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The asymptotic behavior of autonomous oscillating system describing by differential equation of
fourth order with small non-linear external perturbations of “white noise”, non-centered and centered
“Poisson noise” types is studied. Every term of external perturbations has own order of small parameter
e. If small parameter is equal to zero, then general solution of obtained non-stochastic fourth order
differential equation has an oscillating part. We consider given differential equation with external
stochastic perturbations as the system of stochastic differential equations and study the limit behavior of
its solution at the time moment t/e¥, as e — 0. The system of averaging stochastic differential equations
1s derived and its dependence on the order of small parameter in every term of external perturbations is
studied. The case of multiple real root and two conjugate pure imaginary roots of characteristic equation
15 considered.

Key Words: asymptotic behavior, autonomous oscillating system, stochastic differential equation.

Communicated by Prof. Kozachenko Yu.V.

1 Introduction random function such that

The autonomous oscillating systems of fours order
under the action of "white noise" and centered 0
Poisson type noise perturbations are studied in [1]
—[3]. In this paper we will consider the behavior, as 0
€ — 0, of the fourth order autonomous oscillating
system driven by stochastic differential equation

oV (t) + biz"(£) + baa"(t) + bsa(¢ )+
+hyz(t) = ’“fl( (1), 2'(t), 2" (1),
+fe(a(t), ' (t), 2" (t), 2" (1))

2'(s), 2" (s), 2" (s), 2)in(ds,dz)+

b [ fya(s)
OR

")+ (1) +5k4Oftl{f4(x(s),x’(5),x”(s),x’”(s),z) vo(ds, dz),

W ki > 0,i = 1,4; f;,i = 1,4 are non-random
with non-random initial conditions x(0) = zy”, functions; w(t) is the standard Wiener process;

z'(0) = x((]2), 2"(0) = x(()s), 2"(0) = 1:(() ), where 7;(dt,dy) = v;(dt,dy) — I1;(dy)dt, Ev;(dt,dy) =
e > 0 is a small parameter, f.(z,2',2”, 2") is a II;(dy)dt, i = 1,2; v(dt,dy), i = 1,2 are the

© 0O.D. Borysenko, O.V. Borysenko, 2016 9
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independent Poisson measures independent on
w(t); TI;(A), i = 1,2 are a finite measures on Borel
sets in R.

We will study the asymptotic behavior of gi-
ven oscillating system, as ¢ — 0, in the case when
there exists stable harmonic oscillations at the
system under condition € = 0. Under this condi-
tion corresponding characteristic equation has a
form

A A3 £ 0oAZ + s\ + by = 0.

We will consider the equation (1) as the
system of stochastic differential equations

dyi(t) = wyipa(t)dt, i=1,3
dya(t) = [— (b-y(t)) + ™ fiy(t)+
+ /f4 HQ dZ) dt+
k )
+ €% fa(y(t))dw(t)+
+ /fg y 1/1 dt dZ)
+ /f4 1/2 dt dZ)
y(t) = (i (t), - -, ya(t)), b= (ba, b3, ba, b1),yi(0) =

x(()l), i = 1,4, (b-y(t)) — is a scalar product of
vectors b and y(t).

In what follows we will use the constant K > 0
for the notation of different constants, which are
not depend on &.

2 Main result

This paper deals with the following case:

by > 0, 4by > b2, b3 = by (bg—b1/4) =

b? (bo — b3/4) /4. Characteristic equation hab a

roots A2 = -,

b1/2, w? = 4by/b3.
If ¢ = 0 then the equation (1) has general

solution in the form

A34 = Ziw, where n =

z(t) = Cre " 4+ Cote ™ + Aq coswt + Ay sinwt

Let us consider the following representation of the
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solution y(t) to the system (2):

yi(t) = M)+
+A;1(t) coswt + As(t) sinwt,
y2(t) = —nN1(t) + Na(t)—
— A (t)wsinwt + As(t)w coswt,
ys(t) = n*Ni(t) — 2nNa(t)—
— A1 (t)w? coswt — As(t)w? sin wt,
ya(t) = —’Ni(t) + 3n° Na(t)+
+ A1 (t)w? sinwt — Ag(t)w? cos wt,
3)
where
Ni(t) = (Ci(t) + tCa(t))e™™, Na(t) = Co(t)e .

We can solve the system of linear equations (3) wi-
th respect to (Ny(t), Na(t), A1(t), A2(t)) and using
the Ito formula we derive the system of stochastic
differential equations:

ANL(t) = [=nNi (1) + Na(1)] Ilt i i"MQ)Q dH (1),
T T N
T S
dAs(t) = — e dH(t),

(4)
dH(t) = [e" fi(wt, N1 (t), Na(t), A1(1), A(t))+

+€k4/f4 wt,Nl( ),NQ( ),Al(t),AQ(t),Z)HQ(dZ)]dt+

R
+5k2 fg (wt, Ny (t),

Ny(t), Ai(t), Aa(t))dw(t)+
+sk3/f3(wt,Nl(t),NQ(t),Al( ), Ag(t), 2)iy (dt, dz)+
R
ks / Falwt, Nu(t), No(t), Av (1), As(t), 2)ia(dt, d2),
R
where ﬁ(wt,Nl,N27A1,A2), 1 = 1,2 are
obtained from fi(y(t)), ¢ = 1,2 and

ﬂ-(wt,Nl,Ng,Al,Ag,z), i = 3,4 are obtained
from f;(y(t),z), i = 3,4 using (3).

Theorem 2.1. Let II;(R) < oo, i = 1,2, t €
[0,%0], & = min(ky,2ke,2ks, ky). Let us suppose,
that functions fj,j = 1,4 bounded and satisfy Li-
pschitz condition on y;, i = 1,4. If given below
matriz 5%(Ay, Ag) is non-negative definite, then:

1. If k1 =2ko =2ks =Ky, then the stochastic process
E8) = (Ni(t/2R), No(t/=5), Ay(t/29), As(t/e")
weakly converges, as € — 0, to the stochastic
process £(t) = (0,0, A1(t), Aa(t)), where A(t) =
(A1(t), Aa(t)) is the solution to the system of
stochastic differential equations

dA(t) = a(A(t))dt + a(AL)dw(t),  (5)

10
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A(0) = (A1(0), A>(0)), -
dH.(t) = [eM7Ffu(¥ Ek? (t)+
where ok
s /f4 k,fa (£), 2)Tha (d2))dt+
a(Ar, Ag) = /f(l (¢, A1, A2)V(¢)dg, gh2= k/Qf( k,gg( ))dwe (t)+
/f3 k7€6 )ﬁf(dt,dZ)‘i‘
_ 1
5’(A1,A2) = {B(Al,Ag)}2 = B »
21 2 =+ E /f4 gaée )7Z)V2(dt7dz)7
1 .
o [ Fer (6 A w(o)¥ (@) R
™ where W,;(¢),i = 1,2 are a components of
vector W(¢), we(t) = ew(t/er), 5t A) =
vi(t/eb, A) — T;(A)t/eF, i = 1,2, here A is a
U(g) = 1 Borel set in R. For each € > 0 the process we(t)

- X
w(n? + w?)?
(

fy (@, Ar, Az) = f1($,0,0, Ay, Ao)+
+/ﬂW@Qm¢u@mwm
R

(w? —n?)sin ¢ — 2nw cos ¢
(n? — w?) cos ¢ — 2nw sin ¢

Foy(6, A1, As) = f3(4,0,0, A1, Ag)+

+/ f2(,0,0, Ay, Ay, 2)T (dz),
R

UT(¢) is the wector transpose to wector W(¢),
w(t) = (wi(t),s = 1,2), wi(t),i = 1,2 are
independent one-dimensional Wiener processes.
2. If k < ky then in the averaging equation (5) we
must put fi = 0; if k < 2ks, then in the averaging
equation (5) we must put fo=0;if k < 2k3 then
in the averaging equation (5) we must put f3 = 0;
if k < ky then in the averaging equation (5) we
must put f4 =0

Proof. Let us make a change of variable t —
t/ek at the system (4) and obtain for the
process & (t) = (N§(t), N5(t), Aj(t), A5(t)) =

(N1(t/e"), No(t/eF), A1 (t/eF), Ax(t/eF)) the
system of stochastic differential equations

ANF() = [-ENF(0) + S NE(0)dt+

n
+(772+w)dHE(t)’1

AN5(t) = (MHK Sy dH0),

dAi(t) = lI’1(wt/€ JAH(t),

dA5(t) = Ua(wt/e")dHL(t),

is standard one-dimensional Wiener process, and
vE(t,A), i = 1,2 are the independent centered
Poisson measures independent on we(t).

We have N5(t) = exp{—nt/e¥}Cy(t/e*) and
process C5(t) = Cy(t/e¥), satisfy the stochastic
differential equations

67715/5’C

dC(t) = — a2

dH(1),

where |C5(0)| < K.

So, from boundedness of functions f;,7 = 1,4
and condition II;(R) < oo, i = 1,2 we have the
estimate

EINS ()2 < K[e™ o + k(1 —
4

X(t(sQ(kl_k) + 62(l<:4—l<;)) + Z 62ki—k)]'
1=2

For the process C.(t) = NE(t)en/s"
C(t/F) +Co(t/¥)t /¥, using the Ito formula, we
obtain the stochastic differential equation

2nt
e_sik)x

(6)

1 t
Cty = Ca(0) + / 15/ NE (s)ds+

e 0 .

21 ens/eh dH.(s),

_1_7
(n* +w?)* Jo
then for the stochastic process N5 (t) we have

_nt
ok

(& t /.
+— / ek N5(s)ds+
€ 0

nt
2ne” <k b o
oo, < )

From (6) we derive

NE(t) = e #0y(0)

_mt
e <k

t ns
e /0 ek N5(s)ds

k/2

2 () (1 )) ,

E

11
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and also we have the estimate where
o ()=
ne e ns t
E / et dH.(s)| <
2 2)2 € = ;
(? +w?)? Jy :gkz—%/\pl (52) 2 (55 4309, 4505) ) e (s)+
_nt
<K ((skl + k1) (1 —e ek> + (8) 0

i <€k2 Logks 51@4) (1 _ 65)1/2> .

Because |C1(0)| < K, from (6), (7) and (8) we
obtain lim._,0 E|N5(¢)|* = 0, lim._ E|[N{(¢)] = 0
and it is sufficient to study the behavior, as e — 0,
of solution to the system of stochastic differential
equations

dAS(t) = U;(wt/e®)dH (1), i =1,2

with initial conditions A§(0) =
A5(0), where

dH.(t) = [~ ’“fl(* Ai(t), A5(1))+

+eha- /f4 —, Aj(t), A5(1), 2)11a(dz)|dt+

+eho ’“/Zfz(;w A7 (t), A5(t))dwe () +
+eks / fa( ‘i,f,AE(t) A5(t), 2)i (dt, dz)+

+5k4/ “’—k £), AS(t), 2)

R

Uy (dt, dz),

where fj(t, A1, A2) = f;(t,0,0,A1,49), j = 1,2,
f](t,Al,AQ, ) f](t O 0 Al,AQ,Z),j = 3,4. Let
us denote A.(t) = (Aj(t), A5(t)). Using conditi-
ons on coefficients of equation (9) and properties

of stochastic integrals we obtain estimates

E[|A-(1)|]* < K[1 + 2 (2B +

4
+ 82(k4_k)> + t Z 52](}2'—](}]7
1=2

—A(s)|P < K[t = s

4
2Ry g — 5| D " e2hiTh],
1=2

E||A:(2) (20

Similarly for the process (.(t) =

(€1 (1), ¢G5 (1)),

12

i = 1,2 we derive estimates
Ell¢-(8)]* < KtZS% -
EJ|¢=(t) — G (9)I* < Kt — 81262’“ "

Therefore for stochastic process 7:(t) =
(Ac(t),(:(t)) conditions of weak compactness [4]
are fulfilled

limlim sup P{|n.(t) —n-(s)| >} =0

R0 e=0 g\ <p,
for any 6 > 0, t,s € [0,T],

lim lim sup P{n:(t)| > N} =0,
N—o00e—0 te[0,T]

and for any sequence ¢, — 0,n = 1,2,... there
exists a subsequence &, = &, — 0,m =
1,2,..., probability space, stochastic processes
A(t) = (AP(0, A7), Colt), Al) =
(A1(t), Aa(t)), ¢(t) defined on this space, such that
A, (t) — A(t),(., (t) — ((t) in probability, as
em — 0, and finite-dimensional distributions of
A., (t),C.,, (t) are coincide with finite-dimensional
distributions of A, (t),(.,,(t). Since we interesti-
ng in limit behaviour of distributions, we can
con81der processes A., (t), and (., (t) instead of
e (1), G, (). From (9) we obtain equation

t

A (1) = A0) + / oo (5, Au (8))ds + oo (1),

0
(A1(0), A2(0)),

(Oéi(t, Al? AQ)? Oég(t, Ala A2))7

() (L)

A(0) = (10)

where ag(t, A) =

af(u A17 A2) -
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i =1,2, where
fa) (t, Al, A2) = Eklikfl (t, Al, A2)+
+ekk [ fu(t, Ay, Ag, 2)Ta(d2).
R

It should be noted that process ((t) is the vector-
valued square integrable martingale with matrix
characteristic

( f;Cf)(t) =
= Offff(s,Ai(S),Ai(S))

+§kgf7(814‘5 s A5(s), 2)
AE

o5 (s, Ai(s), A5(s)) ds+

i(s),4
A5(s), z) I (dz)ds+

+ Jﬂ{“s 1(8), A3(s), 2) %
%05 (s, Af(s), A5(s), z) lla(dz)ds, i,j = 1,2.
where

For processes AE( ) and Cg( ) following esti-
mates hold

El|Ac() — A-(s)||* < K[(e* 7+

+etFmB |t — s+ EHCa(t) — (), (11)
EllG(t) = C(9)* < [Z et =2kt — s+
+84k‘373k/2’t ’3/2 +€4k3 k‘t S‘_i_
+84k4—3k/2|t s|3/2—|—54k4 k|t ”’ (12)

EJ|A-(t) — Ac(s)|]° < K,
E[|¢-(t) = C(s)|° < K. (13)
Since A, (t) — A(t), ¢, (t) — ((t) in probability,

as £, — 0, then, using (13), from (11) and (12)
we obtain estimates
E[JA(t) — A(s)[|* < K (|t — s|* + [t — 5[?),
EIIC(t) = Cs)II* < Clt — s,
Therefore processes A(t) and ((t) satisfy the
Kolmogorov’s continuity condition [5].

Let us consider the case k1 = 2kg = 2k3 = k4.
Under these condition we have for 7,7 = 1,2

t

lim._.g % [ as(s, Ay, As)ds = ai(Aq, Ag),
0
t

ngﬂo%f |:O' (S,A17A2)O']E-(S7A1,A2)+ (14)
0
(s,

+€Lk f’ﬂ A17A27 )’Y;(SaAlvA%Z)Hl(dZ)_'_
R

Jrﬁf(sf(s,Al,A2,z)5§(s,A1,A2,Z)H2(dz) ds =
_R
= B;;(A1, Az),
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where functions a® (A, As) and B(Aj, Ay) =
{B;;(A1, A2), i,j = 1,2} are defined in the condi-
tion of theorem. Since processes A(t),((t) are
continuous, then from (Lemma 1 [6]) and relati-
onships (10), (14) it follows

t

= A(0)+ [a(A1(5), Aa(s))ds + (1),
= (A1(0), A2(0)),

A(t)

A(0)

(15)

where ((t) is continuous vector-valued martingale
with matrix characteristic

(O, FDy () :/Bl-j(fll(s),f_lg(s))ds,i,j ~1,2.
0

Hence [7] there exists Wiener process w(t) =

(w;(t),7 =1,2), such that
(0 = foti(s), ). o
&(Al,AQ) = {B(Al,AQ)}1/2 .

Relationships (15), (16) mean that process A(t)
satisfies equation (5). Under conditions of theorem
the equation (5) has unique solution. Therefore
process A(t) does not depend on choosing of
sub-sequence ¢,, — 0, and finite-dimensional di-
stributions of process A.,, (t) converge to finite-
dimensional distributions of process A(t). Since
processes A, (t) and A(t) are Markov processes
then using the conditions for weak convergence of
Markov processes we finish the proof of statement
1 of theorem.

Let us consider the case k < ki or k < ky.
Then the corresponding terms in the coeflicients

(Z)(t Ay, As), i = 1,2 of equation (10) tend to

zero, as € — 0.

In the case k& < 2ky in (14) we have
O'?(t, Ay, AQ)J?(t, Ay, Az) = O(€2k2_k), 1,7 =1,2.
In the case k < 2k3 in (14) we have

Eik]{'yf(s,Al,Ag,z)’yj(s,Al,Ag,z)Hl(dz) =
= 0(52’“3*’“).
In all cases we have k < 2k4, and therefore
iiir(l]gikljff(s,Al,Ag,z)5§(s,A1,A2,z)H2(dz) =0.
Repeating with obvious modifications the

proof of statement 1) of theorem we obtain proof
of the statement 2). O

13
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V pobomi nposodumuvca docaidocerina nocedinky po3e’a3kié 060T CNPANCEHUT 320CAN0NUT ane-
PIOOUMHUL 2GPMOHIYHUL OCUUAAMOPIE NPU UNAIKOSUL 3b6ypens muny “6inozo wymy” y dopmi Imo
63doeorc sexmopa Pas06oi weudkocmi 3adanoi cucmemu. Ompumano asnuli 8uzaad PO36°A3Ki6 6idno-
610101 cmozxacmuynol cucmemu pisHans Imo. [lposedeno axichuli anarid nosedinkyu amnaiimydu ma
Pasu cucmemu 32aCa0NUT CMOTACTNUNHUL 2GPMOHIYHUT OCUUAAMOPIS. [lAda OmMpumMaHozo po3e’asky
61010610101 cucmemu CMoTaCMUNHUL PieHAHYD Imo nobydosani pidni MOJeAT 320Ca10MUT ANEPLIOOUNHUL
OCUUAAMOPIE.

Kaomo06i cro06a: 2apMOHINHULT OCUUAAMOP, CMOTACTMUYHE OUPEPEHUIANOHE PIBHAHHA, 320CAN0NU
KOAUBAHMA, PO36 A30%K DIGHANHA Imo.

In present paper we consider representation of the solutions of the system of two harmonic osci-
llators with friction. This model is described by a system of linear differential equations of second
order. The phase represent of the system is a family of parabolas singular point at the origin node. At
the random perturbations of the “white noise” type of the Ito form along the phase velocity vector makes
it system of stochastic Ito equations. The behavior of the solutions of stochastic of two conjugate damped
aperiodic harmonic oscillators is investigated. The explicit form of the solutions of the corresponding
system of stochastic Ito equations is found. A qualitative analysis of amplitude and phase behavior of the
system damped harmonic stochastic oscillators is investigated. It is shown that under certain additional
disturbance vector transfer equation stochastic equations, phase trajectories corresponding deterministic
equations are invariant surfaces perturbed equation. To the resulting solution Ito stochastic equations
constructed various models damped oscillator.

Key Words: harmonic oscillator, stochastic differential equation, damped fluctuations,Ito solution
of equation.

Communicated by Prof. Kozachenko Yu.V.

1 Bcryn Cucrema (1)) exBiBasenTHa cucremi audepen-
IaJIbHUX PIBHSIHB IEPINOTO HOPSIIKY

PO3FJIH,Ha€TbCH cucreMa IBOX FapMOHquHX OocCIu-

JIITOPIB 3 TEPTAM, IO OMHUCYETHCS CHCTEMOIO JBOX 1(t) = w2(1),
JIHIMHUM TudepeHIiaJibHuX PIBHSIHHD JIPYTOTO o (t) = _klxl — 2hy1x3, (2)
MOPSIIIKY i3(t) = wa(l),
:1:4(25) = —k3x3 — 2hawy,

Ul(t) + 2h1u1(t) + klul( ) =0,

. A€

o (t) + 2h2u%(t) + k‘2u2( ) =0, (1) 21(t) = uy (t); 32 (t) = 11 (¢);

u1(0) = 19, 1(0) = w10,

u2(0) = ug, 2(0) = 1o,

wg(t) = UQ(t); 1’4(t) = Tlg(t).
Y mpsMOKyTHifl mekapToBiii cmcTemi KooOpIu-
Har cran cucremu (2) 306paxkaerbesi ToUKow M
3 koopuunHaramu (x1(t), xao(t), x3(t), z4(t)),
dKa pyXaeTbcss 1o ¢as30Biit TpaekTopil. Paszo-
Ba MmBiIKicTe Toukum M HampaBieHa B3I0BK

e U, Ug; — I0YATKOBI IOJIOXKEHHSI 1 IIBUIKOCTI
OCITUJISITOPIB (u?o—kll?o > 0); ki > 0, h;
dinienTn Teprsi ocrpsTopis; w;i(t), w;(t) — moso-
JKEHHS 1 MBUJIKICTH OCIWJIATOPIB B MOMEHT Hacy
t>0; 1=1,2.

— KOe-

© O.B.Ileperyna, O.I.KosryH, 2016 15
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JoTHUHOTO  BekTopa  (wo(t),  —kiwi(t) —
2h1o(t), w4(t), —k3x3(t) — 2hoz4(t)). HopTper
MOXKJIMBUX PYXiB TOYKH y (HAa30BOMY IIPOCTOPI
3aJIE2KUTH BiJl 3HAKIB h% — k?, 1 = 1,2. dkmo
0 < h? < k2, 1o 1e ciM’a crmipaseit; sximo b = 0,
TO IIe ciM’sl MOJIIOHUX eJIilCiB 3 IIEHTPOM y Ioda-
TKy KoopauHaT; aKino h? > k2, To cim’a mapao 3
0CODJIMBOKO TOYKOK BY30JI ¥ MOYATKY KOOPJIMHAT;
axmo h? = k2, To ciM’st KpUBHX TAapabOJIitTHOrO
TUIy By30J1 y novarky koopjunar ( npu h = k
By30J1 crifikuit). Jocimkenns moBeinku 306pa-
KyBaJibHOI Toukr M Ha dazosiii maomunai X10 X9
[P BUIAIKOBUX 30YPEHHIX B3I0BK BEKTOpa (da-
30BOI1 MIBUJIKOCTI, Y BUTIAJIKY OJIHOTO TaPMOHITHOTO
ocuuisiTopa, nposeeHo B [4]. s Bunaaxy asox
CHPS2KEHUX TAPMOHIYHUX OCIMJIATOPIB 30ypeHux
JIBOMA HE3AJIEXKHUME BIHEDOBCHKHUMU IIPOIECAMH,
JOCJTII?KEHHST TTOBEIIHKN 300pasKyBaJIbHOI TOYKH
M opu 0 < h < k ( 3racarumit ocnuIsiTOpHUi
uporiec ) 6yJ10 nposesieHo B [5].

2 TIlocranoBka 3amadi

B nanmiit poboTi JOCTIIKYETHCS TOBEIIHKA 300pa-
XKyBasibuol Toukn M y ¢daszoBomy mpocTopi mpu
BUITaIKOBOMY 30ypeHHi BeKTOpa (hazoBol MIBHUIKO-
cri (22(t), —kfw1(t) —2hiwa(t), wa(t), —k3w3(t)—

2hox4(t))“6lmum mymom* y dopmi Ito ayst Buna-
Ky |hi| > k; i = 1,2( 3racarounii anepioguaamit
uporiec ). Ilpn 3amanux BunagKoBuX 30ypEHHSIX
PO3IUIATAETHCS 3arajbHa CUCTEMa PIBHAHD BUIJISI-

AY:

&(t) = Ba(t)é(t) (3)

e (1) = (&1(t), &2(1)),
&1 (t) = gu1(t) + gan (£ (1);
&a(t) = gra(t) + gaa(t)iba(t);
0 ) 1 0 0
o[ m b )
0 0 k5 —2ho
gi;(1) — wemmmaKoBi dysKIi;

w;(t) — “noximua” Bij BiHepiBchKoro mnporecy (“6i-
amit mym” y dopwi o).
Kpim Toro BBOAMTBCS JOZATKOBO KepyrOUdmit

BEKTOP II€PEHOCY, IIPpU AKOMY (Pas0Bi TpaeKTOpil

piBHstHHS (2) Oy/1yTh iHBApIAHTHUMU HOBEPXHIMU
30ypenoi cucremu. Hexait (Fy,t > 0) - Hecmamumii
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OTiK o -ajredp Ha (PIKCOBAHOBAHOMY WMOBIpHO-
craomy upocropi (2, F, P), (w(t), F;) - Bimepis-
cbKuii nporiec, g;;(t) - dyHkuil, BusHadeni B obia-
cri [0, 00) X €, HenepepBHi 3 fiMoBipHicTIO 1 1 ipn
KOXKHOMY bikcoBaHoMmy t BuMipHi BigHocHoF;. To-
i piBHsiHHS (3) IPUPOHBO PO3IVISHYTH SIK DiBHSI-

HuA ITO
dz(t) = Bx(t)d&i(t); (4)
i=1,2;
t) = Ofgn d8+f921 Ydwi(s);
t) = bfglz d8+f922 (s)dwa(s).

Beesiemo nacTymHi mo3HaueHHS: [t; =

t
Mi = —hi + pi, Aoi = —hi — pi, aj = [ g15(s)ds;
0

QQJ—fg2] s)ds; j=1,2,i=1,2.

Mage MlCHe HACTYIIHA TeOpeMa:

Teopema 2.1. Hexali x(t)— po3e’a3ox pieHAHHA
(4), modi 3 timosipricmio 1 das ecizt > 0 maromo
MICUE PIBHOCTL:

z1(t) = A1 (t)V2 cos(p1(t) + T),

w2(t) = A1(t)(A\) + M) sin(é1(t) + 1),

w3(t) = A2(t)V2 cos(2(t) + ),

wa(t) = Az (t) (A5 + A3y) (sin @ () + 72)-

de
A(0) = (0 — ),
Ax(t) = 110 — ),
22,
(1) = 15 ) exp{~"Lani(t) + Aige(0)},

y11(0) = —A12u10 + 10, ¥12(0) = —A11u10 + 10,

y21(0) = —Xaougp + 020, Y22(0) = —Aa1u20 + 20,

tar(t) = 20 expl 2y () + (0],
t962(t) = 210 exp{~2ualhacin(t) + 0],

tgn = =3, tgya = —3%, i =1,2,j = 1,2.
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Zosedenna. PosrisgHemo JiHiliHE IepeTBOPEHHS
nporecy z(t), upu sikomy marpuiisi B B piBHsHHI
(4) npuiime kopaanoBy dbopmy. Posrisiaemo mpo-
nec y(t) = Tx(t) 3 marpunero

A1 1 0 0

A 1 0 0

= 0 0 =X 1

0 0 —Xoo 1

Toui BiAIIOBIIHO
A1 O 0 0
1 A 0 0
-1 _ 21

BT = 0 0 A2 O
0 0 1 oo

— xkopmaHoBa popma MaTpurli B. 3aBiisku piBHsIH-
uio (4) nyst uporecy y(t)OTPUMAEMO CTOXACTHIHE
nudepeH iaibie piBHsgHES [TO

dy(t) = TBTy(t)dE(1) (5)

3 KoedIiIieHTOM ITEPEHOCY

ai(t,y) = g11(t) (A1yi1, y11 + A21y12) ;

as(t,y) = g12(t) (M2yi1, y11 + A22y12) ;

as(t,y) = g11(t) (M1y21, Y21 + A21y22) ;
) (

as(t,y) = gia(t) (M2y21, Y21 + A22ya2) -
3rijgHo 2] 3HaX0AUMO SIBHUI BUIJIsS] PO3B’SI3KiB:

22
Yij (t) = vij(0) eXP{—fazz’(t) + i€ (1)},

i=1,2,7=1,2,
y11(0) = —A12u10 + %10, ¥12(0) = —A12u10 + 10,
y21(0) = —Aaua0 + 120, Y22(0) = — o120 + t2o-

Ockinbkn x(t) = T~ 1y(t), To BpaxoByioun B-
HUil BUIIIsiL iporiecy y(t), OTpUMaEMOo 3aBepIeHHs
JIOBEJIEHHST TEOPEMU. ]

SayBaxkenHs 1. Mawowu asnuti eueand po3s’as-
KY pisHANHA (4) 3anesrcno 6i0 nosedinku Gynruyid
gij(t) Mmoorcna bydysamu modeni He3amyrarowux
OCUUAAMOPIB 3 JOGIADHUM NOPAIKOM DPOCTY AM-
nAtmyo.

BayBaxkenns 2. Axwo ¢;j(t) = gij - cmaai i
g11 = 0, g1 = 0, mo npu dosiavnitli iHmMeHcueHo-
cmi go1 # 0, goo # 036yprorovwoeo “6inozo wymy”
3a69C0U MAEMO 320CA0MUTL OCUUAATIOP.

2016, 2

Bulletin of Taras Shevchenko
National University of Kyiv
Series: Physics & Mathematics

Hanmamni mu 3ynuHumocd Juie Ha aHaJIi3i mo-
BeiHKN JINIIEe 3aTyxaodux ocimiaropis. Iloka-
2KEMO, M0 IpU IEBHOMY JOJIATKOBOMY 30ypeH-
HI BekTOpa mepeHocy piBusaHHsA (4), dazosi Tpa-
€KTOPil BiJIMOBITHOrO JEeTEPMiHOBAHOI'O PiBHSAHHSA
(2) GyayTh iHBapiaHTHUMU TIOBEPXHSIMU 36ypEHO-
ro piBHSHHA, TOOTO 300pasKyBaJibHa TOYKa 30Yy-
penol cucremu Oyae’mudyHyBaTH 3a (aszoBOO
TPAEKTOPIEI0 eTepMiHOBaHOI cucTeMn (2).

Teopema 2.2. Hexat y(t)— posé’asox cucmemu
CMoTacmuuHUT OUPEPEHYIANOHUT DIGHAH

dy(t) = g By(t)dt + By(t)dé(t),i = 1,2,
y1(0) = u1(0),y2(0) = 11 (0),

y3(0) = uo(t),y4(0) = u2(0),

de mampuua B mae 6a0uno-diazonasvny cmpy-
KMYpy 3 Henysvosumu oaokamu By ma B suzas-

dy:

B = < —A11A21 A1+ A2 )
A1dor (A1 + A21) A3+ Aidar + A3

By — ( —A12A22 A2 + A22 )
A2X22(A12 4+ A22) ATy + Ai2das + A3,

. Todi dan dosiavnozo t > 0 G(y(t)) = G(y(0)) 3
umosipricmio 1, de G(y) = G1(y)Ga(y)

—Ai2

G1(y) = (= Ay + y2)(=A2y1 + y2) Mt

—A22

Ga(y) = (—X21y3 + ya)(—A22ys + ya) *21

JloBeieHHsT TeopeMH MOYKHA IIPOBECTH Ge3I10-
cepeHiM 3acTocyBaHHaM dopmyin ITo mo mpore-
cy G(y(t), B cuty sIKOT OTTPUMAEMO, IO JJIsl JI0-
Binsaoro t > 0 dG(y(t)) = 0 3 iimosipuicrio 1 i
orke nosepxus G(y) = C, ne C-cramna 6yje inBa-
PIAHTHOIO MHOXKUHOIO JIJIS 3aJ[aHO0I CUCTEMH CTO-
XaCTUIHUXT PIBHSHD.
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3 BucHoBku

Y poboTi pO3IrISTHYTO MEXaHITHY MOJIE/Ib, IO O~
CYETbCSI CUTEMOIO JBOX CIIPS2KEHUX TapMOHITHUX
OCITWJIITOPIB Y BUIIQJIKY AIEPIOIUIHOTO 3aTyXaH-
usi. [Ipu BunaikoBux 30ypeHHsix TUIly ‘61010 Iry-
My’ v ¢dopmi ITo B310BK BekTOpa Ha30BOl IIBUI-
KOCTi JTaHA CHCTeMa IePEeTBOPIOETHCS HA CHCTEMY
CcTOXacTUIHUX piBHAHB [TO. It OTpUMAaHOi cTOXA~
TCUYHOI CUCTEMU IIPOBEIEHO SIKICHUI aHAJI3 II0Be-
JiHKU po3B’a3KiB. [ manol cucreMu TBOX CTOXAa-
CTUYIHUX CHPS2KEHUX OCITUJISITOPIB 3 TEPTIM 3Ha-

Crnucok BUKOPHUCTAaHHUX [2KepeJl

1. Andponos A.A. Teopusi kosebanuii / Anmpo-
voB A.A., Burt A A., Xaiikua C.9. — Mocksa:
Hayka. — 1981. — 918 c.

2. Tuxzman U.HU. Croxacruyeckue gudhepeHiiy-
anbHble ypaBuenus / ['nxman V.U, Ckopoxos
A.B. — Kuer: Haykosa aymka. — 1968. — 354
C.

3. Kyainiw I'JI. luBapianTHi MHOXKUHH CTOXa-
cTraHEX audepenniaabaux piBHAHb [To / Ky-
miniv [MJL., Tleperyna O.B. // Kuis:BIII Ku-
IBCHKOTO HAIIOHAJIBHOT'O YHIBEPCHTETY iIMeHi
Tapaca IlleBuenka. — 2002. — 91c..

4. Kulinich G. L.Qualitative analysis of the
influence of random perturbations on the
phase velocity of the harmonic oscillator /
Kulinich G. L. // Random Oper. And Stoch.
Eq.— 1995.-3. — Ne2. — P. 141 — 152.

5. Ilepeeyda O.B. 4kicuuii anaji3 HnOBeIiH-
KA CHCTEMH JIBOX 3Tacal0uuX CTOXACTUIHUX
ocimsitopis / O.B. Ileperyma, O.I. Kosryn
// Bicuuk Kuiscbkoro yuisepcurery. Cepist:
dizuko-maremaruuni Hayku. — 2006. — Ned. —
P. 106 — 113.

18

2016, 2

Bulletin of Taras Shevchenko
National University of Kyiv
Series: Physics & Mathematics

WIeHO IBHUI BUTJISI 1 TOCITIZKEHO TTOBEIIHKY aM-
wriTys Ta ¢ga3. Maoun SBHUN BUTJISAIL aMILIITY/I
Ta a3 CUCTEMHU JBOX CTOXACTHUIHUX OCIIHJISITO-
PIB 3aJIE2KHO BiJl MOBEIIHKU HEBUIIAIKOBUX (DYH-
Kiiit ¢;;(t) moxkua OymaysBaTu pisui Momes amepi-
OIMYHUX 3aTYXAIOUUX OCIUJISITOPIB 3 JMOBIILHUM
MMOPSJIKOM pocTy aMIutiTya. JloBegeHo, mo npu
IMEBHOMY JI0JIATKOBOMY 30ypeHHI BEKTOpPa IepeHo-
cy piBusinas (4), da3oBi TpaekTOPii BiAIOBiTHOTO
JleTepMIHOBaHOTO piBHsIHHS (2) OyIyTh iHBapiaH-
THUMHU TTOBEPXHSIME 30y PEHOTO PiBHIHHSI.
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Free products of finite number of finite groups admit faithful actions by finite automaton permutati-
ons. Each action of this kind gives rise to Schreier graphs on levels and orbital Schreier graphs. These
graphs depend on the action and a fized generation set of the group. For the free product of two nontri-
vial cyclic finite groups we construct an orbital Schreier graph such that its underlying graph is planar.
The proof relies on Kuratowski’s planarity criterion for infinite graphs and uses inductive limits of

finite planar graphs.

Key Words: planar graph, Schreier graph, free product, inductive limit.

Communicated by Prof. Kirichenko V. V.
1 Introduction

Planarity of simple graphs is natural and
challenging for verification property. The well-
known criterion of Kuratowski for finite graphs
and its generalization ([I]) for infinite ones are the
most useful tools to check planarity. For graphs
defined via groups the question about planarity
was studied mainly for Cayley graphs. In [2] it
was classified finite groups such that their Cayley
graphs are planar. Examples of infinite planar
Cayley groups include free products of cyclic
groups.

It is natural to study planarity for the closest
generalization of Cayley graphs, i.e. Schreier
graphs. In particular, these graphs are intensively
used for establishing interconnections between
group theory, graph theory, dynamical systems
and fractal geometry.

In the paper we consider planarity for Schrei-
er graphs arising from faithful actions of free
products of finite groups by finite automaton
permutations. We show how to build an infinite
planar orbital Schreier graph of such an action.
The proof uses Kuratowski’s criterion and inducti-
ve limits of finite planar graphs.

All notions and notations are standard and
omitted ones can be found in [I] and [3].

© M.B. ®enopona, 2016

2 Preliminaries

In this section graph means simple (i.e. without
loops and multiply edges) undirected graph. Note
that loops, multiply edges and orientation of edges
in the graph do not affect it’s planarity. Therefore
we restrict ourselves to simple undirected graphs.

Definition 2.1. An infinite graph T'(V,E) with
countable number of vertices is called plane graph
if and only if this graph satisfies following condi-
tions: V C R?, every edge is an arc between two
vertices, different edges have different endpoints
(there are no multiple edges in the graph), the
interior of an edge contains no point of the other
edge and no vertex, i.e. edges can intersect only at
the endpoints.

Definition 2.2. An infinite graph I'(V, E) with
countable number of vertices is called planar
(is embedded into the plane) if this graph is
isomorphic to some plane graph.

Using

Lemma 1. (Kénig, [1/) The infinite connected
graph, in which every vertex has a finite degree,
contains an infinite simple path (without repetiti-
on of the vertices).

one can establish the following
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Theorem 2.1. (Generalization of Kuratowski
theorem, [1]) A countable graph is not planar
if and only if it contains a subgraph, which is
homeomorphic to the graph Ky or to the graph
K373.

Let us consider a directed set of indices, i.e.
a set I together with a reflexive, antisymmetric
and transitive binary relation < on it such that
for arbitrary elements ¢ € I,57 € I of this set
there is an element k € I satisfying ¢ < k and
j = k. Consider a family of graphs I';, i € I.
Assume that for arbitrary ¢ € I, j € I, i < j,
there is a homomorphism of graphs f;; : I'; = I';
such that the homomorphism f;; is the identical
transformation and f;; fjx = fir for arbitrary i =<
j = k from I. The set of graphs and homomorphi-
sms {I';, fij|i < j € I} is called a direct system
of graphs. Let us define an equivalence relation on
the vertex set of Uie[ I';. Two vertices g1 € T
and go € I'; are equivalent if there is an index k
and a vertex w € I'y such that ¢ < k,j7 < k, and
[ik(92) = fir(g1) = w. Then one can define a new
graph, whose vertices are equivalence classes. Two
vertices g1 and ga of this graph are connected by
an edge if there is a graph I'; such that its vertices
gk, € g1 and gx, € g2 are connected.

Definition 2.3. The direct limit I’y = (Vp, Ey) of
the direct system of graphs {I';, fij|i < j € I} is a
graph, whose set of vertices consists of equivalence
classes of vertices of the direct set of graphs I', and
the edge (g1, g2) € Eo exists, if there is a graph
I'y; such that it’s vertices g, € g1 and gg, € g2 are
connected by an egde.

The set N of all natural numbers with the
natural ordering < is a directed set. Let I';,7 € N,
be a family of finite graphs and f; : I'; — ;41,7 €
N, be a family of injective graph homomorphisms.
Then the rules f;; = fi... fj—1,% < j, naturally
define the direct system of graphs. For simplici-
ty denote it by {I';, f;}. The direct limit of this
direct system can be naturally identified with the
increasing union | J;cy I'; of finite graphs such that
I'; is isomorphic to I';,i € N. We will consider di-
rect limits of direct systems of finite graphs of this
type only.

Theorem 2.2. The direct limit of the direct
system {I;, fi} of finite planar graphs is a planar
graph.

Proof. By definition the generalization of
Kuratowski theorem for countable graphs [2.1] is
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equivalent to the following statement. A countable
graph is planar if and only if every finite subgraph
of this graph is planar.

The definition of the direct limit of graphs
implies that arbitrary finite subgraph of the di-
rect limit of the direct system {I';, f;} of finite
planar graphs is a subgraph of some finite planar
graph I';., 7 € N. Thus the direct limit do not have
subgraphs homeomorphic to K5 or K3 3. Hence by
Theorem 2.1] the direct limit is a planar graph. [

3 Main result

Consider s (s > 2) finite groups Gi,...,Gs of
orders pq,...,ps respectively. Assume that 1 <
p1 < ... < ps and denote n = p,. Let us
recall the construction of an embedding of the free
product Gy * ... * Gy into the group FGA(X) of
finite automaton permutations over the alphabet
X =A{x1,...,z,}. It is assumed that for every i,
1 < i < s a regular action of the group G; on the
first p; symbols of X is given and all other letters
are fixed. Denote the letter x1 by 0 and the word
0...0 from the set X® of all words of length s by
0. Let M; = {z...20...0 : z € X,z # 0} be
—

subsets in X® for i < i< s Foreachi,1 <1< s,
we define the set D; = |J MJG ‘, where M jGZ'
J#i

{wg HIZES Mjag € G’L}7]- < ’La] < S, D’L = {Tlhg :
h e Gj, g€ Gi,h#ej,j#i}. We define functions
v1i, t € {1;2}, which assign to each element g € G;
a transformation ¢y;(g) of the set X of all infi-
nite words over the alphabet X. For all £ € N an
infinite word w € X*° can be divided into syllables
of length k: w = wlk, 1|wlk,2]... For all g € G,
u € X we define v = (¢1i(g))(u) as follows. For
arbitrary 1 < j < t + 1 let ws, j] = u[s, j], and
forall j >t+4+1

(u[svj])gv if U[S,j - n] € Dz

wlen 4] = {U[SJ

In this way everywhere defined transformati-
ons of the set of infinite words over X are
constructed.

It is shown in |3} 4] that for each element g €
G; the transformation ¢y(g) is a finite automaton
permutation over the alphabet X. Moreover, the
function ¢y is a monomorphism from the group
G; into the group of finite automaton permutati-
ons FGA(X).

(1)

otherwise.

20



Bicnux Kuiscvkozo nayionanrvro2o yrisepcumemy

Bulletin of Taras Shevchenko

iment Tapaca Ilesuwernra 2016, 2 National University of Kyiv
Cepia: Pizuro-mamemamusri HAYKY Series: Physics & Mathematics
Denote by Gy(Gy,...,Gs) the subgroup implies that it is a countable graph. It is suffici-

oo

of FGA(X), generated by all the elements

(Ptl(Gl), PPN (Pts(Gs)at 2 1.

Theorem 3.1. ([5,[]]]) The group G¢(G1,...,Gs)
splits  into the free product as  follows:
Gt(Gl,...,GS)ZGI*...*GS,t> 1

Consider a group G with a finite generation
set S, acting on a set M.

Definition 3.1. The Schreier graph I'(G, S, M) of
the action of the group G on the set M is a di-
rected graph with the set of vertices M and the
set of edges M x S, where for every m € M and
s € S there is an edge (m, s) from m to s(m) and
this edge has a label s.

Let the group G be generated by a finite
set S of finite automaton permutations over the
alphabet X. It acts on the sets X* and X% of
all finite and infinite words over the alphabet X
respectively.

Definition 3.2. For all w € X% we define the
Schreier graph I'(G, S, w) of the action of the group
G on G—orbit of the word w and call it the orbital
Schreier graph and denote by I',.

The sets X™, n > 1, are invariant under the
action of G. Hence the sequence I';, of finite Schrei-
er graphs of the action of G on X™ n > 1,
naturally arise. We call these graphs the Schrei-
er graphs of the action of G on the levels.

Let us positive integers p; and ps such that
1 < p1 < p2. Consider cyclic groups C), and
Cp, of orders p; and py respectively. Fix a word
v of length 2 from the set Dj () Ds2. Note that
this intersection is not empty. Consider the infi-
nite word w such that w[2,1] = v and all other
letters of w are 0, i.e. w = v00.... Denote by
~ the underlying graph of the Schreier graph
['(G2(Cp,, Cp, ), S,w), where the generating set S
consists of two elements aj1,as of orders p; and
p2 respectively. Since the group G2(Cp,,C)p,) is
isomorphic to the free product C,, * C,, the graph
~ is the underlying graph of an orbital Schreier
graph of the free product Cp, * Cp,.

The main result of the paper is as follows.

Theorem 3.2. The graph v is planar.

Proof. 1t is shown in [5] that the vertex set of -
infinite. The definition of orbital Schreier graph

ent to represent 7 as an increasing union |J 7, of

finite planar graphs and use Theorem '

Let g consists of the unique vertex w and has
no edges. We define graphs v,,n > 1 recursively.
Each graph ~, is obtained using the action of one
of the the generator a; or as on vertices of the
graph v,—1,n > 1.

More precisely, the graph -1 is the cycle of
length p; obtained from the unique vertex w of
7o by virtue of the action of a;. In other words,
the vertex set of 41 is {w™ : 0 < i < p; — 1}
and an edge connects two vertices if and only if
one of them goes to the other under the action
of a1. Since the word v belongs to D7 the word
w is not fixed under a; and the graph g¢; is the
underlying graph of the Schreier graph of G wi-
th respect to the generator a; and the action on
the minimal set containing the vertex set of ~g.
In fact we built 41 by extending the vertex of ~g
to the cycle of the length p;. Each vertex of v;
has degree 2. We call vertices of the graph ~; the
vertices of the first level of +. Note that the last
nonzero syllable of each of these words equals v or
(00)“11, 1 <i<p—1. It is easy to see that ~; is
planar.

The graph o will be obtained in a similar way
by extending each vertex of the first level of v to
its own cycle of the lengths ps. Since v € D and
(00)“11, 1 <@ < p1—1 all vertices of the first level of
~ are not fixed under the action of the generator
ag. This means that v, is the underlying graph
of the Schreier graph of Gy with respect to the
generator ag and the action on the minimal set
containing the vertex set of v;. We call vertices
of the graph o the vertices of the second level of
7. Note that the last nonzero syllable of each of
these words equals (00)%2,1 < i < pa — 1. Each
vertex of o of the second level has degree 2 and
all the other vertices have degree 4. The graph o
is planar.

In the same way we define the graph -, by
extending each vertex of the (n — 1)th level of ~
to its own cycle of the lengths py if n is odd and
to its own cycle of the lengths ps if n is even. In
fact, v, is the underlying graph of the Schreier
graph of G (or Gy respectively) with respect to
the generator a; (or ag respectively) and the acti-
on on the minimal set containing the vertex set of
Yn—1- All added vertices are called vertices of the
nth level of ~v. The graph ~, is planar. O
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4 Concluding remarks

In fact, the proof of Theorem [3.2] shows that
the orbital Schreier graph I'(G2(C)p,, Cp, ), S, w) is
isomorphic to the Cayley graph of the free product
Cpl * CP2'

In the same way as we defined the graph ~ for
s = 2 one can consider the general case s > 3.
More precisely, fix a word v of length s from the
nonempty intersection (\;_; D; and consider the
infinite word w such that w[s, 1] = v and all other
letters of w are 0. Then the underlying graph
of the Schreier graph I'(Ga(Cp,,...,Cy,),S,w),
where the generating set S consists of s elements
ai,...,ag of orders pi,...,ps respectively, is not
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planar. The proof uses Euler’s formula for finite
planar graphs.

From the other hand even for the free product
of two groups the planarity of the underlying
graphs of Schreier graphs on levels seems to be a
rare property. In fact among these graphs appear
such planar graphs as a graph with a unique
vertex without edges and simple cycles of length
p1 and py. We conjecture a hypothesis that there
is no other planar connected components of the
underlying graphs of Schreier graphs on levels.

As an example, one can show that for the free
product C3 x C3 the connected component of the
underlying Schreier graphs on the level 2 that has
9 vertices is not a planar graph.
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We consider linear and weakly nonlinear difference equations with a linear operator coefficient jump
in the infinite dimensional compler Banach space X. Such equations often arise in theoretical and
applied problems of physics, mechanics, mathematical physics, biology and mathematical economics.
The results of the research describe existence conditions of the unique solutions for some types of
difference equations. In particular we study summable solution ezistence and uniqueness for linear
difference equation in the space 1,(Z,X). Also we address the issue of the bounded solution existence
and uniqueness for linear difference equation in the space X and the explicit form of such a solution is
determined. Furthermore we formulate sufficient conditions of existence and uniqueness of the unique
bounded solution of the weakly nonlinear difference equation in the infinite dimensional complex Banach

space X.

Key Words: difference equation, infinite dimensional space, linear operator, bounded solution,

summoable solution.

CrarTio pegcrasus akagemik HAHY, goxktop diz.-mar. nayk, mpod. Ilepectiok M.O.

1 Becryn

Hexait X - meckindeHHOBUMIPHUN KOMILTIEKCHUN
faHaxiB mpocrip 3 HOPMOMW ||| 1 HysBOBEM eie-
mentom 0; L(X) - npoctip sinifinux obMmexkennx
orepaTopis, o ailoTh i3 X B X; A, B - dikcopani
oueparopu 3 L(X).

Posrngremo piznuriese piBHSHHS

Tnt1 = ATy + Yn,n 2 1, (1)
Tnt1 = Brp + yn,n <0,
y akomy {yn,n € Z} - 3amana, a {zp,n € Z} -
IITyKaHa TOCJITOBHICTE eJ1eMeHTIiB mpocTopy X.
Huxxue maBememo mesdki mocraTni ymMOBH Ha
omneparopu A, B, Opyd BUKOHAHHI SKHUX BUKOHYE-
ThCS HACTYITHA YMOBA.
¥Ymosa 1. st nosinbaOT 06Mexkenol B X 1o-
caipoBrocti {yn,n € Z} piBuganus (1) Mae eauuuit
obMmexkeHuit po3B’st30k {zy,n € Z} y mpocropi X.
IIpo zacrocyBanus pi3HueBUX PiBHAHB 3 OITE-
paropruMu Koedirientamu aus. [1-3, 5, 6].

© 1.B. Tonuap, 2016

2 O6wmexeni po3s’a3ku piBusinag (1).

[Ipunycrumo, mo cuekrpu o(A), o(B) oneparo-
pis A, B He nepervHaThCs 3 OJUHUYHUM KOJIOM
S={XeC| |\ =1}. Hexait 0_(A),0_(B) - 4a-
cTHHU ClIeKTPiB oneparopis A, B, sxi jiexkarh Bee-
peaunti, a 04 (A),04(B) - 308HI kKoma S. Braxa-
TUMEMO, 1110 MHOXKUHN 04 (A), 04 (B) HEMOPOKHI.
BayBaskuMo, 10 yCi OTPUMAaH] HIKYE Pe3yaIbTaTh
BAJTANIAIOTHCS CIIPABEIUBAME 1 Y BUNAJKY, KOJIH
cepes ITHX MHOXKUH € TIOPOXKHI, 3 0UeBUTHUMA 3Mi-
HAMHU B OTPUMAaHHUX (POpPMyJIax.

CKOpPUCTABIINCH CIEKTPAJTBHUM PO3KJIAIOM
oneparopa B GanaxoBomy npocropi (muB. [2, c.
8]), pobumo BHUCHOBOK, MmO mpocTip X po3KJa-
JAaeThCd B OPSAMY CyMy IHBApIaHTHHUX BIJHOCHO
A mimmpocropie X = X_(A)+X,(A) Takum
YUHOM, IO 3ByXeHHst A_, A, omeparopa A Ha
X_(A), X1 (A) mators ciektpu 0 (A), 04 (A). Ta-
kook X = X_(B)+X,(B) i ssywenns B_, By
omeparopa B wa X_(B), X (B) maorh Taki X
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BaactuBoctTi. Bimguauwmmo, 1o mpwu mpomy 36ira-
I0ThCS PAIT

DOIATHL D AL Y BT L Y IB - (2)
n=1 n=1 n=1 n=1

Hexait takox X = X_(A)+X,(B). Badircy-
emo obmexeny nocaigosuicts § = {yn,n € Z} i

MOKIa7eMO ||§]|co = sup||yn||. Toxi enement yo el
nez
II0C/I1A0BHOCT]1 € AMHUM YHMHOM 306pa?Ky€TbCH Yy BH-

s Yo = Yo +ya, 1e Yo € X—(A),yg € X1 (B).
Moznauumo uepes PP, P_? npoektopu B X Ha -
mpocropu X_(A), X4 (B), mo BiAnoBiIaoTh 30-
6paxennio X = X_(A)+X4(B); P4, P{ - npo-
extopu B X na X_(A), X4 (A), mo BiamosigamoTs
sobpaxenmio X = X_(A)+X, (A), PP, PP - npo-
exropu B X Ha X_(B), X4 (B), mo Bianosigaors
s06pazkennio X = X_(B)+X,(B).

TloknageMo O KOXKHOTO 1 > 1

Py =A"PYA'PY, PP =1-P};  (3)

P-"=pB"P_B"PE P"=1-P" (4)

-1 e
w1 =Poyot+ Y POBMPPy, N PIATY Py,

o (5)

v=1

n—1
Yn>2: x,= Z Ani=kpky 4
k=1

0 00
+ Y ArtpOplpEy, N protan-iovpdy
vr=n

P =
(6)
Vn<0: z, = Pf‘lyn_1+
n—2
+ Y proiglttetiphy gt POy,

V=—0

B "MP Yy — = B Py -

oo
— Y BUT'PLA Py, (7)

v=1

Teopewma 1. IIpunycmumo, wo 6UKOHYIOMBHCA

maxi YMo6U:
o(A)NS =9,0(B)NS = g;
)X = X_(A)+X(B).
Todi padu 3 (5-7) abcortommo 36i2aromvbes 3a HOp-
MO10 M 360010 610Nn0610RUT 0 0bMedceroi no-
caidosnocmi {yn,n € Z} obmescenuli po3e’nzok
{xp,n € Z} pienanns (1). Iled pose’azor edunud
Yy KAact 6cix obmescenur 6 X nocaidosrnocmetl.
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Josedenna. CrouaTky A0BeIEeMO, IO s BU3HA-
JEeHNX 3a JOMOMOTO0 (3) IPOEKTOPIB MOC/IiI0B-
micts {||P}||,n > 1} € obmexenomw.

Cupagii, PJ?—FPE = I, mpuuomy P mpoexrye
Ha X_(A), a orxe, jus josiabaoro n > 1

Pl = A"(I - PYA;"P{ = P — A" PP AT P,
3BLIKHT

A A —
PRI < [1P5 H+||P9H'HP+II'SngHA?H-SupHAfH-
nz

n>1
Tyr sup||A™| < oo,sup||AL"| < oo BmHAcHimOK
n>1 n>1

361kHOCTI psaiB (2). AHATOTIYHO TOBOIUTHCS, 110
nocaizosricrs {|[PZ"||,n > 1} € obmexKeHOO0.

Sadikcyemo cramy L , sska 0OMex)ye TOCTi 0B~
nocri {||PE|[[PP|, k € Z} wa {| P PA]L & € Z),
i mocaigosuicts {yn,n € Z}. Toxi 3 (5-7) Bunu-
Ba€, 110

-1 [e)
leall < 2 (lwoll+ 3 1Bl l+D 145l )
v=1

V=—0o

JJIS KOYKHOTO 1 > 2

n—2
[zn]l < L(Hynflll ) A [+
v=0
-1 00
A ST B gl + 3 1A% )
v=—00 v=n

ajist koxxaOoro n < 0

n—2
v|+n—1
loall < Z(llgn-sll+ > 1BZ" s+

V=—00

0 (%9)
+ > IBY Myl + 18371 ZIIAl”IlHyull)-
v=n v=1

Ockinbku nocnigosuicts {yn, n € Z} obmexe-
Ha, TO T = {Zp,n € Z} TeK 0OMeKeHA, IPUIOMY

[1Z]loo < [[Ylloo Lmaz{ My, M},

ze

0o p 0o
My = ZHAlkHJrSHIg{ZHA’iH+HA’1H > IBY
k=1 k=1 v=1

p=

>

(o] P oo
My = ZHBﬂH+SUI1>{ZIIBI’“H+HB?’H > 1A}
j=0 Pzt p=1 v=1
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Taxum anHOM, paau i3 (5-7) 36iratoTbes abeo-
JIFOTHO 33 HOPMOIO, 1 mocyinoBHicTh {X,,n € Z} €
0OMEeKeHOI0.

Besnocepesnboio  MiCTAHOBKOI — HEepeBipsie-
THCH, 0 BH3HAYEHA 3a J0noMoro (5-7) mocii-
noBHiCTE {Tp,n € Z} € po3B’a3KOM piBHSAHHS
(1), Bigmosimamm 10 0OMEXREHOI MOC/ITOBHOCTI
{Yn,n € Z}. JoBepeMo €IUHICTH IIBOTO PO3B’SI3KY
v kaci obmexxennx B X mocsimosrnocteii. Bruaci-
JOK JIHIAHOCTI pisHuesoro pisHsiHHs (1) T0CHTH
MEPEKOHATHCH, 1110 OJIHOPIIHE PIZHUIIEBE PIBHAHHSA

’ (8)

Ma€ TIIbKK HyJIb0BUI obMexkeHuil 11038 ’a30K. [le-
pesipumo ne. Hexait {x,,n € Z} - obmexenuit
posB’s30K piBasabs (8). ToBegeMo crnouarTky, 1mo
1 = 0. Copasni, 2,.1 = A"x; = A" PAz +
Aip_fl‘l JAs KOXKHOTO n > 1, 3Biakm P_f:cl =
A_T_”Pfan a OT¥Ke 3 ypaxyBaHHAM 0OMeKeHOCT
nocinoBHoCT {Ty, n € Z} 1 36ixHOCTI psagiB (2)

1Lz < AT IIPLIIZ o0 — 0,7 — oo,

Tomy x1 € X _(A). Amamoriumo PBr; =
BﬁPfx_n_H JIIsl KOYXKHOTO 1 2> 1, 3BijIKM

1PZ || < BRI PE 2]l — 0,7 — 0.

Orxe, 21 € X1 (B).

Toni xpi1 = A"rqy = 0 gna xoxuOTO N > 1.
TakoxK BimzHaYUMO, IO K 1 st x1 IpH PIKCO-
BaHoMmy k < 0 mepeBipsieTbCsl BKJIAKOUYEHHSA Tf €
X (B). Ilpu meomy 0 = 21 = Bxg = B%r_; =
... = BIFtlgy spinku 2, € X_(B). Tomy
X_(B) N X, (B), 3Biakn BUIIINBAE, IO T =
Takum auHOM, piBHSIHHS (8) Mae JIMIIE HYJIbOBUIL
obmexenwnit po3B’A30K.

€
0.

O

3 CywmoBHi 3i creneHeM p po3B’a3KH pi3HU-
1eBoro piBHAHHA (1).

[TokJragemo
loo(Z,X) ={Z ={an,neZ} C X |
2[00 = supllan|l < oo},
ne”Z

(2, X)={z={zp,neZ} CX|

B 1/p
ol = (3 llzall?) ™ < 00} 1 < p < oc,

neL
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Badikcyemo p € [1,00] i Takuii Habip omepa-
topis {1};,1 € Z,j € Z} C L(X), mo oneparop T,
AKWY BU3HAYAETHCA 33 [IPABUIOM

Tz = {(Tﬂ_})l = ZTijmj,i S Z},
JEZL
HAJIEKUTH JI0 MHOXKHWHHU JIHIMHAX 00MEKEHNX OITe-
paropis L(l,(Z, X)).

Busnauumo dyukuito dr : Z — [0, 00) 3a upa-

BUJIOM:

dr(k) = sup

1,JEL,i—j=k

17511, k € Z.

Bynemo kazaru, mo T € Endi(l,(Z, X)),
AKIIO Y or dp(k) < oo mpu p € [1,00), a Takox
T e L(lo(Z,X)) N Endy(l1(Z, X)) npu p = 0.

CrpaBIKyeThCsT TaKe TBEPIKEHHS.

Jlema 1 (nus. [4]). Hrxwo dan dearoeo q €
[1,00] onepamop T € Endi(l4(Z, X)) - nenepeps-
1O 060pomMHUL, MO 6iH € HENEPEPEHO 0BOPOMHUM
y eciz npocmopaz l,(Z,X),1 < p < 0.

Busnauumo renep oneparop J : loo(Z, X) —
loo(Z, X) 3a mpaBuiom

— Awp k> 1,
Iz ={ (o) = {‘T’“*l e

ke Z}.
Tpy1 — Bag, k <0,

Hesazkko nepexkonarncs, mo J € End (l(Z, X)).
Tomy 3 Teopemu 1, memu 1 i Treopemu Banaxa mpo
obepHeHHUH OepaTop BUILINBAE, IO BUKOHYETDCS
TaKa TeopeMa.

Teopema 2. dxuwo 8UKOHYIOMBCA YMOBU Me-
opemu 1, mo dan dosiavhozo (hikcosarozo p €
[1,00] pishanns (1) mae edunul poss’asox T =
{zn,n € Z} y npocmopi 1,(Z, X) daa dosiavroi
nocaidosrwocmi § = {yn,n € Z} € 1,(Z, X).

4 O6MexkeHi po3B’a3KHN CJIA0OKO HeJHIHHO-
ro pi3HUIEBOro PiBHAHHS.

Posrngremo neninifine pizuuiiese piBHAHHS

(9)

Tng1 = Axp + g(zpn) + Yn,n 2> 1,
ZTp+1 = Bxy, + g(zpn) + yn,n <0,

ge g : X — X izajgoBosbusge ymoBy Jlinmurg 3i
cranoio K, Tobro

AK > 0Vz,z € X : ||g(x) — g(2)|| < K|z — z||.

Teopema 3. Hezati o(A)NS = &,0(B)NS =
@ i KLmax{My, My} < 1. Todi dan dosisvnoi
obmesrcenoi nocaidosnocmi {yn,n € Z} neainitne
pisnuyese pisHanna (9) mae edunul obmesnrcenul
PO36’°A30K.
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Jlosedenns. Y mpoctopi loo(Z, X) piBasaEs (9)
BAIUCYETHCS Y TAKOMY €KBIBAJEHTHOMY BUIVIAL:

Jz =G(z) + 9, (10)

{(Gw) g
Z,X) —
1o(Z

ne G(z)
MO, 110
OCKLHBKI/I

(- 9(0),
G (=

(zx), k € Z}. Hosene-
loo(Z, X). Aiiicuo,
G(0)) +G(0)i G(0) =

X), To

= k
G(Z) + loo(
G(z) = (G(x

9(0),9(0), .-.) € lo(Z,
lo = 1G(2) = G(0) + G(0)[|oo <

9O)[+1G(0) ]| < Kl|Z[loo+11g9(0)]]-

)
S
) —

)
itelpHg(:f)

Taxox G(Z) 3amoBobHse ymMoBy Jlinmmis 3i
cramoro K, ocKimbKu

V2,5 € lo(Z, X) £ |G(2) — O5) | =

= sup||g(zn) — 9(yn) || < Kl|2n — ynlloo-
ne”Z
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3 meopemu 1, teopemu Bamaxa mpo obep-
HEHUIT OTmepaTop Ta yMOB TEODEMHU 3 BUILIHBAE,
mo oneparop J HernepepsBHO 0OOPOTHWIA, MPUIO-
vy ||J7Y| < Lmaz{ My, My}, Tomy pisasms (10)
sanmucyerned, y surnani & = J G (z) + J~1y. Ba-
dikcyemo § € loo(Z, X). Ocranne piBHAHHS MO-
XKHa nojgaru y suraanl T = H(Z), ae onepa-
top H : loo(Z,X) — loo(Z,X) nie 3a npasBmiom
H(z) = J 'G(z) + J 1y, mpuaomy

Vz,t € loo(Z,X) :

I1H(2) = H(t)]|oo =

= [J7'G()~I Gl < IT7HG(2) -G
< KLmax{ My, M3}||Z — t||0o-

Do

Takum YUHOM, BUKOHYIOTHCA YMOBU TEOPEMU
Banaxa npo cruckytoue Bijobpakenss. 3Bijcu BU-
LJIMBAE, N0 HeJliHifiHe pi3aunese piBusubs (9) mae
et 0OMeKeHui PO3B I30K. O
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Poszenanymo moocnugicms 3acmocy8anHsi HEPiBHO-MIPHUX CIMOK 05l CHAAUHIE 3 Memor RIOBUUJCHHS
MOYHOCMI YUCETBHO20 PO3BA3KY KpAUoGUX 3a0ai Npo HANPYI’CEHO-0ehOopMOBAHULL CMAH NPIMOKYMHUX
naacmun. Hagedeno pesynomamu po3paxyukie Ha OCHOBI KIACUYHOI Ma YMOYHeHOi meopii 0115 pasHix 6udie

HABAHMAMNCEHHAL.

Kniouogi crnosa: nanpyosiceno-oeghopmosanuii cman, npIMOKymHA NIACMUHA, MemMOO CHAAUH KOLOKayii,

Memo0 OUCKPemHOI Opmo2oHanizayii

The paper presents an attempt to enhance the accuracy of spline collocation/discrete orthogonalization

methods used for stress-strain state analysis of rectangular isotropic plates. Numerical solutions using
regular and irregular spline grid for two different load distribution options in accordance with classic and
refined plate theory were compared with known analytical one for simply supported boundary conditions.
The solution of the problem obtained by the expansion of the deflection function in a Fourier series meant as

an accurate.

The calculation results show significant dependence of the accuracy on load distribution over the surface
in case of irregular spline grid. In general, the knots placement optimization allows achieving considerable
decrease in relative error of the numerical solution without requiring thickening splines mesh.

Additionally comments on the restrictions due to the presence of the boundary conditions for splines are
given. This narrows the applicability of the proposed approach for very small grids.

Key Words: stress-strain state, rectangular plate, spline collocation method, discrete orthogonalization

method
CratTi0 ipeacTaBuB A.¢.-M.H. pod. XKyk 5.0.
Beryn

[TmacTHHN BUKOPUCTOBYIOTHCS 1 BUBYAIOTHCS SIK
OJTHI 3 0a30BUX €IEMEHTIB KOHCTPYKIIH BXKe HE OHE
necaTrmiTTs. CKIaIHICTh 1 PI3HOMAaHITTS MOMIIUBUX
BapiaHTIB TEOMETPUYHHUX 1 (I3UYHUX TapaMeTpiB
MaTepiajiB, PO3MOAiy HABaHTAKEHHS 3aJIMIIAIOTh
3aJady Mpo PO3PaxyHOK HampyxeHo-AedopmMoBa-
HOTO CTaHy TUIACTHH aKTYaJIbHOIO 1 B JAHHUH Yac.

HaiinpocTimi BapiaHTH JaHOTO Kiacy 3ajad
JeTalbHO PO3MIIIHYTO B HAYKOBIiH JiTeparypi, a s
BapiaHTa IMIAPHIPHOTO 3aKpiIUICHHS KpaiB MpPSIMO-
KYTHOI TUIACTHHW HaBEJICHO AaHANITHYHI PO3B’S3KH.
Jns cknmamHIMX BUIAAKIB € 031U YUCEIbHHX

© O.4. I'puropenko, C.A. IlankpaTbeB,
C.M. SIpemuenko, 2016

MiXO/MiB, y TOMY YHCII 3aCHOBAaHHMX Ha CIUIAHH-
anpoKcUMallii B OAHOMY 3 KOOPIAUHATHUX HAIMPSIMKIB
[1, 2] abo y nBox [3]. B ocranHix, mpote, s
noOyJ0BU CIUIAiiHIB mepeadavdaeTbcsi BUKOPUCTAHHS
PIBHOMIpPHHUX CITOK BY3IiB, IO 3 OJHOIO OOKY JEIIo
CHIpOIIYE PO3paxyHKH, a 3 IHIIOTO — JIA€ MOKJIU-
BiCTh 30UIBIICHHS TOYHOCTI YMCEJIIBHOTO PO3B’S3KY
3a paxyHOK ONTHMi3alii pO3MIlIECHHA BY3JiB CITKH.
OCKIiJIbKHY, Ha BiIMIHY BiJ 30UIBIICHHS YUCIa TOYOK
KOJIOKAIlii, 3MiHa CITKM BY3JiB HE NPHU3BOIUTH 0
301IBLICHHS! PO3MIPHOCTI PO3B'I3yBaHOl CHCTEMHU
muQepeHIliaTbHIX PiBHSAHB, 00YHCIIOBAaIbHA CKIA]l-
HICTb 3aJ1a4i B [[IJIOMY 3JIMIIUTHCS HA TOMY X PiBHI,
IO 1 i1l BUMAJIKY PIBHOMIPHOT CITKH.
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VY naHiii poOOTI PO3TISAAAETHCS MOMKIIUBICTD M-
BHUIIICHHS TOYHOCTI YHCEIBLHOIO PO3B’SI3KY 3a/1a4 Ipo
HanpyXeHO-Ie(QOPMOBaHUN CTaH MNPSAMOKYTHHX Y
IUIaHI 130TPOINHUX IUIACTHH 3a PaxXyHOK 3aCTOCy-
BaHHs HEPIBHOMIPHUX CITOK BY3JiB B METOJI
CIUTAaMH-KOJIOKAII]. O1IHIOETECS e(eKTUBHICTh
HiAXOAy IJsl Pi3HUX BapiaHTIB pO3MOAITY HaBaHTA-
KCHHS y BUIIQJIKy HIAPHIPHOTO 3aKpPIIJICHHS KpaiB B
paMKax KIacM4HOi 1 yTouyHeHoi Teopii. AmnHami3
TOYHOCTI Pe3yJIbTaTiB, OTPUMAHUX Ha Pi3HUX CITKax,
MPOBOJUTHCS Y TIOPIBHSHHI 3 BiJNOBITHUMH aHANi-
TUYHUMH PO3B’ A3KaMH.

ITocTanoBKa 3agaui

PosrnssreMo 3amady mpo HampykeHo-IehopMo-
BaHWH CTaH 130TPOIMHOI MPSIMOKYTHOI IUTACTUHHU
(0<x<a0<y<b) ToBmmuowo h. B pamkax
KJIACUYHOI Teopii 3ajaya Mpo 3rMH TaKoi IIACTHHHU
OTIUCYETHCS PIBHAHHSM [1]

AAw = q/Dy, (1

ne w = w(x,y) — nporuH, q = q(x,y) — HaBaHTa-
XeHHs, D, — MKOPCTKICTh IUTaCTHHHU.

I'pannyni yMOBH IUIsl MIAPHIPHOTO 3aKPIIICHHS
BCiX CTOPiH IUIACTHHU 3alUIIEMO y BUTTISII

2

w=0, ﬁ=0npﬂx=0,x=a,
_0, 2" g —0y=b
w =0, ayz_ npuy =0,y =b,

Piusins (1) B moeqHanHi 3 00paHUMU IPaHUYHUMHU
YMOBaMH YTBOPIOE JIBOBHUMIpHY KpaioBy 3amady B
paMKax KJIACHYHOI Teopii.

st yTOuHEHOi Teopii, IO CIUPAETHCS Ha TiMo-
Te3y TpsMOi JiHii, PIBHSIHHSA pIBHOBarm MaroTh
BUTIAL [2]:

00, 00,
=Y =0,
d0x + dy t4q .
2
oM, M,
ax ay G =0,
oM, oM
Y Xy _ =
dy T o 0y =0,

ne Qy, Qy — sycuns 3pisy, My, My, Myy, My, —
MOMEHTH BUTHHY Ta CKPY4yBaHHS; CITiBB1IHOLICHHS
MPY>KHOCTI:
My = Dy1Ky + D13Ky, My, = Dyyky + Dazky, (3)
Mxy = Myx = 2D66nya Qx = K1Y« Qy = KZ]/ya
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ae
D Exh® D D
= —_— Y, =V ,
11 12(1 _ VxVy) 12 yl11
b, =B
12(1 —vyvy)’
Gyyh® 5 5
66 — T’ Ky = gthz, K, = ghGyz-

I Ky, Ky, Kyy pO3yMiemMo nedopmarii Buruny,
Ey, Ey, Vx, Vy — MOMyJli TPYXKHOCTI 1 KOEilliEHTH
[lyaccona B HampsiMKax x iy, Gyy, Gy, Gy, — Mo-
Iy 3CyBY.

Bupazu ans nmedopmaniii wepes MOBHI KyTH
TIOBOPOTY MPAMOJIHIMHOTO eNeMEHTa Py, Py

0P, 0y, 0P, Yy
Ka = Gx 1y =y My = 5t
(4)
ow ow

Vx=¢x+a'yx=lpy+a-

I'pannyni yMOBH JUIsl MIAPHIPHOTO 3aKPIIICHHS
Ha CTOPOHAX X = CONSt MarOTh BUTIIS

d
ﬂ=0’¢y=0

=0,
w 0x

1 Ha CTOpOHAX Y = const 3a/1al0ThCs aHAJIOT1YHO.

b b 02

o 3b/4"73 /

7 1 05/01 4
/5 ¢ o b/a} = =

6

(o]

b/2

0 al2 a 0 al4 3a/4 a
a o

Puc. 1 BapianTtu po3noniny HaBaHTaXeHHS (3a-
MITPUXOBaHA YacTHUHA) TI0 MOBEPXHI INIACTUHH Ta
PO3TalIyBaHHS KOHTPOJIBHUX TOUOK

OO0'ennyroun Bupasu g jaedopmamnin  (4),
criBBiAHOLIEHHS! NpY>KHOCTI (3) 1 piBHSAHHA PiBHO-
Bard (2), OTpUMAaEMO PO3B'A3YBAILHY CHCTEMY PiB-
HAHb IIONO TIPOTMHY W 1 KyTiB 1y, Y, fKa B
MO€HAHHI 3 TUMU YU 1HIIUMU TPAaHHYHHMH YMOBa-
MU YTBOPIOE JBOBUMIpHY KpaioBy 3amady B
YTOYHEHIH MTOCTAHOBIII.
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Jlnsi HaBaHTa)XEHHs PO3TJSTHEMO J(BAa BapiaHTH
HOro po3Mo/Iily 1o MOBEPXHi IUTacTHHU (pHc. 1):

1) g =qonpux <a/2,y<b/2, (puc. la);

2y q=qoupu a/4<x<3a/4,b/4<y<

3b/4 (puc. 16).
Jnsi 3HaueHb KOOPAMHAT X, ) 1032 BKa3aHUMHU
MekaMu BBakaemo q = 0.

Takum 4rHOM, Y poOOTi PO3TISAAAETHCS MAPHIPHE
3aKpiIUICHHS CTOPIH IJIACTUHHM Ha OCHOBI KJIACHYHOT
Ta yTOYHEHOI TeOpi 13 3aCTOCYBaHHSAM PaBHOMIpHOT
Ta HEPiBHOMIPHOI CITKM JUIsl CIUIAlHIB, IO 3arajioM
CKJIaJia€ YOTHPH JBOBUMIPHUX KpaHOBHX 3ajadi.
JInst oTpUMaHHS MOXKJIMBOCTI TOPIBHSHHS PE3yJib-
TaTiB MPOBEACHO PO3PaXyHOK BiAMOBIIHOTO [0
3aCTOCOBAaHOI  Teopii  IJIACTHH  aHAJITHYHOTO
PO3B’SI3KY, SKWH Uil BUNAAKy IIApHIPHOTO 3aKpirl-
JCHHS CTOPiH MOXXHa OTPHMATd 3a JOMOMOTOO
poskiany mykaHoi ¢yskuii w(x,y) y mnonsiitHuii
pan @yp’e.

CniaiiH-anpoxkcumaiis

Merto/ crtaifH-KoJIoKamii 1o0pe 3apeKOMEeH TyBaB
cebe sk 3acid mepexony Bill JBOMIpHOI KpaloBoi
334l  JI0 OJHOBHMIPHOI Yepe3 ampOKCHUMAIII0
mykaHux ¢yHkUid B-crmmaiinamm  Tperboro abo
I'SITOTO CTETEHS B HANPSIMKY OJTHI€T 3 KOOPANHATHUX
Biceil [1, 2]. BukopucraHHs CcIUTaliHIB 103BOJISIE
OTpPHMAaTH JIOCTATHHO TOYHWH PO3B’SI30K 3ajadi JJis
PI3HHX CKIQIHUX BapiaHTIB TPaHWMYHUX YMOB 1
HABaHTAXXEHb.

3BUYAHO Ui 3aBlaHHA TPaHUYHHUX YMOB 1
pO3paxyHKiB  3HAa4eHb CIUIAWHIB  CTENEHA 7
MPOBOAUTHCS 1MOOYI0Ba PO3IIMPEHOI PIBHOMIPHOT
CITKH BY3IiB

A=y <<y <y1 < <Yy < < Ynyn-

3HaueHHS CaMUX CIUIAfHHIB 3pY4YHO pPO3paxo-
BYBATH Uepe3 PeKypeHTHE CIiBBiTHOIICHHS 1]

; V= .
Bi(y) = —=—B}_1(¥)
1+n L
Yien+1 — YV _;
———B"i (),
YVit+n+1 — Vi+1 nt
Biz{ 1.3’i§y<J’i+1; (lZON—l)
0 0, B iHIIIOMY BUTIQAKY ’ !

a 1X MOXigHI MOPSIKY M 4Yepe3 iHIIEe PEeKypeHTHE
CHIBBIAHOIICHHS [4]

m(NH™ 4 (y — ) (NH™ N

' Yitn — Vi
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n _m(Niri_ll)m_l + Vitns1 — Y)(Nir-ﬁ-_ll i

Yitn+1 — Vi+1

Po3B’s130K KpaiioBOi 331a4i NTYKAEMO Y BHTIISII

N
S = ) b,
i=0

ne @;(y) — omimiiini xomGiHamii B-crumaiiniB
00paHOro CTEMeHs, IO 3aJ0BOJBHAIOTH 3aJaHUM
TPAaHUYHUM YMOBAaM.

VY 3arambHOMY BHUIAAKy 3aBIAaHHS TPaHHYHHX
YMOB MOJKHA peali3yBaTH IOEJHAHHAM Habopy

koe(dimienTis a;j, f;; 1 CHiBBiAHOECHD

Tabmurs 1
Koopanaatu KOHTpOIBHUX TOYOK, pHc. la
Ne x/a y/b x' y'
1 12 12 1,00 1,50
2 3/4 3/4 1,50 2,25
3 1/4 3/4 0,50 2,25
4 3/4 1/4 1,50 0,75
5 1/4 1/4 0,50 0,75
6 172 1/4 1,00 0,75
7 1/4 172 0,50 1,50
'a=2,0;b=3,0
Tabmurs 2
Koopauaatu KOHTPOIBHUX TOYOK, pHc. 10
Ne x/a y/b X y
1 12 12 1,00 1,500
2 7/8 7/8 1,75 2,625
3 12 3/4 1,00 2,250
4 3/4 12 1,50 1,500
5 1/8 12 0,25 1,500
6 172 1/8 1,00 0,375
7 3/4 3/4 1,50 2,250
®o = a11B5? +a;,Bs + Bs,
¢1 = azB5' + az,Bg + Bg,
¢, = a3 B5? + as;Be + BE,
@; =B, (i=3,N-3), 5)

On—2 = B31BY*? + B3, BY + BY 72,
On—1 = P21 B! + By BY + BY Y,
@y = B11BE? + B1,BY T + BY,

abo

®o = a11B3" + a;,B3,
@1 = B3' + ay,BY + ay,B3,
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—pl (i=2 N _—2 4
¢;=BL(i=2,N—-2), (6) qupi&{1_w#35@—cmfﬁ
On_1 = BV + B, BY + B,,BN1 mni? 2 2
- 3[; BN“-E[? N 3 4q, ( 3mmn mn)( 3nm
= ’ = cos —COS— || COS —
PN 1103 1203 Amn I 4 4 7
JUIS  CIUTaiHIB M'STOrTO Ta TPEThOTO  CTEICHS — cos n_n
4 )

BimmoBigHo [1]. Bubip Toro uwm iHmoro cremeHs
CIUTaliHIB MPOBOJIUTHCS B 3aJCKHOCTI BiJl HMOPSAKY
PIBHSIHB, IO BHPINIYIOTHCA. J[JIs 3pydHOCTI 3amucy
TyT CIUIAaHHU HYMEPYIOTBCA TI0 IEHTPaTbHOMY
By3Jly, a CiTKa, Ha SKiH BOHHM OyZAYIOTbCA,
nepeadadaeTbesi PIBHOMIPHOIO, 3 TIOCTIHHIUM KPOKOM
Yi+1 — Yi-

OctanHA OOCTaBMHA OCOOJIMBO BaXJIMBa TIpH
MEepPexo/li O HEPIBHOMIPHMX CITOK: HEOOXIiTHICThH
JOTPUMaHHS TPaHUYHUX YMOB HE  JIO3BOJISE
3MIHIOBaTH IIOJIOKEHHS BY3JIiB, Ha SKUX OyIyIOTbCS
CIUIaliHA Bs_z, ...,B§ Ta Bév_z, ...,Bév+2,
B;Y,BY,BY ta BY1,BY,BY*' lle nemo
0o0MeXye MOXJIMBOCTI ONTHMi3alii, OCOOIMBO Yy
BUIAJKy MaJiol KIUIBKOCTI TOYOK KoJoKamii 1,
BiJIMTOBITHO, BY3JIiB CITKH.

MeTtoau po3B’si3aHHS

st mociiKeHHs BIUIMBY HEPIBHOMIPHHX CITOK
Ha TOYHICTh YHCENBHOTO pIllIeHHS 3a1adi, MpoBe-
JICHO PO3PaxyHOK IMPOTHHY MPSMOKYTHOI TUTACTHHU
3i cropomamu a x b TtoBmmmOow h = a/40.
3HaueHHS I[iX MapaMeTpiB € OJHAKOBUM IS YCiX
PO3TIISIHYTHX 3a7ad.

Jlnist copoleH sl KUTBKICHOTO aHaji3y po3paxyH-
KiB OTpUMaHe 3HAYeHHS MPOTUHY TOPIBHIOETHCS 3
BIJIMOBITHUM aHAJITUYHUM PO3B’S3KOM B KOXHIH 3
CeMH KOHTpPOJBHHX TO4OK (Tabm. 1, 2). 3a mopis-
HSUIBHI B3ATI 3HAYEHHS NPOTHHY 3 HAOIIKEHOTO
PO3B'I3Ky KpaioBOi 3ajiaui Ha OCHOBI PO3KJaJaHHS
mrykasoi Gyskiii w(x,y) B moasiinuit psax ®@yp'e,
sKi mpuiiMaeMo 3a TOYHI. B pamkax KJIacHYHOI
Teopii TmpW IIApHIPHOMY 3aKpilJIeHHI KpaiB
TUTACTHHHU BUPA3HU ISl PO3PaxyHKY TAKOTO PO3B’S3KY
HaBeneHo B [1].

PosrnsryTi B maHiii poOOTI BUIAAKU HaBaHTa-
KCHHSI BLAPI3HAETHCS 1HIMM BUAOM (YHKIT po3-
MOJUTy HaBaHTaXEHHA ¢q(x,y), MO MPHU3BOAITH
JMIIE A0 3MiHM BHpa3y Ui KoedilieHTiB po3KiIaLy

Amn:

[0¢] (00}
. mmx | nwy
w(x,y) = Ay SIN——SiN—=,

JUTS BapiaHTiB HaBaHTaKeHHS a i 0 (puc. 1) Biamo-
mn=123..
npejcTapieHi y Bursgi nosepxons W(x,y) =
WE /q, na puc. 2. Yucnosi 3Ha4€HHS y KOHTPOJIb-
HUX TOYKax HaBeJeHi y Ta0. 3.

Y Bunmamky pos3risoy 3ajadi  BigIOBITHO 10
YTOUHEHOI Teopii KiHLEBI BUpa3U Uil PO3PAXYHKY
MPOTMHY OTPUMYIOTBCS 3 PO3B’A3YBaJbHOI CHCTEMH
piBHSHB aHaJoOriyHO. Po3paxoBani 3HAYEHS MPOTHUHY
y CEMH KOHTPOJBHHX TOUYKAX BHUKOPUCTAHO JIS
MOPIBHSHHS 3 pe3yJbTaTaMH YHCEILHUX PO3B’SI3KIB
BIJIMOBIAHKX 3a1a4 (Taoi. 3).

BiJTHO, Pesynpratn  po3paxyHKy

3, 3,

2,54 2,5+

2,04 2,04

0,5+ 0,5+

.0 T T T T T T T .0 USRS S S S S
00 02 04 06 08 1,0 12 14 16 1,8 20 00 02 04 06 08 1,0 12 14 16 18 20
X X

Puc. 2 — Burusig noBepxHi nporuny w(x, y),
OTPUMAHOI Ha OCHOBI aHAJIITUYHOTO PO3BA3KY, JJIS
000X BapiaHTiB HABaHTAXXEHHS puC. 1

YucenbHe PO3B's3aHHs chopMyIILOBaHUX
YOTHPBOX 3a/a4 3JIHCHIOETHCS 3 BHKOPHCTAHHSM
METOJly CIIAMH-KOJIOKAIlii B MOEIHAHHI 3 METOIOM
nuckpetHoi oproronamizamii [1, 2]. Ilporun w
33JIAEMO Y BUTJISAII

N
w(ry) = Y wi@e)
i=0

ne w;(x) — mykani ¢yHKuii 3miaHOT X, @;(V) —
miHifdHl komOimarii B-cmmaiimie ma citmi A, 1o
BpaxOBYIOTh TPaHWYHI YMOBH Ha CTOpOHAaX Yy =
const. Bumararouu 3aJJ0BOJICHHSI TPAaHUYHUX YMOB B
yCIX TOYKax KOJIOKAIlii B3J0BXK BiCi y, OTpUMAEMO
OMHOBMMIpHi KpaifoBi 3amaui. IX po3B’s3aHHA
YHCENFHUM METOAOM JTUCKPETHOI OpTOTOHAIi3amii B
ycix Bumaakax 3faidcHoBanocs mpu 1500 Toukax
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Pesynbraru po3paxyHKiB 3Ha4€Hb IPOTMHY W JIUIS PI3HUX BH/IIB HAaBAHTAXKCHHS

Tabnura 3

TOYKa KJIaCUYHa TCOPUsL YTOYHCHA TCOpUs
puc.1 piBHOM. ciTKa aHaJIT. HEpIBHOM. CiTKa  PIBHOM. CiTKa aHaJIIT. HEpiBHOM. CiTKa
«an, T. 1 2700,052981 2699,082116 2700,039399 2702,157197  2705,370251 2700,120745
«@», T.2 845,204368  844,805642 845,111931 847,756493 845,926039 848,343840
«@», T.3 956,605363  956,139742 956,443932 959,923614 957,631312 960,580971
«a», T. 4 1585,095528 1584,525492 1585,177505 1581,066641  1587,774928 1578,887871
«@», T.5 2371,131859 2370,630120 2371,266095 2373,222372  2380,538864 2371,307346
«a», T. 6 2737,157556  2736,314801 2737,307372 2734,877648  2744,723856 2731,953690
«a», 1.7 2200,692766 2200,037969 2200,679580 2204,520493  2206,732048 2202,967541
«0o», 1.1 5829,082386 5756,100996 5756,135838 5831,96422  5771,871143 5747,548007
«o», T. 2 761,255295  748,776703 748,727035 761,937819 750,208969 749,576877
«0», 1.3 3927,172248 3865,746761 3865,771749 3930,314609  3875,307227 3865,881229
«o», 1. 4 4057,718700 4006,789622 4006,492681 4058,832280 4017,028618 3999,482594
«0o», 1.5 2165,022735 2137,210269 2137,440500 2164,995258  2142,122888 2133,009868
«0», 1.6 2018,234305 1984,472067 1984,482696 2020,345147  1988,459096 1985,316901
«o», 1.7 2741,323200 2699,082116 2698,910271 2743,046181  2705,370251 2698,460234
IHTErpyBaHHS. By3IiB  3JAIHCHIOBAIIOCA TAaKUM  YHHOM, 100
[Ipu po3p’si3aHHI 3a/1a4 BUX1/IHI pIBHOMIPHI CITKM 3TYIICHHS  [PHUIIaAajlo  Ha  IHTEpBajd,  Jie

BY3J1iB A JUIsl CIIakHIB OyayBalKCs 3 pO3PaxyHKY Ha
30 map Towok konokamii. lle 3amwmimae mocratHiO
KIIBKICTh «BUTHHHUX» BY3JiB B IIEHTPANBHIN 4acTHHI
CITKM Jis iX TMOJANbIIOTO MEepepo3MOAlTy B
HepiBHOMIpHUX citkax A’ mis crutaiinis By — 48,
i B3 — 52 Bysna.

3anexHO Bi (QYHKIII MMOBEPXHEBOI'O HaBaHTA-
XeHHs1 q(x,y), pO3TISIHYTI BapiaHTU SKOi HaBeICHI
Ha puc. 1, B HepiBHOMIpHHX ciTkax A’ 3MimieHHs

10,000% ——
AW

/w,
1,000%
0,100%
0,010%
0,001% | | \ |
0,000% I I I

1 2 3 4 5 B 7
piBHOM. B HEpIBHOM. N2 TOUHM

HAaBaHTAKEHHS 3MIHIOETBCSA CTPUOKOMOAiOHO. Jlist
BapianTy «a» (puc. 1) e okonuni Touku y = 1,50;
1uis Bapianty «0» — touok y = 0,751y = 2,25.

3 METOK IMMABUIIEHHS TOYHOCTI YUCEIBLHOI'O
PO3B’SI3KY TOYKH KOJOKalii €y, Epj4q PO3MINILY-
IOTBCSl BCEPEIMHI 1HTEPBATIB MiX BY3JIaMH CITKU
(piBHOMipHOT a00 HEpIBHOMIPHOI) Vo, V2it1 3@

CXeMOIO:  &z; = Yo; + t1(V2iv1 — V2i)»  E2i41 =
Y2i + t2(V2i41 — ¥2i), nme ty,t; — KopeHi
10,000% 5
AW
/a,
1,000%
b | | | | | I
0,010% I
1 2 1 4 5 & 7
pigHOM. B HepiBHOM, N2 TouKK

Puc. 3 [opiBHSHHS BIAHOCHOT Pi3HUIII Y 3HAYESHHSIX
MPOTUHY AJISl PO3BSI3KiB 33/1a4 3 BUKOPUCTAHHIM
Pi3HHUX CITOK, BapiaHT HaBaHTaXXeHHs puc. 10,
KJIaCHYHA Teopist

Puc. 4 llopiBHSHHA BiZHOCHOI Pi3HULI y 3HAYEHHSIX
MPOTUHY AJISl PO3BSI3KiB 33/1a4 3 BUKOPUCTAHHIM
PI3HUX CITOK, BapiaHT HaBaHTa)XXeHHs puc. 10,
YTOUHEHA TeOopis
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noJsiiHoMa Jlexanapa APyroro MOPSAKY Ha BIIPI3Ky
[0; 1],i=0,1,...,n.

Pe3yabTaTu po3paxyHkiB
Pospaxynku mnpoBommnmca A HNPSIMOKYTHOI

miactiHU 3 mapamerpamu  a = 2,0; b = 3,0;
h =a/40 = 0,05; v = 0,3. 3HaucHHs MPOTUHY Y

Ta0UIAX HaBEIGHO Yy BUIILIAI  Oe3po3MipHOI
senmmunnu W = WE /q,.
UwncenbHi pO3BS3KM 33ja4 3  [IapHIPHUMH

TpaHUYHUMH YMOBaMH HaBeJeHO B Tabn. 3 Ta Ha
puc. 3, 4 mopsn 3 BiANOBIIHUMHU aHATITHIHUMHU
PO3B’sI3KaMu, IO J]a€ 3MOTY TIOPIBHATH PE3YJIbTaTH
pO3paxyHKiB Jisi PIBHOMIDHHUX Ta HEPIBHOMIPHUX
CITOK 1 OIIHWTH JOUIJIBHICTD BUKOPUCTAHHS
OCTaHHIX 3 METOK INABHUIIEHHS TOYHOCTI. HaOsu-
KCHI aHANITUYHI 3HAYCHHS MPOTHHY HAa OCHOBI
po3kianaHHs mIykaHoi (yHKUii B NOABIMHMN psix
Dyp'e, AKi 11 NOPIBHAHHSA NPUIHATO 3a TOYHI, 00-
YHCJICHO 3 ypaxyBaHHAM nepimnx 600 uieHiB psjy B
KOXHI¥M 13 monBiiHuX cyM. lle mae Onmspko 10
JNOCTOBIDHHMX 3HAUYyIIMX LU(Qp HpPH BHUKOPHUCTAHHI
3MIHHHX JIHCHOT'O TUITY 3 OJBIHHOI TOYHICTIO.
Amnamizyroun oTtpuMaHi nadi (Tabn. 3), MOXHa
3a3HAYMTH, 10 AJIS1 BapiaHTy HaBaHTAKEHHS pucC. la
BUKOPUCTAaHHS HEPIBHOMIPHOI CITKH Ui CIUIAiH-
ampoKcHMallli He Jalo  BIAYYTHOTO  eQeKTy
HE3JIeKHO BiJ 3acrtocoBaHoi Mmopnemi. IIpore s

Cnucox BUKOPUCTAHUX JHKEPEJI

1. I'pucopenxo A.M. OcHOBU Teopii mIacTUH Ta
o6omnoHok: Hau. mociOnuk / I'puropenxo .M.,
Monasuenko JI.B. — K.: JInbins, 1993. — 232 c.

2. [pueopenxo .M. Po3Bsa3anus 3a1a4d Teopii
000JIOHOK Ha OCHOBI IUCKPETHO-KOHTHHYaJIBHUX
metoxis / SI.M. I'puropenxko, B.Jl. Bynak,

O.41. I'puropeHko: HaBYAIbHUI MOCIOHUK, —
Muxkomnais: Imion, 2010. — 294 c.

3. Wu L.-Y. Shear Buckling of Thin Plates Using the
Spline Collocation Method / L.-Y. Wu, C.-H. Wu
and H.-H. Huang // Int. J. Str. Stab. Dyn. —
2008. — No. 08 — pp. 645-664.

4. Poooicepc /]. MatemMaTniecKkrie OCHOBBI
MaiunHHO# rpaduku: Ilep. ¢ anra. / Pomxkepce /.,
Anamc [Ix. — M.: Mup, 2001. — 604 c., un.
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BapiaHTy HaBaHTOKEHHS pHC. 10 BITHOCHY pO3-
ODKHICTh YHCENBbHOTO PO3B’S3KYy 3 aHATITHYHUM
BJIaJIOCs] 3MEHUIUTH B cepenHboMy 3 1 % no maibke
0,1 % s yrouneHoi Teopii ado HasiTh 10 0,01 %
JUIS BUTNAAKY KiacuuHoi Teopii. Lle ymerko Gauutu
MOPIBHIOIOYM BiAHOCHI Pi3HMLI Yy 3HAYEHHSX IIPO-
TMHY MK YMCENBbHHM Ta aHANITUYHUM PO3B’SI3KOM
(puc. 3, 4) Aw/w, =W —w,)/W,, ne W —
YHUCeNbHUN, a W, — BIAMOBIAHUI HAOTIDKCHUN
aHATITUYHUN PO3B’SI30K 3a/4adui, AKUA MPUHHATO 32
TOYHUU.

BucnoBku

B po0oTi npeacTaBneHo pe3yabTaTH YHUCETHLHOTO
pO3B’si3aHHS KpaWOBHX 3a7ad Uil TNPSIMOKYTHHX
IUIACTHH 3 [JBOMa BapiaHTaMH HEPIBHOMIPHOTO
HaBaHTa)KEHHS Ha OCHOBI KJIACHYHOI Ta YTOYHEHOI
Teopii.

[Ipu nopiBHAHHI 3HAYEHb YHCEIBHUX PO3B’SI3KIB 3
BIJIIOBIAMUMHU aHAIITUYHUMH BUSBJIEHO 3aJI€)KHICTD
TOYHOCTI PO3pPaxyHKy BiJl XapakTepy pO3MOALTY
HaBaHTaXEHH:. BCTaHOBIIEHO, IO JIMIIE 32 PaXyHOK
onTUMi3amii pO3TAalIyBaHHA BY3JiB CITKH IS
CIIAliHIB, € MOXJIMBHM 3HAYHE 3MEHIICHHS Bij-
HOCHOI TMOXMOKHM YHCEIBHOrO PO3B3KY 3amauy 0e3
301IBLICHHS] KIIBKOCTI BY3JiB CITKH a00 TOYOK
1HTETpyBaHHSI.
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Sufficient conditions for the existence of
optimal control for some classes of differential
equations with pulses at non-fixed times
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B pobomi posensinymo 3a0auy onmumaibH020 Kepyeanhs 0iisk cucmemu OughepeHyiarbHux pieHaHb 3 im-
nybcHoto dicto y Heghikcosani momenmu wacy. Ompumano 00Cmamui YMosu iCHY8aHHSA ONMUMATLHO20 Ke-
PVBAHHA 8 MEPMIHAX NPABUX YACMUH CUCIeMU ma KpUmepiio AKOCMI.

Kniouoei cnosa: onmumanvhe Kepy8amHs, iMRYIbCHA Oisl, CMPUDOK.

This paper is devoted to research the problems of optimal control for systems of differential equations
with pulses at non-fixed times. To solve such problems we must be sure that optimal control exists.

Due to the complexity of the differential equation with impulse action in the non-fixed time points , a
decision is considered at each interval until the exit solutions to the hypersurface and due to the specificity of
the hypersurface we estimated distances between the moments of pulse action.

The existence of optimal control is proved without using the maximum principle, which made it possible
to obtain sufficient conditions of existence. These conditions are presented in terms of right sides of the
system and function which are included in the quality criterion.

This research lays the foundation for further research into the existence of optimal control for systems of

differential equations with pulses at non-fixed times.
Key Words: optimal control, pulse action, jump.

Crartio npencrasuB akageMik HAH Ykpainu, n. ¢. — H., npod. Ilepectiok M. O.

Beryn

B nmaniif poOOTi po3riIsgacThes 3aqa4a ONTHMA-
JBFHOTO KEpYBaHHS CHUCTEMOIO A epeHIliabHIX
PIBHSIHB 3 IMITYJIBCHOIO JTI€I0

X=A(t, x)+B(t,x)u, x¢$S

AX xeS g (X)
x(0)= Xo

@)

3 KPUTEPIEM SIKOCTI
J(u)= Jq L(t, x(t),u(t))dt — inf (2)

e S — TineproBepxHs B RY, D- mesika oGnacThb B
RY, oD—ii MeXKa, D=DuéD , DS — "enopo-
KHii, X, € D — ¢dikcoBanmii Bekrop, t€[0,T], -
MOMEHT TOKHAaHHsS po3B’siskoM X(t) obmacti D,

© A.O. IBamkesuu, 2016

ueU cR"™, U - 3amkHena, onykia MmHOXkuHa B R™,
0ecU. A(t,x) — d-mipua Bekrop-Qynxuis, B(t,X)
— dxm-mipra marpuus, g — O -mipHa BekTOp-
dhyHKIIIS.

ITonibHi 3amawi po3rmsganuck paHime B Oara-
ThOX poOorax. Hanmpuximaz, B pobori [1] posrisayTa
3ajJ]a4a ONTUMAJIBHOTO KepyBaHHS IPH HEITOKAJIbHUX
KpalloBHX yMOBaX. 3a JIOIIOMOTOI0 Bapiallii Kepy-
BaHHS TYT OTPHWMaHi Pi3Hi HEOOXiHI YMOBH OITH-
MaJIbHOCTI JIPYTOro HOPSAKY.

B pob6orti [2] posrisaaeTbes 3a1ava ONTHMAIb-
HOTO KEpYBaHHS IMITYJIbCHUMH CHCTEMaMH, 1€ B PO-
7 KepyBaHHS BHCTYIAIOTh CKiHUEHHI MIpH 1 3a/1a4ya
3BOJUTHCS JI0 33/1a4i ONTHMAIIBHOTO KepYBaHHS IS
PIBHSIHB 3 MipaMU B ISTKOMY OaHaXOBOMY MTPOCTOPI.

Bapiamiitai migxomu B koMOiHAIT 3 TPUHIIUTIOM
MaKCUMyMy [UISl IMITyJIbCHUX CHCTEM PO3IJISIHYTI B
moHorpadii [3]. B poborax [4], [5], [6] oTpumaHO
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MPUHIUI MaKCUMYMY JJIsl CHCTEM 3 He(hiKCOBaHMMHU
MOMEHTaMH IMITYJIbCIB.

OTtpumaHi B mepepaxoBaHUX BUIIE poOOTax pe-
3yJIBTaTd HOCATH XapaKTep HEOOXIAHUX YMOB iCHY-
BaHHS ONTHMAJBHOIO KEpyBaHHA. BUKIIOUCHHSIM €
JIHIMHUN BHUIAJOK, Ui SKOTO 3 MPUHIUIY MaKCHU-
MyMy MOXHa OTPHMATH JOCTaTHI YMOBU ONTHMAJIh-
HocTi. ToMy 3ajaua oTpUMaHHsI IOCTaTHIX YMOB OII-
TUMAJILHOCTI JJIsl HeMHIHHUX IMITYJIbCHUX CHUCTEM B
TepMiHax iX MpaBHX YACTHH Ta KPUTEPIIO SIKOCTi, O3
3aCTOCYBaHHSl NMPHUHLUIY MaKCUMyMY, € aKTyaib-
HOIO.

Hana pobota ckiafiaeTbes 31 BCTYITY, TTOCTAHOB-
KU 3a]]a4i Ta OCHOBHOTO pe3yJIbTaTy.

ITocTanoBka 3agadyi Ta 10MOMIKHA JieMa

Hexaii ¢ynxuii A(t,x), B(t,X) — HemepepsHi
3a cykynuictio 3minaux te[0,T], xeD,g(x) -

HeriepepBHa 3a X € D . Bynemo BBaxatu, mo s
HHUX BUKOHaHA yMOBa JIHIMHOrO mo X pocTy, TOOTO
icHye crana K >0 Taka, mo s te[0,T] i XxeD:

| At X) [< K@+ x1),

Bt X) | <KA+[x]), gl KA+[x]), (3)

TyT |-| — eBKimimoBa HOpMa BekTOpa, ||| — HOpma
MaTpHIli, y3ro/kKeHa 3 HOPMOIO BEKTOpa.

®ynkmii  L(t,x,u), L(t,x,u) ta L,(t,xu) €
HETIEPEPBHIUMH 3a CYKYITHICTIO 3MIHHUX IS OyIib-
akux te[0,T], XeD Tta ueU i 3a10BOIBHSIOTH

HACTYITHI YMOBH:
1) icaytoTh Taki crami k >0T1a p>1, 10 BUKO-

HY€ETHCS HEPIBHICTh

L(t, x,u)=k|u|P 4)

ma te[0,T], xeD,ueU.
2) ichye H >0 ta a >0, mo

|L, (t,x,u)|+] L, & xu) K H@+[u P+ x]|*)  (5)

ma te[0,T], xeD,ueU.
3) L(t,x,u) omykma mo U mist Oyab-skux (ik-
copanmx t€[0,T], xeD.

Honycrumumu it 3agadi (1), (2) BBaxkaroThcs
KepyBaHHSI u=u(t) TaKi, 110

ut)eL, ([0, T]),ut)eU,te[0,T].
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Bynemo BBaxkaTH, LIO TileprnoBepxHS S € KOM-
MAKTOM 1 3a1a€Thes piBHAHHSIM S(X) =0, me S — He-
nepepBHa GYHKILIS.

Uepe3 7 MO03HAYMMO MOMEHTH IOMNAJaHHS
po3B’si3ky X(t,U) Ha rineproBepxHiO S .

Jnst oTpyMaHHST OCHOBHOTO pe3yjbTaTy HaMm
3HAJ00UTHCS HACTYITHA JIeMa.

Jlema[7]. SIxmo S — KOMIAKT, BUKOHAHI YMOBH

3)i

p(x+9(x),S) >0 wvxeS, (6)

a TOCTIJOBHICTh JOMyCTUMHUX KepyBaHb {U,(t)} 3a-
T

JIOBOJIILHSE YMOBY: Ilun(t)|pdt£ D, mis neaxoi
0

cranoi D, nesanmexnoi Big {u,(t)}, To icHye Take
y >0 , mo ms goButeHOTO U, (t) 13 maHoi mociigo-

BHOCTI: rfn - rfn’l 2y.
OcHoBHUI pe3yabTaT

Teopema. Hexaii jnst cucremu (1) 3 kpurepiem
SKOCTi (2) BUKOHYIOTBCs yMOBH (3) — (5) mocTaHoB-
KH 3a7a4i Ta ymoBa (6). Toxi 3agada onTHMabHOTO
kepyBaHHsA (1), (2) Mae po3B’SI30K B KJIaci IOIMYCTH-
MUX KepyBaHb.

llosedenns. Bimzaaanmo, 1o icHye xo4a 0 omxHa
JoryctuMa tpaekropis. [iiicao, Hexaih U=0. Toxi
cucrema (1) Mae BUTIISA

x=A(t,x),
AX| xeS — g(X),
X(0) =X, .

B cumy nemu B maHiil cucTteMi BiACYTHE «OHT-
Ts», @ ToMy HenepepBHicTh Gynkmii A(t,X) i ymoBa
(3) rapanTyioTh icHyBaHHSA pO3B’s3Ky 3amadi Kormri
Ha [0,4].

Ockinbku ¢ynkuionan J(U)>0, To icuye He-
Bin emMHa HwKHA Mexxa M 3nauens J(U) . Hexait u,
— TIOCTITOBHICTh JOMYCTUMUX KePyBaHb TaKHX, IIO:
J(u,) > m, n—oo. BigzHaunmo, 10 NpU JOCUTH
Benukux M BHKOHYyeTbes HepiBHICTH: J(U,) < m+1.
BuxopucroByroun ymMoBy (4), OTpEMaeMo

0 T
[lu,@®dt<[lu, @) Pdt< mk+1.
0 0
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Omxe, mocnifnoBHicTs U, (f) cmabko 36iraerscs

mo u'(t)e L,[0,T], a Tomy 3a nemoro Masypa [8]
n(k)

3HalieThes onmykina KomOiHamis b, (t):Z:ai u; (t)

i=1
n(k)

(a, >0, Za =1),

b, > U,k —>o0 3a HOpMOIO L, . OTiKe, icHye 30ixk-

CIIEMEHTIB u(t)euU 10

Ha maibke ckpiss Ha [0,T] 3a miporo JleGera miamo-
cigoBHicTs b, , mo b, —>u™(t), | > o0 ama Maiike

Bcix t. Ockinbku U omykia i 3aMKHEHa MHOXHHA,
n(k)
TO Zai U, (t)eU. Toni i3 3aMKHEHOCTI MHOXHHH
i1
U Bummsae, mo U (t)eU maibke mia Beix
te[0,T].
OuinnMo po3B’s3kM X, (t), IO BiANIOBIZAIOTH
KepyBaHHIO U, (t).
[NokaxxeMo piBHOMIpHY OOMEKEHICTh PO3B’SI3KiB
X,(t) npu t[0,6,], 6, <T, ne 6, — MOMEHT 10-

kugaHHs X, (t) obmacti D. Maemo:
| X, () |*=
=1 % + [ (A(X,(5),5) + B(X, (5),5)(U, (5))) ds +
+ 2906 E )T <3 (% | +

OST:; <t

| J(K(@+] %, (5) ) + KL+ ] %, (8) (u, () ds [ +
+ D K@+, (7))

OST:: <t

BuxopucroByroun anaior HepiBHOCTI [ poHyO0I-
na-benmvana [9, cr. 30] Ta eneMeHTapHI MEPETBO-
PEHHSI, HEBAXKKO TTOKA3AaTH, II10:

|x, () |°<C mmn te[0,6,]. (12)

OcrtanHe o3Hauae, mo X, (t) piBHOMIpHO OOMe-
xeni va [0,60,].
OcCKiTbKH JOBUIBHHUN PO3B’S30K X, (), 1m0 Big-

MOBiJja€ JOBUIBHOMY KepyBaHHIO U, (t), meperuHae
. : T :
rineprnoBepxHi0 S He Ounbie, HiX | — |+1pa3is, To

PO3IIIAHEMO TaKi BUIIAJAKH:
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1. Bumamok, KoM HecKiHY4eHHa KiIbKICTh ene-
MEHTIB MOCTIOBHOCTI X, (f) He mepeTHHae rimepro-
BEpXHIO S, po3misiHyTHIA B pobori [10].

2.1. Hexail nocnifgoBHicTh X, (t), 0 BiIMOBI-
Jlae KepyBaHHIO U, (t), MICTUTb HECKIHYEHHY Kilb-
KICTh €JIEMEHTIB, III0 JOCITaloTh TIEPIOBEPXHIO S
OJIUH pa3, 1 € CKIHYEHHA KUIBKICTh €lIeMEHTIB X, (t),
IO HEe J0CATaroTh rineprnoepxHio S . Toxi posris-
JAEMO Ty TMOCJIiJOBHICTh, IO JOCATae S 1 Mmicis Bij-
ouTTs 3asMmaeThes B oonacti D.

