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CTOX&CTW{H? MOZEJIE XMZKAK-2KE€PTBA, 10 A stochastic predator-prey model that

3aJIeKUTH B1JL IIIJIBHOCT1 HOMYJIsAIILL depends on the population density of the

XUKaKa predator

I KuiBcbkuil HAIiOHAIbHEIT VHIBEPCHUTET 1Me-

i Tapaca Illesuenka, 01033, Kwuis, Byn. Boso-

nuMupcbKa,64. !Taras Shevchenko National University of Kyiv,

e-mail: borysenko13101953@gmail.com 01033, Kyiv, 64 Volodymyrska st.

2 HamjonanpHuit Texmiunmit yHiBepcuTerT YKpai- e-mail: borysenko13101953@gmail.com

au "KIII“ 03056, r.Kuis-56, npocmext Ilepemorn, 2National Technical University of Ukraine "KPI¥,

37 37 Prospect Peremogy, Kyiv 03056
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Zosedeno icnysana i edunicmd 00amnozo, 2a00a4bH020 PO36 A3KY CUCTNEMU CTMOTACNUNHUL OU-
PePEHULAADHUL PISHAND, AKA ONUCYE QUHAMIKY NONYAAULT Y CMOTACTUYNHIT, 3AAEHCHIT 610 WIALHO-
CING TUICAKLE MOOEAT TUINCAK-IICEPMEa 3 PYnKyionasonot 610nosiddio muny Xoanine 1. Odeporcaro
docmammi YMo6u 2PAHUNHOT CTMOTACTUYHOT 0OMENCEHOCTE | CTMOTACMUNHOT NEPMAHEHTHOCTT JaHOT
Modeni.

Kao406i caosa: cmoracmuuha Moodesd TUuNCAK-HCEPTNEQ, 3AAENHCHICTID 610 ULLABHOCTIT TUNCAKIS,
20000AbHUG PO36 A30K, 2PAHUNHA CMOTACNUNHE 00MEHCEHICTND, CMOTACMUYHA NEPMAHEHMHICND.

The system of stochastic differential equations describing a nonautonomous stochastic density-
dependent predator-prey model with Holling-type I functional response disturbed by white noise, centered
and non-centered Poisson noises is considered. So, in this model we take into account levels of predator
density dependence and jumps, corresponding to the centered and non-centered Poisson measures. The
existence and uniqueness theorem for the positive, global (no explosions in the finite time) solution of
the considered system is proved. We obtain sufficient conditions of stochastic ultimate boundedness and
stochastic permanence in the considered stochastic predator-prey model.

Key Words: stochastic predator-prey model, predator density dependence, existence and uniqueness
of global positive solution, ultimate boundedness, stochastic permanence.

Communicated by Prof. Moklyachuk M.P.

1 Introduction of the predator. The deterministic autonomous

Rosenzweig-Mac’Arthur model ([1]) has a form
Predator-prey interaction is a basic mechanism for

two species dynamics. The predator-prey model dzy(t) = x1(t) al—blxl(t)—L(t)) dt, W
1

1+mxy(t)
usually described by the system of differential B rew (t)
equations dy(t) = xo(t) ( —a2 + 1+mx1(t)) dt,
dzi(t) B _ c is the maximum ingestion rate; m > 0 is the
dxcét(t) =10 (@ =bii (1) = f(3 (0, 22(1))z2(0) half-saturation.
ai = —2(t)as + K f(1(t), 22(t))22(1), In the paper [2| the stochastic version of

predator-prey model (1) is considered in the

where x1(t), x2(t) represent the population densi- X
following form

ty of prey and predator respectively at time ¢,
a; > 0 is the growth rate o.f.prey, b1 > '0 dy (¢ —J:l(t) <a1—b1$1 1_ff7f£t)(t))dt
measures the strength of competition among indi- 1
viduals of species x1, as > 0 is the death rate 1(t)

of predator z2, Kk > 0 denotes the conversion dza(t) = 2( t) —ag + ﬁffb;(lt() )) dt
coefficient, f(z1,2z2) is the functional response +o9xo(t)dws (1),

(2)

© O.D. Borysenko, O.V. Borysenko, 2023
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where w1 (t) and wy(t) are mutually independent
Wiener processes. In [2] the authors proved that
there is a unique positive solution to the system
(2), deduced the conditions that there is a stati-
onary distribution of the system, which implies
that the system is permanent and obtained the
sufficient conditions for the system that is going
to be extinct.

Population systems may suffer abrupt envi-
ronmental perturbations, such as fires, hurricanes,
earthquakes, etc. So it is natural to introduce Poi-
sson noises into the population model for descri-
bing such discontinuous systems. There are consi-
derable pieces of evidence in nature that predator
species may be density-dependent. So we need
to take into account levels of predator density

dependence.
In this paper, we consider the non-
autonomous density-dependent predator-prey

model with Holling-type II functional response,
disturbed by white noise and jumps generated
by centered and non-centered Poisson measures.
This model is driven by the system of stochastic
differential equations

dai (1) =wi(t) | (~1)* (ai(t)
dt + oy(t) 2 (t)dw; (t)
i (dt,dz)
i (7 )ve(dt,dz),

_ ci(t)rz—i(t)
1+m(t)z1(t)

t_)ﬁl

l’i(O) =x;0>0,1=1,2.

where x;(t7), i 1,2 is a left limit of
zi(t),i = 1,2, ba(t) > 0 is the predator density
dependence rate, ca(t) = ker(t), wi(t),i = 1,2
are independent standard one-dimensional Wi-
ener processes, v;(t,A),i = 1,2 are independent
Poisson measures, which are independent on
wi(t),z' = 1,2, ﬁl(t,A) Vl(t,A) — tHl(A),
Elvi(t,A)] = tIL;(A),i = 1,2, II;(A),7i = 1,2 are
finite measures on the Borel sets A in R.

To the best of our knowledge, there have been
no papers devoted to the dynamic properties of
the stochastic predator-prey model (3).

In this paper, we prove that the system (3)
has a unique, positive, global (no explosion in a
finite time) solution for any positive initial value,
and that this solution is stochastically ultimately
bounded. The sufficient conditions for stochastic
permanence is deduced. It is worth noting that
the impact of centered and non-centered Poisson

2022, 4
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noises to the stochastic non-autonomous predator-
prey models is studied in the papers [3] — [5].
In the following we will use the notations

X(t) = (z1(t), 22(t)), Xo = (w10, 720),

[ X(0)] = /23 () + 23(1),

R% = {X e R?*: z1 > 0,29 > 0},

a;(t) = a;(t) + A 0i(t, z)a(dz),
ﬁi<t>="2“>+ﬁ£m~<t,z>—1n<1+%<t,z>>]nl<dz>
—H{ In(146;(¢, 2))|a(dz),i = 1,2.

t
i) =1 [ re)as
fe =Timinf f(2), f* = hﬁi‘jp f(t).

For the bounded, continuous functions f;(t),t €
[0, +00),i = 1,2, let us denote

1,2.

fisup = sup fi(t)vfiinf = inf fi(t)ai
=0 t>0

2 Existence and uniqueness
solution

of global

Let (2, F,P) be a probability space, w;(t),i =
1,2,¢t > 0 are independent standard one-
dimensional Wiener processes on (2, F,P), and
vi(t, A),i = 1,2 are independent, Poisson measures
defined on (2, F,P) independent on w;(t),i =
1,2. Here E[;(t, A)] = tIL;(A),i = 1,2, 5(t, A) =
Z/i(t,A> — tHl(A),l = 1, 2, HZ(),Z = 1,2 are finite
measures on the Borel sets in R. On the probabi-
lity space (2, F,P) we consider an increasing, ri-
ght continuous family of complete sub-o-algebras
{Fi}t=0, where F; = o{w;(s),vi(s,A),s < t,i =
1,2}.
We need the following assumption.

Assumption 1. It is assumed, that a;(t),b;(t),
Ci(t)vo-i(t)7r7i(ta Z)aéi(tvz)vi L2, m(t) are
bounded, continuous on ¢ functions, a;(t) > 0,i =
1,2, bjsns > 0, Giing > 0,7 = 1,2, myys > 0, and
In(14;(t, 2)), In(1+6;(t, 2)),i = 1,2 are bounded,
IL(R) < 00,i = 1,2.

In what follows we will assume that Assumpti-
on 1 holds.

Theorem 2.1. There exists a unique global
solution X(t) to the system (3) for any
initial wvalue X(0) = Xo € R%, and

P{X(t)eR%} =1.
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Proof. Let us consider the system of stochastic di-
fTerential equations
ci(t) exp{€s—i(t)} )

dgi(t) = [(‘Ui_l (%(U‘W
—bi(t) exp{&i(D)} — Bi(t)] dt + oi(t)dw (1)
+ [In(1 + (¢, 2)) 1 (dt, dz)
—|—§ln(1 +9i(t, z))ia(dt,dz),
R
&i(0)
The coefficients of the system (4) are local

Lipschitz continuous. So, for any initial value
(£1(0),£2(0)) there exists a unique local soluti-

(4)

= lnﬂfio, 1= 1,2.

on E(t) = (&(t),&(t)) on [0,7.), where
Sup;, |2(t)] = +oo (cf. Theorem 6, p.246,
[6]). Therefore, from the Ito’s formula, we
derive that the process X(t) = (exp{&(?)},

exp{&2(t)}) is a unique, positive local solution to
the system (3). To show this solution is global, we
need to show that 7. = 400 a.s. Let ng € N be
sufficiently large for x;0 € [1/ng,nol, = 1,2. For
any n = ng we define the stopping time

S inf{t €l0.7): X(t) ¢ <;n

It is easy to see that 7, is increasing as n — +4o0.
Denote 750 = lim,, o 7, whence 7o < 7 a.s. If
we prove that 7., = oo a.s., then 7. = o0 a.s. and
X(t) € R% as. for all t € [0,+00). So we need
to show that 7., = oo a.s. If it is not true, there
are constants 7' > 0 and ¢ € (0,1), such that
P{7c < T} > €. Hence, there is n; > ng such
that

1

)G

—,Nn

P{r, <T}>e¢,

For the non—negative function

Zk

X = (z1,22), z; > 0, k; > 0, i = 1,2 by the Itd’s
formula we obtain

aV(X(1) Zk{( 1 i(t)-1) (w0
—%) —bi(t)zi(t) (zi(t) — 1)+ B5(t)
o z)xi(t)ﬂg(dz)} it

Vn = ny (5)

—1—1Inxz),

Z(t) — 1)Ui (t)dw, (t)

)= In(L(t, 2))]n (dt, d2)

2
+f Yi(t, 2);(t

+f (t, 2)x;(t7) —In(149;(t, z))]ﬂg(dt,dz)}
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Let us consider the function

F(t, a1, 20) = —kiby ()22 +hy (al(t)+b1(t)
+h1(BL(t) — ar(t)) — kaba(t)x3 + ko (—ax(t)
F02 (1) + [ 02(t, 2)TT2(d2)) 2o+ k(B2 (t) +-az(t))

ko(xo—1)ca(t)z1—k1(x1—1)c1 (t)z2

+ 1+m(t)zy

x> 0,i=1,2.

We have estimate

Zk - zlnfx2 + (aisup

+bzsup)$z) + klcl supL2 + kl (51 sup alinf)

c1(t)z1xe(kok — k)
+k2(B2sup + a2sup) + 1+ m(t)z

f(t,x1,22)

So for ko = k1 /k there is a constant L(ky, k2) > 0,
such that f(t,z1,22) < L(ki1,k2). From (6) we
obtain by integrating

V(X(T A1) <V(X0)+L(k1, ko) (T A1)

2 TNATh
+ ; k‘i { f (ZL‘Z(t) — 1)ai(t)dwi(t)

0

TNATn, B _ (7)
+0f E{ [yi(t, 2)ai(t7) —In(14-7i(L, 2))]71 (dt, dz)
—TF}T} i(t, 2)x; (t7) —In(14+0;(t, z))]ﬂg(dt,dz)}
Taking expectations we derive from (7)
E[V(X(T A7) < V(Xo) + L(k1, k2)T. (8)

Set Q, = {7, < T} for n > n;. Then by (5),
P(Q,) = P{r, < T} > ¢, Vn > ny. Note that
for every w € , at least one of z1(7,,w) and
x9(Th,w) equals either n or 1/n. So

V(X (1)) = min{ky, ka}
1
xmin{n—l—lnn,—l+lnn}.
n

From (8) it follows

V(Xo) + L(k1, k2)T > E[10, V(X (7:))]
1

> e min{k, k2 } min {n—l—lnn, —1+lnn} )
n

where 1q is the indicator function of €,,. Letting
n — oo leads to the contradiction co > V/(Xj) +
L(ki1,k2)T = oo. This completes the proof of the
theorem.
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3 Long-time behavior

Lemma 3.1. Let p > 0.Then for any initial value
xi0 > 0,41 =1,2 we have

limsup E [z7(t)] < K;(p), i =1,2,

t—o0
where K;(p) > 0,i = 1,2 are some constants
depending on p.

Proof. Let 7, be the stopping time defined in
Theorem 2.1. Applying the It6’s formula to the
process V(t,z;(t)) = e'al(t), i = 1,2,p > 0, we
obtain for ¢ = 1,2

V(A T, zi(t AN T0))

tATh

+ [ e [
0
ci(8)x3_i(s a2(s)
1-1-(772(53;31((5)) ( ) ( ) :|

+ﬁ£ [(147:(s,2))P — 1 — pyi(s, 2)] Hl(dz)

4ﬂﬂ+@@&»“4ﬂbu@}@ (©)
R

tATh

—I-Of pesat (s)o(s)dw;(s)

+ f f EAC
t/\Tn

et

[(147:(s, z))P—1] 71 (ds, dz)
[(1+6;(s, 2))P—1] 7o(ds, dz).

Under Assumption 1 there are a constants
Ki(p) > 0,i = 1,2, such that

em<>%wﬂ D! (as(s) )

i) (s)HEEDTEE L (14 (s, 2))P

R (10)
—1 — pyi(s, 2)] i (d2) +H{[(1+5¢(8a 2))

—1] Iy (dz) } < e*Ki(p)

From (9) and (10), taking the expectation, we
obtain

EV({tATn, 2t AT))] <2y + Ki(p)e',i=1,2.

If n — oo, then we get
e'E[2P(t)] < 2k + Ki(p)e', i =1,2.

Hence

limsup E [2?(¢

t—o00
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Lemma 3.2. If pyine > 0, where pa(t) = —aa(t) —
Ba(t), then for any initial value x99 > 0, the
predator population density x2(t) has the property
that

1 0
limsup E
P <xxw>

Proof. For the process Ul(t
formula we have

< K@), 0<6<1, (11)

) = 1/x2(t) by the Ito’s

U(t) =U(0) +0fU(s) as(s) — %
+ba(s)a2(s) + 03 (s) + / 2202 11y (dz) | ds

t
_([U(S) s)dws(s fo 112@?52) v1(ds, dz)

—fo

1%5 °2) Toa(s.2) V2 (ds,dz).

Then by the Ité6’s formula we obtain for
0<O<1

A+ UM0) = 1+ UO) + [ 001+ U(s))0-2
0

% {(1 + U(s))U(s) [@2(3) - %
72(3,2
+ba(s) 22 +1f1+wzsz dzﬂ
e+ [0+ U0

0
1+U(s)+72(s,2)
< (I4+92(s,2) 712+U( ))> -1 (12)

+0(1+U(s)) 19712‘(22?} T, (dz)
0
14+U(s)+02(s,2
+5 11{(1 +U(s))? [((1+52(§,g))(12iU()3))>
t
1} II5(d=) } ds—[0(1+U(8))71U (s)o2(s)dwa(s)
0

g (5885 0060t

*hé[@+yﬁzzf—u+vw>w]wwaW>

= (14+U(0))? + f9 U(s))?=2J(s)ds

_Il,stoch( ) + I2,stoch( ) + I3,stoch(t);

where [ si0en(t),j = 1,3 are corresponding
stochastic integrals in (12). Under Assumption 1
there exist constants |K1(6)| < oo, |K2(0)| < oo

14
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such, that for the process J(t) we have the esti-
mate

J(t) < A+U@)U ()[ t) + ba () U (t)

]+

+o3(t +f’)’2 s, 2) Iy (dz) | + %5 LU2(s)od(s)
6
4%]1{ (1+U(s))? [(nyg( > ()) —1}H1(dz)
0
HJA+U()? [(MA}()JFH}()) —1]112(@12)
< UA(t) [a2(t) + 032@) +é'y2(t,z)ﬂl(dz)
+503(1) + %%[(1 +ya(t, 2)) ™0 — 11Ty (dz)

+§g[(1+52(t,z)) o 1) (dz)]JrKl( YU(t)
K (0) == Ko(t, 0)U% () + K1 (0)U (t) + K ()

Here we used the inequality (z+y)? < 2940291y,
0<6<1,z,y>0,in the first mtegral term for
= (14+7(s,2))", y= (1+U(s))"}, and then in

the second integral term for z = (1 + d2(s, 2)) 71,

y=(1+U(s))"L. From
eli%l ¢ +$ﬂ{[ + 7i(t, 2)) =0 — 1] (dz)

+9 f (146 (t,z))_ 1|TIz(dz)

I (14 (, 2) I (d=)q+ I 14, z))lh(dz)]
R R
and the condition poinr > 0 we can choose a suffi-

ciently small 0 < 6 < 1 so that

Ko(6)=inf Ko(t,6)=inf[pa(t)~ A(6,1)] > 0

is satisfied. So from (12) and the estimate for J(t)
we derive

d[(1+U(t)"] <61

+ 2[—Ko(0)U(t)
+K1(0)U () + K2(0

(
901+ 010 Ui
0
of | (1458575 = 0+ U (e

if [ (1458855) -0 Ut ),

Ho2(t,2)
By the It6’s formula and (13) we have

d [eM(1+U(t)] = Ae (1 + U(t))"dt
+eMd [(1+U (1) <eMo(1+U (1))~
x [= (Ko(0)—5) U(t)+ (Kl(e) 2A) U(t)
+K5(0)+ 3] dt—0eM(1+U (1))~
U (t)oa(t)dws(t)

Ut
)}
Jo

(14)
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u(t—)
1ﬂ2(t’z
Ut-)
1+62 (tvz)

%Afé [<1+ )

+e”ﬂ{ [<1+

)9—(1+U(t‘))9] o (dt, dz)
>0—(1+U(t))9] Do (dt, dz).

Let us choose A = A(f) > 0 such, that Ky(0) —
A/0 > 0. Then there is a constant K > 0, such

that
(1+U(t [ ( U2( t)
< L(0) + 2) Ut) + K2(9) 2] <K "

Let 7, be the stopping time defined in the
Theorem 2.1. Then by integrating (14), using (15)
and taking the expectation we obtain

E (XA (14 U (A7)
< < ! )9 <6>\t — 1) )

0
I+ — | +1K
Letting n — oo leads to the estimate

20 A

From (16) we obtain

lim sup E [(@)9] = limsup E [U"(t)}
< h?iing [(1 + U(t))e} < )\(HH)K’

this implies (11).

Definition 3.1. ([8]) The solution X(t) to the
system (3) will be said stochastically ultimately
bounded, if for any € € (0, 1), there is a positive
constant x = x(g) > 0, such that for any initial
value Xy € R2, the solution to the system (3) has
the property that

limsup P {|X (¢)| > x} < e.

t—o00

Theorem 3.1. The solution X(t) to the system
(3) is stochastically ultimately bounded for any ini-
tial value Xg € R%—-
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Proof. From Lemma 3.1 we have an estimate Consequently

limsup Efz;(t)] < K;, i =1,2. (17)

t—o00

For X = (x1,22) € Ri we have | X| < x1 + x9,
therefore, from (17) we obtain

limsup F[| X ()] < L = K1 + K».
t—o0

Let x > L/e, Ve € (0,1). Then applying the
Chebyshev inequality yields

lim sup P{| X ()| > x}
t—o00

1 L
< —lim sup E[|X(t)]] £ — < e.
X t—o00 X

The theorem is proved.

Definition 3.2. The population density z(t) will
be said stochastically permanent if for any € > 0,
there are positive constants H = H(e), h = h(e)
such that

lminf P{z(t) < H} >1—¢,
t—00

liminf P{z(t) > h} > 1 —¢,
t—o0

for any inial value z(0) = xo > 0.

Theorem 3.2. If poins > 0, where pao(t) =
—ag(t) — Pa(t), then for any initial value xo0 > 0,
the predator population density xo(t) is stochasti-
cally permanent.

Proof. From Lemma 3.1 we have an estimate

limsup Efza(t)] < K.

t—o00

Thus for any given € > 0, let H = K /¢, by virtue
of Chebyshev’s inequality, we can derive that

1
limsup P{z2(t) > H} < ﬁlimsup Elza(t)] <e.

t—o00 t—o00

Consequently
litmian{a:Q(t) <H}>21-¢.
—00

From Lemma 3.2 we have the estimate

[(ﬂbl(t)

For any given € > 0, let h = (¢/K(0))/?, then by
Chebyshev’s inequality, we have

limsup E
t—00

0
>]<K(9),0<9<1.

lim sup P{z2(t) < h}
t—o0

<mwe { () > 1}
ghelimsupE{( 1 )9} se

t—o00

16

im i > =>1—c.
hgg)lfP{a:Q(t)/h}/l €

The theorem is proved.

If the predator is absent, ie. xa(t) = 0
a.s., then the equation for the prey populati-
on is the non-autonomous stochastic logistic di-
fferential equation. The sufficient conditions for
the stochastic permanence of the solution to the
stochastic logistic differential equation are obtai-

ned in [3]:

Theorem 3.3. If the predator is absent, i.e.
xo(t) 0 a.s., and prime > 0, where p1(t) =
ai(t) — B1(t), then for any initial value x19 > 0,
the prey population density x1(t) is stochastically
permanent.

4 Conclusions

In this paper, we consider the non-autonomous
stochastic density-dependent predator-prey model
with Holling-type II functional response driven by
the system of stochastic differential equations wi-
th white noise, centered and non-centered Poisson
noises. So, we take into account levels of predator
density dependence, “small” jumps, corresponding
to the centered Poisson measure, and the “large”
jumps, corresponding to the non-centered Poisson
measure. For the considered system, sufficient cri-
teria for the existence and uniqueness of a global
positive solution is obtained. We derive sufficient
conditions of stochastic ultimate boundedness and
stochastic permanence in the considered stochastic
predator-prey model.
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Cmammio npucsaieno JdocaioHcer o weudkocmsi 30ICHOCMIT THMEZPANOHUT CYM 080T MUNi6 Ao

dpobosozo twmeezpany. B nepwiti meopemi dosedero 2eavdepiscvky 6AGCTMUBICTG 0POOOBUT THME2PANIE
610 PyYHKUIT 3 PIBHUL THMEPAALHUL NPocmopis. [Tomim MU OUTHIVEMO WEUIKICTD 30IHCHOCTIVE THME-
2PANDHUL CYM, NOOYAOBAHUT 3G 2eAb0ePi6CHRUMY PYHKULAMU, 00 610N06IOHUT IPOobOBUT THIME2PaNIs.
Ompumani pe3ysomamau npoisocmposano JeKiAbKOME YUCEADHUMU NPUKAAIGMAU.

Knowosi crosa: dpobosuti tnmeepan, inmezpasvti cymu, nabauxcerta, 2eavdeposicmo. The paper

is devoted to the rate of convergence of integral sums of two different types to fractional integrals. The

first theorem proves the Hdélder property of fractional integrals of functions from various integral spaces.

Then we estimate the rate of convergence of the integral sums of two types corresponding to the Holder

functions, to the respective fractional integrals. We illustrate the obtained results by several figures.
Key Words: fractional integral, integral sums, approximation, Holder property.

1 Introduction is of great interest, we note only the works [3]-[6].

Fractional integrals as the basic elements of fracti- 2 Main definitions

onal calculus are widely used for solving fracti-
onal differential equations, both nonrandom and
stochastic, and for construction of various fracti-
onal processes. At the same time, unfortunately,
it is impossible to calculate fractional integrals
explicitly even for many elementary functions.
Naturally, the problem of approximation of fracti-

Definition 1. Let [a,b] be a finite interval. The
function f: [a,b] — R satisfies the Holder condi-
tion of order A on [a, b] if there exists such C' > 0
that

|f(21) = f(x2)] < Clay — a2 (1)
for any x1,z9 € [a,b], where X\ is the Holder

onal integrals appears. In this research we discover
Holder properties of fractional integrals and then
the rate at which integral sums approximate fracti-
onal integrals. To solve this problem, we use the
properties of fractional integrals presented in the
classical book [1] and discussed in [2]. At the
moment, the approximation of fractional integrals

© A. Malyarenko, Yu.S. Mishura, Y.A.O. Rudyk, 2022

exponent. Denote Holder constant

|f(x1) —f(332)|‘

Cy =
|z1 — 22

sup
z1,x2€[a,b],x1#£x2

It is clear that the function f is continuous
on [a,b] if it satisfies the Holder condition of any
positive order on this interval.

The research of Yu. Mishura was supported by the Swedishg'oundation for Strategic Research, grant Nr. UKR22-0017
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Definition 2. Let function ¢ € Li(a,b). The
integrals

(L?#P) () def F(la) / @ (’_D(;))l_a dt, T > a,
(2)

a

(I5-¢) () < F(la) / G _“’gl_adt, z <b,
(3)

x
where a > 0, are called fractional integrals of the
order «, or, more precisely, the Riemann-Liouville
fractional integrals. Sometimes they are called left-
sided and right-sided fractional integrals, respecti-
vely.

3 Holder properties of fractional integrals

In this section we consider a« € (0,1), and
for technical simplicity restrict ourselves with
left-sided fractional integrals because right-sided
integrals can be considered similarly.

Theorem 3.1.

1) Let function f € Lyla,b] for some p €
(1,00). Then for any a € (%, 1):

Ig, f € CYPla,b] and

[(I8, 1) (6) = (I8.f) (s)| < Ot — 5)°7 1/,

where C = M*

2) Let function f € Lsoa,b]. Then for any
€ (0,1)

I¢ f € C%a,b] and
(I3 £) (8) = (I8, f) ()] < C(t = )7,

where C =

Proof.

Series: Physics & Mathematics

1) Let a < s <t <b. We can bound
Dsp = (L34 f) (8) = (1e1f) (5)]

as follows:
1
As,t X @ ( (37t) + ‘52(3 t))
where

and

Sa(s, t) = / ((t— u)* !t — (s — u)a_l) flu)du| .

0
Consider (s, t), and let % + % = 1. Then

1/q

t
S1(s,t) < /(t —w)* Vdu | fllp, e -

and
! Ha (t )oc—l-i—l/q
/(t — u)q(a_l)du = a1+l
(t —s)2—1/p
" qa—qfp
Furthermore,
Sa(5,1) < (5,0 110
where
s 1/q
L Syt = / (= 0™ — (s — )| du
0

Let’s evaluate $3(s,t), changing the vari-
ables as follows: s — u = (t — s)y. Then
t—u=(t—s)(1+y),and
Si3(s,t) =

s/(t—s) La
= (t—s)*'" / (L +y)* ™t =yt dy

0

00 1/q
< (t—s)r e / |(L+y)> =y dy

0

19
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Now our goal is to prove that the latter
integral converges. Indeed, it equals

/y(a—l)q
0

On the one hand, it is easy to see that (o —
1)g > —1. Therefore the integral converges
at zero. On the other hand, note that at infi-

q

1
1| dy

1+ 1/y)—

nity
(141/y)'
l—a (1-ao)(-a) 1
-1 -
+ ” + 2y? +o 2
therefore
! 1
(1+1/y)t-e
a 1+1—_04_M+0(L) -
Yy 2y? y?
1—
~ — @ as gy — oQ.
Y
Finally,
(L+1/y)t=
(a—2)g

~(1— Oé)qy(a—l)qy—q =(1-—
= (1 — a)tylo—2p/—1),

Recall that a < 1, therefore (ap—%l)p <a—2<
—1, and integral converges at infinity.

2) Recall that now f € Loy, and [[fle =
€ss SUPye[qp) | f| < 0o. Applying the inequali-
ty

t — s < (t—9)%,

20

where s < t, 0 < a < 1, we get that

|(Ig f) () = (I F) ()]

o w
- r<a>a/ ="
L w
r<a>a/ Gowa
< T (/\(t—w“ — (s — WY |f(w)| du
e [ u)“lf(U)ldu)
A
— - - -0 (- o
(s - a)* + |t — s
31 oo .
STarn 9%

4 Approximation rate

Now our goal is to apply obtained formulas to
approximate fractional integrals by integral sums,
applying, in particular, Theorem 3.1. For technical
simplicity, consider [a,b] = [0,7] and create the
sequence of uniform partitions 7, of the interval
[0, 7] consisting of points t;, = 2L, 0 < k < n.
By ]“TT we denote the point of partition, which is
closest to t being less or equal to t. Without loss
of generality, we shall approximate only left-sided
integrals, considering sums of two types:

)

1 " TN L (GT\ T
s =g 2 () ()
and
1 T GG+ )T\
S2n(?) F(a+1)j§0<<7_ n )
BT jT\™\ , [JT
(50 ) (D)

To achieve our goal we will evaluate the difference
between fractional integrals at the points of parti-
tion m, because the difference between fractional
integrals in other points is estimated in Theorem
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3.1 and can be reformulated in the following
statement. In the point % we have that

kT 1 ke oG\t T\ T
s () =m0 50) ()

s () = rm 2 (- 1228
()

Corollary 1. Let function f € Loo[0,7T]. Then for
any a € (0,1)
kT 3 flle (T\"
I§ — (1§ — <= — .
a0 0~ . ()| < 75 (3
Proof. That is the particular case of the Theorem

3.1, part 2. Here we have s = kT/n and ¢t —

It should be noted that a problem of approxi-
mation of fractional integrals needs particular di-
scovery because of singularity at the upper (lower)
bound of integration. Let’s formulate the main
result.

Theorem 4.1. Assume that f € CP[0,T] with
Hélder constant Cg, and o+ > 1. For approxi-
mation the fractional integral by the sequences
Sin,t = 1,2 we have the upper bounds

(KT kT .
(76, f) <7> — Sin <7>‘ <Cm' P,

max
kelo,n]
CaTo+8 a

where C1 = b5 (S22 4| fllenT) G =
CgTQ+B

T(a+1) -

Proof.

