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A. C. JIxora, acnipanm A. S. Dzhoha, PhD student

IlocainoBHMiT po3noxain pecypciB y Sequential resource allocation in a

CTOXaCTUYHOMY CepeJOBUIIi: 3araJbHMIii stochastic environment: an overview and

OITNC, aHAJII3 Ta YUCeJbHi eKCIIepUMEHTH numerical experiments

Kuiscbkuit narionaibuumii yuisepcuret imeni Ta-
paca [llesuenka, 83000, m. Kuis, np-T. I'mymkosa Taras Shevchenko National University of Kyiv,
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Y daniti cmammi nasodumuea cmucautl 02aa0 Nocaid06H020 AHAAI3Y, G TMAKOHC MICUE 6 HHOMY
nocAido6H020 Po3nodiay pecypcis. Poszasdaromuves cmpamezii nocaidoenozo po3nodisy pecypcis y ce-
pedosuult, Akxe NpedcmasieHe Modessto CmoTacmuunozo bazamopykozo banduma. 10061010 Memoto 6
NPedCcmasAeHiti MOJEAT € MAKCUMIZAULA NPUOYMKY, UL0 eKBIGANEHINHO MINIMIZaUTT empam. Y marxomy
cePedosuULl aN20PUMM NOCAIO08HO BULUPAE A0 MG OMPUMYE BUHA20POAY 3 PO3NOJIAY, MOS8 A3GHO20
3 uier diero. Iapamempu maxozo pos3nodiay He 6idomi 3a3dasezidv. B cmammi nasodumbvbes 02440
Modeni baz2amopykozo 6aHIUMA Y CMOTACTUYHOMY CEPEAOBUULT Ma, PO32AAAIOMBCA cmpamezii dan da-
Ho20 eunadky. Hasedeni meopemuuni peaysvbmamu 8uKOPUCTOSYIOMBECA 04 PO3POOKYU NPO2PAMHO20
3abesnevernnsa oas docaiddcenns cmpameziti. Hasedernuti wuceavhutl excnepumenm.

Knowoei crosa: nocaidosrutl ananid, npobaema 662amopyko2o banduma, MiHiMi3auia empam.

In this paper, we consider policies for the sequential resource allocation under the multi-armed
bandit problem in a stochastic environment. In this model, an agent sequentially selects an action from
a given set and an environment reveals a reward in return. In the stochastic setting, each action is
associated with a probability distribution with parameters that are not known in advance. The agent
makes a decision based on the history of the chosen actions and obtained rewards. The objective is
to mazimize the total cumulative reward, which is equivalent to the loss minimization. We provide a
brief overview of the sequential analysis and an appearance of the multi-armed bandit problem as a
formulation in the scope of the sequential resource allocation theory. Multi-armed bandit classification
18 given with an analysis of the existing policies for the stochastic setting. Two different approaches
are shown to tackle the multi-armed bandit problem. In the frequentist view, the confidence interval
1s used to express the exploration-exploitation trade-off. In the Bayesian approach, the parameter that
needs to be estimated is treated as a random variable. Shown, how this model can be modelled with help
of the Markov decision process. In the end, we provide numerical experiments in order to study the
effectiveness of these policies.

Key Words: sequential analysis, multi-armed bandit problem, regret minimization.

Crarrio npeacrasuia J1.¢.-M.H., JoreHT Pozopa 1. B.

1 Bcryn JOMUX JJIsI TPUHHATTS PIllIeHb y PeajlbHOMY daci
B yMOBaxX HEBU3HAYEHOCTI. 3HAXOJXKEHHS OaJiaH-

IIpobiiema Gararopykoro 6anaura BigmocuThes g0 CY MIZK JIOCIIJIZKEHHSIM | BUKOPHCTAHHSIM € HEo0-
06JIACT] TIOCITLIOBHOTO pO3HOJITY pecypeis, sxa XUUHEM JUIs JOCATHEHHS ONTHMAILHOIO PE3Y/IbTa-
POBIIISLIIAETHCS B TEOPil HOC/III0BHOrO aHautisy. Bu-  TY 3 HAfMCHIIMME BTPaTaMu B JIOBIOCTDPOKOBii
BUEHHs 1€l POOJIeMH TaKoXK HAIEKHTH 10 3a- CPCICKTHBI. 3po3ymio, WO CHCTeMa, sKa 3aB-
rajibHOI KOHIIEINIIT HABYAHHS 3 MAKPIIUIEHHSAM, o KAH BUOMPAE JIOCIII/I2KEHHs] HOBUX BapiaHTiB, Oy-

€ onHieo 3 rasyseit y cdepi mryanoro inrenekry. /€ BTPAUATH MOXK/IMBICTH OTPUMAHHS TIePeBar BiJg

B2Ke 3/100yTHX 3HAHD. 3 IHIIIOrO OOKY, CUCTEMA, KA
[Tpobyiema GaraTopykoro 6aHIuTa IIPEICTAB-

Jisle cODOIO TOMIYK KOMIIPOMICY y BHOOPI MixK J10-
CJIPKEHHSM IIPOCTOPY BapiaHTIB 1 BUKOPUCTAaH-
HSM HAWONTHMAJBHINIOTO BapiaHTy 3 paHille Bi-

BUKOPHCTOBY€E TIIBKM iCHYIOUlI 3HAHHSI, HE B 3MO-
31 aJanTyBaTUC 10 3HATHUX 3MIiH y 30BHINTHHOMY
CEPEeJIOBUII JJIsI JOCSITHEHHSI ONTHMAJBHOIO pe-
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3yJIBTATY YU HOTO MOKpaIlleHHs 3 yacoM. s mpo-
OmeMa BimoMa K AUIeMa MiXK JTOCTIIXKEHHSIM Ta,
BUKOPHUCTAHHSIM Ta, JI0 11 pO3B’si3Ky MOXKHA HAOJIM-
3UTHUCH 34 JIOIIOMOT'0IO &JAIITUBHOL CTPATETiI MOCTi-
JIOBHOT'O PO3TO/ILIY PECYPCIB.

CyyacHa icTopist IOCJIIJIOBHOIO aHaJi3y II0-
YUHAETHCA 3 JIOCTIPKEHHA TEPEBIPKU CTATHCTH-
9HUX rinores, nmposegenoro Wald A. [1], ms 3ua-
XOJIZKEHHST METO/TIB OTPUMAaHHS CTATUCTUIHUX BU-
CHOBKIB 3 He (PIKCOBAHUM HAaIepeJ] YUCJIOM BU-
pobyBaHb KOHTPOJIIO SIKOCTI poayKiiii. Teopern-
YHI JIOC/IJIKEHHS Y TIOCJIJIOBHOMY aHaJ i3l Ta iX
3aCTOCYBAaHHS 3HAWNLIN BimoOparkeHHsT B poboTax
Barnard G. A., Anscombe F. J., Stein C., Wolfowi-
tz J., Thompson W. R., Robbins H. Ta iamux.

Verix Teopil mociigoBHOrO aHasizy B obJia-
CTl TepeBipKM CTATUCTUYHUX TillOTe3 JaB I0-
IMITOBX JOCJIIZKEHHIO IOCJIJIOBHOT'O OIIHIOBAHHS.
Haldane J. B. S. [2] Ta Stein C. [3]| onucamu, sk
HesiKi TpobJIeMH TOUYKOBOTO Ta iIHTEPBAJIBLHOIO OITi-
HIOBaHHSI MOYKHA PO3B’sI3yBaTU 34 JIOTIOMOTOI0 110~
CJIOBHOTO aHasi3y. ¥ cBoiit pobori Stein C. mpo-
JEMOHCTPYBAB, 10 TAKUM YMHOM MOKJIMBO OTPH-
MaTH J0BIpYHil iIHTEpBaJI 3 JOBKUHOIO, sIKa 3a/IaHa
eKCIIEPUMEHTATOPOM Ta He 3aJIEKUTh BiJl IHUCIep-
cil po3noimny.

[HmTa, Teopist, AKa BHUTIKaE 3 TEOPil MOCTiIOB-
HOTO aHaMi3y 1 € (yHIaMeHTAJbLHOIO st Oara-
THOX KJIACIB MpobseM OaraTopykoro OaHanTa, Iie
Teopid onTuMa bHOI 3ynunuku. KartamtizaropoM Bu-
OKPEMJIEHHS IIHOI0 HAIPAMKY IOCJIYXKUIN PODOO-
tn Wald A. & Wolfowitz J. [4] ta Arrow K. J.,
Blackwell D. & Girshick M. A. [5], npucssiuen-
HI JOCJIIZKEHHIO 3a/a9 TOCJIIOBHOI TMEepeBipKU
craTucTUYHUX Tinore3. B 1mux poborax OyB 3a-
nporonoBanuii minxin baeca mjst po3B’s3Ky mpo-
Os1eMH  ONTUMAJIBLHOI 3YIMHKH. YMOBHA 0c00a,
o puiiMae PillleHHs, CIIOCTePirae MOCiIOBHICTD
{Rp, Fn,n =1} upu E |R,,| < oo st ycix n, ge n
e ropu3onT, R, — Bunaropoja ta F, — dinsrpa-
nig. Ha xoxxaOMy Kporii noTpioHo 3pobutu Bubip:
3YNUHUTH BigOip BUOIpKM Ta OTPUMATH JIOCTYITHY
BUHATOPOAY R, YU NPOJIOBXKUTHU I'eHEPAIlilo B OUi-
KyBaHHI OTpUMATHU OLJIBITY BHHATOPOIY B Maiily-
THBOMY. B manomy BUIAJKy ONTUMAJIbLHE MIPABUIIO
3ynuHku N MOXKJIMBO 3HAWTU 4Yepe3 MaKCHMi3a-
mito ouikysanol Bunaropoqu E[Ry]|. st momyky
N MokeMO BiJIIIITOBXYBaTUCS Biji PIBHSHHS THILY

Vo = max (Vp,, E[Voy1|Fn]) s n=1,2,....

ITpoGiieMy ONTHMAJIBHOI 3YIMHKU Y 3arajbHOMY
surisai ommcas Snell J. L. [6], a Bellman R. [7]
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CTBOPUB PO3JlJI MaTeMaTUKU, HIPUCBAYEHUN Me-
TOJIaM PO3B’si3aHHs OAraTOKPOKOBUX 3aJaY OITH-
MaJIbHOI'O KepyBaHHS — JIMHAMIYHE IIporpaMyBa-
HHS.

Ilomampmn auckycil, TpUCBSYIEH] TOCITiTOBHO-
MY PO3IOJILY PecypciB, OyJsin 3aI109aTKOBaHI y po-
6orax Thompson W. R. [8] ta Robbins H. [9],
Jie aBTOpH aHAJi3yBajm pobjeMy OaraTopyko-
ro OammuTa. Po3risimaBcst eKCIIEPUMEHT, e OCO-
0a, 10 NpuiiMae pileHHs, Ha KOXKHOMY KpOIl ¢
HOCJIIIOBHO OOMpae OJHy 3 JBOX Jiil (1BOpyKmit
6aH/ T ), Ta CIOCTEPirae MOC/IiIOBHICTH BHHATOPO/T
X1, Xo, ... X,,. 3 KOXKHOIO Ji€I0 OB sI3aHIIl pO3II0-
IiJI iIMOBipHOCTEM, HapaMeTPu SIKOI'0 He BigoMi 3a-
znaseriab. ['0/0BHOIO MeTOIO eKcrepuMeHTy OyJio
IIOIIYK CTPATEril, Mpu SKiil MOC/IiI0BHII BUOIpP iit
PUBOJUB OU 110 HAKOLIBITOT MOXKJIMBOI CYKYITHOL
BHHArOpOAU 3a N KpokiB » . ; Xy. Pesynbrarom
pobOTH CTAJIN OIUC MATEMATHIHOI MOIe/Ii Tpo0dJIe-
Mu OaraTopykoro banauTa Ta hopMasi3allisi IOHs-
TTs1 e(DeKTUBHOCTI 1ux cTpareriii. Li mocimkentst
MTOCJTYKUJIA TIOYaTKOM BUBYEHHS MIpobseMu Oara-
TOPYKOI'0 OAHUTA K OKPEMOI'O HAIIPAMKY.

[Ipobitemy GaraTopykoro 6aHuTa MOYAJIN J10-
CJIIZKYBATH B KOHTEKCTI PI3HUX CEPEJIOBUII: CTa-
[iOHAPHE CTOXACTUYHE, JI€ MPOIECA BUHATOPOJIM
KOXKHOI Jil B MO/iesIi 6araTopykoro OGangauTa po3-
IJISAJIAIOTHCA K HEe3aJIEXKHI OJHAKOBO PO3MOJIiJIeH]
BUTAJIKOBI BEJIMYUHU; HECTAIlIOHApHE, Je mapaMe-
TPH JIi#l MOJIETT 3MIHIOIOTHCS 3 YACOM; MapKOBCHKE,
Jie TIPoIieC BUHATOPOIU omucanuii Jantiorom Map-
KOBa; 3MaraJjbHe, Jie BiIMOBJSIOTHCS Bijl yCiX IpH-
IIYIIEHDb 00 XapaKTepy IPOIIECiB, MMOB I3aHUX 3
JisIMA B MOJIEJIi; Ta IHIII.

Takoxx BapTO 3a3HAYUTU OJIUH 3 BAXKJIMBUX
popUBIB B IMiil 0bJacti, 3pobsenuit y pobori Gi-
ttins J. & Jones D. M. [10]. ABropu 1€l po6o-
TH BUKOPUCTOBYBAJU TEOPII0 IUHAMIYHOIO IIPO-
rpaMyBaHHsl 3 TE€OMETPUYHUM JIMCKOHTYBAHHSIM
JUIsT pO3B’sI3KY 3a/a4i HaraTopyKoro baHuTa, siky
onucaB Robbins H. PesympraTtom pobotm cras
y3arajJibHeHIT PO3B 30K 1pobjieMu 6araTopykoro
GaHauTa 3a JIOIOMOTrOIO, TAK 3BAHWX, iHJIEKCIB JTH-
HAMIYHOTO PO3MOIIY, IO JO3BOJIUIO 3BECTH II0-
CTaBJIEHY 3aJady 0 [apaMeTPU30BAHOrO CiMeii-
CTBa PO3B’sI3KiB MPOOJIEME ONITUMAJIBHOI 3y ITMHKM.

Binbmn geranbaMit OrUIsii PO3BUTKY TOCITOB-
HOI'O aHaJ/i3y Ta ONNUC paHHIX pobIT 3 mpobiemu
bGaraTopyKoro 6aHanTa, MOXKHA 3HAUTH y poboTax
Ghosh B. K. & Sen P. K. [11] Ta Siegmund D. [12].

3a ocranri 10-15 pokiB KimbKiCTh JOCTIIXKEHD
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y IIBOMY HAIPSIMKY iCTOTHO 3POCJIa, IO [TOB’ I3aH0
3 PO3BUTKOM IUMPPOBUX TEXHOJIOTIH Ta iX MIUpo-
KOro BUKOpHUCTaHHs. Hamnpukiias, mojenb 6arato-
pyKoro OanmuTa, IK aJAlITUBHA CTPATEris, 9acTo
BUKOPHUCTOBYETHCS V CUCTEMaX PEKOMeHAIi, 1u-
HaMiYHOMY IIIHOYTBOPEHHI, & IAIITUBHIN MapIIpy-
TU3aIil A8 MiHIMI3aIil 3aTpUMOK y Mepexi Ta
KJIHIYHAX BUMPOOYBAHHSIX.

VY naHiit pobOTI PO3TIIAIAETHCS CTPATEris JJIs
MTOCJTITOBHOT'O PO3MOJILIY PECYPCIB y CEPEJIOBUIII,
dKe TPEeJICTaBIeHEe MOJIEJIII0 CTOXaCTUIHOrO Oara-
TOPYKOTo banauTa. Y HACTYIHUX PO3iIaX IPUBO-
JIUThCS Kitacudikaliist Mojesieit baraTopykoro baH-
JIATA, HABOIUTHCS 1X MATEMATUIHA MOIE/b, Jac-
ThCd aHaJI3 ICHYIOUNX CTpaTeriii Ta IPOBOJIATHCH
YUCeJIbHI eKCIIEPUMEHTH 3 METOI0 BUBUYEHHS ede-
KTUBHOCTI ITUX CTPATETI.

2 Kuaacudikarisi mozmesieii 6araTopyKoro
OoaHIUTa

[Ipobiema Gararopykux OaHAWTIB — II€ IIOCJIi-
JIOBHA B3a€MOJisi MixK Cy0’€KTOM, IO IpuiiMae
pillleHHsI, TaK 3BaHUM areHTOM, Ta 3O0BHINIHIM
cepemoBuiieM. Ils B3aemosisa BiAOyBaeTbCs IPO-
TSITOM N KPOKiB, JIe N — HaTypaJbHE YHCJIO,
III0 HA3WUBAETHCS TOPU30HTOM. Ha KOKHOMY KpO-
mi t=1,2,...,n arear obupae jgio A; i3 3aja-
nol muoxuan A = {1,2,...,k}, y Biguosigs ce-
penosuite Bujae Bunaropony X; € Rsg. Bubip
il Ay 3anmexkuTh Bij icropil nonepeanix Bubopis
i ix pesymnbrarie Hy—1 = (A1, X1, ..., Ar—1, Xy—1).
MeToro areHTa € HOCHiIOBHUI BUOIp Takux il i3
3agaHol MHOXKUHA A, SIKi IPU3BOIATE 10 HAAOL/Ib-
ITO01 MOXKJIMBOI CYKYITHOI BUHATOPOJIH 34 1 KPOKIB,
TobTo Y i 1 X

B namniii mocraHoBII 3aja49i cTpaTeris areH-
Ta — Ie BijjoOpaskeHHsI 3 MHOXKUHU BUOOPIB Ta ix
pe3y/IbTaTiB B MHOXKUHY Jiif, areHT OyIaye cTpa-
TErito JJIs MOCJIJIOBHOI B3a€EMOJIIl 3 CePeJIOBUIIEM
J71s1 301/IbIIIeH s CYKYITHOI BuHaropoau. Binmosi-
HO CEpEJIOBHIIE TIe BigoOParKeHHs 3 MOC/II0BHOCTI
BuOOPiB y BuHAroposy. I arent, i cepemgoBurie mo-
JKyTb npuiiMaTu pimenss (To6To obuparTu mil um
BUHATOPOJIM BiJIIOBIIHO) BUIIAIKOBUM IHHOM.

KirowoBuMm MmomenTom y mamiit mpobJiemi € Te,
[0 CepeJIOBUINEe He BigoMme Il areHTa, TOOTO He
BiJIOMUIT PO3IOJIL IMOBIPHOCTEN BUHATOPOJ, KO-
2KHOT Jiil Mojeni. Bee, o Bijome arenry, Iie Te,
IO CIPaBXKHE CEPEJIOBUINE HAJIEXKUTDH JIO TIEBHOTO
KJIaCy CepeOBHIII.
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OpHieo 3 MeTpUK BUMipIOBaHHS €(EKTUBHO-
cTi cTparerii arenTa € itoro Brpatu R, 3a n KpokKis,
MO € PI3HUTEI0 MiXK OYIKYBaHOIO BUHATOPOOIO
pu BUOOPI OIITUMAJIBHOIL il Ha KO2KHOMY KPOIIi Ta
BUHATOPOJIOI0 IpU BUOOPI /1l BiAMOBIAHO 10 3a1a~
HOI cTparTerii. Brieprire 1151 MeTpuka OyJia 3amporo-
HoBana y pobori Lai T. L. & Robbins H. [13]. Cy-
KYIIHI BTpaTu € (GyHKIEIO Bil Yacy Ta MOXKYTb 0y-
TU BU3HAYEHI SIK BTPATU 3HEIIHIOBAHHS Ha HECKiH-
YEeHHOMY TOPHU30HTI, UM K CyMa BTPAT Ha CKiH-
YEeHHOMY TOpU30HTI. UMM MIBHUIIIE MLJIHLOBA CTPa-
Terisi y mporeci BUKOPUCTAHHS HAOIHMKAETHCS [0
ONTHMAJIBHOI, TUM IOBUIBHIIIE 3POCTAIOTh CYKY-
nui Brpatu. OnrTuMalibHa CTpaTerisi 3BOJIUTH [0
MiHIMyMYy CyKyIIHI BTpaTu 3a OyJ/ib-sIKUIi 4acOBHI
TOPU30HT 7N.

3a pizHUMU BJIACTUBOCTSIMU ITpobJIeMy Oara-
TOPYKOI'0 OaHuTa MOYKHA IIOJIIUTH HA BEJIUKY
KUIbKICTH KaTeropiii. 3a KiJbKICTIO KPOKIB poO3-
[JISIIAIOTh MOJEJI 31 CKIHYEeHHUM 1 HEeCKIHYEHHUM
TOPU30HTOM. 38 KUIBKICTIO JIiif TpobjieMy MOXKHA
MIOILINTY Ha MOJEJI 3 IBOMA HisIMH, k TisiMHU Ta He-
CKIHYEHHOI0 KIJIBKICTIO Jiff. 3 TOUKHU 30py CTaIlio-
HApPHOCTI CepeJIOBUINA BUIJIAIOTH MOJEJ CTaIlio-
HapHi, Jie po3MoMdia iMoBipHOCTE! BuHArOpos, ¢i-
KCOBaHUM 1 He3aJIeXKHUI, Ta HeCTAIllOHapHI — PO3-
ITOJTLJT IMOBIpHOCTEH J1ilt MOYXKe 3MiHIOBATHCH 3 Ya-
coM. Taxoxk BHOKPEMJIIOIOTH MOJIENi, e IPOIec
BUHArOPO/IN KOXKHOI i1 Ma€ 3aJIe’KHICTh BiJT 10-
JIATKOBOI iHMOpMaIil (KOHTEKCTY ).

3a xapaKTepoM IIPOIeCy BUHATOPOJU Ta Bpa-
XOByIOUNM aHaji3 e@eKTUBHOCTI cTpareriii Bu-
OKPEMJIIOIOTH TpH (pyHJIAMEHTaIbHI TOCTAHOBKH
pobJIEMHU: CTOXACTUYHY, 3MArajbHY 1 MAPKOBCHKY.

CroxacTuunuii 6araTopykuii 6auaut. Y
it MOJIes1i BUHAropoJia KOXKHOI 111 € He3a/1e2KHOIO0
1 oIHAKOBO po3uolIeHo. OuTUMaIbHA CTpaTeris
J11s1 OyIb-IKOI CTOXaCTHYIHOI MOJIE/i — IIe cTpaTe-
risg BuOOpy il 3 HAMBUINOIO OYIKyBAHOIO BUHAIO-
POMOIO 3a BECH TOPU30HT.

OuikyBaHi CyKyIlHI BTpaTH [IPU BUKOPUCTAHHI
crpaTeril s, sIKa BU3HAYAE TOCJIIIOBHICTH BHOODY
it I7, ..., I} Ha TOPU30HTI N, BU3HAYAETHCS AK

E[R]]=E max
=1,

n n
i E Xit — 5 Xl
T =1 t=1
Jie X; ¢ 1le BUHAropo/ia oTpuMaHa BiJl cepeJIoBUINa
Ha Kpori ¢t mpu Bubopi il ¢. I{sg momens Oyie pos-
DJISIIATHCS JIETAJIBHO Y HACTYITHUX PO3/ILIAX JTaHOT
CTaTTi.
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3MaranbHUl 6araTopyKuii 6aHauT. Y Ta-
Kiil MoJies1i IIpoIlec BUHATOPO/I HE € BUIIAIKOBUM.
[TocaimoBHICTE BUHATOPO, MOXKHA PO3IVISIATU SIK
BUOpaHi yMOBHUM CYIPOTUBHHKOM. 3a& XapaKTe-
POM B3a€MOJIil CYyIPOTUBHUKA BUJILJISIOTH JTBa BU-
MaJIKU: CyIPOTUBHUK BUOMPAE IMOCIIiIOBHICTD BU-
Haropo/i Ha [IOYATKYy FOPU30HTY, TOOTO BiH HE 3a-
MMaeThbCd BUBUYEHHSIM CTPATEril areHTa; CyIpoOTHUB-
HUK OOMpA€ BUHAIOPOJIM HA KOYKHOMY KPOIIi, IO
1acTO (DOPMYJIIOIOTH B TEpMiHAX Teopil irop, a Ta-
KOXK BUKOPHUCTOBYIOTH KPUTePiil MiHIMaKCy.

Sk merpuka BUMIpOBaHHS e(DEKTUBHOCTI y
3MaraJibHill MOfesi dYacTile BUKOPHCTOBYIOTHCS
BTPATH 3a HAWTipIuM Jijiss 00paHol cTparerii ciie-
napiem. Hexait P — 1e MHOXKMUHA yCiX MOXKJIMBUX
nocsinosHocreit k x n Ha [0, 1] mas ycix n € N, To-
Ol ouikyBaHi BTpaTu 3a Ha#ripmmMm i obpaHol
crpareril s crieHapieM Ha mocsigoBHocTi P € P:

sup E [RZ’P ]

PeP
3a Takux yMOB HailKpallla CTpaTeris Ta, sKa J0-
cAra€ MEHIIUX BTPAT 328 HAUTIPIIUM CIIeHAPIEM.

Haiimentri ouikyBani BTpaTu y Hairipriomy

BUIIQJIKY, sIKi MOXKe OTpUMaTh OyJib-siKa cTpaTeris
$ 3 yCiX MOXKJIMBHUX S, BUPAXKAEThCS I€pe3 MiHi-
MaKC BTPaTH:

inf sup E [RZ’P ]
s€S pep

Haitnomupenimmuii ajropurm (imriemenTarii
oziHi€l 31 crpareriii) s 3MaraabHOrO GaraTopy-
Koro GaujuTta € pesyabraroM poboru Auer P. Ta
inmux [14] — Exp3. Leit anroputrm BUKOpUCTO-
BY€E Bary y BUIVIS]I €KCIIOHEHITIAJIBbHOT (DY HKIT J1J1s1
oriHOBaHHs [ifi. KkcronenTHe 3pocTaHHS JIOIO-
Marae 3Ha9IHO 30iMbIIUTHA Bary KpalluX Jiif.

MapkoBcbhkuii 6araTopykuit damaut. Y
MapKOBCHKHUX OaHMTaX KOXKHA, s acOIliiioBaHa 3
sganioroMm MapkoBa, a mepexin 10 HOBOTO CTaHy
BiOyBa€eThCsI, KON 110 J1if0 Bubupaiorh. [ls mo-
neJib Oysia posrisinyta y pobori Gittins J. [15], ne
BiH JIOBIB, 1[0 HaMONTUMAaJIbHIIIA CTpaTeris — Ie
crparerisg BUOOpy HalBHINOIO 1HAEKCY JIMHAMIIHO-
IO PO3TOJILTY.

B inmomy BapianTi Mosiesi MAapKOBCHKUX OaH-
JUTIB mepexif mil y HOBUil cTaH BinOyBaeThCa HA
KO>KHOMY KPOIll HE3aJIE2KHO Bij TOro, BUOpaHa Iist
qist au Hi (aHrn. restless markov bandit). g mo-
Jeb BHepine Oysa mpexacrasieHa y pobori Whi-
ttle P. [16]. YV manomy Bunajaky mnpobiema He Mae
3arajbHOrO PO3B SI3KY.
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Y craHAApTHIT MapKOBCBKil MoOJesi JIist
1=1,2,...,k onucyeTbCsi HEPO3KJIQIHUM aIepio-
JUYHUM JraHIoroM MapkoBa 3 JIUCKPETHUM da-
COM, KWl NpuiiMae 3HA4YeHHs Y CKIHYEHHi#l MHO-
JKUHI CTaHiB S;, ri — BUHAropoja y crami s € S,
P, ={pi(s,s'),s,8 € S;} — marpung iimoBipHO-
creil mepexojy il ¢. MeToio Mofesi € ToIyK 1o-
CJIITOBHOCTI Miif, sika IMPU3BOJUTH JIO HAMOLIBIION
MO2KJIMBOI CYKYyITHOI BUHArOPOJIN.

3 Mopgenbp crToxacTU4YHOro 6araTopykoro
OcaHauTa

Mojiennp  croxacTHYHOrO OaraTopykoro OaHauTa
3a/1a€ThCs k-BUMIDHUM BEeKTOpOM v = (V1, ..., VL),
e k — 1e KiJIbKiCTb JTifl; KOXKHA Iisl V; — I11e PO3II0-
IiJI IMOBIpHOCTE 3 MaTeMaTHIHUM CIIOIIBaAHHSIIM
;. Ha xoxkuomy kpori ¢t = 1,2, ;n areHT B3aeMo-
Jie 3 MojesuIo, Bubupaioun i Ay, Y BiAnoBiab,
MOJIeNTb BUKOHYE Binbip Bubipku X; € R>g 3 pos-
[TOJILTY, TOB’sI3aHOrO 3 Jieto A; Ta, sIK pe3yJibTar,
peastizalliss BUOIPDKHU CTA€ JIOCTYIHOO JIJIsi Ar€HTA.
Bubipka (X7, ...
poa, METOIO areHTa € MaKCUMIi3allis CyKyITHOI BU-
HAropou 3a 1 KPOKiB.

, Xp) POBIUISLIAETHCS SIK BHHATO-

OcHOBHUM yCKJIAJTHEHHSIM Y 11po0JieMi 6araTo-
PYyKOro 6aHuTa € Te, M0 MOJIE/Ib ¥ 3a3/1aJ1eri b He
BimoMa. AreHT MOXKe€ 3HATH TLIbKHM KJAC Cepeio-
Buiia &, 10 SIKOro HAJIEXKUTh MOJENb v € £.

OmHuM 3 KJTaciB cepesIoBHUIN € MOJETh Hara-
TOpyKOro GanmuTa 3 posnomisom bepuymr. Mo-
JleJIb IbOMY KJIACy OIHCYETHCSI BEKTOPOM Cepe-
nix suagens g € [0,1]F, ne xoxen enement p1; —
e mapamerp posmnomiity Beprymm ail ¢. g mo-
JieJii boro kjiacy Xi € BUIIAJIKOBOK BEJIUYIHHOIO,
IIOB’SI32HOIO 3 PO3IIO/IJIOM iIMOBIpHOCTE [t 4,, TOO-
to Xy ~ Bernoulli(p4,) € BUHArOPOIOIO areHTa Ha
Kporii t pu Bubopi mil Ag.

SKIMO  POBIISIAETBCS  [ApaAMETPUIHA  MO-
HeJib, TO PO3MOMdLJI V;, BIIIIOBIIHO,
Bl JesdKOro HeBigoMoro mapamerpa 0;, sKwuii
nabyBae 3HAYEHHS 3 ©. Hexaii
0 = (04,...,0;) € ©F Tomi mapamerpuuna MoIEb
CTOXaCTUIHOrO 0araTopykKoro OGamInTa 3a1a€ThCs
., Vg, ). llosnaunmo wepes p*
cepeJIHE 3HAYEHHSI PO3MO/IiIy HMOBIpHOCTEH OIITH-
MasbHOI i1, T06T0 1 = max;e 4 (1;). Toni, 3rimmo
3 [13], 11st mapaMeTpudHOT MOJIE/I CTOXaCTHIHOIO
6araTopyKoro 6aHINTa MOKEMO OITMCATH OIiKyBa~

3aJICZKUTH

MHOZKHNHU

aK v = vg = (vp,, ..
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Hi CyKyIIHI BTpaTU: maemo R = O(n). Takum 4rHOM, HaIa roJioBHa

Ry, (0)

n
Eg |nu* — ZXt
=1 (3.1)

n
nlu’* - ]EG Z Xt ’
t=1

JKi BU3HAYEHI Jjist Oyab-sikol cTparerili s Ha ro-
PUBOHTI 1 3 mapaMeTpoM 6, sikuit € pikcoBaHUM i
HesigoMuM. ['0JIOBHOIO METOIO JTaHOI MOJIEJI € Ma-
KCUMi3allis BUHATOPO/IH, 110 €KBIBAJIEHTHO MiHIMi-
3allii BTpaT.

VY cBoiit pobori Lai T. L. & Robbins H. gepes
BBeJIeHHs (DLIBTPAIIil IPEICTABUIN JTEKOMITO3UIIO
BTpaT, siK (PYHKIIIIO Bij KiibkocTi pasis N;(n) Ko-
2KHa Jis ¢ Oyja BuOpaHa Ha TOPU30HTI N, BUKOPU-
CTOBYIOYH CTPATETIIO S.

Brenemo dinmprpariio

.7:15 :U<A1,X1,...,At,Xt),

J1e JUIs HeJlerepMinoBaHol crpareril Biadip Ay 3/1iii-
CHIOETBCH 3 PO3IOJILIY IMOBIpHOCTEN Py Ha cUCTEMI
miit {1,...,k}, akuit € F;_i-BumipauM. Bukopn-
croByoun E[X|F;—1] = pa,, orpumaeMo JaeKoM-
MO3UII0 BTPAT y BUIVISAI OYIKyBaHOI CyMH He-
ONITUMAJILHOCTEH BUOPAHUX Jiiif IPU BUKOPUCTAHHI
crpareril s:

n

R (0) =Eg | > (n* — pia,)

t=1

= (1" — i) Eg [Ni(n)],
€A
ne Ni(n) = Z?:l 1(a,=i)-
3a Bu3HaUYeHHAM BTpar IR, MOYKHA BHJIIIH-
TH 1X HACTYIIHI BJIACTUBOCTI, dIKi € JMiCHUMU JJIs
OyIb-IKO1 cTpaTerii s:

(3.2)

1) R >0, mo BuUIUIMBAE 3 JEKOMIIO3MIIT
Brpar (3.2), me p* > p; ta Ni(n) = 0 3a
BUBHAUEHHSIM.

fAxmo Buxomyerbca IR 0, me cBig-
YUTh, [0 areHT 3HAE ONTUMAJIBbHY I 3a-
zasterifan, 106To P (pg, = p*) =1 st Beix
t=1,2,...n.

3) 3 dopmysu (3.1) Bugso, mo RS < ny*.
SIKIO MM IPHITYCTHMO, IO BUHATOPOJA TIPUIIMAE
3HAYEHHsI B 3aMKHEHOMY poMixkky X; € [0, 1], To-
i maeMo RF < n. Toxi nys Oyap-sikol crpaTerii s

17

MerTa Ile 3HAXO/[PKEHHsI CTpaTeriil, Jisl IKUX BTpa-
TH K MiHIMyM cy6uiniitai, Tobro RS = o(n).
J1j1s1 BUIIAJIKY CTOXACTUYHOT MOJIEeI, KON BU-

Ia/IKOBa BeJMYuHa & € [a,b] mpmiimae 3Haden-
Hs He Ha Biapisky [0, 1], Mu MoxkeMo 3acTocyBaTn
HOPMYBaHHSI:
,  T—a

Cb—a’

T

4 AcumnroruydHuii aHAJI3 BTpAT

Posriisinemo mapaMeTpuvHi MOJIeJIi 3 PO3MOIiIaMu
3 eKcroHeHmniiinoro cimeiicrsa [17], To6To po3moin
JHT ¢ 3aJIeKUTh Bij mapamerpa #;. 3a J0IIOMOIOI0
dbyuxuiit n(0), T(x), A(0), h(z) uipHicTs MOXKe
OyTH MO/aHa y BUIJIAI

fx (w;0:) = exp (n(6:) - T(x) + A(6:)) h(x).

I[le n03BOJISIE BUKOPUCTOBYBATU PO3XOJZKEHHS
Kynnbaxa-Jleiibiepa [18] (Takok HazuBaioTh Bij-
HOCHOIO €HTPOIIIEI0) $IK Mipy TOT0, HACKLJIBKH PO3-
IIOJI1JT P OJHIET /il BiAPIZHAETHCs BiJL 1HIIOL q:

KL(p, q) = / log <j§(x)> da.

s posnomisty BepHysut, KUl BXOIUTH B €KC-
MIOHEHIIIIHe ciMeiicTBO, po3xojkeHHs Kymbbaka-
Jleitbiepa Mae BUTISIT

—-p

p 1
KL(p,q) = plog= + (1 — p) log ,
(pg) = plog? + (1= p)loz ;=

ae p, ¢ — Ie InapaMeTpyd PO3IOIiIB BiIIOBIIHO.

IIpencrasieni y poborax Lai T. L. & Robbi-
ns H. y po6orax [9, 13| neprui crparerii xapakre-
pu3yBanch (DIKCOBAHOIO KiJIBKICTIO TOCTiIXKEHD
IIPOCTOPY BapiaHTIB Ta BUKOPUCTAHHAM HANOMTH-
MaJIBHINIOTO BapiaHTy 3a BUOIPKOBUM CEpEJIHIM.
ABTOpHU HOKa3a/y, 110 s I[IX CTPaTeriii MOXKJIM-
BO orpuMmaTu CyOJIiHiiiHI BTpaTH:

3a pesysbraramu Oyin cHOpMyIHOBaHI HACTYIIHI
TBEP/PKEHHST:

Osnavennss 4.1, Crpareris s € piBHOMIpHO
eEeKTUBHOIO, SIKIO 11 BTPATH 3aJ0BOJILHSIOTH

R? (0) = o(n®) ms Beix a € (0,1].
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st mapaMeTpUIHIX MOojesell 31 CKaJIApHUM
mapamMerpom, Tobto © € R, 6ys0 mokazaHo, IO
JIJIst PIBHOMIDHO €(EeKTUBHUX CTPATErill KiJbKiCTh
BHOODIB KOXKHOI HeomTuMmaJsibHOT il @ (p; < p*)
Mag 9K MIHIMYyM JIOTapuMOMITHY CKJIAIHICTD:

1
~ KL(vg,, v+

Eg[N;(n)]

lim inf
imin log(n)

n—oo

st Momeni 3 po3nozisiom BepHysuti 3a J1omo-
MOTrOI0 JeKOMITO3uIil BTpar (3.2) maist piBHOMIpHO
eeKTUBHOI cTpaTeril § MOXKHa OTPUMAaTH HACTY-
nHy HepiBHicTh [19]:
S

e oy

A
KL (i, )’

2.

:A;>0

e Ay = p* — pu;.

Takox y [20] muist mozesi 3 posnozmizom Bep-
HyJUTl OyJ10 TTOKa3aHOo, IO YKOJHA 31 cTpareriii me
Moke oTpuMarn Brparn Ry = o(log(n)).

Taxum 9MHOM Ma€eMO, IO 11 Oy/Ib-SKO1 CTpa-
Teril y Oyab-aKOMY KJIaci CTOXaCTUYIHOI MO
BTpaTH CTAaHOBJATH 110 Haiimenrre ((log(n)).

Osnavenns 4.2. fximo mis crpareril s HEXKHS 1
BEPXHSI T'PAHUIN CITIBIAJIAI0OTh 3T THO JI0 aCUMIITO-
TuaHol moBeMinKN (yHKIii (HoTamis Jlanmgay), To
11 HA3WUBAIOTh ACUMIITOTHYHO OIITUMAJIBLHOIO.

Tobro ma piBHOMipHO edeKTUBHOI cTpaTeril
$ I MoJieri 3 po3mnojisioM bepHysuri, crpareris
BBAKAETHCSl ACHMIITOTHYHO ONTHMAJIbHOW (4.2),
AKITIO BUKOHYETHCS HEPIBHICTD

A
cy A
i8>0 KL (s, 167)

S
n

lim sup Tog()

n—o0

e Ay = p* — pu;.

YV croxacTuuHiit Mojeni 3a3BuYail po3rsiia-
€ThCd ACUMITOTUYHUN aHa/J i3 BTpaT y BHU3HAYe-
HOMY KJIaCi CepeJloBUINa, TOOTO HUKHS T'DAHUIIs
BTpaTH 3aJIEXKUTH Bif posmoaity mifl. Takoxk mo-
2KJIMBO BU3HAYUTU KPUTEPil MiHIMAKCY SIK Y 3Ma-
raJbHUX DaHIMTax, TOOTO MOKA3aTH HUKHIO Ipa-
HUIIO BTpar 6e3 3aje’KHOCTI Bill PO3IIOMIIY iif.
Bubeck S. & Cesa-Bianchi N. [19] nokazasu, 1o
7151 Oyab-sIKOl cTpaTerili § iCHy€ CTOXaCTUYIHA MO-
Jeab baraTopykoro 6amHanTa v, 1e BUKOHYETHCS

1

>
> 5V k-

Ry (v)

ne k — 1e KUIbKICTD Jiif.
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5 Crpareril 4jis cToXacTUYIHOro Gararopy-
Koro bGangura

st cToXacTUIHOT MOJIEJIi CTPATErist O3B’ SA3KY 3a-
Jadi ToJIATae y MOIIyKYy DaJlaHCy MiXK JOCJIiTKEeH-
HeM MPOCTOPY BapiaHTIB i BUKOPUCTAHHSIM OITH-
MaJIbHOT'O BapiaHTy 3 BXK€ BIJIOMUX JIJISI OTPUMAa-
HHA HaMOLIBIIOl MOXKJ/IMBOI CYKYIIHOI BHHATOPO-
U 3a BigBeJeHUiIl TOPU3OHT. SIKIMO cTpaTerist me-
penbadae TIABKHM JTOCTIIKEHHsI, BOHA MOXKe Oy-
Ti e(EKTUBHOIO JIUINE y IIPOCTUX BUMaIkax. Ha-
IIPUKJIaJl, CTpaTerid 3 PIBHOMIPHUM JOCJIiI2KEH-
HsM Jiiit Oysie edeKTHBHOIO, KOJju yci il 3 3a-
nanol muokuan A = {1,2,...,k} € onrumasbHu-
MH, TOOTO 4] = pg = - - = . [HaKIIIE BrpaTn Ha-
O(n).
Ile MoxkHA TTOKA3aTU Yepe3 JIEKOMITO3UITI0 BTPAT

(3.2):

OyBaroTh JIHINHY CKJIaJHICTB, TOOTO R)

k

Ry =3 (0" — ) E[Ni(n)],

=1

ne N;(n) — ne KiibKicTs pasis jis @ 6y/ia BuOpana
3a n kpokis. Tomi

n

n
E[N;i(n)] =B |) 1| =nP(A =1i) = o
t=1
Orxke, JUIsT CTOXaCTUIHOIO 6AraToOPyKOro OaHiu-
Ta 3 KUIbKiCcTIO Aiit k& > 1 Ta npuHaiilMHI OIHIEIO
HEOIITUMAJBHOIO JTIE€I0, CTPaTerisd 3 piBHOMIpHUM
JOCTIJIKEHHSIM Ma€ BTPATH

ne Ay = p* — py ra p* > pl.

3 immoro OOKy, cTpaTeris, sika BUKOPUCTOBYE
TIIBKY 1CHYIOY1 3HAHHS, HEXTYIOUYU JOCIZKEHHAM
MOK/IMBUX 3MiH YV CEPeJIOBUIINI MOYKe IIOHECTH 3HA-
uni BTpaTu. Hanpukiam, crpaTeris Mojiesni cToxa-
CTUYHOIO JIBOPYKOro Ganjura (k = 2), sika 3a 1ep-
Il IBa KPOKHM O0Mpae IepIny Ta Apyry il Biamo-
BijiHO, a Ha Beix inmwmx t € {3,4,...,n} BUKOpHU-
CTOBY€ HailKpallly Jif0 3a BHOIPKOBUM CEpPEIHIM,
TOOTO arg max;e oy fi(t), 1e

i 1ia,=i X,

1
(t):m 1

J

MOK€ OTpUMAaTH JiHiiHI BrTpaTtn. [as 3pasky
BizbMeMO posnoiian Beprysi 3 mapaMmerpamu
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p < 1/21a g =1/2 nyst nepioi Ta Apyroi it Bij-
nosinuo. Tomi, 3 iMoBipHiCTIO pq, cTpaTeris oTpu-
Mae BuHaropoau 1 ta 0 3a nepiry Ta JIpyry Jii Biji-
oBiIHO, i OyzIe 3MylIeHa o0upaT HEOITUMAILHY
IIepIIy Jif0 Ha BCiX IHIMUX KPOKaX. 3Bi/ICH, 3TiTHO
3 BU3HAYEHHsIM (3.2), BTpaTn HaOyBaOTh BUIJISAILY

Rn><;— >(n—1).

Ha mux mpukiamax BUIHO, IO JJIs JOCITHEH-
Hel OaJlaHCy MiXK JTOCTIXKEHHIM 1 BUKOPUCTAHHSIM
MOTPiIOHO BUKOPUCTOBYBATU BiJIBEJIEHUI TOPU3OHT
OinbIn ebeKTUBHO.

Crpareria Explore-First. Ilepmi mpukira-
mu crparerii Explore-First 3’aBunuca y pobori
Robbins H. [9], ne Bin nokasas, 1o 3a JIeSKUX
YMOB BTPaTH MOXKYTb OyTH CyOsTiHiiH].

st crpaTeria xapakTepu3yeTbCsi (piKCOBAHOIO
KUIBKICTIO T JIOC/IIzKEeHb KOXKHOI il B epImiit da-
31 J0C/TiKeHHsI, 1 BHOOPOM e€MITipUYIHO KParol il
y Apyriit dazi g Bukopuctanis. AJrOpuT™M BU-
bopy mil A; Ha Kporii t:

(t mod k) + 1,

arg max,c 4 fi(mk),

t < mk

A =
t > mk.

AuropurMm crpateril Explore-First surnsnae
HACTYIIHUM THHOM:

1) dasza gociijzkeHHs UPOCTOPY BapiaHTIB
(mepri mk KpOKiB): BUOpATH KOXKHY JIifO
i € A m pasis;

2) dasza BubOpy ONTUMAIBHOIO  BapiaHTY
(t € {mk + 1,...,n}): BuKOpHUCTAHHS
arg max;c 4 fi;(mk).

fAxImo ropu3oHT N BiOMUI HaIEpe, MU MO-
2KEMO MiHIMI3yBaTH BEPXHIO T'PAHUINO JIJIS OTPH-
MaHHs cyOsiniitauX BTpaT. s Momeni 3 po3momi-
aom Beprymui Slivkins. A. [20] mokasas, 1o rpa-
HUTIS 3BEPXY €

E[R,] < n?/3 x O(klogn)1/3,
Ipu BUOOPI M HACTYITHUM UHOM:
m = (n/k)?- 0 (logn)'/?. (5.1)

VY [21] 6yna orpuMaHa BEpXHsI IDAHUIS 3 3a-
JIE2KHICTIO BiJI HEONITHUMAJIBHOCTI JIiii:

k k
R, < mz A; + (n — mk) ZAi exp (—mA?) .
i=1 i=1
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s rpanuns j100pe BitoOparkae CKJIAIHICTD 3HA-
XOJI2KEHHS OaJTAHCY MiXK JTOCJIII?KEHHSIM 1 BUKOPH-
CTaHHSAM. ZIKITO M 3aHAJITO MaJia, TOJl CTpaTeris
HEJIOCTATHBO 3aWMAETHCS JOCTIIKEHHAM Ta fMO-
BipHICTH BUOOPY HEONTUMAJILHOI il 301IbIITyEThCS,
JK 1 3HAYEeHHS TPAaBOl YACTUHU HEPIBHOCTI. AKIIO
M 3aBeJINKa, MU 301JIbIIYEMO JIiBY YACTUHU HEPIiB-
HOCTi, sTka 0e3mocepeHhO BiAIOBiIa€ 3a BTpaTH
BiJI JIOC/IiI>KEHHSI.

Bapiamiero miel crparerii 6e3 3aJieKHOCTI Bif
KiJIBKOCTI KpoKiB 1 € Epsilon-Greedy, sika 3aiimae-
ThC JTOCTIZKEHHIM Ta BUKOPUCTAHHSIM IIPOTATOM
YCBOTO TOPU3OHTY.

Crpareria Epsilon-Greedy. Ila crpare-
rist 33a€ThCA 3a JIOMOMOTOIO JICAKOIO IapamMerpa
0 < e <1, te Ha KOYXKHOMY KPOTIi 3 IMOBIpHICTIO €
BiIOyBa€eThCsT JOCTIIXKEHHsT BapiaHTiB, BUOUpAato-
91 PiBHOMIPHO BUNIAIKOBO, Ta 3 iMOBipHicTIO 1 —¢
BUKODPHUCTOBYETbCS HAWKpAIa /i 38 BUOIPKOBUM
cepeIHiM:

i ~ Uniform({1, k}),
argmax;e 4 (i(1)) ,

3 IMOBIpHICTIO €
Ay =

1HaKIIIe.

Brparu miei crpateril Jjimiitai, Tak sk M
3MYIIEHHI TPOJIOBXKYBATH JOCTIIKYBaTH BapiaH-
TH, TOOTO T'PAHUIl 3HU3Y CTAHOBUTH IO HAWMEH-
me:

k €A

VY [22] 6ys10 OKa3aHO, 1110 MOYKJIMBO OTPUMATH
srpatu O(klog(n)), AKmo 3aMicTh CTajoro 3Ha-
YeHHsI € BUKOPHUCTOBYBATH CIIAJIHY IOCJiIOBHICTH
(e¢)ten, ajle JyIsi IbOro MOTPIGHO 3HATH HAIepe]
3HAYEHHS Min;e 4 A; /1J1s1 BUOOPY KPOKY TOCTII0B-
HOCTI.

Crparerias Upper Confidence Bound
(UCB). Iz crpareris 3 BUKOPHCTAHHSAM IIPUH-
IUITY «ONTUMI3My B YMOBaX HEBU3HAUEHOCTi»Oyia
upejicraBiena y pobori Auer P. ta inmi [22].

Hns Beix giit ¢ € A obunciioerbes 3Hade-
uas U;(t) ma 6a3i BHOIPKOBOIO CEpeHBOTO Ta
BEPXHBOI I'DAHUIN HAJIITHOIO 1IHTEpBaJy, fdKa 3 Be-
JINKOIO HMOBIPHICTIO € 3aBUINEHOIO OIIHKOIO He-
BiJIOMOTO MATEMATHYHOI'O CIOIBAHHS PO3IIOJILILY,
[IOB’SI3aHOTO 3 MI€IO0 %.

Ha mouarky anropurmy KoKHa JIist BUOHpPAE-
ThCsI OJIUH Pa3, a IMOTIM Ha KOXKHOMY KPOIIi t — fis
3 HaitbibmmM 3uadenasM Us(t):

t<k
t> k.

(t mod k) + 1,

A =
! arg max;c 4 U;(t),
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Ob6uncjieHHs BEPXHIX I'PAHUIB OY/ILYETbCS HA
BUKOpUCTaHHI HepiBHOCTI Xedaunra [23]:

n
P %Z (E[Xe] — Xo)| > €] <exp(—2n€?),
t=1
e X1i,...,X, Ie He3aIeKHO OJHAKOBO PO3IOIi-
seni Bunajkosi Besuunan 3 Xy € [0,1] mus yeix
¢ > 0. la mepiBHiCT MOXKE BUKOPHUCTOBYBaTHCS
I aHATI3y HaIIHHOTO iIHTEepBaJy, Jie JiBa JacTH-
Ha BijoOparkae WMOBIPHICTh TMOXUOKHU JJIsT HAJTili-
HOT'O iHTepBaJy HABKOJIO MATEMATUIHOTO CIIO/TiBa~
HHS 3 pajiycoM &.
Taxum 9uHOM, JJI CTOXACTHIHOTO HaraTopy-
KOro 6aHIuTa MaEMO HACTYIIHY HEPIBHICTD:

P (i > fii + &) < exp (—2n&i(t)?)

ae anst exp (—2n&;(t)?) Gaxano orpumarn Haii-
MeHIe 3uavenst. [puitvenmo exp (—2n&;(t)?) = p,
ToIi pajiyc HaJiiiHOro iHTepBaty (UM MexkKa IOo-
XUOKH) IpHUMAae BUIISAT;

—log(p)

() = | =L
Iz crparerii UCB suavenns U; (t) = UVCB(t)
0BYHUCIIIOETHCST SIK CyMa BUOIPKOBOI'O CEPEIHBOTO
(i (t) Ta paziycy magiiinoro inrepsasy &;(t) auist
JIESTKOTO TTapaMeTpa o

log(t
i(t)

~—

La=0Xj +4/a

t
=1

1
UPB(t) = N

2

J

B npomy piBHsiHHI nepiina dactuHa (BUOIPKO-
Be cepenHe fi;(t)) BiamoBinae 3a BuOIp Kpamol il
Ha JlaHuii Yac, a Mexa noxubku &;(t) — 3a goci-
JkeHHsi. Bubip il ¢ BinOyBaeThbest, ko fi;(t) mo-
CTaTHBO BeJIMKE, IO MO2Ke CBi‘ZL‘{I/ITI/I IIPO MO2KJINBY
ONTUMAJIBHICTH [1il, Ta/ab0, SKIIO MexKa MOXHOKN
3aBejiuKa, e MOYKe O3HAYATH, IO Jisd ¢ HeJI0CTa-
THBO JociimKena. [lapamerp a gomomarae KoH-
TPOJTIOBATH Tieil GasIamHc.

Jlist mapaMeTpudHUX MOJEIeH 3 PO3ITOIiaa-
MU 3 eKCIIOHEHIHHHOro ciMeiicTBa aIbTepHATHBOTO
BUKOPHUCTAHHIO PaJIiycy HAJIAHOrO iHTepBaIy 3
HepiBHOCTI XedauHra € BUKOPUCTAHHSI HEPIBHO-
cri YepHosa [24], sk Gyn0 3pobseHo y poborax
[25, 26|, ne crpareris orpumana naszsy KL-UCB
(anea. Kullback—Leibler divergence Upper Confi-
dence Bound).
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3Ba crparericio KL-UCB mna Bcix giit 06-

qucmoerhes suadenns U (t) = UK-UCB () macry-

ITHUM 9MHOM:

UZKL_UCB (t) —

sup

. log(t
{q:KL(Mi,q)< g()}.
qG[O,l}

N;(t)

Ax suno 3 susnadenns UKUCB (1)) s peasiza-

il aJITOPUTMY MOTPIOHO PO3B’SI3aTH 33891y OITH-
Mizari.

Brparn mmx crpareriit maroTh gorapudmi-
YHUN MTOPSJIOK, BOHU € aCUMIITOTUYHO ONTHMAJIb-
HUMH.

6 bBaecoBa moaesnb

3 Toukm 30py 6aecoBol iHTEpIpeTallil IMOBIPHOCTI
MOXKHA, PO3IVISIATH TapaMerp 0 sK BUIAIKOBY Be-
JIMYUHY 3 BiOOpy BUOIPKU 3 HESIKOrO aIlpiopHOTO
posnominy II. Crparerist s, sika MakCuUMi3ye BU-
Haropoju, TAKOXK €KBiBaJIEGHTHO MiHiMi3ye GaecoBi
BTpaTu, siki Oy npeacrasieni y [13]:

n
BR;, (I) = En [np* — > X,
t=1

n
= EH EH TL/L* — ZX”O
t=1

= En [R;, (6)].

Ha xpomi ¢ Bubip aii 3acHOBaHUiI HA MTOTOYHOMY
aIloCTePiOPHOMY POBIIOAIAY HapaMmeTrpa 6, sKuit €
YMOBHUM PO3TOJIIJIOM, IO 3aJIEKUTh BiJT IOTOYHUX
CIIOCTEPEXKEHD, Ta 3aA€ThCA AK

I1;(0) = L(6|A1, X1, ..., Ay, Xy),

ne L — ne pyHKIMS BiporiaHoCTi.

Bubeck S. & Cesa-Bianchi N. [19] nokazasn,
IO /7151 KOYKHOI CTpaTerii s, icCHye Takwuil anpiop-
uuii posnosis Il 1o mo3BoJIsie OTpUMATH HACTY-
IIHY CKJIAJHICTH BTPAT:

1
BR;, (I) > 55 Vkn,

ne k — ne KiibKicTb Aiif.

Omna 3 mepmmx 6aecoBUX cTpaTeriift st
CTOXACTHIHOrO OaraTopykoro OaHguTa — IIe
Thompson Sampling [8]. Crparerisi uepeaba-
Ja€ BUKOPUCTAHHS JIEIKOr0 k-BUMIDHOI'O BEKTOPA
arpiopuoro pozmominay Iy = (Wé, e ,7r’§), ne T e
AITPIOPHUM PO3IOILIOM HapamMerpa 0; mys mil ¢. Ha
Kpori ¢, BpaxXOBYIOYHN HOBI CIIOCTEPEZKEHHSI, BUBO-
JUTBHCS HOBUI anoctepiopauit po3moaia I1;:

1 k
I, = <7Tt7"'a7rt>a
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Jile 7 e alnocTepiopHMii po3noiiil  napamerpa
0; mus i ¢ micist m = N;(t) cnocrepexkeHb
}/’i,la"'aYVi,m:

7r§ = L(&\Yé,h R Y'%m)

Binbysaernca Binbip Bubipkm Z;; ~ m Juig
KOXKHOI Jiii Ta aHaJNi3yloTbCd 1X  peaJizariil
(21,4, -+, 2k¢t) JIsl BHOOPY Ail 3 HaHOLIbIIIM 3HA-
YeHHM:
A; = argmax z; ;.
i€A

st croxacTUIHOrO H6araTopykoro danmuTa 3
po3MnoAiIoM BepHyyIi B IKOCTI alfpiopHOTO PO3MO-
mimy MoxKHa obpatn Berta-posmnomin, sikuit 3a1ae-
Thes mapamerpaMu « > 0 ta § > 0 m1st KoskHOT f1il
1 y HACTYIIHOMY BUIVISIJIi:

T4 = Beta(1, 1).

TaknM arrHOM, MaEMO Ha MOYATKY aJTOPUTMY PiB-
HoMmipHuii posnoin Uniform(0, 1) mist BuGopy it
BUITaJIKOBMM YmHOM. Ha Kpori ¢ BUBOIUTHCA Ha-
CTYIIHUI allOCTEPIOPHUIT PO3TOJILI:

i = Beta(T;(t) + 1, Ni(t) — Ty(t) + 1),

ne T;(t) me cyma ycix BuHaropos il 4 micsist £ Kpo-
KiB:

Ti(t) =Y Lia,—5X;.
j=1

Buauenus T;(t) mokasye KiIbKICTB ycmixiB Bij Bu-
Gopy il i, a (T;(t) — Ni(t)) — xiabkicTs HeBjaY
OPOTATOM T'OPU30HTY t.

Agrawal S. & Navin G. [27] mokaszamm, mo
Brparu crparerii Thompson Sampling mist cTo-
XaCTHIHOIO 6AraTopyKoro OaHuTa y 3arajibHOMY

BUIAJKY € JIOTapuPMiTHUMU:

E 2

1
2 a2

i=1 "¢

R,=0 log(n)

[eit anropuT™ € ACUMIITOTHIHO OITUMAJIBLHIIM.
Taxok BapTO 3a3HAYNTH, 110 TpobIeMy Hara-
TOpyKOrOo baHanTa y OaecoBiit inTeprperarrii Mo-
JKJIMBO PO3B’A3yBaTU 34 JOMOMOIOI0 JIUHAMIYHOTO
nporpamysanns. Bellman R. 28] Buxopucroyio
JUIS. 1bOTO BTPATH 3HeniHioBaHHdA. [lys jaeskoro
koedirienra suerinoBanas v € (0, 1] morpibHO
MaKCHUMI3yBaTH HACTYIHI CYKYITHI BUHATOPOIN:

o0
5|3 5x
Y t

t=1
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Byso nmokazano, 1o po3B’si30K 3a JIOIOMOIOIO JIH-
HaMigHOrO nporpamyBanHs [15, 29| € onTuMasb-
HOIO CTPATETIEIO y JaHOMY BHIaJIKY. TakoxX y Oae-
COBIili iHTEpIpeTaIlil ONTUMAJILHUM € BUKOPHUCTaH-
HsT 1HJIEKCIB AuHAMiTHOTO posnoiry (inmekcis ['iT-
TiHCA), B OCHOBI SIKUX JIEXKUTH JMHAMIYHE TIPOrpa-
MYBAHHSI, aJjie Ie rmepeadadac po3rJIsIaHHsT HECKiH-
YEeHHOTO TOPU30HTY. ¥ MOJesi 31 CKIHUEeHHUM TO-
pu3oHTOM iHIAeKCH ['iTTiHCA He € ONTUMAJILHIMMA.

Ornmc Ta aHaji3 cTpareriit Jiis IHITAX PO3IIO-
JITIB Ta TX Bapiariii MOXKHa& 3HAWTH y TaKUX PO-
6orax, sik Bubeck S. & Cesa-Bianchi N. [19] Ta
Slivkins. A. |20].

7 YHwuceabHi eKCliepUMEHTU

YV 1boMy pPO3IiIi IPeaCTaB/IeH] PE3y/IbTATH E€MITi-
PUYHUAX TECTIB JJIsi CTOXACTHYIHOIO Oararopyko-
ro 6amauTa 3 posmogijom Bepuysm. s mporo
Oys10 PO3POOJIEHO TIpPOrpaMHe 3a0e3MeUeHHS 3 iM-
IIEMEHTAITIEI0 aJITOPUTMIB JIJIST YCIX POIIVISHYTHX
crpareriit [33]. Mera excriepuMenTiB — mOKa3aTn
IepeBary HaBeJICHUX CTPATEriii.

—a—  Explore-First
140 Tinskn Jociae s
—8— TLLKH IcHYIOM] 3HAHHSA
120
__1oo
- 80
260
[
40
20
0

000 6000
[opuszour, n

0 2000 000 10000
Puc. 1: Brparu 6araropykoro 6amanrta Bepnyti
31 crparerismu Explore-First (mapamerp m obpan
3a (5.1)), 3 BUKODHCTAHHSIM TIIBKU ICHYIOUOIO

3HAHHS Ta TIIBKU JOC/IJKeHHsT (PIBHOMIPHOTO)

ExcrniepumenT mpoBesieHO 3 TOPU3OHTOM 1 =
10000 3 nBOMA JiAMU i MATEMATHIHUMU OYiKyBa-
aaaMu 0.7 1 0.8 BiAIOBIAHO, pe3yAbTaTH arperoBa-
ui Ha 1000 me3amexamx TectiB. Ha pucynkax 1 ta
2 300paxkeHi rpadiku BTpaT PO3IJISTHYTUX CTpaTe-
riif 3 MOPIBHSAHHAM BUIIKIB BUOOPY TLIHKU JOCITi-
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JIZKeHHsI (PIBHOMIDHOI'O) Ta TLIbKU BUKOPUCTAHHS
icaytouoro suanus (Explore-First 3 mapamerpom
m=1)).

—#&— Explore-First
10 Epsilon-Greedy
—®— Thompson Sampling
—=— (B
30
=
= 20
10
0
0 2000 4000 600D 8000 10000
[opusonr, n

Puc. 2: Brparu 6araropykoro banmura Bepmyti
3i crparerisimu Explore-First (napamerp m obpan
3a (5.1)), Epsilon-Greedy 3 napamerpom e = 0.2,
Thompson Sampling Ta UCB 3 napamerpom o =
0.1

8 3B’30K 3 MapKOBCHKUM
NPUNHSATTS PillleHb

ImpoinecomMm

YV szarajbHOMY BHUITQJKY MOEIb 0araTOPyKOIo
GaH/MTa MOXKe OyTH ONMCcaHa 33 JOIMOMOIOK0 Map-
KOBCBHKOI'O Iipoliecy npuitasitrs pimens (MIITIP)
[30].

[Mosuaunmo wepes A(G) MuOXKHHY BCix imo-
BipHicHUX posnoautis rpynu G, depes S ta A —
MHOXKHUHI CTaHiB Ta it Bigmosimguo. Hexait P —
JesKe CTOXaCTHYHE SJIpo, gKe 3aJla€ WMOBIPHICTD
P(s,i,s") Toro, mo mist ¢ B cTani § Ha Kpotii ¢ pu-
3Bejie 10 cTany s’ Ha Kpori t+1. I KosKHOro cra-
Hy s € S Ta nii i € A maemo P(s,1,-) € A(S). He-
xait R — JiesdKe CTOXaCTUYHE $iJIPO, SKe 3aJa€ CTO-
xactuuni Bunaropou R(s,i,s',-) € A([0,1]). Toxi
mozkaa 3agaru MIITIP gersipkoro (S, A, P, R).

Komnu arent 3naxonurbes y crani s € S Ta Bu-
bupae it i € A, BimOyBaeTbCst mepexij 10 HOBO-
ro crany s’ ~ P(:|s,4) Ta oTpuMaHHS BUHAIOPO/IU
r ~ R(:|s,i). Mera arenra — 3HaiiTu crparerito
(dyukiio, ska BKasye, siKy [il0 BUOpaTH BiIo-
BIJIHO JIO0 TIOTOYHOIO CTaHy), siKa MaKCUMI3ye Odi-
KyBany BuHaropoay y MIIIIP 3 mesimomumu ma-
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pamerpamu. Llst B3aeMo/Iist areHTa 3 CepeIoBHIIEM
300pakeHa Ha PUCYHKY 3.

Arent
CTaH BHHAropoja aist
s| |r 7
ior
s’ | CepenoBuiue
i

Puc. 3: Bzaemosist areHTa 31 CTOXaCTUIHUM Cepe-
JIOBHIIIEM

CroxacTrdHa MOJE/h 6araTopyKoro OGasIuTa
moxke OyTm ommcana ssk MIITIP 3 oguum cramom
S0, TOJi JJIsi CTOXACTUYIHOIO SIApa, sKe 3aJa€ BU-
Haroposu, maemo R(-[sg, 1) = v;.

Takox 3a momomororo MIITIP moxkaa Mome-
JoBaT 6a€coBoro 6araTopykoro OaHIuTa, pPO3-
IJISTHYTOT'O y HMOIEPETHBOMY PO3/IiJi, Jie IOTOTHUI
CTaH — IIe IOTOYHUI anocTepiopHuii posmnoii 11, a
BifiOip Bubipku @ poOUTHCS 3 alpiOPHOIO PO3IOJI-
gy Ily. Takum amHOM, areHT oOMpae Mifo ¢ y CcTaHi
IT, oTpuMye BUHArOpOMLY I ~ Vp,, Ta, BPAXOBYIOUH
HOBI CIIOCTEpPEXKEHHSsI, BUBOJUTH HOBUI aIlocTepi-
opuuii posmozmin IT'.

TTomryk onrumasbaOl crpaterii y i MITITP
MOKJ/IMBUIT METOJIaMU JUHAMIYHOT'O IPOrpaMyBa-
HHdA, Ae YHKIs miHHocTet V i HeCKiHIeHoTo
TOPU30HTY Ta JeAKOro KoedilieHTa 3HEIIHIOBAHHS
v € (0,1] mae Burus

o0
Vn=E|> "X,
t=1

SHaXO/PKEHHsT  ONTHMAJIBHOI  TOJITHKH Y
MIIIIP moxke Bumaratu 3abararo OOUIHCTIEHHS Y
3B’$13KY 3 IOTEHIIIHHO BEJIUKUM IIPOCTOPOM CTAHIB.
Po3p’sizku 1151 BUIaAKy JIBOPYKOTO OAHINTa Oy/In
HaBeJieHl y poborax [31, 32].

9 BucuosBku

Bynu posruisginyTi crparerii 1mocJijiloBHOTO PO3IIO-
JiJIy pecypciB y CepeJloBUIN, sKe IpecTaBe-
HE MOJIEJLITI0 CTOXACTUIHOrO ODAraTropykoro OaHIm-
Ta 3 HaBeJIEHHsIM OIVisiay Ta Kiaacudikarmil. [o-
JIOBHOIO METOIO0 PO3IJISTHYTUX CTPATEriii € MaKCH-
Mizariss TpubyTKy, IO eKBIBAJEHTHO MiHiMizarril
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BTpaT. [IpoBeneno anamiz cKJIaIHOCTI IUX CTpaTe-
riit, yMOB iX epbeKTUBHOCTI Ta BTpAT JJIsi BUTAIKY
6araTopyKoro GaH/IuTa y CTOXACTUIHOMY CEPEJIo-
BuIll 3 po3uoiiyiom Bepuymai. PosrstayTi Teope-
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Y emammi poss’szano ninocky zaoauy meopii npysicHocmi 0l 48epMbNIOWUHY, WO 3HAXOOUMbCSA Ni0
0i€l0 HeCmayioHapHo2o Hasanmasicents. Buxiony zadauy 36e0eno 00 00HOBUMIPHOT ULISXOM 3ACMOCYBANHSL
inmezpanvhux nepemeopenv Jlannaca ma @yp’e. OOHOSUMIpHY Kpatiogy 3adauy Y HpOCMOpi
MpAHCHOPpMAHmM  3aNUCAHO Y 6eKMOPHIU ¢hopmi, ii po38’a30K 3HAUOEHO 3a O0ONOMO20I0 anapamis
Mampuuno2o ougepeHyianbHoco wucienus ma mampuyi-pyuxyii Ipina. s obepuenns ompumaHux
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@yp’e. Poszs’sizanns euxionoi 3adaui 36e0eHO 00 pO38 SA3AHHA CUHZYIAPHO20 [HMESPANIbHO20 PIGHSHHSA
BIOHOCHO HeBIOOMOI (DYHKYII nepemiwjeHb Ha OOHIU 3 epaHell YeepmvnlowuHuy. Jlane PiGHAHHS PO38 13aHO
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KimodoBi cnoBa: ugepmuniowuna, HecmayioHapHe HABAHMANCEHHS,
cuneynspHe inmespanvie pigHsaHHs, mampuysi-gynxyis I pina.

inmezpanvhe nepemeopeHns,

The plane problem for an elastic quarter-plane under the non-stationary loading is solved in the article.
The method for solving was proposed in the previous authors’ papers, but it was used for the stationary case
of the problem there. The initial problem is reduced to the one-dimensional problem by using the Laplace
and Fourier integral transforms. The one-dimensional problem in transform space is written in vector form.
1Its solution is constructed as the superposition of the general solution for the homogeneous equation and the
partial solution for the inhomogeneous equation. The general solution for the homogeneous vector equation
is derived using the matrix differential calculations. The partial solution is found through Green’s matrix-
function. The derived expressions for displacements and stresses are inverted by using of mutual inversion of
Laplace-Fourier transforms. The solving of the initial problem is reduced to the solving of the singular
integral equation regarding the displacement function at the one of the boundary of the quarter-plane. The
time discretization is used, and the singular integral equation is solved using the orthogonal polynomials
method at the fixed time moments. Based on numerical research some important mechanical characteristics
depending on the time and loading types were derived.

