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2KuBe juin Toit, XT0O He YKUBE JJIsI
cebe, XTO JIJTsl iHIUX BUOOPIOE XKUTTSI.

B. Cumonenko

5 tpaBusi 2020 poky o0bGipBaJiOCs KHUTTs
baraTrorpaHHol i HemepecigHol ocobucTocTi, BU-
JIATHOT'O BYEHOIO-MATEMATHKA, JIOKTOpa di3u-
KO—MaTeMaTUIHuX Hayk, mpodecopa FOpist Bacu-

gpoBuia Kosadenka. Bin mpo#iimos miax Bi cTy-
JienTa KuiBchbKoro HallioHaJIbHOI'O yHiBEPCHUTETY
imeni Tapaca IIleBuenka g0 mpodecopa, 3aBimy-
Baua Kadepu Teopil iMoOBipHOCTEH Ta MaTeMa-

© O.1. Bacunuk, FO.C. Mimypa, M.II. Mokusayk, M.O. ITepecriok, I.B. Pozopa, JI.M. Caxuo, P.€. dmuenko 2020
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TUYHOI CTATUCTUKH, SIKY BiH odosoBas 3 1998 mo
2003 pik. s 1migol mres i TaJJaHOBUTOI MOJIOT],
CTYJIeHTIB, acuipanTiB Ta Haykosiis FOpiit Bacu-
gpoBuY OyB moporum Bumresnewm, IIposimaukom y
CBIT HayKHW, a TaKOXK €TaJIOHOM IHTEJIreHTHOCTI
Ta HQI3BUIANHO 9yWHOIO Ta J00POIO JIFOIUHOIO.

[Ipodecop Kozauernko FO.B. 6yB ojguum 3 J1i-
JePIiB YKPaIlHCHKOI KON 3 Teopil MOBipHOCTEN
Ta MaTeMaTUIHOI CTATUCTUKW, BUSHAHUM B CBIT1
daxiBiem y raaysi Teopil i MOme/IIOBaHHS BUTIA/I-
KOBHUX IIPOIECIB y (PYHKIOHAJIBHUX IIPOCTOPaX.
Koszauenko FO.B. € oguum i3 TBOpIIB Teopil cyo-
rayCccoBUX Ta (p-CyOrayCCOBHX BUIAIKOBUX IPO-
1eCiB, BUIIQIKOBUX IIPOIECiB 3 ipocTopiB OpJiiva.
Bim cTBOpuMB HOBHUIT HAYKOBUI HAIIPSIMOK — MO/IE-
JIIOBAHHST BUIAJIKOBUX IPOIECIB y PI3HUX (DYHK-
MIOHAJIBHUX IIPOCTOPax i3 3aJaHOI0 TOYHICTIO Ta
wagiitaicTio. [Ipodecop Kozauenko FHO.B. orpu-
MaB Baromi HAyKOBI pe3yJIbTATH y JOCJIiIZKEHH]
aHAJITUIHUX BJIACTUBOCTEH BUIIAIKOBUX ITPOIIE-
ciB, piBHAHL MaTeMATUIHOI (DI3UKM i3 BUIAIKO-
BUMHU MTOYATKOBUMU yMOBAMU, CTATUCTUII BUIIA,T-
KOBUX IIPOIIECIB, BelB/IeT-aHAII31.

Opiit BacunboBuv napopuscs 1 rpyauas 1940
poky vy micti Kuesi.

Y 1963 pomi zakinuns KwuiBcekuil meprkas-
uwnit yaisepcutet imeni Tapaca Illesuenka 3a crie-
MiaJIbHICTIO Teopisi IMOBIpHOCTEH 1 MaTeMaTUIHa
craructuka. HapuanHst B acuipanTypi [HcTuTy-
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ty marematuku AH YPCP nporarom 1964-1965
POKiB IepepBaJia Caykba B apwmil y KOCMITHUX
Bificbkax. ¥ Tpasui 1968 poky B lncTuryTi Ma-
rematukun AH YPCP nin xepisuunrsom Muxaii-
na Mocunosuua Snpenka BiH 3aXUCTHB KaHIU-
JaTChKy aucepTalliio 3a creriajabaicTio 01.01.05 —
Teopis MMOBIpHOCTEH 1 MaTeMaTUYHa CTATUCTUKA
na temy “Ilpo piBHOMipHY 30iKHICTH CTOXACTHU-
YHUX IHTerpaJiiB, ps/iB 1 BJIaCTUBOCTI HellepepB-
HIX BHIIQKOBHX mouis”. Voro omonentamu 6y-
g Bimomi maremarnku Benstes FO.K. Ta I'ixman
I1.I. Bapro BiaMmiTéTH, mO KOIM BHJIABHHIITBO
“Mup” magpykysaJsio nepekiag kauru [.Kpamepa
i M.JIlin6errepa “CranpoHapHble CIydaiiHbIe IPO-
meccol. CBOiCTBa BBIOOPOYHBIX (DYHKIUH M WX
npuioxkenust” y 1969 pori, To Bensies FO.K. y
JOJATKY 3POOUB OIJISIT HOBUX JIOCJIII2KEHD 3 i€l
TEeMATUKN 1 JIOCUTDL JIETAJBHO Ta 3 BEJUKOIO IIO-
Barom i maHow onucap pesyabraru FOpis Bacu-
JpoBHYa, orpuMani y 1967-1968 pokax.

3 1967 poky i mo ocrannix gaiB FOpiit Bacu-
JILOBUY ITpalioBaB y KuiBcbKOMY HaIliOHATLHOMY
yuiBepcureti imeni Tapaca [IleBuenka na Kade-
Japi Teopil AIMOBIpHOCTENl Ta MaTeMATHYHOI CTa-
ructuku (3 2009 poxy — kadeapi Teopil EMOBIp-
HOCTE[l, CTATUCTUKN Ta aKTyapHOI MATeMATHKH)
MeXaHiKo-MaTeMaTudHoro caxkynprery. ¥y 1974-
1975 pokax Bukiamas y lucturyTri HadTH i rasy
micra Bynepmec (Askup).

Cuispob6iTHukn kadenpu reopii fimoBipHOCTE# Ta MaremarnuHol crarucrukn, 2004 pik.

Bepxniit pag: Osenko A.5l., Maii6opona P.€., [Tonomapenko O.I.,

Bopucenko O.[1., Mokasiuyk M.II., fAImaenko P.€., MuxalinoBcbkuii B_;I.,

Kozauenko FO.B., Macoa B.B., Caxuo JI.M., Kinokyn C.}O.; nuxuiit psag: @enopsinng T.B., Jlaniga T.M., 3inuenxko H.M., Aapenko M.I.,
Mimypa FO.C., Barpo I'.C., Bacuauk O.I., Posopa I.B., Inbuenko C.A.
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Y 1985 pori FOpiit BacunboBud 3axucTuB J10-
KTOPCBHKY JIHcepTaliio Ha Temy ‘Bumaakosi mpo-
necu y upocropax OpJiva. BiacruBocti Tpae-
KTOpiii, 30i>KHICTEL psiAiB Ta iHTerpasis”. IIpoTs-

2020, 3

Bulletin of Taras Shevchenko
National University of Kyiv
Series: Physics & Mathematics

rom 1998-2003 pokiB o4osoBaB kadeapy Teopil
WMOBIpHOCTEN Ta MaTeMaTHIHOl cTaTucTukKu Ku-
TBCHKOT'O HAITIOHAJBHOTO yHiBepcuTery imeni Ta-
paca Illepuenka.

) @

!
P

CuaiBpobiTnuku Kadenpu Teopil HMOBIpHOCTEN, CTATUCTUKH Ta aKTyapHol Maremaruku 2015 pik.
Bepxuiit psag: Hlknsap C.B., Pansuenko K.B., IlleBuenko I'M., I'ostomosuit B.B., Bopucenko O.1.;
cepenniit psig: Jasugenko JI.B., fAmuenko P.€., Kozauenko FO.B., Mokusiuyk M.II., Maii6opona P.€., Makorin B.I., Tarapenko O.D.;
aukHil psg: Parynina O.FO., duesuu T.O., Bacuauk O.I., Mimypa }O.C., Caxuo JI.M., Kanycra I.B., Mynuak €.1O.

OcHOBHI HATPSIMKH HAYKOBOI TiSLTHHOCTI
IOpis1 BacuiiboBuya — 1ie JIOCTII>KEHHST BJIACTH-
BOCTell BHWITQJKOBUX IMIPOIECIiB y pisHux ¢yH-
KITIOHAJIbHUX ITPOCTOPAaX, MOJICJIOBAHHS Ta CTa-
TUCTHKA BUIIQJIKOBUX IIPOIIECIB, TeOpisi BelBJIET-
PO3KJIaJIiB BUITAJIKOBUX TporieciB. BiH iHiniroBaB
1 aKTUBHO PO3BHUBAB JIOCJIIJ?KEHHSI 3 BU3HAUYEHHST
TOYHOCTI Ta HAIIHHOCTI KOMII IOTEPHOTO MOIEJIIO-
BaHHSI BUIIAJIKOBUX IIPOIIECIB.

IOpiit Bacuisoud € aBropom mona 300 Ha-
YKOBHX IIpallb, 15 HaBYaJbHUX IOCIOHUKIB Ta
monorpadiit, cepern sxumx “Merpudeckue xapa-
KTEPUCTUKU CJYYaWHBIX BEJIMYUH U IPOIECCOB”
(1998, cruinbho 3 Bympurinum B.B.), sky nepe-
BUJIAHO aHTificbkoo MoBoio y 2000 porii Awme-
PUKAHCHKUM MATEMATUIHUM TOBApUCTBOM, ‘Mo-
JIeJIIOBaHHS BUNAaKoBUX mporecis” (1999, criab-
Ho 3 [lamkom A.O.), “MomenmoBattst BHIIAIKO-
Bux mporecis i mouis” (2007, cmisbHo 3 Poso-
poro I.B. ra ITamxom A.O.), “Kpaiiosi 3asaui
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MaTeMaTuIHOl PI3UKY 3 BUMAIKOBIMI PaKTOpa-
mu” (2008, crinbro 31 Couskoto-Trimmak I'.I. Ta
Hosraem B.B.), “¢-cybrayccosi Bumaikosi mporie-
cu” (2008, cuinbro 3 Bacuiuk O.1. ta fMuenkom
P.€.), “KBazibanaxosi mpocTopu BUIIAJKOBUX Be-
amann” (2015, cnieao 3 Maasnem FO.FO., Mo-
kistaykom O.M.), “TounicTs 1 HagiiiHicTH MOJIE-
JTIOBAHHSI BUITQJIKOBUX IIPOIIECIB Ta MOJIB B PiB-
HoMipHi#t merpumni” (2016, coisbro 3 Ilamkom
A.0O.), “Simulation of Stochastic Processes with
Given Accuracy and Reliability” (2016, cuiabHO
3 Iloropingkom O.0., Posoporo I.B. Ta Terzoro
A.M., mo Buiinia aHIIRCHKO MOBOIO Y BHUIAB-
uunTei ISTE Press Ltd, London and Elsevier Ltd
Oxford), “Estimation of Covariance Functions of
Gaussian Stochastic Fields and their Simulation”
(2017, cminpro 3 ymmsok T.B., Tpomki B.B.,
Tpomki H.B.), “Bunajkosi npomecu B 3a1adax
maremaTuaHol dizuku” ( 2017, coiapro 3 Kyuain-
koio K.J. Ta Cimsroro-Tummax I'.1.), “Teopenmu
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Jlepi-Bakcrepa [j1s1 BUIIAQIKOBUX IOJIB Ta 1X 3a-
crocyBauns’” (2018, cminbro 3 Kypuenkom O.0.,
Cunsicokoro 0.0.).

Ax maykoBuit kepiBumk IOpiit BacuwiboBua
migrorysas 42 KagaIuIaTi Pi3suKo-MaTeMaTHIHIX
Hayk. 3romom jnesiki 3 Hux — Maiibopoma P.€.,
Cnueka-Tuwmmaxk [.I., Tlamko A.O., Poszopa
[.B., dmuenko P.€. ta Bacuiuk O.1. — 3axuctuin
JokTopehbki puceprarnil. Kpim mporo, FOpiit Ba-

KaHauaaTty Gi3MKo-maTeMaTUYHUX HayK:

1. beliceHbaes E
2. beHmanex A.
3. HKaniogceka I.10.
4. 3enenyriHa .M.
5. Maibopogaa P.E.
6. Abmanos E.A.
7. beckniHcbka 0.1,
8. Mawko A.O.
9. Pasanuesa B.B.
10. CragHuk A.l ;
11. Onewro T.A.
12. Engzxmpram M.B.
13. Tpuryb C.T,
14. Bosk J1.b. ‘
15. barpo C.B.
16. Cugopenko 0.0.
17. BenukoisaHeHko I.E.
18. bappaca ae fa Kpyc E.
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CJIbOBUY OyB HAYKOBUM KOHCY/JIBTAHTOM IIiJl 9ac
HaINCAHHS ITle YOTUPHOX JTOKTOPCHKUX INCEPTa-
uiit — FOpaukiscekoro A I, Kypuenka O.0., Ma-
naka 1. K. ta Cyraxosoi O.B. Voro yuni mpogos-
KYIOTh aKTUBHY HayKOBY JISIJIBHICTH Y IPOBIJI-
HAX YHIBEPCHUTETaX Ta yCTaHOBax cBiTy. Bim mre-
JIPO UIMBCS CBOITMU IMJIUOOKUMU 1 PI3HOCTOPOHHI-
MW 3HAHHSIMHU 31 CTYJEHTaMU, aclipaHTaM®, JI0-
KTOPaHTaMHU, JIPY3sMHU Ta KOJIETaMHU.

’ !22 Bacunuk O.1.

23. Tersa A.M.
| 24, Cnueka .l
25. depopaHny T.B.
26. Axosenko T.0.
27. Posopa I.B.
28. AmHeHro P.E.
29. [osraii b.B.
30. Noropinak 0.0.
31. Nepectiok M.M.

32. Typuun E.B.
33. Oapiitqyk |.B.
34. MNonocbmak O.B.
35. Bepeuw K./
36. Moknayyk O.M.
37. KameHwmrosa O.E.

38. Mnageup H0.10.
39. CeprieHko M. 1.

19. Nisincbka O.1. 40. Tpowki H.B.
20. Kosanbuyk 10.0. 41. Tpouwki B.b.
21. Cryce O.B. 42. 3atyna [.B.
JIoKTOpM (isMKO-maTeMaTUUHUX HayK
1. Maiibopopa P.E. 6. [MMawko A.Q.
2. HOpaukiscbkmid A.M. 7. Cyrakosa O.B.
3. HKypuenko 0.0. 8. Posopa |.B.

4. Mauak LK.
5. Cnmska-Tunuwak Il

9. AmHeHko P.E.
10. Bacwnwmk O.1.

JepeBo naykoBux yuuiB Kosauenka FO.B.

Haykogsi yuni FOpis BacuiboBuya Kozauenka

o JlokTopu ¢izuko-mMaTeMaTHIHNX HAYK

. Maiibopona P.€. (1994) “Henapamerpuvna CTaTUCTHKA HEOIHOPIIHUX CIIOCTEPEKEHD”

. FOpaukiBcbkuit A.II. (2003) “/TocstiKenHst MipO3HAYHUX 1 TOB’sI3aHUX 3 HUMU YUCTIOBUX
BHUIIAIKOBHUX IIPOIECIB METOMAMU CTATUCTUIHOIO aHATII3Y”

. Kypuenko O.0. (2004) ‘“I'pannuni Teopemu jijisi 6AKCTEPIBCHKUX CyM BHUIIAIKOBUX (DyH-
KIiif Ta X 3aCTOCYBaHHS JIJIsi OIIHOK IapaMerpis”

. Manak I.K. (2005) “I'pannuni Teopemu Jijisi BUIIQJIKOBUX €JIEMEHTIB y OaHAXOBUX I'DAaTKax’

CummBka-Tuanmak I'.I. (2015) “Banaui maremarnynol dhisuku 3 BunajkoBumu hakTopa-

MI/I”
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6. ITamko A.O. (2015) “CraTucTiyuHe MOJIEIIOBaHHSI BUIIA/IKOBHX IIPOIECIB Ta MOJIB 13 3a/a-

HUMH TOYHICTIO 1 Ha lifiHIiCTIO”

Cyrakosa O.B. (2017) “AnanTusai MeTOqHM CTATHCTHYHOIO aHATI3Y”

Posopa I.B. (2020) “Crarucrudsi BJIacTUBOCTI OIIHOK IMITYJIbCHUX MepexifHux (yHKIii”
Amuenko P.€. (2020) “docuipkenns nporeciB Hakonu4ueHHst 3 nupocropis Opoiua’

Bacuauk O.I. (2020) “Y3arajbpHeHHsI @-CyOrayccoBux BUIAKOBUX MPOIECIB Ta IX 3aCTO-
cyBaHHS"

o Kanmnmaru disnko-MaTeMaTuIHIX HAYK

1.

10.

11.
12.

13.
14.

15.

16.

17.

18.

19.

Beiicen6aes E. (1979) “YmoBu 36iKHOCTI BUIIAIKOBUX PsiB 1 KpaifoBi 3ajatdi MaremaTn-
9HOI (PI3UKH 13 BUIAIKOBUMHU ITOYATKOBUMU yMOBaMu'”

Benmautex A. (1981) “PiBrHoMipHa 361KHICTH CTOXACTHYHHUX IHTEIPAJIB 1 JIOKAJIbHI BIIACTH-
BOCTi raycCoBUX BHUIIQIKOBUX IIOJIIiB’

KanioBcbka I.FO. (1981) “Acumurorndni BaacTuBOCTI MAPKIBCHKUX HPOIE/LYD CTOXACTH-
YHOI aIpOKCUMAIIl 3 HerIaIKuMu (BYHKIIAME perpecit’

Benenyrina I.M. (1985) “ITpo mBuiKicTb 361KHOCTI PO3KJIAJIIB BUIIAJIKOBUX MPOIECIB 1
by b
MOJTiB

Maii6opona P.€. (1986) “Emmipmani TBipHi dhyHKIII MOMEHTIB BUIIAIKOBIX BEKTODPIB”

Ao6xanos E.A. (1987) “AcuMnToTHdHi BIACTHBOCTI BHIIAJAKOBHX IHPOIECIB y OAHAXOBHX
K -pocTopax BUIIQJIKOBUX BEJIHYUH

Becknincbka O.I1.(1988) “Teopemu Tuiy Jlepi-Bakcrepa jijist ¢Tporo neperayccoBux Bu-
T4 IKOBUX IIPOITECIB”

ITamnko A.O. (1989) “PiBHoMipHa 36iKHICTH rayCcCiBCbKUX Ps/IiB Ta iHTErpaJiB i MOJEITIo-
BaHHS BUIAJIKOBHUX IIPOIECIB”’

Psazannesa B.B. (1990) “/lociiizkenHst po3K/Ia/iiB 1 aHAJIITUYIHUX BIACTHBOCTEl BUIIAIKO-
BHX IIpOIeciB cybrayccoporo tuily B mpocropax OpJiiua”

Craguuk A.l. (1992) “Ilepearayccosi mporecu i MBUAKICTH 301KHOCTI OIIHOK KOBapiariii-
HUX (QYHKITIH

Ogemko T.A. (1992) “AnajiTuai BIaCTHBOCTI IIeperayccoBux i x2 mporecin”

Enexupran M.B. (1993) “YMoBu Ta OIIHKH IIBUIKOCTI PIBHOMIPHOI 3612KHOCTI CTOXaCTH-
YHHUX PsAJiB Ta inTerpasis i3 mpocropis Suby,(€2)”

Tpury6 C.I'. (1994) “36ikuicTh BUIAIKOBUX PsiiB y HOpMax mpocTopis Opsiua’

Bosk JI.B. (1994) “Oninkn mBu/kocTi 30612KHOCTI B 6AKCTEPOBCHKUX TeOpeMax Ta X 3acTo-
cyBaHHS"

Barpo C.B. (1994) “YmMoBu 00MeKeHOCTI Ta HelepepBHOCTI BUIIAIKOBUX IIPOIECIB 3 HPO-
cropiB OpJiida B TepMiHAX MaXKOPyHOYUX Mip”

Cugopenko 0.0. (1994) “Ouinku posmojiy CynpeMyMy I€peJrayCCOBUX BHUIIAJIKOBIX
IIPOIIECiB Ta TX 3aCTOCYBaHHS:

BenukoiBanenko I'.B. (1995) “Anasituuni BiacTuBocTi 6aHAXOBO3HAUHUX BUIAJIKOBHUX
mporieciB i3 npocropiB Opiriua”

Bappaca ge JIa Kpyc E. (1995) “YMoBu 3612KHOCTI BUIIQIKOBUX PsiJIiB B HOPMaX [IPOCTOPIB
Oputiva Ta KpaiioBi 3a7a4i MaTeMaTUIHO! (DI3UKU 3 BUIAIKOBUMEI TOYATKOBUMEI YMOBAMEI

JIiBincbka O.1. (1997) “AnaniTuvni BJIacTUBOCTI JI€SKUX KJIACIB II€PE/rayCCOBUX BUIIA KO-
BHUX IIPOIIECIB”
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20.

21.

22.
23.

24.

25.

26.
27.

28.

29.

30.
31.

32.

33.
34.
35.
36.

37.

38.
39.
40.
41.
42.

KoBaspayk FO.0. (1999) “Kpaiiosi 3aa4i 3 BUIIKOBUMH [OYATKOBUMHI yMOBaMu i dbyH-
KIIOHAJIbHI psijiu i3 mpoctopis Opiiva”

Crycs O.B. (2001) “IlepenrayccoBi BUIIaIKOBI IpoIiecH 1 OIIHIOBAHHS KoBapiamiiaux dbyH-
KITiin”’
Bacunuk O.I. (2003) “Bunaskosi nporecn 3 xiaacis V (¢, )"

Terza A.M. (2003) “O6rpyHTyBaHHs OIHOK TOYHOCTI 1 HAIHOCTI MOJIC/IIOBAHHST TayCCO-
BUX CTaI[lOHADHUX BHIIAIKOBUX IIPOIECiB”

Cumska I'.I. (2004) “Kpaiiosi 3ajatdi MareMaTnaaol Gi3nKN 3 BUNAIKOBUMA HOYATKOBHMIE
yMoOBaMu”

Denopstany T.B. (2005) “Kpurepil 11s1 nepeBipku rinoTes po BUIJIsi KOPEJsIiiiHol dhyH-
KIIiI rayCCOBUX BHUIIAIKOBUX ITPOIIECIB i MOJIiB”

Akosenko T.O. (2005) “Bunasxosi nporecu B dyHKIioOHAIbHIX pocTopax OpJiua”
Posopa 1.B. (2005) “MoesoBanHst BUNAIKOBUX POIIECIB Ta MOJIB 13 JIAHOK TOYHICTIO Ta
HaIiftHiCTIO”

Amuenko P.€. (2006) “ExcroHeHniaibHi OIIHKYA PO3MOJUIB JesKuX (DYyHKIIOHAIB Bij

(p-CyOTayCccoBUX BUIAJIKOBUX IIPOIECIB”

Hosrait B.B. (2007) “BiiactuBocti po3B’s3KiB KpaiioBUX 3aja4 MareMaTH4HOI (hi3uku 3
BHUIIAQIKOBUMU (pakTOpaMu’

IToropinsik 0.0. (2008) “MonesoBanns BunaikoBux mporecis Kokca”

ITepectiok M.M. (2009) “Oninku po3no/iyiiB cynmpeMyMiB BUIAIKOBUX IPOIECIB Ta PIBHO-
MipHa 301KHICTb X BeiiBjieT po3kJIais’

Typuunn €.B. (2009) “36i:kHicTh 300pazKeHb BUIAJIKOBUX MPOIECIB y BUIVISIL PSJIIB, 110-
POKEHUX BelBIeTaAMI”

Hapiitayk I.B. (2010) “Bunankosi nponecu npobosoro ederry”
ITostocemak O.B. (2010) “BeiiBier po3k/iaiu BUIIaIKOBUX IIPOIECIB Ta IX BIACTHBOCTI’
Bepem K.11. (2011) “Kpaitosi 3aga41i MaremaTnaHol Gi3UKH 3 BUNAIKOBUMHI (akTopamu’

Moxkasayk O.M. (2011) “MogesoBanns BUIAIKOBUX IPOIECIB 3 K ;-TIPOCTOPIB BUITAIKO-
BUX BEJIMYUH

Kawmenmukosa O.€. (2011) “AnpokcumMaliisi BULIAJIKOBUX HPOIECIB 13 33/IAHOI0 TOYHICTIO
Ta HaAlAHICTIO”

Muasens FO.FO. (2013) “IIpocropn Bunakosux Bermaut F(()) Ta ix 3acTocyBanms’
Ceprienko M.II. (2015) “MeTos MazKOpyOUUX Mip B CTATHCTHUIN BUIIAIKOBUX MPOIECIB”
Tpomki H.B. (2015) “MozemnoBants BUIIAIKOBUX HOJIB’

Tpomki B.B. (2016) “Ksagparudso p-cyorayccosi BUIIAJIKOBI BEJIMUUHA Ta TIpoecu”

Baryma [.B. (2017) “Ouiaku posnoziny HamiBHOpM [ejibjepa Bij BUNAJIKOBUX IIPOLECIB
Ta 1X 3aCTOCYBAHHS

IOpiit BacuiboBud miaTpuMyBaB UHCJIEH- crpadiifo, Iramito, Icmanito, Xopsarito, Dimasn-
Hi MI>KHAPOJHI 3B’SI3KM 3 BIJIOMIMHI HAYKOBIIsI- giro, [Isemiro. FOpiit BacuiwoBud mpoBoauB Ha-
Mu 3 Ascrpadii, Benukobpuranii, Itasii, Ka- VKOBI JIOCTIJI2KEHHSI B paMKaX KIJIBKOX MiKHapo-
magu, CIIA, Qimnaunii, Xopsarii, IIsemnii Ta JHUX IIPOEKTIB, dpinancopanux rpantaMu NATO,
inmmx kpain. [oro HeoqHOpPA30BO 3aIpormyBa- TEMPUS-TACIS €sponeiickkoro Corosy Ta iH.
JU IJIsl y9acTi y HayKOBHX IporpamMax B AB- Bin kepyBaB b6ararbma rocroaapvo-I0roBipHIMEI
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temamu, 30kpeMa, 3 CKB saBomy “Apcenas” Ta
AHTK imeni Ojiera AHTOHOBA.

Hayxori nocsiraennst FOpiss Bacuipopuua
Kozagenka neomnopasoBo Oyan Bijg3HaUeHI HATrO-
poramu. Y 2003 pori BiH cTtaB jaypeatom Jlep-
JKaBHOI mpeMmil YKpaluu B rajy3i HayKu i TexHi-
ku; v 2005 pomi ymocroenuit 3Banus ‘IlouecHuit

JIOKTOP ¥Y2KI'OPOJICHKOI0 HAIIOHAJBLHOTO yHiBEp-

2020, 3

Bulletin of Taras Shevchenko
National University of Kyiv
Series: Physics & Mathematics

curery”, y 2009 pori — 3BanHS “Sac/yKeHuil Ipo-
decop KnuiBCcbKOro HaIiOHAIBLHOIO YHIBEPCUTETY
imeni Tapaca I[lleBuenka”’, y 2010 pomi — 3BanHsg
“3aciyKeHnit 1igq HAYKW 1 TeXHIKH YKpaiuu', y
2013 pori Bigzuavenuii npemieto im. M.M. Kpuiio-
Ba mpesuail HAH Vkpalau, a 8 2018 — Opmenom
“3a zacayru”’ 111 crynens.

3

._-__H.

i

Ha orpumanni gepzkasnol npemil YKpaluu B raaysi nayku i rexuiku: Kosauenko FO.B., SIapenko M.I., Kyuwma JI.M., ITaton B.€., Kopomaok B.C,
IToprenko M.I., Bynauria B.B., Joporosues A.A.

IOpiit BacuiboBru4 BiB akTUBHY HAYKOBY, OpP-
ra”izaiifny, MmejaroriyHy i T'POMa/JICbKY isl/Ib-
HiCTh: BiH OyB 3aCTYIIHUKOM TI'OJIOBH CIEIHiaJi30-
BaHOI BYEHOI paJl MeXaHIKO-MAaTeMATHIHOTO da-
KyabTeTy, wienoMm Excrmeprmol pamum MinicTep-
CTBA OCBITM Ta HayKW YKpalHU, 9IEHOM PeIKO-
Jieriit 6araThbOX HAYKOBUX >KYPHAJIB, 30KPEMA,
3aCTYIHUKOM TOJIOBHOI'O PeIaKTOpa HAYKOBOTO
Kypuasy “Teopis fiMoBipHOCTEl Ta MaTeMaTH-
vHa ctaTucTuka’. Y 2018 porli cTaB roJIOBHUM pe-
JakTopoM KypHasty “‘Bicauk KwuiBcbkoro marrio-
najibHOrO yHiBepcuTery imeni Tapaca Illesuenka.
Cepist: ¢izuko-maremarndni Haykn . Brpomopxk
bararpox pokis FOpiit BacuipoBud 6yB 3acTyHm-
KOM T0/10B1 TexHiTHOro KOMiTeTy cTaHIapTr3aIlii
“Bacrocysanus crarncrnaanx merozais” (TK 70),
Jie pazom 3 Mimyporo FO.C. ouosroBaB po3pooKy
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CTAHJAPTIB 31 CTATUCTUYHOI TE€PMIHOJIOTI.

CrynenTn i3 3a/I0BOJICHHSIM CJIyXaJu OCHOB-
HI Ta cHerniajgbHI KypCH, Kl BiH HaTXHEHHO BU-
KJIQJIaB Ha MEXaHIKO-MaTeMaTHIHOMY (aKy/Ib-
teti KuiBChbKOTro HaIiOHAJILHOTO YHIBEPCUTETY:
“Teopist #iMoBipHOCTENI Ta MaTeMATHIHA CTATH-
cruka’, “YzaragbHennii anaiiz Pyp’e”, “Mometio-
BaHHsI BUIAIKOBUX Iportecis’, “Teopiss Bumaako-
BuXx mporieciB 3 npocropis Oputiga”, “BeiiBier-
aHaJi3” Ta iHmi.

Komno inrepecis FOpis Bacunbosuua Koza-
JeHKa Oy/10 Haa3BUYaiiHO mmpoKmM. Bim mobpe
3HAB JiTepaTypy, iCTOpifo YKpalHu, IIKaBUBCS
MOJIITHYIHUM YKATTIM, 3aXOILIIOBABCS KJIACHIHOIO
MY3HUKOIO Ta MUCTeNTBOM. I 1m1e/ipo JiijiuBcs cBOi-
MU 3HAHHSIME 3 yIHSIME, KOJIETAME Ta JIPy3SIMU.
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Family memories of Yuriy Vasylyovych
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Cmamms npucesuena cno2adam pioHoi cecmpu GUOAMHO20 BYEH020, OOKMOPA (Qi3uKo-mamemMamuyHux
nayk, npogecopa FOpis Bacunvosuua Kozauenxa. Poznogioaemvcs npo Opyochio ma meopyy poOuHy
Koszauenxis, ¢ sxiil 3pocmas maudymuiu mamemamux. 13 6eiuuesHo0 meniomoi ORUCyiomvcst OesKi icmopii 3

oumuncmea FOpis Bacunvosuua.

The article is dedicated to the memoirs of the sister of the outstanding scientist, Doctor of Sciences in
Physics and Mathematics, Professor Yuriy Kozachenko. It tells about the friendly and creative family of
Kozachenkos, in which the future mathematician grew up. Some stories from the childhood of Yuriy

Kozachenko are described with great warmth.

B xinmi kBitHa 2020 poky, sikpa3 Ha BenmukmeHs,
MU 3 OpaTtoM BajieHTHHOM Manu 4Yd HE OCTAaHHIO
posmoBy 3 [Opiem BacmmpoBmuem. Mumiocs mpo
MaiOyTHe OpaToBe 80- piuus, sike Majio O BigOyTHCS
1 rpynus 2020 poky. MaOytb, Mu mepiimMu OyJIu
3amporneHi Ha cBsATo JHA HapomkeHHs. bakaHHS
3yctpitucs Oymo B3aeMHHM! Alne, Ha MOYaTKy
TpaBHS pamrToBa IiepeayacHa cMmepTh  HOpis
TIepeKpecinia Hari Haii!

ChOTOmHIMHAI JHI MPOMOBIAIOTH I MEHE
3raJjkaMu [ACIUBUX, MOUTSYMX JIT y BENHKIH

ITucemennuk Bacuib ITaBnosuu Ko3zauenko

© A.B. Koszauenxko, 2020
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IpY)XHIH pomauHi. MeHi 0 XOTUIOCS IeperopHyTH
JIeKiTbKa CTOPIHOK 3 icTopii Hamoi ciM’i Ta
BHUCBITJIUTH JIEAKI €Mi304d ¢ 3 TUX JaBHIX 4YaciB,
KOJIM MU 3 OpatamMu pOCIIH y BENHKIH Ta APYKHIN
cim’i. IOpiii BacuiapoBud HapomuBcs B CIM'T
nucbMeHHuKa Bacuns IlaBnoBuua Kosauenka. Martu
Ipuna CirismyHzaiBHa 3aBiCTOBCHKa —IpalltoBaja
pENnakTopoM B IUTSIYOMY JKypHaii «bapBiHOK» 1
3aKiHIMAna (DiIONOTiYHUN (aKyIbTET YHIBEPCHTETY
Ta BEYIpHIO KOHCEPBATOPII0 MO Kiacy QopTeriaHo,
3HaJIa JAEKiTbKa IHO3EMHHUX MOB

Ipuna CirismynaiBHa 3aBicToBcbka-KozaueHko
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VmoBipso, mis wormpupiuroro IOpis mosBa
ofpazy [BOX MOJOIIMX OpaTa Ta CECTpH —
Onmu3HIOKIB  AniHn  Ta  Bamentuna—  Oyna
HECIIOIBAHKOI0, «3aBIKW» SKii BIiH panToM CTaB
«1opociaumy. Ajle, HE JUBIAYMCH HI Ha 1110, BIH
0e3[I0raHHO CIpaBIIsIBCS 3 O00OB‘S3KAMHU CTapLIOro
Opata. Mu He OynHM CXO)KMMH MiX CO0OI0, 1 y Hac
Oynu pi3Hi 3aXOIUIEHHS, Pi3HI eMOLiHI CBiTH, Ta y
KOKHOTO  CBOE KOJNO Jpy3iB. barbku Hac
HIITPUMYBAIM TI0 JKUTTIO, HE HAIOJATal4d Ha
BuOOpi mpodecii. IleBHor Mipor Hac Haauxana
TBOpua artMmocdepa Baoma, Oarara 0iOmioTeka,
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KapTUHU Ha CTiHAX KBapTUPH, JBa POSUIA, a TAKOXK
MOCTiiHI 3HAOMCTBA 3 BIIOMHUMH YKPaiHCBKUMH Ta
3apyObKHMMH  THUChbMEHHUKAMHU,  XYJIOKHUKAMHU,
My3UKaHTaMH Ta IHIIUMH MHTISIMH, SKI HEPIIKO
3aXOIUJIM JI0 HAIIOro OYJIWHKY, CIOBHIOYH HOTO
Bpa)KCHHSMHU BiJl CBOiX I[IKaBHX pO3MOBifcH. Mu,
JOITH, TaK 3BUKIM, M0 KOXHA JIIOJWHA, sKa
nepecTynaia mopir Hamoi oceni, Oyina yHIKaJIbHO i
Hecnma B coOl IIOCH CBITIIE, IIKaBe Ta ITOBYAJbHE,
MEPENOBHIOIYM HAIIl JUTAYl  JAymi  BIAYYTTAM
MIPEKPACHOTO.

Banentnn, Amina ta FOpiit Kozauenkn

B wiit armocdepi pic i miil crapumii 6pat HOpiid.
Moro BrmacHa  3aIliKaBIEHICTH  MY3MKOK  Ta
MHUCTELTBOM  JONOMOIia  HoMy  PO3LIMPHUTH
TOPU30HTH IHTENEKTYalIbHOIO Ta €MOLIHHOrO CBITIB
Ta B MOEJHAHHI 3 HOro BIACHHMH JIOJICHKHMHU
SIKOCTSIMU CTBOpPWJIa YHIKalbHUII 00pa3 po3yMHOT,
IHTENTeHTHOI, OCBIUE€HOI, BIIEBHEHOI Ta HEHMOBIPHO
no6poi moanau. Moxiuso, FOpito He Oyno mikaso 3
HaMH, MaJIIOKaMH, ajie, He JUBJITYNCh HA PI3HULIO Y
Billl, A 3aBKIM BiAdyBasia HOro yBary ta 4yHHICTb, a
TAaKOXX TMOCTiHE Oa)xaHHs 3acTeperTH Bil SKOICh
HeOesnekn. A me lOpiid menpo nimmBes cBOIMHU
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MaTeMaTHYHUMH 3I0HOCTSAMH Ta HAaBHUYKAMH, SKi
MOTIM CTaJIM HOro mpogeciero Ta AOMOMOITIH HOMY
HaOyTH CTAaTyCcy BCECBITHBO BIOMOTO HAYKOBIIS.
Hns MeHe, Toml TiNbKM WIKOIAPKH, Oyna myxke
MIPUEMHOIO Ta yBara, 3 sikoto FOpiil mosicHIOBaB MeHi
BaXKI ~MaTeMaTW4Hi 3azadi. 3aBAsKH  HOro
BIIEBHEHOCTI, TEPIIHHIO Ta IOpajaM, s HaB4YMIacs
Opatuch 3a OyIb-iKy, MOJEKYAM HEBIIOMY MeHi
cupaBy 13 3aJ0BOJIEHHSM, [ONMUTIMBICTIO Ta
3aB3STTSM.
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Banentun, Anina ta FOpiii Kozauenku

A numarocs CBoiM OpaToM, MOXHa Jy)XKe JIOBIO
nepeidyBaTH WOro Bim3Haku. Bin OyB po3yMHOO,
TBOPYOIO JIFOJMHOI 1 MaB 0araTo ijeii... BrieBHeHa,
mo 1Ie CcTajo 3alopyKow  HWOro  YCIIIHOT
BUKIQmapkoi  poboru.  IlimroryeaTu  BENHKY
KUTBKICTh HAYKOBHX IIpallb, BUKOXaTH 42 KaHIHIATA
ta 10 pokTopiB Hayk— 1Ile BXe 3 «Teopil
HEHMOBIpHOCTI». AJie MeHI BiH Ka3aB: «3Hae€ll, IO
TH 3po0Wia B KHTTI HAWINIIOro? — Hapoauia
npekpacHy nouky» — Iloprenko Ipeny MukonaiBry
pasoM i3 yonoBikoM, koneroro FOpis BacuipoBuua —
JOKTOPOM HayK, wieHoM-KopecnionaeHtom HAH
Vkpainn  Mukonoro  IBaHoBuueM  IlopTeHKOM.
[louyBmm mi cimoBa Bifg Moro crapmoro Opara, s
Bimuyma cebe macanBoo!

A gyxe cyMyro 3a MOIM CTapIiuM OpaToM, 3 SIKIM
MeHi OyJI0 Tak 3aTHUIIHO 1 MIiKaBO, SKAM S MHIIAACH
Ta IHIIAIOCh BCe Olablie Ta Ouabie. S BAsSYHA IO,
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oo MOi TMepill pPOKA MPOXOAWIM IMiJl 3HAKOM
CIMEHHOro  Temyia, IMIATPUMKH, JIpyXOW  Ta
HECKIHYEHHOT'O TBOPYOT'O MOJIBOTY, 1€ 3aKIIaJICHUMHU
HalMMH OaTbKaMu. 3aBJISIKK X TaJaHTaM Ta BaXKKid
HEBIWHHIHN Tpaili BIAIOCsS CTBOPUTH HAJIHHY OCHOBY
JUIS. BAXOBAHHS IUTICHUX OCOOUCTOCTEH 13 MIMPOKUM
CBITOTJISIIOM, YIS TOTO, MIOO TMepeaaTd Ii TIUOOoKi
IIHHOCTI HACTYITHUM ITOKOJIHHSIM JIITeH Ta OHYKIB.

Anina Bacuniena Ko3auenko — 3aciyeHa apTHCTKa
VYkpainu, npamoro B HamionanbHil orepi YKpaiHu,
morieHT HamionanpHoi My3muHOi akamemii YkpaiHu.
Bbpat-6mm3aiok — Banentun BacunsoBuy Kozauenko,
HApOJHUM apTUCT Y KpaiHH, pEeKUCED.

Hapiitna o penakmii 02.11.2020
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fOpiti Bacunvosuu Kozauenxo — euoamuuil YKpaiHCobkKuti mamemamux, miti Buumenv. Mu 6yau

sHatiomi 1 naiono npayroeanu Oineut sk 40 poxie. Ilpogpecop Koszauenxo FO.B. 6ys 00num 3 nidepis
VKPAIHCLKOL WKoU 3 meopii tiMogiprocmett ma MamemMamuyHoi CMamucmuKky, UHaHUM 8 ceimi gaxisyem
y eanyszi meopii MoOen08anHs 8UNAOKOBUX NPoYecieé Y (YHKYIOHATbHUX NPOCHMOpAx, OOHUM i3 MEopYis
meopii cybeayccosux eunadkosux npoyecie ma npoyecié iz npocmopie Opaiua. Bin cmeopus Hosuii
HAYKOBULL HANPAMOK — MOOENIO8AHHA BUNAOKOBUX Npoyeci@ y pI3HUX (DYHKYIOHANbHUX HPOCMOpAX i3
3a0anoio mounicmio ma Haoiunicmo. Kozauenxko [O.B. ompumas 6acomi HayKosi pe3yiomamu Y
00CHIOMNCEHHT  AHANIIMUYHUX GAACTUBOCMEN GUNAOKOBUX NPOYECis, DIGHAHb MAMeMamuiHol @izuxku i3
BUNAOKOBUMU NOYAMKOBUMU YMOBAMU, CHMAMUCTIUYI 8UNAOKOBUX NPOYECI8, Geligliem-aHAli3i.

Ilpo naiibinvu scKkpasi cmopinku Hautoi cnisnpayi ysa nyonikayisi.

Kniouogi cnosa: cybeayccogi sunadkosi npoyecu, cmamucmuune mooenioganisi, npocmopu Opiiua.

Yuriy Kozachenko is an outstanding Ukrainian mathematician, my teacher. We have known each other
and worked fruitfully for more than 40 years. Professor Kozachenko Yu.V. was one of the leaders of the
Ukrainian school of probability theory and mathematical statistics, a world-renowned expert in the theory of
modelling random processes in functional spaces, one of the creators of the theory of sub-Gaussian random
processes and processes from Orlich spaces. He created a new scientific direction - simulation of random
processes in different functional spaces with a given accuracy and reliability. Kozachenko Yu.V. received
significant scientific results in the study of analytical properties of random processes, equations of
mathematical physics with random initial conditions, statistics of random processes, wavelet analysis.

This publication is about the brightest pages of our cooperation.

Key Words: subgaussian random processes, statistical modeling, Orlich spaces.

CrarTio pencraBuia 1. ¢.-M. H. Po3opa 1.B.

Mos nepma 3yctpiu 3 FOpiem BacunboBuuem 3anutanHs. Sl HaBiB 3 JECATOK MiAXOMIB JI0O
Binbynace Biitky 1979 poxy. Mmum BcTynmHi obumcienHss 06’eMy Ky, ame  CTpPOroro
iCIUTH Ha MeXaHIKO-MaTeMaTHYHHU (akylbTeT eK3aMeHaTopa BOHM HE 3aJ0BOJBHWIM. BiH
KAY imeni T.I'. IlleBuenka. II{o6 BcTynmuTH 3amuTaB NMpo OLIHKY 3a MuchbMOBMHM icmuT. Ha
JOCTaTHBO OyJO 37aTH MaTeMaTHKy MHCBMOBO 1 MO0 BIATIOBIIb «I1’SITipKa», cKas3as, 00 s MIIOB
ycHO Ha 9 OamiB. 3a NUCBMOBUI ICIMT sy TMpUMMaiabHy KOMICIFO 1 Ha3BaB HOMEp
orpumaB 5 OaniB. | or marematuka ycHo. KiMHaTH. CKinbku BiH MeHi moctaBuB FOpiit
Ex3amenatopu — Mojoja JKiHKa B TeMHO BacunboBuu He ckaszaB. Lle y MeHe BUKIHMKaO
CHHbOMY IUIATTI 1 BHCOKHMH CBITJIOUOJMH TpHUBOTY, KoM 1 BepecHs Ha 3ycTpiui 3i
yosoBik. Lle 1 OyB Kosauenko lO.B. 3nmaBaB cryaeHTaMu mepiioro Kypcy JekaH (akyJabTeTy
icut s omy. B Oineri nBa nmutaHHA 1 3agaya. mnpodecop C.T. 3aBano ckasas, IO Ti CTYJCHTH,
Jlpyre muTaHHA 1 3ajada — 3[0aHO, 3ayBaKE€Hb XTO 3/1aB  MaTeMaTUKy Ha [JBI IISATIpKU
HEMae. A OT BIINOBiAs Ha MepIle MUTAaHHA — 0  00OB’SI3KOBO  OTPUMAIOTh CTUIEH[II0, I1HIIMX
Take 00’eM KyJi, Yy BHKIaJa4a BUKIUKAJIO

© IMamko A.O., 2020
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Oyzne Bu3Havyatu koMicist. IIpaBna, s cTUNCH IO
TaKOX OTPUMAB.

B nmepiog w©HaBuanHs Ha (dakynpTeTi 3
Kozauenkom FO.B. s Ginbiie He 3ycTpivaBcs. B
HaIif Tpyni BiH HIYOTO HE BUKJIAAAB. 3yCTpid
BinOynacs Ha 5 kypci. S 3BepHyBcs 10 Muxaiina
Mocunosuua SIapeHka 3 IPOXaHHAM IHCATH
JMTUIOM TIiJT HOTO KePIBHUITBOM. SIIpeHKO M.J.
CIIOYATKy NOroauBcCs. Ajie uepe3 NesiKui yac
CKa3aB:

- Twu x mporpamyeni, s mam’sTair0 TBOIO
poboTy Ha rOCHTEeMi, TH TIHCaB XOPOIIl
nporpaMu. Sl mpomoHyr ToO1 3BEpHYTUCH [0
Ko3zauenka 10.B., BIH paroe HaJ
MOJICTIOBAaHHAM BHUIQJIKOBUX TMpOIECiB. Y Bac
MO>K€ BUMTH Xopoia poOoTa.

Ha tpetpoMy-deTBepTOMY Kypcax, BIIPOJIOBK
3-X CeMecTpiB s MpaimoBaB Ha KadenpaibHIN
temi. Temoro  Bim  Kadeapu  KepyBaB
IO.M. PwxoB. Mum mnmcanu nporpamum Ha
®opTtpani Wi o0uncaeHHs (QYHKIIN MIUTBHOCTI
Ta (QYHKIIA pPO3MOJUTY BHUIMAIKOBHUX BEIIMYHH,
CTATUCTUYHOTO aHaji3y, Mo0ya0Ba reHepaTopiB
BUIIAIKOBUX YHCEN.

Ha mepmiit 3yctpiui 3 Kozauenkom FO.B. s
BXE€ MaB TeMmy Jumiomy. IlpaBma, 3
MOJICIIOBAaHHAM BOHa IIe He Oyna MoB’s3aHa —
BJIACTUBOCTI BHUIAQJKOBUX TPOIECIB 3 MPOCTOPIB
Opmiva. MogentoBaHHs 3’ SIBUJIOCh, KOJH MH
00rOBOPIOBAIM TEMY JOCIIKEHB B aCIipaHTYPI.

B Toit wac FOpiit BacwiboBUY TOTYBaB 10
3aXMCTy JOKTOPCHKY TUCEPTALLilO.

OnHoro pasy pO3NOBIB MPO MOLIYK CBOTO
nuiasxy B martemarumi.  [licns  3axucty
KaHIUAATChKOI JucepTallii (HaykoBUN KepIBHUK
SAnpenko M.fI.) Oynu 3amauyi MOB’s3aHi 3
aHAJTITUYHUMM ~ BJIACTMBOCTSIMM  BMIIAJJKOBHUX
mpoueciB  Ta momiB. Sk kazaB  HOpiit
BacunboBuu — He ioro. IllykaB cBoe. Koau
npaiioBaB B 01010Tell YHIBEPCUTETY HaTparuB
Ha crartio Kaxana JK. mpo cybrayccosi
BUIIQIKOB1 BEJNMYMHU. 3 Hei Bce 1 Moyvajnocs.
BBiB MNOHATTS CcyOrayccoBHX  BMIAJKOBHX
IPOIIECiB, JOCTIPKYBAB BIACTUBOCTI TPAEKTOPIH
B mpocTopax Opiiva.