(i) Denote
A, = sup [f(s) = F D).
0<s<t<(s+T/n)ANT

Obviously, A,, < (%)B/@Hfﬂc[oﬂ. Consider
separately the last term

kT /n

a—1
Sk 1= ! / <k—T - s> f(s)ds—

I'(a)
k—1)T/n

B ()

n

)

21
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and all other terms:

(+1)T/n . ol
S T X
Sin o) ( - s> f(s)ds
iT/n
(+1)T/n 7y e-t -
- L J_> s <J_> ds|,
n n n
JiT/n
0<j<k—2

1 e kT ot
Sk < m / <7 —5) |f(s)—
(k—1)T/n
(k—1)T 1
/ ( " ) ST

kT /n

*

LT a—1 T a—1
<— - s) - (—) ] ds sup |f(s)]
n n t€[0,T
(k=1)T/n

<t (éAn (%) + 1 lepom (—1+ i) (%))

(1)
< ﬁwncm <% B 1) (%)

Now, let 0 < j < k—2. Taking into account

that
ey
—1-a) (5 - &)H (s— L)

n n
kT a=2p
<=0 (7 —3>

]
n

where 0, € [%,S], we get the upper bound
for the difference of integrals:

(G+1)T/n o1 o1
T > T <k:T jT)
n n n n
JiT/n
. (j+1)T/n - s
<(1—a)— <— - s) ds,
n n
iT/n

and from now on we can proceed similarly
to (4):
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1 (Cs (T)“*B
=—\|—= |- n
G+1)T/n o Lla) \ o \n
Sin < =—A —_—— d
Sin F(a) n o S) S T a 1
iT/n +l flleqo,m) - i+l
(G+1D)T/n o+
1 kT a—1 _ 1 CBT l1—a—p T~
gyl e - ) ds T\~ a7 T WlewnT™n
7T/ Since 1 — 8 > 0, we have 1 —a — 8 >
o1 —a, n~* < n'7* P and respectively the
_Z k_T _ iT upper bound is
n\n n
1 [CgTotP Ca
. w7 (e + floont® ) e
<7 (= 1-
w7 (3 lfllcon( - a)s
(G+1)T/n L _ . -~ (ii) These upper bounds are even simpler.
% / AR ds + —A, [ = Indeed, we again divide the difference
n a "\n
JT/n kT kT
(T ) (%) -5 ()
< (o) <E||f||C[O,T](1 —a)x
' into the sum of respective differences on the
G+1)T/n T a—9 C /T OB subsequent intervals of the partition, and in
% = 3> ds + =22 <_> this case for any 0 < 7 < k — 1 we can esti-
7 n a \n mate these differences as follows:
J n

Taking a sum of integrals over 0 < j < k—2,
we get the upper bound

Hirlewn (2 -1) (2))
(e

T 1 (T\*!
ot - o= () )

G+)T/n oT a1
(— - s) f(s)ds

n

I(a)

iT/n

1 KT (j+1)T\" kT 5T\“ 3T
S (G- -5 ) ()
(G+1)T/n T o1 T

(=) o= ()]
n n
iT/n

1 T\ Ccy [T\
S (=) < - )
Nla+1) n Na+1)\n

whence the proof immediately follows.

I(a)

5 Graphical illustrations of convergence
rate

Consider several examples illustrating the
convergence of integral sums for various functi-
ons and various number of intervals of partition.
We always consider interval [0, 1]. The values of
integrals are received with the help of standard

functions integral from MATLAB. It is clear that
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the sums Si, give the better approximation.

Sia(t)

25

Fractional integral sums of exp(t), o = 0.2
T T T T : T T

S1.200(t)

— = — - Sisu0(t)
S1a000(t)

.
fractional integral and sums
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o
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8 Fractional integral sums and fractional integral of /1 —¢, & = 0.2
T T T T T T T T T
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fractional integral and sums
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Hobydosaro ouitku Oas 6Cix Mpooxr Hesidomur napamempis y modeai Bacivexa na ocnosi duc-

KPEMNHUL cnocmepestcens ma 006edeno irnio cmpozy KOH3UCTERMHICTG.

NPOLAIOCMPOBAHO 34 ONOMO20I0 MOOJEANEUHH.A.

TeopemuuHi pe3yavmamu

Knmowoei caosa: cmoxracmuyne dudeperuyiasvte pi8HAHHA, MOOeAd 610COMKOBOT CMABKU, HU3LKO-

yacmommi dari, epo2oduyHa Meopema.

We construct estimators of all three unknown parameters in the Vasicek interest rate model based
on discrete observations and prove their strong consistency. Theoretical results are illustrated by sim-

ulations.

Key words: stochastic differential equation, interest rate model, low-frequency data, ergodic theo-

rem.
1 Introduction

In 1977 O. Vasicek [1] proposed a mathematical
model for the interest rate, which was later named
after him. It is described by the following stochas-
tic differential equation

dXt = (Oé — ﬁXt) dt + ’)/th,

where «, 8,7 are constants and W is a standard
Brownian motion. This model is widely used in
the economics and in the mathematical finance;
however, it also has applications in various other
fields. Usually, it is assumed that 8 > 0. In this
case the process X has ergodic properties and the
property of mean reversion, which is important for
financial applications. We will discuss them be-
low. From the financial point of view, the model
parameters have the following interpretation: [
corresponds to the speed of recovery, the ratio o/
is the long-term average interest rate, and - rep-
resents the stochastic volatility.

For practical applications of this model, pa-
rameter estimation methods are required. If

© K.B. Pasbuenko, O./1. IIpuxoapko, 2022

26

continuous-time observations for a whole trajec-
tory of the process X = {Xy,t € [0,T]} are avail-
able, then usually the diffusion parameter ~ is
assumed to be known, since it can be evaluated
almost surely with the help of realized quadratic
variations. The drift parameters « and (8 are es-
timated using the maximum likelihood method or
the least squares method. Both approaches lead
to the same estimators, namely

(X7 — Xo) Ji X2dt — [ Xy dX, [} X dt
2
T fy Xt~ (Jy Xedt)

Q)
Il

)

(1)

(X7 — Xo) [ Xedt — T [ X, dX, @

B= T T 2
T o Xzt~ (Jfy Xiat)

see Example 1.35 in the monograph [2].

In practice, a trajectory of the process can be
observed only at some discrete time instants, for
example t, = kh, k = 0,1,2,..., with a fixed
step h. If h is close to zero, then it can be assumed
that the process is observed continuously, so we
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can use the above-mentioned approach to param-
eter estimation. If i is considerably large (the case
of low-frequency data), then we cannot assume
that the observations are continuous. Moreover,
the coefficient « cannot be calculated using real-
ized quadratic variations, and integrals in formulas
(1) and (2) cannot be well-approximated by inte-
gral sums. So, a problem of simultaneously esti-
mation of three parameters «, 3, v by the discrete
low-frequency data arises. This paper is devoted
to construction of strongly consistent estimators
of these three parameters.

2 Problem formulation

Let the process X be a solution to the following
stochastic differential equation

dX; = (a — ﬂXt)dt +~vdW;, Xo=z0 € R, (3)
where W = {W,,t > 0} is a Wiener process. The
parameters a € R, 8 > 0 and «v > 0 are assumed
to be fixed, but unknown.

It is well known, that the equation (3) has a
unique solution, which can be found explicitly:

t
X = L pes (3:0 — a> —I—’y/ e Pt aw,,
B B 0
see, e. g., |3, Eq. (9.7)].
Let A > 0 be fixed. Assume that the following
values are observed:
XO, th X2h7 s 7th'

The aim of this paper is to construct strongly
consistent estimators of all three unknown param-
eters a, B and .

3 Convergence of statistics

For parameter estimation we will use the following
three statistics:

n—1

1
n = — Xkh, 4
¢ n;) h (4)

n—1
1
Tin i= " ZXI%M (5)
k=0
1 n—1
Cn 1= - kZOthX(kH)h. (6)
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In this section we will investigate their asymptotic
behavior.

Put
t
7y = 7/ e*ﬂ(t*S)dW&
0
t
Y, =~ / e PE=s)qw;,.
Then

(7)
(8)

The process {Y;,t > 0} is a two-sided Ornstein—
Uhlenbeck process, restricted to the positive half-
axis. It is known, that it is stationary and ergodic,
see, for example, [4]. It follows from ergodicity
that for any measurable function ¢g: R> — R, such
that E|g(Yp, Ys)| < oo, the following convergence
holds:

« _ «
Xt:B—Fe 6t <$0_/B>+Ztﬂ

Z, =Y, — e Py,

n—1

1

. Z 9 (Yins Yieryn) — 9(Yo, Ya) 9)
k=0

a.s., as n — oo.
Let us start with establishing several auxiliary
results.

Lemma 1. The following convergences hold:

n—1 2

1 « v
nkZ_OYth(k+1)h - %e o,

a.s., as n — oo.

Proof. 1. Using (9) with the function g(z,y) = z,
we get

n—1 0
1
- § Yin — EYp :ny/ ePsdw, =0,
n

k=0 o

a.s., as n — 0.
2. Applying (9) with the function g(x,y) = =
and Itd isometry, we obtain

2

n—1

1 0 ?
—3 V5 = EYg =+ (/ eBSdWS>
n —00

k=0
2

0
A2 28s 7
=7 / eds = —.
— 28
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3. It follows from (9) with g(z,y) = xy and from
the properties of the [t6 integral that

n—1

> VinX(gsnyn — EYoY,
k=0

0 h
=~%E ( / P dW, - / eﬁ<s—h>dWS>

0 ’72
= ’}/26_ﬁh/ e?P3ds = %e_ﬁh. O
—00

1

n

Now let us prove similar convergences for the
process Z.

Lemma 2. The following convergencies hold:
1 n—1
ﬁ Z Zkh — 0,
k=0

1 n—1 72
=N zE -
n kZ:O kh 20

1 n—1 ’}/2
=Y ZnZ — e P

a.S., as n — Q.

Proof. 1. By (8), we get

1 n—1 1 n—1 1 n—1
D2 D=3 Yin— Yo ) e =0,
k=0 k=0 k=0

a.s., as n — 00, since the first term tends to zero
by Lemma 1, and the sum ZZ;(% e Pk in the sec-
ond term has the finite limit ;——, because it is
the sum of a decreasing geometric sequence.

2. Using (8), we may write

1 n—1 1 n—1 9
2 —Bkh
Ezzkhzgzo/kh—e g Yo)

k=0 k=0

1 n—1 1 n—1
—2Bkh
SRR
k=0 k=0

9 n—1
~ 2y Y., e PR,

In this case, the first term converges to % by
Lemma 1. The second term vanishes as n — oo,
because the sum ZZ;& e~2PF is a sum of decreas-
ing geometric sequence, therefore this sum has the
finite limit 1_@%26,1. The third term also converges
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to zero, since it can be bounded by the first two
terms due to the Cauchy—Schwarz inequality:

1 n—1 1 n—1 1 n—1
- Z Yine PP < - Z Y2 - - Z e—28kh_
k=0 k=0 k=0

3. In the same way, we obtain the third conver-
gence of Lemma 2. Using (8), we get

n—1

1 1
=N ZunZgen = = <Y —*ﬂkhy)
n & khe(k+1)h = = kh — € 0

X (Y(k+1)h - 67'8(k+1)hY0> =
1 n—1 1 n—1
= Z YienY(kv1)n + gYOQ Z e 2Okh=On
k=0 k=0
1. & —pkn 1 - —B(k+1)h
- EYO Z Y(k+1)ne - EYO Z Yine :
k=0 k=0

The first term converges a.s. to %e‘ﬁh by Lemma
1. Similarly to the previous part of the proof, we
obtain the convergence to zero for the remaining
terms. O

Now we are ready to establish convergence of
the statistics &,, n, and (,, defined by (4)—(6).

Lemma 3. The following convergences hold:

a

n e 0

6 3 (10)
a? 72

T = 5+ 55 (11)
2 2

(o — % + ;—Be—ﬁh (12)

a.s., as n — o0.

Proof. In order to prove the convergence (10), let
us consider the definition of &, and express X in
terms of Z using the equality (7). We get

1n 1
fn:EZth

-+ €_Bkh <.%'0 — g) + Zkh>

a 1n—1 1n—1
_ ).z —Bkh |~
(o) A

«
=+
k=0 k=0

By Lemma 2, the last term in this equality con-
verges to 0 a.s. The second term also tends to
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0, this fact was proved in the previous lemma (see
part 1 of its proof). Thus, §, — % a.s., as n — 0o.

The convergences in (11) and (12) can be de-
duced from Lemma 2 by similar arguments. O

4 Construction of strongly consistent esti-
mators

Lemma 3 gives us an idea for construction of the
strongly consistent estimators of «, 3, . It con-
sists in replacing the sign “—” with “=" in conver-
gences (10)—(12) and solving the obtained system
of three equations with respect to «, 8 and «y. The
solutions will be strongly consistent estimators of
unknown parameters.

The system of estimating equations has the
form

b=,

M = 22 + g;v )

Cn = gi + zge_m‘.
It can be rewritten as

&b =a,

m—& =1, A

G =& =256

Now, by dividing the second equation by the third
one, we get a relation for 5. After that, substi-
tuting S in the first and the second equations, we

immediately obtain a and 7 respectively. As a
result, we arrive at the following estimators
A 1 M — 52
5 = 7 10g+ > )
S Gy (13)

ap = gném '3’721 = 2371(7771 - 57%):
where, for the sake of definiteness, we use the fol-
lowing function log™ instead of log:

logz, x>1,
logt x = &
0, z < 1.
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The following theorem is the main result of
the paper.

Theorem 1. The following convergences hold a. s.
as n — 0o:

an — a, Bn — B, n =,
i. e., Gp, Bn, Yn are strongly consistent estimators

of the parameters «, 3, v respectively.

Proof. The proof follows immediately from the
equalities (13) and Lemma 3. O

5 Simulations

In this section we illustrate the quality of the es-
timators with the help of simulation experiments.
We fix the following true values of the parame-
ters: « = 1, § = 2, v = 1, and choose the initial
value zg = 1. We generate 1000 trajectories of
the process X as a solution to the stochastic dif-
ferential equation (3), using the Euler-Maruyama
approximations with the discretization step 0.001.
Then we compute means and standard deviations
of the estimates for three values of sampling inter-
vals (h =1, h = 0.1 and h = 0.01), and for various
sample sizes (n = 100, 500, 1000, 1500, 2000). The
results are reported in Tables 1-3.

We observe that the means of the estimates
converge to the true values of the parameters, and
their standard deviations tend to zero. Thus, the
numerical results confirm theoretical conclusions
about the strong consistency of the estimators. It
is worth mentioning that the estimators ¥, demon-
strate much better rate of convergence compared
to &, and ﬁn Note that the estimators of 8 con-
verge too slowly.

Table 1: Estimation results of the sampling interval h = 1

n=100 n =500 n=1000 n=1500 n = 2000

Mean of &, 1.0193 1.0683
Mean of 3,  1.9983  2.1324
Mean of 4,  0.8896 1.0257
S.Dev. of &, 0.6647  0.2278
S.Dev. of 3, 1.2577  0.4404
S.Dev. of 4,  0.4391  0.1073

1.0393 1.0280 1.0204
2.0763 2.0555 2.0404
1.0168 1.0123 1.0095
0.1368 0.1073 0.0897
0.2634 0.2059 0.1715
0.0627 0.0505 0.0421
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Table 2: Estimation results of the sampling interval h = 0.1

n =100 n =500 n=1000 n=1500 n = 2000

Mean of &, 1.5712 1.1057
Mean of 8,  2.9459  2.1681
Mean of 4, 1.1017 1.0201
S.Dev. of &, 0.7631  0.2324
S.Dev. of 8, 1.0773  0.3407
S.Dev. of 4,  0.0873  0.0364

1.0547 1.0372 1.0265
2.0846 2.0553 2.0410
1.0107 1.0080 1.0064
0.1567 0.1301 0.1061
0.2295 0.1836 0.1563
0.0242 0.0203 0.0178

Table 3: Estimation results of the sampling interval h = 0.01

n =100 n=>500 n=1000 n=1500 n = 2000
Mean of &,, 18.3085  2.0973 1.4760 1.3065 1.2248
Mean of 5,  22.0864  3.7253 2.7878 2.5089 2.3657
Mean of 4, 1.6720 1.1439 1.0772 1.0520 1.0384
S.Dev. of &,, 24.5680  1.5446 0.8856 0.6552 0.5347
S.Dev. of 5, 229114  1.3237 0.6480 0.4836 0.3850
S.Dev. of 4, 0.2649 0.0603 0.0363 0.0255 0.0210

We also observe that the results for h = 1 and
h = 0.1 for fixed n are quite similar. However, if
we compare the results for the same horizon of ob-
servations T" = nh, we will see the clear advantage
of more dense partition of the interval [0, 7.

At the same time, the results for A = 0.01
are substantially worse. Only the estimator of v
is useful in this case. We suppose that this is due
to small horizon of observations. As a conclusion,
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the horizon of observations 1" is more important
for the quality of estimators of o and 3, that the
sampling interval h.
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B cmammi pozensoaemocs memoo nowtyxky piuienv y OUHAMIYHIL MOOeni YRPAGIiHHA 3anacamu 3d
He8U3HAYeHOCMI. 3anponoHOBAHO AN20PUMM POPMYIIOBAHHA ONMUMANLHOI cmpamezii YnpasiiHHA 3anacamu
3@ 00ONOMO2010 pO3POONEHO20 MemOoOy BUZHAYEHHS PO3MIPY ONMUMANbHOI napmii 3aMO8leHHA ma
opmysanms OnMUMAIbHO20 NAAHY NOCMAYAHHS 8 YMOBAX CTMOXACTHUYHOCTI NORUNY.

Po3pobnene piwenns cnpamosano ma 3abesneueHHs makcumizayii npubymKy 6 onepayiax nocmavauHs
mosapie 3a paxyHox onmumizayii sumpam Ha 00Caye08y8anHs 3anacis, niosuuenHs Koegiyicnmy obicosocmi
3anacie, 3MeHUeHHI0 BUMPAam Ha 00C1Y208Y8AHHS 360POMHO20 Kanimany ma iHuwe. MoOeno8anHs UKOHAHO
3 YPaxy8aHHAM MOHONPOOYKIMOBOI cmpameeii, pi6HOMIPHO20 PO3NOOILY Npooaxtc 8 YUK ma MUmmeo2o
NOCMAYAHH MOBAPY 8 MOMEHM NO4amKy yukiay. B sxocmi obmedxceny moleni Oyau naseoeni Haubibul
nowuperi 3MiHHi, Wo 0038018€ NPodeMoHCmpy8amu pobomy ancopummy. B pobomi euxonano nopieHsaHHA
Dpe3yIbmamie  MOOent08aHHsA  albMEPHAMUBHUX Memo0die NIAHY8AHHA Npoyecy YAPAGIIHHA 3aANACaMU.
Haseoeni pezynomamu cgiouams npo nepesazy 3anponoHo8aHoi mooeri.

Knrouosi cnosa: cucmema ynpaeninusa 3anacamu, po3mip ONMUMATLHOI napmii 3aMOG1eHHs, TiHIlHA
peepecis, ¢hyuxyia Jlacpanica.

The article considers the method of finding solutions in the dynamic model of inventory management under
uncertainty. An algorithm for formulating an optimal inventory management strategy is proposed using the
developed method of determining the size of the optimal order lot and forming an optimal supply plan under
conditions of stochastic demand. The developed solution is aimed at ensuring profit maximization in goods
supply operations due to the optimization of inventory maintenance costs, an increase in inventory turnover
ratio, a reduction of working capital maintenance costs, etc. The modelling was performed considering the
mono-product strategy, the even distribution of sales in the cycle, and the instant supply of goods at the
beginning of the cycle. The most common variables were listed as limitations of the model, which allows for a
demonstration of the operation of the algorithm. The paper compares the simulation results of alternative
methods of planning the inventory management process. The given results indicate the superiority of the
proposed model.

Key Words: inventory management system, size of the optimal order lot, linear regression, Lagrange
function.

Beryn TuMyacoBa BiZICYyTHICTb MOXIIMBOCTi 3a/J0OBOJIBHUTH
Byp-sika oprauisartis, 10 3milicHIOE  TOMUT MOXE OyTH MPUYMHOIO BTPATH KII€HTIB [2].
rOCIIOIaPCHKY TSUTBHICTB, CTUKAETHCS 3 IHTEerpoBaHi naHIIOTM TOCTaYaHHS TNependadaroTh

HEOOXiHICTIO ynpaBliHHs 3amacamu. PopMyBaHHS
saKicHOI ~ crparerii — ynpaBiiHHA  3amacamMu €
CTpaTeriyHuM  3aBAaHHSAM  opraHizaumid  [1].

M. I. Cumonos, B.M. TI'opbauyxk, 2022

IUTaHYBaHHS Ta KOOPJMHALIIIO MOTOKIB MaTepialiB i
iHpopmanii Mk ycima mankamu [3], a hopmyBaHHS
CKJIaJICbKHUX 3allaciB JI03BOJISIE KEPYBaTH PU3MKAMH
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BHHUKHEHHS Je(ilUTy B HACTIJIOK KOJIMBaHb OOCSTIB
npono3uilii Ta monuty. B [4] onucano 3acTOCyBaHHS
ONTHUMAJLHAX CTpaTeridi ympaBiiHHA 3amacaM 3
HeNiHIMHOI0 (DYHKIIEI BUTpAT, IO € aKTyaJlbHUM
OpH  TUIAaHyBaHHI  TpoLeciB 31  3HAYHUMH
KOJMBAHHIMH MOKa3HMKIB. OIHAK, OCTAHHIM YacoM
JIOCUTh 0araTo MpoOJieM B JIAHIIOTaX IOCTaYyaHHS
BHHUKAa€ B HACIIOK HEOOXIIMHOCTI OajlaHCyBaHHS
MDK BHMOTaMH TOCTa4albHHKAa Ta MOXIIMBOCTSIM
MOKYNIsE B Oa4eHHI ONTHMAIBHOTO PO3MIpy MapTii
TOBapy Ta BIUIMBY (pakTopiB HeBU3HaueHOCTi [5].
YpaBiiHCBKI pIlIGHHS MIOZO0 3alaciB IOBHHHI
npUAMATHCS HA PIiBHI OKPEMHX TMPOAYKTIB, MIO
YCKIIQJIHIOE TIpOOJieMY 3arajbHOTO BHUKOPHUCTaHHS
HasSBHUX pPECypCiB Ta BH3HAYECHHS NPIOPUTETIB [6)].
I'moGanizamist Ta yHiQikamis ToBapiB MiABHILYE
BUMOIM 10 3a0e3lmedyeHHs CTaOLIBHOCTI IUKIIB
[IOCTaYaHHS [7] mo maHKaM Ta BHMOTH [0
€KOHOMIYHOT e() eKTHBHOCTI OIeparliif Ha yciX JJaHKax
MpoIIecy MOCTavYaHHSL.

ITocTanoBKa uiJi Ta 3a1a4i J0CTiIKEHHSA
[ime mocmimkeHHS € po3poOKka Mojeri
YOpaBIIHHSA 3aMacaMd 3 METOI0 MaKCHUMI3aIlil
npuOyTKYy B TIpOIIECi MOCTadyaHHS TOBapiB 3a
JIOIIOMOT'OFO ornruMizarii BHUTpAT Ha
o0cimyroByBaHHs 3anaciB. Bukopucranus moeni
J03BOJIMTH MIHIMI3yBaTH BUTpATH Ha 30epiranHs
TOBapiB, MIIBHIIWTH pPIiBEHb OOCIYroByBaHHS
KIIEHTIB 1 THM CaMUM 3HU3UTH 00 €M
HEZOOTPUMAHOTO MPUOYTKY, 3MEHIIUTH BUMOTH
JI0 pO3MIpY CKJIaJly Ta IHIIIE.
JI71st JOCSITHEHHS IUTH BUPIITYFOTHCS HACTYITH1
3ajayui:
- BU3HAYCHHS ONTUMAJILHOTO PO3MIpy MapTii
3aMOBJICHHS;
- BU3HAYECHHS ONTUMAJILHOTO IJIaHy
MOCTauyaHHs;
- (opmynrOBaHHS ONTUMANBHOI CTpaTerii
yIpaBJIiHHS 3alacaMy;
- IOPIBHSUIbHUI aHaI3 PE3yIbTaTUBHOCTI
poOOTH 3ampPOTIOHOBAHOT MOJIETI.

BusHaueHHs1  ONTHMAJBLHOIO  PO3Mipy
napTii 3aMOBJICHHA
Jlnis KOMEpUIMHUX oOpraHizauiil KpuTepiem

e(peKTUBHOCTI cTpaTerii (PyHKIIOHYBaHHA €
3a0e3neueHHst IpUOYTKY Bill CBOET AiIIBHOCTI [ 8-
11] na sxuii, Oe3nocepeHbO, BIUIMBAE PO3MIp
omnepauiiHux BuTpar. OnHA 3 OCHOBHHMX CTaTei
BUTpAT MOB’s13aHa 3 00CIYTOBYBaHHSAM CHCTEMHU
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yIpaBIiHHS 3aracaMu: 3aKyITBIIi, TEXHOJOTTYHI
Koe(ilieHTH  mepepoOKH,  OOCIyroByBaHHS
3anumkiB Ta inme [12]. Ha piBenp BuTpar
3HaYHWH BIUIMB Ma€ OOEpTaHHS CKIJIAJCHKUX
3aracis, SIKE 3aJIE€KUTH BiX SIKOCTI
NPOTHO3YBaHHS  MOMHWTY, pPO3MIpYy  MapTii
3aMOBJICHB Ta MUKJIIYHOCTI MOCTABOK.

[Ipu po3paxyHKy ONTUMAIBLHOTO PO3MIpy MapTii
3aMOBJIECHHS X" 110
3aMOBJIEHUI TOBap MOBHHEH OyTH Ha CKJIaJl Ha
MOMEHT MNO4YaTKy LuKIy t, HO OaxkaHO He

HEOOXIZTHO BpaxoOBYBaTH,

paHille, Tak SK 1€ HEraTUBHO BIUIMBA€ Ha

3Hau€HHS LUIbOBOI  (QYHKUII B  HACIIIOK

30UIbIIEHHS BUTpPAT Ha 30epiraHHs TOBapy.
PosrisiHemo kepoBaHy cUCTEMY YIPaBIIIHHSA

3amacaMM 3 JUCKPETHMM dYacoM [ ImuKmy
MOCTAa4YaHHsS i Ta OJHUM IPOIYKTOM Yy MOpTdeni
MocTa4yaHHs.  3poOMMO  TPUMYIIEHHS, IO

¢GyHKIIS TONMUTY B LMKII Ma€ PIBHOMIPHUN
posmozin f,(D), D [a,b], a nocrauanns maprii
TOBAapy 3IIMCHIOETBCS MHTTEBO B MOMEHT
novyarky nukay t. IliiboBa QyHKmig, mo
BH3HAYa€ SKICTh (YHKIIOHYBAHHSA CHCTEMH

ynpaBmiHHS ~ 3amacamu  [13-14], Mo¥IimBO
3amucaT y BUTTISIL:

n

2

=1

M
pr ov
Fij — E Fij — max,

j=m+1 (1)

m
j=1

i=1

e Fijpr — JI0XiJ Bif peanizarii ToBapy B LUK t;
Fijo" — BUTpATH B UK t;.

PoGora cucrteMd  mOCTayaHHA  ITOBHHHA
3a0€31eYNTH MaKCUMAJIbHUN PIBEHb PI3HUII MK

JOXOJHOIO YaCTUHOIO Fijpr Ta BUTpaTaMu Fij°v, 3a

ymosu, mo F” > F>. Tlpoananizyemo koxHuii
KOMIIOHEHT ITbOBOT (DyHKIIIi.

JloxomHa dYacTMHA MOXE CKJIagaTUCd 3
0araTtboX (PakTOpiB, aje B MeXKax JOCHIHKCHHS
PO3TISTHEMO  YOTHUPH, HAWOUIBII  BIUIMBOBI,
KOMITOHEHTHU: JIOXOJ Bi peali3allii 3aMOBIIEHb,
[0 BMHUKHYIM 1 LMK t 1 ToBap A iX
BUKOHAaHHS B TIOBHOMY O0OCS31 MICTUThCS Ha
CKJIaJli; 3aMOBJIEHb, 110 BUHMKIM B LHUKII f, 1

TOBap JUIs iX peanizaii € qeQiuUTHUMHU, aje SKi
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Oymn  ysrojpkeHi 3 — KI€HTaMH, IO X pe x™ ONTHMAJbHUII 00’€M 3aMOBIJICHHS
BIIBAHTa)KEHHs BinOyneTbCd B LMKIL t, a

oIuIaTa 3/ifiCHUTBCSA B IMKII t ; 3aMOBIEHb, L0
BUHMKIM B LMK t, ToBap [ iX peanizauii €
neinuTHUME, ane sKi Oyau y3ro/pKeHi 3
KIIIEHTAMH, 110 iX BiJBaHTa)XXEHHS 1 oOIUIaTa
BIIOYYTbCA B LMK t,,; 3aIMIIKA MHHYIUX
LUKIIB, L0 peai30BylOTb B LUKII t, TOOTO
s
De[a, b]

BUKOPHUCTATH JIEKUIbKA BaplaHTIB:

TOBap BXKC CIIJTAYCHO. BU3HA4YCHHA

IHTepBay 0OMEXEeHb MO>KJINBO

1. IlpoananizyBaTM HaKONWYEHl JaHHI Ta
MIPUCBOITH 3HAYEHHS JUIs
ai=min{xf},i:1,n, s

vi
b = max{xf},i =1n, ne X’'— dbaxruuHmit
vi

00’eM peanizalii ToBapy B LMK t,.

2. Bukopucrat  perpeciiiHy — MOJeIb.
Hanpuxmnan,  BU3HAQUUTH — MPOTHO3HE
3HaYEHHS TPOJAK TOBapy X' 3a
JOTIOMOT OO0 JTHITHOT perpecii:

x? =b,+b-x’,i=1Ln, ne b, — BinbHwMiIi
4JICH PIBHSAHHS perpecii; b, — KoeQilieHT

pIBHAHHS; X — He3aleXHa 3MiHHA, Ta

MPUCBOITH 3HAYCHHS IS
) Oc . —
a =X —tyﬁ,lzl,n, 1St
1
bi:xip+t7\/:]‘_s,i:1,_n.
1
Monenp «IOXOOHOD» YacTHUHHU LUILOBOI
byHKIIl, 3 ypaxXyBaHHSIM OOMEXEHb MI0JI0

(akTopiB BILTUBY HAa CUCTEMY, Oy/Ie MaTH BUTIIS
[15-16]:

Fijpr = j:m p’-D;-f (D)dD +
H 5 @)1 (D)dD+
+[r-p?(x™ ~D)- (D)dD +

+[ " r-py-(D-x")-f (D)dD,

33

TOBapy Ha LUK t ; P; — LiHa peanizauii ToBapy B

LUK t,; Pf — iHA 3aKyIiBIIi TOBapy B LUK t,;

x0

i — 3QJIMIIOK TOBAapy Ha MOYaTOK LUKIY t ; r—
KOE(Ii€HT TUCKOHTYBAaHHSI.