Cnouatky PO3TIISTHEMO MOCJTIIOBHICTD
po3B’si3kiB cuctemu (1) 10 MEpIIOro MOMEHTY Ioma-
JaHHS po3B’s3Ky X, (t) Ha rimepmoBepxHIO S, IO

BI/INOBIIA0OTH MOCIIIIOBHOCTI KepyBaHb U, (t) .

Hexaifi 7 — MOMEHT IepumIoro IonajaHHs
po3B’s3Ky X, (t) Ha rinepmosepxHio S . [IponoBxu-

Mo X, (t) Ha [0,T] HacTynmHUM YHHOM:

[x, ).
yn (t) - {Xn (Ti)’

TTokaxeMo PiBHOCTETEHEBY HEMEPEPBHICTH
y,(t) ma [0, T].

Hexaii s,s, €[0,7}],
Ix.(t)|<C, 10

t e[O,T,l]],
te[z},T].

S, <S,. OCKUIBKH

1%, (80) =%, (8,) | =
=| TA(Xn (),5) + B(x, (s),8)u, (s)ds| <

S

| yn(sl)_ yn(sz) | =

< K(52_51)+C(S - 1)+

[m”] (s, - 1)‘*+c(m”j (5 -)".

Hexaii s, <7, <S, <T, T0

| yn(sl) —Yn (32) | = | Xn(sl) —X, (Ti) | <
<K(s, - sl) +C(s, —s,)+
1 1 1
(M), st e M) s, g0
k k
Omxe, icHye piBHOMIpHO 30ikHa Ha [0,T] min-
nocmiaosHicTs Y, (t). He Brpauaroun saranbHOCTI,

MOXHa BBaXXaTu, 110 caMa
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y,=3Y (), n>w, te[0,T].

osuaunmo lim inf 7 = ' . Byaemo posrasaatu

n—oo
npomikok [0,7'].

Bubepemo 3 nociigoHocti {rt} | Taky mia-

o0
MOCTTi TOBHICTh {rﬁk h,., 1O Tik —1t',n, —>w.He
BTPAYarouy 3arajbHOCTi, OyHeMo BBaXarTH:z. —> 7',
n— oo,

3adikcyeMo A0BUIbHE & >0 1 pO3riISTHEMO BHU-
MajJKd MPOMDKKIB, B SIKUX MICTUTHCS HECKIHYCHHA
KUIBKICTB 7' :

1) e(@-er]i 2) 7, e (el +e).

Bysemo posrnsiaru Bunagok 1)zt e (2! —gz'].

. R
VY npomy Bunaaky 3 nocuigosrocti {r;} MOJXKHA

n—oo

BHJIUIMTA MOHOTOHHY 3pOCTal04y IMiANOCTiI0BHICTh
1 1 . 1

{z, }_.. - BBaxkaemo, mo 7, =7,, N —>00.

te[0,rt —&]

y, (t) =X, (t) i, omxe, mocaioBHICTH X, (t) piBHOMI-

Ha mpomixk [IOCJIIIOBHICTH
y

pHo 36iraetsest 1oy (t) . [oznaunmo y ' (t) = x; (t),
te[0rt —&].
[MokaxkemMo, mo X, (t) € PO3B’A3KOM CHCTEMH

(1), mo Bimmosinae kepysanuio u”(t) ma [0,7" — ],

T06TO, 10 NpH t [0,z — £] cpaBenMBa piBHICTH

X () =%, + j(A(XI (),8) + B(x (s),s)u"(s))ds .
Maemo
Xq (t) = X + j(A(Xn (s),5) + B(x,(s),8)(u, (s)))dx (12)
Tepeiinemo y (12) 10 rpanumi mpu N —> o0 ;
X () =%, + ﬁ@oj(A(Xn (s),8) + B(X,(s),8)u,(s))ds .
B cuny Teopemu JleGera mpo MaxopoBany 36i-

KHICTB, NiHilHOro pocty Gynkuii A(X,t) i piBHOMI-
pHOT 0OMexeHocTi po3B’s3KiB X, (t) orpumaemo

moj A(X, (s),s)ds = .t[ A(X; (s),s)ds.

Maemo Takox, 1o

38

2016, 2

Bulletin of Taras Shevchenko
National University of Kyiv
Series Physics & Mathematics

lim B0, (51,5, (5) — U (5))ds =0,

OCTaHHE BUILIMBAE 31 c1abKoi 301KHOCTI U, 10 U .
Kopucryrouuch CIiBBiIHOMICHHSIM

fim B(x, (t),1) = B (0).1),

n—o0
110 BUKOHYETHCSI PIBHOMIPHO, 11032 JEIKO1 MHOXKUHU
S IOBUTBHOI Masoi MipH, i HEpiBHICTIO

!lun(sndss(jlun(snp 49?151,
MOKHa TOBECTH, 1110
lim [180x,(9).9)~ B (5),9) llu, (5) | ds =0,
[B0, (51,50, (5)d5 - [BOX; (5),9)u°(5) s
Otxe,

!iLnJ(A(Xn(S), 8) + B(x,(8),5)u, () ds =

(A(X (5),5) + B(x{ (5),5)u”(s))ds,

[SY S

T00TO X, (t) € po3B’s13koM cuctemu (1), wo BiamoBi-
nae kepyBaumio u”(t) ma [0,z —£].

[Tokaxkemo, 110 icHye TpaHuns (PpyHKITIT
X (' —¢) npu & — 0.

MiiicHo, Hexail ¢, <¢,. Toni

1% (2 &) -x (2 ~&,) =

- [(AK (8).5)+ B(x, (8). 9)u" () ds <

1

= 1
< K(gz _81)+C(82 _‘91)+(mT+1\Jp (‘92 _gl)q +

E 1

+C(mT+1jp(82 —51)a —0,0pu ¢,—& —0.

TTo3znaunmo

lim x; (= — &) = X (¢')..
&0
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TaKoX HEBaXKKO MOKa3aTH, o X, (z*) € S . st
11bOro MOTPi6HO MOBecTH, WO X (1) — X, () npu
n—oo.

Bumnanok 2) 1ociiiKyeThcsl aHaIOTIYHO.

Po3rnsHeMo moCTiIOBHICTh PO3B’A3KIB CUCTEMU
(1) micnst mepmIoro MOMEHTY TONAaJaHHS PO3B’SI3KY
X, (t) Ha rineprnoBepxHi0 S, IO BiANOBiAAIOTH MOC-

JI0BHOCTI KepyBaHb U, (t) .
X, (8) =X, (z3) + 9 (%, (7)) +

+ j.(A(Xn (5),5) + B(X,(5),8)(U, (s)) ds, t e[z, 6,1 .

Jie T, — HePIINH MOMEHT MOMA/[aHHS PO3B’A3KY
X, (t) Ha rineprnoBepxHio S .

3a ¢pynkuiamu X, (t) nmodbymyemo dynkuii y, (t) ,
110 Bu3Hauyawothes Ha [0, T] HaCTYmHUM YrHOM

X,(0,), t=6,
y,()=3x,(t),  te[e.6,],
(1) +9(x, (7)), te[0,z,].

HeBakxko nokasaTy, IO MOCHIOBHICTB Y, (1),
t €[0,T] — piBHOCTEIIEHEBO HEMmepepBHA, a TOMY iC-
Hye piBHOMIpHO 30DkHa Ha [0,T] miAmocIiToBHICTH
Yy, (t). He Brpayaroum 3araiabHOCTI, MOKHA BBaa-

i, mo cama Y, =Y (t), n—> o, te[0,T].

Hexait 6" — MoMeHT Buxoxy po3s’s3ky Y (t) Ha

rpanwuio oomacti D, Tobro

g sup{t€[0,T]:y (s)e D,s [0, 1)},
- T, axwo y (t)eD.
~ {sup{t €[0,T]:y,(s) e D,s[0,1)},

T, axkwo Yy, (t)D.

Hosnaunmo lim inf 7} =7*, liminf 6, =6". He-
n

—>00 n—oo
o 1 * . .
xail - <@ . [lami OOBEICHHS aHAJIOrIYHE JOBEICH-
HIO, IO PO3MIIIHYTO B podoti [10].
2.2. Po3risgHeMO BHUIIQJOK, KOJIM HECKIHUEHHA
KUIBKICTh €JIEMEHTIB MiAnociigoBHOCTI X, (t) mepe-

TUHAE TIMEPIIOBEPXHIO S ONUH pa3 Ta BiIOHBAETHCS
Ha Tpanuiro obnacti D.
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VY ubomy Bunaaxky 6, =7,i AOBEICHHs aHAJO-
TiYHE TPOBEJACHOMY BUIIIC.

3.1. Hexail nocninoBHIcTh X, (t), 110 BiamoBigae
KepyBaHHIO U, (t) , MICTUTb HECKIHUCHHY KUIBKICTh
THX €JIEMEHTIB IIAMOCIIJOBHOCTI, 1[0 EPETUHAIOTh
rimeproBepxHio S 1Ba pasH, i € CKIHUCHHA Killb-
KICTh THX €JI€MEHTIB MiANOCIiA0BHOCTI X, (t), 110
NEPETUHAIOTH OJTUH pa3 1 He MEePEeTHHAIOTH TilepIo-
BepxHIO S . Tofi po3risaaeMo Ty MianoCTiIOBHICTb,
110 TIEPETHHAE S /1B Pa3H.

JloBeJIeHHS IbOTO BUIAJIKY aHAJIOTIYHE JIOBe-
nennro m.2.1.

3.2. Po3riissHeEMO BHUITAI0K, KOJU HECKIHYECHHA
KUIBKICTB €I€MEHTIB IiIOCTiIOBHOCTI X, (t) mepe-
TUHAE TINEPIIOBEPXHIO S JIBa pa3u Ta BilOUBAETHCS
Ha rpaHuIto odacti D.

VY 11bOMY BHITaJIKy TOBEICHHS aHAJIOTIUHE SK 1
Uit 1.2.2.

Bunaaku nepernHy rineprnoBepxHi OunbIre 2
pasiB IOCHIHKYIOThCSI aHATIOTTYHO.

Posrnsnaroun po3s’s30k BuxinHoi 3axayi (1) Ha
MPOMDKKaX MK IOCTiJIOBHUMH TIEPETHHAMH TiIep-
MOBEPXHI S Ta 70 MOMEHTY Buxoxy 3 obsacti D,
MOXXEMO MO0y TyBaTH QYHKIIIFO

X, (), te[02],

(=) 2O teled,

X (t),telz",0°]

AKa € po3B’A3KOM BHXimHOi 3amaui (1), To6To X (t),
10 BianoBizae kepyBanuwo U (t), 3a10BOJNBHSE PiB-
HSHHS:

X (t) =x, + j(A(x*(s), s)+ B(x"(s),s)u”(s))ds +

+2.9(<(@)).

Amnanoriygo po6orti [10] MoxHa moOKaszaTw, 110
kepyBanHs U (t) onrumanbhe mis 3amaqi (1), (2),
T06TO J(U)=m.

Teopema noBeneHa.
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pi3HUIEBUX HEJiHIiHUX pIBHAHL 3a H0-
IMMOMOTOI0 CIIEKTPAJbHOI Teopil OGJI0YHUMX
MAaTPUIh BiIMOBIIHUX ABOBUMIpPHIiii mpo-
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spectral theory of block matrices related
to the two-dimensional moment problem

! National Technical University of Ukraine
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Peremohy, 37,
e-mail: afina0706@Qmail.ru

Paniwe onaa dsosumipnoi diticnoi npobaemu momenmie byasu po3e‘azani npama ma obepre-
HG CNEKMPANvHi 360047 GHAN02TYHO AK O0AA KAGCUNHOT npobiemu momenmie Tambypeepa. B it
PO6OMIL, BUKOPUCTOBYIOUU OA0UHT Mampuyi muny ko0l 610n06i0HL 06068uMIPHIT JiticHit npobae-
ML MOMEHING, CKAGAIEHA cucmema pierans muny Jlakca ma npoinmezposana 3a604KU PO3GUHEHIT
CneKMparvHit meopti dA4 marxux mampuys. /i uvozo sanucana yrkuia muny Betaa, aka 00ro-
3HAYHO BU3HAYAE MIPY 610N0610HY J608UMIPHIT JiticHit npobiems momenmis. Jas maxoi dyrryii
pariwe 6yau dosedeni neHi 8AGCMUBOCMI. AHAN02T4HE PE3YALMAMU OAA KOMNAECKCHOT NPOOAEMU
Momenmis bysu nasedeni pobomax Bepesancvrozo FO.M. ma Moxonvko O.A.

Kmouosi crosa: deosumipna npobaema momenmis, mampuyi muny Hxobi, ¢ynkuyia Betiasa, noai-
HoMU dpy2020 pody, pienanna Jlakca

Previously, for the two dimensional real moment problem, direct and inverse spectral problems
were solved just as for the classical Hamburger moment problem. The result of the inverse spectral
problem s block Jacobi type matrices. Direct problem consists of the recoveryng measures for a
giwen of Jacobi type matrices. On the other hand, there were integrated Toda chains by spectral
theory for the classical Hamburger moment problem using ordinary Jacobi matriz. In this article,
using block Jacobi type matrices two-dimensional real moment problem, the system of Lax equations
15 constructed and integrated due to developed spectral theory for such matrices. For this reason the
Weil function was presented there where recorded function that uniquely determined an appropriate
measure correspondind to the two-dimensional real moment problem. For such functions there were
pruved previously certain properties. Similar results for the complex moment problem were given
by Berezansky Y.M. and Mokhonko O.A.

Key Words: two-dimensional moment problem, Jacobi type matriz, Weyl function, second order
polynomials, Lax equation.

Crarrio npegcraBus akagemik HAH Ykpaiau ga.¢.-m.H., npod. Ilepectiok M.O.
pii anaJiora cumerpudnoro piBusinusg [HItypma-

Jiysins. dani B [4] nokazawo, mo axasoriy-
Ha Teopid iHTerpyBaHHS BIJIMOBIIHUX KJIaciB

Bceryn. Bukopucrosyouu pesyibraru |11,
12|, FO.M. Bepesancbkuii y |3, 7| 3anponony-
BaB MeTO/l IHTerpyBaHHS PI3HUIIEBOTO HeJTIHI-
HOTO DIBHSHHS (HAMIBHECKIHIEHHOTO JIAHITIOXK-
ka Tojm), FPYHTYIOYHCH HA CIEKTPATbHIN Teo-

HEJIIHIHHUX PI3SHUIEBUX PIBHAHL MOZKEe OYTH I10-
OyaoBaHa I CHEKTPaJIbHOI Teopii HOpMAJIb-

©B.I. Kozaxk, 2016 41
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Hux 6j09HUX MaTpuip Tuiy Akobi [8].

['onoBHOIO MeTOIO 1i€l pOOOTH € IPOJOBIKEH-
H¢ HOIEePeJIHIX pe3y/ibTaTiB Ha KJacu HeJIiHii-
HUX PI3HUIEBUX PIBHAHD, HOPOJIZKEHUX OJI0YHU-
MH MaTpuigMu tuny fkobi BigmoBiaHux iiic-
Hiil [BOBUMIpHIiil po6aemi MoMenTiB B 6, 9].

IMoniepeani Bimomocri. /liiicua a1BoBUMIp-
Ha MpobjieMa MOMEHTIB IIOJIATAE Yy IOMIYKY
YMOB JJTd 33J]aHOI TBOIHIEKCHOI MOCJIiTOBHOCTI
{Smmn}, m,n € Ny aificiux ducen Tax, abu ic-
nysaJsia Mipa dp(z,y) ua aificniil miomuuni R?)
i3 sIKO1I0 6 BUKOHYBAJIUCS PIBHOCTI

Smn = /Imyndp(a:ay)a m,n € NO- (1)

RZ

[ToOym0BU BiAIOBIIHUX MATPHUIb AHAIOTIY-
Hi JI0 3BUYARHOIO OJIHOBUMIPHOIO BunaKy |1].
AJte 3amMicTh 3BUYAtHOrO TIPOCTOPY lo OEpeTHCsT
pOCTip

IQZHO@Hl@HQ@"'y Hn:(cn-‘rla

neNy, L3 f=()Ze DIl < oo
n=0

(2)
BexTop , 3 mpoctopy H, = C"'' mae
BULJIAT, Ty, = (L0, o5 T )- LIS KOXKHOTO (v €
{0, ...,n}, 9uCa0 T € KOOPAUHATOIO OAUCHO-
ro BeKTopa Op.q = (0,...,0,1,0,...,0) € H,, € L5
(OAMHWI 3aHAXOIUTHCSA HA Q-My MicTi), 0y =
do.0 = (1). Y3aranpbuenns 3BuuaifHol MaTpUIL
$Ik00i1 BiIIOBITHOT KJIACHIHINA IPOoOIeMi MOMEH-
tiB ['amOyprepa nabyBae Burjisijly napu 06Jio4-
HUX MaTPHIb:

bg Co 0O 0 O
Qo bl C1 0 O
JA = 0 aq b2 Co O --- ) (3)
ap  Hp — Hpv1, bp: Hy — Hy,
cn Hpe1 — Hny,  n € Ny;
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Wy Yo 0 0 O
Ug W1 V1 0 O
JB = 0 Uy Wy Uy 0o --- ) (4)

Wy : Hy — Hy,
nENO

Up @ Hy — Hpt1,

Matpuni (3) i (4) ma bimirtHEX BeKTOpax
Iz, C 1y 3agarors aBa oneparopu

L Dl > f — Jaf = ((Jaf)n)nto C Lo,
(JAf)n = Cln—lfn—l + bnfn + Cn.fn—i—l;
12 D) lﬁn > f — JBf = ((JBf)n>zo:0 C 12,

(JBf)n = unflfnfl + wnfn + UnfnJrl;

()
Jie Ui 3pydHocTi nokaamaerbea f_1 = 0. bes
BTpaTu 3araJjibHocTi, marpuni J4, Jp Ta Bij-
MOBITHI OMTepaTopy MO3HAYNMO TUMU i CAMUMU
cuMBosiaMu J4 1 Jp.

Hauti, jis i€l podoTH, TPUIYyCTUMO, IO Iii
MaTpHIl MalOTh OCOOJUBY BHYTPINIHIO CTPYK-
Typy. A came, maTpumni a, i ¢, MalOTb IEBHY
dopMy Ta iXx Koedilli€eHTH 3a/I0BOJIbHSAIOTH Jie-
K1 BJIACTUBOCTI:

'a,n;o,() * * *
an;170 * * *
. 0 ap;2,1 * * .
a//)’L - . . . . n+27
B 0 0 0 an;n.-q—l,n
NG
~~
n+1
-Cn;O,O Cn;0,1 0 0 0
* ¥ Cpil,2 e 0 0
Cp = : : o : : n+1;
* * * Cnin—1,n 0
L * * * * Cnin,n+1
Vv
n+2
;1,05 Ani2,15 - - - Ansng1,n > 0,
Cni0.15Cni125 -+ > Cumont1 > 0, m € No.

(6)
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— Un, 0,0 * * *
0 wup;1 * *
Uy = : n+2;
0 0 O Unin,n
- 0 0 0 0
NS
~~
n+1
Un;0,0 0 0 0 0
¥ Un:l,1 0 0 O
Uy = : n+1;
* * Unin—1,n—1 0 O
| * * * Unin,n 0
~ vV
n-+2
un;0,0a un;l,l; cooy Unnn > 07
Un;0,05 Un;1,15 - - + s Unsnyn > O; n e NO-

(7)

Y dbopmynax (3) i (4) 6a0ku by, 1 w, € cumver-
puaaumu (n+ 1) X (n+ 1)-marpungmu n € Ny.
OckiibKu, B3araji, MoBa e PO CHMET-

PUYHI MaTpUll, TO dp:, 3 CniBy 0 =
0,1,.,n, 8=0,1,..,.n+1,n € Niuyap =
Ungas B=0,1,...,n,a=0,1,...,n+1, ne N

Jia mogaibmuxX JIOCHiIKeHb MPUITYCTUMO,
1o rerepoBani Bupaszamu (3) i (4) omeparopu €
OOMEKEeHUMH CAMOCIIPSIZKEHUMHI 1 KOMYTYIOTh Y
CTPOrOMY PE30JIbBEHTHOMY CEHCI.

Y Takomy (IBOBUMIpHOMY) BHMAJIKY, y3a-
rajbHeni Biacui Bekropu P(z,y) [2] mators
Buriis nocainosuocti P(z,y) = Po(z,9)2%,,
ne V(z,y) € R?, P,(x,y) € H, € BeKTOp, KO-
edilieHTn FKOTO € MOJIHOMHU N-TO HOPLAJIKY 3a
3MIHHEMHE T Ta Y. A came:

Pu(z,y) = (Puo(®,y), Poa (2, 9), -« s Pan(2,y)
(8)

ne P, o — niniiina xkoMmbinamia exeMenTiB

D2 eyt 2

n—aya’ e

(9)
aag o = 0,...,n. [ominomn (8) € po3s’a3kamu
CHUCTEMU JIBOX PI3HUIEBUX PIBHSHD

0,0. 0,1 .1 0.
Ty, TY,ryY,

o,n .1 n—1
ry ,ry ) L

JAP(zay) :l’P(l‘,y), ']BP(xay) :yp(a:ay)
(10)

KopoTko 3ayBakumo, Ik yTBOPHJINCS MaT-
puri (3) i (4) i3 BracTuBoctamu (6) i (7). Bruep-
e Taki MaTpuii Oyau MmodymaoBaHi B poboTax

),

2016, 2

43

Bulletin of Taras Shevchenko
National University of Kyiv
Series: Phusics€Mathematics

[5, 10]. Hdus wobynosu P,(z,y) mpoBoauThCs
oproronaJizamisa 3a [[Ivigrom cucremu z"y™
m,n € Ny BITHOCHO CKaJISIPHOTO JIOOYTKY TIPO-
cropy Ly = Lo(R?,dp(z,y)) dyskmiii inTerpo-
BaHUX i3 KBajpaToM Ha R? BimHOCcHO Mipu Bo-
pesst dp(z,y). punyckaerbes, mo dbyHKIil

(11)

€ THIHHO He3aIeKHUMU 1 YTBOPIOIOTH TOTATbHY
MHOXKHUHY B Lg. To6TO, BAKOPUCTOBYIOUYHU TOPSi-
JIOK:

R? 5 (z,y) — 2™y", m,n € Ny,

0,2 1,1 2,0, .
Ty ,ry,ry; cee
n, 0.
’xy’

xoyo; 20yt zley0;
l’ y :L,lyn 1

(12)

y IKOCTI pe3yJabTaTy, OTPUMYETHCS CUCTEMA Op-

TOTOHAJBHUX TOIHOMIB, TOJAHUX Y BUIJISII

TAOJIHIL:

FPoo(z,y);

Pio(z,y), Pual(z,y);

Poo(z,y), Pui(z,y), Papa(z,y); ;

Pro(,y), Pua(z,y), Pua(z,y), .. o, Pun(, (y))
13

Koxnwuit panok B (13) — ne Bextop P, (z,y
sKuii € pos3s’s3kom cucremu (10).

JI7Isi  MOfadIbInoro  3amucy  epeTBOPEHHSI
®Dyp’e, 3anuniemMo ckajgsgpHuit 100yToK: Vf, €
H,, n €Ny

(fm Pn<x y))?—ln = fn;OPn;0($7 y) + fn;an;1<x7y)
-+ fn;nPn;n<x> y)v

ae  fna KOODJMHATH BeKTOpa  fi,
0,1,...,n, ko >0.

Teopema 1 [9]. Hexat Ja i Jp 0dsi 6aouni
cumempuuni mampuyi (3) i (4) 3 ymosamu
na aoku (koediyienmu) (6) i (7) eidnosiono.
IIpunycmumo, wo ui Mampuyi nopoodrcyoms
0OMENHCENT CAMOCTPANCEHT KOMYMYIOUL ONepa-
Mopu NICAA 3AMUKGHHA 3G HENEPEPEHICTNIO 6
npocmopi 1s.

Todi nepemesopenns QPyp’e 3a yzazasvorenu-
MU BAACHUMUY 8eKmMopamu onepamopie Ja i Jg
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MAE GUAAO:

12 D) lﬁn > f
Y Pua(@,9) fua € Lao(R?, dp(x,y)) = Lo.
n=0 a=0 (14)

de dp(zx,y) — cnexkmpasvha mipa onepamopie
Ja i Jo. B (14) P(ny) = (Pua(ty))ie ©
Y3G2AN0HEHUM BAACHUM BEKMOPOM NAPU ONe-
pamopie Ja i Jg. Tym P,(x,y) € eexmop, xoe-
Piruiernmu AK020 NONHOMUY 30 3BMIHHUMU T 1 Y
suzandy (13).

Iican 3aMmuKarms 3a HenepepeHicmio, one-
pamop (14) e ynimapnum 3 ly 6 Ly. Obpasu
onepamopis Ja i Jg € onepamopamu MHOMCEH-
HA Ha T 1Y 6 Lo.

Pisnicmo Ilapcesans mae sueasnd: Vf, g €

b:/?mwmx
J

(ateoh = [ ofe )i m o). (15

RQ

Unt.on = [

]RQ

1ﬁn

y)dp(z,y),

yf(z,y)g(z,y) dp(z,y).

IHonimomu Ppo(z,y), n € N, a = 0,...,n @
Poo = 1 ymeoproroms opmonopmosany cucme-
My 6 Lo y cenci:

J k
// Z P)jfi(xv y)fj;i Z Pk;l(x, y)fTJ
R2 =1 i=l
= 0k (f5, 9r)n;

de Vf; € H;, Vgr € Hk, 5,k € NO Mam—
Jp = (Qj,k)ﬁ:o, qjk = (qgkag)aﬁ —0 szdnoe—
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A0I0MBCA 30 HOPMYAAMU:
Pikias = (JaOk; 65,01,

://ﬂ%JEaﬂaaw@@wx

R2

(16)
Gk, = (JBOKB, 0j.0)1,
= // YPrs(x,y) Pz, y)dp(x, y),
]R2
mym nepenosnaueno b, = pji, ¢, = Djjt+1,

n = Pj+1,5 * Wn = G5, Un = Gjj+1, Un = Qj4+1,5,
J € Np.
PiBaguna Jlakca gag  6J09HEHX

AKOOI€EBIX MaTpUIb BiAHOBIAHUX milicHii
ABOBHUMIipHilT mpobjsiemi momenTiB. Hexaii
L, ta L, — marpuni Tuny (3) i (4) 3 ymoBamn
(6) i (7) Bignosigwo. Ipunycrumo, mo ix ese-
MEHTH HellepepBHO audepeHIiiioBHi 3a/exKaTh
Bix 3minnoi ¢, t € [0,T), T < oo: L, = L,(t) Ta
L, = L,(t). Posrnanemo takox fesxi MaTpui
A = (djx)5%=0 1@ B = (gjk)7%=0> €1€MeHTH
SIKMX TeXK HeIlepepBHO 3aJjie’kaTh Bij Tiel XK
sminuol t: djj = dji(t), gjk = gjx(t) BUTISIY
(3) i (4) (ame ki He 0GOB'A3KOBO MAIOTh BJla-
crusocti (6) i (7) abo B3arasi He € cumeTpmd-
uumu). Posruisinemo cucremy piBusinnb Jlakca:

L, =
Ly

[L.A] = L,A— AL,, (17)
=|[L,B] = L,B— BL,.
Tyt nobyrkm Osounux marpunb L, A, AL,,
L,B ta BL, BusHa4eni 3BUMaiiHIM IUHOM.
fAxmo B piBnocrsax (17) marpuni A(t) Ta
B(t) BBazkarn bikCOBAHUME MATPHISIME KOe-
dimienTiB, TO I PIBHOCTI MOKHA BBarKaTH SK
cucTeMy JiHIHUX audepeHniaTbHUX PiBHIHD
LEePILOrO HOPSIKY BiIHOCHO HeBigomux L, (t) Ta
L,(t),te[0,T].

Bunumemo cucremy piBgHb Jlakca y
BUIJISI/II CUCTEMH PIBHSIHDb JIJIS €JIEMEHTIB MaT-
punp y Bunazky, skmo L,(t) ta L,(t) maors
0JI0UHY STKODIEBY CTPYKTYPY, MOTIOHY 10 CTPYK-
Typu MaTpuib (3) Ta (4).
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ITepenosnaunmo:
Bo(t) vo(t) 0() 0 0 -
ao(t) B1(t) )y 0 0 -
L) = | " 20 B0 e 7| as)

ai(t) B2(t) y2(t)

an(t) : Hy — Hpya,
’Vn(t) t Hpr1 — Ha,

Bn(t) : Hpy —> Hnp,
n € Np;

wo(t) Oo(t) O 0
T0(t) wi(t) 61(t) O

0 ..
0 ..
= 0 m (t) UJQ(t) 92(t) 0

Ly (1) ;- (19)

Tn(t) : Hn — Hn—f—l;
en(t) : Hn+1 — %TM

wn(t) : Hy — Hn,
n e No.

Baoku au,, By Yus Tny Wn, Ta 0, 3a10BOJTBHIIOTH
Bracruocrti (6) i (7). Ilokmagemo A ta B Tak,
o 1X OJIOKH He O0OOB‘I3KOBO 3aJ0BOJILHIIOTD
ymou (6) i (7).

s minpaxynky komyraropis [A(t), L, (t)]
ta [B(t), L, (t)] Bumuimemo Binnosinmi dopmynn
(B HOJATIBIIIOMY BCIOJU €JIEMEHTH 3 BiJI'€MHUMHE
HJIEKCAME BBAYKATUMYThCsl PIBHUME HYJIIO):

b‘
IJ>

n—2n — Cn—2"n-1,
n—1n — bn 1Vn—1 + cne 16717
nn — An—17Yn—1 + bnﬁn + CnQip,

n+ln — a'nﬁn + bn+1an7

8 8

8

e N N N N N N N e

2 A)
)
)
)
Jn+2n
)
)
)
)
)

L A

L,A

LA

LA = Upy1Qp, (20)
LyB n—2,n — Up—20p_2,

LyB)p_1n = Wp_10p_1 + Up_1Wp,

LyB)yn = tn_10p_1 + wpwy + 0,7y,
LyB)ni1n = UnWn + Wyy1Th,

LyB)nton = Unt1Tn, VN € Ny,

Hna (AL,) ta (BL,) BUKOHYIOTbCS aHAIOTIUHI
dbopmynn 3 3aminoro aj, bj, ¢; Ha o, B;, V5 i
vj, W, uj HA T;, wj, 0;. [lopiBHIOIOYM eeMenTn
B mpapiil Ta JiBiii YacTUHAX BIANOBIAHUX PIiB-
HsHb B cucteMi (17) i kopucrywounch Gopmy-
namu (20), oTpuMaeMo cucteMy piBHSAHB Jlakca
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(17) B “kKOOpAMHATHOMY” BHIJIsI/Ii:

0= CnVYnt+1 — TnCni1,
;L = bnf)/n + CnﬁnJrl - 5ncn - ’ann%»l;
/87,1 = ap-1Yn-1+ bnﬂn + Cptpy — Qp_1Cp_1

- 6nbn — Tnln,
= anﬁn + anrlan -

0= Ap410p — Opy10y

/

«

n

Oénbn - 5n+1an7

0= Unen—i-l - gnvn—l—lu

9; = wnen + UpWp 1 — WpUp — enwn+17
w;l = Un—len—l + wpwy + Unen — Tpn—1Un—1
— WpWp — enum
T = UpWp + Wyt 1Tn — TnWpy — Wnt1Un,
0= Un+1Tn — Tp+1Un
(21)

Enementu marpuns (18) ta (19) takox 6ymemo
BBa:KaTH PIBHOMIpHO oOMexkeHuMH 1m0 n € Ny
ta t € [0,7]. Tomy BoHE HOPO/KYIOTH B 1y 00-
MeyKeHi OmepaTropu, /i AKUX MH 30eperkeMo
nosnavenua L, ta L,. Oneparopu L, Ta L, Oy-
nyTh caabo wenepepsaumu 1o ¢ € [0, 7.

Anajsior ¢dyukuii Beitas aas goBumipHOT
JIIICHOT TTPOOJIeMU MOMEHTIB BU3HAUYUMO TAKOIO
Teopemoro [9]:

Teopema 2 Hexati J, i J, — 6a0uni mampu-
ut muny robi, axi nopodacyromv 6 ly 06-
MEICEHT KOMYMYIOUL CAMOCTPANCEHT 0NEPAMO-
pu. Hezati R, = R,..(t) = (L.(t) — z1)7' 4
R, = R,,.,(t) = (Ly(t) — 22)~! — iz pesoaveen-
mu (Imz; #0, i =1,2). Todi ¢ynruia

M : M ,21,2:27 (R (50,R (50)
// e

21,20 € C\ R. odnosnauno eusnauae cnek-
MPAnvHy MIPY YUT ONEPaImopie.

[Ipoandepentiitoemo M 1o t. Tomi

M' = (R.,6o, Rydo), + (Rubo, R0o)1,.  (23)
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He Bazkko 3po3ymiru, 110 3 (17) orpumaersb-
ca:

R, = R,A— AR,,
R, = R,B - BR,.
[Tigcrasumo (23) B (24):

(24)

M’ = (RyAdy, Rybo)i, — (ARu00, Ry,
+ (Ru0, RyBoo), — (Raebo, BR,00)1,
= (RyASo, Ry0o)1, + (Ru6o, Ry Bdo),
— ((A+ B*)Ry60, Ry00)1,.

CKOpI/ICTaGMOCH KOMyTaTI/IBHI/IMI/I BJIACTUBOCTA-
vm R, ta R, Ta mokmagemo A = —B*:

M'" = (R, (0obo + 01¢0), R 601, — (Rz60,
Ry (—body — agd1)1, = bo(Rz00, Rydo)1,
+ (R2¢0,0,0010, Ry0o)1, + (RuCo:0,1011, Rydo)1,
- bO(Rm507 Ry50)12 - aO;O,O(Rm(;Oa Ry510)12
- aO;O,l(Rx607 Ry511)12 = (00;0,0 - ao;o,o)
(R400, Ryd10)1, + (c0.01 — @0:0.1) (R0, Ryd11)1,-
(25)
ITpunycTumMo J01aTKOBO .01 = do0,1 = 0. Tomi

M'" = (co,00 — a0.0.0)(Rzd0, Ryo10)1,-  (26)

TakuM 9uHOM JI0Be/IeHA TaKa JieMa.

Jlema 1 Jlaa dynwuii M euzandy (22) i one-
pamopie A i B, maxux wo A= —B* i cyo1 =
apo1 = 0, sukonyemoca pisnicmo (26).

BanumeMo YOTHPH OYEeBU/IHI TOTOXKHOCTI,
IO Bi/IMOBITIAIOTH KOXKHOMY PIBHSIHHIO CHCTe-
MH, HPHILYCKAIOUH Q.00 = 0, B0 = 0, Br01 =
0, 0,00 = 0, 7100 = 0, Y1510 = 0, 71,1 = 0 arat
marpuni L, ta wy;10 = 0, wionp = 0, 01,10 =0
JUIsE MaTpuIti Ly, :

1 = (60, 00)1, = (Ry(Ly — 21)d0, Ry(Ly — 22)00)1,
= (R{(Bo0,0 — 21)00 + Y0:0,1011}, Ry { (woy0,0—
22)(50 + 90;0,0510})12 (50;0,0 - Zl)(wo;o,o - Zz)
(Rz00, Rydo)1, + (Bo0,0 — 21)000,0(Redo, Fyd10)1,
+ Y0.01 (Wo,01 — 22) (Ry011, Rydoh,

+ 70:0.100:0,0(R2011, Ryd10)1,,

(27)
46

2016,

Bulletin of Taras Shevchenko
National University of Kyiv
2 Series: Phusics€éMathematics

0= (5107 50)12 = (Rx(Lx - 21)510, Ry(Ly - 22)50)12
= (Rx{(ﬁno,o - 21)510 + 71;0,1511}, {(wo;o,o - 22)50
+ 00:0,0010 )1, = (Wo0,0 — 22)(B1;00 — 21)

(Rx5107 Ry5o)12 + (Wo;o,o - 22)71;0,1(Rx521, Ry50)12
+ 60.0,0(B1:00 — 21) (Rd10, Ryd10)1,

+ 00,0,071:0,1 (Rz621, Ryd10)1,,

(28)
1 = (09, 60)1, = (ReRy(Ly — 22)(Ly — 21)00, 001,
= (R Ry(Ly — 22){(Bo,0,0 — 21)d0 + 700,011}, do)1,
= (R Ry ((Boo,0 — 21){ (wo0,0 — 22)d0 + Oo,0,0010}
+ ’Yo;o,l{(wl;l,l - 22)511 + ’70;0,191;1,1521)}, 50)12
= (50;0,0 - Zl)(w1;1,1 - Zz)(Rny(So, do)1,
+ (Bo:0,0 — 21)00:0,0( Rz Ryd10, 001,
+ V0,01 (w111 — 22) (R Ryd11, 901,
+ 70:0,1 (01;1,1 (R Ryd21, 00)1,

(29)
0 = (d0,010)1, = (RaRy(Ly — 22)(Ly — 21)d0, 010)1,
= (RyRy(Ly — 22){(Bo;0,0 — 21)d0 + Y0:0,1011 }, 010)1,
= (RyRy((Bo0,0 — 21){(wos0,0 — 22)d0 + o,0,0010}
+ 70;0,1{@)1;1,1 - 22)511 + 70;0,191;1,1521)}7 510)12
= (50;0,0 - 21)(w1;1,1 - 22)(Rny50, 50)12
+ (Bo:0,0 — 21)00,0,0( Rz Ry610, 910)1,
+ Y0.01 (Wo.0,0 — 22) (R Ryd11, do)h,
+ 70,01 (01,11 (R Ryd21, 010)1, -
(30)
Poss‘s3yioun cucremy pisasiab (27)-(30), or-
PUMAEMO:

1 = (Bojo,0 — 21)(wos0,0 — 22) (Rebo, Rydo) (31)

+ (Bo;0,0 — 21)80,0,0(Rz00, Ry10)-
IIpn po3B‘s3aHHI NPHUITyCKAIOCh, MO (100 =
Bo:00 Ta BpPaxOBaHO pPIBHICTB 71.0.160.0,0
Y0.0,101;1,1, AKa € HaCJLIKOM KOMYTaTHBHOCTI
marpunb L, Ta L.

Bupasumo 3 (31) (R,00, Ry010) i miacrasumo
iioro B (25):

M = (Co;o,o—ao;o,o)(1—(50;0,0—Z1)(wo;o,o—zz)M)-
(32)

TakuM YMHOM HOBeJeHa TaKa JieMa.
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Jlema 2 Ilpunycmumo, uo y mampuyo L, ma
L

Yy
Q0,0 = 51;1,0 = ﬁl;og = 70;0,0 = 71;0,0 = 71;1,0
= Y1511 =0,

51;0,0 = 50;0,07

Wi;1,0 = W10,1 = 91;1,0 =0,
W1,0,0 7’é Wi;1,1
(33)
a oas mampuuv A i B eukonyromves maki
YMOBU:

A=-B", C050,0 7 A00,1-
(34)
Todi ¢pynruis M euzandy (22) sadososvse

pieHanma (32).

C0;0,1 = @0;0,1 = 0,

Hacmigkom Jlemn 1 1 Jlemu 2 € Taka Teope-
Ma.

Teopema 3 Hexatl sadana cucmema (21), de
a1 =71 =17_1=0_1=0. Hezati maroorc ic-
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nye po3s‘asor an(t), Bu(t), Yu(t), (1), wa(t),
0,.(t), n — oo sadawi Kowi dasn uiei cucme-
mu marud, wo mampuyi (18) ma (19) nopoo-
ACYI0OMb 0OMENHCEHT CAMOCTUDANCENT KOMYMYI0-
wi onepamopu 6 npocmopi ly, daa axuz euxo-
nyromues ymosu (33), 3 woedivienmamu A ma
B, daa axuzx surynyromocsa ymosu (34). Todi
uetl po3e‘a3ok GIOHOBAOEMDBCA 34 00NOMO2010
dopmya muny (16), 6 axuz cnexmpanvra mipa
dp(x,y,t) snaxodumovca 3a NOwaMK08010 CNEk-
mpaavroto mipoto dp(x,y,0) 3a maxoro npouye-
dyporo:

pose‘azamu 3adavwy Kowi daa pienanHs
(32) iz nowamxosumu ymosamu Mz, z2,0),
ake snarodumovca 3a dp(x,y,0) 3 (22);

anatidena gynkuia M(zq, z9,t), 21,29 € C,
t € [0,T] odnosnauno eusnauae mipy 32i0Ho
Teopemu 2.

Asrop Baguna Kamoxkaomy O.0. 3a moctanoBky 3ajadi.
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B pobomi npusoosamuvcs oughepenyianvui onepamopu, sKi nepegoosims 008iibHI (YYHKYIL 8 pecyisapHi
PO38’A3KU PIGHAHHS 2INepOONiYHO20 MUNY OpY2020 NOPAOKY ma imepamusHo2o pieHanusa. B 000x eunaoxax
po38’azana 3a0aua Kowi 6 3amxHymitl ¢hopmi.

Knrouosi cnosa: piensinns cinepboniynozo muny ,0upepenyianvhi onepamopu, 3a0ava Kowti.

Partial differential equations and their iterations play an important role in the approximation theory,
mapping theory, in mathematical physics problems that are associated with vibration phenomena as well as
in many other practical problems of Applied Mathematics. Building of differential operators, that determine
the hyperbolic and elliptic type equations solutions, as well as the hyperbolic and elliptic type equations
systems solutions, is, according to the authors, one of the most attractive methods for solving such problems.

A method for obtaining solutions of the second and higher-order hyperbolic equation by the differential
operator is proposed, i.e. any function of one variable and its derivatives is reflected by differential operator
in a regular solution of the equation. Also a differential operator, that converts arbitrary function in a
regular solution of the iterative equation, is built. Necessary and sufficient conditions are established, when
the differential operator uniquely determine the regular solutions of the second-order hyperbolic equation
and iterative equation. In both cases, as an example, Cauchy problem is solved in a closed form.

Key Words: hyperbolic equation, differential operator, Cauchy problem

CratTio npencrasus 1.¢.-M.H., mpod. Xycainos .51

w,, + A(x,y)w, + B(x,y)w=0 (1)

Judepennianpai  piBHIHHA B~ YaCTHHHUX X 5 5
HOXITHMX,IO0 MIiCTATh audepeHmiansHi omepatopu A€ AeC (D),BeC'(D),DcR’, a TtaKkox
o" Oyayerbest nudepenmianbuuii oneparop Y v(x,y),
Burmsiyy D =—— ta ix iTepauii, .. N
ox,0x, ... 0x,, 0 TEPEBOAUTH JOBUIbHI (PYHKIII B perymspHUit

BiJrpaloTh BAXKJIMBY POJb B TEOpii ampoKCHMAIlii,
Teopii BimoOpakeHb, B 3ajJayax MaTEMaTHYHOL
¢i3uKy, OB’ sA3aHUX 3 SBHUILAMHU BiOparii.

OpmHuM 13 METOAIB PO3B’SA3YBaHHS TaKHX
PIBHSIHB € CTBOpPEHH: TU(epeHIIaTbHUX ONepaTopis,
10 BU3HAYAIOTh PO3B’S30K PIBHSHB TiMepOONIIYHOTO
abo emiNTUYHOrO THIIB, a TaKoX CHCTEM
rinepOOIIYHOrO Ta eMiNTHYHOrO TUIty [1-4] .

B nawniii poGoti OyayroTbes audepeHLianbHi
onepatopu Kg(x),Lf (y), siki mepeBosITh AOBLIbHI
¢yHKUIl OAHIET He3aJeXHOI 3MIHHOI B PperyispHi
PO3B’SI3KH PiBHSHHS

© Anekcangposuu .M., Mononuos O.1., 2016

PO3B’SI30K 1ITEpOBAHOTO PIBHSIHHS

" o* k (o o))
Y 'w= + ——— || w=0,
oxoy 2(x—-y)\oy ox

meN,EeZ
2

)

Hudepeniianpuuii oneparop Kg(x), 1o BH3HAYA€E
PO3B’SI30K PiBHSIHHS
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Lmme )
p(x)-y(y)

Xy

, 3
D'
(0 =y ()
ne @(x),y(y) - OyHKIil, [0 3aJ0BOJBHSIOTH

ysosy (PG =y (M) Cow'(») # 0
n,meNU {0}, IIyKaTUMEMO Y BUTJISI

Kg(x)=Y ca"*(x,)g" )., @
k=0
ne c,eR,c,#20,c,=1,a(x,y) - HeBinoma

¢byHkuis, BigMminHa Big Hymsa, g(x)- JI0oBiTbHA

(GyHKLIS, ZOCTaTHE YUCIIO pa3iB IudepeHiiioBana B
obmacri D .

{06 3uaiitu koediuientu ¢, , k =0,n—1 i
¢yskuito a(x,y) ,00epKyeEMO HACTYIHY CHCTEMY
PIBHSHB:

c {(n — k)a"’k’laxy +(n—k)(n—k- l)a"’k’zaxay +
L me )
P(x) =y (y)
L+ D EWO)
(P -y ()

+¢(n+1-k)a""a, =0, k=0,n-1

a, +

©)

__nm+De'CwW' )
CIORZ60)

3a dhopmynamu (5),(6) Mmaemo

_(m+1Dg'(x)

P -y ()

k(n—k+1+m)

C = C .
(n—k+D(m+1)

3a nonomororo (8), BpaxoBytour, mo ¢, =1,

(6)

a(x,y) = ™

(8)

OJIEPIKYEMO

(o MnD,, o
(m+1D)""(n—k)k!

(m+1), , =(m+D)(m+2)..(m+n-k) -

cumBon IToxrammepa. Omke omeparop Kg(x) mae

BUTJIAI

Tyt
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px Hl(m+1) y

Kg(x) =Y (-1)

kl(n—k)!
' n—k (10)
(§0 (x)) 2@ (x)
(p@) -w ()™
i € po3s’sskoM  piBHgHHS  (3), TOOTO

w(x,y) = Kg(x) .
Hudepentianpuuit oneparop Lf(y), saxuit
3),

TaKOX BHU3Ha4Yae po3B ’SI30K piBHSIHHSI

IIYKATHMEMO y BHTIISII
Lf(y) =Y et . ) f (1),
k=0

ne ¢, €R,c,#0,b=>b(x,y)#0, f(y)- noBinbHa

(GyHKITIS.
[MincraBnsaroun mpaBy yactuny (11) B8 (3) i

90),

(11

NPUPIBHIOIOUYM  Koe(illieHTH  TpH

OJICP’)KYEMO CUCTEMY

Ck{(n —k+ l)b2bx + wlf} n
P(x) =y (»)

reln—k=Dbb, )+ (n k)b, +

(12)

+ (}’l - m)(l)’(X) (}’l _ k)bby + n(m + 1)(0’()5)1//’5)’) bZ]: 0’
P(x) -y () () -y (»))
c,=0,k=0,n

=m' ) = myb. = 0.
o(x)—w(y) '

3 piBHsHHSA (13) 3HaXO0AMMO

b(x,y) = AC)
(x) =y (»)
[MincraBmsroun (14) B (12), ogepxyeMo peKypeHTHY

opmyiy st ¢,

(13)

(14)

n+m-—=k+1

15
k—-m-1 (15)

¢, , =kc,

Hexait ¢, =1. Toni

_(m=Dm(n+1)(n+2)
T 2!

n+l
cm—l =—-m
1!
OT1xe MaeMo
|
¢ = (1" ml(n+1),_, .
k!(m—k)!

Ocratouno omnepatop Lf () mae Burisig

g

(16)
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2 o ml(n+1)
Lf (y) =) ()" ——2mk
/() ,Z; ) m—i)
) (17)
(_‘//'(J’))n ' (k)
X A 60
(00 -y ()
i € po3s’sskoM  piBHgHHS  (3),  TOOTO

w(x,y)=Lf(y).
OpnepxaHi pe3ynpTaTd COOPMYIIOEMO HACTYIHOIO
TeopeMOIO.

Teopema Hexaii g(x), f(y)- noBimbHi ¢yHKIi],
JOCTaTHE YUCIO pa3iB nudepeHuiioBani B obmacTi
D . Toxi dpyukiis w(x,y), 0 3a1a€TbCs PIBHICTIO

w(x,y) = Kg(x)+ Lf (y) =
T R ke S (o)
;( ) K(n—k) (p(x) -y (»))

87

(18)

ml(n+1), (‘//'(J’))’H{ £9(y)

Ki(m=k)! (p(x)—y(»))

+ Zm: (=)™

€ po3B’si3koM piBHAHHA (3).
Sk nmpuxian po3rasiHeMo 3anaqy Korri.

B o6nacti D =[a,b]x[a,b] 3Haiitu po3B’s30K
PIBHSHHS
2
w,, + ~w=0, (19)
(x=y)
CIIPaBDKYIOYU YMOBH
W), = al).
ow ow , (20)
L =)
ox ) .

ne a(x)eC? ([a,b]), B(x) e C? ([a,b]) - 3ajaHi
¢yukuii, x —y #0 B obmacri D .

Po3p’si30k  3amaui, 3a dopmymoro (18),
NIYKAEMO Y BUTJISAI

2 :
w(x,p) =———g(x) +g'(x)+
xX=y
) 21)
FO+7')
xX=Yy
3anoBonbHsI04M yMoBaMm (20), MaTHMeMO IIyKaHi

dyuxruii g(x), f(y):

+
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X X t
2(x) =1jﬂ)dz+ljtdzj@dr+
2° ¢ 2 T
o o o

b

1 I 5, 1
+—cpx+—cx" +—c,
2 4 2

RG] y ra)
f(y):E;[tdt;[TdT +E;|.Tdt+

2

Y

+o Loy

1
+CO—+EC'2

[MigcraBnsroun 3HaiAeHi GyHKII B (21), ogepryeMo

po3B’s30k 3amaui (19), (20):

a(x) N a(=y) WX +
2 2 2

w(x,y) =

_j[

-y

yiBwO ,
){ t dt
xty a@ yBO

20x—y) t 2t

[lepexommo

t
LD g ay
X=y; T
10
nudepeHiaTsHOro — ormeparopa

noOynoBU
Y"(x,y) s

BUNIAIKY 2k € Z .

[lepetBoprMO  mudepeHnianbHe PiBHIHHS
k

(2). Hexait w=(x— y)iiv. Marumemo

k k m

@ 2"
Y"v= + ,1)=0, 22
e A
abo

2 m
Yy = 2 +n(n+12 v=0,neN,. (22.1)

oxdy  (x—y)

Hexaii D - oGnacte y BepxHiil MBILIOIIUHI.
PosrnsHemo piBustaEA (22.1) ipu m =1

2
Y= ov n(n+ l)zv
oxoy (x—y)

po3B’s30K sikoro B obmacti D 3a ¢opmynoro (18)
Ma€ BUTJISA

=0, (23)

Y*@n-k)! 1

— Y (_1 (k)
v(xay)_; k'(l’l—k)' ()C—y)nik g ()C)+
DIy ymanre Y AN N

ne g(x), f(») - noBinehi B D QyHKIii.
®opmyny (24) MOXKHA TONATH y BUTIISIL

v(x,y)=K,g(x)+L,f(y), (24.1)
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2016,

o (_1)”71{ (21’1 - k)' 1 ak
K = ’
ac A, ; k'(”l—k)' (x_y)n—k Py
2n—k)! 1 o

L-S

i Kl(n—k)! (x— y)nik ayk '
[Mepexoaumo no piBHsHHS (22.1) ipu m > 2

m—1

i goBememo, mo V(x,y)= Z(x +y)v., ne
i=0

v,=K,g,+L,f.
Jdema. fAxmo v,(x,y) (i =0,m—1) e 2(i +1) pasis

HemepepBHO  IU(EepeHIiHOBaHUMHU  PO3B’sA3KaMU
piasiHHS Y v =0, To QyHKIIs, BU3HAYCHA PIBHICTIO

m—1

v, y) =2 vy +y), m=2 (25
i=0
3a0BOJIbHsIE piBHsHHS V)"V =0
< JloBemeHHA  TPOBEAEMO  METOJOM
MaTeMaTUIHOL IHYKIIIT, [TepeBipumo
CIIPaBEIIMBICTh TBEPUKEHHS st m = 2 . Maemo
2
0’ +1
Y= 4 2 v=0 = (222)
oxdy  (x=y)

BeBHOCGpGI[HBOIO HepeBipKOIO MMCPCKOHAEMOCA, 110
dynxuisn  v(x,y) =v,(x,y) +v(x, ) (x+y), xe
Vi(xa J’) (l = 051)

Y v=0, € poss’si3kom piBHsHHA (22.2). JlilicHO,

3aJ0BOJIBHAIOTH piBHHHHIO
BPaxoBYIOUYH IO
B o nn+1)
"oaxdy  (x-y)

1, (Gr+ ) = <<;xg; ),

Yy, =0,Yy, =0

n(n+1)
(x—y)’

((x + J’)Vl):

ov,

_j+

ox

n(n+1)

(x=y)’

N n(n+1)(x+y)v _
(x—-yy

=—[vl +(x+) (x+ywm =
ly

ov
—L 106T0

ox

L L
oy Ox Oy
oy

YnzVZYn(Y,,(Vo +(X+J’)Vl)):

, MAEMO
X

avl +%

- Y,,(ano + Yn((x"‘J’)Vl)): Yn(g Ox

J:
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:aianl +

Y
Hexait ynxuis

m=2

v(x, )= D (% p)x+ ),

ian1=0.
ox

ne v.(x,y) - po3p’ssox piBEsHHA Y v=0,

3aJI0BOJIbHSIE  PIBHSIHHIO Y””Hv =(0. Ha ocHOBi
LBOr0 MPUIYIIECHHS TOBEAEMO CIPaBEAIUBICTE JIEMU
IUIl HACTYIIHOTO HaTypajlpHOro uucna m. s
LBOTO Oe3nocepenHpoI0 MEePEBIPKOIO
MEepeKOHAEMOCs, IO (YHKIiS, BH3HAUYCHA PIBHICTIO
(25), 3amoBonpHs€E piBHAHHIO (22.1):

m—2

D)+ ) +

i=0

rrv=1, ()= Y,,Y,,"”[

v, () )" )= G+ )" (35, 9)

m=2
TaKk  fK Yn’"l(Z\/i (x, y)(x+ y)’} =0 3a
i=0

MNPpUITYIICHHAM. 3aJUIIMIOCS TOBECTH ,110

Y (x4 )" v, (6,0))=0. (26)
3 MCETOHO CHpOH.[CHHH JOOBECIACHHS ITO3HAYUMO
vV, = v (27)

V(G )= (8 (G ) '9))

Posragaemo

Y, ((x+ )%=
( 0 J((x + y)'”’li)=

Ox0Oy
2 [(m ~D(x+y)" 7V + (x+ y)"! a_vj +
oy ox

Tomi

n(n+1)
(x =)’

=(m-1)(m=2)(x+y)" v +

~ ~

+(m—=1)(x+y)" v, (m—=1)(x+y)" v,
oy ox

L0 n(n+l) e
+(x+ )" +y)"'v = (28
() S TS = 2y
=(x+ )" YT +(m-1)(x+ y)mz(a—v + a—VJ
ox Oy

+(m—1)(m=2)(x+ )"V
PiBHicTh (26) MOBOOMTHCS 3HOBY K TAaKH METOIOM
MatemaTnyHoi iHAyKOii. Ilppg m =1 piBHICTH
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Yv,=0
crpaBeIUBICTh (26) anst m < n , TOOTO

ICTUHA 3a YMOBOIO JICMHU. HpI/IHy'CKa(ZMO

y" ((x + y)”HV) =0,m<n, (29)
3BI1ICH MAEMO
Y ((x+y)'¥)=0,r<n. (30)

MiiicHo,

V(e )= (e )= 00
BukopucroBytoun pisaocti (28) i (30), moBegemo
CrpaBeIMBICTh PiBHOCTI (26) anst m .

v (e 9)5)=

=(m-— l)Yn”‘{(x + y)m{g—: + Z—;D +

+(m=D(m-2)r" (x+ )" %)=0
Jlema noBeaeHa. >
Pe3zynbratn
TEOPEMOIO.
Teopema. a) [lns BCAKOrO pO3B’A3KY PiBHSHHS

cOpPMYIIOEMO  HACTYITHOIO

(22.1) Y"v=0,m =2 3maiinytecss B obmacti D
bynxuii g;(x), f;(v) Taxi, mo

m—1

vx,0) =Y. (x+3) (K, +L,f)

i=0

(€2))

6) HaBmaku. Sxmo g,(x),f,(y) - noBimbHi

B D ¢yHKUii, TOTpiOHE  uyMCIO  pasiB
mudepenuiioBani, To (31) € po3B’A3KOM piBHSIHHS
(22.1)s D.

3acrocyemo dhopmyiy 31) hi(s)

po3B’si3yBaHHs 3aa4i Ko i1 piBHIHHS

) 2
Yiv= 0 + 2 - | v=0. (32)
xoy  (x—y)

3amaua Kowi. Hexait D - kBampar [a,b]x[a,b].

3Haiitu B obmacti D po3’s30k piBHsAHHA (32),
CTIPaBIKYIOYH YMOBH:

v, = o)

0 O
oy (%), = ap(x);
2
o o (33)
oy v p), = os(x);
3
o 0
aJF 5 V(X,J/)|y=,x = a,(x),
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ZZ(x) IS C4([a,b]), a,(x)eC ([a,b]),
o,(x) e Cz([a,b]), a,(x)e C([a,b]).

BBaskatimemo Takox, mo x — ) # 0 B obmacti D .

Po3B’s30k 3amaui mykaemMo 3a (GopMyIIor0
(31) 3 ypaxyBanuam (24.1) y surmsiai

v(x,y) = —ﬁ g(x) +g'(x) +

2
xX=y

+

FO)+ )+

5 (34)

+(x+ p)(———g (x)+ g(x)+
x—y

+

2 i)+ fl’(y)}
x—y

3agoBonbHSAIOUM yMOBU (33), Ui 3HAXOKCHHS

dynxuiit g(x),g,(x), f(»), f,(¥) onepxyemo
CUCTEMY PIBHSIHB, PO3B’S30K SIKOT OyJ1e MaTH BHTJIST

xpon®) 17 | ray)
g(X)=EJTdt+EX{T[.[Tdt}dT+

Xo Xo
X xz Cq
+C1§+C7?+E,

& T o~
T a—t T |+
iy

() —%Idé{

S = J.yr[j.@dt}dr +§j@dt +

Xo Xo

2
redie i al

JAGD) =%'[yr[j[@dt}dr —

Xo

17 .7 [ fa.0
_Ejdgjf[.[?dt T+
y e y' oy ¢
+027+33+C4E+055—?6.

Xo
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o RO NN A
l(x) , E (x,y,0) =~ -—— [=de+

a;(x) = o3 (x) + —5— —a/(x), x=y t x-y: &
_ a3(x) al(x) Jla@® x a@) x+y ra(&)

_ N _ t d
() =0, () + 2 =2, +oT ST y{ Ao
4, (x) = a, (x) - 2j [j“‘*( )dz}dw x+yj j“~4(5)d5 gy XEEN GO

% x=yi 5 6& 2 4t
a,(?) X+ a, (&)
+—|dé 2 dt XY (%als)
2o o [0t e UL

To0T0 BUpakaroThcs uepe3 PyHKITii, 3a1aHI YMOBOIO 16,(0) y (g @)
(33). o B (nyn=-2 o= [ [FUS s ldr 4
[MincTaBnsoun 3HaIeH1 ¢byHKLii t =y 6&
g(x),g (), f(WA(¥) y  dopmyny  (34),

oJIepKUMO PO3B’s130k 3anaui Kormri (32), (33):

V(X,J’) = '[El(xayat)dt+ (x+y)'|.E2(xayat)dt+
-y -y

ac

1 1
toa@) o a(=y),
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Poszensaoaromucs 6azamopisnesi onmumizayiiini 3a0ay 3 Jexcukoepa@ivnumu oomexcennsmu. s ix
PO38’A3aHHA 3ANPONOHOBAHO MNIOXI0, WO IPYHMYEMbCS HA GUKOPUCMAHHI 000amuoi JIHIIHOI 320pmKu
CKIA008UX JleKcuKoepagiunux obmediceHv. Posenadarombca makodic 3adaui onmumizayii, wo micmame
JIEKCUKOSPAIUHI  0OMEJICEHH 3 AIbMePHAMUGHUMU  CKAadosumy. Jns ix  po3e’sa3anHs  maxodic
3aNPONOHOBAHO NIOXIO0, WO [PYHMYEMbCA HA BUKOPUCMARHI 000AMHOI 320PMKU CKIA00BUX.

Knmiouosi cnosa:  3adaui  nputinamms  piuieHb,  TeKCUKOSPADIUHI  0OMEdNCeHHs,  ANbMEPHAMUBHI
00MedHCeHHs.

Multilevel optimization problems are considered. These problems contain lexicographic constraints
which consist of ranked linear constraints (some of them can be alternative). The approach of reducing
lexicographic constraints to scalar constraints is proposed. This approach is based on a linear convolution
of particular constraints of the lexicographic constraint. So on contrary to approaches which base on
replacement of the lexicographic constraints with system of scalar constraints our approach allows not to
increase number of inequalities of feasible set. It allows not to change the structure of some specific
problems (such a knapsack problems and others) and allows to apply the most appropriate methods of their
solving. Also optimization problems are considered, which contain lexicographic constraints with alternative
particular constraints. For solving such problems, the scalarization method is considered and the approach
of reducing such constraints to scalar constraints is proposed. These approaches allow to reduce
lexicographic constraints to scalar constraints. So we can use well known optimization methods and reduce
computational complexity of solving algorithms.

Key Words: decision making problem, lexicographical constraints, alternative constraints.

CratTiO IpeacTaBuB 1.T.H., mpod. Bomomun O.D.

1. Betyn 2) nepie 0OMEKEHHSI BUKOHYETHCS SIK PIBHICT 1
Bararo mnpukiagHUX oONTUMI3AIIMHUX 3ajad B Jpyre OOMEKEHHS BHKOHYETbCS SIK  CTpora
EKOHOMIlli, Teopil PO3KIaaiB Ta iH. MOXKYTh MICTUTH HEPiBHICTB;
TaKk 3BaHi Jekcukorpadiuni odomexenns [1]. Ll
3ajadi  TakoX BUIHOCATH JI0 0araTopiBHEBUX k) momepemni k-1 (1<k<q) oOmexeHb
ontumizamiiaux  3amad  [2].  Jlekcukorpadiuni
OOMEXEHHsS BUHHMKAIOTh SK IPAaBUIO y BHIIAJIKY,
KOJIM pilieHHs npuiimaetsest ( (g >1) excriepramu,

SIKUX TMPOPaHXKOBAaHO 3a iX BaxxnusicTio. KoxeH 3 q) nonepeHHi q—]_ oOMeXKeHb BHKOHYIOTBCS SIK
EKCIIEPTiB BU3HAYAE BIIACHI OOMEKEHHS Ha MHOXKXUHY
JIOMYCTUMUX  albTepHATHB.  BBaxaemo, IO
albTEPHATHBA € MOMYyCTHMOIO TOII 1 TUTBKH TOJI,
KOJIM Ma€ MicCIle OJUH 3 BUMaakiB [1]:

1) mepmie OOMEKEHHS BHUKOHYETHCS SK CTpOTa
HEpPIiBHICTB;

BHKOHYIOTbCS K pPIiBHOCTI 1 K -ToBe OOMe)eHHs
BUKOHYETKCS SIK CTPOTa HEPIBHICTH;

pIBHOCTI 1 (-ToBe OOMEXKEHHS BHKOHYETHCS SIK

CTpOTa HEPiBHICTb.
g+1) yci oOMexeHHsI BHKOHYIOTBCS SIK PIBHOCTI.
BxiroueHHss — JiekcHKorpad)iuHHX ~— OOMEXKEHb
yCKJIamHIOE  Tporiec  po3B’s3aHHA.  OCKiTBKH
BUKOPHUCTAHHS aHAJIOTy CXEMH CKaJspu3aiii yis
OaraTokpuTepianbHUX  3amad  onrTuwmizamii  [1]

©A.IO. Bpuna, ILII. Arrocsk 2016
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MMpU3BOAUTH a0 HEMOKIIUBOCTI 34CTOCYBAaHH

KJIACHYHUX METOJIB PO3B’sI3aHHA OaraThoxX 3ajad
(mampwKmam, 3amadi Mpo PIOK3aK, TPaHCIIOPTHOI
3ajavi Ta iH.). Y poOOTi 3amponoHOBaHO MiIXiJ, 110
TPYHTYEThCSI Ha BHKOPHCTAaHHI JOJATHOI JIiHIKHOL
3TOPTKH OOMexeHb. lle mae MOXIIMBICTH 3BECTH
3ajadyy TO 3BHYAHHOI 3amadyl 3 CKaIApHUMHU
OOMEKEHHSMH 1 3aCTOCYBaTH KJIACHYHI METOIH IS
ix po3p’s3anns. [lomiOHuil miaXig mOCTiKyBaBCcsS y

[3,4] mpu posp’s3anni OyieBoi OGaraTopiBHEBOI
3a7a4i onTUMIi3arlii.
3amaui OIITHMI3allii, SIK1 MICTSTh

nekcukorpadiuai 0OMeXeHHsS 3 allbTePHATUBHUMH
CKJIaJIOBUMH TaKOX BHHUKAIOTh Y BHIQJKY, KOIHU
pimenHs npuiimMaetbess (g >1) excriepramu, SIKHMX

npopamxkoBaHo 3a BaximsicTio [5]. Koxen 3
eKCHepTiB BU3HAYA€ JEKiIbka ajJbTePHATUBHUX
00MEKeHb Ha MHOXKHMHY JOMYCTHMHUX allbTePHATHUB i
BBaXKAa€, IO MNPHWHAWMHI OJHE i3 HUX TOBHHHO
BUKOHYBAaTHUCh. ByJeMo BBakaTH, L0 aJIbTepHATHBA
€ JIOMYCTHUMOIO, SKIIO Ma€ MICIIe OJMH 3 BUIAJIKIB
[1]:

1) omHe 3 oOMeXeHb, 3aNPONOHOBAHUX TIEPIINM
EKCIIEPTOM BHKOHYETHCS K CTPOTa HEPIBHICTB;

2) oxHe 3 OOMEXEHb 3aIlPOIIOHOBAHHX IIEPIINM
€KCIIEPTOM BHKOHYETHCS SIK PIBHICTh 1 OAHE 3
OOMEKEeHb 3alpONOHOBAaHUX JIDYTHM EKCIIEPTOM
BUKOHYETHCS SIK CTPOTa HEPIBHICTS;

K) omHe 3 0OOMeXeHb 3ampONOHOBAHMX | -BUM
(i=12,....k—1) ekcrneproM BHKOHYETBCSH  SIK
PIBHICT, 1 OJHE 13 OOMEKEHb 3alpPOIOHOBAHHMX
K-BHM  eKCIIepTOM  BHKOHYETBCS K  CTpOra
HEPIBHICTH;

0) oaHE 3 OOMEKEHb 3aMpPOINOHOBAHUX | -BUM
(i=12,..,0-1) ekcneproM BHUKOHYETbCS  SIK

piBHICTb 1 OmHE 3 OOMEXKEHb 3alpONOHOBAHUX
(-BUM EKCIIEpTOM BHKOHYETBCS SIK  CTpora
HEPIBHICTH;

g+1) omHe 3 OOMEKEHb 3alPONOHOBAHMX | -BUM
(1=12,..,q) ekcuepToM BHKOHYEThCS SIK PIBHICTb.

AnpTepHaTHBHI OOMEXEHHS OyJI0 IOCHiHKEHO
OarathbMa aBTOpaMu [6,7]. Ajie BOHH HE PO3IIISIAIH
iX SIK 9acTHHY JEeKCHKOTpadiyHUX OOMEXKEHb, SIK 1
3po0seHo y naHiil poOoTi. [HIIMMY clIOBaMu, KOXEH
PiBEHb JIEKCHKOTPa(iuHOrO OOMEKEHHS CKIIQIa€ThCs
3 JIEKITPKOX albTePHATHBHUX OOMEkeHb. Jlims
pO3B’s3aHHA  IIi€l  3amaui  TakokK MOXKe OyTH
3aCTOCOBAaHO MEXaHI3M CXEMHU CKaspw3allii, aje Ie
3HOBY JK TaKW MPH3BOAHWTH JIO HEMOXIHUBOCTI
3aCTOCYBaHHS KJIACHYHUX METOJIB 1 MPHU3BOAUTH /10
3pOCTaHHsl OOYHCIIOBAIBHOI CKIaTHOCTI alrOpUTMY

Bulletin of Taras Shevchenko

National University of Kyiv

Series: Physics & Mathematics
po3B’s3aHHsA. BuKopuCcTaHHS X [TOAATHOI 3TOPTKU
oOMexeHb JO03BOJISIE 3BECTH 3afady 10 3ajadi 3i
CKaJIIPHUMU 00MEKCHHSMH, 1o JI03BOJISIE

CIIPOCTUTH TPOILIEC PO3B’I3aHHA.

Bynemo posrasmatu  3agady MaTeMaTHYHOIO

IporpaMyBaHHS
max(c(x):x e X = Z"), 1)
ae:
LiTb0Ba byHKLisA € CKaJISIPHOIO
c(x):2" > R;
MHOXHHA JOIYCTUMHUX PpO3B’sBKIB X
3a1a€THCS 3a JIOTIOMOT OO
JIEKCHKOTpadiuHuX 00MEKEeHb abo
JeKCUKOTpadiaHnX 00MeKeHb 3

JIBTEPHATUBHUMH OOMEKCHHSIMH.

Pobota mictuth 5 po3aimiB. Y apyromy po3mii
PO3KpUTO 3MICT JeKcuKorpadiyHuXx OOMEKeHb Ta
PO3TISTHYTO NIeSKi MiTXOAH, A0 PO3B’SI3aHHA 331ad 3
JIEKCUKOTpaQiuHUMUA OOMEKEHHAMHU. Y TPETHOMY
PO3ALUT PO3MIISLIAETHCS MiJIX11 IO 3BSACHHS JTIHIHHUX
3ama4y onTtuMizamii 3 JEKCHKOTpadpivHIMU
OoOMeXeHHS N0 JiHIHHAX 3aJad 3 CKAIAPHUMH
00OMEKEHHSIMH, BUKOPUCTOBYIOUM JOJATHY JiHIHHY
3TOPTKY OOMeXeHb. UeTBepTHil po3isl MiCTUTH OITHUC
JIEKCUKOTpapivHUX OOMEKEeHb 3 AIbTEPHATUBHUMHU
OOMEXKEHHSIMH Ta CXeMy CKajspu3amii  aus
pO3B’sI3aHHS  3ajJay  ONTUMI3aIlii 3  TaKUMH
oOMexeHHSIMH. Y T’ SITOMY PO3JIiJIi HaBeeHO Miaxia
o pO3B’sI3aHHS 3a/a4y onTuMizarii 3
aNbTEPHATUBHUMH OOMEKEHHSIMH, L0 IPYHTYETHCS
Ha BUKOPHCTaHHI 10JJaTHOI 3TrOPTKH KPUTEPIiB.

2. Jlekcukorpadiuni oOmexxkeHHsi i meromm
PO3B’si3aHHSA onTHMizamiiiHuX 3agau 3
JIeKCUKOrpagiyHuMM 00MeKeHHSIMU

VY 1poMy po3iii MH KOPOTKO PO3IJISTHEMO 3MICT
JIeKCUKOTrpadiuHuX 00MEKEeHb Ta METOIU
PO3B’sI3aHHS 3a/1a4, [0 MICTATh TaKi OOMEKEHHSI.

2.1. Jlekcukorpadiyni oOMexKeHHS

JlekcukorpadiuHi oOMeXeHHs OyJIO PO3TISTHYTO

Oaratbma aBTopamu [1,3,4]. YV  3arampHOMY,
JIeKCUKoTpadivHi O0OMEKECHHS 32/TAF0THCS
BEKTOPHOIO HEPIBHICTIO
L
9(X;, Xy e X, )<E b, )

ne
g:R" > RY,
9(%)= (9, (x), 92 (%), g4 (x)),
g,(x):R" >R, i=12...q,
beR"Y e Bexropom b:(b,bz,...,bq), i o«<t»

O3Havae, 11 (0]
BHKOPHCTaHHSIM

MOPIBHIOIOTECA 3
JISKCUKOTpa(hiaTHOTrO

BEKTOpH
TIPaBHIT
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nopiBasHHs ~ [1,5]. TobOro  mekcukorpadiuHe
00MeXEeHHS CKIaIaeThes 3 (| 0OMEeKeHb:
9y (X, Xg e X, ) < by
9y (X, Xgerny X, ) < 0y
9q (X, %o, X, ) <D
AnpTepHaTHBA xeR" 3aJI0BOJIBHSIE
JIeKCUKOTpadigHe 0OMEKECHHS 2) SIKITIO
BHUKOHYETHCS OJTHE 13 HACTYITHUX OOMEKEHb:
1) g,(x)<by;
2) g,(x)="h;,
d,(x)<b,;
3) gl(x) =b,
9,(x)=h;,
gs(X)<b;
a) 91(X) =b,,
g,(x)=b;,
gq—l(x) =Dy,
gq(x)<by;
q+1) g;(x)=b;,i=12...q.
Hpuxaan. Posrisaaemo MPUKIIAJ

JIeKCUKorpagiuHoro oomMexxeHHs [ 1]
(=%, + Xy, 2% +X,)<" (1, 2).
I'padiune mpencraBieHHs JEKCHKOTpadiyHOTO
0oOMeKeHHS HaBeJIeHO Ha puc. 1.

2x1+xz=2\
2

/ \ \ X1

Puc. 1. Ilpuknan nexcukorpagiguHoro 0OMexeHHs

2.2. Metoau PO3B’sI3aHHS
JIeKCUKOrpaivyHIMM 00MeKeHHAMH

2.2.1. 3BeneHHst JekcukorpadiuHoro
00MeKeHHS 10 CUCTEMH CKAJISIPHUX 00MeKeHb

ITigxin o 3aMIiHU JIEKCUKOTPpadivHOTO
OOMEKEHHSI CHCTEMOIO CKAISAPHUX OOMEXEHb JIJIsI

3agav 3

Bulletin of Taras Shevchenko
National University of Kyiv
Series: Physics & Mathematics

BUNIAJIKy JUCKPETHOI ab0 YacTKOBO JUCKPETHOI

MHOKHHHU JOTTYCTHMHX PO3B’SI3KiB Oymno
3amporoHoBaHo y [1]. Ame, sk Oymno 3a3HaueHO
padimie, e TNPU3BOAUTH [0  HEMOXKJIMBOCTI

3aCTOCYBaHHS KJIACHYHUX METOIIB O3B’ SI3aHHA
3ama4 OCOOJMBOrO THWITy, TaKMX $K 3afadl Ipo

pIOK3aK, TpaHCIOPTHUX  3aAady, 3agad  Ipo
MaKCUMaJbHUH MOTIK Ta iH. 3 iHIMIOr0 OOKY TaKuit
niaxin JI03BOJISIE 3BECTH 3amadi 3

JEKCUKOTpahiIHUMH OOMESKCHHAMH 10 3amad  3i
CKaIAPHUMH OOMEXEHHSIMH, L0 CHPOIIYE MPOLEC
pO3B’sI3aHHS 3a7a9i.

2.2.2. Cxema ckaasipusanii a8 po3B’si3aHHSA
3a/1a4 3i CKaJASIPHUMH 00MeKeHHIIMH

OueBupHo 3amauy (1) 3 nexcukorpadivHUM
OOMEXEHHSIM MOXHa PO3B’S3aTH BHKOPHCTOBYIOUH
aHAJIOT CXeMH CKaIApHU3aIlil A JeKCUKorpadigHux
OaraTokpuTepiadbHUX 3aaa4d ontumizarii [1,5]. s
cXxeMa cKaJsipu3allii CKIaJaeThes 3 KPOKIB.
Kpoxk 1. 3HaxoquMo onITUMANBHAN PO3B’ 30K 33124l

ofx!) = max(elx): 6,(x)<By). ©
Sxmo 3amava (3) He Mae po3B’s3Ky, TO 1 3amada (1)
He Mae po3p’s3ky [1]. Sxmo ¢, )_(l)< b, abo

gl()_(l)z b, i (3) Mae exuHmii po3B’A30K, TO X' €
po3p’sizkoM  3amadi  (1). B
MePEXOUMO JI0 KPOKY 2.

Kpoxk 2. 3HaxouMo oNITUMAITBHUX PO3B’ 30K 3a/1a4i

o(?)=max(c(x): 6,(x)=by, 0, (x)<b,). (@)

Sxmo gz()_(z)< b, abo gz()_(z)zb2 i (4) mae equHmiA

IHIIOMY  BHIAJIKY

. =2 .
PO3B’s130K, TOAi X° € po3B’si3koM 3anadi (1). [Hakme
MEPEXOIUMO JI0 KPOKY 3.

.R:p.OK g. 3HaXO0IMMO ONTHMAJIHHHN PO3B’ 30K 3a/1adi
c(iq): max(c(x): g,(x)=b;,i =1.2,..,q -1, gq(x)< bq).
OnruManbHui  po3B’sI30K X'

po3B’si3koM 3anaui (1).
Sk 06ayMMO Ha KOXKHOMY KpOII IIi€i cXemu

€ OIITHUMAaJIbHUM

pO3B’si3aHHSI  JIOBOJAUTBHCS ~ JIOJABaTH  JIOJATKOBI
OOMEXEHHs, IO NPHU3BOJAUTH JIO0  3POCTAHHS
00YHCITIOBATILHOT CKJIaJJHOCTI ANTOPUTMY

PO3B’sI3aHHSL.

3. 3BenenHs diHilHOI 3a1a4i onTUMi3amii 3
JIeKcnKorpagiyHnx o0MekeHHs 10 3a1a4qi
onTUMi3amii 3 CKAJISIPHUMH 00MesKeHHAMH

PosrnsuemMo miHifiHYy 3agady onTmMizamii 3
JIEKCUKOTpahiyHUM 00OMEKESHHM
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n
max| c(x)=Y c¢;x; :xeX cDcZ", x;20,j=12,..n |(5)
I

ac:

iTbOBA byHKIis € JHIHHOIO

n
C(X)ZZCJ-XJ— , CjeR, j=12,.,n;

j=1

MHOKHHA  JIOMyCTHMHUX  po3B’si3kiB X
3a1a€TbCA  JHIHHAM  JICKCUKOTpadidHuM
00OMEXCHHSIM

9(X, Xp e X, ) <5 b,

(6)

g :(gli PR gq),
gi(x)zzaijxj' i=12,...q,
i1

3 € R,i=12..,0, j=12,...,n,

beR", b=(b,b,...b,)>0.

Y [8] posrnsmaeTbes MiAXiA 0 PO3B’sA3aHHS
3ama4  JiekcukorpadiyHoi  OaratokpuTepialbHOL
onTUMi3alii, IO TPYHTYETbCS HAa BHUKOPHCTaHHI
JoAaTHOi JiHIMHOI 3ropTku KputepiiB. [lomiOHmi
Mmiaxig OyJ0 BHUKOPUCTAHO AJISL PO3B’SI3aHHS OJHIET
OyneBoi OararopiBHeBoi 3amaui (Multilevel Boolean
Problems) [3,4]. 3acTocyemo aHANOTIYHMI MTiAXi
JUTSL PO3B’si3aHHsI 3a1a4i (5).

Po3rissHEMO MOCTIOBHICTh  JIONATHUX — YHCEI

Uy O, IE Ay € JIOBUIBHUM  JOJATHUM
YHCJIOM, a 1HII YHuciia Q11 Qgg O HOCIIIIOBHO

BHU3HAYEHI 3T'1IHO 3 YMOBOIO
1 q
a, >— > M, r=q-19-2..1; (7)
r k=r+1
ne

M, =supﬂbk—gk(xX:XED},kzz,...,q; (8)

O<p, < inf by —g,(x),r=q-1g-2..1. (9
b+, (x)

Sxmo a;; >0, 10y (8)-(9) MOKHa BUKOpUCTATH

D =X= [ Xy Xy € 270X, <4, = :1,j=1,2,...,n . (10)
1

Bulletin of Taras Shevchenko
National University of Kyiv
Series: Physics & Mathematics

Ile MOXJIHMBO, OCKUIBKHM TMEpIIe OOMEKCHHS Y
neKkcukorpadgivHOMy  oOMekeHHI  000B’SI3KOBO
TIOBUHHO BUKOHYBATUCh. SKio x a, >0, 1o

M, = maxpy b, -0, (d,d;...d, |} k=23...q. (1)

BigmiTuMO, 1m0 y BUNAIKy KOJIM 3MiHHI €

Oynesumu, To d; =1 i

M, = max{o, o, — gy L. 1)} k=23,..q. (12)

Skmo  X;,b,,a; €Z, Tomi y (7), Mu MoxkeMo
BUKOPUCTATH (U1 CIIPOIIECHH)
He =1 (13)

Hexait

G(x)= algl(x)+algl(x)+"'+ang(x)'

B=ab +a,b, +...+ayb,.

Teopema 1. Onmumanvruii po3s ’'a30x 3a0ayi

n
max c(x):chxj :G(x)<B, Xj20,j=12..,n,xeDcz" | ,(14)
-1

€ onmumanbHum po3e azkom 3aoaui ().

Jlosedenns. J1nst NOBEACHHS TEOPEMHU HEOOXIIHO
JIOBECTH, IO JeKcuKorpadiune oOmexeHHs (6) €
€KBIBAJIEHTHUM OOMEXKEHHIO

G(X)<B.

ToO6To mMOTPIOHO JOBECTH, IO BUKOHYIOTHCS
HACTYIHI YMOBHU:

1) sxmo g(x)<" b, 10 G(X)<B;

2) sxmo g(x)£- b, 1o G(X)<B.

Josenemo, mo BHKOHYeThbcs 1). HepiBHicTh

g(x)<" b o3mauae, mo abo
9;(x)=h,,i=12...q,
abo icaye take | (1<t <q), o

gt(x)<bt’

gi(x)=b;,i=12,.,t-1. (15)

VY mepmoMy BHITQIKy OYEBHUIHO MU OJEPKUMO
G(x) =B . VY apyromy Bunaaxy 3HaieMO pi3HHLIIO

B-G(x).

OckinbKY BUKOHYETHCS (15), TO onep:kuMo
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B-G(x)= oy + b, ...+ by -9y () + 1,0, (1) .+ 2,54 )=
a0, (x))=

= (atbt + 0ty ot a b )_ (atgt (X)+ at+1gt+1(x)+

Zabg)

i=t+1

= (b, — g, (x (16)

Bpaxosyroun (9) ogepxumo

b, - g,(x)>

)2 o + Zq:ai(bi -g/(x))>0.

i=t+1

B- ()atbt gt Zabg

i=t+l

Taxum uunoM, G(X)< B. Omxe, mepiia yacTHHa
TEOPEMHU JIOBE/ICHA.

Jlosenemo, mo Mae micrie 2). Sxmo g(x)£" b, To
icnye Take t (1<t<q), mo

gt(x)>btv

gi(x)z b, i=12,...,t—

BuxopucroByroun 004YMCIIEHYy paHIllle Ppi3HHIO
B —G(x) ananoriuno onepxmmo

Za (B - i) < -y + Zq:ai(b. - gi(x))<0,

i=t+l i=t+l

B- () atbt gt

Takum YUHOM, G(X) > B . Teopemy noBeneHo.

4. Jlekcukorpadiuni 00MesKeHHS 3
aJIbTEPHATUBHUMHU YACTKOBMMH OOME:KeHHSIMU i
METOAM PO3B’A3aHHS 3aJay, IO MICTATh TaKi
o0MeKeHHs

4.1. Jlekcuxorpadiuni o0MesKeHHs 3
AJIbTEPHATUBHUMHU YACTKOBHMM 00MeKeHHAMM

Jdnst  movatky pO3MNISIHEMO BHIAJOK, KOJHU
cucreMa OOMEXEHb, sIKa BH3HAYa€ MHOXKHHY
JOMYCTUMHUX PO3B’S3KIB, MICTHTh aJIbTEpPHATUBHI
(muxoTomiuHi) ooMexeHHs [9], TOOTO KOJIHM TOBHHHO
BUKOHYBATHCH OJIHE 13 OOMEKEHB!

h(X,.Xp, ..., X,)<H

abo

K(X X, oo s X)) < K.

YV maHoMy BHITaJIKy MH MOXEMO TIEPEUTH BiJl
ANBTCPHATUBHUX OOMEXEHb JI0 CUCTEMU OOMEXKEHBb
IUIIXOM BBEJICHHS JIOJTATKOBOi OYJIEeBOi 3MiHHOI
ye {0,1} (ananoriuno, 5K 11€ 3po06iteHo y [9])
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h(X, X5 s X,) < S,y +H

x) <5 @-y)+K[ 7

K(Xqs Xg 5eens
e

s, =sup(h(x):xe D)-H,

s, =sup(k(x):xe D)-K.

3apa3 po3riIsHEMO JIeKCUKorpadiuHe 0OMeKeHHs
3 aIbTEPHATUBHUMH OOMEKECHHIAMU

(%4, X5 X, )< B (18)
Ie

gz(gZL’gZ""’gq)i

g, =(0!(x).7(),

9 (x):R" >R, i=12..ql=12,

i b e BekTOpOM

b = (6,.b,.....b, ).

b, = b:,57).
bi,b?eR,i=12,..,q.
BingMmitumo, 110 MU pO3IIIsIIaEMO

JeKcuKorpadiuae 0OMeXeHHs, JIe Ha KO)KHOMY PiBHI
JIEKCUKOTPapivHOTO OOMEXEHHS [UIS CHpPOIIEHHS,
anme 0Oe3 BTpaTH 3arajJbHOCTI MIpKyBaHb, MU
po3riIAgaEMo  TUTBKM ~ JIBa  alIbTEPHATHBHUX
oOMexeHHs. Y 3arajJbHOMY Ha KOXKHOMY 13 PiBHIB
MOX€E 3HAXOJIUTUCH IOBLIbHA KUIBKICTB
aJbTEPHATUBHUX OOMEKEHb 1 iX KUIBKICTh Ha
KO>KHOMY 13 PiBHIB MOXe OyTH Pi3HOIO.

AJnbpTepHaTHBa xeD 3aJJ0BOJIBHSIE
JIeKCUKOTrpadiyHOMY 00MEKEHHIO 3
anbTepHATUBHUMH  ckiagoBumu  (18)  sxmio

BUKOHYEThCS OfHa 13 yMOB [ 1]:

1) 9;(x)<b} abo g7 (x)<b?;
2) 91(x)=b{ a6o g{(x)=b,
93 (x)<b3 a6o gZ(x)<b?;

3) gi(x)=b{ abo g7 (x)=b7,
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93(x)=b; aGo g3(x)=b;,

93(x) < b3 aGo g3(x)<bs,

q) 9:(x)=b{ a6o g/ (x)=b?,

93(x)=b; 6o g3 (x)=b;,

gé—l(x):bé—l abo gc2|—l( ) bq 1

g5(x)<bi a6o gZ(x)<b.

a+tl)  gi(x)=b  abo  gf(x)=b,
i=12,..,q.

AHaoriyHo o (17) KOXKHA napa
aNbTepHATHUBHUX 00MEKEeHb MOKe OyTH
npeJcTaBieHa 3 BAKOPUCTAHHSIM CUCTEMH 0OMEXKEHb

!4 pt
+b;
i (%)< ¥isi i=12,..q, (19)
g7 (x)< (L-y;)s? +bf

e
st ZSup(gil(x): Xe D)— b,

2 > sup(g?(x): x e D)-b?,

y; €{01},i=12,.,q.

4.2. Meton ckanspusanii po3B’si3aHHsI 3amay
onTuMizanii 3 JleKcuKorpagiyHnmMu
O0MeKeHHAMM, fAKi MIiCTATH AaJbTEPHATHBHI
CKJIA/I0Bi 00MesKeHHHA

PosrissremMo 3anauy onrumizartii

max(c(x):x e X < Z2"), (20)
Je JOomycTHMa MHOXMHA X  3a]aeThcsd  3a
JIOTIOMOTOI0  JIEKCHKOTpaiuHOro OoOMEXKEeHHS 3
anpTepHaTBHUMHU ckiagoBumu (18). Bpaxomyroun
(19), nmana 3amaya Moxxe OyTH po3B’s3aHa 3
BUKOPHUCTAHHSAM CXEMH CKajspH3allii moaioHO 10
[1,8]. Cxema ckanmspu3artii MiCTHTh ( KPOKiB.

Kpox 1. 3HaxomuMo ONTHMaJIbHUM pO3B’SI30K
3ajaui

Bulletin of Taras Shevchenko
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ofx!)=maxc(x),

npy YMOBI

g1 (x) < y;st +bf,
91() (

y, € {0,1} .

Skmo gaHa 3agada  HEe Ma€  ONTUMAaIbHUX
po3B’s3KiB, TO 3a1a4a (20) He Mae po3B’s3ky [1].
Sxkmo

(gll(f(l)< b or gf()‘(l)< b?)

yl)sl +b?,

abo
(gll(>_(l):bl1 or gf()‘(l):bf) i 3amada mae
€/IMHMI PO3B’A30K, TO X' € Po3B’A30KkoM 3amadi (20).
B iHmomMy BuIajky, mepexoauMo IO KPOKy 2.

[Tpu upomy oOMekeHHS §1(X)= b, mepenaerscs Ha
HAaCTYNHUM KpokK. Ko yf =1 € onTUMaTLHUM
suavennsm, 10 0;(X)=gZ(x) i b, =b?, imaxme
~ 1 . 1
G, (x)=0:(x) i b, =b}.

Kpox 2. 3HaxomuMo ONTHMaJIbHHHA pO3B’SI30K
3aja4i

c(>‘<2 ): max c(x),

NpY YMOBI

92( ) ( Y2)52 +b7,

y, {01
k1o

(g%()‘(z)< b} a6o 922(7(2)< b?)
abo

(9%(7(2)=b§ a6o gz( ) bZ) i pos3s’s3ox

miel 3amadi € €IUHUM, TOMII X2 € ONTUMATLHUM
po3B’s3KoM 3anadi (20).

B inmomy BUTAAKy MepexoguMo OO0 KPOKy 3.

[Ipu npomMy oOMexeHHsT J, (X)= b, mepemaerbcs Ha

HACTYITHUH KpPOK.
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SAxmo Y, =1 € ONTHMATBHUM 3HAYEHHAM, TOJi
§,(x)=02(x) i by,=b?, B immomy BumaaKy
G,(x)=g3(x) i b, =bj.

Kpox

g. 3HaXOOWMMO ONTHMAIBLHUN PO3B’SI30K
3amadi
c(>‘<q )z max c(x),
pU YMOBI

J; (xl):ﬁi, i=12,..,9-1,
gé(X)S yqsé +bé ’
05 (0= -y 7 +07,

Yq € {0,1}.

OnrumanbHUA Po3B’s130K i€l 3amaui X¢ Oyne
ONTUMANBHUM PO3B’si3KkoM 3aadi (20).
5. 3BenenHss JiiHiliHOI 3amaui, sika MicTHUTDL

JleKMKOrpagiuHi 00MesKeHH S 3
aJbTePHATHBHUMH  CKJAAOBHMH /0  3ajadi
JiHifiHOrO mporpaMmyBaHHsi 3  CKaJSpHUMH
00Me:KeHHAMH

Y posaimi 3 po3MISHYTO MiAXiJ 110 3BEACHHS
JMHIAHIX 3a/aq 3 JIEKCUKOTpadiaHuMHU

oOMexeHHsAMH (0e3 aibTepHATUBHHUX CKJIAJIOBHX) JI0

JIHIAHUX 3aJa4 3 CKaJIAPHUMH OOMEKCHHSIMHU.

[loniOHuit migxim Moxke OyTH BHUKOPHCTAHO JIS

MHIAHUX 33134, $Ki MICTATh JIEKCHKorpadidHi

00MEXEHHS 3 aJIbTCPHATUBHUMU CKJIaIOBUMH.
PosrnssremMo 3amavy onrumizartii

max(c(x):XE XcDcZ" x 20,j=1,2,...,n), (21)
ska nomiona 1o (5), ajge MHOXKHHA JOMYCTHMHUX
pO3B’sA3KiB X 3aJa€ThCs 3a JOMOMOTOI0 JIIHIHHOTO
JIEKCUKOTpaghiTHOTrO 0OMEKEeHHS 3
IBTEPHATUBHUMH CKJIaJIOBUME 0OMekeHHs MU (18)

g?(x):Zailjxj, gf(x):Zaﬁxj L i=12...q,
i1 =1
a,J,a eR,i=12..q, j=12,..,n

Posrasaemo HOCJ'IiZ[OBHiCTI: JOJaTHUX  YHCCII

&1,52,...,§q, e O_tq € JIOBUIBHMM JIOJATHUM

YUCJIOM, a 1HIIN YUCIIa TTOCTYIIOBO OOYMCIIEH] 3TiTHO
3 YMOBOIO

Bulletin of Taras Shevchenko
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>—Z:0:k Gr=0q-1,9-2...1, (22)

Hy k=r+1
IS
My > maxjgup{b& - gﬁ(xﬁ Xe D}supibf - gf(xi Xe D}},k =2..,9,(23)

0<p <ming inf
xeD

br g (x)
r=9q-19-2...1.

1 1 H
br - gr(XX’XEIan
b?#g7 (x)

b? - 97 ()

(24)

ko allj,afj >0 (1<j<n), 10y (23)-(24)

MOXEMO BUKOPUCTATHU
by

1
aj

D= X:(Xl,XZ, o X )eZn 0< (T =ma {

ﬂ i-12..1!.(25)
]

af
lle € MOXJIMBHUM 3aBASKH TOMY, IO MPHHAWMHI

omHe 3 OOMEXeHb Ha  TMEpHIOMYy  piBHI
JISKCUKOTpagiuHOTO 0OMEKECHHS MTOBUHHO

BUKOHYBATUCh. TaKOX SIKIIIO aﬁj ,afj >0, 10

} max{bk
k=23...0.

Crix BiAMITUTH, IO Y BHUNAJKY, KOJH 3MiHHI €

b& - gi(&ll a21---1 aqj

bk gk(g (? gq)

My > max{max{b&,

Oynesumu, To d ; =11

My > max{maxi)ﬁ,‘b% - gﬁ(jﬁl___,lﬂmaxi)f,‘bf - gf(l,l,...,q}} (27)
k=23..0

Skmo  X; b1 b2

MO’KE€MO BHKOPHUCTATH (IS CITPOIIICHHS)

aan

r)?

Tomi 'y (22) wmm

4, =1. (28)

KoxHa mapa anpTepHaTUBHHMX CKJIaJOBHUX MOXKE
OyTu mpejcTaBieHa 3 BUKOpUCTaHHIM cuctemH (19)
a00 3 BUKOPHCTAHHSM HEPIBHOCTI

yi0i () +(@L—y;)aZ (x) < yibf + (1

y; €{01},i=12,...,q.

_yi)biz’

ITo3naunmo
G(x,y)= (.02 (0)+ - y,)02 )+ @ (y,03(0)+ - y,)07 J+
4, (Vo 08 (0)+ - y,)0)

(Y):‘Z(yﬂ% +( - yl)blz)+§2(y2b% +<1_ y2)b22)"+§q(yqbé +(1_ yq)qu)’
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Y =(Y1, Va0 Vo),

y, €{01},i=12..,q.
Teopema 2. Onmumansruii po3e’s30x 3a0aui
c(x):

G(x,y)<B(y)
X; 2 0,j=12...,

y, €{01},i=12..q

(29)

max n
nxebcZ",

€ onmumanvrum po3se szkom saoayi (21).

Jlosedenns. Jlns NOBeNCHHS TEOPEMHU HEOOX1JTHO
JIOBECTH, IO JieKcHKorpadiune oodmexxeHHs (18) €
€KBiBAJICHTHIM OOMEKECHHIO

G(x.y)<B(y).
TobTo moBecTH, MO MAIOTh MiCIle YMOBH:
1) smo g(x)<" b, 10 G(x,y)<B(y);
2) sxmo g(x)z" b, 1o G(x,y)>B(y).
HoBenemo, mo BukoHyeThcs 1). HepiBHicTh

g(x)<" b o3nauae, mo Mae Micue OTMH 3 BUIAKIB:

g-(x)=b! a6o gZ(x)=b? ,i=12...,q;

abo icuye take t (1<t <q), mo
9r(x)< b a6o g2(x)<b?,

91 (x)=b! a6o g?(x)=b?,i=12,.,t-1. (30)

Y  nmepmioMy  BUIAAKY ~ BpPAaxXOBYHOUM, IO

Yy, € {0,1}, mu onepikumo G(x)=B. B apyromy
BUIAJKY 00YUCIUMO PI3HUIIO

B(y)-G(xy).
Ockinekn  BukoHyerscs (30) 1 y; € {0,1},
OZIEP’KUMO
B(y)-Glx y)= @y} + -y, b ).+ (yq +i-y, b2
(@ 070+ 0y, )2 oot 4 g 03 0+ 1 v, o )=

:(ﬁt(ytbtl ( Yt )bt )+ +a (yq )Jc?))

@ g 0+ 0y )02 )+t vy 0(x)+ -y, o2 )=

= O_Zt((ytbtl +(1-y, )btz)_ (ytgtl(x)+(l_ Ye )th))+
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1y o)~ (v 9100+ (- v, )o?).

BpaxoByroun (22)-(24) € {O ,1} ,
OJICP’)KUMO

((ytbtl + (1_ Yi )btz)_ (ytgtl(x)+ (1— Vi )gf ))2 7

+ Za ((y,b +

i=t+1

TC, IO Y;

i

B(y)-G

G(xy)> @ +

_=Zq:1 <(y'bl (L-y, )biz)_ (yigil(x)+ -y, )glz))> 0

Taxum qunom, G(x,y)< B(y). Ilepma wactuna

TEOpeMH JI0BEICHA.
JloBememo, 10

g(x)f_" b , Toxi icaye Take t (1<t<q), mo

g;(x)> by a6o g{(x)>bf,

BUKOHYEThCS  2).  Skmio

9-(x)=b! a6o gZ(x)=b?,i=12,.,t—1.

BuxopucroByroun padiine oOYHCIEHY Pi3HHUITIO

I§(y)— G (x, y) AHAJIOTIYHO JI0  TOTMEPEeIHBOrO
BUTAAKY OJIEPKAMO
§(y)—5(x, y) < _at ﬁt +
& 1 2 1 2
+ Zaq ((yibi "‘(1— Yi )bi )— (yi g (X)"' (1_ Yi )gi ))< 0.
i=t+1
Takum  uuHoM, G (X, y)> E(y). Teopema
JIOBeIEHA.
6. BucHoBkn
Sk Oymo 3a3HaueHO, PO3MIISIyBaHA 3ajada

onrumizaiii 3 JeKCUKOrpadiYHUMH OOMEKEHHIMU
MOxe OyTH 3Bel€Ha IO 3ajad ONTHMi3alli, e
JekcuKorpadiuHi 0OMeXeHHS 3aMiHEHO Ha CHCTEMY
oOMexeHb, ab0 3amada Moke OyTH pO3B’sI3aHA
NUISIXOM PO3B’sI3aHHSI MOCIIIOBHOCTI 3aj1a4 3TiJHO 3
CXEMOIO CKaysipu3allii. 3arpornoHOBAaHUN Ke MiIXia
JIO3BOJISIE 3BOAMTH 3afady [0 3a/adi 3 CKaIAPHUM
0OMEXEHHSIM He 301IbIIYIOYH MPH IEOMY KUTBKOCTI
oOMesxeHb 1 Ja€ MOKIIMBICTD 3aCTOCYBAaTH HaO1LIbII
e(eKTHBHI METOAU ISl BIAMOBIAHOTO Kiacy 3ajad.
3anpornoHoBaHUi MiAXIJ TAKOX J03BOJISIE OyIyBaTH
BIIHOCHO TPOCTI MaTeMaTH4IHI MOJENI, sIKI MICTSATh
JeKkcuKorpadiuHi oOMEeXeHHS 3 aJbTepHATUBHUMHU
CKJIaJOBUMH Ta 3BOJUTHU IX 0 3a4ad ONTUMI3aLii 3i
CKaJIIPHUMHU OOMEXEHHSMH, IO 3HAYHO CIPOIILYE
MpoIIeC PO3B’SI3aHHS 1 1a€ MOKIIMBICTD 3aCTOCYBaTH
BiZJOMi METOJH PO3B’s3aHHS TAKOTO POy 3a7ad.
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3BUYAliHO, 3aMPOIOHOBAHUI MiIXiJ Mae Oiblie
mepeBar, KoM Biomi BepxHi rpanumi (GyHKINH, 3a
IOTIOMOTOI0  SKMX  BH3HAYA€ThCI  MHOXKHMHA
JOMYCTUMUX PO3B’S3KIB (HANpPUKIAJ, L€ JICTKO
3poOUTH TIPH PO3B’SI3aHHI KOMOIHATOPHUX 3a11ad).
BigMmiTiMO, 110 MOMXJIMBHM €  3HAaXOKEHHS
Koe(illieHTIB JOJATHOI 3TOPTKA OOMEKEHb, SKi
MOXYTh OyTHM  BUKOPUCTaHi JAJs  JOBUIBHOI
MEepPEeCTaHOBKH OOMEXeHb Yy JIeKCHKOTrpadidHOMY
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obMexenHi (anayioriyHo 7o [10]). Takoxk MOKIHBUM

€ PO3IIMPEHHs 3a1a4i Ha Bumagok, komu X < R"(y
[IFOMY BHIIQAKy aHagorivHo 1o [8] morpibHO
pO3MIIAIATH MHOKHHY KpaiHIX TOYOK JIOIMYyCTUMOT
MHOUHH).
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Fractional diffusion equations are used in modeling of non-Markovian processes with memory, the mechan-
ical wave propagation and relaxation effects in viscoelastic materials and anomalous contaminant diffusion in
heterogeneous aquifer. In this paper we consider an optimal control problem for a system governed by a diffu-
sion equation with a fractional Caputo time derivative in an open bounded domain, a cost function is assumed
to be quadratic, and a set of admissible controls is closed and convex. Since the state equation has a unique
weak solution, we can prove the existence and uniqueness of the solution for the initial problem by showing
the convergence of the minimization sequence. To obtain a characterization of the optimal solution, similarly
to the case of parabolic equations with an integer order derivative, an adjoint equation is introduced using
ordinary and fractional integration by parts. This dual problem, which has a fractional Riemann-Liouville time
derivative, allows us to compute the cost functional derivative and formulate necessary and sufficient optimality
conditions.
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Crartio npencrasu wi.-kop. HAH VYkpaiunu, n.¢.-m.H., npod. AnicimoB A.B.

Beryn ne I'(a) — ramma-yukuis. Hactynni Bupasu BusHa-

Yar0Th BiAITOBIIHI z[po6OBi noxinai Pimana-JliyBims:

f (t-7)f(7)dr,

PiBusuHs audysii 3 1poOOBUMH MOXiTHUMHU BU-
HUKAIOTh TPU OMHCI peNlaKCaIliftHuX e(eKTIB 1 MOIIu-
PEHHS MEXaHIYHUX XBUJIb Y CKJIAJHUX B’ SI3KONPY>KHUX
MaTepianax, MpOIEciB aHOManbHOI AudYy3ii cepemo-
BUIIax (paxranbHOI reoMeTpii, MOIENIOBaHHI PO3IIO-
BCIO[DKEHHS 3a0pyIHEHHS B HEOTHODPIOHUX BOIOHO-
CHHX Iapax.

B po6ori po3rsHyTO 3a1a4y KepyBaHHs AJIs PiB-
HSIHHS TaKkoro TUIy 3 IpoboBoro noxinHoro KamyTo 3a
4acoM Ta OTPHMaHi YMOBH ONTHMAJIbHOCTI, aHAJIOTi-

oD7F() = —) -

D%f(t):_ME/; (r-t)"*f(r)dr,

Ta apoboBi moxinHi KamyTo:

SD7f(0) = ﬁ [e-nLiyar

YHi pe3yapTaTaM JUIst 1apaOoiYHUX piBHAHB MOXiTHHU-
MU I[UTUX TOPS/IKIB, HaBeACHUX B [1].

1. OcHoBHI MOHATTHA

Hexait ¢ynkuis f BusHauena ua [0,7], T < +oo.
JliBo- Ta paBOCTOPOHHI APoOOBi iHTerpanu Pimana-
Jliysims mopsiaky « € (0, 1) MarOTh BUIIISI:

1 t
D) = gy J) =TT ()
1 T
A0 = 5 [ (=0 ar,
I'(a) Ji
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DY) =~y . (Tt ")
Hexait 0 < a < 1, f € LP(0,T;R), f €
Lq(O,T;R),%+%Sl+a,1£p£oo,l$q§oo.T0—

Ili, SIK TIOKa3aHo B [2], Mae micie popmyna 1poboBoro
IHTErpyBaHHS YaCTHHAMHU:

[ro g @at= [ 90 (150 @t .0

s z € C ta noButbHUX cTanmuX o, 5 € R, a > 0
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BH3HAYNMO (DyHKIIITO MiTTar-He(bnepa K

Eap(2) = Z F(akz +8)

Axkmo 0 < a < 2, B € R, % < p < min{rm, 7a}, T0
(muB. [3]) icuye crana C = C(a,ﬂ,,u) > 0, mo

C

Ea S
Eus(9l < T

(1.2)

p < larg z| < .

2. ITocTanoBKa 3aaa4i

Hexait 2 ¢ R™ — oOmexeHa obnacTph 13 miaji-
ko010 rpanunero O, Uy c L?(£2) — HemopoxHs omy-
KJIa Ta 3aMKHYTa 00JIACTh JIOMYCTHMHX KEPYBaHb, Y €
H?(Q) n H} (). PosmisiHeMo 3a1a4y ONTUMAIBLHOTO
KepYBaHHSL:

1 2 A2 .
J(y7u) = 5 “y(a T) - deLQ(Q) + 5 ”u”Hé(SZ) g Hlf,
.1)
wel,. 2.2)

Cran y = y(x,t,u) € po3B’I3KOM CHCTEMH

SDfy(z,t) = Ay(z,t), zeQ, te(0,T), (2.3)
y(x,t) =0, x€0Q, te(0,T), 2.4
y(2,0) =u(z), weQ, (2.5)

ne A — cuMeTpHYHUN PIBHOMIPHO ENIMTHYHHN OTe-
parop:

0
()= 35 2 (o) 20| o),
7,5=1 Z;
e a;; = aj; € CH(Q), ap € C(Q) < 0 Ta icnye Taka
crana i > 0, 110 JUTst TOBUTBHUX & € ﬁTaﬁl, o €neR
BHUKOHYETHCS HEPIBHICTD
> ag(@)&&; 2 pn )y &
ig=1 i=1

3. IcHyBaHHS Ta €IMHICTH ONTUMAJIBLHOTO
KepyBaHHs

Osnauennsa 1. Cnabkum po3B’si3koM 3a1adi (2.3)-(2.5)
Ha3WBATUMEMO TaKHH eneMeHT ¥y, mo (2.3) BUKOHY€E-
teest B L2(Q), y(-,t) € Hy(Q) maibke st Beix ¢ €
(0,7),y e C([0,T]; L*(Q2)) i

lti_{% ly(-,t) - U||L2(Q) =0.

Hexait 0 < A; < Ay <--- — ByacHi yncia oneparo-
pa-A,ap, € H*(Q)n H} () — Bianosinui Bracwi
BEKTOpH, TOOTO Aw,, = =\, pn.

Sk nokazano B [3], mpu u € L3*(Q) 3ama-
ga (2.3)-(2.5) Mae enuHMIA CITAOKWUH PO3B’SI30K U €
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C([0,TT; L*(2)) n C ((0,T]; H*(2) n Hy ()

Y t) = 3 (1 0) Eas (Mt (1),

n=1

3.1)

ne (-,-) mosHauae ckamspHuii m106yTok B L2(2), i,
sxmo u € Hi(Q), 1oy € L*(0,T; H*(Q) n Hi(R2))
Ta icHye Taka crana C' > 0, mo

191220, 7200) * 15 D5 Y] 20 1,22 S

<Ol (32)

(DN
Buxopucrasmu orinky (1.2), anamorigdo go [4]

2
”aty(xvt)”L2(Q) =

= i |(u7 Qpn)(_)‘n)tailEa,a(—)\nto‘)F =

n=1

2

1
U Son tailA'r% Ea,a(_)\nta)

2
o (A t%)2

1 2
A2 (u,0,)| [Cot* 't 2
(t, n) 6 1+ A, te

o0
<
n=1

< (Cot 3™ Jul )

Toni mpu 1 < p < 5%

T
10D o 2y = [ 10, )2y i <
0

2-(2—-«
2T
T 2-(2-a)p

Otxe, Oy (x,t) € L (0, T; L*(£2)). lo3Haanmo mpo-

(3.3)

cTip
Y? ={yeL?(0,T; H*(Q) n Hy(Q)):
Ay eL?(0,T;L*(Q))}
3 HOPMOIO

Iylye = Hy||L2(O,T;H2(Q)) + ||8ty”LP(0,T;L2(Q)) - (34

Teopema 1. IcHye equnnit po3s’si3ok (7, 4) € YP x Uy
3amadi (2.1)-(2.5).