Key Words: quarter-plane, non-stationary loading, integral transform, singular integral equation,
Green’s matrix-function.

Communicated by Cor.-Member of the NAS of Ukraine Zhuk Ya.O.

The stationary statement of elastic problems for a
quarter-plane is quite well-known. One of the first
researches dedicated to the stationary problems for
elastic quarter plane was [1]. Two types of loading
were considered there, and the analytical solutions
were derived with help of Mellin transform and
Papkovich-Neiber functions. The static problem for
an elastic quarter-plane for arbitrary type of loading
was solved in [2].

© H.J. Baiicdensa, 3.10. XKypasnsoa, 2021

The problems for a quarter-plane in dynamical
statement are investigated much less frequently. At
this review authors concentrated their attention on
the analytical methods, which can be used for this
problem.

The apparatus of Volterra integral equation was
used in [3] for solving of the problem on optimal
control for either a displacement-vector or a stress-
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tensor component in a section of an elastic half-space
for the case of plane strain.

The apparatus of singular integral equations and
boundary integral equation method are powerful
tools for the solving similar problems. They were
used in [4] for the problem of dynamic stress
intensification due to the defect in a three component
elastic solid consisting of two dissimilar half spaces
and intermediate layer. The application of boundary
integral equations to 2D and 3D problems for space
under impact and time-harmonic loading was
presented in [5].

The methods for solving of the more complex
problems are also worth noting. The method of
solving plane unsteady problems for an elastic half-
space with a mobile boundary related to changing the
boundary conditions of a mixed type was presented
in [6]. There the solution was based on the method of
splitting the functions of influence, and also the
factorization method. The multiple-scale approach
using an extra slow time variable was applied for a
generally anisotropic elastic half-space in [7].

A technique for determining the stress-strain state
of an elastic half-plane under a nonstationary load
applied to its boundary was developed in [8]. The
corresponding boundary-value problem with initial
conditions was formulated, and Laplace and Fourier
transforms were used there. The initial-boundary
value problem for the linear one-dimensional Jin-Xin
relaxation model in a quarter plane was considered in
[9]. The asymptotic convergence and boundary layer
behavior were studied there by the Laplace transform
and a matched asymptotic analysis. The exact
solutions of nonstationary contact problems of
elastodynamics for a half-plane with the dry and
viscous friction in the contact zone having the
contact edge point moving with arbitrary variable
velocity along the boundary of a half-plane were
obtained by the use of Radon transform in [10].

As it is seen, the Laplace and Fourier transforms
are widely used for the solving of the non-stationary
problems. The most complex part in usage of the
Laplace transform is in its inversion. The useful
expansion theorems, which can be applied for some
classes of functions, were proven in [11]. The
relations that allow direct calculation of the original
function from its transform dispensing contour
integration were derived by the change of variables
in [12].

The method of mutual inversion of Laplace-
Fourier transforms was proposed in [13]. A
homogeneous isotropic elastic half plane with
nonstationary normal displacements on the boundary
was considered in [14]. The integral representations
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for displacements with kernels in the form of surface
influence functions were derived there, and the
originals were computed by using an algorithm of
joint inversion of Laplace and Fourier integral
transformations.

Cagniard-de Hoop method is also one of the well-
known methods for the inversion of Laplace
transform. The transient response in elastodynamic
quarter plane problems with mixed boundary
conditions was considered in [15]. Two dimensional
elastodynamic  equations were solved there
analytically applying of integral transformations and
Cagniard-de Hoop method and complex integration.
The transient response of multiple cracks subjected
to shear impact load in a half-plane was investigated
in [16]. The exact solution for the transient response
of Volterra-type dislocation in a half-plane was
obtained there by using the Cagniard-de Hoop
method of Laplace inversion.

As it can be seen from the review the problems
for dynamic elastic quarter-planes are not fully
developed, so it’s investigation is relevant. In the
following paper authors propose the another
approach dealing with matrix differential calculation
apparatus, matrix Green’s function and analytical
inversion of Laplace transform.

The elastic quarter-plane which occupies an area
describing in Cartesian coordinate system by the
correspondences x,y >0 is considered. The lateral

side of the quarter-plane is fixed
u(0,,6)=0,v(0,,1)=0 (1)
The normal load p(x,t) is applied to the upper
boundary of the quarter-plane:
O'y|y:0 = p(x,t),rxy o= 0,0<a,<x<a,t>0

2

v|y:0 =0,7,, o= 0,0<x<a,,x>a,t>0

The displacements and stresses that satisfy
boundary conditions (1) - (2), zero initial conditions
and the following motion equations should be found:

& k=10%u 2 &% _pK—lazu_
ot K+1g? k+loxdy Gr+1p2 ’(3)
*v k+10*>v 2 % P 0%y B

—+ + - =0,
where p - density, G — shear modulus, x =3 -4 u -

Muskhelishvli’s constant, x - Poisson ration.
The Laplace transform regarding the variable ¢:

{% (x,y)} _ T{“(x’y’t)}wdt

vs(x’y) 0 V(X,yaf)
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and the semi-infinite sin-, cos- Fourier transform
regarding the variable y are applied to the boundary-
valued problem (1) - (3):

oy (%) |7 u,(x.2) |[cos By
= Ty
vip(x) ] o[ (xy) |Lsin By
The boundary-valued problem in transform space
if written in the vector form

sz/sﬁ(x):fsﬁ(X),
5. (0) =0, lim 3,5(x)=0

Here s, f are Laplace and Fourier transform
parameters respectively,

(4)

(%) +2805,,'(x) = Py, (x),

1 3_")&()

0
Q: , f;ﬂ(-x)_ K+1 ,
1 ()
(B+a) 7 O

2K+1 2

0 e

)=, g £ (=%,

The solution of the problem (4) is constructed as
the superposition of general solution of the vector
homogeneous equation yfﬂ (x) and partial solution of
. L
inhomogeneous vector equation j, (x).

To find the solution of the vector homogeneous
equation the solution of the corresponding matrix
homogeneous  equation is  constructed [17]
LY, (x)=0, here Y,;(x) is matrix of order 2x2,
=e**] and

substituted into the homogeneous matrix equation.
As the result, the correspondence

Le" =M, 5 (f)ei is derived, where matrix
M, (&) has the form M, (&) =1£° +2B0¢ -
The solution of the matrix equation is found by the

formula [17] Y(x) :%meﬁM;ﬂl (g)dé‘ , where the
iy

which was chosen in the form Y,,(x)

closed contour C covers all poles of the integrand.
After the calculation of the contour integral with the
help of residue theorem the system of 4 matrix
fundamental solution, which correspond to the roots
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/ k-1 .
§1,2 :i‘\/ﬂ2 +q2a‘§3,4 ==t :Bz +qzm 18

found. Considering that solution Y, (x) has to

decrease on infinity, the following general solution is
derived

ysﬂ<x>=(x<x>+n<x>)[3]

2

)

where Yl(x),Yz(x) are matrix solutions that

correspond

_\/ﬂ +q s 2

that are found from the boundary conditions (1).
To find the partial solution (4) Green’s matrix-

function G ,(x,&) is constructed [18] for the

roots

, ¢,C, are constants

auxiliary boundary problem
L2J_’;sﬁ (x) =/fs (x)7
Vol Fop(x)]= 0, lim 7y (x) =0

where

. 1 0). 0 0)_,
RO R IO e IO}
The kernel of integral transform is chosen in the
f sin ax 0
orm f (x,a) = )
0 cosax

Green’s matrix-function is constructed as the
bilinear expansion

(xfz—_[H (x,0)Q () H (¢,)da

Here

sﬂ (0() = _Iaz - 2ﬂaQ - Pvﬁ

~ 0 1/(x+1)
Q = .
1/(x-1) 0
The partial solution of the problem (4) has the
following form

) =[Gy (66) 7y (£)d

Uniting (5) and (6) the solution of boundary
problem (4) is found in transform space

50 ()= o) 6 ()7, ()
(7

The displacements (7) and stresses in Laplace-
Fourier transform space are inverted analytically by
the mutual inversion of the Laplace-Fourier
transform. According to the approach [19] the

substitution S =As is done in each transform

(6)
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Vi (s, ) ) . Then the following two representations

for the functions in Laplace-Fourier space are
derived

fLF (s,z) _ e-Asmh(ﬂ) (8)
fLF (S,Z) _ e—s(A A’+R+B /12+K)h(/1) ©)

Here A,B,R,K >0 are some constants that

depend neither on s nor on A, A (},) is some known

function.
The changes of variables
A(x/12+R—&)+lzi:t and

ANV +R—ANR+BJA* +K —BJK + Azi=t a

re done for the functions (8), (9) respectively. So,

two expressions for the functions
A(t),a(t)=A? (t) + R for the first case and four
express10ns the functions

= A2 (t)+R.B(t)

the second case are derived. So, the original
functions are constructed by the formula

f(t,x)zljilg(ﬂ (t,z)—ff (t,z)),z=x+iy,

where

7o 0.2)= 5o (= aR) 5 (1)

[ P }(z— )dz

:i%[hg}(z—m/_)

for the first case and

fi (t,z)= —i]gd'(r—A\/ﬁ—B\/E)[h%}(t—z')d‘r

©

—i{é‘(r Af) -

2

1 0
27:01

0y
{h - }(t—A\/E—B\/E)ﬁL
i

for the second case.

Here 0 (t) is the Dirac delta function.

As the result the expressions for the
displacements and stresses that depend on unknown
function y(x,¢) are found. For its finding the first

LI&(r—Aﬁ—BR)%{h%}(l—ﬂd?

condition in (2) is used. It reduces to the following
singular integral equation

2021,3
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feten)

—-l<x<1,

+f(§,x,t—r)}d§:r(x,t),

L'—.»—

—X

(10)
are knowrtl 4;egu1ar

E+ (ao + al) ;
2 T
The equation (10) is solved with the help of time

discretization and orthogonal polynomials method
[20]. For it the functions

)Zk(f):j(é:,tk),k:l,l... are inputted. The

unknown functions are searched in the form

&)=Y 5,18, (&), e[-11] a1

The correspondence (11) is substituted into the
equation (10) and, using the orthogonal polynomials

method With the spectral correspondence
2

where

f(f,x,t),r(x,t)
functions, j(f,t) = Z[(al —ao)

1
L (tn—
dx’ e ‘x— y‘
the following infinite system of linear algebraic
equations for each time moment # is derived

1-y’U, (y)dy =-z(n+1)U,(x), -1<x<1

ZZSMDMM forsm=0,1,2.,L=12,.. (12)
k=1 n=0
where _I xt \/1 x2dx,

D, = jdxj U, (£)U

X)1=-EN1=x2 [ (&,x,1,)dé

The system (12) is solved with the help of
reduction method.

So, the expressions for the displacements and
stresses inside the quarter-plane are found for each
time moment ¢,k =1,2,....

Conclusions

The non-stationary problem for an elastic
quarter-plane was solved with the help of
Green’s matrix-function and apparatus of matrix
differential calculation. The solutions derived in
the transform space were analytically inverted
by the mutual inversion of Laplace-Fourier
transform. The solution of the problem was
reduced to the solution of singular integral
equation, which was solved by time
discretization and the orthogonal polynomials
method. The stresses’ change during the change
of geometrical coordinates were studied.

(13)
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B pobomi poseaanyma 3a0a4a 8UNDOMIHIOBAHHA NAOCKO20 NOPULHA Y KAUHYEAMOMY TEUAE8001. Jo-
CALONCEHO 0COOAUBOCTNE BUNDOMIHIOEAHHA NAOCKO20 NOPUHA Y KAUHYSAMUT TEUACEOD 8 3GAEHCHOCT
610 napamempie 3a0a4i, @ CaMe, KYma PO3TUMY KAUHY T TEUABOBO20 POSMIDY NOPULHA, MOOMO 6idHoWe-
HHA JOBHCUHU NOPUWHA 00 J0BHCUHU TEUAL, KOMPY 6iH sunpomintoe. Obuucieni diazpamu CNPAMOGH-
HOCTNE NAOCKO20 NOPUHA Y KAUHYEATNOMY TEUNAEC00] NPU PISHUL KYMAT PO3TuAY Kiuny. Ilokazano, uo
nPU NEBHOMY CNIBEIOHOUEHHT MINIC TEUNADOBUM POZMIPOM NOPUHA | KYMOM DOSTUAY KAUHY MONCAUBH
HAAGHICTND MIHIMYMY Y JIA2DAMI CTIPAMOBAHOCTIE Y300601C 0Ct cumempii xauny. 1Iposedeno pospaxymrry
MOOYASL TRUCKY 6 OKOAL NOPWHA, KOMPL IAIOCTPYIOMDb, 4K NOCMYNOEO POPMYEMHCA NPOSaA 6 Jiazpami
CNPAMOBAHOCTVE 8 HANPAMKY OCL TEUAEBODY.

Kmouwosi caosa: Memod wacmkosux obaacmeti, KAuHY8aMUL TEUAECEO0D, TEUABOBE TLOAE.

In the work the task of radiation of a flat piston in a wedge-shaped wavequide is considered. The
peculiarities of the radiation of a flat piston into a wedge-shaped waveguide depending on the parameters
of the task, namely, the angle of inclination of the wedge and the wave size of the piston, that is the
ratio of the piston length to the wavelength it emits, are investigated. The directional charts of a flat
piston in a wedge-shaped waveguide at different angles of the wedge are calculated. It is shown that at a
certain ratio between the wave size of the piston and the angle of inclination of the wedge, it is possible
to have a minimum in the directional chart along the axis of symmetry of the wedge. Calculations of
the pressure modulus in the vicinity of the piston are performed, which illustrate how the failure in the

directional chart in the direction of the waveguide azis is gradually formed.
Key Words: Partial domains method, wedge-shaped wavequide, wave field.

CrarTio npejcrasus 4ien-kop. HAH Ykpaiuu, a.¢.-m.H, tpod. 2Kyk A.0.

1. Betyn
XBUJIEBLT — CTPYKTYpa, IpU3HAYEHA /I ITe-

pemadi 3ByKOBUX 200 €I€KTPOMArHITHUX XBUJIb, B
AKii MOMINPEHHSA XBUJII 0OOMEXKEHO OJHUM 9H JIBO-
ma Bumipamu [1]. B inxkenepniii npakruii xsuje-
BOJIU IHUPOKO 3aCTOCOBYIOTHCHA B PaJiOeeKTPOH-
HUX Ta aKyCTUYHUX TPUCTPOSX, TOMY iHTEpeC 0
JIOCJTIKEHHS XBUJIBOBUX TTPOTIECIB B TaKUX CTPY-
KTypax He CIIaJIae.

B pobori, na 6a3i meToy yacTkOBUX 00IacTE
[2], posrasgiHyTa 3a7a9a BUMPOMIHIOBAHHS TLJIOCKO-
TO TIOPITHS y KJIWHYBATOMY XBUJIEBOJI. 3TiTHO 3
METOJIOM YaCTKOBUX OOJAcTeil Besl CKaagHa (He-
KaHOHIUHA) 00J1aCTh ICHYBaHHS XBHJILOBOTO IOJIsI
pO30MBaEThCA Ha MPOCTi 00J1ACTi, B KOXKHIl 3 SKUX
BJIAETHCs OOy IyBaTH 3arajabHUil PO3B I30K PiBHS-
mag lenpMmrosipiia. [licas mporo BUHMKaE HEOOXi-

© B.O. I'ycaxk, 2021

JIHICTh CIpS?KEHHs [IUX PO3B’43KIiB Ha TI'DAHUIAX
JaCcTKOBUX objacTeit i, mpm HEOOXiTHOCTI, 3a/70-
BOJIEHHSI TPAHUYHAX YMOB HA TEBHUX T'PAHUIHUX
TIOBEPXHAIX Ta MOBEPXHAX BUMIPOMiHIOBaUiB. Peauti-
3alfigd TPAHUYHUX yMOB TMPU3BOIUTEH 0 (DYHKIIO-
HAJBPHUX DPIBHAHD 3 HeBimoMuMu KoedilieHTamMu,
JKi € aMIUITyHUMEA KoeillieHTaMu MO Y BiIO-
BITHMX JACTKOBUX ODJIACTSX.

st BU3HAYEHHST TIIYKAHUX aMILITYTHUX KOe-
ditienTiB MO, CIiT TEpeRTH BiI IUX PIBHAHDL 10
cuCTeMu JIiHITHIX agredpaiaaux piBHgHb. B mamiii
CTATTI Tepexij 10 cucrteMu aaredpaiuHnX piBHIHDb
BIIICHIOETHCS 38, JOTOMOIOI0 TTOTOYKOBOI'O CIIPSI-
»KeHHd mo1iB. et miaxim mossarae B TpUPIBHIOBAH-
ui dynkniii (nmosis B cymiKHUX YacTKOBUX 00J1a-
CTsIX) B KIiHI[EBOMY HaOOpi TOYOK (HA3BEMO IX BY-
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3JI0BI TOUKM) Ha rpaHuIl 1ux obracreil. KinbkicTs
BY3JIOBUX TOYOK HA TPAHUIT BU3HATAE TTOPSIIOK CH-
CTEMHU PiBHSHB i, THM CAMHAM, KLTBKICTh MIYKAHUX
aMILTI Ty AHIX KOeiIienTiB MO B 9aCTKOBUX 0014~
CTIX. 3a3BUYail, TAKWH MiAXia, Ha BIAMIHY BT mi-
X0y 3 BUKOPHUCTAHHSIM BJIACTUBOCTI OPTOTOHAJIb-
HOCTI BIAHOBiAHOTO Habopy (PYHKINM, HE MICTHTH

obumcaIIoBaAIBHAX TPOOIEM.
2. IlocranoBka i po3B’a3annga 3agad4i
Posrisgaerses miocka 3ajada mpo BAPOMI-

HIOBAHHS TOPIIHA B HECKIHUEHHWH KJINHYBATUH
xBusieBog (puc. 1). TToBepxni xBueBoy ijgeaibHo
JKOPCTKI, TOOTO, JOPIBHIOE HY/IIO HOPMAJIbHA CKJIa~
JIOBa, KOJMBAJTBHOI TIIBUIKOCTI Ha WX TTOBEPXHX.

-b\2

-L\2

Puc. 1: Teomerpis 3amaui

Tlopirens 3maificHiOE rapMOHIYHI KOJTUBAHHS 3
qacToTOI0 W. PO3Mogim MBUIKOCTI Ha MOBEPXHI
nopmasa v(rg,y) = 1. Bymemo BBaxkaru, mo B
TpukyTHiit obmacTi O A B XBUIBLOBE T0J€ BiCYTHE.
3riiHO METO/Y YaCTKOBUX 00IaCTEH BUILIMMO IBi
vacTkoBi obsacTi. Ileprira wacTkoBa 0061aCTH 0OOMe-
JKeHa TIOBePXHeI0 TMOPINHA 1 JYTo KOJa pajiyca
R, —¢/2 < 0 < ¢/2, Tobro, yrBOpEHa YaCTHHAME
TTOBEPXOHB JIEKAPTOBOI 1 OJIPHOI CUCTEM KOOPJIH-
mar Bigmomizmo. JIpyra wactkoBa 007acTh 3a1ae-
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ThCST TIOJIIPHUMHU KOOpAMHATaMu 17 > R, —¢/2 <
0 < /2.

[Tone Tucky B obaacti 1 3anunieMo y BUTJISA
CYMU MOJI TLIOCKOTIAPATENTHHOTO XBUIEBOIY 1 CyMU
MOJT 0OMeKeHOT 06J1acTi KJAMHYBATOTO XBUJIEBOILY
(qacoBuii MHOXXHUK exp(-iwl) He muiemMo):

p1L= Z A, cos (any)exp(ivn(z — z0))+

n=1

Jg,, (k)

JZ;"(k:R) ’ )

+ Z B, cos(8,0)

n=1

gean_u, Y = /K2 — a2, Bn_w
n=1,2.; k=uw/c— XBUIbOBE 4nCJIO.

[Tone Tucky B obsacti 2 mnpejcraBuMO Y
BUIJIAl CyHepro3uriii OiKydIux MUIiHAPUIHAX
XBUJIb:

1
H) (kr)

a1 (kR) ®

2= Cycos(B.0)

n=1

Il BU3HAYEHHsST TPHOX HAOOPIB HEBIIOMEX

koedimientis A,, Bn, Cp, n = 1,2... caig pos-
MUCATH TPU TPAHWYHI YMOBH:
1 Ip1 L L
1)) ————= =[-=,=], 3
) zwp ox ’U<m07y)7 x Zo, Y [ 97 2]7 ( )
Npi=p, =R, 0=1-2.2 @
opr  Op2 ¢ ¢

[Tincrasusmm supasu (1), (2) B rpanndsi ymo-
Bu (3) — (5) oTpuMaEMo HACTYIIHI TPU PiBHSIHHS:

00 o0 k. /2
)1 Z Apyn cos (any> Z os(B, arctan x) Tn Jﬁ (g;;R—;— v) =iv(x0,y), (6)
n=1 n=1 n T=x0
) Z Ap[cos(apRsin 0)exp(iy, (R cosd — )] + Z By, cos(B,0 )B"E:‘Z;—
n=1 =
H kR
_ Z Ch, cos(B,0) 5"1),(;]%)) =0, (7)

3) Z An% [cos(anr sin @) - exp(iy, (rcos @ — :L‘[]))}

n=1

- Z Cp cos(Br0) = 0. (8)

n=1

B, 0
o + ; cos(fn0)
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Ilpn BukomanHui rpannvanx ymos (3)-(5) Oy-
JIEMO BUKOPHMCTOBYBATH TIOTOYKOBE CIIPSIZKEHHS
MOJIB. 33JlaM0 KOODJWHATH BY3JOBHX TOYOK Ha
noBepxHi nopmag (T; = Zo,Y;), J = 1,2,...,n1,
a Ha I'PaHUIl PO3/iJy dacTKoBux obsacreit 1 1 2
= (rm = R,0m), m = 1,2,...,
3JI0BUX TOYOK M 1 My BU3HAYAETHCH XBUIBLOBOIO
BiCTAHHIO MiXK By3/0BuMu TOYKaMu A /.

ng. Kinekicts By-

3. Anani3 4McesbHUX PE3YyJabTATIB
Bubepemo inTerpasbuuM KpuTepieM dKOCTI
BUKOHAHHS TpaHnYIHuX yMoB (3)—(5) Haiibiabimn
2KOPCTKY YMOBY, & caMe IHTerpaJ Biji MOJyjas pi-
3HUII TIOJIIB HA TTEeBHINH MexXi:

1 L/2
5U:/ v(xo,y) — viy (20, dy,
T - _ml (z0,y) — viy(zo,y) | dy
(9)
5 /W 0)—p>(R,0) | Rdf
. (R, R,0) | Rd6,
g |p1 13 0) | J_g/2 al b2
(10)
1) o 0 0 0
ur UrR ’UTR, Rdo.
,UIRO,/WM )—var(R,0) |

(11)
PesynpraTty po3paxyukip iHTerpasbHUX KpH-
TepiiB npuBeeni B Tabir. 1. Bubpani taki napame-

Tpu Mojeni: ¢ = 130°, R/A=1,2, L/\ = 2,2.

Tabu. 1: Tarerpansai kpuTepii
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Puc. 2: AMmmiTyna MIBHAKOCTI Ha TTOBEPXHI TOpP-
TITHST

lp|

TN

-—

A/)\ ni no 5vy 6vr 5pr

0,08 | 28 | 35 | 0,047 | 0,017 | 0,022
0,1 | 22|28 | 0,053 | 0,018 | 0,027
0,2 | 11 | 14 | 0,086 | 0,085 | 0,156
0,3 | 8 | 100,111 | 0,179 | 0,343

Ha pwuc. 2 i puc. 3 nmokazana rpadiuna iro-
CTpallisd BUKOHAHHS TPAHUYIHUX YMOB TIPU XBUJIBO-
Biit Bizicrani Mixk By3aosumu Toukamu A/A = 0, 1.
[Mapamerpu momeni: R/A = 1,2, ¢ = 130°. Ananis
moAibHTX PO3PAXYHKIB MOKAZYE, M0 BUOIP BeIMIH-
an A/ < 0,2 3abesnedye npuilHATHE BUKOHAHHS
TPDAHWUTHUX yYMOB.

]
A )

0.5

0 ky

0.5

=50 0 50

[P |
|

Puc. 3: Mogyni tucky (a) i pajiagbHOI IIBUIKO-
cti (6) B31OBXK myrm Koaa pagiycom R: minis — 3i
croponn obstacti 1, Touku — 3i croponn obaacTi 2

Puc. 4: HiarpamMum cipsiMoOBaHOCTI
kpuBa 1 — ¢ =40°,2 - ¢ =50° 3 -9 =70° 4 -
¢ =90°5-¢=130° 6 - ¢ = 180°

Ha puc. 4 mokazani JiarpaMu CIIpsIMOBaHOCTI
(maabHE TOMIE) IPU PIBHUX KyTax PO3XUJIY KJMHY
i Bemmanni R/A = 1,2. Moxna BinMiTuT 1Bl Xa-
PAKTEPHI PUCK CYKYITHOCTI IUX KPUBUX.
1) Tpw xyrax posxmay kamuy ¢ > 120° dhopma
TOJIOBHOI TIETIOCTKN TPAKTUYHO 3aJIUIMIAETHLCI He-
3MIHHOIO 1 BiJIMTOBi/Ta€ TOIOBHIM TEIOCTIN TPX KYTi
po3xuiy ¢ = 180°.
2) IIpu neBrOMY CIIBBiHOIIEHH] MiXK TTapaMeTpa-
Mu mozeni (B maHoMmy Bumajaky ¢ = 50°, R/\ =
1,2) dopMyeTbes NpoOBas B XapaKTEPUCTHIL CIIPsi-
MOBAHOCTI y3/10BK HanpsiMky 6 = 0°.

et dpakT € HACTIIKOM TOTO, IO TEPITA i APY-
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ra CUMETPUYHI MOJIU KJANHYBATOTO XBUIEBOY, TIPH
KyTi po3xuiy ¢ = 50° B HANPAMKY OCi XBHJIEBO-
ay 8 = 0°, aBasioThcd MpakTUIHO npoTndasHi B
JAJTBHBOMY TIOJIL, IO 1 TPU3BOAUTE J0 TTPOBAJIY B
Jiarpami CIIpsIMOBAHOCTI.

Ha pmc. 5, nokazamo mpocTOpOBHUit POBTOIIT
MOJIYJI TUCKY B OKOJIi MOPIIHS JJist IBOX 3HAYEHD
posxuyy kauny ¢ = 70° i ¢ = 50°. Y Bumagky
KyTa po3xuay kjuHy ¢ = 50°, 6a4uMO K MOCTY-
OBO (DOPMYETHCsI IPOBaJ B Hanpsvky 0 = 0°. A
oT TIpu KyTi po3xuay KanHy ¢ = 70° y3/10BXK Ha-
npsaMky 6 = 0° (bopMyeThCsT MAKCUMYM B Aiarpami
CITPMOBAHOCTI.
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Puc. 5: Po3noain Momynad THCKY B OKOJ1 TTOPITHS
OJId TBOX 3HAYEHb PO3Xuay kiamay ¢ = 70° i

¢ =50°, R/A=1,2

Koutip 3MiHIOETHCS 9K B paiiaysi — BiT T€pBO-
HOTO 110 (piosteroBoro. Yepporwuii KoJip Biamosigae
MaKCUMYMY MOJIYJsS TUCKY, & biojieToBuit — MiHi-
MYMY MOIYJIST TUCKY.

4. BucHOBKU
1. Ha ocuoBi Merojy dacTkoBux obJacreit

OTPUMAHO PO3B’SI30K 3aa4i PO BUIIPOMIHIOBAHHS
TOPIMHS B HECKIHUYeHHWH KJINHYBATHU XBUJIEBOJ.
IIpm 1mbOMYy BHKOPHWCTAHO TTOTOYKOBE CIPSIKEHHST
XBUJIBOBUX TIOJIIB.

2. Ilokazano, 10 XBWJIBOBA BIJICTaHb MixXK
Byasopumu Toukamu A/A < 0,2 3abesnedye
OpuHATHEe BUKOHAHHS TPDAHUIHAX YMOB.

3. Obuncsieni giarpaMu CIpPAMOBAHOCTI ILIO-
CKOTO TIOPIIHS y KJINHYBATOMY XBUJIEBOJL TIpU Pi-
BHUX KyTax po3xuiay kjway. [lokazamo, 1o mpum
IIEBHOMY CIIIBBIJTHOIIIEHH] MiXK ITapaMeTpaMu MO-
aeqi (KyT posxusly KJMHY 1 XBUJIBOBUI DPO3MIp
nopiras) GOPMYEThCS MPOBAJT B XapaKTEePUCTHIL
CTIPSIMOBAHOCTI Y3/I0BXK HANpsSMKY KyTa 6 = (0°.
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Posensmnymo eunadok nowupenns y 8y3vKill YuriHOPUYHit mpyoi nioCcKoi no3008AHCHbOL 36YKOGOL X6UJ, 6
SKIU CKAA008I pyxy piOuHu, napaneivbHi oci mpyou, Maiome 3HAYHO OLIbWY KIHEMUuuHy eHepeilo Hidc
CKIA008I, NepneHOuUKyIapHi oci mpyou. JJocriodcenns Oii akycmuyHoi padiayitinoi cunu 36yK08020 Nois Ha
meepoy cepuuHy YacCmuHKy 6 3aNOGHeHIll I0ednbHOI0 DPIOUHON MOHKOCMIHHIU NPYXICHIU YUTIHOPUYHIL
mpybi npogedeHo y 06a emanu: Nepuiuil — po36 s3aHHsA JIHIUHOL 3a0ayi pO3CisHHs NePEUHHOI X6Uli Ha
nepewkooax, opyeutl — 0OYUCIeHHst 2i0POOUHAMIYHUX CUT, SIKI OiIOMb HA Cepudny YACMUHKY, 3 HACTHYNHUM
ocepednennsam ix 6 uaci. Busedeno gopmyny 0ns obuucients akycmuyHol padiayitinoi cunu 0as makozo
BUNAOKY.

Kniouosi  cnosa: ideanvna piouna, niocka aKycmuyHa Xeuis, meepoa cepuuHa 4acmuHKa,
2iopoounamiyna cuna, padiayitina cuua.

Acoustic radiation force effect upon a rigid spherical particle placed in the thin elastic tube is studied.
The problem of determination of the acoustic radiation forces acting on an obstacle in an ideal liquid is
formulated with respect to the Lagrange coordinate system. Thus, the radiation pressure is defined as time-
averaged value of the acoustic pressure over the obstacle surface. This approach is adequate if, at
determining of the acoustic pressure in a fluid, the deviation of the pressure from the harmonic law in time
domain is taken into account in the obstacle vicinity. An action of the acoustic radiation force on the rigid
spherical particle placed in the thin tube with elastic wall is studied here for the case of the incident plane
sound wave propagating along the tube axis. Model is developed to describe the response of the sys-tem
consisting of the compliant infinite thin circular cylindrical tube filled with the ideal compressible liquid and
rigid spherical body which is immovable and located on the tube axis under the plane wave propagating
along the tube axis. The problem of the hydrodynamic characteristics determination is reduced to the
solution of the infinite system of algebraic equations that can be solved by the reduction method. The
formula for the acoustic radiation force calculation is derived to characterize the force acting upon rigid
spherical particle in the thin compliant elastic cylindrical tube.

Key Words: ideal liquid, plane acoustic wave, rigid spherical particle, hydrodynamic force, radiation
force.

Crartio npenctaBus akaaemik HAH Ykpainu [lepectiok M.O.

1. Beryn panialiiiHuM THCKOM.

Jliniitne HaOMVKEHHS TSl OOYMCIIEHHS aKyCTHY-
HOT'O PaIialliiHOTO TUCKY BUSIBIIAETHCSA HEJOCTATHIM.
BusiBisieTbesi, oiHaK, 110 OOYUCIICHHS aKyCTHUYHOIO
TUCKY 3 BpaxyBaHHSIM BEIHYUH JPYroro MOPSIKY
MaJIOCTI MOYKHA BUKOHATH, BUKOPUCTOBYIOUH MMOTCH-

[Ipu mommpeHHi rapMOHIYHOI IUIOCKOI XBHJII B
aKyCTHYHOMY CEpEJOBHIII KPiM MEPiOAUYHOTO 3BY-
KOBOI'O THCKY BHHMKA€ CTaJUil THCK 3BYKOBOI'O BH-
npomiHeHHA [1,2], SKWii Ha3WBaIOTh aKyCTHYHHM
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miaJl  MmoJisl IMIBHAKOCTI, IO BH3HAYEHUH TIpH
PO3B’s13aHHI JiHINHOI 3a1a4i PO3CiOBaHHs MEPBHH-
HOT xBWIII Ha nieperkoni [1,2].

B nmaniit cratri mocmimKyeThest misl pamiamiiHol
CHITM 3BYKOBOTO TOJSI Ha TBepay chepuvHy dac-
THHKY B 3allOBHEHIH iJleaJIbHOI0 PiTUHOI0 TOHKOC-
TIHHIW TOJATIUBIN MIIHAPUYHIA TPYOLIi.

2. IlocranoBka 3agaui
PO3B’sI3yBaHHS

auppakmii Ta i

Po3risigaemMo mommpeHHs y BY3bKil IUTITHIPAY-
Hill TpyOi TIOCKOI MO3MOBXHBOI 3BYKOBOI XBHJIL.
[MocTaHoBKy JiHIMHOI 3a7ayi MepLIOro eTamy AOCi-
JOKEHHSI — BUBEJCHHS MMOTEHIIaTiB XBUIBOBOTO TMOJIS
B TpyOi — chopMyIIt0eMo TIpy YMOBI, 1110 BJIACTUBOC-
Ti PIIUHM, a TaKOXX MEXaHiuHI BIIACTHBOCTI TPyOH
TTO310BXKHBO OJTHOPIHI.

JocmipkeHHsS BUKOHAEMO IUISI BUITAAKY IFITiHA-
pu4HOi TpyOu, paiiyc sKoi @, IpU BiACYTHOCTI B
TpyOi THCKY, a TOBIMHA CTIHKH / . Matepian Tpyou
Mae Monynb FOnra E 1 koedinient [lyaccona v .
Tpyba 3amoBHEHa iA€aTFHOIO CTHUCIHMBOIO PiJHHOIO
TyCTHHOIO p,, MIBUAKICTb 3BYKY B fKil ¢,. B Tpy0i
3HaXOAMTHCS TBEpAa chepHyHa YaCTHHKA paniycy d
3 HEHTPOM Ha OcCi TpyOu.

BBenemo UMIIHAPUYHY CHCTEMY KOOPIMHAT
(R,z,¢), Bicb Oz sKOI HalpaBUMO B3JIOBX OCI TpPY-
0u, a 1MoYaToK KOOpJMHAT BHOEpeMo B LIEHTpi cde-
pUYHOi YacTHHKU. BBememo Takox chepuyHy cuc-
TeMy KoopAuHaT ( r,6,¢ ) K IoKa3aHo Ha puc. 1.

Puc. 1. TBepna cdepuuna 4acTHHKa y BY3bKii moja-
TIUBIN HECKIHUEHHIHN TPYOIIi.

[T10cKa 3ByKOBa XBHJIS MOLIMPIOETHCS B TPYOl Yy
JI0JIaTHOMY Hampsimi oci Oz 1 ONMHUCY€ETHCS MOTEHIia-
JIOM

®, = Aexpli(kz - wr1)]. (1)

2021,3

Bulletin of Taras Shevchenko
National University of Kyiv
Series Physics & Mathematics

[orenuian 3BykoBoi xBuii © (1) y Biamo-
BITHOCTI 3 MPUUHATAM METOJOM JIOCHI/DKCHHS €
PO3B’S3KOM PiBHSAHHS

10’0
c* ot

VY dopmynax (1) i (2) mozHayeHo: A — am-

nityna; k=w/c — XBUIbOBE YHCIO; @ — KyTOBa

AD 0. )

yacToTa; ¢ — 4ac; A — audepeHIiaabHul oneparop

Jlannaca; ¢ — IMIBHAKICTH TUIOCKOI XBHWIII B PiJIUHI,

sKa 3allOBHIOE TMOJATIMBY (elacTudHy) TpyOy. 3a-

3HAYMMO, M0 MIBUJAKICTh ¢ IUIOCKOi XBHIJI B TPyOi

BIAMIHHA BIiJ IIBHAKOCTI IIOCKOI XBWII B HEoOMe-

JKeH1H piauHI i 00YHCITIOETHCA 32 (HOPMYIIOI0
%

. JU+2R,J(hE'B,)
B sKill E'= E/(l—vz); By = 1/(pc02) — CTHCIHMBICTb

(€)

piguHu; R, =a, — paaiyc TpyOu IpH BiJICyTHOCTi B
Hill TUCKY, 0OYMOBJIEHOTO 3BYKOBOIO XBUIICIO.
[[IBuaKicTh piAMHU 1 THUCK, OOYMOBIIEHI 3BYKO-
BOIO XBHJICIO, BU3HAYAIOTHCS (hopMynaMu:
od

v = grad®, p:—pog.

B mnomanpmomy 3rigHO [2] BHKOPHUCTOBYEMO
0e3p0o3MipHi BEJTHMYHHU.

IToTeHmian XBUILOBOTO OIS B TPYyOi OpMY€ETh-
csi B pe3ynbraTi iHTepdepeHIlil nepBUHHOT XBUII i
XBHUJIb, PO3CISIHUX Ha TBEpiil cdepi i BIGOUTHX Bif
CTiHKM TpyOKH. B pe3ynbraTi moTeHIias XBHILOBOTO
1oJIs B TpyOILll Ma€ HACTYITHUN BUTJISL;

P=0,+D , +D,,.

Y popmyni (5) @

Toi Bix chepuuHoi vactunky; P, — TOTeHIiaN

4

&)

o — TOTEHLIaN XBUIi, BiOH-

XBUWJII, BIIOUTOT BiJ| €TACTUYHOI CTIHKM TpyOKu; @ —
3araJbHAN MOTEHIlia)l XBHIILOBOTO TIOJISl B TPYOITI.

3HAaXO/UKEHHS IMOTEHIIAIIB [IUX XBUIb 3BOIUTH-
Csl IO PO3B’sI3yBaHHs 0araTo3B’sI3HOI JIHIMHOT 3a1a4i
Judpakuii nepBUHHOT XBWIL Ha TBepAii cdepi 1 Ha
BHYTpIIIHIA MOBEpXHI NOAATINBOI (€IacCTHYHOT)
TpyOKH — pO3B’sI3yBaHHS 3HEPO3MIPEHOTO JIiHIHHOTO
XBHIILOBOTO PIBHSIHHS

AD +(nw)’ & =0 (6)

nen=1/c.

Juns piBasiaHSA (6) CHOPMYITIOEMO TPaHUYHI yMO-
Bu. Ha moBepxHi Hepyxomoi TBepaoi cdepu HopMma-
JbHA MBUAKICTH PIAMHA JOPIBHIOE HYIO

oD
== =0 7
V=5 (7

r=d
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Ha BryTpimHiil moBepxHi noaaTinBoi (enactud-
HOi) TpyOKH IpaHHYHa YMOBa IIOBHHHA 3a]I0BOJIbHS-
TH PIBHICTH pajiabHOI mBHUAKOCTI 0D / OR pinunn
1 pagiaibHOT MIBUAKOCTI BHYTPINIHBOI MOBEPXHI CTi-
HOK Tpybku a(t), me a(t) — BHyTpimmiil panmiyc
TpyOu B MOMeEHT ¢. B miHiiiHIl Teopii 1f0 TpaHu4HY
YMOBY MOJKHA 3aITUCATH 5K

00l 400,

oOR
OCKiIbKM OyZab sika pi3HMUS B 3HaueHHAX OD/OR

®)

r=a

npu R=a(t) inpu R =a, € MeHIIA HiXk

o’

|a (1) a0|max T

)l

TOMY HEIO MO>KHA B JIiHIHHIN Teopii 3HexTyBatH [1].
Horenuian @, poscisHux Ha chepi XBUIb MO-

BUHEH 33JI0BOJILHATH YMOBaM 3oMMepdenbaa

dd
limr[ sph

—io®d =0; lim®_, =0. (9
s dr sphJ s sph ( )
OCKIiNbKY piAMHA 3HAXOIUTHCS B TPYOi, TO mMoTe-
HIan CDCy, BiIOMTOI BiX BHYTPINIHBOI TOBEPXHI
TpYOH XBUJII MOBUHEH OYyTH OOMEKEHUM:
@, = const ko R —0. (10)

Taxum unHOM, piBHSIHHS (6) 13 ymoBamu (7)—(10)
(OpPMYIOTh ITOCTAHOBKY 3a/adi BU3HAYEHHS IMOTCH-
LiaTiB MOJIS MIBUAKOCTI B MOAATIMBIN TPYOIL.

3. IToGynoBa noTeHniagiB XBUJIbOBOI0 MOJISI B
NoJATJIMBIl BY3bKill TPYOui

Bu3HaunMO TOTEHIIaNH, NpUBEACH] Y Gopmyii
(5), po3p’si3aBUIM OaraTo3B’si3HY 3a1ady IS PiBHSH-
Hs (6) npu rpannyHEX ymoBax (7)— (8) Ha moBepxHi
chepuvHOi YACTHHKM 1 Ha BHYTPILIHIK HOBEpXHi
tpy6u. [lorenmiaim @, i @, s3HaiigemMo 1pu
pO3B’s3yBaHHI PiBHSHHA (6) METONOM PO3IiTEHHS
3MIHHUX Y BIJIMOBIIHUX CHCTEMaX KOOpAuHAT (cde-
pHYHI | WTHAPWYHINA). MHOXHHY po3B’s3kiB @,
BUOEpEMO Yy BUIIISAII y3arajJbHeHUX paniB Oyp’e mo
chepruvHUX XBUIIBOBHUX (PYHKITISIX

ZA W (wr) (11)

— Yy BUIJIAZI iHTerpana

nn

P,(cos8),

D Sph

a MHOXHHY po3B’si3kiB @,

_ TB (\/a) ¢ R) e, (12)

Y gopmynax (11), (12) 4" (w) — chepuuni dy-
Hknii [aHkens mepmoro poay #n — ro MOPAIKY;
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P, (w) — noninomu Jlexauapa; J,(w) — uuiinapu-

n

yHa ¢yHkuig beccens HynboBOro mopsaxy; A, —

n
HeBigomi crami; B(&) — HeBinoma ryctuna; & —
B (1) i
exp(—iwt) He mpuBEsEHO.

cTajia PO3JIJICHHS. (12) MHOXHUK

I3 MmuHOXMHU po3B’s3kiB (11) 1 (12) piBHsAHHS (6)
BHOEPEMO TaKi pO3B’SI3KH, SIKi 33JI0BOJBHIIOTH YMO-
BaM (7), (8) (ymoBaM Ha HeckiHueHHOCTI (9) 1 Ha oci
TpyOu (10) BOHU 3aJJ0BOJIBHSIFOTH aBTOMATHYHO).

Cxunagosi notenmianu (1), (11) 1 (12) motenmiany
(5) mons mBHAKOCTI pinuHK B TpyOi ofepkaHi B CH-
cTeMax KOOPJIMHAT, 3B’ s3aHUX 3 cEeporo 1 3 IUITiHI-
puuHOto TpyOoro0. 1100 Bukopuctatu ymoBy (7) Ha
MOBEPXHI cHepUUHOT YACTUHKH HEOOXIJHO MOTEHIII-
an (5) 3amucaru y chepuyHiii cuCTeMi KOOpAWHAT
(r,¢,0), a, 100 BUKOPUCTATH TPaHUYHY YMOBY (8)
Ha BHYTPIIIHINA CTiHII TpyOHM, HEOOXiHO 3amucaru
noteHuian (5) y WWIHIPUYHIA CUCTeMi KOOpAMHAT
(R,$,z). JUii LpOro BHKOPHCTOBYKOTBCS CHIBBiI-

HOIIEHHS [2], 3a JOMOMOIOI0 SIKUX IHJIIHAPUYIHI
XBWJIbOBI (DYHKIIIT BHpaKaroTbCs 4yepe3 cepudHi i
HaBmakd. [lOBTOPIOIOYM MipKyBaHHS 1 BHUKJIQAKH
aHaJIOTivHO 110 [2] Ta BBOJSYM JOJATKOBI MO3HAYEH-

C(w’§)=H1(\/wz—§2)\/w2—§2

( o gz)hE"
D(.8)=J,(Jor -& o' -&
(“w -¢ )hE"

13 33/I0BOJIEHHS] TPAaHUYHUX YMOB Ha TMOBEpPXHi cde-
pYYHOT YaCTUHKM 1 MOJATIINBOI TPYOKH 13 BUKOpPHC-
TaHHAM OPTOTOHANBHOCTI moJiHOMIB JlexkaHzapa
OTPHUMYEMO HECKIHYEHHY CHUCTeMY alreOpaidHuX
piBHSHB BITHOCHO HEBiIOMHX KOE(ILIi€HTIB A,

(13)

@) Gy (ron) &,
2nw hr(ll)'(na)ro)n;)l Doin "
—(2n+1)i”A{1+G”(a))} Jn (1) ’
4 hr(zl),(n“)’”o)
i £
=2)— P = |ae,
e E] )
orbe 5 +8) e (15)

ZI KL

npuIOMy ¢y, = Gy 3 @ Gy (@) =0, k,1=0,1,2,....
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s cucrema po3B’sSI3y€ThCS METOJOM PEAYKIIT

(2].

4. Buznauenns paaiauiiinoi cuiu

Papniariiina cuna, sika Jlie B aKkyCTUYHOMY MOJIi
Ha TBepJy c(hepUyuHy YAaCTHHKY, € CEPEIHS 3a Tepioj
TIEPBUHHOT XBUJII BEIMYHMHA T1IPOJMHAMIYHOT CHIIH

n2r
F, =—r02jjpsin0coseded¢. (16)
00
Bukoprctaemo Gpopmyiy At THCKY, HABECHY B
[2], sika, Oymyun 3HEPO3MIpEHOIO, B AOCIIIKYBaHO-

MY BUIIAAKYy Ma€ BUTJIA

__1[(aY 1fe)
P=52\e0 ) "2\ar )

ITincraBnsroun y (17) Bupa3 mis 3araibHOTO T10-
teHiary @ 1 0OYMCITIOIYM TOXIiJHI, 3HAXOIUMO
BHECKH Yy pajialiiiiHy CHIIy MepIIoro i APyroro Ao-
JaHKiB 13 (17)

17)

2
oo .
= 7Z'J- 6_ sinf@cos0d 0,
o\ 00
i )
oD .
Fz(z) = —ﬂn)zj(a—j sin@cos8do.
o\ Ot
Ocepennroroun (18) B waci i momaroun ix, oTpH-
MaeMo (GopMyIy Ui OOUYHCICHHS pafialifHOl CHIIH,
sKa Ji€ Ha TBepAy cepUyHy YaCTUHKY B IOAATIIH-
Bilf (€1acTHYHIN) HMITIHAPUYHIN TpyOi

(F)=(F0)+(F2).

2n+1

< > 2 ,,Z;‘{ 4n+1
{2(2””)

an+3 K, (7760”0 )D,. (7760”0 ) +

2n—1
4n—1 Kon Doy (776‘””0 )} -
n 27’1_1 2n+1
D[ o), o)

Cnucok BUKOPUCTAHHUX JIKepea

1. King L. V. On the acoustic radiation pressure on
spheres / King L. V. // Proc. Roy. Soc., Ser. A. —
1934.— Vol. 147, No. 861. — P. 246-265.

2. Zhuk A.P. Acoustic radiation force on a
spherical particle in a fluid-filled cavity / A.P.
Zhuk, V.D. Kubenko, Y.A. Zhuk // Journal of
the Acoustical Society of America (JASA). —
2012. - Vol. 132, No. 4. — P. 2189-2197.
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2(n-1)

+—
4n-3

Ly, (7760”0)52»172 (’760”0 )}} +

+27znZL ntl

— D D
~ 27’l+1)(27’l+3) n(ﬂw”o) n+l (77&)]’6)"‘

n+l1
_ntl g S ,
T ani1)(2n13)  (1ry) "“(’7“”"0)}
© 1 [2n+1
<FZ(2)>=_2”(W°)2,,Z=;'4n+1[4:+3 2 (1107) %

n
Dy, (770”’0)"‘ —_1K2n (7750’”0 )DZn—l (7760”0 )} -

4n

_27[(‘0’"0)2i ! [ 2 Ly, (nary)S,, (neory ) +

man—114n+1

ﬂlﬁn—l (nary) S, (nar, )} +

4n-3
+27r(a)r0)2 3 &D (nor,) D, ., (nor,)+

S (2n+1)(2n+3) O TR
27 (er,) Z%S (n01,)S,.1 (nax, ),

K, (nor) = (=1)" F (@) (4n+1) jo, (ner),

F(

Ly, 1 (nar)=(-1)" F(0)(4n=1) j»,, (nor),
M, (nor)=ReAd,j, (nor)—-1mA4,y, (nor),
N, (nor)=ReA,y, (nor)+1mA4, j, (nor),

G,(nor)=ReB, j, (nor),

T, (nor)=1ImB, j, (nor),
D, (nwr)=M,(nor)+G, (nor),
S, (nwr)=N,(nor)+T, (nor).
Moaska. Pe3ynpbraTh AOCHIIPKEHHA OTpPUMaHI 3a

rpaHToBoi miaTpuMKK HanioHansHOTO GOHIY A0CHIi-
JokeHb Ykpainu (mpoekt Ne 2020.02/0112).
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BuBueHHSI HAHOPO3MiPHHUX IUTIBOK 30J10Ta Study of nanosized gold films by scanning
METO/I0M CKAHYHY0i TYHeJIbHOI tunneling microscopy
MiKpockomii

. Lo .. 1 . L .
'KuiBChKII HALlIOHAIBHIN YHIBEPCHTET iMeHi Taras Shevchenko National University of Kyiv,

Tapaca Illepuenka, 83000, m. Kuis, 83009> Kyiv, Glushkova st., 4f1,
np-t. [nymkoBa 41, e-mail: realcrystallab@univ.kiev.ua

e-mail: realcrystallab@univ.kiev.ua

Y pobomi susuanu mopghonozito nogepxmi MoHKUX 3010MUX MEeMAIe8UX NIIBOK HA CIOOAMIL NIOKNaoyi 3a
00NOMO2010 CKAHYIOU020 MYHENbHO20 MiKpockona. Hagedeno pesynvmamu 00cniodxcenHs CmpyKmypu
HAHOYACMUHOK 30710Ma HA NOBEPXHI CKAA Ma NONIPOBAHO20 MOHOKPUCMANIYHO20 KPEMHII0, OMPUMAHUX
PIBHUMU Memodamu HanulenHs. Busnaueno xapaxmepui ainitini posmipu peavedy nosepxui. Iloxkazano, wo
He36axcalouu Ha PI3HUYIO 8 MOPPON02ii MOHKUX 300MUX NAIBOK, OMPUMAHUX DIZHUMU Memooamu ma Ha
PDI3HUX NIOKNAOKAX, NAIBKU 8 OCHOBHOMY CKIAOAIOMbCA 13 CEHEPUUHUX HAHOYACMUHOK. Takum YuHom, marouu
O0aHi NPo pexcum PO3NULEHHA )y 8AKYYMI, A MAKONC PO PENbeED NOBEPXHI, MONCHA OMPUMAMU NOBEPXHIO 3
3a0aHuUM HAbOPOM 61aCMUBOCmel.

Kniouosi cnosa: maecnemponue po3nuients, CKAHyOUUuLl myHeabHull MiKpOCKON, HAHOPO3MIPHI NII6KU
30710Mma, iOHHE PO3NUNEHHS, HAHOYACMUHKU 30J10Md.

It was shown that despite the difference in the morphology of thin gold films obtained by different methods
and on different substrates, the films mainly consist of spherical nanoparticles. The linear dimensions of
individual surface objects were determined using the example of a gold film on mica. Analysis of the surface
morphology showed that its structural formations are evenly distributed and have sizes from 250 nm to 500
nm. Upon receipt of gold nanofilms by magnetron sputtering on a glass substrate, the size of individual gold
nanoparticles ranges from 20 nm to 80 nm. When ion spraying on a substrate of polished monocrystalline
silicon, the size of individual gold nanoparticles ranges from 2 nm to 10 nm. The union of individual
nanoparticles into large elongated nanoobjects up to 20-40 nm in size is observed. Thus, having the
opportunity to compare data on the mode of vacuum deposition (substrate temperature, beam density,
deposition time, etc.), as well as surface relief, you can develop technologies for obtaining a surface with a
given set of properties, as well as develop new methods of gold deposition on different surfaces. The
obtained results are very important for application in biology and medicine. They make it possible to create
different types of sensors and diagnostic tests.

Key Words: magnetron sputtering, scanning tunneling microscope, nanosized gold films, ion sputtering,
gold nanoparticles.

Crartio nipenctaBuB 4i.-kop.HAH Vkpainu, a.¢.-M.H., mpod. XKyk 5.0.

CydacHHil ycmiXx MIKpO- Ta HAHOEJCKTPOHIKM IIHPOKO BHKOPHCTOBYIOTHECS Y BCiX cdepax HaHO-
0azyeTbcsi Ha (PyHIAMEHTANBHUX AOCHIIPKEHHAX Yy TeXHOJorid. OcoOMuBHUI 1HTEpeC NPencCTaBISIOTH
rajgysi (Ii3UKd TIOBEpXHI TBEpAOro Tija. TOMy HaHOPO3MIPHI IUIIBKH 3 (DPAKTAIBHOI CTPYKTYPOIO.
BHUBYEHHS PI3HUX €JEKTPOHHMX, aTOMHMX Ta Mojie- BractuBocTi  TakMx  IUIBOK  (ONTWMYHI  Ta
KYJISIDHUX TPOILECIB, II0 BiIOYBAIOThCS HA TIOBEPXHI  €NeKTPO(Di3HYHI) CYyTTEBO BIIPI3HAIOTHCS BiJ 3BH-
TBEPIUX PEUOBHMH, € aKTyaJlbHUM 3aBAaHHAM [l]. dYallHMX HAHOPO3MIPHHX  aHaJoOriB.  [cHyrouHid
[TniBkM, 110 MaOTh HAHOPO3MIPHY TOBIIMHY, B3a€MO3B'SI30K MK CTPYKTYpOI Ta MOPQOJIOTIED

© 41.0. Kyk, M.M. Mensanuenko, J1.B. T'aBpumok 2021
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OTPUMAHMX IUTIBOK Ta OCOOJMBOCTSMHU TEXHOJIOTIY-
HUX pEeXUMIB iX BUPOOHHUIITBA BiJKpUBAE TNEBHI
MEpCIeKTUBA Yy CTBOPEHHI IUTBOK 13 3aJaHUMH
BIIACTUBOCTSAMH. HaHOYaCTHHKY 30J10Ta BUKIHKAIOTH
BeNMKUH iHTepec y (izumi, ximii, Oionorii Ta mMeau-
uHi. BOHHM HeTOKCHYHI, XIMIYHO cTabiiabHI Ta Oio-
CyMICHI 3 )KHMBOIO TKaHHHOI. Ha BifiMiHYy Bij] MacuB-
HOTO 30JI0TA, HAHOCTPYKTYPU MAaIOTh YHIKaJIbHI
BJIACTHBOCTI - KaTAJITHYHi, ()epOMATHiITHI Ta ONTHY-
Hi. XapaKTepHOI0 OCOOJHMBICTIO ONTHYHUX BIIACTH-
BOCTEl HAHOYACTHHOK OJAaropoJHUX METaliB Ta
KOMIO3HIIHHAX CTPYKTYp Ha IX OCHOBI € HasIBHICTbH
JIOKJIi30BaHOTO ITOBEPXHEBOI'O IUIA3MOHHOTO PE30-
Hancy (IIITP) [2]. ¥V ramy3i meauumHu Ta Oiomorii
HaHoTexHouorii Ha ocHOBi IIIIP MoXxyTh BHKOpHC-
TOBYBATHCS JUIl CTBOPEHHS PI3HHUX THIIIB JATYUKIB,
JIarHOCTHKH Ta JIIKYBaHHS IMyXJIMH Ta 1HIIUX 3aXBO-
pIOBaHb, a TaKOX JUIA IIECIPSIMOBAHOI JOCTaBKH
JKIB Tomo. [HOIMM acrekToM, IO MpeacTaBisie
0cOONMMBHH iHTEpeC Ul BUKOPHCTAaHHS HaHOYAC-
THHOK 30JI0Ta, € KaTaji3. BueHi Bxxe JocsATIIN yCcmixXy
B PO3poO0ILli KOHKYPEHTHHUX METOJIIB BHPOOHHIITBA
3HAYHOI KUTBKOCTI KaTaji3aTopiB Ha OCHOB1 HAHOYAC-
THHOK 30JI0Ta 1 CTBOPWJIM HajiiiHI MeToau ix 30epi-
raHgs UIs 3a0e3ledyeHHsT HaJIEXHOI JOBIOBIYHOCTI
KaraiizaTopa B He0OXiIHUX pOOOYMX YMOBaX.
HasiBHicTh Takux crenudidyHUX BIACTUBOCTEH €
0a30BOI0  OCHOBOIO Ui  OUIBII  JETAIBHHUX
JOCTI’KEHb HaHOPO3MIpDHUX CTPYKTYp, iX BIAcTH-
BOCTeH Ta crocobiB iXx orpuManHsS. HeoOximHO
3pO3YMITH, SIK HAHOYACTUHKH 30JI0Ta BUIJISIAIOTh HA
aTOMHOMY piBHI Ta sKi ixHI ¢i3uyHI Ta XiMidHI
BinactuBocTi. Ha cporomHimHii 1meHp MeTox
TYHEITbHOI ~ MIKPOCKOMil 3HaXxOAWTh BCE OLIBII
MIUPOKE 3aCTOCYBAHHS JUIS BU3HAYCHHS JIHIHHUX
pO3MIpiB MIKPOHHMX 1 HaHOPO3MIPHUX CTPYKTYD,
BKITIOYAIOYH Taly3b BUPOOHUIITBA €JIEMEHTHOI 0as3u
JUI Cy4acHOi eNeKTPOHIKH [3], a TaKoXK € OIHHUM 13
METO/1iB BUNIPOOYBaHHS AKOCTi IOBEPXHI 3pa3KiB.

3pa3ku i MmeToaH BUMIipiB

Y poboTi TyHenbHa MIKpPOCKOIIsl Oyna BHUKO-
pHCTaHa Ui BHBYEHHS HAHOPO3MIPHHX ILTIBOK
30JI0TA Ta HAaHOYACTHHOK 30JI0Ta, OTPUMAaHHX
pi3HUMH MeToAaMH po3nwieHHs. Hanopo3mipHi
IUTIBKA Ta HAHOYACTHHKHM 30JI0TAa HAHOCHWINCH Ha
pi3HI THNM WAKIANOK (MOJIipoBaHAa MOBEPXHS
MOHOKPHUCTAJIIYHOTO KPEMHII0, CITIO/a, CKJI0) MarHe-
TPOHHMM Ta KAaTOOHUM HanwjieHHsM. [Ipu marHe-
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TPOHHOMY METOJII OCAJKCHHS IUIIBKM Marepian
PO3NMUITIOEThC  Yepe3 OomOapIyBaHHS MOBEPXHI
MillleHi i0HaMH poOOYOro rasy (3a3BHuail aproHoM),
II0 YTBOPIOIOTECS B IUIA3Mi aHOMAJIBHOTO TIIFOYOTO
po3psiny. BakimBoio mepeBaroro MeTOQy MarHe-
TPOHHOTO PO3MNHJIEHHS € BiJICYTHICTH OomOapmy-
BaHHS  MIAKJIAJKA BTOPHHHUMH  €JEKTPOHAMHU
BUCOKOi €Heprii, OCKITBKH BOHH 3aXOIUTIOIOTHCS
Mar”HiTHOIO macTkoro. lle J03BoNse€  YHHKHYTH
MeperpiBy MOBEPXHI OCHOBH 1 JI03BOJISIE PO3IIOPO-
IIyBaTH IUTIBKK Ha MaTepialid 3 HU3bKUM TePMiYHUM
OIOPOM TIPH BHUCOKIH IIBHAKOCTI OCADKEHHS.
PosrmsiHyTHIE METON HaIWICHHS Mae AyKe MIHPOKI
MOXKJIIMBOCTI 3aCTOCYyBaHHA. MeToJ] KaTOJHOTO PO3-
nieHHs (10HHOTO PO3MUJICHHS) 3aCHOBaHWU Ha
ABHIIl pyHHYBaHHsS KaTozxa, Koiu ioro OGomOapmy-
I0Th 10HI30BaHI aTOMH PO3PSLIKEHOTO ra3zy. ATOMH,
IO BIJIITAIOTh 3 MOBEPXHI KaTOIy, PO3MOBCIOIKYIO-
ThCS B HaBKOJHUIIHBEOMY IPOCTOPi 1 KOHICHCYIOTHCS
Ha miakmaam. Crocobu oTpuMaHHS TUTIBOK HUITXOM
10HHOTO PO3MHJICHHS Marepialy MimeHi MaloTh Psiji
nepeBar mnepej iHmMMUA MeTojamu. HaHeceHi 1utiB-
KM MalOTh BHCOKY aJre3ifo 0 OCHOBH, a ITOCTIHHUIA
XIMIYHMH CKJIaJ] HAMWIIOBAHOIO Marepiany 3a0es-
nevy€e piBHOMIPHICTh TOBIMHU TUTiBKH.
3acTocyBaHHS CKAaHYIOUOTO TYHEIBHOTO MIKpO-
ckona "Micro-nano mod" J03BOJSUIO TPOBOJUTH
Moju(diKallio MOBEpXHi, BUBYATH ii MOPQOIIOTito Ta
CTBOPIOBATH MIKPO- Ta HAHOPO3MIpHI CTPYKTYpH Ha
JIOCTIKYBaHii moBepxHi. Bci BuMiproBaHHs poBO-

JUINCh Ha BigkpuToMy moBiTpi. KaniOpyBaHHS
"Micro-nano mod" mpoBoAWIIOCS HAa  OCHOBI
KaTiOpyBaJIbHUX  CTaHAAPTIB AN CKaHYIYOTO

3oH0BOTO MiKpockona NT-MDT Tta “FemtoScan”.
Pe3yabTaTu Ta iXHE 00roBOpeHHs

Ha pucynky 1 mokazano penbed moBepxHi 3paska
TUTIBKY 30J10Ta HA CIIFOJ(I MIiCs TEPMIYHOTO Bifmany,
OTPHMAaHHMIA 32 TOTIOMOTOI0 CKAaHYIOUOTO TYHEIBHOTO
Mmikpockona "Micro-nano mod". Tlpu anamizi
MopdoJIoTii MOBEPXHi, OTPUMAHOI HUIIXOM CKaHY-
BaHHS1 obOmacti 4 MkM Ha 4 MkMm (puc.la), Oymo
BCTAaHOBJIIEHO, IO i CTPYKTYpHI yTBOPCHHS
po3MoJijieni piBHOMIPHO 1 MalTh pPO3MIpU Bif
250 M o 500 HM. ToBUIMHA TUTIBKH KOJIMBAETHCA
Bix 30 um mo 40 M. Buieln perajbHe BHBUYEHHS
Mopdoiorii  TMOBepXHI  IUIIBKM  30JI0Ta  TPH
ckaHyBaHHi miomi | MkmM Ha 1 MM (puc. 10)
MOKa3ye,
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Puc. 1 3d-300pakeHHsI MOBEpXHi MJTIBKK 30J10Ta HA

CIIOJII mics Bifmany (IUIolna CKaHyBaHHs 4 MKM Ha
4 MKM - a, TuToNIa cKkaHyBaHHs | MKM Ha 1 MKM - 0)

ta 2d 300paxxeHHs pparMeHTa MoBepxHi (TUIomIa

18 uM Ha 18 HM - B, BHCOTa penbedy 3 HM).

0  CTPYKTypHI  €NEMEHTH IUIIBKH  MAaloTh
OararomapoBy CTPYKTypy 3 [yKe PO3BHHEHUM
penbeoM TOBEpXHi. 3a JOMOMOIOK CKaHYKYOro
TYHENBHOTO Mikpockona «Micro-nano mod» Oyio
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Puc. 2 3d-300pakeHHst TOBEPXHi 30JI0TOT IUTIBKU Ha
cKJIi (TUToIa CKaHYBaHHA 4 MKM Ha 4 MKM - a,
rionia ckanyBaHas 300 am Ha 300 HM —0.

BCTaHOBJIIEHO (puc. 1B), MO CTPYKTypHUMH
€JIEMEHTaMH 30J0TO{ IUIIBKM € MOHOKPHCTANH 3
mpocTopoBoto opientauiero (111). Ha pucynky 2
MOKa3aHi pe3yibTaTH cKaHyBaHHS ("Micro-nano
mod") mnoBepxHi 3pa3ka "30;m0TO Ha cKii",
OTPUMAHOTO MAarHeTPOHHUM HAIWICHHAM. AHANTI3
Mopdonorii MoBepXHi, OTPUMAHUI CKaHYBaHHSIM
mwiomi 4 MKkM Ha 4 MKM (puc. 2a), IEMOHCTPYE
HasIBHICTB SICKPABO BUPAKEHOT OCTPIBHOI CTPYKTYPH.
OcrtpiB1i - IIe 130JIbOBaHI HAHOYACTUHKH 3 (POPMOIO,
Onm3pkor0 110 cepuunoi. Y Jeskux paiioHax
CHOCTepiraeTbcsi 00'€qHAHHS OKPEMHUX OCTPIBIIB, B
pe3ynbTaTi 4YOro HEBENMKA YacTKa HAHOYACTHHOK
Ma€ BHUIOBXKEHY eminTuuHy ¢opmy. JleranbHe
BHUBYCHHSI MOP(}OIIOTIT MOBEPXHI 30JI0TOT IUTIBKH MiJ
yac ckanyBaHHs ("Mikpo-Hanomon") obmacti 300
M Ha 300 HM (puc. 20) I03BOJISIE CTBEPHKYBATH,
M0 CTPYKTYPHUMH €JIEMEHTAMHU IUTIBKM € BEJIHKI
YACTUHKH TEPeBaAXHO cQepuyHi, Xodya TaKOK
CIIOCTEPIraroThes 1 YaCTUHKH He chepuyroi Gpopmu.

Po3mip  OKpeMHX  HAaHOYAaCTHHOK  30JI0Ta
konmBaeThes Big 20 HM 10 80 HM. OHak mpuBepTae
yBary HaJ3BHYailHO PO3BHHCHA ITOBEPXHS OKPEMHX
HAHOYACTHHOK, MIO CKIAJAEThCA 3 1HIHMBIIyaTbHO
OpIEHTOBAHUX BHJOBXKECHUX OCTPOBIIIB PO3MIpOM Y
Killbka HaHoOMeTpiB. TOBIIMHA OTPUMAHOI ILTiBKH
konuBaeTbes Bim 60 um mo 80 um. Ha pucynky 3
rmokazaHa Mop(oJIorisi MOBEPXHi IUIIBKH 30J0Ta Ha
MOJTIipOBaHii MOHOKPHUCTATIYHIH KpEeMHI€BiH
M IKITA0, OTPUMAaHIA 10HHHM PO3MHUIICHHSIM.