Ha «Butparny» yactuny piBHsHHS (1) Takox
BIUTMBa€e Oarato (akTopiB, aje pPO3TIITHUMO
JEK1IbKa 3 HUX: BUTPATH Ha 3aKYIIBIIIO TOBapy B
o6csasi x™ ; BapTicTh 36epiranHs ToBapy; BTpaTu

B HACTZIOK BIAMOBH KJIEHTIB OYIKYBaTH
NOCTaBKU ToBapy (mTpad); BapTiCTh TpoILEH,
BUTpauEHUX Ha 3aKyIliBi0 ToBapy. BinnosinHo,
BUTpaTHA YaCTHHA Oy/Je MaTu BUTJISI:

ov c ord 0
Fi =R (6 =x0)+

. (3)

+[ pp (x4 D) 1 (D) dD +

+[ ", p(D, = %) (D)dD,

stock

ae p;
B LUK t;.

— BapTICTh 30epiraHHs OJUHUII TOBAPY

Bpaxosytoun (2)-(3), y3araibHeHa MOJEINb
MONIYKY  ONTUMAJIBHOTO  PO3MIpy  mapTii
3aMOBJICHHS Oy/ic MaTUME BHTJISIL;

j p:-D,-f (D)dD +

+j°’° p-(2—r)x-f (D)dD +
+[ r-pf-(¢ ~D)-f (D)dD+
+_[;mr-pf-(D—xfrd)-f (D)dD- — max,
P - x0)-

Xiord stock
_J. pi ’ (
g

~J s P (D= x™)-f (D) dD

x -D,)-f(D)dD-

i=1n.

Ockinbku QYHKIIS JOXOQY € YTHYTOIO, TO
ONTUMAJIbHE 3HAUEHHS MOKJIMBO BU3HAUUTH SIK:
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()
o @ 0] ot
_r-pf.‘[xprdf (D)dD— p,
+py[ ., f(D)dD=0.

Bukonaemo MMOBIpHICHE MEPETBOPEHHS:

O _ - r)( jmf(D)dDj+

d ord
+r-pi -Iof(D)dD—

—r-pf-(l—_[:omf (D)dD)—

ord

D)dD+r-p;-[ f (D)dD

jj’df(D)dm

stock

P

—ps - pft°°"f_ f(D)dD+
+pis.(1_jfrdf(o)doj.
OTPUMAEMO;

pr(2—r)—r-p’—p’+p’ +r-pi°rf (D)dD

=(pr(2-1)=rp;+ p p)[

OntuManbHuii 00’€M 3aMOBJICHHSI TOBapy B
LUK t, MOXKIIMBO OTPUMATH 3 PIBHSHHS:

_p(3-2n)-pi(-1)

f(D)d 5
Iai ( ) p| (3 2r)+ pstock ( )
MPOIHTETPYBABIIIH, OTPUMAEMO,
X" —a _p-(3-21)-pi-(-r)
b-a  pGB-20+p>
BIZAIIOBIAHO,
oo, —a){p;-(3-21)-p-(1-1)) ©
i i p| (3 2r)+ pstock '
Ha pucynky 1 300pakeHa nTuHamika BIUIUBY

3MiH BapTOCTI IpolIeil 1 BapTocTi 30epiraHHs Ha

p03M1p ONTHUMAJIBHO1 napTu 3aMOBJICHHA Xord
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%x_p

1,0 \

0.8

0,6

0,4
02
=" 1, k-stock
0,0 —
00 01 02 03 04 05 06 07 08 09 10
===r—x ord ——k-stock—x ord
Puc. 1. Bmume BaprocTi rpomiei i BapTocTi

30epiraHHs Ha 00’ €M 3aMOBJICHHS

SK MOXJIMBO MOOAYUTH HA PUCYHKY 1, ICHye
CYTTEBHI, MaibKe JIHIWHUM, TUIMB BapTOCTI
rpouieil Ha eKOHOMIYHO-OOTPYHTOBAHUN PO3MIp
napTii 3aMOBJIEHHS. 3IMCHIOBaTH  3aKyNKy
TOBapy JONILTLHO TpH yMOBi, mo Pf/pS<r.
Bapricte 30epiranHs ToBapy Ha CKJIaal Mae
MEHII CYTTEBMM BIUIMB Ha EKOHOMIYHO-
OOrpyHTOBaHUI po3Mip MapTii 3aMOBJIEHHS

im x™ =0, ge k-stock=p™*/p, ane
Bke npu P °* = p° ckopouyeThcs 06’eM mapTii
3aMOBieHHs g0 0.62xP. TakumM dYHHOM,
KoedimieHT JTMCKOHTYBaHHS rra

CHIBBIIHOIIEHHS BapTiCTh 30epiranHs P o™ i

BapTOCTI TOBapy P’ CTalOTh JIOJATKOBUMH
00MEXXEHHSIMU IIUTBOBOT (DYHKIIIT.

BusnaueHns ONTUMAJILHOT 0 JIaHy
MOCTAYAHHSA

3pobuMo JeKiIbKa TpHUOylieHb: 1. 00’em
JOCTYITHOTO HAa PHUHKY TOBapy B OyIb-sSKui
MOMEHT 4acy He € oOMexxeHuM; 2. Po3mip maprii
TOBApy, IO MOCTAYAETHCS, BU3HAYCHO TOYHO Ta

JIOPIBHIOE XOrd , 4 ITIOIHMT — BUITaJKOBA HEBI eMHAa

BEJIMYMHA 3 BH3HAUYEHUM [I€BHUM 3aKOHOM
posnoginy [17]; 3. BuTpaTH Ha KOpEryBaHHS

IUTaHy TPOJAXIB X SBIAIOTH COOOK OIYKITY
¢yHKuiro BigxuieHs Bix X" Ta X’ .
CdopmymroeMo MaTeMaTHYHY MOJIENb 33/adi

yTIpaBJIiHHS 3allacaMu:
}} —min, (7)

LR

Zpic'xip"'M Zfi(é:i_xip)

iel iel

3a YMOB
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Zkij~xip3hij,ieI,jeJ,heH,
iel (8)

xP>0jiel,
e kij — BEKTOP OIEpaIifHUX KOS]IIIiEHTIB; hij—
BCKTOp OOMeXeHb (Hampukian, py-X"<B, —
0OMEXEHHSI 1010 OF0JKETY Ha 3aKYITIBIIi TOBAPY
B, abo V*-x"” <V — oOMmexeHHS Ha KUIBKIiCTBH

TOBapy, IO 30epira€TbCsi Ha CKIAal Yepe3
oOMexeHHsT po3Mipy ckiaxy V Ta po3mMupy

ToBapy V", Ta iHmi); & — BUIAAKOBA BEIUYHHA i-
ro mukiy; f,(-)— dyHKIiA BUTpaT, M0 NOB’sA3aH1
3 BIUIUBOM ¢, .

Posrnssnemo  ¢yskiiro Jlarpanka, BBIBIIH
BEKTOp MHOXHHUKiB Jlarpamxa A={4}, Ta

BUKOHAEMO  3aMiHY M[ f, (é‘i -x° )] =@ (x") .
Otpumaemo:

L(x,A) =2 p7 %+ 2 (") +

iel iel

9)
+D A 2D Ky X =y |
heH iel jed
Busnaunmo BEKTOD X= {Xip } , Ta

pi(A) = min{pf + Zkij ﬂﬁ}, TO MiHIMaNbHe

heH
3HAYCHHA MOKJIUMBO OTpHUMATU IIPH ,HOCHrHeHi
HAaCTYITHUX YMOB!
p . ~C _ ¢
X, akwo p; (A1) = p; +Zkij A

X,(X) = = o)
0, inwi
SIkimo 3HaYeHHS JOPiBHIOE X', TO IHIEKC

cTany npu3HA4NMO AK i (i, 1) . BusHaunmo uepes
w(x, 1) (9):

w(x2)=3 PE(A) X’ -

iel

~> Ay +Z¢i(xi") = (11)
= Z( pr(A)- %" +o (Xip))_ Z Ao -1y,
BIAIOBIAHO,
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y(4) =min{y(x 1)} =

e (12)
= Y (min( B (A)- X +@.(x)) = X 4 - by,
iel heH
Takum YUHOM, 3a7a4a MOLIYKY
ONTUMAJIBHOTO 3aKyIiBEJIILHOTO IUTAHY

3BOJAUTHCS JI0 3a/1a4l OITHUMI3aril:
{BF(A)- X"+ (x")} > minxP >0,iel. (13)

Jnst po3p’s3aHHsA  3a7adi  ONTHMI3aIii
ONTHUMAJIbHE 3HAYEHHS MHOKHHUKIB HarpaHn(a
MOKJIMBO BH3HAYUTHU 3a JOIIOMOTOKO IIOHIYKY
y3arajJbHEHOTO TPaJIIEHTY:

0,()={8) (D} =3 ko, X (D). (19)

@®opMYyJIIOBAHHA ONTUMAJBHOI CcTparerii
yHpAaBJiHHS 3aiacaMu

Ha pucyrky 2  HaBeIeHO  MOJENb
GYHKITIOHYBAHHS mporecy  3a0e3nedyeHHS
opranizairii 3amacamu. Mojiens QyHKIIIOHYBaHHS
nepeadavyae MUKITYHE 3aMOBJICHHSI €KOHOMIYHO-
OOIpYHTOBaHUX MapTiii ToBapy X" B UMK

IJIaHyBaHHsA t,. 3a0e3NeyeHHs 3alJaHOBaHOTO

00’emy mpomax X" Moxe BimOyBartHcs 3a

JOTIOMOTOI0 JICKUIbKA ITepallid IocTayaHHS B
uukiit, . KiTbKicTh IOCTaBOK B LIUKIII t; 3aJIEKHUTh

BiJl BapTOCTI I'poIIel Ta BUTPAT Ha 30epiraHHs
3a

TOBapy, PpPO3PaXxOBYEThCS
_ p 0 ord
n=(x"-x")/x".

hopmyioro:

A x

- -

0

ory
'\J‘('Sl.l'

4 = 7] ol e

Puc. 2. Cran cucremu ynpaBiiHHS 3ariacaMu

OnTtuMarnbHa 3aKyliBeJdbHA CTpaTeris Julsd
KOXHOIO UUKIy t Tmosdrae y HacTylHOMY

ITOPUTMI:
1. BHW3HAYEHHS PIBHS CTPAxXOBOTO 3aracy
X" o m03BOJISE  KOMIIEHCYBAaTH
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notpedy B TOBapi Ha WMOBIpHHMH dYac
3aTpUMKH B I[IOCTayaHHI TOBapy 3
ypaxyBaHHSM ONTHUMAJIBHOTO PO3MIPY
naptii 3aMoBIeHHS X" ;

0

2. BU3HAUCHHSA pIBHA 3aIUIIKIB X, Ha
II0YaTOK LUKy t;;

3. AKImO noTouHi samumku X < X", T0
HEOOXIZTHO 3pOoOWMTHM 3aMOBIICHHS Ha
naprio po3mipom Xx™, KO 3aIMIIKA
x? > X" T0 3aMOBJICHHS POOWTH He
MOTPIOHO.

IopiBHsAALHUT aHaJi3 podoru

3alpoONOHOBAHOI MoJeJTi

Ilpuknao 1. YmoBu B3sto B [15, c. 627],
3apgadusg  16.20. OOMexeHHS 3amavi: s
nepeBipku poOOTH aITOPUTMY BUKOPUCTAEMO
iHpopmariito momo monuty 0<D<5, a
HIUTBHICTH PO3MOUTY Oy/IeMO BUKOPHUCTOBYBATH
JUIsl  CUTyallli PpIBHOMIPHO  PO3MOJLICHOTO
MOMUTY. 3aJlaHO HACTYITHI 3MIHHI: I[iHA TTPOJIAXK:
10 mon., miHa 3aKynkd — & J0JI., BapTICTh
30epiranas — 1 gon., mrpad 3a medimur — 10
J0JI., KOe(iieHT JUCKOHTYBAaHHS 0,9.
[ToTpiOHO BHW3HAYUTH ONTHUMAJBHY IAPTIIO
3aMOBJICHHSI 32 YMOBHM MHTTEBOTO 3[1HCHEHHS
MIOCTaBKH, a  He3aJ0BUIbHEHHI HOIHUT
HaKOMHUYYEThCs, TOOTO Oyme peandi3oBaHO B
HACTYIHUX Iepiojax. 3poOHMO po3paxyHKHU 3a
JoTroMororo (6):

5.(10-(3-2- -8-(1-
o _ (10-(3-2:0,9)-8-(1 0,9))24,31.
10-(3-2-0,9)+1

Otxe, onTUMajbHa MmapTist 3aMoBJieHHs — 4,31
OIMHHLIA.
SIkmo BUKOpHCTATH 33JaHy B 3aBaaHi 16.20

ITBHICTE  MONHTY f(D)=0.08D ,
OTPUMAEMO HACTYITHHI PE3yIIbTAT:

TO

10-(3-2:0,9)-8-(1-0,9)
y 10-(3-2:0,9)+1
X =
' 0,04

— 4,64,
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Otpumanmuii pe3yJbTar BI/INIOBI/IA€
HaBejieHoMY B [15], ane mozenp Oubln YyTIIMBa
K KOPETSIii MDK I[IHOIO 3aKyNKH Ta peaiizarii,
YyTIMBa K BapTOCTI TPOIICH Ta BUTparaM Ha
30epiranHs TOBapy Ha CKJIaII.

Ipuxnao 2. Jlns aHamizy sKOCTI PoOOOTH
3arpONOHOBAHOI MOJIENII BUKOPUCTAEM MPUKIIA]I,
1110 HaBeleHo Ha caiTi Kaggle Inc. — miardopmu
JUIS 3MaraHb 3 aHAJITUKY Ta epe0avyBabHOTO
MOJIEIFOBaHHSI. 3aBmaHHs nepeadavae
MOJICJTFOBAHHS TIPOJIaK IIBUIKOTICYBHIX TOBApiB
BEJIUKOTO €KBaIOPCHKOTO po3apiOHOTO
MPOJABI TPOJYKTIB xapuyBauus Corporacion
Favorita. Komnanist 3acHoBana 1952 pomi Ta
npairoe Ha puHKax ExBagopy, Kocra-Piku, Ymii,
[MTanamu, [Taparsaro ta [Tepy [18].

B SIKOCTI JIbTEPHATHBHOTO METOly

NPOTHO3YBaHHS X  BHUKOPHUCTAHO JHHIAHY
perpecito, ik HAMOUIbII MPOCTUIN Ta MOLINPEHUN
Meros nporHo3yBaHHsi. Ha pucynky 3
300pa)keHO  MOJICTIOBaHHS  3a  JIHIKHOIO
perpeciero ganux 3 [18].

1e6
32

linear regression

30

28

26

transactions

24

22

2 4 6 8 10 12
month

Puc. 3. [Iporuo3s 3a niHiiTHOIO perpeciero

SIK MOXKJIMBO TIOOAYMTH HA PUCYHKY 3, MOJIENb
perpecii Mae HHM3KYy IPOTHO3HY SKIiCTh, L€
O3Ha4Ya€ IO PIBHAHHSA pErpecii He J03BOJISIE
OXOIUTH 3HAYHY YaCTUHY MOYKIMBUX 3HAYeHb
TIOKAa3HHUKIB TIPOIAK.

Jlis MOJENOBaHHS BHMKOPHCTaHI HACTYIHI
TPUITYIIEHHS:

- 3Minni: p{ =0,8y.0., p=1,0y.0., p

=0,001 y.o., r=0,95;

stock
i
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MOJICITIOBaHHSA BiOyBaJIOCs 332 YMOBHU
HaKOMHMYEHHS Ae(inuTy, TOOTO AediuT,
10 BUHHUKAE B MOTOYHOMY ITUKII, MOE
OyTH BiJBAHT@XXECHO B HACTYITHOMY.

Ha pucynky 4 HaBe[CHO IMOPIBHSHHS DPIiBHS
CKJIAJICBKHX 3araciB Ta iX peaizamis Ui IBOX
BapiaHTIB MOJETIOBAaHHSI pPOOOTH JIEKUIbKA
[UKITIB TOCTaYaHHSI.

X S
(million pcs)
3

31

61 91 151 181 211

---regression —developed model
Puc. 4. [lopiBHAHHS TUHAMIKH 3aaciB

SAx  MOXIMBO TO0OAYMTH 3 pHUCYHKA 4,
po3pobiieHa MOIeTb T03BOJISIE 3MEHIITUTH PIBEHB
CKJIQJICPKUX 3QJMIIKIB, Ta 3a JOMOMOTOI0
30UIBIIEHHS LIUKJIIB MMOCTAYaHHS, j11()
0OyMOBJIEHO BHUKOPHUCTAaHHSM ONTHUMAaJILHOTO
pO3Mipy MmapTii mOCTaBKH, MaTH Oe3ae(IUTHUN
XapaKTep. Heo0ximHO 3a3HA4YNTH, j1(0)
BUKOPUCTaHHS B SIKOCTI aJbTEPHATHBHOTO
METO/Ty TTOPIBHSAHHS JIIHIHHOT perpecii Mae neBHi
OOMEXEHHs,  SKI  MOXIJHMBO  yHHUKHYTH,
HANpUKIaJ, BUKOPHUCTABIIM 3alpONOHOBaHI
metoau [19].

AHanizylouu pe3ynbTaTd MOJIETIOBAHHS 3a
JIOIIOMOT'OO perpeciiiHoi MoIenl 1
3aMporOHOBAHOI MOJIENi, MOXJIHUBO 3pOOUTH
BHCHOBOK, IIIO 3a paxyHOK 3alpOlOHOBAHOTO
QITOpUTMY  IJIaHYBaHHA Ta  YIPaBIiHHSA,
pE3yIbTaTUBHICTh npoiecy yIpaBIiHHS
3amacaMyd MOXE TOKPALIUTHCS MO HACTYIHUM
cTarTsAM: 30epiraHHs ToBapy — 10 40 BiICOTKIB,
mo OoOyMOBJIEHO, OKpIM BHIIEHABEACHOTO,

Cnucok BUKOPHCTaHMX JKepelT

1. Hao, Z., Li, J., Cai, J. Allocation of inventory
responsibilities in overconfident supply chains.
Eur. J. Oper. Res. Volume 305, 2022, pp. 207-
221. https://doi.org/10.1016/j.ejor.2022.05.042
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3HIDKCHHSIM BHTpaT Ha 30epiraHHs ToBapy
(3HW)KEHHS BUMOT JI0 IUJIONII CKJIaAy He
BPaxoBaHo); 3HIKECHHS BUTpAT Ha
00cyroByBaHHsT 000pPOTHOTO Karmitaimy — 10 20
BIZICOTKIB, 3a paxyHOK 3HI)KEHHS NOTped B
000pOTHOMY KamiTali, Ta 3pOCTaHHI KOe(IIiEHTy
00IroBOCTi;  3HWJKCHHS  BTpAaT  BHACIIJOK
BIZICYTHOCTI TOBapy — B HAaCIIIOK BiICYTHOCTI
iHpopMamii TPO BUMOTH  KIIEHTIB OO
3a/I0BUIBHUX TE€PMIHIB OUIKYBaHb, pO3paxyBaTH
3pOCTaHHs MMOKa3HWKa BUKIIMKAE TPYAHOIII, aje
HEOOX1THO 3a3HAYUTH, L0 CKOPOYEHHS LIUKITY
MOCTaYaHHS CIpHUSE CKOPOYEHHIO TEPMIHIB
OYIKYBaHHS MOKYIMUSMHU JEPILUTHOTO TOBapY.

BucHoBku
B poGoTi 3amponoHoBaHa MOJEIb CHCTEMH
VIOpaBIiHHS ~ 3amacaMd 3 BUKOPHCTAaHHSIM

ONTUMAJILHOTO PO3MIPY MapTii 3aMOBJICHHS Ta
MPOTHO3YBAHHS IONMUTY HA IUKI TMPOJAXIB 3
ypaxyBaHHSIM HEBU3HAYEHOCTI MTOTIUTY.
Po3pobiiennii anropuT™M 103BOJIAE€ TIABUITUTH
SKICTh TUTAHYBAaHHS 3aKyMiBEJIbHUX OIEpallii,
0COONMMBO B TOPIBHAHHI 3 TpaguIliiHUMH
METOJaMH TIPOTHO3YBaHHS — MOJICSIMU JIHIMHOT
perpecii. HaBemena mojaens mae pesepB s
MOKpAaITeHHs, HAIIPUKJIa, 3a3BUYail opraHizaiii
BUKOPUCTOBYIOTh MYJIbTHUIIPOJYKTOBHM IIXIT
JI0 YIpaBJIiHHSA TPOJaKaMH, 1€ J0JIa€ 3HaYyHE
OOMEXEHHS Ha BHUKOPUCTAHHS CKJIQJICBKUX
NPUMIIICHh 3 ypaxyBaHHSAM TPIOPHUTETIB B
TOBapHUX Tpynax. HeoOXigHO 3a3HAYWTH, IO
YCKJIQAHEHHS MaTeMaTU4YHOI MOJeNll  MOXKe
HEraTWBHO BIUTMHYTM HA  MOXIIMUBICTh il
IHTEepnpeTamii cepen MEHEDKEPIB, 110
BIIMIOBIIAlIOTh 332 mpolec  3a0e3nedyeHHS
opraHizailii ToBapaMu, a Ii¢ CIPHUSE 3POCTAHHIO
COPOTUBY JO  BIPOBAKEHHS MOJAEIl B
TEXHOJIOT1YHI Tporiecu. BBeACHHS T0JaTKOBUX
3MIHHHUX B MOJIeJIb MOK€ CIIPUSATH HEOOXITHOCTI
BU3HAUEHHS MPIOPUTETIB, 1110, B CBOI HEPTY,
TaKOX YCKIaJHUTh MOJETb.

2. Shaia X., Xioigb S., Zhaigc C. Mitigating
supply disruption risks by diversifying competing
suppliers and using sales effort. International
Journal of Production Economics. Volume 255,
2022. N. pages.
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B pobomi posaanadaemubes imnyabcHo-30Ypena HECKIHYEHHOBUMIPHA 3a0a4a, AKA CKAGOGEMBCA 3 Na-
PABONTUHO20 PIGHANHA, PO3E A3KU AKO20 3A3HAI0MD IMNYALCHOZ0 30YPEHHA NPU OCAZHEHHT THME2PAAD-
HUM PYHKUIOHAAOM NESHO20 NOP0206020 3HAYEHHA. J[06€0eH0, WO NPU NESHUT YMOBAT HA KOCPIUIEHMU
maxae 3a0a4a 6 $a3o8omy NPocmopt Henepeperur GYHKUIT NoPooAHCYE IMNYADCHY QUHAMIYHY CUCTILEMY,
KOHCHA MPAEKMODIA AKOT 8 SUP-HOPMI NPUMAZYEMBCA 00 KOMNAKMHOT W-2PaAHUYHOT MHOHCUHU.

Knowoei caosa: napabosiumne pieHAHHA, IMNYAbCHE 30YPEHMHA, NPUMALYIOUA MHONCUHA

We consider an important class of disturbed infinite-dimensional systems provided by evolutionary
equations with impulsive effects. An impulsive dynamical system acting in the phase space H is a hybrid
system described by an evolutionary equation together with impulsive disturbances which, in turn, are
characterized by a closed set M C H (impulsive set) and a mapping I : M +— H (impulsive mapping). A
solution of such a system, by definition, is a left-continuous function y satisfying evolutionary equation
for all times t for which y(t) ¢ M and jumping to a new state I(y(t)) at all times t for which y(t)
reaches M. The main problem in the study of qualitative behavior of impulsive dynamical systems by
classical methods is that solutions usually do not depend continuously on initial data. A number of
examples illustrate already in the finite-dimensional case that new complex scenarios of possible limit
behaviors of impulsive trajectories can occur, which are fundamentally impossible in the non-impulsive
case. Results concerning attracting sets for infinite-dimensional impulsive systems have appeared only
a few years ago. But all those results concern the limit behavior of impulsive semiflows in Hilbert space
and the presence of scalar product played crucial role in those construction. In this paper we want to
investigate w-limit attracting sets for impulsive-disturbed parabolic system in the sup-norm of Banach
space of continuous functions.

Key Words: parabolic equation, impulsive perturbation, attracting set

1 Bcryn o KOJIa €BOJIIONIAHAX 3a/1a4 B MJIBOEPTOBUX ITPO-

cropax [7],[8]. Lle moB’si3aH0 sIK 3 J0Ope pO3BUHE-
fIKicHoMy aHami3y IMIyJbCHUX JIMHAMIMHUX CH- HOIO TEOPI€l0 CIAOKMX PO3B’A3KiB HEJHIHIX 3a-
CTe€M B CKIHYEHHOBUMIDHUX IIPOCTOPAX NPUCBAYE- fad, TaK i 3 MOK/IUBICTIO 33JaHHS iMITYIbLCHIX
no poboru [1|-[4]. Ilepuri pesynabraTn momo gocii-  napamerpis wepes ckajsipHEA 100yTOK B (aso-
J2KEHHA IPUTATYIOINX MHOXKWH iMHyJ’IbCHI/IX JUHAa- BOMY HpOCTOpi. Came TOMY € JIUIIEe OerMi pe-
MiYHUX CHCTEM B HECKIHYEHHOBUMIDHHUX (PA30BUX  3yjabpTaTH IOJ0 SKICHOI IIOBEHKH PO3B’S3KiB Ia-
IpOCTOpax 3'dBU/MCH HopiBHAHO HemasHo [5],[6]  paGomiunmx iMiryIbCHO-36ypEHIX PIBHSIHD B SUp -
i HA CHOTO/HI MAIOTH 3aCTOCYBAHHS JIO ITUPOKO-
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nopmax [9], [10]. B mamiit poGori mu posrisiia-
€MO IMITyJIbCHO-30ypeHy HeCKIHIeHHOBUMIPHY 3a-
Jady, sKa CKJIAJAEThCA 3 1MapabositHOro piBHSIH-
He, PO3B’SI3KN SIKOTO 3a3HAIOTH IMITYJILCHOTO 30Yy-
PEHHS [IpU JIOCATHEHHI IHTerpaJibHUM (DYHKITIOHA-
JIOM IIEBHOT'O 1TOPOroBoro 3na4denus. Jloseeno, mo
[IpU TIEBHUX YMOBaX Ha KoedilieHTH Taka 3a/1a1ua B
dazoBoMy mIpoOCTOPi HemepepBHUX (DYHKILH TOPO-
KY€ IMITYJIBCHY TUHAMIYHY CUCTEMY, KOXKHA TPa-
E€KTOpid KOl B SUP-HOPMIi NMPUTATYETHCA 10 KOM-
[MaKTHOI W-IPAaHUYHO] MHOXKHUHH.

2 TIlocranoBka 3agaui:

dbyuxmii w = u(t,z),

t >0, z € (0,1) posrsiiacmo 3a1a9y

BingrocrHo HeBimomol

% = 2 (p(x) %) + q(z)u + h(z),
u|m 0= |x:l = Oa (1)
u’t:() - ’U,O(@),
xe p € CY[0,0]), pl&) > po > 0,
q € C([0,1]), q(x) <0,h € C([0,!]) - 3amani bys-

kiil, ug € X = {u € C([0,1])] w(0) = u(l) = 0} -
dbazopuit npoctip 3 Hopmoio [|ull = sup,epo ()|
Posriisinemo dyuakiionalt

(2)

ImmybeHa 3a1a9a (hOPMYITIOETHCST HACTY THUM
YUHOM: $IKINO B JIesIKUi MoMeHT wacy ¢ > 0 Ha
po3B’sizky (1) dyukmionan (2) mocsrae dikcosa-
HOTO 3HaueHHs Py > 0, cucTeMa MUTTEBO IIEPEXO-
JAUTH Y HOBE ITIOJIO2KEHHA

u(t,x) + a(z),

a(z)

(3)

e a € X, > 0 - szamaHa QyHKII,
fo x)dr = ag > 0. B pobori moBoAUTHC, 10
zagaqa (1)-(3) mopomkye B X immynbcHy auHami-
any cucremy V : Ry x X — X (qus. Ozu.1), mst
aKol Yup € X w - rpanudna MHOXKUHA W(up) €

HENOPOXKHBOIO, KOMITIAKTHOIO, 1

distx (V(t,ug),@(up)) — 0, t — oo,

3 OcHoBHIi pe3yiabTaTn

CrovyaTKy ONUINEMO 3arajbHy KOHCTPYKIIO iM-
yJIbCHOT IMHAMIYHOT crcTeMu. 3rigHo (5], iMITysib-
CHa JMHAMIYHA cucTeMa OyJlyeThCsl Ha OCHOBI He-
nepepsroi Hamisrpymu V : Ry x X — X (mopo-
JOKYEThCs PO3B’sI3KAMU aBTOHOMHOI'O DIBHSIHHSI),
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TPaEKTOPil sIKOI IPU JOCSTHEHHI HUMHU (DiKCOBAHOL
migvuaoknan M C X (IMIysbcHA MHOXKHHA) TIepe-
BOJIATHCs Bimobpazkenusiv [ : M — X (immysibcue
BiI0OpazkeHHs) B HOoBe mojioxkenns ut = Ju.

Jltst KOpeKTHOT TTOCTAHOBKH Takol 3a/adi Ma-
0T OYyTH BUKOHAHHUMH YMOB:

V:Ry x X = X — namiBrpyma,
TobTo Vu € X Vt,s > 0

V(0,u) =u, V(t+s,u) =V(tV(s,u) (4)

Bimobpaxkenns V : Ry x X — X - nenepepsue,
M C X - samknena, M NIM =)

Yue M 3Ir=71(u) >0Vte (0,7) V(t,u) ¢ M

Ba ymos (4) Bigomo [5], mo skmmo st u € X

M7 (u) := (U= V (t,u)) N M # 0,

TO

35 = 3(u) > 0 V¢ € (0, 3)

V(t,u) & M, V(3,u) € M. (5)

Tonmi mis koxkuOro ug € X iMImysbcHA Tpae-
kropist V(t,up) Oyryerbest HACTYIHUM THHOM:

axkmo Mt (ug) = 0, o V(t,ug) = V(¢ up),
t > 0;

axmo M1 (ug) # 0, To mis sg = 5(ug),
uy =V (s, up)
. (t u[) t S [O,So),
t UO B { ;r t = so;
axio MT(ul) = 0, ro V(t,up) = V(t — so,u]),
t Z 505
axkmo Mt (uf) # 0, To mua s1 = 3(u)),

uz =V (s1, (uf)),

V(t—so,ul) t € [so, 0+ s1),
U2,t—80—|—317

V(t, ug) = {

i T.1. IIpomoBKytoun 1ieil porec, MU OTPUMAEMO
CKiHYeHHY ab0 HECKIHYEeHHY KiJbKICTh IMITYIbCHUAX
rouok {u,, 1 = IV (s, w}), ug = uo} i Bisnosinmy
IIOCJTi/IOBHICTH MOMEHTIB 4acy

n
Tht1 = ZSk, To:=0
k=1

IIpu oMy V sajaernes dopmystoro

V(t - T’na U+),t € [Tn7Tn+1)7
wly t=Thyr.