Jlosedenns. Hexait U — MHOXHHA IOIyCTHMHUX TIap
samaqi (2.1)-(2.5), T06T0 MHOXHHA Takux (y,u) €
Y? x U, mnsa sikux BHUKOHYHOThCS (2.3)-(2.5) Ta
J(y,u) < oo. Toxi icHye Taka MiHIMi3yr04a MOCIIiT0B-
HICTh { (Y, Un) },,cy € U, 0

lim J(y,,u,) = inf J(y,u)>-oc0
lim J (g, un) Jnf (y,u)

Tomy sup,,cy L (Yn,un) < Ci, ne crana C; He 3ane-
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*uTh Big n. 13 (3.2) Ta (3.3) Mmaemo, 1m0
[9llp + lull 1) < Cod (u,y) + Cs,

i sup,,y [HunHHl(Q) + |yn Hyp] < C4. OTxe, MOXKHA
BUIUTMTH CIa0KO301KHI MiAMOCHiqoBHOCTI {y, }pen,
{Yn }nen, AT IPOCTOTH IHIEKCOBAHI TaK Camo:
u, ~ 0B Hy(Q),
Yn —~ B Y".

(3.5)
(3.6)

Ockinbku Uy € OIMyKIIOI Ta 3aMKHEHOIO, TO 1 €
Us.

IToxaxkemo, 1o ¢ € po3B’si3koM cuctemu (2.3)-
(2.5) mpu u = @. I3 [3] ansa poBineHux v € C°(N),
Y e C(0,T) y,, 3anoBinbHsIE

fOT fQ (6 Dy - Ay) v(z)y(t) dzdt = 0

Oneparop 9; : YP — LP (0,T; L*(£2)) € oomesxe-
HUM 1 JiHIHHAM, TOMY

(3.7)

atyn — 615@

Omneparop ()Itl‘“ € JiHIiHUM, a 13 [2] MaeMo, 1110 Tpu

0<a<l,1<pc< %a BiH 00MEXEHO Ji€ 3 Tpo-

1

cropy LP B mpoctip L9, e ¢ = —17(1”7(1)}7, TOMY B
L1(0,T; L*(Q))
(?Dgyn = OIl_aatyn - Il_a@tﬂ = gDa ] 3.8)

Ockinbkn pn q* = =5 (T06T0 +r =D () e

L9 (0,T) = (L9(0,T))" ,T03(3.8) ann—> o0
T T
[ et~ [ e@§prga 39)
0 0

BpaxoByroun kpaiiosi ymoBu (2.4), 32 hopMyIioro
I'pina maemo:

fAyn(x,t)v(a:)dx:fyn(:v,t)A*v(a:)dx+

o )
-/ yn<x,t>A*v<w>dx,

Je A* e CIpsDKeHUM omepaTopoM o A, To0To

Av(x) = i aa (a”(x) (m))+a0(x)v(x)

3,j=1

ta N = (Ny,...,N,) — OIMHUYHHUI BEKTOp 30BHi-
IHBOT HOpMauTi 110 02, 1

By
aN( t)_z

7,5=1

(s 2o t))
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Z (aw(w)Ng(w)g—;}l(aﬁ))

2,7=1

Topni, mepedIIoBIIM A0 TPaHULI IIPU 1 — o0 Ta IIE pa3
BHUKOpHcTaBImM hopmyy ['piHa, 3anwmemo:

fQAy”U(x)dx*fQﬁA*v(x)dx:
= [ Ago(@)dz. G.10)
Orxe, i3 (3.9) Ta (3.10)
.[onQ(‘?D?y"_Ayn)U(x)lﬁ(t)d:cdt—>
” foT fg (D59 - Ag) v(z)ep(t) d dt,

10070 (X, ) 33amoBONBHSE (3.7).
TTokakeMo, 10 §j TAKOXK 3aI0BOJILHSE TIOYATKOBY

yMmoBy (2.5). st nosinsroro ¢ € C5°(0,71") Bukopu-
craemo (1.1) Ta mpOiHTErpyEMO YaCTHHAMMU:

[ e § Dy ryar -

0T T

- [ @l agadt= [ atymﬂ-w(t)dh
=y L] - [ oo 11 (1) dt.

Toni, migcraBusum v, (x,t) B (3.7) Ta BpaxyBaBIIIH,
1o yn(:):,O) = un(x) i J%f“iﬂ(t)bg =0

0= [oT fg (§ D5y = Ayn ) v(2)9p(t) dadt =
_ftll—a@b(t)‘tzoun(g;)y(x)dx+

[ [ @@ D) - () Av()) g, de
(3.11)

Awanoriano st i(x, t) Maemo
0= [ i
—ftll’“ w(0)],_, 92, 0)v(x) da+

[ [ ) Dgun) () A u(a)) gda .
(3.12)

§)v(z)p(t)dedt =

Tomi, BimusBmu (3.12) Bix (3.11) i mepeimoBmM 10
TPaHUIIl IPHU 12 — 00, OTPUMYEMO, 10

[ e, 3,0) - a@))o(w) do =0,
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i 3 moBinkHOCTI v () Maemo, 1o
lti_{"{)l |g(,t) - ﬁ“rﬁ(n) =0.

[oxkaxemo, mo y,(z,T) — §(z,T) B L*(Q).
Cmpagni, 3 (3.1) maemo

~ 2
“yn(xaT) - y(x?T)”Lz(Q) =

’(un -, (Pn)Ea,l(_)‘nta)l2
1

NILEL !

< Cy(uy, — 1, §0n)2302 ”un_ﬁ”i2(ﬂ)'

n=1

Ockinbku H () kommaktro Bknagenuii 8 L2 (), o
13 (3.5) maemo

1w — aH2L2(Q) — 0npun — oo,
iy, (z,T) cunbno 36iraeteea no §(z, T) B L*(Q). Ot-
xe,
~ 2
19(2,T) = ya(2) |20 =
. 2

= lm Jly, (2, T) = ya(2)[12(0) - (3.13)
3i cmabkoi HamiBHETIEPEPBHOCTI 3HNU3Y BilOOPaKEHHS
U= Hu”Hé(Q)

(3.14)

”aHHé(Q) < 7}1_)_1110 ||UnHH3(Q)-
Pazom i3 (3.13) 1 (3.14)
J(g,4) < lim J(yn,u,) = inf J(y,u).
(y,u)eU

n— oo

i (4, 7) € onTUManbHUM po3B’s13KOM 3a1adi (2.1).
€nuHicTh po3B’sa3Ky 3aaadi (2.1)-(2.5) BumwiuBae
31 cTporoi onykiocTi (yHKIioHana siKocTi B (2.1).

4. YMOBH ONNITUMAJIBLHOCTI

[Mosnaunmo J(u) = J(y,u), e y =
po3B’s3koM (2.3)-(2.5), Ta

y(u) €

() =1( ')H‘l(Q),Hé(Q)
Hexait A = -A + I, Tomi Yu,v € Hj (Q)
(Au,v) = (uvU)Hé(Q) = (U’U)Hé(ﬂ) = (Av,u),
2
[l ) = =AU+ uu) = (Au, u).
[Mozraunmo yg = y (U + fu) i 06urcIIMO
J(a+0u)-J(u) =
1 . 2 A 2
=5 ly(T, @+ Ou) - yd”L2(Q) + 5 |+ 9““1{3(9) -

1 . 2 A2
=5 19T @) = yallz20) ~ 5 Il ) =
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= = (n(T),3p(T)) = 2(3(T), ) -
- 5 (), 5(T) = 2)(T), ) +
+ 2 (NG, 6u) + (A(Bu), @) + {A(8u), 0u)) =

_ % (o(T) = 5(T), yo(T) + §(T) = 2ya) +

+ g (20(Aa,u) + 0°(Au,u)).

DYHKIIS 0y = Yy — § € PO3B’SI3KOM CUCTEMHU

(?D?(SQ(IL’,t):Aég(IE,t), $EQ, tE(O,T), (41)
0p(z,t) =0, €09, te(0,T), 4.2)
do(x,0) = Ou(z), xe. (4.3)

OCKIIbKH
166lyvp < C1O] [l g1y »

TO TIOCIIIOBHICTH { Yy }¢ 30iraeTncst 1o § mpu 6 — 0.
Tosnaunmo & = +d, Toxi § € po3s’szkoM (2.3)-(2.5).
[epexonstun o rpanuui npu § — 0, MaeMo

0< % (J i+ 0u) - J(0)) = ' (@)u -
= (5(T)72:/(T) - yd) + <Aﬂ7 u)
PosrnsiHemo crpsikeHy 3anady

Diz(x,t) = A z(x,t),x € Q,t e (0,T), (4.5)
2(x,t) =0, x € 0Q, t€(0,T), (4.6)
tI}_az(x,t)‘t:T =zo(z), x€Q, 4.7

4.4)

ne zo(x) = §(x,T) - ya(x).
Sk nokaszano B [5], ipu 2z € L*()) 3anaua (4.5)-
(4.7) Mae equHUI CaOKUH pO3B’ 30K

2(a,t) - 2(@0,%)@4)%

XEoo(=An(T = )" )on(x)) . (4.8)
Kpim Toro, z € L7(0,T; H*(Q) n Hy(2)) mpu 1 <

q< =iz € H*(Q)n H} (), Ta icnye Taka crana

l-a

C >0, mo

HzHLq(o,T;HQ(Q)) + HtD%Z”LQ(O,T;L2(Q)) <
<Clzol g2y - (49)
Ockineku §(x,t) € poss’sizkom (2.3)-(2.5), TO

9,0(x,t) € L? (0,T; L*(Q)) mpu 1 < p < 5%, i mo-
»emo Bukopucraty (1.1):

T
f 2(2,6) D6 (, 1) dt =
0
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T
f 2(z, )0l 0,6 (x,t) dt =
0

T
=f 0,8 (x, 1), [0 2(z, £) dt.  (4.10)
0

I3 (4.9) z(x,t) € L1(0,T; H*(2)), a3 [2] npu 0 <
o <1lTal < q < ;= maeMo, mo [ *z(z,t) €
L7 (0,T; L)), fe ¢* = ;- Taxox 3 (4.9)
21 (a,t) D$z(w,t) € L4 (0 T; L*(Q)).
Ockinbku I} “z(w t) e Wh1(0,T; L? (Q)) pu q <
q* Ta BpaxyBaBum, wo 0(x,t) € Wlp(O T;L*(Q)),
IHTErpyeMo JyacTuHamu B (4.10):

T
f 0,82, ), [0 2 (1) dt =
0
= §(x, t)tI}‘o‘z(:z:,t)‘::—

T
—f o(a.t) 5 tf; o (x,t) dt =
0
= 5(37,15),5[} O‘z(ac,t)‘;o +

. fOT 5(x,t) D3z (x,t) dt. (4.11)

Tomi 3 (2.3), (4.5) Ta ymoBH (4.7) MaeMo:

T
0= [ [(§Drs-49)zdadt-
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= / Jr%z(x, t)‘ 5($ 0) dz+

T L Drt ) At )
= 6(x, T)z0(x) = 17 "2 (2, t)],_ u(x).
Otxe,
8(x, T) (§(T) = ya) = Iy “2(x,1)],_ u(z).
i3(4.4)
Ji () = I3 2|,_ + AN,

OTxe, 13 [1] maemo, 1110 Mae miciie
Teopema 2. Skuio (g, 1) € Y? x Uy € po3s’si3koM 3a-
nadi (2.1)-(2.5), To ans goBinbHOTO U € Uy
(1772, + AM(=Ad+a),u-1) >0,

Iie z € po3B’s3koM (4.5)-(4.7).
I naBmaku, sixmo 4 € Uy, § 3anoBonpHse (2.3)-
(2.5),a 2 —(4.5)-(4.7), i ans noBinbHOTO U € Uy

(T4, + A=At + @), u =) > 0,

10 (§,%) € ONTHMaIbHUM pO3B’si3KoM 3amaui (2.1)-
(2.5).
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Onucano cimeticmeo ancopummie MO4YHO20 NOWYKY PAOKA 6 Oinbuwlomy meKkcmogomy macugi. B
ANeOPUMMAX BUKOPUCTOBYIOMbCA 6A2AMOBUMIPHI MACUBU 3 Memolo 00pobKu KOdiCHOI imepayii Kinbkox
ROCIIO06HUX NOULYKOBUX 6IKOH. Lle Oac 3m02y 3HUBUMU YACOBY CKAAOHICMb Y CEPEOHbOMY 30 DAXYHOK
nioguwgenns emuicnux gumpam. Posensnymi ancopummu € egpexmusHuUMU 015l KOPOMKUX WLYKAHUX PAOKiI6
(6i0 3 0o 16 cumeonie) i anrghasimie cepednbozco po3mipy (Hausuwja epexmusHicmv 00CA2AEMbCS O
angasimis, wo micmame Oauzvko 30—40 eremenmis). s Oeskux 3HaueHb nap 3HaueHv (00BHCUHA
WYKano2o paoka, po3mip angasimy) 3anponoHO8aHi ancoOpummu € epekmusHiuMUu 6 cepeoHboMy 3a 6Ci
8I00MI HA CbO2OOHI ANOPUMMU MOYHO20 NOULYKY NIOPSOKA.

Knrouoei cnosa. nowyk psoxa ¢ mexcmi, aneopumm botiepa-Mypa, weuokuii noutyx, 6a2amoeikoOHHUiL.

A family of comparison-based exact pattern matching algorithms is described. They utilize multi-
dimensional arrays in order to process more than one subsequent text window in each iteration of the search
cycle. This approach leads to a lower average time complexity by the cost of space. The algorithms of this
family perform well for short patterns and middle alphabets. In such case the shift of the window by several
pattern lengths at once is quite probable, which is the main factor of algorithm success. Our algorithms
outperform the Boyer-Moore-Horspool algorithm, either in the original version or with Sunday’s “Quick
search” modification, in a wide area of pattern length / alphabet size plane. In some subareas the proposed
algorithms are the fastest among all known exact pattern matching algorithms. Namely, they perform best
when alphabet size is about 30-40 and pattern length is about 4—10. Such parameters are typical for search
in natural language text databases.

Key words: pattern matching, Boyer-Moore, fast search, text search, multi-window.

Communicated by Prof. Anisimov A.V.

1 Introduction algorithm [1], which improves the worst-case time

Pattern matching is one of the most fundamental
techniques used in computer science. The most
common pattern matching problem is formulated as
finding all the exact occurrences of a given
substring in a larger body of text. Through the
entire presentation we use the following notation:

T — input text

P — pattern to be searched

n — length of the input text

m — length of the pattern

X — alphabet of input text and pattern

|X| — size of alphabet

|Xp| — number of different symbols in the pattern

This problem has been systematically studied
since the beginning of seventies. The number of
algorithms more efficient than the simplest straight
forward search (SF) has been discovered. The most
famous of them are the Knuth-Morris-Pratt
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complexity of the SF from O(nm) to O(n+m) and
Boyer-Moore algorithm [2], which significantly
outperforms the SF in the average.

Almost all known pattern matching algorithms
include the preprocessing stage, when some
preliminary values are obtained basing on the
pattern, and the main search cycle, when the text
body is scanned. In most cases the algorithm
efficiency strongly depends not only on the pattern
and text lengths, but also on the alphabet size.
Since, as a rule, the dependence of the main search
cycle on the text length is linear and time
complexity of the preprocessing stage is negligibly
small, it is worthwhile to compare the algorithm
efficiency on the (|X|,m)-plane.

Our research concerns the left up area, where m
is small, |X| is large. In this area two modifications
of BM algorithm, namely Boyer-Moore-Horspool
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algorithm (BMH) [3] and Sunday’s “Quick Search” 5. if j=0

(QS) [4] were considered the best for a decades. output pos;

However, in 2000s a number of more efficient 7. pos ¢« pos+D[T[pos+ml]];

exact pattern matching algorithms were invented.
According to [5] they are FJS for m<8 and [£[>32,
TVSBS for m=2 and 8<|Z|<32, EBOM for 4<m<16
and 8<|Z|<32, SBNDM for 8<m<16 and |X[>32 and
FSBNDM for m>16 and |X[>8. The algorithms
mentioned cover all three known types of pattern-
matching algorithms: FJS and TVSBS are
comparison-based; EBOM is automata based,
while SBNDM and FSBNDM algorithms utilize
the bit-parallel operations. We propose the new
comparison-based  algorithms.  Almost  all
algorithms of this type, including FJS, TVSBS and
our new algorithms, exploit the idea of bad-
character shift, which originates from BM search.
It is to compare the last character of the search
window and the last character of the pattern and, if
they do not match, shift the window as long as
possible. The BMH algorithm is based on this idea
only. We develop a generalization of BMH
algorithm, which allows performing several bad-
character shifts at each iteration.

The search cycle of the BMH algorithm is
shown in Fig. 1. Since we analyze the algorithms in
operation level, we try to remove the unnecessary
subtractions denoting n—m by nm and m—1 by m1;
these values can be calculated in a preprocessing
stage. The bad character shift is performed in the
row 7 and its length is equal to D[T[post+m—1]],
where pos is the current position of the search
window and D is the shift array calculated in a
preprocessing stage. If the ratio |Xp|/|X| is small
enough, the symbol T[pos+m—1] most likely does
not occur in the pattern and the length of this shift
1S maximum, i.e. it stands m. These maximum
length shifts are the main factor responsible for the
efficiency of BMH in the left up area of the (|Z|,m)-
plane. And we are interested in the most left upper
subarea, where the ratio |Zp|/|¥| is particularly
small. In this case one can assume that probably
not only character T[pos+m—1] does not belong to
the pattern, but the characters T7[pos+2m—1],
Tlpos+3m—1] etc. as well. This means that the
search window can be shifted by several window
lengths at once, or, in other words, several
subsequent search windows can be processed at
iteration of the search cycle. This is the main idea
of the multi-window search algorithms.

1. while pos<nm

2. j ¢ ml;
3. while j>0 AND T [pos+jl=P[]]
4, J o« j-1;
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Fig. 1. The main search cycle of the Boyer-
Moore-Horspool algorithm

Of course, at least k£ symbols of input text must
be read and processed in each substring of the
length km in order not to miss the possible pattern
occurrence. Thus, at least & readings of input text
characters should be done for each window of the
length km — just the same number as at k iterations
of the single-window algorithm like BMH or QS.
However, we can reduce the number of other
operations using the k-dimensional arrays. Such
arrays occupy rather more memory than the pattern
shift arrays for single-window search algorithms
and their filling takes more preprocessing time.
Nevertheless, as will be shown below, these space
overheads are not that big comparing to memory
size of modern computers, while time overheads
are more than covered in the main search cycle,
resulting in a significant gain in the total for the
wide range of alphabet size / pattern length
combinations.

The idea of using two text windows while
searching all occurrences of the pattern is not new.
It was utilized in Two-Sliding-Windows (TSW)
algorithm [6]. However, these windows were
supposed to be processed in parallel and thus TSW
algorithm is suitable for parallel processor
structures only. Also the idea of two-dimensional
search array was already implemented in a number
of algorithms, for instance, in Berry-Ravindran
algorithm [7], TVSBS and EBOM. However, it
was always proposed to use two subsequent
characters of a text as indices. This significantly
increases the probability of the maximum length
shift if it is low for single-character check but
otherwise leads to superfluous density of the
checks. In other words, if even single-character
check causes the maximum shift with high
probability, there is no need to check two
subsequent characters to shift the text window by m
or m+1 positions. In this case it may be better to
perform double-check of the characters T [pos]
and T [pos+m-1], which could shift the text
window by 2m positions at once.

2 Double window algorithm

Let us discuss how to process two subsequent
search windows of the length m, which could be
considered as one window of the double length 2m.
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We try to reduce the total number of computing
operations required to process the substring of the
length 2m. Let us examine the main cycle of BMH
algorithm shown in Fig. 1. Two reads from shift
table D in row 7 in two iterations can be replaced
by one if we use two-dimensional shift table
D235 defined as follows.

D2[i][j] is the leftmost possible position of the
first character of the pattern under assumption that
Tlm—1]=i and T12m-1]=j. All shifts defined by the
table D2 can be divided in 4 types shown in Fig. 2.

a) Neither i nor j belong to pattern P. Then P

can be safely shifted by 2m positions forward.

b) Character i doesn’t belong to pattern P but
j belongs. In this case P can be safely shifted by
more than m—1 symbols but less than 2m. Namely,
the rightmost occurrence of j in P should be
aligned with T[2m—1].

c) Character i belongs to P and P[m—1]#i.
Then P can be safely shifted forward by less than m
symbols. Namely, the rightmost occurrence of i in
P should be aligned with TTm—1].

d)  P[m-1]=i. This is the case when the
pattern can be matched in the current position. One
should check if 770]...7[m—1] coincides with the
pattern before proceed forward.

ShiftedpatTtem:: o I_)2[|i][j] m
ext 1
T[0] T[m-1] T[zfn—u
ShiftedpatTterng | | D2[|1]D] » _] 77
ext 1
T[0] T[m-1] T[zfn—u
b
ShiftedpatTtm +D2[|i]h+> i W L C
ext 1
T[0] T[m-1] T[2£]rl—1]
PatTtem i | D2[i][j]=0 o
ext 1
T[0] T[m-1] T[?.;:]n—l]
d

Fig. 2. Pattern shifts in Double window algorithm

1. while pos<nm

2. r < D2[T[pos]] [T[pos+m]]

3. if r=0

4. j <« 0;

5. while j<m AND T [pos-

6. j o« J+1;

7. if k=m

8. output pos-ml;

9. pos <« pos+D[T[pos]]
else

10. pPOS ¢ pOS+r;

Fig. 3. The Double window

Let us calculate the number of operations in
BMH and Double window (DW) algorithms
required for the shift of the text window by 2m
characters forward in the case of the maximum
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7

ml+j]1=P[]]

12

algorithm main search cycle

possible shift. This is the most probable case when
pattern length is very small compared to alphabet
size. In this case only rows 1, 2, 3 and 7 in two
iterations of BMH algorithm and only rows 1, 2, 3
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and 10 in one iteration of Double window
algorithm are executed. Note that getting the
element of one-dimensional array like D[x] is
equivalent to *(D+x) in C notation, which requires
one addition and two readings from memory, while
getting the element of two-dimensional |X[x|Z]
array like D2[x][y] is equivalent to *(D2+X|*x+y),
which requires two additions, one multiplication
and three readings from memory (|X| is a constant).

The calculations are shown in Table 1. The
number of operations in Double window algorithm
is more than twice less compared to BMH. Also, it
should be noted that memory reads generally take
longer time than operations that could be
performed using processor registers only, e.g.
arithmetic operations. If someone implements the
discussed algorithms in assembler language, the
values of variables pos, m1, m, j etc. can be stored
in processor registers, while the arrays 7, D and D2
cannot. In such implementation 8 memory reads
are performed in two iterations of BMH (2 in row 3
and 2 in row 7 in each iteration) and only 3
memory reads needed in one iteration of Double
window algorithm, they are 7]pos], T[pos+m] and
D2[T[pos]][TIpostm]] in row 3. Thus, in the case
of efficient assembler implementation, the Double
window algorithm main cycle outperforms the
BMH main cycle even more than in the case of
implementation in the high-level programming
language, if the longest possible shifts are
performed (Figure 2a).

Table 1. The operational complexity of Boyer-
Moore-Horspool and Double window algorithms

Operation | Boyer-Moore- Double window
Horspool

compari- | 4—(rows 1 and | 2 (rows 1 and 3)

son 3)x2

assign- 4 —(rows 2 and | 2 (rows 2 and 10)

ment 7)x2

memory | 28— (2inrow 1; | 10(2inrow 1; 6

reads linrow 2;6in | inrow 2; 2 in row
row 3; Sinrow | 10)
7x2

additions | 14— (3 inrow 3; | 6 (5 inrow 2 and
4 in row 7)x2 1 in row 10)

multipli- | — 1 (row 2)

cation

Total 50 21

One can observe that even one iteration of
Double window algorithm main cycle requires
fewer operations than one iteration of BMH main
cycle in the case when the condition =0 is not met.
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Therefore, in the cases shown in figures 2b and 2c
the Double window algorithm main cycle still
executes faster than BMH main cycle. Note that in
the case (c) the equality D2[{][j]=D[{] holds, i.e. the
shift length in Double window algorithm is just the
same as in BMH.

Of course, the advantage of DW main cycle
over BMH main cycle in the case (b) is lower than
in the case (a) and in the case (c) is lower than in
the case (b). While the ratio |X|p/|X| increases, the
balance between cases (a), (b) and (c) moves to (b)
and (c) and then to (c) only. If |Z|p/|Z] is close to 1,
the case (c) occurs almost always and
outperformance of DW main cycle over BMH
main cycle is small.

The case shown in Figure 2d for random text
and pattern occurs with the probability 1/[%]
regardless of |Zp| value. In this case the internal
cycle of DW in rows 5 and 6 executes and the
internal cycle of BMH in rows 3 and 4 has more
than one iteration. Each iteration of DW internal
cycle requires more time than that one of BMH,
because the comparison 7]pos—m1+j]=P[j] requires
4 additions/subtractions and 6 readings from
memory, while the comparison T[pos+jl=P[j]
consists of only 3 additions and 5 readings from
memory.

As a result, the main cycle of the DW algorithm
is essentially faster than the main cycle of BMH
algorithm when the following conditions are met:

(1) the alphabet is large enough to make the

case (d) not frequent;
(2) the ratio [Zp|/|Z| is small enough to make
the case (c) not frequent.

The simulation shows that only when alphabet
size is up to 4, the condition (1) violation forces the
DW algorithm main cycle to run slower than BMH
main cycle on random pattern and text. Any
alphabet of size greater than 4 could be considered
as “large enough”. The violation of condition (2)
forces the DW algorithm main cycle to run
approximately at the same speed as the BMH main
cycle. However, for the wide range of pattern
length / alphabet size combinations the DW is
essentially faster than BMH. This range covers m
in the range 20-30 and |X[>4.

3 Multi-window extension

Let us consider the possibility of processing
more than 2 subsequent text windows in one
iteration. The modification of the DW algorithm is
simple: the N-dimensional array DN should be used
instead of D2. It is defined as follows.
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DNTi1]...[in] is the leftmost possible position of
the beginning of the pattern under assumption that
Tkm—1]=ix, k=1,..,N.

In Figure 3 only row 2 should be changed in a
following way:

r < DN[Tpos]]|[T[pos+2m]]...[T[post+Nm]];

Thus we obtain the Triple Window (TW),
Quadruple Window (QW) and other Multi-window
algorithms.

Using C notation this assignment can be
rewritten as r=*(DN+by_ipos+...+bi(pos+(N-1)m)
+pos+Nm), where b=|Z". Of course, in order to
reduce the number of multiplications, the values
2m,...,Nm can be calculated in the preprocessing
stage, while the values b could be considered as
constants. However, every next dimension adds
two additions, one multiplication and two memory
reads to the calculation routine. This overhead is
covered by longer shifts until the value of |Zp|/|Z] is
small enough, but in the case N>3 the
preprocessing begins to play an important role,
since its time and space complexity grows
exponentially depending on N. The preprocessing
stage is discussed in the next section.

4  Preprocessing
On the preprocessing stage of the N-window
algorithm the values km, k=1,...,N are calculated
and arrays D containing |X| elements and DN with
|X|" elements are filled with the values. Filling the
array D is just the same as in the BMH algorithm
and runs in O(]X|). Obtaining values km is O(N)
time, which is ignorable small for realistic values
of N. Filling the array DN takes up almost all the
time. The following procedure completes this task.
1. Assign the value Nm to all elements.
2. Replace the wvalues D[ii]...[in],

ive P, with Nm—gy—1, where gy is the rightmost

where

position of the character iy in the pattern P.

N+1. Replace the wvalues D[ii]...[in],
where i€ P, with m—q:—1, where ¢ is the rightmost
position of the character /; in the pattern P.

The first step takes O(/Z|") time, while each
other step — O(m[Z"") time. The overall time
complexity of  preprocessing stage is
O(IZ["+Nm|Z[*™).

Using the special functions that copy memory
blocks, like memcpy from memory.h C library,
one can build the implementation that is faster in
times than the conventional method given above.
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The space complexity of Multi-window
algorithms is, of course, strongly greater than that
one for BMH/QS. However, memory requirements
of D2 array even for relatively large alphabet
containing 256 symbols are only 64 Kb, which is
absolutely admissible for present-day computers
and programs.

The TW  algorithm, as computational
experiment shows, is efficient only for b values
around 32. Then the size of D3 (32x32x32) array is
only 32 Kb. The QW algorithm could be efficient
for b=16 at maximum and the size of the respective
D4 array is 64 Kb.

5 Unrolling cycle

The algorithms based on bad character rule,
such as BMH or Multi-window, could be
accelerated using the unrolling cycle technique. It
consist of applying “blind” shifts, without checking
the end of file, until shift value is not positive. In
order not to miss the end of the file, the text is
appended by the fictitious pattern.

This technique could be applied to Multi-
window algorithms in a following way:

- Row 1 should be replaced with the endless

cycle “while 1”.

- After row 3 we should check the condition

pos=>nm and break the cycle if it is met.

This allows us to check the end of the file only
when the shift array element is equal to zero and
speed up the multi-window algorithms by 2—4%.

6 Computational experiment

We implement the unrolled versions of Double
window, Triple-window (TW), Quadruple-window
(QW) and a number of other known algorithms in
C language, use the Microsoft Visual studio
compiler to build the executables and run them on
the Athlon II X2 245 processor, 2.9 GHz, Windows
7 platform. Preprocessing stage of the TW and QW
algorithms is implemented using the fast memory
fill functions. The text containing 10 MB
characters is randomly built and the patterns as
well. The distribution of characters is uniform.

The results for alphabet of size 32 and different
pattern lengths are presented in Table 2. The total
running time of 1000 runs is shown. The QW
results are not shown, since they are significantly
worse than DW and TW results for alphabet size
32. The QW algorithm could be efficient for
smaller alphabets and very short patterns.
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Table 2. The total running time of pattern matching algorithms, 10 MB of text x 1000, in seconds

BMH QS DW W EBOM FJS TVSBS | SBNDM | FSBNDM

m=2 45,326 | 31,678 | 34,030 | 27,229 | 90,742 | 26,169 | 24,186 | 25,689 36,091
m=3 33,320 | 25,596 | 24,429 | 21,396 | 52,538 | 22,890 | 21,109 | 20,034 26,177
m=4 24,552 | 20,366 | 18,836 | 15,812 | 33,695 | 19,420 | 18,182 | 16,071 19,477
m=5 19,919 | 17,358 | 15,558 | 13,630 | 25,020 | 16,397 | 16,025 | 14,127 16,273
m=6 16,458 | 14,583 | 13,313 | 11,623 | 19,524 | 13,926 | 13,824 | 12,328 13,250
m=7 15,049 | 13,724 | 11,957 | 10,706 | 17,003 | 12,880 | 13,002 | 11,855 11,930
m=8 14,279 | 13,213 | 11,704 | 10,913 | 15945 | 12,550 | 12,680 | 11,725 11,451
m=9 12,170 | 11,327 | 10,181 9,316 | 13,299 | 10,846 | 11,212 | 10,391 9,624
m=10 11,097 | 10,411 9,363 8,990 | 11,667 9,826 | 10,218 | 10,076 8,963
m=11 10,541 9,788 9,088 8,547 | 10,673 9,175 9,454 9,401 8,103
m=12 9,874 9,432 8,522 8,198 9,949 8,859 9,071 9,271 7,726
7  Conclusions while for pattern length 10 and more the FSBNDM

As is seen, the Triple Window algorithm is
superior over all known algorithms for pattern
lengths from 4 to 9 and alphabet size 32. Both DW
and TW algorithms outperform classical
comparison-based algorithms, such as BMH and
QS for all considered values of m. The TVSBS,
FJS and SBNDM are better for very short patterns,
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algorithm becomes superior.

The technique used in Multi-window algorithm
family could be applied in order to accelerate the
algorithms based on comparisons of subsequent
characters, which is a future research direction.

References

1. KNUTH D. E., MORRIS J. H., and
PRATT V. R. (1977) Fast pattern matching in
strings, SIAM J. Comput. 6 (1), pp. 323-350.

2. BOYER R. S. and MOORE J. S. (1977) 4
fast string searching algorithm, Commun. ACM
20, 10, pp. 762-772.

3. HORSPOOL R. N. (1980) Practical fast
search in strings, Softw.Pract. Exp. 10, 6, 501-506.

4. SUNDAY D. M. (1990) A very fast
substring search algorithm, Commun. ACM 33, §,
pp. 132-142.

5. FARO S., LECROQ T. The Exact Online
String Matching Problem: a Review of the Most
Recent Results (2013), ACM Computing Surveys
(CSUR) Surveys Homepage archive. Volume 45
Issue 2, Article No. 13.

6. HUDAIB A, AL-KHALID R,
SULEIMAN D., ITRIQ M., AL-ANANI A. (2008),
A fast pattern matching algorithm with two sliding
windows (TSW), J. Comput. Sci. 4, 5, pp. 393-401.

7. BERRY T., RAVINDRAN S. (1999) 4 fast
string matching algorithm and experimental
results, In Proceedings of the Prague Stringology
Club Workshop *99, pp. 16-28.

Received: 28.06.2016




Bicnux Kuigcbko2o nayionanbHoeo yHigepcumemy
imeni Tapaca lllesuenxa
Cepis ghizuxo-mamemamuuni HayKu

2016, 2 Bulletin of Taras Shevchenko

National University of Kyiv
Series Physics & Mathematics

YIK 519.688

3apemboBcrkuii K. B., acmipaHnT,
[leBuenxo B. I1., k.¢.-M.H., JOII.

K. V. Zarembovskyi, graduate student,
V. P. Shevchenko, candidate of physical
mathematical sciences, associate professor.

and

E-learning and its programmatic and

EnexkTpoHHe HABYaHHSA — IPOrPAMHO-
technical aspects of the organization

TeXHiYHi acneKTH opraizamii

Taras Shevchenko National University of Kyiv,
83000, Kyiv, Glushkova st., 4d,

e-mail: zkv.inn@gmail.com

e-mail: vpsh@unicyb.kiev.ua

KuiBchknii HamioHanbHUN — YHIBEPCHUTET iMEH1
Tapaca IlleBuenka,, np-1. I mymkosa, 41, M. Kuis,
83000

e-mail: zkv.inn@gmail.com

e-mail: vpsh@unicyb.kiev.ua

Cmamms npucesiyeHa OCHOBHUM HANPAMKAM eleKmpOHHO20 Hasyanus . Haeedeno emanu po3eumky
eeKMPOHH020 HasyanHs. Pozenanymo oOucmanyiiine HAGUAHHA 5K HANPAM HAGYAHHS e1eKMPOHHOZO.
Buoineno ma onucano opmu Oucmanyilinoeo HaguaHHs mMa U020 DYHKYIOHANbHI  NIOPO30LIU.
Posxpusacmovcs 3micm nonamms «MOOiIbHe HABUAMHAY 3 MEXHIUHOI Ma Oopeanizayitinoi mouku 30py,
6KA3YIOMbCL OCHOBHI nepesacu Had iHWUMU opmamu enekmpoHHo2o HasuyauHs. Ilpoeedenuil ananiz i
BUCHOBKU 0OVOYMb KOpucHumu 01 axieyie cgepu opeanizayii cucmem eleKmpoHHO20 HAGUAHHA, iX
BNPOBAOINCEHHS MA NIOMPUMKU.

Kniouogi cnosa: enexmponte naguanns, OUcCmanyitine HagYanHs, MOOIIbHE HABUANHSL.

The article describes main areas of e-learning. E-learning nowadays is a cornerstone for getting
knowledge for the students of different specialties. Such systems are independent of time, place, social status,
computer type. The article describes the obstacles for further development of these new forms of learning.
Stages of e-learning are listed. Distance learning is considered as a brunch of e-learning. Learning by
correspondence as a primitive form of distance learning was rather popular in Ukraine since XX century.
Computer networks, personal computers, compact data storages were the main factors for computerizing
distance learning. Highlight and described forms of distance learning and its functional units. Expansion of
smartphones, i-pads, spread of mobile connection initialized a new form of e-learning. Expands the concept
of "mobile learning" from a technical and organizational point of view, indicated the main advantages over
other forms of e-learning. The analysis and results will be useful for specialists of e-learning systems, their
implementation and support.

Key Words: electronic learning, distance learning, mobile learning
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Beryn
Honst Cy4acHUX CTY/ICHTIB, HaBITh
ryMaHITapHOTO CIpsIMyBaHHS, OTpUMaHHS

HaBYaJbHOI iH(pOPMALIil 32 IOTTOMOTOI0 €IEKTPOHHUX
MPHUCTPOIB € HEBI'€MHOI0 YaCTHHOK  KHUTTS.
JIMHaMIYHICTh PO3BUTKY CY4YacCHOTO CBITY BHMarae
IIOHANIIBUIIMX 1 JEIIEBUX 3aCO0IB I CTBOPCHHS
W mocravaHHs 3HaHb. E-learning € ogHUMH 3
THCTPYMEHTIB, SIKUIl MOXKE BUPIIIUTH II0 podieMy

[].

© K. B. 3apem6oBchkuii, B. I1. IlleBuenko, 2016

Ha pmanuiéi MomeHT TexHojorii e-learning
HAJal0Th MOMKJIMBOCTI CTBOPEHHSI CUCTEM MAacCOBOTO
Oe3rmepepBHOrO0 HaBYaHHS Ta 3aco0iB  OOMiHY
iH(hOpMAIIfHIM KOHTEHTOM, SKI HE 3aJIe)KaTh Bif
YacoBHX TOSCIB 1 TeorpadiyHOrO IMONOXKEHHS,
COI[IaJILHOTO CTaHy Ta PIBHA JIOXOIB CIyXadiB, 4acy
JIHS. Ta BUKOPHUCTOBYBAHOI MPOrPaMHOI TUIAT(HOPMH.
Tum caMuM peanizyeThesl MPaBo KOKHOI JIFOAWHU Ha
orpuMaHHs ocBiTh. CaMe Taki CHCTEMHM 3/aTHI
HAMOLTBII IIBHIKO 1 aJIeKBaTHO pearyBaTd Ha
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moTpedu cycmiibcTBa 1 3a0e3nedyBaTd BTUICHHS
MpaBa Ha OCBITY KOKHOT'O TPOMaJITHIHA.

B TOil xe dYac pO3BUTOK TEOPETHYHUX Ta
MPAaKTUYHUX ACIEKTIB PO3POOKH Ta BUKOPHUCTAHHS
CHCTEM EIEKTPOHHOTO HAaBYAaHHS XapaKTEPU3YEThCS
Hapasi TIEBHUM piBHEM HEBHU3HAYEHOCTI Ta
Heysromkenocti  [2].  Tomy Meroro  jmaHoro
JNOCTIDKCHHS € aHalli3 KOMIT IOTEPHUX AaCIEKTIB

oprasizamii cucteM e-learning sk ogHOro 3
MEPCTIIEKTUBHUX ~ HAMPSIMKIB  OCBITH  TPETHOTO
TUCSYOJITTS.

EnexTponHe HaBUaHHS

Enexmponne naguanns (e-learning, CKOpoO4eHHS
Bix auri. Electronic Learning) — cucTeMa HaBUaHHS,
Je  OCHOBHHM  IHCTPYMEHTOM  TMpoOIecy €
iH(OpMaIiiiHi i eTeKTPOHHI TEXHOIOT1i.

Mapk Pozenbepr (Marc Rosenberg) BimzHauae,
mo e-learning BUpI3HSAEThCS BHKOPUCTAaHHSM Intra-
Ta Internet TexHOJOIIM ISl CTBOPEHHS Ta HaJaHHS
HMIUPOKOT0 HAabOpy pillleHb, SIKi CTBOPIOIOTH OCHOBY
JUIA  TIBUINCHHSA e(PEKTUBHOCTI OTPUMAHHS 3HaHb
Ta TPOAYKTHBHOCTI Tpari; e-learning mae Kinbka
0a3MCHUX TPHUHIMIIB: HABYAaHHS IPOBOAUTHECS 13
BUKOPUCTAaHHSIM MEPEKEBUX TEXHOJOTiH; KIHIIEBHUI
KOpUCTYBad OTPHUMYE HaBUYAJIbHUH KOHTEHT 3a
JIOTIOMOTOI0  3BUYAHOTO KOMIT'loTepa Ta Habopy
CTaHJAPTU30BAaHUX MEPEKEBUX TEXHOIOTIH [3].

E-learning BH3HA4YarOTh TAKOXK SK «IIUPOKHH
CIIEKTP 3aCTOCYHKIB Ta TIPOIECIB, BHKOPUCTAHHSIM
SKHX  3a0e3MeuyeTbcsi  HABYaJbHUH  MPOIIeC
OCHOBaHWI Ha Web-TeXHONOTiAX, BUKOPHCTaHHI
MEPCOHANBHUX KOMIT'IOTEPIB  Ta  «BIPTYaIbHUX)»
KJIaCHMUX  KIMHAT; 3ac00iB  [UI1  B3aeMomii
KOpHUCTYBa4iB yepes MEpEeKYy. E-learning
Oe3criocepe/lHbO ~ BUKOPHCTOBYE  TaKi  METOIH
JOCTaBKM HAaBYAIBHOIO KOHTEHTY, fK: 4epe3
MEPEeXKYy, MYJIbTUMEAIMHI 3alKMCH, CYIMyTHUKOBI
MeToAM  3B’S3Ky Ta  mepemavi  iHopmaiii,
IHTepaKTUBHE Telie0aueHHs Ta TUCKPETHI HOCID». [4].
Ha cywyacHomy erami po3BHTKY iH(poOpMaIliiiHO-
KOMYHIKAI[IMHUX TEXHOJIOTIH EeJIEKTPOHHE HABYaHHS
MOXE pO3MIIAJATHCSA SK TEXHOJOriYyHa OCHOBA
¢dbyHaaMeHTai3amii OCBITH.

PO3BUTOK  €IEKTPOHHOTO HABYaHHS
YMOBHO TIOAUTUTH Ha TPHU €TaIH.

Mepmmnii eran (20-50-ti pokum XX CTOMNITTS)

MO’XHa

OXOILTIOE nepion 3 MOMEHTY MOSIBH
CNEKTPOMEXaHIYHAX MPUCTPOIB 1 O TMOYATKY
HIHPOKOTO BIIPOBAKEHHS ENEKTPOHHUX

obuucmoBanbHUX MammH. Ha mbpomy erami pi3Hi
MeXaHiuHi, eNeKTpOMEeXaHi4Hi Ta  eJIeKTPOHHI
IHAMBITyali30BaHi 3acO0M BHUKOPHCTOBYBAJIUCH IS
mojavyi HaBYAJBHOIO MaTepiajy Ta KOHTPOIIO 1
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CAMOKOHTpOJIO 3HaHb. 3a METOIUYHY OCHOBY
Opaylacsi TEXHOJOris IPOrpaMOBaHOTO HaBYaHHS.
VYuiBepcaiabHi EOM njist HaB4aHHS B 1ieH mepion e
HE BUKOPHCTOBYBAIIHCh.

Apyruii eran (50-80-Ti poku) moOB’s3aHUI 13
IIUPOKKM PO3MOBCIOKeHHAM EOM y 1UBUIBHIM
chepi. B maHwmii mepiom Oyia CTBOpeHa BeJIHMKa
KUTBKICTh  KOMII FOTEPHO-OPIEHTOBAHUX — TapaJiuirM
HABYaHHS, KOMII IOTEPU30BAHUX CHUCTEM KOHTPOIIO
3HaHb, CIEIiali30BaHUX HAOOPIB  MPOrpaMHOTO
3a0e3IeueH s, TAKUX IK aBTOMATH30BaH1 HaBYaJIbHI
cuctemu PLATO, Coursewriter, Tutor Ta iHImIi.
TonoBHI HemoNiku po3po0OK 3a3HAYCHOTO TEpiofy,
ABTOHOMHICTh Ta CTalliOHAPHICTh, OYyJIM OB’ s3aHi 3
BUKOPUCTAHHSIM  «BCIMKUAX»  OOYHCITIOBAILHUX
MaIrH a0o, B KpamoMy BUTIAJIKY, 3B’ 13aHUX 13 HUIMH
TepmiHaiiB. Takox Jqyke CKIagHO OyIIo peaizyBaTu
OOMIH HaBUYAILHUMHU MaTepiajaMH B €JIEKTPOHHOMY
BUTIISIII  Ta MOCTaYaHHS HABYAIBHUX ITOCTYT
3HaYHIN KUTBKOCTI KOPHCTYBAUiB.

Tperiii eram (3 80-x pokiB) po3moyaBcs 3
MOSIBOIO TTEPCOHATIBHUX KOMIT IOTEPIiB, KOMITAKTHHX
CXOBHIIl JAaHUX 13 BHCOKOK INUIBHICTIO 3aIlUCy,
KOMIT'IOTEPHHX ~ Mepex. JSIKicHHi  cTpuOOK y
PO3BHUTKY €IIEKTPOHHOTO HABUAHHS CTaBCS 3 MOSIBOIO
rmobdansHOi  Mepexi  [aTeprer.  KirouoBumu
XapaKTepUCTUKAMH UL e-learning crana
MOJKJIMBICTh aBTOMATHYHOTO OOMIHY iH(OpMAaIIi€r0
MDK BIIJQJICHUMH KOMIT IOTE€PaMH, BIPOBAKCHHS
KOMYHIKaI[iifHOTo iHTepdeiicy A CHUIKYBaHHS MiX
YYACHHKaMH HAaBYAIBHOTO MPOIECY B pPeabHOMY
Yaci, 3/ICIeBICHHS 1 MiHIATIOPHU3AIlisl eIIEKTPOHHOTO
o0NajiHaHHS, OXOIUICHHS TEPUTOPId IMOTYKHUMH
KaHaJaMH 3B 513Ky, BHUKOPHCTaHHS TillEPTEKCTOBHX
CTOPIHOK, IHTeNeKTyai3allis MIPOrpaMHOTO
3a0e3nedyeHHs. B 1ieil ke dvac 3 SBISAIOTBCS Taki
pi3HOBUAM SNEKTPOHHOTO HABYaHHS K
JIUCTaHIliiiHe, MOOUIbHE Ta 3MIIIaHE.

HesBaxkaroun Ha 4YWCIICHHI mepeBaru e-learning
[5] Bimkpuiucs i TOCHTh CepHO3HI MpodIeMUu HOro
MOUIMPEHHS 1 BUKOPUCTaHHs. YacTWHA 3 HUX HOCUTb
ryMaHITapHUN XapakTep: FOPUIUYHA Jeranizallis mux
¢opM HaBuUaHHS, 3MiHA IICHXOJIOTO-IIEAArOriYHUX
3acaj HaBYaHHS, HeoOXiAHICTh MOBHOT amanTarii. 1o
MporpaMHoO-anapaTHUX MpoOIeM MOXHa BIIHECTH
BIJICYTHICTh CTaHIApTIB, BHCOKY 3aJI€KHICTh Bij
TEeXHIYHOT HppaCTPYKTYypH, CKJIaJIHICTh
pekoH(pirypaiiii Kypcy B Tpoleci HaBYaHHS. -
learning sk i Oynp-ski HoOBalii moTpedye 3HAYHHX
IHBECTHI[IH B PO3POOKY 1 BOPOBAHKEHHS Ta B
MIArOTOBKY BIAMOBIAHUX (haxiBIliB.
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Jucranuiline HABYaHHS

JucraHmiiine HaBYAHHS (d-learning,
ckopodeHHs Bix anri. Distance Learning) Ha maHuit
MoMeHT € (¢opmoto e-learning, ska 3a3Hana
OYypXJIMBOTO PO3BUTKY 3aBJSKU IOSBI 1 IUPOKOMY
PO3IOBCIOJDKEHHIO  TIIO0ANBHOI  KOMIT IOTEpHOT
Mepexi [aTeprer. ['omoBHOW BiaMiHHIicTIO d-
learning € po3HeceHHS y TpocTopi (3aBIsSKH 1 Y
pamMKax MepexXi) BCIX YYaCHHKIB HaBYAIBHOTO
MPOIIECY: CTYACHTIB, BUKJIAJayiB, aaMiHICTPAaTOPIB.
[epri ¢popmu qUCTAHIIHHOTO HABYAHHS MPAIIOBAIN
B PEXKHMI pealbHOr0 4Yacy — BHKJIAJad BHCTYIAB
nepen KOMITFOTEPOM, a CTYACHTH B Ied ke dbac
CIIIJIKYBaJIUCA 13 HUM 3a CBOIMH IE€PCOHATBHUMHU
KOMIT'IOTepaMd B IHIIMX TOYKax Mepexi. 3
PO3BUTKOM MPOrpaMHO-aNapaTHUX 3ac00iB
(MokHBiCTB 30€piraHHs 1 IeMOHCTpaIlii o moTpedi
BiJle03amKCiB, MpOrpaMHa iHAMBIIyaTi3oBaHa mojada
iHpopManii 1 KOHTposb ii 3aCBOEHHs) BiAMaNo i
OoOMeXeHHsI pealbHOro 4acy. Binroai Bci yd4acHHUKH
HABYaJBHOTO MPOIECY MOTJTIH OpaT B HbOMY Y4acTh
3HAXOIIYHMCh OIS OYyIb-SIKOr0 KOMIT I0TE€pa MEPEXKI 1
B Oy/b-sIKHiA Yac.

[epBicHOIO «IIPUMITHBHOIOY dbopmoro
JUCTAHIIIMHONO HAaBYaHHS MOXHA BBakaTh (opmy
MACbMOBOI'O  CHUIKYBaHHS, TOOTO 3aBJaHHA 1
BianoBiai Biacuianuck nomror. Ile pyx Yoroksa
(Chautauqua) y CIHA y XIX cromiTTi, TeneBi3iiiHi
mkomi B CPCP y 60-1i poku, xypcu €LIKO y
cydacHii YkpaiHi.

KpiM TpagumiiHUX — CTyIeHT, BHKJIaJad,
aJMiHiCTpaTop (METOIUCT JEKAHATY YU KadeapH) y
JMCTaHIIHHIF GopMi 3’ ABISIOTHCS HOBI €IEMEHTH:

1) 6asu  3wawp — HABYAIBHMM  KOHTCHT
3rPYNOBAHMIA Y MOIYJI, SKI MOXYTh MICTUTH JaHI
pi3HOT HpPHUPOIUM — TEKCT, rpadiky, 300parkeHHS,

aymio, aHiMmailifo, Bigeo TOH[O. 3a3BU4Yail, BOHU
30epiraroThCs SAK MEBHI 00 €KTH 3a JOIMOMOIoI0 0asu
JaHUX 1 JOCTYIHI B 3aJIGKHOCTI BiJ 3a3Ha4YCHHUX
moTped ciayxadiB Ta HaJaHUX ClyxadyaMm JI03BOJIB
3riZIHO MPOCITYXOBYBAaHOI'O KYypCy, YCIHIXIB cliyxada
Ta OarathoX IHIUX (aKTOpiB Ta  MPaBUIL
Pe3ynbraToM 1BOro € iHAMBIIyasi3allis HaBUYaHHSI —
CTYICHTH OTPUMYIOThH JIMIIE T€, IO IM IMOTPiOHO,
3aCBOIOIOYH 3HAHHS Y 0a)KaHOMY TEMITi;

2) epynu — CTyIEHTH MOXKYTh CaMi CTBOPIOBATH
[HTepHET-CUIBHOTH Ui B3a€MOJOIIOMOTH  Ta
OOMiHY ITOB1IOMJICHHSIMU;

3) excnepmu — iHUI BUKIaaa4i a00 iHCTPYKTOPH
3 Kypcy [OCTYNHI B MEpPEKI s TPOBEIACHHS
KOHCYJIbTAIlIM, BIAMOBIAI HA MHWTaHHS, OpraHizallil

00TOBOpEHHS.
MoXIIMBICTE 301ACHEHHS He JIMIIE
TPaJULIAHOIO 3B’S3Ky «BHKJIaJad — CTYACHT»
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MEPETBOPIOE BCIX YYACHHKIB HABYAILHOTO TPOILIECY,
BKITIOYAIOYM  aJAMIHICTpalifo, y  HaBYallbHY
rimepMepexy Mo SKiH TepenaecTbcsi HE JIHIIe
iHpopMaliss y JOBUIBHIH eNeKTpOHHIN  (opmi
(TexcTH, 3BYK, 300pakeHHsI, BiJie0), a i yrnpaBJIiHHS
XO/IOM HaBYaHHS, KpIM TOr0 Yy HIil MOXYTh
YTBOPIOBATHCH MiAMEpPexKi 3 JIOMaTKOBUM
¢yukionaaromM abo  oOMexeHHsSMH  (OHJIAWH-
KoH(epeHIIil, CIIbHI TPYNMOBI MPOEKTH CTYICHTIB,
ceMmiHapu a0o TypTKH 3a iHTepecaMu).

3a TunoMm ynpaBiiHHA (OPMH JUCTAHIIHHOTO
HaBYaHHS MOXKHa JU(EpEHIIoBaTH Y KUIBKOX
BHUMIipax:

1) 3a raobanbHicTiIO (opMu  BiAPIZHIIOTHCS
HASBHICTIO YW BIJCYTHICTIO alTOPUTMY peryisiii
HaBYaHHS 1 pIBHEM JIOKYMEHTa MpO 3aBEpIUICHHS
HaBYaHHSI.

1.1) Bkimouene abo caMOOCBITHE, KOJH
BUOIp JUCHUIUTIHK Ta PEryJlis Ipolecy
HaBYaHHS 3/IIHCHIOETHCSI CAMUM CTYIEHTOM, a
pe3yNbTaTH HAJICUIIAIOTHCS CTYACHTY abo B
HIITY OCBITHIO CcUCTeMy/TIporpamy.
Hanpuknan OH-JIaliH Kypc «bpena-
MeHeDKMeHT» B KHiBchbkoMy HallioHaIbHOMY
yHiBepcuteri imeHi Tapaca IlleBuenka abo
Coursera.

1.2) Ceprudikonane, KOJIH BHOIp
JTUCIMILUIIH, TOPSIOK 1 00’€éM 1X BUBYEHHS
pETYJIIOETBCSI  TMEBHUM  cepTH(]iKOBaHUM
QITOPUTMOM, MOXIIMBO 32 YYacTIO Camoro
CTy/ieHTa. YCIIlIHE BHKOHAHHSA AaJTOPUTMY
Jla€ TIpaBO Ha OJIPXKAHHS JIOKYMEHTY PO

OJIep>KaHHS IIEBHOTO piBHA OCBITH.

Knmacuuaum mnpukinagom € JIOHTOHCHKUHN

BIJIKPUTHH YHIBEPCHUTET.

2)3a  piBHeM  3aMKHEHOCTI dbopmu
BIIPI3HSIOTHCS cUCTEMaMU aBTOpH3aIlil Ta
imeHTu(iKarii.

2.1) BinkpuTi, KOJM KOXEH Oakarouui
MOKE IPOUTH KypC HaBYaHHSI.
2.2) 3akpwuri, KOJH hi (o) HaBYAHHS
JIOIYCKAEThCS TUIBKH TEBHE KOJIO CTYICHTIB.
3)3a  komepuiiiHol  o3HaKo  (dopMH
BIIPI3HAIOTHCS HASBHICTIO Y BiJICYTHICTIO B3a€MOIIT

3 (hiHAHCOBMMHM, SIK MpPaBUIO OAHKIBCHKHMH,
CHCTEMaMH.
3.1) BeskoiroBHi.
3.2) IInaTHi.
4)3a THIIOM KOMYHiKkanii dbopmu
BIZIPI3HSIOTBCS 32 BUKOPHCTAaHOI MaTepialibHO-

TEXHIYHOI 0a3010 CIUIKYBaHHS.
4.1) Yucto MepexeBe — BUKOPUCTOBYIOTHCS
TLUTBKH MEPEKEB1 KaHAIH.
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4.2) 3mimane — BUKOPHCTOBYIOTbCS W 1HIII
iH(hopMalliitHi Jukepena: creliaibHi IporpaMu
panmio i tenebauenns, CD-mucku, ApyKoBaHi
BHJIAHHSL.

[IpakTH4HO BCi BiIOMI MEAAroridyHi METOIUKU

HAaBYaHHS  MOXYyTh  OyTH  peami3oBaHi B
JMCTaHIIIHHOMY HABUYAJILHOMY CEPEJOBHUINI  3a
JIOTIOMOT'O10 CTIeI[iaTi30BaHUX MPOrpaMHo-
amapaTHUX 3aco0iB.

3ificHEeHHS JUCTAHILIHOTO HaBYaHHI
nependavae  HAsBHICTb  IEBHUX  CTPYKTYPHHX

CKJIaZIOBUX (IMAPO3ILUTIB), SKi PO3PI3HAIOTHCS 32
CBOIMHU (QYHKITISIMH.

1) HaBuanbHuii neHTp (HaBUaJIbHUH 3akian abo
OyAb-KMi IHIIMA [MOCTAYaJIbHUK JUCTaHI[IHHOIO

HABYaHHS), SIKMA BUKOHYE (QYHKIIT opraHizamii
iHopMaiitHol Ta TEXHIYHOT MiATPAMKH
HaBYaJbHUX KypCiB, oOprasizamii CIUJIKyBaHHS
cryneHTiB  (GopMu HaBYaHHS, SKIi BHUMAararoTh

KOJIEKTUBHOI po00TH), (QYHKIIT ympaBimiHHS Ta
aJIMIHICTpYBaHHS HABYAIBHOI CHCTEMH.

2) [ndopmarniitai pecypcu — HaBYaJdbHI MOAYII
Ta Kypcd (TEKCTH JIEKIid, wmarepiaqu  JJIs
JIEMOHCTpAIlid Ta 1HIIE); METOAMYHI Marepiaiud Ta
NOBIMHUKK (sKi, BJIaCHE, BKIIIOYAIOTh KOMEHTapi
BHKJIaJa4iB J0 HABYAJbHUX MaTepiasliB, HAHOUIBII
YacTi 3allMTaHHs CIyXadiB Ta iHIIE); eJIeKTPOHHA
0i0mioTeka (CIUCKM PEKOMEHAOBAHOI JIiTEpaTypH,
CIIHCKMA  JIOCTYIIHUX  pecypciB 1O  TeMaTHII
MPOCITYXOBYBAHOTO KypCy Ta TMOCWJIAHHS Ha HUX,
aKaJeMiYHUI KaJeHIap Ta 1HIIE).

3) MaTtepialbHO-T€XHIYHI 3aCO0M — JOCTaBKa Ta
JIEMOHCTpAIlisi HAaBYAIIbHOTO KOHTEHTY CTYJICHTaM,
AaBTOMATH30BaHA CHCTEMa OITUTYBAHHS Ta TIEPEBIPKH,
KOMYHIKaIIii{Hi 3acO0M: CEpBICH €EKTPOHHOT MOIITH
Ta aBTOMATH30BaHOI PO3CUJIKH, JOIIKH OTOJOUIECHb,
BeOiHApH Ta BIpTyanbHI JEKIii, MyJIbTUMENIiiTHI
TPaHCIISILII.

4) Buknanavi-KOHCYIBTAaHTH  («TBIOTOPH») —
KOHCYJIbTallii, KOHTPOJIb 3HaHb, 3BOPOTHIH 3B’SI30K.

5) CrynenTu.

Mo0iibHe HABYAHHS

CporomHi MoHam 6 MUIBAPIIB JIHOACH MAarOTh
JIOCTyn 10 I[HTepHeTy 3a JOIOMOrow MOOUIBHUX
MpHUCTPOiB. MOOLIBHI TEXHONOTIT 3MIHIOIOTH CIOCIO
HAIIOr0 JKUTTA 1 IIOYHMHAIOTH 3MIHIOBATH CBIT
HaBYAHHSL. Po3surok riIo0aIbEHUX MEpEeX,
MiHIaTIOpHU3allis eJIeKTPOHHUX TaJPKETiB, CYTTEBE
BIIOCKOHAJICHHS POrpaMHOro 3a0€3MeUYcHHs Ta
30UTbIIEHHS. 00’€My 3aram’sITOBYIOUMX TPHUCTPOIB
BHKJIMKAJIM PO3BUTOK Takoil JOPMH €IEKTPOHHOTO Ta
MUCTAHIIHHOIO HaBYaHHS, SK MOOIILHE HaBYaHHS
(m-learning).
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Mobinvne nasuanns (m-learning, CKOPOYEHHS
Bin aHri. Mobile Learning) [6] — ue Oynap-sika
AKTUBHICTh, SKa JO3BOJIAE JIOASM OyTH OLIBII
NPOAYKTHBHMMH B TaKUX  Tpolecax,  SK
BHUKOPHUCTaHHSI Ta CTBOPEHHs iH(opMalii, Oynb-ska
B3a€EMOJIA 13 HEI 3a JJOIMOMOrOK KOMIIAKTHOIO,
MEPEHOCHOTO IIU(PPOBOr0 MPUCTPOIO, SKUM JIOANHA
KOPUCTYETHCS peryispHo. Takuii mprcTpiil MOBHHEH
3a0e3meuyBaTd HATIMHWA IIBUIKANA 3B'A30K 1 s
TPAHCIOPTYBAaHHSI PO3MIIYBATHCh B KHIIECHI abo B
CYMIIi Y¥ OpTQeEi.

Mo0binpHe HaBUaHHS BiIOYBA€ThCS B YMOBax,
KOITM CTYIEHT a00 BUKIaJad 3HaXOAATHCS 11032
Hamepeax  OOYMOBIIGHOIO — JIoKamiew.  MoOiibHI
MIPUCTPOI Ta TEXHOJIOTi1 HjoHalKparie
BiZJOOpaKalOTh JTMHAMIYHICTH CYYacCHOT'O JKHUTTS —
po0OTH 1 HAaBYAHHS, PO3BAr i CIUIKyBaHHS. MoOUTBHI
TenedoHu, cMapThOHU 3apa3 € Maike B KOKHOTO, a
3HAYHTh, OUTBIIICTH JIIOJICH MOXKYTh MaTH MOCTIHHUH
JOCTYII IO MEPEXi, He3BaKaloUX Ha Te, Jie BOHU TPU
IIbOMY 3HaXOIAThCS 1 YUM 3aliMarloThesa. Tomy
MOOIUTBHI TPUCTPOT MalOTh BETMYE3HUH IMOTEHIiAN
JUIst AUCTpUOYT iHpOpMAITii.

M-learning Hajae eNEeKTPOHHOMY HAaBUYAHHIO
HACTYITHI IPOTrPaMHO-TEXHIYHI TIepeBaru:

1) MOXnHMBICTh BHKOPHUCTaHHS B HaBYaHHI
JIETKUX, KOMITAKTHHUX, MOPTATUBHUX MPUCTPOIB, SKi
npuadaHi CTYACHTOM, € WOro BIIACHICTIO 1 HUM
00CITyTOBYIOTBCSI.

2) dobpe miaxomuTh IUIS HaWPi3HOMaHITHIIINX
TUTIB HABYAIGHOI aKTHBHOCTI — ITiJ] 9aC MPAKTHIHUX
3aHATh HAa BHUPOOHUIITBI, JOCHIAIB y IO, B
TPaHCIOPTI.

3) € ajgekBaTHUM IHCTPYMEHTOM NpPU HAaBYaHHI
moaed 3 ocobmuBuMH  TOTpebamMu  (IHBaJiiB,
AKTHBHO TPAITIOIOUNX, YB’ I3HCHHX ).

4) JoOpe miaxoauTh I MOJOADKHOTO CIIOCO0Y
KHUTTS.

5) 3abe3mneuye Oe3nepepBHyY, LIJIbOBY
MiATPUMKY HaBYaHHS.
6) Hamae ywacHukam Outbly cBoOomy i

BEIMYE3HY PI3HOMAHITHICTh BapiaHTIB Ji¢ 1 KOJIU
BUUTHCS.

7) BinOyBaeTbcsi  3a3BHU4YAi mBUAIIE 1
JWHAMIYHINIE, HDK  eNeKTpoHHe Yy  Qopmarti
CTaHJAPTHUX KYPCIB.

8) Konrent, 4Kk mpaBWiIO, TIOCTaBISAETHCA

MaJICHbKUMH, 3MICTOBHO HAaBaHTa)KCHHMH, SKOMOTa
PENEBaHTHIIINMHE TTOPIISIMH.

3 iHmoro OOKy, 3 MOOUIBHUM HaBUYaHHIM
MOB'SI3aHUH 1 HUIHIA s TPoOsIeM:

1) MasieHbKHIA pO3MIp eKpaHiB 1 KiaBim Ha
MOOUTEHUX TIPUCTPOSIX;
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2) mpobieMu iH(opMariitHol Oe3rmekn  BCiX», Ml Yac SKOTO aKTHBHO BHKOPHUCTOBYIOTHCS

HABYaJbHOTO KOHTEHTY 1 MEPCOHAILHUX JaHUX;

3) HEOOXimHICTE  MepepoONsATH  3BUYAWHUHA
SNEKTPOHHUH KOHTEHT [Tl MOOUTFHUX TPUCTPOIB;

4)pusukn |y pa3i  BTpaTH  MOOUIBHOIO
MIPHUCTPOIO;

S)He BCi Y4YHI MOXYTh JIO3BOJIUTH
npuaOaTH BiIOBIIHUI MOOUTEHUI MIPHUCTPIH;

6) HenponpalbOBaHICTh  MENaroriaHol
JUIST MOOLTHEHOTO HaBYAHHS,

7) 3MilllyBaHHS MPHBATHOTO JKUTTA, pPOOOTH,
HABYaHHS;

8) motpeba 'y mimBHUINIEHIH
MOPIBHSIHHI 13 OYHUM HAaBUYaHHSIM.

B nmanumii wac MikHapojHI oprasizaiii, Taki siK
FOHECKO, nepkaBHi i mpuBaTHi (OHIAM aKTHBHO
MPAIIOIOTh HaJ TPOCYBaHHSAM ifei «HaBYAHHS IS

co01
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MOOLIbHI MPHUCTPOT; IOMOBHEHHSIM 1 30araycHHSIM
(dbopManbHOrO  HaBYAHHS; MParHyTb  3pOOUTH
HaBYaHHS OUIBII JIOCTYITHWUM, CIIPaBEJTUBUM 1
THYYKUM JIJISl CTYICHTIB Y BCHOMY CBITI.

BuchHoeku

[lpoBenennii y craTTi aHami3 MPOrpamHO-
TEXHIYHUX aCIEeKTIB oOpraHizamii pi3Hux (opm
CNIEKTPOHHOTO HaBYaHHS JI03BOJIUTH e()eKTHBHIIIIE
posropraTd  Horo B TOEAHAHHI 3  IHIIUMH
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JUISL JTOCATHEHHS IIHPOKOTO CHEKTPY OCBITHBO-
HaBYaJIbHUX LILJICH.
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Cmamms npucesuena numanH0 ousepcuixayii enepeozenepyiouoco nopmeensi Ha NpoGIOHUX
nionpuemcmeax supobruymea eaekmpoenepeii ¢ €sponeticoxomy Corosi (€C). Enepeemuxa nanexcums 00
kpumuunoi ingppacmpyxkmypu (Kl), a konkypenmue, be3neyre i cmaje UpOOHUYMBO eleKmpoeHepeii € 0OHUM
i3 207106HUX 3A80aHb eHepeemuyHo2o cnismosapucmed. llpome, komnawuii, wob Odocaemu yboeo, NOBUHHI
30TUCHUMU 8UOIp npiopumemis Mixc pisHuMU Odceperamu 2eHepayii enekmpoenepeii. Omoice, 20106HOI0
3a0ayeio, NOCMABNEHOI0 Y OOCIIONCEHHI, € NPOBeOeHHs npiopume3ayii (PaHHCY6aHHs1) Ha MHONCUHT MOMHCIUBUX
Ooicepenl ceHepayii enekmpoenepeii i3 3acmocysanuam memooy ananisy iepapxiu (MAI). Lleti memoo 0o3sonse
3’sacysamu ma KilbKiCHO RIOMEepoumu AKA aibmepHaAmued HAuKpawum YuHoM e6ionosioac nompebdam
KOMRAHIU K 3 eKCNepmHOol MOUKU 30py, MAaK i 4epe3 MexaHizm KinbKicHoi oyinku. B npoyeci nobyoosu
iepapxii cmeopoemMbCsl cucmema OCHOBHUX KpUmepiis, sAKi HeoOXIOHO 8paxo8ysamu Npu OYIHYI AlbIMePHAMUS.
B cmammi onucyemocs emanu nposedennss MAI i KinbKicHi po3spaxynxu, Ha OCHOBE SIKUX pOOUMbCS GUCHOBOK
npo OOYINbHICMb GUKOPUCMAHHA MO20 YU [HWO020 O0dcepena 2eHepayii enekmpoenepeii ons QopmysanHs
ousepcugixayii cknady nopmeens.

KirouoBi ciioBa: Meros aHamisy iepapxiii (MAI), iepapxis, [kepesio reHepallii eleKTpoeHeprii, CueTeMa
MPUAHSTTS PillICHb.

This research adheres to the issue of diversification of the energy portfolio at the leading electricity
generating enterprises in the European Union (EU). Energy sector belongs to critical infrastructure (CI) and
competitive, secure and sustainable electricity is one of the main objectives of the Energy Community.
However, for the companies to reach this, a priority choice between the different electricity generation sources
should be made. The main problem, raised in the study, concerns prioritizing (ranking) of the set of possible
sources of the electricity generation by utilizing the Analytic Hierarchy Process (AHP). This method allows to
explain what alternative best meets the needs of the companies from both an expert point of view and through
the mechanism of quantitative assessment. Moreover, while creating the hierarchy, a system of the main
factors, which have to be considered when evaluating alternatives, is being created. The article describes the
stages of AHP and quantitative calculations, which create the basis for analyzing the feasibility of using the
source of electricity generation for creation of diversification of the energy portfolio.

Keywords: analytic hierarchy process (AHP), hierarchy, electricity generation source, decision-making
system.

Crartio npeactaBus 1.}i3.-Mat. HayK, npod. Xycainos J1.41.

Beryn. Meton aHamizy iepapxii  (MAI) — 1110 3aCTOCOBYETHCS JJISl PO3B’SI3aHHS PI3HOMAaHITHUX
MaTeMaTHYHHUNA IHCTPYMEHTApiii CHCTEMHOTO aHajli3y, CKIaJHUX [poOJaeM NpUHHATTS  pilieHb, sKi
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po3pobieH0 y IleHCHIBEBAaHCEKOMY VHIBEPCHTETI
amMepuKaHCbKUM BueHMM Tomacom Caati y 1972-
1973 pp.P!

l'onoBHOIO mEpeBaroxd JaHOTO METONY € HOro
THYYKICTh Ta JIETKICTh 3aCTOCYBaHHS y OaraTbox
npeaMeTHUX o0macTsax, 3okpemMa MAI  mmpoko
BUKOPHCTOBYETBCSI TPH  JIOCHIIHKEHHI TIPoOIeM
enepreTukut 1,

OO6’ekTH eHepreTHUHOi cepu HalexaTb 10 TaK
3BaHOiI KpuTH4HOI iHppacTpykTrypu (KI), To6TO KOITH

BiI HamiWHOCTI, Oe3meYHocTi Ta e(EeKTHBHOCTI
(yHKITIOHYBaHHS TaKUX CHCTEM 3aJIEKUATH
€KOHOMIYHA CTaOUIBHICTD Ta Oe3meka

cycminsctal®!l, BpaxoByroun cknaaHicTh 00’ €KTiB
KI, ix mocimimkeHHs HE0OXiTHO MPOBOJAMTU SKOMOTA
peTenbHille, TNPaBWJIbLHO BH3HAYATH BAXIJIUBICTDH
KpUTepiiB, HAMIHHICT, KPUTUYHHUX CKJIAJOBHX, SKi
3a0e3rmedyroTh iX (QyHKIioHyBaHHS. i  OmiHKH
PU3MKIB Ta miaTpuUMKH Oe3neku cucteM Kl HeoOximnHO
3aCTOCOBYBATH IPHUHIWIHM CHCTEMHOTO aHaNi3y,
MaTeMaTH4YHI MOZEIi Ta alrOpUTMH IS SIKICHOI Ta
KUJIBKICHOT OIIHKY NIPale3IaTHOCTI CUCTEM.

Incrpymenrapiiit  MAI, sk OararodakTopHuit
MpOIleC TMPUUHATTA PIlIeHb, TO3BOJIAE YCIIIIHO
BHPINIyBaTH MPOOJIEMH, OCKUIBKH METOM JTO3BOIISE
BU3HAYUTH HE TiIBKH IHTEHCUBHICTH Aii (MIpiopHTET)
meBHOTO (pakTopy (KpuTepioo) Ha (PyHKIIOHYBaHHS
CHCTEM Ta TIPOBOJHMTH PpAH)KYBaHHS KOHKPETHHX
BapiaHTIB pillleHHS (aJbTEpPHATHB), ajie ¥ JO3BOJISE
BU3HAUUTH Barm KpHUTEPiiB, HE3ISKHO BiJ IX
mpuponu. Tak, B eHepretwuHii ramy3i MAI
BUKOPHCTOBYBABCS B KOHTEKCTI palioHaIbHOT OIIHKH
Ta OCHOBH s (ikcamii ajlbTepHATHB IPH
3a/I0BOJICHHI TIONUTY Ha €HEpriio, 3 BpaxyBaHHAM
ob6MeskeHoi npornosumiitt®l,

Cniag 3a3HauUTH, W0 «iJICATBHOTO» PIllICHHS,
BapiaHTy, AKHI € HaWKpammM i BCiX 0OpaHHMX
KpHUTEpiiB, IO TMOKIAJeHI B OCHOBY KJIACHYHHX
IHCTPYMEHTIB  JJIsl TPUHHATTS ~ pillleHb, BaXKO
JnocsrTd.  ToMy HEOOXiTHMM €  3HaXOKCHHS
KOMITPOMICY 3 YHCJa Pi3HHUX TIMOTETUYHHUX PIllIeHb,
TOOTO HEOOXIJTHO 3YMHMHUTHCS Ha Ti aJbTepHATHBI,
jJKa € «BUIIPAB/IAHOIO», 1 MOXe OyTH «HE
onTUMabHOIO» 14,

B ocranni poku, migxonu i3 3actocyBanas MAI B
CHEPIreTHIll PO3MIISIAINCH OaraThbMa BITUM3HSIHUMM 1
3aKOpJOHHUMH BueHMMH. Tax, y 2011 poui 3HauyHa
yBara MpHAUIATIach Teopil HAmiMHOCTI Ta PH3HK-
aHaJi3y, MMPOBOAMBCS aHaJi3 HAMIMHOCTI Ta OILIHKA
MOJJIMBUX PHU3WKIB EHEPreTHYHHX CHUCTeM Ta iX
enemenTiB Takux sk TEC a6o AECE®. y 2015 poui
HE 3ajumwiocs 0e3 yBaru HMUTaHHs PaLiOHATBHOTO
po3mimienHs: 00’ exTiB KI B KoHTeKcTI 3a1a4i BUOOpY
palliOHaTLHOTO PO3TANlyBaHHS €JIEKTPOCTAHIIHM,
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VY 3B’A3Ky 3 THM, IIO CydYacHa, rocTpa mpodsema
BUYEPIaHHS NPUPOAHUX pECypciB € HaHOUIbII
aKTyalbHOIO JJIi CHUCTEM CEHEpreTUKH, 3pocia
aKTyaJbHICTh JIOCIHI/DKeHb, MPHUCBSIYEHUX BHOOPY
anbTEpPHATUBHUX JDKEpENn OTpPUMaHHS eHeprii Tta
MOUIYKY HOBHX. Po3rismaioTeCs MiAXOOW 10
TUTaHyBaHHS eHepro3a0e3leyeHHsT perioHiB YKpaiHu
3a JIOTIOMOTOI0 TIOHOBJIOBAHUX JKEpes eHepriil?l Ta
npobiema BHUOOpPY albTEPHATUBHOTO JKepena 3
sukopuctanamM MAIM® npu Bupimenni npobnemu
MOJIepHi3allii HaIlioHaIbHOT eHepreTHdHoi cuctemul’),

Po3B’s13aHHs TMTaHb MJIaHYBaHHS PAlliOHAIBHOTO
BUKOPUCTAaHHS TNPHPOJHUX pecypciB  moTpedye
CHCTEMHOTO TiAXOmy, iX cHCTeMaTu3amii Ta
KUIBKICHOT OIIIHKK 3 METOI OTpPUMaHHS OuIbII
[iTICHOTO PO3YMIHHS Ta MiABHIICHHS €(EKTHBHOCTI
CTPATEerivHoro IJIAHYBaHHS B €HEPreTHIl B yMOBax
oOMexeHHnX pecypciB. B cTaTTi mpoBoauThCS aHam3
npobJeMy palioHaJIbHOTO BUKOPUCTAHHS PECypCiB B
chepl eHepreTWKW 3 YpaxyBaHHAM pPI3HOTO THITY
KpUTEpiiB (€KOHOMIYHUX, TeXHIYHHX, COIabHUX 1
€KOJIOTTYHUX), 1 1o BIJIHOIIIEHHIO o
EHEepProreHepyUnXx MiANMPHEMCTB, SKI HPaIIoTh 3
pi3HOMaHITHIMHU JDKepenaMu BHAPOOIICHHS
EJIeKTPOCHEPTii B OKpeMHX JAepkaBax-uwieHax €C
(®panmist, Himeuunna, benbris, Itamis, eemis Ta
Oimmsais). 3 Takoi  TOYKM  30py  3amada
paIliOHaTPHOTO BUKOPHCTAaHHS pECypCiB Ie He
po3rasganacs. B 1poMy 1 moOJSrae akTyallbHICTh
nuBepcudikaiii ckiaamy moptdens JKepen reHeparii
€JIeKTPOCHEPTIi. B pamKax JTOCTDKEHHS
NpomoHyeThest  3actocyBath  MAI  mpu  BUOGOpI
JoKepena TeHepallii eleKTpOeHeprii 3 MOJaNbIINM
YHCIIOBHM PO3PaxXyHKOM.

IocranoBka 3amaui. B crarti posrismaerscs
3ajaua auBepcudikalii ckiaay eHeproreHepyrvoro

nopTdens Ha MIPOBITHUX M ITPUEMCTBAX
BUpOOHUITBa enekTpoeneprii B €C.
Bupimenns  3ajaui  BUMara€ — IPOBENICHHS

pamKyBaHHS Ha MHOXMHI MOJMJIMBUX BapiaHTIiB
JOKepenl TeHepauil eNeKTpoeHeprii 3 BpaxyBaHHAM
PI3HOMAHITHOCTI IIMX eNeMeHTiB. s po3B’si3aHHs
MOCTABJICHOI 3a/la4i BUKOpHCTOBYeThCS MAI, skuii
JO3BOJIIE  TPOBECTH HE TUIBKM  PaHXyBaHHSA
KOHKPETHHX €JIEMEHTIB (JpKepen  BHpPOOHUIITBA
eJIEKTPOCHEePrii, KpUTEPiiB BUOOPY MiX HUMH), aje i
3BKUTH iX. TakuM YHMHOM, MOXXHA BHU3HAYUTH
KUTBKICHO HACKUJIBKM OAMH €JIEMEHT € OiNbIl/MEeHII
BOKJIUBUM, HIK 1HIINH.

3acrocyBanna MAI aas po3ss’3aHHs 3agavi
BUOOPY /JKepes reHepalii ejleKTpoeHeprii mpmu
muBepcudikanii moprdens. DopmyBaHHS Ta
NpuiHATTS pimenHs y MAI ckmagaetses i3
HacTymHMX Kpokisll,
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Kpox 1. Ha manomy Kpor1ii BU3Ha49a€THCS TOJIOBHA
ik (pamKyBaHHs [DKEpEI TeHepalii eneKTpOeHeprii
IuBepcH(iKOBAaHOTO  CKJIAAy  €HEepromoprgens
KOMIIaHif) Ta CKiHY€HHa MHOXKHHA Pi3HOTHITHHX
IBTEPHATUBHUX JDKEepeNl TeHepalii eleKTpoeHeprii,
KpHUTepii OLIIHIOBAHHS JoKepen reseparii
eJIeKTpOeHeprii, Ta OyIyeThCs iepapXis MpodiieMwu,
0 BUPIMIY€ETHCS.

Hani qis popmyBaHHS 3a1a4i 30MPATHCH 13 Pi3HUX
TDKEpelr: HAyKOBHX myOmiKkariu, 3BITIB
€HEeproreHepyIUnX KOMIaHil, mo (yHKIIOHYIOTH B
pizHux kpaiHax €C, oQiuiiHUX eNeKTPOHHUX
pecypciB  Ta  0€3MOCEPeTHBOIO  OMUTYBAaHHS
eKCIIepTiB, KOMIICTCHTHHX 3 IMPOOJeM EHepreTHKH.
AmnarizyBanach JiiTeparypa Ta 3BiTH KOMIaHid, IO
SIKUX € BIJIKPUTHH JOCTYII i SIKi OXOIUTIOIOTH TIEPioJT
2007-2015 POKiB. OnutyBaHHS eKCIIepTiB
3MIACHIOBAJIOCH METOJIOM BiJIKPUTHX IHTEPB'TO Ta 3
BUKOPUCTAHHIM aHKET 13 (JiKCOBAHUMH BiIOBIASIMU.

Hexat Z; —Z,, — MHOXUHA albTEPHATUBHUX
BapiaHTIB JDKepen TeHepallii enekTpoeHeprii. B
JaHOMY BUNAAKy M = 7 1 MHOXHHA aJIbTEpHATUB
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CKIIAJIAETRCS 13 €JIeMEHTIB: BYTriuisa (Z1), mpupoaamii
ra3 (Z2), rigpoenepreruka (Z3), BiTpOCHEpreTHKa
(Z4), renioenepretuka (Z5), BUKOpUCTaHHS OioMacu
(Z6), smepua emepreruka (Z7). Ilmroma Bara mmx
Jokepen ckiagana 97  BiACOTKIB  BUPOOHHWITBA
enextpoeneprii B €C-27 y 2014 pomil®l,

B Tabm. 1 mpencTtaBieHO KOMIUIEKC HaHOLIBII
BOKJIUBUX KPUTEPIiB Ta BIAMOBITHUX iM aKTOpiB, AKi
Oynn oOpaHi Ha OCHOBI NPOBEJEHOTO EKCIIEPTHOTO
aHami3zy.

3HadymIicTh KpUTEpiiB Oyna OIiHEHAa TPYIHOI0
eKCIepTiB mo mkKam Bigx 1 g0 5 wMeromom
Oe3nocepeTHLOro OliHIOBaHHSA. OCKIJIbKY HAsSBHICTh
3aHAMTO BEIMKOI KUTBKOCTI KPUTEPIiB pOOUTH TIpoIiec
MapHOTO NOPIBHSHHS 3aHAATO CKJIAIHUM 1 TPHUBAIINM,
TO GaXkKaHUM € CKOpOodYeHHs uucia kputepiil®, vV
3B'SI3KY 3 IIUM, TIPU TIPOBEACHHI JOCIIDKEHHS, TITbKA
KpUTepii i3 OLIHKOIO «3» 1 BuIlle Oynu MpUHHSATI 10
yBaru. TakuM uYuHOM, cepen 9 kputepiiB Ta 29
¢akropiB Oymno obpaHo 8 kputepiiB i 19 daxTopis, sKi
mpenctaBieHi B Tabm. 1 3 iX OIiHKaMu, SIKi
BUKOPHUCTOBYIOTHCS IIPH PO3B’si3aHHi 3a1a4i B MAL

Tabmuus 1. Kpumepii 0na oyintosanns docepena enekmpoenepaii

Kpurepii Ta ¢pakTopu Ouninka™

F1 |/lep:kaBHa miATPUMKA i peryJioBaHHs 4

F11 |3akoHOmABCTBO i peryJroBaHHs, IO HiATPUMYE PO3BHTOK JDKEPEN eJIeKTPOeHepTii 4

F12 | 3ax0HOAABCTBO i pETYNIOBaHHS, IO PETYIIOE MUTAHHS 3MiHH KIIIMAaTy 5

F13 IIpocyBaHHS mKepen eleKTpoeHepril € 30aTaHCOBaHUM 13 3aXHUCTOM 3
HaBKOJMITHBOT'O CEPEIOBHUIIA

F2 | CrabinpHa ekoHOMiKAa KpaiHu 4

F21 | ExoHoMiuHa cTabiTBHICTH B KpaiHi 4

F22 | Bucoxki miau Ha Bukuau CO; Ta majanBo 5

F3 BuyTpimnsa moJiTnka KoMnaHii, HanpaBJieHa Ha TMBepcHpikanio 3
CTPYKTYPH BHPOOHHMIITBA eJeKTPoeHeprii

F31 HasBHicTs B KOMHaI—.Ii'l' amMOiiifHOT eHeproeeKTUBHOI MOJITHKH 1 IMTOJITUKA TIO 3
CKOPOYCHHIO BUKHUIB

F32 | 3nutTs i nOrMHAHHS / TPO/IaXK aKTUBIB 3

F4 | KoHKypeHTHA BapTiCTh BUPOOHUIITBA eJIEKTPOEeHePTril S

Fa1 BinHocHO HeBHCOKi BUTPATH HAa HOBI TEXHOJIOTI1 711 BAPOOHUIITBA 3
€JIEKTPOCHEPrii

F42 BigHOCHO HEBUCOKI BUTDATH HA MOJICPHI3allit0 ICHYIOUYMX TEXHOJOTIH s 3
BUPOOHUIITBA EJIEKTPOCHEPTii

FA3 | PerTabenbHICTh IPOEKTIB 5

F5 | CouianbHe cipuiiHATTS i ciBPOOITHHUTBO i3 3aiKaBJIeHHMH CTOPOHAMH 3

F51 | IMinTtpumka rpomazacekocti Ta HYO (HeypsoBi opranizaiii) 3

F52 Cnign.pausl i?, 3§uiKaBneHMMM cTopoHamu (€Bporeiicbka KOMICis, MiCIIeBi 4
anMiHICcTparti, 1 T.11.)

F6 | Haniiini mocTayaibHUKA MaJaUBa 4

F61 BinHocHO HGBKI'COKi BUTPATH Ha MMOCTABKHU MaJUBa AJISl BAPOOHULITBA 5
€JIEKTPOCHEePril

F62 | CrabinbHi MOCTaBKY MaJIKMBa JUIs BAPOOHHUIITBA EJICKTPOCHEPTii 3

F7 |3anoBoJieHHs CIIOKUBAYIB eJ1eKTPOeHeprii 4
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F71 | fxicHe mKepeno reHeparii eekTpoeHeprii (cepTudikoBaHa eJIeKTPOEHePTis)
F72 | BizHOCHO HEBHCOKA IIiHA HA eJIEKTPOCHEPTii BiJl JyKepela eHeprii

F73 | fxicHe i 6e3mepebiiiHe mocTayaHHs eJICKTPOSHEPTii Bifl [ukepesa eHeprii

F8 |Be3neka Ta HaJiliHiCTHL BHPOOHMITBA eJIeKTPOEHEPTil

F81 | BigmoBinanbHe QyHKIIIOHYBaHHS 3aBOJTY

F82 | MoxHBIiCTh OIIHUTH HANIHHICTh POOOTH 3aBOJTY
*1- HEMae aKTyaJbHOCTI, 2 - HE3aJOBUIBHO, 3 - 330BUIBHO, 4 - 100pe 1 5 — BiiMiHHO

AW OIW

Ha puc. 1 na ocHoBi cpopmoBanoi muHoxkuHu PiBens Il i piBens III: kputepii i BiamoBiaHi iM rpynu
aNbTePHATUB, KPHUTEPiiB Ta (aKTOpiB MpencTaBieHO  (aKTOpiB, AKI BIUIMBAIOTh HA 3HAYYIIICTH DHKEpela
nmoOymoBaHy i€papXiro, sika CKJIAJa€eTbCs 3 YOTUPHOX  BUPOOHMIITBA €JICKTPOCHEePTii. PiBens Iv:
piBHiB. PiBenr | — wmera: pamkKyBaHHS Kepen JuBepcH]iKOBaHA  MHOXKHHA  aJlbTEPHATHBHUX
reHepamii  eleKTpoeHeprii  muBepcH(IKOBAHOTO  JDKEpes TeHeparlil elIeKTpOeHEePTii.

CKJIa[ly eHepromnopTdens KoMIaHii.

PamsyEaHAT THepen reHepanii
efnexTpoeHeprii
AHEEpCHDIECEAHOrD CETATY
EHEPTONOPThet EOMITEHIN

F1 ‘ F2 F4 ‘ F5 ‘ F7 ‘ F8 ‘

X
P

"))

L

[ F31 |{ F32

[ F41 |{ F42

[ F43

{Fil |{F2 |{ F61 |{ F&2

[ F71 ‘[ F72

AEEHEODEE

Puc. 1. bararopiBHeBa iepapxiuyHa CTPYKTypa JJIs OLIHIOBaHHS JDKEpelia TeHeparlii eneKTpoeHeprii

TakuMm YWHOM, BH3HAYCHO MeETa, MHOKUHA Ui = 1 @)
anpTepHatuB  Z; —Z;, Ta 8  KOMIUIEKCHHUX Jt aij '
pi3HOTHIHUX KpuTepiiB F; — Fg 1 19 BigmoBigHUX
HUM dakropis Fyy — Fyz; Fpy — Fyy; Fap — Ha niaronami martpuili ctosth 1, ToOTO a1 =
F32; Fay — Fag; Fsq — Fsa; Feq — Fea; F71 — F3; 1,az = 1... app =15 .
Fay — Fay. Jdns moOymoBH MaTpuip NapHUX HOPIBHSIHB

Kpok 2. Ha upomy kpoui MAI HeoGxigHo BHUKOPHCTOBYBABCS METOX aHKeTyBaHHs. Excrepram,
o0y lyBaTH MaTPHIli CY/UKEHb (MapHUX mopiBHsAHE) i AKI Opamu ydacts Y AOCIIJUKCHHI, HpOHOHYBAIOCH
BU3HAYUTH MPIOPUTETH BCiX elleMeHTIB iepapxii. 3alMOBHUTH HACTYIIHI TPH aHKCTH.

Hmxue HaBeneHo 3arainbHuil BUrisa marpui (1): _*  TapHE NOPIBHAHHA KOMIUIEKCHMX KPHTEpIiB
BIJIHOCHO METH;
ayq - Qqp *  TapHe TOpPIBHAHHS (DAKTOPIB BiAMOBIIHUX
A= .. .« . (1) KOMIUIEKCHHX KPUTEPIiB;
An1 - Qpn *  TapHe NOPIBHSHHS albTEPHATHB.

OILiHKY BUCTABJISUIMCS SKCIIEPTAaMH 3a BIIOMOIO y
MALI mikanoro, 3riIHO SKOI MOXHA OI[IHUTH BiTHOCHY
BaKJIUBICTh €J1eMeHTIB iepapxii.!

3rinno MAI enementn ™atpuui A TOBUHHI
3a]I0BOJILHSITH BJIACTHUBOCTI obepHeHoT
CHUMETPHYHOCTI (2):
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Y pe3ynprari MPOBEACHOTO aHKETYBAaHHS OyII0
OTpUMaHO 28  MaTpuilb MapHUX  TOPIBHIHb
(po3mipHicTio Bix nXn = 2X2 — 19x19). Marpuns
Ny, pe3yiabTaT ONHUTYBaHHS IO TEPIIiA aHKETI,
marputi Np — Np, — gpyroi, a marpumi Ng, —
- NFsz; NF41 -
- N Fy3 N Fg1 —
BIJIITOBITHO, TPETHOI aHKETH 1 MPEIACTABIISIOTE COO0I0
OIIIHKKM METOJly TapHUX TOPIBHSAHL aJbTCPHATHB
BimHOCHO 19  (akTopiB, 10  BiAMOBITAIOTH
KOMIUTEKCHUM KpuTepism (Tabi. 1).

Matpunss N,, HampuKialg, Mae TaKWid BUTIISAL
(tabmn. 3):

Tabmms 3. Mampuys N,

F1 |F2 |F3 |F4 |F5 |F6 |F7 | F8
F1 1 2 5 16| 3 2 | 12|13
F2 |12 ] 1 4 | 1/4 | 2 2 [1/2]1/3
F3 |1/5 |14 | 1 | 1/7|1/2|1/4)|1/5]1/6
F4 6 4 7 1 6 5 2 1
F5 (1/3 |12 2 |16 1 |14 |1/5]| 1/6
F6 (12|12 | 4 |15 4 1 |1/3]|1/5
F7 2 2 5 (12| 5 3 1 | 1/7
F8 3 3 6 |1/2| 8 5 7 1

Martpuiti cymKeHb i OIIHKK (aKTOpiB i

AIbTEPHATUB OYIYIOThCS aHAJIOTIYHUM YHHOM.

[licns mpoBemeHHS TapHUX TOPIBHAHB Ta
noOyIOBH MAaTpHIlb BH3HAYABCS BEKTOP JIOKATBHHX
npioputetiB (3). [ns KOXHOI MaTpuili CyIKEHb
0OYHCITIOBABCS HOPMAJi30BaHUH BEKTOP JIOKAILHUX
MpiOpHUTETIB ak = (a'f,a’z‘ afl),k = 1,28
HACTYITHUMH KOMIOHeHTaMu):

3

al‘:

3)

JIE€ L — PO3MIPHICTb MATPHILi; @;; — €JIEMEHT (-TO pPsijIKa
Matpuii. TakuM 4YWHOM, KOXHIH 3 28 wMarpuib
CY/UKEHb BiJITIOBiJIa€ BEKTOP ak k =1,28.

bk = (bf,b¥ ... b¥), k = 1,28
k

Bexropu

pe3ynbTaT HOpMali3allii BeKTopiB a* 3a (hopMyIoro
(4) nst KOXKHOT 3 28-MHU MaTpPHIIb CY/DKEHB 1 SBIISIOTH
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00010 BHECOK (TIPIOPUTET) KPUTEPIIO Y MTOCATHEHHS
METH:

bk =“—5ck k=1.28. (4)
Ih,a
Jlns koxxHOTO BekTopa b* Bukonyerses (5):
Z?:l b{‘ = 1 ) (5)
Ie N — PO3MIPHICTb MATpPHIIi, b{‘ — KOMITOHCHTA

BekTopa b¥.

Kpok 3. Cyth mpOro KpoKy MOJSTA€E y OIHII
CYJDKEHb €KCIIEPTiB Ha y3TO/KEHICTb.

[licms  oOuMciaeHHS  JIOKAJIBHUX  BEKTOPIB
MpiopUTeTy HEOOX1THO IEPEBIPUTH MATPHUII CYIKEHB
Ha  Y3TOJUKCHICTb.  Y3TO/DKEHICTh MaTpuli y
3arajlbHOMY BUTJISZII TIOKa3ye Te, IO NpU HAasSBHOCTI
OCHOBHOTO MacHBY JIaHWX BC1 1HIII JaHI MOXXYTh OyTH
JOTiYHO BHBEJCHI 3 HHUX. lIpUHHATHHUM mOpOTOM
y3ro/DKCHOCTI BBakaeTbes 10%. SIkmio orriHka
Y3TO/DKEHOCTI BHIA BCTAaHOBJIEHOTO IOPOTY, TO
SKICTh CYIPKE€HB CJiJI TOMIMIIUTH MUTIXOM TIEPEBIPKU
omiHok ekcreptiBl), yTouHeHHSAM moOcTaBIEHMX
ekcriepraMm mmraHb. [lo cBoiifi  cyTi omiHKa
Y3TO/DKEHOCTI MOKa3y€e Mipy HENOTIYHOCTI CYIKEHb
ekcriepta. Lle cBoepiHe 3ri1apKyBaHHS CyIIKCHbB, SKE
MOXe OyTH NPUHHATHUM a0 HENPHHHSATHUM B
3aJIeXKHOCTI Bl yMOB 3ajadi.

st Toro, mo6 oOYMCIUTH OLIHKY Y3TOJPKEHOCTI,

HeobxinHo 3maiitn A%, k = 1,28 - BrmacHi umcna

BIANIOBIJIHUX  MaTpuULb (No; Ng, — Ng,; Np,, —
NFzz; NF31 NF32; NF41 - NF43; NF51 - NFsz; NF61 -
Ng,,; Np,, — Ng,,; Ng,, — Ng,,), 1110 OGUHMCITIOIOTECS

3a popmysamu (6), (7):

k _ n k —
Ai = di=1 ainbi Lk =1,28, (6)
k _ \'n k
)\max - Zi:lki . (7)
Jost 00YHCIECHHS OLIIHKH Y3rO/DKEHOCTI
BUKOPHCTOBYeThCS RI — oOIliHKa  BUMaIKOBOI

Y3rO/DKEHOCTI TSI BUMIAIKOBOT MaTPHIN PO3MIPHOCTI
nxn (tab6mn.4).

Tabmuus 4. 3uauennsa 6unaokoo2o inoexcy y32002ceHocmi

N |1 2 3 4 |5

6 7 8 9 10

RI110.00]0.00] 05809 |1

12

124 1132|141 ]1.45]1.49

Ominka y3romkeHocti B MAI oOuucioerscst 3a
dopmyoro (8):
cI
. CR = e 8)
ne Cl — 1HIEKC y3ro/KEeHOCTI MaTPHIlh BU3HAYAETHCS
dopmyoro (9):

k
Athax—7

Cl = k=128 9)

n-1 - !
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e AKX Ly - MaKcHMalbHe BIIaCHE 3HAYEHHS MATPHIIE; N
— pPO3MIpHICTh MaTpHII.

Sk Bxke Oyno 3ramano panime, skmo CR < 0,1
(Bume3asHauenuii mopir B 10%), To 3HaYEHHSI OLIHKU
Y3ro/DKEHOCTI BBAXKAETHCS MPUHHATHUM, sk CR >
0,1, To MaTpuLsl CYyPKEHb BBAXKAETHCS HEY3TOPKEHOIO
i OliHKM eKcriepTa MOBUHHI 6yTH TeperasHyTUMu. )
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[Ticns mpomeaeHHS O0OYHCIEHh OYyNMM OTpUMAaHi
HACTYIHI 3HAUYEHHSI IPiOPUTETIB KpHUTEPiiB (TadI. 5).

Tabmust 5. 3uauenns npiopumemie kpumepiie ma ix
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eHeprii, TpaauIiifHa
MPOBIAHOIO.

CHCPreéTKa  3aJIUINacThCA

Tabmuus 6. 3nauenns npiopumemis anbmepuamug

DAHIHCYBAHHS ma ix paHdICy8aHHs
Kpurepiii Ilpiopurter |Pa
puteput ploputeT HI | | Jl:kepeJio eJleKTpoeHeprii Mpiopurer | Panr
F4. KonkypeHTHa BapTicTh 0.2800 1 - aJIbTePHATHBH
];gp(3)6HI/ILITBa eneKTpoeHepr.i'l' ' Z7. AtomHa eHepris 0,2188 1
. 3aJ0BOJICHHS CIIO)KUBAYiB - : -

eIeKTpOCHEpTii 0,2795 2 Z1. Byrinnsa i Oype Byrijuis 0,2008 2
F7. Be3neka Ta HaxiiHICTh . 0.1346 3 Z2. Tlpuponuii ras 0,1335 3
BUPOOHHUITBA EJIEKTPOCHEPTil ' 76, Ertepris Giowacn 01247 7]
F1. lepxaBHa miaTpUMKa i 0,0978 4 T : 01147 g
PEryJItOBaHHS - 1'1ApoeHepri '
F2. “CTa6iJ'II:Ha CKOHOMIKa 0,0794 5 Z5. CousiuHa eHepris 0,1077 6
KpaiHu
FIE)S. Haniiini mocrayajgbHUKa Z4. Bitposa enepris 0,1008 !
HaBa 0,0674 6 BucnoBok. PamxyBaHHA Kepen — reHeparii
F5. ColiabHe CIPHAHATTS | eJIeKTpOeHePrii 13 3acTocyBanHsM MAI Bu3Hauae, mo
CHiBPOOITHUITRBO 13 0,0351 7 | #nepHa emepris HaHKpaime 3ajOBONBHAE  BCIM
3aI[iKABICHHMH CTOPOHAMH KPUTEPisIM 1 Cy/DKEHHSIM, 1 TPOXHM BHUIEpeIKae
F3. BHyTpillHA TOMiTHKA Byrioms, a  iHmI  JoKepena  BUPOOHUIITBA
KOMIIaHii, HampaBieHa Ha €JIEKTPOCHEPTii 3HAYHO BiJCTAOTh.
Z[I/IBepCI/I(I,)iKaHiIO CTPYKTYpH 0,0262 8 Ile € mOTiYHUM BHCHOBKOM it (HOpMyBaHHS
BUPOOHHIITBA €TEKTPOCHEPTil TUBEpCU(]IKOBAHOTO  TOPTHEN0  eHepreTUYHUX

Kpoxk 4. Ilicns mepeBipku MaTpHllb CY/IKEHb Ha
Y3TO/PKCHICTh 3MIHCHIOETBCS CHHTE3 TJI00ATBHUX
mpiopureriB  anpTepHatuB. g oTpuMaHHS
TII00aTHHIX MIPiOPHUTETIB aNbTePHATHB
BUKOPUCTOBYIOTHCSI HOPMaJIi30BaHi BEKTOPU MaTPHIIb
CyJUKeHb 1 3a popmyoro (10) 3ailiCHIOETBCS 3rOpTKa
KpUTepIiB:

bPm =38 319 po - pVri - pFim =17, (10)

ne b%m — BexTop mpiopuTeTiB ambTepHatHB; hNo—
HOpPMaJli30BaHUH  BEKTOp TIPIOPUTETIB  MaTpHIli
CY/JUKCHb  BIJIHOCHO  TOJIOBHOI  METH; pNFi
HOPMAJTi30BaHUN BEKTOpP TMPIOPUTETIB MaTpPHIlh
Cy[UKeHb  (DaKTOpiB  BIJHOCHO  KOMIUIEKCHUX
KpUTEpIiB; b"Fij HOPMAaITi30BaHUH  BEKTOP
NpiOpUTETIB ~ MAaTPUIl  [APHOTO  MOPIBHSIHHSA
IbTEPHATUB BIIHOCHO (haKTOPIB.

Kpox 5. Ha ocraHHROMYy KpoOIi TpPOBOIUTHCS
pamKyBaHHS MHOYKHHHU aJIbTEPHATHB.

Pesynbratn oOumMcneHb TI00ATBHUX MPIOPUTETIB
Ta paHriB aJIbTEpPHATUB MpeICTaBieHi B Ta0:1. 6:

3rigHo pe3ysbTaTiB, MPEACTaBICHUX y Tabi. 6,
aTOMHA CHEprisi, BYrUUIs Ta TNPHPOJHHN ra3
SBIISIIOTHCS  TIPIOPUTETHUMH  JDKEpellaMH  TeHepalii
CJIEKTPOCHEPrii ANl  €HEPreTHYHOro  mopTdens
kommanii. Ile minTBepmKkye TOH (akrt, MO He
JMBIISTYACH HA PO3BUTOK BIJIHOBIIOBAHHUX JDKEpEI
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KOMIIaHIil 3 TOYKH 30py TOro, IO BHUPOOHHUIITBA
EJIEKTPOCHEPTii € Mallo-3aTpaTHUM, Oe3mepebiitHIM,
HamiiauM Ta 0esmeunnm. Coijl, ogHaK, BIAMITHTH T€,
0 JaHWK aHami3 Oa3yerbes Ha TeHaeHuisx 2007-
2015 pokiB B kpainax EC i He BpaxoBye TOTO, IO,
HaAIpPUKIIa, HOBI BUMOTH 3 Oe3neku 1t AEC MOxyTh
MPU3BECTH JO 3HAYHOTO IIJBHMINEHHS BapTOCTI
BupoOHunTBa enexkrpoeneprii Ha AEC. 3 iHmoro
0OKy, OCTaHHI KpPOKM TI0 3HIDKEHHIO BapTOCTi
BUPOOHUIITBA COHSIYHOI 1 BITPOBOI eNEKTpOeHepril
MOXYTh 3HAYHO MOKPAIUTH PAaHTU JaHUX JKEpel B
MaiOyTHHOMY.

CTOCOBHO KpHUTEPIiB, [0 OTPUMAIIN HU3bKi paHTH,
HEOOXiZIHO BIAMITUTH, IO BHYTPIIIHS TOJITHKA
KOMIIaHil MaiDKe BTpHYI MEHII BaXKIUBIIIA, HIXK
migTpuMKa 3 OOKy JepKaBH Ta EKOHOMIYHY
cTabinpHiCTh KpaiHu. lle mie pa3 miaTBepIKye
KPUTHYHICTh €HEePreTU4YHOi iHQpacTpyKTypu Ta ii
CTpaTeriuHy Ba)XIHUBICTh JJIsl TOOpOOYyTY KpaiHu.

Hane JIOCITi JKEHHS MIPOBOJIMIIOCH TUISL
E€HEProreHepyrYUX KOMIIaHiM, aje po3poliieHi
anbTepHATHBH, KpuTepii Ta iepapxis MAI MoxyTh
OyTd  3acrocoBaHi  JJIS  IHIIMX  KOMIIAHIH,
EHEPreTHYHOI CHCTEMH KPaiHH B LIJIOMY.
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B cmammi  pozenamymo ma posg’azano 3adaui epynyeéamHs CmMAaHie Hewimkoi cucmemu, wWo
ONUCYIOMbCS CYKYNHICIIO CKAAOEHUX HeYimKuX 4Yuceil HA OCHOBI MHOJNCUHU 6eKMOpPHO20 pieHs. byno
PO32NAHYMO KOHCMPYKMUGHULL ACOPUTIM, AKUU 00380IA€ NPOBOOUMU KIACMEPUIAYII0 HEYIMKUX OaHUX, AKI
no0armucs AK CYKYHHICIbL CKAAOEHUX HedimKux uucer. Ancopumm 00360158€ opmanizyeamu nouwyx
KIACMEPHO20 YEeHMPY MHONMCUHU HEYIMKUX YUcel ma peanizyeamu npoyedypy epyny8aHHs OAHUX 8 MeHCAX
3a0anoi Kinbkocmi kaacmepie. Taxuil aneopumm Kiacmepuszayii TPYHMYEMbCS HA 0OYUCTEHHI 3HAYEHD
@yHKYIT noxubKu, KA SUHAYAEMbCS HA 8I0NOGIOHUX MHONCUHAX 3A0AH020 8eKMOPHO20 pieHs. Lletl nioxio €
Moougixayiero oice icuyrouoeo memoody C-means.

Kurouosi cnosa: xnacmepuszayis, HeGU3HAHEHICMb, HEWIMKA MHOJICUHA, CKIAOeHe HeuimKe YUCo,
MHODICUHA 8EKMOPHO20 PIGHA.

In the article the problem solved and state clustering fuzzy systems described by a set of fuzzy
numbers drawn from the set of the vector. For the clustering process, there are many approaches, many of
which are heuristic methods that are based on certain algorithms action researcher and do not require
complex statistical calculations. However, their use in case of unclear information processing much more
difficult or even becomes impossible through specific presentation fuzziness.

The article describes clustering method of given inaccurate information, which is formalized by the
set of composite fuzzy sets. It was considered constructive algorithm that allows clustering fuzzy data
which are presented as a set of fuzzy numbers drawn. The algorithm allows to formalize ways to search
for the center cluster set and implementation procedures of fuzzy clustering data within the specified
number of clusters. Such clustering algorithm based on the gradual improvement of the function of error
which as a result should not exceed a given threshold. This approach is a modification of an existing
method C-means.

Keywords: clustering, uncertainty, fuzzy set, composite fuzzy number, set of vector level.

CrarTio NpeACTaByUB A.T.H., mpod. Bomomma O.D.

