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H. O. Apcbkuit N. O. Arskyi

Teopernko-anciosi pyHKIIT 11 MiIMX Number-theoretic functions for Gaussian

rayCoBHUX YHCEJI integers

Vkpaiucekuii dizuko-maremarnaauit Jineit Ku-

TBCHKOI'0 HAIlOHAJbHOrO yHiBepcuTery iMmeni Ta- Ukrainian Physical and Mathematical Lyceum of
paca IlleBuenka, 03022, m. Kuis, np-T ['mymkosa Taras Shevchenko National University of Kyiv,
6, 03022, Kyiv, 6 Hlushkova Avenue,
e-mail: nikita.arskiy.25@gmail.com e-mail: nikita.arskiy.25@gmail.com

Kaacuuni meopemuko-wucaosi Gynkuii: kiavkicmo diavnurie T(n), cyma disvnurie o(n) i doby-
mok diavHukie m(Nn) wucAa N — Y3a2aAbHI0MBCA Ha Kiavye L[i] yiiuz sSaycosux wucea. aa obuu-
caenna 6idnosionur gynkuitd 7 (a), o, () i () odeporcarno asni dopmyasu, WO BUKOPUCTIOBYIOMD
KaHoniunutl po3kaad wucaa . Hocaidoceno pad saracmusocmeti yux Gynkyit, 30Kpema, OuinKy 320pU
ons pynruit 7 () 1 o) (@) ma eaacmusocmi, nos’azani i3 NOJALHICMIO 3HAUENL YUT PYNKUIT Ha
ME WU THULL HUCAG. L[0CAT0ANCYIOMBCA MAKONC BAACTNUBOCTNE cYM JobYMKI6 cmenenié JALHUKIE YUCAA
a € Z[i].

Karonosi caosa: uini s'aycosi wucaa, JiAbHuK, KiAbKICMb JIALHUKIG, CYMG JlAbHUKIG, d00YmMok
DIABHUKIS.

The classical number-theoretic functions—a number of divisors T(n), sum of the divisors o(n) and
product of the divisors m(n) of a positive integer n—were generalized to the ring Z[i| of Gaussian
integers. For the evaluation of the corresponding functions 7*(a), o, () and 7* (), obtained were the
explicit formulae that use the canonical representation of a. A number of properties of these functions
were studied, in particular, estimates from above for the functions 7*(«) and o}, () and the properties
connected with divisibility of their values by certain numbers. Researched are also sums of products of
powers of the divisors for o € Zi].

Key Words: Gaussian integers, divisor, number of divisors, sum of the divisors, product of the
divisors.

Communicated by prof. Bezushchak O.O.

Introduction began to develop. In particular, for Z[i] there was
no study of the properties of the natural number-
theoretic functions—the number, sum and product
of the divisors—that play a great role in classi-
cal number theory. In this paper, we partially
complete this gap.

Gaussian integers, i.e. complex numbers of
the form a + bi, where a,b € Z, were introduced
by Gauss in the late 1820s in his studies of
the law of biquadratic reciprocity [1]. Then he
explored a number of their properties: relation
of divisibility, unit divisors, primality criteria for
Gaussian integers, residue classes, multiplicative
orders, primitive roots, and proved an analogue The ring Z[i] of Gaussian integers is a subset
of the fundamental theorem of arithmetic |2].

After Gauss, these numbers were used in studyi[n]g Zli] ={a+bila,b e Z}
of multiple number-theoretic issues (particularly of the field C of complex numbers. Further we
effectively for researching solvability of certain present (without proof) only a few properties of
classes of diophantine equations), as well as in this ring that we need (one may have a more detai-
other mathematical branches, for instance, in the led view of these properties in [3], [4], [5]).

theory of elliptic functions. However, there was in The invertible elements of the ring Z[i] are
fact no systematic research of the ring Z[i], especi- called units. There are exactly four of them:
ally since in the middle of the XIX century the 1,—1,4, —i. Gaussian integers o and S are called
much more general theory of algebraic numbers associates (which is denoted by a ~ ) if 8 = ve,

The ring Z[i] of Gaussian integers

© H.O. Apcekuit, 2023
11



Bicnux Kuiscvkoz2o nayionanrvbro2o yrisepcumemy
iment Tapaca Ilesuwernra
Cepia: Pizuro-mamemamusri HAYKY

where v is a unit. Note that associates have the
same divisors.

For a Gaussian integer a@ = a+ bi, the number
N(a) = a? + b? is called the norm of a. The
complex conjugate a — bi of « is denoted by @.

They say that a Gaussian integer « is divisible
by a non-zero Gaussian integer 3 (or, equivalently,
B is said to divide «, which is denoted by 3 | «) if
there exists a Gaussian integer «y such that o = 3.
In this case, 8 is called a divisor of a.

Proposition 1. A Gaussian integer S divides a
Gausstan integer o if and only if 5 divides @.

The divisors of « of the form +1, +i, o, fia
are called trivial. All the other divisors are called
non-trivial. Gaussian integers +1 and +¢ have
exactly 4 divisors each. All the other non-zero
Gaussian integers have at least 8 divisors.

A common divisor of two Gaussian integers «
and S that is divisible by all their common divi-
sors is called a greatest common divisor. Every two
Gaussian integers o and 5 have exactly 4 greatest
common divisors, and these divisors are associates.
A non-zero Gaussian integer is said to be prime if
all of its divisors are units or its associates.

Two Gaussian integers are said to be relatively
prime if their greatest common divisors are units.

Theorem 1. FEvery Gaussian integer a with
N(a) > 1 can be factorized into primes in a uni-
que way up to the order of the factors and their
associativity.

Proposition 2. A Gaussian integer a + bi is di-
visible by 1 + 1 if and only if the numbers a and b
are of the same parity.

Theorem 2. Fvery Gaussian prime p satisfies
one of the following conditions:

1) p is an associate of 1 + i;

2) p is an associate of a prime positive integer
p =3 (mod 4);

3) the norm N (p) is a prime positive integer p = 1
(mod 4).

Proposition 3. Two non-zero Gaussian integers

a and @ are associates if and only if one of the

following conditions is satisfied:
Rea = 0;

Ima = 0;

\V)
NN NI

Rea =Ima;

~~ ~~ —~

Rea=—Imoa.
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Proposition 4. A Gaussian integer o # 0 is an
associate of its conjugate if and only if there exists
a positive integer m such that o™ € Z.

The number of divisors of a Gaussian
integer

Consider € Zi],Na) > 1.
theorem 1, there exists a representation @ =
ppitps? -+ - pp¥, where pis a unit and py, p2, . . ., p
are non-associate Gaussian primes. We call this
representation canonical.

By 7*(a) = >_ 1 we denote the number of di-
e
visors of o # 0.
Theorem 3. If a = upi* p3?
cal representation of «, then

By

(%

- ppk s the canoni-

k
™) =4]] (a; +1). (5)
j=1
Zosedennsa. Taking into account the uniqueness
of the prime representation (theorem 1), one can
rewrite every divisor § of the number a uniquely
as follows: 6 = vp{'p3?--- pi*, where v € {£1; £i}
and 0 < ¢; < a; for all j. O

Proposition 5 (properties of the 7* function).
(a) 7™ () is divisible by 4;

(b) 7" (a) = 4 if and only if « is a unit;

(¢) 7*(a) = 8 if and only if « is a Gaussian prime;
(d) 7™ (a) = 12 if and only if o is an associate of
a square of a Gaussian prime;

(e) if a is a Gaussian prime and ¢ € Nypu ~ 1,
then 7" (pua®) = 4(c + 1);

(f) for every positive integer c that is not equal to
1, there exist infinitely many numbers o, such that
() = 4e;

(9) 7 (@) = 7"(c).

Jlosedenns. Propositions (a)-(f) follow from the
definition of the 7* function and theorem 3.
Proposition (g) follows from proposition 1. O

*
*
*

Proposition 6. 7%(«a) is not divisible by 8 if and
only if a is an associate of a square of a non-zero
Gaussian integer.

ay a2 (0

Losedernsa. Necessity. Suppose a = pupi'pg® -+ p*.
If 8 + 7"(«), then in (5), all the factors
ar + l,ae + 1,...,ax + 1 are odd. Hence,
.,a are even, and « is an associate of
ak/2 2
P .

ai,az, ..
2 as/2
(g
Sufficiency follows immediately from equality
(5). O
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Proposition 7. For every Gaussian integer «
that is divisible by 1 + i, the following inequality
holds:

) <

with equality if and only if o ~ 2.

(v 6|«

Lemma 1. For all positive integers n, the
mequality 3( 22)n > n + 1 holds with equality if
and only if n = 2.

osedenns. Forn < 3 the statement of the lemma
can be easily checked. The next part of the proof
is done using induction. Since (n+1)-v/2 > n+2
for all n > 3, we have

3(V2)"

3(ﬁ)n+1 . . \/5 -

2
>(Mn+1)-vV2>n+2

O

Lemma 2. For all non-negative integers n, the
inequality (v/5)¢ = n+ 1 holds with equality if and
only if n =0.

osedenns. For n 0, the statement of the
lemma is true. The next part of the proof is done
using induction:

(VB! =
> (n+

Proof of proposition 7. Let a be divisible by
1+ ¢. Then the canonical representation of « is of
the form p(1 4 4)%p]* p5? - - - pi¥, where a > 0.

If p is a Gaussian prime that is not an associ-
ate of 141, then theorem 2 implies that N(p) > 5.
For this reason, |p;| > V5 for all j =1, k. Applyi-

ng lemmas 1 and 2 we obtain:

(VB)" V5 >

1)-vV5>n+2. O

6laf = 61 +4|"|p}"[|p3%] -

> da+1)(ar +1)(az +1) -

’pk | >
(VB)™ >
(ap +1) =7 ().

>4.

In the foregoing inequalities, equality holds if and
only if a = 2 and k = 0, i.e. if a = pu(1 +14)? ~
~ 2. O

Proposition 8. For every Gaussian integer «
that is not divisible by 1 41, the inequality

() <

holds with equality if and only if a ~ 1.

4le|
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The proof of this proposition is analogous to
the previous one.

Theorem 4. For any non-zero Gaussian integers
a and B the inequality

* 1 * *
m™(af) < S7H()T(B)
holds with equality if and only if o and 3 are relati-
vely prime.

Jlosedenns. The statement of the theorem is true
if at least one of the numbers o and 3 is a unit.
Now suppose none of o and [ is a unit and

_ b1 bo
vpy pe e

a1 as

b
a=ppiipst .. pt, B= Py

are their canonical representations. Then af =

_ a1+b1 az+ba ap+by
= Up; P2 et P

Since the exponents are non-negative, we have
(aj +1)(bj +1) = ajbj +aj +bj +1>a; + b +1
with equality if and only if a; = 0 or b; = 0, which
implies:

, where ¥ = pv ~ 1.

™(af) = 7* <p¢111+b1 as+bz .ka"Fbk) —
k k
=4]](a; +b;+1) Ha]+1 (bj +1) =

j=1

k
Ha]—F

k

04T+ 1) = g @) (6).
t=1

Equality holds if and only if for all j, either a; = 0
or bj =0, i.e. if a are 3 relatively prime. O

Corollary 1. Two non-zero Gaussian integers o
and [ are relatively prime if and only if T*(af) =
— 1r(a)7 (8).

Corollary 2. If ay,ao,...,q, are relatively pri-
me Gaussian integers, then 7 (a1ag -« - ay) =

= 471%17'*(041)7'*(042) T ).

Corollary 3. For every positive integer m, the
inequality

holds with equality if and only if « ~1 orm = 1.
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The sum of the divisors of a Gaussian
integer

For a Gaussian integer v # 0 and a positive
integer m by o7, («) we denote the sum o}, («)
= 3" 0™ of the m-th powers of the divisors of a.

e
Proposition 9. If m is not divisible by 4, then
s (a) = 0.

m

Hosedenna. If B is a divisor of «, so are
—B, i and —iB. Hence, the set of di-
visors of «a breaks down into quadruples:
(01, —01,101, —i01), (d2,—02, i&g, —i02), ...,

(8K, — Ok, 96y, —idg) , where k = 17*(c). If m is not
divisible by 4, then the sum of the m-th powers of
each quadruple is equal to 0. ]

g

Theorem 5. Suppose o o4 1. If the canoni-
cal representation of a is of the form «

pp it ps? - pe¥, then for every positive integer m,
k 4m(a1+1) -1
U4m H (6)

j=1

Hosedenna. Every divisor of « is of the form
vpi pst - pit, where v € {£1;4i} and 0 < ¢ <
< a; for all j. Note that vim =1,

The right-hand side of the equality (6) can be

rewritten as follows:
b 4
A+1+1+D) ] O+ +pf" + . 4+ 0.
j j
o

After opening the brackets, we obtain the sum of
all numbers of the form

Amcy,

k

4dm 4dmer 4dmes .

vepr o pPe

Y

where 0 <
m-th powers of the divisors of «.

¢j < aj; for all j, i.e. the sum of the
O

Note that (6) implies that if « ~ [, then
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Proposition 10 (properties of the o}, function).

(a) o}, () is divisible by 4;
(b) 0},,() =4 if and only if o ~ 1;
(¢) if o is a Gaussian prime, then o}, (o)
=4(a?™ +1);
) if a is a Gaussian prime, then o}, ((pa)€) =
= o, (a®) for any c € N and p ~ 1;
) 03 (@) = T (@)
) if & and @ are associates, then o}, (o) € Z.
Jlosedenma. Propositions (a)-(d) from the defini-
tion of the o}, function and theorem 5.

(e) This follows from proposition 1.

(f) Applying propositions 10.e and 10.d, we
obtain:

(d
(e
(f

Tim (@) = 04 (@) = 04, () = 07 ().

Hence, o}, (@) O

Proposition 11. o}, («) is not divisible by 4(1 +
i) if and only if either o or (141)a is an associate
of a square of a Gaussian integer.

Proof. It can be easily seen that for a ~ 1,
this proposition holds. Now suppose o ~ 1 and
o = ppitpy? -+ - pi* is the canonical representation
of a.

From formula (6), we see that the number
o4 (@) is not divisible by 4(14-¢) if and only if for
all j, the sum 1+ p4m + p?m +--o 4 p?ajm is not
divisible by 1 + 3. If pj ~ 1+ 1, then this sum is
not divisible by 1+ 4. Hence, the divisibility of the
number o}, () by 4(1 + ) is influenced only by
the exponents of those primes from the canonical
representation of a that are not associates of 14-4.

If pj »» 144, then (1+1) ¢ p?m. Suppose
p?m = sj +t;i, where s;,t; € Z. Then by proposi-
tion 2, the numbers s; and ¢; do not have the
same parity; hence, the numbers s; + 1 and ¢;
are of the same parity. Thus, by proposition 2,

Tim (@) = 04, (B)- (1+ Z)\(pglm + 1). Notice that
4(a;—2 da;m .
L gt g L) (L piE“f_I;m) + oM™ 2 | ay;
’ ’ (1+p?m)(1+p§m+"'+9ja] m) if 21 a;.

From this we obtain that the sum 1 + p?m +
+ P87 4+ p; ™™ is ot divisible by 1+ if and
only if the number a; is even. Hence, 4(1 + 4) ¢
o, (@) if and only if in the canonical representati-

on of «, all the primes that are not associates of
1+ ¢ have even exponents, i.e. if and only if there
exists B such that pp{'p3?---pi* ~ B2, or, equi-
valently, a ~ (1 + )52 O

14
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Proposition 12. o} («) is divisible by 8 if and
only if neither o nor (1 + i)a is an associate of a
square of a non-zero Gaussian integer.

Hosedenns. Necessity follows from the previous
proposition and the fact that 4(1 4 7)]8.
Sufficiency. Suppose neither a nor (14 i)« is
an associate of a square of a non-zero Gaussian
integer and the canonical representation of « is
of the form pp{*p3?---py*. Then there exists a
number [ such that p; » 1+14 and the exponent q;
is odd. The odd parity of a; implies that for any
positive integer m the following equality holds:
L4 pf™ +p) " 4o+ "
= (L p{™) U+ pf™ o plo T,

Hence, (1+pf™) | (14+p{™ +pf™ +- - -+p}"™).

Suppose p/* = s + ti, where s,t € Z. Since
(1+14) 1 pJ", by proposition 2, the numbers s and
t do not have the same parity. Therefore, on the
right-hand side of the equality

L+ pfm™ =14 (s +ti)!
= (14 s +t1) — 65°% + (453t — 4st?)i,
each of the numbers 1 + s* + ¢4 and 453t — 4st3
is divisible by 2. Thus, 2|(1 + p;™), which implies

that 2|(1 4 p{™ + pf™ + -+ + p ™).
Therefore, on the right-hand side of (6), aside
from 4, there is one more factor that is divisible

by 2. Hence, o}, () is divisible by 8. O

Proposition 13. For all non-zero Gaussian
integers o and positive integers m, the following
wnequality holds:

|Thm ()] < [l (7(@) — 4) + 4.

(7)
In (7), equality holds only for o ~ 1 or a ~ p,
where p is a prime positive integer of the form
4k + 3; and when m is even, it also holds for
a~ (1+419).

Hosedenna. If a ~ 1, then for all positive integers
m, we have:

[Ohm ()| = 4 = [a[""(T"(a) = 4) + 4. (8)

Now suppose a ~ 1. Then the number « has
exactly four divisors whose absolute values are
equal to 1, and the absolute values of each of the
rest (there are 7%(a) — 4 of them) do not exceed
|ae|. Hence,

i) = | 36| <
O
<YW < fal (7 (@) = 4) +4. (9)
Jre%
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To prove the second part of the proposition,
we only need to consider the case when a ~ 1.
Note that for each divisor § of a Gaussian integer
a, the inequality |6 < |a| holds with equality if
and only if 6 ~ a.. Hence, in inequality (9), equali-
ty holds if and only if the divisors of « are the units
and the associates of a only, i.e. if « is prime.

Therefore, it only remains to check for what
primes « equality (8) holds. Since « is a Gaussian
prime, then (8) implies that

o5 ()] = 4™ + 4] = 4]a*™| + 4.

This and the triangle inequality for complex
numbers imply that o™ € Z. By theorem 2, this is
possible only if & ~ p, where p is a prime positive
integer of the form 4k + 3, or if o ~ 1 + 4.

It can be easily checked that in the first
case, the equality in (7) holds always, and in
the second case, o*™ = (—4)™ = (-1)m4™,
Hence, |o},,(a)] |(=1)m4™*t + 4|, while
la[4™(7%(a) — 4) + 4 = 4™ + 4. Therefore, the
equality in (7) holds only if m is even. O

Theorem 6. For any relatively prime Gaussian
integers a and f3,

1
Tim(@f) = 1 04m (@) 04m (5)-

Jlosedenns. The statement of the theorem is true
if at least one of the numbers o and S is a unit.
Now suppose a = pp{'p5? - -- pp* and =

= 1/511’1 32 .- ~§lbl are the canonical representations
a of 8. Since o and B are relatively prime, all the
prime numbers p1, p2,...,pr and &1,&,...,& are
non-associate. Hence, every divisor of the number
af is of the form ¥p{*p5?--- pi* - brghs. -flbl,
where 1 ~ 1. Then we have:

ko dm(a;+1) 1! §4m(bt+1) _1
Oim(aB) = 4]~ t =
" 31;[1 p?m -1 & -1
]‘ *
= EUZm(a)G4m(ﬁ)' L

Corollary 4. If a1, ao,...,ay aren relatively pri-
me Gaussian integers, then o}, (jag---ap) =

= M%lgzm(al)aikm(a2) e sz(@n)-

The product of the divisors of a
Gaussian integer

For a Gaussian integer o # 0, by 7*(«) we

denote the product 7*(ar) = []0 of its divi-
Jres

sors. Note that if « and [ are associates, then

7 (a) = 7 (6).
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7 (a)

1
* az
Q (a) = { 1 ()

Theorem 7.
—Q2

Jlosedenmna. 1If B is a divisor of «a, so is a/f. Let

51, B2, ..., BT*(Q) be all the divisors of o. Then we
have:
* « (@ «
™ (a) = By = — - )
(@)= 1Pz Bre) B B2 Bre)
Hence,
« 2 a o
™ (& = D)t o —
(7" ()" = B1B2 - Bre(a) B B B

:a.a...a:aT*(a)‘
—_——
7 (a)
By theorem 3, the number 7*(a) is always
even. Therefore,

(o) = az™ (@ o ™ (o) = —qz7 (@) (10)
The set of divisors of a naturally breaks down

into quadruples:

(517 _617 iéla _251) 9 (627 _527 Z.527 _1(52) 9 LI}
(0, — O, 10k, —id) , where k = ir*(a). Suppose
0109 - - -(51 *(a) = ~. Then
'r (a
) - (id5) - (—id;)) =
7j=1

(@) 4

= (_1)4

Now we consider 3 cases:

1) aris not an associate of a square of a Gaussi-
an integer. Then by proposition 6, 8|7*(«), so
the number 47' *(av) is even. Hence, (11) implies
that 7*(a) = 4%, and from (10), we obtain either
v = a3 (@ or v = —a37 (@) The second equali-
ty is impossible, since —1 is not a fourth power of
a Gaussian integer.

Thus, in this case, 7*(a) = az™ (@)

2) a = iw? (that is, @ is an associate of a
square, but is not itself a square). Propositions 5.a
and 6 imply that 4|7*(«), but 81 7*(«). Hence,
the number 17*(a) is odd and (11) nnphes that
™ () 7%, Besides, a2 (@)@ =
—w™ (@) Therefore, it follows from (10) that
it is either —y* = —w™ (@ or —y* = W™ (®), The
second equality is impossible, since w (@) g g
fourth power of a Gaussian integer, while —1 is

not.
o thi * 37 (a)
Hence, in this case, 7*(a) = a2

(11)

_ a)_ZQ

as well.
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if a is not a square of a Gaussian integer;

if a is a square of a Gaussian integer.

3) a = w2 By proposition 6, 8 { 7%(a), so
the number 17*(a) is odd and (11) implies that
7*(a) = —y1. Relation (10) now takes the followi-
ng form: —A% = a3 (@ or —yt = —a3T(@), By
analogous reasoning, we now obtain that the first
equality is impossible.

Thus, in this case, 7 (a) = —q27 (@)

O
Proposition 14 (properties of the 7* function).
™ (a) = =1 if and only if « is a unit;

7*(a) = o if and only if a is a Gaussian pri-

Jlosedenmns. Propositions (a) and (b) follow from
the definition of the 7* function and theorem 7.

(c) If the divisors of a are d1,02,...,0:+(q),
then by proposition 1, the divisors of @ are
61, 09, <y 07 (). Hence,

Proposition 15. 7*(«)
and (B are associates.

7(B) if and only if

Losedenna. Sufficiency follows from the fact that
« and 8 have the same divisors.

Necessity. Suppose 7*(«) 7*(5). Then,
in particular, every prime divisor of « is a di-
visor of 5, and vice versa. Hence, the canoni-
cal representations of @ and 8 are of the form
o = ppitpy? - ppF and = vphiph? .. pZ’“, where
all the exponents are positive. Since 3™ (@ =
lT*(ﬂ) Or aé () —

2
5 2 , then

T (a)ay,

a3 (@ = 37, T<a>“1... —

1
2
k

L«
_ iBQT “(B) — j:VQT (B) T*(B)b1 N ~p,§ (,B)bk‘

, the equality a;7* (o) =
az ap _ 7(B)
by T b T ()"
> 1 were true, then for

ai

Thus, for each j =
b;7*(B) holds. Hence, ¢

(8)
()
each j = 1,k, the inequality a; > b; would
hold. But then, contrary to the initial condition,
7*(a) > 7%(B). In the same way, an assumption

a2 — ...

If the inequality Z
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that ::gg; < 1 leads to a contradiction. Thus,
a1 =b1, ..., ar =bg, and o ~ . O

Proposition 16. 7*(«) € Z if and only if o ~ @.

Hosedenna. By propositions 14.c and 15, we have:

™(a) = (a) < 7 (a) = (@) <= o ~al

Sums of products of divisors of a
Gaussian integer

In this subsection, numbers k, m,n,u,v,w,a,b,c,
ai,as,...,a are positive integers, a # 0, and
k < 7"(a). We fix the divisors of « in a certain
order 41,02, ...,07+(4), and introduce the followi-
ng notation:

(@) = > AT A
1<a1<az<...<ap<7* ()

Phm(@) = > L

m ST o

1<a1 <ag<...<ap<7*(a)

Note that s7,,(a) = o7, (@), S7e(a) () =

— (ﬂ*(a))m7 p:*(a)7m(a) = W.

Proposition 17.

>

1<a,b<7* ()
ab

040y = oy(a)oy (@) — oy py(a).

Hosedenns. This follows

below:
oh(a)oy(a) =) 6> =

from the equalities

[ [
=> &ty > susy =
e 1<a,b<m* ()
a#b
=on,(a)+ > 8L

1<a,b<7* ()

ab O
Corollary 5.

3 1 ou(a)oy(a) —o, (@)
uSv Ut :
1<a,b<r* (a)ab @ b

Propositions 17 and 9 imply

(03 (@)* 03, (a) _

Corollary 6. s3,,(a) = ==
0 ifm=2n—1;
= { —Zin() if m=dn —2;

(03(0)*05(@) i — g,
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Proposition 18.
Y Guaed = on(@)as(a)or,(a)—

v w
1<a,b,e<7* ()

a#bb#c,c#a
— Ot (@) 0y (@) = 03 (@) o (@) —
_U:—Fw(a)o-:;(a) + 20;+v+w(a)'

Hosedenns. This follows from proposition 17 and
the chain of equalities:

(@) (on(a)oy(a) —

=D v Y oy =

O 1<a,b<7* ()

a#b
D

Suoy +
1<a,b<7* ()
a#b
= oy yuw(@)oy(@)

_O'ZJerrw (a) +

O-Z-i-v (Oé)) =
> sutvey+

1<a,b<7* ()

aFb

2.

1<a,b,e<7* (o)

a#b,b#c,c#a
- Uz+v+w(a) + UZ(O‘)U;er (a)_

> supey.

1<a,b,c<7* ()

a#b,b#c,c#a [l

SuoysY =

Corollary 7.

Y e = e (k@) (@) (o)

duOYsw
1<a,b,e<7* (o) a”b-c
a#b,b#c,c#£a

O (@) (@) = oy (@)oy (@) =
—0p (@) (@) + 20741 (0).

Corollary 8.

>

1<a<b<7* ()
1<e<m* ()
c#a,c#£b
—207,()oy, (@) — 05, (@) (a) + 2054, (a)).
Corollary 9.
1 1 * *
Z SUSUSY  9q2utv ((Uu(a))QUU(O‘)_
a“b"c

1<a<b<r* ()
1<e<7* (@)
c#a,c#£b
—207(a)oy () = o3, (@)oy (@) + 205, ., (a)).

Propositions 18 and 9 imply

850408 = 5 ((oh() o ()

N =

Corollary 10.

$3.m () =
_ (o3(@))® = 3op ()03, (@) + 20%,,, ()
6
B (Ufn(a))3—3Ufn(04%03m(06)+20§m(04) if m = 4n;
B {0, otherwise.

17
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Proposition 19. (b) This follows from (a) and the chain of
‘(o) equalities:
S (03
(@) Pl () = 2, .
(b) if 7(a) > k.k € N, then (m(e)) ™ sfm () _
()™ 5% () b (@) o SneT - 5m
Skam () = CO - 3 %2 e
. e 1<a1<az<...<ap<T* (@) 63}523 o 627“
(¢) if ™" (a) > k,k € N, then = =
— msm ., 8§ —
(a)kmp** N (Oé) - Z 5(115(12 6a_r*(a>,k
Ph.m (@) = ( T( (a)))jn = 1Sa1<az<...<arx(a) -k <T*(a)
’ T &~

. . : = 5:*(a)—k,m(04)-
Hosedenna. (a) If 6 is a divisor of «, so is §.

Hence, Proposition (c) follows from (a) and (b). O
Shm(Q) AT L
akm Z akm -
1<a1<az<...<ap<7* ()
D S
1 2 k

1<a1<a2<...<ap<t* ()

Proposition 20 (the recurrence formula for s}, ).

k—1
* 1 k *
Sht1,m (@) = k1 ((—1) k+1 )+ Z Sk 1m (@ )‘7(1+1)m(a))- (12)
1=
Hosedenna. Let by,by,...,b, be distinct positi- From this, we obtain the following equalities:
ve integers, where 1 < by1,bg,..., 0 < 7%(a).
By ¢ .,.(«), where ¢ € N~ {1}, we denote the Skom(@)om (@) = (k 4+ 1)sp 11 (@) + o m(@);
f01£OWHEg )Sum: Z semgmsm 5m Sl:fl,m(a)USm(a) = qul,?),m(a) + qz,2,m(a);
o) = Lo gm
T.c.m b s bk Sk—2,m ()03, (@) = Qg 4 (@) + 1 3.m();
1<ba<bs<...<bp <71 (a)
1<bi1<7* ()

b17#b2,b1#£b3,...,b17by

s7 (a)or, (o) = qf o)+ qs ),
Note that ¢ ., (@) = 0%, (). Then we have: Ln( )Tk (@) = @1 k1, (@) + G m (@)

SZ,m(a)ofn(a) — which imply:
:( 3 5 g . 5m> S (@)07(0) = ST (@) F(0) + o+
1501 <o <oi<r (o) D)8 0 (@) (0) = (5 + 1)1 () +
(25m> ( + 1)5541.m(0) + Ghgm(0). D)1 g1 (@) = O 1))+

la (Dot ().

Sk (@)oo () = (Z (5“”) X Hence,

Jres

*
k
x ( > AT 6::;) = —i1m(@)3p(@) + -
1<a1<az<...<ap<T* * * *
a1<az ap<T (?) ) co ( 1)k 181 m(O‘)C’km(O‘) + (_1)ka(k+1)m(a)7
— 5C+ )m6m5m5m+
Z b1 b2 b3 b

1<by <bz <...<bp<T*(a) which immediately implies (12). O

1<hi <7* (@)
b1#ba,b1#bs,...,b1 by,

cm sm sm m
+ > Opm ooy - Oy =
1<b2<b3<...<bk+1<T*(a)
1<bi1 <7 ()
b1#b2,b17b3,...,b1# bk 11

= q;:,c+1,m(a) + q;:—l—l,c,m(a)'

18
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Proposition 21 (the recurrence formula for py ).

k _x
1 (_1) k+1

(

Hosedenna. Propositions 19.a and 20 imply:

pl:Jrl,m(a) = k41 alk+1)m

SZ—i—l,m(a)
ak+1)m

k _x
W((—l) Okt 1ym (@)

s <a>az‘l+l>m<a>) -

Sk—lm

szrl,m(a) -

1

— k _x*
= it Dalkrim ((—1) O (et 1ym (@) F

—

. <—1>la<k”mpz_l,m<a>az‘l+l>m<a>)=

T
=

k_x
1 (1) a(k+1)m(a) n
Tk +1 ak+1)m
+k 1 pk lm(a) ?H—l)m(a))
all+1 ’
=0 m O
The definitions of the s,‘;,m and p;m functions

immediately imply

Proposition 22. If the numbers o and [ are
associates, then

*
k,m

Skm (@) = $tm(B) and p (@) = pf, (B).

Proposition 23. For all o sp,.(@) = s} ()
and  pj, ., (@) = pj; . ().

Hosedenns. This follows from the fact that if the
divisors of v are 91, 02, . . ., 07+ (), then the divisors

of @ are 61, 09, ..., 07 (a)- O

Proposition 24. If a and @ are associates, then
Si.m(a) € Z and py, . (o) € Q.
The proof is analogous to the proofs of

propositions 10.¢g and 16.

Proposition 25. If m is odd k is not divisible by
4, then s; . () =0 and py . (o) =0

Hosedenna. Let m be odd. Consider the following
polynomial:

P(z) = H (x — ™).

O
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k— 1

1)'pi L ([ 1) ()

+ a+1)m

)

=0

By Vieta’s theorem,

(@)
P(z)=a" @+ > (=1)s] ()7 )
j=1

Since the set of divisors of o breaks down into
quadruples:

(01, —01,901, —i01) , (92, —02, id2,

(5]67 _5k7 Zék’) _Z(Sk‘) 9

—id2) ,

where k = 27%(c), then the polynomial P(z)
can be rewritten as follows:

%T*(a)

[ (&=~ (=6;)™)x

j=1
X (x = (i6;)™) (2 = (=id;)™))-

The odd parity of m implies that

P(z)

(= 67") (2 = (=6;)") (& — (id;)™) (z — (=i6;)™) =

l’ 54m
Hence
@)
P(z)=a™ @ 4+ Y (=1)s},,(a)a” (07 =
j=1
i‘r*(a)
= (z* — 6™).

Thus, in the polynomial P(z), coefficients of
the terms whose exponent of z is not divisible by
4, are equal to 0. Hence, if 4 { k, then s} (o) = 0.
By proposition 19.a, pzym(a) =0 as well. O]

Proposition 26. If m =2 (mod 4) and k is odd,
then s, (o) = 0 and p} (o) = 0.

The proof of this proposition is analogous to
the previous one.
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Proposition 27. Suppose 5 | a. If §1, 0o, ..., 67(%)
are all the divisors of « that are divisible by 3, then

(@) ) SIS S =
1<a1<a2<...<ap<7*(§)
km _x @
= S - 7
B k,m (B)
1 Prm(3)
(b) g gm g
> mom o pF

1<a1<az<...<ap<7*(§)
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The proof follows from the fact that if « = 3,
then all the divisors of a that are divisible by 3
are of the form (4, where 6 | 7. O
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Busuaromuvea HECKIHYEHHO SUMIPHT GHANA02U KAGCUNHUT cynepanzedp JIi Had arzebpurHo 3amKHy-
MUM NoAEM HYAL0BOT xTapaxmepucmuku. Hexati I — neckinuenna mmoorcuna. Y pobomi posessdaro-
mucsa aneebpu Moo (I) neckinwennur I X I mampuys nad nosem F, axi micmams avwe ckinuenny
KIADKICTNb HEHYADOBUT EAEMEHMIB, Ma Nno6 asani 3 numu cynepanzebpu JIi gl (11, I2) ma slo (11, I2),
axa e Komymamopom aseebpu glo (11, I2), das nenopoorcniz nidmmootcun Iy ma Iy muoorcuru I, wo ne
nepemunaromuvea. A maxoorc onucyromocesa dugdepenyitosanna cynepaszebpu JIi sl (11, I2).

Karomosi caosa: udepenyitosarns, HECKIHUeHHO sumipha arzebpa, cynepanzebpa JIi.

We study infinite-dimensional analogs of classical Lie superalgebras over an algebraically closed
field F of zero characteristic. Let I be an infinite set. For an algebra My (I) of infinite I x I matrices
over a ground field F having finitely many nonzero entries, we consider the related Lie superalgebra
gl (11, I2) and its commutator sl (11, I2) for a disjoint union of nonempty subsets I1 and Iy of the

set I; and we describe derivations of the Lie superalgebra slo (11, I2).
Key Words: Derivations, infinite-dimensional algebra, Lie superalgebra.

Communicated by Anatolii Petravchuk

Throughout the paper all vector spaces are
considered over a ground field I of characteristic 0.
By a superalgebra, we mean an algebra

A= Ag —+ Ai
graded by the cyclic group of order 2, and

A;4; C A i, j=0 or 1.

it5
For a homogeneous element a € Ag U Aj, let |a]
denote its parity, |a| = 0 or 1. The superalgebra A
is associative if it is associative as an algebra.

A superalgebra is a Lie superalgebra if it sati-
sfies graded identities:

(1) la,0] = —(=1)*"[b, a];
(2) [la,0],¢] + (=1)l ®HD[, ], o] +

(=1)lelUal+l e, a), 5] = 0.

C.T.C.Wall [9] proved that for an algebrai-
cally closed field F every finite-dimensional simple

associative superalgebra is isomorphic to one of
the following superalgebras: a superalgebra

M(m,n)Z(; S)nm +<2 ;)

of (m+n) x (m+n) matrices divided into blocks

and
Q(n)z{(Z Z) ‘a,beMn(F)}.

V.G.Kac [6] classified all simple finite—
dimensional Lie superalgebras over an algebrai-
cally closed field of zero characteristic. For more
information about Lie superalgebras, see |6, 8|.

If A is an associative superalgebra, then the
new multiplication

[a,b] = ab — (—1)l*Plpg

defines a structure of a Lie superalgebra on A. We
will denote it as A7),

2The thirst author was supported by MES of Ukraine: Grant for the perspective development of the scientific direction

“Mathematical sciences and natural sciences” at TSNUK.

© [1.1. Besymak, O.0. Besymaxk, 2023
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In particular, gl(m,n) = M(m,n)") is a Lie
superalgebra. The Lie superalgebra
5[(m7 n) = [g[(ma n)? g[<m7 n)] =
{ x
z

Y € Mpxn(F),z € Mypym(F), tr(z) = tr(t) }

Y

’ )‘x € My (F),t € My(F),

is simple for n # m. For n = m the superalgebra
sl(m,n)/F - L4y, is simple.

Now, let wus discuss infinite-dimensional
analogs of the algebras and superalgebras above.

Let I be an infinite set. Let M(I) be the
associative algebra of all I x I matrices over a
ground field F having finitely many nonzero entri-
es in each column. The algebra M () is isomorphic
to the algebra of linear transformations on a vector
space of dimension |I|.

Let My (I) be the subalgebra of M (I) that
consists of I x I matrices over a ground field F
having finitely many nonzero entries. The algebra
Moo (I) gives rise to Lie algebras

gloo (1) = Moo(1))

and
Let M,.;(I) be the subalgebra of M(I) that

consists of I x I matrices over a ground field F havi-
ng finitely many nonzero entries in each column
and in each row.

Consider a decomposition of the set I into a
disjoint union of nonempty subsets Iy and Is. This
decomposition defines the block structure of I x I
matrices

M(I):<M

and the Z/27Z-grading

M(I)
(IQ X Il)

M(IL x Iy)
M(I2)

M(I)=M(I)s+ M(I)1,
M(I;) 0
M(D)s = < 01 M(I2) )’
0 M (I, x I)
M(I)1 = < M(Iy x 1) 10>< : >

Clearly, My (I) and M,.f(I) are graded
subalgebras of M(Z). Hence, they give rise
to associative superalgebras that we denote as
Moo (11, I2) and M,.¢(I1, I2), respectively. Clearly,

2023, 1
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Moo (I) is an ideal in M,.f(I) and Moo (I1,I2) is
an ideal in Mrcf(-lly IQ).
Consider Lie superalgebras

gl (I, Iy) = Moo (11, 1)),

sloo (11, I2) = [glo ({1, I2), gl (11, I2)]

and
g[rcf(llv 12) = Mrcf(Ila 12)(_)

A linear mapping d on an algebra A is called
a derivation if

d(ab) = d(a)b+ ad(b)

for arbitrary elements a,b € A.
A linear mapping d : A — A on a superalgebra
A is called an even derivation if

d:Ag—)Ag,

i = 0 or 1, and d is a derivation of the algebra
A. Let Dy(A) denote the vector space of all even
derivations of A.

A linear mapping d : A — A is called an odd
deriation if

d(A7) € 4

and
d(ab) = d(a)b+ (—1)1"ad(b)

for all homogeneous elements a,b € Ag U Aj. Let
D1(A) be the vector space of all odd derivations
of A. The direct sum

D(A) = Do(A) ® D1(A)

is a Lie superalgebra.

K.-F.Neeb [7] showd that an arbitrary deri-
vation of a Lie algebra sl (I) over a field of zero
characteristic is a commutation with an element
from M,.¢(I). In [4], we extended this result to fi-
elds of positive characteristics # 2, using the proof
of Herstein’s Conjectures by K.I.Beidar, M.Bresar,
M.A.Chebotar and W.S.Martindale [1, 2, 3].

In this paper, we describe derivations of Lie
superalgebras slo (11, I2).

Theorem 1. An arbitrary (even or odd) derivation
of a Lie superalgebra L = sl ([1, I2) is of the type

ad(u) : z — uz — (1) =lgy,

x € Ly U L1, where u is a homogeneous element
from g[ch(Ilv IQ)
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Since Herstein’s Conjectures have not been
extended to superalgebras, we give a strai-
ghtforward proof and assume that charF = 0.

By passing to scalar extensions, if necessary,
we will assume that the field F is algebraically
closed.

The direct sum

5loo(11) ® sl (12)

is obviously a subalgebra of the even part of L =
5[00(11,12). If ’IZ‘ =1, then 5[00(11) = (0)

Let d be an even derivation of L. Since sl (1;),
t = 1,2, are ideals of L and

Sloo(L;) = [8lac (i), 8l (15)],

it follows that sl (7;) is invariant with respect to
d. By the theorem of K.-F.Neeb [7], there exist
elements u; € M,.f(I;) such that

(d — ad(u;))sloo (1)
Considering
d — ad(u1) — ad(usg)
instead of d, we will assume that

d(sloo(I1) @ sloo(I2)) = (0).

Let Moo (11 % I) (resp. Mso(I2 X I1)) be the
vector space of I x Iy (resp. Iy x I1) matrices over
a field F with finitely many nonzero entries.

Lemma 1. My (11 x I3) is an irreducible module
over the Lie algebra slo (1) @ sloo(12).

osedenna. The assertion immediately follows
from the fact that the vector space of m x n
matrices over F is an irreducible module over
sl(m) @ sl(n); m,n > 1. O

Lemma 2. Let |I;| > 3. Then the sl(/;)-modules
Moo (11 x I3) and My (12 X I7) are not isomorphic.

Zosedenna. Let i1,i9,13 € I1 be distinct elements.
A matrix unit e;;, j € Ia, is equal to ¢;; =
€145, €4y Hence, the whole i1-th row of My (11 x
I5) lies in

[€irin, Moo(I1 X I2)].

Let m @ Mu(I1 x Is) — Mu(I2 x I1) be an
isomorphism of s((/;)-modules. Then

T(€irj) € [€iriys Moo(l2 X I1)] = Moo (12, I1)eiy iy

2023, 1
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We proved that © maps the i1-th row of My (I; X
I5) to the ig-th column of M (I x I1). In the same
way, we could show that m maps the i1-th row of
Moo(Il X Ig) to the i3-th column of MOO(IQ X Il).
Hence m = 0. This completes the proof of the
lemma. O

Since d(slec(l1) @ slo(f2)) (0), it
follows that the even derivation d is a module
endomorphism of the sl (I1) ® slso (/2)-modulo

Li = Moo(Iy % Ip) + Moo(Io % I).
For an element a € My (1 X I2), let
d(a) = m1(a) + m2(a),
where

7T11(a) € Moo(ll X IQ), 7'[‘12(&) € MOO(IQ X Il),

and similarly for an element
be My (IQ X Il)

let
d(b) = 91 (b) + 7T22(b),

where

7I‘21(b) € Moo(Il X IQ), 7[‘22(5) € MOO(IQ X Il).

The mappings 7, 1 < 4,7 < 2, are sl(I1) ®sl(I>)-
module homomorphisms. By Lemmas 1, 2, w19 =
0, mo1 = 0. By Schur’s Lemma, 711 and moey are
scalar multiplications by @ € F and g € F,
respectively.

We have Ly = [Li, Li]. Hence, the restricti-
on of d to Lg is a scalar multiplication by a + 5.
Hence, oo+ 5 = 0.

Consider the diagonal I x I matrix D having
1 at a position (i,i), i € I, and —1 at a position
(4,7), J € I. Clearly,

D e Mrcf(lla Ig)(), d= aad(D).

We proved the theorem for even derivations.

Now, let d be an odd derivation of L
5[00(11,12).

Let X C I;, Y C I, be nonempty finite
subsets, | X| > 2. The subalgebra sl (X)®sl(Y)
is naturally embedded in sl (11) @ sl (I2). There
exist finite subsets

XCXCh, YCYCD
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such that all entries of matrices from d(slo(X) ® Consider the matrix
5loo(Y)) lying outside of the square (XUY') x (XU
7 0 M(Il X 12)
Y') are equal to zero, so = ,

M(Ig X Il> 0

d(s[oo(X) EBs[OO(Y)) < M(X’ Y) Ui = OG5, Uj; = Qjj, 1 € I, j € Is. By the
Every derivation of a finite-dimensional semi- construction of the matrix u, we have d(a) = [u, d]
simple Lie algebra into a finite-dimensional for all elements a € sl (I1) ® sloo(12).
modulo is inner; see [5]. Hence, there exists an

element Lemma 4. d(b) = [u, b] for all elements b € Lj.

uxy € M(X xY) + MY x X) Jlosederna. The subalgebra slo (/1) is an ideal in
7 Lg. Choose arbitrary elements a € sl ([1),b € Lg.
such that d(a) = [ux,y,a] for all elements a € Then

5loo(X) B slo(Y). d([a,b]) = [u, [a, b]].
If
X g X/ g I]_, Y g Y/ g 12 On the Other llarld.7
are finite subsets containing X, Y, respectively, d([a,b]) = [d(a),b]+ [a,d(b)] = [[u,a],b] + [a,d(D)].
then
This implies
[5loo (X) ® sloo(Y),uxy — uxry’] = (0).

: [a, d(b) — [u, b]} = 0.
Lemma 3. Let X C I; be a finite subset, | X| > 2.

Let , Since the centralizer of sl.(I1) in L is zero, we
u= ( 0” v > €ls, conclude that d(b) = [u,b]. This completes the

u’ 0
proof of the lemma. O

where «/, v” are I} x Iy and Is x I; matrices,
respectively. Suppose that [l (X), u] = (0). Then
for any ¢ € X the i-th row of «/ and the i-th €ii + €jj lies in Lg.
column of u” are equal to zero.

For arbitrary indices ¢ € I, j € I3 the matrix

Lemma 5. If
ﬂ(;(%;i?@%(ﬂ;{ﬂ). g\lflozse an invertible | X| x | X'| matrix . 0 M(I1, 1)
a € sl (X). We have M(Iy, 1) o
0 av ] .
la,u] = a0 . and [u,e; — ej;] € slo(l) for all i € I, j € Iy,

then u € M,q¢([).

Hence, au’ = 0, u”a = 0. This immediately implies
the claim. 0 AHosedenrn. Chose i € I, j € I. For any k € Iy,

k # j, we have
Without loss of generality, we assume that the
set 7 is infinite. [u, es; + ejj]ik = —Ujk-
Let ¢ € I, j € I. Choose arbitrary finite . . ) .
subsets i € X C I, j € Y C I, | X| > 2. Find a It implies that the i-th row of the matrix u has
finitely many nonzero entries. Similarly, for any

q € I1, g # i, we have

matrix

w c < 0 M(Il X IQ) )
XY M(Iy x Iy) 0 [u, €ii + €j5]j0 = —wjq
such that d(a) = [ux,y,a] for all elements a €

which implies that the j-th row of the matrix u
5loo(X) B sloo(Y). If [I2] = 1, then |Y]| = 1 and

has finitely many nonzero entries. This completes

sleo(Y) = (0). the proof of the lemma. O
Let Q5 = (UX’y)ij e F, Qj; = (UX’y)ji e F.

By Lemma 3, the elements «;;, oj; do not depend Now, Theorem 1 follows from Lemmas

on a choice of the subsets X, Y. 4 and 5.
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Ils cmamma € donosuenmnam do cmammi, onybaikosaniti y Bichuxy Kuiscvkozo mauionasvHo2o
ynisepcumemy imeni Tapaca Hlesuenxa (Cepia. ¢iz-mam. nayku), 2022, 3, c. 42-44.

VY opuzinasvromy sapianmi ne npusedeHo wimke 03HAUEHHA KO300pacenna arzebpu 3 0duHuYyer,
UL0 NPUBENO 0 DeAKUT HOPMAALHUT HeMOouHOCTED (U000 NOZHAUEND, 3ANUCY BUSHANANBHUL CNIBEI0HO-
wens, mowo). Yei peaysvmamu opuzinaabHoi Cmammi no cymi npasuibhi, e 6 00CMAHHIT YacmuHi
dosederna meopemu, 1 donywera NnOMUAKG, AKAG HEe BNAUBLE HA NPABUALHICS (del dosederna, npome
BUMA2GE POSWUPEHUT MIPKYCAHD.

Y yvomy donosrenHi asmop Hadae demanvhy iHPGOPMAUI0 NPO BCE, WO CMOCYEMBCA MBEPIHCEHD
NPo MEIPHL eACMENNU T BUSHAUANOHT CNI6EIOHOUEHHA ar2ebp Manna nad aszebpamu, 3 00UHUUEN.

K06t caosa: K0306pascerts, Mmeiphi eAeMeHmu ma SUSHAUANOHT CNIBBI0HOULEHHA, BIABHG GCO-
YIAMUBHE an2ebpa, HeKoMYymamuerul nosinom, arzebpa Manna, nanisepyna Pica, peeyasapra cendsiy-
MAMPUA.

This paper is an addendum to the paper, published in Bulletin of Taras Shevchenko National Uni-
versity of Kyiv (Series: Physics & Mathematics), 2022, No. 3, pp. 42-44.

In the original version does not given a clear definition of the corepresentation of an algebra with
identity what led to some formal inaccuracies (regarding notations, writing of defining relations, etc.).
All the results of the original paper are essentially correct, but an error was made in the last part of
the proof of Theorem 1, which does not affect the correctness of the idea of proof, but requires extended
considerations.

In this addendum the author provides detailed information on everything related to statements
about the generating elements and defining relations of the Munn algebras over algebras with identity.

Key Words: corepresentation, generators and defining relations, free associative algebra, non-co-
mmutative polynomial, Mann algebra, Rees semigroup, reqular sandwich matriz.

1 Introduction fixed n x m matrix P = (pj;) over A, the K-vector

space M(A;m,n; P) of all m x n matrices over A
In this addendum to the paper [1] the author can be made into an algebra with respect to the
provide more details concerning Theorem 1 on following operation o : BoC' = BPC with the ordi-
corepresentations (in other words, presentations) nary matrix multiplication on the right side of the
of Munn matrix algebras over finite-dimensional equality. This algebra is called the Munn m x n

K-algebras, where K is any field. matrixz algebra over A with sandwich matriz P.
Munn matrix algebras arose as generalizations
of semigroup algebras of Rees matrix semigroups, By analogy with the Rees semigroups (taking

which in turn are closely related to 0-simple semi- into account the fact that the Munn algebras for
groups (see the book [2| and the original variant equivalent sandwich matrices are isomorphic) we
[1] of this paper). called in [1] a sandwich matrix regular if at least

For a finite-dimensional (associative) K-al- one its entry is invertible, and (by the same fact)
gebra A with identity, natural numbers m, n and a assumed without loss of generality that p1; is equal

© B. M. Bonpgapenxko, 2023
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to the identity element of A, and the remaining
entries of the first row and first column are equal to
zero. We denoted sandwich matrices of such form
by Py and further considered in [1], and will consi-
der here, only such sandwich matrices.

We emphasize that, in contrast to the case
of semigroups (when the regularity of sandwich
matrices is directly related to the regularity of
semigroups), the regularity of sandwich matrix for
algebras is not associated with the regularity of
algebras, and it is defined only as a formal generali-
zation.

Thus, we study the Munn matrix algebras
M = M(A;m,n; P) over finite-dimensional
K-algebras A, and as in [1|, we are interested
in the problem of determining their corepresen-
tations.

2 Corepresentations of the Munn matrix
algebras

Throughout the paper K denotes arbitrary fi-
eld, and all algebras (which are assumed to be
associative) are considered over K and are finite-
dimensional (except for 2.4). Since the Mann
algebras over a unital algebra A does not always
have an identity (see [2, Lemma 5.18|), we consider
both unital and non-unital algebras. If an algebra
is unital, its identity is usually denoted by e (lea-
ving the symbol 1 for fields and free algebras).

2.1 Generators and defining relations

In discussing this topic, we use the books [3, 4].

Let Alg(K), Alg'(K) denotes, respectively,
the class of all or only unit K-algebras.

Definition 1. Let X be a finite set. The
free K-algebra F = K(X) in the class Alg(K)
(respectively, F' = K'(X) in the class Alg'(K)) is
defined by the universal mapping property: there
exists a map 7 : X — F such that every map
« from X into another K-algebra from the same
class can be uniquely factored by i (i.e. there
exists a unique homomorphism o between the
K-algebras such that (in right-handed notation)
a =id.

These algebras exists and are uniquely, up to
isomorphism, defined by the field K and the set
X. There is simple normal forms for elements of
the free algebras F = K(X) and F = K'{X).
Namely, considering the set X as an alphabet,
F = K(X) is the algebra with K-basis the set
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XT of all finite words ...z, of lenght n > 1
in the case of Alg(K) and the set X* of all fini-
te words xj ...z, of lenght n > 0 (i.e. including
the empty word) in the case Alg!(K), and with
juxtaposition as multiplication, i.e. multiplying
Tiy ... X, Dy @i a8 w2 L xy, I
one denotes a word z;, ...x;, by zy with I to
be the sequence (i1, ...,i,), its elements are uni-
quely expressible in the form f = Y ajx;, where
ar € K, almost all is equal to 0. The empty word
(in the case of Alg'(K)) represents the identity
of the free algebra F'; which is denoted by 1. So
KYX)=K(X)Ul.

The set X is called a free generating set of the
algebra F'.