44



Bichux Kuiscokoeo nayionansnoeo yrieepcumemy
imeni Tapaca [lleguenka
Cepis izuxo-mamemamuymi Hayku

Puc. 3 3d-300paxeHHs1 TOBEPXHi 30JI0TOI TUIIBKM Ha
MOJIIPOBAHOMY ~ MOHOKPHCTAIIYHOMY KpEeMHii
(moma cxanyBanHs 230 HM Ha 230 HM - a, TIOMmA
ckanyBaHHs 80 HM Ha 80 HM — 0.

Binpmr  nmeranpHe  300pakeHHA  Mopdosorii
MoBepxHi nokasaHo Ha (puc. 30). IlniBka, orpuMana
METOJIOM 10HHOrO posnuieHHs (puc. 3a, 0),
CKJIQIA€THCSI 3 130JbOBAHUX YACTHHOK 3 BEJMKUM
po3kuaoM po3mipiB Bix 2 HM go 10 M. Benuki
YaCTHHKH MAalOTh MEPEBAXHO cPepruHy (HopMmy,
X04a CIIOCTEPIraroThCsl TaKOXX YACTUHKU Hempa-
BWIBbHOI (popmu. CrioctepiraeTbes 00'€JHaHHS OKpe-
MHX HAHOYACTHMHOK Yy BEJUKi BHJOBXCHI HaHO-
00'ektr po3mipoM 10 20-40 HM. Y HBOMY BUMAIKY
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OKpeMi HAHOYACTHHKH Ta X CKYIYCHHS MaloTh
PO3BUHEHY MMOBEPXHIO OPI€HTOBAHMX BHUIOBIKCHUX
00’exTiB po3mipom g0 1 HM. ToBuIMHA IUTIBKH,
OTPUMAHOI PO3MMIICHHSM 10HIB, CTAHOBUTE 30 HM.
Takum 9nHOM B POOOTI OyImO TPOTEMOHCTpPO-
BaHO, [0 HE3Ba)KAIOYH HA PI3HUIO B MOPQOIOTii
TOHKHX IUIIBOK 30JI0TA, OTPUMAaHUX PI3HUMH
METOZIaMH Ta Ha PI3HUX MiJKIAAKaX, IUTBKH B
OCHOBHOMY CKJIQJAI0ThCS i3 chepuuHuX
HaHOYaCTHHOK. Ha mpuxmami IUTliBKM 30J10Ta Ha
cmoni Oynu BU3HAuYEHI JiHINHHI PO3MIPH OKpPEMHX
MOBEPXHEBUX O0’€KTIB 3 JOyKEe PO3IBHHECHUM
penbedom moBepxHi. [Ipu OTpHMaHHI HAHOIUTIBOK
30JI0Ta MarHeTPOHHUM PO3MWICHHSAM Ha CKISTHIN
MiIKIAAII PO3MIp OKPEeMHUX HAHOYACTUHOK 30JI0Ta
konuBaeTbess Big 20 M 1m0 80 um. Ilpu ioHHOMY
PO3MUIICHHI Ha M AKIAAKY MOJIIPOBAHOTO
MOHOKPHUCTAJIIYHOTO KPEMHII0 PO3MIP OKPEMHX
HAaHOYACTHHOK 30J0Ta KOJIWBAETHCA BiI 2 HM 0
10 aM. OTke, Mar4Yd MOXJIMBICTh TOPIBHIOBATH
JaHi T[pO  PEKHUM  BaKyyMHOTO  OCA[KCHHS
(TemMnepaTypa MiAKIAIKH, IMUIBHICTH My4YKa, Yac
OCaJUKEHHS TOIIO), a TAaKOX IPO penbed MOBEPXHI,
MOJKHa PO3POOHTH TEXHOJIOTIT OTPUMaHHS MOBEPXHI
i3 3amaHuM Ha0OpoM  BiacTHBOCTEH,. OTpumaHni
pe3ynbTaTH Oy)Ke BaXJIMBI IUISI 3aCTOCYBaHHS B
Oiosiorii Ta MemuuvHi. BOHM [AarOTh MOMKJIMBICTH
CTBOPIOBATH PIi3HI THITM JATYWKIB, JIarHOCTHYHI
TECTH, a TaKOX 3a0e3leuyBaTH LiJeCIPIMOBAHY
JIOCTABKY JIIKiB JUTSl JIIKYBaHHS 3aXBOPIOBaHb.
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Y pobomi poseasdacmoca 3adaua pobacmmoi cmitikocmi OAf HEATHITHOT CUCTIEMYU PIBHAND 6 “a-
CMUHHUL NOTIOHUL muny pearuia-dudysia. Hesbypena cucmema 68ascaemvea marxoo, wo Mae 2no-
banorul ampaxmop. OcrosHum 3a60aHHAM PObOMU € OUIHKG GI0TUAEHHA MPaeKkmopli 306ypenoi cu-
cmemu 810 24000461020 GMPAKMOPL HEZOYPEHOT CUCTNEMU 6 3GAEAHCHOCTE 610 BeaudunY 36ypens. Taky
OUTHEY MOJCHA OMPUMATU 6 PAMKAT meopii cmitikocmi 6id exody do cmany (ISS). Y pobomi e
HAKAAOAEMBCA HCOOHUT YMOG HG NOTIONY HEeAIHITHOT GyYnKUli 63aemo0il, omoice, He 3a0e3NeYEmuvCs
€QUHICTMDb PO36 A3KY NOUaAMK060% 3adani. Y pobomi 3anponoHosaHo Hosull nidxid do odepircanhs OUiHOK
pobacmmoi cmitixkocmi ampaxmopa iy 6unadky MHO203HAYHO20 €80AOUITIHO20 PO3E A3110M020 ONEPAMOPA.
3oxpema, dosedero, w0 MHO203HAYHUT, PO3E AZYIOUUT ONEPAMOP NOPOOHCENUT CAGOKUMY PO3E A3KAMU
HeATHITHOT cucmemu muny peakyia-oudysia Mae 6aacmusicms acumnmomuynozo nidcusenni (AG)
810HOCHO aMPAKMOpa He36YPeHoi cucmemu.

Kmouwosi caosa: cmitixicms 6id 6xody do cmany, acumMnmomuyne nidcuienns, 2a00aA6HuUt ampa-
KMOP, HECKINYEHHO-GUMIPHA CUCTNEMA, CUCTEME MUNY Peakyii-0udysia.

Poboma suronana 3a niompumwu HOJY, npoexm ©81/41743.

In this paper we consider the problem of robust stability for a nonlinear system of equations in
partial derivatives of the reaction-diffusion type. An undisturbed system is considered to have a global
attractor. The main task is to estimate the deviation of the trajectory of the perturbed system from
the global attractor of the perturbed system depending on the magnitude of the perturbations. Such an
estimate can be obtained in the framework of the theory of input-to-state stability (ISS). The paper does
not impose any conditions on the derivative of the nonlinear interaction function, so the unity of the
solution of the initial problem is not ensured. The paper proposes a new approach to obtaining estimates
of robust stability of the attractor in the case of a multivalued evolutionary decoupling operator. In parti-
cular, it is proved that the multivalued decoupling operator generated by weak solutions of a nonlinear
reaction-diffusion system has the property of asymptotic gain (AG) with respect to the attractor of the
undisturbed system.

Key Words: input-to-state stability, asymptotic gain, global attractor, infinite-dimensional system,
reaction-diffusion system.

This work is partially supported by the NRFU, project F81/417/3.
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Beryn TO i OyJIb-sIKOrO 1CTOTHO OOMEXKEHOro 3OBHi-

e . IIHBOIO 30ypEeHHs, 1110 110JAEThCH HA BXiJ| CUCTe-
AcuMnToTugHa CTIKICTD TIOJIOXKEHHST PIBHO-

Baru € (pyHJAMEHTAJIbHOIO BJIACTUBICTIO E€BOJIIO-
MiTHUX TPOIECIB 1 BIJITIpPa€ BaXKJIUBY POJb JIJId
H6araTbox 3aCTOCYBaHb. 3arajbHOBIIOMO, IO TJIO-
OajibHA ACUMITOTUYHO CTifiKa piBHOBara JiHIAHOI

MW, BiITIOBITHII PO3B’130K 3A/IUNIAETHCA 0OMEKe-
HUM TPOTITOM BCHOTO YaCy Ta TPAMYE 0 TTEBHOTO
OKOJTY TOYKW PIBHOBArd, KOJIM YaC MPIMYE JIO He-
ckindgernocTi. Po3mip mboro okoJy 3aeKuTh Jind-

. o mre Bijg mopmu 30ypenns. g weninitaux cucrem
Ta CKIHYeHHOBHMIPHOI CHCTeMHU € POOACTHOIO, TOO-

© O.B. Kanycran, O.B. Kypmxo, T.B. FOcunis, 2021
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Ile B 3araJJbHOMY BUITIQJIKy He BIJMOBIJTA€ JiCHO-
cTi #1 TPU3BOANTE [0 TOHATTA «CTAbLILHOCTI Bij
Bxoy 10 crany» (ISS), BBemenoro E. /1. 3orTarom
JIIST CKIHYeHHOBUMIpHUX cucTeM. 7K BHABHIOCS,
1€ TTOHSTTS TAKOXK TJIXOAUTH JIJis BUBYEHHS CTiii-
KOCTi PIBHOBArd y BUMAAKY HECKIHIEHHOBUMIPHNAX
cucreM |2]. Ilporarom ocTaHHBOTO JeCATHILTTS Ha-
raTo aBTOPIB NPAIIOBAJIM HAJ HOITUPEHHAM TEOPIl
ISS ma meit kmac cucreM. 3HauHa KUIBKICTD 3 IIHAX
nomupens Oysiu Po3pobIIeH] JjTst CUCTEM, IO 3313~
FOThCsT MpePEHIATHLHUMY PIBHAHHIMN B 9aCTHH-
HUX moxigaux [4, 5, 7|. Coix 3a3HaunTu, mo mMaiizke
BCl pe3yabTaTH, MO CTOCYIOTHCA CTIHKOCTI B CEHCI
ISS nng Brazamumx cucrem, Byau pozpob/eHi s
BUMAJKY OFHIET TOUKY piBHOBarW cucremu 6e3 30y-
penb. Ilpore, gax Bimomo, 6araTo HeTIHIHHHX He-
CKIHYEHHOBUMIPHUX JUCUIIATUBHUX E€BOJIIOIMIHHNX
CHCTEM MalOTh HETpUBiaJbHUIT TyiobaabHUN aTpa-
KTOP, 10 MICTUTH B cODBI IK ACUMIITOTUYHO CTIifKi
MMOJIOYKEHHSA PIBHOBAIM, TaK 1 iHIN TI'PaHWUYHI pe-
KuMU cucremu. ¥ it poboTi My BUBYIAEMO ITUTA~
HHSA POOACTHOCTI caMe TaKOl MHOXKWHU IIOI0 30B-
HimHIX 30ypensb. [luTants icHyBaHHS Ta BIACTH-
BOCTEH TJIODATBHUX ATPAKTOPIB JTOCTIIKYBaJIMCT
B MoHOTpadil [1] ta crarrsax [3, 6]. [Ipupommrnm
YUHOM TTOCTAE BATUTAHHS: AKIMO POITIAHYTH CH-
cTeMy, IO Ma€ TIobaJBHUN aTpakTop, TO IO MO-
JKHA CKA3aTH PO OIHKY BiIXWIEHHS PO3B I3KiB
BiJT aTpakTopa, SKIIO Ha II0 CHCTEMY JI€ JledKe
30ypenns d? Y mauifi poboTi MU PO3B’I3yEMO J1a-
He TTUTaHHS Jjid 30yPEHOI CUCTEMU TUIY PEAKITisi-
mudysis (RD). BukopucroBytoun 3arajibHy cxemy,
3anpornoHoBany B [4], Mu 10BOAMMO BIACTHBOCTI
acummrornaHoro migcnienns (AG) BigHOCHO T7TO-
baskHOTO aTpakTopa aucunaruHol RD-crctemm.

1. ITocranoBka 3aaa4i

B obmexemnitt obmacti @ C R™ posrimsaemo Ha-
CTynHy 3a1ady (10 Ma€ Ha3By CHCTEME DEeaKIlis-

macby3ist)

{ u = alAu — f(u) + g(z) + d(t,z), € Q,t >0,

ulon =0,

1)
neu =u(t,x) = (u'(t,z),...,u’N(t,2)) — neninoma
BeKTOp_(byHKHiﬂv f = (fla i fN)a 9= (gla 7gN)
— 3ajana QyHKIg, a — miticaa marpurs N X N Ta-
ka, wo (a+a*) > pul, p>0,d=(d',....dV) -
30BHiIHI 30ypeHH4.

IIpunycTrmo, 1110 BUKOHYIOTHCSA HACTYITHI BJla-
CTUBOCTI:

g (LX), feC'RY;RY),

2021, 3

Bulletin of Taras Shevchenko
National University of Kyiv
Series: Physics & Mathematics

4C,C >0, v, >0, p, =22, ¢ =1, N Taki, mo
VoveRN

N . P N .
Y Ifi )T <+ Y i),
=1 =1

ST =) P - G,
=1 =1

B nomanbmiomy 06yseM0O  BUKOPHUCTOBYBaTH
cTaHAapTHI PYHKIIOHAIbHI IPOCTOPHU:

H = (L*(Q)N ta V = (H}(Q)V.
Ilo3maunmo
p=(p1,....pn), LP(Q) = LP1(Q) x ... x LPN ().

Bigomo [1], mo 3a Takux npuiyrienb st 6yib-
axux 30ypens d € L*°(Ry; H) (maBite aisa d €
L? (Ry; H)) samaua (1) € 106a/bHO PO3B'SI3HOO
y ciabkomy cenci y ¢azoomy npocropi H, 106-
To i Oynb-sikoro ug € H icuye dyHKnis u =
u(t,z) € L2, .(0,+00; V) (LY (0,+00; LP(Q)) Ta-
Ka, mo g Oyap-axkux T > 0, v € V N LP(Q)

d

pn u(t,a:)v(a;)dx—i—/(aVu(t,x)Vv(x)—i—

Q Q
+f(ult, ))o(x) - glw)o(z) - d(t,)o(x) )de = 0

B ceHcl ckaggpaux posnomimie wa (0,7), Ta
u(0, )
rapaHTyeThCs.

3a paxymnoxk srmouenua u € C([0,+00); H)
OCTaHHS PIBHICTH Mag€ CEHC.

Posrstremo Hes6ypeny cucremy (d = 0)

= wup(z). €auHicTE TAKOTO PO3B’'SI3KY HE

{ u = alAu — f(u) + g(z), z € Q,t >0, @)

u|pa = 0.

Binomo [1], mo Bignosinna GaraTo3HadHa HamiB-
rpyna S : Ry x H w20

S(t,up) = {u(t)] u(-) e rmobampEUM CIAOKUM

pose’askoM (2), u(0) = ug}

Mae riobasnbHuil arpakTop © B H, T06TO, icHYE
KOMTIaKTHa, MHOXKHHA © C H Taka, 110 BUKOHYO-
ThCsI HACTYIHI BIACTUBOCTI:
(i) ®=5(t,0), t >0,
(ii) st 6ymp-stkoi obMerkeHol MHOXKHUHE B C
H
dist(S(t,B),0) — 0 upu t — oo,
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me nas samganunx A, B C H Mu mo3Ha9aeMo

S(t,B) = J S(t.b),

beB

dist(A,©) = sup inf ||z —y||g.
z€AYE®

Jlama BJIACTUBICTH rapanTye, M0 Oymab-aKuit
po3B’sizok (2) mpsmye 10 © mpm t — oo. Hac
IKABUTH JIOBIOCTPOKOBA ITOBEJIIHKA, BIJITOBITHUX
PO3B’sI3KiB y BUIIAKY cucTemu (1), Ha Ky J1i€ 30B-
HiHe 30ypenny d.

Hexait 3aano mogarkoBuii cran ug = u(0) €
H 7a 36ypiotounii curuan d. Toznauumo Sy(t, ug)
MHOKHUHY BCix po3s’sa3kiB (1) 3 u(0) = ug. Yepes
HasgBHICTDL 30ypeHHS 3arajoM HEMa€ TapaHTil, o
po3B’sa3ku GyAyTh 30iratuca no © mpm t — 0.
Buseiserbes, mo raobaibHuE aTpakTop € poba-
cTauM npu 30yperti, TOOTO 30ypeHHa Majol BeIu-
YUHU BILTUBAIOTH HA MOTO BJACTUBOCTI HE3HAUYHUM
anaoM. g BracTusBicTh podacTHOCTI MOXKe OyTH
BUpaskeHa B paMKax Teopil ISS HacTymHUM YuHOM:
icaye B € KL ta v € K raxi, 1m0 mist Oyab-ssKux
up € Hrade LRy H)

1Sa(t, wo)lle < B(l[uolle, t) +(lldlls), t =0, (3)

e nobpe Bigomi xiacu K — Kjac HelepepBHUX
crporo 3pocrarounx QyHKIi Ha [0, +00), 3aTyxa-
I0YHX Y I09aTKy KoopauHat, KL — MHOKUHA Helle-
pepeHux byHKIi, Bu3HaueHux Ha [0, —1—00)2, ep-
muit apryMenT aKnX HaJIeKuTh Kiaacy IC, a Apyruii
apryMEeHT CTPOrO CIIAJIA€ /10 HYJIsl, & TaKOXK

ld||oc = esssup ||d(t)]| g, axmo d € L (Ry; H),
0

=

lulle = inf ||u — 0| g, axmo u € H,
(USC)

|Ul|le = sup ||lul|e,U C H.
ueU

Bapro 3azuaunTy, 110 B 3araJbHOMY BUTTAIKY © #£
{0}. Binpm Toro, cTpyKTypa TaKOTO aTpakTOpa
ayxke ckaagna [6]. Tomy oninkn Tumy (3) He Mo-
JKHA OTPUMATH 3 JOIOMOTOI0 IPSIMUX alpiOpHUX
OIIIHOK.

Ha xanb, Bracrusicts (3), B3arasi KaxKydH,
He rapaHTyeTbcs HasiTh y Bunagky © = {0}, ax
Bysi0 oKkazaHo B mpuKIa [2].

V 1iit poboTi JTOBEEHO HACTYIIHY BJIACTUBICTD
AG, ska nyxe 6/m3bka 10 (3):
icaye v € K rake, 1o st 6yae-sgKoro ug € H Ta
6yab-sikoro d € L (R4; H) BUKOHYETHCS

(4)

Jim sup [[Sa(t, uo)lle < (/|d]|oo)-
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2. OcHoBHIi pe3yJbraTu

Hanani 6yemo seazkaru, mo d € L>°(Ry; H),
|d||co < Ro. Ommparotucs Ha 1], po3risHeMo MHO-
KUHY

$(d) = el 2o g, gy {d(-+7) |7 > 0},

loc

ne clx A osmadae 3aMukanHsa MuHOkmau A B TO-
nostorii mpocropy X. Bimomo, mo 3(d) € imBapi-

. 2w
AHTHOO OO 3CYBiB, KoMIakTHOW0 B Ly (R ; H)
MHOXKWHOIO, 1

t+1
Vh € 3(d) ||l = sup / 1h(s)|IFdz < ldI3
t

()
PosrassHemo ciM’t0  MHOXXWHO3HAYHUX — Bij-
obparkeHn

{S : Ry x H — 2"}, (6)
ae Sp(t,up) = {u(t) |u(-) € poss’a3kom (1) 3i 36y-
perraM @ = h, u(0) = ug}hex(a)-

Busgsasierbest, 1o BgacTuUBICTH  pOHACTHOL
crifikocti Tumy (4) MOKHA BCTAHOBUTH, BUKODH-
CTOBYIOUHN BJIACTUBOCTI PIBHOMIDHUX aTPaKTOPiB

(6). Hozuaunmo Sx(t,up) = |J Sh(t, up).
hex
Osnauenns KommakrTaa MHOXIHA Oy C

C H nazuBaeThcs PIBHOMIDHUM aTPAKTOPOM CiM'1
{Sh}hen, axumo gus gosinbHOT 0bmexenoi B C H

(7)

i € MiHIMaJIbHOIO 3aMKHEHOIO0 MHOXKWHOIO, 10 3a-
noBosbHsE (7).

Teopema 1 [1, 6] Jlaa xoowcnozo 36yperms
d, ||dHoo < Ro, CiM A 6i()06pa9fC€H’b {Sh}hEZ(d);
wo eusnauena 6 (6), mMae PiGHOMIDHUT amparmop
Ox(q), npuromy

diSt(Sz(t, B), @2) —0

@Z}(d) C SZ(d) (t, @E(d)) Vvt > 0. (8)

OCHOBHMM pe3ysbTaToM pobOTH € HACTyITHA
TeopeMa.

Teopema 2 Jlaa poss’aswie sadaui (1) 3
obmesrcenumu 36ypennamu ||d||oo < Ro icnye dyn-
xuta v € K maxa, wo Yug € H

lim |[Sa(t, uo)lle < ¥([|dlloo), (9)
t—o0
de © C H - 2a060avHutll ampaxmop He36ypenoi
cucmemu (2).
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ZHosedenna. IlpunyctuMo, Mo MI MaeMO I'pa-
HUYHY PiBHICTH

dist(O5(4),0) — 0,|d[cc — 0. (10)
Hosenemo, mo 3 (10) surumsae (9). iiicro, 3a
nobyosoto 3(0) = {0} i d € X(d). Orxke, s
up € H, z € Og(g),t > 0, u(t) € Sy(t, uo) maemo:
s 0 € ©

Ju(t) = Ol < |lu(t) =zl + Iz = 0la =

inf ||u(t) —0||g < ||u(t) — inf ||z —0||lg =
Inf [lut) = Ollr < llu(t) = 2llz + jnf [|l2 = Ollz

inf ||[u(t) —0|lg < inf t) —
il () =0l < _int ) ~ =l +

+ sup inf ||z —0|g =

ZE@E(d)

u(t)lle < dist(u(t), Osqy) + dist(Oxq), ©) =

1Sa(t, uo)lle < dist(Ssa)(t o), Oxa)) +
+di$t(@g(d), 0).

Ockinbku Oyyg) — piBHOMIpHHMIT aTPAKTOP, TO
3 (7) /s KOKHOTO d MaeMo:

dist(SZ(d) (t, U()), @E(d)) — 0,t = +o0.

Mokmaziemo y(s) := sup dist(Oxy(q),0) + 5. B

lldlloo<s
cuny (10) v € K i dist(Og(q), ©) < v([|d||0), 1O
i osnavae Bukonausst (9).
Orxe, posegemo (10). 3 [6] maemo Hacryuni
BJIACTUBOCTI pO3B’si3KiB 3ajadi (1) npw

d=he LZQOC(R+;H)7 ||h||+ <00

1) AncunaTWBHICTS:
€L?

loc

Yuy € H Yh €
(Rys H), B4 < 00 Vu(-) € Sp(-,ug) ¥t > 0

(11)

ne pogarHi KoHcranTu 0, K 3a/exkarh Juie Bi
KOoHCTAHT 3aja4i (1);

2) sajmexHicTb BiT ug,h: gxmo h, — h B
L?o’f(RJF;H), ufl — up cnabo B H, To mo neskiit
manocaigoBaocTi ajst t > 0:

-5
a7 < [luollFe™" + K (A3 + 1),

Sh,, (t,ug) 3 up(t) — u(t) € Sp(t,uo) 8 H. (12)
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Temep BiJg CYOPOTHBHOIO MPHUIYCTHMO, IO
(10) me mae micus. Ile osmauae, mo Id, — 0 B
L®(Ry; H) 3¢ > 0 3z, € Oxyq,) Taxi, mo

dist(z,,0) > €. (13)
3 (11) supomumo: Yu(-) € Sxya)(+, uo) vt =0
lu() I < lluollFre™® + K(ld|3 +1).  (14)

Ockinpku B cuny [6] £ € Oy & £ = ILm &n, 1€

&n € Sx(tn, B) ne t, / 0o, B C H — obmexena,
10 3 (14) maemo:

VE € Osygy lI€N7 < K ()12 + 1),

T0OTO icuye obmexena By C H taka, mo Vd,
ld]loc < Ro
@E(d) C Bg.

Tomi =z, € GZ(dn)
C Sx(a,)(t, Bo).

Orxe, z, = un(t) € Shn,(tvfn)a e & — &
cnabo B H, ||hy|l+ < ||dn]|lcoc — 0. BBigcn by — 0
B Li;‘: (Ry; H) i3a sractusicrio (12) mo migmocsi-
JIOBHOCTI

C Syt Ox@,)) C

un(t) — u(t) € S(t,€) © S(t, Bo). (15)

B cuny piBHOMIpHOTO MPUTIATHEHHST MOXKEMO BU-
6paru t > 0 Tak, 11106

dist(S(t, By), ©) <

| ™

Toni 3 (15)
zn — u(t) € O¢(0),
o cynepeunts (13). Teopema mosesena.
BucHoBku

B po6oti pozrisgayTo 3amady pobacTHOI CTiil-
KOCTI JJIsi HeJIHIINHOI CucTeMuW PIBHIHb B dYa-
CTHHHUX TOXiTHWX Tumy peakiig-naudysia (RD).
Jlns Takoi cucremu, IO Mae€ TIODAJLHUN arpa-
KTOD, PO3B’SI3aHO TUTAHHHA OIHKU BiIXUJICHHS
PO3B’SI3KIB BiJl aTpakTOpa B 3aJ€XKHOCTI Bij BEJIN-
unHu 30ypenHs. /loBejieHO BJIACTUBOCTI acHMIITO-
TtraHOTO TifcuienHs (AG) BigHOCHO TTOGATBHOTO
arpakTopa gucunarusHol RD-crcremn.
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HAH Vxpainu, Oooxmopa ¢iszuko-mamemamuynux Hayk B’suecnasa Bonooumuposuua Menewxa. Ha
NPUKIA0Aax 63a€MO0ii  OeKiNbKOX KO2EPEeHMHUX GUXPOSUX CMPYKMYP HNOKA3AHO, WO HeBpaxy8aHHs
GHYMPIWHIX CMYNEHI8 GLIbHOCMI BUXOPI8 NpU MOOeN08AHHI meuli CYMmeEBO 6NAUBAE HA PO3PAXYHKU
2eHEePOBAaAH020 36YK0B020 NOJIA, SKE € Pe3YAbMaAmoM UXpoeoi 3aemodii. Ompumano, wo 6eruKoOMAacuimaoui
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The article is dedicated to the glowing memory of the talented Ukrainian scientist-mechanic, professor,
doctor of physical and mathematical sciences Vyacheslav Viadimirovich Meleshko. The sound fields of
several coherent vortex structures interacting with each other were calculated using the moment model
(MZS-model) of the first and second orders. In the first-order MZS-model, vortices are described by point
vortices, in the second-order MZS-model--by Kirchhoff vortices. Sound fields as a result of vortex interaction
are calculated using the Lighthill's acoustic analogy under Powell's formulation. The spectrum of the sound
field in the description of coherent vortices by point vortices is characterized by a single frequency band,
which reflects the motion of the vortex centers of vortices (large-scale vortex movements). Taking into
account the inner vortex dynamics leads to the expansion of spectrum and level increasing of calculated
sound: the lower band describes the motion of the vorticity centers of spots, the higher band describes the
internal dynamics of the vorticity. It is shown that large-scale vortex movements can be modeled by point
vortices, when the sound spectrum of distributed vortices is clearly divided into bands and the width of the
lower frequency band is close to the width of the sound spectrum from point vortices. The presence of an
upper frequency band in the sound field of interacting vortex spots does not allow us to describe the
distributed vortices as point vortices when constructing a sound source, since such a simplification leads to
a significant underestimation of the level of the calculated sound field.

Key Words: coherent vortex structure, point vortex, Kirchhoff vortex, sound spectrum.
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1. Beryn

HocmipkeHHS  IOyMiB, IO T€HEPUPYIOTHCA
TEYi€r0, MalTh CaMOCTIHHMI HayKOBHH iHTEpec;
OTpUMaHI  pe3yJbTaTd  BUKOPUCTOBYIOTHCS B
0araTbOX IH)KEHEpHUX 3aCTOCYBaHHiIX. B oOumc-
moBaibHIM  aepoakyctuni  (CAA-computer aero-
acoustics), sika moyajga CBilf PO3BUTOK 3 TOYATKY
1990-x pokiB, chopmMoBaHi JBa OCHOBHUX HAMPSMKHU
(namp.,[1]): ymcenbHUIA PO3PaXyHOK CHUCTEMH PiB-
HsiHb Hap'e-CTokca, 1m0 OIUCye TOBHY Tedilo
piauau (comprehensive CAA); TiOrugHui 4ncens-
auit miaxig (hybrid CAA), B skoMy cama Tedis
PO3paxOBYETHCSI YUCEIBHO a00 ONUCYETHCS BUX-
POBOI0  MOAEIIO, a JalbHE 3BYKOBE IIOJIE
BU3HAYAETHCS METOAOM aKyCTHYHOI aHaJorii 4u
METO/IOM 3POIIYBaHUX aCHMIOTOTHYHHUX PO3KIIa/IEHb.
lNopuaHi migxonu 00 €IHYIOTh YHCEIbHI CXEMH Ta
MoOJIeNi PI3HUX PIBHEH CKJIaIHOCTI; X 3aCTOCOBYIOThH
[pU Manux Ta moMipHux unciaax Maxa M (M <1),
KOJIM € CITyIITHOI0 YMOBA HEB3a€MO/I1i BUXPOBOI Tedii
3 HOPO’KYBAaHUM HEIO 3BYKOM.

Cepeq BCIX BUXPOBHX CTPYKTYp Tedii HaHO1IbII
e(eKTHBHO TTepEeTBOPIOIOTH EHEPTil0 CBOET B3aEMOIl
B CHEpPril0 3BYKOBHX XBHJIb KOTEPEHTHI BHUXPOBi
CcTpyKTypH [2]. 3rigHO 3 OpraHizaii€lo KOTrepeHTHOi
BUXPOBOI CTPYKTYpH [2], 3BYKOBHIl CLIEKTp Bil BUX-
poBoi Tedii, o chopMoBaHa HaBITh JEKLIHKOMA KO-
TePEeHTHUMU BHUXPOBUMH CTPYKTypamu, € poO3Io-
JIIJIEHUM B3/I0BX TEBHOI YacTOTHOI CMYTH: OLIbII
HU3BKI YacTOTH CIEKTPY BiAMOBIAAIOTh BEJH-
KOMaclITaOHUM BUXPOBUM pyxaM (pyXH LEHTpiB 3a-
BUXPEHOCTI IUIAM), OUIBII BHUCOKI YacTOTH 00Y-
MOBJIEHI BHYTPIIIHBOO BUXPOBOIO TNHAMIKOIO.

B crarti Ha npukiaai B3aeMoJIii AEKIIBKOX KO-
TePEeHTHUX BHUXPOBHUX CTPYKTYP PO3B S3y€bCsl IU-
TaHHA LIOAO BIUIMBY BHYTPIIIHBOI BUXPOBOI JHUHA-
MiKH Ha pO3paxyHKOBHH PiBEHb 3BYKOBOT'O TOJIS, IO
TeHEePYEThCSl B pe3yJNbTaTi Takoi B3aemonii. B no-
CIiDKEHHAX OyB BUKOPHCTaHWU TiOpMIHWHA MiAXiA:
B3a€MOII BUXOPIB OMUCYBAIHCS MOMEHTHOIO MO-
nemwno (MZS-Mojienb) mepiioro Ta Apyroro mopsii-
KiB [3], 3BykoBe TMoje OOYMCIIIOBANIOCS B MEXax
akyctruHoi aHnamorii JlaiTxima (Lighthill) B ¢op-
myntoBanHi [Tayena (Powell) [4].

2. Bukopucrani mopeJi. IlloctanoBka 3a1a4

IIpu ommci BEUXpOBOI B3a€MOJil PO3TISAIAETHCS
JIBOBUMIpHA MOTEHIliiHA Tevist HEB'S3KO1
HECTHCIIMBOI PIAWHU OJHOPIMHOI MIUTBHOCTI, B SIKiH
B3a€EMOJIIOTh JEKiIbKa KOTEPEHTHHX BUXPOBHUX
CTpyKTyp. PinuHa BBakaeTbcsi HEOOMEKEHOIO Ta
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HEPYXOMOI0 Ha HECKIHUYEHHOCTI. Y JBOBUMIpHIi
ieanbHil OapOTPOIHIN pinuHi, KA € HEPYXOMOIO Ha
HECKIHYEHHOCTi, BUKOHYIOThCSI 3aKOHH 30epeKeHHS
MUPKYJIAII1, IMITyJIBCY, MOMEHTY IMITYJIbCY Ta YaCTH-
HU KIHETHMYHOI €Heprii, MoB'I3aH0i 3 pO3MOILIOM 3a-
BHUXpeHOCTI B cepenoBuili. B nHabmmwxenni MZS-
MOJIeNli TepIIOro TOPAAKY KOTEpEeHTHI BHUXOpi €
BUXPOBUMH TOUKaMHM, iXHA B3a€MOisl OIHCYEThCS
raMiJIbTOHOBOIO ~ CHCTEMOIO PIBHSIHb  JIPYrOro
HOPSIAKY 3 BIANOBIAHUMM IIOYaTKOBHMH yMOBaMH
[3], [5]. B3aemonis BuxopiB Kipxroga (Kirchhoff),
o BiAnoBigae HaOmmkeHHI0O MZS- Mozeni 1pyroro
HOPSIZIKY, OIMCYETHCS B ME¥KaxX IaMUIBTOHOBOI CHC-
TE€MU PIBHAHb YETBEPTOrO MOPAIKY 3 BiJIOBIAHUMU
noyatkoBUMH yMoBaMu [3]. B po3B's3aHHI 1uX
CUCTEM DIBHAHB IOJISITAE MaTeMaTHYHA MOCTaHOBKA
TiApOMHAMIYHOT 3a7a4i. MareMaTHyHa MOCTaHOBKA
aKyCTHYHOI 3aJayl TMoJsirae B PO3B 53Ky HEOM-
HOPIJTHOTO XBHIJIbOBOTO piBHSHHS JlaliTxima B Qop-
mymoBanHi [layena [4], [6], sikuii BiAmoBigae HyIbO-
BUM II0YaTKOBMM YMOBaM Ta YMOBI BUIIPOMIHIO-
BaHHA 3omepdenpaa. Buxopi Kipxroda Ha BiaMiHy
BiJl TOUKOBUX BHXOPIiB MalOTh JIBi JOAATKOBI CTYTICHI
BUILHOCTI, 1110 JO3BOJISIE MOJEIIOBATH BHYTPIIIHIO
BHUXPOBY JUHaMiKy KOT€PEHTHUX BUXOPIB [3].

3. AnaJi3 004ucsIeHb 3BYKOBHX MOJIiB

B skocti BHXpOBOi cHCTeMH, IO JOCITIIKY-
€TBCsI, 00epeMO NPYKHIO B3aEMOJII0 TPHOX BHXOPIB
Kipxroga, moBeniHka LEHTPIB 3aBUXPEHOCTI SKHUX
BIAIOBIA€ TaKMM THIIAM B3a€EMOJI] €KBIBAJIEHTHOI
CHUCTEMH TpPhOX TOYKOBHUX BHUXOpIB: IpsMa B3ae-
MO/Iist, 0OOMiHHA B3a€MO/Iis, B3a€MHE 3aXOIUIeHH [5],
[6]. IHTeHCHBHOCTI BHXpPOBHX IUISIM JODPIiBHIOIOTH
I'' =T, =-T,; 3amaya poss'sa3yBanacsa B 0e3po3-
MipHOMY BUTJsiAi [6]. Po3mipu BuxopiB oOGupanucs
TaKUM YUHOM, 11100 THUO B3aEMOJIi LIEHTPIB
3aBHXPEHOCTI IUISIM BIJIMOBIaB THIy B3a€MOJIIT
€KBIBAIEHTHOI CHUCTEMH TOYKOBHX BuXopiB [6]. Lle
JO3BOJIUTE 3PO3YMITH, SIKHM YHHOM BHYTPIIIHS BHX-
poBa IUHAMIiKa BIUIMBAE Ha PO3PaxXyHKOBE 3BYKOBE
nione. [lpu mpsimiit Ta 0OMiHHIN B3a€EMOJIIAX B SIKOCTI
HaOixHO1 BuxpoBoi mapu /,3 (Puc.l,a) oOGupanucs
EV-cranu [3], Buxop 2 MozaemntoBaBcs ab0 BUXOpEM
Penkina (kpyroBuii BUxop), abo Takum camum EV-
BUXOpeM. B BHmaaKy B3a€MHOTO 3aXOIUICHHS BCi BH-
xopi MojemoBanucs EV-cranamu.

[Ipoanamisyemo 3ByKOBe TIOJNE BiI Xapak-
TEPHOTO BUMAJKYy BHXPOBOI B3a€MOJil BHXOPIB
3aBUXpeHOCTi: HalOibkHa BuxpoBa mapa /,3—EV-
cTanu, Buxop 2—-suxop Penkina (Rankine); mmom
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BUXOpiB ofHakoBi S, =0.495, monyns 3aBux-

perocti |@,, |=2.018; mouatkoBi KoopaMHATH BH-
xopiB: [ (-20;3.5), 2(0;-1), 3(-20;2.5). PozpaxynkoBe
3BYKOBE IOJIE MOPIBHAEMO 13 3BYKOBUM IIOJIEM Bij
€KBIBJICHTHOT CHCTEMH TOYKOBUX BUXOpIB (puc. 1).
Ha Ttpaekropii meHTpiB 3aBUXPEHOCTI IUIIM cami
Buxopi Kipxroda He HaHeceHi; TpaekTopil mo3HauYeHi
JHISIMU: BUXOp [—CyIiNbHA JTiHISA, 2—ITyHKTHPHA,
BUXOp J3—IuTpux-nmyHkTupHa (puc. l,a). s
ONMMCYBAaHHS HHM3bKOYACTOTHOI CMYTH 3BYKOBOTO
CIEKTPY B BHIAJKaX MPsAMOI Ta OOMIHHOT B3a€EMOIIi
BBEIEMO TMOHATTS 00JIaCTi eQEeKTHBHOI BHXPOBOL
B3aemoxii (puc. 1,a, kpyroBa obnacts): Ha i Mexi
piBeHb (Quykryawiii 3BykoBoro THCKY p, (6 --
HampsIMOK Ha TOYKY croctepekeHHs) Ha 20 dB
HIDKYMH 32 MakCHMalbHEe 3HAYCHHS; qac
nepeOyBaHHsT BUXOPIB B LIl 00JIACTI MO3HAYUMO SIK
T, ;o,, =2r/T,, --XxapakrepHa 4acToTa BHIIPO-
MIHIOBaHHS NIOZI0  BEJIMKOMACIITA0OHMX  PYXIB.
3BYKOBUI CHTHAJ B TOYIIl CIIOCTEPEIKEHHS OCLIHIIIOE
BiTHOCHO CBOTO CEPEIHbOTO 3HAYEHHS, OJIM3bKOTO
JI0 3BYKOBOTO IMITYJIbCY BiJl €KBIBaJEHTHHUX TOYOK
(puc. 1,6). AMmniTyqHuit cekTp curaany |S | 9iTko
pO3MONITICHNIT Ha IIBI CMYyrd: XapakTepHa YacToTa
HU3BKOYACTOTHOI CMYTM BHU3HAYAETHCS I1HTEPBAIOM

Tg(ﬁ BiJl LIEHTPIB 3aBUXPEHOCTI IUISIM; BHUCO-
KOYacTOTHa  cMyra  (OPMYETBCA  YaCTOTAMH

ocLWIALIN miBocell B HAODKHIN /,3 Ta BinOutii 2,3
BUXPOBHX IIapaxX, a TAaKOX MOIBOEHOIO YaCTOTOIO
o0epTaHHs TOOJUHOKOTO BUXOpa [ Micisl iHTepBaILy

Tg{p (puc. 1,B). Barn HaliOIbII €HEPTOEMHUX YaCTOT

Pi3HUX CMYT crieKTpy O1m3bKi Mik coboro. B manomy
BUMAIKy BHECKM B 3BYKOBE IIOJIC BiJ
BEIMKOMACIITAOHUX pPyXiB Ta BiA BHYTPIMIHBOL
JIIMHAMIKK CHiB3MipHI. BigzHaunMo, 110 B BHITAIKy
Ti€i )X OOMIHHOI B3a€MOZIi, aje KOJH BCi BHXOPH
cuctemu € EV-craHamu, 3ByKOBE IOJIE IIEPEBAXKHO
(¢opMye BHYTpIIIHS BHXpOBa JUHAaMiKa. B 1pomy
BUMAJKy pPIBEHb 3BYKOBOTO TMOJ BiJ IUISIM MpH-
ONMM3HO Ha JBa MOPSAIKH BULIMK 32 PiBEHb 3ByKOBOTO
TIOJIS1 BiJl €KBIBAJICHTHMX BUXPOBUX TOYOK.
PosrmsiHemMo BenmukomacmitabHI PyXHl BHXOpIB
Kipxroda 11010 IXHBOT'O MOJETIOBAHHSI
eKBIBaJICHTHOIO CHCTEMOIO TOYKOBMX BHXOpiB. Ha
puc. 1,r 3apaju CTHCIOCTI MOAAHI TPAEKTOPii LEHT-
PiB 3aBUXPEHOCTI JIUIIE BUXopa 3 ISl BCIX CHCTEM,
o PO3TIIAAAI0THCS. Hns BCIX  cHCTEM
HU3BKOYACTOTHI 3BYKOBI CMYTH MArOTh OJHM3bKY
mmpuny (~0.25 6e3po3mipHux yactot) (puc. 1,x).
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Ile o3Hauae, 110 THI MOBEAIHKH BEIMKOMACIITA0OHUX
PYXIB BHUIIE3TaJaHUX CUCTEM, OJIHAKOBUH (puc. 1,r).

0.005

|S| NYHK.KpUBE-TOUK. BUXOPI

0.003

0.002

BUXD.TOYKY

had i 0.001 L
t n
o4 o L 10

0 100 200 300 400 0 04 08 12 16 2

0.008
18I

suxopw Kirchhoff:EV-1,2,3
0.006

BUXP.TOUKN 6 BUXP JOUKM

0.004

0.002

210 ~—A) o sl S 0|
0 0.05|0.1 0. 0.2 0.25 0.3
suxopw Kirchhoff:EV-1,3,Rankine-2

-40 -30 -20
suxopu Kirchhoff:EV-1,2,3
suxopu Kirchhoff:EV-1,3, Rankine-2

2 0
Puc. 1. OO0minHa B3aemonais BuxopiB Kipxroga Ta
iXHe 3BYKOBE SIK pPe3yJbTaT B3a€MOJil; MOSCHEHHS
MOJIaHi B TEKCTi.

B Bumnanky B3aemuoro 3axormnenns (1 (0;-0.57),
2(05-1), 3(0:-1.57), §,,,=0.049, |, |=20.37)

(puc. 2,a) piBeHb 3BYKOBOI'O THCKY BiJI IUIIM CYTTEBO
MEPEeBUIIyE  PIBEHb  3BYKOBOIO  TUCKY  Bij
CKBIBAJICHTHUX TOYOK: II€ PE3yJlbTaT BpaxyBaHHI
BHYTPINIHIX CTYIIEHIB BUIBHOCTI BUXOpiB (pHC. 2,0).
B 3BykoBe mome  poONATH CYTTEBI BHECKH BCi
CTyIIEHI BUTBHOCTI BHIXOpIB, IO B3aEMOIIIOTH MIiX
coboro (puc.2,8). IllupuHa 4YacTOTHOI CMYrH Bij
BEIMKOMACIITAOHUX PYXIiB PO3MOMAIJICHUX BHXOPIB
Ta PyXiB €KBIBAJICHTHUX TOYOK Oim3bKi (puc.2,B), 3
YOro BHUTIKaE ONM3BKICTh TPAEKTOPIA IEHTPIB
3aBUXPEHOCTI IUISIM Ta TOYOK (Ha puc. 2,a -- 3apaiu
CTHCIIOCTI TIOJJaHA  TPAEKTOPIS JIMIIE TOYKOBOTO
Buxopa 3).
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3. BucHoBku

ToukBux0p 3 2| Y

e HespaxyBanus BILJIUBY BHYTPIIIHIX
CTYIIEHIB  BUTBHOCTI ~ BUXOpIiB  (MOJENb
TOYKOBHX  BHUXOpPiB)  MNpH  TOOYIOBI
3BYKOBOTO JDKepella CyTTEBUM  UYHHOM
3aHIDKY€ PO3PaxyHKOBHUI PiBEHb 3BYKOBOTO
MOJISL.

e BemukomacmrtabHi  pyXu — PO3NOAUICHHX

a BUXOPIB KOPEKTHO MOJICIIOBATH TOYKOBHUMH

BHUXOpaMH 32 YMOBH, KOJIM 3BYKOBHH CIIEKTp

YiTKO BiJl IUISIM PO3MOAUICHUIA HA CMYTH Ta

HU3bKOYACTOTHI CMYTH BiANOBITHUX CHUCTEM

| o, moumm MaroTh OMm3pKy mUpHuHy. Ll Te3a € axyc-

I/ THYHUM  KpUTepieM  (SKICHUM)  IOJ0

5 »Jk OIMMCYBAaHHS BEIMKOMACIITAOHHX BHXPOBUX

e PYXiB TOYKOBHMH BUXOPaMH.

¢ OckinbKy BHYTPIIIHS BUXpOBa JTWHAMIKa
3HAYHUM YWHOM BIUJIMBA€ HA PiBEHb Te-
HEpPOBAHOTO 3BYKY, KOMIIEHCYBAaTH LieH
(hakTop MOXHaA, 30KpeMa, 3MCHIICHHIM

ey M2 ISl

Puc. 2. Bzaemue 3axoruieHHst BuxopiB Kipxroga ta
iXHe 3BYKOBE SIK pe3yJbTaT B3a€MOJii; MOSCHEHHS
MOJIaHi B TEKCTI.
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Posensanyma 3adaua npo ocvoguii posmsz NAACMUHU, NOCIAONEHOI 0BOAKO-NEPIOOUUHOIO CUCMEMOTO
Kpy2aux omeopis, po3maulo8anux 8 uaxogomy nopaoky. Buxiony zadauy 36edeno 0o opyeoi 3aoaui meopii
npysjcHocmi 011 00H020 nepiody, AKA po36 A3V6andcs MemoOOM CKIHUeHHUX enemenmis. Y pe3yasmami il
PO38’83KY 3HAUOEHI NPUBEOEHI NPYICHI XAPAKMEPUCIUKY eKGI8AIeHMHOI 00HOPIOHOI OpmMOmpoOnHol
naamisku. Ilpoeedeno ananiz ix noeedinku 6 3aneliCHOCMI 80 OE3POIMIPHUX 2eOMEMPUUHUX NAPAMEMPIS.
Obnacmov 3MiHU 2eOMEemPUYHUX NApAMempis Guasuacs po3oumorlo Ha 060 nioodracmi. Illogedinka
npUBeOeHUx NPYHCHUX XAPAKMEPUCMUK 8 YUX 0OIACMAX CYMMEBO GIOPI3HACMbCA. Bukonanuii nopieHanbHuil
aHaniz OMpUMAanux pe3yrbmamis 3 6i00MUMU 3 Iimepamypu pe3yibmamamu, niomeepous ix adexgamHicme.

Knrouogi crnosa: dgosiko-nepioouuna, nepghoposana niacmunxad, posmse.

The problem of axial stretching of a plate with a double-periodic system of round holes arranged in a
checkerboard pattern is considered. The specified problem is reduced to elasticity second problem for one
period of plate, which was solved by the finite element method. As a result, the reduced elastic
characteristics of the equivalent homogeneous orthotropic plate are found. The analysis of their behavior
depending on dimensionless geometrical parameters is carried out. The area of variation of the geometric
parameters was divided into two subareas. The behavior of the equivalent elastic characteristics in these
areas is significantly different. It turned out that the double-periodic perforated plate shows significantly
anisotropic behavior. The limit values of the Poisson's ratios can reach unity and, on the other hand, may be
less than the original value. Dependences of the stress concentration coefficient on dimensionless
geometrical parameters are obtained too. Performed comparative analysis of the obtained results with the
results known from the literature, confirmed their adequacy.

Key Words: double-periodic, perforated plate, tension.
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o0yMOBIIECHE = HaMaraHHsM  3MEHIIUTH  Bary
KOHCTPYKIii B 1iyloMy. B iHIIMX BUTMaaKax OTBOPH
MaloTh (YHKIIOHAIBHE NPU3HAYCHHS: Yepe3 HUX
MPOXOASTh OTOKU PiMH abo rasziB. Y Oynb-sKoMy

Beryn

JBosiko-niepiognyHi 1epGopoBaHi MIACTUHKU
Ta OOOJOHKH € THIIOBUM €JIEMEHTOM 0araTbox
KOHCTPYKIiil. B neskux BUmajgkax ix BUKOPUCTAHHS
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BUIAKY HE00X11HO BMITH e(EeKTUBHO BHIIJICHOI HA PHCYHKY | TEMHUM KOJBOPOM, B
pO3paxoByBaTW  MOJSl  HANPYXEHb B  TaKUX MeXaxX OJHI€l MPAMOJIHIHHOI YaCTWHHM TPaHUIl B
€JIEMEHTaX. cuiy cumerpii € cranumu. JlomoBuMoca s
CyuacHi pO3paxyHKH IIOJIiB HAamNpyXeHb B 3PYyYHOCTI HA3WBaTH MAaHy YaCTHHY IUIACTHHHU i
eJIeMeHTax KOHCTPYKIIIH TIPOBOJATHCS 3a mepionoM (AuB. puC. 2), XOUa BOHA HE € MEPiOZOM B

JIOTIOMOTO0 BepH(PiKOBAHUX CKIHYCHHO-CIIEMEHTHUX
naketiB. OnHak, pu Oe3rnocepeIHbOMY PO3PaXyHKY
JBOSIKO-TIEPIONUYHO  Iep(OPOBAHUX  IUIACTHHOK
METOJIOM CKiHYEHHUX €JIEMEHTIB BHHHUKAIOTh 3a1adi
BEJIMKOT PO3MIPHOCTi, PO3B’SI3aHHS SKUX BUMarae
3HAYHUX OOYUCITIOBAIBHUX Ta YaCOBUX PECYPCIB.

MoxnuBe BUpILIEHHS BKa3aHOi MpOoOJIeMH
MOJIATAE€ Yy 3aMiHI JIBOSIKO-TIEPIOJMYHOI TUIATIBKH
OJIHOPITHOI0, 3 TIpUBENECHUMH (EKBIBaJCHTHUMH)
MPYXHUMHU cTanuMu. JlaHwii miaxig OyB ycCmimrHO
PO3BUHEHHH B JPYTil MOJOBHHI MUHYJIOTO CTOJITTS
BITYM3HSHOIO HAYKOBOIO IIKOJIOK Mij] KEPiBHUIITBOM
npotdecopa dimpmruHcskoro JLA. [1,2]. Tlpore,
amapar aHamiTHYHUX (YHKIIH, 3aKJIaJeHuid B HOTO
OCHOBY, JTAJICKO HE 3aBK/IU BHUSBIIIETHCS 3pO3yMUTAM
crieriamicram, SIK1 TPOBOJSITH MPaKTHYHI
po3paxyHKH. SIK HacHigOK, BOHH BHAIOTHECS [0
NPUMITHBHUX  CHpPOIIEHb, AKI  HE  3aBXKIH
JIO3BOJISIIOTH OTPUMATH aJ€KBAaTHUH pe3ysIbTar.

B Toii ke Wac, y po3MOpSIDKEHHI iHXEHepa €

CKIHYCHHO-CJIEMEHTHUH  TaKeT —  MOTY)XHUH
IHCTpYMEHT, 3IaTHUH  JONOMOITH  IPaBUIIBHO
BU3HAYUTH €KBIBAaJEGHTHI XapaKTepucTuku. Ha

CBOTOJIHI € HEMOoTaHi CKIHYEHHO-EJIEMEHTHI IaKeTH
HaBiTh Yy BUIBHOMY JOCTYIi, HampHKIad, MaKeT
CalculiX [3,4]. Y naHiii poOOTi MPOAEMOHCTPOBAHO
METO/I BH3HAYEHHS EKBIBAJIEHTHUX XapaKTEPUCTUK
JIBOSIKO-TIEPIOANYHO TMEep(POPOBAHUX IUIACTHHOK 32
JIOTIOMOTOK0  METOJy  CKIHUEHHHMX  CJIEMCHTIB.
BukopucranHs came MeTOly CKiIHYeHHHX €JIeMEHTIB
HE € IPUHUMIOBUM. 3aMicTb HBOIO MOXKHA
3aCTOCOBYBATH OyIb-SIKHW IHIIMKA METOJ, 3JaTHUHN
3HAXOJUTH PO3B’SI3KM 3/1a4 TEOpii MPYXKHOCTI IS
HEKAHOHIYHMX  O0JIacTeil, HaNpUKIaaA, METOJ
IPaHUYHUX  €JIeMEHTiB.  Merol  CKIHUEHHHUX
eneMeHTiB OyB BUOpaHHH SIK OLIBII MOMYISIPHUIA.

IMocranoBka 3agayi 1Jis1 mepioxy

Bynemo posrmsimatu mepdopoBaHy IUIaTiBKY,
OTBOpU B sIKif pO3TalllOBaHI B IIAXOBOMY MOPAIKY
(mnuB. puc. 1). Bincranb MiX CyCiTHIMH OTBOpamH,
LEHTPU SIKUX JIeXaTh Ha OJHIM TOpU3OHTAIBHIN
npsAMil, piBHa 2a, a HA OJHIA BePTUKAIbHIN NpsAMiii
— 2b, pagiyc oTBOpiB piBHHH 7 .

Byap-axuil po3TAr Takoi IJIACTUHHM MOXKHA
YSBISITH K CYNEPITO3UINI0 OJHOBICHUX PO3TSTIB
B3lIOBXX  TOPU3OHTAJIBHOTO Ta  BEPTHKAJIBHOTO
HanpsiMKiB. Js1 OcTaHHIX XapakTepHO Te, IO
HOpMAaJIbHI 3MIIIEHHS TOYOK TpaHUIll TMig00acTi,

3arajJbHO BH3HAYCHOMY PO3YMiHHI IIbOTO CIIOBA.

O O O
OC‘)O

O O
O O O

Puc. 1. JIBosiko-niepioguuno niepdopoBaHa IracTHHa

y

a

Puc. 2. [epion nepdopoBanoi mracTHHA

Bynemo BuXomuTH 3 TOro, IO JIBOSKO-
nepioAnYHa IUTACTHHA TPH PO3TATY Beme cebe sk
oprotpomnHa [1]. J{nst opTroTpomHOro cepenoBuiia B
IUIOCKOMY BHIIJIKy MDK KOMIIOHEHTaMH TEeH30pa
HanpykeHb o, Ta o, i TeHzopa aedopmauiii &, Ta

&, MaeMO HACTYIHI [5] CrBBIHOWICHHS:

(0. -7,0,). &, ==l0,~7,0), (
&, ==1\0, VWO'y 5 gy__— O'V—Vny'X 5 ( )
Ex EV
ae £, ta E, — exBiBaJeHTHI MOIYJ] NpPYyXKHOCTI
(Momyni  IOwra), v, Vv, — eKBiBaJeHTHI

koedimientn Ilyaccona. I[lpuuomy s HHX Mae
BUKOHYBATHCs CHIBBIHOWEHHS £V, =E V .

E,, v, T1a Vv,
HEOOXiJTHO TPOBECTU [[BA PO3PAXYHKHU IS TEPIONy.
B o000x Bumamkax Ha BChOMY IEPHMETpPI IMEpiomy
3a7al0ThCsl HYNBOBI JOTHMYHI HampyXeHHS, a Ha

cropoHax x=0 t1a y=0 — HyJIbOBI HOPMaJbHI

Hns  BusHaueHHs FE

X

3MilleHHs! (TI0JI0XEHHS Ocel MmoKa3aHo Ha puc. 2). B
nepmiiii  3ajgadi  HyJIbOBI HOPMaNbHI  3MIIICHHS

56



Bicnux Kuiecvkozo nayionanvnozo ynigepcumemy
imeni Tapaca Illeguenxa
Cepis ¢izuko-mamemamuyni HayKu

2021,3

Bulletin of Taras Shevchenko
National University of Kyiv
Series Physics & Mathematics

Tabmmms 1
[TopiBHSIHHS KOJIOBUX HANPY>KEHb 3 JaHUMHU poOoTH [2]
o, 0 r=0,2a r=0,4a r=0,6a r=0,8a r=0,9a
0| —-1,024 | —-1,024 | -0962 | 0,961 | —0,524 | —0,524 0,106 0,106 0,003 | —0,009
15| -0,752 |-1,0753 | -0,756 | 0,757 | —0,678 | —0,676 | —0,440 | —0,439 0,106 0,098
30 | -0,007 | -0,007 | -0,113 | -0,113 | -0,658 | —0,659 | —-2,956 | —2,959 | —6,864 | —6,472
(a) | 45 1,024 1,024 0,959 0,959 0,397 0,398 | —2,985 | -2,982 | 14,11 | —-14,14
60 2,068 2,069 2,242 2,242 2,582 2,583 4,225 4,227 8,031 8,035
75 2,841 2,842 3,307 3,307 4,736 4,739 | 10,680 | 10,692 26,10 26,18
90 3,127 3,126 3,723 3,723 5,590 5,589 | 11,747 | 13,876 21,32 21,33
0 3,100 3,099 3,310 3,310 3,618 3,618 5,601 5,600 | 10,710 | 10,716
15 2,828 2,828 3,096 3,096 3,648 3,650 5,277 5,276 7,953 7,957
30 2,082 2,082 2,443 2,444 3,505 3,506 6,843 6,844 11,93 11,93
(6) | 45 1,051 1,051 1,381 1,381 2,573 2,570 7,822 7,819 22,17 22,19
60 0,007 0,007 0,107 0,106 0,511 0,511 1,480 1,479 2,675 2,672
75| -0,766 | —0,766 | 0,967 | -0,968 | —1,766 | —1,764 | 5,843 | —5,855| —18,04 | —18,07
90 | -1,051| -1,051 | -1,392 | -1,392 | 2,743 | 2,742 | -7,862 | -9,991 | 16,26 | —16,27

3a71al0ThCsl TAKOXK Ha CTOPOHI y =b, a Ha CTOPOHI

. . [ 1

X =a 3aJal0ThCS HOPMAaTbHI 3MILICHHS d&,, AE &,
— Jeska ctana. B npyriii 3aga4i HylTb0B1 HOpMaJbHi
3MILIEHHS 3aJal0TbCsl Ha CTOPOHI X=a, a Ha
CTOpPOHI y=5b 3a7al0ThCsl HOPMAJIBHI 3MIilLEHHA
11
bgy .

0/IEP’)KyEMO HACTYTIHI CITiBB1THOIIEHHS:

B wHacmijok po3B’s3aHHS IUMX JBOX 3ajad

— — 1
bod 1 o

T -9 = T Y (_v v
x = I (I_nyvyx)’ E y (1 nyvyx)’
&, £,
— ==l = =1 /=I
ny — Yx /O-y > Vyx - y/o-x H (2)
—1,11 . .

Je depes oO,), TO3HA4YEHI yCEpeAHEHI IIo
BIIMOBIIHUX ~ CTOpPOHAxX TepioAy  Hampy>XKeHHs,

BEpXHiil 1HIOEKC ‘I’ MO3Ha4ae pPO3B’S30K MepIoi
3a1adi, a iHjeKc “/I” — po3B’SI30K APYroi 3aaadi.
3HalouM eKBiBaJIeHTHI wmoxayni (2), MoxKHa
PO3TJSIHYTH OJHOBICHUHM HAaNpyXXEHHH CTaH [UIs
nepiofy IJIACTHHHU, sKui Oyne BiATBOpIOBaTH
BIIMOBIIHMH  OJHOBICHWUH  HAmpy)XCHUH  CTaH
HECKIHYEHHOI JIBOSIKO-TiepioguyHO  nepdopoBanoi
IIaTiBKA. 7SI MOZAENIOBAaHHS OJHOBICHOTO CTaHy
pO3TSTy B3/IOBXK BiCl X Ha CTOPOHAX MEPIOAY X =da
Ta y=>b mOTpiOHO 3a7aTH HOPMAaJbHI 3MillIEHHA
agy Ta —bVXygo BiAmoBimHO. 111 MOJICTIOBaHHS K
OITHOBICHOTO CTaHy pO3TATYy B3OOBX Oci ) Ha
CTOpOHaX mepiogy x =a Ta y =b morpiOHO 3amaru

HOPMaJIbHI 3MILEHHA —aV , & Ta b&, BiANOBIAHO.

Pe3yabTaTH Ta iX 00roBOpeHHs

OTpuMaHi 3a JOIOMOIOI0 3alpPOINOHOBAHOTO
QITOPUTMY Ppe3yJbTaTH Ul BUIAAKY IPABUIBHO
TPUKYTHOT CUCTEMH OTBOpIB (b= a3 )
NOpIBHIOBANICA 3 JaHWMH, HaBeJAeHMMU B [2].
Pesynbratel  MOpIBHSHHA  KOJIOBHX  HAampy>KeHb
B3JIOBXK T'paHUIi OTBOPY, BIAHECEHHUX IO BEIUYHUHH
pO3TATYIOUMX HaNlpyXeHb Ha HECKIHYEHHOCTI AJIs
OCBOBOTO PO3TATY B3IOBX OCi x (@) Ta B3AOBXK OCi
y (0) B 3aN€XHOCTI Bil BITHOCHOTO pajliycy OTBOPIB
Ta IHOJIAPHOIO KyTa ¢ TOYKH CIOCTEPEKEHHS (AMB.
puc. 2) HaBeneni B Tabn. 1. B miBiil KonoHI KOXXHOT
napy HaBeICHI pe3yJbTaTH, OTPHMaHi 3a JOIIOMOTOI0
METO/y CKIHUEHHUX €JIeMEHTIB 3a 3alpOIIOHOBAHUM

ITOPUTMOM, B TMpaBii — J1aHi, HaBeneHi B [2]. B
MepeBaXHI  OUIBIIOCTI  BUMANKIB  pe3yJIbTaTH
CIIBIIAQJAIOTh 3 TOYHICTIO 1O TPHOX TEPIINX

po3psiniB, a 4yacto i A0 Bcix YOTHpbOX. Okpemi
HEBIJIMOBITHOCTI, BUJUIEHI TOBCTOIO JIIHIEIO PAMKH,
HIBHIIIE 33 BCE, NOSCHIOIOTHCS CUIIBHOIO PEAYKIIIEI0
HECKIHYEHHOI CHCTeMH IPH OTPUMAaHHI Pe3yJIbTaTiB
[2] abo GaHaNBbHOIO APYKAPCHKOIO HETOUYHICTIO.

Ha pucynkax 2-6 HaBemeHi po3moaiIH
NPUBEACHUX MPY)KHUX  XapakTepucTuk. Yepes
obmMexeHni 00°eM, iX aHaNi3 TyT HE HABOJIUTHCS, SIK
1 aHaji3 po3MONITIB KOEe]Iili€HTIB KOHIICHTpAIlii
Hanpy>XeHb, sIKi TAKOK OyJIM IOpaxoBaHi.

BucHoBku

3anponoHOBaHUK TMiAXiA JO3BOJUB YCIIIIHO
BUPIIUTH  TPOOJIeMy  TOIIYKYy  €KBIBaJIEHTHUX
NPY)XKHUX XapaKTEePUCTUK IS TBOSKO-TIEPIOAUYHO
neppopoBaHOi IUIACTHHH IpU PO3TATY, HPO IO
CBiZIUaTh Pe3yJIbTaTH MOPIBHSIBHOTO aHANTI3Y.
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Ey/E Pyl v
1,04
0,81
0,61
0,4+
3
gl 3
0,21 < ?l
32

Puc. 3 Posnonin momyns E,

Ey/E
1,01y

0,81
0,61

0,44

0,21

Puc.

4 Poznioain Moymst E )
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AJITOPHTM PO3B’SI3KY HecTalioHAPHOT Algorithm of solving of nonstationary

3a;_‘laqi TepMOﬂpy)KHOCTi IJIS1 ABOLIAPOBOTrO thermoelastic problem for two-layered
HWTiHApPa npH 3MiHHOMY KoedimieHTi cylinder at time-variety heat transfer

TeII000MiHy coefficient

KuiBChbKMI HAIOHATBHUIT YHIBEpCHTET iMeHi Taras Shevchenko National University of Kyiv,

Tapaca llleBuenxka, 03127, m. Kui, np-r. | 03127, Kyiv, Glushkova av., 4e,
I'nymkopa 4e, e-mail: alex kutz@univ.kiev.ua

e-mail: alex kutz@univ.kiev.ua

Po3zenanymo necmayionapuy ocecumempuyny 3a0aiy mepmonpyiCHOCmi 015 080UAPOBO20 YUNIHOPA, HA
BHYMPIWHIIL NOBEPXHI SIKO20 8i0OYBAEMbCS KOHBEKMUGHUL MENI00OMIH 3 306HIWHIM CepedosULeM.
Tlobyoosano po3s’szox danoi 3a0aui 05t GURAOKY HEOOHOPIOHO20 NOYAMKOBO20 MEMNEPAMYPHO20 NOJISL.
Poss’sizo0k npeocmasnenuti y 6uensioi pO3GUHEHHsT MO CucmeMmi GIACHUX (DYHKYIU epanuyHoi 3a0ayi 07
0B8OKOMNOHEHMHO20 CMPUdICHA, SKi eupadicalomvcs uepe3 enemenmapni @yuxyii. Ha ocnoei Odanoco
PO36’A3KY  3ANPONOHOBAHO  IHKDEMEHMHUU  QNcOPUMM  PO38 S3AHHS  3A0a4  MePMONPYAHCHOCMI  Ois
080UAP0B0O20 YUTIHOPY V GUNAOKY, KOIU Koe@hiyicnm menioooMiHy 3MiHIOEMbCS 8 Yaci. 3a i0oMUM noiem
memnepamyp ocecumempuyne none HAnpyxiceHv Gi0MEOPIOEMbC HA OCHOBI AHANIMUYHUX CNIBBIOHOUIEHD.
3anpononosanuii arcopumm 6y8 anpobosanuii Ha NPUKIAOi CYeHapilo MepMouoKa KOpnyca amomHo20
peaxmopa. Pezynomamu nopieHanHa 3 4UCenbHUM PO36 SA3KOM MEMOOOM CKIHUEHHUX eNeMeHmie 3aceiouunu
00CMamHIO NPaKmMuyHy moYHiCImb 3anPONOHOBAHO20 NiOX00Y.

Knrouosi cnosa: HecmayionapHa mepmonpyscHicms, 080uLaposuil YULiHOp, MepMOouLox.

The nonstationary axisymmetric thermoelasticity problem for a two-layer cylinder at the inner surface
of which convective heat transfer with an environment takes place is considered. The solution of this problem
is derived for the case of inhomogeneous initial temperature field. The solution is presented in the form of
development by the system of eigenfunctions of the boundary value problem for a two-component beam and
expressed in terms of the elementary functions. Based on this solution, an incremental algorithm of solving
thermoelasticity problems for a two-layer cylinder is proposed for the case that the heat transfer coefficient
between the inner surface of the cylinder and environment is time-varied. The idea of the algorithm is to
divide the entire transient time interval into a sequence of subintervals, the heat transfer coefficient is
considered constant on each. Once the temperature field is determined, the axisymmetric stress field can be
founded on the basis of analytical expressions. The proposed algorithm was tested on the example of the
thermal shock scenario for a nuclear reactor vessel. The comparison of the obtained results with the
numerical solution by the finite element method verified sufficient working accuracy of the proposed
approach.

Key Words: nonstationary thermoelasticity, two-layer cylinder, thermal shock.

Crartio npeactaBus wieH-kop. HAH Ykpainu, 1.¢.-m.H., npod. XKyx f. O.