Tpapuuiiina 3agaya TpymyBaHHS JaHUX Yy CTaTHUCTHYHHX PO3paxyHKiB. OpHak, ix

BiJHOCHO OJHOPiAHI TPyNH, 10 BHHUKAE B CaMHX
pi3HEX cdepax HayKH, €KOHOMIKH, COIliyMy Ta iH.,
BKJIIOYa€E B ceOe mpoOsieMy BHJIJICHHS KJIACTEPIB Ta
3aJauy 3HAaXOMKEHHS eTAJIOHHMX By3lIiB. B
peamizamii MeETOMIB KiacTepu3amii Ba)XJIIUBY pOIb
IpaloTh MOKA3HUKU HAJIGKHOCTI JaHUX J0 TPYIIH,
CIoco0M OOUYMCIIEHHST BIACTaHEH MK €JIIeMEHTaMH,
BaroBi KOe(QiIlieHTH, IO 3aleXaTh BiJ KOHKPETHOI
MIPEAMETHOI 00JIaCTi Ta CIIOCTEPEKEHD B paMKax IIi€l
obmacti. Meroau MarTh pi3HYy OOYHCITIOBATILHY
CKJIaJHICTh Ta PIi3HUHA CTYMiHb €(PEeKTUBHOCTI NpHU
BUPIIIICHHI KOHKPETHUX MPUKIaTHUX 3a/1a4.

Jis TipoBeIeHHs MpoLecy KiacTepu3allii iCHye
0araTo MmiX0/AiB, OUTBIIICTh 3 AKUX € EBPUCTUYHUMU
METOAaMH, 10 0a3yOThCs HA MEBHUX ANTOPUTMAax
Oifl  JocmigHMKa 1 HE BUMAararoTh  CKJIaJHHUX

©€.B.IsoxiH, /I.B.Ananacenko, 2016

BUKOPUCTaHHs Yy BHUIanKy oOpoOku iHdopmamii
HEYITKOTO XapaKTepy CYTTEBO YCKIATHIOETHCS abo
B3arajii CcrTa€ HEMOXIMBUM Yepe3 creunudivyne
NpEeACTaBICHHS HEYiTKOCTi. Po3rimsHeMo MeToauKy
KJIacTepu3alii HEeTOYHO 3alaHoi iHdopMarii, s
dbopmamizarmii IK0i BHKOPHCTOBYIOTBHCS CYKYITHOCTI
CKJIaJIEHUX HEUITKUX MHOXKHH.

Osnauenns 1 [1]. Heditkoro MHOXHHOIO A B
yHIBEpCaJbHOMY  HpOCTOpi X  Ha3HMBAETHC
cykynuicte map Buny {(x,-(x))}, ne xe X, a

45(x): X —>[0,1] - dynkuis HaneskHOCTI HEUITKOT

MHOXHHU A .
Benuuuny ¢yHKIii Hame)xHOCTI ,uz(x) TUTS

Z[OBiHbHOFO CIICMCHTA xelX Ha3uBaKOTh
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CTYIIEHEM HAJEKHOCTI X HEUITKii MHOXHHI A .
[uTepnpeTanielo CTyneHs HalexHOCTI L~ (X) e

Mipa TOTO, HACKUJIbKH
MOHATTIO,  3MICT

cy0'eKTHBHA
xe X  sBignosimae
(bopMaiizyeTbCs HEYITKOK MHOKUHOKW A .

IIpn LBOMY, 3BUYAMHA MHOXXHHA

L, = xeX:,uZ(x)>0}

CIICMCHT
SAKOTI'O0

HA3UBA€TBCA  HOCIEM

HEYITKOI Z , a
L(a)= {x eX:puy(x)2 a} - MHOXKHHAMH PiBHS

MHOXWHH MHOXWHH

a € (0,1] neuitkoi MmuoXuHE 4 .
TpanuiiiftHO B SIKOCTI YHIBEPCAITHLHOTO TIPOCTOPY
pPO3IJISAAAEThCA  JOBUIBHUN  CKIHYCHHOBHUMIPHUH

npoctip X < R", x=(x,,...,x,) € R". ¥ Bumanxy

1 . ~ . .
X C R wueuitka MHOXHHA A MICTHTH CYKyMHICTH
nap, IO CKJIQJAIOThCA 3 JBOX CKAJISIPHUX 3HAYCHb
1
x€R Ta py(x).

Hexaii 3amaHo CyKyNHICTh HEYITKMX MHOXHH

~

A,...,A, , mo BU3HAUCH] y BiNOBIAHUX YyHiBepca-

XX X, cR',

JEXEED) mo

JBHUX TPOCTOpax ae

i=1,m. Tomi MoOXHa TOBOPHUTH, IO
MHOKUHY HEYITKHX 4YHCell. ByaemMo BBaxkaTH, IO

KOXHEC 3 HHX Mae€ TpI/IKyTHI/Iﬁ BUTJIA, T06TO
Ai:{(ai’bi’ci)}a aiﬁbiﬁci,

MHIHHAMEA QYHKUISMU HANEKHOCTI 444 (X) BUISLY

3aJaHO

i=lm, 3

Lop(x) = z:z,xe [a,b];
2. ,uz(x):Z:Z,xe[b,c]; (1)

3. pu;(x)=0,x¢ [a,c].

PosrisiHeMo  yHiBepcadbHy MHOXKHHY X Y
BHTIISIII JEKAPTOBOTO HOOYTKY X = lg X;.
ChopMyeMO MHOKHHY
A7 = 4G gt DOty (D (67 5, (™))
e x'eX,, i=lm.

Osnauenns 2. Heditky muoxuny A" Ha3Bemo
CKJIaJICHUM HEYITKUM 4YHUCIIOM B YyHIBEpCaIbHIN

m

MHOXHHI X X,.
i=1

Osnauenns 3. MHOXXHUHY
L ={x'eX,x"eX,,..x"€X, L (x>0,

ILIZZ(xz)>O""7/'l2m(x’n)>0}’ (2)
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m
Ly c X, xX,x..xX, ,
OyJeMO Ha3MBaTH HOCIEM CKJIQJICHOTO HEYITKOIO

uncna A" .
Osnauenns 4. MHOXHUHY

L'(@)={x"eX, ,x"eX,,..x" eX, :
s xH>a, Hy, (x*)> Qs i (X") 20} (3)
HasBemo MHOxuHOW piBHA « € (0,1] ckimamgenoro

HeuiTkoro yncina A" .
CyKynHICTh BCIX CKJIAJIEHUX HEYITKHX YHCEN

~ m ~
A" y muoxuni X =x X, noznaunmo K(A").
i=l1

Po3pobka KOHCTPYKTHBHOTO AITOPUTMY
MPOBEJICHHS  KJacTepu3alii HeYITKUX  JaHWX,
MIPEJICTABICHNX CYKYIHICTIO CKJIaJeHUX HEUYITKUX

uncen 3 K(A"), Bkmouae B cebe dopmanizaiiro

CIT0Cco0iB TMOMTYKY KJIACTEPHOTO IMIEHTPY MHOKHWHHU Ta
peaiizaliiro mpoueaypy IpyIyBaHHs HEUITKUX JaHUX
B Me)Kax 3a/1aHO1 KiITBKOCTI KJIacTepiB.

Y  miteparypi, TpHUCBAUYEHIH  mpobiemam
knacrepusaiii [2,3,4], Halvacrie po3rIAAAI0THCS
Tpu anroputmu: C-means, MIKOBOTO IPyIyBaHHS Ta
pisHuIeBoro rpymyBanHs. [li Meromu mpenctaBis-
I0Th CO0OK0 KapAMHAIBHO pi3HI MiAXOOH /IO
BUpILICHHS! NpoOieMHu KiacTepusauii. Sk mpaBuio,
Mepmuii 3 HUX MoTpedye Bif JOCHITHHUKA TOYHOTO
3HAHHS KUTBKOCTI KJTacTepiB, Ha 06a3i 4oro OyayeThes
anroputM. Jpyruii MeToa BUMarae 6arato dacy s
BHUKOHAHHS, 00 Mae 0araTo HETPUBIAILHUX YMOB IS
MIePEBIPKU MO0 HAJICKHOCTI €IEMEHTa JI0 KJIaCTepy
Ta OOYZOBU caMoro Kiactepy. TpeTiii — HalOuIbII
ONTUMAJBHHUIA, aje JJIsl HOro 3aCTOCYyBaHHS HEOOXi-
He JeTalbHe 3HAHHS CrenupiYHUX 3ale)KHOCTCH B

CHCTEMI JUISI BCTAHOBIIEHHS 3HAYEHL BaXKIUBHX
napaMerpiB, 0e3 SKUX METOJl HEe Ja€ OaxaHOTo
pe3ymbTaTy.

3amady  KiacTepu3amii  HEUITKMX  JaHHX,

MPEJICTABICHUX CYKYIHICTIO CKJIaJCHUX HEUITKUX
muoxkuH 3 K(A™), 3a J0MOMOrow ajropuTMmiB

HEYITKOTO TPyIyBaHHS OyJ0 PO3MJISIHYTO B poOOTax
[5, 6]. ¥ nux mocmiKeHHSX CKIAIeHI HEUiTKi JaHi
00’ eHYBaIMCS Ha OCHOBI MHOXHWH 33JIaHOTO PiBHA,
10, B3arajl KaXydw, HE 3aBXKIU € JOCTaTHbO
TOYHUM IOJaHHSAM BXiIHOT iH(pOpMaIIii.

V3aragpHeMO il HigXiJ Ha BUIIAJ0K MHOKHH
BEKTOPHOTO piBHA. JJI1 1BOr0 BHU3HAYUMO JIEAKI
MMOHSTTS.

Osnauennsi 5. MHOXUHY

L'@)={x'eX, x> eX,,..x" X, :

Hy (x")> ay, Hy (x*)> Ay iy (X") 2 @, } (4)
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Ha3BEMO MHOXHWHOIO BCKTOPHOI'O piBHﬂ Posrasaemo METO HEYITKOTO rpymnyBaHHA C-

a=(a,,..a,), a, < (0,1l], i=1,_m, CKJIaJICHOTO

HewiTkoro ynciaa A" .
Hexail € nBa NOBUIBHUX CKJIAIEHUX HEYITKUX
4yucia

O = {1 D 1 ()™ 1, (7))

Ta
V=G (D) (0, 2 (20D, (37, 2 (X))

OGumcIUMO BEKTOP V=0V
y; = min ,u§ (x"), i=1,m, KoXHA KOMIOHEHTa

Ze{U,V}
SKOro0 € MIHIMQJIBHAM 3HAY€HHSIM BiAIOBIIHUX
BEJIMYMH Mip HaJEXKHOCTI OKPEMHUX €IEeMEHTIB 000X
Nm Nm
um,ryr™. e

moOyayBaTH /B MHOXMHHA BEKTOPHOTO DIBHSI } Yy

MHOXHUH 3HAUYCHHS  JI03BOJISIE
. v m s m /=
BUIIIANI 3BMualinux MHOXuH Lz (¥),L5;(¥), mwo

MPEACTaBIAIOTh CO00I0 BEKTOpU 3 YHiBepcalbHOI
m

MHOXHHE X = X X, , MDK SIKHMH MOKe OyTH 004H-
-1

CJIeHa €BKJIi10Ba BiacTanb d = HL’; (N —-L; (7)” .
Os3nauenns 6. CKianeHe HEYITKE YUCIIO
DA™ =17 7, e OQlLi=Lm}, (5)
BH3HAYAE€ METPHUKY TPOCTOPY CKIAJCHUX HEUITKUX
ancen K (Z ™).
TakuM YHHOM, KOXKHE CKIAJCHE HEUITKE YHCIIO
Z " BUMIpIOETBCS 3a JOTIOMOTOK CKJIAJEHOT HEYITKOI

~ Nm . .
sermuunan D(A™), a jis 3HAXOMDKEHHS HEYiTKOi
sigcrani p(U™, V™) Mix DOBUIBHUMH CKIIaI€HUMU

. Nm NIT[
meuitkumu yuciaamu U™, V" MoxkHa BHKOpHCTATH

TEeXHIKy OOpOOKHM HEUITKMX BiTHOIICHb ITEPEBarH,
BBeneHy OpiioBChKUM [7]. 3a UM MiAXOAOM, SIKIIO

B =pT" V", p,=pUV") -

BiACTaHl MDK CKJIaJ€HHMMU HEYITKHUMU

3a7aHO
HEYITKI
muoxunamu U[", V)" ta UJ,V," BimmosiaHo, TO
BU3HAYUTH HEYITKY BiJICTaHb, fSKa € MECHIIOIO,
MOXXHA y PO3YMIHHI HEUITKOTO  BiTHOIIEHHS
nepeBary “<”.

Ha ocHOBI BBeIE€HOro IOHATTA BIACTaHI MIXK
CKJIAJICHUMHM HEYITKHUMHU YHCIAMH Ta CIOCO0y iX
TIOPIBHSHHSA MOXXHA CQOPMYJIIOBATH  aJTOPUTMHU
HEYITKOT'O TPYIyBaHHS JAaHUX, IOJaHUX Yy BUTISL
CYKYITHOCTI CKJIaJICHUX HEUITKUX qpcel

{Am(j),jzl’p} 3 K(A™), mo y3arajisHIOKTH
B1JIOMI HiAXOIH.

means bymemMo BBaxkaTH, IO 3aJaHy CyKYITHICTh
MO>KHA 3TpyIyBaTH B k KJIacTepiB.

Bagamo  Bektop ¥ = (¥y,....7,, ), Y; € (0,1],
KU OyJle BU3HAYATH PIBEHb HEUITKOCTI JaHUX, IO
PO3TISA A0 THCS.

BusnaunMmo k& IIEHTpIB KIAcTepiB y BUTISAAL
Ha0Opy CKJIaJIeHNX HEUITKUX YHCEI

cmo = {(xl(i)’luzl (xl(i))),(xz(i),luzz (xz(i)))’_“,

(xm("),,uZ (x" )N} ,i=1,k . Buxomsuu 3 TOro, mo

TOYHI 3HAYCHHsS IIEHTPIB TPYIyBaHHSA HEBiIOMI,
ITOPUTM KJlacTepu3anii Mae OyTH itepariiiauMm. Ha
MOYaTKy NpoLeCy 3HAUYCHHS LEHTPIB TPYIyBaHHS
00epeMo BUITAAKOBIM YHHOM.
[Ipunyctumo, 1m0 CcKIaneHi

HEYITKI YHcIla

A" j=1,q,q9 < p, MaloTh HEIIOPOKHI MHOXKH-

uu piBass L” () . Byaemo posrisiaaTy X sk 3BUYaii-
~ W o ,

S(Am(./)) = {x (j)’x (./),m,xm(./)} ,

j=@. 3po3ymino, MmO BEKTOpU S(Zm(j)),

Hi  BEKTOpH

OyayTb HalexaTH IO PI3HUX TPYyN 3 LEHTpaMH

S(C"Dy i=1,k,
ui/" l:L_k,]Zl,q .

BIJIIOBIAHO, 31  CTEIEHEM

HaJIEKHOCTI ITouyarkoBsi

BEJIMYHMHY 3HAYEHDL HAJIEKHOCTI TaKOXK MOXYTb 6YTI/I
3auaHi BUIIAAKOBO, 3 YpaxXyBaHHIM OYEBUIHOIL

k S

YMOBH Zu[jzl st koxkuHoro  j=1,q. be3s
i1

3araJibHOCTI

oOMeXeHHs U, i= L_ka Jj= E >

MOXYTh OYTH BW3HAUCHI, HANPUKIAN, Yy BHUTIAII
u; =1/k, i=Lk,j=1,q.

OyHKII{ MOXUOOK, MO BIAMOBITAIOTH TAKOMY
MPEICTABICHHIO, MOJYKHA BH3HAYUTH 5K CyMH
YaCTKOBUX TOXMOOK HAJIEKHOCTI JO ICHTPIB 3
ypaxyBaHHSM  3HAa4eHb CTCMCHIB  HAJICKHOCTI

i=Lk, j=1,q, BignosigHo, y Burisii

Uy
E(S)=Y Y u,[SC ), 84" (©)
i=1 j=1
Takum duHOM, 3amada TpymHyBaHHSI Oyne

IOJIATaTH B 3HAXO/PKEHHI MIHIMAJIbHUX 3HAYEHB
¢yukuii moxubku E(S) 3 p 0OMEKEHHSIMH THITY

k _

Zu” =1, j=1,q. Po3p’s3ku wiei 3agaui
i=l1

MOJIAETHCS Y BUMIISI [8]

~ . d ~ j .
j=1 =
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1

k 5‘2. m-1
uij:l/; 5—”2 (3)

ae
£ = ESE, S = [SE 5

b

i=1,k, j=1,q - ue eBxuigosi Bincrani mix mapamu

BeKTOpiB, o Bu3Hauatots netpn C"", i=1k Ta

ckmameni mewitki  mmoxumn A" j=1,q,
BIJIIIOBIHO.
OcratoyHo aJIrOPUTM bopmyroeThest

HACTYITHUM YHHOM:
1. 3amatd BEIUYMHHU E€JCMEHTIB BEKTOPHOTO

piBast ¥ = (¥y,e-n ¥,y ), Vi € (0,1].
2. Bwusnauutn 3HAYEHHS KoeQiIliEHTIB

u,i=Lk, j=14q 3 ypaxyBaHHAM  YMOB

HOPMYBaHHSI.
3. Buznauutu
BiamosigHOCTI 3 (7).
4. PospaxyBartu 3HaueHHs QYHKIIi TOXHOKH

k TUeHTpiB KIacTepiB y

CrnHcoxk BUKOPHCTAaHUX JXKepes
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srizHo  gopmynu  (6). Sfxmo i 3HaYeHHS He
HEepEeBUIy€e JEesIKOl MOpPOTroBOI BENMYMHM abo 3a
YMOB HE3HAYHOTO 3MEHIICHHS 3HAYEHHS IOXHOKH
BITHOCHO TIONEPEaHbOI iTepallii, TO OOYMCICHHS
3akiHuuTH. [loTOYHI 3HA4YEeHHS LEHTPIB KIACTEpiB
CKIIaaloTh PO3B’SA30K 3amadi. B mpormimexHOMY
BUTIAJIKY MIEPEUTH 0 YETBEPTOTO MyHKTY.

5. Pospaxysatu HOBI 3HAYCHHSA

u;,i=1,k, j=1,q 3a popmynamu (8) i nepeiitu 1o

JPYTOTo MyHKTY.

Takuiéi anroputTM Ha3BEeMO MOJIU(IKOBAHUM
anroputMoM C-means I KIacTepU3allii HEUYITKO
BU3HAUCHUX JIAHUX, MPEICTABICHUX Yy BUIJIAAIL
CYKYITHOCTI CKJIaJICHUX HEYITKHX YHCE], Ha OCHOBI
MHOXHH BEKTOPHOTO PiBHSIL.

Jlist  mepeBipKH  pe3yJNIbTATIiB  JTOCIHIKEHHS
MPOJEMOHCTPOBaHO  pOOOTYy  ajNropuTMiB  Ha
MPUKIAAl 3ajgadi TPYMyBaHHA CTaHIB HEYITKOL
CHUCTEMH, IO (YHKIIIOHye Yy JIBOBHUMIPHOMY
npocropi. Ilomepenne  po3TamryBaHHs — CTaHIB

CHCTEMH 3IIMCHIOETHCS BHMAAKOBO, KiTbKICTH TOUOK
00HMPa€ETHCSI KOPUCTYBAUEM.

References

1. ZADEH L.A. (1965) Fuzzy
//Information and control. V.8.

2. JAMBA M. (1988) Hierarchical cluster
analysis and compliance. - Moscow:
Finance and Statistics.

3. DURAND B. and ODELL P. (1977)
Cluster analysis. - Moscow: Statistics.

4. VIATTCHENIN D.A. (2004) Fuzzy
methods of automatic classification. -
Minsk: Tehnoprint.

5. IVOHIN E. and KOSINSKIY K. The
method of clusterization of complex fuzzy
sets// Journ. of Comp. & Appl. Math. -
2007.— Ne2.—P. 54 —58.

6. IVOHIN E. and APANASENKO D. On
the application of fuzzy clustering data
special  type // Bulletin of Taras
Shevchenko National University of Kyiv
—2013. — Nel. - P.167-171.

7. ORLOVSKIY S.A. (1981) The problems
of decision making for fuzzy input
information. Moscow: Nauka.

8. OSOVSKI C. (2002) Neural networks for
information  processing. - Moscow:
Finance and Statistics.

sets

Hagnitinura mo peaxoserii 29.08.2016



Bicnux Kuiscvkoeo nayionanvrozo yuigepcumeniy 2016, 2
imeni Tapaca Llleguenxa

Cepia ¢izuxo-mamemamuyni HayKu

Bulletin of Taras Shevchenko
National University of Kyiv
Series: Physics & Mathematics

YK 519.87

IBoxin €.B., 1.¢.-M.H, IOIIEHT,
Maxno M.®., aciipanT

Ivokhin E.V., Dr.Sci., associate professor,
Makhno M.F., postgraduate

IIpo oauH miaxix 10 po3B’A3aHHA HEYIiTKOI
3aga4di pekomOiHamii

About one approach to solving the problem
of fuzzy recombination

KuiBcpkuit HanlioHaNbHUH YHIBEPCUTET iMEHI
Tapaca IlleBuenka, M. KuiB, np-t ['mymikosa, 41,
e-mail: ivohin@univ.kiev.ua

Taras Shevchenko National University of Kyiv,
Kyiv, Glushkova st, 4d,
e-mail: ivohin@univ.kiev.ua

B cmammi poszensanymo ocrosHi 3a0aui meopii po3xknadie ma ix mamemamuyHi mooeni. Biosuaueno
HeobxiOHicmb epaxogysamu NP-nosny ckiadnicmv po36’azanus maxux 3adau. [na 3a0aui onmumanbHoi
PeKoMOTHayii 3anpONOHOBAHO CXeMy JHCAOIOH020 an2opummy, wo O003604UN0 3HAXOOUMU HAOIUNCEHULL
p0o38 30k 3a0aui. Chopmynb08ano Hewimky 3a0ayy pekomOIHayii, 5Ky ¢opmanizoeano y eueisioi Hewimkoi
3a0aui AHIIHO20 Npocpamy8anHs. JIisi po36’a3aHHs OMPUMAHOT 3A0ayi 3aNPONOHOBAHO Memod, 8 SKOMY
30UUCHIOEMbCS NOWLYK HeuimKo2o po38 13Ky bermana-3ade 8ionosionoi onmumizayiinoi 3a0ayi.

Kurouosi crnosa: meopis posknadis, 3adaua pekombinayii, Heyimke Yucio, Heuimka 3a0aya JiHIUHO20
NpOcPAMYBAHHS, MEMOO PO38 A3AHHSL.

In this article the basic problems of the schedule theory and their mathematical models were
investigated. It is indicated the need to consider the complexity of NP-complete problems of scheduling
solution. Getting of approximate solution algorithm is based on the use of schemes aimed sorting options.
The recombination problem of works characterized by lasting implementation and setup time is
considered. For the problem of optimal recombination scheme proposed greedy algorithm that allowed to
find an approximate solution of the problem.This algorithm is providing primary selection of works on
approximately the same length of time and the smallest adjustment. It is formulated fuzzy recombination
problem, which is formalized in the form of fuzzy linear programming problem. The submission of fuzzy
numbers is described in triangular fuzzy numbers form. For solving of the resulting problem it is proposed
the method in which is suggested the search of fuzzy Bellman-Zadeh solution for corresponding
optimization problem.

To check the results of the study it is provided a series of numerical experiments in which were obtained
the approximate solutions of fuzzy optimal recombination problems.

Keywords: schedule theory, recombination problem, fuzzy number, fuzzy problem of linear
optimization, decision method.

CrarTio mpeacTaBuB A.T.H., pod. Boxomma O.D.

«YacoBuii» xapakTep 3aBAaHb TeOpii PO3KIAiB
BUALIAE iX B O0COONMBHMM Kjac, IO ICTOTHO
BIZIPI3HAETHCS BiJl «00'€EMHUX» CKOHOMIYHHX 3ajad.
SKIo B OCTaHHIX MOTPIOHO BiMOBICTH HA MHUTaHHS,
oo 1 CKUTBKA BHPOOJATH, TO B 3amadax Teopii

MaTeMaTUYHOTO POTrPaMyBaHHS;
KOMOIHaTOPHOTO;

EBPUCTUYHOTO;

CTaTHCTUYHOTO (IMOBIPHICHOTO).

OcHOBHM Teopii PO3KNAIIB PO3BUBAIUCS B

PO3KJIaaiB HEOOXIHO BHU3HAYMTH, KOJHM 1 B SIKIiH
MOCTIIOBHOCTI BUKOHYBatu pobotu. Ll pisHuLs
BU3HA4Ya€ HasBHY BIJIMIHHICT B MeTOAax i
MOXKIIMBOCTSIX BHUpIlIeHHS 3axad. s 3agad 06'em-
HOTO XapakTepy pO3po0JieHO TOTYXXHUH amapar,
TOJIOBHUM YHHOM MAaTEMaTHYHOTO MPOTrpaMyBaHHS,
10 JTO3BOJISIE 3 YCIIIXOM 3HAXOAWTH iX PO3B’SI3KH.
Hus 3agad  Teopii pPO3KIAAIB ammapar METOJIB
PO3B’sI3yBaHHS PO3BUHEHHUI y CyTTEBO MEHIIIN Mipi.

TpamumiifHO  MOMIYK  ONTHMaJIbHOTO  abo
ONMU3BKOTO J0 ONTHMAIBHOTO PO3KIANy 3IIHCHIO-
€ThCA 32 JIOMTOMOT'00 OJTHOTO 3 4 migxomis [1]:

©€ .B.IBoxin, M.®.Maxho, 2016
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yMOBaX, KOJIM MAaTeMaTW4Hi MOJEIl aKTUBHO
3aCTOCOBYBAIIUCS JUIS BHPIIICHHS EKOHOMIYHHX
3amad. Tomy Oynm 3po0eHi cipodu modyyBaTu
MareMaTWdHi MoAelmi 1 i1 3agad  Teopil
po3kianis. [Ipu 11boMy HOOXiHO OYyJIO BUPILIUTH
NPUHIMIIOBY NpobieMy. Y mMaTeMaTHYHOI MoJemi
cuctema oOMeXeHb BimoOpaikae TON cTaH peueid,
0 JesKa CYKYIHICTb yYMOB Ma€ BHKOHATHCH
OJHOYACHO. Y 3a1aui Teopii po3kiaiaiB psa yMOB
Ma€ BHKOHYBaTHCh aJbTEpPHATHBHO: abo 1-a
poOoTa 3aycKaeTbes paHimie j -i, a00 HaBIaKH.
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Dopmynioeanna 3a2anbHol 3a0ayi CK1a0aHHA
DPO3KNA0y 6 mepMIHax AiHillHO20 Yi10UUCENbHO20
npoOZPAMYBaHHsL.

Hexaii maemo cucreMy 3 1 poOiT i m MaiuH.
Koxna poboTta cknanaerbes 3 g, onepauiid, i=1,n.

KoxHiit onepariii npunmucaso Tpu iHIEKCH:

i - HoMep poOOTH, 1110 MICTUTH L0 ONEPALilo;

J - HOMep omepariii BcepeanHi podoTH, j = E;

k - HOMep MamMHH, Ha SKiif omeparlisi MOBUHHA
BUKOHYBATHCSL.

OOmexeHHs Ha dyac i
orepaliii MallMHAMHM TaKi:

IOpPAAO0K BHUKOHAHHSA

. KOXXKHAa MallliHa BHUKOHYE OJIHOYAaCHO He
OinbIne o/IHIET omepartii;

. omepariii  BUKOHYIOTBCS Yy  3a3HaYCHIid
MOCJIIIOBHOCTI;

. HiSKi JBI omeparii, o BIiXHOCATHCA 0

OJIHI€T pOOOTH, HE BUKOHYIOTHCS OJTHOYACHO.
Bynemo BBakaTH, 110 KO>KHA poOOTa BUMAarae B

TOYHOCTI OJTHOTO BUKOHAHHS Ha KOXKHIH 3 MaIlInH.
Hexaii f, - TpUBaliCTb BUKOHAHHSA PoOOTH I

MAaIIUHOIO £ ;

1, axwo onepayin j pobomu i
BUKOHYEMbCA MaWUuHoIo k;

Vi =
i
0, & inwomy sunaoxy.

t; - MOMEHT IOuYaTKy BHKOHaHHSI poOOTH I

MalMHOK K (JOpIBHIOE Yacy MOYaTKy BUKOHAHHS

BiAMOBIAHOT onepartii po6oT i MaimuHO© £ ).
I'pyna o6mexens 1. 3 Toro, 1110 K0’KHa MalllnHa

y JOBITBHHA MOMEHT 4Yacy MO)KE BHUKOHYBaTH He

Oiunbie ofHiel poOOTH, BHUILIMBAE, IO JUIS KOXKHOL

mapu pobir [/ Ta J chopaBeminBa JmIne oxHa 3

HEPIBHOCTEH:

t, —t, =t, - BUKOHaHHIO poboTn [ mepernye

BUKOHaHHS podotu J , abo
ty —ty =t - BUKOHaHHIO poboTn J mepenye

(1)

BUKOHaHHS pobotu [ .

Oomexernns (1) tumy «abo-abo» HE MOXHA
OMKCATH B TePMiHAX TPAJAMIIMHUX 3a7ad JIHIHHOTO
MporpaMyBaHHs 1 OTpeOy€e BBEACHHS ILIJIOYHCEIh-
HUX 3MIHHHX.

ITo3naunmo
1, axwo poboma I nepedye pobomi J

Ha mawuni k;
0, 6 inwomy sunaoxy.

Y =

Tenep chopmynboBaHi BUIE OOMEKECHHS THITY
«ab0-ab0» MOXKHA 3aIllMCaTH Yy BUIISAII JBOX YMOB,
KO’KHA 3 SIKMX Ma€ OyTH BUKOHaHa:

(M +t,)Yy + (g —tp) 2ty
(M +t)) A=Yy )+ p —tp) 2ty

2
3)
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ne M=) >t, - 1OCHTh BeIMKA KOHCTAHTA,
ik

oOpaHa TakuM YHHOM, 100 BUKOHYBajacs TUIbKU
ojHa 3 1BoX yMoB: Y, =0 abo Y, =1.

Hexait [ mepenye J, 10610 £, <t, 1Y, =1,
Toai (3) B TOYHOCTI 30ira€Thcs 3 APYror YMOBOKO
«abo-abo» B (1), a ymoBa (2) 3aBOSKH BETUKOMY
napamMeTpy M  TepeTBOPIOETHCS B  HAJIMIIKOBE
OOMEXEHHs, IO HE CYINEpPeunTh BCiH CHCTEMi B
ijiomy.

I'pyna odmexeHnb 2. 3a0e3nedye ITOTPUMAHHS
00MEKeHb Ha TIOPSIOK BUKOHAHHS OTICPAITiid.

3ayBaxnumo, 10 Zrijkgik - MOMEHT IIOYaTKy

k

BUKOHAHH omepauii j poOOoTH i .
Tomi mms Bcix omepanid  KOXHOI poOOTH,
MTOBWHHA MaTH MICIIe HEPIBHICTh

Z”ijk Ty 1)< Z’?(jﬂ)k{ik 4)
[ [

LinboBi ¢yHKUii MOXyTh OyTH pizHEMHU. Tak,
MiHIMI3alis CyMapHOTO dYacy 3aBepIieHHS poOiT
pIBHOCHJIPHA MIiHIMi3aIlii CYyMH MOMEHTIB ITOYaTKy
BUKOHAHHS OCTaHHIX OIepalliii BCiX pooiT:

DD Ty —> min.
ik

Ilpuy  miHiMi3anil  MaKCUMaJbHOTO
3aBEPIICHHS POOIT JOTAETHCS OOMEKEHHS BUILY

Zl/}mk(zik +1) STai=1n,
p

qacy

ne T

" - 3MIHHA, AKy HOTPiOHO MiHIMi3yBaTH.
METOHIB MAaTeMaTHYHOI'O
BUpILIEHHS 3agad  Teopil
po3kianiB  HeoOximHO BpaxoByBatu NP-moBHY
CKIIAQIHICTh PO3B’S3aHHA 3a7adi, o0 HEMHUHYyYe
MPU3BOAUTH 0 €KCIOHEHIIaTbHOCTI BETMYMHN Yacy
OTPUMAaHHS ONTUMAJIBHOTO PO3B’s3Ky. [0 HAHOLIBII
LIMPOKO BUKOPHUCTOBYBAHUX IPUHOMIB CKOPOYEHHS
nepebopy BIAHOCATHCS TpPUHOMH, MOOYIOBaHI Ha
HenoBHOMY mepeOopi. Lli mpuitomu Oa3zyroTbes Ha
MOOYIIOBI «9aCTKOBHIX pIMICHBY, TPEICTABICHUX Y
BUTJIS/II JIepeBa MOINYKY Ta 3acTOCYBaHHI METOJIB
nmoOy/IOBU  OIIIHOK, M0 JIO3BOJIAIOTH  BifACIKaTH
0e3nepcreKTUBHI 4acTKOBi pimeHHs. OpHaK, HaBiTh
MOCKOHAJII TPUAOMH CKOpPOUYEHHS TIepedbopy He
IO3BOJIAIOTh  3BUIBHUTHCA BiJ  €KCIIOHEHIIWHOI
CKIIQIHOCTI PO3B’sI3aHHS 3a/1a4 TeOpii PO3KIaIiB.

NP - TIOBHA CKJIQJIHICTh PO3B’SI3YBaHHA 3a/1adi €
BaroMHM apryMeHTOM IpH OOTpyHTYBaHHI HEOOXi-
HOCTI TOOYZOBM HaONMXKEHUX ab0 EeBPUCTHYHHX
ITOPUTMIB 11 PO3B’SI3KY, BaXKJIMBOCTI BUKOPUCTAHHS
CXeM CHpsSMOBaHOIO Mepedopy BapiaHTIB, a TaKOXK
npu OOIpyHTYBaHHI HEOOXiJHOCTI TOCIIKEHHS
OKpEeMHUX BUITAJIKIB 33]1a4i.

IMpu 3acrocyBanHi
NporpaMyBaHHSl ISt
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Bnopaokysannsa kinyeeoi kinbkocmi pooim
ona 1 mawunu.

[MpumycTrMo, mo KoXXHa po0OTa CKIIAJAa€THCS
TIIBKM 3 OJHIET omepamii. Y I[bOMY BHIIAJIKy
MHOXHHY pOOIT MOXHa pO30MTH Ha TpYyImu B
3QJIEKHOCTI Bl BHIYy OImepailii, a KOKHa MaIllnHa,
10 BUKOHYE TICBHY OIEpAIlil0, HE 3aJIeKHUTh BiJ
iHmmx. OTxe, MOXHA OOMEXHTHUCS CKIIAJaHHIM
PO3KJIamy TUTBKH JUIS OJHIE] MAIIMHU 1 BUKOHYBaHOT
HETO ITi IMHOKIHH POOIT.

BBaxkaeTbcs, 1110

o KUIBKICTh poOIT CcKiHYeHHa i Bci pobotu
MaroTh OyTH BUKOHaHI;

J pobOTH HAaAXOAATH B CHUCTEMY OJHOYACHO,
TaK 10 TpH CKJIAJaHHI PO3KIagy  IIpOIeC
00CITyTOBYBaHHSI MOKE TIOYATUCS 3 OYIb-KOT 3 HUX;
) BUKOHAHHS KOXKHOI 3 poOIT BimOyBaeThCs

abo 0Oe3 HACTpOKM MalluHU, a00 HACTpOWKa He
3JICXKUTH BiJl TIOTIEpeaHBOI pOOOTH.
VY 11bOMy BHUIMAJKy BBEACHI paHillle MO3HAYCHHS
Ha0yBalOTh HACTYITHUX 3HAYCHb!
m =1 - ¢ auie ogHa MalIMHA;

g, =1- xoxna poboTa CKIamaeTbcs 3 OJHI€l

oneparii, i =1,n;
=0

1
0e3 0OMe)keHHsI 3arajibHOCTI MOYaTOK BiIJIIKYy dYacy
MOXKHa TOEIHATH 3 MOMEHTOM  HAJXO/DKECHHS

- BCl po0OTH HATXOASATH OJHOYACHO (TOMY

pobotn), i = I,_n;

t, =t - TpuBajmicTh PoOOTH OEpEThCs JOBLILHOIO

BEJIMYMHOIO, 10 3aJacThCA 3a3Jajerigs 1 He
3aJIEKHUTD Bifl po3kmany, i =1,7;
a;=d, - JomycTUMa TPUBAIICTh IPOXOKEHHS

36iraeThbCs 3 IJIAHOBUM TepMiHOM, [ = 1,7

W, =W, - TpuBalicTh O4YiKyBaHHS pOOOTOIO I

MOYaTKy il BUKOHaAHHSA, [ = 1,7 ;
I,=F=t+W,

; - MOMEHT 3aKiH4eHHS poOOTH
(mOpiBHIOE TPHWBAIIOCTI MPOXOJPKEHHS, BiIJIIK Yacy

MTOYMHAETECS 3 MOMEHTY HAIXOKCHHS pOOOTH),

i=ln.

VY Takiif MOCTAaHOBII TPUBAIICTh HATATOIKCHHS
nepes Oylb-sSKOI POOOTO 3alIeKHTh JIUIIE Bif
camoi poOOTH i IFO TPUBAIIICTH MOXKHA MTPUETHATH JI0
TPUBAJIOCTI BHUKOHYBaHOi poOoTu. IHmia mikaBa
MOCTAaHOBKA IMOCTAaHOBKA 3ajadi Teopii po3KiIamiB
CTOCYETBbCS  CHTyamlii, KOJM 4Yac MPOBEACHHS
TIepeHaIar0KEHHS I KOXKHOI HOBOT poOOTH 3aire-
KHTh BiJI IOPSIIKY BUKOHAHHS POOIT i, K HACIiOK,
He MOXXe OyTH BpaxoBaHWH B ix TpuBanocti. Taka
3a/la4a Ha3WBAEThCS 3a/1a4er0 peKoMOiHalii pobit[2].
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Dopmyniosanns 3a0aui ONMUMAaIbHOV
pexomobinayii pooim.

Hexaii 3amana MHOXuHa poOiT V ={v,...,v,},

[0 MarwTh OYTH BUKOHAHI Ha €IWHIA MAaIlKHI,

Koxna pobota v eV xapakrepu3yeThCs TPUBATICTIO

t,€R,, B Mexax sKOi BHUKOHaHHA pOOOTH He

MepepuBacTbes. SIKIo MalinHa, Ha AKiii BUKOHYIO-
TbCSI POOOTH, TEPEXOMUTH BiJi BUKOHAHHS OHIET
po0OTH Ha iHOIy, TO HEOOXiTHO BHKOHATHU IIepe-
HaJIarOJKeHHS. bynemo BBakaTH, IO 3aJaHo
TepMiHU TEepeHaarokXeHHs s, € R, 3 pobotu v Ha
poboty u, mist ycix v,uelV , ne v#u. llorpibHO
CKJIacTH pO3KJIal, IO MiHIMI3ye Yac 3aBepIICHHS
yCIixX poOiT.

Ilo3naunmo uepes 7 =(x,...,77,) TNEPECTAHOB-
Ky, SIKa BH3HA4a€ MOPSNOK BHUKOHAHHS DPOOIT: 7; -
poboTa, MO BUKOHYETHCS Ha i-My erami. Hexai

n—1
s(zm)= le S 4z, - TOZ BUXi/Ha 3a/la4a CKBiBaJICHTHA
=
* . . .
MOLTYKY MEPECTaHOBKH 7 , 3a SIKOI0 MIHIMI3YEThCS
o *
CyMapHUi 4ac niepeHanaroikeHas s(z ).

OpvH 3 BapiaHTiB peanmizanii HaONMMXKEHUX
ITOPUTMIB PO3B’S3Ky 3afayl pekoMOiHalii Moxe
OyTH CTBOpPEHHI Ha OCHOBI 3aCTOCYBaHHS Kali0HOTO
niaxony. Cxema ®aJiOHUX aJTOPUTMIB IPYHTYETHCS
Ha BBEIEHHI NOJATKOBUX YMOB, SKi i BH3HA4alOTh
MOPSIZIOK BHOOPY PO3B’sI3Ky [2].

ChopmyroeMo cxemy KaaiOHOrO aJropuTMy
JUIs 3aiadi pekoMOiHamii. 3amady MoIIyKy Tepe-
CTAHOBKM 7 , Ha SIKill JOCATAEThCA ONTHMAJIbHE
3HAYEHHS 4Yacy IepeHaNIaroKeHHS, 3aIllUIIeMO Y
BUTJISIAI  3afayi  JHIMHOrO mporpaMyBaHHS 3
(GyHKIERO T

n-1

s(m) = Z S wimia Y mimg 2 TN
i1

)

Ta OOMEXEHHIMA

n—1

zyﬂilfi+1:n_1’ yﬁiﬂi+16{031}9i=15n_1' (6)

i=1

Jnsi  3HAXOIKEHHS HAOJMKEHOT'O PO3B’SI3KY
po3TamyeMo poOOTH 3a HE3POCTaHHSIM BEJTHMYMHU
YacTKH BiJHOIICHHS TPUBAJOCTEH TOBUTHHUX JBOX
pobiT 40 HEOOXIMHOTO B IILOMY BHITAIKy dYacy
NepeHaaroKeHHS:

e i i=ln—1. )
Szizis

BriopsiakyBaHHS BHKOHaHHS POOIT 3a JaHOIO
cXeMoro Tependavae mepiuoyeproBuii BUOip poOiT 3
MPUOJIN3HO OJHAKOBOIO TPHUBATICTIO Ta HAWMEHIITUM
yacoM HajlaroJKeHHs. be3 oOMexeHHs 3arajlbHOCTI,
MOXKHA CTBEpJDKYBATH, IO JAHWHA MiIXiJl JO3BOJISE
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OTpUMATH JOMYCTUMHH PO3B’A30K (TIEPECTAHOBKY),
ONMU3BKY O ONTHMAJIBHO.

[HmMM — mikaBUM  3aCTOCYBaHHS — HaBEAEHOL
kaai0HOT CXeMM BHSIBHIIACS MOXJIMBICTH PO3B’SI3aH-
HSl HEYITKO1 3a/1a4i peKoMOiHaIii.

Heuimka 3a0aua onmumanvhoi pekomoinayii.

Osnauenns 1 [3]. HediTkOO MHOXXHHOIO A B
yHIBepcaJbHOMY  TpocTopi X  Ha3HMBAE€ThCS
CYKymHicTb map Bumy {(x,u;(x))}, ne xe X, a

H5(x): X —>[0,]] - dyHKIIA HANEKHOCTI HEYITKOI

2 Bulletin of Taras Shevchenko
National University of Kyiv
Series: Physics & Mathematics

c

() =1,x <b; s (x) = Z,xe[b,c];

c—
i (x)=0,x>c. (10)
[MpunycTumMo, 1mo y 3axadi pekoMOiHawii 4iTKo
3a/1aHi TPUBAJIOCTI BUKOHAHHS POOIT, a Yac IMpoBe-
JICHHS TICPEHAArO/DKCHHS BH3HAUCHO HETOYHO Y
BUIISII TPaBUX HEUITKUX 4duceln. Y TaKOMy
BUIIAJIKY MOXHO TEpedUTH a0 (OpPMYITIOBaHHS
HEYITKOI 3aj1a4i peKoMOiHaIlii BUTIISTY

n—1

~ > S Vam,, —>min (11)
TiTj+1 ¥ TiTj+] ’
MHOXHUHHU A4 . P
Y Bunagky X c R' Hewitka MHOXMHA A i3 IHEeHTiB 5 1
AKY < y AKiii 3Hauenns xoediuientiB 5, ., i=Ln-1,

MICTUTh CYKYITHICTh Tap, IO CKJIAJalOThCA 3 JBOX
CKAIIPHHX 3Ha4eHp x € R' Ta 45(x) .Toxi MoxHa

3aJ]aHO HEYiTKO Y POpMi HEUETKUX YHCEL.
Sx Bimomo, po3B’sA3yBaHHA HeEUiTKOi 3amadyi

TOBOPUTH, IO 33J4aHO MHOKHHY HEUITKHUX YHCE. JHIHHOTO TIPOrpaMyBaHHs 3BOJUTLCSA JI0 TOIIYKY
Bynemo BBa)kaTu, 110 KOKHE 3 HUX Ma€ TPUKYTHHUU PO3B’S3Ky CTaHAApTHOI (WiTKOI) 3agayl 3 JOAATKO-

BHIUIAL, TOOTO Zi ={(a,,b,,c,)}, a, <b <c,,

BOI0 3MIHHOIO 1 JIOJATKOBMM OOMEXKEHHSIM II0
BimHOmEHHIO 10 Mojem (5)-(6) [4]. Anroputm

i=1,m, 3 ni"iiHuMU QYHKIIAMH ~HaJIEXKHOCTI pO3B’sA3aHHSA  mepeabadae  BHpIMICHHS — 3amadi

4 (x) BursLy

L w5 (x) :%,xe [a,b];

c—Xx
2. py(x)=—=,xe[bcl; ®)
C J—

3. p;(x)=0,x ¢ [a,c].

Heuitke TpukyTHE umcno BUTIAAY (a, b, b)
HA3MBAETHCS JIIBUM HEYITKMM TPHKYTHHUM YHCIIOM,
1110 BU3HAYAETHCS (PYHKIIIE€I0 HAICHKHOCTI

x—a
,UZ(X) = O,X <a,; /uZ(x) =——,X¢€ [aab]:
b—a
() =Lx>b, 9)
a HeuiTKe TpUKyTHe uucio Buarisany (b, b, c¢)
HA3MBAETHCS MPABUM HEUITKUM TPUKYTHHM YHCIIOM,
110 BU3HAYA€ThCA (DYHKILIEI0 HAJIEKHOCTI
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peKOoMOIHaIl MpU TPaHUYHUX 3HAYCHHSX TEPMiHIB
MEPECHANIATOJKCHHS, a OTPUMAHUN TaKUM YHUHOM
PO3B’SI30K  HA3UBAETBCA  HEYITKHUM  PO3B’SI3KOM
benmana-3ane.

3anpornoHoBaHa BUIE kajli0Ha cxema IOIIyKYy
ONTHMAJbHOI MEPEeCTAaHOBKH B 3a1adi pekoMOiHamii
JIO3BOJISIE OTPHUMATH KOHCTPYKTHUBHUN aITOPUTM JUIS
PO3B’sI3aHHS BiAMOBIAHOT HEUITKOT 3a1a4i.

Jns  mepeBipku  pe3ydbTaTiB  JOCHIIKEHHS
MPOBENEHO PsJl YHCENbHUX EKCIIEPHMEHTIB, B SIKMX
OTPHMaHO HaOJVKEHI PO3B’S3KM HEYITKHX 3ajad
onTuManbHOI pekomOiHarii. Bubip mapamerpiB B
3aJa4ax 3OIACHIOETHLCS BHMIAAKOBO, a KUIBKICTD
BHKOHYBaHHX poOiT He mepeBumryBana 20. [TpakTud-
HE 3HAYCHHS OTPUMAHOTO pPe3yJbTaTy IOJSATae y
CTBOpEHHI e€()eKTUBHOTO COCO0Y pO3B’sI3aHHS 33134
YiTKOI Ta HEUITKOI ONTUMATBHOI peKOMOiHaITi1.
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Y oanitt pobomi 3mooenvosano ma 0ocniodiceno npoyec po3snoscroodcents pekiamu bes 3acobie mac-
Meoia WLIAXOM KOMYHIKAYii 8 Mmedcax 3a0anoi yinboeoi ayoumopii. 3acmocogyemocsi Modenb, AKa Onucye
npoyec CRIIKY8AHHs 6CepeOUHi epynu a00ell 3 Memor 3ayikagumu pekiamHo npooyKyiero aKkomoeaa binvuie
Kopucmyeauis. [lowupenns pexiamuoi inghopmayii po3ensioacmspcs K pe3yibmam ROCAi008HO20 npoyecy,
MOOeno8anHs AK020 30IUCHIOEMbCA HA OCHO8I NPUHYUNIs azpezayii, odmedicenoi oughysieio (diffusion limited
aggregation, DLA). Jlna onucy nponuxHenHs (PO3N0OBCIOOJNCEHHS) OAHUX YV  CcOYianbHill 2epyni
BUKOPUCOBYEMBCL MOOETb MINCHEUPOHHO20 npoyecy 00MIHY iHgopmayii.

Knrouosi cnosa: pexnama, npoyec po3nogcioOdceHus, azpezayis, Ou@ysis, mooenb MidCHeUpOHHO20
0OMiny iHpopmayil.

In this article a process of the advertisement spreading via communications within a given target
audience and without means of mass media was modeled and studied. We are using a model that describes
the process of communication within the group, so that more users will be interested in advertised product.
Distribution of the promotional information is seen as the result of a consistent process modeling that is
based on the principles of aggregation limited by diffusion (diffusion limited aggregation, DLA). To describe
the penetration (distribution) of the data in a social group, we use a model of the interneural process of the
exchange of information.

The approach uses an original methodology for process modeling of the aggregation of limited
diffusion. We consider the process of penetration (spread) of the impact of advertising on a given target
audience. This approach is based on the information exchange model in a neural elements network.
Modelling of the process is carried out under conditions that each individual from the target audience may
communicate with any number of other network participants. Results are formed by a given set of trust, that
users have to each other and a set threshold level of susceptibility to the advertising from people from the
target audience.

An simulation modeling process algorithm for the advertisement distribution was designed based on the
representation of the network elements in the form of a graph, whose vertices parameters describe
susceptibility to advertising and mutual trust.

Key words: advertising distribution process, aggregation, diffusion, model of the interneural
information exchange.

CraTTrO IpeIcTaBuB A.T.H., pod. Bomomun O.0.

Bararo mporeciB, o BiAOyBalOTHCS y TMPUPOIL
Ta CYCHUIBCTBI, XapaKTePH3YIOThCS XAOTHYHOIO
JUHAMIKOI0, MOJIENIIOBAHHSA SKOI TPHU3BOIUTH [0
MOSIBI HOBHX MaTEeMAaTHYHUX CTPYKTYp, SAKHM
BJIACTHBA CTAaTHCTUYHA (HETOBHA) MOBTOPIOBAHICTb.
BaxnuBe Micue cepen LHMX CTPYKTYp 3aiiMaioTh
¢dpakraneHi Knacrepu [1], UIs MOCTiHKEHHS SKUX
aKTHBHO  3aCTOCOBYETBCS ~ MOJIENb  arperartii,
obmeskenoi nugysieto (diffusion limited aggregation,
DLA) [2], mo omucye mpoueaypy o0’ e€THaHHS
OKpeMHX YaCTHHOK Y CaMOIOIIOHHWI arperar B
yMOBax iX BWIIaJIKOBOTO OnyKaHHs. JlaHa Momjenb

©¢€ .B.IpoxiH, 10.0.Haymenko, 2016

Oyma 3ampormoHoBaHa y [3, 4] 1 3HalnuIa Mmmpoke
3aCTOCYBaHHS Ui IMITAI[ifHOTO  MOJICIIIOBaHHS
pizHUX nu(y3idHHUX MPOIECIB, 10 CIOCTEPIrar0ThCs
y piIuHAX i ra3ax.

3a xiacuuHor Monewro DLA enemeHTtapHi
YaCTUHKU TIOCTIJIOBHO TNPHETHYIOTHCA JO arperary.
ITporec moOyMOBH arperaty MOYUHAETHCS 3 €TUHOT
YaCTUHKH, JI0 AKOI OyJie MPUETHYBATHUCS CYKYITHICTD
HOBHX YaCTHHOK, II[0 PO3TAIIOBaHi 800 HAOIU3MIHCS
y pe3yabTaTi ONyKaHHS J0 arperary.

IIpu peanizarii anroputMiB MomemtoBanas DLA
pO3paxyHKH TMOTPeOYIOTh 3HAYHUX BHUTpAT dacy.
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ToMy pans TOmANBIIOTO BUKOPUCTAHHS — JaHOI d”o (t) 1

METOAMKH  HeoOXiaHa  po3poOka  BapiaHTIB ” z wx; (1) —uy (1), (1)
onTuMizanii poOOTH IMX aJIrOpUTMiB, a TaKOX

CTBOpPEHHSI HOBHUX METOMAIB (popMaiizamii mpouecis,
10 BimOyBalOTHCS Y SBHINAX arperaii, 0OMeXeHoi
mudysiero. Ile 0coOMMBO BaXKIMBO B CYYacHUX
YMOBaX IIMPOKO BIUIMBY 3aCO0iB COLiaIbHUX MEPEK
Ha iH(OpMaIIiitHi IPOIECH Y CyCIUIBCTBI.

Y nauniii poboti Ha ocHOBI Momem DLA
cOpMOBaHO Ta JOCIHIIKEHO MPOLEC PO3MOBCIOI-
JKEHHsI PEKJIaMH Ccepell IUThOBOI ayAHWTOpii, II0
MEIIIKae B paMKax JesSKOTo perioHny. Mozaens omnucye
Mpolec PO3MOBCIOKEHHS peKJIaMu 0e3 BIUIMBY
3aco0iB Mac-Mefia, MUIIXOM OOMiHY iH(opMaIli€ro,
KUY BiOyBa€ThCs MPU KOMYHIKAITIi MiXK JTFOABMH.

VY Oynb-sKili COIiaNibHIi TPYIi aKTUBHE CITIIKY-
BaHHS JIIOZICH MiXK COOOIO CITpHsIE PO3MOBCIOIKCHHIO
indopMmarmii mpo mpomykuito, Ky Oyino abo Oyxe
npua0aHo, 3 METOIO 3alliKaBJICHHS Y Il MPOAyKIIil
sKoMora Oinplie HOBUX Jroneil. Po3moBcromkeHHs
miei iHdopmarlii MOXHAa 3MOZENTIOBaTH Ha OCHOBI
npuHIUIiB arperamii DLA, BHKOPHUCTOBYIOUM IS
OTHCY TMpPOIECYy MPOHUKHEHHS (PO3MOBCIOIKEHHS)
JaHUX HEHpOHHY Monenb OOMiHy iHpopMarii y
COIIiJTbHIN Mepexi.

MartemaTnyHa MoJeJib Tpouecy O0OMiHY
iHgopmauii moxidHOro MixkHelipoHHOMY.

Posrnsgaemo  comiasibHy — Mepexy S, IO
ckimamaeTbcst 3 3amaHoi (N =mn+1) KimbkocTi
KOpPUCTyBadiB. YcCi KopucryBadi (HEHpOHHM), IO
MPEICTARNISIOTh BY3JIM MEpPEXki, OOMIHIOIOTHCS MiX
co00I0  MOBINOMJICHHSMH  (TIaKeTaMHd  JaHUX).

MarematnyHny Mojenb (YHKI[IOHYBaHHS OOMiHY
iHpOpMAIIi€r0 B paMKax Mepexi MoxHa chopMyBaTH
Ha OCHOBI MiIXoay [5], IO BUKOPHUCTOBYETHCS IS
MOJICITIOBAHHS TPOIECiB  y HEeWpoHax 1 Yacto
3aCTOCOBYETHCS OpH  JOCHIDKEHHI 3amad 3
IMITYJIbCHUM BILTHBOM.

Posringaemo JIOBUIBHUN HelponoJioHui
eJEeMEHT, 10 Mac€ »n BXomiB 1 oguH Buxig. Cran
eJIEeMEHTa OITHCY€EThCS CKAIAPHOIO BEIUYUHOIO U,

sKa Ha3UBAETHCS IOTEHIIIANIOM.
[ToreHmian u, KOXHOTO €IEMEHTa 3pOCTae 3a

. . R
4acoM TMPOIOPIIHHO 3BaXKEHIH CyMi —Zwl.xl.(t)
i=l1

i=Ln, w

BXIZIHUX IMITyJbCIB X;, ;- CHHONTUYHA

Bara i-ro BXomy, i=1,n, fka crmamae 3 TOCTIHHOL
yacy 7. be3 BTparu 3araapbHOCTI HUIIXOM BHOOpY
BIIMOBIIHOTO MacmTaly 4Yacy MOKHa TIOKIJIACTH
7=1. OcraTo4HO OTPHUMYy€EMO, IO piBEHb
MOTEHINATY BHU3HAYAETHCS PO3B’A3KOM HACTYITHOTO
mrdepeHITiaTbHOTO PiBHIHHS:

ae x;(t) — BeOMYMHA [-ro BXOJy, TOOTO 4YacToTa

BXIIHUX IMITyJIbCIB Y MOMEHT 4acy ¢, i =1,n.

Buxin x(¢) eremeHTa BBa)KAETHCSA aHAIOTOBOIO
BEJIMIHHOIO Ta  BHU3HAYAETHCS MOHOTOHHO
3pocTarouoro GyHKII€ @(-) HOTeHIiamy u,(?)

x(t) = P(u, (1) = h),
e h — 3HAYCHHS MOPOTYy.

Xapakrep BUXiJHOT QYHKIIT TICHO MOB'I3aHUM 3
pedpakTepHuM  mepiogoMm.  Jns  MOSCHEHHS
MEXaHi3My TeHepallii iMIyJIbCy HeOoOXiHO BBECTH
JIOJJATKOBUI MapaMeTp CTaHy — BHYTPILIHIA MOPIr.
lenepaniss  iMmynbey BinOyBaeThCsl BCSKHHA pas,
KOJIM MOTEHIia]l u, IEepeBUILy€e BHYTPIIIHIN MOPIT.

2

CritoM 3a TeHepaIiero iMIMyIbey BHYTPIITHIA TOPIT
3pOCTa€ JI0 HECKIHUYCHHOCTI 1 3aJMINAETHCS TaKUM

OpOTArOM  IHTEpBally —4acy 7,  Ha3BaHOrO

a0COMOTHUM pe(dpaKTEepHUM MEPioAOM; MOTIM BiH
MOCTYIIOBO ~ 3MeHIyeThes.  Hexait  h(r) -
BHYTPILIHIA NOPIr y MOMEHT 7 , L0 CIIOCTEPIraeThest
Bifl mouarky reHeparii immynscy. Tomi h(7) =00
ACHMITTOTHYHO

npu 0 <7 <7 ;mpu 7>7, h(r)

1 MOHOTOHHO cragae. OTke, eJJeMEHT He 3JaTHUI 10
reHepamnii  IMIyJbCy  MPOTSTOM  abCOJIOTHOTO
pedpakrepHOTo TIepioay.

JleTanpHMiA aHaNi3 TOKa3ye, IO ITOTEHINAl
IIBUJKO CIAJa€ Biapasy Micias IeHepallil iMITyJbCy.
OpHak, £KIO BXigHI IMIOYJIbCH NPOJOBXKYIOTh
HAJAXOMWUTH 3  IHIIMX  HEHPOHIB, MOTEHIliaN
He3abapoM  BIJIHOBIIOETBCS 1 MIATPUMYEThCS Ha
MoMepelHbOMy  piBHI.  Skmo  crama  gacy
BiJTHOBJICHHS MaJia, TO IIBUAKUME QIIYKTYamisiMHA U
MOXKHA 3HEBaXHTH 1 BBaXATH Uy KOHKPETHOIO
BEJIMYMHOI, SIKy OTPUMaHO TMPU  IXHBOMY
3rnapKyBanHi. [Ipu 1boMy, 3MiHU U, BBAXKAKOTHCA

IOCUTh TOBUILHUMH B TIOPIBHSHHI 31 3MIiHOIO
BHYTPIIIHBOTO MOPOTY.
OTke, KOXHHIA HEUPONOMIOHWI  eleMEHT

3aJa€ThCSl /1 BaroBUMM 3HadeHHsMH W,,1=1,n,
noporoM / i BuxigHow ¢yHKIiero @(u). Mepexa

cknagaetbes 3 11+ 1 enemenra. Hexait u, h, i x,,

i =1,n, - BiznosixHo, noTeHLia, NOPIr i BUXix i -T0

enemenTa. Ilosnaunmo w,, w,,... w, - Baru [-TO

CJIICMCHTA. HpHHyCTI/IMO, mo BCl €IEMEHTHU 3'€,[[H3.HO

TaKUM YHMHOM, 1IN0 BHUXiJ X; [-TO €IEMEHTY

HaIXOOUTh Ha BCI IHIN €JIEeMEHTH B SKOCTI j-TO
BXOAy (3’€AHaHHSA TUNy 3arajbHOi mmuHK). [lpn
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meomy, Barm w, 20, i,j=1n xapakTepnsyioTs Ajaroput™M  imiTaniiiHoro  MogeaOBaHHs
_ ) .. MPoIECy PO3MOBCIOIKEHHS PEKJIAMM.

P1BE€Hb BIIJIMBY ] -TO C€JIEMCHTY Ha [-H CJICMCHT. HpI/IHyCTI/IMO, 1110 Ha OYaTKY mporecy

Skiio w; =0, TO 3B'SI30K MiX j-M Ta I-M

eleMeHTaMH BifacyTHid. Toai Moaenh OMUCY CTaHiB
CJIEMCHTIB Mepexki OyJlie 3aJaBaTHCS HACTYITHOIO
CHCTEMOIO PiBHSHb:

dv,(t) 1%

dt _;;Wi/xj(t)_hi_vi(t) ci=Ln+1,03)

x,(t) = ¢(u[(t)—h[) = ¢(V[(l)) ci=Lln+l, @)

u,(t)=v,(t)+h, i=ln+l, 5)
3 BIAMOBIIHUMH TIOYATKOBUMHU YMOBaMHU.
IloOynoBa Mopei PO3MOBCIOKEHHS

peKJaMH B MeKaXx IiJIbOBOI ayIuTOPii.

MaeMo HUTLOBY ayJUTOPI0, IO CKIAJAETHCS 3
N nroneit, 06’ eqHaHuX y comianbHy Mepexy. Koxna
JIOAMHA 3HalioMa ab0 Ma€e MOXIIMBICTh CIIJIKYBaTH-

csl 3 HEBHOIO KilbKicTio 7, [ =1, N inmmx moneii 3

uiei aymutopii. be3 oOMexxeHHs —3arambHOCTI
BBQ)KAETHCS MOJKIJIMBHM, IO ICHYIOTH Taki HOMEpH

k=1,N
n, =N —1. 3 inmoro 00Ky, 3p03yMiJ0, 10, AKIIO

KOPUCTYBadiB  MEpeXi, I  SKHX

HiAMMCYBa4 Mepexi I 3HAHOMUIA 3 MmignucyBadeM j,
To i j Oyne 3Haiiomuii 3 i. Taky CTpYKTypy MOKHA
mpencTaBuTH Tpadom, e KOXKHA BepIinHA rpada
TIPEACTABIISIE COOOI0 JIFOIMHY-KOPHCTYBada, a pedpo
MK JIBOMa BEpUIMHAMH O3Ha4a€ Te€, L0 Ii JIIOJH
3HalioMi a0 CHiNKyroTbcs Mik coboro. Lleft rpad
MOXKHa 3aJaTH CHMETPHUYHOI  MaTpuier R
THIIMJEHTHOCTI PO3MipHOCTI NXN, IO CKIANAEThCS 3
0 Ta 1, ne 0 Ha mo3uwii ij 0O3HaYae, 10 JIOAWHA [ HE
3HailoMa 3 JIIOJIMHOIO j, a 1 — 110 MrouHa [ 3Halioma 3
JIFOUHOIO .

Koxxny moauny 3 Hib0BOI ayquTOpii Xapakre-
pusye Takox Habip momatkoBux mnapamerpiB. Ilo-
mepmie, KOXXEH  HEOJHAaKOBO  CTaBUTBCS [0
o0avYeHO1/mOYyTOI peK/iaMu: B IaHill MOJesl KO)KHA
JroMHa Mae cBiit koedirient /;, [ € [0,1], i=1, N,
mo BigoOpaxae i CHpUIHATIMBICTH A0 PEKIaMH.
[lo-mpyre, KoXeH MO-pi3HOMY TPUCITYXOBYETHCS IO
IyMKHA CcBOixX 3Haiommx. Ilokmagemo B Momerni
BIJMOBIIHUM 3a II¢ BeKkTop 7; , IO 3aJla€ PiBEHb
JIOBipH i-1 mMoAuHU 10 11 3Haomux. lJis 3py4HOCTI
BHKOPHCTAHHS 3allUIIEMO M€ BEKTOp y BUTIJIIAAL

T =(t,t,ty), ne t,€[0l], t,=0, sxmo

rij_

Matpuni R, ¢, =1, j=1N.

BIAIIOBiAHE B = 0, j-# eleMeHT i-TO psaKa

MOJICITIOBAHHSI MPOIIECY PO3MOBCIOKCHHS PEKIaMU
MPOBENICHO MEBHY peKIIaMHy KaMTaHilo.
PosrisiHemo, sikuM 4mHOM Oylle TONIMPIOBATUCS
piBEHb PO3MOBCIOJKCHHS PEKJIAMU Cepell TMEeBHOL
IITEOBOI ayAMTOPil , 3aCTOCOBYIOUH OITMCAHY BHIIE
MO/IEIb.

3agamMo TEBHHWH TMOPIT CHPUAHSATIABOCTI 10
pexnamu L, L €[0,1]. TIpu upomy Gy1eMO BBaXKaTH,

0 pekiaMa epeKTHBHO MOJisIa Ha JOIUHY i, SAKIIO
I, >2L. Bsememo Bektop Hy,

H,=(h,hy,..;hy), ne h, =0, skmo [, <L Ta

h, =1 npu I, 2 L. Ileit BekTOp XapakTepusye ocio 3

i cTaBJICHHS

iIBOBOI ayANUTOpii, HAa SKUX TOJisiIa pekiama Jo
MOMEHTY ITOYaTKy CIIJIKYyBaHHSI.

Hdani BBakaemo, 1m0 y Mepexi BigOyBaeThbcs
CITIKYBaHHS KOPHCTYBa4iB MiXK co0oro.
COpuATIuBICTE 10 PEKIaMH KOXXHOTO yYacHHKa
MOKE€ 3 4YacOM 3MIHHMTHCH B 3aJI€KHOCTI BiJ HOro
OTOYEHHS. 3MiHY CIPHUSATIMBOCTI 3 YacoM OyJeMo
ONHMCYBATH MOJICIUTIO HEHPOHOMOMIOHOTO €IeMEHTY
Burnany (3)

dl . (1) _ 1
dt n;, +1

2,01, (©)

3MiHa CTaBJICHHS KOXHOI JIIOAMHH 3 IJIbOBOI
ayauTopii crocTepiraeTbcss AUCKpeTHO. IloknmaBmm
0e3 00MEKEeHHS 3arajJbHOCTI IHTEpBA AUCKPETH3AITi i
At =1, oTpuMy€MO PiBHSHHS HACTYITHOTO BHIJISLY:

I,+1)—1,(0) :;ﬁ:tﬁlj(t)—li(t), (7)
J=1

n, +14

i

a00 0CcTaTO4YHO

1 N
IL+)y=——=)> t,1.(1). ®)
! ni +l; g
ToO6TO, Ha KOXHOMY TOCTIZIOBHOMY KpOIIi
MACKPETU3aIii  TEepepaxoBYIOThCS  KoeimieHTH

CTaBJICHHS J0 PEKJIaMU KOXXHOI OCOOHM 3 IJIbOBOL
ayauTopii 3a JONOMOIOI0 CEePEeIHBOTO 3HAYCHHS
JIYMKH OTOYEHHS IJFOUHY 3 ypaxyBaHHSAM piBHA ii
JIOBIPH JI0 KOKHOT'O 3 TAHOT'O OTOYEHHS.

S pe3ynpTaT OTPUMY€EMO HOBHI Habip 3HAUYEHb

I,(t),i=1,N , t>0 . O0uncnoemMo HOBHiI BEKTOP

H (¢) BimnosinHo 10 opory L.
Skmo Ha  AEIKOMY  KpOIIi

cuiBBimHomenus H(¢) = H(t-1),

BUKOHYETHCSI
t>21, Tobro
pekiaMa Oijibllle HE BIUIMHYJIA Ha JKOJHY OCO0Y 3
ayauropii, abo, skmo Bektop H(¢)=(lL,...1),
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TOOTO yci 0coOM BXKe 3HAXOIATHCS IIiJ] BILTUBOM
peKJiaMu, — aNTOPUTM 3yTIHHIETHCSI.

BucHoOBOK.

VY nmaHiii poOOTi 3MOJIENBOBAHO Ta TOCIIIKEHO
TIPOIIeC PO3ITOBCIOKEHHS pekiiaMu 0e3 3aco0iB Mac-
MeJia [UIIXOM KOMYHIKaIlii B MeXax 3aJaHol
LTHOBOT ayauTOpii. 3aCTOCOBYETHCS MOJECTb, SKa

OTHCY€E TIPOIEC CHUIKYBaHHS BCEpEOWHI TPyIH
moAed 3 METOK  3allKaBUTH  PEKIAMHOIO
OPOAYKLI€0  SKOMOra  Oulbllle  KOpUCTYBadiB.

[lommpenHs peknamMHOI iHpOpMAIii PO3TISIIAETHCS
SK PE3yJIbTAT MOCIIIOBHOTO MPOLECY, MOJETIOBAHHS
SIKOTO ~ 3IMCHIOETHCS HAa  OCHOBI  IPUHIUIIB
arperartii, oomexxenoi mudysiero (diffusion limited
aggregation, DLA). Jlis omnmcy TPOHUKHEHHS
(pO3MOBCIO/IKCHHS) JTAaHUX Y COLIaIbHIN rpymi
BHUKOPUCTOBYETHCS MOJENb MDKHEHPOHHOTO
porecy oOMiHy iH(opmarii.
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arperamii, oOMexxeHux nudysie. PosrusHyTO
MPOIIEC MPOHUKHEHHS (PO3MOBCIOKEHHS) BIIUBY
pexiamMM  Ha  3aJaHy  [UIBOBY  ayJIUTOPifoO.
BuxopuctoByeThcs miaxif, mo 0a3yeTbes Ha MOJIEINI
oOMiHy iH(pOpMAITiEI0 y Mepeki HeHpormoaiOHmX
eJieMeHTIB. MoeoBaHHs TpoLecy 3MAiHCHEHO 3a
YMOB MOXJIMBOCTI CHIJIKyBaHHS KOKHOi 0COOH
ayauToOpil 3 MOBIIHHOIO KUTBHKICTIO 1HITUX YYaCHUKIB
Mepexxi. OTpuMaHHS pe3yNbTaTiB (QOpPMYy€EThCS 3a
JOMIOMOTOI0 3aJJaHOT0 Ha0Opy AOBIpH KOPUCTYBadiB
ONMH /IO IHIIOTO 1 33aJaHOT0 TOPOTOBOTO PiBHA
CIIPUIHATIMBOCTI peKIaMu 0c¢i0 IiTLOBOT ayauTopii.

Po3pobneno ITOPUTM iMiTalitHOTO
MOJICTFOBAHHS TIPOIIECY PO3IMOBCIOKEHHS PEKIIaMH,
mo 0a3yeThCs MPEACTABICHHI €IIEMEHTIB MEPEXKi Y
BUTIsAL  Tpada, BEpIIMHH SIKOTO  OMHUCYIOTHCS
napaMeTpaMy CHOPUHAHSATIMBOCTI JO pEKJIaMu Ta
B32€MHOI JIOBipH.
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B oaniii cmammi ananizyemocs wmyuna HelipOHHA Mepedica ma ii BUKOPUCMAHHSA 071 PO38 A3KY 3a0ay
MeOouunoi diacHocmukuy. /[ nouamKy O3HAUOMUMOCH i3 NOHAMMAM eKCNePMHOI cucmemu, Npukiadamu
3a0au, sKi 60HA 00NOMA2AE GUPIWUMU A XapakmepHi ocobausocmi. Buscuumo, 6 womy cneyugixa came
MEOUUHOT eKCnepmHoi cucmemu ma 4oMy 6 3a0auax OiaeHOCMUKU 3aX60PI06AHb eKCNEPMHi Cucmemu €
HaUOINLW NPUUHAMHUMU OIS gUKOpucmanis. Poszenanemo, wo maxe wimyyna HeupoHHa mepexca, NpUHyun ii
pobomu ma peanizayii. Ceped MOMCIUSUX APXIMEKMYP WMYUHUX HEUPOHHUX Mepedc ma anicopummis ii
HaguaHHsi obepemMo Haubiibl NPUOAmHui 015 3a0ay MeOuyHol diaeHocmuKy. 3YNUHUMOCL OemdabHiule Ha
pO32nA0i  aneoOpummy 360pOomHO20 nowiuperns nomunxku. 062060pumo nepesazu ma HeOONKU OOPAHUX
eapianmie. B pesynomami poOomu  po3enAHEMO  peanizo8any  MeOUYHy — eKCnepmHy — cucmemy
«NeuroDiagnosticsy, wo dae mosxcausicmo suznauamu 3a 22 MONCIUSUMU CUMNINOMAMU, NOOAHUMU HA 8XI0
npoepamu, 0iazHo3 HAUNOWUPEHIUUX YepebOBACKYIAPHUX 3aX80PI08ANb NIOOUHU — IHCYIbM A eHyepanim.

KirodoBi cioBa: mrydHa HeHpOHHA MepeXka, allfOpPUTM 3BOPOTHOTO TIOHMIMPEHHS MMOMUJIKH, EKCIEpTHA
cucrema.

In this paper we will analyze an artificial neural network and its usage to solve problems of medical
diagnostics. First, we will find out the main concept of expert system, examples of problems it helps to solve
and its different characteristics. Will see what is the specificity of the medical expert system and why it is the
most appropriate approach to use solving disease diagnostics problems. Also we will take a look on what is
the artificial neural network, how it works and its possible implementations. Among the various
architectures of artificial neural networks and algorithms of its learning will choose the most suitable for
medical diagnostics problems. Additionally, we will look in more detail on back propagation algorithm. Will
discuss the advantages and disadvantages of selected options. As a result, we will take a look on
implemented medical expert system «NeuroDiagnostics», that makes it possible to identify by 22 input
symptoms most common cerebrovascular human diseases - stroke and encephalitis.

Key Words: artificial neural network, back-propagation algorithm, expert system.

CrarTio npeacTaBuB 1.T.H., Tpod. 3acnaBcbkuii B.A.

Beryn. Crorogni  po3BuUTOK — iH(GOpMaLidHUX —JOCSTHEHb JIIOACTBA B MEAMLMHI. 3a CTaTUCTHUKOIO
TEXHOJIOTIM TOPKAaeThCSl YW HE BCiX chep KUTTSI, TPhbOMa  OCHOBHUMH  TpPUYMHAMH  CMEPTHOCTI
0COOJMBO  BXJIMBUM  Ta  TONYJSPHEM € HAceJeHHS B Cy4acHOMY CBITI € CepleBO-CY/AWHHI,
BIPOBa/DKEHHS  Ta  3aCTOCYBaHHS  OCTAaHHIX OHKOJIOTi4HI Ta LEpeOpOBaCKyJISPHI 3aXBOPIOBAHHSI.
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B Vkpaini Ha imemiuay XBOpoOy cepIlsi Ta 1HCYIbT
npuxonuth  Oumbme  50%  ycix  3aXBOpIOBaHb
mronuan.

Meroro gaHoi cTaTTi € po3poOka eKCIepTHOI
CUCTEMU MEIUYHOL JIarHOCTUKHU HaWO1IbII
MOLIMPEHNUX LEepeOPOBACKYISIPHUX 3aXBOPIOBaHb HA
0a3i HelpoHHOI MepeXi 1 1l MOKIMBOCTI HABYATHCS
Ha OCHOBI BXITHUX JaHUX.

Excneprni cucreMum Ta iX 3acTOCyBaHHSI B
MeOu4Hili  JgiarHoCTHI. Ilim  excmepTHOIO
CHUCTEMOIO (EC)  po3yMiloTh  KOMII'IOTEPHY
mporpamy, 3AaTHY YacTKOBO 3aMiHWTH CIIeLiaicTa-
eKcrepTa B PO3B’s3aHHI MPOOJIEMHOI CHTYyaIii.
ExcrieptHi  cucteMr  JI03BOJIIIOTH  BHPINIyBaTH
3a11adi, JUIs AKUX XapaKTepHi:

e 3ajgaui HE MOXYTb OYyTH TpeACTaBICHI B
YHCIIOBIH QopMi;

e Buxigai maHi Ta 3HaHHA 3 MPEIMETHOI
o0jacTi € HEOJAHO3HAYHHMMHM, HETOYHHMHU,
a00 TaKUMH, M0 BUKIUKAIOTh TPOTHPITUS;

e He icHye OJHO3HAYHOTO AJTOPUTMIYHOTO
pilIeHHs TOCTaBJICHOI 3a/1a4i.

VYci Bumie3a3HaveHi BIACTHBOCTI € THITOBUMH
JUTT MEIWYHHUX 3a1ad 4epe3 Te, M0 Yy OLIBIIOCTi
BUIIAJKIB BOHHU MPEJCTABIICHI BEIUKAM 00 €MOM
0araToMipHHX, 3alTyTaHWX, a IHKOJIM HAaBiTh 1
CYTIepPEUITHBHX KIIIHIYHIX TaHUX. Mennuni
EKCIIEPTHI CHUCTEMH JO3BOJISIIOTH JIIKAPIO HE TUIBKU
MEPEBIPpUTH OCOOMCTI JIarHOCTHUYHI TMPHITYICHHS,
ale 1 TPOKOHCYJBTYBATUCS 3 KOMIT IOTEPOM Y
0COOJIMBO CKJIQJIHUX JIarHOCTUYHUX BUMAIKAX.

Harti6inbim BOKJIUBUMU obnacTsMu
3aCTOCYBaHHS €KCIIEPTHUX CHCTEM €:

e JliarHOCTHKaA HEBIIKIJIATHUX Ta
MOTPOXKYIOUMX CTaHIB B yMOBax Jaedimuty
qacy;

o  OOMexeHI MOXKIIMBOCTI OOCTEIKEHHS;

e MisepHa KIJIiHIYHA CHMIITOMATHKA;

o [IIBujKi TeMIIH PO3BUTKY 3aXBOPIOBAHHSI.

3aradbHUNA TPUHIMNI, TOKIAJEHHH B OCHOBY
(GbopMyBaHHS MEIUYHUX CKCIEPTHUX CHCTEM, -

BKJIIOYEHHS B 0a3y 3HaHb CHHAPOMIB, IO
BiJOOpakatOTh CTaH BCIX OCHOBHHUX CHCTEM
oprawis.[?

[Ipuknanym BUKOPHUCTaHHS EKCIIEPTHUX CHCTEM B
MEJIMIUHI HE MO>KHA Ha3BaTH OJMHUYHUMH, BOHU
3aCTOCOBYIOTBCSI B 0aratbox oOONacTAX OXOPOHH
3nopoB's. Tak, Hampukmag, B Taimy3i xipyprii Ha
OCHOBI INTYYHOI HEHPOHHOI Mepeki CTBOPHIIU
CHUCTEMY  MPOTHO3YyBaHHS  PH3HKY  PO3BUTKY
KOBYHOKaM'sTHOI XBOpOOHM Yy JIOeH 3 HaAMIpHOIO
Barol0 Tifla. ABTOpM BHBYWIM KJIiHIYHI Ta
jaboparopHi jaHi 117 mamieHTIB 3 OXHUPIHHSAM,
MpoorepoBaHuX 3a mepiox 3 mortoro 1999 mo
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xoBTeHb 2005 p. i B pe3ynprati Oyma moOymoBaHa
IITyYHa HEWpOHHAa Mepexka, HaB4YeHa alrOPUTMOM
3BOPOTHOTO MOLITNPEHHS TIOMUJIKH.
BuxopucroByBanucs 30 BXI1THUX 3MIHHHX,
BKIIIOUAIOYM KIJTIHIYHI JaHi (CTaTh, BIK, IHACKC MacH
Tia, CyNyTHI  3axBOPIOBaHHs), JlabopaTOpHi
NOKAa3HMKM  Ta  PE3yJbTaTH  TiCTOJOTIYHOTO
nmocmimkeHHs. [IporHo3yrody MmiHHICTE INITYYHOI
HEHpPOHHOI MepeXi TMOpIBHIOBATH 3  MOJEIUIIO
JOTiCTHYHOI perpecii, HaBueHOI Ha Ti ke Oasi
naHux. HelipoHHa Mepexa IpoAEMOHCTpyBajia
Kpally HpOTHO3YIOUy IIHHICTH 1 HIKYY MOMMUJIKY,
Hi’ MOJIeNb JoricTuuHoi perpecii.t!

Cepen  OaraThbOoX  pO3pOOJICHHUX  MEAMYHUX
EKCIIEpTHUX CHCTEM HEMa€e aHaJOTiB JiarHOCTUKU
1epeOpOBaCKyISIPHUX 3aXBOPIOBaHb JIIOJMHH, IO i
CTaI0 ONHIEIO 13 TPHYMH peami3amii CcHCTeMH
«NeuroDiagnosticsy.

IItyuyna HelipoHHa Mepexa. Cepea MeIUUHUX
eKCIIEPTHUX CHCTEM OCOONMBE MicIe 3aiiMaroTh
IHTENEKTyallbHI CHCTEMH, 3[aTHI 10 CAMOHABYAHHS.
B iXx ocHOBI JieXaTb METOOM AaBTOMATHYHOL
Kyacudikallii cutyarliii 3 peajbHOl MPaKTHUKU a0o 3a
JOIIOMOTOI0 METOJIB HaBYaHHS Ha MpPUKIanax.
Takoro crucTeMorO i € IMTyYHa HEHPOHHA Mepexa.

HItyuni neiiponni wmepexi (IIHM, artificial
neural networks) mpeacTaBisitoTh COO0I0 HETIHIHHY
CHUCTeMYy, IO JO03BOJsIE KiacuikyBath JaHi
HabaraTo Kparile, HiX 3BUYaiHi JiHIAHI MeToau. Jst
[ITHM xapaxTepHuli TPUHIXT MapajieabHOi 00pOOKU
CUTHAJIIB, L0 JOCATAETbCA LUIAXOM 00’ €JHAHHS
BEJIMKOTO 4YHWCJIa HEHpPOHIB y TakK 3BaHi I[apu
Tano€IHAHHA HEWPOHIB pi3HMX mIapiB. TeopeTHuHO
KIUTBKICTB IIapiB Ta HEMPOHIB B KOKHOMY IIIapi MOXKe
OyTH [OOBUTBHUM, ane (aKTHIYHO OOMEKYEThCS
pecypcamu KOHKpeTHOro kommn torepa. 2 Fl

Hait0inpm Baxkimueoro BimMminHicTIO IITHM Bixg
IHIIMX METOJMIB TIPOTHO3YBaHHS € MOXJIHBICTh
koHcTpytoBanHs EC camum  mikapem-daxisiem,
AKHH MOXe TepelaTd HEWpOHHIH Mepexi CBil
IHIUBIAyaNbHAN JOCBiA 1 JOCBiA CBOIX Koser abo
HaBYATH MEpEeKy Ha peajbHUX JaHWX, OTPHUMAaHHX
NUISIXOM ~ CIOCTepexeHb. [lo3uTUBHA XapakTepHa
BnactuBicte [IIHM monsrae B ToMmy, II0 BOHU HE
MPOrpaMyroThCsl, TOOTO HE BUKOPUCTOBYIOThH HiSIKHX
NpaBWwI BHUBOAY U [IOCTAaHOBKH JIiarHo3y, a
HaBYAOTHCA POOMTH e Ha npukiaax.

ApXiTekTypa 3’€IHAHb IITYYHUX HeHPOHIB B
EC. KonkperHuii BHI TEpPETBOPEHHS BXiJHOTO
BEKTOpa CHTHAliB y BHXUIHUH BU3HAYAETHCS
apxiTeKTypol0 HEHpOMEpexki, XapaKTepUCTHKAMHU
HEHpPOHHUX €JIeMEHTIB, 3aco0aMM KepyBaHHS Ta
CUHXpOHI3amii  iHPOpPMAIIfHUX  TOTOKIB  MiX
HEHpOHaMH.
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HafimommpeHnimuM BapiaHTOM apXiTeKTYpH €
Oararomaposi Mmepexi (Puc.1).

7 IB0pOTHH
3E' 30K
Paomt Baonmi
—0
Koxeyperona
(TATE MyEAHIT)
EBopomm

35 AS0K

Puc.1. bararomapoBuii TUI 3'eJHAHHS HEHPOHIB

lap BXimHUX HEHpOHIB OTPUMY€E HaHi abo 3
BXigHHX (haiiiiB, a0o 6e3mocepeHpO 3 ENEKTPOHHUX
naBauiB. Buximauii mrap mnepecunae iHpopmario
0e3nocepeIHb0 710 30BHIIIHBOTO CEpPEAOBHUINA, 0
BTOPHUHHOTO KOMITTOTEPHOTO TpoI1ecy, ad0 J0 1HIINX
mpucTpoiB. Mik IUMH JBOMA IIapaMyd MOXKE OyTH
O0araTo mNpuUXOBaHUX MIapiB. Bxoaum Ta BUXOAU
KO)KHOTO 3 TMPHXOBAaHMX HEHPOHIB CIIONYYeHI 3
IHIIMMA HEHPOHAMH.

Hampsimok  3B’s13kiB  HEHpOHIB Mae 3HaYHHI
BIUITMB Ha po0oTy mepexi. Koperyroun napamerpw,
MO’KHA HaJIAIITyBaTH 3B'SI3KH SIK HAa MOCHJICHHS TaK 1
Ha 10cy1abyIeH s BeJMInHK curnanis, 2107

Adaroputm 3BOPOTHOTO MO PEHHS
noMuiku. Ilepen BUKOpUCTAHHSAM, HEHpoMepeka 3
KOHTPOJOBAaHUM  HABYAaHHAM  TIOBHHHa  OyTH
HaBYeHOW. HaBuaHHs BBaXKAE€TbCS 3aKiHUECHUM TPH
JOCSITHEHHI HelpoMepexero BHU3HAYEHOTO
KOpHCTyBadueM piBHS e(eKTHBHOCTI 1 OakaHOi
CTaTUCTUYHOI TOYHOCTI. Y BUNAAKy OTPHMAaHHS
HE3a/I0BUILHUX Pe3yNbTaTIB AJISl TECTOBOI MHOXHHU,
HaBYaHHS MTPOJIOBKYETHCSL.

[Ticns Toro, sIK BU3HAYEHO YMCIIO IMIAPIB 1 YUCIIO
HEHpOHIB B KOXXHOMY 3 HHUX, HOTPIOHO 3HAWTH
3HA4YEHHS I CHHANTUYHUX Bar 1 MOPOTiB Mepexi,
K1 CIPOMOKHI MiHiMi3yBaTH MOXUOKY
CIIPOYKOBAHOTO  pe3ynbTaTy. Iloxmbka  ms
KOHKPETHOT MOJIeNli MepeKi BH3HAYAETHCS IMUITXOM
MPOXO/UKEHHSI 4epe3 MEpeKy BCiX HaBUAJIBHUX
MPUKIIAIIB 1 MOPIBHSHHS CIPOIYKOBAHUX BUXITHHX
3Ha4YeHb 3 OaKaHUMU 3HAYeHHSIMH. B sikocTi GpyHKIIT
noxuOOK  HalyacTille BHKOPHCTOBYIOTb  CyMYy
KBaJpaTiB MOXUOOK.
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AnroputM™:

1. Imimiamizamisi: BaroBi koeili€HTH 1 3CyBH
NPUAMAIOTh MaJli BUMAAKOBI 3HAUCHHS.

2. Busnauenns eleMeHTa HaBYAIIBHOT
MHOXUHU: (BXim - Buxinm). Bxomu (X1, Xo...
XN), TIOBHHHI pO3pI3HATHCA s BCiX
NPHUKJIA/IiB HABYATBHOI MHOXKHHH.

3. OOuucieHHs BI/IXiI[HOFO CUTHAIY:

szJm 1y'm1 _b

Yim = f(Sjm)
in=1,2,...,Nm,m=1,2, ..., L,
Ie S - BuXiJ cymaropa, W - Bara 3B'A3KY, Y -
BUIXiJl He#ipoHa, b - 3cyB, i - HOMep HeiipoHa,

N - 4gucio HeHlpoHiB y Tmapi, - HOMEp
mapy, L - umcno mapis, f- mnepematna
(dyHKITIS.

4. HanamrtyBaHHS CHHaNTUYHUX Bar:
wij(t+1) = wii(t) + rgix’s,
Jie Wij - Bara Bij HelipoHa i abo Bi eJdeMeHTa
BXITHOTO CHTHAIY | JI0 HEHPOHA | Y MOMEHT
gacy t, Xi' - BUXix HeHpoHa i, I' - MBUIKICTH

HAaBUaHHS, (j - 3HAYCHHS IOXUOKH JUIs
HEWpoHa j.
SIKIO0  HEWpOH 3 HOMEPOM |  HAJCKHUTh

OCTaHHBOMY TIPOLIAPKY, TOJI:
gi=Yi(1-y)*(di-vy) ,
ne d;j - 6axanuii BUXia HEHpoHa j, Vi
BUXIiJI HEHWPOHA j.
SIKIIO HEWPOH 3 HOMEPOM | HAJICKHUTh OJHOMY 3
1apiB 3 MEPIIOTo IO MePEeIOCTaHHIN, TOJI:

g; :X'j (1_le )ngwjk ’
X

ne k mpo0birae Bci HEHPOHU IIapy 3 HOMEPOM Ha
OJIMHMIIIO OiNibllle, HIK y TOTO, KOTPOMY HAJICKUTh
HeWipoH . 30BHIIIHI  3CyBH  HEHpoHiB b
HAJTAITOBYIOTHCS aHAJIOTI9HO.

TakuM YuHOM:

e Heldoniku  areopummy:
IIBUJIKICTh HABYAHHS.

o [lepegacu anopummy:. EdexTuBHMiA
Ta TONYJISPHUNA  QJITOPUTM  JJIs
BUPIIICHHS YUCJICHHUX MPAKTUYHHX
3ajau.

HesBaxarouu Ha YHCIIEHH] yCHiIHi
3aCTOCYBaHHS QJITOPUTMY 3BOPOTHOTO MOIIMPECHHS
MOMWJIKH, BiH He € TmaHaneero. Haibinbime
HETMPUEMHOCTEH NPUHOCUTH HEBU3HAYEHO JOBTUH
MpOIeC HABYaHHA. Y CKIAJHUX 3aBIAHHIX JUIS
HaBYaHHS MepexXi MOXYyTh 3HaJ0OUTHCS AHI abo
HaBIiTh TIKHI, BOHA MOXE 1 B3arajii He HaBYUTHUCS.

- HOTOYHHUI

Hwuspka
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PosrnsaemMo poOoTy anroputMy Ha TPHUKIAIL

MEpPEXKi, CXeMy SKOi HaBEICHO HUXKYE Ha PUC. 2:
Target =1

Puc. 2. llpuknag Mepexi

CrioyaTKy BUKOHYETHCS PO3PAXYHOK  PYyXY
BXIJJHOTO CHUTHAIY 110 Mepexi. Po3rissaeMo 3HaueHHs
IUIsl IPUXOBAHOTO LIApPY:

Uz = f(W3,1U1 + WsoUx + wb*bias)
f(1*0 + 0.5*1 + 1*1) = 0.81757,
Us = f(waius + waouz + wp*bias)
f(-1*0 + 2*1 + 1*1) = 0.952574;

B SKOCTI nepesaToyHol ¢byHKLi
BHKOPHUCTOBYeMO curmoif. Konw curranm mifmioB mo
MIPUXOBAHOTO IIapy, HEOOXiTHO MEPEMICTHTH HOTO Y
BUXIJTHUI Iap Ta po3paxyBaTH 3HAYEHHS HA BHXOJI
Mepexi:

us = f(wssus + wsaud + wp*bias)
f(1.5*0.81757+ -1*0.952574+ 1*1)
0.78139;

OTtpumaHuil pe3yabTaT He TaKUH BXKe 1 OraHui,
ale MOXHa 3MEHIIUTH 3HA4YeHHs  MOXHOKH,
BUKOPHUCTABIIM alTOPUTM 3BOPOTHOTO TOIIMPEHHS
moMIITKA. JIJ1s1 KoperyBaHHSI BaroBUX KOEe(IiIliEHTIB B
Mepexi 3a3BM4Yail BHUKOPUCTOBYIOTH  3HA4YCHHS
CepeaHbOKBaIpaTUYHOI MoXuOKku. [l omHOTO By3na
MoX1OKa OOUNCITIOETHCS TAKUM CITiBBiIHOIIEHHSIM:

err = 0.5 * (Odesired — Oactual )* ;
err = 0.5 * (1- 0.78139)? = 0.023895;
3acTocyeMO 3BOPOTHE MOIIUPEHHSI, HOYMHAIOYH
3 BU3HAUEHHA TOXHMOKM y BHUXIOHOMY Ta
MPUXOBAaHOMY MIapax. BUKOPUCTOBYIOYM PIBHSIHHS
3HAaXO/KEHHSI CyMH BCIX Bar, IO BXOJAATH y BY3OIL,
PO3paxyeMo NOXHOKY BUXiTHOTO By3Ja:
do= (1- 0.78139) * 0.78139 * (1- 0.78139) =

0.0373;
Hdani HeoOXigHO poO3paxyBaTH MOXHOKY JUIS
JIBOX NPUXOBAaHUX  BY3IIB. Hdns  mworo

BUKOPUCTOBYETHCS TIOX1THA CUTMO1THOT (DYHKIIIT:
val = x*(1.0 - x);
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BukopuctoByroun 1i 3HAYEHHS, PO3PAXYEMO
MOXUOKHU 71 IPUXOBAHMUX BY3JiB:

s = (0o* Wsag) Fus* (- uy) =
(0.0373 * -1) * 0.952574 * (1 - 0.952574) =
-0.0016851,
oz = (o * Wsz) *us* (1 - us) =
(0.0373 * 1.5) * 0.81757 * (1 - 0.81757) =
0.0083449;

[Ticns po3paxyBaHHS 3HAa4YeHb MOXUOOK IS
BHXITHOTO Ta IMPUXOBAHOTO IIApiB, MOYKHA 3MIHUTH
3HaYeHHs Bar. BHKOpPHCTOByeMO  KOe(ilie€HT
HaByanHg p = 0.5. CnouaTky HEOOXiJHO OHOBUTH
3HAYCHHS Bar 3’€JHaHb MDK BHXIJIHHM JUISI
MPUXOBAHUM IIapaMHu:

W*i,j = Wi, +p§oUi ,

W54 = Wsg4 + (p* 0.0373 * U4)
-1+ (0.5*0.0373 * 0.952574)= -0.9822;
Wsz = w53 + (p * 0.0373 * us)
1.5+ (0.5*0.0373 * 0.81757)= 1.51525;

OHOBUMO 3HAYEHHS 3MILICHHS [UIS BUXIIHOL
KOMIpPKH:

Wsp = Wsp + (p * 0.0373 * biass) =
1+ (0.5*0.0373 * 1)=1.01865;

Sk Oaummo, nnuAg Wss4, 3HAYEHHS Baru
3MEHIIMJIOCS, TOMI SK st Ws3 Bara 3pocia.
3MmimeHHss  OyJ0 OHOBJICHO JUIS  30UIBLICHHS

30ymxeHHHs. [lokakeMo 3MiHM 3HaueHb Bar IS
MPUXOBAHOI'O LIApy.
W*ij = Wij + poilli ;
Wa2 = Wap + (p * -0.0016851 * Uz)
2+ (0.5*-0.0016851 * 1) = 1.99916;
Wa1 = W1 + (p * -0.0016851 * uy)
-1+ (0.5*-0.0016851 * 0) = -1;
Wiz = Wsp + (p * 0.0083449 * u,)
0.5+ (0.5 *0.0083449 * 1) = 0.50417;
W1 = Wws1 + (p * 0.0083449 * uy)
1.0 + (0.5 * 0.0083449 * 0) = 1.0;
OcTaHHI KpOK — OHOBJICHHS 3MILEHb JUIS
KOMIpOK:
Wab = Wap + (p * -0.0016851 * biasa)
1.0 + (0.5 *-0.0016851 * 1) = 0.99915;
W3p = Wsp + (p * (0.0083449 * bi853)
1.0 + (0.5 *0.0083449 * 1) = 1.00417;
[lepeBipuMo, 10 aNrOpuUTM CHpPABAlI 3MEHIIYE
NMoxX1OKy Ha BUXOJI, BBOASYM TOW K€ CAMHUM CHUTHAJ
1e pas:

Us = f(W3,1U1 + wszoU, + Wb*biaS) =
f(1*0 + 0.50417*1 + 1.00417*1) = 0.8188;
Us = f(waiur + waoup, + We*bias) =
f-1*0 + 1.99916*1 + 0.99915%1) =
0.952497;

Us = f(W5,3U3 + WsgUs + Wb*biaS) =
f(1.51525*0.8188+ -0.9822*0.952497 +

1.01865*1) = 0.7898;
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err =0.5* (1.0 - 0.7898)* = 0.022;

Harapmato, mo MuHysnoro pasy mnoxuOka maia
3HaueHHs, piBHe 0.023895. I{poro pa3y moxubOka Mae
3HadeHHs 0.022, a me o3Hadae, IO OXHA iTeparlis
QITOPUTMY  3BOPOTHOTO  IMOUIHUPEHHS  MTOMHUJIKH
JO3BOJIMIIA  3MEHIIUTH  CEPeIHLOKBAIPATHUHY
noxu6ky Ha 0.001895, mo nocutk HemoraHo.

Peanizamin EC «NeuroDiagnostics».
ANTOPUTM 3BOPOTHOTO TMONIMPEHHS MOMUIKH BIKE
0araTto pOKiB JOCHTH YCIIIITHO BHUKOPHUCTOBYETHCS
it 3amad MemmuHoi miarmoctukm.®! Umm mm i

CKOPUCTAEMOCH, pealtizyBaBIIH Horo JUIS
JIarHOCTUKHA HaNOUIBIII MOIINPEHUX
1epeOpOBACKYISIPHUX 3aXBOPIOBAHb JIFOIVHH,

BUKOPHCTOBYIOUH PsiJl TTApaMETPIB.

B npukmani posrisgy poOOTH  alrOpUTMY
3BOPOTHOTO MOIITUPCHHS TIOMUJIKH
BUKOPUCTOBYBaBCS TPUKIAJ MEpPeXi 3 OJIHUM
BUXOJIOM. B JMaHOMY X BHIIaJKy MEpeKa MaTHME
CTUIBKM BHXO[IB, CKIJIbKH BCHOI'O [iarHO31B BOHA
MOJKe BHU3HA4MTH. TOJI BHHUKAE MUTAHHSI, K caMe
HEHpOHHA MepeXKa MTOBUHHA BUOMPATH TOM UM 1HIITUI
Buxia (TOOTO BHM3HAYaTH TOW YW IHIIMHA JiarHo3).
J1a IbOTO BUKOPHCTOBYETHCS apXiTEKTypa Mepexi,
noOyJJ0BaHa TIO MPHHIUITY «IIEPEMOXKEIh OTPUMYE

Bce». B Takomy Bumamky BHUXiJHA KOMipKa 3
MakCUMaJbHOIO  CYMOI  Bar SBI€  CO0OIO
«IEepeMOXIs» Tpynd 1 came il  3HAYEHHSA

BUKOPUCTOBYEThCS IPH OTPUMaHHi pe3ynbraTy. B
JAHOMY BHIIAJKy Ta BHXiJHa KOMipKa (Ta AiarHos,
MO0 3a HEK 3aKkpillIeHu#), fKa  OTpUMAE
MaKCHMaJbHE 3HA4YeHHS 1 OyJe BHJaHA B SKOCTI
pe3yJbTaTy KopucTysady. !

3BUYaiiHO, JUIS OTPUMAaHHS SIKOMOTa TOYHHX
pPEe3yNbTaTIB B SIKOCTI AaHWX JUIsi HABYAHHS MEPExi
Oyl BHKOpHCTaHI pealbHi JaHi XBOpHUX, SIKi B
NEeBHUI TepioJ] CBOTO JKUTTS MajJH CIpaBy i3
BKa3aHHMU 3aXBOPIOBaHHSIMH.

[pu po3pooiii EKCIIePTHOT CHCTEMH
NeuroDiagnostiCS ~ BUKOPUCTOBYBAJIHMCS  3HAHHS
JiKaps-HEeBpONATOJOra,  eKcrmepra B ramysi

HeBpoJiorii 3 30-piunumM craxem pobotu. 1 Came 3a
HOro peKoMeHJAIisIMUA Oyllo MPHHHATO pillIeHHS
IOA0 PO3POOKK CHCTEMH 3 MEAMYHOI JiarHOCTUKU
0o0paHUX HEBPOJIOTIYHHX 3aXBOpIOBaHb. B mepry
4yepry, 4epe3 Te, M0 BOHU € JYKE CXOXKHUMH, 1
Jaliek0 HE  3aBXAW BIAETHCS TOYHO BH3HAYUTH
ZiarHO3 XBOPOro, a TaKOX 4Yepe3 CTPIMKE 3POCTaHHS
KUTBKOCTI XBOPHX Yy HEBPOJOTIYHOMY BiJUIUICHHI 3
3aJIaHUMH J11arHO3aMHU 332 OCTaHHI POKH, 110, K 0YJI0
3a3HaUEHO paHille, € OJHI€0 3 HAHOUIBII
MOIIMPEHUX TPUYMH CMEPTHOCTI B YKpaiHi il B
YChOMY CBITI.
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Jnsa BU3HA4YEHHS MeEpexero JiarHo3y Oymiu
BUKOPHUCTaHI HaWOUIBII BaromMi YHHHUKH Ha yMKY
eKcIiepra:

3arajbHi BIIOMOCTI:

e Bik

o [IIkiaaMBI 3BUYKHU

e [‘ocTpuii mOYaTOK XBOpPOOU

CuMnTOMH:

I'omoBHMit 6116

[linBumeHnit apTepiaaTbHUAN THCK
3aranpHa c1a0KicTh

[ligBumiena Temmeparypa

[Tapasiy KiHI[IBOK

Uu nepeOyBae MalieHT y CBiIOMOCTi?

®DOoHOBI 3aXBOPIOBAHHS:

ATtepockiepos

I'imeproniuHa xBopoOa

Lyxposuii niabet

AputMis

[opy1iieHHs CTPYKTYpH CYAMHHOI CTIHKH
CHIJ

[IpocTymHi 3axBOprOBaHHS

JlogaTkoBi METOIM TOCTIIKCHHS:
e KT (MPT):

e [H(DapkT MO3KY

e Ocepenku aeMierniHizarii

JocmimkeHHs KpoBi:

e [ligBunieHuil piBeHb JEUKOIUTIB
o [ligBumienunit piBeHb cOi

e Bipyconoris

BiIKOBO-KJIITUHHA AUCOL{aLlis:
e Amnaniz CMP

OTxe, BCbOro BU3Ha4YaeMoO 22 mapaMeTpu, TOMY
BIJIMIOBIZITHO KUTBKICTh HEWPOHIB Yy BXIJHOMY IIapi
JopiBHIOBaTUME 22,  KUIBKICTh  HEWPOHIB Y
BUXITHOMY IIapi JAOpiBHIOBaTUME 2 (KUIBKICTb
MOJKJIUBUX J1arHO3iB — IHCYJIbT Ta eHIe(alIiT).

BucnoBok. B xomi pobotm Ham CTaTTero
NPOBOAMBCA  aHalli3  OCHOBHUX  TEXHOJOTIH,
XapakTepHux s po3poOku Mmeamunux EC. Sk
pe3ynbTaT, Oyja CTBOpEHa CHCTEMa JiarHOCTHKH
HaOLIBII MOIIMPEHUX 1epeOpOBACKYIIPHAX
3axBoptoBanb JoauHu «NeuroDiagnosticsy. [l
peamizamii BHKOPHCTOBYBajacsl INTydYHA HEWPOHHA
Mepexa, M0  Ma€ CTPYKTypy OararomapoBoro
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MEPCENTPOHY 1 BUKOPUCTOBYE aJTOPUTM 3BOPOTHOTO

Bulletin of Taras Shevchenko
National University of Kyiv
Series Physics & Mathematics

0araThOX pOKIB OyAyTh OJHHM 3 OCHOBHHX

MOIIUPECHHS TOMMJIKY JIJISl HABUAHHS MEPEKI. IHCTPYMCHTIB MJTPUMKH TPHHHATTS pIOICHh B
He3paxkaroun Ha 3HaYHY KiJIbKICTh BXKE BIJOMHX yYMOBaX BIJICYTHOCTI TOYHHX MOJCNEH pearbHUX
MPAKTHYHUX TOJATKIB MITYYHUX HEHPOHHUX MEPEX, MPOIECIB 1 SBHIIL.

MOXITMBOCTI iX TIOJQJBIIOTO BHUKOPHCTAHHS IS
00pOOKM CHTHaJIIB OCTaTOYHO HE BHYEpHaHi, 1
MOXHa OpunyctuTy, wo [ITHM me npotsarom
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On the number of active random processes in
a system with immigration

!Taras Shevchenko National University of Kyiv,
03680, Kyiv, Glushkova av., 4d
e-mail: marynych@unicyb.kiev.ua

Hexaii (&5.,m1,) ken € NOCIO08HICMIO HE3ANEANCHUX KONl 8unadko8oeo gexkmopa (£,1m) 3 matidce HanesHo 00-
damuumu Koopounamamu. B pooomi eusuacmocs acumnmomuka npoyecy M(u) = 351 1¢ Sj_1<u<S;_1 41, ) Oe
(Sk)keN € cmanoapmuum 8unaokosum OXYKaHHuAM 3 Kpokamu (&) geN, WO cmapmye 6 Hyni. 3a pi3HOMAHIMHUX
MOMEHMHUX NPUNyWeHb Ha & ma 1), OMPUMAaHO K1AcC ePAHUYHUX MeopeM Oa CKIHUeHHOBUMIDHUX PO3N00ilie
(M (ut))yso hpu t — co. Ompumani pezyivmamu 0ONOHIOIOMb 8I00MI paHiule meepodicenus, ous. Mikosch and
Resnick (2006), npo acumnmomuuny nogedinky M (u) y éunaoxy nezanedcHux & ma .

Kurouosi cnosa: 0poboeo inmeeposanuti 0beprenuti cmivkui cybopounamop, 0poboso inmezposarul cmii-
Kutl npoyec Jlegi, sunaoxose Oykanus, 6URAOKOBUL Npoyec 3 IMMicpayicio, meopis GiOHOGIeHH L.

Let (&, m1)keny be a sequence of independent copies of a random vector (£,7n) with almost surely positive
coordinates. We study the asymptotic behavior of a random process M(u) = ¥ j»1 1 S 1<u<S;_1 415} where
(Sk)ken IS the zero-delayed random walk with steps (&) ren. Under various moment assumptions on & and ),
we obtain limit theorems for finite-dimensional distributions of (M (ut))¢»0, as t — oo. Qur results complement
previously known theorems, see Mikosch and Resnick (2006), on the asymptotics of M (u) for independent &
and n. The random process M (u) could be interpreted as follows. Let D := D[0, o) be the Skorokhod spaces of
right-continuous real-valued functions which are defined on [0, 00) and have finite left limits at each point of
the domain. Let X := (X (t))¢>0 be a random process with paths in D which might be arbitrarily dependent of a
positive random variable § and let (X1,£1),(X2,&2), ... be a sequence of independent copies of the pair (X, ¢).
The process Y (t) := >0 Xg+1(t — Si) is called random process with immigration at the epochs of a renewal
process. Assume that the random variable Tx = inf{t > 0: X (s) = 0 for all s >t} is almost surely finite. We say
that the process X is active at t > 0 if and only if t < 7x. The value M (u) of random process M with n = tx
is then the number of active processes at time u > 0. Thus, our limit theorems for M(u) can be interpreted as
asymptotic results for the number of active processes in a system with immigration.

Keywords: fractionally integrated inverse stable subordinator, fractionally integrated stable Levy process,
random walk, random processes with immigration, renewal theory
Crartio peacTaBuB A.¢.-M.H., mpod. Xycainos /1. S1.
Beryn OyKaHHAM 3 KPOKaMHu (&) jen, TOOTO
Hexait D := D[0,00) € mpoctopom Ckopoxona, 110
CKJIaa€eTbes 3 (YHKIIN, BU3HAUYCHUX Ta HETepepB-
HUX crpaBa Ha [0, co) Ta sIKI MalOTh CKIHYE€HHI TPaHU-
i 31iBa Ha (0, c0). Po3mistHeMO BHITAAKOBHUH MpoIec
X := (X (1))ts0 3 TpaexTopisiMu B D 1 [oAaTHY BUTIAJI-
KOBY BEJHYHMHY &, sIKA MOXCE SIK 3aBIOJHO 3aJIeaTH
Big X. Hexait (X1,£1),(X2,&2),... € MOCIIJOBHICTIO
He3aNeKHUX Komik napu (X, ), a (Sk)ken, (TyT 1 Ha-
mam Ng := {0,1,2,...}) € cTaHAapTHAM BUTIAIKOBHUM

So = 0, keN. (1

Sk::§1+...+§k,

Mmu noznagarumemMo (v(t))yg MOMEHT IIEPIIOTO TO-
TparuIsiHHS B (, c0) BUIAJKOBUM OTyKaHHAM (.S} ):

v(t):=inf{k eNg: S >t} =#{k eNg: S, <t}, teR.

