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Ilpo aiaronansHi JioKaJdbHi SL—Tpynun On diagonal locally SL—groups
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Mupchbka, 60,
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Kyiv, 01033, Kyiv, 60 Volodymyrska str.,
e-mail: bezusch@univ.kiev.ua

e-mail: bezusch@univ.kiev.ua

Hezxati N — mmnootcuna namypasvruz wucea. Hexatd F — noae. V pobomi [1] eusnaueni kaacu epyn
SLE(F) ma GLE(F) nepioduunux neckinuennur N x N-mampuuyp maxuz, wo eidnosidaroms wucay
Cmetiniua s. Y danit pobomi mu 6600umo wupwud xiac diazonasvhux aokasvnux SL-epyn ma GL-
2PYN i BUBUAEMO 1T 36 A30K 3 NOKAADHO MAMPUYHUMY AN2E0DAMU. 30KDEMA, MU NOKAYEMO, WO DOBIAb-
na cenapabesvro—diazonanvna aokasvna SL-epyna (sidnosiono GL—z2pyna) isomopgna epyni SLE(F)
(sionosiono GLE(F)).

Kaowosi caosa: Jlokarvho mampuuna anzebpa, wucao Cmetiniya, digeonasvie 3aHYypeHms, nepio-
QUNHA MATNDUUSA.

Let N be the set of natural numbers. Let F be a field. In [1], we introduced a class of groups SLE(FF)
and GLE(F) of periodic infinite N x N-matrices that correspond to a Steinitz number s. In this paper
we introduce a wider class of diagonal locally SL—groups and GL—groups and study their relations
with locally matriz algebras. In particular, we show that every separable—diagonal locally SL-group

(respectively GL—group) is isomorphic to a group SLE(F) (respectively GLE(F)).
Key Words: Locally matriz algebra, Steinitz number, diagonal embedding, periodic matrix.
CrarTio TIpeIcTaBUB JOKTOP (bizuko-maremMaTndHux Hayk, mpodecop A.Il.ITerpapayk

1 Introduction

Let P be the set of all primes. A Steinitz or
supernatural number is an infinite formal product
of the form

II»

peP

where r, € NU{0, co}. The product of two Steinitz

numbers
[ wa TTo
p€eP peP

is a Steinitz number

H pr"‘kp’

peP

where we assume, that
k, e NU{0,00}, t+00 =00+t =004+ 00 =00

for all positive integers ¢t. Denote by SN the set of
all Steinitz numbers. Obviously, the set of all posi-
tive integers N is a subset of the set of all Steinitz
numbers SN.

The Steinitz number v divides wu if

there exists w € SN, such that u=wv-w.

© Oxcana Besymaxk, 2019

The divisibility relation | makes SN into a partially
ordered set with the greatest element

I:Hpoo

peEP

and the least element 1. Moreover, the poset
(SN, |) is a complete lattice.

Steinitz numbers were introduced by FErnst
Steinitz 6] in 1910 to classify algebraic extensi-
ons of finite fields.

Consider the algebra My(F) of N x N matri-
ces over the ground field F having finitely many
nonzero elements in each column.

Definition 1. Following [1], we call an NxN matrix
periodic (more precisely: n—periodic) if it is block—
diagonal diag(a, a, ...), where a is an n X n matrix.

Let MP(F) be the subalgebra of My(F) that
consists of all n—periodic matrices. Clearly,

MP(F) =2 M,(F).
Let s be a Steinitz number. Then

Mg(F) = Un\s MP(F)

n

is a subalgebra of My(F); see [1]. J.Glimm [3]
defined Steinitz number of uniformly hyperfinite
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algebras in terms of ascending chains of matrix
subalgebras. So, by the Theorem of J.Glimm [3],
ME(F) is the only (up to isomorphism) unital
locally matrix algebra of Steinitz number s.

Let GLL(F) be the group of invertible
elements of M} (F) and

SLL(F) = [GLL(F), GLL(F)].
Clearly,

GLP(F) = GL,(F), SLP(F)= SL,(F).

Let mq, mo, ... be a sequence of positive
integers such that n;|n; 1,7 > 1, and s is the least
common multiple of the numbers (n;,7 > 1). Then

GLY (F) ¢ GL? (F) C ---,

Ui1GLy, (F) = GLE(F),
SLy (F) c SLF (F) C ---,
U,;lSL%(F) = SLP(F).

Let m, n be natural numbers such that n di-
vides m.

Definition 2. We call an embedding ¢gy, of the

group SL,(F) into the group SL,,(F) diagonal if
there exists an element g € SL,,(FF) such that

wsr(a) = g ! diag(a,a,...,a) g.
——

m/n

Similarly, we define diagonal embeddings ¢gr,
and ¢); of the group GL,(F) into the group
G L, (F) and of the algebra M, (F) of n x n matri-
ces over F into the algebra M,,(F) :

YGL - GLn(F) — GLm(IF)v

QOGL(G’) = gil dia‘g(a7a7 s ,CL) 9, g€ GLm(F)v
———

m/n

onv s My (F) — My, (F),

pm(a) = g~ ' diag(a,a,...,a) g, g € My (F).
———

m/n
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2 Diagonal locally SL— and GL—groups

Let I be a partially ordered set such that for any
two elements ¢, j € I there exists an element k €
such that 1 < k,j7 < k.

Definition 3. We call a group G a diagonal locally
S L—group if there exists a family of subgroups
H; C G, i€ 1, such that

1) if i < j then H; C H; and let

idij: Hi — Hj

denote the embedding homomorphism;
2) UierH; = G;
3) for any ¢ € I there is a fixed isomorphism

u;: Hi — SLy,(F), n; €T,

4) for any ¢ < j

Y SLy, (F) = SLy, (F)

pij = ujidij u;
is a diagonal embedding. In particular,

n; divides n; for @<y

Similarly we define a diagonal locally GL—
group. It is easy to see that for ¢ < j < Kk,
i, j, k €1, we have

PYik = Pik Pij-

Hence, we can talk about a direct limit of groups
SLy,(F), i € I, with respect to the system of
homomorphisms
Pijs i,jEI, 1< J;

see [5]. It is straightforward that this direct limit
is isomorphic to the group G.

Recall (see [4]) that an associative F-algebra
A is called a locally matriz algebra if for each fi-
nite subset of A there exists a subalgebra B C A
containing this subset such that B = M, (F) for
some n.

A locally matrix algebra A is said to be unital
if it contains a unit 1.

Theorem 1. Let A be a unital locally matrix
F-algebra. Then the group A* of invertible
elements of A is a diagonal locally GL-group.
The commutator subgroup [A*, A*] is a diagonal
locally S L—group.
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Proof. Let I be the set of all subalgebras B C A
such that 1 € B and B is isomorphic to a matrix
algebra

Let
up : B — Mn(B)(F)

be an isomorphism. The set I is partially ordered
by inclusion. If B, B’ € I and B C B’ then
by the Theorem of H.M.Wedderbun (see [2]) the
embedding

up idp g uél : Mn(B) (F) — Mn(B’)(]F)

is diagonal. The restriction of this embedding
to groups of invertible elements yields diagonal
embeddings

oL : GLyy(F) = GLypH(F),

¢sr : SLypy(F) — SLyp(F).

This completes the proof of the Theorem. O

Theorem 2. For an arbitrary diagonal locally SL—
group (respectively GL—group) G there exists a
unital locally matrix algebra A such that

G

>~

[A*, A¥] (respectively G = A*).

Proof. Suppose that G is diagonal locally SL—
group, {H;}icr is a locally system of subgroups,
u;

H; — SL,,(F)

are isomorphisms and for each pair i,j € I, i < j,
the embedding
Uj idij ’U,Z-_1

is diagonal.
Any diagonal embedding

SLn(F) = SLy(F)

uniquely extends to a diagonal embedding of
matrix algebras M, (F) — M, (FF). Let

ij : My, (F) — M, (F)
be the diagonal embedding that extends
uj id;j ui_l.
For e, j, ke I, < j <k, the embeddings

@ik pij and @i

2019, 4
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coincide on SL,, (F), hence
Pik Pij = Pik-

The system of algebras M, (F), i € I, and
homomorphisms

Pij» lg],

satisfy the conditions for a direct limit (see [5]).

Let’s denote this direct limit of matrix
algebras as A. Clearly, A is a locally matrix
algebra. Since all embeddings ¢;; map an identi-
ty matrix to an identity matrix it follows that the
algebra A is unital.

It is easy to see that the group of invertible
elements A* is the direct limit of groups GL,, (F)
and the commutator subgroup [A*, A*] is the di-
rect limit of the groups SL,, (IF), hence

~

(A%, A*] = G.

For a diagonal locally GL-group the

arguments are similar. This completes the proof
of the Theorem. O

Let G be a diagonal locally SL—group
(respectively G L—group), { H; };c; is a correspondi-
ng local system of subgroups,
H, — SL,,(F),

U - 1€1,

are isomorphisms (respectively

H; = GLy,(F)

U
are also isomorphisms).

Definition 4. The least common multiple of all
numbers n;, i € I, is called the Steinitz number
st(QG) of the group G.

J.Glimm [3| assigned a Steinitz number to
an arbitrary unital countable-dimensional locally
matrix algebra and showed that two such algebras
A, B are isomorphic if and only if their Steinitz
numbers st(A) and st(B) are equal.
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3 On separable diagonal locally SL— and
G L—groups

Definition 5. A partially ordered set I is called
separable if there exists a countable subset Iy C I
such that for an arbitrary element ¢ € I there exi-
sts an element j € Iy and ¢ < j.

Definition 6. We call a diagonal locally SL-
group (respectively GL-group) separable if the
corresponding partially ordered set [ is separable.

Theorem 3. Let G be a separable diagonal locally
SL-group (respectively GL-group) of Steinitz
number s. Then

G = SIP(F)

(respectively
G = GLE(F)).
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Proof. If the partially ordered set I is separable
then the algebra A in the proof of Theorem 2 is
countable—dimensional. Moreover, it is easy to see
that the Steinitz number of the algebra A is equal
to s. By Glimm’s Theorem |[3]

A = MP(F).

Hence

G

~ (A", AY] = SIP

s

(IF)

if G is a diagonal locally SL—group and

G

~

AY =
if G is a diagonal locally GL-group. This
completes the proof of the Theorem. O

References

1. BEZUSHCHAK, O. O., SUSHCHANS’KYI,
V. I. (2016) “Groups of Periodically Defi-
ned Linear Transformations of an Infinite-
Dimensional Vector Space”, Ukr. Math. J. 67,
no. 10, pp. 1457-1468.

DROZD, Yu. A., KIRICHENKO, V. V.
(1994) “Finite Dimensional Algebras”, Springer-
Verlag, Berlin-Heidelberg-New York.

GLIMM, J. G. (1960) “On a certain class of
operator algebras”, Trans. Amer. Math. Soc.
95, no. 2, pp.318-340.

. KUROSH, A. (1942) “Direct decompositions of
simple rings”, Rec. Math. [Mat. Sbornik] N.S.
11 (53), no. 3, pp.245-264.

MAL’CEV, A. L. (1973) “Algebraic Systems”,
B.D. Seckler & A.P. Doohovskoy (trans.).
(Springer—Verlag, New York—Heidelberg).

STEINITZ, E. (1910) “Algebraische Theorie
der Korper”, J. Reine Angew. Math. 137,
pp.167-309.

Received: 23.07.2019



Bicnux Kuiscvko20 HayuionaabHo20 YyHisepcumemy Bulletin of Taras Shevchenko

iment Tapaca Ilesvwernra 2019, 4 National University of Kyiv

Cepia: Pizuro-mamemamusti HaYKY Series: Physics & Mathematics
VK 519.21 https://doi.org/10.17721/1812-5409.2419/4.2

.M. Bonnapuyx, . ¢h.-m. . I.M. Bodnarchuk, Ph.D.

Acumnrornka M’SIKOro poO3B’SI3KY Asymptotics of the mild solution of a wave

XBUJILOBOI'O PIBHSIHHSA y TPUBMMIipHOMY equation in three-dimensional space

IIPOCTOPi, KEPOBAHOI'O 3araJbHOI0 driven by a general stochastic measure

CTOXaCTUIHOIO MlpOIO

KuiBcbkuil HalioHa/ibHUA#M yHIBEpCUTET iMe-
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Anomauis. Poszaanymo sadawy Kowi 04 T6UAOB020 PIBHAHHA Y MPUBUMIDHOMY NPOCTOPT, Ke-
POBAHO20 3G,2GADHON0 CIMOTACTIUYHOM0 MiPot0. Jlosedero, w0 36 NEGHUT YMOB PO38°A30K NPAMYE 00 HYAA
MaToce HanesHo, AKWO abCOMOMHA GEAUMUHA NPOCMOPOGOT 3MIHHOT NPAMYE 00 HECKIHUYEHHOCT.

Knowoei crosa: acumnmomuuna nogedinka, CmoracmuiyHa MIipa, CMOTACMUYHE TEUALOGE PiGH-
HHA, M Axul pods’asox, npocmip Becosa.

Abstract. We study the Cauchy problem for a wave equation in three-dimensional space driven by
a general stochastic measure. Under some assumptions, we prove that the mild solution tends to zero
almost surely as the absolute value of the spatial variable tends to infinity.

Key Words: asymptotic behavior, stochastic measure, stochastic wave equation, mild solution, Besov
space.

Communicated by Prof. Moklyachuk M.P.

1 Introduction understood in the following mild sense

We continue investigation of the wave equation

driven by a general stochastic measure. Namely, u(t, x) :/ Sq(t,x — y)vo(y) dy+

we study the asymptotic behavior of the mild R

solution in the case of three-dimensional space. +% ( / Sa(t,z —y)ug(y) dy) +
Let Lo(92, F,P) be the set of all real-valued R4

random variables defined on complete probability
space (2, F,P), X be an arbitrary set and B(X)
be a o-algebra of Borel subsets of X. Let u be t

a stochastic measure on B(X), i.e. a o-additive +/0 dp(s) /Rd Sa(t — s,z —y)ols,y)ds, (2)
mapping p @ B(X) — Lo(Q2, F,P). Also, such p
is called a general stochastic measure (see, for
example, [1, Section 7]). This underlines the fact
that we do not require the fulfillment of any other
assumptions except o-additivity.

Consider the following Cauchy problem

t
—|—/d8 de(t - ST — y)f(sa y,u(s,y)) dy+
0 R

where Sy is the fundamental solution of the wave
equation in R? (see, for example, [2]).

The integrals of random functions with
respect to dy and ds are considered for every fi-
xed w € Q. Such integrals are studied in [3|, for
example.

0?u(t, r) 9 The existence, uniqueness and Holder
—0—= =a*Azu(t,z)+ . . .

ot? regularity of the solution of equation (2) are
+f(t,z,ult,x) + o(t, ) u(t), (1) proved in [4, 5, 6] (for d = 1,2, 3 respectively).

In the article [8] the asymptotic behavior of

Ou(0,z) : T ;

u(0, ) = up(z); ot vo (), the mild solution is investigated in two cases: the
equation is given on the line and on the plane.

where (t,z) € [0,T] xR%, d=1,3, T >0, a > 0, Also, the asymptotics of the mild solutions of

and p is a stochastic measure defined on the Borel heat equations with general stochastic measures is
o-algebra B([0,T]). The solution of equation (1) is considered in [7, 9, 10]. In the papers [11, 12| the

© LM. Bodnarchuk. 2019
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asymptotic behavior of solutions of wave equations
with white noise is studied. The long time behavi-
or of the solutions to stochastic wave equations
driven by a Lévy process is investigated in [13].

Our aim here is to prove that the solution of
problem (2) tends to zero almost surely as the
absolute value of the spatial variable tends to infi-
nity in the case when d = 3.

2 Some results needed for the proof

Consider the Besov space BS,([b,c]), a €
(1/2,1), b,c € R, that is, the space of functions
g : [b,c] = R such that the norm

91l B, b,y = I19lLa(p,e) T

b 2 3
H([ wapator)star)”,
0

is finite where
c—h ) %
([ s+ - gt as)

For an arbitrary t € (0,t], put
((k—1)2~

Let a function ¢(z,s) : Z x [0,t] — R be such
that Vz € Z : ¢(z,+) is continuous on [0, ¢] for all
z € Z. Here the symbol Z denotes an arbitrary
set. Put

Wy ¢ (g,7) = sup

0<h<r

A(t) _

o " k27, n >0, 1< k<2,

gn(zv S) = g(z, 0)]1{0}(3)+
Ly 270150 (5).

1<kg2n
Then the random function

/ 9(z,8)du(s), z¢€Z,
(0,4]

n(z)
has a version

(2) = /M g0z, 8)du(s)+

( / ol ts) - /(O,ﬂgm(z,s)du(s)),

3)

=1

2

n>1

such that

n(z)] <
<432 3 |u(afn©.4)]

n>1 1<k<2n

19(2,0)((0, 2])| + Cllg(z, )| Bg, (j0,61) X

1
2
2

(4)

)
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where o = ¢/2+1/2 (see [6]). Note that the versi-
on (3) is the same for all z € Z, while the constant
C depends on « and ¢ and does not depend on z, w.

3 Main result

According to [14, § 12] the fundamental solution of
wave equation (1) (d = 3) is given by

1
Ss(t, ) = %5 (a®t* — |z|?) Loy =
1
= o 5708, L{i>0)

where § is the Dirac function (correspondingly,
ds,, is the uniform measure on a sphere of radi-
us at that has the full mass 47a?t?), and where
| - | denotes the Euclidean norm.

Thus for any test function ¢ on R?* (that is
any infinitely differentiable function with a finite
support in R*) we have

[T, snasira
/RS |~”1”|90< 'ﬁ') de,  (5)

where dS(z) is a differential of the area in the
sphere {x € R? : |z| = at}.

Therefore, a mild solution of problem (1) (for
d = 3) is a measurable random function u(t,x) =
u(t,z,w) : [0,T] x R? x Q — R that almost surely
satisfies the following integral equation

/

ly—=|=at

/

ly—al=at

f(s,y,u(s,y)) a5
t—s

(837 SO) = 47Ta2
1

" 4ra?

1
dma?t

u(t,z) = vo(y) dS(y)+

N 1 9
4ma? Ot

t
/ ds
0
ly—z|=a(t—s)
t
I

1
duts) [ 7(s, 1) dS(y) .
-5 |z—yl=a(t—s)
(6)
Here dS(y) is a differential of the area in the
sphere {y € R3 : |y — 2| = at} and in the sphere

{y € R?: |y —x| = a(t — s)} for the corresponding
integrals.

1

t

uo(y) dS(y)

+ 4dma? I+

L1
4dma?
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The following conditions are assumed Proof. According to Theorem2.1 of [6], under

throughout the paper.

A1. The functions ug(y) = uo(y,w) : R3xQ —
R, vo(y) = vo(y,w) : R? x Q — R are measurable
and, for all w € Q,

611,0

\uo(y, w)| < Cuo (w)v

@ﬁ<@wm

yi
[vo(y, w)| < Cuy(w) -
A2. The functions wvg(y),uo(y), B%Z(iy) o=
1,2, 3, are Holder regular, namely
‘vo(y/) o UO(y//)| < Lvo (w) | /I y//‘ﬁ('”o) ,

0 < B(v) < 1;
[uo(y') = wo(y")] < Lug(w) [y = y"|™,
0< B(UO) <1;

ou, ou, ”
O(y/) _ O(y//) < Luo (w) |y/ _ y//’ﬁ( 0) )

y; Jy;
A3. The function f(s,y,v): [0,T] x R3 xR —
R is measurable and bounded, that is
|f(s,y,v)] < Cf.

A4. The function f(s,y,v) is uniformly Li-
pschitz with respect to y € R3, v € R, that is

F(afet) = £ Lyl = o+~ o))

A5. The function o(s,y) : [0,T] x R® — R is
measurable and bounded, that is

‘0—(31 y)‘ < C(T'

A6. The function o(s,y) is Holder regular,
namely

|o(sy) — a(s",")] <

< LU(’S, . S”’B(U) + ‘y/ _ y//}ﬂ(”)
1/2 < p(o) <1
AT, Juom)] = 0, [23(5)] 0, Jon(y)] - 0,
sup  |f(s,y,2)| = 0, sup |o(s,y)| =0, as
s€[0,T], z€R s€[0,T7]
ly| — oo.

The symbols C' and C'(w) denote a nonrandom
and random constants, respectively, that can be
different in different places and whose precise
values do not matter for our reasoning.

Theorem 3.1. Suppose Assumptions Al — A7
hold. Then the solution of equation (6) has a versi-
on u(t, z) such that for allt € [0,T], w € Q,

lu(t,z)] =0, |z|— oc.

14

Assumptions A1 — A6 for all t € [0,T], z € R3,
equation (6) has the unique solution u(¢,x).
We have

1
ut) < |y [ ) asw)|+
ly—z|=at
1 0/1
+ 471'&28t<t / uo(y) dS(ZU)) =+
ly—z|=at
f(s,y,u(s,y))
47ra2/ ds / t—s dS(y) |+
ly—al=a(t—s)
L[] (s.9) dS(y)
e o(s,y)dS(y)|=
dma® Jo t =5 " Jje—yi=a(i-s)

=11t z) |+ [ (t, ) [+ [J3(E, ) [+ [Ja(t, 2)]. - (7)

Now each of terms is treated separately. First
we consider the stochastic integral. Similarly to
proof of [6, Lemma 4.1] we use equality (5), pass
from the surface integral to the multiple integral
and obtain

1
Jt,x—/ h(t,x,s)du(s),
() = g [ b))
where

2m ™
h(t,z,s) = (t — s)/ dgo/ o(s,z4—s)sinddf,
0 0

and

xi—s = (x1 + a(t — s) cos psin b, xo+
+a(t — s)sinpsinb, x3 + a(t — s) cos ),

x = (21,22, T3).

Let arbitrary t € [0, 7], = € R3, be fixed. Then
the random function J4(¢, z) has a version (3) that
admits bound (4). This version is denoted by the
same symbol Jy. To use this bound we estimate
the norm of the function A(t,z,s) in the Besov
space.

By Assumption A7 for all g > 0 there exists
dp > 0 such that for all |y| > do,

sup ‘0(573/)‘ < €o, |f(8,y,2’)| < €o,

s€[0,T]

sup
s€[0,T], z€R

luo(y)| < eo, { } < €0, vo(y)| < €o-

o )
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Then Vs < ¢,V x| > 69 + aT there exists a Now the bounds obtained above are substi-
point yo, |yo — z| < a(t — s), such that tuted to (4). Finally, we obtain
Ju(t,z)| < C(eg Vel™0) x
|(txs|—t—s/ gp/ o(s,z— S)sm@d@‘ | Ja(t, z)| (e0Vep ") 1
2) 2
< ((0,4)) y+{ﬂZ2 Y \M(Agg) } )<
= (t— s)|a(s,yo)\/ dgo/ sin0df < 4nTey. (9) 1<k<2n
0 0
< C(w)(eo\/so ), (11)
Here we use the Mean Value Theorem, the Squeeze
Theorem and the first inequality of (8). where the sum with the stochastic measure is finite
Hence according to [15, Lemma 3.1].
Next, by equality (22) of [6] we get the followi-
|h(t, z,s)| < Ceo, ng representation of Ji

1

2 ™
1A (t, 2, 8)| L0, </ |h(t, x 5)2d5> < Cey, Ji(t,x) = 4;/ d(p/ vo(z¢) sinf d .
0 0
|h(t,z, s+ h) — h(t,z,s)| < 8rTey = Cey.

The same reasoning as that used in obtaining
Therefore, for s + h < t, bound (9) proves, V|z| > & + aT,

wa b, (9,7) < CeoV't < Ceg (10) |Ji(t,x)| < Teg . (12)

Analogously, since by (23) of [6]
On the other hand, by A5 and A6 we have

1 2
Jo(t, x :/ d(p/ ug (x¢) sin 6 df+
|h(t,az7s—|—h)—h(t,x,s)|:'(t—s)x (t.2) 4m Jo 0 (2)
t T ™0
2 w 4+ — d(p/ —ug(x¢) sinfdb ,
></ dgo/ (a(s,xt_s_h)—a(s,xt_s)) sin 0 df— 4 Jo o Ot ( )
™ we have, YV |z| > 09 + aT,
—h/ / a(s,xt_s_h)sianH‘ <
|J2(t,$)’ < (1 +T)€0. (13)

(t — 8)4nLyh?9) + hdrC, < CHP).
Then we obtain similarly to the preceding
Consequently, bounds by representation (5) and the second

inequality of (8) that for all |x| > dp + aT,
wy (g 7) < O,

| J3(t, )| =

Raise the latter inequality to the power 6 and 4m a2
multiply by inequality (10) raised to the power f(t |y| Y+, u< |y‘7y+x>)
1 — 6 for an arbitrary 6 € (0,1). We obtain X / dy’ <
ly|<at ’y‘
_ 2 2
wa . (9,7) < Cr¥P@eg™. - / 1dy‘ e T
dma? ly|<at |y‘ 2 2

Thus there exists a < §3(o) such that
Finally, we substitute estimations (11)—(14) to

||h(t7x,3)HB§‘2([O,t]) < Ceot relation (7). For all ¢ > 0 pu‘f g0 = eC 1 (w) if

. 1 e > 1, and g9 = (¢C~Hw))T? if € < 1. Then

—|—Cg(1)0</ T295(0)—20‘—1dr) < there exists a set Qg C Q, P(Qg) = 1, such that
0 for all t € [0,T], w € Qo,

< C(so Vv 55 9),
Ve>0 3d=3d+al VYi|z|>6: |u(t,z)|<e.
where a V b is a maximum of numbers a and b. O
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4 Conclusions variable.

We investigate the equation that describes a wave
in some medium with random and non-random
sources of perturbations. Namely, the situation
when influence of the sources vanishes as the spati-
al variable tends to infinity is studied. It is shown
that in this case the wave also fades with unli-
mited growth of the absolute value of the spatial
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VY pobomi docaidocyromovea saacmusocmi BUNGIKOGUT NPOUECIB, U0 HAAEAHCAMH 00 NPOCTOPIE P-
cybeayccosur sunadkosur sesuvun Suby(2). Bemanosaiero ymosu, 36 AKUT MPOUECU, WO SUSHAYEH]
na R, € obmesrcenumu i HenepeperuMy 3 UMOBIPHICTII0 1, BUNUCAGHO OUTHKU OAA PO3NOJIAY CYNPEMYMY

MAKUT NPOUECIB.

Karowosi crosa: p-cybeayccost npouyecu, HENEPEPSHICTNG, 00MENCEHICMD, PO3NOJIA CYNPEMYMY

In this paper, there are studied properties of stochastic processes belonging to the spaces of -
sub-Gaussian random variables Suby,(Q2). For the processes defined on R, we obtain conditions for
boundedness and continuity with probability 1, estimates for the distribution of the supremum are also

derived.

Key Words: p-sub-Gaussian processes, continuity, boundedness, distribution of supremum

1 Bcryn

V 1iit pobOTi TOCTIIZKYIOTHCST BJIACTUBOCTI BUIIAI-
KOBHUX IIPOIIECIB, IO HAJEXKaTh JI0 MPOCTOPIB (o-
cyOrayccoBux BHIIQKOBUX BesmdnH Suby,(§2). Ta-
Ki IpOIeCH SABJIAIOTH CODOIO IIiIKJIAC IPOIECIB i3
npoctopiB OpJinya eKCHoHeHiaapHoro Tuiry. Jle-
TajJbHE JIOCJI?>KEHHHS BUIIQIKOBUX IIPOIECIB i3
poctopi OpJinya MpeJicTaBieHo y MoOHOTpadil
[3]. 3a momomoroio enrpomiiinux Mmeromis B |3
BCTAHOBJIEHO 3arajibHi YMOBH OOMEKEHOCTI Ta He-
nepepBHOCTI nporeciB Opinda, 3aJaHnX HA KOM-
MAKTHUX MHOXKMHAX, 3HANIEHO OIIHKUA PO3IIOJIi-
JIIB CYIIPEMYMIB TaKUX IIPOIIECIB, & TAKOXK 3HAYHY
yBary mpuijieHo crenudikaliil mux yMoB st ¢-
cyOrayccoBux IpOIIECiB.

[TpocTropu (p-cybrayccoBux BUIIAIKOBUX BEJIU-
qnH Suby,(§2) y3arajibHIOIOTH IPOCTOPH I'ayCCOBHX

BUIAIKOBUX BEJIMYUH, TOMY BOHU IITUPOKO 3aCTO-
COBYIOTBCSI JIJIsT MOJIETIOBAHHST PeaJbHUX BHUIAJ-
KOBHUX TpOIeciB y Teopil uepr, dinaHCOBiil Mma-
temaruri, disuni. Heraapay imdopmariio momo
OCHOBHUX TIOHSITH 1 BJIACTUBOCTEN (p-CyOrayccoBux
BHUIIQIKOBUX IIPOIECIiB MOXKHA 3HANTH y Kepe-
nax |2, 3, 4, 6] Ta in.

Y masiit pobOTI POBIIISIIAETHCS TTUTAHHS PO
BCTQHOBJIEHHSI YMOB OOMEXKEHOCTi Ta HelepBHO-
cTi @-cybrayccoBux BunaJkosux mporecis X (t),
t € T, nns BUNAJKY, KOJIM IapaMeTpPUYIHa MHO-
)kuHa T’ He € KOMIIAKTOM, a caMe, TPHUITYCKAEThCS,

mo T = R.

Baysaxkumo, mo st nporecy X (t), t € T,
3aJaHOr0 Ha KOMMakTi 1', yMOBH 0OMeEXKeHOCTi i
HeIepepBHOCTI (DOPMYJIIOIOTHCS OHAKOBO, 3 BU-
KOPHUCTAHHSM MPHUIYIIEHHsT TPO 301XKHICTL Tak

© O.1. Bacunuk, O.M. Tonkago, FO.B. Kozauenko, JI.M. Caxuo 2019
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3BaHUX EHTPOIIMHUX IHTerpaJiB, fKI BU3HAYAIO-
ThCA depe3 eHTPOITiiHI XapaKTEePUCTUKH MHOXKH-
un T BiTHOCHO MEBHOI METPUKH, IO MTOPOIKY-
erbea camuM mporecom X. s HEKOMIAKTHUX
MHOXKUH CUTyallis € immoro. ociikenns Here-
PEPBHOCTI € BIIBII MPOCTOIO 3aaa19er0: IKIo 1' € o-
KOMITAKTHOIO MHOXKUHOIO (TOOTO MOXKe 6y TH Ipe/I-
CTaBjieHa, SIK 3JideHHe 00 €IHAHHST KOMITAKTHUX
[iJIMHOXKUH), TOAI i3 HemepepBHOCTI 3 HMOBIpHI-
ctio 1 mporiecy X Ha IUX KOMITAKTHUX ITiIMHOXKU-
Hax BUIIMBATUME HENIEPEPBHICTH 3 WMOBipHicTIO 1
wa T (nus., Hanpukiag, 1], Posuxin 1.3). Ase Taxi
apryMeHTH BKe He MOYKHA 3aCTOCYBATHU IS BCTa-
HOBJIEHHSI OOMEKeHOCTi IpoIecy i MmoTpibHO BBO-
JWTHU MeBHI momaTkoBi ymMoBu. OIUH 13 MOXKJIMBUX
IMIXO/TIB JI0 PO3B’si3aHHA ITi€l 3a/a49i peacTaBie-
HO y JIaHilf cTaTTi.

Pobora critajaerbest 31 BeTymy Ta 2 po3isiB.
Y posmini 2 HaBeIeHO OCHOBHI MOHSITTS Ta JAesIKi
HeOOXiJIHI Pe3y/IbTATH MO0 BUIIATKOBUX BEJIMIMH
Ta IporeciB i3 mpocropy Suby,(§2). Posmin 3 wi-
CTUTH OCHOBHI pe3yJsibTaTu poOOTH — TEOPEMU IIPO
yMOBH OOMEXKEHOCTi i HenmepepBHOCTI 3 HMOBipHI-
crio 1 p-cybrayccoBux BUIaIKoBuX mporecis X (t),
t € R, HaBeIEHO TaKOXK JesIKi 1X 3aCTOCYBaHHSI.

2 Heobximni BimomocTi 3 Teopil
cybrayccoBux BUIIQJKOBHX IIPOIIECIB

SO-

V npoMy po3ijii HaBeIeHO OCHOBHI MTOHATTS Ta e~
sIK1 HeOOXiIHI pe3y/IbTaTH 00 BUIIAIKOBUX BEJIH-
4UH Ta IIPOIeciB i3 mpocropy Suby,(Q2) 3, 4].

Osnavyennst 2.1. HemepepBHa mnapHa OIyKJa
dbyukmis ¢ {¢(x),r € R} nasusaernca N-
Pynruyiero Opauua, sxo ¢(0) =0, p(x) > 0 upu

x#O,@%Onpnx%OTa@%oonpm
x — 00.
Osnauenns 2.2. Hexait ¢ = {¢(x),x € R} —

nesika N-cynkiis Opanya. OyaKIlisg * Taka, 110
©* () := supyeg (vy — p(y)), © > 0, HasuBaeThCs
neperBopentsiM FOura — @enxestst GyHKIT .

Iml

ITpukaad 2.1. dxmo p(x) = xER p>1, 10

©*(z) , JIe ¢ TaKe 9HuciIo, o + 4 +

Axmo p(x) = exp{|z|} — |z| — 1, = € ]R TO
¢*(x) = (|z] + 1) In(|z| + 1) — [=].

Ymosa Q. s N-dyHKINT ¢ BUKOHYETHCSH
Yymosa (), SIKIIO

_ Jaf

=C>0.

lim inf
z—0

p(z)
2

X

2019, 4

19

Bulletin of Taras Shevchenko
National University of Kyiv
Series: Physics & Mathematics

Moxxmmso, mo C = +oo.
Y knusi [7] micrurecs neranbaa indopmartis
mon0 N-dyukmiit Opimmmda Ta X BJIaCTHBOCTEI.
Hexait (2, F,P)—1e crangaprauit iMoBipHi-
CHHIT TTPOCTIP.