BCTyH 3aJIMIIAECTBCA aKTyaJIbHUM HAIIPpAMKOM. Ho—nepme,

1 9
HesBaxkaroun Ha 3HAYHUN PO3BUTOK yMcesbHMX /@HL  PO3BS3KM  MOXKHA — BUKOPHCTOBYBATH K
METO/IB Ta OOYMCIIIOBAILHOT TEXHIKY, 3HAXOMKeHHss CTAIOHHL JUIA anpobartii uncenbHux anropurmis. [To-
. . . : b 9
AQHAIITMYHUX PO3B’SA3KIB 3amau  TepMompykHocti HAPYI'S, aHaIITHIHL PO3B A3KH AO3BOJIAIOTL HMIBUAKO

© O.I'. Kynenko, O.M. Xaputonos, 2021
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OILIHIOBAaTH HANpPYXEHWH CTaH KOHCTPYKLii, 1o Teruionepenadi A Ta MOCTIHHOK MIBUAKICTIO 3MiHU

3HAYHO CKOPOUYY€ Yac YHCEJBHUX PO3PAaxXyHKIB 3a
paxyHOK  IIBUAKOTO  MOMEPEAHBOTO  BifOOpy
HeOe3nmeuHux crenapiiB. Kpim Toro, aHamiTHuHI
PO3B’SI3KM  JIO3BOJITIOTH ~ JIETKO  peaii3oByBaTh
QITOPUTMH OH-JAalH OLIHKH pecypcy oOJaaHaHHS.
Tomy noOyaoBa AHATIITUYHOTO PO3B’sI3KY
HeCTalioHapHOi  3ajavi  TEePMONPYXXKHOCTI IS
JIBOIIIAPOBOTO UWITHAPY MIPEACTaBISAETHCS
aKTyaJbHOIO 3amadeto. KOHCTPYKTHBHI eleMeHTH,
SKI MOYKHAa MOJETIOBATH JBOIIAPOBHM LIMIIIHAPOM,
9acTO  3yCTPIHAIOTBCS B PI3HHX  Tay3sx
NPOMHCIOBOCTI. Y  SIKOCTI NPHKIAAy  TaKHX
eJIEMEHTIB MO)KHA HABECTH LWIIIHIPHUYHI pe3epByapH
Ta TpyOONpPOBOAHM, TIOKPHTI  AHTUKOPO3IMHUM
HAaIJIaBJICHHSM.

Po3B’s130k HecTanioHapHOI 3aga4i y BUNAAKY
JOBLIBHOTO MOYATKOBOI0 TEMIIEPATYPHOTO MOJISI

Posrisaemo 0CECUMETPUYHY 3ajauy
TEPMONIPY)KHOCTI  JJIsI  ABOLIAPOBOTO  IWJIHAPY,
BHYTpIIIHS ~ TIOBEpXHS  SKOTO  mepedyBae B
KOHBEKTHBHOMY  TEIJIOOOMIHI 3  30BHIIIHIM
CepeOBHUINEM,  TEMIeparypa  SKOro  JiHIHHO
3MIHIOETBCS Y 4Yaci. JSIKIio TOBIIMHA CTIHKH
LOUITIHAPa 3HAYHO MEHIIA 32 Pajiyc HOTO cepeJHHHOL
MOBEPXHI, BCEPEAMHI CTIHKM HEBiOMi PO3MOALIH
TeMIIepaTypH MarOTh 3aJJOBOJIBHITH PiBHSIHHS:

2 0T,

k 2
ox

T, _

s k=1525
ot

€]

ne uepes  Ti(x,t)

BHYTpIIIHBOMY LIapi HUIiHApa, a yepe3 T, (x,1) —y

[IO3HAaYeHO  pO3MOAlT Y

30BHIIIHBOMY  MIapi yac,

2
ag = ﬂk/(pkck)’
TEMJONPOBIAHOCTI, P,

HWIHIpa, ¢
A, — KoedilieHT BHYTPIMIHBOI
TYyCTUHA, ¢, —
TETUIOEMKOCTI MaTepialiB MapiB.

Mix mapaMd MalOTh BHKOHYBaTHCS YMOBH
HETICPEPBHOCTI TEMIIEPATYPH Ta TEIIOBOTO MTOTOKY:

. on
ox

an,

2| =’ 1
x=hy ox

x=hj

()

n

x=hy x=hy

30BHINIHS TIOBEPXHS IWIIHAPAa BBAKAETHCSA
TEIUIOI30JIbOBAHOIO:

ar,

3
ax x=h ( )

Ha BHyTpimHii moBepxHi IMIIIHAPA 3a1aETHCA
yMOBa KOHBEKTHBHOTO TEIIOOOMiHY 3 30BHIIIHIM
CepelioBUIIEM 3  MOCTIHHMUM  Koe(ili€HTOM

TeMIIepaTypH 30BHIIIHBOTO cepeaoBuIa V :

(4)

INowatkoBi posmoxinu Temmeparypu 7T;,(x) Ta

T,,(x) OyneMo BBa)KaTH JOBIIbHHMH:

Tk|t:0=Tk0(x)’ k=12. (5)

B [1] naBemeHo posm’sizok 3amadi (1)—(5) 3a
YMOBH  OTHOPIZHOTO  ITIOYaTKOBOTO  PO3MOIITY
TeMneparypu, To0To omgHopinHux ymoB (5). Jlanuit
PO3B’A30K Ma€ BUTIIS

vxk(x )+ 23 SR e,

T/ (x,t)=—
¢ n=1 lunAO(:un)

(6)

Jc

AO(:un) = 51 sin H, €0S ﬂ:un + 52 COS U, sin ﬂ/un +
+ 0, cos u,, cos P, + 0, sin u, sin fu, ,

A, (%) = cos ut, cos(1—x/ ), -
—asin fu, sin(l1-x/h)u,,

Ay (u,,x)=cos(l—(x—hy)/ hy)pu,,
v (x,0)=ot+x*h72 2= (1+af)y+x/h),
vy (x,t)= ot = B (x =) (1= (x = )/ (2hy) )/ b

—af(+y)—y—-1/2,
o, =l+af+y, o, =a+p+ay,
Sy = (1+apB)m,, Sy =—(a+pBhu,,
_ak g e A wzﬂz,
a4y ha, hH h
s n=123... —  TIOCHTIiJOBHI KOpeHi

TPAHCHECHACHTHOI'O piBHHHHﬂ

yu, (sin 2, cos P, + arcos u, sin Bu, )—
—CoSs i, cos P, +asin u, sin fu, =0 .

Jns 3HaxomkeHHs po3B'sizky 3amadi (1)—(5)
po3B'si30k (6) HEOOXiTHO JOMOBHHUTH Tk” (x,t) —

pPO3B’SI3KOM  3a/1ayl 3 OJHOPIJHOI TPAHUYHOIO
ymoBoto (4). Bim3nauumo, mio posB’sizok (6) €
PO3BUHEHHSIM B PsiJ] 32 CUCTEMOIO BJIACHHX (HOpM

0<x<hy,
hy<x<h=h+h,.

X (x): Al(:un’x):
" Az(lunﬂx)e
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Cucrema QyHkuii X, (x), sk po3B’430K 3a1ayi
Ha BJIacHI (YHKIIi, € TTOBHOIO Ta OPTOTOHAIHHOIO HA
Biapi3ky [0;/4], ToOTO

j'.X( VX (x)d 0, m#n,
JERIEAVE X m=n
e mo3Boisie mpencraBUTH Tk” (x,t) Takox Yy
BUDIIAI pAIy 3a hopMamu:
T"(x,t), 0<x<h >
TH(x,t)= 1 (x’ )9 X 1» =Z];(t)Xn(x)

T/ (x,t), h<x<h| o

Mhuoxuuku 7,(¢f) 3HaXOAUMO fAK pO3B’S3KU

3amau  Komi janst  nMiHIKHUX —PIBHSHb MEPIIOTO
MOPSJIKY, PO3KJIABIIH [TOYATKOBE TOJIC TAKOX Y PSIJI:

Ti()(x)’

). =>a,X,(x),

n=1

O<x<hy,
hy<x<h

Ty(x)= {
e
an =, [ To ()X, (o)

OcTaTo4yHO 3HAXOAUMO

i 2
T (x,0) = a,A (. x)e ™™, k=12.

n=1

(7

besnocepenuboro MEPEBIPKOIO MO’KHA
MEPEeKOHATHCS, 10 CYIEPIIO3ULlisi po3B’s3KiB (6) Ta
(7) nae posB’s3ok BuximHoi 3amaui (1)—(5). Ilicns
3HaXODKCHHS ~ TEMIICPAaTypHOTO  TOJI  TI0Je
HAINpy>KeHb 3HaXOTUTHCS 32 BiJOMHMH (HOPMYIaMH
(nuB., Harmpuknan [1]).

AJITOpUTM

Ha ocnoBi HaBeneHoro po3B’si3ky 3amadi (1)—(5)
MOYHA TOOYAyBaTH alTrOPUTM PO3B’sI3aHHS 3aaadi i
y  BUNQAKy JOBUIBHOI  3MiHM  KoeilieHTa
TeriooOMiHy B uaci. J[ns 1pOro Bech 4acOBHIA
IHTEepBall HECTAIIOHAPHOTO TPOLECY PO3OHBAETHCS
Ha MiJiHTEepBaH, Ha SKUX KOE(IIiEHT TEerI0o0OMiHy
Majio 3MIHIOETBCS 1 MOKE BBaKATHCS MOCTIHHUM.
Jlane 3Ha4YeHHS BHOHMpPAEThCS SK YCEpeOHEHE II0
migiHTepBary. TakoX Ha KOXKHOMY MiAiHTEpBa
Bapiallisi TemImepaTypu Mae ao0pe HaOImKaTHCS
niHiitHOl PyHKUier0. CHopMyTbOBaHI YMOBH 3aBKIU
MOXHA  3aJ0OBOJIBHUTH,  BHOHMpAarOud  4acoBi
MiJIHTepBaAIN TOCUTh MaiduMu. [licis po3OuTTS Ha
MiJIHTepBaIM 3arajibHa 3ajlada TeTIoNPOBiIHOCTI
PO3MAaAAEThCS HA MOCHTIJOBHICTh OJHOTHUITHHUX 3a/1a4
tuny (1)—(5), po3B’s130k sikux HaBeneHo Bumle. [Ipu
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bOMY T[IOYATKOBHUH TEMIEpaTypHUI PpO3MOALT Ha
KO)KHOMY MiJiHTEpBaJl, KpiM MEpIIOro, 3adaeThCs
AK  (iHaNBHWI ~ PO3MOAIN  TeMIlepaTypu  Ha
ToTIepeTHFOMY TIiIIHTEPBAJTI.

Anpooanist

v SIKOCTI TIPUKIIATY 3aCTOCYBaHHS
3aMpONOHOBAHOTO  AJITOPUTMY OYyJI0 PO3IIISIHYTO
MOJICTTEHHI CIIEHAPil TEPMOIIIOKY KOPIYCY peakTopa
(KP) BBEP-1000, wnaBenenuit B poboti [2].
3aJeKHICTh HOTO TEIUIOTiAPABIIYHUX MapameTpiB
(Temriepatypa TeIIoHOCIsI, KOe(Ili€HT TEII00OMIHY
Ta THCK) B 4Yaci HaBeJeHa B Tabn. 1. Jlanuii cuenapiit

nepexdavae  MBHUIKE  NagiHHA  TeMIEpaTypH
npubmmsao  mHa 200°C Ha mepmomy  erami
HABaHTAXEHHA. Y Tabauml 3amaHl  3HAYEHHS

TETUIOTIIPaBIIYHUX MApaMEeTPiB B KIFOYOBI MOMEHTH
yacy. BBakaeThcs, 10 HA YaCOBUX IHTEpBAJIAX MiXk
HUMH BCl TEIUIOTiIpaBiiyHI MapaMeTpu B 4Yaci
3MIHIOIOThCS JTIHIKHO.

Tabmums 1
3MiHa TEIUIOTIAPABIIYHUX TMapaMeTpiB MOAEIHHOTO
CIIEHapiIo

H, H,
r, {’ Bt p w
c C M2.0C | Mlla 200
0 280 700 10.0 700
1000 120 700 10.0 700
1400 90 700 10.0 1100
2000 70 1500 10.0 2000
2600 60 2500 10.0 2500
3200 55 4000 10.0 3250
5000 50 10000 10.0 7000
6000 48 10000 2.4 10000
10000 40 10000 2.4 10000
20000 20 10000 2.4 10000
30000 20 10000 2.4
Jo daxTopiB, 10 BIUIMBAE HA TOYHICTb

3aMpONOHOBAHOTO MiJX0Iy MOYHA BIIHECTH:

— HEBpPaxyBaHHA B aHAIITUYHOMY PO3B’S3KY
KPUBU3HU IUIIHIPA;

— HEBpaxyBaHHSI B aHAJTITHYHOMY pPO3B’s3KY
3aJ1€KHOCTI BJIACTUBOCTEN MaTepiaiB Bif
TEMIEpaTypH;

— cTpUOKOMOIi0HA 3MiHA 3HAYCHHS KoedilieHTa
TEIIO00MIHY.

Jns  3’scyBaHHS BIUIMBY KOXHOTO 3 IUX
(bakTopiB OyJ0 MPOBEAECHO I’ATh PO3PaxXyHKIiB: JBa
3a aHAJIITHYHUMU criBBigHOmEeHHAMH (6), (7) Ta Tpu
YUCEILHUX CKIHYCHHO-CJIEMEHTHUM MaKEeTOM
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CalculiX . [3]. Amnamitnusi PO3paxyHKH 6yn?.1. Tabimms 2
NpUBEACHI [JJs JBOX CTYNEHIB JUCKpPETU3aLll

KoedilieHTa TerI000MiHy: 3 HOTo ycepeqJHeHHIM Ha
iHTepBajlax MDK KJIIOYOBUMH MOMEHTaMU 4acy
(po3paxyHok Al) 1 3 ycepemHEHHSM Ha KOXXHOMY
kpoui (po3paxyHok A2). VYcepenHeni 3HaYEHHS
Koe]illieHTa TemI000MiHYy MEepIIOro pPO3paxyHKY
HaBEZIeHI B MpaBiil KoJoHI Tadm. 1.

Kpim HUX Oynu mpoBeneHi Iie TPH YHUCETbHHX
po3paxyHku. Pozpaxynok Cl BpaxoByBaB TUTbKH
HEernepepBHy 3MiHY KOedillieHTa TEINIOOOMIHY ajie He
BpaxOBYBaB KPUBU3HY LWIIHApPA 1 TeMIepaTypHY
3aJIe)KHICTh BIIACTHBOCTEH MatepianiB. Po3paxyHok
C2 kpiMm HemepepBHOI 3MiHH  KoedilieHTa
TEeIoOOMiHY ~ BpaxOBYyBaB  TaKOX  KPHBH3HY
muitiHapa, a po3paxyHok C3 BpaxoByBaB BCi TpH
¢daktopu. Pospaxynok C3  posrimsgaBes 5K
€TAJIOHHUH.

Pe3ynpTatu MoOpiBHAHHA PO3paxyHKiB HAaBEAEHO
B Tabiu. 2, ne uepe3 I TMO3HA4YeHa TeMIeparypa,
uepe3 o, — KOJIOBI HANPYKEHHs, & Yepe3 o, —

OCBOB1 HampyXeHHS B CTiHII UWTIHApA. 3a JaHUMH
Tabn. 2  MOXHa 3pOOMTH  KiJbKa  BaXJIHBHUX
BUCHOBKiB. [lepm 3a Bce, Big3HauyMMmo, IO BCi
PO3paxyHKH 3a0e3MeuyroTh NPUHHATHY NPAaKTHIHY

touHicTh. CTpHOKOTOAiIOHA 3MiHa KoedilieHTa
TemoBinmayi  cmabo  BINIMBaE HAa  TOYHICTh
oOYHCIIeHHsST ~TeMmIlepaTypd, aje CyTTe€Ba IIpH

o0uncieHH] HampyxeHb. Lle BUIIIMBa€E 3 MOPiBHAHHS
cuerapiiB Al 1 A2. ®akrop HeBpaxyBaHHSA
KPUBU3HH LWITIHApA OifbII PIBHOMIPHO BIUIMBAE Ha
TOYHICTh pPe3yJbTariB (PI3HUIS B TOXHOKax Mix
cuenapismu C1 i C2 janst BCiX BEJIMYUH CTaHOBHTH
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3. A Free Software  Three-Dimensional
Structural Finite Element Program
[Enextponnuii pecypc]. — 2020. — Pexum
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BigHocHa moxuOKa po3paxyHKiB

BignocHa moxubka, %
Pozpaxynok T c, o
Al 3,3 5,1 5,2
A2 2,8 2,6 2,8
C1 2,8 2,9 3,2
C2 1,7 1,9 2,0
Oinst 1%). [Moxubka BiI yCepeaHEHHs

Terno(i3MYHUX BIACTUBOCTEH CTaHOBUTH A0 2%.
OCKIiNbKY 3apONOHOBAHUN aHATITUYHUA PO3B’ 30K
€ JHIHHUM, TO JlaHa TMOXHMOKa BHU3HA4Ya€ MOXHOKY
AHATIITUYHUX PE3YNbTATIB B LLIOMY.

BucHoBkn

[ToOymoBaHO PO3B'SI30K HECTaliOHAPHOI 3ajadi
TEIUIONPOBITHOCTI U ABOLIAPOBOTO MMJIHApA 3
JIOBUTBHAM MMOYATKOBHM PO3TOAIJIOM TEMIIEpaTypH i
JMHIAHO 3MIHHOIO TEMIIEpaTypol0 30BHIIIHBOTO
cepenoBuiia. PoO3B’S30Kk Mae TMPOCTUH BUIIIS,
BHUPAXKAEThCA 4epe3 elleMeHTapHI (QYHKLIi 1 Moxe
OyTu JIerko peai3oBaHMiA 3a JOMOMOTOI0 Oy/b-
AKOro OOYMCIIIOBAaJBHOrO TakeTy. Ha #oro ocHosi

3aIPOIIOHOBAHO AITOPUTM 3HAXOKEHHS
TEMIIEPATypHHUX MOJIIB y BUIAAKY 3MiHHOTO B 4aci
KoeimieHTa TEIIO0OMIiHY. 3anponoHoBaHui

QITOPUTM Y  BHUIAAKY MOJEIBHOTO  CICHApIIo
JI03BOJIMB OTPUMATH pPE3yJbTaTH 3 MOXHOKOK B
Mmexax 3%.
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Application of the finite element-differences
method for modeling of anisotropic filtration

3acTocyBaHHS CKiHYeHO-eJI€eMEHTHO-
Pi3HULIEBOT0 METOXY AJISl MO/€JTI0BAHHSA

aHi3oTponHuX QiabTpauniiiHux npouecis processes
[TonTaBceka rpaBiMeTpUYHa obcepBaTopis
HAHY, 36014, m. IlontaBa, Byn. MscoenoBa Poltava Gravimetrical Observatory of NASU, 36014,
27/29, Poltava, Myasoedova st., 27/29,

e-mail: mikhail. lubkov@ukr.net e-mail: mikhail. lubkov@ukr.net

Poszenanymo mooenoganus i ceogpizuuny inmepnpemayito y npaxkmuyi Hagmo-2a306u000y8aHus Y
auizomponuux niacmax. /[na eupiulens yux npukiaorux npooiem 3acmoco8anHo KOMOIHOBAHUL CKIHUeHO-
eleMeHMHO-PI3HUYeBULl MemoO0 pO38 'SA3aHHs AHI30MPONHOI 3a0aui n’€30MpoGIOHOCMI 3  YPAXY8AHHAM
HEOOHOPIOH020 PO3NOOLNY Pitbmpayiinux napamempis Hapmo-ea30HOCHUX NIACMIE ma YMO8 IHpiibmpayii
Hagmu i 2azy Ha epaHuyAx OOCHIOHCYBAHOT 0OIACHI.

Kniouosi cnosa: anizomponna 3adaya n’e30npogionocmi, Haghmo-2a308ud00yeants, KOMOIHOBAHUI
CKIHY€EHO-eNleMeHMHO-PIZHUYEBULl Menoo.

We consider modeling and geophysical interpretation of the obtained results in the oil and gas
production problems in anisotropic reservoirs. For solving these practical problems, we use combined finite
element-differences method of resolving anisotropic piezoconductivity problem with calculation of
heterogeneous filtration parameters distribution of oil and gas productive reservoirs and oil-gas penetration
conditions in the borders of investigating areas. We have defined that the anisotropy of oil and gas
permeability in the far zone of the well has a greater effect on the filtration processes around the well and,
accordingly, on the producing of the raw materials than the anisotropy of permeability in the near zone of
the well. We have shown that the intensity of filtration processes in anisotropic reservoirs near the acting
well depends significantly on the shear permeability and to a lesser extent on the axial permeability of the
corresponding phase. Therefore, for the effective using of anisotropic reservoirs, it is necessary to place
production wells in local areas with relatively low anisotropy of permeability of the reservoir, especially to
avoid places with shear anisotropy.

Key Words: anisotropic piezoconductivity problem, oil and gas producing, combined finite element-
differences method.

CrarTio npeacraBuB wieH-kop. HAH Vkpaiau Xyk f.0.

1. Beryn MEXaMH ~ CBEpAJIOBHH, pOONATH  MaTeMaTH4YHE

Ha cydacHoMy erami y 3B’SI3Ky 3 HOTY)XHHM
PO3BUTKOM OOYHMCITIOBATBHUX METOJ(IB MEXaHIKU 1
MaTeMaTHK{, a TaKOX 3aBASKH JOCATHYTOMY
Mporpecy B po3yMiHHI OCHOBHHX 3aKOHIB (UIbTparlii
Yy TOpHUCTHUX aHI30TPOIMHHX HAa(TO-Ta30HOCHUX
IUIaCTaX, BHUHUKAIOTh  CHUCTEMHI  MOXJIMBOCTI
JIOCITI/PKEHHST PaHIIle HEeJOCTYIMHUX (iNbTpamiiHux
npouecis. Lle mepi 3a Bce CTOCYETbCS MPOILECiB, AKi
NPOTIKalOTh Yy  cHeUu(piYHUX  HEOAHOPIAHUX
aHI30TPOITHUX macTax Ha()TOHOCHUX i
ra30KOH/ICHCATHUX pOJOBHUIN. HemocsykHICTE Iy
MPSMUX TEOJOTIYHUX 1 (PI3UYHMX BHUMIPIOBaHb 3a

© M.B.JIy6koB, 2021

MOJICITIOBaHHST OJIHUM 13 OCHOBHUX I1HCTPYMEHTIB
JOCIIJKEHHSI TAKUX 00’ €KTIB.

o craTTio TPUCBAYEHO MOJEIIOBAHHIO 1
MPaKTHYHOMY 3aCTOCYBAHHIO pe3yJIbTaTiB y HaTO- 1
ra3oBuio0yBanHi. J[si BHpPIMICHHS NUX BaKIMBUX
npo0JieM 3acTOCOBAaHO KOMOIHOBAaHMH CKIHYEHO-
€JIEMEHTHO-PI3HUIEBHIA METOJ PO3B’SI3aHHA HecTa-
I[IOHAPHOI aHI30TPOMHOT 3a/avi I’ €30MPOBIAHOCTI
Juist HadTOBOI (hazu Ta 3aaayi I’ €30MPOBIAHOCTI
(Jleiibenzona) mnst ra3oBoi (asu 3 ypaxyBaHHSIM
iHQinpTpamii  BiAmoBiAHOT  (a3sm  Ha  Mexax
posrmsinytoi  obmacti  [1, 2, 3]. VY Bumamky
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Ha(TOHOCHOTO e OpMOBAHOTO iacra, 2. Metoa po3B’si3aHHs 32124

BpPaxOBYIOUHM, IO HOTr0 TOBIIMHA 3HAYHO MEHIIE
TOPU3OHTAIBHUX PO3MIpIB, TOCTATHHO CKOPUCTATUCH
JIBOBUMIPHOIO TIOCTAaHOBKOIO aHI30TPOITHOI 3ajadi
n’€30npOBiL[HOCTi y IeKapTOBil CUCTEMi KOOPAWHAT:

oP 0’ P o’P OP OP
- = ( 3 Vv 2” ZkCV _”_”) + 7/11;
ot " oy Y ox oy
(D
P(t=0)=P; &)
k!gradP, = a,(P,~P"). 3)
Tyr (1) — piBHAHHS 1T €30mpoOBiAHOCTI; (2) —

rmoyaTkoBa ymoBa; (3) — ymoBa iHdunbTpamii HagTH
Ha Mexax posrmsHytoro miacra; P (x,y,t)— THCK

mwiacra, fAK (QYHKOiS  KOOpIWMHAT 1  dacy;
¢, =n,(m p'+p,)—xoedimient 11’ €30010py
HadpTH; 77, — KoedinieHT B'A3kocTi HadTH; M, —

koedimieHT mopucTocTi miacra; [’ — CTHCKaHHS

HadTH; [, — CTHCKaHHS CKeJeTy HOpij IUIacTa; ¥, —

PO

napamerp BUTOKY Ha()TH B IJIacTi; — MOYaTKo-

H H
er > kyv s k

BUH TUCK HApTH Y IJIACTI; - aHI30TPOMHI

M
k' -

Koe]ilieHT MPOHHMKHOCTI HadTOBOI (a3 Ha Mexi

KOe(illieHTH MPOHUKHOCTI HadTOBOI (hasy;

obmacti; «,— koediuieHT iH(inpTpanii HadTOBOI

(asu Ha rpaHnIExX posrisiHyTol obnacti; P — trck

Ha Mexax po3risHyToi oOnacti. BiamosigHo y
BUIAIKy  Ta30HOCHOTO  IUTacTa  JBOBHUMipHA
aHI30TPONHA 33ja4a I’ e€30mpoBinHOCTI JleiibeHzona
HaOyBae BUIY:

6P2 a P2 azpz 6})2 aPz
at ( xx a 2 yy Xy a a ) }/2
“4)
keg}’adR,z =a, (Ijz2 _ 1)2.1:2). (6)

Tyt (4) — piBHSHHS IT’€30IPOBITHOCTI ra3oBoi ¢azu
(Jleitbenzona); (5) — mouaTkoBa ymMoBa; (6) — ymoBa
iHOIpTpalii ra3oBoi ¢Ga3u Ha Mexax pPO3TIISTHYTOl
obnacri, ¢, =1,m, / Py -xoediuieHt 11’ €300110pY
razoBoi dasu (Jleitbensona). IlpeacraBneHi TyT
mapaMeTpu Ta30HOCHOTO IUlacTa  BiITOBITAlOThH
aHaJIOTIYHUM 32  1HAEKCHUMH  [O3HAYCHHSIMH

napamerpaM HaQ TOHOCHOTO ILIACTA.

Y nojanbmoMy Ui COPOIICHHS — 3amucy
MaTeMaTHYHHX BHPa3iB IHAEKCH, IO O3HAYAIOTh
HAJIKHICTH 710 HAPTOBOT ab0 ra30Boi (a3u, OyaemMo
omyckaru. Jlns po3B’si3aHHs HeCTalllOHApHOI 3aaadi
I’ €30MPOBITHOCTI (1-3) 3aCTOCOBY€ETHCS
BapialifHuii  CKiHYE€HO-€JIeMEHTHHI MeTOoJ, WIO
NPUBOJIUTH A0 PO3B’S3aHHS BapiallifHOTO PiBHSHHS
1’ €3011poBiAHOCTI [3]:

SI(P)=0.
I(P)-

1’ e3onpoBigHOCTI (1) — (3), AKuii MpeACTaBIAETHCSA Y
Bursii [3]:

(7

Tyt (¢yHKLiIOHAT aHI30TpOnHOI  3ajadi

1 oP oP oP oP

I(P)== |tk (=) +k,(—) +2k, ——

(P) 2ﬂ{m(ax) WG 2k G

+2k, — op op 2j —dP 2y Pldxdy —
ox Oy

I

8
. )
= j a(P—-2P,)Pdl;

S — ioma nepepizy o0nacTi, siKka TOCHiIPKY€EThCs, L
— KOHTYp, IO OXOIUIOE 1ionry S, dl — enemeHT
KoHTYpy. [Ipu po3B's3aHHI BapialiifHOro piBHAHHS
(7) 3acrocoByeThCSi BOCHBMHBY3JIOBHH 130Tapamer-
PUYHMI YOTHUPUKYTHUH CKiHYeHHWH enemeHT [3]. Sk
rnobagpHa CHCTeMa KOOpJHMHAT, e BigOYyBaeTbCs
00’eMHAHHSA BCIX CKIHYEHHX €JIEMEHTIB, Ha SKi
po30uTo uIomy S, BUKOPHUCTOBYETHCA JI€KapTOBa
cuctema (X, ) ). B sKOCTI TOKanbHOI CHCTEMH KOOD-
JUHAT, JIe B MEXaxX CKIHYEHOTO eJeMEHTY BHU3Haua-
10TbCsl (DYHKIIT anmpoKcuManii @, Ha OCHOBi KBaj-
paTUYHUX TIOJIHOMIB i IPOBOIUTHCS YUCETbHE 1HTE-
rpyBaHHs, BAKOPUCTOBY€ETHCS HOpMaJli30BaHa CHCTe-
ma koopauHat (&,77) [3]. B wmiit cuctemi xoopau-
HATH, TUCK, MOYATKOBHUHM THCK IUIaCTa, TUCK Ha
rpaHuax obiacti, koediuieHT iHpIbTpanii HadTH
Ha Mekax 00JiacTi, a TaKOXK MOXIJHI BiJ] THCKY MO
KOOpJIMHATAM alpOKCHUMYIOTHCSI HACTYITHUM YHHOM:

8

8 8
X=2 Xp =Zy,-<ﬂ,-;P= ZB%;
Z o= Za(p,,

F,=) Ro;P,

M“’l
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oP & oP & PoGiissium  nonaBanus  piBHsHL (12) 1TO  BCiM
P le FY, ’a - le FO; CKIHYCHUM eJIEMEHTaM, OTPUMYEMO TJIOOAIBHY

= 1= . (XY . .
CUCTeMYy JIHIHHUX aireOpaiuHuX pIBHSIHB, IO
Op, &y _0p, &y ) " D
= (=L, JIO3BOJISI€E BU3HA4YaTH HEB1AOMI 3HAYEHHS THUCKY B
|J | on og 050 MOMEHT 4Yacy (+Af dYepe3 iX 3HAa4eHHI B
1 O0¢p 0x 0@, ox nomepenHii  MOMeHT wacy f. Po3B’sa3aHHs
i m( o0& a_ on %)’ I00aMbHOI CHCTEMHU PIBHSHBL 3JIHCHIOETHCS Ha
OCHOBI 4HcenbHOTO Merony [ayca 0e3 BuOOpy
: b

I Oy Ox Oy Ox saKoGian mepexomy Mix TO/TOBHOTO €NEMEHTY [3].B pe3yabTaTi po3’A3anms,
& o on o& THCK BH3HAYAETBCA B YCIX BY3JIOBHX TOYKaX

cucTeMaMu KoopauHat( x, y) 1 (£,77).
Buxonstun 3 Bapiamiiinoro piBHsHHA (7) i
BB@KAIOYM, III0 BY3JIOBI 3HAYEHHS BIiJl TOXIITHUX

tHcKy 3a yacom 95 e BimommMu BenmMuMHAME i He
dt

BapiIOIOTHCS, CKIIAIEMO CHUCTEMY Au(epeHIiaaTbHIX
PIBHSHB JUIS #-TO BY3J1a p-TO CKIHYEHOTO eJIeMEHTa Y
BUIJISLL

Hf/’ = j. j.cpgoigoj |J|d§d77;

-1-1

ol, 3 dP,
L= {H —+(A?+Q!)P -
aPﬂ ; { ni dt ( ni Q"U) 1 (10)

AR

Hf/’ = j. j.cpgoigoj |J|d§d77;

-1-1

11
Al = [ [P+, 0@+ kWD )|Idédn;

-1-1

11
b= [appdsy! = [y o ldzdn.
L -1-1
Jnst  po3B’si3aHHS  CHCTEMH JIiHIWHUX JU(epeH-
LmianbHUX pIBHAHB Tepmioro nopsaky (10) mpwm
MOYaTKOBUX YMOBax 3 (9) BUKOPHCTOBYETHCS METOX
CKIHYEHMX PI3HUIb, B SAKOMY amnpoKCcHMaIis
MOX1/THOT 32 YacoM 3JiHCHIOEThCS Ha OCHOBI HESIBHOL
pizuuIeBoi cxemu [ 1, 5]:
dP _ P(t+At)—P(1) an
dt At '
IMincraBnsitoun Bupaz (11) B cucremy (10),

OTPUMYEMO HACTYIHY CUCTEMY TMiHITHAX
anreOpaiuHuX PIBHSHB:

8
S HY 4 AL+ Q)P+ Af) -
o A (n=1-8). (12)

—H RO-Q B} =0
t

CKIHYEHO-eIeMEHTHOI  ciTku. [lo  3HalineHuM
BY3JIOBUM 3HAUEHHSM THCK BH3HAYAETBCS Y
JOBUTBHIH TOYII Ha(TOHOCHOTO miacra

JIOCTKYBaHO1 00J1acTi OyAb-IKMIi MOMEHT 4acy.

[Mpu pos3rasai 3amavi M’ €30MPOBIAHOCTI  JIst
razoBoi ¢asu (Jleitbenzona) (4-6), micins 3aMiHU
P = P? xin PO3B’sI3aHHs 3a1a4i TOTiOHHIA.

3. MopenoBanHs mnpoueciB ¢inbTpamii y
aHi30TPONHHUX HAPTO-TA30HOCHHUX IJIACTAX

Po3risiHeMO aHI30TPONHY HAQTOHOCHY IUIACTOBY
JIUISTHKY B OKONUIl  Jitouoi  HadTOBMI00YBHOT
cBepIIOBHHE posMipom 90x90 M’ (puc. 1, 2).
ObepeMo Jedki XapaKTepHi CepelHi MapaMeTpu
HaToHOCHOTO macTa [1, 2]: m=0,2; 1= 107 TTa-c;
Bi = 10° Ma'; 1 = 10° ITa”'. B upomy Bumamky
koediniear mesoomopy ¢ = 0.3 10" c. Ilpu
MOJICITIOBaHHI PO3MOMAITY THCKIB y PO3TISTHYTIN
TUTACTOBIM MAUISHII TPUIYCTUMO, IO TOYaTKOBHH
TUCK y tacti popiBHioe 200 atMm, cepenHs
MOTYXHICTh BUAOOYBHOI cBepuioBHHHU ckiagae 100
M mHapTH Ha m06y. Jlas Mimimizaumii kpaifoBux
e(eKTiB IIpHU MOJCTIOBAaHHI, HA MEXaX PO3TIITHYTOL
OUIIHKA ~ BuOepemMo  KoedimieHTH  iHGinbTpamii
HadToBOI (a3u piBHEME 0.001 M.

atm

Puc. 1 Posnomin BCTaHOBJIEHOTO THCKY B
aHI30TPONHOMY ILIAcTi HAaBKOJO Ha(TOBHIOOYBHOI
CBEpIJIOBHHM TMpH 33JaHUX I[apaMerpax Ipo-
HUKHOCTI: ky = 2]1, kyy = 1]1, k=0 (1 dapci=10"" n’).
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am JOKAIBHUX  00JIACTAX 3  BIJHOCHO  HHU3BKOIO
L . . .
M % e AHI30TPOINED  IMPOHMUKHOCT1  IJIacCTa, 0co0JIMBO
1 L

o [ [ /177 WA
L7

4

S
I

04\

Puc. 2 Posmomin BCTaHOBIGHOTO THCKY B
aHI30TPONHOMY ILIAcTi HaBKOJO Ha(TOBUIOOYBHOL
CBEPIJIOBUHU: ki = 11, &y, = 2]1, k= 0.

Haui pO3TIsIHEMO MIPOLIECH ¢binpTpanii
aHI30TPOIHOr0 Ta30HOCHOTO TmacTa (9x9 kM®) B
OKONUI[I BUAOOYBHOI CBEPAJIOBHHH MOTYXXHICTIO
24840 M° ma 106y npu miactoBomy Tucky 10 MIla
(puc. 3). Bubepemo nesiki xapakTepHi cepenHi
napameTpu razoHocHoro miacra [1, 2]: m=0,15; 1 =
0,18-10* [Ma-c; F,=100arm.

xoedimieHT 1’ e300m0py Jleitbensona c=0.27-10 "¢,

IIpu 1pomy

BucHoBku

BcranoBneno, mo ani3oTpomis HadTorazoBoi
MPOHUKHOCTI B JalbHIM 30HI il CBEpIJIOBUHH
Oinplie BIIIMBae Ha Tporieck (inmpTpariii HaBKOJIO
CBEpJUIOBHMHHU 1 BiATIOBITHO Ha BUAOOYTOK CHPOBHHH,
HIX HasBHICTH aHI30TPOMii MPOHUKHOCTI B ONMKHIN
30Hi1 1ii cBepAsioBuHM. [loKka3aHo, 1110 IHTEHCUBHICTh
mpoieciB  (inbTpamii y aHI30TPONHHX IUIACTax
noOJIM3y Mil040i CBEPJIOBHHHM, CYTTEBO 3aJICKHUTh
BiJl 3CYBHOI MPOHMKHOCTI 1 B MEHIIiH Mipi Bix
0CBhOBOT MPOHHUKHOCTI BiAnoBigHOT (azu. OTxe, s
e(eKTHBHOTO BHKOPHCTAHHS aHi30TPOIHUX ILIACTIB
HEoOXi/THO po3MillyBaTH BHI00YBHI CBEpAJIOBHHH B
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YHHUKATH MiCIIb i3 HAsBHICTIO 3CYBHO{ aHi30Tpomii.
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Puc. 3 PO3H0,Z[iH BCTAHOBJICHOI'O THUCKY B

aHI30TPOMHOMY IUTACTI HAaBKOJIO Ta30100yBHOL
CBEPIUIOBHHU: a) ke = 0,0 012]1, &y, = 0, 012]1, kyy =0,
0012 JT; 6) ke = 0,0 012]T, kyy = 0, 012]1, ks, =0, 0012 JI.
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Y pamrax 0eosumipnoi meopii docnioscyemucs 6nue 00HOOIUHO20 2HYYKO20 NOKPUIMMNS HA HANPY’CEHUL
CMaH HABAHMANCEHOT BHYMPIWHIM MUCKOM NOL020i MOPOIOaNbHOI 000NIOHKU 3 HACKPIZHOIO MPIWUHOIO, SIKA
PO3MAUo8ana 6300684c ekeamopa abo 63006c 2opaa. IHyuke nOKpumms MOOeIOEMbCs WAPHIPOM, KUl
3’€0nye bepecu po3pizy HA OOHIll i3 MUYLOBUX NOBEPXOHL 000a0HKU. [N posensnymoi 3a0aui noOy0o8ano
CUHRYISIPHE THMe2pabie PIGHSIHHS GIOHOCHO He8I00M020 cmpubKa nepemiujeHv Ha mpiwuni. Ha ocnosi
ACUMNMOMUYHO20 PO38 'A3KY, OMPUMAHO20 MemoO0OM MAN020 napamempa, nobdy008aHo AHANIMUYHI
3ANeAHCHOCMI KoeDiyienmie IHMEeHCUBHOCMI 3YCUb MA MOMEHMIE 8 OKOJL GePUuiUH MPIUHY 8i0 napamempie
dopmu ma maxkcumanbHoi KpueuHu nosepxHi mopa. Becmanogneno, wo niokpinieHus 0001I0HKU NPU3B0OUMD
00 3MeHUeH ST KOepiyicHma iIHMeHCUBHOCI 3YCUb MA 00 NOSL8U HEHYIbOBO20 KOeMiyicHma iHMeHCUSHOCHi
MOMEHMIB.

Kniouosi cnosa: mopoioanvna obonronka, mpiwuna, cHyuke NOKpUmmsi, NPYICHA pieHo8A2A.

Elastic equilibrium of shallow toroidal shell loaded by internal pressure and containing the cross-cutting
crack located along equator or throat of the shell has been studied in the two-dimensional formulation. The
shell is reinforced by coating on one of the face surfaces. The crack in the shell with a flexible coating is
simulated by a cuts with eccentrically hinge joint edges. The boundary problem for equations of classical
shell theory with interrelated conditions of tension and bending along the cutting line is formulated within
the framework of such model. Singular integral equation for the unknown jump of normal displacement on
the crack edges has been elaborated. Based on asymptotical solutions of integral equation obtained using
the small parameter method forces and moments intensity factors in the vicinity of the defect tips are defined.
Their dependences of on the parameters of shell curvature and form parameter are investigated. It is
established that the reinforcement of the shell leads to a decrease in the force intensity factor and to the
appearance of a non-zero moment intensity factor.

Key words: toroidal shell, crack, flexible coating, elastic equilibrium.

CrarTio npeacraBuB wieH-kop. HAH Ykpaian Xyk £.0.

Ha TXHIO TOBEPXHIO TOHKUX IIOKPHUTTIB, JIATOK,

Beryn HiKpiMieHb,  SKI  3HUKYIOTh  KOHIEHTPAIIO
Ha croroani edekTuBHUM 3ac000M momoBxkenns HATPYKCHb B OKOJI ﬂe(i)eKTlB-
MeTa LBOTO [OOCHIMKEHHS — BHUBYWTH BIUIUB

eKCIUTyaTaliiHOTro pecypey MOIIKOJIKEHUX

TOHKOCTIHHIX KOHCTPYKL{il BBaKaeThcs HaHeceHpss OAHOOIMHOTO THYYKOTO TOKPHTTS Ha HATPYKEHO-

© M.B. Makogiituyk, L.IT. Illanekuit,
A.B. lllep6i#t, 2021
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neOopMOBaHUN  CTaH  TOJOroi  TOPOidabHOT N,, N,,, N, — vemOpauni 3ycuiuis, M., M o
000JIOHKH, TOCIA0JIEHOT HACKPI3HOKO TPIIIHMHOKO. i 3 5
M, — momentw; B=2Eh, D=2Eh"/(3(1-v")),

ITocTanoBka 3agavi

Po3ristHeMO 130TponHY TOpOigaabHY OOOJIOHKY
3aBTOBIIKM 2/, 3 HAaCKpPI3HOI MPSMOJIHIHHOIO
TPIIIMHOO 3aBJOBXKH 2/, sKa Moxe OyTH
po3TaloBaHa B3JOBXK €KBaTopa abo B3IOBXK ropia
Topa. CepeanHHA TOBEpXHsS OOOJOHKH YTBOpEHA
pPyXOM IeHTpa Kojla 3 pajiycoM 7 10 KOdy 3
pamiycom R. Hexaii Ha omHy i3 JHIILOBHX
MOBEPXOHb OOOJIOHKM HAHECEHO THYYKE IMOKPHTTS,
sKe 1e(hOpPMY€ETBCSI CYMICHO 3 TiAKIAIKOIO 1 374aTHE
BUTPUMATH JIOBOJII BUCOKI HampyxeHHs. OO0noHKa
3a3Ha€  pPO3TATy  MEMOpPAaHHUMH  3yCHUISIMH
YHaCHiZOK nii BHYTPINIHBOTO THCKY p =const. Y
pamkax kiacu4Hoi Teopii obononok Kipxroga-Jlssa
JIOCTIIPKYEMO HANPYKEHUH CTaH KOMITO3HIIIT.

VYBaxaoun O0OJOHKY B  30HI  30ypeHHS
HaMpy»XEeHOro CTaHy IOJIOTOI, BUOEPEMO CHUCTEMY
IeKapToBHX  koopmuHaT  Oxyz 3 LEHTPOM
MocepeinHI po3pi3y Ta BicCI0 aOCLUUC Y3IOBXK HOTO
minii. fxmo mnpwitHATH rinotedy Kipxroga mpo
JKOPCTKY HOpMallb, TO TPIIMHY B OOOJOHII 3
THYYKHM  TOKPUTTSAM  JOLITBHO  MOJIEIIOBATH
MaTeMaTUYHUM pO3pi3oM, Oeperu sKoro 3’€IqHaHi
WIapHIPHO B OJHIM 13 JIMIBOBUX IIOBEPXOHb
000m0oHKN z=sh (s=+1 I 30BHINIHBOTO YH
s=-1 [ug BHYTPINIHBOTO MiAKpIIIeHHS). [3
ypaxyBaHHSIM CHMETpii 00’€KTa Ta HaBaHTAKEHHS
BIJIHOCHO OCi a0CIMC TaKW¥ MiJXiJ TPU3BOJUTH O
3amayl Teopii THOJIOTHX 000JIOHOK 13
B3a€MOIIOB I3aHUMH KpaOBUMH yMOBaMHU PO3TSTY-
3ruHy Ha po3pizax [1-3]:

AA(p—EArw:O,
r

AAW+DLA,¢=0, (x,»))eR*\L; (1)
A
[u,1-sh[3,1=0,

M, —shN,=0, xeL; 2
N,=pr/2, N, =0, N, =pgr,
szMxszyzoa (x,y)—)OO, (3)

TyT X,y — HIexapToBi KOOPAMHATH 3 LIEHTPOM
HOocCeperHi Po3pi3y; ¢ — QyHKILisS HANPYXKEHb, W —
MIPOTHH A=0%10x* +07 ] 8y*,
A, =0%10x*+B0*10y*, B=+r/(Rtr); [u,]
— PO3KPHUTTS TpIIMHU B 0a30Bid  MOBEPXHi
000s10HKH, [J,] — po3puB KyTa MOBOPOTY HOpMAII;

000JI0HKH,

E 1 v — mopynp IOnra ta xoediuient Ilyaccona
Mmartepiany 000IOHKHM; p, =p(R+£0.57)/(Rt7r);
s =1 BHM3Ha4ae BapiaHT 30BHIIIHBOTO, a §=-—1 —
BHYTPIIIHBOTO TIOKPUTTS; L — po3pi3.

IMepmia 3  kpaifoBux ymoB (2) o3Hauae
HETIepepBHICTh MepeMillleHb Ha 3’€IHaHUX Oeperax
po3pi3y, JApyra ONHUCYe PEaKTHBHHH MOMEHT,
BUKJIMKAHUI TEPEeHOCOM INapHipHOI peakuii y
0a30By OBEPXHIO 000JIOHKH.

Jns  mobymoBu po3s’sizky  3amaui  (1)—(3)
CKOPHUCTAJIUCS] METOIOM CHUHTYJIAPHHUX 1HTETpajibHUX
piBHSHb. 3yCWJUISI Ta MOMEHTH Ha JIiHII TPIIIWHU
BHPA3UMO 4epes3 MoxiaHi Bix GyHKuiid crpudka [4]:

N, (x,0)=pyr+

1
# [ K(E = 0l, Y (@- K€ - 00al8, T(©)) e,
21
M, (x,0)=
I
=f¥j [1K1 (& - D, 1O Ky (6 - 2) a8, 1 () dé.
2
Smpa muX 300paXKCHb BHPAKAIOTBCS  depes
(dbyHIamMeHTaIbHUHA  pO3B’s30K  piBHSAHB (1) i

MOJIaI0ThCS iHTEeTpatamu Dyp’e:
Ky (@)=[6,Rer (1-6,)Im|[ g, 7T‘/"_’ sinzs ds ;
0
g1 (1) =q(r)/ o(7),
213(7) = 23,(7) = (@)1 +v/ (7)),
g3 (1) = q(2—2v + 2 + a(z) v (7)),
(1) =2/2+ pr* +20(r), w(t)=V1+7*,
r=y—ils; a=h/y31-v?),

y=431-v?) /Jrh ; 0 — cumBon Kponekepa.

[lincraBUMoO iHTerpanbHi BHpa3d B KpaloBy
yMoBy (2). Buxmouaroun dynkuio [4,], nicraemo

CHHTYJISIpHE iHTerpajbpHe PIBHSHHS TUTSt
3HAXOIDKEHHS PO3PUBY TEPEMIlIeHb 3 JOJAATKOBOIO
YMOBOIO Ha KiHISIX PO3pi3y:

1
B KE =0, T@dE =pyr, xe(-LD);
Ar
[, 1) = 0. )

Tyt
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K(z2)=K, (2) - 25K ;(z)/y/30 = v?) +

+ K45 (2)/(3(1=v?)).

3a ¢yHKUIAMH CTpUOKIB MepeMilleHHs 1 KyTa
MOBOPOTY HOpPMaJi OOYMUCHIOBAIM  KOE(IIiEHTH
IHTEHCUBHOCTI 3yCHWJIb Ta MOMEHTIB MOOIH3Y
BEpILMH TPilIUHU:

K =¢§nrgﬂ/z|xw| [, 1(x).
K =+3+v) —V)% liml\/2 | xF1][8,](x).

AHaJi3 pe3yJbTaTiB

AcuMnToTHUHUN PO3B'I30K 3amaui (4) moOymy-
BaJll METOAOM Majoro mapamerpa [4]. 3a mammid
mapaMerp  oOpamu  0€3pO3MIpHHH  KOMIUIEKC

1/4
k=y1=(3(1—v2)) 1/ - BITHOCHY MaKCH-
MallbHy KpHBHHY OOOJOHKH. Y mepumomy o000-

JIOHKOBOMY HaOJNMKEeHH1 KOe(illieHTH iIHTEeHCUBHOCTI
3yCHJIb Ta MOMEHTIB OOYHUCIIOIOTHCS 32 (hopMynamu:

3perI(1+v)
N 2B+ 2v) F),
__sporh\ﬁ(?) +v) )
M 23+ 2v) FA;

2

F(A) =1—;—{a1 +bl(1+ln%ﬂ+0(ﬂ4 In 2).

ay
TyT nozHaueHo:

Ay =ayp +ass 1B(1-v?)),

ay = ayy, =25a;3, /31 =v?) + a5, /31 -v?)),
b, ==2sbyy, /3(1=v?),

i (S
a0=1, G330 =3-2v—v>,
ay, =—(B+5)7¥ /32—
—\-BBBY =22 +15)H(-B) /(24 - 1)),
ayy =[G+ B2 +4(1+11v)/B +5+
+37V)/(48(/ B +1)?) +
+ by (In(yy (B +1)/4) =D H(B) +
+[(I+v)(B+3)/16+
+3B1-3)B-1-Tv)/12(-1)*) +
+b5,(In(yoy| B-11)/4=-DIH(=p),
Ay = ((5+2v+v) S +1+2v +5v )1 /32 +
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+ - BBG+2v +vH B2 =211+ 2v + 1102 B+
+3(1+2v +5v) /4B - 1)) H (=),
b =((1+Vv)f+1+5v)/8 — koedimieHTn po3KIaLy
anep K, (z) y creneneBo-norapupmiuni psau 3a
napamerpoM A; Iny, =0.5772... — crana Eiinepa,
W =1—(2/ m)arctg(2\- BN B+D)H(-B), H(.) —

¢byukuis [eBicaiina.
Jlnst TpimHy, 0 OPIEHTOBAHA B30BXK €KBATOPA,

B=1p+D), py=p(p+0.5/(p+1), pell, ),
a Ans TPIMHU B3IOBXK ropia — fF=-1/(p-1),
Po=p(p-05)/(p-1), pe[2,©), ne p=R/r -
napametp $popMH TOpa.

Ipu p—> o (F —>£0) oTpUMyeEMO YaCTKOBHUI

BHIIAJI0OK  PIBHOBAru MoJIOT0T  LMTIHIPUYHOT
000JIOHKH 3 TI03/IOBXXHBOIO TPIIIHHOIO [5].

Ky ((pory1)
L2 —
1_
0,87
[ e E e ek AR R S i )
=
1 2 3 4 5 6
p
0,8+
Ky Hspori1)
0,6
0,4+
0,2+
0 ;-F.—-—-I-—-_-—I__-_I_-___I
1 2 3 4 =) 6
p
Puc. 1. KoedinieHTH iHTEHCUBHOCTI 3yCWIb Ta

MOMEHTIB U TOPOIAaIbHOI OOOJIOHKHU 3 TPIIIHOIO
B3II0BXK ekBaropa ( o >1) abo ropna ( p > 2) Topa.
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Ha puc. 1 300paxeHo 3a1eKHOCTi 3HEPO3MiPEHHUX
Koe(iLiEHTIB IHTEHCUBHOCTI 3yCHJIb TA MOMEHTIB BiJl
napamerpa GopMu 000JIOHKH, oTpuMaHi pu v = 0.3
ta A=0.8. CyminpHi Ta MITPUXIYHKTUPHI JiHIT
nmoOynoBaHO i  OOOJIOHKM 13 30BHIMIHIM Ta
BHYTPIIIHIM NOKPHUTTSAM BiJIOBIHO, a IITPUXOBI —
JUTsE 00OJIOHKH 6e3 MOKpUTT [4, 6].

BucHoBKH

3arporoHoBaHa MOJENb TPIMIMHU B OOOJOHII 3
OIHOOIYHMM THYYKUM IOKPUTTSAM [Ja€ 3MOry B
aHATITUYHINA HOpMi JOCIIAUTH PO3MOILT HAPYKEHb
B OKOJIi BICTpS TPILLIMHU, OPIEHTOBAHOI Y TOJIOBHOMY
HampsIMKy TIOBepXHI JojgatHoi abo  Bia eMHOL
rayCoBOi KpUBHHH.
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[TapHipre 3’egHaHHs OeperiB  TPIOMHA Y
JULBOBI  TOBEpXHI  TOPOiganbHOI  OOOJOHKH
MPHU3BOJUTH JI0 iICTOTHOTO 3MEHIIEHHS KoedilieHTa
IHTEHCHBHOCTI 3YyCHJb Ta JI0 TOSBU TaKOro X 3a
MOPSIKOM Koe(ilieHTa IHTeHCUBHOCTI MOMEHTIB. Y
MiICYMKY TOTIK €Heprii y BepIIMHY TPIIIUHH
3MEHIITY€EThCSI.

[Momanpmie  mOCHIKEHHS  MIIHOCTI  BKPHUTOI
00OJIOHKH 3 TPIIIMHOIO MJOUITBHO TPOBOAUTH 3
ypaxyBaHHSM JBOX KPHUTEpiiB TPAHUYHOI PiBHOBAru:
pO3TpiCKyBaHHsI OOOJIOHKM Ta BTPAaTU IIIICHOCTI
NOKpUTTA [3].

References

1. SHATSKYL L. P. (1992) Integral equation of
problem about a crack in shallow shell with
flexible covering. Dop. AN Ukrainy. (1). pp. 46—
48.

2. SHATSKIL I. P. (1996) Crack problem for a
shallow shell with a flexible coating. Journal of
Applied Mechanics and Technical Physics, 37
(2), pp. 259-265.

3. SHATSKYL L. P. & SHCHERBIIL A. B. (1999)
Mehanika ruinuvannia materialiv i mitsnist
konstruktsii, 2 (2). pp. 333-335. (In 3 V. ed. by
Panasyuk V. V., Lviv: Kameniar).

4. SAVRUK, M. P. (1981) Dvumernye zadachi
uprugosti dlia tel s treshchinami. Kiev: Naukova
dumka.

5. SHATS’KY, . P. MAKOVIICHUK, M. V. &
SHCHERBIIL A. B. (2019) Influence of a flexible
coating on the strength of a shallow cylindrical
shell with longitudinal crack. Journal of
Mathematical Sciences, 238 (2), pp. 165-173.

6. Mekhanika kompozitov, in 12 V. (1993) Ed.
Guz A.N., Kiev: Naukova dumka (Vol.7:
Guz, A. N., Kosmodamianskii, A. S.,
Shevchenko, V. P. et al. (1998) Koncentratsiia
napriazhenii, Kiev: A. S. K.).

Hapniiimna no penxosnerii 29.08.21

70



Bicnux Kuiscvkoeo nayionansno2o ynisepcumenty 2021,3 Bulletin of Taras Shevchenko

imeni Tapaca [lleguenka National University of Kyiv

Cepis pizuxo-mamemamuyHi Hayku Series Physics & Mathematics
VK 532.516 https://doi.org/10.17721/1812-5409.2021/3.12
Mamora B.C. ', 1.¢.-M.H., c.H.C., Malyuga V. S.!, Dr. Sci. (Phys.—Math.), S. R. F.,
Jyxnoscbkuii B. F0.%, acnipant Duhnovsky V. Yu.?, postgraduate student,
Kyk . 0.2, 1.¢.-M.H., pod. Zhuk Ya. O.2, Dr. Sci. (Phys.—Math.), Prof.

Teuii CTokca B TPMBMMIPHUX 00J1acTAX Stokes flows in 3D containers
IHctuTyT  rimpomexaniku,  HamionanpHa ! Institute of Hydromechanics, National Academy of

akagemis Hayk Ykpainu, 03057, m. Kwuis, By Sciences of Ukraine, 03057, Kyiv, Marii Kapnist str.,
Mapii Kamnicr, 8/4, 8/4,
e-mail: malyuga@nas.gov.ua e-mail: malyuga@nas.gov.ua
? KuiBCHbKMI HAIliOHATBHUN YHiBEpCHTET iMeHi ? Taras Shevchenko National University of Kyiv,
Tapaca IlleBuenka, 83000, ™. Kwuis, mnp-t. 83000, Kyiv, Glushkova st., 4d,
['mymkosa 47, e-mail: y.zhuk@i.ua, y zhuk@inmech.kiev.ua
e-mail: y.zhuk@i.ua, y zhuk@inmech.kiev.ua

Jlana poboma cknadaemocsi 3 060x uacmun. Cnowamky mu 062080pIOEMO AHAMIMUYHULL NIOXI0 00
po3e’sazanna 3a0aui Cmokca npo cmayioHapuy meuito 6 a3Koi Hecmuciugoi piouHu 6 mMpUSUMIpHUX
nopoocuunax. Lleti nioxio bazyemocs na memoodi cynepnosuyii. B opyeiii uacmuni mu onucyemo ocobaugocmi
JAMIHAPHO20 NePeMiuty8anHsL PIOUHU 8 MPUBUMIDHUX e isX.

Kmiouosi cnosa: meuiss Cmoxca, suxopu Moghghama, nepemiutysannst, nepioouyni ainii.

This study consists of two parts. First we consider an analytical approach for solving the problem of
steady Stokes flow in some 3D containers with arbitrary velocities prescribed over the surfaces. The
approach is based on the superposition method. First we discuss the Stokes problem solution in a finite
cylinder. This is the simplest problem because the flow domain is restricted with only two families of
coordinate surfaces and the edge (rim) is a smooth line. Then we discuss the analytical solution of the Stokes
problem in more complicated domains, such as a circular cone, a rectangular trihedral corner and a 3D
rectangular cavity. The Moffatt eddies in such domains are described. In the second part of the study we
consider the laminar mixing process in the Stokes flow in a 3D container. We show that in 3D flows a much
richer variety of mixing regimes is observed than in 2D flow configurations. The mixing processes in a 3D
flow, containing periodic lines, possess essentially two-dimensional characteristics. In the flows, where only
isolated periodic points exist, the liquid elements stretch or compress in all three directions.

Key Words: Stokes flow, Moffatt eddies, mixing, periodic lines.

Crartio npenctaBus akaaemik HAH Ykpainu [lepectiok M.O.

Stokes flows. Analytical approach form of Fourier series with arbitrary unknown
coefficients. The terms of these series satisfy the

In 1996, V.V. Meleshko published a paper which governing equations and the superposition provides
addressed a general analytical approach for solving sufficient arbitrariness for fulfilling the boundary
the problem of two-dimensional steady Stokes flow condition. In [1] the 2D rectangular cavity was
in a rectangular cavity [1]. The flow inside the cavity treated as the intersection of two infinite strips. So,
was caused by a nonzero velocity distribution over the solution of the Stokes problem was represented
two opposite sides of the cavity. The analytical as the superposition of the well-known solutions for
approach called the superposition method was these infinite strips. The satisfaction of the boundary
proposed for solving this problem. The principal idea conditions led the author to an infinite system of
of the method consists in representing the velocity linear algebraic equations, which was regular and
field in a cavity as a sum of several velocity fields. consequently could be solved by the method of
Each of these velocity fields is represented in the reduction. In the case of non-smooth distribution of
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the velocity the convergence of the series was not
sufficient to provide us with enough accuracy. But it
was shown that knowledge of asymptotic behaviour
of the unknowns could considerably improve the
convergence of the series and consequently the
accuracy of the solution. It was shown that the first
term of the asymptotics was responsible for the
discontinuity at the corner of the cavity.

Later we decided that the method of
superposition suggested in [1] could be applied to
more complicated 3D problems. The simplest of
them is the Stokes problem in a finite circular
cylinder. The solution of this problem was published
in [2]. In this case the cylinder was treated as
intersection of the infinite cylinder and the infinite
layer. So, the solution of the Stokes problem was
represented as the superposition of the solutions for
these two geometries. For the layer part the velocity
field was expressed in the form of Dini and Fourier-
Bessel series. For the cylinder part the velocity was
represented in the form of Fourier series. The
asymptotic behaviour of the unknowns was
established by the Mellin transform technique
developed by Gomilko and Meleshko and it was
shown that the main term of the asymptotics was
responsible for the discontinuity of the velocity at the
rim. Knowledge of the main asymptotic term
allowed the authors to separate and present in closed
form the part of solution containing the discontinuity
at the rim. It was established that the asymptotic
behaviour of the velocity field near the rim coincides
with the well-known Goodier-Taylor solution in a
2D wedge with constant tangential velocity applied
at its sides. That is why the Stokes problem in a
finite cylinder can be considered as the simpliest 3D
problem. Smoothness of the cylinder’s rim makes the
velocity singularity near the rim to actually have 2D
nature. However the streamlines near the calm rim
were completely different form the well-known 2D
Moffatt eddies. Because of the third coordinate the
streamlines in the plane of symmetry had the form of
spirals. A small displacement form the symmetry
plane made the streamline really three-dimensional.
It moved away from the symmetry plane at one
corner and approaches the plane at another corner.

The Stokes problem solution becomes much
more complicated in domains with 3D singular
points at the surface. For example, a cuboid has eight
trihedral corners. The unknowns of the solution
depend on two indexes and therefore the technique
for improvement of the series convergence based on
the asymptotic analysis cannot be applied.

The simplest example of the 3D singular point at
the surface is the vertex of a cone. This problem was
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considered in [3]. The flow inside a circular cone
was induced by a non-zero velocity prescribed at the
boundary within a ring at some the distance from the
vertex. Therefore the problem was a 3D analogous of
the 2D corner flow considered by Moffatt [4]. Since
this canonical domain is bounded with a coordinate
surface in the spherical coordinate system, it is not
necessary to apply the superposition method. The
solution of the problem was represented in the form
of a Fourier series on the trigonometric system
cos(mg), where ¢ was the angular coordinate. The
solution was constructed for each term by use of the
Mellin transform. The contribution of each term of
the Fourier expansion to the local velocity field near
the vertex was studied. The following two
conclusions were drawn: 1) at any m, providing o is
less than the critical value, there exists a sequence of
eddies near the vertex; 2) when the Fourier
expansion of the velocity prescribed at the boundary
includes several terms, the term at m=1 will
dominate near the vertex. If this term is missing in
the Fourier expansion, the term at m=2 will
dominate. If both the terms are missing, the
axisymmetric term (m=0) will play a leading role.
The Stokes flow in a trihedral rectangular corner
was studied in [5]. The flow was induced by a non-
zero velocity distribution over one of the corner’s
walls. We considered two possible motions of the
wall: uniform translation or rotation about arbitrary
point. Such a situation occurs for example in a cubic
cavity where the motion of a lid generates the fluid
motion. As mentioned above, the unknown
coefficients depend now on two indexes and
consequently the technique for investigating the
asymptotic behaviour of the unknowns, used in 2D
problems, is useless in 3D case. Within the limits of
the linear approximation of the problem, this
difficulty may be readily overcome provided the
local behaviour of the flow field near the points of
discontinuity is known. Indeed, since the
superposition principle is valid, the solution may be
presented as a superposition of the known solution
responsible for the velocity discontinuity and some
new solution satisfying continuous boundary
conditions. The solution of the Stokes problem in a
trihedral corner was constructed with the method of
superposition. For this purpose three spherical
coordinate systems with a common origin O at the
vertex were introduce. These systems were such that
each of the corner walls lay in the equatorial plane of
the corresponding coordinate system. In order to
obtain sufficient functional arbitrariness to fulfil all
the boundary conditions at the walls we represent the
velocity field as the superposition of three vector
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fields. Each term of this superposition was a solution
of the Stokes equations in the corresponding
spherical coordinate system. The velocity field was
represented as a local similarity solution
Ur,0,p)=r"-u(8,p). This representation reduces

dimensionality and allows us to formulate the
boundary value problem for the corresponding
spherical triangle. Now the problem becomes 2D
since it is formulated at a spherical surface.
Satisfaction of the boundary conditions leads to the
infinite system of linear equations. But now the
unknown coefficients depend on one index. So, the
asymptotic analysis by means of Mellin transform
developed by Gomilko and Meleshko can now be
applied. The analysis of the asymptotic behaviour of

Fig. 1. Streamlines in the symmetry plane. The
top wall is moving

Fig. 2. Streamlines. The top wall is moving

the unknowns provided a way of refining the
technique to obtain high accuracy everywhere in the
corner. The velocity field was shown to behave near
the edges, where the discontinuity of the tangential
velocities was preassigned, in accordance with the
Goodier-Taylor solution. The numerical analysis of
the flow topology near the edge formed by two fixed
walls conformed the existence of eddies. The flow
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driven by the wall rotation about the vertex was
shown to be strictly 2D. In this case the streamlines
lay on a spherical surface. The flow became
essentially 3D when the wall rotated about a centre
displaced from the vertex. The centrelines of the
corner eddies contained also saddle points.

In 2005 paper [6] was published by Albensoeder
and Kuhlmann. They investigated the flow in a lid-
driven cubic cavity and concluded that the
singularities in the boundary conditions cannot be
fully removed by solution [5]. They said that if we
compose the superposition of solutions [5] in every
of the eight corners then the singularity at the edge
connecting two neighbouring vertices is given twice.
If we take the solution [5] in every corner with
weight 1/2, then the singularity at the edge is now
formulated correctly, but at the vertices of the
trihedral corners we take only a half of the
singularity into account. In the present paper we
show haw to construct the singular solution to extract
all the singularities correctly.

The velocities prescribed at the surface of the
cuboid are discontinuous at the eight edges and at the
eight vertices. So, along the edges between the
moving and the stationary walls the flow fields are
singular. Since the local asymptotic solutions near
both the edges and the vertices are known, we may
eliminate these singularities. The flow fields may be
presented as

U=u+u, P=p+p, . )]
Here u, and p, represent the singular solution of

the Stokes problem which satisfies the discontinuous
boundary condition. Then the flow fields u and p are
continuous. The singular solution of the Stokes
problem may be constructed as a superposition of the
local flow fields in the trihedral rectangular corners
[5]. But in this case the singularity at any edge is
taken care of twice [6]. Therefore we have to
subtract one singular solution valid at the dihedral
corner formed by two planes. The singular solution
takes the form:

@)

where v, is the singular solution in the trihedral

corner with vertex i and e, is the singular solution in

the dihedral corner with edge j. The solutions v, are
given in [5]. The solutions e, are the well-known

Goodier-Taylor solution or the shear flow for a
dihedral corner where the moving wall slides in the
direction parallel to the edge.

Extraction of all the discontinuities with (1), (2)
from the velocity field allowed us to satisfy the
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boundary conditions with the accuracy of within
10*. Fig.1 shows the streamlines in the plane of
symmetry when only the top wall is moving
constantly, while the other walls are fixed. We can
see that the streamlines in the corner eddies are
spirals. The same effect was observed in a circular
cylinder [2]. In fig.2 we can see that even a small
displacement from the symmetry plane gives a really
3D streamline. It approaches a symmetry plane at
one angle and moves away at the opposite one.

Periodic points. Structure of manifolds

According to Brauer's fixed point theorem, any
continuous incompressible mapping of a closed
domain into itself in a finite-dimensional Euclidean
space has a fixed point. Obviously, such a fixed
point of Poincare map will be a periodic point of
flow. The location and type of periodic points
determine the nature, intensity and quality of mixing.

In terms of Poincare map, a periodic point with
period T is a fixed point. If the Poincare map is

defined as x,,, = f(x,), then for a periodic point
with period T we have P=f(P). In 2D flows, a

periodic point can be classified as elliptic, hyperbolic
or parabolic depending on the field structure in a
vicinity of the periodic point. In 3D flows, the
classification of periodic points is much more
complicated [7]. Let some material particle close to
point P be in position P +dx, at the initial moment
of time. After a period, this material particle moves
the position P+dx, =f(P+dx,). After
linearization, we obtain dx, =Fdx, where
F=0f(x)/0x|x=P is the Jacobi matrix at point P .
The properties of stability of mapping f are

into

determined by the eigenvalues of matrix F. The
eigenvalues are the roots of the equation
|F—AE|=0, which in the three-dimensional case
takes the following form:

A —J A +J,A-J, =0, (3)
where the three invariants of the matrix are defined
as follows J, =t(F), 2J,= tr* (F) — tr(F?),
J, =det(F).