© Mapunuu O. B., 2016
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Bunankosuii nporiec Y := (Y (¢))er, IO BU3HAYAE-
TBCSI PIBHICTIO

v(t)-1

V(t):= ) Xpe1(t-Sk)= Y Xpa(t-5S), teR
k20 k=0 )

Oymo BBeeHO B poboTax [, 6], e BiH OTpHMaB Ha3BY
8UNAOKOBO20 Npoyecy 3 iMmicpayicio 8 MOMeHmU i0-
HoenenHs. 115 Ha3Ba cTae 3p0O3yMiJIO0 3 Takoi iHTEp-
mpeTarii: B MOMEHT Jacy So = 0 mepmuii iMMirpant
npuOyBa€e B CUCTEMY 1 TOPOKYE TIpotiec X 1, nati, st
KOXKHOTO k € N, B MOMEHT S}, IMMITpaHT k+ 1 mpubyBae
B CUCTEMY 1 IOpomKye mporec X;.1. Tomi Y (t) € cy-
MOIO TIPOLIECIB, MOPOIKEHUX IMMIrpaHTaMH, IO MPHU-
OyJH B CHICTEMY JI0 Yacy ¢ BKITFOYHO 1 OITUCYE KyMYIIsi-
TUBHHUH e(eKT mpoleciB, MOPOIKeHNX BCiMa NpHOy-
mumu iMMirpantamu. [Iporec X HasuBaeThCs npoye-
com 8ION0GIoI.

VY naniit poOOTi TOCHIHKYETHCS KIIAC BUTIAJKOBHUX
nporeciB 3 immirpamiero M := (M(t))qr, moOymOBa-
HUX Ha Tpoliecax BiagnoBimi X (t) = ]l{n>t}, Iie 1) € Je-
SIKOFO JTOJIATHOI0 BHITAJIKOBOIO BEIMUYUHOIO, a 14 IO-
3Havae iHauKarop noxdii A. TakuMm, YUHOM MM BHBYA-
TUMEMO BUIIAJIKOBI MTPOIECH BUITISTY

M(t) = Z]]'{Sj—lgt<sj—1+77j}’ tER, (3)
j=1

ne (£5,7;) jeN € KOIISIMM BUIIQJIKOBOTO BEKTOPa (&,7) 3
SIK 3aBIOJIHO 3aJIKHUMHU KoopauHaTamu (&, 7).

3 TOYKH 30py 3arajbHOi Teopii BUMAAKOBHX IPOLIe-
CciB 3 iMMiTpartieto mporiec M MO)KHA IHTEpIIPEeTyBaTH
SK KUIBKICTh IPOLIECIB B CUCTEMI, 110 GKMUEHI B MO-
MeHT 4acy t. TepMmiH “akTUBHUII” PO3yMi€THCS B Ha-
CTYITHOMY CEHCI: SIKIIO MPOLEC BiAMOBiAI X Mae CKiH-
YeHHY TPUBAJICTh, TOOTO BETMUMHA

Tx =inf{t >0: X(s) =0 s BCiX s >t} 4
€ MaihKe HaleBHO CKiHYEHHOIO, TO mpouec X aKTUB-
HUH B MOMEHT Yacy ¢ TOMI U TIJIBKU TOI KOJH ¢ < Ty .
OueBUIHO, IO KiTBKICTh aKTHBHUX IMPOIIECIB B MO-
MEHT ¢ mopiBHIoe M (t), me M moOymoBaHO Ha mMapi
(& 7x).

[pouec M, K 3 3aJMeKHAUMH TaK 1 3 HE3aJIEKHUMH
¢ Ta 1, BUHUKAE y 0araTbox 3aja4ax npuKiIaaHoi iMo-
BipHOCTI. 30Kpema:

* mpouec M ONHUCYye YHCIO 3aiHATUX CepBEPiB B
CHCTEMI MacoBOro o0cityroByBaHHs (GI/G /o)
[6, 81;
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* OIS HE3&IeKHUX &, 1) BUIAJKOBA BEIWYMHA
M (t) mpencraBiisie KUIbKICTh aKTUBHHX Iepe-
Jla4 JTaHUX B MOMEHT 4acy ¢ B KOMII IOTE€pHiH Me-
pexi [[10];

* mpouec M (t) € pi3HUIEI0 MiX KiTBbKICTIO Bi3HU-
TiB B iHTepBa’ [0, t] CTAHAAPTHOTO BHITQJKOBO-
ro OmykaHHs (Sp)nen, Ta 30ypEHOrO BUIIAIKO-
BOrO OIyKaHHs (Sy, + Mn+1)neN, [

* mporec M (t), IO MOPOIKYETHCS TTAPO0 BEIH-
yuH (| In W1, |In(1 - W)|), ne W — nesika BUmaa-
KOBa BeNM4YMHA 31 3Ha4eHHAMHU B (0,1), BUHH-
Ka€ B aHaI31 YKCiIa MOPOXKHIX KOMIPOK B I'paTIli
bepuymmi [[7].

B po6orti [[10] BuB4anacek ciabka 301KHICTh CKiH-
YEHHOBUMIPHHX PO3IOMLIIB ITiIX0KHM YHHOM HOPMO-
BaHOTO Ta IIEHTPOBAHOTO MPOIIECY

M(t) = Z ]]'{Sjﬁt<s7'+7’]j}7 teR (5)
j=1

3a NPHUITYIEHHS, IO MOCIIIOBHOCTI (777) jen Ta (§5) jeN
€ HE3aJIeKHUMH. 3pO3yMiJIo, 110 32 LHOTO MPUITYLIEeH-
Ha (M(t))ser ES (M (1)) ¢er, i€ T4 Hosmauae PIBHICTB
CKIHYCHHOBHMIPHHUX PO3IMOJLTIB, & TOMY pe3ylbTaTh
[10] BipHi ¥ ms nponecy M. Y naHiit poboti Hac 11i-
KaBUTh MUTAHHS MPO 301XKHICTh CKIHYEHHOBUMIPHHUX
posmoniniB mpouecy (M (t))sr 0€3 IPHUITYIIEHHS PO
HE3aJIeKHICTh & Ta 1. YacTKOBY BIAMOBIAb HA LIE MH-
TaHHA MOXKHA OTPUMATH 3 3arajbHOI aCUMITOTHYHOT
Teopii BUNIaJKOBUX MPOLECIB 3 iMMirpaiero, mooyao-
BaHOI B poboTax [, 6, 9]. BiamosimHi TBepmKeHHs Oy-
IyTh c(hOpMyabOBaHi y HacTymHoMmy posaini. [Ipore,
iCHy€ JleKijbKa BHIAJKiB, Y SKUX TPaHUYHI TEOPEMHU
mutst ipouecy (M (t));ecr HE BIAETBCS OTPUMATH 3 BiJIO-
MUX paHime pe3yasrariB. OJHIM 3 TaKUX BHUITAJKIB €
HACTYIHHHN: IPUITYCTUMO, 1110 OOW B BUITaIKOBI BEJIH-
YHHY £ Ta 1) MAIOTh HECKIHUEHHE CEPeIHE, a IX XBOCTH
MPAaBUIIBHO 3MIHIOIOTHCS 1 ACHMITOTHYHO OPiBHIOBA-
Hi, TOOTO

P{>t} ~dP{n>t} ~t7%(t), t— oo, 6)
Ut iesikuX ¢ > 0, a € (0,1) Ta QyHKIIT £, 1110 TOBiIb-
HO 3MIHIOETHCS Ha HECKIHUEHHOCTI. BUsBIs€THCS, 110
3a IOAATKOBOT'O MPHITYILEHHS PO CYMiCHY TIPAaBHIIbHY
3MiHY po3MHOAiTy napu (€, n), MOXHA OTpUMAaTH TPaHH-
4yHy Teopemy ajs npouecy (M (t))ser. Lleit pesynsrar,
SIKUN € OCHOBHHUM Y JaHi# po0OoTi, chopMynboBaHoO i
JIOBENICHO B OCTAHHBEOMY PO3MiTi pOOOTH.
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Y po0oTi BUKOPHCTOBYIOTHCS TaKi IMO3HAYCHHS:
d N . . .
— — 301KHICTh 32 PO3MOLIOM MOCIIJOBHOCTI BUTIAJI-

f.d.d. . . .
KOBUX BCJIUYHMH, — — 301KHICTD CKIHYCHHOBUMID-
HUX PO3MOIUTIB MOCIITOBHOCTI BHITAIKOBHX IPOIIe-

. P L N
CiB; > — 30XKHICTb 32 IMOBIPHICTIO.
I'pannyaHi Teopemu s npouecy M (t)

I) Bunagok E€ < oo Ta En) < 002 30i3KHICTH 70 cTamio-
HapHoi Bepcii. Ha Tomy  iMOBipHICHOMY ITPOCTO-
pi, e 3amaHa MOCTIAOBHICT (&}, M) ) keN, BUSHAYIMO
TaKi 00’ €KTH:

* He3aJeKHY KO0 (£_,1_1 ) ke MOCTIIOBHOCTI
(& e ) e

* BUMAJIKOBHUI BeKTOp (&p,70), IO HE 3aJEKUThH
BIZ (&, Mk ) kez {0} T@ MAE PO3MOALT

1
P{& <z,mo <y} = E?f[o ] 2P{{edz,n<y}

npu z,y > 0;

* BUMAJKOBY BeNWYHMHY U, 10 HE 3aJIe)KHUTh BiJ
(&, Mk ) ez, Ta Ma€ PIBHOMIPHHUM PO3MOALT Ha

[0,1].
IHoxnanemo
S_pi=—(61+...+&), keN
Ta
So =U&, SI:=-(1-U)&,
Sy =5y +Sk, SY_1:=551+S5 41, kel

3 reopemu 1.1 pobotu [9] BUTUIHBAE TaKWA PE3yaBTAT

Teepaaxenns 1. [Ipunyctumo, 1o E < oo, En < oo Ta
po3noxin £ Heapupmernunuii. Tomi

Mu+t) 2 M (), ¢ oo

)

e
* .—
M™(u) = Z l{Osu+S;<nk}v ueR,
keZ
a—00< U] <uy<...<Up < 0o € TOUKAMU HETIEPEPBHO-
cTi M*.
3ayBaxeHnHs 1.S5kmo E€ = oo Ta En < oo, TO

M(t) LY TpH t — oo (uB. TBepUKeHH f HIDKUE).
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II) Bunagok En = oo, E§ < oco: rpaHu4Hi Teope-
MM 3 IIEHTPYBAHHSIM Ta HOPMYBaHHSIM. Y [IbOMY
BUMA/IKy TpaHW4HI TeopeMu st M MOKHa OTpHMa-
TH 32 NIPUITYIIEHb, 1[0 BUTIAIKOBA BEJIMYMHA £ JIGKHUTh
B 00JaCTi NMPUTITAHHSI (-CTIHKOTO PO3MOAITY 3 « €
(1,2], a ¢pyukuis P{n > t} npaBUILHO 3MIHIOETHCS HA
HECKIHYEHHOCTI 3 TTOKa3HUKOM —p, p € [0,1):

P{n>t}~t7Pl*(t), t— oo, @)
Ut geskoi (GyHKIii £, 110 MOBUTFHO 3MIHIOETHCS HA
HeckiHdeHHOCTi. Haramaemo (nuB. Teopema 1, §5, Po3-
nin XVII B [B]), mo £ nexuTh B 00JaCTi MPUTITaHHS
a-CTiIKOTO po3noainy 3 « € (1,2] Toai ¥ aume Tomi,
KOJIH

pa(t) = B[ Liggy ] ~ £77%(t), t—>o0, (8)

VTS IesIKOT (DYHKIIIT £, 110 TIOBIJIbHO 3MIHIOETHCS Ha He-
ckinuenHocTi. Hexait

o/t,

(0= pila(# (1)) 12, o 0 = oo,

AKIO 02 := DE < oo,

€)

Jie y BUTIAZIKY 02 = 0o TAKOXK TIPHITYCKA€ThCS, IO BUKO-
nyetbes ymoBa () 3 o € (1,2], a (% — dynkuis cipsixe-
Ha 3a 1e Bpeiitrom 10 L(t) := 1/¢(tY/*) (nuB. Teopema
1.5.13 B [2]). 3 Teopemu 2.4 poboTH [5] BHILTHBAE
Teepa:kenus 2. [IpumyctumMo, 110 BUMAJKOBa BEIU-
YKrHA £ JISKUTH B 00J1aCTI IPUTATAHHS -CTIHKOTO PO3-
nofiny 3 « € (1,2], a pyHKIiS ¢ BU3HaUYeHa (HOpMYIIOI0
(B) Ta BuKOHYeTBCs YMOBa (1) 3 p € [0,1).

(A1) SIkmo P{n >t} = o(t/c*(t)) npu t - oo, TO

M (ut) - gg fo" P{n>y}dy
VE [Py > y)dy

f.d.d.

— t— o0

V—p(u),

)

ne (V_p(u))y>0 — IEHTPOBaHUI TayCCiBCHKUI Npolec
3 KOBapiailieto
E(V_,(s)V_p(t)) =177 = (t-s)", 0<s<t.

(A2) Skwo t/c?(t) = o(P{n > t}) npu t - oo, TO

M (ut) - gg fo" P{n>y}dy
(E&)~(erD/oe(t)P{n > t}

.d.d. u _
d (u—y)PdSa(y),

— t— o0
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ne (Sa(y))y»0 — CTaHOapTHUH OpPOYHIBCBKMH pyX
SKIIO o = 2 Ta CIEKTPaJbHO HETaTUBHHUN «-CTIHKUI
nportec JIeBi 3 XapakTepUCTHIHOO (QYHKITIEIO

Eexp”®®e() = exp{-|2|°T(1 - @)

x (cos(ma/2) +isign(z) sin(wa/2))}, zeR, (10)

SAKIIO o < 2.

BayBaxeHHs 2.Bunanok t/c?(t) ~ c;P{n >t} npu
t — oo Ta ¢ € (0, 00) 3aJUNIAETHCS BiTKPUTHM.

I1I) Bunagok E7) = oo, E§ = co: TpaHUYHI TeopemMu 3
HOpMYyBaHHsIM. [Ipumyctumo, mo xBoctu P{¢ > t}
ta P{n > t} IpaBUIBHO 3MIHIOIOTHCS HA HECKIHYCHHO-
CTi:

P{E>t) ~t7%U(t), P{n>t}~tPl*(t), t— o0
an

Ta o, pe[0,1).

HinBumamox P{¢ > t} = o(P{n > t}), t—> oo. 3TE-

opemu 2.5 poOoTH [5] OTpEMy€eMO TakHid pe3ynbTaT
Teepaaxenns 3. [Ipunyctumo, 1110 BUKOHYIOTBCS YMO-
i ([L]) Ta 3HaiizeThcs Taka HEBiX'€MHA MOHOTOHHA
(hyHKIIA u, IO

P{¢ >t} 1

P>ty a0 T
Toni
P{¢ >t} f.d.d. _ -
WM(W) — f[O,u](U_y) PAW S (y), t— oo,

ne W (y) = inf{s > 0: W(s) 2 y}, a (Wa(u))uz0 —
a-CTikuil cybopauHarop 3 ekcroHeHTor Jlammaca
—InEexp{-2zWy(u)} =T(1 - a)uz®, u,z > 0.
HigBunmanox P{n > ¢t} = o(P{{ > t}), t - oco. 3
nemu 5.1 pobotu [4] BunmuBae, mo 6e3 KOAHUX MPH-
MyIIeHb PO MPaBWIBHY 3MiHYy Ma€ MiCIle TaKUi pe-
3yJabTaT

TBepaxenns 4. ko En = oo Ta P{n > t} = o(P{{ >
t}) mpu t — co, TO

M) Lo,

t — oo.

I'panununi Teopemu 1Jis npouecy M y BUNIAAKY
E¢ =oco TaP{ >t} ~ cP{n >t}

Hexait Na,c = Xk»09(4,,5,) — Hpouec Ilyaccona B
[0, 00) x (0, 0] 3 MipOI0 iHTEHCUBHOCTI LEB x 14 ¢, 1€
LEB — mipa Jlebera Ha [0, 00) Ta

1 -«

Vae((z,00])=¢c2™%, 2 >0.
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Teopema 1. [IpunyctumMo, 10 BUNAJAKOBUH BEKTOP
(¢,n) 3anoBonsuse ymosy (). Hexait ¢ — noBinbHa He-
nepepBHa AoaaTHa (QYHKIISA Taka, 1o

te(c(t))

e (1) =1.

tlim tP{¢>c(t)} = tlim

SIKI10 JUTst MOBITBHMX z,y > 0

tlim tP{¢ > ze(t),n > ye(t)} =0, (12)
TO
f.d.d.
M(ut) =" 3 Ly, (t)<ucWa (1) 451}
k>0
e (Wa(t))eso — «-CTilikmii cyOopauHaTop, o

HE 3aJleKUTh BiJl TOYKOBOro mpouecy No. Ta
Mae excrioHeHTy Jlammaca Eexp(-AW,(t)) =
exp (-I'(1 - a)tA¥).

BayBaxenns 3.Ymosu (B) ta (12) o3mauarors,
10 Mae Micie 30DKHICTh y TMPOCTOPI TOYKOBHX Mip
M,([0,0]%~ {(0,0)}) 3 rpy6ot0 TOMONOTIENO:

(13)

tP{c () (&) €} > pae(:),

Jc

pa,e{(u,v) :u>xabov >y} = 2%y 2y > 0.
VYmosa ([12) rapanrye, mo mipa Ja,c 30CEPEIDKEHA HA
KOOPJMHATHHUX 0CsAX. 3ayBaxuMo, mo popmyna ([13)
TaKOXX O3Hayae, mo XBicT 1 - P{£ < x,7 < y} npaBWIIb-

HO 3MiHIO€ThCs B R? (IMB., HAMPHUKIA, po3ain 5.4.2 B
[L1]).

Jlosedenns. B noBeneHHI BUKOPUCTOBY€ETHCS MipKyBa-
HHS aHAJIOTiYHI IO TUX, 1110 OYyJIN BUKOPUCTAHI B JTOBE-
neHHi reopemu 1.1 po6otu [[7]. JlocTarHbo nepeBipu-
TH c1abKy 301KHICTh

Z (k/t, nk/cm))

= (Wa(u), N(@)) t - oo,

(14)

B mpocTopi D x Mp([0,00) x (0,00]). B cBOtO uepry,
cuny nemu 8.4 po6oru [[7], (14) exsiBanentHo

- Eom
20 (t) kglg(fc(t))

n
_’Z'YiWa(ui)+'YZg(tmajm)v t—o0, (15)
i=1 m

111



Bicnux Kuiscvko2o Hayionanvno2o yHisepcumenty
imeni Tapaca llleguenxa
Cepia ¢izuxo-mamemamuyni HayKu

JUTSL TOBITBHOT HEeTepepBHOI (PYHKINIT g 3 KOMITAKTHUM
B [0,00) x (0, c0] HOCiEM, Ta TOBUTBHUX 0 < uj < ug <

.. < Uns> YV, V157255 In € R
st oBiIBHOTO (hiKCOBAHOTO 2 > ) MAEMO

ot(2)

::]Eexp( Z(é% (t) ;9(5%)))

:Eexp(_z(z—ic’(n uzi:gk 71~cz>:1g(k T(nz))))

:kl:[lIEeXp( (C(i)Z% {ksuit) VQ(IZ cgf))))
_ (=K (zu0,k/1)

—H/

k>1

S
P{()edu (t)edv}

e
K(z,u,v,w) = 1-exp (—z(u 2% L w<u;) +vg(w,v))).

Hexaii C' — (koMmakTHuit) HOCIH g. J[nst HOBLIBHOTO
k € N Maemo

/[o,oo)x[o, K(z,u,v k-/t)IP{@ e du, % ¢ dv}

g]E(l—eXp( (t)Z% {k<uzt}))

£
A )<
Otxe, 3 ormsay Ha ([13)

K(z,u,v,k/t)

lim su
D [0, 00)x[0, 00)

t—o0 kEN

{C(t) duﬁedv} 0. (16)

Jns nocuth manoro xy > 0 3HaWAEThCS yucio M =
M (zp) > 0 Take, Mo

0<-In(l-2z)-z<Mz? 0<z<a.

3BiZICH OTPUMYEMO JUTS TOCUTH BETUKHX ¢

O<—ln¢t(z)—]§lf o K ki)
{<t> “du, iy <}
<M Z: (fo o) [Ovoo)K(zm,v,k/t)
3
]P’{@ ed (t) edv}) .
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Buxopucrosyiout ([Ld), po61Mo BUCHOBOK, 1110

hm (—lnqét(z) —kglf K(z u, v, kft)
{c(t) € du, ﬁedv}):O (17)

JUIs KOXKHOTO 2z > 0. 3i criBigHomenss (13) orpumy-

€MO
edv }

B mipoctopi M, (([0,00]% \ {(0,0)}) x [0, 00)). Ockisb-
Ki QYHKIIS g Ma€ KOMITAKTHHNA HOCIH B [0,00) x
(0,00], TO 3HAMOYTHCA Taki a, A > 0, mo g(w,v) =
0 mpu w > A abo v < a. 3BiACH POOMMO BHCHO-
BOK, III0 HOCIH GYHKMIT (u,v,w) ~ K(z,u,v,w), O01
KOXKHOTO (hiKCOBAaHOTO z > (), MICTUTBCS B MHOXHUHI
[0,00] x [@,00] x [0, max{A,up}], IKa € KOMIAKTHOIO
B ([0,00]%2~{(0,0)}) x [0, 00). OTke, 3 HpeCTaBIEHHS

% Jo

k>1

,u(t) (du, dv,dz)
—g:l(;k/t(dx)]?{ "0 e du, ﬂ

5 pa,c(du x dv)dz, t— oo

)

K(Z’ u? v7 k/t)

ie u 75 v
P{cm (1) d}

- (t)
/[.0700)%0’00)40700) K(z,u,v,z)p'\" (dz,du,dv)

BUIIIINBAE
K (t)
f[o,oo)x[o,oax[o,oo) (w0, 2) 7 (dw, du, dv)

- [0, 00)%x[0, 00)x[0, c0) K(Z’ U, Uy z)dx,u'a, c(du, d’l})7
(18)

npu t — oo. BukopucroBytoun piBHicTh g(z,0) = 0 Ta
3rajaHuii Bume (aKt, Mo Mipa fiq . 30CEpeIKeHa Ha
KOOPIMHATHHUX OCSAX, POOMMO BHCHOBOK, IIIO

/[\0 03[0, 00)x[0, 00) K(z,u,v,x)dzpq, (du, dv)

—a [T 7
o™ [T [

n
= —ln]Eexp( -z %’Xa(ui))
i=1

-InEexp (- 27 Y. 9(tm, jm))
m

du
1-exp —zuZ%I{Mu }))dx =

1 - exp(-zvg(z, v)))dxv_a_ldv

JUTS KOXKHOTO 2 > 0. 3 11i€i hopmyitu, Bpaxoyioun ([17),
orpumyemo ([L3). Teopema [l noenena. n
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YV ecmammi nposooumucs 0ensio memooie MamemamuyHo20 ma Komn 1omepHo20 MOOel08aHHs NPOYecie
RONYIAYIHOT OUHAMIKU, NPOBOOUMBCS AHANI3 MOOelell, HABOOSMbCS MONCIUBOCMI 3ACMOCYS8AHHSA MAKUX
Mooenell 8 PI3HUX 2any38X HAYKU Mda NepcneKmusu Nnooarbuiux enposadxcenv. Kpim moco, na 6a3i
a8mMopcbko20 00C8I0Y NPeoCmasieri 3acmocy8antsi NPUHYUNOBO DIZHUX CNOCODI8 MOOENS8AHHSA NPoYecie
PO36UMKY NONYAAYI - MemoO KIIMKOGUX A8MOMAmMie, peanizo8anull 3acoo6amu Mogu npocpamyeants Java
ma memoo OughepenyiaibHux pieHAHb, NPOBEOCHO KOMN tomepHy peanizayito mooenel. Jlocriodceno
IHCMPYMEHMU YUCEIbHO20 MOOENO8AHH OUHAMINHUX MoOelell 63aemolii nonyaayii 3acobamu MatLab
(éepcis 7.6.0 (R2008a)). Ilobyoosani epaghiuni 3anexcnocmi uucenvuocmi nonyasayii 6i0 yacy ma gazosi
mMpaekmopii, 6UKOHAHO NOPIBHAHHS MEMOOI6 MA BUCHOBKU.

Kntouosi crosa: mamemamuune MOOen08anHs, npoyecu NONYIAYIUHOT OUHAMIKU, MEMOO KIIMKOBUX
agmomamie ma memoo OUGEPeHYiaIbHUX MOOEE.

The article is an overview of mathematical and computer modeling processes of population dynamics, we
analyze the models, present the possibilities of application of such models in various fields of science and
prospects for future extention. In addition, based on the author's experience of application are fundamentally
different way to process modeling of populations - cellular automata method, implemented by means of Java
programming language and the method of differential equations, we present computer realization of the
models. We propose and studied instruments numerical simulation of dynamic models of interaction between
populations means MatLab (version 7.6.0 (R2008a)). We present several software implementations, the
results of simulations with different model parameters. Based on numerical calculations we built the
graphics of population size depending on time and phase trajectories. These results allow the simulation
both visually and quantitatively estimate the status, functioning and dynamics of the relationship of
populations in biological systems. It allows clarify the mechanisms of interaction between system elements,
perform the prediction of system behavior under various external influences.

Keywords: mathematical modeling, population dynamical processes, cellular automata method, method
of differential models.
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Orasa miagxoaiB 10 MOJIEJTIOBAHHS CHCTEM
MonyJasiuiiiHOT IMHAMIKH

Koxue IOCTIKEHHS, 0cO0JINBO B
MaTeMaTU4Hii Oiojorii, moB's3aHe 3 HEOOX1AHICTIO
MoOYTOBY JICSIKOT TPUMHATHOI MOJIEITI PO3TISTHYTOTO
ob'ekta abo mpouecy. IIpm npomy, uyum OurbLx
CKIQJIHUMH € O0'€eKTH 1 TpoIecH, THM BaxKye
moOymyBaTH aJeKBaTHY MaTEMAaTHYHY MOJENb, SKa

© O.I'. Mexym, O.1. Ky3smud, 2016

migXomuTh Jui1 ix ommcy. B maHiit  crarti
MIPOBOJIUTRLCS aHAIli3 Cy4yaCHHUX MiAXOiB JO OIHKCY Ta
MOJICITFOBAHHS TIPOLIECIB PO3BHUTKY TONYJAIIN Ta
MOXJIMBOCTI IX 3aCTOCYBaHHS B PI3HHX Tally3sx
HayKH, HAaBEJCHO BUKOPHCTAHHS KUTBKOX ITiIXOJIB
JUTSL aHaJIi3y PO3BUTKY MOMYJISLIi: METOAY KIITKOBHX
aBTOMATiB Ta MeToAy Au(epeHUiaTbHUX Moneneil.
Hani METOIU € aJbTEPHATUBHUMH i
B32€EMOJIONIOBHIOIOUMMU: CKJIAJHI TPUPOHI SBHUIIA,
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TaKi SIK CAMOBIATBOPEHHS, 3pOCTAHHS 1 PO3BUTOK, SIKi
BaXXKO MOZETIOBAaTH 3a JOTIIOMOT 010
nudepeHialbHUX PIBHAHD, BAAETHCA OINUCATH 32
JOTIOMOT0I0 KINITHHHUX aBToMartiB. I[lepmii cnpobu
MaTeMaTHYHO  OMHCaTH  OIOJIOTIYHI  Tporecu
BIJTHOCSTBCS camMe [0 Mofejied MOomyJsHiiHol
OWHAMIK{, [I0 Ma€ 3acTOCYBaHHS B €KOJIOTii, B
MikpoOionorii, iMyHoONorii, s  eBONIOLIHHUX
MPOLECIB 1 T.1.

Cam TepMiH “momynsauis’ — L€ CYKYNHICTb
OpraHiaMiB, 00 3aiiMalOTh OOMEXKEHHWH apear,
MalOTh CHUIbHE MOXOMKEHHA 3a (EHOTHUIIOM Ta
reorpadiyHO 130/1bOBaHi BiJ IHIIMX MOMYJISIIH
naHoro BuAy [1]. BaxxiuBUM NUTAHHSIM BUBYCHHS
MOMYJIALI] € JOCHIDKCHHS 3MiHM ii YMCENbHOCTI —
CHIBBiIHOIICHHSI HAPOMKYBAaHOCTI i CMEPTHOCTI Ta
OUHAMIKKA pocTy. Y Lill CTaTTi MPOMOHYETHCS OIS
METO/IiB MOJIENIIOBAaHHS, IO JO3BOJIIOTH KiIBKICHO
OLIIHIOBATH CTaH, (YHKIIOHYBaHHS, IUHAMIKY 1
XapakTep B3a€MUH MOMyJALiii B Oiocucremax ais
PI3HUX IPUPOIHIX YMOB Ta IHIIMX (akTopiB.

Ha choromuimHii JeHb ICHYE JIEKiTbKa
MiAXOMIB, IO BPaxOBYIOTh pPi3HI KpuTepii ommcy
morysiii [ 17:

1. I'enemuunuti nioxio. BimoOpaxkae OUTBII BHCOKY
HMOBIPHICTb ~ CXpELIyBaHHS OCOOMH B  OIHIH
MomyJisnii i, BIiAMOBIJHO, HASBHICTE Yy HHUX
3arajJbHOr0 TeHOo(OHY, BiAIMIHHOTO BiJ reHO(OHIIB
IHIIMX TOMYJAMid BUIY. B OCHOBI IIbOro MmimXomy
JIeKUTH MeHIemiBChKa TOMYJISITisI.

2. Esoarwyitinuii nioxio. Tlomynsimis po3risaaeTbes
AK eJleMEHTapHa OIUHHLS MPOLECy MiKpOEBOMIOLi,
3MaTHa  pearyBaTH Ha  3MiHy  CepeloBHILIA
nepedyn0BOI0 CBOrO FreHOPOHY.

3. Exonociynuii nioxio. BusHayae, mepmr 3a Bce,
piBEHb 1 XapakTep B3a€MUH B TPYIi OCOOMH OJHOTO
BUJY Ha NIEBHIN TepHUTOPii.

HesBakaroun Ha  pI3HOMAHITHICTb  KHMBUX
cHUCTeM, BCi BOHM  BOJIOMIIOTH  HACTYIHUMU
cneunpiYHIMHI pUCcCaMu, sIKi HeOOXiHO BpaxOBYBaTH
mpu  MmoOyAOBI Mojened BIiAMOBIAHO 1O Iiiei
MOJIETIOBAHHSI:

1. BuninsioTecsi BU3HAYAJIbHI XapaKTEPUCTHKU
CHCTEeMH (HamlpHKIaJ, 3arajbHa YHCEbHICTh BUIIB) 1
pO3TIANAIOTECA SAKICHI TOKa3HUKH EBOMIONIT IUX
BEIMYWH B Yaci, Taki fK: CTIMKICTh CTalliOHAPHOTO
CTaHy, HasBHICTb KOJIMBaHb, iICHyBaHHS MIPOCTOPOBOT

HeogHopimHOcTi. Takwii maXim €  iCTOpUYHO
HaHOUTBII JaBHIM 1 BIACTUBUHA TUHAMIUHINA Teopii
MO JISIIIIHN.

2. JleraapHe BHBYCHHS CIIEMEHTIB CHCTEMH 1 iX
B3aeMoOIili Ha 0a3l IMITALIMHOrO MOJIEIIOBAHHS.
ImitamiiiHa Monens HE JIOMYCKae aHaITHYHOTO
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TOCTIKEHHS, aje il mapaMeTpyu MaroTh BU3HAYCHUH
¢isuunnit 1 Oionoriyamii cenc. Ilpm xopomriit
eKCTIepUMEHTAIBHIN BHUBYEHOCTI1 ¢parmMeHTiB
CHCTEMH BOHAa MOXE JaTH KUTbKICHHUHA MPOTrHO3 ii
MOBEIIHKY MPH PI3HUX 30BHIIIHIX BIUIMBaX.

3. 3pmatHiCTB 10 PO3MHOXEHHS - II¢
HalBaXIUBIllIA BJIACTUBICTh JKUBUX CHUCTEM. Y
MOJIETISIX LSl BIACTUBICTh BUPAXKAETHCS B HASIBHOCTI B
PIBHSHHSIX  KOMIIOHEHTiB, 10  BH3HAYaIOTh
MOXIIUBICTh 3pPOCTaHHS, MOXJIHMBICTH HECTIMKOCTI
CTalliOHAPHOTO CTaHy B JIOKAIbHUX CHCTeMax i
HECTIMKOCTI CTalliOHAPHOI'O CTaHy B MPOCTOPOBO
PO3MOAUICHUX CUCTEMAX.

4. BaxnuBy polb B PO3BUTKY CKIaJHUX
MPOCTOPOBO-YaCOBUX PEKUMIB TparOTh MPOLECH
B3aeMoZii KOMHOHEHTIB  (OioXiMiuHiI  peakuii),
MPOIIECH MEPEHOCY, K XaoTH4HOro (audys3is), Tak i
MOB'A3aHOTO 3  HANpsIMKOM  30BHIIIHIX  CHJ
(rpaBitamis, enexkTpoMmarHiTHi mons) abo 3
aJanTUBHUMH (PYHKIISIMU )KMBUX OPTaHi3MiB.

5. Bigkputi ©Oiocucremu, 1O TOCTIHHO
MPOMYCKAIOTh 4Yepe3 ceOe IMOTOKH PEYOBUHU 1
eHeprii, MalmTh CKIAIAHY CHUCTEMY CaMOperyJsii,
0 OIUCYETHCS  BIATIOBITHUMH HEHIAHUMH
KOMITIOHEHTaMH1 y PIBHSIHHSX.

Metoa AuHaAMiYHOI Teopil cucTeM IS
MO/IeJIIOBAHHSI MOMYJISINiiHOT eBOJTIoNiI:
oruIsx i 3acTocyBaHHS

OOHUMU 3 TOMIMPEHUX METOJIB MOJENIOBAHHS
IpoleciB  PO3BUTKY  MOMyJALidi €  MeToad
JUHAMIYHOI Teopii cucTeM Ha 0a3i qudepeHiaabHuX
piBHSHb Ta MeTogu sIKicHOI Teopii cucrem. Ha
OCHOBI IIbOTO METOAY MOXIIMBE BUPILICHHS TaKUX
3aJ1a4 aHai3y 0i10CHCTEMU SIK:
e 3'ACyBaHHS MEXaHi3MiB
CHCTEMH,

e ineHTH(]iKaLig Ta BepUPiKalig mapameTpiB MOAeINi
3a eKCIIEPUMEHTAJIbHUMH TaHHMH,

® IPOTHO3  MOBEIIHKH  CHUCTEMHU
30BHIIIHIX BILUIMBAX,

® ONITUMAaJIbHE KEPYBaHHs CUCTEMOIO BiATIOBIAHO 110
00paHOT O KPUTEPILO.

Haiibinpm wmikaBi pe3yiabTaTd MO SKICHOMY
MOJIETIOBAaHHIO BJIACTUBOCTEH O10JOriYHUX CHCTEM
OTpUMaHi Ha MOJCNAX 3 JBOX AUQEPCHINATBEHUX
PIBHSIHB, SIKi JOMYCKAaIOTH SIKICHE IOCTIDKEHHS 3a
JOIIOMOT010 MeTOAy (ha30BOi IIOLIMHH.

PosrnsHemMo omHy 3 HaWOLIBII  BiTOMUX
MofieJiel ONMUCY NOUHAMIKM MOMyJSii — MOAENb
Jlotku-Bonbereppu, 3amponoHoBany B 1931 p., sxa

B3a€EMOJII  E€JIEMEHTIB

mpu  Ppi3HUX
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Mo CcBOIM Cyri € MaTeMaTH4YHUM  OIMCOM
JapBIHCHKOTO MPUHIMITY OOpOTHOM 3a BIKMBAHHA,
BUKJIAJCHOTO y [2]. Hapsin 3HAWUIIOB
MiATBEP/UKEHHS  CBOIX BHUCHOBKIB y  Mparx
Mansbtyca [3] i mommproBaB TBEPXKEHHS PO T€, 11O
B mpupoai BigOyBaeTbcsi OopoThOa 3a JKUTTS, 32
iCHyBaHHS, B SIKii HaliciaOmi opraHisMd THHYTh
MepIMMHU 1 TepeMaraloTb OuTbII MPHCTOCOBaHI.
CamMe 11i OpraHi3Mu JarOTh MOTOMCTBO 1 IIBUJIIC
aJanTyIOThCS, SKIIO TOAIOHI BUMAIKU OOpOTHOU
MOBTOPIOKOTHCS  mepiogmuno. [li  imei 3Halnmim
PO3BUTOK y mpausx Bonbreppu i, panime, Jlotku [4,
5], a came: SKIO B CHCTEMI ‘“XMKaK-KepTBa” oOMIBa
BUIOM 3HUIIYIOTHCS PIBHOMIPHO 1 NPOMOPLIHHO
YHCIy OCOOHMH, TO CEpelHE YHUCIIO KEPTB 3pOCTae, a
YHCII0 XUKAKIB 3MEHIITY€ThHCA.

B xHu3i [6] HaBeAeHO NPUKIAIU iICHYBaHHS
uporo edexry B npupoai. Ilepmuii — mix gac nepmoi
CBITOBOI BiifHM JIOB pubu B AnpiaTH4HOMY MOpi OyB
CYTTEBO CKOPOYCHUH, IO HECTOIIBAHO MPHU3BENIO 110
30UTBIIEHHS. YWClIa XMKAKiB 1 3MEHIIEHHS YHCIa
skepTB. [HmMN npuxnag — npuHoun BomeTeppu
MOKa3ye MOABIMHUI XapaKkTep 3acTOCYBaHHS 3ac0o0iB
BiJl KOMax Juisl 30epeXeHHs BpoXKaro Ha MoJsx. Taki
XiMIYHI PEYOBHHH JIIOTh HE JIUIIEC HA IIKiTHUKIB,
ase 1 Ha 1X IPUPOIHIX BOPOTiB, IO MPU3BOAUTH 10
30UIBIIEHHST YHMCIa MIKIZHUKIB 1 00 3MEHIIEHHS
OJHOYACHO, HAINPHKIaJA, NTaxXiB, IO CIOXHUBAIOTh
OUX  WKigHEKIB.  ToMy,  3rigHO  NPHHLUILY
Bonbreppu, B exocucteMi  “XmKak-KepTBa”
MOMyJIsIis JKepTB Oynblll YyTIMBAa A0 MPOLECY
MPOMOPLiIHOT 3MIHK OCOOHH MOITYJISIIIIHN.

Jlana Mozens Mae psi [iKaBUX i PI3HOIIAHOBHX
3aCTOCYBaHb y pi3HMX rany3sx. B poOori [7]
HaBelIeH1 MPUKIag BHKOPHCTaHHS MaTeMaTHYHOI
Mozemi Jlotku-Bonbereppu JU1sL OIIUCY
pI3HOMaHITHUX TpoueciB B Oionorii, eKomorii,
MEIWIHI, COLiaNbHUX HAayKax, pamiodizumi Ta iH.
XapakTepHUM Ui TIPOLECiB, SIKi MOJENIOIOTHCS
cucteMamu Ha 0Oasi piBHAHBL JloTku-BombTeppu €
OUKITIYHICTE TpomeciB, mo BigOysaroTbes. Tak, B
mpami ApHonblna [8] po3INISAIaEThcs BHIIO3MiHEHA
monens  Jlotku-Bonsteppu, o0  BpaxoBye
KOHKYPEHIIi1 )KepTB 3a DKy 1 XUXkKaKiB 3a >kepTB. [Jana
MOJIeTIb Ma€ IIiKaBy IHTEpIpeTalil0o JUHAMIYHOI
CHCTEMH B3a€MOJIi 3aKOHOCITYXHSHHX TPOMaIsH i
colianbHO Hebe3neyHuX ocio.

[IpeacraBnsie  iHTEpeC  MOAENb  B3AEMOIIl
3a0pyaIHEeHHS 3 PUPOAHIM HaBKOJHUILHIM
cepenosumieMm [4,9]. TonoBHa imes, MO JISKUTH B
OCHOBI MOJENi Ta, IO HABKOJHIIHE CEPElOBUIIE
aKkTUBHO abcopOye 1 mepepobisie 3a0pyaHEHHS 10
MEBHOT MeXi 1 cuTyalist 3a0pyAHEHHsS TPaKTYyeThCs
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K yacTUHHMH Bumanok mozneni Jlotku-BonwsTeppw,
KOITM TMpHUpPOAa BHUCTYNAa€E B SKOCTI JKEPTBH, a

3a0pyaHeHHs — xmxkaka. Y  poborax [4,9]
MPEACTaBICHO MaTeMaTHYHy MOJAETIb  OYUCTKH
CTIYHMX BOJ, sIKa OCHOBaHa Ha MPOMO3ULII
posrnsigatd  3a0pydHIOBadY K “9KepTBY”, A

0i0NOriYHO aKTUBHUHI MyJ B AKOCTI “XMKaka”, IIO
30aTeH HEeWTpami3oByBaTH 3a0pydHIOBaY — yepes
rporiec 0i0XiMIYHOTO OKHUCIICHHSL.

Mopens kiacoBoi 60poTsoH, onucanay [10,11],
Moe OyTH BHKOpHCTaHa JUIsI MOJETIOBAHHS SIBHIL
B3a€MO3B’SI3Ky ~ MICIIEBOI  3€MENbHOI  peHTH 1
IHTCHCHUBHOCT1 ~ 3€MJICBUKOPHCTaHHS, 0e3po0iTTH,
JUHAMIKA E€KOHOMIYHOro 3poctaHHs. CxXoxorw € i
Mozenb  Oe3KIacoBOro  CYCHUIBCTBA  CMOXH
MUCIHBIIB-30upauiB [12], ska XapaKTepU3yeThCS
HU3BKOIO TYCTOTOIO HAcCeleHHS 1 OOLIMHHOIO
OpraHi3alli€l0 JIOJCHKOr0 CYCITUILCTBA, J€ 3MiHa
YHCENBbHOCTI HACENICHHA Ha KOHKPETHOMY apeaini
BH3HAYanacs, B OCHOBHOMY, CTAHOM PECYpCHO1 0a3u.
Ha npomy >k NOpUHOMII TPYHTYEThCS 1 MOAETb
BilicbkOBUX niKi (Mogmens Jlandectepa-Ocimora) [13,
14, 8], mo onmucye MBUAKICTh 3MiHM YHCEIBHOCTEH
apMiii KOHKYpEHTIiB, sIKi € B CTaHi BiCBKOBOTO
KOH(ITIKTY.

B 1974 poui I'. Benn [15,16] 3ampomonyBaB
MOZenb IMYHHOI peakuii, B SKil B3a€MOAid MiX
TEHOM 1 aHTHTUIOM OMHCYETHCS B TEPMiHAX ‘‘XMKaK-
xKepTBa”. Y midk Momeni BipycHOro iHgekuiitHoro
3a0pyIHEeHHS OCHOBHUMH (akTopamu €
KOHIIEHTpAIlil MaTOreHHUX aHTUTEHIB, aHTUTII, IO
HEWTPami3yloTh aHTUTEHH, MJIa3MOKIITHH — HOCIIB.
[ToniOH1 Moneni MOMMPEHHS emineMill, BKIFOYaodn
MoOZETb  3apakKeHHs  BIpyCOM  KOMII'IOTEpiB
npexacTasieHi y [17].

OpnHe 3 HOBITHIX 3acTocyBaHb mopeni JloTku-
Bonbreppu - Mopens B3aeMonii KOTHITUBHUX 1
EeMOIIIMHUX MOA MO3Ky. J3rigHo poboru [18],
KOTHITHUBHI MaTTepHH, TOOTO MOJIH, abo
MpeACTaBICHHS, 110 CIIOCTEpIrarThes B
EKCIIEPUMEHTI B poO0OYOMY pEXHMMi MO3KY HMOBHUHHI
MOJABIISATH OIMH OIHOIO, 1[0 TOBHHHO BigOyBaTHCS
MoCIiJoBHO B yaci. ABTopu [18] mpe3eHTyroTh HOBY
napagurMmy, L0 BHUPAXAETbCA B TBEPMKEHHI, IO
eMomii 1 KOTHITHBHI QYHKUIl — e mnepexiaHi
JUHAMIYHI TpouecH, 3B’sA3aHi 3 (QyHKUIOHATBHO
BH3HAYEHOIO B3aEMOJIEIO PI3HUX MiJCHCTEM MO3KY,
iX KOHKypeHIi€o 1 koopauHamiero B yaci. [l
IpoLecH KOHKYPEHLii KOTHITUBHUX 1 eMOLiHHHX
MOI OIUMH 3 OJHHUM, a TaKoX EMOLIMHUX 1
KOTHITUBHUX MOJ OIUH 3 OJHHM HPOIOHYETHCS
OIMCYBAaTH CHCTEeMOIO piBHSHb THIy JlOTKH-
Bonbereppu. Y poboti [19] mpencraBiena Mofenb
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Jlotku-Bonbreppu, sika omucye AWHAMIKy 3MiHU
YHCENPHOCTI TOMYJsilii B dYaci 3 BpaxXyBaHHSAM
3MIHHOTO XapakTepy €MHOCTI CEpeloBHINA Ta
Koe(iLi€HTIB MPUPOCTY YUCETBHOCTI TOMYJISIiT.
BaxmBuM HanmpsMKOM 3acTOCYBAaHHSI MOJENi
“Jlorku-Bonpreppu” € eKOHOMiuHI mpomecH. Y
po6orti [20] po3risHYTI TEXHONOril MaTEMaTHYHOTO
Ta MPOrPaMHOr0 MOJIEIIOBaHHS EKOHOMIYHOT'O CTaHy
BUPOOHUITBA B YyMOBaxX KOHKypewii i mpouecy
BUPIBHIOBaHHS ~ I[iH,  3alpONOHOBaHi  CXEMH
IMITaLiiiHoro MogeatoBanus 3acobamu MatLab.
MaTeMaTHYHOMY aHali3y CHCTEMH ‘‘XMXKaK-
JKepTBa” TPUCBAYCHI Takok pobotu [21-23]. Sk
NpaBWiIoO,  MaTeMaTHYHa  YacTHHA  MoOJeNel
npeActaBieHa 3ajadero  Komi g1 cucremu
3BHYaHUX Ju(epeHIianbHUX PiBHAHB. Y TaKHX
MOJIETISIX HE BPAaxXOBYETHbCS HMPOCTOPOBUH PO3MOIIT
ocoOuH. PeanbHi momynsmii ;KUBYTh Ha OOMEXKEHHUX
TEPUTOPIAX 3 PI3HUMHU BIACTUBOCTSIMU JIOBKULIA B
pisHux ii dvacrtuuax [24,25]. YactuHa oOCOOMH 3
pi3HUX NpHYMH (HANpUKIaZ, B MOLIyKax DKi abo
BIIBHUX  MICIb  NPOKMBaHHS) CXWIbHA 0
nepeMilieHHss 1o Tepuropii. Sk mokasye anami3
pe3ynabTaTiB  TOJNBOBHX  CHOCTEpPEeXeHb  [26]
MEPEMIIlIeHHsT OCOOWH BiOYBA€ThCS BHUIAIKOBHM
YHUHOM. Y MOJENAX 3 PO3MOAUICHUMH MapaMeTpaMu,
B AKHX BPaxOBYETbCSA IPOCTOPOBHH PO3MOIINT
OCOOWH MOMYJISIIi1, BBOAUTHCS MIUIBHICTH TOMYJISIIIT
Ha OJWHHII JOBXHHH, IUomi abo ol'emy, i
BBKAETHCS, 10 OCOOMHU PO3MOJUICHI B MPOCTOPI.
HaBkonuiHe cepenoBUIE BBaXKAETHCS CYLIIBHUM,

10 JIO3BOJISIE BUKOPUCTOBYBATU amapat
IuQepeHLialbHUX PIBHSAHb B YaCTHHHHUX TOXiTHUX,
IIHPOKO 3aCTOCOBYBaHUH npu po3poOITi

MaTEeMaTHYHUX MOJENEH CYIUIBHUX CEPeIIOBHII 3
HENIIHIHHUMU BiacTUBOCTMU [37,28].

Komm’rotepna peanizanist mogesi JloTku-
BousbTeppu B mporpamuomy cepegosuii MatLab
Ta ii aHami3

Posrnsmemo  Buimesragany wmozpenb  JIoTku-
BonbTreppa, Ta mpoBememMo i MOIENIOBaHHS B
cepenouii MatLab (Bepcis 7.6.0 (R2008a)) Ha 6a3i
BHKOPHUCTAaHHS  COJIBEpa  PO3B’S3aHHS  CUCTEM
IudepeHLianbHUX PIBHAHD “oded5”.

Hexaii Ha geskidi 3aMKHYTIH  TepuTopii
MEIIKAIOTh JBa BHJU: BErerapiaHIli-)KEpTBH, IO
XapuyloThCS POCIMHAMH, SKi € B JOCTaTHIA
KUTBKOCTI 1 XM)KaKky, IO TOJIOIOTh Ha JKEPTB.
Cucrema piBHSHb IMHAMIKH B3a€MOJIi XMXKaKiB 1
JKEPTB MPU YMOB1 KOJIU MiX 0COOaMH OJHOTO BHJIY
HEMa€e KOHKYPEHITiT Ma€ BUTJISI
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dx

E =x(a = By)
dy ’
@ __ iy
i »(y —dx)

3HaifileMo cTallioHapHHi cTaH cucteMu [29].
S0 YuCeNnbHICTh MOMYMSAIil cTana, To i MmoXigHa
o vacy piBHa Hymo. TobTo

0=x(a—pBy)
0=—y(y —ox)
. y a
3Biacu x, =0, y, =0, x, ==, =—,
1 Y1 275 %) B
Kopeni XapaKTEPUCTUYHOTO PIBHSHHS

JiHEapHU30BaHOI CHCTEMH YSIBHI, a 1€ 3HAYUTh, LI0
ocobnuBa Touka — neHtp. [1o6mu3y 0coOaMBOI TOUKK
(a30Bi TpaekTOpii € emincamu.

PosrisiHeMo HacTynHI BUIAIKH.

1. Hexaii maemo neskuii OioNOTiYHUI BHI, Y
SKOTO HEMa€e BOPOTiB, a XapuoBa 0a3a € B IOCTaTHIil
kitpkocTi. HIBuakicTs mpupocTy nomyismii ado
3MiHa YMCIia OCOOMH 3a OIMHHIIIO Yacy MponopLiiHa
YHCITY ICHYIOYHX OCOOWH, TOOTO

AN(t)

7—05(01\’(0’ (1)

ne a(t)- koedimient mpupocty. llro cucremy e
HA3UBAIOTh MOJICIUTI0 MalbTyca.

I[Ipu ymoBI cTanmocTi B 4Yaci TPHUPOCTY
nomyssimii, To0ro «(f)=const 1 mTpu yMOBI
BIICYTHOCTI ~XMXaKiB, J>KEPTBH PO3ZMHOXKYIOTBCS
HECKIHYEHHO 1 X ONYJISILiA OMUCYETHCS PIBHAHHSM:

dx
—=ox,
dt

PO3B'A30K SKOTO Mae BUIISA x=Xx,e”, me o -
KOC(II[IEHT MPUPOCTY.

Hudepenuiansaa MOJIENb MarnbTtyca
posB’sizyBasiach B mporpami MatlLab 3 Takumm
MOYaTKOBUMH 3HAYCHHSMH: TI0YAaTKOBA YMCETBHICTD
MOMyJISAMIi CTAaHOBWJIA 8, TOYATKOBUN KOS(IIIEHT
MPHUPOCTY UYUCENBHOCTI momyisuii piBHui 4. Taki
MOYaTKOBi AaHi Oy BUOpaHi 3 METOI0 MOJAJIBIIOrO
aHawi3y HUTAXOM Bapiamii KoedimieHTa
HapOILKYBaHOCTI JKEPTB.

Tax, mpu yMOBi HOT0 MOCTiZOBHOTO 3MEHIIICHHS
o =3, a =2 maemo rpadiku, nogani Ha puc. 1. Ha
OCHOBI PO3B’sI3Ky Iii€i cuctemu au¢epeHmiaIbHuX
PIBHSHb MPOTATOM MOIENbHOrO 4acy t=0,..,2
OymyBanmucst Tpadiku 3aJeXHOCTI  YHCENBHOCTI
MOITYJISIIIT BiZ yacy. Croctepiraemo
CKCIIOHEHI[IaIbHUH  pICT  YHMCENBHOCTI  KEPTB,
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npuiaomMy HaleIBHZ[H.Ie 3pOCTaHHA YHUCEJILHOCTI H.IBI/I}_IKiCTI: 3MIHH YHCEIBHOCTI JKCPTB ONHUCYETHCA

Ma€eMO MpH HaWOITbIIOMY ¢ = 3.

1000

800

600

400

YucenbHicTb KepTe

200

0

0 0.5 1 1.5 2
4ac

Puc. 1. Jlunamika romyssinii Ipy yMOBI BiZICyTHOCTI
xmkakis. ['padik 1 - mpu @ =3, rpadik 2 -mpu a =2,
rpadik 3 mpu o =1.

2. Ilpm BpaxyBaHHI MpoLeCy CMEPTHOCTI
0COOWH, OJEPKUMO, M0 IMBUAKICTH 3MIHU
HaceJeHHsl TOMyNALii 3 YacoM mpomopiiiHa il

gucensHOCTI  N(f), TIOMHOXKEHIH Ha  cymy
Koe(ilieHTiB HapOIHKYBaHOCTI a()=0 i
cmeptHocTi  [(¢)<0. Ilpm yMmoBi cramocTi IUX

KoeiIlieHTiB, a TakoX yMoBl o< f, a=3, =1
OJICP)KMMO TMHAMIKy, TIofaHy Ha puc.2. [loyaTtkoBa
YUCEIBHICTh JIOPIBHIOE &8, Yac MOJCIIOBaHHS
nopiBHtoe 2. CrocTepiraeThCs EKCIOHCHIIIaTbHUIMA
CHa/T YUCEIbHOCTI MOMYJISIii.

YyucenbHICTb KepTB
IS
]
i

Puc. 2. Jlunamika 4uCENBHOCTI MOMYJISAIIT
MIPH BiACYTHOCT1 XMXKaKiB

SIKmo Hemae KepTB, TO XWKAaKH 0e3 KOpMy
BI/IMepJ'II/I 6 34 3aKOHOM
dy _

T

3Binku y=y,e”, me y- koediuieHt 3arubesi
XMXKaKiB; ) - iX YHUCENBHICTb B JaHUH MOMEHT; -

X YMCENBHICTh Y MOYATKOBUH MOMEHT 4acy.

3. Pocty umcenbHOCTI XepTB MEPEIIKOMKAIOTH iX
3ycTpiui 3 XMKakaMH, YacTOTa SIKMX IPOMNopLiliHa
YHCITy KEPTB 1 YHCIy XIKakiB, To0To xy [30]. Toxi

PIBHSHHAM

dx
{ 5 @B,
ne f - koedili€HT 3MEHIICHHS KEPTB MPH 3yCTpidi
3 XWXKakaMd. AHaJOTi4HO, 3yCTpid XWXKaka 3
XKEepTBOIO  30imblIye  HMOBIPHICTD  BHIXKHBAHHS
XIJKaKa, TOOTO CIpHUs€ MPUPOCTY MOMYIIALIT XUKAKIB
dy
{ - Y-,

ne 6 >0 - KoedillieHT, MO0 3aJIEKUTh BiJl TOTO, K
9acTo 3yCTpid 3aKiHUY€ETHCS CMEPTIO JKEPTBH.

BignoBigHa cucrema nudepeHUIHHUX PiBHSIHD
Jlotku-Bonbreppa po3B’szyBasiach B Iporpami
MatlLab 3 TakuMU TOYaTKOBUMH 3HAYCHHAMHU:
MOYaTKOBA YMCENbHICTh MOMYJIALIT )KePTB CTAHOBHJIA
7, nomynsiis xwkakiB - 4. [loyatkoBi xoedimieHTH
MIPUPOCTY YHCEIbHOCTI MOyl piBHI
a=4,4=3,y=2,6=1. I'papix 4 Ha puc. 3
JEMOHCTpPY€ 3aJIeKHICTh YMCIa XIDKAKiB Bifl yucia
XKepTB B IIbOMY BUIIaAKY ((ha3oBa 3aJIKHICTD), Ta HA
puc. 4 BiamoBinHi 4acoBi rpadiku momynAUiil (cuHi
minii). Hdani mpu 3pocTaHHI 4YUCHa KEPTB 10 8 Ha
rpadiky 3 (puc. 3) 0auMMO CyTTEBE 3MEHIIICHHS
ammity ¢asoBux konuBanb. Ha rpadikax dazoBux
TpaekTopid (puc. 3) TakoK TOKa3aHO OCOOJHUBI
TOYKH Uil KOKHOTO BHMAIKy. YacoBi 3anmexHOCTi
JUIA 1IIbOrO BUNAJAKY IMOKa3aHi Ha puc. 4 (3eneHi
minii). Ha pwuc. 4 moka3zaHO 4YacoBi 3aJIeKHOCTI
3€JICHUM KOJbopoM mpu @ =8, =3,y =2,0 =1, Ta
CHHIM KOJBOPOM Tpu o« =4, 1O JIEeMOHCTPYE
3aNIeXHICTh YMCIIa XM)KAKIB BiJ] YUCTIa KEPTB.

Tak, mnpum yMOBI TOAATBIIOO 3POCTAHHS
koe(ilieHTa HApOMKyBaHOCTI XeptB «a =17 i
o =25 maemo rpadiku 2 i 1 BiInoBigHO, MoAaHI Ha
puc. 3.

OTxe, pe3ynbTaTd MOJAECTIOBAHHS IOKa3yIoTh,
IO YHCENBHOCTI TOMYNALid  BiAYyBalOTh HE
cuniBnagarodi mo asi kommsanas (puc.3, 4). 3i
3pOCTaHHSAM KoedillieHTa HApOMKYBAHOCTI IKEPTB
CIIOCTEPIraeMo UUKIIYHY 3MiHY aMIUTITYy KOJTUBaHb
obox momymsauiii. Ilpy «a =/  uHcenbHICTH
MOMyJAMil  3aJMIINTBCA ~ CTAJIOK INIPU  YMOBI
BIZICYTHOCTI XM)KaKiB. B IboMy BUTIIaIKy PO3B'SI3KOM
piBasHHS (1) € piBHOBaxkHa BenmnunHa N(f) = N(0),
piBHOBara MiK HapOMXKYBaHICTIO 1 CMEPTHICTIO
HecTilka y TOMY CeHCi, IO HaBiThb HEBEIHKE
MOPYLIEHHS PiBHOCTI @ = [ TPU3BOAUTH 3 YACOM JI0
N(t) Bix

a<pf

Bce OIbmIOro BigXwieHHA (QyHKIIT

piBHOBaxkHoro 3HaueHHs N(0). Ilpum
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YHUCENBHICTh MOMYJALil 3MEHIIYEThCA 1 MPSAMYE 10
HyJs ipu ¢t —> oo . [Ipu o > f 4ucenbHICTH 3pocTae
MO0 EKCIIOHEHLIATbHOMY 3aKOHY, 1 TNpsAMYyE [0
HECKIHYEHHOCTI TIpH ¢ —> o0 .

nonynAauia Xxmxakie

nonynaAuia XepTe
Puc. 3. I'padik ha3zoBux 3a1eKHOCTEH MOMYIAIiT
XWOKaKiB BiJI MOMyJIALii xkepTB. ['padik 4 mpu a =4,
rpagik 3 -pu o =8, rpadik 2 -mpu a =17,
rpagik 1 - mpu o =25

yucenbHOCTI NnonynAuin

Yac
Puc. 4. YacoBi 3a1eXHOCTI MOMyALii s BUNIAIKiB:
npu o =4 (cuHiit Komip),
Ta npu o =8 (3eneHuil komip).

MeToa KJIITKOBUX AaBTOMATIB J1JIT MOJETIOBAHHSA
AUHAMIKH NOMYJIsuii

Tepmin “KIIITKOB1 apTOMaTu” Mo4aB
BHKOPHCTOBYBAaTUCh y cepemuHi XX cCr. s
MO3HAYCHHS CYKYITHOCTI 3aJIOKHUX €JIEMEHTIB 13
3aIaHUMU CTaHaMH 1 TPaBUJIAMM, 3TiTHO 3 SKUMHU
CTaHW IMX EJIEMEHTIB 1 3aJI&KHOCTI MIXXK HHUMH
3MIHIOIOTbC B dYaci. Yac 1 cTaHM mpH LBOMY
JCKpeTHI. BukopucTaHHs onmucaHUX MoOJeNed s
(hopMaNBHOTO MOJICITIOBAaHHS CaMOBIITBOPIOBAHUX
OpraHi3MiB BIIEpIE 3allPONOHOBAaHO B poboTi DoH
Heiimana [31]. EneMeHTH KIITKOBHX aBTOMATIiB
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MpEACTAaBIAIOTHCA O):[HOBI/IMipHI/IMI/I abo
JB OBI/IMipHI/IMI/I HECKIHUYEHHUMU MMPpSAMOKYTHUMU
Ta6J'II/ILI$IMI/I . Cran CJICMCHTAa 3MIHIOETHCS B

3aJIEKHOCTI BiJl OT0 BIACHOTO IMOTOYHOT'O CTaHY 1
Bil cTaHy JBOX (200 YOTHUPBHOX - Al IBOBUMIPHOTO
BHUIA/IKY ) HAHOMMKIUX CYCiIIiB.

KitiTkOBi aBTOMATH B CHIIy CBOE1 AMCKPETHOCTI
MOPIBHSHO TIPOCTO MOJICIIOIOTHECA 3a JIOMOMOTOH
EOM i 3zaBmaxku mpomy, B 50-70 11 pp. XX cT.
HaOyBaroTh nonyisipHocTti. [lounnaroun 3 80 x pp.
BHUBYEHHSl KIJIITKOBHX aBTOMATiB HaOylno OilbII
crerianizoBaHoro BinTiHky. Ha 0a3i 3arampHOi
Teopii  CTBOPIOIOTBCS 1  BHBYAIOTbCA  Pi3Hi
KOH(]irypamii KJIITKOBHX aBTOMATIB AJIS1 KOHKPETHHX
MOCTiMHUIIEKUX obnacteit. [Ipubmu3HO B TOM ke yac
3'IBUIIMCSA ITpH LIS KIIITKOBMX aBTOMATiB -
MaTeMaTU4YHI MOJIENi, 10 MAalTh B OCHOBI irpoBUU
ortHC.

3 TOYKM 30py PO3BHUTKY KOMII IOTEPHUX
TEXHOJIOTI  aKTyaJbHICTh KJIITUHHO-aBTOMAaTHUX
MOJIeNIel B JIaHWW 4Yac MPOJIOBKYE 3POCTATH Y Mipy
MOIIUPEHHST TapajelbHUX OOYHCICHb, TOMY IO
MOTEHITIAN iX Tapajeni3almii MOXHAa BBaXKaTH
MpakTU4YHO HeBuuepnHUM. llum B mepmry uyepry
MOSICHIOETRCSL ~ CIIOCTEpEeKYBaHE B JaHUWA  4Yac
HapOCTaHHS  IHTEPeCy N0 BUKOPUCTaHHSI 1
MOJANBIIIOT0 PO3BHTKY MOJIENICH, 3aCHOBaHHX Ha
KOHIIeMNIIii KIITHHHNX aBToMatiB. [Ipo me cBimuuTh i
MosiBa HU3KH (yHAaMEHTaJbHUX MoOHOrpadiil Ha 110
TeMy, SICKpaBUMH MPHUKIaJaMH SIKUX € podotu [32] i
[33]. [damumii MeTom aKTHBHO BHBYAETHCA 1
YKpalHCHKMMH JIOCHTiTHUKaMu, 30kpema [34], ne
roro e(heKTUBHO BUKOPHCTOBYIOTh JUTST
MOJICITFOBAaHHS PYyXy TPaHCIOPTY, a TaKOX — s
MOJICITFOBAHHS TIOBE/IIHKY HATOBILY.

IIporpamua peasizanisa caMoBiITBOPIOBaHOL
MojeJi “XmKaK-;kepraa’”

OpHa 3 mporpaMHUX peajizaliii - mporpaMHHui

KOMIIJIEKC, peati3oBaHUIl Ha MOBI HpPOrpaMyBaHHS

JavaScript npencrasnsie AMHAMIKY MOJAEN “XMKaK —

KeptBa®  mis (GOPMaJIbHOTO  MOJETIOBAHHS
CaMOBiATBOPIOBAaHMX OPraHi3MiB.
I'pa “Aksa-Top” HAaOYHUH  TIPUKIAJT

3aCTOCYBaHHS KIITHHHHMX aBTOMAaTiB B Oiororii. ['pa
MOJICITIOE TIOBEJIHKY CHUCTEMH, IO CKIANAETHCS 3
JIBOX IOMyJSLiH, YMOBHO 3BaHUX ‘‘TpaBOimHi” i
“Xwkaku”. [Keo mIg  “XIKakiB® € OCOOHHH
“TpaBOiMHUX”, K1 K JUIA “TPaBOiAHUX HECKIHUEHHO
Oarato. [lomem 1uist Tpu € TOp - KBaApaT, 3aMKHYTHIA
cam Ha cebe, TOOTO SKIO 0COOMHA JOCATAE KPalHBOL
KIITUHU ~ KBajpata, BOHA IIGPCHOCUTHhCS  HAa
MPOTUIISKHY CTOPOHY KBajpara aBTOMAaTHYHO
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(mpuKIIagOM TOpa MOXKE CITYKUTH OyIb-sKa TJIaHeTa,
HaTpUKIaJ, 3eMIIs).

[loBexinka maHOi CHUCTEMH XapaKTEpU3YETHCS
HACTYITHUMH NIPaBHIIAMHU:

1) ocobmHa MOXe NepeMiCTUTHCA Ha OyAb-sIKy
KIITKy, 100 Ma€ 3 JAHOK CIIUIbHY CTOPOHY.
Hanpsimok BHOMpaeTbcsi BUMAIKOBO 3 MOMKIMBUX
BIJIbHHX.

2) oco0uHa MOXE€ B3JIUIINTH TIOTOMCTBO B Tii
KIITII, 3 sikoi BoHa mepemictuiacs. IloTomMcTBO
3'ABISIETHCS TIEPIOIUYHO, TIEPIO]] € TAPAMETPOM.

3) 4Kmo 0coOWMHA € “XIKOW’, TO BOHA MOXKE
MOTJIMHYTH ~ CBOIO  JKEPTBY, opu  IbOMY
NepeMilarinch Ha Miclie JKEpTBH.

4) ocoOuHa kuBe 0OMEXEHY KUIbKICTh 4acy, 3BaHe
9acoM XKHTTS 0OCOOU - TAKOXK Iapamerp.

5) sKmo “xka’ ocoOMHA HE 3HAXOIWTh CO01 ki
OPOTATOM TEBHOTO 4acy (Ha3MBA€TbCA YacOM
roJionHoi cMepTi), To BoHa ruHe. Yac TomomHol
CMEpTi € mapaMeTpoM.

[MoOymoBana MoJens JOCHIIKYE TOBEMIHKY
HalmpocTimoi  sKicHOT ~ Mozeni  eKOCHCTEMH
CBITOBOI'O OKeaHy, IO CKIQJA€TbcA 3 XWXKakKiB 1
J)kepTB. TakuM YMHOM, “XIWKakaMu~ € aKysu,
“TpaBOifHUMHU” - puUOU. SIKIIO aKyla 3HAXOAWUTHCA
Ha CYCIIHI/ KITITII 3 prOOI0, TO BOHA MEPEMIIAETHCS
B KIITKY CBO€1 )epTBH, nmoriuHaroun ii. [loromcTBO
3’SIBIISIETBCS 1 Y aKyh, 1 y pud. Pubwm, sk tpaBoinHi,
MPUHOCATH MOTOMCTBO YacTillle, HK XMXKi aKylu.
Kpim TOro, wac cmepri akynu MigiOpaHo TaKuM
YUMHOM, IIO0 aKyJa NPUHOCHTH MOTOMCTBO TiTBKH
OIMH pa3 3a Bech mepion kuTTia. OcoOuHa BMHUpae
michsl 3aKiHYEHHS Tepiony KUTTA. SIKIo 0coOHHi
OPUAIIOB dYac ‘“‘HApOOUTH’, aje TNepiof KHUTTI
3aKiHYMBCA, OcOOMHA TIOMHUpAE, HE 3aJHIIAIYN
MOTOMCTBA.

OCHOBHa CTOpiHKa IPOrPaMHOTO MPOAYKTY Ma€e
YOTUPH OCHOBHI CKIIJIOBI, a came:

[Tone BimoOpaxeHHs mozaeni (Top) — moie, Ha
SAKOMY BiJOOpaKalOThCSI OCHOBHI PEXHMU POOOTH
MPOrPaMHOr0 MPOAYKTY;

[Tapamerpu Tpu — 3aJar0TbCs IHAMBITYaIbHO B
3aJIeKHOCTI Bil MOTped KOpUCTYBaya;

CraTtHcTHKa TPy — IHCTPYMEHT, SIKMi JUHAMIYHO
BiZloOpakae KUIbKICTh OCOOMH MOIMYJISLii y TOpi;

[laHenp IHCTPYMEHTIB — TMAaHENb KEpyBaHHA
MPOrpaMor0: CTapT, HACTYITHUHN KPOK, CTOIL.

Jns mowatky, mporpama Jae 3MOry 3aJaTd
napamMeTpu MoOIeNi Ximkak-xkeprBa (puc. 5). Ha
IrpOBOMY IOJIi  PO3CTAaBIAIOTHCS  MPEICTABHUKH
OlomoriuHoi  TOIMyJISIii: XMKaKH, JKEpTBU.
KopucrtyBau, B 3aJeKHOCTI BiJl cBOiX OTped, MOXKe
3aJaTH TapaMeTpu irpoBoi IWHAMIYHOI MOAei:
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Bulletin of Taras Shevchenko
National University of Kyiv
Series Physics & Mathematics

3MIHUTH BiJJICOTOK TOTOMCTBa XEPTBH, TPUBATICTbH
JKUTTS JKEPTBH (KUIBKICTh KPOKIB BiJl HapOIKEHHS
JI0  CMepTi), BIJCOTOK IOTOMCTBAa  XHXaKa,
TPUBAJICTh KHUTTS XMKaKa Ta 4ac TOJOJHOI CMepTi
(KITBKICTH KPOKIB JKUTTA XM)Kaka, fAKIIO BiH He
3HAXOAUTH JKEpTBH). Takok MOXHA 3adaTh
MIBUAKICTE  aHIMaIlii, Juisi Kpamoro HaoYHOTO
CHPUHHATTS 1H(opMarii.

Ha pucynkax 5 Ta 6 mokazaHo pe3ynbTar
MO/JIEITIOBaHHS 32 YMOB: TOTOMCTBO epTBH — 30% ,
TPUBAJICTh KUTTS KEPTBU - 5 iTepallifHUX KPOKiB,

noroMcTBO Xmwxkaka — 30%, TpHUBaJicTh >KUTTA
xmwkaka 5. Yac romomHoi cMepTi XmxKaka 5
iTepamiiHuX KPOKIB. Tyt PO3MIiLIICHHS

MPEACTaBHUKIB KJIaCy XMKakiB (YEpBOHI KIITHHKH)
Ta JKepTB (3eNeHi KIITHMHKH) 3aJaH0 y JOBLIBHOMY
nopsiaky. JKepTBH, Malo4du BIOCTaNb DKi, MOXYTb
JaBaTd MOTOMCTBO 32 TPUBANICTh CBOTO JKUTTA 5
iTepalifHUX KPOKIB JEKUIbKa pa3. XUKaKHh 3a CBOE
KUTTS B 5 iTepamifHUX KpokiB 3 moToMcTBOM 30%
MOXYTb JJaTH CBO€ TIOTOMCTBO TiJIbKHU Pa3.

Totonetro epren. %
30

. TpuBaticTs #uTTA KepTan

TlotoncTso xmwxaKa, %

TpHBATICTS AHITA XiTKAKA
5

Hac rozozmoi eyepi,

5

Illsaicrs amidaii

Crapr | Hacrynhui kpok
Cron

Puc. 5. MonentoBaHHsg CUCTEMU:
3aJIaHHs TapaMeTpiB

3amaBmmM OCHOBHI mapamerpu Mogeni (puc. 5),
OTPUMY€EMO  pPE3yJabTaT MOJCIIOBAHHS JAWHAMIK
MOMYJISLIN, 0 MOKa3aHo Ha puC. 6.

Totonierso Aeprei, %
30

T " TpHBATICTS KHTTA KepTan
5

)
n n o
nneq " | - TIoTOMCTBO XHKaK2, % ]

TpHBATICTS AHITA XiAaKD
5

Hac ronomo cyepri

5

IlIBraKicTs aHiMauii

Crapr || HacTynhwit kpok
Cron

Puc.6. IIponec B3aemonaii momyssimii
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B 3amexHocti  Big  3amaHux  mapamerpiB Ha puc. 11 momaHo cTaTHCTUKY MOJENIOBAHHS:

BHU3HAYAEThCA  IOBEAIHKA MOMYJISLid OpraHi3MiB.
Jani mporecn BigoOpakaloTbca Ha Aiarpamax (puc.
7, puc. 8).

”
f_-_/
_r_..—-/
"'—"""
(™ -._—ﬁ-—
Puc. 7. UucenbHICTh OIS
3aJISKHO BiJl 4acy
/l.'. 1
Py
____-—-!"'-_
=

Puc. 8. KinbkicTb MOrIMHYTHX
OpTaHi3MiB 3aJI©KHO Bifl yacy

Jlana mporpamHa peanmizalis ZO3BOJISE Bi3yaJbHO
MPEJCTABUTH OI10JIOTTYHY MOJENb MOMYJIAIii JBOX
KJIaciB OpraHiaMiB: “xmxaka” i “)KepTBU”, OL[IHUTH il
MUHAMIKy B 4Yaci, OIIIHUTH KUIbKICTh OCOOWH
MOMyJIANiA Ta X PO3MIIICHHS B 3aJIOKHOCTI BilX
IapaMeTpiB Ta NOYAaTKOBUX YMOB.

Puc. 9. MonentoBalHsg CUCTEMU:
MOYATKOBE PO3MIILICHHS

[IpencraBneno e OIHY MporpaMuy
peamizamio, MmO TakK caMO MOJEIIOE MPOLEC
Moy sIiiHOT B3aeMoil XmkakiB 1 xepTB. Ha puc. 9
— TIOYaTKOBE pO3MilIeHHsS 0coOuH, Ha puc. 10 —
pe3ynbTaT  Bi3yaJIbHOTO  MOAENIOBAaHHA  IpU
HACTYIHUX HapaMmeTpax: po3Mmip mois 25 OIUHHIb,
yac MozaentoBanHs 10, KiTbKicTh akyn 20, 4ac KUTTS
akyn 80, yac HapOIKEHHA MOTOMCTBA aKyyorw 22,
Yac rojomHoi cMmepTi akynm 17, KiUTbKicTh puO, dac
JKUTTS pu0, Yac HapOMHKEHHS MOTOMCTBa puboio 9.

rpadiky 3aJeKHOCTEH dYHcia XIKakKiB Bifl 4Hcia
JKEPTB.

- =
RN . .
] - NN
Puc. 10. Pe3ynbTaT MOAECNIOBaHHS CUCTEMU
npu MozaenbHoMYy vaci 10.

Puc. 11. CtaticTHKa MOJIEITIOBAHHS YHCEILHOCTEH
OIS 3aJIEKHO BiJl 4acy.

3 pe3ynbTaTiB  MOJENIOBaHHS BHIHO, IO
rpadiku 4acoBUX 3aJIGKHOCTEH 4Hcia XMKaKiB Bif
gyuciaa  JKePTB  JEMOHCTPYIOTH  MEPiOANYHUN
xapaktep. Lle 1o6pe y3roKyeTses 3 pe3ynbTaTaMy,
OTPpUMaHWUMH BHUIIE @pH peanizamii aHaTITHYHOI
MoJieNi, 110 MmoKa3zaHo Ha puc. 4. Takok BakKIMBUM
BHCHOBKOM € TIOTBEPAXEHHS TOrO, IO METOX
OUHAMIYHHX  MOHeNedl Ta  MeTol  KIIITKOBHX
aBTOMATIB € B3a€MOJIOMOBHIOIOYMMH 1 3a IIEBHUX
YMOB — albTEpHATUBHUMH. Y MPHUPOIHHUX YMOBaxX
3MiHa YHMCENBHOCTI MOMYMALil HOCHTD KOJMBaJIbHUI
XapakTep, KOJIMBaHHS YHCENBHOCTI TOB'SI3aHi 3
peaKIi€ero MOMmyJslii Ha 30BHIIIHI BIUIUBH 1
BHYTpIilIHI 3MiHH B Oiocuctemi. [lepiox i ammuitTyna
KONMBaHb 3ajJeXaTb BiA MeXaHI3MIiB peryJssmii
YHCENBHOCTI MOMyJIsLii, 0ocoOIuBOCTE BHAY 1 Bix
YMOB HOro icHyBaHHSI.
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34CTOCYBaHb, MMPOBCACHO KOMIT’ FOTCPHEC
MOACIOBAHHA CHCTEM HOHynHHifIHOI I[I/IHaMiKI/I
METOAOM KJIITKOBHUX aBTOMATIB Ta  MCTOAOM

mudepeHialbHUX piBHSHBb B cepenosuii MatLab
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Opu pi3HUX napamerpax Mogeneidl. Ha ocHOBI
YHUCeNbHUX PO3paxyHKiB moOyAoBaHi TpadiuHi
3aJI©KHOCTI YMCENBHOCTI Momyismii Big dwacy Ta
¢da3zoBi  Tpaexropii, 3pobiIeHo NOPIBHSHHS
pe3yabTaTiB MOJCIIOBAHHS PI3HUMH MeTonamu. JlaHi
pe3ynbTaTH  MOJENIOBaHHS  JO3BOJSIIOTH  SIK
Bi3yaJlbHO, TaK 1 KUIbKICHO OIIIHIOBaTH CTaH,
(GYyHKIIOHYBaHHSA, OUHAMIKY 1 XapakTep B3a€MHUH
MOMYJISAiK B 6iocucTeMax.
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3naxomkenns Koediumicara esactmuHocti | The Newton’s calculation method for the
npu BUTpPaTax npani meroxom Heorona determining of elasticity coefficient for the
labor expenditures

KuiBcpknii  HalliOHaNbHUHM  YHIBEpPCHUTET — iMeEHi
Tapaca Illepuerka, 03680, M. KuiB, np-T I'mymikosa Taras Shevchenko National University of Kyiv,
41, e-mail: inna_na@ukr.net 03680, Kyiv, Glushkova av., 4d, e-mail:
inna_na@ukr.net

Y ecmammi onucano noxpoxosuil ancopumm 3HAxX00HCeHHsT KOeDIYieHma enacmuyHoCmi npu eUMpamax
npayi ons eupodouunoi pyuxyii Kobba — [yenaca y ¢opmi Tinbepeena, wjo rpyHmyemscs Ha 3aCmocy8aHHti
memoody Hviomona. Taxuii nioxio nepedbauac GUKOPUCMAHHS KOMNIJIEKCHOI MamemMamuyHoi mooeni
EeKOHOMIUHUX npoyecié 8 YKpaini, wjo € pozsumxom mooeni "Anvcha", axa 6azyemovcs Ha npunyujenHi npo
bananc mMise CyKynHuM HONUMOM ma CYKYNHOW nponosuyicio. Peanizayito nioxody npodemoncmposano na
cmamucmuyHux Oanux exonomixu Ykpainu 3a 2000 — 2015 pp. 3pobreno ucHo8oK w000 OMPUMAHUX
pe3yabmamie  po3paxyHkie. 3uaiideni 011 6az08020 nepiody memooom Hviomona roeghiyiecumu
eNacmMu4HOCmi npU BUMPAMAx NPayi MOXNCHA GUKopucmamu 0Jis OYiHIOBAHHS 3HAYEHbL MEeMNY MEeXHIYHO20
npoepecy uu CYKynHOi haxmopHoi npoOyKmueHoCmi, a Maxoxic Oisl 3HAXOOICEHHS NPOSHOZHUX 3HAUEHD
OCHOBHUX MAKPOEKOHOMIYHUX NOKA3HUKIG 6IMYUSHAHOI EKOHOMIKU.

Kurouosi cnosa: koegiyiecnm eracmuunocmi npu eumpamax npayi, memoo Hvromona, eupobHuua

@dyHkyis.

In an article the general approach for evaluation of elasticity coefficient for labor expenditures of
Cobb — Douglas production function in Tinbergen variation is proposed and described in step-by-step
variation. Unlike to classic least squares method, algorithm proposed for this case is based on Newton's
calculation method. With Newton's calculation stepwise method, elasticity coefficient for such models can be
found as a solution of nonlinear of equation. This method enables the use of complex mathematical models,
such as model of economic processes in Ukraine, which is extension of macroeconomic model "Alpha" and
based on assumption of balance between total supply and total demand. The approach is verified on
statistical data about economic indicators of Ukraine for the period of 2000-2015, and results of
calculations are presented. A general conclusion was made concerning the results of calculations.The result
can be used for estimation of labor expenditures, determining of technological progress rate or total factor
productivity, and prediction of basic macroeconomic indicators of Ukrainian economics.

Key Words: elasticity coefficient for the labor expenditures, Newton’s calculation method, production
function.

CratTIO Ipe/cTaBuB 1. T. H., mpod. ['apammenko @. I

Beryn [MousTrss  KoedilieHTa  €JaCTUYHOCTI  IpHU

Baxnusum eTaroM  MAakKpOCKOHOMIYHOTO BHUTpaTax Mpali TICHO TMOB'SI3aHE 13 MOHATTAM
MOJIETIIOBaHHS 1, 3arajgoM, KIiHIEBOIO METOK BUpOOHMYOI GyHKUIi, y fAKidH ogHUM 13 (akTopis
MAaKpOCKOHOMIYHHX JOCIIKEHb € TMPOrHO3yBaHHS BHUPOOHUITBA € Mpals. Y 3aralbHOMY BHUMAAKY, ITiJ
3Ha4YeHb JOCHI[DKYBaHMX IMOKa3HUKIB. Lleli eram BUpPOOHMYOIO (QYHKIIEIO PpO3YMIIOTh 3aJICKHICTD

nepenbaydae 3HaXO/KEHHS (inenTuikamiro) KiHIEBOTO BHITYCKY MPOAYKUIii uM ii BapTocTi Bix
nmapamMerpiB  Mogeni pPi3HMMH MaTeMaTHYHUMH BUKOPUCTAaHHS pi3HUX (aKTopiB BUPOOHHIITBA,
METOaMHU. Hanpuxnan, TS PO3paxyHKy KOHKPETHUX BHIB pecypciB i 3atpar. OmHumu 3

MPOTHO3HUX 3HAa4YeHb BUITYCKYy TOBapiB Ta IOCIHYr, HAWMOMIMPEHINMX BHPOOHMYUX  (QYHKOIH, 110

MOMUTY Ha  TMpaulo, CyKynHOI  MpOMO3WLii, HaivacTille  BUKOPHCTOBYIOTBCSI B Makpo-

norerniiHoro BBII Tomo HeoOXigHO NPOBECTH EKOHOMIYHMX JOCHTIDKEHHSX, € BUPOOHMYA (YHKILiS

inenTugikanito KoedimienTa emactuyHocTi npu Ko66a - lyrmaca [1] ta if Moaudixarii.

BUTpATax Iparli. Bapro 3ayBaxuTH, IO TNpPH BUKOPHCTAHHI
BupoOHnuoi ¢ynkuii Tumy Ko0ba — yrmaca [2,

© .M. Haszapara, 2016
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c.79 - 80] dyacto MONMYCKAaKTHhCS HETOYHOCTI.
30Kkpema, BUKOpHCTaHHA mokasHuka BBII 3amicTh
BUITYCKYy TPOAYKIii, BHUKOPHUCTaHHA MOKa3HUKA
3arajJbHOI YHCENBHOCTI 3aifHATUX 3aMiCTh BHTpAaT
npaui (100yTKy YHMCENBbHOCTI 3aiHATUX Ta BEIUYMHU
cepenHbOPIUHOI HOMIHANBHOI 3apo0iTHOI miatm). 3
METOI0 BpaxyBaHHS MepeliueHnX HelOoNiKiB, Y CTaTTi
pO3TIIAAAaEThC  KIAacCMYHa  BHPOOHWYA  (YHKLIs
Ko060a - Hyrnaca, ale B KEHHCIaHChKil
iHTepHperTanii 31 crajicTio Binmayi Big macmTaly B
¢opmi TinOeprena 3 gedKUMU MOIUQIKAIIIMU
[2, 3]:

V,=e"'II(9K,) " (1)

Tyt V, — Bumyck ToBapiB Ta HOCIYT;
7, — 3MIHHUI TeMII TEXHIYHOT'O IPOTrpecy;
L

, — BUTpaTH Ipali Ha BHPOOHULTBO TOBApPIB 1

HOCIIYT;
8 — KoedilieHT 3aBaHTa)XXEHHS BUPOOHUYOrO
Karmirany;

K, — BapTicTh BUPOOHUYOrO KamiTaly;

[, — KoediLieHT eTacTUYHOCTI IpU BUTpaTax Ipall,
SAKHH MOKa3ye 3aJISKHICTh 3MIHH 00CATY BUITYCKY Bif
3MiHU Ha 1% BuTpaT mpati (ToO0To i3 30UIbLICHHAM
BUTpAT mpaui Ha 1% - 00cAr BHITyCKYy 301TBIINTHCS
Ha f3, %).

Jnst 3HaXOMKeHHs B, , 3a3BUYai, 3M1HCHIOETCS
norapupMyBaHHA  BUPOOHMUYOI  QYyHKUIl  THITY
Ko66a - [lyrmaca Ta mpuBeneHHs ii A0 JiHIHOro
BUIIIAY 13 TOJANBIINM 3aCTOCYBaHHSM METONLY
HallMEHIIMX  KBaApaTiB  JuIsi  3HAXOKEHHS
koe(iLieHTIB y MiHIAHIA perpecii (AuUB., HaIPHUKIAL,
[4 - 7]). YV [2] mponOHY€eThCS 3HAXOAUTH KOCPIIIEHT

eTaCTUYHOCTI pu BHUTpaTax npari 3
(GYyHKLIOHATBHOI ~ 3aJIOKHOCTI BiJ  KoeQilieHTy
KaIliTAJIOMICTKOCTI ~ mpami i3~ BUKOPHUCTaHHAM

KyCKOBO-JTIHIHHO1 anmpoKcuMallii.

V crarTi momaeTbes popManizoBaHUK aITOPUTM
3HAXOMKEHHS!  KoedillieHTa eNacTHYHOCTI  MpHU
BUTpatax mpaui f3,, SKUH TIPyHTyeTbCd Ha
BHKOpHUCTaHHI MeroAy Herorona. Takwmit minxin
nepenbaydae BUKOPHCTAHHS KOMITJIEKCHOT
MaTeMaTHYHOI MOJENi EKOHOMIYHHMX IIpOIEeCiB B
VYkpaini [3], mo € po3ButkoM Mozeni "Anbsda [2].

PiBHsiHHSA U151 3HAXOMKeHHA KoedimieHTa
€JIACTHYHOCTI PH BUTPATaX npami

Jns 3HAXOKEHHS B, 3OIACHIOETHCI
PO3B’sI3aHHS HENiHIMHOTO PIiBHSAHHS, SIKE OYAyeThCs
Ha OCHOBI PIiBHSHHS I/ 3HAXOIPKEHHA CYKYIHOT

npono3unii Q;, yMOBH OallaHCy MDX IIOMUTOM 1
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MPOMO3UIIi€I0 Tpami Ta piBHSAHHA, IIO BH3HAYa€e
MaKCHUMaJlbHy YHWCEIbHICTh 3alHATHX y cdepi
BUpOOHUIITRA [3]:

. W 11, W,
_lnMﬂ[+ln0’tTo’p[=lnﬂt- 3)
gthVVt t ot

Tyt Il,,- MakcuMalbHa YWCENBHICTh 3aWHATHX Y
cdepi BUpOOHHIITBA,
W, , - 3apobiTHa maTta 3a MOBHOI 3alHATOCTI,
&, - KoedilieHT 3alHATOCTI,
N, - 3arajbHa YUCEIbHICT 3aHATHX,
W, - 3apo0iTHa naTa,
O, - KoeQIlieHT CTPYKTYpU BUTpAT,
Q,S - CyKyITHa MPOITO3UILis;
P - nednsarop BBII.
PiBusiHHS (3) BUIIMBaE i3 TaKuX MipKyBaHb. I3
PIBHSHHS Ui 3HaXOIDKEHHSI CYKYITHOi IMPOMO3UIiT
[3] maemo:

o/

9K, =
[ [ Gle}/tt (5[ NIVI/I )ﬂt

4)

A 3 ymoBH 0ajaHCy MDK HMOMUTOM 1 IMPOTO3H-
Li€T0 mpari

1

‘9sz ( nlﬁp)q:lT 1— Oz
W e tht 2 Nt W,
51 0, 0,t
Ta piBHHHHH, 11(0) BHU3Ha4Yae€ MaKCHUMAJIbHY

YHCeNbHICTh 3alHATHX [1,, Y cdepi BupoOHUIITBA

1 0]
HO,: ZETN,zgz I_Wot, >

>

OTPUMAEMO:

1

‘91Kt = HO,IWO,t (ehtﬂtpt)ﬂﬁl P (5)

ne O, - noxin 3 MailHa Ha JyIIy HaceJleHHS,

Ty, - YUCEJbHICTh HACENCHHS.
[IpupiBHsieMo npaBi yacTUHU piBHSHG (4) Ta (5):

1
1

M, W, (e B,P) P = 9 s
v o (ENW, )
e 1
s 1-B; —
HO,tWO,t = Ql (enlﬁtpt)lfﬂz P

Gle}/tt (51 NIVI/I )ﬂt

126



Bicnux Kuiscbkoeo Hayionanvno2o yHisepcumemy
imeni Tapaca Lllesuenka
Cepis ghizuxo-mamemamuuni Hayku

o
1=

O'B.F,

—=tTrr 6
o ENW, ) ©

I, W, =
3anumiemo (6) y norapudMivHii mKami:
In( 11, W,,) = # n(0: 5,2 )~ nlo, (&, n 7, ).
3Biacu orpumaemo (3):

11, W,
0,770, ﬂt +1n
gl‘N[VV[

—In

Ho,zWo,sz —1
< =Inp,.
t t

V niBiit wactunipiBHsIHHA (3) — MiHiliHa QyHKLIA
Bix fB,, a B mpaBiif — norapudmiyHa. OCKUIbKH
PIBHSHHA TaKoro BHUAY HE MOXHa pO3B’sI3aTH 3
JONIOMOT010 anredpaidyHuX omepauid, TO 3HaueHHs
[, MOXHa 3HAWTU OJHUM i3 HAOJIMKEHUX METO.IB,
Hanpukiag, MeronoM HeioToHa.

Teopernune miarpynrsi: merox HetoTtona

Meronom HploToHa 3HaXOIKEHHS KOPEHIB
HeNiHIMHUX piBHIHD BUIIALY f(x) =0 Ha3uBaeTbCs

iTepaTtuBHa nporenypa [8- 9]:

ok f(xk)
JACON

npuiomy f '(xk ) #0, a pynkis f mae moximHy.
OcHOoBHI  TpyaHomi  Merony  HpioToHa
BHHUKAIOTh  TOMi, KOIHM  II0YaTKOBA  TOYKa
HEIOCTaTHRO OJW3bKa JO0 NIYKAHOTO KOPCHs, a
TAaKOX TIPU JOCHTH MalnuxX 3HaueHHsX f'(x*), Tomi
METOJ] MOXKe po3idTucs. KpiM Toro, 1o HeHOmiKiB
METOY HrioTona BITHOCATH HEOOX1AHICTb
OOYMCIICHHS TIOXiHOI Ha KOXHIA irepamii. Y
MPaKTUYHUX 33/1a4ax 1€ BUKIIUKAE 3HAYHI TPYAHOIII.
ToMy Ha mNpakTUIli YacTO BUKOPUCTOBYIOTh
Moauikanii Meromy, 30KpeMa MeETox XHOHOTO
npumnyieHHs [8, c. 180 - 188; 9, c. 114 -116]:

oyt | LOZSED 1 oy o

X=X

Je X - Aeska ikcoBaHa TOYKA, 1 METOJ] CIYHUX:

N f(xkfl)_f(xk) 71f(xk)’k=0’ ...

k-1 k
X - X

Ha >xanb, Meron ciyHMX Hepigko po3diraerncs
[9, c. 115-116] uepes cmiBmaminus 3Hakis f(x*) i

f(x*'), a anma meromy xmbHOro mpuITyIIEHHS
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OOMEXEHICTh 1 30DKHICTH IOCIIZOBHOCTI OLIIHOK
IIYKaHOTO KOpeHs 3abe3redeHi. Ane Ii rapastii
JOCSTAlOTHCS LIHOIO BTPATH IIBUAKOAII — 30DKHITH
METOAy XHOHOI0 IPUMYIIECHHS JIiHIHHA.

AJroputm 3HAXO/ZKeHH S KoedimienTa
€JIACTHYHOCTI PH BUTPAaTax mpani
Bxinni nani:

Il ,- MakcuManbHAa YHUCEIBbHICTh 3aWHATHX Y
cepi BUpOOHUIITRA,

W, , - 3apobiTHa miaTta 3a MOBHOI 3alHATOCTI,

&, - KoedilieHT 3alHATOCTI,

N, - 3arajbHa YUCENBHICTh 3aHHATHX,

W, - 3apobiTHa naTa,

O, - KoeQIlieHT CTPYKTYpU BUTpAT,

O/ P, - nominasnbuuit BBIL

Eran I

Ho,zWo,z - Ho,z Wo,sz
———, B=lh————.
SN, O'F

Etan II (3actocyBanns merony Herotona)
Kpox 1. Bubpatm mnouatkoBe HaOIMKEHHS

B e(0;1).

Kpoxk 2. Bubpatu eps - moxubky o04nciieHb.

ITosHauutu 4=1In

Kpox 3. [Toknactu k=0.

Kpok 4. OOGuucnutu
ABF +InpF - B
k+1 _ k _ t t k
ﬂt ﬂt Aﬂ[k 41 ﬂt .
Kpoxk 5. SIxmo |8 — B)|> eps, To 36inpmmrn

k Ha 1 1 mepeliT 10 Kpoky 4, iHakuie mepeiTn a0
KpOKY 0.

k+1

Kpok 6. [Ipucsoiru B, = f3,

Buxinni mganmi  aaropurmy: KoeQiIlieHT
€IaCTUYHOCTI IPH BUTpaTax mpaui f3, .
11, W 11
3ayBakeHHs: In 00 > n—% 50 g
§[NIVVI §[N[

0a30BOro mepiony, TOMY pO3B'A30K IiCHYe 1 BiH
€ IUHUIL.
Pe3yabTaTn 3acTOCYBaHHA AJITOPUTMY
EmmipyuHuMy 1aHUMU U PO3paxyHKIB CTaH
nani Jep:kaBHOi ciyk0u cratuctuku Ykpainu [10],
ane 3ayBayKMMO, IO Uil po3paxyHKiB 3a 2011 —
2015 pp. BuUKOpHUCTaHO JaHi 0€3 ypaxyBaHHS
TUMYacoBO OKynoBaHoi Teputopii AP Kpum,
M. CeBacTomnoisi Ta YaCTHHH 30HU TPOBEACHHS
AHTUTEPOPHUCTUYHOI OTepariii.
BukopucroBytoun nomaHuii anroput™ (rpagiune
npenacraBiieHHs oro 3actocyBanns ana 2000, 2014
ta 2015 pokiB mogaHo Ha puc. 1), oTpEMaeMo Taxi
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3HaueHHs f3, (puc.2) mna nmepiomy 2000 — 2015
pokiB (tabm. 1).

KoedidieHT enacTUYHOCTI NpW BUTPAaTaxX Npaui:
2000, 2014 Ta 2015 pp.

[-—z000 2014 8- 2015

u u t t t t t t t
0 2 4 [ 8 10 12 18 20

Puc. 1. JlemoHcTpanis 3acTOCyBaHHS ajIrOPUTMY

Pizke 3menmenns S, y 2011 p. (y nopiBHsHHI 3

nornepeaHiMm pokom) Ta y 2014 - 2015 pp. MoxHa
MOSICHUTH BUKOPHUCTAHHSAM CTaTUCTUYHHX JaHUX Oe3
ypaxyBaHHS THMYacOBO OKYIMoBaHOi TepuTopii AP
Kpum, ™. CeBacromonst Ta  YacTWHHH  30HHU
MPOBENICHHS aHTHTEPOPUCTUIHOI OTeparii.

KoedilieHT enacTUYHOCTI NpH BUTRAaTaX Npaui
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Tabmuus 1
3nauenHs f3, ans 2000 — 2015 pokis

Pix | 2000 |2001 |2002 |2003

B, 0,104 | 0,105 | 0,114 | 0,116
Pik | 2004 | 2005 2006 | 2007
B, 0,105 | 0,112 | 0,119 | 0,127
Pik 2008 | 2009 | 2010 | 2011
B, 0,134 | 0,163 | 0,197 | 0,165
Pik 2012 | 2013 | 2014 | 2015
B, 0,178 | 0,183 | 0,168 | 0,141

Sk 3ayBaxeHo y [2, c. 74 Ta c. 44], onTumanbHe
3Ha4YeHHs! Koe(ilieHTa eIacTHYHOCTI MPHU BUTpAaTax
mpami 3TiAHO 13 MPHHLHUIOM '"30JI0TOTO HepeTuHy"
cxinagae (0,382, a oTpuMmaHi 3HaueHHs [3, CBiqUaTh
Ipo HasBHICTH "TIHBOBOI" CKJIAZOBOi 3apoOiTHOI
TUTaTH.

0,24
0,22

[ [ R

»0104 +0105 #0114 *0116
»0134 +0163 +0197 *0,165

»0105 #0112 #0119 »0127
»0175 #0153 *0165 +»01441

Puc. 2. KoeditieHT enacTU4HOCTI
npu BUTparax mpaui 3a 2000 — 2015 pp.

BucHoBkn
VY craTTi 3apoNOHOBAHO Ta OMHCAHO AJTOPUTM
3HAXOMKEHHSI  KoedillieHTa eJacTHYHOCTI  MpHU

BUTpaTax mpaui ais BupodoHnvoi ¢ynkuii Ko6ba —

Hyrnaca y ¢opmi TinOeprena, skuii IpyHTYEThCS Ha
BUKOpUCTaHHI ~ Merony  HproroHa. [Togano
pe3yNbTaTH po3paxyHKiB 3a anroputMom aist 2000 —
2015 pp. Ta mpoBeAcHO iX aHali3. EmmipuuHuMEH
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JaHUMH JUIsl OO4YUCIeHb cTanu JaHi JlepxaBHOL
CITy>)KOM CTaTUCTUKHU Y KpaiHu.

3HaiileHl TaKuM YHHOM KOe(Iil[i€eHTH eJac-
TUYHOCTI MPU BUTpATaX Npaili MOXKHA BUKOPUCTATH,
30KpeMa, JUIs  OIlIHIOBaHHS  3HAYeHb  TEMITY
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TEXHIYHOTO TMPOTrpecy YW CYKYHOHOi (akTOpHOT
MPONYKTHBHOCTI, a TaKoX Ui 3HAXOIKECHHS
MPOTHO3HUX 3HAYEHb OCHOBHHUX MAKpPOEKOHOMIYHHX
MOKa3HHUKIB €KOHOMIKH Y KpaiHH.

References

1. COBB, C. W. and DOUGLAS, P. H. (1928)
A Theory of Production. American Economic
Review. 18 (Supplement). p. 139-165.

2. . KHARAZISHVILI, Yu. M. (2007) Teo-
retychni  osnovy  systemnoho  modeliuvannia
sotsialno-ekonomichnoho rozvytky Ukrainy:
Monohr. Kyiv: PolihrafKonsaltynh.

3. DONCHENKO, V.S. and NAZARAGA,
.M. (2010) Prohramne zabezpechennia dlia
prohnozuvannia osnovnykh makroekonomichnykh
pokaznykiv ekonomiky Ukrainy. Visnyk KNU imeni
Tarasa Shevchenka. Seriia: fiz.-mat. nauky, no. 4,
pp. 118-123.

4. SKRYPNYCHENKO, M. (2004) Sektoralni ta

mizhkrainni modeli ekonomichnoho rozvytky.

Kyiv: Feniks.

5. HRABOVETSKY], B. Ye. (2006)
Vyrobnychi fynktsii: teoriia, pobydova,
vykorystannia v ypravlinni  vyrobnytstvom:
Monohrafiia. Vinnytsia: UNIVERSUM-Vinnytsia.

6. SHYMSKA, S.S. (2007) Vyrobnycha
fynktsiia v ekonomichnomy analizi: teoriia ta
praktyka vykorystannia Ekonomika i

prohnozyvannia, no. 2, pp. 138 — 153,

7. LIASHENKO, I.M. and HRYHORKIYV,
V. S. (1998) Do vdoskonalennia metodiv pobydovy
vyrobnychyx fynktsii. Ekonomika Ukrainy, no. 10,
pp-83-85.

8. ORTEGA, DZH. and REYNBOLDT, V.
(1975) Iteratsionnye metody resheniya nelineynyh
sistem uravneniy so mnogimi neizvestnymi.
Moskow: Mir.

9. GILL, F. and MYURREY, U. and RAYT,
M. (1985) Prakticheckaya optimizatsiya. Moskow:
Mir.

10. Official web-site of the State Statistics Ser-
vice of Ukraine [Electronic resource] - Mode of
access: http://www.ukrstat.gov.ua. - Title from the
screen.

Hapiitina o penxonerii 12.09.16

129



Bulletin of Taras Shevchenko
National University of Kyiv
Series Physics & Mathematics

Bicnux Kuiscokoeo nayionanvrozo yHisepcumenty
imeni Tapaca Llleguenxa
Cepia ¢izuxo-mamemamuyni HayKu

2016,2

YK 517.5

€.B. Copoka, crynenrka,
b.B. Py6awoB, a.¢.-M.H., pod.

Y.V. Soroka, student,
B.V. Rublyov, PhD, prof.

Extinction threshold of a population
in spatial and stochastic model

IHopir BUMMpPaHHA MOMYJIALIT
y IPOCTOPOBIii CTOXaCTHYHIH MoaeJIi

Taras Shevchenko National University of Kyiv,
64/13, Volodymyrska Street, City of Kyiv, Ukraine,
01601

e-mail: eugenia.soroka@gmail.com

KuiBcpkuit HamioHanpHMH yHiBepcuteT iMeHi Tapaca
[lleBuenka, Yxkpaina, 01601, wmicro Kwuis, By
Bonogumupcrka, 64/13

e-mail: eugenia.soroka@gmail.com

Y npayi docniooiceno npocmoposy cmoxacmuuny 102iCMutHy MOOeib OUHAMIKU NONYIAYIT Ne6HO20 6U0Y.
Hocniosxceno KpumuuHi 3HQUEHHS NApPAMempy CMepmHOCmI IHOUBIOYYMI6 | 3HANOeHO Nnopie 6UMUPAHHSA
nonynayii 3a 00NOMO02010 AHALTMUYHUX Memo0i6 | NPosedeH s cumynayiu ounamixu nonynayii. Ilopienano
AHATIMUYHI AGNPOKCUMAYIT NOPOSY BUMUPAHHS NONYIAYIL 3 pe3yIbmamamu CUMYIAYIU, Ha 0a3i OMpUMAaHux
Oauux 3HAUOeHi KPUMUYHi 3HAYEHHS NApAMempie CMepmHOCmi, Npu NepesulyeHHi AKux 6i00yeacmuvcs
SHUICEHHSL 2YyCIMOmu NONYAYIL 3 NOOATbUWUM IT GUMUPAHHAM. J{OCTIONCEHO NOBEOTHKY KPDUMUYHO20 3HAYEHHS
(nopoey eumuparis) ax QyHxyii 6i0 napamempie mMooeni, 30Kpema, 6i0 NPOCmopo8o20 MAcumaody QyHKyit
KOHKYpeHyii midc inousioyymamu ma ixwvoi oucnepcii. Ilepegipeno cinomesy npo anpokcumayilo nopozy
BUMUPANHS AHATIMUYHO | 3HALOEHO QYHKYIOHATLHY (POPMY 3A1€IHCHOCT KPUMUYHO2O 3HAYEHHS napamempy
cmepmHoCcmi 8I0 napamempie Mooeii, 015 sKoi OICHA AHATITMUYHA ANPOKCUMAYisL.

Knwuogi cnosa. npocmoposa cmoxacmuuna JNOICMUYHA MOO€Ib, NOpie SUMUPAHHA, NPOCMOPOSI
KYMYJIAHMU, 30YPI08aHe po3UUpents, Mooelb cepeoHbo2o NoJii.

In this study, spatial stochastic and logistic model (SSLM) describing dynamics of a population of a
certain species was analysed. The behaviour of the extinction threshold as a function of model parameters was
studied. More specifically, we studied how the critical values for the model parameters that separate the cases
of extinction and persistence depend on the spatial scales of the competition and dispersal kernels.

We compared the simulations and analytical results to examine if and how the mathematical
approximations break down at the vicinity of the extinction threshold, and found a functional form of the naive
approximation for which higher-order term of analytical approximation converges.

Keywords: spatial and stochastic logistic model, extinction threshold, spatial cumulants, perturbation
expansion, mean-field model.

Crartio npeacraBuB 1.¢.-M.H., mpodecop Xycainos [I.5.

Introduction

One of the most fundamental questions in
population biology concerns the persistence of
species and populations, or conversely their risk of
extinction. Theoretical ecologists have long sought to
understand how the persistence of populations
depends on biotic and abiotic factors. Extinction risk
is influenced by a myriad of factors, including
interaction between species traits and various
stochastic processes leading to fluctuations and
declines in population size [1].

The term extinction threshold refers to a critical
value of some attribute, such as the amount of habitat
in the landscape, below which a population, a
metapopulation or species does not persist [2]. To

© €.B. Copoka, b.B. PyomsoB, 2016

calculate the extinction threshold, a model is required
that links the relevant properties of the landscape to
the dynamics of the species.

Mathematical ~and  statistical  modelling
approaches provide a powerful tool for developing
general theory and synthesizing the results of
individual empirical case studies by placing them into
the context of theory [3]. In particular, several
modelling approaches have been developed to
understand the ecological and evolutionary phenome
related to extinction. In general, mathematical
frameworks for dynamical systems can be classified
depending on such parameters as type of a variable
(discrete or continuous), space (accounted for in the
model or not, or discrete or continuous), time (discrete
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or continuous) and stochasticity (accounted for or
not).

In this study stochastic and spatial logistic model
(SSLM) is used, and it is described as follows.

Individual-based stochastic and spatial model

Individual-based stochastic and spatial models
form the most realistic family of population models,
but at the same time they also are the most difficult
family of models for mathematical analyses. In such
models movements and interactions can be of
localized nature, and demographic stochasticity is not
averaged out.