Oznauenns 2.3. Hexait ¢ — N-dbyuknia Opim-
ga, JJIs sIKOI BHUKOHYeThCs ymoBa (). Bumaj-
KOBa, BeJIMYNHA § HAJICKUTH IIPOCTOPY Sub,(€2)
(mpocTopy (-cybrayccoBux BUIIAIKOBUX BEJTMYNH ),
sxmio EE = 0, Eexp{A¢} icaye nst Beix A € R Ta
icaye Taka craja a > 0, mo s Bcix A € R Buko-
HY€THCsl HEPIBHICTH

Eexp (A§) < exp (¢(ad)) .

Teopema 2.1. [3| IIpocmip Sub,(€2) e npocmo-
pom Banaza 3 nopmoro

L (In Eexp (A))
A

Tw(f) = sup
A£0

ma das ecix A € R sukxonyromsca nepienocms

Eexp(A) < exp (p(A15(€)))
(E€%)2 < Cr,(9),

de C >0 — deaxa cmana.

(2.1)

TO TIPOCTIP

Axmo @(x) = %, r € R,
Sub,(2) = Sub(§2) HazuBaeTbCs MPOCTOPOM CYO-

TrayCCOBUX BUIIQIKOBUX BEJIMYNH.

Osnauenns 2.4. Hexaii (T p)
MeTpuaHuil abo MeTpudHuil mpoctip. Merpuvunoio
eHTPOIIEIO (BIIHOCHO TICEBIOMETPUKHI / METPUKH )
Ha3MBAETHCA PYHKITis

H(e) :=

— JesIKIIi IICeBIO-

In Np (), € > 0,

1e N(r,p)(€) — e MeTpuIHa MaCUBHICTH MHOMKHHI
T, T00TO, KiJIbKICTH €JIeMEHTIB Y HAlMEHIIIOMY &-

IMOKPUTTI IT€] MHOXKWUHU.

IIpukaad 2.2. fdxmo T = [a, b] Ta p— e eBKIiI0-
Ba BIJICTaHb, TO JIJIsI JIOBLJILHOTO 3Ha4YeHHs € > 0:

In (max{b;Ta, 1}) < Hipp(e) <ln (b_ a—|—1>.

€
Osnavennss 2.5. Bumaugkoswmii nporec X
(X(t),t € T) € p-cybrayccoBum (TOOTO, HATIEKUTH
pocTopy Suby,(£2)), aximo ms Beix ¢ € T Buna-
koBi Besmuannn X (t) € Sub, ().
2

ko ¢(x) %, z € R, To Taxmit mpomec

HA3UBAETHC CyOrayCcCoOBUM.

IIpukaad 2.3. llenTpoBanuii rayccoBUil BUIIAIKO-
BHIl IIporiec € cyOraycCcoBUM.
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3 OcHoBHIi pe3yJsibTaTn

Hexait X = {X(t);t € T} — BunmagkoBmii mpo-
1ec 3 npocropy Suby,(§) Ta nceBrOMeTPHKA P,
HOpOJIzKeHa, BulaJAKoBuM nponecoM X Ha T, Mae
BUTJIST

px(t,s) = 1,(X(t) — X(s)),t,s € T.

[TpumycTumMo, 110 BUKOHYIOTHCS TaKi yMOBH:

A1) 9 = supyep 7o (X (1)) < o0

A2) (T, px) — cenapabesibHUiI POCTIp Ta BUIIAJI-
koBwmii porec X € cenapabeasuanm na (1, px ).

Teopema 3.1 ([3], Theorem 4.2, p. 105). xwo

€0
Iso(€0):/0 gp(_i

de V() x > 0 - Pynruyia, obeprena do
o(z),x >0, ma H(g) — mempuuna enmponia npo-
emopy (T, px ), mo das dosiavrozo O € (0,1) i sciz

de < o0, (3.1)

> 291291(?59‘3) CNPABedAUBE MAKA OUIHKA:
P{ sup | X (t)| > u} < 2A(u, ), (3.2)
teT
de
A(u,0) = exp { — " (l [u(l —0)— zI (960):| ) }
’ €0 €0 s ’

p* — ye nepesopenna Onea-Penzenn Pynryii p.

Hacuainok 3.1. Hexat T = [a,b]. Todi y meep-
dorcenni Teopemu 3.1 ymosa (3.1) nabyde suenndy

o=

Zosedenns. TBepmKeHHs MBOrO HACTIIKY BUILIA-
Bae 3 Teopemn 3.1 ta mepiBocti N(u) <
+1, 1e N(u) — MeTpuiHa MACHBHICTD IIPO-

[a,b], H(u) =1In N(u). O

In(o- b

Uam

2ot T

()
o 1)

~

1y

du < 00.

20( 1)( )
cropy T =

Hexait 3amicTb ymMoBu A2) BUKOHYETBHCS Taka
yMOBa.:

A3) Ilpomec X(t) € cenapabeqpHEM Ha
(R, px); nocmimosuictes {By = [ag,bi];k € Z}
YTBOPIOE po36buTTst mpoctopy R Ha miaMHOKUHA
By = lag,bilsk € Z,by > ap,Upez Br = R;
Hj(u) — meTpuana enTporist MHOXKUHA By, Bismo-
CHO IICEBIIOMETPUKHU px, k € Z.
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Teopema 3.2. Hexati dan sunadkosozo mpouecy
X = {X(t);t € R} 3 npocmopy Sub,(Q2) suxony-
romuves ymosu A1) ma A8), a maxooc nexal icry-
10Mb MOHOTMOHHO 3DOCTAI0YE HENEPEPSHT PYHKUTE
o = {ok(h),0 < h < maxsep, px(t,s)}, max,
wo 0, (0) = 0 ma wa KoorcHiti mHootcuns By,

sup To(X (t) — X (s)) < or(h). (3.3)
px(t,s)gh7 t,s€EBy,
Hexatl suxonyemuves ymosa:
) o ln(bkiaé“) +1)
I,(e0x) = / du < oo.
’ 0 PN (In( 25 + 1)
2‘7k ( )
(3.4)
Todi Oasn eciz 0 € (0,1) ma u >
20 (0c0r) _ _x . : .
SUDkez, Tgii—g) — € MAE MICUE ARG OUIHKG:
P{sup | X (t)| > u} < 2A4k(u,0), (3.5)
teBy,
de
1 2 .
Ap(u,0) = exp{—¢" (—[u(1-0)——1,(0cor)]) },
Eok €0k
©* — nepemeopenna FOnea-Denzenn PyHruii .

Hxwo dna deaxozo & > € pad Y .., Ak(€,0)
3bizacmoca, mo oas 6civ € > € pad Y . .q Ax(e,0)
meotc 3012a€MBCA T BUKOHYEMBCA HEPIGHICTNG !

P{sup|X( =} <2 Ay(e,0)
kEZ

P{sup | X (t)| < oo} = 1.
teR

{ Bk

Hosedenns. Posrnsgaemo — po3butts
[ak, bk]; ke Z}, UkeZ B, =R. Tomi

P{Sup\X( )| =€t =P{J sup |X(t)| = e}t <
kez < Bk

<> P{sup X (t)] > el
kez.  YE€Bk
3 reopemu 3.1 Ta Hacainky 3.1 BUILIHBaE, 110
Kot g < 00, I,(f0r) < oo, Ta X(t) — cema-
pabesibHUiT mporiec, To ymoBa (3.5) BUKOHYETHCS

IJIS BCIX u > % TakuMm YmHOM, JJjIsI BCIX
21, (6
6 € (0,1) Ta u > supyey, ﬁ MaTUMEMO

P{sup | X(1)] > e} < 24(c,0),
teR

ne A(e,0) = ez Ai(e, 0).
_ peor  Hi(e)
3a reopemoro 3.1, I,(eor) =[5 st <

00. 3 O3HAYEHHS METPUIHOI MACUBHOCTI OTPHUMY-

emo: Ni(e) < bf“ “’(“) + 1, ne byukuis oy (h) Bu-

3HAYEHA Y (3.3).
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3 [3] Bimomo, mo dbyHKIis % e mono- ITpuxaad g).l. Hexait B ymoBax teopemu 3.2
TOHHO 3pOocTarovor0. Tomi p(r) = %7 r € R, 1 <p<2iok(h) = ch?,
Lo(eor) < In( 504 1) € (0,1). Toxi maemo (npu ¢: 1/¢+1/p=1)
. 0k Py ey
sto(EOk)Z/ b( ») du < . B 1,1 2 .
R =rs Ant,0) = exp { = (- [u(1-0)~ L, (000)))"}
[Tokaxxemo, mo A(e,0) — 0, ¢ — oo. A L 11 11,
Ockinbkndy(e,0) < Ag(,0) upu € < &, 1o e [,(feg) < (ck ( z;—%)) » (9sﬁ)_"’i+‘1

3 Toro, mo Y ., Ap(é,0) < oo, BumIMBaE, 10
ZkeZ Ak(eae) < 00.

Temep mokaxkemo, MmO JJIst BCiX & TpH JI0-
CTATHBO BEJIMKUX 3HAYEHHSIX & BUKOHYETHCS:
A(e,0) < §. Hexait M € N. Tonui

ZAkesH Z Ap(e,0) <

|k|=0 k|=M-+1
B SPNRIREE SAPHE
Ik|=0 k|=M+1
Bubepemo  take  3smadenns M,  mo
D oikl=nm1 Ak(€,0) < L C Take, 10 HPU
e>C, |k| < M: Ak(e,0) < M+1) Toni
M
J J
A(e,0) < — 4+ - <.
CUEDY sar+1) T2 =0
|k|=0
Orxe, A(e,0) — 0, npu € — oo.
0
Teopema 3.3. Hexatt X = {X(t);t € R} — su-

nadkosuti npouec 3 npocmopy Suby, (). IIpunyc-
mumo, wo X — nenepepsrutl Ha JosinbHOMY 610-
pisky |a,b],a < b 3 imosipnicmio 1, a maxooic X €
obmestcerum sunadxosum npouecom Ha R 3 tmo-
sipricmio 1, mobmo P{sup,cp |X(t)] < oo} = 1.
Todi X (t) e nenepepsnum npouecom ra R 3 dimo-
sipHicmio 1.

Saysaocenns 3.1. 3a ymoB Teopemu 3.2, mporec
X e menepepsauM Ha R 3 fimoBipricTio 1.

3aysaocenns 3.2. Anajoriuno mo Teopemu 3.2,
pe3yabTaT Mpo 0OMEKEHICTh I HElepepBHICTh BU-
{X(t);t € R} 3 npoc-
Topy Suby,(§2) MoxKHA BCTaHOBUTH, (DOPMYIIIOIOUH
YMOBHU 3 BUKOPUCTAHHSIM 1HIIIOTO €HTPOIIIITHOIrO iH-
Terpay 3amicTb (3. 4) A came, MOXKHa PO3IJIsLIa-

T inrerpan I.(g) := fr(N(v)) dv, ne r(z), z > 1
0

majkoBoro mporecy X =

— HeBi'€éMHa MOHOTOHHO 3pocTatoda (PYHKITisT Ta-
ka, mo r(e*),z > 0, € onykiow dyskiiew. [Tpu
IIbOMY, 3aMiCTh TeopeMu 3.1, 3aCTOCOBY€ThCS iH-
it pesyibrar 3 [3| (Theorem 4.4, p. 107).

21

ap

. 11
(i npunyckaemo, mo - — = + 1> 0).

OrpuMaHi pe3yabTaTH MOXKHa 3aCTOCYyBaTH
[IPH JIOCJIIzKEeHHI po3B’s13KiB 3aa4i Kol jirst pis-
HSIHHSI TeIlJIOIIPOBIIHOCTI

{

e yHKIs f HemepepBHa Ta obMexkeHa Ha R.

ug(t; ) = aug(t;2), t > 0,2 € R,

u(0;2) = f(x),z € R, (3.6)

Teopema 3.4 ([8], c. 181). Hrxwo f — nenepepsna
ma oomestcera Pynruyia va R, mo edunutl poses’s-
3ok 3adawi Kowi (3.6) y xaaci menepepsnuz ma
obmestcenur Pynruyit sadaemuvesa dopmynoto Ily-
accona:

+00 1 (v—x)2
U(t,l’) _/_Oo f(v)2a\/77texp{_ 4a2t }d’U,
t>0,z €R.

Teopema 3.5. Hezati & = {£(z);z € R} - sunao-
Koeutdl npouec 3 npocmopy Suby () marut, o
sup,cr [£(x)] < oo, 3 dmosipricmio 1 ma &(x) €
B8UDLIPKOBO HENEPEPSHUM 3 UMOBIPHICMIO 1.
Todi 3 timosipricmio 1 eunadkosut npouec
+oo (U _ x)2

u(t, z) = /_ p{— - }dv,

t>0,r eR,
€ 00MEHCEHUM A HENEPEPEHUM PO3E AZKOM 300a-
wi Kowi (3.6) 3 6unadkosoto nowamxosoio ymosoro
u(0;z) =¢&(x), v € R.

§(v)

o0

1
ex
2av/mt

Jlosedenns. TBepiKeHHs 1€l TEOPEMH BUILIUBAE
3 TeopeMu 3.4. OJ

Hacaigok 3.2. Hexat das eunadxosozo npouecy
£ = {&(x);x € R} 3 npocmopy Suby, () suxonyro-
muoca ymosy meopemu 3.2. Todi 3 dmosipricmio 1

sunadkosuli npouec
(v—2)?
P {_ 4a?t a,
t>0,z €R,

+oo

u(t,x) = /_

(v)

1
ex
2a+/mt

[e.9]
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€ 0OMENICEHUM MaA HENEPEPEHUM DO3E AZKOM 30-
davi Kowi (3.6) 3 6unadkoso1o nowamxoeoio ymo-
soro u(0;x) = &(x), v € R, i mae micye ouyin-
Ko P{supyog ek [0t 2)] > b < Syeg AR(e), de
Ag(e), e > 0, susnanvaromues dan npouecy & 32io-
1O 3 meopemoro 3.2.
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V pobomi 6usuaOmMvbCA GCUMNMOMUNHT BAACTNUBOCTINE OUIHKY HATMEHWUT K6adpamie napamempie

MPULOHOMEMPUUHOT MOJEAT pe2pecii 3 CUALHO 3aaeHcHuM wymom. Mema pobomu noaseac 6 ompu-
MAHHT 8UMO2 00 GYHKULL peepecii ma 4aco8020 PAdY, W0 MOJeAI0E BUNAIKOBUT WYM, 30 AKUL OUITHKA
HAUMEHUWUT K6adpamis napamempie Gynkyil peepecii € acumMnmomuyHo HOPMAALHOW.

K104061 cr06a: mpuzoHomMempuuna mModeis peepecii, ynruis peepecii, 6unadkosutl Wym, AOKAAD-
HE NEPEMBOPENHA 2AYCCIBCHEO20 CMAUIONAPHO20 HACOB020 PAJY, OUINKA HAUMEHWUT K8aIPAMIG, CUM-
2YAAPHA CNEKMPAALHE WIEALHICTG, CNEKMPAALHA MIPG PYHKULT DE2PECTE, [-NPUNYCMUMICTD, PO3KAGOU
3a noairomom Jebuwosa-Epmima, pane Epmima, acumnmomuura HOPMAALHICTD.

The least squares estimator asymptotic properties of the parameters of trigonometric regression
model with strongly dependent noise are studied. The goal of the work lies in obtaining the requirements
to regression function and time series that simulates the random noise under which the least squares
estimator of regression model parameters are asymptotically normal. Trigonometric regression model
with discrete observation time and open convex parametric set is research object. Asymptotic normality
of trigonometric regression model parameters the least squares estimator is research subject. For obtai-
ning the thesis results complicated concepts of time series theory and time series statistics have been
used, namely: local transformation of Gaussian stationary time series, stationary time series with si-
ngular spectral density, spectral measure of regression function, admissibility of singular spectral density
of stationary time series in relation to this measure, expansions by Chebyshev-Hermite polynomials of
the transformed Gaussian time series values and it’s covariances, central limit theorem for weighted
vector sums of the values of such a local transformation and Brouwer fized point theorem.

Key words: trigonometric regression model, regression function, random noise, local transformati-
on of Gaussian stationary time series, the least squares estimator, singular spectral density, spectral
measure of regression function, p-admissibility, expansions by Chebyshev-Hermite polynomials, Hermite
rank, asymptotic normality.

Communicated by Dr. Sci., Prof. Moklyachuk M.P.

Beryn B3araji KaKy4ddW, CyMHU TapMOHIYHUX KOJIMBAaHD,
0 MaCKY€ThC aJUTUBHUM BHUIAIKOBUM ITyMOM.
Taky Mojesb perpecii Ha3UBAOTh TPUTOHOMETPH-
YHOIO, a ONMCAHY 3aJlady — 3aJatel0 IIPO BUSIBJIE-

HHSI TPUXOBAHUX ME€PIOUIHOCTEIA.

Y poboTi po3rasmacThCs HeJiHifiHa MOIesb
perpecii 3 JIUCKPETHUM YacOM CIIOCTEPEXKEeHHS,
dKa € CKJaJIHOI0 B TOMY CEHCI, 10 BUNAJIKOBUN

IIIyM € JIOKAJIbHUM HEeJIIHIHHIM ITepeTBOPEHHIM T'a-
YCCIBCHKOI'O YacOBOrO Psifly 3 CHHIYJISPHOIO CIIe-
KTPaJILHOIO MIIIbHICTIO (C.1.).

Cepej; pisHOMaHITHUX TPOOJIEM HeTHIFTHOTO
perpeciiHoro aHaJli3y BapTO 3BEPHYTH yBary Ha
3a/1a4y OIIHIOBAHHS aMILIITY/l Ta KyTOBUX YaCTOT,

© T.O. Hpabuk, O.B. Isanos, 2019

AcuUMIOTOTHYHY TOBEIHKY OIIHOK HaWMeH-
mmx KBaJpariB (0.H.K.) mapaMerpiB TPUTOHOMe-
TpudHOI Mojesi perpecil y 50-x pokax MUHYJIOTO
crositTs BuB4as I1. Vit (1], a nismimre 1io 3aaatdy
pos’azyBaiau A.M. Youxep (2|, E./Ix. Xennan [3],
A5, Hoporosnes [4], O.B. Isanos [5] ra in. B
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MOJIENAX i3 JIMCKPETHUM Ta HENEePEPBHUM YaCOM
3a PIBHUMHU MPUITYIIEHHSAMHI BiTHOCHO BUIIAIKOBO-
ro mryMmy. Ilapasesibio pisHi y3araJibHEHHST TPUTO-
HOMETPHUYIHOI MOJIEJI perpecii po3riisiaim

A4l Hoporosres Ta I1.C. Knonos [6].

B poboTi moctimKyeTbest acCUMITOTHYIHA HOP-
MAaJIbHICTh O.H.K. TapaMeTpiB TPUTOHOMETPHIHOI
MOJIeJIi perpecii 3 JIUCKPETHUM HaCOM Ta ITYMOM,
IO € HeJIHIWHUM JIOKAJILHUM IIEPETBOPEHHAM Ta-
YCCIBCHKOTI'O CTAIIOHAPHOTO YaCOBOT'O PSIAY 3 CHH-
rysisipuuM criekrpom. TyT mMu crimpaeMoch Ha cTa-
tTi0 O. B. IBanosa, H.H. Jleonenka, M./. Pyiz-
Menuuu, B.M. 2Kypakoscekoro [7]. Ha simminy
BiJI BKa3aHOl CTaTTi, Y AKiil JOBEJEHHS aCUMIITO-
TUIHOI HOPMAJIBHOCTI O0.H.K. TapaMeTPiB TPUTOHO-
METPUYHOI MOJIesl 3/IMCHIOEThCA 13 3aCTOCyBaH-
HaM JiarpamMuol opMyJirn, MU KOPUCTYEMOCDH Te-
OPeMOIO PO ACUMITOTHYIHY HOPMAJIBHICTE HEeTKOl
3BayKEHOI BEKTOPHOI CYMU 3HAYEHb NTyMY, SIKY J0-
Begeno B crarti O. B. Ianosa, H.H. Jleonenxa,
M., Pyis-Meunu, .M. Casuu [8].

1 ITocTanoBKa 3agad4i Ta JJONOMi>KHi pe3yJib-
TaTH

[IpunycTtumo, 110 BHUIIAIKOBI mpoIecH, sIKi
PO3TIIAIAIOTHCS B MOMAJILIIIOMY TEKCTi, 33/IaH0 Ha
fimosipaicHomy mpocropi (§2, F, P).

Poszriisinemo Monens perpecii

Xt = g(t, 90) + Et, t= ﬁ, (11)

Jge g : N x ©, — R — menepepsrna dynkuisg npu
koxkHoMy t € N HAa ©4 = | (O +74a),
llal|<1
v > 0 — geske gucio, © € R? — Binkpura MHOXKU-
Ha, M0 MICTUTh MOHOTOHHO HECIIAJIHY IMTOC/IiI0B-
HICTH BIIKPUTHX Omykjmx MHOxkuH {Op, T > 1}
oo
Takux, mo | J ©r = O. Icrunne 3HaYeHHS apamMe-
t=1
tpa 0 € Or musa mocrarnno Bemkux T (Gymemo
uucatu T > Tp).
BijgiHOCHO TIIyMy € TPHUITYCTUMO, IO
Al. e, =G(&), t € Z, ne G(z), v € R, — Gopeure-
Ba dyHKIIis, npuaomy ey = 0, ]Eeé < 00.
A2. &, t € 7, € raycCiBCHKUM CTAIIOHAPHUM IACO-
BuM pszioM, &y = 0, i3 koBapiariitHolo dYHKIIIEIO

B(t) =Y AjBa(t), 120, teZ, (12)
=0

cos st

Ba,s () = W,

a; €(0,1),  (1.3)

,
0<smy<m<..<smm<m Y Aj=1 4;>0.
j=0
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Hexait £(t), t € R, — HenepepsHuii B cepe-
JHBOMY KBaJIpPaTUIHOMY CTAIllOHAPHUII BUIIAIKO-
BHUII IIPOIEC 3 HYJIbOBUM CEPEJIHIM Ta KoBapialliii-
HOIO (PYHKITIEIO

B(t)=> AjBa(t), >0, teR, (14)
§=0
neA;j>0,7=0,r > Aj=1,
§=0
_ cosut '
o (1) = 7(1 )T a; €(0,1), (1.5)
0§%0<%~1<...<%r<71'.
Ca. f(A), A € R, nponiecy &(t), t € R, mae
BUTJISI,

FO) =D Ajfa;(N), AER, (1.6)
j=0

e i j = 0,7, A € R,

() (

9
+Kaijl (A = 555]) [N = 552

)

1

- a;—1
Fayrs (V) = Kaj-1 (A +3g]) (M3 72 +
2

).

VAT (3) [

1 1
><exp{—2 <s+>z} ds, z>0, veR.
S

Qyukmia K,(z), z > 0, nHazuBaeTbesa Mojanudiko-
BaHoio dyukiieio Beccens 2-ro pomy mopsaaxky v,
abo dyukmiero Maknonanabaa [9]. Biamitumo, 1o
K_,(z)=K,(z) iupu z — 0

(1.7)

o(1-a)/2

) KV(Z) =

c1(a

N |

K, (2) ~T()2" 127", v > 0.

B oxonax To9ok A = £z, j = 0,7,

~ Col 5 L
oy ) = O [n g2 (1 hy (A4 56)) +
R (T (P1)) | R OB
se ca(A) = (20(a) cos %),
F Olj2+1 )\ 1—O£j
() =(3_aj) 3
r(*5)
F (aj;—l) )\ 2
zZ 2 _
+4F Ty '2 +o(JA]F), A—=0, j=0,r.
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Orxe, c.am. (1.6) mMae 2r + 2 TOYKHU CHUHIYJISIPHO-
cTi, aKIo 7y # 0, Ta 2r + 1 TOYKY CUHTYJISIPHOCTI,
skio 2y = 0. [Ipouec £(t), t € R, € nporecom 3
CUJIBHOIO 3aJIEXKHICTIO, AKINo 79 = 0.

Kosapiamniitna dyukiis B(t), t € Z, cramio-
HAPHOI'O 9acoBOrO psiy &, t € 7, 3 ymoBu A2
MA€ CIIEKTPAJIbHE TPEICTABICHHST

T

B(t) = /ei’\tf()\) i\ tez,

—Tr

(1.9)

Tobro B(t), t € Z — nocainosuicts KoedinienTin
Oyp’e c.iI.

FO) =D Ajfa;(N), A€ [-ma].  (1.10)
j=0

Baysaknmo, 1o c.ii. (1.10) Ta c.m. (1.6), mo
BijoBilae HenepepsHOMy anajory (1.4) koapia-
miitnoi dyskiil B(t), t € Z, nos’s3ani MixK cob0t0
cuiBigHomenusM [10]

fO) = > f(A+2rk), A€ [-m 7). (L11)

k=—00

Ockinbku QyHKIS MaxgoHa bIa Mae€ BJIACTH-

K, (2) \/Ze—z <1+o< >>

z — o0, v >0, (1.12)

1
z

To psiz (1.11) 36iraerbes, 1 dyukmio f(A) o3na-
YeHO KOPeKTHO. [0 TOro >k MOXKHa CKa3aTw, 10
dyukuis f(\) mae, gk 1 dyHKIis f()\), Tl 2K cami
CHHIYJISIDHOCTI B TOYKax \ = +¢; € (—m,7),
j=0,r.

[Mpumnycrumo, mo dyukiii g(t,-) HenepepBHO
nudepentiiiosni Ha 0., t > 1. [Toznaummo

0

00;

PosriisineMo BEKTOP-IPaIieHT
Vg(t,0) = (91(¢,9), ..., gq(t, 9))*, dyukmil perpecii
g(t,0),0 € 0,,tcN.

Hexait B — o-aarebpa OGopeieBUX IIiJIMHO-
JKWH iHTepBasly |[—m,m|. BBememo marpudny wmi-
py pr(dA,0), 0 € ©, na ([—7r,7r],8) 3 MaTPULEIO
NILIEHOCTI

() = (h 0055 0)x

)

x(]‘gé(A,e)fdA/ﬂ‘ng(A,e)fdA>1/2)

gi(t> 9) = g(t,@), i

1,q.

q
k=1

(1.13)
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T
grA0) = eMgp(t,0), Ae[-m 7, k=T4¢.
t=1
Binmitamo, mo dip(6) =
T T
= @07 [ of O dr = S gi(t6), b =Tq
—r t=

B1. Iocainosuicte Mmip pr(dA,0) cinabko 36ira-
€ThbCS JIO0 JIOJaTHO BU3HAYEHOI MaTPUYHOI Mipu
p(dA, 0):

T — oo. (1.14)

BT == [,

Vamosa B1 Bkasye, mo enementu p*(d), 6)
marpui p(d, §) € KOMILIEKCHI 3apsiin 06MezKeHOT
Bapianii, a marpuni u(B,0), B € B, HeBix’eMHO
BU3HAYECHI, TIPHIOMY ,u([—ﬂ',ﬂ'],@) — JI0JIaTHO BH-
3HadeHa MaTpuig. lo Toro K, g 6yab-gaKol He-
rmepepBHOI Ta 00MexKeHO1 (PyHKITIT

a(N), X € [-m, 7,

™

/a(/\) pr(

—T

dx, 0) — /a()\) 1(dA,0), T — oo,

(1.15)

Osnavennst 1. Mipa p(d\, 0) nasusaemuves cne-
Kmpaavroto miporo gynkuii peepecii g(t,0) [11,12]
(mouniwe, i sexmop-epadienma Vg(t,0) [13]).

3a ymoB Tlgrolo d21(0) = oo,

max loi(t,0)| = oldir(6) mpu T — o0, i = Tg,

kommoment M (d),0) mipu p(d\, ) Moxna Bu-
3HAYUTH i3 cruiBBiHOIIEHD [12]

—1
T

RM(h) = lim_d;z(0)dip (0)%

T

x> gr(t+h,0)gi(t,0) =
t=1

T

= /ei)\h :U’kl(d)"e)v k,l=1,q, (116)
SKi BUKOHYIOTbC IIPU KOXKHOMY h € Z..
Beememo marpuirio
N
r(6) ( ki )>k,l:1
T q
= <d1;711(9)d1_:r1(9) Z gk(t, 0)ai(t, 9))
t=1 k=1
(1.17)

Toni 3 (1.13) wpu a(A) =1, X € [-m, 7],

31(6) = [ ur(dro) —

—T
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j Hexait nestka, byHKITIS

— / dX,0) = p([-m,7).0) = J(0), T =00, W € Ly(R,p(x )dx) o(z ) _ (Qﬂ)—uz —a2/2

(1.18) PO3KJIACTHU B IIHOMY I‘l.Hb6epTOBOMy IIPOCTOPI B Psi
upuiomy Marpuns J(0) nonaTHo BU3HAUeHA 3a Oyp’e 3a moginomamu Heburopa-Epmira
O3HAYEHHSIM CIEKTPAJbHOI Mipu f. 3Bijcu, i ma-

tpuri A7(0) = J7'(0) nomartno susnaueni jyrs Hy(z) = (—1)" <\/ﬂ(p(qj)) ! X

T > Ty. o toro x, lim Ar(0) = A(9) = J~1(0)

TaKOXK J10JaTHO BI/ISHaL_I)eHa MaTPUII. % di ( \/ﬂgp(az)) n>0
BayBaknmo, 110 Koun a(\) BTpadae BJIaCTUBO- " T

cTi HenepepBHOCTI Ta 00OMeXKeHOCTI, ciiBBignome- O YTBOPIOIOTL IIOBHY OPTOIOHaJIbHY CHCTEMY B
HHs (1.15) MOXKe B I€SIKUX BHIIA/IKAX TAKOXK BHKO- La(R, ¢(z) dr):

HyBaTUCD. st IbOr0 1aMo BiAMOBigHE O3HAYMEHHST &)

JIJISL C.I00. CTAIlOHAPHOrO YACOBOTO DLy

fA), A € [—m, 7.

Oznavennst 2. C.w. f wasusaemovcsa - W(x
npunycmumoro  [12], axwo 6ona inmezposana
3a Mipom [, mobmo 6Ci eAeMEHMU MAMPUL

Yo(xz)dz, n>0.

(1.21)
Y chopmymioBaniit HuxKkde Teopemi 2 OyieMo
BBaXKaTH, 110
oo

Co = _f W(z)p(x)dr = EW (go) = 0.

f FO) u(dX,0) ckinvenni, ma das a = [ 6u-
%OHyembC.ﬂ (1.15).

Jai OymemMo pO3IVISIATH BJIACTUBICTH -

npuiycrumocti c.ar. f(A), A € [—m, 7], gKy 3a/7a- Osnauennss 3. Oyuxyin W € Lo(R, ¢(z) dx)
I}IO_(bOpMyJIOIO.(l.ll). Bsenemo M}'IO}KI/IHUy lHﬂ(Ei(CBB mae panz Epmimam (Hrcmk(W) _ m), AKWO b0
= {=r,7} i nua BusHAUYeHOCTI Hexait xo = 0. C1(W) # 0 mam = 1, abo das desxozo m > 2

[Moknagemo A_; = =X\, N = x1, L= 1,7,
X = xo = 0. Cumparouncs ua dopmyau (1.7), Ci(W) =...=Chpra(W) =0, Cp(W) #0.
(1.8) Ta (1.11), MoKHA CTBEp/KYyBaTH ICHYBAHHS (1.22)

TAKOro JOCTATHLO BEJIMKOrO 4ucia ¢y > 0, mo
JUIST BCIX ¢ > ¢p 3HalAyThCsa oKosn Vi(c) TOYOK
A, L€ I, s sskux

Y cdhopmysboBaniit aumxkde [I'T Bukopucrano
MIOHSITTS €pMITOBOro paHry (YHKINI s JesaKol
BEKTOPHOI CyMHU BUIAJIKOBUX BEJIUYUH Ta C.III.,
Del-mal: f\) >} C U Vi(e), (1.19) TJ_LO Bi;gnc')Bi;.Li;HOTb CTauiOHz.szI/IM qaCOBUM psJaM

i3 koBapiamniitnumu dyukuismu B*(t), s € N, xe
B(t),t € Z, — xosapiaiiiiia (yHKIIisT 4aCOBOrO
npudomy Vi(c) y (1.19) He neperunatoTbest Ta Mipu  psny &, t € Z.
JlebGera m(Vl(c)) $0mpuec— oo, l €l Kosapianiiiniit dbysxiii B(t), t € R, s > 2,
B2. na T > Ty ne B(t) — koBapiarniiina dynkuis (1.4), Bianosinae
$-Ta 3rOPTKA

:/f(/\—/\g—...—)\s)x
Rs—l

Hacrynme TBepmKeHHS € BapiaHTOM 3araJib- > H f ) dXo...d)s, N ER, (1.23)
HOl Teopemu poboru |7] mast JUCKPETHOIO Hacy

criocrepexkenpb Ta c.af. (1.11).

lel

dip(0°) max

X, 09| < hp(0%) < o0,
. [gh 0 0%)] < huy(6) < oo

lel, k=T1,q (1.20)

c.II. (1.6)—(1.8), CTaIiOHAPHOI'O BUIIAKOBOIO IIPO-
necy &(t),t € R, skuii 6yj0 PO3IJISHYTO BUIIE.
Toni 3a dopmystoro (1.11) koBapiamiituiit dyHKIil
B#(t), t € Z, Bignosijae c.1.

Teopema 1. Hexat sukonyromos ymosu A2, B1,
B2 ma c.w. f inmeeposana 3a miporo p. Todi f e
U-NPUNYCTUMON0 PYNKULEI.

Jami My mobadmmo, 1o Teopema 1 mOTpi- f(s Z f*s (A+27k), A€ [-m, 7], s>2.
OHa JIJIsI JOBEJEHHS ACUMIITOTHYHOT HOPMAJILHOCTI e —o0
0.H.K. (1.24)

27
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By,ueMo BBazKaTH 3a O3HAYCHHAM, IO

FAN) = FO) 1 JOM) = FA), a0 Toro x,

cdopmyrmoemo st byukiiit W € La(R, ¢(x) dx)
HACTYIIHY aJbTePHATHUBY.
A3. Ao (i) Hrank(W) =1, a> 1,
abo (ii) Hrank(W) =m, ma > 1, ne
a = min qy, (1.25)

o<i<r

oy — mapamerpu Koapiamniitaol dynkii (1.3) cra-
IIOHAPHOT'O 9aCcOBOTO psifty &, t € Z.