All the elements of matrix F were calculated
numerically for the Stokes problem in a cylinder.
The condition of fluid incompressibility J, =1 was
used to control accuracy of the numerical
calculations. The numerical error did not exceed
10~ near the surface of the cylinder and took much
smaller values inside the calculation area. Obviously,
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equation (3) always has one real positive root. Let it
be A,. Then equation (3) can be represented as

follows
(/1—/11)(/12+(/11—J1)2+%J=0. @)
The other two eigenvalues are
o =@i¢5, 5)
where the discriminant
Z(Jl_%)z _L ) (6)
4 4

Eigenvalues A,, A, can take either real or complex
conjugate values. And the transition occurs at D =0,
ie. at 4, =4, =i1/\/Z. It is now obvious that in

3D flows we can distinguish nine types of periodic
points, depending on the values of 4, and D. Let us

describe the periodic point classification in more
detail. If 4, =1, it means that there is no stretching

or shrinking in the direction of the corresponding
eigenvector. In the canonical coordinate system

n",n®,n?), the axes of which are determined by
the eigenvectors, the condition 4 =1 means that
7" = f(n"). Then for the other two eigenvalues
the condition A4, =1 is fulfilled,

canonical plane (7,7®)) mapping f satisfies the

1.e. in the

condition of incompressibility. Thus, the case 4, =1
is essentially two-dimensional. Such periodic points
can be divided into three classes: elliptic, hyperbolic
and parabolic. The condition A, =1 is fulfilled at the

points of periodic lines. Indeed, there is no stretching
or shrinking in the tangential direction of the
periodic line, i.e. the tangential direction of the
periodic line corresponds to the direction of
eigenvector n,. The classification of points of a

periodic line is equivalent to the classification of
periodic points in 2D flows. Therefore the periodic
lines can be divided into elliptic and hyperbolic
segments that connect at the parabolic points. It
follows from (6) that the point of a periodic line is
elliptic if —-1<J, <3. In this case D<0, and
therefore the eigenvalues 4, ; are complex conjugate.

If J,<-1 or J, >3, then D>0, and therefore
such a point of the periodic line is hyperbolic. In 2D
systems, the elliptic points are surrounded by islands
of regular motion. The Poincaré map in such islands
is a rotation around the elliptic periodic point. The
liquid inside the elliptical region does not leave this
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region. It becomes isolated from the rest of the
liquid. In 3D domains the elliptic segments of the
periodic lines are also surrounded by pipe-shaped
islands. The hyperbolic points in 2D systems are
associated with stable and unstable manifolds, which
are the lines along which fluid particles are shrunk or
stretched. In the 3D case, the stable and unstable
manifolds associated with a hyperbolic segment of
the periodic line combine and merge into the
surfaces. Thus, the Poincare map in a vicinity of a
periodic line is essentially 2D in nature.

If A, #1, then such a periodic point is isolated.

0
-1

Fig. 4. Stable and unstable manifolds. Problem 2.

The Poincare map in the vicinity of such a periodic
point is essentially three-dimensional. The
classification of isolated points is much more
complicated as compared with the classification of
periodic lines. The phase portraits in the canonical
coordinate system are given in [7]. In case D >0, all
three eigenvalues A, are real. Phase portraits in the
coordinate planes are two saddles and a node. In the

case of D <0, the eigenvalues 4, ; acquire complex
conjugate values that are responsible for rotation in
the plane (7*,7®). The phase portrait in this plane

is a hyperbolic focus. In the degenerate case D=0
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we have two equal eigenvalues A, =4, ==*1/ \/Z .In

the plane (%,n”), the phase portrait is a

degenerate node. Thus, when A, #1 a periodic point

is isolated and can be classified as a hyperbolic node
or a hyperbolic focus. It is obvious that the phase
portrait of isolated periodic points does not have
closed lines or surfaces. Therefore isolated islands of
regular motion similar to those formed around the
elliptical points of the periodic lines cannot be
formed around isolated periodic points. In a flow that
has only isolated periodic points and no periodic
lines, the liquid must be mixed throughout the flow
area.

Any isolated periodic hyperbolic point is
associated with the surface or the line called

manifolds. The stable manifold W*(P) is a set of

points that approach a periodic point P in the
process of Poincare map. That is for any point

xeW*(P) we have f"(x)>P at n—>ow. An
unstable manifold W*“(P) is a set of points that tend
to P in the reverse process, i.e. for an arbitrary point
xeW“(P) we have f"(x)>P at n—>o. In a
two-dimensional case, stable and unstable manifolds
are two lines that intersect infinitely many. Since
there are infinitely many points of intersection of the
stable and unstable manifolds, they concentrate when
approaching the periodic point. The manifolds form
a complex layered structure. Due to this phenomenon
the mixing of fluid represents the elongation of a
liquid spot along the unstable manifold and multiple
folding when passing through homoclinic points.
Such elongation and folding of a liquid spot is called

0 P
X
Fig. 5. Unstable manifold. Problem 3.

a horseshoe map. It is obvious that in three-
dimensional flows with periodic lines, the mixing
mechanism is similar to that in two-dimensional
flows. In such a quasi-two-dimensional mapping the
liquid does not mix along the periodic line. The
elongation and folding of the fluid elements occurs
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only in the plane perpendicular the periodic line.
Although this horseshoe map also leads to a complex
layered structure, but the presence of only a two-
dimensional mixing mechanism does not allow us to
obtain a high-quality homogeneous mixture in the
entire three-dimensional region of the flow.

The above theoretical considerations are
illustrated by the example of three possible periodic
flows generated in a finite cylinder [7]. In all three
cases, the flows in the cylinder are generated by the
periodic motion of the cylinder’s lids. The lateral
surface of the cylinder is stationary while the end
faces move periodically. Three typical protocols of
the lids motion were considered in [7]: 1) Problem 1.
Only the upper end wall moves. The bottom wall
remains stationary. The motion of the upper wall is
zigzag. During the first half of the period, the upper
end wall moves with a constant velocity in the
direction of the x-axis, during the second half of the
period in the direction of the y-axis. 2) Problem 2.
The upper and lower walls move alternately in
opposite directions parallel to the X-axis. 3) Problem
3. The protocol of motion of the end walls consists
of three different steps used in Problems 1 and 2.
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The flows in the first two problems have periodic
lines, while the flow in problem 3 has only isolated
periodic points. Thus, according to the theory
described above, the flows in problems 1 and 2 have
2D nature. Although the mixing mode may be
chaotic, the passive impurity spot cannot be mixed
throughout the area due to its two-dimensional
nature. In addition, in such a flow there may be
zones of regular mixing. The islands around the
elliptical segments of the periodic lines are formed,
which also prevent the good mixing. The flow of
Problem 3 has only isolated periodic points and
therefore the islands of regular motion cannot be
formed around such points. The passive impurity
spot should be mixed throughout the flow area.

The stable and unstable manifolds of periodic
points and lines for Problems 1-3 are shown in fig. 3-
5. The results of numerical calculation confirm the
theoretical reasonings outlined above. In the flows of
Problems 1-2 the passive impurity spot will not
move throughout the domain. The flow of Problem
3, where only isolated periodic points exist, provides
effective mixing of fluid.
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Poss'sazano 3a0auy Heninilinoi cnadkogoi noe3ywocmi KOMNO3umié GURAOKOB0I CMPYKMYPU 6 pPAMKAX
Heniniunoi meopii 8’ azxonpysicHocmi Opy2o2o nopaodky. Cnaoxosi yyHkyionanu sukopucmano 0is nooyoosu
3A2aNbHUX BU3HAYANLHUX PIBHANHbL CKIAOHO20 Hampycenoz2o cmay. Ipunyun eionogionocmi Lllenepi ona
KBABIHIUHUX 8'A3KONPYICHUX Cepedosull Y3a2albHeHo Wooo npobiem cnadkoeoi nossyuocmi. Ompumano
Ppo3'6530K cmoxacmuunoi Kpauogoi 3a0aui npo 6UHAYEHHs KOHYESHMpPAayii Hanpysicenb ma ix penakcayii 6
xKomnozumi 3 nonimepuoro mampuyero (IIMK). [isa eusedenns nosnoi cucmemu 6'a3KONPYHCHUX DIGHAHb
0py2020 NOPSAOKY BUKOPUCHOBYEMbCSL MEMOO NOCTI006H020 HabudceHHs. Busnaueno @yuxyii nogzyuocmi,
JIOKATILHO Y cepeOHeH] 3a 8'A3KONPYHCHOIO MAMPUYer0 ma NPY*CHUMU 8KI0UeHHAMU. Hasedeni npuxiadu, wo
NOKA3YIOMb GAJICIUBICIb 83AEMHO20 GNAUBY HEMIHIIHUX NPYHCHUX MA 8'A3KUX BL1ACMUBOCHEl KOMINOHEHMIB
Ha nepepo3nodin HanpysiceHv 6ins eéxaoyeHv y bazamoxomnonenmuux IMK. Sk npaxmuunuii pesynomam
MOICHA GIO3HAYUUMU MOIICIUBICIL NPOCHO3YBAHHS 00820MPUBANOT MIYHOCME Mamepiany, KOIU 8'A3KONPYiCHe
nOJIE HANPYICEHb BI0OMO 6 pe3yIbmami KOMN TOMePHO20 MOOE08AHHSL 8 OKOJIL 6KIIIOUEHb.

Kniouosi cnosa: cnaokoea nogsyuicmo, noaimep, KOMRO3UM, NPOSHO3YBAHHS.

Nonlinear hereditary creep problem of the mechanics of composites is solved within the framework of a
second-order theory. The hereditary functionals are used to construct general constitutive relations. A
stochastic boundary value problem for determining the stress concentration and its relaxation in metal
matrix composite (PMC) is solved in Laplace-Carson image space. Shapery's correspondence principle for
quasi-linear viscoelastic media is generalised on the hereditary creep problem and the method of successive
approximation is used. The reduced creep functions and the stress concentration parameters are determined.
Examples are given showing the importance of the mutual influence of nonlinear elastic and viscous
properties of the components on stress redistribution near inclusions with possibility to predicting the long-
term strength.

Key Words: hereditary creep, polymer, isotropic composite, prediction.

Crartio npencraBuB wieH-kop. HAH Ykpaian XKyxk 51.0.

KommosutHi marepianu 3acTOCOBYIOTbCA B
eIeMEeHTaX KOHCTPYKLIH, SIKi eKCIUTYyaTYIOThCs SIK B
YMOBax TPUBAIMX OJHOPA30BHX, TaK 1 IUKIIYHUX
HaBaHTaxeHb [l, 2]. VYV 3B's3xky 3 1mM, uid

MPOEKTYBaHHA HOBUX MarepiayliB 13 3aJlaHUMH
BIIACTUBOCTSIMHU Ba)XJIMBUM € BUBYCHHS
MIKPOCTPYKTYpHHX Hampyr 1 nedopmamiii, 1o

3MIHIOIOTECS B 4aci. Benwke mpaxTwdHe 3HAUCHHS
Ma€e MPOTHO3YBaHHS HAaBEACHUX MAaKPOCKOIMIYHUX
XapaKTEePUCTUK B'SI3KOIMPYKHOCTI 1 BWU3HAYEHHS IX
3aIeKHOCTI  Bif  (OPMH  BKJIIOYEHb,  THITY

© B.II. Macios, 2021

MIPOCTOPOBOTO apMyBaHHS, 00'€éMHOI KOHICHTpAIlil
KoMIoHeHTiB. Panime [1] Oyio orpuMano po3B'sa3Ku

3ala4  3HAXO/KEHHS  e(EeKTUBHUX  MPYXKHUX
MOCTIMHUX HETIHIHHUX CTUCIMBUX 1 HECTHUCIMBHUX
MPY>KHUX KOMIIO3HUTIB. Tyt PO3IIISTHEMO

B’SI3KOTIPYKHHUH 130TPOITHUIN KOMIIO3UTHHUI Marepian
BHIIAJIKOBOI CTPYKTYPH 1 BHKOPHUCTAEMO METOJ
yMOBHOTO YycepenHeHHs [l], 13 3acTrocyBaHHIM
iHTerpanibHUX TneperBopeHb Dyp'e 1 Jlamnaca-
Kapcona [3,4] Ta uncenbHUX anNrOpPUTMIB B
cepenosuili Fortran 95. B mexax Teopii cragxoBoi
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MOB3ydocTi  Manmux jaedopmaniii  BHU3HAuYalbHE
CIIIBBIIHOIIIEHHS MIX nedopMariissmu i
Hanpy>XeHHSIMHA BBa)KaEMO Ka3UTiHIHHNM,
BIIMOBIZIHO 710 MOJENBHUX ysBIEHb [5, 6].
Hakonmuena pgomatkoBa ewneprit  U(e,f) B

Martepiai, [0 MPOSBISIE BIACTUBICTh KBa3UTiHIHHOT

CHagKOBOi MOB3YYOCTi, MOXKe OyTH BHpakeHa
(dhopMyor
U(o-,t)=%JJJ(2t—tl ~1,)do (1) de (1) +
o (1.1)
1 t ottt
+§J"['[1(3t—zl ~t,~t,)do (t,)da (1, )da (1,)
0°0" 0"

Tyt J(t), J(t)- QyHKuii moB3ydocTi Ipyroro ta
Tperboro nopsakiB [1, 6]. Toxai mMoxemo 3amucaru
ISl IEPLIOTO, JTiHIHHOTO e,
e, (e.0)=(Jy, *do, ) 1),
i apyroro e, HAOMIKEHb
€y (e,)= (Jg,'kz *do,)t)+(doy, * J[jklmn *do,, )(1).
3acTocyeMO Hajadi y3arajJbHEHHH NPUHLINI
BignosigHocti Hlenepi [5, 6] 1 3a1exHuX Bix 4acy
KBa3UCTATUIHHUX pO3B’sI3KiB KBa3UTIHITHAX
B'A3KONpPYKHUX KpahoBux 3amad. lle no3Bossie
aHaJi3yBaTH 3aJady CIaJKOBOi IOB3y4OCTI MEXaHIKU
BUIQJIKOBO APMOBAHUX KOMIIO3UTIB, BUXOIAYM 3
BiJOMOT'O HEJIHIMHO MpPYXHOTO PpO3B’A3KYy Ta
BUKOPUCTAHHIM YHCEeNbHO-aHATITHYHUX
iHTerpanepHux mneperBopenb Pyp’e Tta Jlammaca-
Kapcomna [3-5].

Jedopmanii B cmagkoBoMy MaTepiasi BU3Haya-
I0ThCS iCTOpi€r0 HanpyxeHb 6(s), s €[0,¢], a Takox
noyatkoBUMH ymoBamMu e(t=0)=0. Toni s -
HIHOTO cepeloBHIa B 3araibHiil TeH30pHiH (opmi,
micnst interpyBanns (1.1), Moxkna 3amucatu [5, 6]

e(x,t) = jo J(t—- s)%o‘(x,s)ds , (1.2)

ne  J(@) (byHKIIIS
petapaamii). AG0 B KOPOTKii CUMBOJIUHIH opmi [5]

e(x,) =%(J x6)(x,1) = (o * B(x,1), (1.3)

JIe 3HAaKOM * IIO3HA4YCHa onepauiﬂ iHTeI‘paJ’ILHOT
3ropTKH, TOYKa HaJA CHUMBOJIOM O3Hada€ HOXiI[Hy Io

yacy. TakuM unHOM, BUpa3 (o * .}gf(t) =(e*xdJ)(t)

TEH30p  MiAJaTIWBOCTI

siBisie co0oro 3ropTtky Crinteeca [2]. Sxmo f(¢) —

Jiesika HenepepBHa (QyHKIisA Ha iHTepBami 0<f <o,
To meperBopenHs Jlamnaca-Kapcona (LC) ¢ynkmii
f(¢) BU3HAUYa€THCS HACTYTHUM YHHOM [2]

LCU 0} =f(5)=f.=s[ fOedr (14)
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B monanbiomMy 3acTOCOBYEMO BH3HAYAIBHUN 3aKOH
MUTTEBOTO  AePOpMyBaHHS  JAPYroro  MOPSIKY
MAaJIOCTI 3a BEJIMUYHHOIO nedopmantiii [1, 3]

e(s)=J(s)a(s) +o(s)J(s)o(s)

Jns anamizy 3pma4 TporHosy aedopmariii B
pamkax Mojem cnaakoBoi moB3yuocti  (1.1)
BHKOPHUCTOBYEMO y3arainbHEHHUH MPUHIUIT
BinnmosignocTti llenepi [5]. [To3nauumo ¢ wac, x -
MOJIOKCHHST  MaTepiaibHOI  TOYKH B IPOCTOPI,
e(x,t)- mnorouni pgedopmanii, o(x,f) HTOTOUHI
HaIpyTH, u(x,t) MIOTOYHI NepeMilleHHs.
IMpumyckaemo, 1m0 Marepiaql BHSBISAE MHUTTEBY
NPYXHY peakii€ro, Ta Mo3HauuMo e’ (x,t), 6°(x,t),
u’(x,t) - MHUTTEBI TPYXHI nedopmanii, HAIPYTH i
nepeMileHHst, BignoBigHo. DyHKIIT HaKOMUYEHOT
eneprii W(e) 1 nmomarkoBoi eneprii U(e) naroThb

MOXITUBICTh 3HaWTH MUTTEBI aedopmanii (mpu
MOB3y4ocTi) ab0 MUTTEBI Hampyru (mpoiiec
penakcariii)

U=Ule,x0, e0=Loxn, (15
oo

W=W(e,x,t), 6°(t)= aa—W(e, x,t). (1.6)
e

YiarajabHeHH | NPUHIHAT BigmoBigHOCTI
P. Illenepi moxo 3axa4 cnaikoBoi NOB3y40CTi

TyT MU 3aCTOCYEMO y3araibHEHHI NPUHIMI Bij-
MOBIJHOCTI JJIsl 3QJICKHMX BiJl 4aCy KBa3MCTATHUHUX
PO3B’S3KIB HENIHIHHUX TPYXHHUX 1 B'S3KONPYKHHX
KpaiioBux 3agau. lLle 1o3Bosse  aHani3yBaTH
CHAJKOBY 3a/1a4y MOB3YYOCTi, BUXOIIYH 3 BiZIOMOTO
HENMHIHHO  TPYXHOTO  PO3B’s3Ky.  PiBHSIHHA
piBHOBAaru 3amMuIeMo y BUTIISAL

dive+b=0. (L.7)

CriBBinHOmIEHHsT MK HanpyxeHHsMu Komri 1
MOJU(IKOBAaHUMH (BITHOBJICHUMH) JIepOpMaIliaMU

e“(t)
ow ., -
G(t)=[h*d(§) 10, h(y=g'(t) (1.8)
Ile mpu3BOOMUTE JO TPHOX IHTErpoaU(epeHITiaTbHIX
piBHAHB I TPHOX HepemilmeHb u,(X) IpU

migcranoBii B (1.7). Po3B’s30k 3amadi criagkoBOl
MOB3YYOCTi Ma€ BUTJISI

o(t)=(h*de®)(1), u(t)=(g*du’)t), (1.9)
o’ (t) = (g *do)(1), u’(t) =(h*du)t),(1.10)
ne ¢° 1 u° 3aJ0BONBHSIOTH PIBHAHHSAM 0a30BOT
3amavi  HemiHiWHOI npyxkHocti (1.5), (1.7), (1.8)
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pa3oM 3 TpaHHYHAMH YMOBAaMH #° ={ 1 IOYaTKOBOIO
u(0)=u’(0)=0.
3aJI0BOJILHSIIOTH PIBHSHHSM BIAMOBIIHOI HENMiHIHHOL
IIPY’KHOI 3aJa4l pa3oM 3 TUMH K MaCOBUMHM CHJIAMH
b°=b B TN i TpaHMYHUMU yMOBamu t° =P Ha
TpaHMIIi.

JlokanpbHa 3agadya MexaHIKH  CIaJKOBOI
MOB3Y4OCTi MPHU CKJIAJIHOMY HANIPYKEHOMY CTaHi

[Iporno3yBanHs napamerpis CHaJIKOBOT
MIOB3YYOCTI KOMIIO3UTIB € OJHUM 3 BaXJIUBUX
YUHHUKIB TIpM PO3paxyHKy 1 KOHCTpYIOBaHHI
Cy4acHUX €JIEMEHTIB KOHCTPYKLiH. 3ajaua mojsrae
y NPOTrHO3YBaHHI INOB3YYOCTi 3a BJIACTHBOCTSAMH Ta
o0’emHOMYy BMiCTy iX KommoHeHTiB. OTxke,
130TPOITHUHA KOMIIO3UT MOAEIIOEMO HEOTHOPIIHUM
cepelIoBHIIEM, IO 3aiiMae 00'eM V', CKIageHuM i3
N onHOpigHHX (a3 3 XapaKTEPUCTHYHOIO (PYHKITIEFO

;(m(x) obemy V", (re[0,N]).

npuitmMaeTbes, o V' = V i mikdasnuii KOHTaKT €
ineanpHUM. DyHKIIS MOB3YYOCTI KOXKHOT (ha3u »

J(x,1) = ﬁ‘,J(”(I)Z")(X) 2.1

e

YMOBOIO Takum YHUHOM, u

Kpim  Toro,

77 () =1, vxev®” Ta

77 (x)=0, xeV"” B inmomy Bumaaky. O6'emue

[Ipuuomy

ocpenHenHs mo V¥ rta V') nos3HadaeThcs Hazami
BIJIIIOBITHO () Ta<->m. O0’eMHE OCpeITHEHHS
XapaKTePUCTHYHOI PYHKIIIT, 1o (a3i » nae 3HAUCHHS
e =(7)".

f 1o mpencTaBHULBKOMY

00eMHOI  KOHIEHTparil 0O0’emue
ocpenHeHHS  (pyHKIil

obemy V 1a mo dasi s

— 1 (s s 1
Fe<fomy [y 1 JO=<f>0=— | fay
Vv

V(\']

IIO3HA4YCHO

BIJIIIOBIAHO.

CroxacTuyHi piBHSHHS PIBHOBArdW i TpaHW4-
HI YMOBH TIEPIIOTO JIHIHHOTO HAOIVKEHHS, 3amica-
Hi B obnacti LC mepeTBOpeHb, MOXKHA MIPEICTABUTH

y (opwmi [1]
L(Vuj, (x,5)= -V, (x,s5);
u'(x,s)=u(x,s)—u(x,s);

7, (x,5)=6C(x,5)e,, (x,s);
5C(x,5)=C(x,s)-L; (2.2)
PHCKOIO 3BepXy MO3HA4YEHi Pe3ylabTaTH CTaTHCTHY-
HOTO yCEpE/IHEHHS B 3pa3Ky i3 BHIAIKOBUM TEH30-
pom npyxkHocti C(x,s). ®yp'e-o6pas L(k) mude-
PEHLIANIFHOTO ONepaTopa BH3HAYAETHCS CIIBBITHO-

meHHsimu [ 1, 3]
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[L(k)lm =L,k k.,

L=y (a,101+21), a=1/pu, 2.3)
L - tensop momyniB mpyXHOCTi OZHOpigHOTrO Tima
nopiBHAHHSA [1], ToOTO Mapamerpu #;>&; € mocTiii-

HUMH B MeXaX TpejacTaBHuibkoro odbemy V', I -
OJMHWYHUNA CUMETPUYHUI TEH30p UYETBEPTOrO paH-

Iy, T(xas ) - TEH30p HAIpYXeHb noJsipu3arii. OyH-
kiito I'pina G(X) cucremu piBusnb (2.2) 3HaiineMo
3 YMOBU

L(V)G(x)+15(x)=0;

Tyr &(x) - nensra Gynxuis Jipaka, Tozi

G, (k)=[L(k)], .

BUKOpHCTOBYIOUHM METONIVKY, BUKIAACHY B
poboTax [1], po3B’s30K CUCTEMHU 3aMUIIEMO Y Gopmi
IHTeTpalia TUITY 3TOPTKH 1o obJyacti V'

ey (%.5)=T(x,x,) %7, (x,,5), (2.5

S mpuKiIam po3rNISHEMO CHAAKOBY IOB3YYiCTh

2.4)

KOMITO3MTHOTO 3paska, BHUT'OTOBJIEHOTO i3
TPUKOMIIOHEHTHOT ~CyMillli: MOJIMEepHa MaTpPUIsL
tumy ED 10, mo apmMoBaHa  BWIAIKOBO

PO30OPIEHTOBAaHMMH Yy TPOCTOpi cdepoigaTbHUMU
BKJIFOUEHHSIMHU cKkia Ta 6opy. [IpyxHi Ta peonoriuni
XapaKTePUCTHUKN KOMIIOHEHTIB HaBeJeHO B [1].

ED 10 and 3-phase composite creep function

—— ED 10 matrix

.14 4 =
L1 ==3-phase composite

1124

1.10 1

1.08 4

g(t)

1.06

1.04 1

1.02 1

1.00 1

(I) é 1‘0 1‘5 Zb 2‘5 3‘0 3‘5 Ab
t, hours
Puc.1 3miHa ¢yHKHIA TOB3ydocTi MaTpuIll Ta
TpHu(a3HOro KOMITO3UTY B 3aJIEXKHOCTI BiJ] 4acy ¢

Ha puc. 1 300paxeHo KpuBi 3aJeKHOCTI
HOpMOBaHOi (YHKIIT ToB3y4ocTi g(¢)=E‘J(f) Big
yacy ¢. CyuineHa JiHis BignoBifae QyHKIil
moB3ydocTti moiiMepHoi marpumi. IITpuxoBa IiHisg
UTFOCTpY€E  TIOBEMIHKY (YHKIIT TOB3y4oCTi IS
KOMITO3UTHOTO MaTepiajly i3 BMICTOM apMaTypH.
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OUXOmMoMii ma MOO0BUU AHANI3 OOUUCTIEHUX YACOBUX IHMEPBAI8 MIdIC CYCIOHIMU 3Hati0eHumu nikamu. Ilicis
Yyboeo OyOyemuvces diazpama po3CilO8AHH 8 MEPMIHAX YACOBUX [THMEPEANi8 00 [ NiCs KOMCHO20 NIKY.
CmabineHicms  cepyeso20 pummy GUSHAYAEMbCA WINbHICMIO Klacmepy, AKUll YMEOPIOEMbCsa NOOAU3Y
nepemumy 080X MOOANLHUX 3HAYEHb, HAHECEHUX Y3008c ocell. IIpu dominyeanni 6 cucnani xapoiono2iunoi
KOMHOHEHMU 3aNPONOHOBAHUL NIOXI0 00380J51€ 00CUmMb HAOILHO BUZHAYAMU MOMEHMU NOABU NEPpUlozo Ui
0py2020 cepyesux MoOHI8 NPAKMUYHO HA KONCHOMY 3 Yukiie pobomu cepys. Lle eiokpusac moxciusicms 0
aumanizy eapiayii mpueanocmeii OKpemux haz cepyesux cCKopoueHb 3 NAUHOM 4acy. 3aeoaxu pobomi
be3nocepeonbo 6 uacogiti obnacmi U HUZLKUM OOYUCTIOBANLHUM 3aAMPAmam arcopummu Ybo2o Kiacy
npuoamui 01 3acMOCy8aAHHS 8 NOPMAMUBHUX OIACHOCIMUYHUX CUCIEMAX 3 0OMedCeHUMU NpoYecopHuMu
HOMYIHCHOCHAMU.

Kniouosi crnosa: ¢ponokapoioepadhis, cepyesi monu, yugposa gonozpama, Keaumuis, Mood.

A draft version of the algorithm for fast determination of duration of the systolic and diastolic phases of
the cardiac cycle based on a statistical analysis of a digital phonocardiogram is presented. The developed
technique includes localization of the cardiac tones in the record by a quantile dichotomy and modal
analysis of the calculated time intervals between the adjacent detected peaks. Next, the scatter plot is
constructed in terms of time intervals before and after each peak. The stability of the cardiac rhythm is
determined by the density of the cluster occurring near the cross-section of two modal values plotted along
the axes. At dominance of a cardiac component in the signal, the discussed approach allows quite reliable
determination of the moments of the emergence of the first and second cardiac sounds tones practically on
each of the cardiac cycles. This opens the possibility to analyze the variation in the duration of separate
phases of heart contractions over time. Due to the work directly in the time domain and low computational
costs, the algorithms of this class are suitable for application in portable diagnostic systems with limited
processor power.

Key Words: phonocardiography, cardiac sounds, digital sound record, quantile, mode.

Communicated by Cor.-Member of the NAS of Ukraine Zhuk Ya.O.

Introduction revealing its secrets. Indeed, one can consider it as a
hydraulic pump, an electromagnetic generator, a
The key role of the heart in ensuring the vital source of vibroacoustic signals, and so on.
functions of the human body determines the unfailing Finally, the heart is a classic example of the
interest in its studying. It is well known that the essentially nonlinear dynamic system demonstrating
operation of this organ is accompanied by various the full range of possible regimes from almost exact
biophysical phenomena. This makes the heart a periodicity to chaos.
unique manifold object of investigation far from fully

© V.N. Oliynik, 2021
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The great variety of physical effects emerging at
cardiac activity lead to the creation of several
objective instrumental methods of medical diagnosis
of the heart. In particular, the electro- and
phonocardiography related to the interpretation of
the collateral electric and acoustic phenomena should
be noted in this context.

There is now a demand for the creation of
portable and easy-to-use medical tools for
telemedicine diagnosis and self-diagnosis of the
cardiovascular  system.  Expensive stationery
echocardiographs are absolutely unsuitable for this
purpose. Therefore, one should focus on passive
non-invasive techniques that are not associated with
the potentially negative effect of ultrasound on the
patient's body. A preliminary analysis shows that the
phonocardiographic examination method may be
even more suitable than the electrocardiographic one
for the mentioned segment of the medical equipment
market [1, 2]. This inevitably puts forward the
necessity for developing fast, simple, reliable, and
clear ways to present data on the characteristics of
cardiac activity. Based on this, in this study, we
would focus on current issues of digital
phonocardiograms processing with a focus on
methods that require minimal computing power.

Features of Cardiac Sounds

It is known that the work of the heart is of cyclic
nature. It consists of the sequential repetition of
similar phases that correspond to the contraction and
relaxation of the myocardium, the opening, and the
closing of the heart valves. Determination of cardiac
rhythm, quantitative parameters of individual phases,
their regularity, and duration are a valuable part of
cardiovascular diagnostics.

The cardiac sounds are the short pulses (tones)
generated at the opening and closing of the tricuspid
pulmonary, mitral, and aortic valves. They
distinguish four cardiac sounds, S1 ,..., S4, still, only
S1 and S2 can be usually heard. Their appearances
coincide with the start and the end of the
myocardium contraction phase, the systole. The
emergence of S3 and/or S4 sounds, along with valve
murmurs, are evidence of cardiac pathologies [2, 3].

Note that the electrocardiographic examination
does not provide exact localization of the moments
of operation of valves. The reason is that the
emergence of the measured electric signal is related
to the myocardium repolarization-depolarization
being the processes of fundamentally different
origins.
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A Statistical Approach to Analysis
of Phonocardiograms

Despite their cyclic nature, cardiac contractions
are rarely strictly periodic. Such aperiodicity
inevitably leads to the widening of the efficient band
of cyclic frequencies of the cardiac signal. This
results in the dramatic decrease of resolution of the
spectral techniques when used for determining actual
heart rate, including the cyclostationarity approach.
On the other hand, the adaptive methods like the
Empirical Modal Decomposition or Empirical
Wavelet Transform are insufficiently reliable when
separating the intrinsic signal modes related to
cardiac activity [4].

The above difficulties require withdrawal from
the use of spectral-frequency decomposition of the
signal, traditional for various branches of acoustics.
In these conditions, attention should be paid to the
approaches which allow the analysis of the sampled
phonocardiograms in the time domain. These
include, in particular, the quantile analysis of
statistics proposed in the 1940s by Maurice
Kendall [5]. Currently, this young branch of
mathematical statistics is actively developing. This
results in the successful application of quantile-based
techniques to process data in various fields of
knowledge, from econometrics to psychophysiology.

The digital phonocardiogram is the recorded
acoustic response of the cardiac activity sampled for
the discrete sequence of instant values of the signal
amplitudes. Within mathematical statistics, it is
considered as the statistical population. The essence
of the chosen approach is the statistical dichotomy of
the series of amplitudes absolute values with a cut-
off of the given portion of its terms having the
relative length 0<p<1 (where unity means the whole
sequence). Call the number x, the p-quantile of a
probability distribution if the values of the p-th part
of the statistical population are less or equal to x,. In
these terms, the median is the most common kind of
a quantile with the level of $0.5$ since it divides the
population into two parts of equal lengths.

The utility of a quantile dichotomy is manifested
in much better separating sharp bursts in the
numerical sequences than the analysis based on
average values. For example, the median is a more
reliable measure of the typical term than the Root
Mean Square. It was already mentioned that the
cardiac sounds have a pronounced impulse character
and form short peaks on the phonogram. Therefore,
cutting off the part of the sequence by a quantile
close to unity provides the efficient localization of
the instants associated with the components S1, S2,
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etc. To apply this procedure, calculate the A fragment of the time dependence of normalized

normalized signal energy by a standard Hilbert
Transform. Then localize the peak values by a
quantile with the level p. Practice shows that at a
sufficiently high Signal-to-Noise Ratio, the
acceptable range of p makes mostly from 0.8 to 0.95.
The next step is a modal analysis of the sequence
of peak-to-peak intervals. This procedure allows the
separation of the characteristic values supposed to
correspond to systolic (from S1 to S2) and diastolic
(from S2 to the next S1) intervals. Such recognition
is practically possible since the duration of the
systole is always shorter. Finally, the obtained values
are grouped in the scatter plot, which is built in the
coordinates of S1-S2 and S2-S1 intervals.

Application of the Method

Now proceed to an example of using the method.
The considered record of cardiac sounds is obtained
from a healthy male by electronic stethoscope paired
with a smartphone. The signal was recorded with
delayed breathing to improve the phonogram quality.
The resulting Signal-to-Noise Ratio in a frequency
range from 50 Hz to 400 Hz was not worse than
12 dB.

energy of the chosen cardiac signal is shown in
fig. 1. A horizontal line in the plot corresponds to the
quantile with a level p=0.9. Study the properties of
the localized high-energy maximums shown with the
markers.

The main problem of phonocardiography is the
practical impossibility of signal recording without
impulse vibrational interference from traffic,
vibration noise from the friction of the sensor against
the skin, etc. Therefore, some "parasitic" peaks may
occur in the set detected using quantile localization.
Moreover, some cardiac sounds might be omitted
since the strength of individual heartbeats can vary
significantly. Let us illustrate this point with fig. 2
depicting the evolution of time intervals between the
adjacent detected peaks. Note that most of them
separate into two subsets with quite regular
properties. However, several false maxima are found
that are not related to cardiac activity. Nevertheless,
the applied basic statistical algorithm assessed the
characteristic values of the systolic and diastolic
intervals and the limits of their variation during the
recording. Analysis of the frequency distribution of
the calculated peak-to-peak intervals yields two vivid
modal maximums of 0.3 sec and 0.425 sec.

MNorm. Energy

-1
10 9

211
5.0x10 T T
0 1 2

5

]

9 10

1"

T T
3 4 6 7 12 13 14

16 17

20

22

25 26

27

28

T T T T T T T T
15 18 19 21 23 24 29 30 31

Fig. 1 Time dependence of normalized energy of a cardiac signal with a quantile localization of maximums.
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Fig. 2 Evolution of the intervals between the adjacent

Plot all localized energy maximums on the scatter
diagram (fig. 3). Here, the shorter peak-to-peak
intervals are set along the abscissa axis, and the
longer ones are along the ordinate axis. One may
consider them as durations of the systole and
diastole, respectively. Two dashed straight lines
stand for detected modes. As expected, the vast

15 16 17

Record Time (sec)

detected peaks over the record time.

majority of the peaks form a dense cluster at the
intersection of the modal values. Such behavior
proves the absence of evident pathologies for the
examined heart. The sum of the systolic and diastolic
intervals gives the period of the cardiac cycle. It may
be readily converted to a usual cardiac rate
calculated in beats per minute.
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Conclusion

1. An algorithm for the statistical analysis of
phonocardiograms in the time domain is
developed and implemented. The proposed
approach is based on the quantile localization of
signal energy maximums related to the emergence
of cardiac tones and subsequent modal analysis of
time intervals between adjacent detected peaks.

2. The effectiveness of the method is illustrated by a
particular example. For the case of dominance of a
cardiac component in the record, it is possible to
determine the typical values of the systolic and
diastolic intervals and their variation with time.
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Posensioaemovcs memoo Su3HAUEHHA MEPMONPOHUKHOCTE KOHMAKMY napu mepms, npu AKOMYy
NPONOHYEMBCSL MAMEMAMUYHO MOOENI0BAMU  PEHCUMU THePNisl, 3HOULY8AHHS MdAd MeNni0ymeopeHHs 3d
00NOMO2010 PO327IA0Y MAK 36AH020 YMOBHO20 «MPEmMbO20 MINAy» — MOHKUX NPUNOBEPXHEBUX | NPOMINCKOBUX
wapie KOHMAKmyl4ux min, Qizuko-mexaniuni e1acmueocmi sSKUX 6iOPI3HAIOMbCA 6I0 61ACMUBOCHEN Mill
KOHMAKmMHOI napu, ma MiKpo2eomMempiclo Nno8epxonsb Mmil y KOHMAKMHIN 30HI. [ 6U3HAYEHHS GNIUGY
6XIOHUX napamempié Ha 3MIHY MeMnepamypu ma Meniosux NOmoKi6 aHANIMU4YHO pPo36 A3aHO
Hecmayionapuy KOHMAKmHY 3a0a4y MEPMORPYIHCHOCME 3 MeNniosUOiIenHIM 6i0 Ol cun mepms HA MednuCi
080X NieNPoOCmMopis.

Kniouosi cnosa: konmaxkm, mpubonozis, mepmonpoHuKHicmo.

The variety of factors affecting the thermal conditions of a frictional couple results in complexity of the
simulation of this problem. Among these factors, thermophysical (thermal conductivity, specific heat,
coefficient of linear expansion of bodies, etc.) and also mechanical ones (elasticity, hardness of contacting
bodies, etc.) play an important role. The conditions of friction, wear and heat generation are also
determined by the characteristics of the so-called “third body”, i.e., thin near-surface and intermediate
layers, the physical and mechanical properties of which differ from those of the interacting bodies, and by
the microgeometry of their surfaces in the contact zone. The method of determination of thermal contact
conductance in mathematical modelling of contact interaction with considering friction and hear generation
by “third body” is presented. Using of modified conditions of heat contact in mathematical model of contact
thermoelasticity taking into account of friction and heat generation is proposed. After numerical analysis,
the graphs of dependence of thermal contact conductance on the input parameters are constructed and
substantial influence of some of them is detected. On the example of one-dimensional non-stationary contact
problem of thermoelasticity with heat generation of friction the influence of some physical and mechanical
parameters on the temperature and heat fluxes in the contact bodies is investigated.

Key Words: contact, tribology, thermal conductance.

CrarTio npeacraBuB wieH-kop. HAH Ykpaiau Xyk f.0.

1. Betyn (TerIonpoBiAHICTh,  TEIUIOEMHICTH,  KOE(DiLlieHT

JHIAHOTO PO3MIMPEHHS B3a€MOMIIOYUX TiJ Ta iHMI),

Pi3HOMaHITHICTh YHHHUKIB BIUIMBY Ha TETUIOBHI Tak 1 MeXaHiuHI (MIPYXHICTh, TBEPHAICTH TOIIO).
PESKMM THITIOJOTIYHOI TAph 3yMOBJIIOE CKIAJHICT Brepiie TepMonpykHa KOHTaKTHa B3a€MOJis T 3a

OMUCYy Ta MATeMaTWYHOTO MOJICIIOBAHHS Takoi HAasBHOCTI MOBEPXHEBUX Tero(i3HIHUX
MPakTHYHOI ~ HAyKOBO-TexHIUHOI 3amaui. Cepen HeomHopimHocTel  Oyma  mocmimkena B [1].
¢baxTopiB BIUTUBY € SIK terodizuyni  [IponoHyeThCs MaTeMaTHYHO MOJEIIOBATH PEXKUMHU
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TEpTs, 3HOUIYBaHHS Ta  TEIUVIOYTBOPEHHA  3a
JIOTIOMOTOI0  PO3MJISIY Tak 3BaHOTO  YMOBHOTO
«TPeThOro Tiia» [2] — TOHKHX MPUIOBEPXHEBHX 1
MPOMDKKOBHMX IIApiB KOHTAaKTYIOYHMX Til, (i3HKO-
MEXaHIYHI BIIACTUBOCTI SIKMX BIJPI3HSIOTHCS Bij
BIACTUBOCTEH TN ~ KOHTAaKTHOI  TapW, Ta
MIKpPOT€OMETPi€I0 MOBEPXOHb TUJ1 Y KOHTAKTHIN 30HI.

2. Monesib «TpeThOoro TijJa»

Juist mociikeHHs] KOHTaKTHOI TePMOTIPYKHOCTI
3 ypaxyBaHHSIM TEpTs 1 TEIUIOYTBOPEHHS 3a BHUXI/IHI
YMOBH BHKOPHCTA€M y3arajbHEHI YMOBH TEIJIOBOTO
KOHTAaKTY, SIK1 BpPaxoBYIOTh KoeQilieHT
TEPMONPOHUKHOCTI KOHTAKTY [1]:

AA0 +12) 42 oo e
on on
= (" +i2)-20, (1)
2480~ ®)42 e e
on on

_ l2h(t(l) _ t(2)): c(i(l) _ t‘(2)), )

e ingekcaMu «1» Ta «2» Mmo3HaYeHO BEIUYHHH, SKI
BIJTHOCSATECS BiJIMOBIIHO IO MEPIIOTO 1 IPYTroro Tina;
n — HOpPMalb JO TIOBEPXHI KOHTAaKTy Tim, A —
A —
oneparop Jlamaca; ¢ — 3Be[ieHa TEIUIOEMHICTE; () —
IHTEHCHBHICTh TEIUIOBHX JDKEpen, /i — KoedilieHT
TEPMOIIPOHUKHOCTI KOHTakTy. IIpoBenenuii yucio-
BUH aHaNi3 MOKa3aB, II0 HEXTYBaHHS KOe]illiEHTOM
A HE3HAaYyHO BIUIMBAE Ha PO3MOJIT TeMIIEpaTypHUX

3Be/ICHAa  TEIJIONPOBIIHICTH; JIBOBUMIpHHAN

MOJIB y TiJax Mapu TEpTsA, a CYTTEBUH BIUIMB Ha
pesyipTaTH Mae Koe]ilieHT TepMONPOHUKHOCTI
KOHTakTy h. ToMy ansi MpakTUYHUX PO3PaxXyHKiB
MO>KHa PEKOMEHTyBaTH TaKi CTIPOILEHI
Ternodi3uyHi YMOBY Ha IIJISHINI KOHTAKTY:
/1(1)&_(1)_;1(2)&_(2) — E(i(l) +i(2))—Q , 3)
on on 2

wo
on on

2h( — )= %(i“) i), (@4

3’sacoBano [2], mo cepemHst TemIepaTrypa B
00JacTi KOHTAaKTy T Mallo BIJPI3HIETHCS Bij
TeMIIepaTypu W =) IIPU 11€aJIbHOMY TEIUIOBOMY
koHTakTi TUI. OCKUIBKM I 3HAXODKEHHS
Koe(illieHTa TEPMONPOHUKHOCTI KOHTAKTy /A, SKUi
MOB’sI3y€ TEIUIOBMH TMOTIK 1 PI3HHIIO TEMIIEPATyp
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(g = hAt), Heo0XiJHO 3HATH CEPEIHIO TeMIEpaTypy,

TO PO3B’A30K  33hadl i3  3alpONOHOBAHUMH
CHPOILICHUMH TpaHUYHUMH yMmoBamu (3)-(4) mpu
h — o0 MOXHA PO3MISAAATH 1 AK MEPIINiA eTam Jis
3HaXOJKeHHS /i . DakTopH, Bifl IKUX 3aIEKHUTH A, IK
1 BeCh MpOLEC TEIIOYTBOPEHHS, € YHCICHHUMH Ta
cknagaumu  [2]. TlpoBenenuit umcinoBui  aHami3
eKCIIEPUMEHTANBHIX JaHUX JI03BOJIUB BCTAHOBHUTH
CYTTEBHH BIUIMB Ha 3MiHY TEpMOIPOHHKHOCTI
KOHTaKTy AESKHX 3 HUX (puc. 1 Ta puc. 2).

h | 150
- 75
L ik P
- 5 10| P
| | | | | |
0 1800 3600

Puc. 1 3anexHicte koedilieHTa TEPMONPOHUKHOCTI
kontakty h (xkBt/M’K) Bim Tucky P (MIla) Ta
TBepaocTi 3a Meiiepom o (MIla)

h| 150

Al

20 = @)

7 14| Al
1

1 1 | 1
0 150 300 4

Puc. 2 3anexHicTh KoedilieHTa TEPMONMPOHUKHOCTI

kontakty h (xBt/M’K) Bin wmcrotm o6pobkm

MTOBEPXOHB Al (MKM) Ta  Koe(imieHTIB

TETUIONPOBITHOCTI (B3STO A0 = ;@) , Br/mMK)

[ BU3HaYeHHs BIUIMBY BKa3aHMX HapaMeTpiB Ha
pI3HMIIIO ~ TeMreparyp 1 TEIUIOBUX  IIOTOKIB
PO3IIITHYTO  HECTallioOHApHY KOHTAKTHY 3axady
TEPMOMPYKHOCTI 3 TEIUIOYTBOPEHHSM Bija i chi
TEpTS Ha MEXKI [BOX IMIBIOPOCTOPIB, sKa 3a
CKJIAJHICTIO  BIiANOBIZAE  CyMepmo3Wuii  ABOX
OJTHOBUMIPHHUX 3a/1a4 TEPMOIIPY>KHOCTI.
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3. MaTeMaTH4YHA MOCTAHOBKA 3a1a4i

[Mpurryckaemo, 1m0 JBa MPY>KHHUX MiBIPOCTOPH
3  HYNBOBOIO  TEMIIEPaTypol0  CIOYAaTKy €
HEPYXOMHUMH, & B MOMEHT 4acy 7 =0 301ImKyIOThCS
1 3 TepTAIM [OYMHAIOTH I[EepeMilllyBaTUCS 3
BIZTHOCHOIO CTaJIOK0 IIBHKICTIO V. IIpormec Tepts Ha
MeXi KOHTaKTy CYIPOBOJIKYETHCS
TEIUIOYTBOPEHHSAM,  TEIUIOBI  IPaHUYHI  yMOBH
BpPaxoBYIOTh KoeimieHT TEPMONPOHUKHOCTI
KOHTaKTy h. MaremMaTHyHo 3ajada IIOJATae B
PO3B’s13aHHI PIBHSHB TEPMOINPYKHOCTI

o ol 4 1 o
= Y— ) 5 = Y~ o 5
ox? d Ox; ox? a” o7 )
3a TaKUX YMOB!
t(i) W= 0, 0, =0y, u 4 u(z) = const ,
(1) @)
I 00 ye o, ©)
ox, Ox,
o o 21— @)=0 ™
ox, Oox, ’
ne f — kxoedimieHT TepTs MK  Tijamw,

p= (3/1+2,u)at, A, u — xoepimientu Jlame, o, —
TeMIepaTypHU KOeQilieHT JiHIHHOTO PO3IIMPEHHS,
a"’ — koedilieHT TeMIepaTypoONpPOBIIHOCTI IS i-T0
Tina, i=1,2.

4. AHaiTHYHUI Po3B’A30K 3aa4i

3acTocyBaBUIM  IHTETpajibHE  IMEPETBOPEHHS
Jlarutaca,  OTpHMAaHO  AaHANITHYHUA  PO3B’SI30K
nocrasnenoi 3axadi (5)-(7). Y Bunanky 3ajaHHsS Ha

0€3MEeXXHOCTI HaIpPYXKEHHS BUIIISAY 0'|00 =F, / Nrr,

JUTsL pO3MOUTY TEMIEepaTypy 1 TEIUIOBHUX MOTOKIB 3a
DIIMOHHOI0 OTPUMAHO Taki GopMyIu:

(i) ) — fVPO 2A. Xi _
o 7) 2A,,iA,,+A_,i{ o ans
2
a A o] " (A +A P xn A +A,

) T+ -
4NN Ja 2AA,

h(Al.+Aj)\/—

Tlrs
20N,

x erfc

X,
—+ 3
2\/a(’)r
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h(Ai B A./‘)X
2AA

W, VR 1 X
q (xnr) 5 \/Eexp[ 4a(i)T +

A +AF  xh A A,
) T+ -
AN 0 28,

X exp.

h(A, + A
2AA,

il o

X
x erfc —— +
Was

e A, = 20/dD =12,

5. YucaoBuii aHaJiz. BucHoBkH

At

Puc. 3 3anexwicts pizauni Temneparyp At (°C) Bin
YUCTOTH OOpoOKM moBepxoHb Al (MKM) Ta

KOEe(ILi€HTIB TEIIONPOBIIHOCTI ﬂ(l), A2 (B1/MK)

At

Puc. 4 3anexuicts pisauui Temneparyp At (°C) Bin
tucky P (MIla) Ta TBepmocti 3a Meitepom 1 (MIla)
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Aq [ 8 BEPXHBOTO TiMi — cnajgae. 3MiHA HOMIHAJILHOTO
B TUCKY MDK TUIaMM Ha JUISHII KOHTaKTy Mallo
- BIUIMBAE HAa PI3HUII0 TEMIepaTyp 1 TEIUIOBUX
MOTOKIB y Tiax. I3 301IbIIIEHHSM TETUIONPOBiIHOCTI
2 . . .
N @ BEPXHBOTO  Tijla PI3HHIS  TEIUIOBUX MOTOKIB
KOHTAaKTYIOUUX T 3pOCTa€, JUIsi HWKHBOTO Tija
4 edpexT npoTWIeKHWUH. 3MiHAa  TBEpAOCTI  Ta
B 20 JKOPCTKOCTI ~ MarepialliB KOHTAaKTyIOUHX TUI Majo
B BIUIMBAE HA PI3HUIIIO TETUIOBUX MOTOKIB y HUX.
L Al
L 5 14 |/ Ag| 8
| | 1 1
0 150 300 A I
Puc. 5 3anexnicts Ternosux notokis Ag (kBt/M’K) B
Bil 4MCTOTH OOpOOKM TmOBepxoHb Al (MKM) Ta B
KOC(III€HTIB TEMIONPOBIIHOCTI ﬂ(l), A2 (B1/MK) -4
JocmimkeHo 3aleXHICTh PI3HUII TeMIIepaTyp B
. . Py
At =12 ) (puc. 3 Ta puc. 4) i TEMIOBUX IMOTOKIB =
Ag = q(z) —q(l) (puc. 5 Ta puc. 6). AnHamizyrouu B 5 10| P
. . . 1 1 | | L |
OTpUMaHi YHCIIOB1 PE3yNIbTAaTH, MOXKHA 3pOOUTH TaKi 0 1800 3600 #

30UIBIICHHSIM  TETLIOMPOBIIHOCTI
THCKY B 30HI KOHTAaKTy

BHUCHOBKH: 13
KOHTAaKTYIOUUX TiT 1

TEPMOINPOHUKHICTh KOHTAaKTy 3pOCTaE, a IMpH
301JIbLIEHH] )KOPCTKOCTI 1 TBEPAOCTI MaTepialliB TiI —
crajae. [3  30ijblIEHHSM  TEIUIOMPOBIAHOCTI

HUKHBOTO T1JIa, )KOPCTKOCTI Ta TBEPAOCTI MaTepiajiB
TapH TEPTS PI3HUIL TEMIEpaTyp KOHTAKTYIOUHX Til
3pocTtae, a Tmpu 30UTBIIEHHI TETJIONPOBiIHOCTI
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Po3zenanymo sadauy mooenosanus npoyecy HAKONUUEHHs NOUWKOOICEHb 830062iC (hpoHmy pYUHYEaHHS
npu 6momi 8 MOHKIN [30mponuii niacmuti. Po36’a30k 3adaui noby0osano Ha niocmaei NOEOHAHHS
KOHYeNnYiti Mexauiky pyuHy8aHHs ma MexaHiku 6e3nepepeHoco NOWKOOINCEHHS. 3anponoHoeaHo YuceibHull
PO36 A30K iHMe2PANbHO2O PIGHANHS PYXY poumy mpiwunu. Po32is10 3a3Haueno2o pisHAHHA K Cynepno3uyii
MHOJCUHU PEKYPEHMHUX PIGHSHb OJIsL KONCHO20 MOMEHMY 4acy 00360JI8€ 3M0O0eNo8amu cmpuoKonooionull
Xapaxkmep 3pOCMAaHHA MPIWYUHU GMOMU MA 8PAXY8aAmMU iCMOPI0 HAKONUYEHHS. NOWKOOJICEH S Y Mamepiani
niacmunu 6 npoyeci Hasanmadcens. OMpUMAHO YUcCeTbHUU PO36’SI30K  Mecmogoi 3adaui npo
PO3NOBCIO0NCEHHST MPIWUHU 8MOMU 8 MOHKIN niacmuui 3 amominiesoeo cnuagy 7075-T6 3a o0Ho8icHO20
acuMempuyHo20 6a2amoyuriogoeo posmszy-cmucky. 11o0yooeani 3anexcHocmi 008HCUHY MPIUHU 8MOMU
810 YUCTA YUKTIB HABAHMAIICEHHSL 3A00BITLHO Y320004CYIOMbCSL 3 eKCHEPUMEHINATbHUMU OAHUMU.

Knrouosi  cnosa: mpiwuna 6momu, HOWKOONCEHHS, MOHKA NAACMUNG, ACUMEMPUYHUL YUK
HABAHMAIICEHHSL.

The problem on modeling the process of damage accumulation along the fracture front at fatigue in a
thin isotropic plate is considered. The solution of the problem is based on joined of the concepts of fracture
mechanics and mechanics of continuous damage. A numerical solution of the integral equation of crack front
motion is proposed. Consideration of this equation as a superposition of a set of recurrent equations for
each moment allows us to model the jumping nature of the fatigue crack growth and take into account the
history of damage accumulation in the plate material during loading. A numerical solution of the test
problem on the fatigue crack propagation in a thin plate made of aluminum alloy 7075-T6 with uniaxial
asymmetric cyclic tension-compression is obtained. The constructed dependences of the fatigue crack length
on the number of load cycles agree satisfactorily with the experimental data.

Keywords: fatigue crack, damage, thin plate, asymmetric load cycle.

CrarTio npeacraBuB wieH-kop. HAH Ykpaiau Xyk f.0.

Beryn

ITobynoBa wmopenelt pyiiHyBaHHS BHACIiOK
BTOMH € aKTyaJbHOIO 33/1a4€l0 NPHU MPOTHO3YBaHHI
TepMiHIB  Oe3nmeuHoi  eKCIuTyartalii  eJeMEHTIB
KOHCTPYKLiil B yMOBax 0araToLMKJIOBOTO HaBaHTa-
xeHHs. OZHUM 3 MEPCHeKTUBHHUX LUISXIB y IBOMY
HampsIMKY € PO3TJBII IPOIecy HaKOMWYEeHHS IO-
LIKO/DKEHb Y MaTepialli KOHCTPYKUiM SK pymriiHOi
CUJIM Ul 3apOJIKEHHS Ta PO3IOBCIOKEHHS TPILUH
BTOMHU. Ha OCHOBI MO€AHAHHA KOHUEMIIN MEXaHIKH
pYHHYBaHHA  Ta  MEXaHIKH 6e3nepepBHOTO
MOLIKO/DKEHHA 1MO0YI0BaHO JBOCTAIiliHY MOAENb

© A .B.Ilnamunceka, 2021

PO3MOBCIOKEHHS TpimuHu BTomMu [1]. Mogens
JO3BOJISIE 3 €AWHUX TIO3MLIH BU3HAYUTH TPUBAIICTH
IHKyO0aIiHOTO Mepioy Ta CTaJIit0 PO3IMOBCIOKCHHS
TpimmHn BTOMH. OTpUMaHO aHAJITHYHI pPO3B’SI3KU
3a71a4 TpO PO3IOBCIOKCHHS TPIIIMHH BTOMH B
TOHKHX IUIACTUHAX 3 KOHLIEHTPATOpaMH HaNpy>KeHb
npu 0araToUUKIOBOMY ACHMETPUIHOMY
HaBaHTaXeHH [2].

Y naniii pobOTi pO3TNAAAETHCS UHCETHHHUHA
cnoci® po3B’si3aHHsS 3aJa4i MPO PO3MOBCIOHKEHHS
TPIIMHKA BTOMH B TOHKIH 130TpOIHIN IIaCTHHI 3a
OJTHOBICHOTO ~ aCHMETPHUYHOrO  0araTOLMKIOBOTO

&9
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pPO3TATY-CTHCKY 3 YypaxyBaHHAM ICTOpii Hakomu-
YEeHHS MOIIKOKEHHS B3AOBX (POHTY PYHHYBaHHSI.

1. IlocTtanoBka 3aga4i. OcHOBHI cniBBiTHOIIEHHS

Po3rnsiHeMO TOHKY HECKIHYEHHY 130TpOIIHY
IUTACTHHY 3 LEHTPAIBHOI TPIIMHOK HOPMAaJIbHOTO
BimpuBy (puc. 1), posramoBaHy B3JOBX OCI X .
IlouaTkoBy HamiBAOBKUHY TPIIIMHU MO3HAYUMO /),

a TMOTOYHY —/{(n), YUCIO LUKIIB HaBaHTa)KEHHA
nmo3HaunMo n.  beperm  TpimmHHM ~ BUTBHI  BiA
HaBaHTaXEHHA, a B HampsMky oci 0y Ha
c
V% T TR TN T O D A B R
{a}:lf']eqv
af-----------
(I oo =S L
::_:_d_ Xy X Xy X
fn /;E\{gj
%
£(n;) '}'-(*f(”; ))
____________ Pt
U2 T T T RO A T 5
Puc. 1. [Inactuna 3 TpimuHOIO
HECKIHYEHHOCTI MIpUKJIaJICHE OJTHOBICHE

GaFaTOHI/IK.HOBe ACUMETPUYIHE HABAHTaKCHHA o

6 =0, +0,sin(2m); (L

(O-max =(O-m +O-a)<O-Y)’

aco,, , o, —3HAYCHHA CEPCAHBOIO Ta aMHJ'IiTy,Z[HOFO

HalpYyXXEHHS LUKIY; Oy — TPaHMI TEKy4oCTi

Mmarepiany. BBakaemo, mo o, He 3alEXHUTH Bif

JIUCKpETHOro 4acy n (CTallioHapHHH pexXuM) i
npuKJIagaeThess 3 uacrororo f>10 T, a

HUKITY O, HC

max

MAaKCHUMaJIbHE HaIpy>KCHHSA

HEPEBUIIlye TpaHUIll TEKydoCTI Marepiany oy
(bararonmkiioBa BTOMa). Y  [BOMY BHUIAIKY
OCHOBHHUI MacHB IUTACTHH AC(POPMYETHCS MPYIKHO, a
pYHHYBaHHS BHACIIIOK BTOMH € KBa31KPUXKHM.

Jost MOAIBIIOTO po3risiay 3a7au4i,
acUMeTpuYHUI MKy HaBaHTaxkeHHS (1.1) 3Bommmo
JI0 EKBIBJICHTHOTO HOMY 3a YHCIOM LHUKIIB J0

pyiiHyBaHHA n, CUMETpUYHOro wmukiay [3], vy
BUTJIAI
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Oopn (1) =(0,) o, SIN(271)
-1
o ,  (1.2)
(ou)eqv =| cos| ——2 o,
Op
ne O,, — EKBIBAIEHTHE UMKIIYHE HANPYKEHHS
CHUMETPUYHOTO  WHKIY;  (0,),,, amIuIiTy1a

€KBIBaJICHTHOTO LII/IKJ'Ii‘IHOFO HaIlpy’XC€HHA;, Oz —

TpaHUIls MIIIHOCTI Marepiaiy TUIacTUH Ha PO3TAT; 77
— Koe(illieHT YyTIMBOCTI MaTrepiany IUIACTHH JIO
acuUMeTpii IMKIy HAaBaHTAKEHHS 32 OIHOBICHOTO
PO3TATY-CTUCKY.

BiamoBigHo g0 Moxeni TpinmHu BTOMH Paiica
[4] B okomi ii BepiuHU (HOPMYIOTHCSI MOHOTOHHA Ta
IUKITIYHA TUIACTUYHI 30HU. JIOBXKUHY IMKJIIYHOL
TUTACTUYHOT 30HM BU3HAYAEMO 3 PiBHSHHA [5]

1 E(O-u)eqv

= 1.3
&2 oy (13

2
At(n)) = o(n).

3a BU3HaYaNbHE CIIBBIIHOIIEHHS MPOIECY
pylHYBaHHS  BHACIIJIOK  BTOMH  PO3TJISIAEMO
€BOJIIOLIHE PIBHSTHHS HaKOIMWYECHHS
MOIIKO/DKEHHOCTI 3  [MOYAaTKOBUMH yMOBaMH Y

BUTJIISII

dax(x,n) _ (A&W(x,n))eqv q.

dn 1—-w(x,n)

1.4)
() 0 npu n, =0;
w(x,n) =
1 mpu n=ng;

ne @(n,x) — cKauspHa (QYHKIS MMOIIKOKEHHS, [0
3aJIe)KUTh BiJ YKCIa MUKIIIB /7 HAaBaHTAXEHb Ta BiJ
KoopauHatu x = /(n)+ A(Z(n)) Ha (POHTI TPILIUHH;
N — YUCIO LMKIIB O pyWHYBaHHS B TOYL X;
(AEW (x,n))eqv — po3Max EKBIBAJICHTHUX LUKJIIYHUX

HAMpy>XeHb B OKOJI BEPIIMHU TPIIIMHA HA MOMEHT
yacy 7, 110 BHU3HAYA€ThCS 3 PO3B’SI3KY MNPYXKHOL
3agadi; D, ¢ — KOoeQillieHTH, 10 XapaKTepH3YIOTh
IHTEHCUBHICTh HAKOIIMYEHHS TOIIKOIKEHb.

3amaua monsirae 'y 1NoOynoBI  crocoOy
BHUpIIICHHS 3ajJa4 KIHCTUKM TPIIUH BTOMU 3
ypaxyBaHHSM iCTOpii HAKOMUYEHHS IOIIKOKEHHS
@(n,x)B3IOBX (POHTY pyHHYBaHHS B OyIb-sIKHA
MOMEHT 4acy.
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2. Ynceasuuii anropurMm. TecToBa 3agaua

[nsxom IHTeTpyBaHHs €BOJIIOLIIHOTO
piBusiHHA (1.4), oTpUMaeMO PIBHSHHSA pyxy (QpoOHTY
TPIIIMHU BTOMH Y BUTJISII

1 q
[[1-o(xn)] do=
' ) (2.1)
= (1+@)D{ [l 40, (x.1) ] dn .
0

Posrnanemo pyx TpimuHM BTOMH Ha N
JIUCKPETHUX MPOMIXKKaxX yacy
n,<nn,, (i = O,N), Ta BH3HAYMMO DiBEHb
HAKOIIMYEHOr0 IIOIIKOKEHHS B TOYKaX B3JOBXK

¢bpoHTY pyiHYBaHHS 3 KOOpAMHATAMHU
x; =0(n)+ l(((ni)), j=i,N. [arerpannue
piBHsHHA (2.1) 3anmumemMo K  CyNepro3HIi0

PEKYPEHTHHX PIBHSHB JUIsl KOKHOTO MPOMIXKY 4acy
y BUIJISLIT

Z(;J‘m((nl:;' )[1 - a)(ni,xj) do=

()
2x, — £(n,))

dn;

o(ny,1,x,) =1=| [1= w0, x ) =(@+DD| (0,)

Jle YMCIIO LIMKIIIB 10 pyiHYBaHHS B TOYLI X

q
[ )
n.. =n +[1-wmn,x)"" (g+)D| o —
i+l i [ ( i 1)] (q ) a,eqv 2(xi _Z(l’li)

BHU3HAYAETHCS 3 KpUTEpito pyitHyBaHHs (2.3).
3acTocyemo PO3IISIHY TUH AITOPUTM 110
pO3B’sI3aHHS TECTOBOi 3ajadi Mpo pyX TPIIMHU
HOpPMAJIBHOTO ~ BimpuBy (puc.l) 3  IOYaTKOBOIO
HamiBioBkuHOK (= 2,54:10° M vy
HECKIHYEHIH IMIaCTHHI 3 aTOMiHiEBOTO cruiaBy 7075-
T6 3a 0araTOUMKIOBOTO ACHMMETPHUYHOTO PO3TATY-

TOHKIN

crucky (1.1), ne o,= 69 Mlla o,= 138 Mlla,
(xoedimient acumetpii mukiy R =0,33). Ha puc. 2
HaBeIICHO pe3yisTaT PO3paxyHKiB 3a

cniBBigHOmeHHsAMU (2.4-2.6). Jlimismu 1, 2, 3, 4
MO3HAYEHO PIBEHb HAKOMUYCHOTO TOIIKOPKECHHS
@(n;,x;) B3IOBK (DPOHTY TPIlMHM B MOMEHTH 4acy
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ze (aa )eqv — eKBIBAJICHTHI aMIUTITYIHI HAIIPYKEHHS
LUKy HaBaHTAKCHHS; @(N;,X ; ) TOIIKOMKEHHS,

fK€ HAKOMHMYYeTbCs 3a 4Yac A, B3IOBXK (POHTY

TpimmHu. [Ipy BUKOHAHHI KpUTEPi0 pyHHYBaHHS

oln.x)=1, j=i, (2.3)
TpILIHA POCYBAETHCS B3OBXK (HPOHTY pyHHYBaHHA
CTpHOKaMH Ha TOBXHWHY IUKIIYHOI ITACTUIHOT 30HH

Alt(n,)).
3agatoun B piBHsAHHI (2.2) TOYaTKOBI YMOBH
ny<n<mn (”o :0), Ta pIiBHA IOLIKOIKEHb

aJ(nO , X ) =0,0(n,,x, ) =1, BU3HAYa€EMO TPHUBANICTh
1HKyOaliiHOTO TIepioay

-1

- | fm) |
n = (q+1)D|:(O—a)eqv 2(X0—€(I’lo):| ( )

PiBenn HAKOMUYEHOTO HOIIKOKEHHS
a)(ni 10X )’ 3a IIPOMIKOK yacy
n,<nn,, (i = O,N) 10  KOOpAMHATaxX IO
(poHTY  TpIMHM  BHU3HAYAEMO  IHTETPYIOUH

(2.2)  pieuanus (2.2) 3a CHiBBiIHOIIECHHAAM
R
l+q
U(n;
_ M) (n,,, —n,) , (2.5)
2(x; = L(n;)
-1
(2.6)
w 1 KT TS
Mol ] [V
| | " A L
10 ) Y
1

|
1
t
1
1
1
X

0,00274

{
X, 0004y,  x,

Puc. 2. HakonuuyeHHS IIOIIKOKEHHS B3JI0BXK

(GpoHTy pyliHYBaHHS 3 4aCOM 71,
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n (i = ],2,3,4), BianosimHo. JliHig 5 Bignosigae

i?
HOILUKOIKEHHIO @(7;,X;) , 110 HAKOITMYMIIOCS B TOYLI
X; 32 KOXHUI MOMEHT yacy 7, . PyliHyBanns B Touni
X; BinOyBaeThCs 32 BUKOHAHHS KpuTepito (2.3).

Ha puc 3. moOynoBaHO 3aleXHOCTI JOBKUHH

M

=
L

0,0:

0,02
il
0,01 rt' /

lii"g

10000 n, MUK
Puc.3. 3ane:xHOCTI JOBKUHH TPIIIUHU BTOMHU Bijl
YHCIIa [UKIIB

-—4 = —

0,00

1 10 100 1000
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TPIIMHU BTOMH BiJl YWClIa IUKIIIB HABAHTA)KCHHS B
TOHKIM HECKiHYEHI TIJIaCTHHI 3 aJlIOMiHIEBOTO
crutapy  7075-T6  mpu  acUMETpUYHOMY — LWKII
HaBaHTaxeHHs o,= 69 MIla o, = 138 Mlla. Jlinia
1 BigmoBimae pekypeHTHiH 3anexxHocti (2.6), dxa
BpPAaxOBY€ ICTOpil0 HAKOMWYEHHS IOIIKOHKEHHS
@(n;,x; )n0 KOOpAMHATAX X; B3JAOBK (POHTY

pylHyBaHHs 3a KOXHMH MOMEHT uacy #;, JiHig 2

OTpUMaHa 3 aHAJITHYHOTO PO3B’SI3KY piBHSIHHS (2.1),
Ta eKCIepUMEeHTanbHI JnaHi (0) 3 pobotu [6].
OTpuMaHO 3a70OBiIIbHE Y3TO/PKEHHS pPE3yJbTaTiB
PO3paxyHKiB 3 eKCIIEPUMEHTAIBHUMH JaHUMHU.
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YucejibHe PO3B’SI3aHHS CHHIYJISIDHOTO Numerical solution of a singular integral

iHTErpajbHOro PiBHSIHHSA, OB’ SI3aHOTO 3 equation related with a dynamic contact
JMHAMIYHOIO 3224€I0 KOHTAKTHOL interaction problem
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Posensioaemvca cuneyisapre inmespanvhe DiGHAHHA 3 HEPYXOMOI O0COOAUBICTIO, 00 AKO20 3800UMbCS
3a0aya KOHMAKMHOI 63aEMO0Ii 080X usepmell NPOCMOPY 8 YMOBAX 2APMOHIUHUX KOIUBAHbL NOB3008HCHHOSO
3cy8y. HYeepmi npocmopy po3smiuyromucsa max, wo CKIA0eHull 3 HUX Ni6NpoCcmip Mae CMyniHuacmy Mesxcy.
s uucenvno2o po3e’si3aHHAs Yb020 PIGHAHHS 3ANPONOHOBAHO Memoo, SKUL 6pAX08YE CNPABIICHIO
ACUMIIMOMUKY PO38 3KY, BUKOPUCMOBYE CNEeYiaibii KeaopamypHi opmyau Oist CUHSYIAPHUX THMe2Panis i
KOpeHi cneyianbHol QyHKYil y AKOCmi MOYoK KOAOKayil.

