aHO 3 THM, 10 YHCEIbHI Ta PI3HOMAHITHI JIOKAJIbHI
COJISIHI CTPYKTYPH MPEACTABISIFOTh COOOI0 ifcaibHi
MACTKU JUTsl HAKOMTUYCHHS BYTJICBOIHEBOI CHPOBUHH.
Ile mOBHOIO MIpOI BIIHOCHTBCS, HANPUKIAM, IO
JIOKAJIbHUX ~ COJSHUX  CTPYKTyp JlHimpoBchKkoO-
Houenpkoi 3anaguau (1/[3), mo xapakrepu3yroThcs
PI3HOMAaHITHOIO OYIOBOIO, JITONIOTIEID Ta ICTOPIEIO
dopmyBanns [1, 2, 4, 6]. I'anokine3 (nedopMmyBaHHsS
COJIIHUX CTPYKTYp 1 HaBKOIHUIIHBOTO CEPEIOBHUIIA
BHACJIIIOK TPaBITAIIMHOI MJIABYYOCTI COJITHUX TOBIIL
BITHOCHO OUIBII IIUTBHUX TEPUTCHHUX TOpPin), Oe3y- 2. IlocTraHoBKa Ta MeTO/ PO3B’si3aHHA 3a1a4i
MOBHO, Biflirpae BaXXJIMBY poiib y (OpMyBaHHI Ta
PO3BHTKY COJISIHOTO [iamipu3My, TOMY BaKIIHBO
PO3YMITH MEXaHi3MH LLOI'O TPOIleCYy HE TUTbKH Ha
SKICHOMY, ajie ¥ KuibkKicHOMY piBHi. IIpoGiemamu

© M.B.JIyokos, 2023

[pumyctimo, 1o po3Mipu mapyBaTux (pparmen-
TiB pO3pi3y 0CaJOBOT0 YOXJa POTIISIHYTUX JIOKAJb-
HUX COJSIHUX CTPYKTYp 3HA4HO MEHIII BiJl pO3MipiB
HaBKOJIMIIHIX OJIOKIB KPHUCTAJIIYHOTO (PyHIaMEHTY.
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BHuacnmizok mporo aehopMyBaHHS —BiIIOBIIHOTO
(bparMeHTy MOXKe pO3TISIATHCS SIK TUIOCKE. Y 1bOMY
BUIIQ/IKy 3arajibHa IOCTAHOBKA 3a/1a4l MPYXHOCTI B
cucTeMi BIUTIKY, SKa JKOPCTKO TIOB'A3aHa 3
PO3IIITHYTUMH OJIOKaMHM KpHCTaJIIYHOTO (pyHIaMeH-
Ty, Ma€ BUTIIAA [5]:

6, +F =0, (1)

6, = 2ug; +kO0d,; (2)
1 .

gy =5 W+, oyn = =0u, =u; ()

Tyt (1) — piBHsAHHS piBHOBary; (2) — 3akoH ['yka; (3)
- ciiBBigHOMIEHHs Ko ta rpanmyni ymoBu I — ro i
IT — ro poxy BiIMOBiAHO; U, — KOMIIOHEHTH HepeMi-

LICHb; O — KOMIIOHCHTH TCH30pa HAIPYXCHb; &;—
KOMITOHEHTH TeH3opa gedopmaniii; F,— kommonen-

Ta 00'€MHOI CHIIH, SIKa B JAHOMY BHIAJIKY 30ira€ThCst
i3 CHJIOI0 BMINTOBXYBAaHHS COJNSIHHX MacuBiB; f; -

TIOBEPXHEBI 30BHIIUHI CHIIM; N;— OJUHAYHHI BEKTOP
HOpPMaJli JI0 MOBEpPXHi; O — TYCTHHA, Ll — MOIYJb
scyBy; k- 0
aunatauis; & — cumpon Kponekepa.

MOJYJIb BCEOIYHOTO CTHCKY;

Cknaznemo ¢ynkiionan Jlarpanxy ABOBHMIpHOT
NPY)XHOI 3a7a4l 3 BIAMOBIAHUMH T'paHHYHUMH
YMOBaMH, IO BUPa)XKa€ MOBHY MEXaHIYHY EHEprito
00'€KTy, SKIH  JOCHIKYETBCS, Yy  HEPYyXOMOI
JeKapTOBill cucTeMi KoopauHart (X, y) [5]:
E=L{[lC/(e, +£)+4C,e%, +2C -

= JllCE +2,)+4CE, +2Ce ez,
s 4
~(py = pe)gwldxdy — [ (£ u+ £, w)dl;
L

ne C=k+4u/3,C,=u,C,=k-2u/3-
MPYXHI KOC(IIlieHTH; ¥ , W — KOMIIOHEHTH Iepe-
MIILIEHb y3/I0BX OCe X 1 ) BIANOBIOHO, g — HpH-

CKOpEHHsI CUJIM TSXKIHHA; O, — I'YCTHHA TEPUI'€HHUX
HopiJ; P.- TYCTHHA CONBOBMX TOBLI; S — IJoOmIa

mepepizy po3riasHyToro o6'ekry; L — KOHTYp, IO
oxoruttoe oy S ; dl — eneMeHT KOHTYpY.

Jnst po3B’s3aHHS JABOBUMIPHOI TIPYXKHOT 3ajadi
3aCTOCOBYETBCSA  METOJ  CKIHYCHHUX  €JICMEHTIB,
3aCHOBaHWI Ha BapiamiiiHoMy npuHImm Jlarpamka
[5], mo BHpakae MIHIMyM IIOBHOI MEXaHIYHOL
CHEpPril CUCTEMH:

0 E(u,w)=0. Q)
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Ilpu posp’sizanHi BapiamiiiHoro piBHSHHS (5)
3aCTOCOBYEMO BOCHMHBY3JIOBHH i30mapamMeTpUIHHR
YOTHPUKYTHHH KPUBONIHIHHMIA CKIHYCHUH €JIeMEeHT
[5]. Sk riobampHa cHCTeMa KOOPAWHAT, TOOTO
cucreMa B SIKi TOEJHYIOTBCS BCi  CKiHUEHI
CNIEMEHTH, BHKOPHUCTOBYETHCS JEKapTOBa CHCTEMa
KoopauHaT (X,)). SIK JOKanbHa CHCTEMa KOOPJIH-

HAT, y SIKifl JUIA KOXHOTO €IEeMEHTY BH3HAYarOThCS
¢byHKIiT GopMH 1 TPOBOANUTHCS YUCENbHE IHTETPY-
BaHHS, BUKOPHCTOBYETHCS JOMOMIXKHA HOPMAai30-
BaHa cucrema koopauHaT (§m). Ilpm moOymosi
¢byHKUiH ¢GopMH, WO ampOKCHMYIOTh 3MiHHI
GyHKIIT B MeXax KOXHOTO EJIIEMEHTY, BHKOpPHC-
TOBYIOTbCS KBJIpaTU4HI anreOpaivHi moiaiHomMu [5].
AJITOPUTM  CKiHYCHO-EIIEMEHTHOTO  PO3B’S3aHHS
BapialliiiHoi 3aaadi (5) moysrae B HacTymHomy [5].
CriouaTky B JIOKaJIbHIHA CHCTEMI KOOpIHMHAT BimOy-
Ba€ThCA ANPOKCUMAILiSI YCIX KOMITOHEHT IMepeMillleHb
1 nedopwmariiif, mo BXoAsTh 10 ¢yHKIioOHATYy Jlar-
pamka (4), 3 BUKOPUCTAHHSIM OTPUMaHUX (PYHKIIIH
¢opmu. IlotiMm mnpoBomuThCA IHQeEpeHIIIOBAHHS
¢yHkiionany (4) Mo BCIX  BY3JIOBHUX CKJIaJOBUX
MEPEMIIIICHb 1 MPUPIBHIOBAHHS BIINOBITHUX MOXIij-
HUX HymO. B pe3ynbpTarti Ui KOXXHOT'O CKIHUEHOTO
CNEMEeHTY  OJIEp)KYyeEMO  JiHIHHY  anreOpaiuny
CHUCTEMY, III0 CKJIaJa€eThest 3 16 piBHsAHB. [ami B ri10-
OanbHil cucTemi KoOpAWMHAT (X,)) BiAOyBa€eThCS

MiJICyMOBYBaHHS JIOKaJbHUX CHCTEM JIHIHHUX aJre-
OpaluHMX PIBHSHB 110 BCIX CKIHUEHHX elIeMEHTaX, Ha

gKi po30MTO 00NacTe, IO JOCIHIIKYEMO, 1
¢bopMyBaHHS  TJIO0AJBHOI  CHCTEMH  PIBHSIHb.
Po3p’s3aHHs  1i00anbHOI  CHUCTEMH  JIIHIHHUX

anreOpaidHUX PIBHSHDb MPOBOTUTHCS 32 JIOITOMOTOO
yucenbHOro merony I[ayca [5], BHAcCHiIoOK dYoro
BHU3HAYAIOTHCS KOMIIOHEHTH TIEpeMIllleHb B YCiX
BY3JIOBUX TOYKaX CKIHYEHO-eIeMEHTHOI ciTku. Ilo
3HalICHNX BY3JIOBHUX 3HA4YCHHSIX IEPEMIlllCHb
MOXKYTh OyTH BH3HAau€HI KOMIIOHEHTH IEPEMIIlCHb,
nedopmariiif, HampyXeHb Ta IHII BETHYUHH Y
JOBUIBHIN TOYIl CKIHYECHHOT'O €IEMEHTY, TOOTO B
Oyab-sKii TOUIll 00NACTI, IO JOCTIIKYETHCS.

3. MopenroBaHus
CTPYKTYP

Posrnsnemo ymoBHi, xapaktepsi mis J1/13, reo-
JIOT1YHI PO3Pi3H OCAJOBUX IMOPIiJ, SKI MAIOTh MPYKHI
BinactuBocTi [1, 2, 5]. Tak, mpu MoOIemtOBaHHI
MpoIleciB TajoKiHe3y (rpaBiramiiiHoro negopMyBan-
HSl CONISTHUX CTPYKTyp) OylmemMo BBaKaTH, IO Ha
BiacTansx BrimOuHy Big 0 1o 2000 M po3raiioBaHi
IJIMHU Ta aJleBpUTH; Ha BifcTaHsax Big 2000 mo 6000
M pO3TalioBaHi pi3HI KOHQIrypamii COJSHHX
CTPYKTYp, IO CKJIAJAIOThCS 3 IIapiB KaM'sHOI COJi
Ta HABKOJMIIHIX TEPUTEHHHUX Mopij (MIIaHKKIB); HA

rajiokiHesy  COJIIHUX
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BiacTansx Big 6000 mo 7000 M — nonomitu. [pyxHi
BJIACTMBOCTI BKa3aHUX TC€OJIOTIYHUX Topiag Oyio
00paHo 3 HACTYIHHX JIiTepaTypHUX pKepen [1, 2, 5].
Hwxue Ha pucyHKax mpencTaBlicHO AehopMyBaHHS
pi3HUX KOH(OIrypalild COINSIHUX CTPYKTYp, IO PO3Ta-
IIOBaHI Yy pO3TISHYTOMY (parMeHTi 0cagoBOro
yoxia. L{i koH(irypalii B JBOBUMIPHOMY BHIAIKY
MPEICTABICHO Y BUIIIAI: a) MPSIMOKYTHUX COJISTHHX
MOJYIIOK, 0 MalTh JOBXHHY MO TOPU3OHTANI Ta
TOBIIMHY IO BEPTHKaJi; 0) COJSHMX INTOKIB, sIKi
CKJIAJIAFOTHCS 3 HIDKHBOTO MPSIMOKYTHHKa—OCHOBH Ta
BEPXHBOTO TPSIMOKYTHHKA-BEPIIMHU U BiJIOBIIHO
MAaIOTh JIOBXXHHHU Ta TOBIINHU.

s
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T
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Puc. 1 Po3moain BepTHKAILHOI CKIIAIOBOI Iepe-
MillleHHsT TIpH  Je)OpMyBaHHI CONSHUX TOAYIIOK
JIOB)KUHOIO 18 KM Ta TOBIIMHOIO : a) 1 kM; 0) 2 kM.

Puc. 2 Poznopin BepTHKaIBHOI CKIIAJI0BOI Iepe-
MillleHHsT TIpH  Je)OpMyBaHHI CONSHUX TOAYIIOK
TOBIIMHOKO 4 KM Ta JIOBXKUHOIO : a) 9 kM; 0) 3 KM.

6

Puc. 3 Posmonin BepTHKaIBHOI CKIIAJI0BOI mepe-
MillleHHsT TIpH  AepOpPMYBaHHI COJSTHMX MITOKIB
JIOB)KMHOIO OCHOBH 18 KM Ta: a) TOBIIMHOIO 2 KM,
JIOB)KUHOIO BEPIIMHU 6 KM Ta TOBLIMHOIO 2 KM; 0)
TOBITMHOIO 3 KM, JOBXXHHOIO BEpPIIMHU 6 KM Ta
TOBIIMHOIO 1 kM.
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Puc. 4 Posnonin BepTHKaIbHOI CKJIAJOBOI IMEpeMi-
HICHHS MY e OPMYBaHHI COJITHUX INTOKIB JIOBXH-
HOI0O OCHOBH 18 KM Ta TOBIIMHOIKO | KM: a)
JIOB)KUHOIO BEPIIMHU 6 KM Ta TOBLIMHOIO 3 KM; 0)
JIOBJKMHOIO BEPIIMHU 3 KM Ta TOBIIHHOIO 3 KM.

Puc. 5 Po3nogin BepTUKanbHOI CKIIAJ0BOI IepeMi-
MIEHHS COMIIHUX INTOKIB TOBIIMHOIO OCHOBH 3 KM Ta:
a) JOBXHUHOIO 6 KM, JIOBXHHOIO BEPIIMHU 9 KM Ta
TOBIIMHOK 1 KM; 0) JOBXKHHOIO 6 KM, JOBXXHHOKO
BepiIMHU 18 KM Ta TOBIIMHOIO 1 KM.

BucHoBku

Bcranoneno, mo amrutityau nedhopMyBaHHS CO-
JISHUX JiamipiB TOJIOBHUM YHHOM 3aJIeKaTh BiJ
JMHIKHUX PO3MIpiB (IOB)KMHH Ta TOBIIWHH) HIDKHIX
ocHOB (0a3uCiB) IUX CTPYKTYp. 3MEHIICHHS IHX
napamMerpiB MPU3BOIUTH 10 3HAYHOTO 3HMKEHHS Ha-
MPYKEHO-Ie)OPMOBAHOTO CTaHY HABKOJIO BCi€l
obmacti conssHux nmiamipiB. Ilo-mpyre, dopmu Ta
JMHIAHI pO3MIPH BEPXHIX YaCTHH COJISHHUX IITOKIB
BIUIMBAIOTh y 3HAuYHIA Mipi Ha JedopmyBaHHs
JOKaJbHUX oO0NacTell MoONU3y IHMX CTPYKTYPHHUX
CNIEMEHTIB ¥ HE MAalOTh CYTTEBOrO BIUTUBY Ha
neopMyBaHHS BCi€l 00J1acTi HABKOJIO COJISHOTO
mroky. KimbkicHI  XapaKTEepUCTHKM  JTHIHHHX
PO3MIpIB CTPYKTYPHUX €IEMEHTIB COJITHOIO Jiamipy
BU3HAYAIOTh  3arajibHy  KapTUHY  HAaIpyKeHO-
neopMOBaHOTO CTaHy HABKOJIO PO3IIISHYTOTO
00’ekty. Tak, s moaoidaHHs MO3HAYKU aMILTITYIH
nedopmamii B 50 M 3arajgbHa TOBIIMHA COJISTHOI'O
Jiaripy MoBHHHA OyTH HEe MEHIIE 3 KM.
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Jlocniooicyemoess  Hanpysicenuil. ¢cman i 2paHudHa  pieHosaza  i30mponHoi  cgepuunoi  000a0HKU,
nocnadeHoi 080Ma MepudianbHUMU KOATHeAPHUMU MPiuuHamu nio 0i€l0 HABAHMANCEHHS 32UHY. 3aKpUmmsi
MPiwuH 6HACTIOOK 0ehopMayii 32uHy 6PaAX08AHO HA OCHOBL MOOEL] KOHMAKMY KPaie mpiutu 630064 JIiHIl
6 OOHIU 3 TUYEBUX NOBEPXOHb 00010HKU. P036 530K 3a0aui no6y006ano 3a 00ROMO20I0 MeMOOY CUHSYTISIPHUX
iHme2panbHUX pPIGHAHbL MA YUCENbHO20 Memody keaopamyp. [na ananizy epaHuiHo2o cmany o006070HKU
BUKOPUCIMAHO JOKATbHULL MA [HMeSPANbHUllL N0 MOBWUHI eHepeemuyHi Kpumepii JNiHitiHOI MexaHiKu
pyinysanns. Jocaiodceno 6naue 63aEMHO20 PO3IMAUYB8AHHS deheKkmie ma KpususHu 0OOJOHKU HA GePXHIO
Ma HUJCHIO OYIHKU SDAHUYHO20 HABAHINANCEHHSL.

Kniouogi cnosa: cghepuuna obonronxa, xonineapHi mpiwunu, 3aKpumms. mpiwjut, 32U, cpaHuiHe
HABAHMAdICEHHS, KpUMepii pyuHy8aHHs.

The stressed-strain state and limit equilibrium of shallow spherical shell weakened by two cross-cutting
meridional collinear cracks is studied in the two-dimensional formulation. The crack closure caused by
bending deformation was taken into account based on the model of the crack edges contact along a line in
one of the face surfaces of the shell. The boundary problem for equations of classical shell theory with
interrelated conditions along the line of the cracks is formulated within the framework of such model.
Singular integral equation for the unknown jump of normal rotation angle on the cracks edges has been
elaborated.

Based on numerical solutions of singular integral equation the stressed-strain state and limit equilibrium
of the spherical shell depending on the parameters of shell curvature and distance between cracks are
investigated. Using the local and integral through-the-thickness energy failure criteria of linear mechanics
of fracture, the upper and lower values of limit load were established. It was found that the upper estimate of
the limit load according to the integral criterion is approximately twice the magnitude of the lower estimate
according to the local criterion.

Key Words: spherical shell, collinear cracks, crack closure, bending, limit load, failure criteria.

CrarTio npencraBuB wieH-kopecnionaeHT HAH Ykpainu XKyxk 5.0.

JIOTIOMOTOI0 JIOKJIBHOT'O Ta IHTErpajbHOTO eHepre-
TUYHUX KPUTEPIiB JIHIIHOT MEXaHIKH PYHHYBaHHS.
Posrnsinaerbess i30TponHa cdepudHa 000JOHKA
paaiyca R 1 3aBTOBIIKKM 2/ 3 JBOMa HaCKPI3HUMH
KOJIiIHEapHUMH pO3pi3aMH 3aBIOBXKKH 2/, SKi po3Ta-
IIOBaHI B3JI0BK MeEpHiaHa Ha BimcTaHi 2d MK
ixHiMu 1ieHTpamu. [lo kpaiB gedekTiB NpUKIaICHO

Betyn. IlocTtanoBka 3agaui

Meroro gaHOi poOOTH € AOCHITUTH TpPaHHYHY
piBHOBary nosioroi cepuaHOi 000JIOHKH, ocade-
HOI JIBOMa MEPUIOHAJIbHUMH KOJIIHEAPHUMH TPIllH-
HaMM, 3JaTHUMH 0 3aKPUTTS YHACIIZOK 3THHY, 3a
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CaMO3piBHOBaYKEHE piBHOMIpHO posmnoziaeHe jaekapToBux — koopauHat  Oxyz 3 IIGHTPOM

3TUHHE HAaBaHTaXKEHHS /M = const; pemra IMoBep-
XOHb OOOJIOHKHM BUJIbHI Bif HampyxeHb. Jocmiaumo
BIUIMB PO3TAIllyBaHHS TPIIIMH Ta KOHTAKTY ix Oepe-
riB YHACTIJOK 3TMHY Ha HampyXeHo-IedopMoBaHHit
CTaH i rpaHUYHY PiBHOBAry 0OOJOHKH.
VYBaxaroun OOOJIOHKY B  30HI
HATPYXEHOTO CTaHy IOJIOT0I, BHOEPEMO CHUCTEMY

30ypeHHs

AA@-%szO’ AAW'F%A@:O’ (_)C,)/)ER2 \L,

[u,1=h[[6,1/20, M

=

N, =N, =N,=0,M =M _=M, =0, 0;=0;=0, (x,y)—> .

Tyr ¢ - ¢yHKUOi® HampyxeHb, W — TPOTHH
obomonku, A=0/ox* +0%/0y* oreparop
Jlammaca; [uy] — PO3KPHUTTS TPIIIUHKA B 0a30Biif

NOBEpXHi 060110HKH, [0, ] — pospuB KyTa noBopory
N

xy

Hopmani (0, =ow/dy); N, N, - MeMOpaHHI1

* *
sycunns, M _, M My — MoMmeHTH, O, Qy —

xy

y3arajipbHEH1  TONepe4yHl  Ccuiu;, B =2Fh,
]
N (x,0)= B
i’ 4r°
Ba ¢
M, (x,0) = 4_“_1{K3] (&0,
Tyr

MOCEepPeIMHI TPAaBOro po3pi3y Ta BicClO adCHuC
Y3/I0BK Horo JiHii. 3 ypaxyBaHHSIM cuMeTpii 00’ €kTa
Ta HaBaHTAKEHHS BIAHOCHO OcCl adCIUC TaKUi IMiaXis
MPHU3BOAUTE 10 3aja4i Teopii MOJIOrux OOOJOHOK i3

B3a€EMOIIOB I3aHMMH  KpalloOBUMH  yMOBaMH  Ha
pospizax [1, 2]:

(1)

m+hN,sgn[0,], N, <0, xelL; 2)

3)

D =2ER /3(1-v?)), E i v — moxynp FOHra Ta
koedimienr Ilyaccoma  marepiany  0OOJOHKH;
L=(-1-2d,1-2d) (-, [) — cykynHicTh po3pi3iB.

Hnst  moOynoBu  po3p’sizky  3amadi  (1)—(3)
CKOPHCTAJINCS. METO/IOM CHHTYJISIPHUX 1HTETpajbHHUX
piBHsHB. BpaxoByroun, mo aedektu nepedyBaroTh B
OJTHAKOBMX YMOBaX, 3YCHJUISI Ta MOMEHTH Ha JIiHIi
npaBoi TPIIMHU BHPa3MMO 4Yepe3 TOXiJHI Bif
¢dynkuii crpudka [3, 4]:

[1K, € nlu, 1) K& xa0, 1©)] de .

1(8)- Ky (&,x)al0, T(8)] dE. @)

K, (Ex)=K, (-0)+K,(E+x+2d), i,j=13;

K () = %[ker(v 1E)-y ¢ ker'(y [ € )~

2
v2¢?

KB(c):Ka](@):—%[(l—v)[ o

o

2
G

K33(0)= o

2
+_

2 .
i (v|¢|)j,

ker'(v|C|)+kei(v|C|)J+VYIC|kei'(v|CI)J,

«
: kei'(v|c|)—ker(v|c|)j—(1—v2)v|c|ker'(v|c|)J—2vzjkei(vc)dq,
0

z=g—x, a=h/\B31-v?), y=1/vRa =(30-v*))"* )RR,

[MinctaBumo Bupasu (4) B kpaiioBi ymoBu (2) Ha

npaomy po3pisi. Buwmouaroun QyHkuio [u,] i
nicraeMo

BpaxoBYyIOUH, IO

CHHTYJISIDHE 1IHTErpajibHe pIBHSIHHA JUIS 3HAXOJ

sgn[6 ), ]=—sgnm,

KEHHSI 3HAKOCTAJIOTO 3a MPUITYIICHHSIM CTPUOKa
MMOBOPOTY HOPMaJi 3 [IOJATKOBOK YMOBOKO Ha
KIHIISIX pO3pi3y:

0. (5)

1
%J]K(éa x)[ey ]'(z:j)d(tj =m, X € (_l’l)’ [ey ](il)

K(& x)=31-v)K, (& x)+2sgnmy3(1-v>) K3, x)+ K33, x) .
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3a 3HalIecHUM PO3B’S3KOM Ta MEPIIO0 i3 GpopmMyn
(2) BU3HAYAIHM PO3KPHUTTS TPIIIMH, a 32 TPAHUYHUMHU
BHpazamu [3, 4]:

K%v=4—ﬁxhn3v —x?[u,]'(x),

K3y =+(3-2v-v )Fhm NIZ =270, (),

o0UMCITIOBAIM KOS(IIIEHTH 1HTCHCHMBHOCTI 3yCHJIb
K, Ta MoMeHTIB K, y BHYTpIIIHIX Ta 30BHILIHIX
BEpIIMHAX TPIllHH.

Kpurepii pyiinyBanns

HanpyxenHs  moOnu3y  BepIIMH  TPIMIMH
PO3MO/IiJIeHI HEPIBHOMIPHO IO TOBIIMHI OOOJIOHKH.
BpaxoByrouu 1110 00cTaBUHY, BBaXKaEMO, IO TPOIIEC
pyHHYBaHHS HaaTpiCHYTOI 00OIOHKHU BiIOyBa€eThCs B
JIeKiITbKa eTarliB.

Crioyatky 3a TICBHOTO HHIXKYOTO KPHUTHYHOTO
3HAYCHHS HABaHTAXXCHHS PO3MOYHHAETHCS —CTale
MiZIPOCTaHHS TPIIMH B HAHOLIBII HANPYXKEeHIH 30HI,
SKe BH3HAYaeMO 3a JIOKAJIBHUM EHEPreTHYHUM
KpHUTEpieEM IiHIHOT MeXaHiKu pylHHyBaHHs [S]:

max G(z) =
2
Ky, K
—KN+(3+K)KN| |+3K—M =
(2h)*E h h
=2v,, (6)
ne G — TWOTIK eHeprii y BEpIIMHY TpILIUHH,

k=31+v)/3+vVv),
EHEepTis MaTepiany.

[oriM, moyaTkoBUH TpsAMHUA (POHT TPIMIMHU
CTae KPHUBOJIHIHHUM 1 DPIBHOMIPHO HANpyXCHUM.
[lpu nmocsrHEHHI BEPXHBHOTO 3HAYCHHS PYHHIBHOTO
HABaHTaKCHHS TpiMHA MOUIHPIOETHCS
JIABUHOIOAIOHO 110 BCiM TOBIMHI 000n0oHKU. Take
HecTilike PO3MOBCIO/UKEHHS TPIIMHU  OMUCYEMO
cepelHiM 3HaYeHHSM MOTOKY eHeprii a0 ii BepimuHu

[4]:

IMMTOMa IOBCPXHEBA

h K 2
j ()dz— K3+ =M |=2y,. (7)
2 h
ITicns  migcTaHOBKM — 3HAWAEHUWX  3HAYEHD
Koe(iIlieHTIB 1HTeHCUBHOCTI y kputepii (6), (7)
OTpUMAaITH JBOOTYHY OI[IHKY TpaHUYHHUX
HABaHTaXCHb.
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AHaJi3 pe3yJbTaTiB

UucnoBuit po3s's3ok 3aaadi (5) moOyayBanu npu
v=0,3 wMeromoM MexaHIYHUX KBajpatyp [3].
BapitoBanu 0e3po3MipHUl MapamMerp B3aEMHOIO
posraimryBaHHs nedekTiB: p=//d mia dikcoBaHUX

3HAYCHb rapamMerpa KpUBUHU 000JIOHKH

h=v1=0Ba-v)"1/JRn.

Pesynbrati mOCHIKEHHS] TPaHUYHOI PiBHOBAaru
chepruyHOi OOOJOHKH 3 JBOMa MEPHIIOHATBHUMHU
TpIIMHAMHU BiJOOpa’keHO Ha PHCYHKY. be3posmipHi

i, =\ m, |/ m°

(m®=2h*\J2Ey,/(nl)), oTpumaHi 3a JIOKQJbHUM

kpurepiem (6), momano miBopyd (@), a 3a
iHTerpanbHuM kputepiem (7) — mnpaBopyd (6);
CYLUIbHI JiHIT BIAMOBINAIOTh ONMKHIM, a IITPUXOBI
— pmampHiM  BepmmHaMm. Ilpu  m>0  Oeperu
3MUKAlOTBCSl Y BHYTPIIIHIA (JiHIT 3 TEeMHUMH
MapkepamMu), a npu m<0 — y 30BHIIIHINA JUIHOBIH
MTOBEPXHI 000JIOHKH (CBITJII MapKepH ).

Sk BUIHO 3 pUCYHKA, BEPXHS OIIHKA TPAaHUYHOTO
HaBaHT@XEHHS  3a  IHTErPAJIbHUM  KPHUTEPIEM
NpHOJIM3HO BJBIUI TEPEBUIIYE BEIMYMHY HIDKHBOT
OI[IHKK 3a JIOKAJILHUM KpuTepiem. s BUmaaky

IpaHUuYHI HaBaHTAXKCHHS

3aKpUTTS TPIIMH HA BHYTPIMIHIA  TOBEpXHI
000JIOHKH CIIOCTEPIraeThes HEMOHOTOHHA
3aJIOKHICTh  T'PAHUYHOTO  HAaBaHTAKEHHS  BIA

napamerpa p Juis ONVKHIX BEpIIMH JIePeKTiB; y TOH
e Jac 3a BETUKUX A Y IIEBHOMY Jliana3oHi p OuIbII

HEOC3MEUHUMHU  BHSBIIIOTBCSA  JalbHI  BEPUIMHU
TpimH (IITPUXOBI JiHII JIeKaTh HWXKYE BiJ
cyninbHux). HatoMicTh, y pa3i KOHTakTy OeperiB y
30BHIIIHIA TIOBEpXHI 3aBXIH HEOE3MCYHHMH €
ONIDKHI BEPIIUHY PO3PI3iB.

BucHoBku

PyiiHiBHE HaBaHTaXEHHS 3THHY sl cepUdIHOT
O0OJIOHKH 3 JIBOMa MEPHIOHATBHUMH TPIIMHAMH
3aJIeKHO BiJl 3HAKY HAaBaHTAKEHHS MOXe OyTH SIK
OUTBIIMM TaK 1 MEHIIUM IOPIBHSIHO 3 IUIACTUHOIO, a
32 YMOBH 3aKpHUTTs TPIIIMH y BHYTPINIHIA OBEPXHI
HEMOHOTOHHO 3aJICKHUTh BiJl MapaMeTpa Biagam MK
nedexkramu, i HeOE3MEUHUMH, MPH LOMY, MOXYTh
OyTH 30BHIIIIHI BEPIIHHU JC(PEKTIB.

BcranoBiieHo, 110 BepxHS OIIHKA TPaHUYHOTO
HABaHTXEHHS 32  IHTETPAIBHUM  KPHTEpIEM
NpHOJIM3HO BJBIUI TEPEBUIIYE BEIMYMHY HIDKHBOT
OIIHKH 32 JIOKaJIbHUM KPUTEPIEM.
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m

1,6
1,441 —e— m>0
—o— m<0
1,24
1,04
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0,6
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Ilo6ynoBa KpuTEpio JOBroTPUBAJIOTO Construction of long-term fatigue failure
PYHHYBAHHS BTOMH /1151 TOHKOCTiHHUX criteria for thin-walled laminated shells
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Ilo6yoosano modens ma Kpumepiti 00820MpUBAIO20 PYUHYBAHHA MOMU OJis MOHKOCMIHHUX UAPY8amux
0007I0HOK 13 8PAXYBAHHAM GNIAUBY UOY HANPYICEH020 cmaHy. Posenanymo 3a0aui po3paxyHKy 4ucia yukiie
00 pyltHysaHHs npu KOMOIHOBAHOMY Haeawmadicenni. Po3e'szxu Oyoyiomscs Ha OCHOBI KOoHyenyii
exgiganenmuux Hanpyoicenb. Chopmynvosano 6 pamxax HemiHitiHOI meopii Opy2020 NopsaoKy 3aoavy
BU3HAYEHHA JIOKAIbHUX HANPYIHCEHb Y KOMRO3UmMax eunaokoeoi cmpykmypu. Ompumano po3e’ 30K
CMOXacmu4noi Kpatiogoi 3adaui Npo BUSHAYEHHS KOHYEHMpAyii HANpyl’ceHb 8 O0OHOCHPIMOBAHOMY
Komnosumi 3 memanegoro mampuyero (MMK). /{na ompumanus nosnoi cucmemu pigHsaHb Opy2020 NOPAOKY
BUKOPUCTHOBYEMBCSL MEMOO NOCAIO08HUX HAOAUdNICEHb. Busnaueno napamempu Konyenmpayii Hanpysicens Ha
epanuyi komnonenmis. Hasedeni npuxiaou noxazyioms 8ax3ciugicmes NIUSY HENIHIUHUX GlaCmUBocmeli Ha
nepepo3nooin HanpyiceHv Oins 8on0KoH. Tlokazano Moxcaugicms NPOSHO3YBAHHSA 00820MPUBANLOT MiYHOCMI
mamepiany, Heobxionoio ingpopmayicio npo mamepian 0ns. (popMyniosanHs Kpumepiie pyuHy8aHHs € KPUGi
S-N 0151 OKpemux KOMHOHEHMIE KOMOIHOBAHUX HANPYIHCEHD.

Kurouosi cnosa: pytinysauna emomu, Kpumepitl, 60JOKHUCTMUL KOMAO3UM, YUCETbHI MEMOOU.

A model and criterion of long-term fatigue failure for thin-walled layered shells is built, taking into
account the influence of the type of stress state. The problem of calculating the number of cycles to failure
under combined loading is considered. Solutions are built on the basis of the concept of equivalent stresses.
The problem of determining local stresses in composites of random structure is formulated within the
framework of the second-order nonlinear theory. The solution of the stochastic boundary value problem on
determining the stress concentration in a unidirectional composite with a metal matrix (MMC) was obtained.
To build a complete system of equations of the second order, the method of successive approximations is
used. The parameters of the stress concentration at the boundary of the components are determined. The
given examples show the importance of the influence of nonlinear properties on the redistribution of stresses
near the fibers. The possibility of predicting the long-term strength of the material is shown. The necessary
information about the material for the formulation of failure criteria is the S-N curves for individual
components of the combined stresses.

Key Words: fatigue failure, criterion, fibrous composite, numerical methods.

CrartTio ipecTaBuB wieH-kopecnonaeHT HAH Ykpainu, a.¢.-M.H., npod. XKyxk 5.0.