Bunyck 1984 poky OyB mnepmuii BUITYCK,
KoM 0e3 KHUIBCbKOI MPOMUCKH He Opanu Ha
podory B M. KueBi. 3a pexomeHaali€e
Snpenka M.J. MeHe pO3NONIIMIM B iHCTHTYT
BunpobyBanp MammH (BH/AIBMOT), 1o
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3HaxXoauBcs B ¢. JlochmigHMIIBKE, HEMAICKO Bif
Kuesa (70 xm). 3apaz VYxpH/IIBT imeni
JI. Tloropinoro.

Cepen 3amau, sIKi MEHI 3alpoOTOHYBAJM B
iHeTUTyTi, Oynm 1 3agayi  moB’s3aHi 3
MIPUCKOPEHUMU BUTIPOOYBaHHSIMHU
CUTbCBKOTOCTIONIAPCHKOi  TEXHIKM —  OIlIHKA
KOeQIi€HTIB ~ TPUCKOPEHHS  BHUIPOOYBaHb,
MOJICTIIOBAHHS HA CTEHJAaX HAaBaHTaXCHHS Ha
HECydl KOHCTPYKIIi CUIbCHKOTOCIIOAAPCHKUX
MaII¥H, TOIIO.

B acmipantypy, 3a mopamorwo  IOpis
BacunboBuya, A NOOCTYmMB Ha  3a04HE
BIIIJIEHHS.

B iHcTuTyTi s mpamoBaB y Bigaui ACY,
nepma rnocajaa IHXeHep-mporpamict. OxpiM
BUINIPOOYyBaHb, Oy0 Oaratro 3ajad MOB’sI3aHUX 3
00poOKOI0  pe3ynbTaTiB  BUNPOOYBaHb, 3
MPOrpaMyBaHHSIM, B OCHOBHOMY II€ CTBOPCHHS
aBTOMAaTHU30BaHUX POOOYUX MICIIb CTICI[IATICTIB.

Tam 1 BHHHKIA TeMa MPO MOJCITFOBAHHSI
BHUIAIKOBUX TpolieciB. EjremMeHTH anropurmis,
mo  po3pobieHi B gumcepramii,  Oymwm
BIPOBA/DKEHI TIPU TPOBENEHHI TMPUCKOPEHUX
BUINIPOOYBaHb HA aBTOMATH30BAHUX CTEH/AX.

B iHCTHTYTI MeHe MO3HAMOMMIIIA 13 3BiTaMU
15-piunoi ganocti (1970 —i pokn). Lle 3BiTH mpo
rocnogapceki Temu Mk BHJIIBMOT 1 KAY
im. T.I. [lTeBuenka (xadempa Teopii
WMOBIPHOCTE Ta MaTeMaTU4YHOI CTATUCTHKH).
Cepen BukoHaBiiB Tem 0yB i Kozauenko 1O.B.
Konern mo Bimminy ACY mnokazamu ¢oto —
MPHi3]l HAYKOBIIIB Kadeapu, MoXia B IoJje, e
BifOyBanach TOCTAHOBKAa 3a/Jadi B SBHOMY
BUIISIL | pe3ynbraT — MaTeMaTuyHi MOJIEN IS
NPOPIIKYBaUiB IYKPOBUX OypsKiB, MapameTpu
TOYHOTO TOCIBY, 1 cTarTi B kypHani «Teopis
HMOBIpHOCTEH Ta MaTeMaTU4YHAa CTAaTUCTHKa». |
a tenep min kepiBHunTBoMm HO.B. Kozauyenka

OpOJOBXKYBaB LI poOOTHM — HIPUCKOPEH]
BUIIPOOYBaHHS MPOPIPKYBaUiB, OIliHKa
Ha/lIfHOCTI, po3poOka IIPOrPaMHOTO
3a0e31e4eHHs.

Byna me oana nikaBa ictopis. B 1986 pori B
xypHaii «Hayka 1 ®uTTS» Oyna HagpyKoBaHa
crartsa b.B. I'negenka «MaTteMaTUK BUXOIHUTH B
OJIEY. Texkct cTarTi MeEH1 nepeaan
M. Snpenko. S moxasaB ii KepiBHHITBY
Bigniny ACY, 1 HamucaB JIeKiIbKa Mporpam, 1o
pealizyBajy OMMCaHi B CTATTi 3aa4i.
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B ciuni 1987 poky s pazom 3 Snpenxom M.I.
O0yB y MockBi, B MY, Ha kxoHdepeHuii, 110
npucBsuena 50 piuuto  kadeapu  Teopii
imoBipHOCTeH 1 75 — piuuto b.B. I'nenenka.
Komu Snpenko M.H. 3uaitomus B.B. T'nenenka
31 MHOM, BiH HaranaB ['Hemenky b.B. mpo ioro
CTaTTI0 1 3ragaB mpo Moi mporpamu. lLle
cnogobanoce ['menenky b.B. Bin 3ampocus
MeHe Ha JPYruid IeHb Ha Kadeapy 1 MU JIeKUIbKa
roguH mnposenu B po3moBi. b.B. I'Henenko
PO3MUTYBAB MPO IHCTUTYT, MPO 3a7adi, IKUMU 5
3aiiMaBcs, 3aI[lKaBUBCSA MOJICTIOBaHHSIM
BUIIAIKOBUX MPOLECIB MPU BUIPOOYBaHHSX. S
PO3MOBIB PO CTEH/IH, 5K OyJIU B IHCTUTYTI, IIPO
QITOPUTMHU MOJICTIOBaHHS JUISl PI3HUX CTEH/IIB.
b.B. T'HeneHko naB nekiibka I[IHHUX TOpaj 1
3aMpocHB BIABIAyBaTH Kadenpy, KOJIH y MeHe
Oyne vyac. Ha mpormranHs mianucaB KHUTY.

Ho doro 1ie. Touno He mam’sTaro, B 1988 um
B 1989 poui s OyB y BiapsakeHHI B MOCKBI, 1 B
et yac B Mocksi 6yB Kozauenko 1O.B. (BiH
OyB OTIOHEHTOM Ha 3aXHUCTI1 JUCEPTaIlii OJHOTO 3
yuHiB Ilirep6apra B.1.). ['onoBoro cnenpanu OyB
b.B. TwHeneuxo. 3 I0.B. Kozauenkom wMu
syctpumncs B MJIY, migHsiuce Ha kadeapy.
Hac 3yctpie b.B. T'megenko. bymo myxe
npuemHo, mo b.B. 'megeHko MeHe BIi3HaB.
Kozauenka FO.B. BiH 3HaB. Jli3HaBIIWCH, IO
IOpiii BacunpoBHMY Miii HayKOBUH KEpIBHUK,
b.B. I'Henenxo [IOI[IKAaBUBCS HaIIUMU
crpaBaMH, NOOaXaB YCIIXy, BHUCIOBUB CBOIO
MITPUMKY.

B Toii nepion s yacTo OyBaB y BiIpsKEHHI B
Mocksi, 3axomuB B MJY, ane Ouibme 3
b.B. 'nenenkoM s He 3ycTpiuaBcs.

B 1988 porii g migrotysas aucepTaiiio i MaB
MPEACTaBUTH ii Ha CHEIiaTi30BaHId  paji.
Binkputum Oyno mNOHUTaHHS TPO OIOHEHTIB.
Cepen MOXIMBUX KaHIUAATIB B OTMOHEHTH OyB
Xo03eit I1.K. B Toii yac Bin npautoBas y JIbBOBI,
B IHCTUTYTI NPUKJIAJHUX NMpoOIeM MEXaHIKU 1
matematuku iM. S.C. Iligctpuraya (ITIITIMM).

Hpyroro OTIOHEHTA 3aMporoHyBaB
Kozauenko FO.B. — 1me ©OyB mpodecop
B.B. AHicimoB. Muxaiino HMocunosuy
MIATPUMAB  KaHIUAATYpU 1 cmeupana
3aTBepaMiIa  iX OQIIIHHUMEU OIIOHEHTaMH,
MIPOBITHOIO Oprasizarliero obpanu
00YMCITIOBAILHUI LEHTP cubipchKOTO
Bigminenuss AH CPCP (m. HoBocubipchk).
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3axuct OyIo 3amIaHOBaHO HA Y€PBEHb-BEPECEHB
1989 poxy.

B TpaBHi 1989 poky g noixas no JIbBoBa, e
MaB BHCTYIIUTH Ha ceMiHapi B  IHCTHUTYTI
NPUKIAJHUX TPOOJIeM MEXaHIKM 1 MaTeMaTHKH
im. S.C. Ilinctpuraua. Bucrynm BinOyBcs 22
TPaBHS, MICIS 3aBEPIICHHS CEMIHapy s pa3oM 3
Xo63eem ILK. i me rpymnoro apy3iB milIoB Ha
npocniekt CBoOoau, ne  BimOyBaBCS MITHHT
NPUCBSYEHUN BIIKPUTTIO IaM’SITHOTO 3HAKY.
[Tam’aTHHII  3HAK HA  YecTh  MOOYIOBHU
nam’sstHuka T.I. IleBuenky (mam’sITHUK Maiu
BUTOTOBUTH B ApreHTHHI, WHOro BIAKPUTTS
BiOynock 24 cepnHs 1992 poky). Mitunr
posirHana mutimis. Mu monanu i MUTIEenChKi
kuiika. Tutbku g00pe 3HaHHS 1EeHTpy JIbBOBa
BPATYBAJIO HAC BiJ] CEPHO3HUX HACTIJIKIB.

3axuct Oyno mpuszHadeHo Ha 11 BepecHs
1989 poxky.

A B uepBHi Opiit BacunboBuy orosocus, 1o
HanucaB 3asBy npo Buxig 3 psaais KIIPC. Ile
OyB TIOCTYIOK YECHOi 1 CMUIMBOI JIOAWHH. Y
MEHE MPOOIrIM MypalKyd 1O CTHHI.

He xBumroiics, - ckazaB Mill BUHTENb, -
1€ He BIUIMHE Ha TBil 3aXUCT.

Y Bepecni mnpukiany FOpis BacuiaboBuua
MoCiyBago 0Oararo BHKJIaAadiB (haKyJIbTETY.
Axne came IOpiii BacuipoBud OyB niepimm.

Tak ckmamoch, mo 8-10 BepecHs B Kwueni
BiIOYBCS YCTaHOBYMHM 3’137 HApOJIHOTO pYyXYy.
Xo63eit I1.LK. Oy unenom paenerartii JIbBIBCbKOT
00JacTi Ha IILOMY 3’1311

B moneninmok BimOyBcsi 3axucT. bankerm
micJis 3aXucTy Oynu 3a60pOHEHI, 1 MU B TICHOMY
KOJIi 3i0panmuck Ha KBapTupi poauuiB. Ilepuri
IBI-TPU TOJUHHU HAIIOI 3YCTpiul MU CIyXaid
po3noBiaes Xo63es LK. mpo 3’i3m 1 3amucu
OCHOBHHUX BHUCTYHIB Ha 3’31, MOTIM iX
obrosoproBanu. Kozauenko FO0.B. 6paB akTuBHy
y4yacTb y OOrOBOpPEHHI, BHCIIOBJIIOBaB CBOIi
nepenbaueHHs. HaiiGinbmuii iHTEpec BH3Basa
nonoBins JI.M. KpaBuyka. Po3’ixamuch nanexo
3a MiBHIY.

B ciumi 1990 poky s oTpumaB
HiATBEp/UKEHHS 3 MOCKBH.
B nmopanpmomy Hamii  3ycTpidi  HOCHIIM

poGoumii xapaktep. OGroBOpIOBaIM HUIAXHU MOTX
MOJANIBIINX JOCIIIKEHD, CIUIBHI cTaTTi. B 1992
polli s BIEplIe BUCTYNHB B SKOCTI oQiliifHOTO
OTIOHEHTA Ha 3aXMCTI OJIHIET 3 TUCepTaliil YUHIB
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IOpis BacunboBnua Ko3zauenka. 3 toro yacy s
OaraTo pa3iB OyB OMOHEHTOM Ha 3aXUCTaX HOTO
YUHIB.

I CrmuBka Oyna TmepIIO JIACTIBKOKO 3
VY3KrOpoJCHKOTO YHIBEpCHTETY, MOTiM Oyna A.
Ter3a. Tak ¢dopmyBanace YXTropoJcbka IIKOJa
IOpist BacunboBuya.

B 1997 poui 3a mintpumku HOpis
BacwiboBuya BeTynus 1o nokropantypu KHY
imeHi Tapaca IlleBuenka.

Ane miigHoi cmiBopaui He Buinuo. S
MOMIHSB ~ Micie  poOOTH 1 JOKTOPCBKY
JucepTalio 3axuctus juiie B 2015 pori.

[Mam’sitato 2000 pik, Kozauenky HO.B. 60

pokiB. CpsarkyBamu Ha ¢akynpreri. FOpiit
BacwiboBud OyB  pOBECHHKOM  MEXaHIKO-
MaTeMaTHYHOTO bakynpTeTy. o JTHS

¢akynbrery (13 rpymHs) Oyna BuIylIeHa
I0BUIeliHA Menaib. Bin nepuum i oTpuMas.
3anam’sitanach moBeAiHKa wmamu - FOpis
BacunboBuua. Bona mnpuiinia B cympoBoi
Jlommunmu  denopiBaM,  apyxkuHu  FOpis
BacunboBuua, cina Ha mnOpu3HAYeHe AN Hel
Micle, JicTajga 13  CYMOYKH  J3€pKalo,
MOJAMBUIIACH B HBOTO, CIIUTAJIA — SK Sl BUTJISAa10?

Komu orpumana TO3WTHBHY BiANOBib,
royvaJia po3nuTyBaTH 1po rocrei. Jlemi!

B 2008 pomi wMwm mamm ixatm 3 IOpiem
BacunvoBuuem g0 VYmani, Ae  mpoxojuiia
koHpepenmis nam’saTi ['ixmana 1.1, (90 poxkiB Big
JTHST HApOJDKEHHs) 1 BIAKpHUBABCS TaM’ SITHUH
3HaK. Mu BXKe CcUIM B MapUIPYTKy, KOJHU
3areneonyBanum  FOpito  BacunpoBuuy — —
nomepia mama. Jlo YmaHi BiH He moixas.

[Tam’sTaro Hamry noizaky 10 JIbBoBa OCIHHIO
2000 poky, Ha koH(]epeHIit0 npucBsueny 70-
piudro akagemika Ckopoxojna A.B.

Mu pa3oMm BigBigald JIbBIBCHKY OIEpY,
nekinbka MyseiB. HOpiit BacunboBuu ©Oarato
poO3MOBiNaB, BiH  I[IKABUBCS  >KUBOIHCOM,
CKYJBNTYpolo. 3 0OaraTbMa MMTLSIMU BiH OyB
3HaiioMuit ocobucro. Bin mobuB oOpa3oTBOpUe
MUCTEITBO, po3yMiBcs Ha KapTHHAX,
CKYJBITYPI, JIITEpaTypi.

Hanivinora o penxonerii 28.09.20
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IOpiii BacwiboBUY IiKaBUBCS 1 I[iHYBaB
tBOpuicTh loana I'eopra Ilimzems. Y 1759-61
poxkax, s 031001eHHs cobopy Cstoro FOpa y
JIeBoBi L.I'. IliH3enbp BHKOHYE MOHYMEHTAJbHI
craTyi cBITHX ATaHacig, JIecoHa, KIHHY CTaTylo
csitoro KOpa. [lo Hamoro vacy Buinim ¢irypu
cBITHX Mukonas, ABryctuHa, JloMiHika,
BukoHaHi [lin3zenem. [liH3enp BUKOHAB CTaTYIO
Matepi boxoi 3 aguTaTKOM B OpTOpiyMmi
KJISIITOPHOMY 32 BEJIMKUM BIBTapeM y cobopi
Cesaroro HOpa. Ilpo Bce me posmoigaB FOpiit
BacunboBu4, ko MH Biasigaau HamioHansbHUMR
My3ei. A moTiM 1 cam cobop Casitoro FOpa.

VY JIsBoBi miigHo mpamtoBaB C. banax, mu
BimBimamu  OymuHOK Ne 27 Ha TPOCHEKTI
IlleBuenka, zie KOJIMCH MiCTHITacs
«Illotnanaceka kaB'spus» (Kawiarnia Szkocka),
Jie 30Mpanucs JIbBIBChKI MaTeMAaTUKU HA YOJI 3
Credanom banaxom.

IOpiii BacunpoBuu p00pe 3HaB ICTOPIO
yKpaiHcbKoi  JiTeparypu. Moro  posmoBixi
CHJIBHO BIUIMHYJIM Ha MO1 TOTJISAM  Ha
YKpaiHCBKY JiTeparypy. S 3aiikaBuBCS TBOpaMH
[Tanteneiimona  Kymima, IBana  Heuyii-
JleBUIILKOTO.

Cporo wyacy IOpiii BacunboBuud po3moBiB
icropito I'puropa TroTioHHnka Ta BikTopa
bmusnens. Tak, s 3aHOBO MMi3HaBaB YKpaiHCHKY
JiTepaTrypy.

[Towatok 2000 —x pokiB OyB IUITHUH B
pooori IOpis BacunboBuya, ¢opmyBaiach
y)KropoJicbka mkoia. Pazom 3 bBynauriaum B.B.
BiH KepyBaB HAyKOBHUM CEMIHapoM 3 Teopil
BunagkoBux mpoueciB 'y HTTY «KIII imeni
Iropst CikopchbKOTOY.

Ile#i mepiogq — 1€ OKpemMa CTOpiHKa B
HayKoBiii Oiorpadii Ko3auenka 1O.B.

Basunmit  monmi  mo  3Bena
KozauenkoMm 1O.B., mroguHOIO, 1110
BEJIMKY POJIb B MOEMY >KUTTIL.

Biuna mam'siTh.

MEHE 3
3irpana



AJTEBPA, TEOMETPISI TA
TEOPISI IMOBIPHOCTEU
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Mu susuaemo cymu 00HAKOE0 PO3NONACHUT BUNAOKOBUT BEAUNUH, THOCKCU AKUT HAAEHCAMD MHO-
orcunam 3 neenoi cim’i A 6 R, d > 1. Jlaa maxux cym 0osedeno max 36amy piHOMIPHY Y KAGCE
MHOHCUH TEOPEMY NPO NIOCUAEHUT 34KOH BeAUKUT wucens 6e3 ocodHozo obmescenns Ha A y sunad-
KY NONAPHO HE3ANEHCHUT BUNAOKOBULT BEAUMUN 3T CKIMYENHUM MAMEMAMUYHUM cnodisarmam. Bidoma
meopema Bacca—Ilatixa € anarozom ompumanozo peaysvbmamy, 6 AKX 6UKOPUCTOBYEMbCA NeGHE Jo-
damxo6e 0bMENHCEHHA HA 2PAHUYT MHONACUH, & TAKOHC NPUNYULEHHA NPO HEZAACHCHICG Y CYKYNHOCTN
810N08I0HUT 8UNGOKOBUL BEAUMUH. 30 PaTyHOK yuxr dodamrosux npunyuwens peaysomam Bacca—Ilatixa
€ OLALWE MOYHUM, GAE PE3YALTNAM, OMPUMAHUT Y Uit POOOMI, CNPABONHCYEMDBCA OAA DIADUL WUPOKOKO-
20 KAGCY B8UNAIKOBUL eaunur ma cim’t A. B pobomi makxostc nokasaro, wo 3anponorosaruts nidrio
€ ONMUMAALHUM OAA THWUT HOPMYGAHH, AKI 360080AvHAIOMYL Yymosy Mapmixatinena—Ilemposa. Mu
HABOOUMO MAKONHC HUSKY NPUKAGIE A KOHWMPNPUKAGDIG, AKL NOACHIOMD cymb ymosu Bacca—Ilatixa
cmocosho cim’it A. Hasederno 36’ A30% ompumarozo peaysvmamy ma nidCusen020 36KOHY BEAUKUT “U-
cen das nidnocaidosrocmed.

KiodoBi ciioBa: cyMu BUIIAIKOBUX BEJIMYWH, PIBHOMIPHI Y KJIaci MHOXKUH T'PaHUYHI TeOpeMu, IIiJI-
CUJICHUI 3aKOH BEJIUKUX UUCEJI.

We study the sums of identically distributed random variables whose indices belong to certain sets
of a given family A in R, d > 1. We prove that sums over scaling sets S(kA) possess a kind of the
uniform in A strong law of large numbers without any assumption on the class A in the case of pairwise
independent random variables with finite mean. The well known theorem due to R. Bass and R. Pyke
1s a counterpart of our result proved under a certain extra metric assumption on the boundaries of
the sets of A and with an additional assumption that the underlying random variables are mutually
independent. These assumptions allow to obtain a slightly better result than in our case. As shown
i the paper, the approach proposed here is optimal for a wide class of other normalization sequences
satisfying the Martikainen—Petrov condition and other families A. In a number of examples we discuss
the necessity of the Bass—Pyke conditions. We also provide a relationship between the uniform strong
law of large numbers and the one for subsequences.

Key Words: sums of random variables, uniform in a family of sets limit results, strong law of large
numbers.

CrarTio npencrasus g.¢d.-M.H.  Moxsuyk M.IT.

© B. IO. Borpancekuit, O. 1. Knecos, 2020
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1 Bcryn

B po6ori [1] C. Harepmxki cchopmytioBas HACTYITHE
eMIIIPUTHE IPABIIIO: AKWO NEGHA GCUMNMOMUYHA
BAGCTNUBICMD CNPABOHCYEMBCA OnA 6Y0b-AK0T no-
CAI0068HOCTNE HE3ANCHCHUT 00HAKOBO PO3NONACHUL
BUNAJKOBUT BEAUNUN 3T CKIHYEHUM MATMEMAMU-
YHUM CNOJIBAHHAM, MO 3 6Y0b-AK0T NOCAI006HO-
emi sunadkosux seaunun (X)) (ax 3a6200no 3a-
NEAHCHUL ), OAA AKUL

sup E | X,,| < o0

n>1
moorcHa subpamu maxy nidnocaidoswicmo (X, ),
WO 3G3HAYMEHA BAGCTIUBICMD BUKOHYEMBCA OAA
nidnocaidosnicmi (Xp, ).

Ile nmpaBwo mi3HiNIe OTPUMAJIO HA3BY NpPUH-
yuny nidnocaidosrocmeti i OYI0 TiITBEPIZKEHO
pi3HUMEU aBTOpaMu Jjist 6ararbox IPAHUIHUX TEO-
peM Teopil IMOBIpHOCTEH, BKJIIOYHO 3 IIiACUJICHUM
3aKOHOM BEJIMKHX YHCeJI [2], IeHTPaJIbHOIO IPAHu-
YHOIO TEOPEMOIO 3], 3aKOHOM [IOBTOPHOI'O JIOTAPH-
dwmy [4] Tormmo.

[Moxibuuit yuiBepcanbuuit 3axon Yarepmxki
MPUBEPHYB 3HAYHY YBAry 0 BUBYEHHSI IPDAHTIHUIX
3aKOHOMIpHOCTEN y Teopil IMOBIpHOCTEN, AKi BH-
KOHYIOThCS JIJIs ITIIocCiioBHOCTe. Hampukirat,
TaK 3BaHA NOGHA 3010iCHICMb IJIS I IIIOCII JOBHO-
creii jociipKyBagach y pobori [5], a ymoBu st
CKIHYEHOCTI

S
E sup | —%
k>11| Nk
I CyM He3aJIe?KHUX OJHAKOBO PO3IOIIICHUX BU-
[aIKOBHUX BeJandnH — B [6].

B uiit poboti Mu po3risaaemo 61BN 3arajibHy
ITOCTAHOBKY, YACTKOBUM BUIIAIKOM SKOI € ITiICHIe-
HUIl 3aKOH BEJUKUX YUCEJ I CYM He3aJIeXKHUX
OJIHAKOBO POBIIOJIJIEHUX BEJUYUH JIJIs IIiII0CTi-
noBHOcTE. st TaKol MOCTAaHOBKM MU JIOBOIMMO
Tak 3BaHy TeopeMy MapluHKeBHIa—3irMyH/1a.

Pob6ory mobymoBaHo HACTyIHMM dYHHOM. B
po3aiyi 2 MU HABOAUMO KiJIbKa 3arajbHUX IPU-
KJIAJIB Ta O3HAYEHD, SIKi ITOSICHIOIOTH MOCTAHOBKY
3aJ1a4il TIpO PIBHOMIPHI Yy KJIaCl MHOXKUH I'DAHUYHI
TeopeMH Ta 11 3B’130K 3 IPAHUIHUMU T€OPEMaMU
st mignocsigoBaocreit. OCHOBHI pe3yJibTaTh po-
6oru (Teopemu 2 Ta 3) Ta IX TOBEJECHHS HABEJECHO Y
pozmini 3. Y po3misi 4 HaBeIeHO KiTbKa MPUKJIAIiB
Ta KOHTPIIPUKJIAIIB, SIKi TMOSICHIOIOTH HEOOX1THICTh
YMOB, 33 SIKAX BUKOHYETLCSA OCHOBHUN PE3YIbTaT.
Y pozmimi 5 Mu KOPOTKO OOIOBOPIOEMO MOYKJIMBI
y3araJibHEHHsI OTPUMAaHOI'0 Pe3yJIbTaTy.
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2 MoruBarig

IcHye KinbKa MosicHeHb MOTHBAIlT aBTOPIB BUBYA-
TU PIBHOMIPHI y KJacli MHOXKWH I'DAHUYHI TeopeMu
Teopil iimosiprocreit (muB. [7]-[8], a Takox [9]-
[10]). Hukue mMu HABOAMMO Ie OJiHE TIOSICHEHHSI,
dKe BUABJISIE TICHIUM 3B’I30K MiXK HAIIIOIO 38/1a9€I0
Ta TPAHUIHUMH TEOpEMaMU JJId IIiIIOC/TiJOBHO-
creii. Crioyarky Mu OOMOBOPHUMO KiJIbKa 3araJib-
HUX TPUKJIAMIIB, SKi JIOMOMAraioTh Kpalle 3po3y-
MITH TIOCTAHOBKY 3aJadi, gKa BUBYAECTHCA B I
poboTi.

Hexait d > 1, a A C R%. Tlosnaunmo uepes
tA — MacmTaboBaHy MHOXKHHY,

tA={tx:x € A}.

Tyt i BCrogu HUXKYE B Ii#t podoTi mix tx mMu po-
3ymieMo BeKTOD (tx1,...,txq) migt € R ta ¢ =
(71,...,2q) € R,

Osnavenns 1. 3 koxkHOI0O migmuokuHOI0O A C N
MIOB’sI>KeMO Habip I IMHOXKIH

def

s(A) ¥ (kANN, ke N}

V noganbioMy depes 1, k Mu Mo3HA4AEMO Bij-

pizox {1,...,k} paay narypambrux umcen, 1,k =
{1,...,k}.
IIpukaad 1. Hexait d =1 1a A = (0, 1]. Toxi s(A)
CKJIaJaeThes 3 Binpiskis 1, k, k € N. 3 ixmoro 6o-
Ky, skimo A = (0,2], To s(A) ckragaerbes 3 Big-
piskis 1, (2k), k € N.

B koxHOMY 3 X BUIIAJIKIB, MI MOXKEMO 3a-
ImcaTu

S(A) = {T,mg, k € N}

JUIST BiAOBIHOT T imoctioBHOCTI (7).

(1)

IIpuxaad 2. Bapro BijzHadnTH, 1Mo HE JJIs JI0-
BLIBHOT TAIOCIIOBHOCTI (N ) iCHY€e iHTEpBas BU-
ay A = (0,a) abo A = (0,a] , jist siKOro BH-
konyerbesi (1). Hampukiag, came Takoro € Imifmno-
CJILIOBHICTH, MEPIIUMHU YJIEHAMHU AKOI € N = 2,
ng = 4, ng = 7. 3 inmoro OGOKy, CIiBBiIHOIIEH-
He (1) Jyist Takol ImiIocsiOBHOCTI BUKOHYETHCS
i A= (0,2)U{Z}.

Osnauenns 2. Hexali d > 1, a A — nosiibHa ciM’s
migmuozkna 3 R 3 civ’ero A mos’szkemo Habip
1 IMHOXK M H
@)
AcA

3posymio, 1o s(.A) moxke micTuTu HabGaraTo
6ibIlte PI3HOMAHITHUX MHOXKHUH, Hi?K y BUITQIKAX,
POBIVIAHYTUX Y NpHUKJIajlax]—2.
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2.1 CywmMu BUIIAJIKOBUX BEJIMYUH Y MHO-
J)KMHAX Ta KJACUYHi 'paHUYHi Teo-
peMu

Posryisinemo ciM’1o 0nHAKOBO PO3IOMIICHUX BU-
nagroBux Bemmuana {X(n)}, iHmekcoBaHux ese-
MEHTAMHU IIJIOYUCETbHOI PENIiTKA Nd,

Nt ={zeR:x=(x1,...,24), 1,...,2q € N}.

Mu OyJjieMO BUBYATU CYMH BHIVISLILY

S(4) = X(3j).

jeA

Ipuxnad 3. Hexait d = 1, a muoxkuna A Taka K,
sk 1y npuksiazi 1. Toxi S(kA), k € N, — ue 38u-
JaifHi 9aCTKOBI CyMW BUIIQIKOBUX BEJUYMH, K1 Y
KJIACUYHUX I'PAHMYHUX TeOpEMax Teopil IMOBIpHO-
creit nozHadaiorbest Sy, t € N. B pamkax Takoro
iJIXOMy TiJICUICHU 3aKOH BEJIMKUX YHCEJ Y BU-
MajKy He3aJeKHUX BUIAIKOBUX BEJIUYUH 3 CKiH-
YEeHUM MaTEeMaTUIHUM clojiBaHusM i = E X mo-
JKHA 3aIMCATH HACTYITHUM TUHOM

S(kA)

lim —= =4 Mmaiike HaresHO.  (3)

k—oo k
A Mu Gaumiu y npukiaagax 1 Ta 2, mijcusieHuii
3aKOH BEJIMKUX THCEN

Sh "
— MalnzKe HallIeBHO

=
MOYKHA 3aIMCATH AHAJIONIYHO JJIsi IIEBHOTO KJIACY
ninoctitoBHocTedt (ny).

BBazkaioun Ha o3HadeHHs 2, y pobori [11]| mo-
CTABJIEHO TUTAHHS PO 3HAXOKEHHSI YMOB JIJIsI
BUKOHAHHsI PIBHOMIPHOrO y Kiaci migMuoxkua RY
iICHJIEHOTO 3aKOHY BEJTUKUX THCEN, & CAMe IJIs

S(nA)

lim 'd — \A|’ =0 Maiizke HAIleBHO,
n—o0o n
(4)

ne |A| — ue mipa Jlebera muOKUHU A.

2.2 PiBHOMipHUii y KJj1aci MHOXKWH ITiJI-
CUJIEHUII 3aKOH BEJUKUX YNCEJ

Tist 6ynp-sikol mipmuoxkman A C R mosmaummo
gepe3 JA — mexxy mHOXKuHEH A, a uepes A(J) —
0-OKim MHOXKUHU A,

def

A(6) = {x e RY: p(x,04) < 6},

Jie p — €BKJIIJIOBa BlJICTaHb B R,
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Hexait A — noBinbHnmit kiac migvHoKmH 3 R?,

ALY {A: A € R}. [osnaummo

() = sup |49
AcA
Cuaiyroun pobori [11], y mogasnbuiomy 6yaemo
[IPUITYCKATH, 10 BUKOHAHO YMOBY

lim r(§) = 0. (5)
6—0
Teopema 1 (Bacc, IMaiik [11]). Hezau {X(n)}
HE3ANEHCHT 00HAK0BO POo3NodiaeHi 6UNAdKOBT Ge-
AUMUHU, THOEKCOBAHT EAEMEHTAMU UIAOUUCCALHOT
pewimku N d > 1, axi maromo ckinuene mame-
MaMUNHE CNoJiBanHA (L.

Hexati A — dosinvrutl xaac sumiprux nio-
mnoocun 3 [0, 1]%.

Sxwo suronano ymosy (5), mo suronarno pis-
HOMIPHUT 6idHOCHO cim’i A nidcusenutl saxon ee-
aukuz wucen (4).

Teopemy 1 ysarambsreno y poborax 7], [8], [9]-
[10] na Bumasok BumaKOBUX MIp 3amicTb S(nA).

3ayBaxkenusi 1. B meopemi 1 moowcna doseo-
AUMU PIBHY WEUIKICMS 3POCTNAHHA MHOACUNHY A
OAS PIBHUX KoOPOUHAM, 3aMinuewy onepayito n A
nan-A neN? den-x dinn e N maaxeR?
03HANAE BEKMOP 3 KOOPOUHAMAMU

(nl:rl, N ,ndxd).

B maxomy eunadky 3samicmov meopemu Kon-
MO20P06a, NPO  NIOCUAEHUT, 3AKOH BEAUKUT “U-
cen 0nf 36UMAUHUT CYM HeOOTIONO 6uKopucma-
mu  nidcunenull 3axon eeauxuxr wuces Cmadi-
3a Oas wpammuzr cym (Jus. [12]). Ilpu uyvomy
00 YMOBU ICHYBANHA MAMEMATNUHOZ0 CTOJI6a-
nHA mpeba 000amu YMoGY ICHYGAHNA MOMENNY
E|X (n)| (log* [ X (n)])"".

3 OcHoBHIi pe3yabTaTn

Teopema 2. Hexat {X(k)} nonapro nezanesrcii
00HaK060 posnodiseri 6unadkost GeAuMUHY, THOe-
KCOBAHT EAEMEHTNAMU ULAOYUCEADHOT PEWLITKL N¢,
d = 1, aKi Ma0mMdb CKIHYEHE MAMEMAMUYHE CNO-

disarna. Hexati A — dosiavruti xaac niomMHosrcun
3 R%. Todi

lim sup sup

n—oo A€cA

‘ S(nA)
nd

' < x Mmatiotce HanesHo,

(6)
de
% —E|X],

a X — ue wonia X (k).
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BayBaxkeuus 2. Ha sidminy 6id meopemu 1, de
BUNAJKOGT GEAUMUNU € HE3AAEHCHUMU Y CYKYNHO-
cmi, MmeeporHceHtA Meopemu 2 GUKOHYEMBCA OAs
NONAPHO HE3AAEHCHUT BUNAOKOBUT GEAUNUH.

BayBaxkeuus 3. Ile oduiero 6idminnicmo me-
opemu 2 6id meopemu 1 € eidcymmicmsy 2#codHo-
20 obmeorcenmna wa cim’ro A. Ilaamoo 3a maxe
Y3Q20A0HEHHA € MEHUL THPHOPMAMUBHUTL PE3YND-
mam (6) samicmo (4).

Y HACTYIHOMY Pe3y/jbTaTi MU PO3IJIAIAEMO
PIBHOMIpHU# MiJICUIEHUH 3aKOH BEJIUKUX YHUCETT
JJIsT iHIMUTX HOPMAJII3YI0UnX MocimoBHocTel. Bi-
3HAYUMO, IO HOPMYBAHHS, TKe BHUKOPUCTOBYETHCHA
B TeopeMi 2, He 3aJ0BOJIbHsiE yMOBI (8) y Teope-
Mi 3.

Teopema 3. Hexati {X(k)} odnaxoso posnodine-
Hi BUNAOKOBE BEAUNUNHUY, THOEKCOBAHT EeAEMEHIa-
mu yinowuceavroi pewimxu N d > 1. Hexat
A — dosinvruti xaac nidmmoocun 3 R, Hexai
{an} — mecnadna nocaidosricmv dodamnuzr wu-
cen, ona AKoi

aﬁ — 0, n — oo, (7)
= 1
> -o(X) ®
k:n,ak Qnp
AHrwo
> P (1X1| > an) < o0, (9)
n=1
mo
S(nA
lim sup (n)‘ =0 Matiorce HanesHo.

N0 AeA|  On

(10)

SayBaxkenus 4. Ha nepwuii no2asd mooice 3da-
muca, wo 3 oeaady na ymosy (7), nidcunenud sa-
kon eeauruxr wuces (10) e nacaidkom (4). Ipo-
me ue He Mmax Hasimv Yy 6UNIKY HE3AAEHCHUT Y
cykynnocmi eunadkosur eeauvun X (k), ockinv-
ku ymosa (9) € MeHw 0OMENCAUBOI0, HINHC YMOBA
ICHYBAMHHA NEPULO20 MOMEHMY, AKA € HEOOXIOH0N0
ons meopemu 1. as nidmeeposicenmns 4bo2o 6u-
CHOBKY MU HABOOUMO 00UH 3 MOHCAUBUT HACAIOKIG
meopemu (3) dan an = n¥P, 0 < p < 1, y axomy
suUKOpUCTOBYEMbCA Momermua ymosa (11) sa-
MICMb ICHYBAHHA NEPUO2O MOMEHNY.
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Hacainok 1. Hexat {X(k)} odnaxoso posnodi-
AeHT 6UNAJK08T BEAUNUHU, THOEKCOBAHT EACMEHTNG-
mu yinowuceavroi pewimru N4 d > 1. Hexad
A — dosinvruti kaac nidmmoocun 3 RE. Hxuyo
0 < p <1 ma dodamkoeo suKOHAHO YMOBY

E X[/ < o0, (11)

de X — ue xonia X (k), mo

S(nA) 0

matioce HanesHo.
n@@

(12)

BayBakenust 5. Vwosa (8) e anarozom 6idomoi
ymosu Deanepa 0as NIOCUAEHO20 3AKOHY BEAUKUT

yucen
1 n
Z 2 ( 2 ) '
a a
k=n k n

Bnepwe ymosa (8) 3’asunacv y pobomi [13].
Huotcue mu nasodumo 6idnosidnuts pesysvmam
3 [13] (dus. meopemy 4). Baysascumo makootc, w0
ymosa (9) € neobrionoo das nidcusenozo 3aKOHY
BEAUKUT YUCEN.

lim sup
n— o0 Ac A

3.1 JloBenaeHHs
3.1.1 loBeneHHs TeopeMu 2

Hexait I = [0, 1]¢. 3posywmino, mo

1S(A)| < Y 1X(5)] (13)

jEnI

Jutst Oysib-sikoro A C I. 3 mijicnjieHoro 3aKoHy Be-
mukux uucen Eremani [15] Bunmsae, 1o

Yo IXG) =

jEnI

1
lim — MalizKe HalleBHO.

n—00 nd
[Moenuyroun 1i jBa pesysnbraru, orpumyeMo (6).

3.1.2 /loBenaeHHsa Teopemu 3

[Tijicuiennit 3akon Besmkux guces (10) Bunmbae
3 HepiBHOCTI (13) Ta

MaiizKe HalleBHO,

IO € HACJIJIKOM TeopeMu 4.
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3.2 II3BY auas cyMm OJHAKOBO PO3IIOIi-
JIEHUX BUIIAJKOBUX BEJIMYUH

Jlist 3py9IHOCTI HaBeIeMO HeOoOXilHe y oBeieH-
Hi TeopeMHu 3 TBEPJZKEHHS PO MiJICUJIEHUI 3aKOH
Bestukux duces. Ha BinMimy Bim mimcmenoro 3a-
KOHY BeJUKHX 4nces Kojmoropopa el pesyiib-
TaT CHPAB/KYEThCA 063 MPUIYIIEHHS IO He3ajie-
2KHICTDH BUII&QIKOBUX BEJIMYUH.

Teopema 4 (Maprikaiinen, Ilerpos [13]). Hezat
{X,} — nocaidosnicms odnakoso poznodisernur
sunadkosuxr eesuwun. Hexal {an} — mecnadna
NnocAId08HICTG Q00AMHUT “YUCEA, OAL AKOT BUKO-
nana ymosa (8). HArxwo dodamroso euronaro ymo-
6y (9), mo

&—m
%9

MatoHce HANEBHO,

(14)
de S1 = X1,

Sp=X1+ +X,, n>2

4 Ilpukjgaayu Ta KOHTPHPUKJIIAIA

Hna t = (t1,...,tq), s = (s1,...,84), t,s € R?,
HO3HAYATUMEMO
d
=TTt [ts] = [t ] x . X [tas sal,
=1
t+s=(t1+s1,...,tqg+ 8q)-

Jdnas A Cc REit e Rff_ rnozHaunmo t - A =
{(tlxl, . ,td:cd) L= (:cl, ce ,xd) S A}

[Mokmagemo rtakoxx I = (0,1], ne 0 =
(0,...,0), 1 =(1,...,1).

st m > 11 k € N? nosnaummo

Co(k) = %(k C 1K),

Kpim Toro, nexait

Cm(k)cA
Cm(k)NA£D

s A C RY
Y crarri [10] 10BoUTHCS HACTYIIHE TBED/IZKe-
HHSL:
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Teopema 5 (Kuiecos, Mosuanos [10]). Hezxat £
— sunadkosuli 3apad, euHaueHull Ha o0bmedce-
HUL OOPENEBCHRUL NIOMHONCUHAT Ri, maxud, uo
ONA KOHCHOT 0OMeENHCEHOT HOPENEBCHROT MHOMCUHU
A dcenye E|€(A)].

Hexati A — deaxa cyxynnicms 60peaesCoORUT
niommoocur, 1.

Ipunycmumo, wo UKOHYIOMBCA 061 YMOBU:

(Z1) Madiorce nanesno sukonyemves

L D) —Efe(- 1) -
[t|—00 2]
(Z2) Icnye maxa eunadkosa Mmipa 1), WO

n(A) = [£(A)| daa Koorcrol obmesicenoi bopenes-
CoK0T MHOMCUNY A, | GUKOHYEMBCA

=0

n(t-1) —Efn(t-1)]

lim =0 M. H., (16)
[t]—o0 2|
E . A// A/
lim limsup sup (- (A \ An))] ‘ =0.
M0 1t oo A€A |t|
(17)
Tooi
(Z3) Madioice nanesno sukonyemves
t-A)—E[¢(t- A
lim sup 3 ) & ) =0. (18)
It =00 AcA ||

CToCOBHO TeopeMu 5 BUHUKAE MUTAHHS: JIJIst
sakux d € N i A ymosa (Z2) He € cyTTeBoo, T06-
TO y SIKOMY BUITAJKY JIJIsT KOXKHOTO BUIAIKOBOTO
sapsiry &, 1o 3a70BobHsIE (Z1), BUKOHY€ETHCS Ta-
KOXK (Z3)7

Hexait a — zapsy, 3amanuit Ha o6MekeHux 60-
PENEBCHKHUX MiIMHOXKUHAX Ri. IToznaammo:

(Z4)

im M:
T "
(25)
lim sup a(tA)’ =0. (20)

tlooc Aca| [t
Toni nnsa d € N i A Ttepmxenns

VE:(Z1) = (Z3)
€ PIBHOCWJILHUM TBEPJIZKEHHIO
Va: (Z4) = (Z5).

MiiicHo, Hexail icHye 3apsiji o, JJIsl SIKOIO BU-
KOHY€eTbCs (Z4), aste He BUKOHY€eThCs (Z5). Bisbme-

wo = {01}, P({0}) = P({1}) = 5, £ = a npu

w=0,¢§=—anpu w = 1. Toxi £ ¢ BumaIKoBUM
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(Z1), ane ue (23).

Hexaii icuye £, st skoro Bukonyerbest (Z1),
aste ve (Z3). Toni Jw € 2, 17151 IKOTO BUKOHYETHCs
(15), aze ue (18). Bisbmenmo o = &(w) — E [¢]. Toui
Q — Tie 3aps, 1 41 HbOTo BUKOHY€EThCs (Z4), ase
He (Z5).

Hagememo Tpu mpukiajgu: B OZHOMY 3 HHX
yMmoBa (Z2) € 3aiiBoio, a y IHIIUX JBOX BOHA € He-
00XiTHOIO.

Ipuknax 1. d = 1, A - mmoorcuna ecix 06’eo-
HAHD CKIMYEHHOT KIALKOCME GIOKPUMUT 34160 NIG-
inmepsanis, wo nanexcams 1. Todi ymosa (Z2) e
HEOOTIOHOM0.

Zlosedenns: 1loknamemMo B HENIAPHI HATYPAJIb-
HI Yucaa 3apsjg 1, a B MapHi HaTypaJibHI YUCIa
sapsz (—1) (BigmosigHo, a(A) — ne KigbKicTh He-
NMapHUX HATYPaAJbHUX TOYOK, sKi HajiexkaThb A, Mi-
HYC KIJBbKICTh TApHUX HATYPaJbHUX TOYOK, SKi
HasteXKaTh A).

Hnst mporo «(A) Buxonyerbest (Z4), ane ne
BHKOHY€ThCsT (Z5), OCKINbKEH supgey |o(tA)] >
it —1

2
JMX TOYOK BiJ 1 y10 [t] micTuiio Hemaphi i TiabKn
HerapHi).

(Mu obupaemo take A € A, mob tA 3 -

Ilpukaan 2. d = 1, A - mmoorcuna ecix 6idkpu-
MUT 34160 NIGITHMEPBAMS, W0 Hasedcamd 1. Todi
ymosa (Z2) e 3atieoro.

Josederna: Tosnaaumo f(x) = a((0,z]). To-

/()]

mi (Z4) piBrocmibHo ——— — 0, — co. Bizbme-

Mo N, M > 0 rax, mo% M > |f(x)|,Yz < N;
x> |f(x)|,Vz = N.

[Mosuaunmo depes D muoxuny {(0, ],z € I}.
Ockinmbku VA € A 3D1,Dy € D: A= D;\ Do,

TO

tA tD

[ 208 < 2.0 [2D)] 2 )

AeAl| 1 pep| t 0<z<t
co wp H@ L, o @)

O<z<VE ¢ Vi<e<t
Cma(VEMY (@)
t \/i<x<t €

— 0, t — oo.

Otxe, Jyist o« BUKOHY€EThCs (Z5).

Ipuknan 3. d = 2, A = {A,}, 2de A, =
1

(O, (,1)], n € N. Todi ymosa (Z2) ¢ neobxi-
n

onom0.

1 1
quaoM: g (n,— | =n,g(n+1,— ) = (-2n—1),
n n

1

n
pe3 V MHOXXMHY TOYOK, Ha sIKHX ¢ 3ajaHa. Hexait
a(d) = evna9(@).

ITokarkemo, 10 JIJIsT IIHOTO 3apsi/ly (v BUKOHY-
erbest (Z4) 1 He Bukonyerbest (Z5).

Tak sax «a(t,4,) = Oé((&(”%#)]) =

1
g (nQ, ) = n?, (Z5) He BUKOHYETBCH, OCKib-

n+ 1, n € N. Ilosaaunmo ue-

2
n
kn mpu t, = (n%, %) [to] = n = oo, n = o0,
1
t, A t, A
lim sup o(tn )‘— lim sup otn m)‘
n—00 gcA| [t n=00meN | |tnl
> lim M
n—00 |tn|
2
= lim |—| =400
n—oo | n

Hosegnemo, 1o (Z4) sukonyerbest. JocraTabo
nosectu, 1mo «(tl) obmexena na {|t| > 3}.
Ockinbku {t = (z,y)|r < 3} micturs BCbOrO
3 Touku 3 V, TO JOCTATHBO JIOBECTH, IO SKIIO
|t| =2y >31ixz >3, 1o a(tl) =0.

Hexait m = [z] > 3, zy > 3, s — minimasbue
HATYpaJIbHe UICJI0, JJIs SIKOTO BUKOHYETBCS + < Y.
Toxi a(tI) = a((m, 1)I), upuuomy s < m—1 (ina-

. 3s—3 _ m+1
KIe s 2> m 1 >
s—1 5 —
piuust). OTxe,

> xy = 3, UpoTU-

1
Oé(t[) = a((m, 7)1) = dm,m + Im,m—1 + Im—-1,m—1

+ Z (Gkk + Grt1,k + Grr2k) =0,
k=s

— ;1
A€ Ggij =9 (Za j>'
[Tosnaunmo wepes C CyKyIHICTH MHOXKHH

(0,3] c I, nejeN, meN.
m

Sk 1 Bume, depe3 |A| mosmagarumemo Mipy
Jle6era muoxxuan A C RY,

VY crarri 8] 10BOAUTHCS HACTYIIHE TBEDJIZKEH-
HST:
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Teopema 6 (Borgancekuii, Kiecos [8]). Hexaii §
i A e maxumu ore, ax i 6 meopemi 5, npunomy A
3adosoavhae ymosy (5H).