Kniouosi cnosa: cuneynapne inmezpanvhe pigHANHA, HEPYXOMA OCOOIUGICIb, KOWMAKMHI HANPYHCEHHS.

A singular integral equation with a fixed singularity to which the problem of contact interaction of two
quarters of spaces in the conditions of harmonic oscillations of longitudinal shear is reduced is considered.
A quarters of the space is situated so that the half-space composed of them has a stepped boundary. In the
contact area, the conditions for ideal coupled are satisfied. The unknown function in this equation is the
contact stresses. For the numerical solution of this equation, a method that takes into account the asymptotic
behavior of contact stresses at the edge point is proposed. The basis of this method is the use of special
quadrature formulas for singular integrals obtained in the article. When obtaining these formulas, the
unknown function was approximated by an interpolation polynomial, in which the roots of the Laguerre
polynomials are the points of interpolation. The values of the unknown function at the interpolation points
are found by the collocation method, herewith the collocation points of collocationare the roots of the
special function. An approximate formula for calculating contact stresses can have practical application.
The effectiveness of the proposed method is demonstrated by the numerical example.

Key Words: singular integral equation, fixed singularity, contact stresses

CrarTio npeacraBuB wieH-kop. HAH Ykpaiau Xyk f.0.

KOJIOKallikHUM ~~ METOJOM  TUIy  MEeXaHI4HUuX
KBagpaTyp [2]. Ane icHye Kjac KOHTaKTHHX 3ajiad,

OmauM 3 edekTHBHHX MeToiB po3p’s3anms O TPHBOITHC N0 CHHIYISPHUX iHTel"paJ‘IBHI/I)?
KOHTaKTHHX 3a/1ad MEXaHiKd aedopmiBHOro Tia ¢ PIBHAHD, B AKNX CHHIYIBIPHA CKITalI0BA MICTATS IIC 1
NpHBEIEHHs iX 10 iHTerpanbHux piBHsHb., Yactime HEPYXOMY 9006HHBICT‘° [3]. 3rimmo 3 Mogorpa(blefo
3a BCC i PIBHSHHS € CHHIY/ISDHUMH i BuMaraors |4], HAABHICTH Hepyxomoi O’CO6HH?°CTI CYTTEBO
YUCEIBHOTO  PO3B’s3aHHA. Y  BHmanky, komu BIVIMBAE HA CIPYKTypy pO3B 3Ky IHTETpaIbHOTO
CHUHTYJISPHICTh CKIAIaeThes 3 sapa tuny Komni abo PBHAHHA,  30KpEMa, Ha HOTO aCHMMITOTHKY TIpH
pI3HILEBOrO JTOrapudMiuHOro sapa, HabMwkene HAOMWKCHHI 210 KiHIiB BiApisKy inTerpysanns. Tomy
pO3B’S3aHHS Moke OyTH  3iificHeHo Merojom IPH TOOYIIOBI UHCIOBHX METOIB PO3B’ABAHHS TAKHX
OPTOrOHANBHUX MHOTOUYICHIB [], a6o PIBHAHb HEOOXiJHO BHM3HAYaTH i BPAaxXOBYBaTH IO

acUMNTOTHKY. Y poborti [3] po3B’s3ku  uis

1. Beryn.

© B.T". [Toros, O.I. Kupumnosa, 2021
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CHUHTYJISIPHUX 1HTEIPaJIbHUX PiBHAHD 3 HEPYXOMHUMH
0COOJMBOCTSAMH,  3aJaHUX  HAa  CKIHYEHHOMY
MIPOMIXKKY, 3HIHCHIOETHCS METOJIOM, LIO BPaxXOBYE
CIPaBXKHIO aCUMIITOTHKY PO3B’s3KiB 1 BUKOPHCTOBYE
crienianbHi KBaJpaTypHi (OPMYIIH AJIsl CHHTYJIIPHUX
iHTerpaniB. Y JaHiil cTaTTi TAKUHA METOJ] pO3pOOIICHO
JUIA  IHTETPaJbHOTO PIBHAHHS, BH3HAYEHOTO Ha
niBoci[O;+oo) . Jlo mporo piBHSHHS TPUBOIUTHCS
3aJjaua KOHTAaKTHOI  B3a€EMOMIl  JBOX  YBEPTh
IIPOCTOPIB NP KOJIMBAHHAX [TOB3/10BXKHBOIO 3CYBY.

il

2. IlocramoBka 3amaui i

PiBHSAIHHSI.

iHTerpaJibne

Posrsmarorscst
—0<x<0;

IBa  4YBEPThH
h<y<+0 i

MPOCTOPH
0 < x <400
0 < y <+00; —0 < z <400, 3YETJICHUX MiXK COOOI0 10
obnacti x=0; h< y<+00; —0<z<+0 (Puc.l).

=/

G,.p,

y

Puc.1. JIBa 3uemnsieHux 4BepTh IPOCTOPH

Jo noBepxni y =0 mnepuioi 4YBepTUHH MPOCTOPY
TIPHUKIIaJIeHe 3CyBHE B370BX oci (Jz HaBaHTaXECHHS
q(x)e
0 BHU3HAYa€ 3aJEKHICTh B Yacy, BCHOJIU
BIIKMJAETBCSA. 3a TaKMX YMOB OOWJIBI YBEPTHHH
nepeOyBaroTh y crai aedopmanii MOB3JOBKHBOTO
B3/I0BX oci Oz 3CyBY 1 €IMHMMH BiJIMIHHUMH Bij

Ot 0<a<x<a+!. Jani MHOXHUK e ',

Hyns e mepemimenns W, (x,y),j=12, ki
3a/10BOJILHAIOTH PiBHAHHA [ eIbMIobIa:
2

AW, (x,9) 4, (x,9) =05 ) ==L ()

G.

J

ne p,,G, —TycTHHA i MOAYJIb 3CyBY IPaBOi 4aCTHHU
Ha

MOBEPXHSX YBEPTh MPOCTOPIB BUKOHYIOTHCS YMOBH:

npoctopy,  p,,G, — NiBOi. TOPU30HTAIBHUX
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q(x),xe[a,a+l]

1 70 = 2 07+ ;
e (%:0) 0,x¢[a,a+1] % €(040) ()
riz (x,h)=0; x & (—0,0).
Ha BEPTUKAIBHII MOBEPXHI x=0,y>0
3IICHIOIOTHCSI YMOBH ITOBHOTO 3YCTIIICHHS:
0,0<y<h,

7. (0,y)= 1 (0.)=p(¥); vz i

=(0.3) p()oy>h (0.)=r(») )

W (0,9) =W, (0,5), y>h

Y pierocrsx (3)  p(y)—HeBimomi KoHTakTHI

HanpyxeHHs. [licias po3B’sa3aHHS KpaloOBHX 3a/aad
(1)-(3) 3HaiimeHO TONaHHS TMEPEMIIIEHb y KOXHIN
YBEPTI MPOCTOPY uepe3 HEBIAOMI  KOHTAKTHI
Hanpy>XeHHs. 3alMIIA€ThCS BH3HAYUTH KOHTAKTHI
p(y). e snilicHioeTscs  3a
JIOTIOMOTOI0  OCTaHHboi  piBHocTi  (3), sKa
nornepeanso audepenuioeTbes. [Ipuaomy 3a ymoBH,
0 MEePEeMILEHHS TPSIMYIOTh JI0 HYJISI IPU y —> 400 ,

Hampy> KEeHHs

npoduaepenIiiiioBana piBHICTb Oy/ie €KBiBAJIEHTHOIO
no BuxigHoi. [licns  peamizamii  1iel  yMOBH
NPUXOAUMO JI0 IHTETPaJbHOTO PIBHAHHSA BiJHOCHO
KOHTAaKTHUX HANpYXKEeHb, SKE NEPETBOPIOETHCS 10
BUTIISIY:
ljx(s)[H—y—L+R(s,c)}ds=F(cs);
) @)

§—C S+0o0

O<o<oo.

V piBHsiHHI (4) BBEACHO TaKi MO3HAYEHHS:
=G, -G, x(s)=G" ~p(h(1 +s)).

OyHKii R(S,G) BXKE€ HE MICTATh CHHTYJISIPHOCTI, a
F(s) momaerses uepe3 q(x).

Moxkna 0OayWmTH, IO CHHTYJSpHa  CKJIQIOBa
iHTerpasibHOrO piBHAHHS (4), okpiM sapa Komri, mae
TaK0X HEPYXOMY 0COOIUBICTh IPU s =G =0.

HaBaHTaXXCHHA

3. YucesbHe po3B’si3aHHS iHTErpajbHOIO
PiBHSAHHS.

[NomepeaHbo posrasHEMO (QYHKIIIFO

o -5 +B 7P
kﬁ(c)zJ‘e sPL ()

0 §—C

+I(B)®(-B-n,1-B,c))e™°,

=(—met BLB
(chgnﬁc o (s)+ 5)
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ne LE (s) —wmHorouteH Jlareppa [5], @ — BupomkeHa

rinmepreoMeTpuyHa ¢$hyHKLIA. UYucenbHe
JOCITiKeHHST i€l QyHKmil mokazaio, M0 TpH
-1<B<1 BoHa mae n+1 [OmAaTHUX MPOCTUX

KopeHiB ¢; >0, j=1,2,..,n+1. Lle nae MmoxnuBicTh

CTBOPUTH YHCENBHUI METOJ pPO3B’sI3aHHS, MIO0
BHUKOPHUCTOBYE 1li KOPEHi y AKOCTI TOYOK KOJIOKAIIii.

Po3p’si30k  piBHAHHA (4) Mae IHTErpoBaHy
ocobnuBicte mpu s —> 0 1 mpsAMye OO HyJs TpH
§—>00:

x(s)=5"e"o(s) (6)
3rigHo 3 [4] NOKa3HUK & Mae JOPiBHIOBATH
1 Y
& =—arccos—— @)
T I+y
Hami BBEIEMO o po3rIsI Ay (dhyHKIIIIO

sy(s)=0(s)-¢(0), o(s)=0. Toui, srigso 3 (6),
3HAXOIMMO TaKe MOJAHHS JUIA HeBiIOMOI (yHKIIi:

x(s)=57"0(0)+s5"y(s)

w(s)

MHOTOYJICHOM, ¢

®)
Hami (byHKIIIIO HaOIMHKaEMO
THTePIONALITHUM BY3JIaMH

inTepromuii s, € KopeHi Muorowtenis L, (s):

w(s)~w, (s)= Yo

(L (s,)) (s-5,)

“ B

0 (0)=[—

0

©)

s+0o sin 1t

Jis  perynspHuUX IHTETpajiB BHKOPUCTOBYIOTHCS

¢dhopmynu tumy I"ayca [6].
Y pe3ynabrari MiACTAHOBKM B  IHTErpajibHE
PiBHSTHHS “4) 6=0; Ta  3aCTOCYBaHHS
A B -
—Z\ym (l+y) o —y——+ 4, R, |+
T =1 Sm— O Sy —O0;

n
_ -3 _
C,=> 4nR(z,.0,), R, =R(s,.0;),
m=1
Z —KOpEHi MHOTOUJICHA L_S(z)
m p n *

ITicnst po3B’si3aHHS CHCTEMH KOHTAaKTHI HAIPy>KCHHS
po3paxoByBanich 3a popmynamu (9), (10).

2021,3

s 1B
Lls )ds= = (—Gﬁe“LE(—G)+e—<D

(p(o)(xaﬁ(Gj)—v%s(“f)”f):

T
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ae vy, =\|/(sm). Honanns (8) i HabmwkenHs (9)

JO3BOJSIE  OTPHMATH  HACTYNHY  KBaIpaTypHY
hopmyny JUTSt IHTETpay Komri pu
=06,,/=12,..,n+1, nme o,;—xopeHi QyHKuii

A (o)

© X s n A1—5

0) (o )+ ), v, —=—,
!).s o, ()0(') ,,Z} s, —o; (10)
J=L12,..

Y ¢opmyni (10) 1 nmami mo3HaYarTh Yepes Anm
KoedimieHTH KBaaparypHoi Qopmynu Tumy [ayca
JUTsL THTETpajiB 1o [0;+oo) npu BaroBid (QyHKIIT

e [6].

Jns  inTerpamy 3 HEPYXOMOIO
0COOJINBICTIO OTPHUMAHO

Tls) " LB

ds=¢,(0)0,° (o )+
£s+c5 90(0)% ( ’) S, +0;

X 11

1-8 eb—b (Gj) ( )

B =4"- j=L2,..,n+1.

Y ¢popmymi (11) BukopucTano QyHKIi0

(e}

F(I—B) (—ﬁ—n,l—ﬁ,—s)}.

kBagpatypaux ¢opmyn (10), (11) mpuxoaumo 1o
CUCTEMH JIIHIHHUX aNreOpaidvHuX PIBHSAHBb BiIHOCHO

0(0) ta y,, m=12,..n

4. YnucenpHa peasi3aiisi i BACHOBKH.

Jnst uncenpHoi peamizamii Oynu  pO3MIISIHYTI
YBEPTh MPOCTOPH, IO CKIAJamMCs 3i Cram Ta
AMIOMIHII0O  TpU  3HAYEHHSIX  T'€OMETPUYHHUX

-1 -1
napameTpiB a=al" =1, d=hl"=1.
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f(s)=1se[l;2], a GesposmipHe XBHILOBE YHCIO
Ko = Kyl =3.

x|

1,5

W INE

0,5 \\
1>\\
0,0 T~ ]
0,0 2,0 4,0 S

Puc.2. Po31moais KOHTaKTHUX HaNpy’KeHb.

Pesynbratn PpO3paxyHKiB 6e3po3MipHHIX
KOHTAaKTHUX HAaNpyXeHb MPHUBEJCHO Ha pHUC.2 Y
BUrIsAL rpadikis 1-3.

[epumii Tpadix BiANOBiZae BUMAAKY, KOIU
nepma  (HaBaHT@KEHA) YBEPTb  HPOCTOPY €
CTalIeBOIO, a Jipyra € anominieBoro. pyruii rpadik

CnHcoKk BUKOPHCTAHUX JIKepet

1. Ilonoe I'A. O wMeroge OpPTOrOHAIBHBIX
MHOTOUWICHOB B KOHTAKTHHUX 33Jla4axX TCOPHH
yapyroctu / I'.51. Tlonos // TIMM. — 1969. —
T.33.—Ne 3. —C. 518-533.

2. bBenoyepxosckuti C.M. UucneHHbIE METOABI B
CHUHTYIISIPHBIX WHTETPAIBHBIX YPABHEHHUSX U UX

IIPUMEHEHHE B  a’pOJUHAMHUKE,  TEOpHUHU
yIpYyTrocTH, JEKTPOIMHAMUKE / CM.
Benonepkosckuii, M.K. Jlupanos. — Mocksa:

Hayxka, 1985. — 253 c.

3. [Ilonos B.I". JIBoBuMIpHI JUHAMIYHI 3a1a4i Teopii
MPYKHOCTI, IO 3BOJATHCS JIO CHHTYJISIPHUX
IHTeTpaJlbHUX  pIBHAHb 3  HEPYXOMHMH
ocobnusoctamu / B.I'. TTonos // Mar.meTonu Ta
¢i3. -mex. nons. — 2020. — Ne 63 (1). — C. 94-
105.

4. Jyoyuasa
CBEPTKH C

P.B. UHnrterpanbHble  ypaBHEHUS
Pa3spbIBHBIMH  NIPEICHUMBOJIAMH,

CHUHTYJSIDHBIE ~WHTETPAJIbHBIE  ypaBHEHUS C
HEMOJBIDKHBIME ~ OCOOCGHHOCTSIMH M HX
NpWIOKEHUs K 3amadam Mexanwku / P.B.
Jynydasa /! Tpynst Townnucckoro
matemarndexoro uacruryra AH CCCP. —1979.
—T.60. —c. 313.

5. Ceee I'. Optoronanbubie MHOTOWICHBI / . Cere.
-Mocksa: ®usmarrus, 1962. — 500 c.

6. Kpoviios B.J. TlpubnwkeHHOE BBIYHCICHUE
unterpasios / B.W. KpeuioB. — Mocksa, Hayka,
1967. - 500 c.

OoOMIBI YBEPTHHH € CTAJIECBUMH, TOOTO MaeMo
OJTHOPIIHMIA MiBIIPOCTIP 31 CTYMIHYATOIO TPAHHUIICIO.
Tpers xpuBa noOyInoBaHa 3a YMOBH, IO
HaBaHTa)X€Ha YBEPTb IPOCTOPY 3 aJIIOMiHII0, a Apyra
CTajeBa.

BcranoBneHo, mo  3HauYeHHA  KOHTaKTHHX
HalpyXeHb 3pOCTaloTh IPU 3MEHILEHHI 3CYBHOL
JKOPCTKOCTI 3aBaHTAXEHOI UBEpTi MpocTopy. Takox
NIOKa3aHO MLIBHMJIKE CIaJaHHsA 3HAau4€Hb KOHTAKTHUX
Hamnpy>XeHb TpU BiJIAJNEHI BiJ 3aBaHTAXKEHOI
rpanutli. B3arami 4ncioBi pe3ynbTaTH MoKa3aiu, 1o
BpaxyBaHHs aCUMIITOTUKU PO3B’ 53Ky, BUKOPUCTAHHS
creniaabHuX KBaJpaTypHUX bopmyn Ui
CUHTYJIIPHHUX 1HTErpajiB, clieliajJbHUi BHOIp TOYOK
KoJIOKalii  J03BOJIIE  CTBOPUTH  e(PEeKTUBHUIA
YUCIIOBUNA METOJ PO3B’sI3aHHS JJAHOTO CHHTYJISIPHOTO
IHTErpantbHOro PIBHSIHHS 3 HEPYyXOMOIO
0COOJIMBICTIO.
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Jlna ananizy pe3oHaHcHO20 KOAUBAHHS PIOUHU Y 8EPIMUKATLHOMY YUTIHOPUUHOMY 6ayi 00CTIOHCYIOMbCA
8ION0GIOHT HeNMiHiliHI MoOanvhi piensanns muny Hapimanosa-Moiceesa. bax pyxaemuvcs nepioouuno y
npocmopi. Tlokasano, wo 013 008IIbHUX NEPIOOUYHUX NPOCTNOPOBUX PYXI8 OAKY I3 4Acmomow 30VpeHHs,
OU3bKOI0 00 GNACHOI 4acmomu KOMUGAHHSI PIOUHU, 3A0ayad 6 ACUMIMOMUYHOMY CEHCI 3600UMbCsi 00
opbimanbHo2o 30ypenHs 6aKy 6 20pu3oHMAnbHIl naowuni. OMpUMAHO AHANIMUYHI PO36'S3KU CEKYIAPHOT
cucmemu, SIKL ONUCYIoms OOMIHYIOUI AMIIIMYOU YCMAaleHux nepiooutHux xXeunv. Bpaxoeano eghexm 6'a3rx020
Oemnghysanus. Pe3ynomamu nopieniolomvcsi i3 eKCHepUMEeHMANbHUMU BUMIDAMU, NPOBEOeHUMU PIZHUMU
asmopamu. Ilposooumvca napamempuyHuil  aHaliz  AMNAIMYOHO-YACMOMHUX — XAPAKMEPUCMUK  OJIf
BU3HAYEHHS SIKUM YUHOM 3MIHIOIOMbCS YCMANEHT X6UNbOGI PedcuMU ma ix CmitKicmy i3 yacmomoro 30ypeHHs.
ma eninmuunoio opbdimoio [cniggionowenuam it ocei]. OcHosHUll pe3yibmam noasieac y niOmeepotCeHHi
EeKCNepUMEHMANbHO20 (DEHOMEHY 3HUKHEHHS NPOMU-HANPAGLeHol Kpyeoeoi Xeual (BIOHOCHO HANPIMKY
30ypenHs) npu nepexooi 00 Kpy2osoi mpackmopii.

Kniouosi cnosa: konueanns piounu, demnpysans, yemaneni Xeuui, Henapamempuini 30ypeHHs.

Nonlinear modal Narimanov-Moiseev—type equations are investigated to study resonant sloshing in a
vertical cylindrical tank. The tank moves periodically in the space with the forcing frequency close to the
lowest natural sloshing frequency. We show that the considered sloshing problem can to within the higher-
order asymptotic terms be reduced to the case of orbital tank motions in the horizontal plane. Analytical
solutions of the secular system which couples the dominant amplitudes of the steady-state sloshing are
analytically solved. Effect of viscous damping is accounted. The results are compared with experimental
measurements conducted by diverse authors for longitudinal and circular orbital tank excitations. A
parametric analysis of the amplitude curves is done to clarify how the steady-state wave regimes and their
stability change versus the forcing frequency and the semi-axes ratio of the elliptic orbit. The main result
consists of confirming the experimental disappearance of the counter-directed swirling wave mode (relative
to the elliptic orbit direction) when passaging to the circular orbit.

Key Words: sloshing, damping, steady-state waves, nonparametric forcing.

CrarTio npeacraBuB wieH-kop. HAH Ykpaian XKyk £.0.

Beprukanbnuil mwtinapuannii 6ak pajiyca 7, Bubuaerhcst 6e3po3MipHa MoCTaHOBKa 3ajadi, e T

pyXaeTbCs  LMKIIYHO 3  Majol  aMIUITYy[OK - XxapakTepHuii posmip 0aky, a O - uacToTa
(BimHOCHO paniyca) B npoctopi [1]. Beprukanbhi 36ypenns. ImeanbHa  HecTHCOMBA — piiuHa i3
pyxu OGaky B3moBk oci Oz He pO3IISAAIOTECA. OE3BUXOPOBUMU TEYisIMH. 3acTOCOBYETHCA

AmmiiTyna 30ypeHHS € MajJol0 BIJIHOCHO pajiycy. MYJbTUMOJATBHUM METOJN, SIKHH BHKOPHUCTOBYE
© I.A. PaiinoBcbkuii, O.M. Tumoxa, 2021
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HabmkeHni po3B'sa3ok Dyp'e 1t BUTKHOI TOBEPXHI
Ta MOTEHIIaJTy MIBUIAKOCTEH 13 3aJICKHUMHU BiJ[ 4acy
HEBIJOMUMHU 1 3aJI©KHUMH BiJl 4acy KoedimieHTamMu
(y3arajpHeHl TriZpoAMHaMiuHi  KOOpAMHATH  Ta
IIBHAIKOCTI).

Xaif HeMa BTOPHUHHUX PE30HAHCIB Ta YacToTa
30ypeHHs1 Oaky € OJM3bKOI J0 TepIoi BIacHOi
YacTOTH KOJIMBAHH piguHM (acuMnToTHKa MoiceeBa
[2]). Hextytoun BenmnuMHAMHU BUIIMMHU BiJl MOPSIKY
30ypeHHss Ta gonmaroud gemndyBaHHs [1,3,4]
MEPEX0AUMO 1o CHUCTEMU 3BUYAHIX
nudepeHtiaibHIX (MOAAIbHUX) PIBHAHB BiJHOCHO
y3arajJbHeHUX TiAPOAMHAMIYHUX KOOPIUHAT.

Z

-

Q)
LY
o® n.(1)
7Q~511 (1)
n,(t s

S

n,m’,
Puc.1 Ilo3nauenns:
Q(t) - o6macrs pigumu;
Z(t) - pinpHa moBepxHsL;
S(f) - 3mouena crinka Gaxy;
T - rinpocTaTHUHA MOBEPXHSL.

Mu Oymyemo mepioguaHui po3B’SI30K MOAAIBHOT
cucteMu. YMOBOIO i pPO3B'SI3HOCTI € HeniHilHA
CHCTEMa BIAHOCHO noMmiHaHTHHX amrutityn (A,B )
ycTaneHoi xBwii Ta 3cyBiB (pa3. [Tokazano [1,3], mo
nemripyBaHHS CYTTE€BO BIUIMBAE Ha Ll XBHWIL Ta ix
crifikicte. Puc. 2 mpoimocTpye pi3HHIIO MiX
aMIUTITYIHO-4YaCTOTHIUMH ~ XapaKTEepUCTUKaMHU 32
BiJICYTHOCTI Ta HAasBHOCTI JeMryBaHHS y MPOCTOPi
(s /s,

- IepIa BIacHa YacTOTa KOJMBaHHA pimuHu. [Imocki
(crosui) XBWIJII BiINOBIJAalOTh KPHUBHM Yy IUIOILIHMHI

(s /s,

HemnidyBanHs nopomkye Touku Oidypkauii P Ta

A, B) nns nosnosxHix 30ypens 6aky, s

A), a xpyroBa XBWISI € TPHBHUMIPHOIO.

H, (Touku 3MiHM XxapakTepy pyXy PpiouHE B

cUCTEMI).

Puc. 3 imocTpye amInTiTyJHO-4aCTOTHI XapakTe-
pUCTHKHM Ui eminTu4HHUX 30ypeHs. [Ipu mepexoxi
Bil TO3IOBXHIX JI0  emMNTHYHUX  30ypeHb

poswemmoersest £ H H.E,, 3'sBnserscs  meris

RR,, sxa Binosizae 3a KPYroBy XBHIIO Y
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NPOMUNEHCHOMY HANPAMKY IO CMINTUYHUX 30ypeHb
Oaky. [3 30LIbIICHHSM BIJHOIICHHS EIINTHYHUX
oceli 30ypeHHsI ISl BXITHUX JaHUX MOXE 3'SBUTHCS

OJIMH YH KiJIbKa OCTpiBIiB cTilikocti (H 3H , Ha I

E HHE,) lletna R R, Takok 3MEHIIYETHCA IIPH

3pocTaHHl BijHOIIEHHs oceil. Komu BoHO pgocsrae
0.45 w™moxe 3'sBUTHCS JOJATKOBHHA  OCTpiBelb

cridikocti R R, .V npomixky mix 0.45 Ta 0.5 ners
R R (RRRR,) 3menmyerscs. [i nemae Bxe npu
0.5. A npu spocranni mo 0.8 ocrpiseus H H,

3pocTae, 3'ennytounce i3 H H, Ta toukow E .

(a)

085 090 095 100 105 110 115 1.20 >
o/o11
(®)

r0.25

r0.20
‘O.ISB

0.10

0.05

0.4

o.gaA

Puc. 2

HynwoBe (a) Ta Henynbose (b) nemndyBanHs.
CyuinbHi JiHIT BiANOBiAAI0Th CTIHKUM PO3B'3KaM, a
WITPHUXOBI - HeCTilikuM. ¥ sianasoni mik £, ta H

CIIOCTEPITaEThCS IpperyisipHa (XaoTHYHA) XBUIISL.

[lepexix O KpYyroBUX TpPA€EKTOpPIH HE TUIBKH
pOOUTh HEMOXIMBUM IPOTHUHAIIPABICHI KPYroBi
XBHJIi, aJleé  YHEMOXKJIMBIIIOE Jialla30H YacToT, Je
BiIOYBaIOTHCS XaOTHYHI XBHJIBOBI pyXu piawHu. B
OKOJi OCHOBHOTO PE30HAHCY TOAI ICHYe JIHIIe
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Puc. 3 AMIITITY1THO-4aCTOTHI XapaKTEPUCTUKHU JJIsl yCTAIEHOTO PE30HAHCHOTO KOJIMBAHHS PIAMHU i Yac

SNINTHYHHUX PYXiB 0aKy.

yCTaleHa KpyroBa XBHWJIS 13
HaNpsSMKOM 30ypeHb 0aKy.

Jlinifine nemndyBaHHS BIUIMBaE Ha KOJUBAHHS
piauHu mia yac opOiTanbHIX 30ypeHb
(biopeakTopiB). HaiinikaBimmm € Te, 1O HAaBITh
Oynyun BiTHOCHO MaJuM, Jaemi(yBaHHS
YHEMOJKIIUBIIIOE ICHYBaHHS IIPOTUIIEIKHO
HampaBleHoi KpyroBoi xBum. Lleii ¢denomen
Y3TOJUKYETHCS 3 eKCIIepuMeHTaMH [7].
JemnipyBaHHS BIUTMBAa€E SIKICHO Ta KiIbKICHO Ha
MOBEIIHKY 3CYyBY (as3.

BaxnuBuii BUCHOBOK BUIUIMBA€E 13 TOPIBHAHHS
TEOPETUYHUX Ta EKCIEPUMEHTAJIbHUX PE3yJbTaTiB
BIJHOCHO AaMIUNTyIM yCTaJIE€HUX XBWJIb IpH
KpyroBux pyxax 0Oaky, Je BKa3aHO Ha

cniB—Har[paBneHa

HEBIJNOBIMHICT, HAIIOI Teopii eKCIepuMeHTaMm,
KOJIM BOHH XapakTepPU3YIOThCS JedparMeHTaIiero
BUJIbHOT MOBEPXHI Yepe3 XBUJIi po3Baiy. 301IbIICHHS
JeMI(yBaHHs 31aTHE TOKPAIIUTH BiJIOBIIHICTH
EKCTIIepUMEHTaM ISl TIO3JI0BXKHIX KOJIMBaHb Oaky.

Tak camo # i KpyroBoi XBWI, KOJH
SKCIIEpUMEHTH TIOKa3yBaJli Ha JaedparMeHTAIlilo
BiTIbHOT ~ TOBepxHi. /Jlas  Oimbln  CKIAmHIMIMX

BUI3KiB, TOTPiOHO, HIBWAIIE 3a BCE, BpaxyBaTH
(enomen Ilpanntns [9] Ta pO3MISTHYTH BUXOPOBI
PYXHY PiIUHU.

ABtopu Basuni 3a miaTpumky HOOAY (mpoext
2020.02/0089).
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Komn’roTepHuii MeToa po3B’si3aHHs KpPaoBUX Computational method for solving boundary
3a7a4 Teopil NPY>KHOCTI 3 BUKOPHCTAHHAM problems of the theory of elasticity using non-
HEOPTOTOHAJLHHUX CUCTEM (PYHKIIIH orthogonal systems of functions

[HCTUTYT TpPUKIAIHUX MPOOJIIEM MEXaHIKH 1 Pistryhach Institute for Applied Problems of
matemaruku im. SI.C.ITinctpuraua HAH Ykpainu, Mechanics and Mathematics, NAS of Ukraine, 3-b,
79601, m. JIbBiB, Bys. Haykosa 306, Naukova str., L'viv, 79060, Ukraine

e-mail: victorrev@ukr.net e-mail: victorrev@ukr.net

Tlobyoosarno nogny cucmemy HeOpmMo2OHATGHUX QYHKYIU HA OCHOBI OPMOLOHANBHUX CUHYCIG | KOCUHYCIS.
Hogedeno, wo HenepepeHy QYHKYIIO MOXNCHA ANPOKCUMYBAMU CKIHYEHHOW KINbKICMIO HeOpmMO2OHANbHUX
ynryitt maxum yuHom, wob 8 Yo Cymy He 6Xo0uia 0OHA SUOPaHa QYHKYIs HeOPMO2OHANbHO20 OA3UCY.
Tokazano, wo 6i0oMi OpmocoHANbHI cucmemu QYHKYil € GUPOONCEHUM BUNAOKOM HEOPMOSOHANbHUX
cucmem  ynxyiu. Yucnosum excnepumenmom NiOMEEPONCEHO GUCOKY MOUHICMb  ANPOKCUMAYIl
HeNnepepeHux (QYHKYill He3HAUHOW KIIbKICMIO HEeOPMOSOHANbHUX @yHKYil. Posensnymo niocky 3aoauy
meopii npys#cHocmi 0151 RAGCMUHU 31 SMIHHUMU NPYICHUMU Xapakmepucmukamu. CRpoweHo ye pieHAHHA,
KONMU XApaKmepucmuky Mamepiany MIHAIOMbCs HEe3HAYHO 8 3aleHCHOCMI 8i0 NpOCMmOpOBUX KOOPOUHAM.
Pospobaeno nosuii memoo po3s’azanHsa Kpauogoi 3a0aui 015 PIGHAHHA 8 YACMUHHUX NOXIOHUX 4em8epmoco
nOPSIOKY 3i 3MIHHUMU Koepiyicnmamu. 3anpononoganuii Memoo 3aCHOBAHUL HA NOOLI HANPYHCEHO20 CIAHY
naacmunu 3 HeOOHOPIOHO020 Mamepiany Ha OCHOGHUU [ 30Ypenuti, BUKOPUCWMAHHI NOGHUX CUCMEM
HeOpMmMOSOHANbHUX (OYHKYIL [ y3aeanbHeHol KeadpamuuHoi Gopmu. Bcmanoeneno kpumepii, 3a saxux
nobyo0osanul HAOAUNCEHUI PO38 30K 30I2A€EMbCS 3 MOYHUM PO38 SI3KOM.

Kniouosi cnosa: neopmozonanwvhi (hynxyii, HeoOHOPIOHA NAACMUNA, PIGHSHHSL 8 YACMUHHUX NOXIOHUX.

A complete system of functions based on non-orthogonal sinuses and cosine was constructed. It has
been proven that the continuous function can be approximated by a finite number of non-orthogonal
functions in such a way that this amount does not enter the selected function of the non-orthogonal base. The
numerical experiment confirmed the high accuracy of approximations of continuous functions by a small
number of non-orthogonal functions. The flat problem of the theory of elasticity for the plate with variable
elastic characteristics is considered. This equation is simplified when the characteristics of the material
change insignificantly depending on the spatial coordinates. A new method of solving a boundary value
problem has been developed for the fourth-order equation with variable coefficients. The proposed method is
based on the separation of the stress state of the plate from an inhomogeneous material to the main and
indignant state, the use of complete systems of non-orthogonal functions and a generalized quadratic form. A
criterion under which the constructed approximate decision coincides with the exact solution was found.

Key Words: non-orthogonal functions, inhomogeneous plate, partial differential equations.

CrarTio npeacraBuB wieH-kop. HAH Ykpaian XKyk £.0.

1. Beryn JI03BOJIMIIA PO3POOUTH HOBHI aHATiTHYHO-YHCIOBUH
VY mpami [1] 3anponoHOBaHO BUKOPHUCTOBYBAaTH TMIAXiJ [0 PO3B'A3KYy KpaloOBUX 3afad Teopii
CUCTEMHU HEOPTOTOHAJIBHUX ¢byHKIIN s mpyxHocti [4, 5] 3 BUKOPUCTaHHSM METOXLY
po3B’si3aHHS KpailioBux 3amad. Ha pmanmii 4ac HalimeHmmx — kBajpatiB  [6].  HeoproronameHi
IIMPOKO BHKOPHCTOBYIOTHCS SIK HETIEpEpBHI [2], Tak cucTeMH (QYHKIII MPUPOAHO BUHHUKAIOTH TPHU
1 KyCKOBO-HemnepepBHi [3] cucTeMu OpPTOrOHANBHUX MMOOYOOBiI BIACHWUX (YHKIIM KpaloBHX 3amad JuIs
¢ysakmiii.  Po3poOka  KOMITIOTEpHHX  METOAMK JU(EpeHIiaTbHUX PIBHSHb.
o0umcieHb  JUIi  HEOPTOrOHANBHHX  (DyHKIIH

© B.II. PeBenko, 2021
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Mera po6oru. OOIrpyHTyBaHHS  HOBOTO
KOMI'FOTEPHOTO METOAY pO3B'I3aHHSA KpahoBHUX
3aja4 JUis PIBHAHb B YaCTUHHMX MOXIAHHUX 31
3MIHHUMH Koe(illieHTaMH, a TaKoX po3poOKa
AHAJITUYHO-KOMITFOTEPHUX METOJMK OO4YHCIIeHb C
BUKOPUCTAHHSIM HEOPTOrOHAJIBHUX (DYyHKIIIH.

2. AnpokcumMalnisi HenepepBHUX PyHKIiMH

PosrnsiHeMo mMOBHI HEOPTOTOHAJBHI CHCTEMHU
¢byskaiii. B pganHiii pobori s ix moOymoBu
BUKOPUCTAEMO CHUCTEMY OpPTOTOHANBHHUX (DYHKIIIH
{04 (%)} (cunyc i KocuHYC), sIKi OyAEeMO pO3TIIAIaTH
Ha MEHILOMY HPOMIXKY [/1,/,], UM IPOMIKOK iX
OpPTOTOHANBHOCTI [A, B], ne ui ¢yHKUIi Bke OyayTh
HEOPTOTOHAIBHUMH. ATPOKCHUMAIIIO HEIepepBHOT
Ha mOpoMixkky [/,l,] ¢yskuii f(x) nomamo y
BUTJISIIL CYyMH DSy

M
F)= Y epor(x),

k=0

(M

ne ¢, — HeBigoMmi koedinient; M =2N ; ¢y(x) =1;
0 () = cos(kox) , @y (x)=sin(kox), k=1, N —
OasucHi ¢QyHKUil; ©=2n/(B-A4); [l,l,]1c[4, B],
Iy =1, <0,95( B — A4) . Jlerxo nobauntH, 1m0 BUOpaHa
cuctema Qyskuiit {¢;(x)} € moBHa i OPTOrOHaIBHA
B L,[A,B], a B Ly[l;,!,] Oyne noBHO0, ane He
oproronHansHor0 [2].  fxmo B piBHOCTI (1)
cnpsimyBatd N 10 HECKIHYEHOCTI, TO B TpaBiii
YaCTHHI OJIEPKUMO PSI.

Bukopucranus HeopToroHanmbHUX ¢GyHKIIH (1)
Jla€ 3MOTY 33/JI0BOJIBHUTH Pi3HI 3HA4YeHHS (QYHKIIT
f)# f(,) ©Oe3 mopymeHHs yMOB 301KHOCTI B
TouKax [, j= l,_2, a mpu anpokcuMaii QyHKUiH i3

33J]aHOI0 TOYHICTIO TOTpeOye MEHNIOi KiJIbKOCTI
uneniB cymu psny (1). Lle BaJmBO, OCKUIBKU TIpH

YHCIIOBUX 00YHCIICHHX MH MOYKEMO
BUKOPUCTOBYBAaTH TiJIbKH  CKiHYEHY  KUIBKICTh
KOC(IIli€HTIB.

3ayBa)KMMO, IO OPTOTOHAIBHI QYHKIIT 1€ TyXKe
MaJICHBKUH YaCTKOBHU BHITIAJOK HEOPTOTOHAIBHUX
noBHUX cucteM ¢yHKUiH. CHOpMYyITIOEMO OCHOBHY
BiIMIHHICTh MiX HETIEpEPBHUMH HEOPTOTOHATBHUMHU
1 OPTOrOHAJILHUMHU CHCTeMaMH (DYHKIIIi.

Teopema 1. Henepepsny ¢ynxyiro f(x), 3adany
Ha  CKIHYEHOMY  NPOMIJNCKY — 3a8COU  MOJICHA
anpoKcumy8amu cymoro paody maxum 4uHoM, woob 8
nodanns (1) ne exoouna oouma 008iILHO 6UOpana
@ynxyisa ¢©,,(x) HeopmozoHanbHo20 6a3UCY.
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Hoeedenns. Tlpomosxmmo ¢yHKIit0 f(x) Ha
npomixkok [A4, B] i mosnaummo fi(x). Ti 3aBxmu
MOXHA MpPOAOBXKUTH Tak, 100 BoHa Oyna
HEMepepBHOIO, a iHTEerpall Ha MPOMiXKY [A, B] Big
n00yTKy GyHKUiH f](x)9,,(x) IDOpiBHIOBAaB HYJIO.
3rigHo 3 [2] moOynyemo poskman (yHKIil fi(x) y
Burmsiai cymu psagy (1) 3a OpTOroHanbHUMH Ha
npoMikoK [A, B] cuHycamu i kocuHycamu, nie Oyne

BUKOHYBaTUCSI  piBHiCTH ¢, =0. Posrmsaemo
¢yukmiro fi(x) Ha mpoMikky [/, /] 1 omepxumo
ampokcuManilo GYHKIIT f(x) y BUDIAOI pO3KIamLy
6e3 pyskuii ¢,,(x). Adxmo cupsamyBatu N — 0, TO
¢yHKIis f](x) Ha OpoMixXKy [/, /] Oyne 30iratucs
i3 pyHkmiero f(x) [2]. Kinens noBeneHHs.
Hacninox. Opmoconanvui cucmemu ¢ynkyii €
BUPOOIICEHUM BUNAOKOM HEOPMO2OHANLHUX CUCTEM
@ynxyiu, xonu npomigxcox [lj, l,] 36icaemuves 3
npomiscxkom [A, B]. Ilpu 3a006oneni kpatiosux ymos

oony  6aszosy
6i0

MOJICHA — He  BUKOPUCMOBYS8amu
HEeOpMO2OHAbHY — (YHKYIIO, 8 3aNedHCHOCMI
@izuunoi npupoou po3e'szyeanoi 3adaui.

Koedinientn ¢; BH3HAYMMO i3 YMOBH MiHIMyMY
¢$yHKIIOHATY, YHCIIOBE 3HAUCHHS SIKOTO
XapaKTepu3ye BIAXWIEHHS MK alpOKCHUMAIIIEI0
GbyHKIIT 1 11 3HaYeHHSIM  f(X)

M 2 Loy
Y eror () - f()| = [{Ycrop(x)-
k=0 [1 k=0 (2)
M M
—f(x)}zdx: Z cre ;Wi —2 chVk +P2,
k,j=0 k=0
1e
/
)= J)217 @) —nopwa s Lylly, 1]
I
Wiy = [ox ()0 (x)dx , Wy =Wy,
h
)
Vi = [or(0)f (x)dx, k,j=0,M;
h
)
P* = [ f?(x)dx.
I
Bupas
M M
z Cijij—zzCka +P2, (3)

k,j=0 k=0
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Sk BXoAuTh Yy  Qopmyny (2), Ha3Bemo 2

y3arajJpbHeHoO KBaaparuyHow ¢opmoro (YKD).
3uaiinemo mMiHiMyM YK® (3) i yricenbHO BU3HAYUMO
HEBigOMI ¢y .

Ha puc 1 HaBegeHO TOpIBHSAHHS TOYHOCTI
po3kiany QyHKOiIi y=x 3a OPTOTOHATBHUMH i
HEOPTOTOHAITBHUMHU (YHKIIISIME B 3aJI€KHOCTI Bij
KUIBKOCTI WIEHIB cyMH psay. MakcumanbHe
BIIXMJIEHHS anpokcuManii QyHkuii mo3Hauumo o, a
MakcHUMaJjbHe ii 3HaueHHs — y,, . Kpusa 1 nmosHavae
¢yHkuito y=x, a kpuBa 2 — posiag (1) 3a
N=6,

§=3%10", ¥, =1. Lli xpuBi Ha puc. 1 36iraroTbes.

HEOPTOTOHAIBHUMHU cHHYyCamu: = 7t/1,1,

Kpupi 3, 4 — posiag 3a OpTOrOHAJIFHHUMH Ha
npoMikky x €[—Ll], sinkmx, BimnoBigHo: N =60,
6=1, y, =L161;1 N=300, 6=1, y, =1,056. fx
0aunMo, 301KHICTH PO3KIALY 38 OPTOTOHAIBHHUMHU
(YHKLISIMH € JTy’Ke [TOTaHoIo.

1,2
y
1,0

0,8

N

0,6

0,4

3
4

0,2

0,0

,0 2 4 ,6 08 x 1,0
Puc. 1. Anpokcumanii pynkuii y =x, x €[-L1].
3 Po3B’si3yBaHHs ABOBHUMiPpHHX KpaioBUX
3aja4 Teopii NPyKHOCTI

Posrnsnemo miocky KkpailoBy 3amauy  JuIs

IJIACTUHU 3i 3MiHHUMH MPYXHUMHU
XapakTepucTUKaMu [7], cepequHHA MOBEPXHS SIKOL
3aiimae NPSIMOKYTHY o01acTh

M={(x,y)e([0,a]x[-b,b])}, Ha kpasx L sKoi

3a7aHi HaBaHTaxeHHs. Hanpyxenns B oOmacti I1

BHPaXaIOThCA yepe3 GYHKI0 Hanpykenb F (X, y)
o*F *F O’F

o, =———, T,,=— , O
X ay2 xy axay ¥y ax2

)

OyHKIis HanpyxeHb (4) 3aJ0BOJIBHSE Take
PIBHSIHHS B YaCTHHHUX MOX11HUX [7]:

TF(x, 1) = (AGA) — ¢ ;7 +
5)

. 02 . 02
+2¢, ———q,—}F =0,
qu ayax qx ayz}

ne T — omeparop, BU3HAYCHUH CITiBBIIHOIICHHIM

* o
%), A=—2+—2 — JIBOBUMIpDHUH omeparop
ox® 0oy
|
Jlamnaca; y(x,y)=———, E(x,y)=EoE(x,y) —
E(x,y)

1+ .
monynb IOwra, q:?v, v(x,y) — KoedimieHT

Ilyaccona, Ey=FE(0,0), E;(x,y) — 06e3po3mipHa
¢yskmis.  I[loknmamemo, 1o MPYKHI  MOCTIiHI
marepiany E(x,y), v(x,y) € mapHUMH QYHKIISIMA
BIJHOCHO IBlYi

KOOpIMHATH ), HETEePEPBHO

nudepeniiiopanumu B obiacti [1. BBaxkarumemo,
0 XapakTepUCTHKa Marepialy ¢ Ha BiJCTaHl
piBHIli b MIHSETECS HE3HAYHO, TaK MO OYyIyTh

. . n "
BHUKOHYBATHUCS HEPIBHOCTI Y >> b2q y Y>> bqu , TO
piBHsSHHS (5) MOXHa HaONMKEHO CIPOCTUTH 10
TAKOTO PIBHAHHS B YACTUHHUX TOXiTHHX:

A(YAF)=0. (6)
IToznaunmo
© =yAF (7
1 mepenuieMo piBHSHHS (6) y MPOCTIIIOMY BHTJIS
AD =0, ®)

ne ®O(x,y) —rapMoHiuHa QYHKIIIS

JletanbHO PO3IIITHEMO BHIANOK, KOTU a >> b,a
HABAHTAKEHHA 3aJaHi TIbKM Ha MOINEPEYHUX
CTOpPOHaX, TaK W0 JOTUYHI HaBaHTAXEHHSI B
KyTOBUX TOUKax IUIACTUHM PiBHI HyJ0. Po3risHeMo
MapHi 3a 3MIHHOIO y HOpPMallbHi, HEMapHi JOTHYHI
HalpyXEHH 1 3alUIIeMO HaBaHTAKEHHS

o,(a;,y)=0,;(y), 145(a;,»)=1,;(),

Ty (a;,2b)=0, j=12, ©)]

ne ay =0, ay =a, o;(y)— napui HopmanbHi, T;(y)

— HemapHi JOTHYHI HaBaHTaxeHHs. s 3amaui (9)
3HalIeMO OCHOBHUI HANPy>KEHUI CTaH

15 1%
o= ]o1) =7 o200,
0 0
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TaK IO BiH OMUCYIOTHCS OJJHI€I0 KOMIIOHEHTOIO
HanpyXeHsb: G,(x,))=0(, A G — IOCTilHe
ycepeaHeHe HaBaHTaKCHHS.

BinHsABIIM OCHOBHMI HampyXeHWd cTaH 1
BpaxyBaBIM, 1IN0 da>>b BUXIOHY CHMETPUYHY
3aJa4y po3ALIMMO Ha J1Bi 3a1a4i. Po3rmstHemMo nepury
3 HUX, JUIA SIKO HaBaHTa)kKe€Ha TUIbKU CTOpoHa x =0

2
Gx(oﬂy): 6_1; |x=0: Gl(y)a
oy

2

0°F
Txy(oa)’): “axdy lk=0=T1() (10)
6.(a¢,9)=0 t,(a,y)=0, ye[0,b], (11
o, (x2h)=0 1, (x+h)=0, xe[0,a], (12)
e o (y)=0;(¥y)—06y — CaMO3pPIBHOBaXX€HE

HaBaHTA)KCHHS.

Hns 3apmoBonennst ymoB (10)—(12) po3s'szox
piBHsHHS (8) TOJaMO y BUIIISIAI CyMH psay 3a
MapHUMH BiJTHOCHO KOOPIUHATH Y (YHKLISIMH

N
D(x, )= b (),
k=1

(13)

ne b, — meBimomi koedimientn; N — HaTypaibHe
o (x)=cos(kwy), @4y (x)=sin(kwy),
k=1,N, ©=0.9m/b. Bpaxyemo criBBiIHOLICHHS

YHCIIO;

(13) 1 3amumemo piBHsHHA (7)

N
AF = EyEy (x,) Y by (v)e ™ . (14)
k=1

[MoOynyemo pO3B'A30K PIBHSHHA SIKHH
CKJIQ[IA€THCSI 13 CyMH 3arajbHOTO
N
R = Eq 3 a;x (v)exp(—kxe)
k=0

(14),

1 4aCTKOBOTO

—k ox

N
F,=Ey Y (agy 0r(0) + dp vy, y (0)e
=1

PO3B'SI3KIB, 1€ a; , d; — HEBiIOMi Koe(illieHTH.

@yHkuis HanpyxeHb F = F, + F| Mae BUIs]

N
F=Ey Y [(ag +apny?)or(n) +diyepy () - (15)
k=1

2021,3
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Bimznaunmo, mo HeBigomi KoedimieHTH aj, dj

MOBUHHI 337I0BOJIbHATH piBHSHHS (14) B obOmacti 1T,
SIKE 3aIUIIEMO Y TAKOMY BHUIJISII:

1 N
—|AF —E(x, )@ | Y {cp s nArn +
Ey =1

(16)

—k ox
+ ChiaNAr2N T 3N Aksan e |

ne ¢ =ag, k=0,2N, cpon =di, Cppan =by,
k=0.N, Apson () =2k00(y).
Ajin =20k () — 4koyor i N (V) ,

Ay =—E19,(»), k=L N. (17)

Jmns winimizamii BigxunenHs supasy (16) Bin
HyJIsl TiJHEcCeMO HOro 10 KBaapaTy, MiJICTABUMO B
Hporo ¢ynkmii (17) 1 micas iHTerpyBaHHS IO
obuacri Il oxmepxuMo KBagpaTHaHy (GOpMy

1 ab M
— [ [IAF - E(e,y)@Pdxdy = Y. cxe;By, (18)
000 k,j=N+1

ne M =4N,

b
By =[Ayd;dy, k,j=N+1,M;
0

1
Biyin, jemN =M iBiiin, jimn s

1 N

mi=1,3, my ; k,j=1,N.

Tk o

[lincraBumo  ¢yHKOit0O HanpyxeHb (15) 'y
criBBifHOMEHHS (4) 1 ONEpPKWUMO SIBHUH BUTJILIA
HanpyXeHb

N
G, = Ey Y {—k*0’cop +cp o n[(2- K0’y oy —
=1

— 4k, v 1+ (2koo, — K20 Yo, v ek oy e O,

N
G, =Eg 2k [(ey +cpsny )or(0) +
k=1

(19)

&
+ N YO N (DT,

N
1= Ey Y ko[—ko(cg +Cpany )Py +
=1

+ 205 N VO + Cpron (VOO + @4, n)]e

Bimznauumo, mo piBasaEs  (11)  OymyTs
HabKeHo 3amoBoJieHHi, a B piBHsaHHS (10), (12)
MiJICTABIMO KOMITOHEHTH HampyxeHs (19) 1 momamo
iX y KOMIIAKTHOMY BUIJISI[TI

—k wx
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3N
zckAm,k(Ym):Pms m:174’

k=1

(20)

ae vy €[0,0,], A=0'(»), P=1(»), P; =0,
j=3,_4, o =0, =b, 03 =04 =a, koediieHTn
Ap i (Y,y) BUBHAYAIOTHCS 13 HANPYXKEHS (19).

Meron moOyAoBH pO3B’S3KY CHCTEMH PiBHSHB
(20) r1pyHTyeTBCS Ha 3BEIEeHI BCIX HEB’S30K ii
PIBHSHB 70 HyJIs. 3aIIMCaHO HEB SI3KU

3N o
| chAm,k(Ym)_Pm |5 Ym e[O’OLm] , m=1,4. (21)
k=1

Po3pobneno  edexkTuBHY aHaTITHYHO-YHCIIOBY

METOJMKY, KA JO3BOJIMIA OJHOYACHO MiHIMi3yBaTH
Bci yotupu HeB’si3ku (21) y Hopmi [,[0,a,,] Ta

kBagparnyHy ¢opmy (18) 1 3Bectm momryk
HEBIJIOMMX ¢, 0 3HAXO/UKEHHA  MiHIMyMmy
¢dbyHKLiOHANTY, SKHHA BIANOBIIHO 3BEJCHO [0
y3arajgbHEHOT KBaAPaTHIHOT (HOpMHU
4 3N 2
2 Xk Amx = Bu ()| +
m=l1||k=1 m
M
+ Y By = (22)
k,j=N+1
S cpe W~ 2 et + P
_k’jZ:ICkC] ki kglck kT ,
ac
e, =y Iy "> (dy - nopma s Ly[0,at,,1,
%y 4
Wiy =By | L Ans @
0 m=

O'm
Vi = f A (NS Dy, kj=1,M,
0

P2=[R)} + [P} -

MiHiMyM y3arallbHEHOi KBaJpaTHdHOI Qopmu
(22) nns 3amanoro N mo3znauumo A(N), a 3MiHHI

C, Ha SKUX BIH JOCATA€ThCSA, MO3HAYMMO c,}{V .

Oyukio HaIpy>XeHb, AKa BHU3HAUYAETHCA

3HAWJCHUMH KOoedillieHTaMu cljcv , Mo3HauuMo [y .

2021,3
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4. 3HaxoIKeHHA YUCJIOBHX
30i2kHOCTI MOOYA0BAHOT O PO3B’SI3KY
Jlema [6]. @Dyuxyia A(N) Hesid'emna i He

KpuTepiiB

3pocmac.
Bigznauumo, mo kBagpatuyHa ¢opma (22)
BUOpaHa TaKMM YHHOM, IO I il MiHIMymMy A(N)

Ta 3HaiineHux ¢QyHKUid Fy(x,y) BHUKOHYETHCS
piBHICTBH
ab M N 5
AN =[]1 X e Ap(xp)dxdy +
00 k=N+1
) (23)
4 |[3N N
+ 2| 26k Ak ) = B )]
m=1|k=1 m

sKa Ja€ OLIHKY TOYHOCTI 3a70BOJieHHsT ymOB (18),
(20).

SIKIIO TPUIYCTHTH, IO BUKOHYETHCS PIBHICTH
A(N)=0, 1o Bci piBusuHa (18), (20) OymyTth
3a/I0BOJIEH] 1 BUXiJHA 3aj]a4a po3B’s3aHa.

Teopema. Skmo mis noBineHOro £>0 icHye

2

take N, 110 A(N)<ST, TO  HANPYIHCEHHS,

supadiceni uepe3 ¢yuxyito F(x,y)= lim Fy(x,y),
N>

6yoyme mouno 3adosonvHsimu ymoeu (10), (12) &
mempuxax L,[0,a,,], a maxooc pieuanns (6).

JloBeneHHs TeopeMu 2 OCHOBaHE Ha pe3yjbTaTax
pobotu [7].

Ob6eosopennss pezyromamis. @opma (22) He €
TiHIIHOIO, ae, SIKIIO ii MiHIMyM MpH 3pOCTaHHI N
OpsAMYe€ 10 HyJISl, TO 1€ 3HAYCHHS CIIY)KUTh OLIHKOIO
MOXUOKHU PO3B'SI3KY BCIX PIBHSIHB 1 YMOB, sIKi B Hei
BXOJISITh. Y3arajibHeHO Bigomuii meron Dyp'e Ha
BUIIAJIOK po3kyany (yHKLIH 3a HEOPTOTOHAIBHUMHU
CHUHyCaMU 1 KOCHHyCaMH. 3alpOIlOHOBAHUI MeTox
poO3B’A3aHHS KpalloBUX 3a/Jauy OPTaHiuHO IOEIHYE
YOTUPHU acleKTH: po3poOsieHy aHATITHYHO-YHCIOBY
METOAMKY  BHKOPHUCTaHHSM  HEOPTOTOHAIBHHUX
cucteM (YHKINH; pO30OHUTTS HAIpPYKCHOTO CTaHy Ha
OCHOBHMH 1 30ypeHHIl CTaHW; YHiBepCaJbHOMY

KOMIT' FOTEPHOMY 00YHNCITIOBATLHOMY MeToi
HaOJIMKEHOTO 3a/I0BOJICHHS JIOBUIBHOI  KiJBKOCTI
pIBHIHB 1 yMOB; BMOHTOBaHOMY B  HBOTO

KOMIT'FOTEPHOTO KOHTPOJIFO 301KHOCTI 1 TOYHOCTI
BJ)KE Ha PaHHIX eTarnax 004UCIIeHb.

BucnoBku. JloBeneHo, 110 HenepepBHy (QYHKILIO
MO’KHA PO3KJIACTH HE BUKOPUCTOBYIOUH OIHY 0a30BY
HEOPTOTOHANBHY (YHKIIIO, HANpPUKIAJ IOCTIHHY.
Ha 3amanomy npomikky [[j,/,] 3aBkou icHye
37iYeHHa KUIBKICTb HEOPTOIOHAJBHHUX  CHCTEM
OasucHuX (QyHKUOiIA, JOe KoXHAa (QYHKIis Oa3ucy
pO3KIIaIaeThest MO0 MboMy Oasucy. OproroHanbHi

105



Bicnux Kuiscbko2o nayionansnozo ynisepcumemy 2021,3 Bulletin of Taras Shevchenko

imeni Tapaca [lleguenka National University of Kyiv

Cepis izuxo-mamemamuymi Hayku Series Physics & Mathematics
cucreMr (QYHKUi € BHPO)KEHMM BUIAJKOM MPSMOKYTHIH IUIACTHHI 31 3MIHHUMH NPYXHUMH

HEOPTOTOHAIBHUX CHUCTEM (YHKLIH. 3anpOIIOHOBAHO
MO HAMPY>KEHOTO CTaHy IJIACTHHH HAa OCHOBHUM
HaNpy>XeHUH CTaH 1 30ypeHHid CTaH, SIKAW 3racae npu
BUJAJIEHH] Bl HABaHTAXEHOI CTOPOHM IUIACTUHM.
Po3po0neno  ajropuTM  aHaJiTUYHO-YUCIOBOIO
pPO3B'A3KYy KpaloBOi 3amadi Juii OPSIMOKYTHOT
TJIaCTUHHU i3 3MIHHAMHA MPYXKHAMHA
XapaKTepPUCTHKaMHU. 3apolOHOBAHO yHIBEpPCAIbHUM
croci0  3BeJEHHS BCIX TIpaHUYHHX YMOB B
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XapaKTepUCTUKaMH 10 MiHiMi3alii y3araJbHEeHOi
KBagpaTHyHOi ¢opmu. BcraHoBIeHO, MO WICTH
HCOPTOTOHAIBHAX  (YHKIIH  3HAYHO  Kparie
anpoOKCUMY€ pPO3pUBHY (QYHKIIIO YAM  THCSUI
OpTOTOHAJIbHI (YHKIII. 3HAWICHO KpUTEpil, 3a STKUX
noOyaoBaHui HaOMMKEHUH PO3B’SI30K 30iraerbcs 3
TOYHUM.
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Y oanitt pobomi memooom uanoinOeHmyganusi 0OVI0 NPOBEOEHO OYIHKY HNPYICHUX [ MIYHICHUX
enacmueocmeli NOAIMEPHUX KOMNO3UMIE 3 NONIMPUDMOPXIOPEMUNIEHOB0I0 MAMPUYeIo i HAno8HIOBaYeM 3
mepmiuHo po3uupenozo epagimy. Poszenanymo énnueé oucnepchocmi i KOHyeHmpayii HanoeHwosaua Ha
MEXAHIYHI ~ XAPAKMeEPUCUKU  HAHOKOMRO3UYitHux  mamepianie. Iloxazano, wo Mmikpomeepoicmo
HAHOKOMRO3UYIIHUX — Mamepianie — 3MeHWyemuvcs 31 3001bWeHHAM — KOHYeHmpayii  HanosHiosaud.
Cnocmepedcysari npu yvomy 3minu mooyns FOwnea i cnisgionowenns H/E ceiouamv npo 3miny amop@ro
KpUucmaniyHoi noeeoinku KoMnosumy 00 MAakoi, wjo Xxapaxmepua OpiOHOKpUCMANIYHUM mamepianiam 8
3ANeAHCHOCHI 8I0 OUCNEPCHOCIIE POZUUPEHO20 2PAPiny.

Knwouosi  cnosa: namoxomnozuyiunuii  mamepian,
posuiupenuii epagim,.

MIKpOmMEepoicmy,  ROLIMPUGMOPXIOPEMUIEH,

In this work, the elastic and strength properties of polymer composites with a polytrifluorochlorethylene
matrix and a thermally expanded graphite filler were evaluated by the nanoindentation method, and the
effect of the dispersion and concentration of the filler on the mechanical characteristics of nanocomposite
materials was considered. It is shown that the microhardness of nanocomposite materials decreases with
increasing filler concentration. An increase in the microhardness and Young's modulus with the growth of
filler particles was observed for nanocomposite materials with a filler concentration of 3 vol.%. As for
nanocomposite materials with a filler volume fraction of 10 vol.%, similar behavior of the mechanical
characteristics was observed with an increase in the dispersion of thermally expanded graphite particles to
180 um. A subsequent increase in the average particle size of thermally expanded graphite leads to a
decrease in Young's modulus and microhardness of composites, which may be associated with different
degrees of polymer structuring and the formation of different orientational orders from the filler. The
observed changes in Young's modulus and H/E ratio indicate a change in the amorphous crystalline
behavior of the composite to that characteristic of fine-crystalline materials and depends on the dispersion of
thermally expanded graphite.

Key Words: nanocomposite material, microhardness, polytrifluorochloroethylene, expanded graphite.

CrarTio npeacraBuB wieH-kop. HAH Ykpaian Xyk £.0.

OcoOaMBOCTI MOJIEKYJISIPHOT 1 HaMOJIEKYISIPHOL
CTPYKTYpH TOMTpH(MTOpXIOpeTHiIeH ((pToporuiacta
(®DIT)) 3abe3neuyloTh  peamizallilo  YHIKaJIBHOI
KoMOiHaiii HOro MIIHOCTI, TPUOOTEXHOJIOTIYHHX,
AQHTUKOPO3iHMX,  TEemTo(i3MYHMX Ta  IHMIKX

© C.JI. PeBo, T.I'. ABpameHKoO,
M.M. Menbandenko, K.O. Isanenko 2021

eKCIUTyaTalliiHIX XapaKTePUCTUK y Pi3HUX BUpoOax
1, 30KpeMa, podouunx aeransx odmaauanus [1]. PiznHi
HAMOBHIOBadi (BOJIOKHA 1 YacTKH)  YCIIIIHO
3MEHINYIOTh Ha KiJIbKa MOPS/KIB 3HOC PTOPOIIIACTIB,
ajyie BOHM TaKOX 1 MOTIPUIYIOTH JEsKi iHIII KOPHCHI
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TepMiuHI 1 XiMiYHI BiacTHUBOCTI. BukopucTanHs
BYIJICLIEBUX HAHOHAIIOBHIOBAYIB J03BOJISIE YCYHYTH
Oarato OOMEXeHb, SAKi BIACTHUBI TpPAAULIHHUM
HanoBHIOBauaM. [Ipy IbOMY HEBEJUKI KOHIICHTpAIlil
HaHOYAaCTHMHOK MOXXYTb IPHU3BECTH HE TIAbKH 0
MOKPAILIEHHST MEXaHIYHUX BIIACTHBOCTEH, TaKHUX SK
MilHiCTB, MOAyJdb  HOHra, nedopmamis 1o
pyWHYBaHHsS TONIMEpHHX MaTpullp [2,3], ame i
poOIsTH KOMTIO3HIIHTHAN MaTepian
eNEeKTPONPOBITHUM. Takoro poay CTPYMOIIPOBiAHI
MOJIMEepHI  KOMIIO3MLIHHI ~ Marepiaid  MOXYTb
YCHIIIHO  3aCTOCOBYBATUCS  JUIA  €KpaHyBaHHS
€JIEKTPOHIKH, abo CTBOPEHHS CKJIATHUX
0araTolapoBUX €JIEKTPOHHUX IUIAT.

VYV naHiii poOOTI TepMiuyHO pO3MMpeHuit rpadirt
(TPT") BUKOpHUCTOBYETHCS, SIK HAHOPO3MipHa (opMma
BYIJICLIEBOIO HAMOBHIOBAaYa, IJIsi CTBOPEHHS HAHO-
komno3umianx MatepianiB (HKM) na ocHoBi ®II.
JocmipkeHHst CTPYKTYpH 1 (Di3UYHUX XapaKTEePUCTHK
HKM  nozBomsite  cdopMmymioBaTH  HayKOBO
OoOrpyHTOBaHMH TWiAXil A0 TNPOTHO3YBaHHS i
LJIbOBOTO  PEryJIlOBaHHS  BJIACTUBOCTEH  Takux
komno3utiB [4]. B cyuacHOMy MaTepiano3HaBCTBI
mono mnomimepanx HKM  Hemae  3arampHUX
METOIOJIOTTYHHAX M IXO0/IIB i OTPUMAaHHS
MarepiaiiB 3i cTablIbHUMH MeXaHIYHUMH
napamerpamu. ToMy Meror naHoi pobotu Oyro,
BUKOPUCTOBYIOUH HEPYyWHIBHHUH METOA  MIKpo-
IHIEHTYBaHHSA BCTAHOBUTU 3aKOHOMIPHOCTI BILIMBY
KOHIIEHTpaii MoAPiOHEHOTO TPT Ha
CTPYKTYpOYTBOPEHHSI KOMIIO3MTIB 1 IX MeXaHiuHi
XapaKTepUCTHKH Ui CTBOPEHHS MaTepialliB 3
MIPOTHO30BAaHUMH BIACTUBOCTSIMH.

3pa3ku i MeToau BUMIpiB

Hns  mpurotyBamns HKM  BukopucroByBaiu
TPI', oTpumaHMii TEPMOII30M OKHCIEHOTO TpadiTy
[5]. Hoporkosi 3pa3ku TPI" manu uepBomnoaiOHy
CTPYKTYpY YaCTHHOK 3 BEJUKOIO IUIOMICIO MOBEPXHi
35-70°M%/T, NOBXKHHOIO YacTHHOK IO S5°MM i iX
epeKTUBHUM  JiaMeTpoM  OJHM3BKO 0,3°Mm.
3acrocoByBaim noporiok TPI™ 3 cepeanim po3mipom
nornepedHoro nepepilzy yacrunok 40, 80, 120, 180, i
260°mkM. B sxocti marpuimi OyB BUKOpHCTaHHUN
nmopomok ®IT mapku B. Ilopomok momiMepy i

nucneproBanoro TPIT  momepenHbo  3MimryBaiu.
[licns 1poro cymiml TOPOIIKIB —CHiKamacs Yy
BaKyyMHIi LWIIHAPUYHOI 1mpec ¢opMmi  1mpH

temmepatypi 215 + 5° C, tucky 30 MITa i mBumxocTi
HarpiBy-oxonomkenus 40° C ua roguny. CTpyKTypHi

XapaKkTEepUCTUKKA  3pa3KiB  (30KpeMa,  CTYIiHb
KPUCTAIIYHOCTI) ~ BU3HAYaJM 32  JIOIIOMOTOIO
mudpakrorpaM, OTPUMAaHHX Ha aBTOMAaTUYHOMY
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I pakToMeTpi JAPOH-4M. MikpoTBepaIicTh
OTPUMAHHX MaTepialiB BHUMIPIOBAIH  METOAOM
KIHETUYIHO1 TBEp0CTI o Meiiepy, BUKOPUCTOBYIOUH
npuwiag MikpoH-raMMa, SKHH J03BOJISIE OJHOYACHO
peecTpyBati TIHOWHY TPOHWKHEHHS 1HIEHTOpa 1
HaBaHTaXeHHA. JIOCHiKEHHS TPOBOAWIM TIPH
HaBaHTaxeHHl B miamasodi Bix 40 mo 120 r 3a
CXEMOI0 HAaBaHTAKEHHSA-PO3BAaHTAKEHHS 1HAEHTOPA
(6e3 BUTpUMKHM MiX IUKIIaMH). BennanHa KOXKHOTO 3
VKOJIIB € CepeIHIM 3Ha4YeHHsSM 15 moCIigoBHUX
BJIaBJICHb iHAEHTOpA 3 KpokoM 100 MKM.