IMocTanoBka 3agaui CTaJIOK aMIUTITYJIO0 3TigHO 3 icHyounMu S — N

Ommiero 3 (QyHIaMEHTaIbHUX  MPOOJIEM  KpHBMMH JUIS BiIIIOBIZHOIO HAMPYKEHOTO CTaHy [3,
NPUKJIAHOI MEXaHIKM € MOJENIOBAHHA MpPOUECY 4], akuil B KOKHOMY Iapi € IOKaIbHO TPHBUMIPHUM.
JIOBFOTPUBAJION0 PyHHYBaHHA BHACIIOK BTOMH Ile NpU3BOAUTH 10 HEOOXiAHOCTI (HOPMYIIOBAHHS
LWapyBAaTHX  KOMIIO3MTHMX  MaTepialiB  NPU  kpuTepiiB pyiiHyBaHHS T Ji€l0 KOMGIHOBAHOTO
KOMOIHOBaHOMY IIMKIiYHOMY HaBaHTaxeHHi [1, 2]. papantaxkenus. IlepCleKTUBHUM HampsIMKOM €
[Tapamerpr Omopy BTOMHM MOKHAa BU3HAYUTH TIPH po3B’SA30K  3a4a4  pO3PaxyHKy  JOBIOBIYHOCTI
LMKIIYHOMY — HABaHT@KEHHI HANPYKEHHAMH 31 TOHKOCTIHHMX IJMIIIHIPUYHMX OGOJTOHOK Ha OCHOBI

© B.I1. Macnos, 2023
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KOHILEIIiT €KBIBAJICHTHUX HaIpy>KeHb 13 1
BHUKOPHUCTaHHIM Cy4acHHUX KOMIT FOTEPHUX 6, = E(Gmax =0 i ). 3)
TexHoNorid [3, 5] Ta KIACHYHHX KpUTEpiiB
pyiiHyBanHs [2, 6]. MiuHiCTh 1 JOBIOBIYHICTh SIKIIO HMKIM HANpPYKEHb € CHHYCOINaJIbHUMH, TO
KOMITO3UTIB 3aJIE)KUTh BiJl BEIMYMHM CEPENHIX O, OUKITIYHAA ~ CTaH HampyXeHb € TakuM, MI0
OTHO3HAYHO  BU3HAYAEThCA  BemuumHamMu  (3)

a00 MaKCUMaJbHUX O 3a IUKI HaBaHTAKCHHS .

max. ) OKpEMHX KOMITOHEHTIB. Takum YHUHOM,
HANPYKEHb AK B MaTpULi, TaKk 1 y BOIOKHAX, pepenGauyaerhes, WO WIS OyAb-KOTO 3pasKa

KiipkocTi mukiaiB N T1a 1H. OCHOBOMONOXKHE
MPaKTHIHE 3HAYEHHS Mae MPOrHO3yBaHHS
HaBeIEHNX MaKpPOCKOIIYHHX JHHIMHUX Ta

HENMHIMHUX TpPYKHUX Xapakrtepuctuk [3, 7, 8§].
PosrisiHeMo HENHIHHO TPYKHUH TpaHCBEpPCaIbHO
130TPONTHUI KOMITO3UTHHI MaTepiall 3 BHIIaJJKOBOIO

CTPYKTYpPOIO B  IUIOMIMHI  HEPHEHAUKYISIPHIH
HampsMKy N apmyBaHHsA. OTXe, TpaHCBEpPCAIbHO
130TpOITHE ~ TII0O  XapakTepU3yeEMO  OJAWHUYHUM

BEKTOPOM N Yy HampsMKy Opi€HTaIlii BOJIOKOH,
MEPIEHIUKYISIPHIM 0  IUIOIIMHK  130TPOITii.
3acrocyeMO Hajalmi TakoX TeH30p a=n&®n Ta
CTPYKTYpHHH  TEH30p  TOMEPEYHOl  130Tpormii
0=1-—a. J{ns Toro, o6 BiIiINTH HAIPY)KEHHS ©
Bl THX, III0 BMHHMKAIOTh B IIONEPEYHIM IUIOIIMHI
130TpoIii, BAKOPHCTAEMO aIMTUBHUI po3Kian [4]:

6=6,+6,,

(1)
Ae 6, 1 G, SBIAIOTH COOOK IIONEpPEedyHy Ta
MO3I0BXKHIO KOMIIOHEHTY, BIJIIOBIIHO. 3aIUIIeMO
THONEpeyuHy CKIAJ0BY G, TEH30pa HalpyXeHb G 3a

JIOIIOMOT'OI0 TEH30pa MpoeKkTopa O sk

6, =060 =0-ca—ac—aoca.

2)

Toxi Mo310BKHS CKJIAJI0BA G, BUILIMBAE 3 PIBHAHHSA

(1). MoxHa nepeKoHaTHCh, HIO KOMIIOHEHTa O,

3HaXOJIUTHCS B CTaHI IIOCKOTO HATIPYXEHOTO CTaHy.

PosrisiHeMo fesiki  3aralibHi  XapaKTEPUCTHKH
(DEHOMCHONOTTYHUX KpPUTEPIiB pPYHHYBaHHA IIpH
KOMOIHOBaHMX ILMKIIYHMX HaBaHTaKeHIX [2, 6].
BBakaeTncst, MO MUKIIIYHE HATIPYKEHHS 13 CepeHIM
G € cTatucTHYHO oxHOopiaHUM. CepenHi 3HAYCHHS
BHU3HAYAIOTHCS ISl PENPE3CHTATHBHUX 00'€éMHHUX
enemenTie (POE), a craructuuHa OIHOPIAHICTH
o3Hauae [3, 9], 1m0 cepeaHi 3HAYCHHSA €
He3aIeKHUMHU Binm posramyBanHs POE. ami
nependavaeTbes, M0 BCl HANMPYKEHHS € IUKITYHMHA
Ha Tifl jK€ 9acTOTi, [0 MaKCHMMajbHa 1 MiHIMaJbHa

aMILTITyd, © 1 © BIAIIOBIAHO KOXKHOIL

max min
KOMITOHEHTH HaNpyXeHb 3JIMIIAI0THCS TOCTIHHMH
MiJi 9ac HaBaHTa)XEHHs. 3HAKO3MIHHI HampyXeHHS

Ga BU3HAYAKOTHCA K

Martepially uHCIO UMKIB A0 pyHHYBaHHA N,

BU3HAYAETbCA AaMILNITYyJ0I0 G, Ta CepeaHiMH

HanpykeHHAMu 6, . OTxe, KpuTepiil pyliHyBaHH:

BHUPAXKAETHCS Y BUTIISAI

F(e,,6,,N)<l. 4)
JIBoMa  TPAKTHYHO  BAKIUBUMH  OCOOJMBHMH
BUMAJKAMH € HYJIbOBA AaMIUIITy[Ja HalpyKeHb
6,=0 Ta BIiNCYTHICTH CepeIHIX HAIpPYKCHb
6,=0. VY nmepmomy BUmIaIKy OTPHMYEMO

CTaTUYHUI KpUTEpill pyHHYBaHHS.
PiBenb acumerpii UKy HampyKeHb 3a7a€ThCS

koedimienToM acumerpii R Ta KoedilieHTOM

amIuniTyx A , Tax 1o

R = Cnin _ 1- A; 40
o 1+4 o

max m

; )

npu4oMy 3a yMOB cuMerpuuHoro 6, =0 mukiy

HaBaHTaxeHHs R =—1T1a A=00.

Puc 1. PoszpaxynkoBa

cxema [5]
JieTlaMiHyBaHHS JIEMEHTY OOOJIOHKH.

poriecy

3 METOr BCTaHOBIICHHS KPUTEPiiB pyHHYBaHHS

Bi KOMOIHOBaHMX  IHMKIIYHHUX  HAaNpYXEHb
PO3IIITHEMO OKpEMO pi3HI BTOMHI pPEKHMH JUIs
OJHOCTIPSIMOBAaHMX  BOJIOKHUCTUX  KOMITO3HUTIB.

Kputepii MatoTh OyTH QYHKIISIMA TpaHCBEPCAIBLHO-
130TpONHKUX 1iHBapiaHTIB [4] LMKIIYHOTO TEH30pa
HaTpyXeHb 1, OTXKE, MOXKJIHBO PO3BUHYTH METO]I,

aHAJIOTTYHHH copMyITHOBaHOMY B [1].
BukopucTaeMo CTPYKTYpY KpUTEpil0 MHTTEBOTO
pYHHYBaHHS  JUIi  BOJIOKHHCTOT'O  KOMIIO3HUTY.

BBajkaemo, 110 BiChb X, CHPSMOBaHA y HAaNpsIMKy
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BOJIOKHa 1 3aCTOCYEMO CHCTEMY IiHBapiaHTiB NpeacTaBlieHHi Ha puc. 2. g mpouenypa Bu3HaUae

TPaHCBEPCAIBLHO 130TPOMHOT MPYKHOCTI

I] =0y, 12 =0, t 033,
I, =06 -0,0., I,=0),+0; 6)
3= 0p3 2933, 14 =0 319
. 2 2
14 - 2612623031 — 0,031 —0330;.
MakpockoniuHi Hallpy>)KeHHsT 6 Ta jaedopmaiii €

TPaHCBEPCAIBHO 130TPOITHOTO KOMIIO3MTY IIOB’s3aHI
CHIBBIHOIICHHAMU [1, 8]

EZC(ET’EL’GT’GL’VT’VL)E (7

ne C — edeKkTuBHHN TEH30p MPYXKHOCTI, Ta
E.E, —

HONePeYHHH Ta Mo310BXKHiM Moxyini Oura, G, ,G,

BHUKOpPHUCTaHO XapaKTCPUCTUKU:

— TIONEepeYHWd Ta TMO3IOBXKHIA MOIYNi 3CYBY,
V,,V, — TIONEpeYHUH Ta MO310BXKHIH KoedilieHTH

[Tyaccona, BiIImoBiaHO.

YuceJpHUil aJropuT™M

MartpHuiiro KOMIIO3UTY BBXKa€EMO 130TPOITHOIO Ta
TaKkom, 110 JAehOpPMYEThCS HEMIHIAHO, BHSBIISIOUN
epexr  3mimHenHs [3]. B aHi3oTpomHOMY
KOMITO3UTHOMY CEPEIOBHIII CKBIBaJICHTHI

HalpyXeHHst O, BHpasuMmo [8, 9] gepes cucremy

I, BIJIIOBITHUX IHBapiaHTIB (7
I

3 -
O-eq = (Ec'ld '6)2 :o-eq(lk)’

Bukopucraemo Hanmami kputepii Tumy Xijuia-
XamriHa Ui BU3HAYEHHS PYHHYBaHHS MaTpHIli a0o
BoJIoKOH [1]. Hanpukian, oo MaTpuili 3aniimeMo
Horo y BUTIISI I

2 2 2 2
(622 + 633) + 023 _022033 612 + 613

2 2 2 29 1’
Or Tr T4

ne o, =0,(R,n), t,=7,(R,n), 7, =1,(R,n) €
Hapy)KeHHs PyWHYBaHHS JUIS CHMETPUYHOIO IUKITY
R=-1. fdxmo 3amano S—N «kpuBi mis Oymib-
SKOT'0  OJHOBHUMIpHOro craHy, To (8) Hamami
PO3IJISIAETRCS SIK PIBHSIHHS 3 HEBIIOMHM YHCJIOM
LUKIIB 10 pyiHyBaHHsA NN . KokHe 3 Takoro Tumy
pPIBHSHBb  pPO3B’S3y€ThCs  4HMcenbHO [3, 5] i
pyHHYBaHHS BU3HAYA€THCSA KPUTEPIEM, 10 SIKOTO
MPHU3BOANUTH MeHIIMH N . Pe3ymbrar po3paxyHKy
CKBIBAJICHTHUX HAIPYy)KEHb Y IIapax JaMiHaTy

JIOBTOBIYHICTh MaTepially Ta yMOBY PYHHYBaHHS.

2.00 4

1.75 A

1.50

1.25 -

Y 1,001

0.75 4

0.50 1

0.25 4

0.00 4

0.5 1.0 1.5 2.0 2.5 3.0
Oeqv, MNa

Puc 2. 3MiHa eKBIBaJICHTHOrO HAIpPYXCHHA O, B

rapax 1o ToBIuHi 4 000TOHKH.

CyTTeBOIO IPOOIIEMOIO Y BH3HAYCHHI KPUTEPIiB
pyiiHyBaHHS [6] € eKcliepUMEHTalbHEe BU3HAYCHHS

HanpyXeHb pyiHyBaHHA O, 1 T ,. Haiinpocrimmm e
S—-N
HaTPYyKEHHS B HATPAMKY BOJIOKHA, 3
BHUKOPUCTaHHSM TIOCKUX OJIHOHAIIPABICHUX 3pa3KiB

[1].

O,, AKMA OTPUMYCTbCA 3 KPHUBOI JUIS

BucHoBku

Po3noBcrokeHa CTpyKTypa TUITY KOMIO3UTHHH
JaMiHAT MICTHTh OJHOHAIPABJIEHO apMOBaHI MIApH,
IO 3HAXOJATHCS Yy KOMOIHOBAHOMY HAINpPYKEHOMY
crani. [loBHMII TPHBHUMIpDHHI cTaH HaIpPyXEHb
peali3yeThbes MepeBaXkHO OLIs OTBOPIB Ta Ha Kpasx
namiHaty. L[i Bumagkd BUMararTh  aHAJI3y
Cy4aCHUMH YHCENbHUMH METO/IaMHU.
[NepcnekTuBHOMWO € 3a1a4a [8, 9] moOymOBH KpUTEPiiB
JIOBFOTPUBAJIOr0 PYHHYBaHHS BHACHIJOK ITOB3y4YOCTI
32  yYMOB  CKIQJHOTO  HAalPYKEHOTO  CTaHy,
(OpMyJIIOBaHHS CHUCTEMH 0a30BHX EKCIICPUMEHTIB
JUIiT  BU3HAUCHHS MaTepiaiIbHUX KOHCTaHT Ta
YHCENbHO-EeKCTIIEPIMEHTANIbHA anpo0ailis KpuTepiis
Ha 3aJadax pO3paxyHKy dYacy 10 pyHHYBaHHS
TOHKOCTTIHHHUX KOMIIO3BUTHHUX eNIEMCHTIB
KOHCTPYKIIIH.
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Poszensoacmoces  pukyivinuii  posiepie cucmemu WMAMR-IPYICHA NIGNIOWUHA NPU pyci wmamnd
NPAMONIHINIHO  Y3008dIC CBOEL MBIpHOI 3 OeaKolo weuoxicmio. s mamemamuino2o ONUCy KOHMAKMY
BUKOPUCAHO MOOeIb MAK 36AHO20 «MPEemb020 MilAy — MOHKUX NPUNOBEPXHEBUX | NPOMINCKOBUX WAPI8
KOHMAKMYIOUux min, Qi3uKo-mexauiuni e1acmueocmi sKux GIOPI3HAIOMbCS 6I0 GIACMUBOCMEN MIil KOH-
MAaKmHuoi napu, ma Mikpoceomempiero nogepxonb min y 30ni koumaxkmy. Poszg’azox 3aoaui mepmonpyorc-
HOCMI 011 NIBNAOWUHU NOOYO0BANO 3 00NOMOZ20I0 inmezpanbHozo nepemeopenus Dyp’e. 3adauy menno-
npOGIOHOCMI OISl WIMAMAA PO38 SI3AH0 MemoOoM npimux. [[isi eusHayenHs Hanepeo Hegioomoi obnacmi
KOHMAKMY 3aCmOCO8AHO IMepayiiiny cxemy, AKA HA KONCHOMY Kpoyi nepeodbayac KOHMpPONb 3HAKY
HOPpMANbHUX Hanpydjcenv y obnacmi, 0e nepedbayeno 6e3nocepedHiti konmakm min. /s mooeno8anHs
HecmayionapHoi 3a0a4i 3anponoHO8aAHO Memoo pyXomoi JiHii po30iny epaHUYHUX YMOB.

Knrouoei cnosa: konmaxm, mepms, po3iepis, mepmonpoOHUKHICMb.

Friction heating of system punch-elastic half plane when sliding along creative line is considered. Model
of so-called “third body”, i.e., thin near-surface and intermediate layers, the physical and mechanical
properties of which differ from those of the interacting bodies, and by the microgeometry of their surfaces in
the contact zone, used for mathematical description of contact. The method of determination of thermal
contact conductance in mathematical modelling of contact interaction with considering friction and hear
generation by “third body” is presented. Using of modified conditions of heat contact in mathematical model
of contact thermoelasticity, taking into account of friction and heat generation is proposed. The solution of
the problem of thermoelasticity for a half-plane is obtained by means of the Fourier integral transformation.
Heat conductivity problem for the punch is solved by method of straight lines. The system obtained of dual
integral equations is reduced to the system of linear algebraic equations by means of points collocation
method. Formulas for thermal fields, heat fluxes and contact stresses are proposed. In order to obtain the
unknown contact area, the iterative scheme based on a control of a sign of normal stresses in the immediate
contact interaction zones is used. Method of moving line of separation of boundary conditions is proposed.

Key Words: contact, friction, heating, thermal conductance.

Crartio nnpeactaBus wieH-kop. HAH Ykpainu, 0.¢.-m.H., npod. XKyxk f. O.

1. Beryn 3aJaya TEPMONPYXKHOCTI MPO THCK IUTaMma 3

HEMOBHMM KOHTAaKTOM po3risiganace B [1], me y

JocmimkeHHs Iepepo3oAiTy TeIUIOBUX TOMIB y
napi TepTs € aKTyaJbHOIO 1 MATEMAaTHYHO CKJIAJTHOIO
HAYKOBO-TEXHIYHOIO mpobiemoro. Bmepme mimocka

© B.M. Onunikesuy, I.M. bapa6ami, 2023

BHI3JKy TEIUIOBI[Iayl Bij IITamIia 10 MiBIDIONMHA
OyJ0 BCTAHOBJIEHO BTpaTy KOHTAKTYy Ha Kpasx
mrammna i 3°5COBaHO HEOOXiJHICTh ypaxyBaHHA
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HeNMiHIHHOCTI 33/1a4i yepe3 3MiHy 00JacTi KOHTAKTY.
Pi3HOMaHITHICTP YHMHHUKIB BIUIUBY Ha TEIUIOBHUMA
PEXUM THITIOJOTIYHOI Mapu 3yMOBIIOE CKJIAAHICTh
ONUCY Ta MAaTeMaTHYHOIO MOJIEJIIOBAHHS TaKoi
3amaul. 3okpemMa, OCHIIDKEHHS KOHTaKTHOI
TEPMOIIPY)KHOCTI 32  HAsBHOCTI  IOBEPXHEBUX
Ternoi3MYHUX HEOJHOPIAHOCTEH Brepuie OyIo
mpoeernere B [2]. B [3] Oymo oOrpyHTroBaHo
MOXJIMBICTh MAaTE€MaTUYHO MOJEIIOBATH PEKUMH
TepTs, 3HOUIYBaHHA Ta  TEIUVIOYTBOPEHHA  3a
JIOTIOMOTOI0 TaK 3BAHOTO «TPEThOro Tinma» [4] —
TOHKMX TIPUTIOBEPXHEBUX 1 TPOMDKKOBUX IIapiB
KOHTaKTYIOUUX TUI, (I3WKO-MEXaHiuHI BIIACTHBOCTI
SIKUX  BIAPI3HAIOTBCA ~ BiJl  BJIACTUBOCTEH  Tij
KOHTaKTHOI Mapu, Ta MiIKpPOTEOMETPI€I0 MOBEPXOHb
Ti1 Y KOHTAaKTHIA 30HI. 3aCTOCYBaHHS «TPETHOTO
Tiza» SIK MareMaTHyHol MOJeNl  KOHTaKTHOI
TEPMOIIPY>KHOCTI OyJI0 BUKOPUCTAHO B [5].

2. I[locTanoBKa 3aga4i

Hexaii mnockuii mramn BUCOTH H BTHUCKYETHCS
cuiIol0 Py TNpyXHY IBIUIOIIMHY 1 PyXa€ThCs
MPAMOJIHIMHO y3/0BX TBIpHOI MOBEPXHi 3 JAESIKOIO
CTaJIOK0 MIBUAKICTIO V. MiX BEpXHBOIO MOBEPXHEIO
mraMia, OIYHMMH  TIOBEpXHSMH  IOTamma 1
HEHAaBaHTAXKEHOIO  TIOBEPXHEI0  MIBIUIOLIMHU 3
0oIHOTO OOKY Ta 30BHINIHIM CEpEAOBUIIEM 3 1HIIOTO
3IIHCHIOEThCA TEMI000MIH 3a 3akoHOM HproToHa 3
pizHUMHE  KoedimieHTaMHu TerioodMiHy. TerutoBmii
KOHTAaKT  MDK  IITaMIIOM 1 MIBILUIOIIUHOIO
HeifeanbHU 3 KOe(ili€HTOM TeIUIONPOHUKHOCTI
KOHTaKTy . Bin nii cunmu TepTs Ha AUISHII KOHTAKTY
BiIOyBa€ThCS TEIUIOYTBOPEHHS, IO IIPOIOPIliiHE
IHTEHCUBHOCTI1 CUIM  TepT. Temnepatypy
30BHIIIHBOIO CEPEJOBUILA BBAKAEMO HYJIHOBOIO.

3 ypaxyBaHHSIM IIbOTO JJIsi PO3B’sA3aHHS 3ajadi
HEOOXiHO MPOIHTErpyBaTH CUCTEMY PiBHSHB

HAu +(h+po0/ax)—par? ax=0, (1)
HAu+(h+po0/ay)—Bar? /oy =0, ()
A =0, i=1,2, 3)

ne A — oneparop Jlaraca; 0 =0u/0x +0u/dy ; u Ta
V — KOMIIOHEHTH BEKTOpa MEPEMIIlEHb; A Ta |L —

p=(3%+2uor ;

TEeMIepaTypHUA KOSQIIi€HT JiHIHHOTO pO3IIMPEHHS.
Ilpu oMy Tpeba BpaxyBaTH TeMIIEpaTypHi
TpaHUYHI YMOBH:

koedimientu  Jlame; oy -

y=0: at(l)/éy =7 ),

Q)

x|$ a;
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x=ta: oV fox=Fy, Y, <a; )
y=H:
AR + )+ 200 0 fon 1) 61 fon)=
= e[V +i?)-20, W<a;  (6)
A A (@)1 200 660 /o + 2 66 fon )
—12A(0 = )= o[i i), W <a; (7
ot Joy =y, 1%, x> a; ®)
Ta CHJIOBi [pAHHYHi YMOBH:
y=H: v(x,H)=f(x)+3 x<a 9)
o, (x,H)=0,]x>a; (10)
1, (%, H)=0, x| <oo; (11)

Ie 3aJaHo Y, Y,, Yy — KOoe(illieHTH TemI000MiHy
BIJIMOBIZIHO MDK BEPXHLOIO IMOBEPXHEIO IlTaMIa,
OIYHUMH TIOBEPXHSMH IITAMIIa, HE3aBAHTAXXECHOIO
MOBEPXHEI0 MIBIUIOIIMHU 3 OJHOTO OOKy 1
30BHIIIHIM CEPEJIOBUIEM 3 IHIIOTO, KOEQII[i€HT
TEIUTONPOHUKHOCTI KOHTAKTy /i, KoedilieHT TepTs
fr, NIBIIMpUHA ITaMna @, popMa OCHOBH IITaMIa

f (x), BEIMYMHA OCIJaHHA IuTamma O, koeilieHTH
TEIUIONPOBITHOCTI A (=1 BigzHOCUTBCA OO IITAMIIA,

i=2 — 10 MBIUIOIIMHM); # — HOpMalb OO MOBEPXHI
KOHTaKTy TiI; A — 3BeACHA TEIUIOMPOBIAHICTD, A —

IBOBUMIipHHUI omeparop Jlarutaca; ¢ — 3BeseHa
TEIUIOEMHICTE; () — 1HTEHCHBHICTh TEIJIOBUX
JDKepel.

[IpoBenenwuii B [4] uncnoBuil aHai3 MOKa3aB, IO
HEXTyBaHHS Koe(illieHTOM A HE3HauyHO BIUIMBAE Ha

PO3IIOIT TEMIIEPAaTYPHHX OB y TiJaX MapH TepTs,
a CYTTE€BUH BIUIMB HA PE3YJIbTATH Ma€ KOeQiIieHT
TEPMONPOHUKHOCTI ~ KOHTakty h. Tomy  ans
NPaKTUYHUX PO3PAXYHKIB MOYKHA BHKOPUCTATH TaKi
COpOIICHI  TErIo(pi3uyHi  yMOBM Ha  JUISHII
KOHTaKTYy:

20 01" fon =22 0@ fon = () + 1)) 2 - 0,

20 2" fon + 32 0@ fon — 2V (@)= i - #2))/6

i rpanwuni ymoBH s cOPMYIBOBAHOI
KOHTAKTHOI 3a/1a4i Ha0yBalOTh TAKOTO BUIIISAY:
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(1)&(1)/6)/_ (2)6z(2)/6y=—fTVO'y(x |x|$a;(12)

pIUETY / oy + AP / oy =h(t? -

3. Po3p’s130K 3apaui

BukopHCTOBYIOUH CKIHYEHHO-PI3HUIIEBY alpOK-
CUMAIIil0 PiIBHSHHS TEIUIONPOBIAHOCTI JyIs IIiTamna i
KpalioBuX yMmoB (4) 3a KOOpDIMHATOIO X, PO3B’S30K
3afayi A mraMna OyayeTbCcs METONOM MPSIMUX i
3BOJIUTHCS JI0 CHCTEMH JIIHIMHUX ArQepeHIiaTbHIX
PIBHSIHB THITY

ds/dy = As , (14)
sIKA  PO3B’SI3Y€ThCS
€KCIIOHEHTH.
BukopucToBytoun 3aranbHuil po3B’s30K PIBHAHb
TEPMONPY>KHOCTI ISl MIBIUIOMIMHKA B  MPOCTOP1
TpanchopmanT Dyp’e Ta 3a70BONBHAIOUN TPAHUYHI
ymoBH (6) —(11), 3amady 3BEOEHO 1O CHCTEMH
MapHUX 1HTErpajbHUX DiBHsAHB. [logaroun HeBimomi

KOHTaKTH1  HAIIPY>XXCHHA (o) v (x ) Ta  HEB1OAOMY

3a  JOINOMOIOK  MAaTPUYHOL

¢byHK1II0 \|/(x) y Burmag psagie Dyp’e Ta
3aMiHIOIOYM B IHTETPAJbHUX PIBHSHHAX I1HTErpaju

Ha CyMH, OTpUMAEMO Cl'IiBBi,Z[HOH.IeHHHI

A2 & °°s1n<§a+rcn) iex B(?»+2u).

(Mu)n;va”jléléﬂn/a) S
5T sin(Ea +mn) iy
zNb”jlil (vy +[eNe+mn/a) d=

=-2n(f(x)+3),

W L% fesin(Ea+mn)

- b l@(

T ,,:Z_:N"'!;(YH |E_,|XE_,+7m/a o+

N
+ 1V Y a, explikn/a)+ ) o fay = 0,

n=—N

1 & 7 (h + 7»(2)|<§|)sin(<§a +7n) iy
— > b e "~ dE —
T n;N n:[o (YH + |§|X<t3 + nn/a) é

Do) /ay — e =

BuxopuctoByroun MeToa MOTOYKOBOI KOJOKAIlii,
OTPUMAHO CHCTEMY JIHIMHHUX alreOpaidHuX piBHSHb
JUIS  3HAXO/DKCHHS  HEBIIOMHX  KOC(Qilli€HTIB
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posknany. IloBepTarouuch y MpOCTip OpHriHATIB,
OTPHMAHO BHpa3d Uil KOHTAKTHUX HAaIpy>KeHb,
TEMIIePAaTypH 1 TEIJIOBUX MOTOKIB Y KOHTAKTYIOUHX
TiJlaX Ta MEePEeMilIeHb ITiBILIOIMHHA.

4. Yucaosi pesyabTatu. BucHOBKH

IIpy umncnoBuX po3paxyHKax BBaXKajoCh, IO
OCHOBa INTaMIa Ma€ 3aKpyryieHi Kpai, To0To

f(x)zsz(Ix|—x*)/2a, xe x* € ONM3BKUM 10 a, a

H(x)
KOHTAaKTHHX HAalpyKeHb, SKUU 3a Pi3HUX 3HAYCHb
nmapaMeTpiB 3ajadi MOXe JaTd JBa SIKICHO pi3Hi
BHUIIJKM KOHTAKTHOI B3aemoxii. Y mepmiomy
BHUII3JKy pO3paxoBaHi KOHTAKTHI  HaIPY>KEHHS
c,\x) Ha BCili AlAHLI Ly:xel-a;a] me e

— ¢ynkuis Xesicaiina. OTpUMaHO PO3MOALT

momatHuMH. lle o3Hagae, MO Ha BCiM A AUISHII
IITaMIT TIPUJISITAE€ 0 OCHOBH, TpaHW4HI ymMoBH (0),
(7), (9) BuxkoHaHi, a OTpuMaHi KOHTAaKTHI
HANpyXKEHHS Ta PO3MOJII TeMIlepaTypu OyayTh
ocrarouHuMHd. [lpukiageHa 10 mramma cuia, sKa
CIpUYMHMIIIA 33/laHe OCiTaHHS O, OOYHCIIOETBCS 3
YMOBH PIBHOBAard IITAMIIA:

Ic (o) = - j Z a, explimnx/a)x = —2aa,.

—q n=-—

B iHmoMy Bunmagky Ha meBHiM AiUmIHLI L, = ULZ”’ ,
m=1
SgKa CKJIAQNA€Tbcd 3 CYKYMHOCTI M TIPOMIXKIB
2m _ .
L - [’x2m—1 'x2m] s
(a=xg <X, % <Xpps Xy SXoyppi =45

m=LM; i=12M),

HaIllpy>KCHHS cy(x) € CTpOoro JAOoAdaTHUMHU. He

po3paxoBaHi 3HA4YEHHS

O3Hayae, 0 Ha UUX JUIAHKAX AKiCh 3yCHIUISL MaJH O
OPUTATYBATH LITAMII /O MIiBIUIOIIMHH, & TOMY
OTPUMaHMN PO3B 30K HE € KOPEKTHUM PO3B’S3KOM
KOHTAKTHOI 33/1a4i, OCKUTbKH iCHY€E BeJIKa HMOBIPHICTh
TOTO, IO IITaMIT KOHTAKTYE 3 MIBIIOMIMHOIO HA JLISHII

M
o =Ly—L =JL"", ana L xonraxr BixcytHiii.
m=0
Tyr L= [x(); xl)’ L= ('me > 'x2m+l)
(m =1,M—1), LM = (xy0, 5 X50,,1) - ToMy Tpeba
3MIHUTH MOYaTKOBE (POPMYIIOBAHHS IPAHUYHUX YMOB
(6), (7), (9), a iHI1I YMOBH 3aJIMIIAIOTHCS Y HE3MIHHOMY

BUMIIAAL. Y HyJIBOBOMY HAOMMKEHHI BBAXKATUMEMO, IO
CIIPaBKYETHCS MPHITYIICHHS IIPO KOHTAKT INTaMIIa Ha

L; , a Tomy 3amictb L, Tenep Tpeba Opatu Lj , a 1

JiHIT Ll yMOBa BlI[CYTHOCTl KOHTAKTY Ma€ BUTJIA:
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y=H, xel;: cyv(x, H ) =0, v(x, H ) >3, (15) piBHsHb, sAka 3a0e3neuye BUKOHAHHS TI'PAHMYHMX

20 6" oy +22) 0 fay = by (12 -0 (16)

ne h, —koedilieHT TEMIOIPOHUKHOCTI KOHTAKTYy Ha
ainsHui L. Taka 3MiHa IpaHUYHHMX YMOB 3MYILY€E
PO3B’sI3yBaT OCHOBHY CUCTEMY PIBHSHB III€ Pa3 BiKe

JIMIIe Ha MPOMDKKY Lj, a Ha AlnsHLI L, — cucremy
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IIlomx0 po3paxyHKy BTOMHOI IOBrOBi4HOCTi
NPU3MATHYHHUX CTEPKHIB 32 YMOB
O/IHOBICHOT0 ACHMETPUYHOI0 3TUHY

To the computation of the fatigue life of
prismatic bars under uniaxial asymmetric
bending

HartionanpHa akaziemis Hayk YKpaiHu
IncrutyT Mexaniku iM. C.I1.Tumomenka

Bys1. Hecreposa, 3, M. Kuis-57, 03057, Ykpaina
e-mail: creep@inmech.kiev.ua

National Academy of Sciences of Ukraine
S.P.Timoshenko Institute of Mechanics
P.Nesterov str., 3, Kyiv-57, 03057, Ukraine
e-mail: creep@inmech.kiev.ua

Pozensnymo anemepnamugnuii emnipuyHomy nioxio wooo po3e'sazKy 3a0ay pO3PAXYHKY 6MOMHOL
008206IYHOCMI 3pA3KI8 Mamepianié ma elemMeHmie KOHCMPYKYIU 3a YM08 O0OHOBICHO20 ACUMEMPUYHO20
bacamoyuxnogo2o Haganmadxcenus. ITiOXi0 IpyHmyemvces Ha KOHYenyii eKiBaleHmMHUX HANPYICEeHb, U0
00360715€ ACUMEMPUYHUT YUK HABAHMAICEHHS 36eCU 00 eKBIBAIEHMHO20 3d YUCIOM YUKIIE 00 PYUHYBAHHS
cumempuunozo yukiy. Cmpykmypa exeieaienmHux HanpysiceHb OMpUMAaHnd Ha OCHO8I 2inome3u iCHY8aHH:A
€OUHUX [30XPOHHUX Olaepam 2SPAHUMHUX HANPYNCEHb, SKI IHEAPIAHMHI CMOCOBHO YUCIA YUKAIE 00
pyunysanns. Ax 6a306i excnepumenmu, 015l GU3HAYEHHS MAMEPIATbHUX KOHCIMAHM Y BUXIOHUX DIGHSHHSX,
BUKOPUCMOBYIOMbCSA 1€2KO BIOMBOPIOGAHI CMAHOAPMHI 8UNPOOYEAHHA 2la0KUX 3pasKie mamepiany Ha
KOPOMKOYACHY MIYHICMb MAd 8MOMY 34 YMO8 CUMEMPUYHO20 U ACUMEMPUYHO20 YUKILIE HABAHMANCEHHS
seunom. Pozeé’sizano 3adaui ananizy 6acamoyuxiosoi momu HPUIMAMUYHUX CMEPIICHI8 NpU OOHOBICHOMY
ACUMEMPUYHOMY 32UHI I3 8PAXYBAHHAM BNAUBY CEPEOHbO2O HANPYIHCEHHS YUKy, Koegiyienmy acumempii ma
xoe@iyicnmy amnaimyo. OmpumManHo 3a006ILIbHE V3200MCEHHs pPe3VIbMmamié PO3PAXYHKIE 3 OaHuMU
excnepumenmia.

Kniouogi cnosa: npuzmamuyni cmepoichi, 0OHOBICHUL ACUMEMPUYHULL 32UH, 6A2amoyuKIo8a 6momd,
NPOCHO3VBAHHSA 008208IUHOCIHII, eKCNEPUMEHMANbHA anpodayis.

An alternative approach to solving the fatigue life computing problems for material samples and
structural elements under uniaxial asymmetric cyclic loading has been considered. This approach is based
on the concept of equivalent stresses, which allows the asymmetric load cycle to be reduced to the equivalent
symmetric cycle for the number of fracture cycles. The structure of equivalent stresses is obtained based on
the hypothesis of the existence of single isochronous ultimate stress diagrams, which are invariant with
respect to the number of cycles to fracture. As basic experiments, to determine the material constants in the
original equations, easily reproducible standard tests of smooth samples of the material for short-term
strength and fatigue under symmetric and asymmetric bending load cycles are used. Problems of multicycle
fatigue analysis of prismatic rods under uniaxial asymmetric bending, considering the influence of mean
stress, stress range, and amplitude coefficient, have been solved. Satisfactory agreement of calculation
results with experimental data was obtained.

Keywords: prismatic bars, uniaxial asymmetrical bending, high-cyclic fatigue, lifetime analysis,
experimental approval.

Crartio npencraBuB wi.-kop. HAH Vkpaiuu, a1.¢.-m.H., npod. XKyxk 5.0.

Beryn KON OJIHOYACHO [IOTh CTaTHYHE Ta IMKIIYHE

Jlnst  GinbLIOCTi  BIiANOBIJAABHUX — €JIEMEHTIB
KOHCTPYKI[I JTOCUTh aKTyaJbHOI 3aJHIIA€ThCS
mpobJjieMa PO3paxyHKy X JOBTFOBIYHOCTI B yMOBaX
0araTolMKIOBOI BTOMH NPU aCUMETPUYHOMY 3THHI,

© A.B.IInmamunceka, O.B.Pomanos, 2023

HaBaHTaXeHHsA. Y poborax [1,2] 3amporoHOBaHO
MiJXIJ 10 MPOTHO3YBaHHS JOBIOBIYHOCTI 332 yYMOB
OJTHOBICHOT'O aCHMETPUYHOIO HaBaHTAKCHHS, SKHI
IPYHTYETbCS ~ HA  KOHIIENIl  eKBiBaJeHTHHX
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HaTpyXeHb, IO JO03BOJISIE ACHMETPUYHUH IIHKII
HABaHTa)XEHHS 3BECTH JIO CKBIBAJIEHTHOI'O 332 4acOM
70 pylHYBaHHSI cUMeTpuYHOro nukiy. CTpykTypa
CKBIBAJICHTHUX HamNpyXeHb 3aJa€ThCS BUXOJSMYU 13
rimoTe3n iCHYBaHHS €JIMHOI JiarpamMH TpaHUYIHHX
Hanpy>XeHb B HOPMOBaHIl CHCTEM1 KOOP/IMHAT, SIKa €
IHBapIaHTHOKO YUCITY IIMKIIIB JI0 PYHHYBaHHSI.