Hexait g dyuknii W BukonyeTbhes yMoBa
(i). IIpu Bukonanni ymosu (ii) momasibini Mipky-
BaHHsI aHaJOrivHI. 3BiIcH KoBapiamiiiHa QyHKIIis
B(1),

t € R, 3a dopmymamu (1.4), (1.5) inrerposana 3
kBajpaTroM Ha R i 3roprka

f*%x):% / eMBAt)dt, A€ R, (1.26)

€ obMerKeHOI0 Ta HemepepBHooO dyHKIien. o To-
ro K, JUId OyIb-sIKOTO § > 2

f*s()\) — % / ez’AtBs(t) dt <
< BS;T(O) / B%(t) dt < oo, (1.27)

—0o0

i Bci sropTku f*° HerepepBHI Ta OOMEXKeHI OJIHI-
€10 KOHCTAHTOI0, BPAXOBYIOUN HAIE TPUITYIIEHHS
B(0) = 1.

Takoxk 3ayBaKnUMO, IO 3 PiBHOCTI

— <Z ABa, 1, (t)) , teR, s>2,
=0

(1.28)
micJIst TijIBEeJIeHHsT MTPaBoOl YacTUHU B S-U CTEIHb
BUJHO, IO C.III. f*s(/\) € JIiHifiHOIO KOMOiHAIIIEI0
dyuxuiit Makgonabaa TOpAaKiB v > 1, 11 SKux
crpaBe/yiuBa acumirorndaa dpopmysa (1.12). Ta-
KUM 9uHOM, Dsift (1.24) 36iraerbest piBHOMIDHO 3a
A€ [—m, 7.

CdopmysioemMo TeopeMy PO aACUMITOTHIHY
HOPMAJILHICTh 3BaykKeHOI BEKTOPHOI CyMU 3HAYEHb
HEJIIHIITHOTO TIEPETBOPEHHSI TayCCIBCHKOI CTAITio-
HApPHOI BUIIA/IKOBOI MIOCJIIOBHOCTI 3 CUHTYJISIDHUM
CIIEKTPOM, $IKY JI0BejieHO B poboti [14]. Ham 3Ha-
H0OUTHCS TOJATKOBA YMOBa,

B3. Hua T > Ty,

1,q.

29)

dig? (0°) masx |gi(t, 0°)] < K'(0) - TV, i
T

1
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Teopema 2. Hexat sukoryromovs ymosu A1, A2,
B1-B3 ma 00na 3 HACMYNHUL YM0O8 OAf PYHKUTT
W e La(R, ¢(x) dzx):

(i) Hrank(W) = 1, a >
pady ey, t € 7, € p-npunycmumonro;

(i) Hrank(W) = m ma ma > 1, de a 3adana
dopmyaoro (1.25). Todi sunadkosuli eexmop

ma c.w. f wacoeoeo

T
(r = dp'(6°) Y W (&) Vg(t,6°),
t=1
Va(t,0°) = (g1(t,0°), ..., g4 (t,6°))"  (1.30)
acumnmomuuro nopmaavrut N(0,0) npu
N — 00, de
oc=2r Z /f(s u(dX,0%). (1.31)

fx Oy0 BKa3aHO y BCTYI, HAC OCODIUBO ITi-
KaBUTH TPUI'OHOMETPUYHa (DYHKINsS perpecil

N
g(t,0°) = Z 9 cos ot + By sin gogt) , (1.32)
k=1
0° = (9?,08,9§, "'70gN—2703N—1>9gN) =
= (A}, BY, ¢, .., Ay, B, ¢),
(O = (AN2 + (BY)? > 0, k = 1,N. Posmi-

0 0
(1, - @) Y TOPSIIKY 3pO-
cranHs. Po3riisiHEMO MOHOTOHHO HECIAHY CiM’I0
BIIKPUTUX MHOKHUH

CTHMO YaCTOTH QOO =

Or C @(f,@)’ T > TO > 07

= (p1,...,oN) € RY :
< enN <p< T}

CTOCOBHO fAKHUX IIPUIIYCTHMO, IIIO BOHHU MICTSIThb
ICTUHHE 3HAYEHHS ImapaMeTpa (po Ta 3aJ0BOJIbHA-
IOTb yMOBaM

li inf  T(on — ;) = 1.33
Jm _inf o (or — j) = +o0, (1.33)
pedT
lim inf T 1.34
Am nf Tipr = +oo. (1.34)

Ymosn (1.33) ta (1.34) — me ymoBH po3pi3HeH-
HS ITapaMeTPiB TPUTOHOMETPUIHOI MOJIE] perpecit
(1.1) ra (1.32).

TTosnaunmo

i g(t,0)]”.
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Ozuavennst 4. Bydemo Ha3usamu 0.H.K. napa-
MEMPA 6?? y cenci Yoaxepa [15] marud sunadkosui
sexmop Or = (A1, Bit, 1, .., ANT, BNT, ONT),
wo minimizye gynryionas Qr(6) na napamempu-
wniti mmoorcuni Op C R33N, 6 awiti amnaimyou
Ay, Bi, k = 1, N, moocyms nabysamu 6y0v-sxi
3Haventa, a xKymosi wacmomu @ € D5, de L
3AMUKAHHA MHOdACUHY P

Komt ¢ > 0, ymosa (1.34) BuKOHyeTbLCH.
fAxmo ¢ = 0 Ta &7 C ®(0,%), TO AT BUKOHAHHS

(1.33), (1.34) moxkeMO B3sITH, HAIPUKJIAJ, Hapa-
MeTPUIHI MHOXKUHKU P, 1111 IKUX

inf — ) =T "2 inf ¢ =T""2
Lo SN(% ©5) »nf o
pePT

Hepaxkko mepeBipuTH, 1m0 TPUTOHOMETPUIHA
dyHKIIs perpecii 3a10B0/1bHsI€ ymMoBaM B2 ta B3,
010 ymosu B1 nquB. posmi 4.

2 Teopema penykirii

B nipomy po3iJii a1t 3araibHOI MOJIesIi perpe-
cii (1.1) Mu 10OBOIMMO TeopeMy PeJyKIll, sKa JIo-
3BOJISIE 3aMIHUTH BUBYEHHS aCUMIITOTUIHOTO PO3-
MOJIiJy O.H.K. B HEJIHIWHIA MoOje/i BUBYEHHSIM
ACUMITOTUYHOTO PO3MOJILTY O.H.K. V JedKiil gomo-
MiXxHi#l JiHiitHIE Momeni. TakuMm YuHOM, BKa3aHa
TeopeMa peayKIlil, (paKTUIHO, € TEOPEMOIO JliHea-
pu3artii.

OznavenHst 5. O.H.x. Heeidomoz0 napamempa
00 = (9?,...,02) € Op, T > Ty, ompumanoi
3a cnocmepescennamu X, t = 1,T, y modeni
cnocmepesicers (1.1) nasusaemoca 6ydv-axuil ee-
Kmop Op = (él, ...,9q) € 0%, de OF — samurarmna
MHoocunu O, das AKo20

Qr(fr) = min Qr(0).

2.1
USS ( )

OsnauenHsi 5 y3arajbHIOE O3HAYEHHS 4 0.H.K.

B ceHCi YoJKepa Jjisd TPUTOHOMETPUIHOI (DYHKIIT

perpecii (1.32). IcmyBamust xoua 6 OHOrO O3Ha-

YEHOT'O BHUINE BUIAKOBOIO BEKTOpA BUILIUBAE i3

reopemu (3.10), crop. 270, poboru I. Ildanma-

s [16], sxio Grgélg Qr(0) mocsiraeTbest s KO-
T

2KHOTO w € ).

3pobumo HacTyiHi npumyiienns. Hexait ¢dyn-
K1ist perpecii g(t,-) € C*(0,), t € N, ta
limp , T 'd2:(0) > 0,0 € ©,i=1,q.
[Tozunaammo

di(0) = diag(dip(0)){_;, 2
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, 3

2

a(t,0) = ———g(t,0), i,l=1,q, 2.2
gi(t,0) a91,8919( ) q (2.2)
T
t=1
BBG,HGMO HOPMOBaHY O.H.K.
g = dp(6°) (07 — 6°). (2.4)

Bukonaemo 3amMiHy 3MiHHIX
u=dr(0°)(0 — 0%), 0 € ©%, axa sianosigae Hop-
MmyBaHHIO (2.4) y dyHKIHT perpecii Ta i1 HOXiIHAUX,
i sanmmemo st u € Ur(0°) = dr(0°)(05 — 69)

h(t,u) = g(t,0° + d;' (0°)u),
H(t;uy,u2) = h(t,u1) — h(t,u2),
hi(t,u) = gi(t,0° + d (0%)u), i =1,q,
H;(t;uy,u2) = hi(t,u1) — hi(t, uz),
ha(t,w) = ga(t,0° + d3 (0% ), i,1=T,q.

Bynemo TakoK BUKOPHCTOBYBATH ITO3HAYEHHS
V(R) = {ueR?: |[u| < R}.

[Mpumnycrumo, mo mig R > 01T > Ty(R)
BUKOHY€ETHCS HACTYIIHA YMOBa, HA 3POCTAHHS TTOXi-
JHUX 1-TO Ta 2-ro HmopsiakiB (byHKINI perpecii.

hi(t,
B4. (i) max M <
=T,7, ueve(R)nUr(00) dir(6°)
<K(R)-T7V2 i=T14¢ (2.5)
(ii) max M <
=1, ucVe(R)NUz(0°) dig1(0°)
<KYR)-T7'V? i l=Tg; (2.6)
dig,r(0°) Til pe1/2
iii ) it/ ,
( ) diT(QO)le(HO) -
i,l=1,q. (2.7)

B ymoBi B4 npumyckaeTbcs, MmO KOHCTAH-
i k¢, kY l;:“, i,l = 1,q, MOXYyTb 3aJeKaTH BiJ
icrunnoro 3mauenns mapamerpa 60 € ©. Baysa-
JKUMO Takoxk, mo npu R = 0 ymosa B4(i) nepe-
TBOPIOETHC Ha yMOBY B3 posminy 1.

Beememo BexkTOpu

U (u) = (Wr(w))

T
\I/’T(u) = Z &t
t=1

q
=1
T
+ H(t;0,u

hi(t, u)
dir(0°)

i=1,q, (2.8)
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Ly(u) = (LiT(U))jzlv
; B a qi (t, 00) gi (t7 90)
L) =3 ( "2 U () ) (@)

Hopmosana o.1.K. tp = dp(0°) (07 — 6°) 3a0-
BOJILHSIE CUCTEMY HOPMAJIbHUX DIBHSIHD
Up(u) =0. (2.10)

Bekrop Lp(u) Bigmosimae ponomizkuiii sriniitaii
perpeciiiniit MmomeJi

q
Z(t) =Y gi(t,08 +e, t=1T, (2.11)
i=1
i cucTeMa HOPMAJILHUX PiBHSHB
Ly(u) =0 (2.12)

3aJla€ HOPMOBaHy O.H.K. U7 mnapamerpa [ € RY,
SIKIIO MU IIOKJIAZIEMO

= dr(6°)(Br — B),

e BNT — 3BHYAiiHa O.H.K. mapameTrpa (3 Moje
(2.11).

(2.13)

Teopema 3. Sfxwo esuxouyomoves ymosu Al,
A2, a maxootc ymosa B4, mo das dosinvHux
R>0,7>0

P{ max ||\IJT( ) —

Lr(u)|| >r} —0, T — oc.
ueVe(R)

(2.14)

HoBengenns. /g nosiabHOrO 7 =

Wi (u) — Lp(u) =

2019, 3
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Hnst dikcosanoro u € V¢(R) maemo

2
i(t;u,0)
ESl (Z i (00) zT 90 ) -
L& Hy(tu,0) Hy(s;u,0)
— ) . w\°2y Wy E s <
ZZ i (09) dir (69 €is =
t=1 s=1
< max Hi(t4.0) ZZ\EM| (2.16)
t=1T d2 (6°) =1 s—1 o .

BukopucroByioan ¢Gopmysty CKiHIEHHHX TPHPO-
ctiB Ta ymMoBy B4, orpumyemo
| H;(t;u,0)|

max

=17 dir(0°)

- |ha(t, u)

< Z max

— ueve(r),+=1,T dir(0°)dir (6°)

_ haa(t,w)|  dar(6°)
= E : max 0 0 0
weve(Rr), t=1,T dir(0°) dir(0°)dir(6°)

1
<R (Z K'(R k”)

q
luy| <
1=

(2.17)

Tomi

q 2 T T
Es?(u) < R (Z K ( k”) T2Y "> [Eee.
=1 t=1 s=1

Hoseemo, 1110

T T
T_QZZ|IEQ€S|—>O, T — 0.

(2.18)
t=1 s=1
3a ymo Al, A2
|Eetes| = )Bk(t —9)| <
k=1
< BG*(&)|B(t — s), (2.19)

ToOTO It foBenents (2.18) mocTaTHBO J10BECTH,
o

T T
7723 > Bt —5)| =0, T — .
t=1 s=1

Hexait Bukonyernbes ymosa A2, Tomi

T T
723> |B(t—s)| =

t=1 s=1

T-1

— 72 Z (T —

t=—(T—1)

tDIB#)] <
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T-1
< s1(uy) — si(usg)| + maX s1(u
<7 > |B@)|= ot —usl<h ls1(un) = 1(u2)] si{u)l
t=—(T—1) (2.23)

=T7'B(0)+27"' > |B(t)

Axmo o = mln a; € (0,1), Tompu t > 1

0<5<r
[B(t)] <t

T-1 T-1 Tl-a

B < YL —dt =

Bt <>t _/t dt = —,
t=1 t=1 0

TOOTO
T—1
'+ 2r~ 1Z|B =O(T™%).

Toai orpumyemo, 1o s1(u) 2o mpu T — oo
oTo4uKOBO it u € V¢(R). 3 inmmoro 60Ky,

P — > <
{”ulmgﬁgh\&(m) s1(v) T}_

T

> e

—ug||<
llur—uz||<h | 1=

H;(t;u1,u2)

—1
E
" dir (69)

max  max
lur—u2||<h ¢=1,T

<l

BukopucroByroun ymory B4, maemo

|H;(t;ur,u2)l
dir(6°)

max  max
[lur—uz||<h ¢=1T

q
<h
N [lz:uev ¢(R),i=1,7 dit,7(0°) di(6°)di(6°)

< h (zq: k_zl(R) . %zl) T—l

=1

e Nha 0l dar(8) ]

(2.21)

I3 (2.21) BuruinBae HepiBHICTH

]P{ max  |sy(u1) — s1(u2)| > 7“} < kyr'h,
llur—uzl|<h

(2.22)
Jie
q
— <Z k“(R)l%”) E |eo] .
=1
[Tosmaummo Np, ckindenny h-citky Kyuai
V¢(R). Toni

<
L si(w)] <

3 (2.20), (2.21

]P{ max |sy(u)| > 7‘} <
ueVe(R)

<% h+ P Vo (224
< 2+ {gé?vx\81(u)\>2} (224)

) MaeMo yisi 6y Ib-sikoro 1 > 0

st e > 0 zagmamo h = =, Tomi ma T > Ty
3aBIAKHA ITOTOYKOBIii 361}KHOCT1 s1(u) o Hyss 3a
WMOBIPHICTIO,

T 3
P > — 5 < -,
{n}v i) 2} =3

1

1, TAKIM YHHOM,

IP{ max_|sq(u)] >7“} <e.
ueVe(R)

Omxe, s1(u) 36iraeTbes piBroMmipo 3a u € V(R)
J0 HyJId 3a UMOBIPHICTIO.
3a ymoBu B4 orpumyemo

max max |H(¢;0,u)| =
ueVe(R) t=1,T

t
e

= maXxX max
u€Ve(R) t=1,T

q 57 1/2
SRuevv tsz;(zTg())] =
<IKB)| RV (225)
ae k(R) = (k' (R), ..., k9(R)). Toni, 3a nonomorow

(2.17) ra (2.25), MOXKEMO 3amHcaTH

max [sy(u)| =

ueVe(R)
i(t;u,0)
= H(t;0,u
S Z T
<T max max |[H(t0,u <
T ueVe(R)=1,T ( ) diT(GO)

<T V2. R?.||k(R

a, orxke, so(u) piBnomipro 3a u € V¢(R) mpn
T — oo 3b6iraernes 1o 0.

BayBaxkumo, 1o $3(u) MOXKHA HeperucaT y
BUTJISI 1

i, 6°)

T gi(t, 0%
S3(U) *t - le(eo)

dir(6°) Ul] -

[H(t; 0,u)+
=1
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BBe,HeMO IIO3Ha4Y€HHA

Zgzteo i hy(t, uf) -
) 0 0y 1% —
= y dir(@)dyr (87) 7t w) = g(t,6° + T2z (6°)w),

q
_ 1 Z hij(tuy) — gilt,60°) s filt,w) = g;(t,0° + T2d; 1 (0%)w),
2, dir (0°)d;r(6°) dir(6°) 7 0, 1/2,5-1,p0
= fa(t,w) = ga(t,0° + T /7dy (0" )w),
u;j € V(R). i,l=1,q.
Toni sa ymosun B4 Takok BUKOPUCTAEMO HACTYIIHI ITO3HAYEHHS
T .
max ‘83( )‘ < — k%R)X F(t;wr,w2) = f(t,w1) — f(L, w),
u€Ve(R) 2
Fi(t;wy,wa) = fi(t,w1) — fi(t, wa),
X max Z klj kl]|ulHu ‘ T—3/2 El(t;wl)MQ) = fil(t)wl) - fil(t7w2)7
uEV‘ R) =1 T
E(R) Oy p(w,0) =Y Fi(tw,0), i,l=T74.
<4 max [klj(R)I;:lj} R2T71/2, t=1
2 1slizq Bsenemo ymoBy
Otxke, s3(u) piBHOMipHO 3a u € V¢(R) npu B6. [lna meskoro rg > 0
T — oo 36iraernest go 0. W
: : |fit, w)]
3ayBaxkenHsi 1. Teepiukenns Teopemu 3 € Bip- (i) _ max 00 <
HUM JJIs 0.H.K. O i3 o3HadYeHHA 4, TaK AK TPUTO- t=1T,weV<(ro) i (0°)
EoreTquHa iHKIHT perpecii 3a10BOJIbHSIE yMOBI < l%i(ro) T2 i — T (3.4)
(i) max [fut,w)|
. 0y —
3 AcuMNOTOTHMYHA €0UHICTH OLIHKU HaiiMeH- t=1T, weVe(ro) dit,T(6°)
MIMX KBaJpaiB < ;;il(,ao) . T*1/2’ il=T1,gq; (3.5)
i MO~ T®; r(w,0) _

B nmanomy pospini 6yse 10BeIeHO, M0 3 HMO (i) max : lw| "2 <
BipHIiCcTIO, fKa TpaMmye 7o 1 npu T — 00, HOp- weVe(ro) d (QO)d?T(QO) B
MOBaHa O.H.K. Up 3 (2.4), ne o.H.K. Op 3a/1ato < kil(T‘O) il=T.q. (3.6)
O3HAYEHHSIM D, € €IUHUM PO3BSI3KOM CHUCTEMU PiB-
uanb (2.10). Ieit dakr BukopucraemMo y posmii- 3BePHeMO.YBaFY Ha Te, IO HEPIBHOCTI (3.4) Ta
Jii 4 IpHU JOBEJIEHH] aCHMITOTHYHOI HOPMAaJIBHOCTI (3.5) € moamdixanisnu nepisnecreii (2.5) ra (2.6)
0.1.K. O. 3 ymosu B4, Binnosigno.

S AMIIEMO Posrisinemo dynkmionan

q T
Ir(0) = (Jax®) _
r0) = {Jar®), _, 1) SIX() — fltw) =
t=1
T
4 — g1 -1 . 1
Ji(0) = dig (0)dyr (0) ;gz(t, 0)gi(t,0), (3.1) - 5QT(90 + TV2d 2 (60%)w) (3.7)
Amin(A) (Amax(A)) — Haiivenme (Hafibiibine) pia- | BBEAEMO BEKTOP
CHe YHCJIO JIOJIATHO BU3HaYeHO! MaTpuri A. Mo (w) = ( M (w ))1_1 _
B5. na pesaxoro A, > 0 npu T > Ty
q
1
Amin (J7(6%)) > s 32) = ( aa <2QT(90 + T1/2dT1(90)w)>> =
W;
i=1
Posryiisimemo HopMoBany 0.H.K. - ’ q
R _ —1/2 _ —fi(t, w)
ip =T Pr(@)0r — ), (33) (T 2 X = sl Gy |
t=1 i=1
dKif BiIIIoBiae 3aMiHa 3MiHHUX Toni HOpMOBaHa 0.H.K. W 3aJI0BOJIbHAE CUCTEMY
w=T"Y2dr(0°)(0 — 6°) y byukuii perpecii Ta 1i  pismsnb
HOXIHUX. Mrp(w) = 0. (3.8)

32
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Bapro 3ayBaxkuTm, M0 SKIIO HOPMOBaHA
0.H.K. W7 € €IUHUM PO3B’SI3KOM CHCTEMH PiBHSIHBb
(3.8), Toxi U € €AUHUM PO3B’SI3KOM CUCTEMU PiB-
HsHb (2.10).

Mu 6yaemMo BUMAraTu, 0 HOPMOBAaHA O.H.K.
Wr € CJIADKO KOHCUCTEHTHOIO, TOOTO BHKOHYETHCS
yMOBa
C. = 6ynp-sikoro r > 0 P {|[wr| > r} — 0,

T — oo.

Jloctatui yMoBH CJIaOKOI KOHCHUCTEHTHOCTI
JIJIST TPUTOHOMETPHUIHOI MOJIEI 3 HeIIePEePBHUM Ya-
COM CIIOCTEeperKeHHsI MiCTSATbCs B pobori [7].

Teopema 4. Hexati suxonyiomves ymosu Al,
A2 ma B4(iii), B5, B6, C. Todi nopmosana
0.M.%. Wp 3 tUmosipricmio, wo npamye do 1 npu
T — 00, € e0uHUM PO3E AZKOM CUCTNEMU PIBHAHD

(3.8).

HoBenenns. PosrisnemMo 3arajibHUil  e1eMeHT
marpuni Tecce dynkiionana (3.7)

Hr = (Hi(w ))zl 1
il _ s 1 0 1/2 3—1 /0 _
Hil(w) = M<2QT(9 + V24719 )w)> -
1S (0 - =L g
& P (09)dir (0°)

filt,w) filt,w),\

+diT(00)le(90)T> -
. _fil(taw)
[F(t;0,w) + &) Tor (69)dur (69
filt,w) fi(t,w)
Z:: (60)dyr(69) —
fu(t,w)

w,0) i (0°)dyr (6°)

letw

dir (6°)dir (0 *

L ai

T
fz t w fZ(t 0) +fz(t 0))
+; dir(0°)di7(6°)
x(filt,w) = fi(t,0) + fi(£,0)) _

di7(09)dyr(69)
=q1(w) + g2(w)+

T
(filt,w) — F(t,0)) (fi(t,w)
> i (69) di (69)

- fl(tvo))

+
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(fi(tvw) — fi(tv 0))fl(t7 0)+

2 Qi (69)dir (00)
T
(fl(tv w) - fl(t7 0))f2(t7 0)
+ g @) (09

z t 0 fl t 0) B
+Z dir(09)dir (69)
=q1(w) +QQ(w) + q3(w) + qa(w)+
+q5(w) + Jil’T(QO), i,l = 1,q. (39)

Bukopucrosyroun HepisuicTb (11 j10BejieHHs
HaBeJieHo y [17], crop.103)

‘)\min(HT(w)) - )\min(JT(‘go))’ <
< il _ A 0 .
q max [Hi(w) = Jar(@)|.  (310)
OTPUMYEMO
5
il 7 N
mas [ (w) ~ Jur (6 >]_m§jllgw;><<q|qm< w).

(3.11)
3acTOCOBYIOUM YMOBH TEOPEMH, OIEPIKYEMO
st ||wl] < ro

o fultw)
diT(QO)le(HO) -

fil(t7w)
< T max T
T =17 dir(09)dir(0°) | —
< Tk (ro) kT~ max | F(t; w,0)| <

t=1,T

< kM (ro) K" T~ max | f(t, w) —
t=1,T

T1/2 Z

g1 (w)| =

F(t;w,0)

ft,0)] =

fi(t, wy)

— kU EYT~! max Ty,
( ) le(GO)

t=1,T

(3.12)

Hami posrasiaeMo

le t w
dT i (09)dy (60) Ydir (60

Z €t T g (g0

5| =

’CD

le t 0
dir(6°)dir(0°) | —

dtwO
tzTQOdZTQO

Z
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<lge(w)| + |g7(w)]. (3.13)  Ockinbku
I3 ymosu B6(iii) orpumyenmo = CE(G?) 4 9 2
Y. =EGHE0) - (EGR(E(0)” =

k=
lltwO) !

96w dir(69)dyr(0°) | =

= DG?(£(0)) < oo, (3.17)
To i3 (3.16), (3.17) Ta (2.18), maemo npu 1" — oo

T 1/2 12
— @ilT(w,O) )
< (771 e (T, < .
( t=1 t) d?T(QO)deT(QO) E E EE Ego

t=1 s=1
T 1/2 -
1 2 21/2
< (T Z%) ki~ (ro)[lw]l. (3.14) < DEEONT 233 Bt - )| =0,
t=1 t=1 s=1
Tenep maemo sK OyJ10 moBesieHo v po3imiiai 2. Beememo nactymne
. 1/2 [TO3HAYEHHS
(T—l Ze?) = &r = ol (1) oo, T = . (3.18)
t=1

Jaui, onupatouncek Ha ymoBu B6, oTpumyemo

T 1/2 ,
=1 arlw dir( 90 le (6°)
1/2
= (e + B 4 fult0) N2
< Eese,| | max Z> <
—2 . 2.2 212 - Z_;’ tés| <t 17 dir(6°)dir(6°)
B - 7737y (Bt - (8)°). =t
t=1 s=1
r.il 7.l -2
JloBesieMo, 1o < (k (ro) - k ) : ZZ |B(t —s)|, (3.19)
t=1 s=1
9 Z Z o2 3BiJICH,
T Ee?e? — (Eeg)”, T — oo. (3.15)
=1 s=1 lgr(w)] = 0P (1) 50, T — oo (3.20)
3a ymosu Al dynkuito G2(x) MoKHa PO3KIACTH 11posioBKUMO JlaJll OIIHIOBATH JIOJAHKA CYyMU

B psiyi B risbbeprosomy npocropi La(R, ¢(x) dx) (3.9). Orpumyenmo
3a moJiinoMamu deburmmoBa-EpwiTa:

L (fi(t,w) — fi(t,0
;f — fi(t,0))x

g3 (w
— Ci(G? dir(0°)dir(6°)
@) =Y M ),
e x(filt,w) — fi(t,0))
I dir (6°)dir (6°) -
6 = [ @@ ds. k>0 P
ij 1t
x —do A
Zzt 1szT 6°)d;7(6°)
Takum 9uHOM,
| fis(t, w3,)|
_ VST A/ . <
Eeje; - (Egg)z = 8 tIn?T dir(6°)ds7(0°) gl - sl <
— o Ch(G?) L N2 _ < TQEQ:ZmaX |fij(t, wi)|  dijr(6°) »
_kzo N B (t—s)—(]E6o) = = ) dijr(69)  dip(0°)d;7(6°)
0
- C2(G? [fis(t, w5)| - dis(67) 1l | <
:Z k]il )Bk(t—s) < Xtﬂzlif} dlg,T(eo) le(HO)dsT(90)|w]| lws| <
k=1 ’
1/2
> C(G?) g () - B 2
<IBt=s)Y "5 (3.16) <[ (i) - B9)" )
k=1 ’ j=1
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o;2>(1)‘ <r, ir| <r}c

q 1/2
x (Z (k= (ro) - /%’8)2> lwl?, (321)

s=1

Jwiill, lwgll < llwll, ¢ =1,T.
Awnagoriuno 3 ymos B4 ta B6 BurinBae, 1o

T
(filt, w) = fi(t,0)) fu(t, 0)
9a(w ; i (09)dyr (69) = < Ain(J1(6°)) + %} c
< T3/? Z |wj| max W)l - {Amin(’HT(wT)) > Amin(J7(6%)) — %} C
lT dzy T(GO) )\
dyr(®)  1A0)] SECEES B
dir (0 )d 7(0°)  dir(0°) ~ Tenep, oTpuMyeMo
. 1/2
<o) [ (i%ij(ro)iz:ij)Q ol (3.22) P{I1NT2NT5} <
<P{T7}+P (T2} +P{Tg} =

Taxum ke anrOM 151 |g5(w)| oTpumyemo

- P{(og)u)‘ >rh+

1/2
. 1 N2
as(w)| < K(ro) | 30 (R Go)R)" ) . +P { |0 (V)] > r} + P {Jlior| > r}.
j=1
(3.23) Hna nosisbaOTO € > 0 i T' > Ty

3Bigcu, Bpaxosyroun (3.10)-(3.23), 6Gaunmo,

mo IP{
P\min(/HT(w)) - )\min(JT(eo))‘ <

OI(,l)(l)‘ > T} <

%, Ta IP{‘O&”(I)‘ > T‘} <

B Takomy pa3si, skio gius T > T
< ¢ max (HIA{(TO)W%%I];ZIHUJH"F ]P{H@TH > 7“} < % 3a YMOBHU C, TO

1<4,l<q ]P{‘Oz(f)(l)) >r}+]P{‘OI(J2)(1)‘ >7°}+

+P {[lir| >} <e,

1/2 7..\1/2
+ (o) +B=3) T (BT) 7 flwl + o2 (1) +

1/2

+ i (kﬂ] 0 kﬂ]) > a, 3HA4IUTh, st 1T > Ty
= P{lyNTyNT3} >1—e. (3.26)
q L\ 172
X (Z ( (ro kls) ) Hw||2—|— Takum 9uHOM, HOPMOBaHa O.H.K. Wr 3 HMO-
s=1 BipHicTIO, IO TIpsMye Jjio 1 ipu T' — oo, € ean-
. , 1/2 HUM DPO3B’SI3KOM CHCTeMU PiBHSHB (3.8), TOMY 110
—|—kl (7o) Z (klj (7o) kzg) ]|+ MaTpHIA Hr () € moparHo BH3HAIEHOIO, 1'cbyH-
= kijonas (3.7) Mae equmuil ekcrpeMyM (MiHIMyM)
B Touri wyr. M
N a 9 1/2 3ayBaxkeHHs 2. OckinbKu
+E (ro) [ D (klf (ro)kl]) ||wH>. (3.24) —ArU(ir) = My(ir) =0, ge by = T~/ 2ar,
J=1 U = dT(GO)(éT —6%), 10 i3 euHOCTI OMiHKY WT B

ITizcrasasioan B (3.24) HopMoBamy 0.H.K. ty, Ky V(r) 3 Besmkoro itmosipuictio npn T' > Tp
ta Gepyun g0 ysaru, mo st T > Ty 3a ymopu AW J€AKOro 7 > 0 BUINIMBAE €IMHICTH OIHKH
B5 J7(0°) — nonarno BusHauena MaTpuus 3 Mimi- U7 3 TaKow X iimosipuicTio gy T > Tp B Ky

1/2
MaJILHIM BJIACHUM 9HCTIOM Amin (J7(0°)) > A4, V(T / r).
id gedkoro r > 0 po3riigHeMoO I[OJIi0 Biamitumo, mo ymMOBH I0BEJ€HOT T€OPEMH BU-
KOHAHO J[JIsi TPUTOHOMETPUYIHOI (DYHKITT perpecii,
I'iNnynNI'y = TOOTO /111 Hel € BIDHUM BHCHOBOK Teopemu 4.
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4 AcuMITOTHYHA HOPMAJIBHICTH OIIHKU
HaAliMeHIIUX KBaJpaiB mapamMeTpiB cyMu
rapMOHIYHUX KOJINBaHb

B nmamomy posmiii goBememMo Teopemy Ipo
ACUMIITOTUYIHY HOPMAJIBHICTH O.H.K. éT, JKY 3a-
JAaHO O3HAYEHHSM O, IapaMeTpa HeJIiHIITHOI Mojie-
ai perpecii (1.1) i 3acTrocyemo 11 711 o/IeprKaHHs
ACUMIITOTUYHOI HOPMAJIBHOCTI 0.H.K. éT 3 O3Haue-

HHS 4 mapameTpiB CyMHU TapMOHIYHHX KOJUBAHD
(1.32).

Teopema 5. Hexati suxonyiomoves ymosu Al,
A2 A3 ona W = G, B1, B2, B4-B6, C, ma
f(/\)a A€ [—7[‘,
nadky m = 1. Todi posnodis sunadkosozo eexmopa
g = dp(0°)(0p — 0°) npu T — oo s6izaemuvca do
eaycciscvrozo posnodiay N(0,T), de

7|, inmeeposra 3a MIpO0 L Y Gu-

-1

] w(dr, 0% | x

N—TT

Ca(G)

[o.¢]
I'=2n Z
n=m

/f

Hosenenns. [Ticas Bukopucranns (2.8), (2.9) Ta
[I03HAYEHDb PO3/LILY 1 OTpUMYEMO, 1110

_ 0% ) gi(t,0°)
B ; (G(&) - dir(69) " ) dir(09)
T
gi(t,6°) _
z::G(ft) zT(eo) -

. ! gl(t7 90) gi(t790)
- ZZ dir(69) ’ dir(69)

- -1

p(dX, 6°) /u(d)\,eo)

—TT

(4.1)

=0,

abo

“Uup =

Taxum 9uHOM, OTPUMAJIN CUCTEMY PIBHSIHD BiTHO-
CHO U:

T
Jr(0%)u 6°) > " G(&)Vgl(t,0°).
t=1

B macaimox mporo, Maemo

@T:(al @q)*:

G(&)d 1 (0")Vg(t,6°) = Ar(0°)¢r,

(4.2)

Mﬂ

-
Il

1
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ae Ar(0°) = J51(6°).