IHpunycmumo, wo 000amK080 BUKOHYIOMBCA
dei ymosu:

(Z6) Icnye sunadkosa Geauvuta i, MaKa, WO
matiorce nanesno ¥ B € C sukonyemoea

§(nB)

nd

— u-|B, n — oo. (21)

(Z7) Icnye sunadkosa mipa 1), 6u3HAHEHA
HA 0OMeEdHCERUT BOPENCBCORUT NIOMHONCUHAT ]Ri,
maxa, wo n(A) = [£(A)| das woorcroi obmesrcenor
bopeaescvroi muoorcuru A, i sunadkosa seAunuHa
A, maka, wo matoce naneswo ¥ B € C sukxonye-

muvca

n(nB)
nd

— A-|B], n — 0o. (22)

Tooi

(Z8) Madioice nanesno 6UKOHYEMBCA

§(nA)

nd

sup ‘ ,u]A|‘ — 0, n—oo. (23)

AeA
Yu € ymoBa (Z7) neobxinHoro 1y1s1 Teopemu 67

Ilpukaanm 4. Konmpnpuraad, wo nokasye Heob-
xionicmo ymosu (7).

Hexaiid =1, u =1, A = {<0,\2}},§He

3aJIEXKHATH Bil w. 3aJaMO HEBUIIAIKOBHUI 3apsijl &
HACTYITHUM YUHOM:

De= {1,
n

n ..
A, = (\@—an,\@—i—an),ne an > 0 mimi-

Opani Tak, mobd Vm < n Mmuoxunu A, i D, be
[IepEeTUHAJINC;

A = UpenAy,.

Homitumo, mo Vm € N muoxkuan A i Dy, ma-
IOTh JIUIIE CKIHYEHHY KiJbKICTh CIIJIbHUX TOYOK.

[Mokmamemo h(z) = 1, akmo x ¢ A;

n
(%)
n n\.[/n n
[okmazgemo f(z) = xh(z); roni f — nenepeps-
Ha dyukiis [0, +00) — R3 f(0) = 0, i icuye 3apsi
&, rakuii, mo £((0,z]) = f(z),Yx > 0.

st mporo € (Z6) Buxkonyerbes, a (Z8) ne Bu-
KOHYETbHCSL.

= 2, n € N; dyukuisa h e giHiiiHoo Ha
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5 3akirouHi 3ayBa>keHHsI

3Barkalodun Ha MPUHIAI IiarmocsimoBaocTeir Ya-
Tep/Ki Ta 3B’I30K MiXK I'DAHUYHUMHU TEOPEMaMU
It mianocigosHocreit Ta 1y S(nA), Mmoxna no-
CTaBUTH 33Ja49y IIPO PIBHOMIPHY y KJIacl MHOXKUH
IIBUIKICTE 3017KHOCTI BUMAIKOBUAX PSIIiB.

[Mpumnycrumo, 1o ps » X, 36iracrbes Maii-
Ke HareBHO. Moro xBicT mosHadmmMo wepes

Cn = Zch-

k>n

ko HeBumaaKoBa HocainoBHICTE (b)) cragae 10
uyJisi, b, — 0, npuaomy
Cn

U
b,

MaiizKe HalleBHO,

TO MBUKICTE 361KHOCTI psiy » , X, MOXKHa Oxa-
pakrepusysar sik 0(by, ). [luranus msuakocri 36i-
YKHOCTI JIJIT HEPiBHOMIPHOT TOCTAHOBKH BUBYAJIOCH
B [16]-{17]. Hackinbku BiomMo aBTopam, Iie muTaH-
HS JIJI piIBHOMIPHOI TTIOCTAHOBKM IIIe HE JTOCJIiI2Ke-
HO.

Cxo0xy 3ajlady MOKHA IIOCTABUTU U Jjid rpa-
HUYHUX TEOPEM JIJIsl MPOIIECiB BimHoBIeHHS. TaKky
33129y PO3IVIAHYTO B [8], aje i1 MOXKHA y3araib-
HUTH 3 BUKOPUCTAHHSIM 3arajlbHUX METOIB JIOCJIi-
JPKEHHSI aCUMIITOTUIHUX KBas3i-obepHenunx ¢GyH-
kuiit (mus. [18]-[19]).
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Y wit pobomi mu npodosocyemo 8uUSHAMU BAGCTNUBOCME CMPO20 P-CYb2aYCcC08020 NPOUECY KEG-
3idpoboeozo eexmy X (t) = fj_oc;o g(t,u)d¢(u), t € R, nopodocenozo dynruyicto sideyky g ma cmpozo
p-cybeayccosum sunadkosum npovecom & = (£(t),t € R) 3 mexopeavosarumu npupocmamu, marum
wo E(E(t) —€&(s))2 =t —s,t > s € R. Ompumano ouyirku daa timosiprocmi 6uzody mpaexmopii
cenapadesbrozo cmpozo p-cybeaycco8ozo npouecy K6a3idpoboso2o edexmy 3a kpuey, 3a0any O0eAKor0
HenepepeHoto Pyrrkyicto. Taxi ouinku Moxcyms 6ymu 3acmocosati npu doCcAidrHceHHi npouecie dpo-
006020 eexmy, AKL BUHUKAIOML Y 3a0a4aT PIHAHCOBOT MAMEMAMUKY, MEOPIT MEAEKOMYHIKAUTTHUL
MEPEDIC MOULO.

Karouosi caosa: npouecu dpobosozo edexmy, p-cybeayccosi npouecu.

In this paper, we continue to study the properties of a separable strictly p-sub-Gaussian quasi shot
noise process X (t) = fj;o g(t,u)d¢(u), t € R, generated by the response function g and the strictly
@-sub-Gaussian process € = (£(t),t € R) with uncorrelated increments, such that E(£(t) —&(s))? = t—s,
t > s € R. We consider the problem of estimating the probability of exceeding some level by such a
process on the interval [a;b], a,b € R. The level is given by a continuous function f = {f(t),t € |a; b},
which satisfies some given conditions. In order to solve this problem, we apply the theorems obtained
for random processes from a class V(p,1), which generalizes the class of @-sub-Gaussian processes.
As a result, several estimates for probability of exceeding the curve f by sample pathes of a separable
strictly p-sub-Gaussian quasi shot noise process are obtained. Such estimates can be used in the study
of shot noise processes that arise in the problems of financial mathematics, telecommunication networks
theory, and other applications.

Key Words: shot noise processes, p-sub-Gaussian processes.

CrarTio npeacrasuia 1.¢.-m.H. Pozopa [.B.

IIpucssauyemo uro pobomy nam’smi
HOUW020 HAYKOB020 KepisHuKa npogecopa
HOpis Bacuavosuua Kosauenra, aKomMy mu
beamedtcHo 80auHI 3a 8Ce, UOMY 6iH HaC
Haswus. Bin 3aeoicdu 6ys das Hac 83ip-
uem AdAHOCMIL, tHMeat2zeHMmHocme, neoa-
20214H0T maticmepHocmi, 4YltiHo20 © ULGHO-
bausoz20 cmasaenns do ceoix Yyunia, 06i3Ha-
HOCTME T WUPOT 3AUTKABAEHOCTE HE MIALKU

© O.1. Bacunuk, P.€. dAmuenko, T.0O. duesuu, 2020

8 mamemamuut, a U Yy aimepamypi, icmo-
pit, mucmeuymsei. Cetmaa i 6iwHa Nam’ams
dopozomy Buumenro i seudamniti Jlroduni!

1 Bcryn

Onun 3 HanpsMmkiB HaykoBol poboru FOpis Ba-
cuiboBrva Ko3aueHKa MPUCBSIYEHUI TOC/TiIKEH-
HIO BUIIAIKOBUX IIPOIECIB JPp0oHOBOro edekTy, siKi
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IIle HA3WBAKTh JIPOOOBUMHU IIPOIECAMU. 30KPEMA,
10.B. Kozauenko Ta [.B. Jlapiitayk mociipkyBa-
JIN BJIACTHBOCTI O-TIepe/irayCcCoBUX IMPOIIECiB PO-
60BOrO eheKTy Ta 3aIPOIOHYBAJIM METOIM MOJIE-
JIIOBaHHsI Takux nporiecis [4, 6, 7]. ¥V uiit po6ori Mmu
[IPOJIOBXKYEMO BUBYATH JIPOOOBI IIPOIECH, a came
JIOCTIIPKYEMO BJIACTUBOCTI cenapabe/ibHIX CTPOTO
(p-cyOrayccoBuX MpoIeciB KBa3iapoboBoro edexTy.
Bueprite raki nporecu posriisiianaucs y pobori [14],
e, 30KpeMa, TOCTiKyBaJuCs YMOBH iX BUOIp-
KOBOI HertepeBHOCTI. OIIHKK PO3IOJIIIIB CyIIpeMy-
MiB cemapabesibHuX CTPOro p-cyOrayccoBux IIpo-
meciB KBa3iapoboBoOro edekTy OTpuMaHo y pobo-
tax [1, 2|. Bagaui oniHoBaHHs HMOBIPHOCTI BUXO-
JIy TPAEKTOPil (p-cyOrayccoBoro BUIAIKOBOTO IPO-
1ecy 3a KpuBy posriisijiasucs y poborax (3, 10, 15].

[Iporecu apoboBoro edekTy € MaTeMaTHIHU-
MU MOJIEJISIMU PI3HUX SIBUIIL 1 JOCHIJIZKYIOTHCS BiJI
movyarKy XX cTosiTTs. 3apa3 mporecu JIpoboBOro
edeKTy 3aCTOCOBYIOThCS vy bisumili, cTpaxyBaHHI,
dinancosiit MmaTeMaTunIl, Teopil TEIEKOMYHIKAITIHi-
HEUX Mepex Toro [9, 12, 13].

Y kitacuuHiit Mozei apoboBoro edekTy mpu-
IIYCKAETHCS, IO B JIEAKY CUCTEMY HAJIXOMIATH 1M-
MyJIbCU 3TiTHO 31 CTAHJAPTHUM ITYACCOHIBCHKHM
IPOIECOM, BEJIMYMHU peakiii (BiAryky) Ha im-
[MyJIbC € HE3AJEXKHUMU OJHAKOBO DPO3IO/IiJIEHU-
MM BUIIaJIKOBUMU BEJIMYUMHAMU, HE3AJIC2KHUMU BI,H
IyacCOHIBCHKOTO IPOTIECY HAIXOKEHHS IMITYITb-
ciB, a micji MOMEHTY IMIIYJIbCY PeaKIls <«3aTy-
Xa€» 3riJHO 3 €KCIIOHEHIIaJIbHUM 3aKOHOM PO3IIO-
qiry. Aste i3 gacoMm 3’sBHJIOCS JiyKe bGararo Ba-
piamiit miel momemi. Y maniit poboTi pO3TIIsIIAE-
Thesd BuUnNaIoK, ko £ = (£(t),t € R) e crpo-
ro (p-cyOrayccoBUM BUITQJIKOBUM IIPOIIECOM i3 He-
KOPeJIbOBAHUMHE TIpupocTaMu, TakuM 1mo F(&(t) —
£(s))? = t—s,t > s € R. Ilopoaxkenuii num
nporiec X (t) = fj;o g(t,u)d¢(u) HasmBaTUMEMO
CTPOro (Y-CyOraycCcoBUM IIPOIECOM KBa3iIpoOOBO-
ro edekTy.

Pobora ckiamaeTbes 3i BCTyIy Ta TPhOX PO3-
JTB. Y po3/isi 2 HaBeJEHO OCHOBHI MOHSITTS Ta
JesTKi HeoOXiTHi pe3y/IbTaTH MO0 BUIAIKOBUX Be-
JIMYUH Ta, Ipoliecis i3 mpocropy Suby,(§2), ki na-
JIi 3aCTOCOBYIOTBCS JIJisl JIOCJIiJI2KEHHS BJIACTUBO-
creil mporieciB KBazijipoboBoro edexty. Y posii-
Jii 3 HAaBeJIEHO O3HAYMEHHS CTPOTO (Y-CyOrayccoBoro
mporecy KBasiapoboBoro edexkTy Ta 0OTpyHTOBaA-
HO icHyBaHHS Takux mporeciB. OcHOBHI pe3yJibra-
TH HaBeJEHO y POo3Iiji 4, a caMe, OTPUMAHO OITiH-
KM Jj1s MMOBIPHOCTI BUXOJY TPAE€KTOPil CTPOro
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(p-cybrayccoBoro mporecy KBasiapoboBoro edexTy
3a KpPWBY, 33JIaHy JIESTKOIO HEEPEePBHOIO (DYHKITI-
€10.

2 Heobxigxi BigomocTi

Y npoMy po3misi HaBeneHO HeOoOXidHI O3HAYEHHS
[3, 5, 8] Ta pesynabraTH, oTpuMaHi st P-cybrayc-
COBHX BHIAJIKOBHX BeJIMYMH Ta mporecis [3, 10].

OsnHauennsi 2.1. Henepepsna mnapna omykiia
dyukiisz ¢ = {p(z),z € R} nasusaerbca N-
dynruiero Opauna, sxio ¢(0) =0, p(z) > 0 npu
m#O,@%OHpHm—)OTEm@
x — 0.

— 00 IIpu

Oznavenns 2.2. Hexait ¢ = {¢(z),z € R} —
nesika N-dynkiisg Opianya. Oyskiis ¢ Taka, 1m0
©* () := supyeg (vy — p(y)), z > 0, HasuBaeTbCA
neperBoperusMm FOura— @enxesnss QyHKIHT @.

Ymosa Q. dns N-pyHKIHT (0 BUKOHYETHCS
ymosa (), SIKIIO lign_}(r]lf% = C > 0. Moxugo,
o C' = 4o00.

VY kuusi [11] micturses neranbaa iHbDOpMAItis
o0 N-dyukriit Opiinya ta iX BJIACTUBOCTEIR.

Hexaii (Q2, F, P) — crangaprauii iMoBipHicHMI
IIPOCTIp.

Osznauenns 2.3. Hexait o — N-dbyukiias Opin-
4a, JJIsI sIKOl BUKOHYETbCsT yMoBa Q. Bumas-
KOBa BeJIMYHHA { HaJIeKUTh IIPOCTOPY Sub,(€2)
(mpocropy (-cybrayccoBux BUIIAIKOBUX BEJTMYNH ),
sxmo EE = 0, Eexp{A¢} icaye st Beix A € R Ta
icaye Taka crajia a > 0, mo s Bcix A € R Buko-
HYETbHCsl HEPIBHICTH

Eexp (AS) < exp (p(ad)).

Teopema 2.1. [5] IIpocmip Sub,(€2) e npocmo-
pom Banazra 3 Hopmoro

¢! (InEexp (X))
Al

Tgo(f) = sup
A£0

ma oas eciz A € R sukonyromuves HepieHocmi

exp (p(A1p(£))) s
C1(8),

Eexp (AS)
(E€?)3

< (2.1)
<
de C >0 — deaxa cmana.

Osznavenns 2.4. Hexaii (T, p) — aesikuii ncesio-
MeTpu4Huil 6o MerpuaHuii mpoctip. Merpuanoro
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eHTPOII€0 (BIJIHOCHO IICEBJOMETPUKHI / METPUKH )
nasuBaeTbest Gyukiis Hr(e) := In Np(e), e > 0,
ne Np(e) —1e MerpudHa MaCHUBHICTD MHOXKUHU
T, T06TO, KUIbKICTD €JIEMEHTIB y HAIMEHIIIOMY &-
IIOKPUTTI I1i€] MHOYKUHMU.

Osnavenns 2.5. Bumankoswmit mpomec X
(X (t),t € T') € p-cybrayccoBum (To6TO, HAJIEKUTD
upocropy Suby,(£2)), aximo aia Beix ¢ € T Bunaj-
koBi Besmuannn X (t) € Sub, ().
2
Akmo ¢(z) = %, x € R, To Taknit uporec
Ha3UBAETHCS CyOTayCCOBUM.

Ipuxaad 2.1. LlenTpoBaHuili rayccoBUil BUIIAIKO-
BHil IIPOIIEC € CyOrayCCOBUM.

Osnavenns 2.6. CiM’a A BUIIAQJIKOBUX BeJIU-
quH i3 mpocTopy Sub,(£2) HABHBAETHCS CTPOTO (-
cybrayccosoro (nosnadaerscs sk A € SSub,(£2)),
gkimo icuye crama Ca > 0 Taka, mo s Oy/ib-
siKol 3ytiveHHOl MHOXKWHE [, & € A, 1 € I, Ta njs
JIOBUTBHUX \; € R BUKOHYETHCsI HEPIBHICTD

Ty (Z AZ@) < Ca (E(Z AZ@)Q) é. (2.2)

iel iel
Crama CaA Ha3WBAETHCS BU3HAYAJIHLHOIO CTAJIOIO

ciM’T A.
O3zHnaueHHs 2.7. Bunajaxosuii IIporIecC
X = {X(),t € T} wnasuBaerbCs CTPOro

p-cybrayccopum (1ob6To, X € SSub,(Q)), akmo
cim’st Bunazikosux Besmand {X (t),t € T'} € cTpo-
ro (p-cybrayccopoio. Buznauasibua craja i€l cim’l
HA3UBAETHCA BU3HAYAILHOIO CTAJIOI0 IIporecy X
Ta no3HadaeTbes Cy .

Osznauenns 2.8. Hexait ¢ < ¢ — a8i N-dyukmii
Oputiva. Bunajakosuit nponec X = {X (t),t € T}
HaJIeXKUTh Kiacy V(p, 1)), sxmo mis Beix ¢t € T
nporiec X (t) HamexkuTh npocropy Suby,(£2) Ta s
BCix s,t € T upupocru (X (t) — X (s)) Hamexarnb
npocropy Suby,(£2).

Hexait (T,p) — uceBmomerpuunuii (MeTpu-
qHUil) cenapabesbHUl MPOCTIp 3 MCEBIOMETPUKOIO
(MeTpHUKOIO) p.

[Tpumycrumo, 1m0 st cenapabeIbHOrO BUTIAI-
KoBoro upouecy X {X(t),t € T} 3 xiacy
V(p, ) icuye Taka HemepepBHa MOHOTOHHO 3DO-
craroua dyukiist 0 = {o(h),h > 0}, mo o(h) — 0,
ko h — 0, Ta Mae Micite HEPIBHICTH

sup To(X(t) — X(s)) < o(h).
p(t,s)<h

(2.3)
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Hexait B — xomnakTna muoxkuua, B C T,
Ty(X(u)) < oo, B > 0 — jmeaxe uucio,

7(u)
take mo 3 < o <inf sup p(t, s))
s€B tcB

Hacrymni aBi TeopeMn MiCTSTH OIHKN HMO-
BIPHOCTI BUXO/ly TPAEKTOPil BUIIA/IKOBOI'O IIPOIIECY
i3 knacy V(p, 1) 3a kpusy |3, 10].

Teopema 2.2. Hexati dan sunadkosozo mpouecy
X(t) = (X(¢t), t € B) i3 waacy V(p,v) euxony-
emwves ymosa (2.3), i mexat f = {f(t),t € B}
— nenepepsra gynrkyia, marxa wo |f(u) — f(v)] <
I(p(u,v)), de 6 = {6(s),s > 0} — deara momno-
MOHHO 3POCTAIOYG HEGID EMHA OYHKYLA, G T
{r(u): w > 1} — maxa nenepepsna Pyrryia, wo
r(u) > 0 npu u > 1, r(l) = 0, a Pynxuyisa
s(t) = r(exp{t}),t > 0, onyxaa. Todi npu euxo-
HAHHT YMOBU

/

npouec Xy(t) = X(t) — f(t) obmesrcernui 3 timo-
sipricmio odunuys, ma oas ecix p € (0;1) iz >0
BUKOHYIOMDBCA HEPIBHOCTL

v
P {inf (X(t) — f(t) < —a:} < Z.(p, B, ), (2.6)

teB

(N0 ) (w)))

P (Halo 0 () ™ =

Jr(B) (2.4)

sup(X (t) — f(t)) > =
teB

IN

Zy(p, B, ), (2.5)

p {Sup [ X(t) = f(t)] > :c} <2Z.(p,B,x), (2.7)
teB
de
. 23

(e () -

k=2

IS
- <p< :

p)JT(ﬂp?)))z,

1—

X
«(r

W(Ap,B) =

—

inf
v>(1-p)~!

(L0200 1))

(3 a3+

+ sup
ueB
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Teopema 2.3. Hexati dan sunadkosozo npouecy
X(t) = (X(¢), t € B) i3 waacy V(p,v) euxony-
emwves ymosa (2.3), i nexat f = {f(t),t € B}
— nenepepena gynryia, maka wo |f(u) — f(v)| <
d(p(u,v)), de d = {d(s),s > 0} — deaxa monomon-
HO 3pocmarova Heeid emma dynruis. Hexatd ma-
kootc = {r(u): u > 1} — makxa nenepepsna Hyn-
kuia, wo r(u) >0 npuu > 1, r(1) =0, a pynruis
s(t) = r(exp{t}),t > 0, onyxaa, npuvomy urony-
EMBCA YMOBa

B
I.(8) = /T(N(a(_l)(u)))du < 0. (2.8)
0

Toodi npouec Xy(t) = X(t) — f(t) obomescenuti 3
amosipricmio odunuuya, ma oaa ecix p € (0;1) 4
x > 0 suKOHYIOMBHCA HEPIBHOCTII

p {sup<X<t> R } < Uy(p, o), (29)

teB

P {inf(X(t) — f(t) < —x} < U,(p, B, x),(2.10)

teB

P {Sup | X(t)— f(t)] > x} <2U,(p, B,x),(2.11)

teB

de

AB
' Y ) = i f )
Ur(p, B, %) goexp{%(/\ p)+p<ﬁ<1_p>+

- oD (BpF—1Y)) — o F(=1) I.(Bp)
+A(k2_26< T )} (),

0(A, p) = sup <(1 —p)Y GV_(?) — Af(u)) .

ueT

3 Crporo ¢-cybrayccoBi mnpoiiecm KBa3zi-
npoboBoro edekrTy

Hexait ¢ = (£(t),t € R) — nificHo3na4unnii men-
TPOBAHUN BUITAIKOBUN MPOIEC 3 HEKOPETHOBAHU-
MU [PUPOCTAMM, BU3HAYEHUN HA CTAHJIAPTHOMY
UMOBIpHICHOMY ITPOCTOPI, Ta

E(6(t) —€£(s))?=t—s, t>scR.
Hexait g = (g(t,u),t,u € R)— nificnosnauna
dbyHKIIis, siKa 33/0BOJILHSIE YMOBY:

+oo
/ g (t,u)du < oo, teR. (3.1)

—00
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Oszuavenns 3.1. Byraemo HasuBaTw mporec

+oo
X(t) = / g(t, u)de (u),

—00

teR, (3.2)
npouecom dpobo6ozo epexmy, nopoorceHuM npo-
uecom £ ma Pynruicro eideyxy g, 1€ iHTErpag y
(3.2) BU3HAUEHUH y CEPEJHBOMY KBaJIPATHIHOMY.

Kopapiamiitna ¢ynkiiss npomecy X Mae BU-
TJIST

+oo
EX()X(5) = | gt wg(s.w)du,

—0o0

t,s € R.

VY HacryuHiii gemi 3 poboru [14] noBeeHo, 1o
CTPOro Y-cybrayccosi nporecu Burisiy (3.2) icuy-
I0Tb, & TAKOYXK BUBEJIEHO OIIHKU JIJIsi HOPMH TAKOT'O
IIpoIecy Ta HOPMHU HOTO IPUPOCTIB.

Jlema 3.1. Hezatu & = (£(t),t € R) — cmpozo -
cybzayccosutll 6UNGIKOBUT NPOYEC 13 HEKOPENLOBA-
numu npupocmamu ma E(E(t) — £(s))? =t — s,
t > s e R. Todi npouec X(t) = fj;o g(t,u)d¢(u),
t € R, meowc € cmpozo -cybeayccosum npoyecom
ma ons dosinvhux t,s € R

1/2

w0 s ([ Promn)

—00

(3.3)

ro(X (1) — X(s)) <
+00 1/2
e ([t - gts.i) )

—0o0
de c¢ — susHaMAALHA CMaAa npouecy .

Osnauvennsi 3.2. Bymemo wmasuBatm mporec
X(t) = fj;o g(t,u)dé(u) ecmpozo @-cybeayccosum
npoyecom k6a3idpobosoz0 efexmy, IKIIO £ € CTPO-
ro -CybrayccoBUM BHIIAKOBUM IIPOIIECOM.

4 OrmninoBaHHS HMOBIPHOCTI BUXOZY Tpae-
KTOpil cTporo (p-cybrayccoBoro mpouecy
KBa3igpoboBoro edekTy 3a KpUBY

Hexait X = {X(t), t € R} — cenapabesbuuit crpo-
ro -cybrayccosmii mporec Kpaziapobosoro ede-
kry. [Ipumycrumo, 1o icuyiors Taki dyHKIil s =

(s¢(h),h > 0) ta k = (k(u),u € R), mo

lg(t,u) — g(s,u)| < s(t — s)k(u), t,s,u€R,
(4.1)
npudoMy (PYHKITISI 3¢ € TAKOIO HEBil €MHOIO HeTle-
PEPBHOIO MOHOTOHHO 3POCTAIOU0I0 (DYHKIIEIO, 10
»#(h) — 0 upu h — 0, ta dbyHKIis k € HEBi €MHOO
HENepepBHOIO (DYHKINEIO, KA 3a/I0BOJIbHSIE YMOBY

Jg ¥ (u)du < oo.
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Teopema 4.1. Hexatt X = {X(t),t € R} - ce-
napabeavruti cmpozo p-cybeayccosuli npouec K6a-
310p0606020 ehexmy 3 PyHxyicro 6id2yYKy g, AKG
3adosonvrsae ymosy (4.1). Hexati f = {f(t),t €
[a;b], a,b € R} — nenepepsna dynkyia, maxa wo
() = )] < 8(p(u,0)), de & = {8(s),5 > 0}
— deara MOHOMOHHO 3POCmaya Hesid’emma Gyr-
kuia, a r = {r(u): u > 1} — maxa nenepepera
dyrryia, wo r(u) > 0 npuu > 1, (1) =0, a
Pynryin s(t) = r(exp{t}),t > 0, — onyxaa. Todi
NPU GUKOHAHNT YMOGU,

b—a

J:w):/ﬂ (e )

du < 00

(4.2)
npouec X ¢(t) = X (t)—f(t), t € [a;b], oOmesrcenu
3 umosipricmio odunuua ma oan eciz p € (0;1) 4
x > 0 cnpasedausi maxi ouinku GMOBIPHOCTNT 6U-
xody mpackmopii npouecy X 3a xkpusy f Ha 6i0-
pisky |a;b]:

P {tzl[l%](X(t) ) > } < Z:(p.Bya), (43)
P {téf;&]““) ) < —m} < Z:(p,By), (44)
P {t;lpb} X0 - ()] > } < 227(p, B,),(45)

de B> 0 — deaxe wucio, maxe w0

B<c x| inf sup [t—s|]|,
s€[asb] te[a;p]

A
Z;(p; B, ) = inf exp {W*(/\,p, B) + pe <_ﬁp>

1
= (—1) k—1
(S o)) -]
* (32 2
(G

1 b—a
* = inf I oy L
W*(A,p, B) > (lp)-t (U " <2%(—1)(cﬁp) ! >

4 s <<P(/\7(U)U) _ Af(u)>>

u€la;b]

ma ¢ = (05 (S ¥ (u) du) 1/2> N
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osedenna. Tlepemycim 3ayBaskuMo, IO CTPOTO
(p-cybrayccoBuii mporec KBasinpoboBoro edekry
X ={X(t), t € R} nanexurs kiacy V (g, p), T0-
MY JJIst HOTO JIOCJII2KEHHST MOYKHA 3aCTOCOBYBATH
pe3yabTaTh, OTPUMaHI JIJIsl BUIAJIKOBUX IIPOIIECIB
3 kitacis V (g, ).

ko BukoHyerbest ymoBa (4.1) mist dyHKIT
BIATYKY ¢, TO 3 JeMu 3.1 BUmIMBae, mo A7 ¢, s €
[a,b]

r(X(H) = X(s)) <

<ee ([ tattw - gls.Pa) <

< e ( /_ ;OO(%(t - s)k(u))2du> v
= cen(t — s) (/_;OO k2(u)du) " ,

ge, srigao 3 ymosow (4.1), dyHkiis x =
(s¢(h),h > 0) € HEBi'€MHOIO HellepEPBHOIO MO-
HOTOHHO 3pocTaiouoio dyHKIiew, »(h) — 0 npu
h — 0, a dyskuia k = (k(u),u € R) e nesix-
€MHOIO 1 3a/I0BOJIbHSIE YMOBY [p E%(u)du < oo. Ile
O3HAvAE, 110 ICHYE HellepepBHA MOHOTOHHO 3POCTa-
098 QYHKITiST

1/2

o(h) = cese(h) (/m k2(u)du> ,

—00

h >0,

taka, mo o(h) — 0 opu h — 0, Ta maa sgkoi
BUKOHY€ThCst ymoBa (2.3) y Bumajky B = [a, b,
p(t,5) = |t — s, 1,5 € [a3 8]

‘tflsllghw(X(t) — X(s)) < a(h).

Tomi marmvenmo: oY (1) = 2=V (cu),

NB(O'(_l)(u)) < b—a b— a

——+1l=—+41
~ 20D (u) * 25¢=1) (cu) b

Hg(cY () < In <2%§:)?cu) + 1) .

DynKiig % € HeIepepBHOIO0 MOHOTOHHO

7o)
3POCTAI0YO0I0 (DYHKIIIEIO, TOMY

r(Np(o I (W)
D (Hp(oD(w))  —

b_
’ (2z<-1>a(cu> + 1)

P (in (525 1))

i 3 BukoHaHHs yMOBH (4.6) BUILIMBAE BUKOHAHHS
ymoBH (2.8).

< du

= Tt~
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OTxke, SIKIO BUKOHYIOTbCS YMOBH TeOpe-
Mu 4.1, To mporiec X 3aJI0BOJIbLHSE YMOBHU TeOpe-
My 2.2 1 1JIsi HbOIO MAalOTh MiCIle HaBeleHi B Hiil
omiukn. [Ipu npomy s dyskiii y orinkax (2.9)—
(2.11) 3 ypaxyBaHHSIM OTPUMAHUX BUIIE HEPIBHO-
cTeif i Toro, 10 1 = @, CIpaBeJINBI TaKi CIiBBiI-

HOIICHHST:
. 1 b—a
WA, p,B) < Uz(iri)il <U In <2%(—1)(cﬁp) + 1) +
+ sup <g0()\’)/(U)U) _ )\f(U))) —- W*()\,p, ﬁ),
u€|a;b] v

i, BiATIOBiTHO,
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Todi npouyec X¢(t) = X(t) — f(t), t € [asb],
obmesicenuti 3 UMOBIPHICTIIIO 00UHUYA A OAA BCLT
p € (0;1) i z > 0 cnpasedausi maki ouinKky UMO-
giprocmi euxody mpackmopii npovuecy X 3a xpusy
f na sidpisky [a;b]:

|

P{iM(X@y—ﬂw)<—x

te[a;b]

|

sup (X(t) — f(t)) >«
t€[a;b]

} < U (p, B, x),(4.7)
}gwm@mﬂ&

sup [X(0) — (5] >
tela;b]

} < 2U7(p, B,x)(4.9)

; A de B > 0 — desaxe wucao, maxe wo
Z,(p, B, x) < inf eXp{W*()\,p’B)_Fp(p </3>+ p w
A>0 1 —p
= B < ¢l | inf sup |t —s| |,
Z ) (%(_1) (Cﬁpk_l)> —x s€la;b] te[asb]

k=2

2 )}
(-

2
J 2)) =:Z:(p, B, x).
) (Bp%) (p. B, )
3Bigcu orpumyemo oriuku (4.7)-(4.9).

Teopemy j0BeJIeHO. O

BukopucToByroun aHaJOrivYHUN TIXiT 10 J10-
BeJleHHs Teopemu 4.1, i3 TeopeMu 2.3 OTpUMy€EMO
HACTYIIHUI HabIp OIHOK.

Teopema 4.2. Hexait X = {X(t),t € R} — ce-
napabesvruti cmpozo p-cybzayccosutl npouec K6a-
310poboeozo epexmy 3 Pynruyiero 6ideyxy g, Axa
3adosonvrae ymosy (4.1). Hexatr f = {f(t),t €
[a;b], a,b € R} — nenepepsna dynkyia, maxa wo
(u) = F@)] < 6(p(u,v)), de 5 = {8(s),5 > 0}
— deAka MOHOMOHHO 3POCMAUa He6id eEMHA PYyH-
kuia. Hexatd maxoorc r = {r(u): u > 1} — maxa
nenepepena dynryis, wo r(u) > 0 npu u > 1,
r(1) = 0, a gynryia s(t) = r(exp{t}),t > 0, -
onyKAa, ma

B
/ b—a
r
2
0

=D (cu)

I:(B) + 1> du < co.  (4.6)
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Anomauis.

Yemanosmoemuves 3624010 2DAHUYSHG MEOPEMA, OAA HACY NEPULO20 NEPEMUNY DIBHA PELEREPYIOUUM
npouecom. Jlosedents epyHmMyemovbes Ha 00HIT 8aHCAUGLT Aemi Oaa deakur sunadkosur cym. Hasods-
MbCA NPUKAAIU 34CMOCYEaAHYL 00 36044 MEOPLi MACO8020 00CAY208YEAHHA A MEOPTE HATTHOCT.

Kaowosi caosa: Pezenepiyroui npouecu, 6unadkosi cymu, Cucmemy Maco68020 00CAY2068YEaHHA .

Abstract.

The current work continues the author’s investigation in the field of extreme values analysis. The
tnvestigation is concerned with the first passage time of a level u for a wide class of regenerative random
processes. The common statement of the problem in most of works in the field under consideration dealt
with cases when time of observation, t, and u tend to infinity. Alternatively, we investigate the case when
t tends to infinity, whereas u is a fired number. We establish a general limit theorem for the first passage
time of a level u by a regenerative process. This topic is closely associated with the asymptotic behavior
of extreme walues of regenerative processes. In proving the main result, we establish an important
lemma concerning the asymptotic behavior of probabilities for a class of random sums, which may be of
independent interest. Necessity of the study of such sums occurs in many areas: mathematical reliability
theory, queuing theory, some statistical physics problems. In addition, the work provides examples of
applications of the obtained gemeral results to some problems, which arise in applied areas: model of
counters of type Geiger-Muller, estimation of the reliability of a redundant system with recovery, the
problem of the first passage time of a level u by queue length in the queuwing system M/M/1.

Key Words: regenerative processes, random sums, queuing systems.

CrarTio npejcrasuB 1.¢.-m.H. Mokysiayk M.II.

1 Bcryn. OcHoBHa TeopeMa

Posrnsinemo  perenepyrounit  Bumajkosuit  [Si_1,Sk) — k - M mepiogom pereneparii. Perene-

uporec (B.ar.) X(t),t > 0, PYIOUHiA B.II. JOCUTH HOMYJISPHUI 1 BaxKJIMBUIT 06’-
ekT Teopil iimMoBipHOCTell (muB., Hanpukiam, |1,
X(t) =&t — Sk—1), mpnm t€[Sk—1,),  [2], r.11, §8, ).

Ha B.11. &;(t) 6yaemo HaKJIQIaTH YMOBY Cella-
pabesbrocTi. Tomi MOXKHA PO3IVISHYTH HACTYIIHI
BEJININHU:

Jie Sp. =T+ ...+ T,k > 1, Sy = 0,
£y = (Tx,&(t)), k > 1, wneckinuenua mo-
CJIIJIOBHICTh HE3aJIEXKHUX IUKJIIB, OJHAKOBO PO3-
noginennx 3 nukiaom £ = (T,£(t)) [1]. Touku Sk -

. X(t)= sup X(s), t=0,
HA3WBAIOTh MOMEHTAMHU DEreHepalil, a MPOMiKOK 0<s<t

© 0O.K.3akycuio, LK. Manak, 2020
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Z = sup k=1,2,....

Sp_1<8<5

X(s),

I3 osnHavenHst 3posymino, mo (Zy) - 1e moci-
JIOBHICTD HE3aJIeXKHUX OJHAKOBO PO3HOILICHIX BH-
1a/IKOBUX BeJIM4MH (H.0.p.B.B.). Bynemo BBaxkarn,
o 7 Maiizke HaneBHe (M.H.) CKiHUEHA B.B., JJIs
SKOT

0<qu)=qx(u)=P(Z1 > u) < 1. (1)

[Mosznaunmo 4epes T(u) MOMEHT LEPIIOTO Ie-
peruny uporiecom X (t) piBHS u, TOGTO

T(u) =Fx(u)=inf(t >0: X(t) > u).

[ mexait Pgy,)(t) = P(T(u) > t). Hac 6ye mikasu-
TH aCHMITOTHIHA TOBeIiHKa iMoBipHOCT Pry) (1)
npu Bequkux t. B cuny immikarii

VE>0 {X(1) <ul e {T(u) >t} (2)

Hallla 3aJda4a OJIN3bKA 10 Sa,U,a‘Ii PO aCUMIITOTH-

P(X(t) <w).
TakuM 9uMHOM $SICHO, IIO IsI TEeMaTHUKa TiCHO

Ky iiMOBipHOCTI

[IOB’s13aHA 3 ACUMIITOTHUKOIO €KCTPEMAJILHUX 3HA-
4enb Bigmosigumx mpomecis (mus. (3], [4], [5], [6]
Ta Jjireparypy Tam). I[Ipu 1pomy 3BuYaiiHo 1pu-
IYCKaETHCs, 10 3MIiHHI ¢ Ta U BiAMOBIIHAM YUHOM
HEeOOMEXKEeHO 3pOCTalTh. BinmMinHicTh maHOl POoOO-
TH TIOJISITAE€ B TOMY, IIIO MU JTOCTIIZKYEMO BUIIAIO0K
Koy t— 00,a u - (ikcoBaHE UUCIIO.

[M1o6 chopmystioBaT TeOpeMy, BBEIEMO AEsKi
HeoOXijiHi mo3HadyeHus Ta ymoBu. Hexaii T - e abo
Jac JIOCATHEHHS PIBHA U HA OJHOMY IHKJI pere-
Hepaillil, ab0 TPUBAJICTb MUKy, SKIIO HA HBOMY
piBeHb u He nocsaraeTbes. [loxkmamemo

(t)
FT,u(t) = P(Tl <t Z1 < u),

F-

Fr(t)=P(T <t), F; P(T < t),

Kk > 0 - KOpiHb PIBHIHHS

/O " exp(rt)dPpa(t) = 1, (3)

2 Ogpgaa gema aJist
Hexait ¢ Ta € BUnaJIKoBi BeJIMYMHM TaKi, 1110
Ple=0)=1-—¢q, 0<g<1,
1, P((=0) <1
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3

a= /Oootexp(/@t)dFTm(t) < 00, (4)

5= /oou _F(t) exp(rt)dt < oo (5)
0

Teopema 1. Hexat X(t),t > 0, pezenepyrowui
sunadkosutl npouyec, posnodin Fr,(t) e e apu-
pmemunnum, U - Pikcosane YUCA0, O AKO20
suroryemuvcs ymosa (1). Ilpunycmumo, wo icnye

Kk > 0 - kKopinw pienanna (3) i 6UKOHYIOMBCA YMO-

su (4), (5).

Tooi
lim Py (1) exp(st) = . (©)
t—o0 (0%
npuvomy By < B < G%, de
By = q(:), g* = /0 (1 — Fp(t)) exp(kt)dt < oo.

Baysaotcenns 1. TlpumycTumo, Mo BHIAJIKO-
Buit mporec X (t),t > 0, 3a/10BOJIbHSIE YMOBH T€O-
pemu 1. Toxi HacsigkoM iMiutikanii (2) Ta (6) 6yze
TaKa aCUMIITOTUYHA PIBHICTH:

lim P(X(t) < u)exp(kt) = g.

t—o00

(7)

JloBenennst Teopemu 1 Oyzie rpyHTYBATUCS HA
TBEPJIZKEHHI PO aCUMITOTUKY WMOBIpHOCTEMN JIJTst
OJTHOT'O KJIACY BUITAIKOBUX CyM, sSIK€ MOYKJINBO MA€
i camoctiitauii inTepec. HeobximHicTh A0CITiIKEH-
Hsl IOJIIOHUX CYM BHUHUKA€ Yy 0ararbox 00JIacTsax
(MaTemaTHYHA TeOpist HAMIIHOCTI, TEOPisi MACOBO-
ro oOCJIyTOBYBaHHS, JIesTKi CTATUCTUYHI 3a1a49i di-
sukn) (mus. [7], [8], [9], [10],[11], [12] ).

OkpiMm TOrO, ¥ pobOTI HABOIUTHLCHA DS IPHU-
KJIaJIIB 3aCTOCYBaHb OTPUMAHUX 3arajbHUX pe-
3yJAbTATIB PO Yac MEPIIOro IepeTwHy PiBHS 0
JEedKUX BUIAJIKOBUX IIPOIECIB, dKi BUHUKAIOTH B
IPUKJIQTHIX 3a]Ia9aX.

BUIIaAKOBHUX CyM

B zaranpromy Bumagky B.B. ( Ta € 3aJIeKHI MixK
co0010.

Posrisiremo  nociiiosricts (¢, €,) He3ase-
KHuX Koriit mapu ((,€) . Jani BusHaunMo BUnaI-



Bicnux Kuiscvko20 HauionanbHo20 YHIGEPCUMEMY
iment Tapaca Illesuenxa
Cepia: $i3uro-mamemamusni HAYKY

KOBY CcyMmy S, :

SV = Z Cia
=1
ne

v=min(n>1: ¢,=1).

Jobpe Biomo, 110 ¥ Ma€ TeOMETPUIHII PO3IOILIT

Pv=n)=q(1-¢)" ', n=>1,

Axmo B.B. ¢ Ta € HezasnexHi, To S, HA3UBA-
OTh TeOMETPUYHOK cyMor. OCHOBHI Pe3yiabTaTh
JJIsI TEOMETPUYIHUX CyM Ta BifanoBiany Gibsiorpa-
it moxkua 3HaiTH B KHmKI [9]. Haitblibn Bigo-
MUl pe3yabTaT TYT - Iie TeopeMa PeHbi:

lim P(gS, < ) = 1 —exp(=2). (9
q—0 a

e a=EC(.
Bigomo [12], mo npu mmpokux ymoBax piB-
micts (9) 3a7MMmUTBCS BIPHOIO 1 IS 3arajbHUX
cym Buiy (8)(mocrarnbo, 106 B.B. ¢ Gy/ia piBHO-
MIpHO IHTErpOBHOIO O ¢ ).

Jami 6ymemo BBakaTH, IO B.B. S, 3a1a€ThCs

piBHicTio (8) i moksaEeMo

P(¢ <t),
P(S, <),

cho(t) = P(C < t, € = O),
Ps(t) =1 Fs(t).

Y HacTymHiit JieMi YCTAHOBJIIOETHCA ACUMIITOTUKA
itmosiprocTi Ps(t), kosin Besimauna ¢ bikcoBa-
Ha, a t — 00.

Jlema 1. Hexati posnodin F¢ o(t) ne e apugpmemu-
ynuMm, q Pixcosane wucao, 0 < q < 1. SHxwo ichye
Kk > 0 maxe, wo

/000 exp(kt)dFeo(t) =1, (10)

a= /Oootexp(fst)ngﬁo(t) < 00, (11)

8= /00(1 — F(t)) exp(kt)dt < oo, (12)
0

tlirglo Ps(t) exp(kt) = g. (13)
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Jlosedenms nemu 1. Y pobori [12] ycranosieHo,
mo dyukiisa Ps(t) 3a10Bosblse Take IHTErpAIbHE
PIBHSIHHS

&WZl—Q®+APW—wﬁm@)G®

[Monamnbine nosenenHst, okpiM pisrocTi (14),
Oyze crmparucs Ha Bijomi MipkyBamust (nuB. [2],
rr1l, §6), siKi BUKOPHCTOBYBAJIMCH I[PH JOC/Ii-
JPKeHHI aCHUMITOTUKU IIPOIIECIB BiJIHOBJIEHHA 3
obpuBaMu.

JlomMHOXKIMO TpaBy 1 JIiBY YaCTUHU PiBHOCTI
(14) na exp(xt). Toxi orpumaemo HacTyiHe DiB-
HAHHS BiTHOBJIEHHSI

e

Z(t) = Ps(t) exp(st), z(t) = (1—Fe(t)) exp(kt),

t
F(t) = /0 exp(ry)dFeo(y)-

3a ymosoro (12) dyukuis z(t) inrerposna Ha
(0,00), a dyukis z(t) exp(—kt) OIEBUIHO He 3pO-
cratoua. Tomy z(t) GesnocepesHbO iHTErpOBHA 32
Pimanowm ([13], 1.6, §4, rBepzkenns 6.4.1). 3ia-
cu Ta piBHocTi (15) 3a TEOpeMOIO BiJHOBJICHHS
(asbrepuarusHa opma, aus.[2], ra.11, §1) mae-
MO: ipu t — o0

)

Po(t) exp(st) = Z(t) — — /O Tt = g

(%

o ekBiBasienTHO (13).

O

IIpunycrumo, 1o B.B. ¢ Ta € He3aJIEXKHi, TOOTO
S, - reomerpudHa cyma. Tosi
Feo(t) = (1 —q)F¢(t), ~ > 0, BusHauaerbcs i3
piBHOCTI

1

/ " exp(it)dFL (t) = =
0

. (16)

1

8= /00(1 — F¢(t)) exp(kt)dt = l(—1 + )=
0 K

1—g¢q

Takum yrHOM 13 JJemMu 1 MaeMoO HacTyIHUN
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Hacaimok 1. Hexatl y sunadky 2eomempurHux
cym S, posnodia F¢(t) e e apupmemuunum, q
pircosare wucro, 0 < q¢ < 1. Hrxwo icnye kK > 0
Kopinv pienanns (16) i

/ texp(kt)dF¢(t) < oo,
0

mo
lim Pg(t) exp(kt) =
rT—00
q
= . 17
K(1—q)? [5° texp(rt)dF(t) ()
Hacmimok 1 - me Bigomuii pe3yabrar

H.Cramér (mus. |9], ri.4).
Sayeascerns 2. Ilpumycrumo, mo B.B. { i3
HACJJKY 1 38JI0BOJIbHSIE TaKi yMOBH:

dsg,0 < sg < 00, Taxke, MmO
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Vs € (0,s0) Eexp(s¢) < oo, (18)

npu s 7Tsyg Eexp(s) ] oco. (19)
Toni icuye icuye k > 0 kopiub piBHsiHHs (16)
3]
Biggmaunmo TYT TaKOXK HACTYIIHY IIPOCTY JIe-
My JIJII TEOMETPUIHHX CyM, sIKa Oyjie HaM MOTpi-

OHa mpu JIoBeJIeHH] Teopemu 1.

Jlema 2. Hexatl 6.6. { ma € He3aneschi, S, - 2eo-
mMempuuna cyma, susnavena pienicmio (8). Todi

v—1

P(3 G > 1) = (1-g)P(S, > ).
k=1

(20)

( oBesieHHst leMu 3 HaBOJUTHCs B [14] ).

3 HoBenenus teopemu 1

ITokJratemo
ex(u) = 1(Zk > u),

v(u) =min(k > 1:

ne gepes [(A) nosnagaemo ingukaTop moii A.
I mexait

- |

TYT 7)) - IIe 9ac J0 IepeTHHy piBHA u HA k - My
[UKJI IPA YMOBI, 110 TaKUil IEPETUH BiAOYIeThCH,

Nk
Tk7

npu

en(u) = 1, }

y IIPOTUBHOMY BHIIQ/IKY,

TOOTO
e = inf(t > 0: &(t) > u/ex(u) = 1).