Free algebra F' = K'(X) is often called the
algebra of non-commutative polynomials in vari-
ables X, In the case F' = K(X) one needs to take
the polynomials with zero free term.

Definition 2. Let B be a non-unital (respecti-
vely, unital) finite-dimenional algebra. It is said
to be defined by the presentation (X|R) with R
being a subset of the free algebra K (X) (respecti-
vely, K'(X)), if there exists an isomorphism ¢ :
K(X)/I — B (respectively, K1(X)/I — B) of
non-unital (respectively, unital) algebras, where I
is the ideal generated by R.

Let X = {z1,...,2z5}. One often considers
instead of the elemets z; € X and polynomi-
als f(z1,...,xs) € R, respectively, the elements
b; = ¢(x;+1) of B and equalities f(by,...,bs) = 0.
Then the set B = {by,...,bs} is a system of
generators of the algebra B, and the equalities
f(by,...,bs) = 0 with f € R are called the defi-
ning relations of B with respect to the system of
generators B. In this case, one meants by R the
set of all equaities f(by,...,bs) =0, calls (B|R)k
the presentation of B and writes B = (B|R)x or
simply B = (B|R) if K is fixed (when the multi-
plication in B is denoted by some symbol, say, A,
then it is placed as an upper index, i.e. <B|R>%
and, respectively, (B|R)?). The author will adhere
to this point of view.

From definition 2 it follows that the identity
element of a unital algebra never enters a system
of generators.

Let’s compare two simple examples.

Example 1. Let B be the two-dimensional
non-unital K-algebra with basis by,by and the
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following multiplication table:

by | b2
bi||ba| O
byl OO

Then B = (b1]b? = 0) since the homomorphism
¢ : K(x) — B with ¢(x) = b; is an epimorphism
with the kernel to be generated (as an ideal) by
the polynomial f(z) = 23.

Example 2. Let B be the two-dimensional
unital K-algebra with basis e, b; and the following

multiplication table:

(& b1

ell e|b
b1 b1 (&

Then B = (b1|b? = e) since the homomorphism
¢ KYz) — B with p(1) = e, p(z) = by is an
epimorphism with the kernel to be generated (as
an ideal) by the polynomial f(z) = 2% — 1.

2.2 Formulation of the main theorem

By the above, a corepresentation of an algebra A
is by definition, a pair (A|R), where A is a set of
generators and R a set of defining relations for the
given set of generators. For convenience, the relati-
ons (non-commutative polynomials in elements of
A) will be written not only in the form f = 0, but
also in the form fi; = fo (if f = f1 — fa).

The following theorem defines a corepresenta-
tion of any Munn algebras M(A;m,n; P) with a
regular sandwich matrix.

Theorem 1. Let A be a finite-dimensional algebra
with identity e over a field K and (A|R) be its
corepresentation with

A=A{a,...,as},
R:{fl =g1,~-7fr:gr},
where f; = fi(a1,...,as),9;i = (a1 ...,as) are non-

commutative polynomials over K.
For m,n, introduce the sets

F:{727‘--7’Ym}7 A:{/\Q,...,An}.

We have the corepresentation (M|R)° of a Munn
algebra M = M(A;m,n; Py) with a reqular Py =
(pji), where M = AU{e} UT UA and R consists
of the following relations:
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(1) the relations from R;
(2) ece=e, eoa; =aj,
aioe=ua; (1=1,...,8);
i=2,...,m);
4) eodj=Aj,N\joe=0(j=2,...,n);
viovyy =0 (4,4 =2,...,m);

2.3 Proof of the theorem

First, indicate which element of M corresponds to
each generator.

Forx € Aand i€ {1,...,m},j € {1,...,n},
denote by (z);; the matrix from M with its (¢, j)th
entry being z, and its remaining entries being 0;
the expression (0);; means the m x n zero matrix
0. Then, by the above definition of o,

(0)ij o (c)iryr = (bpjir )iy
and in particular (taking into account the equality
p11=1)
(be)ij = (b)i © (c)ay- (%)
As the generators of M indicated in the condi-

tion of the theorem, we take the following matri-
ces:
e= (e, ar = (ax)1, (55)
vi = (€)ir, Aj=(e)y
for ke {1,...,s},ie{2,...,m},j€{2,...,n}.

Prove that these elements form a system of
generators of M.

From (x) it follows that the homomorphi-
sm, as non-unital algebras, ig : A — M, given
by the equality ig(z) = (x)1; for any © € A
is an embedding, and we identify the correspon-
ding elements of both algebras. Hence the set of
generators A together with e is a subset of the set
of generators M.

With the help of matrix multiplication (as
elements of the Munn matrix algebra), it is easy
to verify that conditions (3)-(7) of the theorem
are satisfied, and the equalities (a);1 = ; o (a)11,
(a)lj = (a)n o)\j, (a)ij = (a)il o(e)lj, which follow
from (%) and (*x), show that the indicated matri-

ces ()11, (a)11,%i,Aj, where a € A,i = 2,...,m;
j = 2,...,n, form a system of generators of the
algebra M.

Now we show that the set of relations R defi-
nes the algebra M (this is the only place where a
mistake was made in the paper [1]). In other words,
there is no relation between generators from the
set M which would not follow from the relations
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of R. Assume the contrary and let F be a non-
commutative polynomial in variables from M such
that F' = 0 and it is not a consequence of the
relations from the set R.

We first find out what form a word over M
can have. Denote by A and M the sets of all finite
words from A and M (with respect to multiplicati-
on o). In addition to conditions (1)-(7), we will use
the equalities

(3 agoyi =0 (k=2,...,m);

(4) Ajoas=0(s=2,...,n);
they follow from condition (2) and, respectively,
conditions (3), (4), namely a;ovy; = (agoe)oy; =
ago(eoy;) and A\joas = Ajo(eoas) = (Ajoe)oas.

wy - wg F e

Let a non-empty word w
Then

(a) it can be assumed by (2)-(4) that all w;
are not equal e;

(b) w¢ = ay, implies by (3') that w41 = as or
W1 = Aj;

(¢) wy = as implies by (4’) that w;—1 = ay, or
Wi—1 = Vi;

(d) wy = A; implies by (4') and (6) that
wi+1 = i, and therefore by (7) wywi1 € A;

() wy = ~; implies by (3') and (5) that
wi—1 = Aj, and therefore by (7) wi_qw; € A;

From (a)-(e) it follows that any non-empty
word w € M \ (AU {e}), is equal to @ o \; or
Vi ©@g or y; o ag o \j with a1, as,az € A.

Thus, the polynomial F' introduced above has
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the following form: F' = fo+

> okt D faodit Y yiofaod; =0,

2<i<m 2<j<n 2<i<m
2<j<n

where fo, f1i, f2;, f3i; are polynomials in variables
a€ A

The non-zero parts of the matrices that
correspond (according to the definitions of the
generators from M) the terms of the polynomi-
al F' do not intersect, since by the definition of the
embedding ig and ()

fo=(fo)ir, vio fui=(fii)i,
foj o Nj = (fa)15, vio f3ij 0 Nj = (f3i5)ij-

Therefore the equality F' = 0 is equivalent to the
following system of the equalities in variables from
A fo=0, fui=0, f2;=0, f3;=0,
wherei=1,....m, j=1,...,n.

We have come to a contradiction because
these relations are consequences of the relations
from R. Theorem 1 is proved.

2.4 Remark

Since we did not use the finite dimensionality
of the algebra A in the proof of the theorem
(and the definitions of a free algebra and a
corepresentation are naturally generalized to the
infinite-dimensional case), Theorem 1 is also true
for an infinite-dimensional algebra A.
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BUMUPAHHA, HE GUINCUBAHHA Y CEPEOHDOMY, CAGDKE MG CUALHE GUNCUBIHHA Y CEPEIHBOMY.

The non-autonomous stochastic density dependent predator-prey model with Holling-type II functi-
onal response disturbed by white noise, centered and non-centered Poisson noises is investigated. Corres-
ponding system of stochastic differential equations has a unique, positive, global (no explosions in a finite
time) solution. Sufficient conditions are obtained for extinction, non-persistence in the mean, weak and
strong persistence in the mean of a predator and prey population densities in the considered stochastic
predator-prey model.

Key Words: stochastic predator-prey model, predator density dependence, extinction, non-persisten-
ce in the mean, weak and strong persistence in the mean.

Communicated by Prof. Moklyachuk M.P.

1 Introduction model with Holling-type II functional response, di-
sturbed by white noise and jumps generated by

The deterministic ~autonomous Rosenzweig- centered and non-centered Poisson measures. So
Mac’Arthur predator-prey model ([1]) has a form  the authors take into account the influence on the
predator-prey model of the predator population

dzy(t) = z1(t) (a1 —brx1(t) — #;,EB@)) dt, ) density dependence and of such random factors

dra(t) = 22(t) (—as + kex (t) )dt as fires, earthquakes, hurricanes etc. This model
Tmas(t) is driven by the system of stochastic differential
equations

where z1(t) and z2(t) are the prey and predator

population densities at time ¢, respectively; a; > 0 das(t) =2;(t) {(_1)171 (a-(t)— ci(t)zz—i(t) )

is the growth rate of prey x1; by > 0 measures ' ' ' Lrm{t)z1(t)
] dt + o;(t)z;(t)dw;(t)

()1 (dt, dz) (2)

the strength of competition among individuals of —b;(t)x;(t)

species x1; c is the maximum ingestion rate; m > 0 i f it 2)x

is the half-saturation; ae > 0 is the death rate of

predator zo, and x > 0 is the conversion factor. + f 0i(t, 2)x; (™ )vo(dt,dz),
In the paper [2] the stochastic version of

model (1) is considered. The authors studied the

non-autonomous density dependent predator-prey where x1(t) and x2(t) are the prey and predator

.Z'Z(O) =x;0>0,1=1,2.

© O.D. Borysenko, 0.V Borysenko, 2023
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population densities at time ¢, respectively, z;(t7),
i 1,2 is a left limit of z;(t),4 1,2,
ba(t) > 0 is the predator density dependence
rate at time ¢, ca(t) key(t), wi(t),i = 1,2
are independent standard one-dimensional Wi-
ener processes, v;(t,A),i = 1,2 are independent
Poisson measures, which are independent on
wi(t),z' = 1,2, ﬁl(t,A> V1(t,A> — tHl(A),
Elvi(t,A)] = tIL;(A),i = 1,2, II;(A),i = 1,2 are
finite measures on the Borel sets A in R. In [2]
the authors proved that there is a unique positive
global (no explosion in a finite time) solution to
the system (2) and that this solution is stochasti-
cally ultimately bounded. It is deduced the suffi-
cient conditions for stochastic permanence of the
system (2).

The impact of centered and non-centered Poi-
sson noises to the stochastic non-autonomous
predator-prey models is studied in the papers [3],
[4].

In this paper, we derive the sufficient conditi-
ons for the extinction, weak and strong persistence
in the mean of predator and prey population densi-
ties, driven by system (2).

In the following we will use the notations
X(t) = (@1(t), x2(t), Xo = (z10,220), [X(?)] =

() +23(t), R2 = {X e R?: 21 > 0,22 > 0},

B;(t) =2 + [t 2) = (143t 2] (d2)
— [In(1+0; (t,z))]H (dz),i=1,2.
R

—1/Otf(s)ds

fo=liminf f(2), f* = li?ligpf(t)-

?

For the bounded, continuous functions f;(t),t €

[0,400),i = 1,2, let us denote

fisup = sup fi(t), fiinge = inf fi(t),71 =1, 2.
>0 t20

2 Auxiliary results

Let (2, F,P) be a probability space, w;(t),i =
1,2,t > 0 are independent standard one-
dimensional Wiener processes on (2, F,P), and
vi(t, A),i = 1,2 are independent Poisson measures
defined on (2, F,P) independent on w;(t),i =
1,2. Here E[v;(t, A)] = tIL;(A),i = 1,2, 5(t, A)
vi(t, A) — tIL;(A),7 = 1,2, II;(-),7 = 1,2 are finite
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measures on the Borel sets in R. On the probabi-
lity space (2, F,P) we consider an increasing, ri-
ght continuous family of complete sub-o-algebras
{Ft}t=0, where F;y = o{w;(s),vi(s,A),s < t,i =
1,2}.

We need the following assumption.

Assumption 1. It is assumed, that a;(t),b;(t),
ci(t), oi(t),vi(t, 2), 0i(t, 2), 4 1,2, m(t) are
bounded, continuous on ¢ functions, a;(t) > 0,7 =
1,2, biint > 0, ¢ciint > 0,2 = 1,2, myys > 0, and
In(1+;(t, 2)), In(1+6;(¢, 2)),7 = 1,2 are bounded,
IL(R) < 00,i = 1,2.

In what follows we will assume that Assumpti-
on 1 holds. In [2] the following result is proved.

Lemma 2.1. (Theorem 2.1, [2]) There exists
a unique global solution X (t) to the system (2)
for any initial value X(0) = Xo € R2, and
P{X(t)eR%} =1.

Lemma 2.2. For the density of the population
x;i(t),i = 1,2 we have

Inxz;(t
Jim sup 220
t—o00

<0,i=1,2

Proof. By the 1t6’s formula we have for ¢ = 1,2

t
e'lnwz;(t) —Inz = [ { In z;(s)+

0
l)i—l[ai(s)_01(5)13—1(3)} _bi(s)%(s)_‘%‘T(s) (3)

1Hm(s)z1(s)

—1—]1{[111(1 +7i(s, 2)) —7i(s, 2)] I (dz)}dﬁ-%‘(t),

31

where

feoz
—I—ffesln

—l—ff e’ In(1 + 9;(s, 2))ra(ds, dz), i
OR

)dw;(s)

+7i(s, z))n(ds, dz)

1,2.

From the exponential inequality ([5], Lemma

2.2) we have
P{ sup Gi(p,t) > 5} <e P
o<t<T
VO<upu<l >0,i=1,2
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where
Gl t) = i) — & [ a5
—L T+ i, 2 — 1
OR
—pe® In(1+7(s, 2)) | II1 (dz)ds
LI {14610, 2)) — 1] Thp(d=)ds,
OR
i=1,2.

Choosing T = kr,k € N7 > 0,u = e 7

B =0e"Ink, 0 > 1 we get
1
<F7

|

¢ = 1,2. By the Borel-Cantelli lemma for almost
all w € Q, there is a random integer ko(w), such
that for Vk > ko(w) and 0 < ¢ < k7

sup Ci(p,t) > 0e*" Ink
o<t<kr

2s 2
0;

+ehT ftf [(1 + 7i(s
OR
x In(1 + (s, z))} I1; (dz)ds

t

o I [0 -
OR

+0ek " Ink, i =1,2.

(s)ds

,))sk‘r_l_e —kr

(4)
1| IIy(dz)ds
Appling the inequality 2" < 1+ r(z — 1), Yz > 0,
0 <7< 1withe =1+%(s,2), r=e"", then

with £ = 14 6;(s, 2), r = e57*, we derive from
(4) the estimate

Pi(t) < 5

t
+[[ e s, 2) —In(1+7i(s, 2))| i (dz)ds ~ (5)
OR
t
+ [[ €36i(s, 2)a(dz)ds + 0k In k,
OR
i =1,2. So from (3) and (5) we get for i = 1,2

¢
e'Inz;(t) < Inwzi + [ e {lnz;(s)

0
HEDT ails) — HREREG] - bilomls)

—052(8) (1—e=m) + f&i(s,z)ﬂg(dz)} ds
+0eF" Ink < Inzip + f Inx;(s) — binrri(s)
+K;)ds + 0eF" Ink < ln w0+ L(e! — 1)

+0eF Ink, Vk > ko(w),0 < t < kr,
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for some constant L > 0, where

Ky = ajgup, Ko = sup/ 09(t, z)a(dz) + C2sup.
t>0 JR Minf
So for any (k — 1)7 < t < k7, Yk > ko(w) we
have
Inx;(t In x; L
nm()\_tnxg L e
Int Int Int
n OeFm In k 19
,i=1,2 a.s.
et=7In(k — 1)
Therefore
Inx;(t
lim sup nzi(t) < e,
t—00 Int
1=1,2, V0> 1, VT >0, as.
If0 ] 1, 710, then we obtain
Inx;(t
Jim sup 221 ) 1,i=1,2 as.
t—00 Int
So
Inz;(t
lmsup 25 <0 219 as)
t—o00

The lemma is proved.

3 Persistence and extinction

Definition 3.1. The solution X (t) = (x1(t), x2(t)),
t > 0 to the system (2) will be said extinct
if for every initial data X, € R2, we have
limy o 2(t) =0 as., i =1,2.

Theorem 3.1. If

t

g = hﬁijpi/%(s)ds <0,
0
where
1(t) = ()= F1(0), @(t) = —aa(e)+ ) Bl

then the solution X (t) to the system (2) with the
initial condition Xy € Ri will be extinct.

Proof.Under Assumption 1 there exists a unique
global solution X () to the system (2) for any ini-
tial value X (0) = Xo > 0, and P{X(¢t) e R} =1
(Lemma 2.1). By the Ito’s formula, we have

Inz;(t) = lnxo + fO {(=1)" 1 [ai(s)
—aleda] () — by(s) i<s>}ds ()
+M;(t) <In :r:zo+f0 qi(8)ds+M;(t),
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t = 1,2, where the martingale

M;(t) = Oftai(s)dwi(s)
+ ftf In(1 +7i(s, 2)) 1 (ds, dz)

—i—ffln

+9i(s, z))in(ds,dz), i =1,2,
has quadratic variation

(M;, M;)(t) = Ofai?(s)ds

+ ftf In?(1 + (s, 2))IL1 (dz)ds
OR

¢
+ [ In?(1 + 6;(s, 2))Ta(d2)ds < Kt, i = 1,2.
O0R

Then from the strong law of large numbers for
local martingales (|6]) we have
tlggloMi(t)/t =0,1=1,2 as.
Therefore, from (6) we obtain

¢

1

t/qi(s)ds <0, as.
0

So limy o0 x;i(t) = 0,% = 1,2 a.s. The theorem is
proved.

Inxz;(t
—0)
t—o0

< limsup
t—o0

Definition 3.2. ([7]) The solution X(t) =
(x1(t),z2(t)), t = 0 to the system (2) will be said
non-persistent in the mean if for every initial data
Xp € Ri, we have

t

1

lim —

t—oo t
0

zi(s)ds =0 as., i =1,2.

Theorem 3.2. Ifq; =0, i = 1,2, then the soluti-
on X (t) = (x1(t), x2(t)) to the system (2) with the
initial value Xo € Ri will be non-persistent in the
mean.

Proof. From the first equality in (6) we have

t
<lInzy —I—/qz
0
t
_biinf/wz
0

Inz;(t

)ds + M;(t), i = 1,2,
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where martingales M;(t),7 = 1,2 are defined in
(7). From the definition of ¢/, = 1,2 and the
strong law of large numbers for M;(t),i = 1,2
it follows, that Ve > 0, Ity = 0, and Q. C
P(Q.) > 1 — € such that

~+ | =

t
9 9
7 dg_* 9 gfv
/Q(S)S q7,+2 t 2
0
=1,2, Vt > t(),wEQa.

So, from (8) we derive

Inz;(t) —Inwz <t(q; +¢)

t
bsz/xz
0

Yds, i =1,2,

t

zlnff$z
0

=te —

Vt}to,wEQ

Let y;(t fo zi(s
we have for 1=1,2

s)ds,i = 1,2, then from (9)

In <dycjl£t)> Set=biintyi(t)+Hn zio, VE = fo, w € €.

Therefore

~—

dy;(t

bs inf i (t)
e
dt

<xi0et, i=1,2, Vt >

to, w € Q..

By integrating the last inequality from ¢g to t we
obtain

. . b £250
ebz 1nfyz(t) < Lin v (eat _

eEto ) + ebimeyi(to) ,
€

1=1,2,Vt > tg, w € Q. So
biintio (¢ —

eto
: )

)

1
Yi (t) < ——1In |:ebiinfyi(t0) +
bi int

1=1,2, Vt > tg, w € ., and therefore

t

1
lim sup — /xi(s)ds < L, 1=1,2, Vw € Q..
t biinf

t—o0

Since € > 0 is arbitrary and z;(¢) > 0,7 = 1,2 a.s.,
we have for i = 1,2

lim -
t—oo t

xi(s)ds =0 a.s.
0

The theorem is proved.



Bicnwur Kuiscok020 HaUL0HGADHO20 YHIGEPCUMEMY
imens Tapaca Ilesuerka
Cepia: $i3uno-mememamuuni HAYKY

Definition 3.3. (|7]) The population x;(t),i = 1,2
will be said weakly persistent in the mean if for
every initial data x;0 > 0,7 = 1, 2, we have

t

1
t/xi(s)ds >0, a.s., i1=1,2

0

lim sup
t—o00

Theorem 3.3. If p5 > 0, where pa(t) = —aa(t) —
Ba(t), then the predator population density xa(t)
with the initial condition o9 > 0 will be weakly
persistence in the mean.

Proof. If the assertion of theorem is not true, then
P{w e Q| 25 =0} > 0. From the first equality in

(6) we get
1/ 2(s)wa(s)ds
2(s)z1(s)

v Al+m<m@>
> t/o pa2(s)ds + (

where martingale Mas(t) is defined in (7). For
Vw € {w € Q] 5 = 0} in virtue of the strong law
of large numbers for martingale Ms(t) we have

1
z(ln x2(t) — Inxgo

1/0t]02(

) +
1 ds
t t
Ms(t)

t

t
lim su na(t) > py > 0.
t—00
Therefore
1 t
P {w € Q| limsup na(t) > O} > 0.
t—o00

But from Lemma 2.2 we have

P <oj-1

This is a contradiction. The theorem is proved.

In z9(t)

w e Q| limsup
t—o0

Theorem 3.4. If ¢f > 0 and @5 < 0, then the
prey population density x1(t) with initial conditi-
on x19 > 0 will be weakly persistence in the mean.

Proof. Let P{z} = 0} > 0. From the first equality
in (6) we get

t

1(lnx1(t)—lnx10)+1/o bi(s)z1(s)ds
i foore &S?iii;dsﬂf” o
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where martingale M;j(t) is defined in (7). From
the strong law of large numbers for martingale
M, (t) and the results of Theorem 3.1 and Theorem
3.2 for the predator population density z2(t) we
obtain from (10)

Inx(t)

lim sup >q >0

t—o00

for Vw € {w € Q| 75 = 0}. Therefore

1 t
P {w € Q| limsup na(t) > 0} > 0.
t—o0 t
But from Lemma 2.2 we have
In x4 (t)

w € Q] limsup
t—00

p{ <of-1

So we have a contradiction. The theorem is proved.

Definition 3.4. (|7]) The population density z(t),
t > 01is said to be strongly persistence in the mean
if for every initial data =(0) > 0, we have Z, > 0
a.s.

Theorem 3.5. If
1 t
P2« = lim inf t/o pa2(s)ds >0,
then for every initial data xog > 0 we have

1 t
/ xo(s)ds >
tJo

Therefore predator population density x2(t) will be
strongly persistence in the mean.

ﬁZ*
b2 sup

(11)

Toyx = liminf
t—o00

a.s.

Proof. Applying the Itd’s formula to the process
In x2(t), we obtain

Inza(t) =Inzog + [ pa(s)ds

t t
+/ 1 TR e ba(s

0 +m 0 (12)
+M2( ) In x99 + P2 S) ds

0

t
—bgsup / 1‘2(8) ds + MQ(t),
0

where martingale M (t) is defined in (7).

From definition of pa., strong law of large
numbers for Ms(t) it follows that Ve > 0, Jtg > 0,
IQ. C Q, such that P(2.) > 1 —¢,

1

¢
/ p2(s) ds = Pas —
t Jo

9 Mg(t)
ot

O |
WV



Bicnwur Kuiscok020 HaUL0HGADHO20 YHIGEPCUMEMY
imens Tapaca Ilesuerka
Cepia: $i3uno-mememamuuni HAYKY

Yt > tg, Yw € Q. So from (12) we have

t
Inzo(t) > Inwoy + t(Pox — €) — bgsup/ x9(s)ds
0

YVt > tg,Vw € Q.. Therefore for the process

t
() = [ aa(s)ds
0
we have inequality

In (dyz(t))

dt
Vit > tg, Vw € Q..
Hence

>

(pZ* - 5)t

— basupy2(t) + In a9,

eb2supy2(t) dy;t(t) = xQOe(ﬁQ**E)t

Y

YVt > to,Vw € (.. Integrating the last inequality
from tg to ¢t and using obvious calculations, yields

1 t
/ xo(s)ds >
t 0 2 sup

+b§supx20 (e(ﬁQ*—&‘)t _ €(p2*_€)t0):|
Pox — €

> to, Vw € Q. So

1 t
/ x9(s)ds >
tJo

Using the arbitrariness of € > 0, we get (11). The
theorem is proved.

In [ebz sup¥2(to)

vt

ﬁQ* — &
b2 sup

, Yw € Q..

Tox = liminf
t—o0

Theorem 3.6. If g1« > 0 and @5 <0, then
ZT1x = liminf — z1(s)ds > a.s.
! t—oo t Jo ! b1 sup

Hence the prey population density x1(t) will be
strongly persistence in the mean.

Proof. By the Itd’s formula for the process Inz; (),

we obtain
]

t

t
Inzq(t)=1In x10+/q1 (s)ds

bi(s)xi(s)ds

0
als)aals) -

/1+m() TO R
; (t)ds_blsup/o r1(s)ds

—Clsup ( )d8+M1(t),

0

where martingale M (t) is defined in (7).
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From definition of Gi«, strong law of large
numbers for M (t), Theorem 3.1 and Theorem 3.2
it follows that Ve > 0, 3tg > 0, Q. C €, such
that P(2,) > 1 —¢,

1/t e M(t) 5
- ds > g1« — 3 Z -,
t/o q1(s) a1 3 ; 3
1/t (5)ds < €

— | w2(s)ds

t Jo 2 3C2sup

Vit > to,Vw € Q. So from (14) we have

t
Inzi(t) > Inxio+ (g —€) — b1 sup/ x1(s)ds
0

YVt > tg, Vw € (.. Therefore for the process

yi(t) = /Ot x1(s)ds

we have inequality

dy (¢
In ( y;t( )> P (le* - 5)t - blsupyl(t) + Inz10,
Vit > to, Yw € Q.
Hence
o OB S @y

dt

YVt > to,Vw € Q.. Integrating the last inequality
from tg to t we obtaine

t
1/ x1(s)ds > In [eblsupyl(to)
t 0 1sup
+M (e(QI*—E)t _ e(Q1*—E)tO):|
qix — €

Vit > ty,Vw € Q.. So

1 t
/ x1(s)ds >
tJo

From the arbitrariness of ¢ > 0, we get (13). The
theorem is proved.

QI* — &
bl sup

, Yw € Q..

T1% = liminf
t—o00

4 Conclusion

In this paper we derive the sufficient conditions for
the extinction, non-persistence in the mean, weak
and strong persistence in the mean of predator
and prey populations in the non-autonomous
stochastic density dependent predator-prey model
with Holling-type II functional response driven
by the system of stochastic differential equati-
ons with white noise, centered and non-centered
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Poisson noises. So, in this model we take into
account levels of predator density dependence
and not only “small” jumps, corresponding to the
centered Poisson measure, but also the “large”
jumps, corresponding to the non-centered Poisson
measure. Under the weak persistence in the mean
liminf; o Z;(t) = 0,7 = 1,2 is allowed but is not
allowed under the strong persistence in the mean,
which means that the survival in Theorem 3.5 and
in Theorem 3.6 is stronger than in Theorem 3.3
and Theorem 3.4.
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3anpononosano Modudikauito OUIHOK AOKAALHO-ATHITHOT Pe2Pecti 0ad OUIHI068aHHA HeGI00MUL PYt-
KUl peepecti KoOMNOHEHM CYMIULL 31 SMINHUMU KOHUEHMPAUIAMU. JTOCAIONCYIOMBCA MOHCAUBOCTVE Me-
THIKY KPOC-6a100U11T 0AA 6UDOPY NAPAMENPA 32A00HCYBAHHA OUIHKY. HAKICMb 0OMPUMAHUT OUIHOK NO-
PIBHIOEMBCSA Y IMIMAUITHUT €KCNEPUMENMAT 3 AKICTI0 MOoJdudikosarnux ouinokx Hadapas-Bamcona.

Kaowosi crosa: Modeav cymiwi 31 SMINHUMU KOHUEHMPAULAMU, HENGDAIMEMPUYHI DE2PECis, Mme-
THIKA KPOC-6GNI0AUTTE, AOKAAOHO-ATHITHG PE2PECia.

We consider a generalization of local-linear regression for estimation of components’ regression
functions by observations from mixture with varying concentrations. A cross-validation technique is
developed for the bandwidth selection, based on minimization of conditional integrated mean squared
error. For the simulations, two approaches on bandwidth selection are used: the naive method, based
on the optimal choice for the modified Nadaraya-Watson estimator, and cross-validation technique,
mentioned earlier. Performance of the obtained estimator is compared with the modified Nadaraya-
Watson estimator performance by simulations. Simulations show that the modified local-linear estimator
overcomes boundary effect inherent in the Nadaraya-Watson estimator and its modification for the
mixture with varying concentrations.

Key Words: Mizture with varying concentrations, nonparametric regression, cross-validation techni-
que, local-linear regression.

Communicated by Rozora [.V.

1 Bcryn ku Hanmapas-Barcomna [4],[5] ma Bunmagox cmocre-
peXkerb 3 cymimi. Ajie 1i OIHKH, SIK 1 OLIHKW

Mogemi cywimeir 31 3MIHHUMH KOHIIEHTPAIiIMU Hanapas-Barcoma as ozropiannx snbipok, nu-

IPUPOJHO BWHUKAIOTH B 33jadax aHaji3y Ia-
HEX MEINKO-0i0/I0MYHAX Ta COIHOIOTIYHAX JTOCTi-
mxenb [1]. TIpo mokimBocTi 3acrocyBaHHs L€l

Moziesli y aHaJii3i Heiffpobio/IoriYHUX JaHUX JIUB. ) SR
2] TeXHIKW JIOKAJIbHO-IiHIiHOT perpecii [6].

SIBJIAIOTH TAK 3BaHU KpaiioBuil edekT: HaI3BU-
YalfHO BeJIMKE 3MIIeHHd Ha KIHIEX 1HTEPBAJIY
3MiHN He3aae:kHOI 3MiHHOI. OIHHM 3 MOXKINBHAX
CII0Co0iB yCyHEHHSI ITHOT0 ePeKTy € BUKOPUCTAHHS

s 6araToBUMIDHUX JTAHUX 3AJIEKHICTH MiXK Y naniit poboti 3anpononoBana MoaudiKaIis
3MIHHUMHA I PI3HUX KOMTOHEHT CYMIII YaCTO JIOKAJbHO JIHIHOTO OIIHIOBAaHHS, $Ka J03BOJISE
OyBae UPHUPOIHO OMUCYBATU PI3HUMU perpeciiti- OyayBaTu OIiHKEU (QYHKINI perpecii ajag KOXKHOI
HUMU Mojessimu. Y pobori [3], 3anpononoBano kommoHeHTH cymimi okpemo. Ilpu npomy BuHHI-
MoudiKaIio KIaCUYHOI HelmapaMeTpUYHOl OIiH- Kae€ mpobJjema BuOOpY mapaMerpa 3ryIaJIKyBaHHS

© D. D. Horbunov, R. E. Maiboroda, 2023
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omiaku. Jns 71 po3B’si3aHHsT MPOTIOHYETHCS MOIH-
dikaris TexHikM Kpoc-Basgigarii. fAxicTs podorm
OTPUMAHOI OIHKU IpH (PIKOBAHUX 3HAYCHHSIX 3a-

2 IlocranoBka 3amadi

Posrsigremo mami, MO OMUCYIOTHCSI MOJEJIIO CY-
Mirmmi 31 3MiEHEME KOHTIeHTpariasvu. KoxkeH cro-
cTepeKyBaHuil 00’eKT HaMe:KXKUThb 10 oxmiel 3 M
nonysAnii (KommnoxnexT cywmim). Posmosis criocre-
pexKyBanol XapakKTepucTtuxu §; (X;,Y;) j-ro
00’eKTa BU3HAYAETHCH HEITAPAMETPUIHOIO perpe-
CIIIHOIO MOMEJIJIIO:

Y;:g(ﬁj)(Xj)—i_Ej?j:l?nv (1)
Jle K; € HOMePOM KOMIIOHEHTH, JI0 KOl HaJIeXKUThb
j-nit o6’exr, g™ € mesigomoo dyHkiieo perpe-
Cii 111 M-01 KOMIIOHCHTH, € € IIeHTPOBAHOIO T0-
XUOKOI0 3 CKIHYEHHOIO IUCIEPCIE0 O'(Qm) OId m-
of komnonenTn. CIpapXKHi 3HAYEHHA HOMEPIB K
€ HeBIIOMUMMU, aJjie BioMi HMOBIPHOCTI 3MiNTyBa-
(.Z? =P{r; =m}, j=1,n,
m = 1, M. Posnoginu perpecopis X j € abCOJIIOTHO
HerepepBHUME BigHOCHO Mipu Jlebera, npu oMy
ICHYIOTD IIITLHOCTI PO3MOILTY perpecopa A BCIX
kommonent cymind f™, m =1,..., M. ITi miab-
HOCTI € HeBigjomuMmu. Bunankosi semuannn Xj, €,
j =1,...,n BBaXKAIOTHCS HEBATEIKNMH B CYKYIIHO-
cTi mpu dikcoBaHiil MOCILIOBHOCTI K.

IloTpibmo ominnTy HeBimoMi QyHKINI perpecil
g(m) JUTA KOXKHOI KOMIoHeHTr cywimti, m = 1, M.

HHs (KOHIEHTpAIil) p

3 Ilobymosa ominkm

Harajaemo cxemy 1mo0y10BHM JIOKAJIbHO JHHITHUX
OIIIHOK yV BUIAJIKY OJHOPITHOI BUOIpKH, TOOTO KO-
mn y mogedni (1) € amme opna kommonenTa (M = 1)
i bynxmis perpecii g™ (z) = g(x) € critprOW0 A5
BCiX crocrepexkenb. st Toro, mob oriantu g(x)
B (bikcoBaHi#i TOUII T = x(, POIIVISIAIOTH JiHiitHe
Habsmxkenus g(z) = a+b(x—xp) i nigransors He-
BimoMmi koeditrieHTH @ i b, MiHIMI3yr0UM JIOKAJIBHII
dbynkuionan merogy madimenmmx kBaaparis (2.1)

[6]:
& xo—Xj 2
J(a,b) =) K =) (Vj—a—b(X; —10))’,
j=1
nme K — sanpo (imrerpoBHa byHKIsS 3 He-

Bin'emHuMu 3navenusivmu), h > 0 — napamerp
3ria/ikyBadas. Yum MenmmM obpano h, TuM
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JIEYKHOI 3MIHHOT MOPIBHIOETHCA 13 SIKICTIO OIIHOK
Hanapaga-Barcomna y imiTarifinnx ekCrepuMenTax.

O/mazKde 710 Tg NOBMHHO IIOTpAIUTH X /I TO-
ro, 1mo6 BIIMB j-TOTO CIOCTEPEXKEHHS Ha, MiJirHa-
HI 3Ha4veHHs OyB 1oMmirHuMm. JIokaJyibHO-JI1HITTHOIO
omiukoio §(xg) miast g(xp) € KoopanHaTa G4 TOYKN
MIiHIMYMY (&,l;) dbyukmionany J. ®opmymu (2.1)-
(2.4) [6] narors sIBHUMI BUT/IAL €T OIIHKMA.

g y3arajabHeHnHs: ux bOpPMYyJT MU BBEJIEMO
JOJATKOBE HABAHTAYKEHHS MiHIMAKCHUMH BAarOBU-
Mu KoedimienTaMn 1106 BUIIIATH IIEBHY KOMIIO-
nenry. I1i koedinientn onucani y [1]. V [3] Born
BUKOpHCTAaHI Jj1s1 Moamdikamil ominoxk Hamapas-
Barcona.

Beenemo cmouaTky nesaxi mo3madenud. Jlas
MaCHUBIB KOHIIEHTpAIliil p = (p??n, j=1,n,m=

1,M, n > 1) Tta BaroBmx koedimieHTiB a
(aft, i = I,n, m = 1,M, n > 1) 6ynemo mo-
Plin)
KOHIIEHTPAIi#l mM-0T KOMIIOHEHTH /IS BCIX CIIOCTE-
am )T

r'nin

moo__ m
suavarn p™t = (pit., ... BEKTOP-CTOBITEIh
3 3 m __ m
pekens i, anasoritno, a™ = (al’,, ...
Omnepariito ycepenneHHs 1o Bciit Bubipii 1mo-
BHAYMMO KYTOBUMU JTyKKAMU:

1 n
(P =~ D P
j=1

Bci apudmernuni omeparii Hag BEKTOpaMu, SIKi
BKa3aHi B KYTOBHUX Jy?KKaX, BU3HATAIOTHCS II0€/Ie-
1 m

lim (p™)n,

n—-+o0o
SIKIIO TaKa TPAHUIS ICHYE. 3ayBaskKUMO, IO OIle-
parig ycepenuenns (a*p™),, 3a1ae cKaagpHUi 10-

6yrox a® ta p™ y R”.

MeHTHO. Byjemo noznavsaru (p) =

Pozrisimemo marpwutio I'pama wa ocHOBI ore-
parii ycepeHeHHST 0 JT06YTKAM MTOKOMITOHEHTHUX

BEKTOPIB KOHTeHTpanii: I';, = ((pkpl>n)%:1. Ha-
nasti 6ysiemo npunyckaru, mo {p™ MM e niniitno

Hezasexkanmu, a Tomy det 'y, # 0. Barosi koedi-
. m .
IIEHTH a}),, BU3HAYEH] 32 IIPaBUIOM

M

(= 1)l
1

ano—

F det Ty,
m=
ae Yem € k,m-uMm Minopom marpuri I, HazmBa-
OTh MIHIMAKCHUMY BaroBuMu KoedilieHTamu. 3
BJIACTUBOCTSIMU OTPUMaHUX KOeDIIE€HTIB MOYKHA

osHaifomurucs y [1].

Oninka JioKaJbHO-/TiIHIHOT perpecii i3 HaBaH-
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TaXXKEHHAM Ha -TY KOMIIOHECHTY Ma€ BUIJIAMI:

2 i1 i Y

A () —
g ( U) Z?:l o (2)
e
wit, = (85" (x0) — 87" (20) (X — zo))afi,wis, (3)
Za]n ]n '_‘TO)Z (4)

1=1,2, ra wi) = K((Xj —x0)/h).

fAxmo B popmynax (2)-(4) moknacru aj' =1,
OTPUMYEMO 3BHUATHI (POPMYITH JTOKATBHO- JIlHlI/IHOl
oniHKM Jist ofgHOpiaHOT BUGIpKM (2.1)-(2.4) [6].
ko y (2) BaFOBi koedinientu w7, 3 (3) 3aminu-

™™ Ha @l w50, orpuMaeMo MOAUMIKOBAHI OIIHKM

GinWiin>
Hanapasg-Barcona, 1o posrasaaauce y |[3].

4 Bubip napamerpa 31J1a/1>KyBaHHs

Haisuuii Bubip napamerpa 3riaj2KyBaHHS.
Y pobori [3] nokazaHo, 1o y3arajbHeHa OIIHKA
Hapmapasi-Barcorna € KOH3WCTEHTHOIO Ta, aCUMIITO-
TUIHO HOPMAJIHLHOI, KOJTH TApAMETDP 3LV 1KyBar
HHA BUOUPAETHCA B 3aI€KHOCTI Bif obcary Bubip-
Kit 5K h = h, = Hn /5 mpu n — +o0. 3 T0-
9KW 30PYy MiHIMIZaIl aCHMITOTHYHOI TPOIHTETPO-
BAHOI CEepEeIHBOKBAIPATHYIHOI MOXUOKN, TEOPETH-
YHO ONTHMAJLHUM 3HaueHHAM H e H,p, mo Bu-
3HAYAECTHCA HACTYITHUM YUHOM:

d2L2 1/5
<4D2L1> e

Hopt =
+00 oo
D= /u2K<U)dU, d2 = /(K(U))Qdu’
o (8™ @) @) | (6 w0 )
fUm)(zq) 5 :
1 M
Lo Zf(k)(l"o)«am) pk>Amk,

— g™ (@0))?).

3posymijo, 1o Iie 3HAUYeHHS He MOXKHA Oe3moce-
PEIHBO BUKOPUCTOBYBATH /I OI[iHIOBAHHS 33, Pe-
AJIBHUMU JAHUMU, OCKLJIBKHU i Horo obuuc/ieH-
Hd MOTPIOHO 3HATH HEBIAOMI mapaMeTpyu MOIEJI.
Y nauiit poboTi BOHO BUKOPHUCTOBYETHCS JJId T10-
PIBHSIHHA MOXKJIWBOCTEN JIOKATbHO-JIHIHHWX OITi-
HOK Ta ominok Hamapas-Barcomna. Hamasi 6ymemo
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HA3WBATHU HAIBHUM IMiIXOM0M BUOIp /I JIOKAJIBHO
JIHITHAX OI[HOK TapaMeTrpa 3TiaKyBaHHd h =
Hoptn_l/ 5 TO6TO TEOPEeTHYHO-ONTHMAIBHUI I/
ominok Hagapas-Barcona.

Bubip mnapamerpa 3rJa/pKyBaHHS Ha
ocHOBi Kpoc-BaJjiganii. Busnauumo teoperudny
OPOIHTErPOBAHY CEPEAHBOKBAIPATUIHY MTOXUOKY
i3 HABaHTaXKEHHSIM Ha M-TY KOMIOHEHTY $IK:

+oo
ISE (7 m) = / (80 () — g™ ()2 £ () e

—0o0

Bynemo mykaru smauenna h > 0, gxe 3abesrme-
gye (mabmmxeny) minimizamnio ISE(h;m). Ockinn-
ki ¢(™ Ta f(™) mepigomi, mOGYIYEMO OIIHKY st
ISE(h;m). Samumemo ISE(h; m):

IY”) —92. [ém) + I?Em)7
—+o00
1 = / (60 (2))* £ (2)de,

—0o0

ISE(h;m) =

9™ (2)g"™ () £ () d,

(m)

Inrerpan Ig
BILINBAaE Ha MiHiMmizario. Bigkunayemu itoro, ma-
emo dynkmionan, eksisasentauii 10 ISE(h;m):

HE BAJEXKWTL Bix h, a TOMYy He

CV*(h, m) == Il -2 IQ

Ouianmo inrerpamm B CV*(h;m) macrynHuM 9u-
HOM. YKIIO BBECTH JI0JATKOBE CHOCTEPEIKEHHS
(X (m),Y(m)), PO3IOALT TepIIol KOOPAWHATHA SKO-
ro Mae miﬂbHiCTb )| nesamexxme Bin BuGIpKE

X ={(X;, Yj)}joy, mo:

E[(g5™ (X™)? | K] = I,

E[g"(X™)gm (X ) | X] = Iy
Tobto imTerpasu I{m) Ta Iém)
O/IM3UTH 3BAa2KEHNMU BUOIDKOBUME CEPEIHIME, STK-
6u y nac Oyam MOJATKOBI CIIOCTEPEYKEHHS HE3AIE-
JKHI BiZl THX, 0 gkuX OyayBaJjach ominka. B Ta-
KUX BUMAKAX JIjIs OIIHIOBAHHS BUKOPUCTOBYIOTH
TeXHIKy KpOC-BaJIiiarii.

MokHa Oysio 6 Ha-
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Beegemo HacTymHI OIIHKY T IHTETPAJIiB:

Za]n 3™ (x5,

Z - N

9
€ OIIIHKOIO JJIsI g(m) Ha OCHOBI BCIX CIIO-

Ifm) ~ ffm

Iém) ~ fém

X5)9;-" (X5),

ae g

cTepekeHb, OKpim j-ro. Ilpobiema BUHUKAE B OTTi-

7(m)

miosani ¢(™) B I5 . SIKII0 BUKOPUCTOBYBATH JJ1d

omiHoBaHHs BCo BUGIpKY, To ¢(™) i §§T’)(X j) By-
nyTh 3ajexuauMu MixK coboro. ITlob6 ycymyTu 1110
3aJIeXKHICTh, po3i6’eMo BUOIpKY Ha JIBI MOJIOBU-
HYU 3 TPUOJIUZHO OJHAKOBOIO KiJBKICTIO CIIOCTEpe-
ZK€HD: TepIla YaCcTHHA BUOIPKH i1e Ha 00UINCIeHHS
OTIIHOK KPOC-BaJIiJIaIlii, a Apyra BUKOPUCTOBYEThCS
Jutsi onintoBanHs (yHKIl perpecii g\"*

Ilincrassisroan 3amicTs inTerpasiis nobyaoBa-
Hi omiHKuM, orpumyemMo ouinky st CV*(h;m):

[n/2] )y
v Z @ 2] 9]* (X;))%-
[n/2] . o
-2 Z a5 n/2]9 [n/2]( )gj_ (X5),

ze g;_ (x) mispaxosyerbes 3a nepimmiu [n/2] cro-
CTEpeKeHHSAME 3 BUGIDKH (32 BUKJIIOUEHHSIM j-T0),

a gr(Lm)[

summancd. OIiHKa mapaMerpa 317Ky BaHHI Ha
OCHOBI TEXHIKKM KPOC-BaJilJlalil BU3HAYAETbCH SIK

. /2]( X) Ha OCHOBI THUX CIOCTEPEKEHB, 1110 3a-

TOYKA MiHIMyMYy OIliHeHOr0 (DYHKIIOHAJY:

(m) _ OV (h-
h6v = argmin CV(h;m)

Bias, X0 = 0.5

—&— LL-naive
-e- LLCV
4 NW-optimal

0.08

0.07

3HauYeHHA XapaKTepHCTUKK
0.06

0.05

T T T T T
200 400 600 800 1000
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5 Imirtamifinuii ekcriepuMeHT

IIpoananizyeMo TOBEIIHKY OIIHKH, ITOPIBHIOIO-
9H 3aIPOTIOHOBAHI OIIHKM 3 y3arajbHEHOIO OITiH-
koo Hanapas-Barcona 3 [3] mis ogrOro Momesnb-
HOTO po3mozainy zanux. ImiTamiiiai ekcrepumMen-
T Oys0 IpoBeIeHO Ha BHOIpKax obcary n
100, 250, 500, 750, 1000. /1715t KOXKHOTO 0OCATY BU-
6ipku 6ysi0 3rereposano no B = 1000 nezaaexunx
KOTIi#i BUOIPOK, 10 IKuX OyAyBaJIMCh OIIHKH.

Posrnsgganacek JBOKOMIIOHEHTHA CYMiTll, TOOTO
M = 2. MmosipHocTi 3MmilllyBaHHA BU3HAYEHI SK

7

TL

P{Kj:u_% P{r,=2}=1-2 j=Tn

Posmozin perpecopa € pisHomipanM aa [0, 1]. Pos-
mOAiT MOXUOOK € IMEHTPOBAHUM TAYCCOBUM 3 JIUC-
nepciero 1.25, robro €; ~ N(0,1.25). @yukuii pe-
rpecii Bu3Ha4YeHl 9K

¢ (z) = (-1)™z(1 —z), m=1,2.

B gxocti anpa orinku 6eperbesi sapo Cnane-
anikosa K (z) = 3/4(1 — 2%)1 ;<. SIkicTe moro-
9KOBOI 30I2KHOCTI OIIHOK XapaKTEPU3YETHCS 3Mi-
memnsm Bias(5(™ (z0)) = E[§0™ (o) — g™ (xo)]
ta acnepcieo D[§™ (xq)], koTpi omimoOTHCS 3a
BUOIPKOBUM CepeiHiM Ta BHOIPKOBOIO IMCIIEPCIED
10 3HAYEHHSIX OIIHOK Ha MOE/IbOBAHNX BHOIPKaX.
306pazuMo 3HAUEHHS TIOTOYKOBUX XaPAKTEPUCTUK
BiZIHOCHO 36i/bIIeHHsT 00CATY BHOIpKH:

Variance, x0 = 0.5

—8&— LL-naive
.
A

LL-CV
NW-optimal

0.05

3HaueHHA XapaKTepHUCTUKK
0.03 0.04

0.02

0.01

200 400 600

O6eaAr BHOipKM, N
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Puc. 1. 3wmimenna Ta OWCOepCid OIIHOK st
gV (x0), zo = 0.5.

Bias, x0= 0.5 Bias, x0= 0
g
g | —a— LL-naive s 7 —=— LL-naive
) ~e- LLCV -e- LLCV
4 NW-optimal -4 NW-optimal
: z
<
©
= ' 3 =
2 2
g £
o o ©
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-8 S
g < g e i
g S E
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s P— « s 9]
<
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5 . by b
S IS .- s 7
e e
N w R
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O6cAr BaGipku, n O6cAr BubipKM, N
Variance, x0 = 0.5 Variance,x0 = 0
© w
2 —a— LL-naive c 7 —a— LL-naive
-+- LL-CV -e- LL-CV
R 4 NW-optimal -4 NW-optimal
g ]
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Puc. 2: 3wmimenns rTa aucnepcig ominok jias  Puc. 3: 3wmileHHs Ta  Agucnepcis OIIHOK st
9P (x0), 2o = 0.5. 9P (x0), wo = 0.
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Bias,x0= 0 Vatiance, x0 = 0
A —#— LL-naive —&— |L-naive
-+- LL-CV -e+- LLCV
4 NW-optimal -4 NW-optimal

0.15

3HaueHHA XapaKTepHCTUKK
0.10

0.05

200 400 600 800 1000

OfbcAr Bubipku, n

6 BucuosBku

Y IpoBeneHnX eKCIEepHMEHTaX MOOYI0OBAHA MOIM-
dikarfis OmMiHKY JTOKAJBHO-TIHIHHOT perpecii mms
MOJIEJTI CYyMIIT 3 JeKITBKOMa PerpecisMu JeMOH-
CTPY€ Kpallly TOBEIHKY B TPAHWYHIN TOYI HOCig
perpecopa (xg 0). 3 HaBeJeHUX BUINE DUCYH-
KiB 1e 700pe BUIHO TOPIBHSIHO MEHIINM 3Millle-

CrOmcoK BUKOPUCTAHUX JI2KepeJt

1. Maiibopona P.€., Cyrakosa O.B. "OruintoBan-
He Ta KJjacudikalig 3a CIIoCTepeKEeHHIMH 13
cymimi”. K.: BIIL "KuiBcbkuii yHiBepcurer”,
213 p. - 2008

A. Pidnebesna, I. Fajnerovd, J. Hordcek, J.
Hlinka. Mixture Components Inference for
Sparse Regression: Introduction and Appli-
cation for Estimation of Neuronal Signal from
fMRI BOLD. Applied Mathematical Modelli-
ng, Vol. 116 (2023), p. 735-748.

. H. Dychko, R. Maiboroda. A generalized
Nadaraya—Watson estimator for observations
obtained from a mixture. Theory of Probabi-
lity and Mathematical Statistics, Vol. 100
(2020), p. 61-76, DOI: 10.1090/tpms/1098.

E. A. Nadaraya. On Estimating Regression.
Theory of Probability and its Applications,
Vol. 9 (1964), No. 1, p. 141-142.
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3HauYeHHA XapaKTePHUCTUKK
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0.0
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Puc. 4. 3mimenns Ta gucmepcida OMIHOK st
g2 (x0), xo = 0.

HHSIM Ta JUCIepciero BiaHocHO orlinku Hamapas-
Barcoma. B immmx imitarifinnx ekcmepuMeHTax,
AKi BUKOPUCTOBYIOTEL 1HIT PO3MOJLIN PErpecopin
ta (yHKIi perpecii, moBeginka MoxKe OyTH Tip-
II0FO.

Teoperuure g0OCTiKEHHST ACHMIITOTHIHOT TT0-
BeJiHKH 3aIIPOIOHOBAHMX OIHOK Ma€ OyTH IIpe-
JMETOM TIO[AJIBITTOl PODOTH.

5. G. S. Watson. Smooth regression analysis.
Sankhya: The Indian Journal of Statistics,
Series A, Vol. 26 (1964), No. 4, p. 359-372.

6. J. Fan. Local Linear Regression Smoothers
and their minimax efficiencies. The Annals of
Statistics, Vol. 21 (1993), No. 1, p. 196-216.
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npubymrkogocmi 6a3yemvcsi HaA OYIHYL OYIKY8AHOI CYYACHOI 8apmocmi MAubOYmMHIX 2POUuLosUX NOMOKISE.
Jlocriooicytomucest pisHi nioxoou 00 eubopy cmasox ouckonmysauns. Obrpynmosyemvcsi eudip cmpamezii
BUKOPUCMAHHA CMABOK KpuBoi 6e3KYNOHHOI 00X00HOCmI, NOOYO008AHOI 34 2pusHesuMU O00aiayismu
6HYMPIuHb0I 0eporcasnoi nozuku (Oani — OB/[II). Tlokazano 3anedcHicmv Kpueoi 6e3KyNnOHHOI 00X0OHOCHI
8i0 3MiHU 001IK060I cmasku. Posensnymo Ounmamixy mooleni npu pisHUX pieHSIX 6I0COMKOB0I CMABKU:
2apanmosanull  IHeCmMuyiiHull 00Xxi0, cepedHs NpudOYMKOBIicMb IHBecMUYilHOI OiAnbHOCMI, 00/1iK08a
cmaeka. PozenaHymo cyeHapiti npoeHO308aH020 3MeHUleHHs 001IKO80I CMABKU HA emani NiclsA80€HHOL
8i00yo0osu  Ykpainu. [lposedeno mecmysanHs npubYymrKo8ocmi cmpaxoeoi KOMNAHII HA  OCHOGI
MaAxKponapamempis 6xKazaHo2o cyeHapiro. Ilokazano O0oyinibHICMb BUKOPUCMAHHA 00pAH020 Ni0X00y 0
00CHI0JCEHHST OUHAMIKY CMPAX080i KOMHNAHII 31 CMpPAXY8AHHA JHCUMMSA 8 YMOBAX NOMOYHOI BUCOKOL
B8OAAMUILHOCI €KOHOMIKU YKpaitu.