Y Mexax miAXomay po3B’s3aHO 3ajadi 3
PO3paxyHKy BTOMHOI JOBIOBIYHOCTI MPU3MaTHYHUX
CTEp>KHIB 32 YMOB aCHMETPHYHOTO 3TUHY K (PYHKIIIT
aMILTITYIM IUKJIIYHAX HaNpyXeHb 10 Tapamerpy

CEpEAHbOr0 HANPYKEHHS LIHUKITY Gﬁl , kKoedimieHTam

acuMerpii R Ta ammuiTyn A .

1. IlocTanoBka 3axavi. Buxigni
cHiBBiTHOIIEHHS
Posrnsimaerbess  mOBroTpuBalie  pyHHyBaHHS
MPHU3MATHYHHUX 130TPOIHUX CTEP>KHIB BHACTIIOK
0araTolMKIOBOI BTOMH 3a YMOB OJHOBICHOTO
ACUMETPUYHOTO0 3TMHY. YMOBHM  HaBaHTaXKCHHS
3a7af0THCS CITIBBIIHOIIEHHIMM

~b _ b b ,
o’ =0, +0,sin(2m),
ob =ob +ol <oy,

max

(1.1)

b

ne &~ — 3MiHHE HamnpyXeHHS acHMETPHYHOTO

cepeqHe HATPYKEHHS; o) —
b

max

wiKty, o’ —

m

aMIUTITyla  IUKIIYHOIO  HANpYXEHHSA; O

b b b

MakcHMajbHe, a O .. =0,  —0 — MIHIMaJbHE
min m a

HaNpyKeHHS LUKIy; O, — MeXa Tedil marepiaiy

9p
b
do, _p, O oy
v
1
nR - b 9y
(]+qb)Db(Geqv)

e @, — CKAIAPHHA IapamMeTp MOMIKOLKCHHS, KU

3MiHIO€TBCA Bif O mpu n=0 g0 1 mpu n=n,;

b .
O gy — CKBIBAJICHTHE HANPYKEHHS, IO BPaXoBye
b : )
BIUIMB O, Ta mapamerpis R, A; o, — Mexa

KOPOTKOYACHOI MIITHOCTI MaTrepially CTepXKHS; n, —
YUCIO LMKIIB 10 pyHHyBaHHs; ¢q,, D,, 4, -
KOHCTaHTU MaTepiaiy.
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CTEPXKHS;, 1= fi — YKUCIIO LMKIIIB HaBAHTAXKCHHS;
b b

— YacTOTa HaBaHTAXKEHHS; ¢ — QI3MYHUI Yac.

PiBenp  acumerpii 1HMKIYy  HaBaHTaKEHHS
3amaeThesi  KoedimieHTom — acumerpii R Ta
KOS(IIIEHTOM aMILTITY]] 4, TAKUM YHHOM

_ b b _ .
R=c" [o" =(1-4)/(1+4); 02
A=0" [o" =(1-R)/(1+R),
JIe 3a YMOB CHMETPUYHOI'O (an = 0) LUKy
HaBaHTa)keHHI R=—-1 ta A=00.

b
BBakacTbCs, O KOMIIOHEHTH O, =cConst Ta

b

o, =const (cTaliOHapHUM LUKJIIYHA

Gf sin2nft
(f 210 T'm) 3MIHIOIOTBCS BiJ IMKIY O IHKIY, a

pexUM),

KOMITOHCHTAa JOCTaTHBO INIBUIKO

MAaKCUMAJIbHC HAIIPY>XCHHA [UKITY HE IICPCBUIIYE

b
max

MEXKY Tedil MaTepialy o
pYHHYBaHHS CTEpKHIB  BHACTIIOK BTOMH HE
CYNPOBOIKYETbCS HAKOMMYEHHSIM MaKpOILIacTHY-
HUX TMKIYHUX gedopmaiiid, a € HacIiJKoM
PO3BHTKY TIPOIECY MOUIKOPKEHHS Ta pealli3yeThCs y

0araTonMKIOBI oOjacTi 3 YHMCIOM LMKIIB 10

< 0y .Y 1bOMYy BUIAAKY

pyitayBanus n, >10" .

Buxinni PIBHSIHHS JUIS PO3paxyHKy

3a TapaMeTpaMu o? R, 4

JOBI'OBIYHOCT1 mo

3aJIal0ThCS Y BUTIISAII CUCTEMHU

p T
b _ m b
Ooqy =| COS| — o,
Op
_}’b
b
b nl+Ro b
O gy =| COS| — “ o, (1.3)
21-Roy
o _/lb
b _ a b
Oy =| COS| —— o,
Op

2. MeTtoauka BU3HAYEHHS XapaKTePUCTUK
MaTepiany Ta koe(iuieHTIB BUXiTHMX PiBHAHb

Buxigni piBasHHs (1.3) 11 po3s’si3aHHS 3a1a4i
PO3paxyHKy JOBTOBIYHOCTI CTEPIKHIB 32 YMOB OJIHO-
BICHOI'O aCMMETPHYHOTO 3THHY, MICTATh TPH TPYIH
KOHCTaHT  Mmarepiany Ta  KoeQillieHTiB,  fKi
BU3HAYAIOTECA 3 CHCTEMH BIAMOBIMHUX 0a30BUX
CKCIIEPUMEHTIB.

145



Bicnux Kuigcbko2o nayionanbHoeo yHigepcumemy
imeni Tapaca lllesuenxa
Cepis ghizuxo-mamemamuuni HayKu

[lepma rpyma KOHCTaHT Matepially MICTHTh
MEKY KOPOTKOYACHOI MIIHOCTi O g Ta BU3HAYAETHCA
3a pe3ylibTaTaMu CTaHJapTHUX BUIPOOYBaHb 3pa3KiB
HA O/IHOBICHUH PO3THT.

Jpyra rpyma KOHCTaHT MaTepially MICTHTh
koedimienTn g, Ta D), 1O XapaKTepH3yIOTh OIIp
MaTepiajy BTOMIi 32 YMOB OJHOBICHOTO 3TWHY. 3Ha-
YeHHsS! Koe(illi€HTIB BU3HAYAIOTHCS MUITXOM arpoK-
CHMallil eKCIePHUMCEHTAILHUX JaHuX Ha BTOMY 3a
YMOB OJIHOBICHOTO CHMETPUYHOIO 3THHY 3pa3KiB
MaTepiaidy QYHKIIE Y BUIIISII

B Vi
(1+g,)Dy(c" )"

My @2.1)

bo_ bo_ b
saymos o, =0, 0,,=0,.
3ajaua BU3HAUeHH: KoedilieHTB ¢, Ta D, y

(2.1) 3BoAMTHCH 10 MiHIMI3aILlli PYHKITIOHATY

2

! ,(2.2)

(I1+q, )Db(o_sj)qb

S
@(q,.D,) = Z nR_j(o-Zj)_
=

b

ie O, , Ny — HAOIp AMCKPETHHUX 3HAYEHb AMILTITY]L

Y
HaNpy>XeHb Ta YHCEN IUKIIIB 10 pyHHYBaHHS.

Tpers rpyma KOHCTAHT Martepiaay MICTHTh
MOKa3HUK CTEMEH1 Ay , [0 XapaKTepHu3ye YyTIHBICTh
MaTepialy 0 acuMerpii [HKIy HampyXeHb.
3HaueHHA A, pPO3PAaxXOBYIOTbCA 3a pe3yIbTaTaMH
00pOOKH EKCIIEPUMEHTY JUIsl ACKUIBKOX KOMOIiHAIli

AUCKPECTHUX 3HA4YC€Hb CTAaTHYHHUX GZ Ta aMHJ'IiTYI[

HI/IKJ’Ii‘IHI/IX 05 HaIpy>XCHb. 33):[3‘13 BHU3HAYCHHS

nokasHuka crerneni A, B (1.3) 3BomuThCA 10

MiHiMi3amii ¢pyHkioHamny [1, 2]

b » \T*
L3 o o
D(A, )=Z —— |—|coy = (2.3)
b 2
=1 || On(g;) Op
b b b 6i
€ Oyis Opys Ops Mg, — HAOIP IMCKPETHUX 3HAYCHD
aMIUTITYl ~ OHKIIYHUX  HamlpyXeHb,  CepeHiX

HaIrpy>XCeHb, MCX BTOMHU 3a YMOB CHUMECTPHUYHOI'O

LUKy HaIpy)XeHb Ta BIAMOBIIHUX TM YKCEN LUKIIIB
b
4

10 pyliHYyBaHHSA. Y SKOCTI O, Ta Gij MOXYTbh OyTH

oOpaHi 3HAYEHHS crf,’j=cr,qu, [0 BIANOBINAKOTH
BIIHYIbOBOMY  IIMKIy  HamlpyXeHb, TaK IO

koedirient amruaityn A=1.
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3. Po3paxyHoK JI0BIroBiYHOCTi NPU3MATHYHHX
cTepaxkHiB 3i Ctaji 45 npu ogHOBiCHOMY
acCHMeTPMYHOMY 3rMHi
Po3B’s3ytoThCcs  3a7adi  pO3paxyHKy BTOMHOI

JIOBI'OBIYHOCTI TMPHU3MATHYHUX CTEPXKHIB 332 YMOB
OJTHOBICHOTO acuMeTpuyHoro 3ruHy 3i Crami 45 3a
piBasHEAMHA (1.3). XapaKkTepuCTHKH KOPOTKOYACHOT
o, =408 MIla,
o, =731.8 MIla, Ta koediuientn ¢, =6.08, D, =
5.140-10™

BUKJIaACHOK MECTOAHNKOIO.

MIITHOCTI Marepiany

MIa“uukn, A,=1.82 Bu3HaueHi 3a

Pesynbratu po3paxyHKiB HaHeCeHO Ha (ir.l
IMITPUXOBUMHU Ta WITPUX-MYHKTUPHUMH IiHISIMH, a
eKCIiepuMEeHTalbHI aaHi [2, 3, 4] — mapkepamu. Ha
¢ir.1(a) mpeacraBieHO OTpPUMaHi peE3yNbTATH IO

napamMerpy CepeiHbOro HANpYXKEHHS o = const
(ol =147Mlla (0),c’=196 Mlla (e)), Ha ¢ir.1(6)
no mapamerpy KoedillieHTa acuMeTpii R = const
(R=-0.1 (0), R=0.1 (), Ha @ir.1(B) ™o
napamerpy  koedilieHTa — aMIuUliTYn A = const
(A=12(0), A4=0.82 (e)). CyUiTbHUMH JTIHIIMH
HaHECeH1 eKCIlepUMEHTaNbHI ,,KpPHBI~ BTOMH 33 YMOB
CUMETpHUYHOro 1uKi1y (o, =0).

BuchHoeku

[Migxim 10  po3paxyHKY  JOBIOBIYHOCTI
CJIEMEHTIB KOHCTPYKIIIi B yMOBaxX KJIaCUYHOI BTOMH
MpH OMHOBICHOMY aCHMETPUYHOMY 3THHI, SIKHH
IPYHTYETbCS ~ Ha  KOHIEMINI  CKBIBAJCHTHUX
HaTpyXeHb, MOXE pO3MNIAJATHCh SIK OIUH 13
HAMOUTBbII  eQEeKTUBHUX TIOXOMIB IO PO3B'SI3KY
Takoro kmacy 3amad. KOHIIEmIlis eKBiBaJCHTHUX
HaTpyXeHb JIO3BOJISIE iy KOMITOHEHT
ACHMETPUYHOI0  IMKIy  3BOAUTH N0  Aii
CKBIBAJICHTHOT 3a YHUCIIOM IUKIIB 10 PYHHYBaHHS
aMILTITYTd CUMETPUYHOrO UK. Y AKOCTI 6a30BHX
CKCIICPUMEHTIB TIpH  BU3HAYCHHI MaTepiajJbHHUX
KOHCTaHT BHKOPHUCTOBYIOTHCSI JIETKOBIJTBOPIOBAHI
CTaHJapTHI BHINPOOYBaHHSA 3pa3KiB Marepialy Ha
KOpOTKOYacHy MIIHICTh Ta Ha BTOMY 32 YMOB
CUMETPUYHOIO  Ta  ACHUMETPUYHOr0  ILHUKJIIB
HABaHTa)KEHHSI.

EdexTHBHICTh BHINE3a3HAYCHOIO IIIXOLY [0
MPOTHO3YBAHHS  JIOBFOTPUBAJIOrO  pyWHYBaHHS
CIIEMEHTIB  KOHCTPYKI[I  BHACHIOK  KJIACHUYHOI
(baraTonuKIIOBOI) BTOMH amnpoOYyeTbesi B poOOTI Ha
3a/layax PO3pPaxyHKy JOBTOBIYHOCTI MPHU3MATUYHUX
crepkHiB 13 Cram 45. Sk mnokazano Ha Puc. 1,

OTPUMAHO  IIJIKOM  3aJ0BUIBHE  Y3TO/PKEHHS
pe3yabTaTiB  PO3pPaxXyHKIB  YHCIIa  [HMKIIB IO
pyHHYBaHHS CTCp)KHIB 332 YMOB OJHOBICHOIO

ACHMETPUYHOIO 3TUHY i3 JaHWUMHU EKCIIEPHUMCHTIB.
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Puc. 1. Pe3yabraTl pO3paxyHKiB BTOMHOI JOBIOBIYHOCTI IIPU3MAaTHYHHUX cTepkHiB 31 Crani 45.

BCIIMYUHY IMOXUOKH IIPaKTUIHO HE BIINIMBA€ HAIIPY>KCHb.

CTpYKTypa  3all&KHOCTI  4HWclia  [HKIB IO
pYHHYBaHHS Bl XapakTepHCTHK Ta IapaMerpiB
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BIuiuB Mo310B:KHbOI i OMepeYHoi Temio- Influence of longitudinal and transverse
NpoBiaHOCTI Mizk(a3HUX IVIMH HA e(ek- thermal conductivity of the interface crack on
THBHI napamerpu 0imMartepiany the effective parameters of the bi-material
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Jlocniooiceno eghpexmusni napamempu Oimamepiany 3 nepioOUdHOI0 CUCMEMOIO MINCHAZHUX WITUH 3
VYPAXYSaHHAM — IX  N030068JCHbOI | nonepeunoi  menionpogionocmi. Ilonepeuny i n030064CHIO
MENIoNPOGIOHICMb WIUH BPAX0BAHO 3MIHHUM 6 NPOYECi HABAHMAICEHHS TNEPMOONOPOM iX 3aN06HI08AYA
ma Qikcosanoio MenionposiOHICMIO NOBEPXHEBUX NIIBOK 8I0N0GIOHO. 3adary mepMORPY’CHOCMI 36€0€HO 00
HENIHIUHOL cucmemu CUHSYJISPHUX THMe2po-Ou@epeHyialbHux pIieHsIHb GIOHOCHO PO3KPUMMS WIIUH Ma
cmpubka memnepamypu mixc ix bepecamu. 3anponoHo8aHo AHATIMUYHO-YUCTO8Y IMepayiliny npoyeoypy
o0na po3g’szyeanus yici cucmemu. Ha ocnosi ompumanoco po3e’s3Ky GU3HAYEHO epeKmueHuil cmpudox
memnepamypu ma e@exmuguuti mepmoonip oimamepiany. Ilpoananizoéano 3anedcHocmi egexmueHux
napamempie bimamepiany 6i0 NPUKIA0EHO20 PO3MALYBANLHO2O HABAHMANICEHHS, 0OHOPIOHO20 MENi08020
NOMOKY ma Koe@iyicHmie menjionposioHOCmi 3an06HI08AYA | NOBEPXHEBUX NILIGOK .

Kurouosi  cnosa: no30o06xchsi [ nonepeuna MenIONPOGIOHICMb, MIdCEA3HI  Winunu, e@eKxmueHi
napamempu.

The effective parameters of the bi-material with a periodic system of interfacial cracks are studied, taking
into account their longitudinal and transverse thermal conductivity. The bi-material is subjected to tensile
forces and uniform heat flow. The transverse and longitudinal thermal conductivity of the cracks is taken
into account by the thermal resistance of the filler and the thermal conductivity of the surface films,
respectively. The thermal resistance of the filler is directly proportional to the opening of the cracks and
inversely proportional to the thermal conductivity of the filler. Thermal conductivity of surface films does not
change under the influence of load. The thermo-elastic problem is reduced to nonlinear systems of singular
integro-differential equations for an opening cracks and a temperature jump between the cracks faces. An
analytical-numerical iterative procedure for solving this system is proposed. Based on the obtained solution,
the effective temperature jump and the effective thermal resistance of the bi-material are determined. The
dependences of the effective parameters of the bi-material on the applied load and thermal conductivity
coefficients of the filler and the surface films of the cracks are analyzed.

Key Words: Longitudinal and Transverse thermal conductivity, Interfacial Cracks, The effective
parameters.

CrarTio npencraBuB wieH-kopecnionaeHT HAH Ykpainu Kyxk 5.0.

1. Beryn mporeci HaBaHTaXXCHHS TEPMOOIIOPOM, SIKUH 00ep-
HEHO TPOIOPIiHUN KOeillieHTy TEruIonpoBiTHOCTI
razy. YMOBH CHJIBHO-TIPOBITHOrO MDK(a3zHOTo
BKITIOYEHHSI BPaXxOBAaHO B KOMIIO3UTI 3 HEJOCKOHA-
JIOIO TIOBEpXHEto iHTepdeticy [3].

V padiii craTri BUBYEHO BIUIMB IO3J0BXKHBOI 1
MOMEPEYHOT TEIUIONPOBIAHOCTI MDK(a3HUX IMUIHH
Ha e(eKkTUBHI mapameTpu OiMaTepiany Mg i€ Te-
TUIOBOTO TIOTOKY Ta PO3TATyBalbHOTO HaBaHTAXKEH-
HSI.

[To3moBxkHS 1 TMONEpeYHa TEIUIONPOBIAHICTH
Mik(das3Horo iHTEpdelicy XapaKTepu3yeThCsl pi3BHUMH
YMOBaMH Tepesadi Teria yepe3 3’€aHaHi eJIeMEHTH.
B nmiteparypi  po3pi3HSIOTH  YMOBH  CHIIBHO-
MPOBIAHOro i cnabo- mpoBigHOro iHTepdeticy [1].
Hnst GiMaTepiasliB MPOBENEHO TOCTIHKEHHS clado
MpoBiMHUX Mik(a3zHUX JedekTiB 3 ypaxyBaHHIM
ra3y B ix mopokHuHax [2]. B mpami BpaxoBano ymo-
BY HEiJICAIbHOT'O TEIUIOBOI'O KOHTAKTY 31 3MIHHUM B

© X. I. Cepennurpka, 2023
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2. @opMyJIIOBaHHS 3a1a4i

Posrnsmaemo GiMarepial, 10 CKIAIa€ThCs 3 TBOX
niBomuH D, 1 D,, MaTepianu SKUX XapaKTepusy-
I0Thesl pisHUME KoedinienTamu [lyaccona (v, v,),
Moaynsmu 3¢yBy (G, G, ), koedirieHTaMu JiHIHHO-
r0 TEMJIOBOI'0 PO3MIMPEHHS (o, O, ) Ta KoedilieH-
( 7\‘1 H 7\‘2 )
3’€¢HaHHS IIBIUIOIIMH pO3TAlllOBaHa IIEpioaUYHA
cucreMa MibK(pa3HuX e (puc. 1) 3aBAOBXKKH 24a

TaM{d TEIUIONPOBIIHOCTI Ha wmexi

3 [OYATKOBOIO BUCOTOH /1) (X) Ta mepiogom posra-
mryBaHHS ¢ . [TOpOXKHHMHU IMUIMH 3alIOBHEHI TEIUIO-
MPOBITHOIO PEYOBUHOIO, SIKA TIPOBOJIUTH TEILIO JIHIIE
B TOMEPEYHOMY HATPSAMKY 3 KOC(illiEHTOM Terio-
npoBigHocTi A, . bepern IIiMH MOKPUTI TOHKUMH
IUTIBKaMH, SIKI MPOBOAATH TEIUIO JIMIIEC B IO3I0BXK-
HbOMY HAIpPSIMKY 3 KOe(II[IEHTOM TEIJIONPOBIIHOCTI
A, . BBaxkaeMo, 1110 3aTIOBHIOBAY i IJTIBKU HE YUHATh

oropy aehopMyBaHHIO KOMIIOHEHT OimaTepiany i
Oeperu IIUTMH BUTBHI BiJl HANIPY>KEHb.

A

Puc. 1. Cxema Gimartepiainy.

Ha HeckiHYeHHOCTI 10 OimMaTepiany MPHUKIAICHO
PIBHOMIpHO pO3MNOAiNIEHE pPO3TATyBalibHE HaBaHTa-
JKEHHS p Ta CTalliOHAPHUIN OMHOPIAHHUN TEIIJIOBUM
MOTIK ¢ .

Brutus 3amoBHIOBayYa i MIIBOK Ha Mepenady Teria

MiK OeperaMu HIUTMH BPaXxOBYEMO YMOBOIO Heizea-
JBHOTO TEIUIOBOIO KOHTAKTy 3 TEpMOOIOPOM

R(x)=h(x)/x, 1 xoediuieHTOM TerLIOMPOBiI-
HOCTI A,.

KoHTakTHO-KpaiiOBI YMOBH Ha AUISHKAX IIUTHH
(y=0, xe (—a +kd,a +kd) , k=0,£1,£2...) matoTh

BUTJISI;
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_£a2(r--r+) (r-17)

+ =q,, q,=q,, (1

12 o R(x) %> 4y =4y, (1
c,=6,=0,1,=0,1,=0, ()
ne 7", T, 4, 4,, Gy, Gy, Ty, T,, — TPAHUYHI

3HAYEHHS TeMIlepaTypH, HOpPMaIbHOI KOMIIOHE-
HTU BEKTOpa TEIJIOBOTO MOTOKY T4 KOMIIOHEHT
TEH30pa HaMpyXeHb y BEPXHIM 1 HWXKHIA IJI0-
LA HI.

3. CunryaspHi iHTerpo-audepeHuiajbHi pis-
HAHHA 3a7a4i

BuKOpHCTOBYIOUH METOIUKY pPO3B’SI3yBaHHS 3a-
Jlad TepPMOIIPYKHOCTI JijIsl OimMarepiany 3 Mbk(a3HH-
MU TpiluHamu [2] Ta 3amoBONbHsIOUM ymMoBH (1)-
(2), chopMmysiboBaHy 3aaauy 3BEIEHO 10 HEIIHIHHOT
CHCTEMH CHHTYJSIPHHX IHTErpo-nudepeHiiaIbHux
piBHSHB 3 simpoM [inbOepTa BiTHOCHO CTpUOKA TeM-

nepaTypu MK Oeperamu IUIMH y(x) Ta PO3KPUTTA

HIUTHH h(x):
. (1=x) ul
E_J;h(t)ctg dt 5 (y(x) Ve/)
G 1%, m(t—x
:—7p+gv|.ho(t)cfg _(d ) dt:
h(a)=0, |x/<a; (3)
A ro, A G , T(t—x
N
v(£a)=0, |x|<a; 4)
K oy . (1-xk,)
1 de: = 1™ gt Mr2)
AC Yy d:[y(X) o }\,]+7\.2’ Gl(l_Kz)’

K,=3-4v,, M
n=12.

Jnsa po3p’s3yBanna cuctemu (3), (4) Bukopucta-
HO MoJu]IKOBaHy iTepalliiiHy aHaIITHYHO-YUCIIOBY
npoueaypy [2] 3 ypaxyBaHHSIM MOYaTKOBOI BHCOTH,

=n,-M,, N, =an(1+vn)/kn,

sanaHoi PyHKuierw /(x)= O.OOI(a2 —x’ )3/2 .

4. E¢pexTuBHi napameTpu 0imaTtepiany

Ha ocHoBi oTpuMaHoro po3r’si3ky cucremu (3)-
(4) mpoananizoBaHo edeKTHBHI Mapamerpu Oimare-
piany (edhexkTHBHHI CTPUOOK TeMmrepaTypH Ta edek-
TUBHHUH TEPMOOMIp), SKi XapaKTepU3yIOTh CyMapHHH
TEPMIYHUH BILTUB CHCTEMH IIUIMH.

149



Bicnux Kuigcbko2o nayionanbHoeo yHigepcumemy
imeni Tapaca lllesuenxa
Cepis ghizuxo-mamemamuuni HayKu

EdextuBuuit (ycepeanenuii) crpubok Temrepa-
TypU Y, BU3HAYa€ IOJATKOBHI PO3MOALL TeMIlepa-
TYpH, 3yMOBJICHUI MHOXXHHOFO IIUTHH.

EdexruBHuii Tepmiunuii onip R, Ha JiHIl KOH-
TaKTy € (PYHKIII€I0 TEIUIOBOI'O MOTOKY 1 BU3HAYAEThH-

_ 6Yef

cs K Ref(q)— g

5. UncaoBi pe3yJbTaTi Ta iX aHajis

UuciioBl po3paxyHKU MPOBEICHO IS HACTYITHUX

Oe3posMipuux  BemuuuH: g =qdn , p=pG,
by ?\‘m by }\‘s vl - n Refd
)\‘m_T ;\‘3_7: qu—qukrl 5 Ref - }\‘

Hianmazon 3MmiHu KoedirieHTa Mibk(a3HOl Tpimu-
HYBAaTOCTI (I?t =2a/d — xapakrepu3ye IIUIBHICTH
po3TallyBaHHsS IIUTMH Ha  MDKQa3Hid  JiHii)
0.1<k <.

Ha puc. 2-5 npointocTpoBaHo 3aJeXHICTh edek-

TUBHUX CTPUOKA TEMIEPATypu 7Y, Ta TEPMOONOPY
Ee ; BiJl T'YCTUHH TEIIOBOI'0 MTOTOKY |§| JUTS PI3HUX

3Ha4eHb KoeQillieHTa TeIIONpPOBITHOCTI MOBEpXHE-
BUX IUTBOK A
(puc.2-3) 1 koedilieHTa TEIJIOMPOBIIHOCTI 3arOB-

(TTO3/IOBXKHST  TETLTONPOBIHICTD )

HIOBa4ya A, (IOIepevHa TEemyIoNnpoBiIHICTh) (puc.4-
5) 3a ¢ikcoBaHWUX 3HAYEHb PO3TATYBAIBHUX 3YCHIIb
P 1xoedinienTa MixkpazHOI TPIIMHYBATOCTI I?t

CrocrepiraeTbesi HelliHiHA 3aJICKHICT eeKTH-
BHUX MapaMerpiB Oimarepiaiy BiJl TYCTHHH TeEILIO-
BOTO IMOTOKY 1 30UIBIICHHS X BEIMYMHHU 31 3011b-
HICHHSM KoeQil[ieHTa TeIIONPOBIIHOCTI TUTIBOK Ta
3MEHIIICHHSAM KoeQilli€eHTa TEIIONPOBIAHOCTI 3aIlo-
BHIOBava. /[y pi3HMX HampsMiB TEIJIOBOTO TOTOKY
eexTuBHI mapaMerpu NMpUHAMAIOTh Pi3HI 3HAYCHHS
JUISL OJTHOTO 1 TOrO K (hiKCOBAHOTO 3HAYCHHS T'yCTH-
HU TEIUIOBOTO MOTOKY.

Ha puc.2 i puc.4 6aunmo, mo eheKTUBHUHA CTPH-
00K TeMIlepaTypu 3pocTa€ 31 30UIbIICHHS T'yCTHHHU
TEIJIOBOTO TIOTOKY 1 MpUAMae pi3Hi 3HAYCHHS IPH
3MiHI HampsiMy TOTOKY Ha mpoTtuiexHuid. [Tpudaomy
1 PI3HUILISL 3pOCTAE MPHU 30UIBIICHHI TYCTUHU MOTO-
Ky.

Po3noain epeKTHBHOTO TEPMOOIIOPY JUISL PI3HHX

3HauYeHb KoedillieHTiB A, 1 A, 1MOOYI0OBaHO Ha PHUC.

N
3, 5. Ilpu 3MiHI HampsiIMy TEIJIOBOrO TOTOKY KPHBI
3MIHIOIOTh XapakTep 31 3pOCTal0doro Ha CIagHui
BIMOBIIHO. Pi3HUI MK 3HAUYCHHSIMH €(PEKTUBHOIO
TEPMOOIIOPY 3POCTA€E MPH 30UIBIICHHI TYCTHHH TEll-

JIOBOTO MOTOKY. Takuii edekT B JiTepaTypi Mae Ha-
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3By TepMiuHOl1 pektHikamii. KinmbkicHUM MoKa3HH-
KOM TaKOro SIBUIIA € TIapaMeTp TepMiuHOi peKTh(i-
Kallii, IKHH XapakTepu3ye BIJHOCHY IMOXHOKY MiXK
3HaYCHHSIMH €(DEKTHBHOIO TEPMOOIOPY 3a (hikcoBa-
HOI TYCTHHH TEIJIOBOTO MOTOKY Ta JIBOX MPOTHIIEK-
HUX HamnpsIMiB MOTOKY 1 BH3HAYAETHCS Y BiJICOTKAX.
Tak, Hampukiag A TEIUIOBOI'O IOTOKY TYCTHHH
|§|=0.002 napamerp TepMidHOl pekThugikamii 3mi-
HIoeThCs Bi 13% mo 27 % B 3aleXHOCTI BijJ 3Ha-
YeHb MO3/I0BKHBOI A, 1 MOMEPEYHOi TEerIonpoBi-
HOCTI A, . A JUIS TENJIOBOTrO MOTOKY 3 T'YCTHHOIO
|§| =0.008 mapamerp TepMidHOI pekTHdiKamil npu-
riMae 3HadyeHHs 44-56%. Yum Oibllia rycTUHA Tell-
JIOBOTO TIOTOKY, TUM OUTBIINK piBEHb TEPMIUHOI pe-
KkTudikarri.

Yyt >0 — q<0— —
0.0149 ™ 7-0.01
0,012 | k=0.6
0,019 |_%,=0.001
0,008 \=
0,006 e =\
’ 1 P /\ 7%:1
0,004 s -

] 4 1.=8

0,002

O T M T T T T T T T T T T T

0 0,002 0,004 0,006 0,008 Igl
Puc. 2. 3anexHicTh epeKTUBHOrO CTpHOKa TeMIiepa-
TypH 7, BiI TYCTHHH TEILIOBOTO MOTOKY |§| JUTSL

Pi3HHUX 3HaYeHb KoeQillieHTa TEIUIONPOBITHOCTI A, .

Rff

1,84

1,24

| ~

= ~

0.6 p:()()l ~ -
k=0.6 =
An=0.001

0

0 0,002 0,004 0,006 0,008 gl
Puc. 3. 3anexHicTh eeKTUBHOTO TEPMOOIIOPY Ee ,

BiJl TYCTHHH TEIUIOBOTO TIOTOKY |§| JUTSL PI3HUX 3HA-

4eHb Koe(illieHTa TeIUIONPOBIAHOCTI A .
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Yo qr0—  q<0— —
I p=0.01
0,003_ ]&:06 Xm:()()l
1 %=1
| g
0,002 - g
1 e
1 7 - -
0,001 /7 =N
] = An=0.02
0

0 0,002 0,004 0,006 0,008 lg|
Puc. 4. 3anexHicTh eheKTUBHOIO CTpHOKa TeMIIepa-
TypH Y,; Bil TYCTUHHM TEIUIOBOTO IOTOKY |§| JUISL

PI3HHUX 3HaueHb KoedillieHTa TEIIONPOBITHOCTI A, .

Ry go0— g<0— -
0517001 5001

I k=06 \
0,4_ 7\‘5:1
037~ - _ _
0,2—/V‘
0,17 Fon=0.02

0

0 0,002 0,004 0,006 0,008 ‘a
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Puc. 5. 3anexHicte epekTiBHOro TepMOONOpy R ,

BiJ] TYCTHHU TEIUIOBOTO TIOTOKY |§| JUTSL PI3HUX 3HA-

4eHb Koe(illieHTa TEIUIONPOBIAHOCTI A, .

6. Bucnosxku

Bu3HayeHO BIIMB MMO3/I0BXKHBOI 1 MOMEPEYHOT
TEIUIONPOBIAHOCTI CHCTeMH MDK(Ga3HHX IIUIMH Ha
eeKTUBHI mapaMeTpu OiMaTepiaiy, 110 3HAXOIAMTh-
Csl T AI€10 PO3TATyBaIbHUX 3yCHIIb T OJTHOPIIHOTO
TerIoBoro moroky. ChopMynboBaHO 3a/laqy TEpMO-
MPYKHOCTI JUT PO3TISIHYTOTO OimMarepiaiy 3 ypaxy-
BaHHSM TEILJIOMPOBIIHOCTI 3allOBHIOBAYA ILUIHH, IO
3MIHIOETBCS B TPOIIEC] HABAaHTAKCHHS 1 HE3MIHHOL
TEIUTONPOBIAHOCTI MMOBEPXHEBUX IUTIBOK. 3aaady
TEPMOITPYKHOCTI 3BEJICHO 0 CUCTEMH CHHTYJISIPHUX
iHTEepo-IuQepeHIiaIbHUX PIBHSIHb BIIHOCHO pO3-
KpPHUTTS HIUTHH Ta cTprOKa TeMmepaTypu Mix ix Oe-
peramu. [lomepedHy 1 MO3MOBXKHIO TEILJIOMPOBII-
HICTh IIUJIMH BPaxOBaHO MOIU(IKOBAHOK y3aralib-
HEHOI0 YMOBOIO HEiJIeaJbHOTO TEIUIOBOIO KOHTAKTY
im. S1.C. Ilinctpuraua. [IpoaHanizoBaHO 3aJ€KHOCTI
edexTuBHOrO CTpUOKA Temrepatypu Ta eheKTHBHO-
r'o TepMooIopy OiMaTepiany BiJl TYCTHHH TEIJIOBOTO
MOTOKY ISl Pi3HHX 3HA4YeHb KOGQIIIEHTIB TeIuIo-
MPOBIHOCTI 3aNOBHIOBaYa 1 TMOBEPXHEBUX ILITIBOK.
BcraHoBiieHO HeENiHIAHY 3alEXHICTh e()eKTHBHUX
napaMerpiB BiJl TyCTUHH TEIJIOBOTO MOTOKY Ta SIBU-
e TepMIiYHOI pekTrdikaiii. s OLIbIINX 3HAYCHD
TEITOBOTO MOTOKY 1 TETUTONPOBITHOCTI MTOBEPXHEBUX
ILTIBOK Ta MEHIIOI TEIJIONPOBIIHOCTI 3allOBHIOBaYa
Mipa TepMidHOi peKTUdiKallii € OLTBIIONO.
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3anpononosano y npocmoposili nocmanosyi nioxio 00 po38'sa3Ky 3adayi CMIUKOCMI HeMOHKUX

YUNTHOPUYHUX AHIZ0MPONHUX WAPY8amux 0O0A0HOK Ni0 po3nodirenum Ookosum muckom. Cnuparouucs Ha
Mooughixosanuil  eapiayitinuti  npunyun Xy-Baciozy, ompumano mpusumipny cucmemy OOHOPIOHUX
OoughepenyianvHux pigHsAHb CMIUKOCMI 0151 PO3PAXYHKY OOONOHOK, AHI30MPONIA AKUX XAPAKMEPUIYEMbCSL
mamepianom 3 OOHIEIO NIOWUHON NPYIHCHOI cumempii. Po36’sa30Kk mpusumipnoi cucmemu npoedeHo npu
suxopucmanti memody byonosa-I anvopxina ma uucenvno2o memooy OUCKpemuoi 0pmo2oHani3ayii.

Hocniooceno eniue 30inbuleHHs KilbKOCMI NEPeXpecHO YKIAOeHUX Wwapié 00HAK0BOI MOGWUHU HA
cmitikicms YuninOpuyHoi aHiz3omponnoi 06onoHKu. Pesynemamu po3e’a3ky npedocmagneno epagikamu ma
npusedeHo ix ananis.

Knroyosi cnosa: cmitikicms, mpugumipHuii nioxio, aHi3omponHi wapyeami YuiiHOpuyHi 000JOHKU.