®axruano, (T)) - 1e TMOCTIIOBHICTL HE3AIEKHUX
Komiit B.B. ', ika OyJia BBeJeHA BHUIIIE.
Toni Mmaemo HACTYIIHE 300paKEHHST

<
—~

u)
Ty..
1

T(u) = (21)

b
Il

[Tpuwomy 3a 100y10BOIO B.B. T,
P(Ty < t, ex(u) = 0) =

P(Tk < t, ek(u) = 0) = FTu(t).

)

Takum gmaOM y BigmosigmHocTi 3 jemoro 1 i3
piBHOCTI (21) 0f1EpKYy€EMO:
npu t — oo

Psgu(t) expl(st) — =

ae K, 0 Ta o BusHadeHi B TeopeMmi 1.
Okpim Toro ouesuano, mo 1 < Ty

ke HaneBHo (M.H.). A omxke 3 < %
3aJuIaeTbCsl YCTAHOBUTH OINIHKY 3HU3BY

Majii-

1-p.<p. (22)
[Tounemo i3 oueBUHOT HEPIBHOCTI
v(u)—1
> T <F(w) mm (23)
k=1

Haui Beesiemo 1.0.p.B.B. (T}), Ki He 3a71€2KaTh Bij
v(u) 1 38710BOJIBHSIIOTH PIBHOCTI
1
1—
106 ominmTn BHmAIKOBY cyMy 3iiBa B (23),
npeJIcTaBuMo 11 reoMeTpruaHOIO cyMoro(npasia 6e3
OJTHOTO JIOJIAHKA)

P(T} < 1) = P(Ti < t/ey = 0) = 1—Fra(t)

v(u)—1 X v
S i
k=1

IIO3Ha4YeHHsA &7

(u)—1 v(u)—1
d
k=1 k=1
d
= &  o3Havag, 1o B.B. £1,&
MAalOTh OJTHAKOBUI PO3ITOILI.
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B6uparoun pazom pisHicTb (24), HaciIok 1 Ta
JIeMy 2, OJIEpKUMO

v 1

lim P(

t—o00

(

u)—
Ty > t) exp(kt) =

k=

—_
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/\

q

R&

S

k=1

hm 1-q)P t) exp(kt) =

Ocranns piBHicTb Ta HepiBHICTS (23) 1 Za10TH OMiH-
Ky (22). O

4 Ilpuxkiaamn

ITpukaad 1. (Jlivuavnur Tetizepa-Mioanepa ).
Takuit JiYUIBHUK BUKOPUCTOBYETHCH JIJIs IMiIpa-
XYHKY KOCMIYHUX YaCTWHOK, SKi HA UM B Je-
sKy 00J1acTh IIpocTopy. BiH Jlie HACTYITHIM YUHOM
([1], [2], ror.11, §5 ): micist HAJXOKEHHSI YACTHH-
KU B JHUMIBHUK BiJIOYBAETHCS PO3PSL HA IMPOTSI3i
BHIIaIKOBOrO dacy 1. 11in qac po3psiy JiYuabHuK
He PericTpye HOBI YaCTUHKU, STKI HAIXOIATh.

[Tosnaummo 4epes ¥ wac, Ha MPOTA3i SKO-
ro JIYWIBHUK HE BTPATUTL KOJIHOI YaCTHHKH,
Px(t)

= ( JYMIBHUK MOPOXKHIH, a

P(T > t). Bpaxkaemo, 1m0 B MOMEHT
t,toy .y tpy .
MOMEHTH HAQJXOJKEHHS YaCTUHOK, Tk = (p41 —
tr, k= 0.

3BUYANHO MPHUIYCKAETHCA, IO YACTHHKA
YTBOPIOIOTH ITYaCCOHIBCHKUH MOTIK 3 JIEAKUM Tapa-

MeTpoM A, Tobto  P(7, < t) = 1—exp(—At), t >

0.

Hexait n,— 11e TpuBaIicTL O3PSy YaCTUHKH,
sIKa HA QLI B JIUYNJIBHUK B MOMEHT tg, (T) Ta
(Mk) He3asIeKHi BUIAKOBI MOCJILIOBHOCTI,

P <t)=G(t), k=1, G(+0)=0,

i
ex=I(mr <mp),k>1, v=min(k>1: ¢ =1).
(25)
Toni mae Miciie Take 300parKeHHsI
v
T=71+S, S=)» T (26)
=1

Cnouarky, cnupatounch Ha piBHocTi (26) Ta
gemy 1, 3HaiijleMO aCHUMITOTHKY HMOBIpHOCTI
Pg(t). Iokmamemo

G="mi,12=21, Fe(t)=1-exp(=At),

g=P(n <) = /000(1 — exp(—AE))dG(L),
Feo(t)

= )\/0 G(z) exp(—Ax)dz.

=P(n<t,mm>2m)=
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Takum qrnoM piBasiHHS (14) 7UTs JAHOTO MPUKJIA-
JIy MaTuMe BUIJISI|

Ps(t) = exp(—At)+A\ /Ot Ps(t—2)G(x) exp(—Az)dz.
(27)

BaxkuBuit mapamMerp k 3HAXOIUMO i3 PiBHOCTI

(o.¢]

A/ G(t)exp(—(A—r)t)dt =1.  (28)
0

Binzuatmmo, 1o inrerpast 3misa B (28) mpu £ = 0
k T A HemepepBHO 3pO-
crae 10 co. Tomy Kopiub Kk piBHsAHHs (28) ichye i
0<k <A

Haui 3a dopmymamu (11) Ta (12) 3raxommmo
napaMerpu o Ta [3:

MeHIuit 3a 1, a pu

o' :/ texp(kt)dFeo(t) =
0

)\/Ootexp(—()\ — Kk)t)G(t)d(t) < 00(29)
0

1

. G0)

8= / exp(—At) exp(kt)dt =
106 orpumaru acumnroruky Ps(t) sacrocy-
eMo emy 1

_
aA—k)’

lim Ps(t)exp(kt) = (31)
t—o0
Jie « BusHavYeHo (opmysion (29).

Ha macTynHoMy Kpori I'pyHTYIOUNCH Ha CITB-
BisHOMIeHH] (31), BUBeIeMO acCUMITOTHKY HMOBIp-
Hocti Px(t).

I3 piBHOCTEl (26) 3po3ymiso, 1o mogis {T >
t} BinOyBaeTbCst, KOIN

{ro >t} abo {ro=xz<t}[){S, >

IlincymoBytoun 3a BciMa MOXKJIMBUMH T, OJI€P-

t—x}.
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Pe(t) = exp(—At) + A /0 " Pt — 2) exp(—Aa) [ (x < D)da.

Tak camo, gk i Bume y Jjemi 1, TOMHOXKHUMO

OCTAHHIO PiBHICTH Ha exp(kt)

Pz(t) exp(kt) = exp(—(A — k)t) + )\/000 Ps(t — x)exp(k(t — ) exp(—(A — k)x)I(z < t)dz.  (32)

Ouesngno, mo  exp(—(A — k)t) — 0 upu
t — 00. A OTKe 3a/IMIIAETHCS 3HANTH ACUMITOTHU-
Ky iHTerpaiy B (32).

Briguao pisHocri (31)

sup Ps(t) exp(kt) = C < 0.

>0
Tomy i Bech mizinTerpasbuuii Bupas B (32) obme-
JKEeHUit iIHTerpoOBHOIO (PYHKITIEO
CXexp(—(A—k)z), TOOTO MOKHA 3aCTOCYBATH Te-
opemy Jlebera mpo mepexis 10 rpaHuUIi mimg inTe-
IpaJjioM.

[Tle pas ckopucrasmmck pisuicrio (31), oxep-

xKumo: Vo >0, mpu t — 00
1

Ps(t — x)exp(k(t — z))I(x < t) — o= n)

Tomy 3a Teopemoro Jlebera
tlim Px(t) exp(kt) =
A o A

= —— —(A— dr = ———.

a(A— k) /0 exp(=(A = w)z)da a(X — k)2

(33)

IIpukaad 2. (ybavosana cucmema ). Otuinka
HaIIfIHOCT] pe3epBOBAHOI CUCTEMU 3 BlJIHOBJIEHHSM
- Ile OfHa 3 HAWOIMbIN BaXK/JIUBUX 3aJ1aY MaTeMa-
TugHOl Teopil HasifiHocTi (nuB., Hanpukiaaz, (8],
15]).

Posrnsgaemo npoctuii Bunagok pesepByBaHHS
— JyGJIroBaHHs, KO JI0 pobodoro (OCHOBHOIO)
€JIeMEeHTa IIPUENHYIOTh OJUH PE3ePBHUN, AKUNA Yy
BUIIAJIKY BiIMOBH pODOOYOIo ejleMeHTa 3aMiHIOE fo-
ro. EjxemenT, sskmif BiIMOBUB BiTHOBJTIOETHCSI, TIPH-
YOMY IiCJIT PEMOHTY HOro XapaKTEepPUCTUKH €KBi-
BaJIEHTHI TOYATKOBHUM.

[Mpunyctumo, 1Mo B cucreMi € oJiHa PEMOHTHA
omuuuist. OKpiM TOTO BBarkKaeMo, IO Pe3epBHMUIA
eJIEMEHT TIiJT Yac nepeOyBaHHs B Pe3ePBi HE MOXKE
. HybaboBana cu-
creMa nepedbyBae B poOOIOMY CTaHi, KOJIM IIPAIIOE
xo4a O OMH eJIeMeHT, a 11 BiiMoBa HACTyIIa€, KON
0o0u/IBa €JIEMEHTH HE CIIPABHI.

BimosuTu (" xomoHuit" peseps)
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Bynemo mpumyckaru, mo wac 6e3BiaAMOBHOL
poOOTH OCHOBHOI'O €JIeMeHTa T Ma€ €KCIIOHEHITiii-
HUIT PO3TOMLT:

P(r<t)=F(t)=1—e, (34)
a 1) — 4Yac BIJIHOBJICHHs(DEMOHTY) MA€ JIOBLIbHUI
posmozin, G(t) = P(n < t), G(0+) = 0. 3su-
JailHO BBAYKAEThCsI, IO T Ta 1) H.B.B.

Hexait (1) Ta (1)
3aJIe?KHUX KOMil B.B. 7T Ta 7) BiITOBiTHO.

B.B. (€) Ta v BBOAATBCS Tak camo, siK 1 y 1O~
nepeHbOMy MpHKJIa, 3a dopmynamu (25). Toxi

ITOCJI1JIOBHOCTI He-

q=Pleg=1)=P(mp, <) = 1_/000 e MdG(x).

Haui gepe3 &(t) mo3navaeMo YHCIO HECHPABHUX
ejieMeHTiB cucremu B MomeHnT dacy t, £(0) = 0
Maiizke HareBHe (M.H.),

Pz(t)=P(T>t), T=inf(t>0:&(t)=2),
TOOTO TYyT ¥ - IIe 9ac [0 mepIrnol BiaMoBH 1y0JIb0-
BAHOI CUCTEMU.

B.B.T'menenko ( [7], [8]) 3maiimos inTerpas-
He DIBHsIHHSI, SIKOMY 33J10BOJIbHsIE€ (DyHKIIisT Pe(t)
i BuBiB popmyty Juts neperBopenus Jlammaca riel
dyukmil. Ha xaxbp npu 3arajJbHUX ITPUILYIIEHHIX
BisiHOCHO posnoxiny G(t) sBHuil Bursiy dyHKIHT
Pz(t) ne 3HaxoauTbes. Ajie IPYHTYIOUNCH Ha, Jie-
Mi 1 HeBaxKkKo 3HafiTu acuMnToTuKy byHKIHT Pr(t)
npu t — 0.
iiicro, s B.B. ¥ BijloMe Take 300paskeHHs

T=1+11+...+7

(mus. [8], ru1.6, §2).

DakTUIHO MU MAEMO 300pPaKEHHSI €KBiBaJIeH-
THe (26). A orxke, TaK caMo K 1 y MOMEPEIHBOMY
upukiaz, Gyskiis Pz(t) 3a10BoJbHSIE aCHMITO-
TUYHy piBHICTH (33), B sIKiil K - 116 KOPiHb PIBHSIH-
Hs (28), a mapamerp « 3HAXOAUMO 32 (HOPMYIION0
(29).
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Baysasicenna 3. Y Bunajky, komm F(t) mo-
BiJIbHA HemepepBHA MYHKITiST PO3IOILTY, MipKyBa-
HHsl, HABeJIEH] BUIIE, JIO3BOJISIIOTH 3pOOUTH BHCHO-
BOK:

Px(t) 3am0BosbHSIE acuMITOTHYHY piBHICTE (13),
SIKTTIO
(i) icaye Kk > 0 KOpiHb pPiBHSAHHS

/000 exp(kt)G(t)dF(t) =1,
(i)

oo
a= / texp(kt)G(t)dF(t) < oo, (36)
0
upudoMy napamerpu K Ta «'y dopmyqi (13) za-
JatoThest piBHocTsIME (35),(36), a

8= % </OOO exp(rt)dF (t) — 1) .

ITpukaad 8. (Cucmema macosozo 0bcay206y-
sannsa  M/M/1 ).

Poszriisinemo onHOKaHaJIBHY CHCTEMY MAaCOBO-
ro obeyrosysanus (CMO) , na sxy mocrymnae 1ry-
ACCOHIBCHKUII MOTIK 3as/BOK 3 IHTEHCUBHICTIO A, a
qac 0OCJIyTOBYBAHHS 1) MA€ €KCIIOHEHITIWHWI pO3-
TOILT

Gx)=P(n<z)=1—exp(—px),z > 0.

Tobro B 3arajJbHONPUNHATHX MO3HAYEHHAX - I1€
CMO tuny M/M/1 (nus. |11], [16]).

Hexait  t1,...,t5,...
Hajxokenns 3agBoKk B CMO. Toui
n > 1, - H.0.p.B.B. 3 QYHKILEIO

- BUIIQJIKOBI MOMEHTHU

Tn = tn — th—1,
PpOBIIOLITY

Fz)=P(m,<z)=1—e2>0.

Ha mapamerpn A Ta 4 HaKJIaJIEMO YMOBY
A
p=—<1 (37)
W

[T moBxkuHOIO Uepru TYT i gajti OyaemMo po3ymi-
TU 3arajbHe YUCI0 3asBOK, SIKi 3HAXOIASITHCS HA
obcsyroByBaHHI abo UeKaroTh ioro. | mosnagaemo
gepe3 Q(t) JOBXKUHY Yepru B MOMEHT 4acy t.

Kazarumemo, mo B moment ¢ CMO 3Haxo/u-
Q(t) = k.

Hexait B8 MmomenT Sy = 0 cucrema HOPOXKHS,
a Sq - 116 MOMEHT 3BLJIbHEHHS CUCTEMU Micjsd 1-ro
nepiomy saitusitocti. Binmosigno S - 1me MomenT

ThCA B CTaHi k, sIKIIO
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3BUIBHEHHSI CUCTEMU TiCJIst k-TO 1epiofy 3aitHsITO-
cTi.
Ba ymosu (37) Q(t) perenepyrouwmii mporec 3

MOMeHTaMu pereseparii Sp, St, ... [3], [11].
Hexait
Tu) =Fg(u) =inf(t > 0: Q(t) > u).

[ITo6 zacrocyBaTu Teopemy 1 Jijist 3HAXOIKEHHS
acMuTOTHKN Pr(y) (t) HeoOxigHO O6UMCIUTH TTapa-
MeTpu K, «, (3, ki 3aja0Tbesa dopmynamu (3)
- (5).

Sayeasicenns 4. Harmra 3aa4ya TicHO 110B’s-
3aHa 3 KJIACUYIHOIO 3a/1a€I0 IIPO 00Me2KeHe BUIIAI-
KOBe OJIyKaHHs 3 HorymHaoYnMu ekpanamu = 0
Ta ¥ = U, Ta HMOBIPHOCTIMHU MEPEXOJiB BBEPX
p= N+ p) ta s 1 —p = /(A + p) ([17],
ri1.14). Tak, HanpuK/IaJ, SKIIO BEOPATH MOYATKO-
BUif cTaH z = 1, TO IMOBIPHICTH TOTO, IO BKJI&JIE-
uuii jraaiior Mapkosa CMO Ha n- y Kporii nomnaje
B Touky * = 0 i Ipu mpomMy He JIOCATHE PiBHS U,
JMOPIBHIOE IMOBIPHOCTI MOTIMHAHHS B TO4UIl = = ()
TaKOr0 BUIIAIKOBOIO OJIYKAHHS, IKE TAKOXK CTap-
Tye i3 Toukn z = 1.

Tomy cmouaTKy HarajgaeMo JiesdKi Bimomi pe-
3YJILTATHU JIJI TAKOTO BUIIAIKOBOTO OJiykKanHs. 11o-
BHAIUMO Yepe3 p%) Ta p&ng
0 0OMeKeHe BUIAJIKOBE OJIYKAHHS, CTAPTYIOUN 3
TOYKN z = 1, 3aKiHYUTBHCA HA N- Y KPOII MOTJIH-
HaHHAM y Tounmi x = 0 Ta & = wu BianosijgHO. |
Hexam

WMOBIPHOCTI TOTO,

o0 o0
Pro(s) =D pi9s™,  Pru(s)= > pis"
n=0 n=0

TBipH] MYHKIHT po3mno/inis (pgfg) Ta (p%))

p(1—-p)s<1

1—p hv1(s) — hy(s)

Bimomo, mo npu ymosi 2

fere e —he) oY
Aul) =g )
: ha(s) = 2= 41;;18 —p)s
hafs) = =0 —p)s)!?

Hacnpasni dysknil Py o(s) Ta P y(s) 300paxy-
IOThCsl, sIK BIJIHOINEHHSI JIEIKMX MHOIOYJIEHIB (KO-
piss (1—4p(1—p)s?)/? ckopouyerses). [puaomy
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st 24/p(l—p)s>1  dopmynu (38),(39) me-
PENNIITYThCsI Yy BUIVISII
1—p sin(u — 1
Profs) = (- 2y U= D2 )
P sin ugp
P 12 Sing
P 41
uls) = (2P SRE
Jie 3MIHHI  Ta S MOB’si3aHi PIBHICTIO
1
=2yp(1—p)s
COS

(mus. [17], ro1.14, §4, 5).

Hauti, nosroprooun MipkyBanHs i3 [17], orpu-
Ma€eMoO: TIpH U > 2 HaWMeHInl KOpiHb 3HAMEH-
uukis B (40), (41), SKuii He € KOPHEM THCETHHIKIB,
33/Ta€ThCS PIBHICTIO

1
p(1 —p)cos

*

2

3sijcu ra piBHocTeit (38) - (41) BUNIIMBAIOTH CIiB-

BlJTHOIIIEHHS:

0<s<s"= Pro(s) <oo, Pru(s)<oo,

J(v) = Eexp(y(ri + T?))I(e1 = 0)
[Tepmmit ciiBMHOXKHUK B (43) paxyerbesi Ipo-
CTO

A peat (D

= Bexp(ym) =

106 s3maiitu Jo(7y), mo3HauMMO dUepe3 vy Mi-
HIMAJIBHUN YaC TEepPexoy BKJIAJIEHOTO JIAHITIOTA
Mapkosa CMO i3 crany x 1 B ommH i3 cra-
i mpescrasumo B.B. T

HB =0 yu z =u
J2(7) = Eexp ”VZTk
= Y Y Eexp(r7)"
n=>1
A
ae sy = )\;;Zﬁw.
Tobro, 3rijgHo (43)-(45)
A
J(v) = PR ~———P1o(sy)- (46)

Ouesnyipo, mo dyukiis Ji(y) MOHOTOHHO 3po-
crae i menepepsHa Ha inrepsasi [0, \). IIpuaomy

2020, 3

= Eexp(yn)E exp(leb)I(el =0)=
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sTs*= Pio(s)Too, Pry(s)Too. (42)
[TosepreMOCH 10 3a/a41 3HAXOJPKEHHS Mapa-

MerpiB K, a, § y Bumagky CMO

M/M /1. O64uciumo 3HaUEHHST IHTerpaJy

J ()

| exptrtiaprate, 5o
0

Hexa#t 7| - MOMEHT HAJIXOIKEHHS IIEPINO] 3asB-
b

ku B CMO, 717 - ne abo 4ac JJOCATHEHHs IPOILie-

coM Q(t) TOYKM & = u Ha MEPUIOMY IUKJII pereHe-

paliil mpu yMOBI, 0 BiH cTapTye i3 Toukn 2z = 1 1

€1 = 1, abo TpUBAJICTH MEPIIOrO HEPiony 3aiiHs-

TocTi, skIo €1 = 0. dcHo, mo

0<s<T

Toui, ckopuCcTaBITUCH HE3AJIEZKHICTIO B.B. T1 BiJI €1
Ta le , OTPUMAEMO

J1 () J2(7)- (43)

HaCTYIITHUM YMHOM:
vy
k=1

Iie Ty, - 1e dac cuainns nporecy Q(t) na k- y kpori
B JIEIKOMY CTaHi 1. BigszHaunmo, 1110 B.B. T; HE 3a-
JIEXKUTD BiJ BKJIaJIeHOro JaHIora Mapkosa i Mae
eKCIIOHEHIIIfiHuil po3noii 3 napamerpoM (A + p).
3BijicH, BpaxoByIOoUn 3ayBaykKeHHsT 4, MAaEMO

n
=S i Eexp(y Y #)
k=1

n=1
Adp g
= ;pﬁ 3(m) = P1o(sy), (45)
Ji(y) Too xomm 4T A

IlonibHe 3ayBaxkeHHA CTOCYETHCS 1 DYHKILI
Ja(7y). Hiiicuo, i3 (42), (45) Bumusae, mo Jo(7y) T
oo mpu s, | s* abo, mo exsiBajeHTHO, IIpH Y |

= (A +p)(1 —2y/p(1 —p))cos .

Takum uwmsoM iHTerpasn J(7) Ha inTepsai

(0, min(\,y*)) MOHOTOHHO i HEIIEPEBHO 3POCTAE JI0
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Heckinuenocti. [Ipuaomy (mus. (3], [6]) icaye, k € (0, min(\,v*)), 1 itoro MoKHa 3HATH,

o ckopucrasiuch dopmyaamu (38), (40) Ta, Hanpu-

JO)=1—q(u) <1, q(u)=(--1)

A orTike, KOpiHb K  pIBHSIHHSI

TR =5 A Profs) =1 (47)

KJ1aJT, TPOCTUM METOJIOM JIIJIEHHST BiIPI3Ka HABIILI.
Ilepeitmemo 10 0OUNCHEHHS ITapaMeTpa .

o = /Oootexp(lit)dFT,u(t) =E(r + le) exp(k(m + le))_r(el =0)

= Er exp(km)Eexp(kT7)I(e; = 0) + ETY exp(T?)I(e; = 0)E exp(ry). (48)
ITpocTo 3HAXOIUTHCS piBrocTi (45))
A A b =0) =
Eexp(kr) = P E7 exp(km1) = o Eexp(rT7)I(e1 = 0) = Pro(sx).
[le pa3 cKOpUCTAEMOCH 3ayBazKeHHsIM 4, oTpuMa-
Hacrynna dopmysa ycranosiena Buine (Jus. €MO
V1 V1
ET} exp(kT7)I(e; = 0) = E(Z 7r)exp(k Y 7r)I(e1 = 0)
k=1 k=1
n
= Zp%E(Z )exp(k Z Zp(n)nE (71) exp(kT1)Eexp(k Yy Tx)
n>1 k=1 k= n>1 k=2
(n) Atp >\ L Y T At '
= n =————S-P (s
1,0 ()\+,u—/~c)2(/\+u—/<) A+ p—k)? 1o(5)

n=1
(oueBHIHO, 110 yCi Psi/i B OCTAHHIX PIBHOCTSIX — 36iraloThest).

B6uparoun orpumani dopmyu pa3om i3 (48) Gyaemo maTu

= P + P . 49
0= S G P+ s Plols) (49)
Sanuimaerbes 3HaiTH mapamerp 3. Maemo
1 1 [
8= 1 - )) exp(rkt)dt = (1 — F(t)) exp(st))[g” + " exp(kt)dEs(t). (50)
0
CrovaTKy yCTaHOBHUMO, IO 1Ipu  t — 00 OuesnHoO, 110
(1 — F4(t)) exp(kt) — 0. (51) 1= F3(t) < exp(—t)Eexp(v11).
A orxe, 06 ycranosuru (51), 10cuTh nepeBipuTu
Bubepemo v Tax, 1mob BUKOHYBaJNCh YMOBH obMexkemicTs ey E exp(’yTl ).

MipkyBanusg TyT Taki cami, K i y BHIaJKY

y=k+9, 6>0, e (0,min(A~")). pisHoCTi (45):
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© A A A
/ exp(1t)dF;(t) = Eexp(yT1) = Eexp(yT1)I(e1 = 0) + Eexp(yT1)I(e1 = 1)
0
_ A (m) . (n) .
= QP hEen( Y @) + D pyEexp(y) 7))
s k=1 n>1 k=1
A
= 3= 7(1’1,0(57) + Pru(sy)) < oo. (52)

Ocrannst HepiBHicTb B (52) BummBae i3 cuis-  Hocti (50) popisHioe —1/k.
inmomens (42) Ta ymoBu  y € (0, min(A, v*)). Amnasoriuno (52) OIiHIOEMO APYTHil JOZAHOK
Omke mepmmii JOJI@HOK B IIpaBiii yacTuhi pis- B npasiit vacruni pisaocti (50).

o0
% /O exp(rt)dFp(t) = %Eexp(/{Tl) _ R(AA_R)(PLO(SK) + Pru(se). (53)
I3 pisnocreit (47),(50),(53) snaxomumo mapa- 6. 3axycuno O.K. Ilpo ekcrpemasbhi 3ma-
merp [ : YeHHsI JIeSKUX ~ PEreHepyIounX  IIPOIECiB.
/O.K.Bakycmio, I.K. Manax// Teopis Vmo-
5= A Pru(se). (54) Bipa. Mar. Crarucr. — (2017). — 97, C.58-71
kK(A—k)

Takum annom gasa CMO M /M /1 3a ymosu 7. I'nedenxo B.B. O py61mpoBaHuu ¢ BOCCTaHOB-

(37) bynxuia Pg,)(t) 3amosonbuse pipnicts (6), nenneM. / B.B. I'nenenxo // Uss. Akan. Hayk
[IpUYIOMY TIapaMeTp K, 3HAXOAUTHCS 13 PIBHOCTI CCCP, Tex. Knibepu. — (1964).— 5, C. 111-
(47), a mapamerpu « Tta [ 3amal0Tbcst HGOPMY- 118.

namu (49), (54) Biamosigmo.
8.  Gnedenko B.V. Mathematical methods

of relaibility theory / B.V. Gnedenko,
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Llocaidotcyemnves 3a0asa ONMUMGALHO20 OUIHIOBAHHA NMHITGHUT PYHKUIOHANE 610 HesIdoMUT 3HA-
YEeHb CIMOTACMUYHOT NOCAIIOBHOCTE 3 NEPIOOUUHO CMAYUIOHAPHUMY NPUPOCNAMU HA OCHOGT Cnocmepe-
HCEHD NOCATIOBHOCTNE 31 CAUIOHAPHUM Wymom. Jlas nocaidosnocmets 3 6100MUMU CNEKMPANALHUMU
WHEALHOCTNAMU OMPUMAHO POPMYAU OAL OOUUCAEHHA 3HAMEHD CEPEIHLOKBAIPAMUMHUL NOTUOOK Ma cne-
KMPAAOHULT TGPAKMEPUCTIUK ONMUMANDHUL OUIHOK PYHKUIOHAAIE. DPOPMYAU, UL BUSHAYAIOMD HATi-
MEHUL CPUATNAUGT CTEKMPANLHT ULLADHOCTIVE MA MIHIMAKCHO-DOOACTHE CREKMPANDHT TAPAKMEPUCTIUKY
ONMUMGNYHUL ATHITGHUT OUIHOK PYHKUIOHANIE NPONOHYWOMBCA Y BUNAOKY, KOAU CNEKMPALOHT ULADHO-
Ccmi nocAidosHoCMmeEl MOYHO HEBIOOMI, G BKA3AMHT MHONCUHY JONYCTNUMUL CNEKMPAALHUT WIAYHOCTMET.
Kmowoei caosa: nepioduuno cmauionaphi npupocmu, MIiHiMaKcHo-pooacmma OuinKa, HalMmerus Cnpusi-
MAUBE CNEKMPANLHA ULLAOHICTIVG, MIHIMAKCHO-DOOGCMHT CNEKMPAALHT TAPAKMEPUCTNUKU.

The problem of optimal estimation of linear functionals constructed from the unobserved values
of a stochastic sequence with periodically stationary increments based on observations of the sequence
with stationary noise is considered. For sequences with known spectral densities, we obtain formulas for
calculating values of the mean square errors and the spectral characteristics of the optimal estimates of
the functionals. Formulas that determine the least favorable spectral densities and the minimaz-robust
spectral characteristics of the optimal linear estimates of functionals are proposed in the case where
spectral densities of the sequence are not exactly known while some sets of admissible spectral densities
are specified.

Key Words: periodically stationary increments, minimaz-robust estimate, least favorable spectral densi-
ty, mimimax-robust spectral characteristics.

Introduction models are described by the equation

Y(B)(1 — B)%x; = 0(B)e;. (1)
The non-stationary and long memory time seri-
es models are of constant interest of researchers
in the past decade (see, for example, papers by
Dudek, Hurd and Wojtowicz [5], Johansen and Ni-
elsen [12], Reisen et al. [38]). These models are
used when analyzing data which arise in different
field of economics, finance, climatology, air polluti-
on, signal processing.
Since the first edition of the book by Box
and Jenkins (1970), autoregressive moving average where ¥(z) and O(z) are polynomials of degrees

(ARMA) models integrated of order d are a of P and @ respectively which have roots outside
standard tool for time series analysis. These the unit circle.

where ¢, t € Z, are zero mean i.i.d. random vari-
ables, 1(z), 6(z) are polynomials of p and ¢ degrees
respectively with roots outside the unit circle. This
integrated ARIMA model is generalized by adding
a seasonal component. A new model is described
by the equation (see new edition of the book by
Box and Jenkins [3| for details)

U(B*)(1 - B*)Px; = ©(B%)ey, (2)

© M. M. Luz, M. P. Moklyachuk, 2020
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When the ARIMA sequence determined by
equation (1) is inserted into (2) instead of &, we
have a general multiplicative model

W(B)(B)(1 - BY(1 - BY)Pa, = O(BY)0(B)e,
(3)

with parameters (p,d,q) x (P,D,Q)s, d,D € N*,

called SARIMA (p,d,q) x (P, D, Q)s model.

A good performance is shown by models whi-
ch include a fractional integration, that is when
parameters d and D are fractional. We refer to the
paper by Porter-Hudak [37] who studied a seasonal
ARFIMA model and applied it to the monetary
aggregates used by U.S. Federal Reserve.

Another type of non-stationarity is descri-
bed by periodically correlated, or cyclostationary,
processes introduced by Gladyshev [8]. These
processes are widely used in signal processing and
communications (see Napolitano [35] for a review
of recent works on cyclostationarity and its appli-
cations). Periodic time series may be considered as
an extension of a SARIMA model (see Lund [19]
for a test assessing if a PARMA model is preferable
to a SARMA one) and are suitable for forecasti-
ng stream flows with quarterly, monthly or weekly
cycles (see Osborn [36]). Baek, Davis and Pi-
piras [1| introduced a periodic dynamic factor
model (PDFM) with periodic vector autoregressi-
ve (PVAR) factors, in contrast to seasonal VARI-
MA factors. Basawa, Lund and Shao [2] investi-
gated first-order seasonal autoregressive processes
with periodically varying parameters.

The models mentioned above are used in esti-
mation of model’s parameters and forecast issues.
Note, that direct application of the developed
results to real data may lead to significant
increasing of values of errors of estimates due
to the presence of outliers, measurement errors,
incomplete information about the spectral, or
model, structure etc. This is a reason of increasing
interest to robust methods of estimation that are
reasonable in such cases. For example, Reisen et al.
[39] proposed a semiparametric robust estimator
for the fractional parameters in the SARFIMA
model and illustrated its application to forecasti-
ng of sulfur dioxide SO pollutant concentrations.
Solci et al. [41] proposed robust estimates of peri-
odic autoregressive (PAR) model.

Robust approaches are successfully applied to
the problem of estimation of linear functionals
from unobserved values of stochastic processes.
The paper by Grenander [9] should be marked
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as the first one where the minimax extrapolation
problem for stationary processes was formulated
as a game of two players and solved. Hosoya
[11], Kassam [14], Kassam and Poor [15], Franke
[6], Vastola and Poor [42]|, Moklyachuk |[24] —
[29], Liu et al. [18] studied minimax extrapolati-
on (forecasting), interpolation (missing values
estimation) and filtering (smoothing) problems
for the stationary sequences and processes.
Recent results of minimax extrapolation problems
for stationary vector processes and periodically
correlated processes belong to Moklyachuk and
Masyutka [31, 32|, Moklyachuk and Golichenko
(Dubovets’ka) [4, 30] respectively. Processes wi-
th stationary increments are investigated by
Luz and Moklyachuk [20]-[22]. We also menti-
on works by Moklyachuk and Sidei [33, 34],
Masyutka, Moklyachuk and Sidei [23], where the
minimax estimates of stationary processes from
observations with missed values are investigated.
Moklyachuk and Kozak [17]| studied the problem
of interpolation of stochastic sequences with peri-
odically stationary increments.

In this article we present results of investi-
gation of the estimation problem for stochastic
sequences with periodically stationary increments.
In Section 1 we give definition of stochastic
sequences &(m) with periodically = stationary
(periodically correlated) increments. These non-
stationary stochastic sequences combine periodic
structure of covariation functions of sequences
as well as the integrating one. The section also
contains a short review of the spectral theory
of vector-valued stationary increment sequences.
Section 2 deals with the classical estimation
problem for linear functionals in the case where
spectral structure of the sequences £(m) and n(m)
are exactly known. Estimates are obtained by
representing the sequence {(m) with periodically
stationary increments as a vector sequence E (m)
with stationary increments and applying the Hi-
Ibert space projection technique. In Section 3,
we derive the minimax-robust estimates in the
case, where spectral densities of sequences are
not exactly known while some sets of admissi-
ble spectral densities are specified. In Subsecti-
on 3.1 we describe relations which determine the
least favourable spectral densities and the mini-
max spectral characteristics of the optimal esti-
mates of linear functionals for some sets of admi-
ssible spectral densities which are generalizations
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of the corresponding sets of admissible spectral
densities described in a survey article by Kassam
and Poor [15] for the case of stationary stochastic
processes.

1 Stochastic sequences with periodically
stationary increments

In this section, we present a brief review of the
spectral theory of stochastic sequences with peri-
odically stationary nth increments.

Consider a stochastic sequence {&(m),m €
Z}. By B,, denote a backward shift operator with
the step p € Z, such that B,&{(m) = {(m — pn);
B := Bj. Recall the following definition [22, 43].

Definition 1.1. For a given stochastic sequence
{&(m), m € Z}, the sequence

M (m,p) = (1= By)"é(m) =
=0 )em -1, @)
=0
where (7) = l'(nnill)lv is called stochastic nth
increment sequence with step u € Z.
The stochastic nth increment sequence
€M) (m, ) satisfies the following relations:
M (m, —p) = (=1)"€" (m + np, ),
£ (m, kp) = Z A (m —lp,p), keEN,
where coefficients {Al,l =0,1,2,...,(k—1)n} are
determined by the representation
(k—1)n
Atzt...+a D= " Aa
1=0

Definition 1.2. The stochastic nth increment
sequence & (m, ) generated by
sequence {&(m),m € Z} is wide sense stationary
if the mathematical expectations

EE™ (mo, 1) = ™ (),

EE™ (mg 4 m, )€™ (mo, pg) =

exist for all mg, i, m, u1, pe and do not depend
on mg. The function ¢™(u) is called the mean
value of the nth increment sequence & (m, p)
and the function D (m, 1, po) is called the

stochastic

D(n) (m7 M1, Mg)
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structural function of the stationary nth increment
sequence (or structural function of nth order of the
stochastic sequence {&(m),m € Z}).

The stochastic sequence {{(m),m € Z} which
determines the stationary nth increment sequence
£ (m, 1) by formula (4) is called the stochastic
sequence with stationary mnth increments (or
integrated sequence of order n)

Theorem 1.1. The mean wvalue ¢™(n) and
the structural function D™ (m, i, p2) of the
stochastic  stationary mnth increment sequence
M (m, 1) can be represented in the forms

™ (1)

cp”, (5)
D(n)(m;NbMQ) =

™
— e_im)‘)"(l —e

[ e

™

1
" dF (),

i\
(2 m(l )\2,”

i,uQ/\)

(6)

where ¢ is a constant, F(X) is a left-continuous
nondecreasing bounded  function  such  that
F(—m) = 0. The constant ¢ and the function F(X)
are determined uniquely by the increment sequence
£ (m, ).

On the other hand, a function ™ (u) which
has form (5) with a constant ¢ and a function
D™ (mj; py, o) which has form (6) with a functi-
on F(\) which satisfies the indicated conditions
are the mean value and the structural function of
a stationary nth increment sequence E(”) (m, ).

Note that we will call by spectral function and
spectral density of the stochastic sequence with
stationary increments the spectral function and
the spectral density of the corresponding stati-
onary increment sequence.

Making use of representation (6) and the
Karhunen theorem [13, 7] one can obtain the
spectral representation of the stationary mnth
increment sequence & (m, u):

(A,

) ()= [ 1
& (m, p) /_7r o) .

where Zn(”)(/\) is a stochastic process with
uncorrelated increments on [—m, 7) connected wi-
th the spectral function F(A) by the relation
(—m <A <A <)

E|Zeon (N2) —

eim)\(l _ e—iu)\)n

Zewy (MNP = F(A2) = F(\1) < o0
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Definition 1.3. A stochastic sequence {£(m),m €
Z} is called stochastic sequence with periodically
stationary (periodically correlated) increments wi-
th period T if the nth increment sequence

" (m, uT) = )"¢(m)

is stationary.

(1- B,

It follows {from Definition 1.3 that the
sequence

&(m) =&(mT+p—1),p=1,2,.... T;meZ (8)

forms a vector-valued sequence £(m) =

B Rt Rt

increments. Really, for all p=1,2,...,T,

e o) = 01 ) lom 1) =
=0
=S (7 )étm =t - 1) =
=0

= MW (mT +p—1,uT),

where 51(,”) (m, p) is the nth increment of the p-th
component of the vector-valued sequence &(m).

Theorem 1.2. The structural  function
D™ (m, p1, p2) of the wvector-valued stochastic
stationary nth increment sequence EW (m,p) can

be represented in the form

D™ (m; g, ) =
T —1 n n 1
:/ﬂe ¢TI (1 )R (),
(9)

where F'(X) is the matriz-valued spectral function
of the stationary stochastic sequence £ (m, ).
The stationary nth increment sequence €™ (m, 1)
admits the spectral representation

i)\m(l _ i,uz)\)

s

Emp) = [ 1y
' (10)

where dZM( ) =1{Zp(\ ) _ is a (vector-valued)
stochastic process with uncorrelated mcrements on
[—7, ) connected with the spectral function F(\)
by the relation

E(Zp(A2) — Zp(M))(Zg(A2) —
= Fp (A) qu( 1)

),

Zq(M)) =
T A < A <.
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2 Hilbert space projection method of esti-
mation

Consider a vector-valued stochastic sequence with
stationary nth increments 5 (m) constructed from
the sequence &£(m) with the help of transformati-
on (8). Let the stationary nth increment sequence
g(”)(m,u) = {{Z()n)(m,u) gzl has an absolutely
continuous spectral function F()) and the spectral
density f(A) = {fi; (M)}t

Let 7(m) = {np( m)}I_; be an uncorrelated
with the sequence £(m) stationary stochastic
sequence with absolutely continuous spectral
function G(A) and spectral density g¢g(\) =
{gij(k)}fj:y

We will assume that the mean values of
the increment sequence 5") (m, ) and stationary
sequence 7j(m) equal to 0. We will also consider
the increment step p > 0.

Consider the problem of mean square optimal
linear estimation of the functional

(11)

which depend on the unobserved Values of the
stochastic sequence £(k) = {&(k ) _, with stati-
onary nth increments. Estlmates are based on
observations of the sequence ((m) = £(m) + 7(m)
at points of the set Z\ {0,1,2...,N}.

Assume that spectral densities f(A) and g(\)
satisfy the minimality condition

)\Qn
d\ < 0.

/_ZTF [H_ewpn(f(k) +
(12)

This is the necessary and sufficient condition
under which the mean square errors of the opti-
mal estimates of the functional ANg is not equal
to 0.

The classical Hilbert space estimation techni-
que proposed by Kolmogorov [16] can be described
as a 3-stage procedure: (i) define a target element
of the space H = La(2, F,P) to be estimated, (ii)
define a subspace of H generated by observations,
(iii) find an estimate of the target element as an
orthogonal projection on the defined subspace.

Stage i. The functional A N{ does not belong
to the space H. With the help of the followi-
ng lemma we describe representations of the
functional as a sum of a functional with finite
second moments belonging to H and a functional

A2g(A) ™
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depending on observed values of the sequence 5 (k)
(“initial values”).

Lemma 2.1. The functional ANf admits the
representation

ANE = AnC — Ay = HNE — VNG, (13)
where . .
Hy¢§ := BnG — ANT],
N ) N
ANC = Z(ﬁ(k))TC(k)7 ANT] = Z(a(k)fﬁ(k),
k=0 k=0

k=—un
the coefficients vn(k)) = {vnp(k) ;;F_l,k: =

—1,-2,...,—pn and by (k)) = {bnp(k)}11, k =
0,1,..., N are calculated by the formulas

RN SN (3 (AR
L
k=-1,-2,...,—pun, (14)
N
o) = S aylm)du(m — k) = (Dhan )i

m=k

k=0,1,...,N, (15)

coefficients {d, (k) : k
relationship

idu(k)xk =

k=0

> 0} are determined by the

n
o0

Z 2 ’

J=0

DY, is a linear transformation determined by a
matrix with the entries (D%)r; = du(j — k) if
0 < k< j< N,and (Dy)g; = 01if 0 <
j < k < N; DNaN = {D%a]\@p}g:l, anp =
(ap(0),ap(1),ap(2),...,ap(N)T, p=1,2,...,T.

The functional Hy¢ from representation (13)
has finite variance and the functional V¢ depends

on the known observations of the stochastic
sequence ((k) at points k = —pn, —pn +
1,...,—1. Therefore, estimates ANE and H Nf of
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the functionals AN§ and H N§ and the mean-
square errors A(f,g,ANf) = E|AN§ AN§|2 and

(f,g, HN£) = E\HNﬁ HN§|2 of the estimates
A N§ and H N§ satisfy the following relations

AnE = HnE =N, (16)

A(f, g; An€) = E|[AnE — AN =
= E|HyE — Hné]* = A(f, g; HE).

Therefore, the estimation problem for the functi-
onal A N§ is equivalent to the estimation problem
for the functional H NE. This problem can be
solved by applying the Hilbert space projection
method proposed by Kolmogorov [16].

The stationary stochastic sequence 7j(m)
admits the spectral representation

im) = [

where Zn(A) is a random process with uncorrelated
increments on [—m,7) corresponding to the
spectral function G(A). The random processes
ZW(A) and Zn(")o‘) are connected by the relation
dZ, o (X) = (i\)"dZ,(\), A € [—m,m), obtained
in [20]. The spectral density p(\) of the sequence
C(m) is determined by spectral densities f(\) and
g(\) by the relation

p(A) = f(N) +

With the help of the spectral representations
of stochastic sequences involved we can write the
following spectral representation of the functional

HyE =

[ (e

Az, (),

A2 g(N).

1_6—1)\u)n .
) Wdzgmun(m()\)—

_ /_ 7; (,XN(GM))TdZ}(A),

N
= (Dhan)pe™, Ay (e?) =Y (k)™
k=0
At stage ii, we deal with the following notati-
ons. Denote by H% (&, () 4 77;8 )) the closed li-
near subspace generated by values {5},”)(k,u) +
T;k=-1,-2,-3,...} in

s (k) i p=1,...,
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the Hilbert space H Ly(2, F,P) of random
variables v with zero mean value, Ey = 0, fini-
te variance, E|y|?> < oo, and the inner product
(71572) = Em7e.

Denote by HN* (5(7”}2 + 17(772) the closed linear
subspace of the Hilbert space H = Ly, F,P)
generated by elements {fé (k,—p) +T](n)(k:, —p)
p=1,....,T;k > N +1}.

The equality & (k,
pn, ) implies

ey (k +

(_

—1)

N+ e () _ 7(N4un n
HN(EZ +nty) = HOTHmE () 4 ).
Denote by L3 (f(A) + A2"g(\)) and
LYT(F(\) + A?"g())) the closed linear subspaces
of the Hilbert space Lo(f(A\) + A2"g(\)) of

vector-valued functions with the inner product

(g1:92) = [T (@A) T(F(N) + A*"g(A))g2(N)dA
which is generated by the functions
. . 1
ik —IAL\T T
e (1 —e ) (i)\)"(sl’ o = {5lp}p:1a
l=1,...,)T; k< —-1,; k> N+1,

respectively, where d;, are Kronecker symbols.
The representation

& (k, ) + 7™ (k, 1) =
T , 1
— iAk (1 —ip\n
/_We (1 —e ") )

yields a one to one correspondence between
AR(1 — e )7 (1)) of the space

ng(n)+n<n> (A)

elements e
LY () + X" g(N) @ Ly™ (F(A) + 2" g(V))

and elements £ (k, 1) 4+ 7™ (k, p) of the space

HO~ (6 + ) @ HNF (") 4 ")) =

= HO_(SL”) + 77&")) ® H(N+un)+(§£n) + ()

m

).

Relation (16) implies that every linear esti-
mate Af of the functional A§ can be represented
in the form

ANE= | (hpn ()T dZeny o (N)—
1

= D (@) TER) +

k=—un

i(k)), (17)

where B, v(\) = {hy(\)}L

characteristic of the optimal estimate H N§ .

_, is the spectral
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At stage iii, we find the mean square
optimal estimate Hy& as a prOJectlon of the
element Hy& on the subspace HO™ (ﬁu + T]u ) @
H(N+”")+(££Ln) + n&n)). This projection is determi-
ned by two Conditlons

1) Hy& e (" 4y @ HOVHm+ (g +

(n)y.
77# )7 . . .

2) (HyE — HyE) L HO(&"
HOHm s (67 4 1)

The second condition implies the following
relation which holds true for all & < —1 and

kE>2N+pun+1

(n)

+77u)@

L A _ ey T

[ (Bt S ) i)~
— ety

G g E oG e M=o

This relation allows us to derive the spectral
characteristic hMN()\) of the estimate Hy¢ whi-
ch can be represented in the form

) — e~ AN
)T = Bl T

— An(e™) TgMN) (=i (p(N) =
—i\)" ~ ei)x T

N+uN

Z E»MN(k,)eik)\’

k=0
G (k) = {eunp(k)}. p=1k=0,1,.
unknown coefficients to be found.
It follows from condition 1) that the following
equations should be satisfied for 0 < j < N + un

(B:uv

Cu,N(eM)

., N+pun, are

| ey
2n
- (e ) - () -
)\Qn(cu nle M))T (p(}\))—l e~ AN = 0.

B (1 —e 2)\#) (1 _ ei)\,u)n
(19)

Define for 0 < k,j < N the Fourier coeffici-
ents of the corresponding functions

1 G-k AZ"g(N)

wo_ iAG—k) g -1 7y.

Thy =g | € 4‘1_6W2n(p@)) dX;
1 o )\2n

noo_ iNj—k -1 .

=5 e U )HTM%@(A)) dX;
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s

AR F(N)g(A) (p(N) " dA.

Making use of the defined Fourier coefficients,
relation (19) can be presented as a system of N +
pn + 1 linear equations determining the unknown
coefficients ¢, n(k), 0 <k < N + un.