V) ={ (6)
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06 yuuknytu edexry "6urrsa"[1], Tobro pyiiny-
BaHHS IMITyJTbCHOI TPAEKTOPil 3a CKIHYEHHMIT Jac,
pOOUMO TIPUIYIIICHHS:

st Yug € X abo IMITyJIbCHUX TOYOK HEMAE,
abo 1X CKiHYeHHa KIJBKICTb , abo

T, — co,n — 0.

(7)

Ymoa (7) rapanrye, mo Yuyg € X dyskiis
t — V(t,up) 3 (6), Busnasena na [0, +00).

Osuauenns 1. Bijobpaxenns V : Ry x X —
— X Ha3UBa€TbhCH IMILYJIBCHOIO JIMHAMIYHOIO CH-
CTEMOIO.

Bynemo kasaru, mo {V,M,I} nopomxyorb
iMITyJIbCHY JIMHAMIYHY CHCTEMY, SIKIIO BUKOHYIO-
Thest ymosu (4), (7).

Bimomo, mo 3a 4), (1)
Vo Ry x X — X e wmamiBrpymnoro, TpaekTopil
SIKOI € HellepepBHUMHE 3IIPABA.

Kpim Toro, 3a nobymnosoro Vug € X Vt > 0

BUKOHaHHA

V(t,up) N M = 0.

OcHoBHUM 00’€KTOM BUBYEHHSI € W - DAHUIHA
MHOXKHMHA, HamiBrpynu V'

@(ug) = {&€ = lim V(tn,up)}- (8)
tn—00
Jlema 1. Hexait {V, M, I} nopo/KyoTh im-
yJIbCHY AuHamiuny cucremy V', i st ug € X Bu-
KOHYIOTHCSI YMOBH:

= 9)

(10)

U V (t,up) — obMmesxera;
>0

V7 > 0 V(1,4) — npeJIKoMIIaKTHa,;
I: M — X — nepeBoIuTh IPEIKOMIIAKTHY
(11)

SIKINO Y Ma€ HeCKIHYeHHY KiJIbKICThb IMIIyIbCHHUX
TOYOK, TO

MIOCJIIOBHICTDh B NIPEJKOMITAKTHY

inf s > 0.

Inf (12)

Toxi @(ug) # 0, xommakr, i disty(V (¢, up),
@(ug)) = 0,t — oc.
HoBenennsi.

Bigomo [5], mo jgocraTHbO JOBECTH TIPEIKOM-
HaKTHICTh IIOCJILIOBHOCTL

{fm = V(tmau())ﬁm — OO}

PosrisineMo MOXIHBI BUIAIKE:
axmo M (up) 0, o V(tm,ug)
V(tﬂ’wu()) V(L V(tm - 17“0)) C V(lv:)l) -

npekoMnakTaa B cuity (10);
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axio M1 (ug) # 0, i iMITyJIbCHUX TOYOK CKiH-
wenna xipkicrs {u], ...,u; }, TO 1711 TOCTATHBO
BEJIUKUX M MAEMO by, > T, + 1, oTike

& = Vtm,uo) = V(tm — Tp,u)) =

=V (1, V(tm —Tp—1,u))) C V(1,7)—

npejikoMitakTHa B cuity (10).
Tenep mnexait M7 (ug) # 0, i imMmyns-

canx TOYOK {u},>0 HeckiHdeHHA KIIBKICTB,

{Ts}n>1, T — 00 - BILOBIIHI MOMEHTH TAaCy.

Toni myst t,,, — oo myst KoxkuHOoro M > 1 icHye
n(m) : tm € [Th(m)> Tngm)+1), n(m) — 0o, m — oo.

Orxe, &m = V(tm,uo) = V(tm — Tn(m),ui(m)),
AKIIO ty — L) — OO LIPH M —> 0O, TO JJIsL J0-
CTATHBO BEJIMKHUX 11 MaEMO:

+

& = V(l,V(tm — Tn(m) —1,u )) C V(l,:)/)—

npejkomMnakTHa B cuiy (10).

T,

Imakme o migmocainosuocti t, — T,

(m) —
— 7 > 0. dximo 7 > 0, To AJig JOCTATHBO BEJIUKUX

m MaeMO:

— v _ Tt T 5
Em = V(27V(tm Tn(m) 2’un(m))) - V(2>’Y)
upejkoMiiakTHa B cuity (10.)

Axmo 7 =0, To
— +

u:(m) = IV(S”(m)—17u (m)—l)’
V(Sn(m)—lau:(m)_l) =
—viiv ot Ve
- (57 (Sn(m)fl - i’un(m)—l)) - (577)7

ge § = infg>1s; > 0— 3 ymosu (12). Tozi
{u:(m)}— npejikoMiakTHa B cuiy (11), 1 mpeakom-
nakTHiCTE {&,} cainye i3 nenepepsrocti V. Jlema
JIOBEJICHA.

SayBarkeHHs: 1. Ymosy (12) moxna He Ha-
KJIQJIaTH, SKIO IPUIYCKATH, 1O MHOXKUHA, 1M-
Iy bCHUX TOYOK {ul} - mnpeakommnaxtha. lle,
30KpeMa, Oyle MaTu Miclle y BHUNAJKY, KOJIU
(Ur=oV (t,4)) N M - npeKOMITaKT.

SayBackeHHs1 2. YMoBa (9) BHKOHYETHCH,
SIKIIO [PUILYCKATH BUKOHAHHSI HEPIBHOCTEH:

IVt w)ll < ulle® + C1,

1
1)) < [full + Co. (13)
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Hiicro, B pomy Bunazxy B cuiay (12), (13):

|| < [luolle™®™ + (Cr + Co)(1 + e+

C1 + C:
+e 25s+ 4 (n— 1)53) < ” OH_’_% (14)
Toxi 3 (6) 1 (14) maemo: s Vi > 0
C1+ C
HV (t uo)|l < [Juoll + % +Ch. (15)
Jlema 2. Hexaii h(z) < 0,z € [0,]],

a(z) =0(z), v — 0, a(z) =0(l—=x), z — [. To-
ai 3agada (1)-(3) mopoKye IMITyJIbCHY JIMHAMIYHY
CHCTEMY.

HoBenenHsi.

Binomo, 1o (1) mopojzKye HemepepBHy HaIiB-
rpyny V iRy x X — X

V(tug) =y (uge " + (1 — M)y (),
k=1 Ak
(16)
ne {¥r}, {\r} - po3B’si3Kku crieKTpasbHOI 3aa4i
{ o (P@) ) +a@e = -\
¢|:p—0 = ¢|:c:l =0
0< A <A< .. <A< A > 00,k — 00,

w0 — /0 o) dp(x)de, by = /0 b))
ITokamemo
M ={u e Xu(z) > 0,9(u) =},  (18)
I:M— X,
(Iu)(z) = u(z) + o). (19)

Hosenemo, mo {V, M, I} 3 (16), (18), (19) mopo-
JPKYIOTD IMITYJIBCHY JUHAMIUHY cucreMy V, To6TO
BUKOHYIOTbCs1 ymoBu (4), (7).

Muoxkuna M e 3amkuenoo B X, st u € M

l
(Iu) = /O (u(x) + o(x))dz = o + an > to,

orxxe MNIM = (). I noBeeHHs: OCTaHHLOT BJla-
cruBocTi 3 (4) mokazkemo, 1mo st ug € M, t >0
Y(V(t,u0)) < to. (20)

Hiticno, B cujy piBHAHHS
u=u(t,x) 3 u(0,x) = ug(x)

JUIL  PO3B’A3KY
# (0 MaeMo

w(t,x),

(1)
> 0,

u(t,x) =v(t,z) +
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Je v — po3B’szok (1) 3 h(z) = 0, w — po3s’si30K

(1) 3up(z) =0
Jist w B cuity npusnuny Makeumymy [11] ma-
€MO:

w(t,z) <
a orke Y(w(t)) < 0,Vt > 0. g v B cuity npu-
muny makcumymy v(t, z) > 0,Vt > 0,V € (0,1).
Kpim Toro, g t > 0

*w( () < p(Dva(t, 1) — p(0)ve(t, 0) <

ockinmeku v(t,0) = wo(t,l) = 0, v(t,z) > 0
Va € (0,1). Orxe, Vig >t >0

Y(v(ta)) < Y(v(ty)).

Hosenemo, 1o 1g HepiBHICTH cTpora. IIpumycru-
MO, IO JUISA Jiestkux Vio > t1 > 0

! !
/ v(ty, x)dr = / v(ty, x)dx
0 0

Toni 3 (1):

0,

0,

!
0= /0 (v(ta, ) —v(ty,z))dx <

to
< [ Gt = pO)us(t.0)i.

1
OckKiJIbKY MiIiHTErpaIbHIN BUPA3 IPaBO] YaCTUHU
HeJIo/IaTHIi Vi € [t1, ta], TO 3 ocTaHHBOI HEPIBHOCTI
BUBOAUMO Vi € [t1,t2] vy(t,1) = vy(¢,0) = 0. Le
OPOTUPIYUTH TOMY, 10 Uug(x) Z 0

Or:xe, ,ELJ'IHt>OfO txdx<f0 (0,x)dx =
— (uo), i Tomy Y(u(t)) = B(w(t)) + (v < ) <
< (up). 30KpeMa, BUKOHYEThCsI OCTaHHSI BJIACTHU-
BicTb (4).

Hosegnemo (7). Hexaii iMiysibcHEX TOYOK Oy/1e
HecKinuerHo bararo. ITokaxkemo, 110

n
= E Sk — 00, — 00
k=1

Tn+1

o + _
Orxke, Hexait s ug € X, v = Iu(sg) — mepmra
IMITyJIbCHA TOYKA.

() = u(so, ) + a(z), ¥ (u
Hexait 51 = s(u).

Baysaxkumo, mo B cuity [11] Ge3 obmexeHHst
3araJbHOCTI MOXKEMO BBaXkaTH, IO BJacHa (PYH-
Kitist ¥(x) 1= 1 (x), mo BianoBimae A1, 3a70BOIb-
HsI€ BJIACTHBOCTI:

) l)?

Y € CL([0,1]), ¥(z) > 0Vx € (0
¥'(1) # 0.

+

Uy =1y + ap

)

' (0) # 0,
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Toxi B cuity ymMoB Ha DyHKIHIO a(x) MOXKEMO
CTBEPIZKYBATH, IO

AC, > 0: a(z) < Ciyp(x),x € [0,1].
Ockinbru 3Cy = Cy(up) > 0 Take, 1o

V(s0,7) < Catp(z),

TO IOJIA U—li_ Ma€eMO

J’_
Uy

(z) < (Cr+ Co)ip(x), Vo € [0,1].
Toai 3 mpUHIUIY MAKCUMYMY JIJIsi PO3B’SI3KY 3a-
nadi

% = a0()§2) +a(x)o,
V]g=0 = V]z=1 = 0,

V=0 = uf (),

(21)

BpaxoByoun (17), omepxKyemo:

v(t,x) < (C1+ Ca)ip(ar)e M. (22)

Tomi
p(Dvs(t, 1) — p(0)vg(t,0) >
> (C1 + Co)e M (p(1)¢h' (1) — p(0)¢
Orke
d

pTAs

/

(0))

(v(t)) = (Cr+Ca)e” (p(D)y' (1) —p(0)4' (0)+

Y(x)de.

(23)
Bsigcu, gximo u(sy) = v(s1) + w(s1) € M, To 3
(23)

! !
+Aq@W@»=MKH+@k””A

Yo — P(w(s1)) = Yo + ap—
!
- — e M1 z)dz.
(C1+C)(1 >A¢Ud

Ockisnbku B cuity (16)
3C3>0 Vt>0 |¢p(w(t))] < Cst,

TO Mae€eMO OHiHKyZ

!
(Cl+02)/ Y(x)de(1—e M) +Css1 > o (24)
0

3 (24) BuBOAMMO, IO
81 = T1,

ne 1 > 0 — equHU PO3B’SI30K PIBHSIHHSI

l
(Cl + CQ)/O "Lﬂ(l’)dx(l — e,)\.,.) + C37 = o (25)

2022, 4

46

Bulletin of Taras Shevchenko
National University of Kyiv
Series: Physics & Mathematics

Bpaxosytoun ominky 1 — e M% < Nz, ¢ > 0, 3
(25) maemo:

aQ

=
M (Cr+ Co) fyv(a)de

()

+C3

S1

Hasmi gjist u;

+w(si,z) + ax)

1V (sq, uf) = v(s1,z)+

uy () < (C1 + Co)ip(x)e M1+

+C’1¢(x) < (201 + CQ)'(/J((L’)

Toui, nmoBroproovn monepejni Mipkybanust (21)-
(24), nist s2 = 5(u3) Maemo OMiHKY:

aQ

>
M (201 + Cy) [Lp(x)da + Cy

52

OTxke HA N-TOMY KPOIIi

(07
> 0

- A1 (n01 + CQ) fol I/J(x)dl’ + Cg.

(26)

Sn

3 (26) BuBogUMO Y 7 1S, = 0O, LIO O3HAYAE BU-
konanus (7). Jlema moseena.
Tenep posristnemo jutst R > 0 MHOXKUHY

Mp :={u € Xu(z) > 0,%(u) = o,

/l uz(x)dx < R2}.
0

Ockinbkn Mp — 3amisena, Mr C M, To
3 sgemn 2 Bummsae, mo {V, Mg, I} Takox mo-
POJLKYIOTH IMIyJIbCHY JuHAMiuHy cucremy Vg
Ry x X — X.

Teopema. 3a ymos Jiemu 2 s Yug € X
W-TpaHnvIHa MHOXKHNHa

Gr(uo) = () U Va(t, uo)

T>0t=2T

HEIIOPO2KHA, KOMIIaKTHa 1
distx (Vg(t,uo), Dr(ug)) = 0,t = oo.

oBemeHHs.

BceranoBumo omiHKy Ha MOMEHTH IMITY/IBCHO-
ro 30ypeHHsl, K& JO3BOJUTH BCTAHOBUTH BJIACTHU-
BicTs (12) memu 1. OTike, nexait ug € IMpis >0
MOMeHT nepinoro norpamisuus u(t) = V (t, up) Ha
vmuokuHy Mp. Be3 oOMekeHHsI 3arajbHOCTI BBa-
xkaemo s < 1. Posrustnenmo (1) ma (0,s).
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Bispameno +s g | VIllu(s) |2 +s | h L (30)
Lz elel—¢, Bpaxosyroun  (29), 3  (30)  ozmepxyemo:
Ne(w) = ¢ £,z €10,¢], Je =e(R) > 03C = C(e,R) > 0 maxi mo
24 laell—gl.
| T <OVs (31)

Homuoxumo (1) ma 7. 1 npoinrerpyemo 1o [0, ]

/l l B ( (9?,6) N /l N /l ,
Uu = — AP u
0 tTe 8x pal‘ Ne qurie Ne

/“t /15“t+dt/“”5
dt / Py 775 /quna /Ohns

HICJIH inrerpyBanus mo t € [0, s] omepKyemo:

—ao—/ /utl—sdt—i—
0
+/ / U[)
0
l
+ [t - /
l—e l—e
s 1 u s l l
= — p + qune +s [ hne
0 0 0 0 0

%"76
ap = —/ u(t, e)dt —/ u(t,l —e)dt+
0 0

W]s =

~

uo(x)ﬁs =

[ o

Maewmo u(t,z) = v(t, ) + w(t, x), (1uB. KoBe-
nennst jgemu 2), e v(t,x) > 0, |w(t, z)| < C(h).
Kpim TOro BUKOHYETHCsT OIIHKA:

I u®) 12 +2p0 /0 t /0 (2

t
+2/0 IR lal e

Orxe, g t € [0,1], x € [0,I], BpaxoBytoun
ug € I Mg ta nepiBuicts Ilyankape, maemo:

5 t pl du )
) |2 + /0 /0 (22w < C(R).

Toxi 3 (27) BuBOUMO:
0 <20(h)5+2 lu(s) Iz Ve+

G

(27)

)2dzdt <|| uo |32 +

(28)

(29)

1
2

+le|
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Takum aunOM, 17151 OY1H-SIKOT IMITYJIBCHOI TPAEKTO-
pit oxepxkyemo (12). Tlepesipumo inmi ymosu Jle-
mu 1. Ockinbku Ju = u+ a, To Bukonyerscst (11).

Ymosa (10) Bunmsae 3 oriuku [12]: grsit > 0

e K(r) — momarna KOHCTAHTA, IO 3aJI€2KUTDH B
Ty || uo ||p2< 7

Toni sikimo 5 obmerkena B X, To 7 - obme-
wena B L2(0,1), i 3 KOMIAKTHOCTI BK/IaJIeHH
H'(0,1) € C([0,1]) omepxyeno (10).

Hosenemo obmexenicts ¥ = (J;5q Vr(t, uo).

3 ominkn

Wt 20, V(t,uo) [I< My [ uo || e + My (33)

IVt uo) < K(r)(1 4+t + (32)

OJIEpKYyeEMO OOMesKeHICh ¥ B X JJIsT TpaeKTopiii
3 He OIJIBI sIK CKIHYEHOIO KiJbKICTIO IMITYJIbCHUX
30ypeHb.

Hexait iMOyabCcHUX TOYOK HECKIHYEHA KiTb-

kicTb. 3 (12) maemo

d5s>0Vn>1 s, > 5.
IToBTOpIotoui MipkyBaHH Jlemu 2, MaeMo:
0 < uf(2) < (Cr + Co)(e)
0 < u(sy,z) < (C1 + Co)p(x)e M°
0 <z (2) < (C1+ Ca)ip(z)e ™ + Crih(x)
[IponoBxkytoun 1eit mporec,
onepxkyemo: YV € [0,]]

Ha N-TOMY KpOTIi

Ogu() Cotp(a)e” (n=1)M5 |
+O1h(2) (1 + e M5 4 4 e~ (1= DNF) ¢
Cy || ¥
<G|l ]+ 1”%”8 (34)

O6’ennyroun (33) i (34), OJIEPIKYEMO  IITyKAHY
obmexenicts . Tomi 3 Jlemu 1 MaeMo TBepIKe-
HHsI TEOPEMH.

Teopema joBesieHa.

SayBarkennsi. Hexait 7~
TPaEKTOpPid  IMITYJILCHOI  JTUHAMIYHOI
V= {V,M, I}, mo craprye 3 up € X. Toxi s
nesikoro R >0Vt >0 || V (¢, uo) ||2< R.

Orxe, V cuisnamae 3 XN/R i
JeHo  Teopemoro, W(ug) # 0,
distx (V(t,ug),&(ug)) — 0, t — co.

oOMeEzKeHa

CcucreMumu

3a JIOBe-

KOMITAKT, 1
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Poszensoaecmovcs  mamemamuuna 3adava  yymaueocmi po3e’A3Kie  OupepenyianbHux pisHsHb,
ONUCYIOMb OUHAMIKY nOpmhens akyill Ha PUHKY YIHHUX Nanepie.

Kniouogi cnosa: mamemamuuna mooenv, ONmMuMaibhe IHEECMY8aHHs, Nopmens aKyii, 4Ymausicmo
D038 ’3Ki8.

wo

The efforts of researchers for analysis of the financial investment market are largely aimed at considering
multi-criteria problems with a large number of criteria, studying and solving investment management
problems in static and dynamic settings, building procedures for an adequate description of random
processes of market price changes, developing applied numerical methods and algorithms for solving large-
scale problems. These problems as tasks of management under conditions of uncertainty refer equally to the
fundamental problems of the applied theory of decision-making. The researches of R. Bellman, J. Danzig, R.
Merton, and G. Markowitz [1] are aimed at establishing the fundamental foundations and studying various
meaningful interpretations of financial analysis processes. Thus, in the static case, they obtained
fundamental results that had a wide practical application. The property of the distribution of the optimal
portfolio into risk-free and risky components for the case of the presence of a risk-free asset on the market
was established, and the fundamental properties of the equilibrium market of optimal portfolios were
investigated. Dynamic models of asset and liability management have found the most successful application
in the field of long-term financial planning, where the need for repeated decision-making is determined by
the essence of the process.
Key words: mathematical model, optimal investment, stock portfolio, sensitivity of solutions

CrarTio penctaBuB 1.¢-M.H., mpodecop Xycainos J1.51.

3AJAYA TIPO  TIOBYIOBY ®YHKIIA g () N
YYTJIUBOCTI  MOJEJI PUHKOBOI = (1 SMjpq (1) + a2, 1 (O)r; (1) + Zﬂ,—r,- ), @)
BAPTOCTI AKIII{ s =t

i=1n telt,T]

Posrnssmemo 3amady mpo moOymoBy (yHKIIH
YYTJIIMBOCTI JJIi MOJENeld I[IHOyTBOPEHHS OfHi€l
aKIii Ta mopTQens akiii.

CkopucraeMoch, HaBeleHOO y pobori [2],
OUHAMIYHOIO MO0  (popMyBaHHS  PUHKOBOL
BapToCTi akuii. 3a CTPYKTYpolO BOHA BifNOBiTae
Bigomiit moxem VY. Illapma i Mmoxke Oyru 3ammcana
TaK:

Tyr: r,(t) — puHKOBa IiHA aKI[il Y MOMEHT Yacy
telt,,T]; @,,a,— HeBiOMi mapamerpu MOJENi;

SMq(t) —odyskuist iHmekcy (OHIOBOrO PHHKY;
I(t)— ¢yukuis ingexcy indusmii. s 3pydHOCTi
neperBopeHb npaBy 4acTuHy (1) mo3HAUMMO depes
f(tr,a), ne a=(x,a,). BBaxatumemo Takoix,
110 MalOTh MOYaTKOBI

Micie YMOBHU
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r(ty)=r, =r,(a), t, =t,(a), a Takox, mIO OCKUIBKA METOK0 MOJEHIOBAHHSA € OIMC Ta

O = @, CKaJsip, OCKUTBKH TIPH KOPOTKOTEPMIHOBOMY
MOJIeIIOBaHHI IMHAMIKU ()OpMyBaHHs IiHH aKii «,

Oimmspka po  cramoi. Y Takii mocraHosuwi f;—

KOC(IIIEHTH KOPENSIil MDK aKIisMH, SKi MOXKHA
OOYMCIIMTH Ha OCHOBI BIZOMOI CTaTHCTHYHOI
inpopmarii. 3rigHo [2], 3a yMOBH, IO IpaBa
yactuHa (1) HemepepBHa 3a CBOIMH aprymMeHTamu i
HernepepBHO-aAudepeHiiiiioBaHa 3a I,a, a TAKOX 3a
HerepepBHOI audepenuiioanocTi GyHKmii Iy,t,3a

@, icHye HemepepBHa mnoxigHa U(t, ;) =M.
ooy

s moxigHa 3a70BOJIBHSE JTudepeHIiabHOMY
PIBHSHHIO

ﬁzaf(r,t,al)qu@f(r,t,al) @)

dt or ooy
3a 0YaTKOBOI YMOBH

dry (e dt, (e

utty) =20 | £ (1 (o).t (@), ) to( ).
1 1

PiBusHHS 2) OTPUMaHO MIPSIMUM

mudepentiroBanHaM (1) 3a «;, a mo4aTkoBa yMOBa —
13 mudepeHITIIOBaHHS IHTETPATHHOTO PIBHSIHHS

rit,ay) = j f(r(z,o),7,0)dr +15(ty, ;)

to(a1)
1 Ma€ BUTIIA
u(t, ) = ar(t al)

1

af(l’(f,al),r,al)u(T a)+ +dr0(al)_
j or T ir doy
tO(al) af (r(t’ al)’ 7, al)
ooy
dt (0‘1)

f(r(ty(e) o) to(an), ) ——= 3)

[TouaTkOBY yMOBY st (1)yHKu1'1’ gytiuBocTi  U(t,)
. TakuM 9uHOM,
mis (1) moOymoBaHO (YHKIIO YYTJIMBOCTI, IO
OIUCYE 3aJIOKHICTD I[IHU aKI[il BiJ mapamerpa o, a

oTpuMaemo, nokiasim B (3) t=t,

TAKOXX TIOYaTKOBY YMOBY. Y TIOAaibIIOMY HEIO
MOXHA CKOPHCTaTHCh TIpU PO3B’s3aHHI 3ajmadi
imenTudikamnii mapamerpis moxedni (1).

3AJAYA [IPO MOBYIOBY ®YHKIIA
YYTJIUBOCTI  MOJEJI  PUHKOBOI
BAPTOCTI TOPT®EJISI AKIIIA
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aHani3 JUHaMikd (OpMyBaHHS PUHKOBOI BapTOCTI
nopTdens  aKIiii, JUHAMIKy HOro CKJIaJOBUX
3aIUIIEMO TaK

dr, (t

DD _ (g, My )+, 1O, (t)+Zﬂ.,r, ),
|=1,N,te[to,T].
MatematnuHa Mojedb  (QOpPMYBaHHS  PUHKOBOI

BapTOCTIi optdens, skuii ckiaaaeTses 3 N akiiiit
Ma€ BUJIST

A 0 0i0
dr
- 0 A 0 0 |+
d, 00 0!A h
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s 11 po3B’si3aHHSI 3aCTOCYEMO ITEpalliiHy CXEMy
IPaJliEHTHOTO CIYCKY:
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*D* dt. (A c”.
c(ty))A®) - r(ty(A),A) —2—2
(to) A7) -1ty (A), A)) dA,
HaBenenuit  BuIme aHami3 €  HEOOXIIHHUM

KOHCTPYKTHBHUAM IHCTPYMEHTOM JiJIi BWUKOHAHHS
HACTYITHOT'O €Taly y 3arajbHil CXeMi aKTHBHOTO
yrpaBiiHHSA mopTdeneM akimii, SKUH OB’ sI3aHUI
i3 pO3B’sI3aHHSAM 3a/ad TPOTHO3YBAaHHS PHUHKOBOI
BApTOCTI Ta e(QeKTUBHOI muBepcHdiKaIii - sK
HalOUTBII BaKIMBHX 3aJad Teopii Ta MPaKTHKH
MIPHUKJIATHOTO TTOPT(heTHHOr0 aHATI3Y.

Reference

1. SHARPE, W., ALEXANDER, G. and BAILEY, J.
(1995) Investments. New Jersey: Prentice Hall.

2. GARASHCHENKO, F., KULYAN, V. and
RUTITSKAYA, V. (2005) Quality analysis of
mathematical models of investment management:
Cybernetics and computing eng. 148. p. 3-10.

3. GARASHCHENKO FEDIR, KULIAN VICTOR
and YUNKOVA OLENA (2016) Simulation of the
Dynamics and Diversification of Stock Portfolio
Journal of Automation and Information Sciences. -
New York, Connecticut. - v. 48, issue 7. - P. 28-40.

Hapitiiona o penkonerii: 10.12.2022 p.



Bicnux Kuiecbkozo nayionanvrnoeo yuigepcumemy 2022,4
imeni Tapaca Llleguenxa

Cepis Qizuxo-mamemamuyi HayKu

Bulletin of Taras Shevchenko
National University of Kyiv
Series Physics & Mathematics

V]IK 004.4, 004.6, 004.942, 004.021: 519.6, 336.71 https://doi.org/10.17721/1812-5409.2022/4.7

J.10.Kpykogelib, acriipant D.Krukovets, PhD student

Bararoeranuuii anroputm 3 DTW T1a
KJIACTEPHU3aLi€I0 VISl IPOTHO3YBAHHSA
cepeIHbOI 1eNM03UTHOI CTABKH B YKpaiHi

Multi-stage approach with DTW and
clustering for forecasting of average deposit
rate in Ukraine

Taras Shevchenko National University of Kyiv,
4D, Academician Glushkov ave.,

Kyiv, Ukraine, 03022

e-mail: dkrukovets@kse.org.ua

KuiBchbknii  HalllOHANBHUM ~ YHIBEpCHTET  iMEHi
Tapaca IlleBuenka, Ykpaina, 03022, m.Kuis,
npoct. Akanemika ['mymkosa, 4/1, 03022

e-mail: dkrukovets@kse.org.ua

Cmamms npuceauena pospodyi 6azamoemanto2o Memoody HPOSHO3VEAHHS, KOMpuull 6a3yemvcs Ha
memooax Dynamic Time Warping, xknacmepuzayii ma AutoARIMA, wo nopiguioemovca 3 KilbKomda
MPAOUYIUHUMU MEMOOaMU HA YHIKAIbHOMY HAOOPI OAHUX.

Mema nonseac 6 momy, wob cnpocHo3yeamu cepeoHio CmasKy 3a oOenozumamu 6 Ykpaiti,
BUKOPUCMOBYIOUU OaHi, 3i0pani 3 eeO-calimie 6auKie Npo IXHI THOUBIOVANLHI CMABKU 3A OENnO3UMAamu Ha
WoOoen il OCHOGL. 3 ybo2co Oazamozo HabOPYy Oawux, cmamms 30cepeddiceHa auue Ha 12-micsiuHux
O0eno3umHUX CIMABKAX y 2PUGHI 0151 KOXCHO020 banky. Binvuwicms npobnem, wo € mpaduyitinumu 015 nioxoody
6e0-CKpenniney, He Maiomb 3HAYCHHSL 8 HAUOMY BUNAOKY Yepe3 0COOIUBOCMI HAOOPY OAHUX.

L[i noxasnuxu 00’ €OHYIOMbCA 8 2PYNU 3A CXOACICMIO 8 OUHAMIYI, NPOSHOZVIOMbCS OKPEMO 3a O0NOMO2010
AutoARIMA mooeni i, Hapewmi, 00 €OHYIOMbCA 6 3A2ANbHUL NPOSHO3 3 GUKOPUCMAHHAM B8A208UX
Koepiyienmie, ompumanux 3a 00nomoor oyiuku OLS.

Y cmammi npedcmaeneno pesynomam i NOpiGHAHHS 3 KIIbKOMA [THUWUMU MOOEIAMU, NOYUHAIOUU 6i0
npoCcmoco 8uNAOK08020 OIyKanua, Kinbkox cneyugixayitit. ARIMA ma npocmoeo 6unadko6ozo Jicy.
bacamoemannuii nioxio nepesepuiye benumapxu 3a oyinkoro RMSE ma epagiunum ananizom 3a ocmarHiil
nepioo Oanux.

Kouosi crosa: Dynamic Time Warping, Knacmepuzayis, ARIMA, Bunaokoeuii nic, [lenozumui cmasku,
Beb-cxpenine

The paper is dedicated to the development of the multi-stage forecasting method that is based on Dynamic
Time Warping, Clustering and AutoARIMA techniques, which is compared with several traditional
benchmarks on the unique dataset.

The goal is to forecast an average deposit rate in Ukraine using data that has been scrapped from banks'
websites about their individual deposit rates on the daily basis. From this rich dataset the paper focuses only
on 12-month deposits, UAH, for each bank. Most of the issues that are traditional for web-scraping approach
are irrelevant in our case due to the dataset features.