Kuouosi cnosa: cmpaxosa xomnamis, npogim-mecm, mooenv CEeHCCOHA, OUCKOHMYSAHHS, O001IK08a
cmaska.

In the paper we investigate the dynamics of a life insurance company depending on changes in macro
indicators. For the sensitivity study, profitability testing is performed for the average life insurance contract.
Profitability testing is based on an estimate of the expected present value of future cash flows. Various
approaches to the choice of discount rates are investigated. The choice of strategy for using the rates of the
zero-coupon yield curve built on the UAH domestic government bonds is substantiated. The dependence of
the zero-coupon yield curve on the change in the key rate is shown. The dynamics of the model at different
levels of the interest rates, namely guaranteed investment income, average profitability of investment
activity, key rate, is considered. The scenario of the predicted decrease in the key rate at the stage of post-
war reconstruction of Ukraine is considered. The profitability of the insurance company was tested based on
the macro parameters of the specified scenarios. The expediency of using the chosen approach for
researching the dynamics of a life insurance company in the conditions of the current high volatility of the
Ukrainian economy is shown.

Key words: insurance company, profit test, Svensson model, discounting, key rate.
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Beryn

VY cywdacHOMy CBITi icHye Oarato BHKJIHKIB Ta
CTPECOBUX JUII CKOHOMIKH CHUTYyaliid, SKi MOXYTb
MIPU3BOIUTH 10 HEOUIKYyBAHO! MOBEIIHKA JUHAMIKH
OKUTTS» CTPAaxOBUX KOHTPakTiB. OCOOIHMBO, SKIIO
MOBa € TmTpO JOBrOCTPOKOBI MPOAYKTH, SIKi
BUMaraioTh MporHo3yBaHHA Ha 10 1 Oinblre pokiB
Brepen. llepm 3a Bce 1 HEOOXIAHO IS CaMHX

CTPaxOBHUX KOMIIaHIH — JUIsS OI[IHKKM PHU3HKIB Ta
OpUOYTKOBOCTI TOr0O YW  IHHIOTO  MOPTQEIIo,
MpOoAyKTiB, Oi3Hecy B 1mimomy. i  mporo

MPOTHO3YBaHHS 3a3BHYall 3aCTOCOBYIOTHCS TIEBHI
MPUITYLICHHS, SK, HAPUKIAI, 3HAYEHHs CTaBOK, TIiJl
Ky TpaBWIBHIINIE TUCKOHTYBATH MaiOyTHI MOTOKH
JNOXOAIB Ta BWTpPAT, alKe BiA LHOT0 3AICKHUTH
a/ICKBAaTHICTh KiHIIEBOTO pe3yJbTaTy Ha MOYaTKOBUIA
MOMEHT 4Yacy 1 BIJOBIIHUX KpOKIB CTpaxoBoi
KOMIIaHil B MMOAATBIIOMY.

TeopeanHa yacTHuHa

Jus  omiHIOBaHHA  TPUOYTKOBOCTI  TIEBHOTO
MpoAayKTy cTpaxoBi kommaHii (mami — CK)
BUKOPUCTOBYIOTh  profit test. Bin Oyayerbcs
HAaCTYIIHUM YUHOM: OIMUCYETHCA IIOHATTA

CePeTHHOCTATUCTUIHOTO JIOTOBOPY (YMOBHO Ka)Kydd
O0MpaEThCsl HAUTIOUIMPEHIIUH CTPOK JIii JI0TOBOPY,
CTaHIApTHUN HAOIp PU3HKIB, CEPEIHS MPEMisl, BIK Ta
CTaTh 3acTpaxoBaHOi O0cCOOM TakoX, 3a3BHUYA,
HaHOUTBII TIOMUPEHi 110 opTQeto adbo 3 pO3yMiHHS
CBO€EI IILOBOI ayAuTOpii KommaHuiero). Jlami s
BOTO  JOTOBOPY  OyAyeTbcS ~ MOJENb,  sKa
MoKazyBaThMe, SK Oyae ToBOAWTH cebe JOTOBIp
MPOTSITOM POKIB Horo il B po3pi3i JOXOIiB Ta
BUTpaT KommaHii. OYeBUIHO, IO IS IHOTO
3aKJIaJAI0 ThCSI TIeBHI TIPUITYIIEHHS 1010,
Hanpukian, 3Mind Butpat CK, piBHS po3puBiB
JIOTOBOPIB CTpaxyBaHHs Tomo. | B pesynbTari —
BHPaXOBYEThCS MPUOYTOK BiJl I[LOTO JIOTOBOPY JUIS
KOXXHOTO POKY 1 IPUBOJUTHCS IO MOMEHTY MOYaTKy
noii  OroBOpYy — TaKMM 4YHHOM MH 3HAXOJIHUMO
MpUOYTKOBICTh TPOAYKTY. BWHHKae CKIQIHICTDH 1,
BIIACHE, 1€ € OJHHM i3 MPUITYIIEHb, - MiJ] IKYy CTaBKY
notpibHO  jauCKOHTYBaTH  motokd. HBY, sk
perynsTop, 4YiTKO HE periaMeHTye BHOIp CTaBKU
JTUCKOHTYBaHHsI, BiAmoBigHO kKoxkHa CK obupae mis
cebe Tol miaxia, sSKWil BBaXkae IUIsl CBO€I CUTYyaIlii
HanOuTein  BaanmuM. Cepen Takux MIIXOIIB €
JUCKOHTYBaTH  IIiJl  BIJICOTOK  TapaHTOBaHOTO
1HBECTHULIMHOIO JIOXOOy (4%, HaIPHUKIIAT),
TUCKOHTYBaTH TIiJ BIJICOTOK MPHOYTKOBOCTI TIO
NETO3UTy, KW i€ Ha MOMEHT 4Yacy YKIIaJeHHS
JIOTOBOPY Ta KilbKa IHIMMX. AJle Ii TiAXOIu HE
MOXYTh KOPEKTHO BIATBOPUTH pEaJbHUA CTaH
PUHKY, OCKUIbKH, OYEBHIHO, CKOHOMIiKa 3MiHHa
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HPOTATOM Hacy, TUM T1a4ye SKII0 MH TOBOPHUMO IIPO
CTpaxyBaHHS JKHUTTS, SIKE€ € JIOBTOTPHUBAIUM
MPOAYKTOM, & OTXKE, 1 JUCKOHTYBAaTH MPAaBWIBHO [
pi3HI CTaBKH B KOKCH KOHKpeTHHH pik. OTxe, 5K
3pO3yMIJIO 13 BHIIE3a3HAYEHOTO, IIi CTaBKH MAarOTh
KOpenoBaTH 13 3MiHOIO  eKoHoMiku. ToOTo,
HaNpHUKIaj, 3MIHOIO KypCy BalllOT, O0JIIKOBOI CTaBKU
Tomo. ToOTo TOTPiOHO 3HAWTH TaKWi TOKAa3HWK,
AKHHA 3aJIe)KaTUME BiJl 3MiHM MaKpOEKOHOMIUHHMX
MOKa3HMKIB 1 BiJoOpakaTUME peajbHUN CTaH PUHKY.
TakuM  TOKa3HMKOM € KpuBa  OE3KYIOHHOI
JIOXOMHOCTI — TpadiyHa iHTepIpeTamist TOXiTHOCTI
OTHOPiMHUX OE3KYNOHHUX OOProBUX I[IHHUX IManepiB
3 piI3HMMHU TIepiofiaMu JI0 ToraiieHHs. ba3oBa kpuBa
0E3KyIMOHHOI JOXIAHOCTI OyIy€eThCs 3a Jep >KaBHUMU
obOmiramismu  [1].  3anexHICTR  KpUBOI  BiA
MaKpOIIOKa3HUKIB JOCIIKCHA B HAIli MONEpeHIH
pobori [2].

IIpakTnyHa yacTuHa

Peanizamisn profit-test 3pobmena B Microsoft
Excel. [Ipu TectyBanHi Mojeni sl pi3HHX CTaBOK
JUCKOHTYBaHHA 0adyMMoO, MI0 pe3ydbTaT 3HAYHO
3MIHIOETBCS, TOOTO 3aJISKHO BiJl BUOOPY MIAXOAy 110
BU3HAYECHHS CTaBKH JMCKOHTYBaHHS MOXE 3HAYHO
3aHW)KYBATUCh 200 3aBHIIYBATHChH PE3yJIbTATHBHICTH
npoaykry CK 3 To4ku 30py Horo mpuOyTKOBOCTI.
1106 BU3HAYHTH CTaBKH, CKOPHCTAEMOCH KPUBOIO
OE3KyIMOHHOI  JIOXOJHOCTI, nmoOyIoBaHOI  3a
rpuBHeBuMu OBJIII 3a monenmio CeHccona. [lns
pOro BUKOpHcTaeMo (opmyiny mozaeni CBeHCCOHa,
sKa 3aJIe)KHUTh Bifl 6 mapaMeTpiB, SKi OHOBIIOIOTHCS
HBY nHa motmwxHeBiil OCHOBI.

Sy= o+ Pu (L~ ™)/ (p/r) + B (L~ e™) /
(i)~ € ™)+ B (L~ e P) / (pfe) — ™)

BuxopucroByroun mo QGopMyily, MH MOXEMO Ha
OyAb-KHiA CTPOK IOpaxyBaTH 3HAYCHHS CTaBKHU. |
BIJIIIOBIAHO BHKOPHUCTATH i CTaBKA IS
JUCKOHTYBaHHS TIOTOKiB B profit-test, oTprmMaBim
pe3ynbTaTH HaHOIMbII HAOIMKEHI JI0 peabHOTO
CTaHy PUHKY.

Posrnsinemo KOHTPAKT HaKOIUYyBaJIbLHOTO
CTpaxyBaHHS XHUTTA, IO BKIIOYAE B ce0e PU3HUKH
CMEpTi Ta MAOXKHUTTA JO 3aBEPIICHHS CTPOKY il
JIOTOBOPY CTpaxyBaHHS IS KIHKH 35 pOKiB, SKUH
ykiaaneHuit Ha 20 pokiB. Mu 3aknamaeMo TeEBHI
MPUITYIIEHHS 1010 piBHS PO3pHBIB,
amMIHICTpaTUBHUX BHTpaT, aKBi3WIli TOIIO, aie
HaWO1IbIIIe HAC MIKABUTH MPHUITYIIICHHS 00 BUOOPY
CTaBKH JUCKOHTYBaHHS MOTOKIB JIOXOMIB Ta BUTpAT
CK mpoTsrom TepMiHy Iii TOTOBODY.
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Posrnsiremo kinbka npumylieHs BUOOpY craBku: 4%
(rapanToBaHmWii  iHBecTHHiMHHMKA  goxim), 12%
(mpuOyTKOBICTh 1HBECTULiMHOI HisibHOCTI), 25%
(obmikoBa CTaBKa).

OWcKoHTOBaHMK NpUBYTOK
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Puc. 1 [uramika AMCKOHTOBAHOTO MPHOYTKY IS
PI3HUX CTaBOK TUCKOHTYBaHHS

TakuM 9riHOM 3a pe3ynbTaTaMu IPOBEACHHS MPOoQiT-
TECTYy MH OTpPUMA@JIM Taki 3HA4YEHHS CTaBOK
npubytkoBocti 7%, 18.1% Tta 33.3% nnsa craBok
25%, 12% Ta 4% BignoeigHo. Sk Oaummo, BHOIp
CTaBKM 3HA4YHO BIUIMBAE HA PE3YJIbTaT OLIHKH
MPUOYTKOBOCTI MPOIYKTY.

Tenep Bi3pMemo mapameTpu s Mozaedi CBeHccoHa
crtaHoM Ha 13.06.2023 poky Ta nopaxy€eMo 3HaYEHHS
Ha BCI JIHI HA TEPMIH Jii JOCIIKYBaHOTO JIOTOBOPY.

NBU curve
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Puc. 2 Kpugra 3Hauens craBok goxignocti OB/IIT

Taka moBeniHKa KPUBOI MOSICHIOETHCS THM, 1[0 BOHA
penesantHa st OBII cranom Ha 10 pokis, ane Mu
MPoOBXKYeEMO ii 10 20 pokiB.

JuckoHTyeMo npuOyTOK Wi CTaBKM 3 Li€l KpUBOI 1
OTPUMY€EMO Map >KMHAIBHICTD 12.8%.

Jani Hac IKaBUTH K 3MIHUTHCS MOBEIIHKA MPOQIT-
TEeCTy NpH 3MiHI OOJIKOBOI CTaBKW. B momepemHiii
poboti Oyma mOBeleHAa  3aJEKHICTh  KPUBOI
0€3KYMOHHOI JOXOMHOCTI BiJ OOJIIKOBOI CTaBKH.
Bi3bMeMO 3HaYEHHS CTaBOK IO KpPHBIH 1 00JIKOBOI
CTaBKH /0 MOBHOMACIITAOHOTO BTOPTHEHHS, TOOTO
mo 24.02.2022, ToMy IO TaM CIIOCTEPIraanch
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PETYIApHI 3aIeKHOCTI CTAaBOK 1 BIAMIOBIAHO MOXKHA
nmoOymyBaTH JiHIHHY perpecito 0a3ylodmch Ha
icTopuyHOMy  Habopi  JaHMx. BukopucraBmun
¢yukii Excel, 3Haxoaumo, mo

CepenHe 3Ha4YeHHS CTaBKH Ha KpWBIH Oe3KymOHHOL
noxoaHocti = 0.582 * 3HaueHHs OOJIIKOBOI CTaBKU Y
BiJIOBITHUH pik + 6.7%.

ToOTO 3 KOXKHAM TiTHATTSIM OOJIKOBOi CTaBKH Ha
1% 3Ha4YeHHS CTAaBOK Ha KpuBid Oe3KymoHHOT
nmoxonHocTi 3pocte Ha 0.582%.

OTpuMyeMo, IO TPU TEMepilmHiiA 00JIIKOBIA CTaBIIi
25%  npuOyTKOBICTb  NPOAYKTY, SIKHH  MH
po3risimaemo,  ckimamgae  12.8%. Ha  erami
MICJISIBOEHHOI BiIOYAOBU MPOTHO3YETHCS 3HUKECHHS

001ik0BOi cTaBku g0 15%. 1 Bxke miId LBOTO
3HAYEHHS, [JACTAaBHMBIIK BIANOBIAHI  3HAYCHHS
CTaBOK KpHBOi B  Tpo(diT-TeCT, OTPUMYEMO

IpUOYTKOBICThH CTPaxoBoro npoaykry 20.1%.

BucHoBku
CrpaxoBi  KOMmmaHii, sKi  TpaIOOTh 3
JIOBTOCTPOKOBUMH MIPOAYKTAaMH, MaroTh 3

00EPEeKHICTIO MIIXOAUTH 10 BUOOPY CTAaBOK JUISI
JMIUCKOHTYBaHHSI MaHOyTHIX ITOTOKIB JIOXOMIB Ta
BUTPAT KOMIIaHil IpH MipaxyHKy pe3yJbTaTUBHOCTI
il missibHOCTI a00 TEBHOrO MPOJYKTY, ajpKe I
JIOCUTHh CYTTEBO BIUTMBAE Ha pe3yibTaT. HalOinmbn
ONTUMAJILHUM Ta JIOTTYHUM 3 TOYKH 30pY €KOHOMIKH
MiAXOJOM € ITUCKOHTYBaHHS 3a CTaBKaMHM KPHBOI
0Ce3KynoOHHOI ~ JIOXOJHOCTi,  MOOyJOBaHOI  3a
rpuBHeBuMu OBJIII 3a Mmogemnro CBeHCCOHHA, TOMY
[0 BOHA PEATICTHYHO BifoOpakae TUHAMIKY PUHKY
YMOBHO Oe3pH3MKOBUX (PIHAHCOBHX IHCTPYMEHTIB —
OBJIII. Takoxx  BiH  [O03BOJSE  JHHAMIYHO
nepedyn0BYBaTH MIPOTHO3, OCKUIBKK HapameTpu AJIs

IaHoi Mozenl 3MIHIOOTBCA JOCHTh 4YacTo 1 €
YYTIUBUMH JIO 3MiH PHHKY, HanpuKiIaJ SK 3MiHU
00MKOBOI ~ CTaBKM, Kypcy BaJIOT Ta IHIIMX
MaKpOEKOHOMIYHHMX TOKa3HHUKiB. A 3HAIOUM 3MiHY
00MIKOBOI CTaBKM, MH MOXEMO IIPOTHO3yBaTH
JUHAMIKY  CTaBOK Ha  KpHWBid  0Oe3KyNmOHHOT

JOXOIHOCTi, a OTKe, MPOrHO3yBaTH 1 3MiHH
prOYTKOBOCTI MPOAYKTY ab0 mOpTdheto cTpaxoBoi
KOMITaHii.
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YV emammi ompumaro docmammui Ymoeu KOHCUCTMEHMMHOCTNG NEPiodozpammol ouinKy amMnaAimyou
ma KYmMoGoi “acmomu MpuzoHOMEMPUIHOT MoJdei peepecii 3 JUCKPEMHUM “4ACOM Ma CUALHO 3AAE-

AHCHUM BUNAIKOBUM WYMOM.

Kao106i cr06a: MpuzoHOMEMPUUHG MOJEAL PE2PECTT, CUABHO 3aAEHCHUL BUNAOKOSUT UYM, CUH-
2YAAPHUTL CNEeXmp, NePiodozpamHa 0UiHKG, CUALHA KOHCUCTEHIHICTD.

Trigonometric regression models take a special place among various models of nonlinear regression
analysis and signal processing theory. The problem of estimating the parameters of such models is called
the problem of detecting hidden periodicities, and it has many applications in natural and technical

sclences.

The paper is devoted to the study of the problem of detecting hidden periodicities in the case when
we observe only one harmonic oscillation with discrete time, where random noise is a local functional
of Gaussian random sequence with singular spectrum. In particular, the random sequence in the model

can be strongly dependent.

For estimation of unknown parameters the periodogram estimator is chosen. Sufficient conditions
of the consistency of the amplitude and angular frequency periodogram estimator of the model described

above are obtained in the paper.

The proof of Lemmas 1 and 2 gave an important asymptotic properties of the random noise functi-
onal related to the periodogram estimator which necessary for the proof of the main results. Series
expansion of random noise in terms of Hermite polynomials and the Diagram formula are main tools

that were used to obtain this lemmas.

Key Words: trigonometric regression model, long-range dependent random noise, singular spectrum,

periodogram estimator, strong consistency.

Cmammio npedcmasue 0d.¢p.-m. 1. Posopa I.B.

Beryn

Tpuzornomempuuni Mmodeai peepecii 3aTUMaI0MD
ocobause micue ceped pizHomanimnux modesed
HENIHITH020 pe2pecilinoz2o anaM3y Mma Meopii
00pobky cueHanis. 3adaua 0UIHI8ANHA NAPaME-
mpie Maxur modesetl Ha3UBLEMbCA 3a0a1e10 BU-
ABAENHA NPUTOBAMUL NEPIOOUNHOCTEY, AKG MAE
bazamo 3acmocysatd 8 NPUPOOHUYNULT Ma MeTHi-
YHUT HAYKA.

3adavi eusaBAeHHA NPUTOBAHUT NEPIOOUMHO-
cmeti P36 A3YIMBCA NPOMAZOM CMOPIY MA Ma-

© O.B. Isanos, 1.B. Opaoscbkuii, 2023
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oms seauky 6ibat02padiio.

Baoicause micue y meopii oyinto8anHA na-
PAMEMPIE MPULOHOMEMPUUHUT Modeaels 3atima-
10Mb NEPI0J0PaMHL OUIHKU, AKI GNEPUE PO32Asi-
das A. Ilycmep [1, 2], axomy i narescumod cam
mepmin  "nepiodoepama’”.  Acumnmomunri 6AaG-
CMUBOCMI NePiodoepamMHUL  OUiHOK NAPAMEMPIE
MPULOHOMEMPUIHOT MOOENT BUBHAAUCH DA2AMLMA
a8MOPaAMU © MU 3UUWAEMOCH MIALKU HA 3HAYHO NI~
sniwi pooomu I'Il. I'peuxu ma A.4. Jlopozos-
uesa [3], B.I. Keina ma E./owc. Xenwnana [4],
II.C. Knonosa [5], O.B. Isanosa ma B.M. 2Ky-
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paxoscvrozo [6]. Todi

Oxpim  nepiodozpamrozo nidrody 6 O0yiHIo-
BAHHT AMNATMYOD M KYMOBUL “ACMOM  MPU-
20HOMEMPUYIHOT MOJEAT UWUPOKO BUKOPUCTOBYIO-
MbCA OUIHKY HATUMEHWUT K6adpamis. 3uiemocs
mym na pobomu II. Yimaa [7], A.M. Yoa-
kepa [8], E.[owc. Xewnana [9] dan modeneti 3
duckpemmum uwacom, ma pobomu O.B. Isano-
ea [10, 11], O.B. Isanosa ma B.M. 2Kypa-
koscvkozo [12], O.B. Isanosa, M.M. Jleonewnxa,
M.JI. Pyis-Medinu ma B.M. 2Kypaxoscvrozo [15]
ons modenets 3 HENEPEePSHUM YACOM.

YV cmammi poseasdaromuvcs  nepiodoepamii
OUIHKU KYMOBOT “acmomu ma amniimyou 2ap-
MOHIYHO20 KOAMUBAHHA Y MOOJEAT CNOCEPEHCEHD 3
JUCKPEMHUM YACOM A BUNAOKOBUM ULYMOM, U0
MAE CUHRYAAPHUT cnexmp. Joxpema, uel sunad-
KosUll Wym Modice bYmu cusvho 3arexcrum. Pe-
3YALMAMU  CMAMMi NPodosHCYIOMb 0CAIOHCEH-
na pooomu O.B. Isanosa ma B.M. 2Kypaxoscvro-
2o [6], poswuprorowu i ma eunadox duckpemmrozo
yacy.

1 IlocranoBKa 3amadvi

Ha dwmosipricromy npocmopi (2, F, P) poseaare-
MO Mmodeab pezpecti

Xj = Agcospoj +e¢j, j=1,N, (1)
de Ao # 0, o € (g,@), 0< ¢ <p<m, ascunad-
Ko8UTl WYM € 3040080AbHAE HACTMYNHIT YMOSI.

A g5, §J € Z, € aokaronum dyrryiona-
AOM 610 2aYcCi8CvKOL CMayioHapHol nocaidosHo-
cmi &, J € Z, 3 HYAvosuM cepedHim, mobmo
gj = G(&), de G(x), z € R, maka boperesa dyn-
xuia, wo Eeg =0, Egé < 00.

3a ymosu A1 Pynruyis G(x) poskaadacmoes
6 pad

de

6 2iavbepmosomy npocmopi Lo(R, o(x)dzr) 3a no-
AtHomamu Yebuuwesa- Epmima

e 2 . (3)

dx™
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G=CE) =Y HuE), L (4)

m=1

Osnavenns 1.1. IlepiomorpaMHOIO OIHKOIO dYa-
CTOTH

YN € (f, @), TS STKOT

QN (pN) =

@Yo HaA3BEMO TaKy BUIIQJIKOBY BE€JINYNHY

Qn(p),

sup
one(e?)

e
2

9 N -
ante)= |25 e
J:

B cBoo uepry, omiHky aMILIiTyqu Ag 3HAXOIMMO
1

sk sHavenns Ay = Q% (on).

2 iarpamHa dopmysia

Poseasnemo nacmynnutl  donomisichutl  peayso-
mam, HeoOXIOHUT OAA OMPUMAHHA PE3YLLMAMIE
cmammi. Biavw demanvry ingopmayiro wodo di-
azpammoi gopmyau mootcrna swatimu y [14].

Osnavenna 2.1. Hdiarpamoro nopsiaxy (I1,...,1p)
oynemo nasmsatu rpad I' 3 [; + ... + [, Bepmm-
HaAMU, SKIIO:
a) MHOXKMHA BepiiuH [' 306paxKaeThcst y BU-
P
rgm Vo= 'U1Wj7 ne W; = {(],k‘) ck :m} -
j=
j-it pisens I, j = 1, p;
6) KOXKHA 3 BEPIIUH Ma€ CTYIiHb 1;
B) sk pebpo ((j1,k1), (j2,k2)) € T, Toxi
j1 # Jo, TobTO pebpa I' mpoxoAsaTh MiXK PISHUMEI
piBHSMU.

Hosnavwumo wepes L = L(ly, ..., 1p) mmoocuny
sciz diazpam I' nopadxy (l1,...,1,), a wepes R(V)
mroocuny pebep epaga I' € L. Jlaa pebpa

w = ((j1,k1); (j2, k2)) € R(V), j1 < jo,
nokaademo di(w) = j1, da(w) = jo.

Osnavenns 2.2. liarpama ' HasuBaeTbesi pery-
pu Tax, 1mob He OYJI0 TAKOTO pedpa, sKe IPOXOIUTH
MizK pIiBHSIMU, 1[0 HaJIEXKATh PISHUM mapam. MHo-
JKWHA PEryJspHuX jiarpam mozHadnmo L* C L.
Axmo giarpama I' € L\ L*, Toxi i1 Ha3uBaoTh
HEPEryJIsIPHOIO.
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Zliaepamna popmyaa

Hezxat (&1, ...,&p) - eayciscokutdl eexmop 3 ny-
avosum cepednim, E&E; = B(i,j), 1,5 = 1,p;
Hy (x), ..., Hy,(z) - noainomu Hebuwesa-Epmima
nopaodxie ly, ..., 1,. Tod

-3 T s

FeL weR(V

H H, (&) ), da(w)) .
j=1

3 Bunaakosi nociaimoBHOCTi, sKi MalOTh
CUHTYJISPHUI CIIEKTP

Hpunycmumo dodamxoso, uo
As. &, j € Z, — cmayionapha 2aycciécora
nocAidosHicmy 3 Ko8apiayilino gynkyicro (k.g.)

B(n) = E&bn = Y akBaysq(n), n€Z, (5)
k=0
der =0,
cos(sxn)
Bak7%k (n) =

(1 _|_n2)ak/2’

0<mp<m<..<x<m0<ap<1, k=07,
T

> ap =1, a, > 0.
k=0

Taxy modeav k.., Oas HemepepeHozo “acy,
6yno esedeno y pobomi [15] 3 memoro ompuma-
HHA NPUKAAIY CNEXKMPANOHOT ULTAOHOCTIVE, ULO MGE
ToY 1 cKAGOHUT, aae AHUT 6UAAD, G MAKOIHC, MO-
HCAUBO, CUHRYAAPHOCTE, POZMAUOBAHT HE 8 HYAL,
AK Y BUNAOKY CUABHO 3AAEAHCHO20 NPOUECY. YMO06a
Ao maKostc 8UKOPUCTNOBYBANACH 3 MIEI HC ME-
moro 6 pobomax [16, 13, 17, 18]. IIpedcmasaerms
CNEKMPANLHOT WIABHOCTL MAK020 NPOUECY Y 6U-
nadky JUCKPEMHO20 HaCY MONHCHA 3HATMU Y PobO-
max [16, 18].

Poseaaremo deaxi acumnmomuymi 646CMuUBo-
cmi 6uUNadKo8i NocaidosHocmet, Wo MAIOMb CUH-
2YAAPHUL CNEKMp, AKE HeoOTIOHT OAfA OMPUMAHHA
OCHOBHUZT DPE3YALMAMIE CMAMMA.

Bsedemo nosnauerts

N

1 o
— sup Ze*MJEj .

N
AeR |17

(6)

nN =

Lemma 1. fxwo suxonyromves ymosu Ay ma
Ay, mo
En% =0, N = cc.
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Losedenns. Ockinbku

j=1 jk=1
N N-1 N
= ZE? + Z Z 2cos A\(k — j)ejer, =
j=1 Jj=1 k=j+1
N -1 N—j
= Ze? + 2 CcoS \j Z Ek+5Ek
j=1 j=1 k=1
TO
1N
2 2
E77N = ﬁ Z E5J+
j=1
N—1 N—j
+ 2E sup cos A\j Ekti€k <
up 2 o8N ) ek

k=1

Z Ek+jCk| -

1 N-1
< —Ee? + = 7

Ve € G
BukopucroByoun (4)
IOCJIJIOBHOCT] € 4epe3 IOJIHOMH
Yebumesa-Epwmirta ta criBsigHomensst (quB., Ha-
upukiaz [14])

IIpeJICTaBACHHS
BHITAQIKOBOI

Hyn (&) Hi(&) = 6j,m!B™(j — k),

e (55~C — cumBoJ1 Kponekepa, orpuMmaemo

3 (8) BummmBae, mo st Oyab-sgkoro € > 0
MOXKHA BKazaTH n = n(€) Take, IIo0

G(z) = Gi(x) + Ga(z), (9)
Gy = Y T H (),
m=1
o)=Y )
m=n-+1

IIPUYOMY

(10)



Bicnukx Kuiscvko20 HayuionaabH020 YyHigepcumemy Bulletin of Taras Shevchenko
iment Tapaca Ilesuwernra 2023, 1 National University of Kyiv
Cepia: Pizuro-mamemamusri HAYKY Series: Physics & Mathematics

Bukopucrosytoun (9), moxkHa niepenucaru (7)  3acrocoByoun jiarpamuy dopmyiy npu p = 4,

y BULJIAI] OTPUMAEMO
1
E7712V < 7E8%+ N-1 n 4
N 2 Cs,
N-j SN S 373 ( > |11 o
Z E Z G1(&hsj) + G2(&ss)) - J=L Assnsssa=l \a=l )
Jj=1 = N—j 3
1 ' B(da( )d2(w))) <
(G1(&k) + G2(&)) ‘ NEQ ki=1TeL weR(V)
25 N-1 o N-
+ 2 N2 2_F Z i(&k+5)Gi(&r)| = n i 3 ,
ii=1 =1 k=1 Sq S
L <2 ) 1 H1 ol z; e
_ $1,52,53,54= = I'e
= NE€1 + S11,8 + S12,8 + S21,8 + S22 N 1)92,83,54 J Ly
3 . . K . B N—-1 N—j 2
ACTOCOBYIO e c ori- OBCBb-
T BYIO9U HEPIBHICTH 1111 YHAKOBCH . B(dl ((,U),dQ(UJ))

koro Ta (10), orpumyemo
Sion = 72 § ' E Ockinbku n — dikcoBane, TO KUIbKICTh HabO-
= piB s; € {1,2,...,n}, i = 1,2,3,4, obmexkeHa Ta

Z G1(§k+5)G2(8k)| <

N—1N—j JIJIsT KOXKHOTO HAbODy (S1, S2, 3, S4) KIIBKICTD [Tia-
< % E |G1(&kt5)Ga(&)| < rpaM CKiHY€HA, TOMl JIOCTATHBO OIIHUTHU JIOTAHKU
Jj=1 k=1 )

9 N—1N—j | L 2
<2 (EGT(&k1))? (EG5(&))* = NQ Z Z I Bldi(w),daw) | . (12)
j=1 k=1 j=1 \kil=1weR(V)
2 & . 2 3 2 3 3ayBarkKUMoO, II10
= N2 (N —j) (EG1(&1))? (EG3(&1))* < ’
j=1
(N —1) 1 _ . .
< e (BGH@)* < e (BGH&))T B = D DjBayx ()] < 13)
AHaJOriYHUM YMHOM MOXKHA OTPUMATH HEepiB- =0 o ~
HOCTi y1st So1, v Ta So2 N < (1 +j2) 2 = B(j),
1
So1.N <€ (EGl(fk)) 2 Je « = min(, ..., ;).
Soo N < €2 Posrisitremo moxxiusi Tunm piarpam I, mo

BXOJIATH y cymy (11).
[Tepeitnemo mo posrasiay Sii.n:
P P Y oL, I. Hexait I' € L*(s1, s2,s3,54). Ockinmbgu I’

N-1 |N—j mae dorupu pieui (1,2, 3,4), 10, mjist perysasipHoi
2
SN = N2 Z E Z Gl(fk+j)G1 (&) < JiarpaMu, MOXKJIMBI TPHU BUMAIKYA PO3OUTTS HA 1A~
j=1  |k=1

pu

=2
N[

/N
2
1M

-1 N—j 2 (Z) ( )7 (37 4)
E (Z Gl (gk—l—j)Gl (fk)> = (’L’L) ( ’ )7 (27 4)
(i) (1,4),(2,3).

9 N-1 n 4 C
_ = Sq .
=Nz ( Z H o PosriisineMo okpeMoO KOXK€H 3 HHX, BPaxOBYIOUH,
J=1 \'s1,s2,s3,54=1 \q=1 "¢ 110
N—j % (517527&3754) = (§k+j7§l+j7€k)€l)'
E H81 fk’ﬂ 82 (fl+j) H83 (gk) HS4 (&)
k=1
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(i). Ilpu npomy poséuti s; = s2 = 71, S3 =
s4 = 1o Ta (12) Mae BUTISAT

N[

| N1 [N
Win = N2 Z BTH_TQ(/{ —1) <
=1 \k,=
e (14)
1 N=l [N 2
<2 B*(k —1)
j=1 \ki=1
3 (13) Bummsae, 10
N—j
Y Bk-1)=
k=1
N—j—1
= Y (N-i-[thB*®) <
t=—(N—j—1)
N—j—1
< (N —J) B(t) <
t=—(N—j—1)
N—j—1
< (N —)) <1+2 t_a><
t=1
N—j
< (N —35) <1+2 / tadt) -
0
: 2(N — )
(N =) ( T
2o 2 ~(1-a)
=(N—J) ?"‘(N_]) <
33— 3
< N A 2—a N _ 2—a
PO e < o)

Toui, nizcrasisoun orpumanuii pesyabrar B (14),
OTPUMAEMO

V3 o1 = 1_a
Win < — N — 2 =
WS v 2 V)
= 15)
R = L =31
- VI—aN3s 4 N N’
Jj=1
Oynukuis g(t) = (1 —t)'72, t € [0,1], € Mo-

HOTOHHO CII3JIHOI0. B ¢BOIO wWepry, nmpasa yacTuHa
piBrocTi (15) € inTerpasabHO0 CyMOI0 Jtsi (byHKIIT

g(t). Tomy
1
V3 o1 e
Win < — [ =t 2dt =
w <=y 00
0 (16)
_ V3 1
vVi—a2-§)N3
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(TL) rﬂ;ﬂﬂ JaHOI'O pO36I/ITTH S1 = 83 = 11,
Sg = 84 = 1o, 1 (12) npuiime BUTIA
1
1 N—-1 N—j 2
W2,N =3 BT1+T2(3) <
j=1 \k,il=1
L Nl
<5 > (N =3)IB()| <
=1
1 A ~
<5 ) IV =4)B() <
=1
L Nl
Sz 2 (NV=45)i "=
=1
RIS AN AT

Maemo, B mpaBiit YacTuHI OCTaHHBOI PIBHOCTI, iH-
rerpaibHy cymy Gyskiil g(t) = (1 —1¢)t~“ na Big-
pisky [0, 1]. Ockinbku byukuis g(t) € MOHOTOHHO
craznomo Ha (0, 1], To

1
1
Won < — [ (1—t)t™dt =
YN J (17)
S S
(1-a)2—a)

1

No

(iii). B npomy Bumajsky s; = S4 = 11, Sg =
s3 = 19 Ta gomaHok W3 n cymu (12) mabysae Bu-
LAY

1 N—1 [ N—j
W3,N:m ZBTl(kJ—l+])
j=1 \k,l=1
1
2
i)

(18)
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Posrnsaemo cymy

N—j
Sun= Y B (k—1+§)B"?(k—1-j) <
k,l=1
N—j
<Y Blk=1+5)Bk—1-j) <
k=1
N—j—1
= Y. (N—ji—[thBE+i)B(t—j) <
=—(N—j-1)
N—j—1
< -p(B0)+ X Ble+ B - i)

fY BraBe-d) <
t=—(N—j—1)
_ N—-1 ~ —1—j ~
< -p(Bo+ X B0+ > B)
k=j+1 k=—N+1
N—-1 ~ N—-1
<2AN—j) > B(k) <2(N—j) ) k<
k=j k=j
N-1 —a
k 1
AN - HNEN () S <
(N —Jj)N 4 <N> N
k=j
! 2(N — j)Nt—
<;2UV——j)Aﬂ“:/‘tadt——(]).
0 ]. —

Bukopucrosyroun 3naiifeny ominky Sy 10 (18),
OyeMo MaTh

W ! (N —j)2 N'5*
3N X 779 —J 2 =
N o 11—«
_ V2 LN YL
CVI-anNi 4o N) N *
V2 o1 ! 1
< NG 0(1—t)2dt:

- 3V/1I—aN3

B pesynbraTi orpuMmyemo, 110, ¥ BULIAIKY PETYIsp-
HEX JiarpaM, S11 N IpsAMYye 10 Hy/s npu N — 00.

II. Hexait I' € neperymsipuoto miarpamoro. To-
i B jo6yTKy cymu (12) 3aBxu Oyje npucyTHii
MHOKHUK B(k—[), skuii 3'sBIs€THCs B pe3yIbTaTi
3’equanns pedep 112 qu 314, abo muoxuuk B(j),
KW 3'SIBJIIETHCST B pe3y/IbTaTi 3’emnanns pebep 1
i3 unm 21i4. dxmo giarpama I' He 6ye maTu BKaza-
HUX MHOYKHWKIB, TO/II JTlarpamMa € PeryJIsspHOIO, 10
IPOTUPIYUATE CHOPMYILOBAHOMY IPUITYIICHHIO.
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Ockisnbku B(0) = 1, o no6yrok B cymi (12)
MoxkHa MazkopyBaru B(k — 1) abo B(j).

[Tpu nasiBHOCTI MHOXKHUKA B(k —[), orpuma-
eMo omiHkKy, anajoriuny (15), a came:
T 2
j=1 |ki=1 (19)
< V3 1
Vi—a2-9%) N%
Hnsa  B(j) omiHKa 3HAXOANTHCS AHAJOTI-
YHO. 0

Hoxaocemo, wo pesysvmamu semu 1 € sipru-
MU T 68 MOMY BUNAdKY, KoAu 6 ymosi As ap Mo-
oHcymo Habysamu JoINGHUT J00AMHUL 3HAYEHD.

Hxwo a = min(ay, ..., ap) < 1, mo dosederna
nosHicmio nosmopioe dosedernsa semu 1.

Hexaii o > 1. Todi nam docmamnvo noxasa-
mu, wo S1i,N — 0, npu N — oco.

Posenanemo eidnosioni dodanxu 6 (13) npu
MOJACAUBUT  6UNGIKALT peaysaproi diaepamu 1.
Bpazxosyrouu (12) ma mipkysarna npu dosedenii
aAemu 1, maemo

| N1 N 2
Win < 33 S BYHk-1)| <
j=1 \ki=1
| N1 N—j—1 3
1 _
<3 (Vi) (1+2 oot a) <
j=1 t=1
1 N-1 . 00 %
<43 2 (N—j)e (1+2Zt—a) =
7j=1 t=1
N-1 N
1 7\2 1
B4
Nz ‘3 N/ N
1 /! 1
gcl 1/(1—t)%dt—~1 T
Nz Jo N2
de 5
1= g0 = 3 (1 + 2<(a))7
((a) = Zt_o‘. Anano2ivno Maemo
t=1
N
Won < @y @ = ((a),
1 2 1
Win < 63—, 6 = = (C(a))? .
NS BT B 5 (C(a))

osedennsa onn nepeeyaaprux diazpam € aHaN021-
yHuM 0o 610Nn06i0H020 dosederts y aemi 1.
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Hexati oo = 1. Todi ouinku ma 6ucHos-
wku das Wi n,Wan, W3 N ompumyromovea ana-
ao2iuno. Ilposedemo, wanpuxaad, dosedenms oOas
Wi .

Poszenamnemo npedcmasaenms 4acmrosur Cym
20PMOHINH020 PAJY

N

D i =N+ +en,

j=1
de v = 0,577... - nocmitina FEilisepa-Mackeporu,
ey — 0, N — oco. Todi das N > Ny

N

d i'<IN+y+1 (20)

j=1

Iz (20) maemo

| N1 ) N—j—1 3
Win < 5z (N—j)2<1+2 > ‘1> <
j=1 =1

1 vl 1 1
<57 (N =) B+2y+2IN)7 <
j=1

—
~—
N[

< 2V3(N)2
3

/

3 danux ouinox sunausae, wo cyma (12) npa-
mye do nyas npu N — 0o, moémo En*(N) — 0.

4 BunaakoBi mpoiiecu, IO 3aJI0BOJIbHS-
IOTh YMOBIi CHJIBHOI 3aJI€?KHOCTI

Bsedemo ymosy cuarvroi 3anescrocmi.
As3. &, § € Z, — cmayionapra 2aycciscvra
nocAido8HICMY 3 K.h. 8UAAY

Il
5) = "0, ae 0.0, BO =1,
de L(t), t > 0, — monomonna, necnadna, NOGIALHO

SMIHHA HG HECKIHYEHHOCTT GYHKUIA.

Lemma 2. Jxwo das modeai (1) suxonyromoca
ymosu Ay, Az, modi

En3 — 0, N — oo,

de nn 3adaro (6).

54

2023, 1

Bulletin of Taras Shevchenko
National University of Kyiv
Series: Physics & Mathematics

osedenns. JloBesieHHs JJIsi BUTIAIKOBOTO IIyMY,
110 33/T0BOJIbHSIE yMOBaM A1, A3 ITOBHICTIO IOBTO-
PIOE JIOBeJIeHHS JieMu 1.

ITpucyrni BimminnocTi B nosepenni SN —
0, N — oco. ToMmy npogeMOHCTPYEMO Il BiMiHHO-
cTi Ha Jomanky Wi .

Win <
1 N-1 N—j—1 %
1 _
<W (N —j)z <1+2 L(t)t a) <
7=1 t=1
L N2 N—j—1 3
1 _
<W (N —j)z <1+2L(N) t O‘) <
j=1 t=1
1 1N-1
LQ(N) 2 2 1_g
< 1+ — N — <
N2 < * 1-— a) . ( iy
7=1
_ L3(N) V3
SON: VI-a(2-9)

Hosenenns s Wo n, W3 v Ta HeperynapHux
Jiarpam € aHaJIOTIIHUMH.

Toni maemo, mo En?(N) — 0, mpu N —
Q. 0

5 KoHncucreutHicrs

Theorem 5.1. fkwo dasa modeai (1) suxoryro-
mocesa ymosu Ay, Ay abo Ay, Az, modi

P
YN — @0, npu N — 0.

Josedenns. 3adikcyeMo ¢ Ta PO3LJISTHEMO IOBe-
ainky Qn (), npu N — oo.

4A2
Qn Z cos @oje| +

8A0

Zcosgooje‘mz:5 e I

+ (21)
2

4 |
+ 7 [ 2o
j=1

3 jiem 1, 2 Ta HEpiBHOCTI

= S5 N + Se,N + 57N

1 o
N Zcosgpoje“” <1,

Jj=1
BUILTUBAE, IO
P P
Sen — 0, Syrny — 0, N — oo.
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N . .
Posrnsinemo moBejiiHKY N > cospgjet y 3 (22) ra
j=1
HaCTYIIHUX BUIIaJIKaX: . 2
2 etleteo)(N+1) _
1. dxmmo 0, TO - =
©F 1S5l =+ e 1 +
9 N
N Z cos poje'?’ = etle—wo)(N+1) _ 1 2
=1 (22) + eilp—wo) — 1 <
eileteo)(N+1) _ 1 pile—po)(N+1) _q
~ N(eiletwo) — 1) + N (eile=vo) — 1) " 4 )
< = . _ +
2. slxmo ¢ = o, 10 N (min{leQ’“" T A,
1
N .
9 ioi e2ipo(N+1) _ 1 4 '52> <,
R YA — el — ]_
N jzl cos poje'?! = N (w0 — 1) +1. (23) \ \

Badikcyemo r > 0. Toxui, BpaxoByun (21),
P{|Qn(p0) — AF| > r} <
<P {|s5,N — A2 > %} +

4P {\56,Ny > g} 4P {\smy > g}

(24)

3 (23) Ta Toro, mo, npu N > Ny,

2
+

> < (29)

e o € (f,@), 0 < <p <, BunIMBaE

p2ipo(N+1) _ 1

S5 v — Af| = A3 N(eZwo — 1)

) e2ipo(N+1) _ 1
N(e?#o —1)
8A3 1
< — 5 — — <,
min{|e?2 — 1]2,]e2% — 1]2} N

P{}QN((P()) — Ag‘ > 7"} < €.

Tomy
P
Qn(po) — A%, N — . (26)
PosriisineMo MHOXKUHY
5 ={p € [p,®] : | — ol =6}, 6 >0,
Ta nesike gpikcopane r > 0. Toxui
P { sup |Qn ()] > } <
pEDs
<SP Osup [Ssn] > 50+
PEDs
+P { sup |Se.n| > g} +P { sup |S7.n| > g} :
peds pED;s

napu N > Ng, BUILIUBAE, 110
Qn(p) il 0, N— o0

piBHOMIpHO Ha Pj.
3a O3HAYEHHSAM OIIHKU @ N

P (lon — ol 2 6) =
=P(lpn — vol =8, Qnlen) = Qnlpo)) <

<P ( sup Qn(pn) = QN(‘PO)) — 0,
PNEDs

npu N — oo. OJ

Lemma 3. fxwo das modeni (1) suronyromovces
ymosu A1, Ao abo A1, Az, modi

A% = Qn(pn) B A2 N 500, (28)

Jlosedenns. Posristaemo

0 < Qn(pn) — Qn(po) =
1| .
= 4A(2)m Z COS QOOjeupN'] -
j=1

2

2

N
Z cos poje | + Ay,
i=1

1
2
~ o

P
Ay — 0, N — oo,
BayBakuMo, 1110

N N
L o
g cos ppje'¥NI | < E cos pgje'¥nI| .

Jj=1 Jj=1
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Je Oy € [g, @] — TouKa Makcumymy. fkmo ¢y #  Josedenna. 3 nemu 3 BUILTHBAE, 10

©0, TO 3 (21) Ta (27) BUIIHBAE, IO
9 |V L
2 S s i <
j=1
2
< R
N

1
- — +
<min{]e2w — 12, [e*® — 1|2}
1
+ 7|ei5 — 1|2 <.

fAxmo ¢} = o, T0 3 (23) Ta (25) MaeMo aHasOri-
YHY OIIHKY:

9 | X o
N Zcos«pojeww <
j=1
A4 R
S min{| P — 11, [¢5% — 1P} N

Takum anHOM,

2
N

4 .
N2 Zcosg@oje“"j < 1.
j=1

limsup max
N—o00 <p€[f, @]
3 immoro 60Ky,
2

N
Z cos pgje'¥| =1.
=1

li 1
11m —
N—oo N2

3 HuUX CIIBBiIHOIIEHDb BUILIMBAE, IO

Qn (on) — Qn (90) 250, N = oo.

Bpaxosytoun (26), orpumyenmo (28), i semy goBe-
JEHO. ]

Theorem 5.2. dxwo das modeai (1) suronyro-
muoca ymosu A1,As, abo Ai,As, modi

N(pn — o) 20, npu N — . (29)
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|
N2 Zcosgoojewm
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eilen+eo)(N+1) _q ?

N(ei(SON-i-sOo) -1) +
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2
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Poszenanymo eunadox nowupenuss niockoi axycmuyHoi Xeuai 630060ic NiHIl yenmpié 080X cghepuuHux
Kpanenv piouHU, AKi 3HAX00AMbCA 8 THWil PiOUHi, Wo 3an08HIoe eecb npocmip. Po3pobreno nioxio, sxuti
003801€ BCMAHOBUMU Xapakmep 83aemo0ii Kpaneib, 00yMOGAeHUll O0i€l0 HA Kpanii aKyCmuyHux
padiayitinux cuil — CMAIux 6 YAaci CKIA008UX 2IOPOOUHAMIUHUX CUl, wo Oilomb 6 pPIOUHi HA Kpani.
locniooicenns Oii Ha Kpanai akycmudyHux padiayilitHux cui 38yK08020 NOJISL NPOBeOeHo y 08d emanu. nep-
WUl — po38 A3aHHs TIHIUHOL 3a0aui po3Cilo8ants NepeUHHOL X8Ul HA PIOKUX KPAnisax, opyeutl — 004UUCieHHs
2I0POOUHAMIUHUX CUL, 5KI OilOMb HA KOJICHY Chepuuny Kpaniio, 3 HACMYNHUM OCEePeOHeHHSM iX 6 udci.
Buseoeno gpopmyny ons obuucnenns axycmuunoi padiayitinoi cunu 0Jist 00CAIONCYBAHO20 UNAOKY.

Kniouosi cnosa: ioeanvna piouna, niocka axKycmudua Xeuus, pioka cghepuyna Kpanis, 2iopoouHamivyna
cuna, akycmuyna padiayilina cuia.

Propagation of the plane acoustic wave along the center line of two liquid spherical drops placed into a
space filled with another liquid is under investigation. An approach is elaborated to characterize the
interaction between the liquid drops caused by the acoustic radiation forces that are the time-constant
components of hydrodynamic forces acting upon the drops located in the outer liquid. Investigation of the
acoustic radiation forces influencing the drops in the acoustic field is performed in the frame of two-step
procedure. The first step comprises solution of the linear problem of incident wave diffraction on the drops
while the second one is calculation of the hydrodynamic forces acting upon each spherical drop followed by
time averaging of forces determined. The analytical formula for the acoustic radiation force calculation is
derived for the case under consideration.

Key Words: ideal liquid, plane acoustic wave, liquid spherical drop, hydrodynamic force, acoustic
radiation force.

Crartio npencraBuB akanemik HAH Ykpainu [lepectiok M.O.

1. Beryn Sxmo npu o0YMCIeHH] TUCKY B PIAMHI OOMEKUTHCS
BEIMYMHAMH JIPYroro MOPSJKY MajocTi, TO BiH
Mo)xe OyTH BHYMCIICHHH dYepe3 NOTEHIanx Mo
IIBUJKOCTI, SIKMH BH3HAYEHO B  AKyCTHYHOMY
Habmokendi [1,2].

[Ipu mocmimkeHHI BUKOPUCTOBYEThC Mimxim [1],
0 TIPYHTYEThCS HA  PO3B’A3YBaHHI  PIBHSHBb
TiIpOJMHAMIKK  i/1eaNibHOI CTUCIMBOI piAMHA 3
HACTYITHUM OOYHCIICHHSIM TiJpOAWHAMIYHHX  CHJI,
0 AIFOTh HAa Kparuli, i OcepemHeHHSAM IX B dYaci.
OTtxe pafiamiiiHi CHJIM Yy BiIMOBIHOCTI 3 METOIOM
JOCIIDKEHHST BU3HAYAIOTHCS K HE3aJIeKHI BiJ| Jacy
CKJIAJIOBl TiAPOMWHAMIYHUAX CHJI, BHUYHUCICHUX 3 Bynemo posrisgaTy B piuHi, sika 3a1I0BHIOE BECh
TOYHICTIO JI0 BEIIMYUH JAPYroro MOPSAKY MajocTi. MpPOCTip, CHUCTEMY JABOX Kparenb IHIIOI piWHH.
BigzHaunmo XapakTepHy OCOOJIMBICTH METOAY.