Many individual-based models are defined with
discrete spatial structure, e.g. a regular grid. Such
models are also known as “interacting particle
systems” or “stochastic cellular automata”. Here we
however focus on individual-based models
formulated in continuous space and time. In
particular, the spatial and stochastic logistic model is
a spatio-temporal point process, the Lagrangian
(individual-based) description of which is as follows:

Sedentary individuals produce propagules at a per
capita fecundity rate f (by “rate” we mean probability
per time unit, so that in a continuous-time model, the
probability of a propagule being produced by a
particular individual during a short time dt is fdt). A
newly  produced propagule is  distributed
(instantaneously) according to a dispersal kernel, and
it is assumed to establish (instantaneously) as a new-
born individual, which matures (instantaneously) and
starts to produce propagules. Existing individuals may
die for two reasons. Firstly, there is a constant
background per capita mortality rate m, yielding an

exponentially distributed lifetime with mean e

m
Secondly, mortality has a density-dependent
component (self-thinning), so that competition among
the individuals may also lead to death. The density-
dependent component of the death rate of a focal
individual is a sum of contributions from all the other
individuals within the entire R<, but the strength of
the competitive effect decreases with distance [4].
Next let us define SSLM mathematically. For this
we consider the space of locally finite configurations:
I'={ycR*| lynA| <o,
for any bounded A ¢ R4}
where d is the dimension of the space.
We use a probability measure u; (or u(t)) onT to
describe the state of the system at time t. Informally,
the measure p; describes how likely the system is to
be in a given configuration at time ¢, given that it
starts from an initial state described by the measure p,
at time 0. We define the SSLM by describing how

(1.1)

individual events modify an observable F. More
precisely, the evolution of states is defined through
the differential equation

d

7 \Fou(@®) = (LF, p(®)), (1.2)
where L is a linear operator acting on observables, i.e.,
functions on T [4]. Here (F, u(t)) is a pairing between
an observable and a measure, defined by

(F,u(0)): = fr FOdu@).  (13)

As for the evolution of states associated with
SSLM, this model can be mathematically defined
through the linear operator L with

LF)() =
Z m + Z a(x—y) | [F\©) — FO)] +

xey yen\x
+Zyey fRd a+(x - Y)[F(y u x) - F(]/)] dx (1'4’)

where F is arbitrary observable; m is the density-
independent death rate of individual in location x;
a”(x —y) is a kernel describing the mortality rate
imposed by an individual located at y to individual
located in x; the reproduction kernel a*(x —y)
indicates the rate (per unit area) at which new-born
individuals are created at location x by a parent
located at y. In this model per capita fecundity rate f
is incorporated in the reproduction kernel a™, i.e. f =

Jpa a* (x)dxx [4].

Aim of the work

The aim of this work is to analyse the behaviour
of the extinction threshold in the spatial stochastic and
logistic model. Recent mathematical developments
enable one to study the dynamics of this model using
a mathematically rigorous approximation, namely a
perturbation expansion around the mean-field model
(for details, see below). However, the perturbation
expansion may break down at the vicinity of the
extinction threshold, and thus there is yet no
mathematical theory that could be used to understand
the dynamics of population extinction and the
behaviour of the extinction threshold as a function of
model parameters. The aim of this work is to examine
these questions with the help of simulations.

More specifically, we aim to study how the
critical values for the model parameters that separate
the cases of extinction and persistence depend on the
spatial scales of the competition and dispersal kernels.
A further aim is to compare the simulations to
analytical results to examine if and how the
mathematical approximations break down at the

131



Bulletin of Taras Shevchenko
National University of Kyiv
Series Physics & Mathematics

Bicnux Kuiscokoeo nayionanvrozo yHisepcumenty
imeni Tapaca Llleguenxa
Cepia ¢izuxo-mamemamuyni HayKu

2016,2

vicinity of the extinction threshold. We formulate the
results as a mathematically formulated conjecture,
which we hope will inspire future mathematical work,
that may eventually lead to its confirmation or
rejection.

We start by reviewing some relevant theoretical
results that have been published earlier. We then
present the methods used in this work, then the results
obtained, and finally the conclusions of this work.

Review of previously published theory
Spatial moments and cumulants

While the operator L (together with initial
measure u, — the probability distribution for the initial
distribution of individuals in the domain) defines the
model, as such it yields no statistical information on
how the population behaves. To analyse the model
behaviour, we turn to the time-evolution of spatial
moments and spatial cumulants, which translate the
Lagrangian (individual-based) model definition into
an Eulerian (population-based) framework.

The nt* order spatial moment is denoted by the
function k™ (x;,x,, ..., x,). It is assumed to be
symmetric, and the spatial moments of all orders n =
0,1, ... are collected into the family k = {k™}, with
k(0) = 1. The vector k of all spatial moments is a
sufficient description of the state of the system, i.e., it
includes the same statistical information as the

The first order spatial moment describes expected
population density, while the second and higher
orders describe the degree of clustering in the spatial
distribution of individuals [4]. In the case of Poisson
measure (i.e., complete spatial randomness), the
spatial moment function of any ordern is simply
given by the product

kM = (xq, %5, .., xp) = Hk(l)(x) (2.1)

Spatial cumulants can be deflned as [4]

1 =0,
u®(x) = kW (), (2.2)
u(z)(xl,xz) = k(z)(xl,xz) - u(l)(x1)u(1) (x2)
and, foranyn, In| =n = 2,
N1U..Uns=7
§22,1;#0
fori=1,..,s
) = kM 1
W = kP = Y ) -0y,

Thus, as in the non-spatial case, the cumulant of
order n is obtained from the moment of order n by
subtracting all combinations of lower order
cumulants.

The dynamical equation for the first spatial
cumulant (population density) for SSLM reads

- | @ - o0ay
+] a0

—u® ) f a (- P ) dy, (2.4

where the last term in the right-hand side is the non-
linear component.

As for the spatial moment equations, spatial
cumulants form an infinite hierarchy that can not be
solved exactly. However, unlike spatial moments,
spatial cumulants of higher orders can be expected to
be small in the sense that they tend to zero as the
distance between any two points in the definition
tends to infinity.

Next we discuss a perturbative approach that
utilizes this property of the cumulants.

Analytical approximations of spatial cumulants

For approximation of first and second order
spatial cumulants at the equilibrium, we use the scaled
version of the model, where the scaling parameter ¢ is
an arbitrary positive number (¢ > 0). As in the case
for the SSLM, operator L may include functions
(kernels) which describe pair interactions between the
elements of the system. For example, in case of the
SSLM, two such kernels are involved, namely a~
(competition / density-dependent mortality) and a*
(reproduction and dispersal). For any such kernel
a:R* - R,:=[0,+), a € L}(R?), we define a
scaled version a, by setting

a.(x):= e%a(ex), x € R%, (2.5)

Then, as € — 0, the kernel becomes increasingly
flat and long-ranged, while its integral remains
constant, i.e.

f a; (x)dx = f a(x)dx
R4 R4

independently of € > 0. For a given model defined by
an operator L, we define a scaled model by replacing
the operator L by L., meaning that all the kernels of L
are rescaled according to Eq. 2.6.

As & — 0 a so-called mean-field (or mesoscopic)
limit can be obtained, which generally refers to a
situation in which the law of mass action holds, i.e. it
assumes that individuals are (at least locally) well-
mixed in the sense that the probability of interaction
of a randomly chosen individual with any other
individual from the same population does not depend
on the individual chosen [4]. The limit € >0
corresponds to one such particular limit, which we
call that of long-ranged interactions. In case of the
SSLM model, one may develop a perturbation

(2.6)
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expansion for the dynamical equations of the first and
second order spatial cumulants as

u(t,x) = q(t, x) + e%p(t, x) + 0(&*), (2.7)

ugz)(t, x,y) =&e%g(t,x,y) +0(e2%). (2.8)
The dynamics of g, p and g can be explicitly
written down as a function of the model parameters
[4] as follows.
Population density g satisfies the differential
equation

d
%Q(t' x) =-—-mq(t,x)

—q(t, %) fRda- -yt dy+  (29)

+f a* (x —y)q(t,y)dy.
]Rd

The usual non-spatial logistic model is obtained
by further assuming translational invariance, i.e. that
the initial condition is independent of spatial location.
In this case, the functions g and p become
independent of the location x, and the function g
depends only on the distance between x and y
(denoted by r =|x —y|). Then the mean-field
population density evolves as

d
2710 = A" —m)q(t) —A7q(®)*, (210)
where A* = [ a* (x)dx and A” = [,a” (x)dx
denote the integrals of the reproduction and mortality
kernels, respectively.
For functions p(t) and g(t,r) it holds:

d

d—‘iz2,_q*a++2qa+ —-2mg—2gx*a”
—2qA g —2q°a, (2.11)

© _ ., i

2 = AP —mp®) —247q(Op(t)

—f a - (x)g(x)dx, (2.12)
R4

where * denotes convolution. The convergence of the
SSLM to the mean-field has been rigorously proved
earlier in [5]. [4] shows that the first order correction
term (the coefficient of £4) is non-zero only on the
space of one- and two-point configurations (denoted
by p(t) and g(¢t,r), respectively). Thus, for large but
finite interactions, the two-point spatial cumulant
dominates the spatial pattern, the higher order
cumulants being less important.

As time parameter t tends to infinity, the
dynamics of the system and hence also u(¥(t) and
u®@)(t,r) can be expected tend to a stationary state,
which we denote by

uW* = Jim uW (1), (2.13)
u®@*(r) = Jim u@(t, 7). (2.14)
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Let us define by ¢*, g* and p* the corresponding
values of q(t), g(t,r) and p(t) at the equilibrium to
which the dynamics can be expected to converge as
t —» oo, These can be solved explicitly from the
dynamical equations given above, i.e.

LAm 2.15
q - , A_ 1] ( . )
. q“a —qra*
= 2.16
b = —a—qga -m (216)
| e (0g(0dx
P =y —m—2aq
a” (x)g(x)dx
- _ fRd g ’ (217)

At —m
where f denotes Fourrier transform of function f.

Method Section
Analytical methods

In this study the behaviour of the critical value
m. (&) for the persistence of population as a function
of ¢ is being investigated. If we simply ignore the
error term in Eq. 2.7, m.(e) can be obtained by
solving the equation

q*+e4p* =0, (3.1

where g* and p* are the values of q(t) and p(t)
at the equilibrium, which depend on mortality rate m
(by definition). Let us call such m.(¢) a “naive
approximation”, and it can be written down explicitly
as

mq(e) = At — e%\/A‘f a=(x)g(x)dx. (3.2)
R4

The naive approximation (given by Eq. 3.2)
defines a critical value m.(e), such that the
persistence criteria is m, < m.(¢), i.e. as my =
m. (&) population goes extinct.

The reason why the naive approximation may not
hold is the following. Let us write the perturbation
expansion (see Eq. 2.7) as

uM* = g* + " + C(m)e? + 0(e3%). (3.3)

While the constant C(m) is finite for any fixed
m, it may diverge as C(m) — oo when the parameter
m approaches the extinction threshold determined by
the mean-field model, i.e. when m —» m_.(0) = A*. If
and how this happens can make the naive
approximation invalid. Another reason why the naive
approximation may not hold is the presence of the
higher order terms included in 0(g3%), as their
coefficients may also diverge as m — m.(0).

To simplify, we ignore here the higher order
terms, and thus assume

u®* = g* + £%p* + C(m)e?4. (3.4)
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To explore how fast C (m) can diverge so that the
naive approximation is still valid, we assume that

C(m)=0(A" —m)7¥, (3.5)

where x > 0 so that the term diverges as m — A*. If

the naive approximation holds, at the vicinity of the

extinction threshold it holds that A* — m = 0(e%/2),

and thus the term e%p* behaves as 0(e%/2), whereas

2d—xE

the term C(m)e2¢ behaves as 0 (s z). The naive

approximation is expected to hold if the latter term
decreases faster than the former term, and thus if 2d —

x% > %- This equation holds if x < 3. In other words,

if x <3, the naive approximation is expected to
describe the leading behaviour of m.(¢) for small ¢.
We however note that this reasoning ignores the
higher order terms in the perturbation expansion.

The above considerations motivate us to conduct
simulations to find out about the behaviour of m.(¢)
for small &, and the behaviour of C(m) near the
extinction threshold.

But first let us define three errors useful for
studying and understanding the differences between

analytical and simulated results, and also for
obtaining formula for m.(¢):

e, = —p*e?, (3.8)

e, = (ugl)* —q*), (3.9

es = —(ulY" — (¢"+pe?)). (3.10)

According to the theory reviewed above, error e,
should behave for small epsilon as e; and thus as
0(e%), whereas error e; should behave as 0(e%%)
because u(M* =q* + e%p* + 0(e??) (see Eq. 2.7
and Eqg. 3.3).

Numerical methods

As noted above, the perturbation expansion may
break down close to the extinction threshold, and thus
there is yet no mathematical theory that could be used
to understand the dynamics of population extinction
and the behaviour of the extinction threshold as a
function of model parameters.

In order to approach this problem, we
approximate first and second order spatial cumulants
at the equilibrium by simulating the dynamics of the
population defined by SSLM.

We define the model with the following
parameters:

1. Density independent birth kernel a* (x) is as
a tophat kernel with parameters integral and radius

(A%, %), where A* = 2.

2. Death by competition kernel a=(x) is also
defined as a tophat kernel with parameters (A~, i),
where A~ = 1.

2016,2

3. Mortality (density independent death) rate m
is a constant which takes values from the set
{0.5,0.6,0.7, ...,1.7,1.8}.

We conduct simulations for the perturbation

parameter & covering the range ¢€€({1,
111 1 1 1

2981632 64"

Population dynamics are simulated on a torus
domain of size U x U during time T, where as a
starting point (U,T) = (128,128). We then
sequentially increase either the final time of the
simulation T or the domain size U x U by fourfold,
continuing until the inferred qualitative behaviour of
the extinction threshold does not change anymore,
and also its quantitative behaviour remains essentially
unchanged.

For approximating u®* and u®*(r) by
simulations, we define u(l) which denotes the mean
density obtained by 3|mulat|ng the dynamics in a

domain of size U x U until final time T, and u(z) 7(1)

analogously, i.e. it denotes the second order cumulant
for a population in U x U domain until final time T.

We also define u§,1;* as a limit of mean density

obtained by simulations in a domain of size U X U
until time T, calculated discarding the first half T /2
of time of the simulation and averaging the recorded

density over the rest of time. Analogously, u(z) ()
denotes the second order cumulant for a populatlon in
U x U domain until final time T, discarding the first
half of time, and averaging the values over the rest of
time.

However, we note that approximating u(* and
u@*(r) by simulating the system is not trivial. This
is because for a fixed domain size U the population
always goes extinct for T — co. Conversely, for a
finite final time T some individuals are always
predicted to remain in the population for U — oo.
Predicting the extinction threshold

To develop our approach for studying the
extinction threshold from simulations, let us return to
the naive approximation. In this case the critical value
of m.(€) can be solved from Eq. 3.1, or

uMA(m): = q*(m) + €% (m) =0, (3.11)

where the behaviour of both g* and p* is

analytically known (see above), and the superscript A

in u(l) refers to the fact that u( ) s the analytical
approximation of u{".

Now, let us pretend that we would not know the
behaviour of p* as a function of m, only that of the
mean-field model g*(m), but that we would know the
values of u(l)A*(m) for a collection of values of m
and . As we defined the error e, as —p*e4 (Eq. 3.8),
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it holds that e; = q*(m) —u,; """ (m). Considering I —fm)-e24=0. (3.18)

these as data, we may fit a statistical model, and thus
infer the behaviour of e; as a function of m and ¢, and
consequently the behaviour of the extinction
threshold m.(g). We first develop this approach so
that it provides an accurate approximation of the naive
approximation. After that, we apply the same idea for
data based on the simulations.

Using Wolfram Mathematica, non-linear model
is fitted to both errors e; and e,. Knowing functional
forms for errors e; and e,, we can obtain critical value
for mortality m.(¢) by solving the equation for
population extinction at the equilibrium:

uM ~ q* + elp =0,

and thus predict the extinction threshold.

For error e; = —p*e? functional form e; =

R a+b-(A*-m)
f(m) - €4 is fitted, where f(m) = oo’
values of parameters a, b and c are estimated. In order
to conduct such model fitting, data for error e is log-
transformed, and on the right-hand side of the
equation Taylor series expansion of log, (f(m) - €%)
is used.

After model fitting we obtain functional form of
error e,, and therefore can calculate mortality m.(€)
by solving the equation:

ugl)* ~q —e =0;

, At—m
ul? %A—_—f(m)-ed=0.

(3.12)

and

(3.13)
(3.14)

Forerror e, = —(ul® — ¢*) (Eq. 3.9) first model
e, = f(m) - % is fitted, where f(m) = %
and values of parameters a,b and ¢ are estimated.
Then model e, = f(m) - % + g(m) - €24 is fitted,
g(m) = LHr@=m - ang

1+cr(At-m)’

a,b,c,a’,b’ and ¢’ are estimated. In the second case
model fits better, which displays that higher-order
term 24 is important for approximating e,. The same
procedure as with error e, is used. After model fitting
with the second functional form, we can calculate
m. (&) by solving the equation:

where values  of

. UM~ gt — e, = 0; (3.15)
AT —m
= (f(m) - e + g(m) - €24) = 0. (3.16)

Forerror e; = —(ul — (¢* + £%p*)) (Eq. 3.10)
model e; = f(m) - €2¢ is fitted, where f(m) =
a+b-(A*-m)
1+c(AT-m)
estimated. Then we calculate m.(¢) by solving the
equation:

uM* ~ q* + elp* — ey = 0;

, and values of parameters a, b and c are

(3.17)

£ ~ —

A

For errors e, and e; the mean values of the data
from the repeated simulations are used for model
fitting, incorporating weights L into non-linear

) error_2 )
model, where error is a deviation for each
measurement.

Results

To illustrate how results obtained by simulations
correspond to those obtained analytically, Fig. 1
shows the comparison of simulated and analytical
population dynamics for the first order (a) and second
order (b) spatial cumulants.

1.5

(@)

-

Population density q*
o
=

)
n
1

0 20 40 60 80 100
Time T of the simulation

0.015 L

120

0.010

0.005

2nd cumulant approximation by g(t,r)

2 4

Distance r between a pair of points

Fig. 1 — Population density (a) and 2" spatial
cumulant (b) for the simulation with domain size U =
256, time of the simulation T = 128, mortality rate

m = 0.8 and scaling parameter € = %. In (a) analytical

solution is shown in red and results of the simulation
in green. In (b) analytical solution is the blue curve
and results of the simulation are denoted by black
dots.

Simulations enabled us to obtain necessary data
on the dynamics of a population and conduct further
analysis required for predicting the extinction
threshold.

After fitting a functional model to the data from
errors e, e, and e; we obtained estimated critical
values of mortality rate m.(¢) (Fig. 2).
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1.0- Conclusions
In this study spatial stochastic and logistic model
® (SSLM) describing dynamics of a population of a
= certain species was analysed. Specific cases of SSLM
'z with various model parameters were studied and the
2 0.5- correspo_ndlng population dynamics were simulated
g and obtained data was analysed.
b= The behaviour of the extinction threshold as a
E_ function of model parameters was studied. More
£ specifically, we studied how the critical values for the
model parameters that separate the cases of extinction
0.0 and persistence depend on the spatial scales of the

1.2 1.5
Mortality rate m
Fig. 2 — Population density: analytical in the mean-
field model (red), numerical as € =% (green) and
simulated: (U, T) = (128,128) (black), (U,T) =
(128,512) (blue), (U, T) = (256,128) (magenta).
Predicted values m.(¢) are listed as follows:

(U, T) MF toerror | m¢(e) | Denoted by
e 1.7804
(128,128) 1.6890 .
(128,512) e, 1.6876 -
(256,128) 1.6914 -
(128,128) 1.7011 A
(128,512) es 1.7174 A
(256,128) 1.7253 A

(MF stands for model fitting.)
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18 competition and dispersal kernels defined in the
model.

We compared the simulations and analytical

results to examine if and how the mathematical
approximations break down at the vicinity of the
extinction threshold, and found a functional form of
the naive approximation for which higher-order term
of analytical approximation converges,
functional
approximation of spatial cumulants holds.

i.e. the

form for which the mathematical

Further work should enable us to formulate the

results as a mathematically formulated conjecture
about the dependence of the extinction threshold on
model parameters. We hope that such conjecture will
awaken interest in the minds of mathematicians which
would eventually lead to its rigorous mathematical
confirmation or rejection.
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Y cmammi posersoacmovcs maproscvka mMoodens 080KAHANLHOI cucmemu 3 NOSMOPHUMU SUKIUKAMU A
3MIHHOI0 [HMEHCUBHICMIO BXIOHO20 NOMOKY 0e3 00MedceHb HA KilbKicmb 0dcepei NOGMOPHUX BUKIUKIS,
Keposanoi nopozogor cmpameeziero. g makoi moodeni 3’1C08aHO YMOSU ICHYBAHHA CMAYIOHAPHO20
peotcumy. Tooanvwuii ananiz 6a3yemvcs HA anpoxcuMayii 8UXIOHOI cucmemu CUCmemoI0 3 0OMeNCEeHOI0
KLIbKICMIO NOBMOPHUX BUKIUKIG, ONsl AKOI 3HAUOeHi A6HI opmynu O0asi CMAYIOHAPHUX IMOGIpHOCHEU.
Ompumano wWeUOKicmb  30iJCHOCMI  CMAYIOHAPHO20 PO3NOOINY CKIHYEeHHOI cucmemu 3 HOBMOPHUMU
BUKTUKAMU 00 CTHAYIOHAPHO20 PO3NOOINY HECKIHYEeHHOI cucmeM.

Kurouosi cnosa: cmoxacmuuna cucmema, NOSBMOPHI GUKIUKU, NOPO206A CMpamecis, CMAYiOHAPHUU
pedrcum, WUOKICb 30I4CHOCHI.

The paper is focused on in-depth study of the promising area of the stochastic systems theory related with
scrutiny of queueing systems with repeated calls. We research Markov's models of retrial systems and
variable rate of input flow controlled by threshold strategy with no restriction on the capacity of the orbit.
We defined stationary regime existence conditions and investigated probability characteristics of process for
two-dimension Markov process with continuous time which we took as a main model of the specified system.
In stationary regime for probability characteristics of the service process were found explicit formulas.
Research methods which we used are based on the initial process approximation by the process with
bounded state space. Results of the research allow us to evaluate convergence rates of stationary
distribution of finite systems with repeated calls to stationary distribution of infinite systems. Method of
probability flow equating is used for obtain explicit expressions for stationary system probabilities through
the closed path which are defined in a special way. We considered model for two service devices, which are
controlled by threshold strategies.

Key Words: queue, repeated calls, threshold strategies, stationary regime, convergense rate.

CraTTiO IpeACTaBuUB 1. T. H., Ipod. 3acnaBcekuii B.A.

Teopis cucteM 3 TOBTOPHUMH BHKIHUKAMHU €
OIHUM 13 BaXXIMBUX pO3MiNIIB Teopii MacoBOTO
oOciyroByBaHHs. Taki CHCTEMH PO3IJISIHYTI B
MoHorpadisx [1], [2]. MaTtemaTnyHi MOJEINi CUCTEM
3 TIOBTOPHUMH BUKJIMKAMU HIUPOKO 3aCTOCOBYIOTHCS
Ha IpakTull (1uB., Harpukiaf [3], [4]).

Y panii  poOOTi pO3INIANAIOTBECS  CUCTEMH
00CITyrOBYBaHHS 3 TMOBTOPHHUMH BHKIUKAMH THITY
M,/M/2IN Ta M,/M/2/, B sKux

IHTCHCHUBHICTh BX1JIHOTO TIOTOKY A ; 3QICIKUTH BiJl j -

4yucia  JpKepeNl  TOBTOPHHMX — BUKIMKIB.  Yac
0OCITyroByBaHHS ~ BUMOTHM Ma€  IOKa3HHKOBHMH
PO3MOALT 3 MapamMeTpoM £ . SIKIIo NpuiIaan 3aiHATI,
BUMOTa CTa€ JKEpEeIOM IOBTOPHUX BHKIHUKIB 1
3HOBY MOBTOPIOE CIIPOOY OTPUMATH 00CITyrOByBaHHS
yepe3  BUMAAKOBHM  d9ac, PpO3MOAUICHWHA  3a
NOKa3HUKOBHM 3aKOHOM 3 IapameTpoMm V . Ilporec
KepyBaHHA pOOOTOI0 CHCTEM BH3HAYAETHCS Ha
OCHOBI TOpPOTOBHX CTpaTerid, sKi peami3yloTh
HACTYIHUI  QJrOPUTM  YNPaBIiHHSA  HPOLECOM

© L.A. Ycap, I.A. Makyienko,
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00CITyTOBYBaHHS: BBaKacMoO /Ij =/, AKIo ) N'v T+ /1 +(+DY) A/+1( N)
j=01l..H, i A =4, skmo j=H+l... H =y A,5!
MPEJICTaBJIIE COOOK TOpIT, TpHU TEpPeXoii uepes j=0,...N -1,
KA~ CTpUOKOM  3MIHIOETbCS  IHTEHCHBHICTB )

: P A ) i W _ Zox (Nv+2y)
BXIJTHOTO MOTOKY. 3MIHHUH XapakTep iHTEHCUBHOCTI B —
BXIIHOTO TIOTOKY B MOJEJSX TAKOTO THITY J03BOJISIE H

b . LR . . 2

PO3B’sI3yBaTH I HUX ONTHUMI3alliliHi 3a/adi. 2N Z 29 Ay + Nv)"+ Nv

Iporiec oOcnyroByBaHHS OyneMO MOJCITIOBATH N v 2 ’

JBOBUMIpPHUM MIPOIIECOM MapkoBa
Q(t) =(Ql (t),Q2 (t)) 3 HENEpPEepBHUM YacoM Yy
dazoBomy npocropi S ={0,1,2} x{0,1,..}, ne O, (£)
— YHCIO 3alHATHX TNpPWIAAIB Y MOMEHT dacy f,
0, (t) — YUCIIO JKepes HOBTOPHUX BUKIIHUKIB.

s moOynoBH pO3PaxyHKOBUX aQITOPUTMIB 1
SIBHUX (POPMYJ PO3TISAAETHCS CKIHUCHHA MOJEIh
MQ/ M /2/N, misa skoi cTamioHApHUN PO3MOILI

%) =}imP(Q1 (t)=i, Qz(t)zj) 3aBXK/IU ICHYE.

[lpu  BukoHauui  ymoBu  A/2u<l, ne

A=lmA, <o 1 N —> o0 crauioHapHi WMOBIPHOCTI
Jj—oo

N . . . . .

7™ naGmwkarore  Bignoeizmi  crauionapi

ij
WMOBIpHOCTI T; JUISL CUCTEMH M Q/ M/2/o.

Bigmitumo (amB. [1]), U0 3aBXKIM BHUKOHYETHCS
HEPIiBHICTb 7T <7
i =%y

B po06oTi OIHIOETBCS IIBHAKICTH 301KHOCTI

; ()
po3noziry T

CTaIliOHAPHOTO CUCTEMU
M 0 /M/2/N 1§10 BIANOBIAZHOTO PO3MIOALTY T
cucremu M, /M /2/00 3 IOBTOPHUMH BHKJIUKAMHU.

He mopymryroun 3aranmbHOCTI mokmagemo g =1.

ITo3naunmo
1+ p, + 4, +(k+1)v
AN =% oA +kv) +kv] ’
L, i=j,
/Ik /11{
e p,=——=— - 3aBaHTAXCHHS CHCTEMHU
2u 2

HNEPBUHHMMU BUKIMKaMH, KOIX yepra Q, (t) =k.

Teopema 1. Skmo /?,j>0,j=0,1,...,N, TO

CTalliOHAPHI HMOBIpHOCTI TUIS CHUCTEMU

M, /M /2/N MarThb BUTIAL
o NV 4,(N)

V) _
ﬂ-Oj Y j! ’
W NV + )4, (N)
T, . —72'
1 0N ]!

N A+ A+ jv)A (N
i —{H/l +Nv+ NIy A+4,+ma( )+
Jj=0 .]'

N1 N—) . 4
+N'EV A+ 4, +(]+1)V)A/H(N)+l((i +Nv)? +NV)

A ! AN

Jj=0 fi .

Teopema 2. Hexaii ms M,/ M /2/% - cucremn

BUKOHYEThCS  yMoBa A= hmﬂ, /2<1. Tomi
Jj—®©
cTarioHapHiI KMOBIpHOCTI OYAyTh MaTH BU
_& _4 MR,
Toj =17 U
jlv jlv

(44, G DR, pl(4;+ jv)' + V]

2j

A,jW I+ p,+ A, + G+’
e
I . . 0 .
R = z(1+/1i+ll-/)Ai(])+ z 1+{L+zv+
N e i Sh i A, @D

+/Z_1: (1 + //i’t+1 + (l + I)V)AH—I (.]) Z 1 + ﬂ’H—l + (l + 1)V
AW /11'VA(1+1)

Teopemn 1, 2 € HacmigKoM pe3ynbTariB podotu [5].

Tenmep  po3riiiHEMO  MBHUAKICTE  301KHOCTI
crauioHapHoro posmoniny cucremu M, /M /2/ N

JI0 BIATIOBITHOTO PO3MOALTY cuCcTeMH M 0 /M /2]

IpY YMOBI, 1110 BiH iCHYE.

Ockinbku
‘72'0_/ ir(gj) == R; —ﬂ(gN)N'V (1)
Jjlv
A+ jv
M| = (V)
|z, - ) R R R @)
1+ 4, +(+Dv
R N 7 a L SN V)] 6)
i)

TO HaM MOTPIOHO OITIHUTH MIBHUAKICTH 301KHOCTI
7N NWY A4, (N) no R, .

ITo3naunmo

B = i A+ +0)4,() ’Z]: I+ 4., +@+D4., ()

i prs A i

1
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> 1+ A4 +iv
i=j+1 l'!lej(l)

Z1+/11+1+(i+1)v

O =B +
Y AiV' A4, (i +]1)

=Jj

CkopucraemMoch HACTYITHOIO JIEMOIO
Jlema 1. Hexait y=1, 11m/1 /2<1. Tomi
Jj—o J

V2

lim |R, — 7§\ N v 4, (N)‘ (N=2)v" 4, (N)= o7 (4)
Jloseoenns.

L+ A +iv
-~ 7t
i=j+1 AJ.(Z)V l!
((4y +Nv)* + Nv) o
— .
NWYA4,(N) /

lim ® {
N—wo J

Nzl+/11+l+(i+1)v+l
A,G+1)'A, il 2

(ﬂ +Nv)’ + Nv
N'VNA (N)
m(/iN+NV)2+Nv:V2.
N(N -1)

(N=2) W4, (N)=

N—>oo

N—w

[Ipu N — o0 maemo

(N=2)w* 4, (V) Y

=N+ i!ViAj(i) -
x r, i1 2
=(N-2)1 ) 1+/1ifN’VH Pl +kv)” + kvl _
i=N+1 iwv' = N1+pk +ﬂ«k+1+(k+1)l/
1+ A +ivi=
S(N_z) Z WH/’]W:
i=N+1 .

(1 —1) 5 =

I+ A4 +iv

= (144, +v)N(N +1)-...

=(N=-2)1>]

i=N+1 i!

1 1+ A+iv
1 IS
T

N+1

2v 5 2vp 2vp
_ = at —= ——0.
T % ) D
AHaNOTI9HO MOKHA JIOBECTH, II0
. 1+ 4, i +1
hm(N—Z)!vNA.(N) Z M:
N / iy AWV A +1)
Tenep oTpumaemo
2
= NN A, (N)[-(N =2)v" 4, (N) > 2?92 .
j

Jlemy noBeneHo.
Beenemo nesiki no3nauenss. Hexait N, BuOpaHo

TaK, o supA=g,<1,a 1<y, <1l/q,. Hokragemo
J>Ny

](v)zinf{i>0

Vl

N . .
D,(N)=B,+ m(uﬁ}
‘ tSn 4;0vi! Ay

1
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Teopema 3. Hexaii y cucremi 3 NOBTOPHHMH

BUKIMKamMu  tany M, /M /2/0  BUKOHYIOTHCA
ymoBu jiemu 1. Tomi st Oyab-aKoro j
N m__ 1
}IILIOIO(N 2)'1/ A. (N) 72'0/ 72'0/ m, (5)
lim (N = 2)v" 4, ( AL
Nlﬂ( ) |4 ‘ﬂ-ll 7[1] 2 'V/ 2®2 2 ( )
I+4,,+(+1v

(M) _ j+1
ll\llf)l;lo(N 2) j+] (N) 7[2‘/' T | T 2/{1.]!‘/1-72®§ . (7)
1 g KoxHOTo (hikCoBaHOTO j Ta BCIX

N >max {Ny,I(v),j}+1 cnpaseanusi oLinku

N
(N=2)0" d; (N)|my, — 78| <
R, (Q2+Nv) +Nv L 2FvVD
Vv ID;(N,) 2N? vN  1-%4 |

<

1j

(V=2 d; (W), - =)

y R, (A, + jv) (2+ Nv)? +Nv

v/ jID(Ny) 2N?
X{1+2+v(1\7+1) 1 }
VN 1=74q,

<

(N =2)0" 4, (N)| ey, — 7))

(1 A+ G+ DY)

VA, ]' j+1

LR Ny +NV{1+ 24v(N+1) 1 }
D,(N,) 2N VN 1=,

Jlosedenns. Dopmyna (5) surutusae 3 (1) Ta (4),

dhopmyia (6) 3 (2) Ta (4), ®opmyna (7) 3 (3) Ta (4).

P+ )+ T
1+pl+/1 +(j+1v

J1st moBeneHHsT OTPUMAaHUX OIIHOK ITO3HAYNMO

1+ 4 +iv iv
=——|1+—|
A](Z)Vll' ﬂv,',]

Toni s Beix i > N, +1 maemo

@y A, +G@+Dv  pl(4 +iv) +iv]
a, v ((+D)A+4+ivi+p +4,,+(@+1v

y A+({+hv A

: <
A Ay +iv
(3 +i+DV)[4+5+iv+ @) ]2+ + l)v)
vt T
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BpaxoByroun Bu3HaueHHs [(Vv) 3 miei hopmyu

i

MaeMO <%0, i 2 1(v), 3B1aKH

1

a; < (7,9, YN ay g izmax[/(v),N,]+1.

3 11i€1 OL[IHKY BUILIMBAE, 1110

S 1+ A4 +iv iv > P Ay,
i_%er@*‘ZJSaNJrl;(VOQO) Z%:
_ A +(N+Dy [1+V(N+1)j 1
A;(N+ Dy (N +1)! A ) 1=%0

3 o3uauenns A, (N) maemo
() O D |

_ pyl(Ay +Nv)’ +Nv] y
I+ py + Ay +(N+1v
><1+/1N+1+(N+1)v /11\,+v(N+1)<
vN? Ay B
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2+ Nv)? + Nv]2+v(N +1))
B 2vN? '

Tenep orpumaemo

(N-2)v"4,(N)

R; =7y NIV a4, (W) <

_ R @+nvy +NV|:1+ 24v(N+D) 1 }
D;(N) 2N? vN 1- 704,
ans N >2max[1(v),N,, j]+1.
3 octanHBOi ormiHKK Ta hopmyn (5)-(7) BUIUTHBAE

TBEPIKCHHA TCOPEMU.

VY crarTi OTpUMaHO HOBI pe3yNbTaTH I Kiacy
JIBOKAHAIBHUX CHUCTEM 3 MOBTOPHUMH BHKJIUKAMHU 1
KEpOBAaHOIO IHTEHCHBHICTIO BXITHOTO ITOTOKY, SKi

PO3BUBAIOTh TEOPII0 CTOXAaCTHMYHHX CHUCTEM 3
NOBTOPHUMH  BUKJIMKAMH.  3HAWEHO  OIIHKY
MIBUAKOCTI 30DKHOCTI CTAIllOHAPHOTO PO3MOILTY

CKIHYEHHOI CHCTEMH 3 MOBTOPHUMH BUKJIHMKAMHU JI0
CTAIllOHAPHOTO PO3MOJTY HECKIHUCHHOI CHUCTEMH,
mo MoXe OyTH BUKOPUCTaHE TpU MMOOYAOBI
AJTOPUTMIB PO3PAXYHKY CTAlliOHAPHOTO PO3MOALTY.
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Hana poboma € npooosdceHHAM YUKTY pOOIM Npo OOCHIONCEHH HeMIHIHUX Mooenell nonyaayii 3
00HUM cmanum 3anisnenHam. Pozensoaemvca cucmema ougpepenyianoHux pieHAHb, WO ONUCYE OUHAMIKY
nonynayit. Bona mae euensio cucmemu 060X HENIHIUHUX OUDEPEHYIANbHUX DIGHSHL 3 OOHUM CINAIUM
sanisHennsam. Busnauaiomocs cmanu pienogazu cucmemu. Ilposedeno 0ocniodicens Cmidkocmi HeHy1b08020
cmany pienosazu. OcKinbKu cucmema HeniHilHa i mae Oilbul 00H020 CMAHY pigHO8A2lU, NPOBeOeHad OYIHKA
obracmi cmitikocmi cmawy pigHO8azu.

Poboma euxonana Ha niocmasi 002080py Npo HAYKO8E CHIGPOOIMHUYMEO MIdNC (DaKyIbmemom
KOMR tomepHux Hayk ma kibeprnemuxu Kuiscbkoeo HayionanvHozo yHigepcumemy imeni Tapaca lllesuenxa
ma ¢axyrememom OizHecy ma menedrcmenmy bpuencokozo mexnonoeiunozo ynigepcumemy 6io 08.04.2016.

Kuwouoei  cnosa: mamemamuuna mooenb, OUHAMIYHA —cucmemd, OupepeHyianvhi pPieHAHHS,
3ani3HI0BAHHSL.

The study of many mathematical models of population dynamics is reduced to a qualitative research
and the construction of the phase portrait of a system of ordinary differential equations. Moreover, non-
linear and have multiple equilibria. The singular trajectories are found, which are the rest points and cycles
they are "stapled", and a phase portrait of the system as a whole is constructed. The peculiarity of the
population model is the account of the factor-effect, which leads to the study of delay systems. Simple models
are systems of differential-difference equations with a constant delay. In the present paper, we consider a
system of nonlinear differential equations on the plane with a delay. Specific points of the system are the
same as for the system without delay, and they are found by solving system of two equations in algebraic
form. Hence, the design methods for finding periodic trajectories doesn’t exist. The linearization of system in
the vicinity of the equilibrium positions is held. If the equilibrium position of the linearized system is
"rough”, then the original nonlinear system has the similar properties in a sufficiently small neighborhood of
the equilibrium position. In the study of the system with delay equilibrium positions the linearization method
is also used. The method of stability analysis and to obtain the estimates of convergence the second
Lyapunov method with a quadratic function is selected.

Work is conducted under the agreement on scientific cooperation between the Faculty of Computer
Science and Cybernetics, Taras Shevchenko National University of Kyiv and the Faculty of Business and
Management Brno University of Technology 04.08.2016. *This paper was supported by the Czech Science
Foundation: The project: “Development of new methods of solving dynamic models of corporate processes
management”, No.: GA16-037968.

Key words: mathematical model, dynamic system, differential equations, delay.

CratTiO IpeACTaBUB 1.-p. TeX. H., mpod. [apamienko O.T.
Introduction

The fundamental bases of the theory of
mathematical modeling of population dynamics

were laid in [1,2]. The proposed work extends the
series of studies mathematical models of
population dynamics such as "predator-prey" with

© [.51. Xycainos, H.I. I'apkyma, b. ITyxa, B.
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aftereffect [3-6]. Generally, the study of nonlinear
systems defines the equilibrium, cyclic trajectories
and investigate the stability of these trajectories
[2]. The research method is a method of linear
approximations. But even for linear stationary
systems, the presence of resistance "not at all”
describes the behavior of solutions in a
neighborhood of equilibrium. Characteristic
numbers of matrix linear approach don’t fully
describe the dynamics of the system. They reveal
the fact of stability (asymptotic stability), but do
not calculate the characteristics of behavior of the
solutions. One of the important characteristics is
the estimate of solutions convergence, which can
be accessed using the second method of Lyapunov
functions quadratic form. The proposed work uses
guadratic Lyapunov functions to study a nonzero
equilibrium stability and to calculate the estimate
of system convergence solution with delay in a
neighborhood of stable equilibrium.
Getting the estimates of convergence solutions
of nonlinear systems on plane

One of the main factors affecting the
dynamics of the system, is consideration
aftereffect [7-9]. In [3-6] were proposed to
consider the effect of the delay caused by the time
of individual ripenin. Mathematical model of
dynamics in this case has the form of a system of
two differential equations.

% (t) =R (x () x,(t =), ys (t = 7)),

Y1(t) = Ql(yl(t)' Xl(t - T)! yl(t - 1')), 1)
where [2]
R0 (t) % (t—7) yilt—7))=
bx,(t—7)y,(t—7
B {a ) 1(+ le)é Etr) )}(l(t)’
Q(Y1(t)’ Xl(t - T)’ )/1(t - T)) =
_ {c -%}y&t)- @

Constants a, b, ¢, d, P are system parameters
that determine the characteristics of the interaction
of populations. The system of equations with
delay (2) has the same equilibriums as the system
without delay. Special points are two points, the
same as for the system without delay. They are

Pc++/P%c® + 4cd

0(0,0), 0,(, y?). x° = 2d
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S Po+Y P2c? + 4cd

2bc

The first point describes the absence of
populations and has no interest. Consider the

second special point Ol(xf, yf) With the help of
replacement
X (t)=x(t)+x, vit)= y(t)+yr

of the original system (1) we move to a System
disturbed in the vicinity of the point. It looks

x(t)=P(x(t). x(t - 7). y(t-7)),
y(t)=Qly(). x(t -z} y(t—7)).

0
1

3)

(4)
where
P(x(t) x(t—7) y(t-7))=
= P(x(t)+ X x(t—7)+x, y(t—7)+ yf)—
-Plq . 57).
Qly(t). x(t - 7). y(t—7))=
=Qly(t)+ y8, X(t—2)+ ¢, ylt 1)+ y7 )
-Qly? 0. 0).
The system of linear approximation in a

neighborhood of a singular point Ol(xf, yf) with
nonlinear function defined in (2), will look like

2(t)= Az(t)+Bz(t—7),
5 o)

With coefficients

®)
o<[on o)

X,y X

a,=a—-b—221 a =-c+d——,

H 1+ Px, 2 1+ Px,
2
X, Y. X
=—b 1J1 , — 1 , (6)
P @+Px) T @+Px)

Let’s define a common approach for

obtaining estimates of convergence solutions of
nonlinear perturbed systems (4) in the vicinity of
the zero equilibrium. Let the eigenvalues of
matrix A+ B have negative real parts, ie
conditions of zero asymptotic stability of
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equilibrium systems of linear approximation (5) in
the vicinity of the second singular point O,(x,, ;)

are satisfied. For estimates of the convergence
solutions of the nonlinear system (4) will use the
guadratic Lyapunov function

V(t, %, y)=hx? + 2h,xy + y?,

hlz}

I’122

symmetric positively defined matrix which is the
solution of Lyapunov matrix equation

where

H = |:h11
hy,

(A+B) H+H(A+B)= 7)

The full derivative of Lyapunov quadratic
Lyapunov function has the following form
because of the nonlinear system (4)

-C,

= 2fhuyx(t) + hp V()% P(X(E) X(t - 2) y(t = 7))+
+ 2y x(t) + hp ()< Qy(t) X(t —2), vt ~ 7).

After separating the linear approximation, we
write the derivative as

v (x(t) (1) = 2lnyex(t) + by (t)]x

dt
x [allx(t) +by x(t —7)+ by, y(t - T)] +
+ 2y X(t) + o, Y(t)] [25, V(1) + by X(E — )] +
+R[x() yt) xt-7)yit-2)],  ©®

where part of derivative with nonlinearity, is

bigger that  the other looks like
Ru[x(t), y(t) x(t ), y(t —7)] = 2l x(t)+ hy, y(t)]x
x[P(x(t) x(t ) y(t—7))-
~(@yyx(t)+ by X(t —7)+ byt — )]+

+ 2fhx(t) +ha YOI [QUY (). x(t ~2) y(t —7))-

— (2, Y(t)+ by x(t —7))].
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By selecting into the first two components of the
original Lyapunov function (8) linear terms
without delay, we’ll get

5V (W ()=
- 2[hu (t)+ hiy(t)]x [(@, + by Jx(E) + broy(t)]+
+ 2]y x(t) + hyy y(t)] x [, y(t)+ byyx(t)] +
+ 2[hyx(t) +hy,y(t)] >
x[byy (x(t =) x(t))+ by, (y(t
+ 2l x(t) + hyp V(o (X(t — 7) = x(t)) +
+R[x(t). yt) xt 7). yt-7)]. (9

As linear approximation system was held thus for
term Ry[x(t), y(t) x(t —7), y(t—7)] we’ll have the
next estimate

R[x(t) y(t) x(t —7), y(t—7)] <
()’ + |y ] +

+ Nzﬁx(t—f)z +|y(t—r)|2]w, a>0, f>0.

~7)=y)l+

< Nlﬁ (10)

Matrix H is the solution of the Lyapunov matrix
equation (7). Therefore, by replacing the first
component of the original Lyapunov function in
expression (9) by her value from matrix equation
(7), we obtain

SV () V)< ~ A Cp) + y2

dt
+2[hyx(t) + hy ()]
x[byy (x(t = 7) = x(t))+ by, (y(t - ) - y(t)]+
+ 2l x(t) + hyp V(b (X(t —7) - x(1))+
+Ry[x(t), y(t) x(t - 7). y(t - 7).

By studying the solution stability of systems with
aftereffect with Lyapunov functions the so-called
conditions of B.S. Razumikhina is used. Its
purport is that the total derivative is computed on
the boundary surface of Lyapunov function, and
the background is in the middle. This condition
has the form

V(x(s) y(s) <V(X(t) y(t)), s <t

®)+
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and for selected quadratic Lyapunov function is
specified by dependency

D (H)2()+ 2 (S)f <
<A (H @)+ y2OF,

where A4.;.(H), A,.(H) the smallest and largest

eigenvalues of symmetric positively defined
matrices H . Therefore

X(t - 7)< JolH) @)+ y2 ()] 2,
ylt— o) < o)+ v )] 2.

Using the estimates (12) for part of the inequality
that characterizes linear effect of delay we have
the following estimate

R, [x(t), y(t), x(t — ) y(t — )] = [hyyx(t) + by, y(t)]
x[byy (x(t = 7) = x(t)) + by, (y(t = 7) - y(t))]+
+ [y X(E)+ Dy, (), (X(E - 7)— (1)) <

< [ )+ oy @) (b + o Wep(H )
x [Xz(t)+ yz(t)]% + Uh21||x(t)| + |h22|y(t)|]x
<o Fbe @)+ y? () =

= b))+ O Volr)
x i’IX(tlﬂth(lbul + |b12|)+ |h21||b21|]+
[y Iyl oua] + ool + el

(11)

(12)

Denoting

L= |hll|(lbll| + |b12|)+ |h21||b21| ,
L, = |h12|(lb11| + |b12|)+ |h22||b21| ’

we’ll get
R, [x(t) y(t) x(t 7). vt —z)]<

< o)+ y2 O 2[Lfxt) + Lly()]

Using the correspondence

(13)

ab+cd <va?+c2 xVb%+d?,

we’ll have

Ry[X(t), y(t) x(t—7), y(t —7)] <
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<JolR)E + B[+ y?)]. (14)

Let’s go back to the last component that
characterizes the effect of nonlinearity system and
its delay. Using the condition of B.S.
Razumikhina and inequality (10) we have the
following estimate of the total derivative of
Lyapunov function relating to non-linear part of
the system

R(x(t) y(t) x(t - 2), y(t =) <
<Ny @)+ y? (O + N (2(H)* x

<2 (t)+ y2 )]

Therefore because of the nonlinear system (1) for
the full derivative of Lyapunov function in the
vicinity of the singular point, we have an
expression that consists of four parts.

9,10 y0)< A O+ 2
N CINERTH SOREO

+ Nl[xz(t)+ yz(t)]zm + NZ(ZW)H x
<be)+ 2O} [+ v oF

The first part determines the stability of linear
equilibrium system without delay, the second - the
impact of the delay in linear part, the third - the
impact of nonlinear system without delay, the
fourth - the impact of nonlinear systems with
delay.

Turning back to the irregularities described
by Lyapunov function, we replace the phase
coordinates with function. Whereas bilateral
estimates quadratic Lyapunov function

Ao (FX2(0)+ 2O <V (x(0), y(1) <
< A (R 0)+ 2 OF

For Lyapunov function we get the two-sided
inequality

(15)

Using the inequalities (15), for the full derivative
of Lyapunov function we get the following
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Zmin©) (2 x(0), y(0) +

Ly(xe) y)=< -

dt

(16)

Denoting

(H)(Li Lz)1

, — Zmin(©)

/1 (17)

H) €7,

max( min

12

1 2
n=N;|
1[’7‘min(H )]

Then the differentiated inequality (17) looks like

5N, (20(H ))ﬂ[ﬁm)rg |

d 11y
dt
l+1 s

+oV 2 (x(t) y(t)). (17)

If the system parameters and their eigenvalues of
Lyapunov function are

ry=¢>0,
then in the area of

D ={(x, y)eR? :nV%a(X, y)+é\/%ﬂ(x, Y)<7/—§}

derivative of Lyapunov function is negatively
defined, the solutions of system will
asymptotically ascend to a state of equilibrium.
Thus the stability region zero equilibrium

nonlinear system (4) and point of rest Ol(xf , yf)
of system (1) is defined by

D :{(x, y)eR? :V%a(x, y)+V%ﬂ(x, y)<}/—§},

(18)

2016,2
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where the parameters «, f determine the degree
of linearity of right sides of the original system.

JninlC JoH) (2 2
ng)> £ )

row{i] e

L,, L, are defined in (13),

PH) = A (H)/ Ain(H),

H - solution of Lyapunov matrix equation (7).
There is the following statement. Let matrix
A+ B of system of linear approximation (2) with
parameters defined in (6) is asymptotically stable
and inequality

r-g>0, =l o Sl 13)

”:Nl(ﬁm)jhz"mz@q’(“ ))ﬁ[zm:m)j{'

L = |hn|qb11| + |b12|)+ |h21||b21| :
L, = |hlZ|(Ib11| +|b12|)+|h22"b21| ’

Then the equilibrium state Ol(xf,yf) of output
nonlinear model (1), (2) with parameters

o ety P2c? + 4cd
1

B 2d
L Pe+ VP2c? + 4cd
2bc

Is asymptotically stable. Moreover, the area of
stability is defined by

0
1

1
D, = {(X1:y1)€ R? :Uvia(xl_xlo’yl_ylo)Jr
1
+5v2ﬂ(x1—x1°,yl—yf)<7—<§},

where H is symmetrical, positively defined
matrix, which is the solution of the Lyapunov
matrix equation (7).
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IIpo acuMITOTHYHI BJIACTUBOCTI On asymptotic properties of the network
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OcmaHHIM 4acom MOOensam 3 NOBMOPHUMU BUKTUKAMU NPUOLIAEMbC Oa2amo yeasu uepe3 me, wo
B0HU 3HAXOOSIMb 3ACMOCYBAHHS NPU AHANIZT PISHUX PealbHUX cucmem makux, sk call yenmpu, komn tomepHi
mepedici ma cucmemu menekomynikayii. Mooeni 3 NOBMOPHUMU BUKTUKAMU XAPAKMEPUSVIOMbC UM, U0
suMoeU, SKI He MOJCYmMb Ompumamu 00CIY208Y8VaHHs 00paszy Nicis npubymms, ROCMYRAwms Ha
sipmyanvHy opoimy (0yghep) i nosmopioioms cgiti 3anum Ha 00CIY208Y8AHHA Hepe3 GUNAOKO8I THMepPeaiu
yacy. Ax Hacniook, ananiz mooeneu 3 NOGMOPHUMU GUKIUKAMU € OLIbUW CKIAOHUM HINC 36UHALIHUX MOOenell
be3 noemopie./lana cmamms npuceésueHa OO0CTiONHCeHHI0 Mepedcesoi moodeni 3 osoma eyznamu. Ilepuiuii

6yzon ¢hynxyionye sax cucmema M | M Q/ L/wr., a opyeuir — sx cucmema M | M /1.Kpim moeo, mu

nepeddavaemo, wo UMo2u HA0X00simb 00 Mepedcedoi Mooeli 32i0H0 3 0808UMIpHUM nomokom Ilyaccona.
Lew nomix xapaxmepuzyemvcs Mum,ujo 6UMOSU 3 HbO2O MOICYMb HAOXOOUMU NAPAMU OOHOYACHO.
Busuaemvca cmoxacmuunuii npoyec uucia eumoe y 8y31ax Mooeni. J[0cniOdHceHo pedtcum  8eauKoeo
HABAHMAIICEHHS MEPENCeB0l MOOeNi 3 OB0BUMIPHUM NYACCOHIBCOKUM  BXIOHUM NOMOKOM eumoe. [logedeHi
meopemu npo NPUHYUN ycepeoHeHHs ma OUQY3itiHy anpokcuMayiio npoyecy 00Caye08Y8anHs.

Kntouosi cnosa: mepescesa modens 00Ciye08y8anHs, 0808UMIPHULL NYACCOHIBCOKULL 6XIOHULL NOMIK,
caabka 30ixcHicms, Oupy3iliHa anpokcumayis.

Recently, models with retrial queues are paid much attention because they have applications in
performance analysis of various systems such as call centers, computer networks and telecommunication
systems. The models with retrial queues are characterized by the fact that customers that cannot receive
service upon arrival enter a virtual orbit and retry for service again after some random time. The arrival
flow from the orbit makes the underlying Markov chain of retrial queues to be no homogeneous. As a result,
analysis of the models with retrial queues is much more difficult than that of the corresponding queueing
models without retrials.The present article is devoted to research the network model with two nodes. The

first node operates as the system M | M Q/l/w.r.and the second node operates as the system

M /| M /1 .Besides we assume that customers arrive to our model according a bivariate Poisson input flow
This process is characterized by the fact that customers arrive simultaneously. We consider the number of
customers in the systems at time L. This stochastic process describes the state of our network model. In
present paper the heavy traffic regime of the network model with the bivariate Poisson input flow of
customers was investigated . The diffusion approximation for the service process was obtained.

Key Words: network model, bivariate Poisson input flow, weak convergence, diffusion
approximation
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Posristaemo MepeKeBy HMOI[GJ'IE), AKA ) ol x ) (0) 25S,, e
CKIIaJa€TbCd 3 JBOX BY3JIB. cpaimn  BY30J
¢$yHKIIOHYe SK cHcTeMa OOCIYroBYBaHHS 3 x (O) = (X 1( & (0), X gn)(o))’ Sy =\s (1> > g )
MOBTOPHUMH BHUKIMKAMH THITY <M /M 0 /1/ W.r.> , 1 »

. Tomi  sup —Xn(nt)—s(t) —0, n—>o0.

a Jpyrum € OOHOKAaHAaJIbHOKO CUCTEMOIO0 MAaCOBOI'O 0<i<T|n
00CIyro- ByBaHHS THITY <M / M/ l>. Bumoru 10 Dynxis s( t) _ (Sl ( t),s2 ( t)) onCyeThes

BY3JIiB TpuUOyBaloTh 3 MOTOKY, SKHH €
JBOBUMIPDHUM IyacCOHIBCBKMM IIOTOKOM BHMOT

(Vl (t)’vz (t))

b>0. Bumoru 3 moToKky V, (t)npn6yBa10TL Ha

3 mapamerpamu A, >0, 4, >0,

nepury CHCTEMy, a BUMOTM 3 IIOTOKY V, (t)

npuOyBalOTh Ha JIPYTy CUCTEMY
oOcinyroByBaHHs. Bumora 3  30BHIIIHBOTO
MIOTOKY, AKa HaaiIdIIa 10 BYy3J1a

<M IM,/1/ w.r.> 1 3actana 0OCIYroBYIOUHit
npuian 3alHATHM, CTa€ B 4Yepry 1 YTBOPIOE
HE3aJIEeKHUH MyacCOHIBCHKHM MOTIK MOBTOPHHUX
sanuTiB 3 napamerpom v(a)>0, xe 3MiHHa a
OIHCYE YHCIIO BUMOT y MEpIIOMY BY3Ii.. SIKIIo
K TpUiaJ € BUIbHUM, BiH 00CIyroBy€e BHMOTY,
HE3aJCKHO BiJ TOro, 3BiAKM O BOHA  HE
HajifmIa,  iHTepBal  4Yacy, SKUH ~ Mae
MOKAa3HUKOBUH PO3MOALT 3 mapameTrpoM g, >0.
Jpyruil By30J1 CKJIAJA€TbCA 3 OJHOIO IpUIIanNy,
AKHM 00CIYroBye BHUMOTHM 3 30BHIIIHBOTO
NOTOKY  BUIAQJKOBUH  IHTepBal  dYacy 3
MOKa3HUKOBUM  PO3IOJUIOM 3 IapamMeTpoM
U, >0 . ITosHaunmo uepes X, (t) YHUCJIO BUMOT Y

HepIIoMy BYy3ii, a uepe3 X, (t) - YHCJIO BUMOT Y
IPYroMy BY3IIi.

[IpumycTiMo, 10 IHTEHCHBHICTH HMOBTOPHHUX
3BEpHEHb 3aJIeKHUTH Bij mapamerpa #n (mapameTp

cepii): y (a) =n'v (nila) , aTporecu

X, (t) Ta X, (t) pPO3TIISIHEMO y  3MiHEHOMY
macmirabi qacy nt: Xl(")(t) =X, (nt),
X0 = X, (ne), x(0) = (X () X2 (0).
CnpaBeinBa HaCTYITHA TEOpEMa.

Teopema 1. Hexait
3aJI0OBOJIBHSIE€ HACTYITHUM YMOBaM:

Hama MOOCIIb

) A, +b—u, >0, a pysxuis v(a) €

JIOKQJILHO JIMIIIENEBOIO 10 3MIHHIN « |

HACTYHUM YMHOM: KOMIOHEHTA S,(/) 3aJ0BOJILHSIE
1

nrdepeHIitHOMY piBHSHHIO HACTYITHOTO BUTJISAY:

ds, (1) = (4 +b)dt—m(s,(1)) " dt,
1 1

;1+ A+b+ay(a)

Kommonenta s, (1)=(4, +b—pu,)z.

re m(a) =

JoBenenns. PosrnsHeMo — ABOBUMIpHHMA
npouec oOCIyroByBaHHA X (t) = (X ! (t), X? (t)) B

n n
MOCHiTOBHI MOMEHTH 4acy t,<t,<..,lOE
MOMEHTaMH 3aBEpLICHHS OO0CIyroBYyBaHHSI BUMOTH,

sKa 3HAXOMUTHCA y mepimomy By3ii,f,, = 0. Takum

ypHOM, ¢, <, <.. - TIOCHIIOBHI MOMEHTH
3aBEpIICHHS  OOCIYrOBYBaHHS y  CHCTeMi 3
MTOBTOPHUMH BHUKIIHKAMH, a

Xn(tnk +0):(X;k(tnk +0)aX5k(tnk+0)) -
BEeIMYMHA YEPrd HAa JBOX BYy3JIax B MOMECHT
3aBEpIICHHST 00CIYrOBYBAaHHS y MEPIIOMY BY3II.

Bzarami kaxyum, s TOro, mo0 OmHCaTH
(YHKLUIOHYBaHHA  MEPLIOrO  BY3Ja, MOXKHa
PO3TIIIHYTH JIBOKOMITOHEHTHHUH Tporec

n

T, (t) = (Xl(t),ln (t)), ne I, (t)— YUCJIO BUMOT, SKi

3HAXOJAThCSI Ha OOCIYyrOBYBaHHI B  CHCTEMI

obcmyroysanuss M /M, /M /1(w.r.). BoueBusus,
10 (Hha30BUM IPOCTOPOM IIpOLECY 7T, (t)e MHOKHHA
nap {(i,j):i= 0,00, j = 0,1}. B To# ke yac, Ha
JIBOKOMITOHEHTHHH TIPOIIEC B MOMEHTH 3aBEPIICHHS
7T, (t nk 0)

3HA4YCHHAM nepmo’l'

00CITyTOByBaHHS MTOBHICTIO

BU3HAYAETHCS KOMITOHEHTH
1 _ vl .
X, —Xnk(tnk +0), a Jpyra KOMIIOHEHTa B Iel

MOMEHT JIOPiBHIOE HYJIEBI.

BuBunMoO po3mnonin BUIMagKOBOTO iHTEpBalIy
MDK TOCTiZOBHUMH 3aKiHYEHHSMH OOCITYrOBYBaHHS
BHMMOT y TIepIIOMY BY3:1i Hamoi mogeni. [y uporo

MMO3HAYUMO 4Yepe3 7, (na)ztnkﬂ—tnk - iHTepBal
MDK 3aBEpLICHHSIMH TIOCHiZOBHHX OOCIyrOBYBaHb
Bumor y cucremi M /M, /M /1(w.r.). Posnoxain
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BCIMYMHUT, (na) , BOYCBH Db, 6YZ[6 3aJICKaTHU Bi,Z[

YHUCIla BUMOT, SIKi 3HAXOIATHCSA Ha 00CITyroByBaHHI

na, B MOMeHT 4acy [, . Jlam peam3sania
BUIIAJIKOBOi ~ BEJIMYMHU T, (na1 ) BiOyBa€eThCA
HACTYIHUM YHHOM. Hama cucTeMa

M /M, /M/l(w.r.) odikye BUNagKOBHil iHTEpBAT

qacy, KM Ma€ II0Ka3HUKOBUH pOBHOI[iJ'I 3

mapametpom A, +b+av (a) , HaJXOKEHHA HOBOI

BHUMOI'M Ha O6CJ'Iy1"OByIO‘lPII>i npujan nmepuioro Bysia.
3HaYCHHS nmapamerpy BHU3HAYAE€TBCA THUM, LIO LA
BHUIIAJIKOBAa BCJIIMYWHA B CBOKO 4HCpPry € MlHlMyMOM
JBOX BHIIaJKOBHUX BCINMYMH, a4 CaMC iHTepBany MDK
HaaXOIKCHHAMHN BHMOI' 3 30BHIIIHEOTO IMOTOKY Ta
iHTCpBaJ'Iy MIK HaAXOIKCHHAMM BUMOI' 3 IIOTOKY

MMOBTOPHUX BHUKJIIUKIB. HOTiM, K CKJIagoBa
BCIINYMHHA Tk ( na ) , HC3AJIC)KHUM YHHOM
peanisyeTLCﬁ eKCHOHeHL{iﬁHa 3 MapamerpoM
H, >0 BUIIaAKOBa BCIINMYMHA, sSKa Orumcye

TPHUBAJICTh Yacy 0OCIyroByBaHHS BUMOTH B CHCTEMI
M/M,/M/lw.r.).
Taxkum 4MHOM, BUIIA/IKOBA BEJIMYMHA T, (na)

MNpCACTaBIAECTBCA Y BI/IFJ'ISII[i CyMHU JBOX HE3aJIC)KHUX
CKCHOHCHHif/’IHO pOBHO,Z[iJ'ICHI/IX BUIIaAKOBHX BCIIMYHH

T, (na) = H(a) +9, 1e BUNAaAKOBAa BEIMYUHA
0 (a) Ma€ MOKa3HMKOBHMH PO3IOALI 3 MapaMeTpoM
A+b+av (a) , a BUIAJKOBAa BEIHUMHA & Mae
IIOKa3HUKOBMI po3mofin 3 mapamerpoM g, > 0.
T, (t) 3HAXOJUThCA B CTaHi

Omxe, mporec

(I’la,O)HpOTSIFOM BUMAAKOBOI'O 1HTEpBAIy 4acy,
SAKMA Mae IMOKAa3HUKOBUM PO3IMOAI 3 MapaMerpom

A+b+av (a) , a 1moTiM 3  IMOBIPHICTIO
A +b

————————— TOYMHaeThCcd  OOCIIyrOBYBaHHS

A+b+ay(a)

BHMOTH 3 30BHIIIHBOTO TOTOKY, a00 3 IMOBIpHICTIO
av(a) )

———————— - IOBTOPHOI BUMOTH.

A+b+av(a)

JIIsl IOANBIIOTO JTOBEACHHS € BaYKIMBUM 3HAUTH
NPENCTABJICHHS HPUPOCTIB HAIIOrO JBOBHUMIPHOI'O
BUIIaJKOBOT'O nporecy 00CITyrOByBaHHS
X, (t) = (X; (t), X,f (t)) Ha iHTepBam T, (na).
Bouesus, o MIPUPOCTH pouecy
X, (t)z (X; (t), X,f (t)) HAa [UX IHTepBajJax €

ONHOPIMHMMHU 1 He 3alexarb Big HoMepy k.
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BanOByIO‘-II/I oo 06CTaBI/IHy, MMO3HAYNMO YCpe3 g
gl

nl

2 |
gnl

npupicT  Ha

nl

JIBOBUMIpDHUH  BEKTOP nepuia

S =

KOMIIOHCHTA SIKOIro OIucye

IHTEpBaNI T, (na) mpomecy OOCITyroByBaHHS Ha

nepmioMy, a JApyra KOMIOHEHTa — MpuUpicT
BIMOBiAHO HaA Jpyromy By3mi. PosrmsHemo
CKJIaJIOBI KOXKHOI 3 BBEJCHUX BEIHYHH IPHUPOCTIB
JUISL TIEPIIOTO Ta APYroro BY3JIiB HAIIOI MOJETII.
[Toynemo 3 po3rysAny cUTYyalii, sika BUHHKAE B
MEepIIoMy BY3Ji, TOOTO CHCTeMi 3 MOBTOPHHMH

M/M,/M/lw.r.). Jlis

1
KOHCTPYKTUBHOI0O MPCACTABJICHHA BCIWYUHU gnl

BUKJIINKaMH

BBCIEMO HAaCTYIIHC IIO3HAYCHHA: qucpe3

| | /l(t) OyzeMo Mo3HaYaTH IIyacCOHIBCHKUH MpoIIec

3 mapametpoM A . SIKIo moka3HUKOBa Benu4ynHa 3,
sIKa oTHcye TPUBAJICTh 00CTyroByBaHHS,

. . 1 .
pfamsyBajlacd Ha 3HA4YCHHI l‘,X”k =na,, TOM

. 1
posmozin &,, Moxe OyTH IPEACTaBICHA HACTYITHHM

YHHOM :
ay(a)
P& = N-1)=—24
STl e @)
+b
p( 1 _ ¢ ):&—
San H(wz)( ) A+b+ay(a)

BukopucroByroun bopmyy MOBHO{
HMOBIpHOCTI ~ /UII ~ YMOBHHUX  MaTeMaTHYHUX
CIOJiBaHb, 3HANJIEMO MaTEMaTUYHE CIIOiBAaHHS
HIPUPOCTY nepIoi KOMIIOHEHTH nporuecy
00CITyroByBaHHS:

1 1
bn (a) = Mgnl =

av(a)

= (H(w)(g)—l)me

+M(H(gl+b)(‘9))#_{£/(a) i

1
:}L1+b+av(a)><

X av(a)th(H(lﬁb)(z‘)—l)d(l—e“")+

H(a+b) [MT], ,d(1-e™) |=

A1+b_1

_ av(a)
A +b+av(a) U,
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A +b Atb _
11+b+av(a) U,
hsb  avle)
K A+b+av(a)

PosrisHemo  Temep  mpupicT  Apyroi
KOMIIOHEHTH HAIIOro IIPOIECY OOCIyroByBaHHS,
KU onucye (DYHKI[IOHYBaHHS By3Ja 3 CHCTEMOIO
tanty M / M /1/+o0 . SIKiio, cucreMa 3aBaHTaXEHa,
HPUPICT JPYroi KOMIIOHEHTH MOKE OyTH OIMCAaHUi
HACTYIHOKO BUIIAJIKOBOIO BETUYUHOIO

gnzl = H(AQer)(lg) —HH(H(a) +9)
3 BU3HAYEHHS CHUCTEMH MacOBOrO OOCIyrOBYBaHHS
tany M /M /1/+c0 BumMBae, 1o mporec 3
iHTepBai

TakKMMHA IIPUPOCTAaMHU HA Lot — Lok

CIBIIAJIA€ 3 TpaeKTopi€to mpouecy X (t) JUIIE Ha

TUX TIPOMDKKax, Ha SKHX TpPAeKToOpii mpomecy 3
2 . 2

npupocTam & IUIKOM HalIeKaTh IPocTopy R .

Sk 1 y BUMaAKy 3 TMEPIIO0 KOMITOHCHTOHO
porecy o0CITyroByBaHHS, BHKOPHCTOBYIOUH
¢hopMyny TOBHOI HMOBIpHOCTI I YMOBHHUX
MaTEeMaTHYHUX CIIOMIiBaHb, 3HAWJEMO MaTeMAaTHYHE
CHOIBAHHS MPUPOCTY IPYroi KOMIOHEHTH:

by(a)=M¢), =

~M([T,,., (0(a)+)-TT, (0(a)+9) -
=i(a1,a2)( 1 +i -

Ma,a)+av(a)
1 1

+_
May,a)+av(a)

:(A(alaaz)_,uz (alaaz))x
1 1

+_

Ma,a)+av(a)

Jis nOBeJCHHS TIPUHIIUIY YCEPEAHCHHS s
HAIIOTO TPOIECY OOCTYyroBYBaHHS CKOPHCTAEMOCH
TeopeMoro, jaoBeneHoro B.B. AwmicimoBum B [1].
Kopucryrounce pesynbTaTamu mpo 30DKHICTH B
piBHOMIpHiIH TOMmoJNOrii Cymeprno3uiii BHUIMAJAKOBHX
nporeciB, B.B. AHiciMOBUM ISl HalmiBMapKOBCHKUX
MPOIIECIB  CHEMiaIbHOr0 BUAY OYB JIOBEACHUU
HACTYITHUH pe3ybTart.

Hexait npu xoxuHomy 7 > 13amaHi He3anexHi
Y CYKYIHOCTI CiMEHCTBa BHIAJKOBUX BEKTOPIB

_,uz(alaaz)
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{(é‘nk (a),rnk (a)),a eR" },k >(0 3i 3Ha4YeHHSIMH B
npocropi  R" x [0,00) , BUMIpHI 1O apryMeHTy
a CTOCOBHO OopeniBcbKol O -anredpu B
R™ x [0,00), Ta Big

ciMelicTBa BUIIaAKOBA BCIIMYHMHA SnO’ sKa OIIUCYE

HC3aJICKHa BBCIACHOI'O

IIOYAaTKOBE 3HaueHHS. Po3risHemo HOCJ'Ii,Z[OBHOCTi
BUIIAAKOBHUX BCIHNYHH, SIKI 3a1al0ThCA PCKYPCHTHUM

unnom: £,, =05, =S, +§nk(Snk)
tnk+l = tnk + Tnk (Snk )’ k 2 0
Ha nux
HaMiBMapKOBChKHI mporec S y (t ):
tnk S I < tnk+l H
S,(6) e
nporecoM. J[is BUBYEHHS HAIIOi MOJIENI JJOCTATHBO
PO3TISHYTH OJHODPITHUI BUMAIOK, KOJH PO3MOILTH

MOCTIIOBHOCTSX  MOOYAyEMO

Sn (t) = Snk 4
t > 0. Sk BUaHO 3 TOOYIOBH, MPOIIEC

HCO,I[HOpi,Z[HI/IM HaHiBMapKOBCLKI/IM

BHUIAJKOBUX BEIHYUH é‘nk(a), Ta Tnk(a) HE
3anexats Bin iHgekcy k. Ilo3Haummo uyepes
mn (a): MTnl(na)’ bn (a): Mgnl(na)'

Teopema ( mpuHmun ycepemHeHHs). Hexail s
HalliBMapKOBCBKOr0 mporecy S, (t)

BHUKOHaHI
HACTYIIHI YMOBHU:
1) Ml'nl(a)2 +M§nl(a)2 <C;
2) Hnsa Oynp-sikoi koHctantu L >0, skmo

|a1|v|a2| <L:
‘mn (a,)—m, (az)‘+‘bn (a,)-b, (az)‘ <C, |a1 —a2|+cn
¢, = 0 piBHOMIpHO 11O |a1| v |a2| <L;

3) IcHyroTh QyHKITIT m(a)> O,b(a) Taki , MO JyIs
Gys-sixoro a € R™ :m, (a) — m(a),

b,(a)— bla), ne |b(aﬂ < C(l + |a );

1 p
4) —=S,,—5,-
n

Toni sup

0<t<T

lSn (nt)— S(l‘* i>0 , e QyHKIIisA s(t)
n

3aJI0BOJIbHSIE AU(epeHIIHHOMY PiBHSIHHIO

ds(t) = b(s(¢))m(s(t)) " dt , s(0)=s,

[loBepratounce 10 aHaNi3y HAIIOi MOAETI, MOXKEMO
3ayBaXKUTH, 1o poIec

X, (t)=(X(t, +0),X(t, +0))

=l Ty (nalanaz) €

TUIS

tnk <t< tnk+l > A€ tnk+l
HaHiBMapKOBCBKI/IM, I AKOro MOXKHaA 3aCTOCYBaTH
pe3yabTaTt BI/IH_[CHEIBC,I[CHOI TCOpCMHU. A caM¢, yMOBa
1) Ha I[pyl"l MOMCHTH € BOYCBUJIb BHKOHAHOIO,
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OCKUIBKH iICHYIOTH APYT1 MOMEHTH Y ITOKa3HHKOBOT'O
Ta TyacCOHIBCRKOIO pO3MOIUTIB, yMoBa 2) Oyne
BHKOHYBATHCh, SIKIIO MepeadauyuTH, Mo (QyHKIliA

V(Cl) € JIOKAJIbHO JHIIIIHWBCICBOIO. Kle TOro, B

HACNIIOK TIONEepeNHiX pO3paxyHKiB, MaTeMaTH4Hi
CTOAIBaHHS 4Yacy nepeOyBaHHS HAMiBMapKOBCHKOTO
npouecy X, (t) Ta HOro MPUPOCTIB 330BONBHSIOTh
yMoBi 3). YMoBa 4) Ha TOYaTKOBE 3HAUCHHS TAKOXK €

BUKOHaHOW0. Takum uuHOM, s Oyab-sikoro 1> 0
OyaeMo Matu

sup |2 X, (nt) s ()| 0.
0<i<T |1
ne  GyHKIi S(t) 3aJIOBOJIBHSAE  PIBHSHHSIM

HAaCTYIIHOI'O BUTJIAAY:
ds, (t)= (A +b)dt—m(s,(1)) " dr
5, (1) = (A +b—1, )t ’
1
e
K A+b+av(a)
AHaJIOTIYHUI aHaNi3 JO3BOJISIE OTPUMATH Pe3yJIbTaT

npo audy3idHy ampokcUMallilo 3MilIaHoi Mepexi
napanenbHOI CTPYKTYpH.

e m(a)=

Jnst [OoBeOeHHS TEOpeMH NpO 30LKHICTH Y
pPIBHOMIpHii  Tomonorii  BUIIAIKOBOTO  IPOILECY

X, (t) TAKOX BHUKOPHCTAEMO BiNOBIIHY TEOpeEMY,

noseneHy B.B. AmicimoBum [1]. Hexait X (t) €

HaIiBMapKOBCHKHM IPOIECOM PEKYPEHTHOTO THITY,
SKHUH pO3TJSAaBCS B TEOPEMi MPO  MPUHIIUI
yCepeHEeHHs. BBeneMo MmociiJoBHICTh BUIIAJAKOBUX
MPOIIECiB

£, (1) =%(Xn (nt)=ns (1)) 20,

ne S(t) 3aJI0BOJIbHSIE AU(epeHIIHHOMY PIBHSHHIO 3

TCOPpEMH MNP0 TMPUHOUII YCCPCAHCHHA.
IIo3Ha4dYaTu

Bynemo
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Teopema  (nudysiiina  anpoxcuMmanis).
Hexali € BUKOHAaHUMHU YMOBH TEOPEMH PO MPUHIUI

YCEpEIHEHHS , BEIMUMHA C, B YMOBI 2) € TaKOIO, 1[0
x/;c” —>0, Ta mis Oymp-sixkoro L >0 1 mpu
|a1| v|a2| <L:
1) |Dn(a1)—Dn(a2]SCL|al—a2|+an, ne
o, — 0 piBHOMIpHO IO |a1| v |a2| <L;
nst Oynb-aKkux a,z € R”

9,(a.2)— 0la)z + g(a) .

D;(a)—> D*(a) .
ne QyHKUii Q(a) Ta g(a) HeTepepBHi;
3) lim sup (Mr,fl (a)x (T,fl (a)> N) +

n=>40gl<Ln
+ME} (a) x (&) (a)> N))NILOO

ci
Ta é/n (0):> 4/0 .
Toni &, (t) 30iraeTbesl B piBHOMIpHIiH Tomosorii Ha

Oyap-siIKOMy  iHTepBai [O,T ] TakoMy, IO 3

y(+ oo)> T, ze
9= [mlole e,

n(t)

nudepenuiiinomy  piBHSHHIO  d n(t) = b(n (t))dt ,

HMOBIPHICTIO 1
t

3aJOBOJIBHAE

N, =S,, A0 audysiiiHoro mporecy ¢ (t), SIKHH
3a/I0BOJIBHSIE IudepeHitHOMY
PIBHSHHIO

s (1)=(0(s(1))¢ (t)+g(s(r)))de +
+D(s(6))m(s(2)) " aw(r),

4 (0)2 ) w(t) - CTaHJapTHHUN BIHEPOBCHKHIA

CTOXaCTUYHOMY

nporiec B mpoctopi R
BukopucraemMo HaBeneHy TeopeMmy Ui JOBEICHHS
30DKHOCTI mporecy X, (t)

Teopema 2. ko [n0AaTKOBO JO YMOB
reopemu 1 dynkuii A(a,,a,), v(a,) ta u,(a,,a,)
MAaIOTh HENepepBHi MOXiHI O KOOKHOMY apryMEHTY,

L(Xn(())_nso)zﬁié/o nmpu 1 —> +0o, Tomi

Jn

IIOCJIIIOBHICTD BUIIQIKOBUX MPOIIECiB

- (t) =L(Xn (nt)—ns(t)), t >0 306iraerscs

Jn

Ha OyIb-IKOMY MPOMDKKY [O,T ] B piBHOMIipHIHi

151



Bicnux Kuiscbkoeo Hayionanbno2o yHisepcumemy
imeni Tapaca Llleguenka
Cepis ghizuxo-mamemamuuni Hayku

Tormonorii g0 mpouecy & (t), KU 3a/I0BOJIBHSIE
CTOXaCTHUYHOMY AU epeHIiiHOMY PIBHSIHHIO :

d¢ (t)=G(s(¢))¢ (t)dt+B(s(t))aw(t),

Je TIepIia  KOMIIOHEHTa BEKTOPY IIEPEHOCY
G(S(t)) = (Gl (Sl(t)’ Sy (t))’ G, (Sl(t)’sz (t)))
Ma€ BUTIISA ;

ca<sl<r>>=ﬁ[1 N

-1
a, ;1 &+b+av(a)} ’

Jpyra KOMIIOHEHTa BEKTOpPY IEPEHOCY JIOpIBHIOE
HYJIIO:

G, (s,(1))=0.

TR u60)
5 b, (slt)) b, (sl
BGE=l,, () %@(r)J ¢ w3
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(s )= () (s )
o’ (S1 (t)) =i12+((11 +b)+s, (t)v(sl (t)))iz

U
blz(sl(t)’s (t)) =b21(s1(t),s2(t)) =b

b,, (S1 (1),s, (t)) =LA +b+u,

BucnoBxu. PosrnsiHyTa Moaenb, SK BHAHO 3
MOMEPEeIHROTO  aHali3y, MOXe OyTH omnucaHa
BIJINOBIIHUM JIaHI[IOTOM MapKkoBa 3 HeElEepepBHUM
gacoM. MoO)KHa TUTBKH YSBUTH PIBEHb CKJIaIHOCTI
3a/a4, SKi BHHUKAIOTH TPU JIOCTIKEHHI I[OTO
MPOIIECY, 3BAXKAKUM Ha 3ACKHICTh IapaMerpy
MOBTOPHUX BHKIMWKIB Mojeni Big 1i CTaHiB Ta
HEOJHOPIAHICTH MO BY3JIaX.

OTpuMaHi  pe3ynbTaTd  HATOMICTh  JIalOTh
MOXJIUBICTh ACHMIITOTUYHO TMPU  # —> 00 BBAKATH
CKJIaIHUH JIBOBUMIpPHHI TPOIIEC OOCIyTOBYBaHHS Yy
By3JaX HaIIoOl MEpPeXKeBOi MOJEH EKBIBAJICHTHUM

Gimbi mpocTomy mpotecy 7s(¢)+ né (¢), To6TO0

(EOL (3O 20)
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Ilo6y008aH0 yucneHHs CeKBeHYIIHO20 MUNY O KOMNO3UYIUHO-HOMIHAMUBHUX JIO2IK YACMKOBUX Npeou-
Kamis 6e3K6aHmMOPHO-YHKYIOHANbHUX pisHi6. Taxi yucienHs 3anponoHo8ano Ol Oe3K8aAHMOPHO-PYHKYIO-
HAIbHUX 02K ma iX pi3Ho8udis 3i cilabKoi pisHicmo ma cmpoeow pisHicmio. Brazano 6azo6i cexeenyitini
Gopmu ma ymogu 3aMKHEHOCMI CeK8eHYIl, OISl YUX YUCTEHb 008E0EeHO MeopeMu KOPeKMHOCI i HOGHOMU.

Kmouosi cnosa: nocixa, npeduxam, 6e3x6anmopHO-pYHKYIOHANbHULL PI6EHb, CEKEECHYIUHE YUCTICHHSL.

In this paper we study new classes of program-oriented logical formalisms: free-quantifier composition-
nominative logics of partial quasi-ary predicates. This logics occupy intermediate position between pro
positional logic and first-order logics. For their logics we propose sequent systems of logical reasoning.
Effective reasoning may be a key part of many information and program systems. Sequent calculi is a
reliable Gentzen-style deduction system. These calculi are a formalization of logical consequence, one of the
central concepts of logic. The focus of the paper is devoted to construction the sequent calculi for three
classes of logics of free-quantifier levels: free-quantifier functional logics, free-quantifier functional logics
with composition of weak equality and with composition of strong equality. Sequent calculi are proposed for
relations of IR-consequence = T-consequence }= F-consequence [=and TF-consequence 4= We
specify basic sequent forms and sequent closure conditions for these calculi and describe proof construct in
these calculisequent tree. For the proposed calculi we prove the soundness theorem, the theorems about a

countermodels for non-closed path in the sequent tree and the completeness theorem.
Key words: logic, predicate, free-quantifer level, sequent calculus.

CratTio ipeAcTaBuB 1. ¢.-M. H., npod. byit J1.5.

JInst ycminmHOro po3B'si3aHHS 3a/1ad, 10 BHHHKA-
I0Th B Cy4aCHHUX iHQOpPMaLiifHUX Ta MpOTrpaMHHUX CH-
cTeMax, HeoOXimHU e(heKTHBHUI TONTYK BUBEICHD.
HanitianM anmapatoM noOymoBH BUBEICHb € YUCIICH-
HS CEKBEHIIWHOro (IeHLEeHIBChbKOTro) Tuily. Husky
TaKUX YUCIEHb po3pobieHo (muB., Hamp., [1]) mis
pI3HUX KJIaciB MPOTPaMHO-OPIEHTOBAHUX JIOTIYHHUX
¢dopmanizamMiB — KOMIIO3ULIHHO-HOMIHATUBHUX JIOTiK
KBa3lapHHUX MPEIUKATiB.

Mertoto gaHoi poOoTH € MOOyAOBa CEKBEHITIMHUX
YUCIIEHb JUIS KOMITO3UI[IHHO-HOMIHATUBHUX JIOTiK
0e3KBaHTOPHO-(PYHKIIOHAIBHUX DiBHIB. O€3KBaHTO-
pHO-pyHKIioHANEHUX JIoTik (BK®JI) Ta iX pi3HOBH-
miB 3 xkommosuiismu ciaabkoi pisaocti (BKDJIP) ta
crporoi piBaocTi (BK®JIPC). Taki uucnenns ¢op-
MaJi3yloTh BiJIHOUICHHS HECHPOCTOBHICHOTO |TR,
ICTHHHICHOTO |=r, XHOHICHOTO |5 Ta CHJIBHOTO |=rg

© C.C. UIxinpusik, 1.b. Bonkosuipkuii, 2016

JoriuHorO Hachinky. HaBegeHo yMOBM 3aMKHEHOCTI
CeKBeHLIN Ta 0a30Bi CeKBeHIIiHHI QOpMU IHX YHC-
JICHb, IOBEJICHO 1X KOPEKTHICTH Ta MIOBHOTY.

Jloriku 0e3KBaHTOPHO-(YHKI[IOHAIBHUX PIBHIB
3aliMaloTh MPOMDKHE CTAHOBHUINE MDK MPOMO3MUIIii-
HOIO Ta MEPUIONOPSIKOBAMH JIOTiKaMH, BOHU € PO3-
IITUPEHHSIM BiJIOMUX PEHOMIHATHBHHX JIOTiK. CemaH-
TUYHI BJIACTHBOCTI OE3KBAaHTOPHO-(PYHKIIOHATBHUX
Jorik BuB4aimcs B [2,3]. B mux poborax omnmcaHo
KOMITO3HITII CYTEepITO3UIlii Ta CIabKoi i CTpOroi piB-
HOCTI, pO3TJISHYTO CEMaHTHYHI MOJEI Ta MOBH, JI0-
CJTI/DKEHO BIIACTHBOCTI BIMHOIICHD |SR, |=r, |7 |=re
BracTuBoCTI IIMIX BiAHOIIEHH € CEMAaHTHYHOIO OCHO-
Boto moOymou st BK®JI, BKOJIP, BK®JIPC Biz-
MOBiTHUX YUCJICHb CEKBEHIIHHOTO THITY.

[TonsTTA, K1 B 1[ilf CTaTTI HE BU3HAYAIOTHCS, TITY-
MaunuMo B ceHci pobit [1-3].
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1. Pi3HOBMAM CeKBEHIIHHUX YHUCJICHD
JIOTIK 0e3KBAHTOPHO-(PYHKIiOHAJIBHUX PiBHIB

CekBeHIIii TpaKTyeMO SIK MHOXXUHHU (popmyd, crie-
M(piKOBaHUX CHUMBOJAaMHM | Ta _. byayemo ix Tak:
cekBeHuis I _A BuBigHa < [ |=A. CekBeHuis Z
BHBIHA, SKIIO iICHY€ 3aMKHEHE CEKBEHINIMHE JEPEBO
3 KopeHeM 2. 3aMkHeHicTh | [ _A o3Havae [ |=A.

CexBeHIifiHE YHCIICHHS 331a6MO 0a30BHMH CEKBEH-
LIHHAMH (OpMaMHK 1 yMOBaMH 3aMKHEHOCTI CEKBEHIII.

ba3oBa ymMoBa 3aMKHEHOCTI cekBeHii |- _/A:

C) icaye popmymna @ taka, o PO Ta PLA.

HonatkoBi yMoBHu 3aMKHEHOCTI |- _A:

CL) icnye dpopmyna ®: ®UIM ta -~ POT,

CR) icaye dpopmyna @: PLA ta =~ PLA;

CLR) icnytoth hopmymu ® ta W Taki:

oOr, ~odr, WoA, -WOA.

Ha pieni BK®JI otpuMyeMO Taki YUCTICHHS.

Yucnenns FLR popmaiizye |=rk.

Ymoga 3amkHeHOCTI cekBetii: COCLR.

Yucnenns FL popmamizye |=r.
YmoBa 3amkHeHOCTI cexBentii: CLCL.

Yucnenns FR popmarizye |=.
YmoBa 3amkHeHocTi cekBentlii: COCR.

Yucnenns FC popmanisye |5r.
YMmoBa 3aMKHEHOCTI cekBeHirii: C.

OnwumemMo 0a30Bi CEKBEHIIHHI (OPMH YHUCIICHb
FLR, FL, FR CmouaTtky HaBememMo OCHOBHI (hOpMH
CKBIBAJICHTHHUX TIEPETBOPCHb.

ST (0,T),5 S (@,T),5
T E R P S0,
LS (@,T),2 LS (@,9),2
Y Ao, D),T S (1),
LS @DHOSW DT
- L S(@0v Tz
L,S(@,HOoS W, ).z
B LS(@eow D,z

-(S(@, )OS (W, 1),z
S (@ OW, D)2

(S, HOS W, ).L

SS(eOw )T

Hexait W otpumana 3 ® 3ropTkoio Cymneprno3uii
srigHo SSP (nuB. [3]). Maemo dopmu:

~S L

LW,z Wz
S = ssp 102
L®D,Z |0,z

|__|LIJ,Z _|—|L|J,Z

-~ SSDp ; _SSDp .

DT ~®,2

-
Hexait W orprmana 3 enemeHTapHoi @ eKBiBaICHT-
HUMHM TIEPETBOPEHHAMH 3a TeopeMoro 4 pobotu [3].
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Maemo dopmu HOpMaizanii TepMiB:

PV L.z
(NETr ; NrTr
®,2

|— L] —| ]
|_‘| LP, Z _|—| l-P, Z
I NrTr ; -~ NrTr .
Lo ®,Z alopa
JomomMixkHi YOPMHU CIIPOILICHHST:
P,z 4P,z
; Ll ———;
49(®), 2
Nl DI
S(@),5

Clo ——— .
L S(®),%

LT
= Clo ———;
L S(P),Z
LST(@,D),T
LSY(@,' % T),E
LS(@,0),
LS (@, % T),T
LS(P,T)E
L SHY (P, X T),T
~S(@T)E
ASY(@, %),
LS'(@,1),2 .
LS, 4T),%
LS’ (@,1),2
LS(@, 1 T),E
LS (®,T),2 .
LSNP, 1T),T
~S7(9,T),2
S, 1T),2]

®dopmu nekoMITo3uIIl hopmyI:
RPN

Lo ®, 5

MCAD I A

U , .
SO0, =

L CNO

_CNo

—CND

- CNo
tCUD Ov(®P);
-CUD xOv(P);

.~ CUD

Ov(®);

-~CUo xOv (D).

40,z
IERICEb
40, W, T
Le0w, 57
EalORNTL A2 FRICRDANEE) S92
o (@OW), 5 S(eOw), =

bazosi cexBenHuiitai Gopmu uncnenns FC — ne
HageneHi Buie popmu | NrTr, _NrTr, . CND, _CN®,
-CU®, _Cuo, Clo, _Cld, | SSDb, _SSD, .S,
S, 1S, S, -0, (0, mo sixkux goaemo:
4%,z MUAD
P, 5 I

Ha pieni BK®JIP maemo uucnenns FCg, ske
(hopmaitizye BiIHOIIEHHS |SR.

JlonaTkoBa yMOBa 3aMKHEHOCTI cekBeHuil |- _/A:
CRfy) t=t0A mns nesxoro tLITr.

|__|_| _|_|_|

|__|

-0

- -7
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3Bigcu ymoBa 3amkHeHOCTI cekBenii: COCRfy.

BazoBi cexBenuiitni ¢opmu uncnenus FCg — me
dbopmu uucnenns FC, mo sxux momaemo ¢opmH,
TIOB’ s13aHi 3 CJIA0KOIO PIBHICTIO =.

CHMeTpHYHICTb 1 TPAH3UTUBHICTD CIa0KOI PiBHOCTI:

RE=s, .s= 1t 2
SmwW- —r—F————;
Lt=s, 2
RE=s Ls=1r, =1, 2
Trw .

Ft=s, os=, 2
dopmu, MOB’ si3aHi 3 3aMiHOIO PiBHUX:

t=s, $*@®,T0)=1, S0, T,9=1,%

(ETW £

L S70,T,.h=1,%
ETW Lt=s, (e D=1,,S7%0,1,9=1,%
) LS T)=T,2 ’
|J3cDW":’FSV(¢ D, SE@,T 9%
S’ (P, 71,1,
oW (t=s, S (qn 0, SH@ T, 93
) |_t— SO, T, 0.2 '

dopmu IpOHECEHHS CYNEPIIO3ULIiT Yepe3 PiBHICTS:

L SD=S (592

LS (t= 51,2
JS'(tH=S (s
) S(t=sH,x

Ha pieni BK®@JIPC MaeMo TaKi YUCICHHS.

Yucnenns FELR popmarizye |=rk.

Vmosa 3amrHeHocTi cexBennii: COCLROCRfs.

Yucnenns Fel dpopmarisye |=r.

VwmoBa 3aMmkHeHOocTi cexksennii: CCL OCRfs.

Yucnenns FgR dpopmanizye |=.

VYMmonsa 3amkrenocTi cexkBenrii: COCROCRfs.

Yucnenns FeC dopmanisye |=g.

YMmoBa 3amknenocTi cexsentlii: CCRfs,

Tyt nonarkoBa ymoBa 3aMkHeHOCTI |- _A:

CRfs) t=t OA mmst nesixoro tOTr.

Basosi cekBentiiini Gopmu uyucienb FeLR, Fel,
FeR — ne dopmu uncnens FLR, FLR, FR, mo sikux
nmomaeMo hopMH, TIOB' s13aHI 3 CTPOTOIO PIBHICTIO.

CHUMETPUYHICTD 1 TPAH3UTHBHICTH CTPOTOi PIBHOCTI:

U=s, L s=t 2
SmMS—MMMM—;
Lt=s
TS FUEs, Ls=71 (t=1,2 '
Lt=s, s=1,%
CDopMH TIOB’ s13aHi 3 3aMIHOIO PiBHHUX:

L S0, T, )=1,, S0,
|_t_ ,FS’ (®, r,t)_I,Z

,9=T,2

ETS A
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s HLES §(ert)r S°0T, 95T, 3
-+ t=s,_ S, rt)—I )2 ’
s S, T t),,_ ST, 9%
| t— S{(d,F, 9,2 !
EoS b= (qa t) L SH@ T 9%

- t= S (D, T, 1,2 ’

_E®S U= ,'_—|S/ (D,T1,1), pS’ @, 1,92
-LEs ,|_—|S/ (D,71,1),2

E®S U= _|-|S/ (P, 71,9, |-|S/ (@, 7 SZ

I_t— ,_|—|Sl (D, 71,1,

CexBeHIIHI (OpMH TPOHECEHHS CYIEPIIO3UIIil
yepe3 piBHICTb:

S'(tD)= (5.2

L SES =~ ~
|_SV(tE 5 1),
JS'(tH=S(s)T,
ES ,S(t=sD),T
_gpg IS (tD=S(s9.x.
B LS (t= 50,2
SES S (L) =S (s
T ~S'(t=s0),2

®dopmu, OB’ sA3aHI 31 3HATTAM 3aNEPEUCHHS IS
dhopmy1 BUTIIALY - L=S:
Jt=s 2

+ES ;
|_—|t =S, 2

3ayBakumo, 1o HasBHICTH | ES ta _ES pobuts
HenoTpioHumu |~ ETSTa _~ETS.

bazoBumu cekBeHImIMHNME (HOpMaMH YUCICHHS
FeC € dpopmu yucnenns FC, 1o Hux nogaemo dhopmMu
SmS, TrS, ETS, _ETS, [E®S, _E®S, SES, _SES,
0B’ s13aHi 3 cTporoto pieHicTio. Tyt [ ESTa _ES HE
NOTPIOHI Yepe3 HasBHICTb |- Ta .

BracTHBOCTI BiTHOIIICHB JIOTIYHOTO HACTIKY JUTS
MHOHH (popMyIT iHIYKYIOTb OCHOBHY BJIaCTHUBICTb
cekBeHIiHHUX GopMm (|= —omue 3 |=R, |71 = |=rH):

. NK ALK XZ

Teopema 1. Hexaif Ta

I- r—IA (o r —IA
0a3oBi cexBeHuiiHi Gopmu. Toxi:

AN[=K = T|=4A; TRA = AZEK.

bD)A|=KTaX|=Z = T |=4;

MNg#gA = ANEK abo X [£Z.

2.Tlo6ynoBa BuBeneHHs. TeopeMa KOPEKTHOCTI
CTHCIio OnMIIIeMO TOETaNHy MO0YyI0BY BHUBEICH-
HSl — CeKBEHIIIMHOTO JIepeBa — IS 3a/1aHO1 CEKBEHITI
> (cxinueHHOT 260 3IIIYEHHOT).
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[ToOynoBa modYnHAETHCS 3 KOpeHs nepeBa. Koxuae
3aCTOCYBaHHS CEKBEHLINHOT (OpPMHU MPOBOAUMO 10
CKIHYEHHOI MHOKMHH JOCTYITHUX Ha JaHUH MOMEHT
BHUBEICHHS QOPMYI.

Ha mouatky eramy BUKOHYeMO KPOK AOCTYITY: 1O
CIMCKY NOCTYIHHUX IOJA€ThCs MO OAHIN (opmyri 3i
crcKiB -opmyn Ta _ropmyn. Ha moyatky moby-
JIOBH JIOCTYITHA JIMIIIE MTapa Mepimx GopMyJT CIHCKIB.

[licnsa BuKOHaHHS KOXXHOI (OpMH TEpeBipsieMO,
9u OyIyTh yCi JUCTH OYyIOBAaHOTO JepeBa 3aMKHE-
HAMH CEKBEHINISAMU. [IpH TosIBI 3aMKHEHOI CEKBEHITIi
70 Hel BXKE HEe3acTOCOBHA >kofHa (opma, 1 mporec
noOyIOBH iepeBa Ha [[bOMY LUIAXY OOpUBA€ETHCS.

S0 BCi MUCTH MMOOYI0OBAHOTO JIepeBa 3aMKHEHI,
TO MH OTPHMAalM 3aMKHEHE CEKBEHIIIHE IepeBo,
noOy0Ba 3aBepllieHa MO3UTUBHO.

SIK1Io Hi, TO AN KOXXKHOTO HE3aMKHEHOTO JINCTA
poObMMO HACTymHHH KpOK mocTyrry. Hexait micist
JOJaBaHHSl J0 CEKBEHIIi-THCTa HOBUX IOCTYITHHX
¢dopmyn orpumana cexkBeHuis . Hani mo0ynoByemo
CKIHYEHHE TIZICPEBO 3 BEPIITMHOIO | TAKUM YHHOM.

AKTHUBI3yeEMO BCi JOCTYIHI HENPHUMITHBHI CEK-
BeHIii N. Jlo KOXHOI akTUBHOI (hOpMYJU 3aCTOCO-
BYEMO BiANOBiIHY cekBeHUiiiHy ¢opmy. Ilicis 3ac-
TOCYBaHHS OCHOBHOI ()OpMH YTBOPEHI HEtO (HOpMyJIH
Ha JaHOMY €Talll MacWBHI, A0 Takux (opMya Ha
LBOMY €Tari OCHOBHI ()OPMH HE 3aCTOCOBYIOTHCS.

B mporieci 3acTocyBaHHsS OCHOBHHMX (hopM (THITY
S-, 9 S8, =, [0, -0, a takox THmy SE s
BK®JIP, tamy SES ta ES gma BK®JIPC) 3a
HEOOXITHOCTI BHKOHYEMO CIIpomeHHs. J[insg mporo
KO)KEH pa3 Tpu TMosABI BiAmoBimHOi cuTyamii
3aCTOCOBYEMO HAJICKHY JOIMOMDKHY (opMy THIIB
CNd, CUd, Cld. KoxkeH pa3 mnpu OTpHUMaHHI
eneMeHTapHoi (GopMyiu AJsl Hel BUKOHYEMO (QopMy
HopMautizanii TepmiB (popmu Ty NrTr) no Tux mip,
MOKH YCi T TepMU HE HAOYAyTh HOPMaJIbHOI (HOPMHU.

3acrocyBaHHs (OpM PIBHOCTI B YHCICHHSX
BK®JIP ta BKDJIPC mae 0co0MHMBOCTI.

®opmu SMS (SmMWmis uucnenns FCg) Buxko-
HYIOTBCSI KOYKEH pa3 MpH TosBi (aKTHBi3alii) Hoeol s
cekBeHLi hopMym Buriny -t =S (BUnIsmy |-t =S).

Dopmu TrS (TrW ams FCg) BUKOHYEMO KOJKEH pa3
npy akTBizawii mapu gopmyn | t=STa | S=r (t=STa
-S=r s FCg), K10 X04 01Ha 3 X (HOpMYIT HOBA.

®opmu Ty ETW BHKOHYIOTBCSI KOKEH pa3 MpU
akTHBi3alii mapu GopmMy, onHa 3 Akux | L=S, a apyra
- |_SV’Z(G,T, =Tun S"%®,7T, 1) =1, npuuomy mpu-

HalM1 O/IHA 3 HUX HOBA IS CEKBEHIIIT.

®opmu tuny EPW BHKOHyEMO KOXEH pa3 mpu
akTHBi3awii mapu dopmy, onHa 3 sAkux =S, a apyra
- |_SV’Z(GD,_r,t) qn _|SV’Z(<D,T, t) , mpuuOMy TIpUHaiMi

OJIHA 3 HUX HOBA JUIsI CEKBEHIIII.
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®opmu Tty ETS BHKOHYEMO KOXEH pa3 MpH aK-
THBI3aLii napu GopMyi, ofHa 3 sAkux | L=S, a apyra —
I_SV'Z(G,_r,t) =T um _ISV'Z(G,T,t):T, MPUYOMY XOY

OfIHa 3 HUX HOBA /TS CEKBEHIIIi.

®opmu tuny EPS BUKOHYEMO KOXKEH pa3 MpH aK-
THBi3auii napu ¢opmyi, onHa 3 Skux | t=S, a apyra —
e |_SV'Z(<D,T, 0, S" A (@, T, 1), |_—|SV’Z(<D,T,t) un

4 S"*(P,T,t) i X0u O/1HA 3 HUX HOBA JJIs CEKBEHILii.

Slkmo moOynoBa CEKBEHINMHOTO IepeBa 3aBep-
IIeHa HETaTHBHO 1 OTPUMAaHO CKiHUCHHE HE3aMKHEHE
JepeBo (BUMaIOK CKIHYEHHHMX CEKBEHIIiH) abo mooy-
JIOBAa HE 3aBEPIIYETHCS 1 MAEMO HECKIHUYCHHE CEK-
BeHIIiliHE JepeBo (BHIAMOK HECKIHUCHHHX CEKBEH-
1iif), TO B JepeBi iCHye CKiHYEHHMI a00 HECKiHYCH-
HUH He3amKHeHull TUIAX, BEPIIMHU SKOTO — He3aMK-
HeHi cekBeHHisAMHU. KoxkHa 3 ¢opMmyn cekBeHmil Z
3yCTPiHETHCS Ha IIbOMY LIUIAXY 1 cTaHe JOCTYIHOIO.

Teopema 2 (xopexTtHocTi). Hexait cexenmist |- /A
suBigHa. Tomi I [=A.

Sxmo I _A BuBinHa, To Ui Hel 30y/10BaHE 3aMK-
HEHE CEKBEHITIHHE NIepeBo. [3 moOymoBu nepeBa BUII-
nuBae, mo A|=K mnsa xoxsoi Bepuman | A_K. [l
JIMCTIB JiepeBa Iie BUIUIMBAE 3 BU3HAYCHHS 3aMKHEHOI
CCeKBEHINH. 30epeKeHHsS CEKBEHIIHHUMH (hopmaMu
BIIHOIIICHHS JIOTIYHOTO HACTiAKy (BiX 3aCHOBKIB 10
BHCHOBKY) BHILIHBAE 3 TeopeMu 1. Takum umHOM, [UIs
KOpeHs JiepeBa — cekBeHIii |- _A —Tex maemo M |=A.

3. Teopemu npo KoHTpPMOAETi

TeopeMn TpO TMOBHOTY CEKBCHIIMHWX YHCICHB
ONUPAIOTLCS HA TEOPEMH PO iCHYBaHHS KOHTPMO-
JISNe U1l MHOXKUHH (DOPMYJT HE3aMKHEHOTO IIUISAXY.

Taki Teopemu (OPMYIIOIOTHCS OIHOTHITHO IS
KOXKHOI TPYITH YHCIIEHB, MO GopMaiizye BiAMOBITHE
BiIHOIIEHHA |=rF, =1, [, SR

Teopema mpo korTpMOozei ayst unciens FLRTa FALR

Teopema 3. Hexait [1 — He3aMKHEHUH HUIIX Y
CEKBCHIIIHHOMY JIepeBi, 30y/I0BAaHOMY JUIsi CEKBEHIII1
H A\, Hexait H — MHOXHHA BCiX crerupikoBaHUX
(hopMyIl CEKBeHIH MBOrO NUIAXY. TOi ICHYIOTBH
inreprperarii A= (A, 11), B= (A 1) ta 8, nO"A raxi:

Hy) | PUH = PA(0) =Trta _PUH = PA(Q) #TT;

He) | ®0H = ®g(n) # F ta (PUH = Pg(n) =F.

[apu (A, d) ta (B,n) HazBemo T-xonmpmooennio
ta F-konmpmooenno nns | I _A.

Teopema 1mpo KoHTpMOIEN mist urcieHs FL ta Fgl:

Teopema 4. Hexaii [1 — He3aMKHEHHM NUISX Y
CEKBCHIIIHHOMY JIepeBi, 30y/I0BAaHOMY JUIsi CEKBEHIIIT
H A\, Hexait H — MHOXHHA BCiX crerupikoBaHUX
(hopMyJl CeKBeHIH MBOrO NUIAXY. TOi ICHYIOTBH
inreprperarii A= (A, 11), B= (A 1) ta 8, nO"A raxki:

Hy) | PUH = PA(0) =Tta _PUH = PA(d) # T.
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Teopema mmpo koHTpMOmIeni mist yncieHs FRTa FLR

Teopema 5. Hexaii I — He3aMKHEHMH WUIAX Yy
CEKBEHITITHOMY JIepeBi, 30yJ0BaHOMY ISl CEKBEHITI
H A\, Hexall H — MHOXHHA BCIX crnenuQpiKOBaHUX
dbopMyn cekBeHIIH MmpOro NUIAXy. Tomi ICHYIOTH
inrepnperanii A= (A, 1), B= (A, 1) ta 8, n0"A Taxi:

He) | ®0H = ®g(n) # F ta ®UH = Pg(n) =F.

Teopema npo koutpmozaeni anst uncnens FC, FC
ta FrC:dpopmymroeTbes Tax:

Teopema 6 Hexaii [1 — He3aMKHEHUH NUIAX Y
CEKBEHIIIHHOMY JepeBi, 30yI0BAaHOMY Il CEKBEHIII1
H -/, Hexall H — MHOXMHA BCIX crenu]iKoBaHUX
dbopMyn cekBeHIIH MmpOro NUIAXy. Tomi ICHYIOTH
inreprperarii A= (A, 11), B= (A 1,) ta 8, nO"A Taki:

He) 1PUH = Du(0) =T 1a PUH = PA(0) =F.

ITapy (A, 8) HazBemo IR-korTpMOnEmTIO WTst |- _A\.

Hasenemo TyT noBeneHHs: TeopeMu 3 AJIsI BUTIAAKY
FrLR-uncnenns. 3actocyBaHHs (OpM 10 CEKBEHIIH
Ha nusixy U BigOyBaeTbcs A0 TUX Hip, TMOKU Lie
MOJKJIMBO, TOMY KOKHa HEMpHUMiTHBHA (opMmyia 4u
il 3amepedeHHs, IO 3ycCTpivaeThCs Ha MUIAXY [,
paHo uM mi3HO OyJe po3KiaieHa YH CHpOIICHA.

VYci cexkBenmii nusaxy [] He3aMKHEHi, TOMY s
Hux HeBipHa ymoBa 3amkueHocti COCLR OCRfs,
Otxe, 11 H BUKOHYIOTBCS YMOBH KOPEKTHOCTI

HC) ne icHye @ Taxoi, mo | PUH Ta PUH.

HCLR) e icaye ¢popmyn @ ta W takux:

|_(DDH, [ CDDH, _|L|JDH, - WDH,

HCRfs) He icHye tOTr Takoro, mo _t =t OH.

3ayBaxumo, mo HCLR < HCL OHCR, ne HCL i
HCR otpumano 3 ymoB CL ta CR:

HCL) ne icaye ® Taxoi, mo | PUH Ta |~ PUH,

HCR) ne icaye W Taxoi, mo _WUH ta -~ WOH.

Iepexoau Big HIKYOI BepUIMHY IUIAXY L] 10 BU-
10 POOMMO 3TiTHO 3 IIEBHOI CEKBEHIHHOIO (op-
MO¥O0, TOMY JIJIs1 H MaeMO BiATIOBiTHI YMOBH TIEPEXOTY:.
HCI) . S(@)0H = | ®0H; _S(®)0H = _®0H;
H-Cl) = S@)0H = |~ ®0H; _~S@)UH = _~®0H,;
HCN) I_S?"f’(qb,‘_x,_t)D H= S@, )0 H,

4SS, XDOH = [ S@, )0 H
H-CN) |_—|Si"7(cl>,'_x,_t)D H= |- S @, )0 H;

SY(@, X DOH = 2 S @, )0 H;

HCU) npu ymogi X[Iv(®P) maemo:

|_SX'V((D, tt)0H = |_S7(<D , )0 H;

_ISX'V(GJ, tt)0H = _|§’ (@, )0 H.