A three-dimensional approach to solving the problem of stability of non-thin cylindrical anisotropic
layered shells under distributed lateral pressure is proposed. Based on the modified Hu-Washizu variational
principle, a three-dimensional system of homogeneous differential stability equations is obtained for the
calculation of shells, the anisotropy of which is characterized by a material with one plane of elastic
symmetry. The solution of the three-dimensional system was carried out using the Bubnov-Galerkin methods
and numerical discrete orthogonalization.

The influence of an increase in the number of cross-laid layers of the same thickness on the stability of an
anisotropic cylindrical shell is studied. The results of the solution are presented by graphs and their analysis
is given.

Key Words: stability, three-dimensional approach, anisotropic layered cylindrical shells.

Crartio npeacrasus wieH-kop. HAH Ykpainu, a.¢.-M.H., mpod. XKyk 4. O.

Beryn NPU3BOJIUTH JIO TOTO, IO HH3bKa 3CyBHA
JKOPCTKICTh, OOTHUCHEHHS MaTepiasly OOOJIOHKH 3a
TOBILIMHOIO, @ TAKOX HOTO HEOTHOPINHICTb, 38 IIUM
HaImpsMKOM, a00 HE BPaxOBYIOTHCS B3araii, abo B
HEMOBHOMY 00Cs131. 3 TOYKH 30pYy BpaxyBaHHS ITHX
0COOIIMBOCTEY HAIMpPYXCHOTO CTaHy TpPUBHMipHA
TEopis € OUTBIN MPUAATHOIW, TOMY IO TM030aBicHa
HEOOXIIHOCTI BUKOPUCTAHHS TiNOTE3, HAMPHUKIA,
JBOBHUMIPHHUX TEOPIiH.

JlocmimKkeHHsT CTIHKOCTI aHI30TPOIHUX 00OJIOH-
KOBUX KOHCTPYKIII € aKTyaJlbHOK MpPOOJIEMOI0.
OnHak, BHpIMIEHHIO IBOTO IHTAaHHS MPUCBIYCHA
HE3HaYHa KUTHKICTh HAyKOBUX JOCHTIIKEeHb. Po3-
B’sI3aHHS 3a/1a4 CTIHKOCTI TaKUX KOHCTPYKIIiii, 0a3y-
€THCS HAa CHIBBITHOUICHHSX JBOBUMIPHUX KIACHYHOI
abo yrtounenoi Teopiii [1, 2]. Ix Bukopucranms

© B.M. Tpau, A.B. IloaBopHwii,
H.b. XKyxosa, 2023
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Kiacwani po6otu [3, 4] mpucBsueHi OCIIHKECH-
HIO CTIHKOCTiI 00OJIOHKOBUX KOHCTPYKIIiH y TpOCTO-
POBili TOCTaHOBI 3 130TPOMHOr0 200 OPTOTPOIHOTO
Marepianxy. 3araJbHO BIJOMO, IO BHKOPHCTOBYBaHI
B O00OJIOHKaxX MaTepiajli MOXYThb CTBOPIOBATHUCH
NUIAXOM  YKJIaJaHHS  MJ JACIKUMH  KyTaMH,
HATPUKIIA]], BOJOKHUCTHX KOMITO3HUTIB Ha OIpPaBKY
(puc. 1). BHacimigok 4oro, Mae Miclie CTBOPECHHS
MaTepiany, SKAH NPUAHATO BBAXKATH MaTepiajioM 3
OJTHIEIO TUTOIIUHOIO MPYKHOT CUMETPi.

Puc. 1. LluninapuyHa aHi30TPOIHA 000IOHKA.

Y nmnpexacramieHiii poOOTi, COHUPArOYUCh Ha
Moauikariro y3arajabHeHOTro BapialfiifHoro
npuHnuny Xy-Bacimsy [5], momaHo migXix A0 BUBe-
JICHHSI CUCTEMH OJHOPITHHUX JAu(EepeHIliabHAX PiB-
HSTHb CTIMKOCTI B paMKax TPUBUMIPHOI Teopil Mpyx-
HOCTi aHi3oTponHoro Tina. IIpomec po3B’s3Ky mo-
CTaBJICHOT 3aJ]adi MPOBOJUTHCS IIIISIXOM 3MEHIICHHS
PO3MIPHOCTI CHCTEMH TP BUKOPUCTaHHI aHAIITHY-
HOoro wmetony byOHoBa-lI'ambopkiHa Ta po3B’ 3Ky
OTPUMAHOI OAHOBHMIPHOI CHUCTEMH YHCEIbHUM
METOJIOM JTUCKPETHOT OPTOrOHAaTi3allii.

MeToauka nocaigKeHb

HeoOximHi  piBHSAHHS  CTIMKOCTI, CHIBBiJ-
HOIIICHHS TIPY>KHOCTI Ta TPAaHWYHI YMOBH BiJIIOBITHO
no BapiamiitHoro mnpuHImy Xy-Bacinzy [6, 7]
MOXXKHa OTPHUMaTH 3 YMOBH  CTaIliOHAPHOCTI
¢dyukionany I1;, 10 BU3HAYAETHCS 3 IHTErPANY:

1, = [[[ e, )= 76+ () o6, - x
(M

x (ui;_j Ty )]}dV+ ”\P(“i )ds _” p(u; —i;)pdS .
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B (1) BapitoroTbcsi 0€3 BHKOPHUCTAHHS TOAATKOBHUX

yMOB ieopmanii e; , HANPYXKEHHS O; Ta TepeMi-
IIEHHs u;, HamlpY)XEHHA p, Ha NOBEpXHI S, BU-

KJIMKaHI IIepeMIIEHHAMHA 1, . Takoxk y 1iboMy (QyHK-

iOHAJII W(e,-j) MOTEHIlalbHA  CHEPIis
nedbopmanii, T(x,) — kinermuna emepris, CD(ui),
LI’(ul) — NOTEHLiaJx O00'eMHHMX 1 IOBEPXHEBHX

HaBaHTa)XEHb, KPaIlka 3 KOMOIO Iepe]] apaMmeTpaMu
i, j MO3Ha4Ya€ KOBapiaHTHY IMOXiJHY 32 KOOPAWHATOIO
3 BIATIOBIAHUM iHACKCOM i, ] = 1, 2, 3.
BuxopucToByroun minaxia, MpeacTaBIeHuN B [0,
7], 3 yMOBH cCTalliOHapHOCTI Bapiamii (QyHKIIOHATY
(1), oTpuMaemMo TPUBUMIPHY CHCTEMY 3 ILIECTH OJTHO-
piaHuX nudepeHuiadbHUX PiBHSAHb CTIHKOCTI aHi30-
TPONHUX [WIIHAPUYHUX OOOJOHOK B YAaCTHHHUX
MOXITHUX 3 BiAIOBITHUMY I'PAaHHYHIMH YMOBaMH Ha
NoBepxHAX Ta TopusaX. CKOpUCTAaBLIMCH MpoOLe-
nyporo Merony byOHoma-I"anbopkina [6] mis 3MeH-
HICHHS PO3MIPHOCTI OTPUMAaHUX PiBHSHB, 3100yIEMO
HECKIHUEHY OIHOBHUMIPHY CHCTEMY 3BHYAHHHX
ONHOPIAHUX Au(EpeHIiaJbHUX PIBHAHb CTiH KOCTI
UTTHAPUYHOT 000JOHKH B HOpMaibHil ¢popmi Komri

?:T(r,ﬂ))_/, T(”, /At)zti,/(r’ /1)’
» :

i=100,

=1,00.

2

~

B(@2)y= {)’1 spk 3 V2o pk 3 V3o pk 3 Vaspi 5 V50 pk V60 pi 5

Yok Voot Voo Voot Voo Vo | — DOIB'S-
3ylo4a BEKTOp-(PyHKIIis, T(r,/l) — Matpuns i3
3MIHHUMHU Koe(iIlieHTamMu, o 3aJeXUTh BiJ apry-
MEHTY 7 Ta IapaMeTpa HaBaHTKEHHS A .

Cucrema piBHSIHB CTIHKOCTI (2) TIpy yMOBax Ha
MTOBEPXHIX 000TOHKH

npu r =1 :
0'2,(1’1 ,Z,H):O;
rfz(rl ,2,9)20; rfg(rl ,2,9):0,
IpH 7 =71, :

O'fr(rz,z,ﬁ):O;
T;’Z(rz,z,é’)zo; ng(rz,z,e)zo

Ta Ha TOPITAX

pO3B’SI3y€ThCSA 32 BUKOPUCTAHHSM aJallTOBAHOTO
aBTOpaMH JI0 peami3ariii 3amadi CTIHKOCTI YHCEINb-
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HOTO METONY AWCKPEeTHOI oproroHamizamii [1, §].
AJTOopuUTM PO3B’SA3KY peani3oBaHO y BUIIIAI ITAKETiB
npukinagaux nporpam st K.

Peastizaniss nponoHoBaHoOro mixxoxy

B sxocti peanizanii 3anporoHOBaHOTO HiIXOAy
Oyna po3risHyTa 3amada JOCTIDKCHHS CTIHKOCTI
OWTHAPAIHOI ~ OOOJIOHKM  CTajoi  TOBIIMHH,
YTBOPEHOI MEPEXPECHIM YKIIAJaHHIM OJHAKOBUX 32

TOBIIMHOK IIApiB MiJ KyTOM MOBOPOTY Ha Ly’

TOJIOBHHUX HaNpsSMIB TPYKHOCTI MaTepiary a0
TBipHOI z. KiTBKICTh IIapiB 3MIHIOETHCS Bill OJHOTO
1o BochbMH. OOONOHKa Ha 30BHIIIHIA MOBEPXHi
HaBaHTAKCHA PO3MOMIJICHUM 30BHIITHIM THCKOM:

q=-q, sin(%) . T'eomerpmuni xapakTepHCTHUKH

OWIIHAPUYHOI  OOOMOHKM:  paliyc BHYTPIIIHBOI
noBepxHi 7,=0,5925m; 30BHIIHBOI — 7,=0,6075M;
JTOBXKMHA y3M0BX TBipHOI [L=1,2M. MexaHiuHi
XapaKTePUCTUKH OJHOHAMPSIMIICHOTO BOJOKHHCTOTO
KOMITO3HUTY OOpPOILTACTHKY: E..=280E);
E(?H:Err:31E(); GZH:GW:lO,SE(); Grz:2192E0;
v9,=0,25; v,4=0,0277; E,~1000MIIa.

Ha puc. 2 mpencraBiieHO 3al€KHICTh KPUTHY-

HHMX BEJMYMH OOKOBOrO THCKY ¢ Bij KyTa .

[To3HaueHHsT KPHWBHX BIATIOBINAOTh  KUTBKOCTI
aHi30TPONHUX ImapiB, a rpadix 1’ — ue pesymbTaT
PO3paxyHKy 000JIOHKOBOT KOHCTPYKII1 3

OPTOTPOITHOTO MaTepiaiy [6].

AHaii3 TpencTaBIeHUX pPe3yIbTaTiB BKa3ye Ha
Te, 1[0 HAWMEHIIi  3HAYCHHS  KPUTUYHOTO
30BHINIHHOT'O TUCKY MAIOTh MICIIE JIJIS JTBOIIAPOBOTO
MmakeTy (KpuBa 2) apMOBAHOTO I KyTamMH T 1o

TBipHOi. [IOpiBHSHO i3 OAHOLIAPOBOIO OOOJIOHKOIO
(kpuBa 1) KpWUTWYHI HABaHTAXXEHHS € MCHIIMU,
MakcUMaibHa pPO30DKHICTE ckiamae 32% mpu
w =60". Pesynbprard OTpHMaHi Ui TPUIIAPOBOL
000JIOHKH (KpuBa 3) MPAKTUYHO HE BiAPI3HAIOTHCA
Bi 3HaWmeHWX I OJHOIIapoBoi. Po30iKHICTH
cknanae menmre 1,5%. Kputndaai HaBaHTa)KEeHHS I
YOTHPHUILAPOBOi 00010HKH (KpHBa 4) MeHIi Ha 6% y
MOPiBHIHHI 3 OJIHOLLIAPOBOIO. Ilomanbie
30UTBIIIEHHST  KUTBKOCTI — TMEPEeXpEeCcHO-apMOBAHHUX
mapiB 10 I’ SATH (KpuBa 5) Ta BOCKMU (KpuBa 8) Bene
0 HAONWKCHHS OTPUMAHHMX KPUTUYHHUX BEIHYUH
30BHIIIHBOIO ~ OOKOBOTO  THCKY JO  3Ha4ycHb
BU3HAYCHMX U OPTOTPOINHOI 0Gononku (kpusa 1).
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OTrpumaHi  pe3yiabTaTH €  MiATBEPIKCHHIM
omucanoro B [1] ¢akty, mo ans TOHKOCTIHHUX
aHI30TPONHUX LMWITIHAPUIHUX 0OO0JIOHOK 301MbLICHHS
KUTBKOCTI TIEPEXPECHO YKIAJCHUX IIMapiB MAKETy JO
ceMH BOCBMU Ta Oinblie, NPU3BOJUTH [0
MOYJIMBOCTI PO3pPaxyHKy LWIIHAPUYHUX OOOJIIOHOK
Ha CTIHKICTh 32 OPTOTPOITHUM ITiTXOJIOM.

8 5
7- 1/’8 "/":/‘: /
. o\

6 / /. ¢
£s Y/ AREAN.
2 /7 .2 |13
oo_ 4 / ’//

3/54“—”

2

0 30 \VO 60 0

Puc. 2. T'padix 3amexHOCTI KPUTHUYHUX 3HAYCHD
OOKOBOTO THCKY BiI KyTa IIOBOPOTY TOJIOBHHX
HanpsMiB MPY>KHOCTI MaTepiaity.

BucHoBku

Y po6oTi, 32 BUKOPUCTAHHAM MOIH(IKOBAHOTO
BapiauiiHoro mnpuHUuny Xy-Bacimsy, oTtpumana
TPUBUMIpHA CHCTEMa OJHOPIAHUX AudepeHIialbHIX
pIBHSHb B YaCTHHHUX TOXiJHUX, IO OIMHCYIOThH
CTIMKICTh aHi30TPONHUX INAPYBATUX LMIiHAPHYHHX
obOosioHok. [y mpuBeneHHs 1i 10 OJHOBHUMIpHOL
BUKOPUCTAaHO  Ipoueaypy Merony  byOHoBa-
lampopkina.  Po3B’s30k  CHUCTEMH  3BHYANHHX
OJHOPINHUX Ju(epeHLiabHUX PIBHSIHb CTiHKOCTI
HopMmanbHoi  ¢dopmu  Komii  peanizyerbes, B
pamiabHOMY  HampsMKy, TPH  BHKOPHCTaHHI
YHCEIBHOTO METOAY JUCKPETHOI OpTOroHaIi3allii.

PosrnsiHyTa CTIiKICT MIapyBaToi KOMITO3UTHOL
aHI30TPOMNHOI  I[MIIHAPUYHOI  OOOJIOHKH  CTasiol
TOBIIUHH, IO TIEPEXPECHO apMOBaHA BOJOKHHUCTHM
0OPOIIACTHKOM. OTtpumani pe3yIbTaTH
MOPIBHIOBAJIUCH 13 TakuUMH, 1m0 3100yTi TIpU
BUKOPHCTaHHI OPTOTPOITHOTO miAXomy o
PO3paxyHKy LMITIHAPUIHO 00OJIOHKH.
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Po3zenaoaomscs npoyecu no83yvocmi moHKOCMiHHUX MPYOUACUX eleMenmi8 3 NiHIlIH0-8 SA3KONPYICHUX
mamepianie 3a ymMoe cknaono2o Hanpyiceno2o cmany. 06’ ekmom 0ocniodcents € 6a308i eKCnepuMeHmanbii
Oani HA 0OHOGICHUL po3msie | Yucme KpyueHHst y eu2isoi OUCKpemHux 3HauyeHv. Lfi ouckpemmi 3uauenms
BUKOPUCMOBYIOMbCSL 011 NOOANLWOT i0enmugbikayii s10ep cnaoko8oCmi, wo SUKOPUCMOBYIOMb 8 HPOYecax
MOOENI08AHH NOB3YHOCMI 3a YMOG CKIAOHO20 HAnpyxycenozo cmawny. Pospaxynxku 30ilicHiolomucsa Ha
npuxnaodi opeckia CTI. Obrpynmosgyemucs obaacme ninitiHocmi Mooeni, UxXo0suu 31 3HA4eHHs KGAHMUIA
cmamucmuky i 2inomesu iCHy8auHs €OUHOi YYHKYIl nog3yyocmi y nedHomy, 3a0aHoMy Hanepeod, 008IPUOMY
inmepgani. Dyukyiss noe3yuocmi IHEAPIAHMHA GIOHOCHO HANPYIICEHb mMa NnobY008aHa NO KPUBUM
nooamaugocmi. Buznauanvhi pieHsnHs MoOeni Micmsamb HabIp QyHKYil | Koepiyicmie, wo SUHAUAIOMbCS
3 basosux excnepumenmis. [na nooanbuiux po3paxyHKie excnepumenmanbHi Oani anpoKCuMylomucsl
cmenenesoro yukyiero i 3enadxcyrouumu Kyoiunumu cnaaiinamu. Ilposodumscs ananiz anpoxcumayii Ha
nIOCMAG MIHIMYMY K8AOPAMUUHO20 8IOXULEHHS eKCNEPUMEHMATbHUX OAHUX 810 PO3PAXYHKOBUX. Buxoosuu 3
MIHIMYMY K8AOPAMUYHO20 BIOXULEHHSL AHANIZYEMbC ANPOKCUMYIOUA QYHKYIAL.

Kniouosi cnosa: ninitina 8'a3xonpyscuicms, CKIGOHUU HANPYIICEHUL CMAH, CHIAUH aNPOKCUMAYis,
@yuryia noszyuocmi, 10pa cnadko8ocmi, KeaopamuyHe i0XUNEHHS, KEAHMULL CIAMUCHUKU.

The processes of creep of thin-walled tubular elements made of linear viscoelastic materials under
complex stress conditions are considered. The discrete values of basic experimental data on uniaxial tension
and pure torsion are considered. These discrete values are used for identification of hereditary kernels
normally used in creep modeling processes under complex stress conditions. As an example material,
plexiglass STI is used for calculations. The area of linearity of the model is substantiated by the value of the
quantile of statistics and the hypothesis of the existence of a unified creep function in a certain,
predetermined confidence interval. The creep function is invariant with respect to stresses and is built with
making use of the yield curves. Constitutive equations of the model contain a set of functions and coefficients
determined from basic experiments. For further calculations, the experimental data are approximated by a
power function followed by the smoothing with cubic splines. Approximation analysis is carried out by
evaluation of the least squared deviation of experimental data from the calculated data. The approximating
function is analyzed with making use of minimum of the quadratic deviation,.

Keywords: linear viscoelasticity, complex stress state, spline approximation, creep function, hereditarty
kernels, quadratic deviation, quantile of statistics.
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Beryn IUCKPETHI 3HAYEHHS HEOOXiJHO ampOKCHMYyBaTH

V niHiiHIA Teopii B S3KONPYKHOCTI KBa3iCTaTHYHI
MEXaHIYHi BJIACTHBOCTI MaTepiaiiB JOCUTh TOYHO MO-
KyTh OyTH 3aJ1aHi 32 JJOIIOMOTOI0 (DYHKIIIH MOB3y4YOCTi
penakcauii. Ili ¢yHkuii OymyroTbcst 3a pesyiabraramu
MPSIMUX OJHOBICHHX EKCIEPHMEHTIB Ha TIOB3yYiCTh
NP TTOCTIHHMX HAIMpPYXEHHAX a00 BIMOBIAHO Ha pe-
Jakcauiro npu QikcoBaHuX Aedopmariigx. 3araabHUl
MiAXiJ — JIOTIYHI MPOIEAYpPH, EKCIIEPUMEHTaIbHA 1
YucenbHa ~peamizaiis Npoleayp, HOTpiOHI  Jyist
BU3HAYCHHSI MEXaHIYHUX XapaKTePUCTHK Y JIHIHHIN
Teopii B’I3KOMPY>KHOCTI, TOCHIKYI0Thes B [1,2].

MopnentoBaHHsT TPOIECIB ITOB3y4OCTI JIiHIHHO-
B’SI3KONPYKHUX MarepianiB 3a YMOB CKJIQJIHOTO Ha-
MIPY>KEHOTO CTaHy € (PyHIaMEHTAIBHOIO 33aJa4elo Cy-
4acHOi MexaHiku aedopMiBHOTO TBepAoro Tina. I[lpu
pO3B’sI3yBaHHI i€l 3amadi OCHOBHY pOJIb BiJirpae
eKCIIepPUMEHT Ha TOB3Y4iCTh, B SKOMY JaHi Npea-
CTaBIIIOTh y BHUIVII JUCKPETHHUX 3HAYCHB nedop-
Malid Npy TOCTIMHUX HANPYKEHHSAX Y IEBHUM
MOMeHT 4Jacy. OyHKIii, 0 33/1aHi JUCKPETHO 3a J0-
MOMOTOI0 TaONHIb MEPBUHHHUX a0 IMEPEeTBOPEHUX
eKCIIEPUMEHTATbHUX JaHUX, HEOOXiJHO arpoKCH-
MYBaTH aHAJTITHYHUMH BUPA3aMH, SKi JalOTh 3MOTY
BU3HAYUTH 3Ha4YeHHS aedopMmaliii B JOBUIBHUHA
MOMEHT 4acy. Bif TOYHOCTI anpoKcUMaliii eKcriepu-
MEHTaJIbHUX JaHHX CYTTEBO 3alIe)KaTh IOJNANIBII
po3paxyHKH. B po6OTi 32 1OTOMOTOFO 3IIIa/IKYIOUNX
KyOIYHHMX CIUTaliHIB anpoOKCHUMYIOTbCS EKCIepHUMEH-
TaJbHI JIaHI, a METOJOM HaMEHIIMX KBaJpaTiB
3HAXOAUTHCA  IOXMOKAa  NUIIXOM  MiHiMi3amil
¢dyskmionamy [1].

1. ITocTanoBka 3agaui

YV poboti posrisigaeTsest AeGopMyBaHHS 130TpOTI-
HUX JIHIAHO-B’SI3KOMPYKHUX CEpEelIoBUI 31 CTa-
OUTbHUMHM MEXaHIYHUMHU BJIACTUBOCTSIMHM 33 YMOB

CKJIAQJHOTO HANPYXKEHOTO CTaHy 13 3aJaHOI0
IIPOTrPaMOI0 HABAHTaXKEHHs, TaK 110

Jac Uij — KOMIIOHCHTH TCH30pa HamNpyXKEHb; [ — 4ac

CIOCTEPEKEHHSA; 7 —4ac, L0 Iepeaye MOMEHTY
cnocrepexxeHHs.  Ilpomec  HaBaHTaxeHHs (1)
BBaXXa€Mo IpOCTUM, TaK 10 BUKOHYIOTBHCA

CHiBBiAHOIIEHHS [2]

O = H()T ) seen Ty = 1(E) Ty e

Ba3oBi excniepiMeHTH, 3a JOMOMOTOIO SKHX 11eH-
TUQIKYIOTECS sIpa CHagKOBOCTI 3aIal0ThCsl KPUBH-
MH TIOB3YYOCTi 32 YMOB OJHOBICHOTO pO3TATY i3
3aMipoM TIOB3JIOBXKHIX 1 TomnepedyHux aedopmamnin
MY TOCTIHHUX HANPYXXCHHSX Y BHIJIAAL AUCKPET-
HUX 3HaueHb. [l momanpblIMX  PO3paxyHKiB

HerepepBHUMHU (DYHKILISIMH, SIKi OMUCYIOTh MPOLIECH
MOB3y4YOCTi 1 B 00NACTi CHHTYISIPHOCTI, 1 B 00JacTi
BEIMKUX 4aciB. € pi3HI BapiaHTH ampPOKCHMYIOUUX
GyHKIIA, ame HaHKpamli —pe3yiabTaTH  JaloTh
HAOMVO)KEHHST Yy BUIJIAI  CIUIAaliH  alpOKCUMAIIii.
CrutaifH = ampokcuMarisi IOCHUTh TOYHO OIHCYE
MpOIeCH TOB3YYOCTi 1 pernakcamii Ha BCiii obmacti
BU3HAYCHHS, OCKUIBKM  HPENCTaBIsIE  COOOIO
MHOKHHY KyOiuHHX Iapa0ojl y BKa3aHOMy iHTepBai
po3ourTsa. Y pobori Ha mpukiaai oprckna CTI
OyayeThCsl CIUIAlH amnpoKCHMAIlis 1 BHU3HAYAIOTHCS
Koe(iliEHTH MO, a TAKOXK 3HAXOUTHCS TOXHOKA
anpoKcuMariii.

2.I1o6yaoBa cruaifH anpokcuManii
eKCNepuMEeHTAJIBLHUX JIAHUX

Oynkmii, 3amaHi AUCKPETHO 3a JIOTIOMOTOIO
TaONUIF TEePBUHHUX a00 IIEPEeTBOPEHUX EKCIEpH-
MEHTAIbHUX JaHUX, $Ki BHKOPHUCTOBYIOTHCS IS
BU3HAYCHHS MEXaHIYHUX XapaKTEPHCTHK Marepiaiy,
AHATUYHO MOXYTh OyTH TpeACTaBlieHI 3riaji-
JKYIOUMMU KyOIYHUMH CIUTaiHAMU Y BUTIISIAL [4]

Yisa = ¥j
h,

4

h-
— J o
y&E)=y; + _E[:Z‘Cj+kj+1)

k k,f-‘"]- - kj'

O ER IR I

(x xj)a (2)

B

e k i~ KoeQiIiEHTH CIIJIaiiHa, 10 BU3HAYAIOTHCS 3

YMOBHU HENEPEPBHOCTI MEPIIOi MOXiJHOT B TOUKAX X;
1 JIeSKNX KpaeBUX YMOB Ha KIHIIX BiJpi3ka, IO
3a/ae anpokcumyrody QyHkmioo y(x); hi— tabmmdxi
3Ha4YeHHs (YHKLIi, 1110 alPOKCUMYETHCS B TOUKAX X;.
Ha puc. 1 gk npukinaj HaBelleHO CIUIAiH anpoKcu-
Mallif0 KPUBHUX IO3J0BXHBOI MOB3Y4OCTi OPICKIia
CT1, mo nmoOynoBaHi 32 YMOB OJHOBICHOTO PO3TSTY
Opy TOCTIHHMX HampyxXeHHsX. HanpyxeHHs ais
kpuBHMX 1, 2 i 3 BiANOBiAHO CKIaxawTs O, = 7,65
(1), 11,45 (2) i 1530 (3) MIla. Tyr i1 pam
€KCIEepUMMEHTaJIbHI ~ JaHi  HAaHECEHO  TOYKaMH.
AnpoKcHMaIlio EKCIIePUMEHTAIIBHUX JaHUX
3rNIADKYIOYMMA KyOIYHMMHM CIUIaifHaMH HaHECEHO
CYLUTbHUMH  JIIHISIMU. Koeoiuientn  crnaitn
anpokcuMalii KpHUBUX IO3[0BXHBOI IOB3Y4OCTI
CTPYKTYporo (2) HaBeneHO B TaOmuipax 1-3.
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0,30

0,15

]

0 1,5 3 4,5

Puc. 1 — Cruaitn anpokcumartisi KpUBHX
MIOB3JI0BXKHBOI 1 MOB3y4ocTi oprekna CT-1.

t, yac

Tabnums 1.

Koeimientn crumaits anpokcnmaii mpn 911 = 7,05
tj A0 Al A2 A3
0,0125 0,000145 20,0004 0,000462 0,00179
0,9375 1,35E-06 1,3E-05 8, 21E-05 0,00191
3,2085 2,7E-10 3,8E-09 4,04E-05 0,00195
6 0 0 0 0

Tabmurs 2.

Koeoimientn crimaits anpokcumanii mpu F11 = 11,45
tj A0 Al A2 A3
0,0156 | 0,007807 -0,00593 0,001737 0,00257
0,2444 | 8,21E-05 -0,00026 0,000353 0,00269
1,0654 | -8,6E-07 1,09E-06 7E-05 0,00279
1,0958 | -1,1E-06 2,59E-06 | 6,7E-05 0,00279
3,1835 | 5,56E-07 _1,3E-05 0,000118 0,00273
7 0 0 0 0

Tabnums 3.

Koedinientu cruaiin anpoxcumanii npuy Fr1 = 15,3
tj A0 Al A2 A3

0,0156 | 0,007807 | -0,00593 0,001737 0,00257
0,2444 | 8,21E-05 | -0,00026 0,000353 0,00269
1,0654 | -8,6E-07 | 1,09E-06 7E-05 0,00279
1,9958 | -1,1E-06 | 2,59E-06 6,7E-05 0,00279
3,1835 | 5,56E-07 | -1,3E-05 0,000118 0,00273
7 0,007807 | -0,00593 0,001737 0,00257

3 Tabmuup 1-3 6auMMo, IO KUTBKICTh IHTEpPBAJIiB
po3ouTTA BinpizHAeThes. Lle moB’s3aH0 3 THM, 0 YUM
OiJIbIIIe THTEpBAIIB PO3OUTTS, THM TOYHIIIIOO € CIUIAiH
alPOKCUMAIlsl  eKCIePUMEHTANIbHUX ~ JaHuxX. Jlns
Mepmol KPUBOi Ui JIOCSTHEHHS TOYHOCTI aIlpoOK-
cuMarii He MeHme 95% NOCTaTHBO TPHOX IHTEPBAIB,
JUIL Ipyroi 1 TPeThoi KPHUBOI /IS OCSTHEHHS JaHO1
TOYHOCTI 3HaI00MIIOCH 5 IHTEPBANIB pO30OUTTSI [4].

3. O0rpyHTYBaHHS 3aCTOCYBaHHS MOJeJIi
B’SI3KOTNIPYKHOCTI

IToOynoBa crutaiiH arpokcuMalii KpUBHUX IMOB3Y-
YOCTI € TIEPIIMM €TarioM Ipu BUOOPI MoJei B'S3KO-
npyxxHoro nedopmyBaHHs. Po3pi3HAIOTH NiHIMHI i
HENMiHIiHI MoJeni B’A3KOMpPYXKHOrO AehopMyBaHHS
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[3]. Marepiasr BBaXKalOTh JIIHIHHO-B’ I3KOYIPY>KHUM,
skio QyHkiis noB3ydocti J(f) iHBapiaHTHa MO
BiJTHOIIIEHHIO JIO PiBHS HAIPY>KEHHS o, (m = 17()
&, o,)
=) =" ==

o, o, o

Jl(t)zg(t’o-l)

a PO3pPaxyHKOBC€ 3HAYEHHS KBaHTHUIIA CTAaTUCTUKH

t,, x Oimble HOro KPUTHYHOTO TAOIMYHOTO 3HAYEH-

£
usi ¢, ;. ToOTO BUKOHY€THCS YMOBA

_An 1 A - .
los —W5;;Jk(tj) _Ww(tj) >t

Tyr J k (t j) — 3HayeHHS (QYHKIII MOB3Y4OCTi B

MOMEHT Yacy [ ; TIPM HAIIPYXEHHSX O J(t j)

BUOiIpKOBe cepenHe QyHKii moB3y4ocTi [4].

Jnst mobynoBu ennHOl (DYyHKINT ITOB3YYOCTI aHai-
TUYHI 3HAYEHHSI KPUBUX MOB3YYOCTI AUISITHCS HA BiJl-
NOBIiZHI 3HAYEHHS HANpPY)XeHb, CIUIAHH almpoKCHUMa-
i KPUBHX JO3BOJSIE 3HAWTH 3HAYeHHSA (QyHKIIT
NIOB3yYOCTi B JOBUTEHHI MOMEHT 4Yacy BH3HAUEHOTO
iHTEepBany.

BennurHa moxubKku O B PO3paxyHKax MPHAHATA
piBHOIO +5%, a WMOBIpHICTH p MOMamaHHS
eKCIEepUMEHTAIbHUX ~ (QYHKIiH  MOB3y4OCTi B
iHTepBaN, OOMEXKEHMN BEIMYUHOK MOXMOKH O
cTaHoBUTh 90%.

Ha puc. 2 sx mpuxman HaBeeHO (QYHKINI 1m03-

nosxkHboi  J,,(f) i HOB3y40CTi
J,, (1) oprekna CT-1.

MONEPEYHOT

J]],JZZMHG_I%

=

e = Jii

)

0,24

0,16 ®

— :___E_:_-.—__--;_g;Jgg

‘%.

0,08 e

0 0,15 03 045 t,4ac

Puc. 2 — ®yHK1iT M0370BXKHBOT 1 TONEPEIHOT
noB3y4ocri oprckia CT-1

TyT CymiIbHMMH JIHISMA HaHECEHO arpOKCHUMAIIII0
JUCKPETHUX  3Ha4eHb  (YHKLIH  MOB3Yy4OCTi
3TJIAKYIOYMMH KyOIYHUMH CIUTaifHaMH, Ha OCHOBI
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SIKHX PO3paxoByBaioch BubGipkose cpeane J, () i

J,,(¢)). LTpuxoBHUMH IiHISIMH HAHECEHO MEXi
iHTepBasa, SIKUU BiJMOBIIA€ BEIMYMHI MaKCUMAlb-

Hoi noxubku O, = +5% sin Bemwunn J,,(2,) i

J,(t). Sx Bugwo 3 puc?2, cxiommactuk CT1

TIPOSIBIISIE JIIHIWHICTH B’SI3KOMPY)KHUX BJIaCTUBOCTEH
NPU JaHUX HANpPYKCHHSIX Ha BCHOMY MPOMIXKY, ITIO
JOCTIJIKYETBCSI, @ TOMY /10 IJaHOTO MaTepialy MOXKHA
3aCTOCOCYBATH JIIHIHHY TEOPit0 B’ I3KOMPYKHOCTI.

4. BucHoBkH
Y poOoTi po3risAaeTbess akTyaldbHa TeMa MoJe-
JIOBaHHS TPOIECIB TOB3YYOCTi JIIHIHHO-B’SI3KO-

CnucoKk BUKOPHCTAHUX JKepes

Pabomnoe  IO. H. Tlom3ydects  3IE€MEHTOB
kouctpykimii / FO.H.PaGotHoB. — MockBa: Hayka,
1966.—- 752 c.

Kpucmencen P.M. Bsenenune B TEOpHUIO BSI3KO-
ynpyroctd / P.M. Kpucrencen // Ilep. ¢ anri. moj
pen. I'.C.ITamupo. — Mocksa: Mup, 1974. — 340 c.
Tony6 B. Il. K 3amade ompezeneHusi mapaMeTpoB
AJep HACIEeICTBEHHOCTH M30TPOINHBIX HETMHEHHO-
BSI3KOYNPYTUX MaTepHaJIOB MPH CJIOXHOM Hampsi-
sxxeHHoM coctosiHuu / B.I1. Tomy6, FO.M. Ko63aps,
B. C. Parynuna // Teoper. u mpuk. MexaHuKa. —
2013. — Ne5(51). — C. 26-35.

Tony6 B.UI. K pemennio 3amad moisydecTd H30-
TPOIIHBIX  HEIMHEWHO-BA3KOYIPYIUX MaTepualioB
Opd  CIOKHOM  HANpsOKEHHOM — COCTOSIHUHM — /
B.II. Tony6, FO.M. Ko03aps, I1.B. ®epnaru // Teop.
u npuki1. Mexanuka.- 2014.- Boin 8 (54).- C. 45-56
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NPYKHUX MaTepiajiiB 3a yMOB CKJIAHOTO HaIIpyKe-
Horo cTany. EecriepuMeHTanbHi JaHi Ha TIO3JJ0BKHIO
MOB3Y4iCTh MPEJCTABICHO Y BHUIVIALL TUCKPETHUX
3Ha4eHb AeopMaliil Ipu MOCTIMHUX HANpPyKEHHIX
y TeBHUH MOMeHT yacy. DyHKIIi, 110 3ajaHi Juc-
KPETHO 32 JIOTIOMOTOI0 TaOJIMIb, ANpPOKCUMYIOThHCS
3MMIAPKYIOUUMH  KyOiuHuMH — crtaifHamu.  Jlana
anpoKcHUMallisl J03BOJIIE OTPUMATH JOCUTh TOUYHY
anpOKCHMAIllI0 EeKCIEPUMEHTAIbHUX JaHMUX, BiA
AKHX CYTTEBO 3aJI€KATh MMOJANBII PO3PAXYHKH.