1

Qk,j = %

N4pun N—Huz
m=0
0 < <IN, (20)
N+pun N4pun
= 2 Tiw@un(m) = 3 Pléun(k)
m=0 k=0
N+1<j7< N+un, (21)
where coefficients {@, n(m) : 0 < m < N + pn}
are calculated by the formula
min{ [%],n} N
dnm = > (] )t
l max{[m;N]/,O}
0<m< N+ pun, (22)

Denote by [D;an]+un a vector of dimension (N +
pn + 1)T which is constructed by adding (un)T’
zeros to the vector Diay of dimension (N +1)T.
Making use of this definition the system (20) —
(21) can be represented in the matrix form:
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aly = ((@u,n(0) ", (@un (1),
(@ (N + )T
ch = (G (0) ", (En(1) ",
o (N (N +pm)) )T

are vectors of dimension (N + un + 1)T; Pk, and
Ty are matrices of dimension (N+pun+1)T x (N +
pn + 1)T with T x T matrix elements (Ph);, =
Py and (Ty)jk =175, 0 < j,k <N + pn.
Thus, the coefficients ¢, ny(k), 0 < k < N +
un, are determined by the formula 0 < k < N+un

& (k) = ((PR) ' [Dan]sun — (PR) ' Thal),
where  ((PRy) ' Dyan]ium — (Ph) ' Thaly),,
0 < k< N+ un, is the kth element of the vector

(Pljif)_l[Dl]QaN]Jr;m - (P# )~ TNaN

The existence of the inverse matrix (Ph)~!
was shown in [22] under condition (12).

The spectral characteristic hy, n () of the esti-

mate H ~& of the functional Hy¢ is calculated by

formula (18), where
N+pun
Cun(e®) = <(P%)_1[D§(@N]+un—
k=0
— (PR~ TNaN> ek (23)
k

The value of the mean-square errors of the
estimates Ay¢ and Hy& can be calculated by the

(D an]m — Thal = PRk formula
(f g; AS) = A(f, g; HE) = E|HE — HE? =
N % /,, = euu|2 (1= ey (An(e)Tg(N) + (G ()] x
x(pO)) ™ FO) () [(1 = ey A (e ) g(N) + (Con (7)) | dr+
1 1

_'_% /ﬂ |:(1 . ei)\;t)n(;f
x () 9N () [(1 -
— Thal, (Py)™

|1 _ ei/\p|2n

= <[D%3N]+;m [Diyan]
where Qu is a matrix of the dimension (N +
1)T x (N 4+ 1)T with the T' x T matrix elements

(QN)jk = Qs 0< bk <N

74

efi)\u>nA’N

N(EMNT ) = <A>2"<6M,N<ei*>ﬂ X

() FO) = N> (Coun(e™))] ar =
v — (P Thal) + @Quavoan), (24
Theorem 2.1. Let {(m),m € Z} be a

stochastic sequence which defines the stationary
nth increment sequence &) (m,p) with the
absolutely continuous spectral function F(\) whi-
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ch has spectral density f(X). Let {fj(m),m € Z} be which depend on unobserved values of the

an uncorrelated with the sequence { (m) stationary stochastic sequence ¥(m) with periodically stati-

stochastic sequence with an absolutely continuous onary increments. FEstimates are based on

spectral function G(X) which has spectral density observations of the sequence {(m) = ¥(m)+n(m)
g(A). Let the minimality condition (12) be satisfi- at points of the set Z\ {0,1,2,..., N}.

ed. The optimal linear estimate A N§ of the functi- The functional A9 can be represented in the

onal AN§ which depends on the unknown values of form

elements g(k), k :_Q, 1,2,..., N, from observati- u

ons of the sequence £(m)+1j(m) at points of the set 9

Z\{0,1,2,...,N} is calculated by formula (17). An? = Za (k)o(k) =

The spectral characteristic f_L’uyN()\) of the optimal N I;ZO

estimate A\Ngis calculated by formulas (18 ), 6\232; _ Z Za(ﬁ) (mT +p— DI (mT +p—1) =

The value of the mean-square error A(f, g; AnE)

m=0 p=1
is calculated by formula (24). N T
Corollary 2.1. The spectral characteristic l_i#,N()\) Z Z (m) =
(18) admits the representation EH,N(A) = me0ps N
h‘;lt,N()\) — hin()\), where — Z(&»(m))T _'(m) _ ANE’
m=0
hL(N) T = ,
(r(2) i , where N =[] the sequence £(m) is determined
= (B..n( iA))T(l —e)n B G2V > by the formuIJ;L
u,N\€ (Z)\)n (1 _ ei)\u)n
Negno W = @m)&m), & (m)
x| D (PR) ' [DRan]ium), e (p(AN)~, &(m) =I(mT +p—1);p=1,2,....T; (28
k=0
(25)
(@m)" = (a1(m),az(m),...,ar(m))", ay(m) =
(EQN()‘))T: ?(mT+p—1;0<m < N;mT+p—1<M;
" L Gyt @) =M< NTHp—1 < (N4 DT 1.
= (An(e)) (=iAN)"g(N)(p(A))~ _mx (29)

N+un ' T Making use of the introduced notations and
. ( ),;Wﬂ) )

Z (Ph) ' Thak statements of Theorem 2.1 we can claim that the
k=0 following theorem holds true.
26
(%6) Theorem 2.2. Let a stochastic sequence (k)
Here }_{L ~(A) and ﬁi ~(A) are spectral characteri- with periodically stationary increments generate
by formula (28) a wector-valued stochastic
sequence g(m) which determine a stationary
stochastic nth increment sequence g(")(m,u)

stics of the optimal estimates 1§N5 and ﬁNﬁ' of
the functionals By and An7 respectively based
on observations £(k) + 7j(k) at points of the set

7\ {0,1,2 NY. with the spectral  density matriz  f(\) =
{fZ]( ) i,j=1" Let {ﬁ<m)7m S Z}7 ﬁ(m> =

T _
2.1 Estimation of stochastic sequences (m(m), 1(m),. ... nr(m)) ", 1p(m) = n(mT +
with periodically stationary p—1);p = 1,2,...,T, be uncorrelated with the

sequence £(m) stationary stochastic sequence with
an absolutely continuous spectral function G(N)
Consider the problem of mean square optimal li- which has spectral density g(\). Let the mini-

increment

near estimation of the functional mality condition (12) be satisfied. Let coeffi-
N cients d(k),k > 0 be determined by formula

Ayl = Za(ﬂ)(kw(k) (27) (29). The optimal lineaﬁ estimate ApnC of the

functional Ap¢ = AnE based on observations

75
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of the sequence ((m) = d(m) + n(m) at poi-
nts of the set Z \ {0,1,2,...,N} is calculated
by formula (17). The spectral characteristic
EH,N(A) = {hume()‘)}Z:l and the wvalue of the
mean Square error A(f;ﬁMC) are calculated by
formulas (18), (23) and (24) respectively.

3 Minimax-robust method of estimation

The values of the mean square errors and the
spectral characteristics of the optimal estimate of
the functional A Né’ depending on the unobserved
values of a stochastic sequence £(m) which
determine a stationary stochastic nth increment
sequence &) (m,p) with the spectral density
matrix f(A) based on observations of the sequence
£(m) + ij(m) at points Z \ {0,1,2,..., N} can be
calculated by formulas (18), (23), (24) respecti-
vely, under the condition that spectral densities
F(X\) and g()\) of stochastic sequences &(m) and
7j(m) are exactly known.

In practical cases, however, spectral densities
of sequences usually are not exactly known. If in
such cases a set D = Dy x D, of admissible spectral
densities is defined, the minimax-robust approach
to estimation of linear functionals depending on
unobserved values of stochastic sequences wi-
th stationary increments may be applied. This
method consists in finding an estimate that mi-
nimizes the maximal values of the mean square
errors for all spectral densities from a given class
D = Dy x Dy of admissible spectral densities si-
multaneously.

To formalize this approach we present the

following definitions.

Definition 3.1. For a given class of spectral densi-
ties D = Dy x Dy the spectral densities fo(\) € Dy,
go(A) € Dy are called least favorable in the class D
for the optimal linear estimation of the functional
A NE if the following relation holds true:

A(fo, 90) = A(h(fo,90); fo, 90) =
A(h(f,9); £, 9)-

=  max

(f,9)€DsxDy
Definition 3.2. For a given class of spectral densi-
ties D = Dy x D,, the spectral characteristic h%(\)
of the optimal linear estimate of the functional
A Né’ is called minimax-robust if there are satisfied
the conditions

N

h(\) € Hp = Ly~ (f(N) + X"g(N)),
(f,9)€DsxDy
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A(h; f,g) = AR’ £, 9).

min max
heHp (f,9)€DsxDy

max
(f,9)€D§xDy

Taking into account the introduced definiti-
ons and the derived relations we can verify that
the following lemma holds true.

Lemma 3.1. The spectral densities f© € Dy, ¢ e
D, which satisfy the minimality condition (12) are
least favorable in the class D = Dy x Dy for the
optimal linear estimation of the functional ANE
based on observations of the sequence £(m)+n(m)
at points m € Z\ {0,1,2,..., N} if the matrices
(P, (TH)°, (Qn)° whose elements are defined
by the Fourier coefficients of the functions
)\2n 0 by )\2n
T ) e )

PPN E )
determine a solution of the constraint optimisation
problem

max
(f’g) E,Z)f XDQ

X [_DjltfaN]+'un—(P%)_IT%3%>+<QNaN7 aN>) =

(<[D%3N]+un - T%am (P%)il X

<[D%am+m (T)0a (P)°) (D an] e
- <<P7V>0>-1<T§;>0a7v> (Qay,an). (30)

The minimax spectral characteristic h? =
hun(f° g°) is calculated by formula (18) if
hun(f°,9°) € Hp.

For more detailed analysis of properties of
the least favorable spectral densities and minimax-
robust spectral characteristics we observe that the
minimax spectral characteristic h° and the least
favourable spectral densities ( f°, g°) form a saddle
point of the function A(h; f, g) on the set Hp x D.

The saddle point inequalities

A(h; f2,6%) = ALY £°,9%) = AR £, g)

Vf € Dy Vg € Dy, VYh € Hp hold true if
RO = h,n(f°¢°) and h, n(f° ¢") € Hp, where
(f°, ¢°) is a solution of the constraint optimisation
problem

A(fa g) = _A(hu,N(foagO); f7 g) — il’lf, (f7g) € D7

(31)
where the functional A(h, n(f°, ¢%);f,g) is
calculated by the formula
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A(hun(f0,9%); fr9) =
=5 / |1_1iiﬂ|2n (1= M) (An(e)Tg"(N) + (GO ()]
X (P O))THFO) ()T [(1 = e Ay (e Mg (M) + Cf (e dat
=38 ﬂu_ew,zn[ )M (Ax (@) TN = )M (Con ()]
X ('O g (PP ))H[(1 = e AN (e O = (NP CR (e ax,
where -
G (@) = (PR [Dandsum — (P57 (TPl

The constrained optimisation problem (31)
is equivalent to the unconstrained optimisation
problem

Ap(f,g9) = A(f,9)+0(f,9|Df x Dy) — inf, (32)
where 0(f, g|Ds x Dy) is the indicator function of
the set D = Dy x Dy. Solution (f°,¢°) to this
unconstrained optimisation problem is characteri-
zed by the condition 0 € 9Ap(f°,g°), where
OAp(f°,¢%) is the subdifferential of the functi-
onal Ap(f,g) at point (f%,¢°) € D = Dy x
D,. This condition makes it possible to find the
least favourable spectral densities in some special
classes of spectral densities D = Dy x D,.

The form of the functional A(h, n (£, ¢°); f,9)
is convenient for application the Lagrange method
of indefinite multipliers for finding solution to
the problem (32). Making use of the method of
Lagrange multipliers and the form of subdifferenti-
als of the indicator functions 6(f,g|Dy x Dy) of
the set Dy x Dy of spectral densities we describe
relations that determine least favourable spectral
densities in some special classes of spectral densi-
ties (see [29, 22| for additional details).

3.1 Least favorable spectral density in
classes Dy x Dy,

Consider the problem of optimal linear esti-
mation of the functional ANg which depends
on unobserved values of a sequence g(m) with
stationary increments based on observations of
the sequence £(m) + 7j(m) at points of the set
Z\{0,1,2,...,N} under the condition that the
sets of admissible spectral densities D’;O, leé, k=

77

ﬁ, 67 614:’ k

1,2, 3,4 are defined as follows:

1 T 1 — ei)\u 2n
D}o={f | ||Mzn|f(A)dA=P},
1 ™ 1_€i>\u 2n
1 T 1 — ei)\,u 2n
D?fo = {f 271/_ ")\‘infkk()\)d)\ = Pk } )
1 T |1 — ei)\u 2n
D?‘OZ{JC 27r/ ||)\|27L|<Bl,f()\)>d>\:p}7
1 ™
Dl = {af5r [ 1Ta) - )] ar < a},
=g = [ — gV dA <6
16 g o |gkk gkk | k
D3 = Lol 2 [ 1Ba gV — i dA < 6
16 g on | 2,9
1 [7 4
Dilé = {g 27T/ |gij()\) - gilj()\)’ dh < 53} .

Here g1()) is a fixed spectral density, p,pi, k =
1,7, 67,i,j 1,T, are gi-
ven numbers, P, By, By are given positive-definite
Hermitian matrices.

From the condition 0 € dAp (£, ¢%) we find
the following equations which determine the least
favourable spectral densities for these given sets of
admissible spectral densities. Define

Ol = - At

CP0 (™) = (1 — e Ay () FO (N = (M) CE y (™)

For the first set of admissible spectral densities
D}O X D% s we have equations

MgV + (e
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i i) |1 — ePwp2n
(efte) (et = (P
1— IAL|2n
<apa; (BEew).
(cotue™) (Cconie™) " =
— BQVQ(A)H _ eiAu,Qn (pO()\))Q’

1 ™

2 J_,

(34)

Tr (90(A) = g1 (M) dA = 6, (35)

where ay, (2, are Lagrange multipliers, the functi-
on |[y2(A)| <1 and

Y2(A) = sign (Tr (go(A) — g1(N)))-

For the second set of admissible spectral densi-
ties D]%O X D% we have equations

*

(Clfue™) (Cliue™) =

) |1 _ eiku|2n
= af _—
( |A[2"

2
<p0<A>>) . (36)

() (Cye™) = (11— e )

< {BRE NIty (1= ™), (37)

3 | 1o - s ar = (38)

where a?, 5,% are Lagrange multipliers, the functi-
ons [vZ(A\)| <1 and

7 (\) = sign (g (V) — gex (V) + k=1,T.

For the third set of admissible spectral densi-
ties D;’co X D%& we have equations

(cftvte) (el = (M)

‘1 _ ei)\u‘Qn 0

X {a?k%z}il:l < SV (>\)> , (39)
(O (e™) (C (™) = #2500

x (1= e ) B (11 = e ')
(40)
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1 s

21 J x

[(B2,90(A) —g1(A)[dA =4, (41)

) where afc s (3?2 are Lagrange multipliers, the functi-

on |v5(A)| < 1 and
7(A) = sign (B2, go(A) — g1(N)) -

For the fourth set of admissible spectral densi-
ties D;%O X D‘ll(; we have equations

(Cl5 (™) (Clive™)” = ax

1— ei)\u 2n 1— ei)\u 2n
(’ - p°<A>) B (' o p°<A>> ,
(42)

(™) (Coiue™) = (11— e )

X BN Iy (11— e (V) (48)

1 (" .
= [l -ghlan=d,

where a%, Bi;j are Lagrange multipliers, the functi-
ons |v;;(A)] < 1 and

95N — gi5(N)
95,(X) = gi;(N)

7ii(A) = L g (N — gi(\) #0.

The following theorem holds true.

Theorem 3.1. The least favorable spectral densi-
ties fo(A), go(A\) in the classes Dljo x D¥s,k =
1,2,3,4 for the optimal linear estimation of the

functional ANgfrom observations of the sequence

—

&(m)+1(m) at points of the set Z\{0,1,2,..., N}
are determined by the minimality condition (12),
equations (33)—(35), (36)—(38), (39)-(41), (42)-
(44), respectively, the constrained optimization
problem (30), and restrictions on densities from
the corresponding classes D’jO,D’fé,k: = 1,2,3,4.
The minimaz-robust spectral characteristic of the

optimal estimate of the functional ANg s determi-
ned by the formula (18).
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4 Conclusions

In this article, we present results of investigati-
on of stochastic sequences with periodically stati-
onary increments. We give definition of increment
sequence and introduce stochastic sequences wi-
th periodically stationary (periodically correlated,
cyclostationary) increments. These non-stationary
stochastic sequences combine periodic structure
of covariation functions of sequences as well as
integrating one.

We describe methods of solution of the classi-
cal estimation problem for linear functionals
constructed from unobserved values of a sequence
with periodically stationary increments. Estimates
are based on observations of the sequence wi-
th a stationary noise sequence. Estimates are
obtained by representing the sequence under
investigation as a vector-valued sequence with
stationary increments. The problem is investi-
gated in the case of spectral certainty, where
spectral densities of sequences are exactly known.
In this case we propose an approach based on
the Hilbert space projection method. We derive
formulas for calculating the spectral characteri-
stics and the mean-square errors of the opti-
mal estimates of the functionals. In the case of
spectral uncertainty where the spectral densiti-
es are not exactly known while, instead, some
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sets of admissible spectral densities are specifi-
ed, the minimax-robust method is applied. We
propose a representation of the mean square error
in the form of a linear functional in L; space wi-
th respect to spectral densities, which allows us
to solve the corresponding constrained optimizati-
on problem and describe the minimax-robust esti-
mates of the functionals. Formulas that determine
the least favorable spectral densities and minimax-
robust spectral characteristic of the optimal li-
near estimates of the functionals are derived for a
collection of specific classes of admissible spectral
densities.

These least favourable spectral density matri-
ces are solutions of the optimization problem
Ap(f,9) = A(f.g) + 6(f.g9|Df x Dg) — inf,
where 6(f, gDy x Dy) is the indicator function of
the set D = Dy x Dy. Solution (fY,¢°) to this
unconstraint optimisation problem is characteri-
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From subgaussianity to stochastic
approximation and modelling.
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Cyuacna meopia cybzaycco6ur 6uNAOKOBUL GEAUNUH T NPOYECEE OYAL CINEOPEHT HESANEHCHUMUY 3Y-
CUNAAMU KIALKOT Haykosux wxin y Ppanuii, CIIIA 1 Yxpaini. Ipopecop FO.B.Kosauenka 6ye 3acH0G-
HUKOM © A0EPOM U4b020 HAYKOBO20 HANPAMEKY GCECEUMHBOGI0OMOI YKPATHCOKOT UMOGIPHICHOT WKOAU.
s 3amimra micmumos kopomrul wapuc swecky FO.B.Koszauenra 6 meopito cybeayccosur eunadko-
sux seaunun i npouecie. Beedeno xaac p-cybeayccosur sunadkosuxr SeAuUMUN 1 NPOICMOHCMPOBAHO
1020 0CHOBHY aacMuGicmy. [loka3ano 3acmocysanns yuxr pe3ysvbmamic 0o CMoTaCmMuYHOl anpoKkcu-
MAUET ma modearosanms. 30xpema, NPOOEMOHCMPOBAHO AKX Ul PEIYALBMAMU GUKOPUCTOBYIOMBCA OAA
HAOAUINCEHHA 3 3a0AHOI0 MOYHICTNIO T HAJIUHICTI0 MPAcKmMopit p-cyb2aycco8ur 6unadko6uT npoye-
ci6. Ob2060pero Npuksadu 3acmocysatd 00 080T BAANCAUBUT AA20PUMMIE Y MEOPLi NEPedays CuHais:
mmepnoasuti Komeavnurosa-Illentona i seticesem-posxaadis. Taxooic exaovweni deaxi ocobucmi cno-
2adu asmopa npo F).B.Kosauenxa.

Karuosi caosa: FO.B.Kosauenko, cybzayccosuli, cmoracmuyna anpokcumayia, Cmoracmuyne mMo-
0eNI08AHHA.

The modern theory of subgaussian random wvariables and processes was created by independent
efforts of several research schools from France, USA and Ukraine. Professor Yu.Kozachenko was a
founder and leading figure of this research direction of the Ukrainian probability school. An outline of
Professor Yu.Kozachenko’s contribution to the theory of sub-Gaussian random variables and processes
1s presented. The class of p-subgaussian random variables is introduced and its key property is discussed.
Then it is demonstrated how these results can be used in stochastic approrimation and modeling. In
particular, applications to approximation of trajectories of p-subgaussian random processes with given
accuracy and reliability are discussed. Two important clases of algorithms from the signal processing
theory, the Shannon sampling method and wavelet decompositions, are used as examples. Some personal
memories of the author about Yu. Kozachenko are included at the end of the paper.

Key Words: Yu.Kozachenko, subgaussian, stochastic approzimation, stochastic modelling.

CratTio peacraBus 1.¢d.-m.H. Mokasayk M.II.

Ha cnoead npo FOpis Bacuavosuwa Kosauenka (1940-2020)

ITpodecop HOpiit Bacunrosua Kozadenko -
ACKpPaBUIl TIPEICTABHUK BUIATHOl YKPaIHCHKOL
imoBipuicuol mKou. ¥ 1968 pomi BiH 3axucrun
KaHIuIaTChbKy auceprariito "IIpo piBHoMipHY 30i-
2KHICTH CTOXACTUYHUX IHTErPaJIiB, PAJIIB 1 BJIACTH-
BOCTI HemnepepBHUX BuUaIkoBuX moiB". Kepisau-
koM 6yB Muxaitino Mocunosuu Spenko - ogun i3
3aCHOBHUKIB 1i€l iMmoBipHicHOT mikou. [Ticisa 3axm-
cry nucepramnii FOpiit BacuniroBuda Bech wac mpa-
IIIOBaB HA MEXAHIKO-MAaTeMATHIHOMY (DaKyIbTe-
Ti K#uiBcbKOro HaIiOHAJTBLHOTO YHIBEPCHUTETY iMe-

© A.Onenxko, 2020

ui Tapaca [lepuenka. ¥ 1985 porii BiH 3axucTun
JIOKTOPCHKY JaucepTarifo. 3a Oigpmn mixk 50 pi-
YHUN TEepioj, CBOI aKTUBHOI HAYKOBOI JISIBHOCTI
BiH CTBOPWB CBOIO BJIACHY HAYKOBY IIIKOJIY, TIOHAT
40 itoro y4HiB 3aXUCTU/IM KAH/UIATCHKI T 6J1M3bKO
10 moxTopcwki guceprarii. IIpodecop Kozagenko
oTpuMaB HU3KY DyH/IAMEHTAIbHUX PE3YJILTATIB Y
pisHMX 00acTAX TEOPil BUMAIKOBUX IMIPOIECIB i
TIOJIiB, MATEMATUYHOI CTATUCTUKHN, CTOXACTUIHOTO
BefiBe/ieT aHaJIi3y, CTOXaCTUIHOTO MOJETIOBAHHS 1
ix 3acTocyBans. loro naykoBmii 10po6OK BKIIOUAE
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mouay 10 momorpadiit i 300 crareit y mposimuux
daxoBuX BITUYM3HIAHUX 1 MIZKHAPOIHUX XKYPHAIAX.

OnHiero 3 MEHTPAJBHUX TEM Y HAYKOBOMY J10-
pobky IOpis Bacunwopuua 6yB po3BUTOK Teopil
cyOrayccoBuxX BHUIAIKOBUX BEJUYWH 1 MPOIECIB.
V3araJabHeHHsd Teopil rayCCOBUX PO3MOLIIB 1 CTO-
XaCTUYHUX 1IPOLECIB € OJHICI0 3 BAXKJIMUBUX [1PO-
OeM Teopil WMOBIPHOCTEH, POJIbH AKOI 3pOCTaE 3
POBBUTKOM CyJacHOI HayKu mpo AaHi. ['ayccosi Mo-
et ayrke npuBabanBi 3 MATEMATHUIHO! TOUKH 30-
PV, OCKITLKHW YaCTO JIOMYCKAIOTh JTOCTATHLO ITPO-
cTi 300parkeHHsT 9M PE3YJILTATH B ABHIN (hopwmi,
aje B OLIBIIOCTI BUIAJAKIB peasibHI JAHHI HEMO-
JKJIMBO aJI€KBATHO OMMCATH 3a JOTIOMOTOI0 TAKUX
mozedieit. [louarok cybrayccoBux jociiizkedsb OyB
nokJagenuii y pobori Kaxana [6], sika 3anpouo-
HOBaJIa y3araJjibHeHHd, 110 1030YBaThCA IayCcCo-
BUX [PUILYIIEHB, /i€ MAITh BJACTUBOCTI IOi-
6mi 1o rayccosux. Ila pobora imimiroBasia mogIaTok
JNOCTI/I>KEHDb y ITbOMY HANPIMKY KiJIHKOX BH3HA-
YHUX HMOBIPHICHUX TPYI, 9Ki HE3aJ€XKHO OTPH-
Mau psii byHIaMeHTaIbHUX pe3yabraris. Ha-
npukaan, vy Ppanimil acKkpaBuMu NPENCTABHUKA-
MU TI60TO HanpaMmKy € @epnik, Tamarpan i Jlemy
[5, 14, 15, 16], y CITA Hangi [4, 3|. IIpodeco-
pu Kozagenko i Bynguria cTBopman yKpalHCBKY
mikosry. 1linxoam 3a3HavMeHnX BUIME K1 Bipi3Hs-
IOTBCA | MpeICTABHUKN KOXKHOI IIKOJW BU3HAJIN
BHeCOK immmx rpyu. [louarok po3pobku 1€l Te-
MaTuku B YKpaini 6y10 noksaageHo poboroio [8]
npodecopa Kozagenko.

30okpema, BiH 3aIIPOMOHYBAB 1 TPYHTOBHO J10-
CJIITMB HACTYIHE PO3MUPEHHs KJIACIB TayCCOBUX 1
cybrayccoBux BUIAIKOBUX BEJIUYUNH:
X p-
cybzayccosoro, axwo E(X) =0 i ichye crinvernna
cmaaa a > 0 maxa, wo

Bunadxosa GECAUUHA HA3UBAETNLCA

Eexp (£X) < exp (o(at))

dan eciz t € R.

Ha mepmmit moryian 37aeThes MO 1Ie 03HAYMEH-
He @-cybraycccoBocTi 110B’s13aHe 3 MaTeMaTHYHUM
CTIO/IIBAHHSAM, aJie CIIPABXKHA CyTh HOTO B TOMY,
110 BOHO XapaKTEPU3Ye MOBEIIHKY XBOCTIB PO3MO-
JIJIB, a came,
Hxwo o() e N-pynxuiero Opaiua 7], mo das p-
cybezayccosur 6unadkosur eesunun X cnpasoicy-
EMDBCA HACMYNHA HEPIBHICTD

)> , x>0,

de 7,(X) - nopma X y eidnosionomy npocmop:i.

X

P(X >z) <exp <—¢ <MX)
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IMe#t pesyabrar 0
cyOrayccoBMX BHUIIAJKOBUX BEJINYMH 1 IPOIECIB
MOXKYTh 3HAYHO BIIPIZHATUCH BiJl TAYCCOBUX, ajie
XBOCTU 1X PO3IOAUIB ACHMITOTHIHO OOMeKeHi
nomibHO 10 TayCCOBHX, IO A€ 3MOrY OTPUMATH
pizHOMaHITHI HOBI y3arajibHeHHH. 30KpeMa, BJia-
CTMBOCTI TPAEKTOPIM TaKUX IPOIECIB 3ajlexkKaThb

oKa3ye KJIacu (-

BiJ TX CepeaHBOKBAIPATUIHOI PEryIIPpHOCTI. 3Mi-
HIOIOYH (DYHKIIIO () MOXKHA OTPUMATH Pi3HOMA-
HITHI HOBI KJIACH BUIAIKOBUX BEJIMYUH. 3BUYAIHO
11l KJach He 0OMeXKYIOThCS MayCCOBUMU PO3IIOILIA-
MU, ajie, HANPHUKJIAJ, TAKOXK BKJIOYAIOTH BUITQJ-
KOBl BeJIMYNHN 3 CHUMETPU30BAHUMH PO3MOTLIaMU
Beitbyna, posnogisamu 3 obmexxkenuM Hociem i Ha-
raTo IHINX.

Pesynbrarom OGinbmr ik 30-pignol mwigHOT
nparii CTaJjio CTBOPEHHS TEOPil CTOXACTUUHUX IIPO-
[eciB B PI3HUX METPUYHUX TMPOCTOPAX, 30KPEMA,
npocropax Opaiva. Kiowuosi pesyibpraru i miaxo-
Jw BBifinIM B Mosorpadiio [1], sika Takox MicTuThb
JEeTAJBHNN OTVIA] Pe3yJbTATIB ¥ ITHOMY HAITPAM-
Ky Ha mMomenT mybOsikamii. [la momorpadia crama
OJTHUM 3 HAUOINBII ITUTOBAHUX KJIACUIHUAX JZKepeJt
3 Teopil cybrayccoBuX MPOIECIB 1 iX METPUIHUX
BJIACTHUBOCTEH.

Y macrynni poku FOpiit Bacuibosuu mpojios-
JKYBaB PO3BUBATU 1€l HAIPAMOK 1 OTPUMAaB Psijl
HOBUX PE3y/IbTATIB 3i CBOIMEH ydHAMHT, ajie (POKYC
JOCTiI2KeHb 3MICTUBCA 10 3aCTOCYBaHb, 30KpeMa
ATTPOKCUMAIT] BUTIQJKOBUX TTPOTIECIB 1 1X MO/IeTIO-
BauHsi. OCHOBHOIO TEMOIO CTAJIO 3aCTOCYBAHHS 3a-
raJbHAX PE3YAbTATIB 0 OIMHKH OJU3BKOCTI Tpa-
eKTopiit croxacTumanux Tporecis X(t) 1 ix ampo-
keumartiii X, (¢). Y 6ararbox 3acToCyBaHHSIIX, 0CO-
6JIMBO B iHXKEHEPHUX HAYKAX I EKOHOMETPUII, KJIa-
CHUYHA METOMO0/IOTis OIiHKY OJIM3bKOCTI mporiecy i
fioro anmpokcuMaliii 6a3yeTbcs Ha CepeIHbOKBA/IPaA-
THIHOMY Bijxusienti supeo ) E (X(t) — Xy, (t)?.
Jlist TayccoBWX MPOIIECIB 1€ BiAXWICHHS JOCHATH
OPOCTO OOYUUCTUTH 110 1 06YMOBJIIOE TOMYISIPHICTD
nporo miaxomy. IIpore cepenHLOKBaIPATHYIHA Me-
TPUKA JaCTO HEJTOCTATHS JJI aIeKBATHOTO OITiHIO-
BAHHA BiXWIEHD /I PEAJTHHUX JAHUX, 0COOIUBO
SIKITIO TTOTPIOHO BUKOPUCTOBYBATH IIOTOYKOBY YU
piBHOMipHY 6/M3bKicTh. Kytacuunumun mpuk/iaga-
MH € BiATBOpeHHS 300parkeHb, e DaxkaHo MaTh
HEBEJIMK] BIIXWJIEHHS B KOXKHOMY TKCE/ eKpaHa
an poTorpadii, abo oTpuMaHe PaTio0IPOMIHEHHS,
sIKe CKJAQJAEThCH 3 CyMM BCIX BLIXWJIEHb B pe-
KOMEHIOBAHOTO 3HAYEHHsT. 1OMYy BUHWKAE MTOTPE-
6a po3TyIAmaTH iHIM TUOU Bi/iCTaHel, HATTPUKIAT,
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Supye o7 [ X (1) = X ()] mm [ [X(8) = X ()7 dt.

V mukai pobit mpodecop Kozauenko pospo-
OWB METOIOJIOTII0 AMPOKCHUMAIl ¥ MOIEJTIOBAHHS
BUTIAJKOBUX MTPOIIECIB 3 33/IaHUMU TOUYHICTIO £ > 0
i magifimicTio 1 — 4§, 0 < § < 1, T0OTO OfepKAHHS
PE3YJIbTATIB BUTISILY

P{/OT X(t) = X, (1)]" dt}e} <5 i

P{ sup [X(t) — Xu(t)] .

te[0,T

Z €<
Hampuxkmaz, nas anporcumanii B L, ([0,T1) 3

TOYHICTIO € 1 HagiiinicTio 1 — 0 mOTpibHO HaK/IaIa-
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T YMOBU BULJIALY

e > Sy (1 (p(Sap/e)))",

exp{ 0" ((e/500)"7) | < /2,

e ©*(+) i f(+) - meperBopenns Jlexanapa i miab-
nicrs yuxuii ¢(-) Bignosinno, a Sy, p - crana, axa
BaJIEXKUTH BiJT Kjaacy mporeciB. OCKIIBKY BCi CKJTa-
JI0Bi ¥y TakuX (HopMy/aIax 00TUCTII0THCS 9BHO, TO,
HAIPUKJIAI, 1€ JA€ 3MOTY PO3B’sI3yBaTU BAYKJIUBY
OPUKJIATHY 33129y - BUBHAUEHHS HEOOXiTHOT KiJib-
KOCTi 9JIEHIB N ¥ AITPOKCUMAITIAHIX (POPMYIAX st
JOCATHEHHS 3aJaHUX TOYHOCTL 1 Ha1IHOCTI.

X(1)

WKS reconstruction

Absolute values of aliasing-truncation errors

1

1

1

1

0.00 0.04 o0.08

1

0.0 02 04

t

0.6 08

Puc. 1: TpaexTopia nporiecy, i1 anmpokcumariis i Biamosigaa abCcoTIOTHA TOMUIKA.

Taxi pezysbraru Oysan oTpuMaHi st MIHPO-
KUX KJaciB MpOIeCiB (BKJIOUAIOYIN HECTAIlOHAD-
Hi TIporiecw, BUIAIKOBI 0I5, (DpakTa bHI TIpoIie-
cd, 1 T..) 1 pisHuX ampokcuMariitaux cxem. Ha-
OPUKJIAT, A KaacuvHol cxemu KOTelTbHUKOBA-
Tennona |9, 10|, sska BUKOPUCTOBYETHCS Y TEpe-
nmadgi pagiocurHastis i 306paxens 3 50-x pokiB Mu-

HYJIOTO CTOPivuYd,
) < > _

e w MicTuTh iHdOpMaIio mpo TIMa30H IT03BO-
Jennx vacToT. Pucynok 1 meMocTpye peasizariiio

kr
w

BUIIIKOBOTrO Tiporiecy X (t), HOro ampokcuMariio
Xy (t) meromom Korenbuukosa-Illennona ta Bij-
MOBiHI abCOMIOTHI 3HAYEHHS TTOMUJIKH AIIPOKCH-
martii | X (t) — X, (¢)].

[umumit npukaan - BeitBeseT HabIMKEHHI CTO-
XaCTHIHUX curHaiB [11]

n—1
Xogeo (8) = D Eordor(t) + > > mirthju(t)
|k|<kq J=0 |k|<k;

ae kn = (k‘(), k?[), ceey k?nfl),
o = /R X(Odon (D) dt, 15 = /R X(6) 85 (0) dt

a ¢ i ¢ nozHavaroTh 6azucu f Ta M BeliBeseTiB.
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Pesyabratu 3 momesoBannug # anmpokcuMariii
BUITQ/IKOBUX ITPOTIECIB YBIMIIIJIN y HOBI MOHOTpa-
Gii mpodecopa Kozadenka 3 #ioro yausamu, Hampu-
kiam, [2, 12, 13].

IlincymoBytoam monepeiHe, MOXKEMO CTBEPKY-
BaTu mo npodecopom Kozauernkom Oya crBope-
Ha [OTY2KHA 3aBEPIIEHA TEOPist BUIAJKOBUX IIPO-
IeCiB y PI3SHUX METPUIHUX MPOCTOPAX 3 METO0-
JIOTIEI0 MOJIETIOBAHHS f almpoKcHMAaIlil BaKJINBUX
IUId TPAKTUIHUX 3aCTOCYBAHBL KJIACIB (DYHKITIO-
HaJbHUX JTAHUX.

ITi, ra inmi pesynpraTu gocaimkens FOpis Ba-
cuaboBuya Oyiu BijnzHadeHi GararbMa HAroposa-
M, 30Kpema JleprkaBHor0 npemicio YKpainu B ra-
ay3i Hayku i Texniku (2003) i npemiero HAH Vkpa-
inm imeni M. M. Kpusosa (2012).

Ha 3aBepmennsa meaxi ocobucti croragu mpo
FOpist BacuiboBu4aa. Aprop miel 3amitku OyB 3Ha-
#tommit 3 Hum 3 1986 poxy, 3 Toro wacy sk FOpiit
BacunboBuu untas oMy Kypc MaTeMaTHIHOI CTa~
Tuctuku. Mu mpamoBaau 6araTo POKiB Ha OHii
xacdenpi, 6yiau pazom y penkoseriii xxypaasy Te-
opiga PIMOBipHOCTeﬁ i Maremaruuna CrarrucTuka.
Orpumasu 3 HUM KijbKa cyMmicHux rpasTis i IOpiit
BacumwoBuu kinbka pazis npuizaus 10 Meanbyp-

2020, 3

Bulletin of Taras Shevchenko
National University of Kyiv
Series: Physics & Mathematics

Ha. dk maremaruk, FOpiit BacunsoBuu, 3aBxn
BpaxKaB MeHe 3HAHHAM JIyKe TOHKUX Pe3yIbTaTIiB.
Bysno we onwn pa3, koau Mu mUca M CyMiCHI cTaT-
Ti YU MeHl TPUCHJIAJU Ha pereH3in pobotu #oro
VYHIB, IO B JOBEJIEHH] 3HAXOIMIOCH BazKKe MicIie
uan HerouHicTb. I TyT FOpiit BacuiboBud sk 3 KO-
icb MariyHol CKpuHI BHUIIMaB KapKOJOMHY HepiB-
HICTb, K& BUIPAB/IAIA BCE JOBEICHHSI.

By yuenum, gxmit AificHO CTaBUB MaTeMaTH-
Ky TTOHaI yci ocobueTi mpobaemu. 3raaBcs OgnH 3
ftoro nmpuizaie 70 Meandypua. OQHOTO JHS MH JT0-
MOBMJINCH 3YCTPITUCH B yHiBepcuTeri 11106 061oBo-
PUTH CyMiCHY CTATTIO. LIy4u 3 roTesio B yHiBepcH-
rer FOpiit BacuspoBud morpanus y cepito3Hy aBa-
pito. fkbu 3ycTpiuHa MalllMHA BJIAPUJIA MAITHHY
B #Kiit 3naxouscst FOpiit Bacuibosuy Ha 11iB Me-
Tpa JiBille, TO MOXKJIMBO BCE 3aKiHYMUIOCH OU Jiis
HBOTO 1 BOJist Jy2Ke morano. Curyaiiist Oysa crpe-
cOBa, Ha MicIle aBapil mpuixaja MOJAIis, Y BOJiA
Marman 6yB HepBoBuit 3puB. Kosn naperri FOpiii
BacuiroBuu npuixas B yHiBEpCHTET, Ha MOI CXBU-
JIbOBAHI BAMATAHHA IIPO T€ sK BiH cebe modIyBae
BiAmoBi Ak Oyia: "Bee mobpe, a or 1o g Bam xouy
ckazaru 1npo Teopemy 2 ...".

Puc. 2: F0.B.Kozauernko 3 apropom y Menbbypai

Onna 3 ocHoBHEUX ocobuctux puc HOpig Ba-
CHUIBOBUYA, dKa MaOyTh 1 mpuBab/roBaga 10 HBO-
ro Tak 6araro yuHiB, bysa Horo BiJHOIIEHHS 10
igmmx. /Io KOXKHOTO BiH TOBOPWB SK 70 PiBHOTO,
HIKOJN He TOKAa3yBaB CBOEI BUINOCTI B 3BAHHAX,
oceiti um nostoxkenwi. Ile cTBOprOBaIO TaKy aTMmo-
cdepy TpoOCTOTH ¥ JOCTYIHOCTI B CIILIKYBAHHI, 10
AKOl TATHYJIMCh CTYAEHTHU, ACIIPAHTH, KOJIETH. o-
I'0 yYHIB MOYXKHA 3HAUTH B yHIBEPCATETAX KOXKHOTO

periony Ykpainu. 37aBajock 1o Ha kadenpi Bin
HiKOSIM HE OyBa€ cam, BECh 9ac KOJO HBOTO Oy/n
fioro acmipanTy ¥ KoawmmHi yuHi. J[7g9 KOXKHOTO ¥
HBOrO Oysa 3amada i maan crarti. Bin me BcTuras
13AUTH B YKT0opod, YepHIBIL,... TUTATH TaM KypCH
11 TOTYBaTH KaJIpW JJTA MICIIEBUX YHIBEPCHUTETIB.
FOpiit BacuiboBud 6yB BUuTesieM y HAWBUIIO-
My posywminni mroro caosa. Ille ogma icropis, sky
s JaCTO 3TaJIyI0, TPATWIACh B MOl YHIBEpCUTETCHKI
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poku. OJuH 3 MOIX OJIHOKYDPCTHUKIB MaB CKJIaJ1a-
i icnut HOpiro BacuiboBuuy, ajie Tak 3aXOmUBCs
MaTEeMaTUIHOIO JOTIKOIO i OCHOBAMYU MATEMATHKH,
10 Mafi?Ke He NOTYBABCH 70 eK3aMeHy. 3BUYaiiHO,
FOpiit BacuiboBud 1ie MOMEHTAIBHO 3’sICYyBaB, aJjie
3amicTb Toro mob "BainuTu' ABiliKy, 109aB pPO3IIH-
TYBaTH 9WM TieH CTYAEHT 3afiMacTbCd. 3PO3yMiB-
TN 10 TON HE TPOCTO TPOTYJIIOE HOTO TPEAMET,
a cepiio3HO TPAITIOE HAJ IHITUMUA MATEMATUIHUMU
mpobsieMamMun, TTOCTABUB BiAMIHHO.

Hedopmanwsue crasimenns Opis Bacuibosu-
9a 710 JIFoel, BMIHHSA IUBUBCI B CYTh 1 BIAKAHYTH
IPYTOpsiaHe, 9acTo Oy/10 OLIBII JIEBUM i TOBIAIb-
HUM HIXK cJiijiyBaHHd 3arajibHuM HOpMaMm. MabyTs
TOMY BCl MU, ¥0ro KOJHIIHI CTYJIeHTH, aclipaHTh
¥ KOJIETW 3 BASIYHICTIO 3raly€MO HE JIUIe Horo Ha-
VKOBI TIOpaau, aJje 1 #Ioro YpPOKH CIPaBiKHLOI JITO-
JISTHOCTI.
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MogesnroBaHHsI TayCCOBOrO CTALiOHAPHOIO Simulation of a Gaussian stationary

nponecy 31 CTIMKOIO KOPeJIANIMHOIO process with a stable correlation function
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V uiti cmammi das nobydosu modesett cmoracmuyHuT NPoUects, Wo HabAUINCAE NPOYECU 13 3a0a-
noto Haditinicmio ma mounicmio 6 npocmopt Ly, ([0,T]) suxopucmano 306pasicenia 6unadkosus npo-
uecis Yy 6uaaAdi 8uNAdK0BUT PAJI6 3 HEKOPEALOBGHUMU HACHAMU, ompumani 6 pobomi 0. B. Ko-
sauenko, 1. B. Posopa, €. B. Typuuna (2007) [1]. [10dibwi koncmpykuii 6yau docaiodnceni y kHu3i
FO. B. Kosauenxa ma in. [2] y 3azanvnomy sunadky. Odnax surukatoms dodamkosi mpyoHousi npu
nobydosi modeaetll KOWKPEMH020 Npoyecy, maki Ak, nanpukaad, eubip 6i0nosionozo basucy 6 La(R).
Y witt cmammi nobydosari modeni, AKi HAOAUHCAIOML 2aYCCOBULT NPOUeC 31 CMITUKOW KOPEAAUITHON0
dynuicro po(h) = EXo(t+h)Xo(t) = B2exp {—d|h|*}, a > 0,d > 0 3 napamempom o = 2, wo € yen-
MPOGANUM CTNAUIOHAPHUM NPOYUECOM 13 3a0aH010 Nadiinicmio ma movnicmio 6 npocmopi Ly, ([0,77).
A maxoorc 3natideno weudkocmi 36ischocmi modeaeti, chopmyabosaro 6idnosioni meopemu. Posens-
HYMO Cnocobu 300pascerns Ma OCHOSHI SAACTNUBOCTIVE NPOUECY 31 CMITKON0 KOPEAAUITHONW GYHUIEN

p2(h) = B?exp {—d\hﬁ}, d > 0. YV axocmi 6asucy 6 npocmopi La(T) suxopucmosyromvcsa @yrwyii
Epmima.
Knowoei crosa: xopeaauiting Gymuis, MoO0es106aHHA, MOOJEAL NPOUECY, MOUYHICTVG, HAJITHICTD.

In this paper, the representation of random processes in the form of random series with uncorrelated
members obtained in the work by Yu. V. Kozachenko, I.V. Rozora, E.V. Turchina (2007) [1]. Si-
milar constructions were studied in the book by Yu. V. Kozachenko and others. [2] in the general
case. However, there are additional difficulties in construction of models of specific process, such as,
for example, selection of the appropriate basis in Lo(R). In this paper, models are constructed that
approzimate the Gaussian process with a stable correlation function po(h) = EXa(t + h)Xa(t) =
B?exp{—d|h|*}, a > 0,d > 0 with parameter o = 2, which is a centered stationary process with a
giwen reliability and accuracy in the space Ly ([0,T]). And also the rates of convergence of the models
are found, the corresponding theorems are formulated. Methods of representation and main properties

of the process with a stable correlation function ps(h) = B? exp {—d|h|2}, d > 0 are considered. As a

basis in the space Lo(T) Hermitian functions are used.
Key Words: correlation function, simulation, model of the process, accuracy, reliability.

Crartio npeacrasuia 1.¢.-m.H. Posopa [.B.

1 TayccoBuii mpornec 3i criiikoro kopens- e 02 >0, a > 0 - 1esKi KOHCTAHTH.
HifiHOIO (pyHIIi€I0
pa(h) = BZexp {—d|h|2}, d>0

106 oTrpmmaTn 300parKeHHS MPOIECy y BU-
DIl psi/ly HEKOPEJIbOBAHUX UJICHIB, MOTPiOHA Ha-

. CTyIIHa TeopeMa.
Osnavenns 1.1. [3] Cranjionapuuii BumaakoBuii

nporec X = {X(t),t € [0,T]} nasusaerncs rayc- Teopema 1.1 ([1])). Hewatd X = {X(t),t €
COBUM IIPOIIECOM 31 CTIHKOIO KOPEJSIIHHOI QyH- 0,71}, EX(t) = 0 € sunadkosum npoyecom opy-

miero 3 mapamerpoM « = 2, sximo EX (t) = 0 Ta 2020 NOPAOKY 3 Kopeaauitinoro dynruicro R(t,s) =
E(X(t)X(s)). Hexat (A, Ba,p) — 6umiprud npo-
E(X(t+h)X(t)) =0 exp{—ah®}, CMip 3 O-CKINUennor mipoto w, gynruia fi(t, N),

© M.IO. Ilerpanosa, 2020
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t € T,i = 1,..,n wnareorcamov do Lo(A, ),
ma {gr(A\),k € R} — opmonopmosaruii 6asuc 6
Lo(A, ). Hexati xopeasuitina dpyrruyis R(t, s) mo-
oice bymu mpedcmasaena y popmi

R(t9) =Y [ AENAENO),
=1

Todi npouec Z(t) moorce 6ymu 306pastcernutl y 6u-
2na01 pady, 3010CH020 Y CEPEIHDOKBADPATNUHOMY

= Z Z @ik () &k

i=1 keN
de
()= [ HENGDNAu),
E&i =0, E&k&i = 6ij0k.
Sp1 = {(i’ ]Zfll, - deavma-gpynxuyia Kponexepa.

Osnavernns 1.2. [4] Oyukiil

gl ) 0

Ha3MBaOTbCs DyHKIIsMEU Kpwmira, e

gr(u) =

Hiw) = (—1)ke? Loz (g

du™
nosinomn Epwira.
[4] Cucrema dyukuiit

— II€ IIOBHa OpTOHOPpMaJIbHa CHUCTEMa, TOOTO

[t = {37

gr(u) =

—00

Teopema 1.2. Hezati X (t) = {X(¢),t € [0,T]} -
2ayccosull NPoyec 3i CMItiKo0 KOPeAAUItino0 dyH-
yiero pa(h) = B?exp {—d!h[2}, d > 0. Todi npo-
yec X (t) moorce 6ymu 306pasicennuti y 6u2andi pa-
dy, 36191cH020 Y CePeIHbOKBAIPAMULHOMY

Z aki(t) - &k + Z ak2(t) Mk, (3)

2020, 3
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de B = Enp = 0, EG&G = Ok, Enem = Ok,
Egm =0,
o0 o 7&
a1 (t) = /oo (Gra)i/i -costu - e sa - g (u)du,
(4)
< o : _u?
ag(t) = /_OO W sintu - e sa - gp(u)du

losedenna. JloBeneHHs i€l TeoOpeMN BUILINBAE 3
Teopemu 1.1. B HamoMmy BHIaaKy MaeMo:

R(s,t) = 02 -exp {—a(t — 3)2} =

u

2
= cos((t — s)x) - exp{—}dx

\/47ra
_ 00 o U2
=/ (477&)1/4 exp 2 costx | X
X Lex U—Q cos sz | do+
(4ma)l/ P 8a [0
+/“ B s
—oo \ (47a)l/4 P 8a
2
X Lexp _L sinsx | dx.
(47a)l/4 8a

TobTo, B mosHateHHsIX Teopemu 1.2 n = 2, agy 1
ako BU3HAYEHI B TeopeMi. O

Hani npumyckaemo, 1o X (t) — npomnec aycca.
Y 1npOMy BHIIAJKY BCi BHUIIAJKOBI BeIUInHU &) Ta
Nk € He3aJeKHUMHU.