Jlati, B3gBIIN 0 yBaru TeopemMy 2, OTPUMY-
€MO, III0 BUMAJKOBUN BEKTOP Ur € aCUMITOTUIHO
HopmasbiuM N (0,T) npu T — oo, ne o 3amana
dopmysoro (4.1). BayBaxkumo, 1m0 KoBapiariiiHa
MAaTPUI BEKTOPA U7, MAE BUIJIS]

Iy = Ar(6°)oFAr(6°), (4.3)

e 0'% — KoBapiamifina maTpuig Bekropa (p. Ilpn

T — oo

;=21 Z CulG (/ pr(dA, 90))71><

—T

K ™

-
(4.4)
Hauti morpibHO j0BecTH, 1m0 QPYHKIsST pPO3IO-
niny Gr(y,6°) sumaaxosoro BekTopy
i = dp(0°) (8 — 6°) s6iraerbes mpu T — 0o 10
raycciBCcbKol (pyHKIIT po3IoiTy
o (y) = Por((y)),
[I(y) = (—o0,y1) X ... X (—00,94), y € R™
Hns nmosisibaOro r > 0, HOKaXKeMo, 110

AT(’I“) = IP{”@T — ﬂT” > T} — 0, T — oo.
(4.5)
Beegemo nonito Ay = {ur € V(R — 1)}, ne
R Take, mo gast T > Ty, B HACTIIOK aCUMIITOTH-
IHOT HOpMAaJIBHOCTI U7, Bukonyerhes P{Ar} < £,
ze € > 0 — dpikcoBane JOCTATHLO MaJle YHUCIIO.

Takozx 3a,1aM0 OO0

max_{|A7(6°) (1 (u) —

Br = {uEVC(R)

Ly(w) | <r}.
3 Teopemu 3 (peaykiil) Bumusae, mo st T > Tp
P {Br} =P{

X (Ur(u) - Le(w) | > r} <

< IP{)\maX(AT(GO))x

max || Ar(6°)x
ueVe(R)

x max ||Up(u) —

L > =
ueVE(R) r(] T}

1
- ]P{ A (7))

Lr(u)|| > 7"} <

Lr(w)] 2 Ar} <

X v
L [V (u) —

max ||¥pr(u) —

= ]P{ ueVe(R)

w\m
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Kpim Toro, posrisinemo nogio Cr, sika 1moJist-
ra€ B TOMY, IO O.H.K. U7 € €INHUM PO3B I3KOM
cucremu piBHsiHb (2.7), 10 Toro Xk, mius T > T

Val 3
T>1Ty

3a Teopemoro 4. TakuMm TUHOM, JJIs

IP{AT N BrN CT} >1—c. (4.6)

Hami maemo

q q
= dar — Ar(6°) (Z ;- Jil,T(90)> = {p — u.
=1 i=1

dAxmo nomist Ar N By N Cr Bigbysacsi, T0 mist
u € VE(R)

lu+ Az(0°)¥r(u)| =

= [lu+A7(6°) (U7 (u) — Lr(w))+Ar(6°) L (u)|| =
= [lu+ @ —u+Ap(0°) (Or(u) — Lr(u) || <
< [lall + |A7(6°) (1 (u) — Lr(w)) || <
<R—-r+r=R,

o610 Gr(u) = u + A7(0°)Ur(u) — nemepepsme
Binobpakenus: V¢(R) B VC(R).

st nmosenennsi (4.5) 3acrocyemMo Teopemy
Bpayepa npo mepyxomy Touky [18], cdopmyibo-
BaHy B HACTYIIHIi dopmi.

Teopema (Bpayepa). Hexat F nenepepsne 6io-
obpaoicenns VE(R) e cebe. Todi ichye xy € VE(R)
maxe, wo F(xg) = xo.

Bacrocyemo gany teopemy go Fr(u), Toxi
orpumyeMo, 1o icuye Touka ul € V¢(R) Taka,
110 FT(UOT) = ug}, abo, B HACJIJIOK TOTO, IO
A7 (6°) — nesuposkena, Ur(ul) = 0. Ockinbku
nozist Cp BUKOHYETBCS, TO €IMHUM PO3B’sI3KOM CH-
cremu piBasiab Yr(u) = 0 B xkyni VE(R) € Hopmo-
BaHa O.H.K. U, TOOTO
{AT N Br N CT} C {ﬂT S VC(R)} i
P{ar € V¢(R)} > 1 — e. Baysaxumo, 1mo 3 (4.6)
BUILTUBAE

1—c <P {{ir € VS(R)} N Br} =

max_||A7(6%)x

_ 1P{ {ar € VE(R)} N {uevcm)
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x(Wr(u) - Lr(w))| < v} } <
< P{JAr(6°) (r(ar) — Lr(ar))| < v} =

= P{|[A7(6") Ly (irr)| <7} =
=P {llar —arl| <r}.

Toni 3 (4.7) Bunmsae (4.5).
Hexait g A € $B? (B¢ — g-anrebpa 6opesre-
Bux migmMuOoKUH RY) Ta £ > 0

(4.7)

A = {:cEIRq: inf ||z — y| <€},
yeEA

A =R7\ (R7\ A)..

Bpaxosytoun (4.5), onepkyemo jjist byHKIHT po3-
IOMLTTY

Gr(y,0°) =P {ar € (y)}, y € RY,
Ta 1 Oynb-saxkux y € R? i mosisbHOTO € > 0
Gr(y,0°) > P{ar € (y)_.} — Ap(e),

Gr(y,0°) <P {ar € (y)e} + Ar(e).

Pamimre 6ysio moBeneHo, 10 111 JOBLIBHIX
yeRI, >0

(4.8)

(4.9)

’IP {aT € H(y)ie} - @O,F(H(y)is)‘ — 0,
T — co. (4.10)

Hexait ¢(y,0°) — raycciscbka MiabHICTD, MO
Bimosinae dyukuii posnoniny ®or(y). Yepes e,
0 Apin(I') = A > 0, Apax(I') = A < 00, Mmaemo

112
(0.8 < (22 exp { AL (.

Tenep o v (||ly||) 3acrocyemo HacrymHy Teope-
my [19].

Teopema. Hexati v — nesid’ emmna dudeperuitios-
na gynryis na [0,00) maka, wo

+oo

(1) b= [ [P/ NNTTdN < oo;
/

(2)

Todi das dosinvroi onyxaoi muoocunu C € B
ma das dosinvrux €, § > 0 Mae micue HepisHiCMb

lim v(\) =0.

A—00

279/2

/CE\C(S v (A]) dA < b (F(q/2)> (e + ).
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[Tlicnst 3acTrocyBaHHST JaHOI TEOpPEMH IO 7 . 7
v (||y]l), mas 6yap-sikoro 1 # 0 orpuMyemo = / (A, 0°) dA =
— Jil=1
|@o,r(T1(y)) — Po,r((y)y)| =
oo [e.e]
; 27/ = [ aoOde| [ g 00)‘2d)\><
— [ ey <t ul, (1) rid F)or(: Tl
I1 F(Q/2) —o0 —o0
e T = JH® \ IT(y), smamo 4> 0, IITRCIRE R Y
II(y) \ I(y)y, axmo ¥ < 0. X ‘gT()\,G )‘ d)\) dA =
s 6ynp-axkux y € RY Tta gjasd 10BULIBHOTO e =1

e>0
Gr(y,0°) — o r(y) <

< AT(E)—FIP{@T GH( ) }_q)(]F(y)

< Ap(e +\1P{aTeH( )e} = @or(y)] <
< Ag(e) + [P {ar € T(y).} — o r(I(y)e)|+
+[@o,r(I1(y)e) — Por(y)|; (4.12)
®or(y) — Gr(y,0°) <
< Ar(e) — P{ar € Il(y)—c} + Qor(y) <
< Ap(e) + |®or(y) — P{ar € I(y)—-} | <
< Ar(e) + |Por(I1(y)—<) — P {ar € I(y) <} |+
+[Po,r(y) — Po,r(Il(y)-c)|- (4.13)

Taxum unaOM, 3i crniBBignomrens (4.6)-(4.13),
OTPUMYEMO

GT(y,HO) — (1)071“(3/), Yy e Rq, T — 0. 1

Hexait g(t,0°) mae surnan (1.32), Tomi Bo-
Ha Mae OJIOYHO-J[ArOHAJIBHY CIEKTPAIbHY Mipy
p(dX, 6°) (nus., manpukmiasn, [5]) 3 6mokanmu

ok ipr By
—ipr Ok Vi | (4.14)

Be v Ok

Je
V3 - )
b= L2 (0)™ (B + i3,
V3 - .

Vi = 7(02) Y- AV +iBloy),  (4.15)

mipa 0 = 0x(d\) Ta 3apsn pr = pr(dA) 30cepe-
JI?KeH] y TOYKax :I:(pg, HIPUYOMY

o ({20}

[le osmauae, mo ymoBy B1 mjs Tpuronome-
rTpuaHoi dyHKIHT perpecii (1.32) BukoHaHo.
3a ToroxuicTio [Lanmiepestst

1 1 _

[e.e]

pr(R,00) = [ pr(an o) =

—00

38

T
d]_zl (0°)d, 7 (6°) Z g;(t,0%)g(t,60°)

g )

t=1 =1
— (7. 0M)°
N (JJZ’T(G )>j,z:1'
Takum anaOM, 3a ymoBu Bl
q
/ pr(ax 6°) = (Jur(6))). = Jr(e°),
7,l=1

i komu T — oo, To Jp(0°) — J(0°), ne J(6°)
JlesiKa JIOZIATHO BHU3HAYEHA MATPHILA, [T SIKOI

Amin(J(8°)) > X > 0, i

J(0%) = / p?t(dX, 0°) = / u(d, 6°).

jil=1
(4.16

s Tpuronomerpuanoi ¢yukiil perpecii (1.32
marpuo J(6°) sanano supasom (3.30).

)
)

Bapro sayBazkuTun, 1mo Jjis TPUTOHOMETPH-
g0l Mozeni perpecii (1.1), (1.32), BukopucTOBY-
toun (4.14), (4.15), orpumyemo, O MaTPUIS O 3

TeopeMu 2 posaiy 1 € O609HO-IiaroHaIbHOIO 3
osokamu o, k = 1, N, Burysy

= C2(@G)f™
Uk:27TZ ( );i' (S%)X
V3B
1 0 o
0
S 1 fCﬁ‘J >0 (4.17)
vaBp _vAa
209 2Cy

Temep moxkHa chOpMYTIOBATH
Hacaimok 3. 3a ymos Al, A2, AS3upu W =G,
CIIpaBeJIJINBE TBEPJZKEHHSI TeopeMu 2 3 OJIOYHO-
JIIaroHAJIBLHOI0 MATPUTIEIO 0 3 OJIOKaMn
ok, k=1,N, sursy (4.17).

Bpaxosyioun dopmymm (4.1), (4.14)-(4.17),
MOXKHA TMOOAYUTH, IO JJjisT TPUTOHOMETPHIHOT
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dyukmil perpecii I' € 6109HO-IarOHAJIBHOIO Ma-
TPHUIEIO 3 OJIOKaAMHI

= C2(G) ™ ()
k:%ZWX

1 o v
2CY
V3AD
X 0 1 ~ 300 ,
V3B)  V3A) 1
2C7 207

k=1,N. (4.18)

Taxoxk BapTO 3ayBaskKUTH, IO K MOKA3AHO Y
pO3IiIL 2, st TpUTOHOMETPUIHOT PYHKITT perpe-
cii (1.32) Bipui HacTynHi CliBBiHOIIECHHST

d3k—2,T(90) ~ 271/2T1/2’

d3k—1,T(90) ~ 2_1/2T1/2,

dap7(0°) ~ 6720032 k=T, N.  (4.19)
,ZLaﬂAi nepeiyieMo  BiJT HOPMOBAHOI O.H.K.
dr(0°) (07 — 6°) no mopmoBaHoOi 0.H.K.
(772 (Avr - A3), T2 (Byr - BY),
T3/ (o110 — 80?) )
T/? (Ant — AY) , T2 (Bnr — BY) .
732 (onr — &%) ) (4.20)

i BBeZIeMO OJIOUHO-TiaroHAJIbHY MaTPHUIO Z 3 6J10-

KaMn
2-1/2 0
Zpy=1] 0 272 0 ., k=1,N
0 0 1209
(4.21)

B rakomy pasi Bektop (4.20) acUMITOTUIHO HOP-
maspauit N(0,T7), ne 6roano-giaronanba MaTp-
g I', mictuts 6J10ku

o Z f(n (Spk)
V3B -1
1 0 30
_ 0
X Zk 0 1 ;/Cg;k Zk =
VBBY  —vBAY
2CY 2C7Y
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BY 11
oo %
<o 1 =& | k=LN. (422
BY A9 ¢Y?
2 2 3

Ilictss obepHeHHsST IUX MATPHUIL OTPUMYEMO
HaCTYITHUI pe3y/IbTaT, BPAaxXOBYIOUH, IO BCI yMO-
BHU, sIKi HAKJIaJaJIUCh Ha (PYHKINIO perpecii B Te-
opemi 2 (posmin 1) cupaBeyuBi i TPUTOHOME-
TPUYHOI (DYHKINT perpecil TakoxK. 30KpeMa, BHKO-
HaHHs yMoBH B2 (p-tnpurycrumocti c.ur. f(N),

A € [—m,7]) auist TpuroHoMeTpudHOl (DYHKIIT pe-
rpecit (1.32) noeegeno B pobori O.B. Isanosa,
.M. Casuu [20].

Posrnanemo muoxunu =
ra K = {5, 501, 52, ...
HY€ETBCsI, STKIIO

{e0 68, o}
, 7 }. Toni ymosa B2 Buko-

PNK = 0. (4.23)

Teopema 6. Sxwo dis mpuzoHomempuiHor Mo-
deni peepecii (1.1), (1.32) euxonano ymosu Al,
A2, A3 npu W = G, (4.23), mo nopmosana
0.1.%. (4.20) acumnmomumno nopmanvra N(0,T),
i3 600%H0-01a20HANDHON MATMPUUETO

[ — diag (fk, k=T, N) (4.24)
3 baokamu
02 n) )
= 0P Z My,  (4.25)
2 2
A" +4B) —%Ang , —6B)
M= | —3aB) aaP+ B oAy |
—6B, 6A; 12
k=1,N.
BucaHosku

YV poboTi oOTpUMAHO ACUMITOTUYHY HOPMAJIhb-
HICTh O.H.K. TapaMeTPiB TPUTOHOMETPUYIHOI MOJIe-
JIi perpecii 3 JUCKPETHUM YacoOM Ta IIIYMOM, IO
€ HeJIIHIIHUM JIOKAJTbHUM TIEPETBOPEHHSIM I'ayCCiB-
CBHKOT'O CTAIIOHAPHOTO YaCOBOTO PSIY 3 CHHTYJISP-
HuM crieKTpoM. OJiepKaHO JOCTATHI YMOBU aCHM-
IITOTUYHOI €IMHOCT] 38 AMOBIPHICTIO O.H.K. IIapa-
METPiB HEeJIHINHOI MOJeJli perpecii, IO OXOILTIOE
BUIIQJI0K TPUIOHOMETPUYHOI perpecii. 3 BUKOPU-
cTaHHsM TeopeMu DBpayepa mpo HepyXOMY TOUKY
OTPUMAHO JIOCTATHI YMOBHU ACHUMIITOTHYIHOI HOP-
MaJIbHOCTI O.H.K. IIapaMeTpiB 3arajbHOl HeIiHii-
HOI MOJIeJIi perpecii Ta po3TJITHYTO 1X 3aCTOCYBaH-
HS JI0O TPUTOHOMETPHUYIHOI MOJIE/ perpecil.
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[TpupomuuM HAIPIMKOM ITPOJOBYKEHHS JTOCJTi-
J>KEHb € allPOKCHMAaIlisl 3 JOCTaTHBOIO TOYHICTIO
TPOMI3JIKOl KOBapialiiffHol MaTpUIl TPAHUIHOTO
raycCiBCbKOTO PO3MOILTY O.H.K., 00 HabJIu3uTH
OTPUMAaHI pe3yJIbTaTH 0 TPAKTUIHUX 3aCTOCY-
BaHub. KpimM 115010, OarkaHo 3HANTH iHIN IpUKIa-
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Berry—Esseen bound for nearly critical
branching processes with immigration

B. T'ostomosuit

Orninka Beppi-Ecceena mjist maiixke
KPUTHUYHUX TiJIJISICTUX OPOIIECIB 3
iMMirpaiiero

Tuceruryr Maremarnku iveni B.I. Poma-
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VY daniti pobomi mu po3essdaemo MATHCE KPUMUYHE 2LAAACTIVE NPOYECU 3 iMmizpayiero. Byio ecma-
HOBAEHO OUIHKY UWEUIKOCTNE 30IHCHOCTE 68 UEHMPANLHIT 2PAHUYHIT Meopemi OAL GAYKMYaUit Maxux
npouecis. Ipu 6u6odi oyinku weudkocmi 36ixcHocmi 0o epanu“hozo po3nodiny byio suKopucmamo do-
bpe sidomy HepisHicmv FEcceena, wo 00360a4€ 0UuiHI0O8aMU bAUDKICS PYHKUIT Po3Nodiay 3a 6AUSD-
Kicmio 1T zapaxmepucmusnux Gynkuit. Bidomo, wo meopema Beppi-Ecceena dae pesyavmam, axuti
HEMOIHCAUBO 6 3A2ANPHOMY SUNAIKY NOKPAWUMU, b0, AKX KANCYMbd - NPAGUALHY 0uinKy. Bapmo 6id-
MIMUMU, U0 8 HAWIT OUTHUT 3AAEHCHICTNG CTNAAUT 610 PO3NOJIAY NPAMUL HAWAOKIE 0OHIEL YACTNUHKY
ma NOMoKy IMmizpayii € 0iAbW CKAAOM0M0 HIdIC 6 KAacuuHitll ouinyl Beppi-Ecceena. Ompumana ouyinka
Y3A2ANDHIOE A YMOUHIOE NONEPEIHIO 6100MY OUIHKY 048 GAYKMYAULT N0dIOHUT NPOUECE.

Kmonosi caosa: iaracmi npouecu, immizpayis, wepiericms Ecceena.

In this paper, we consider a nearly critical branching process with immaigration. We obtain the rate
of convergence in central limit theorem for nearly critical branching processes with immigration.

Key Words: Branching process, immaigration, Esseen inequality

Communicated by Prof. Kozachenko Yu.V.

1 Introduction (k — 1)—st generation and 65;1) is the number of
(n) immigrants contributing to the k—th generation.
Let for each n € N {gk,j’ k,je N} and Branching processes models are extensively

used in various parts of natural sciences, among
others in biology, epidemiology, physics, computer
sciences. We refer to monographs by Athreya and
Ney [1], Rahimov [17], Haccou et al. [6] where one
may find a recent developments and various appli-
cations of these process.

Assume that for all n € N

5,(;”), ke N} be the two independent famili-
es of independent identically distributed random
variables with non-negative integer values. The
sequence of branching processes with immigration
{X,gn), k > 0}, n € N is defined by the following
recursion relation

(n) (n) o (n) , _(n) mn = B, of =vargy, A, = Eel”,
Xo = O) Xk = Z fk,j +€k; ) k;7n eN (1) b2 _ V&I‘&‘gn)
=1 "

exist and finite.

. n .
For a fixed n € N we can interpret X,g ) as the size Osnavenns 1.1. Branching processes with immi-

of k—th generation of a population and 51(;3) is the gration defined by (1) is called nearly critical with
number of offsprings of the j—th individual in the rate « € Rif m, =14+an"'+o (n‘l) as n — oo.

© 4. Xycanbaes, C. Illapinos, B. T'osomo3uit 2019
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This notation was introduced for the first ti-
me by Chan and Wei [3| in order to study AR(1)
processes.

Introduce the random process

(n)

Xn (t) = X[nt}’

t€R+, TLGN,

(2)
where [a] denotes the lower integer part of number
a. It is clear that {X,(t),n € N} is a sequence
of random elements with values in the Skorokhod
space D0, c0), which is the space of non—negative
functions on [0, 00) that are right continuous and
have left limits.

There have been a lot of research works
devoted to the asymptotic behavior of the process
defined by (2). For instance, in case when m,, =
m = 1 and with finite moments 02 = o2 > 0,
A = A and b2 = b? > 0, Wei and Winnicki
[23] proved that the random processes n~1X,,(t)
weakly converge in Skorokhod space D]0,0) to
the solution of some stochastic differential equati-
on. Later, the case m,, = 1+ an™ ! + o(n_l)
(o € R), 62 — 0% > 0 as n — oo was studied
by Sriram|22|, who proved the weak convergence
of random processes n = X,,(¢) in Skorokhod space
D[0,0) to the solution of stochastic differential
equation. Ispdny et al. [8] showed that Sriram’s
[22] result still holds if condition o2 — o2 replaced
by 02 — 0 asn — oo. They also proved fluctuation
limit theorem in case where o2 — 0, namely, the
sequence n” 2 (Xn(t) —EX,(t)) has a limit process
X(t). The process {X(t),t € R} turns out to be
an Ornstein—Uhlenbeck type process driven by a
time changed Wiener process. Further systematic
investigations are due to Ispany [7], Gyorfi et
al.[5], Li [14], [15] Rahimov [18],[19], Khusanbaev
[10],[11],[12],[13] and see also references therein.
From these papers, it follows that the necessary
norming factor and the possible limit process
strongly depend on the various conditions that are
supposed to hold for the offspring and immigration
processes.

The problem of estimating the rate of
convergence in the central limit theorem (CLT)
is one of the traditional problems in probabi-
lity theory. It attracted the attention of many
researchers during the last six decades. However,
most of the attention was paid to clarifying
the estimate of the Berry—Esseen theorem, whi-
ch considers the uniform distance between the
distribution functions of the normalized sums of
independent random variables and the standard
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normal law.
However, few scientific papers are devoted to
studying of the rate of weak convergence in li-
mit theorems for branching processes. Apparently,
such a problem was first studied by Nagaev
and Mukhamedkhanova in [16]. They obtai-
ned the rate of convergence in the well-known
Yaglom’s limit theorem on the weak convergence
of the critical Galton—-Watson branching process
to the exponential distribution. We note that the
constants in this estimate have a more compli-
cated relationship to the distribution of offspri-
ngs as compared to the classical Berry-Esseen esti-
mate. Later, Borovkov [2] established the rate of
weak convergence for the Galton—-Watson branchi-
ng processes (without immigration) to the Feller
process. We also refer to Rahimov and Sirazhdinov
[20] where one can find several types of estimati-
ons for fluctuation of (1). Recently, Khusanbaev
[9] obtained the rate of convergence in CLT for
fluctuation of process (1). Motivated by that paper
we continue studying the rate of convergence in
one-dimensional functional limit theorem 2.9 of
Ispény [7].
More precisely, Ispany |7] proved the following
a fluctuation limit theorem for the process defined
in (2).
Theorem 1.1. Assume that b2 > 0 for alln € N
such that nb? — oo as n — oo and
1) mp =14an™t+o(n ') asn — oo for
some a € R;
2) o2 =o’n"t+0(nt) asn — oo for some
= 0;
n)

} 2
) E(( o —m) I(Un>)
n — oo for all 8 > 0, where U,
{‘é?_mn‘ >9m} and I{A} denotes an

indicator of event A;
4) A = Ab2 +0(b2) as n — oo for some
A>0;

5; E<<5

02

o (n’l) as

(n) _
1,1

An)QI(U,g)> = o(b2) as

n — oo for all 8 > 0, where U =
{H“—An N

Then
_1
(nb7) 2 (Xn (8) — EX, (1) = x (1),
teRy as n— o0

where convergence holds in Skorokhod space
D[0,00), and {x(t),t € Ry} is an Ornstein—
Uhlenbeck type process defined by the following
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stochastic differential equation

£) dt-++/o%u (t) + 1dW (¢)

where W (t) z's a standard Wiener process and (s
defined by u(t )‘fo e**ds.

dx (t) = ax (

Note that the limiting process x (t) may be
represented as

t
Xt = [ e an), ters,
0

where {M(t),t € Ry} isa Wiener process M(t) =
W(T(t)),t € Ry with T(¢ fo s)ds and

t
p(t) = )\02/ e®ds + 1.
0

From the properties of the stochastic integral [4]
we can obtain

2019, 4

t
Bx(t) =0, var(x(t) = [ 0~ p(s)ds
0
Consequently,
A1 o= 0,
2 o ) -
:=var(x(1l)) =
B (X()) {(22;2\(60[—1)2‘1‘ 2a,047é0

Hence, x(1) has normal distribution with zero
mean and variance (2.

The main purpose of this paper is to obtain
the rate of convergence of the random variables
(nb%)_%(Xn(l) —EX, (1)) to x(1). The approach
we use in the proofs comes from Khusanbaev [9].
However, we have to pay more attention to the
asymptotics of mean and variances of immigrati-
on.

The remainder of the paper is organized as
follows. Section 2 contains some notations and
assumptions. The main result and examples are gi-
ven in Section 3. Section 4 is devoted to the proof
of the main theorem.

2 Some notations and assumptions

Before giving our main result, we need to some
notations and conditions.

For each n € N, let S’lin), k > 0 be the Galton—
Watson branching process defined by

5

S 1, 50— >
=1
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Then it is well-known [1]

k—1 k—1
L X(0) =0, ggl) _ k. E[Sén)r _ oy (my 1>bi+m3ﬁ,
m, — 1
k—1 2k
m]? _ mn_ - (mpf —1)
E{S’“ ] o m2 —1 Tt
3m ( —1) (mﬁil -1) 5 2 2
T gy e
k=1 ok
+3m"m (_”1 Y (b2 +m2 —my,) +mF,

where v, = Efﬁ) ( 5?1) — 1) ( 5?1) — 2).

Let fn(s) be a generating function of & ;.
Then, plainly, fék)(s) is the generating function

(n)
of S

Further, we put

(n) (n)
ho(s) = Es®l | @u(s) =Es™ | |s| < 1.

Suppose that for all n € N the variables

2. var(X,(1))
B’ﬂ = =
n
2 (n—
>\n0n§n 1) + b,%, mp =1,
)\nai(mzflfl)(mzfl) b%(minfl)

i) my, # 1.

n(mz—1) >
Xn =
n(n—1)+3nc2 +1, m, =1,
(o rmd )’
mp|mp—1||m2 —1|

n(mn—1)(mj —

3 ;4
nYn + 50,1

3‘0',21+m,217mn|

{ ] +
Tn = Esgn) <€§n) — 1) (

exist and finite.
Set

mp|m2 mp |mn—1|

" _2)

€1

where
A, = max{(l + )% b2+ A2

B, = Apxpmax{l; mp}.

As wusual, denote by ®g(x) normal di-
stribution function with zero mean and vari-
ance % and p(F,G) stands for uniform di-
stance (Kolmogorov’s metric) between distributi-
on functions F(z) and G(x). The symbol C
denotes a positive number which may vary from
place to place.

The proof of the main theorem is based on
the following inequality (see [21] Chap.II, p.376),
which allows us to estimate the proximity of di-
stribution functions by the proximity of their
characteristic functions.

, My # 1.
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Lemma 1 (Esseen’s inequality). Let F (x) and

G () be two distribution functions with characteri-

stic functions f (t) and g (t), respectively. Assume

G (x) has derivative G' (x) with sup |G’ (z)| < C.
x

Then, for arbitrary x € R and T > 0

p(F.G) < i/OT f(t)g(t)’

t

3 Main result

Now we state our main result.

Theorem 3.1. Let b2 > 0, n € N, nb2 — o
and L, = 0(«/nb%) as n — oo. Assume that

min (f—f’,ﬁ2) > 0 and the following conditions
hold:

1) mp =1+an™t+o0(nt) asn — oo for
some o € R;

2) o2 =c*n"14o0 (n_l) as n — oo for some
0.2 > 07.

8) An = A2 + 0(b2) as n — oo for some
A>0;

4) T =limsupr, < oo;
n—oo

5) v =an ' +0(n7t) asn — oo for some
v > 0.
Then distribution functions of mormalized vari-
ables

such that for alln > 2,

CL, 2 - 52‘

+ )
V1% min (%, 62)

p (Fn, @) < 3)

where C depends on variables o, 02, \, b%, B2, T,
.

Remark 1. Theorem 2 is a generalization of the
main result of paper [9] for the cases b2 — 0 and
b2 — co asn — oo (see condition 3). Assumption
nb2 — oo and the condition 3) imply that the vari-
able b2 may converge to a finite number (zero or
non-zero) or infinity. Khusanbaev [9] obtained the
rate of convergence in one-dimensional Theorem
2.2 of Ispany et al. [8].
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Remark 2. Note that both terms are itmportant
on the right-hand side of (3) since each of first or
second terms on the right hand side of (3) may be
dominating in different situations.

As an example, we give the following corollary.

Hacainok 1. 1) Let fﬁ) has a Bernoulli distri-

1

bution with mean 1 —an™", a > 0 and the random

(n)

variable €7 is distributed as follows:

n 1 n 1
P(ei” =0) =1-=, P(e{"” =[lnn)) = -, neN.

Then it is easy to see that the conditions 1), 2)

and 5) are satisfied. Moreover, we have \, = IHT”,

b2~ %, n — oo and thus the condition 3)
holds. The condition 4) fulfills since 1, ~ % and
T < 00. Consequently, all conditions of Theorem 2
hold in the case when immigration variance tends
to zero.

2) Let us consider the case when the immi-
gration variance tends to infinity such that nb? —
o0 as n — co. Let 5571) is distributed as below and
take form € N

n 1 n 1
P(ei” =0)=1- —, P(e]"” = [ln)) = —.

In this case, we have A\, = 1, b2 = Inn — 1 and
Tn ~ Inn and all conditions of Theorem 2 hold.

4 Proof of the main result

Hosedennsa. We consider only the case m, > 1.
The statement of Theorem for the cases m, = 1
and m, < 1 can be proved by analogous consi-
derations. By Esseen inequality

Sgp!Fn(:v)*%(fc)K
2 (Tlgnlt)—g(t)
g |

where

J (t)_e—itEXan) \/nb%sp <€it/\/nb%>
n - n bl

24
dt + P |5 ()], (4)

t2 52 1
g(t)=e 2", Sup @ (z)| = N

In relation (4), a positive number 7' = T,, may be
chosen arbitrary.

We set
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Now we have to estimate the integral (4). For this Substituting (6) in (7), we obtain
aim, we represent it as the sum of three integrals:

h (f(k-) (eit/\/nb%)> _ it
T A A /b2
Jr(zl) +J?’(L2) +J1£L3) :/ Ant(t)dt+ 2 2 n
0 (n)) " _
T A(2) T A(3) 2n62)\ nkt (S )
An”(t) Ar(t)
0 0 _ n _ _
) iz (Esf ) (82422 =2\ + QP (1)
where 14 itmk \ 2\, 02 mpE=t (m’fL — 1)
AW () = efitEX,(z")/\/nb%QOn <eit/,/nbg> B /b2 2 2;1b2 -1
t*m
— b2 + )\2 + k‘)
—it Zn-1+2(znk i) 2n 62 (b +A) + Q07 (1)
—e non ,
where lek) (t) admits the representation:
_it—An mp—1 " 2 ,szzik 2 .2 )3
A @) = |e Ve W**EO( e ) _ e_%% It E (S,E; )>
n CRP () =0 ———— At
nb2\/nb?
2 3
A7(13) (t) _ e_é% —,82§ itE (S](Cn)> t’E (S](Cn)>
* A /anZZ 2’1’Lb% +

where 2z, = hn (k) eit/” nbi > — 1 and we 3 n)\?
1] E(Sk )
(

; 2 2
have to bound each As) t),1=1,2,3 and evaluate + 01 b2 \/W (bn A~ )‘”) +
integrals JT(LZ), i =1,2,3, separately. " "
Consider Ag)(t). It is well-known that the 9 (n)\ 2 3 372
. . (n) . 1| UE (Sk ) t|"E (Sk )
generating function of X, ’ is defined by N +6, >
n—1
s) =TT 7 (11 9)) X (B2 4+ X2 = M) + Oy %
o (m)? (m)?
n 3 n
Since E (¢’ th Taylor X o S <Sk ) +0 E (Sk )
< 00, _ -
1r%ce (51,1) 00, then we may.use aylor b oni? 1 ST
expansion with Lagrange form of remainder
, Then, it is easily seen that for || < T),, we have
it / \/mb2 ’
f(k) <€ t/ n> = the following estimate
s ) R 1 (50 () <l
= 1 _ ,
V/nb2 2 nbl ' nb2/nb? ] 1
k JR—
011 <1. (6) < nb%mn(lﬂn)é 51 (8
Similarly, by the assumption 7, < o0 we Therefore, for |t| < Ty, it is valid the representati-

may decompose the generating function h, (s) in  op
Taylor series with Lagrange form of remainder

i (5) = H B ( ( /\/T)> _ St

2
=1+ (s—1) Ee(n) + MEggn) (55”) _ 1) + where Inz means the main value of
2 the logarithm of a complex number =z

3
02 (s —1)" 7, |02 < 1. (7) (Inz=1In|z|+iargz, —w < argz < ).