These rates are aggregated into groups by similarity in dynamics, forecasted separately with an
AutoARIMA routine and finally aggregated into the entire forecast using weights that have been obtained with
an OLS estimation.

The paper presents the result and comparison with several benchmarks, starting from simple Random Walk,
a few specifications of ARIMA and simple Random Forest. The multi-stage approach outperforms benchmarks
by an RMSE and graphical analysis over the latter period of the data.

Keywords: Dynamic Time Warping, Clustering, ARIMA, Random Forest, Deposit rates, Web-scrapping

the available information. While traditional methods

1. Introduction

The development of computer technologies opens
a wide field for alternative datasets and seeks
advanced methods for forecasting that can use such
datasets. In the paper, we’ll investigate a new dataset
with deposit rates from all Ukrainian banks and the
ability to forecast their average using the maximum of
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are concentrated on utilizing several aggregated time
series, we’ll have a look at more advanced methods
that are able to squeeze more data from such a rich
dataset.

In the second section, an overview of the data will
be presented. A web-scrapping approach was used to
extract the abovementioned dataset and it has many
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advantages over other, more traditional methods of
data collection. It provides the data faster than
traditional methods, like reports from state offices that
may publish the information with a significant delay.

However, there are some downfalls that may affect
the quality of the data. Some of them may be solved
only with the addition of data from other sources, such
as the inability to aggregate rates by the deposit
volumes as long as it’s a type of data that is unable to
be scrapped. Others are technical problems such as
changes on banks' websites that lead to issues with
data scrapping until the problem is fixed manually.
This creates gaps in the data, however, in this
particular case, such a problem is not that critical due
to the features of the data.

In the third section, there will be a description of
the models' pool that is taken as a benchmark for our
key model. The pool is quite natural and standard, it
includes a Random Walk model, a few specifications
of the ARIMA model, and a Random Forest model.
The first is the simplest possible model which just
says that the next value will be equal to the last
available. The second approach is more interesting
and complex, it better explains the dynamics,
however, it’s unable to work with large datasets as
long as it suffers from overfitting. The last approach
is the simplest Data Science model that is more able
to work with big datasets simultaneously and is less
prone to overfitting.

Our key model is a multi-stage approach. The first
stage is to take deposit rates from all banks and
estimate distances between each pair using Dynamic
Time Warping. It’s an advanced method to find
distances and count for any stretches, and reaction
delays in data, which is a common problem for this
dataset. Then the matrix with all distances is built and
transformed into a two-dimensional graph. Every
point in the graph corresponds to the bank and the
distance between two points is an approximation of
the distance from the matrix.

The second stage is to use a K-Means approach to
divide banks into several groups by their dynamics
and obtain an average deposit rate for each group.
Then the third stage with an AutoARIMA approach is
used to produce forecasts for each group's rate. An
AutoARIMA is a method that iteratively finds the best
ARIMA specification and forecasts with this ARIMA.
The last stage is to aggregate forecasts using OLS
estimated weights for each group.

Such an approach allows us to find more complex
relations between banks and improve the quality of
the forecast significantly, which can be seen from the
section with results. The evaluation will be performed
on the last month of the data while all other data is
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used to train the model. Results will be discussed
based on the graphical analysis and Root Mean
Squared Error value for each model.

2. Data

This paper presents a dataset of deposit rates from
all banks in Ukraine, collected using web-scraping
tools from the banks' websites. The methodology is
described in the original paper by Khalil and Fakir,
2017. The data was collected from the beginning of
2018 and has no missing or inaccurate data due to the
features of the methodology. The dataset is quite rich
and consists of rates for most of the possible terms,
from 1 to 36 months, and in all major currencies:
UAH, USD, EUR and even CHF. For the sake of more
consistent and simple-to-interpret results, we will
concentrate on one of the most popular types of
deposits — 12 months deposit rate in UAH. To
investigate the overall dynamics of banks as long as
the dynamics of mean and NBU Policy Rate (which is
connected to the dynamics of deposit rates) the one
may refer to Picture 1.

Picture 1. Deposit rates from different banks, their
mean and NBU Policy Rate.

UAH 12m rates,

their mean, NBU IR

Web scraping tools can be useful for collecting
data from websites, however, they are not always
reliable. They may fail to capture certain data fields or
fail to adapt to changes in the website structure if it
was changed at some point in time. Regularly, in such
a case, since the tool used to collect the data is not
perfect, we cannot be completely sure of its reliability.
This issue is discussed in the paper by Khder, 2021.
However, we can assess its reliability because of the
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data nature. Deposit rates are not changed on a regular
basis which gives the ability to fill in the missing data
if any problems arise in most cases.

One of the features of the tool is that it cannot
collect data on the popularity of particular deposits or
different rates for various types of customers. It
dismisses the ability to weigh different deposit rates
between each other based on volumes of those
deposits thus making it hardly possible to obtain
aggregated data from the scrapped one. The same
story goes for the difference in volumes of deposits
between banks. However, the assumption about the
similar role of all banks as market players are able to
be made thus the research will provide us with
beneficial results, being open to further improvement
and deeper analysis with the data from bank reports
about their deposit volumes.

There is a key hypothesis that the dynamics of
rates between banks in the same group by ownership
(state-owned banks, banks with private capital, and
banks with foreign capital), by client type
(consumers-oriented, business-oriented) or by another
feature are closer to each other than the dynamics
between banks in different groups. Further analysis
will be done to test this hypothesis and investigate the
potential reasons for such similarities or differences.
This opens a wide field for using combinations of time
series distance measuring and clustering techniques,
one of which will be used for forecasting in this paper.

Another interesting issue that will be discussed in
the upcoming paper is that deposit rates may change
infrequently, resulting in long periods with similar
values, which can be problematic for similarity
measures, such as the Dynamic Time Warping
(DTW) algorithm, that is used to find similarities
between time series. This point will be discussed to a
more extent in the model section.

There should be a connection between the deposit
rates and the monetary policy of the central bank, with
a lag between changes in the policy rate and changes
in deposit rates. This is because the central bank
policy rate affects the cost of funds for banks and,
thus, the rates they offer on deposits. Therefore,
analyzing the data in the context of the central bank
policy rate could provide insight into the behaviour of
banks and the broader macroeconomic environment.
Counting for such an effect will help to adapt the
dynamics of each particular bank and extract the
similarity based on this particular factor which will
open a field to study similarities that are based on
other reasons, for example, the bank type.

This paragraph enhances yet another possibility of
potential additions to the data and the pool of models
respectively. Such a relationship was investigated by
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many institutions and researchers, including National
Bank of Ukraine economists using the ARDL model
by Pesaran and Shin (1995). The results can be seen
in Picture 2, which is taken from the Inflation Report,
October 2022 by the National Bank of Ukraine.

Picture 2. Change of deposit rates as a response to
the shock in NBU Policy Rate

20

15

10

.
------
.....
eesee

0o 1 2 3 4 5 6 7 8 9 10 11 12
Policy rate = e = « Deposits (HH)

------- Confidence bands 95% 3M depo (fact)

6M depo (fact) 12M depo (fact)

* NBU estimates for the period 2015-2021 are based on the ARDL model
of Pesaran and Shin (1995);
** 5-day (working days) moving average UIRD.
Source: NBU.

3. Model

In this research, we analyze five forecasting
models for deposit rates:
* Random Walk,
* ARIMA(L,1,1)
*  ARIMA(7,0,7)
* Random Forest
*  Multi-stage key model

The first four models are, to some extent,
traditional benchmarks to compare with the final and
the most interesting model. The idea is to show that
the DTW/Clustering routine is superior and gives a lot
of additional information for both analysis and
forecasting purposes. This will also support the
initiative for further development of the methodology
to fit such problematic data in the upcoming research.

3.1. Random Walk

The Random Walk model (RW) supposes that the
potential value of a series will be the same as its most
recent value. This approach is frequently used as a
benchmark for other prediction models because of its
simple nature of use and lack of assumptions about the
underlying data generation process. Mathematically,
RW can be expressed as:

Ve+1 = Ve
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where y, is observed variable at the time t and y; ;4
is the predicted at the time t+1. A prediction for the
further horizon can be built iteratively.

The Random Walk model ignores any other
variables that can have an impact on the series, such
as some seasonality, shocks from other variables, or
dynamics that are not linear since it assumes that the
future value of the series will be identical to the last
known value of the series. As a result, this model is
frequently used as a primitive forecasting model or as
a benchmark against which to measure how well more
sophisticated models perform. However, there is also
a great field to study the model deeper with different
additions like in the paper by Dshalalow, 2021.

3.2. ARIMA

The ARIMA (Autoregressive Integrated Moving
Average) model is a time-series statistical model that
is frequently applied. It is a framework with several
orders of autoregressive (AR) and moving average
(MA) components, as well as differencing terms. The
model's autoregressive term captures the linear
connection between an observation and its previous
values, while the moving average term captures the
linear relationship between an observation and its
prior errors. The differencing term is used to eliminate
any patterns or seasonality in the series, which is
required for the model to be valid.

Mathematically, the ARIMA(m,0,n) model can be
described with the following formula:

Ve = PB1Ye-1+ -+ BuVe-m + V1€—1 +
t Vnét-n T &

where y; is a variable at the time t, & is an error
term at time t, 8} and y;, are estimated coefficients. A
middle, differencing term describes whether we’re
using y; or its difference of the corresponding degree.

There are some limitations to the ARIMA model.
One of the most significant constrictions is the
inability to seize dependencies with other variables.
The model only considers the series' historical values
and neglects any other variables that may influence
the series. If other variables have a strong relationship
with the series but are not included in the model, this
can be a major drawback.

Another limitation of the ARIMA model is its
incapability to detect non-linear data patterns. The
model presumes a linear connection between the
series and its previous values and errors. If there are
non-linear patterns in the data, such as exponential
growth or decay, the model may not be able to capture
these patterns accurately. More advanced issues that
arise with such type of a model and corresponding
tests are discussed in the article by Gandhi, 2020.
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Two specifications have been chosen for this
research based on the results of a wider set of models
for such a type. The ARIMA(1,1,1) model is the most
straightforward choice and a great benchmark which
is not far away by its properties and capabilities from
the previous model. It’s relatively simple to interpret
and gives better results than the previous approach.
The ARIMA(7,0,7) model is another ARIMA-based
model, which is more complex than the
ARIMA(1,1,1) and is capable of capturing more
complex patterns in the data, based on the dynamics
during the last week. This may be important as long
as deposit rates may change due to some shock, but
with a minor delay which can’t be captured well with
one lag only.

The ARIMA model is traditional for econometrics
and time series analysis which leads to its usage on
yearly, quarterly or monthly data. Usage of ARIMA
on daily data may lead to many additional problems
such as the inability to work with yearly seasonality.
However, when there is a necessity for short-term
forecasts, it performs relatively well according to a
number of researches, especially in the area of stock
price forecasting like in the paper by Almasarweh and
Al Wadi, 2018.

With such a methodology we cannot directly dig
out all of the available information from all the banks
and are limited to working with an average rate only.
This means that there is a huge field for further
improvement that will be utilized by the following
two models that will give an additional advantage and
possible improvement of the result.

3.3. Random Forest

The Random Forest is a powerful Machine
Learning algorithm that is often used for regression
and classification tasks. It is an ensemble learning
method that combines the predictions of multiple
decision trees to improve the accuracy and robustness
of the model. The spike in the popularity of Data
Science techniques has led to many papers with
Random Forest as a main or secondary (benchmark)
model for financial and even macroeconomic series.
For example, Yoon studied Random Forest for Real
GDP forecasting in 2021.

RF is particularly useful for capturing overall
dynamics and non-linearity in the data. Unlike linear
models such as ARIMA, the Random Forest model
can capture complex non-linear relationships between
the features and the target variable which might be the
case for the current dataset. This is due to the model's
use of decision trees, which can simulate non-linear
relationships and feature interactions. Because RF can
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process data in parallel and does not require the same
level of preprocessing as ARIMA, it can handle larger
datasets more efficiently. Our goal is to forecast the
average rate across all banks in Ukraine, but the
dataset includes rates from individual banks. While
ARIMA is limited to a single time series and may not
be able to capture the overall dynamics of the dataset,
RF models can use that information to make more
accurate predictions of the average rate.

Each decision tree in the RF model is trained on a
randomly selected subset of the attributes and a
stochastic subset of the training data. This diminishes
overfitting and raises model diversity, improving
generalization ability. Averaging the predictions from
each of the decision trees in the forest yields the final
prediction.

A random subset of the training data is chosen for
each tree in the forest at each stage of the training
process. This helps to avoid overfitting and improves
tree variety. For each tree in the forest, a random
subset of the features is selected to use for splitting the
nodes of the tree. This helps to reduce the correlation
between the trees and improve the generalization
ability of the model. Each tree in the forest is built
using a recursive process of binary splits, where each
node of the tree represents a test on one of the selected
features. The tree is grown until some stopping
criteria are met, such as a minimum number of
samples per leaf node. The final prediction of the
model is made by aggregating the predictions of all
the decision trees in the forest by taking the mean in
our case.

The RF is trained using an ensemble of decision
trees, each of which is trained to minimize the
variance of the target variable. The variance of the
target variable y is defined as:

Var(y) = E ((y - E®)°)

where E (y) is the expected value of y. The goal of
the RF is to minimize the variance of the target
variable by creating an ensemble of decision trees that
have low correlation and high individual predictive
power.

The splitting criteria used for each node of the
decision tree is based on the Gini impurity, which
quantifies the homogeneity of the samples at each
node and is used to select the feature and split point
that maximizes the information gain of the split.

The Gini impurity index measures the degree or
probability of a particular data point being
misclassified when it is randomly labelled according
to the class distributions in the dataset. The Gini
impurity index ranges from 0 to 1, where a value of 0
indicates a perfectly pure node (all samples belong to
the same class), and a value of 1 indicates a
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completely impure node (samples are evenly
distributed among all classes). It is given with the
formula:

Gini =1 - %(p{)

where p; is the probability of the i-th class.

The Gini impurity index is used to assess the
quality of each potential split when building a
decision tree. The Gini impurity is computed for each
possible split, and the split with the lowest Gini
impurity is chosen. This process is repeated for each
successive split until a stopping criterion is met (e.g.,
a maximum depth is reached, or the number of
samples in a node falls below a specified threshold).

When making a prediction for a new sample, each
tree in the forest returns a prediction, and the final
prediction is determined by a majority vote. This
approach helps to reduce overfitting and improve the
generalization performance of the model. The formula
can be written as:

1
9 =3+ IO
where ¥, is the predicted value of the i-th decision tree
in the forest, and N is the total number of trees in the
forest.

Key parts of the RF algorithm are focused on
making a generalized and robust forecast, capturing
potential non-linearities by aggregating many models
with different responses to the same shocks. Also, it
works well with huge datasets without overfitting
which is crucial for the particular work. For more
discussion about the properties, advantages and
drawbacks of the algorithm the one can refer to the
paper by Biau, 2012.

3.4. Multi-stage key model

For the final model, there is a multi-stage approach
that takes all rates, aggregates them into groups with
Dynamic Time Warping (DTW) and clustering, then
forecasts each group separately with ARIMA and,
finally, aggregates it with weights, obtained using
OLS estimation. Such an approach allows squeezing
the maximum of the information from the dataset and
opens a wide field for analysis both from the
economic and data analysis points of view.

3.4.1. DTW

Let’s cover the algorithm step-by-step. The first
part is to find a similarity in dynamics between
deposit rates. There are several main approaches for
this stage that are described in the paper by Krukovets,
2020. In this particular paper, we’ll focus on the DTW
only, the most advanced and the one, that is suitable
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for signals that vary in speed because they do not
consider the time-axis. The last point is important
because rates in different banks may react to shocks
with a significant delay.

We can compute the distance matrix between the
two signals, D, where D (i, j) represents the distance
between x; and y;. We can calculate a distance
between two series with a variety of methods,
including a Euclidean distance, Manhattan distance,
or Minkowski distance. The idea of DTW is to find a
path, P, through this distance matrix that minimizes
the total distance between the two signals. The path is
constrained to start at (1,1) and end at (n,m). It can
only move to adjacent cells in the matrix or by
diagonal, which doesn’t allow any jumps or gaps in
correspondence.

To find the optimal path, we use a dynamic
programming approach. We define a cost matrix, C,
where C (i, j) represents the minimum cost of the path
that ends at (i, j). We can compute C (i, j) recursively
using the following equation:

C@i,j) « D@, J)
+min(CGi —1,/),C@,j —1),C(
~-1,j-1))

The intuition behind this equation is that the cost
of the path that ends at (i, ) is equal to the distance
between x; and y;, plus the minimum costs of the

three possible paths that could have led to (i, ). The
proof that the total distance is minimized is trivial
using mathematical induction.

The Dynamic Time Warping (DTW) algorithm is
sensitive to the length and magnitude of similarities
between the time series data. In the case of long
periods with similar deposit rate values, this may
result in misleading similarity measurements. One
way to address this issue is by aggregating the data on
a weekly or monthly basis, instead of daily. Such an
approach will reduce the impact of long periods with
similar values and increase the sensitivity of the DTW
algorithm to shorter-term variations in the data.
Alternatively, a modified version of the DTW
algorithm that takes into account long stretches of
similar values can be used. However, this topic will
be studied and clarified in the upcoming paper.

An important point is that the adaptation of the
DTW algorithm called FastDTW will be used. It is
quite consequentially that the algorithm is focused on
adaptations that allow working faster than the original
one. While both algorithms find the optimal warping
path between two time series by calculating the
distance between each pair of points in the series,
FastDTW achieves this goal by using a lower-
resolution version of the series and then iteratively
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refining the warping path using increasingly higher
resolutions. This allows FastDTW to reduce the
number of comparisons required to find the optimal
warping path, making it faster than DTW but
sacrificing some accuracy. FastDTW also employs a
technique called "masking" to further reduce the
number of comparisons required to find the optimal
warping path. Masking works by dividing the time
series into subseries and computing the distance
between only certain points in each subseries,
ignoring others. This is achieved by creating a binary
mask that specifies which points in each subseries
should be considered when computing the distance.
The mask is created by finding the median point in
each subseries and selecting a range of points around
it, with the size of the range depending on a user-
defined parameter called the "radius." By using
masks, FastDTW is able to limit the number of
comparisons required to find the optimal warping
path, making it even faster than the standard
FastDTW algorithm. However, the trade-off is that
the accuracy of the warping path may be reduced,
especially if the radius parameter is set too large. In
more detail, it is discussed in the original paper by
Salvador and Chan, 2004.

The used DTW version is made in a package for
R, which is described by the library author in the
paper Giorgino, 2009. It consists built-in FastDTW
algorithm and several additional features that make
work with an algorithm simpler.

After finding distances between all deposit rates in
the previous exercise, we’re building a matrix that
will be translated into a 2D graph with approximately
the same distances using affine transformations. The
explanation and proof of the minimization for
approximation error is quite cumbersome and can be
accessed from chapter 5 of the book by Datorro, 2019.

3.4.2. Clustering with K-Means

The next part of the routine is a clustering exercise.
The methodology was chosen using a graphical
analysis of the graph based on the distance matrix
from the previous exercise, which will be described in
the next chapter. A simple K-means algorithm was
chosen. It is an unsupervised machine learning
algorithm used to cluster data points into K distinct
groups or clusters. The algorithm works by iteratively
assigning data points to the nearest cluster center, and
then updating the cluster centers based on the newly
assigned data points. The algorithm converges when
the assignments and the cluster centers no longer
change or a maximum number of iterations is reached.
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Given a set of N data points X = {xq, x5, ..., X¢}
and a number of clusters K, the algorithm seeks to
minimize the sum of squared distances between each
data point and its assigned cluster center. This is
known as the within-cluster sum of squares (WCSS)

and can be expressed as:
K M

WCSS = 22 |l - cl-||2

i=1j=1

where n; is the number of data points assigned to
the i-th cluster, c; is the center of the i-th cluster, and
||-|I"2 denotes the Euclidean distance.

To find the optimal cluster centers that minimize
the WCSS, the K-Means algorithm uses an iterative
approach known as Lloyd's algorithm. In each
iteration, the algorithm first assigns each data point to
the nearest cluster center using the following formula:

argmin ||xj - cl-||

where argmin is the function that returns the index
of the cluster center that minimizes the distance to the
data point x;.

Once all data points have been assigned to a
cluster, the algorithm updates the cluster centers by
computing the mean of all data points assigned to that
cluster using the following formula:

1v
;4 g

j=1

where n; is the number of data points assigned to
the i-th cluster, and x; is the j-th data point assigned
to the i-th cluster.

The algorithm repeats these steps until the
assignments and the cluster centers no longer change
or a maximum number of iterations is reached.

In more detail, the explanation and discussion may
be accessed from the paper by Jie et al., 2020.

Instead of the exercise above, with DTW and
clustering, we can assume that the dynamics in groups
are divided by some features (bank ownership, such
as state, private or foreign; client type orientation such
as consumers, small or large business). Such an
approach has many downfalls, such as a necessity for
a deeper understanding of economic strategies and the
relationship of individual banks. As long as the focus
of the paper is on the usage of advanced forecasting
techniques, the algorithm-based solution for grouping
seems to be a more viable option.

In the end, we’ve got several groups of banks.
Their rates are aggregated as an average in each group
which will give multiple series that will be used in the
following stages.

Ci

3.4.3. AutoARIMA

2022, 4

61

Bulletin of Taras Shevchenko
National University of Kyiv
Series Physics & Mathematics

To forecast average rates for each group of banks,
we’ll use an advanced version of the traditional
ARIMA. It’s called an AutoARIMA and, as it comes
from the name, the algorithm automatically selects the
best ARIMA model for a given time series data. It
estimates the parameters of the ARIMA model by
maximizing the Akaike Information Criterion (AIC).

AIC is a statistical measure that evaluates the
goodness of fit of a model while taking into account
the complexity of the model. The AIC is calculated as
a combination of two terms: the first term measures
the goodness of fit of the model to the data, while the
second term penalizes the model for its complexity.
The formula for AIC is:

AIC = =2 xlog(L) +2x*k

where L is the maximum likelihood of the model,;
k is the number of parameters in the model.

In AIC, a lower value is better, meaning the model
with the lowest AIC value is preferred. A difference
in AIC values of two or more between models
suggests strong evidence for the model with the lower
AIC value.

The AutoARIMA algorithm uses a stepwise
approach to select the optimal ARIMA model. First,
it selects the best ARIMA model with no differencing
(i.e., d=0) going through all possible parameters (grid
search) and evaluating AIC. Then, it evaluates the
AIC for ARIMA models with differencing (i.e., d=1
or d=2) and selects the best model. Finally, it selects
the best seasonal ARIMA (SARIMA) model if the
time series data exhibit seasonality. For more details
and how they’re made in R, the one may read the
paper by Hyndman and Khandakar, 2008.

At the end of this stage, there will be a single
ARIMA model for each group that will be able to
produce a forecast.

3.4.4. OLS-based aggregation

The final stage is a model, that will help to
aggregate forecasts from the previous stage into a
single average rate. For this, we’ll use a simple OLS
approach that is evaluated on the historical aggregated
rates. Such an approach, as many other and more
difficult ones, is overviewed in the paper by
McAndrew et al., 2020. The formula is simple:

Ve = B1yea + o+ BrYer + &

where y; is an average rate for all banks at the
moment t; y;; is an average rate for all banks from
group k.

This allows us to check the importance of the
dynamics of a particular group in the overall
dynamics, because groups may have only a few banks



Bicnux Kuiecbkozo nayionanvrnoeo yuigepcumemy
imeni Tapaca llleguenxa
Cepis Qizuxo-mamemamuyi HayKu

(outliers) or a majority of banks. Such an approach
will be even more beneficial for further investigation
in the case when the data of bank size is used, thus
some particular banks may have way more weight on
the overall dynamics than others which will be
reflected in the coefficients of the linear regression.

Results

This section will show the results of the five
models described above based on the data, that is
described in the data section. While for benchmark
models the forecasting process is relatively
straightforward, our key method requires multiple
stages to produce the final result.

The result of the DTW approach is given in Picture
3. Each point represents a particular bank and
distances between points are approximated to the ones
from the distance matrix based on DTW distances.
The result shows a number of outliers that will
decrease the quality of the next stage. Moreover, such
a difference in dynamics can be explained by the
economic conditions and strategies, some of the banks
are frauds that were removed from the market at some
point in time. Thus, in further analysis, we’ve
removed those banks and re-run the exercise. The
result is given in Picture 4 and will be passed further
on to the next stage.

Picture 3. Banks, distances between which are
calculated with DTW.
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Picture 4. Cleaned from outliers pool of banks,
distances between which are calculated with DTW.

The clustering stage contains a K-Means approach
based on the result from Picture 4. It will divide these
points into several groups. The amount of groups is
defined by the graphical analysis of the results and
common logic, which states that a number of groups
can’t be too small or too large. It was found that the
optimal number of groups is five and the resulting
picture is given in Picture 5.

Picture 5. A cleaned pool of banks divided into
groups with K-Means.

T T
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Then the AutoARIMA finds optimal coefficients
that will minimize the AIC. Thus, we may be sure that
we’ll obtain a forecast with good quality for each
individual group. Then these groups are aggregated
with an OLS method. Key statistics, including the
number of banks in a group, ARIMA specification
and weight according to OLS may be seen in Table 1.

Table 1. Specifications for each group.

Group 1 2 3 4 5
number

Number of | 16 22 2 15 5
banks
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ARIMA (1,L.2) | (LL1) | (0,1,0) | (2,1.3) | (0,1,0) | was unable to outperform Random Walk and gives
specification bad results.

OLS weight | 0.267 | 0.367 | 0.033 | 0.250 | 0.083

To evaluate the quality of the forecasts, according
to the amount of available data, we’ve decided to
simply forecast the last month of rates and compare it
with the real values both graphically and with Root
Mean Squared Error (RMSE), a traditional way to
evaluate the quality of the forecast. RMSE is given
with the formula:

1
RMSE = |-« 3(0i = )

where n is the total number of observations; y; is
the actual value of the i-th observation; %, is the
predicted value of the i-th observation.

The graph with the historical average rate and
forecasts for each model can be seen in Picture 6.
Corresponding RMSEs are provided in Table 2.

Picture 6. Average deposit rate and its forecast
according to the estimated models.
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Table 2. RMSE for all models, calculated on the
last available month.

Model RW ARIMA | ARIMA | RF DTW-
LY 1307 based
RMSE 0.143 0.095 0.107 0.146 0.050

Several key results can be dug out from the graph
and table. Our key algorithm, which is based on the
DTW routine, outperforms all other methods.
ARIMA models work pretty well too. Random Forest
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Graphical analysis shows that on the current
dataset, all models were able to produce lines with
relatively small deviations. Such a result is acceptable
for models that do not have information about the
future (exogenous variables, assumptions). For even
better and more robust results another approach for
model quality evaluation such as rolling pseudo-out-
of-sample forecasts may be used in the following
research. Despite poor results in this exercise,
Random Forest is able to give good results and find
non-linearities still. However, it needs more fitting
(because in this paper it was a simple benchmark
model) and will also benefit from another method of
evaluation.

Conclusion

The paper shows how a novel multi-stage
approach outperforms several traditional benchmarks
on the unique dataset, which consists of deposit rates
of Ukrainian banks that were scrapped from the
abovementioned banks' websites. Despite the mostly
technical focus of the paper and model design, it
opens a wide field for further improvements with
area-specific adjustments to the model, and additional
data that may explain some part of the variation due
to the economic interconnection. Moreover, such an
approach provides us with the tool for the economics-
oriented paper that will study new insights that have
been caught with a DTW and clustering approach.

The work highlights a promising way to improve
the model by solving one of the problems that the
model faces. The data consists of series that are given
on the daily basis but vary rather rarely creating long
sequences with zero variance. [t may be harmful to the
DTW algorithm due to its design, thus an upcoming
work dedicated to the issue will be favourable.

Also, there are multiple ways to improve and
evolve the current results of the paper with the usage
of other mechanisms to evaluate the model quality and
by spending more time to fit the RF model, which
wasn’t a key point of interest in the current paper.
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Ounatin-niamgopmu  cmanu Hegio '€EMHOI HACMUHOIO HAWO20 JHCUMMs, A KIIbKICMb  [HmepHem
KOPUCMY8aUie 3pOCMAe 3 KONCHUM OHeM. Bio naamgopm coyianvhux media 0o eeb-catimieé enrekmpoHHol
KoMepyii, yumu niamepopmamu KOpUCMYIomsvCsi MIIbUOHU 100l VY 6CbOMY C8imi. 3 maxow 8eauxo 6azomn
103€epi6 Yyum nAam@opmam 8axiciu8o KiacupiKysamu c8oix KOpUCMy8aUis Ha OCHOGI ix N06eJIHKU, YROO0OAHb
ma iumepecie. Y yiti cmammi 00CAI0NCYEMBCA, AK MAUUHHE HAGYAHHSA MONCHA GUKOPUCMOBYBamu Os
Kaacugixayii Kopucmysauie Ha OHAAUH-NAAMPOPMAX.

Knacugbixyrouu ropucmysauis, ix nodinstomsv Ha pisHi Kameeopii HA OCHO8I IXHIX Xapakxmepucmux.
Ananizyrouu nogedinky ma 6no0oOaHHs KOPUCmMy8auis, OHAAUH-NIAMMOPMU MOIICYMb NEPCOHANIZY8AMU CE0T
nociyeu ma 3abesneuysamu Kpawjuii 00cgio Kopucmysauig. Memoou MaAwUHHO20 HABUAHHA MOXNCYMb
00nOMOSU OHAAUNH-NIAMPOPMAM ABMOMAMU3YEAMU NPOYeC KIACUPIKayii ma 3MeHuumu 100CbKi 3YCULIA.
Y yiti cmami 6yde demanbHo po3ensinyma no8ediHK08a KAACUDIKAYis KOPUCMY8AUI6 HA OHJIAUH-NIAMDOPMAX.

Knrouosi cnosa: kracughixayis xopucmyeauis, ananiz KOpUCMys8ayis, Kiacmepuzayis, npasuia acoyiayit,
HeUpPOHHI Mepedici.

Online platforms have become an integral part of our lives, and the number of users is increasing by the
day. From social media platforms to e-commerce websites, these platforms are used by millions of people
around the world. With such a large user base, it is essential for these platforms to classify their users based
on their behavior, preferences, and interests. This paper explores how machine learning can be used to classify
users on online platforms.

When classifying users, they are divided into different categories based on their characteristics. By
analyzing user behavior and preferences, online platforms can personalize their services and provide a better
user experience. Machine learning techniques can help online platforms automate the classification process
and reduce human effort. In this article, the behavioral classification of users on online platforms will be
discussed in detail.