3a [OMOMOTOI CIUIAH ampOKCHMAIl KPUBHX
JIOCTI/DKYETBCSL  JIIHIWHICTL 200  HENiHIHHICTD
MaTtepiainy, 10  JI03BOJIsE  oOpaTH  MOJEIb
B’SI3KOTIPYKHOTO AehOpMyBaHHS.
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Pospobaera memodura npogederts KiHEMAMUYHO20 GHAAIZY CMPYKMYPHUL 2pyn 2-20 KAacy 3a
Apmoboaescorum 3a donomozom SUKAIOWHO THCMPYMeHmMapito sexmoprol aszebpu. Ilianu noaostcens
CMPYKMYPHUT 2pYN, & 36 HeOOTIOHOCMI, | 306HIUHIT D0 HUT AGHOK, GEANCAIOMBCA BUKOHAHUMU OY0b-
axum nidrodom. Hasedeni popmyasu oas obvwucsens, axi MONCYMDd OYMU SUKOPUCTAHT OAA KIHEMATU-
YHO20, KIHEMOCTAMUYHO20 MG QUHAMIYHO20 GHAAIZY NAOCKUL SAAHCINOHUT METAHIZMIB 2-20 KAACY 30
Apmobonescokum, 6KA3AHT MEXHCT YT BUKOPUCTIAHHA.

Knowo6i crosa: Kinemamura, nAOCKUT METAGHIZM, CMPYKMYPHA 2PYNa, 6EKMOPHA aA2e0pa

The methodology for analyzing velocities and accelerations of characteristic points, as well as an-
gular velocities and angular accelerations of links, of the structural groups of the 2nd class according to
Artobolevsky is developed using exclusively the tools of vector algebra. There are exist five forms of the
structural groups of the 2nd class by Artobolevsky, each form has been considered. The position analyses
of the structural groups, which are described by the links’ direction vectors and the radius-vectors of
points of external kinematic pairs, and in addition, if necessary, the position analysis of external links
are assumed to have been carried out by the vector algebra or some other approach. Provided for all
forms of the structural groups formulas for calculations are prepared for creating a software product that
automatizes the kinematic analysis of planar linkages of the 2nd class according to Artobolevsky. Also,
they can be used for the kinetostatic and dynamic analyses of the mentioned linkages. The specified
limits of application of the presented approach are pointed out.

Key Words: kinematics, planar linkage, structural group, vector algebra

Crarrio mpefcrasus wien-kop. HAH Vkpaiuu, 1.¢d.-m.H., mpod. 2Kyk 4.0.

Introduction

The development of based on analytical meth-
ods algorithms for the kinematic analysis of struc-
tural groups of the 2nd class according to Ar-
tobolevsky makes it possible to automatize ap-
proaches to the kinematic analysis of any planar
linkage of the 2nd class by Artobolevsky. All well-
known analytical methods are essentially forms
of projection schemes for solving vector contour
equations |1, 2].

© K.I. Xopomes, K.O. dyuekno, C.B. Kukors, 2023

The paper [3] describes the method of solv-
ing vector polygonal equations in terms of vector
algebra, but a general approach for linkages that
can be classified is not suggested. As example, the
Wanzer needle-bar mechanism is considered. Vec-
tor algebra is also used for the investigation of the
kinematics of the crank-slider mechanisms in [4].

This work presents the vector algebra ap-
proach to the velocity and acceleration analyses of
the mentioned structural groups, which position
analyses have already been done.
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Figure 1: To the kinematics of a point in a plane

The kinematics of a point in a plane

Consider the motion of a point A in a plane
(Fig. 1). Let a stationary point O and another,
possibly moving, point O, be selected so that
|OA| # 0 and [5 = |OsA| # 0. We will join to the
points O and Og the fixed {29, Jo, ko} and possi-
bly moving {2s, Js, ks} standard bases in R3, so
that vectors kg = ks will be normal to the plane
and the vector 25 will lie on the ray O A.

For the radius-vector r4 of absolute motion,
the absolute velocity va and acceleration wa of
the point A it can be written

TA=7T0, + ls1s; vA = vo, + ls1s + wsls]s§

wa = Wwo, + (ls — w?ls) 1s + (1)

+ (2wsis + 6515) Js-

Here ro,, vo, and wo, are the radius-vector of
absolute motion, the absolute velocity and accel-
eration of the point Og; w, and e, are the absolute
angular velocity and acceleration of the ray OzA;
the operation « » means the differentiation of a
quantity by time.

Structural groups

According to [1], the structural group of the
2nd class by Artobolevsky is a planar kinematic
chain consisting of two links m and n (Fig. 2),
which form an inner one at the point E and outer
ones with the links k£ and p of the mechanism at the
points D and F' kinematic pairs of the Vth class.
It is accepted that |DE| = [, and |FE| = l,.

B
p-_E p. F £
k---"tm —_—---F23-

D G % D
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Let the structural group be referred to a fixed
coordinate system with a center at a certain point
and the standard basis {29, 70, ko}. The vector
ko is perpendicular to the plane of the structural
group position. We define the unit vectors 2,,
and 2, along the rays DE and FFE then con-
struct joined to the points D and F the local
standard bases {tm, Jm, km} and {en, Jn, kn} so
that k,, = ko and k,, = kq.

Let the points G and H be selected on the
outer links k and p. Similarly, we introduce the
bases {2k, Jk, kr} and {2p, Jp, kp} with 25 and ¢
lying along the rays GD and HF. The notations
|GD| =1, > 0 and |HF| =1, > 0 are accepted.

Using the expressions (1) for the absolute ve-
locity vg and acceleration wg of the point E, we
form the following vector equations

UpF + jm@m + winlmIm = inln + wnlngn;

+ (2wmlm + Emlm> Im =

= (i — w210)  + (20l + 2l ) I

where UpF — Vp — VUV, WpF — Wp — WF; VD,
vy and wp, wg are the absolute velocities and
accelerations of the points D and F'; wy,, and &,
wy, and €, are the absolute angular velocities and
accelerations of the links m and n.

Consider each form of the structural group
separately. Suppose that the position analysis was
performed, that is, the unit vectors 2,,, 2,, the
lengths [,,,, I, and, if necessary, the unit vectors
1k, 1p, the lengths [, [, are known.

We will assume that the velocity and acceler-
ation analyses of the structural group are carried
out completely if all the quantities contained in
the equation (2) are known.

The 1st form. Known: ., L, > 0, 2,,
lp, >0, vpF and wpp. Find: im, in, Wi, Wn, lm,

ln, €m and &,.

Figure 2: Forms of the structural groups of the 2nd class by Artobolevsky (numbering of the forms

starts from the left)
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Since [, and [, are constant in time, then
Iy =1, =0and I, =1, = 0. If 4y - g # O,

then from the equations (2) we obtain

o, _ VYDF'n  _ UDFlm
" lm (]n : @m>7 " ln (]n : zm)’
S WPF * tn — W2, lm (zm-zn)+wiln'
" Im (]n "Lm) ’
o WDF - tm — Wolm + Wil (1 - 1)

" lm (Jn "Lm)

Here and everywhere, the operation «-» means the
scalar product of vectors.

When the links m and n lie on the same line
(2m - Jn = 0), there is no unambiguous solution.

The 2nd form. Known: t,,, l,, = 0, 2y,
ln >0, vp, wp, 1, I > 0, the absolute angular
velocity wy and acceleration e of the link k& and
the absolute velocity vg and acceleration wg of
the point G. Find: vpp, lins Loy Wiy Wny WDF,
lm, ln, em and &,.

Formulas (1) for vpr and wpp give

vpF = VGF + Itk + wWilkdk;

3)

WpF = WGF + (lk; - wih;) U +
+ <2wkik + 5klk> ks

where vgr = vg—VF, Wor = wg—wr. Expres-
sions (3) imply that vpr and wpp will be known
after determlnlng [, and Ij,.
Herelm:ln:O lm:ln:O From
property 2., - ¢, = const follows that w,, = wy,
m = Eg. Substituting (3) into (2) and, if the in-
equality 2g - 2, # 0 holds, we deduce that

_ YGF - Ik + Wil + Wklm (9 - J8)
" ln (2 - 2n) ’
. 1
l, = — X (vGF-zn+wklk (jk-ln)+

1k - tn
+ Wl (Im - tn))
1 .
Enp=——"—=X ('wGF Ik 2wl +
ln (2 - 2n)

(zm : Jk) + 2'5klm X

X (Jm - k) + wiln (n - J8)) 3
1

U " n

+ eplp — w%lm

Iy = Wiy, — X (wgF - tn +

+ <2wkik + €klk) (K - 2n) — w,%lm X

X (m * tn) + €klm (Jm - tn) + w,%ln) .
There are no unambiguous solutions of the
equations (2) when the links &£ and n are perpen-
dicular (2g - tn, = 0).
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The 3rd form. Known: tm, lm > 0, in,
lp, 20, vpr and wpp. Find: lm, ln, Wi, Wn, lm,
ln, em and &,.

Since ln =0, ln =0, w, = wy, and &, = &,
then after substituting (3) in (2) under the condi-
tion Iy, (2, - tm) — lm # 0 we have

UDF ' IJm
Iy (tn - tm) — I
= lm ('UDF ' zm) - ln ('UDF : 'Ln) .
m ln (tn - 2m) — lm ’

WDF " Jm T wgnln (Zn : ]m) + 2wmjm

In (tn - tm) — I
1
= X (I,

m ln (tn - tm) — lm

— 1y (WDF - ) — w2, [I2, + 12 — 2l %

zn)) .

If I, (9n - Im) — lm = 0, then the points D, E
and F are vertices of a right triangle with a right
angle at the point D. Unambiguous solutions of
the equations (2) are impossible.

The 4th form. Known: .., l,, = 0, 2p,
ln 20, 1, lp >0, 2p, [, >0, wg, €, vg, wa,
the absolute angular velocity w, and acceleration
ep of the link p, the absolute velocity vy and ac-
celeration wgy Qf the point H. Find: vppF, im, Zn,
Wy Why WDF, by, Uy, €y and €,.

Based on (1) for vpr and wpp we write

Wm =

Em =

)

(wDF : zm) -

X (2 - tm)] = 2wmlbmln (Im

— WplpIp;

WpF = WGF + (lk — w}%h@) 1% + <2wkik+
+ exly) Ik — (lp — wilp) 1p—
— (2wply + &ply) 35

Here vgg = vg — vy, wgg = wg — wyg. It
can be seen from the last expressions that the un-
knowns are lk, l and lk, l .

Given that lm = ln = 0, lm = ln = 0,
Wm = W, €m = € and w, = wp, €, = &p, from
equations (2) for the case 1 - 3p # 0 we get

VDF = VGH + ikzk + wrlipye — ipzp

. 1
I, = X (UGH'Jp'f‘UJklk (]k'ﬂp)_
ip - Jk
— Wplp + Wil (Im - Ip) — Wpln (In - Ip)) ;
. 1
I, = X (vaH - Ik + wilk — wplp X
ip - Jk

X (9p - Ik) + Wilm (9m - k) — Wpln (In - I8)) ;

Iy = Wil + x (wgH - 3p +

p - Jk
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+ <2szk + €klk> (9% - Ip) — 2wpip -
—eplp — W]%lm (2m - Jp) + eklm (Im - JP) +
+ wzln (7fn ‘]p) - E;oln (]n 'Jp)) ;

lp = wf)lp + X <'wGH Ik + 2wklk +

p - Jk
+ erly — <2prp + splp> (Ip - JK) —
— Wil (tm - 31) + ekl (Jm - J0) +
+ wf)ln (*n - Ik) — €pln (In gk)) )

For the parallel links &k and p (2 - Jp = 0) the
equations (2) can’t be solved unambiguously.

The 5th form. Known: 2,,, L, > 0, 2.,
lp > 0,. VF, WF, Uk, [, >0, Wk €k, VG, WG- Find:
UDF; b, ln, Wm, Wny WDF, Uy, ln, €m, €n-

Here, as for the 2nd form, the quantities vpp
and wpF are represented by expressions (3) with
unknowns I, and Ij.

Substituting (3) into (2) and considering that
inzo,[n:0,wm:wn:wk,em:€n:6k,
after solving for #,, - 75 # 0 we obtain

Iy = x (varF - Jm + wrlk (9K - Jm) +
Im " Jk
+ wilm — wily (Jn : Jm)) 5
. 1
Iy = — X (vaF - Jk + wily +
tm - Jk
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+ wilm (]m 'Jk:) — wiln (Jn : Jk)) ;
1

tm * Jk

Iy = wily + X (WGF * Jm +

+ <2wkik + Eklk) (9% - Jm) + 2wklm +

+ Eklm + wlzln (z’n : J'rn) - 5k‘ln (Jn ]m)) 5
=l
im - Jk

+ erli + <2wkfm + Eklm) (Im - I) +

X (wGF Ik 4 2wply +

+ wiln (vn - Jk) — €kln (In - J8)) -

If the links m and k lie on the same line
(2m - 2k = 0), then the equations (2) are unam-
biguously unsolvable.

Conclusions

The velocity and acceleration analyses of
structural groups of the 2nd class by Artobolevsky
were carried out using the vector algebra methods.
The positions of the structural groups for which
there is no unambiguous solution are pointed out.

The obtained formulas are optimized to create
a software for the automatized kinematic analysis
of the linkages of the 2nd class by Artobolevsky.
They also can be used for further kinetostatic or
dynamical analyses of the specified mechanisms.
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Pozensmymo  nnocky Oegopmayiio  OimamepianvHoco nMpocmopy, WO  CKIA0AEMbCA 3 080X
1’€30e1eKMpPOMACHIMHUX NIBNPOCMOPI6 31 CKIHUYEHHUM HAOOPOM eNeKMPUUHO | MACHIMHO NPOHUKHUX
mpiwun y30082c Medxci nodiny mamepianie. Busnaueno 6 3amxHymomy eueisioi 6ci HeoOXiOHI MeXaHiuHi,
eNeKMPUYHI MaA MASHIMHI KOMHOHEHMU 830084C MeNCT NOOLNY Mamepianie, a maKodic WeUOKiCMb 36i1bHeHHS
eHepeii 0151 6Cix seputun MpPIUH

Kniouogi cnosa: n’ezoenexmpomacnemux, inmepgheiic, MHOINCUHA MPIUUH.

The plane strain problem for the bimaterial space consisting of two piezoelectromagnetic half-spaces
with a finite set of cracks along the material interface is considered. It is assumed that the edges of the crack
are electrically and magnetically permeable, and a mixed mechanical load and electric and magnetic fields
can be set at infinity.

The presentations of electro-magneto-mechanical quantities through a piecewise analytical vector
function are constructed with the use of constitutive equations for piezoelectromagnetic materials. By means
of these presentations the problem of linear relationship is formulated and solved analytically. Using the
obtained solution, all the necessary mechanical, electrical, and magnetic components along the material
interface as well as the energy release rate for all crack tips are found analytically. The asymptotic
presentations of all fields around the crack tips and the crack closure integral method were used.

Numerical results are obtained for different loads, location of the cracks, their number and lengths. A
significant increase in energy release rates was demonstrated because of cracks converge, especially for the
tips located closest to each other.

Key Words: piezoelectromagnetic, interface, cracks set.
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po3ryIsiAaeThcs  mpoOiieMa  JOBUIBHOI — KUIBKOCTI

1. Beryn . .
KONlIHEApHUX  CNEKTPONPOHUKHHUX  MDK(pa3HUX

BonoknwucTi Ta mapyBaTi KOMIIO3UTH, BUTOTOBJIE-
Hi 3 I1’€30€NIEKTPUYHUX Ta MArHITOCIEKTPONPYKHHX
MatepianiB [1, 2], 3HaXomATh Bce OUIBII ITUPOKE
3aCTOCYBaHHS B TEXHilli. HaToMicTh Taki mMaTepiaiu
Iy’)K€ 4YacTo PYHHYIOTbCS 4epe3 CBOI KPUXKICTb.
Ane cucreMy MiK(azHUX TPIOMH y MarHiTOeNeK-
TPONPY)KHMX  Marepianax  JIOTemep  BHBYEHO
HemocTatHbo. Jluie B poborax [3] Ta [4] po3ris-
HYTO TUIOCKY 3aJady Uil MarHiTOENEKTPONpPYKHOTO
KOMIIO3MTa 13 €IEKTPO-MarHiTHO-130J1bOBAHMMH Ta
ENEKTPO-MarHITHO-TTPOBITHUMH MikdazHIME
TpilipHaMu, BimnmoBimHo. TomMy B maHid poOoOTi

© H.B.IlIeenwora, T.B.Xonanen, 2023

TPIIMH JOBUTHHOT JOBXKMHH Ta PO3TAlIyBaHHS B
MAarHITOCIEKTPONPYKHOMY OimMarepiaii, 1o paHime
HE BHBYAJIACH.

2. Cucrema KoJIiHeapHUX TPIlIMH HA Me:Ki
nojisly MaTepiais
Byaemo BBaxkaTH, 10 Ha MEKI MOAULY
MarepianiB x; =0 BHHUKIM 71 €IEKTPO- Ta MarHiTo-
OPOHUKHUX TpiuWmH a, <x,<b, a,<x <b,, ...,
a,<x, <b, , AKi MOXYTb MaTH JOBUIbHY JOBXHUHY I
posramryBanHs. [Ipy oMy MaTepialii MalOTh Kiac
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cuMeTpii 6mm 1 TOmepenHbO TONISIPH30BaHI B
HampsIMKY oci x,. BBaxkaeTbcs, mo Oeperu TpimmH

BUIBHI BiJI MEXaHIYHMX HAIPY>KEHb.

n
Tosnaunvo wepes L'=|J(a,.b,) muo)HHY
k=1
TPIllKH, L' =(-0,0)\L" -
iHTepdelicy mosza TpimuHamu. Tomi yMOBH Ha Mexi
MOJIiTy MaTepialliB sl MOCTaBJIEHOI 3a7aui MOXKHA
3aMyCcaTH Y BUTJISIL:

a uepe3 TTSTHKH

Gz'(srn)(xl ,0)=0, E](])('x] ,0)= E1(2)(x1 ,0)=0,
H®"(x,,00=H”(x,,0)=0 misg x,eL’, (1)
u " (x,,0)=u/"(x,0), 05 (x,0) =0 (x,0),
E](])(x] ,0)= E1(2)(x1 ,0), H](])(x] ,0)= H1(2)(x1 ,0),
D;"(x,,0)=D{"(x,,0),

Bgl)()ﬁ ,0)= B§2)(x1 ,0) st X € L 5 )

Je O;, & — KOMIIOHEHTH TEH30DiB HANPYXKEHb i

ij
nedpopmanii, D,, B, — CKIamoBi eIeKTpUYHOI Ta
Mar”iTHOi iHAyKui#, £E,, H, — HanpyxKeHoCTi
SMIEKTPUYHOr0 Ta MarHiTHOrO MOMiB, i =1,3.

B pobGoti [5] orpumaHO Taki mpeacTaBiICHHS
KOMITOHEHT HaIlpy’KeHb Ta CTPHOKIB MepeMillleHb
gyepe3 (yHKIil, aHAMITHYHI Yy BCIM IUIOIUHI 3a
BUKITIOUYEHHSM O0JIACTi TPIIINHU:

1 .
G;s) (%, 0) + lij](;)(x] ,0)=

=9, (@ (x)+7,9,(x)), (3)
<u]'(x] )> +is, <u; (x, )> =0(x)-D;(x), @)
IPHYOMY

®,(2),  =6,-if,, (5)

ne 6,=0"/r, t,=-mz"/r, j=13.
BuxopucroByroun mnpencraBienas (3) mpu

j =1, 3 rpannunux ymoB (1) ogepxyemo
@) (x,)+7,®; (x,)=0 ms x, eL’. (6)

Ha ocHoBi [6] pO3B'sI30K 3amadi JIHIAHOIO
crpspKeHHs (6) MOXKHA TTO/IATH Y BHTIISII

@,(2)=X(2)P, (2).
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Koedinientu C, (k=0,1,...n) BU3Ha4aIOTHCA 3

ymoBu (5) mpu ;=1
nepeMileHb Mpu  00XO[i KOHTYpiB TpimuH. B
pe3yabTaTi OACPIKYEMO:

Ta YMOB OJHO3HAYHOCTI

®)

C,=¢6,-it,,
by

IP (1) X(t)dt=0, m=1,2,...,n.

n

arﬂ

CITIBBIJHOIIEHHS
CHUCTEMM  JIHIAHHX

OcraHnHe
HAaCTYIHOL
PIBHSHB:

MPU3BOAUTE 110
anareOpaluHuX

©)

=1

S

V uiii cucremi
ama = Im,nfa > m
by, t.s’

I = dt .

ms n 1. 1,
. (t _ ak )5*18] X (t _ bk )E‘HEI

k=1

-1 C

mn =02

(10)

Tounuii aHamiTUYHMIA PO3B’A30K cucTeMHu (9)
MOXHa 3HaWTH JUIsi OyHb-SIKOTO 3HAYCHHA 71
meroqoM ["ayca.

3 BUKOPUCTaHHSIM OTPUMAHOTO  PO3B’S3KY
HaNpyXEeHHS 1032 TPIlIMHAME MOXKe OyTH 3HalaeHe
3a GopmyIioko:

oy (x,,0)+imoy (x,0) =8 (1+7,)P,(x), (11)

a CTpUOKH TepeMillieHb Ha TPIMHI — B pPe3yNbTaTi
IHTErpyBaHHs (HOPMYJIH:

() +is, (o)) =2 o). (12)
14

EnexTpuyHe Ta Mar”iTHe TOJIT MOXYTh OyTH
BH3HaueHi 3a Gpopmynamu [5].

OcobnuBwii iHTEpec MPEICTaBISIOTh
ACHIMITTOTHYHI BUPAa3M JJIsl HANpyXeHb Ta CTPUOKIB
nepeMileHb B OKOJIi BepmH TpimuH. Ha ocHOBi
dopmyn (11) i (12) wi BuUpasum B OKONi TpaBoi
BEPIIMHU k -1 TPIIIMHU MOXKHA 3aMUCATH Y BUTIISII:

o) (%,0)~im, &)} (x,,0)|

—0.5+ig

=§k(x]—bk) s

X —b+0

(13)
ne R, =(1+7,)92P, (b, )(b, —a, )70'54&' X

y IL[ (bk —a, )70.545, (bk —bj )—0.5+ie:, ’
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<”1 (xl )> +Is, <”3 (xl )> oo -0= Tk (bk X )O'HEI , (14)

1(1+7/])
\/7/_](05—15])

y (bk —a, )70.5“'5, (bk —bj )70.545, ‘

J=Lj#k

e T}( F:l (bk )(bk _ ak )—O.5+ie:, %

Bepyuu /10 yBaru, Imo <g0(x] )> =0i <q/ (x, )> =0

ISl —00 < X, <00, IIBUJKICT 3BUIbHEHHS eHeprii

(II3E) Oins BepmMHU TpiluuHU b, Moxe OyTH
BH3HaueHa 3a (popMyJIoko:

b +Al

G, = 33102%1 I [ ot (3,,0) e (3, — AT)) +
+a};) (x],0)<u, (x, - Al)>]dx, .
Bukopucraemo aaiti HaCTYIHY TOTOXHICTb:
a3 (30,0) (s (3, = AD)) + 01 (3,,0) u, (3, — AT =
=—m Im{[ag (x,,0)—im, 013 (x 0)}
x[<u1 (x] —Al)>+is1 <u3 (x] —AZ)>]} .

[Miacrapistoun dopmyau (13), (14) B (16), a

(15)

(16)

moriMm B (15) 1 TmpoBomsuMm  iHTErpyBaHHS,
OTPHMYEMO:
1-2ig, =
G, =—--1 “I RS, (17)
“ 4my cosh (e, )

AmnanoriuauM uymHOM 3Haiimeno II3E 1 Ouis
JBUX BEPUIMH TPIlKH.

3. Pe3yabTaTu Ta ix aHaxi3

; V1
m s

-0.06 -0.04 -0.02
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Jus  4ucioBOi  UMrOCTpariii  pO3IJISHEMO
OiMaTepial, Mo cKIanaeTbes 3 kommno3uty BaTiO; -
CoFe,04 3 00’emuumu yactkamu BaTiO; V', =0.5

V,=0.1 (HI/I)KHII/I).

XapaKTEepUCTUKH IMX MaTepialliB HaBeJeHo B [2].
PesynpTatn ans  BUMAAKy TPhOX —TPINIMH

0JHaKOBOI HOBXHUHHU 20 Mm, SIKI MaIOTh KOOPAMHATH

a,=—10 mm,

(BepxHiii  marepian) i

ABUX  BepmHMH @, =—60.mm,
a, =40 um  (minii 1), a, =-60mm,

(1,

(IIl) mokazano Ha pwuc.2. 30BHIIIHE

a,=—10 mm,

a, =12 um a,=-32mm, a,=-10mm,
a, =12 um
MeXaHIYHE HaBaHTaXXCHHS OyJ0 0OpaHO TaKHM:
0”=10"Ila, t” =0, a 3Ha4YeHHs €JEKTPHYHOI Ta
ingykuiit: Dy =0, By =0. 3 puc.2
BHJIHO, IO 30JMKCHHS TPIIIMH TPU3BOAUTH JI0
CYTTEBOTO  30UTBIICHHS  PO3KPHUTTS  CEPeAHBOL
TPIIIMHHU, a TaKOXK 30UIbIICHHS 3HAYCHb PO3KPHTTS
JUTS Ti€T TPIIIMHY, 10 CTa€ OIMKYE 0 CEPEIHbOI.

Y rtabm. 1 1okazaHO 3MIHM IIBHUIKOCTI

3BUIbHEHHs eHeprii Oing miBoi G, Ta mpasoi G,

MAarHiTHOI

BEpIIMH  cepeiHboi  TpimwmHH  a, =—10 mm,

b, =10 mm 1na GIKCOBAaHOTO TIOJNOXKEHHS JIBOI
b =-12 um
MOJIOKEHHST TpaBoi  TPIIIMHH. 3  Pe3yJbTarTiB,
HaBeAeHUX B Ta0muiy 1, BHUAHO, IO 30MIKCHHS
TPIIMH  MPHBOAWUTH  JIO  CYTTEBOTO  POCTY
IIBUAKOCTEH 3BUIBHEHHS €Heprii, 0CcOoOJWUBO s
HaOIImKYe pO3TAlIOBAHUX BEPIIHH.

TpIMHU @, = —32 MM, Ta 3MiHU

0.02

0.04 Xx,.m 006

Puc. 2. 3MiHa pO3KPUTTS TPILIMH MPH 3MiHi BiICTAHEH MiXK HUMH
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Taomus 1
3MiHHM MBUIKOCTEH 3BUTBHEHHS €Heprii OUIst MpaBoi Ta JIiBOT BEPIIMH CepelHbOl TPIIMHA
PozramyBanus a, =80, a, =40 a, =20, a, =12, a, =11, a, =10,5,
TPIULHH, MM b, =100 b, =60 b, =40 b, =32 b, =31 b, =30,5

G,,N/m 26.434 27.447 31.973 56.666 81.753 124.141
G,, N/m 46.569 47.598 50.453 56.666 59.350 61.803

4. BucHOBKHU IIBUAKICTh 3BUIBHEHHS EHEPrii Uis BCIX BEPIIMH

[IpoanasizoBaHo IJIOCKY nedopmarltito  TpimmH. [IpoBeeHO YUCENbHY LTFOCTPAIliio OfepiKa-

0iMaTepiaJbHOr0 MPOCTOPY, IO CKIANAETHC 3 TBOX
1’ €30€NIEKTPOMATHITHIX TIBIPOCTOPIB 31 CKIHYEH-
HUM Ha0OpOM €NeKTPO 1 MAarHiTHO NPOHUKHUX
TPIIIMH Y30BX MEXi MOAUTy MaTepianiB. 3 BUKO-
PUCTaHHIM TIPEICTABIICHb ENeKTpO—MarHiromexa-
HIYHUX BEIWYHH Yepe3 KYCKOBO-aHAJIITHIHY BEKTOP-
¢yHKIi0O  chOpMyIbOBaHO  3aJady  JIHIHHOTO
CHIpSDKEHHSI, SIKYy PO3B’S3aHO aHAJITUYHO. 3HAWJICHO

Cnucox BUKOPHUCTAHUX TZKEPeE

1. MexaHuKa CBA3aHHBIX IOJIEH B 3JIEMEHTaX KOHCTPYK-
uuit. B 5 1. T. 5 Dnexrpoynpyrocts / B. T. I punuenxo,
A. @. Ynumxo, H. A. Hlymea / Tlon pen. I'y3s A. H. —
Kuis: HaykoBa mymka, 1989. —280 c.

2. Sih, G. C. Magnetic and electric poling effects
associated with crack growth in BaTiOs;—CoFe,O,
composite / G. C. Sih, Z. F. Song // Theor. Appl.
Fract. Mech. — 2003. — 39. — P. 209-227.

3.Feng W.J.  Fracture analysis of bounded
magnetoelectroelastic layers with interfacial cracks
under magnetoelectromechanical loads: plane problem
/ Feng, W.J., Su,R. K. L., Liu, J. X., Li, Y. S. // J. Intell.
Mater. Syst. Struct. —2010. —21. —P. 581-594.

4. Shevelova N. A set of collinear electrically
charged interfacial cracks in magnetoelectroelastic
bimaterial / Shevelova N., Khodanen T., Cha-
pelle F., Lapusta Y., Loboda V. |/ Acta Mechanica,
— 2023. — P.1-17. PexuMm pmocTymy OO >XKypH.:
https://doi.org/10.1007/s00707-023-03642-y.

5. Herrmann K. P. An interface crack with contact
zones in a piezoelectric/piezomagnetic bimaterial /
Herrmann K. P., Loboda V. V., Khodanen T. V. //
Archive of Applied Mechanics. — 2010. — 80 (6),
P. 651-670.
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Tlo6yoosano moodens HeniHitiHO20 0edhopMyBaANHS 3EPHUCTO20 KOMNOZUMHO20 MAMEPIATY CHOXACMUYHOT
cmpykmypu 3 (Di3udHO HEMIHIUHUMU KOMNOHEeHmMAamMu. B ocnogy noknadeni cmoxacmuuni ougpepenyianivhi
pieHsanHSA Qizuuno Heniniunoi meopii npysicnocmi JILII Xopowyna. Posze’sizox 3a0aui npo HanpysiceHo-
deghopmignuti cman ma egexmusHi 0epoOpMAmMugHi 61ACMUBOCHE KOMNOZUMHO20 Mamepiany 6y0yemubcs 3a
Memoodom ocepednents.. Pozpobneno ancopumm GusHaueHHS eheKMUBHUX 61ACMUBOCHEL 3EPHUCTO20
mamepiany 3 (Di3udHO HEMHIUHUMU KOMNOHeHmamu. Po36°530K HeniHIUHUX DIGHSHb, WO 6PaAXosylomb ix
Gizuuny Heninitinicmov, Oydyemvcs 3a  imepayiuHum Memooom. Bcmanoeneno 3axon  38's3Ky  Midwc
MAKPOHANPYINCEHHAMU T MAKPOOe@DOPpMAYiamMU 6 3ePHUCOMY Mamepianl ma 3a1edHCHOCHI CcepeoHix
Odepopmayiil i HanpPysceHv 8 11020 KOMNOHeRmax 6i0 maxpooegopmayii. Ilobyoosano kpuei deghopmysarns
Mamepiany 0as pizHUx 3HaYeHb 00'emHo20 emicmy 1020 KoMnoHenmie. Bugueno zanesxcnicmo eghexmuenux
0ehopMamueHux 8IACMUBOCIEN 3ePHUCTO20 MAMEPIANY 8i0 00'eMHO20 6Mmicmy KOMnonenmie. Jocaiodceno
6NIUE  HENHIUHOCI  KOMHOHEHmi8 HaA  O0eOPMYBAHHS  3€PHUCMO20  KOMHOZUMHO20 — MAMEPIany.
Bcemanoeneno, wo  ueninitinicmv  KOMNOHEHmMI6 CYmMme6o GNAUBAE HA eheKmusHi  OehopmamueHi
61ACMUBOCIT ThA HANPYHCEHO-0ePOPMOBAHULL CIMAH 3EPHUCTHUX MATNEPIATiE.

Kurouoei cnosa: 3eprucmuti KOMRO3UMHUL Mamepian, HeAHIUHICmb 0eopMy8aHHs KOMHOHEHMIS,
ehexmueHi OeopMamueHi 61aACMUBOCHI, HANPYIHCEHO-0ePOPMIGHUL CMAH, BNIUE HEIHIUHOCHI

The model of nonlinear deformation of a granular composite material of a stochastic structure with
physically nonlinear components was constructed. The basis is the stochastic differential equations of the
physically nonlinear theory of elasticity by L.P. Khoroshun. The solution to the problem of the stress-strain
state and effective deformable properties of the composite material is built using the averaging method. An
algorithm for determining the effective properties of granular material with physically nonlinear components
has been developed. The solution of nonlinear equations, taking into account their physical nonlinearity, is
constructed by the iterative method. The law of the relationship between macrostresses and macrostrains in
granular material and the dependence of average strains and stresses in its components on macrostrains has
been established. Curves of deformation of the material were constructed for different values of the volume
content of its components. The dependence of the effective deformable properties of the granular material on
the volume content of the components was studied. The effect of component nonlinearity on the deformation
of granular composite material was studied. It was established that the nonlinearity of the components
significantly affects the effective deformable properties and the stress-strain state of granular materials.

Key Words: granular composite material, nonlinearity of deformation of components, efficient
deformative properties, stress-strain state, influence of nonlinearity
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B yMoBax [OCTaTHRO BHCOKHX HaBaHTaXcHb
0araTo KOMIIO3UTHUX MaTepialliB MalOTh HETIHIHHUH
XapakTep 3aJeKHOCTEH MK MaKpOHANPYXEHHSIMH
Ta  MakpoaedopMmamisMd  BHACHIOK  (Di3MUYHO
HeNiHiiHOr0 neopMyBaHHS KOMIIOHEHTIB. Takwuit
BUJ| HENiHIMHOCTI TpUTAMaHHWKA KOMIIO3UTaM Ha
OCHOBI IJIACTUYHOI METaJIEBOI MATPHIII Ta HA OCHOBI
MoJIiMEpiB  MpH  MIABUIICHUX  TEMIIEpaTypax.
ExcriepuMeHTanbHi  TOCTIDKEHHST TOKa3yroTh [1],
0 TIPH JOCHUTh BUCOKUX TEMIIEpaTypax HEIIHIHHO
neOpPMYIOThCS TaKOX BHCOKOMOMYJBHI MaTepiaiu
TUNy opra”iyHoro ckima. Ha puc. 1 HaBemeno
rpadiku eKCIIepUMEHTAIBHOI 3aJIKHOCTI
HaTpyXeHHs Bix aedopMarii sl OpraHiyHOTro CKiia
3a pi3HUX TeMmepaTyp. Sk 6aunMo MpH TeMIiepaTypi
80°, 3anexHicTh MiXK HampyKeHHsM i medopmartiero
Mae mapaboniuHuii xapakrep. ToMy akTyadbHHM €
JociipKkenas Gi3nyHo HemiHiHOTO AedhopMyBaHHS
KOMITO3UTHHX  MarepiaxiB  Npu  HEMiHIHHOMY
neopMyBaHHI K MaTPHII, TaK 1 BKIIIOUCHb.

2
oy Kr/MM

-40°

8
/ 20°

6

/ 60°

/

0 2 4 6 8 £%

80

Puc.1. ExcnepuMeHTanbHa 3aNeKHICTh HANIPYKEHHS
Bix aedopMallii A OPraHigYHOrO CKJIa MPH PI3HUX
TeMIepaTypax

PosrnsHeMo 3epHUCTHH KOMIIO3UT 3 HETIHIMHUMU
I30TPOITHIMH KOMITOHEHTAMH, SIKAM 3HaXOIUTHCS B
YMOBaxX OIHOPIAHHUX Makpoaedopmailiid. 3anexHOCTI

MDK HanpyXCHHAMH O Ta Jepopmauiamu &

MOJKHA TIOJIaTH Y BUIJISI
o :(K_Zﬂ/3)5pp5ij +2,usl-j (i, j, p=12,3), (1)

ne Momyni of'emHoro crtucky K 1 3cyBY u —
BUMAJIKOBI (YHKIIi KOOpJWHAT, $Ki NPUHAMAIOTh
3HaueHHd BignoBimHo K, 4 1 K,, pu, A
BKITIOYEHb 1 MaTpHlli, TpuaIoMy ob'eMHi nedopmartii
KOMIIOHEHTIB € JIIHIHHUMH, TOOTO MOyl 00'€MHOT0
crucky K, K, He 3aiexars Bin aedopmarii, a
nedopmarii  3cyBy
JiarpaMamH.