PesynbTaTtn T2 iXHE 00rOBOPEHHS

[Monepenni pe3ynbTaTi JOCTIKEHb
MiKpocTpykTypu [4] moKasamu, MO KOXHA
yepBonofiioHa  wactka TPIT  ckmamaerbes 3

MIiKPOKPHCTANITIB, fKi MalOTh CTPYKTYpPY, HOIIOHY
no  mpupoaHoro  rpaditry.  Posmipm  HaHO-
CTpykTypoBaHux ¢parmentisB TPI' 3HaxomsTbcs B
Jliana3oHi B NEKIJIBKOX IO COTEHb HAHOMETPIB.
[Ipu  mexaniuHiii  aucnepramii  BinOyBaeThcs
(hparMeHTallis 4YacTOK, 3MIHIOETLCS X MOpdoIoris, a
(hopma mparse 3MiHUTHUCS 10 AuckonoAioHoi. [Ticis
MIpecyBaHHs i CIiKaHHS YacTKH TP
PO3IIapOBYIOTHCS 1, B 3AJIE)KHOCTI BiJI JUCIIEPCHOCTI
TPT', mo-pi3HOMY po3moniisiroreest B Marpuii OII.
TakyuM YMHOM, AWCIEPCis NMOPOLIKIB € Ba)JIUBOIO
XapaKTePUCTUKOIO,  OCKUIbKM  BOHa  (opmye
BJIACTUBOCTI Bciel cuctemu. [lpu 1ipoMy mexaHiuHi
BJIACTHBOCTI MOJIIMEPY B 3HAYHIHM Mipi BU3HAYAIOTHCA
CTYIEHEM  KPHUCTAiYHOCTi,  TOOTO  BMICTOM
KpUCTANIIYHOT (pa3u B CTPYKTYpi MmoJimepy.

Ha puc. 1 HaBeneHa 3alie)HICTh MIKPOTBEPIOCTI
(H) Bin HaBaHTaXKeHHS, OTPUMaHa Ha TNPUIIaAi
MikpoHn-rammMa. Sk BUIHO 3 puC. 1 MIKPOTBEPIICTH
3pa3KkiB MOHOTOHHO 3MEHIIYETbCS 3  POCTOM
HaBaHT@)XEHHA Ha I1HAEHTOp. 3MiHM aOCOIIOTHUX
3HaueHb Benmmunan H must HKM 3 koHIneHTpari€eto
HamoBHIoBaya 3°00.°% cranosuts AH = 0,05 I'Tla.
IIpn nHaBanTaxeHnHi Ha iHaeHTop 120°T, 3HAYeHHs
MIiKpPOTBEPAOCTI JUIA 3pa3KiB 3 AUCIEPCHICTIO YaCTOK
HamoBHIoBaya 40, 80 i 260 mxm cranoButh 0,28, 0,3
i 0,35 I'Tla BiamoBimHO (puc. la). 30imblIeHHS
konnentpamii TPI' mo 10°06.°% mnpu3BOIUTH MO0
3MEHIIEHHS 3HaueHb MIKPOTBEPJOCTi, HaBITh Vy
BimHoIIeHHl HeHarnmoBHeHoro DII. 3menireHHs
MiKpPOTBEPAOCTI npu 301IbLICHH] BMICTY
HAIOBHIOBaYa MOXKHA TOB'S3aTH 31 3MiHOIO TUMY i
KUTBKOCTI KpucTaniyHoi ¢a3u mnomimepy. Tak mis
HKM npu naBantaxeHHi Ha ingentop F = 120 CH,
H npwuiimae 3nauenns 0.13 1 0.10 I'Tla mst 3paskiB 3
JIUCTICPCHICTIO 4acTOK HamoBHIOBaua 120°MkM i
500°mkM (puc. 16).
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H, Ma
0,401
0,381
0,361 3
0,341 ;
0,321 1
0,301
0,281
80 90 100 110 120
F, cN
a
0.25, H, Ma
0,201
0,151 1
2
0,101 3
40 60 80 100 120
F,cN

0
Puc. 1 3ajexHOCTI MIKpOTBEpIOCTI Bij HaBaHTa-
JKeHHS Ha iHgeHTop a) g 3paskie OII-TPT, C
(TPI") =3 06.%, D =40 (1), 80 (2), 260 (3) MxM;
6) g uucroro @I (1) i HKM C (TPT) = 10 06.%,
d=120(2), 500 (3) MKMm.

OtpumaHi pe3ynbTaTd OyJIM BUKOPHCTaHI Ui
BH3HaueHHs 3HadueHb Moxayist FOura HKM (puc. 2).
Jns HKM 3 konnenrpariero TPT' 3 06. % moxynb
IOHnra 36inbmyethes i 3poctae Big 2,3 1o 3 I'Tla npu

301IbIIEHH]  CepegHbOr0  PO3MIpy  YaCTHHOK
HanoBHioBaua Bing 40 mo 260 MxMm. 30inbLIeHHSA
KoHHeHTpauii ByrieueBoi ¢asu g0  10°00.°%

noripurye npyxHi BiaactuBocti HKM. Ilpu upomy
MPOCTEXKYEThCS PO3KUA 3HaYeHb Moayis FOnra mst
3pa3kiB 3 pisHOro jgucnepchHictio TPI.  Tak,
MminiMansHe 3HaueHHs E = 1,5 I'Tla (ra 10% wmeHIme
3HaueHb 1yt @IT), crioctepiranocs 11 KOMIIO3MIIIT 3
mucriepcHicTio TPT 120 MM, a MakcuManbHe E°=
=°1,8 I'Tla gns HKM 3 (TPI') = 180 mkm. Po3kun
3HaueHb Monyist HOHra moxke OyTu moB's3aHuil 3i
3MIHOIO KiJIbKICHOTO CITiBBIJIHOIICHHSI KOMITOHCHTIB
Marepialy 1 TPOCTOPOBOI Opi€HTAIil YacCTHHOK
HAMOBHIOBaYa. 3a OTPUMAHHMHU PE3yJbTaTaMU
JOCTIJKEHHST OyJl0o TakoXX MPOBENCHO OIHKY
CTyneHs 3MilHEHHsS Marepiany. BigHomeHHs
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TBepaocTi Matepiany H 10 #oro Moayns npys>KHOCTI
E (H°/°E) 3py4HO 3acTOoCcOBYBaTH HJsi HIBUJAKOI 1
e(eKTHBHOT OIIHKH CTYICHS 3MIIIHEHHS MaTepiaiB.
Benuunna H°/°E xapakrepusye 31aTHICTh MaTepiany
3MIHIOBaTH CBOIO (opMy 1 posmip B Tporeci
nedopMariii, a TaKOXK MOXKE CIY)KUTH SKICHOIO
MOPIBHSTLHOIO XapaKTEePUCTUKOIO OMOPY MaTrepiaiiB
Jeopmariii mpu MeXaHiYHOMY HaBaHTKCHHI |1,
TaKUM 4YHHOM, BiJOOpakaTd WOro CTPYKTYpHUMA

E, Ma

Puc. 2 Moayne FOnra mis 3paskis ®I1 (1) i HKM
OII-TPI" 3 konuenTpartiero TPT" 3 006.% (2, 3,4)1 10
00.% (5, 6, 7) i mucnepcHICTIO Horo yacTuHOK: 40
(2),80(3), 120 (5), 180 (6), 260 (4), 500 (7) MKM.

40

F,cN

Puc. 3 3anexnicts BignomenHs H°/°E npu pizHoro
CTyIeHs1 HaBaHTaxkeHHI ans 3paskiB ®II (1) i HKM
@II-TPT" 3 xoHuentparieto TPI" 3 06. % (2, 3, 4) i
10 06. % (5, 6, 7) 1 OAECHEPCHICTIO HOTO YaCTHHOK:
40 (2), 80 (3), 120 (5), 180 (6), 260 (4), 500 (7)mKM.

cran: H°/°E <0,04 - xpynmHO KpHCTalli4Hi METalH i
crmaBy;  H®/°E~0,05...0,09-npiOHOKpuUCTamiuHi i
HaHOMarepiaiH, IHTeHCUBHO-IeOPMOBaHi, MYJIbTH-
(azoBi, kepamika, mokputTs, mwiiBku; H°/°E > 0,1 —
amopdHuii, abo aMOp(HO-KpUCTATIYHUK CTaH
Matepiany. 3a 3HaueHHAMH BigHouieHHs H°/°E Oyino

109



Bicnuk Kuiscbkoeo nayionanvHozo yHieepcumemy
imeni Tapaca Illeguenxa
Cepis ¢izuxo-mamemamuyni HayKu

Bu3HaueHo xapakrep noseninku HKM OII-TPI" npu
pi3HIll BenW4MHI HAaBaHTaXXEHHS Ha IHAEGHTOP (pHC
3). 3 puc.3 BHIHO, 10 TIPY HEBEJUKIA KOHIIEHTpAITii
HaroBHI0Ba4da (3 00.%) 3nauenns H°/°E = 0.1, mo
BIZIMIOBiZIa€ aMOP(GHOMY CTaHy 3pa3KiB. Y TOH ke
yac, MpW OUIbIIM KOHIIGHTpaIlii HAlOBHIOBAYa
(10°06.°%) cnocrepiraeTbcsi 3MiHa CTaHy 3pasKiB
Mpy  HaBaHTAXKEHHI BiXl amMoppHOrO 110
npiOHOKpHCcTaiyHOrO abo Kepamiunoro tumy. lLle
CBIIUMTHh PO 30UIBIICHHSA BIUIMBY Ha MEXaHIYHI
XapaKTEePUCTHKH KOMITO3UTY BYTJICLIEBOTO
kommoneHnty. [lpu 1pomy 3HadenHs HC/°E
3MmeHuryeTsest 1o 0,07.

Taxum YHHOM, 3aCTOCYBaHHS METO/iB
IHIEHTYBaHHA J03BOJISIE BUPILIYBATH LIMPOKE KOJIO
MUTaHb  (PI3UYHOTO MaTepiaio3HABCTBA, SKi €
YACTHHOIO OUIBII CKJIQJAHUX KOMIUIEKCHUX 3aBJaHb.
30kpema, METOU 1H/IEHTYBaHHS J1al0Th MOXIJINBICTh
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BH3HAYaTH MeEXaHIYHI BJIACTHBOCTI, IUHAMIKY 1
MeXaHi3MH nedopmarii  Halpi3HOMaHITHIIIMX
MaTtepiaiB B TOMY 4YHCIi 1  TOJIMEpHUX
HAaHOKOMIIO3HTIB.

MeTogoM BHUMIpIOBaHHS MIKPOTBEPIOCTI OYyi0
NPOBENEHO  OIHKY MNPYXHHUX 1  MIIHICHUX
BJIACTUBOCTEH aMOpP(HO-KPHCTATIYHOTO KOMIIO3UTY
3 MO TPUPTOPXIOPETUIICHOBOIO MAaTPHUIICIO.

[Mokazano, mo wmikporBepaicte HKM ®II-TPT
3MEHIIYEThCSI 31  30UIBLICHHSM  KOHIIGHTpAIi
HarmoBHIOBaua. CrocTepexyBaHi NMpH IbOMY 3MiHH
monyins FOura i Bignomennss H®/°E cBiguaTh mpo
3MiHy aMOP(HO KPUCTATIYHOTO CTaHy KOMIIO3HUTY IO
CTaHy JApiOHOKPUCTAJIYHUX MaTepianiB, 1 3alexarhb
Bin mucnepcuocti TPI. Ile moxxe OyTu mos'sizaHo 3
PI3HHM CTyNIEHEM CTPYKTYpOBAaHOCTI TOJIMepy 1
(hopMyBaHHAM B CTPYKTYpi moOJiMepy pi3HOTO
OPIEHTAIITHOTO TTOPSIIKY .
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(")ﬁrpyHT.yB ?HHH 3aCT0cyB2}HHﬂ HeJIIHll/I-. Justification of application of nonlinear
HOI Mo/ B sI3KONPYKHOCTI THITy MO | yiscoelasticity model of Rabotnov's model type in

PabdoTHoBa B 3aga4ax moB3y4ocTi creep problems

Incruryt mexaniku C.I1. Tumomenka HAH S.P. Timoshenko Institute of Mechanics, 252680,
VYkpainu, Byn. Hecrepoga, 3, 03057, Kuis; Nesterov str, 3, Kiev;
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3anesxncuicmv mioe KOMROHEHMAMU MEH30pA 0epopMayiil, MeH30pa HANPYICEHb | 4aCoM 3a0aEMbCs
3a  OONOMO20I0 GUSHAYANILHUX DPI6HAHb CNAOKOBO20 MUNY, WO 3ANUCAHI BUX00AYU 3 2inomesu
nponopyitinocmi desiamopie. B sixkocmi 00’exmy 0ocniddicennsi po3ensioarmscsi MOHKOCMIHHI mpyouacmi
eleMenmuy 3 noxiemunery Hu3bko2o mucky. Obepynmogyemvcsa 001acmb 3ACMOCYBAHHA MOOEI 8UX00AUU 3
einomesu iCHY8aHHs €OUHOI Oiazpamu MUmMmego2o Oehopmysants i €OuHoi diazpamu 00620MPUBANO20
Odehopmyeanns. Ilepesipsemvcs ineapianmuicmo Oiacpam posmsey i KpYYeHHs. GIOHOCHO HANPYHCEHO20
cmany. Busnaemvcs obnacmv  HemiHilHO-NPYHCHO20 OeopmysaHHA. Busnauanvhi — pieHAHHA MOOeni
micmame HaOip GyHKyil | Koegiyichmis, wo suzHaAUaOMbCs 3 6a306uUx ekcnepumenmie. Pospobieno memoo
BU3HAYEHHSI NAPAMEmpI8 s10ep CNa0K08OCMI HENIHIUHO 8 SI3KONPYICHUX MAMepIanie 3a YMO8 CKIAOHO20
Hanpyceno2o cmauy. Heninitinicme 8'a3konpysjicHux enacmusocmell 3a04€mMvbCsl PIGHAHHAMU MUNY MoOei
Pabomnosa. Memoo tpynmyemubcs Ha cniggiOHOWEHHAX MIdC A0paAMU NOB3YUOCMI, WO OMPUMAHI 30 YMO8
CKAAOHO20 HANPYHCEHO20 CMAHY [ AOPAMU NOB3YYOCHI 34 YMOB OOHOBUMIPHO20 HANPYHCEHO2O CMAHY.
Memoo anpobyromvcsi eKCnepumMenmanbHo HA 3a0a4ax po3paxyuky depopmayii nogsyuocmi npu
KOMOIHOBAHOMY HABAHMANCEHH] MOHKOCMIHHUX MPYOUamux ejemMeHmis 3 nojiiemunieHu HU3bK020
MUCK).

Kmouosi cnosa: neninitina 8's13KONPYCHICMb, CKIAOHUL HANPYICEHUN CMAH, 0iazpama MUmmegoco
Odehopmyeanns, diacpama KpyueHHs, NOB3006IHCH NOBIYYICTHL, 3CY8HA NOG3YUICMb, 00 EMHA NOG3YHICMb,
s0pa cnadko8ocmi, i30XpOoHHI diazpamu.

The relationship between the components of the strain tensor, stress tensor and time is given by the
defining equations of the hereditary type, which are written based on the hypothesis of proportionality of the
deviators. Thin-walled tubular low-pressure polyethylene elements are considered as the object of research.
The scope of the model is substantiated based on the hypothesis of the existence of a single diagram of
instantaneous deformation and a single diagram of long-term deformation. The invariance of the tensile and
torsion diagrams with respect to the stress state is checked. The region of nonlinear elastic deformation is
determined. The defining equations of the model contain a set of functions and coefficients determined from
the basic experiments. A method for determining the parameters of heredity kernels of nonlinear viscoelastic
materials under complex stress state has been developed. The nonlinearity of viscoelastic properties is given
by equations of the Rabotnov's model type. The method is based on the relations between the creep kernels
obtained under conditions of complex stress state and the creep kernels under one-dimensional stress state.
The method is tested experimentally on the problems of calculating creep deformations under combined
loading of thin-walled tubular elements made of low-pressure polyethylene

Key words: nonlinear visco-elasticity, complex stressed state, longitudinal creep, shearing creep, volume
creep, diagrams of instant deformation, diagrams of torsion, longitudinal creep, shear creep, volume creep,

heredity nuclei, isochronous diagrams.

CrarTio npeacraBuB wieH-kop. HAH Ykpaian XKyk £.0.
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Beryn

[Hupoke 3aCTOCYBaHHS TOHKOCTIHHUX
TpyOUYacTUX eJIEMEHTIB 3 MOJIIMEPHUX MaTepiaiiB
3yMOBWIO J€TajlbHE BUBYEHHs iX B’S3KONPYXKHUX
BIIaCTHBOCTEH. bararo eneMeHTIB KOHCTPYKIIIH
SIBIISIIOTE  COO0I0 00’€KTH, IO JedOpMYIOTBCS 3a
YMOB CKJIQIHOTO HaIlpy)kKeHoro crany. Haituacrimie
nedopMyBaHHS B’ A3KOMPYXKHUX CepeIoBUIILL
3a7al0Th 3a JOIMIOMOTOI0 PiBHSHb CHAIKOBOIO THITY
[1-2]. PiBHSHHS BCTAHOBIIOIOTH 3aJCKHICTH MiXK
KOMIIOHEHTaMH TeH30pa Jedopmaliif, TeH3opa
HaNpy>XeHb 1 9aCOBUM IHTErpaJIbHUM OIIEpPaTOpOM, 1
MICTATh siipa  CHAJKOBOCTI, Ha0ip QyHKIIH i
KOe(IIli€HTIB, 10 BU3HAYAIOThCA 13 0a30BHX
€KCIICPUMEHTIB.

OpHi€ero 3 TimoTe3, MO BHKOPUCTaHA TPH
noOyJ0BI  BHU3HAYalbHUX  PIBHAHB 332  YMOB
CKJIaJJHOTO  HAMpPY)XEHOr'0  CTaHy € TinoTesa
TIPOTOPIIIHOCTI JieBiaTopiB TeH30piB. B pamkax miei
rinore3n B poboti [3] moOymoBaHO cHcTEMY
BU3HAYaIbHUX PIBHSHB VTS HENIHIHHUX
B’SI3KONPYXKHUX cepenoBull. B poboti [4] smpa
CHAaJKOBOCTI 3a YMOB CKJIaJHOI'O HaNpyXeHOIo
CTaHy BH3HAYalOThCS 3a SApaMH IOB3JIOBXKHBOT 1
MOTIEPEYHOT MOB3Y4OCTi.

B nmamiii crarti 0oOrpyHTOBYETBHCS 00IacTh
3aCTOCYBaHHS MOJCTI BHUXOASYH 3  TiOTE3H
iCHyBaHHS €TUHOT IiarpaMu MUTTEBOTO
neopMyBaHHS 1 €AMHOT JiarpamMu JIOBTOTpH-
BaJIOTO nedhopMyBaHHS. [epeBipsieTbest
iHBapiaHTHICTh JiarpaMm poO3TATY 1 KpPy4YeHHs

BIJTHOCHO HalpyXeHOro cTaHy. BusHaeTbcs o0sacTb
HeniHiHHO-TIpy>XHOTO nedopmyBanHs. Po3pobieHo
METOJl BU3HAYEHHS IapaMeTpiB sAlep CIaJKOBOCTI
HENHIHHO B’S3KONPYXXHUX Marepi-aliB 3a yMOB
CKJIaJJHOT'O HAlpy>KEHOI'0 CTaHy.

1. IlocTanoBka 3agayi

B pobGoti posrmsgaerses  aedopMyBaHHS
130TPOMHMUX HENiHIMHO-B’I3KOMPYXKHUX CEePe0-BHUIL
31 cTaOlIPHUMH MEXaHIYeHUMH BIACTHUBOCTSIMHU 32
YMOB CKJIaJHOTO HANpYy>KEHOTO0 CTaHy i3 3aJaHoIo
IIPOTrPaMOI0 HaBaHTa)KEHHsL, TaK 110

0,(2), (0,0, ()
e O-i/ — KOMITOHCHTH TCH30pa HAIIPY>KCHb, t — 4yac

CIOCTCPEKEHHA, 7 —Yac, IO IIEpEaye MOMEHTY

cnocrepexkenHs.  Ilpomec HaBaHTaxeHHA (1)
BB2)KAEMO MPOCTHM, TaKk IO BHUKOHYIOTHCS
CIIBBIIHOIIIEHHSI

01 = ()T 15ees Ty = H(1)T 55
BusHauanbHi piBHSHHS IO 337a0Th 3aJI€XKHICTh
MK KOMIIOHEHTaMH TeH30pa aedopmamnii gi/,(t) i
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KOMIIOHEHTaMH TeH30pa Hanpyxenb o0, (¢) npu

MOB3YYOCTi 3alHUIIEMO Y BUIIIALI [3]

_35,(0,(0:1) ~
e (0,()-8,0,(1))

2,(6,0) = 0,0+ 4, [ K, (1~ D)o, (1)

&0 -10,6.()
()

o, (e, (0)=0,(t)+ leKV(t -1)0,(7)dr,

e &) i &¢ -
iHTeHCHBHICTB TeH30pa nedopmaniit; o, (f) i o,(¢)

o0’emHa nmedopmanis i

— TMepmuid iHBapiaHT 1 IHTEHCHUBHICTH TEH30pa

HaNpyKeHb, O

— genbra-pyHKUis KpoHekepa,
@,(-) i ¢,(-) — bynkuii, mo 3a1a10Th HENiHiHHICTE
ckamsipuux Buacrusocreit; K (1), K, (), 4, 4, —
PEOJIOrivHI apaMeTpH.

HemniniifHicTh B’SI3KONPYKHUX BIIACTHBOCTEH B
piBusiHi (2) 3agaetsest Gynkuismu @,(0) i @,(),
SKi 3aJ0BOJIBHSIIOTH TilOTE31 €IWHOI  Jiarpamu
KOPOTKOTPHBAIOrO Ae()OpMyBaHHS B KOOpAWHATAX

,,IHTGHCUBHICTb HAIpPY)XeHb O, - IHTCHCHBHICTb

aebopManii &7 1 ,.cepeqHE HANpPyXKEHHI O,—
00’emua nedopmanis &,

BBaxkaeTscs, 10 miarpaMd KOPOTKOTPHUBAJIOTO
nepopMyBaHHS 1HBapiaHTHI IO BiJHOIIEHHIO [0
BTy HaIlpy>KEHOTO CTaHY.

3agaua monsArae |y oOrpyBaHHI  00MacTb
3aCTOCYBaHHS MOJIENi BHUXOISYM 3  TINOTE3H
ICHyBaHHS €TUHOL JiarpamMu MHTTEBOTO
nedopMyBaHHS 1 €JMHOI JiarpamMu JOBIOTPH-

Bajioro nedopMyBaHHs, ampoOarii iHBapiaHTHOCTI
JiarpaM po3Tsry i Kpy4eHHS BiTHOCHO HANpy>KEHOTO
CTaHy, BHM3HAUEHHI OOJIACTI HENIHIHHO-TIPYKHOTO
nepopMmyBaHHs. BusHadeHHI mapameTrpiB  saep
CIa/IKOBOCTI HEJIHINHO B’S3KONPY)XHUX MarepiajiB
32 YMOB CKIQIHOIO HAampy>KeHOTO CTaHy Ta
anpo0arii OTpUMaHUX 3aJIEKHOCTEH MIXK sSJIpaMyd Ha
3ajjayax po3paxyHKy Jedopmamiii MoB3y4oCTi Ta
penakcariii Harpy>KeHs.
2.00rpyHTyBaHHS 3aCTOCYBAHHS HeJdiHiHHOT
Mojei B’ SI3KONPY-KHOCTI

IcHyBaHHS €qMHOI  JiarpaMd  MHUTTEBOTO
nedopMyBaHHS OOTPYHTOBYETHCS 3a pe3yiIbTa-
TaMH KOPOTKOTPHBAJIUX BHUIPOOOBYBaHb TOH-
KOCTIHHUX TpyO4aTux 3pa3kiB Ha OJHOBICHUIA
po3TAT 1 uymMcTe KpydeHHs. Bwupasum s
IHTEHCUBHOCTI HampyXeHb 1 gedopmariii 3a
YMOB OJIHOBICHOTO PO3TSTY MalOTh BHUTJISIT
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1-2v
0;=0nu, & =¢&;~ 3E O ®)
a 3a YMOB YHUCTOT'O KPYUYCHHA —BUTJIA
I 2
i = N3y g = 4)

fgﬂ .

Tyr E — Momynb mpyx)HOCTi; V — KoedilieHt

Ilyaccona.
Ha pwc. 1. mpencraBneHo —3aieXHOCTI
o;, MIla —
10 T
&
5
0 25 30 75 &, %

Puc. 1 — Enuna niarpama «MuTTEBOTO» JeopMyBaHHS
MOJIIETHIICHY HU3BKOTO TUCKY 32 YMOB OIHOBICHOTO pO3BIry (O) i
YHCTOTrO KPY4eHHs (@)

IHTEHCHUBHOCTI HOPMaJIbHUX HAaNpYXeHb Bif
IHTEHCHBHOCI ~ JIiHIHHUX  JedopMarii  ams
NONIETHWICHY HU3bKOTO THUCKY. 3aJIe)KHOCTI

noOyoBaHO 3a pe3ylbTaTaMH BHIIPOOYBaHb
TOHKOCTIHHHUX TpyOUaTux 3pa3KiB 3
BUKOpHCTaHHSM cmiBBigHomenb (3) 1 (4). B
iJIOMy, sIK TOKa3zye puc.l, rimoTe3a icHyBaHHS
€IMHOI JliarpaMu «MHTTEBAro» neGpopMyBaHHS
ISt HOJTieTHIICHY HHU3BKOTO THUCKY
miaTBepKyeThCs. [IpakTH4HO BCi TOYKHM, IO

BIINOBINAIOTL 3aJIEKHOCTAM O, Bil &;, He

BHUXOJIITh 33 MEXI IHTEpBAIy, OOMEXKECHOTO
BEIIMYMHOIO O = +5%.

3. Emmna  pgiarpama = J0BroTpHBaJIOro
aepopmyBanHs I3 ¢akTy icHBaHHS €IUHOI
miarpaMu «MHUTTEBOTOY negopMyBaHHS
BUIUIMBAE, M0 3aJIEKHICTH IHTEHCHBHOCTI
&, %

0 400

800

1200 t, 4yac

Puc.2 — Enuna piarpama qoBrorpusaioro aedopm-
YBaHHS TIOETAJIEHY HU3BKOTO TUCKY NIPH. T, = 2,59
(0,1); 3,92 (9,2); 5,88 (#,3) MIla.— — piarpama, o
Bi/IMIOBi/1a€ OZTHOBICHOMY PO3TATY;— — Jiarpama, 1o
BIJIIOBi/Ia€ YUCTOMY KPYUCHHIO
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Hampy>XeHb BiJi 1HTEHCUBHOCTI Jedopmariiit
MOe OyTH BH3HAaYeHa 3a pe3yJbTaTaMu
BUNPOOYBaHb Ha OJHOBICHUH pO3TAr. B mpomy
BUTIAJIKy BUPA3H /ISl iIHTCHCUBHOCTI HANPy>KEeHb
1 nedopmariiif 32 yMOB OJHOBICHOTO DPO3TATY i
YHCTOTO Kpy4eHHS 3a1atoThes 3rinno (3) i (4), a
npyu KOMOIHOBAaHOMY HAaBaHTA)KEHHI PO3TATOM 3
KPYYCHHSIM 3aIUIIEMO Y BHTJISI1

_ [ .2 2.
o, =40, +375,;

2 2 2 2
& =—=A(&,—6p) +(&5—&,) +6&
\/5\/ 11 22 33 11 21

e €,, = &35 —Tonepeuni edopmanii. Inmi mos-

)

HAYCHHS CIIBMAAI0Th 3 TPpHHATUMH B (3)1 (4).
Ha puc.2 nmpexacraBieHo — 3aJI€KHOCTI
IHTEHCUBHOCTI Je(opMailiii MOB3ydOCTi Bij
yacy JuId MOJIeTWIEHY HU3BKOIO THUCKY.
[Tprxo-BUMHK TiHISIMH HAHECEHO 3aJIeKHOCTI
IHTEHCUB-HOCTEH nedopMallii MmoB3ydocTi Bij
Yacy 32 yMOB OIHOBICHOTO pO3DITY, a IITPHX-
TyHKTAPHUMH JIHUSIMA — 32 YMOB YHCTOTO  KPYYCHHSI.
Sx  cBimuuTh puc. 2, U1 TONIETUICHY
HHU3BKOTO THCKY MiATBEPKYETHCS TaKOXK 1
rinore3a  IiCHYBaHHA  €IWHOI  Jiarpamu
JIOBTOTPUBAJIOTO nepopMyBaHHS B

KOOpAMHATAX «E; — 1. 3HaueHH

iHTeHcuBHOCTEH neopmauiii &; (), orpumani

32  yMOB KOMOIHOBAaHOTO  HAaBaHTAXKCHHS
PO3TATOM 3 KPYYEHHSAM (TOYKM), MPAKTHUYHO

CHiBNANAOTL i3 (1),

OTPUMaHUMM 32 YMOB YHCTOIO PO3TATY
(wtpuxoBi minii). OueBuaHO, WO BUA 1
napaMmeTpu (QYHKI[IOHATBHOI 3aJIe)KHOCTI, IO
3aJa€  €IUMHY Jiarpamy JIOBrOTPHBAJIOrO
nepopMyBaHHS, MOKe OyTHM BH3HaueHa 3a
pe3ynbTaTaMH BMIIpOOyBaHb Ha OJHOBICHY
MOB3YyYiCTh.

4. Po3paxyHok aedopManiii moB3y4ocTi 3a
YMOB CKJIaJIHOTO HANIPY’KEHOT'0 CTAHY

Bubip crpyktypum sAapa  3miiiCHEHO
BUXONAYM 13  MIHIMyMy  KBaJpaTHYHOTO
BIIXWJICHHS JIUCKPETHUX 3HAYCHB SIEP BIX iX
aHAITUYHUX BHpa3iB. B poboti B sKocTi simpa

3HA4YCHHAMU

CHagKOBOCTI BUKOPHCTAHO JpoOOBO-

EKCIIOHEHIIIaTbHE SIIPO e

K(t_r)_ ] Z( B (t-7) (6)
-0 S Ta+m+a)] ;
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e o i B - napamerpu  szep

(-1<a<0; B>0); I'[-] — ramma-dpynxuis.

Mix sapamMu , IO 3HAWICHI 3a YMOB
CKJIAJJHOTO HANpYXXEHOTO CTaHy 1 sapamu, IO
3HalieHi 3a yMOB OJHOBHUMIPHOTO HampyKe-
HOTO CTaHy ICHYe€ 3B’SI30K, IO BHPAKAETHCS
dhopmynamu:

AK ()= 2 ‘/’1 161 DA K () +122(01 ) ApoKo, (0)
wi(0;)
'//11(0'11)/11 K (1) +2p,(07) A Ko (0)
Wv(lo-nj
a60 popMymamMu 3
AK (1) =2, K, (1),
3ﬂlll<1l(t)l/lll(o-lI(T))_2\/32121<12(t)§//12(

o,,(0)

34,(01,0))-243 l//lz( e ] ()

JInsi KOMIIOHEHT TeH30pa aedopmariiit & (?)

AK, ()=
(7

Gdﬂj
3

AK(0)=

i3 cucremMu piBHAHB (2) 3 BpaxyBaHHAM (6)
OTpI/IMa€MO PIBHSIHHS

( ﬂ )n (t 2_)(1+a »
{() I r(+n)1+a)]

9)
(14, )n
[C)i,(t) o—o(t)]+ y{o—o(t) ”L

3
g[/_(t) 77‘/’1

200 [(r)dr}x

a+>o+>]°“wﬁ
PGBYJ'IBTB.TI/I pospaxyHKlB 3a piBHAHHSIM (9) 3a
YMOB CKJIaJHOTO HAIIPY»KE€HOTO CTaHy, BUKO-
HAHUX 3 BUKOPUCTAHHSIM TapaMeTpiB sep, M0
3HAWJICHI 32 JaHWMH BUTIPOOYBaHb Ha TOB3Y-
Cnucoxk BUKOPHCTAHUX JxKepe
Pabomnos FO. H. Tlomsydectsb
KOHCTpyKImit.— Mocksa: Hayka, 1966. — 752 c.
Kpucmencen P.M. Bsenenne B
Bsskoynpyrocta//Ilep. ¢ aHri.  mox
I'.C.lllaniupo. — Mocksa: Mup, 1974. — 340 c.
Tony6 B. I1., Kobsapv IO. M., Pacynuna B. C. K
3amade OIIpeIeNICHUS mapaMeTpoB saep
HACIIEACTBCHHOCTH  HW30TPOIHBIX  HEJHMHEHHO-
BS3KOYIIPYTUX  MAT€pPUAIOB  TIPH  CJIOXHOM
HanpspDKeHHOM  coctosiHuu  // TeopeT. u  TpuK.
Mexaauka. — 2013. — Ne5(51). — C. 26-35.
Tony6o B.IL., KoG3aps IO.M., ®epuaru I1.B. K
pemIeHUI0  3aJad  ITON3YyYeCTH  HM30TPOIHBIX
HEITMHEHHO-BA3KOYIIPYTUX ~ MAaTepHajoB  MpH
CIIOKHOM HampsDkeHHOM coctosianu // Teop u
npuki. Mexanuka.- 2014.- Beim 8 (54).- C. 45-56

pen.

Hayxogi oocnidocenns, pesynbmamu skux onyonikosano 8 OaHili cmammi,

3JIEMEHTOB 1.
Teopuio 2.

3.

3 Bulletin of Taras Shevchenko

National University of Kyiv
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YiCTh 32 YMOB OJIHOBICHOTO PO3TSATY 3 3aMipoM
MO3/I0BXKHIX 1 TMomnepevyHux aedopMariiii moB-
3y4OCTi HAHECeHI IITPUXOBUMH JIiHISIMHU.
HITpuXmyHKTUPHUMH JTiHIIMA HaHECEH1 pe-
3yJNBTaTH PO3pPaxyHKiB, BHKOHAHUX 3 BHUKO-
pHUCTaHHIM TTapaMeTpiB A1ep, sSKi 3Hal-/IeHi 3a
JaHUMH BHUIIPOOYBaHb HA MOB3YYiCTh 32 YMOB
OJTHOBICHOTO PO3TATY 3 3aMipOM IMOB3JOBKHIX

nedopmariii i mpu UYUCTOMY KpYy4YeHHI 3
3aMipoM 3CYBHUX JAedopMariiii.
&1, %
B TTTN3
- /
3,90
‘/A S R —— - _/
/T
2,607 ,~
iz 2
4 I I A [ —— | — /
"" o ————p———= S |
1,30 ;/ I P P ___-7
f o —— 4 ——— = r——
/
0 625 1250 1875 f,4ac
Puc.3.Po3paxynkoBi miHii gedopmarii  MOB3HOBKHBOI
MOB3y4OCTI ~ TOHKOCTIHHHX  TpyOuacTHX  €JIeMEHTiB 3
HOJieTUIIEHY HU3BKOTO THCKY 33 YMOB OTHOYACHOI JIii po3TATy
3 kpydennwam. oy, = 1,96, 7, = 0,98 (1); o, =297, 7,,=
1,48 (2); 0, =4.45, 7,,=2,23 (3) MIla.
3 puc. 3 Maemo, IO PO3PaxXyHKH KOKHUM
HiIlXOZ[OM npu HCBCJIIMKUX 3HAYCHHAX
HAIllpy’>KCHb  Jal0OThb  IIPAKTUYHO OZ[HaKOBi
pe3ynbTaTd, a Mph OiTbIINX 3HAYEHHSX

po30LKHICTh ckianae 61mu3bko 20%.
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Posensioaemvcs npoyec noe3yuocmi nPUMAmMuYHUX CIMEPHCHIE 3 THIIHO-6 SI3KONPYICHUX NOJIMEPHUX
Mamepianie 3a ymos KOMOIHOBAHO20 HABAHMANCEHHS. BUsHauanbhi pieHsHHS, WO ONUCYIOMb 3ANEHCHICIb
MidC Oepopmayisimu, HANPYICEHHAMU | 4ACOM, 3A0aiOmbCs )y 6uensnoi cynepnozuyii 3cyéHoi i 06 ’emHOT
depopmayii. O6’exkmom 00CHiOdNCeHHst SGNAIOMbCS  npusmamuyni  cmepoicui 31 cxronaacmuxy CT-1.
Obrpynmogyemsbcsi 00aacmo JHIUHOCME MOOENl, GUX00AuU 3 2inomesu ICHY8AHHA (YHKYIT noesyyocmi,
no6yooganoi no  Kpusum NOOAMAUGOCHI, €OUHOI Odiacpamu  00820MPUBANO20  Oe@OopMySanHs i
CMAMUCMU4HO20 3HAYEHHA KeAHMUAs cmamucmuku. Bushauaemvcs oOracme  BiHIUHO-NPYHCHOSO
Oeghopmyeants, BUXOOAUU 3 BUKOHAHHA YMOBU ICHY8AHHA €OUHOT YHKYIT noe3yyocmi. BusHauanvHi pigHAHHS
MoOeni micmsamsb HaOip ynxyitl i Koeghiyicnmis, wo 3naxodsmuvcs 3 6azosux excnepumenmis. Ha niocmaei
CNiBBIOHOUIEHD MIJIC A0PAMU OOHOBGUMIDHO20 HANPYNCEHO20 CMAHY GUSHAYAIOMbC napamempu soep 3d
YMOBU CKAAOHO20 HANPYHCEH020 cmany. JIIHITIHICMb 6'I3KONPYIJICHUX 61acmugocmelt 3a0a€mvCsi PIGHAHHAMU
bonvymana-Bonemepa 3  Opoboso-ekcnonenyianrbHum — 0pom  cnaokogocmi. Ompumani — 3HAYeHHs
napamempie a0ep 8UKOPUCMOBYIOMbCSA O PO3PAXYHKY OeopMayill n083y40Cmi NPUSMAMUYHUX CINEPIHCHIG
3i cknoannacmuxa CT-1 3a ymos oOHouacHoi 0ii po3msizy 3 KpYyUeHHsIM.

Kmouosi crosa: ninitina 6'a3Konpysicuicms, CKAAOHUL HANPYICEHUL CIMAH, NO083008ICHS NOG3YUICHIb,
3CY8HA NOB3YUICMb, 00 €EMHA NOB3YYICTY, A0PA CRAOKOBOCNI, KEAHMULL CHIAMUCTUKU.

The process of creep of prismatic rods made of linear-viscoelastic polymeric materials under combined
loading is considered. Defining equations that determine the relationship between strains, stresses and time
are given in the form of a superposition of shear and bulk strain. The object of study is prismatic bars made
of fiberglass ST-1. The area of linearity of the model is substantiated on the basis of the hypothesis of the
existence of the creep function, which is built on the yield curves, a single diagram of long-term deformation
and the statistical value of the quantile of statistics. The region of linear-elastic deformation is recognized
based on the fulfillment of the condition of existence of a single creep function. The defining equations of the
model contain a set of functions and coefficients determined from the basic experiments. On the basis of the
relations between the kernels of the one-dimensional stress state, the parameters of the kernels under the
condition of a complex stress state are determined. The linearity of viscoelastic properties is given by the
Boltzmann-Voltaire equations. The fractional-exponential kernels of heredity are chosen as the kernels of
heredity. The obtained values of the core parameters are used to calculate the creep deformations of
prismatic bars made of ST-1 fiberglass under conditions of simultaneous tensile tension.

Key words: linear viscosity, longitudinal creep, shear creep, volume creep, heredity nuclei, isochronous
diagrams, quantile of statistics.
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Beryn

[upoxke 3acTocyBaHHS NPU3MATHUYHUAX CTEPIKHIB
B €JIEMEHTaX KOHCTPYKWiH 1 pi3HOMaHITHUX
MeXaHi3Max 3YMOBHIJIO BHBYEHHS iX B’S3KONPYKHHX
BiactuBocreil. Ha choroanimHiii 1eHs Bce OUIBIIOro
3aCTOCyBaHHS HAOyBAIOTh €JICMEHTH KOHCTPYKIIH 3
MOJIIMEPHUX MaTepianiB depe3 iX BiIHOCHO HH3BKY
BapTICTh, JIETKICTh 1 MilHICTh. barato enemeHTiB
KOHCTPYKIIi#l SIBJISIFOTh c00010 00’ekTH, 1O Aedop-
MYIOTBCSI 32 YMOB CKJIQJHOTO HANpPY)KEHOTO CTaHy.
Haiiyacrime aedopmyBaHHsS B’SI3KONPYXHHX cepe-
JIOBUII[ OIHCYIOTH 32 JIOIIOMOTOI0 PiBHSHB CIaJKO-
Boro tumy [1-2]. PiBHSHHS BCTaHOBIIOIOTH 3aJI€XK-
HICTP MDK KOMIIOHEHTaMH TeH30pa Jaedopmalliii,
TEH30pa HANpyXeHb 1 YaCOBUM iHTETPAILHUM OIle-
paropoM, 1 MICTATh fApa  CHOAAKOBOCTI, HaOip
¢byHKOid 1 koedilieHTIB, IO BHU3HAYAIOTHCS 13
0a30BUX EKCIIEPUMEHTIB.

Y poboTi Ha miACTaBi CHIBBITHOIIEHh MiX
SOpaMy PO3B’S3YEThCS 3alada PO3paxyHKY aedop-
MaIliii MOB3y40CTi 32 YMOB OHOYACHOI i pO3TsTY 13
KpyueHHsm gna  oprckia  CT-1. [Jng  1mporo
OOTpYHTOBYETHCSL O0JIACTH 3aCTOCYBAaHHS MOJIENI,
BHUXO/JISTYM 3 TiNOTE3U MOAIOHOCTI JiarpaMud MHUTTE-
BOro JeopMyBaHHS 1 130XpOHHHX Jiarpam. BuzHa-
4aeThecsl 00J1acTh JiHIMHO-TIPYKHOTO e OpMyBaHHS.
Ha mincrasi po3pobnenoro B [4] meroay Bu3Hava-
IOTBCSL  TapaMeTpu  sIep CIHAAKOBOCTI  JIHIHHO
B’SI3KOTIPYKHUX MaTepiajiiB 32 yMOB OJHOYACHOI Aii
pO3TATYy 3 KpPYYEHHSM. BymyloThCsi TpOTrHO30BaHi
3Ha4YeHHs JiehopMallii 3CyBy.

1. IlocTanoBKa 3aga4i

Y pobGoti posrmsagaeTbes AeGOpMyBaHHS i30-
TPOIIHUX JIHIHHO-B A3KOTPY)KHUX CepeAoBHI] 3i
CTaOUIBPHIMU MEXaHIYHUMH BIIACTHBOCTSIMU 32 YMOB

CKJIaJHOI'O HAIIPpY>KECHOT'O CTany 3 3aJaHOIO
IporpamMor0 HaBaHTAXXCHH:, TaK 10
0,;(7), 7€(0,1), (D

Ae O; — KOMIIOHCHTH TCH30pa HANPY)KCHb; [ — Yac
CIIOCTEpEKEHHS; 7 — dYac, [0 Iepenye MOMEHTY
cnocrepexxeHns.  IIporec HaBaHTakeHHS (1)
BBAXKAEMO  MPOCTUM, TaK IO BHKOHYIOThCA
CIIBBIIHOIIIEHHS

1 = U005 Ty = H(1) T ..

BusHauanbHi piBHAHHS, IO 33al0Th 3aJIEXKHICTh
Mi)X KOMIIOHEHTaMH Ten3opa aedopmariit &, (¢)
KOMIIOHEHTaMH TEH30pa Hamnpyxenb O, (f) npu

MOB3y4YOCTI 3alHIIEeMO Yy BUTISAIL
3CYBHOT 1 06’eMH0'1' HOB3y ocrTi [3]

g/(t)=ei/(t)+ ' V(t)—— 5, jK(r 2)s,(2)dr |+

CyTepro3uIii
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ij
e, (1) —— KOMIIOHEHTH JeBiaTopa

nedopmauiii  g,(¢); s;(5) -
JieBiaTopa TEH30pa HampyxeHb o, (1); &,() —

+3; Lo )+ 4, jK (=00, (0)dr |:(i.§=1.3) @)
TeHSOpa

KOMIIOHCHTH

00’emHa aedopmalisi; o, — cepesHe HaIpyKeH-
S, KS( —z') — A7pO 3CYBHOI IIOB3y4OCTI;
K,(t—7) — aapo o6’emmoi momsywocti; G —
MoZyIb 3¢yBy; B — 06’emunit mopyns; A, A,

— peonoriyni mapamerpu. [lapameTrpu snep
BU3HAYAIOThCS 3 BUKOPUCTaHHIM CHiB-
BiJTHOIIIEHh MiX sIIpaMH 32 YMOB CKJIQJIHOTO
HaAMpY>XKEHOTO CTaHy 1 sSApaMu OJHOBHUMIPHOTO
HaIpY>KEHOTO CTaHy [2].

3a sJpo CHAamKoOBOCTI 00OuMpaeMo JapoOOBO-
EKCIIOHCHIIIAIbHE SIAPO, OCKUIBKM BOHO JIOCHTh
TOYHO OIMCY€E MPOIEC MOB3y4YOCTi SIK B 00JaCTi
MaJMX 4YaciB, TaK 1 JJIs BEJMKHUX 3HAYCHb 4acy.
AHamiTHYHUA BHUIIIANL IPOOOBO-EKCIOHEHIIAIEHOTO
SIpa 3aMKUCY€EThCS Y BUTIISI

BY (- T)n(1+a)

3 (=
Ki-0=4 Z M+ 1+ a)] ;

ne a i B —mnapametpu siaep (—l<a<0; f>0);
I'[-] — ramma-pyHKITis.

3ajaua monsrae y  pO3B’sA3aHHI  3amadyi
po3paxyHky zaedopmauii 3cyBy B INPU3MaTHUYHHX
crepxHsx 3 oprckia CT-1 3a ymoB ojmHOYAcHOI nii
po3tary 3 kpydeHHsMm [3]. Jng mporo HeoOXigHO
0oOrpyHTYBaTH  00JIaCTh  3aCTOCYBaHHS  MOJeN,
BUXOJAAYM 3 TINOTE3U ICHYBaHHA €AMHOI Iiarpamu
MUTTEBOTO JAeOPMYBaHHA Ta 13 KPUTHUYHOTO
3HAYeHHS  KBAHTWIA  CTaTUCTUKM, BH3HAYUTH
napamMeTpH siiep 32 YMOBH CKJIaJTHOTO HANPYKEHOTO
CTaHy Ha MIJCTaBi CHiBBIIHOWMIEHb MIX SIIPaMH,
IPOBECTH ampo0amilo OTPUMAaHUX PE3YNBTATIB,
CIIBCTABUBIIN IX 3 €KCIIEPUMEHTAIbHUMU JaHUMH .

2.00rpyHTYBaHHS 3aCTOCYBAHHS JIiHiHOT

Mozei B’ I3KONPYKHOCTI

BBaxaeTbcs, 1mo MaTepian €  JIHIKHO-
B’SI3KOYIPYKHHUM, SKIIO QYHKIIA ITOB3y4OCTi
1HBapiaHTHA MO BIJHOIICHHIO A0 PIiBHS HAIPY>KEHHS

“4)

q(i,jzl,_?); (]:1,_71 5

']imu,l = 611;,17(1‘2) = J[ﬂv,Z = <9,j~27(tz) = e = ']imu,q - Squi(tz)’
O O, o,
g cgl) g gel) o a,l),
inv,1 GU 1 inv,2 G,-j,z inv,q G[_j’q )
! &, e (t
Jinv,l = ljo_l( ) va,2 = 1/0_’2(1) == .][W"q = Uo_’q(l)’

ij,1 ij,2 i.q
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a PO3paxyHKOBEC 3HAYCHHA KBAHTUJISI CTATUCTHKH

\/Z 1 < \/; ~r * PR
inyak = 57 Z‘]imgq (tj) = éjinv(tl) >ta,k’l :1,771

s5(6) ms )
Oinpile WOTO0 KPUTUYHOTO TAOIMYHOTO 3HAYEHHS
Loy Tyt Jy, ,(8) —3HavenHs ynkuil nossydocri
Ciqs Jinl))
3HAUYeHHS  (YHKLIN
KBaJpaTHuHE

B MOMEHT 4acy [, IpH HalpY>KEHHIX

— BuUOIpKOBE  CepemHe

5;(8))

Biaxuienns seneunun J,, (¢,); 1 — 06’em BUOipKn

MOB3Y4OCTi; cepeiHe

(ancno ¢yHKuii moB3ydocTi); O — MaKCHMaibHA
noxu0xa mixk snauennsamu J,, (1) 1 J,,(4).

Benuunna noxubku O
npuiiHsaTa  piBHOIO 15%, a

B pO3paxyHKax
HMOBIpHICTL P

TMOTaJaHHA eKCIIepUMEHTAIbHUX ¢byHKIiNA
nossydocri  J,, (f,) B iuTepan, oOMexeHui
BEIMUMHOI O = +5% 10 BIZHOLICHHIO 0

BENIMYMHA J,

120%

(¢,), mae Gytu He mene 90% [2] .
Ha puc. 1 sk mpuknan HaBeneHo (yHKii

noB370BXKHBOI J (#,) 1 momepeyHoi mOB3y4OCTi
J,,(t,) oprckmna CT-1.
J][, JzzMHa_j%
_———
e ——
0,24 /,’% =
~
0168
2
—Em == Ji J22
0,08 ——
0 015 0.3 045 1, 4ac

Puc. 1 — ®ynkuii mOB30BKHBOI 1 TOTIEPEYHOT
noB3yy4octi oprckina CT-1

Tyr i pmani TOYKaMu HAHECEHI EKCIIePUMEH-
TaJbHI JaHi, a JIHIAMHA — allPOKCUMAIlisl TUCKPETHUX
3HAa4eHb (YHKUIH TMOB3y4OCTI 3T DKYIOUUMH
KyOlYHUMH  CIUTalHaMH, Ha  OCHOBI  SIKHX

PO3paxoByBaJIOCh BHOIPKOBE CpEIHE j“(t,) i

J,, (%), sKi HaHeCeHO  CYLIIbHMMHU JIiHISMH.

TpuxoBUMHK JTiHIAMH HAHECEHO MEXi iHTepBasa,
M0 BIAMNOBIZA€ BEIWYMHI MaKCUMAaJIbHOI ITOXHOKH

Opax = T5% Bin Benmunu jll(t,) i .722(1,). Ha
prc.2 HaBEICHO PO3PAXYHKOBI 7, , Ta Tabnuumi £, ,

3HAa4YEHHS KBAHTUJISI CTaTUCTUKH Jyist oprekna CT-1.
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Po3paxyHKkOBi 3HaueHHs BeqM4UHM [, , s

JedopMariiii moB3I0BKHBOT MOB3Y4OCTI HAHECEHO
t
a.k

0 1,25

’

2,5

4

3,75 t,uac

Puc. 2 — Po3paxyHKOBi 3Ha4e€HHS KBaHTHJISI CTaTHC-
TUKH [TOB3/I0BXKHBO] 1 HONEPEUHOi IIOB3Yy4OCTi

HITPUXOBOIO JIHI€I0, a VIS MOMEPEYHOT TTIOB3YUOCTI —
WITPUX-MYHKTUPHOIO JiHi€r0. CyUinpHOIO JiHIE0

HaHECEHO Tabnn4He 3HAUCHHS KBaHTHJIS
CTaTHCTUKH.

4. PospaxyHok jaedopmaniii 3cyBy B
NPU3MATHYHHX  CTEPKHAX 3 IOJiIMEepHHX

MarTepiaJiB 3a YMOB PO3TSATY i3 Kpy4eHHSIM
Po3paxoByloThest 3HaUEHHS jAedopMarii 3cyB-

HOI IMOB3Y4OCTi &,,(f) TOHKOCTIHHHX TpPyOUacTHX
eneMentiB 3 oprckia CT-1 npu komOGiHOBaHOMY
HABAHTAKEHHI PO3TATOM 13 KPYUYECHHSM, NMPH LBOMY
Oy, =const 1 T, =1, =const.

st nedopmariiii 3cyBHOT 1mOB3ydocTi &,,(f)
MaEMO PiBHIHHS

SRITP U ACA il RyE

1
e0=76 ra+n+a)] [

n=0

e  TMPUHHATO Sy =Ta- [Mapamerpun  snep

CIa/IKOBOCTI BU3HAYAIOTHCS HA IMIJICTaB1 3B 3Ky MIiX
SlpaMyd 3ayMOB CKJIQJIHOTO HAaINpPYXEHOTO CTaHy i
SpaMd 32 yMOBH OJTHOBHMIPHOTO HAampy>KEHOTO
cra"y. B po6oTi B sikocTi 6a30BOr0 €KCIIEPUMEHTY
PO3IIISTHYTO ONHOBICHHHA pO3TAT 3 3aMipoM
MOB3JIOBXHIX 1 TmomepeyHux nedopmamiii  [3].
PiBasiHHs (5) nmae 3Mory OOYMCIMTH 3HAYEHHS
JeopMariiii MoB3yd4oCcTi MPU3MATHYHUX CTEPXKHIB 3
oprckina CT-1 3a ymoB omHouacHoi Aii po3Tary 3
KpydeHHsIM. Pe3ynbTat po3paxyHKiB 3a piBHAHHSIM
(5) mwaBemeno wHa Puc.3. 3ayBaxxmo, 1110
eKCIIEpUMEHTANIbHI JIaHI 332 yMOB OJHOYAcHOi il
po3TIAry 3 KpydeHHsM BiacyTHi. [IpencramieHi
PO3paxyHKH € BUXOJIOM 33 MEXIi eKCriepuMeHTy. TyT

3Ha4YeHHs Jedopmarliii 6‘21(1) pO3paxoBaHO TpHU
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NOTHYHUX HampyxeHHsax 7, = 7,50 (1), 11,45 (2),
15,30 (3) Mna.

£,
03 L ___ IR
K)
02 "~ TTTTTTTTTTTTTTTTITT 3
) )
01 1
0 1,25 25 375  tuac

Puc.3 — Po3paxyHok aedopmarriii 3cyBy oprekia
CT-1 3a yMOB pO3TATY 3 KPYUEHHSAM
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5. BucHoBKH

B poboTi po3B’si3aHO aKTyajbHY 3ajady, IO
nojisirae 'y po3paxyHky jgedopmaiiii  3cyBy B
NpU3MaTUYHUX cTepkHAX 3 oprckina CT-1 3a ymos
OJIHOYACHOI [ii po3TATY 3 Kpy4YeHHsSM. B sxocti
BU3HAYAJIBHUX DIBHSIHb BHUKOPUCTAHO DIBHSAHHA Y
BUTJISIAI  cymeprno3ulii  3cyBHOI 1 00’eMHOL
noB3y4octi. OOIpyHTyBaTH 00JacTh 3aCTOCYBaHHS
MOJIENi, BUXOJASYU 3 TIMOTE3W ICHYBAHHS €JUHOI
JniarpaMd  MHUTTEBOro  nedopMyBaHHI Ta i3
KPUTUYHOTO  3HAYEHHS KBAaHTWIA  CTATHCTHKH,
napaMeTpH siep 3a YMOBH CKJIaJHOI'O Hampy>KEHOTo
CTaHy 3HAWIEHO Ha MiACTaBi CHIBBIAHOIIEHb MiX
A0paMd 32 YMOB OJHOBHMMIPHOIO Hampy>KeHOTO
CTaHy, PO3paxOBaHO 3HAYeHHs Aedopmariii 3cyBHOI
noB3y4octi ckinoriactuka CT-13a yMOB 0JIHOYACHOT
Iii pO3TATY 3 KPYUSHHSIM.
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Parameter of thermal rectification
in the bimaterial with interfacial cracking

[MapameTp TepmivyHOi pekTHdiKkamii y
dimaTepiaJi 3 Mizk()a3HOIO TPIIHHYBATICTIO

Pidstryhach Institute for Applied Problems of Me-
chanics and Mathematics, National Academy of
Sciences of Ukraine, 79060, Lviv, Naukova str., 3-b
e-mail: labmtd@iapmm.lviv.ua

[HCTHTYT TIpHKIATHUX TIPOOJIEM MEXaHIKM 1 Mare-
Matukd  im. S C. [lincrpuravua HAH  Vkpainm,
79060, m. JIbBiB, Byn1. Haykosa, 3-6

e-mail: labmtd@iapmm.lviv.ua

Busueno ssuwe mepmiunoi pexmughikayii' y bimamepiani 3 nepioOuyHor0 cucmemoro MidcghazHux winum,
3ano6HeHuUx 2a3oM. Bpaxoeano sminy mepmoonopy ma mucky 3anoeuiosaua winun nio 0i€io po3msey8aibHux
3YCuUnb Ma 0OHOPIOH020 Meni06020 nomoky. Tuck eazy susHauvacmocs 3 pienanna Knanetipona-Menoenecsa.
Tepmoonip 2azy npsimo RponoOpyiiHULL POKPUMMIO WIUH [ 00epHeHO NPOnopyitiHuil Koepiyicnmy
MEeNIONPosiOHOCMI 2aszy. 3a0awy MepMONPYHCHOCMIE 36€0eHO 00 HENIHIUHOL CUCmeMU CUHSYTISIPHUX IHmezpo-
JughepenyianbHux pigHsaHb BIOHOCHO PO3KPUMMS WIAUH Ma Cmpudka memnepamypu mixc ix depeeamu. /s
PO36’SA3Y8AHHA CUCEMU CUHSYTIAPHUX THMeSpO-OupepenyianoHux pieHAHb 3aNPONOHOBAHO AHANIMUYHO-
yucnogy imepayiliny npoyedypy. Busnaueno napamemp mepmiunoi pexmuixayii ma npoananizogano tio2o
3ANeHCHICMb 8i0 NPUKIAOEHO20 CUT0B020 | MENI08020 HABAHMANCEHHS, MENIONPOBIOHOCMI MA MACU 2a3y
ma Koegiyichma mpiwurysamocmi Oimamepiany. Bcemanosneno mHenimiliny 3anedjchicmv napamempa
mepMmiuHoi pexmudbikayii 6i0 2ycmunu meni08o20 NOMOKy ma Koe@iyicnma Mmidxcaznoi mpiyunyeamocmi.
Tepmiuna pexmugbikayis nposeAsemuvcst 8 OLbit MIpi 05t OLILULUX 3HAYEHb MENI0B020 NOMOKY MA MEHWOT
MEeNnIONPosiOHOCII 2a3y.

Kniouosi cnosa: bimamepian, migcghazna mpiwunysamicmo, napamemp mepmiunoi pexmughikayii.

The phenomenon of thermal rectification in bi-material with a periodic system of gas-filled interfacial
cracks has been studied. The change of thermal resistance and pressure of the crack filler under the action of
tensile forces and uniform heat flow is taken into account. The gas pressure is determined from the
Clapeyron-Mendeleev equation. The thermal resistance of the gas is directly proportional to the opening of
the cracks and inversely proportional to the thermal conductivity of the gas. The thermo-elastic problem is
reduced to nonlinear systems of singular integro-differential equations for an opening cracks and a
temperature jump between the cracks faces. An analytical-numerical iterative procedure is proposed to solve
the system of singular integro-differential equations. The parameter of thermal rectification is determined
and its dependence on the applied on the thermal and mechanical loads, thermal conductivity and mass of
the gas and the interfacial cracking factor of the bi-material is analyzed. The nonlinear dependence of the
thermal rectification parameter on the heat flow density and the interfacial cracking factor is established.
The thermal rectification is manifested to a greater extent for higher values of heat flow and lower thermal
conductivity of gas.

Key Words: eéi-material, interfacial cracking, parameter of thermal rectification.

CrarTio npeacraBuB wieH-kop. HAH Vkpaian Xyk 4.0.

1. Beryn
[epenaya Tenuna yepes 3’€JHaH] €NEMEHTH CYTTE-

MEXaHIYHUMH  BJACTUBOCTSIMHU  CIOCTEPIra€ThCs
SBHIIE TEPMIUHOI pekTudikalii, ske momsirae y 3a-

BO 3aJIGKHUTH BiJl TEPMOMEXaHIUHUX MMapaMeTpiB TiJ,
MPUKJIAICHOr0 HABAHTAXKCHHS, FTCOMETPHYHHX Xapa-
KTEPUCTHK MOBEPXOHb Ta BJIACTUBOCTEH 3allOBHIOBA-
Ya 3a30piB MK HuMH. Y mpati [1] mocmimkeno me-
penady Teria MiX CHPSKSHUMH MOBEPXHIMH Till 3a
HAasIBHOCTI cepe/oBHIa B I1HTepGeEiCHUX 3a30pax.
BcranoBiieHo, 1110 /1t MaTepiaiB 3 Pi3HUMH TEPMO-

© X. 1. Cepennuuibka, 2021

JISKHOCTI KOHTaKTHOTO TEPMOOIOpY BiA HampsMy
TEIDIOBOTO MOTOKY. [I7Is1 KOHTAaKTy IBOX TiJI 3 IOpC-
TKAMH TOBEPXHAMU SIBUILE TEPMIYHOT peKThdiKarii
eKCIIEpUMEHTAIBHO OyIo JociifpkeHo y mpami [2],
TeopeTnyHi JOCHIIKEHHS TepMidyHOI peKTHdiKarii
CTOCYIOTbCS KOHTAaKTy MPYXHUX TiJ 3 TIOBEPXHEBU-
MU BHIMKaMH, 3aIIOBHEHUMH TEIUIONPOBIAHUM cepe-
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JIOBHIIIEM, Ta TEKCTYPOBAaHMX TiJ 32 HAsIBHOCTI MiX-
KOHTaKTHOTO rasy [3].

VY naHiii CTaTTi BUBYEHO SIBUIINE TEPMIYHOT PEK-
TUdiKanil st OiMaTtepiany 3 HepioJUYHOI CHCTe-
MO0 MDK(a3HUX 3aMOBHEHUX IMUIMH IMiJT €I TeT-
JIOBOTO MTOTOKY Ta PO3TATYBAJIILHOTO HABAHTAXKEHHS 3
ypaxyBaHHSIM THUCKY 1 TEPMOOIIOPY 11€aJIbHOTO rasy.

2. ®opMyJTIOBAaHHSA 3a1a4i

Posrnsmaemo Gimarepial, 1110 CKIAJAETHCS 3 IBOX
miBnomH D, i D,, Marepianu sKUX XapaKTepusy-
10TbCsl pisHUMHU Koedinientamu Ilyaccona (v, v, ),
Mozysimu 3cyBy (G, G,), KoediuieHTaMu JIiHIHHO-
r0 TEIUIOBOI'O PO3IIUPEHH: (0, o,) Ta KoedilieH-
(AMs Ay)
3’€lHaHHS MIBIUIOMIMH pPO3TAallOBaHa IepioguyHa
cucrema Mixk(dazHUX IITUH (pUc. 1) 3aBOOBKKH 24

TaMd  TEIUIOMPOBITHOCTI Ha wmexi

3 [OYATKOBOIO BHCOTOK /1 (x) Ta mepiogom posra-
mryBaHHs d . [IOpOYKHHMHU WIUIMH 3aMOBHEHI TeILIo-

MPOBITHUM ra30M 3 KOe(il[iEHTOM TEIUIONPOBiTHOCTI
A, , SIKMi 9MHUTB THCK B, Ha iX Geperu.

Puc. 1. bimarepian 3 Mibk(}a3HOIO TPILMHYBATICTIO.

Ha HeckinueHHOCTI 70 OiMaTepiany MPHUKIAJEHO
PIBHOMIpHO pO3MOiJIEHE pO3TATyBaJlbHE HaBaHTa-
KEHHs p Ta CTalliOHApPHUH TEIUIOBUI MOTIK ¢ .

Trck ra3y 3MIHIOETBCS 3a 3aKOHOM 1J1€abHOTO
ra3y (piBastHasa Knaneiipona-MeHzeneeBa)

PV,=m,RT,/p,, (D

ne m, —macarasy, |, —MoJspHa maca rasy; 7, —

R=83145
rasoBa crana,

abCoNMOTHA ~ TemIeparypa  rasy;
Jx/(K-Moip) — yHiBepcasibHa

a
V,=1 I h(x ’x — 00’eM razy, 10 MPUIMAJIAE HA OJU-
—a

HUII0 TOBXUHU vl [ (/ =1m) B neprneHauKyJis-
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pHOMY HamnpsiMKy, h(X) — POSKDHTTS WLiIMH, sKe

3MIHIOETbCS B IIPOLIECT HABAHTA)KEHHS.
Brue razy Ha nepepady Temiga MK Oeperamu
IIIJIMH BPaXOBYEMO YMOBOIO HEiJ€aJIbHOIO TEeMJIOBO-

r0 KOHTAaKTY 3 TepMOONopoM R(x):
- +
T -T" = qu(x) 2)

JIe TEPMOOTIip IILITHH R / ?»

KOHTaKTHO-KpaloBi yMOBM HA MiNSHKAX MIiIMH
(y=0, xe(-a+kd,a+kd), k=0,£1,+2...) maroth

BUTJIS:

o () L
T T —qv D) qy =q}75 (3)
X,
G;=0;=Pg,—c;y=0,—c;y=0' 4)

3. CunryJsipHi iHTerpo-audepeHniajJbHi pis-
HAHHA 3a7a4i

BukopucTOBYIOUM METOIUKY pPO3B’sI3yBaHHS 3a-
Jlad TePMOIIPYKHOCTI Al Oimarepiany 3 MikdasHu-
MU TpilmHamu [4] Ta 3a70BONBHSIOUM YMOBH (3)-
(4), chopmynboBaHy 3amady 3BEIEHO A0 HETiHIHHOT
CHUCTEMH CHHTYISIPHUX IHTETrpo-AuQepeHmiaTbHIX
piBHsHB 3 siapoM [1npOepta BigHOCHO CTpHOKa TEeM-

neparypu y(x) Ta poskpurTs winne f(x):

{522 )

h 2
—G—*(p+P)+l'a[h'(t)ctg =),
2 ¢/ gl d ’
h(ia):O, |x|<a; %)
¥(x) n(t-x))
kgm—g'[y(l)ctg T dt—q,
v(xa)=0, |x|<a; (6)
17 M, e (1-xK,)
R de; h=—"1"2 =~ 1)
= Yd d-J;Y(X) v A+ R, Gl(l_Kz)

n:3_4vn’ n_:n :an(l—‘rvn)/}\’n’
n=12.

Cucremy (5), (6) po3B’si3yeEMO 3a JJOIIOMOTOIO0 Me-
TOJIIB MOCJIIJOBHUX HAOJIMKEHD Ta KOJOKAIIii [4].

2_111, nn

4. E¢exTuBHi napamerpu 6imMmaTtepiaay

Jis TepMiYHUX pO3paxyHKIB MarepiaiiB BaKIH-
BHMH XapaKTEPUCTUKAMU € Tak 3BaHi e(heKTHUBHI Ma-
pameTpu: edeKkTUBHMIA CTPUOOK TeMIepaTypu Ta
e(pEeKTUBHHUI TEPMOOTIIp.
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EdextuBHuil (ycepenneHuii) cTpuOOK Temriepa-
TypH Y, BH3HAYa€ JIOJATKOBHH PO3MOMIN Temrepa-

TypH, 3yMOBIIEHH MHOXHHOIO IninuH. L{inbHicTh
pO3MiIlleHHsT IUTMH Ha MiK(pa3Hii JiHIT XapakTepu-
3yeThesl Koe(ilieHToM MiK(pa3HOi TPIIMHYBaTOCTI
2a . .
k, =7, Ie 2a — NOBXUHA IIITUHU, d — Mepion
pO3TallyBaHHs HIUIUH.
EdexruBnnii Tepmivnmii onip R, Ha niHii KOH-

TaKTy € (PYHKLIEI TEIJIOBOTO MOTOKY 1 BU3HAYAETh-

cask R, (q)= Wy .

q
B 3anmexHOCTI BiI HampsIMy TEIUIOBOTO IIOTOKY
CHOCTEPIraeThesl SIKICHO PIi3HUN PO3MOAiN e()eKTHB-
HOT'O TEPMOOIIOPY, TOOTO Mae MiCIle SIBUILE TepMiU-
Hoi pektudikamii [1]. KimpkicHOIO XapakTepucTH-
Koo  TepMmiyHOi  pekTH(dikaumii €  mapamerp
R' -R

I 91.100%, ne R’
— o, e R — BenuduHa edexTh-

of »
BHOTO TEPMOOIIOPY IUISl TEIDIOBOTO HMOTOKY CKEpOBa-
HOTO JI0 Marepiany 3 OiJIBIIOI0 TEPMIYHOIO TUCTOP-

6:

TUBHICTIO, R;f — BEIMYHMHA €PEKTUBHOTO TEPMOO-
MOpY ISl TEIJIOBOTO ITOTOKY CKEPOBAaHOI'O JO Mate-
piany 3 MEHIIIOI0 TEPMIYHOO TUCTOPTHUBHICTIO.