© O.IL XKyxk, A1.0. XKyk, T.B. Knimuyk, 2023

2. IocranoBka 3agaui audpakuii Ta il
PO3B’A3yBaHHSA
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Kpamni maroth pagiycu R, 1 R,, BIANOBIHO LIBUJ-
KICTb 3BYKY B piAMHAX Kpamenb & 1 a,. a TYyCTUHH
pimuH Kkpamenb p; i p,. s 30BHIIIHBOI PIAMHH
MOKJIaZIeMO: TYCTUHA P, , IIBUAKICTH 3BYKY a,. BBe-
JeMO JIeKapTOBY NPSMOKYTHY CHCTEMY KOOpIHMHAT
Oxyz , Bich Oz sikoi BOEpeMO B3IIOBXK JIiHil LIEHTPIB

Kparmenb B HampsMi 10 Kpamiai Ne2, a mo4yaTtok Ko-
OpIMHAT - MOCEpEINHI MIXK LIEHTpaMH Kparenb, Bif-
IaJIeHUX OnHa Bix oxHol Ha Bincranb |. Bememo
TAaKOXX JIOKaJIbHI CQEepuYHi CHCTEMH KOOpJIUHAT

(r,,05,05) (s=1,2), sx mokasano Ha puc. 1.
APY- M (x,y;%)
)
() (92_ -
r 3
I2</ / {‘»\
g - (,i]‘?%'/f// S
/ 4 IR 2N
&
x, 7 #HE
Y
Y
Jor ) 1904 &
M i 3
p i il

Puc. 1. /l6i kpanni 6 akycmuuHomy noii

VY BigmosigHOCTI 3 MeromoMm mocaimkenus [1,2]
moreHmian @ aKyCTUYHOTO TOIS € PO3B’SI3KOM
JIHIKHOTO XBHUIHOBOTO PIBHSHHS

1 o° (O
2 - (1)
a2 ot

VY 3B’sA3Ky 3 1M TOTEHIIiall TIEPBUHHOI (Tagaro-
40i) aKyCTUYHOT XBHJIi 337]aMO CITiBBiTHOIIEHHSIM

®; = Aexp|i(kz—ot) ]
)

AD —

)
ne A— amIniitTyna, ®— KpyroBa 4actora, kK = w/a; —
XBHJIBOBE YHCIIO.

[lorenuian @, po3cisiHOro Ha cepUUHUX Kparl-

JSIX AaKyCTHYHOI'O IOl BU3HAYMMO PO3B’S3aBIIU
BimnmoBimHO 3 [1] mimiiHY 3amavy amdpakmii
aKyCTUYHOI XBHJI (2) Ha CHUCTEMi BOX CEpUIHHX
Kparenb.

3. BusHauyeHHsI MOTeHLiaJlly XBHJIbOBOI0
0JISl, PO3CISIHOT0 HA KPAILJISIX

PosB’s3yBanHs  3amaui  audpaxuii mpoBeneMo
METOJIOM PO3JUICHHS 3MIHHUX B C(HEpUYHUX CHUCTE-
Max koopauHart [3]. Po3B’s30k 3amadi audpakiiii 3a-
MMACYEMO Y BHUTJISI
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P, (cos6, ™",

2 o
EDHILY

s=1n=0

kry)

e A(f) — JIOBUIBHI CTaji y S-i JIOKaJbHIA CHCTEMI

s=12, (3)

KOOP/INHAT, hrgl)(krs)—C(bequHi ¢byukuii ankess,
P, (cos6,)— opronopmoBaHi noninomu Jlexanpa.
[MoTeHmiany po3ciTHUX HA KparwisiX XBHIIb 3a]10-
BOJIBHSIFOTH YMOBH BHUIIPOMIHIOBaHHS Ha HECKiH-
YEHHOCTI.
TTorenmian ¥ XBHIBOBOrO HONS B S-if Kparui,

IO € TaKOX PO3B’sI3KoM piBHIHHSA (1), OOMexeHui B
Kpanni Horo 3anuimeMo B TakoMy BUTJISI

Z'Aﬁ i (ks ) Py (cos 0, )e ™t s =1,2
. (4)

Y dopmyni (4) j, (kSFS)— chepruni  QyHKIIIi
beccens. Pucka Hajg cMMBOJIOM TTO3HA4Ya€ BETMYHHH,
SIKi CTOCYIOTBCSI Kparui.

Josimsui crami A® 1 AlY)  Busmaummo i3
YMOB Ha TIOBEPXHAX CHEPUIHHUX
Kparenb, SKi BHMAaralTh TPUA TEPEeXofi dUepes
MOBEPXHI  Kpareidb HEMepepBHOCTI  pamiallbHUX
KOMITOHEHT IIBHAKOCTI 30BHIIMHBOI 1 BHYTPINTHBOT
PIOMHY 1 HETIEPEPBHOCTI BETMINHU TUCKY:

v —y0® p(S) - 5(3) ,s=12.(5)

r. r;
s s rs=Rs

TpaHUYHUX

rs=Rs

rs=Rs
Jmst Toro, mo0 MOTEHIall 3BYKOBOTO IIONISA B
30BHIMIHIN pianHI

Is=Rg

2
O =D +Dy =D; +> D) (6)
s=1
3aIMCcaTH B KOXKHIN 3 JIOKAIbHUX C(HEPUIHUX CHCTEM
KOOpP/IMHAT CKOPHUCTAEMOCS TEOpEeMaMH JIOAaBaHHS
it chepuyHNX XBHIBOBHX (yHKHiA [3]. BasBmm
IpH MBOMY 10 yBarum (QOpMylry Aisi TOTEHIiary
MEPBUHHOI aKyCTHYHOI XBWJi (2), mMomaHil y S-d
chepuuHii crcTeMi KOOpAMHAT Y BUTIISAL

}:er

OJICP)KUMO B KOXHIA 3 JIOKaJTbHUX CHCTEM
KOOpJAWHAT (GOpMYTy JUIs TMOTEHI[ialy 3BYKOBOTO
mosts (6)

PRI (k) By (cos0,)e ™, (7)

o0

(D(S) — z

{ZAe(_l)sik'/ 2in . (kr, ) +ARY (kr, )+
n=0
+54 ], (kr, )} > (cos6; e

9=y AlQ

p=0

o s=12.

(8)

kR, , 0,

50005 i $.0=125 %0

nOp(
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Ry = Rq =1 2
q S oo 1 2 . Po GCD
P=—Po—r~ Epo(grad @) 5.2 ot . (12)
3ayBakuMo, IO KOOpAMHATH LEHTpy O, S-i 4

Kparii B (- cepuyHii cHCTEMi KOOpAWHAT MO-

3HAYA€EMO K Iye, O, Py

gs’

KReq: 65

€ThCS 3a (popMyJI0F0, IPUBENIECHOO B [3].
I3 rpannynux ymoB (5), B3SBIIM [0 YyBaru

. s.q
CIiBBiHOIICHHS IS Qénop( ) 00uuCIIO-

dhopmyu:
V(S) _ aq)(s) p(s) ~ oy aq)(s)
sooor at )
(s) _ 8‘1’(5) =) __ 6‘1’(3)
s " on P o

OJICP’KYEMO HECKIHYCHHY CHCTEMY ajreOpaidHux
PIBHSIHB 11 OOYMCIICHHS CTAIUX KOeQilliEHTIB A(f) i

Args) B HOTCHHiaHaX AKYCTUYHUX XBUJIb

kY (kRy) AV ks i (ksRe ) AL +ks{) ji (KR, ) =
'kl/zlnj'(kRs); (10)
pOhr(11) (kRs)A(f) —Psn (k R )A'(l ) +pOSr(1$) Jn (kRs)=

—-2Ap, el Ikl/zlnjn (kRg),s=12

— 2 Ake” b?

Onepxana cumcreMa anreOpaidHUX  PIBHSHB
3a/I0BOJIGHSIE YMOBAM €JIMHOCTI PO3B’SI3KY, SKHH
3HaXOMUMO  MeTojgoM  penaykmii.  OOGuwncieHi
KOe(iI[ieHTH BU3HAYAIOTh ITOTEHIIAN aKyCTUIHOTO
OIS

4. O04HC/IeHHS aKYCTUYHUX pagianiiHuX cuJI,
sIKi 00yMOBJIIOIOTH B3a€EMO/IiI0 KpamneJb

OOuuciienHss pamiamidHOi CcWIHM, $Ka i€ Ha
KparuTio B PiMHI, 3BOJUTHCS 10 OCEPENHEHHS B Yaci
(3a mepion MepBUHHOI XBUIII) TiPOANHAMIYHOI CHIIH.
VY 3B’S3Ky 3 CHMETPIi€I0 XBHIBOBOTO IIOJS BiTHOCHO
oci Oz rimpoawHaMiYHA CHJIA HAIpaBlieHa B3IIOBXK
€T oci:

S = —” p®) cose,ds (11)
s

VY ¢dopmyni (11) S — mromra noBepxHi chepudHoi
Kparuii.

[Ipu obumncnenHi rinpomuHamivanx cun (11), sxi
JUIOTHh Ha Kparuli, BIAMOBIAHO 3 MPUHHITHM METOIOM
JOCIHiKeHHs, 30ypeHHS THCKYy B piauHi Oyaemo
BU3Hayaty o popmyui [1], [2]
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3ayBaxkuMo, mo y Qopmyni mis THCKy (12)
HEOOXiHO BHKOPUCTOBYBAaTH MiHCHY YacCTHHY
CHIBBIJHOIICHHS I MOTeHIiany (8) 3BYKOBOro
nosist. [logamo 11 B TakOMy BUTIISI

Re@(®) = Z( K!®) cost + L) sin wt) P, (cos6y).(13)
n=0
Y dhopmyii (13) BUKOpUCTAHO TaKi TO3HAYCHHS:

) =)l off 1) -8+l 40

Bl(ﬁ) =2A{cos(ng)cos(k|§j_

—(-1y° sm Iﬂ jn (K

B = ZA{sm( j s[ j

+(-1)° cos( jsm(k ! ﬂ INCAE
)

ClY = A in (kry ) - ARy, (ks );
Cg):'al(n)yn(krs)"' ) (krs);

sm

N |

A
A =Re A®) +iim AL = AD) 4iim AL
D) =Res¥j, (kry); DY) = Ims®j, (kry).

B noganpmomMy mpu mo3HaueHHI MIHCHOT YaCTHHU

MOTEHITIaTy @) cumBon Re BKa3yBaTH He OyeMo.

CxrnagoBa rigpomuHamigaoi cumam  (11), ska
00yMOBJIEHa TIEpIINM JOJaHKOM Yy (opmymi ms
trcky (12), mpu ocepenHeHH1 TiqpOANHAMIYHOI CHITH
32 9acoM JIOPIBHIOE HYJIO, TOMY NpU OOYHCIEHHI
TiAPOIMHAMIYHOI CHIIM TepIIUi JOXaHOK Yy popmyii
JUTS THCKY BpaXxOBYBaTH HE OyJeMO, MarouH Ha yBasi
HACTYITHE OCEpENHEHHS TiApOIWHAMIYHOI CHIIH 3a
gacoM. OTxe,

®Y ©) Y
o) Lpo 0@ 1 JOCT )
222 ot 27 or
) (14)
Lo [ o0
2 rs2 00
I[Ipy 1poMy THCK OOYHCIIOETBCS TPHU YMOBI
rL=R;.
Bu3aaunmo BHCCOK y BCIIMYUHY

TiIPOMHAMIYHOI CHITH, SIKA JIi€ HA KPATLTIO, KOKHOTO
3 gonaHkiB y dopmyii (14) ot THCKY B aKyCTHYHIH

XBWIi. BHeCcOk mepmioro aomaHka y BEIMYUHY
riZpoAnHaMiuyHOi  CHIIK FZ(S) BU3HAYAETHCS
IHTerpazom
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2 1( ~r(s) )
Fz(f) = —%J(a&] sin0, cos0,dO,, s =12 (15)
g ol &
[Micns iHTeryBaHHﬂ (15) onepxxyeMo opmyy
n+1
=4 2
"Pots Z (@n+)(20+3) (g5

(5)K (%) sin? a)t+L(n)L() cos? ot

X[Kn n+l n+1

Y ¢opmyni (16) He BpaxoBaHO JOAAHKHU, SKi
IICNISE OCEPEHEHHSI 3a 4YacOM JIOPIBHIOIOTH HYIIIO.
[Ticns ocepenHeHHs 3a yacoM criBBigHOmEHHS (16),

3HAXOIHUMO

},aS:kRs.

n+1

() =_2 2
< > "Pots z 2n+1)(2n+3)>< (17)
><|:Kr(15)K( )1+L( )L(nH
Buecok apyroro momaHky dopmyau  (14)

BH3HAYAETHCS IHTETPAIOM

5 o0l )
Fz(zs)=7tp0R52I[aqa)r ] cos6,sin6,d6,,s=12. (18)
0

IaterpyBanus (18) mae BHECOK APYroro JAOAaHKY
3 (14)

ES) 4 2~ n+1
22 “p°°‘5§(2n+1)(zn+3)x (19)

(K )

ITicns ocepenuennst (19) 3a wacom omepKyeMO
BHECOK B paJlialiifHy cuily Apyroro 1oaaHky 3 (14)

<F( )> 2npo (KR;) 2noi“o(ZnJrl)(Zn+l)
X[K j

Cnucoxk BUKOPUCTAHMX JKepeJt

(k) cos? et + L L) sin? et

n n+l n+1

n+1

(20)
(5 g () 4 L) (&)

n n+l n n+1

1. Zhuk A.P. Hydrodynamic interaction of two
spherical particles from sound waves // Sov.
Appl. Mech. —1984. — 20, Ne9. — P. 875-880.
King L.V. On the Acoustic Radiation Pressure
on Spheres // Proc.Roy. Soc. Ser. A. 1934, —
147, Ne861. — P. 212-240.
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Jiroun aHaJOrYHUM YHHOM, 3HAXOJUMO BHECOK
TpeThoro AOMaHKy 3 ¢opmynu (14) y pamiauiitny
CUILY, sIKa JIi€ Ha S -y KPaIuIto,

( )

(n+1)(n+2)
F )> 2mpy ¥ o)
( "Po z (2n+1)
Otxe, micis ocepeTHeHHS B yaci

(2n+3)
rinpogunamiuboi cum (11), omepxkano Qopmymy
JUIsl OOYMCIIeHHS! aKyCTUYHUX pajiallifHuX CHJI, SIKi
JIUIOTh Ha KOXHY 3 Kpareib:

(FO) =(FS) +(FS)+(FQ), s =1.2.

Benuunnu pamiaiiifiHux cui, SKi Ji0Th HAa KOXKHY
3 Kparielb, Ta X HampsM Aii, BU3HAYAIOTh TOBEAIHKY
Kpamnejib B piauHi BOHU BIJNANSIOTECS 9
30JIMKYIOThCS, IO MOXE OYTH 3aCTOCOBAHO IIpU
PO3po0Ill TEXHOJOrIYHUX MPOLECIB, OCHOBAHHMX Ha
BUKOPHUCTaHHI aKyCTHYHUX TIOJIB.

JocipkeHo 3aaady Hpo K0 CEpeaHboi B dYaci
rizpoanHamivHOl (pajiamiiHoi) CHJIM HA Kparuli iH-
moi pimuHA, HDK 30BHIMTHSA, 1 po3pobiaeHo MeTon il
PO3B’sI3yBaHHS, KUK TO3BOJIAE JOCTIHKYBATH TIOBE-
IUHKY pIIKAX chepuIHUX Kparenb i JIEI0 aKyCTH-
YHHUX MOMiB. B maHiit poOOTi 3amponoHOBaHO MiAXi,
SIKMI BKJIIOYAa€ MOCTAHOBKY 3ajayi B 3arajibHii ¢op-
Mi HE3aJIeKHO BiJl BITHONICHHSI TOBKUHHU aKyCTHIHOI
XBHJII 710 PO3MIpiB 00’ €KTIB 1 10 BiICTaHI MK HIMHU.

HaykoBi  mocmimkeHHs,  pe3yibTaTd  SIKHX
ormyONiKOBaHO B JaHId CTaTTi, BHKOHAaHO 3a
(inancoBoi migpuMku  HamionampHOro  (oHIY
mocrmimpkerb  Yipaigum  (IIpoekr  0120U105260
«ludpakmiitni  mportecH 1 pamiamiiHi  Cud B
00MEKEHUX TIAPOMPYKHUX CHCTEMAX))

KK+ L1

n

F(S)

z

(23)
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IMopiBHAIbHA IMHAMIKA BUTIKAHHS Comparative dynamics of liquid outflow from
piaunm i3 eMHOCTElH NEBHUX reOMeTPHYHHUX containers of certain geometric shapes

(¢opM B 3aJIe:KHOCTI B 3MiHU oci depending on the change in the axis of
o0epTaHHs. rotation.
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B memanypeitinux nionpuemcmeax, Ha Oeskux 3a600ax ma Gadpuxax 8 MEXHONOSIYHUX Npoyecax
3ACMOCOBYEMbCA PO3NUBAHHS DI3HO20 POy DIOUH (YasyH, cmaib, 3010MO, Cpiblo, WOKOAA0 mMowo) i3
BEIUKUX EMHOCMEL PI3ZHUX 2eOMEMPUYHUX YOPM 8 MeHULi CIaHOapmHi opmMu MemooomM nOBOPOMY EMHOCHII
BIOHOCHO 3aKpInieHOi mouku abo Qikcosanoi oci i euIUBanHI uepe3 Kpal. Bajcnueo, wob npu ybomy nomik
Ppiounu 06y6 piHOMIpHUM, WO 8 OTUCHOCHI He CNPABONCYEMbCS HABIMb NPU NOCMILHIL KYMOSIU WeUOKOCmi
obepmanns. B Oamiti pobomi pozensnymo npoyec po3nugy iz eMHocmell KOHIYHOI ma napaboriunoi gopm—
HAUOLIbW YHCUBAHUX HA npakmuyi. B po3sumox pobim asmopieé no yill memi, po3easHymo HUU MexaHiam
NOBOPOMY, WO 4aACO 3YCMPIYaEmvCs, a came, NoGopom GIOHOCHO OiamMempa 6epXHbOi YaCMUHU KOMAA.
Ompumani pe3yromamu GUGUEeHHsI OUHAMIKU 3MIHU pO3X00Y DIOUHU 8 3ANeHCHOCMI 6i0 Kyma HAXUTLY,
AHANIZYEMO 6 NOPIGHAHHI 3 Pe3yIbIaAmamu NONepPeoHix pooim asmopie i NOOAEMO BUCHOBOK-PEKOMEHOAYTL.
Bpaxosyrouu yi meopemuuni docnioxcents, pobomy HOBOPOMHUX MEXAHIZMI8 8 KOJNCHOMY KOHKDEMHOMY
BUNAOKY MOANCHA NIOKOPe2y8amu, UpPOOUBLUL AT2OPUMM HOCTIO08HUX Oill, W0 3a0e3neuyioms PiBHOMIpHICD
npoyecy UnUEAHHS.

Kniouosi cnoea: eeomempuuna ¢opma, obepmanns iOHOCHO 3aKpinieHoi mouku abo oci, Kymosea
WeUOKICMb 00epMAHHS, Kym HAXULY, PO3XI0 PIOUHU NPU PO3TUGI, OUHAMIKA SUMIKAHHS, PIGBHOMIDHULL GUMIK

In metallurgical enterprises, in some plants and factories, in technological processes, pouring of various
types of liquids (cast iron, steel, gold, silver, chocolate, etc.) from large containers of various geometric
shapes into smaller standard forms by the method of turning the container relative to a fixed point or a fixed
axis and pouring over the edge It is important that the flow of liquid is uniform, which in reality is not true
even at a constant angular speed of rotation. This paper examines the process of pouring from containers of
conical and parabolic shapes, which are the most widely used in practice. In the development of the authors'
works on this topic, another mechanism of rotation, which is often found, is considered, namely, rotation
relative to the diameter of the upper part of the boiler. We analyze the obtained results of the study of the
dynamics of changes in fluid consumption depending on the angle of inclination in comparison with the
results of the previous works of the authors and provide conclusions and recommendations. Taking into
account these theoretical studies, the operation of rotary mechanisms in each specific case can be adjusted
by developing an algorithm of sequential actions that ensure the uniformity of the pouring process.

Key Words: geometric shape, rotation relative to a fixed point or axis, angular speed of rotation, angle of
inclination, liquid flow during pouring, flow dynamics, uniform flow.
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Beryn

B poGorax [1] Ta [2] pO3rIISTHYTO AWHAMIKY
MPOMHUCIIOBOTO PO3JIMBY PiJIMHU 13 EMHOCTEH MEBHHUX
reoMeTpudHuX (HOpM TPHU TOBOPOTI BiTHOCHO OCi,
IO MPOXOAWUTh Yepe3 HIDKHIO TOYKY €EMHOCTI.
PosrnsiHEMO TyT MWHAMIKY BUTIKAaHHS, SKIIO BiCh
o0epTaHHa 1€ JlaMeTp BEPXHBOI  YACTHHU
TrCOMETPUYHOI (HOPMHU.

OcHOBHA YacTHHA

I. Hexaif emHIicCTh — 11e KOHYC 3 mapamerpamu R
Ta H, HanoBHEHMH PIOUHOI 1 MOBEPTAETHCA
BITHOCHO 3aKpiruieHoi oci F( 3 OCTIHHOI KyTOBOO
mBHIKiCTIO w. Ha Puc. 1, L — xono 1oTuKy piauHu
Ha MOYaTKy Haxwiy KoHyca, L' — micis Haxuiy Ha
KyT ¢, A — TOYKa BUJIUBY.

=

Puc. 1 Koniuna emmicmo

SlcHo, mo L' — eminc, mapameTpu sIKOro a Ta b
3MIHIOIOTECS B 3aJI€3KHOCTI Bifl 0.
E — uenTp emninca JiexXuTh Ha JiHII HEHTPIB €JIICIB,
DK — cepenust  nminis A0AB, AC = 2a —Benuka
Bich, MN = 2b — maa Bicbk. B cucremi koopauHar,
BuOpaHii sk Ha Puc. 1, B momunai XOY KyToBuit
koedimienT npsimoi AC Oyne

kac =k=tg(p,§=tga.

Hesaxko Gauutu [1], sxmo C(x.,Yy.), TO
kR—H H-kR 2RHV1+k?2
Xe = Y. =H VAC =2a = ————.
KR+H KR+H kR+H

3naiinemo temep b. Ha minii MN mepernHarOThCS
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Kpyr ¢ meHTpoM B Toumi O, pajaiyca p Ta eirc,
BelnKa Bich sikoro AC = 2a. Toxi i3 40, EM maemo,

X4+ kR?

b? = p? — (04E)?, ne O,E = xp =-42"—t=
p (0,E)?, ne 04 E B YR+H
R R ya+ RH H—kR
p=—yp =24 - =T To6ro b =R ,
H H 2 KR+H H+kR

H—kRZO,k=tg<pS%=ctga.

TakuM yuHOM,

(H — kR)(1 + k?)
(H + kR)3

Tyt S,/ — TuIOIIA MOBEPXHi PiAMHY TiCIISI HAXUITY
Ha KYT (.

3HaiIeMo Po3Xi piHA Py, AKWii BU3HAYAETHCS
SK 00’€M BHTIKAIOUOI PIIMHU 32 OJWHUIIO Yacy i
JOPIBHIOE JOOYTKY IJIOII NOBEPXHI BUTOKY PIIMHHU
Ha BEpPTUKaJbHY CKJIaZOBY V) HMIBHJIKOCTI PyXy
TOUYKU A BiIHOCHO oci oOepranHs FQ.

Maemo, v =wR, v, =vcos@ =wRcosy,
TOOTO

S,y = mab = nR*H

P<p=SL"vJ_=

(H — kR)(1 + k?2)
(H + kR)3

= nR?’HwR

cos@ =

3 cos(a + @) cos? ¢
=nR’wcosa .
cos3(a — @)

Hocnimamo P, Ha EKCTpEMyYM, MaeEMO

cos(a + ) cos? g\’ B
cos3(a— @) ~ cost(a— @)

X (=3sin(a — @) cos(a + @) cos o —
—2sin¢@cos(a — @) cos(a+ @) —

—cos @ cos(a — @) sin(a+¢))=0.

cos ¢

Abo
cos ¢ (—3sin(a — @) cos(a + ) —
—cos(a — @) sin(a + @)) —
—2sin@cos(a — @) cos(a + @) =
=cos @ (sin2¢ — 2sin2a) —
—sing (cos2a + cos 2¢) =
=sing —2cos@ sin2a — sin@ cos 2a =
=sin@(l—cos2a) —2cospsin2a =0,
TOOTO

; _5 sin2a =2t
ge= 1—cos2a g«

[0 HEMOXKIIHBO, 00 tg ¢ < ctg a.
Takox cos@ #0, 60 ¢ < g —a, aHaJoTi4HO

cos(a — @) # 0. Takum unnom, P,' <0 mms 0 <

(p<E—af i P,— BiJX

=3 () MOHOTOHHO CHIajaac€
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MaKCUMaJbHOro P, |q)_0 =nR3w 10 MiHIMAIEHOTO 3uaiinemMo Tenep posxin piguau F,, Maemo:
P<p| . =0. Fop=S,r-v,,

P=a e v, =vcos@ =wRcos .

TobTo

Il. Jlami posriasHEMO €MHICTh — mapaboJioin R% (2H — R tg ¢)?
oOepranHHg 3 mapamerpamMu R Ta H, HamoBHEHUH ® = 21H2 cos @ wRcos ¢ =
piauHOIO, O0epTaerbcst BigHOCHO oci FQ 3 TwR3
MOCTIHHOI KyTOBOKO MBUAKICTIO w. Ha Puc. 2, L — = VT (2H — Rtg ¢)? =
KOJIO JIOTHKY PITUHA HA [IOYaTKy  HAXWIY R 2
napabonoina, L' — micns Haxuiy Ha KyT @, A — = TtwR3 (1 ——tg q;) )

2H

TOYKa BUJIUBY. .
Hocnigumo P, Ha ekcTpeMyM

P, =2 R3<1 R, )( R_1 )—o
p T m 209\ 2Hcos? @) =

R
1)1—§tg<p=0,
2H
tg ¢ =— =19 Pmax,» ¢ = Pmax -

R
IIpu upomy Py, = 0 — HaiiMeHIIIE 3HAYCHHSL.
— 2
2)C032(p—1+tg p#0.
Tobro P," <0, P, — cianae Bix

P, =nwR3 — max mo P, =0 — min.
(p|‘P=0 qD|‘»‘7=§0max

I11. IlopiBHAJbHA TMHAMIKA

A) Po3riisiHeMO KOHIYHY €MHICTh Ta JBa CIOCOOU
BUJIUBY.
1. B [1] Oymo pO3rasiHyTO BHJMBaHHS PiTUHA
o0epTaHHsIM HaBKOJIO BepUIMHU KoHyca. Ilpu
TakoMy croco0i BUIIBY

P, = mR*w+/R? + H?cos a

X sin(a + @) .

1
Puc. 2 IapaGonoio Byno nmokazano, mo B,,, 3a yMOBHU 3 <cos2a<1

Oyse Tpu TOCTPOMY KYTi ¢, IO 3aJ0BOJBHSE
piBHOCTI
Y BuOpaHiii TakKUM YHHOM CHUCTEMi KOOPIWHAT, 3cos2a—1
MOJKHA TTOKa3atH [2], mo npoekuis L' Ha X0Z — 1e tgp=ctga 3cos2a+ 1"’
KOJIO 13 3MIILIEHUM LIEHTPOM, PIBHSHHSI IKOTO

T
kR2\? R2 OS(PSE—(X=§0max.
x——| +2z2=—=(2H —kR)?,

1
SIKIIO K yMOBA — < cos 2a < 1 He BUKOHAHA, TO

2H 42
nek =tg . Pnax = P(p =0) = tR?’w\/R? + H?sina ,
. _ _ R T
Paniyc nporo xomar = R (1 h tg (p), TOMY Ppin = P (¢ = 5~ a) =0.

2. Y BUNIANIKY, PO3TIITHYTOMY B IIi# cTaTTi

I1 S
Sy = —Pxoz>r’ = P — R3 cos(a+¢) cos? ¢ Pl
cos @ o — T wcosa —cos3(a—(p) y Fp v, IpUIOMY

2 2 _ 2

- Zﬁz (2H ~ R tg ¢) Prax = P(p = 0) = 7R,

cos cos
@ q02H Pmin=P(§0=_—Q)=0.
ne 2H—Rtgp =0 abo tg o <—=1tg Pmax 2 _
. R . B) PosrisiHemo Tenep napaboiuHy €MHICTh

(motmyna 10 mapabomun B Toulli A Ma€ KyTOBHIA 1 1 6 . . ..
_ ZH) . pru OOCpPTaHH1 HABKOJIO 3aKpIJICHOl BCPIIMHU

KOeIieHT K = tg Pmax= 7/ [2], maemo ipu H > R, Ppax = P(¢1), Iie
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3 RH
2H

< QPmax = arctg ?,

nR? (2H — R tg ¢1)*
=—>w\R?+ H? X
4gz? + coS @4

<2H2 +R2>
0< ¢, =arctg

Pmax

H
X cos (arctg E - (pl) .
Ilpu H = R,
Prax = P(¢ = 0) = mR?wy/R?* + H? X
H
X tg —),

COS(arC g R)

Pminzp((pmax)zo-

2. SIkuio obepraHHs Oyje BigHOCHO aiamerpa FQ, To
2
P, = twR? (1 - % tg go) — MOHOTOHHO CIIajiae i
Pnax = P(¢ = 0) = mwR?,
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Pmin:P((Pmax)zo-

BucHoBku

Matoun 1i Ja”i mIpo JUHAMIKy PO3XOAY PiAUHU
JUISI €MHOCTEH pI3HUX TeOMETpHYHUX (HOpM TpH
pi3HUX cmoco0ax BWJIMBY, MOXHA B KOXHOMY
KOHKPETHOMY  BHNAAKy  BHPOOUTH  aJTOPHTM
MOCJIIZIOBHUX il YIpaBJIiHHA MEXaHI3MiB, sKi
3a0e3MeyyloTh NPOoLEeC BUJIMBAHHS TaK, L0 BiH CTA€
JIOCTaTHBO PIBHOMIPHHM.

Ha  3aBepuieHHS ~ BHCJIOBIIOEMO  TOMSKY
mpodecopy Bacmmik O.l. 3a yBary Ta KOpHCHI
HOpajIy.
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Cmammst npuceésdena 020y nioxooié 00 pose szanHs 3a0aui ioenmugikayii napagpas. Onucyemovcs
AKmMyanbHicmy ma 8UKOPUCMAHHA OAHOI 3a0ayi y MaKux 3a0a4ax AK 8UAGIEHHA Nia2iamy, CnpoujeHHs mexkcmy
ma nowyk ingopmayii. Byno posensinymo Oexinvka knacie eupiuienns Oanoi 3adaui. [lepwuti nioxio
3ACHOBAHUL HA PYYHUX NPAGUIAX - BUKOPUCMOBYE BPYYHY Nidibpani ocobaugocmi 6azyiouucs Ha 6a306ux
eracmugocmsx napagpas. [pyeuil nioxio 3acHo8aHull Ha AeKCU4HIL NOOIOGHOCMI Ma PISHOMAHIMHUX 0a3ax
danux i onmonoeii. Ilioxoou, 3acHo8aHi Ha MAWUHHOMY HABUAHHI MAKOIC NPeOCmasieni y 0anill cmammi ma
ORUCYE apXimeKmypu, sKi MOJ’CYmob Oymu suxopucmani 0 ioenmupixayii napagpas. Ocmannii nioxio saxutl
PO32IAHYMO 6A3YEMbCA HA 2IUOOKOMY HABYAHHI MA CYUACHUX MOOeISX mpancgopmepis.

Taxooic 3pobreno NOpisHANLHUL AHANI3 KOPNYCI8 OAHUX, KI GUKOPUCMOBYIOMb Ol PO38'SI3aHHA 3a0ayi
i0enmudhixayii.

KirouoBi ciioBa: o6pobka npupoonoi mosu, ioenmudghixayis napagpas, Mawiunie Hag4aHHsI.

The article is devoted to a review of approaches to solving the problem of identifying paraphrases. This
problem's relevance and use in tasks such as plagiarism detection, text simplification, and information search
are described. Several classes of solutions were considered. The first approach is based on manual rules - it
uses manually selected features based on the fundamental properties of paraphrases. The second approach is
based on lexical similarity and various databases and ontologies. Machine learning-based approaches are
also presented in this paper and describe different architectures that can be used to identify paraphrases. The
last approach considered is based on deep learning and modern models of transformers.

A comparative analysis of data corpora, which are used to solve the problem of identification paraphrases,
is also done.

Keywords: natural language processing, paraphrase identification, machine learning.

AKTYaJIbHICTH JIOABMH, SIKI PO3MOBISIIOTH PI3HUMH MOBaMH.

CucteMd MaIIMHHOIO TepeKiIaay, po3Ii3HABAHHS

OOpoOka mpHUPOJHOI MOBH CTa€ BCe OUTBII  MOBJIEHHS - II€ JIHIIE JIEKUTbKA 33124 3 Ii€i rarysi, 1o
BXKJIMBOIO B c(pepax TEXHOIOTiH i Oi3HECY, OCKUIbKA  JOMOMAaraloTh IIOKPAIlyBaTH HAITy KOMYHIKAIIif0.

3agadi, SKi ~ BOHa  BHUpINIye  JO3BOJSIIOTH Barato xomnanili BUKOPHCTOBYIOTH Pi3HI Mozemi
00YHUCITIOBATIBHUM cucreMaM e(eKTUBHIlIe NPUPOTHOI MOBH IS MOKPAILEHHS 00CIyrOBYBaHHS
00pOOJIATH Ta PO3YMITH JIFOICHKY MOBY. KJII€HTIB. CTBOpEHHA 4aT-00TiB 1 BIpTyalbHHX

Mogeni npuponHOi MOBHM € BaXKIMBUMHU [UI IIOMIYHMKIB. BOHHM pPO3YMIIOTH 3alMTH KIIEHTIB 1
3a0e3neyeHHs] e(EeKTUBHOIO  CHUIKYBAaHHS MK

© B. H. Bpy6aescekuii, O.0. Mapuenko, 2023
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BIJINIOBIIalOTh Ha HUX y PEKUMI PEAJBHOTO 4acy,
Hanpukiaag Amazon Alexa [1]

3aBasku 00poOLi MPUPOAHOI MOBH MH MOXKEMO
KOPUCTYBaTHCSl ~ TOIIYKOBUMH  CHUCTeMaMd 1
CHCTeMaMH pPEKOMEHJallii, 1m0 JoInoMararoTh
3HaXOAWUTH HAHOLIBII BIAMOBIAHI PE3yNIbTaTH HA HAIII
3aIUTH.

PosmisnaBanHs mapadpasiB - BakMBa 3a/1aya

O0pOOKM TpPHUPOTHOI MOBH, IO Mae 0araTo
MPaKTUYHUX 3aCTOCYBaHb.
- Busasneuns riariaTy. InenTudikarriro

napadpasiB MOXXHa BUKOPUCTOBYBATH JIJIsl BUSBJICHHS
BHII/IKIB TUIariaTy NUISIXOM TOPIBHSHHS Ti103p1JIOro
TEKCTY 3 BEJIMKOI 0a3010 KOPITYCIB, 11100 m00adnTH,
M MICTATH BOHU Iepedpa3oBani peueHHs Ta (hpasu.
CrporeHss TEKCTY. [Mapadpazu
BHKOPHCTOBYIOTH I 3aMIiHU CKJIAJHUX PEUCHb 1
(dpa3 Ha MpOoCTil, SKi IePeaar0Th T CaMe 3HAUCHHS.
Ile xopucHO sIK JJIsi OOYHMCITIOBAIILHUX CHCTEM, IIO
Hee(EKTUBHO NPALIOIOTH 13 BAXXKUMU CTPYKTYpaMu
TEKCTY, TaK 1 JJIs1 JIFOJICH.

- [omyxk inpopmartii. [nenTudikamiro napadpasis
BUKOPHCTOBYIOTh JUTS [T ABUILLIEHHS SIKOCTI
MONTYKOBUX  CHCTeM. BoHum  imeHTH(]IKYIOTH
JMOKYMEHTH, SKi MICTATh HE JIHIIE OpPWTIHATBHUN
TTONTYKOBHH 3aIHT, a 1 oro mapadpasm.

Tomy posmizHaBaHHs napadpasiB € BaKIMBHM
3aBHaHHAM B 00poOIli mpupomHoi MOBH. BoHO
JIOTIOMOTA€ IMIBHUINATA TOYHICTh 1 €(HEKTHUBHICTH
mporpam, SKi TOKJIAMaloThCs Ha PO3YMIHHS CEHCY
TEKCTY.

3anaya inenTudikauii napadpas

Inentudikamis mapadgpaz — I 3aBOAHHSA
BU3HAYEHHS TOrO, YM [Ba TEKCTH MAalOTh OJHAKOBE
abo cxo)ke 3HA4yeHHs, HaBIThb SKIIO BOHH

chopMyIpOBaHi O-Pi3HOMY.

[Ipuxmamom mapadpa3 MOXKYTh CIYyTyBaTH Taki
pEYeHHS:

e Bin posniomus meHe, KOaU NpOsGUE CBOI0
HesUX08anicmy 3a geuepero.

Hoeo nessiunusicmv, nuimku ma 3azanbha
8i0CymHuicmy nosazu 3a eeuepeio po3nomuau
Mene.

Y  KOHTEKCTI OOpOOKM  HpPUPOAHOI  MOBH
inenTudikanis napadpaly 3a3BuuUail PO3TIIANAETHCS
SIK 3aBAaHHA OiHapHOI Kiacu(ikamii, e BXiTHUMH
JaHUMH € Tapa pe4YeHb, a BHUXOAOM € OyseBe
3HAa4YeHHS, M0 BKa3ye, YU € JBa PEUYCHHS
napadpazamu, 4H Hi.

BxinHi peueHHS MOXHa NPEACTABUTH PI3HUMHU
crocobaMu 3aJIeKHO BiJl KOHKPETHOI'O 3aBAaHHS Ta
HasBHUX AaHuX. Hanmpukian, iX MOXHA PEACTaBUTH
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y BUTIISAI HEOOPOOIEHOr0 TeKCTy ab0 MOXKYTh OyTH
nornepeanso0 00poOJeHI Ta TepeTBOPEeHI B OuIbII
CTPYKTypOBaHe MpeacTaBICHHS, TakKe K
[MOCJIIIOBHICTH TOKEHI30BAHUX CIIIB a00 CUHTAKCUYHE
JIEPEBO pEUCHHS.

s pos's3aHHsA i€l 3amavi  ICHYIOTh
pI3HOMaHITHI aJITOPUTMH MAIIMHHOTO HaBYaHHS,
BKIIFOYAIOYM TpAJMIIIMHI MOJENI, Taki sSK JepeBa
pimeHb, Meron omopHux BektopiB  (SVM)[2]
JIOTiCTUYHA perpecis, a TaKoK Ccy4dacHi Mojeni
IIIMOOKOT0 HaBYaHHSA, TaKi K PEKypEHTHI HeWPOHHI
mepexxi (RNN) [3] i momeni Tpanchopmaropu Ha
ocuoBi BERT [4] i GPT[5].

EdexTuBHICTH MOzENeH 3a3BHuail  OLIHIOETHCS
CTaHJAPTHUMH TTOKa3HUKAMH, TAKHMH SIK TOUYHICTB,
noBHoTa, F1.

3aranoM igeHTHiKamis napadpaly € CKIaJHUM
3aBJIaHHSIM, SIKE€ BHMAarae TJIMOOKOTO pPO3YMiHHS
CEeMaHTHKH pUpoAHOT MOBH. OJTHAK, 32 OCTaHHI POKH
OyJI0 IOCSITHYTO 3HAYHOTO TIPOTpecy, 1 HalicyJacHITi
MOJIENII JOCSATAal0Th BHCOKOI'O PIBHS TOYHOCTI Ha
PI3HUX KOHTPOJIBHHUX HA0OpaxX JaHUX.

Iixxoau 10 po3B’sizaHHs 3aaa4i
inenTudikauii napadpas

Meromun BUSIBIICHHS napadpas 3HAYHO
BIIOCKOHAJIMITUCS TIPOTSATOM OCTaHHIX POKIB 3aBISKA
mporpecy B 00poOIIi MPUPOAHOI MOBH 1 MAITTHHOMY
HaBYaHHI. Po3rismaroum 10 €BOMNIOLII0 MOXKHA
BHUIJIUTH TaKi eTaru, ad0 KJach METOMIB.

- Ilimxoam, 3acHOBaHI Ha PyYHHX IpaBHIaxX: Ha

MOYaTKy IOCITIIPKEHb 0arato CUCTeM Oa3zyBanncs Ha
Ha MpaBHJaX Ta €BPHCTHKAX CTBOPEHMX BpyuHy. Lli
METOJIM CIIMPAJIICS Ha CHHTAKCUYHI Ta CEMaHTHYHI
mabnonu i igeHTudikaii mapadpas i gacto Oymu
OoOMeKeHI X 3aJeKHICTIO BiJ] KOHKPETHUX MOBHHUX
0COOJTMBOCTEH.
BuxopucranHs — nekcumdHOi  TOmiIOHOCTI:
JOCIITHUKYA TI0Yajli BHKOPHCTOBYBATH JIEKCHYHY
MOMIOHICT, BUKOPHCTOBYIOUM TaKi CHCTEMH SIK
WordNet[6] i narenTHMiIT CceMaHTHYHMI aHaji3
(LSA)[7], nns imentudikanii mapadpas. 1li meroan
OasyBamucsi Ha iAei, MO cioBa 31 CXOKHMH
3HAYEHHSIMH, K ITPABHUIIO, 3yCTPIUAOTHCS B MOAIOHNX
KOHTEKCTaXx.

- KoHTponsoBaHe MammHHe HaBYaHHS: OCKUIBKH
METOJM MAIIMHHOTO HABYaHHSA CTadd  OUTbII
MOMYISIPHUMH B 0OpOOIli  TPUPOAHOI  MOBH,
JOCHIAHUKYA TI0YaJM PO3POOJSATH KOHTPOJIbOBAHI
Mozedi HaB4yaHHS UIs BuUsiBIeHHS mnapadpas. Ll
Moieli 3a3BHYail BUKOPUCTOBYIOTh PO3MideHi JaHi.
BoHu BHBYAaIOTh MIAOJIOHM Ta OCOOJIHMBOCTI, SIKi
BKa3yIOTh Ha mapadpasu.



Bicnux Kuiscbroeo nayionanvnoeo yHieepcumenmy
imeni Tapaca Lllesuenka
Cepin ¢izuxo-mamemamuyni HayKu

- I'mmboke HaBUaHHS: B OCTAHHE JECATHIITTA
IMOOKEe HAaBYAHHS CTAIO IaHIBHUM IMiJIXOIOM Y
MallMHHOMY HaBYaHHI 1 3aCTOCOBYBAaJIOCS IS
HIUPOKOTO KOJa 3aBJlaHb, BKIIOYAIOYM BHUSBIICHHS
napadpas. Moxgeni mMOOKOro HaBYaHHS, TaKi SK
HEHpOHHI Mepexi Ta TpaHchOpMepH, IOKa3alH
BHHSITKOBY MPOAYKTHBHICTh Y Pi3HUX TECTaX.

Hns Toro abm kpame 3po3yMiTH pi3Hi izei Ta
QITOPUTMH, MU PO3IJIIHEMO JEKiIbKa MIIXOIIB 3
KOXKHOT'O KJ1acy.

JlocuTh CKIAAHO 3HANTH YM BUIIIATH ITIXOIH,
SKi OyZyTb BHUKOPHCTOBYBATH JIMIIEC ONWH 3 BUIIE
HaBEJIEHUX KJIaciB, TOMY MPH BUOOPi aIrOPUTMIB MU
KJacu(ikyBaJd iX 32 OCHOBHOIO 1JI€€10.

IMixxoau, 3acHoBaHi HA PYYHHUX NpaBUJIAX

OnHMM 3 IPUKJIAJIIB MAX0AY, SIKHH 0a3yeThCcsl Ha
pyunux npasuiax ciiB € cucrema iISTART [8]

BoHa BHKOpHCTOBYE pI3HOMAHITHI JIEKCHYHI,
CUHTAKCUYHI Ta CEMaHTHW4YHI OCOOIMBOCTI Id
inenTudikamii napadpas.

Jlis  TOro BW3HAYMTH CTPYKTYpy mapadpasy,
PO3TIAMAETHCS ACKUTBKA MITXOAIB iX TTO0YTIOBH:

1) CunoHiMH: 3aMiHa CITiB iX CHHOHIMaMH.

2) Tun pedeHHs: 3MiHa THUIY PEYCHHS 3 aKTHBHOI'O
Ha TaCHBHHI a00 HABIAKH.

3) CroBodopma/uacTrHa MOBH: 3MiHa (OPMHU CIIOBa
B 1HIITY, HAIIPUKJIQ1 3MIHUTH IMCHHHIK Ha JTIECIIOBO,
MIPUCITIBHUK 200 MPUKMETHUK.

4) Po30UTTS peueHHs: IOBre PeYeHHs pO3OHBAECTHCS
Ha MaJIEHBKI.

5) BusnaueHHs:
BHU3HAYCHHSI.

6) CtpykTypa pedeHHS: 3MiHa CTPYKTYPH PEUCHHSL.
B ocHOBI anroput™my JEeXHUTH TMOHSTTA TpadiB

konnenTiB[9]. st KOXKHOTO pedeHHst Oy IyEThCS CBii

rpad i mmicns mporo Big0yBaeThCsl MOPIBHAHHS rpadis

JIBOX KAHIWIATIB.

[Iporrec mopiBHAHHA MONSTAE B TOMY, 100 3HANTH
ssKoMora Oinmpine 30iriB MK TpifikamMu “TIOHSITTS-
BIIHOILICHHA-TIOHATTS .

Peuenns meperBoproeThcs Ha Tpad KOHIENTIB 3a
normoMororo anamizatopa Link Grammar [10].

Janwii anroputM Oyno peaii3oBaHO i YacTHHA 3
ONUCAHUX BUINE CTPYKTyp Oyla BUKOPUCTAHA JIJIsI
BU3HAYeHHS  mapadpas, TMpoTe  aBTOPH  HE
BUKOPUCTOBYBaJIM BJACHUH KOPIYC JaHUX s
aHaJi3y 1 He oImyOIiKyBaNIH CBOIX Pe3yJbTaTiB.

3aMIHUTH CJIOBO Ha  HOro

ITinxonu, 3acHOBaHi HA JIeKCHYHIH mMogioHOCTI

XopomuM TPUKIAAOM METOdy, ¢ MO€qHaHa
JIEKCHYHA Ta CEMaHTH4YHA IOMIOHICTE € cucreMa
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po3pobiiena Pagy Mixamuem ta Anapam Yomaii [11],
ska Oyna omy6nikoBano y 2006 poti.

Y HbpOMy MO€AHAHO JBa PI3HUX MIAXOAU OO
BUMIPIOBAHHS CEMaHTHUYHOI MOAIOHOCTI MK JBOMa
YaCTUHAMU TEKCTY: BUMIPIOBaHHS Ha OCHOBI KOPITYCY
Ta BHUMIPIOBAaHHS Ha OCHOBI 3HaHb. BiacTHBOCTI,
3aCHOBaHI Ha  KOpIyCi, TMOKJIaJalThCsAd  Ha
CTaTUCTUYHUHN aHalli3 BEJTMKHX TEKCTOBUX KOPIYCIB,
TOOl SIK BIACTUBOCTI, 3aCHOBAaHI Ha 3HAHHSIX,
BUKOPUCTOBYIOTh 30BHIIIHI pecypcd, Taki fK
JIEKCUYHI 0431 JaHUX 1 OHTOJIOTI].

ABTOpPH TIPE3EHTYIOTh JIBI  XapaKTEePHCTUKU
CEMaHTHYHOI TMOAIOHOCTI Ha OCHOBI KOpIIyCY,
3aCHOBaHI Ha JUCTpUOYTHBHIH momiOHOCTI Ta
JATEHTHOMY CEMaHTUYHOMY aHaJTi3i.

Onniero 3 Hux € xapakrepuctuka PMI-IR. Bona
0a3yeTbcsi Ha CEMaHTHYHIA TMOMIOHOCTI CHiB Y
BEITMKOMY KOpItyci, Oyina 3arnpornonoBana TepHi [12].

PMI — IR(w,, w,) = log, — P & W)
P(W)* p(w,)

o6 cioBa BBaxkanmcsi OJM3BKUMH Y KOPIYCI
BUKOPHUCTAH BIKHO JIOBXHHOIO JIECATH CIIiB, SIK
0anaHc MK TOYHICTIO Ta MPOJIYKTHBHICTIO.

Tako)k BOHM BBOJSTH IIICTh XapaKTEPUCTHK,
3acHoBani Ha 0a3i 3mamp \WoOrdNet[6]. Hasememo
JEeKUIbKa 3 HUX:

- Iogibuicte 3a Jlikokam i Xomopoom [13]

0a3yeTbCss Ha HOPMAII30BaHIM  JOBXKHUHI
NUBIXY 3 ypaxyBaHHSM TJIMOWHM 3arajbHOT

iepapxii
len(w,, w.
LH (w;, w,) = Iogzi( b, W) ,
2D
ne D — makcmmanbHa TimOnHa iepapXii B 0asi
3HaHb.

- Tlomi6micts 3a By i Ilanmepom [14]
BPaxoOBY€ TIIMOUHY HAMMEHIIOTO
CIIUTBHOTO TIpE/IKa KOHIIEITIB B iepapXii:

depth(LSO(w,, w,))

WP(Wy Wz) == Ing

depth(w,) + depth(w,)
nme LSO - mHaliMeHIMN CHOUTBHHHA — TMPENOK
KOHIIETITIB MTapH CIIiB.
Pe3ynbTaTh  €KCIIEPUMEHTIB  MOKA3ylOTh, IO

BIIACTHBOCTI SIK Ha OCHOBi KOPIIYCY, TaK i Ha OCHOBI
3HaHb MOXKYTh OYTH e)EeKTUBHUMH JIJIs i1eHTHDIKaIIii
napadpas.

ABTOpH OIIIHIOIOTH CHCTEMY BHKOPHCTOBYIOUH
Microsoft  Research  Paraphrase  Corpus[15].
Pe3ynpTat moKasyroTh, IO AaHWH METOJ AOCSTaE
toynocti 70.3% Tta F1 81.3 %.
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Iigxoamn, 3acHOBaHi HA MAIIIMHHOMY
HABYAHHI

BapTto 3a3HaunTy, 1110 OUIBINICT MiAXO/IB TaK YU
iHaKIIe BHUKOPUCTOBYIOTH PI3HUH IHCTpyMeEHTapii
MalIMHHOTO HAaBYaHHS, B IbOMY pO3AUTL MH
PO3BIIITHEMO METO/I, i€ 1€ € OCHOBOIO aJTOPHTMY.

VY cBoiii cratti Hitin Mannani Ta [xoens Terpo
[16] mpormoHyrOTh HOBH# MiIXid 10 OMIHKKA MOJEIEH
imenTrdikamii napadpasis. Bonn
nepenpodiIbOBYIOTh YWHHI METPUKUA MAIIMHHOTO
nepexyiagy. ABTOpH CTBEPIUKYIOTh, IO TeMepimHi
METPUKH MAIIMHHOTO Iepekiany, Taki sk BLEU,
METEOR i TER, no0pe migxonsts Juisl moOya0BU
Mozenel inentudikarii mapagpas.

PosrisiHeMo aekinbka TaKUX METPHK:

1. BLEU [17] omma 3 HaiiGimem  9acTo
BUKOPUCTOBYBAaHUX  METPHK ISl OI[IHKU
MalIMHHOTO Tiepeknaay. Bona 0a3yeTbcs Ha
KUTBKOCTI OJIHAKOBHX N-T'paM PIi3HUX JIOBXHH Y

ABOX PECUCHHAX.
N
BLEU (Sl,Sz) = BP(Sl!Sz)EXp|:Z;|og( pn):|!
n=1
S
BP(s,,S,) =exp min[l—sl,l] ,
2

Z count(x, NGram(s,, n) n NGram(s,, n))

2023,1

__ xeNGram(s,,n)

> count(x, NGram(s,, n))

xeNGram(s,n)
count(x,S) =Kel |el € S &el =},
N — maxcumanvra dosdxcuna N — spamu

ne BP — xoediienT cTucnocti, npu3HauyeHui
g wTpadyBaHHS peuyeHb, SKIIO OJIHE
KOPOTIIIC 3a iHIIIE.

2. NIST[18] € BapianTom BLEU, sika BHKOPHCTOBYE
cepenHe apupMeTHIHEe KUTBKOCTI OJHAKOBHX N-
rpaM, a He cepemHe reomerpuyHe. Lls merpuka
TaKOX 3BaXy€ KOXKEH N-Tpam BiIOBITHO JI0 HOro
iH(OPMATHBHOCTI, BAKOPUCTOBYIOUH il 4ACTOTY.

3. TER[19] BHU3HAYAETHCS K KUIBKICTB
penaryBaHb, HEOOXITHHX JJIS TOrO, a0W 3 OTHOTO
peUYeHHS 3pOOHMTH  IHIIE BUKOPHCTOBYIOYH
omepamii  BCTaBKM, BUJAQJICHHS Ta 3aMiHM Ta
3CyBY.

Ancam0i1B JIEKLTBKOX KiacudikaTopiB

BUKOPHUCTOBYETHCSI JUISl BUPIIICHHS ITOCTaBIIEHO]

3amauyi. Ha BepxHbOMYy piBHI — TpoCTHH MeTa

kinacu(ikaTop, SKHI BHKOPUCTOBYBAaB Ppe3yJbTaTH
knacuikamii AEKUIBKOX IHIMX —Kilacu(ikaTopiB
HWKHBOTO PIBHSA: JIOTiCTUYHY perpecito, MeTo[
ONOPHHUX BEKTOpiB Ta KiIacu}ikatop Ha OCHOBI
alropuT™My HaiOimmxyoro cyciga [20].
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ABTOpI/I OHiHIOIOTL CUCTCMY BHKOPUCTOBYIOUHU
Microsoft Research Paraphrase Corpus [15].
Pe3ynpTaTn OKa3y0Th, IO METOA JOCITA€E TOYHOCTI
77.4% 1a F1 84.1%.