OMHCYIOThCS  HENMIHIHHUMU
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Buxonstun 3 piBHSIHb PiBHOBaru

Oy~ 0, ()
criBsigHomens Ko
&y =t = Vo +u;)) (3)

Ta 3aitekHocted (1), orpuMaemo (i3MyHO Ta
CTaTUCTHYHO HENiHIMHI PIBHSIHHS PIBHOBAard BiJHOCHO

(GuyKTyallii nepeMiiieHb u? =u;—<&; >X;

(Kc +,u%)u;(’),ri +ruc ul?”’ =—[(K'—%/J')8pp5ij +2‘u'8ij]’j
(K'=K-K_; p'=p—u; i, j,p,r=1,2,3). (4

Ycepenntotroun criBBigHomenHs (1), oTpumMmyemMo
BUPAa3H ISl CEPEAHIX HAMPYKEHb Y BUTIISII

<oy >=¢ (K] —%y1)<g;p >5ij+
+02(K2—%,u2)<812]p >5l-j+

+20, 1 < &) > 420,11, < &) >,

)

1e ¢, ¢, — 00’€MHI BMICTH BillIOBIZIHO BKJIIOYCHB Ta
MAaTpHIIL.

3a pmomomororo Qyukuii I'pina piBHsHHES (4)
MOXHa TIPUBECTH JO0 IHTErpaibHOi  (OpMHU.
CKkopuCTaBmIMCh METOJOM yMOBHHX MOMEHTIB
JLII. XopomyHa [2, 3], ycepenHIOOYH 1Ii PIBHIHHS
32 YMOBHOIO WIUIBHICTIO, OTPHUMA€EMO CHUCTEMY
anreOpaidyHUX  pIBHSAHB  BIJHOCHO  CEpeHIX
nedopmailiii KOMIOHEHTIB. BusHauupim ix 3 miel
CHUCTEMH 1 MiJCTAaBUBIIM B cHiBBigHOmEHHS (5),
OTPUMAEMO 3aJISKHOCTI MiX MaKpOHANPYXEHHSIMH

<0;; > i Makpoxepopmauismu <ég; >

<oy >=(K" —% ,u*)<gpp >0, +24 <g; >, (6)

EdextuBHi nmedopmaTtuBHI  Koe(dillieHTH MarOTh
BUTIIAL [2, 4]
2
Kf=<K>— o6 (K _Kz)_
K, +ce,K +K,’
2
* & (= 1)
Ho=<p>- —; (7)
Cly T C i+ He
ne [5]
K :i W I :M- (8)
© 30" ©6(K,+2u,)
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U=+ iy K,o=cK, +c6,K,, 9) B sKocTi KOHKpeTHOI 3ajgaui JOCHiIKYeEMO
HeriHiiHe nedopMyBaHHS 3€pHHUCTOTO
SIKIIIO JKOPCTKICTh MATPHIll OIbIlle, HK )KOPCTKICTh  KOMITIO3HTHOT'O Marepialy, y SKOTO  MOZIyI

BKIJIIOYCHB, Ta

VA AR VAN

B IHIIIOMY BHIIAJIKY.

3ayBakumMo, MmO B  BUNauKy  (izudHOl
HEJNHIHOCTI KOMITOHEHTIB KOMIO3UTY e(heKTUBHI
nedopmaruBHi xapakrepuctuku (7) — (10) OymyTb
byHKIIIME  cepenHiX aedopmaiiii y BKIIOYSHHSX
<8;1- > Ta MaTpuIli <8§ >. BwupasuBmm cepenHi
nedopmarrii B KOMITOHEHTaX

makpozedopmanii <g; >, OTpHMAEMO edeKTUBHI

uepe3

koedinieHTH K QyHKIIT Makpoaedopmartiii.

BpaxoByrouu CIiBBIAHOIIEHHS, IO IOB'SI3YIOTh
MakKpoHanpyXeHHs  Ta  Makpopedopmamii i3
CepelHIMM HaNpyXeHHAMH Ta jaedopMallisiMH B
KOMITOHEHTaX

— 1 2.
<0y >=¢ <0, >+c, <0 >;

_ 1 2
<gp> =0 <gp>to<gp >,

(11)

3B'SI3KM  MDK HamnpyXeHHSAMH Ta JeopMallisaMu
KOMITOHEHTIB, 1[0 BUILTHUBAIOTH 3 (1)

2
<o) >=(K, _E“V)<SIV7P >8; +2u, <& >
(v=12) (12)

i criBBigHOIIEHHS (7), OTPUMAEMO 3aJISKHOCTI, IO
MOB'SBYIOTh cepenHi Jedopmallii B KOMITOHEHTax

<g; > (v =1,2) Ta Makponedopmartii <e&; >

<gl >=(-)""x

| 21 G =) (K Ky ) =3K (K~ Ko —p13)
60,4 (Ky = K5) (1 — 145)

H =l

x<eg, >0;+ -
we 2eou (g — 1)

i <g; > (13)

[MincraBuBim criBigaomenHs (13) B (7) — (10),
OTPUMAEMO BUpa3H s epeKTHBHUX KOeillieHTIB SIK
(yHkuii Makpozepopmariii <g; >.

CnieBimHomennst (7) — (10), (13) no3BONSIOTH
HAIKMCATH ITEPaIlifHUN aJI'OPUTM IS BHU3HAYCHHS

eexTuBHIX nehopMaTHBHUX XapaKTepUCTUK
3epHHUCTOr0 KOMIIO3UTHOTO MaTepiay.

ob'emHOro crucky BiiIodeHb K| Ta marpuni K,'e
CTallUMH, a MOAylni 3cyBy i, (v =1,2) 3anarorbes
(GYHKIISIMU

k
Ho1s J¢19< L
1 2 g
w(<e >)= (14)
Hoy — Ky __kl J, >_k1
J(ls ‘ 21y,
k
Hoz» Jg2 < 2,u2 5
y(<e?>)= "N ;2a®
,Llé +[ _&j_22: Jg2 > 2 5
Moz ) 2J 2py,

ne o, My, k, =0, % — CTaJi BKIIIOYEHb (TIpH

v=1) Ta matpuui (npu v=2), o, — MeKa ix

mmanEOCTi, Jy =(<¢,, >'<&),, > <&y, > -
JICBIATOp CEpelHIX y BKIIOYEHHSIX a0 MaTpHili
nedopmarrii.

I[lpy  BHKOHAaHHI  pPO3paxyHKIB B  SKOCTI
KOMIIOHEHTIB B3STI BIANOBIIHO BKIIOYEHHS 3

OpraHivYHOIO CKJIA, SIKi MAIOTh JiarpamMy HelliHIHHOTo
nedopmysanns (14) i3 cranumu [1, 4 — 6]

K, =278 T1la; u, =20,83 I'Tla;

ui =0,184TTla; o, =1,8ITla, (16)
00’emunM BmictoM ¢, =0; 0,2; 0,4; 0,6; 1,0

Ta EMOKCHIHA MAaTPHI, SIKE Ma€ Jiarpamy JIiHIHHOTO
3mirtHeHHs (15) 13 cranmumu [1, 4 — 6]

K,=333TTla; py, =1,11TTIa;

t5=0,02Ta; oy, =0,12Tma. (17

Ha ocHOBI OTpUMaHUX 3aJ©KHOCTEH OYi0
JNOCTIDKEHO  eeKTHUBHI  JiarpaMyd  HEJiHIHHOrO
neopMyBaHHS 3€PHHUCTOTrO KOMITO3UTHOT'O
Martepialy NOpH PIi3HUX O00'€MHHX KOHIICHTpPALIsIX

KOMIIOHEHTIB y pa3i 3aJaHuX MaKporapaMeTpiB.

<g>20; <0y, >=<033,>=0.

(18)

Ha puc. 2 mnaBemeHo rpadiku 3ajexHOCTEH

MaKpOHaNpY>KEHHS <6”% Bil Makpoaedopmarii
2

< &> AL 3CPHUCTOTO KOMIIO3MTa HPHU PIZHUX
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00’€MHUX BMICTax KOMIIOHEHTIB c¢,. Sk Oaumumo,

¢i3MyHa HETIHIMHICT KOMIIOHEHTIB MaTepiany
ICTOTHO  BIUIMBA€  Ha  XapakTep  Jiarpam
negopMyBaHHST TpU BCIX 3HAYEHHSX 00'€MHOTO
BMICTY BKIIOYCHb, KpHBI 3aJI©XKHOCTEH MaloTh
MpaboNMiYHUN XapaKTep.
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Ilpoananizoeano ocobaueocmi UKOPUCAHHI SPAHUYHUX YMO8 V HENIHIUHI 3a0aui NOuUpeHHs
KpYMUIbHoi X8uni 01 cepedosuiyd, wjo Npys#CHO O0edOopMyEmbCs, ma MAE 308HIUHIO MeHC).
Kopomko onucano nocmanosxy ma xeunvo8uti ananiz y JiHIUHOMY (K1ACUYHOMY) RIOX0O0I, OCKIIbKU
JUHIUHUL PO36'A30K BUKOPUCMOBYEMBCA 8 POOOMI SIK nepuie HAOIUNCEHHS Y HEeNIHIUHOMY Ni0X0Oi.
Ilepwioro ocobaugicmio 01 KpYymMuibHOI X8Ull € Cymmege YCKIAOHEeHHS NPU HeNiHIUHOM)Y NnioXooi
2PAHUYHUX VMO8 uepe3 PIZHUYI0 Midc opmoro epanuyi 0o i nicis oegopmayii (npu niHiuHOMY
nioxodi gopma epanuyi He 3MiHIOEMbBCA). [Ipyeoro  ocobausicmioo € 3HAYHE YCKIAOHEeHHS
MaAmemMamuyHo20 NpeoCmasieHtsi SPAHUYHUX YMO8 34 PAXYHOK NOoA8U 000AMKOBUX HENIHIUHUX
ynenie. /[ KpymunvHOI X6UNl 6UAGNIEHO, WO BUKOPUCTIAHHA YMOBU GIOCYMHOCMI HANPYI’CEHb HA
2PAHUYHIL NOBEPXHI (NPUNYWEHHSL BIIbHOI MedICi) Modtce OYmuU He 308CIM KOPEKMHUM.

Knrouosi cnosa: epanuuni ymosu,; HeniHilina KpYMuibHa Xeuis, n'smukoHCMAaHmMHUL nomeHyial
Mypuazana; ocobausocmi ananizy epanudHux yMos.

The features of the use of boundary conditions in the nonlinear problem of torsional wave
propagation for an elastically deformable medium with an external boundary are analyzed. The
formulation and wave analysis in the linear (classical) approach are briefly described, since the
linear solution is used in the work as a first approximation in the nonlinear approach. The first
feature for a torsional wave is a significant complication in the nonlinear approach of the boundary
conditions due to the difference between the shape of the boundary before and after the deformation
(in the linear approach, the shape of the boundary does not change). The second feature is the
significant complication of the mathematical representation of the boundary conditions due to the
appearance of additional nonlinear terms. For a torsional wave, it was found that the use of the
condition of absence of stresses on the boundary surface (assumption of a free boundary) may not
be completely correct.

Keywords: boundary conditions, nonlinear torsional wave, five-constant Murnaghan potential;
peculiarities of analysis of boundary conditions.

CrartTio npencraBuB wieH-kopecnionaeHT HAH Ykpainu XKyxk 5.0.

1. Beryn y Marepiaax 3-IIOMDK CIOCTEPEKEHHX 0araTbox
3araibHUX BKIHUBUX (akTiB [1 - 4] MicTuTh 1Ba, SKi
€ CYTTEBUMH JUIS MPOBEACHOTrO JOCIiKCHHS.
[lepmuii monsrae y TomMy, 10 MOCTaHOBKA 3ajadi i
OTpUMAaHUH MPH JIIHIHHOMY TIX0/1 pO3B’ 30K CKIia-
JIaf0Th, SIK TIPABUJIO, OCHOBY B pealtizallii HeliHiiHO-
ro miaxony. Jpyruit cTocyeTbesi XpOHOIIOTIT aHANIZY

[IpeameroM mpoBeAeHOrO MOCTIKEHHS € Tpa-
HUYHI YMOBH, SKi HEOOXIJHO 3aJO0BOJILHATH IPH
aHaJi31 MOIIMPEHHS! KPYTHIILHOI XBHJI B MPYKHUX
MaTepianax y pamkax JiHIHHOro Ta HeJIIHIHHOrO mij-
X0iB. IcTopuuHUi NOCBiA aHANi3y MPYKHUX XBHIIb

© B.M. IOpuyxk, C.B. Cinumio, 2023
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HENHIMHUX XBHJIb y MaTepiajaX — CIOYaTKy JTOCIi-
XKyBaHcsl BUTbHI (ODKydi) XBUWIIL, SIKi 38 O3HAYECHHSM
MOUIMPIOIOTHCS B TIPYXKHHUX CEpeloBHINAX (Marepia-
Jax), Mo He MaloTh BHYTPIIIHIX YU 30BHINIHIX Tpa-
HUIp, 1 JIMIIE 3r0JI0M BUBYAIHCS XBHII B MPYKHHX
CepelloBHINAX 3 TPAHHUISIMU. TOMY Tak CTayocs, 10
HENiHIMHI TpYyXHI XBHJII B CEpEOBUINAX 3 TPaHH-
ISIMM BUBYEHI MEHIIIE.

HeniHiiHUN Migxig TOYMHAETHCSA 3 BUOOPY HEi-
HiltHOT Mojneni nedopmyBanHs. Haibunein mommpe-
HOIO MOJICIUTIO € T’ ITAKOHCTaHTHA MOJIEIb
Mepnarana [3].

2. HeoOxinna indopmaniss momo HediHiliHOI
Mojeni MepHarana.

VY manoMmy mocmipkeHHI Mozens MepHarana mae
HACTYIHUHN MOTEeHIIIA

w =%/1(8mm )2 + (&, )2 +
(1)

+%Agik5im8km +B(&, )2 €, + %C(smm )3

ne A, 4 — TPYXHI KOHCTaHTH APYroro MOPSIKY
(xoncranTu Jlame); A, B, C — mpyXHi KOHCTaHTH

TpeTboro nopsaky (koncrantu MepHarana). B mo-
TeHIiani (1) BUKOPUCTAHO 3allMCaHUi Yepe3 BEKTOp
nedopmarii i = {uk} HENMHIAHUA TeH30p aedopma-
uii Komri — ['pina y Burmsimi
1
gnm - E(un,m + um,n + un,iui,m)
PosrnssHemo HeoOXimHy iH(opMaIlis o0 Kia-
CHYHOI 3aj7aui Teopii MPYKHOCTI MPO TOMINPEHHS
KPYTHIBHOI XBHJI1.

2

3. KinacuyHa KpyTWJIbHA XBHJIA.

lapMoHiuHa KpYyTHIIbHA XBHISL 30YIDKYETHCS 1M-

o iot

IYJIBCOM U (t) =uge'” y HampsMKy oci cuMerpii

Oz KpyroBOro IOMEPEYHOr0 IMepepizy NHIiHIpa
z=0. B nmiiHapi BUHUKA€E TapMOHIYHA Y Yaci Kpy-
THJIBHA XBWJIA, SIKa TOIIMPIOETHCS B3JOBXK HOTO OCI.
Jnist MiHIHOT KpYTHIIBHOT XBHJI B TIPY>KHOMY IIWJTiH-
Ipi mOTpiOHO HACTYIHE: IMIIHAPUYHI KOOPJHMHATH
(r, 39, z) , 1e)OPMOBAHUI CTaH € OCECUMETPHYHHM 1
TOMY HE 3aJISKUTh BiJl KOOPAWHATH, @ TAKOXK BIJCYT-
HICTb pajlialIbHUX 1 OCbOBUX 3MIIICHHS U, (r, z, t) =

=u,(r, z,t)=0(ui % ocobnuBocTi 36epiratoThes i

npH HelniHiiHOMY omuci). Toxi cucreMa 3 TpbOX piB-
HSIHB PYXY HWIIHJPA CIPOULYETHCS IO BUTIISIILY

g, +(1/7)ug, _(1/’”2)“9 Tl —(1/\/%)%,,, =0. (3)
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[lpumycTumo, IO KOJIOBE 3MIIEHHSI U, €
TapMOHIYHUM Y 4aci i mpocTopi
~ i(ky,z—ot
ug(r,z,t)zug(r)e( z2-0t) 4)
Toni po3B’si30k (4) € TAPMOHIYHOIO KPYTHIHHOIO
XBUJICIO, OCKUIbKM KOXEH IIONEpPeYHUil mepepi3
HWTIHIpA 3MIHCHIOE TApMOHIYHE KOJIMBAHHS Y KOJIO-
BOMY HampsIMKy 3 33/IaHOI0 YacTOTOI (@ Y 4aci i 3a
MPOCTOPOBOIO KOOPAMHATOI) Z PYyXaeThCsl XBHIIS 3
JOBXKHHOIO A = (27T/ kz) Ta XBUJILOBUM YHCIIOM K, .
3 IIOCTAaHOBKHM 3ajad4l BUIIMBAE, IO HEOOXimHi
KOMITOHEHTH TEH30piB Hampy>KeHb Ta Jedopmariii €
TaKUMHU:

o, =2us,, +Ae=0; 0,,=2us,4; O,
€,=0; ¢,4= (1/2)[149,,— (l/r)ugj; £.=0; e=0.

Jlaii aMIutiTy1a XBHJII, 1110 3aJICKHUTh Bl pajiyca,
BHU3HAYAETHCS 3 PIBHSHHS

g, + (s, +| K2 =k (1)) jug =0. (5)

Po3B’s130k piBHAHHS (5) BUpa)kaeThCsl yepe3 QyHK-
mito  beccens  1-ro pomy i 1-ro iHAekcy

a(r)=iJ,(Br). B=k;—k:

BUTJISII KPYTHIIBHOT XBUITI HAOyBa€e BUTIISIILY

ug (r, z, t) =igJ, (ﬁr)ei(kzz_(m) )

=2us, =0

1 po3B’s30k (4) y

(6)
HeBimoMe XBWILOBE UYHUCIIO kZ 1 BiANOBIIHA IIBHUIKICTH
v, = (a)/ kz) BU3HAYAIOTBCA 3 YMOBH BiJCYyTHOCTi Ha-
npykeHb Ha GOKOBii MoBepXHi HumiHApa 7 = 7’
o, (ro, z, t) =0, (ro, z, t) =0, (ro, z, t) =0. (7
IIpu migcTaHoBIi po3B’s3Ky (6) y TpaHHYHY YMO-BY
O,y (ro, z, t) =0 OTPUMYIOTh TpaHCIIEH/ICHTHE
piBustaast fr°J, (ﬂro) =2J, (ﬂro) VIS 3HAXOJIKEH-Hs
XBHJIBOBOTO uncna k.

4. Heninilinuii miaxin xo aHamisy KpyTWIbHOL

XBHJII.

[Iporenypa OTpUMaHHS OCHOBHOI'O HEIIHIHHOIO
XBHJILOBOTO DIBHSHHSI TOJNATAaE y BHKOPUCTAHHI
wMTiHApUUHNX KoopauHat 0' =r, 6°=9, 6=z i
BHOOpI BimnoBinHOI KoHQirypaii. Takoro kKoHOIry-
palielo € ocecMMeTpuYHa KOHQIrypamiss 3 BicCio
cumetpii Oz, sKa 3aJIeXHUTh Bijl KOOpJIUHAT #, Zz 1HE

3aJIeKHUTh BiJl KOOpIUHATH .

I3 Kk1acM4YHOrO PiBHAHHA PYXY V, [a’d (51" +Viu")}=

= pu 1 BU3HAYaJIbHUX DPIBHHB, 5Kl BIAIIOB1NAIOTH
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I’ ITUKOHCTaHTHIM Mozeni MepHarana, OTpUMY€EThCS
HOBE CKOpOYEHE HeNiHIHHEe XBIIILOBE PIBHSHHS [2]

(VT)2 [Lus E(”s,w +(V/r)ug, _(1/”2)“9 +u9.zz):|_u9,tt =
®)
= ()t 4 ) |2

2#{ Ug, +ru‘9’ru‘9 +r2 ug +\ug, Ug.

Bim3HauumMo HEOOXiJHI BJIACTUBOCTI PIBHSHHS
(8): y miBiif yacTWHI BOHO TIOBHICTIO CIHIBIaJaE 3
JMHIAHUM XBHJIBOBUM PIBHSAHHSAM ISl KPYTHIIBHOT
XBHII [5], y IpaBiif YaCTHHI MICTUTh JOAAHKH, SIKi €
KyOIYHO HENMIHIMHUMU 100 3MIllEHHS 1 TOMY Kpy-
TWJIBHI XBWII € BUKIFOYHO KyOiYHO HETIHIHHUMH B
pamKkax pearizoBaHoro mimxomy. HactymHoro oco6-
JUBICTIO piBHIHHA (8) € Te, MO HeNiHiliHA YacTHHA
BOTO PIBHAHHS BKIIOYA€ JIMIOIE OMHY 3 TPHOX
MPYKHUX KOHCTAHT TPETHOT'0 IOPIIKY — B.

VY HeniHilHi# Teopii MPyKHOCTI PO3PI3HSIOTH JBa
THUIIU HETIHIKHOCTEW B OCHOBHHX DIBHSHHSIX — T€0-
MeTpuYHY 1 pizuuny. ['eoMeTpruyHa BUHMKAE, KOJIU B
3ammci TeH3zopa nedopMarii BpaxoBYIOThCS KBaJpa-
THYHO HETIHIHHI TOJaHKH, TOOTO JOMaHKH 3 MHOXK-
HUKaMH Y BHTIISIII IPY>KHUX KOHCTAHT Jlsame 4, A . 3
XBHJILOBOTO PIBHSIHHA (8) 1 KOHCTUTYTUBHUX PiBHSI-
Hb, BUILTMBAE, 110 TaKi TOJAaHKH BiacyTHI. [IpucyTHi
JIUIIIC HENMIHIAHI JOMaHKH 3 MHOXHUKAMHU Y BUTJISIL
MPYXKHUX KOHCTaHT MepHarana A, B, 10 CBiTUUThH
npo Gi3uuHy HETIHIWHICTS.

HaocraHok, MOXHa 3aCTOCYBaTH JI0 aHaJi3y Ha0-
JIKEHOTO PO3B’sI3KY piBHSIHHSA (8) MeTOn 0OMEXeH-
Hs Ha TPAJIIEHT 3MileHHS [6].

Po3B’s30k  piBHsHHS (8) mpencTaBIsiEThCS Y
BUIJIAMI XBWIlI 3 HEBIIOMHM XBWJIHLOBHM YHCJIOM 1

HEBIZIOMOIO aMILTITY 100
(I’) ei(k:z—(ut) ] (9)

VY pesynbraTi HenmiHiliHe XBUIbOBE PiBHAHHSA (8)
MEPETBOPIOETLCST Ha SKOM JIiHIMHE PIBHAHHA 31
3MIHHOIO IIBUIKICTIO XBUII Ve

g, (1Y, + ()" = (ke Y = (1/17))ug=0.(10)
Jc

1 2
Vg = cr\/l—%[(%,r )2+;M9,r“9+r_2“92+(”9,z)2} ’

ky =(@fvg), (11)

3a MerosoM OOMEXKEHHS Ha Tpaji€HT 3MIIIeHHS,
BBOJISITH OOMEKEHHS Ha 3MiHHY IBUAKICTH (11)

ug(r, z, 1) =iy
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Bukopucraemo JiHiiHME po3B’sa3Ky (6) y 3ammci
yepes QyHKII0 beccens

ug (r,z,t)=uJ, (ﬂKr)ei(kzz_“”), By =+Jkr —kZ.(13)
Jlani MeTo1 BAKOPHCTOBYE IIIE OJIHE OOMEKEHHS

Bk?
4u

o=r M(ug) (14)

1 HaOmwkeHe mnpencraBieHHs ¢yHkmii bBeccens

J, («/kf( —kzzr), B pe3ynbrati yoro 3 (13) orpumy-

€THCSl HAOJMKEHUH PO3B’SI30K Y TAKOMY BHTJISIII

J, (r./kﬁ e )—r(a;fz—kYZ"X

7]
xeithat) o [},2 (k% —kzz) + r\/ﬂ+ 2- (kz )2}<
R A e i e D

B ananizi kpyTWiIbHOI XBWIII BiOYBarOThCS JBa
BUIM crioTBopeHHs. OJHE MOKa3ye eBONIOLII0 XBHII
MPH 3MiHI BIICTaHI BiJ EHTPY IO MOBEPXHI IIMITIHI-
pa (mobaBKa MICTHTB 7 SIK MHOXKHHK). [Ipyre croTBo-
PCHHSI TIOB’s3aHE 3 THM, III0 Ha MOBEPXHI LMIIHApA
JiHIHA TapMOHIYHA XBWJISI OTPUMYE TOCTIHHY J0-
0aBKy y BHIJIAII TPEThOI TapMOHIKH, TOOTO, XBHIIS
CIIOTBOPIOETHCS JI0 BUIIISALY MOJYJIbOBAHOI XBHII,
ane 1 100aBKa HE 3MIHIOETBCS 3 BIJICTAHHIO TIOIIH-
PEHHS XBUJII B OCBOBOMY HAITPSIMKY.

~o i(kzz-at
ug(r,z,t)zugel( z70)

5. I'panu4Hi ymoBH

Jnst TpaHMYHUX YMOB B HENIHIMHIA 3amadi mpo
KPYTHJIbHI XBWJI, BU3HAYMMO, SIK 1 B JTIHIKHIN 3a1a4i,
XBHUJIbOBE YUCIIO k, 1 IIBUAKICT XBUII V, = (a)/ kZ)
BiZICYTHOCTI Ha OluHii

3  yMOBH HaIlpyK€Hb

MOBEpXHI nutiHapa r = r’
o, (ro,z, t) =0, (ro,z, t) =0, (ro,z, t) =0. (16)
Jani cnix BUpaxyBaty HarpykeHHs 3 (16) uepes ne-
¢dopmanii 1 3mimeHHs. Popmyna T HOPMATIBHOTO
HanpyXXeHHs ¢, 4epe3 3MIIIEHHs He MOKa3aHa HIDKYe

3 THUX MIipKyBaHb, II0 B Hili HEMAa€ JIOIAHKIB IIEPILIOTO
HOPSIIKY, aJie € JIOJAHKU JPYroro i 4erBepToro mopsa-
KiB. DopMyITH ISt JOTHYHUX HaNPY>KEHb € TAKUMU:

(o =,u(u9’1 +u7‘9j+(éA+%Bj(u9’r )3 -
_G A_Bj“f(ug,z)z %B{u&, (1, +“79(u9,,)2}

(17)
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1 1 1
an=[2ﬂ+IEAjM&M&z+(2#—IEAJ;”ﬁ®J_
1 (1 1
_gA (_2(”9 )2 gty . ——5 (U )3 U,z j +
7 r
1 3 1 2
*EBH(“”) to: =t (v, j+ (18)

[ e =) ]|

®opmyna (17) BriIrouae TiHIHHY YacTUHY, sKa
BIJINIOB1IA€ JTIHINHOMY KJIACUYHOMY IIXO1Y, 1 YOTH-
pH JIOJaHKH, sIKi € KyOiuHO HemiHiitHuMu. Dopmyna
(18) BKIIIOUAE ABa JAOAAHKH JAPYTOro IMOPSIKY HEli-
HIAHOCTI Ta MIICTh JOJAHKIB YETBEPTOIO MOPSIIKY.

Bci Tpu HampykeHHS Ha IOBEpPXHI HWIIHApa
BKITIOYAOTh HENIHIAHI IOJJAHKH 1 HE MOXYTh MIPUPIB-
HIOBaTHCh JI0 HYJA, TakK, SIK y TAKOMY BUIAQJKY JUIS
3HaXO/KEHHS— XBHIJILOBOTO YMCIIA — 3aJ]af0ThCSl TPH
piBasHHEA. Tomi 3a1a4a cTae Iepeo3HaueHOIO.

BuHukae nutaHHsS mpo Tmepexij Bix JHIHHOT 3a-
Jadi 10 CIOPITHEHOI 3 HEel HeMiHiiHOL. Y JiHIHHINA
BUIUIMBAE, IO JIBA HATIPYKEHHS 3 TPAHHYHHUX YMOB €
HYJTbOBUMH 3aBXKIH 1 BCIOJIH.
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Tomy pamioHalbHO 30€perTd B TPaHUYHUX YMOBax
OJIHY TPaHWYHY YMOBY IIIOJI0 JOTUYHOTO HATIPY>KEHHSI
0,9, XapakTepHOro misi KpyTwibHOi xBuii. Illogo
HOPMAJIBHOTO O, Ta JOTUYHOIO O, Halpy-KeHb Ha
MOBEPXHI IJIIHApPA B HEMIHIMHINA OCTAaHOB-I[I MOXKHA
BBAXKaTH, 110 BOHU HE OYIyTh HYJBOBUMH i MOXYTh
OyTH BUpaxyBaHi MPU BIIOMOMY XBHJIbO-BOMY YHCITI.
Tomy, nosiBa B 3aJ1a4i HOPMAILHOTO HAMIPYKEHHS

o .., SKe JIMIIE HEIMHINHO 3aJIEKUTh BiJI 3MILIEHHS

o
Ug, Y3TOMKYETbCS 3 pe3ylabTaTaMU BIANOBiIHOL
3a1a4i CTaTUKH.

3arajbHi BUCHOBKH.

OcoOnuBicTIO Uit KPYTHIILHOI XBWIII € YCKIal-
HEHHS B HENIHIMHOMY NiAX0Ji TpaHHMYHHX YMOB
BHACJIIOK BIAMIHHOCTI MUK ()OPMOIO TpaHMIN 10 1
micnst nepopmyBanns. B miniliHoMy migxoni ¢hopma
IPaHUIll He 3MIHIOEThCS. TakoK 3HAYHE YCKIIaHCH-
HsS MaTEMaTUYHOI'O 3aIIUCy T'PaHUYHUX YMOB 4Yepe3
MOSIBY J0JaTKOBHX HEJIIHIMHMX JOMAaHKIB.

HaykoBi nociipkeHHs, pe3yabTaTi SKAX OmyOi-
KOBAaHO y Iilf CTATTi, BUKOHAHO 3a PaXyHOK KOIITIB
OropkeTHOl mporpamu «IlinTpuMKa MPIOPUTETHUX
HampsMKiB ~ HaykoBuX  nocmimkens»  (KIIKBK
6541230).
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Pozenaoaemsca ocecumempuuna sadava npo iMnynbCHe MePMOMEXAHIYHE HABAHMANCEHHSA CMANEB020
yuninopa. Bpaxosyiombcs 06 'emui Oepopmayii, sKi cynpo8ooxNCyloms MIKPOCMPYKMYPHI NepemeopeHHs
MAPMEHCUMHO20 MUNY NPU OXOA00NCEHHI Mil, a MAKONC 3ANEHCHICMb HENPYHCHUX XAPAKMEPUCTHUK
mamepiany 6i0 ¢hpazoeo2o ckaady. Tepmomexauiuna no8ediHKA [30MPONHO20 MAmMepianry ONnuUCyembCs
mooennto meuii boonepa-Ilapmoma. 3adaua po38’sa3yembcCsi YUCENLHO MEMOOOM HOKPOKOBO2O HEI8HO20
iHmespysants 3a YacoMm, iMepayitiHuM MemoooM ma MemoOOM CKIHYEHHUX efleMeHmis. 3a 00nomozoio
YUCETLHO2O MOOENI0BAHHSL NPOBOOUMBCSL  OOCHIONCEHHS HANPYICEHO-0ehOPMOBAHO20 CMAHY 3d VMO8
BPAXYBAHHSL 3ANEHCHOCMI napamempie Mooeni 6i0 MiKkpocmpykmypu mamepiany. Bcmanoeneno, wo
MIKPOCMPYKIMYPHI  NEPEMBOPEHHsT CYMMEBO 3MEHULYIOMb 3ATUUKO8] depopmayii ma cnpusioms nosei
CMUCKATbHUX  Hanpysicenb. OmpumaHi  pe3yibmamu  MOJNCymv  Oymu  GUKOPUCIAHI 8  THIICEHEPHUX
PO3PAXYHKAX HA MIYHICMb eleMenmie KOHCMPYKYIU, d maxKodc napamempie mexHol02il NO8epXHeB020
3MIYHEHHSL.

Kurouosi cnosa: imnynsche Hasanmasicents, Mooeib medii, MiKkpoCmpyKmypHi nepemeoperHsl

Axisymmetric dynamic problem of thermomechanical loading of a steel cylinder is considered. Volume
strain caused by the microstructural transformations of the martensitic type under cooling solids as well as
into consideration and dependence inelastic characteristics of material for multiphase state are taken. The
thermomechanical nonlinear behavior of an isotropic material is described by unified flow model
generalized for the case of multiphase material state. The problem is solved numerically by the implicit step-
by-step time integration method, by the iterative method and by the finite element method. The investigation
of the stress-strain state of an inelastic material with regard for the dependence of parameters of the flow
model on the phase composition of a material is carried out by using of numerical simulation. We
established that microstructural transformations significantly reduce residual inelastic strain and promote
the appearance of compressive stresses. The results obtained in the work can be used in calculations of
parameters of surface hardening technologies.

Key words: pulse loading, model of flow, microstructural transformations

CrarTio nipecTaBuB wieH-kopopecnionaeHT HAH Ykpainu, a.¢.-M.H., mpod. XKyxk 5.0.

Beryn MPOEKTYBAHHS €IEMEHTIB KOHCTPYKIIIH Ta BUKJIMKAE
HucenbHe MOJEIIOBaHHS JIMHAMIYHUX 3HAYHHNA TEOPETUYHUH 1 MPaKTUYHUI iHTEpec s
TEPMOMEXaHIYHUX TPOLECIB Yy IWIHAPHYHUX aHaIi3y Ta OIIHKKM MiHOCTI  geranmedd  [1].
HETIPY>KHUX Tinax 3 MikpocTpykrypHuMmu BpaxyBanns MCII BaxuBe mjist crajed, B SIKHX

BiIOyBa€ThCSI HAWHOUIBII CYTTEBI 3MIiHM BUTBHHX

neperpopenusmu (nani MCII) 3a yMOB IMITYJIECHOTO
i 00’€MIB Ta HETIPY)KHUX XapaKTEPUCTHUK.

ONPOMIHEHHS € JIOCUTh BaroMUM Iig  d4ac
©H. J. SIkosenko, C.M. SIkumenko, 2023
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Y naniii pobOTI 3a JOMOMOrOK CKIHYEHHO-
€NIEMEHTHOI METOJMKH JOCIIKYEThCS 3AJIUIIKOBHUH
HanpyxeHo-1ehopMiBHUI CTaH 32 yMOB TEpPMO-
MEXaHIYHOTO IMITYJIb,CHOTO HABaHTAXKCHHS IAIIHpA
3 MIKPOCTPYKTYPHUMH TIEPETBOPECHHSIMH.