5. YucJioBi pe3yabTaT Ta iX aHAJTI3
YucnoBi po3paxyHKH NPOBENEHO ISl HACTYIHUX

0e3pO3MipHUX BEJMYHUH: TEIUIOBUH MOTIK ¢ =qdn ,

pO3TATYBaIbHI 3ycuinis p = pG*, Koe]ilieHT Tem-

—_ A
nomposifocTi  rasy A, =7g’ mMaca  rasy
_ m,RG'T, o N
m, =—*———% napamerp Tepmiunoi pekrudixarii

ned’l
R -R _ Rd _ R

§=—4=—2{.100%, R’ =—L—, R =4

of A of A

D+
Ref
TToyaTkoBa BHCOTA IIIJIUH ho ()T) BHU3HA4YCHaA SK

dynxuis h,(x)= 0.001(672 -x’ )3/2 . Jlianason 3minu

KoedilieHTa MikdaszHoi
0.1<k <1.

Ha puc. 2-5 mpoimtoctpoBaHo 3MiHYy mapaMeTpa

TPILIMHYBATOCTI

TepMi4HOT pekTu(ikanii & 31 3MIHOI T'YCTHHHU Tell-
JIOBOTO MTOTOKY |q| IUISL PI3HUX 3HAYEHb MAacH Ta3y

M, , PO3TATYBAIBHUX 3yCHIb p Ta Koedilienta mi-

x(azHoi TpinmHyBaTOCTI £, .
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=001
5001 | 2001
k=04
20
154
101 m,=0.0001
] 71,20.001

0 0.002 0.004 0.006 0.008 lq|

Puc. 2. 3anexHicte mapaMeTpa TepMidHOI peKTH(I-
Kamii & BiJ T'YCTUHU TEIUIOBOTO IMOTOKY |§| IS

P13HUX 3HAYCHb MacCH rasy mg .

CriocTepiraerbesi HelliHIHA 3aJISKHICTD Mapame-
Tpa TepMiYHO1 peKTU(iKaIii BiJl TYCTUHHU TEIJIOBOTO
MOTOKY 1 HOTro 3017IbIICHHS 31 301IbIICHHSIM I'YCTUHH
notoky. Ilpu 36inbuienni macu rasy m, (puc.2)

mapaMeTp O 3MEHIIYEThCs i Oyze mpuitMaT HaHbi-
JBIIMX 3HAYEHb y BUIAAKy HEBPAaXyBaHHS THCKY
razy (m, =0). Y BIICOTKOBOMY BiJHOLICHHI Ul
3aJlaHUX BX1JHUX AaHuX He nepesuirye 30%.
301bIIEHHS PO3TATYBAIbHUX 3yCWiIb p (puc. 3)
3yMOBJIFOE 3MEHIIEHHS IapamMeTpa TEpMi4HOi pek-
tudixanii & . A PO3INSAHYTHX BXIZHMX IQHHX pi-
BeHb TepMiuHOI pekTudikauii craHoBUTH 8-10%.

m,=0.0001
3.%1 | %,=0.01

k=0.4
12+
8,

p=0.03
p=0.02
4_
p=0.01

0

0 0.002 0.004 0.006 0.008 @
Puc. 3. 3anexnicte mapameTpa TepMidHOI peKkTU(i-
Kamii O BiJg T'yCTHHH TEIUIOBOTO ITOTOKY |(7| JUTS

Pi3HUX 3HAYEHb PO3TATYBAJIBHUX 3yCUIb D .

3anexHICTh MapaMeTpa TepMIYHOI peKTUdIKaIlil
O Bix kxoedinmienta MixdaszHOi TpimmHYBaToCTI £,
JUTsL pI3HUX 3HaUY€Hb KOeillieHTa TEIUIONPOBiHOCTI

121



Bicnux Kuiscvkozo nayionanbhozo ynisepcumenty
imeni Tapaca llleguenxa
Cepis pizuxo-mamemamuyni HayKu

rasy A, 300paxeHO Ha puc. 4. Bauumo, wo 3i 36i-

JBIIEHHAM MiK(a3HOI TPILIMHYBAaTOCTI MapaMeTp o
3pocTae, a 31 30iNblIeHHIM KoedillieHTa Teronpo-
BiIHOCTI Ta3y cmajae. Tak jjis po3riisiHYyTOTO Jiara-
30Hy 3MiHM Koediuienta k, ( 0.1<k, <0.8) mapa-
METp TEPMIUHOI peKTU(IKAIIT 3MIHIOETBCS B MEXKaX
Bin 0.01% mo 28% mmx A, =001, &, =002,

Jog =0.04.

m,=0.0001
S0t | P=0.01
5g) | g=0.009
3,=0.01
214 s
%,=0.02

41 R0

7_

0 T T T T

0.2 0.4 0.6 0.8 k

Puc. 4. 3anexHicTh mapamerpa TepMidHOi pekTudi-
Kamii O Bix KoedilieHTa TPIIUHYBATOCTI Kk, IS

pi3HHX 3HaYCHb KOCPILi€HTa TEIUIONPOBIAHOCTI A, .
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6. BucHOBKHM

BuBueHo sBuie TtepmiuHOl pektudikamii s
Oimarepiany 3 CHCTEMOIO NEPIOAMYHO PO3TAIlOBa-
HUX MDK(pa3HUX [IIUH, 3anmoBHeHUX TasoMm. Cdop-
MYJIBOBAHO 33/1a9y TEPMOIPYKHOCTI IUIS PO3IIITHY-
TOro GimMarepiany 3 ypaxyBaHHIM THUCKY i TEILTONPO-
BiHOCTI 3amOBHIOBaYa IIIJIMH, IO 3MIHIOIOTECS B
Ipolleci CUJIOBOrO 1 TEMJIOBOIO HaBaHTaKEHHA. 3a-
Jadyy TePMOIPYKHOCTI 3BEIEHO IO CUCTEMH CHHTY-
JSPHUX iHTepo-auepeHIliaJbHUX PiBHSAHb BiHOCHO
PO3KPHUTTA IMUIMH Ta CTpUOKa TeMmepaTrypu Mix iX
Oeperamu. Tuck rasy Bu3HaueHo 3 piBHsHHsA Kira-
nelipona-MeHzeneeBa 3a MOJIEIUTIO iI€ATBHOTO Trasy.
TeruronpoBinHiCT Ta3y BpPaxXOBaHO TEPMOOIOPOM,
110 TPOMOPIiHKMI BHCOTI HIUIMH i 0OEPHEHO MpPO-
NOPUIHHUI KOe]ilieHTy TEeIIONPOBIAHOCTI Tasy.
[IpoananizoBaHO 3alEXHICTh MapaMeTpa TEPMidHOL
pekTu(dikalii BiA TYCTUHH TEIIOBOTO IMOTOKY IS
PI3HUX 3HAYEHb MacH Ta KOe]illieHTa TEMIOMpPOBiI-
HOCTI ra3y, po3TATyBaJIbHUX 3YCHJIb Ta KoedillieHTa
MikdaszHoi TpimuHyBaTrocTi Gimarepiany. BcraHoB-
JICHO HENiHIWHY 3aleKHICTh MapaMeTpa TepMiYHOT
pexTudikamii BiJi TyCTHHH TEIUIOBOTO MOTOKY Ta KO-
edinienta TpinmHyBatocTi Oimarepiany. [lokaszano,
110 TepMiyHa peKTU(iKaLlis TPOABISAETHC B OLIBLIIH
Mipi ansi OUTBIIMX 3HAYEHb TETUIOBOTO IOTOKY Ta
MEHIIOT TEeTIONPOBITHOCTI Ta3y.

References

1. MADHUSUDANA C. V. (1993) Thermal con-
tact conduction and rectification at low joint
pressures. [Int. Comm. Heat Mass Transf.
20(1). pp. 123-132.

2. BAHRAMI M., YOVANOVICH MM. &
CULHAM JR. (2004) Thermal joint re-
sistances of conforming rough surfaces with
gas-filled gaps. J Thermophys Heat Transf.
18. pp. 318-325.

3. CHUMAK K. & MARTYNYAK R. (2012)
Thermal rectification between two thermoelas-
tic solids with a periodic array of rough zones
at the interface. Int. J Heat Mass Transf.
55(21-22). pp. 5603-5608.

4. MARTYNYAK,R. M. & SEREDNYTSKA,
K. L. (2017) Kontaktni zadachi termoprugnosti
dlya migfaznyh trishchyn v bimetrialnyh tilah.
Lviv: Rastr-7.

Hapniiina no penxosnerii 28.08.21

122



Bicnux Kuiscvkoeo nayionansno2o ynisepcumenty 2021,3
imeni Tapaca [lleguenka

Cepis pizuxo-mamemamuymi Hayku

Bulletin of Taras Shevchenko
National University of Kyiv
Series Physics & Mathematics

VK 539.3 https://doi.org/10.17721/1812-5409.2021/3.24

Toxoswii 1O. B., n.¢.-m.H., c.H.C.,
IO3B’s1x M. U, ipoB. mar.,
Scincekuit A. B., 1.¢.-M.H., c.H.C.

Yu. V. Tokovyy, Dr. of Sci., Senior Scientist,
M. Yo. Yuzvyak, Math. Research Fellow,
A. V. Yasinskyy, Dr. of Sci.

IlonanHs po3B’sA3KiB MJIOCKHUX 32724 Teopii
NPYAKHOCTI AJ1 NIPSIMOKYTHOI 00J1acTi
yepe3 ¢yHkuii Biraka

Representation of solutions to the plane
elasticity problems for a rectangular domain
via Vihak’s functions
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V3aeanvreno suxopucmanna memoody 0e3nocepeoHbo2o iHMesPy8aHHs KIOU08UX PIBHAHb OCHOBHUX 3d-
oau meopii npyscnocmi 011 0bMmedceHux obnacmeii 3 Kymogumu moykamu. Baoscnusum emanom peanizayii
Memoody € NOOAHHA WYKAHUX KOMNOHEHM MeH30pa HANPYHICeHb uepe3 GUIHAYANbHI (yHKYil, eubip axux
CYmMmeBo 3danedcums 6i0 cneyudiku 3a0a4i, a momy 68aicacmspCsl HAUCIAOULOI0 IAHKOIO A2OpUmMY no6yoo-
68U po38’a3Ky. ¥V pobomi Hasedeno yHigepcanbHuil nioxXio 00 6UOOPY GUHAYATLHUX (DYHKYIU, HA36AHUX AGMO-
pamu  @yukyiamu Bieaka (Ha uecmb OCHOBONONIONCHUKA MA PO3POOHUKA Memody 0e3nocepeonbo2o
inmeepysanus, npogecopa Bacuna Muxaiinosuua Bicaxa), 3 8UKOPUCMAHHAM [HIMESPATLHUX CHIBGIOHOUEHD,
OMPUMAHUX HA OCHOBI PIBHSHb PIGHOGA2U. 3ACOCY8aAHHS NIOX0OY NPOLTIOCMPOBAHO HA NPUKAAOL NIOCKOL
3a0ayi meopii npysjcnocmi 01 npsamoxymuoi oonacmi. Iloxkazano 36’130k Qynxyii Bieaka ons posensanymoi
3a0ayi 3 K1acuuHow bicapmoHiunoo Gyukyicio Hanpyicens Epi.

Knrouogi cnosa: npyswcna pignogaza, niocka 3a0ayd, npsiMOKymHa obracmv, memoo 6e3nocepeoHboco
inmezpysanns, Qyukyii Bieaka.

The paper presents the generalization of the direct integration method for the governing equations of the
basic elasticity problems for the bounded domains with corner points. An important stage in the realization
of the method is the representation of the unknown stress-tensor components via the key functions. The
selection of these functions is motivated by some specific features of the problems and thus was regarded as
a weakest part of the solution algorithm. Herein, we suggest an universal approach for the selection of the
key functions, which we started to call the Vihak functions (to honor Prof. Vasyl M. Vihak, the founder and
developer of the direct integration method) by using the integral relationships derived from the equilibrium
equations. The approach is illustrated by the solution of a plane elasticity problem for an elastic rectangle.
The relationship between Vihak’s function for the considered problem and the classical biharmonic Airy
stress function is shown.

Key Words: elastic equilibrium, plane problem, rectangular domain, direct integration method, Vihak’s
functions.

CrarTio npeacraBuB wieH-kop. HAH Ykpaiau Xyk f.0.

BriuB HOBHX TEHICHINM PO3BUTKY TEXHIKH Ta
TEXHOJIOT1H, 30KpeMa, II0/I0 MiHIaTIopHU3allil TeXHid-
HUX Ta EJEKTPOHHUX IMPHUCTPOIB 1 MOTpeda sIKiCHOT
OIIIHKU X MIIHICHUX XapaKTEPUCTUK CIIPHsE Bif-
HOBJICHHIO 1HTEpECY 10 KJIACHYHUX 33724 MEXaHIKH,
MMOCTAHOBKA Ta PO3B’SI3KU SIKUX MEPEOCMUCIIOIOTHCS

© 10.B. Tokosuii, M.J1. 1038’51k,
A.B. fciucekmii, 2021

3 ypaxyBaHHSAM Cy4acHHX NoTped. OcobnmuBy yBary
NPUBEPTAIOTh 3ajadi Ui T 3 TaKk 3BaHUMH
KOHIICHTPATOpaMH Halpy>XCHb, HASBHICTH SKHUX 00y-
MOBJICHa CHEIU(IKOK MaTepiany abo 0coOIMBOCTS-
MU TeOMeTpii AoCTiKyBaHuX Tin. J{o 3amad Takoro
KJIacy HaJle)kaTh 3a7adyi Teopii mpy>KHOCTI Ta TepMO-
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MIPY>KHOCTI A1 OOMEXEHUX Tild 3 KyTOBUMU TOYKa-
MH, 30KpeMa, TUIOCKa 3ajada Ui Npy>KHOTO MPsMO-
kyTHUKa [1]. IcTopis BHBUEHHS wi€l 3a1a4i Hapaxo-
By€ IIOHAJ CTOPiYYs, 3a SIKE HalpalbOBaHO HU3KY
HaOJVKEHNX aHANMITHYHUX, HAITiBAHAJTITHYHHX 1 Y-
CIIOBHUX METOIiB TOOY0BH ii po3B’si3kiB [1-3]. Brim,
HE 3BaKAI04M HA BUIUMY MPOCTOTY 3a/adi, ii TOYHO-
TO aHAIITUYHOTO PO3B’S3KY Y 3arajibHii MOCTAHOBII],
HACKIJIbKU BIJJOMO aBTOpam, He Oyyio orpumano. lle
II0B’3aHO HacaMmIiepel 3 0OMEXEHICTIO KIIACHYHOTO
METOJIy BIJIOKpEMJICHHSI 3MIHHHMX JJii OJHOYAaCHOIO
3a7I0BOJICHHS KJIIOUOBMX PIBHAHb 3a/1adi Ta NOBHOTO
Ha0Opy KpalOBHX YMOB Ha CTOPOHAaxX MNPSMOKYTHH-
ka. lleil dakT coHyKye 1O MPOXOBXKEHHS IOCIiI-
KEHb 3a/1a4 TaKOTO KJacy Ta PO3pOOKH e(eKTHBHUX
METO/IiB X PO3B’sI3aHHSI.

VY pobGorax [4, 5] po3BuHYTO MeTOJ| Oe3nocepe-
HBOTO IHTErpyBaHHSA BUXIJHHUX PiBHAHb IUIOCKUX 3a-
Jlad Teopii MpYy>KHOCTI W TEPMOIPYKHOCT1 JJIs Tpsi-
MOKYTHOI 00JIacTi, sIKa 3a3Ha€ BILIUBY 30BHIIIHIX CH-
JIOBUX HaBaHTa)XK€Hb Ha yCIX CTOPOHAX Ta BHYTpILI-
HBOTO PO3MOALTY TEMIIEpaTypHOTo Imois. Meton
IPYHTY€ETbCSI Ha BUPAKEHHI LIyKaHUX KOMIIOHEHT
TEH30pa HAaIpy)XeHb 4epe3 BU3HA4YalubHI (QYHKUIT 3
MOJIAJIBIINM BiIIIyKAaHHSIM OCTAHHIX y BHUIJISJI PO3-
BHUHEHb y PSAAM 33 IOBHUMH OPTOTOHAJIBHUMU CHCTeE-
MaMH{ BJIaCHUX 1 MpPHETHAHUX (YHKLIH, IO BHO-
KpEMITIOIOTh CKJI3JIOBI BiJl CaMO- i HECaMO3piBHOBa-
KEHUX HaBaHTaxeHb. OTpUMaHO HEOOXiTHI yMOBH
JUTsl 30BHIIIHIX HaBaHTa)XEHb 1ICHYBaHHS PO3B’SI3KiB
TakuxX 3afad. [lo4aTKOBHM e€TanoM 3acTOCYBaHHS
METOJy € BUOip BH3HAYAIBHUX HAIPYXKCHB, SIKUH HE
OyB JOCTaTHHO OOIPYHTOBAaHWU. Y Wil CTATTI 3ampo-
[IOHOBAHO MiAXiA 0 BUKOPUCTAHHS NEBHMX BH3HA-
YaJabHUX (YHKLIH A1 BUpAKEHHS KOMIIOHEHT TEH-
30pa HaIPY)XE€Hb €IMHUM YMHOM. YBEIEH1 3 BHKO-
PUCTaHHSM IHTETPAIBHUX CIiBBIAHOIIEHb, OTPHMa-
HUX Ha OCHOBI PiBHSIHb PIBHOBAaru, Taki BU3HAYaJIbHi
(yHKLIT HA3BaHO HA YECTh OCHOBOIOIOKHUKA METO-
1y, mpodecopa B.M. Biraka.

PosrisHeMo 1ocky 3azady Teopii IpY>KHOCTI
Ui mpsAMOKyTHoI obnacti D = {(x,y) €[-a,,a,]x
[-a,,a,]}, Ha croponax sKoi 3agaHO 3O0BHilIHI

CHJIOBI HABAHTAKECHHS

Gxx(iaxay):_p;_r(y)a ny(iax:y):’rfy(y)v (1)
ny(xﬂiay):_p_f(x)’ ny(x7iay):’rix('x)'
Tyr 6,0

»wo GX,V

KEeHb, a TPaBi YaCTHHH 3aJaHO HelepepBHO-IUde-
peHuiioBaHMMU (YHKLIAMHU. 3a BiICYTHOCTI Maco-
BUX CHJI Hallpy>KeHHH cTaH o0yacti D ommcyeThes
KIIAaCHYHUMH PiBHSHHAMM [ 1] piBHOBaru

— KOMIIOHCHTH TCH30pa HaIpy-

xx 2
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0c 0o oG
anx + Xy :0’ Xy + Yy :0 (2)
Ox oy Ox oy
Ta CYHIJIBHOCTI
or &
—+— (o, +0,)=0 3
axz ay2 ( XX )') ( )

B Halpy>KEHHSX.

3 BHUKOPHCTaHHSIM CIiBBiJHOIICHb, OTPUMaHHUX
JIu(epeHIiIoBaHHsIM piBHSHb piBHOBaru (2), 3ampo-
BaUMO (DYHKIIIFO

2 2 2
V:anx:any:_acx)’ (4)
o’ o* Ox0y

IIpoinrrerpyBaBum (4) 3 ypaxyBanHsM ymoB (1), 3Haii-
JIeMO BHpPa3H HalpyKeHb uepe3 yBeaeHy (PpyHKIio:

- d,, dr,,
26, =-p, —p, —(x—a,) -(x+a,) +
dy
+ | Ve y|x-gae,
+ _ dT;x d‘c;x
20,,=-p, P, _(y_ay)?_(y"‘ay) I
ay
+ [ Vew|y—mjdn, (5)

-ay

4o = Z(IIy +T,, T+ r;x)
~t,(a) -1, (-a,) -1, (a,) -7, (-a,)~

~[[ V(& msgn(x — &) sgn(y —n)dedn
D

Ta IHTETPaIbHI YMOBH Ut GyHKIiT V(x,y)

% dt; drt
j V(x, y)dx =——">+—2=,
S dy  dy
af Vx.y)d dr), dt,
X, =——+ )
- i dx dx
' (6)
‘]x Vix.y)d . dv,, dr,
xV(x,y)dx=p —p, —a, ,
! y)dx=p;-p >
af V( )d . B d‘C;x dT;X
X, =p.—-p, —a +
Wy =py =py —a,| —=+—=

-ay

AHanoriuHi BUpa3u Ta yMOBU OTPUMaHO B [4] st
3amavi  TepmorpyxHocti. Ilnsxom iHTErpyBaHHS
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yMOB (6) BUBOJISTH IHTETpalibHI YMOBH PIBHOBAaru Ta
CYLUTLHOCTI JiJIsi 30BHINIHIX HaBaHTaxeHb (1), 1o
CHiBIAJAI0Th 31 3HAlIeHUMH B podoTax [4, 5].

TakuMm 9WHOM, OTpUMaHO TOMAHHS (5) KOMITO-
HEHT TEH30pa HalpyXeHb uepe3 OmHy (QYHKILO
V(x,y), a BiciM rpaHMYHUX yMOB (1) ekBiBaJ€eHTHO
3aMiHEHO Ha 4YOTUPU IHTEerpajbHi yMoBU (6).
Oyukuiro V(x,y) HazuBaTuMeMo QyHKIlieo Biraka.

[NopiBHIOIOUM BHUpasw Uil KOMIIOHEHT TEH30pa
HampyxeHb (4) 3 BIINOBIZHMMH BHpa3aMu 4epe3
¢ysaknito Hanpyxenb Epi ®(x,y) [1], 3Haxommumo
CIIBBIIHONIEHHSI

05, = [[VE|r-gy—rldzdn,
D

o' ®(x, )
ox’oy’

3 BUKOpPHUCTaHHSAM 3arajlbHOi CTparerii MeTomy
0e3mocepeHbOTO iHTEerpyBaHHs [4, 5], HanmpyKeHuH
craH B obyacti D BHACIIIOK CHJIOBOTO HAaBaHTaXKCH-
Hs (1) MOXXHA TIOAATH Y BUTJISLAL CYTIEPIIO3HLIT camMo-
3piBHOBaXKEHOI'0 Ta HECaMO3PiBHOBaXXEHOI'O HaIIpy-
XKEHUX cTaHiB. Binnosigno, GpyHkuito Biraka MmoxHa
nogaty y Burisai V=V, +V, ne V, Biamosinae

=V(x,y).

HECaMO3piBHOBAXKECHUM (€JIEMEHTapHUM) PO3B’sI3KaM
IUIsL HaTpy>keHsb [5], a V, BinmoBimae camo3piBHOBa-
KEHUM Harpy>XeHHsM [4] 1 3a10BOJBHSE OJHOPIAHI
IHTerpanbHi YMOBH
ay ay 4y ay
[ Ndx= | xVdx= [ Vdv= [ yNdy=0, (7)
—ay —ay —ay —ay
[NomanHs camMO3piBHOBaKEHUX KOMIIOHEHT TEH30-
pa Hanpyxeub G, , G, [4] uepes pynkuito V(x,y)

MaroThb BUI'IIAL

5= | N&fr-glds-

—ay

(x+a)’Qa,-x) ., (x-a)’Qa, +x) __

4a3 ! 4ai o
C(x— a)

X

dﬁy &T;y
(x+a,) 0 +(x—a,) o -
—ﬁj (3,(8) - T, (&) sgn(x— E)dE —
—%{ay [ (&) +%, @)sen(e—E)de +

+ f (Py (é)—ﬁy(é))lx—&ld&], ®)

—ay
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Q

6., = [[ W& msente - &) sen(y ~mdedn +

a.+x. a —x_.. a,ty_ a,—y __
x P11 + 2 T+ LT+
2a, a, a 2a, -

3(x —a)
84’

3(y -

j (Py ()= B, ()sgn(y —n)dn

-ay

j (P; (&) - P, (&)sgn(x ~ E)dE.

“a
T "‘7 "’_ "’i "'_

yT px’ py Tyx’ ’ny
Ba)keH1 yacTHHU [4] kpaiioBux ymoB (1), a Bupa3 amis

G w € aHaJIOTTYHHM.

[TincranoBkoto BupasiB (8) y piBHsHHS (3) 3 BU-
KOPUCTaHHSIM (2) OTPUMYEMO HACTYIHE iHTETPO-IU-
(hepeHIiaTbHE PIBHAHHS CYHITBHOCTI

o’ FNEY) [x-¢
2

— BIJMNOBIJHI CaMO3PiBHO-

2\§+'[

—ay

—d&+

4y A2 _
o N |y=nl

= ox? 2
'y
:_3_)36(13;_ _py+ 3x+a dz, . 3x za)C dz,,
©dy a, dy
: 2a, — 2
+%{<x+a»2 e T
JGra)(x-a)’ 4Ty | (x-a)(x+a) 4T, )
4a’ dy 4a’ dy
3y . ... 3y+a,di, 3y-a, di,
__3( y V)+ 2 d + 2 d +
a, a, X a, X
+d_2( (2a, =)y +a,)’ 54
2 3 y
dx 4a;,
Qa, +y)(y—a,) __
' 4a’ ¥

) 2 g~+
. (y+a,)y—a,) dr,
4a® dx

y
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+(y—ay)(y+ay)2 d%yx]' ©)

4a§ dx

st moOynoBu po3B’sI3Ky OTPUMAHOTO KIFOUOBO-

ro piBusHHS (9) 3 iHTerpaspbHuMu ymMoBamu (7) BH-

KOpUCTOBYeTbCss MeToauka [4]. [ToOynoBy Hampy-

JKeHb, IO BIAMOBIJAIOTE HECAMO3PIBHOBAXKEHIN
CKJIaJOBill V, HaBeneHo B pobori [5].

VYV Takuiéi cnoci0 3ampomnoHOBaHO NoAaHHS (5)
KOMIIOHEHTIB TEH30PiB HAIIPY>K€Hb y BUMAJKY IJIOC-
KOi 3ajadi Teopil MPYKHOCTI Yepe3 €IWHy BH3HA-
yanbHy QyHKIi0 Biraka. Chig 3ayBauTH, 110 Ha
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BiMiHY Bix OirapmoHiuHoi ¢yHKuii Epi, Bukopuc-
tanHs (yHKIT Biraka He noB’s3aHe 3 HA/UIUIIKOBUM
JU(GEPCHIIIOBAHHSAM, a TaKOX JIO3BOJISIE 3aTy4YUTH
KpaioBi yMOBH, 3aJlaHi Ha CTOPOHAX MPSIMOKYTHHKA.
V crarti [6] HaBemeHO aHAJOTIYHI MOMAHHS JUISA
TUTOCKUX 337124 TEPMOIIPY>KHOCTI BIJIBHHUX BiJ| CHJIO-
BHUX HABAaHTA)KEHb NPSMOKYTHIA 00JIAcTi, KiJIbIEBO-
My Ta KPYrOBOMY CEKTOpax, a& TaKOX JJIS OCeCH-
METPUYHOI 3a7a4i TEPMONPYKHOCTI Y MOPOKHUCTO-
My IHJIIHAPI CKiHUEHHOi noBXuHU. B [7] HaBeneHo
MPUKIIAJ] YUCIOBOI peamnizaliii Jyisi OCTaHHBOT 3ajadi
Ta BKa3aHO He OOYHMCIIOBAIBHI MEpeBard 3acTocy-
BaHHs (yHKIiH Biraka.
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HaliBa)xJIMBIIIMMH €IEMEHTAaMH OCBITHIX IpPOrpaM € OCBITHI KOMIIOHEHTH (IUCIMILIIHM), @ TaKOX
KOMIICTEHTHOCTI ¥ pe3y/IbTaTH HABYAHHs, 110 HUMHU 3a0€3MEUyIOThCS. Y CTaTTI HAaBEACHO MOPIBHSUIBHUN
aHaJli3 OKpPEeMHX OOOB’SI3KOBUX IUCIMILIIH OCBITHBO-TIpOodeciiiHol nporpamu «lHpopMaTHKay MEPIIOro
(OakaymaBpPChKOro) piBHS BHINOI OCBITH rajiy3i 3HaHb 12 «lHdopmaliiiHi TeXHOOrI», cremiaibHocTi 122
«Komi’toTepHi Hayku» 3 JUCIUILTIHAMH OCBITHBO-IPOMECITHUX MPOrpaM TOTO K PIBHS Ta CIEIiabHOCTI
IHIIKX 3aK1aaiB BUIOI 0cBiTH. B po0OTI mpoaHaiizoBaHo OCBITHRO-TIpodeciiiny nporpamy «IHdpopmaTrkay
repmoro (0akamaBpChKOTO) pIBHS BHINOI OCBITH 3a crHermianbHICTIO 122 «KoMmmm’ioTepHi HayKu», IO
peamizyeTbes (haKyIbTETOM KOMIT IOTEPHHX HayK Ta KibepHeTnkr KHiBCHKOro HaIiOHAIHHOTO YHIBEPCUTETY
imeni Tapaca llleBueHka B po3pi3i HOPIBHSIHHSA 0OOB’SI3KOBHX OCBITHIX KOMITOHEHT OCBITHBO-TIpOdeciitHol
nporpamu «lHpopmaTHKa» Ta 3a0e3medyBaHUX (IOCSIKHHMX) HUMH CTaHAAPTHUX pPe3ylbTAaTiB HAaBUaHHS
KOMITETCHTHOCTEH 3 000B’SI3KOBUMH OCBITHIMH KOMITOHEHTaMH IHIITMX OCBITHIX TIPOTPaM.

Kurouosi cnosa: komn’romepui HayKku, iHhopmamuka, cucmema Kepy8aHHs 06a3amu OAHUX, OCGIMHI
KOMHOHEeHmMU, CMaHoapm euuioi oceimu, 0C8imHs npozpamd.

The most important elements of educational programs are the educational components (disciplines), as
well as the competencies and learning outcomes they provide. The article presents a comparative analysis of
some compulsory disciplines of the educational and professional program "Informatics" of the first
(bachelor's) level of higher education in the field of knowledge 12 "Information Technology", specialty 122
"Computer Science" with disciplines of educational and professional programs of the same level and
specialties of other institutions of higher education. The work analyzes the educational and professional
program "Computer Science" of the first (bachelor's) level of higher education in the specialty 122
"Computer Science". It is implemented by the Faculty of Computer Science and Cybernetics of Taras
Shevchenko National University of Kyiv in terms of comparing compulsory educational components
educational-professional program "Informatics" and provided (achievable) standard learning outcomes and
competencies with compulsory educational components of other educational programs.

Keywords: computer science, computer science, database management system, educational components,
standard of higher education, educational program.
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Beryn
MOHITOPUHT Ta TEPEOCMUCIECHHS  OCBITHIX
mporpaM 3a crnemianpHicTIO 122 «Komm toTepHi
HayKh», TMOBHHEH BPaXOBYBaTH BHUMOTH  3aKOHY

Vkpainn «[Ipo Bumry ocBity» [l1] Ta Cranmapty
nepuioro (0akanaBpChbKOT0) piBHS BHUINOI OCBITH 3a
cunemianpHicTiIO 122 «Komm’toTepHi  HayKmy,
3aTBep/keHoro Hakxaszom MinicTepcTBa OCBiTH i
Hayku Ykpainu 3a Ne 962 Big 10.07.2019 pomui [2].
BaxMBUM eeMEHTOM Ha MUIAXY [0 MOKpAaIIeHHS
nporpaM € 3JIiHICHEHHS MOPIBHSUIBHOTO aHallizy
ocBiTHBO-TIpodeciitHol mporpamu «lHpopMaTHKay 3
AHAJIOTITYHUMHU TPOrpaMaMH iHIIUX 3aKJajiB BUILOI
oceitu (3BO). Y 3B’s3Ky 3 BUMOraMu IpO30pPOCTIi,
o BUCYHYT1 3akoHoM Ykpaiau «[Ipo BHIy OCBITY»
3MIMCHUTH  TaKWd  TOPIBHSUIBHUN  BUSIBISIETHCS
MOXJIMBUM,  aJDK€  OCBITHI  Iporpamu, IO
peainizytoThest pisHuME 3BO OnpuIIIOAHIOIOTHCS TSI
BUIBHOTO JIOCTYIY Ha iX odimiiHMX calTax.

['onmoBHMUMHU e€JIeMEHTaMHU OCBITHIX TIpOrpamM
OCBITHI ~ KOMIIOHEHTH Ta  KOMIIETEHTHOCTI
pe3yibTaTy HaBYaHHS, 0 HUMH 3a0e31euyoThes. B
poboTi  aBTOpaMH  IMPOAHATI30BAHO  OCBITHBO-
npodeciiiny nporpamy (OII) «lHpopmaTHKa»
nepuroro (6akanaBpChKOro) piBHS BHINOI OCBITH 32
crerianpHicTIO 122 «Komm’torepri Hayku» [3], 1m0
peami3yeTrbes (PaKkyIbTETOM KOMIT' IOTEpPHHUX HAayK Ta
KibepHeTHKH Kwuiscekoro HaIll0HAJTHHOTO
yHiBepcuTery imeHi Tapaca IlleBuenka. AmHaimi3
MPOBEICHO B PO3pi3i TOPIBHSHHSI 00O0B’SI3KOBHX
ocBitHix kommoHeHT OIIIl «Iudopmaruka» Ta
3a0e3MeuyBaHNX HHUMH pe3yJbTaTiB HaBYaHHSI U
KOMIIETEHTHOCTEI 3 OOOB’SI3KOBUMH  OCBITHIMHU
komnoneHTamu iHmmx OITIL.

€
71

Ananiz OIIII «IndopmaTika» 3 mporpamMaMu
iHIIMX 3aK1a1iB BULLOY OCBiTH

Po3pobky ocsitHix mporpam (OI1) y BiTIn3HIHIX
3BO [omibHO pO3TIAgaTH B KOHTEKCTI HOBHX
CTaH[IAPTIB BHWIIOi OCBITH. bBUIBIIICTh CTaHAAPTIB
BK€ MIPUIHATI Ta 3aTBEPIKEHI, OKpeMi mepedyBatoTh
Ha cramii ob6roBopenHs. Jlyrosuit B.I. Ta
TamanoBa JK.B. B mporeci anamizy MikHApOIHOTO
CcTaHmapty Kiacudikarii oOCBITH OOTPYHTOBYIOTh
JOIUTBHICTH BHKOPHCTaHHS MDKHapOIHOT
knmacudikamnii ams ramy3eBoi kiacuikamii OCBITHBOT
cdepu B Ykpaini [4]. IIpore npobnema anamizy came
00O0B’S3KOBHX JTUCIUILTIH  OCBITHBO-TIpOdeciitHOl
mporpamu «ladopmaTukar» MEPIIOTro
(bakamaBpCBHKOro) piBHS BHUIIOI OCBITH Taly3i 3HaHb
12 «IudopmartiitHi TexHONOTii», cremiadbHOCTI 122
«Komm’1oTepHi HayKu» € BITHOCHO HOBOIO Ta HE 10
KiHIA JociimpkeHow. B my6mikamisx [5-7] Oys
MpOBEeHUH TMOPIBHAJIBHUNA aHaji3 YKpaiHCHKOro
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CTaHJApTy OCBITHBO-MPOQECIHHOT MiArOTOBKM Ta
MixHaponHoro crangapty Computer Science’2013, a
TAKOXX HaJaHO MPOMO3MULII AN MOKpaIIeHHS
YKpaiHCBKOI'O OCBITHBOTO CTaHIapTy. Y poborax [8,
9] onmcaHo TeopeTHYHE MIATPYHTSI U1l HOPiBHSHHSI.

Hna MOPIBHSJILHOTO aHaizy OIIIT
«lHpopmaTka», 10 peami3yloThCs Ha (aKyJIbTeTi
KOMIT'FOTEpHUX Hayk Ta KibepHermku KuiBchkoro
HalllOHaJIbHOTO  yHiBepcuTery  iMmeHi  Tapaca
[euenka 3 OIIIl Toro » piBHS BHUINOI OCBITH M
cnemianpHocTi iHImMX 3BO VYkpainu BBememo 10
PO3MIISIY MOHSTTS, YacTHHA 3 SKUX Oyia omucaHa B
nociimkenHi [8, 9].

MHOXHHa CITeliaTbHOCTEH

SP = {spi | i=1..n}.

Jliis koxHOT SPpeSP BBeeMo 10 po3riis Ly
HACTYITHI TIOHATTS:

MHOKHMHA Pe3yJIbTaTIB HABYAHHS CIIEI[IalTbHOCTI:
LOg={loi| i=1..t};

MHOKHMHA OCBITHIX ITPOTpaM CHeliaIbHOCTI:

OPs,={opi| j=1..m}.

s koxxuoi 0peOPgy BBeIEMO 10 po3risay
TIOHSITTS:

MHoxHHA 000B’I3KOBUX OCBITHIX KOMITOHEHT
(mMCUMILTIH) OCBITHBOI TPOTpaMHu:

OK oprspy = {0ki | i=1..t}.
MHOKHMHA Pe3y/IbTaTiB HaBYaHHS AUCLMILTIHU!
LOok = { 100k | 100k €LOsp & LOZoppsp(100k, OK)}.
Kinokicmos pezynomamis HaguanHs OUCYUNIIHU
| LOokl .
CninoHi pe3ynbmamu HAGUAHH MHOJCUHY TIOTIAPHO
PI3HHX JUCITUILTIH 32 OCBITHIMH ITpOrpamMaMH OTHIET
criemianbHOCTi: SPio(OKDyspy):
ksp € Sp|o(OKD[5p])<—> |Ook ELOsp &
i Oksp € OKD [sp LOZop[sp](|Ook, Oksp)}.
Kinvkicmo cninonux pezynomamie Haguanus
MHOICUHY TIOTIAPHO PI3HUX AWCIUILUIIH 32 OCBITHIMHU
IporpamMaMH OHIET CIIEIiaIbHOCTI:
| Spio(OKDson) | -

ABToMaTu3alis ananizy nopiBusaus OIIII

3acobomM aBTOMaTH3aIlii aHami3y aBTOpaMHU
oopano CKBJI MS SQL Server [15]. [dusa
JIOCTI K EHHST CTBOPEHO 0a3zy JAHUX

EducationPrograms, sika MiCTUTh, 30KpemMa, TaOJIHIIi:
— rtabmug Universities, mictuth iHpopMmaiiito
npo 3BO Ta Brimowae HactynHi nomns: Id, Name,
EDBO,;
— rtabmung Faculties, mictuts iHdoOpMaIito mpo
(hakynpreTn Ta BKIFOYae HacTymHi mons: Id, Name,
Universityld;
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— Ttabmuig  SpecialityCompetences, wmicTuTh
iHpOpMaIilo MPO BiAMOBIAHICTH KOMIIETEHTHOCTEH
CHEIIaTbHOCTSIM, MpeCTaBIcHa HACTYITHUMH
moisimu: 1d, Name, Specialityld, Competenceld,;

— nmosimuwmkoBa Tabmui  EdProgramsTypes,
MICTUTh THIIM OCBITHIX TpOrpam, MpeACTaBlIeHa
nactymaumu moasimu: 1d, TypeName;

— jmoBimHwkoBa  Tabmmis  Specialisations,
MICTUTh TEPEIliK CIEiaTIbHOCTEeH, 3aIaHUX TOJISIMU
Id, Name;

—  Tabauus Competences, MICTUTH
KOMITETEHTHOCTI, 10 kimacudikoBani 3a tumamu: 1d,
Competence, CompetenceTypeld;

— Ttabmui  EpSubjectCompetence  mictuTh
iHpOpMaI[ilo  TPO  KOMIIETEHTHOCTI  OCBITHIX
kommonenT: 1d, Subjectld, SpecialityCompetenceld;

— Tabmuig Subjects MicTHTh BiZOMOCTI TIpO
ocBiTHi KommoneHTn (mucrmmuniam): Id, Name,
EProgramld, Credit, Controlid;
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—  Ta0nuus LearningOutcomes MICTUTH
iHpopMaIlito mpo  pe3yapTath  HaB4aHusA.  Id,
Specialityld, LOName, LearningOutcome;

— noimaukoBa Tabmums ControlTypes micTuTh
nepenik GopM KOHTPONIO OCBITHIX KoMrmoHeHT: Id,
ControlTypeName;

— gnoBigHukoBa Tabmmus CompetencesTypes

MICTUTh TEpeik THIIB KoMmereHTHocreit: 1d,
CompType;
— Ttabmuus  EpSubjectOutcomes  moB’s3ye

pe3yJabTaT HaBYaHHS 3 KOHKPETHHUMH OCBITHIMH
xommonentamu: Id, Subjectld, LearningOutcomeld;
— Ttabmuug EducationPrograms wmictute maHi
npo ocsitHi mporpamu: Id, Name, Specialityld,
EdPrTypeld, EDBO, Facultyld, ImplementationDate.
Hiarpamy 6a3u ganux EducationPrograms
MpeCTaBlIeH] Ha PUCYHKY 1.

LearningOutcomes | Specialties | SpecialtyCompetences
= Int WL (PK) [yo — —efa= Int NN (PK) - = = 4= Id Int NN (PK) FK_SpecialityCompetences_Competences
4= Specialtyld int (FK e
= ompetences
+ FK SpeciaityCompetences Speciallies |07 Competenceld  Int (i x TR
4= Specilityld Int (FK) po- — — —oqe= L (PK)
? FK_LearningOutcomes_Specialties FK_EducationPrograms_Speciatties ? L
FK EpSubjectCompetences Specialiy/ @ _CompetenceTypeld Int (FK)
FK EducationPrograms EducationProgrgms
I Faculties EducationPrograms ‘ | FK_Competences_CompetencesTypes
| |e= ® Int NN (PK) la= K Int NN (PK) |
I e = [
4= Universityld  Int (FK) la= Specialityld Int (FK) EpSubjeciCompetences |
| K3 9= Id Int NN (PK})
| |@= EdPrTypeld Int (FK) 4= Subjectid Int (FK |
| la= Facultyld nt (FK) 4= SpecialityCompetenceld  Int (FK) |
FKLEpSub]edLOutcomestearninﬁOutcomes
rq ? | FK_EpSubjectCompetences_Subjects .
| " . . ' FK_EducationPrograms_EdProgramTypes FK_Subjects_EducationPrograms 1
| FK_Facumas_UnwFrsmas | | [ CompetencesTypes
I & 1d int A (PK)
I ! 3 4
Subjects
| % J; o= int NN (PK)
| Universities [ EdProgramTypes. |
| g= K Int NN (PK} g= Id Int NN (PK} ‘ g= EProgramid  Int (FK)
| = Controlld int (FIC
! iy
| | I
£ | I
EpSubject_ Oulcomes FK_EpSubjectLOutcomes_Subjects |
@ | NN PRI S — — — — — — — — — — — — — — — — -
@ Subjectid int (FK é FK_Subjects_ControMypes.
@ _LearningOutcomeld Int (FK) Controfypes
4= d Int NN (PK}

Pucynok 1. ®parment miarpamu 6a3u ganux EducationPrograms

3 wmeroro 3miificienHs ananizy [IPH aBtropamu
po3pobierno SQL-3anmtu 10 cdopmoBaHoi 0a3u
TaHUX.

HopiBHsIbHMI aHAMTI3 OCBITHBOI IpOorpaMu
«IHdopmaTuka» 3 IHINMMH OCBITHIMHU
NMporpaMaMu creniajaibHOCTi B po3pi3i

000B’A3KOBHX JHCIUILTIH

Hns JIOCHIDKEHHS BiZiOpaHo HACTYITHI
JWCIHMIUTIHE 3  OCBITHBO-TIpo(peciiiHi  mporpamu
(OIMT) «Iadopmatuka» [3], mo peami3yeTbcs Ha
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(hakymbTeTi KOMIT'IOTEPHUX HayK Ta KiOepHETHKH
KuiBchbkoro HaIioHaIBbHOTO VHIBEPCHUTETY 1MEHI
Tapaca llepuenka (Inp_KHYTII):

[IporpamyBaHHS;

Juckperna maTeMaTHKa,

Hudepentiiiiai piBHAHHS;

MatemaTnyHa JIOTiKa;

OO0’ €KTHO-OpiEHTOBAaHE MPOrPaMyBaHHS,
Teopist nporpaMmyBaHHSL.
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KomnerenTHocTI Ta pe3ylbTaTH HaBUYaHHS B
Tabmuii 1 IMEHYHOTBCSI BIAMOBIAHO 10 MPUHHSITOTO
CrangapTy mepiioro  piBHA BHIOI  OCBITH  3a
criemianpHicTio 122 «Komm’ roTepHi Hayku»[2].

B Tabmuui 1 mpeacraBieHO po3MOALT 3arallbHAX
Ta cHoelialbHUX KOMIIETEHTHOCTEH 3a JAeIKUMU
000B’I3KOBUMH JUCLIUIIIIHAMU.

Tabmuis 1. Po3monin KoMIeTeHTHOCTE!N 3a
JUCHUTUTIHAMEI
IIporpamui pe3yabTaTn

Hapuyanus (ITPH)

KomnerenTHocTi
(3araasbHi (3K),
cneniaabHi (CK))

ITporpamyBaHHs
3K13 | [IPH4, IIPHS
Juckperna maTeMaTuka
3K11, CK1,CK3 | [IPH2
Judepenniiiai piBHIHHS
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KOMIT'IOTEPHUX Hayk Ta KibepHeruku KuiBcbkoro
HalllOHaJIbHOTO  yHiBepcuTeTy  imeHi  Tapaca
Illeuenka (Imp KHYTI) [3] Ta iX BIACOTKY
MOJIIOHOCTI 32 KOMITETEHTHOCTAMHU (Tabmumi 2) i 3a
IMPH (tabmumi 3) mo pucumrutid iHmmx OIIIT Toro x
PiBHS # CHIEiaIbHOCTI.

OIIT (Ku_KHVYTIN) — «Komn’toTepHi Haykmy,
sKa BHMBYAEThCH Ha (akynpTeri iH(MOpPMaLiHHUX
TEXHOJIOT A Kuiscrkoro HAllOHAJILHOI'O
yHiBepcuTery iMeHi Tapaca IlleBuenka [10].

Ol (Imdp XHY) - «ludopmaTtukay, w0
peamizyetbcs  Ha  (aKyNbTeTi  MaTeMaTUKH 1
iHpOpMaTHKU XapKiBCHKOT'0 HaI[IOHAJILHOTO
yuiBepcutery imeni B.H. Kapazina (XHY imeni
B.H. Kapaszina) [11];

OINIT (Ku_3HY) — «Komm’roTepHi HayKu», IO
BUBYAETHCS B 3alopi3bKOMY  HAI[iOHAJIBHOMY
yniBepcuteri (3HY) [12];

CK1 | [IPH1, [TIPH5 OIIIT (Ku_BHTY) — «KoMm’roTepHi HayKu, 110
MaTeMaTidHa JoriKa peanizyerbcss 'y BIiHHWIIBKOMY  HAI[IOHAIBHOMY
CK1, CK3 | TIPHI, [IPH5 TeXHIYHOMY yHiBepcuTeri [13];
00’ €KTHO-OpiEHTOBAHE NPOrpaMyBaHHs OII (Iup_YHY) — «lupopmarukar, Jlepxasuuii
3K2,3K12, CK8 |  TIPHO, [IPHI5 BULIMH  HABUANbHMA  3aKan «YKTOPOJICHKHI
Teopis MporpamyBanHs Hau];OHanB}éHH y'HlBegcheT» [14]. 5
TabIHII MPEJICTABICHO parMeHT
l'iiix,cfikegfg iniBBinHl;IEJI:}i},UIITPHS re— MOPIBHSAHHSA TOAIOHOCTI OOpaHWX I aHaJi3y
mucuumiin - OINl  «ladopmaTtukay  (QakyIbTETy FHCLUATLII | PUIHOCHO CTafAapTHAX
KOMIIETCHTHOCTEH.
Tabmms 2. parMeHT MoaiOHOCTI AUCIUILTIH 32 KomrereHTHocTsiMHU [Hp KHYTIII
oIl Hazpa aucuunuian Bincorox
nofioHocTi
IIporpamyBaHHs
Inp XHY Onepaliiiiti cucTeMu 43,83%
Inp XHY MatemaTryHa Jorika i MmoBa Prolog 45,84%
Ku 3HY AJITOPUTMH Ta CTPYKTYPHU JTaHUX 43,33%
Ku BHTY Beryn o daxy 21,21%
np YHY Teopis HMOBIpHOCTEH, IMOBIPHICHI MpOILECH Ta MaTeMaTHYHA 29,17%
CTATHCTHKA
Ka KHYTII AnropuTMi3alisi Ta MporpaMyBaHHS 58,33%
HuckperHa MaTeMaTHKa
Ka KHYTII JuckpeTHi cTpyKTypH 50%
Inp XHY Beryn 1o MaTeMaTHYHO! CTATHCTHKH 70%
Ka BHTY JuckperHa MatemaTrKa 61,11%
Kua 3HY Komm’rotepHa rpadika 31,25%
JudepenttianbHi piBHIHHS
lnp YHY MatemaTHnyHUH aHaMi3 35%
Inp XHY Beryn 10 MaTeMaTHYHOI CTATUCTHKU 35%
Ku 3HY Opranizaiist Ta 00po0OKa eneKTpoHHOI iHdopMmaii 32,14%
Ku BHTY YucenbHl METOINA 32,14%
Ka KHYTII Beryn 10 MaTeMaTHYHOI CTATUCTHKU 35%
MaremaTHyHa JIOTiKa
Ka KHYTII | JMCKpeTHi cTpyKTypH | 50%
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[np XHY Enementn maremMaTW4HOi JIOTiKHM, €IEMEHTapHOI Ta IMCKPETHOI 70%
MaTeMaTHKH
Ku 3HY ANTOpUTMH Ta CTPYKTYPH JaHUX 60%
Kua BHTY JlckpeTHa MaTemMaTHKa 61,11%
lnp YHY AJITOPUTMH 1 CTPYKTYPH JTAaHUX 66,67%
OO0’ eKTHO-OpiEHTOBaHE MPOrPaMyBaHHS
Kua KHYTII O0'eKTHO-Opi€HTOBaHE MPOrpaMyBaHHs 41,67%
Inp XHY [ITa610H1 00'€KTHO-OPIEHTOBAHOTO MPOTrPaMyBaHHs 53,33%
Ku 3HY O0'eKTHO-Opi€HTOBaHE MPOrpaMyBaHHs 41,67%
lnp YHY Ynpasninas [T-npoexkramu 60%
Teopist mporpamyBaHHs
Ku BHTY MaTemMaTUyHi METOJIU JOCTIPKEHHS onepariin 50%
Ku 3HY AJTopHTMI3allisi Ta MPOrpaMyBaHHS 41,67%
Inp XHY [NapanenpHi Ta po3nofisieHi 004nCIeHHs 29,17%
Ka KHYTII AJropHTMI3allisi Ta MpOrpaMyBaHHS 29,17%
HaBenene B TaOiumui 2 CIIBCTABJIEHHS 1€ 3arajJbHUX Ta (haxoBux KOMITIETEHTHOCTEH,

BH3HAYEHUX CTaH/JIAPTOM BHUIIIOi OCBITH.
B Tabmuui 3 HaBemeHo QparMeHT NOpPIBHSHHS
JUIS  aHaJ i3y  JUCIUILTIH

BIZIHOCHO CTaHJIAPTHHUX PE3y/IbTATIB HABYAHHSI.

Tabnuns 3. @parmMeHT MoAiOHOCTI TUCIUILTIH 32 MPOrpaMHUMU pe3ynbraTamu HapuanHs [ndh KHYTII

(01111 Hazpa aucuunuian Bincorox
nofioHocTi
IIporpamyBaHHs
Ka KHYTHI | AnropuTmizaliis Ta mporpaMyBaHHS 100%
Indp XHY Onepaliiiini cucTeMu 37,5%
Ka BHTY AJTopuTMi3aliis Ta mporpaMyBaHHI 5%
Ku 3HY Komm’rorepHa rpadika 41,67%
I YHY AJITOpHTMI3aIlisl Ta MPOrpaMyBaHHS 64,29%
JluckperHa MaTeMaTuka
Ka KHYTHI | Martematnka JJis KOMITIOTEpPHUX HAyK 75%
Inp XHY Beryn 1o MaTeMaTHYIHO! CTaTHCTHKH 75%
Ka BHTY Buma maTematnka 75%
Ku 3HY AJITOPUTMH Ta CTPYKTYPHU JTaHUX 62,5%
Inp YHY CucreMHuil aHai3 58,33%
JudepenttianbHi piBHIHHS
Kua 3HY Anrebpa Ta reomerpis 50%
Ka KHYTHI | Martematnka 11l KOMITIOTEpHUX HayK 50%
Indp YHY JudepenttianpHi piBHIHHSI 50%
Ka BHTY Buma maTematnka 100%
Inp XHY Meroam ontuMizarii i JOCTiHKEHHS onepartiit 32,14%
MaremaTHyHa JIOTiKa
Ku KHYTHI | IIpoekTyBaHHsI Ta aHaJIi3 JITOPUTMIB 75%
Inp XHY EnemenTn anrebpu ta Teopii uncen 50%
Ku BHTY Yupasainns IT-npoexramu 41,67%
Ku 3HY ANTOpUTMH Ta CTPYKTYPH JaHUX 75%
OO’ €eKTHO-OpiEHTOBaHE MPOrpaMyBaHHs

Ku KHYTHI | OG'ekTHO-Opi€HTOBaHE MPOrpaMyBaHHs 100%
lnp XHY Meronu po3poOkH iHTepdeiicy KopucTyBaua 37,5%
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Ku BHTY Texnosorii KoM’ FOTEPHOTO MPOESKTYBAHHS 41,67%
lnp YHY Texnounorisi nporpaMyBaHHsI Ta CTBOPEHHS MPOrPaMHUX MPOAYKTIB 61,11%
Ku 3HY Komn’roTepHa rpadika 41,67%
Teopist nporpamyBaHHs
Ku KHYTHI | IIpoekTyBaHHsI Ta aHaIi3 JITOPUTMIB 75%
Inp XHY EnemenTn MareMaTW4HOi JIOTIKH, €IEMEHTapHOI Ta JIHCKPETHOI 50%
MaTEMaTHKH
Inp YHY MaTemMaTU4yHi METOJIU JTOCTIKEHHS Ornepalin 37,5%
Ku BHTY Kpoc-nmardopmue nporpaMmyBaHHs 37,5%
Ku 3HY ApXiTeKkTypa 00YHCIIOBAILHUX CHCTEM 41,67%

HaBenene B T1aOimii 3 CHIBCTaBIIEHHSA J1ac€
HATJISiIHE  YSABJIGHHS TPO CIIBBIJHOIIEGHHS 3MICTY
KOHKPETHHUX OO0OB’SI3KOBHX OCBITHIX KOMIIOHEHT Yy
pizaux OIIII 3a CHiBHOK CHEIIaNBHICTIO BiJHOCHO
MPOrpaMHUX pe3y/IbTaTiB HaBYaHHS, BU3HAYCHUX
CTaHJIaPTOM BHIIIOi OCBITH.

BucHoBku

[IpoBeacHu  MOPIBHSUIBHUH — aHal3  JESIKHX
00OB’S3KOBMX  JIUCIHIUIIH  OCBITHBO-TIPO(eCciiiHOT
porpamMu «Iadopmatmkarn Mepuioro

(OakamaBpPCHKOro) PiBHS BHUIIOI OCBITH Taly3i 3HaHb
12 «IudopmartiiiHi TeXHONOri», cremiaabHOCTI 122
«KoMIT’roTepHI HayKu» 3 IUCIUIUIIHAMHA OCBITHBO-

npodecifHMX TmporpamMaM TOTO K pIiBHA Ta
CIEIIAIbHOCTI  IHIMWX  3aKJaiB BHUIIOI OCBITH
Ykpaiam mokazaB, IO TOMIOHI 3a 3MICTOM

TUCITUTLIIHN PI3HUX OCBITHIX IporpaMm JOCSATaloTh
AHAJIOTIYHUX CTAHJAPTHUX PE3YJbTaTiB HaBYAHHS, a
TAaKOXK 3araibHUX Ta (PaXOBHUX KOMIIETEHTHOCTEH.

Cnucok BUKOPUCTAHHUX KepeJt

1. 3akon VYkpainm “IIpo Bumly ocBity” Bif
01.07.2014 p. Nel556-VII // Bimomocti BepxoBHoi
Pamgu Vikpainu. — 2014, — Ne 37-38. — Cr. 2004
[Enextponnmii pecypc]. — 2014. — Pexxum mocTymy
bi (o) pecypcy:
https://zakon.rada.gov.ua/laws/show/1556-18#Text

2. Haxa3z MOH VYkpaiuu «IIpo 3aTBepKkeHHs
CTAaHJAPT BHIIOI OCBITH 3a CHEIIalbHICTIO 122

«Komm’rorepHi HayKH» IS IIEPIIIOro
(6akanaBpCHKOIO) piBHS BHIIOT OCBITH»
[Enexrponnmii pecypc]. — 2019. — Pexum moctymy
bi (o) pecypcy:

https://mon.gov.ua/storage/app/media/vishcha-
osvita/zatverdzeni%?20standarty/2019/07/12/122-
kompyuterni-nauki-bakalavr.pdf.
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Cx0xi 3a 3MICTOM O0OB’SI3KOBI OCBITHI KOMIIOHEHTH
KOMIIOHEHTH MatoTh Outbiie 50% moxmiOHocTI 3a
KOMIICTCHTHOCTSAMU W pe3yjbTaTaMH HaBUYaHHS, a
JUTSL PI3HUX 32 3MICTOM JUCIHUILIIH, SIK PaBUIIO, IISH
BIJICOTOK CKJIaJa€ He Oubine 45%.

OCBITHI IporpamMu OJHOT'O PiBHS BUIIOI OCBITH Ta
CIIEIIaJIbHOCTI MICTATh IOMIOHI 3a JOCSKHICTIO
CTaHJAPTHUX KOMIIETEHTHOCTEH 1 pe3ysbTaTiB
HABYaHHS OCBITHI KOMIIOHEHTH.

Takum  gmHOM, 000B’A3KOBl  JIUCHHUIUIIHA
ocBiTHBO-TIpo(eciitHoi mporpamu  «IH(DOpMaTHKa
nepiioro (0akajgaBpChKOro) PIBHS BHILOI OCBITH
ramy3i 3HaHb 12 «lHopmariiiHi TeXHOIOTii»,
cnemiansHocTi 122 «KoMI’rOTepHI HayKu», IO
peamizyeTbes Ha GaKyIbTeTi KOMIT IOTEPHUX HAyK Ta
KiOepHETHKH KwuiBcbkoro HaITIOHATHHOTO
yHiBepcuTery iMeHi Tapaca IlleBueHka MawTh CBOI
aHAJIOTH B OCBITHIX IporpamMax TOTO K PIBHsI BHIIOI
OCBITH Ta CHeMiaJbHOCTI IHIMMX 3aKJIaJiB BHIIOI
OCBITH YKpaiHu.
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(doroBoabTAILI

Meman-nanienposionukosi  komnosumui  mikpocmpykmypu Au-GaAs Oyiu ompumani  uWLISAXOM
AHI30MPONHO20 MPABAEHHSA 3 NOOANUUM DOMOCTNUMYIbOBAHUM XIMIYHUM OCAONCEHHAM 011a20pO0OH020
memany (Au) na copmosani nanienpogionuxosi keasiepamku. 3010MO HAHOCULOCS HA CIPYKMYPOBAHY
nosepxuio GaAds y 6uensidi XAomuuHO PO3MIUEHUX HAHOYACMUHOK Memany ma/abo HAHoOpomis Ha
BEpUIUHAX Na2opbie Hanienpogionuxogoi mikpocmpykmypu. Chopmosani cmpykmypu 6uuaiomvcs 3d
00NOMO2010 CKAHYIOHOI eNeKMPOHHOI MIKpOCKONii, ONMuyHOI CHeKmpOoCKOonii ma omoenreKmpuyHux
sumipiosans. Cmeopeni meman-Hanienpogionuxosi mikpocmpykmypu AU-GaAs ¢ nepcnexmusnumu 01
3aCcMocy8anHsi 8  HIAA3MOHHIU — homosonemaiyi, wo RNIOMBEPONHCYEMbCA  NOBEOIHKOK — CHeKmpIg
domonrominecyenyii ma sminamu gopmu cnekmpis ghomocmpymy.

Kurouosi cnosa: conssunuil enemenm, apcenio 2anito, HaHOYACMUHKA, NOBEPXHEBULL NIA3MOH.

Au-GaAs metal-semiconductor composite microstructures have been prepared by an anisotropic etching
of n-GaAs (100) wafers doped with Te (10 to 10" cm?®) with subsequent photostimulated chemical
deposition of noble metal (Au) on formed semiconductor quasigratings. The microrelief topology of GaAs
surface is controlled by the anisotropic etching conditions. Au metal was deposited on the structured GaAs
surface as randomly placed nanoparticles of various shape and size and/or nanowires on the top of the hills
of formed semiconductor microstructure. As the number of Au nanoparticles increases, they tend to localize
on the ledges of the GaAs microrelief forming a system of approximately parallel nanowires. Obtained
periodic structures with submicron to microns periods without Au nanoparticles and with deposited
nanoparticles have been studied by means of scanning electron microscopy, optical spectroscopy
(photoluminescence spectroscopy at room temperature), and photoelectric measurements. The decrease of
the relative intensity of main photoluminescence band for samples with Au nanostructures compared to ones
without nanoparticles deposition and simultaniously changes of the shape of photocurrent spectra of Au-
GaAs microstructures have been observed. Such correlation in behaviour of measured spectra make formed
Au-GaA metal-semiconductor microstructures perspective for the application in plasmonic photovoltaics.

Key Words: solar cell, gallium arsenide, nanoparticle, surface plasmon.
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Introduction

In recent decades, silicon solar cells (SCs) are
widely used in photovoltaics. Variety of techniques
have been developed that allow the most efficient
use of silicon to convert solar energy into electricity
[1, 2]. At the same time, there are active studies of
other semiconductor compounds that may be
promising for solar energy, namely InP, CdS, GaAs,
CIS-CulnSe;;  CIGS-  Cu(In,Ga)Se;;  CIGSS-
Cu(In,Ga)(Se,S)> [3]. Among these materials, it
should be specially mentioned such direct bandgap
semiconductor with zinc blende crystal structure as
gallium arsenide (GaAs). GaAs is characterised with
parameters (bandgap energy, absorption coefficient,
resistance to ionizing radiation, reverse saturation
current density) that give it a number of advantages
not only in comparison with silicon, but also with
other above-mentioned compounds [4]. Due to the
high cost of material, the GaAs-based SCs are
usually made in the form of thin films. At present,
the scientists study structures based on A3B5
semiconductors deposited on a silicon substrate that
could be perspective for highly efficient solar cells.
Moreover, such structures could reduce the cost of
multi-junction solar cells.

In the manufacture of effective SCs it is also
important to use processing technologies that can
improve the characteristics of material. The texturing
of the front surface of the SC is a standard treatment
aimed on reduction of reflection losses. It also
provides the conditions under which the path of light
in the element is not perpendicular to the plane of the
p-n junction that makes it possible to bring the
region of photogeneration of charge carriers closer to
the p-n junction, thereby increasing the efficiency of
carrier collection, especially in the case of low-
energy photons. Moreover, it can provide additional
benefits. Combination of surface relief with metal
elements (for instant, nanoparticles (NPs)) can
stimulate transfer of light energy into excitation of
surface plasmons (SP) in NP or surface plasmon-
polariton (SPP) in their periodical arrays (nanowires
(NWSs) on the top of the grooves) for efficient light
trapping and increase of absorption in extremely thin
layers (Fig. 1) [5, 6].

Another possibility is formation of nanosize
semiconductor hills on the surface. Due to quantum
size effect their energy spectrum is shifted to high
energy side, that could result in photocurrent gain in
blue spectral region due to reduce of surface
recombination losses. It worth noting that not only
front surface of the cell can be made relief. Relief
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solar light

Thin film semiconductor
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Fig.1. Interaction of light with metal-semiconductor
microstructure

rear surface of semiconductor and metal back contact
can also scatter transmitted light and support SPP on
that interface. Texturing of semiconductor surface
can be performed by different methods, for example,
anisotropic chemical etching or ultrafast laser
treatment [7]. Obtained relief is formed as a result of
self-organization and/or interference of the incident
laser radiation with surface electromagnetic waves.
Its morphology depends on treatment conditions.

Experimental details

The metal-semiconductor composite
microstructures have been fabricated on the n-GaAs
(100) wafers doped with Te (10" to 10% cm?).
Surface microrelief of the quasigrating type topology
has been prepared by the method of wet chemical
anisotropic etching in 2HF:2H,S04:1H,0, during 3
or 5 minutes. Varying the etching conditions (etchant
temperature and etching duration) allowed to change
the relief depth and mean period of microstructures.
The photoinduced chemical deposition of Au from
aqueous salt AuCls solution has been realized to
prepare the nanoparticles of various shape and size
located predominantly at the top of microrelief. If
amount of deposited Au is large enough its
nanoparticles can form the NWs on the top of the
grooves of the quasigratings. Au NPs deposited on a
flat GaAs surface do not display preferred directions
and usually are randomly distributed on the surface.

The morphology of treated GaAs surfaces has
been analysed using a scanning electron microscope
(SEM) AURA 100 (SERON Technology Inc.).

The photoluminescence (PL) spectra have been
recorded with the setup based on a single-grating
spectrometer MDR-3 under an excitation of Ar+
continuous laser Aex = 488 nm (Eex =2.54 eV).

The Keithley SMU (Model 2420) device, which
is a measuring source, has been used to measure the
current-voltage characteristics.
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Results and discussion

Morphology of microrelief formed on the
surface of GaAs formed by anisotropic etching is
presented in Fig. 2. The formed structure is
guasigratings with submicron to microns periods.
The relief depth was no more than 0.7 um. These
patterns is characterised by the triangular shape of
the grooves. We did not quantify the filling of the
structured surface with Au NPs. At this step, we
controlled only the significant changes in the GaAs
surface morphology. At certain amount, Au NPs
localize on the ledges of the microrelief forming a
system of approximately parallel NWs (see Fig. 2,b).
Mean size of Au NPs aggregates which form NWs is
evaluated as about 100 nm.

Fig. 2. SEM images of surface GaAs quasigrating
structures (a) and surface Au-GaAs quasigrating
structures with Au on the top of the grooves (b)

Photoluminescence (PL) spectra of Au-GaAs
quasigrating structure are presented in Fig. 3. The
main PL band around 1.4eV is caused by
recombination of free excitons or also localized
excitons characteristic for direct bandgap GaAs
semiconductor. Observed PL band is rather wide
with long high-energy wing. This band is complex.
This band shape could indicate the quantum
confinement of excitons in GaAs nanostructures or
the influence of transitions connected with impurities
and defects in oxide layer that is formed during the
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etching procedure. Moreover, the behaviour of PL
spectra of metal-semiconductor composite even at
room temperature could be indicative for evaluation
of the effectiveness of such microstructure with
deposited NPs. The observed decrease of PL
intensity for samples with Au nanostructures can be
attributed to screening of GaAs with gold or to more
efficient separation of carriers. The latter is
consistent with increase of photocurrent for this kind
of cells.

1.402 eV
400 -
— GaAs, no Au NPs
—— GaAs, min amount of Au NPs
300 —— GaAs, max amount of Au NPs

PL Intensity, a.u.
3+
8
1

8

7&0 7&0 8(I)0 82IO 8£IIO 8&0 8;&0 9(I)0 92IO 9:10
‘Wavelength, nm
Fig. 3. PL spectra of Au-GaAs structures without and
with different amounts of deposited Au NPs,
Aexc. = 488.0 nm, T=300 K

Photocurrent spectra of Au-GaAs cells with
quasigrating surface topology (Fig. 4) demonstrate
substantial increase in blue-green spectral range
comparing to Schottki barrier GaAs cells with flat
surface. Fine structure of these spectra depends on
the amount of deposited gold weather it is present in
the form of individual particles or nanowires on the
top of the grooves.

8 3 8
1 1 1

Normalized Photocurrent, a.u.
S
1

04

T T
600 700 800
Wavelength, nm

T T
400 500

Fig. 4. Spectral dependence of short-circuit
photocurrent of Au-GaAs quasigrating structures
with different amounts of deposited Au NPs
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Conclusions

Our results demonstrate that the deposition of
noble metal (Au) nanoparticles on the textured
surface of GaAs direct bandgap semiconductor
results in the photocurrent enhancement. The
microrelief topology of GaAs surface could be
controlled by the conditions of chemical anisotropic
etching. It was found that the formation of Au
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nanowires is more beneficial for the purposes of
plasmonic photovoltaics. Nano sized metal features
on the structured surface of semiconductor provide
an increase of the light transformation into the
surface plasmons and surface plasmon-polaritons,
and consequent increase of photocurrent.
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