46



Bicnux Kuiscvko20 HauionaabH020 YHi8epcumemy Bulletin of Taras Shevchenko

iment Tapaca Ilesvwernra 2019, 4 National University of Kyiv
Cepia: Pizuro-mamemamusri HaYKY Series: Physics & Mathematics
Now by using the following inequalities P E ( S’in))3
9 (5(2) t - GIZ)Q—\/?AH—F
n n
e — 1) < |zl e, Im(1+2) -2+ 2| <2, B
2 . t|3E S(”)
1 y k| £ (B2 A2 )+
|lz] < 5’ 9) nb2 ! nb2 /nb2 noom o
2
we obtain 1| t°E (S,(fn)) It E (S(n)>
+- |- + 61
4 An mb-1)| nl 22, 2 2nbj, nbs+/nb;;
—i n n _ *nk
A(l)(t) <le V g " ekgo(znk 2 ) X 9 9
x (by + Ar = Ap) +
= e wl® itBs™ B <5£"))2 P E (52"))3
X Z‘an’ ek=0 +65 k_ 5 + 61
k=0 nbz 2nby, nbZ+/nb?
First we will estimate |z,|°. By (8), for |t| < Ty
we have We may notice that for |t| < T),
| k|3 < 7|t|3 m3k (IT+A )3 < 7t2 m2F
mn. ~X n n ~ 2
nb% V nb% 24nb” ‘Q(k ( )‘ 1 tz m?k 5(1) (t ‘ iika
dih 5nb2 " TR YIS 100082
an us
S ol € g St = g T
|znk|” < 5 m2k R
— 24nbn — 24nb my —1° (Qk) 4 2 (13)
(10) n = 25 nb?
On the other hand,
|t| n—1 From (12) and taking estimations (13) into
Z lzni]® < T4+ 1)) mdk < account, we may write
b2/ nb2 pard
1t gmy* — 1

Tn Z2 (1) 2 ( 3’“)

S
>
3T
ﬁ
S
3o
—_
3
3
|
—_
/

Further, .
+2 kno%(m27 71)(’"7‘:1171) +2 m2n 1
. T 2nb2 2 -1 R T
2 1‘2 n—1 )\na%mﬁ(mﬁfl) 212 § e non (mn )(mn ) ez X
——————+m;"b;,

n—1 22

— nk

pETES “53 2, | T matmnoD
ek=

X a7 t2 m2n 1

x W0 wE miT | (14)

N

n—1 . n mnfl
XekZ::O (s 0+ ) (;tﬁmn*l (12) Recalling relations (10), (11) and (14) we have the
bound
where
ik m3n —1
A(l)( ) | ( +A )3 n %
1 t n n —
s (1) = | ‘b2 B [QU) (t)‘ + nb2 \/nb2 my, — 1
1/ ¢ n)\? 2% (72 2
3 <2 b2)\ E(Sk ) +2nb%mn (bn+)‘n_)‘n)+ ( 1 )( )
2 Anoy, m$7 —1 mz 1 m2n — m2n _
[ (m2—1)(mn—1) +% mn*ll} _% 77:%711
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Hence, the integral J,(Ll) does not exceed

C(l + AP mdr —1
nb2+/nb2 mn —1

oo _L[*"“i(m?l_l—l)(mz—l) Qmﬁn—l]
></ t2e 2nbR (mZ—1)(mn—1) 25 mn =11
0
t2 7rL2 -1
X e T 2n m2—1 dt
(14 A)® mdn — 1
nb2\/nb2 mp — 1
% nb2 _
[Ancﬂ(mﬁ '—1)(mp— 1)+11m2n 1+b2mn 1] S
(m3—1)(mn—1) 25 mp—1 n m2—1
L

/nb2’
Now we consider the relation A!? (t). From the
inequalities (9), it entails

x (b2 + A2 — An))+

12F (S,i“))Q
2nb2

2:;% (ES lin)>2 %

Flew o))}

t? 4k

S L -
nb2y/mb2 "

!
2

+

(

T,, we have

x (b2 4+ A2 —

For |t| <

Q) (@) <
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Ocnosra mema 0anoi pobomu NoOAA2GE Y BUBHEHNT PYHKULONANY MAKCUMIZAULT GYnKUl KopucHo-

cmi,
sup
Xex(z) Qe

inf Eg[U(X71)], 30 ymos nosnoi punxosoi modeai, Koau iHEeCmop He 6nesHeHUll 6 UMOBIPHI-

CHIT MOdent T NPoMmucCmoims Ax puduky, Max i HesuanadeHocmi modesi. Y nonepeduiti Armepamypi
UA NPobaema bYAa BUBHEHG OAA CMPO20 YGIeHYMUL PGYHKUIT KOPUCHOCTE, T MU DOSUUPUAY TCHYIOWT
PESYALMAMU OAA HE YSIeHYMUL PYHKUIT KOPUCHOCTNE, PO32AAAI0YY TXHE YEIZHEHHA.

Knowo6i crosa: Gynkyionas mMakcumidayii Gynkuii KopucHocmi, MIHIMAKC NPobAEMa, YBI2HEHHA.

The main goal for this paper is to study the robust utility maximization functional,

1.e. sup
XeXx(z)QeQ

inf Eq[U(X7)], of the terminal wealth in complete market models, when the investor is

uncertain about the underlying probabilistic model and averse against both risk and model uncertainty.
In the previous literature, this problem was studied for strictly concave utility functions and we extended
existing results for non-concave utility functions by considering their concavization.

Key Words: robust utility maximization functional, minimax problem, concavization.

1 Introduction

One of the most popular and challenging
investment problems concerns utility-maximizing
investments strategies. There is a lot of aspects
which can be considered in this problem such as
completeness of the market, properties of utili-
ty function, modeling of the payoff, probability
measures etc. The main interest is in the very
general setup, with an incomplete market, general
sets of prior models and non-concave utility functi-
ons.

2 Model setup

We will consider the model as in [5] with the
additional assumption that the discounted price
process is locally bounded.

We assume that investor has utility function
U(z), the conditions on U(z) will be stated later.

We consider the discounted price process with
d assets which modeled by a stochastic process
S = (Sto<t<r- We assume that S is a d-
dimensional locally bounded semimartingale on

© 0.0. Xapwuronosa, 2019
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(Q, F,P) with respect to a filtration (F;)o<i<7-
The pair (z, &) is a self-financing trading strategy,
where € R is the initial wealth and ¢ =
(&)o<t<r 1s a d-dimensional predictable and S
is an integrable process. The corresponding value
process X satisfies

t
Xt:Xo—k/&rdSr, 0<t<T.
0

By X(z), x > 0 we denote the set of all such
processes X, with Xg < x which are also admissi-
ble in the sense that X; > 0, for 0 <t < T.

Additionally, the authors of [5] impose the
assumptions on the set of probability measures Q
on (92, F).

Assumption 1. (i) Q is convex;

(i) P[A] = 0 if and only if Q[A] = 0 for all
Qe Q;
(i1i) The set Z := {dQ/dP|Q € Q} is closed in
LO(P).
Also, to the Assumption 1 we add

(iv) The set Z. := {dQ/dP|Q € Q.} is closed in
LO(P),
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where Q. denotes the set of measures in Q that
are equivalent to P.

Assumption 2. There is a unique equivalent local
martingale measure, which we denote as Q°.

We consider the next value function of the
robust utility problem

sup inf EQlU(X7)].
XeX(z) QeQ al |

Also, we denote

ug(w) = sup Eq[U(Xr)],

XeX(x)

the value function of the optimal investment
problem.

Consider the "abstract version"of X' (z), as in
6, 7]:

() :
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We consider utility function U : [0,00) — R
with U(oo) > 0, which is non-constant, non-
decreasing, upper semi-continuous and satisfies
the mild growth condition:

lim Ulz)
r—o00 I

We set U(x) = —oo for z < 0.

It follows from [8, Proposition 3.1] that U(x)
has a non-decreasing and continuous concave
envelope U, (x) that is the smallest concave functi-
on such that U.(x) > U(x) for all z € R.

Denote by

=0.

u’(z) : sup inf Eq[Uc.(X7)] = sup inf Eq[U.(g9)];

Xex(z) QEQ geC(z) Q€L

sup Eq[Ue(X1)] = sup Eq[Uc(g)]-
XeX(x) g€C ()

ug(x) :

Also, we need the finiteness of the value functions
of the optimal investment problem, which we can
write as

{g € Lg_(ﬂ,fT,]P’NO < g < X7 for some X € X(z)}.Assumption 4.

It is easy to see that

u(z) = sup inf EglU(Xr)] = sup inf EglU(g)];
(@)= sup inf FolU(Xr)l = sup i EolU/(g)
ug(z) = sup Eq[U(Xr)]= sup Eq[U(g)].
XeX(x) geC(x)

Remark 3. [t is known from Delbaen and
Schachermayer (see [2] for the case of a locally
bounded semimartingale S, [3] for the general case
and [4] for more detailed version) that for g > 0,
it holds that

g€ C(z) <= sup Fg(g9) <z<= sup Ep(g) <z,
QeM. QEMq
where M, is the set of equivalent local martingale
measures and Mg is the set of absolutely conti-
nuous local martingale measures.

In our model setup M, = {Q°}, and hence

g€ C(x) <= Ege(g) < z.

3 Main result

We want to investigate the minimax identity for
the robust non-concave utility functional in a
complete market model, i.e.

sup inf Eg[U(Xr)] = inf

Y sup Eg[U(X7)].
ceX(x

ReQ xex(z)
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For all x > 0 exists a measure Qg € Q.

such that ug,(z) < co.
Assumption 5.

ug, () < oo for some, and hence for all x >0

and some Qy € Qe.

Theorem 1. Additionally to Assumption 1, 2,
3 and 4 we assume that the probability space
(Q, F,P) is atomless. Then the following holds

(2x) .
f Ep[Ue = £ EglUc
s QlUc(9)] ngggesgp()z) Ql[Uc(9)]
I1(3%)

inf sup Eqg(Uc(9)]
QREQe geC(a) Qe

I1(5%)

. (1x) .
sup inf EglUc(g9)] =~ sup in
g€C () QEe QlUe(s) geC(x) Q€
\//(4*)
sup inf Eqg[U(g
goap o, QU(9)]
I1(6x%)
(8%)
p Eq[U(9)] <
(=)

The proof of this theorem will be divided into
several parts.

(7%)
, inf Eq[U < inf
sup a2l FelU()] Qeo

inf sup Eqg[U(g)]
geC(x)

su
gec QEQe geC(x)

Lemma 1. Suppose that Assumptions 1 and
Assumption 4 hold.
Then, we have

u(x)
sup inf FEg|U.(g)] = inf sup FEg|U.(g
sup iat FolUig)] = faf, sup FolUi(s)
= sup inf EglU.(g)] = inf sup Egl[U.(g
sup int BqlU(g) = sup BlU.(o)

Proof. The proof is similar to the proof of [5,
Lemma 3.4).
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We do not prove the minimax identity in
the general case of non-concave functions but we
establish some conditions under which it will hold.

Lemma 2. If Assumptions 1 and Assumption 3
hold, then for all g € C(x)

inf EolU(9)] = jnf EolU(9))

(1)

Proof. The idea of the proof is the same as in [5,
Lemma 3.4).

To prove equality (5x), we follow the paper
of Christian Reichlin [1]. He considered non-
constant, increasing and upper semi-continuous
function U : (0,00) — R, with U(co) > 0 sati-
sfying a mild growth condition:

lim Ulz)

T—00 I

=0.
We take the function

u(z,U) =
sup{E[U (/)] |f € LL(Q, F,P) with Eq(f) < «},

for a (pricing) measure @ ~ P.
For convenience, introduce one more notation.
Namely, the set

C'(x) == {f € LY(Q, F,P) with Eg(f) <z} (2)

Note that u(z,U) = sup E[U(f)].
fec (x)
One of the main results of the Reichlin’s paper

is [1, Theorem 5.1].

Theorem 2 (Theorem 5.1 by [1]). Let (2, F,P)
be atomless. Then it holds that

u(z,U) = u(x,U,) for all x > 0.

The non-concave problem u(x,U) admits a mawi-
mizer if and only if the concavized problem u(x, U)
admits a maximizer. Every mazimizer for the
non-concave problem u(x,U) also mazximizes the
concavized problem u(x,U,).

Remark. By our assumptions, there exists at
least one equivalent martingale measure, which is
also equivalent local martingale measure. Noting
that Q¢ is a unique equivalent local martingale
measure it is also unique equivalent martingale
measure.
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Noting Remark 3, we can use the Q€ as a pri-
cing measure, in the Reichlin’s paper and obtain

fel(z) = fel' ().
Then it follows from Theorem 2 that

sup E[U(g)] =
geC(x)

sup E[U.(g)], for all z > 0.
9€C(x)

Lemma 3. Suppose Assumption 2 holds and
assume that (2, F,IP) is atomless.
Then it holds that

inf sup Eg[U(g)] = inf sup Eg[U.(9)]
QEQ geae) Q0 yecin)
Proof. First, mnote that for his theorem,

C.Reichlin used only the probability space (2, F,P)
and pricing measure QP =~ IP. Moreover, the condi-
tion Egr(f) < x does not depend onP. If (Q, F,P)
is atomless then (Q,F,Q) is atomless for all
Q = P. Moreover, the set L(J)r(Q, F,Q) is the same
for all Q =~ P, and it means that everything remai-
ns true if we substitute P with another measure
@ ~ P. And equivalent local martingale measure
Q° remains the same and unique. So, we use Q¢
as a pricing measure in Reichlin’s paper.

Hence,
sup EqQlU(g)] = sup EqlU:(g)], for all Q € Q..
g€C(x) g€C(x)
(3)
Consequently,
inf sup Eg[U(g)] = inf sup Eg[U.(9)]

QEQe geC(a) QEQe geC(x)

Proof of Theorem 1.

e (1x) - (3x) follows from Lemma 1;

(4x) follows from the fact that U, > U;

(5%) follows from Lemma 3;

To obtain (6%) we need to take the sup of
geC(x)
the both sides in the equality (1);

The inequality (7%) follows from the fact
that for all @ € Q and all g € C(x) holds

inf Fg|lUc(g9)] < sup EglU.(g)].
2L, Fall(9)] < sup EolU(o)

Since Q. C Q, the inequality (8) is clear.
O
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Lemma 4. Suppose that Assumption 1 holds and
that for all Q € Qe : ucQ(x) < oo for some x > 0.
Additionally, assume that 1i_)m ve(® _ 0, for

each Q € Qc. Then, for any x > 0, there exist
some g € C(z) and Q € Q such that

u(2) = inf Eq[Uu(§)] = BglUe(@)] = S,

Jnf) 5(@)

Proof. The proof follows from the first part of the
proof of [5, Theorem 2.6 and Lemma 4.1 (a)]. Note
that we have U : [0,00) — R, hence we do not have
to consider U(g + €) and proof of [5, Lemma 4.1
(a)] in our case is easier.

The complete proof of the relation u(x) =

¢(x) can be done similarly to the proof of

us

Q
Theorem 3 part (ii) = (i) noting that minimaz
identity for concavized objective function U, holds.

Remark 6. Actually, under assumptions of the
lemma above for any x > 0, there exist some
g € C(x) and Qo € Q. (instead of Q) such that

inf BglU@)] = B, [U.@) = u, (2)

u(z) =
This is true because we add additional assumption
on the set Q. to Assumption 1 which is that the
set Z, is closed in the LO(PP).

From now on by @0 € Q. we will denote such
a measure for which the following holds

Now we are going to present conditions under
which the minimax identity for a non-concave uti-
lity function U holds.

u(z) = u

Qo

Theorem 3. Suppose that all assumptions of
Theorem 1 hold.
Then, the next two equalities are equivalent

(i) sup inf Eq[U(g)] = sup Eg[U(g)], for
geC(xz) QEQe ¢ geClz)
Q€ Q..
1) sup inf EglU(g)]= sup inf EglU.(g
(W) sup ol FolU9]= swp inf FolUi(o)

Proof. Suppose that (i) holds, then from (3) it
follows that

sup inf Eq[U(g)] = sup Eg[U(g)]
geC (z) UELe 9€C(x)

= sup E5[Uc(g9)] = sup inf EglU.(g)].
9eC@) gec(a) @eQ.
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Noting that for all x > 0 : U.(z) = U(x), we have
(i1).

Assume (ii) holds, then from Theorem 1 we
obtain that

sup inf FglU(g)] = inf sup FEg|U(g
s nt BlU(9) = faf sup EolU(s)
= inf sup E[ZU(g)].

ZEZ, geC(x)

From the definition of infimum it follows that exi-
sts such a sequence (Zy)nen € Ze that

lim sup E[Z,U(g)] = inf sup E[ZU(g)].
"0 geC(x) 7€2e geCla)

Using [2, Lemma A1.1], we conclude tht there exi-
sts a sequence (Zy)nen € conv(Zy, Zni1, ... ) such
that 2n converges a.s. to some Z.

Moreover, (Zn)neN C 2., because (Zy)nen C
Z. C Z. It follows that (En)nGN C Z and also for
all integer n : Zn ~ P.

From Assumption 1 (w) it follows that Z €
Ze.

For each n € N there exists a sequence o €
Rt such that > ol =1 and 271 =Y al'Zpti-1.

1€N €N
Hence,

sup E[Z,U(g)] = sup E U(g)Za?ZnH_l
9eC(x) 9eC(x) iEN
< Qo sup E[Z,11U(g)]-
ieN gGC(m)

Thus, by applying lim sup, we obtain

n—o0

limsup sup E[Z,U(g)] < inf sup E[ZU(g)].
n—oo geC(z) Z2€2e geC(x)

Noting that

liminf sup E[Z,U(g)] > inf sup E[ZU(g)),
"0 geC(x) 7€2e geCl(a)

we get that

inf sup E[ZU(g)] = lim sup E[Z,U(g)]
ZEZe gEC($) n—oo gEC(l’)
(4)

Since U(g) is bounded from below, it follows that
there exists ¢ > 0 such that U(g) + ¢ > 0. From
Fatou’s lemma it follows that for all g € C(x) it
holds that

E [lim inf Z,U(g)| < liminfE

n—oo n—oo

[ZLU(g)} .
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This gives us the relations

sup E [liminf Z,U(g)]

gEC’(ac) n—oo

< sup liminfE [Z\HU(g)] .
gEC’(x) n—oo

()

Noting that for all Z,, € Z. and all g € C(x)

holds E [ZlU(g)} < sup E [ZnU(g)] , we have
g€C()

lim inf E [EnU(g)}

n—o0

< liminf sup E [Z\nU(g):|
n—00 geC(x)

Since g is arbitrary, we obtain

sup liminfE [Z\nU(g)}

gEC’(ac) n—o0

<liminf sup E [ZnU(g)} (6)
n—o0 geC(I)
Combining (4), (5) and (6) we get

sup E[ZU(g)] < inf sup E[ZU(g)]
g€C(x) 2€2e geC(x)

Also, it is true that

inf sup E[ZU(g)] < sup E[ZU(g)]
Z€2e geC(x) 9eC(2)

This relation concludes the proof.

Recall that it follows from Remark 6 that the
measure Qg € O, .

Theorem 4. Suppose that all assumptions from
Lemma 4 and from Theorem 1 hold. Assume that
at least one of the items below holds

(i) There exists such a measure @ € Q. that for
all g € C(x) : Qigé Eq[Uc(9)] = E5lUc(9)];

(ii) For any sequence g, € C(x) such that
Aim_ Eq[Ue(gn)] = sup  inf Eq[Uc(g)] it

geC(x)
holds that
Aim Eg,[Ue(gn)] = lim  inf Eq[Ue(gn)]

Then, we have

sup inf Eg[U(g)] = sup inf Eg[U.(g9)].
geC (z) QEQe @ geC(z) QEQe Q

Hence, all inequalities in Theorem 1 turn to equali-
ties.
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Proof. Let’s prove the first part, i.e:

(1) = sup
9€C()

inf Eq[U(g)] =

su
QEQ. P

9€C()

inf EQ[Ue(9)].

QEQ.
Due to the arguments of Lemma 3 it follows from
[1, Proposition 5.3] that for all g € C(x) exists
g* € C(x) satisfying {g* € {U < U.}} =0 and

ElUnl)] = BglUlg™)] = EglU(6")]
Since {g* € {U < U.}} =0, we have

inf EglU.(¢g")] = inf EglU(g*
onf EqlUc(g")] = jnf EqlU(s")]

Hence, (i) gives us the following equalities

Jof EqlUc(9)] = EglUe(9)] = Eg[Ue(g”)]
0

O inf EolU.(g*
onf EolUe(g™)]
= inf Egl[U(g*)] < sup
ot EQlU(0)] < sup.

inf Eq[U(g)].

QeQ,

Because g € C(x) was arbitrary, we obtain

sup inf FEglU.(g)] < sup inf EglU(g)].
sup int FoUi(g)] < sup i BolU(y)

Noting that U, > U, we have

sup inf FEg[U.(g)] = sup inf FEg|U(g)].
s ot Follilo)l = sw ol FolU(o)

Now, let us prove the second part, i.e

(i) = sup inf Eg[U(g)] = sup inf Eg[U.(g)].
geC(z) Q€EQe N geC () QELe ¢

Recall that it follows from Remark 6 that @0 € Q.,
so we have

u’(x) = sup inf Eg[U.(g

(#)= s it FolUi(o)

= sup Ep [Uc(g)] = ug (). (7)
geC(x) @o @o

Note that due to Lemma 1 it holds that

sup inf EglU.(g)] = sup inf EglU.(g
sup ol FolUilg)) = sup inf BolU(o)

By the definition of supremum ezists such a
sequence g, € C(z) that

lim inf Eq[Ud(g)] =
dim inf Eg[Ue(gn)] = sup

inf EglU.(g
gGC(:p)QEQ6 Q[ ()]
(8)
Noting that

inf FEqglU:(gn) < Ep [Uc(gn)] < sup Egz [Uec(g)],
o8, Ealli(on)] < B [Uan] < sup Eg, (Vo)
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we have
lim inf EQ[Uc(gn)]

n—00 QEQ,
< lim Ej [Ud(gn)] < sup Ex [Ue(g)
Jim B [Uon)] < sup g, [0:49)

From (7) and (8) we obtain

lim inf Eg[U.(gn)]

Jim inf = nh_}rgo Eg, [Ue(gn)]

= sup 9)

inf Eq[Uc(g)]
g0 () QEe ¢

Due to the arguments of Lemma 8 it follows from
[1, Proposition 5.3 that for all g, € C(z) exists
gy € C(x) satisfying {gy, € {U < U.}} =0 and

Eg,Ue(gn)] = Eg [Uc(g;)] = Eg, [U(g7)]

Leads to
dim Eg [Ue(gn)] = lim Eg [Uc(gn)]
(9) .
= sup inf EglU.(g
Sup jnf QlUc(9)]

Then, it follows from (ii) that

lim EA

n—oo Qo

[Uelgp)] = lim inf Eq[Uec(gy,)]

n—00 QEQ,

Noting that {g;, € {U < U.}} =0, we have

sup

inf EglU, = lim inf Eg[U.(g}
geC (z) QEQe QlUec(9)] Q[Uc(gn)]

n—00 QEQ.

= lim inf Epl[U(g})] < sup inf Ep[U
dim inf Eo[U(gn)] S ooL, QlU(9)]

Since U, > U, we obtain

inf Eg[U(g)].

inf EolU.(g)] =
sup inf Eg[Uc(g)] = sup (nf

geC(x) YELe geC(x)

Before presenting the next theorem let us
introduce a notation. By V(y) we denote the
conjugate of U as

V(y) := sup{U(z) — zy}.
>0
Note that OV denotes the subdifferential of V; see
more in [9, Chapter II|.

Theorem 5. Suppose that all assumptions of
Theorem 1 hold. Additionally, assume that %
has a continuous distribution. Suppose also that
for some X\(= 0) the mazimizer for u®(x) satisfies
gt € —avV(A- &),
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Then g* is also a mazimizer for u(x).
Moreover, we have

sup inf Eg[U(g)] = sup inf Eg[U.(g)]-
seCls) A2 geCla) Q€0:

Hence, all inequalities in Theorem 1 turn to equali-
ties.

Proof. Since g* is mazimizer for u®(x), we have

sup
9€C()

inf EolU.(¢)] = inf Eo[U.(g")].
ond, olUc(9)] onf olU:(9%)]

If follows from the proof of [1, Lemma 5.7] that
P(g* € {U < U.}) = 0. Hence,

inf Eol[U.(¢")] = inf Eo[U(g%)].
onb, olU(97)] onf olU(g")]

Thus, we obtain

sup
gec(x) QEQe

= inf EglU(g")] < sup
Jof EolU(g”)] S

inf EQ[UC(Q)] = Qiélge EQ[UC<9*)]

Qigge EqlU(g)]

Since U. > U, we have

up inf EglU. = inf Eg[U.(g*

gSC(gE) QleQe Uelg)] QleQe Welg™)]

= inf Ep|U(g*)] = su inf Epl|U .
jnf QlU(g")] gecp(x)éeze olU(9)]

Now, from Lemma 2 it follows that g* is a mazi-
mizer for u(x).

4 Conclusions

In this paper, we have studied the minimax identi-
ty for non-concave utility functions with the help
of their concavification in the complete market
models. We have shown that under some assumpti-
ons the minimax identity for non-concave functi-
ons holds.

In the future, it will be really helpful to study
further the minimax identity for the non-concave
utility functions in the complete and incomplete
market models. The proof of minimax identity
for non-concave utility functions in the complete
market models will lead to construction of the uni-
que optimal investment strategy for the problem of
maximizing the robust non-concave utility functi-
onal in complete market under natural assumpti-
ons.
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In continual mechanics sedimentation of aggregating particles in concentrated suspensions are
determined by the mass and momentum conservation laws for each component of the suspension. The
resulting quasilinear system of differential equations governing the flow could be hyperbolic, strongly
strictly or weakly hyperbolic depending on the model accepted. The type and Eigenvalues of the matrix
influence the characteristics of the pattern formation during the sedimentation that is essential for the model
application in modern medical, microbiological and nanofluidic technologies. In this paper the hyperbolicity
of the three-phase model of aggregation and sedimentation of micro/nanoparticles is studied.
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B mexaniyi cyyinbhux cepedoguiy ceOUMeHmayiss 4ACMUHOK, WO dcpezylomb, V KOHYEHMPOBAHUX
CYCNeH3isax GUSHAYAEMbCS 3AKOHAMU 30EPEICEHHS MACU Ma IMIYALCY 01 KONCHO20 KOMHOHEHMA CYCNeH3ii.
Ompumana Keas3ininiiHa cucmema OupepenyianbHux pisHsHb, 5KI Kepylomb meuicio, Modce Oymu
2inepoOoNiunoI, CY8opo abo CcrabKo 2inepOoNiuHOI 3aleXCHO 6i0 npuiihamoi moodeni. Tun ma eracwi
BHAYEHH MAmpuyi 3a0ayi 6NIUGAIOMb HA XAPAKMEPUCMUKY (OPMYBAHHS NAMMEPHY YACMUHOK Nid yac ix
CceouMeHmayii, wo € 8aNcIugUM OJisl 3ACTNOCYBAHHS MOOENl 8 CYYACHUX MEOUYHUX, MIKpOOIoNo2iuHux ma
HanOIIOHUX mexHon02iAx. B 0aniii pobomi eusuacmuvcs cinepboniunicms mpughasnoi mooeni azpezayii ma
ceoumenmayii Mikpo i HAaHOYACMUHOK.

Kurouosi cnosa: acpecayis, cedumenmayis, bacamogpasui cyyinbhi cepedosuwya, 2inepboniuti cucmemu,
81ACHI 3HAYEHHS, XAPAKMEPUCTNUKU.

CrarTio ipeacTaBuB 1.¢.-M.H., mpod. Kyk . O.

1. Introduction

Sedimentation of aggregating particles in
suspensions is widely studied in connection with
direct engineering applications like testing the
suspension stability and ageing, formation of the
layered materials and coatings composed of solid
nanoparticles of different size and shape,
biological tests of red blood cells or platelet
sedimentation of patients [1-4]. The pattern
formation in the sediment, its continuity and
mechanical properties depend on the solution of

© V. O. Baranets, N. M. Kizilova 2019

the governing system of equations [2-5]. In this
paper the Eigenvalues (EV), characteristics (Ch)
and different types of solutions are studied on the
model of three-phase suspension of solid
aggregating particles developed in [3].

2. Mathematical background

Let us consider a concentrated suspension
composed of solid particles and basic fluid (BF)
some part of which could be captured inside the
aggregations as a captures fluid (CF). The mass and
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momentum conservation laws in the case of 1D
sedimentation in a tube in the external non-
uniform flow field can be finally formulated as a
system of quasilinear differential equations
6(Di L a(DJ .
—L+» A,—=—=B;, i=1-3, 1
ot ng P i ( )
where @ =(H,C, V)T , H and C are volumetric
concentrations of the aggregates and particles in
them, V is the mean volume of the aggregates per
Ajj(tx,®) e C'(R",®")  and

unite  volume,

Bi(t,x,®;) e C!'(R™) are matrix and force vector.

As it is know from general theory [1], if the
Jacobian J , (®) = 0A;;(®)/ X |; ji_ has real EV

and diagonalizable, (1) is hyperbolic. When the
EV are distinct, (1) is strongly hyperbolic, and
when J, is not diagonalizable, (1) is weakly

hyperbolic and singular shocks can occur [1].

Hyperbolic systems can have discontinuous
solutions even when the boundary conditions
(BC) are smooth. Such discontinuities are called
kinematic shocks, which must satisfy jump
conditions and an entropy condition (admissibility
condition) [1,4,6]. Depending on the hyperbolicity
kind of (1), different types of sedimentation (ToS)
may be observed [1] (Fig.1 a,b).

0
z1
ol *"1 G + g
z2
.| 1,
*": “:* G(x)
z3 1
A C4? 14
Iz - tZc, .
3
Ll z4
Xy
a 0

Fig.1. Sketch of ToS I (a) and ToS II, III (b);
explanations are in the text.

ToS 1 corresponds to a sharp interface 1;(t)
separating the basic fluid zone (z1) from the
particle sedimentation zone (z2) (Fig.la), while
ToS II and ToS III (Fig.1b) also have a transition
zone (tz) between the aggregate sedimentation
zone (z3) and the sediment zone (z4). In tz the
concentration increases downwards continuously.
ToS II shows a jump between the z3 and the tz,
whereas in ToS III the jump is absent. The
interfaces propagate as kinematic waves and the
suspension dynamics is split into two regimes
(Fig.1a,b): in one only hydrodynamic interactions
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between the particles are dominant (z2,z3) and
another in which the solid interactions between the
particles are dominant (z3,z4) [1,2,4,6].

3. Mathematical problem formulation
The resulting system of equations for the 3-
phase suspensions has the form [3]

a_H+Alla_H+Alza_C+Al3a_V=9 Bl’

ot Ox 0x [5)4

oC OoH oC oV

b Ay —+ Ay —+Ay—=-B,, 3
o T2 25 TAB 2 (3)
ov ov v: o

Ay =——(I'"-T'")-B;,

a e ¢! )83

where 6 is the rate of the CF accumulation, I'* are
rates of aggregation and disaggregation, Ay,
Bj,l“ir are known nonlinear functions of H,C,V ;
the corresponding complex expressions are
presented in [3]; the functions B;_; # 0 here due to
the presence of the non-uniform vertical field G(x)
instead of gravitation (for instance, centrifugal,

magnetic or other force field). The BC for (3) are
t=0,x€[0,L]: H=H,, C=C,, V=V, 4

where C, and V, are the initial concentration and

volume of a single particle; in the case of the
perfectly uniform suspension C,=H, .

The system (1) determines nonlinear flux
function F(®), which needs special consideration

in solving the initial value problem (3),(4). Any
potential jump between z1, z2, z3, tz and z4 must
satisfy the Rankine-Hugoniot condition [1]

F(@,)-F(®,_)=c(P,,P, )P, -D, ), (5

J+?
where ¢ is the jump propagation speed.

The Liu entropy condition requires that
c,(D,, P, )<c,(P,,,D)), (6)

for all @ in the Hugoniot locus inside [®, , D, ].

J+? i+

Here the existence of a complete set of EV for
(3) and different ToS determined by (3), (4) for
different model parameters taken from [3] for the
suspension of human red blood cells are studied. As
it was shown in [3], for such sets of parameters the
discontinuity between z1 and z2 always exist while
two more EV are solutions of the square equations
and one of them could be negative. Theoretical
sedimentation curves I;(t) can easily be checked in
experimental measurements using the optical
techniques, while the curves L(t), 15(t), l4(t) are
much more difficult for experimental studies.
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4. Results and discussion

Solutions of the problem (3), (4) have been
found by the method of characteristics [3,7]. The
method had been validated by the particle
dynamics method [8] and experiments [9]. The
characteristic chl of the 1-st family separates zl1
and z2 and moves with the speed ¢;>0 at any set
of material parameters. For the microparticles

with high aggregation rate T'™ and I' ~0 the
length 1,-1; of z2 is very short, while in the
nanofluids it could be long enough due to high
buoyancy of the nanoparticles [1]. At the low

. £ * . o, .
concentrations Cy< C, C is a critical value, the

cross-section of the chl and ch2 with negative
speed ¢;<0 (Fig.2a). The chl curves correspond to
the experimentally observed sedimentation curves

1(t) and in Fig.2a C"~0.25-0.3 depending on the
suspension parameters.

The nonlinear flux (5) can generate a centered
rarefaction wave originating from the bottom
(Fig.2b). This wave may be interpreted as a
‘supersediment’ consistsed of the tz built above
the sediment during sedimentation [1,5]. At some
mode parameters and low external forces te tz
layer built from t=0 and is formed by a series of
thin layers with gradually increased (from x=I4(t)
to x=I5(t)) concentrations from C=C"" in z3 to C=1
in 7z4 (Fig.1b). Existence or absence of the
discontinuity at x=l; is determined by an
additional condition that can be satisfied by
different sets of suspension parameters and G(x).

When the aggregation is high enough and the
external force G(x) grows monotonously, the z4
zone is formed quickly and another picture of
zone distributions appear (Fig.2c). The rarefaction
wave is represented by a fan of piecewise constant
values split by the propagating fronts [1]. This
solution strategy has been used for sedimentation
modeling in bidisperse suspensions in [5]. At
some combinations of the model parameters the
discontinuity at x=l+L+1; (ToS III) is also
presented as a fan-type structure proper to the
rarefaction wave (Fig.2c). In the highly non-
uniform fields G(x) an additional jump at x=
x=l;+1,+14 (ToS II) is formed (Fig.2d). Despite our
case, in the uniform gravity field this structure is
also uniform with the sublayers of gradually
decreasing concentrations and, therefore, density.

Contrary to the 2-phase suspensions [1,4,5],
in the 3-phase suspensions with the ability of
rapid capture of the BF and its temporary
absorption inside the sedimented aggregates in z3,
release of the CF inside the zt will produce more
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complex structures of the fan-type structures (ToS
IIT) with a possibility with complex discontinuities
with additional fan-type structures (ToS II) in each
sublayer (Fig.3) depending on the relationships
between the model parameters. This double
structures are formed by the intersections of three
family of characteristics of the system (3).

The corresponding bulky expressions for the
conditions on the model parameters needed for
development of each case (Fig.2a-d, Fig.3) are not
presented here for brevity.

0

0.5 1t A 0.5 1t
0.2- 0.2+
0.4 0.4+
0.6 0.61
11 R N N 0.8
1 1
Ty Xy
a b
07 oE It oo o r
0.2r 0.2-
o:4r 0.4-
0:8) 0.6F T
0.8 0.8l
L 1
X‘ xr
C d

Fig.2. Characteristics of the 1-st and 2-nd families for (a)
low Cyp=0.1; 0.15; 0.2 and (b) high C;=0.35;0.5 values, in
low- (c¢) and high- (d) intensity fields G(x) at Cy=0.4.