Iixxoam, 3acHoBaHi HA IJIMO0KOMY HABYAHHI

Binblricte cy4acHUX MiAXOAIB BUKOPHCTOBYIOTH
nepeBard BEIMKHX PO3MIYEHUX KOPIYCIB JaHUX.
Hetiponni Mepexi i TpaHcpOpMEpH 3aCTOCOBYIOTh B
SIKOCTI QJIFOPUTMIYHOTO yH/IaMEHTY.

OmHuM 3 SICKpaBUX MPEACTaBHHKIB
anropuT™iB € cuctema Sentence-BERT [21]

Y miif craTTi NpOMOHYETHCS HOBUH METOJ
CTBOPEHHSI BHCOKOSIKICHMX MPE/ICTaBIICHb PEYCHb 32
JonoMoroto ciamcekoi Mepexi Ta BERT.

[IpencrasienHs pedeHHs — 1€ BEKTOP QiKCOBaHOT
JIOBXKHHU, SIKUA BUKOPHCTOBYETHCS JUISL TOTO, aOW
OlMCAaTH CEeMaHTHYHE 3HAYCHHS  pEYCHHS Y
0araTOBUMIPHOMY BEKTOPHOMY MpocTOpi. BoHH
3aCTOCOBYIOTHCSI B DI3HHUX 3aBIaHHSIX OOPOOKH

TaKHuX

MPUPOIHOI MOBH, BKJIHOYAIOUM  imeHTH]IKAI[iI0
napadpasis, Ki1acudikaiiro TEKCTy Ta IOIIyK
iH(dopMarrii.

ABTOpPH TOYMHAIOTEH 13 3ayBa)KCHHS, IO HAsSBHI
METONW TeHepamii BOyIOBaHWX pEUYeHb 3a3BHYaAi
BHKOPHUCTOBYIOTh HEKOHTPOJIbOBAHI MIAX0IH, TaKi SIK
yCepemHEeHHs MPEACTaBICHH CIiB Ta iHmi. OaHaK 11
METOJM YacTO TPHU3BOAATH 10 HHU3BKOSKICHUX
MpefCTaBlieHh  4Yepe3  NPUPOAHY  CKIAJHICTh
3aXOIUICHHSI CEMaHTUYHOTO 3HAYEHHS pPEYeHHS 3
MPOCTOro Habopy CIiB.

Mepeka puiiMae K BXiIHI JaHi JBa pEUCHHS Ta
BUBOAWTDH OLIHKY CXOXOCTI MK HHUMH, Ky MOXKHA
BUKOPHCTOBYBAaTH I CTBOPEHHS BHCOKOSKICHHX
BEKTOPIB, 10 OyIyTh OMMCYBATH PEUCHHS.

ABTOpH CHOYAaTKy HABYAIOTh CiaMCBKY MEpEeKxy
BERT ©a Benmkomy HaOOpi MaHUX TMap pPEYEHb,
MO3HAYEHNX OIHAPHUMHU MITKaMH, BUKOPUCTOBYIOUH
(dyskiro Brpat. OyHKIS BTpaTH MiHIMI3YE BiICTaHB
MDK mapadpa3amMu Ta MaKCHUMI3y€e BiICTaHb MK He-
napadpazaMu y IpocTopi.

Ilicns naBuamHs Hitim Magnani ta J[>Koenb
Terpo BuxopuctoBytoth wmepexy BERT mns
CTBOPEHHS MIpEICTaBIICHHS pedeHb JUTS
PI3HOMaHITHUX 3aBJlaHb, BKIIIOYAIOYH 1ICHTH(IKAIIIIO
napadpasziB. Pe3ynpraté TOKa3ylOTh, IO MOIENb
Sentence-BERT mepeBepmrye 4nHHI HaiicydacHinii
METOJIM Ha OUITBIIOCTI KOHTPOJIBHUX HAOOPIB TAHUX.

Kopnycn nannx
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Tabmmmsg 1
Kopnycu manux
HazBa kopnycy Pik cTBOpeHHs Jxepena naHHux Po3wmip
Microsoft Research 2005 CrarTi HOBUH, 5,801
Paraphrase Corpus [15] SHIUKIIONEIM 1
Be0-CTOPIHKU
PPDB [22] 2013 CraTTi HOBUH, 220,000,000
BeO-CTOpIHKH 1
JiepKaBHI
JIOKyMEHTH
Sentences Involving 2014 CratTi ipo 10,000
Compositional Knowledge HOJIITHKY, HAYKY
[23] Ta pO3Bary.
[Mapu 3anutanb Quora [24] 2017 [apu 3anutans 3 404,289
BeO-pecypcy
ParaNMT-50M [25] 2017 CraTTi HOBUH, 51,409,585
BeO-CTOPIHKH i
JiepKaBHi
JOKYMEHTH

IcHye nmocuTh Oarato pi3HWUX KOPIIYCiB, SIKi
3a3BHYAM BHUKOPUCTOBYIOThCS YIS 3aadi
inentudikanii napadpasy. HaBegemo meski 3 HUX:

1)

2)

3)

Microsoft Research Paraphrase Corpus
(MSRPC) [15] — 11e xopryc map pedeHs, I
SKUX BPYYHY 3a3HAQ4WJIM YU € BOHHU
mapadpazamu. Jloman i bpokerr crBoOprIH
rioro y Microsoft Research i BiH cTaB ogHHM
13 HaWmomwpeHimuX HAO0OpIB HaHUX IS
maHoi 3amadi. Kopmyc wmictute 5801 mapy
peYeHb, sKI B3ATI 3 PI3HUX JDKEpe,
BKJIIOYAIOYM  CTAaTTl HOBHMH, CTaTTi B
eHITMKIIONenisXx 1 BebO-ctopinku. 11100
3a0€3MeUnTH SAKICTh MITOK, TSI KOXKHOI IMapu
pedeHb BUKOPHUCTOBYBAJH KiIbKa aHOTATOPIB,
a po30DLKHOCTI BHUPINIYBAUCS OUIBIIICTIO
TOJIOCIB.

PPDB [22]- ue macmrabHa 6asa maHHX, 3
monan 220 wmineioHiB map mapadpas. Bora
MICTUTh Oarato (pa3oBHX Ta JIEKCHYHHUX
mapadpasis.

SICK (Sentences Involving Compositional
Knowledge) [23] — me kopryc st 3amad
ceMaHTH4HOI OJm3bpKocTi. Bin mictuts 10,000
map pedyeHb  MOJITHYHI, HAYKOBI  Ta
po3BaxkanpHi Temu. llapm Oymm mimiOpani
TaKUM YWHOM, II00 BOHU MajH pPi3HHHA
CTYIiHB CEeMaHTUYHOI CIIOPiTHEHOCTI,
MTOYMHAIOYH BiJ JY’)KE€ CXOXKHUX JIO 30BCIM HeE
noB’s3aHNX. CeMaHTUYHUH 3B’S30K MK
apaMu Pe4eHb OLIHIOETHCS 3a Oe3MepEePBHOI0
mkajgor Bim 1 (30BciM He TMOB’s3aHi) J0 5
(ceMaHTUYHO €KBIBAJIEHTHI).
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4) Tlapu 3anutanb Quora [24] - e HaOIp AaHKX
nap 3amuTaHb 13 BeO-caiity Quora. Mera
HaOOpy JaHWX — BH3HAYUTH, YA € JBa
3alMTaHHS CEMaHTHYHO
eKBIBAJIGHTHUMHU.  [IWTaHHS  OXOILTIOIOTH
HIMPOKUHM CHEKTp TeM, 30KpeMa Hayky,
TEXHOJIOT'1i, MOITHKY Ta po3Baru. BiH MiCTHTH
morax 400 000 map 3amuTaHb i € OMHUM i3
HaWOUTBIINX ~ KOPITYCiB, JOCTYIHHUX IS
inerTrdikamii mapadpas.

5) ParaNMT-50M [25]: me Benukuii Koprmyc
nmapajeIbHUX pPeueHb 13 pI3HUX Kepen. Bin
MICTUTB TToHaA 50 MUIBHOHIB map pedeHb i €
OTHUM 13 HANOUIBIINX JOCTYMHUX HaOOpIB
nmanux. [lapu peaens y ParaNMT-50M y3sri 3
pI3HUX JDKEped, y TOMY YHCIi 3 HOBUHHHUX
cTaTeH, BeOCTOPIHOK i JIepKaBHUX
JIOKYMEHTIB. Kopnyc 3reHEepPOBAHUI
ABTOMATHYHO 3a JIOTIOMOIO  TepeKIany
YaCTMHH  JIEKUTBKOX  YE€ChKO-aHTIIHCHKUX
KOpITYCiB.

Bumnie My HaBenw KOPIyCH, IO HaWvacTiie
BUKOPHUCTOBYIOTHCSl ISl BHPIIIEHHS Ili€l 3amadi.
Bubip wnabopy maHuUX 4YacTo 3aJeXUTh BiJ
KOHKPETHOTO 3aBJIaHHS Ta KOHTEKCTY, Yy SKOMY
BUKOPHUCTOBYBATHUMEThCS MOJIeNlb, a TaKOXK Bij
00YHCITIOBATILHUX MOTYKHOCTEH, K1 € B JJOCIT THUKIB.

Cumucox BUKOPHUCTAHHUX JIXKepeT

1. Chatbots in Call Centers [Enexrponnuii pecypc]
— Pexum JOCTYILY 210 pecypcey:
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Doddington G. Automatic Evaluation of
Machine Translation Quality using N-gram Co-
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3adava nowyky padka 6 mexcmi € dyoice 8aHcAUBON 3adauero npozpamysarms. Ha pisnux an-
20pUMMAT Po36°A3aHHA danol 3adavi 6a3YMBCA NOWYKOST CUCTEMU, CUCTEMU KOHMPOAW 6ePCIT,
mexcmosi pedaxmopu, anasizamopu JHK ma bazamo iHwux cucmem. ana poboma posessdae, He
npemeHIyoNY Ha NOSHOMY, HADIP AA20PUMMIE WO € AKMYGALHUMU OAA PO36 A3GHHA UIET 3a0a4i OAS
Pi3HOL cneyudiry 6TIONUT JaHUT MaA NOACHIOE 3AKOHOMIPHOCTE Y 3MIHT weudkocmeti pobomu ar2opu-
MMI6 8 3aseHCHOCTVE 610 cneyudiry sXidHuT JdaHu.

Knowoei crosa: nowys nidpadka 6 padky, movwnutl nowyx nidpadka 6 paoky, as20pummu wa pao-
Kax, 06podKa Mmexcmis.

The problem of exact pattern matching is an essential programming problem. Different algorithms
that solve this problem are core elements of search engines, version control systems, text editors, DNA
analyzers, and many others. For simplification reasons articles usually denote pattern as P or p and
pattern length as M or m. Similarly, the text is usually denoted as T or t and its length - N or n.
Alphabet is denoted 2 and its length - |X|. Based on these notations the problem of pattern matching
can be written as follows:

Find all positions/ amount of i, such that P[0...m| = Ti...i + m|, or: Find all positions i in text
for which substring starting at position i of the text of length m is equal to the pattern.

The main parameters of this problem are pattern length and alphabet size. The length of the text
usually doesn’t matter because, for any long enough text of a specific structure, the run time of the
algorithm per character will be close to constant. Besides that, the specifics of the input data and text
may also impact the performances of the algorithms. All of that makes the problem both very nuanced
and interesting to investigate. This problem features a lot of different existing solutions developed over
the course of the last 5 decades. The main part of the work provides short descriptions and analyses
of a set of algorithms that are still relevant in the field. Besides that, some remarks are made on the
topic of their theoretical regions of efficiency and how they depend on the specifics of the input. The
results of the practical experimentation on the variety of randomly generated test data are provided.
The conclusion provides some analysis of the received results and algorithms’ class efficiency based on
the input as well as a visual representation of the received results in a form of a table representing the
most efficient algorithm for each pair of pattern length and alphabet size.

Key Words: pattern matching, exact pattern matching, string algorithms, text processing.

CimeiicTBO anropuTmiB MOMIYKY IMApsiAKa B 1iii (npubiausHo) y CTIIBKEM pasiB, CKiIbKU BIKOH
PAAKY 3 BUKOPUCTAHHSAM CYMIiXKHUX BIKOH  IIONIYKY BHKOPUCTAHO. BUKOPHUCTAHHS CYMIXKHHUX

MOITYKY BIKOH JTO3BOJISIE YHUKHYTH CYTTEBUX YCKJIATHEHD
JIOTIKM yCepeJINHI MUKJIY, ajleé HATOMICTb CTBOPIOE
HeOOXiHICTh KOHCTPYIOBAHHS 3arajbHOI TaO/IUIl
3cyBiB. Posmip el rabimii ckiaagarume |S|w * [,
e |X| - posmip andasirty, w - KiibkicTio cymi-
JKHUX BIKOH, | - J0BXKWHa KOXKHOTO 3 BikOH. Ha
JKaJIb, 30L/IbITIEHHsT OY/Ib-IKOT0 3 IapaMeTpiB IIPH-
3BOJIUTUME JI0 CYTTEBOIO 30LJIBIIIEHHS y CIIOXKU-
BAHHI aM’sITi 110, CBOEIO UEPrOI0 CIIOBIIBHIOBATH-
Me ToITyK. Pe3ynbraru, mpogeMoHCTpOBaHi y po-

Ilana pobora memoncTpye ajgropurm MAW22,
110 6a3yeThCs Ha HACTYIIHIMN 1161 BUKOpUCTaHHS Je-
KIJIPKOX CYMI’KHIX BIKOH IONIYKY SIKi 3MINTYIOTHCS
OJTHOYACHO JOKW OJHE 3 HUX He JO0CATHE ITOTeH-
iitHO1 TouKu 30iry. Ile m03BOJIsIE TPOXHU OITUMIZY-
BaTH Jac pobOTH, aJKe KOXKHA iTepallis UKy €
JOCUTH 3aTPATHOIO, & BUKOPUCTAHHS JTEKITbKOX Bi-
KOH TIOITYKY JIO3BOJISIE 3MEHITTUTH KUIBKICTh iTepa-
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00Ti MOKA3yI0Th BUCOKY €(PEKTUBHICTH AJTOPUTMY
MAW22 (2 BikHa 1OIIYKY, 2 CUMBOJIN JJisl KOXKHO-
ro 3 BiKOH) Jiist ayidaBiTiB po3mipom 4-8 Ta J10B-
kuH narepHiB 3-72. lana pobora € memoncTparii-
€10 BUKOPUCTAHHSA CIENN(MIKA BXiJHUX JAHUX JIJTsT
OTPUMAHHS KPAIOro Jjisi HuX ajropurmy. Kpim
BOr0, poOOTA JEMOHCTPYE METOJ, JIJIsT OTPUMAaHHS
CTUCHYTOI TaOJIUII 3CYBIB IO J03BOJIITUME BUKO-
PUCTaHHS JAHOTO IiIXOMy /10 aadaBiTiB 6iab110r0
posmipy (asropurm MAWP22).

ITBuakuii monryk migpsiika B pAaKYy 3
BUKOPHUCTAHHAM OITOBOTO IIpeCTaBJIEHHS
CUMBOJIIB

V miit crarTi 06rOBOPIOIOTHCS AJITOPUTMH, IO
6a3yroThCs Ha ifiel TOIIYKYy MAKCHMAaJIbLHOTO MO-
2KJIMBOTO 3CYBY IIJIsl 33/IaHOTO BiKHA MOIMyKy. lo-
CIIIJIKEHHST 30CepPe/KYEThC Ha HACTYIHUX Me-
TOJIaX IOKpAIleHHsl TpoayKTuBHOCTi: 1. Buko-
puctanasa 1,5-0afiTOBOrO 39MTyBaHHS 3aMiCTb 1-
baiiToBOoro abo 2-6aiiroBoro 3unTyBaHHs 2. Buko-
PUCTaHHS IIPAIOPIS HASBHOCTI 3CYBY 3aMiCTh JIOB-
KuHU 3cyBY 3. Mynbrusikonnwuit nomyk Ileprmmit
MeTojl mepedatiae Moaudikalio TabIuIl 3CyBY,
III0 BUKOPHUCTOBYETHCA B aJTOPUTMi, sdKa BU3HA-
Yae€, HACKIJIbKY JAJIEKO 3CYHYTH ATEPH Y pasi He-
BiIIToBiTHOCTI 3 TekcToM. IIpornonyerses BUKOpHU-
cToByBaTH 1,5-0afiToBe 3UNTyBaHHS, /i€ ABa ITOCTi-
JIOBHI OaiiTH TEKCTy BUKOPHCTOBYIOTHCS I 00-
qucyeHHs 3cyBy. Leit migxin 6inbmnn edeKTUBHMIA,
Hi2K BHKOPUCTAHHA 1-0afiTOBOrO 3UNTYyBaHHS, KO-
Jgu mabJyion goBruit i 1-6aiiroBuii 3cyB HemocTa-
THil, ajie moTpedye MeHIne IaMm sTi, HiXK BUKO-
puctanas 2-0aiiTOBOrO 3YUTYBaHHS, IIPHU I[HOMY
BTpaTa JIOBXKWHU 3CYBY € IOPIBHSIHO HEBEJUKOIO.
Bukopucrosytoun 6iToBy macky, 1,5-6aiiToBe um-
TaHHS MOYXKE JOCATTH IPOJYKTUBHOCTI, MOIIOHOL
J10 2-0aiiTOBOrO YNTAHHS, 3 MEHIIUM BUKOPHUCTAH-
HsIM T1aM’sITi (110 TAKOZK MOYKE MO3UTUBHO BILIHHY-
TH Ha MIBUJAKICTH BUKOHAHH:). [Ipyruii MeTos mo-
JISITAE B TOMY, 0O BUKOPHUCTATH TakK 3BaHuit ‘fast
loop”. BukonyBaTu MopiBHAHHS HaTEPHY 3 BiKHOM
MOIIYKY HEOOXIi/IHO JIUIE y BUIIAJKY SKIIO BHKO-
HY€ETBCsI JlesiKa TI0Iepe/Hsl repejyMoBa (Jis ja-
HHUX aJITOPUTMIB Ie 30ir J1esdKOl KiJIBKOCTI CHUMBO-
JIB IIATE€PHY 3 BiIIOBIIHUMI CUMBOJIAME B TEKCT).
V iHmoMy BHMaIKy HEOOX1THOCTI 3aX0MUTH Y ITUKJT
nopiBasTHHS HeMae. TakoxkK, 3aMicTb TOTo 11100 30€e-
piraTu JOBXKUHY 3CYBY JjIs KOXKHOI HO3WIII Oy/ie
30epirarucs Jjinire hakT MOKJIUBOCTI 3CYBY Ha Ma-
KCUMAJILHY JOBXKHUHY. Y BUIAJIKY, KOJIH YaCTO MO-
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JKJIMBICTD 3CYBY O3HAYAE MOYKJIMBICTH MAKCUMAJIb-
HOT'O 3CyBY JlaHA METOIMKA JO3BOJIUTH IPUCKOPU-
TH BUKOHAHHS ajaropuTMmy. Moxna miTm gamdi, Ta
ImicJIs TepeBIPpKH MOKJINBOCTI 3CyBY y HO3UILl i
TAaKOXK TIEPEBIPUTH MOYKJIMBOCTI 3CYBY y MO3MILT
(i-1). Taka nepeBipka 3Ha4YHO 36ibINYE HMOBIp-
HICTIO BUKOHATH 3CyB Ha MaKCHMAJIbHY JTOBXKUHY
HaBiThb y BUIAJIKAX SKIO IepIia IepeBipka MaJja
HeraTUBHUI pe3ysbrar. TpeTiit MeTo  BUKOPUCTO-
By€ TOH (haKT M0 MUKJIUA € HAWOIIBII MOBLIHLHOO
YaCTUHOIO TPOT'PAMU Ta HAMarae€TbCcsd MiHIMI3yBa-
TH KIUJIBKICTH 1X 3aIyckiB. [lj1s 1ib0ro 3aMicTh 1mo-
YKy OJHi€T rmo3uriii Jjid 36iry nykaeTbcs o/1pasy
JiekisibKa. TekeT po30uBaeThCs Ha JICKLIBKA IIMAa-
TKiB, TpaguIiitHo piBHOI mopxkmau. [licas mporo,
10 KOYKHOMY 3 IINX IMIMATKIB PyXa€ThCs BKa3iBHUK,
sIKuil nepeBipsie Ha moTeHIiax 36iry (BUKOpUCTO-
Bytoun onruMizanii 3 meromis 1 ta 2). fkmo xoq
OJ[HA 3 TO3UIIiH € TTO3UIIEI0 MOTEHIIHOrO 30iry TO
JIJIsT yCiX mo3uIliii OyIyTh BUKOHAHI JTOAATKOBI TIe-
peBipKH, MICJIS YOr0o PyX YCIX BIKOH IONIYKY BiJI-
HOBJIIOETHCA. JlaHuil miaxia IpUBOANTH IO OTPH-
manHs asiroputMmy RZk. Takok HasiBHA MOXKJIH-
BiCTb BUKOHYBATHU IIEPErJIsi/l TEKCTY 3 KiHId B IO-
YaTOK IO JTO3BOJISIE IO 3MIHUTH iMIIJIEMEHTAITIIO
Ta oTpumaTu ajroput™m Zk. YV poboTti mpemncras-
JIeHl eKCIepuMeHTaJbHI pe3yabTaT (y TOMy Uu-
citi it 6araToBIKOHHUX BEPCiit aJropuTMiB), 10
JIEMOHCTPYIOTH €(DEeKTHUBHICTDL PO3POOJIEHIX AJIrO-
PUTMIB Ha BUMAJIKOBUX ITabJOHAX 1 TeKcTax pi-
3HOTO po3Mipy. BoHH MOKa3ymoTh IO CyKyIHICTH
METOJB IPEJICTABIEHUX Y POOOTI pa3oM yTBOPIO-
FOTh JOCUTH e(EeKTUBHUI aJITOPUTM s cIermdi-
qHOI obsacTi JaHux. TakoXkK, OCKIIbKE Po3pobJie-
HUI aJITOPUTM OIEPYE HA HEIIi#i KiJbKOoCTi OiT,
MOro TaKOoXK MPUPOIHO 3aCTOCYBAaTH JI0 3aJadi MOo-
YKy TiJIpsaKa B PAJIKY JJIS STKOI PO3MIp CHMBO-
JIy ayihaBiTy BHparkaeThbCs KiIbKICTIO OIT HE Kpa-
tHOO 8. [lana 00/1acTh € MOPIBHAHO MAJIOIOCITi-
JI?KEHOIO, YTIM pe3yJIbTaTH, IToKa3aHi y poboTi cyT-
TEBO TEPEBUIITYIOTH Y MIBUAKOCTI 1HIIN HasBHI TIiJ1-
xomu. TakoxK poboTa posrasgae aaroputM Bricks-
W(, [0 BUKOPUCTOBYE i/1€10 MOGITOBOrO CyMIiIEH-
HA JeKLIBKOX OCTAaHHIX CHMBOJIB HATEPHY, CyMi-
MEHHS JIEKLTHKOX OCTAHHIX CUMBOJIB TEKCTY Ta 1X
[TOAJIBIIIE TTOPIBHSIHHS JIJIs 3HAXOZKEHHS MOXKJIH-
BocTi 3cyBy. [anuit agropurm € epeKTUBHUM y BU-
ITaJIKy, KOJIU IMOBIPHICTB 3CYBY 11O OJTHOMY CHMBO-
JIy JOCHATDH HU3bKA - a caMe JjIsI Maanx aigaBiTis.

BiromnapaJsieapHi ajJropuTmMu momnyKy AJist
JOBTUX TIATEPHIB



Bicnux Kuiscvkozo nayionanrvro2o yrisepcumemy
iment Tapaca Ilesuwernra
Cepia: Pizuro-mamemamusri HAYKY

Ak 3pozymisio 3 Ha3BU, pobOTA HTPUCBIIEHA
pO3pOoOITl aIrOpuTMIB /11 JOBTUX TATEpPHIB. Y
pOOOTI MPOIEMOHCTPOBAHO 3 PIZHUX AJITOPUTMU.
BXS - BNDM(q 3 posmupennmu 3cysamu (BNDMq

with eXtended Shift). Ilarepn moxinserscs na
m

[T
o w (kpiM, MOXKJINBO, ocTaHHBOrO). Ilicas mpo-
ro IMIMAaTKU HAKJIAJAIOTHCA OJIHE HA OJIHOTO JIJIsl
OTPHUMaHHS OJHOTO MO TdiKoBaHOrO (y poboTi BH-
KOPUCTOBYEThCsI TEPMIH “HAKJIJeHUil”) maTepHy
nosxkuuan w'. Ilpm mopiBHsSHHI MOAM(IKOBAHOIO
IaTepHy 3 TEKCTOM 30ir 3 CHUMBOJIOM Oy Ib-sIKOTO
31 MIMaTKiB, IO yTBOPIOIOTH MOAUMIKOBaHUN ITa-
TepH BBaXKaeThCA 30iroM 3 BIAMOBIIHUM CHMBO-
JioM MojiudikoBanoro narepny. Jlasi BigdyBaernhes
iHimiagizamnisg macuBy B TakmMm Ke YMHOM $K 1y
BNDM, ase s momgudikoBaHoro marepay. A or
npu migpaxyaky D Oyzae BigOyBaTucsa MUKJIIIHAN
3cyB 3aMicTh 3Buuaiinoro 3cyBy y BNDM. Ile, 3
0/THOTO OOKY 3MEHINUTH HeOOXiTHY KiJIBKICTH OIiT
nns 36epiranuga D, a 3 iHmoro mpussejie 10 Io-
Tpebu J07aBaTU JMOJATKOBY IEPeBipKy 4u He Oy-
JIO y2Ke TPOUJIEHO M CUMBOJIB TEKCTY. YTiM Ipa-
KTUYIHI Pe3yIbTaTh HOro BUKOPHUCTAHHS € JIOCUTH
rapunvu. BQL Josruit BNDMq (BNDMq Long).
BQL 36isbinye edpekTruBHUI po3Mip andapiTy, Bu-
KOPHUCTOBYIOUH (-TPaMU, 110 [IePEKPUBAIOTHCS, Ha-
MIPUKJIa], P BUKOPUCTaHHI 3-IpaMOBOrO IaTep-
ny «ACCTGGT» obpobasietbes stk «ACC-CCT-
CTG-TGG-GGT». Takum unHOM, MU e(PEKTUBHO
HIYKa€eMO IaTepH i3 m—q-+1 g-rpam, 1mo nepexpu-
parorhes. [Tonibuno mo BXS Mu noginsiemo mabsion
g-rpamMu Ha - (meqHW YaCTUH 1 HAKJIAJAEMO iX
ojuH Ha ojiHoro. IToriM BekTOp B iHiniasrizytorbest
JJIsI TIa0JIOHY HAKJIAIEHO! (-TPAMU 33 IIPUHITUIIA-
mu sik y BNDM. Ha erarri nomryky Mu BUKOPUCTO-
Byemo mojudikarito Simplified BNDM, sika j10-
3BOJISIE HAM 3aB2K/IM 3PyIIyBaTu HA M — ¢ + 1, aje
BCe IIle BUKOPUCTOBYBATH JIAITEe W' OIT JIJIsT OiTOBUX
BekTopiB B i D. Mu posbuBaemo TeKCcT Ha Herepe-
KPUBAIOYiCh BiKHA MOMIYKY JOBXKHUHOIO m—q—+11B
KOXKHOMY BikHI Mu Bukonyemo BNDM copasa na-
giso. [lopa3sy, Ko BCTAHOBJIEHO CTapIInii 6IT y
D, mu nepeBipsieMo BCi MOXKJIMBI 3CyBU Ha 30ir I1a-
6s10ny 3 TekcroM. Koy BekTop D crae Hy/1b0BUM,
MU 3aBXK 11 3cyBaemo Ha m—q+ 1. QF - Ayrmopur™m
dinmprpyBanus g-rpaMm. m. Ha erari npernpornecun-
ry mjst Koxkuol ¢dasu i, 0 < ¢ < ¢, mu 30epiHaemo
JKi -TpaM¥ BXOJATH JI0 ITaTepHy y Tiit dasi, Tob-
TO TMIOYUHAIOTHCA Y TO3UIII ¢ + jq JJIs JeIKOTO j.
st 36epirannasa i€l indgopmaril BekTop B Gye

| mocsiIOBHUX MIMATKIB, KOYKEH 3 HUX JIOBXKH-
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iHiniaji30BaHO JJIst KOXKHOI 3 ¢-I'paM, i-Tuit 6iT Oy-
e piBHHI 1 gkimo -rpama € y narepHi B ¢aai i.
Ilix wac momryky MU 9UTAaEMO HOCJiOBHI ¢-TpamMu
y BIKHI HOIIyKYy Ta BiJIcTeKyeMO aKTuBHI asu,
TOOTO TakKux a3z, Mg AKUX YCi 39UTaHl ¢-IpamMu
BHAXOMSATLCA B IaTepHi y 1kt dasi.

IIBuakuii monryk 306iriB Ha ocHOBi dinbTpa
3 BUKOPUCTaHHSAM iHCTpyKHiit SIMD

Jlana poboTa mpuCBsSYeHa BUKOPUCTAHHIO iH-
crpykuit SIMD jtst pospobku anropurmy SSEF.
i imcTpykKIlil MO3BOJIAIOTL BUKOHYBATHU JEKiTb-
K& OJIHAKOBUX OIepalliii BUKOHABIIN JIAIIE OJHY
IPOIeCOPHY orepariifo. Pobora doKycyeTbesi Ha
JOBrux marepuHax m > 32. [ljaa HUX BUKOHYIO-
Thes oneparliil Har 16 6afiTHUME Yuc/IaMu, KOXKHE
3 gKuX BinmosigaTume 16 cuMBoJiaM 3 maTepHy adbo
tekcTy. CriodaTky Jjist MaTepHy Bi/IOyBaeThCs Iie-
pedmiapaxyHoK Ha 6a3i mocaizmoBHux 16 cuMBOJIIB
marepuy. Ilicas mporo BinmOyBaeThecsa dasza IoIry-
Ky y TEKCTi, sKa JI03BOJII€ BUKOHATHU IIBUIKY TIe-
peBipky Ha 36ir Jus 3aganol mosurii (Hacmpasi
JUIST MHOYKUHE TIOCJIIJIOBHUX MO3WIII) TEKCTy Ta
BCYHYTHCS Ha JOBXKUHY narepny. Ha mamunax 1o
MJITPUMYIOTH BUINE3raJaHl iIHCTPYKII JaHWUi aJji-
FOPUTM 1 cupasji 1okasye cebe y BUIIOMY CTeIleHi
eeKTUBHO.

IBuakuii aJdropuT™M IMOHUIYKY HiJAPsiAKa B
psiaky (HA OCHOBI XelllyBaHHS)

Inest HOBOrO ayiropuTMy TOJIATaE B POITJISL TIiJI-
psankiB popxkuHU (. ITigpsiaku Takol JOBXKUHU Xe-
MyeTbC 3a JomoMoroio GyHKIN h m1as 3HaveHb
0 < ¢ < 255. Eran nepenobpobKu 0o ajaropu-
TMY TOJIATAE B OOUUCIEHH] 3CYBY [JI YCIX MOXKJIH-
BHUX PSAJIKIB JIOBXKHHH (.

m—1—1
withi =max{0<j<m—qg+1]
h(z[j..j+q—1]) =c}
m—q
SAKINO TaKe 1 He iICHYE.

shift[c] =

(1)

daza TMONIYKYy AJrOPUTMY HOJIATAE B TNTAH-

Hi migpsakis gosxkunu q. Akmo shift(h(B)] > 0
TO/Il 3aCTOCOBYETLCs 3CyB JoBxkunu shift[h(B)].
Axmo shift[h(B)] = 0 To nepesipsieTbcst 30ir mra-
OJIOHY 3 TiAPSITKOM, MOYNHAIOYN 3 JAHOI MO3UITIT
B TeKCTi. Y I[bOMY BHIAJKY 3aCTOCOBYETBHCS 3CYB
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CTaH/IAPTHOI JIOBYXKUHU, 10 0A3YETHCS HA XEIIl a-
Tepuy. Jlanuit agroput™ 103BOJISIE EKCIIEPUMEHTY-
BATH 3 PI3HUMH JOBXKUHAMU PSIKIB JJIsT XEITyBa-
uns. Jlana poboTa moka3dye sk 3aCTOCYBaHHS Xe-
[yBaHHS MOXKe OyTH e(DEKTUBHUM J[J1sI HEBEJTUKUX
naTepHiB Ta po3MipiB andasity [lomyk migpsaka
3 norysimom Bruepes Forward-SBNDM — e Bapi-
auT ajropurmy BNDM s poss’szanust 3aaadi
oMy Ky Tipsiaka B psanky. Forward-SBNDM me-
peBipsie 2-TpaMu B TEKCTI TaK, 0 IEPIIAI CUMBOJI
€ OCTaHHIM Y BIKHI MOIIYKY, & JIPYTUN 3HAXOIUTHCA
ozipa3y 3a BikHOM. ¥ pobori [6] npecraBieHo y3a-
raJTbHEHHS 1IHOTO T1/IXOTY, IO TTOJIATAE Y TIePEeBIPITE
KLJIBKOX CUMBOJIIB OJIpa3y 3a MezKaMM BIKHA IIOILY-
ky. Kpim Toro, y poboTi npezacraBieHo »Ka1ioHui
muKa nporycky mig SBNDM2, 1o mo3Bosisie Bu-
KOHATH CTPUOKU Ha BijcTanb 10 2m. [Tapamerep q
Ta KiJbKICTh CHMBOJIIB 3a MeXKaMU BiKHA ITONTYyKY
CTBOPIOIOTDH 2 MOXKJIUBUX MaPAMETPH JJIsl TONIYKY
ONTUMAJILHOI KOHIrypartil ajgroputMy. ¥ poboTi
i imruiemenTariii nmokaszauno y dopmari FSB(q, f),
e g- napamerp anasioriunniit BNDMq, a {- kijib-
KicTb cuMBOJIiB. B pe3ysbraTi oTpmMaHO KijJbKa
HoBUX Bapiariit SBNDMq.

EdekruBHi Bapiantu ajgropurmy
3BopoTHoro norrykKy 3 Opakyinom - EBOM,
FBOM

Inest mBuUaKOrO MUKy OysIa onucaHa JJIsd aJj-
ropurmy [1]. IIBuaxuil muks, sikuii 6yJI0 BUKO-
puctano y miii pobori Oysio BIepime IpeacTaB-
siero B ajgroputmi Tuned-Boyer-Moore ta 3a3Bu-
Jail BUKOPUCTOBYETBCS Y Bapiallisix aJropuTmy
Boepa-Mypa. 3a3zBuuail MmBUIKAN UK Peastizy-
€ThCs IJITXOM iTepaliil 3a eBPUCTUKOIO IIOTaHOT'O
CHMBOJIy B IMKJI 0e3 iHIUX TepeBIpOK IS TO-
ro, o0 MIBUJIKO 3HAWTH MO3UINI0 HAMIIpaBiIoro
CUMBOJIy TaTepHy y Tekcri. Pobora mpomonye 3a-
CTOCYBaTH iJI€f0 MIBUJIKOTO ITUKJIY IO aBTOMATHUX
nepexoiB. lle mosisirae y 3cyBi maTepHy B3I0BK
TEKCTy 0e3 JIOJIATKOBUX IIEPEBIPOK JIOKU HE 3Ha-
IeHO BU3HAYEHUI IepexiJ 3 OCTaHHbOI'O CHUMBO-
Jiy BiKHA TOMIYKY. 3allpOIIOHOBAaHA Bapiallis ajro-
pUTMy HAMAaraeThCs BUKOHATH JIBA TOC/IIIOBHI I1e-
pexoan st KOXKHOI iTepartil MBUJIKOTO THKITY 3
METOIO 3HAMTU 3 OLIBINOI WMOBIPHICTIO HEBU3HA-
veHuil nepexis. Ile g03BoJIsi€ OTPUMATH AJITOPUTM
EBOM. KpiMm 115010 ajaropuT™M BUKOPHUCTOBYE Ha-
CTYITHE CIIOCTEPEYKEHHSI: KOJIH i/ YaC MOPIBHSIHHS
rabJI0Hy 3yCTPIdaeThCs CUMBOJI, 110 HE BiIIIOBIJI-
a€ CHUMBOJIY 3 MOTOYHOI'O BIKHA IOIMIYKY Y TEKCTI
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t[s..s +m — 1] mabioH 3aBK 1 3CyBAETHCST BIIPABO
NpUHAWMHI Ha OJMH CHMBOJI, ajie HIKOJU He Oilb-
e Hi2K Ha M CHUMBOJIB. TakuM YHHOM, CHMBOJI
t[s + m] 3aBxkuu Gepe ydyacTb 0OpaxyHKY HaCTy-
ITHOT'O MTOTEHIITHOTO BIKHA MOMIYKY. TaKIM YHHOM
CHMBOJI IIIO 171e 0/pa3y IC/Id BIKHA ITONIYKY TaKO¥XK
MOYKHa TIOJIlaBaTH Ha BXiJl aBTOMAaTa, BUKOHABIIH
Jesiki rroriepeiHi Moaudikalil foro KoHCTpyooBa-
mas. [le, pasom i3 momepeaHiM CIIOCTEPEsKEHHSIM
J03BoJIsie orpumatu ajaropurm FBOM.

AnprepHaTuBHI MeToau GiTomapaJjieibHOTO
HOINYKY IiAPSAIKA B PAAKY

Jlama poboTa po3risiaae Bapiallil aJropuTMy
BNDM. Oxkpim TNDM, y poboTi po3rissHyTO Tpu
BapiantTu BNDM. Ilepmmit 3 aaropurmis € gBo-
croponuboio Moaudikaieio BNDM. Moro nassa
TNDM. k1o cuMBOJT TEKCTY, BUPIBHSIHUN 3 KiH-
neM 1absiony He € 36irom, BNDM ckanye Tekcr
y 3BOPOTHOMY HAIIPAMKY Ha HasBHICTbL He30iry B
inmomy micri mabsony. ¥ nbomy Bunajaky TNDM
3MOXKE IIPOJIOBXKUTU CKAHyBaHHs BIIE€PEI, TOOTO
IIPOJIOBXKYBaTUME II€PEBIPKY TEKCTY IIiCJIsd BUPIB-
moBanus. Jlpyruit 3 HUX Mae mpocTiie ob4aucie-
HHA 3cyBy, Hi2k BNDM. Ileit anroput™m Ha3uBae-
et SBNDM. ¥V SBNDM y Bumajiky 36iry 3cys
BUKOHYeThbcst ik y BNDM. Ane saxmo Tp7T; He
3’dBAMIOTHCA B IATEPHI, MU MPOIIYCKAEMO IIepe-
Bipky mpedikci i BcranoBaioemo h + 1 gk moua-
TOK HACTYIHOro BiKHa momryky. lle 3mentrye ce-
PEJIHIO JIOBYKUHY 3CyBY, aJjie 3 iHIIOro OOKy BHY-
TPIMHINA UK aJroOpuTMy cTa€ mpoctimmum. Ha-
JaHi y pobOTi eKCIePUMEHTHU MOKA3YIOTh, IO -
HUN MIX17] CIIpaB/Ii € TPUITBUAIIIIEHHSIM ITOPIBHSIHO
3 BNDM vy 6inbimocti Bunajgkis. Tperiit mporo-
HY€ TEXHIKY, JJIsl ITOKpAIleHHs IBUIKOCTI pobo-
TH Ha HoBrux narepuax. lleit ajropurm HaszuBae-
thesd Long BNDM a6o LBNDM. LBNDM 3naren
pobutn nosri scysu. Iabmon posgizeno ma |7 ]
MTOCTIITOBHUX YaCTHH, KOXKHA 3 SIKUX CKJIAA€ThCS
3 k = LmT_lJ + 1 cumBoJiB. 3aJHIIKOBI CUMBO-
JI 3aJIMINAIOTLCH Ha 1o4arky marepny. lleit ro-
Jit epebadae k migmocsinoBHocTel MA0JIOHY, Y
I-TH# 3 SIKUX BXOJUTD i-iI CAMBOJI KOZKHOI YaCTUHU.
Ines mosisirae B ToMy, 1100 CIIOYATKY ITyKATH Ha-
KJIaJeHni mabI0H MUX IOCiTIOBHOCTEH, M0 ITe-
peBipsiTu Jimine KoxkeH k-it cumBout. Ile daza dinb-
Tpallil BUKOHYETHCS 33 CTAHIAPTHUM aJIOPUTMOM
BNDM. Koxken sBumamok 36iry MogudiKoOBaHOTO
mabJIOHy € TMOTEHIIIHUM 30iroM 3 OpUTriHAJILHUM
mabJIOHOM Ta TOTPedy€ T0ATKOBOI IIEPEBiPKM.
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IIBuakuii monryk miapsiaka B pAaKy 3
BUKOPUCTAHHAM JIBOX BiKOH IOIITYKY

TSW saBisie coboro onuH 3 Iepiux Ta 6a3o-
BHUX aJIrOPUTMIB mapaJjiesibHoro noiryky. Cama Ha-
3ga TSW - two sliding windows, rapHo pempe-
3eHTye, 1o foro ijes 6a3yerTbcs HAa BUKOPHCTAH-
Hi J1BOX BikoH momtyky. OJiHe 3 BiKOH BCTaHOBJIIO-
€ThCd Ha, TOYaTKy IaTepHy, a iHIle B KIHII, ITi-
cas 9oro obujiBa BiKHA PYXAIOThCS JI0 CEPEJINHU
IaTepHy Ta MepeBipsioTh Ha 306ir. JliBe BikHO mme-
peBipsie HasiBHICTH 36iry clipaBa HaJjiBO, IIpaBe -
3yiBa Hampapo. TaKuM YIHHOM ITCJIsT 3HAXOIKEH-
H 9aCTKOBO a0 MOBHOI'O 30ir'y BUKOHYETHCS 3CYB
Ta TPOJIOBXKYETHCS MIPOIIEC 3CYBAHHS BIKOH IOITY-
Ky JIOKH BOHHW He 3ycTpiHyTbcd. Lleit aaropurm €
JOCUTH ITPOCTUM, YTIM HaBITH 3apa3 BIH 3J/IaTHU
ITOKa3yBaTH IPUCTONHI pe3yJIbTaTH.

EdekruBunii monryk miapsaka B
OiHapHOMY pPsSIIKY
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Y miit crarTi po3NISIAEThCH 3a/lada MOIIYKY
OiApsAAKa B PAAKY, KON OOUIBA PAIKU TIOOYIO-
BaHi HaJI ABIMKOBUM ajiaBiTOM, I KOXKEH CHMBOJI
IaTepHy Ta TeKCTy npexacTaniieHo 1 6itom. Takwum
YUHOM IIPOCTIp, HEOOXITHMI JIst IIpeICTaBICHHS
naTepHy Ta TEKCTYy, CTAHOBHTH BijmosijgHo [§] Ta
[ ¢ Gaitr. Inest anroputmy q-Hash monsrae y spa-
XyBaHHI TiIPSIKIB MaTePHY JOBXKUHU (. KoxKeH
HiJIPSIJIOK W TaKol JIOBYXKUHU ( XeIIyeThCsS 32 J10-
[IOMOTO10 Xel-(DYHKINT y I[ijie 3HAYEHHSI B MeXKax
Biz 0 mo 255. Paza MmOIIyKy AJrOPUTMY CKJIAIaE-
ThCsl 3 YATAHHS JIJI KOXKHOI ITO3UIIIT BIKHA IIONTYKY
S HWApsiiKy w = t[s + m — q..s + m — 1] noBxu-
un q. fdxmo Hg(hash(w)) > 0, Toxi 3acTocoBy-
erbest 3cyB jgoBkuan Hg(hash(w)). Inakie kosn
Hg(hash(w)) = 0 BUKOHyeThCs HepeBipKa Ha BXO-
JIPKCHHSI [MATEPHY B TEKCT. ¥ IBOMY BUNAJIKY 3a-
CTOCOBY€ETHCsT 3CyB JoBXKMHA (M — 1 — i), me i -
ITOYATKOBA MO3UITisI KPAHBOTO IIPABOT0O BXOXKEH-
Hs p[j..j + ¢ — 1] B marepH, Jyist IKOro TAKOrO, 110
hash(plj..j +q—1]) = hash(p[m — ¢+ 1..m — 1]).

ExcnepumenTanbHi pe3ynbTaTu

Tyt HaBemeHO pe3y/bTaTh TECTyBAaHHS OiTb-
MIOCT1 PO3IVITHYTUX &JITOPUTMIB Ha JIOKAJIbHIN Ma-
muui. Takoxk, 6araro aaropuTmiB MaiOTh pi3Hi
Bepcil, y bOMY BUIAJKY OYI0 BUOPAHO OJIHY 3 HUX
T pelrrpe3eHTallil 3arajbHol IMOBEJIHKN aJIrOpu-
T™y. ['eHepariiss JaHux Jjis €KCIepUMeHTy BijOy-
BaJlacsd HACTYIIHUM YMHOM - T€HEPYEThCA TEKCT Ta
aTepH 3 BUKOPUCTAHHSM TICEB/IOBUIAIKOBAX TH-

ceJi, Ticas mporo Jo TekcTy 10 pasiB JogaeTbes
BXOJ[?KEHHSI TTATEPHY Y BUIAJIKOBY TO3UINIO Ta, ITi-
CJIsl KOYKHOTO 3 JI0/IaBaHb 3AIyCKAETbCsI KOYKEH aJl-
ropuT™ Tontyky. Hasesieni pesynibraTu - cepetHiit
JaC BUKOHaHHA Y TPOIECOPHUX TiKaX 3 BUKOpHCTa-
uusM dyukil QueryPerformanceCounter. Po3mip
tekcty 500 000 cumposis. OS Windows 10. Ipo-
mecop AMD Ryzen 5 5600H.

Tabur. 1: |X| =2

algo 2 4 8 16 32 64 128 256 512
MAW22 1643.7 | 1568.6 | 1568.27 | 1147.6 | 1632.27 | 1317.27 | 1273.2 | 1259.53 | 1306.27
Bricks43 901.13 | 851.67 | 712.67 920.2 923.53 | 1176.8 | 1036.67 | 1034.33
qf33 1254.07 | 1645.67 | 1476.27 | 3278.53 | 3734.13 | 6547.4 | 10703.5 | 19649.7
bxs4 913.67 | 668.33 | 404.33 | 205.13 253.8 674.73 67088 | 219410
hash3 1372.8 665.6 451.73 | 424.53 | 357.73 416.4 390.2 450.47
hash8 2595.13 | 296.93 | 109.53 51.47 27.73 23.33 44.47
fsbndmq41 875.2 662 376.8 192.6 193.13 | 197.33 195.8 205.07
fsbndmq61 350.33 | 195.07 | 139.87 | 149.67 | 153.07 | 139.87 | 164.93
ebom 1350 1433.07 | 1282.73 | 695.93 | 400.73 | 225.47 128.6 77.07 48.53
sbndm?2 1316.0 1269 882.2 426.33 | 206.27 | 191.87 | 197.93 | 195.53 | 202.33
tsw 1157.2 | 1303.53 | 1431.4 1018 1269.27 | 1389.47 | 1144.67 | 1484.33 | 1367.4
z13-wd 878.53 | 1545.13 | 1635.13 | 1851.67 | 2336.13 | 2147.67 | 2314.4 | 2431.8 | 2029.67
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Tabu. 2: |X| =4

algo 2 4 8 16 32 64 128 256 512
MAW22 1914 | 511.13 | 311.2 | 218.13 | 181.47 | 170.8 | 195.13 | 170.13 161
Bricks43 2874 | 142.93 | 118.33 | 123.07 | 100.13 | 110.53 | 282.27 | 504.27

qf33 356.6 | 156.73 | 107.33 | 109.27 | 84.4 133.6 | 4839.73 | 18388.8

bxs4 568 123.73 | 62.47 41 86.07 71.4 137.27 588.6

hash3 1152.33 | 418.87 | 213.33 | 155.47 | 117.73 108 103.8 111.13

hash8 2602.4 | 294.8 | 112.07 | 52.33 | 27.53 21.33 22.2
fsbndmq41l 355.6 | 117.67 | 64.2 41.93 | 4147 | 4227 41.53 43.53
fsbndmq61 181.47 | 61.47 | 28.67 | 28.87 | 28.87 29.47 30.4

ebom 519.87 | 485.73 | 445.8 | 283.93 | 168.07 | 95.07 | 57.93 34 23.27
sbndm?2 552.53 | 471.6 405.8 | 219.07 | 115.27 | 109.13 | 108.87 | 112.93 | 110.67

tsw 1036.4 | 786.2 | 497.33 | 329.13 | 276.2 | 210.8 | 216.93 | 188.2 213.53
z13-wd 460.93 | 471.67 | 401.4 | 353.27 | 309.53 | 395.13 | 514.4 | 637.53 586

Tabu. 3: [X| =8

algo 2 4 8 16 32 64 128 256 512
Bricks43 160.07 59.87 33.2 21.27 | 16.93 | 14.8 | 1547 | 16.47
qf33 161 62.67 30.27 | 19.47 | 15.53 | 12.67 | 13.27 | 10.53

bxs4 473.8 94.87 38.67 | 18.73 | 17.2 | 36.6 35.8 71
hash3 1018.53 | 348.6 | 171.33 | 95.07 | 65.33 | 50.8 | 46.27 | 41.53
hash8 2538.93 294 109.67 | 53.13 | 27.07 | 21.6 20.07
fsbndmq41 251.93 84.07 37.13 | 19.67 | 19.53 | 19.27 | 19.13 | 19.07

fsbndmq61 175.67 | 60.07 | 27.33 | 27.87 | 26.47 | 27.2 27
ebom 334.47 | 161.47 | 111.67 84.4 72.53 | 47.8 | 25.07 | 18.13 | 13.67
sbndm?2 331.2 | 164.13 110.8 85.67 | 66.93 | 70.67 | 72.47 | 66.93 69.2
tsw 574.13 | 383.53 | 225.53 | 133.33 | 80.27 | 49.47 | 35.6 32.4 29.47
z13-wd 228.33 | 152.8 123.67 | 99.13 | 100.53 | 85.93 | 66.8 | 107.93 | 160.27
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algo
Bricks43
qf33
bxs4
fsbndmq41
fsbndmq61
ebom
sbndm?2
tsw
z13-wd

algo
qf33
bxs4
fsbndmq41
fsbndmq61
ebom
sbndm?2
tsw
z13-wb

algo
qf33
bxs4
fsbndmq41
fsbndmq61
ebom
sbndm?2
tsw
z13-wb

276.8
276.2
393.8
168.27

269.13
256.4
369.4
152.47

267.53
257.47
382.2
151.8

150.13
159.93
476.4
249.73

104.47
104.6
261.73
70.73

153.47
468.93
242.53

90.4
85.07
245.73
55.4

154.13
476.93
249.33

88.67
85.93
254.27
53.6

2023, 1

Tabu. 4: |X| = 16

8
51.13
62.27
95.53
82.27
179.33
95.87
55.27
157.6
42.13

Tabun.