Keywords: user classification, user analysis, cluster analysis, association rules, neural networks.
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Beryn

31 30UTbIIEHHSAM KIUTBKOCTI KOPUCTYBadiB Ha
OHJIaliH TIaTGopMax CTalo HAJA3BHYANHO BaXKJIUBO
knacu(ikyBaTd KOPUCTYyBauyiB Ha  OCHOBI  ix
MOBEMIHKH, yHoa0o0aHb Ta IHTEPECIB. AJNTOPUTMH
MITYYHOTO IHTENIEKTY JOBENU CBOKO €(EKTUBHICTH Y
aBTOMaTHU3alii mpoiecy Kiacudikalii KOpucTyBauyiB i
Ha/IaHHI KOPUCTYBa4aM MEePCOHATI30BaHOTO JIOCBI Y.

Ha croromuimHid A€Hb IHCY€ BEIHMKa KaJIbKICTh
(L),

BUKOPHUCTOBYIOTHCS JUTA Kiacu(ikallii KopucTyBadiB

QITOPUTMIB  IITYYHOTO  IHTEJIEKTY K1
Ha OHJIAaHH-TUIATGOpPMaX, BKIIOYAI0UH JeMorpadiuny
knacugikariro,

knacugikaliiro HacTpoiro. Y 1ii cTaTi B IEHTPI yBaru

kinacudikaiilo  MOBEAIHKH  Ta

Oy/ie ToBe/IiHKOBA Kiacuikarris.

IHoBeninkoBa kaacudikamis

[NoBeninkoBa Kiacudikaiis e Impolec
Kiacudikallii KOpUCTYBayiB Ha OCHOBI iX MOBEIIHKH
Ha omnaiH-tuiatdopmi. L knacudikamis 6azyerbes
Ha AKTHBHOCTI KOPHUCTYBaviB, HaTPUKIIA]
BiJIBI/TyBaHUX HUMH CTOPIHKaX, MPOIYKTaX, sIKi BOHU
KYNYIOTb, ITyOJiKaIisiX, SKUMH BOHU J1ISATHCA, 1 4acy,
SIKWI BOHHU TIPOBOJISTH Ha TIaT(opMi.
Ownnaita-tmaropmu BUKOPHUCTOBYIOTh
MOBEIHKOBY Kiacuikailito, 1mo0 mepcoHaizyBaTiu

CBOi TOCIYTH JJIsi KOPHUCTYBadiB, HaJaBaTh Kparii

peKOMeHnamii  Ta  TOKpallyBaTH  3alyYeHHs
KOPHUCTYBauiB.
ANTOPUTMH  IITYYHOTO IHTENEKTY, Taki SK

KJIacTepu3allis, IpaBWja acollaiii Ta HEHpOHHI
MepexKi, 3a3BUYall BHUKOPUCTOBYIOTHCS JUIS JIAHOT
i

KOPUCTYBadiB 1 CTBOPIOIOTH MOJIENI, SIKIi MOXYTh

knacugikarii. AITOPUTMH  aHANI3YIOTh JaHi

nepenbagaTu MOBEIIHKY Ta BIIOOOOAHHSA
KOPHCTYBa4iB Ha OCHOBI iXHbOI MHHYJIOT aKTHBHOCTI

Ha matdopmi.
Kanacrepusauis

Knactepuuit ananiz abo kiacrepusaliiss — Iie
rpynyBaHHsT HaOOpy OO0’€KTIB TaKUM YUHOM, 00
rpymi
KJacTepamMu) OyJin OiIbII CXOXKHUMH OJUH Ha OJTHOTO

00’ekTH B OJHIN (SKi  Ha3UBAIOTHCS

(y meBHOMY CeHCi), HiX 00’€KTH B iHIIMX Tpyrnax
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(knacrepax). Lle rojgoBHe 3aBIaHHS JOCHTITHHIILKOTO
aHaji3y JaHUX 1 3arajibHa TEXHIKa CTATUCTUYHOTO
aHayi3y JaHWX, K4 BHKOPUCTOBYEThCS B 0OaraThbox
rajy3sx, BKIIOUal04YH po3Ii3HaBaHHs 00pa3iB, aHai3
300pakeHb, TMomyk iHpopmarii, OioiHPOpPMATHKY,

CTHCHEHHS JaHUX, KOMIT'IOTepHYy Tpadiky Ta
MaimuHHe HaB4daHHs [1].
Cam mo co0i KiIacTepHUil aHali3 - 1e He

KOHKPETHHH allTOpPUTM, a 3arajJibHe 3aBlIaHHA, SKE
HEOOXifHO BHpimmMTH. MoOro MOXHA BUpIiIATH
PI3HUMH aJITOPUTMAMH, SIKi CYTTEBO BIJIPI3HSIOTHCS Y
PO3YMiHHI TOro, IO TaKe KJIacTep 1 sK WOro
e(EeKTHBHO 3HAXOJUTH. 3araibHi MOHSTTS KIACTEpPiB
BKIIIOYAIOTh TPYNH 3 MaJIMMH BIJICTAHAMH MIiXK
pOCTOPY
JaHKMX, IHTEpPBaJId a00 MMEBHI CTATUCTUYHI PO3ITOIIIH.

YJIeHAaMH KJacTepiB, INUIbHI 00nacTi
Tomy knactepuzariis Moxke OyTH chopMybOBaHa SIK

OararomijgpoBa 3a1a4a ontumMizaii [2]. BiamosigHuit

QITOPUTM  KJacTepu3amii Ta  HaJlallTyBaHHS
napaMeTpiB  (BKIIOYAIOYM TakKi IapaMeTpu, sK
GyHKIIST  BifcTaHi Ui BUKOPHCTaHHS, IIOPIr

HIUTBHOCTI 200 KIUTBKICTh OYIKyBaHUX KJIacTepiB)

3aJearh Bl KOHKpEeTHOro Habopy HaHMx i

nepeadadyBaHOTO  BHKOPUCTAHHS  PE3yJIbTATiB.
Knactepuuii aHaimi3 sSIK Takuii HE € aBTOMATHUYHHM
3aBJJaHHSIM, & MTOBTOPIOBAHUM ITPOIICCOM BHSIBIICHHS
abo

onTUMI3allii, fka nependadae cCrnpoOU Ta MOMUIIKH.

3HaHb iHTepakTUBHOI  0araTouigbOBOL
Yacto HEOOXITHO 3MIHIOBATH IOIEPEIHIO 00pPOOKY
JaHUX 1 MapaMeTpu MOJeNi, TOKH pe3yJbTar He
MaTHMe OakaHUX BIACTHBOCTEH.

Ha monatok 1o TepMmiHy Kiactepu3zallist icHye psi
TEPMIHIB 31 CXOKUMH 3HAUCHHSMH, BKJIIOYAIOYH
AaBTOMATUYHY KiIacu}iKallifo, YUCIOBY TAKCOHOMIIO,
OOTpIONIOTiF0, THUIOJOTIYHMN aHaNi3 1 BHUSIBJICHHS
crnibHoTH. He3HayHl BIAMIHHOCTI 4acTO IOJISATAIOTh
Yy BHUKOPUCTaHHI pe3ylbTaTiB: y TOH dYac SIK IpH
IHTEJIeKTyalbHOMY ~ aHaNi3l  JaHuX  IiKaBISTh
OTpPHMaHi TIpynu, MPH aBTOMATHYHIA Kiacudikarii
IIKaBUTh PE3yJIbTYyI0Ua BiIMIHHICTS [3].

Knacrepuuit anamiz OyB  po3poOieHuit
antponoyorii Jpatisepom i Kpobepom B 1932 poui i
BBeJIeHUH B nicuxojorito Jxo3edom 3yoinum B 1938
poui i Po6eprom Tpaitomom B 1939 poui. Moro
npociaBsuB Kerren, skuif BAKOPUCTOBYBAB HOTO IS

B

knacugikarii puc y ncuxonorii ocoducrocti 3 1943
poxky [4].
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IIpaBuaa acomiamii

HaBuanus mnpaBuiaMm acomiamii — 1€ METOJ
MAIllMHHOTO HAaBYaHHS Ha OCHOBI TNpaBWJI IS
BUSIBJICHHS I[IKaBUX 3B’SI3KIB MDK 3MIHHUMH Y
BEIUKUX 0a3zax JaHuX. BiH BHKOPUCTOBYETHCS IS
BU3HAUCHHS CHJIBHHMX MPaBWI, BUSABICHUX y 0a3ax
JIAHMX, 3a JOIMOMOIOI0 IIEBHMX ITOKA3HHUKIB I[IKABOCTI.
VY Oynmp-siKiii TpaH3aKkIlii 3 BEJIUKOK KUIBKICTIO
JUTS
BUSIBJICHHS MPABUI, SIKI BU3HAYAIOTh, SIK 1 YOMY TI€BHI

CJIEMCHTIB TpaBWiia acouiallii MpU3HaYeHI
€JIEMEHTH I0B’s13aHi [5].

Baszyrounce Ha KOHIIEIIT CUIIBHUX TpaBuI, Pakern
ArpaBan, Tomam Imemincki Ta Apyn Csami
3aMpoBaMIM MpaBWiIa acolallii, 1100 BHUSIBUTH
3aKOHOMIPHOCTI MiXK MPOJYKTAMH y JTAHUX BEJTHKHX
TpaH3aKIlil, 3aMiUCcaHuX KACOBUMH CHCTEMaMHU B
«IoyII,
KapTomisi — ramOyprepmu», 3HaiJieHe B JaHUX PO

cynepMapkerax. Hampukiazn, mnpaBuio
MpoJaXi B CylepMapKeTi, 03HA4YaTUME, L0 KIIIEHT,
SIKHI KYITy€ Pa3oM [TUOYITI0 Ta KapTOILTIO, IIBU/IIE 32
Bce, Kynuth ramoOyprepu. Taka iHpopmariss Moxe
OyTH BUKOPHCTaHA SIK OCHOBA JIJISl IPUHHSTTS PillicHb
IIOJI0 MapKeTHMHI'OBUX 3aXOJiB, TaKUX sK IIIHA Ha
pekiamy abo po3MillleHHs IPOAYKTIB [6].

Ha momatox no mpukiany aHaiizy KOUIIMKa JJist
MOKYIOK, HaBEIECHOTO BHIIE, MpaBHja acoliarii
Terep BUKOPHCTOBYIOTBCS B 0aratbox 00IacTAX
3aCTOCYBaHHS, TAaKUX SIK OLliIHKAa BUKOPHCTAaHHS BeO-
OesmepepBHE
OioinpopmaTrka. Ha BinqMmiHy BiJl iHTENEKTyaIbHOTO

CaiTiB, BUPOOHUIITBO Ta
aHaJi3y MOCyiI0BHOCTEH, HABYaHHS IPABUIT acolliallii
3a3BUYail HE BpPAxXOBYe TOPSIOK CICMEHTIB Y

TpaH3aKIlii Y4 MK TpaH3aKIisMu [7].
Heiiponni mepe:xi

HetiponHa mepexa — 11e Mepexa abo cxema, 10
€ abo OIOJIOTIYHOI HEHPOHHOI MEPEXKEr, IO
CKJIaZIa€Thcs 3 O10JIOTTYHUX HEUPOHIB, 200 MTYYHOO
HEHPOHHOIO MEpEeKero, siIka BUKOPHCTOBYETHCS IS
BUPIIICHHST TPOOJIEM IITYYHOTO 1HTENEKTY. 3B’SI3KH
010JIOTIYHOTO HEWpOHAa MOJETIOIOTHCS B INTYYHUX
HCWPOHHUX Mepekax sIK Barm MDK BY3JaMH.
[To3uTnBHa Bara siBjise co0O0I0 30YAIUBHUI 3B'S30K,
TOAl SIK HETaTUBHI 3HAYEHHS 03HAYAIOTH TajdbMiBHUN

3B'S130K. Y ¢l BXiJHI JaHi MOIU(IKYIOTHCS 3a Baroko Ta
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migcymoBytoThes [8]. L missIbHICTH HA3WBAETHCS
TMHIHHOI ~ KOMOIHAIIETO. byHKIisA
BUXIJHOIO

Haperri,

aKTHBAallli  KOHTPOJIOE  aMILTITYIy
curHany. Hampuknax, npudHATHWA [iama3oH JUIst
BUBEJIEHHS 3a3BU4aii craHoBUTh Bijg 0 10 1 a6o Moxke
Oytu Bix -1 no 1.

i mTydHi Mepexi MOXKHa BUKOPUCTOBYBATH JIJIst
MPOTHO3HOTO MO/JICITIOBAHHS, a/IalI THBHOTO
KepyBaHHS Ta JOJATKiB, J¢ X MOXXHa HaBYaTH Ha
HaOopi JaHuX. Mepexi MOXKYyTh CaMOHABYAaTHUCS 1
pOOUTH BUCHOBKHM 31 CKJIQJHOTO Ta, 31aBajocs O,

HEMOB’s13aHOr0 Habopy iH(opmarii. [9]
Kaacrepuzauisi MeTo10M K-cepeaHix

Knacrepuzarniss ~ METOJOM  K-CepeHix
MOIMYJISIPHUIM METOJ| KJIacTepH3allii, BIOPSIKYBaHHS
MHOXWHHU OO'€KTIB B TMOPIBHSHO OJHOPIAHI TPYIIH.

Bunaiinennii B 1950-x pokax matematukoMm ['yro

raitaray3om 1 wmaibke oxHodacHo CTroapTom
Jlnowom.

MeTta MeTOIy — PO3AUIUTH N CIIOCTEPEKEHDb Ha k
KJIAcTepiB, TakK 100 KOXHE CIOCTEPEKCHHS
HaJIe)KalIo 10 KiIacTepa 3 HaWOIMKYMM JIO HBOTO
cepenHiM  3HaueHHsAM. Merton 0a3yeThcs  Ha

MiHiMi3alii CyMH KBaJpaTiB BiJIcTaHEH MK KOXXHUM
CIIOCTEPEIKEHHSIM Ta IIEHTPOM HOT'0 KitacTepa.

VY miii crari Oyse mnpomeMOHTpoBaHa pobora
QITOPUTMY K-CEPEIHIX Ha OCHOBI CHHTCTUYHOIO
JaTtacery IO CKIQJaeeThCsi 3 THUCHYlI yYMOBHHX
KOPUCTYBadiB OHJIAHH IUIaTGOPMH, SKi MalOTh JBI
JIOBIIBHI  XapakTepucTUku.  KinbKicTh
Oyiga oOpaHa s  TOJIMIICHHS
CIPUIHSATTSI aITOPUTMY Ta MOJIETIICHHS 300pakeHHS
KOPHCTYBadiB Ha CUCTeMi KoopauHAaT. JlaTaceT Oyno
Cr€HepOBaHO BHKOPHCTOBYIOUM Oibmiorexky NumPy
MOBH niporpamysanHs Python [10].

NumPy — 11e moty»xHa 610;1i0Teka Ha Python, sika
BUKOPUCTOBYEThCS JUISI YHCENLHUX OOYMCIICHb Ta

O3HaK
KOpHUCTYBauiB

Hajae Halip TOTYXHUX IHCTPYMEHTIB 1 CTPYKTYp
JaHMX JUIsl pOOOTH 3 MacuBaMHu i MaTpuIisiMu. NumPy
BUKOPUCTOBYETbCS  JUIi ~ BUKOHAHHS  CKIIQJHHUX
MaTeMaTHYHHX OMepalliid, TAKKX SIK JIiHiiiHa anreOpa,
nepeTBopeHHs Dyp’e Ta TeHepallis BUIAJIKOBHX
gucen. Lls 0i0mioTeka Hamae BENIHMKY KUIBKICTh
MaTeMaTHYHHUX (QYHKIIIH 1 oTiepaTopiBs, sSKi MPaIo0Th
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3 0araTOBUMiIpHUMH MacHBaMH, 110 poOuTh ii IiHHMM  Puc. 3. Po3MillieHHS 1IEHTPOINiB Ha TEpIIIiii iTeparii

IHCTPYMEHTOM [Tl HAYKOBHMX 004MCiIeHb [11]. ®diHaNbHUH pe3yNbTaT pOOOTH aJIrOPUTMY MOKHO
PosMinienns npatacery Ha Tpadiky BUINIAAae 100AYMTH HA pHC. 3.

HaCTyITHUM YUHOM (ZIuB. puC. 1).

-4

-6

! ° Puc. 3. Pesynbrar poboTu anropurmy

Puc. 1. Jlatacer kopucTyBauiB OHJIaiH mIaTGopMu

[l epeBipKkH KOPEKTOHCTI POOOTH aJITOPUTMY 1
MPaBWJILHOCTI BU3HAYCHHS KUTBKOCTI KitacTepiB K
MH MOXKEMO cKopucTatucs MetojaoM “Elbow”. s
OO HaM MOTPIOHO OOYUCIIUTH CEPEIHIO CyMY
KBaJIpaTiB BiICTaHI MK TOYKAMH Ta IICHTPOIIOM
BcepenuHi kiacrepa. 3 rpadiky Ha puc. 4 BUIHO 110
K=3 € onTuManbHUM 3HAUCHHSM JIJIs1 TAHOTO

K-Means — 11e Jy>ke OpOCTU allTOPUTM, SIKAN
00’ennye nani B K knacrepis. [Ipunyctumy, mo Mu
maemo Bximai mani X1, X2, X3 ... Xn i 3snauenns K:

1. BubGepemo K BUIaAKOBHX TOYOK 5K LIEHTPU
KJIACTEPIB, SKI HA3UBAIOTHCS [ICHTPOIJaMH
2. IlpumBoiMo koxkeH Xi HAHOIMKIOMY

i JlaTaceTy.
KJlactepy, OOUMCIMBIIN HOTO BiJICTaHb JI0
KOKHOT'O IIEHTpoina -
o o 8000
3. 3naiizemMo HOBUI IIEHTP KJacTepa, B3sSBIIU
cepe/IHE 3HAYCHHS PU3HAYCHUX TOYOK
. o 6000
4. TloBTOpUMO KpOKH 2 1 3, JOKH HEHTPHU g
HOBHX KJIacTepiB OUIbIIE HE OyAyTh 2
. © 4000
3MiHIOBATHCh. <
s

[V . 2000
Ha mepiii iteparii anroputMy neHTpoinu OyayTh

3HAXOJUTHCS B HACTYITHUX MICIX (IuB. puc. 2) :

2 + 6 8 10
k

Puc. 4. I'padix oprumansHOCcTI BUOOPY K 32
metoznoM “Elbow”

Bucnosxku

BUKOPHUCTOBYIOUM ~ MOXJIMBOCTI  PO3TJISIHYTHX
QJITOPUTMIB MAIlIMHHOTO HAaBYaHHs, OHJIAHH CepBicH
Ta MmIaTGOpMH MOXKYTh HaJaBaTH IEPCOHAJI30BaHI
8 - -4 - 0 2 4 6 MOCJIYTH, IOKPAIlyBaTH B3a€EMOIII0 3 KIIEHTaMH,
BUSIBIISITH 1 TOMEPE/KYBATH MIAXPAWCTBO Ta CIaMm
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THM CaMHUM CTarO4YH BIIEBHCHUMH JTiZIePaMU Y CBOEMY
CETMEHT!I.

K-Means — 1me
MOTY>KHUH alTOPUTM KJIaCTepHU3allii, SIKHMi MOXKHA

Posrnsnytnii  anroput™m
BUKOPUCTOBYBaTH ISl Kiacudikalii KoOpHCTyBadiB
Ha OHJIaiH-TUIaThopMax.

OnHiero 3 KIIIOYOBHX IepeBar anroputmy K-
Means € HOro 31aTHICTh aBTOMAaTUYHO TPYITyBAaTH
KOPHCTYBadiB y KIAcTepd Ha OCHOBI IXHBOI
MOBEIHKK 4M BrozoOaub. lle o3mauae, mo Horo
MOJYKHa BHKOPHCTOBYBATH s imeHTHU(IKAIT TpyI
KOPHUCTYBauiB, SIKi MalOTh MOMAI0OHI XapaKTEepUCTHKH,
HaNPUKIA]] ICTOPil0 BeO-TIeperisiay, MOBSAIHKY TpU
KymniBii abo aemorpadivuny iHhopmaiiito.

e omHa nmepeBara BUKOpUCTaHHs anroputMmy K-
Means jia kinacudikaiiii KOPUCTYBadiB IOJIATAE B
TOMY, IO
B33a€EMOJIIIO 3 KOPUCTYBaueM Ha OHJIAMH-TIaTGopMax.

BIH MOXE JONOMOITH IOKPAIIUTH

I'pymyroun KOpUCTyBaUiB y KJIacTepU Ha OCHOBI iXHIX

ynojgo0anb,  MmIaTGopMH  MOXYTh  HaJaBaTH
MEPCOHAII30BaHI  PEKOMEHJAIli Ta  KOHTEHT
KOPHCTyBayuaM.

3aramoMm, amroputM K-Means € BaxJImMBUM

THCTPYMEHTOM JUISI OHJIAHH-TIIATPOPM, SIKi IParHyTh
Kpaile 3p0o3yMiTH CBOIX KOPUCTYBAUiB 1 MOKPALIUTH
B3a€EMO/III0 3 HUMU.

[IponyKTHBHICTB K-Means,

MpaBWI  acoljiamii

ANTOPUTMY
HEHPOHHUX Mepex i MOKe
BIJIPI3HATHCS 3aJIeXHO BiJl XapakTepy MHaHUX, IX

PO3MIpY 1 CKIAAHOCTI npobieMu Kiaacudikarrii.
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K-Means €  004MCIIIOBAIIBHO
e(EeKTHBHUM, OCOOJHMBO TP POOOTI 3 BEIUKUMHU
Habopamu JaHuX, 1 HOTO JIETKO IHTEpIpeTyBaTH Ta
Bi3yaiizyBaTu pe3yibTatd. OgHaK BiH OOMEKEHHI
JMHIMHAUMHE MEXaMH 1 He MOke 00poONsATH CKIIaIHI

Anaroput™m

HEJTIHIMHI PO3MOALIN TaHUX.
3 iHmoro 6oKy, HEHPOHHI MEpeXi — IIe MOTYKHi
QITOPUTMH MAIIMHHOTO HAaBYaHHS, $KI MOXYTb
no0pe
BHUKOHYBATH IIUPOKHIA CIIEKTp 3aBAaHb Kiacupikaii,
BKITIOUatoYn Kiacugikamito kopucryBadiB. OmHak
HEHPOHHI MEpEeXi € JOPOrMMHU B 00YHCITIOBATILHOMY

IJIaHi, MOTPEOYIOTh 0araTo MaHUX IS HaBYAHHS Ta

BHBUYaTH CKJaJHI MaTepHU B JaHHUX 1

MOXYTb OyTH CKIIQJIHUMH JUIsl iHTEpIIpETAaIllii.

[IpaBuna acomiariii — e 11e OJMH TUIT AITOPUTMY
MAaIIMHHOTO HaBYaHHS, SKAN MOYKHA
BHUKOPUCTOBYBaTH sl Kiacugikalii KOpUCTYyBadiB.
[IpaBuna acomiarii mpamoOTh NUIIXOM BHSBICHHS
YacTUX IMAOJOHIB Y JaHUX 1 CTBOPEHHS MPaBUII, SIKi
(iKCYIOTh 3B’SI3KH MiXK pi3HUMH 3MiHHMMU. [IpaBuia
acolialii mpocTi uIst IHTepIpeTalii Ta MOXKyTh J00pe
MpaioBaTH JUis HaOOpiB JaHWX 13 BEJIHKOIO
KUTBKICTIO 3MiHHUX. OJIHaK BOHH MOXYTb OYyTH
YyTIIMBUMH JI0 IIIyMYy T4 aHOMAJIH y JaHUX 1 MOXKYTh
MOKa3yBaTH HEKOPEKTHI Pe3yJIbTaTh MpH poOOTi 3
JTAHUMH BEJIMKOT pO3MipHOCTI.

Omxe, BUOIp anroput™my [uid Kiacugikamii
KOPHCTYBadiB Ha OHJaWH-TIaT(GOpMax 3alex HTh BiJ
KOHKPETHHX XapaKTEepUCTHK Habopy JaHux i

npobiaeMu Knacudikarii.
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Y ecmammi pozensoaemocsa maka npobnema cyuacrnoi komn romeproi epaghiku ax oouUCIenHs 2100ATbHO2O0
oceimients 8 pearbHomy uaci. InobanbHe oc8imieHHs € He8i0 EMHOI HACMUHOIO GOMOPearicmuiHo20
penoepiney, ane tio2o niopaxyHox nompeodye 0080 006 emuux odyuciens. Yepes ye Ha OaHull MOMeHmM SKiCHe
2n0banbHe O0C8iMAeHHA ICHYE auule y HeiHmepakmueHux peHoepax (Hanpukiao, y MYIbMUuniiKayiiHux
Ginomax), a y peanvhomy uaci (Hanpuxiad, Komn 10MePHOMY MOOETIOBAHHL AD0 CUMYNAYIAX, KOMN TOMEPHUX
iepax) 3azeuuail GUKOPUCMOBVIOMbCS NeBHI HAOIUNCEHHs, AKI X04 [ Haoaromv 300pAX*CEHHIO NEGHY
NpUpoOHicmsb, ale 8ce 0OHO MAIOMb BKPAll NOMIMHI HeMOYHOCMI. Ane ocmanHim yacom dana mema nHadysae
6ce OiNbUIO20 PO3BUMKY 34 DAXYHOK YOOCKOHANeHHA 6ioeonpoyeccopis. Kpim 3naunozo nidguueHHs ix
WeUOK0O0Ii ma 30iNbUleHHs KiIbKOCHI s0ep 00CUMb GeluKy pOib 2pae NoA8aA AnApaAmHO20 NPUCKOPEHHS
mpacyeanis npomenie. B oaniit pobomi nposooumuvcs meopemuyne 00CAiONCeHH NpodIemu e100aibHo20
0CBIMAEHH S, HABOOAMbCS ICHYIOUU NIOX00U Ma PO3poOKU 0 UpIUeHHs OaHOI npobiemu ma aHai3)0msCsl
nepcnekmusu NOOAIbLUUX OOCTIOINHCEHL MA PO3POOKU HOBUX MeMOOI8 0OUUCTEHHS 2100AIbHO20 OCEIMIEHHS 8
PEeanbHOMY 4aci 3 YPaxy8aHHAM HOBIMHIX anapamuux MOXCIUBOCHEN 00UUCTIOBATbHOT MEXHIKU.

Kurouosi cnosa: komn’romepra epagixa, pomopeanricmuunuii penoepine, penoepine y peaibHOM) Yaci,
27106anbHe 0C8iMIeHH S, MPACYBAHHS NPOMEHIB, MemoO CHMOXACIMUYHO20 MPACYB8AHHS NPOMEHIE.

Currently, computer graphics is a very important part of computer science. Graphics-related developments
have been used in many different situations, for example, in animated and cinema movie productions, in
computer graphics applications, modeling, and simulation systems, for different visualizations in medicine,
mathematics, physics, etc. One of the main problems of computer graphics is the task of transforming the
information of some imaginary scene and its observer into a photorealistic image of this scene for them.
Solving this problem is very important, but right now obtaining a good quality result is possible only in a non-
interactive scenario (for example, in animated films), while in real-time (for example, in computer modeling
or simulations, in computer games) it is usually necessary to use some approximate algorithms. Although these
algorithms are often able to provide a natural-looking result, they still have plenty of very noticeable
inaccuracies. However, this topic is gaining more and more development recently due to the improvement of
graphics processors. In addition to a significant increase in computation speed and the number of cores, the
appearance of ray tracing hardware acceleration plays a large role.

Global illumination computation is an inseparable part of photorealistic image generation. This paper is
focused on solving this problem in real-time, which means developing a system capable of generating such
images at a speed sufficient for the resulting sequence to be perceived by a person as a smooth animation. We
give the theoretical information required for understanding this problem and describe existing methods and
algorithms for solving it with their advantages and disadvantages. Also based on an overview of the topic's
current state, we analyze further research prospects and directions for improving existing and developing new
methods of real-time global illumination calculation, while considering compute power and technologies of
the latest graphics hardware.

© P. M. Iikynscekwuit, I1.I1. Kymsoko, 2022
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Beryn

Ha cporomuimniii g1eHs koM ’roTepHa rpadika —
Iy’)Ke BaKIMBa 001acTh KOMIT IOTEpHUX HAayK.
Penaepinr QoropeanmicTuuHUX 300pakeHb € BKpaii
HEOOXiZIHOI0 YacCTHHOK 0aratb0X MpPOrpaMHHUX
MAaKeTiB, MOYMHAIOYM 3 TPOrpaM MOJETIOBAHHS Ta
KOMIIT FOTEPHHX CUMYIIAIIH i 3aKiHIYIOUH
KOMIT'IOTepHUMH irpamu. [Ipw 1boMy HacTto nyxe
BaYUIMBO BMITH TeHEpyBaTH  (OTOpeasliCTHIHE
300payKeHHS  JMHAMIYHOTO  CEpEeIOoBHINA B
IHTEPaKTUBHOMY PEXHMI — 00 KOPHUCTYBa4 Mir
CHOIJIAIaTH aHIMOBaHY JIEMOHCTpAIIHHY CIEHY 3
PI3HUX TO3UIIiH Ta HANIPSMKIB.

HeBin’eMHOO 4YacTHHOIO — (OTOPEATiCTHIHOCTI
300pakeHHsS € TJobalibHe OCBiTIIEHHA. lle Meron
OCBITJICHHSI, KOJIW KPIM OCBITJICHHSI O€3I1OcepeIHbO 3
JDKEpes CBITJIa BPaXOBYEThCS TAKOXK CBITJIO, BiIOUTE
abo0 po3cisHe NMeBHUMH MoBepXHsAMHU. J[iis Toro, mod
OLIIHUTH BaXXJIUBICTh TJIO0ATBHOIO  OCBITJIEHHS,
MOXKHAQ YSBHUTH CBITIy KIMHATy 3 BIKHOM, y SK€
CBITHTh COHIIE. SIKIIO BpaxoBYBaTH JHIIE TIpsSME
CBITJIO, TO OCBITJICHOIO y KiMHATI Oyzae JwIie
HEBEIMKAa YaCTHHA IOBEPXHI, MO HE 3aKpUTa Bif
COHIISI CTiHaMHM abo0 CTenero, a BCl IHIN MMOBEPXHI
OymyTh aOCONIOTHO YOPHUMH; HATOMICTh, TIpH
I00AIBHOMY — OCBITJICHHI 3aBASKH  BIAOWBAHHIO
CBITJIa Bif CTIH YycsS TOBEpXHSI KiMHaTH Oyme
BimOMBAaTH TIEBHY WYAaCTHHY CBiTJa Yy TOYKY
crocTepexeHHs (K 1e 1 0yBa€ B peaJbHOMY CBIT1).

Takum 9rHOM, pO3pOOKa METOMIB TII00ATHHOTO
OCBITJICHHSI Y pEaIbHOMY 4aci € IOCUTh aKTyaJIbHOIO.