0

I 0.5 1t
0.21

0.4F N TN

0.6+
0.8-

) |
X

Fig.3. Distribution of 3 families of characteristics for 3-
phase suspensions with high BF capture (6 = 0.5).

5. Conclusions

The complete sets of EV for the 3-phase
suspension of aggregating particles sedimented in
an external non-uniform field are computed for
different sets of material parameters. It was shown,
besides well-known ToS LILIII, a more complex
sets of characteristics can appear. That may be used
in manufacture of complex layered nanomaterials
with non-uniform physical properties as well as in
medical diagnostics on blood sedimentation tests.
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3ruHHi KOJHBAaHHS B'MIKONPY:KHHX ILJIac- Bending vibrations of viscoelastic plates
THH B pamkax mojedi Kipxroga-Jlsasa within the Kirchhoff-Love model
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B pamxax einomes xaacuunoi meopii Kipxeoga-Jlsea nobyooearni nosui cucmemu po3e'si3yeanbHux
PiBHAHD 0151 BUSHAYEHHS HANPYIHCEHO-0ehOPMOBAHO20 CMAHY | meMnepamypu OUCURAMUBHO20 PO3icpigy npu
YCMANeHUX NONEepeyHUX KOJUBAHHAX NIACMUH i3 IHILIHO20 8'I3KONPYIHCHO20 Mamepiany, 81ACMUBOCHE AKO20
3anexcams 8i0 4acmomu 306HIUHbO20 HABAHMANCEHHS MA MeMNePamypu.

Kurouoei cnosa: 8'szxonpysichi naacmunu, oucunamusHuil posiepis, meopis Kipxeoga-Jlnea

Within the framework of the hypotheses of the classical Kirchhoff-Love theory, complete systems of
resolving equations are constructed to determine the stress-strain state and the temperature of dissipative
heating under steady transverse vibrations of plates made of a linear viscoelastic material, the properties of
which depend on the frequency of external excitation and temperature. The equations were obtained without
any preliminary suggestions about the law of temperature variation over the plate thickness. This law is
determined in the process of solving the problem. The unrelated problem of vibrational bending of visco-
elastic plates for complicated way of fixing a contour and different types of thermal boundary conditions is
considered. Mathematical models of problems on the steady-state transverse vibrations of plates made of a
linear viscoelastic material, the properties of which depend on temperature for an arbitrary law of its
change over the thickness of the object. If the material characteristics depend on temperature, investigation
of the influence of temperature of dissipative heating is reduced to solution of complicated non-linear
systems of differential equations.

Key Words: viscoelastic plates, dissipative heating, Kirchhoff-Love theory

CrarTio nipenctaBuB 1.¢.-M.H., mpod. XKyk .0.

[HTeHCHBHMI PpO3BHTOK HAayKM 1 TEXHIKH, SKOCTI OCHOBHOI mpuiiMaemo rinoresy Kipxroda-
CTBOPEHHSI HOBUX KOHCTPYKIH OyniBensHHX crno- JlsBa mpo HemedOpMiBHHA HOPMATBHUM €IIEMEHT.
Py, BUKOPHCTaHHS SIKICHO HOBHX MatepianiB, mjo KonuBanbHUIl TIpoliec, BHKIUKaHHK MOMEPEYHUM
BiJNOBiJal0Th Cy4aCHOMY PiBHIO HAYKOBO-TEXHIYHO-  HABaHTAKEHHSM 3 iHTEHCHBHICTIO g (x, v, t) [1]:
ro Mporpecy, BUMAararoTh JOCKOHAINX JOCHTIPKEHb
HECTAl[IOHAPHOI MOBENIHKA TOHKUX B'S3KOII HUX 2
MJIaCTHH, HEi € KOMITOHEHTaMH Pi3HHX iH)KepHye)gHI/IX q(x,y ’t): qu (x,y )COS [a”_(k_l)ﬂ/ 2] M
KOHCTPYKIIii, 3 BpaxyBaHHSIM TeMIepatypu. Temrie-
paTtypHi eheKkTH OCOOJIMBO Ba)KJIMBI JJIS IJIACTHH 3 BBAaXKAETHCSI BCTAHOBJICHUM, TOOTO BCi XapakTepH-
MOJIMEPHHUX MaTepiaiiB i KOMIO3UTIB Ha iX OCHOBi, CTHKHM HalpyXXeHO-Ie(OpMOBAHOTO CTaHY MOXKYTb
SKi Jy)XKe 4YyTIuBi 10 3MiHM Temmeparypu. [lpu OyTH mpencTaBiIeHHMH Y BUTIISL:

PE30HAHCHUX KOJMBAHHSIX Ta BUCOKHX PIBHSIX MeXa- ,

k=1

HIYHMX HaBaHTOKEHb BUHUKAE HEOOXIIHICTH Bpaxy- Z(x y,z t):ZZ(k)(x y z)cos [wt—(k—l)ﬂ/2] Q)
BaHHS BIUIMBY (PI3MYHOI HENIHIHHOCTI, JUCHTIATHB- =

HUX BJIACTHBOCTEH MaTepialliB 1 TeMIepaTypy TUCH- ) N
MATHBHOTO PO3IrpiBy Ha HampyKeHO-IedopMoBaHHi Tyr x, y— nekapToBl KOOPAMHATH HA CEPEAMHHIN
CTaH TOHKUX B'S3KONMPYKHUX IUIAcTHH. [Ipu Bu3Ha- TUIOMIMHI IJIACTMHH, Z— KOOPAMHATA IO HOpMAaJi JI0
YEHHI HAIpPYKeHO-1e()OPMOBAHOrO CTaHy IUIACTHH B CEPEIMHHOI MUIOMMHM IUIACTUHM. 3B'30K MDK

© O.B. IT'srenpka, 2019
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KOMIIOHGHTAMH TEH30pIB HAIMpPY)KEHb Ta MaJuX
nedopMaliiif y Toumi 3 KOOpAUHATaMH X, y, z BU3HA-
4JaeThbes HopMysiaMu:

o, = " (T,a),t—rlex(x,y,z,t)+ yey(x,y,z,t)]dr
- u

T, = 2(1—+”IK(T ,t— r) (x,y,z,t)dr, (3)

ne T =T(x, y,z) — Temneparypa, 10 BCTAHOBUIACH,

e, e, e  — BIIHOCHI BHJIOBKCHHS Ta 3CyB JUIs

y> Txy
HanpaejieHb X,) y TO4YII (x, y,z), Koe(ilieHT
ITyacona u = const .
JILHO MOJKJIMBOI TeMIIEpaTypH CaMOpO3irpiBy ILIac-
THHH, SIKa KOJHUBAETHCS, MPH OOYUCIICHHI IMOTYX-
HOCTI JDKEpea Terla, IO 3'IBJSIOTHCS BHACIIIOK
JMCUTIAIlT eHeprii, 1 po3MoaiIeHuX 1o 00'eMy IIac-
THHHU, IPUAMAEMO, IO BCsS po0OOTa 30BHIIIHIX CHII
npu JaepopMyBaHHI OAWHUYHOIO 00'eMy. Tiepe-

Jns BU3HAYEHHS MaKcUMa-

XOAUTh B Terio. Toxmi Ui MOTYKHOCTI Q(x, y,z)
JDKepena Teria y TOYIl (x, ¥, z) OLIEPKYEMO:

27/

Olxr.z) -2 |

2

Oe,
o, —
© ot

Oe, y
+T,,

dt(4)

+o,

ot
Ax BurmmBae i3 (4), 3 ypaxyBaHHIM XapakKTepy
PO3MOITY HampyKeHb 1 JedopMalliii mo TOBIIUHI
TUTACTHHY, (QYHKIIis Q (x, y,z) nmo 3MiHHIH z Oyne
3MIHIOBATHCh MO KBaJIpaTHYHOMY abo0 OUTbII CKiIaj-
HOMY 3aKOHY, IEpETBOPIOIOYKChH B HYJIb Ha CEPEIAHH-
Hili moBepxHi. ToMy pIBHSHHS TEIJIOMPOBITHOCTI
JUISL OCEPEHEHO1 M0 Yacy 3a OJHMH IMKI KOJWBaHb
cramionapHoi Temnepatypu I =T (x,y,z) samucye-
ThCS SIK TPHBUMIpPHE JUTS TUTACTHHU:

o0°T +a T 82T

(5)
ox> 0y’ 8 :

+/17 Q(xayaz):()’

Ae A,— Koe(ilieHT TEIUIONPOBIAHOCTI MaTepiaiy.

Hapmani mpu po3B'si3yBaHHI TEIUIOBHX 3a/1a4 BBaXka-
€MO, 1[0 TOPIIi IIACTUHH TEIUIOI30b0BaHi, a TerJIo-
OOMIH 13 HABKOJIMIIHIM CEPEIOBHUIIEM 3IHCHIOETHCS
4yepe3 JHIBOBI MOBEpXHI. 3 PIBHAHb PyXy Majoro
eNIeMeHTa TJIACTUHH, 10 KOJHMBAETHCS, Ta BUPA3iB
JUISl CKJIAJIOBUX BHYTPINIHIX 3yCHJIb 1 MOMEHTIB, SIKi
BUIUIMBAIOTH 13 (2) Ta (3), omepKyeMO CHUCTEMH
PIBHSHB JUISI CKIQJOBHX HampyxeHo-nedopmMoa-
HOT'O cTaHy. 3MiHHI KOE(IIIEHTH [UX CUCTEM (CKIIa-
JIOB1 KOMITJICKCHHUX JKOPCTKOCTEH ) IHTErpajIbHO 3ajie-
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KaTh Bix Heimomoi Ttemmepatrypu T =T(x,y,z).
[Mpuennyroun piBHSHHS —TeronposigHocTi  (5),
OZICPXKYEMO TIOBHY CHUCTEMY PpO3B'SI3yBaJbHHX PIiB-
HsHb. SIKINO IJIaCTMHA BUTOTOBJICHA 13 Martepiany,
BJIACTHBOCTI SIKOTO HE 3aJIeKaTh Bij Temieparypu I ,
TO CKIamoBi E, (k=1,2) KOMIUIGKCHOTO MOMIYIIs

[IOB'13aH] CIIIBBIIHOIIEHHSIM:

E(0)+iE,(o IK w,s)e' " ds . (6)
CxJ1a10Bi KOMIUICKCHHX JKOPCTKOCTEH Ha PO3TAr Ta

3THH, 10 BUP@XaloThes uepes E, (k =1,2), OyayTs y

bOMY BHUIAJIKy TOCTIHHUMH, X04a MOXYTh 3alieKa-
TH BiJl YaCTOTH, & MOPCTKICTh B3a€MHOTO BIUIMBY
pO3TATY Ta 3TUHY TEPETBOPIOETHCS B HYNb. [lpm
bOMY 3aJla4a 13 HeNiHiiHOi 1HTerpo-mudepeHiia-
JLHOT TIEPETBOPIOEThCS B JIiHIHHY JudepeHIiaibHy,
sKa B CBOIO Yepry pO3Maia€ThCsl Ha JIBI TOCIIIOBHO
po3B's3yBaHi 3amadi. [lepina 3 HUX MOJISArae y BU3HA-
YeHHI HaIpyKeHO-/1eOpMOBaHOI0 cTaHy Ta obduc-
JICHHI MOTYXHOCTI JDKEpes TeIla, PO3MOAUICHUX 10
o0'emy mactunu. Jpyra 3amada 3BOJUTHCS JI0 Kpa-
HOBOI 3a7adi JUIsl CTAI[lOHAPHOTO PIBHSHHS TEILIO-
MPOBITHOCTI, PO3B'SI30K KO BU3HAYAE TEIIIOBE OJIE
TUTACTHHHU. 3a3HAYMMO, IO Y IIbOMY BHIIAJIKY 3a]a4a
3aJIMIIAETHCS JOCTATHBO CKJIAJTHOIO, TAK SIK MOPSIOK
cucteMu audepeHiadIbHIUX PIBHSHB JIS BU3HAYCH-
HSl CKJIAJIOBUX HAIPYKEHO-Ie)OPMOBAHOTO CTaHy Y
JIBA pas3y MEPEBUINYE MOPSAAOK BiAIOBIIHOI CUCTEMHU
13 i1eaJIbHO TIPY)KHOT'O MaTepiaiy.

SKIo po3rIIHEMO HE3B'sI3aHy 3ajady Mpo Bid-
paliifHuil 3ruH B'I3KONPYKHUX TOHKHX TUIACTHH, TO
BHU3HAYEHHS HAIPYKEHO-e(OPMOBAHOTO CTaHY 3BO-
JIMTHCS 10 PO3B'SI3yBaHHS KPaoOBOI 3aadi sl CKIIa-
noBux sruay w )(x, y) (k = 1,2). Cucrema piBHSHb
JUTS IAX (DYHKITIH Ma€e BUTIISA;

DIVZVZW( -D,V’V’ w? = phw’w )(x,y)z q,(x,»)
()
DVVW( DVVW ) —phao*wt )(x,y)zqz(x,y)

ne V?— oneparop Jlamnaca.
Jis  mapHipHO  3aKpiruieHol
HNPSIMOKYTHOI IIJJACTUHU MA€EMO:

Mo KOHTYpY

nﬂTy,q2 =0, g, = const .

. MTX .
q,(x,¥) = g, sin=—=sin
Bukopucranns inei Bimomoro po3s's3ky Has'e 3amaui
CTalliOHAPHOTO 3THHY MPSMOKYTHOI IJIACTUHH 3 i1e-
aJIbHO IPYXKHOTO MaTtepially J03BOJIMIO OIEp:KaTH
TOYHI aHATITUYHI BUpa3u Js QyHKIiH w(")(x, y) Ta
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CKJIAJIOBUX BHYTPINIHIX 3ycWidb 1 MOMEHTIB [2].
TemunoBa 3ama4a po3B'sA3yeThCs 3a MPUITYLICHHS, 110
yepe3 IUIOIMMHM ¢ =+1/2 BinOyBaeThcsl TemIo-
Biggaya 1o 3akoHy HbpIOTOHAa y 30BHIIIHE cepeno-
BHUILE, TemIleparypa skoro 7, = const ipu ¢ = —1/2 i
T, = const pu ¢ =1/2 . I'paHNYHI YMOBH ISl TeM-

repaTypu T Y IbOMY BUIAJIKY MarOTh BUIJISL

[lal:T_Tlo, npu ¢ =-1/2,
og
N ®)
zzalz—hrf, upu ¢ =1/2,
og

ne ¢=y/h, 1, =2, /(@"h), o - xoediuient
TEIUIOBIZaul B CEPEAOBHUINE 3 TEMIIEPATypPOIO
T (k=1,2), h — TOBIIMHA ILIACTUHH. AHAI3 ozep-
KaHUX PO3B'A3KIB MOKA3ye, M0 MAaKCUMYMH aMILTi-
TYJHHX 3Ha4eHb XapaKTePUCTUK HanpyKeHo-1nedop-
MOBaHOTO CTaHy CKiHYEeHHI PpH Oyb-AKii @ 1 10Cs-
raroThesl B LEHTPI IUIACTUHU. MakcuMalbHa TeMIie-
paTypa caMopo3irpiBy J0OCSTaEThCS B TOYII HOpMaTi
JI0 CepeIMHHOI IUIOMIUHY, IO MPOXOIUTHh dYepe3
LEHTp IuIacTUHU. [lONOXKEHHS Ili€] TOYKH BHU3HA-
YaeThCsS YMOBAMHU TEIUIOOOMIHY 13 30BHIIIHIM cepe-
JOBMILEM ( 3HAYECHHAMH [, ).

Sxmo TemriepaTypa 30BHIIIHBOTO Cepelo-
BHIIA MOONIM3Y TpaHel ¢ = +1/2 3MmiHHA, a60 yMOBH
TEIIO00MIHY MaloTh PO3PUBHHUI XapakTep, TO 3a]a-
Ya BWU3HAYEHHS TEIUIOBOIO IOJISl TUIACTUHU 3BOJM-
ThCS JIO0 PO3B'SI3aHHSA HECKIHUEHHOI CHCTEMHM JIiHi-
HUX anreOpailuHuX piBHSAHb. SIK TpUKIAZ, MOXKHA
PO3IIIAHYTH MIACTHHY. Y AKOi IPaHb ¢ = —1/2 Temo-

1301b0BaHa, a Ha IpaHi ¢=1/2 € NpAMOKyTHa 00-
JacTh PO3MIpaMu 2& x2n,, Y€pPe3 AKY MPOXOIUTH

BiJlaya TeIUIa y 30BHIIIHE CEPEAOBHUIIE, a BCS IHINA
JacTUHA 11 — TEmI0i30b0oBaHa. Y IBOMY BHIAIKY
BUKOHYIOTBbCSI yMOBU Koxa, 110 103BOJISIE TIPU PO3-
B'S3yBaHHI CHCTEMH 3aCTOCYBaTH METOJ PEIYyKIIil.
Tounmii po3B'I30K KpailoBUX 3amad IS CHUCTEMHU
piBHSHD (7) BIAEThCS OAEpXKaTH 1 JUIS IJIACTHH, Y
AKHX JBi CTOpOHM (£=0,& =1) IapHipHO 3aKpin-
JIeHi, a JBl 1HII1 3aKpilieH] JOBUIbHO. Y IIbOMY BH-
MajJKy BUKOPHCTOBYIOTHCS 1/1€1 BiZIOMOT0 PO3B'SA3KY
JleBi mis cranioHApHOTO 3THHY iIeaTbHO MPYXKHOT
MIACTHHHU. SKIIo

0, ©)

q,(E.m)=q,(n)sinmzé, q,
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10 s w (&) (k=1,2), WO 3a10BIIBHSIOTE piB-
HsHAM (7) Ta rpaHHYHEM yMoBaM mpu (£ =0,& =1),
OJIEPI)KYEMO HACTYIIHI BUPA3H:

=1,2

9

w®) =W, (n)sinmr & (k (10)

);

2

W) =)+ Yla, x, (1) +a,,x,(0)-bY,0)

J=1

]

-b.,Y.

J27
(11)
2 .
w, (77) = Wz(O) (77)+ Z(_ I)H [ijj (77)+ bj+2XJ (771 )+
j=
Tyt {Wf‘”, W2(°)} sinmzé — Oympb-SKHil YaCTHHHHMI

pO3B'A30K piBHSAHBL (7), IO BiANOBiZae HaBaHTa-
KEHHIO 13 cknagosumu (9);

Xk(ﬂ)JriYk(ﬁ): exp((— ay +iﬁk)77) (k

Y.

J

+anj(n)+a

Jj+2

1,2); a,

Ta [3,— NOCTifHI BENMYUHH, 10 BUPAXKAIOTCS Yepe3
3Ha4YeHHs p, u, E,, tg6, w, h,a, m; a;, b, (j:1,4)
— JIOBUIbHI KOHCTAHTH, SKi MiAOMPAIOThCs, MO0 BHU-
KOHYBaJIuCh yMOBU 1pr 1 =0 1 1 = ¢~'. TloxinHi Bix
X, Ta Yy, BHpaxaroThca 4yepes wi K Qynkuii. Tomy

CKJIaJIOBI BHYTPIIIIHIX 3yCHJIb 1 MOMEHTIB B IJIACTHUHI
MOKHA TPEACTABUTH JIHIMHUMU KOMOIHAI[ISIMU

bynxuiit X, (n), ¥,(n), X, (), ¥,(n,)> 7€ =™ 1.
Bupazu (10), (11) BUKOpHUCTOBYEMO TIPY BH3HAYCHH1
HaTpyXeHo-1eQOpMOBAHOTO CTaHy IUIACTHHH, Y
AKOI CTOpPOHH (& =0,& =1) MApHIPHO 3aKpirieHi,
q(&n.1) Bincyrne,
(;7 =0,n :c*‘) 3HaXOMAATHCSI TiJl BIJTMBOM PO3IO-

HaBaHTaXCHHA a CTOpOHHU

JUIEHUX 3TUHHUX MOMEHTIB 1 IONEPEUHUX CHII
BiOpaniitHoro tumy [2]. Posrmsparoun  TeniaoBy
3aa4y JJIs TUIACTHHM, JBI MPOTUJICKHI CTOPOHH SIKOT
MIapHIPHO 3aKpiMyieHi, MaeMo BUpa3 s QyHKIT

0(&.n.6)=Bs*[®,(n)+®, (7)cos2mr £] ,

ne ®,(n)(k=1,2) BU3HAYAIOTLCA Yepe3 KBaJIpaTH
NOOYTKH GbyHKITii
W,k dw, [dn; d*W,[dn® (j=12). Sxmo 306e-
pPEerTH YMOBH TEIIOOOMIHY IUIACTHHHU 13 30BHIIIHIM
cepenoBumieM y Burisgi (8) 1 Temmeparypy
caMopo3irpiBy 7 (£,7,¢) BU3HAYATH y BHIIISL:

Ta

T(é?”? g):G)l( 7g)+®2( ,g)cos2m7r<§,
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TO TpUBHMIpHa KpaiioBa 3amada [uis (YHKIIIL
T (£,1,¢) PO3MaTaeThCs Ha 1Bi JBOBUMIpHI KpaiioBi
3ajaui:

0’0, 10°0,
+_
on®>  hy og’

- 10,(n.¢)=Bs* @, (n)

A =0, A, =2mr,

5&:0’ npu 77:0:77207];
on
199 g —o, mpu ¢=-1/2; (12)
Jg
00
,—*+©,=0, pn ¢=1/2.
Jg

Hicns npencrasnenss GyHkuiii @, (n) Ta O, (7,¢) ¥

BHIJISIIII PSIIB

CI)k(n) = igi") cosrcmn
r=0

0

©,(1.5)=BY 0" (¢ )cos remn

r=0

(13)

oJlepKaHi 3a/avi PO3B'SI3YIOTHCS METOJIOM PO3[Ii-
JeHHs 3MiHHMX. Cii 3a3HaYyuTH, MO0 MPaKTHYHA
peaitizallis TaKoro po3B'sa3Ky JOCHTh CKIIaJHa, TaK SIK
HaBiTh I HECKIAIHUX W, (77) aHAJIITHYHE O0YHC-

nensst koedinientis g) e mocuts rpomisakuM. Kpim
TOT0, 3'SBJSIFOTHCS TPYJHOIII MPH OOYHCIEHHI JTOBi-
JTBHHUX CTaJlMX, IO BXONATH y BHpasu st (QyHKIIH
0,")(c) . Tomy nouinbHuM Gyae pO3B'S3yBaHHS na-
HUX 3aJ]]a4 YuceIbHUMHU MeTojamu. CKIaloBi Hamlpy-
XKeHo-1e(h)OpMOBaHOTO CTaHy TUTACTHHH, IO BiMO-
BiJIAIOTh HABaHTaXEHHIO (9), MPENCTABISEMO Y BUT-
TS

Cnucox BUKOPHUCTAHUX TKEPE
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- XKuromup: XKTTYVY, 2005. - 428 c.
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»5" ) (n) }sin mné

= x (n)’my (n)’qv (77)’5

{90, 5O, 0W1={0®(n),1) (1), ¢" (7)}cos mas (14)

Tyr g LW gy _Law oy
a9 Y a4 on

CKJIaJIOBI KYTiB MOBOPOTY HOPMAJLHOTO eJeMEHTa

70 CEepeNuHHOI TIUJIOMIMHU TUIACTHHH. BemuunHu
k) ~(k = ; ;

w,,0,, m}( ) q}( ) MPUHMAOTLCSA 3a OCHOBHI HEBiLO-

Mi. CricTeMy piBHSHB JUISI iX BUSHAUCHHS OJICPIKYEMO
3 PIBHSAHb PYXy Majoro ejeMeHTa IUIACTUHHM Ta
CHIBBIJHOIICHb, 10 BHUPaXalOTh MOMEHTH 4epe3
MOXiH1 Big nmporuny. ITicis qeskux nmeperBopeHb s
cucTeMa Moyke OyTH 3amvcaHa y BeKTOPHIH (opmi:

£=AY(77)+f(n)a

15
i (15)

ne 17(17) — HEBIIOMHH BEKTOP, A

= {aij }’ J; = {fz}
— BiJJOMI KBaJIpaTHa MAaTPUIlsI Ta BEKTOp. [ paHW4HI
YMOBH TSI 17(17):

HT0)-7, H7C )= a6
H,, H,— BiIoMi MaTpHlli, a KOMIOHEHTU BEKTOpiB

e,, e, BU3HAYal0ThCsl yMOBAMH JUIS BIOBITHUX
(k)

y

. N \
OCHOBHMX HEBIIOMHX QYHKLIH IV, ©,, m}( )G

Jlist aucenbHOro po3B's3yBaHHsI 3a1ad4i (15) - (16)
JOIITBHO ~BUKOPUCTOBYBAaTH METOJ  JUCKPETHOL
OpTOrOHATI3aIIii.
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3HanHA OCHOBHUX MeopemUdHUX OCHO8 Ma BONOOIHHA HABUYKAMU 3ACHOCYSAHHS MAMEMAMUYHO20
ananizy, ougepenyianbHux pieHsHb, AIHIUHOL anceOpu, aHarimuyHoi 2eomempii, OUCKPEMHOI MamemMamury,

YUCENIbHUX Memoois,

meopii  UMOsSIpHOCMEN ma MAMEMAMUYHOL CIMAMUCIUKU € BANCTUBUMU OIS

npoghecitinoi’ niocomosxku manbdymuix axieyie y eanysi ingopmayiuni mexnonoeii. Ockinbku mMarOymui
Qaxieyi 6 eanysi inopmayiinux mexnono2it nompeOyroms 2OoKol MamemMamuyHoi ni020moeKu,
HasuanvHi npoepamu IT-cneyianvbrocmeti 3a36u4ail Micmsams PizHi MAMEMAMUYHi OUCYUNITHU.

L[ cmamms npucesuena 8uBUeHHIO 0esKUX 0COOIUBOCMEU BUKOPUCHAHHS IHQOPMAYITIHUX MEXHON02TU
Y npoyeci BUKIAOAHHS OKPEMUX NUMAHb MAMEMAMUYHUX OUCYUNTITH aH2TIICbKO10 M06o1o cmydenmam IT-

cneyianvHocmell, sSIKI He € HOCIAMU Yiel MOBU.

Kniouwosi cnosa: euknaoanns mamemamuru IT-cneyianicmam, UKiIa0aHHs MAMEMAmMuKu aH2iCbKOI0

MOB010, THGhOpMAYTiHI MEXHONO2IT.

Knowledge of the basic theoretical foundations and possession of the skills of applying Mathematical

Analysis, Differential Equations, Linear Algebra, Analytic Geometry, Discrete Mathematics, Numerical
Methods, Theory of Probability and Mathematical Statistics are important for the professional training of
future specialists in the field of information technologies. Since future specialists in the field of information
technology require a deep mathematical training, the curricula of IT specialties usually contain various
mathematical disciplines from this list. A specialist of any IT profile must have specific professional features
and competencies. These characteristics of future IT professionals should preferably be formed in the
process of studying both special and general scientific disciplines. The result of the educational process is
formation of both hard and soft skills of students.

This article is devoted to the study of some features of the use of information technology in the process
of teaching some questions of mathematical disciplines in English to students of IT profile who are not native
speakers of this language.

Key Words: teaching mathematics to IT specialists, teaching mathematics in English, information
technologies.

Cratrio npeacrasuna K.¢.-m.H. Pozopa LB.

Introduction English-speaking  academic
profile.
Knowledge of English is recognized as a basic

life skill of the XXI century along with the ability to

groups of IT

We present some results based on our
experience in teaching mathematical disciplines in
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use a computer, now it is no longer a separate
specialization. English gives people the opportunity
to work with a much wider variety of information, to
get acquainted with more views than could be done
in their native language alone. Implementation of
education in English in Ukrainian universities
contributes to their internationalization  [1].
Therefore, training of foreign students is being
introduced in many universities of Ukraine.

As English is one of the official languages of
ICAO (International Civil Aviation Organization),
the opportunity to receive professional education in
English is very important for future professionals in
the field of aviation. The program "Higher Education
in Foreign Languages" began to work at NAU since
1999. Since a good knowledge of professional
English is also important for future specialists in the
field of information technology, soon students of IT
specialties were also included in this program. Then
the program has been extended to many specialties
and is successfully operating to this day.

The teacher's work in English-speaking groups
has a certain specificity, because for the vast
majority of students English is not their native
language. Certain features arise when working with
groups in which both Ukrainian and foreign students
study.

Research on teaching mathematics in English to
foreign and Ukrainian students of NAU has been
carried out within the framework of the Higher
Education Program of NAU in a foreign language by
a team of experienced teachers of the Department of
Higher and Computational Mathematics since 2006.

Some of questions connected with teaching of
mathematical disciplines in English to foreign
students were investigated by authors in [2]. Beside
this, authors studied teaching of separate
mathematical disciplines and selected topics in
English (references may be found in [3]).

Mathematical Education as Component of
Professional Competence of IT Specialists

Knowledge of the basic theoretical foundations
and possession of the skills of applying the theory of
mathematics is important for the professional
development of future specialists in all technical
specialties. Education in the field of information
technology should be problem-oriented and provide
broad training for comprehensively trained
professionals prepared for continuous improvement
of their skills. This can be achieved by the
fundamentalization of the educational process and
the use of STEM technologies. Most students of IT
specialties require a fairly deep mathematical
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education. But the intensity and depth required differ
for students who are research-oriented and those
industry-oriented.

On that account, the level of mathematical
training of most of first-year students of National
Aviation University (NAU) is average. The level of
mathematical training of students of the Faculty of
Computer Science and Cybernetics of Taras
Shevchenko National University of Kyiv (KNU) in
general is notably higher.

However, regardless of the level of training of
first-year students most students at National Aviation
University require a sufficiently deep mathematical
background. Therefore, the curricula of these
specialties  contain  various  collections  of
mathematical disciplines. This is especially true for
IT professionals.

As an example we consider three different
curricula for IT specialists of specialties "Computer
Science", "Computer Engineering" and "Software
Engineering”. These curricula include the following
collections of mathematical disciplines: "Higher
Mathematics”, "Theory of Probability, Probabilistic
Processes and Mathematical Statistics”, "Discrete
Mathematics" and "Numerical Methods™; "Higher
Mathematics", "Discrete Mathematics" and "Theory
of Probability and Mathematical Statistics";
"Mathematical Analysis”, "Linear Algebra and
Analytic Geometry"”, "Discrete Mathematics" and
"Theory of Probability and Mathematical Statistics".

The basic course (Course training program) of
Mathematical Analysis for IT specialists should
include Calculus | (single variable differential and
integral calculus) and Calculus Il (multivariable
differential calculus, differential equations, series
(numerical series and power series)). Additionally
this course may include complex numbers,
multivariable integral calculus, Fourier series and
Fourier integral, complex analysis and operational
calculus ("Special Sections of Mathematics").

The basic course (Course training program) of
Linear Algebra and Analytic Geometry for IT
specialists should include elements of linear algebra
(determinants, matrices and systems of linear
algebraic equations), elements of vector algebra
(linear operations with vectors; dot, cross and triple
products of vectors), straight line on a plane, plane
and a straight line in space (standard equations and
the simplest problems), curves and surfaces of the
second order (standard equations). Additionally this
course may include linear spaces, basis of linear
space, vectors coordinates, transformation of
coordinates, linear operators, matrix of linear
operator, eigenvalues and eigenvectors of linear
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operator, reduction of matrix of linear operator to
diagonal form.

The basic course (Course training program) of
Theory of Probability and Mathematical Statistics for
IT specialists should include random events, discrete
random variables, continuous random variables, law
of large numbers, limit theorems, systems of random
variables and elements of mathematical statistics.

The basic course (Course training program) of
Numerical Methods for IT Specialists should include
approximate  calculations, iteration  methods,
numerical methods of linear algebra, approximation
of functions by polynomials, numeral calculation of
definite integrals and numeral integration of
differential equations.

The core courses (Course training program) of
Discrete Mathematics for different IT professionals
are different. However, they should always include
sets, operations with sets, mappings of sets, relations,
combinatorics, graphs, elements of mathematical
logics, Boolean functions and algebraic structures.

In addition, there are quite a number of
problems related to the teaching of foreign students
to differential and integral calculus, since this section
is difficult enough to perceive, especially in technical
colleges. In many countries, in addition to the known
methods of change of variable and integration by
parts, a third method is also studied: integration by
the formula, which consists in students substituting
their parameter values to the formulas given in the
textbook and immediately getting the result. Most
students have mastered this method best, which is
why they have considerable difficulty learning the
first two methods. The definite integral is introduced
in schools as an increment of antiderivative. This
complicates the perception of the definite integral as
the limit of the integral sums.

In many textbooks, which are intended for
technical universities and popular among students,
the material is presented in the following order:
derivative, definite integral and its properties, the
basic formula of integral calculus, the applications of
a definite integral, integration technique. This gives
the illusion that the latter question is less important.

The problems associated with the teaching and
training of foreign students at National Aviation
University and Taras Shevchenko National
University of Kyiv are very similar. A deeper study
of mathematical disciplines at KNU requires foreign
students to be more concentrated, choose more
optimal ways of studying, and search for new
teaching technologies.
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Issues of formation of professional competence
of future IT specialists in the teaching of
mathematics were considered in [4 — 6].

About Teaching to Mathematical Disciplines
in English

As English is one of the official languages of the
International Civil Aviation Organization (ICAQ), it
is very important for future aviation professionals to
be able to obtain a professional education in English.
Moreover, English is now recognized as a basic life
skill for the 21st century, like using a computer,
rather than as a specialist accomplishment. It
provides people with the ability to explore and
navigate wider ranges of information and viewpoints
than if they just have their home languages [1]. This
is especially true for IT professionals.

Education in English in universities is a trend
now. It is implemented for at least part of the
disciplines in many universities in Ukraine. Some
universities are preparing for the implementation
education in English. As example, the preparation of
the Department of Higher Mathematics of the DSEA
for teaching mathematical disciplines in English is
analyzed in [5].