8
60
94
81.07
177.13
39.4
37.4
147.93
28.87

16 | 32
238 | 11.6
29.87 | 18.67
36.4 | 16.8
3533 | 17
60.07 | 26.13
34.53 | 24.53
34.47 | 24.13
90.2 | 49.4
31.8 | 25.67
5: %] = 32
16 | 32
314 | 182
37 | 16.87
36.13 | 17
60.2 | 26.8
20 | 12.6
1827 | 9.8
84.73 | 45.67
148 | 9.6

Tabu. 6: |3| = 64

8
73.73
108.73
94.4
202.8
49.2
42.33
164.93
24

16
29.33
36.47

35.2
59.6
20.6
17.27
86.8
12.2
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32
18.6
17.4

17

26.93
12.6
9.2
47.87
7.6

64
7.67
14.73

17
26.53
18
25.6
27.6
21.47

64
13.4
9.27

17

27
9.07

10.07
24.07
7.27

64
13.53
9.13
17.13
27.13
10.53
11.07
26.67
5.67
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128
9.53
11.53
9.07
17
26.6
15.93
25.27
16.13
23.2

128
10.6

17.13
27.33
8.47
10.6
13
6.73

128
11.07
6.2
17.2
27
8.6
10.07
15.2
4.6

256
3.67
11.33
17
17.27
26.6
12.6
25.47
12.07
21.53

256
10.87
4.67
19.73
30.4
7.6
12.87
11.33
6.13

256
12.33
4.13
18.33
28
7.2
10.4
12.87
4.33

512
3.13
9.87
16.73
17.6
26.87
11.07
25.8
11.2
19.53

012
10.27
3.73
18.33
27.8
10.07
11.4
6.4

012
8.67
3.4
18.6
28.07
11.4
10.73
9.07
3.47
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Tabo. 7: %] = 128

algo 2 4 8 16 32 64 128 256 512
qf33 158.27 | 60.8 29.8 | 17.87 | 13.67 | 11.47 | 10 10.8
bxs4 48293 | 93.33 | 37.13 | 16.73 | 9.13 | 6.73 | 4.47 | 3.67
fsbndmq41 2514 80.8 | 35.07 | 17.87 | 17 | 17.87 | 17.8 | 22.6
fsbndmq61 176.47 | 60.67 | 26.93 | 27.2 | 2947 | 27.73 | 32.53
ebom 265.07 | 91.47 | 45.13 | 19.13 | 12.6 | 9.53 | 8.73 7.8 13.4
sbndm2 | 252.87 | 86.93 374 182 | 9.13 | 9.93 | 10.73 | 10.33 | 15.07
tsw 380.33 | 258.73 | 151.4 | 88.27 | 47.93 | 28.2 | 16.27 | 12.93 | 9.93
z13-wbh 159.07 55 25 12.87 8 5.33 | 5.87 | 2.53 | 2.33
Tabur. 8: |X| = 256
algo 2 4 8 16 32 64 128 256 512
qf33 154.47 | 57.93 | 30.27 | 19.47 | 14.27 | 18.4 | 19.53 | 10.53
bxs4 476.53 | 94.6 38.6 | 18.13 | 10.13 | 15 847 | 3.73
fsbndmq41 24847 | 82.2 35.13 | 1747 | 17.4 | 22.87 | 28.13 | 20.53
fsbndmq61 180.4 62.2 | 27.87 | 2747 | 36 36 29.6
ebom 272.13 | 91.8 43.8 23.27 | 16.6 13 | 16.33 | 1547 | 1547
sbndm?2 252.6 | 86.53 37.2 17.67 | 10.47 | 11.6 | 16.6 | 20.73 | 14.47
tsw 567.53 | 385.4 | 240.13 | 139.87 | 90.53 | 50.4 | 27.47 | 37.2 13
z13-wb 153 51.73 | 22.33 11 6.33 | 5.07 | 3.73 | 2.07 1.6
BucnoBok [IOPIBHIOBATH OKPEMUMH OIEPAIiagMH. 301IbIMYT0-

Huxkge HaBesieHO BisyasbHY Pelpe3eHTAINo
HaflKpalux pe3yJbTaTiB Ha 6a3i oTpuMaHmX pe-
3yabTaTiB. BapTo 3a3HaYUTH, MO CIUCOK aJropH-
TMIB PO3TJIAHYTUX y poOOTI € jajieKo He BUIep-
[IHUM, Y TOPIBHSIHHI OpaJjin y4acThb ITaJleKO He BCi
Bepcil aJlTOPUTMIB Ta Pe3y/abTaTH MOXKYTh 3aJle-
KaTh Bijx cremmdiky MeTOIIB reHepaliil BXIIHUX
nanux. Jljasg movaTky BapToO 3a3HAYUTH, IO AJ-
TOPUTMU Jy2Ke eDEeKTUBHI JijIs MATEPHIB JTOBXKU-
HU 2 He OyJin BKJIIOYEHI Y HOPIBHSHHS TOMY JIJIs
i€l JIOBXKWHU Pe3ybTaTU He € aKTyaJbHUMHU Ta
BKJIIOUEHI BUKJIIOYUHO JIJIs LIIOCTPATUBHOCTI. ¥ TiMm,
HABITH JIAHWI Pe3ybTaT JO3BOJIAE MOMITUTH IEB-
Hi TEHJEHIII] 3a/Ie?KHOCTI TUIy e(PeKTUBHUX AJIrO-
puTMiB Bim mapamerpiB BXimHnmx maHux. lIpapmii
BEPXHIN KyT - JIOBI'Mil IIATEPH KOPOTKUN TEKCT €
30HOIO JIe JOMIHYIOTh aJITOPUTMU Ha 6a3i xerryBa-
HHSI, aJIKeé BOHU 3a JTAHUX YMOB IIO CYTi JTIO3BOJIS-
I0Tb BUKOHYBAaTH 3CYBU CYTTEBOI JIOBXKUHU, AJ2KE
30ir xermniB 3a JaHUX YMOB IOPIBHSHO MaJIOWMO-
BipHUit 3a BijcyTHOCTI 36iry BiIIIOBITHIX MHOXKUH
CUMBOJIIB. Y PErioHi cepeTHbO-KOPOTKUX ITaTEPHIB
Ta MaJnxX ajadaBiTiB JOMIHYIOTH HOXiIHI aJropu-
™ FSBNDM, amke BoHU 103BOJIAIOTH €(PEKTHB-
HO BUKOHYBaTU JEKLIbKA MOPIBHIHL OJIHOYACHO,
Kl Y BUIQJIKY IHIMAX JTOPUTMIB JOBOIMIOCS O
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9M PO3MIpM TEKCTIB Ta JOBXKUHU IATEPHIB ede-
KTUBHICTH MHOKWHHOTO TIOPIBHSIHHS JIETIO 3HUKY-
€THCS Ta AJITOPUTMU IO BUKOPUCTOBYIOTD JIJIs TI0-
YaTKOBOI'O TOPIBHAHHA HedKy (PYHKIUIO Bim ITif-
pAaKa TaTepHy Ta BIANOBIIHOTO MiJIPSIJIKY TEKCTY
CTaIOTh 3HAYHO eeKTUBHIImMuMu. ¥ HgaHiil pobo-
1i e qf33, BXS4, Bricks43. Vci BumenepepaxoBa-
Hi aJICOPUTMU 3aiMAIOTh MIMATOK HIKI€ TOJIOBHOL
miaronasti. Jljist BUMaaKiB KO Po3Mip aJiaBiTy
€ JIOCUTh CyTTEBUM Ta IIEPEBUIILYE PO3MIP HMATEPHY
epeKTUBHICTD 3CYyBY IO MHOYKHHI CUMBOJIIB MaiizKe
He TepeBuIye eeKTUBHOCTI 3CyBY BUKOHAHOTO 32
OJIHUM CHUMBOJIOM, ajle BUTpadae Oijibllle gacy Ha
nopiBHgHHs. ToMy JaHy 30HY 3aliMATUMYTh aJIrO-
puTMHA 110 e(PEKTUBHO KOMOIHYIOTH ITiIXOTH 3CYBY
3a OJHUM CHUMBOJIOM Ta KiJIbKA BIKOH TOIMIYKY. ¥
HAIIOMY BUIAJKY JAHUM AJITOPUTMOM € PO3TJISTHY-
Tt y pobori z13-wh.
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Po3po6ka niaatgopmu 1Jis1 aBToMaTu3amii Development of a Web Application Testing

TeCTYBaHHS Be0-101aTKIB Automation Platform
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Y cyuacnomy weuoxomy ceimi po3pobxku 6eO-mexHonozitl, agmomamu3o8ane mecmygaHHs 6eo-
000amiie cmae Hegio'eMHOI0 4ACTMUHOIO Npoyecy po3poOKU NpoSpamHozo 3abe3neyenHs. La cmamms
NpoNoHye onuc niamgopmu Ois asmomMamusayii mecmyeanHs 6e6-000amKis, fAKA CHPOWYE npoyec
CMBOPEHHS, BUKOHAHHA MA AHANI3Y A8MOMAMU308AHUX MECMIE.

O0HUM 3 OCHOBHUX KOMHOHEHMI8 Yici niamgopmu € MoOYib 83aEMO0ii 3 6e6-000aMKOM, KU HAOAE
3PYUHULL CROCIO KOHmMpomo8amu opaysep ma euxoHysamu Oii HA 6eO-CMOpPIHKax, makxi K Hagieayis,
3anoeHeHHsT opm, KIiKauHs Ha elemenmu, mowjo. Lle 0o36ons€ asmomamu3o8ano nepegipsamu pismi
acnexkmu (YYHKYiOHATbHOCMI MA KOPEKMHOCHI 6€0-000amKis.

Jlpyeum eadcaueum KOMHOHEHMOM € MOOYab 38IMHOCMI, AKUUl 3abe3neuye 30ip ma 30epedicents
pe3yrbmamie mecmysanHs. Bin 0ozeonsic cmeoprosamu OemanvbHi 36imu Npo SUKOHAHI mecmu, GUAGNEHL
NOMUIKY Ma HWY KopucHy ingopmayiro. Lei mMoO0yrb Oonomazac 3po3ymimu CMAaH NpoSpAMHOO0
3a0e3neuenHsl, CHPUAE BUAGILEHHIO 11020 NPOOIeM MA NOLE2ULYE BIOMBOPEHHSA NOMUTOK.

Tpemiti mMoOynb 01 CMBOPEHHST MeCMOBUX OaHuX, KUl Modce OYmu KOPUCHUM 05l 2eHepayii
BUNAOKOBUX OQHUX, 3A8AHMANCEHH MeCMOo8UX Habopie 3 bazu oanux abo 306HiwHix atinie. lle do3sonse
PO3DOOHUKAM CMEOPIOGAMU DI3HOMAHIMHI CcyeHapii mecmysanHs ma 6UKOHY8amu ix Ha pIi3HUX HabOpax
OaHux.

OoHiclo 3 KIOYOBUX nepesas po32NAHYymoi NIam@opmu € MOJNCIUBICMb  HATAWMOBY8AMU
napamempu mecmyg@auHs OJis Pi3HUX NPOeKmis ma cepedosuwy. Pospobnuxu moocyms écmarnogniogamu pizii
HAnawimy8anHs, maxi aK munu Opay3epie, 6epcii, po3ulupeHHs, YMuIimu, wo GUKOPUCHOBYIOMbC, Olsl
KOJICHO20 OKpemoz2o npoexkmy. Lle 003801s€ nidnawmyeamu mecmy@aHHs Ni0 KOHKpemHi nompedu ma
3a6e3neuumu MaKCUManrbHy CyMICHICMb.

Takoaic niamgopma micmums 000aAMKOGI YMUmimu 0151 NOLESUEHHS NPoYecy Mecmy8ants, maxi K
inmezpayis 3 cucmemamu 30epedcents Kooy, 3acobamu KOHMpOo 8epcitl, 3acobamu asmomamusayii 30ipku
ma poseopmannsi. Lle cnpusic weuokomy ma eexmusHoMy BUKOHAHKIO MeCmis, cnpowye ix inmespayiio 8
npoyec po3podxu ma 3abe3neyye NOKPAWeH s 3a2anbHoi AKOCHI NPOZPaAMHO20 3a0e3nedeHHs.

Inamgopma  asmomamuzayii.  mecmyeanuss  6e6-000aAmMKiI8  HAOAE  PO3POOHUKAM  3PYUHI
IHCMpYMeHmu, Wo CHnpowyioms Hnpoyec meCcmy8anHs, 3a0e3neyylomv GUCOKY SKICMb HPOSPAMHOZO
3a6e3neyeHHs: ma CRPUSIOMb WUEUOKOMY BNPOBAOICEHHIO 8e0-000amMKIE.

Kniouoei cnosa: agmomamusayis, éed-mexnonoeii, niamgpopma, mecmyeaHusi.

In the modern fast-paced world of web development, automated testing of web applications has become
an integral part of the software development process. This article provides an overview of a platform for
automating web application testing, which simplifies the process of creating, executing, and analyzing
automated tests. The main components of the platform, their functional capabilities, and advantages are
discussed.

One of the key components of this platform is a module for interacting with the web application, which
provides a convenient way to control the browser and perform actions on web pages, such as navigation,
form filling, clicking on elements, and more. This enables automated verification of various aspects of web
application functionality and correctness.

89



Bicnux Kuiscvkoeo HayionanbHo2o yHieepcumeny 2023,1 Bulletin of Taras Shevchenko
imeni Tapaca Illeguenka National University of Kyiv
Cepis ¢hisuxo-mamemamuuni HayKu Series Physics & Mathematics

Another important component is the reporting module, which ensures the collection and storage of test
results. It allows for the creation of detailed reports on executed tests, identified errors, and other useful
information. This module helps understand the state of the software, facilitates the detection of issues, and
simplifies error reproduction.

The platform also includes a module for creating test data, which can be useful for generating random
data, loading test datasets from databases or external files. This allows developers to create various testing
scenarios and execute them on different data sets.

One of the key advantages of this platform is the ability to configure testing parameters for different
projects and environments. Developers can set different configurations, such as browser types, versions,
extensions, and utilities used, for each individual project. This allows for customization of testing according
to specific needs and ensures maximum compatibility.

The platform also provides additional utilities to facilitate the testing process, such as integration with
code repositories, version control systems, build automation, and deployment tools. This contributes to fast
and efficient test execution, simplifies their integration into the development process, and improves overall
software quality.

Overall, this web application testing automation platform provides developers with convenient tools that
simplify the testing process, ensure high-quality software, and facilitate the rapid deployment of web
applications.

Key Words: automating, web technologies, platform, testing.

Beryn Ilo-mpyre, aBTOMaTHW3allii TECTYBaHHSI
CyuacHMH  PO3BUTOK  BeO-TEXHOJOTIH JIO3BOJISIE 3HU3UTH BUTPATH Ha TECTyBaHHs. BoHa
MPU3BOJIUTh JIO TIOSBH BCE CKIAJHINIMX BeO- JoTIOMara€e  3aolia/DKyBaTh 4Yac Ta  3yCHIIIS
JIOJTATKiB, 110 BUMAararOTh INBHUIKOI JIOCTaBKH Ha pPO3pOOHMKIB,  OCKiIbKM  0Oaratro  pyTHHHUX
puHOK. OnHaK, pa3oM 31 3pOCTaHHSIM CKJIAAHOCTI TECTOBUX CIICHapiiB MOXYTh Oyt
JOTaTKiB 3'SIBISIFOTHCS BHKJIHKH 010 aBTOMaTH30BaHi. L{e 103BOJIsIE 3BITHHUTH PEeCypCH
3abe3medyeHHss iX  JKOCTI Ta  HAIIAHOCTI. Ta TIEPEPO3NMOAUIMTH iX HAa ORI CKIIATHI
TecTByHaHHS € OJTHUM 3 OCHOBHHMX KOMITOHCHTIB ACTMEeKTH TECTYBaHHS, TakKi SK TECTyBaHHSI
IUKIIy PO3POOKH TIPOTPaMHOrO 3a0e3edcHHS. Oe3lmeKkn, B3aeEMOMAil 3  KOPUCTYyBadaMH  Ta
TounicTh Ta €pEKTHBHICTH IMPOIECY TECTYBaHHS IHTETpaIlifo 3 iHITUMH CHCTEMAaMH.
CTalOTh KPUTUYHUMHU I YCHINIHOT pPO3POOKHU Kpim TOro, aBTOMaTH30BaHE TECTYBaHHSI
MPOTrpaMHOro 3a0e3MeYeHHs. 3abe3neuye  OUTBIIy TOYHICTH  pE3yJbTATIB,
ABTOMaTH3aIlisl TECTYBaHHS BeO-T0JaTKIiB OCKITBKM BOHO YCYBAa€ JIOACHKHHA (aKkTop Ta
BUSBIISIETBCS  KIFOUOBUM  PIIIGHHAM  JJIS MOMUJIKH, TOB'SI3aHi 3 HEIOCKOHAIICTIO PYYHOTO
3a0e3MeUeHHs SIKOCTI MPOAYKTY Ta MPUCKOPEHHS TECTYBaHHs. ABTOMAaTHYHI CKPUNTH MOXYTh
mporecy #Woro po3pobku. Bona  mo3Bossie BHKOHYBAaTH OJHAKOBI TECTOBI CIeHapii 3
po3poOHUKaM e(heKTHBHO TIePEBIPATH OJTHAKOBOIO  TIOCIHIIOBHICTIO  KpPOKiB, IO
(YHKLIOHATBHICTb, CTaOUIBHICT Ta B3a€EMOZIIO 3abe3neuye Oinpmn  craligpHI Ta  HaAidHI
BeO-IOMATKIB 3 pI3HUMH KOMITOHEGHTaMH Ta pe3yIbTaTH.
CepeIoBUIIIAMH. OTxe, aBTOMAaTH3aIis TECTyBaHHSI BeO-
ABTOMaTH3aIlisl TECTYBaHHS BEO-10/1aTKIB JOJIATKIB € HEOOXiJHMM eTa’loM PO3pPOOKHU
Mae Kinbka nepesar. [lo-mepiie, BoHa 3a0e3mneuye MporpaMHOro 3abe3levyeHHs] B Cy4acHOMY CBITi.
MIPUCKOPCHHS Ta TMIiABUIICHHS MPOAYKTHBHOCTI Bona no3Boisie 3a0e3MeUnTH SKICHY TEPEeBIPKY
mpolecy — TecTyBaHHS.  3aMicTh  Py4YHOTO (YHKLIOHATBHOCTI Ta CTAOUIBHOCTI JIOMATKIB,
BUKOHAHHS  TECTiB,  PO3POOHUKHM  MOXKYTh 3HU3UTH BHUTpaTH Ta 3a0e3neunTH  Oinblry
BHKOPHUCTOBYBaTH aBTOMATH30BaHI CKPHITH, SKi TOYHICTH pe3yNbTaTiB. Y JaHiii cratTi Oyme
BHKOHYIOTHCS IIBHANIE Ta OB TO4HO. lle MPEICTaBICHO  PO3poOKy  muiathopMu i
JIO3BOJISIE  BHSIBUTH TIOMHJIKA Ta MPOOJIeMHU aBTOMaTu3allii TEeCTyBaHHA BeO-JIOAATKIB, IO
LIBH[IIE, IO CHpUsi€ 30UTBIIEHHIO MIBUIAKOCTI CTpOLIy€E TPOLEC CTBOPCHHS, BHUKOHAHHSA Ta
pPO3pOOKH Ta JOCTABKH MPOAYKTY HA PHHOK. aHajizy  aBTOMAaTHM30BaHWX  TECTiB. byayTs
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OMUCaHI OCHOBHI KOMITOHEHTH ILIaThOPMH, ix
($yHKLIOHATBHI MOKIIUBOCTI Ta MEPEBart.

Mertopo.ioris
Hns  po3poOku  cTBOpeHoi mimaTthopmu
BUKOPUCTAHO BiIOMi IHCTPYMEHTH, TaKi SK

Selenium, Specflow Ta NUnit. L{s miaTdopma
po3poOiieHa 3 ypaXxyBaHHAM  MOJIYJbHOT
apXIiTEKTypH, IO HAaJa€ MOXJIMBICTH J10JIaBaTH
HOBI KOMITOHEHTH Ta PO3IIHUPIOBATH (DYHKITIOHAT
CHCTEMH.

OmHuM 13  KJIIOYOBHX  IHCTPYMEHTIB,
BUKOPUCTaHUX Yy po3pobumi mmardopmi, €
Selenium, Specflow ta NUnit. Selenium - 1e
BiJKpHUTE MpOrpaMHe 3a0€3MeUeHHs], IKe J03BOJISIE
aBTOMaTuU3yBaTH BeO-Opay3epu Ta BHUKOHYBaTH
mii, sKi 3a3BUYaii BHKOHy€ KOPHCTyBad. 3a
normomMoror  Selenium  MOXXHa  CTBOPIOBATH
TECTOBI CIIEHapIi, SIKi B3aEMOIIOTH 3 EJIEMCHTaAMH
BEO-CTOPIHOK,  BHUKOHYIOTH  pi3HI  [mii Ta
TIePEBIPSAIOTH OUiKyBaHI Pe3yIbTATH.

OpeiimBopk_ Specflow - 1e iHcTpyMeHT
JUIS TECTYBaHHS, SKHHA JIO3BOJSE OIUCYBAaTH
TIOBEIHKY MPOTPaMu B IPUPOAHIN MOBI, TaKii K
aHriiicbka. Bin 0a3yeTbCcss Ha METOHOJOTIL
Behavior Driven Development (BDD) i no3Bossie
ONMUCYBaTH BHUMOTH Ta CIICHapii TECTyBaHHA Yy
dbopmarti, 3po3yMiJIOMy HE TITBKH PO3pPOOHUKAM,
ase 1 Oi3Hec-aHANITHKaM Ta 1HIIMM YYaCHUKaM
npoekTy. Specflow inTerpyerbes 3 Selenium, 1o
JIO3BOJISIE  CTBOPIOBATH TECTOBI CIICHAapii, SKi
JIETKO 3pO3YMITH Ta MiATPUMYBATH.

NUnit - ne nonyssipHui GppeiiMBOpK ISt
TectyBaHHs B nporpamuiii MmoBi .NET. Bin Hamae
3pyYHI MEXaHi3MHU JJI1 CTBOPCHHS, BUKOHAHHS Ta

aHamizy  aBToMmMaru3oBaHux  TecTiB.  NUnit
JO3BOJSIE  CTPYKTYpPYBaTH TECTOBI  CIleHapii,
IpynyBaTd iX Ta BHKOHYBaTH 3 pPI3HUMH
KOH(]IirypamisMu.

Bukopuctannss NUnit y mnoegHanHi 3
Selenium ta Specflow Hagae moOTyXHi 3ac00m s
CTBOPEHHS Ta YNPaBIiHHA aBTOMAaTH30BAHUMHU
TecTaMH BeO-I0aTKIB.

ITnatdhopma TUTS aBTOMAaTHU3aIil
TECTYBaHHS BEO-OMATKIB, MO PO3TIAAAETHCS B
NaHid CTaTTi, Mae MOXIYJBbHY apXiTeKTypy, IO
03BOJISIE  po3mmpioBatH i ¢yHKIioHAm. e
O3HayYae, 10 MOXKHA J0JaBaTH HOBI KOMITOHEHTH
Ta IHTETPYBATH iX 3 iICHYIOUHMH, 100 PO3IINPUTH
MOXNIMBOCTI iatdopmu. Hampukman, wmoxxHa
JOMaTH KOMITOHEHT I TeHeparii 3BiTIB Ipo
pe3ysbTaTH TecTyBaHHS a00 Ui aBTOMAaTHYHOTO
BUKOHAHHSl TECTIB Yy XMapHUX CEpEAOBHUILAX.
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Takwii migxig mo3Boise MOOYyAyBaTH THYYKY Ta
PO3LIMPIOBAHY CHUCTEMY JIsi aBTOMAaTH30BaHOI'O
TECTyBaHHS BeO-10/1aTKiB.

Y HacTymHHX po3Iiiax CTaTTi OymIyTh
JeTalbHO  OMHCaHi  OCHOBHI  KOMIIOHEHTH
miathopMu IJis1 aBTOMAaTH3allii TeCTyBaHHS BeO-

ONaTKiB, 11X (yHKIIIOHATBEHI MOXIIMBOCTI Ta
mepeBaru. Takok OymyTh HajaHi IepeBaru
3aCTOCYBaHHS IUIAaT(GOPMU 3 BHKOPUCTAHHSIM

Selenium, Specflow ta NUnit mist cTBOpeHHS Ta
BHKOHAHHS  aBTOMATH30BaHHUX  TECTIB  BeO-
JIOJIaTKIB.

OCHOBHI KOMIIOHEHTH IAT(HOPMHU
OCHOBHI KOMITOHEHTH IUIaTGOPMH IS

aBTOMAaTH3aIil TECTYBaHHS Be0-10ATKIB
BKJTFOYAIOTh HACTYITHI MOZYJIi:
1. Moayns  Base. Iledi  KOMIIOHEHT €

¢yngamenToM 1iatdpopmMu i Hajgae 0a3oBi
(hyHKIIOHATBHI MOXIJIMBOCTI JUISI  PO3POOKH
AaBTOMAaTHM30BaHUX TecTiB. BiH BKiIIOYae
3araipHi  Kimacu  Ta  QyHKOil,  SKi
BUKOPHUCTOBYIOThCSI B I1HIIMX KOMITOHCHTaX.
Monyns Base Takox  BimmoBimae  3a
yOpaBIiHHSA KOHOIrypamieo miaThopMu Ta
3aBaHTaXCHHS HEOOX1THUX PECYPCIB.

2. Mogayne Config. Ileli KOMIOHEHT TO3BOJISIE
HAJIANITOBYBAaTH  TOBEJIHKY  IUIATQOpMHU
OUIIXOM  KOHGQirypamii pi3HHUX HapameTpiB.
Bin 3a0e3neduye MOXIHBICTH  3aJaBaTu
HajmamrtyBaHHA, Taki sk URL BeO-momartky,
OOMiKOBI JaHi i BXOHy, MapaMeTpu
Opay3zepa Tomo. Moayns Config mno3Bosie
3pYYHO KepyBaTH KOHQITYpaIli€l0 TEeCTiB 1
3abe3nedye THYYKICTh TP poOOTI 3 Pi3HUMH
CepeIOBHILAMH.

3. Monayns Helpers. Lei KOMITOHCHT
BHKOPHUCTOBYETHCS JUISI TEHEpAIlii 3BITHOCTEH
PO BUKOHAHHSI TECTyBaHHs, poOoTH 3 0azaMu
nanux ta APL. Bin Hagae 3pyuni ¢yHKuii mis
CTBOPEHHSI 3BITIB 3 pe3ynbTaTaMu
TECTYBaHHs, IO [IO3BOJISIE aHATI3yBaTH Ta
BIJICTeXXYBaTH TIpOrpec TecTyBaHHA. Kpim
TOTO, MOJIYJIb Helpers 3abe3mneuye
MOJKJIUBICTh B3aeMoAii 3 0a3aMH JaHHWX Ta
BukoHaHHS API-3ammriB, mo poOuTh ioro
BOIMBUM KOMIIOHEHTOM JJIsi B3a€EMOIil 3
PI3HUMU JKEpeTaMH JaHHX.

4. Monyne Extensions. Lleii koMnoHeHT Hajaae
¢yHKLiIOHAT A poOOTH 31 CKIaJHUMHU
eleMeHTaMu BeO-CTOpiHOK. BiH BKIiIOYae
PO3IIUPEH] METOIN Ta KIJIACH, K1 JO3BOJIIIOTH
B3aEMOJISITH 31 CKIQJHAMHU CIICMEHTaMH,
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TaKUMH K TaOIUIl, QpeMu, BKIAIKH,
MoJanbHI BikHa Tomo. Moayne Extensions
noJierurye  poOoTy 31 CKIagHUMH  BeO-
eIeMEHTaMH Ta HaJae OUTBIN THYYKHN
IHCTpyMeHTapii il TecTyBaHHS  BeO-
JIOJIaTKIB.
1li KOMIIOHEHTH B3aEMOIIOTH MiX CO0O¥0,
CTBOPIOIOYH MOTY)KHY mwiatdopmy JUTST
aBTOMaTu3allii TecTyBaHHsS BeO-momaTkiB. Boxu
CIIPOITYIOTh PO3pOOKY TecTiB, 3a0e3MeuyIoTh
THYYKICTP Ta pO3IMIMPIOBAHICTh, a TaKOX
JIOTIOMAararoTh T IBUIIATH SIKICTh Ta
MPOJYKTHBHICTh MPOIIECY TECTYBaHHSL.

IlepeBaru miargopmu

IlepeBarn  mmaTpopmMu  Juis  aBTOMAaTH3aIlii

TeCTyBaHHS BeO-10aTKIB:

1. Imrerpamiss 3 IHIEMH  IHCTPYMCHTaMH.
[Mnardhopma anms aBTOMarm3allii TEeCTyBaHHS
BeO-I0MaTKIB MOXKe OyTH JIETKO iHTETpOBaHa 3
IHITUMHA 1HCTPYMEHTAMH PO3POOKH, TaKUMHU
SK CHCTEMH KOHTPOJIIO Bepciii, 3acobm
HEMepepBHOi  iHTErpamii Ta TOCTa4aHHS
nporpamuoro 3abesmneuends (CI/CD), 1o
3abe3medye IUIaBHMA Ta aBTOMATH30BaHUN

npoiec po3po0kHu, TECTyBaHHS Ta
BIIPOBAPKCHHS BeO-T0IATKIB.
2. IligTpumka perpeciitHoro TEeCTyBaHHSI.

ABTOMaTH30BaHI TECTH MOXYTh OyTH JETKO
BUKOHaHI JUId TepeBipku perpecii, TOOTO
BUSABJIICHHS BIPOBA/DKEHUX MMOMUJIOK TIICIIS
BHECEHHA 3MiH y BeO-momatok. Lle mo3Bossie
IIBUJIKO BUSBIATHA Ta BUIPABISATH TTOMUIKH,
SIKI  MOXYTh 3'IBUTHCS TIPU PO3IMIHPECHHI
(hyHKITIOHATHHOCTI YX BHOCI 3MiH Y JOAATOK.

3. MacmTtaboBaHiCTb. [Tnardopma TUTSE
aBTOMaTH3allii  TEeCTyBaHHS  BeO-IOMATKIB
3abe3medye MOXITHBICTE MacIITa0yBaTH TECTH
JUIS BEITUKHAX Ta CKJIQJHUX MPOEKTiB. Bona
N03BOJsIE  €(DEKTHMBHO BHUKOHYBAaTH TECTH
HaBITh Yy BEIHMKUX MaciuTabax i 3abesmedye
CTaOUILHICTD Ta IIBUAKICTH BUKOHAHHS HABITH
MIpY 3HaYHIN KiJTBKOCTI TECTIB.

4. IligTpuMka rapajesbHOTO BHKOHAHHSI.
[Tnatpopma 03BOJIIE BUKOHYBAaTH TECTH
napaljielbHO Ha Pi3HUX MPUCTPOSIX, Opay3epax
9y omepaniiHux cuctemax. lle mo3Bossie
MIPUCKOPUTH TIPOLIEC TECTYBaHHS 1 OTpUMATH
pe3yNbTaTH IIBUIIIIE, IO OCOOIIMBO BaXKIIUBO
TUTS Be0O-101aTKIB, SIK1 MAaIoTh
OararoyHKITIOHATEHAN XapakTep i
MiITPUMYIOTH Pi3HI TUIaTHOPMH.
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5. TlokpamieHHs CcHiBOpami MK KOMaHIaMH.
[Inatpopma  ngo3Bomsie  po3poOHUKAM i
TECTyBaJIbLHUKAaM TPAIIOBaTH B CIUILHOMY
CEpEIOBUIIli, CIPOIIYIOYN KOMYHIKAIio i
cCriipHe BupimeHHs npoOinem. Bona Hamae
3py4yHi 3acobm s OOMiHY  JaHHWMH,
CIITEHOTO JIOCTYIly IO pe3yabTaTiB
TECTYBaHHS Ta CITIBIPAIN HAJ BUSABICHHIM Ta
BUITPABIICHHSIM TIOMHIIOK.

6. Yci mi  mepemaru
aBTOMaTH3allii  TEeCTyBaHHS  BeO-IOMaTKIB
JIOTIOMAararoTh ~ MOKPANIUTH  €(EKTHBHICTD,
AKICTh ~ Ta  TPOAYKTHUBHICTH  HpOLECY
TECTYBaHHSA, a TaKkoX 3MEHIIUTH PH3HK
MOMUJIOK Ta BUTPAT HA PYYHE TECTYBaHHSI.
Bona crae He3aMiHHUM IHCTPYMEHTOM ISt
pO3pOOHUKIB  Ta  TECTYBaJIbHUKIB,  SKi
MParHyTh 3a0E3MEYUTH BHCOKY SKICTH CBOIX
BeO-101aTKIB.

miatopMu IS

BucHoBku

3HavyeHHs PO3poOieHol IaThopMu IS
aBTOMAaTH3alil TECTYBaHHA MOJIATae yIiJBUILECHHI
SIKOCTi, TIPOIYKTUBHOCTI Ta HAIIAHOCTI IPOIECy
pO3po0KH. 3acTocyBaHHS aBTOMAaTH3aIIil
TECTyBaHHsI Mae 0araTto mepesar, sIKi poOJsTh 1en
IiIX10 HE3aMIHHAM Y CYJacHHX YMOBaX PO3BUTKY
TEXHOJOT1H.

OpnHi€l0 3 OCHOBHUX MepeBar miathopmu
Uil aBTOMaTH3alii TEeCTYBaHHS € 3HWKCHHS
BUTPAT HA PYYHE TECTYBaHHI. ABTOMATH30BaHI
TECTH J03BOJISIOTH €(DEKTUBHO BUKOHYBATH TECTH,
IO 3MEHIIYe HEOOXigHWH dYac 1 3ycwiuist, i B
pesynbpTaTi 3abe3medye  E€KOHOMII0  pecypciB
KOMTIIaHii.

[ligBumeHHs €eKTUBHOCTI TECTYBaHHS €
e OJHIEI0 3HAYHOIO IEPEeBAarol0 aBTOMATH3AIlil.
3aBASIKM  aBTOMAaTHYHOMY BUKOHAHHIO TECTiB
MOJKHA IIBUJIIE T4 TOYHINIE BUSBISATH MOMUIKA
Ta HEAOJIIKH, IO JOMOMarae 3a0e3MeylT BUCOKY
SIKICTh Be0-10/1aTKiB.

binpmie mMOKpUTTA TecTaMH € IHIIOIO
BaroMolo NepeBaroro miathopmMu TUTSE
aBToMaTH3allii  TecTyBaHHSA. ABTOMaTH30BaHI
TeCTH MOXYTh OYyTH BHKOHAaHI Ha BEJHKIN
KiTbKOCTI KOH(irypauiii 6pay3epi, onepauiiHIX
CHUCTEM 1 TPHUCTPOIB, IO JO3BOJISAE 3a0€3MEUUTH
MIUPOKE TIOKPUTTS TECTAMH 1 MEPEKOHATHUCS, IO
Be0-IOAATOK TpaIloe Ha Pi3HUX IUIaThopMax

KOPEKTHO.
Ille omAMM BaXJIMBHUM acCIEKTOM €
301IBIIEHHS IIBUIKOCTI TECTYBaHHS.

ABTOMaTI/I3aL[iH A03BOJISIE  BHUKOHYBATH TCECTU
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MIBUALIE, TOPIBHSAHO 3 PYYHHM TECTYBaHHSAM,
3aBISKM MOXIIMBOCTI HapalieIbHOTO BHUKOHAHHS
tectiB. lle [1o3Bomse OTpUMYyBAaTH IIBHIKI
pe3yNbTaTH TECTYBaHHA 1 HPHCKOPIOE IIPOIEC
PO3pOOKHM BEO-I0ATKIB.

TouHicTb TCCTYBAaHHA TaKOXK
IMOKpPAaIy€ETbCA 3aBJAKHU aBTOMAaTHU30BaHUM
TCCTaM. Bonu BUKOHYIOTBCA 3 BHCOKOIO

e()eKTUBHICTIO i TOBTOPIOBAHICTIO, IO JIOTIOMArae
BHSIBUTH Ta BHUIIPABUTH TIOTCHIIHHI MPOOIEeMHU
mBuame. Ile mo3Boisge€ MOKPAMIUTH SKICTh BEO-
noAaTkiB 1 3a0e3neuuTH  3aJeKIapoBaHy
(YHKI10HATIBHICTS.

Hapemi, mmatdopma misi aBToMaTr3arii
TECTYBaHHsS  BeO-OJAaTKIB  HAJAa€  3PYYHHH
MEXaHi3M yrpaBiiHHs TecTamu. BoHa 3a0e3mneuye
3pyYHE VIPABIIHHSI TECTOBUMH CIICHAPIsSMH,
3aIlyCKOM, MOHITOPUHTOM 1  30epeKCHHIM
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pesynbTatiB. lle mo3BoNIsIE KOMaHII pO3pOOHUKIB
Ta TECTYBAIbHUKIB €(QEKTHBHO OpraHi3yBaTu
mpolec TeCcTyBaHHSA 1 3a0e3MeYdTH  JIeTKe
BiJICTEXKCHHS IPOTPECY TECTYBAHHS.

Orxke, po3poOka  riarhopMu IS
aBTOMAaTH3aIil TECTYBaHHS Be0-I0IATKIB
TIOJIETIITY€E pO3POOKY MPOTPaMHOTO 3a0e3eUCHHS.
Bona JloromMarae 1 ABUAILMTH SIKICTB,
NPOAYKTHBHICTE Ta €(EeKTUBHICTb MpoLecy
TECTYBaHHS, a TAKOX 3HM3WTH BUTPATH HA PYy4HE
TeCTyBaHHsA.  J[sI  MOmAmbIioro  po3BUTKY
mwiatpopMu MOXYTh OYyTH TpoBeAeHi poloTw,
CIpSIMOBaHI Ha pO3MWMUpPEHHs 11 (yHKLiOHANY,
BpaxoOBYIOUM HOBI TEXHOJIOTIYHI BHMOTH Ta
IHCTPYMEHTH JJIsl aBTOMAaTH3aLlii TeCTyBaHHS.
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Cucmemu npuliHammsa piterd Maoms wupokud Jianasor 3acmocysans Y PidHus chepax, 6KA0-
YAUU, GAE HE ODMEHCYUUCH, KOMEPUITHY MIANGHICL, MEOUUUHCHKL YCMAHOBY, OCEIMHI 3aKAGOU,
HAYKOBT JOCAIONCEHHA, THIHCEHEPTIO, 4 MaAK0NHC Ypadosi ycmanosu. Li cucmemu nidmpumyroms ege-
KMUSHY 00poOKYy THPOPMAUTL 3 DIBHOMAHIMHUL OHCEPEN, BUKOPUCTNOSYHUU MHONHCUHY MEMOJ0A02]-
YHUT NI0T0JI6, WO BKAMOUAE CMATMUCTIUNHUT GHAATI, GHAA3 JGHUT, MEMOOU MAUUHHOZ0 HABUAHHA,
ONMUMIZAUI0 Ma 6a2amo THWUL.

3 oenady ma suuLe3a3HAMEHT 0COOAUBOCTNE, BUHUKAE BAHCAUBE NUMAHMHA PO3POOKU eherxmueHur Cu-
cmem nputiHAMMA plulerds, Akt 6idnosidasu 6 nompebam CyuacHUT opzanidayit. s cmammsa podaas-
dae axmyanrvmi ni0rodu do Po3apobKy NPoepPamHo20 3abe3neUeHHs, 6 oMY YUCAE AHAAIZYE NOMEHUITHY
APTIMEKMYPY OAA PEANI3AULT CUCTIEMU NPUTHATIINMA DIWEHD, OPIEHMOBAHOT HaA Aia2HOCTNUKY NAUIEHNIG
3 BUKOPUCTNAHHAM HEUIMKOT N021KU.

Kmouosi crosa: cucmemu npulinamms piuens, Hewimya A021Ka, GPTIMeKmypa 6€63acmocymKis,
MOo0enosarHs 6a3 aHUL.

Decision support systems have a wide range of applications in various fields, including but not
limited to commercial activities, medical institutions, educational institutions, scientific research, engi-
neering, and government agencies. These systems support efficient processing of information from vari-
ous sources using a variety of methodological approaches, including statistical analysis, data analysis,
machine learning methods, optimization, and many others.

In view of the above-mentioned features, there is an important issue of developing effective deci-
ston support systems that would meet the needs of modern organizations. This article reviews current
approaches to software development, including analyzing a potential architecture for implementing a
decision support system focused on patient diagnosis using fuzzy logic.

Key Words: decision support systems, fuzzy logic, web application architecture, database modeling.

Beryn 9M CTATUCTUYHUIN aHAJI3, aHAJI3 JaHUX, MAITHHHE
HaBYaHHs, OIITHUMIi3allilo Ta iHIIe.
B cygacnomy riiobastizoBanomy cBiTi, se irdop- Ilocrae muranus 1moOynoBu eDEKTUBHUX CU-
Mallisl € BasKJINBUM aKTHUBOM, CUCTEMU IPUHHATTS CTeM NPUHHATTS pillleHb, IO BiAMOBIMAIOTH IO-
pimiensb Bigirpaoors Kpurudny posb [1]. i cucre- Tpebam cyuacHux opramizamiii. B pamkax crar-
MU JOIOMAaraioTh B YIIPABJIiHHI, aHaji3l Ta iHTep- Ti MpoaHaJi30BaHi CyJacHI IMAXOAM 10 PO3POOKH
nperariil BeJIMKUX 00CATIB aHuX, MO CIIPUSE KPa- IPOrPAMHHUX 3aCTOCYHKIB, PO3IJISIAETHCST MOXKJIH-
IIOMY PO3YMIHHIO OI3HEC-TIPOIIECIB Ta MiIBUINEHHIO  Ba apXiTeKTypa peasizalil CuCTeMH IPUAHSITTS Pi-
ePeKTUBHOCTI yIIPABJIIHHSI. IIEeHb JIJIs1 JIIAIHOCTUKY 3aXBOPIOBAHD HAIEHTIB [2]
CucremMn NpUitHATTS PIlIEHb BUKOPUCTOBYIO- 3 BUKOPUCTAHHSIM HEUITKOI Jioriku [3].

ThCA B PI3HUX Tajy3sX JisJIbHOCTI, BKJIIOYAIOYN

bizHec, MeIUIIMHY, OCBITy, HayKy, iH)KeHepilo Ta Orasa oCHOBHUX KJIACiB ITpOrpaMHOTO
ypsioBi cTpyKTypu. BoHu 3abe3medyiors 0O6pob- 3ab0e3meveHHs

Ky iHdopMmarii 3 pisHUX JKepesa i MOXKYTb BUKO-

PUCTOBYBATU PISHOMAHITHI METOUKH, BKIIOYAIO- Jlo OCHOBHUX KJIACiB Cy9aCHOTO ITPOrPAMHOTO

© O.II Lmekys, 2023
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3abe3I1eYeHHsT MOXKHA, BIJJHECTH JIECKTOIIHI Ta Be-
bopienToBaHi mporpaMu. Po3rjsHeMo KOXKeH 3 1uxX
KJIACiB IIpOrpaM OKpEeMO.

Jleckmonni npoepamu - 1ie IPOrpaMu, siKi po3-
POOJISTIOTBCS JIjIsI BCTAHOBJIEHHST Ta, BUKOPUCTAH-
Hsl HA JIOKAJbHOMY KOMII'TOTepi abo HOyTOyTI, 110
IIPAITIOE ITiJT ONEepalifiHOI0 CHCTEMOIO, TaKOIO SK
Windows, MacOS um Linux. Kiacuaauit upu-
KJIaJ[ JECKTOIIHOI IPOTpaMH - TEKCTOBHUH pea-
KTOP, KWW JIO3BOJISE CTBOPIOBATH Ta peJlaryBa-
T JOKYMEHTH, IO 30epiraloTbCsd Ha JIOKAJILHO-
My JUCKy. [HIM TpuwKIaad NeCKTOMHUX TpOrpam
BKJIIOYAIOTh I'padivdHi peJakTopu, IporpaMu Jijisi
00pobKM Bizieo Ta 3BYKY, Opays3epu, KJIIE€HTH eJie-
KTPOHHOI IIOIITH, PI3HOMAaHITHI irpm, mporpamun
JJTs1 HaJIAIMTyBaHHS CUCTEMU, TOIIIO.

OcHoBHAa MepeBara JECKTOIHUX IIPOIPaM II0-
JIATA€ B TOMY, IO BOHHU MPAIOIOTH Oe3rocepe-
JHBO Ha KOMIT'IOTEPi, IO /A€ MOXKJIUBICTH OTPH-
MaTH OiJIbITY NPOAYKTUBHICTH Ta (DYyHKIIOHAIb-
HicTh, HI2K B Bebmporpamax. Kpim Toro, meckTo-
ITHI TPOTrpaMu MOXKYTbH IPAIIOBATU B ABTOHOMHO-
MY peKuMi, He TOTpeOyIoYun MOCTIHHOTO 3’ € THaHHST
3 [urepreroM, 10 pobUTH X OLIBIIT 3PYIHUME IS
KOPHUCTYBAJiB, fKi IPAIIOIOTEH y 30H] 3 0OMEXKEHUM
JgoctynoMm jio [arepreTy abo y BiIaeHIX MiCITsIX.

OHaK JIeCKTOIHI IPOrpaMu MaioTh CBOI HEJI0-
JIIKH, 30KpEeMa BOHU ITOTPEOYIOTh BCTAHOBJICHHS Ta
HaJIAIITyBaHHS Ha KOXKHOMY KOMII' IOTEpPI, Ha AKO-
My BOHH ITOBHUHHI mparroBaTu. KpiMm Toro, BoHu He
MOXKYTb OyTH BHKOPHCTaHI Ha IHIIAX HPUCTPOSIX
0e3 BCTAHOBJICHHS Ha KOYXKHOMY 3 HUX, IO POOUTH
1X MEHIIT 3pyYHUMU /JIj1sl KOPUCTYBAaUiB, SKI TPallio-
I0OTh 3 PI3HUX MICIIb.

Bebsacmocynkxu - 1e Kjaac mMporpaMHOrO 3a-
OesrievueHHsl, SIKi BUKOPHUCTOBYIOTH BEOTEXHOJIOTIT
JUIsE 3a0e31edeHHs JIOCTYILY JI0 Pi3HuUX QyHKIH
yepe3 Opaysep. Borun moxkyTh 6yTH mocTymHI SIK
JIOKAJIBHO Ha cepBepi, Tak i B Mepexi [HTepHeT.

OcHOBHI KOMIIOHEHTH BEOCHCTEM BKJIIOYAIOTH
BeOcepBep, Oa3y manux Ta ¢ppoHTeH 1. Bebceprep
BifmoBitae 3a 0OpPOOKYy 3alWTiB Bi KJEHTIB Ta
BijiipaBKy Bifnosini. Baza naHuX BUKOPHUCTOBYE-
ThCsI JJTsi 30epiraHHs JaHUX, STKi BUKOPUCTOBYIO-
Thesd B cucreMmi. OpoOHTEH - 1€ OAWH i3 MOXKJIH-
BUX iHTepdeliciB KOpUCTyBada, sIKuii Bimodpakae-
Thest B Opay3epi Ta JI03BOJISI€ KOPUCTyBadaM B3a-
emogisitu 3 cucremoro. Kpim inTepdeiicy B 6pa-
y3epi, yHIBepcaJbHI MPOTOKOIW Iepeiadi JaHuX
JO3BOJIAIOTL PEATI30BYBATU KJIEHTCHKY YaCTUHY
Ha MIAPOKOMY KOJII IPUCTPOIB — BiJ| 3BHYANHUX
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KOMIT'IOTEPIB Ta cMapT@OHIB /10 BOYIOBAHUX CH-
creM abo CyIepKOMII I0TEePiB.

Opmi€ero 3 roJIOBHUX IepeBar CTBOPEHHS BeO-
CHCTEM € 1X JIOCTYITHICTDb 3 Oy/Ib-IKOTO MICIIs, e €
Iarepuer-3’ennanns. KopucryBay MoxKe orpuma-
TH JOCTYI 0 BEOUCTEMH 31 CBOTO MEPCOHAILHOTO
npucTpoio. B 1mpoMy BHIIaJKy He MOTPIOHO BCTa-
HOBJTIOBATH OKPEMUIL T0JIATOK Ha KOYKEH IPUCTPIit,
IO 3HAYHO CIIPOIILY€E MPOIEC PO3rOPTAHHS Ta, IIiJI-
TPUMKU CUCTEMU.

THIIOIO BaKJIMBOIO TIEPEBATOI0 € MOXKJIUBICTH
OHOBJIEHHsd CHCTEMHU 3 BHUKOPUCTaHHAM II€eHTpa-
JisoBanux cepsepiB. KopucryBagam He morpibHO
3aBaHTaXXyBaTH HOBY BEPCII0O CHUCTeMU Ha CBii
KOMIT'IOTEP, OCKIJIbKH OHOBJIEHHSI BiI0yBalOTHCs
Ha cepsepi. Ile 3MmeHIye pu3uK MOMUIIOK Ta Bpa-
BJINBOCTEH, IO MOXKYTb BUHUKHYTHU IIPU JIOKAJIb-
HOMY OHOBJIEHHI J€CKTOIIHOI IIPOIDaMU’.

Takoxx BebOcucTeMu 3a3BUYail MalOTh OUIBII
npoctuil inTepdeiic, sikuit H03BOJISE KOPUCTYBa-
TaM JIETKO PO3YMITH Ta BUKOPUCTOBYBATH CHUCTEMY
6e3 HeoOX1JTHOCTI BUBYEHHS CKJIAJHUX IHCTPYKII.
Binbmm Toro, BebcucreMu MoKy Th OyTH OiJIbII I'HY-
YKUMU Ta MOJYJIBHUMH, IO JO3BOJISE 3MiHIOBATH
GYHKITIOHAILHICT Ta JI0ABATU HOBI MOXKJIMBOCTI
B cucreMy 6e3 HeoOXiAHOCTI BCTAHOBJIEHHSI HOBUX
Bepciit Ha JIOKAJIbHI KOMIT IOTE€PH.

Haperri, crBopennst Bebcucrem moxe Oy-
Tu OLIBIT eEeKTUBHUM 3 TOUYKH 30Dy BAPTOCTI,
OCKIJIbKM BOHHM MOXKYTb OyTH CTBOPEHI 3 BUKOPH-
CTaHHSIM BIJIKPDUTHUX TEXHOJIOTIH Ta GE3KOIMITOBHUX
mmporpaMHnX 3acobis. Ile MoXKe 3HM3UTH BapTiCTh
PO3pPOOKU Ta MATPUMKH CHUCTEMU, 30KPEMa y IO-
PiBHSIHHI 3 JIECKTOIIHUMU JIOJaTKAMHM, SIKi 9acTo
nOTPeOYIOTh JIOPOruX JIIEH3i# Ha mporpaMHe 3a-
Oe3meueHHsT Ta, 00JIaTHAHHSI.

Omxe, cTBOpeHHs BebcucTeM Mae GaraTo Iie-
peBar MOpiBHSIHO 3 JeCKTOIHUMH JToJaTKaMu. Beo-
CUCTEMU € OIJIBII JIOCTYITHUMHU, OCKLIIBKU BOHU MO-
XKyTh OyTH 3allyllieHi Ha Oy/ib-SIKOMY IHPUCTPOI 3
moctynom sio [areprery. Kpim Toro, Bebcucremu
MOXKYTh OyTU OHOBJICHI ITEHTPAJII30BAHO Ha, CEPBe-
pl, TUM caMUM 3MEHIITYIOYN 3yCUJLJIS 3 OHOBJICHHS
Ha KOXKHOMY IIPUCTPOI OKPEMO.

Kpim Toro, Bebcucremu € OLIBIT 3pydIHUM i
eeKTUBHUM CITOCOOOM JIjIsi CTBOPEHHS IIPOTPaM-
HOTO 3abe3leYeHHs, OCKIJIbKM BOHU JIO3BOJISIOTH
BHU3UTHU BUTPATH HA PO3POOKY, 30epiranHs Ta ITi-
TPUMKY IIPOTPAMHOIO 3abe3nedeHtsi. Binrak, Beo-
CHUCTEMU CTAIOTH BCE OiJIbIN MONYJISIPHUMU Y Cyta-
CHOMY CBITi, Jie MBUJKICTH i JIOCTYIHICTb € KJIIO-
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J0BUMU (PAKTOPAMU YCITiXY.

Takum umHOM, HAMKpAIIUM KJIacoM, IJIS pe-
aJizalil cy4yacHol IPOrpamMHOl CUCTEeMHU JJjid IiJI-
TPUMKU NPUAHATTS PillleHb € BebcucTeMa.

Bumoru /10 cydyacHux BebcucreM

CydacHi BebcucTeMu MAaOTh BUCOKI anapaTHi
Ta MPOrpaMHi BUMOTH, 100 BiIIOBiIaTH BUMOTaM
KopuctyBadiB. g ycmimmaol poboTu Bebecucremu
HeoOXizHe 3abesnedyeHHsI JOCTATHBOI IMIBUIKOIIl,
be3meKn, HAJIMHOCTI Ta MacCIITabOBAHOCTI.

[Tepm 3a Bce, HEOOXIAHICTD MacCIITAOOBAHOCTI
[IPUBOJIUTD JIO BUMOT JI0 CEPBEPHOI0 00JIa/HAHHS,
siKe TIOBUHHO 3a0€3Ie€UyBATH BUCOKY MPO/LyKTHB-
HicTH Ta HaJiliHicTh. Bebcucrema noBunHa OyTH
3/IaTHA TPAITIOBATH 3 BEJUKOIO KiJTBbKICTIO KOPH-
cTyBadiB Ta 00pob/isaTu Besuki obcsru manunx. To-
My, CcepBepHe O0JIaJIHAHHS [TOBUHHO MATH JOCTa-
THBO PECypPCiB JJIsl 3a0e31eYeHHs TPOLYyKTUBHOCTI
Ta MOXKJIUBOCTI MacCHITaDyBaHHS.

Ipyre, Bumora 70 Oe3MeKU CUCTEMU € JIyKe
BasKJIMBOIO, OCKLILKNA BEOCHCTEMHU MOXKYTH 30€epi-
raTl BEeJIMKY KiJIbKICTh KOHMIIeHIiHOT iHpopMa-
11i1, Takol K ocobucTi maHi KOpUCTyBadiB, OaHKIB-
CbKi PEKBi3UTH, 1HGOPMAIIIO PO IIATEXKI TOIIIO.
st 3abe3medentst 6e3mekn, BeOCucTeMa TOBIHHA
MaTH BOYIOBaHYy CHCTeMY Oe3IeKH, sika 3abesIe-
qye mudpPyBaHHS Ta aBTEHTUMIKAIII0 KOPUCTYBaA-
4iB, MEPEBIPKY MPaB JOCTYILY, 3aXUCT BiJl aTak Ta
BipyciB.