[oni6aum yrHOM 3amucyemo ymoBy H- CU.
Hexait W orpumana 3 ememenraproi popmymun P
3rigHO TepeTBopens Teopemu 4 podotu [3]. Toxni:
HNr) . ®0H = | WOH; |®0H = _WOH;
H-Nr) = ®0H = | ~¥YOH; n®0H = _~WOH.
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Hexaii W otpumMana 3 ® 3ropTkoro Cynepro3uiin
3rigHo SSP (mue. [2,3]). Toxi:

HS®) . ®UH = WOH; _®UH = _YOH,

H-S®) | ~®0H = | ~WYOH; |~ ®P0OH = _~WOH.
YMOBH, NOB’ f13aHi 3 IPOHECEHHSM CYTIEPIIO3ULIHN:

HS-) .S'(-®, ))0H = - S (@, )0 H;
4S9, H)0H = S (@, 10 H;

HS) _S'(@OWHOH = _S@Ho0SW, 90 H
SOV HOH = (S©@H0SW, 90 K
[TonioHuM ynHOM 3anucyemo H- S~ ta H- SO
YMoBH, NOB' s13aHi 3 JEKOMIO3ULIEI0 GpopMyI:

H—-—-) [T PUH = |_q3|:JH; -0 PUH = _FDDH;

HO) | PWOH = (PUH abo WUH,

PVYUH = _®UH Ta |WUH,

H- D) [ ((DDLIJ) UH = [ ®LH ta (B WUH,
- (PW)OH = _~PUH abo _~WOH.
YMoBH, NOB' A13aHi 3 CTPOTOI0 PiBHICTIO:

HES) ~t=sUH = _t=sUH,

~t=slH = t=slH,

HSmS)t=s0H = s=tUH,

HTrS)t=s0H ta . s=r UH = (t=r UH;

HSES) . S'(t=sH0H = _S(f9)= $(s)0 K
S'(t=sHOH= | S(fh= S(s)0 K

HETS) t=s, S"*@T,9=7r0H =

= [ t=s, SO, T,)=r, S*@,1,9=70 H,
Lt=s SO TH)=r0H =
= [ t=s,_ SO, T,0)=r, S0, 1,9=70 H,
HE®S) t=s, S*(@®,T,90H =
= [t=s, S*(@, 7,10, S*@,T,90 K
Lt=s, SO, T )0 H =
= [ t=s,  S*(@, 71,19, S*@, 1,90 H.
[TonioauM unHOM 3anucyemo H- SESta H-E®PS.
IToOymyemMo KOHTPMOIETH 32 MHOKHUHOIO H.
Hexait W={vo, ..., Vn, ...} — MHOXHMHa YycCIX
npeaMeTHHX iMeH, o ¢irypyioTs B JIHC Tta cumBomax
cynepriosutii ¢popmyn H, vexaii Dn={"v|vJW}.
Hexaii Tr — MHOXHHA yCiX HOpPMAaJILHUX TEPMIB,
mo ¢dirypyroth B popmynax H. 3amamo TW= Tr[IDn;

Hexait TW= {to,ty, ..., t, ...}, ne xkoxHe 'V, —1ie ti.
PiBnicTh iHgyKye Ha TW BigHOIIEHHS €KBiBa-

aenTHocTi: tlSs < | t=sUH. Hexait 4 =TV% -

(hakTOp-MHOXKHHA MHOKUHU TW3a BiIHOIIEHHIM ~.
[Toznaunmo (t) KjIac eKBiBAJIEHTHOCTI 3 MIPEACTAB-
uukoM t. [Tosaaummo (t;) gk &;.
Toxi 3agamo 0 =1 = = o> ag,..., Vi &...].
s Beix fOFNS wassaux B H, BusHaunmo f, ta fg
TakK, 1100 BUKOHYBaJIaCh YMOBa.:
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(t)4(0) = & Ta (t)s(n) = & mna Beix tOTT,

Jst tg ="v; Tomi (tg)4(0) = (t)a(n) = (v))a(d) =('vj) = &
Hexaii t, = fOFNSs 3amaemo
f4(0) = (tm)4(d) = amTa fz(n) = (tm)s(n) = am

Hns Beix iHmmX t,[JTW3HaueHHS 3a/1a€MO TaK.
Hexait t, —ue S™ ft,..t , ne f=t,0Fns

Toni 3agamo f,(d00vi1— ay; ... Ovin > &) =
= fe(NOVis = 31 0... OVin > &) = 8.
3amaMo 3HAYEHHS MPUMITUBHUX (QOpMyd Ta iX
3amepeyeHb Ha O 1 1N:
—t=S0H = (t=9),(8) = T1a (t=9)ge(n) # F;
—t=s0H = (t=9)4(8) # Tra (t=5)s(n) =F.
—pOH = p.(3) = Ttapg(n) # F;
—_pUH = p,(8) # Ttapg(n) =F;
— - pUH = py(8) =F tapg(n) 2 T;
—_npUH = p,y(d) 2 F tape(n) = T;
— S pty.t, OH = p @i ai0... OV ) =T
ta pg(NOvi— ap0...Ovh > &) 2 F;
— S pt, OH = py@vie ag0... vy @) 2 T
ta pg(NCvi apl...Ovh— &) = F;
_ l_—|SV1""'V" p'il'in DH:pA(a]VlH QJ_DDVnH a]) =F
ta pg(NOvi a.0...0Ovi—an) # T,
— =S pt..t, OH = py(80we ail. .. ) 2F

ta pg(NOvi apd...Ovh> ) = T.

Jaiti 7o0BoAMMO IHAYKLI€EIO 32 CKIaAHICTIO (OPMYITH.

3ayBaskeHHSI 11010 BUOOPY KOHTPMOIEITI.

s F-xourpmoneni (B, ) wesukonanas HCR mae
®5(Nn) =F Ta =~ Pp(Nn) =F —nHeonno3HauHicTs Pp.

s T-xkoutpmoneni (A, 0) nesukonanus HCL mae
DA(0) =T Ta " PA(0) = T —HeoaHO3HAUHICTE D,

Orxe, sxmo mist H maemo HCL Tta nHepipue HCR,
To OepeMo T-KOHTpMOIENb; KO it H Maemo
HCR Ta mesipue HCL, To Oepemo F-koHTpMOAECI;
axmo 1 H Bipui HCL Ta HCR, To MoxHa Opatu six
T-xoHTpMOEND, TaK 1 F-KOHTpMOACITD.
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4. TeopemMa npo MOBHOTY

Ha ocHOBI TeopeM Mmpo KOHTPMOJEIN OTPUMYEMO
TeopeMy TOBHOTH (TYT |= —oaHe 3 |5, |=n |5 |=rH).

Teopema 7. Hexaii ' |=A. Toni cexsenmis I _A
BUBIJIHA Y BiJIMOBIHOMY YHCJICHHI.

Hoseaemo mnst |=rp Ta umcnenb FLR i FeLR.
Hexaii cynporusne: I |=j¢A ta | I_/A HeBuBigHa.
3Biacu cexBeHIiiiHe aepeBo Uit I A He3aMKHEHe,
TOMY B HbOMY iCHY€ He3aMKHeHMH msix. Hexait H —
MHO’KHHA BCIX crenu(pikoBaHUX (OPMYIT CEKBEHIIIH
nporo nuwsixy. Toxi (AU H. 3a Teopemoro 3 icHy-
10Th T-KoHTpMOenb (A, 8) Ta F-konTpmonens (B, n):

FPOH = ®a(0) =T ta (PUH = Pp(0) # T,

-POH = ®g(n) # F Ta _®UH = Pg(n) = F.

Hnsa  T-xomtpmomem st Bcix PUI  maemo
DA(0) =T, msa Bcix WYOA maemo Wa(0) # T. 3simcu
OLT(Ia) ta OLT(AL), 3Bimku mesipro T(Ia) O T(Aa).
Le 3anepeuye [ a|=rA, Tomy i 3anepeuye I |=reA.

Jns  F-koutpmonmeni jis Bcix POM maemo
®g(n) # F, ona Beix YUA maemo ®Pg(n) =F. 3Bigcu
NOF(Mg) Ta NOF(Ag), 3Biaku HeBipHo F(Ag) U F(IMg).
Ie 3anepeuye I g|=c A, Tomy i1 3amepeuye I |=rg A.

BucnoBku

Jns 6e3xBaHTOpHO-(PYHKLIOHANBHUX JIOTIK Ta iX
pi3HOBHIIB 3i cnaOKOIO PIBHICTIO Ta CTPOTOIO piB-
HICTIO TTOOYZOBAaHO YMCIICHHS CEKBEHIIIHOTO THITY.
Taxi urcnersst popMatizyoTs BiTHOIICHHS HECTIPOC-
TOBHICHOT'O, ICTUHHICHOI'0, XMOHICHOTO Ta CHJILHOIO
JIOTIYHOTO HACHiKy. [IJis X 4nciieHs HaBeneHo Oa-
30Bi CEKBEHIIIIHI ()OpMH Ta YMOBH 3aMKHEHOCTI CEK-
BEHI[i{, onrcaHo MOOYyIOBY CEKBEHIIIHOTO JIepeBa,
JIOBEJICHO TEOPEMH KOPEKTHOCTI Ta TOBHOTH.
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Y yitt pobomi nposedeno meopemuunuii awaniz enaugy cnin-opdoimanvHoi 63aemodii (CO) Ha
eHepeemMUYHULl CneKkmp eleKmMpoHi6 6 YUNIHOPUYHUX HanienpogioHukosux keanmosux moukax (KT).
Posenauymo 3anesxcnicms eHepeemuuHux pieHie eleKmpoHie 6i0 po3Mipy KGAHMOBOI MOUKU [ NPUKAAOEHO20
306HIUHbO2O MAZHIMHO20 nois. Bpaxysamnws cknadosux buuxosa-Pawbu ma Pawbu cnin-opbimanvroi
63aEMO0IT NPUBOOUMb 00 BUHUKHEHHS CNIHOB020 PO3UjeNIeHH sl eleKMPOHHUX enepeemuyHux pisHie. Cninose
PO3UjenienHs eleKMPOHHUX CMAHIE 3 HEHYIbOSUM OPOIMANLHUM MOMEHMOM e1eKMPOHA HPOOEMOHCINPOBAHO
Ha npuxnadi InSb keanmosoi mouxu 6 HyILOBOMY MASHIMHOMY NoJi. JJocaiodcero nepemunu pieHie eHepaii
eeKMPOHA 3 OOHAKOBUM OpPOIMANLHUM MOMEHMOM [ DPI3HUMU CNIHOBUMU MOMEHMAMU 8 HEHYIbOBOMY
MAZHIMHOMY NOJI.

Knmiouogi cnin-opoimanvHa 63aemo0is, KBAHMOBA MOYKA, eNeKMPOHHUL eHepeemUdHULl PiBeHb.

The theoretical analysis of the effect of spin-orbit (SO) interactions on the electron energy spectrum of
cylindrical semiconductor quantum dots is the aim of presented papers. The dependence of energy levels on
size of the dots and the applied external magnetic field is studied. Contributions the Bychkov-Rashba term
and the Rashba term of the spin-orbit interactions to the spin splitting of the electron energy states are
discussed. The spin splitting of electron states with nonzero angular momentum is demonstrated theoretically
for InSb quantum dots at zero magnetic field. It was find a ‘‘crossing’’ of the electron energy states with the
same angular momentum and different spin polarizations in a nonzero magnetic field.

The results demonstrate competition two components of the spin-orbit interaction. Rashba term has a
greater impact in the reduction of the size of the quantum dot. The value of Bychkov-Rashba term can be
easily controlled by external electric field. I was demonstrated the ability to control the electronic spectrum
of the quantum dot using external electric field applied along the axis of symmetry of the quantum dot in this
work.

Keywords: spin-orbit interaction, quantum dot, electron energy states.

Crartio npeacraBuB A.T.H. [loropimuit C. /1.

ExcriepumenTanpHi Ta TEOPETHYHI
OCIIIKEHHS CIIH3AJIEKHUX SIBUII] B

3aragpbHUN  QIBUYHMA MAXig 01 OMHCY  CITiH-
3aJICKHUX SBUII Y HAMiBIPOBIIHUKOBUX KBAHTOBUX

HU3BKOPO3MIPHUX CTPYKTYpax Ta CITiH TPAHCIOPTY B
HaITiBIIPOBITHUKOBUX KBAaHTOBHX T'€TEPOCTPYKTypax
NPUBEPHYM 3HAYHy yBary B OCTaHHI poku [1-2].
3pocratounii iHTEpec 10 Ili€el TeMu MOB'SI3aHUM i3
mBoma (pakramu. [lo-mepmie, mporpec B TEXHOJOTIl
HaITiBIIPOBITHUKIB 3pOOMB MOXKIUBHM CTBOPUTH
CTPYKTYpPH, IO YYyTJIMBI JI0 EJICKTPOHHUX CITiHIB.
Takumu IPUCTPOSIMHA CHIHTPOHIKK MOXHA KepyBaTH
3a JIOITIOMOTOFO TIOJIIPU3aIlii CIiHIB eNeKTpoHiB [1-2].
[Mo-mpyre, MoOXHa BHKOPHCTOBYBAaTH  JIOCHTH

© O.C. bayxa, 2016

MaJIOPO3MIpHHUX CTPYKTypax [3].

CImiH elekTpoHa MOXKE ICTOTHO BIUIMHYTH Ha
CJICKTPUYHI Ta MAarHITHI BJIACTMBOCTI KBaHTOBHUX
ctpyktyp. Cepen  MOMXIMBHX  CITIH-3aJIKHUX
BIUIHMBIB CITiJ] BUILJIUTH B3a€EMOJIII0 MIXK OpOiTaTbHUM
Ta CIIiIHOBUM MOMEHTOM eJIeKTpoHa [3-5].

He3paxkaroun Ha penstuBicTcbky npupony CO
B3a€MO/Iii, BOHA MOX€ TpaTH CYTTEBY POJIb B 30HHIN
CTPYKTypi OaraThoX HamiBIpOBiAHKUKIB. HaBiTh B
CUMETpUYHOMY oOMexyrouoMmy mnortenmiani CO
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B33.€MOI[iﬂ HYaCTKOBO 3HIMAaE BUPOKCHHA MIX CJICKTpOHAMHU [JId MPOCTOTU HEXTYEMO. ﬂaHe
CHCPIreTHUYHUX piBHiB eHeKTpOHiB B CHPOIICHHSA CYTTEBO HE 3MIHUTD OCHOBHHX

HaITiBIPOBITHUKOBUX KBAHTOBHX siMax [3].

OueBHHO, IO CHIH-OpPOiTaNbHA B3aEMOJIIA B
3HAYHId Mipi 3aJEeKUTh BiJl KBaHTOBOi reomerpii
CUCTEMHU. Y JIOCKOHAJCHHS  HaMiBIIPOBiTHUKOBOI
TEXHOJIOTIi 3pOOMJI0O MOXIJIMBUM JIETKO 3MIiHIOBATH
TCOMETPUYHI (OPMH KBAaHTOBUX CTPYKTyp [6-7].
ToMy cmiH-3aJeXHI sBHIIAa B IMX CTPYKTypax €
MIKAaBUMH JUTS TOCHITHUKIB.

Metoro nanoi podotu € po3risa BmiuBy CO
B3a€MOJii Ha EJEeKTPOHHI EHEepreTW4YHi CTaHU B
KBaHTOBUX Toukax. CriH-OpOiTaNbHA B3aEMOIIS B
pobori OIHCYETHCS JIBOMa CKJIaJIOBUMHU
raMUJIBTOHUAHY €JEKTPOHa, Mo 3HaxonuTbes B KT.
Oma 3 HHUX BigoMa fK ckiaamoa Pamdou CO
B3aemonii [8]. Jlpyra Oyma Bmepiie po3risHyTa
BbuukoBum Ta Pamboro s enektponiB B 2D
enekTpoHHOMY ra3i [9]. KynoHiBChKOIO B3aeMomi€l0

V/

BHCHOBKIB 1ipo BB CO B3aemoii Ha BIACTUBOCTI
€JICKTPOHIB, 110 NIepe0yBalOTh B KBAHTOBIH TOMIII.
I[Ipu pospaxyHKax eJIEKTPOHHUX CIIEKTPiB

BBKAEMO, IO ENEKTPOHU 3HAXOIATHCS B KBasi-
JIBOBUMIpHIN KBaHTOBiM Toull. JlaHa Mojenb MOXe
YCHIIIHO OTKCATH €JIEKTPOHHI BIACTUBOCTI KPYTJIUX
JIMCKOBUX KBAaHTOBHX TOYOK [3-4] (mrTy4nmx
aTOMIB).

Jlns  omucy  KBaHTOBOI  TOYKHM  OyJemMo
BUKOPHUCTOBYBAaTH HACTYITHY MaTeMaTHIHY MOJEIb:

2D-eneKTpoHHHUI Ta3 0OMeKeHUl MmapaboIiTHIM
MOTEHIIATOM, B SKOCTI ()OPMH KBaHTOBOI TOYKH
BUOpaHO HWIiHAp. PyX enexTpoHiB y3moBxk oci Z
00MeXEeHO HECKIHYEHHO TIMOOKOI0 MOTEHIIaIbHOIO
Moo (puc. 1 ¢). Benmnunnaa Haxuiny THA MU B3IOBXK
oci 7 3aJeXuTh B BEIHYUHH MPHUKIAICHOTO
30BHIITHBOTO EIEKTPUIHOTO TTOJIS.

1V 1V
>
Y
z, /12
-z/2
X a b XY c z
Puc. 1. Burnsn Ta npodiss moTeHIiany KBaHTOBOI TOUYKH.
B momanpmmx o04YHCICHHSIX BUKOPUCTOBYETHCS Cmin-opbitansHa B3a€MOIIS OTIHCYETHCA
MPOCTUH NMapaboNIiYHUH MOTEHIIAM, 0 PO3MIMEHUHA HACTYITHUM OIEPaTOPOM:
B oAl XY (puc. 1 b). [ToreHiian Mae BUIIIAL: hu,E(r) - -
P ) Ay =g E g a5 4)
1 5 mcr
V. (’” )= Em(E)a’o’” , M e MUy - marHeToH bopa, E(r) - enexTpudHe moIie,
nme m(E) — edekTMBHa Maca eNeKTpoHa, mo C- IIBHIKICTb CBITJIA.

3aJIe)KMTh BiJl 3HAa4eHHsA Horo eHeprii, hw, -

XapaKTepHa EHEpris 3B'I3Ky €JEKTPOHA B KBAHTOBIM

Touli. XapakTepHUH pO3Mip KBAHTOBOI TOYKH
BH3HAYAETHCA 13 CIiBBiAHOIICHHS [3]:
2E,
r= | 2)
m(E ),

ne E, —pisen» Oepmi.

VY3moBxk oci Z mpuUKIaJieHe OJHOPiIHE IMOCTiifHe
Mar”iTHE TIOJIe, SKOMY BIAMOBiIae BEKTOPHUH
MOTEHIIAT:

By Bx.

A== ,o), B=(0;0;B). (3)

Sk BHOHO 31 CHIBBIAHOIIEHHSA, TP pYyci
€JIEKTPOHA B HANpPSIMKY IEPIEHAUKYISIPHOMY 0O
HampsMKy 3MiHH  TIOTEHIialy BHECOK  CIIiH-

opOiTanpHOi B3aeMomii Oyje BIAMIHHHAM BiJ| HYJISL.
Hdns 2D enexTpoHiB MOKHA PO3KJIAcTH JaHUN
noTeHIian Ha 1Bi dactuHH. [lepmia wactuna Oyne
3aJIeKaTH Bil 3MIHM OOMEXYIOYOro ITOTEHITIATy
B310BXK oci Z [4, 9]:

VsBoRzad—V(oxlE -0k
dz

b

)

€ a — mapaMmeTrp CHiH-OpOiTaJbHOTO 3B’SI3KY, k -
orepaTop XBWJIBOBOTO BEKTOpa. 3alMIIeMO JaHe
CIIBBIIHOILICHHSI B VT HIPAYIHI A cucremi
KOOpZMHAT:

y yx)
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(zwk, +3, [k, +2€hBrD (6)

ne k,=-i(1/r)d/0p, k, =-i(l/p)o/or, V(r,z) —
OOMEXYIOUMid TOTEHI[ial KBAaHTOBOI TOYKH, 7
JIBOMIpHHH pafiyc.
Matpuni Ilaymi —

__dV(r,z)

BR
VSO -
Z

r

.2 »»0z B  LWIHIPUYHUX

KOOpAuvHaTax MarOTh BUTJIAA:
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IIpu posrasaai KT BugHO, mo oOMexyroumii
noteHmian B3noBxk paxgiycy KT mae Takox
MPUBOJUTA 1O BUHUKHEHHS CIIIH — OpOITaIbHOI
B3aemofii. JlaHnii BHECOK BIiIOMHI SK ITOTEHIIAl
Pam6u [3, 8]. B mossipnili cucTemMi KOOpIUHAT
omneparop Pam6u HaOyBae Takoro BUIIISLY:

av,(r) [k¢+eBrj. )

V,Rr, =6.a
(7 9) =6, g o

0 & 0 ie'? Piusinns lllproninrepa:
X,= L, 0 2o =1, o I PosrinsHeMo NapaGosliuHy KBaHTOBY TOYKY 3
¢ —le oOMexyrounMm moreHrianom (1). MarniTHe moe
_s 1 0 npukiagaero B3goexk oci z KT. Toxi raminbroHiaH
Oz=%z7= 0 —1) Q) eIeKTpPOHAa B INWIIHAPUYHUX KOOpAWHATaX (I,()
Ha0yBae HACTYITHOTO BUIJISLY:
2 2 .
M 0,0 L (5B L LB (B, B
2m(E)| ror or r* o¢* | 2 o¢p 8 )
1
V()4 oL (EYBAV G (r0) + VG 0,
ne My =eh/2m, — marneroH bopa, e — 3apsan T1yT @.(E,B) — HUKIOTPOHHA YaCTOTA €IEKTPOHA.
eNeKTPOHA, 71, — Maca BUIBHOTO EJIEKTPOHA. m, A
EdektuBHa  Maca  eJNieKTpoHAa  IOJAETHCS gE)=21- m(E) 3(E, + E) + 2A (12)
dopmyoro [3]: g
) | E (E N A) 5 { Ty g(E) — edextuBHHA  g-pakTop IS
= £1 8 { + }, (10) HamiBOpOBIAHUKIB. CuiBBIIHOIIEHHS TUTSE
m(E)  m(0) (3Eg+2A) E+E, E+E +A eeKkTUBHOI Mach Ta g-(hakTopa € XapaKTEPHUMH

(E — enepris enexTpoHa B 30H1 nposigHocti, m(0) —
epekTHBHA Maca eNeKTpOHAa Ha JHI  30HHU

JUTSL HAITIBITPOBITHHKIB.
[Nepenumemo raMuiabTOHUAH (9) y BUIISAL:

npoBigHocTi, Eg Ta A — mupuHa 3a00pOHEHOT 30HH Gzam(E)a)geB ) BR

Ta BeJIMYMHA CIHiH-OPOITaJbHOTO  PO3LICTIICHHS H=H+ 2% PV, (r.9), (13)
BaJICHTHOI 30HM, BIIITOBITHO), e

o,(E,B) =2 (11)
m(E)
2 2 2 .
IZ_L i_i_iz_i_iziz —iha)c(E,B)i+
2m(E)| ror  or*  #? 0 2 op

(14)

+ %m(E)a)f (E,B)r2 + %m(E)a)ozr2 + %az,uBgB —o,am(E)w, (;8
2

Cramionapue  piBasaas  peomiarepa 3 [3,5]. Horo piBHI eHeprii Ta XBWIBbOBI (QYHKIIIT
raMiUIbTOHIAaHOM /1, Ma€ aHaNITUYHUN PO3B’S30K MAIOTh BUTIIAN

El _hQ hwc(En,l,a’B) ,LlB 2

o = O,(Enjl,a,B)(Zn+\I\+l)+l—2 ++0 EY g(E,,; ,)B+lam(E,, )y |, (15)
1
! r, @) =——exp(il R (r , 16
l//n,l,s( gﬁ) m p( gﬁ) n,[,.s() ( )
1/2 lil/2
2 n! r? P’ l r?

ne R, (N= |2 —=—| expl—— ||| L)1 17
20(7) l;{(n+l)!} p( 21,,%} (1;} 12 a7

IO BIAMOBIJA€ 332 MPOCKII0 CIHMHA EJIIEKTPOHA Ha
|1
L, (x)-

n — TOJIOBHE KBAaHTOBE YMCJIO, /— KBAaHTOBE YHCIIO,
1[0 BiANOBIJA€ 32 MPOEKIiI0 OPOITATLHOIO MOMEHTY  picp
€IeKTPOHA Ha Bich Z Ta o ==*l — KBaHTOBE YHCIIO,

z, [Mominom Jlarepa (Laguerre),
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lg=-/h/mC, — edpexkTHBHAa MarHiTHa JOBXHHA |,
w¢ (E,B)
PR

XBHIIbOBY (YHKIIIFO TaMibTOHIaHA (9) MTyKaeMo
y Bursiai [3]:

1 0
w(r,p)= Ze'anza(r){Az”(o}BZ’(IH- (18)
n,l

Crarionapse PiBHSHHS [lproaiarepa
MIePETBOPIOETHCS HA CHCTEMY PiBHSHB!

2 2
Q. =wy +

(E°

n,l,+1

2
—E)A! + a%BZ G A" +

+iy) {(z +1)I" +P™ +§I;J;""} " =0

2
n ema, nm m
(Er?,l,—l —E)B/ — ’ BZGI B~
" .(19)
Sk D B, =0
TyT BBeJieHI TO3HAYCHHS:
G" = [r’R),("Ry, (r)dr, (20)
0
" =K = I RY (MR 1 (1) @1
=L = j 2R ()R, (r)dr (22)
= J. l( ) m l+1 (I”)dl" (23)
0
D" = I , ,(r) Ry (r)dr . (24)
CI/ICTeMy piBHsaHb (19) MokHa 3anmcaTH B
- : 1 !
BEKTOPHIN bopmi: X A, =x,B,,,
x3lB = X4IA, [5]. Eneprernunuii CIIEKTp

€JIEKTPOHA 3HAXOAMMO YHCEIbHO 3 HACTYIHOTO
A NS !
criBBigHomenns: det(x; (x,')'x,' —x,')=0.
Pe3yabTaTtu po3paxyHkiB:
Hns InSb kBaHTOBOi TOYKM OOpaHO HACTYIHI

rapameTpu: m(0)=0.014m,, E, =0.24eV,

A=08leV Tta a=5004[3]. Tlpu po3paxyHkax
BUKOPUCTOBYBAJINCH PO3MIpH KBAaHTOBUX TOYOK:
r=20,9nm Ta r=18,5nm. B310B% oCi z MpUKIagEHO
EJIEKTPUYHE TIOJIE.

Ha puc. 2(a,b,c) 300paskeHO 3aJIKHICTD
€HEePreTHYHMX PiBHIB €JIEKTPOHA BiJl NPUKIAAECHOTO
MarHiTHOro moisi. [Ipu po3paxyHkax po3risiHyTO
€HEepreTHYHi PiBHI €1eKTpOHa 3 TOJOBHUM

National University of Kyiv
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kBanTosum unciom =0 Bpaxysanns CO
B3a€MOZI{ IPUBOIUTH O BUHUKHEHHSI PO3LIETIIICHHS

€HEepPreTHYHHX PiBHIB HABITh MPH HYJIHOBOMY
3Ha4YeHHI MMPHUKIIAJIeHOro MarHiTHoro nods (Puc.2a,

2¢).
|[=2
0.084
3 006 |l|:l//
w
0.04
=0
0.021— T T . .
0.0 0.5 1.0 1.5 2.0
BT a
0.084
% 0.064
w /
0.044
0.021— . T : .
0.0 0.5 1.0 1.5 2.0
BT b
0.084
> 0.06-
[
1] (//
0.04
0.02— T T : s
0.0 0.5 1.0 1.5 2.0

BT c

Puc. 2. Emeprerunmii cnextp enektpoHa B InSb
KBaHTOBIM TO4II 3 BpaXyBaHHSAM CKJIaZoBUX Pamiou
ta buukoBa-Pambn criH-opOiTanbHOT B3aeMOMI.
Po3mip kBanTOBOi Toukm 1=20,9nm. Ilpuxmamene
30BHIIIHE EJICKTPUYHE T0JI€ MPOBOIUTH JO 3MiHU
MOTEHITIATY a) dV/dz=4meV/nm,
b) dV/dz=10,86meV/nm, c¢) dV/dz=18meV/nm

Ha pwuc. 2a 30BHIIIIHE eNEKTPUYHE MOJIE Mae MaJie
3radeHHs. CkiagoBa buukosa-Pambu CO B3aemomii
HE3HAYHA IMOPIBHAHHO 3 CKJIanoBow Pamou. CrmiH-
opOitanbHa B32€EMOIisI YaCTKOBO 3HIMaE
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BHPOJKCHHSI CHEPTCTUYHHUX DPIBHIB €JIEKTPOHA IPU
HYJIHOBOMY 3HAY€HHI Mar”iTHOTO mojs. Jlist \Z‘zl

Ta ‘l\=2 0aunMoO pPO3MICIUICHHS EHEePTeTHIHUX

piBHiB. JlaHe pO3IIEIICHHS TIPUBOIUTE JI0 IEPETUHY
SHEPreTHIHUX PIBHIB €JIEKTpOHA 3 OJHAKOBUM
OopOiTaIbHUIM MOMEHTOM 1 Pi3HUMH CIiHOBUMH
MOMEHTaMH B HEHYJIbOBOMY MarHiTHOMY IIOJI.

Ha puc. 2b posrisHyTO BHITag0K, KOJIW OOH[IBI
ckimagoBi CO B3aeMofil MarOTh OJJHAKOBHUI BILIWB.

Sk BHOHO 3 PpUCYHKY, JaHi CKIaJ0Bi CIIiH-
opOiTanbHOI B3a€EMOIii KOMIIEHCYIOTh OJTHA OJIHY .
4-
/=2
3_
>
[}]
E 2- “
W
T
1_ '
0 2 4 6 10 12 14 16 18
dV/dz meV/nm a
5<
4
2
£ 3
m
e 2<
14
0 : : r : : : ¢ . .
0 2 4 6 8 10 12 14 16 18
dV/dz meV/nm

Puc. 3. PosmiennieHHs piBHIB €HEpTii €NeKTpoHa,
o0 3HAXOMUThCA B InSb KBaHTOBIM TOYI, NpH
HYJBOBOMY 3HAa4€HHI MAarHiTHOTO  TIOJA, a)
r=20,9nm, b) r=18,5nm.

[lpu BemukoMy 3Ha4YeHHI EIEKTPUYHOTO OIS
(puc. 2c¢) ckmagoa buukosa-Pam6ou CO B3aemonii
noMinye. TyT TakoK TaKOX Ma€ MiCIle PO3IIETUICHHS
SHEepreTHYHHX PiBHIB.

Crnucoxk BUKOPHCTAHMX JKepe

1. Hanson R. Spins in few-electron
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Journal. — 2007. —-79. — P. 1217-1268.
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B poboti [5] mpomeMOHCTpOBaHO, IO HEPETHH
EIIEKTPOHHUX EHEPreTHYHIM pIiBHIB B KBaHTOBIH
TOYIl TMPUBOAWTH N0 CTPUOKOMOMIOHOI 3MIHHU
HAMAarHiYeHOCTI KBAaHTOBOI TOYKH, MPHU HU3BKHX
3HAYEeHHSIX TEeMIepaTypH. 3 PUCYHKY 2 BHAHO, LIO
KEpYIOUYH BEJIHYMHOIO MPUKIAJAEHOTO EIEKTPHYHOTO
NOJsl MOXHA KEpyBaTH IOJIOKECHHSM IEPETHHY
EHEepreTHYHHUX DIBHIB €IEeKTPOHa, 110 B CBOIO YEpTy
npuBeAe [0 3MiHM MAarHiTHUX BJIAaCTHBOCTEH
KBaHTOBOI TOYKH.

B naniii poboTi mpencTaBiIeHO TEOpETHYHE
JOCTI/DKEHHS BIUIMBY CITiH-OPOiTadbHOI B3a€MOIl
Ha CHEKTp eJNeKTpoHIB B InSb KBaHTOBHX TOYKax.
[pu pO3paxyHKax BUKOPUCTOBYBaBCS
OJTHOCJICKTPOHHIH ramiJIbTOHIaH. st
napaboJiYHOTO  OOMEXYHUOro IOTEHLiany Ta
MPUKIIAZICHOTO B3JIOBXK OCI CHMETPIi €JIeKTPUIHOTrO
Ta MarHiTHOTO IIOJIiIB OTPUMaHi CHEKTPH €JIEKTPOHIB
B InSb kBaHTOBHX TOYKax. BpaxyBaHHA cmiH-
opOiTanbHOI B3a€EMOJIiT MPUBOIUTEL 10 BHHUKHEHHS
YaCTKOBOTO PO3IICIUICHHS C€HEPreTUYHHUX PiBHIB
€JIEKTPOHA MpPH HYJIHOBOMY 3HAYCHHI MAarHiTHOTO
noiist. CxiramoBa Pambu criiH-opOiTaIbHOT B3aeMOil
3pOCTa€ 13 3MEHIIICHHSAM BEJTMYMHHA KBAHTOBOT TOUKH.
CknanoBa buukoBa-Pami6n npomopuiiina BeanMuuHi
SNIEKTPUYHOTO TOJsI TNPHKIAJCHOTO B3IOBX OCI
cuMeTpii KBaHTOBOI Toukd. IIpomeMoHCTpOBaHA
KOHKYPEHIliS JIBOX CKJIQJOBUX CITIH-OpOITAIBEHOL
B3aemozii. 30kpeMa, sIK BUIHO 3 pHc. 2b npH po3mipi
KT r=20,9nm Ta 3MiHI TOTEHIially B3JOBXK Z
dV/dz=10,86meV/nm cknagosi Pambu ta buukosa-
Pam6u ckomnencyBanu ogHa oany. [Ipu 3MeHIIeHH]
po3Mipy KBAaHTOBOI TOYKH EJIEKTPUYHE MOJe IS

KOMIICHCAIlIi JBOX CKJIQJOBUX CIIH-OPOITAIBLHOT
B3aeMOJIii Mae 301bImHTUCE. Lle mpoaeMoHCTpOBaHO
Ha puc. 3b.

CmiHoBe  pO3MICTUICHHS B HYJIHOBOMY

MarHiTHOMY ITOJIi 1 IEPEeTUH €HePreTHYHHUX PiBHIB (3
OJTHAKOBUMH 32 MOJAYJIEM MPOEKIIiIMH OpOITaIbHOTO
MOMEHTY €JICKTPOHA) 3 3MIHOIO 30BHINIHIM
MarHiTHAM TojieM SBHI  (Qi3W4HI  sSBHINA, SKi
BUHHKAIOTh 32 PaxyHOK BIUIMBY CIIiH-OpOiTaIbHOI
B3a€MOZIi. 3a JOTIOMOT 010 30BHIIIHBOTO
SNEKTPUYHOTO MO MOXKHA KepyBaTH BEITHMYHHOIO
CHiH-0pOITANBHOT B3aEMOJIII.
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Y oawniii pobomi nasedeni po3paxynxu cmilikocmi 1a3epHo20 pe3onamopa npu po32eisioi 080X CAPANCEHUX
ONOPHUX NIOWUH, PO3MAUOBAHUX HOPMATLHO 00 ONMUYHOI oci pesonamopa. 101061010 Qi3uuHO0 8eaUUUHOI0, WO
aHanizyemuves, € AHIUHUL Koeghiyicnm 30inbueHHs.

Kniouosi cnosa: peonamop, d3epxaino, onopua niowuna

The problem of forming of the radiation field in laser resonators was investigating in many studies. The
consideration of this issue was based on the replacement the task of forming field in a laser resonator onto the task
of modeling of spreading radiation in the lens waveguide in the paraxial approximation. Such a model allows us to
identify a number of important factors that influence on this process. But the difference between this model and the
original laser resonator is that resonator has discrete frequencies of generation, while a continuous range of
frequencies can spread in the lens waveguide. In this work the main physical quantity that is analyzing, is the linear
increment coefficient in a contrast to the angular increment coefficient that was used in previous works. This
approach requires involving consideration of the two conjugated reference planes which are located perpendicular
to optical axis of a resonator (the planes of an object and an image). Their location is limited by an existence of a
minimal optical distance between the object and its real image to the spherical mirror. Such approach allows
comparing the previous conditions of stability of a laser resonator with received in this work.

Key Words: resonator, mirror, reference plane.

Crartio nipecraBus 1.¢.-M.H. CaBerkoB C.M.

Bryn

OpnHi€0 3 OCHOBHHX XapaKTEepUCTUK pe30HaTopa €
Horo cridkicTh. 3ajavya MpO CTIHKICTH JIa3epHOTO
pe3oHaropa € KIACHYHOK JUIsi CYy4acHOT OINTHKH.
3Hal04M mapaMeTpH pe3oHaropa (pamiycu I3epkan i
BIICTAHP MDK HHUMH) MOXXHa pPO3paxyBaTH YMOBY
CTIMKOCTI, 110 BILIMBAE Ha reHepaniiti
XapaKTEePUCTHKY Jia3epa.

3agaya CTIHKOCTI pe30oHATOpa po3riIsfAanach B
barathox poOotax[1-4]. AHami3 CTIHKOCTI JIa3epHOTO
pe3oHaTopa O0yJio ipoBeieHo B poboTi [4]. B Hiit Oyio
BUBEIEHO Ta TIPOAHATI30BAaHO KpPUTEPi CTIHKOCTI
pe3oHaropa, BBEJEHa EKBIBAJIEHTHA CHCTEMa JIiH3.
Po3paxyHKH TIpOBOIWIIHNCH, PO3MILIYIOYH  OMOPHI
TUIOLHU Ha OJJHOMY 13 3epKall pe30HaTopa.

© B. I. Kucnenko, H. B. Mazyp, 2016

ITocTanoBka 3amaui

B naniii po0oTi 3ampomoHOBaHO PO3TIALATH
MIOTIEPEYHUH PO3MOJNT JTa3epHOTO BHUIPOMIHIOBaHHS
BCEpEIUHI pe3oHaTopa. 3 IIi€0 METOH BBEJCHI
JTIOJTATKOBI1 OIOPHI IUIOIIMHY, JOBUIPHO PO3TAIIOBAHMX
BCEpEIMHI pe3oHaTopa.

Orxe, BBemeHi omopHi mwmonmHn P, P,
pO3TalIoBaHi BCEPENMHI pPEe30HATOpa JIOBXKUHOK L,
yTBOpeHoro a3epkamamu 1 i 2 3 pagiycamu 1; i 7,
BimmoBigHO (auB. puc.l). byaemo BBaxkaTu, 10
JI3epKaia piBHOIIPaBHi.

L— onrtnyHa oBXWHA pe3oHaTopa; F,, P, — omopHi
TUTOLIIMHY; §;— BIICTaHb BiJ IUIOIMMHK P, 10 q3epKana

1; s, — Bimcrasp Bix A3epkana 1 no muomuHu P, ; sS4
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- BiACTaHB Bin MIomuHM P, 10 A3epkama 2; s,-

BiZICTaHb Bi A3epKaya 2 10 IUIOMMHN P .

—
SZ

NW

Sy

1
=
1
1

e S

P,

N

L

Puc. 1 Po3ramyBanHs ONOPHUX IUIONIWH B JIA3€PHOMY
pe3oHaTopi

[lomepeunuii po3moain IHTEHCHBHOCTI J1a3epHOTO
BUIIPOMIHIOBAHHS B OJHIH 3 OMOPHUX IUIOIIUH MOXKHA
pO3TIANaTH SK TIEBHUH TMpeAMET 13 BiANOBIIHUM
po3MipoM y,, 300pakeHHA SKOro (HOPMYETbCS B
JPYTill OMOPHIM TUIOMKHI 32 JOIMOMOTOI0 I3epkana 1
(po3Mip 300paxeHHs Y, ).

BpaxoByrooun piBHOIIPABHICTh J3epKajl, MOTPIOHO
BpaxyBaTl TAKOX PIBHOMPABHICTh OMOPHHX ILIOMNIVH,
TOOTO BOHM MOXYTb OJHOYACHO OYTH IUIOIIMHAMH
mpeaMera 1 300paxkeHHs IS a3epkana 1 Ta
IJIONTMHAMH 300pakeHHS 1 TpeaMeTa JUIs I3epkana 2.
3HaiiieMo OOMEXeHHS Ha B3a€EMHE pPO3TAalIlyBaHHS
npenMmera B IuomuHI P, 1 Horo 300pakeHHS B

wronwHi P, .
Marpuirio na3epHoro pesoHaropa My TOAi MOXHA
BU3HAYUTH SIK IOOYTOK MaTpHIlh
AZ B z
My =M,M, = ’
CZ D z

Marpuns M, CKIQAA€ETbCA 3 MATPUIl TPAHCIALI{

(1

BiJ MiomuHKM P, 10 A3epkana 1, MaTpuui A3epkana, Ta
MaTpHulli TpaHCHALil Bix A3epkana 1 no miomuHu P,
Matpuus M, CKIagaeTbest 3 MaTpUll TpaHCHALIT Bix
WIONMHN P, 10 13epKana 2, MaTpHmi J3epKana, Ta
MaTpHIli TPAHCIALIT BiJ A3epKajia 2 0 TUIOMHHT P, .

4, B
Ml:(l 1J:S2R1S1,

c, D, 2)
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0

miomuHi P, 1o a3epkana 1;

1 O
1 0
Rlz( ]: 2 1] -
~-F 1

n

1 s o
S; :( ]j — MaTpHIl TPAHCIAIMIT Bix mpeamera B

MaTpHIIS J3epKaia

1, mo popmye 300paKeHHS;

1
S, = (0 Sfj — MaTpuIlsd TPaHCIIIT Bi A3epKana
1 1o 300pakeHHA B miomuHi P ;
Koedimientn  marpurti M, BU3HAYAIOTHCS
HACTYITHUM YHHOM:
4, =1-Fs,, 3)
By =51(1-F5;,) +5,, “4)
C,=-F =—£, (5)
n
D, =1-Fs,, (6)
ne F. =£=i.
no N
Martpuns M, BUBHaYa€ThCS K
M—A2 Bal_s.r.s (7)
2= c, D, =04l03,
S = 1 s, ®)
o 1)
. 1 oj Lo o
2 = = _ <= 1 ,
-F 1 r
s, =|t % (10)
*lo 1)
ne
A, =1-F,s,, (11)
By =s53(1-Fp54) + 54, (12)
C,=-F,, (13)
D, =1-F,s,, (14)
ne F. =£=i.
r, fo

Marpuis M, omnmcye nepeTBOPEHHS IPOMEHIB, 110
BUXOJATh i3 OAHI€] TOUKM ONOPHOI IUIOUMHU P 1
MONajarTh B OJHY TOYKY OIOPHOI momuHu P, . Jlnd
ONTHYHOI MaTpuli I3epkana M, Ie O3Hadae, II0
koedimient B; =0 . Bpaxosyioun (4) oTpumyemo:
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§51(1-F5,)+s, =0. Sy S
1(1=F 3) 2 Ay = A4, =224 (25)
Toni 3 i€l yMOBH OTpUMaEMO 5y Sg
S; + 5, = 15,5, . Crin BigmiTuTH, 1o (auB. puc. 1)
Le  cniBBigHOmIEHHs  BigmoBimae  GopMyii S, =L—s3,5,=L—s,. (26)
cepuyHOro 3epKaa IMigcraBupmy nani 3avenns B (30), oTpuMaemMo
11 1 I
—F — -85, L-s L L
—+—=F=— (15) As = L2 B _(1-Ha-2). (27)
51 %2 Sy 51 S3 51 S3

AHaNOTiyHi pe3ysNbTaTH OTPHUMAEMO IS MaTpHIIi
M,, 3amiHUBIIM BigcTaHi S;, S, Ha S, S,
BiAMOBiHO. B maHoMy BUMaaKy mpexMeToM BBa)KaeMo
PO3MOALT iHTEHCHBHOCTI BUIIPOMIHIOBaHHS B IDIONIHMHI
P,, a ioro 300pakeHHs, YTBOpEHE HA3EpKaloM 2,
3HAXOJUTHCS B IUIOIIMHI P .

3a amnanoriero g0 ¢opmymu (15) oTpuMyeThCs
dbopmya uist 13epkana 2

1 1 1
—_—— =
S3 Sy

Z:f_z‘

Jns ontuyHOl MaTpuili A3epkana M, aHAJIOTI9YHO

(16)

koediuiear B, =0 ,ro0TO
B, =s,(1-F;s,)+s, =0,
B, =s3(1-F,5,)+5s, =0.
BpaxoByroun koediunientn 4;,4,3 dopmyn (3),
(11), oTpumyemo, 110
B, =s,4,+5, =0, 17)
B, =534, +s,=0. (18)
3 ux GopMya OTPUMYEMO 3HAYCHHS Koe(illieHTiB

A, 4,.
A =-2 4, =24 (19)
8, Sq
3Ha4u koedimienTn A,,B;,C;,D,;,i=12,

MO>KEMO BU3HAYUTH KOCPII[IEHTH CyMapHOI MaTpPHIIi

As = Ay A, + B,Cy = Ay 4, (20)
B; = 4,B, + B,D, =0, 1)
Cy =Cy4, + D,C,, (22)
Dy = C,B, +D,D, = DD, . (23)

Ananoriudo no B, =B, =0, omxe 1 By =0, A4y

BU3HAUa€  JiHIMHE  30UIbIIEHHA y  BHUIAAKY
dbopMyBaHHS  300paKeHHsI  CHUCTEMOK  J3epKal,
Dy =1/ 4 .
Tobto
As 0
MZ—MZMl—[Cz 1/Azj‘ (24)

ITincraBnstoun 3navueHHs 3 (19) B (20) otpumaemo

IToguBuMoOCh, siki OOMEXEHHS Ha pPO3TaIlyBaHHS
OTIOPHUX IUIOIIMH BHUMArarTh ICHYBaHHS JIHCHOTO
300pakeHHs, 32 YMOBH, IO MPEIMET 3HAXOIUTHCSA Ha
BijicTaHi 2 f Bin a3epkaia.

[lo3naumBmmM /; SIK ONTWYHUI OUIAX BiA MpeaMeTa
10 300paskeHHs, 0 (OPMYETHCS A3epKaoM 1

Iy =8,+5,, (28)
i macraBuBIIH B popmyiy (15), oTpuMaemo
Fg?
Jj=—11 (29)
Fis; -1

3HaiiiemMo MiHIMaJTbHO MOJJINBY ONTHYHY BiJICTaHB
MK IIPEIMETOM Ta 300paKeHHAM

%y, (30)
0s,

2.2
ﬂ:ml—ﬁlzsl:o_>plsl_2:o, (31)
Jsy (Fis;-1)

Otpumyemo
2
(5)min = =2/1=Ry. (32)
Fy

ITimcTaBuBIIM OTpUMaHMi BUpa3 B Gopmyny (29),
OTpUMAaEMO, MO0 MiHIMalbHA ONTHYHA BIJACTaHb MIXK
MIPEAMETOM Ta 300pakeHHAM €

4
12
F
b = = =4y, (33)
-1 B
F

1
ITincraBuBIIM OTpUMaHUM BUpa3 B (28), BUIUIUBAE

(Sl)min + (s2)min = 4f1 - (s2)min = 2f1 = Rl' (34)
3 (32), (34) 6aunmo, mo (S;) i = (52)min » TOOTO
P, 1 P, cymimaroTscs.

min

Amnanoriuso BBOAUTbECS [, = 54 + 5, , 1 OTpUMy€EMO

(S3)min =(S4)min :RZ' (35)

Tomi MiHIMaJBHA  ONTHYHA  BIACTaHb  MIiX
MIPEAMETOM 1 300paXeHHSIM JOPiBHIOE

Lymin =412 (36)

Orxe, 3arajibHa MiHIMaJIbHA ONTUYHA BIICTaHB MIK
MpeaMeToM 1 300paKeHHsIM MpU TOBHOMY OOXOIi
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pe3oHaTOpa, i BPAaXOBYIOUM PIBHONPABHICTH J3EpPKal,
JIOPIBHIOE
lmin :llmin +12min :40{‘1+f2)' (37)
ITizcTaBisatoun 3HaUeHHS BeU4uH 3 hopmyn (32),
(35) y dopmyiy (27), OTpUMy€EMO
L L
Ay =(1-—)1-—).
R, R,
st Toro, mo6 pezoHaTop OyB CTIMKUM, IOTPIOHO,
o0 pO3MiHM TydYKa TeHepallii 3aJuIIajnucs CTauMHU
a6o Oyny MEHIIMMH 3a | IpH MOBHOMY HPOXOKEHHI
pe3oHaTopa, TooTo

(3%

0<A, <1. (39)
Tomy oTpuMyeMoO TaKy yMOBY
L L
0<(1:— )1-—)<1. (40)
n ¥
BgiBmm 3aminy
L L
g =1-—,g,=1-——, 41
n b
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i migcraBuBmM ii B (40), oTpuMaeMo
0<g,g, <1. (42)
Tobro Ay =g,g,, 1 OTpUMaHO YMOBY CTIHKOCTI

JIa3epHOTO pe30HaTOopa.
BucHoBxku

B po0oTi mokazaHo, IO BKIIOYCHHS TOJAaTKOBHX
ONOPHMX IUIOIIMH JI03BOJISIE PO3MISHYTH HpoOiieMy
CTIHKOCTI  Jla3epHOro  pe3oHaTopa s mpodiemy
CTIHKOCTI ~ 300paXeHHS  CTPYKTYpH  JIa3€pHOTO
BUIIPOMIHIOBaHHS Yy BiANOBITHHMX ImiomuHax. Lle nmae
MOXIIMBICTh TEpeWTH Bl mapaMmeTpiB  g;, g, 0
¢i3uuHO  BIiZOMHX TapaMeTpiB — KoedilieHTiB
niHiliHOrO 30UNBIICHHS A, A,. Pe3ynsratu orpumaHi
B po0OTi CHIBIaAaloTh 3 pe3yjbTaTaMu IOIeperHixX
aBTODIB.
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Effect of phosphorus doping on the structure
of amorphous-crystalline silicon films
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Taras Shevchenko National University of Kyiv,
83000, Kyiv, Glushkova st., 4d,
e-mail: rodtv@univ.kiev.ua

iMeHi
p-T.

KuiBchbkuii HamioHaTBHUN  YHIBEPCHUTET
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I'mymkosa 41,
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Cmpykmypa Hene208anux ma ne208anHux @ocghopom amoppHoO-KpUCMANIUHUX NLIBOK KPEMHIo, Wo
OMPUMAHT MEMOOOM XIMIYHO20 0CAONCEHHs 3 2a30801 hasu, Oyra 00CHioNceHa MemoooM RpPoCeiuyiouol
eeKmpOHHOL MIKpocKonii. B necosanux gpocgopom niiekax 6yno euseieHo 06a munu KpUcmaiimie KpemHio,
30KpemMa, Kpucmanimuy eiinmudnoi @opmu 3 OBIUHUKOSBUMU NPOULAPKAMU Y30082C 20]I06HOL OCi ma
Kpucmanimu HenpasunvHoi Gopmu. B Henecosanux nuaiékax cnocmepicanucb mMinbKu KpUCmAaiimu
Henpasunvroi popmu. Taxa GiOMIHHICTE CMPYKMYPU MOdIce OYmu 00YyMO6leHa Cmynenem 6nopaoKo8anoCmi
amop@noi asu, 8 AKiU pocmyms KpUcmaiimu KpemHiro.

Knrouosi crnosa: amopghrno-kpucmaniuni niieku Kpemuiro, Cmpykmypa, ae2y8aris gpocgpopom.

The microstructure of undoped and phosphorus doped amorphous-crystalline silicon films deposited by
low pressure chemical vapor deposition has been investigation by transmission electron microscopy.
It was shown that phosphorus doping significantly influences the structure of amorphous-crystalline silicon
films. There are two morphological species of crystallites observed in P-doped films: 1 — elliptical
crystallites which contain twin boundaries along the major axis. The major axis of each ellipse is about three
times longer than the minor one. Twin boundaries are found to lie along the <I112> direction with the
average length of 200 nm. The elliptical crystallites shape is due to the anisotropic growth of crystal in
amorphous silicon along different orientation and implies that these formation is controlled by the slowest
growing planes, i.e. (111); 2 — fan-like crystallites with average size about 50 nm. This is only one species of
crystallites is observed in undoped amorphous-crystalline silicon films — fan-like crystallites. Such difference
is determined by various crystallite formation mechanisms in these two cases. In undoped silicon films
crystallite formation is controlled by deposition temperature and proceeds in amorphous surrounding. As far
as P-doped silicon films is concerned, the analogy with ion-implanted layers allow us to suppose that in situ
doping results in disordered amorphous layers.

Key Words: amorphous-crystalline silicon films, structure, phosphorus doping

Crartio npeactaBus 1.¢.-mM.H. CkpuiieBcekuii B.A.

Beryn

Ockinbku BiZIOMO, 10 CTPYKTypa
MOJIKPUCTATIYHAX IUTIBOK BHM3HAUYa€ iX BaXKIMBI 3
TOYKH 30py MNPaKTHYHUX 3aCTOCYBaHb BIACTHUBOCTI
(MexaHiuHi, enekTpodi3uyHi, ONTUYHI), CTPYKTYPHUM
JOOCTI/KCHHSIM TPUAUSIETbCS 3HauHa yBara. [lpum
EOMY, SIKIIIO PaHillle TPU JOCIIIKEHHI CTPYKTYpH B
SKOCTI ~ OCHOBHOTO  CTPYKTYpHOTO  €JIeMEHTa
pO3MIIAIad PO3MIp 3€peH, 3apa3 yBara JOCIiTHHKIB
3BEpPHEHA Ha TaKi €JIEMEHTH CTPYKTYpH, SIK AeheKTH
Ta TpaHUIl TomuTy. 30KpeMa, BelWKa KUIBKICTh

© M.I'. Haxonkin, T.B. Pogionosa, 2016

JIOCTI/PKeHb MPHCBSYCHA BUBYECHHIO TPAHUIb 3€peH
Ta CTHKIB TpaHMIb 3epeH B IUTiBKax [1-5], iX OynoBwH,
Opi€eHTalil HUX 3aJIeKHOCTEH, 3MiHH XapaKTEPUCTUK
3epPHOTPAHUYHOI CTPYKTYpH HPH TepMOOOpOOKax Ta
iH.

[lopsin 3 MOBHICTIO KPUCTAaNiYHUMH IUTIBKAMHU
3HaYHy yBary MpHUBEPTAalOTh KPEMHI€BI TUTIBKH, IO
MICTATh HAHOKPUCTAIITH KpEMHII0 B aMopdHid
KpeMHi€Biii Marpumi. Taki TUIIBKM TNPHBEPTAIOTh
yBary  JOCHIAHUKIB ~ SK 3  TOYKH  30py
dbyHIaMEHTATBHUX JTOCHIHKeHb, IO TIOB’sI3aHi 3
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HasBHICTIO B IUX Marepiajax KBAaHTOBO-PO3MipHHUX
edekTiB, TaKk 1 3aBAIKKM TepCHeKTHBaM  IX
MIPaKTUIHUX 3aCTOCyBaHb [1-5]. 3 mpuKIIagHOi TOUKH
30py CTaHOBHUTH IHTEPEC MOXIJIMBICTH KEPOBAHOTO
(dopMyBaHHA 3apOIKiB KpUCTATIUHOI (pa3u 3 METOI0
OTPUMAHHA TONIKPUCTAIYHUX IUTIBOK KPEMHIIO 3
Harepe]] 33/laHUMH MTapaMeTpaMu JJisi BAPOOHHIITBA
TOHKOIUTIBKOBHX IPUCTPOIB, 30KpeMa, TPAaH3UCTOPIB,
CEHCOpIB, COHSYHHMX Oarapell, piIKOKPHCTATIYHUX
JUCIJIEIB, TOIIO.

3 TOYKM 30py 3acTOCYBaHHS B COHSYHIH
eHepreTulli aMoppHO-KPUCTATIYHI TUTIBKH € OibII
MIpUBA0IMBUMH, HIK aMoOpdHi, 3 KUIBKOX MPUIHH,
30KpeMa:  mo-mepmie,  amoppHuit  cTaH €
MeTacTacTabiIbHUM, TOMY HapamMeTpu MPHUCTPOIB
MOXYTh 3MiHIOBAaTHCh Ta CIPUYMHIOBATH
Jerpafalilo TNpWIaaiB; IMO-Ipyre, SK IPaBHIIO,
LIBUIKICTh OE3BUNPOMIHIOBAIBHUX MEPEXOIiB B
KPUCTAIYHUX KIJIACTepaxX MEHIIe, HiK B aMOP(HHX,
TaKk IO IHTCHCHBHICTH (OTONIOMIHICIICHITT IS
HAaHOKPHUCTAJIIB, SK MPaBWIO, BHUIIE, HIXK IS
aMop(QHUX KIacTepis.

OCKIUTBKHT enexTpodizuaHi BIIACTUBOCTI
aMOp(GHO-KPUCTATIYHUAX TUTIBOK BHU3HAYAIOTHCS 1X
CTPYKTYpPHHUMH  XapakTePHUCTHUKaMH,  YHCJICHHI
JOCIIDKEHHSI TPUCBAYEHI BU3HAUCHHIO 3aJIEKHOCTEN
CTPYKTYpPH TIUTIBOK BiJ TapaMeTpiB OCaKCHHS,
30KpeMa, BiJ TEMIepaTypud OCaKEHHS, THCKY,
TOBIIMHM IIIIBOK, IIBUAKOCTI OCaIKEHHS Ta IH.
[3-5]. B pobGori [3], moka3aHO, IO 3MEHIICHHS
IIBUAKOCTI OCA/DKCHHS TpU OyIb-sKid  3amaHiit
TeMIIepaTypi IPU3BOIUTH BiJl OCAIKEHHS aMOpQHOT
IUIIBKA [0 OCAKEHHSA IUTIBKM 31 3MILIAHOIO
CTPYKTYPOIO, B SIKIli KPUCTAJIITH KPEMHI0 BOYI0BaHI
B amop(hHY KpeMmHieBy MaTpuipo. B poboti [3], B
SKii TMpOaHANi30BaHO MeEXaHi3MH  (popMyBaHHS
CTPYKTYpPH 3MIllIaHUX IUIIBOK KPEMHIiIO, ITOKa3aHo,
mo Taki BOYJOBaHI KpHCTANiTH (QOPMYIOTbCS Ha
MOYaTKy MpPOLECY OCAKCHHS 1 MalOTh MEPEBAXKHY
opierTarito <311>. [Ipu mboMy pO3MipH KPHUCTATITIB
Ta X IOUJIBHICTH 3pPOCTAalOTh 31 30LIBIICHHIM
TEMIIEpaTypy OCAKEHHS Ta 3MCEHIICHHSIM THCKY
IIPU OCa/KEHHI. AJie BU3HAUEHHIO BIUIMBY JOMIIIOK
Ha CTPYKTYpY IDIIBOK Maike He MPUILIIIach yBara.

B paniii poboTi MeTogaMu MHpPOCBiYYIOYOi
enektpoHHoi Mikpockorrii (IIEM) nocmimxkeno Brums
(dhochopy Ha CTPYKTYpHI XapaKTEPUCTUKH aMOPQHO-
KPUCTAJIYHUX TUTIBOK KPEMHIIO.

MeTtoanka
KpemHieBi  MTIBKM  OIEPXKYBald  METOJOM
XIMIYHOTO OCaJKeHHS 3 Ta30BOi (a3 B PeakTopi
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3HW)KEHOT'O THCKY. SIK MiIKIagKyd BUKOPHCTOBYBAIU
TUTACTUHU MOHOKPHUCTAIIYHOTO KPEMHII0 13 HIapoM
okucia SiO, toBmumHOIO ~ 100 HM. Temmepatypa

OCaJIKEHHS aMOp(HO-KpUCTATIYHAX TUTIBOK
CTaHOBUJIA 6100C, ToBIIMHA IIiBOK 500 HM.
Yactuay 1uriBok JeryBanmu  ¢docopoM. PiBeHb
nerysauns ~ 10* em .

JAns  AOCHiIKEHHA  CTPYKTYPH  METOIOM
MPOCBIYYIOUOi ENEeKTPOHHOI MiKPOCKOMIi IUTiBKH

CTOHITYBAJIM TUIAXOM XIMIYHOTO TpaBJICHHI B
cymimi HF:HNO;s (1:5).

Pe3yabTaTu T2 00roBOpeHHs

[MEM-300pakeHHsI CTPYKTypH HEIEeroBaHUX Ta
neroBaHux (GocpopoM IUTBOK  CBigYaTH PO
HAsBHICTh KPHUCTANITIB KPEMHIIO, IO XaOTHYHO
posmoninieHi B amopdHid Matpuni. Sk BuUmHO 3
puc.l, CTpyKTypa HEJIErOBaHHX Ta JIETOBaHUX
¢dochopoM amMOpPHO-KPHUCTATIYHUX TUTIBOK CYTTEBO
Bipi3HA€TbCI. B jeroBanux dochopom IIIiBKax
CIIOCTEpITaloThcs 182 MOPQOIOTIYHO PI3HHX THIIA
KPHUCTAIITIB: 1— KpUCTANITH eminTHYHOi (GopMH, 110
MICTATH IBIHUKOBI MPOIIAPKU Y3IOBX TOJIOBHOI OCi
(Ha puc. 1,a nmo3HaveHi sk kpuctanitu tuny A). [Ipu
IBOMY TOJIOBHA BiCh Maii)ke BTpWYi NEPEBHILYE 10
JIOBXKMHI Mally Bich enirnca. /IBIHHUKOBI mpommapku
pO3TaIioBaHi y3MOBX HampsMky <112> i maroThb
cepennio gomxkuHy 200 mM. Enmintuuna d¢opma
KPUCTAJITIB 0OyMOBIIEHa aHI30TPOIIEI0  POCTY
KpuCTaliuHoi ¢dasum B aMopdHiil MaTpuIll y3mTOBXK
pi3HUX KpHcTamorpadiqHuX HANPSMKIB 1 CBIIYUTH
po Te, 10 (dbopmyBaHHS KPHCTAIIITIB
KOHTPONIOETbCS ~ IUIOIIMHAMH 3 MiHIMaJbHOIO
HIBHIKICTIO POCTY. 2 — KPUCTAJITH HETPaBHIbHOT
¢dopmu i3 cepenHiM po3mipom 50 HM (TIO3HAYEHI 5K
KpucTanmitd Ttuiry b Ha puc. 1,a). B HemeroBanux
aMOpP(HO-KPUCTATIYHAX TUTIBKAX CIIOCTEPIra€ThCs
TIIBKH OJIMH PI3HOBHJ| KPUCTANITIB — KpPUCTATITH
HenpaBUIbHOI hopmu (puc. 1,0).

Ha puc. 2 HaBegeHi KapTHHH CEIEKTHBHOI
eNeKTpOHHOT audpakiii Ui HEJICroBaHHX Ta
neroBaHux QocpopoM MiBOK. BumHo, mo y
BUTAAKY HEIErOBaHMX IUTIBOK Ha IUPaKIiiHIA
KapTHHI CIIOCTEPITafoThCS Tajo, MO XapaKTEePHO I
amMopHuX TIiBOK (puc. 2,a). Mani WINBHICTH Ta
pO3MIpH KPHCTANITIB HEJAOCTaTHI His (popMmyBaHHS
mudpakmifanX pediiekciB. Y BHITAIKy JIETOBAaHUX
¢dochopoM  KpeMHiI€BUX  IUTIBOK jaudpakmiiiHa
KapThHa cTae OUIbII pi3KOI0, Ha AWQPaKUiiHUX
KUTBIISIX CITOCTEPIraloThCs OKPEMi SICKpaBi TOUKH, IO
BIIMIOBINAIOTh KpHUCTANITaM KpemHito (puc. 2,0).
Haii6inp iHTeHCUBHI pedIeKCH CIOCTEPITaloThCs
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Puc. 1 TIEM-300paxeHHs CTpYyKTypH JieroBaHux (ocdopom (a) Ta Hemeropannx(6) aMop(HO-KpHUCTATITHIX

IUTIBOK KPEMHiI0

st torormuH  (111). Takok diTko BimoOpakeHi
peduiekcu, o BianopimawTh rmionmHaM (220) Ta
(311). IIpore peduekcu, sKi  BiAMOBIAAIOTH
IUIOMWHAM BUIUX TMOPSAKiB, 30Kkpema, (331) Tta
(422) € 3Ha4HO cHaOKINIMMHU.

OTpumaHi  eKclepuMeHTanbHI  JaHi  Oyso
[IPOaHaIi30BaHO HA OCHOBI ICHYIOUMX YSBJICHb LI0A0
mporieciB  kpucramizamii amopdaux 1mrapis. I[lpwm
JNOCHI/DKEHHSIX ~ TMPOIECIB  POCTYy  KPHCTAIITIB
KpeMHil0 B aMop¢Hiii marpuui Oyli0 BCTaHOBICHO

[4,5], mo KiHEeTMKAa TMPOIECIB  KpHCTai3amii
BU3HA4Ya€ETHCA, T'OJIOBHUM YHUHOM, YMOBaMH1
OTPUMaHHA aMOp(HOro mapy, Ta CTYICHEM

BIOpsiAKOBaHOCTI amoppHOi dasu. 3okpema, mHpu
[EM-gocnikeHHsIX 3 BEIUKOK  PO3AUILHOIO
3naTHicTio [3,4] mpoueciB Kpucramizauii aMmophHUX
IUTIBOK, IO OTpHMaHi 3 Ta3oBoi (asm, OyImo
[TOKa3aHo, M0 aMOp(Hi TUTIBKM MOXYTh MICTHTH B
co0i TOCTaTHIO KUTBKICTh KPUCTATIYHUX KJIacTepiB.

Jns 3HHINEHHS TaKWX IIONEPeIHBO ICHYIOUHMX
KJIACTepiB 3  METOI  JOCATHCHHS  IOBHOL
pasynopsAKOBaHOCTi, aMOpGHI IUTiBKK OyJIH MiaaaHi
i0HHIH immmaHTamii. Bymo BcTaHOBieHO, IO B
OCTaHHBOMY BHIAJKY HIIIbHICTh KPUCTAJIITIB 3HAYHO
MEHIIIa, a iX po3Mipu OULIBIII, HIX B IUTIBKaX, SKi HE
3a3HaJIM 10HHOT IMIUIaHTALIl.

[Ipu TOpIBHSIHHI CTPYKTYpH HEJIETOBaHUX Ta
neroBaHux  QochopoM  aMOpPHO-KPUCTATIYHUX
IUTIBOK KPEMHII0 31 CTPYKTypOw, IIO OmHcaHa B
poboti [3] mma BUIMAmKy 10HHO-IMILIAHTOBAHHUX
mrapiB, MOXHa 3pOOWUTH MPHITYIIEHHS, [0 BILTUB
nmomimok ¢dochopy Ha amophHy a3y € moaidoHuUM
BIUIMBY 1oHHOi immmaHTamii. Tobro  docdop
NpUBOJIUTH JIO TOBHOI pa3opieHTalii amopgHOi
¢asu. Te, mo y BUNagKy iOHHO-IMIUIAHTOBaHUX
mapiB cmocTepiraimcs TpH BUAM KpUCTamiTiB [3]
KPEeMHiI0, a B HAOIOMy BHIAJKy JICTOBAaHHX
dochopoM aMOpPPHO - KPUCTATIIIHUX

a

0

Puc. 2 EnextpoHorpamu HeyeroBanux (a) Ta jieroBaHux (ocdopom (6) aMOphHO-KPUCTATIUYHUX TLTIBOK

KpPEMHIIO
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IUTIBOK CIIOCTEPIraloThesl JBa THIA KPHUCTANITIB,
MOB'S3aHO 3 THM, IO Yy BHUMAAKY 10HHO-
IMIJIAHTOBAHUX IAPIB CIIOCTEPIrajii KPUCTAIITI, 110
3apOKYIOTHCS Ha TPaHULI IUTIBKa-MiAKIaAKa, a y
BHUIIAAKy  JeroBanmx  ¢ochopom  amopdHO-
KPUCTAIYHUX IUIIBOK Oinsg rpanumi  a-Si-SiO,
3apOKEHHS KPUCTAIITIB HE Mae micus [6].

BucHoBkn

JleryBanus ¢ochopoM CYTTEBO BIUIMBAE Ha
CTPYKTYpPY aMOp(GHO-KPUCTATIYHAX  KPEMHIEBUX
IUTIBOK, a CaMe:

Cnucok BUKOPUCTAHHUX I7KEPEJI

1. Mao H.-Yu. Hot-wire chemical vapor
deposition and characterization of p-type
nanocrystalline Si films for thin film
photovoltaic applications / H.-Yu. Mao, S.-
Yu. Lo, D.-S. Wuu, B.-R. Wu, S.-L. Ou, H.-
Yu Hsieh, R.-H. Horng // Thin Solid Films.
—2012. - Vol. 520. - P.5200-5205.

2. Mukhopadhyay S. Nanocrystalline silicon: A
material for thin film solar cells with better
stability / S. Mukhopadhyay, A. Chowdhury,
S. Ray // Thin Solid Films. — 2008. - Vol.
516, Issue 20. - P. 6824-6828.

3. Wee H. Growth mechanisms of crystallites
in the mixed-phase silicon films deposited by
low-pressure chemical vapor deposition / H.
Wee, C. Lee, S.-C. Shin // Thin Solid Films.
- 2000. - Vol. 376. - P. 38-46.

4. Gogoi P. High band gap nanocrystallite
embedded amorphous silicon prepared by
hot wire chemical vapour deposition / P.
Gogoi, H.S. Jha, P. Agarwal // Thin Solid
Films. - 2010. - Vol. 518. - P. 6818-6828.

5. Zhang H. Microstructure characterization of
microcrystalline silicon thin films deposited
by very high frequency plasma-enhanced
chemical vapor deposition by spectroscopic
ellipsometry / H. Zhang, X. Zhang, C. Wei,
J. Sun, X. Geng, S. Xiong, Y. Zhao // Thin
Solid Films. - 2011. - Vol. 520. - P. 861-865.

6. Kooka B.T. I'panuwbr pasznena B
nmoyimKpeMHneBBIX mieHkax /B.I°. KooOka,
H.I'. Haxoaxun, T.B. Pomguonosa, //
WsBectuss AH CCCP. Heopran. Marep. -
1989. - Tom 25, Ne 11. - C. 1912-1914. ISSN
0002-337X.

2016, 2

Bulletin of Taras Shevchenko
National University of Kyiv
Series Physics & Mathematics

- B HEJICTOBAaHMX IUIIBKaX Ma€ MiCIE OJWH THUII
KPUCTATITIB KPEMHII0 HENpaBWiIbHOI ¢dopMu 3
cepenHiM po3mipoM 50 HM B aMopdHii MaTpHIli;

- B IUIBKAaxX, 1m0 JieroBaHi (docdopom,
CIIOCTEPIraloThCS KPUCTANITH TBOX BUIB, 30KpeMa,
KPHUCTAJIITH HeNmpaBWwiIbHOI (opMu 3  cepenHim
po3mMipom 50 HM, Ta KPUCTAJITIB €NINTUYHOT (POPMH.
[lepeBaxkHi opienTarnii kpucramitie <111>Tta <311>.

- pBBHHUIL B CTPYKTYpi HEJCTOBAaHUX Ta
neroBaHux  ¢ochopoM  aMOpPHO-KPUCTATIYHUX
IUTIBOK OOyMOBJIEHa CTYIEHEM BIOPSIAKOBAHOCTI
amopdHOi Pazm.
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Mu onucyemo modenv 018 OYIHKU NIOWI NOBEPXHI ByeNeyesux HAHOUACMHOK, a came OOHOCMIHHUX
gyaneyesux HaHompyoOoK, 0azamocmiHHUX @yz2leyesux HaHompyooK, Qyrepenis, acmpanenis, HAHONIACMUH.
Oyinka nrowi nosepxui IPYHMy€emMovCsa Ha NPUNYUWEHHI, WO HAHOYACMUHA ONUCYEMbC 20MEeMPULHOI0 picyporo
3 AaHANO2IYHOIO HAHOYACMUHYI CUMEmpIEIo ma 2eoMempudyHumMyu posmipamu. /lani po3paxoeyemuvcs niowja
nosepxui ceomempuynoi gicypu. Y nopieusanui 3 onucanoio y aimepamypi mooeamo [1], sanpononosarna mooensb
MA€E MEeHULY KINbKICMb «PO3PAXYHKOBUXY KPOKIG O/ OYIHKU NIAOWI NOBEPXHI HAHOUYACMUHOK, W0 3MEHUUMb YdC
PO3PAXYHKIG NPU MOOENIOBAHHI 8IACMUBOCIEL 8)2NeYeBUX HAHOYACUHOK.

Kniouosi cnosa: syeneyesi nanompyoxu, gynepenu, acmpanenu, gyeieyedi HAHONIACMUHU, RUMOMA NAOWA
NOBEpXHI.

We report a simple approach to surface area estimation of carbon nanoparticles, such as single-walled
nanotubes, multi-walled nanotubes, fullerenes, astralens and nanosheets. Evaluation of surface area is based on
a model in which nanoparticle is presented by geometric figure with the same symmetry and same parameters,
and followed by calculation surface area of figure. The results are in good agreement with the microscopic
properties and the surface area of carbon nanoparticles which are previously reported in the literature. In
comparison with existing models [1], proposed model can reduce the number of steps for evaluation of carbon
nanoparticle surface area; this is reducing calculation time in software for modeling properties of
nanoparticles. The calculated data are reported in diagrams useful to correlate the specific surface area of
samples, which can be helpful to adjust the synthesis conditions of carbon nanoparticles as well as applications
where surface area plays an important role, e.g., in development of devices for energy storage, or creation of
media for gas storage. At the same time, this approach would open up a new way to the quick estimation of
surface properties of nonmaterial, such as nanoparticles and their aggregates.

Key words: carbon nanotubes, fullerenes, astralens, carbon nanosheet, specific surface area.

Crartio npencrasus JI.A. bynagin npod., a1.¢.-Mm.H.,akanemik HAH Yxkpainu

Fullerenes or carbon nanotubes can be used for
creation of more efficient catalysts; it will reduce the
temperature and the energy required for beginning of
the reaction [4]. Also, the specific surface area plays a
significant role in the developing electromechanical
actuators [5], devices for storage of energy in electro-
chemical capacitors [6] and as media for H, storage [7]
Examples of other applications of carbon nanoparticles
in engineering and medicine are described in works [8,
9]. Note that in liquid medium around the carbon
nanoparticles confined water layer is formed [10]. As
shown by Korolovych et al. [10, 11, 12] the presence
of confined water in the system changes its
thermodynamic properties and requires consideration

Introduction

In contrast to the bulk materials based on carbon,
carbon nanoparticles have a developed surface area,
which plays a key role in their application. It is
explained by the fact that the transition from
microparticles to nanoparticles causes not only
increasing of surface area, but also cause increasing of
the number of atoms that can participate in
intermolecular interactions with the environment [2].
For example, carbon nanotubes with a developed
surface area can be used for producing a new
generation of electrodes in batteries; it will reduce
charging time and increase battery capacity. [3].
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when applying liquid system as coolant. However, at
the moment there is no systematic data on the surface
area of carbon nanoparticles. For example, in work
[13] specific surface area of carbon nanosheets is equal
to ~2500 m*/g and in work [13] it is 466 m*/g. A
similar situation for single-walled carbon nanotubes, in
work [1] specific surface area of nanotubes
approximately is 1300 m%g, and in work [14] it is
400 m*/g. In addition, currently there are no simple
model for estimation carbon nanoparticle surface area
that is depending on their shape and size.

Therefore the aim of our work is to make a report
on geometrical calculations establishing the relations
between the surface area of main types of carbon
nanoparticles (carbon nanotubes, fullerenes, carbon
nanosheets, astralenes) and their geometrical
characteristics. The results are reported in the form of
diagrams which may be useful to other investigators.
We also have shown that the experimental data of
carbon nanoparticles surface area is in a good
agreement with the theoretical calculations of surface
area, which was estimated or calculated on the base of
the microscopic characteristics, as reported by the
respective authors.

Results and discussion

In a modern literature there are carbon
nanoparticles of four main forms, namely: a cylindrical
(carbon nanotubes), spherical (fullerenes), planar
(carbon nanosheet) and toroidal (astralen). Schematic
representation of the carbon nanotube, fullerene,
carbon nanosheet and astralen are presented on Fig. 2.

Fig. 2. Schematic representation of the open-ended
carbon nanotubes (a), fullerene Cy (b), carbon
nanosheet (c¢) and asrtalen (d)

Depending on the number of layers, carbon
nanotubes (Fig. 2a) are divided into single-walled and
multi-walled. The diameter of single-walled carbon
nanotubes is in the range from 0.5 nm to a few nm and
length from several hundred nanometers to hundreds
of microns [15, 16]. Multi-walled carbon nanotubes
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are also characterized by a diameter and length.
Diameter of multi-walled nanotube ranges from a few
to hundreds of nanometers, and in length — from
several tens of nanometers to a several micrometers
[15,16,17]. In contrast to nanotubes, fullerene Cg
fullerene has spherically symmetrical shape and it is
characterized by in diameter, meaning of the diameter
is about 7 A [18]. Fullerene C; has not symmetrical
shape, so for its characterization two axles are
introduced, length of shorter is about 0.712 nm and
length of longer - 0.796 nm [19, 20]. It should be
noted that in several other works another values are
given: 0.72 nm and 0.85nm [21], or 0.691 nm and
0.792 nm [22]. Astralen is a carbon nanoparticle,
which geometric shape is toroid. Astralen is
characterized by an outer diameter and pore size. The
outer diameter of astralen nanoparticle is in the range
from 10 to 150 nm, and pore size from 20 to 60 nm
[23, 24]. Carbon nanosheets are characterized by the
length of edge, the edge is in the range from 40 nm to
several micrometers [25]. Note that in works [26]
following data is presented: 1.75 microns and
13 microns, respectively. Thickness of nanosheets
typically is more that 1 nm. But we know that
nanosheet thickness can vary from a few nanometers
to hundreds of nanometers [26].

To evaluate the surface area of nanoparticles with
different shapes we proposed a model. The model
consists of the description of nanoparticle by
geometrical figure that has similar geometric
characteristics, and following calculation of the surface
area of geometric figure. Note that application of our
model does not require consideration of the hexagonal
structure of the graphen surface. Also, the model takes
into account only the outer surface of nanoparticles.
The proposed model can simplify the calculation of the
surface area of nanoparticles in comparison to the
model described in work [1]. The model proposed in
work [1] requires information not only about the
nanoparticle weight and number of atom, but also
about the molecular structure of nanoparticle
hexagonal surface element. Moreover, our model can
reduce the number of steps for evaluation carbon
nanoparticle surface area; this is reducing calculation
time while modeling properties of nanoparticles.

a) Surface area of carbon nanotubes

When calculating the surface area of single-walled
carbon nanotube, the nanotube is described by cylinder,
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the cylinder height is equal to the nanotube length, and
cylinder diameter is equal to the nanotubes diameter.
We assume that nanotube "closed", this means that we
do not take into account its inner surface. So, the
formula for calculation of the nanotube surface area is:

S=ndl (1)

where S - surface area of nanotube, d - its diameter, 1 -
the length of the nanotube.

To calculate the S, we need to know the weight of
the carbon nanotube. To calculate the number of
carbon atoms that form nanotube, we used the software
Nanotube Modeler. Then, the formula for calculation
of specific surface area of nanotubes takes the form:

SSA =——

ch’

2)

where SSA - specific surface area of nanotube, S - its
surface area, N - number of C atoms that form
nanotube; me=1,993%1072¢ kg — weight of one C atom.
When calculating the surface area of multi-walled
nanotubes, we applied a similar approach. Specifically,
the nanotube is described by cylinder, cylinder height
is the length of the nanotube, the diameter of the
cylinder - is the outer diameter of the nanotube. The
formula for calculation of surface area is similar to the
formula (1). To check our model, we calculated
specific surface area of single-walled and multi-walled
(five layers) nanotubes, taking as a basis the average
experimental data on geometrical parameters of carbon
nanotubes [15, 17,10, 17]. The average length of
single-walled carbon nanotubes is equal to 30 mm and
a diameter is 1.15 nm. For multi-walled nanotubes: the
average length is equal to 320 nm and a diameter is
25.4nm. Calculations using formulas (1) and (2)
shows that the surface area of a SWSNT is equal to
4.3332%10"° m* or SSA=1303 m?/g. The obtained data
is in agreement with the result (1315 m%g) of
calculations based on the model described in work [1].
However, the values are too high in comparison with
experimental data (285 m*/g [16]; 400 m*/g [27]), we
explain it by the presence of defects in the nanotubes
after synthesis and purification. For MWSNT with
parameters, which are equal to averaged value, surface
area is equal to S=5,1%10-14 m*>, or MWSNT with 5
layers, SSA 649 m’/g. For comparison, the
experimental data is 50 m*/g [16], 10-500 m*/g [28],
40-300 m*/g [29]. Note that the value of specific
surface area of MWCNT depends on the number of
layers which are forming nanoparticle. Increasing the
number of layers results in increased weight of the
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nanoparticle, weight is inversely proportional to the
specific surface area, see formula (2), while a value of
surface area depends only on parameters of outer layer.
In other words, the data calculated by our model is in
agreement with the literature data.

Using the proposed approach, we calculated the
total surface area of the material formed by single-
walled and multi-walled carbon nanotubes (Fig 1).

]04_ m
//’/ .
//
o 10% 4
ré //’
7] /
10° i
/ "
////
10' .
@
1E-6 1E-5 1E-4 1E3 0,01 0,1
m, kg

Fig.1. Total surface area of single-walled (gg) and
multi-walled (®) carbon nanotubes, based on proposed
model.

From Fig. 1 can be seen that the surface area of
single-walled carbon nanotube is greater than surface
area a multiwall nanotubes, with averaged parameters.
By increasing the weight of material based on carbon
nanotubes, the effective surface area of the material
increases linearly.

b) Surface area of fullerenes

To calculate the surface area of fullerene Cgy, we
describe this carbon nanoparticles by a sphere. The
diameter of the sphere coincides with the diameter of
fullerene. The formula for the calculation of surface
area of fullerene is:

S=nd’, (3)

where S - fullerene surface area, d — fullerene
diameter. To calculate the specific surface area of
fullerene-based material we used formula (2), where
the value of N is defined as the number of C atoms in
fullerene (for Cg - 60 atoms, and for C;y - 70 atoms).
The average diameter of Cy is 6.83 A, and C is
7.59 A. The surface area of a fullerene Cy is equal to
1.46%¥10%* m® or same, SSA=1224 m’/g. The resulting
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value of SSA is greater than the experimental data
(5.66-6.44 m*/g [23]), we explain it by the presence of
impurities during the synthesis of fullerene
nanoparticles. Surface area of Cy is equal to 1.80*10"
*m” or SSA=1296 m*/g. Using this model, also was
calculated SSA of material formed by nanoparticles
C60 and C7() (Flg 2)

10* Va
///
10°4 A
E /
w
104 /l
()I d ”’ L R AL B R R L Trrrm
1E-6 1E-5 1E-4 1E-3 0,01 0,1
m, kg

Fig. 2. Total surface area of fullerene Ce, (gg) and C;
(®)based on proposed model.

The total surface area of fullerene Cy is larger than for
a fullerene Cg, we explain it by the different size of
fullerenes. By increasing weight of material, surface
area of material on the base of fullerenes increases
linearly.

¢) Surface area of astralene

For astralen nanoparticles is used model in which
astralen described by geometrical figure - torus. We
know that astralen characterized by two parameters: D
- outer diameter, and d — pore size. Torus also is
described by two parameters, R - radius of large circle
of the torus, r - radius of the small circle of the torus.
The relationship between these parameters of torus and

. d .
astralen is: , D= St Then, surface area of astralen is:

Susr=AmrR=4 22 (5 +2) = é D*-&)  (4)
Weight of nanoparticles was determined using
software Nanotube Modeler. Due to the geometry of
the astralen nanoparticle, we assumed that the number
of atoms in astralen is equal to the number of atoms in
a single-walled nanotube with 2nR length and radius r.
Calculation of the specific surface area is held by the
formula (2).
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The average outer diameter is 82 nm, diameter of
pore — 40nm. Then, a surface area of astralen
nanoparticle is 1.3*10"* m”> or SSA=1307 m%/g. For
another type of astralen nanoparticles with greater
weight, described in work [31], the wvalue of
SSA=40 m’/g, wich is in good agreement with
experimental data— 20.55-38.3 m%/g [23]. Using the
proposed approach, the total surface area of the
material formed by astralen nanoparticles also was
calculated (Fig. 3).

10° o
s //
7
NE IOS’ y 4
s y
m"’ /
2 -
10_ ? 7
1 '/
1E-5 1E-4 1E-3 0,01
m, kg

Fig.3. Total surface area of astralens based on
proposed model.

By increasing the weight of of the material its effective
area increases linearly.

d) Nanosheets

When calculating the surface area of nanosheet, we
describe it by a rectangle. Nanosheet is characterized
by a length and a width; these values in the proposed
model are equal to length and width of the rectangle.
The surface area of a rectangle is "S = a*b", where, a -
the length of nanosheet, b - width of nanosheet.
Number of C atoms in nanosheet was determined
using software Nanotube Modeler. Average length and
width of nanosheet is 3.6 microns. Applying the
formulas (1) and (2) we got value surface area 2.6 *10°
"'m?, and the value of the specific surface area
2557 m’*/g for nanosheet. For comparison, the
experimental data is 466 m*/g [13], other theoretical
calculations is 2620 m*/g [13]. We see that the results
obtained by the proposed model are in agreement with
other theoretical calculations, and they are larger than
the experimental data, it is because theoretical
calculations reflects the maximum possible value of
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surface area of the nanoparticles. In addition, using
this model, we calculated the total surface area of the
material formed by nanosheets (Figure 4).

/I
10"+
/i/
a_ 10°- F g
m§ n
104
s /
1E-5 1E-4 1E-3 0,01
m, kg

Fig.4. Total surface area of nanosheets based on
proposed model.

From Fig. 4 it can be seen, that by the increasing
weight of material formed by nanosheets, its surface
area increases linearly.

To summarize the results, we compared the values
of the specific surface area of different types of carbon
nanoparticles (Fig. 5).

From Fig. 5, you can see that the greatest specific
surface area have nanosheets. Fullerenes and single-
walled carbon nanotubes have similar values of
specific surface area. The value of the specific surface
area for multi-walled nanotubes may vary depending
on the number of layers, and it is less than the value of
the specific surface area of single-walled nanotubes
with similar characteristics. Usually most interesting
for scientists are nanoparticles with the greatest
specific surface area, but depending on the application,
other parameters of nanoparticles must be taken into
account; after determining the importance of all
parameters, it can be determined what type of particles
should be used.

For example, small particles (<100 nm) would offer
a larger external surface, but they cannot be used in
most of the biomedical applications due to difficulties
of filtering them from the biofluids. Authors of work
[29] investigated cytotoxity of carbon nanoparticles
and concluded that cytotoxicity follows a sequence
order on a mass basis: SWNTs>MWNT10>Cg,. The
measured room temperature thermal conductivity for
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an individual MWNT (>3000 W/mK) is greater than
that of basal plane of graphite (2000 W/mK) [30].

-F)

2000 g

~

=0 =

S Wy
A= 1500

£ <

-
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Fig.5. Specific surface area of different types of
nanoparticles based on proposed model.

Conclusions

The model for calculating the specific surface area
of carbon nanoparticles of different shapes and sizes
was proposed. The model consists of comparison of a
nanoparticle with geometric figure, and following
calculation of the surface area of the figure. The model
is based on several assumptions: 1. Nanoparticles can
be described by geometric figure with symmetry and
geometric parameters that are similar to the
corresponding parameters of nanoparticles; 2. Only the
outer surface of nanoparticles is taken into account;
3. The surface of the nanoparticles do not contain
defects. Unlike the model proposed by the authors in
work [1], our model does not require information
about the surface structure of nanoparticles. Using the
proposed model, was calculated specific surface area
of carbon nanotubes, fullerenes C¢, and C;, astralens
and a nanosheets. The results are in a good agreement
with theoretical specific surface area calculated by
other authors. However, the value of the specific
surface area of nanoparticles obtained with the
proposed model and the model described in [32] have
inflated value compared with experimental data, we
explain it by the presence of defects in the carbon
nanoparticles as a result of treatment, and the presence
of impurities. Thus, the proposed model allows us to
calculate the maximum specific surface area of the
carbon nanoparticles of different symmetry.
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Kpannunu 600nux posuunie @uyopecyeiny 0yiu ocadxiceHi Ha NOBEPXHI 3 ATIOMIHIEGOI honveu,
AniOMIHIE8020 03epKana ma CKIAHUX WIACMUHOK 3 DI3HUMU KOHYEHMPAayisAMyu HAHOYACMUHOK cpibna,
Hanecenux 3 peaxkmugie Toanenca. Ompumani 3pazku 0yau O0CHIONCEHI MemoOaMu CHeKMPOCKONIL
KOMOIHQYitIHO20 pO3CisHHA ceimia ma IHppawepsono2o noenunanus. Pesynomamu, ompumani npu
BUKOHAMHI eKCNepUMEHMY, 8KA3YIOMb HA GIOMIHHOCMI KOJIUBAILHUX CNEKmMPI8 bapsHuKa adcopbosano2o Ha
NOBEPXHAX PI3HUX MUNIE, A MAKONC HAAGHICMb egheKkmy NoBepXHeso20 NIOCUNEHHS KOMOIHAYIUHO020
PO3CIsiHHSL  ceimaa Y 6unaoky 3paskie 3 ocmpieyimu cpiora. B cmammi npogedeHo NOpieHAHHS
epexmusHocmi  PO3CIAHHA CIMNA MONEKYIAMU HA PI3HUX NOBEPXHAX MA AaHANI3 CMy2 CHeKmpy, Wo
8ionogioaroms 3a akxmusHy 63aemodlito Dryopecyeiny 3 HaHoyacmuHkamu cpiona. Bemanoeneno 3naumy
3AN1eHCHICMb NIOCUTIEHHS PO3CISIHHA C8IMA 610 KOHYeHMpayii npoOHOI peuouHy Ha NOBePXHI NIOKIAOOK mda
3AKOHOMIDHOCTI BUCUXAHHS KPANAUH pO34uny bapenuxa. B pobomi maxooic npedcmasieno 3006pasicents
00panux 018 OOCHIONCEeHH NOBEPXOHb, AKI 0EeMOHCMPYIOMb 0COONUBOCMI HAHECEHHS HA HUX CPIOHUX
HAHOYACMUHOK | NPOOHOI peuO8UHU.

Knrouosi cnosa: @nyopecyein, nogepxnego-niocuiene KOMOIHayiliHe pO3CIAHHA CGIMIA, peaxkmus
Tonnenca, HanouacmuHku cpiona.

Drops of Fluorescein water solutions were deposited on surfaces of aluminum mirror, aluminum foil and
glass plates with different concentrations of silver nanoparticles on them. Silver nanoparticles were obtained
from Tollen's reagent. The prepared samples were investigated by Raman scattering and Infrared
absorption methods. Experimental results indicate the differences in vibrational spectra of Fluorescein
adsorbed on various types of substrates and show the evidence of Surface-Enhanced Raman Scattering effect
in case of samples with silver nanoparticles islands. A comparison between the efficiency of light scattering
by Fluorescein molecules deposited on different surfaces and analysis of the spectral bands corresponding to
active interaction of Fluorescein with silver nanoparticles was performed in the present paper. The notable
dependence of light scattering enhancement on concentration of silver nanoparticles and the features of dye
solution drops evaporation was detected. The peculiarities of deposition of silver nanoparticles and analyte
onto them were also studied by optical microscopy.

Key Words: Fluorescein, Surface-Enhanced Raman Scattering, Tollen’s reagent, silver nanoparticles.

Crartio npeacrasuB akagemik HAH Ykpainu, 1.¢.-m.H., npod. bynasin JI. A.

JaHiii poOOTi Oylno JOCHIPKEHO CIEKTp JaHOTO
OapBHMKa Ha MOBEPXHIX AJIOMIHIEBUX IUIIBOK Ta
JI3epKajl, a TaKoX BIUIMB, SKUHA Ha HBOTO
3MIACHIOBAJA HASBHICTh CPIOHMX YaCTHHOK, IO
BOJIOJIIOTH IIJIA3MOHHUMH BIIACTHBOCTSIMHM. JLiIst 1iel
MeTH, Oynu BUroToBieHi po3unHu dayopecueiny

Onyopecriein (CyH;0s5)  BigHOCHTBCS 10
0apBHHKIB, SKI BHKOPHCTOBYIOTH y MEIMLMHI Ta
dyopecuenTHiii crektpockomii [1]. Koro kicrsx
monibuuit g0 Pomaminy 6)K, 1y Bunsiai
HEHTpaIbHOI MOJIEKYNH IUIONMHA OEH30JI0BOTO
KUTBIISl IEPIEHAMKYIAPHA 10 TUIOLIMHU KCaHTeHy. B
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y IBidUi MUCTHJIBOBAHIA BOJI 3 KOHIICHTPAIlisIMH
10° Ta 10°Mons/n. Hapani, ui posunmnn Gymn
OCaKEeHi y BUIIIAAIL KpariuH 06’ emoM § -10 MK Ha
TOCITITHI TTOBEPXHI — AJIOMIHIEBI M3epKalia, TUTiBKH
QIIOMIHIEBOT (ONBIH Ta CKIISIHI CKENbLS, BUTPUMaHi
y peaktuBax ToineHca 3 pi3HUMH KOHLEHTpaLiIMU
HAaHOYACTHHOK cpibima (3pasku 1-6 BigmoBimamm
6 po3unHaM i3 MMOCTYTIOBUM 3MEHIIEHHIM
KOHIIGHTpALil YaCTUHOK).

[poriec BUCHXaHHS KpaIuIMH HAa TTOBEPXHIX BCIX
TUIIIB CYNMPOBOKYBABCS YTBOPEHHSIM 00i1Ka, IO
pO3TaIOBYBaBCS MPUOJIM3HO HA IMOYATKOBIA MExi
KpaIUIMHH, Ta OKPEMHX KPHCTAJITIB, IO YaCTKOBO
YTBOPIOBAJMCS IPOTATOM BHCHUXAHHSA, a YaCTKOBO
OyJIM IPUCYTHI Y BOIHOMY PO3UMHI OapBHUKA BUILIOL
KOHIIeHTpamii. TakuM YHHOM, pPO30CEpEIKCHHS
PEYOBHHH Ha MOBEPXHI BiAOyBaloCcs HEPiBHOMIPHO.
Haii6inpima koHIIeHTpalis OapBHUKA cIiocTepiraiacs
Ha 000Jli KparuIMHU Ta B IICHTPI, a HallMEHIA — B
obOnacti Mk HuMH. [lpHUCyTHICTP HaHOYACTHHOK
cpibna copusa OUTBIN PIBHOMIPHOMY PO3IMOILTY
OapBHHKa, 30KpeMa W Ha ix moBepxHi. Ha Bigminy
BiJl PiBHOI MOBEPXHI ATIOMIHIEBUX A3EpKa, IUTiBKA
MaJdu TepioANdYHYy CTPYKTYpy, e BimOyBaiocs
YepryBaHHSl JIHIHHUX KaHAaBOK 3 TJIHOWHOIO,
IIMPUHOKO Ta B3aEMHOIO BIJICTAHHIO B Jiana3oHi 1 —
7 MxMm. e crpusimo OinbIl MIBUAKOMY BUCHXAHHIO
KpaluliH Ta OBl  PIBHOMIPHOMY PO3IOMALTY
OapBHHMKAa B 00JacTSIX MEHIIOI KOHIEHTpaIlii B
MOPIBHSHHI 3 1HITUMH 3pa3KaMH.

JocnimkeHHs: KOMOIHAIIHHOTO PO3CISHHS CBITIIA
Oyno BukoHaHe Ha crekTpomerpi T64000 (Horiba,
Jobin Yvon) 3 romorpadiyHO0  TpaTKOO
(1800 mrTpuxiB/MM),  OCHAIIEHOTO  MIKPOCKOIIOM
Olympus BX41 3 o6’exktmBom 50X, B reomerpii
o0epHeHOro  po3cisHHiI. B skocTi  mkepena
30y/KeHHs ~ BHKoOpucTOBYBaBcs ~ Ar-Ne — masep
(SpectraPhysics) 3 momxuHamu XBuib A =488 Ta
541,5 um. TUMOBMMHU YacOM HaKOMUYEHHS CHUTHAITY
Ta TIOTYKHICTIO JIA3ePHOTO poMeHst Oy 20 cekyH]T
Ta 0,1 MBT.

[HdpavepBoHe mornuHaHHS OYJO JOCIIIKEHO 32
JIOTIOMOI'OI0  BaKyMHOTr0 iH(padyepBoHoro dDyp’e-
cuekrpomerpa Vertex 70V (Bruker) B pexumi
BinmOuBaHHs. [lepen moyaTkoM BUMiprOBaHb, KaMepH
3pa3ka Ta MpWwiaay OynM BijkadaHi 10 THUCKY
1,67 'ma. Yac HaKONIMYEHHS CUTHAIY CKiIajaB 12 xB.

3amns  3py4YHOCTI TOpIBHSHHS, ©0a30Bi  JIiHIi
KOJINBHUX CHEKTPiB OyJIM BUJANEHi, CIIEKTPH OyJn
3MJIaJUKeHI Ta 3CYHYTI IO Bici I1HTEHCHBHOCTI
3aco0amu mporpamHoro 3abesneuenHs LabSpec 5.0.

[lonepenne gororpadyBaHHs MOBEPXOHB 3pa3KiB
31 CpIOHMMHU HAHOYACTHHKaMU OyJIO BHUKOHaHE 32
nornoMoroto ontuyHoro mikpockorna NU-2E (Carl
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Zeiss) 3 00’extuBamMu 25X Ta 50X 3 IpHETHAHOIO IO
HBOro nudpoBoro kameporo DS126071 (Canon).

B mepmy wuepry, Oyiam TpoBEAeHI BUMIpH
KOMOIHAIIIMHOTO PpO3CISTHHS CBiTIIa 3pa3KiB 0e3
HaHeceHOro OapBHUKA. AJIIOMIHIEBI  MOBEPXHi
MIPOJEMOHCTPYBaJIN MOJIOT1 npodini, AKi
JTO3BOJISIIOTH JIETKO BHOKPEMHUTH 1 YCYHYTH iX 3i
CIICKTPIB PECUOBMHU 0OpaHOi I TOCIHIIKEHHS

(puc. 1).

I, Bign. ox.

350 700 1050 1400

1750

-1
AV, CM

Puc. 1. Cektpu KoMOiHAIIIITHOTO PO3CISTHHS 3pa3KiB
no HaneceHHs @nyopecueiny: 1 — amoMiHIEBOro
J3epKaia, 2 — ajuroMiHi€BOi IUTBKH, 3 — CpiOHHX
HAaHOYACTUHOK Ha MOBEPXHI CKISIHUX IUIACTHHOK,
4 — cxna.

[loniOHa cuTyarist cioctepiranacs i Ui MOBepXHi
CKIIIHMX TUIacTMHOK. [lpm HasBHOCTI  CpiOHUX
HAaHOYACTHHOK, MPO(iIb CIIEKTPY CYTTEBO 3MiHUBCS —
3’SIBUBCS A CMYT Ta HIMPOKHX TopOiB Ha 4acToTax
231, 850, 920, 1528, 1552, 1595 cM ', a Takox cepist
2-3 cmyr B gmiamazoni 1300 -1500 CMfl, 110
BIJIMIOBIZIAIOTh  OKCHJAM, XJIOpHJIaM Ta IHIIUM
CroJlyKaM  cpi0yia, YTBOPEHHMX TMpU B3aeMofii 3
NOBITPsIM. OCKIJTBKY TTOJIOXKEHHST IMX CMYT Ta ropOiB,
MaJIo BiJIPi3HSETHCS BijI 3pa3Ka JIo 3pa3Ka, iXHil BKIaJ
npu o0poOIll CreKTpy MiHIMaibHUA. Takoxk ciij
3a3HAYUTH, IO HE3AIEKHO Bl KOHLEHTpaLii Ta
arperainii HaHOYaCTMHOK Ha TMOBEpxHi (puc. 2),
npodii  TXHIX CHEKTPIB HE 3a3HABAJM 3HAYHUX
BIIMIHHOCTEN 1 BUZHAYAIUCH JIUIIIE CIIBBIIHOLIEHHIM
HasIBHUX CIOJYK HA TIOBEPXHI.
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Puc. 2. 306paskeHH HOBEPXOHB 31 CPIOHUMHU
HaHOYaCTHHKaMH. | — 3pa3ok Ned, 10~ mons/i, 2 —
3pa3ok Ne2, obsacTh Oe3 OapBHUKaA, 3 — 3pa3ok Nel,
10~ mons/i1, 4 — 3pazok Nel, 10~ mos/i.
MacmtabHi MOAUTKH BigmoBigaroTh S0 Ta 25 MKM.

Cnextp JIOMiHECLeHLIT dnyopecueiny,
0CaJKEHOTO Ha 3paskax 3i CpiOHUMU
HAHOYACTMHKAMH, TpPU BHUKOPUCTAHHI Ja3epHOTO

MpoMeHsl 3 JOBXKWHamu XBWiIb 514,5 Ta 488 HM,
MoKa3aHuil Ha puc. 3.

660
2, HM

510 540 570 600 630

Puc. 3. Crextpu nrominecteHnii giayopecueiny: 1 —
npu 30y KeHHI 3 JOBXHHOK xBum 514,5 uwm, 2 —
npu 30yIKEHHI 3 JOBXKHUHOIO XBHJI1 488 HM.
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Moro mpodins BUSBMBCSA CTAHAAPTHHM JUIA
OapBHHKIB TaKOTO THITY, OIHAK Oyja NMOMITHA MeBHA
0co0HBiCTh — TPH 30yIKEHH] PO3CISIHHS CBITIIOM 3
MOBXKHHOIO XBWii 514,5 HM, IHTEHCHUBHICTH CMYT
KOMOIHAIIIMHOTO PO3CISHHS CBiTJIa B Jiama3oHi [0
1100 cm' Gyma B 1,5-2 pasu iHTeHCHBHiuIa, IO
MOXKHa TIOB’s3aTH 3 OIJbIIOID  IHTEHCHBHICTIO
JIFOMIHECIICHIIIT, MAKCUMYM SIKOi CIIOCTEPIraeThCs Ha
554 um.

JocmipkeHHsT KOMOIHAIIIHHOTO PO3CIsSTHHS CBiTia
3pa3KiB, TOKa3ajdd BiIMIHHOCTI B IHTEHCHBHOCTI
PO3CISIHOTO CBiTJa, MOJOKEHH] Ta KUIBKOCTI CMYT Y
criekTpax (puc. 4).

1, BigH. ox.
3
2
350 700 1050 1400 1750 ,
AV, CM_
Puc. 4. Cnekrpu Onyopeciieiny oTpumaHi Ha

MOBepxHi: 1 — ajroMiHIEBOT TLTIBKH, 2 — 3pa3ka Ned, 3
obony kpamiuHu, 3 — 3paska Nel i3 octpiBus 3i
CpiOHMMU HAHOYACTHHKAMH.

Hdus  cnektpiB  ®nyopecueiny Ha  adroMiHii
xapakTepHi HacTymHi vactoru: 121, 150, 183, 416,
513, 570, 917, 1483, 1542, 1570, 1592 cM ' (MaroTh
cnabKy 1HTEHCHBHICTb, YacTO pO3TalllOBaHi Ha
ieyax IHTEHCHBHImIUX cmyr), 287, 363, 461, 596,
641, 764, 933, 1166, 1308, 1346, 1423, 1508 cm '
(MaroTh cepesiHIO IHTEHCHUBHICTB), a Takox 461, 1508
Ta 1634 CM_I, 10 MAarOTh HAHOLIBITY iHTEHCHBHICTS.
V crmekTpax 3pa3kiB 31 CpiOHUMH HaHOYACTHHKAMHU
cmabKi CMyru croocTepiraroTbcss Ha 4vactotax 121,
146, 187, 231, 410, 660, 710, 979, 1128, 1326, 1374,
1486, 1518, 1580cm'. Cmyrum i3 cepemHbOIO
IHTCHCUBHICTIO pO3TallyBaIMCh Ha yactorax 288,
353, 466, 513, 575, 598, 639, 765, 951, 1326, 1349,
1371, 1405, 1484, 1516, 1576, 1601 cM . Haii6inbur
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IHTCHCMBHMMU Oynu cmyru Ha 1186, 1547 Ta
1638 cm .

Hns mopiBusHHA crekTpiB Dnyopecueiny Ha
3a3HauEHUX TOBEPXHSAX, BOHH OyJIM MPOHOPMOBaHI
3a iHTEHCHBHICTIO CMYTH B OKOJi yacTotd 464 cM .
[licns 1pOro, iHTEHCHUBHICTH CMYr Ha YacTOTi
639 cm ' Ta 1638 cM' crana 36iraTHcs 3 TOUHICTIO
95%. Oxpim 30iIbIIEHHS] IHTEHCHUBHOCTEH 0araTtbox
CMYr, TPpUCYTHIX B  CHEKTpax 3pa3KiB 3
QITIOMIHIEBUMH TIOBEPXHSIMH, B CIIEKTpax 3pa3KiB 3i
CpIOHMMH HAHOYACTUHKAMH CIIOCTEPITalOThCSA HOBI
cMyry, abo Taki, IO paHillle PO3TAIIOBYBAIUCS HA
ievyax iHmMx cMyr. Jlo HUX BiAHOCSTHCS CMYTH Ha
gactotax 513, 575, 660, 983, 1371, 1484, 1547,
1576, 1601 cm'. 3cyBy 4YaCTOTHOrO IOJNOKEHHS
3a3Hanu cMyrd Ha 353, 922, 952, 1186, 1326, 1351,
1405, 1518, 1576, 1601 oM. Hesiki cmyrH, 30kpeMa
Ha yactori 1301 cM ', HABMAKM — 3a3HAIOTH 3CYBY B
CTOPOHY  OUIbINI  IHTEHCHUBHUX 1 CTaIOTh
MaJOMOMITHAMU.

HasBHicTh cpiOHMX HAaHOYACTHHOK Ha TIOBEPXHIi
CKJIa, CYTTEBO 3MIiHIOE €(heKTHUBHICTH IOCIIIKECHb 32

paxyHOK 30UIBIICHHS CUTHAJy KOMOIHAI[IHHOTO
poscissHHs  cBiTina. Illopctka moBepxHsS crpusie
Kpamiii  ajgcopOmii  Monekyn, a  IUIa3MOHHI

BJIACTMBOCTI CpIOHMX HAHOYACTUHOK — Kpariomy
MoTJvHaHHIO cBiTna [2]. O0unmBa daktopu Oynu
MiATBEP/UKEHI TIPH BUMIPIOBaHHI PO3CISHHS CBiTIa
3paskiB 1-6 31 cpiOHMMHU HaHOYACTHHKAMH. 3 HA0OPY
CHEKTpiB BiJi KOXHOrO 3pa3ka Oymu oOpaHi
HaWOUTBIN iHTeHCHBHI (puc. 5). BinmoBiani micust Ha
MOBEPXHi 3pa3KiB BKa3aHi Ha puc. 6.

1, BinH. on.
1 L‘
2
MMWM—
6
350 700 1050 1400 1750
AV, M

Puc. 5. Cnexrpu ®nyopecueiny ajacopOoBaHOTO Ha
MOBEPXHAX 3pa3KiB 31 CpPIOHUMH HAHOYACTUHKAMH.
Homep crniektpy BijIoBiae HoMepy 3paska.
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Puc.

6. 300pakeHHS TOBEPXOHb 3i
HAHOYACTHHKAaMH Ta TOYOK 3amucy cnekrpis. Homep
300pakeHHs BiJOBiAae HOMepY 3pa3ka. MacmTaOHi
HOIUIKH BIAMIOBIAAOTE 5 MKM.

cpiOHUMEI

He3Bakaroun Ha HEPIBHOMIPHICTh PO3MOMALTY
HAHOYACTHHOK, iXHS KOHIIGHTpAIlisl Ha MOBEpPXHI
Oyia mpomnopIliiiHa KOHIIEHTPALIsM PO3YHHIB y SIKHUX
TPUMaJId CKJISHI TUIACTHHKH; SIK HACTIJI0K, OyIo
OTPUMAHO PI3HHUIID B IHTEHCHBHOCTI CMYyrd Ha
gacToTi 1547 cM ' Mix 3paskom Nel Ta 3paszkom Ne6
B 300 pasiB (mpenacraBieHuil crekTp 3pazka Ne6
HAKOMWYEHUH TMPOTATOM JECSITUKPATHOTO Yacy IO
BiJTHOIIIEHHFO 10 3pa3kiB 1, 2, 4).