2 MogeJb rayccoBOro CTamioHapHOro IIpo-
ecy 3i CTIMKOIO KOPeJsiHiiHOo QyHIiE0
p2(h) = B%exp {—d\hﬁ}, d > 0 B mpocTopi
Ly([0,T7)

Osnavenns 2.1. Mogenb X y(t) nabimzkae nporiec

X(t) 3 masiitaicTio

1 — a,a > 0 Ta Tounicrio § > 0 y mpocropi
L,([0,T7),p > 1,t € [0, T, sixmzo

P{ 1X () = Xn ()], > ﬁ} =

_ P{ (/OT X (1) - XN(t)]pdt>1/p > ﬂ} <a
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Jlema 2.1. Hezatt X(t) - eayccosui npouec

31 cmitkolo Kkopeaauitinoro @dynuiero pa(h)
B? exp{—d|h!2}, d > 0. Axwo Xn(t) — modeas

UBO20 MPoOUeECy, Modi MAE MICUE MAKA OUIHKG

(

By =

sup F
te[0,T

1/2
(X(t)—XN(t))2> < By, (7)

de
oK

(ma)t/4/N +2 .
(2\/%

T? +4(2a +1)T+

(8)

Hosedenna. 3 Teopemu 1.2 Ta oznavyenus 1.2 Bu-
IJINBAE, 110

2
+ La(?cﬂ +3a+1).
a

E(X(0) = Xnm)" = 3 (ah(t) +aix(0)).
k=N+1
(9)
e
a1 (t) = / W - costu - e*g - g (u)du,
ax2(t) = /_00 m - sintu - 6_% - g (u)du,

=) L L el
gr(u) = NG exp 1 JIMB. O3HAYeH-

ust 1.1). [orpibuo oniantu |ag| Ta |ags|:

o0 o _ﬁ
lak1(t)] = /_00(47m)1/4-costu-e sa - gr(u)du| .

BukopucroByioun iHTerpyBaHnns 4acTUHAMU, BJIa-
ctuBocTi nosinomiB EpMmiTa, anaJsioriuuo g0 MipKy-
BaHb, poBenennx B Kau3i FO. B. Kozauenko Ta im.
(|2]), orpumyemo st |agy (t)| macTynsi criBsigHO-

eHs
> o
— oo (4ma)l/%

|/ 47Ta (4a)1/4

2

a1 p)] costu - e sa - gp(u)du

2
_u
-costu - e 8a X

_uT 1 d
.e c—dul| =
\/k:! v 21
1 o0 o w2
= |—. ————— .costu-e 8aXx
V21 /_OO (47a)l/4 we
u2
I COHp 11 (v)

- du

ou

/o 1/(k+1)!
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3 nepisaocti Kpamepa [5| Butuimsae, mo jyist 6y ib-

SIKOT'O U Ma€MO
lgr(u) < K|, ne K = 1,086435. Takum 1nHOM,

1 Hy(u) { u2}
Py —— ¢| < const.
(k+1)! 4

IR | Hi(u) { u2}

Tomy e 8a - . expy ——p — 0,
Y Var kDl P4
KON U — £00. 3Bimcu
a1 ()] =
u? 2

-costu-e Ba - “I

1 00 9 <(47rg)1/4
.
Hy1(u)
VEF1/(k+1)!

)

X

ou

3a JIOIOMOIOI0 IOBTOPHOI'O iHTEIPYBAHHS YACTH-
HaMH, OTPUMYEMO

u? 2
ag — = u
0 ((4m)1/4 costu e 8a X - >

‘akl (t)‘ - ou

X

Sl

Hyy1(u)
VEF1/(k+1)!

o
1

NN DR

/oo 8 ( (471.;7)1/4
1

N EPNEDR

u2
costu-e 8a -

L

ou

OHp2(u)
ou

:‘m/

2

_u? 2
-costu - e sa T

1
v/ 27

X

ou

00
o0

+
—0o0

)

Hia(0)

2

_u? 2
-costu - e 8a -

u

1 o 0 ((47r2)1/4 4
* V2o ‘/_oo ou? 8
Hiio(u)
X du - Hiq(u)| =
VEF+DE+2)/(k+2) era(2)
u2
1 006<(4ma)1/4-costu'e_8a-“j>
- v 27(' ‘ /—oo 8u2 8
Hpo(u)
X du - Hiqq(u)|.
VEF+DE+2)/(k+2) er1()
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3 nepisaocti Kpamepa [5] mu orpumyemo:

? _52 1 tux
(47m)1/4 e 6a —— costu

o0
g\/
—0o0

(o]
lar1(t)] < K ‘/ Zy(t,u)dul, X (u2(2a +1)% — (166°t* 4 8a® + 4a))+
(k+1D)(k+2) /- .
(10) +tu-sintu<+1>> du <
2a
< o u? 1 )
< — . B8a [ .
e < /_OO (47ra)1/4 e” s (‘16@2 | cos tul (’u (2a+1)‘+
+| = (16a*t* + 8a* + 4a‘)> +
o2 <U~costu-e_gj> + |tu] - | sin tu| 1+1'>du<
(4ma)l/4 2 X
Zi(t,u) = 52 —
(o) u2 1
_u? < 9 e ( 2 2
g <<47raa>1/4"305t“'e 8“) h /oo (ama) /A (16a2 w(2at 1)+
- u ! 2,2 2 1
u2—2< o 2 + (160%2 + 80> + 4a) ) + tful (5 +1) |du=
+ -costu-e Ba
o (G )
(2a+1)? o /°° L2
= . a - d
1642 (47ra)1/4 _Ooe 8a - u“du-+
Omrke o
+ (16a2t2 + 8a? + 4a) / e 8sadu+
—00

1 a2
+ t(— + 1) / e sa - |u|du.
2a oo

TeHep 3HaI7LZLeMO SHAQYCHHA HaCTYITHUX 1HTE-

5 costu - (u2(2a + 1)2_ rpaJiiB:

’/OO Z1(t u)du

‘/680,

o.9] u2
(16a*t* + 8a* + 4a))tux / e sadu =

—o0
1
X sin tu < + 1>> du
2a

OninuMo Bupas miji 3HaKOM iHTerpaJia

m\/@/ 4% du/3m/Ia = 2v/2ra,

oo u2
/ e sauldu =
— o

1
N \V 27 \V 4a 100
= 8aV2rma,

u2
e~ 7 ulduv2nV4a = 4aV27V4a =

’/OO Zy(t, u)du| =

— 00

o0 u2
= _ 7 /Oo e*g ! costu X / 6_87]u|du -
(4ra)/* J s 16a? e . i
x (u*(2a + 1)* — (16a*t* + 8a* + 4a)) + :2/ e‘?udu:Z/ d<e_8“> ~da = 8a.
—o0 —00
1
+ tu - sin tu<2 + 1> > du| < 3aMiHIOEMO I1i 3HAYEHHST Ha MI0YATKOBY HEPIiB-
a .
HiCTH
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‘/ Z1(t,u)du| <
o (2a+1)2 [ _.2
< (47ra)1/4< 1602 /_006 sa - u du+

(16a2t? + 8a? + 4a)

16a2
—|—t<

1 o0
— +1)/
2a oo

_u?
e sadu+

o0
/.
u2
e sa |u|du
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2020, 3

I 3 Toro, mo t € [0,T], maemo

sup a1 (t)] <

te0,77]
< K 7 X
Sk D)(k+2) (4wa)t/t
V2
x ( am (2aT? + 20 + 3a + 1)+

+ 4T (2a + 1)). (12)

AmnajioriuHo, 10 MipKyBaHb IIPOBEJIEHUX BUIIIE,
st PyHKIHT

2a +1)?
A UL
(47a)t/4 1642 o0 o . _u?
axe(t) < Toijp  Sintu- e - gr(u)du
(16a2t2 + 8a? + 4a) —o0o0 (4ma)
X
16a2 OTPUMAEMO TAKYy OIlIHKY:
1
x 2v/27a + t(% + 1)8a> - st [aa)] <
te[0,77]
V2
— g 1/4 ma ((20, + 1)2+ < K . o X
(4ma) 2a (k+1)(k+2) (4ma)l/4
V2
x (m (2aT? + 2a% + 3a + 1) + 4T (2a + 1)) .
a
(13)
N I maperrri, OT£)I/IMy€MO OIIHKY  JIJIs
+ (4at” +2a+1)) +4t(2a+1) | = sup BE(X(t) — Xn(t))*:
te[0,7)
_ o V2ma 9 9
= Tira)l7i ( o (2at* 4+ 2a® + 3a + 1)+ sup E(X(t) — Xn(1)> <
te(0,7)
o 2
+4t(2a+1)>, S < K ) y
e \V (R 1)(k+2)
o V2ma 9 9
o X2<(47m)1/4< . (2aT + 2a +3a+1)+
2
+ 4T (2a + 1))) -
K o0
1) < Z1(t,u)du| <
o (0] € e |zt ok (wma, "
_ K . GO AN +2)\ a
X : X
(k+1)(k+2) (4ma)t/* 5 2
Jora +4(2a+1)T+”am(2a2+3a+1)) .
X 7(2at2 +2a® + 3a + 1)+
@ (15)

+ 4t(2a + 1)) .

(11)

Bepemo xBampaTHMit KOpiHb 3 060X CTOPIH HEPIB-
HOCT1 1 OTPUMYEMO OIIHKY IIi€l JIEMU. O
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Teopema 2.1. Hexat X(t) = {X(t),t € [0,T]} Omxe,
— eayccosuti sumiphut sunadkosuts npoyec. Todi ;
2/p

dan > Cpl% de C = /OT (E(X(t))2>p/2dt < o0, (/T (B(x) - XN(t))Q)p/th> <
0

MAE MICUE HEPIBHICTIDL

272
e QLS ( ATy A A A
P{ ||X(t)|’p>5}<2€xp{—202/p}. (16) S (7a)V2(N + 2) 1t la+ I3+ 1+ 15

2(2p+1)
Jlosedenna. HepisuicTs (16) BumimBae 3 HaCIiAKy _ o*K? 8rT » N
2.1 3 poboru [6]. O (ra)/2(N +2) \ a(2p + 1)2/p
Jlema 2.2. Hexaii X(t) = {X(t),t € [0,T]} - 4 16v2ma2a+1)
sUMIPHUT 2ayccosull npouec 31 cmiliKorw Kopeas- a
3p+2
yitinoro ynuiero pa(h) = B2 exp{—d\h|2}, d >‘ " T % + (1620 + 12+
0. HAxwo Xn(t) — modeav yvozo npoueccy, modi (@ n 1) 2/p
CNPABESAUBE HACTIYNHA OUIHKA 2
T /2 3 T2(pp+1)
2\P /2 O (942 ot
/O (E(X(t) ) ) dt <IP?  (17) +—(2a +3a+1)> it
de ora-T %,
2(2p41) + 8(2a + 1)72/(% +3a+ 1)+
o o?K? nl a(b+1)""
M7 (ma)2(N +2) \ a(2p + 1)2P o
_ + 22 (202 + 3a + 1)2T%/7 |.
16v2ma(2a + 1) T » a
+ : 7t
a 3p p
(%+1) e /
T 2/p
87 ,\P/2
8 _ OT 4
+<16(2a+1)2+W(2a2+3a+1))>< Il—</0 (at> dt) )
a
T / 2/p
16v/2ma(2 1 /2
T% 8(2 ) 2ma I, = (/ ( ma(2a + )t3)p dt> )
a
ot TSR DT 0
pt2 T 2/p
8 p/2
(23011 T Iy = </ ((16(2a+1)2+§(2a2+3a+1))t2) dt) ,
(2 n 1) 2/p 0
’ /
r V2ra p/2 \?/P
2 I, = (82 1) YT 94243 1t) at)
+7r(2a2+3a+1)2T2/p>. (18) * </0 (2a+1) == (2a"+3a+1)
a
derma. 3 in (9) Ta (14) Tom o, A\P2 NP
Hosedenns. 3acTOCOBYIOYHM OIHKN Ta 3 I = (/ (7(2(1 +3a+1) ) dt> .
Jgemu 2.1, orpumaemo 0 a
[e.e]
2 O
E(X(1) = Xn(M) = > (ah(t) +afa(t)
k=N+1

Teopema 2.2. Hexati X (t) = {Xn(t),t € [0,T]}

e ) ) — sumipHul 2ayccosull mpouec 31 cmidKow Ko-
Z (akl(t) +ak2(t)) < peaauitinorn gynuicio pa(h) = B%exp {—d|h|2},
k=N+1

d > 0. Modeav Xn(t) nabauotcae npouec X (t) y
npocmopi L,([0,T]) 3 mownicmio B i nadidinicmio

- o?K? 2\/277%2+
=~ (ra)'2(N +2)

a 1—a,0<a<l1, akwo N >0 make, wo
2
V2ma 2
p
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Ly < (20)

<2(1n2)>’

de Ly eusnauaemoca gopmyaoto (18).

Jlosedenmna. 3 mepisuocti (16) i jgemu 2.2, gKImo

}_

(21)

€ > L%ppl/2 OTPUMAEMO

&.2

P{]X(t) — Xn(t)]p > 6} < 2exp{ by

dxmo B (21) 3amicTb € nokiacTu 3, TOAI yMOBU
TEOPEMH BUKOHYIOTHCSI, SKIIO

B> IR*p/?,
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2exp{— }Sa,

TOOTO, SIKIIO BUKOHYIOTHCst yMoBH (19) 1 (20), Toxi
Ma€ MicIle Teopema. O

52
2L N

3 Bucuosku

Y narHiit pobori mobymOBaHO MOIEN, TKi HabIHI-
2KaIOTh IayCCOBUM TPOIEC 31 CTIHKOIO KOpEeJsIsIiii-
noro dynmiero pa(h) = B?exp {—d!h!Q}, d>0i3
3a 1aH0I0 HaifiHicTIO 1 —r, 0 < @ < 1 Ta TOYHICTIO
B > 0 B mpocropi L,([0,T1),p > 1.

ABTOp BUCJIOBJIIOE TNINOOKY HOAAKY CBO-
eMy kepiBHUKY i HactaBHuky IOpiro Bacu-
apoBuvyy Kozayenko. 3 mam’siTTIO y CePpIii...
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I.V. Rozora, D.Sc., Associate Prof.

Sample continuity with probability one
for the estimator of impulse response
function

Taras Shevchenko National University of
Kyiv, 01033, Kyiv, 64 Volodymyrska st.
e-mail: irozora@bigmir.net

B pobomi docaidoicyemuves disunno 30icHuma 00HOPIOHG AHITHAG CUCTEMA 3 TMNYABCHON Nepe-
TI0HOM0 PynKuyicto. B Axocmi ouiHku iMNYsbCHOT GYHKUIT PO32AA0GEMBCA CYMICHA KOPEAODAMA MIHC
NPOYECAMU HG 8L00E Ma BUTOJL CUCTNEMU. SHATOOAMBCA YMOBU, 3G AKUL MPAEKMOPIL OUIHKY tMNYAD-
cHot PYHKYIY € PIGHOMIDHO HENEPEPEHUMU 3 LMOBIPHICTII0 00UHUUA.

Knouoei crosa: imnysvcna nepexiona Gyrryis, AHIGHG 00HOPIOHG Cucmema, 2ayccosuti npouec,
CYMICHA KOPEN02PAMG, BUOIPKOBH HENEPEPESHICTND.

The problem of estimation of a stochastic linear system has been a matter of active research for
the last years. One of the simplest models considers a ‘black box’ with some input and a certain output.
The input may be single or multiple and there is the same choice for the output. This generates a
great amount of models that can be considered. The sphere of applications of these models is very
extensive, ranging from signal processing and automatic control to econometrics (errors-in-variables
models). In this paper a time-invariant continuous linear system is considered with a real-valued impulse
response function. We assume that impulse function is square-integrable. Input signal is supposed to
be Gaussian stationary stochastic process with known spectral density. A sample input—output cross-
correlogram is taken as an estimator of the response function. The conditions on sample continuousness
with probability one for impulse response function are investigated.

Key Words: impulse response function, linear time-invariant system (LTI), Gaussian process, cross-
correlogram, sample continuity.

CrarTio tipejicraBuB f.¢d.-m.H. Morsrayk M.I1.

B.Kypouku ta @.Yuera |[3| BuBwasmcs ymoBn
ACHIMIITOTUYIHOI HE3MIIIIEHOCTI T8, KOH3UCTEHTHOCT1
Yy CEPEIHBOMY KBAJIPATUIHOMY, & TAKOXK YMOBHU
ACUMIITOTHYIHOT HOPMAJILHOCTI SIK Y CEHCI 3012KHO-
CcTl CKIHYEHHOBUMIDHHMX PO3IMOJIiJIiB, TaK y CEHCl
3012KHOCTI BiIMOBIAHUX POBIIOMIIIB y IPOCTOPI He-
nepepBHUX (DYHKITIi.

1 Bcryn

3ajiava OIIHIOBAHHST XapaKTePUCTUK JIHINHIX CH-
creM pisHOl (Pi3UYHOI NMPUPOAN BUHHUKAE y Oara-
TBOX TaJIy3sX, HAIIPUKJIA, ¥ pagiodisutii, ceiicmo-
JIOT11l, MeTeopoJIOoTil, Teopil CUrHAJIIB Ta aBTOMAaTH-
YHOTO KOHTPOJIIO, Teopil dinbrparii, (hinancosiii
MaremaTuii Tormo. OcranHiM 4coM Iieil HalpsiMOK

OCHTE AKTHBEO DOSBHBACTHCA B mpamgx B.Bymnmurina Tta I.BraxieBcbkoi

[1] BCTAaHOBIIOETHCS ACHMITOTHYHA HE3MINEHICTH
Ta KOH3WUCTEHTHICTb y CepPeJHLOMY KBaJpaTH-
YHOMY KOp€JIOpaMHOI IHTerpajbHOl OINIHKH; 3

lesiki MeToau OIHIOBAaHHsI HEBIIOMUX iM-
IyJbCHUX TepeXimuux (pyHKHi#l JiHiiHUX cucTeM
Ta BUBYEHHSI BJIACTUBOCTEH BIIMOBIIHMX OIIHOK
posrisiiannck y poborax B.Bymaurina ta iioro
yauiB. ¥ Kjaci JOHIHHAX CHCTeM BaKJIMBUN ITif-

MEHIII OOMEXKYBAJIbHIMHU YMOBAMHE, Hi2K B CTATTAX
B.Bynaurina i @y Jli, BuB9agnch MUTaHHS acUM-

. .. MITOTUYHOI HOPMAJILHOCTI OITIHKYM Ta MOXMOKH OITi-
KJIaC CKJIaJaloTh HelepepBHI OHOPIJIHI CUCTEMU.

B axocTi ominok 6epyThecs cyMicHI mepiogorpamu
abo cyMiCHI KOpeJIorpaMi MizK IIPOIecaMu Ha BXO-
i Ta BUXO/l CUCTEMU.

st KopesorpaMHOl  JUCKPETHOI 3a  dYa-

coM OIiHKH y poborax B.Bymmurina, B.3aiimgs,

© 1.B. Posopa, 2020

HIOBAHHSI Y IIPOCTOPI HellepepBHUX (PYHKIIIA.

TloTpibHo 3ayBaxkuTtu, MO y poboTax mpode-
copa Bymmurina B. Ta #fioro y4HIB BUBYAIOTbCHA
ACUMIITOTUYHI BJIACTUBOCTI OIIIHOK TEPEXiJIHOT M-
mysbCcHOl DYHKINI 1 He MPUILISETHCS yBara 3Ha-
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XOJIPKEHHIO TOYHHUX OIIHOK PO3MOJIJIB JJIsl CyIIpe-
MyMYy ITOXMOKH OIiHIOBaHHsI. Brepiie Taki omiHKN
Oy sHaiineni B pobori FO. Kozauenka ta 1. Pos-
opu [4].

Y crarrax |5, 6] 3Haiieni mBuIKiCTb 3061KHO-
CTi KOpeJIOTpaMHOl OIHKK IepexiaHol pyHKIl B
upocropax C(T) i L,(T) Bigmosizuo.

B nmaniit poboTi po3rsIacThCs KOpeaorpaMHa
inTerpaJibHa OIlIHKA IMIIYJILCHOI ITepeximHol ¢dpyH-
KITil Ta 3HAXOJIUTHCS JOCTATHI YMOBU PiBHOMIpHOL
HeNepEPBHOCTI TPAEKTOPIN OIMIHOK IMITYJIbCHOT TIe-
peximnaol dyukiil. Lli pe3ynbraTu rpyHTYIOTHCS Ha
Teopil KBaIPATHIHO-TAYCCOBUX BUMAJIOBUX BeJH-
YWH.

2 Kopesorpamu ta X BJIaCTUBOCTI

Posrnsiremo disnano 3mificHuMy OIHOPIAHY CH-
cTeMy 3 IMIIYJIbCHOIO IIE€pPeXigHOI (PYHKITIE
H(1), 7 € R. e o3navae, mo jaificnosnadna yH-
kiisgs H(7) = 0 upu 7 < 0, a peakijis cucremn
Ha JomycTuMuii Bxinumit curaan X (t), ¢t € R, mae
BUTVISAT

o0
Y= [ HOX(E-nin )
0
[Ipr BUBYEHHI TaKWX CUCTEM BUHUKAE 3a]a-
va omiHoBaHHs (GyHKIIT H 3a crocTrepekeHHIMI
3a peakIlielo CUCTEeMM Ha BXimHumit curHaj. Y ma-
Hiif cTaTTi pO3IISIAETHCSI KOPEJOrPaMHMI MeTOI
OIIHIOBAHHS IMITY/IbCHOI nepexiamnol dyukiii H 3a
ymosun H € Ly(R).

Posrasnemo  milicHOSHAYHHUIT —CTAIIOHAPHUIMA
IIEHTPOBAHUM TayCCiBChKMI BUIAJKOBUI IPOIIEC
X = (X(¢), t € R), mo 36yproe cucremy (1). He-
xait f=(f(\), A € R) — cuekrpanbpHa nIbHICTH
nportecy X . Ilpunyckaemo, o mana yHKIs He-
IepepBHA i 33JJ0BOJILHSIE YMOBAM

< o9

sup [ f(A)]
AeR

Kx € Li(R),

e Kx(t) = [ e f(N)dA, t € R, — xopenamiii-

Ha (yHKIS BUNAIKOBOro mporecy X.
Ouiaky gyt H B Tounmi 7, 7 > 0, BU3HAYU-
MO y BUIVISJIl CYMICHOI eMIIpUYHOI KOpeJaorpamMu
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MizK BXIJJHUM Ta BUXIJHUM IpoliecaMu (JUB., Ha-
npukai, [1])

T
fr(r) = % /0 Y(t+ )X ()dt, >0,  (2)

ne T — JOBXWHa IHTEepBaJly yCepeIHEHHsS, TpU
POMY IJIXO/I1 JIO OIliHIOBaHHS H TPUITyCKAEThCS
Takok, mo X (t) = Xa(t), Tob6ro Ha BXim cucremMn
[TOJTAETHCS CiM’sT TIPOIIECIB, 3aJIXKHUX BiJl Tapame-
tpa A > 0 Ta i3 NEBHUM BHUIVISJIOM CIEKTPAJIBHOL
mistbHOCTI. B mogasnbimomy napaMerp A OGymaemMo
OIIyKATH.

[Mpumnycrumo, mo H € Lo(R).

Yepes

+oo
H*(\) = / eMH(t)dt, X €R,
— 0o

nozuaunMo 1epersopents Pyp’e- Ilnanmepes
dbyukiii H.
SayBakenusi 1. Inmeepasu 6 (1) ma (2) pos-
2aadaomues AKX cepednvbokeadpamuyHi THMe2pait
Pimana.

Inmeepan 6 (1) ichye modi i miavku modi, xo-
AU tenye tumeepas Pimana

/0 h /0 T H(D Ky (s — 1) H(s)dsdr. (3)

Axuto 6 damomy iHMeE2pasi BUKOPUCMAMU
300pasicerta  KOpeasuitinoi dynruii wepes cne-
KMparvHy wisvricms ma nepemeopenna Dyp’e-
ITnanwepeasn dasn dynruii H(T), ompumaemo

/000 /0°° H(7)K(s — 7)H(s)dsdr =
+oo

= H*(=X) - H*(\) f(\)dA.

—00
Ocxinvku sup | f(A)| < oo i H € La(R), mo inme-
AER
epan (3) icuye, a omorce, i ichye inmeepan 6 (1).
Bydemo ssaorcamu, wo inmeepan (3) ichye
makootc ax inmeepan Jlebeza.

Jlerko mimpaxyBaTH, 110 MaTeMaTUYIHE CITOJTi-
Banusg Hrp(T) mopismioe

EHp (1) = /Ooo H(s)Kx (T —s)ds.  (4)

Orxe, 3 (4) MaeMo, 110 B 3arajlbHOMY BUIIAJIKY
EHp(t) # H(1), T € R.

Ile o3navae, mo oninka Hp(T) € 3MilIeHOIO.
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B po6orax [1], [2] posrisimatorbest mocinos-
HOCTI KoBapialiiftHux QYHKIH, K 3a1eKaTh Bil
mapaMerpy A, i 3HAXOAATbCS YMOBHU, KOJIH OI[IHKA
Hy aA(T) € acuvmroriano nesmimeromo st H ()
mpu A — oco. Takok mMOKa3aHO, IO 3a IEBHUX
ymos Hpa(T) — H(7) 3 iimoBipmictio 1 mpm
A—o00iT — .

BayBaxkenns 2. 3 pobomu [1] eunaiusae, wo 6ci
NnompioHt YMosu 0Af GCUMNIMOMUNHOT He3MiuLe-
HOCME Ma 0Af 3010icHocmi 3 timosipricmio 1 euko-
HYIOMBCA OAA NMOCAI0BHOCTNE MAKULT CNEKMPAND-
HUT ULLADHOCTET

C

2
fa(A) = %eXp{—)\A}, AMeER,A>0. (5)

Hexait

Zp(r) = Hp(t) — EHp(7).

B |1] mokazano, 1mo kopessinsiniitna ¢yHKIis
Zr(T) Mae BUIIALL

EZp(1)Z7(12) =

_27r

+o0 +o0o )
T / (e o) P+

+ ei(Tl)\l-i—Tg/\g)H*()\I)H*(/\z)) %

X@T()\Q — /\1)f()\1)f(>\2)d)\1d)\2, (6)

e Op(A\) — saapo Deiiepa

1 <sin(T)\/2)> |

T T\ A2

dr(N)

Hexait S — mapamerpuuyna muoxkuna. OyH-
Kiist p(t,$) HA3MBAETHCS ICEBJIOMETPUKOIO Ha S,
AKIIIO BOHA 3aJI0BOJIbHSIE BCi aKCIOMH METPHKH,
OKpiM Toro, 1mo MHOKHUHA { (t,5) € Sx S : p(t,s) =
0} moxe Oyt Ginbmoo mixk glaronans {(t,s) €
SxS:t=s}.

Posrnsnemo dynkmnito ( aus. [2])

1/2
, 7>0.

(7)

gu(r) = [/ |H*()\)|? sin? %dx
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Ockinbku H € La(R), To dynkiis (7) kopekrHo
BHU3HAYEHA T [OPOJZKYE HICEBIOMETPUKY

Vo(m, ) =/ gu(lm — 7)),

Hacrymnna jiema nae oIiHKY CTaHIAPTHOrO BiXu-

1, 2 € R.

JIEHHSI JIJIS TPUPOCTIB Mpotiecy Zr.

Jlema 1. [4] Ipunycmumo, wo H € La(R) i
sup [f(A)] < oo, de f(t) — cnexkmparvia wino-
AER

nicmv npouecy X (t). Todi

(E|ZT(7'1) - ZT(TQ)\2>§ <

NG
ST

1
sup [f(4)][[H*||3 Vo (T, m2), 11,72 > 0.
teR

(8)
JloBemeMo TaKky JieMy.

JIema 2. Hexadi ¢(u),u > 0 — maka nenepepsha,
Monomonno 3pocmaroua dynkuia, P(0) = 0, wo
PyHKULA ﬁ € HecnadHo Npu u > ug, de CMaaa
ug = 0. Toodt dasn eciz u = 0 ma v > 0 sukonye-

MbCA HACMYNHA HEPIBHICTLL

P(u + ug)
(v +up)’

Hosedenns. OCKIIBKE 38 yMOBOIO JieMu (DyHKITist
¥ (u) € MOHOTOHHO 3POCTAIOYOI0, TO IIPU U > U

Y(u~+ ugp)
V(v +ug)

Tomy B 1pomy BHIAJKY HepiBHiCTH (9) € oueBH-
aHor0. OTxke, (9) J0CUTD JOBECTH y BULIAJKY, KOJIH
u <.

Ockinibku QyHKITisS ﬁ € HeCIaTHOIO IIPH U >
Up, TO IPK U < ¥ MAE MICIIe HACTYITHA OIIHKA
Y (u + up)

(v +ug)

A oTke, cupaBeIMBe il CIIBBIIHOIIEHHS

< P(u + uo) '
Y(v + up)

[To i MOBOAMTH TBEPIKEHHST JIEMMU. O

.u
S —
v

9)

~X

U+ Ug
U+ Ug

u + ug
v+ Ug

’sing} < l <
v v

Ipuxaad 1. Jlerko nepesipuTh, 110 YMOBH IIOTIe-

PEIIHBOI JIEMU BUKOHYIOTLCS JJTsT (PYHKITIT
P(u) =K -u* wu>=0a€(0,1],

ne K — nesdka crana, a 3uadendd ug = 0 .
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Teopema 2.1. IIpunycmumo, wo H € La(R) 1
sup [f(A)| < oo, de f(t) — cnexmpanvra wine-
AR

nicmo npouecy X (t). Hexat ¢pynwuin p(u), u = 0,
300080AbHAE BCT YMOBU AeMU 2 Ma 30120€MbCA TH-
meapan

/oo |H*(\)|?4)? (; + uo> d\ < 0.

Todi

(E’ZT(Tl) — ZT(7'2)|2>é < sz*%
(10)

de 11,70 € R, up — cmasa 3 aemu 2, a K
dopistioe

4 1
K = K(T) = f; sup [ £(8) - |H'13

X </Z |H*(\)]?4)? (; +u0) dA>1/4. (11)

Jlosedenns. osenennst reopemu puiuiusae 3 (7),
gemu 1 i nemwm 2. [lificHO, 3 JleMu 2 MaeMo

2(A
Sin2>\—7 < w
2 ¢? (3 +uo)

Toxi i3 cuiBiuOIIeHH s (7) Ta OCTAHHBOI HEPIBHO-
CTi BUILIUBAE, IO

Vo(r,m) = Vau(m — ml) <
1
< Y 2| ——4wuy | X
|71 — 72|

X (/Z |H* ()[4 (;‘ +u0> d)\> 1/4.

Teopemy Oyjie MOBHICTIO MOBEIECHO, SIKIIO IIPABY
JacTUHY HEpiBHOCTI mijcrasutu y (8).

o=

O

Hacainok 1. Ipunycmumo, wo H € Lo(R) i
sup |[f(A)| < oo, de f(t) — cnexmpanvra wine-
AR

nicms npouecy X (t), ma
/ |[H*(\)[*A%Yd\ < 00, a € (0,1].

Toos

N[

(E\ZT(TI) _ ZT(TQ)P) <Ko |1 — 7|3, (12)
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de «a€(0,1],, K, mac 6ueand

22—04/2 g
Ko =Ko(T) = \/T\f

) 0 1/4
- ([ i opea) L o

—00

~sup | f(t)[x
teR

Zosedenns. Hacminok sumuBae 3 Teopemu 2.1 Ta
npukJaay 1. O

3 Ksaaparmuno-I'ayccoBi BunagkoBi npo-

( 1 +u0> necu
|71 — 7| ’

B nmamomy po3siii po3TUISIIAIOTHCST O3HAYEHHS Ta
JesdKi BJIACTUBOCTI KBAIPATHIHO-TAYyCCOBUX BU-
MM IKOBUX BEJIMYUH 1 TTPOIIECIB.

Hexait (2, F, P) — iimMoBipHicHuUil npocrip Ta
(T, p)— KOMUAKTHUI METPUIHUI IPOCTIP 3 METPU-
KOIO p.

Osnavenns 3.1. Hexait = = {&,t € T} —
ciM’st CyMICHO rayCcCiBCBbKUX BUIAJIKOBUX BEJIMUNH,
E¢ = 0 (manpukiaan, &, t € T, e raycciBcbKum
BUIIAJIKOBAM IIPOIIECOM ).

IIpocrip SG=(£2) Ha3UBAETHCS MPOCTOPOM
KBa/J[PATUIHO-TAYCCOBUX BUIAJKOBUX BEJIMUNH,
SKINO KOXKeH ejieMeHT 1 € SGz(€)) Mmoxkua 1pe-
CTABUTH y BUIVISAI]

n =& A — ECT A, (14)
ne &l = (&,&,...,6), & €2, k=1,...,n, A~

JICHO3HAYHA MATPUILS,

abo n € SG=() upeacraBisieTbCs AK Ccepe-
JIHLOKBAIPATHYIHA, IPAHKIS TOCIIIOBHOCTI BUIIAI-
KOBUX Bejimunt 3 (14)

n= l.i.m.n%o(é,{’Aén — EgAf_n).

Osnavenns 3.2. Bunagkosuit unpomec &(t) =
{&(t),t € T} mnasuBaeTbCsd KBAJPATHIHO-
rayCCcOBHUM, SIKIIO JiIst KoxKHOro ¢ € T Bumajkosa
Bestmanna £(t) nanexkuts npocropy SGz(§2).

Bigomo Takox, 1o

e SG=(0) € baraxoBUM IPOCTOPOM 3 HOPMOIO
1€l = VEC?;

e SG=(Q) e niampocropom mpocropy Opiiva,
IO TTOPOJIKYETHC (DYHKITIEIO

U(z) = explz| - 1;

e nopma ||C[|z, () ma SG=(§2) exsiBamenTHa

Hopmi /EC2.
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Ipuxaad 2. PosriisiHeMo ciM’10 rayCcCiBCbKUX IeH-
TPOBAHUX BHIIAIKOBHUX IPOIECIB

&1(t), &a(t),...,&n(t), t € T. Hexait marpuus
A(t) e cumerpuanoro. Toxi

X(t) = €N () AE(t) — EET (1) A(E(2),
pe &) = (&) &), (), e

KBaJIpPaTUIHO-I'ayCCOBUM BHUIIaJIKOBUM IIPOIIECOM.

3araJjibHi BJIACTUBOCTI
raycCoOBUX BHIIQJIKOBUX IIPOIECIB MOYKHA 3HANTH
B poborax [?], [?].

Yepes N(u) mosHAUNMO MIHIMAJIBHY Kilh-
KICTh 3aMKHEHHUX KYJIb PaJiiyca i, IO MOKPUBAIOTD
MHOXKUHY T 3 MeTpuKoIO p.

Hexait £(t) = {£(t), t € T}— kBagparudmo-
rayccoBUil BUMAIKOBUI mporiec. [Ipumycrumo, 1o
icuye dbyukiist o(h), h > 0, sika € MOHOTOHHO 3PO-
crarouolo, HenepepsHotw i o(h) — 0 upu h — 0, a
TAKOXK

KBaJpaTUIHO-

1
sup (Var({(t) —€£(s)))2 < a(h).
p(t,s)<h
Busnaunmo negxi cradi:
g0 = inf sup p(t, s), to = o(eo),

teT seT

~o = sup(Var §(t))1/2,
teT

[Mosnaunmo C' = max{ty, Y0}

Y pobori Kozauenka FO. i Posopu 1. [7]| 3na-
iiJIeHO YMOBU PiBHOMIPHOI BUOIPKOBOI HEIIEPEPBHO-
cTi 3 iIMOBipHIcTIO 1 /It KBapaTHIHHO-TayCCOBUX
BUIIAJIKOBUX ITPOIIECIB

Teopema 3.1. SHxwo Jdasn cenapabenrvrozo
K6adpamuUNHO-20YCCO8020 npouecy
¢ = {&(t),t € B} sukxonyromvcsa ymosu none-

pedHboi meopemu, mo 6iH € 8uUbIPKOGO HENEepepe-
HUM 3 TMOGIPHICMIO 00UHUYA Ma OAL Q0GIALHUL
pe(0,1),e>0ix>0

P{ sup \s<t>—5<s>|>x}<
p(t,s)<e
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Hacainok 2. Hexau &(t) = {£(t),t € [a,b]} —
cenapabesvruli kK6adpamuywHo-2ayccosuti 6UNAIKo-
suti npoyec. Ipunycmumo, wo 0is Hb020 BUKOHY-
EMBCA YMOBG

sup (Var (£(t) — £(s)))2 < K -h%, a € (0,1],

[t—s|<h

de cmana K > 0. Todi npouyec X(t) e eubipko-
60 HEMEPEPEHUM 3 IMOGIPHICTNIO 00UHUYA A OAS
doginonur € > 0 1 x > 0 cnpasdocyemuvea maxa
OUIHKQ

2

P sup [¢(t) —&(s)| >z p <2 a(b—a)e %

t,5€a,b]

[t—s|<e

V2 :

. 2zp(1 —p)2 \? _=0-p? Yy

X ]_ + - - V2ex «
pg%(lﬁ) ( Ke~ © p
(16)

Josedenns. Pesyabrar TeopeMu BUILJIUBAE 3 TEO-
pemn 3.1 pu o(h) = K - h®. locuts TiibKHN 3HA-
iitu dbyskiio r(u), s SIKOI BAKOHYETHCST yMOBA,
TeOpeMH, ¥ OIIHUTHU BUpa3

o(e)
r(=D (le(cf)/o r (N (0(71)(’/))) d”) :

Ouesnpno, 1o obeprena ¢yukiis 10 o(h) =
K - h® jpopismioe o~V (h) = (%)l/a.

Merpuuna MacuBHICTB Bijpiska [a, b] 3 meTpu-
Koto p(t, s) = |t—s| ouinroernest stk N (u) < bz_—u“Jrl.
Orxe,

NV () < (M + 1) =

()7

Y  gaxocri  dyskmii  r(u)  MOXKHa  B3ATH
r(u) = w2 — 1, s SKOI BUKOHYIOThCSI
Bci  yMmoBEH TmonepeaHbol  Teopemu. OCKiIbKH
O<p<l1rma
[0
to=o( inf sup |t—s|):K<b_a> ,
t€[a,b] se[a,b] 2

pto
CIIPaB/IKY€ETHCSI HEPIBHICTH

b K 1/«
TO T“( > > 1. Tomy, 3a ymoBu 0 < u < top

NV (@) < (b— a)(5>1/a.

u
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Ockisbku obeprena ¢yHkuist 10 r(u) JOpiBHIOE
r(_l)(u) = (u+ 1)2/0‘, TO

(1) (pal(g) /0 ", (¥ (+1))) du)
o [ (5 )y
<Gz ], (0-a()") )"

(17)

2
_2eb-a) (18)
Epa
Axmo B (15) nigcrasuru 3HaueHHs QyHKIGT
o(e) = Ke® ra oniuky (18), To Hepisnicrs (16)
Oy/ie TIOBHICTIO JOBEJIEHO.
fAxmo € — 0, To 3 mepisuocri (16) BuIIHBAE,

1110

p {|t§u|p< £() = &(s)| > w} — 0,

T0bOTO TIpHU £ — 0

P
sup  [£(t) —&(s)] = 0.
[t—s|<e
OTxke, cripaBeIMBa HEIIEPEPBHICTH 3a IMOBIp-
HiCcTIO. A 3 MOHOTOHHOCTI CyIpEMyMy BHILIMBAE 1
30i>KHICTH 3 iIMOBIpHICTIO OIMHUIIST, TOOTO

sup |€(t) —&(s)]— 0 upu € — OM.H.

[t—s|<e

Takum aunaom, Bunakosuit nporec & = {£(t), t €
B} € BubipkoBO HelepepBHUM 3 HMOBIPHICTIO O/11-
HUTISA. L]

4 BubipkoBa HemepepBHICTH 3 WMOBipHi-
CTIO OVHUIIA JJId OIiHKY iMIIyJIbCHOI ITe-
pexigHol dyHKITIT

3 TeopeM MpO pIBHOMIPDHY HeEepEepBHICTb Maii-
JKe HAIleBHO TPAEKTOPIN KBapaTHIHO-TayCCOBUX
BUIIQJIKOBUX IIPOIECIB MOXKHA IMOKa3aTH, IO ITPU
[EBHUX YMOBaX OIHKa (2) IMITyJIbCHOI HepexiaHol
dyHKIIl Takok OylIe BUOIPKOBO HEIEPEPEBHOIO 3
MUMOBIPHICTIO OJTUHUATIS.

ITokazemo, mo upouec Zp(t) = Hp(r) —
EI:IT(T) € KBaJpaTIHO-TayCcCOBMM. Jlanmii dakT
TOJIi JIO3BOJIUTH 3aCTOCYBATH PE3YJILTATH, MO Oy-
JIM JIOBEJIEH] JIJIST KBaJIPATUIHO-TayCCOBUX BUTIAI-
KOBUX MPOIIECIB.
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Jlema 3. Bunadkosuti npouec Zr(t) = Hp(r) —
EHrp(r), T > 0, € K6adpamuuno-2ayccosum.

Hosedenna. Tlpouec ZT(T), 7 > 0, MOXKHa IIOfaTH
V BUTJISII

1 T
Ir(r) = /0 (V(E+7)X(8) — BY (¢ 4+ 7)X (8))dt.
(19)

OckinbKu KoKHA iHTerpasibaa cyma (19)

Z(Y(tk + T)X(tk) — EY(tk + T)X(tk» Aty
k

HasexKuTh pocropy SG=(Q), a cam mporec Zr(T)
€ TPaHUIIEIO [IUX CYyM B CEPEJIHbOMY KBaIPATUIHO-
My, TO ZT(T) € KBaJpaTHIHO-TayCCOBUM IIPOIIE-
com. OTKe, jieMa ITOBHICTIO JIOBEJICHA. O

Teopema 4.1. Hezxat X = (X(t), t € R) — cena-
pabeavrutl diticHosHaHutl cmauionaprutl 2aycco-
sutl npoyec, wo 36yproe cucmemy (1). Beasrcaemo,
wo cnexmpanvra wisvhicms f(t) npouecy X (t) e

obmesiceroro sup | f(N)] < oo i nepexiona pyrryia
AER
H € Ly(R). Todi, axwo suxonyemovca ymosa

[e.e]
/ |H*(\)[PA*¥d\ < 00, a€(0,1], (20)
—0oQ
Mo OUIHKG IMNYAbCHOT nepexrionoi dynxyii
suzandy (2) € pieHoMipHO 8UBIPKOBO HENEPEPEHOTO
na [a,b] 3 Gmosipnicmio oduruns.
Kpim moeo, axwo sukonyemoces (20), mo pos-
n00iA MOOYAA HENEPEPEHOCTIV Zr = Hr—EHp na
6idpisxy [a,b] ouinroemuves

4

)

P{ sup |Zr(t) — Zp(s)| >z p < 2Ma(b—a)etx
t,s€[a,b]
[t—s|<e
1
OND) 1— 2\ 2 _2$P(1—ap)2
X min <1+\f:13p( o p)) e veez pia
p€(0,1) €2

(21)

de K susnavero 6 (13).

Jlosedenns. 3 neMu 3 BUILIMBAE, 110 BUIIAIKOBUIA
uponec Zp(r) = Hp(t) — EHp(t), 7 > 0, €
KBaJ[PATUIHO-TAyCCOBUM. 3 HACJIJIKY | BUILIUBAE,
o 3a ymosnu (20) Mae Micre HepiBHICTD

N =

(BlZr(m) = Zr(m)P)* < Ko+ = %,
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ne a € (0,1], K, 3 (13). Tomy juist uporecy

Z7(T) BUKOHYETHCS HACIIOK 2 PO PIBHOMIpHY
BUOIPKOBY HEIEPEePBHICTb 3 HMOBIPHICTIO OIUHU-

1.

O

Crircok BUKOPHUCTAaHUX JI2KepeJl

1.

Bbyaduzin B.B. AcuMnTorwdHi BJIACTHBOCTI
KOpeJIOTPaMHUX OIHOK IMIyJIbCHUX TIepexi-
qaux pyHKIii giniitaux cucrem / B.B. Byn-
murin, LII. Baaxiescoka // Hayxkosi sicti

HTVYY "KIII”.— 2010.— Ne 4.— C. 16-27.

Buldygin V. On asymptotic normality of an
estimation of unit impulse responses of linear
system I, II / V. Buldygin, Fu Li // Theor.
Probability and Math. Statist.—1997.— Ne 54,
Ne 55— P. 3-17, P.30-37.

Buldygin V.Asymptotic normality of cross-
coorrelogram estimators of the response
function/ V. Buldygin, F. Utzet, V. Zaiats //
Statistical Infernce for Stochastic Processes. —
2004.—Ne7.—P.1-34.

Kosauwenxo FJ. llpo &kopesiorpaMHi OIlH-
iMIysbcHUX — TepeximHux  DyHKIHH  /
1O .Kozauenko, I.Pozopa // Teop. iimoBip. Ta

mareMm. cratuct.— 2015.— Ne 93.—C. 75-86.

Kn

Posopa I. IlIBuaxicTs 30i2KHOCTI HJIsT OIiH-
KM IMITyJIbCHOI IlepexifHol (yHKII y Ipo-
cropi Henepepuux Gyukiii / [.Pozopa
// Bicumk KHY.Cepist:diznko-maremarntni
nayku.— 2018.— Ne 3.-C. 30-36.

Posopa 1. Tlpo mBuakictb 3612KHOCTI 115t
OIIIHKH dbyuKIil
y mupocropi L,(T) / LPosopa // Bicuuk
KHY.Cepist:pisuko-mareMaTnaHi
2018.— Ne 4.—C. 36-41.

iMmysbcHOI  TepexigHOol

HayKH.—

Kosauenxo FJ. YwmoBu BubIipKOBOI
pepBHOCTI 3 WMOBIPHICTIO OJWHUIS  JIJIS
KBaIPATUIHO-TAYCCOBUX BHUIAIKOBUX IIPOIIE-
cis / F0.Kozauenko, I.Posopa // Teop. iimo-
Bip. Ta Mmarem. crarucr.— 2019.— Ne 101.-C.
134-146.
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5 Bucuosku

B poborti posrisimaiack KopeaorpaMHa iIHTerpaJib-
Ha OIliHKa IMITYJILCHOI ITepexianol pyHKI JTiHiifHOoT
OJIHOPIHOT cHCTEeMHU. 3HaiJIeHO J0CTaTHI yMOBHU
piBHOMIpHOI BHOIPKOBOI HEEPEPBHOCTI JIJIsI OITiH-
KI IMITyJIbCHOI IepexifHol (PyHKIIT Ta OTpUMAHO
POBIIOILT MOJTYJIsl HEIIEPEPBHOCTI JIjIsi HHOTO.
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B pobomi docaidocyemuvea poss’asox sadaui Kowi 0an pieHarHA MENAONPOSIOHOCTNT HA NAOULUNIT,
KOAU NPAGa 4Yacmuta € 8unadkosum noiem 3 npocmopy Opaiva.