Tpere, Bumora 10 MBHUIKOIII BeOCHCTEMU €
BaXKJIMBOIO, OCKIJIbKA KOPUCTYBadl OYiKyIOTb, IO
cucreMa Oy/Ie IPaIfoBaTH MIBUIKO Ta e(DEKTUBHO.
[IBuakomist BeOCUCTEME 3aJIEXKUTH Bij GaraTbox
YUHHUKIB, TAKUX K IIBUIKICTH CEPBEPHOrO 0014~
JTHAHHSI, KiJTbKICTH 3alMTIB 10 0a3u JaHUX, OITH-
Mi3allist KOy IIPOrpaMHOro 3a0e3eveHHs TOIIO.

Icaye Gessiva BUCOKOPIBHEBUX apXiTEKTyP JJIst
BeO3acTocyHkiB. /o HaWOIIbIT BiJOMOTO THITY MO-
JKHa BiJHECTH TpUpPIBHEBY apxiTeKTypy [4].

B pamkax cTarTi po3riisiHEMO PO3IIUPEHY ap-
XITEeKTypy IpOorpamMHOro 3abe3rnevdeHHs BeH3acTo-
CYHKY, SKa BPaxXOBY€ BUMOI'U MACIITaOOBAHOCTI,
MBUAKOIII Ta 0Oe3MeKn B KOHTEKCTI HACTYIIHHUX
OCHOBHUX DIBHIB:

1) PiBennb indpacrpykrypu

2) Ilpesenraniiiuuii piBeHb
3) PiBenb 6izHec-siorikn
4) PiBenb MOHITOpHHTY
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5) PiBenb 306epiranus JaHnx

Pisens indpacmpyrmypu - 11e OCHOBA, Ha sIKii
npairfoe Best Bebcucrema. Bin Bkitodae Bel aciiekTu
dizuunol Ta BipTyasbHOI iHGpPACTPYKTypH, HEOO-
XigHl IS MATPUMKHA poOOTH BEOCHCTEMMU.

Qiznuna indpacTpykTypa Moxke OyTH po3mi-
IeHa y BJIACHOMY JaTa-IeHTpi abo Moxke OyrTu
OpEeH/I0BaHA BiJl OCTAYAJIBHUKIB XMapHUX CEPBi-
ciB. ¥ cenci ynpasiiHHS 1HDPACTPYKTYPOIO Ta-
KOXK TOTPIOHO YiTKO BiAPIBHATH SHYMPIUHIO TH-
dpacmpyrmypy, TKa 3HAXOIUTHCST Y 30HI BiIITOBII-
aJbHOCTI KOMAaHIU PO3POOHUKIB, 1 306HiwWHIO 1H-
dpacmpyxmypy, 38 AKY BiAIOBIIaE 30BHINIHIN TO-
cradajbHuK. OKpeMUM BaKJIUBUM KOMIIOHEHTOM
BOBHINHBOIO iHPPACTPYKTYPH € TaK 3BaHA Mepe-
2HCA POZNOBCIOHCEHHA KOHMEHMY, IO MAE HA Me-
Ti OITUMI3AIIIIO JOIPABJIEHHS Ta PO3IIOBCIONKEH-
Hel BiAIOBiIell BeO3aCTOCYHKY.

B gxocTri KOHKpeTHHUX TEXHOJOTIH st pe-
ayizaril iHPpPacTPyKTypHOrO PIiBHSI JJjiss CHCTe-
MU JTIarHOCTUKU MAITIEHTIB MPOIOHYETHCS BUKOPH-
crosyBatu Hetzner Cloud [5], Kubernetes [6] Ta
Cloudflare [7].

IIpesenmauitinutl pieend - 1e Iepiuil piBeHb
apxiTeKTypu, 3 dKUM 0e3[10cepeaHbo B3AEMO/IIE
KOPHCTyBad. [1oro rojioBHOI0 METOIO € HaJaHHS
KOPHUCTYBadIaM 3PO3yMiIOro, epeKTUBHOI'O T IIPH-
€MHOTO iHTepdelicy s B3aeMOJil 3 CHCTEMOIO.
[IpesenTarniituuii piBeHb BKJIOYAE B cede eieMeH-
TH qu3aiiny iHnTepdeiicy, TeXHOIOTIT PPOHTEHIY Ta
IIpOIIeCH, IO 3a0€3MevUyI0Th Bi0OpaXKEeHHST JTAHUX
Ta 30ip BBOMY BiJ KOpHUCTyBada.

Jlo oCHOBHUX MOJYJIIB IPE3EHTAIIHOIO PiB-
Hsl BigHOCATHCS w03 AP 1o 3B’s13ye KiHIIEBUX
KJIIEHTIB 3 HAOOPOM BHYTPIIITHIX CEPBICiB, a TaKOXK
Pppormend cepsic, SIKNt BUKOHYE JIOTIKY iHTepdeii-
CHOI YaCTUHU BeO3aCTOCYHKY y Opaysepi.

3 MeTo TOOYJIOBH IMPE3EHTAIIIHOIO pPiBHSA
JIJIsI CACTEMHU JIIATHOCTUKU CTaHy 370POB sl TAITi€H-
TiB, IMPOIOHYETHCA BUKOPUCTATU TaKi TEXHOJIOTIT
sk SvelteKit [8] ra Spring Cloud Gateway |9].

Pisenv 6isnec-nozikyu - 1e cepie Oymab-sIKOL
Bebcucremu. [leit piBenb MicTuTh B €001 KO, STKUit
BUKOHY€E KJII090B1 DyHKIIT cucremu, 00pobiisie BXi-
JTHI JTaH1 BiJ] TPE3EHTAIITHOTO PiBHS Ta B3aE€MO/JIIE 3
piBHEM 30epiraHHsI JaHUX 117151 30epiraHHs Ta OTPH-
MaHHs iH(pOpMAaIIi.

OcHoBHUMU MOJyJISIMU PiBHs Oi3HEC-JIOTIKU €
cepsic npedmemnoi 0064acmi, 1o OIEPYE CYyTHOCTSI-
MH Ta (QYHKITIOHAJIOM JIEsTKOl MPeIMEeTHOl 00J1acTi
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(B HAIIIOMY BHIIQJIKY CHCTEMOIO JIIAlHOCTUKU 3a- 3YaAi3amop Mempuk, siKuil crporiye oOpobKy Ta
XBOPIOBAHbB), & TAKOXK CEPeic Niompumku npulini- CHPUAHSITTS KJIOYOBUX METPUK CHCTEMU.

mms plutens, AKUN 3I1HCHIOE 0OIUCIEHHST PE3Y/Ihb- st BpoBaizKeHHsA e(PeKTUBHOTO PiBHSI MO-

TaTy BIJIOBIJIHO JIO JIETKOI MATEMATUIHOI MOJIeJII  HITOPUHTY HAIMOI CHCTEMHU IPOIOHYETHCS BUKO-

(y HaImoMy BHIIQJIKy Iie HEdiTKa JIOTiKa). pucraru Hacrynai rexsosoril - ELK Stack [13],
st rapanTyBaHHs 1 BUKOHAHHSI OCHOBHEX Bi- Prometheus [11] Ta Grafana [14].

MOT' CHCTE€MH JIIarHOCTHKHU IIAIli€HTIB IPOIOHYE- Pisenv sb6epicanms danur - 1€ HAIBAXKJIN-

ThCsI 3aCTOCYBATU TEXHOJIOrIT Ta CymyTHi 0ibioTe- BUf KOMIOHEHT apXiTeKTypu Oy/ib-sKOI BeOCHCTe-
ki MOB nporpamyBanHst Java [10]| ta Python [11]. mu. Ileit piBenn Biamosimae 3a 36epirans, Bii-

Pisenv monimopuney - 1e KPUTHYHUI KOM- HOBJIEHHS Ta YIPABJIHHS JaHUMH, $Ki BUKOPH-
[IOHEHT apXiTeKTypu Oy/b-sIKOI BeOCHCTEMH, IKUN CTOBYIOTBCS cucTeMolo. Hamamo sarajbHHT onnc
JIO3BOJISIE KOMAH/IAM BiJICTE2KYyBaTu pOOOTY CHUCTe- CHITBHUX MOJIYJIB I[LOIO PiBHSI, SIKHil IpUTAMaH-
MH B PeajibHOMY Yaci Ta BUSBIATUA MPOOJEMHU Ie Hul O6iIbIIOCTI cucTeM.

JI0 TOTO, STK BOHM BIUIMHYTH HA KOPUCTYBadiB. Bin [Tpu 1106y/10Bi BUCOKOIIPOIyKTUBHOI ba3u ja-
TaKOK JIOMOMATa€ aHaji3yBaTn e(PEKTUBHICTD CH- HUX Ma€ CEHC BUKOPUCTOBYBATHU CXEMY 3 20406HUM
CTEMU Ta IJIAHYBATH MaibyTHE MacimTaOyBaHHS.  6Y3.40M, AKAN MOXKe 3/iHCHIOBATH OYIb-SKi olepa-

PiBerb MOHITOPHHTY CKJIQJAETHCST 3 TPhOX II1 Ha 0a3i JAHWX, Ta 8Y304 YUMAHHA, STKUI OIITH-
OCHOBHUX MOJYJIIB: CEPBIC N02Y6aHHA, AKUN JO- MI30BaHUN I ONEpaIliil orpuMants iHdopMarrii.
3BOJISIE arperyBaTd Ta 3/{HCHIOBATH NOHIyK Jo- llpononyerbcst Bukopucraru PostgreSQL [15].
riB, 30ipHUK MEMPUK, IO JIOTIOMATAE BiJICTEXKYBa- CxemaTn4HO BCi piBHI BeO3aCTOCYHKY MOYKHA
TU OCHOBHI IOKA3HUKHU Ta CTAH IIPOIECIB, Ta 6i- IIPEJCTaBUTHU Jiarpamoro Ha Puc. 1.

Cr—

Pipetb Glanec-norikm PlBeHb 368piraHHA JaHKX
—

Mepema
[PO3NOBCIOKEHHA
KOHTBHTY

PleeHs moHiTopuHry

Puc. 1: BucokopiBaeBa apxiTekTypa BeO3aCTOCYHKA JJIsi CUCTEMHU IMiJITPUMKU TPUHHSATTS PillleHb
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MogentoBaHHsa piBHA 30epiraHHs JaHUX
BiAIIOBiAHO 0 IIpeaMeTHOl obJacTi

HeobxinHo 3a3Ha“UTH, IO MOIETIOBAHHS -
HUX Ma€ CYyTTEBO IIPEJIMETHO-OPIEHTOBaHUI Xapa-
krep. KonmenryanbHi cyTHOCTI, SIKi penpe3eHTy-
IOTh CTPYKTYPY HAHUX, TKi 0OpOOJIAIOTHCS CHCTE-
MOIO, CYTTEBO 3aJjieKaTh Bij CcHerudiku mpeamMe-
THOI 00JIacTi Ta IijIeil caMol CHUCTEMH.

BaxkmBo migkpecanTu, mo KiTbKICTb, THIIA
Ta B3aE€MO3B’SI3KHM CyTHOCTEH IpeaMeTHOI 00J1acTi
MOYXKYTb 3HAYHO BiJIPI3HATHUCS, KOJM MU TEPEXO-
JIUMO BiJI OJTHOTO IPOeKTy Jo iHmoro. Ile pobuts
MOJIETIOBAHHS JAHUX CKJIQIHUM aJAIITUBHUM IIPO-

personal_infos

id PK

symptomp

first_name varchar

symptomp_level

last_name varchar

contact_email varchar

id PK

id
disease

score

username varchar

password varchar

o :

id PK

m reme

id PK

name varchar

user PK

date Date

comment varchar

2023, 1

symptomp_evaluations
id PK

left_mf_limit
right_mf_limit

max_mf_length

Bulletin of Taras Shevchenko
National University of Kyiv
Series: Physics & Mathematics

1IeCOM, KUl BUMAarae r/IMOOKOI0 PO3YMIiHHsI IIpe-
JMETHOI 00J1acTi Ta 1moTped KOpucTyBadiB.

Bepy4n 710 yBaru KoHKpeTHI BAMOT'H JIO CUCTe-
MU JIarHOCTUKU MEJUIHUX CTAHIB MAI[I€EHTIB, TIPO-
MIOHYETHCST HACTYIIHA CXeMa JIAHUX, ITPEeJICTaBIeHA
na Puc. 2.

IIs cxema Oysia pospobiieHa 3 ypaxyBaHHAM
VHIKQJIbHUX MOTpeD 1€l CucTeMu, 30KpeMa, IoTpe-
6u B ecdbekTUBHI# opraHizariil Ta 06pPoOI BEJTMKUX
obcAriB MeIMIHUX JTaHuX. BoHa Bijobparkae KJIro-
YOBi CyTHOCTI Ta 1X B3a€MO3B’sI3KH B KOHTEKCTI ITi€T
CHCTeMU, 3a0e31eIyI0UN TAKUM IMHOM CITPOIEHHST
rporecy 06poOKHU JaHUX Ta [T ABUINEHHS 3araJIbHOL
e(eKTUBHOCT] CHCTEM.

id PK

name varchar

PK
PK
id PK

name varchar

o ||

id PK
PK
disease PK
float
symptomp PK
symptomp_level PK
PK certainty_level PK
varchar
int symptomp_levels
int id PK
varchar

int name

priority int

Puc. 2: Baza garux aj1st cucTeMu JIarHOCTUKHU 3aXBOPIOBAHDL MAIIEHTIB

Cepeyt ycix cyTHOCTEH y 1i#f cxeMi JJaHuX 0CO-
O/IMBOI yBaru 3ac/IyroBy€ CyTHICTb Tules, siKa Bij-
MOBi/Tae 3a TpaBWJIa JIOTIYHOIO BUBEJICHHS HEYi-
TKUX MHOXKUH.

Hanpukia, Ha#OIIBIN CIIpOIieHa HeTiTKA, CU-
cTeMa JIOTiIHOTO BUBE/IEHHS MOXKe Oy TH IIpeICTaB-
JIEHA y HACTYIHi#l hopMi BXiTHUX JIAHUX, YMOB Ta
BUXIJIHUX JaHuX [2]:

Bxin ()
sk x € A, oy € B
Buxizn (y)

ne A, B - HediTKI MHOXKUHU, a T, Y € JIHTBiCTH-
IHUMU 3MIHHIMU.

BucuoBku

Cucremu TpUAHATTS pillleHb BiirparoTh BU-
3HAYAJbHYy PpOJIb B IIMUPOKOMY CHEKTPI ITPOMHU-
CJIOBUX, aKaJIEMiUHUX, JIEP?KABHUX Ta COIAJIbLHUAX
cdep. Omna 3 KIIOIOBUX XapaKTEPUCTUK [IAX CH-
CTeM II0JIATAE y 1XHi 3JaTHOCTI epeKTUBHO 00pO-
OasiTH BeJIMKi 0bcsaru iHdopMmariil 3a I0IOMOrO0
IIIPOKOTO JIiala30Hy MeTomoJoTiyHnx TexHik. [li
TEeXHIKU BKJIIOYAIOTh CTATUCTUYHUI aHaJ i3, aHAJI3
JaHUX, MaIllMHHE HABYaHHS, ONITUMI3aIli0, HeTiTKi
MHOXKUHM Ta 6araTo iHImmx.

Y cBiTiIl BuUIlleHaBEIEHOTO, WIPOLJEMa  PO3-
POOKH BUCOKOE(EKTUBHUX CUCTEM HPUWHATTS Pi-
IIIeHb, SIKi BiAmOBiTaan 6 morpedaM cydacHUX Op-
ragizariiit, € ocoOJIMBO aKTyaJbHOIO. ¥ IIiif crar-
Ti Oy/I0 PO3IVIAHYTO HAWHOBIIIN MeTOIu PO3pPob-
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KU IPOI'PAMHOI0 3a0e31eUeHHsI Ta 3alPOIIOHOBAHO
MIOTEHIITHY apXITeKTypy sl peais3alil cucteM
HPURHSTTS PIleHb, sika MOXKe OyTH ajalToBaHa
J0 MHAPOKOr0 CIEKTPA 33/1a4.

Bymno mpomaeMoHCTpOBaHO 3aCTOCYBaHHSA ITiET
apxXiTeKTypu Ha NPHUKJIAJI KOHKPETHOI CUCTEMU
HATPUMKHU IPUHHSATTS pillleHb, PO3POOJIEHOT ISt
JIarHOCTUKU MEJIMYHUX CTAHIB MAIli€HTIB.

JlomatkoBo, Oy/I0 POBIVISHYTO
[IOB’si3aHi 3 MOJICJIFOBAHHSM JAHUX Y BEJIMKOMAC-
mTabHuX 1HGOPMAIIHHIX cucTeMax, 30KpeMa 3
ypaxyBaHHSM crenudiku [peJMeTHOl 00JIacTi.
Bymo axienTtoBHO yBary Ha TOMYy, IO KUIBKICTHb

BUKJINKH,

Ta TUIX CYyTHOCTEH IpeaMeTHOl 06JIacTi MOXKYThb
3HAYHO BiAPI3HSATHUCS 3aJIe2KHO Bif crenmdiku 3a-
Jadi.

B ocuoswuiit wactuni crarti, 6ys10 BUCBiT/IEHO
psJT CydacHUX TEXHOJIOTIH, sIKi MalOTh MOTEHITia
MATPUMYBaTH BUMOTH JIO0 MacCIITabOBaHOCTi, Oe3-
MeKN 1 MMBUIKO/I1, HeOOXiaHI st epeKTUBHOI pea-
Jrizaril BeO3acTOCYHKa 3 3allPOIIOHOBAHOIO apxXiTe-
KTYPOIO

PozBuToK Ta y/10cKOHAJEHHS CUCTEM ITATPUM-
KN MPUAHATTS PillleHb He Jiuine 30iabIrye ede-
KTUBHICTH [MISJIBHOCTI OpraHizaliii, aJje TaKoXK
CTBOPIOE HOBI METOIM JJjisi CyTTEBOIO IIPOrPECY.
3HaYHa KUIBKICTb CYYaCHHUX IHIYCTpPIil yKe 3aje-
2KaTh BiJl BUKOPUCTAaHHS aHAJITUKY JIAHUX, III0 PO-
OuTH cHCTEMU MATPUMKH IPUWHSATTS PillleHb Ba-
2KJIUBUMU KOMIIOHEHTAMHU YCIIiXY, 3aCTyTOBYIOUOT0
MOJTAJILITIOTO BUBYEHHS.
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Y yiti pobomi docaidsiceno 2aycciscory asmopezpecito 6ueaady Xpi1 = nt1Xn + Whpe1 3 ne-
00HOPIOHUMY 6 “ACTE YEHMPOBAHUMU HOPMAALHO PO3Nodiserumu npupocmamu Wy i xoediyienmamu
CMUCKY Q. OMPUMAHO BEPTHIO MENCY OAL MAMEMAMUYHOR0 CNOJIBANHA EKCTOHENUITHO20 MOMEHMY
NePuL020 NOSEPHEHHA AAHUI02Y 6 KoMnakm [—c; c] ma eeprnio meorcy cnodisanns ynkuii koediuicrmie

CMUCKY 610 8Ka3aH020 MOMEHMY.

Karwuosi caosa: 2aycciecora asmopezpecia, neodnopionut aanuyoe Maprosa

In this paper we study Gaussian autoregression model of the form X,1+1 = an+1Xn + Wyi1. It has
time-inhomogeneous centered normal increments W,, and control ratios c.,. We obtained upper bounds
for expectation of exponential return time to the compact [—c;c| and for expectation of the function of

compressing ratios and the mentioned moment.

Key Words: Gaussian autoregression, Inhomogeneous Markov chain

Communicated by Prof. Moklyachuk M.P.

1 Introduction

Gaussian autoregression process is a base for
models with o wide range of practical use. Someti-
mes dynamic systems we study using this model
are not homogeneous in time. Instead of being
constant, some controls can fluctuate around the
known value. This makes it harder to establish the
bounds for the variables of interest, such as return
times.

In this paper we study Gaussian autoregressi-
on of the form Xp+1 = ant1Xn + Wiy1, where
(W) are centered and normally distributed. In our
case the controls fluctuate in the interval (0;1) wi-
th rare exceptions. We introduce computable upper
bounds for exponential return time to the compact
[—c; ] and provide three simple examples of its
use by applying numeric and random sequences as
(aun) controls or modifying (Wy,) with random vari-
ance.

2 Main result

Consider a  probability space (2, F,P) and
define on it a time-inhomogeneous Gaussian

autoregression process (Xp)n>o0, controlled by a

© O. Moskanova, 2023

sequence of compression ratios (o, = 0)pen :

Xnt1 = anp1Xp + Wi, (1)
N(0,02) are the independent
We denote their distribution
and density functions as ®, and ¢, respectively.
We also use the following notation: P}(A) is a
probability measure generated by (Xnix)k>0 and
E? is the corresponding expectation.

where W, ~
normal increments.

We aim to develop stability conditions for the
defined process. Our goal is to show that for certain
family of constants ¢ > 0 and for all x € R we
can bind the expectation EI [w;cl], where o =
inf{n > 1|X,, € C} is the first return time to the
set C' = [—c; c| and 1y, is dependent on «,,. Consi-
der the following theorem.

Theorem. Assume that the following condi-
tions hold:

1. Ezists o > 0 such that

(2)

o =supo,
neN

2. Exists € € (0;1) such that only a fini-
te number of (an)nen lies outside the half-open
interval (0;€].
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Define

o :Zkli[l(ak+1;6> ®)

Then for any constant ¢ > max{l, %} and for
all x € R and for alln > 0:

1—¢

oc

B [ysl] <1+ ol + (K— )ﬂc@s), )

where 5
o
K=—+1 5]
Vor )
Proof. We denote § = (1 —¢)/2. Then for all

an, € (0;¢€] holds o, + 6 < 1. Thus Vn

[ max{as +6,1} > 1 (6)
k=1

From (@ immediately follows that

> (H max{ay, + 9, 1}> (1—ap—0)" = oo (7)

n=1 \k=1

Next, we show that exists

G =supE} [W,[] <

n=0

(8)

Let us calculate the expectation in :

+oo

/O y®,(dy) =
1 +00 y2

= oo )y ver (o) =
1 +oo

270, /ﬁ a

1 oo
= N /0 exp (—t/o2) dt =
On

T Von

From the first condition of the theorem we obtain:

G =supEl} [W,ﬂ =

n=0

B On o

oo V2r V2w

Since and hold true, we can apply

Theorem 1 from [1] and get the desired boundary

for B [¢;2]: for any constant ¢ > max{1, K/d},
forallz e R, t >0 holds:

(10)

1—c¢

E7 [yrl] < 1+ 2] + (K - )Hc@:), (1)
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where C' = [—c;c] and K = %—i—l. O

We can go a bit further by setting a stricter
condition for (au,). Observe:

Corollary. Suppose 0 < & = sup{a,,} < 1.
Set ¢ = (#)_1, then for all x € R holds:

1—c¢

E" [470] < 1+ || + (K - )w) 12)

Proof. The setup of 1 obviously meets the condi-
tion of the Corollary 1 from [1):

n

Un = [Jax+08) <™. O

k=1

(13)

Let us now take a look on examples.

3 Examples

In this section we provide results of simulati-
ons to approve the Theorem statement. We
consider 3 examples. The code 1s available via
the link: hitps://github.com/gamble27/geometric-
recurrence-inhomogenous-gaussian-autoreqression

Example 1. Control by numeric
sequences. Consider first the simplest model,
where the control is maintained by clearly decreasi-
ng sequences of variances and compression ratios:

Xn+1 - an+1Xn + Wn+17

where Xog = —10, « = %H’ on = 27" From
our initial conditions we obtain e = 0 = %, hence
=167 > _1
c=167>4 (A +1)
We  generate  10% trajectories, whi-
ch  look like the one on image [I}
Markov chain trajectory, 50 steps
O-
-2 4
-4 4
(=4
x
61
8]
-10 T
0 10 20 30 40 50
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Markov chain trajectory up to the hitting of [-1.67;1.67]

1.00 125 150 175 2.00

n

0.60 0.‘25 0.;30 O.I75
Fig. 1: Single trajectory of the Markov chain
We would also like to take a look on distri-

bution of the first return time. See image ]

Distribution of the first return time to C

5000 -

4000 -

N observations
w
o
(=]
o

N
o
o
o

1000 1

0 1 2 3 2 5 6

t
Fig. 2: Distribution of the first return time of the
chain to the compact [—1;1]
Lastly, we would like to vary Xg values and see
how the exponential moment of first return would
act and compare it to the Corollary. In this case

weget:wzg, K:\/%—W—i—l and

L (4N 11
Ep(5) <l+ll+ N To(z)
s

Demo of Corollary

61 —— exp moment
——— upper bound

Fig. 3: Demonstration of the Corollary
As we can see on the picture the upper
bound works correctly: the horizontal azis T is a
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chosen starting point Xo, while the vertical azis
y are functions of the argument Xo - erponential
moment of the first return time to C and its upper
bound.
Ezample 2. Control with random variance.
We take the next step and introduce some
randomness in the model controls. In equation
we set compress ratios again as a sequence: qu, =
L and 0, ~ U[{5,3,1}]. We take ¢ = % and

n+1
o = 5. Let us choose c:

10
c=16>24( —=+1
<\/27r )

Markov chain trajectory, 100 steps

—104

—154

n

Markov chain trajectory up to the hitting of [-16;16]

—10 4

—12 4

Xn

—14 4

—-16

-18 4

OjO 0j2 0j4 0j6 0r8 er
Fig. 4: Single trajectory of the Markov chain
In the simulation we vary the staring point Xo
from 0 to 25; sample trajectories can be found on
picture (@ Then the Corollary holds again for
¢=3%and K = S0 +1:

B (;)UO <1+ el + <\}% - 3) To(z) (14)

We can clearly see it on the picture :
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Demo of Corollary

254 — exp moment
—— upper bound

20 A

151

101

X

Fig. 5: Demonstration of inequality
Ezxzample 3. Control with random compressi-
on. In this example we consider the random
coefficient autoregressive process (RCA), defined
in example 2.1.7 [2]:

Xn+1 = an—f—an + Wn—i—la

where oy, ~ U[0.1;0.9], 0, =1+ 0.03%5. Thus
we have constants 0 = 1.03 and € = 0.9. It gives

Uus
2.06
c=17220( — +1
<v2w >

Again we generate 10* trajectories to explore the
behavior of given Markov chain.

Markov chain trajectory, 100 steps

2,51
0.0 1
-2.51

=5.01

c -7.51
B3
—10.0 1
—12.5 A

—15.01

—17.5 A

n

Markov chain trajectory up to the hitting of [-17;17]

-10 4

—124

—14 1

Xn

—16

-18 4

0.0 0.2 0.4 0.6 0.8 1.0
n

Fig. 6: Single trajectory of the Markov chain
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We can clearly see that the return time to the
set C = [—17;17] is exponentially bounded. To
show that more explicitly, we generate a pool of
trajectories, which start at Xg = —19 and consi-
der the return time distribution. Let us take a look
on the time of the first return to set C = [—17;17].
For this, we run 10 trajectory simulations and fi-
gure out the first return time to C.

Distribution of the first return time to C

10000 A

8000 -

6000 A

N observations

4000 -

2000 -

2 3 4

t

Fig. 7: Distribution of the first return time of the
chain to the compact [—1; 1]

On picture (El) we can see the distribution of the
return time to C. Now we vary the starting poi-
nt Xg in simulation and show that Corollary holds
on the picture : on the horizontal axis we can
see the starting point and on vertical - exponenti-
al moment and its upper bound, just as it holds

theoretically. In this example to obtain ¢ = % and

K= \2/-% + 1. Then the following holds:

20\ 7¢ 206 19
E'( — <1 —+ — | I 15
H(%) <1l (224 ) o) 49

Demo of Corollary

254 — exp moment
——— upper bound

20 A

154

104

X

Fig. 8: Demonstration of inequality

4 Conclusion

In this paper we developed the upper bound for
time-inhomogeneous Gaussian autoregression in

104



Bicnux Kuiscvk020 HOYI0HAADHO20 YHIBEPCUMEMY Bulletin of Taras Shevchenko

imens Tapaca Illeswenra 2023, 1 National University of Kyiv
Cepia: $i3uKo-mamemamuiHi HAYKU Series: Physics & Mathematics
general and in o simplified form under stricter autoregression. In print, Modern Stochastics:
condition. We have shown that our results can be Theory and Applications, 2023

applied to simple models with known controls as

well as to their random variance and RCA extensi- 2. DOUC, R. et al.(2018) Markov Chains. Spri-

ons. However, developed bound is not very sharp, nger Nature Switzerland

except its value at 0.

3. MEYN, S.P., TWEEDIE, R.L.(1993) Markov
Chains and Stochastic Stability. Springer-
Verlag London Limited

References

1. GOLOMOZIY, V. (2023) On geometric

recurrence for time-inhomogeneous Haoviiwaa do pedronezii 08.04.2023

105



CYYACHA DI3UKA

106



107



BicHuk Kuiscbko2o HauioHanbHo20 yHisepcumemy 2023,1 Bulletin of Taras Shevchenko

imeni Tapaca LLlesayeHKa National University of Kyiv
Cepisa ¢pi3uko-mamemamuyHi HayKu Series Physics & Mathematics
YOK 537.6 https://doi.org/10.17721/1812-5409.2023/1.15
AHgpees B.O., k.cb.-M.H, gou,. V.O. Andreyev, PhD.
Po3paxyHok MarHiTHol CNpUATANBOCTI Calculation of the magnetic susceptibility of a
BUPOKEHOrO ifleanbHOro rasdy eneKkTpoHiB y degenerate ideal gas of electrons in the case
BUNaaKy aHizoTponHol epeKTUBHOI Macu of anisotropic effective mass
KuiBCbKMi HaLiOHaNbHUI YHIBEPCUTET IMEHi Taras Shevchenko National University of Kyiv,
Tapaca LLesuerka, 01601, m. Kuis, Byn. 01601, Kyiv, Volodymyrska st. 64/13.
Bonogumupcbka 64/13, e-mail: volodymyr.andreev@knu.ua
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PosensHymo ennue aHisomporii egbekKmueHoOi Macu Ha KOMIMOHEHMU meH3opa OiamazHimHoOI cripusmiueocmi
8UPODAXKEHO20 iDearlbHO20 2a3y efleKmpoHig npogidoHocmi y kpucmasax. ObpaxosaHO 3arnexHicmb Uux KOMIOHeEHmM 8id
opieHmauii Ma2HimHo20 osisi 8iIOHOCHO KpucmanidHux suceli. OmpumaHi pe3ynbmamu MoxXymb 6ymu gukopucmaHi 0ns
8idokpeMreHHs QiamagHImHOI cripusimaueocmi efleKmpoHig rpogidHocmi 8id cripusmnusocmeli 06yMo8IeHUX IHWUMU
MexaHiamamu.

Knroyosi crniosa: ideanbHuli 2a3 e/IeKMpPOHIi8, MazHimHa cripusmiusicms, e¢hekmueHa maca.

Dependence of the diamagnetic susceptibility of a degenerate ideal gas of electrons on the orientation of the magnetic
field strength vector relative to the crystal axes, which is due to the anisotropy of the effective mass of electrons is
considered. The presence of a diamagnetic susceptibility of a degenerate ideal gas of electrons is one of the fundamental
results of the application of quantum mechanics and statistical physics to the description of magnetic phenomena. For an
ideal gas of electrons in vacuum, the magnetic susceptibility has diamagnetic and paramagnetic components, the origin of
which is due to different mechanisms. At low values of the magnetic field strength and high temperatures, their values are
proportional to each other. Since the total value of the susceptibility is measured, it is impossible to separate them.
Moreover, when measuring the magnetic susceptibility of a crystal, the contribution of conduction electrons cannot be
separated from the contributions of the electrons of atoms, unless some features of the behavior of the magnetic
susceptibility of conduction electrons are known. In this article, the calculation of the angular dependence of the effective
mass of electrons due to the anisotropy is carried out. The angular dependence of the diamagnetic susceptibility is
calculated for the practically important case when the distances between the nearest magnetic levels are small compared
to the temperature. It is shown that the angular dependence of the diamagnetic susceptibility coincides with the angular
dependence of the cyclotron mass squared, which can be determined from independent cyclotron resonance experiments.
It is proposed to use the results obtained to separate the diamagnetic susceptibility of conduction electrons from
susceptibilities due to other mechanisms.

Key words: ideal electron gas, magnetic susceptibility, effective mass.

CrartTio npencrtasmB 4.d0.-M.H., npod. Makapeub M.B.

BNACTUBOCTI, Hanpuknag, 1 3anexHiCTb Bifg
1. Bcetyn OpieHTaUil 30BHILHLOrO MarHiTHOro nons, ska
BMBYAETLCA B Ui poboTi.
Ak 6yno nokasaHo JlaHgay, y 30BHILLHbOMY

MarHiTHOMy MO BWHMKAE KBaHTyBaHHA oOpOoIT 2. Onuc mopgeni
enektpoHiB [3]. Lle kBaHTyBaHHS npuBoauTb OO
nosien diamarHeTusmy ineanbHoro rasy [N nNpoBedeHHs  pO3paxyHKB  MarHiTHOI

€rleKTPOHIB, AKUA HeMOXHa onucatnm y Mexax

KNACHUHOT cianku [4]. CNPUSITIIMBOCTI MOTPIGHO 3HATU CMEKTP eHeprii

MpaKTUUHO BAXAMBIM NPUKMAZoM CUCTEMM A €rNeKTPOHy NPOBIOHOCTI, SAKUA PO3rNsfaeTbcsa y
MOXHa crocTepiraT edekTu, Mos’'AsaHi 3 HabnvxeHHi edektnsHoi mMacu [1, 3], mpuyiomy
diamarHeTuamom JlaHpay, € ra3 enekTpoHiB YacTo BBaXarwTb, WO 33 BiACYTHOCTi MarHiTHOro
MpoBiAHOCTI  y ~ MeTanax Ta  BUPOMKEHNX MOMsi  3anexHiCTb EeHeprii  enekTpoHa  BiA
HaniBNPOBIgHMKaX, B AKAX NPW BENMNKUX 3HAYEHHAX XBULOBOIO BEKTOpY, y KBAZPaTUIHOMY

HaMpPy>XeHOCTi MarHiTHOro nomns Ta HU3bKUX
Temnepartypax, KBaHTyBaHHSA OpOIT €eneKkTpoHiB
npuBOANTb ao ocumnALin MarHiTHol

HabnWXeHHi, Mae BUrNaa;

CnpuaATnMBOCTI. B iHWKUX BMNagkax AdiamarHeTusm e(k) = hzka 1)
JlaHoay Ha ekcnepuMeHTi MacKyeTbCs BHecKamu o Zm}"
CMPUATANBOCTEN, 06yMOBEHNX iHLLIMK JmayE

mMexaHiamamu.  Tomy, wWwob BiJJOKpPEMUTN .

OiamarHiTHy CAPUATINBICTb Ilanpay BiO Ag m;- KOMHOH_eHTM Tel-.|30pa ecbelefBHa Macg
CNPUSTINBOCTEN, 06yMOBREHNX iHWUMM ENEKTPOHY, 5kl ToAaHl 'y  BnacHin - cncTemi
MexaHiaMaMu BaXMBO 3HATW 1 cneumdivHi KOOPAVHAT, 3B A3aHOI 3 BUCAMUW KpucTany.

© Angpees B.O., 2023
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3 pospaxyHkiB [1], BUNnuBae, Npu HasiBHOCTI
MarHiTHoro nongd piBHi eHeprii enekTpoHa Yy
BUMNaZKy  aHi30TporHOI  edeKTUBHOI  Macu
ONUCYIOTLCH CMIBBIAHOLLEHHSIM, sike Mae BUMNAg
NnodioHMiA [0 BUMAgKy BINMbHUX ENEKTPOHIB Y
BaKkyyMi:

2 2
H

hk
s(kHlnlM) = 2m

1
+ hwsM + hw, (n + E)' (2)

H

ae n=0,12,.. - iHgekc piBHA JlaHpay, k, —
MPOEeKLis XBUIbOBOrO BekTopy, a M =+1/2 —
3HaYeHHs NpoeKUil CriHy enekTPoHY Ha HanpsIMOK
BEKTOPY HanpyxeHocTi MarHitHoro nons H , H —
BENnMYMHa UbOro BEKTOpY, my, — BigNoBigHa
KOMMOHEHTa TEH30py eheKTUBHOI Macu

o =2l 3
YacToTa, NoB’A3aHa 3 PO3YErneHHAM ChiHOBUX
piBHIB eHeprii
EMeKTPOHY,
elH
w0 = oo, @

UMKMOTPOHHa 4actoTa. B ocTaHHix dopmynax
eTtam, — 3apa4 Ta Maca ernekTpoHy, a mc-
LMKNOTPOHHA Maca, sika y Mexax AdaHoi mogeni
OMUCYETLCS BUPA3oM

1
2 2 2 \"2
nj n; ns
mc(n) = % P + P ) (5)
m;mz; mMms;m; mm,
B sikOMy n; — npoekuii Bektopy m = H/H Ha

HaNpPsIMKM BMaCHUX BEKTOPIB TEH30pY ePEeKTUBHOI
macwm.

3ayBaXXMMO TaKOX, LLO ANS BifTbHUX €NTEKTPOHIB
y BakyyMi, m; =m, i HESKOI KyTOBOI 3asIeXHOCTi
LMKNOTPOHHOI 4acToT! HEMAE.

3rigHo po pesynbtaTie [1] piBHi JlaHgay €
BUPOKEHMMMU 3i CTYMEHIO BUPOMKEHHS sika He
3anexuTb Bif 3HA4YEeHHA KBAHTOBOrO yucna n i

onucyeTbCsa hopmyrior

_mc(n)
© 2mh @eS, ®)
ge S — nnowa CUCTeMU Yy HanpsMKy

nepnenankynspHomy o H.
3. Po3paxyHOK MarHiTHOI CNIpUUHATNMBOCTI

[na aHanisy BnacTuBOCTeW igeanbHOro rasy
®epmioHiB  3BMYAHO BUKOPUCTOBYIOTH BEJTUKWN
KaHoHi4YHMIM poanogin N66ca [1]. Mpu upbomy BUpas
AN BENUKOro noTeHLiany mae Burmsg

QT V,u,H) = —%Z In(e~FEr—w),  (7)
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Ae u - XiMiyHuiA noteHuian, B = 1/kgT, &, — eHepris
CTaHi, AKNA HyMepyeTbCA iHOEeKcoMm
r . Y BUNaAKy, SKUA po3rnagaeTbes B Uik poborTi, &,
ONUCYETLCHA BUPA3OM (2), TOMY BENUKWI NOTEHLjan
3anexunTb Bif HanpyXeHOCTi MarHiTHoro nons. 3
TepMoAnHaMIKkun BiJOMO, LLO

0
aQ(TIVIM'H) = _N(T)V)M‘H)‘ (8)

d
a_H-Q(T;V;,u;H) = —M(T,V,,Ll,H), (9)

ne N ta M — KinbKiCTb 4aCTMHOK Ta MarHiTHUN

MOMEHT rasy, 3 Bupasy 451 SKOro i BU3Ha4YaeTbCA

MarHiTHa CnpUUHATAMBICTL ¥ = M/VH.
3ayBaxunmo, Lo KiHLEBi pe3ynbTati HeobXigHO

nogatn 4epes KOHTPONbOBaHi Ha €KCNEPUMEHTI
napameTtpu cuctemu (T,V,N,H). [Ona uboro
BMKOPUCTOBYIOTb BUPA3 AN1s BiNbHOI eHeprii

F =Nu(T,V,N,H) +Q(T,V,u(T,V,N,H),H), (10)

Ockinbku
N2 +a.(2(TV H)a =0 (11)
ot TN G T
TO
M(T,V,N,H) = M(T,V,u(T,V,N,H),H). (12)

To6T0, MarHiTHUA MOMEHT Yy 3MiHHUX (T,V, N, H)
oTpumMyeTbecst 3 Bupasy ans M(T,V,u,H) , sKui
obuncnioeTbca 3 piBHAHHA (9), nigCTaHOBKOM
xiMmiyHoro noteHuiany wu(T,V,N,H) , Skuii HesIBHO
3afaHun piBHAHHAM (8) npu hikCcoBaHiIN KiNbKOCTI
YacTUHOK N.

3 BUrMSAAYy CnekTpy eHeprii (2) BunnuBae, LwWo
BENUKMIM NoTeHUian MoXHa nogatu y Burnagi

[ee]

ATV, H) = nZoF (n + %) (13)
ae
F(x) =— h

22> = hogM = hox),  (14)
M

kg’

fo) = —%f In (1 + e_ﬁ< 2my 'y>> dky , (15)

Hexan 3HayeHHsx H i T Taki, Wwo fhws K 1 Ta
Bhw, < 1,afu> 1. TobTo, BENUUMHA XiMIYHOIO
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noTeHuiany € BEMUKOW | ras3 enekTpoHiB
NPOBIOHOCTI € BUPOIPKEHUM .

3a umx ymoB F(x) Mano 3MiHIETLCS, Mpu
3MiHax aprymMeHTy Ha oguHuul i ans
nigcymyBaHHs 'y opmyni (13) 3acTocoBYOTb
dopmyny Einepa-MaknopeHa [4,6] y Burnsgi

ZF(n+%)zf F(x)dx+%(Z—F> . as)

OGuMCNEHHS BEMWYMH, SKi BXOAATb Y npa.y
YacTuHy Bupasy (16) fae

fowF(x)dx - _ h;"c; ff(u — hwM — hw,x)dx

u-hws,M

=32, | o

- [row 2012

17)

(dx)xo ﬁwoZ( Jlu = heoht = hwox)>

M x=0

_ (hwo)z af(# - hwsM)

) Z du

~ —2(ha, 2 LW af(pt)
au
(18)
Ockinbkun

[ roray = 0.0, (19)

TO 3 hopmynu (19) Bunnmeae, LWo

2

4] 0
f(ﬂ) —Q(T V1, 0) = __MN(T V, 1, 0), (20).

Mpu ubomy

(T, V,u,H) = Q(T,V,u,0)
2

(21)
a [ONs MarHiTHOro MOMEHTy rasy crpaBeanvee

PiBHSIHHS
2

M(T,V,u, H) =

Takmm 4YnHom,

9 Ny 0)6( ! )(22)
4ou R G 3%
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- (eh) )=zt 23)
X =3\¢ m2 Bmg = Xp T Xp:

Mepwa vactuHa B BMpasi (23) onucye
napamMarHiTHy CnpusaTAMBICTb  (NapamMarHeTusm
Mayni), ska He 3anexuTb Big opieHTauii H a gpyra
BiAnoBsifgae AiamarHiTHii cknagosin JlaHaay.

H fla}c 2 .
3 TOYHICTIO A0 BENUYMH nopAnkKy P |
F
kpT 2
(8—) MOXXHa MOoKIacTun
F

,u(TiViNiH)Z,U(OJV;N;O)ZEF! (24)

he g — eHepria ®epmi razy eneKkTpoHiB
nposigHocTi Npy H = 0, Aka onucyeTbes
BMpasoMm

3
3N \2 R2
- 2
& <8nV> 2(mmymy) /3’ (25)

Takum  yuHom, 3 dhopmyn (5),(22),(25)
BUNNMBaE, WO Yy  BUNaAKy  aHi30TPOmnHol
edeKkTMBHOI Macu fiamarHiTHa CnpUMHATAUBICTb
BUPOKEHOro  igeanbHOro rasy  €ereKkTpOHiB
onucyeTbcsa hopMyInoto

2N reh\* [ n? n2 n2
= - = 26
2 3Veg <3c> <m§m§ * mazm; * mim; ,(26)

4. BUCHOBKM

Y Hacnigok aHi3oTponii eeKkTMBHOI Macu, xp
3aneXnTb Bif HanpsMKy, SKUA YTBOPHE BEKTOP
Hamnpy>XeHOCTi  MarHiTHoro nonsi 3  BUCSMU
kpuctany. KytoBa 3anexHictb y,(n) noes’sisaHa 3
KyTOBOI 3anexHICTI0 LMKITOTPOHHOI MacK (5), gka
3BUYanHO BUMIPHOETBLCA 3a J10MOMOro
LUUKITOTPOHHOTO PE30HAHCYy 3 METO OTPUMMaHHSA
3Ha4YeHb KOMMOHEHT TeH30py edheKTMBHOI MacK [5].
Takmm 4YMHOM, nNpU MOPIBHAHHI  pe3ynbTaTiB
BUMIPIOBAHHA  MarHiTHOI  CMIPUWHATIMBOCTI 3
pesynbTaTtaMmy LMKIIOTPOHHOIO pe30HaHCy MOXHa
BUAINUTY diaMarHiTHy CnpunHATIKBICTL JlaHaay Ha
OHi HWKMX MexaHi3MiB, fKi [OalTb BHECOK Y
MarHiTHy CNpUMHATNMBICTL MeTany.
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lMpoaHanizogaHo pe3ynbmamu po3paxyHKy MOMeHmI8, UeHmparbHUX MOMeHmis, KyMynsHmie ma napamempie QyHKUii
po3rnodiny ny4yka ioHie iMrnnaHmosaHux y meepde mino. [nsa aHanidy eiOMiHHocmel MiXX pe3ynbmamamu Modesito8aHHs
uboeo rnpouecy memodom MoHme-Kapno, skull wupoKo eukopucmosyembscsi Onsi MPakmuy4yHO 8axrueux MiweHel, ma
pe3ynbmamamu po3e’si3Ky iHmezpodugepeHuiaribHUX PigHsIHb, SIKi (1020 OMUCYIOMb aHanimu4YHO, PO32rsHymo eunadok
0Cb080I cuMempii rMy4Ka ioHie, KOflu 8Ci MOMeHMU HerapHoe20 ropsiOKy o rnonepeyHit dekapmosili KoopduHami pieHi HyJo
8 cuny cumempii 3adaui. [MokazaHo, W0 ui X cami MOMeHmu, ompumaHi Memodom MoHme-Kapno noeinbHo crnadaroms 00
Hyns1 i3 36inbWeHHSIM KinbKocmi ioHie, siK i nepedbayacmbCsi cmamucmuKoro, i 3aiuwaromecs npubiu3Ho cmanumu.

Knro4osi criosa: MmomeHmu po3rnodiny, eHepeemuyHi ioHU, meepde miro, Memod MoHme-Kapno.

Calculations results of the moments, central moments, cumulants and parameters of the distribution function of a beam
of ions implanted in a solid body were analyzed. To analyze the differences between the results of modeling this process by
the Monte Carlo method, which is widely used for practically important targets, and the results of the solution of the
corresponding integrodifferential equations that describe ions distribution analytically, in the simple case of axial symmetry of
the ion beam, when all moments of odd order along the transverse Cartesian coordinate is considered equal to zero due to
the symmetry of the problem. It is shown that the same moments obtained by the Monte Carlo method is not exactly equal to
zero, but slowly decrease with an increase in the number of ions, as predicted by statistics, and then remain approximately
constant. Increasing the number of ions for Monte Carlo simulation reduces the statistical component of this error, but does
not affect on the component arising from the application of a simplified model of ion-atom collisions.

Key words: moments of distribution, energetical ions, solid body, Monte Carlo method.

CrartTio npeactasmB A.d.-M.H., npod. Makapeub M. B.

1. Bcetyn Y MOAenNtoBaHHi NPOHUKHEHHSA iOHa Yy MilleHb
MeTtoaom MoHTe-Kapno posirpytoTbCa BMNaAKOBI
DyHKUIT po3noginy BigirpaloTe BaXMBY posb Y YMOBW 3iTKHEHHS iOHa i3 aTOMOM MilleHi, 30Kpema,
CTaTUCTUYHIM di3nui [1] K ANSA KNAacMYHKUX Tak i 4ns npuuinbHa BIiACTaHb | B3aEMHE MOJSIOXKEHHS LMX
CTaTUCTMYHUX cucTeMm. [Na HU3KWM NpUKNagHnx napTHepiB BcepeauHi miweHi [3, 4]. icnsa kKoxHOT
3aJa4 BOHM 3anualTbCs HEBIOOMMMMU, OCKINbKU noaii eHepris ioHa 3MEHLWYETbLCA 3anexHo Big 1T
dopmyloTbCA  Mpouecamn, ki TepmanisyloTb YMOB i Micns OOCArHEHHA HWUM eHeprii nopsaaky
NEepPBUHHO HEPIBHOBAXHY CUCTEMY. KinbKOX aecaTkiB eB ioH BBaXxaeTbCa HEpyxoMum, a
B poboTi po3rnsiHyTO NpOCTOPOBUN PO3MNOAin MOro TpaekTopis 3anam’aToByeTbCs. AKLWO BMOBipka
LWBMOKUX IOHIB, $IKi MPOHUKaK4W y TBepAae Tino iOHIB OCTATHBLO BenuKka — OeCATKM | COTHI TUCAY, TO
BTpa4valoTb EHeprilo i 3YNUHAITLCA. FAKWO MYy4oK ToOi MOXHa nobyaysatu rictorpamu - yHKUIT
€HepreTUYHMX IOHIB, SKi CTapTylOTb B i30TPOMHIN NPOCTOPOBOro PO3MNOAiNy ioHIB y TBepAOMY Tini, 3a
HECKiHYEeHHin MilueHi Mae OCbOBY CUMETPID, TO i X AKUMW  MOXHa 3HaWTU 1I MOMEHTW, UEHTpasnbHi
po3nogin nicns 3ynMHKM MaTUMe L0 K CUMETPpIlo, a MOMEHTU, KYMYISHTU | napameTpu (CKICHOCTI,
NOro NpoCTOPOBi MOMEHTM HenapHOro MNOpsaaKy Mo ekcuecn i T1.4.). Tpu UbOMY OYIKYeTbCS, LLIO
nonepeYHin aekapToBi koopauHaTti OyayTb piBHI NPOCTOPOBI MOMEHTM HeMapHOro nopsagky Mo
Hynto. Hanpuknag, sKWwo ioHWM CTapTyloTb B340BX nonepeYHin OekapToBi KOOPAMHATI MOBMHHI OyTK
oci Oz, TO iX NO3A0BXHiV Npobir Oyae BiAMIHHUN Big ManuMu i npamyBaTuM OO0 Hyns npu 30iNbLUEHHI
Hynsl, ane nonepeyYHi BigXuneHHst B3gox ocen Ox BMOOPKY.

Ta Oy 6yoyte piBHMMM Hynio. Llen ouveBmaHwui

pesynbTaTt 4aloTb i PIBHAHHS ANS MOMEHTIB [2].
3apgava uiei poboTu 3’'acyBaTu K BUKOHYETHCS
LS yMoBa i SKYy TOYHICTb MaloTb BULLi napameTpu
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dyHKUIT posnoginy oTpumaHi metogom MoHTe-

Kapno.
2. OCHOBHi piBHAAHHA | NPUNYLWEHHSA

lMpocTopoBuin po3noain ioHiB, iMNNaHTOBaHUX Y
TBepae Tino, 3a0a€eTbCs PiBHAHHAM [2]:

NG, B) - j TXTH(*' Bt 2222

0 Ty 0 o,
ne ITI(¥,E) — dyHKUia npocTopoBOro posnoginy
iOHIB Yy TouUi 7, sKi cTapTyBanu 3 eHeprieio FE
B3OOBXK k 3 noyaTtky KoopAauHar, F’z/](?—lzl) -
KoopauMHata TOYKM 3YNUHKWM (iOHA Yy CuUCTeMi
KOOpAMHAT, 3MiLLEeHi Ha BEKTOP ki BiJHOCHO TOYKM

CTapTy i NOBEPHYTI Ha KyTn ¢ Haskono oci Oz i @
Oy, ,21(6?,(p) — MaTpuus  LmXx
nosopotis, do,(E-T,,T,) — AndepeHuianbHui

(1)

HaBKOIO  OCi

repepia NPY>XHOro po3cisiHHA ioHa 3 eHeprieo £ —T,
Ha aToMi MillleHi, y AKoMy BiH BTpavae eHepriio 7, ,
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Bu3HaveHHs T1(#,FE)

YaCTUHHWX BUMAAKIB.

Mpote i3 (1) MOXHa oTpUMaTU PIBHSAHHA ANS
MOMEHTIB OYHKUii po3nofiny, a TakoX Pi3HMX iX
KOMGiHaUi: UeHTpanbHUX MOMEHTIB, KyMYNSHTIB,
napamMmeTpiB, 30KpeMa CKiCHOCTel i ekcueciB. OKpim
LbOro MOAENoBaHHA pyXy ioHa y TBepaomy Tini
BOAETbCA nposecTn metogom MoHTe-Kapno, akui
[a€e BCIO TPAEKTOpPilD iOHa [0 MOro 3yMnUHKM Y
TBEPAOMY Tifi.

O6bugBa Ui AOBa nigxoau MaloTb BaXnuse
NpakTU4HEe 3HAYeHHH, OCKINbKW OalTb OOCTATHBO

nposefeHi nuwe gns

TOYHI BENWUYUH, AKi BUMIPIOIOTLCA Ha eKCNEePUMEHTI
i ski MalTb NpOCTy iHTepnpetauito. A came:
po3noAin 3ynUHEHWX I(OHIB CepefHiX eHeprin

(NpnbnunsHo BiO AecaTkiB 4O COTeHb keB) bnunsbkuin
0O raycoBOro, a MWOro HeBenuki BigXWNEeHHs
3aalTbCS CKICHICTIO Ta eKCLECOoM.