1. Teopernuni BizomocTi

I'moGanbre ocBiTiieHHs [15] — 1e 3aranpHa Ha3Ba
JUT TEXHIK OCBITJIICHHS, SIKi BPaXOBYIOTh HE TUTBKH
IpsiMe CBITIIO BiJ JpKepena, aje i BimouTe 1 po3cisHe
CBITJIO BiJ| Pi3HUX MOBEPXOHB i MPOTSHKHUX HKEper
CBiTJA.

Jns Toro, mo0 OOYHUCIUTH OCBITICHICTH TOYKHU
MpU  CIIOCTEpPEeXEHHI 1 3 TIEeBHOTO HAmpsAMmy,
BHUKOPHUCTOBYETHCS TaK 3BaHE PIBHSHHS PEHAEPIHTY:

L(wo) = Lo(wo) + [, f(wo, w)Li(w)(w - n)dw,

1€ Wy — HampsM MPOMEHS BiI TOYKH JIO
crioctepiraya, Ly(wg) — OCBITICHHS, [0 BUTIPOMIHIOE
TOYKa Yy HAMpPIMKY W, {2 — miBcepa, opieHTOBaHA
B3JIOBK HOpMalli TIOBepXHi N y Toumi, f(wg, w) —
JBOHampaBieHa (yHKOis BiZOMBHOI  3AaTHOCTI
(bidirectional reflectance distribution function,
BRDF), L;(w) — ocBiTieHHs, MO0 HAIXOTUTH 0
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TOYKM 3 HampsIMKy @, *+ — CKalsipHUH a00yTOK
BEKTOPIB.

JBoHnanpasieHa ¢yHKIis BigOWBHOI 31aTHOCTI —
e (QYHKIST YOTHPbOX JIHCHUX 3MIHHHX, sKa
BU3HAYA€E, SIK CBITJIO BiIOMBAETHCS HA HEMPO3OPii
noBepxHi. yHKIiS NpuiiMae BUXITHUHI BEKTOp W, Ta
BXIJIHUH BEKTOP ), B3ATI B CUCTEMI KOOpJHUHAT, JI¢
HOpMaJIb TOBEPXHI N JIGKUTh B3IOBK oci Z 1
MOBEPTA€  BIIHOIICHHS BIIOMTOrO CBITJIA, IO
BUXOJIUTH Y3JIOBX (g, JO ONPOMIHEHHs TIOBEpXHi 3
HampsiMKY . KokeH HampsMok cam 1o cobi
napaMeTpu3yeThesl a3uMyTaJbHAM KyTOM ¢ Ta
3eHiTHUM KyToM 6, Tomy BRDF B 1ijioMmy € GpyHKItieo
4 3minaux. BRDF wmae oguuuni sr~!, mpu npomy
cTepaliiaf (ST) € OJJMHUIICIO BUMIPY TLJIECHOTO KYTa.

3a3Buyali MPUHLKIN BiAOWBaHHSA CBITJIA BiX
MOBEPXHI MOYKHA MOJUTMTH Ha JIBa TUIH: TUdy3HE Ta
n3epkanbHe. Judy3He BigOMBaHHS — 1€ CHTyallisd,
KOJIM CBITJIO, IO TIOMAJIA€ HA TIOBEPXHIO, MPAKTUIHO
pPIBHOMIDHO BIIOMBAa€TbCI Yy HampsMKax, IO
Hajuexath  HamiBcdepi, OpIEHTOBaHIA  B3IOBXK
HOpMaJli TIOBepXHi. HarTomicTh y  BHIAIKy
J3epKATLHOTO  BIiOUTTS CBITJIO B  OCHOBHOMY
BIIOMBAETHCA y HANMPSAMKY, A3CPKATBHOMY IO
HampsIMKy TMamiHHg. [IpakTH9HO BCi  HEmpo3opi
MTOBEPXHI BiIOMBAIOTH CBITJIO 32 TAaKUMH 3aKOHAMU
a00 MeBHUM YHHOM KOMOIHYIOTb I1i TUITH BiTOMBaHHS,
1 meli QakT BHUKOPHCTOBYETBCA TIpU JAW3aWHI
aJNTOPUTMIB OOYHCIIEHHS TJI00IBHOTO OCBITIICHHS.

HaiiGinpmoro  ckmagHicTIo 'y po3B’s3aHHI
PIBHSIHHSL peHNEPIHTYy € OOYMCIEHHS IHTerpaixy Ha
miBcepi. SIKmo  BpaxoByBaTH JHIIE  TIpsSMeE
OCBITIIEHHS, Il IHTerpan; MO)XXHa IEePEeTBOPUTH Ha
CyMy Ha MHOXUHI JpKepen cBiTia (00 OCBITIEHICTD 3
IHIINX HANpPSMKIB BBKAETHCA PIBHOIO HYJIO), alie
MIPH TTI00ATEHOMY OCBITIIEHHI TOTPiOHO BpaxoByBaTH
BiOWTE Ta PO3CIIHE CBITIIO, SIKE (PAKTUIHO MOXKE
HAJXOJUTH 3 Oymb-sKOro HampsMky. OTxe, as
KOXKHOI'O  HAmpsIMKy 3  TOYKH 3  JICSKOIO
JIUCKPETU3AIIEI0 MU MAaEMO BU3HAYUTH MOBEPXHIO,
110 BUITPOMIHIOE CBITJIO HAa MOTOYHY TOYKY B JAHOMY,
OOYHCIUTH 3HAYSHHS MiAiHTerpanpHol (QyHKII, Ta
MPOCYMYBATH BCi pe3ynbTaTu. SlcHa pid, 11e moTpedye
BEJIMKOI KUTHKOCT1 OOYHUCIIEHb.

2. TpacyBaHHs1 MpOMeHiB

Jlnst oOunceHHs TII00aIbHOTO OCBITJICHHS TaK YU
IHaKIIe BUKOPUCTOBYIOTHCS allTOPUTMHU TPACYBaHHS
IIPOMEHIB.
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B mmpokomy po3yMiHHi, TpacyBaHHS IPOMEHIB —
e 3HAXOMKEHHS TEepPeTUHY 3aJaHOr0 MPOMEHS Y
TPUBUMIPHOMY TIPOCTOPI 3 JASIKUM 00’ €KTOM 3a1aHO1
CIICHU. SIKIIO MPOMiHBb MEPETHHAETHCS 3 00’ €KTaMHU
CIICHU Yy JCKUIBKOX MICILAX, 3a3BUYall MAa€ThCs Ha
yBa3l HaAWOMMKUMiA 1O BEPUIMHU MPOMEHS TEPETHH.
[Tig npeacraBieHHSIM CIICHH Ta ii 00’ €KTIB MAa€ThCS HA
yBa3i MOBHA iHQOpMaIlisi MPo po3TaIryBaHHs, POpMy
Ta ONTHYHI BJIACTUBOCTI IMOBEPXHi 00’€KTIB CIICHH.
dopmaT Takoro mpencTaBieHHs MOXe OyTH TOCHUTH
pI3HOMaHITHUM, 1 Ha ¥MOro OCHOBI OYIYIOThCS
KOHKPETHI aJITOPUTMH TpacyBaHHS MPOMeHiB. Pazom
i3 (opMaTaMH TOYHOTO TMPEJACTABJICHHS CIICHH,
ICHYIOTb TaKOX ¢dopmatu HaOJIMKEHOTO
MPEACTABICHHS ISl SIKHX HEMOXKJIMBO MPOBECTH
TOYHE TpacyBaHHs mpoMeHiB. [lepeBaramu Takux
(dhopmaTiB 3a3BHYail € 3MEHIIICHHS 00CITY HEOOX1THOT
nam’ari Juist 30epiraHHS ciieHH Ta/a0o 30iIblleHa
MIBUJIKOJIISI QJITOPUTMIB TpPAcyBaHHS MPOMEHIB —
4yepe3 e Taki (popMaTH MOXYTh CTaTH B HAroji y
BHUITAJKaX, KOJIHU iX TOUYHICTH € 3aI0BIILHOIO.

KnacuuauM MerosoM TIpencTaBiieHHs (QopMu

MoBepxHi € i ampokcHMaIisi y BHUTISJII CITKH
TPUKYTHHUKIB. BOoHa He € TOYHHUM TpencTaBICHHSM,
aJle  TOYHICTH MOXKHA  PEryjIiOBaTH  IUIIXOM

30LIbIIEHHS a00 3MEHIIICHHS KUIbKOCT1 TPUKYTHHUKIB,
TaKUM YHHOM MOXKHAQ JIOCSTTH  33JOBLIBHOTO
kommpomicy. Cama CciTKa TakoX MOXe OyTH
TIpeIcTaBiicHa MO-PiI3HOMY; HaWIpOCTIINM
NPEICTABICHHAM € 3BHYaiiHa HEBIOPAIKOBaHA
MHOXHHA TPHUKYTHHKIB, aje iCHYIOTh TaKOX IHIII
CTPYKTYpPH, 30KpeMa Taki, III0 J0oOpe MpHUCTOCOBaHI
came JJIsl TpacyBaHHsSI NPOMEHIB, Hampukiaa, BSP-
nepeso (binary space partitioning tree), octree (octal
tree), BVH (bounding volume hierarchy).

KpiM ciTkM TpUKYTHUKIB, ICHYIOTH TaKOX IHIII
NIPE/ICTABICHHS TIIOBEPXHI, HANpPUKIAMA, CIUIAHHHU,
xMapu To4ok (point clouds), BokcenbHi CTPYKTYpH.

BrnactuBOCTI IOBEpXHI 3a3BHUail MOAUISIOTHECS Ha
piBHOMIpHi Ta HepiBHOMIipHi. PiBHOMIpHI — 1€ TaKi,
IO € TOBOJII CTAIMMU JIJISl TEOMETPUIHHUX POPM i iX
HE Ma€ CEHCY PO3PI3HATH B MeXaX OJHOTO 00’ €KTY (B
pasi  ix pI3HOMAHITTSI y MeXax [EeSIKOoro 00’ €KTy
MOJKHA TTPOCTO PO3ALTUTH 00’ €KT Ha JIEKiTbKa), BOHU
MOXYTh 3a/laBaTHCS K MeTa-iH]opmaris 00’eKTa.
3a3Buyaii 10 HUX BigHOCATH Jume BRDF moBepxHi,
X04a B JEAKMX BUMAJKAaX TII€BHI HEPIBHOMIpHIi
BJIACTHBOCTI TAKOK MOYKHA BBa)KATH PIBHOMIPHHMU B
MeXKax TMeBHOi ciieHu. HepiBHOMIipHI — Taki, II0
MOXYTh 3MIHIOBATHCS B MeXaX 00’€KTa (HAIPHUKIA],
KONip TIOBEPXHi, TIJAAKICTh TOIO), iXx Qopmat
3aJeKUTh Bix QopMaTy mnpeactaBieHHS (QopMu
noBepxHi. IS CITOK TPUKYTHHKIB 3a3BHYaAil
BUKOPUCTOBYIOTbCS  TEKCTYPH JBOBUMIpHI
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KapTH/300pa’KeHHs, KyAW 3aHOCSTHCS KOHKpETHI
3HAYEeHHS BJIaCTUBOCTEH; BEPIIMHU CITKH MPHU LIbOMY
MICTSITh CIICliajdbHi JBOBHMIPHI KOOPJHMHATH, 32
SKUMH BiIOYBA€ETHCS CEMILTIHT 3HAYEHb 3 TEKCTYP.

3. CroxacTHYHHii aJrOPUTM OOYHCIEHHS
Bi0uTOIO CBiT/IA

s cTBopenHs oTOpeaTicTUYHOro 300paKeHHS
HEOOXITHO Ha OCHOBI JAHUX TMpPO TOJOXKCHHS Ta
BJIACTMBOCTI ~ KaMepu JUIS  KOXXKHOI'O  IKCEJS
300paKeHHS OOYMCIMTH TPOMiHb KaMepu (abo
MHOKHHY TIPOMEHIB), B3/IOBXK SIKOTO OCBITIIIOETHCS
JnaHui mikcenb. Tomi 3HaYeHHSM IiKceas Mae OyTu
eHepreTyHa sickpaBicTh (radiance) cBiTima, 110
MOTpAIUISLE Y KaMepy B3I0BX JAHOTO MpoMeHst abo ix
MHOXHHU. [[11s1 11 oOuncineHHs: moTpiOHO 00UMCIUTH
CBITJIO 3 YCIX BHJAWMHX ITOBEPXOHb, IO IEPETHHAE
npomib (X MO)ke OyTH JEKUIbKa, SKIIO JESKi 3 HUX
HAIIBIIPO30p1), 10 POOUTHCS OOUMCIICHHSM PIBHSIHHS
peHJepIHTy, Jie y CBOIO 4Yepry BHUMAaraeTbcs
OCBITJIEHICTh IOTOYHOI TOYKH TPOCTOPY B3AOBXK
MIPOMEHIB HaIiBCpepH IHTErPyBaHHS 1 T. JI.

Hatinpocrimmim aITOPUTMOM o0UuCIIeHHS
AKICHOIO HAOMIDKEHHS OCBITJIIEHOCTI TOYKH 3
ypaxyBaHHSM TJIOOAEHOTO OCBITICHHS € METOM
CTOXAaCTUYHOI'0 TpacyBaHHs mpomeHiB [19, 22]. Bin
0a3yeThcsl Ha OOYHCIEHHI IHTErpaly pIBHIHHS
permepinry merogoM Monte-Kapmo — 1e o3Hadae,
1110 BiJOyBA€THCs TPACYBaHHS MHOXHHU BUIAKOBUX
MIPOMEHIB 3 TOYKH, OOYHMCIIIOIOTHCS BIJOUTE CBITJIO,
0 HATINIIIO 3 JaHWX HANPSIMKIB 1 OOYHCITIOETHCS
cepenHiii  pe3ymbTart. OrmmummeMo AJTOPUTM
TpacyBaHHS OIHOTO IPOMEHS.

1. Hexait maemo: To4Ka p — Ta, VIS AKOi Tpeba
MOpaxyBaTH OCBITIIEHHS, N — HOPMaJIb y JaHil TOYII],
Wy — HampsM, Yy SKOMY BiIOMBA€THCA CBITJIO,
BEIMYUHY SIKOTO TOTPiOHO oOuuciutu. Takox
npuiMeMoO 10 L — moTouHui pe3ynpTar (II09aTKoBe
3HaYeHHS HYJIboBe), F — morounuit BRDF-MHOXHIK
(mouaTkoBe 3HaUEHHS — 1).

2. Jlomaemo 10  pe3yabTaTy — BEIUYMHY
BHUIIPOMIHEHOTO CBITJIa 3 TOYKHA P, BPaxOBYIOUH
BRDF-MHOXHUK (BOHO Oy/ie HEHYIILOBUM Y BUITAJIKY
SIKIIIO TOYKA € JHKEPEIOM CBITIIA):

L:=L+F=x* Ly(wg)

3. CroxacTuyHO o0OOHMpaeMo HampsaM
HaniBcgepH, OpiEHTOBAHOI B3JIOBXK HOPMAJTi N.

4. 3piiicHI0OEMO TpacyBaHHs mpomeHs (p, w) y
CILICHI, 3HAXOIMMO TOYKY p’ TeEpeTuHy; Hexait n' —
HOpMaJb y LIl TOUL.

5. Jlonaemo y BRDF-muoxuuk BrumB BRDF
JIAHO1 TOUKMU:

Fi=Fx fy(wo w)(w n)

3
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6. IlepexoguMo [0 TYHKTY 2, OHOBHBIIH Ha pganmit  momeHT po3pobmeHo  GaraTo
MOTOYHI JaHi: ANTOPUTMIB/CTPYKTYP JaHUX O0UYHUCTIeHHS

p:=pin:=n’; wi= —w

Hukn mnponomxkyeTscss ponoku F  He Oyne
JOCTATHBO MAajJuM JUISI TOro, 1100 IMOJAmbIIIi
OOuYWCIieHHS HE BIUIMBAIM Ha 3Hauymi uudpu
pesynbraTy. Takok dYacTo BBOISITH JIOAATKOBI
OOMEKEHHSI Ha KUIBKICTh ITepamiid Jjs 30UIbIIeHHS
IIBUIKOIII.

Leit MmeTon € Ay’Ke BayKIIMBUM, OCKLIBKH 32 YMOBHU
JOCTAaTHBOI KUTLKOCTI BUOIPOK JIa€ TOYHUHN pe3yibTaT
rnobanpHOro ocsiTienHs. lle o3Hadae, 10 #HOro
MOXHa BHKOPHUCTOBYBATH SIK €TAJIOHHUH pe3ynbTaT
JUISL OLIIHKH SIKOCT1 Ta TIOPIiBHSIHHS PI3HHUX ITOPUTMIB
o0uuCIeHHs TTI00aJTHbHOT0 OCBITIICHHSI. 3a3BUYall IpH
BHUBYEHHI JISSIKOTO QJITOPUTMY BUOWPAIOTHCS JEsKi
YMOBHU peHJepiHry (ciieHa, AWHaMika 00’€KTiB Ta
KaMepH TOIO), SKi IOJAIOThCS Ha BXIJ LBOMY
QITOPUTMY Ta METOJly CTOXaCTUYHOI'O0 TpacyBaHHS
MPOMEHIB, IO 3aIYCKAETHCS 3 JIOCTATHHO BEIUKOO
KUIbKIiCTIO  TpacyBaHb. OTpuMaHi  pe3yibTaTh
MOPIBHIOIOTh MDK COOOK0 TEBHUMU METPHKAMHU.

Cepen TOMUPEHNX METPUK MOXKHA  BHIUTUTH
HaCTYIHI:
1. MSE (mean squared error,
CepeHbOKBAIPATUYHE BiXHIICHHS):
m-1n-1
1 . .
MSE(R,T) = — z Z(R(w) =T
mn £ £
i=1 j=1
me m,n — poamipu 300paxenus, R, T -
pe3yabTyIoui  300pa)XK€HHS  JIBOX  aJlTOPHTMIB
BIJIIIOBITHO.

2. PSNR (peak signal-to-noise ratio, mixoBe
CHIBBIJHOIIEHHS CUTHAJY A0 IIyMY):

PSNR(R,T) = 20logy,

M
JMSER,T)/)

ne M — MakcuMmasibHEe 3HAYEHHS cepex  ycix
TiKceriB 000X 300paKeHb.

Takox JaHu’ INTOPUTM LIMPOKO
BHKOPHCTOBYETHCS IS OOYHCIEHHS TJI00aIbHOTO
OCBITJIEHHS 3a HEOOXIITHOCTI SAKHAWTOYHIIIOrO
pe3ynbTaTy — Hampukiag, y MyJIbTHIUIIKamii Ta

kiHemaTtorpadiuniii rpadimi. Ha >xans, 3acTtocyBatu
el MeToJ1 B yMOBaX peajbHOr0 4acy JIOBOJI BaXKKO —
ISl OTPUMAHHS TOYHOIO pe3yNbTaTy 3a3BUYAM
MOTPiOHO OOYHCIUTH AyXke OaraTo TpacyBaHb, a IS
IbOro MOTPiOHO IyKe OaraTo OOYUCITIOBAIEHUX

pecypciB.

4, MeTtoau 00YMCJIEHHSA IJ1002JILHOT0
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rJ100aJIbHOTO OCBITJICHHS B peajbHOMY Yaci. 3arajaom
iX MOXXHa TMONIMMTH Ha [JBI TPYNH: CTaTHYHI
nepenoduncieni crpykrypu [4, 12-13, 16, 18] Ta
METOIM HAOIMKEHOro JUHAMIYHOTO O0YHMCIeHHS [3,
6-7, 9-10].

Cratnyni  mepenoOYMCIeHI  CTPYKTypH — —
CHelianbHI CTPYKTYPH MOaHUX, IO TIEBHUM YHUHOM
30epiratroTh iH(OPMAILiI0 PO TII00ATBHE OCBITICHHS
abo iH¢opmalliro, sKka MpPU3HAYEHA JUIS MIBUIKOTO
00YHCIIEHHS rI100aEHOTO OCBITJICHHS.
HaiinommpeHimuMu € Taki CTpYKTYpH:

1. Kapra ocsitnenns (lightmap) [4, 13, 18] — ue
CTpYKTypa JaHHMX, TpPH BHUKOPHCTAaHHI  SKOL
OCBITJICHICTh TIOBEPXOHb y BIPTyallbHIM ClIeHi
MOTIEPETHRO  OOYUCITIOETBCST Ta 30epiraerscs y
TEKCTypax JuIsl MONANBIIOr0 BUKOpUCTaHHS. Kaptu
OCBITJICHHS CKianatThes 3 someni (lumel, lumen
element), mo awmamorii no TekcenmiB (texel, texture
element), enemenTiB TekcTyp. MeHIIi JTFOMEITi TAI0Th
KapTy OCBITJIEHHsSI 3 OUIBII BHCOKOK PO3JILUTBHOO
3JIATHICTIO, 3a0e3leuyroun OLTbIly JIeTamizalliio
OCBITJICHOCTI IIIHOIO 3HWKCHHS TMPOIYKTHBHOCTI Ta
30UTBITICHHST BUKOPUCTaHHS TaM'sATi. TakuMm duHOM,
BHKOPHCTOBYIOUH ITI0 TEXHIKY, TU3aiHEpaM pPiBHIB Ta
3D-XymoXXHMKaM 4YacTo JOBOAWUTBHCA MTH Ha
KOMITPOMIC MK TPOIYKTHUBHICTIO Ta SKICTIO; SKIIO
OIHOYaCHO BUKOPHUCTOBYBATH JOCTATHBO 0Aarato Kapt
OCBITJICHHSI 3 BHCOKOIO PO3IUIBHOIO 3MaTHICTIO, iX
00’eM MOXKe TIEPEBUIIUTH 00’ €M ITaM’sITi BilEOKapTH,
0 MOK€ 3HHM3UTH NMPOAYKTHUBHICTH MporpaMu abo
MPU3BECTH JI0 HEMOXKJIWBOCTI 1i BHKOHAHHSI Ha
JAaHOMYy amapaTHOMy 3a0e3rledeHHi. 3HaueHHS
JIIOMEJTiB KapTH OCBITIICHHSI MOXYTh OyTH 00UYMCIeH1
32 JIOTIOMOTOI0 TIE€BHOTO QJITOPUTMY OOYHMCIECHHS
ri100a1bHOr0 OCBITJIEHHS; 3a3BHYail
BUKOPUCTOBYETHCS QITOPUTM  CTOXACTHYHOTO
TpacyBaHHs mpoMeHiB. KapTtu ocBitneHHs moOpe
MiAXOMATE Ul 30epeXeHHs AU(PY3HOTO OCBITIIEHHS
(ocBiTieHHs AU y3HUX TTOBEPXOHB), OCKUTEKA BOHO
HE 3aleKUTh Bil HampsAMy MagiHHSA CBITJIA, a €
3BUYAaHOI0 CKAISPHOI0 XapaKTEPUCTUKOIO TOYKH
HOBEpXHi. AJie 04€BUIHO, 1110 BOHH HPAIIOIOTH JHIIIE
y TOBHICTIO CTaTHMYHUX CIIEHaX — TPH OyIb-SIKHX
3MiHaxX y CIIeHi KapTH OCBITIIEHHS BTpPayaroTh
pENEeBaHTHICTb.

2. Light probes [12] — e crpykTypa naHux, 1o
30epirae OCBITIIEHHS, 110 HAJXOIUTh Y TIEBHY TOUKY

MPOCTOPY Yy CIeHI 3 YCiX HampsaMmkiB. Meton
30epiraHHss Moke OyTH pi3HMM; Haifyacrime
BUKOPUCTOBYIOTbCS ~ KyOiuHi  TekcTypu  (Tak

Ha3UBAIOTh MACHUB 3 IIECTH TEKCTYP, KOKHA 3 SKHUX
BiINOBiIa€ OJHIN 3 TpaHell yIBHOro Ky0a 3 IIEHTPOM
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y JAaHiii Touii) abo CHemianpHi anpokcuMallii Ha
krant chepuuHux rapmowik (spherical harmonics)
[1, 8, 17]. Tekcrypum [03BOJSIIOTH 30epiraté
pe3yabTaT 3 BHUCOKOKO JUCKPETU3AIIEI0, TOXK I00pe
MIIXOAATh JUIS CTBOPSHHS YITKMX BiIJ3epKalicHb, B
TOW Yac K cepryHi TapMOHIKM MEHII TOYHI, aie
MaloTh BJIACTHUBOCTI, 10 JIO3BOJISIIOTh
BUKOPUCTOBYBATH iX JJIsl OOUUCIICHHS TI00aIbHOrO
OCBITJICHHS TUdy3HUX OBepXOoHb. [lepeBaroto light
probes mepea kapTaMH OCBITJCHHS € Te, IO BOHHU
MPHUB’sI3aH1 HE 10 00 €KTIB CIIEHH, a JI0 IEBHOI TOYKHU
MPOCTOPY, TOX MOXYTh BHKOPHUCTOBYBATHCS He
TUIBKH JJIS CTATHYHUX, a H 711 IMHAMIYHUX 00’ €KTIB.
3 iHmoro 60Ky, JaHi CTPYKTYPHY € MEHII TOYHUMH HiXK
KapTH OCBITJIEHHS Ta NPU3BOIATH 10 rpadiyHux

apredakTiB (HETOYHOCTEH), SKI JyXKe CKIaJIHO
MIPUXOBATH.
Hani METOJIN JIO3BOJISIIOTh JTIOCSTHYTH

3aJI0BUILHOrO PE3yJIbTaTy OCBITJIICHHS MTOBEPXHI. AJle
OYEBHJIHO, 1110 BOHM MAalOTh Cepilo3Hi Hemouiku. [1o-
nepme, BOHU € HpI/IGHI/ISHHMI/I — 1 JOCATHEHHSA
BHUCOKOI TOYHOCTI HEOOXIZHO BHIUINTH 3HAYHI
o0csiru mam’siTi. [To-apyre, iX BUKOPUCTaHHS BUMArae
3HAYHOI JU3aiHEePChKOI POOOTH — BOHU IPHU3BOIATH
no  rpadiuHux  apTedakTiB, MmO  3a3BUYAM
YHEMOXXIIMBIIIOE X aBTOMAaTHYHE BHUKOPHUCTaHHS,
HaTOMICTh YCKJIaaHIOe podory 3D-au3aitHepam, ski
MYCSTh BIABATHCS IO PI3HUX XUTPOIIB IJIS TOTO,
00 3po0UTH iX HEBUIUMHUMH JI0 KOopHcTyBada. Ilo-
TpeTe, BOHM HE MOXYTh IPAIIOBATH y IOBHICTIO

IMHAMIYHAX CEepelOBHIaX — Ui TIONEpPETHBOrO
OOYHCIEHHS BMICTY TaKHX CTPYKTYp 3a3BUYail
BUKOPHCTOBYETHCS METOJ CTOXaCTHYHOTO

TpacyBaHHS TPOMEHIB, 1 TOMy y BHIIQIKy MEBHUX
3MIH Yy CEpeNOBMIIl ILIBHIKE OHOBJECHHS TaKHX
CTPYKTYp € IPAaKTUIHO HEMOXKIIHBHM.

Meronu HaONMMKEHOr0 AUHAMIYHOI'O O0UYHCICHHS
krmacugikyBaTH CKIAIHO — iCHYe 6araTo iX Bapiarfiif
Ta peanizariii. OqHUM 3 HAlIepINX MOKHA BBAYKATH
BOKCeIIbHE TpacyBaHHs KoHyciB (VOXel cone tracing)
[3, 6]. Lleit meron momsirae y moOymoBi HaGIMKEHOT
CTPYKTYpPH CIEHH y BUIJISIII JIepeBa BOKCENIB Ta
TpacyBaHHI KOHYCIiB (TOOTO TpacyBaHHI OTHOYACHO
yCiX TPOMEHIB 3 MEBHOI TOYKH, IO YTBOPIOIOTH 3
NIEBHUM IIGHTPAJILHUM TIPOMEHEM KyT, MEHIIHU 3a
3aJ1aHMif) 32 JOIIOMOT'OI0 IILOTO JepeBa. Bokcens — 1ie
a0CTpakiliss MiAMHOXKWHU TIPOCTOPY Y BUTIIAIL
napaseserinena, KoXKHe peOpo SKOro mnapayeinbHe
ONHI 3 KOOPAMHATHHX OCEH TPOCTOpy Ta
neprneH uKynsapHe oM iHmmM. CyMDKHI BOKceni
(Ti, 0 MAIOTH CHUTBHI I'PaHi) YTBOPIOIOTH BOKCEIbHI

CITKW — TpUBUMIpHI MacHUBH BOKCENiB, IO
MOKPUBAIOTh napaJenenineany HiAMHOXHUHY
MpOCTOPY;  BOKCEIBHHM  JEPEBOM  3a3BHYAl
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HA3WBalOTh MHOXHHY BOKCEIBHHMX CITOK Pi3HOT
TOYHOCTI, 110 MMOKPHUBAIOTh MapaCICHieqn Pi3HUX
po3MmipiB, aje 3i cHoultbHUM IeHTpoM. llomiOHi
CTPYKTYpH MOXYTh MTOPIBHSHO IIBUIKO
OHOBJIFOBATHCS 3TiHO 31 3MIHAMHM y CIICHI Ta
JO3BOJISIIOTH  3MIMCHIOBATA IIBUAKE HaOJIMKEHE
TpacyBaHHS, IO 1 Ja€ MOXKIUBICTh 3aCTOCOBYBATH
TaKUi aJITOPUTM Y PEaIbHOMY Yaci JJis JUHAMIYHUX
cueH. 3 iHmMoOro OOKy, HOro pe3ylbTaT TaK CaMo
MICTUTB Cepiio3Hi TrpadiuHi apTedakTH, BHIIPABUTH
AKi AyXKe Helerko. Takok BapTo 3a3HAYMTH, IO BiH
Ma€ HEBHUCOKY TOYHICTh, a JUIS 1 TOKpaIIeHHs
NOTPIOHO TMiNBUIIYBaTH PO3MIPHICTh BOKCEIBHUX
CITOK, IO TPHU3BOIUTH JIO 3HAYHOTO 30OUIBIICHHS
HEOoOXiHOT0 00’€My TIaM sITi.

TakuM YHMHOM, MOMKJIHBOCTI HAsSBHHX METOIB
O0YHCIIEHHSI TTI00aJIbHOTO OCBITIICHHSI B PEAIbHOMY
yaci JOCUTh OOMEXKEHI, X0U 1 3aCTOCOBHI y JESIKHX
yMoBax. Takoxk BCi BOHH MalOTh OOMEXKEHY TOYHICTh
Ta MPU3BOJTH JI0 MOSIBU rpadiqHuX AePEeKTiB.