Karwmosi crosa: sunadkosi npoyecu 3 npocmopy Opaiva, pieHAHHA MENAONPOSIOHOCTIVE, OUiHKaA 0AA
PO3NOJLAY CYNPEMYMY PO38 A3KY

The heat equation with random conditions is a classical problem of mathematical physics. Recently,
a number of works appeared, which in many ways investigated this equation according to the type of
random initial conditions. We consider a Cauchy problem for the heat equations with a random right
part. We study the inhomogeneous heat equation on the plane with a random right part. We consider
the right part as a random function of the Orlicz space. The conditions of existence with probability
one classical solution of the problem are investigated. For such a problem has been got the estimation
for the distribution of the supremum solution. Key words: stochastic processes of the Orlicz space, heat
equation, estimation for the distribution of the supremum solution.

CrarTd npucssdena cBiTiiit mam’siti npod. Kosauenko 10.B.

1 Bcryn com. JlinifiHoMy PIBHAHHIO TEILIONPOBiTHOCTI He-
ITApHOTO TOPSIKY 3 BUIAIKOBUMHU OYATKOBUMH
yMoBaMHu pucBsadera pobora berin 1., Koszauenka
IO. Ta in. [5]. ¥ poGorax Kozauenka }0.B. ta Be-
pem K. I1. [6, 7] obrpynToBano 3acTocyBanHs Me-
Toxy Pyp’e Ajis OIHOPIAHOrO MapabOIiIHOTO PiB-
HAHHS 3 BUMNAJKOBUMH IOYATKOBUMHU yMOBaMU 3
npocropy OpJtida, 3HAAIEHO OIIHKK PO3IOILILY CY-
[IPEMYMY PO3B’si3Ky OJIHOPITHOTO PIBHSHHS TEILIO-
MIPOBIAHOCTI 3 BUNAIKOBUMU ITOYATKOBUME yMOBa~
Mu 3 npoctopy Oputida, HEOIHOPIHOIO PiIBHSHHS
TENJIOPOBITHOCTI 3 BUIAJKOBOIO IIPABOI0 YaCTH-
Hoio i3 npocropis Opmiva. Y poborax Kozadenka
10.B. ra Cimska-Twinmax I'.1. [8, 9, 10| 3uaiieHno
JOCTaTHI yMOBH ICHYBaHHS 3 IMOBIPHICTIO OJIMHUIIS
KJIACUYIHOTO PO3B 13Ky 3as1a4i Ko jiyist piBHSAHHS
TEIJIONPOBIJIHOCTI Ha MPAMIiif, KOJIU IIpaBa YacTH-

PiBugnnas TemionpoBigHOCTI 3 BUIIAJKOBUMHU I10-
TaTKOBIMHU YMOBaMH € KJIACHIHOIO 33Ja1€el0 MaTe-
MaTu9HOI PizuKu. 30BCIM HEJABHO, KiJIbKa BYCHUX
JTOCJTIIZKYBAJIN PO3B’sI30K PiBHSIHHS TEIIONMPOBiI-
HOCT1 B 3aJIe?KHOCT1 BiJ[ PI3HUX THUIIB BUIIAIKO-
Bux ymoB. Po6oru H.E. Paranosa Ta in. [1], B.A.
Boituincki [2], [I. Cypraiiaica i B.A. Boituincki
[3] micTsaTh BusaTHI pesysbraTH 110 1iil TeMaTHI.
3okpeMa, OTpUMaHI I'DAHUYHI TEOPEMU It PiB-
HJHHS TEIJIONPOBIIHOCTI 1 MOB’sI3aHi 3 HUM d|e-
pe3 Xomnda-Koyna rpancdopmariii, Tak 3BaHi piB-
HsiHHsi Broprepca. B mpami FO.B. Koszauenka Ta
I M. Jleonenko [4] mocmimkyerbes 3amada Kol
JJ1s1 PIBHAHHS TEIJIOIPOBITHOCTL, KON ITOYaTKOBA
YMOBA € CTPOT0 CyOrayCCOBUM BHIIAIKOBUM IIPOIIE-

© T'I. Cimeka-Tunumak, M.M. Muxaciok, O.0O. IToropinak, 2020
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Ha € BHIIQJIKOBHUM II0JIeM 3 1pocTopy Sub,(§) Ta
rpocropy OpJiida, a Tako»K 3HAHIEHO OIIHKU JIJIst
POBIOMIIY CyNpeMyMy Jjisl BiJIIIOBIAHUX PO3B’d3-
KiB.

Y poboTi moCTiIKYEThCs PIBHSIHHS TEILJIOTPO-
BiJIHOCT] Ha ILIOIIWHI, KOJU IIpaBa YaCTUHA € BU-
majKoBUM TojieM 3 npocropy Opiiga. st mamol
3a7a4i OTPUMAHO YMOBH ICHYBaHHS 3 IMOBIpHICTIO
OJIMHUIIA KJIACUYIHOIO PO3B’SI3KY Ta OIIHKH JIJIst
POBIIOITY CYIIPEMYMY PO3B’S3KY.

2 Bwunaakosi nporecu 3 npocropy OpJiua

Osnavenns 2.1. [11] Ilapna memepepBHa omykJa
dbyukuis U (z) nasusaerses C-dynkiiero Opoiva,
sxio U (0) =01 U (z) 3pocrae upu x > 0.

Osnavenns 2.2. [11] Ipocropom Opmiva Ly (€2)
BUIIAIKOBUX BesinanH, nopojkennm C-dyHKIieo
U (x), HasmBaeTbCs TaKWil IIPOCTIP BHIAIKOBHX
BesimunH & (w) = &, w € §, gKio it KOKHOT £ €
Ly () ichye Taka KoHCTaHTa T¢, Mo Eu <£> <

Te
.

Osnavenns 2.3. |11] Ilponec X = {X (t),t € T}
HasekuTh upocropy Opmiva Ly (), sakmo mis
BCix t € T Bunajkosa Besananaa X (t) HaJIeKNTH

Ly ().

Teopema 1. [13] Hewatii R¥ - k-cumipruii npo-
cmap,

d(t,s) = 11211322 |t: — sil,

T = {0<t<Ti=1,2,...,k}, X, =
{X,(t),t €T}, n=1,2,... - nocaidosnicms 6u-
nadKosuUI NPOUECs, wo Hasexcams npocmopy Op-
A1Ma BUNAIKOBUT BeAUNMUN, de OAL PYHKUTE U BUKO-
nyemoca g-ymosa. Hexalli sukonyromoves ymosu:

1) npouecu X, (t) - cenapabeavni;

2) X,(t) = X(t) npun — oo, t € T 3a Gdmo-
B1PHICNIO;

3) sup sup [|Xn(t) — Xu(s)| < o(h), de
d(t,s)<h n=T,00
o = {o(h),h > 0} maxa nenepepsra moro-
mownna 3pocmaroua dyrkyis, wo o(h) — 0
xoau h — 0;

4) Oas deaxozo € > 0
€ k T
(-1 ot
/U (1_[1 (20(1)(u) + 1>) du < 00,
0 =

de o=V (u) — ymruia obeprena do o(u).
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Todi npouecu X, (t) 36izaromuves 3a GmosipHicmio
6 npocmopi C(T).

Teopema 2 ([6]). Hexati (T, p) mempuunud kom-
naxmuud npocmip, N(u) — mempuuna macue-
nicmo npocmopy (T, p), X = {X(t), t € T}
— cenapabesvruti 6unadko6uli NPOYEC i3 NPOCMO-
py Ly (), de dasn U sukonyemocs ymosa g. He-
zal icnye maxa dynkyia o = o(h), 0 < h <

sup p(t,s), wo o(h) monomonno spocmae, Hene-
t,seT
PEPBHA 1 MAKA ULO

sup || X(t) — X(s)||z, < o(h).
p(t,s)<h

Hrwo 0as dearo2o € 6UKORYEMBCA YMOBA

£

/XU (N (U(_l)(u)» du < 00,

0

de

B n, n<U(z);
xu(n) = { CyUY(n), n> U(Zg)7

Cuy = k(1 + U(z9)) max(1, A), 29, k, A — xon-
cmanmu 3 osnavenna (?2), oYV (h) — $ymuxuia
obeprena do o(h). Todi 3 imosipnicmio oduHuys
sunadrosa eesuvuna sup | X (t)| nanesrcumv npo-

teT
cmopy Ly (2) ma
sup [X(1)[|| <
terT U
1 wob
- (-1 —
Xl + gy [ v (8 (+w) )
0
B(to, 0),
de ty — Jdosiavna mouka 3 T, wy =

o(supp(to, t)), 0 < 0 < 1. Kpim moeo, das
teT

6ydo-axozo € > 0 mae micue HEPIBHICTMD

Plaors<) < (v ()
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3 PiBHsHHS TemJIONPOBITHOCTI HA MJIOIIU-
Hi 3 BUIIaJIKOBOIO MPABOI0 YACTUHOIO

Posrisinemo zajaay Komri juist piBHAHHST TeILIo-
IPOBIIHOCTI HA IIJIONIMHI

ou(z,y,t) o u(z,y,t)  0%u(z,y,t)
ot - Ox? + dy? +
£(z,y,1), (1)
—o0o < x <400, —oco<y<4oo, t>0,

3 MOYATKOBOIO yMOBOIO
u(z,y,0) =0, —o0 <z < 400,—00 <Yy < 400,
2)
Hexaii €(x,5,1) = {€(n,0,0), (1,9) € R, t >
0} — BubipkoBO HellepepBHe 3 IMOBIpHICTIO OJU-
HUI BUNAJIKOBe moJsie 3 npocropy Opuiiva, Ta-
ke mo E&(z,y,t) = 0, E(¢(z,y,1))* < +oo.
B(z,y,t,u,v,s) = E(z,y,t)¢(u,v,s) — KoBapi-
ariitaa ¢yHkuist Bumnakosoro mnpouecy &(x,y, t).
Hexait B(x,y,t,u,v,s) HenepepsHa QyHKITis.

Teopema 3. Hexatl ichyroms tnmeepani:

t
1

G(u,v,t) = 277/6“ )N E (w0, 7)dr,

0

1 “+00 +00

é(u,v,r)zz/ /cosxucosyvﬁ(x,yﬁ)dxdy,
T

1
+00 400

u(z,y,t) = / /cosa:ucosva(u,v,t)dudv.

—00 —00

(3)

Hrwo icryroms nacmynmi iwmezpants

—+00 +00
/ / usin zu cos yvG (u, v, t)dudv,

—00 —O0

—+00 +00

//vcosxusinva(u,v,t)dudv,

—00 —00
“+00 +00
/ /u2cosxucosva(u,v,t)dudv,

—00 —O0
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400 00
/ /vQCosxucosva(u,v,t)dudv
—0o0 —00

i nocaidoerocmi n, Gn, — 00, by, bp — 00 npu
n — oo ma k — 00, maxi, wWo OAf JOGIALHUL
A >0, B>01T >0 nocaidosnocmi inmezpanie

+an tbg
(4)

cos zu cos yuG (u, v, t)dudv,

—an —by,

+an +by
usin zu cos yvG(u, v, t)dudv,
—an —by
+an +bi
v cos zu sin yvG (u, v, t)dudv,
“an —by
+an +bg
u? cos zu cos yuG(u, v, t)dudv,  (7)
—an —by
+an +bi
v? cos zu cos yvG (u, v, t)dudv  (8)
—an —by

3012a0MbCA  PIBHOMIPHO 30  TMOBIPHICTNIO OAA
lz] < A, |yl < B, 0 <t < T, modi pynryin
u(x,y,t) 6yde kaacuurum pose’askom 3adawi (1)—

(2).

Hosederns. OCKUIBKE TOCIIIOBHOCT] iHTErpaJiin
(4)—(8) 3biraroTbCst PIBHOMIPHO 3a HMOBIPHICTIO B
obmacti |z| < A, |yl < B, 0 <t < T, 1o icuy-
IOTh IiJIIOCIIIOBHOCTI ¢y, ¢ — 00, df, di — 00
opu n — o0 Ta k — 00 MOCAimoOBHOCTEH a, i by
BIJIIIOBI/THO, TaKi IO MOCJIIJIOBHOCTI iIHTETrpaJiB
+cn +di
cos zu cos yvG(u, v, t)dudv,

—Cn —dj

+cn +dg
usin xu cos yvG (u, v, t)dudv,
Zen
+cn +di
v cos zu sin yvG(u, v, t)dudv,
Zen —d,
+cn +dg
u? cos zu cos yvG (u, v, t)dudv,

—Cn —dg
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+cn +di

v? cos zu cos yvG (u, v, t)dudv

“en —d,,
36irafoThCs 3 HMOBIPHICTIO OJIMHUIS 10 HACTYITHAX
iHTerpaJiB Bi/IIIOBIIHO

“+o00 +00o

/ / cos zu cos yvG(u, v, t)dudv,

—00 —00

+0o0 +0o0

/ / usin zu cos yvG (u, v, t)dudv,
—00 —00

+o0 +0o0

/ / v cos zu sin yvG(u, v, t)dudv,
—00 —00

400 +00

/ / u? cos zu cos yvG(u, v, t)dudv,
—00 —00

400 +00

/ / v? cos zu cos yvG (u, v, t)dudv
—00 —o0

piBHOMIpHO 15t || <

Ayl <

Bgenemo mosnadeHHs

0<tT.

+cpn +dg

unk(x7 Y, t) =

—Cn —dy

cos zu cos yuG (u, v, t)dudv.

(9)
Hudepennitooun (9) 3a 3minauMu z, y Ta t, Mu
OTPUMAEMO

Oupi(x,t)
ot
+cn +di
—a? / (u® + v?) cos zu cos yvG (u, v, t)dudv+
—cn —dy,
+cn +di
—I—% / / cos zu cos yvé (x, y, t)dudv,
Zen
Ui, t) B
Ox2
+cn +di
— u? cos zu cos yvG (u, v, t)dudv,
e —dy
Oupi(x,t)
Oy?
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+en +d
— v? cos zu cos yvG (u, v, t)dudv.
Zen Zdy,
Orxe,
i (x,t) _ 2 (02unk(x,t) 0 unk(:c,t)> N
ot Ox? oy?
+en +dy,
+% / / cos zu cos yvé (z,y, t)dudv,
Zen Zd,
1> 0] <Ayl < B.
Toxi mpu nk — oo
7au"’€éf’y’t> 36iraeThC 110 8u(g£y’t),
Punk(z.y,t) Pu(z,t)

30ira€ThCs 10

Ox? oz
82unk(xay7t) 3 02u(x,t)
o 30iraeTbcs 10 97

piBrOMipHO miist |z| < A, |yl < B,0 <t < T3

WMOBIPHICTIO OJUHMIIS. OT)Ke7 upu nk — 00 Mu
orpuMaeMo, o u(z,y,t) 3aJ0BOJIbHSE DIBHSIHHS

(1). 0
HiitcrHo
Qu(@,y,t) _
o
+00 +00
—@2/ /(u2+1)2)cosxucosva(u,v,t)dudv—i—
1 +o00 400
—i—/ /cosmucosyvé(az,y,t)dudv:
T
Pu(z,y,t)  0?u(z,y,t)
2 s Y s Y
—a ( R >+§(x,y,t).

Jlema 1. Hexati &(x,y,t) — 6ubipkoso nenepeps-
He sunadkose noae 3 npocmopy Opaiva 13 3a0aH010
Kosapiayitinoto gynryiero B(x,y,t,u,v,s). Hexal
oas ecix t > 0, s > 0 sukonyomMbCA YMosu:

1) Ienyromov noxiowni %, k =
% B(x,y,t,u,v,s)

0,...4:7 l+m k W’ k =
0,...4, p+q=k;
+oo+oo

2 P%%ﬁsmw<B@mm<
—00 =00
o, k 0,...4, I + m =k,
+oo+oo ¥ B(x,y,t,u,v,s)

J [P ayddv < B(k,p,q) <

—OO OO
o0, k=0,...4, p+q=k,
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k d
5) LBGptavs) L0k = 0,..4, 4+ m =k, T
k v* cos xu cos yvG(u, v, t)dudv.
npu r — 00 abo u — 0. 9 Blwy.tuv,s) B(;;ggg‘;’”’s) — yoG(u,v,t)
0,k=0,...4, p+q =k, npuy — oo abo —Cn —dj,
v — OQ.

To0i 3 iMOGIPHICMIO 0OUHUUA ICHYIOMD THIME2PAAU

400 +00

/ / cos zu cos yvG(u, v, t)dudv,
—00 —00

+00 +00
//usinxucosva(u,v,t)dudv,
—00 —o0

+00 00
//vcosxusinva(u,v,t)dudv,
—o0 —o0
+00 +00
/ /u2cosxucosva(u,U,t)dudv,

+00 +00
/ /1)2cosxucosva(u,v,t)dudv.

Josedenns. JloBeseHHsI JIeMU BUILIUBAE 3 JOBEJIC-
HHst jtemu 2.6 poboru [9). O

[Tozumaunmo misa n > 1

ul(z,y,t) =

+cn +dg
cos zu cos yvG(u, v, t)dudv,
—Cn —dk

uD (2, y,t) =

+cn +di

usin zu cos yvG (u, v, t)dudv,

—Cn —dj
2
Uy (@, 1) =
+cn t+di
v cos zu sin yvG(u, v, t)dudv,
—Cn —dk
3
ug () =
+cn +dk
u? cos zu cos yvG(u, v, t)dudv,
—Cn 7dk
4
upy (@, 1) =

Teopema 4. Hexati £(x,y,t) — 6ubipkoso Hene-
pepsHe 3 LMOGIPHICTNIO 00UHUYA BUNAJKOBE NoAE 3
npocmopy Opaiua, 0af AK020 BUKOHYIOMBCA YMO-
eu semu 1 4 0dan j=0,1, 2, 3

sup 7, (i (0. 1) — ul (o1, 1)) < oy (h),
|lz—x;|<h
y—yi|<h
|t—t1|§h

de 0j(h) — menepepeni MOHOMOWHO 3POCMAIONI

pymruii, maxi wo oj (h) — 0 npu h — 0, i suxo-
HYEMBCA YMOBA:

[ve ((A n 1)
0+ UJ(-_l)(u)
B T
7(7](71)(“) +1 7203('71) @ +1|]du< oo

(10)

de o' (e) — obepneni dynwyii do oy (e).
Toodi gynxuyis u(z,y,t), wo 306pasicena y 6u-
ensdi (3) 6yde kaacuvuHUM PO36°A3KOM 3a0a4T

(1)~2).

Zlosedenns. Jlana Teopema BUILINBAE 3 Teopemu 1
i Teopemu 3. O
3.1 Omiaka po3noaijly cynpemymy
PO3B’A3KY PIiBHSIHHS TEIJIOIIPOBIJI-
HOCTi HA MJIOMIMHI 3 BHUMIAJIKOBOIO
MMPaBoI0 4acTuHOIO 3 mmpoctopy Op-
Jgiga

Teopema 5. Hexati 6 ymosar meopemu 2

T ={(z,y,t): ze[-A A,

p(x, x1,y,y1t, t1) = max{ |z — 1|, [y —y1|, [t — 1]}

Hexaii
+00 400
u(z,y,t) = / /cosxucosva(u,v,t)dudv,
—00 —00
de
t
G(u,v,t) 217r/€ a® (u?+v?) T)E(U,U,T)dT,
0
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) 1 400 00 ma
(u,v,7) = by / / cos zu cos yvé(x, y, 7)dxdy,

—00 —O0

€ cenapabeavrutl 6unadko6ull NPOYUEC 3 NPOCNOPY
Ly(Q), i ¢ynxuia U 3adosoavuae g-ymosy. He-
xal ICHYE MOHOMONHO 3POCMAOYa PYHKYIs o =

U(h)7 0 < h < sup ﬁ(wilayvylatatl) maxa, wo
t,seT

sup 7y (u(z,y,t) —u(z1,y1,t1)) < o(h).
lx—z1|<h
ly—y1|<h
t—t1|<h

Hrxwo das dearozo €

for G 1)

<U(_§(u)+1><20(_Tl)(u)+1>>du<oo,

de o=V(h) — obeprena @ymruia do o(h), mo
3 IMOBIPHICTI0 00UHUUA GUNAOKOBA GEAUMUHGA

sup |u(z,y,t)| naresrcumv npocmopy Ly ()
(zyt)eT

Cnucok BUKOPHUCTAaHHUX J2KepeJl

1. Ratanov N. E. Stabilization of the statisti-
cal solution of the parabolic equation / N. E.
Ratanov, A. G. Shuhov, Yu. M. Suhov // Acta
Appl. Math. — 1991. — 22. — P. 103-115.

2. Woyczynski W. A. Burgers-KPZ Turbulence
/ W. A. Woyczynski // Lecture Notes in
Math. — Springer Verlag, Berlin, Heidelberg. —
1998. — Vol. 1700.

3. Surgailis D. Limit theorems for the Burgers
equation initialized by data withlong-range
dependence / D. Surgailis, W. A. Woyczynski
// In: DoukhanP., Oppenheim, G., Taqqu, M.
S (eds. ) Theory and Applications of Long-
range Dependence. — Birkhausser, Boston,
2003.

4. Kozachenko Yu. V. Extremal behavior of the
heat random field / Yu. V. Kozachenko, G.
M. Leonenko // Extremes. — 2006. — 8. — P.
191-205.

5. Beghin L. On the solution of linear odd-order
heat-type equations with random initial / L.
Beghin, Yu. Kozachenko, E. Orsingher, L.
Sakhno // Journal of Statistical Physics. —
2007. — Vol. 127, No. 4. — P. 721-739.
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(z,y,t)eT Lu
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- Gt O N S |
Toa—0) Jv <<a<l><u>+ )
0

(2ot} (1) o

= B(x07y07t07 0)7

de (x()vyOvtO) € T; wo = U(Supp(x07x7y07y7t07t))7 0<

teT
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Ceped cmapur pe3ysvbmamis € auuLe OKPeMms PE3YALMAMU NPo 300pactcy8asbHUT MUN HANIB2PYN,
a came 0aa ckinuennoi yinkom npocmoi nanieepynu (1. C. Ionisoscvkutl) ma deaxux naniéepyn 6cix
nepemeopens crinuennol mnootcuny (I C. ITonizoscorut, K. Pineeav); 6 yux pobomax po3zasdascs
CKINYEHHUT 300pancy8asoHUl mun. AKu0 oc 2060pumMuU MPo HO8T PESYALMAMU, Ma We U OAL KAACIS
HAMIB2PYN, MO AP0 GIO3HAMUU POOOMU NPO 300DAAHCEHHA HANIB2PYN, TOPOOHCEHUT 10eMNOMEHMAMU
3 YACMKOBUM HYALOBUM MHodcennam (B. M. Bondapenko, O. M. Tepmuuna), nanisepyn, nopodsrcenu
nomenmuumy esemernmamu (B. M. Bondapenkxo, O. B. 3ybapyx) i 306pasicenns npamur 0o6ymxie
cumempuuroi nanisepynu opyeozo cmenena (B. M. Bonwdapenxo, E. M. Kocmuwun). Taxi nanieepynu
MOHCYMb MAMU AKX CKIHYEHHE, MK T HECKIHYEHHE YUCAO HEPOSKAGOHUL 300padHCEHD.

B. M. Bondapenxo i . B. Bauiza onucaru 306pascysasvhi munu HaNic2pyn mpemmso20 nopadxy
Ha0d NOAEM T 8KA3ANU KAHOHIYHY POPMY MATNMPUSHUL 300padicenDd OAL Q06LALHOT HANIG2ZPYNY CKIHYEHHO020
300pasicysanvrozo muny. Lla cmamma npuceauena dOCAIONCEHHIO GHANOZIMHUL 3a0aY Oad HAOHANIG-
2PYN KOMYMAMUBHUL HANIB2PYN.

Karomosi caosa: noae, Hadnanic2pyna, SU3HAUAAGHT CNIBEIOHOUEHH.A, MATMPUIHT 300PAHCERHA, PY-
wHa § JUKG HANIB2PYNG, HANIEZPYNA CKIHUYEHHO020 | HECKIHYEHH020 MUNIE, KAHOHINHA HOPMA.

Among the old results, there are only some results on the representation type of semigroups, namely,
for a finite quite simple semigroup (I. S. Ponizovsky) and some semigroups of all transformations of a
finite set (1. S. Ponizovsky, C. Ringel); these papers were discussed on finite representation type. If we
talk about new results, and even for semigroup classes, then it should be noted works on representati-
ons of the semigroups generated by idempotents with partial zero multiplication (V. M. Bondarenko,
O. M. Tertychna), semigroups generated by the potential elements (V. M. Bondarenko, O. V. Zubaruk)
and representations of direct products of the symmetric second-order semigroup (V. M. Bondarenko,
E. M. Kostyshyn). Such semigroups can have both a finite and infinite representation type.

V. M. Bondarenko and Ja. V. Zatsikha described representation types of the third-order semigroups
over a field, and indicate the canonical form of the matrix representations for any semigroup of finite
representation type. This article is devoted to the study of similar problems for oversemigroups of
commutative semigroups.

Key Words: field, oversemigroup, defining relations, matriz representations, tame and wild semi-
group, semigroup of finite and infinite types, canonical form.

CrarTio ipejcraBuB 1.¢.-M.H., mpod. [lerpaBuyk A.Il.
1. Beryn. g crarras npucBsieHa MmaTpu-

YHUM 300paykeHHsIM HaJIHAIIBIPYI CIIEIiaJbHOIO
BUIVISALY, $IKI 3iCTABJ/SIIOTBCS 3aJaHIN HamiBrpyi

TPETHOTO MOPSIIKY.
Hamisrpynu TpeTnoro mopsijiky BHepIIe OIH-
cap T. Tamypa B 1953 p. [1]. I. E. ®@opcaiitr B

© B. M. Bongapenko, O. B. 3ybapyk, 2020
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1955 p. |2] orpumas anasoriYHMii pe3ysbTaT 3a J10- S = 8\ (¢) := (0,b,¢) = (b,c): b¥? =0,
IIOMOT'OI0 KOMII'ToTepHOI nporpamu. B obox crar- be =0, c¢b = 0;

TSIX OIIAC OTPUMAHO 3 TOUHICTIO 70 i3oMOopdisMy Ta

bc) .__ - _ L Rh2

AyanabHOCTI B TepMminax Tabsmms Kemi. Hamisrpy- ) st =5 (be) := (0,b,¢) = (b,¢): b* = 0,
M TPeThOro NOpsIKY BUBYajucd misuime B [3]- ¢ =& cb=0;

[6]. MinimManbHi cucreMu TBIPDHUX Ta BiIIOBIIHI geh) .— g \ (¢b) = (0,b,¢) = (b, c): B =0,

BHU3HAYAJIbHI CIIBBITHOIIEHHsI JJIS BCIX TaKUX Ha-
niBrpyn Brasami B [6].

3rizHo 3 pesyiabratamu poboru [6| KomyTa-
THUBHI HAIIBI'PYIIM TPETHOTO IOPSJIKY, IO HE € Hi
MUKJIYHAMUA, Hi TUKTIYHIMA 3 [TPUETHAHUM OJTH-
HUYHUM 49U HYJBOBUM €JIEMEHTOM (& BOHU HE € Iii-
KABHMH ), BUYEPILYIOTHCsSI TAKIMU HAIIBIDYIAME:

a) (0,b,¢) = (b,c): > =0,c* =0, bc = cb = 0;

b) (0,b,¢) = (b,c): ¥* =0, 2 = ¢, bc = 0,
cb = 0;

c) (0,b,¢) = (b,c): B> = b, ¢ = ¢, be = 0,
chb = 0;

d) (0271)70) == <b, C)I b3 = b27 03 = c, b2 — 027

bc=c, cb=c.

Bci Bummcani cucremm TBIipHHX € MiHiMaJTb-
HuMHU. B Kpyranx ay2KKax BKa3aHO BCi €/IEMEHTU
HaIiBIPpyn#, a B KyTOBUX JyKKaX BKa3aHO MiHi-
MaJIbHy cucTeMy TBipHEHX. T'puBiajbHi BU3HaAYAJIb-
Hi CHIiBBiTHOIIEHHHA JIJI OJMHUYHOTO 1 HYJIHOBOT'O
TBIPHUX (SIKIIIO BOHU €) HE BUIHMCYIOTHCSI.

Briguo 3 [6, Teopema 1| namisrpynu b) — d) €
HAIBIrpyHaMu CKiIHIEHHOTO 300parKyBaJIbHOTO TH-
1y HaJl goBlibHIM nosteM K (ToOTO MaroTh, 3 TO-
YHICTIO JI0 €KBIBaJIEHTHOCTI, CKIHUEHHE YHUCJIO He-
POBKJIaHUX 300pazkeHb), a HAIIBIPyIa a) — py-
YHOIO HAIBI'PYIOK HECKIHYEHHOTO 300paXKyBajib-
HOrO THILY (BIIHOCHO O3HAYEHHS PYYHUX Ta JUKUX
MaTpUYIHUX 3a7a4 auB. podory FO. A. Iposna [7]).

Y crarri [8] aBropamn posriisiiajacst HalliB-
rpymna c), MOpPOJZKEHA JBOMA B3a€MHO AHYIHOB-
HUMW ifemioreHTaMu. ByB BusHadenuit 300pa-
JKYBaJIbHUI THUI JIIS HaJHAINBIPYIl TakKol Ha-
MBIPyIH, fKi OyJIyIOThCA MPUPOIHUM UUHOM IO
BU3HAYAJIBHUM CIIBBIIHOINEHHAM. Y IIiif cTaT-
Ti aHAJIONIYHUI PE3yJIbTAT OTPUMAHO JIJIsi HAINB-
rpynu b), HOPOJKEHOT B3aEMHO AHYJIBOBHUME 2-
HIIBIOTEHTHUM 1 2-moTeHTHUM (1€MIOTEHTHIM )
eJIEMEHTaMU, SIKy II03Ha49aeMO depes S.
CIIiBBITHOIIIEHHS
b =0,c® =¢ bc =0, cb =0 Binnosinmo yepes
(b), (c), (bc), (cb) 1 BBeZIEMO HACTYIIHI HATIIBIDYIIN:

SO = S\ (b) := (0,b,¢) = (bc): & = ¢,
bc =0, cb = 0;

IToznaunmMo BuU3HAYAILHI

2 =c, bc=0.
ITokmamemo

S0 = S\ {(x), (y)} s
2,y € {(b), (¢), (be), (eb)}, = # y;

Slews) = S\ {(.%'), (Z/), (Z)} AL
21,2 € (D) (0), (b0), (D)} 7 £y, 2 2,y £ 7

OueBuHO, IO IpPHU [EPECTAHOBIN &,Y, 2 Ha-
MiBrpyIu S(@w) i §(@¥:2) ye suminoorbes. Beegeni
TaKUM YHHOM HAIIBIPYIN JIJIsT HAINBrpyHu S Ma-
10Th akTOp-HALIBrpyIly, i3oMopduy S, TOOTO €
Ha[HAIIIBrPpYIIAMHU HAIiBrpymnu S.

CdopMmyaioeMo OCHOBHMIT —pe3yJbTaT — Iel
CTaTTi.

Bci maTpuuni 300pakeHHsT PO3I/ISAIAIOTHCS
HaJl JOBLIbHUM piKcoBaHUM mojieM K.

Teopema 1. s goBibHOTO HOJIT K MAOTH
MicIle HACTYIHI TBEPJIZKEHHSI.

1) S (#) — HamiBrpyna cKiHYeHHOro 306paKy-
BasibHoro tuity st « € {(be), (¢b)};

2) S (@) pydHa HaliBI'pylla HECKIHYEHHOI'O
300pazkyBasbHoro tuny st x € {(b), (¢)};

3) Szy) pydHa HAIBIpyIlla HECKIHYEHHOTO
300paxKyBasbaoro tuny 1isa x,y € {(b), (c)} abo

z,y € {(be), (ch) };

4) Slay) JUKa HAIMBIPyNa JJjIs
€ {(b), ()}, y € {(bc), (cb)} abo x € {(bc), (cb)},
y € {(0), ()}
5) 8 (@y,2) JIUKa HAIMBrpyna JUId JTOBIIbHUX

,y,2 € {(b), (¢), (bc), (ch)}.

2. JloBeneHHsi TBepKeHHs 1) TeopeMu
1. Marpurist 306pakeHHs1, IO BiAIOBiTae TBipHO-
My eJIeMEHTY b, ¢ TO3HAYAEThCs BiIIIOBIIHO Uepes
B, C. F nosHadae OIUHUYIHY MATPHUIO OYIb-SIKOT'O
posmipy n x n (n > 0).

TBepmkennst 1) Teopemu 1 BummBae i3 Ha-

CTYIIHOI TE€OPEMU.

Teopema 2. Kanoniuna dopma jijist MaTpud-
HUX 300parkeHb HAIIBIPYIIH

N = (O,b,C): <b,C>Z b2:07 C2:Ca bc =0
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TakKa:
00 0O0O0OO0O0 FEO
00 0O0O0OFE 0 0O
00 0O0O0OO0 O0 0O
00 0O0O0OFE 0 0O
B=]1000O0O0TO0OZFE£ 0 0],
00 0O0O0OO0O0 O0O0
00 0O0O0OTO0OO0O O0O
00 0O0O0OO0 O0 0O
00 0O0O0OO0OO0O O0O0
E 0 0 0 0O0O0O0TO 0
0O EFE 0 0O0O0O0OO0OQ
0 0 E 0O0O0O0OO0OQO
0 0 0O0O0OO0OO0OO 0O
C=]10 0 0 0O0O0O0OO0OTO
0 0 000 O0OO0OO 0O
0 0 0O0O0OO0OO0OTO 0D
0 0 0O0O0OO0OO0OO 0D
0 0 0O00OO0OO0OTO 0D
Tiiicro, S = N, a S®) = NP e NP

— JayasbHa J0 N HamiBrpymna (3 omeparjiero MHO-
JKEHHsI T 0 iy = Yx), MATPUIHI 300pAKEHHSI SIKOI
OTPUMYIOTHCH i3 MaTpUIHUX 300parkeHb [N TpaHCc-
MIOHYBaHHAM BCIX MaTPHUIIb.

HoBenennst reopemu 2. 3 marputismu B, C
MOKHA POOUTH OJHOYIACHI ITEPETBOPEHHS O IIOHO-
cri i jmmre 1x (60 came Taki 1epeTBOPEeHHs Bijio-
BIZIAIOTH [TEPEXOJLY /10 eKBIBAJIEHTHIX 300ParKeHb ).
3a IOMOMOr0I0 TAKIX EPETBOPEHD ITPUBEJIEMO Ma-
Tpumio C g0 HopMmasbHol ¢popmu 2Kopjana B Ta-

KOMY BUIVISIi:
E 0
¢= (0 0) '

[Ilo6 me HArpoOMa >KyBaTH IiHIEKCH, PUBEICHY
Matpuiito C, a TakKoXK MATPUIIO B, sKa Ipu 1b0-
My $IKOChb 3MiHHUJIACH, Oy/IEMO MO3HAYATA TUMHU 2K
camumu OykBamu (1 UM NPUHIUIIOM OYIEMO KO-
pucryBarucs i Hagau). Tozi, micias po3durTs Ma-
Tpuii B Ha 6si0Ku (Takoro K po3mipy, sk i 6J10-
ku marpuni C) i Bukopucranus pisHocri BC' = 0
(sika BiJIOBiIa€ BU3SHAYATIBHOMY CIIIBBIHOIIEHHIO

0 0 Bz Bu X110 0 0

00 E 0 0 Xop Xoz Xog
0 0 0 0 0 X320 X33 X34
0 0 O 0 0 Xpo Xyu3 Xy

[TepemuOKUBIITE MaTPUIT, MAEMO PIBHICTH
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bc = 0), BOHA Ma€ BUIJIsIL

B
B=(Y By,
0 Bs
ne B1, By — nesxi marpuni. Pisricts B? = 0 exBi-
BaJieHTHA piBHOCTAM B1Bs = 0 i B% = 0. Ilepe-

TBOPEHHSIME ITOJIOHOCTI MPUBEIEMO MATPHUIO B
J10 HopMaJtbHOT popmu 2Kopiana y BATISI

0 FE
By=10 0
0 0

o O O

(sika mepecTaBHO MOJIOHA HpPsIMiK cymi Biamosij-
uux kaitun 2Kopaana).
Pozi6’emo marpuiio B Ha HOBI 610Ku:

Bis By
FE 0
0 0
0 0

Cuissinnomtennst B2 = () ekBiBaJIcHTHE CIIIBBIIHO-
mennio By = 0.

Temep 3’s1cyemo, KoM MaTpUdHE 300PaKeH-
st R = {B, C'} exBiBajieHTHE MATPUIHOMY 300pa-
wennio R = {B,C} Takoro x BUIJIALy, a caMe

0 0 Biz Bu E 000
— 00 F 0 — 0O 0 0 O
B= 00 O 0 O = 0O 0 0 0
0 0 O 0 0O 0 0 O

Hexait X — obopoTHa MaTpuIs, Taka 1o B =
XBX~ !, C =XCX ! mo exsiBasentno BX =
XB,CX = XC. Marpumio X BBakaeMo po30u-
TOIO Ha OJIOKM TAKUM UMHOM, IIT00 BKa3aHi MHOXKe-
HHS MaTPUIb 3IICHIOBAINC TTOOJIOKOBO.

3 pisnocri CX = XC sunusae, 1o

X110 0 0

Y- 0 Xoo Xog Xo4
0 X3 X33 Xz
0 Xuo Xy3 Xy

Posrasmemo pisnicts BX = X B:

X1 0 0 0 0 0 Bis Bu
0 X Xo3 Xoa 00 E 0
0 X3 X33 Xsa 00 0 O
0 Xip Xizs Xu 00 0 O
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0 B13X32 + B14X4o Bi13X33 + B1aXy3 B13X34 + B14 Xy 0 0 XubBiz X11Bu
0 X39 X33 X34 B 0 0 Xo9 0
0 0 0 0 - 0 0 X39 0
0 0 0 0 0 0 Xy9 0

3 1i€l piBHOCTI OJIEP:KY€EMO, IO
Xoo = X33, X32 =0, X34 =0, X2 =0,

B3 X33 + B1aXu3 = X11B13, B1aX44 = X11Bu4,

T06TO 306paskennas R = {B,C} i R = {B,C}
eKBiBaJIEHTHI TO/ 1 JIMIIIe TOJi, KOJIM €eKBiBaJIEHTHI
mapu Marpunp (Biz, Bi4) i (Bi3, B14) fK 300pa-
2KEHHSI YaCTKOBO BIIOPsIIKOBAHOI MHOXKHUHH 13 JIBOX
HOPIBHSIJIBHUX €JIEMEHTIB (SIKIIO BBAXKATHU, 10 1H-
nekey 14 BimmoBinae MiHIMAIBHUIT €JIEMEHT).

Bzssmn kanoniuny ¢opmy marpuib Big i
B4, a came

0 O E 0
Blg = E 0 s B14 = 0 0

0 O 0 0
(muB. [9]), 1 posbusmn gonarkoso marpuni B i C
Ha HOBi OJIOKU, BiJIOBiTHO /10 PO3OUTTSI MATPUILH

Bi3 i Big, orpuMaeMo 300parkKeHHsI, BKasaHe B
YMOBI TeopeMU.
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V pobomi susuaromouca epynu a8mMoMop@iamMIie 8apiaHMI6 HANIG2PYNU PEWimKy posbummie ckit-
yerHol mHoorcunu. Jlosedero, wo 2pyna asmomopghiamis eapianma Hanis2pPYnu pPo3duUMmMie cKinverHol
MHONCUHU 13OMOPHHA Y3A2AALHEHOMY GIHUEBOMY C0O6YMEKY, 6 AKOMY MEPULUTE MHONCHUK € TPAMUM
dobymrom eiruesur Jobymxis, AKi 3a0a10MbCA OAOKAMU, PIBHUT NoMyHcHocmetl, po3bummas, sxe no-

podotcye sapiarm, a dpyauti deaKomy HabOPY CUMEMPUNHUL 2PYT.
Karomosi caosa: mHanisepyna, 6apiaHm, peuimra, epyna asmomoppiamis .

In this paper we consider variants of the lattice of partitions of a finite set and study automorphism
groups of this variants. We obtain irreducible generating sets for of the lattice of partitions of a finite

set.

We prove that the automorphism group of the variant of the lattice of partitions of a finite set is
a natural generalization of the wreath product. The first multiplier of this generalized wreath product
1s the direct product of the wreaths products, such that depends on the type of the variant generating
partition and the second is defined by the certain set of symmetric groups.

Key Words: semigroup, variant, lattice, automorphism group.

Communicated by Prof. Bezushchak O.O.

Introduction

For any semigroup S with the fixed element
a € S and arbitrary elements x,y € S we set
T,y = zay. The operation %, defined on S by this
equality is associative. This operation #, is called
sandwich operation and the semigroup (.5, *,) is
called variant of S or a sandwich semigroup.

Lyapin was one of the first researchers who
establish study of variants. In the monograph [1]
he studied variants of transformation semigroups.
Further various authors studied other types of
semigroups, for example, papers [2] [3] [4] [5],
chapter 13 in monograph [6] and references in this
chapter. The study of transformation semigroups
continues , for example, in [9].

We study variants of lattices which are consi-
dered as semigroups with respect to the operation
A. Here we set A as a greatest lower bound of two
elements.

© O. I. Tanmtomkin, O. O. Jlecarepuk, 2020

Let the partition of the set A on k
blocks be any family of nonempty disjoined sets
{A1,..., A} such that A = Ay U--- U Ap. We
call sets Aq,..., A blocks of the partition. The
orders of blocks is not significant. The set of all
partitions of the set A is denoted by by Part(A) =
|J Partg(A). If N = {1,2,...,n} then instead of
E>1
Part(N) we use the notation Part,,.

We call partition o granulation or subpartiti-
on of a partition 7 (denote o < 7) if each block of
the partition 7 is a union of blocks from partition
o (that is, each block of the partition o belongs to
some block of the partition 7). The relation < is a
partial order on the set Part(A) and the partially
ordered set (Part(A), <) is a complete lattice.

Each lattice can be considered as a semigroup
with respect to the operation A. Note, that A if and
only if a A b = a. Furthermore, a transformation
@ : L — L is an automorphism of a lattice L as a
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only if a A b = a. Furthermore, a transformation
¢ : L — L is an automorphism of a lattice L as a
partially ordered set (L, <) if and only if it is an
automorphism of L as a semigroup (L, A).

In this paper we study groups of automorphi-
sm of the semigroup (Part,,A) variants and
further we will denote this semigroup just by
Part,,.

Variants of the semigroup Part,,

Let Part, be a lower semilattice. For any
p € Part, by the A, we denote the lower cone
of the element p: A, = {7 € Part,|t A p = 7}.
The lower cone A, of the element p coincides wi-
th the interval [0, p]. Moreover if p is a partiti-
on of the set N on the blocks My,..., My wi-
th powers my, ..., my respectively, then [0, p] ~
Part,,, x---x Part,,,.

Lemma 1. FEach set of wariant (Party,x,)
generators contains a set Part, \ [0, p].

Llosedenna. Let element 7 be decomposable in the
variant (Party,*,) then there exist u,v € Party,
such that 7 = p*, v = p A p Av. It follows that

(1)

hence 7 € [0, p]. Thus all elements from Part,, \
[0,p] are non decomposable, that is why these
elements belong to each generating system. O

TAP=UANPAVANPp=uNpANVv =T,

Note that if p = 1, then the variant (Part,,, *,)
coincides with the semigroup Part,,.

Proposition 1. If p # 1, then the unique irreduci-
ble generating set of the variant (Party,*,) is the
set Party, \ [0, p].

Hosedenna. By the Lemma 1 each generating
system of the variant (Part,,*,) must contain
Part,, \ [0, p]. Thus it is enough to show that the
set Part,, \ [0, p] is a generating set of the variant
(Party,, *,). To show this it is enough to prove that
each element from [0, p] is reducible into product
of elements from Part,, \ [0, p].

Let the partition p be of the next form
N = M U--- UM, k > 2 Obviously,
that p = 1 %, 1. Consider an arbitrary parti-
tion 7 < p. Let this partition have the
form N = (U™, M) U+ U (U My;), where
Ui, Mj; = M. Without loss of generality we set
my = 2. Let partitions p and v be obtained from 7
by "gluing"blocks My with Ms; and blocks My,
with My respectively. Then partitions g and v
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belong to the set Part, ~\ [0, p] and the equality
T = %, v holds. O

Lemma 2. An element T € Part,, is idempotent of
the semigroup (Party,, *,) if and only if T € [0, p].

Jlosedenns. Let 7 be an idempotent of the semi-
group (Part,,, *,). Then

7_:7_*p7-:7—/\p/\7’:’7'/\p7 thatls Tgp

Conversely, consider 7 < p. Thus 7 = 7 A p =
TApAT = T%,7. Hence 7 is an idempotent of the
semigroup (Part,,, *,). O

Automorphisms of variants of the semi-
group Part,,

Theorem 1. For each automorphism ¢ €
Aut(Part,,, *,) the lower cone [0,p] is an invari-
ant subset and the restriction of ¢ on [0, p] is an
automorphism of [0, p| as a partially ordered set.

Jlosedenna. Note, that ¢(p) < p. Thus by the
rules of partial order for the lattice we got that
o(p) =@(p N pAp)=p(pxpp)=p(p) = p(p) =
@(p) ApNp(p) =pAp(p). Hence p(p) < p.

Further we show that [0, p] is an invariant set
for p. If x < p, then x = xApAp = x*,p. Therefore
p(x) = p(axpp) = () *p0(p) = p() NpAp(p) =
p(z) Ap(p) < wlp) < p.

Ifrz<y<p, thenz=xApAy =xx*,y. Thus

p(z) = p(@)*p0(y) = p(@)ApAp(y) = p(z)Ap(y).

Hence ¢(x) < ¢(y) that is ¢ saves the partial order
on [0, pl.

Thus the restriction @[ @ [0,p] — [0, p] is
a homomorphism of partially ordered sets. Since
inverse mapping ¢! belongs to Aut(L, *,), then
¢lj0,p) is bijective, that is ¢l|g , is an automorphi-
sm of [0, p] as partially ordered set. O]

Corollary 1. For each automorphism ¢ €
Aut(Part,,, *,) holds equality ¢(p) = p.
Theorem 2. AutPart,, ~ S,.

For each
we consider the

Hosedenns. Crema  dosederitia.
permutation 7 € S,
mapping ¢, such that it maps the parti-
tion aj...ag|...|lar...a, to the partition
af ...ap|...|al...a;. Then the mapping ¢, is
an automorphism of the lattice Part,,.
Conversely, consider ¢ € AutPart,,. The
lower cone of the element p € Part,, is isomorphic
to the lattice Part, _ if and only if p have the form
a|lN ~ {a}. Thus ¢ maps the partition a|N \ {a}

116



Bicnux Kuiscvkoz2o nayionanrvbro2o yrisepcumemy
iment Tapaca Ilesuwernra
Cepia: Pizuro-mamemamusri HAYKY

to the partition b|N ~ {b} of the same form.
By such property for the automorphism 1 we
naturally have the permutation m; € S, such
that my maps a to b. The automorphism wgogj
leaves still each partition a|N ~\ {a}. The partiti-
on 7 = a|b|N \ {a,b} is the only one which lays in
lower cones of both partitions © = a|N \ {a} and
v = b|N ~ {b} and have a lower cone isomorphic
to Part,_o. Since automorphism 1#4,07_%1 leaves sti-
1l both partitions p and v, then it leaves still the
partition 7.

Similarly it can be proved that @Z)(pﬂ}
still each partition of the form
ailaz|...|agN ~ {a1,az,...,ar} with only uni-
que one-element block. Hence wgo,jwl leaves still all
partitions. Thus ¢ = ¢r,. O

leaves

A vpartition 7 has a type (l1,l2,...,1l,) if it
contains [; blocks of cardinality 1, Iy blocks of
cardinality 2, [,, blocks of cardinality n. Obviously,
that Iy + 2l + - - - +nl, = n.

Theorem 3. Let 7 be a partition of type
(l1,19,...,l,). Then automorphism group of the
interval [0,7] is isomorphic to the direct product
G1xGax---xGy, of wreaths products Gy, = S, 1Sk

Jlosedenma. Cxema dosedenns. The interval [0, 7]
is isomorphic to the direct product of lattices of
partitions

Part; x --- x Part; x Partg x -+ x Partg x -+ X

l1 12
Part,, x --- x Part,, .

ln

We will show that isomorphism ¢ of the
interval [0, 7] permute the same type multipliers
of this product (in the wreath product for gi-
ven k it corresponds to the multiplier Sj,) and
in each multiplier ¢ acts the automorphism of the
corresponding lattice (in the wreath product it gi-
ves a multiplier Sy).