Micna Hu3km nepetBopeHb (1) y [3-5] Gynm
OTPUMaHI PIBHAHHA ONS KYMYMsSHTIB 4O WOCTOro
nopsaaKy BKMOYHO. TyT HaBedeHO Kifnbka nepLumx,
HaNMEHLL TPOMI3OKMX PIiBHAHb ONS TakK 3BaHUX

apsaukymynsHTiB 1-3-ro nopsaky (&), sk e

a T — BTpaTW eHeprii ioHa y HenepepBHNX TakuMm 'J'IiHiI;IHI/IX kombiHauiamMn  TpaamuinHMX
3ITKHEHHSX 3 ENEKTPOHHUM ra3oM Ha wnaxy [/ go KYMYnsAHTIB, 1o MepETBOPIOIOTE cneremy
p_ y oA iHTerpanbHMX PIBHSAHb Y TX NTAHLIIOXOK:
MepLIOro NPYXHOrO 3iTKHEHHS.
AHaniTM4YHMM po3B’a30K (1) He BAAETbCA 3HANTMN,
a Kinbka cnpob MOro 4MCNoBOro iHTErpyBaHHS i
7 1E B
Zoi Zm__J'O__{lm }dle,
4 yoy 0t
Yo = Xpn | 0 0 }2(’)12 _Zél 17 0 2
== ——\0,— dr="2—20 4+ — |6, — iy P +2A 7, P idr,
il 7.([ Py {Zoz } il 7/.([ "GT{ZOI >+ 24 X0 1}
X2 _}52,0 1 T . 0 /?(;12 Z(?l 1 T . 0 "2 "
=== —-——|0,— dr= +— — +2 Pidr,
A 7,([ " o7 {Zzo} il 7/_([ "ar {7501 A X0 1}
oz~ Xos _lyj' & i{lm }dr _ }501 Zgl +3 X0 X0 =3 XpXo "
A vy ot 4
e’ 2)
1% 8 ) (
+;J‘O- a_{Zm (101 +3l )P +3(Z()1 +102)Z'1Pz +3;{01/112})1}d2-’
0

PiBHSHHSA (2) iHTerpanbHi, HeogHOPIAHI, a Npaea
YacTMHa KOXHOrO i3 HMX, MoYMHaK4u i3 gpyroro,
BUPaXKaETbCA Yepe3 pPO3B A3KM MonepegHix, ToMmy
BOHW YTBOPIOIOTb HE CUCTEMY, @ NTAHLIKOXKOK PiBHSIHb,
Yy SIKOMY HaCTyMHe pPIBHSHHSA PO3B’A3yeTbCA Micns
po3B’A3Ky BCix nonepeaHix. lNepwwnin gogaHok y ix
niBux yactuHax npu [ — 0 (HeckiH4eHHO Manui
Npo6ir Mk NPY>XHUMM 3ITKHEHHAMM) A€ NOXigHY Bif

ep3aLikymynsiHTa y,, (&) no 6e3poamipHir eHeprii &

[3].
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JTaHUIOKOK aHamnoriYHUX piBHAHb ANS NepLinx
15-1 ep3aukymynaHTiB Mo 6-Mi NOPALOK BKIIOYHO,
YTBOPEHUX i3 MPOCTOPOBMX MOMEHTIB (ix 83),
pO3B’'sI3yBaBCSA 4YMUCENbHO, a i3 3aranbHOBIOOMUX
BMpaasiB [7], 3Haxogunm MomMeHTn dyHKLUIT posnoginy
Ta 1i mapameTpu: CKICHOCTI i ekcuecu A0 Opyroro
nopsiaKy, Ak onucaHo y [5, 6]. Ockinbku (2) oTpumaHi
Ona  OCbOBOI CUMETpIi Myyka, TO MPOCTOPOBI
MOMEHTU HenapHi Mo nonepeyYHin [aeKapToBin
KOOpAMHATI TOTOXHO piBHI Hynto. [Ns BM3HaAYeHHS
TOYHOCTI  3HaWAEHWX  PO3B’'A3KIB  3MiHIOBanNu
napamMmeTpu YNCernbHOI CXeMU, HanpUKag KinbKiCTb
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T By3niB, | LWyKanu PpPisHALIO  OTPUMaHUX

pesynbTatiB. byno BcTaHOBNEHO, WO BigHOCHE
BigXuneHHs Oyno He BuLle 4eTBEPTOro MOPSAKY
ManocTi. Ha nigcrasi Luux OLUiHOK BBa)kanu, Lo came
pesynbTaTM pPO3B'A3KY faHUloXKa PiBHSAHb (2)

MOXHa  BMKOpMCTaTM ANA  OUIHKM  TOYHOCTI
pesynbTatis  MoAentoBaHHA MeTogoM  MoHTe-
Kapno.

B metoai MoHTte-Kapno [4] BMKOPUCTOBYETHLCA
HU3ka @i3nyHMX HabnwxeHb [3] ons onucy ABOX
MEXaHi3MiB  CMOBINbHEHHA  LWBMAKMX iOHIB Yy
TBEPOOMY Tifli, a came: a) y eneKTpOHHOMY rasi
MilLleHi iOH ranbMyeTbCA HenepepBHO, BTpayae
€Heprito i He 3MiHIOE Hanpsm pyxy; 6) 3 aTOMHUMK
aApamMu  BiH BUNAAKOBO CTUKAETLCA MPYXKHO i
OnM3bKO, 3MIHIOE HaNpsiM pyxy i nepegae 4yacTuHy
eHeprii atoMHOMy sApy; B) Ha wnaxy [ Mix
NPYKHUMMW 3ITKHEHHAMW iOH NWLWE FanbMyeTbCH B

enekTpoHHoMy Trasi. Ui >k cami npunyweHHs
NPUAHATI | NP BUBEAEHHI PiBHSHDb (2).
Cawme BUMNAgKOBI NPYXHi 3iITKHEHHS

MogentoTeca MetogoMm MoHTe-Kapro, y skomy
3a4alTbCs TPU BUNAAKOBI BEMUYUHK: a) NpULiNbHA
BiACTaHb 3iTKHEHHS1 (BOHA Ma€E BEPXHID MEeXy —
MiXKaTOMHY BiACTaHb Yy MiweHi); 6) ABa KyTu
opieHTaUil nigniTHOT BITKM TpaeKTopil ioHa BiAHOCHO
NonoXeHHs atoma Yy TBepgomy Tini. [licns
BUMAOKOBOroO 3adaHHA UMX TpbOX MnapameTpis,
TpaeKkTopis iOHa PO3pPaxoBYETLCSA SK Y 3adadi ABOX
TiN i BB@Xa€ETbCS, WO iOH NicNa 3iTKHEHHS PyXaeTbCs
no acuMNTOTi uiel 3agadi 3 BiOMUM HaNpPAMOM.
BapTo nigkpecnuntn, WO CrnpoweHuin po3rnsag ioH-
aTOMHUX  3iTKHEHb MOXe OyTM  MNPUYMHOI0
BUHUKHEHHSA ~ CUCTEMATUYHUX  MOMWUIIOK,  SKi
CnoTBOpATbL  hisnyHMM  pesynbTat. 3okpema,
NpUnyLLEeHHs, LWo IOH BigQiNgeTbCs Big aTtoma
B30OBX acUMMMTOTU PO3CisHHA, nepegbadae, WO
BiACTaHb MiXX HMMW BXe A0CTaTHbO Benuka, i ix
B3aEMOZIE€I0 MOXHa 3HexTyBaTu. Ane us BiacTaHb
MOX€e MepeBULLlyBaTM MiXaTOMHYy, ocobnmBo npu
3iTKHEHHSIX KONMW MpuuinbHa BigcTaHb Grv3bka Oo
MibKaTOMHOI. TOMy Le NpunyLeHHs 3aBuLLyE KyT
PO3CisiHHA iOHa Ha aTomi i pobuTb po3nogin GinbLu
WMPOKUM. |HWA noMuiKa Mae CTaTUCTUYHE
NOXOPKEHHSA, 60 3anexuTb Big BENUYMHU BUOOPKM
N, T06TO Bif KiNbKOCTI po3irpaHux TpaekTopin. 3
Teopii “moBipHOCTen [8] BigOMO, WO cTaTUCTU4HE
BiOXWMNEHHS pe3ynbTaTiB MoAentoBaHHA Big iX
cepeHix 3HayeHb npu N — oo, cnagae sik l/ﬁ,
TOMYy MOXYTb MaTWU BifHOCHE 3HAYEeHHSs MopPsAKY
Kinbkox npouenTiB npu N <10000 . Ane i TOYHIiCTb
eKCNepuMeEHTanbHMX OaHMX TaKOX Mae Takum Xe

NnopsiAoK, TOMY 4511 MOAENOBaHHA NOTpibHO 6GpaTn
[OCTaTHbO BEMMKY KiSTbKICTb iOHIB.

3. MNopiBHAHHA pe3ynbTaTiB pPo3paxyHKy Ta
MOAEeNnoBaHHA.
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B po6oTi 6ynu npoBeaeHi po3paxyHKu MOMEHTIB
NPOCTOPOBOro poO3Mo4iny 3yNUHEeHUX I(oHIB Ans
KoMbiHaLUin iOH-MilleHb i3 BigHOWEHHAMM iX Mac

pisHummu: 1) 4= M,/M, ~6.53%107 gna COW -
Nerkvn ioH i Baxkni atom MmiweHi; 2) x4 ~1.07 gns

As—>Ga — cniBpo3MipHi Macu ioHa i aToma MilueHi; 3)
1=591 pgna Er>Si — Baxkuii ioH i nerkuii atom
MiLLIEHi.

MoTim nopiBHIOBaNu mMixk co60t0 pesynbTaTn Lmx
pO3paxyHKiB OTPMMaHi YNCITIOBUM METOAOM i3 (2) Ta
npu mogentoBaHHi metogom MoHTe-Kapsno 40 tucay
TPaEKTOPIMN.

B nepwy 4epry aHanizyBanu Ti MOMEHTW, SKi
NOTEHUINHO PIiBHI HYMO B CWUMY OCbOBOI CUMETPIl
3afavi, OCKiNbkM npu MOAEMNBaHHA BOHU BCi
BUSIBNSAOTHCS BiAMIHHUMU Bif, HYNS.

Hac uikaBnno nutaHHA K WBKUAKO Li MOMEHTH
cnafjalTb A0 Hyns i3 poOCTOM KifbKOCTi iOHIB Yy
BMOipui. [na uboro i3 NoBHOI BMOBIPKM TPAEKTOPIN
ioHa Gpanu meHwWwi BUGipkK, 3okpema no 1-inino 10
TUCAY IOHIB | po3paxoByBanuM BCi MOMEHTU iX
posnoginy. Buasunocs, wo 3i 36inbleHHAM BUGIpKM
y 4 i y 36 pasiB, 3Ha4eHHSA MOTEHUINHO HYNbOBUX
MOMEHTIB cnagarTb 3a BENIMYUHOI, SK | NOBUHHO
OyTK 3rigHO 3aKOHIB CTaTUCTUKU. [1poTe 3MEHLLEHHS
obepHeHO nponopuiiHe KBagpaTHOMY KOPEHKo i3
yucra ioHiB, SKWO NPUNYCTUTKU, O BUNAOKOBI
BIOXMMNEHHS Big HyNs MaloTb Many CKrnagosy, WO He
3anexuTb Bif KiNbKOCTI iOHIB Y BUBIpL,.

OgpHielo i3 NpUYMH NOSIBU Takoro AOOaHKy, Ha
Hawy AyMKY MOXe 6YTU BUKOPUCTaHHSA HabMVKeHHS
napHUX  3iTKHEHb MNPW  MOAEMNBaHHI,  KOnu
BBa)KaA€TbCHA, LIO iOH i artoM MilleHi Ao i nicnsa
3ITKHEHHS pyXaloTbCs MO acuMMTOTax 3ajadi gBOX
Tin. Lle BigpisHA€eTbCA Big AIMCHOT TpaeKTopil ioHa y
TBEPAOMY Tifi, Oe aToMW MileHi pPOo3MilLeHi
HaACTINbKN LWINbHO, WO BWXi4 iOHa Ha acMMNTOTY
nicnsi NepLloro 3iTKHEHHs We He BiabyBaeTbCca A0
noyaTKy HacCTymHOro 3iTkHeHHs. ToGTo napHicTb
3iTKHEeHb nopyLyeTbes. Lie noBuHHO ByTn NOMITHUM
NPV HU3bKIN eHeprii Nerkoro ioHa, KOnv KONEKTUBHMUN
noTeHuian aaep i enekTpoHiB 0CToBa He 03BOSISE
ONM3bKMX MNapHMX 3iTKHEHb. [Ns BaXKuX IOHIB
BWCOKOI €Hepril KyTu BiOXWNeHHA marni, a Tomy
NPYXHi 3iTKHEHHS AOCTaTHLO BigdaneHi ogHe Big
OAHOrO i TOMYy noMUNKa Bi4 BWKOPUCTaHHS
aCMMMTOTUYHMX TPaAEKTOPI Byae Mmanoto.

KyT poscisiHHS ioHa nicns BMxogy Ha acumnToTy
3afjadi OBOX TiN MakcMmanbHUW | TOMYy WOro
BVKOPUCTAHHSA pOBUTb MYYOK iOHIB LUMPLUNM HiX BiH
€ Hacnpasgi. Lle BinbyBaloTbCca TOMY, O cepeaHe
3HaveHHs BMOIpKM BMNAOKOBMX KYTiB, Hanpuknaga, B

Mexax Bif - T Ao T binblie SK cyma BUNagKoBUX
yucen 6Ginbwoi amnnityan. Le niaTBepoxye
MOZEMOBaHHA po3noiny ioHiB ANA TPbOX 3HaYeHb
BiIHOLLEHHS X Macu OO mMacu atoma MilleHi. [Ans
nerkoro ioHa (Bunagok C->W) posnogin vy
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nonepeyHoMy HanpsiMi LWMPLINA HiXK JA€E PO3B’A30K
PiBHSHHA (2), a 4Na BaXKOro ioHa y nerky mileHb
(BMnagok Er->Si), ix BigHOLWEHHSA NPOTUNEXHE.

4. BUCHOBKM

[MopiBHAHHS pe3ynbTaTiB PO3B’sA3KiB PiBHAHbL (2)
Ta MoJertoBaHHS TPaeKTopil ioHiB MeTogoM MoHTe-
Kapno nokasanu, Lwo:

a) TOYHICTb MOMEHTIB pPO3MOoAiny, OTPUMaHMuX
meTogoM MoHTe-Kapno cnagae i3 poctoM nopsiaky
MOMEHTY Bi NepLuoro Ao LWOCTOro Big nNpubnmnsHo
0.1% po 30-50%;

©) MOMEHTM po3noAiny HernapHOro Mopsiaky Mo
nonepeYHin KoopauHaTi, AKi piBHI Hyn B cuny
cumeTpil  QyHKUIT  po3noginy,  BUABNAKTLCSA
BiAMIHHMMW Bi4 HYNs NpY MOAENIOBAHHI MeToO40oM

Cnu1coK BMKOPUCTaHUX axepen

1. JlanOay J1.[]. Teopetunyeckas cusmka: T.V:
Cratuctnyeckas cdwmsuka: Y.1./ 11.0. JlaHpay, E.M.
Jindowwny // M.: Hayka. - 1976.-584 c.

2. Makapeupb M.B., OxumeHko O. PiBHsIHHS Ans
dyHKUIT po3noginy iMnnaHToBaHWX iOHIB Ta KMOro
kymynautis.  (2011) //  BicHuk  KuiBcbkoro
yHiBepcuteTy. Cep. ®isnka. 2011, Ne12, c. 34-40.

3. Ziegler J.E. (1999) // The Stopping of
Energetic Light lons in Elemental Matter // Appl.
Phys. Rev. J. Appl. Phys.-1999.-V0l.85.- p. 1249-
1272.

4. http://www.srim.org/ James F. Ziegler. The
Stopping and Range of lons in Matter // Software.
SRIM-2013

5. llyina V.V., Makarets M.V. (2010) //
Distribution of energy losses by fast ions along their
propagation paths in solids. // Ukr. J. Phys. 2010,
v.55, N2, p.235-242.

6. Yonit A.B., Makapeub M.B. PiBHsHHA aOnsa
KYMYISHTIB NPOCTOPOBOro poanoginy
iMNaHToBaHMx ioHiB. // BicHuk  KniBcbkoro
yHiBepcuteTy. Cep. disvko-maTemMaTuyHi Hayku.
2013, 4, c. 255-259.

7. KopH I., KopH T. CnpaBOYHUK MO BbICLUEWN
MaTeMatuke (ONs  HayyHblX  paboOTHMKOB U
uHxeHepos) // M.: Hayka. - 1974. - 832 c.

2023,1

115

Bulletin of Taras Shevchenko
National University of Kyiv
Series Physics & Mathematics

MonTe-Kapno i moxyTb gocaratn 50% Big 3Ha4eHHs
HEHYNbOBUX BULLIMX MOMEHTIB;

B) acuMeTpiss po3MnoAiny BiQHOCHO WMOro ABOX
MOMEHTHOrO, HOPMAarbHOrO HabGNWXKEHHs, sKa
ONUCYETBLCHA TakK 3BaHOK CKICHICTIO, OTpMMaHa npwu
MoAentoBaHHI po3noainy 3ynUHEHUX LWBUAKUX IOHIB
y TBepgomy Tini metogom MoHTe-Kapno, mae
TOYHICTb 4O OECATKIB MPOLIEHTIB;

r) 36inbLlUEHHS KiNbKOCTI iOHIB ANs MOAeNntoBaHHS
mMeTogoMm MoHTe-Kapno 3meHLWye CcTaTUCTU4HY
CKNagoBy Ui€l MOMUIKM, MNPOTE He BMSIMBAE Ha
CKIafoBYy, sika BMHMKAE BHACMiQOK 3aCTOCYBaHHS
cnpoLueHol moaeni ioH-aTOMHUX 3iTKHEHb.
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Cmamms npucesuena npobdnemi euxopucmanns cucmem IIPO/IIIIO ons szaxucmy kpumuunoi ma
8iliCbK0601 IH(hpacmpykmypu nio uac ilicbkogux Oil. 36epmaemubcs ysaza Ha me, Wo yi CUCmeMU MONCYMb
niooasamucs amaxam ma HOWKOOINCEHHAM, WO MOdce NPU3BOOUmU 00 3HAYHUX GMpam KpumuyHoi
ingppacmpykmypu. Jns szanobicanns (ab6o 3MeHuwienHs) yux empam y OaHii pobOOmi NPONOHYEMbCS
BUKOPUCMOBYBAMU  IHPOPMAYIIo, AKY MO*CHA 00epHCamu Hd OCHO8I NOPIBHANbHO2O AHANI3Y MAKMUKO-
mexHiyHUX xapaxmepucmux suxopucmogysanux cucmem IPO/IIIIO. 3oxkpema, na npuxiadi n’smu cucmem
HIPO/IITIO npodemoHcmposano Kk MOMCHA 30UCHIOBamU yell NOPIGHAILHUN AHANI3 3d OONOMO20I0 Meopil
HeYimKUX MHOMCUH.

Krouosi crosa: cucmemu ITPO/IIIIO; kpumuuna ma 6iliCbKo8a iHOpACmMpyKmypa, 3eHIMHO-PaKemHUl
KOMNIEKC,; MEXHIKO-eKOHOMIYHUL AHANI3, HeYIMKI MHOINICUHU.

The article is devoted to the problem of using air defense / missile defense systems to protect critical and
military infrastructure during hostilities. Attention is drawn to the fact that these systems can be attacked
and damaged, which can lead to significant losses of critical infrastructure. To prevent (or reduce) these
losses, this paper proposes to use information that can be obtained on the basis of a comparative analysis of
the performance characteristics of the used air defense / missile defense systems. In particular, on the
example of five such systems, it is demonstrated how this comparative analysis can be carried out using the
theory of fuzzy sets (for this, the work considered inclusion operations, dominance relations, calculated the
so-called linear and quadratic fuzzy indices, and also constructed various sets of a-levels).

Keywords: anti-missile defense/air defense systems; critical and military infrastructure; anti-aircraft
missile complex; technical and economic analysis, fuzzy sets.

CrarTio mpeacTaBuB A.¢.-M.H., mpodecop Casernkos C.M.

Beryn

[Ipobnema 3axmcTy KpUTHYHOI Ta BIHCHKOBOI
iHQpacTpyKTypH 32  BHKOPHUCTAHHSM  CHUCTEM
MPOTUPAKETHOI OOOPOHH/TIPOTHIIOBITPSIHOT 000POHU
(ITPO/IIIIO) crae OCHOBHMM 3aBAaHHSAM IIiJ 4ac
OyIp-sSKMX BIMCHKOBHX Miii. BHacmimok Takux ImiH,
posnoyarux 24 mororo 2022 poky, IpoTHpakeTHa
00opoHHa cucTeMa B YKpaiHi 3a3Hala MOIIKOKCHb,
0 TIPU3BEJIO IO BTPAT PAIioNOKAIIMHUX CTAHITIN Ta
3eHiTHO-pakeTHHX KomiuiekciB (3PK). Taki BTpaTu

HE MOXKHA KOMIICHCYBaTH IIBUAKO, TOMY IO Ha
CTBOPEHHS TaKOrO CKJAJHOTO OOJamHaHHS, SK
pamionokaiiiHa CTaHIlisA, MOTPIOHO IPHUOIU3HO
miBTopa poky. Hesakaoum Ha 1e, CHCTEMH
[MPO/TIIIO Bce-Taku MPaIiOOTh 1 HAAAIOTh MEBHUMN
PIBEHB 3aXUCTy KPUTHYHOI iHPpacTpykTypu. [IpoTte
JUIS  IOTO TOTPIOHO BHKOPHUCTOBYBATH  PI3HI
KOMILIEKCH JUIS BIIIIOBIAHOrO 30UTTS LLIEH.

3 METOW ONTHMAJBHOTO BHOOPY BIAMOBIIHHX
cuctem ITPO/IIIIO B po0OTI MOKAa3y€eThCS SIK MOXKHA
3MIACHIOBATH TIOPIBHSUIBHUE aHami3 iX TaKTHUKO-

© C.I. Konecuuk, M.B. Makcrora, B.B. O0yxoBcbkwii , 2023
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TEXHIYHUX XapaKTEPUCTHK 3a JOIIOMOTOIO0 Teopii
HEYiTKUX MHOXHUH. BuGip Takoi ¢popmanbHOi MOBH,

y mepmy 4depry, OOyMOBJIGHHH  HEYITKICTIO
iHpopMalii (gacrimme I 3aCEKPEUYCHICTIO) MO0
HEOOXIHUX Ui TPOBEACHHS  IMOPIBHIEHOTO

aHaJli3y TEXHIKO-€KOHOMIYHUX XapaKTEPHUCTHUK.

HeoOximHo 3a3HaunTH, IO PE3yJbTAaTH ITHOTO
aHaII3y MOXYTh OyTH BUKOPHUCTAaHI JIS TIOKPAIIEHHS
HasBHUX cuctem [IPO/TIIIO Ta po3poOku HOBHX.
Hampukmazn, B pe3ysibTarti aHajizy MOXHa BU3HAYATH
HanO1IpII epekTHBHI KoMmIuiekcrn. KpiMm Toro, MokHa
BU3HAYaTH CJIA0Ki MICIl HasABHUX CHCTEM, IIO
JO3BOJIUTH ~ CHOPSIMyBaTH  3yCWUIL  Ha  iXHE
MHOJINIIEHHS Ta I1ABUIIEHHI HaJIHHOCTI.

OTxe, TPOBEACHHS TEXHIYHOTO-CKOHOMIYHOTO
anainizy cuctem [TPO/IIIO Ta moaiOHUX KOMILIEKCIB
3a JIONOMOTOI0 TEOopil HEYITKUX MHOXHH €
aKTyalbHUM Ta HEOOXITHUM I 3a0e3leueHHs
e()EeKTUBHOTO 3aXUCTy KpPUTUYHOI Ta BiHCHKOBOI
iHppacTpykTypu. Pe3ynpTaT aHami3y MOXYTh OyTH
BUKOPHUCTAaHI JIISl TIOKPAIIeHHS! HAsSBHUX CHCTEM Ta
pPO3pOOKM HOBUX, IO JIO3BOJIUTH 3a0€3MCUUTH
HaJIHMI 3aXUCT BiJ] BOPOKUX aTaK.

Ockinbku iHpopMariis moao cuctem IITO/TTPO
HE € 3aralIbHONONIMPEHOI0, TO JITEPATYPHHUX JDKEpel
HemocTaTHhO Oarato. Mu uepnanu indopmanito i3
BIIKPUTHX IHTEPHET-pecypciB (IMPOTE MTOCTOBIPHICTH
i€l indopmartii Mmoxke OyTn cymMHIBHOIO). CTOCOBHO
X JIiTepaTypd NO BUKOPUCTAHHIO TeOpil HEUITKUX
MHOXXWH JUIS PO3TJSAYBAHOIO Y JaHid CTaTTi
aHai3y, TO aBTOpaM B3araji Hidoro He BiIOMO.

TakuM YWHOM, TYT BIEPIIE NPOBOAUTHCS
MopiBHIOBaJIbHUN aHami3 aeskux cuctem [TPO/IIIIO
Ha OCHOBI BHWIKOPHUCTAaHHSA 1X TaKTHKO-TCXHITHHX
XapaKTEPHUCTHK (2 TAaKOXK IX BAPTOCTEH).

Kopotkuii onuc m’situ cucrem IPO/IIIIO

[Nepmoro anst po3risiLy BuOMpaeMo cuctemy (abo

kommuiekc)  “IRIS-T”  SLM  [1,2]. Ile -
HalicydqacHima  cuctema  III1O HIMEIIPKOTO
BUPOOHUIITBA. [i He MaroTh e HABITH HIMEIbKi
30poitHi  cunmu.  Lleit kommiekc — po3pobieHuit

HiMeIbKOI 000poHHOK KommaHiero Diehl Defence.
“IRIS-T” — xommiexc 3PK cepemuroro panmiycy mii,
SKUM TpU3HAYEHWH JJIs 3HUINEHHS KPWIATUX Ta
OaIICTHYHUX paKeT, a TAKOX JITaKiB, TEIIKONTEPiB
Ta 0e3MUIIOTHUX JiTabHUX amapariB. OcHoBoo 3PK
€ moaudikoBani asianiiiHi pakeru “IRIS-T” kmacy
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“moBiTps-moBiTPss”. IIyCKOBI YCTAaHOBKH MOXYTh
MaTH KOJicHe a00 TyCeHHYHe Iiaci Ta MicTATh 4
HaIpaBIsAounX ab0 8 KOHTEHHEPIB 3 pakeTaMu JUIs
BEPTHUKAJILHOTO TTyCKY (uB. puc. 1a).

Hpyrum Hexait Oyne 3PK “NASAMS” [3], mo
CKJIamy SIKOTO BXOJATh ITyCKOBI  YCTaHOBKH,
pamionokaniiini cranmii (PJIC) Raytheon AN/MPQ-
64F1 Sentinel Big xkoHcopiuiymy Raytheon i
Kongsberg. ®aktuuno — ne cucrema [0 wmaoi
JAIBHOCTI i BOHAa MO)XKe 30MBaTH Bce B HEOI: BiA
OC3IMIJIOTHUKIB 7O  OamicTHUHWX  paker i
BuHuIyBaviB.  KoxkHa  mepecyBHa  IycKoBa
YCTaHOBKAa Ma€ INICTh KOHTEHHEPIB 13 3C€HITHUMHU
paketamu.  OCHOBHMM  3acO0OM  BHSIBICHHS
noBitpstaux 00’ekTiB € PJIC “AN/MPQ-64”, sika
BUSBIISIE TIOBITPsiHI il Ha Bifctani mo 40 kM. Lleit
3PK mokazanwuii Ha puc. 10.

Tpetim 3PK BBakaTnMeMo MOOITEHUN paKeTHUI
komiuiekc [TPO/TIIIO “MIM-23 HAWK?” [4], skuii €
KOMILIEKCOM CEepeaHbOi HaibHOCTI. BiH Mae Tpu
IyCKOBUX ycTaHOBKH M192 3 TpbhoMa 3€HITHUMU
KepoBaHMMHU paketamu MIM — 23B na koxHii. Kpim
TOTO, JIO HOro cKiany BXomATh imirynbcHa PJIC
Bka3iBku AN/MPQ-50, pamioiokamiiHui qanekoMip
AN/MPQ — 51 Tormio (auB. puc. 1B).

OcranniMm 13 3PK, ane He ocraHHiM 3
posrisayBanux € 3PK “Stormer HVM” (High
Velocity Missile) [S] — 3PK manoi mansHOCTI. Bin
aBJsie o000 MYCKOBY YCTaHOBKY pakeT Starstreak
a6o Martlet LMM 3 8 xoHTeliHEepamMu, IO
BCTAHOBJICHI Ha OPOHBOBAHY I'YCCHHYHY ILIaTHOPMY
Stormer. Ha gaxy MammHM  BCTaHOBJIEHHH
NaHOpaMHHUH (BCEpaKypCHHI) MpHLIA 1 cucTeMa
MOTIepE/DKEHHST  MPO  TOBITPSIHY — 3arpo3y  JUis
pO3Mi3HaBaHHS  IUJIGH Ta  BHU3HAYCHHA  1X
npioputetHocTi (puc. 1r).

OcTaHHIM KOMIUIEKCOM MJIA po3risamy Oymae
3eHiTHA camMoxigHa ycraHoBka (3CY) “Gepard”
[6,7]. Lle — wiMenpka yCTAaHOBKA, SKa Mae
ABTOMATWU30BaHy CHUCTEMY VIpaBIiHHS BEACHHSA
BorHio. Boma mim dYac CTpimsOM  BpaxoBye
atMoc(epHHMII THCK, TeMIepaTypy Ta BOJIOTiCTh
MOBITPs, @ TaKOXX MIBUAKICTb 1 HAmpsIMOK BITpY.
YcTaHoBKa TpHU3HAYEHA VIS TPUKPUTTS BaXKIIHBHUX
00’ €KTiB iHhpacTpyKTypu Ta BIICHKOBHX
MiApO3AUTIB BiJ aTak TeNiKONTEpiB Ta JiTakiB Ha
MaJIMX 1 HaaMmainux Bucorax. “Gepard” Oa3zyeTbes Ha
maci tanka “Leopard 17 (auB. puc. 1x).
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Puc. 1. Cuctremu ITPO/ITIIO: a — 3PK “IRIS-T” SLM, 6 — 3PK “NASAMS”, 8 — 3PK “MIM-23 HAWK”, r —

3PK “Stormer HVM?”, n — 3CVY “Gepard”

3 MeTo MpOBEACHHS NOPIBHAIBHOTO aHaNi3y
mokazaHux Ha puc.l cucrem ITIPO/TIIIO 3a
JIOTIOMOTOI0 BUKOPHUCTAHHS T€OPii HEUITKUX MHOXKHUH

HaBoguMO B Tabm. 1 iX  TaKTHKO-TEXHIYHI

XapaKTEepPUCTUKH Ta 1X BapTOCTI.

Tabnuns 1
TakTHKO-TEXHIUHI XapaKTepUCTHKH Ta BapTicTh 3PK/3CY
P PK
XapaxkTepuctu SRS 3PK 3PK 3PK “"MIM- “S?ormer 3¢y
“IRIS-T” | “NASAMS” | 23 HAWK” HVM? “Gepard”
JlanpHs Mexa 30HU MOpa3Ku, KM 40 40 40 7 4
bimkHsa Mexa 30HM TIOpa3Ku, KM 2,5 2,5 1 0,1 0,1
MiniMallbHa BHCOTA TIOPa3KH, KM 0,015 0,03 0,03 0,03 0,1
MakcumasibHa BHCOTa TTOPa3KH, KM 20 16 18 7 3
ImoBipHicTh Opa3ku oxHie0 3P 0,9-0,95 0,85 0,85 0,95 0,9
IIBuAKICTE Limi, M/C 1020 1000 900 1360 400
K.IJII)‘I'GCTL CYMPOBOKYBaHUX 3 6 3 1 1
iaei
Kinekicts [1Y y kommiekci 3 3 3 6 4
[Tpubnu3Ha BapTiCTh, MIIH. 101 156 202 109 200 54

[lepexomumo Temnep A0 HOPIBHUIBHOTO po3risay mux cucrteM ITPO/IIIIO 3a 1omoMorow Teopii HEUiTKUX

MHOJKHH, sSIK1 Bepiie OyJiu BBeaeHI B poOoTi [8].

YTBOpeHHS HEYITKUX MIIMHOKHH JJIS1 I’ SITH
cucrem INPO/IIIIO

3acTOCOBYEMO TETEp TEOPil0 HEUYITKUX MHOXHH
JI0 TAKTHKO-TEXHIYHIX Ta BAPTICHUX XapaKTCPUCTHK
(MHOXXMHA 13 JIeB’ATH TapaMeTpiB) PO3TISAYBAHHUX
m’atu cuctem [IPO/IIIIO. [nsgd 1boro BBOJAMMO
MO3HaYeHHs M1 onucanux Buie cucreM [TPO/TITIO

32 BHUKODUCTaHHSM IIEPIINX  BEIMKHX  JITEP
naTuHcbkoro andasity: A — 3PK “IRIS — T”; B —
3PK “NASAMS”; C — 3PK “MIM -23 HAWK”; D —
3PK Stormer HVM”; E — 3CV “Gepard”.
Hactynmuuii kpok TOB’s3aHUN 13 BBEICHHAM
MMO3HAYEHb JUISI TAKTUKO-TEXHIUHIX Ta BapTICHUX
xapakTepucTuk. [Ipu mboMy HaBOAATHCS 1 HAWKpaIIi
YUCIIOBI 3HAYEHHS IMX [apaMeTpiB, Ha SKUX
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XapaKTePUCTUYHIH (YHKIIT NPUHAIEKHOCTI (IUB.
[1]) nmpucBorO€ThCS MakcUMajbHE 3HAueHHA 1 3
iHTepBany npuHanexxHocti [0, 1]. Cuin 3a3HaumTy,
o, SKIIO HaiKpalie 4YHCIOBe 3HAuYeHHS — IIe
MaKCHUMyM Cepe]l OJTHOMMEHHUX XapaKTEPUCTHUK, TO
XapaKTepucTUYHa (DYHKIiS HAa JaHOMY YHCIOBOMY
iHTepBayi HaOyBa€ ONWHWYHE 3HAYCHHS. SIKIIO XK
HaWKpanuM 3HAaYCHHSIM BBOKATHMETHCSI MiHIMalIbHE
3HAYCHHSI Cepe]] BCIX OJHOMMEHHUX XapaKTCPUCTHK,
TO TOMI XapaKTePUCTHUHIM (YHKIII MPHUCBOIOETHCS

ONIMHWYHE 3HAYCHHS Ha OOCPHEHIM YHCIIOBIN
BEJIUYHHI.
Otxe, sk BugHO 3 Tabn. 1, HaWkpamuMu

3HAYCHHSAMH Y MHOXHWHI TaKTHKO-TEXHIYHIX Ta
BapTICHUX XapaKTEepUCTHK € Taki: 1) x| — mampHs
30Ha TOpa3Ku aepoauHaMivyHOl mini — 40 xkm; 2) X2 —
OMIKHA 30HA TOpa3ku aepomuHamigHoi 1im — 0,1
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aepomuHamigHoi 1t — 20 kM; 4) x4 — MiHIMaTbHA
BHCOTa TIOpa3Ku aepoarHaMivHoi i — 0,015 km; 5)
Xs ~— iMOBipHicTH  mopa3ku  ogniero 3P
aepomuHaMivHoi 1im — 0,95); 6) x¢ — IMBUAKICT
mim, Ky MoxHa mopasutu — 1360 m/c; 7) x7 —
KUTBKICTh CYNMPOBOKYBaHMX Ta OOCTPLIIOBaHUX
et — 8); 8) xs — KiabKicTh I1Y y KoMmIutekci — 6);
9) x9 — BapTicth cuctemu I[TPO/IIIIO — 54 muH. 101

3  ypaxyBaHHAM [UX T[O3HAa4eHb  IiCIA
PO3paxyHKy XapaKTePUCTUIHHUX GbyHKIiR
NPUHANEKHOCTEH |, (xl.) ,  Ug (xl. ) ,  MHe (xl. ) ,

by (x;), g (x,) (oGumcaroroThes pocTi Mponopuii)

JUTST KOXKHOI 13 JIEB’SITH XapaKTEPHCTHK KOXHIN 13
m’atn  cuctem IIPO/IIIIO  3icTaBIsAOTBCS  Taki
HEYITKI MIIMHOKUHH:

KM; 3) X3 — MakCHMaJbHa BHCOTa ITOPa3KU
1}2{(351 |1),(x2 |0,04),(x3 |1),(x4 |1),(x5 |0,97),(x6 |0,75),(x7 |1),()c8 |0,5),(x9 |0,33)} . (D)
1}:{(xl 11),(x,10,04),(x;10,5),(x, 10,8).(x510,9),(x10,74),(x; 10,75).(x 10,5),(x [0,27)} . (2)
§={(xl 11),(x, 10,1),(x510,5),(x410,9),(x510,9),(x410,66),(x; 10,38),(x 10,5),(x, |0,5)} . 3)
I~)={(x1 10,18),(x, [1),(x510,5).(x410,35), (x5 1), (xg 11).(x,10,13). (x5 1) (x5 [0,27)} . 4)
1:::{(xl 10,1), (x5 [1),(3510,15),(x, 10,15), (x5 195). (%4 1 29). (%7 10,13).(x, [67).(x, [1)} - (5)
Ham  Oyme  mpomemoHcTpoBano, mo  3a (1) i (2), migpMHOKMHA B CTpPOro BKIIOYAETHCA Y

JOTIOMOT'OI0 OJIEP’KaHUX HEWITKUX MmiAMHOXHUH (1) —
(5) wnabarato mermie Ta IIBHIIIE MOPIBHIOBATH
TAKTUKO-TEXHIUHI XapakTEPUCTUKU PI3HUX CUCTEM
[MPO/IIIO (sixk i3 ypaxyBaHHSM XapaKTEePUCTUKU
BapToCcTi, Tak 1 ©0e3 Hei) y TOpIBHIHHI 3
HepOpMaTi30BaHUM aHami3oM. [HImIWI aprymeHt
BUKOPDUCTAHHS HEYITKMX MHOXHH (0COOIMBO Yy
BIMCHKOBIH CIpaBi) MOB’S3aHUN 3 THM, IO YacTO
iHopmMariiss mMOM0 MEAKHX XapaKTEPUCTHK Mae
HaOmkeHnid (IMOBIpHICHUH, a y A€AKHX BUIAIKaXx i
3aCeKpPEUYCHUIA XapakTep). Y HACTYyITHOMY ITYHKTI 3a
BHKOPHUCTAaHHSIM MIPOCTUX oTepariif (muB.
MOMEPEHI MyHKT) 1 MPOBOAMTHCS HOPIBHAILHUN
anamiz posrmagyBanux cuctem [IPO/IIIIO, sxum
31CTaBISAIOTHCSA HEUiTKI miaMHoxuaH (1) — (5).

Hopisasabauii ananiz cucrem INPO/IIIO 3a
J0TIOMOT 010 omepaniii i3 Teopii HeYITKUX MHOKHH

Hocratapo npoctuii anani3 cucrem [TPO/IIIIO 3a
JIOTIOMOTOI0 TE€Opii HEUITKMX MHOXHH BXKE€ MOJKHA
MPOBECTH 3a  JOMOMOTOI0  TIPOCTOi  omepartii
BKJIFOUCHHS, OB’ 13aHOT Oe3nocepeTHbOo 3
BiJHOMICHHAM JoMiHyBaHHA [9]. Sk BuaHO 3 popmyn

MHOXUHY A, T00T0o BCcCA. lle, miiicHO, Tak,
OCKUIBKHM CepeJl HepiBHOCTEH g (xl.)s VN (xl.) €

cTpori (IIle TOBOPSATH, IO MHOKMHA A JOMIHY€E HaJl

MHOXXHHOIO B). 3 IHIIMMH K  HEYITKHMH
MIMHOKMHAMH ~ MMIAMHOXHUHY A HE MOXKHA
TTOPiBHIOBATH.

[HmmX BimHONIEHH MOMiIHYBaHb MK HEUITKUMHU
migmMaokuHEE A, B, C, D, E He croctepiraerhcsl.

Ile o3Hauae, MmO iJealbHAH KOMIUIEKC MOJXKeE
iCHyBaTH JMILE TEOPETUYHO. [3 HBOr0 KOPOTKOTO
aHaji3zy cligye, 1m0 KomIwiekc A (mami Oyaemo
KOMIUIEKCH Ha3WBaTH KOPOTKO, KOPHCTYIOUHCH
BBEJICHUMH U1 HHUX IIO3HAUYEHHSAMH)  MOXKe
BUKOHYBATH Ti K caMi 3aadi Kpaile, Hi’>kK KOMIUIEKC
B, Matoun py IbOMY MEHIITy BapTiCTh.

I3 dopmyn (1) — (5) MokHA TakKoX OAUWTH, IO
g HewlTkux mamMHokud A, B, C, D, E, i3 gkux

BUKJIIOYEHI, HaNpHKIAl, €JIEeMEHTH X,, X;, Xg,

3’SIBISIETBCSI TI€ OJHE BITHOIIEHHS IOMIHYyBaHHS:
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terep 1 komrwieke C goMiHye Haa KomiuiekcoMm B,
Malou¥ IpU [OMY MEHIIY BapTiCTh, HIXK KOMIUIEKC
A. SIKmoO X BUKIIOYMTH 1 €JIEMEHT X,, AKuil €

XapaKTEPUCTUKOIO BapTOCTi, TO 3’SBISIETHCS IIIE
noMiHyBaHHS KoMmimiekcy D Hanm komrmiekcom E.
TakuM 4YMHOM, 1 B IMX BHUIAJKaX aOCOJIOTHE
JIOMIHYBaHHS OJTHOTO KOMILUTEKCY HaJl yCiMa 1HIITUMHA
HE ICHYE.

MoxHa 1 Aaii po3risaaTH pi3Hi BapiaHTH LIOA0
MOLTYKY HOBHX JOMiHyBaHb. [IpoTe icHyIOTh W iHII
omeparii MaHIITyJTFOBaHHS 3 HEYITKHUMH
i IMHOXXHUHAMH, SIKi € OLIBII YyTIMBUMU J0 3HAYCHb
XapaKTePUCTUYHUX (PYHKIIH NPUHAICKHOCTSH Ha
eIIEMEHTAX X, .
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PozpaxoByemo, HaIIPUKJIIA], JHIHHI Ta
KBaJIpaTH4HI iHJIEKCU HediTkocted. Jlyns mporo, y
BiJIMTOBITHOCTI 3 KPUTEPIEM
0, ny (xl.) <0,5,

Ly, (xl.) > 0,5,

0abol, p, (xi): 0,5,

(muB. [9]), BUNMUCYEMO 3BHYAHI MiIMHOXUHU A,

B, C, D i E, sxi po3ramoBaHi Ha HaWMEHIITHX

E€BKJIIJOBMX BIICTAHAX BiA BIAMOBIIHUX HEYITKHUX
mavuoxvd A, B, C,D i E.

A= {0 11), (32 10), (s 1), (a0 1), (5 1), (o 1), (7 1) (55 1), (x5 [0) - (6)
E = {(3 1), (o2 10), (5 1), (g 1), (x5 1), (6 1), (2 [1), (x5 1), (x5 [0) - (7)
E = {(3 1), (02 10), (e 1), (g 1), (s 1) (5 1), (07 10)s (5 1), (x5 1)) ®)
é = {06 10) 0z 1), (x5 1), (34 10, (5 1), (x5 1), (37 10), (x5 1 1) (% [ 0)} ©)
E:{(x1 10),(x, 1), (x5 10).(x4 10), (x5 1), (x4 10).(x7 10), (xg 1), (x 1)} - (10)

3a dhopmymnamu d(A,B) = z;

l-lé (xi)_lvllj (xi)

i e(z},]})=Zf=l[ué(xi)—u]3(xi)}2 T

BigcTani XeMMiHra Ta €BKJIIJOBI BIJCTaHI MIXK
Bignosiguumu miaMHoxxkuHamMu A, B, C, D, E ta

A, B, C, D, E [9]. Ilicna usoro 3a ¢popmynamu

~ e ~ n

v(A):%d(A,Aj i n(A)zie(z},é (s, [9])
)

OOYHCITIOEMO JTiHIHHI V(A), v( , V(C), V(D),

v(E) 1a sanparwani n(4), n(B). n(c). n(p).

n(E) IHIEKCH HEUITKOCTEH (UB. TaoI. 2).

Taomus 2
JliniiiHi Ta KBaJpaTH4Hi iHAEKCH HEYITKOCTE! 1j1si BUKOpucToBYBaHuX cuctem [TPO/IIIIO
Kommrexkcn | 3PK “IRIS —T” 3PK 3PK “MIM - 23 | 3PK “Stormer 3CY
[TPO/MIIO “NASAMS” HAWK” HVM” “Gepard”
Y 0,26 0,47 0,56 0,32 0,27
n 0,43 0,53 0,67 0,47 0,34
Sx BumgHO i3 Tabm. 2, HIHHI iHOEKCH IIe¢ MOKe BKasyBatu? Sk BuIIMBae i3 Teopil

nmeuitkoctedt g 3PK “IRIS — T” i 3CY “Gepard
Malke 30iraroTbCs. 3a4a€MOCh 3allMTAHHIM: Ha IO

Vx;, eE: :“AnX(xt)' (11)

INEARUNES

HEYITKUX MHOXHH [9], Mae Miclle Taka IiKaBa
BIIACTHBICTB:

OueBujHO, 10 3 piBHOCTI (11) BUIIIMBAIOTH 1IE MBI
Taki eKBiBaIEHTHI QOpPMYyIH Uil PpO3paxyHKY
JIHIHHOTO 1HAEKCY HEUiTKOCTI:
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A 2 zn b JUid  BCTaHOBJEHHA  HOBHUX  BJIACTHBOCTEH
A% =— . — | X; . . . .
~) g il Hana ( i ) ’ (12) HeuiTkux miaMHoxud A, B, C, D 1 E HeoOxigHO

V(&) =2 XL MIN by () (5) |- (1)

I3 dopmynmu (12) BumHO, MmO Mae Miclle TaKa
(BaknMBa ISl  HAIIOTO TOAAJBILIOTO  aHaji3y)

dhopmyna:
v(z})zv(g). (14)

Orxe, Ha ocHOBi ¢opmynu (14) MoxkHa
KOHCTaTyBaTH, IO MiX Komiuiekcamu A i E
NPOSIBIIIETECS  BiAHOIIEHHS JOCTaTHHO OJM3BKOTO
B3a€MHOTO JIOTIOBHEHHS, HE3BAXKAIOUM HA Te, IO
CTPOTOTO JOMIOBHEHHS HEYITKOI MIIMHOXKHHA A 10

HediTkol mizMHOXkMHU E (i HaBOmaku), SK BUAHO i3

¢dopmyn (1) i (5), ne icuye. Takox, K BUAHO i3
TabJ. 2, y SAKIACh Mipi, B3aEMHO JIONIOBHIOIOTh OJIUH
OJTHOTO 1 3eHiTHO-pakeTHi KomIuiekcu “NASAMS”
ta “MIM — 23 HAWK”.

moOyayBaTl 111 HHUX TaK 3BaHI  3BHYAHI
NiAMHOKUHM O-piBHIB. Hampukmaz, ans HewiTkoi
MiIMHOXHHA A TiJMHOXHWHA O-PIBHS BH3HAYAETHCS

TakK:

A, =1x5]p, (%)= (15)

AmnanoriqHo OymyroThes i 1HIII MIAMHOXKHUHKE B,
C,.D, iE,.
Jisn smagens o €{0,25;0,50,75} Ha pnc.2

nmoOyI0BaHi TicTOrpaMu, 3a JOMOMOTOI0 SIKHX MOYHA
MIPOBOJIUTH HATISIHAN aHaJi3 MOBEIIHKH HEUITKHX
mamvuaoxkud A, B, C, D E om0 oOMmexeHb

(BUMOT), SIKi 33/TAFOTHCS BiIMTOBITHUMH OL-PIBHIMH.

1

2 3

Puc. 2. Ticrorpamu Bizyamizanii 3Bu4aiiHux migmaoxuH 0,25-pisaiB — (1), 0,5-piBuiB — (2) i 0,75-piBHiB — (3),

noOynoBanux Ha HediTkux miamMuaoxuaax A, B, C, D i

JIOJIAIOTh BiJIMTOBITHI PiBHI)

Sk BUgHO 13 pwHC. 2, TIPH 3POCTaHHI O, HE BCI
pO3TISiAYBaHI  HEYiTKI  MiJIMHOXKWHU  (CHCTEMH
[TPO/IIIIO) moBoasATh cebe omHaKOBUM YyuHOM. [Ipu
o =0,25 y ninmHoxuHax A, B, C He nonae nporo
Oap’epy nuiie OJUH e€leMeHT X,. llpu mnpomy

nigMHOKMHa D Ha 1poMy piBHI BTpadae [1Ba
eneMeHTd (X, 1 Xx;), a miamHoxkuHa E dorupn

enemeHtn (x,, x;, x, 1 x,). Ha piBHi 0=0,5

migMHOKHHEE A, B, C mpomoBxyroTh 30epiratu

CBOKO BIJTHOCHY CTaOlJIbHICTH IOJO 3MIHH O,
BTPAualouy 1€ JHIIe 110 OJHOMY eJIEeMEHTY (X,

nigvMHokuHM A, B 1 x; minvuoxuHa C).

[MigmuoxkuHa % D Ha 1bOMY piBHI BTpayae Ie JBa

E (mo oci opauHAT yKa3yrOThCS KiIBKOCTI €JIEMEHTIB, 110

eneMeHTd (x, 1 X,), ame miaMHOoxkMHa E He

JIOpaxoOBYeTbCSA JIMIIE OJHOTO  €IEeMEHTa X, .
Hapermri, va piBai oo =0,75 omHaKoBY CTaOlIBHICTB,
SK BHAHO 13 TicTorpaM Ha puC. 1, MarmOTh TUTBKH

nigMHoxkuHEM A 1 E (mOpiBHIOIOYM YUCIIOBI JaHi B

Taby. 2 3 TiCTOrpaMaM¥ Ha PHUC. 2, MOJKHA TTOMITHTH
Mi’K HIMH KOPEIIAIIII0).

SIKmo mpoBeAEHWI aHaNi3 MEPEeBECTH Ha MOBY
KOMIUIEKCiB, TO MOKHA MTEPEKOHIMBO CTBEPKYBaTH,
mo komruieke “IRIS —T” € ogHuM 3 HaWKpamnimx.
[Tokazano, W0 3 HUM Y 3B’s301 Oa)KaHO MPaLIOBATH
3CY “Gepard”. V Bumaaky x (Opc-MaKOpHHX
CUTYaIlii MOYKe€ BHKOPHCTOBYBATHCH 1 3B’si3ka 3PK
“NASAMS” i3 3PK “MIM - 23 HAWK”.
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BucHoBku
Ha ocHoBi BHOOpY BOCBMH TaKTHKO-TEXHIYHHX
XapaKTePUCTHUK (3 BKJIIOYEHHSM BapTOCTi) AJS I SITH
cucrem IIPO/IIIO, a came 3PK “IRIS - T7,
“NASAMS”, “MIM - 23 HAWK?”, “Stormer HVM”
i 3CY “Gepard”, Oynu yTBOpEHi II’SITb HEYITKHX
mamuoxud A, B, C, D, E.

3a J0MOMOror omepailid Haj [UMH HEYiTKHUMHU
MiAMHOXKMHaMK OyB TPOBENEHHH MOPIBHAILHHUI
aHamiz. Y pe3ynapTaTi pPO3paxyHKy JIHIHHHX Ta
KBaJIpaTHYHUX 1HJEKCIB HEYITKOCTEH BCTaHOBJICHI
HAOJIMKEH]1 BIIHOIIEHHS JOIIOBHEHb MIX II'IThbMa

komruiekcamu  [IPO/IIIIO.  Pos3paxoBani  Ta
JOCIIIKEH] TaKOX 3BHYAIHI 1 IMHOKHHHA
0,25;0,5; 0,75 — piBHIB 3 METOI BCTaHOBJICHHS
HOBHX BJIACTUBOCTEH MIX HEYITKUMH

mamuoxuaamu A, B, C, D, E. Ha ocHOBIi 115010

3po0JIeHI TMONEpPEaH] OIIHIOBAHHS MOMJIMBOCTCH
nocimkyBaaux sty cuctem [TPO/IIIIO.

3a3HaunMo, M0 32 BHUKOPHCTaHHSM TaK 3BaHOI
HeiMOoBipHICHOT eHTporii [10] Ta pi3HUX HEUYITKUX
BiTHOIIICHB [9] MOPIBHAILHUH aHATI3 MOXKE CTaTH IIIe
O1JTBIIT BUTOHUCHITIIHM.
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