The students' language background received at
school is also important for the implementation
education in  English.  Sufficient language
competence of students, taking into account the
specifics of mathematical terminology, is important
for university teachers. It should be noted that the
assessment of students' and teachers' communicative
competence is a significant difficulty. Methods and
results to assess the level of student' skills (future
primary school teachers) of a foreign language and
their communication skills, using algorithms to
process the classification and select the best option
from a variety of possible, are analyzed in [6].

Education in English is quite prestigious and
popular among both foreign and Ukrainian students
of National Aviation University, as it opens up wide
prospects for further employment in international
airlines, for work in the field of computer
technology, for the use of advanced scientific
developments, especially within the framework of
Ukraine's integration into the world community.
Since 1999 for the purpose of training highly
qualified competitive specialists who would be fluent
both in professional and informal English on
separate specialties the teaching in English was
introduced in the framework of the program "Higher
Education in Foreign Languages". Within this
program for twenty years for separate specialties all
teaching was conducted in English.
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The NAU program "Higher Education in
Foreign Languages" provides an opportunity for
international students to shorten their studies at the
university by completing language training at the
preparatory department. That is why the number of
the first-year students studying in English is
constantly growing.

At present, at Taras Shevchenko National
University of Kyiv the implementation of education
in English is at the preparatory stage. There are
separate specialties in IT technology where training
is conducted in English. The introduction of teaching
in English is associated with the concept of academic
mobility. Students of the Faculty of Computer
Science and Cybernetics practice in leading IT firms,
for example, Samsung, Google, Microsoft. After
graduation, they work in the same companies, or
leading Ukrainian IT firms, where English is the
working language.

Analysis of the contingent of foreign students
studying at NAU shows that they are representatives
of different education systems, which often differ
from each other. Level of cognitive activity that
some foreign students have acquired in their
homeland, in many respects does not correspond to
the level of knowledge of Ukrainian students.
Therefore, when teaching mathematics for such
students, it is necessary to pay attention to the
peculiarities of teaching mathematics in secondary
schools of the respective countries. Teacher has to
keep in mind that English is not a native language for
the students; take into account that secondary school
education was conducted in the native language;
foreign students are native speakers of languages that
are characterized by either different from our usual
direction of writing or hieroglyphics (references may
be found in [2-4]).

In many textbooks, intended for technical
universities and popular among students, the material
is presented in the following order: derivative,
definite integral and its properties, the basic formula
of integral calculus, the applications of a definite
integral, integration technique. This gives the illusion
that the latter question is less important. There are
issues with solving applied problems. For students of
technical specialties particular attention should be
paid to the problems with technical content.
However, in secondary school the main focus was on
the application of the integral to solving economic
problems.

Significant problem encountered in teaching the
discipline "Linear Algebra and Analytic Geometry"
and the corresponding sections of the discipline
"Higher Mathematics" are the poor level of school
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background in geometry. Particularly difficult for
students to study are problems related to curves and
second-order surfaces. However, it should be noted
that foreign students are better trained in
combinatorics, basic theory of probability, and have
studied approximate calculations more. As a rule,
their perception of more abstract issues is much
lower.

Some terms in Ukrainian and English literature
are denoted differently: for example, mathematical
expectation and variance. This fact must also be
taken into account. Also, many differences in the
notation of trigonometric functions exist.

On experience of applying information
technologies in English-speaking academic groups

In the process of teaching English-speaking
students, especially in IT-specialties, the problem of
using computer-oriented technologies in the
educational  process is especially relevant.
Implementation of information technology in the
study of all disciplines opens wide prospects for
deepening the theoretical knowledge base,
strengthening the applied orientation of learning, the
disclosure of creative potential of students. This is
especially true for IT students according to their
inclinations, requests and abilities. The active role of
information technology in education is due to the
fact that compared to traditional manuals, computer-
based learning tools provide new opportunities, as
well as allow the implementation of modern
pedagogical learning technologies at a higher level,
stimulate the development of didactics and teaching
methods.

There are a fairly large number of problems
associated with the teaching and mastering by
students of analytical geometry, geometric
applications of differential and integral calculus and
the theory of differential equations, since these
sections are quite difficult to understand, especially
in technical universities. In this case, additional tasks
arise of analytically solving various equations and
systems of equations, calculating derivatives and
integrals, operations with matrices, etc. As a rule,
solving these auxiliary problems is very difficult for
many students. In organizing the learning process in
solving such problems, information technology has
provided significant assistance. This is due to the
fact that the computer allows you to make quick
calculations, organize mathematical experiments,
build mathematical models, etc.

An important role in the educational process is
played by clarity, thanks to which the researched
material is better assimilated. Therefore, we consider
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it appropriate to use multimedia tools. On slides, for
example, it is expedient to show English terms with
translation, to show features of designation of
various mathematical characteristics in English and
Ukrainian literature. Also it can be very useful for all
students to receive at least part of lectures in a
multimedia classroom with usage of various
technical tools to visualize the geometric objects
considered.

Problem of using computer-oriented
technologies in the educational process is especially
relevant in the process of teaching students of
English-speaking groups, especially in IT specialties.

It should also be noted that students studying in
all IT specialties of knowledge better perceive the
supporting materials in the form of flowcharts of
appropriate algorithms, and students studying in
technical specialties, better perceive the supporting
materials in the form of tables.

In our opinion, helping students to master
techniques for solving various problems using
computer  algebra  systems  (for  example:
Mathematica, MATLAB or MathCAD) is very
important. System Mathematica provides great
computational capabilities, allows you to solve many
problems of linear algebra (including the reduction
of quadratic forms to canonical form), mathematical
analysis  (differentiation,  integration,  series
expansion, Fourier transforms, integral transforms,
differential operators), problems of probability
theory and mathematical statistics, discrete
mathematics, graph theory. However, MATLAB and
MathCAD are more popular among students.

An interesting feature of many students of
English-speaking groups is a higher psychological
readiness than other students for using the symbolic
core of computer algebra systems (CAS). Perhaps
this philosophical peculiarity of these students is
connected both with the peculiarities of their
preparation in high school, and with their
multilingualism. In general, it is natural to assume
that for graduates of technical universities the most
successful for the full solution of various applied
mathematical problems is the skill of combining
analytical methods, using the symbolic core of
computer algebra systems and numerical methods.

It should also be noted that foreign students are
more willing to use computer algebra systems than
Ukrainian students and have a certain level of skills
in applying these systems. Therefore, in order to at
least partially compensate for the shortcomings of
the general mathematical training of these students,
we recommend them to actively use computer
algebra systems [2, 6 — 8].
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.Significant difficulties for foreign (as well as
many Ukrainian) students, even with good
mathematical training, arise when studying Fourier
series, Fourier integral and Fourier-transform. It is
especially difficult for students to solve problems on
the construction of frequency response, because they
do not distinguish well between different cases of
development of functions in the series and Fourier
integral.

Note that for future professionals it is very
important to be able to apply both analytical and
numerical methods and to distinguish situations of
their use. Methodical recommendations for the
application of Fourier- transform and z-transform is
considered in [7, 8]. Recommendations for the
application of the symbolic core of the computer
system MATHCAD in solving problems on the
expansion of functions in the Fourier series, on the
representation of functions by the Fourier integral
and the implementation of direct and inverse Fourier
transform is given in [8].

Conclusion

The implementation of information technology
in the study of all subjects opens wide prospects for
deepening the theoretical knowledge base,
strengthening the applied orientation of learning,
opening of creative potential of students. Especially
this implementation is desirable for education of
students studying in IT specialties.

It is important to pay enough attention to
bringing to students the peculiarities of the use of
terminology in the process of constructing
mathematical models and in solving applied text
problems and providing methods for the application
of CAS.

The experience of NAU and KNU in the
implementation of training in English confirms the
need for the implementation of such projects. The
industry orientation of training at NAU and the
scientific orientation at KNU are based on the same
curricula, differing only in their content. An
important point is the assessment of the English
competence of graduates of both universities. The
following studies will be devoted to these questions.

The availability of a full learning cycle in
English at the university, together with the
harmonization of the content of credits in the
curricula, will facilitate the university's future entry
into the European Higher Education Area within the
scope of the Bologna Process. Education in English
is prestigious and desirable for other Ukrainian
universities; it is especially useful for attracting
foreign students and promotes academic mobility.
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Huni 6e30pomogi cencopHi mepedici wupoKko 3acmoco8yiomscs 0Jis1 BUKOHAHHS PI3HOMAHIMHUX 3A0a4.
3aons nobyoosu maxoi mepedxci 3HAUHO20 Macumaby, KOdceH 3 CeHcopie, wo ii cknadaroms, mae Oy8
Oewesum. A 3HauUmMb, 8 YMOBAX OOMEINCEHUX PecypCi8 ceHcopis, badicanorw Oyna 6 nobyoosa HAdIlIHO20 ma
ehekmueHo20 nPOMoKoLY ix 83aemodii, wo 3abe3neuysas Ou piGHOMIpHe BUKOPUCTNAHHS PECYPCi6 OKpeMUMU
CEeHCOopamMu ma MAKCUMi3y8as mpusdanicme sdcumms mepedxci. [na 0ocaeneHHs yiei memu npomoxoau i3
B0YO0BAHUMU CXEMAMU PeOp2anizayii mMepedxci 8 3aneiCHoCmi 8i0 3aNUWKY eHepeli @ KOHKpemHux 8y3/1ax,
oyau sanpononosani. He epaxosanumu 6 maxux npomoxonax 3amumiaiomvcsi MIpKy8aHHs Oe3nexu, ujo
MAKONC € BANCIUBUMU NPU eKcnyamayii mepedxci. L{a cmamms npononye moougikayiro 0o npomoxod, wo
O00NOMOICYMb BUABTAMU MA Opamu 00 yeazu nid03pPiy NOBEOIHKY NeBHUX CEHCOpPIE.

Kmouosi cnosa: 6ezopomosa cencopa mepedica, be3nexa, npomoxoJ, 0epeso.

Wireless sensor networks are widely used in many modern settings. In order to build substantial networks
each sensor must be cheap. So it follows that, since resources of individual sensor are limited, there is a need
to create protocols that would use them sparingly and evenly in order to maximize lifetime of the network. To
reach this goal some useful self-organizing tree-based protocols were created that use different properties of
the network nodes, such as number of children, number of hops from the ultimate sink, distance and
remaining energy, to optimally select and reselect parent node in a network. However, there is also a
challenge of providing security of the network. In this paper we propose a way of integrating a simple
security method akin to iterative filtering into the protocol and discuss corresponding trade-off between
attack prevention and increase of energy consumption.
Key Words: wireless sensor network, security, protocol, tree.

CrarTtio nipezicraBuB 1.¢.-M.H. AHiciMoBa A.B.

Beryn nannx. HeoOXigHICTh y BENUKiH KUIBKOCTI CEHCOPIiB
3YMOBJIIOE BUKOPUCTaHHS HEAOPOTHUX MoOJenei 3
00OMEXEHUMH OOYHCIIOBATBHUMU MOXJIIMBOCTSMHU.
3a TakUX BaXXJIMBO HAJIATOIWTH B3aEMOIII0 MIXK
CeHCOpaMH y Takui cmocib, mo0 3abe3meunTt
HAWIOBIIIE KHUTTSI MEPEXKi.

Crorogni  Oep3IpOTOBI  CEHCOpHI  Mepexi
BUKOPHUCTOBYIOThCA B HaWpi3HOMaHITHIIINX
KOHTEKCTax i cepax, B TOMY YHCII TAKUX K MacoBe
BUPOOHUIITBO Ta CIIOCTEPEKEHHS 32 TOBKILTAM. J{71st
YCHILIHOTO BHUKOHAHHS KOXKHOTO 3 IMX 3aBAaHb
HEOoOXiJIHe yNaro/KeHHs 300py Ta MepecuaHHs

©Kepimos B.O., 2019
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[IpobnemMa 3  3acTOCYBaHHSAM  i€papXiuyHHUX
CTPYKTYp 3alyis oprasizamii arperaumii aaHux 3
BY3JIiB MEPEXi B TOMY, III0 BUTpATa €HEPrii B pi3HUX
By3iax Oynme HepiBHOMipHOW0. Hampuknanm, By3iw,
0 arperyroTh iH(GOpMaiilo 3 OUIbIIOT KUIBKOCTI
JOYIpHIX BY3JIIB BHTPAdYaTUMYTh €HEPTii0 IIBHIIIIE
3a iHII, Yepe3 IO TPUBATICTh JKUATTS MEPEXi MOXKe
He 3HM3UTUCH. 11100 yHUKHYTH wiei npoOiemu,
MPOTOKOJIM, 10 PEaryroTh Ha TakKi MOJIl SIK MaiHHs
piBHA €Heprii y By3Ji HIXKYE 3adaHOro piBHA abo
«CMEpTh» BY3IIa, Ta pEOTPaHi3yIOTh YaCTHHU JIEPEeBa,
OyJI0 CTBOPEHO.

OKpiM TOTOBKECHHS KHUTTS MEPEKi, BaXKITHBOIO
3alayer0 € TPOTHAIA Pi3HOMAaHITHHM  aTakam
HEJ0OPO3UWIUBILB, Y TOMY YUCHI ¥ THUM, IO MArOTh
Ha METi CIOTBOPHUTH CIIPaBKHI 3aMipH ceHCOpiB [2].

Metoro  1i€i  cTaTrTi € BKIIOYEHHSA [0
CaMOOPTaHI3yFUorocsl 1€papXiYHOTO MEpEKEBOTO
MPOTOKOJIY  CKJIAMOBOi, M0  3a0e3leuyBaTUME
Oesreky Big TMOAIOHMX arak, a camMe — sKa

MoOMiYaTHMe Ta Bill’€IHYyBaTHME 3 MEPEXi CEHCOpH,
Ti7I03PIOBaHI y MigpoOIli JaHHX.

IIpoToxoJu 3 camoopranizanieio

barato 3 3amponoHOBaHMX B OCTaHHI POKHU
MPOTOKOJIB ISl OE37POTOBUX MEPEK POOIISATH KPOKU
B HampsMKy JeleHTpaizanii pillleHHs 3axadvi, Ha
SKOMY (oxycyeThes i s pobora.
JlenieHTparizoBaHuil MiAXia 10 3a1adi MOJA€ThCs B
[3], mo omucye mporokona LPEDAP, o 6a3ye cBiit
uibivehit bi (o) Mooy 10BU TOTIOJIOT1{ Ha
JIETICHTPAIII30BAHOMY aITOPUTMI 31 3HAXOJKEHHS
MiHIMaJBHOTO KiCTSIKOBOTO (KapKacHOTo) Aepesa Mij
HAa3BOIO «JTOKaJhbHE MiHIMAJIbHE KICTSIKOBE IIEPEBOY
(LSTM) [4]. IlpoTokon mepenbadae SK MMOYATKOBY
moOyoBy JepeBa, TaK 1 MOJANIbIIC MiATPUMAHHSI
HOro 3B’SI3HOCTI.

KoncTpyroBaHHs TOMOJNOTil MOYMHAETHCS 3
TpaHcysiniii By3mamu mepexi makeriB HELLO, mio
TaKOXX MICTATh X KOOPIWHATH Ta 3JUIIKH 3apsity
Oatapei, 3aBIIKHM YOMY CEHCOPH 3HAXOMISITH CBOIX
HalOmMKYMX cycigiB y Ttomodorii. Ilicms mwporo
MOYMHAETHCS HACTYIMHUW €Tan BJAacHe IMOOYI0BU
MapmipyTiB Tepemadi NaHWuX, OJHOYACHO 3 SIKUM
BimOyBaeThcsi moOymoBa aepeBa 3rimHo 3 LSTM.
Po30ynoBa nmepeBa BenmeTbca Bimx 0a30BOi cTaHMii.
Bona TpaHcmoe gmaHi mpo cebe y  makeri
ROUTE-DISCOVERY Ha pazmiyc nocTaTHid, s
TOrO0, MO0 CHUTHAJ 3JIOBHIIM BCi 3 KOJIA HAMOMIKINX
CyCilliB, 110 POOJATH HOro CBOIM OaThKIBCHKUM
By3J0M a00 4YeKaloTh Ha IOAAJbINI TPAHCIIIIT
MPOTATOM 3a3HAYEHOTO 4Yacy, BHXOISYH 3 TOTO, YU
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BXOAWUTh peOpo MiX BiANPABHUKOM Ta NpHAMadeM

CUTHAIly JI0 MiHIMaJIbHOTO KicTSIKOBOTO nepesa. [ami

BCl BY3JIM, IO 3HAWOUIA COO1 OATHKIBCHKHUH BY30II,

TPAHCIIOIOTh HAWOIMKINM CYCiZiaM y CBOIH OKOJIHIII

AHAJIOTIYHUH TaKeT, JOKH Mepeka He IOCTaHe
JIEPEBOM 3 KOpeHeM y 6a30Biil cTaHIIil.

KopuryBaHHs CTBOPEHOI0 aJropuTMOM JiepeBa
BiZlOyBa€eThCs 32 YMOB

a) 1oj1a4a JI0 Mepeki HOBOTO ceHcopa abo

0) BuuUepmaHHA 3apsmy — ceHcopa, abo,
(dopmanbHilie, 3MEHIICHHS 3apsily CEHCOpa HIDKYe
MEBHOT MEXI.

Mu 0azyeMo HaIie pillleHHsS Ha MPOTOKOJMI, IO
ormmcano B [5]. Lle#t mpotokon (HasBanmii Efficient
Tree-based Self-ogranizing Protocol, a6o ETSP)
YMOXJIMBITIOE ABTOMATHYHY OpraHi3allilo BYy3JiB
Mepexi y iepapXidHy CTPYKTypy [HepeBa, Uit
BU3HAYEHHS MaplIpyTy JaHHUX 10 0a30Boi cTaHMLii Ta
MI3HIIIONO  OHOBJICHHA i€l  CTPYKTYpH  JJIs
TTOJOBKECHHS KUTTS MEPEXi y cX0oxkwuit 3 [3] crocil.

Lleil mPOTOKON TEX CKIANAETBCS 3 ABOX
MpOIEAyp: OJHA CTBOPIOE JEPEBO Ticlss BHOOPY
KOpPEHS, a IHIIA OHOBIIOE HOTO, KONH 3 SIBIISETHCS
HEOOXiTHICTh 30araHcyBaTH BUTPAaTH EHEPTii BCiX
CEHCOpIB Ui  TIOAOBXKEHHS  KHUTTS  MEpexi.
BiaMiHHICTE anrOpuTMIB y TOMY, 10 B [6] y BuOOpi
3-TIOMiK TIOTEHIITHIX OaTHKIBCHKHX BY3JiB CEHCOPH
o0upaioTh 3a (GOpMyJIOI0, IO, Ha BIAMIHY BiX
anroputMy LSTM, 1m0 3aneXuTh TIIBKH BiJ
BiicTaHEH MK CEHCOpaMHM Ta iX 3aJIUIIKOBOI
€Hepriii, BpaxOBY€ TaKOX KUIbKICTh MOTOYHHX JiTEH
y BEpILUH JepeBa Ta JOBXKHHA 10 0a30BOI CTaHIl y
pebpax. B crarTi po3rasgaeTbes AeKiTbKa (GopMyd,
110 TI0 Pi3HOMY KOMOIHYIOT IIi TapaMeTpH.

Tak camo 3MiHHOIO, Ha HaIly JYMKY, MOXe OyTH
i CITUCOK MOJMiH, IO CIPHYMHATUMYTH OHOBIICHHS
JepeBa B IPOTOKOIl. MU MOXEMO CKOpHCTaTHCA
UM JUIS BiJ’€JJHAHHA BiJ] MEpeki CEHCOpIB, IO,
miclst  JISSIKOTO  MOHITOpUHTY, OyAyTh BHU3HAuYCHI
T TO3P1TMH.

be3neka ceHcopHMX BY3.1iB

[6] 3MallbOBY€E METOI, MOXHa
BUKOPHUCTOBYBATU JUTS OLIIHKHA HaIIHHOCTI
CEHCOPHHX BY3IIiB, — iTepaTHUBHE (PiIbTpyBaHHS, IO
JIiEe CXOXKE 3 MPHUHIMIIOM BiJCIFOBaHHs KpahHiX. 3a
METOJIOM, OepeTbcsi OJIOK 3 TOCIHiZOBHHX 3aMipiB
CEHCOPIB 1 32 JOMOMOTOIO ITEPATUBHOTO aJTOPUTMY
OTPHUMYE 3 HHOT'O JIBa BEKTOpA: MEPLINK — BEKTOP Bar
CEHCOpPIB, SKI MOXHA CIIBBIIHECTH 3 IXHBOI
HamidHICTIO, A  JOpyruil, WOro  Ha3WBaIOThH
penyTamiiHuM, — cymMa 3BaKeHHX 3amipiB. B crarti

1o
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[7] Bka3aHO Ha HEMOJIK I[LOTO METOJA: BIH B CBOEMY BYy3Jla MAalOTh B €IHAIOTBCA Bi HBOTO Ta
0a30BOMY BapiaHTi iHIiLliaJli3y€ Bark yCiX BEKTOPIB MMOYATHYTh IOIIYK HOBOI'O 0aThKIBCHKOTO CEHCOPA,

Tabnvusa 1
3MiHeHI NnapaMeTpK NPoOTOKONY
MNapameTtp 3HaJYeHHA
HomyHikauiiHWA pagiyc 10 m
MoqaTroBa eHepria Byanis 27 O

OJJTHAaKOBO, UMM HANaJHUK MOXE CKOPUCTATHCS, MPOIIEC YOO BXKE OMUCAHO PaHille B MPOTOKOJII.
SKIIO HOMY BIAacThCs OTPHUMATH KOHTPOJIb HAJ
JIBOMa CEHCOpaMH, JJIsl aTaKd 3MOBH, 3a SIKOI OJIMH 3
BOPOXKHMX CEHOPIB 3MIIIy€E CEpeaHE 3HAYCHHS 3aMipiB JUnst  TpOBECHHsT CKCIICPUMEHTY CEHCOPHY
yciX BeKTOpiB, a iHIIMIl BiANpaBlse 3HAUECHHsA, MO MEPEKY Oylo  CHMYJIbOBaHO 32  JOIOMOIOK
TOYHO JIOPiBHIOE 3MIllIEHOMY CepeIHFOMY 3HAUEHHIO MEPEkKEBOTrO cuMysaTopa ns-3. Tomonorio Ta 6a30Bi
i TakMM YMHOM 3alMIIACTHCS HEMOMIYEHHOK 3aMipH OyJio B3fTO 3 JaHHX, HaJ@HUX J1abopaTopiero
anropurmoM. Crartss mpomonye Bupimmtu 1o Intel[3]. Hamana mepexa cknanaerbest 3 54 ceHcopis,
npobneMy  OIHIOIOYM  CepeiHe 3HAueHHs Ta po3TamioBanux Ha Bigctani 40 ma 30 wmerpis. B
JUCIIEPCil0 KOKHOTO CEHCOopa i BpaxyBaTH ix s €KCrepuMeHti Oyino 3amisHo mnporokon ETSP 3

1Hiiam3anii OlIbII 3MICTOBHUX ITOYATKOBUX Bar. nmapaMeTpamMy, TOTOXHUMH THM, IO BKa3aHl B
OpUTiHANBHIN cTaTTi [6], 32 BUHATKOM THX, IO

BKa3aHl B Tabmumi 1.

B it craTTi MU IPOITOHYEMO AOAATH ANTOPUTM o6 mepeBipUTH TOYHICTH BHSBICHHS AaTak,
iTepatuBHOrO  (QiNBTPyBaHHA  JO  [POTOKOAYy OyJO CHHTE30BaHO KOMIUIEKTH JAHHX 3 3aMipaMH
camoorpanizanii 0e3IpoTOBOI CEHCOPHOI Mepexi, Mepexi, e 3aMipu OJHOro 3 CEHCOpiB Oynu
mo0 3aXUCTUTU 11 BiJl NpPUXOBaHMX arak. Xo4ya CTAaTHUCTUYHO BHKPHBIIEHI, IO KOMIUIEKTY Ha KOKHHH
anropit™, npuBeAeHMi B [7], mpusHayaBcs JuUls  CEHCOp. TPHMBANICTh JKUTTS MEPEXi BUMIpIoBanacs 3
BY3JIiB, pO3JAUJIEHMX Ha KJIaCT€PH, HOro JIErKO PO3PAaxyHKy, IO Mepeka «IOMHpae», KOIU
amanTyBaTH 1 JUIi MEPEXKi, CTPYKTypOBaHOI 3a BHYEPITY€ThCS 3apsn 3 moHax 40 BiICOTKIB ii By3iB.

ExcnepumeHt

3anponoHoBaHe pilleHHs

MIPUHIIUIIOM JiepeBa. Y JaepeBi k-00 BY3IH Mepexi 3a pesymbraTaMH MOJENIOBaHb, TPHUBAIICTh
arperyroTh iHII, 0 BiAJajeHi Bil KOpEHs Ha OJHe JKUTTS Mepexki, sAKa KepyeTbCs OpHIiHAILHUM
pebpo, moioHO 0 KitacTepa. npoTokosioM, Oyma 209,7 ¢, B TOH 4ac sIK cepenHii

IMIUIEMEHTYBAaTH JETEKTYBaHHSA Ta 3aXWMCT BiJ Yac JUIA  MEpexi, IO KEpyeTbes 3MIHEHMM
aTak MPOIOHYEThCSA HACTYIHUM YMHOM JOJA@BIIM J0 IPOTOKonoMm, Oys 133,2 c.
OpoTOKONAa Ie ONuH anroput™. KoxkeH 3 By3iiB B nepesi, mouaTkoBO MOOYZ0BAaHOMY B MEPEXi,
Mepexi, 1o 30upae mgaHi (ToOGTO yci, KpiM JIMCTIB 3 JABAaALATH JBOX BY3JB, IO HE € JINCTAMH JEPEBA,
JepeBa) Mae MOPOTAHATH AITOPHTM ITEPaTUBHOTO YOTUPHAIUATH MAKOTh Bijl OJHOIO JIO JBOX JITEH, IO

(GiNBTpyBaHHS Ha CBOIX «IITSX». YHEMOJKJIMBIIIOE BUSIBICHHA (ajbIIOBAaHUX 3aMipiB
Bubpano AJITOPUTM iTepaTuBHOrO 3a JOIOMOTOK CTaTUCTHYHOrO MeToxy. Yepes e
GinpTpyBaHHs, a He HOro MOKpAIleHWit BapianT 3 [6], IUBMIKICTb BHSBICHHA aTakM 3HAYHO BapiroBajnacs
TOMY IIIO BiH MOTPeOy€e MEHIIIE OOYUCIICHb. BiJl By3Ja JIO By3Ja, a JUIsS OJUHAIIATH BY3JIiB TaK 1
Hoswuii aJITOPUTM HPOTOKOITY Oyne He BigOymaca. 3 iHmoro OoKy, He BiaOynocs

3aCTOCOBYBATUCS, KOJIM Bara, BCTAHOBJEHA JUIS JKOJHOIO IIOMMJIKOBOIO CIIPALIFOBAHHS.
OJIHOTO 3 JIiTeH By3Jia BUSIBUTHCS MCHIIOIO 32 aibda
0. BIJICOTKIB BiJl CyMH BCiX BariB. B oMy Bumaxy
ceHcop, 110 MOHITOPHTB CBOTX niTei, 3anpornoHoBaHa Moaudikalis 10 aJIrOPUTMY
TPaHCIIOBATUME ITOBIIOMIICHHS, 1110 CKIIAAaTUMEThCS iepapxi4Hoi camooprasisaiii 0e31poTOBOI Mepexi
3 mpedikca “PT UNTRUSTWORTHY SINK” Ta CCHCODIB, CYTT€BO CKOPOHYy€ TPHBAIICTL IKUTTA
[P-ampecu  migospimoro  Bysma. lumi  Bysm Mepexi (B cepenabomy Ha 36,5%). B ekciepumenTi
PETPAHCIIIOIOTh TOBIXOMJICHHS IIC/IS OTpUMaHHsi BAATOCH NOCATHYTH JTOBOJII BUCOKOTO 3HaueHHs F1 —
fioro mepmoro pasy, w06 3GLIBLIMTH LWIAHCH HA 0,887. IIpoTe neneHTpali3oBaHICTh Ta aBTOHOMHICTh
OTPMMAaHHs TIOBIIOMIICHHS TITHbMHU 3a1eTekToBanoro MPOTOKOIY  II0YaTKOBA CTPyKTypa JCpeBa, IO
By3ia. Komu ne BinOyBaeThest, “HiTH BpaKEHHOTO (GopMyeThCs It arperanii IaHAX Y MEpExki, CUILHO

BucnoBxu
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3aJIe)KHTh BiJ] T€OMETPil MOYaTKOBOTO PO3TAIlyBaHHS
CEHCOpIB, IO  HakIagae  OOMEXKEHHsS  Ha
3aCTOCOBYBAHICTh ITEPATHBHOTO (iIBTPYBAaHHS IS
JETEeKIlil CEeHCOpiB, MiMO3pIIMX Ha TOCHIAHHS
HEJOCTOBIPHUX JaHUX.

[Tomamema pobota MoXe OyTH CIpsSMOBaHA HA
3HaXO)KEHHsI IOYaTKOBOTO JEpeBa, 3a SIKUX HOBUH
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OcHoBHi cTpykTypHi kommonednTn STEM- | environment of the educational institution
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Y cmammi iidemvcs npo cmeopenns ocsimuvoco STEM-cepedosuwa HaguanvHo2o 3axnady.
Ob0IpyHmMOBaHO BU3HAYEHHST NOHAMMS MAaKo20 0c8imubozo Genomena, ax STEM-cepedosuwe 3axnady
oceimu, 8UOKpeMieHO Hausaxcaugiui cmpykmypui komnonenmu STEM-cepedosuwa naguanvho2o 3axkiady,
OCHOBHI 3a80aHHA 1020 QYHKYiOHYeanHA. [Ipononyemucs mpaxmyeamu noHamms oceimuvoco STEM-
cepedosuwya 3akaady 0ceimu AK CYKYNHICMb [HMEIeKMYalbHUX ma MAamepiaibHUX YMO8 6HpPO8AONCEHHS
HAYK0B80-00CHIOHOI  pobomu, MeXHOA02IU, IHIMCUHIDUHZY, IHME2POSAHUX 3HAHbL, KL 3abe3neuyioms
Camopo3sumox 8iIbHOI I akmusHoi ocobucmocmi, peanizayiio meopuozo nomenyiany oumunu. OxpecieHo
ideto npo me, wo came ocobucmicme OumunHu € Hausaxcaugiwum enemenmom STEM-oceimuboco
cepedosuya sk CKAaoHol Ui BIOKpUmMoi cucmemu, wo noOCMiliHoO camopo38UBAEMbCsl.

Kniouosi cnosa: STEM-oceima, STEM-oceéimuiti npocmip, STEM-ocsimne cepedosuwe, STEM-
cepedosuye 0C8IMHL020 3aKAA0Y.

The article deals with the creation of an educational STEM-environment of an educational institution.
The definition of the concept of such an educational phenomenon as the STEM-environment of the institution
is substantiated. The most important structural components of the STEM-environment of the educational
institution and the main tasks of its functioning are identified. The interpretation of the concept of an
educational STEM-environment of an educational institution is proposed as the combination of intellectual
and material conditions for the implementation of researches, technologies, engineering, integrated
knowledge that ensure self-development of a free and active person, realization of the child’s creative
potential. The idea that the child's personality is the most important element of the STEM-educational
environment which is the complex and open system that is constantly self-developing is outlined.

Key words: STEM-education, STEM-educational space, STEM-educational institution

VY KOHTEKCTiB ri1o0anbHUX BUKIHUKIB CHOIONEHHS OCBiTHBOI ramys3i. BrpoBamkeHHS Ta PpO3BHTOK
aKTyami3yeTbCsl ~ NUTaHHS  TOWYKy  OcBiTHIX STEM-ocBiTH 3ailCHIOETECS 38 TAKUMH HAIPSIMAMU ©
iHHOBaIi{, 10 320€3MEeUYUTh IMONATBINNNH PO3BUTOK

© Iarpukeesa O., Yepnomopens B., KoBanenko M. 2019
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HOPMAaTHBHO-TIPABOBUM  (pPO3pOOJICHHS — Ta
OCyYacHEHHS HOPMAaTHUBHO-TIPABOBUX
JOKYMEHTIB);
OpraHi3aliifHO-yIpaBIiHCHKUM  (CTBOPEHHS
CTPYKTYp Ta WiAPO3ILIIB, IO OMIKYHOTHCS
npobnemamu STEM-ocBiTh);

METOANYHUM  (PO3pPOOJTICHHST METOJUYHUX
pEKOMEHIaIli, TpPOBENCHHS KOH(EPEHIIH,

TpeHiHTiB,  BeOiHapiB Ta  ceMiHapiB,
opranizamiss pooorn WEB-STEM-mikomnwy,
IHAMBiAyallbHA  KOHCYJIbTaTHBHA po0OTa,

nomyspuzaniss STEM-ocsita y 3MI tormo );
iHpopMaliiiauM (agBoKallis mpodiIeM Ta
nepcrekTuB po3BUTKY STEM-ocBith B ycix
MOXIJIUBUX (hopMax);

npaktiuauM (yrpoBamkentss STEM-ocBitu
Oe3mocepeIHbO B TMPAKTUKY HaBYAIBHOTO
mporecy Ta B IO3AIIKUIBHY HaBYAIBHO-
BUXOBHY JIISUTBHICTB);

®  HAYKOBO-TEOPETUYHUM (po3pobmeHHs
METOI0JIOr TYHOT 0asu STEM-ocBirtH,
[TOHSTTEBOTO amapary, aQHOTOBAHOTO
KaTajory craTedl 3 03Ha4eHOi MpoOJIeMaTHK!
TOIIIO);

® MOHITOPHMHT  pO3pOOJICHHS  3MICTy Ta

pe3yabTaTiB ynpoBampkenss STEM-ocBity.

AXTyallbHUM € OOIpyHTYyBaHHS MOHATTA STEM-
OCBITHE CEPEIOBUIIC 3aKJIay OCBITH, Ta BUSHAUCHHS
HOT0 OCHOBHUX CTPYKTYPHUX KOMIIOHEHTIB.