Obviously, that each element from G x Go %
-+ x Gy, is an automorphism of the interval [0, 7].
In the proof of the fact that there is no other
automorphisms not obvious only the part related
to the permutation of multipliers. It can be proven
in the next way: we pick k such that it is the bi-
ggest number for which I # 0 and one of multi-
pliers Party. The identity of this multiplier is an
element of rank k with the lower cone isomorphic
to Partg. Thus the identity is mapped to the
element with the same properties and so cone of
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the identity goes forward... Hence a given multi-
plier Part; is mapped to some element of the form
Party, thus automorphism permute multipliers of
the form Party. Also the part Part; x --- x Party

~~

Uk

1s an invariant.
Further we move to the smaller numbers k£ and
use the same scheme of proof.
O

Corollary 2. Automorphism of the interval [0, T]
save the type of the partition.

Let A be a disjoined union A = A1 U- - -UAj of
the sets A1, ..., Ay of powers my, ..., m respecti-
vely. By n,(mj,...,my) we denote the number of
partitions of the set A on r blocks, such that each
block contains not more than one element from
each of sets Ay, ..., Ag.

By [z]x we denote falling factorial number k,
such that [z]y =x(z —1)---(x — k +1).

Proposition 2. Two next equalities are met.
1, axwom =r;
a) nr(m) = { 0, 6 tHwur sunadkar.

mi41

S Miy1) = Zo (m?—l)nr—l—j—mi '
]:
L) 4§ —myl;.

b) ny(mq,..
. (ml, .

Jlosedenns. a) Obvious, because all blocks in this
case are one-element (singletons) blocks.

b) We group all partitions of the set Ay U
-++ U A; U Aj41 in classes by the number of si-
ngletons which belong to the set A;11. If there is
7 elements with this property, then they can be
picked in (mgﬂ) ways. Other m;11 — j elements
we join to the blocks of the partition of the set
Ay U---UA; onr+ j—m; blocks. This partition
can be obtained in ny4j_m,(ma,...,m;) ways. Si-
nce different elements must be joined to different
blocks it can be done in [r + j — my]; ways. O

Denote the number >

r<mi+---+my

ny(ma,...,mg)
by t(ml,. . .,mk).

Proposition 3. Let the partition p € Part,, have
a form

N=AU---UA,UB1U---UB,,
and the partition T € [0, p| have the form

N=CiU- UCpytetm, UB1U-U By,
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., A, by the transition from
., my smaller blocks.

where each block Ay, ..
p to T is granulated on my, ..
Then the set

M; ={pePart, |uANp=r1}

contains

ST ne(ma,. . myp)S(g, k) (r+1)F

r<mi—+---+my k=1

R, =

elements, where S(q, k) is a Stirling number of the
second kind.

Hosedenns. The partition pu A p contains a block
B; if and only if B; belong to one of the blocks
of the partition p. There is the same for blocks of
C;. Furthermore, if different blocks C;, and C},
belong to the same block of the partition p, then
they belong to the different blocks of the partition
73

Thus partition u belongs to the set M, if and
only if it can be obtained by the next rules. Fi-
rstly, by unifying blocks C1, ..., Cpyyopm, we
get r blocks of the partition u, such that non of
two different blocks Cj, and C}, which belong to
the one block of the partition p do not belong to
the same block of the partition p. It can be done
in n,(m1,...,mp) ways. Secondly, by the unifying
blocks By, ..., B, we get k more blocks. It can
be done in S(q, k) ways. Each of these k blocks we
do not change or join to one of r blocks, such that
we get on the first step. It can be done in (r + 1)*

ways.
Finally, we count the sum by all possible r and
k this gives us a power of the set M. O

For the formulation of the main result about
the automorphism group of the variant (L(V'), *4)
we need the next construction.

Let (G, M) be a permutation group, Oy, ...,
Oy are orbits of this group and (Hj, Ny), ...,
(Hy, Ni) are permutation groups. The permutati-
on group, such that elements of this group are sets
(g5 fi,-.., fx) where g is an elements G and for
each ¢ 1 < ¢ < k, f; is a function from O; to
H; is called generalized wreath product. The group
G (Hi,..., Hy) acts on the set Ule(Oi x N;) by
the rule

(m’n)(%fl:--wfk) — (mgjnfi(m))’ if m e N;.

Theorem 4. Let (Part,, A\) be a partition semi-
group of the n-element set, p # 1 a partiti-
on of the type (l1,la,...,l,) from Part,, O,
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..., Oy are orbits of automorphism group of the
interval [0, p], 7; a representative of the orbit O;
(i=1,2,...,v). Then automorphism group of the
variant (Party,*,) isomorphic to the generalized
wreath product S = ((Sy, 1.S1) x -+ x (S, 1.8n)) 2
(Sr.,~1,SR,,~1,- -+ SR, 1), where numbers R,
are defined by the Proposition 3 and by S, we
denote a symmetric group of the power m.

Zosedenns. The set Part, is a disjoined union
of sets 7 € [0, p]. Further, consider elements p €
Part,, as an ordered pairs of the form (u A p, p).

Note that the set M, consists of the partition
7, such that belongs to the interval [0, p] and the
"tail" M, \ {7} of partitions, such that lay out of
this interval.

By the theorem 1 the restriction of the
automorphism ¢ € Aut(Party,*,) on [0,p] ia
an automorphism of [0, p]. Additionally, by the
theorem 3 automorphism group G of the interval
[0, p] ia isomorphic to the direct product G x G x
-++ x Gy, of the wreaths products Gy, = Sy, 1 Sk.

Consider ¢ € Aut(Party,*,) and u € M,
thus 4 A p = 7. Then

o(1) =p(uAp)=p(uApAp)=p(un*p) =
= (1) *p p(p) = (1) *p p = (1) A p,

L exi-

hence ¢(i1) € My (). Since a mapping ¢~
sts, it follows that ¢ induces a bijection M,
on M. Partitions 7 and ¢(7) belongs to the
interval [0, p|, then ¢ induces a bijection of the
"tail"M; \ {7} on the "tail"M ) \ {o(7)}. Tt
proves that Aut(Part,,*,) C S.

Conversely, consider ¢ = (g; f1,..., fs) € S.
By the definition of S, follows that restriction of
¥ on [0, p] is an automorphism of [0, p]. Further it
can be directly checked that the mapping

(wA i) = ((wA ), (D) p e 0

is an automorphism (Part,,*,). It proves the
converse statement. O
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Jlocnioocyemucs numanns nabnuxcenns gynkyiti f e W' [O,l]ﬂ Alre (3,4) ancebpaiunumu norinomamu

Pp € HnﬂAl . [lobydosano konmpnpukiao, skuti nokasye, wo oasa f e Wr[O,l]ﬂ Al re (3,4) oyinka

[ FX)-pn(X) < cniz(alx(l— x))",x €[0,1] € nesipnoro.

Krniouosi cnosa: Habnuoicenns gpynxyii, npocmip Cobonesa, aneebpaiynuti noiiHoM, MOHOMOHHA
Gynryis, onykia gyuxyis.

We discuss whether on not it is possible to have interpolatory estimates in the approximation of a
function f e W'[0,1] by polynomials. The problem of positive approximation is to estimate the pointwise

degree of approximation of a function f e C"[0,11n A% where AYis the set of positive functions on [0,1].

Estimates of the form (1) for positive approximation are known ([1],[2]). The problem of monotone
approximation is that of estimating the degree of approximation of a monotone nondecreasing function by
monotone nondecreasing polynomials. Estimates of the form (1) for monotone approximation were proved in
[3].[4].[8]. In [3],[4] is consider red,r>2. In [8] is consider redJ,r>2. It was proved that for monotone

approximation estimates of the form (1) are fails for r > 2,r 0. The problem of convex approximation is that

of estimating the degree of approximation of a convex function by convex polynomials. The problem of
convex approximation is that of estimating the degree of approximation of a convex function by convex
polynomials. The problem of convex approximation is consider in ([5],[6]). In [5] is consider re0,r>2.1In

[6] is considerr e ,r > 2. It was proved that for convex approximation estimates of the form (1) are fails for
r>2,rel. In this paper the question of approximation of function f eWrﬂAl,re(3,4) by algebraic

polynomial pp el'[nﬂAl is consider. The main result of the work generalize the result of work [8] for
re(3,4).

Key Words: Approximation of function, Sobolev space, algebraic polynomial, monotone function, convex
function.
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Beryn.

Hexait W' rel kmac ¢yuxuiii f eC[0,1],
TakuX, 110 MalTh aOCOIIOTHO HemepepBHY (r—1)
MOXIAHY 1 ‘f(r)(x)‘ <1 maibke ckpizb Ha [0,1].
TensxoBcokuii [1] mist r=1 ta ['onenrays st r e
[2] mocwmnunau mpsMy TeopeMy Hikombcbkoro —
few'

MOKHA HAaOIM3UTH anreOpaidHUM MHOTOWICHOM pPp

TiMMmaHa HOBIBIIM, IO KOXHY (DYHKIIIFO

CTCIICHA < N Tak, 10

| £(X) = pn(X) | c(r)(—\lx(i_x))r,n >t

M)

e ¢ - aDCOJIFOTHA CTalia.

DeVore ta Yu [3] moemwm, mo mpu r =12 ormidka
(1) cnpaBemnmBa 1 TpU HAOIMKEHHI MOHOTOHHOI
(YHKI[IT MOHOTOHHUM MHOTOYJICHOM.

few', to
iCHye MOHOTOHHHUI MHOTOUWIEH Py, TaKHH, IO Mae
mictre (1).

A came, SKIIO MOHOTOHHA (QYHKITis

B poboti [4] moBemeHo, MmO TSI HATYPAIBHOTO
r>2,rel omiaka (1), B3arami Kaxydu, HEBipHa IS
MHOTOHHOT'O HaOMKEHSI.

Hna  omykmoro HaOMKeHHS TpH > 2,r el

noBeaeHo [5], mo ortinka (1) Takox € HEBIPHOIO.

Jlns rel]l BBememo kmac ¢ynxkmiii W'[0,1], Takux,
r-1 . r
mo Dy ~f abcomorHo HemepepsHa i ‘DO +f‘£l

Mmaiibxe ckpizb Ha [0,1] (TyT D(;;lf - JTIBOCTOPOHHS

npoboBa moximHa [7]).

Bynemo mnosnauatm uepe3 II,- MHOXHHY BCIX

anrebpaldHUX TONIHOMIB CTermeHs <n 1 depe3 Al
MHOXHHY MOHOTOHHHX BHHU3 Ha [0,1] dyHKuiii.

OCHOBHUM pe3yIbTATOM € TEOPEMA, SIKA y3arajbHIOE
pesynpTaT pobotu [8] Ha wmacu W I'[O,l]r] Al 3
re(3,4),reL .

OcHOBHI 03HAYEHHS TA AONOMIKHi TBepIKeHHS.

CnovaTKy HaragaeMo OCHOBHI O3HA4€HHs Ta (aKTH,
SIKI BUKOPHUCTOBYIOTBCSI B POOOTI.

Osnauenna 1. Hexail ¢(x) € L1(a,b) . [nrerpanu
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def
(1800 = —— [ _dt x>0 @
[(a) S (=t
def b
(& 9)(%) S e o ?)

[(a) . (x—t)@

Ie «>0Ha3uBalOThCs IHTErpajamMd  JIpoOOBOTO

MOPSAKY « .

[Mepmmii Ha3WBalOTH JIIBOCTOPOHHIM, a JpPYTHH
npaBoctoponHiM. Illo  crocyethcst  ApoOOBOIO
IudepeHIliloBaH s, TO HOro CIiJg BBECTH, SK

orepaiiiro 00epHeHy ApoOOBOMY IHTErpyBaHHIO [7].

Osnauenns 2. Jlna ¢ysknii f(Xx), mo 3agaHa Ha

BifIpi3Ky [a,b] KOKeH 13 BHpa3iB

(1)

ooy 1 d
(D )Y = o j o @
a __ 1 dr f@®
O D0 = o dx')[(x—t)a ©)
HA3MBAETHCS TIpoOOBOIO TTOX1JHOIO

opsAIKY &, 0 < & <1 BIAMOBITHO JIIBOCTOPOHHKLOIO Ta
MPaBOCTOPOHHBOIO.

[lepeiimemo 10 1poOOBHUX MOXIMHUX MOPAIKIB o >1
a =[a]+{a},
ne [a]-mina wactmHa uwwmcna o 1 {a}-mpobosa

YJaCTHHa 9dJjia o .

SIKmo « - 1ije 9ucio, TO Mif APoOOBOIO MTOXiITHOIO

nmopsiaka  « OymeMo  po3ymiTm  3BU4YaiHE
nmudepeHITiOBaHHS:
d\* d\*
(04 o
Da+ Z(&j ,Db_ Z(—&j ,a=l,2,3... (6)

SKmo X « -He Iie, TO MpPaBHJIBHO BBECTH 3a
thopmynamu:

1 [gJ”I f(t)
C(n-a)ldx) J (x_pan+

a

DZ, f = dt,n=[a]+1 (7)

ac (D" (d) f(t) ~
DY f _—F(n—a)(dx) j—(t—x)a_m’l dt,n=[a]+1 (8)

X

Hacrynna Tteopema pae gocTaTHi YMOBH JUIS
ICHyBaHHSI POOOBUX TOXiTHUX OY/Ib-SKOTO MOPSAKY
a,a>0 [7].

Teopema 1. Hexai o>0 Ta ¢ynkuia f(x) mae

aOCOJIIOTHO  HEMNEpPEepBHY  MOXiAHY  MOPSAKY
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nn=[a]+1. Toxi DS, f icHye Maiixke CKpi3b i MOXKE
OyTu mpecTaBieHa y BUTIISL

n-1 (k)
a ¢ _ f(a)
Da+f"zr(1+k I

9
(M) @) ®)

r(n a)J.(X t)a n+1

OCHOBHUM PEe3y/IbTaTOM € TeOPeMa, SIKa y3arajibHIOE
pesymsratr pobotn [8] ma kmacu W'[0,1]
r e(3,4),r ell.

pu

OcHoBHMI pe3yabTar.

Teopema 2. Hexait re(3,4). Tomi s KOXHOTO N
icuye gynkuis F =F, eWr[O,l]ﬂ A Taka, 110 s
KOXKHOT'O TIOJIHOMA Ppy el‘[nﬂAl 1 g Oyab-sikoi

(0;1) odysxmii v, 10
limy(x)=0 copaBemuBa ojHa 3
x—1

JIOJATHOI  Ha TaKoi,
limy((x)=0 1
x—0

TAaKHUX BIACTUBOCTEH:

WlF(X)_ pn(x)| _

(11)
x=0 o' (x)y(x)

abo
W'F(X)_ Pn (X)| _
x=1 o (x)p(X)

ne o(x) = Jx(l— X) .

Hoseoennsn. Hexaii r e (3,4). PosrinsHeMo QpyHKIIiO:

(12)

1
—=+4

b (x+7)-2 (1+x)b +

(b—x)*
41

b4 1+4
+T(1_X)b , xe[0,b]
f(x)= 1
4 b4 —=+4
b (x+7)—7(1+x) b4
4 1

+bT(1—x)b , xe(®]1]

3 sBHoro Burisay ¢yskoii f(x) Ta 1 moximHuXx,

MOXHA OTPUMATH HEPIBHOCTI:
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f(1)<§b4 f(0)_1643 >0,

£10)~b*+ 163 50, f/(b) ~ b* + b3 50
12 4
4 b
@ ~b* 10 ~=->0,
2 b2 1
f'(b) ~ ——e L <0, f"(1) ~— 52 b <,
f7(0) ~ —%b <0,f"(0)~2e 150,
1
”(1)~ 2 b0

TToMiTHMO TaKOX, IO
f® o) >0, f®(b1) <0 1o
wvxe[o,b): f®(x)>0,vxe b]: f®(x) <o0.

3  OCTaHHIX  HEPIBHOCTEH  3pO3ymiio, IO
vxe[0,4]: f'(x) >0 i pyukmis f 3pocrae nHa [0,1] Ta
vx e[0,1]: f(x)>0.

Hami, icaye

X €(0,b): f"(x)=0,vxe[0,%]: f"(x)=>0 Ta

vxe[x,1: f"(x) <0.

Taxox icHye Xg €[x1,b]: f"(Xg) =minygoq) f"(X).

3 saBHoro Buriany f’(X) OTpuMaeMo OIIHKY
vx e[0,b]:

2 2 2
T L PO

2 4 2

b2
acame, f"(xg) 2 -5

Jami posrisiHemo dyHKIiI0 F(X) = x*f (x).
HoBenemo, mo F eW r [0,2] AL

Posrnsinemo F'(X) = 4x3f (x)+ x* "(X).

vxe[0,f(x)=0 i f'(x)=0, TO
vx €[0,1]: F'(x) >0. Takum unHOoM F e AL,

Tak sx

Tenep nosenemo, mo F eW'[0,1].
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3a Teopemoro 2.3 B pobori [7] Maemo:

md (k)
FE =S O ker
D0+F(X)"I§)r(1+k—r)x
J. (m)(t)
r(m—r)  (x-t)
_23: FR© | f FO0
F(1+k r) F(4 r) (x - 3

Maibke ckpi3b Ha [0,1].
Tak ax F&)(0)=0 npu k=0,1,2,3 10

F) ® 4

r
D0+F( r(4- r)I(X t)r 3

Maiixe ckpisb Ha [0,1].

OueBuHO, o 3¢ >0,c el Taka, 110
wxe[0,1: F® ) |<c.
Toni

DL, F(X) = — -
| Dg, F(| r(4—r)£(x_t)r—3

oo c
CT(@4-r)4-r  (4-NT@4-1)

TakuM duHOM, D(; F(X) icHye maiixe CKpi3b Ha

[0,1].

OueBHUIHO, IO

) FO |,
D6+ F(x)= r3- r)'[(x t)r 3

Oyze abCONFOTHO HElepepBHOI0.
Takum anHOM, F eW" [O,l]ﬂ Al

Hexaii icHye MHOTOWIEH 0, IKUIl MOHOTOHHO
3pocrae Ha [0,1] i st sikoro ymosa (11) He
BHKOHYETBCSI.

Tomi, s neskoi ctagoi B Maemo:

| F(x)—qn (X) [< Be" (X)w(x) <Bx"/2,0<x<b.

3BiACH BUILIUBAE, 110

2020, 3 Bulletin of Taras Shevchenko
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dn(0)=F(0)=0 i gn(0)=F'(0)=0.

Tak six gy, 3pocrae Ha [0,1]1 g,(0) =0, ToO
vx€[0,1]:gn(x) =0. Toni MHOrOUWIEH ¢, Mae
BUIIIAL, O (X) = x2 ~hn1(x), ze hnl MHOTI'OYJICH

CTENeHd <y, m <n.
PosrngneMo MHOro4jieH

In (¥) =an () + F'(Q)x+ £(0) .
HoBenemo, 1o ymoBa

TMGELCTI (13)
x—0 ¢ (%)

HC BUKOHYETbHCH.

Posknagemo ¢yukmito f(x) 3a popmyinoro Teiiiopa:

f(x) = f(0)+ f(o) f;(lo)xz f,;(lo)x3+o(x3), x <[0;b]

Tomi

i 100 -aa (0] _
Xx—0 #" (%)

. f(0)+f'(0)x+@x2 f"'G(O)x3+o( )—qn(x) )

x—0 r
x2

o 0 2(0) x2 4+ 0 x3+0( )—qn(x)
Xx—0 r

X2
— | £'(0)  "(0) j 2-1/2

= lim| —%+——>x+0(x)=h, (X) |X =0

Ho[ 2 6 ()=, 09

Taxk sixk ymoBa (13) He BUKOHY€EThCS, TO
n(0) = £(0),dr (0) = £'(0).
3a HepiBHiCTIO MapKoBa MaeMo:

< +b* = £/(0) | 6 (0) [< 207 [ Gn I

3a noOyznoBoro MHOrowieHa Gy (X) 6adumo, 1o BiH
3pOCTae.

Toni Il G, I=G(1).

125



Bicnuk Kuigscbro2o nayionanshozo ynisepcumenty 2020, 3 Bulletin of Taras Shevchenko
imeni Tapaca Illeguenka National University of Kyiv
Cepist hizuko-mamemamuyni HayKu Series Physics & Mathematics
Tax, sk |l Gy, = §(1), To Maemo Maewmo, mo
1
3 3 _= 3
2 < onl4, )= g > (14) 8% — 4642 b — g (- L —p* - 18p4
18 36n 12 12
— b> 175
3 iHmoro 60Ky, — 8% —4p?2 b = Gn (D L1 N
12 12
1
4 3 2 3 2 3 _=
f(1)£45b _45b%-b-36n° _ b” 45bn“36 _ 3b_=qn(1)_2ilb4+4b42 b
36n%-4  36n® 4 12 12
451 _n23g 3
~ b3 46802 ~ b3 45-36 Tomi,  o4eBMAHO,  WIO G () ~c-b”, ne
36n° 4 36n” 4-468 czi,c:const.
b3 459 b3 405 b1 12
=— = ST (15)
36n2 468 3pn2 468 3pn 3  ocraHHiX  MIpKyBaHb  BHUIUIMBAE, IO
3
3 mepiBHOcTeit (14) Ta (15) maemo, mo f(1) =G (1) , an@® =G, - f'(0)-f(0) ~ c-b® —2—2 = cl-b3,
a came f(I) <o (D). me ¢ >0, ¢ =const.

Hani posrisiHemo: Gy (1) =g @)+ f'(0)+ f(0).
ITpunyctumo, mo g,(0) = f(@).
Tomi (1) = f@)+ f'(0)+ f(0).

3 0CTaHHLOI'0 MAEMO, 11O

f()=d, - '(0)-f(0)

Mu 110 gp®>0, ©6o B

MPOTHJIGKHOMY BHIAJKy TBEPKEHHS TPO Te, IO
f (@ +=qn (1) oueBngHO.

IIPUITYCKAEMO,

Axne 3 iamoro 6oky, f(1) ~ 8b*.
Takum YUHOM MaeMO CYIIEpPEYHICTD 3
IPUITYIIEHHAM, q, (1) = f (D).

Aorxe )= fQ)=F(@).

Teopema ngoBezeHa.

BucHoBkn.

JloBeneHo HeraTUBHUM pe3ybTaT A MOHOTOHHOI'O
HaOMmKeHHs (YHKIIA MHOTOWIEHAMH, SKHH €
y3arajabHEHHSIM HETaTHUBHOI'O pe3ynbTaTy
JIoBemeHoro B pobori [8].
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Y cmammi poszensdaemscs mapkoscoka mooenv cucmemu 3 NOSBMOPHUMU GUKIUKAMU 3i 3MIHHOIO
IHMEHCUBHICIO 6XIOH020 NOMOKY 3 00MedCeHOl0 Yepeor ma 0e3 0OMedceHb Ha €E€MHICMb OpOimu.
Kepysanmns cucmemoro 30iliCHIOEMbCSL 30 OONOMO20I0 NOPO20sux cmpameii. [[nsi maxoi mooeni 3 ’saco8ami
VYMOBU ICHYBAHHA CMAYIOHAPHO20 PENHCUMY MA OOCHIOHCYIOMbCA UMOBIPHOCHI XApAaKmMepucmuKku npoyecy.
Memoo Odocridscenv bazyemvpcsi Ha anpoKcuMayii 8UXIOHO020 NPOYeCy NPOYECOM 3 0OMENCEHUM NPOCIOPOM
cmanis. J[nst UMOGIPHICHUX XAPAKMEPUCTUK NPOYeCy 8 CMAYIOHAPHOMY PeXNCUMI 3HAUOEHI S6HI eKIMOPHO-
mampuyni popmyau. Tlocmagnena i poss’szana 3a0aua maxcumizayii 3a2aibH020 npUGYmMKy 6i0 pobomu
cucmemu 0711 NOPO20BUX CIMpameiii KepyS8aHHsL.

Knrouosi cnosa: cmoxacmuuna cucmema, NOBMOPHI GUKIUKU, NOPO208A cmpamezis, CMAYiOHAPHUL
pedcuUM, OnMuUMI3ayis.

The paper is focused on in-depth study of the promising area of the stochastic systems theory related with
scrutiny of queuing systems with repeated calls. We research Markov's models of retrial systems with queue
and variable rate of input flow controlled by threshold strategy with no restriction on the capacity of the
orbit. We defined stationary regime existence conditions and investigated probability characteristics of
process for two-dimension Markov process with continuous time which we took as a main model of the
specified system. In stationary regime for probability characteristics of the service process were found
explicit formulas. Research methods which we used are based on the initial process approximation by the
process with bounded state space. Results of the research allow us to evaluate convergence rates of
stationary distribution of finite systems with repeated calls to stationary distribution of infinite systems.
Method of probability flow equating is used for obtain explicit expressions for stationary system
probabilities through the closed path which are defined in a special way. For threshold control strategies the
optimization problem of the total income of the system was stated and solved.

Key Words: queue, repeated calls, threshold strategies, stationary regime, optimization.

CraTTiO TIPEACTaBUB 1. T. H., Ipod. 3aciaBchkuii B.A.

Pesynmpratm 14 cucreM 3 HOBTOPHMMH  OOCIYyrOBYIOUMX TPWIAAIB, N - KUIBKICTh MICIb Y
BUKJIMKAaMM MPEJCTaBIsAIOTh OJUH 13 BaXIJIMBUX uepsi. Yac 06CIyroByBaHHsS Ha KOKHOMY 3 ITPUIIAJIIB
po3IimiB  Teopii  MacoBoro  OOCIYyrOBYBaHHS. Ma€ MOKA3HMKOBUH DO3NOMIN 3 MapaMETPOM i .

JeranbHuil oryis] BiANOBIAHUX PE3yJbTaTiB MOXKHA
sHaiitu B [1],[2]. Cucremm 3 moBTOpHHMHU
BUKJIMKAMH BHHUKAIOTh TIPUPOJIHUM YHHOM B HAIii
MOBCSKIEHHINA JiSUIBHOCTI B Telle()OHHUX CUCTEMaX,
KOMIT'IOTEPHUX Mepexax, B 00JIacTi CUCTEM Iepeadi

BXijHuii MOTIK MICTUTh JIBI CKJIaJIOBI — MEPBUHHY 1
BTOPUHHY. [HTEHCHBHICTH A; MOTOKY TNEPBUHHUX

BUKJIMKIB 3aJI©KATh BiI 4YHMCina | - JOKepedn

MMOBTOPHHUX BUKIUKIB. KoxHe JOKCPEJIO MMOBTOPHUX

indopmauii ta in. ([3],[4],[5]). BUKJINKIB ~ TE€HEpye  IIyaCCOHIBCBKMH  TIOTIK
YV gjaHiii pobGOTI pO3rIAfAETbCA CHCTeMa 3 IHTEHCHUBHOCTI V.
NOBTOPHUMHU BUKJIMKaMH i 4eproro TUITY B sxocti mopnenm mpouecy o00CIyroByBaHHs

[M |M | m| m+ n} , JUTA IKOT M - KiJTBKIiCTh PO3TIITHEMO JBOBUMIPHUI JaHITIOT MapkoBa 3

© L. Ycap, .A. Makymenko, 2020
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HEMepEepPBHUM 4acoM Q(t):(Ql(t),Q2 (t)), t>0 y
dazoBomy mpocropi S=1xJ, I ={01...m+n},
J={01...}. Q)

KUTBKICTh 3alHATHUX TPWIaNiB 1 MicHb y dep3i B
MomeHT dvacy t, a Q,(t) mopiBHIOE KiNBKOCTI

KommnonenTa BKa3ye Ha

JDKEpeIT TOBTOPHUX BUKITUKIB.

[HdiniTe3nManbHi XapaKTEPUCTUKU iy, vy A
Q(t) BM3HAYAIOTECS HACTYITHAM YHHOM:

1) sxkmo i=01...m+n-1 jeld,

Ajnpu (i, ') = (i+1, ),
min{i, t}u, npu (i', ) = (i -1, j),
iy =1 vorpu(ih))=(i+1j-1),
—(ﬂj +iu+ jv) npu (i',j')=(i,/),

0, 6 inwux sunaokax,

2) sAKmo i=m+n, jeld,
Ajonpu (&', j') = (m+n, j+1),
My, npu (i',j')z(m+n—l,j),

Ameniyier) = —(ZJ +m,u),npu (i, j)=(m,j),
0, 6 iHwux eunaokax.
3’sicyeMO yYMOBH iCHYBaHHS CTalliOHAPHOTO

pexumy Juis porecy Q(t),t>0.

— . A
Jlema. Hexait A=Ilim2;. Tomi mpu —<1
joo mu

JIAHIIOT Q(t) epProfuYHuid 1 WOro TpaHUYHHUN
po3monia  CHiBmajgae 3 €JUHAM CTalllOHAPHHUM.

JoBenennsi. Po3risiHeMo B SKOCTI TecT-QyHKIIIH
JlsamynoBa HacTynHi QyHKIil

¢(i, j):ai+ i, (i, j)eS ,

ne mapametp "a" Oyje BU3HAYCHO MI3HIIIE,

st oOpaHux TecT-QYyHKIIN cepeHii nepeHoc

Yi = Z q(i,j)(i’,j’)(¢(i,’ i")-¢(, J))
(i".1)=(1.1)
JIOPIBHIOE
{/Ija— min{i,m} za+ jv(a-1),0<i<m-1

ylj =

4 —mua,i=m.
A A :
IMpu — <1 nns Oyne-sxoro ae| —,1| icuHye
mu mu

Take £>0, mo Y; <—& mma Beix (i,j)eS s3a

BHUHSTKOM CKiHYEHHOTO YHCJIa CTaHIB (i, j) Takum

#(i,1).(i,]) €S
BUKOHYIOThCSI yMOBU Teopemu TBimi ([1], cTop.97).
Jlemy noseneHo.

YMHOM  JUIsl  TecT-(QyHKIIH
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[lepeiimemo 1m0 3HaxomKeHHS GopMydT A
CTaliOHAPHOTO PO3MOJLTY IPU YMOBI, IO BiH iCHYE.
st moOynoBH po3paxyHKOBUX aJTOPUTMIB 1 SBHHUX
¢bopMyn CHOYATKy pPO3TISTHEMO MOJENb  THITY

(N) .y .
[M|M|m|m+n] , B fAKiA ckiHueHHe uucio N

MICITh JUTsI TOBTOPHHUX BHUKIUKIB. [Ipn ymMoBi, 0 Bei
N Micip 3aifHATO, MMOBTOPHUN BUKIUK TYOHTHCS i
HE OTpuMye O0OCITyroByBaHHS B cucTemi. SIKio
3HAUTH CTAIllOHApHUN PO3MOIT TaKOi CHCTEMHU 1
nepeiitn jo rpanmii N — oo (B yMOBax JIeMH), TO
MH OTPHUMAaEMO CTaliOHAPHWK  pPO3MOALT  JJIA

CHCTEMH [M |M|m|m+n] .
Q™ (®) =(@Q™ 1), (1)

nporec oOCIyroByBaHHSA IUISI CHCTEMH 3 Yeprowo i
CKiHYEHHOIO opbiToto. IndiniTe3umanbHi

ITo3zHaunmo yepes

XapaKTEPUCTHKH q((i"\'j))(i,’ jy A Q™(t) y Bumamxy
i=m+n, j=N OyayTs MaTi BULIIS
mgs, npu (i',j’) = (m +n —1,N),

Qo 1y = | st (7,) = (m+n,V),
0, 6 inwux sunaokax.
Mporec  Q™(t) mpuitmac smauenns B

ckinuenniii  muoxuni  cramie SN =1xJM ,
1={01...m+n}, ™M ={01...,N}, i ms mporo

ICHy€ cTallloHapHHH pexuM. 3HaiimemMo Horo
. o . N .. N
CTAIliOHAPHHMIT PO3TIOILT 7Z'i(j ), (i, j)eS( )
Tak sK I1HTGHCHUBHICTH BXIJIHOTO  IOTOKY

3aJIKUTh BiJl KUIBKOCTI MOBTOPHUX BUKJIHKIB, IS
HONIYKY CTAlliOHApHHUX IMOBIPHOCTEH 3aCTOCYBaHHS
METOAy TEHepaTpuC € HEMOXKIUBHUM. B manomy
BUTIAJIKy, BUKOPUCTOBYIOUH TEOpEMY TPO PIBHICTh
HOTOKIB Yepe3 3aMKHEHUI KOHTYp B CTallilOHAPHOMY
peXuMI, IpUBEEMO cUcTeMy piBHAHL KolMoroposa
JI0 BUMJIALY, SKHW TO3BOJIUTH BUTICATH CTaIliOHAPHI

AMOBIDHOCTI B  SBHOMY BEKTOPHO-MAaTpUYHOMY
BUTJSAI.
o6 chopmynroBaT OCHOBHMU pe3yJibTarT,

BBEJIEMO HACTYITHI MO3HAYEHHSI.
A( J) = ”auk(l)”,m;:(;l ,j=01...,N-1 -

TpHJIiaroHabHA MATPUIS BUTIISTY

Hexai

/1]- +ip+ jv,k=i,i=0,1,...,m,
A +mu+ jv,k=i,i=m+1m+2,....m+n-1
-2;,k=1+1i=01...,.m+n-2,
-, k=1-1,i=12,...,m,
-mu,k=i-1i=m+1lm+2,. .. m+n-1
0, otherwise,

aik(j)=
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—||b ||m+n—l Lk=i+1,i=01...m+n-2,
lli=o * 5k 70 0 otherwise,
mani Lk=m+n-1i=01..m+n-1,
C=lewlius - 0 = 0, otherwise
Yepes ||du(N) T =12,..,m+n-1
IIO3HAYUMO TpI/II(yTHy ManI/II_IIO.
g, j=i,i=12,...,m
My, j=i,i=m+1lm+2,....m+n-1
dy(N)=9=(Nv+4,), j=i-1i=23..m+n-1
—Nv, j=1,2,...,i-2,i=3/4,....,m+n-1,
0, otherwise.

Ham Takox HeoOXiaHi OyIyTh BEKTOPH:
7™ (i) :(ﬂé?),ﬁl(;\‘),...,ﬂ(m , ),

m+n-1j

o 7™M
R
ON

Githy )

1(m+n-1)—(m+n-1)—sumipunii BexkTOp, WO
CKJIQZIAETHCS 3 OJUHHUIIb,
e (m+n—-1)—(m+n—1)—Bumipuuii Bekrop, i-Ta
KOMITOHEHTa SKOTO [OPIBHIOE OJWHUIN, a iHII
nopiBrO0OTE Hymo. Yepes 1, e, Oyzemo mo3HayaTu
TaKi )k BEKTOPH PO3MIpPHOCTI M+N.

Teopema. Sflkmo 4, >0, j=01..,N, T0O

cTarioHapHi WMOBIPHOCTI 7Z'i(jN), (i,j)eS(N) MOJKHA

MOJIaTH Y BUTIISII:

!

(N) (N) —(N) _
(ﬁlN IR/ )

m-+n-1N

=750/D(N)(NvI(m+n-1)+ 48 (m+n-1)) (1)

(N)
2y =G (N)(NvL+ A€, ).

m+nN m/u N™~m+n
(N) N-j
, 7oy N1v , i
ﬁj(N):ONTG(N)(N)T(N—l)x T(i).(2
o _Z N

PN G'(N)(N)x
!

xT(N-1)x..xT(j+1)1, j=0,1,...,N-1,
ac

m+nj —
3)

NlNJ

PN :{ (N)(1+N|Z

T(N-Dx..xT(j+1)x

{T(j) +i}1+i(r\| vI+/1Nem+n)J} , 4
A m

i
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1

G(N)(N):[D1(N)(Nvi(m+n—1)+/1Ne1(m+n—1)) ®)

T(j)={B+%C}A1(1), j=01..,N-1.
i

Nosenennst. Jlns  3py4yHOCTI
N =z GSN) =Gij, (i, j)e st st

ij ij?
k=0,1,...,m-1 po3i6’emo S™) ma mBi migMHONKHHE
J\E,. B

E ={(0,N),(LN),..(k,N)} 1a E =S
CHUly pIBHOCTI TIOTOKiB IMOBipHOCTEH  dYepes

3aMKHEHHMI KOHTYp y cramioHapHomy pexumi ([5],
ct.49), Oynemo matu

IIO3HA4YUMO

KOXXHOT'O

NvZoy + NV +..+ Nva, gy +(Nv+ 2 ) T =

= (K+1) gy, k=0,1,...,m—1,

(6)
NviZyy + Nvay +.+ NV gy + (NV+ Ay ) F =
=Mui,.,, K=mm+1l..,m+n-1.
~ T
Hdus G =~—”,(i,j)eS(N) mepmi  (M+n-1)

Ton
piBHsHHS i3 cucTeMu (6) MatOTh BUTIISI

c’glN
= D*l(N)(Nvi(m+ n—1)+ A& (m+ n—l)),

G

1o gae Ham (5). 3 (6) mpu K =m+n—1 3aaxoaumMo

m+n-1N

ém+nN m+n ) . (7)

=ié’(N)(Nvi+ A8
Mg

3uaiinemo Ttemep G npyd  YMOBI, 1110

m+n j
j=0,1..N -1. Pozi6’emo S
sV ={(a.p)es™:p<if i SM=sMs.

3HOBY  BHMKOPHUCTOBYIOUM  PIBHICTH  IOTOKIB
IMOBiIpHOCTE! Yepe3 3aMKHEHHH KOHTYP, MaEMO

Ha JBl HIIMHOXHUHHA

A7t =(F+ D)V T+ (T D)V T
3BiJIKH OTPUMAEMO
- 1 ) .
m+nj — (J+ )v (J+1)1’ Jzolll"lN_l- (8)
j
Posriastremo  temep  (M+N)xN  3aMKHEHHX

KOHTYPIB, sIKi MICTSITh OJJHY TOYKY (i, j) 3 obusacTi
s™M={01...,m+n-1}x{0,1...N ~1}. Bizmosimmi
(i, j) € S™ mators Burmn

=,u(§lj, i=0,

piBasiHES 111 G i

(4, + V)G, 9)
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(g_ +ip+ jV)Gij = (J 4_1)‘/(_‘%71]_+l +/11Gi711 + MOBTOPHUX  BUKJIHKIB: Aj =h, Je [HI 4o H, )
(I +1) uG i=12 m-1 i=1..,N . Bignosiguuii mporiec 00CIyroByBaHHS i

1 ) ] LRI | ] . .
) ) - - (10) iioro xapakTepuCTHKH OyIeMO HAIUISATH 1HICKCOM
(4 +mu+ V)G =(j+1)vG ., + 4,6y, + H, Q(t)=Q(tH).....

+mu G|+1j , I=mm+l....m+n-2, Hexait S, (t, H ) - 4YHUCIO  BHKJIHUKIB,
ITpu i =m+n—1 3 ypaxyBauusm (8) 00CIIyrOBYBaHHS SIKUX 3aBEPIICHO B CHUCTEMI 3a 4ac
(lj +mu+ jv)Gm+n L =(i +1)1/Gm+n 2t t; S,(t,H) - umcno BukiMKiB, sKi OTpuManu

$2.Gy . + UM G gy
ﬂ“i

Cucremy (9) - (11) MoxHa IpeACTaBUTH B BEKTOPHO-

MaTPUYHOMY BUTIISI

(11)

m+n-2j

G'(j)=(i+vG'(j+1)|B+£c [A1(j)=
4
=(j+vG'(j+1)T(j), j=0L...,N-1. (12)
Po3p’si3koM pexypeHTHOTO cmiBBigHOMmEeHHs (12)
Oy/ie TIOCIiJOBHICTh BEKTOPIB

G'(j)= _JG(N)T(N _D)x..xT(j),

j=01..,N-1. (13)

[Mincrapnstoun npasy yactuny (13) B (8), maemo

s N VN_ NV GNT(N =D x..

m+nj

T (j+101,
j

j=01,..,
HOPMYBaHHS

N-1.
JUTS

(14)
YmMmoBa CTaIliOHApPHUX

imosipuocreit 7, (i,j)€S nosBomste 3maiitu 7, .

Le mae dopmyny (4). CniseigHomenuas (1)-(3)
SBIISIIOTBCS TPsSIMUM Hacttiakom (7), (13) ta (14).

Teopema noBeneHa.

OueBupHo, 1w GOpMylIH SBISIIOTE  CO0O0IO
e(eKTHBHY PEKYPEHTHY MPOLEAYpY Uil O0UHUCICHHS
CTaIllOHAPHOTO PO3MOILTY.

3MiHHHI ~ Xapakrtep

IHTEHCUBHOCTI  BXIJIHOTO

MOTOKY B MOJENAX THITY [M|M|m|m+n:| Jae

MOXIIMBICTh CTaBUTH 1 pO3B’S3yBaTH ISl HHX
onTUMI3aliiHi 3a1a4i. B 3B’s13Ky 3 UM PO3TJITHEMO
Kjlac 0araTONOPOTOBHX CTpATerii, SIKi 3aaroThCs

OporamMu H'=(H1, H,, .. HNfl),
0=H,<H,<..<H_,<H,=

N - dikcoBane yucio. Skmo B MoMeHT 4yacy t>0

YHCII0 JUKEpe MTOBTOPHUX BUKJIVKIB

Q,(t)e[H, . H,), i=1..
IO CUCTEeMA 3 TIOBTOPHUMH BUKJIMKAMH (PYHKI[IOHYE

B {-OMYy PEXHMi 1 IHTEHCHBHICTh BXiJHOT'O IHOTOKY
nopiBHioe h,. IHmi mnapameTpu Big pexuMmy He

,N, To Oymemo ka3zaTH,

3anexarb. Bubip mopororoi crpaterii H o3Hauae
(ikcamio  3aJeKHOCTI ﬂj BiJl 4HCIa JDKEpel

BiIMOBY B OOCIYrOBYBaHHI 1 CTajdW MOBTOPHUMH
S;(tH) - HepeMUKaHb
IHTEHCUBHOCTI BXIJHOT'O TIOTOKY. SIKIO iCHYIOTH
rpaHuIi !imt’lsi (t,H), To Gyzemo mosmadarn ix
gepes S;(H), i=1,2,3.

PosrissHeMo ontuMizamiiHy 3az[aqy
W(H)=C;S,(H)-C,S,(H)-C,S;(H)— max,
0:HOSH1S..<HN1<H =0,

H, e{O,l,...}, i=12,..,N-1,

ne C, - mpubyTok, moB’s13aHUN 3 00CIyrOByBaHHAM

BHKJIMKAMU, HHUCJIO

ogHoro Bukiauky; C, - mrpad 3a BiIMOBY B

obcmyroByBanHi; C, - mrpad 3a mnepeMHKaHHI
IHTEHCHUBHOCTI BXiJTHOTO MTOTOKY.

Po3B’s3k0M [aHOi onTuMi3amiiiHol 3a1a4dl € Taka
OaratonoporoBa ctpateris H, ska Makcumizye
cepenHiil mpuOyTOK BiJl pOOOTH CHCTEMH.

KonkpeTrnsyemo 1o 3amady s BUIAAKy, KOJIH
3MiHa IHTCHCHBHOCTI BXiJIHOTO IOTOKY IOB’si3aHa 3
nepecyBaHHsM ofHoro mopory H,=H  Tomi mns

IHTEHCUBHOCTI BXIJTHOT'O TTOTOKY MaEMO

h,0< j<H,
A= .
" lh, j=H.

OCKiNbKM ~ CHCTEMH 3 OOMEKEHOI0 Yeproro
arpoOKCUMYIOTh HEOOMEXKEHI CHCTeMH, TO OyaemMo
BBa)KaTH, M0 YHCJIO TIOBTOPHUX BUKIIMKIB OOMEXEHO
nesakuM guciaoM N < oo,

B yMmoBax icHyBaHHS CTaliOHAPHOTO PEKUMY
(ymoBH JIEMHU) TpaHUYHI (dhyHKIIIOHATH
S;(H), i

CTaIliOHapHi iIMOBiIpHOCTI Ty,

=1,2,3 MOXyThb OyTH BUNHCaHI uepe3
(i,j)eS mnacrymHum
YHHOM

= i[gi“”ij (H)+ mf, WEAG )J

j=0 i=m+1

H-1 N
H)= hlZ”mmj (H)+h, Z”mmj (H
i=0 j=H
m-+n-1

Sy(H)=h7y o (H)+vH ZO Vi
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PosrnsHeMO — NpUKIA] ~ CHUCTEMH  THITY

(20) .
[M[M[11+1]"", sxa dyskuionye B  aBox
pexumax, BHOIp SKHX BH3HAYAECTHCS IIOPOTOM

H e{l,2,..,19}. 3adikcoBaHi HACTYIHI HapaMeTpu
cuctemu h, =4;h, =0,5 4=1v=0,1.
Koediuientu sixocti C, =6,C, =2,C, =4.

[Iporpama, HamucaHa Ha OCHOBI OTPHMaHHX
¢bopMyn, mae HACTYMHI 3HAa4eHHS MUIHOBOTO
(dhyHKITIOHATY:!

W (1) = 3.10832; W (2) = 3.1579; W (3) = 3.18552;

W (4) =3.19712; W (5) = 3.19702; W (6) = 3.18834;

W (7) =3.17337; W (8) = 3.15382; W (9) = 3.13095;

W (10) = 3.10571; W (11) = 3.07882; W (12) = 3.05079;
W (13) = 3.02192; W (14) = 2.99205; W (15) = 2.95971;
W (16) = 2.91864; W (17) = 2.84471; W (18) = 2.64105;

W (19) =1.83259.
TakuM 4YHHOM, MakCUMyM LiTbOBOi (QyHKIIIT
3.19712 pocsraetbes s nopory H =4,
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Y crarTti B AKOCTI OCHOBHOI MOJIENi CHCTEMH
[M[M|m|m+n]
MAapKOBCBbKUH TpOIEC 3 HemepepBHUM dYacom. [l
HBOTO 3’5ICOBaHI YMOBH iCHYBaHHS CTalliOHApHOTO
peXUMY Ta JOCII DKYIOThCS HMOBIpHOCHI
XapaKTepUCTUKU Tporecy. MeTon JOCIiKeHHS
0a3yeThCsi HaA AamnpOKCUMAIl BUXIJHOI CHCTEMH
cucTeMor0 3 oOMexeHoro  opOitoro s
WMOBIPHOCHHX XapaKTePUCTHUK IIPOLECy 3HaWeHi
SBHI BEKTOPHO-MaTpU4HI dhopmynu JUTST
CTaIliOHApHHUX IMOBipHOCTEH. MeTOoM 3HAXOIKEHHS
CTaIliOHapHUX IMOBIpHOCTEH TpoIlecy TOJSITae B
NpUPiBHIOBaHHI MOTOKIB iMOBipHOCTEH y
CTaIliOHaPHOMY pPEeXHMI depe3 3aMKHEHI KOHTYpH,
SIKI OOMPAIOTHCS CIICIIaTbHAM THMHOM.

3MiHHUI XapakTep IHTEHCHUBHOCTI BXiJHOTO
MOTOKY B MOJIEJI TAHOTO TUITY JIO3BOJISIE TOCTABUTH 1
pO3B’sI3aTH  3aJady ONTHMi3allii, fKa TOJsITae B
MaKCHMi3alii 3araibHOro NPUOYTKY Bill pOOOTH
CUCTEMHU y BHIAJKY, KOJU KEPyBaHHS CHUCTEMOIO
3MIMCHIOETHCS 32 JIOTIOMOTOK) TIOPOTOBOI CTpATerii.
HaBonuthcst nmpuknaj Ta aHaii3yeTbest (EKTUBHICTD
3aCTOCYBaHHS TAHOTO KJIACY CTPATErii KepyBaHHS.

pO3TISAAAETRCS  JBOBUMIPHHIMA

References

1. FALIN, G.l, TEMPLETON, J.G.C.
Retrial Queues, London Chapman & Hall.

2. ARTALEJO, J.R., GOMES-CORRAL, A. (2008)
Retrial Queueing Systems. A Computational
Approach, Springer-Verlag.

3. ARTALEJO, J.R., GOMES-CORRAL, A. (1997)

“Steady state solution of a single server queue
with linear repeated request”, J. Applied
Probability, vol.34, pp. 223-233.

4. LEBEDEV, E.O., USAR, LY., (2009) “About of
retrial queueing systems and controlled of input
flow”. Reports of the National Academy of
Sciences of Ukraine. vol.5, pp. 52-59.

5. WALRAND, J. (1993) An Introduction to
gueueing systems, Moscow.

(1997)

Hapiitra no peaxosnerii 26.11.2020

134