5. 3acTocyBaHHSl CTOXaCTUYHOI0 TPaCyBaHHS
NMPOMEHIB Y peajbHOMY 4aci

BaxiuBIM MOMEHTOM y PO3BUTKY KOMIT FOTEPHO1
rpadikd cTaja IOsBa amapaTHOi  MiATPUMKH
TpacyBaHHS IPOMEHIB y CY4acHHUX rpadiuHux
aganrepax. A came, 1o apaiisepis GPU Oyno nogaHo
CIeIiaNbHI MporpaMHi 3aco0u TOOYIOBH ITEBHHX
JIOTIOMDKHUX CTPYKTYp IS TpacyBaHHS IPOMEHIB, a

0 CcaMHX  BIJICONPOIIECOPIB —  CIeMialibHi
o0YHMCITIOBaNbHI ~ OJIOKH, IO  TPHCKOPIOIOTH
TpacyBaHHS TPOMEHS MO IIMM JIOMOMDKHUM

cTpykrypaMm. Llg 3miHa BigkpuBae 0araTo HOBHX
MOYKJTMBOCTEH y cepi KoMt toTepHOi rpadiku, i ogHa
3 HUX — LI€ 3aCTOCYBaHHS CTOXaCTUYHOI'O TPACYBAHHS
MIPOMEHIB Y peaIbHOMY Jaci.

CranoM Ha 3apa3 amnapatHe NPUCKOPEHHS
TpacyBaHHSI NMPOMEHIB HE JO3BOJISIE 3aCTOCOBYBATH
KJIACHYHUH METOH CTOXaCTHMYHOIO TpacyBaHHS
MIPOMEHIB y IHTEPAaKTUBHOMY PEXUMi — HE3BAKAIOUH
Ha 3HA4YHE MPHCKOPEHHsS omepauii TpacyBaHHS,
O0uYHMCIIEHHST TIJI00aJbHOIO OCBITJIEHHS BCE OJHO
norpedye Oarato CTOXaCTUIHHX CEMILITIB,
OOYMCIIEHHS SKUX 3aliMae 3HAYHHHA dYac. Tomy
3aMicTh TOro, MO0 OOYHCITIOBATH TIOBHE OCBITJIICHHS
TOYKH 32 OIMH KaJp, HOro 00UHCIIIOITh MTOCTYIIOBO,
3MIACHIOIYY OJUH a00 JEeKiTbKa CEeMIUTiB 3a KaJp i
TEHEPYIOUM  pe3ylbTyloue  300paskeHHA s
MOTOYHOTO KaJpy Ha OCHOBI pe3yNbTaTIB CEMILTIB
IOTOYHOTO Ta MHHYJIMX KaJpiB 3a JIOIOMOTOI0
CHeLiali30oBaHUX alNropuTMiB. Taki aJropuTMu
3a3BUYail BUKOHYIOTh JIBi OCHOBHI 3aJ1a4i:

1. KowmOinamiss  pe3ynpTary  CTOXaCTHYHHX
CEeMIUTIB  MOTOYHOrO Kajapy 3 pe3yibTaTaMu
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norepeanix kaapiB. [nsg nporo aaroputM 3a3BHuaii
nependavae  30€peKEHHS  JGIKUX  3HAYCHb 3
MUHYJIOTO KaApy, AKi CyMIMIalOThCS 3 pe3yabTaTaMu
MOTOYHOTO  KaJpy 1  BHUKOPUCTOBYIOTBCA Y
HacTynmHOMy. TyT BaXKJIMBO BpaxyBaTH 3MiHH, SKi
BinOynMca Ha CIEHI 3 MUHYJIOTO Kajpy, Taki sK
3MIIIEHHS/TIOBOPOTH KaMepH Ta/abo 00’€KTIB CIEHH,
neBHi gedopmallii 00’€KTiB Ta 3MiHU JKepen CBITIA,
OCKUTBKH Taki 3MiHH pOOJNATH JedKy YacTHHY
30epeKEHUX PE3YNIbTATIB HEPEICBAHTHOIO;

2. Bwupanenns mymy (aenoisiar, denoising) — B
YMOBax HEIOCTaTHBOI KUIBKOCTI CEMIUIIB OTPUMaHe
300pakeHHs OyJe MICTUTH IIIyM Ta HETOYHOCTI —
JlaHa CTajis BUAAJNSE IIyM Ta 3TJa/PKye OTpHUMaHe
300paKeHHS IIHOIO BTPATH JCSIKUX JIeTaliell Ta MOsSBU
IHIIIMX HETOYHOCTEH Yy pe3yJIbTaTi.

AnroputMmiB  KoMmOiHamii icHye ©Oarato; dacto
PO3POOITIOIOTHCST OKPEMi allTOPUTMHU JJISI PEMTPOESKITiT
Ta JCHOI3IHTY, SKI IOTIM KOMOIHYIOTBCS Pa3oM.
OgHMM 3 HaWIOCKOHANIIIMX TaKKX aJlOPUTMIB
CTaHOM Ha 3apa3 MOKHa BBaxkatu anroputM SVGF
(spatiotemporal variance guided filtering) [20] 3
JOSSIKUMHU Moau(DiKallisiMu, 110 3MEHIIYIOTh 1edeKTh
BiI QuHaMiYHKHX 06’ ekTiB [21].

Jlaanit MeTon € OmMHWM 3 TOJIOBHUX HAIPSMKIB
JOCIIDKeHh Y cdepi TIIOO0AIBHOTO OCBITICHHS Ta
KOMIT T0TepHOI rpadiku B 1itoMy. BiH Mae cepiio3Hi
mepeBarn — pa3oM 3 TMOTY)KHHUM aJTOPUTMOM
KOMOIHAIlii pe3yabTaTiB OOYMCICHHS CTOXAaCTHIHHUX
BHOIPOK BiH O3BOJIIE OTPUMATH JOCHTH SIKICHUH
pe3ynbrar. TakoX Ay)Xe BaXKIMBO Te€, 110 JaHHUN
AITOPUTM MOYKE TIPAIIOBATH Y ITOBHICTIO TMHAMITHIX
CIIeHaX — OHOBJICHHS JIOTMIOMDKHHMX CTPYKTYp JUIS
TpacyBaHHS 3a3BUYail HE AyXKe JOpOre TMOPIBHSIHO i3
CaMHM TPacyBaHHSM (BPaxOBYIOUH Te, IO 3a3BHYAi
moTpibHoO 3aiicHUTH OaraTo TpacyBaHb 3a Kaap). Ha
’Kaslb, BIH TaKO)XK Ma€ Henoku. OCHOBHHM € Te, 110
pe3yNbTaT ATOPUTMY 3a3BHYAN CUIIBHO CTPAXIA€E BT
HecTtadi oOpaxoBaHMX BHOIpOK. SIKImIO Kamepa Ta
CepelOBHUINe CTaTH4HI, TO Yepe3 MAedKy KiIbKiCTh
KazpiB 300pakeHHS 3MOXKE HAKOIHMYUTH JIOCTATHIO
KUTBKICTP CEeMIUTIB, aje 3a YMOB JUHAMIYHOTO
cepenoBuIIa iHpopMaIlis TPo OCBITIEHHS Oy/e 4acTo
BTPAyaTUCs, M0 MPU3BOAUTHME JIO TOTIPIICHHS
SKOCTi 300paxeHHs. [0 mpobiieMy dacTKOBO
BUPIIIYIOTh alTOPUTMH BHIAJICHHS MIyMy, alie B
3arajibHOMY BHUIaJIKy BOHU HE MOXYTh 3reHEpyBaTH
imeadpbHUI  pe3yapbTaT 3a yYMOBH  BiJICYTHOCTI
HeoOXximHoT iH(opMarrii.

6. [lepcneKTUBY MOJATBIIUX J0CTi/I:KEHb
Ha ocHOBi BHKIIaZIeHUX BiIOMOCTEH Ta aHAII3y
3aJa4l ra00aJbHOr0 OCBITJIEHHS MOJKHA BHIUIMTH

Tl
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JEKiTbKa OCHOBHUX TMEPCIEKTUBHUX HAIMPIMKIB
MOAATBIIUX JOCIiIKEHb.

Onnum 3 HaWIEepCIeKTUBHIIINX Ta
HAWTMOMYSPHININX CTAaHOM Ha 3apa3 HampsMKIB €
BJIOCKOHAJICHHSI Ta po3po0ka Moaudikaiiii Meroxy
CTOXaCTHMYHOTO TpacyBaHHS MpPOMEHIB. 3 TIOSBOIO
amapaTHOi MIATPUMKH TpacyBaHHS MpPOMEHIB Y
rpadivHUX Tpolecopax 3acTOCOBHICTH  JaHOTO
METOJIy Y PeaibHOMY 4Yaci pi3Ko 3pociia, 10 pa3oM 3
Horo mepeBaramMu (OCHOBHOIO 3 SKHX € Te, IO
MaTeMaTH4YHE OYIKYBaHHS Pe3yJbTaTy AJITOPHTMY €
TOYHMM  3HAYEHHSM  OCBITIEHHS, TOOTO, 3a
JOCTaTHLOI €EKTUBHOI KUTBKOCT1 BUOIPOK ajIrOpuT™M
Jla€ came KOPEKTHUH pe3yibTaT B MEXax 3aJlaHol
TOYHOCTi, a HE IMEBHE CXWJIbHE JIO HEPiBHOMIPHHUX
noxuOOK  HaOmmKeHHs) poOMTH HOro  BKpaii
NPUBAOIUBUM JUIS SIKHAWIIMPIIOTO BIIPOBA/KEHHSI.
Jo Toro s, yig 6araThOX IHIIUX AJITOPUTMIB JaHHI
METOJI TaKOK HEOOXIJHWH I BUKOHAHHS TIEBHUX
MOTIEpeHIX  OOYMCIICHb, TPHUIIBUAMICHHS SKHX
MOJIETIIUTh  POOOTY  KOpHCTYBadiB  OiOmioTeku
rpaivHAX aNITOPUTMIB.

OaHUM 3 TOJIOBHUX CHOCOOIB BIOCKOHAJEHHS
METOJly CTOXaCTHYHOTO TpPacyBaHHS IIPOMEHIB €
3aCTOCYBaHHS  pI3HMX  Momened BHOIpkH  3a
saaunmicTio (importance sampling) [5]. Ile 3aranpHa
TEXHIKa JJIs aATOpPUTMIB Ha OCHOBI MeTomy MoHTe-
Kapmo, mo momsrae y 3MeHIIEHHI mucrepcii
pe3yabTaTy  OOYHMCIIOBAHOI  (PYHKIT  HOUISIXOM
Momudikaiii po3nOALTY BHIAAKOBUX YHCEN, IO
BUKOPHUCTOBYETHCS JJIs1 BUOIPKH apryMeHTIiB PyHKIIIi.
Ilpu mii 3miai mis 30epeKeHHS MaTeMaTHIHOTO
OUIKyBaHHS 3aMiCTh  OOYHCIICHHS  CEepEeIHBOTO
3HadeHHS (DYHKI[I OOYMCIIOETHCSA CepemHs] YacTKa
3HaueHHS (pyHKIIT Ta 3HaYeHHS (DYHKI OITEHOCTI
pO3TOALTY, IO [O3BOJSE 3MEHIIUTH AUCHEPCio
[UITXOM MiA00pY PpO3MOAUTY TaKAM YHHOM, III00
(hyHKIIis Horo minbHOCTI Oya rpadidHo «CXO0XKay Ha
ob0unciaroBany (yHKIIO. 3MeHIIeHHS aucmhepcii
pe3yabTaTy  AO3BOJSE ~ 3MEHIIUTH  HEOOXigHY
KUTBKICTh BHOIPOK 1T OTPUMAaHHS pe3yJbTaTy
HEOOXiTHOI TOYHOCTI, OTXe, 3MEHIIYEThCA dac,
HEOOXimHUH U1 JaHOTO 00YMCIIEHHS.

Y  BuUmamky — ajaroputMy — CTOXaCTHYHOTO
TpacyBaHHS ITPOMEHIB Mia0ip PO3MOALTY I BUOIpKA
HamnpsMKiB € JIOBOJi HEMPOCTHUM, OCKUIbKH Ha
pe3ynbTar (YHKIII BIUIMBAaE JEKiIbKA YHHHUKIB
(eHepreTu4Ha SCKPaBIiCTh CBITJIA, IO HAJIXOAWUTH Y
TOYKY 3 JIaHoro HampsiMKy, 3HaueHHs BRDF), i ix
BIUIUB Jy’K€ CKJIQJHO OLIHUTH, TOX BJIOCKOHAJICHHS
nigdopy JaHWX PO3MOAUIIB € IIKABUM HAIMPSIMKOM
JUTSL TocTimpkeHHs. i1 nboro icHye JeKiibKa TEXHIK
KOMOIHYBaHHS ~ Ta  TOKpalleHHS  pO3IMOLLY,
nanpuknag, multiple importance sampling (MIS),
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filtered importance sampling (FIS), resampled ocBitineHHs i y GaraThbox BUMAaaKax 1i BUKOHAHHS

importance sampling (RIS) Tomo [5]. Onniero 3
HAaHOBIIIMX po3po0OK y cdepi MmOKpameHHs
cemmtinry € merox ReSTIR [2], mo mokparrye
BUOIpKY BXiIHUX MapaMeTpiB Jyisi OOYMCIICHHS
OCBITJICHHS Y KOHKPETHOMY TIKCEeNi Pe3yIbTyI0uoro
300paKeHHs, BAKOPUCTOBYIOUH JIaHi [P0 aHAJIOTIYHY
BUOIpKY, BUKOHAaHy JJS  CYCiHIX  ITKCENiB
300payKeHHS Ta IBOTO K TIKCeNs Y MOIepeaHix
Kangpax. [laHuii Meron TakoX JIO3BOJISE 3HAYHO
3MEHIIUTH JIUCTIEPCII0  PE3yNIbTaTy OOYMCIICHHS
riI00aJBLHOrO OCBITIIEHHS, 1 1OT0 BIOCKOHAJIEHHS Ta
3aCTOCYBaHHS y PI3HMX CHUTyalliiX € JIOCUTh
MEPCIIEKTUBHUM.

[HIITMM TIepCTIEKTHBHUM HATIPSIMKOM JTOCITIJKEHHS
€ BJIOCKOHAJICHHSI JITOPUTMIB JIEHOI3iHTY. 3a3BHuaii
BUKOPUCTAaHHS METOJIy CTOXaCTHYHOTO TPacyBaHHS
MPOMEHIB Ha Cy4YacHUX rpadidHuX ajanrtepax y
pearbHOMY Yaci MPHU3BOAUTH J0 HASBHOCTI MIYMY Y
pe3yabTaTi  3a PaxXyHOK HEIOCTadl  KiIbKOCTI
BHUITAJKOBUX BHUOIpok. Takox € iHII MeEToau
(mampukiazn, light propagation volumes), Buximmuit
pe3ysbTaT SKHX MICTHTh TpadiuHi apredaxTH, 0
oTpeOyIoTh Kopekilii. ToMmy B 6araThox BHITaIKax
QITOPUTMH BHJAJICHHS IIIyMy € HEBiJ €MHOIO
YaCTUHOI  MpPOLENYypU  PEHAEPIHTrYy, ToX  iX
BJIOCKOHAJICHHS Ta PO3pO0Ka HOBUX aJITOPUTMIB IS
crienmpiTHOro BUKOPUCTAHHS € Ty)KE BaXKITMBUMH.

[Ile onHUM Ba)JIMBUM HalpsIMKOM JIOCIII/PKEHb €
BJIOCKOHAJICHHS aJTOPUTMIB TPacyBaHHS TPOMEHIB.
s mnpoumenypa € omHielo 3 (QyHIaMEHTAIBHUX
CKJIaIOBUX OyAb-KOTO alTOpUTMy TJ00aIhHOTO
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[[TapanoB M.M., k.¢p.-M. H., TOIEHT M.M. Sharapov, PhD, Associate Prof.

o nuraHHsa mogo TpuHomiaabuux | Tothequestion of trinomial functionals
¢pyHkuionasis
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Tapaca IlleBuenka, 03680, m. Kuis, np-t. | 03680, Kyiv, Glushkova av., 4d,
Axkanemika ['mymkoBa 4,

e-mail: sharapov@unicyb.kiev.ua e-mail: sharapov@unicyb.kiev.ua

B cmammi poszensoaromecs eracmusocmi  (YyHKYiOHANI6 G0 MPUHOMIANLHO2O PO3NOOLLY, SKI
3’ A6nAI0MbCA 8 3a0auax cCMamucmuyHomy Kopezysanusa pesynvmamis |DK-mecmie ma oyinrosanusa saxocmi
3HaHb. {1 00H020 3 MAKUX (PYHKYIOHANIE 3aNPONOHOBAHI 8aAPIAHMU BUSHAYEHHS 020 Y <HYIbOSI» mouyi
Ma NOKA3aHO, AK OOUH CHOCIO GU3HAYEHHS MOodce OYMuU KOPUCHUM Npu O00YUCIeHi MAmemMamuinozo
CNOOIBAHHS MAKO20 (DYHKYIOHANY, A [HWUL CROCIO GUSHAUEHHS 6 KHYAbOGIl MOHYI» € KOPUCHUM Npu
00uUCHeHHT peanizayitl Yb02o (DYHKYIOHALY 6 PAMKAX 3a0a4i OYIHIOBAHHS AKOCMI 3HAHb. 3anponoHO8aHuUll
NOKA3HUK AKOCMI 3HAHb OYIHIOE 8NEGHEHICMb CIYOeHmMA Y NPAGUIbHOCTIE 8ION0GIOel npu MeCmy8aHHi i Yyum
CYMmMEBO GIOPIZHAEMbCSL 8I0 YCIX ICHYIOUUX MemO00i8 OYiHIOBAHHS, KL OYIHIOIOMb a00 KLTbKICMb 3HAHb, AD0
CMOCYIOmMbCs Weuoue OYIHIOBAHHA 6MiHb YU HABUYOK, ale He AKocmi Habymux 3Hanb. llokazano, sk
MemoOUKa OYIHIOBAHHS SIKOCMI 3HAHb NO8' A3aHA 3 NOJIMUKOI0 000POUECHOCHI 8 OCBIMHbOMY CePeOOBUUY.
Memoou oyinio8anus MoNCYyms K CHOHYKAMU cmyoenma 00 6i02a0y8aHHs NPASULLHUX 8i0nosioell, max i
ympumysamu 8i0 NOpyuleHHs. 0CHO8 aKAdeMiuHoi 00OpoUecHOCH.

Kmouosi cnosa:. ¢ynxyionan 6i0 mpuHoMianbHo20 po3nooiLy, OYIHIOBAHHS MeCmie, CMAmucmuyHe
KOpe2y8aHHs1, NOKASHUKU AKOCHI 3HAHb, NOLIMUKA 000pOYecHOCMi.

The article considers the properties of functionals from the trinomial distribution that appear in the tasks
of statistical correction of the results of IDK-tests and knowledge quality estimation. For one of these
functionals, variants of its definition at the "zero" point are proposed, and it is shown how one method of
definition can be useful in calculating the mathematical expectation of such a functional, and another
method of definition is useful in calculating the realizations of the functional within the task of knowledge
guality estimationThe proposed indicator of the quality of knowledge assesses the student's confidence in
the correctness of the answers during testing, and thus differs significantly from all existing assessment
methods, which assess either the amount of knowledge, or rather relate to the assessment of abilities or
skills, but not the quality of acquired knowledge. It is shown how the method of assessing the quality of
knowledge is related to the policy of academic integrity in the educational environment. Assessment methods
can both encourage the student to guess the correct answers and prevent them from violating the basics of
academic integrity.

Keywords — functional of the trinomial distribution, tests assessment, statistical correction, knowledge
guality estimation, the policy academic integrity.
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1 Introduction random vaiable

I Number of given incorrect answers in a test;
Some ideas of statistical correction of test rasult arandomvariable

have been introduced in article [1]. Two types of D  Number of given IDK-answers in a test; a
tests were considered. First, a classic test wihere random variabl
are several answer options for each question. Thea  The share of the material studied by the
idea of correcting the results of such testing teas student (testee)y < [0;1]. In other words, it
estimate the numper _of correctly gue_ssed answers. is the probability that the student knows the
Secondly, a modification of the classic test, where answer to a particular questi

the "I don't know" option is added to the answer
options, which the student must choose if he doés n
know the correct answer. We call such tests IDK-
tests. The purpose of using IDK-tests is directly
related to the implementation of ideas of academic
integrity to our life. Using such tests, on the one N .
hand, enables the student to honestly choose IDK- Now, it is important to distinguish the random

option, and on the other hand, enables the teaohervariables of this model from ordinary coefficients,
statisti’cally evaluate not o;lly the amount oféithough often realizations of random variables or

iunctions of them can be coefficients. At the same

An indicator of student honestyj € [0;1].

This is the probability that the student, not
knowing the correct answer, will try to guess
the answer, igning the IDK optior.

ime, the coefficients under other conditions can b
andom values.
It is easy to see that random variablésl, D

knowledge acquired by the student, but also it
strength. It is clear that quantity has a stron
correlation with quality, but this is far from alya
the case.

Let us emphasize that when we talk about théave got binomial distributions with corresponding
strength of knowledge, we do not mean its quantityparameters
but rather its quality, that is, the degree of atsrice

of the student in his knowledge. Instead, in most C ~ Bin(N, Pc), P, = 04+M,
sources (e.g. [2]-[4]), when it comes to assesHieg "
quality of knowledge, what is really meant is eithe D ~ Bin(N, pp), p,=1-a)(1-p5),
the quantity of knowledge or the skills and alshti

that are based on that knowledge. We will consider T~ Bm(N, Pz)' p, = M,
the quality of knowledge rather as its strengthaas n
measure of the student's confidence in the part of p,+p,+p,=1,
knowledge he can rely on. Method of assessing the C+I+D=N,

quality of knowledge is related to the policy of _ ,
academic integrity in the educational environmen@nd the random vectc(tC,I,D) has a multinomial,

([5], [6]). Whatever these methods are, they musinore precisely, a trinomial distribution. In arédt],
have more than just a control function. but alsg quite logical coefficient
encourage th_e student to observe the basic praxipl Cn — (N — D) . N—D CeN_D
of academic integrity. (n—1)(N-D)’ < - <U= ;
2 Notations and definitions was proposed for assessing the quality of knowledge
but seven years of its application in practice atee
Suppose the test consists dil questions with Some shortcomings. In particular, the expectation
n>1 variants of answer each while student g&ve E|K| of this coefficient for some values of
correct answers)| incorrect ones has choseh a € [0;1] was not a monotonic function ifi € [0;1]
times the IDK-option ¢ +1+ D = N). Each
guestion has gon+1 options of answerr( real
variants and the IDK one).
Within such a model, we have the following
notations.
N Number o' quesions inatest
n Number of options (variants) of answer per
question,n > 1, apart from IDK-option.
C Numbe of given correct answers in at; a

as shown in the following figure 1.
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(v-p) =
_ L=pp|_ _Pe _
N-D 1-p,
an + (1 — )

n (a + /(11— a))

The tilde-sign over the mathematical expectation
symbol here means that when calculating, we define
the value of the fraction a¥ = D by the valuez .

If these calculations do not explicitly show exactl
/ where and how we extended the value of the fraction
Fig. 1 then we can get the same result in a longer way by

explicitly calculating the mathematical expectation
This meant that at a low level of knowledge, it was

more profitable for the student to try to guess the 3Main resultsand their proofs
correct answers, rather than honestly choose IDK
option. And this is not just a mathematical problem| emma The sum

in fact, the previously proposed model inclines N N-c NI
students to dishonest behavior, which is not dmgtire ZZ T y X
good. To solve this problem, note that most of the =t im0 (N = d) (e —DldI(N _Icv_d)'
mentioned coefficient variations will be linear >yl (1_y_t)N’”’d _11__2
functions of the fraction ¢ = ¢ . But the doesn't depend upory for all NN, y,¢t>0,
N-D I+C ti<l
Yy .

fraction itself is not defined whenD = N. An
attempt to define this fraction by zero on the dadi Proof. Not complicated but rather lengthy
logical considerations led to the mentioned problengalculations show that the derivative with resptect
of a moral and ethical nature. Oddly enough, now wey Will be equal to 0. Consider a more elegant proof.

Since
will try to extend this fraction byr = —<—. This N N-c N1 N-d
1=p, E fa = foa
extended definition has a rather specific character e=1 d=0 d=0 c=1
then
P, an + 61— «) N N

because the expressich——— = NI
=py  nfatpi-a) ZZ(N—d)(c—l)!d!(N—c—d)!X
depends on unknown variables and @, but o1

formally these variables are simply parametersuof o
model and we have the right to take such a stefp. Wi {=3= N!

the logic suffer? The answer is negative. If ashid (N =d)(c—1)!d!(N —c—d)! %
essentially says that he knows nothing, then rat is N—c—d

least honest, and at the maximum he also undesstand? )
that he does not know the material. Does this

improve our model? The answer is positive. Indeed,_ N!(l y — t)

)N*(i*d

1—y—t

L
~
& .
—
—_ =
|
<
|
~

the conditional distribution dzo (N —d)d!

C, ~ Bin|N - D, v

1— P, N-d 1—y—
X
therefore, according to the conditional expectation “= (¢c—1)!/(N —c—d)!
property,
[ ¢ . ¢ Let us temporarily denote = LA only for
N-D N-D the inner sum and continue the transformations
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Nileltd(l—y—t)id p _1_%% N! popt et =
NI l—y—t _— D PA _ C¥DEI o
( Yy ) ; (N —d)d! o N—dcld!(N - d)!
N—d Sc—l _ pc
X = .
;(c—l)!(N—c—d)! 1=p,
_d N N—c N'
vt (1—y—t ‘ X
:N!(l—y—t)\uz ( > ;ZO(N d)(c—1!dY (N —c—d)!
= (N —d)d{(N —a)! w ( )N—r i 1=p"
- Xp, pp\l—p,—p = D
(1 1) e O
ds It follows from Lemma that the left-hand side oisth
Nil1 A N1 ¢! (1— Y —t) equality does not depend gn, and is equal to the
- ( YT ) 1N —d)! right-hand side of this equality. The theorem is
N—d-1 proved.
o=t B
l—y—t a Corollary If the wvalue of the fraction
N-1 d . c C . . .
_N!(l—t>N 1 t (1—t) _ = N_D0-TI20 is considered only at its
= d\ (N —d)! . . . .
domain, that is, only when the denominator is not
(1 t)Nfl [[ 1 ]N [ ¢ ]N 1— 4V equal to zero, then its mathematical expectation
= —_ — —_ — = — y N'
1—1¢ 1—1¢ 1—1¢ — :ZZ PRPTE _d)'x
which was required to be shown. =1 d=0 :
p(’pde(’d:E C —.Z'pN:
Theorem Under the introduced notation, the "' N-D b
following equality holds
Pe N Pe (1 pg)
= C |  p.  an+pl-a) ! Tp, = . =
- : -p -p
N - D 1 — . D D
p, n(a‘Fﬁ(l Oé)) _ Ozn—l—ﬁ(l Oé) { —((1—04)(1—5))N]
Pr oof n(a +ﬁ(1—a)>
| C | ZN:NX: NC ,d=N and for sufficiently large N on condition
N-D| S& T - d=N o’ + 3% = 0 it is easy to see that
C - C
N' ¢ d N—c—d [ } ~ E l
AN —c—ayFePolr = N-=p =P
¥y 10, d= N N! 4 N C C
= pyp,  + Note that the fractionF’ = = has
;{x dZN}d!(N ) N-D 1I+C
N Nee o NI e got rather good properties as a function of
+; 2N 4 c!d!(N—c—d)!pépr[ = C=0,N-D, for a fixed D it monotonically
N Nee | grows from 0 to 1. And, as a function of two
=ap) +3 > Ak Py = . C
=i N—dcld!(N—c—d)! variables F(I,C0)=——, 1,C >0,
N ¢, —C¢ N—¢ d_—d I + C
— :Epg +N!pfvz PePy Z PpP, - 0<I+C<N it also has the “suitable”
= (=D (N —d)d! (N —c—d)! monotonicity (see fig. 2), and also takes valuemfr
Let us prove that the following equality holds. Ouptol.
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meaning, it is enough to understand what
exactly this value means according to our
agreement.

* If k£ should take a numerical value and will be
used in the construction of further assessments,
for example, when combining with an
assessment of the amount of knowledge, then
we will “take a step towards the student” and
choosef =0, a =¢ >0, thenF(0,0) = 1.

The graph of functior&[k] is shown in Figure 3.

1 . .
A gap of — does not interest us at all, although it
n

= - I
gl N™~a brings in a certain imbalance.
Fig. 2 1 E[k]

C
I+C
not just undefined at the poirfC, 1) = (0,0), but
also cannot be determined by monotonicity, because

Let us remind once again tha@t(7,C) = is

does not exist. On the other

the limit lim
Cc—0
I—0

hand, if the rate of convergence to zero is chdsen
proportion to the corresponding probabilities

C=tp,, and I=tp, t—0, then

t- Fig. 3
lim = lim Pe _ P P g

=11 = = .
C—0 —0 f. . _
el tpe ity potp 1-p, This nuance can be reconciled, taking into
We will not justify the appropriateness of choosingaccount more important aspects.
such speeds because, from a practical point of,view First, for each fixed « € [0;1], the function

we only need to learn to choose the valug’(, 0) . f(a, 8) = E[k(a,8)] monotonically ~decreases
In contrast to the way it was done in the theorem, along #. This means that guessing becomes
P, an+B1-a) simply not profitable

cannot choosé&'(0,0) = =
0.0 1—p, n<a+ﬂ(1—a)) * Second, the closerr gets to zero, the more

sharply the function decreases alomg This
means that with a low level of knowledge, it is
A absolutely not profitable to try to guess the
valuesa =0 and § = 0 also does not improve the  answers The closera gets to 1, the smaller the
situation. However, we suggest the following dependence o becomes, i.ewith a high level
approach. of knowledge, it makes no sense to guess the
* If we consider theindicator of knowledge answergsee fig. 4).

at least because the parameters 3 are unknown
in advance. The fact that we can estimate 3 by

as the

C
strength (IKS) k= F(I,C) =
gth (IKS) (Z,0) w0
final result of research, then in the case of
<C,I> = (0,0) we can assign it a hon-numerical

value "no knowledge detected”, or put it equal
to 0, it will no longer have a fundamental
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| £ B) The described methods and obtained results can

T — — — s be generalized in the future within the framewofk o

setting new tasks for evaluating tests. The firsl a

main such task is the construction of a functional
£(0.6,3) from quantitative and qualitative indicators of
knowledge. Such an integral indicator can be built,

©E(08,B)

- 1(04.8) taking into account the extent to which we combine
£02.8) f[he. indicator of the amount of knowledge and the
o) indicator of the strength of knowledge. The second

£(0.05, 8) task of future research is the study of the ste#ist
0. = : : = P and probabilistic characteristics of the constrdicte

L functionals, in particular, the calculation of thei

Fi point and interval estimates.
ig. 4
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