Bupuenns Ta aHami3 mpamps 3apyObKHHX i
BiTum3HsAHUX HaykKoBIiB T. Armpymenko, C. byuira,
C. bpesyc, B. Bemmuko, C. TI'ampuenko, H.
I'onuaposa, C. I'opbenxo, JI. I'mo6a, K. I'ynses, B.
Kamummun, E. Kimimosa, O. Komosa, O. Jlicosu#, JI.
Hikonenko, P. HopueBcekmii, O. IlatpukeeBa, M.
ITonoBa, B. Ilpuxomutox, M. Pubanko, I. CaBueHko,
H. Camrox Ta iHIHUX a€ 3MOTy BH3HAYUTH CYYacHI
MiIXOANU IO PO3POOJIEHHS] TOHATTEBOTO amapary Ta
ajanTamii BXK€ HASBHUX TEPMIHIB [0 peanrbHOI
npakTuk BrpoBakeHas STEM-ocBiTa.

Metoro cTarTi € OOIpYHTYBaHHS BU3HAYECHHS

morsatTs  «STEM-cepenoBuie 3akmamy OCBIiTH»,
BHOKpEMJIICHHS HaWBaXKJIUBIIIINX CTPYKTYPHHX
KOMIIOHEHTIB OCBITHBOT'O STEM-cepenoBuia

3aKiIagy OCBiTI/I, a TAaKOXX OCHOBHHX 3aBJaHb Horo

(hyHKITIOHYBaHHS.
CBiT BXOAUTH Y HOBY €I10XY, KOJU HaALIBUIKUMH
TEMIIAMH  paJUKaJbHO  3MIHIOIOTbCS  Tairysi

MPOMHKCIIOBOIO Ta €KOHOMIYHOrO PO3BUTKY. [loctae
a0COIIFOTHO HOBH THIT TPOMHUCIIOBOI'O BUPOOHHMIITBA,
OCHOBA SIKOI'0 — BHCOKOTEXHOJIOTYHI 0a3u JaHUX Ta
iX aHami3, IOBHA aBTOMATH3allisi BHPOOHUIITBA,
TEXHOJIOTil  JOJaTKOBOi  peajbHOCTi, [HTEepHET
pecypciB TOIIO.
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3aCHOBHUK i OaraTtopiuHui MpE3UIEHT
HaBocbkoro ekoHomiunoro ¢opymy Krnayc LlIBaG
Ha3BaB 11 emoxorw Iumycrpii 4.0. abo emoxoro
YEeTBEPTOi MPOMHUCIOBOI PEBOIIOLIl, YacoM, KOJIH
3HUKAIOTh KOPJOHH MDK (i3WYHUMH, IH(QPOBUMH Ta
OionmoriunuMu chepami.

«MeThcs PO XBUIIO BiIKPHUTTIB, 3yMOBJIEHHX
PO3BHTKOM MOMJIMBOCTEH BCTaHOBIICHHS 3B’SI3KiB:
po0oTH, ITPOHM, PO3yMHI MiCTa, IITYYHUH IHTENIEKT,
JOCII/PKEHHST TOJOBHOT'O MO3KY», — 3a3Hauae K.M.
IlI1Bab. IIporHo3yerbes, 1m0 O00’€JHAHI B €IUHY

MepexKy  KidepcucTeMH 3MOXYTh Yy PEXKHMI
peaJibHOTO  Yacy 3B’sA3yBaTUCAd MDK  CO0OR0,
CaMOHAJIAINTOBYBATUCSI ~Ta  HABYATHCS  HOBHUM

MOJIEIISIM TTOBeiHKH [6].

3a mporHo3aMu BU€HHX, NPoTAroM 30 HaCTYMHHUX
POKiB 3’SIBJIATHCSA POOOTH, PO3yMHIII 3a Nrojel. Ix
Oyje Benuve3Ha KUTbKICTh — BiJ] MIKpO-pOOOTIB 10
poboriB-BenerHiB. PoOOTH OyayTh 3JaTHUMHU JIITATH,
IUIaBaTH, 3IUTH. 3MOXYTh cami BHOYIOBYBaTH
BUPOOHUIITBO, YHUKAIOYM IMOMHIIOK, B3a€EMOJISATH 3
BUPOOJICHUMH TOBapaMH, aJarTyBaTUCS JIO BUMOT Ta
notped croxuBauis. Jlo nmpukiagy, BHpIO mmia dac
BUTOTOBJIEHHS 3MO)KE€ CaMOCTIHHO BHW3HAYWTH, SKE
oOnamHaHHsA 3MOKe HOoro BHpOOHTH, 1 1e Oyie
3po0JIEcHO B aBTOHOMHOMY pEXHMi, 0e3 ydacTi
moauan. CydacHi mpodecii mpocto 3HHKHYTH. e
CTOCYeThCA  OinmbiocTi  mpodeciii  IOPUANYHOIO
HanpsMy, cepr OXOPOHHU 3I0POB’s, (hapMaKoJIoOrii,
TOPTIBJIi, CUTBCBKOTO TOCTIOIAPCTBA TOIIIO.

IlocTae 3akoHOMIpHE 3amUTaHHSI — M0 Oyzae
pobutn mrogmHa? SIKy oOCBiTY Ta TpodeciiHi
HAaBUYKA BOHA Ma€ OTPUMATH, MO0 3aiHATH

MPOBIHE MICIle y CBITi, 3allOBHEHOMY pOOOTaMHU.
Bueni nmporaosyrots, mo 60% miTei, siKi ChOTOMHI
HIyTh B IOYATKOBY IIKONY, OyZyTh MpalIOBaTH 3a
TakuMHu nipoecisiMu, SKUX HUHI He icHye. BogHowac
BXKe BiloMo mpodecii MaitOyTHBOTO, M0 3a/isHI BXKE
CHOT'OJTHI: CTIEIIaJIiCT 3 arPOMOJIETIOBAHHS, OIIEPaTOp
IpOHY, IHXKeHep-MmexaHizaTtop, Treomor 3 3D-
MopmentoBanHs, GPS-MeHemxep, eHeproayauTop,
IHJKeHep COHSYHMX eNIEeKTPOCTaHIH, MEeHeIKep
IHBECTHIIIMHUX TPOeKTiB Tomo. lle o3Hawae, mI0
JUTSM ~ JTOBEAETHCS ~ aJamlTyBaTHCA OO0  LIBHIKO
3MIHIOBaHUX IOTped cycmijabcTBa. Y Takiil curyauii
CTBOPIOIOTHCSl YHIKAJIbHI MOXJIMBOCTI ISl KpaiH.
MoxnuBocTi  [UIi  HaBYaHHS Ta PO3BHUTKY B
aOCONIOTHO  HECMOJIBaHWX  HimaX, 3a  yMOB
MIATPUMKN JAepkaBu Ta OizHecy. AOO, HaBIaKw,
KpaiHa pPHU3UKY€ BTPAaTHTH BCE, SKIIO MOJOJb HE
MaTHM€ MOKJIMBOCTI HAOyTH HOBITHIX HABUYOK.
[Hopoky mim 4ac BcecBITHBOro EKOHOMIYHOTO
¢opymy B /[laBoci ONpMIIOOHIOIOTH JOMOBiAb 3
I'moGansHOro iHAEKCY Moacbkoro kamitany (Human
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Capital Index). 3aramom ingexcom oxomieHo 130
KpaiH. JIFoChKUIl KamiTa — 11e JIF0IU, SKi BOJIOII0Th
3HaHHSAMH 1 HaBUYKaMH, IO JAlOTh 3MOTY
CTBOPIOBATH I[IHHICTh Y TJO0aNbHIM EKOHOMIYHIN
cucremi. KoxkHy KpaiHy owiHIOBaiIH 3a MIKaJow Bijx 0
(nadiripmmit) mo 100 (Haiikpammii) 6aiiB 3a HoTHpMa
TEeMAaTUYHUMHU Yy TIISTH PIi3HUX BIKOBUX Tpymax.
Innmexc BigoOpaskae PO3BUTOK JIOACBKOTO KariTamy
KpalHM — SIK TOTOYHHUH CTaH, TaKk 1 OYiKyBaHUH.
OtpumaBum 71,27 GaniB i3 100 MoxnBux, YKpaiHa
3aiimae 24 wicie. Hama ngepkaBa Mae BHCOKI
MOKAa3HUKH OXOIUICHHS HACENIEHHS  CepeHBOI0
OCBITOI0, PiBHS 'PAMOTHOCT1 HACEJIEHHS, OCBIYEHOCTI1
KaJgpiB Ta TMEPCHEKTUBH PO3BUTKY KaJpOBOTO
MOTEHIliany. AJie BIJICTAEMO BIJUYTHO: IIIOAO PIBHS
SKOCTI MIiATOTOBKH KaJpiB, PiBHS 3aHHATOCTI Yy
BHCOKOTEXHOJIOTIYHUX ~ BUPOOHMIITBAX, KUIBKOCTI
THX, XTO 3100yBae mpodecioHaNTbHO-TEXHIYHY
ocBiry. IlapamokcaiabHO: 3a HAasBHOCTI 3HAYHOI
KUTbKOCT1 (haxiBI[iB i3 BWILOI OCBITOIO, B YKpaiHi
GbiKCyrOTh BHCOKHUH piBeHb Oe3pobiTTs [7].

STEM-ocBita moKIMKaHa YCYHYTH  HasBHI
HEJIONIKK 1 TMepeKkocH Ta 3a0e3MeYnTH peaizalliio
JIep>KaBHOI TTONITHKHU IIOA0 3a0€3MEUYCHHS PO3BUTKY
HayKOBO-TEXHIYHOTO HAIpsAMy OCBITH, CIPUSITH
30UIBIIICHHIO KUTBKOCTI MpodecioHaliB, 3alHATHX Y
BHCOKOTEXHOJOTIYHUX,  IHHOBAIlIMHUX  TaIy3sX,
MABUIIMTHA SAKICTh I1X MIATOTOBKHM, HABYUTH M
BUXOBATH MOJIOJIUX JIFOJICH, SIKi:

- BMIIOTh 3HaxOJWTH HECTaHAAPTHI, ePeKTHBHI
pIlIEHHS HAYKOBHX, BHPOOHWYHX, COIiaJbHHUX,
moOyTOBUX Ta IHIMIUX MpOoOJieM, CIHUPAIOYHCh Ha
0a30Bi TeoperWyHi 3HAHHS, Ta 3A00yTTA MiA dYac
HaBYaHHS  TPAKTHYHI  HABHYKA  OCOOHMCTICHOI
JOCTIIHHUIBKOI JISJIBHOCTI,

- Bim4yBaloTh HemoOOpHY
MOCTIHHOMY, CHCTEMaTHYHOMY TIOTIOBHEHI  Ta
OHOBJIEHI ~HaOyTMX 3HaHb, HE NPUNUHSIOTH
CaMOBJIOCKOHAJICHHSI, CAMOOCBITYy W CaMOHaBYaHHS
HPOTSTOM YCHOTO KUTTS;

- [IyKamTh, TBOPYO IEPEOCMUCIIOIOTH I
3aCTOCOBYIOTh Y MPAKTUYHIA HiSITHOCTI HEOOXITHY
iHbOpMAaIlifo i3 pI3HOMaHITHHX JKEPEIT;

3aliMalOTh AKTHBHY TPOMAISHCHKY IIO3HMIIIIO,
YiTKO  YCBIJOMJIIOIOTH  MpPIOPUTETHI  IHTEpecu
barpkiBmmHM Ta TOTOBI y OyAb-KMI MOMEHT
mocTary Ha ix 3axwucr [1].

CrBopenHst ocBitHboro STEM-cepenoBuma y
3aKnajgi OCBITH Oymb-skoro Ty Ta (opmu
BJIACHOCTI € OJIHUM 3 OCHOBHHUX 3aBJIaHb Cy4acCHOT'O
erany BrpoBakeHHs STEM.

HaykoBii mDOHSTTS  «OCBITHE  CepenOBULIE»
TPAKTYIOTh SIK CYKYNHICTb 00 €KTHBHHMX 30BHILIHIX
yMOB, (paKTopiB, COmiaNbHUX 00 €KTIB, HEOOXiTHHX

HEOOXITHICTh ¥y
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JUIsl YCHIITHOTO (YHKI[IOHYBaHHS OCBITH, SIK CHCTEMY
BIUIMBIB 1 yMOB (OpPMYBaHHS  OCOOMCTOCTI,
MOXIIMBOCTEM M ii  PO3BUTKY, HasBHUX Y
COIIaJIbHOMY 1 TPOCTOPOBO-NIPEAMETHOMY OTOYCHHI.

OcsitHe STEM-cepenoBuiie € CTPYKTYpHUM
€IEMEHTOM OCBITHBOT'O CEpENOBHUIIA Y LIJIOMY, TaK
caMO BOHO — HEBi’€éMHa CKJIaJ0Ba COLIAJIBHOTO
CBITY (coLiymy).

[TporionyeMO TpakTyBaTH IOHATTS OCBITHHOTO
STEM-cepenoBuina 3aKJaaay ocBiTH 5K
CYKYNHICMb  THMEAIeKMYAAbHUX mMa MamepiatbHux
VMO8 6NPOBAONCEHHSI HAYKOBO-00CIIOHOI pobomu,
MeXHONI02TU, THIICUHIDUHSY, THMEe2POBAHUX 3HAHb, 5K
3a6e3neuyioms  Camopo36UmMoK GiLIbHOI I aKMueHOl
ocobucmocmi, peanizayilo meopuo2o NOMeHYiany
OUMuHuU.

OCHOBHUMHU  CTPYKTYPHUMH  KOMITOHEHTaAMHU
ocBitHbOro STEM-cepenoBuia 3akinany, Ha Hally
OyMKy, €: anroput™m ympoBamkeHHs STEM vy
HABYAJILHOMY 3akiaji (po3poOJsioTh OKpPEeMO st
KOXKHOTO 3aKjiajly 3 ONIAAy Ha peaibHi yMOBH
¢ynkuionysanns); STEM y mo3zaypouniii pobori
(wkineHi  STEM-uentpu,  STEM-naboparopii,
ryptkn 32  STEM-mampsmamu),  MeTOmUYHE
3a0e3medeHHs (BUKOPUCTAHHS CITCIliaTbHUX IIPOrpam
Ta HAyKOBO-METOIMYHUX pO3po0oK JUTST
BIIPOBAKCHHS STEM), KaJipu (HasBHICTH
MIArOTOBJICHUX (DaxiBIiB, TpeHEpiB, THIOTOPIB Ta
YMOBH IS iX TOAAJIBIIIOTO HABYAHHS W CaMOOCBITH)
Toro (auB. puc 1.).

STEM npu
onaganm
npeamerie

STEM -npocrip

Anroputm STEMy
nosaypounif

STEM pobori
STEM-

C
epeaosuuie Sioat
nosawnAwHi

3aKknagy ocsitn sy

Ynpasaiu
npoyecom
Vnpossguana
STEm

Mareplansho-
Texniuna Gasa

Merogpeane

Indopmayiing
6ma sabesnenerse

Puc. 1. Cmpyxmypui xomnonenmu STEM-
cepedosuwa 3aKkiady oceimu

Heob6xigHo BpPaXxoOBYBAaTH, 110 HOHATTA
«CEPEIOBUIIE» 1 KIPOCTIP» HE € TOTOKHIMHU.

Ipoctip (maTuHChbKe: Spatium) — MPOTSKHICTS,
BMICTHJIMIIE, B SIKOMY pO3TalIOBaHO IPEAMETH i
BimOyBatoThcsi  momii.  [lpoctip  xapakrepusye
cmiBicHyBaHHA  O0’€KTiB, 11X NOPOTSKHICTH 1
CTPYKTYPHICTb, B3a€EMHE PO3TaIllyBaHHSI.

HaykoBii ocBiTHIi mpoCTip TPakTylOTh SK
nenarorivHuii  )eHOMeH, MmO mependavyae TiCHUN
KOHTAaKT 0co0M 3  HABKOJNMILHIM  OCBITHIM
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cepenoBuiieM. Y  pe3yiabTaTi Takol  B3aeMOIii
BiIOYBa€ThCA  OCMHCICHHS 1 II3HAaHHSA  BCIiX
€JIEMEHTIB — HOCIiB KynbTypu. OTKe, TPOCTip MOXKHA
BBaXXAaTH CTPYKTYPOBAHOIO CHCTEMOIO IMENaroriyHux
YMHHUKIB 1 YMOB iX 3aCBOEHHS  OKPEMOIO
OCOOMCTICTIO MiJ] YaCc PO3BUTKY 1 CTAHOBJICHHSI.

Jesiki BUCHI CTBEPAXKYIOTh, IO OCBITHIN MPOCTIp
€ CHCTEMOIO COIialbHUX 3B’S3KiB Yy cepi OCBiTH,
3aCHOBAHOIO Ha B3a€MOJIii CYCHIILCTBA 1 COLIAIbHUX
IHCTHTYTIB OCBITHBOT cripsiMoBaHOCTi [4].

Y Oyap-sikoMy pasi, OYEBHIHO, IO IOHATTS
«CEepeloBHINa» € IIUPIIUM 1 OXOIUTIOE B cebe
a0COJIOTHO BCi 00 €KTH Ta Cy0’€KTH OCBITH, y TOMY
YUCII i mPOCTIp.

PospoOuukam  tnanyBanHs — STEM-npoctopy
3aKiiaJly OCBITH BapTO BPaxOBYBAaTH Taki BUMOTH Ta
YUHHUKU:

TeXHiYHi, apXiTeKTypHi: HasBHICTh BUIBHHUX
MPHUMIIIEHb, MOXJIMBICTh BUKOPHCTAHHS KOPHJIOPIB,
naboparopiii, mMalicTepeHb, MPUIIKUIBHOI TEPHTOPIi,
HasBHICTH HabopiB 3 podororexHikn, LEGO Habopis
(abo ix amHanoriB), HaOOpPiB IUIsi KOHCTPYIOBAHH,
3aco0iB 3D MomeroBaHHS, KOMIT' IOTEPHOI TEXHIKa,
Iarepuery, mepexi Wi-Fi Toro;

NporpaMHi: TUTAaHHA KOMIUIEKCHOI Oe3meKku
(iHTENMEeKTyanpbHOI, JYXOBHOI, MOpPaJIBHO-CTHYIHOI,
TICUXOJIOTIYHOI, TENaroridYHoi, eTHIYHOI, (i3WYHOI,
TPYIIOBOI, YIIPaBIIHCHKOI), IHTErpOBAHICTH,
B3a€EMOJIIA;

aKajfieMivHi: METOJNYHE 3a0e3reyeHHs,
BIIMOBIMHICTH  3MICTy  AisuibHOCTI  JlepkaBHUM

CTaH/apTaM, HaBYAJILHUM IIPOTrpaMaM TOIIO;
couiabHO-eTHYHI: KYJIbTYpPOIIOT TYHUI
HOPMaTHBHO-TIPABOBHH aCIIEKTH;

KaAPoBi. TICHUXOIOTIYHA TOTOBHICTH, iH)KEHEpHA
MATOTOBKA, HASIBHICTH (PaXiBIliB TOIIO.

BpaxoByroun mi BuMoru, B ocBiTHROMY STEM-
CepelOBHUI  3aKiaay OCBITH BHUAUIIEMO Taki
CKJIaJIOBi: (PI3BMYHY Ta MCHXOJI0T0-iHTEJEKTYAJIbHY.

@DiznyHa CKJIAA0BA OXOILTIOE MaTepiajbHy 0a3y
HaBYAIBHOTO 3aKIafy, HA OCHOBI SKOi € MOYJIUBICTh
crBopenns exuHoro STEM-mpocropy. Muerbes me
JUIIe TPO TEXHIYHI Ta METOAWYHi 3acobm, a #
BIJINOBITHO OCHAaIIeHi po0odi MicCIsl KOpUCTYBadiB,
JIOKAJIHY MEpexy, Mepexy IHTepHer, mporpamHe
3a0e3neyeHHs] HAaBYAIBHOTO TPOIECY TOIIIO.

IIcuxosoro-inTesiekTyajJbHa CKJIa/0Ba
nepeadavae TOTOBHICTh Ta CIIPOMOXHICTh YYaCHHKIB
ocBitHboro  STEM-mpocTtopy  nmo  cmiBmpaii,
TBOPYOrO IOLIYKY Ta BUKOPHCTAHHS TEXHOJIOTIH Yy
BCIiX JJaHKax HaBYaJIBHOT'O MPOLECY.

3po3ymino, mo (opMyIUd CTPYKTYPY €IUHOTO
STEM ocBiTHBOTO NPOCTOPY HABYAIBHOTO 3aKiazry
Ta 0a3y MJaHWX, HEOOXITHO 3BaXKATH Ha Te, IO

Ta
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peanbHa poboTa 3 iX BHKOPHCTAHHS 3alEKHUTH BiX
MaTepiaJbHO-TeXHIYHOI  0azu  Ta  peanbHHUX
MOXKIJTHBOCTEH CaMOro HaBYAJIBLHOTO 3akiany [5].

OLiHIOIOYM HAasBHI MaTepiaJibHI MOMJIMBOCTI Ta
NPOTHO3YIOUM MaHOyTHI, BapTO BpaxyBaTH, IO
MaTepiaJbHO-TeXHIYHa 0Oa3za HaBYAIBHO 3aKiangy —
HIMPOKE TOHSTTS. BOHO OXOIUIIOE HE TUIBKH
«EBPOPEMOHT, CY4acHi MeOJIi B KJIacax, OPIrTeXHIKY».
«MartepianbHi peui — ne 3acib, a He Mmera. BoHwm
JONIOBHIOIOTh, @ HE CTBOPIOIOTH JocBim. Tomy
BaXXJIMBO, 1100 32 JOBTUM IIEPEITIKOM HEOOXiTHUX
pedeli He TYOUJIOCH TIEPBUHHE — IO 1€ A€ YUHIM?»
[3]. STEM-ocBiTHE cepefoBHUIlE Ma€ IKUBUTH
HaBYAJILHUM JOCBIL y4HA. Yce — BiJI €CTETHKHU
MaTepiaJbHUX KOMIOHEHTIB JI0 eMOIIHHOr0 QOHY —
MOKJIMKaHEe CTBOPUTU TaKi YMOBH, 3a SKHX Y4HI
3pOCTAaTUMYTh SIK OCOOMCTOCTI.

[ToHATTS OCBITHBOTO MPOCTOPY OO’€AHYE JBi

OCHOBHI imei — i€ IPOCTOpY 1 IiACH0 OCBITH.
OcBiTHii MpOCTip BijjoOpakae OCBITHIO
NOPOTSOKHICTh,  CTPYKTYpHE  CIIBICHYBaHHS i

B3a€EMOJIII0 OCBITHIX CHCTEM, iX KOMIIOHEHTIB,
OCBITHIX moxid. Sk opma TpaHCMii COIiaIbHOTO
JIOCBIAY BiA TIOKONIHHSA IO TIOKOJIHHS, OCBITHIN
MPOCTIP ICTOTHO BIAPI3HAETHCA BiA MPUPOTHOTO
Tporiecy Iepenadi JOCBiAy JIIOJCTBA, M0 Ma€E MICIe
0e3 criemiagbHO OpraHi30BaHMUX IMPOIIECIB HABYAHHS 1
BHXOBaHHSA [2].

Huni npobnemy oOIpyHTYBaHHS CTPYKTYPHHUX
komroHeHTiB ~ STEM-cepenoBuina  miTicHO  He
JIOCTIKEHO. AJie BaXJIMBUM € Te, IO HAyKOBIIi,
BHBYAIOYHM OKPEMi KOMIIOHEHTH TaKOTO CepelOBHIIA,
BH3HAYAIOTh 0COOHCTICTh TUTHHA SIK
HaWBaKIIUBIIIANA HOTO eTEMEHT, CKJIaHy W BIIKPUTY
CHCTeMY, III0 TIOCTilfHO camMopo3BuBaeThcs. KiHieBa
Mera  (yHKIiIOHYBaHHA  ocBiTHhoro  STEM-
cepenoBuiia — chOpPMyBaTH TBOPUY OCOOHUCTICTB,
CIIPOMOXHY BiIIKpHBATH HOBITHI BJIACTHBOCTI CBITY
Ta TIPUPOIIH.
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S-boson production in the reaction of Coulomb
scattering of a nucleus by a proton or electron
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Poszensanymo npoyec napooacenns ckanaprnozo BSM (Beyond the Standard Model) 6o3ona (S-6030na) 6
excnepumenmi SHiP (Search for Hidden Particles) na LHC & pesynomami cnuboxo-nenpysicrno2o 3imkHenns
3apAOANCEHOI YACMUHKU (eleKmpoHa abo NPOMOHA) 3 BANCKUM SOPOM Uepe3 Pearyiio OMOHHO20 3MUMMISL
Tokazano, wo y 6unaoky po3cCisiHis npomona Ha s0pi nepepiz peaxkyii Modice 6ymu NOPIGHAHUM 3 Nepepizom
Hapooxcenns S-6030na npu posnadi Ds mezony nuwe y sunaoky 6esmacosozo 6ozoma (mg = 0). Ilpu
poscianni enexmpona na sA0pi nepepiz a(eZ — S) sionocumucs 0o o(D — S) ax 1: 10,

Kmiouoei cnosa: SHIP, nepepiz napodocenns, ckanapruit BSM 6030m, peaxyin ¢pomonrnozo 3numms.

The production cross-section of the beyond the standard model (BSM) scalar boson (S boson) have been
considered it the article. Scalar boson produced via photon fusion reaction in the deep inelastic scattering of a
charged particle (proton or electron) on heavy nucleus of the target. This process is one of the possible mecha-
nisms of BSM boson production at the SHiP (Search for Hidden Particles) experiment at the CERN LHC and may
be dominating among others processes due to large nuclear charge. Previously [1], the amplitude and the pro-
duction cross-section of this reaction were found. The found cross-section was analyzed for the case of proton
scattering on the lead nucleus and compared with the production cross-section in the decay of Ds meson. In this
paper we make estimate of the process more accurate and consider also electron-nucleus scattering. It was

found that the photon fusion reaction pZ — S may be effective only in the case of massless S boson.
Key Words: SHiP, production cross-section, BSM scalar boson, photon fusion reaction.

Crartio npenctaBuB 1.¢.-M.H., ipod. €xoB C. M.

Beryn

Iz poGora € mpomomxkenHsMm poborn [1]. B
morepenHii  podboTri Oyno 3HAWAEHO AaAMILTITYAY
Hapo/pKeHHS  S-0030HY  TpH  KYJOHIBCBKOMY
PO3CisIHHI MTPOTOHA HA BAXKOMY siipi MimieHi (sapi
ceuHIO). [loBHMIA mepepi3 peakiii OTPUMYETHCS
IHTETpyBaHHSAM KBaJpaTta MOIYJS aMIUITYAd II0
IedKkii oOmacti Q, 110 BH3HAYAETHCI KIHEMATHKOIO
peaxii

_ 1 |Jv[fi|2 _ B

7= Gny 1 325mt|pi|2d€1d€2dad cosf= =
dedE

%o Mm : ﬂﬁ 1)
|pil (Mgi—E)

ae J0g = 3.2 - 1071362 mbarn. I[_]'[;[ OLIHKH

BenmnunHU ¢ BuUpas (1) OyB mpoiHTErpoBaHUil O
MPSIMOKYTHHUKY

[Emin: Emax] x [Emin: Emax]
SKMA TapaHTOBHO BKJIIO4ae B cebe o00aacTh
inTerpyBanHs Q. Takuii miaxix K03BONSIE OLIHUTH O
3Bepxy. st mepepizy Oyno oTpUMaHO OL[HKY

© Bapabam O. B., Kostonrok B. C., 2020

— )2
o(pZ—>5)<35-: 10_1292% mbarn  (2)

Ie x = ? IlopiBusHHSA mepepizy (2) 3 mepepizom

1

HapoKeHHs S-0030Ha B peakii po3namy Ds me3ony

3)

mokasye, o mepepi3 (2) Moxe KOHKYpyBaTH 3
nepepizom (3) numie y BUNIaAKy, KOIU Maca S-0030Ha
merma 3a 0.1 keB. Ilpore, mio ormiHKky MoxHa
CYTT€BO MOKPAIIUTH.

o(D - S) =9.56-1078 8?mbarn

YTouHeHuii nepepis

B IMITyJTLCHOMY IpoCcTOopi o0macth
inTerpyBanHs B (1) mpencraBisie coOOK TEpEeTHH
TPHOX ETIIMCONOMIOHNX KPUBHX (SIKi Y BUNIAAKY Mg =
0 mepexonsaTs B TouHi emincu). 3a Gopmoro obaacte
HaraJye CWJIbHO BUTATHYTHH TPUKYTHUK (auB. Puc.
1). HamiBoci  mwmx  eminciB  JOPIBHIOIOTH

mM~10* MeB ta M~10° MeB, B Toii uyac, sk
cama o0nacTb Mae po3Mipu Hopsaaxky p;~100 MeB.
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Takum uwnmHOM, Ha wMacmrtabax ~100 MeB nyru
eJTINCiB MOJKHA allPOKCUMYBATH MPSMHUMHU.

80

60

P, MeB

20

0

0 20 40

p, MeB
Puc. 1. O6nacts inTerpyBanus s mg =1 xeB.

60 80

MakcuManbHUI BKJIaJ] B IHTErpajl BHOCHTH OOJIACTD
nmodM3y  TOCTPOro  KyTra  TPUKYTHUKA,  JIe
MiIHTETpadbHUA  BUpa3  Ma€  MaKCHMaJbHE
3HAYCHHS. 3aMIiHIOIOYHM CKJIQJHY TOYHY 00JacTh
TPUKYTHUKOM (IO YTBOPIOETHCS JOTHYHHUMHU JIO
KpUBUX Yy TOCTpOMYy KyTi oOmacti Ta oOpizaHuit
3aM3y npu p; = 0) Ta inTerpyroun B (1) oTpuMyemo

128e*7Z% y?

~ (Ap)*(aP)*

|Mf1|2

2019, 4
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o =20, (lnfn—ssi - 1) 4)

Ils omiHKa € OIIIHKOW  3BEpPXy, OCKUIbKH,
BPaxOBYIOUH OIYKIICTh KPHUBHUX €JINCiB, TOYHA
007acTh pO3TalllOBaHA BCEPENUHI TPUKYTHHKA, MO
SKOMY MH IHTETpyBaJIH.

[MopiBasinust (4) 3 (3) mokasye, 10 mepepi3
o(pZ — S) crae nopsany nepepiza a(D - §) = 9.6
1078 2 mbarn e npu mg < 8 - 107219° MeB,
TOOTO SKIIO CKaJIIpHA YaCTMHKA O0e3MacoBa.

Ilepepi3 peakuii eZ — S

Bume mu posrisjanu po3cisHHS NPOTOHA HA
anpi. Ilpore, NPUHIMIOBHIA IHTEPEC NPEACTABISE
peakiist 32 yuacTtio enekrpoHa. CyTTeBa BiIMiHHICTb
nojsirae B ToMy, mo npu eHeprii g = 100 MeB
NPOTOH € HEPEISITUBICTCHKHM, TOJI SIK €NEKTPOH —
yIbTpa-pensTUBiCTChKHA. lle MpUHINIOBO 3MiHIOE
aHaJIi3 BETMYMH aMILTITY M i (a30BOT 001acTi.

B yabTpapensTHBICTCbKOMY HaOIMXKEHHI BCI
JIOJTAHKK B aMILIITY/i, IO MPOMOPIIiHI M, MOXYTb
OyTH ONYyIIEHi, a TaKOX JOJAHKH, IO MPOIOPIIiHHI
A (muB. [1], dopmyma (5)). B pesymbrari, mjs
KBaJpaTa aMILITyld OTPUMYEMO BUpa3

[(ApAP)? ((pipi)(pfpf) + (Pipf)(PfPi)) + 2(8pP)(ApPy ) (piAP) (psAP) —

—(apaP) ((apPr) 0P (prAP) + (apP) (piPy) (pyAP) + (ApFf) (pr P) (0isP) + (8pP) (1 Pr) piAP))

—~(pewy) ((apAPY2M? + (APY? (8pP) (4pFy) )]

Bci 1ogaHky B KBaApaTHUX AY’KKAX OJHOTO TMOPSIKY
manocti ~e*M?P?, tak mo 14 (5) MaEMO OLIHKY

My [P~ 64e* 2252 = (6)

A
ne B - IMIyJIbC KIHIIEBOTO TIpOTOHa, E; — ioro
emepris B JIC. CyrreBa BiOMIHHICTE  Bif
MOTIePEeTHFOTO  BUMAAKY (PO3CIIHHS TIPOTOHA) B
TOMY, IIO Telep B 3HAMEHHHKY CTOITh €Hepris sapa
B MIEPIIIOMY CTEMEHi (a He B IPYroMYy).
OO6nacTp IHTErpyBaHHS TaKOXX 3a3HAE CYTTEBHX

3MiH. Y Bumazky, komu mg << 100 MeB wme
TPUKYTHHK 31 CTOPOHAMH
e
P=g—- 2p=gxP ()
CnHcox BUKOPHCTaHMX JKepelI
1. bapabaw O.B., Ob6paxynox nepepisy

Hapooocenuss BSM bOosona 6 peaxyii ¢pomonnozo
saumms, Bicauk KHY imeni Tapaca llleBuenka,
cepist ¢iz.-mar. Hayku. — 2019, — Ne 2, — C. 95-98.

&9

(5)
IlputinsBmm  Bupa3 (6) 3a THUINOBE 3HAYCHHS

aMILTITYyIM Ta TPOIHTErpyBaBIy Horo mo obmacti (7)
OTPUMYEMO

o =20, (8)
1110 Ha IT’SATh NOPAAKiB MeHwe 3a o(D — §).
BucHoBku
Ilepepi3 HapomkeHHs S-0030Ha B  peakuii

(hOTOHHOTO B3IMUTTS TPWU PO3CIAHHI TMPOTOHA HA
BXKOMY S/Ipi MO)Ke OyTH TIOPIBHSHUM 3 TIepepizoM
HapoKeHHs S-0030Ha 1pu po3naai Ds me3ony mute
y Bumanky mg = 0. Ilpu po3scisHHI enekTpoHa Ha
anpi nepepiz o(eZ — S) Bignocuthes 1o a(D — S)
sk 1:10°. TakuM umHOM, y BHMAJKy MAacHBHOTO S-
0030Ha peakiris 3 po3magoM Ds Me30oHa 3anumaeThCs
HaHOUIBII TIEPCIEKTUBHOO.
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