IMocranoBka 3agaui
Posrmsimaerbess  mMHaMiYHa — OCECHMETpUYHA
3B’s3aHa 3ajjadya TEPMOMEXAHIKA JUIi KpPYroBOTO
nuIiHapa. B OWIHAPHYHIA cHUCTeMi KOOpIMHAT
Orz(p TeoMeTpuyHi pOo3MIpH 3a/1aI0ThCSI HACTYITHUM

YUHOM: 0<z<L, 0<r<R. 3a YMOB
TEPMOMEXaHIYHOTO  HaBaHTAXEHHS  HAa  TUIO
OHOYACHO  JIIOTh  TEpPMiYHE 1  MExaHI4He

HABaHTa)XEHHS, IO CYIMPOBOKYIOTHCSI B3aEMOIIEIO

napiiaJibHIX TEPMOMEXaHIYHUX MPOIIECIB.
ITocraHOBKa 3a/a4i BKJIIOYAE

— piasiHEsg Komi

. = Ou, . = Ou, e
- s - s - s
= 0" o " o )
1(Ou, Ou,
€, =— + ,
2\ or Oz
— PIBHSIHHS PYXY
oo, 1 0c
14s 1z .
—+ —(G -c ) =pii,.,
o r> "% 0z " 2)
do,. 1 0o, ..
+—0, + =pii_.
or r 0z
B piBasgaaax (1) — (2) npuitHiaTo HacTymHI
MO3HAYEHHS: #, 1 U, — KOMIIOHEHTH BEKTOpa
nepeMillens; €,., €., €. 1 €, — KOMIOHEHTH
Tensopa nepopmauii; ©,., O, ©. 1 O, -
KOMITOHEHTH TEH30pa HalpyKeHb, p — TYyCTHHA

Marepiaiy.
Takox 10 MOCTAHOBKH 3a/1a4yi BXOAUTh PIBHSIHHS
TEIUIONPOBIAHOCTI, IKE Ma€ BUJI

¢y 0+ 300K, (& —3aé)—lﬁ w2

g rATK ror or 3)
22 p,

oz\ Oz

Tyt 6 —Temneparypa; o, ¢, 1 k — koedinieHTH
JHIKHOTO TEIJIOBOTO PO3IIUPEHHS, TEMIOEMKOCTI

npu  craJoMy 00’eMi 1  TEIUIONPOBITHOCTI
BiAmoBigHO; K;,, — Momyiab 00’€MHOIO CTHUCKY;
€ =€, +E,. +&,,; D' — MWBUIKICTb nucumanii; 6

— alcomroTHa TemmepaTtypa; c¢,, k — 00’eMHa

TEIUIOEMHICTh Ta KOe(iLliEHT TeMIoNnpoBiAHOCTI; 7, —
MOTYXXHICTh 33IaHUX BHYTPINIHIX JPKEPEN Teria.

Y piBHgHHI TeronpoBigHOcTi  (3)  Tperiit
JNOAaHOK  BH3Ha4Yae  edekr 3MiHH  00’emy,
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3YMOBJICHHIH 3MiHaMH TeMIIepaTypud Ta (ha30BOroO
CKJIaay MaTepiany, YeTBEPTUH JOJAHOK — e(eKT
MPUXOBAHOI TEIUIOTH, a II'SATHH — MIBUAKICTh
JMCHITALlI MEXaHIYHOT SHEpTii.
[MowyaTkoBi YMOBH 3a7a4i HACTYIIHI
u,=u,=0; u,=u,=0; 6=0,, t=0.
I'pannuni ymoBH Ha TOpIi z =0 MarOTh BHUJ

. T
qosm—t, < tys
q= l

0, t>t,,

(o4

LT
—pysin—t, t<t
o, = Is

0, t>t

oo

ne 6, — moyaTkoBa TemIepatypa; ¢, i p, — 3aj1aHi

MEXaHIYHOT0
4acoBi

TCIIJIOBOI'O Ta

B1JIIIOB1JTHO; tq , L

napamerpu
HaBaHTaXCHHS

napaMeTp HaBaHTAXXEHHS — TEPMIHH il iIMITYJIbCIB,
MDK SIKUMH NPUAMAETHCS CBBIHOLICHHS #, =21, .

Bes  iHmIa  moBepxXHSA — HMWIIIHAPA — BBAXKAETHCS
TEIT0130JIbOBAHOIO 1 BUTBHOIO BiJ] HABAHTA)KEHb.

Jlyiss MozeNnoBaHHS HENIHINHOI TepMOMeEXaHIqHOT
MOBEIIHKA TPH  MIBHUAKICHOMY  JehOopMyBaHHI
130TpOITHOTO  Marepially B CTaTTi BUKOpHCTaHA
Monenb Tedii bomHepa—Ilaproma, y3araabHeHa Ha
BHIAJ0K OaraToa3oBoro ckjiamy Matepiany. Jms
BpaxyBaHHS BIUIMBY MOTOYHOr0 (Da30BOro CKiIamy Ha
HENPY)XHI ~ XapaKTePUCTUKUA  JJI1  BHU3HAUCHHS
KOC(IIIEHTIB MOJENi Teuil, IO BIAMOBITAIOTH 3a
IPaHUII0 TEKy4OCTi Ta THMYACOBHH OMIp MaTepiany,
OyJl0 BUKOPHCTAHO IIiHIMHE TMPaBWIO CyMilleH.
OcHoBHI piBHsAHHsA Moxeni boxnepa — [Taproma
MPEICTABJICHO B poOOTI [2].

MIiKpOCTPYKTYpHI TEPETBOPEHHSI BPaXOBYIOTHCS
yepe3 3MIHM O0’€My Ta 3aJeKHICTh TI'PaHMII
TEKy4OCTI 1 THMYAacOBOrO OIopy Bix (Hha3o0BOro
CKJIajly MaTepiany.

3MiHa 00’eMy MaTepially BH3HAUYa€ThCS TiJ dac
($a30BUX MEPETBOPEHb TEPMOTPACHCHOPMAIIIHHOO

nehopMmariiero 82” " [3]

Vi(e)C‘t’ (9)—V§(GV)C§(G,)6
o) (0,) "

ey (0,0,,C%) =

Tyr C° — xonuentpauis dasu&, 0 — noTouHa
Temmeparypa; V° (6) — nuToMuil 00’eM daszu & mias
TeMIepaTypu 0.

Mertoa po3B’a3yBaHHs

3amaya, 10 PO3IJIAAAETHCA, € HEIIHIMHOI Ta
PO3B’SI3YEThCS  YUCEIBHO METOJIOM IOKPOKOBOTO
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IHTErpyBaHHs 3a 4acoM, ITepallifHOro MeToay Ta
METOIY CKIHYEHHUX €JIEMEHTIB. Anroputm
PO3B’sI3yBaHHS 3a/1a4i BUKJIAJCHO B po0OoTi [4].

PesynbTaTtu po3paxyHkis
Po3paxyHku  mpoBOOMIMCH 32  HACTYNHUX
napamerpis: L=2-10"m, R=5-10"°x. [apamerp
TCIIJIOBOI'O HaBaHTaXCHHA JOPIBHIOE
qo=2-10°kBm/m*, a

HaBaHTaXkeHHsA — p, =1/ Tla . TpuBaicTh TEMIOBOro

napamMerp MeXaHIYHOTO

Ta MEXaHIYHOrO IMITyJIbCiB BiAMOBITHO piBHA
t =107¢c ta t =2-10"¢. 3a wac QopmyBaHHS
t=5-10"c.

[TouaTtkoBa TemmepaTypa LuIiHApa 6, IOpiBHIOE

3IMILIKOBOTO CTaHy HPUHAMAETHCA

20°C . IlouaTkoBa CTpPYKTypa CTajl HacTyIHa:
C‘=0, C"=0,79, C/* =0,11, C" =0,10, ne a -
aycreHit, b — Oeitnir, f — depur, p — nepmuir, m —
MapTeHCUT. Mae Miclle MBUIAKUN pO3irpiB (10
1300°C).

Ha puc. 1 300paxkeHi 3ajMIIKOBI MPOCTOPOBI
PO3IONIUIM IHTEHCUBHOCTI HENpyXHOi nedopmartii

n

€', MakcUMallbHEe 3HAueHHsd fAKOI y cMys3i
r<4,7-10°%u, z<1:107 m 3a YMOB
KOMOIHOBAHOTO TEPMOMEXAaHIYHOI'0 HaBaHTAKCHHS
IOpIBHIOE ¢

=0,06.

his}
€;
0002 00a 001 0014 0018 004 0087

Z, M
2E-07 ’\
1.5E-07 \
?
1E-07 —
SE-08 )
0
0 2E-06 4E-06 1,M

Puc. 1 3anuikoBi IpocTOpoBi PO3MOALIH
IHTEHCHBHOCTI HenpykHOi nedopmarii € 3a ymoB
KOMOIHOBaHOT'O TEPMOMEXAHIYHOTO HaBaHTaXKCHHS

Jlyis IOpIBHSHHS Ha PUC. 2 HABEICHO aHAJIOTIYHI
PO3IONIUTK JIWIIE 32 YMOB IMITYJICHOTO TEPMIYHOTO

HaBaHTaXEHHsA. BuaHo, mo B TIil ke cMy3i

IHTCHCHBHICTh HENpYXHOI nedopmaliii 3HAYHO
in

menma e - =0,01. Ile moscHIOETbCA THM, IO 32

KOMOIHOBAHOTO TEPMOMEXAHIYHOT'0 HABAHTAXKCHHS
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MPUTOPIIEBa 00JIACTh IIUITIHIPA CYTTEBO 3MUHAETHCS
3a paxyHOK MEXaHIYHOTO HaBaHTa)XXCHHS B YMOBaXx il
PO3IrpiBy TEPMIYHUM IMITYJILCOM.

11

i 002 000 001 0014 0018 004 0087

Z,M
2E-07 F\
LB \
Pe———
1B ————————
SE-08 >

=

2E-06 4E-06 T, M

Puc. 2 3anuiikoBi IpocToOpoBi pO3MOALIH
IHTEHCHBHOCTI HENPY>KHOI IedopMalrii 3a yMOB
TEPMIYHOI'0 HaBaHTaKCHHS

Ha puc. 3 ta puc. 4 imocTpyrOThCS BiIIOBIIHO
3aJMIIKOBI ~ OChOBI  PO3MOALIM  KOMIIOHEHTH

pamajipbHUX HAIIPY>XCHb O, Ta 1HTCHCHUBHOCTI

HenpyxHoi nepopmarii €. TyT cylinbHa JTiHis —

o, MIla

[\

1000

(=}
o

PLid
S

-1000

—_

S

10 107 10° Z,M

Puc. 3 3anuikoBi ockoBi pO3MONLTKA KOMIIOHEHTH
paziagbHUX HANPYXKEHb G, 3a yMOB KOMOIHOBAaHOT'O
TEpPMOMEXaHIYHOTO HaBAaHTAKCHHS

PO3paxyHOK i3 BpaxyBaHHSM 3aJIeKHOCTI
HEMpYXHUX XapakTepHCTHK BiJ (Pa3oBoro ckmamy
MaTepialy, IITPUXOBa JiHIAI — PO3PaxyHOK Oe3
BpaxyBaHHS MiKpPOCTPYKTYPHHUX TIEPETBOPCHb.
[opiBHSHHA INTPUXOBOI 1 CYIUIBHOI KPHBHX
cBimuuTh mpo Te, 1mo BpaxyBaHHI MCII icToTHO
BIUIMBAE HA pPIiBEHb 1 3HAK HAIpPYXEHb, ajie¢ HE
BIIMBAa€ HA TOBIIMHY MapTEHCHUTHOTO LIApy, SIKUH
BHU3HAYAETHCS TEPMIYHUMHU (PaKTOPaMH.
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ei
2
0.01 .
0.005
) L
0
10 107 10° Z,M

Puc. 4 3anumkoBi 0ChOBi PO3MOITN IHTEHCHBHOCTI
HEenpyxHoi Jedopmarii e 3a yMoB
TEPMOMEXaHIYHOTO HAaBAaHTAKCHHS

Ha pucynkax 3 T1a 4 0ayumo, IO piBEHb
3aJTUIIKOBUX paiaabHuX HaIpy>XeHb Ta
IHTEHCHUBHICTh HEMNpyxHOI zaedopmamii 3a ymoB
BpaxyBaHHS MCII CTAaHOBUTH BIZIIOBITHO
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o, =—1440MIla, €[] 0,003, a Ge3 BpaxyBaHHs

MCII - o,. =1500MIla, €" [ 0,01.
Tpanchopmalriss HaPYKEHb 13 PO3TATYBAIBHUX B
CTHCKAJIbHI  IOSICHIOETBCA TUM, 10 Yy  dasi
MapTEHCUTY CTaJlb Ma€ OUTBIINN MUTOMHHA 00’€M
HDK y iHmmx ¢aszax [3]. Takox Ha 3MiHy 3HaKy
3aJIMIIKOBUX HANPY)KEHb BIUIMBAE BpaxyBaHHS
3aJIOKHOCTI MapaMeTpiB MOJIENI, IO BiINOBIIAaIOThH
3a HENpPY>KHI XapaKTePUCTHKH, Bil (pa3oBOro cKiamy

Matepiany. Jlanuii edekr HOCUTH He JHIIE
KUIbKICHUH, aje 1 SKICHMM Xapakrep: II0sBa
3aJIMIIKOBUX  CTHCKAJIBHHX HAINPYXEHb CHpHUSE
MOBEPXHEBOMY 3MIITHEHHIO MaTepiay.
[Mapamerpuunmii  aHami3  po3B’A3Ky  3ajadi

JI03BOJISIE YIPABIISITH 3TMIIKOBUMH HATPYKEHHSIMH
Ta MIKPOCTPYKTYPOIO 3a JIOTIOMOTOK  BHOOpPY
TPHUBAJIOCTI IMIYJIBCY Ta TMapIiaIbHUMU BKJIaJIlaMH
MEXaHIYHOTO Ta TEIIOBOTO TIOTOKY B HBOMY.
Pesynbratn pob0OTH MOXYTh OYTH BHKOPHCTaHI B
IH)KEHEPHUX PO3paxyHKaxX Ha MIlHICTh €IEMEHTIB
KOHCTPYKIIii, JeTaleil MalluH Ta MeXaHi3MiB, a
TakoX (pOpMyBaHHS €JIEMEHTIB KOHCTPYKIIIH.
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YV oaniii pobomi, wo mae pegpepamuenuii xapaxmep, po3eAsHYMO OCHOGHI NPUHYyunu Oii CeHcoOpHux
cucmem 3 ONMUYHUM BIOZYKOM 080X munig. 3oxpema, po3ensHymo 08I CHeKmpOCKONIUHI MeXHON02il O
30HOY8AHHS OeKUX 00'ekmie abo NOOIll y HeNCUsUx (Cunmemuunux) ado Oionociunux cepedosuwax. Y
nepwiti yacmuui pobomu po3eisIHYMO CEeHCOPHI MeXHON02li, N08 sa3aHi 3 BUKOPUCMAHHAM CHeYidlbHO
68€0EHUX Y CEHCOPHY cucmemy 30HOI8 3 ORNMUYHUM GI02yKOoM. AKX npasuno, yi 30HOU € CheyiarbHO
CMBOPEHUMU CUCHEeMaMU, CHEeKMPAlbHi G1ACMUBOCHE AKUX ICMOMHO 3MIHIOIOMbCA NpU  83a€MOO0Ii 3
00 ’exkmom 30H0y8anHs. [Ipyea uwacmuma pobomu NpucesdeHa 3acmocy8aHHI0 MEXAHI3MIE aymoCencopuKu
(8unaoky, Koau 3acmoco8VIOMbCA GIACHI ONMUYHI yeHmpu cepedosuwya Oisi OemeKyii npoyecis, wo
8100Y8aI0MbCsL 8 DIONO2IUHUX YU CUHMEMUYHUX CUCTEMAX).

Kniouogi cnosa: cencopmi cucmemu, onmuyHuil 6i02yK, aymoceHcopuxa.

This paper is a review of the scientific works of the co-authors. In the paper, the basic principles of
action of sensor systems with optical response of two types are considered. In particular, two spectroscopic
technologies for probing some objects or events in non-living (synthetic) or biological environments are
considered. In the first part of the work, sensor technologies related to the use of probes with optical
response specially introduced into the sensor system are analyzed. As a rule, these probes are specially
developed systems, the spectral properties of which change significantly under interaction with the object of
probing. In the first part of the work, sensors of the first type are considered. In particular, the main ideas
used in this type of sensors are given and specific examples of the use of such sensors are analyzed: specially
created molecules that have a low fluorescence quantum yield due to a significant number of mechanical
intramolecular degrees of freedom. The intercalation of such probes to large biomolecules leads to a change
in the spectral characteristics of these probes, in particular, to a significant increase in fluorescence (up to
1000 times). The case of two-photon absorption of molecular probes in the transparency window of
biological tissues is examined. Semiconductor and metal nanoparticles whose absorption and fluorescence
spectra depend on their sizes were also proposed as probes of the first type (as sensors of elastic vibrations
of the environment). The second part of the paper is devoted to the mechanisms of autosensing (the case when
the medium's own optical centers are used to detect processes occurring in biological or synthetic systems).
The main ideas that underlie the operation of sensors with optical response of this type were analyzed, and
examples of such use were also given. In particular, the use of the own spectral properties of
biomacromolecules and some coenzymes for changes in the external environment is considered. The use of
the optical response of synthetic macromolecules on the value of their molecular weight was also analyzed.

Key Words: sensor systems, optical response, autosensory.
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1. Beryn

Cencopu (TUTIBKH, KPHCTAIIH, MOJIEKYTH TOIIIO),
SIKI 3MIHIOFOTh CBOI OITHYHI BJIIACTUBOCTI B Pe3yJib-
TaTi B3aeMoOAil 3 THUMHM YM IHIIUMH 3O0BHILIHIMH
YHHHUKAMH, HA3UBAIOTBCS CEHCOPAMU 3 ONMUYHUM
giocyxom. SIk paBuMIIO, 1€ IEPBUHHI IATYUKH y TIPH-
CTPOSIX KOHTPONIO IUX 3MiH. SIK BHSABWIIOCS, CEH-
COpHI CHCTEMH 3 ONTHYHUM BIITYKOM € HaiOuIbII
YYTIMBUMM Ta EKCIIPECHHMH. IX 3aCTOCYBaHHSA €
HAJ3BHYAHO aKTyallbHUM 1 B YMOBaxX BIHHH JUIst
JIETEeKIIi1 MaJiX KUTbKOCTeH BUOYXOBUX PEeHOBHH [1].

VY naniit poOOTi PO3MIITHYTO CEHCOPHI CUCTEMH 3
ONTHYHUM BIATYKOM Ha OCHOBI OpTaHIYHHUX Ta
HEOpraHiyHUX MaTepiaiB.

IcHYIOTh ABI CIEKTPOCKOMIYHI TEXHOJIOTIT st
30HAYBaHHs JEIKHX 00'€KTiB a00 MOIIf y HEXKUBUX
(cuHTeTMYHUX) abo Olosoriunux cepenosuinax. Lli
YyTIUBI TEXHOJOTil MOB’s3aHi, MO-TepIIe, 3 BHKO-
PHUCTaHHIM CHEliIbHUX MOJEKYJSIPHHX a00 HaHO-
YaCTMHKOBUX 30HJIB 3 ONTHYHUM BIATyKOM. SIK
MpaBWJIO, III 30HAW € CICLiaJbHO CKOHCTPYHOBa-
HUMH Ta CHHTEC30BaHHMH CHCTEMaMH, CIEKTpallbHI
BJIACTHBOCTI SIKHX ICTOTHO 3MIHIOKOTBCS MPU B3a€EMO-
nii 3 pizauME 00’ ekTamu. [lo-mpyre, — 3 ONTHYHUMH
BIIACTUBOCTSIMU Ta IX PEAKIi€l0 Ha JIesKi 3MiHU Y
HaBKOJIMIIIHIX CEPEIOBHINAX, SKi € KOMIIOHEHTaMH
qyTIUBUX 00'¢kTiB. OCHOBHOIO TIepeBaroo Iiei Tex-
HOJIOT1i 30H/IyBaHHS € BiJICYTHICTh 30ypeHb Y HaBKO-
JIMIIHBOMY CEpPEIOBUIII. PO3rISHYTO OCHOBHI MPHH-
IUIH JIii CEHCOPHUX CHUCTEM JIBOX 3a3HAYCHUX BUILE
TUIiB. 30KpemMa, MpoaHali30BaHO OCHOBHI (i3WuHi
MPUYMHY, IO MPU3BOAATH 10 3POCTAaHHS IHTEHCHB-
HOCT1 (IIOOpecIeHIIi] 30HiB-CEHCOPIiB NPH iX 3B’f-
3yBaHHI 3 pi3HUMH 00’ekTaMu. Po3risHyTo 3acTocy-
BaHHS MOJICKYISIPHUX (IIFOOPECIICHTHHX 30HIIB Y
BiKHI TPO30POCTi O10JOTTYHMX TKAHHH 32 PaxyHOK iX
IBO(OTOHHOrO 30y IXKEHHS.

JHpyra uwacthHa poOOTH MpPHUCBSYCHA MEXaHi3-
MaM ayTOCEHCOPHUKH (BHUIAJKY, KOJIU 3aCTOCOBYIOTh-
Cs BJIACHI ONTHYHI I[CHTPH CHUCTEM IS JETEKIli
MPOILIECIB, 110 BiAOYBAIOTHCS B PI3HOIO TUITY CEPEIO-
BHUIIIAX, Y TOMY YHUCII, )KUBUX OlOJIOTTYHUX KITITHHAX
Yh opraHizMax. 30Kpema, pO3TIISIHYTO MOXKIHBOCTI
nerekiii oionomiMepiB 3 QYHKIIOHYBAHHSAM JIEIKHX
(depMeHTIB y KiiTHHAX. TakoX pO3IJISHYTO ONTHY-
HUH BIATYK 00’€KTiB, SIKi CIEiallbHO IHKOPIIOPOBaH1
B CEpEIOBHIIIE.

2. CeHCOpHIi cucTeMH 3 ONTUYHUM BiIrykom
NepHIoro TUMY
JlaHoTO THITY CEHCOpH MOXYTh OYTH CIEliaJbHO
pO3pOOJICHMMH Ta CHHTE30BAHMMHU CHCTEMaMH,
CIIEKTpaJIbHI BIACTHBOCTI SKHX (CIIEKTPH ONTHYHOTO

IHTEHCHBHOCTI, TOJNSPHU3AIlis, Yac 3racaHHs TOIIO)
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ICTOTHO 3MIHIOIOTBCS B PE3YJIbTaTi B3aeMOIIl 3
00’€KTOM 30HJyBaHHSI.

PozrisiHemMo B3a€MOJIT, SKi IPU3BOISTH 10 CYTTE-
BOTO 3pOCTaHHS IHTEHCHBHOCTI (DIFOOPECIICHIIII.
OcHOBHI i/1€i, 10 BUKOPHCTOBYIOTHCS B JIaHOMY
BUIQJIKy, MOJSATalOTh Yy 3acCTOCYBaHHI CIeliajdbHO
CTBOPEHUX MOJEKYI, 110 MatOTh HU3bKU KBAHTOBUM
BHXi ()JIFOOPECIICHITIT 3aBISKH 3HAYHOMY YHCITy ME-

XaHIYHAX  BHYTPIIIHbO-MOJEKYSIPHUX  CTYICHIB
BUIBHOCTI, TpPUTAMaHHUX JlaHId  MOJEKYISApHii
cucreMi (BIIHOCHA pYXJUBICTh OKPEMHX TpYyI

aTOMIB CKJIQJIHOi MOJIEKYJIH) TIpPH €JIEKTPOHHOMY
30yKEHHI, 1110 BUHUKA€E B PE3yJbTaTi MMOTJIMHAHHS
¢dorony, WMOBIpPHICT ~ JICAKTHBAIll  TaKOro
30y/PKEHHS BHACIIIOK BUTIPOMIHIOBAHHS MOXKE OYTH
3HaYHO MEHILIOI0 32 OAMHMIO. 3B’SI3yBaHHS TaKoOi
MOJIEKYJIA 3 MacHBHOIO MaKpOMOIIEKYJIOI, HarpH-
knag, JHK, npusBoguts 10 3aMOpOKyBaHHS Mexa-
HIYHUX CTYIEHIB BUIBHOCTI, 4epe3 sKi 30y/KEeHHS
MOKE OYTH «CKHHYTO», KOJH MOJIEKyJia IepedyBae B
po3unHi. Y pe3yiabTaTi TaKoro 3B’s3yBaHHS HaM-

OLIBII HMOBIPHUM MIPOIIECOM JleaKTUBALIl
30y IXKEHHS € BUITPOMIHIOBAHHSI.
HaBenemo neski npukiaau.
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Puc. 1. Cnekrpu ¢imroopecieHiiii CTHPHUIOBHX

GaperuKiB (5%10° M nap 0CHOB) Y BOJXHOMY pPO34HHi
ta B npucyrHocti JIHK (6x10° M  momekyn
OapBHHKA Ha KUTBKICTH Map ocHOB) [2].

Sk BunHO 3 puc. 1, 3B’ s3yBaHHS MOJIEKYJH 30HAA
3 JIHK npus3BomuTh 10 3pOCTaHHS IHTEHCHBHOCTI
foro ¢moopectiennii maibxe y 1000 (843) pazis
(pakTryHO Masa MoJIeKyNa 3B’ SI3YETHCS 3 MACHBHUM
TiJIOM-MakpoMojiekysioro. KpiMm 3poctanns ¢iroo-
peclieHIli MOXYTh OYTH  BHUKOPHUCTaHI  IHIII
CIIEKTpaJbHI XapaKTCPUCTHKH).

dmroopeciieHTHI 30HIM MOXYTh OyTH TiniOpani
TaKUM YMHOM, 10 BOHU € CEIEKTUBHUMH JI0 TIEBHUX
MOJIEKYJ, SKi MICTATBCS y KIITHHAX, Y KOHKPETHHX
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KIITUHHUX YTBOPSHHSX (HANPUKIAN, Y SACPISX).
[Ipuknamom Takoro 30HAyY € 304 Cyan-40 [3].

Ha puc.2 HaBeneHO (IIrOOPECICHTHE 300paskKeHHs
KITUHHM, B KA MOJIEKY/1a-30H,1 IPOHHUKIIA B SIISPIS Ta
3B’s13amacst TaMm 3 TpancnopTHoto PHK. PesynsraTtom €
IHTEHCHUBHE CBIUEHHS JaHUX YTBOPEHb B KIIITHHI.

Puc. 2. Knituna kapruHoMH,
y SIKii (IIFOOpECIICHTHH
300 Cyan-40 mincBiuye
SEPIISL.

Y BUDaaKy HEOOXIAHOCTI NMPOHUKHEHHS 30HJIA
rMOOKO B OIONOTIYHY TKaHHHY BHUKOPHCTOBYIOTH
nBooTOoHHE 30Yy/DKEHHS y CIEKTpalbHid 001acTi
npo3opocTi 6ionoriyanx TkanuH (800-1000 HM)

IHbpavepBOHMIA
doToH

km
o

v

36yaeHHA B obnacri
npo3opocTi 6ionoriyHmnx
THKAHWH

Puc. 3. OcHoBHMIA TpUHIUI TBO(GOTOHHOI AETEKIIiT
JTHK.

Jlo mepImioro TUIMy CEHCOPIB 3 ONTUYHUM BiIry-
KOM MOXYTh OYyTH BiJIHECEH1 HAMIBIPOBITHUKOBI 200
MeTajeBi HAaHOYACTHHKH, IHKOPIOpOBaHI B IEBHI
CylIbHI cepenonuia. OCHOBHA ifesl iX 3aCTOCyBaH-
Hs TIOB’s13aHa 3 THM (haKToOM, IO 32 MEBHUX PO3MIpiB
HAHOYACTHHOK TPOSIBISETHCS €PEKT MPOCTOPOBOTO
OOMEXEHHSI pyXy €JeKTPOHIB y HHUX, IO, B CBOIO
4epry, MPU3BOIUTH 0 TOSIBH JHCKPETHOI eHepre-
THYHOI CTPYKTYpH Ta 3AJEKHOCTI JOBXWHU XBHII
MOTJIMHAHHSA Bijl po3Mipy HaHOYacTHHKH. KonuBaHHs
TaKol HAHOYACTHHKHU IPHU3BOIATH 10 3MiHHM 11 KOJIbO-
py (crekTpa MOIrJMHAHHHSI), a TAKOXX BUIIPOMIHIO-
BaHHA. Y po0o0Ti [4] moka3aHo, 110 3aKOH OCIIUJISIIIT
KOJTbOPY HAHOYACTHHKY BU3HAYAETHCS (DOPMYIIOI0

hcm*(R +C,j,(kR, )™ )2
l Rt — 0 1J1 0
o [R(0) 2 h*(2n+1+2)

BuKopHCTOBYIOUHM TaKOro TUIY HaHOYACTHHKH,
0 IHKOPIIOPOBaHI Y MPY)KHE CEPEIOBMILEC, MOXKHA
pEeeECTpyBaTH MPYXKHI XBHUII, SKI BUHUKAIOTh Y TaKO-
MY CEpEIOBHILI, PEECTPYIOUH 3MIHY MOTIIHHAHHS 200
(roopecieHIlii JaHMX HAHOYACTHUHOK.
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CeHCOpHUMH CEpeIOBHUIIAMHU 3 ONTUYHUM BIiATY-
KOM, Ha Halll TIOTJIS/I, MOKYTh OyTH TPYXKHi IT’€30-
CNIEKTPUYHI CEPEJOBHUINA 31 CIEIiaJbHO BKIIOYCHH-
MU TYAH MOpOXXHHHaMH. 3MiHa (popMHu Takoi mopo-
KHUHHW, CIPUYMHEHA MEXaHIYHUM KOIUBaHHAMHU
cepeloBHIla, KyJH BOHA BBEICHA, MA€ CYIPOBOIIKY-
BaTUCS CNEKTPOMATHITHUM BHUIIPOMIHIOBaHHSAM, IO
MoXxe OyTH 3apeecTpoBaHO 30BHINIHIMH TPUCTPOS-
Mu. Taki MOPOXKHUHU MOXKYTh TPaHC(HOPMYBATHCS B
TPIIIMHU, PO3BUTOK SKUX MPHU3BEIE JO BUHUKHEHHS
€NIEKPOMAarHiTHOTO BHUIIPOMIHIOBaHHS, alleé BkKEe Ha
HIIINX 9acTOTax.

3. CeHcopHi cucTeMH 3 ONTUYHUM BiITYKOM
JAPYroro TUIMy. AyTOCEHCOPH 3 ONTHYHUM
BiIrykom

OcHOBHA ifies ayTOCCHCOPHKH IOJISITa€ y BHUKO-
pHUCTaHHI ONTHYHOTO Bir'yKy BJIACHMUX KOMITOHEHT
CHHTETUYHHX a00 OiONOTiYHUX CHCTEM Ha 3MIiHH Y
HaBKOJIMIIHBOMY CepenoBulli. Jlo TakuxX CEHCOpIB
MOXHa BimHECTH OioNOTiuHI MOJNEKyNH, SKi Tep-
BUHHO MPHUCYTHI B KIIITHHAX, 1 pearyloTh Ha 3MiHH,
110 BiIOYBAIOThCS HABKOJIO HUX. [IpuKkiagaMu Takux
mosekyn Moxyte Oyru  JHK, PHK, Oinku,
(depMeHTH, a TakoX MaJli OIOJOTIYHI MOJIEKYJIH.
3MiHa TXHIX CHEKTpalbHUX BIACTUBOCTEH MpH
B3a€MOJIii (HANIPUKIIa/, YTBOPEHHS KOMIUIEKCIB MiXK
HUMH) 3 IHIIMMHU MOJIEKYJIaMU KIIITHHHOTO Cepejio-
BHII[A BHKOPHCTOBYIOTHCSA JUIS JETEKIl pi3HO-
MaHITHUX TpoueciB [5,6]. SckpaBuM TpUKIAIOM
TAKOTO  Tpollecy MoXe OyTH  KOHBEpTallis
kopepmenta NADH  (mo  xapakTepu3yeThCs
SICKPABOIO 3€JICHO-0JIaKUTHOO (DIIFOOPECIICHITIE0) B
NAD" (me BignoBimHA CcMyra TOIJIMHAHHS 1
(IroopeciieHITisl 30BCiM BiJICYyTHI 4Yepe3 BiIMOBIiIHI
XIMIYHI TIepeTBOpeHHs). Y BUMNAAKy 3aruoeni
KIITHHH e TPOIIeC 3yMUHSAETHCS, 1 11 KIIITHHA BXKE
He Quoopeciitoe. Takuii MPUPOJHHUNA 30HI MOXKE
OyTH 1HIMKATOPOM BiTHOCHOI KITBKOCTI MEPTBUX Ta
KHUBHX KITHH abo opraHisMiB y OioJoriuHii
cucremi. [HIIMM TpPUKIATIOM € BHKOPUCTAHHS
BJIACHUX CIIEKTPAIBHUX XapaKTEPUCTHK BIpyCiB IS
EKCIIPECHOI'0 BU3HAYEHHS 1X CKIIay.

Hagenemo 1mie onuH mpuKiaj BUKOPHCTAHHS OIl-
TUYHOTO BiT'YKYy CHHTETHYHUX MaKpOMOJCKYN Ha
BEIMYUHY IXHbOI MOJIEKYJIIPHOI Macu. BusBiserscs,
IO TIEPEHECEHHs TPUILIETHUX 30y/DKEeHb Y MakKpo-
MOJIEKyJIaX TPHU3BOAUTH JO JIOKamizamii Iux 30y-
JDKEHb Y KIHIIEBUX JIaHKaX MaKpPOMOJIEKYIH, 110, B
CBOIO 4epry, MPOSBISIEThCS Yy criekTpax (ocdopec-
neHirii. JIjs onucy 1bOro mpoiecy 3acToCOBaHO Ki-
HETWYHE PIBHAHHSA 3 TUQY3IHHUM Ta aHIrUISIIHHIM
yieHaMH. BpaxoByrouM OCHOBHHI BKJIaa aHITiIs-
LIHHOrO YieHa, OTPUMAHO 3aJISKHICTh IHTCHCHBHOC-
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Ti dochopecueH il Bi MOIEKYISIPHOI MacH MaKpo-
MOJIEKYJTH (CEHCOp Ha MOJIEKYJISIpHY Macy) [7]:

on(x,t) o’n(x,t)
ot o’

=1,+D — Pn(x,t)—yn’(x,1).

4. OcHOBHi pe3yJIbTATH Ta BUCHOBKH
Y po0oTi 3A1iCHEHO OIS Ta aHAJI3 ABOX THUIIIB
CCHCOPHHMX CHCTEM 3 ONTHYHHUM BiATyKOM. Po3riis-
HYTO OCHOBHI iJ1€i, 110 JIeKaTh B OCHOBI peatizaiii
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CCHCOPHKH 31 CIEliaTbHO BBEICHUMU CEHCOPHUMH
cucTeMaMi K Ol0J0ridyHOro, Tak i CHHTETUYHOIO
MOXO/KEHHS, 8 TaKOX ayTOCEHCOPHKH, JIe 3aCTOCO-
BYIOTBCSl BJIACHI ONTHYHI BIACTHBOCTI OpraHiYHHX
Ta HEOPTaHIYHUX CepeoBHIL. PO3rIsHYTO KOHKpET-
Hi TPUKIagy 3aCTOCYBaHHS CEHCOPIB 3 ONTHYHHUM
BiZI'yKOM, B TOMY YHCJI Ti, III0 BUCBITIIEHI B poOOTax
aBtopiB. [lokazaHo, 10 MOULTBHICTH 3aCTOCYBAHHS
KO)KHOT'O 3 BKa3aHHX BHIIEC CEHCOPIB 3 ONTHYHUM
BIZI'YKOM 3aJISKUTh BiJ] KOHKPETHOI CHTYAIIii.
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Cuneynapno 36ypeni 3a0ayi 3 MOUKAMU 360pOMY GUHUKAIOMb AK MAMEMAMUYH] MOOedi 015 PI3SHUX
Qizuunux sAeuw. 3adaua 3 GHYMPIUWHBLOIO MOYKOIO 360POMY € OOHOBUMIDHOIO 8epCici0 CMAayiOHAPHOT
KOHBEKYIUHO-0Uu@y3itinoi 3a0aui 3 OOMIHYIOUUM KOHECKMUGHUM HJICHOM [ HOJeM WEUOKOCHIL, SIKe 3MIHIOE CBIll
3HAK Y 800030IpHUKY. 3a0aui 3 SPAHUNHUMU MOYKAMU 360POMY, 3 THUL020 OOKY, BUHUKAIOMb Y 2eoghizuyi ma
npu MOOENO8AHHI MENI08UX NPUKOPOOHHUX WAPI8 V AAMIHAPHOMY nomoyi. Y pobomi npogedeHo anaui3
pe3yIbmamie 3 ACUMNMOMUYHO20 AHALI3Y CUHSYIAPHO 30YPeHUx 3a0ay 3 moukamu 360pomy. /{isi 0OHOpiOHOT
cucmemu CUH2YIAPHO 30YypeHux oughepenyianvHux pieHsAHb 3 MAIUM NAPAMEMPOM NPU CMAPWIt NOXIOHIU |
MOUKOI0 360pOMY, 00EPAHCAHI YMOBU 018 NOOYOOB8U PIBHOMIPHOI acumMnmomuky po3e sa3ky. Posersoacmuvcs
BUNAOOK, KOAU CHEKMpP ZPAHUYHO2O ONEpamopa MICmums KPAmHui i MOMONCHO DIGHI HYIIO eneMeHmu.
Acumnmomuxy nobyoosano memooom icmomHo 0coorueux QYyHKyil, SKuil 00360J5€ 8 OKOJI MOYKU 360PONTY
suxopucmamu mooenvHuii onepamop Etipi. Koncmpykyis acumnmomuuuux po3e si3kie Micmums O008LlbHI
cmani, SKI 8UBHAYAIOMbC OOHO3HAYHO NIO 4AC PO36 SI3aHHA Imepayiinux pieHsaHb. Boonouac ompumarno
YMOBU ICHYBAHHSL PO38 3Ky cUCmeMu OUepeHyianbHux 3 MAium napamempom npu cmapuiiti noxXioniu ma
npu HAABHOCI MOYKU 360pOMY, 34 YMOBU, WO MOYKA 360pomy micmumbcsa Ha inmepeaani [0;1]. Hageoero

NpuKIa0 nooyoo8u ACUMNMOMUKU 0OHOPIOHOT cucmemu OupepenyiarbHux pieHsHb.

Kniouogi cnosa: manuii napamemp, mouxa 360pomy, cucmema CUHSYISAPHO 30YDeHUx pieHaus, QyHKYil
Eupi, pienanns Jliysinia.

Singularly perturbed problems with turning points arise as mathematical models for various physical
phenomena. The internal turning point problem is a one-dimensional version of the steady-state convection-
diffusion problem with a dominant convective term and a velocity field that changes sign in the reservoir.
Boundary turning point problems, on the other hand, arise in geophysics and in the modeling of thermal
boundary layers in laminar flow. The paper analyzes the results from the asymptotic analysis of singularly
perturbed problems with turning points. For a homogeneous system of singularly perturbed differential
equations with a small parameter at the highest derivative and a turning point, the conditions for
constructing a uniform asymptotic solution are obtained. We consider the case when the spectrum of the
limit operator contains multiple and identically zero elements. The asymptotics are constructed by the
method of essentially singular functions, which allows using the Airy model operator in the vicinity of the
turning point. The construction of asymptotic solutions contains arbitrary constants, which are determined
uniquely during the solution of the iterative equations. At the same time, the conditions for the existence of a
solution of a system of differentials with a small parameter for the highest derivative and for the presence of
a turning point are obtained, provided that the turning point is located on the interval [0;1]. An example of

constructing the asymptotic of a homogeneous system of differential equations is given.

Keywords: small parameter, turning point, singular perturbations, Airy functions, Liouville equation.
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neperBopenHi piBHsgHHS Oppa-3omMmepdenbaa B
1. Beryn CHCTEMY JBOX 3BHYAWHUX JAHQEPEHINIATEHUX
. . S iBHSHD TOro TOPAIK 7S SIKUX ~ BJAcHi
Barato npouecis B mpupomi,  dismmi, P APy pALKY U
. o . - 3HAa4eHHS Ta BiIacHi QyHKOii MOXyTb OyTH
IH)KCHCPHIM  CIIpaBl  XapaKTCPU3YIOTLCA  P13KOIO .
. . . AIIPpOKCMMOBaH1
3MIHOIO0 XapaKTCpy NOBCOIHKHU CUCTCMHU. HpI/I OIINC1 vy 60Ti [4] .
: 000T1 OCIIIKYETBCA CIICKTpaJIbHa
TaKHUX CHCTEM 3aCTOCOBYIOTBHCA MaTCMaTH4YH1 . p A Ky P
. . T 151 HECaMOCIHPSAKCHOI™ BOTOYKOBOTI"
MOZCI1, SK1 ONMUCYIOTBCA CHHIYJISIPHO 36yp€HI/IMI/I cop . ccamoctip CHOTO AABOTOHKOBOTO
. . . . I[I/I(bepeHI_IlaHBHOFO oreparopa »n-ro nopsaaxKy L y
nudepeHIialbHUMHA  PIBHSHHSAMU. Taki piBHSHHS . X
KOMITJICKCHOMY TiTEO0EpTOBOMY MIPOCTOPi.

MalTh CHHIYJSpHI TOYKH, 1€ KoedilieHTH ado
(dbyHKII cTalOTh HEBU3HAUCHUMH ab0 pYyHHYIOTHCS,
IO TPU3BOAUTH A0 CYTTEBUX TPYIOHOINIB Y iX
aHaii3i Ta po3B's3aHHi. binbiie Toro, po3B's3yBaHHI
TaKuX PIBHIHbL MOXE BHMAraTd CIICIiali30BaHUX
METOAIB Ta aHaji3y, mo0 BpaxyBaTH OCOOJIMBOCTI
CHUHTYJISIDHHX TOYOK Ta 30ypeHb.

IcTopyHo Taki 3amadi BUHUKIN y HeOecHIH
MEXaHilli TpU JOCH/PKEHHI TOBEMIHKH 3ipOK,
CWIOBUX BIUIMBIB IUTAHET Ta IHIMUX HEOSCHUX Till
Tomo. B momameioMy CHHTYIISIpHO  30ypeHi
mudepeHIlianbHl  PIBHAHHSA — IMOYalld  ITHUPOKO
3aCTOCOBYBAaTH y  3ajgadax ONTUMAJIHLHOTO
KepyBaHHs;, (i3uli pylHYBaHHS MarepialiB — IMpH
BHBYCHHI ITOBCIIHKM MAaTepialiB TIiJ BILNIHBOM
30BHIITHIX HABaHTa)XCHb, TAKUX SK HAMPYKCHHS Ta
TEMIIEPATypHi 3MIiHW, KOJHM MOXYTh BUHHUKATH
mudepeHIlianbHl  PIBHAHHA 31  CHHTYJISAPHUMU
KoeirieHTaMu y TOYKaX JIOKAJIBHOTO pPYHHYBaHHS
Matepiany; y MOJENSX CKOJOTIYHHX CHCTeM Ta
JOCITIKEHHSAX O10JIOTIYHUX TIPOIIECIB, ITOB’ I3aHMUX 3
pPOCTOM Ta PO3BUTOK OpraHi3MiB B yMOBax HecTadi
pecypciB abo iHITUX 0OMEXKEHB 1 T.1.

3aranpHHUN KJIac 3aja4 Ha BJIACHI 3HAYCHHS 3
JBOTOYKOBHMH  TPaHWYHUMH  YMOBaMH  Ha
KiHLIEBOMY iHTEpBai, MOPOJIKEHUX
nudepeHLiaIbHUM ~ PIBHSHHAM 3 HEBH3HAYCHOIO
BaroBow (YHKIN€I0, SIKa Mae Kilbka HYyJiB abo
OJTFOCiB fociimpkeHo y [1]. PoboTa [2] imocTpye, K
3a JIOTIOMOT 010 MIEPETBOPEHHS JliyBins
nudepeHItianbHe PIBHSIHHS 3BOAUTHCS IO OIHIET 3
YOTHPHOX CTaHIAPTHUX (GOPM i3 HENepepBHUMHU
KoeilieHTaMu. [icna 40ro OynyroThCs
aCHUMITOTHYHI HAOMWKEHHA Ui PO3B’SBKIB Y
TepMiHax QYHKIOIH  MapaboIiqHOTO  MHJIHIpA.
Hageneno OCHOBHI BJIaCTHBOCTI byHKIIT
napaboIiYHOTO LWITIHApA. Jns KOKHOTO
HAOJIMKEHHST JaHO CTPOri OOIPYHTOBaHI OIIHKH
MOXUOOK.

B poGorti [3] 3ampomoHOBaHO jaBa MiAXOIU:
KOPOTKOXBHJILOBE  TpaHWYHE HaOIMDKEHHS  Ta
JOBIOXBHJILOBE  TPaHWYHE  HAaONWMKEHHS  JUIs
moOyI0BH aCHMITTOTHKH PO3B’si3Ky piBHsHHS Oppa-
3ommepdenspaa. [pouenypa MOJISITaE y

BcraHoBieHo yMOBY MOBHOTH AJsl JTUCKPETHHX
OTIepaTopiB T'iasbepra-IlIminra. OcHoBHI
0COOJIMBOCTI CTIEKTPAIBHOT TEOPIi M1 L BKITFOYAIOTH
ACUMNTOTHYHI (QOpPMyNH I XapaKTCPUCTUIHOTO
Bu3HauHUKa Ta ¢yHkuii ['piHa; xmacudikariro
TPaHUYHUX 3HAYCHb: PETyJApHi, HEPErysapHi ado

BUPOJDKCHI; OOYMCICHHS BJIACHUX 3HA4YCHb 1
BiJINIOBi/IHI anreOpaivHi KPaTHOCTI Ta CXOKSHHS.
Oxkpemoi yBard 3aciyroBy€ CHHTYJISIPHO

30ypene nudepeHiiaabHe piBHAHHS JIyBULIS, sKe
BiZlirpae BaXXJIMBY POJIb Y PI3HUX OOJACTSIX (i3uKH,
XiMii Ta MaTeMaTHKH, CIPHUSIIOYA  PO3BUTKY
TEOPETHUYHUX MOJIEIICH Ta PO3yMIHHIO BIIACTUBOCTEH
(hi3UYHHX cUCTEM.

Knacuuyne piBusHHA JliyBULIS € YacTUHHUM

BUTIAJIKOM PIBHSHHS BHILY

ey (x,6) + xa(x)y'(x, &) + b(x)y(x,&) = h(x) (D)
mpu b(x)=0. s piBHAHE BHUIIIX MOPSAKIB Ta iX
CUCTEM JIOJIAIOThCS HOBiI OCOOJIMBOCTI 1 TPYIHOIII
TIPH 1X TOCIIKEHHI, OCKIJIBKU CITIEKTP BUPOHKEHOTO
oreparopa CKIaJa€ThCsi 3 JIBOX TPy EJICMEHTIB:
CTaOLIBHMX 1 HeCTAOUTBHUX [5-7].

B 1miifi poOOTI OMUIIEMO aJTrOPUTM METOIY
ICTOTHO OCOONMBHX  (YyHKIIH a1 1mMoOyA0BU
pO3B’s13Ky 1 chopMyITFOEMO YMOBH HOTO iCHYyBaHHS
Ha 1HTepBami [0,1] UL CHCTEMH CHHTYJISIPHO
30ypeHux nudepeHLiaTbHIX PiBHSIHB 3
IuQepeHLianbHOI0 TOYKOIO 3BOPOTY.

2. ITocTaHOBKA 3a1a4i

Hexaii 3amana cuctemMa CHHTYIISIPHO 30ypeHHUX
IudepeHLianbHUX PiBHAHb BUTTISAY

eY (x,6)—A(x,&)Y(x,&)=H(x) 2)
010
me e—>+0, xel0;1], me 4, =|0 0 0],
00 0
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0 & 0 fl(-xag) gl(xsg)
Ay(x)+e4(x)=| 0 0 1 - BizoMa B(x,t,6)=| fo(x,€) lw(t)+ | g>(x,€) v (0).
-b(x) —a(x) O fi(x,8) g5(x,¢)
i (x,¢) III kpok. Pecynapusayin cuneyisapuo 30ypenoi
marpuns, Y(x.)=| »,(x.e)| — mykama Bexrop- 340QUi. .
(x g) Po3smupena 3amaua BHUBYAETHCS Y  MPOCTOPI
. T3l 0e3pe30HAHCHUX PO3B’SA3KIB 1 3BOAUTHCA IO
byuxuis, H(x)=colomn(0,0, h (x)) — 3a/laHa BCKTOP-  nipygups, y akuil Manuii mapamerp & >0 BXOIWTH
dbyuakis [8]. PEryJsipHO.
Cucremy (2) OyneMo JOCHIDKYBaTH 3a TaKUX IV  kpok. Dopmanizm nobyoosu po3e’a3Ky

YMOB:
C1. a(x), b(x), h(x) e C*[0,1]
2. a(x)=xa(x), a(x) =0, b(x)#0.

3. Meroauka
PO3B’SI3KY CHCTEMH

l'lOﬁy,ZlOBI/l ACUMIITOTUKH

PiBHOMIipHY acHMNTOTHKY pPO3B’SI3KYy AJs 3amadi
(1) mobyayemMo MeETOAOM ICTOTHO OCOOIMBHUX
dbyukmii [9, 10]. ATTOPUTM IBOTO METOAY MOXHA
MOJATH Y BUTIISI.

I xpok.
3a0aui.

B cunrynmapHo 30ypeHid 3amadi 3 TOYKOIO
3BOPOTY TIOPSA 13 HE3AICKHOIO 3MIHHOIO X

. — P, .
BBOJIUTHCA HOBAa BEKTOP-3MIHHA t=¢ " -(x) Tomi

3aMiCTh  IOYKaHOi  BEKTOP-QYHKIii Y(x.¢)
BHBYAETHCS HOBA «PO3IIMPEHA BEKTOP-(PYHKIIis»

Y(x.t,6) [Ipu YoMy pO3MIUPEHHS TPOBOAUTHCS
TaKUM YUHOM, II00 BHKOHYBajach yMOBa SIK B
METOZ1 peryJsapu3arii

Y, (x,1,8) =Y,(x,¢).

1=6""p(x)

Pi 9(X) pusHauaeThCs AT KOKHOTO KOHKPETHOTO
Bunanky. BinOyBaerbcst mepexin Bix 3amayi 3
OJIHI€I0 3MIHHOIO J10 3ajayi 3 IBOMa 3MIHHUMU.
II xpox. Ilpocmip 6e3pe3onancrux po3e’a3Kis.
st perynsipusaiii BBOAUTHCS BUOPaHUH MPOCTIp

byHKITIH, SIKAT HA3UBAIOTh npocmopom
Oe3pe3oHaHcHux  po3e’a3kie 1 IS KOXKHOI
KOHKPETHOI 3ajadi Iedl TpoCTip Mae CBOIO
cnenudiky.

~ 2
Yi(x,t,8) =Y Dy (x,t,8) + B(x,1,6) +o(x, ),
P

ail(xsg) ﬂil(xsg)
Dy (x.t.8)=| @, (x.) |U; () + | Ba(x.8) U, (1),
aiS(xﬂg) ﬂiS(x’g)

Poswupenns cuneynsapro 30ypenoi

3a0aui.

OCKUTbKH  pO3IIHpeHa 3amada € PeryJsapHO
30ypeHor0 BigHOCHO Mayoro mapamerpa B [IbP, 1o
PO3B’A30K 3aaa4i OyJeMo IIyKaTH Y BUIIISAIL Py

o0

Vet 1) = Y 1 Yo () + Y 4" VP (),

r=0 r==2
3/
e H=NE .

[ToOynoBy acHMMIITOTHYHOTO PsIIy YaCTHUHHOTO
pPO3B’SI3Ky PO3MOYMHAEMO 3 BII’€EMHUX CTEIICHIB
MaJIoT0  TapaMeTrpa 3  METOI0  OJCpiKaHHSI
piBHOMIpHOI acumnToTHKM po3B’sizky CC3/P.
IIpaBa wactuHa Oyne MaTH PO3PUB APYTOro pory B
TOYIi 3BOPOTy. TOMy B 3arajgbHOMY BHIIQJKy BOHA
HE HaJleXaTUME MHOXHHI 3HA4€Hb TOJIOBHOTO

PO3LIUPEHOr0 OIepaTopa Lg [5].
V kpok. [lobydosa ¢opmanvhux po3e si3Kie
00HOPIOHOT po3UUpeHoi cucmemu.

HOKa)KCMO, i (e] o1 CUCTEMaA piBHHHB €

ACUMNTOTHYHO KopekTHow y [IBP Dk . Ha nupomy

erarri PO3pOOIIETHCS

iTepaliifHOro PiBHAHHS BHIY
D(x)- 2y, (x)=F - Z,,(x),

Ie @(x)- warpund, Z;.(x)-
CKJIQJICHUH 3 aHAITHUHUX QYHKIIH

6?(x,g)z{aik(x,g),ﬂik(x,g) }

TIepIi YJICHH
OJTHOPITHOT

Teopist ICHYBaHHS

BCKTOP-CTOBIICIb

IIpu 1IbOMY
ACHMITTOTHYHOTO
JIOCITIKYBaHOI 3a/1adi.

VI kpok. [lob6yoosa ¢hopmanvhux po3e’sa3xie
HEeOOHOPIOHOI po3uwuperol cucmemu.

Ha mamomy kpomi OymyeThcsi  PO3B’SA30K
HEOHOPIIHOT 3a71a4i 32 JTOMOMOTOK0 PEKYPEHTHOTO
PIBHSIHHS

OyIyIOThCS
PpO3B’ 3Ky

?O(x) 2, (x)= F - Z,,.(x),

e  ®(x)— wMarpuud, Z;.(x)-—
CKJIaJICHUH 3 aHANITHIHUX QYHKLIN

0, ={fi(x.6).g¢(x.6).0,(x.6)).

BEKTOP-CTOBIICIIb
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VII  kpok. Oyinka  3a1UWKOSUX — HJICHIG Q1. a(x)ib(x)eC” [()’11

ACUMNMOMUKU PO38 A3KY.
Ha npomy eTami mpoBOJUMO OIIHKY 3aJIMIIIKOBHX
YJIEHIB

1
& +q§ka(q+1) ()C, 8)

€1+q§kﬂ(q+1)(xa €)
oJIepKaHUX PO3B’SA3KIB.
VIII kpok. [lobyoosa 3acanbhoco po36’s3Ky
cucmemu (2):
Y (x,8) = Yo (x,€) + Y PV (3, 8).
CrpaBeminBa TeopeMa.
Teopema 1. Hexaii cucmema cuneyrapHo

30ypenux oughepenyianbHux PpieHAHD 2)
3a0080/IbHSE YMOBU.!

1) H(x)e c™[0;1};

2)alx)=xa(x), a(x)>0, b(x)<O0.

Tooi npu Oocmamubo  MAAUX — 3HAYEHHSX

napamempa &>0 MemoOoOM ICTHOMHO 0COONUBUX
@yHryitt  moocua  nobyoysamu  ACUMRIMOMUKY
po3e’azky Y(x,t,&) Oanoi cucmemu y BuisAoi

ACUMPIMOMUYHO20 PAOY

Y(x,t,6)= i{[i g a, (x)+ 0(5’“1 )}Uk (5‘2/3 -(p(x))+
+ g%[i &' B, (x)+ Ofe"" )} U, (e plx) (o(x))} +

= d(z" - p(x))

+§8"wr(x) + O(Eq“){i &' f,(x)+ 0(5[’”)}//(82’3 p(x))+

+

+5%[§s"g,,(x)+

dy(e?" vrp(x))} dv(s™? -p(x))
d(e? - p(x)) | d(e™? p(x))

40 . —
+ Zogra)r (x) + O(£q+1).
=

4. Ilpuxaaxg noOyaoBHM  ACHMITOTHKH
PO3B’SI3KY OJHOPiIHOI cUCTeMHU
[IpointocTpyeMO  BUKOPUCTaHHS  OMHCAHOTO

MiIXoMy A0 TMOOYIOBH AaCHMIITOTHKHA PO3B’S3KY
cUCTEMY

eY (x,&)—A(x, )Y (x,6)=H(x) 3)
010
e €¢—>+0, xe[O;l], ne 4,=/0 0 0],
000
0 e 0
Ay(x)+e4(x)=| 0 0 1
4x+4 -4x O

Cucremy (3) Oynmemo
YMOB:

I[OCJ'Ii,E[)KyBaTI/I 3a TaKHuX

Q2. a(x)=xa(x), @(x)=4, b(x)=—(4x+4),
h(x) =0.

To67o0 3maiinemo Tom-(€) 1ng cucremn (3).

Jlama cuctema  BIANOBiMaE  CHUHTYJISIPHO
30ypeHoMy nudepeHiaIbHOMY PiBHSIHHIO TPETHOTO
MOPSIIKY

&y (x,6) +4x-y (x,6) —(4x+4)- y(x,£) = 0. 4

BupomkeHe piBHSIHHS, IO BiATIOBiIa€ CUCTEMI

(3) mae BurISIA

4x-o (x) + o(x)=0. (5)
XapakTepUCTHYHE PIBHSHHS 3aMUIIICThHCS
TaKUM CrIoco0oM:
-1 0 0
|4(x0)+2E]=| 0 -1 1 |=-2-4x-A
4x+4 —-4x -4
Kopesi xapaktepucTnaHOrO piBHSHHA 4 =0 1

5 =223xi.

3riflHO  aIrOPUTMYy BBEAEMO PETYJIAPH3YIOUY
3MiEHY f=¢ 7 -@(x), Je MOKa3HUK p 1 QYHKIIO
¢(x) HEOOXiHO BUSHAYMTH.

Jns  Bu3HaueHHsA  “‘posmupeHoi”’  pyHKIii
OJIEPXKUMO “pO3ITHUPEHE” BEKTOPHE PIBHIHHS

NG, ,t,
L,- Yhom(x’t’g) - gl_P(p (x)w_‘_
) (6)

or. (.1,
g% — A2y, (x.r.e) = H(x)

AcCUMIOTOTUKY pO3B’ 3Ky
piBHAHHS (6) OyIyEMO Yy BUIJISIL PSIAY

[aik (x,g)Ul-(t)+ gyﬂl.k(x,g)ul'- (t)]+
v ayr.c).
ae Q(x,g)z{ak(x,g),ﬁk(x,g),a)k(x,g)} —

aHAMTHYHI (YHKIIT BIJHOCHO Majoro mapameTpa
>0

+

PO3LIMPEHOTO

2
Yhom.(x L g) = kél

[IpupiBasiemo  koedinientn mpu 10D B
olepxaHiii cucTteMi. bymemo MmaTtm Taki BEKTOpPHI
piBusHHES (i=1,2;k=13)

U.(t): e alx,e)p (x)-

(7
— A(x)e’ f(x, &)+ f(x,6) =0,
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U.(t): "7 B(x, & )p(x)p (x) -
- A(x)x (x,g)+ ea(x,e)=0.

ITpu

-2 _1
p_39 }/ 3

BEKTOPHI piBHIHHA (7) 3aMUIIEMO Y BUIITIAIL:

¢ (X (x.8)= 42|, (x.) - F(x.e)]
9 (X)eia(x,8) = Bl 8)=—4Bi2 (x,6),
(x ,3(x g) (4x+4)5, (x g)+ 4x8;, (x,g)= —,u3 ,3'13 (x,g),
o) (x)(x.2) = 1* [ (v.6) - aol.)]
o) (x)Ba(x.) + an(v.6) = ol
o) (x)B5(x.2) + (hx+ Dty (x,)— 4t (.2
1
ne u= &3

®)

=i an (x, g),

. TakuM cioco0oM, OITPUMAITH PETYIIIPHO
30ypeHy CHUCTEMY.

Po3B’s13kM 0THOPIHOI po3mMpeHoi cucteMu (8)
OOy IyeEMO y BUTTISIII PSITIB

zk(x 5) 25 ﬂlkr( )
(8).

%u@=§a%wa ©)

[lincraBumo psgu  (9) B
BU3HAYEHHSI BEKTOP-PYHKIIIH

aty, (x) = colomn(aty, (x). @z, (x), @, (x))
B (x) = colomn( By, (x). B2 (x). S, (x))

MH OJICPKUMO HACTYITHI PEKYypEHTHI CHCTEMHU
PIBHSIHB:

®(x)- Z, 4 (x)=0, r=0.12,
@(x)- Zikr (x) =- Z’ik(r—l) (x), r>3,

Tom s

(10)

ac

Zir (x) = COlomn(ailr (x), oy (x), i3y (x), By (x), Bir (x), B, (x))

,a
px) o0 0 0 0 0
0 ¢k o 0 0 -1
1o 0 ¢(x) —(4x+4)  4x 0
@)= 0 0 (po olxlp(x) 0 0 (11)
0 0o -1 0 o(x)e' (x) 0
4x+4 —4x 0 0 0 o(x)p (x)

O6uncanmo Bu3HauHUK Matpudi (11). B
pe3yabTaTI OJEPKUMO:

det CD(x) =

= (2 + 20000()0 2 () + 02 () (+)- o) 2 ().

Ha nanuii MOMeHT perynspusyroua QyHkiis ¢(x)

2023,2
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e He BU3HAaYeHA. ToMy BH3HAYHMMO ii SIK pO3B’SI30K
3amadi

16x2 + 8x(0(x)(0’2 (x) + (/)2 (x)(0’4 (x) =0,

2 -0

(p(x)gp'z (x) =—4x(x).

(4x+go

OTxe,
p(x)p?(x)=—4x=detA(x), (0)=0. (12)
Ilepmr HiIX TPOAOBKUTH  JTOCHI/DKEHHS 1
HammcaTd  PoO3B’s30K  3amadi  (8)  HEoOXimHO

po3iopatrcs i3 3HaKOM TIPAaBOi YACTHHH PiBHSHHL
IIpu BUKOHaHHI YMOBH

det A(x)=—a(x)>0

pO3B’sA3K0M Oynie PyHKIIis
olx)-p(x)* =-4x,

(40 -ple)=-2x,

dx

Z—(p-1/¢ix5:\/—4x,
X
1 X
I(pﬂ)C)d(p = I\/—4xdx,
0

3 X
Zp2(x)= J-«/— 4xdx,
0

:%j«/—4xdx,
0

x)={ %]‘mdxf .

o(x)=4x
¢'(x)=34.

Ockinbku det @(x)=0, To icHye HeTpuBiabHUIA
PO3B’s30K cuCTeMH (8) BHTIISTY

Zkr(x):

a(x)

LAY REVAS)

(13)

= colomn(O, L Bixo (x),
9 (x)
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ne ﬂiko(x),r=0,_2;i=1,2;k=ﬁ — 0 TIEBHOTO

MOMEHTY BiJIbHI,
xe [— O;l] .

JIOCTaTHRO TUIANKI (YHKINT TpH

3 saBHoro Burisiay mMatpumi (11) i po3B’s3ky
(13) BumHO, 0 cucTeMy (8) MOXHA pO30UTH Ha B
CHCTEMH

Va5, () i ()= @l (v)
4x-a,-2,( ) \/_xﬂm( ) B (r- l(x) o
{/ZaiSr(x)+4x'ﬂ' (x)za,%(r 1)(x) (15)

er() \/_xﬂzzrz

i cucTeMu HE3aIEXKHI OJHA BiJl OAHOI. AJle TIpH
NnoOyJOBI aCHMOTOTHKHA PO3B’S3KY PO3IIMPEHOTO
piBHSHHA BOHM OepyThb y4yacTb OJHOYACHO Ha
KO)KHOMY iTepaliiiHOMy KpPOIIi.

12rl

Po3B’smxemo JaHi CHUCTEMU. Cnouatky
pPO3TIsTHEMO IIi cHCTeMU Iipu r =3 . Bpaxysasmiu,

onepxkanuii po3B’s3ok (13), 3 cucrem (14) 1 (15)
OJICPKUMO

'

Vaas(o)- )= a;m(x)z[éﬂ,.m],

(16)
4x'0‘i23( ) \/_xﬂm( ) 130( )
i
a
%ai33(x)+ 4x- By (x)= (__vﬂﬂoJ ,
¢ A7)
—a33(x)+ %xﬂ;zs = f'in0-
Jocmigut OUTBII  AETaNbHO TIPaBi YaCTHHH
cucrtem (16) (17). HAns Ttoro, mo0 icHyBaB
HETpHUBiaNbHUN pO3B’s30k  cucteM (16) 1 (17)

HEOOXiTHO 1 IOCHTh, IIOO paHTH PO3MIUPECHHUX
MaTpHUIlh CIIBOAAAId 3 BIAMOBIAHAMH pPaHTaMU
MaTpulb LHUX cucteM [8]. s BUKOHAHHS [IUX YMOB
CKOPHMCTAEMOCH JIOBiBHICTIO QYHKILIH Sy (x):

i :(wix)ﬂm(x)]

i=12 (18)
%x ﬂl"so(x) ' ’ ,
4x '
Ax (_%ﬂiZO( )] s (19)

2023,2
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3 (18) mpm (ikcoBaHuUX i=1,2 OIEPKUMO

nudepeHiianbHe PIBHIHHS

4x+4

2B530(x) = “Pizo(x) =0. (20)

3 (19) mpwm (blKCOBaHI/IX i=1,2 o#epXUMO
nudepeHLianbHe piBHAHHS

—8x- Bl —(8+4x)B5 =0. (21)

B (18) i (19) rmamkumu po3B’s3kaMu OyIyTh

ynxuii Bio(x)= Bl Brolx) k=13,i=1,2, ne
B9 (x) NOBIMBHI  cTam, /., (x) YaCTHHHI,
JOCTAaTHBO THamki s Beix xe[0;1], poss’ssxu

OIHOPiTHUX piBHSIHB (10).

[pu TakoMy BU3HAYEHHi BeKTOp-DYHKIH Z,,(x)

ICHYIOTb  PO3B’SI3KM  HEGOAHOPIAHUX  CHUCTEM

anreOpaidaux piBHsHB (16) 1 (17) BuUrmsimy

L [Cz}() _4x e

“V e 4 A
6120 / Ci30

e e

ne By (x)i=12,k=1,3 0 HeBHOTO Yacy JOBi/IbHI,

Ci20

Zy, (x) = colomn|

= (22)

ee4

JIOCTATHBO IIaKi Ju1s Beix x e [0;1].

[Ipomomxkyroun nami po3B’sA3yBaTH iTepauiliHi
cucteMu anreOpaiuamx piBHsHb (16) 1 (17) mpum
r>3, METOJOM MAaTEeMaTHYHOI IHJYKIii MOXHA
MOKa3aTH, IO Ii CUCTEMH PIBHSIHb aCUMITOTUYHO
KOPEKTHI B TakKOMy CMHUCHI. SIKIo BuUMaratu
iCHyBaHHsI PO3B’s3KiB cucTeM piBHSIHB (16) 1 (17)

npu r =0; g, TO KOKHa 3 MUX CUCTEM IIpU » =0;g—1,

BU3HAYAETHCA 3 TOYHICTIO A0 JBOX JOBLIBHUX
CKAISIPHUX MHOKHHUKIB f9,(x), fKi yTBOPHOIOTH
JIOBUIBHMIA BEKTOp A4, = colomn|BY,, ﬁl%,).

Tpetiii QopManbHUI PO3B 30K PO3MIMPEHOL
cucremi (6)

+00
a)k(x,e) Z 7 a)kr(x). (23)
Jlns  BusHaueHHs BekTOp-QYHKIIH  ,, (x)
OJICPX)KUMO PEKYPEHTHI CUCTEMH PiBHSIHB
x) wylx)=0,
Ay (x)- @y (x) o)

4,(x)-0,(x) = 4(x)- @) (x) =@y (¥). 21

ne ,(x)=colomn(ay, (x), @,,(x), @y, (x)) — HeBimOMA
BEKTOP-(YHKIIISL.
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JlocmiauMo po3B’ 30K OHOPITHOTO PiBHIHHS
4(x)- @y(x)=0. B pe3ysbTati oTpuMaemMo @ (x) =0
1 CHCTEMY JTBOX PiBHSIHB:

@'y (X) = @y(x) =0,
3 1i€el CHUCTEMH OTPUMAEMO  HACTYITHE
nudepeHuianpHe piBHIHHS
4x- @'y (x) = (4x +4) @y (x) =0. (25)
Po3B’s130K piBHAHHSA (25) 3aITUIIIEMO Y BUTIISIIL:
0
(%)= @y x-e”,
e oy, — DOBUIbHA CTaA.

Ha w©acTtymHOMy Kpoui MH  OTPUMA€EMO
HEOJHOPIHY CHCTEMY piBHSHB. i po3B’sA30K Takox
Oyae MIiCTUTH OJHY JOBUIBHY CTaly @y .
[Ipomomxyroun nani po3B’si3yBaTH CUCTEMH PiBHSHb
(24) Oynmyemo Tpetiii (oOpManIbHHI PO3B’SI30K
cucteMu (6) y BUTIISAL Py

TakuMm 4YrHOM MU MOOyAyBaldW TpW JiHIHHO
HE3aJIeKHI PO3B’SI3KM UIA cucTeMH (2) y BHITIAAL
(dhopmabHOTO PSITY

Yiom (x,6) = 28{2 [a,k (), 1)+ B, (), (z)ﬂ n

=1

B (25)
+ Z &' o, (x).
3ByxkeHHs (25) mpu
2
t=¢ 3 4x
To0To, psin
Yhom (x.8)=

i=1

= §8r|:i|:a[k (x)U, (872/3 3 4x)+€%ﬂk,~(x)MH +

d(e7" -A4x)

+ +§O &’ o, (x).

=

€ (opmanbHUM PO3B’SI3KOM cUcTeMH (3).

TakuMm cnocoOoM, Temep MOXKEMO 3aIHcaTh
ACHMITTOTHKY JUTS 3araJibHOro PO3B’s3KY
cuctemu (3).

BucnoBoxk 1. Acumnmomuky  po36’s3Ky
00nopionoi cucmemu (3) npu euxonauni ymos Q1
ma Q2 mooicna 3anucamu y 8u2isioi psaoy

&mamazgﬂékk%@HOQ“ﬂm@”Vdﬂﬁ

-2/3

%[qr qﬂ}ﬂ@w ol(x)
e B \x)+0

e A o () (g ) a2 ox) i

+ EO & w,(x) + O(gq+l) (26)
r=0

National University of Kyiv
Series Physics & Mathematics
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5. BucHOBKH

Takum criocoboM B poOOTI MPOBENECHO aHai3
pe3yIbTaTIB 3 ACHMIITOTUYHOTO aHAJII3y CHHTYIISIPHO
30ypeHux 3agad 3 TOuKaMmu 3Bopotry. s
ONHOPINHOI  CHCTEMHM  CHHTYJSIPHO  30ypeHHX
qudepeHIlialbHUX PIBHAHL 3 MaJldM I1apamMeTpOM
Opy CTapIlii TOXigHIM 1 Toukor 3Bopoty (2),
ollepaHi yYMOBM Uil MOOYJOBH PiBHOMIpHO{
ACHMITTOTHKH PO3B’SI3KY.

PosrngHyTO BUMIAAOK, KOJH CIIEKTP TPAHUIHOTO
oreparopa MICTUTh KpaTHi 1 TOTOXXHO PiBHI HYJIO
€JIEMEHTH. ACHMIITOTHKA pO3B’s3KYy OyIyeETHCS
METOJIOM ICTOTHO OCOONMHMBHX (YHKIIH, SKAH
JO3BOJIIE B OKOJI TOYKH 3BOPOTY BUKOPHCTATH
MoensHui onepatop Eiipi.

KoHCTpyKIliET ~ aCHMOTOTHYHUX  PO3B’SI3KIB
MICTUTh JOBINBHI  CTam, $Ki  BH3HAYAIOTHCS
ONHO3HAYHO MiJA dYac pO3B’s3aHHS IiTepalliftHuX
piBHSIHB. Teopemoro 1 BH3HAYeHO YMOBH iCHYBaHHS
PO3B’SI3Ky CcHCTeMH Au(EepeHIiaIbHUX 3 MaJluM
mapamMeTpoM TpW CTapliiii MOXigHIH Ta TpH
HasBHOCTI TOYKH 3BOPOTY, 3a YMOBH, L0 TOYKa
3BOPOTY MICTUTHCSA Ha iHTepBadi [0;/]. PosrmsayTo
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NpUKIa7 TOOyJIOBH ACHMITOTHKH  OJHOPITHOT
cucreMu  nudepeHmiadbHuX — piBHIHE  (3) 3
BiJNOBITHUMHU YMOBaMH Ha KOE(illiEHTH.
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