[TpoTsiroM BUMipIOBaHb TAaKOXK OyJIO JAOCIiIKEHO
CTIMKICTh TIOBEPXOHb IMX 3pa3KiB JI0 BIUIMBY
Ja3epHOro onpoMiHeHHs. s ekcnepuMeHTy OyIo
o0paHO oOcCTpiBelb CpIOHMX HAHOYACTHHOK Ha
OJIHOMY 31 3pa3kiB. 3 1i€i 00JacTi, 3 IHTEPBAJIOM B 5
cekyHna, Oynma 3ammcaHa cepis  CHEKTpiB  3i
3pOCTaHHSM IHTEHCHBHOCTi, KOXX€H NpoTsirom 20
CeKyHJ. Sk HacHi oK, MPH CTaHAAPTHIN MOTY>KHOCTI
nazepHoro mpomensi o6mmspko 0,1 MBT, y cmektpi
CIOCTEpITauCsl ~ CMYTH,  TpUTAMaHHI  JIMIIE
Onyopecueiny. [lpu 30imbIIeHHI TOTYKHOCTI JI0
1 MBT, y chmekTtpi 3’sBWJIach LIMpOKAa CMyra Ha
wactoti 231 cM ', mpuTaMaHHa cronykaMm cpi6ia, a
cmyru Diyopecueiny BTpaTHIN iHTEeHCHBHICTE. [lpu
JIOCSTHEHHI MOTYXKHOCTI 5 mMBT, CMYTH
®dnyopeciieiny maibke He OyJIM OMITHI HA TJIi CMYT,
IO BIATIOBIIAOTH COMSIM Ta okcuuam cpibna. lle
CBIIYMTh MPO T€, 10 T[OIJIMHAHHS  CBITJIa
HAHOYACTHMHKAMM  CIIpHsie  CyOnmiMaiii  MOJIeKyI
OapBHHKa. 3 iHIIOrO OOKY, OCKIIIBKM B CHEKTpi IIe
crocTepiranucs jeab nomitHi cmyru Oiayopecueiny,
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MOXXHa TOBOPHUTH TIpO 30EpPEeKCHHS 3B’SI3KY 3
MOBEPXHEI0 OKPEMHUX MOJIEKYIL.

VY 3B’A3Ky 31 3HAQUHUM MOIVIMHAHHSAM CKJIa B
iH(padepBOHOMY [iala3oHi, a TaKOX THM, IO Ha
MOBEepXHI 3pa3kiB Oyna ocamkeHa HaATO Maia
KUIBKICTh PEYOBUHH, TOCIIIKEHHS 1H()PaYepBOHOTO
MOTJMHAHHA ~ OyJaM  mpoBemeHi — Jjwmmie  Ha
ANFOMIHIEBOMY A3€pKalli 3 HAaHECEeHUMHU Ha Hhoro 10
KpariiH pO34MHY 3 KOHLEHTpauicio Diayopecueiny
10° Momb/n.  Yepe3 HepiBHOMIpHHI PpO3MOIiN
PEUOBHHHU Ha TIOBEPXHi, CIIEKTP BUSBHUBCS HE JIOCHTh
YiTKUM A7 aHalizy, TpoTe€  BHKOPHUCTaHHS
MOJISIPU3aTOPa Ta JETeKTopa 3 OLIBLIOI YYTJIUBICTIO
JIO3BOJIWJIO OTPHMATH Kpallle PO3JIICHHS CMYT,
30kpeMa B Jiarasoni 10 800 cM ' (puc. 7).

1, Bign. ox.
2
1
800 1200 1600 2000 2400 2800
AV, €M
Puc. 7. [IudpauepBOoHi CHEKTpH MOTJIMHAHHS

diryopeciieiny ajgcopOOBaHOTO Ha aTOMiHIEBOMY
mepkanmi. 1 — 3 BHKOPHCTaHHSM CTaHIApTHOT'O
JIETEKTOpa, 2 — 3 BUKOPUCTAHHSM TOJISIpH3aTopa Ta
JETEKTOpa 3 A30THUM OXOJIOKEHHSIM.

CMyra Ha 4acToTi 575 cM ', 10 cHoCTepiraeThes
y CHeKTpi KOMOIHANIHHOTO pO3CISHHS 3pa3KiB 31
CpiOHMMH HaHOYACTMHKAMH{, BHSBISIETBCS H Yy
BUTIAJIKY 1H(padepBoHOrO moriuHaHHA. OCKIUTBKU
cMyru B obmacti  550-650 cm ! BimmosigaroTh
CKEJICTHUM KOJIMBAHHAM Killblls KcaHTeHy [3], To e
MOJK€ CBIIYMTH PO TE, IO aACOPOOBaHI Ha CPIOHMX
HAaHOYAaCTHHKAX MOJIEKYJIH CTIPUYHHSIOTh
BUHUKHEHHIO KOJIMBaHb, HE XapakTepHUX IS
®nyopecueiny y BibHOMY crani. Ha wactoTtax no
1000 cM ' 3HAXOAATHCS IHepeBaXKHO OOEpTaIbHI Ta
CKeJIeTHI KOJINBAHHS KCaHTEHOBOTO Ta
apomaTtuyHoro kimeus [4]. 3rigHO 3 JaHWMH
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MOCIIDKEHh ~ KOMOIHAIIMHOTO  PO3CIAHHI  Ta
iH¢ppayepBoHoro nornuHanHs Pnyopecueiny [3 - 6],
vactoty moHazx 1000 cM ' 3a3BHyail MicTATH BKIAIM
BIJI KUTbKOX 00’ €IHAHMX KOJHMBaHb. Tak, B CIIEKTpax
iH(ppadepBOHOTO TOTTMHAHHS, KOJNHWBaHHS 3B’S3KiB
C - C apoMaTHYHOTO KiNbIS MOXYTh 3IiHCHIOBATH
BKJIaJ B cMyru Ha vacrorax 1107, 1483, 1572 Ta
1637 cm . KonuBaHHS MOMIOHUX 3B’S3KiB Yy KUTBIT
KCaHTeHy MOJKHa O4iKyBaTH Ha uacTtoTax 1168,
1210, 1333, 1420, 1598 ta 1741 cm ', OKpIM IIHOTO,
cMyry Ha 1507 cM ' BigHOCATH 10 IMXanbHOI MOIHM
HEHTPaJIbHOI YacTHHHW, KOTpa MICTHTh KHCHEBHH
MICTOK. BiNbImicTh IOCHIAHHMKIB XapaKTePU3YHOTh
cmyru Ha dactorax 1107, 1168 1210, 1306, 1464,
1572 e’ sk Taki, IO MAalOTh 3B’S30K 3
komuBaHHaMu THny C-O, C=0O T1a C-OH. 3
CUMETPUYHUMHU Ta AHTHCUMETPUYHUMHU
KOJIMBaHHAMH KapOOKCHIBHOI rpynu diryopecueiny
(COOH) noB’si3ytots uactotu 1387 ta 1572 cm . B
CIEKTpi KOMOIHAIIfHOTO  pO3CiSHHS, 3a3BHYAl
(IKCYIOTH JTUIIE aHTUCUMETPUYHI KOJIMBAaHHS JAHOI
rpymH, MOMiTHI Ha wactori 1580 cM ' y BHmamky
3pa3KiB 31 CpiOHUMHM HaHOYACTUHKaMHU. Takoxk, Mmpu
aHai3i creKTpy KOMOIHAIIHHOTO PO3CISTHHS, MOXHA
TOBOPHUTH TIPO BKIAJ KoimBaHb 3B’s3kiB C-O, C=0
ta C-OH y cmyru Ha dactrotax 1186, 1300, 1546,
1580, 1638 cm . Kommupamus 38’s3kiB tumy C-C
Mpe/CTaBIeHI Maibke BCiMa YacTOTaMH TIOHAJ
1300 CM’I, OCKUIBKM B I[OMY Jiara30Hi 3HAYHOIO
MipOI0 BIAIrPalOTh POJIb SIK KOJMBAHHS CIIONTYyYEHHX
KiJlerp O€H30Ty Ta KCAaHTEHY OJIMH BiJTHOCHO OJTHOTO,
Tak 1 okpemi nedopmarii ix yacTuH (HaIpUKIa
MOJIOBUH Ta YBEPTEH OCH30JI0BUX Kijelb [7]).

BucnoBku

1. BukopucraHHf CKISHHUX IUIACTHHOK 31
CpiOHMMH HaHOYACTUHKAMH, B TIOPIBHSHHI 3
QTIOMIHIEBIMH TIOBEPXHSMH, CIIPHYHMHSE 3HAYHOMY
Hepepo3NOILTY IHTEHCHBHOCTEH CMyT
®dyopeciieiny B CIIEKTPi KOMOIHALIIHHOTO PO3CISIHHS
ceiia. OkpiM 1pOTO, B CIHEKTpi OapBHHUKA
BUHUKAIOTh HOBI CMYI'M NpPUTaMaHHI KOMILIEKCaM,
SK1 YTBOPIOIOTH MOJICKYJIM aJIcCOPOOBaHi Ha MOBEPXHi
HAHOYACTHHOK Cpia.

2. llopiBHSHHA CHEKTpiB  iH(pPavYEepPBOHOTO
MOTJIMHAHHA  Ta  KOMOIHAIITHOTO  PO3CIsIHHA
BKa3yIOTh Ha iX 3HAYHY MOMAIOHICTH T4 MOJIHBICTb
B3a€MHOTO [IONOBHEHHsSI Ta aHalli3y B OKPEMHX

BHIIAJIKaX.

3. BukoHaHI IOCHI/DKEHHS IMiATBEPKYIOThH
e(heKTUBHICTh BUKOPHUCTaHHS KOJIOTIHUX
HAaHOYACTUHOK OnaropoaHux METaiB IS

JOCIII/DKCHHSI ONTHYHUX BJIACTUBOCTEH HAJIHM3BbKHX
00’€eMiB PEYOBUHH.
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eracmugocmell kepamunosux oiononimepie Ha npuxnadi 10 Hiemvosux niacmuwu 3 nanvyie 000x pyk oOHI€ET
MOoOuHU. s ycix 3paskié 00epicaHi cnekmpu penmeeHonroMinecyenyii npu memnepamypi 85 K ma
memMnepamypHi - 3a1eHCHOCMI  THMEHCUBHOCMI  peHmeeHooMinecyenyii. Temnepamypui  3anexcHOCMI,
ompumani Nno 080M KAHAIAM peecmpayii 018 6CiX 3paskie, anpoxcumyromvcs gopmynowo Momme.
Bcmanoeneno, wo  xeammosuil  6uxio  peHmeeHOMOMIiHecyenyii  KepamuHogux — Oiononimepie 8
00CHI0INCYBAHOMY MEMNEPAMYPHOMY Oianda3oHi Oyoe HU3bKUM, MOOMO, OMIHeCyeHYis 3aexcou 0yoe
C1abKoio.
Knrouosi cnosa: penmeenonominecyenyisn, memnepamypa, KepamuHogi biononimepu, KAHMOBUL UXIO

mominecyenyii, popmyna Momme.

Keratin biopolymers, including skin, nail plate and hair is a source of information, and describes the
body as a whole. Experimental results presented research X — ray luminescence 10 nail plates of all fingers
of one person. For all samples obtained X-ray spectra at 85 K and the temperature dependence of the
intensity of X-ray from 85 to 300 K. The results indicate the reproducibility of the experiment.

Nail plate is stable for hours of X-rays confirming experiment.

X-ray spectra of all nail plates are composed of electron-vibrational transitions. The resulting
frequency of 1343 cu™ corresponds to the local fluctuations of the molecules.

Temperature dependence obtained for all samples approximated Mott formula with equal energy value
of temperature attenuation E; = 0,062 eV. The intensity of luminescence in keratin biopolymers will always
be weak.

Despite the similarity of X-ray spectra obtained results indicate differences between samples, and
because all the samples were formed at the same time, they represent the same health. We can conclude that
in each nail plate encrypted information is different and this result makes it possible to speak of the body to
diagnose X — ray luminescence properties nail plate.

Key Words: X-ray , temperature, biopolymer, quantum yield of luminescence, formula Motte.

Crartio nipencraBuB akanemik HAH Vkpainu, a.¢.-M.H., npod. Bynasin JLA.

(GYHKLIOHANBHOCTI B OpraHi3Mi JIIOJUHH € JOCHUTH
iHQOPMATUBHUMHU MIOAO 3MiH B OOMiHI pPEYOBUH
JIOJMHM. 3a 30BHIIIHIM BUIJISIOM HIKIPH, HIFTHOBHX
TUTACTHUH Ta BOJIOCCS CHOTOJIHI MPOBOJAATH NIEPBHHHY
JIIarHOCTHKY JESKUX BHYTPIIIHIX 3aXBOPIOBaHb.
IIpore Taka miarHOCTHMKA HOCUTh EMITIPUYHUN Ta
SIKICHUM XapakTep 1 € JINIIEC IeBHUMH «II1IKa3KaMm»,
B SKOMY HAaNpsIMKy TIPOBOJUTH JIAOOPAaTOpHY
nMiarHoCTUKY. OJHUM 3 METO/IiB, SIKHil Hapa3i JOCUTh
MTUPOKO PEKIIAMYETHCS, € KMIKPOCTIEMEHTHUHN aHai3
Bosoccs» [1], sikuii Mae Garato HeomiKiB. ['0M0BHI 3

Beryn

3BHYHUM 1 [JIarHOCTHYHO-HEOOXIJTHUMHU B
MEIWIMHI € aHai3 KpoBi. Ha chorogHi KpoB €
VHIBEpCAITbHUM JIIarHOCTUYHUM 00 ‘€KTOM JUIst Oy /Ib-
SIKUX JOCHTIKeHb CTaHy OpraHismy JitoguHu. OmgHak
HE JHile KpPOoB € iH(OPMATHUBHOI MO0 CTaHy
OpraHi3My.

KeparuHoBi GiomonimMepu, 30kpema, MIKipa Ta
OpUAATKA IIKipH (HITTHOBI IUIACTHHU Ta BOJOCCS)
JIIOJTUHY BHACTIIOK CBO€i OynoBu Ta (hi3ionorigHoi
© B.4. lerona, S.I1. Koryr, O.C. CBeuHikoBa,

2016
191


mailto:yana_kogut@ukr.net
mailto:yana_kogut@ukr.net

Bicnux Kuiscbkoco nayionanbHo2o yHieepcumemy
imeni Tapaca Lllesuenxa
Cepis ¢hizuxo-mamemamuuni HayKu

HUX — TIO-TIepIe, OOMeKeHa CYKYITHICTh XIMIYHHX
CJICMCHTIB I aHANi3y - MOYWHAIOYH JIUIIIC 3 CipKU
(mo3a yBaror JMINAIOTHCS JIETKi €JIEeMEHTH - a3o0T,
KHCEHb, BOJICHb, BYIJICNb, $KIi € OCHOBHHMH
eneMeHTamMu Oionoriyaux 00‘ektiB). Ilo-aApyre, He
BpaxoBYeThCs Oyq0Ba KOHKpPETHOI BOJOCHMHU. Kpim
TOTO, TIPH TIPOBEIEHHI TaKWX JOCHIDKEHb He
BpPaxoBY€ThCS, a BIAMOBIAHO, 1 HE aHANI3YETHCH,
Micie 3pi3y BoJoccs — 3 AKOi YacTUHH TOJOBU
Bosoccsi Oynmo 3pizaHo. CTpyKTypHO HITTHOBa
TUTACTHHA, K 1 BOJIOCCS, CKJIAJAEThCS 3 KEepaTHHY,
MpoTe JUIsi ONTUYHHMX JOCIHIi/PKEHb HIITI uepes
BiJICYTHICTh MEJIaHIHy € ONTHYHO BHUTiAHIMIMMU. SK
BXKE€ 3a3HA4YalloCh B [2], HE3BaXKAIOYM HA TOJIOBHY
0COOJIUBICTD JIFOMIHECLIEHTHHUX IOCIIKEHD
OiononiMepiB, a caMe. Iyxe Maly iHTEHCHBHICTb
pentrenomoMinectenmii (PJI), ska Oinpmr sk Ha 4
MOPSIIKA MEHINa 3a iHTeHCHBHICTh PJI kmacmanoro
moMiHopopa ZnS-Cu, JnochipkeHHS B I[bOMY
HAMPSMKY € BaXKJIMBOIO Ta aKTyaJbHOIO 3aJ1auCio B
MenuuHii Ta Oiosoriunii ¢isumi. B [2] Oyna
OIMCaHa METO/OJIOTIS JIIOMiHECHIEHTHUX JOCIiPKEHb
HIrThOBOI IacTuHU. OTPpUMaHi pe3yabTaTH CBiIYATh

po MIePCTIEKTHBHICTD JTAHOTO HaINpsMKy
JNOCT/DKEHHS, 10 B MalOyTHROMY, HMOBIpHO
JIO3BOJINTH ~ PO3POOHMTH  METOJ| aHallizy CTaHy
OpraHiaMy  JIIOAMHM 32  JIIOMIHECIEHTHUMH

BJIACTUBOCTSAMH HIiI'THOBOI IUIACTUHU JIIOIUHH.

[IpomoBxyroun PEHTTEHOJIIOMIHECIICHTHI
JOCTIDKEHHST  010mosIiMepiB  (HITThOBOI IUIACTHHU
JIOZIMHY), 3aJa4aMu JIaHoT pOOOTH €: Mo-Teplie
MEPEBIPUTH BiATBOPIOBAHICTh EKCIEPUMEHTAILHIX
pe3yJbTaTIiB; MO-IPYyre MPOBECTH OCIIKEHHS 3a
OJTHAKOBOKO TIporpamoro i 10 HIrThbOBUX IMJIACTHH
ONIHIE] IIOMMHU Ta JOCHIAWTHA BiIMIHHOCTI Y
JIIOMIHECIICHTHUX Ta TEMIIEPaTYPHUX BJIACTHBOCTSX
3a3HaY€HUX 00 €EKTIB.

MeTonnka eKCliepUMEHTY Ta ONKC 3pa3KiB
AOCJTiIZKeHHSA

JlocimpKyBaimucs 3pa3kyd HIIThOBUX ILIACTHH 3
10 maneuiB pyk oaiei mroxuHu. [ns mpoBemeHHs
KOPEKTHOT'O MOPIBHSHHS EKCIIEPUMEHTAIBHO
OTPUMAHMUX PE3YJIbTATIB JOCIIHKEHHS POBOIUIHCS
B paMKax OJHOTO IHKITy, TIPYA IIbOMY 3PO3YMLJIO0, IO
yci 10 3pa3kiB pociid OJHOYACHO 1, BIAMOBIIHO,
BiJI0OpakaroTh OJHAKOBHH cTaH opraHizmy. Kosken
i3 3pa3kiB 3pi3yBaBCS B JIGHb IPOBEJCHHS
EKCIIEPUMEHTY, O€3MOCepeHI0 Tiepe]] TO0YaTKOM
CHEKTPaIbHUX JOCIiIKeHb. Bei mocmimkeHi 3pa3ku
HE MIJJIaBAIUCh OyAb-IKUM (PI3UYHUM, MEXaHIYHUM
YM XIMIYHUM TOIIKO/PKEHHSM. YMOBHI TTO3HAUCHHS
3paskiB BigoOpaxeHi Ha puc. 1 (5 3pa3kiB JiBOi pyKu
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mo3HaveHi Jiteporo «Ly», a mpaBoi — miteporo «Ry,
BiJIMTOBITHO).
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Puc. 1 Cxemartnune 300pa)KCHHSI Ta I[O3HAYCHHS
JOCHIDKYBaJIBHHUX 3Pa3KiB.

CBiko3pizaHa HITTbOBa IUTACTHHA PO3MIPOM
6mm3bko 15 MM® MEXaHIYHO 3aKpilUTIOBAIach Ha
MITHIN TiAKIaAni KpiocTaTy TakuM YHHOM, MI00
3a0e3MmeunT HaWKpaIuii TeTUTOBUI KOHTAKT 3pa3Ka
3 MIIHOIO TiIKJIAKOIO.

3pa3oK PO3MIIIY€ETHCS B KPIOCTATI, IO J03BOJISE
MPOBOJUTH BHUMIpH y BakyyMi TMpH PIi3HUX
TeMIIepaTypax, OMPOMIHIOIOYH 3pa30K iHTETpalbHUM
BUIIPOMIHIOBaHHSIM pEHTIeHiBChKOI TpyOkn BXB 7
(Re, L=120mm) B pexumi 20KkB, 25mA,
0,635 mBr/cM?, mpM  [BOMY  PEHTIEHiBChKe
BUTIIPOMIHIOBaHHS TIPOXOAMJIO B KpiocTar depes
OepuiieBe BiKOHIIE. 3pa30K 3aKpPIIUIIOBABCS TaKUM
YUHOM, 100 IiHTerpaJibHe BUIPOMIHIOBAaHHS Bif
PEHTTeHIBCHKOT TpyOKH MOTPATUISIIO Ha
BHYTpIIIHBOIO YAaCTHHY IUIACTHHH. JlOCTiIKEeHHS
MIPOBOJIMIIN B Jiarna3oHi remmeparyp Bix 85 go 300 K
32 JIOTIOMOTOI0  OXOJO/UKEHHS a0o HarpiBaHHS
MigHOT migKnagku. s BUMIpIOBaHHs TeMIepaTypu

BUKOPHCTOBYBAIIHCS TepMonapa XpOMEIb -
almoMens, ska Oyna 3akpiluleHa Ha  MIiTHIN
MK Pa3oM i3 3pa3KoM.

BunpomiHIOBaHHST ~ PEHTICHIBCBKOI  TPyOKH

HanpaBJICHO MEPIECHIUKYISPHO IO IUIOMMHH 3pa3Ka.
PJI 3pa3skiB peecTpyBajiacs OJHOYACHO 3a JBOMa
KaHAJIAaMH: THTETPAIBHO 1 CHEKTPAILHO, MPHU IOMY
KBapIlOBi BiKHa peecTpauii Oyau po3TalloBaHi Mif
KyTamu 45° 10 TUIOIIMHU 3pa3ka, a MiX COOOK i
kyroM 90°. IHTerpambHe CBIYCHHS PEECTPYyBaId 3
BUKOPUCTaHHIM CBITJIOUYTJINBOTO ¢oro-
enekTpoHHoro nomHoxyBada PEII-106. Cnextpu
CBiYEeHHS peecTpyBanu y nmianasoni Bix 330 mo
800 M yepe3 criTIIOCHIIBHUI MOHOXpoMarop M/IP - 2
13 audpakmiinoro  rpatkoro 600 mT/MM  3a
JIOTIOMOTOI0 ~ CBITJIOYYTJIMBOTO  (DOTOENEKTPOHHOTO
MMOMHO)KyBada O®EII-106. Yei CIEKTpHU
JIOMIHECUEHLIi BUNPABSUINCA HA CIEKTPAJIbHY
YyTIUBICTh PEECTPYIOUOi cucTeMu. [Hpopmamis B
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AQHAJIOTOBOMY BHWIJISAMI TICIA TACHIIOBAYiB  yCiX
KaHamiB  peectpamii (3 ONOKy  CKaHyBaHHS
MOHOXpOMaTopa, 3 OJIOKY peecTpallii TeMIepaTypH, 3
OIOKiB  peecTparlii IHTEHCHBHOCTEH  CBiUCHHS)
nojaBanacs Ha 16-kananpHuit AL 3a gomomororo
CTBOPEHOTO MPOrpaMHOro 3abe3nedeHHs oaepKaHi
eKCIepuMeHTaIbHI gani 06poosmucs Ha 11K [3]. 3a
HeoOXimHicTI0 crekTpu PJI mepeBommiy 31 mkamm
JIOBXHH XBWIb (HM) B IIKATy eHepriii kBaHTiB (eB)
i3 ypaxyBaHHSIM CTIEKTPAIILHOT T'YCTHHU
BHITPOMIHIOBaHHS.

JocnimkeHHs ycix 3pa3KiB HIFTbOBHX IUIACTHH
MPOBOJMIIOCS B OJHAKOBHX YMOBAax 3a OJIHAKOBOIO
MPOrPaMoI0 EKCIIEPUMEHTY, a caMe:

- 3pa3oK pO3MilllyBaBcs B KpiocTar Ta
OXOJIOMKYBaBCsl Y BaKyyMi 70 TeMiepaTtypu 85 K
-mchs  TeMmIeparypHoi — cra0imizamii  3pa3ok
OTIPOMIHIOBABCS PEHTTEHIBChKUMU KBaHTaMHU
1 ropuHy; pu UBOMY peecTpyBaiacs IHTEHCHBHICTb
CBIYCHHS  IHTErpajJbHO Ta  CHEKTPaJbHO  Ha
MakcuMmyMmi cBideHHS A~ 450 HM, peecTpyBaBcs
cnektp B aiamazoni 300 + 700 HM,

- 3pa3ok HarpiBascs Bix 85 K mo remneparypu 300 K
1 TIpH IBOMY PEECTPYBAIH TEMIIEPATypHi 3aJIeKHOCTI
PJI (iHTerpambHO Ta CHEKTPaIbHO HAa MAKCHMYMi
CBIYCHHS).

ExcnepuMeHTaNbHI pe3yJabTaTH

Byno mocmimxeno 10 3pa3kiB — xiHOYi HIrTHOBI
rractiay 3 10 maneniB pyk. HalimenyBaHHs 3pa3kiB
3rizHo  cxemu Ha puc.l. 3rigHo mporpamu
eKCIIEpUMEHTY BCi 3pa3ku mpu TemmepaTtypi 85 K
ompoMmiHIOBaNcs |  TOAWHY, 1O JIO3BOJISUIO
3apeecTpyBaTd 2 CIEKTPH: HA 5 XBWJIMHI Bij
noyatky onpoMiHeHHs Ta Ha 50  XxBuimHI
onpomineHHs. Li pe3ynmbTaTu ans ogHOTO 3paska 2L
npeJcTaBiIeHi Ha puc. 2.
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Puc.2 Cnextpu PJI npu temnepatypi 85 K s
3pa3ka 2L Ha 5 Ta 50 XBUIMHI OPOMiHEHHSI.

2016, 2

Bulletin of Taras Shevchenko
National University of Kyiv
Series Physics & Mathematics

[Ipn mopiBHSIHHI MiX CO0OI0 aHAJOTIYHHX IBOX
CIIEKTPIB JIJIs1 KOKHOTO 13 3pa3KiB BiTHOCHI 3HAYCHHS
intencuBHOCcTI PJI Ta Qopma crekTpiB BHSBUIHCS
OTHAaKOBUMH B MeXax «IrymMoBoro (oHy». Kpim
TOTO, PEECTpAIlisl IHTETPATBHOTO CBIUCHHS MPOTATOM
1 ToAMHM ONPOMIHEHHS TaK CaMO MiATBEPIKYE
HE3MIHHICTH  CHekTpiB. OTpuMaHi pe3yJIbTaTH
CBITUATh MPO CTIHKICTh HITTHOBOI IUTACTHHH JIIOTUHA
JI0 PEHTTCHIBCBKOIO ONPOMIHEHHS J03000 2.3
Jbx/em®  (Lrom.  ONpOMIHGHHS) 1 HO3BOJISIOTH
KOPUCTYBaTHCS OTPUMaHUMHU pe3yJIbTaTaMH.
PeHTreHocCTilKiCTh 3pa3KiB JaHOTO THUITy TOTpeOye
MOABIIUX JTOCTIKEHb.

Hdns  3pydHOCTI  CHpPUHHATTA  OTPUMaHi
EKCIICPUMEHTANIbHI nani MPEICTaBICHHI Ha
PUCYHKax i3 TOUIOM Ha NpaBy Ta JiBy pyku. Ha
Puc. 3 npencrapneni criektpu PJI mocmimkyBambHIX
3paskiB mpu Temmepatypi 85 K (puc. 3(a) — mpasa
pyka, puc. 3(0) — jiBa pyka, BiIIIOBIIHO).

18007 3 . Bin.op.
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(6)
Puc. 3. Cnektpu PJI 5 HIrThOBUX IUIACTHH TIPH
temneparypi 85 K (a - nmpasa pyka, 0 - J1iBa pyka)

350 400

Otpumani cnektpu PJI HIrThOBUX T1UIACTHH
KOPENIOITh 3 paHillle OTPUMAHUMHU CIIEKTpaMH s
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MTOAiOHMX 3pa3KiB [2], MO CBITIUTH PO KOPEKTHICTH
MPOBEJICHUX JOCHTIKYBaHb Ta BIATBOPIOBAHICTH
CKCIIEPUMCHTAILHUX JaHHX.

3 HaBenmenux crekTpiB PJI (puc. 3) BuaHO, 110
BigHOCHI 3HaueHHd iHTeHcuBHOCTEN PJI He ogHAaKOoBI
JUIS pi3HUX 3paskiB. Takoxk HE CHOCTEPIraeThes

Kopensmiii Mk  iHTeHcHMBHOCTSMH PJI  mpm
TTOPiBHSAHHI CIIEKTpIB HITTHOBUX TJIACTHUH
BIJIMOBIIHMX TAaJbI[iB JBOX pPYK MK CO0O¥0.
Hiamazon BIAMIHHOCTI MiX 3HAYCHHIMHU

IHTEHCHUBHOCTI IS PI3HUX 3pa3KiB 3MIHIOETHCS Bix O
1m0 30%. BapTto 3BepHyTH yBary Ha JBa 3paska, a
came 2L Ta 4L, IHTEHCHBHOCTI SIKUX MK COOOIO
CHIBMAIAI0Th B MEXAaX «IIIYMOBOTO (DOHY».

Ha puc.4 HaBemeHi ycepenHeHi 3Ha4YCHHS
inTeHcuBHOCTEH PJI ycix mociiKyBalbHUX 3pa3KiB.
BinHocHi 3HadeHHs iHTeHcHBHiCTH PJI KokHOTO
3pa3ka ycepedHIOBaJIach 3a  IHTErpallbHUM 1
CHEKTPAJIbHUM 3HAYCHHSM, SKi KOPEIIOIOTH MiX
CO00K0 Y MeKaxX IMOXHUOKH.

1400 3
aver b
1200 A 3
1000 ~
800 -
600

400 -

200

\
.
\
\
.

0

3pasok
Puc. 4. Ycepenneni 3naveHHs iHTeHCHBHOCTel PJI
ycix 10 3paskiB (mo3nauenus 3rijHo Puc. 1)

3 anamizy puc. 4 poOMMO BHCHOBOK, IO HE
3BaKar04u Ha METOHOJIOTTYH1 0COOJIMBOCTI
MPOBEJICHHS EKCIIEPUMEHTY Ta CJIAOKICTh CBIYCHHS
HITTBOBHX  IUTACTMH  JIIOJAWHH,  JIFOMIHECIICHTHI
BIIACTHBOCTI Pi3Hi JJIs KOKHOI HIrThOBOI IJIACTHHH, 1
camMe 1€ € IMEPCIEeKTHMBHOK OCHOBOKO JJIi HOBOI'O
METOAY MEIUTHOI JIarHOCTUKH OPTaHi3My JFOUHU.

Ha Puc. 5 HaBeneHi HOpMOBaHI Ha MaKCUMyM
cMyru cBideHHs cuektpH PJI okpemo i koxxHOTO 3
10 3paskiB. MakcumyM cBiueHHs1 criektpa PJI s
BCIX 3pa3KiB 3HAXOAUThCS Ha JIOBXKHHI XBHII
~450 HM, D0 € B MeXax MOXHOKH peecTpyrouoi
CUCTEMHU.
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Puc. 5. Hopmonani cmextpu PJI mma 10 3paskiB
(cTpimKamu O3HAYEHI «IIEPETUHI)

Bumso (puc.5), mo ¢opmu crekrpiB PJI mis

ycix 3pa3kiB € TomiOHUMH MK CcO0OH0  —
HeeJIEMEHTapHa  IIMpPOKa CMyra  CBIiYCHHS B
criekTpaibHOMy — miamasoHi (330 +650) M 3

MakcuMymMoM Ha noBxuHi xBuiai ~ 450 amM. Kpim
TOTO, HE3BaKAIOUM Ha «IIyMOBHH (DOH» CIIEKTpa
KO)KHOTO ~ OKpeMOoro 3paska, Ha rpadiky, Je
MPEACTaBIeHI CIIEKTPH BCIX  JIOCIiIKyBaIbHUX
3pa3KiB, MOXKHA YITKO BHIUIUTH 5 «IICPETHUHIBY
(mo3HaueHo cTpinoukamu Ha puc. 5). Jlist BUSHAYEHHS
3HAa4YeHb EHeprii «meperuHiB» yci crektpu PJI 3
ypaxyBaHHM CHEKTPaIILHOI TYCTHHU
BUIPOMIHIOBaHHS OyJiM TepeBeleH] 31  IIKaIn
JIOBXKWHU XBWJIb HM B €HEPreTUUHy mKany eB. bymno
BCTAaHOBIIEHO, IO  3HAYeHHA  €Heprid,  sKi
BIJITIOBIZAI0Th «IIEPErMHAMY», MalOTh CKBIJIMCTAHTHI
TIOJIO’KEHHS (B IIKai €Heprii) 31 3HAYEHHSIM Pi3HHMII
enepriii 0,1665 eB, mo Binnosinae yacrori 1343 eml
Ciig 3a3Ha4yuTH, IO BIJHOCHA IIOXHMOKAa I[LOIO
3nadeHHs He rnepesuinye 0,1 %, He3Bakaroun Ha Te,
0 KOXXHa HOPMOBaHa KpHWBa CIIEKTPY Ma€ OCHUTH
NOMITHUM piBeHb IIyMiB. OnepikaHi CHEKTpalIbHi
TIOJIOKEHHSI «IIEPETHHIB» MOXHa OyJ0 BCTAaHOBUTH
JIMIIIE 32 PAXYHOK YCEepeHEHHSI HOPMOBAHUX KPUBHX.

MosxHa 3poOHMTH BHCHOBOK, o crekTp PJI

JTOCITIDKYBaJIbHUX 3paskiB CKJIQ/Ia€ThCS 3
ENEeKTPOHHO-KOJIMBHUX ~ TEPEeXOJiB, a  4Yacrora
1343 cm™'  BinmoBizae OKaNbHOMY —KOJNHMBAHHIO

MOJIEKYJIIPDHOTO KOMIUIEKCY, SKUH 1 € UEHTPOM
CBIYEHHS B  HIITHOBI  IUIACTHMHI  JIFOJUHM.
[lopiBHAHHS 3 JiTEPaTyYpHUMHU JAHUMH ITOKa3ajH,
oo iCHye O0arato OpraHiYHHX pPEYOBHH, SIKHM
BIZIMIOBIIA€ IS YaCcTOTAa KOJIMBaHb. ISl O HO3HAYHOI
ineHTu(ikamii MOJEKYJISIPHOTO KOMIUIEKCY, SIKUN
00yMOBITIOE JIOMiHECLEHIIII0 KEpaTUHOBUX
OiomojyiMepiB y BHAMMIM  00JIacTi  CHEKTpY,
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HEoOXiTHO B MOTANTBIIIOMY MIPOBOIUTH
LiTeCHPSMOBAaHUI TOIIYK Cepel  MOJEKYJISIPHUX
KOMIUIEKCIB, $Ki, TO-TIepIIe, BXOIATH A0 CKIamy
KepaTHHOBUX OlomojiMepiB, a caMe HIirThOBOI
IUTACTUHU JIIOJMHU, TO-ApYyre, MaroTh KOJIUBHY
gactory ~1343cm™’ Ta, mo-Tpere, mIA  AKHX
CIIOCTEPITAETHCS CBIYCHHS B Iiil DUISHII CIIEKTpA.

TemmnepatypHi 3aj1e:KHOCTI Ta IX aHami3

Hma ycix 10 3paskiB Oynm  oxaeprkaHi
TeMIepaTypHi 3QJIEKHOCTI IHTEHCHBHOCTI
JIFOMIHECIICHITIT B iHTepBai (85 + 300) K.

Peectpariis inTeHcuBHOCcTi PJI mpoBommiack 1o
JBOM KaHAJaM: IHTETPaJbHO Ta CIIEKTPAIBHO Ha
A ~450 aM (MakcuMyM cBiueHHs). SIK mpukianm, Ha
puc. 6 MpeICTaBIICH] €KCIICPUMEHTAIbHI
TeMIlepaTypHi 3anexxHocTi iHTeHcuBHOCTI PJI mms
HITTHOBUX IIACTHH TIPaBOI PyKH MpPHU iHTETpaibHii
peecTpariii JIIOMIHECIICHITIT.
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Puc. 6. TemmepaTypHi 3aJIeKHOCTI IHTEHCHBHOCTI
PJI nmns 3pas3kiB mpaBoi pyKH TpU iHTErpaibHiA
peecTpariii JIIOMIHECIICHIII .

Yei 20 oxepkaHUX — CKCHEPUMEHTAIbHUX
TEMIIEPATypHUX 3aJIeXKHOCTeH 1HTeHCuBHOCTI PJI
J(T) nobpe anpokcuMyrOThCs popmyoro MoTTa:

I(T) = Jo /[1+A-exp(—E1/KT)],

ne: Jo — IHTeHCHBHICTD JitoMiHecteH i nmpu T — 0,
A — xoHcranTa, Er — eHepris TemmeparypHOTO
3racaHHs JroMminecteniii, K — crana Boasivana, T —
TeMIlepaTypa 3pa3Ka.
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Puc. 7. TemmeparypHni 3amexHocTi ams 3paska 3R

(cnektpanbHa (kpuBa 3) Ta iHTerpanbHa (KpuBa 1)

peectpartii) Ta  TEOPETUYHA anpoKcuMariis

¢dopmymoro Motta IS iHTETpalbHOI peecTpartii

(xpuBa 3) PJI.

Bapro 3a3HaunTH, 1m0 OIMBII JOCTOBIPHOIO €
TeMIlepaTypHa  3aJeXKHICT,  OTPHMaHa  IpH
IHTEeTpanbHii peecTpalii, OCKUTBKU 3 MiABHIICHHSIM
TEMIICPATypu CMyra CBIUEHHS PO3IIUPIOETHCS 1
IHTEHCHBHICTh y MAaKCUMYyMi CMYTH CIaja€ IIBHIIIIE
3a IHTEHCHBHICTh Bci€i cmyru. lle mpu3BomuTh 10
30UIBIICHHS] BENMYWMHHM €Heprii 3racaHHs, 0o i
crioctepiraerbest. s iHTerpanmpHOi  peectparii
PEHTTEHONIOMIHECIIEHIIT  OAep)Kalli  OJIHAKOBE
3HaueHHs eHeprii 3racanus Er = 0,062 eB mns ycix
3paskiB. [Ipore ¢opmyna MoTra BpaxoBye JIMIIe
Haabap’ epHi TIePex0Iu 3 30yIKEHOTO
EJIEKTPOHHOTO CTaHy B OCHOBHUH CTaH IIEHTpa
cBiueHHss [4, 5]. Skmo BpaxyBaTH TyHEIbHI
nepexoau i3 30y/KEHOro B OCHOBHHH CTaH, TO
BU3HAYEHA EHEprisi TEeMIepaTypHOro 3racaHHs
craHoBuTh 3 /4 Bim Bucotm 6ap’epa [4, 5], To6TO
Bucora Oap’epa cranosutb (0,08 eB.  Skmio
BpaxyBaTH, IO cMyra 30y/UKEHHS LBOTO IIEHTpa
CBIUCHHSI 3HAXOAMTHCA B Y® 4YacTHHI CHEKTpa, TO
CTOKCIBChKHMiT 3CyB Juis 11i€i cmyru cBideHHs (Ec)

nepepunrye  3HadeHHs 3,0—-2,7=0.3eB. B
pe3ynpTaTi Maemo, WIO0 BHCOTa ©Oap’epa, mmus
OC3BUMPOMIHIOBAILHOI ~ pesiakcallii  eJIeKTPOHHOTO

30y/UKeHHSI LIEHTpa CBIiYEHHS CYTTEBO MEHIIAa 3a
MOJIOBUHY CTOKCiBChKoro 3cyBy: 0,08 eB<0,15 eB.
Ile o3Havae, 110 1EH NEHTP CBIUCHHS 33 Oyb-SIKHX
yMOB OyZe MaTu Iy)X€ HHM3bKMH KBAaHTOBHH BHXil
JIIOMIHECHeHIi, a OTKe 1  I1HTEHCHUBHICTH
JIIOMIHECIEHIIIT Oyne CI1abKo10, 110 i
CIIOCTEPIra€ThCS EKCTIEPHUMEHTAIBHO.
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OcHOBHI pe3yJIbTATH Ta BUCHOBKH 3 TMOpiBHSHHA  €Heprii  TeMIepaTypHOTO
I . . 3racaHHs JIFOMIHECHEHINT 31 CTOKCIBCBKUM 3CYBOM
POBEACH1 CKCIICPUMCHTHU MATBEPIKYIOTh

BiJITBOPIOBAHICTh CKCIICPUMCHTAIBHUX PE3yJIbTaTiB
orpuMannx B [2]. Hdms 10 3paskiB HIrThOBOI
MJIaCTUHU Oyi0 OTPUMAHO CIICKTpHU
peHTreHoIIoMIHeCTIeHITii mpu TemmepaTypi 85 K Ta
ix TemneparypHi 3anexxHocri Big 85 mo 300 K.

ExcriepiMeHTanbHO MiATBEP/HKEHO, M0 MpH
OJTHOTOJIMHHOMY PEHTI'CHIBCHBKOMY OIPOMiHIOBaHHI
PJI wirteoBoi mIacTMHW JIOAWHU 3aJUIIAETHCS
HE3MiHHOIO.

Cuextpu PEHTTEHOIOMIHECTICHITIT ycix
HIFTHOBUX IUIACTHH CKJIAQJAlOThCA 3 EJICKTPOHHO-
KOJMBHHX mepexosiB. Onepskana uactota 1343 cm™
BiAIIOBigaE JTIOKaJIEHOMY KOJHBAaHHIO
MOJICKYJISIDHOTO ~ KOMIUICKCY, SKHH € IICHTPOM
CBIYEHHS HIITHOBHUX IIJIACTHH.

Temnepatypri 3amexHocTi, oTpumani mias 10
3pasKiB, ampoOKCUMYKOThcs ¢opmyiaow Morra 3
OJTHAKOBUM 3HAYEHHSIM CHEpril TeMIepaTypHOro
3aryxanHs Er = 0,062 eB.
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CMYTH CBIYCHHS PEHTTCHOIIOMIHECIICHIIT HIrThOBOI
TUTACTHHU TIOKa3aHOo, M0 32 OyIb-SKMX YMOB Iei
HEeHTp OyJe MaTu JyKe HU3bKUN KBAaHTOBHH BUXIiJ
JIFOMIHECIeHI]. OT1xe, IHTEHCUBHICTH
JMIOMIHECTICHITII B  KEpaTHHOBHX  OlomoJiiMepax
3aBXu Oyie CiadKoro.

HesBaxkatoun  Ha  momiOHICTD  CHEKTpiB
PEHTTEHOIOMIHECTICHIT], OTPUMaHI  pPEe3yNbTaTH
CBiTUaTh PO BIAMIHHOCTI MIXK 3pa3KaMH, a OCKLUTBKH
yci 3pa3ku  (OpMyBaJIUCh OJHOYACHO, TO BOHHU
Bi0OOpakaroTh OJIHAKOBUHW CTaH opraHiamy. MoxxHa
3pOOUTH BHCHOBOK, IO B KOXHIM HITTHOBIH
TiacTuHi 3amm@poBaHa pizHa iHdopMmaris 1 came
el pe3ynbTaT Ja€ MOXIIUBICTh TOBOPUTH IPO
TIIarHOCTHUKY OpraHi3My o
PEHTTCHOIIOMIHECIICHTHUM BJIACTUBOCTSIM
HIT'THOBHUX ILIACTHH.
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Conection between the texture and

BHCOKOECHTPONIHUX CIUIABIB microhardness of the high-entropy alloys
L23K uiBCHKMIT HAIIOHANBHII YHIBEPCHTET iMeHi
Tapaca Illepuenka, 01601, ™. Kwuis, By
Bononumupcepka 64/13,

e-mail: fizmazur@gmail.com

123Taras Shevchenko National University of Kyiv,
01601, Kyiv, Volodymyrska st. 64/13,
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Jlocniosiceno po3nodin mikpomeepdocmi ma napamempis peHmeeHiecobkoi ougpakyii (inmencusHicmo
ma WupuHa OUQPaxKyitiHux MaKcumMymie) NnoO NOBEPXHI 3paA3Kd BUCOKOEHMPONIUHO20 CHAA8Y CKAAOY
CrMnFeCoNi,Cu. [Tokaszarno wnasénicmes GiONOGIOHO20 36 A3KY MINC MIKpOmeepoicmio ma 6IOHOCHOIO
IHMeHCUBHICMI0, Wo Modce OYyMmuU MNOACHEHAd HACTIOKOM AMI30MPONIT NPYICHUX GIACMUBOCHEN, WO
scmanosnena o maxux I'I{K cnaagis.

Kuroyosi cnosa: sucoxoenmponitinuii cnias, mexcmypa, Mikpomeepoicmb.

The CrMnFeCoNi,Cu high entropy alloy was prepared by vacuum arc melting of pure single
element material in high-purity argon atmosphere on a water-cooled Cu hearth. After the
homogenization the rectangular specimen of the size 10x12 mm? was cut from the alloying ingot.
Microstructure investigations of alloy was carried out by x-ray diffraction (XRD) using DRON-4
diffractometer with Co Ka radiation. The series of XRD-partents were obtained by displacement x-
ray beam along two side of specimen with 2 mm step. The microhardness was measured by using
PMT-2 mycro-hardometer along longer side of the sample with discrete less than 0.2 mm. The
distributions of the microhardness and diffraction parameters (the intensity and the diffraction
maximum wide) on the surface of the high entropy CrMnFeCoNi,Cu alloy were obtained. The
existence of the appropriate connection between the microhardness and relative intensity was
shown. Such connection issues due to anisotropy elastic properties that was revealed for such FCC
alloys.

Key-words: high-entropy alloy, texture, microhardness.

Crartio npeacraBuB wieH-kop. HAH Vkpainu, a.¢.-M.H., npod. Makapa B.A.

Beryn TeKCTypu y (OpMyBaHHI BIACTUBOCTEH TaKWUX
. . Marepialis.
Bucokoentpomiiini  crutaBu (BECu) — HoBwHif
KJIAC MaTepiajiB, MO CKIAMAI0ThCA 3 IT’ATH 1 OLIbIIe MeTtoauka excrniepuMenTy
METaJIIYHUX CKJIQJ0BUX, BMICT SKHX OJIM3BKHH J10 B pobori 6yro mocmimkeno BEC ciamy

€KBIaTOMHOTO.

Cxutag Ta MpOCTUH THIT KPUCTATIIYHOT CTPYKTYPH
(OLIK a6o T'TIK) mae mpaBo BiHECTH iX 0 TBEPAMX
po3unHiB 3amimeHHs. BECu MaioTe mnepcnekTuBu
JUI. BUKOPUCTaHHS B iH)KeHepii, 30KpemMa B SIKOCTi
KOHCTPYKIIHUX MaTepialib.

Hocute yacTo Taki CIUIaBH XapaKTepU3YIOTHCS
MEBHOIO TEKCTYPOBAHICTIO TMiCIs PO3JNMBAHHI B
¢dopmu. Xoua TekcrypoBaHicTh 3pa3kiB BECiB i
JeTabHO JOCIKYBaaach [ 1], olHaK BUSHAYCHHIO il
OpSMOro BIUIMBY Ha BJIACTUBOCTI B 3araJlLHOMy HeE
MPUIIIEHO TOCTaTHBO YBaru.

B po6oTi 3pobiieHo cripoOy BU3HAYSHHS POJTi

CrMnFeCoNi,Cu, BUrOTOBIEHHMH 3a METOLUKOIO,
omucanoro B [1]. Crpyktypy Ta ¢a3oBuii cKiaj
JOCHTI/DKYBaJld  PEHTICHIBCBKOIO TU(paKii€o Ha
mudpakromerpi APOH-4 3 Buxopucranaam CoOg,-
BUTIPOMiHIOBaHHS. MIKpOTBEpAICTh BHU3HAYaIH Ha
npuiani [IMT-2 npu naBanTaxensi B 100 r.

Jnst mocmimpKeHHs! CTPYKTYPH TIPOBOJMIIN 3aITHC
cepii audpakTorpam, 3MIINIYIOYH 3pPa30K B3JOBXK
oceit X (cropona 10 mm) Ta V (cropona 12 mm) 3
JUCKPETHICTIO 2 MM BiIHOCHO LieHTpa Iyuka. [lepury
JUQpakTorpamy oepxyBaiu npu X abo ¥V piBHOMY
1 MM, IO JO3BOJSIIO OZEPKYBATH AU(PAKTOrpamy
IIpY TIOBHiH JIOKai3amii mydKa Ha 3pa3Ky.
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Pe3ysbTaTu excriepuMeHTy
(111) (200) (220) (311)
Hesiki  3arambHi  0COONMBOCTI  CTPYKTYpH

JOCHIDKYBAaHOTO ~ CIUIaBy Ta CIUIaBy  CKJIAAy =
CrMnFeCoNi Bukmameni mamu B [2]. Ha pmc. 1 5
MoKa3aHo ¢pparMeHTH ITudpakTorpam, oAepkaHi Ipu = w1
CKaHyBaHHI Tydka B3mOBX oci X. Sk BuIHO, =} A
3MIHIOETbCS HE TINbKM a0COJIOTHA iHTEHCHBHICTh "5’ .
TUPaKIIfHIX MaKCHMyMiB, aje 1 BigHOCHa ix %‘;
IHTEHCUBHICTb, OCOONMBO AN JU(pPaKUidHUX z ¥ 5
makcumymiB (111) Ta (200). Cmim ckazarm, 1m0 E % 7
IHTCHCHBHICTb 3aNICKUTD 1 Bl KITbKOCTI PEHOBUHH, s 0
mo npuiimMae y4dacte |y  nudpakuoii.  [pwm i

OJHOTHITHOMY Opi€HTYBaHHI 3pa3ka BiJIHOCHO Iy4Ka
e MOXE MpPOSBISATHCA JHIIE Ul OBOX KpaiHIX
To4oK. [l cepenHbOi YacTHHU Takuil (hakTop
BiJICYTHI, OCKIIBKH BECh My4YOK MOMAJa€E Ha 3pa30K
mpu Oy/Ib-sIKi¥t IOTO KyTOBIiH Opi€HTAIii.

Jlns BH3HAYEHHS BIJHOCHUX I1HTEHCHUBHOCTEH
oJepKaHi nudpaxuiiHi MaKCUMYMHU
anpokcuMyBanucs nBoma (yHKIisMu JlopeHta.
Oynkuis Jlopenma Oyna BuOpaHa 3 Ti€l MPUYXUHU, IO
BOHAa HaWKpalluM YUHOM ONHCYe IUpaKmiiHi
MaKCUMYMH METalliB.

Ha puc. 2, a 300pakeHa 3aJIeXKHICTh BITHOCHUX
iHTeHCHBHOCTeH mudpakiiiiHoro Makcumymy (200)
10 iHTeHCHBHOCTI Makcumymy (111) Big koopauHaTti
X ta V. Ilpuuomy, y BUnaaky X-CKkaHyBaHHS 3HOMKY
MPOBOJMIN NPU CKaHyBaHHI SIK B NMPSIMOMY, TaK 1 y
3BOPOTHOMY HaIIPSIMKY. B 000X BHUNankax ojepkaiu
[PaKTUYHO OJHAKOBUI pe3yinbTaT. SIK BHIHO, Mae
MiClle  CYTTEBE IIEPEBHUINEHHS  IHTEHCHBHOCTI
mdpaxuiiinoro Mmakcumymy (200) Ha oHOMY KiHI
3pa3ka, MOPIBHSHO 3 HOTO IHTCHCUBHICTIO HA IHIIIOMY
kiHmi. ToOTo B IIbOMy BUNAIKy Mae Micle pi3Ha
TEKCTYPOBaHICTh 3 HaIPSIMKOM (100)
NEPHEHINKYIISIPHO A0 IIOIMHY 3pa3Ka.

Ha puc. 2, 6 300pakeHi 3aJIeKHOCTI IUPUHA W
midpaxiitanx Makcumymis (111) ta (200) (wyq; Ta
Wa00, BIIIOBITHO) MpHU pyci MydKa B3AOBK oOci X.
Baunmo, 110 31 3MilIEHHSIM B3/I0BX LBOTO HAMPSIMKY
mmpuHa audpaxiiinoro Makcumymy (111)

3MEHILIY€EThCSI, aje  IUpuHa  AupakuiiHOro
MakcumyMmy  (200)  3anMIIaETbCs  MPAKTHYHO
HE3MIHHOIO.

HobOpe Bimomo, mo UTUMH psag  Qi3UIHUX
BJIACTUBOCTEH MaTepiajiB BU3HAYAETHCS HE TINBKH iX
CKJIaIoM, a U cTpykTyporo. Tomy, ciif odiKyBatH,
O JUIs OJHOr0 ¥ TOro K CKIaay IOBHHHI
3MiHIOBaTHCA 1 (i3W4HI BIACTUBOCTI MpHU pyci
B30BXk KoopamHatu X (abo V). IlpoBectu Taki
JOCHI/DKEHHSI MOXHA JIOCUTh IPOCTO  IUIIXOM
BUMIpIOBaHHS MikpoTBeprocti Hy, mo go3Bosse
OJIepKaTH PO3IOALT TaKOI XapaKTEPUCTUKH TI0

20, rpagycu

Puc. 1. ®parmentu audpakrorpam, 3HATHX TPU
CKkaHyBaHHI mydka B30k X. Lludpu cmpasa Big
JUQpakTorpam — 3Ha4eHHS X'y MM.

° X
[ I'e
T14 =
Q: 4r %
5 -+
2t - il
- @
@
2 2
O 1 1 1 1 1 1 1
0 6 8 10 12
XV, Mmm
(a)
= (111)
0,32 o (200) Jos
5
S 0,30 F E
5 0,4 %
5 4 4
= 028 .y
Y R
40,2
0,26 |
0 2 4 6 8 10
X, MM
(©)
Puc. 2. 3amexHicThb BIJIHOCHOI 1HTEHCUBHOCTI

IoolI111 muadpakiiiax MakcuMyMiB Bix X a6o V (-X
O3HAYa€ CKaHyBaHHs B IHIIOMY HampsMmKky) (a) Ta
3aJIeKHICTh IUPUHH W  LUX  Ju(pakuifHux
MaKCHMyMIiB Big KoopauHaT X (6).
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MmoBepxHi. 3amexHicTs Hy Bim koopmuHatH X
300pakeHa Ha puc. 3. B 1poMy BHIAAKY
BUMIPIOBaHHS TPOBOAWIOCH IO CEPEeIUHI 3pa3ka
B3/IOBXX KOOPAWHATH Y, TOOTO B 006JIaCTi MAKCUMYyMY
TudpakiifHOro Mmy4Ka npu HOro CKaHyBaHHI B3JIOBK
oci X. Orxe, sk BugHO, Hy, sk 1 mapamerpu
mudpakiii, 3MIiHIO€TbCS (30UIBLIYETHCS) TO Mipi
PyXy B3IOBX X.

OO0roBopeHHs pe3yJbTaTiB
MIiKpOTBEIiCTh — BEIMYMHA, [0 BU3HAYAETHCS
paznoM MEXaHITHIX BJIACTUBOCTEH. Skiio
BUMIPIOBaHHS  MPOBEJEHI Ui  OJHUX  THUIIIB

KpPHUCTaNIB 1 B OJIM3bKUX YMOBAaX, TO MOYKHA BHSBUTH
giTki Kopemsamii Mik Hy Ta meBHHMM THTIOM
MeXaHIYHUX mapameTpiB. 30KpeMa, BHMipIOBaHHS
mikporBepaocti s BECiB ckimamy CrMnFeCoNi
O3BOJIMJIA BCTAHOBHUTH 3alIEXHICTP MDK Hy Ta
posmipom 3epen icaye d: Hy~d™ (sakom Xomna-
ITerua) [3]. Taka 3aMeKHICTH € HACIIAKOM 3B’SI3KY
MK MIKPOTBEPAICTIO Ta MIIIHICTIO, JUIS SIKOI IICH
3aKOH 1 OyB BCTaHOBJICHUH.

B Hamomy BumagxKy Mae Miclie 3MiHA IIUPUHA
audpakiiitnoro Makcumymy Wigg (puc. 2, 6). bes
BpaxyBaHHs BHECKY BiJl MIKpOHAIpPYXEHb MIMPHHA
T PAKIITHOTO MaKCHMyMy TIOB’S3aHa 3 PO3MipOM
OmokiB  korepeHTHoro poscitoBanHs (BKP), y
BiamoBigHocti 3 piBasHEsSM  d = 0.94A / w cos(0)
(A - nomxuHA XBWJII BHIIPOMIHIOBaHHS, 0 - KyT
mudpakiii), BimomuM gk piBHSHHA CensKoBa-
eppepa [4]. Y BiANOBIAHOCTI 3 UM PIBHSIHHAM Ta
OTPUMAHOI 3aJeKHICTIO Wip1(X) mo wmipi pyxy
B3IIOBX HAMpsIMKy, IO 3ajaeTrbest Biccro X, d
MOBHHHO 3pocTaTH. OTxe, sIKOW BUKOHYBaBCS 3aKOH
Xomna-Iletya, TO Mamo O Micie 1 3MEHIIEHHS
TBepAocTi Hy, M0 He y3ro/pKyeThes i3 oepKaHuMU
eKCIIePUMEHTAIbHUMH JTAHUMH.

Taka oOcTaBMHA € LIJKOM JIOTTYHOIO, OCKIIBKH
napaMmeTrpu AuQpakmii garTh iH(GOpPMAI PO
po3mip BKP B3momk HOpmaieil A0 MJIOUIMH, LIO
napaeibHi IJIOMKHI 3pa3ka (BU3HAYa€ThCS YMOBOKO
¢oxycyBanas 3a bperrom-bperano [4]), a 3akoH
Hw~d"?  opepxano s Bumaaky, xomu d
BH3HAYAJIOCS B IUIOMMWHI 3pa3ka [3], ToOTO B
HamnpsIMKy, HEepHeHIUKYISIPHOMY JO  HAampsMKy
Bu3HaueHHs  posmipy BKP  Ta  mHampsmMky
NMPUKIAAaHHS ~HABaHTAKEHHS TMPH  BUMIPIOBaHi
MiKpPOTBEPAOCTI. Kpim LBOTO, IIMpUHA
TQPaKIifHOr0O MakCUMyMy Wjgy —3JHIIAETHCS
MPaKTUYHO TIOCTIHHOIO, a 3 IIi€l TOYKH 30Dy
MIKpPOTBEPAICTh TOBUHHA 3AJIMIIATHCS OCTIHHOIO.

Tomy s mosicHeHHs 3anexHocti H, Big X
BHUKOPHCTAEMO 3AJISKHICTh TEKCTYPOBAHOCTI TIO IIIHPHHI
MIaCTUHU. 3MiHa TEKCTYpH MOXe OYyTH SIKICHO
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BioOpakeHa 3aJICKHOCTSAME BiJJHOCHOI IHTEHCHBHOCTI

(puc. 2, a), IONST KPUCTANITIB 3 OPIEHTALEI0 HATIPAMKY
[100] meprieH MKy IIpHO

340
300 F
260

20t +

180 1 1 1 1 )

H ,HV

X, Mm

Puc. 3. 3anexuicts MikpoTBepaocTi o Bikepey Big X
(X y3romxene 3 udpakuiiHuMu ganumH, Y = 6 Mm).

TUIOIIMHI 3pa3ka (abo Te x camo twiommH Ty (100),
MapajeNbHIX IUIOMIMHI 3pa3ka) TpH pyci B3IOBXK
HampsAMKY oci X 3MEHIIyeThCs, HAOIDKAIOUYHCh JI0
Xa0TUYHOI Opi€eHTalil 3epeH Ha Kparo 3paska, Mo
BiamoBsimae X= 10 mm. CBiAUeHHSIM [ILOIO € 3MEHILIEHHS
BIJIHOCHOI 1HTEHCUBHOCTI Bif ~5 no 3HaueHHs ~ 04,
caMe TaKoro, SKUM 1 XapaKTepU3yeThCS BiTHOCHA
IHTEHCHBHICTh X JBOX IH(PAKIIHHAX MaKCHMYMIB
oinbmmocti 'K kpucrasis.

Biamosiaso [5], y crmaBax CrMnFeCoNi, 1o €
OMU3bKMM 32 CKJIQZIOM Ta MapamMeTpaMu Jio
JIOCTTZPKEHOT 0, BUSIBIIIETHCS CUITbHA aHI30TPOITiS MOJTYJIS
IOnra 3HadeHHs SKOrO CKIAmAlOTh. [Fgn=122.2
E110 =223.2 E111 = 2226, E311 =163.5 E331 =266.7 I'Tla.

OCKiJIbKM TBEPAICTh MPOIOPLiiiHA 1 BU3HAYAETHCS
me ¥ momynem IHOura Marepiany [6], TO MOXxHA
MPUITYCTUTH, IO OnepKaHa 3ajexHicth Hy Bim X
00yMOBJIeHa 3MiHOIO TEKCTYpOBaHOCTI 3pa3ka. JlilicHo,
MpH MAaKCUMAJIBHIH KUTHKOCTI TUIOMIMH 3 OpiEHTAIl€I0
[100] meprneHAMKYISPHO IUIOMIMHI 3pa3ka MOMIYJb
Onra E B ycepenaHeHid o007acTi BHUMIpIOBaHb
MiKpoTBepZocTi Oyne BHU3HAYATHUCA MiHIMATEHAM
3HaueHHsIM MOIYJsl Eigo (E Oyme MiniManbaum). [To
Mipi 3MEHIIIEHHS BHECKY TaKOT'O POAY IDIOIIUH MaTUME
Miclie IoCTynoBe 3pocTaHHs Moxyis FOHra, ocKinbku
E B IHINIMX HamnpsMKaxX XapaKTepH3YEThCs OLTBIIM
Horo 3HaueHHSAM. B 1bOMy BHIIAJIKy, BpaxyBaBIIH
3B’S30K MDK  3Ha4deHHs TBepAocti Hy ta E cmig
OUiKyBaTH  3POCTaHHSA  MIKPOTBEPAOCTI, IO 1
CIIOCTEPIraeThesl Ha EKCIIEPHMEHTI.

Cnig BigmiTuTH, M0 MeXi 3MiHM H, o mmpuHi
3paska CKjIanarTh 3HaueHHs Big 310 mo 200 HV,
BIHOIICHHS  SIKHX MOXE€  Yy3TO/KyBaTucs 3
aHizoTpomiero Moayns FOHra mpOro  CIUiaBy
re=F111/F100=1.98 mipu BpaxyBaHHS ,,HEiIeaTbHOCTI”
TeKCTYpH, a MDK 3Ha4YeHHsSM H, Ta BiZHOCHOIO
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IHTEHCUBHICTIO I00/l111 iCHYE Onu3bKa 10 JTiHIHHOL
KOpEJIAIis, 10 MOKa3aHo Ha puc. 4.

BucHoBku

Ha mnpuxmagi pocmimkeHHs gudpakuii Ta
BumMmiptoBanHs ~ MikporBepaocti  BECy  ckiany
CrMnFeCoNi,Cu mnoka3zaHo, 10 BJIACTUBOCTI
BHUCOKOCHTPOMIMHUX CIJaBiB OyIyTh BHU3HAYATHCS
HE TUIBKM CKJIQJIOM Ta TaKUMU EJIEMEHTaMH
CTPYKTYpH 4K po3Mip  KpUCTamiTiB, a #
TEKCTYpOBAHICTIO MaTepiamy.

OTke, TeKCTYpOBaHICTh MOBUHHA HPUIMATHUCS
O yBard TIpH aHaJi3i BJIACTUBOCTEH HaBiTh
KyOI9HUX KpPHCTANiB y TOMY BHIIAJKYy, KOJH Ta Yd
1HIIIa BJIACTUBICTH MPOSBIISIE aHI30TPOIMIIO IS IIBOTO
TUIY KPHUCTAaJiB, 30KpeMa y BHIAJAKYy MEXaHIYHHX
BIIACTHBOCTE.
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3a donomoeor sucokouymausoi OUNIAMOMEMmpUUHOL MEMOOUKU OOCTIONCEHO 6HIUE MEPMIUHOL 0OPOOKU
Ha mepmMocmadiibHicmb  OA2AMOKOMNOHEHMHUX AMOPQHUX CHAA6I6 HA OCHOBI 3a1i3a ma HIKeo.
Temnepamypa ob6poOKU U3HAYANACH eMNIPUYHUM WIIAXOM, OA3VIOUUCL HA  MEOPEeMUYHUX HOAONCEHHSX
MepMOOUHAMIYHOI Mmeopii 8UCOKOMeMNepamypHoi CmabiibHOCMI aMOp@HUX CNIAGI8, 32I0HO AKOI ICHYE
inmepsean memnepamyp, 6 SAKOMY  pI3HUYs XIMIYHUX NOMEHYIAnie Mixc @azamu amophua mampuys —
BMOPOJICEH] YeHmpu Kpucmanizayii € 6i0 €MHOI0;, NpU YbOMY GUKOHYEMbC MEPMOOUHAMIUHA YMOBA
MOJCIUBOCMI  POZUUHEHHSI 6MOPOJICEHUX Yenmpie Kpucmanizayii. Ilokazano, wo 3anpononoeami pescumu
MepMOOOPOOKU 003607810Mb  POUUPUTNY  THINEPBATY MEPMIYHOI cmMAabiTbHOCMI aMOP@HUX CNIABi8 HA
ocHo6l 3aniza ma Hikemo Ha (20-40) K, wisxom ouuwenHs amopproi mampuyi 6i0 6MOPONCEHUX YeHMPI6
Kpucmanizayii, wo niomeepoiceHo eleKmpOHHOMIKPOCKONIUHUMU OOCTIOHCEHHAMU.

Kuouosi cnosa: amopguuii cniag, mepmoodpobka, mepmocmabiibHiCmb,
Kpucmanizayii

6MOpOodIceHi  yenmpu

Using highly sensitive techniques dilatometer was experimentally investigated the influence of heat
treatment on the thermal stability of multicomponent amorphous alloys based on iron and nickel. Annealing
temperature was determined empirically based on theoretical positions thermodynamic theory of high-
temperature stability of amorphous alloys, according to which there is a temperature range in which the
difference between the chemical potentials of the phases of the amorphous matrix — frozen crystallization
centers is negative. This is performed thermodynamic condition for the possibility of dissolution of frozen
crystallization centers. The results showed that the proposed modes of heat treatment can extend thermal
stability intervals of amorphous alloys based on iron and nickel on (20-40) K, due to the dissolution of
existing amorphous phase frozen crystallization centers. As a comparison parameter properties of
amorphous alloys in the initial state and after heat treatment conducted microhardness values were used. It
is shown that the microhardness decreases after the heat treatment carried out by (15-21)%, indicating
decrease in part of crystalline phases in samples. Thus, based on the provisions of the thermodynamic theory
of high-temperature stability of amorphous alloys practically implemented purification process of
amorphous matrix frozen crystallization centers.

Key Words: amorphous alloy, heat treatment, thermal stability, freezed crystallization centers

Crartio npeacrasus wieH-kop. HAH VYkpainu, a.¢.-M.H., npod. Makapa B.A.

CUCTEM, 0 SIKMX BIIHOCATHCA Tiia 3 aMOpP(HOIO
CTPYKTYpOIO, 30KpeMa, aMOp(HI MeTaleBl CIUIaBH.

Beryn

OnHuUM 3 aKTyaJbHUX HaNpsMIiB CydacHOI
(Gi3MKM  KOHIEHCOBAHOI'O CTaHy € BHBUYCHHA
CTPYKTYpH 1 BJIACTHBOCTEH  HEBIOPSIKOBAHHX

© B.I. JIucos, T.JI. Iaperpanceka, I'.B.
Caenxo, O.B Typxkos, 2016

3Ha4yHU# iHTEpec 10 aMOp(HUX MEeTaleBUX CIUIaBiB
MOB'SI3aHUA 3 TUM, IO X JOCHIKEHHS PO3IIUPIOE
npescTaBieHHs (i3UKHA KOHJICHCOBAHMX CEPEIOBHUIIL,
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1 Jae  yHIKaIbHY  MOJKJIMBICTb BUBYATH CIUIaBiB B aMOppHOMY Ta KPHCTAIIYHOMY CTaHaX

HEBITOPSIKOBaHI CUCTEMH B TBEPJIOMY CTaHi.

3 MpakTUYHOI TOYKH 30py MiABUINEHUH 1HTEpecC
n0 amMoppHUX METaJeBUX CIUIaBIB 3YMOBIICHUI
MOEAHAHHSIM B HUX  YHIKaIbHHX  (PI3HUHHX
BiacTUBOCTeH. Ha CchOTrOmHIIIHIA A€Hb BIJOMO, IO
BIIACTHBOCTI aMOP(HUX CIUIaBiB 3aJIeXaTh BiJ YMOB
iX OTpHMaHHS 1 TOJAIBIIOI O0pPOOKH. Y 3B'SI3KY 3
IIUM TIPECTABIISE IHTEPEC JOCTIIKCHHS MMOBEIIHKH
aMOoppHUX CIUIaBIB TPH TEPMOOOPOOIIi, OCKIIBKH
3aJTUIIAOTHCS BiKPUTHMH MTUTAHHS PO MEXaHI3MU
BIUTUBY 30BHIIIHIX YMHHUKIB Ha BJIACTUBOCTI
amopduMX crragis [1-2] .

ITocTanoBKa 3a1a4i JOCTiAKEeHb Ta
METOIUKA eKCIIEPUMEHTY

[TocranoBka 3amayi BUILINBAE 3
TePMOJMHAMIYHOI ~ Teopii BHCOKOTEMIIEPATypHOI
cTabinpbHOCTI amopdHHX cIiIaBiB [3], BIANOBIIHO 10
SIKO1 30BHIIIHI BIUIMBH MOXE TPUBOJIUTH JI0
icToTHOTO 3CyBY (ha30BOI1 piBHOBaru B T€TEPOrCHHIN
cucremi amMopdHa MaTpUIl — BMOPOXKEHI IEHTPH
KpUcTamizanii. B moiiHO oTpuMaHUX aMophHHUX

3pa3Kax 3aBXAM TPHUCYTHI BMOPOXKEHI IEHTPH
KpuCTam3amii, mpu [bOMYy 00’€MHa  dYacTka
KpUCTamiyHoi  ¢a3u B 3pa3Ky HE  MOXKeE

nepesuiysatu 10 (ymoBa amopdHOCTI MaTepiany).
Bmopoxeni TeHTpH KpuUcTamizallii MarmTh pi3Hi
po3mipu, sik mpaBuio, (20-100) Hm. [Mix nieto
30BHIIIHIX BIUIUBIB PO3MIp BMOPOKEHHX LIEHTPIiB
KpUCTami3amii MOXKe 3MEHINYyBaTHCh, a TaKOX
Bi0OyBaTUCS  PO3YMHEHHS B aMOp(HIA MaTpwili;
npu 1poMy Oyne 3pocTaTH IiHTepBal TEePMidHOT
crabimpHOCTI cruiaBy. Ha mporec 3apojpkeHHs
LEHTPIB KPHUCTAi3allii 3HAYHO BIUIMBAE PI3HUIIS

Ap;

KPHCTaIiYHOIO (ha3aMu, MPHUOMY 3MEHIIEHHS AL,

XIMIYHAX TIOTEHIIaTiB MiX amopdHOIO i

CIpUs€ TMIJBHIICHHIO TEPMIUYHOI  CTAOUILHOCTI
craBiB. [lpy TEBHMX 3HAYEHHSIX TEMIEPATypH
i30TepMiyHOrO Bimmamy (HIKYE 3a TeMIepaTypy
KpHUcTamizamnii aMmop(HOro crjaBy), a TakoX HpH
3MiHI 30BHIIIHBOTO THCKY, € MOJMJIUBUMH YMOBH
Opu  SKUX BiJOyBaTHMETHCS TPOLEC IEPEXOIy
KpuctamiyHoi ¢azu B amopdny. llpm Takomy
mpolieci Mpyu 3MEHIICHH] 107l KPUCTAIiYHOI (a3u B

amMopQHin MaTpHIIli 301IBITYBAaTHMETHCS
TeMIepaTypHO-yacoBa  CTaOlIbHICTE  aMop(dHOro
CIIJIaBy.

OCHOBHOIO  XapaKTEPUCTUKOIO  TEPMIYHOT
cTabuIbHOCTI aMOp(QHHUX CIUIaBiB € TemIeparypa
MOYaTKy IHTEHCHUBHOT KpHUCTaITi3aIii, sIKa
BU3HAYanach 3a  JONOMOIOI  BHUCOKOYYTIIHBOT

OUIIATOMETPUYHOTO METOIY, CYTh SIKOTO IOJISATae B
HactynHoMmy [4]. Momsapauii 06’em  OinbIocTi

BinpisHsaeTbess Ha (1-3) %. Ilpouec kpucramizamii
aMOp(HOTO CIUTaBy MOXKHA JOCHITUTH, (IKCYIOUH
3MiHy MOBXXMHH 3pa3Ka Ta IepepaxoBylOUH ii B
00’emui 3minu. Ilpu HarpiBaHHi aMOpgHOro crjiaBy
3 MOCTIHHOIO HIBHIKICTIO MOT0 00’€M MOHOTOHHO
3pocTae, KOJIM TeMIepaTypa JAOCiIra€ IEeBHOIO
3HaUYeHHS (TemMmeparypd TOYaTKy iHTEHCHUBHOI
KpHCcTamizalii) BiIOyBaeThCs Tepexig aMopgHOTo
ClutaBy B KpuctamiyHmid craH. lLleit mpomec
CYIPOBODKYETHCSI PI3KUM 3MEHLICHHSM 00’emy. 3
OTPUMaHOI TEeMIIEpaTypHOi 3aJeKHOCTI BiJHOCHOI
3mian 06’emy AV/V(T) npu HarpiBanHi amopdHOTO
CIUIAaBY  BM3HAYalOTh  TEMIIEPAaTypy  IOYaTKy
IHTEHCUBHOI KpucTaiizaiii. [IIBuaKicTh HarpiBaHHS
ckaagae 10 K/xB., cucremMaThdHa BiZHOCHA HOXHOKA
He mepeBuinyBana 5 %. B skocti mapamerpa
MOPIBHSIHHSL BJIACTHUBOCTEH aMOpP(HUX CIUIaBIB Yy
BUXITHOMY  CTaHi Ta  Wicisi  OPOBEACHOI
TepMOOOpOOKH  OynO  BHKOPHCTAHO  3HAYEHHS
MIKpOTBEpAOCTi. BuUMiproBaHHS MIKPOTBEPIOCTI 3a
BikkepcoMm 3milicHioBanuch Ha mpwiaami [IMT-3.
MeTo BUMIpPIOBaHHS MIKPOTBEPIOCTI TPYHTYETHCS
Ha BHUMIpi JiHIHOT BETMYWHHU HiaroHaji BiTOWTKa,
IO YTBOPIOETHCSI TMpPHU BTHCKYBaHHI — alMa3HOl
mipaMiIkKK B IOCTIXKyBaHHH Marepian MiJ MeBHUM
HaBaHTaxeHHsM. llpm Bumipax MiKpoTBepaOCTi
BpaxoOByBallaCh ~MOJJIMBICTh  PO3KHIY 3HA4eHb
MIKpOTBEpAOCTI  BHACTINOK  BIUIMBY  CYCIAHIX
CTPYKTYPHHUX CKIIAQJOBUX 3 iHIIO MIKPOTBEPHICTIO,
BHAMIpH POBOIIIIKCH 10 pa3iB B OJHAKOBUX yMOBAX,
MOBTOPHI BUMIpU TPOBOJWINCHL B HOBOMY MICTI
CTPYKTYPHOI CKJIaI0BO1 [4].

Pe3yabTaTi eKcriepuMeHTAIbLHUX
A0CJTiI7KeHb Ta iX 00roBOpeHHA

3a IOMOMOro0 BHUCOKOYYTJIMBOI JHJIATOMETPHUYHOL
METOAMKHA OYyJI0 EKCIEePUMEHTAJIbHO JOCIiIKEHO
BIUIMB TEPMIYHOI OOpPOOKM Ha TEpPMOCTaOIIbHICTH
0araTOKOMITOHEHTHUX aMOp(QHHUX CIUIABIB OCHOBI
3aj1i3a Ta HIKEJO: F€40Ni40B20, Ni7gBlgSi4, F680B14Si6,
Fe76’2Ni3,8B14Si6’ Fe7gSi6B|4M02. TeMr[epaTypa
BiJialy = BH3HAYajach EMIIPUYHUM  IIIJISIXOM,
Oasyrounch  Ha TEOPETUYHUX  TTOJIOKEHHSX
TEPMOJMHAMIYHOI ~ Teopii BHCOKOTEMITEPATypHOL
cTabUTLHOCTI aMOP(HUX CIUIaBiB. 3TiTHO i€l TeOpil
iCHye 1HTEepBaJll TeMmIeparyp, B SKOMY  PI3HUIII
XIMIYHHX TMOTeHIianiB Mk ¢asamu: amopdHa

MaTpHIIL — BMOPOXKEHI LEHTpU Kpuctamizanii Ay, €

BiJl’€MHOIO. IIpu LbOMY BUKOHYETBCS
TEPMOJMHAMIYHA YMOBa MOXIMUBOCTI PO3UMHEHHS
BMOPOXEHHX LEHTPIiB Kpucraiizauwii. B Tabmumi 1
HaBeIEeHO TEeMIepaTypd MOYaTKy iHTEHCHUBHOI

. 0 . .
KpUCTati3allii T, k JUIS  BHUXIJHMX  CIIJIABIB,
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TeMIIEpaTypu MIPOBEEHOI nonepeanboi  (Tabmuus 1), M0 CBIAYUTH MPO 3MEHIIEHHS YaCTKH
TepMOOOPOOKH 4, TeMIepaTypu  ITodarky KPHCTali4HOI hasu B 3paskax.

inTeHcMBHOT KpucTatizanii 1, micis NpoBeneHoi

TepMOOOPOOKH, IHTEepBAIH 30UTBIIICHHS
TEMIIEPAaTypHO-4acOBOi  cTabumbHOCTI  aMopdHHUX
crmraBiB A7, a  TakoK  BIOZHOCHI  3MiHH
MIKPOTBEpAOCTI MK BHXIIHAMH CIDIaBaMH Ta

CIJIaBaMH, [0 MPOMIUIN BiAMOBITHY TEPMOOOPOOKY

(Hd _HO)/Hd'

Tabmums 1
Cknan ) AH
aMop¢HOTO | T¢ | T | AT H.
CILIaBY K %
Fe40Ni40B20 710 670 | 730 | 20 21,1
NisB5Si, 730 | 680 | 750 | 20 15,3
FegoB14Sig 770 | 720 | 810 | 40 16,4
Feq6,Nizg B14Sig | 770 | 720 | 810 | 40 19,2
Fe78 816B14 M02 845 800 | 870 | 25 18,4

AHami3 pe3ynbTaTiB, HaBeJeHUX B TaOmwmmi 1,
MoKa3aB, IMIO MO-TIepIIe, iHTepBad TEPMIYHOT
CcTaOUILHOCTI BUXIJHUX CIUIABIB ICTOTHO 3aJIEKUTH
Bil XIMIYHOTO CKJamy CIUlaBiB. TemmepaTypa
MOYaTKy 1HTEHCHWBHOI KpucTamizamii 7k BUIIa s
craBiB Ha ocHoBi Fe mix Ha ocHoBi Ni; Tk
301IBINYETHCSA TPH JI0JIaBaHHs Si 710 CKJIaay CIUIaBiB
Ta iCTOTHO 3pocTae mpu neryBaHHi Mo. Lleit daxr
MOHA HOSICHUTH YTBOPEHHSIM B
0araTOKOMIIOHEHTHUX CIUIaBaxX yJIbTPaJAUCICPCHUX
CIIONYK, SIKi TALMYIOTh Tiporiecu audysii Fe abo Ni
Ta B, mepemkomkaroun yTBOPEHHIO OCHOBHHUX (a3
0a30BOro CIJIaBy, SIKi KPUCTA3yIOTHCS B TIEPIILY

yepry. [lo-mpyre,  3ampoONOHOBaHHA  PEXHUM
TepMOOOPOOKH [TO3BOJUB  PO3IIMPHUTH 1HTEPBAIU
TEPMIYHOT  CTAaOLIBHOCTI  0araTOKOMIIOHEHTHHX

aMop(HHUX CIIaBiB HA OCHOBI 3aji3a Ta HIKEII0 Ha
(20-40) K (tabnwmst 1). IligBumieHHS TepMidHOI
CTabUTFHOCTI AOCIIKEHUX aMOP(HHX CIUIABIB ITiCHIS
MPOBEJICHOI ~ TEPMOOOPOOKHM  MOXKHA  TOSCHUTH
pO3YMHEHHSM  icHyroumx B  amopdHiid  dasi
BMOPOXKEHHX IIEHTPIB KpUCTAITi3aIlii.

Jiis Hu3KM aMop(HUX CILIaBiB 0YJI0 MPOBEICHO
BUMIPIOBaHHSI MIiKpOTBepAOCTI H st MOPIBHSIHHS
BJIACTUBOCTEH aMOPQHHUX CIUIaBiB y BHXIZHOMY
CTaHi Ta Ticis TPOBeJeHOT TepMooOpoOku. Mik
3HAYCHHSMH TEMIIepaTypd TI0YaTKy I1HTEHCHBHOT
KpHUcTamizanii Ta MIiKpPOTBEPAOCTI icHye
MPONOpLiifHa 3aeXHICTh, HIMOBIPHO, 1L MapaMeTpu
BU3HAYAIOTHCS 3arallbHUM YHHHUKOM, HAaIpUKIA,
EHEepricl0  MDKATOMHOI  B3a€EMOJil KOMIIOHEHTIB
CIulaBy. 3HAueHHS MIKPOTBEPAOCTI 3HMKYETHCS
micias mpoBeneHoi TepmooOpoOku Ha (15-21)%

Jnst mepeBipkM JaHOTO TBEPIKEHHS OyiH
MIPOBEMICHI EIEKTPOHHOMIKPOCKOITIYHI JTOCITIIKEHHS
BUXIJHHUX 3Pi3KiB Ta THX, IO MPOUILIHN MOMEPEIHIO

TepMiuHy 00pOOKY.
Ha puc. 1 HaBeIICHO pe3ynpTaTH
EIICKTPOHHOMIKPOCKOIIYHUX IOCIIIKEHD IS

crutaBy FegoB14Si.

o
Puc. 1. EneKTpOHHOMIKpOCKOMIiYHI  (TEMHOIOJbHI)
300pakeHHsT U1 ciuiaBy FegoB14Sig y mouaTkoBomy
craHi (a) Ta micns i3oTepmivHoro Bignany npu 720 K
MIPOTATOM TOAUHU (0)

Amnariz pe3yibTaTiB €JIEKTPOHHO-
MIKPOCKOIIIYHUX JOCITi/DKEHb Ui ciuiaBy (puc. 1)
FegoB4Sis mokazas, mo BuXigHWA aMOpGHUHA CTaH
XapaKTEePU3YEThCSI HASIBHICTIO BMOPOXKEHUX ILIEHTPIB
KpHcTamzaiii 3 cepeaHiM po3mipom (15-20) Hm
(puc.l.a). Ilicnsa Bigmany mpu 720 K kpucramivsi
3apoAKHu B amMopdHiii Marpui BiacyTtHi (puc.1.0). B
nii  obmacti Temmeparyp  pi3HHUI  XIMIYHHX
MOTEHIIaiB MDK aMOpQHOI0 Ta KpPUCTAIIYHOIO

¢dazamMu I i-TO  KOMIIOHEHTa Ap; <0, omxe

KPHUCTANIYHI 3apOJIKH PO3UUHSIOTHECS B amopdHii
MaTpuii. 3O0UIbIIEHHS IHTEpBalIy TEMIIepaTypHO-
JacoBO1 CTa0LILHOCTI JIOCHIDKEHUX
0araTOKOMIIOHEHTHHX aMOP(QHHUX CIJIaBiB MOXKHA
MOSICHUTH THM, 110 TIPOBEACHA TEPMOOOpPOOKa
aMOpQHMX CIUIaBiB NPU3BOIUTH 1O ICTOTHOTO
3MimieHHss (a30Boi piBHOBarM B TeTEPOreHHIN
cucrteMi: aMmopdHa MaTpHIlL — BMOPOXKEHI IEHTPU
KpHUCTaIi3alii.
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BMOPOXKEHHX IICHTPIB KpHUCTami3alii, MpUCyTHiX B
MOYaTKOBUX 3pa3Kax.
[Ipomiec oummieHHss amMopdHOI MATPHIN Bixg

BMOpDOXXEHHMX  IIGHTPIB  KpHUCTadi3amii  [UIIXOM
130TepMIYHOTO  BiANaly BHWHHKAE 32 PaxXyHOK
iHimidoBanoi BucxigHOT mudy3ii, 00ymMoBIEHOL
HasBHICTIO TPYKHUX HalpyKeHb Ha TpaHMIi
amopdHoi Ta KpucTaniuHoi ¢a3 [5].

TakuM  9WHOM, pe3ylbTaTH  IPOBEICHUX
eKCIEPUMEHTAIbHUX JOCHIKEHb MiATBEPIKYIOTH
BHCHOBKH TEPMOIUHAMIYHOT Teopii
BHCOKOTEMITEpaTypHOI  CcTaOlLIbHOCTI  aMOp(HUX

CIUTaBiB, SIKa TOKa3ye€ MOXKIUBICTH 3CYyBY (a3oBoi
piBHOBarn B cHCTeMi amoppHa MaTpums —
BMOpOXKEHI LEHTPH KpHCTami3alii 3a paxyHOK
CIpsSAMOBaHOI Mii 30BHINIHIX BIUIMBIB Ta BU3HAYAE
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ICHyBaHHS aMOP(HOTO CTaHy CILIABIB.

BucHoBkn

e  JlocmmKeHO BINIUB TepMidHOI OOpOOKH Ha
TEepMOCTa0IIbHICTh aMOP(HHX CILIaBIB OCHOBI 3aj1iza
Ta HIKeJNIo Ta MOKa3aHo, 10 3alPONOHOBaHI PEXUMU
TepMigHOi  OOpPOOKH  JO3BOJSIOTH  PO3MIHPHUTH
IHTepBaIN TePMITHOL cTabUTBHOCTI
0araTOKOMIIOHEHTHUX aMOP(HUX CIIJIaBiB HA OCHOBI
3aniza Ta Hikeno Ha (20 — 40) K.

e  Peami3oBaHO MpoOIeC OYMINCHHS aMOp(HOL
MaTpHIli BiJf BMOPOXCHHX IICHTPIB KpHCTaTi3aIlii
IUIXOM 130TepMIYHOTO BiNany aMOpQHOro CIuiaBy
3a paxyHOK IiHimidoBaHoi BucXimHOiI Audysii,
3YMOBJICHOT HAsBHICTIO TPYXHHX HANpyKeHb Ha
rpanuii aMmophHOi Ta KpUCTaIivyHOI (a3.
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Mmopgonozito  nogepxHi  HAHOCMPYKMYp

(CoyiFesoBay), (SiO2) 100« 3 PI3HUM RPOYESHMHUM GMICTOM Memaneoi ¢asu 6 OieleKmpuuHii Mampuyi.
Bussneno, wo 3anexcnocmi mikpomeepoocmi ma cepeOHbOK8aOPAMUYHO20 BIOXUAEHHS N0 NpoQino 8i0
KOHYeHmpayii Maroms HeMOHOMOHHUL Xapakmep (ACKpAgo SUpadceHuil MiHiMym) npu eeauyuni x = 56 %.
Le 3nauenns x 6ausbKke 00 NOPo2y NEPKONAYIL Yy 6KA3AHIN HAHOCMPYKMYPI.

Knouosi cnosa:nanocmpyxkmypu (CogFesoBo), (S10,)100 - 1, MOpoN02ia nosepxui, mikpomseepdicme.

This paper describes the results of the nanostructures (CoyiFeszoB ), (SiO2) 109« research. Percentage
of metal phase in the dielectric matrix wasx =19, 33, 41, 56 and 100 %. These nanostructures were
investigated applying atomic force microscopy. Surface morphology was detected with spatial resolution,
which was defined by curvature of cantilever needle (30 nm). Measurements were conducted in semicontact
mode, in which cantilever console was oscillated with a frequency of hundreds of kilohertz.

Microhardness HV of nanocomposites was measured by standard Vickers hardness test, which includes
indenter indentation in the form of four-sided diamond pyramid with a 1360 angle at the top. Load on the
indenter was 0.5 N and 2.0 N. The accuracy of microhardness measurement experiment was 15%.

The microgeometry parameters of the surface and of the microhardness of the nanostructures non-
monotonously depend on the composition of metal phase. On the curves we can see the minimum which
corresponds nanocomposite x = 56 %. This value x is close to the percolation threshold in the tested
nanostructure.

Key Words: scanning tunnelling microscopy, surface morphology, microhardness, nanocomposites.

Crartio npeacrasus wieH-kop. HAH Ykpainu, a.¢.-M.H., npod. Makapa B.A.

aMop(QHi MarHiTOM'SIKi CIIJIAaBH Ha OCHOBI (hepymy Ta
KoOanmbTy. B o0macTi HU3BKHMX 4acTOT BOHHU MAarOTh
xopomri  MarHiTHI ~ BrmactuBocti.  llpore y
BUCOKOYACTOTHIM  obOmacti  iX  3acTocyBaHHS
YCKJIQAHIOETHCS BHACHIZOK 3pPOCTAalOYMX BTpaT Ha
ctpymu ®@yko [4]. OyeBuAHO, IO ISl 3MEHIIEHHS
UX BTpaT HEOOXiqHO 30LIBIIYBATH IHTOMHUHN

Beryn

Ha chorogni moOpe BHBUEHI EJIEKTPUYHI Ta
Mar”iTHi  BiactuBocTi  [1]  HaHOKOMITO3HUTIB
(Co41Fe39B20)x (S102)100- x, @ TakoK, B JESKid Mipi,
ONTHYHI 1 MarHiTOONTHYHI BiacTUBOCTI [2]. OaHak,
70 CHX Mip HE JOCIiIKyBamacs MIKpOTBEPIICTb Ta

MIKpOreOMeTpIst i€l CKJIaTHOL CHCTEMH.  eekTpUYHMIA OTIIP MArHITHUX CIUIABIB.
HpaxTinanuii _ IHTepeC A0 MCTAlCBHX OaHUM 3 NUISXiB BUPIIIEHHS JaHOi 3a1a4i €
HAHOKOMIO3HTIB B JUCICKTPUTIHIA  MATPUIl  3acmocyBaHHS KOMIIO3UIIMHUX —HAHOCTPYKTYPHHX

BUKJIMKAHUN MEPCHEKTUBAMU IXHBOT'O 3aCTOCYBaHHS
B SKOCTI MAarHITHAX TOJIOBOK JUIS 3alucy i
3YUTYBaHHS i1H(pOpMAIi, pH PO3poOIl 3aXUCHUX
MOKpHTTiB, TOmO [3]. [ cCTBOpeHHS TOIIOBOK
MAarHiTHOTO 3aITUCy Hapasi IUPOKO 3aCTOCOBYIOTHCS
© C.T. Po3zysan, B. C. Cramyk,

B. B. CrykaneHko, IT. O. Tecensko,
A. JI. SImnionbewkuit, 2016

MaTtepialliB Ha OCHOBI aMOp(HUX METaJeBUX CIUIABIB
3 JieneKTpukoM. Taki KOMIIO3UTH CKJIaJaloThCs 3
METaJeBUX TpPaHyJd HAHOMETPOBOIO pPO3Mipy, fKi
Xa0THYHO PO3MOJUICHI Y JieIeKTPUYHIA MaTpuIli
[5]. B sKocTi dieeKTpUYHHX  HAIOBHIOBAYiB
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BHKOPHUCTOBYIOTh OKCHIW KPEMHII0 a00 aIFOMIHIIO.
3aBASKM I[BOMY CYTTEBO 301JBIIYETHCS MTHTOMHUIMA
CICKTPOOIIp 1 TOMY 3HAa4HO PO3IIUPIOETHCS
JaCTOTHHH Aiama3oH MarHiTHHX MarepiamiB. 3ramaHi
HAaHOKOMITO3UTH  XapaKTCPU3YIOThCS  BUCOKUMHU
MEXaHIYHO MIITHICTIO 1 KOPO3iiHOIO CTiHKICTIO [2].

Jnst oTpuMaHHS KOMITO3UIIIITHUX HAHOCTPYKTYP
METaJIeBUH CIUIaB B MiCEKTPUIHIN MaTPHIN JacTiIre
BCHOTO 3aCTOCOBYIOTh MAarHETPOHHE PO3MOPOIICHHS
[6]. IlepeBaror0 [HOTO METOAY € MOXKIIHUBICTH
OTPUMAaHHA IUTIBOK TOTO CaMOTO CKJIaAy, IO 1 CKIIaa
MmimeHed. KepyBaHHs po3mipaMu TpaHyJIhOBaHUX
YaCTUHOK, CIiBBIJIHOLICHHSIM BMICTY Ai€JI€KTPHYHOL
Ta MeTajaeBoi ¢a3 3MIWCHIOETHCS MUIIXOM 3MiHH

BiCTaHI MDK MIIIEHIMH Ta MiIKJIaJAHKAMH,
IHTEHCUBHOCTI HOHHOTO BUIPOMIHIOBaHHS,
TeMIlepaTypu T KITa TTHKA Ta peXuMiB
TepMooOpoOKku. g oTpuMaHHS  OJHOPITHUX
IpaHyJIbOBaHHUX CTPYKTYp i AKJIAHA
PO3TaIIOBYIOTh Ha Kapycedi, o 00epTaeThCsl.
3a3zBuuai CTPYKTypa OTPUMYBaHUX
HAaHOKOMIIO3UTIB €  CYKYNHICTIO  BKIIOYEHBb
aMop(HOro MeTaleBoro CIUIaBy 3 po3Mipamu

KJIACTepiB, MO JexkaTh B iHTepBami 2 — 10 HM, sKi
Xa0THYHO PO3MOAUICHI B aMOp(HIii MieTeKTPUIHIH
Matpuii. Taka nBodasHa (reTeporeHHa) CTpyKTypa
XapaKkTepHa, HANPUKIAA, U1 JOCTIDKyBaHHX B
po6oti  komno3utiB  (Cog1Fes9Bao)y (S102)100-
(x=19, 33,41, 56 Ta 100 %).

[MuToMuii enekTpUYHUN OMip HAHOKOMIIO3HTIB
CYTTEBO 3MEHIIYETHCSA TP 3MiHI BemuanHU X Big 20
no 100 % npubnu3Ho Ha 7 nopsaAkiB [7]. 3HaueHHS
nopory mnepkoisnii Bignoimae x=47% i npu
30iNbIIEHHI X /IO  METajueBOi  MPOBIIHOCTI,
3pO3yMIJIO, 3POCTAE, OCKUIBKU JiCJICKTPUYHI 001acTi
MaroTh IPOBIAHICTD OJIU3BKY 10 HYJISL.

ExcnepuMeHTaNbHi 1aHi Ta iX 00roBOpeHHS

Jnst  BCTAaHOBIIGHHS — MapaMmeTpiB  MpoQiiIro
MOBEPXOHb 3pa3KiB OyB BUKOPHCTAHHH CKaHYIOYHN
ATOMHO-CUJIOBUH MIiKpPOCKOIT Ha 0asi
HaHonmaboparopii IHTET'PA, mo  go3Boauio
peeCTpyBaTH TOIOJIOTIIO TOBEPXHI 3 MPOCTOPOBOIO
PO3IITBHOIO 3/IATHICTIO, SIKa BU3HAYaIacs KPHBUHOO
ronku  kadrtimiBepa (30 HM).  BumiproBaHHS
MPOBOJMIINCH B HAIMIBKOHTAKTHOMY PEXUMIi, TpH
SKOMY Ha KOHCONb  KaHTUIiBEpa  TOJA€ThCS
MOJyJIbOBaHa HAIpyTa 3 YaCTOTOIO B COTHI KiJIOTEPII.
3a paxyHOK IT’€30€(eKTy KiHYHK TOJIKUA MPH IIbOMY
OCLIWJIIOE 3 MiJIOpaHOK PE30HAHCHOK YacTOTOHO.
Ban-nep-BaanbciBebki  cHM, 10 BUHUKAIOTH MiXk
3pa3KOM 1 TOJIKOKO 3ajJekaTh BiJ[ BiJICTaHI TOJKa-
MoBepxHs 3pa3ka. [IpenMeTHuil CTOMMK MiKpOCKoma
3  MOXIMBICTIO  TIO3WMI[IOHYBaHHS B  TPhOX

2016, 2
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KOOpIWHATAaX 3 TOYHICTIO B OIWHUIN aHTCTPEM
J03BOJIsIE 3abe3nevyBaTd TMOCTiHY BHOpaHy Hamu
BennunHy BaH-nep-BaanbciBcbkux cuim 1 Takum
9YUHOM  (iKCyBaTH TOYHY KOOPIWHATY TOYKH
MoBepxHI 3pa3ka mifg rojkot. CKaHyBaHHS
MOBEPXOHb 3pa3KiB MPOBOAMJIOCHE B PacTPOBOMY
pexxnmi (256x256 To4ok), 3a0e3nedyroun HeoOXinHy
BEeJIMYMHY TIPCTOPOBOi  PO3AUIBHOI  3AaTHOCTI
BuMipiB. B Tabm. 1 HaBegeHO eKclepUMEHTANbHI
aHI MIKpPOTeOMETpii IMOBEPXOHb, OTPHUMaHI 3a
JIOTIOMOTOI0  aTOMHO-CHJIOBOTO MIKpOCKOma; Sqg —
CepeAHbOKBAIPATUYHE BIIXUIICHHS Z; Z — aMILIITyAa
BiiXuiieHHs; Sz — PI3HUIS MK CEpEHIM 3HAUCHHSIM
M'SThOX HaWOUTBIINX MAaKCUMYMIB Ta II'ATHOX
HaMEHIITHX MIHIMYMIB; Sa — apupmeTruHe
ycepeTHeHHsT aOCOMOTHUX 3HAYEHD BiIXHJICHB; Sy —
MaKCHUMaJlbHa Pi3HUIS eKCTPEMaIbHUX 3HAUCHD Z.

Ha puc. 1 mokasaHo 3aJexHICTh CEpeaHbO-
KBAJIPaTUYHOTO BiIXWIICHHSA S¢ Big Xx. SIK BUAHO 3
pPUCYHKa, KpHUBa Ma€ SCKPaBO BUPAKEHHH MiHIMyM
(MoxmBoO, Tpu x = 56 %), ToOTO MOONM3Y HOpOry
nepkossiii (47 %). Omxe, mnapameTpH, sKi
XapaKkTepu3yloTh MiKpOT€OMETPit0 MOBEPXHI
JOCITPKYBaHHUX 3pa3KiB, 3aJIeKaTh HEMOHOTOHHO Bif
BMICTy MeTalieBoi (a3u. Burmsa moBepxHi 3paskiB 3
PI3HUM BMICTOM X TIOKa3aHO Ha pHUC. 2.

Sx BimomMo, TpU HAMIBKOHTAKTHI aTOMHO-
CWIIOBIH  MIKpPOCKOTIi  peecTpyeTscsi  Ipodinb
MOBEPXHI  HUIAIXOM  3a0e3MEYeHHS  MOCTIHHOL
BEeIMYWHU cuil Ban-gep-Baanbca Mik KiHUMKOM

Tabmus 1. [Tapamerpu nmpodisto moBepxoHb
HanokoM1io3uTiB (Cos1Fe30B20)y (S102)100- x

X Sq Sz Sa Sy

19 40,09 181,31 28,14 361,22
33 21,85 88,35 16,78 177,40
41 17,14 195,61 2,14 389,60
56 9,68 74,81 7,154 159,78

100 | 33,87 274,90 20,64 530,80
0@

i e
BO[ :
ol %

10- ‘
20 40 60 80 x %

Puc. 1. 3anexHicTh cepelHbOKBAAPATHUHOTO
BiJIXWJICHHS MTPOQLII0 OBEpXHI Sq
HAaHOKOMIIO3UTIB (CO41FG39B20)x (SiOz)mo_x
JUTSE 3pa3KiB 3 PI3HUMU 3HAYCHHSMHU X.
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103

109

97
7 Puc. 2.
Mixkpodororpadii
IMOBEPXOHb
HAaHOKOMIIO3UTIB
174

3 pi3HUM BMICTOM
MeTaJIeBoi (a3u

x =100 %

500 um

TOJIKM KaHTUTiBepa Ta MOBEpXHer 3pas3ka. llpu
LBOMY BEJIMYHMHA UX KOPOTKOZIF0UUX
MDKMOJIEKYIISIPHAX CHJI 3QJIEKUTh TaKOX 1 Bij
¢i3nyHMX mapaMeTpiB 3paszka mig ronkoro. [lpu
HasBHOCTI METaJIeBUX TPaHyJhOBAaHMX BKJIIOYEHb HA
noBepxHi ¢asa CUrHALy B aTOMHO-CHJIOBOMY
MIKPOCKOIII Ha TpaHWIll TpaHyla-MaTpUIlA 3a3HAE
pizkoro crpuOka. ToOTO MOPIBHIOIYH OTpPUMaHHN
po(isb MOBEPXHI Ta MPOCTOPOBHUU PO3MOALN (a3u
CUTHAITy MM MOKEMO POOWTH SIKICHI BHCHOBKHU TIPO
HasBHICTh TPaHyJbOBAaHUX BKIIOYEHb 3 IHIIOKO
MIPOBITHICTIO B 3pa3Ky.

3rigHO pe3ynbTaTiB OCIIHKEHb 33 JJOTIOMOTO0
ATOMHO-CHJIOBOTO MIKPOCKOIIa BCTaHOBIJIEHO, IO
MeTajeBl TpaHyld MarTh HeNnpaBwibHY (opmy i
Xa0TUYHO PO3TAIIOBaHI B i€IEKTPUYHIN MaTPHIIi i B
iJIOMy 1XHI po3MipH Jemio 30UTBIIYIOTBCS 3i
301IBIICHHSM BMiCTy MeTaneBoi dasu [1].

Hnst BUMIPIOBaHHS MIKpOTBEPAOCTI
BUKOPUCTOBYBABCS MIiKpOTBEpAOMIp IIMT-3.
MikpoTBep/IicTh ~ BHMIpIOBallaCh  CTaHJAPTHOIO
METOJMKOI 32 BikkepcoM 3  BJaBIIOBaHHSIM
IHAGHTOpPa y BUIJISNAI alIMa3HOi YOTHPHUIPAaHHOI
mipamizka 3 kyroM npu  BepumHi  136°.
HaBanTtaxxenns Ha iHgeHTop craHoBwio 0,5 H Ta
2,0 H. Bemunuuna TtBepaocti, BumipsHa y Ila,
BU3HAYAETHCS 32 (POPMYIIOLO:

2016, 2

Bulletin of Taras Shevchenko
National University of Kyiv
Series Physics & Mathematics

1854P

H = 7

ne P — HaBaHTa)XCHHA HAa 1HACHTOP, d — MOBXKHHA
miaronHami BigOuTka. [loxmOka eKcmepuMeHTy y
BUMIpIOBaHHI MIKpOTBEpOCTi cTanoBuiIa 15%.

Ha puc. 3 mokazaHo 3ajiexHicTh MikpoTBepaocti HV
nanokoMno3uTiB (Cog1Fe3oBa), (S102)100-x  uis
3paskiB 3 x=19, 33, 41, 56 ta 100% mpu
naBantaxenusx 0,5 H ta 2,0 H. MikpotsepaicTs
amopdHoro kBapiy ctanoButh 10 I'ma. fx BuaHO 3
PUCYHKa, MIiKpOTBEpAICTh 3MIHIOETHCS
HEMOHOTOHHO, Ha 000X KPHBHUX CIIOCTEPIra€ThCs
MiHIMyM, IIO BiANoBinae KOMIo3uTy x =56 %. Lle
3Ha4YeHHS X OJu3bKe A0 mopory mnepkossmii  [8].

. ®@05H
oo®  A20H
: N : : :
E, : s : : : : .
o ‘ ‘ ‘ ‘
I S " L S
zr A
A0 2
20 45 éo éo x,‘%

Puc. 3. 3anexHicts MikpoTBepaocti HV
nHanokoMro3utiB (Cos1FesoBao)y (S102)100- »
[PH Pi3HUX 3HAYCHHSX X TA HABAHTAKCHHSIX:

0,5 H- kpyxeuxu; 2,0 H — tpukyTHUKH.

Jus amopduoro kapity HV = 10 I'Tla.

I3 mopiBHSHHS IaHMX, HaBeIEeHUX Ha puc. | Ta
puc. 3 BUTUIMBAE, IO 3HAYEHHS YCiX MapaMeTpiB, sKi
XapaKTepU3yITh MIKpOTEOMETPIiI0 MTOBEPXHi
(HampuKIan, CepelHbOKBAIPATHYHE  BiIXWICHHS
npoiato MoBepxHi Sg Ta 3HAYCHHSI MIKPOTBEPIOCTI
HV ) 3anexxatb HEMOHOTOHHO BiJl BMICTYy MeTaleBOi
(a3 1 MOXHa i3 BIIEBHEHICTIO CTBEP/KYBaTH, IO
HaWMEHIII 3HAYEHHS BIAMOBIIHHMX IMapaMeTpiB, IO
XapaKkTepu3ylOTh  MIKPOTEOMETPil0  TOBEPXOHb
JOCITI/DKYBAaHUX 3pasKiB Ta IXHIO MIKPOTBEPIICTh
JIOCSITAI0Th HAMMEHIIMX 3HAYCHb MPH X, SKI OJIM3bKI
JI0 3HAYCHHS, 1110 BIATOBIIA€E MOPOTY MEPKOJISIIIT JIIs
BKa3aHUX ABO(Aa30BUX MaTepiaiB.

[oTpibHO TaKOX BpPaxOBYBaTH, o
HAHOKOMITO3UTH € HE JIBO(ra30BOI0, a
0arato(a3zoBOK0 CHCTEMOIO, 1 XapaKTepU3YIOThCS
CKJIQJIHOI0 EJeKTPOHHOK OymoBoro [6]. 30kpema,
BCTAHOBJICHO, III0 MOPsJ 3 HoHamu d-MeTaiiB Fe’”,
Fe*', Co’") B mornmHanHi B peHTreHiBChKiil o6nacTi
OepyTh ydYacThb TaKOX HOHHM OKCUI€HA, SAKHUN
YTBOPIOE OKCHIM NEPEXiJHUX METaNiB, i, B MEHIIIN
MIpi, CHTIIHIY 1 O0opYy.
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BucHoBku

3HayeHHs MapaMeTpiB, SKi XapaKTepU3ylTh
MIiKpOT€OMETPiI0 MOBEPXHi Ta 3HAYEHHS
MIiKpPOTBEPAOCTI HV HaHOKOMITO3HUTIB
(CO41F€39B20)X (SiOz)loo_X 3aJICKaTh

HEMOHOTOHHO BiJl BMICTY MeTaJieBoi (hazm.
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Haiimenmni 3Ha4eHHS CEepeaHBOKBAIPATHIHOTO
BiIXWJIeHHS MpoQino moBepxHi Sg AOCTiIKYBaHHX
3pasKiB Ta ixHe HaliMeH1Ie 3HAYCHHS
MIKPOTBEPAOCTI JOCATAIOTHECA TPH BEIMYMHAX X,
sKi ONMU3bKI JI0 3HAYCHHS, IO BIAMOBITAE MOPOTY
MEPKOJIALIT I BKa3aHUX ABO(a30BUX MaTepialiB.
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YV Oauiti pobomi nooano npuxknad po3paxyHKy KoeqhiyicHma HONUHAHHA Y MEPMIHAX KEAHMOBOI
onmuxu, epaxogyrouu egexm [onniepa. Ompumanuti 6upa3 O7a JOKAIbHUX 3HAYeHb Koeghiyienma
NO2IUHAHHS, OCHOBAHUL HA KOMYMAYIUHOMY CRIGBIOHOWEHHI MIJIC ONepamopamu eleKmpuyHo20 noas ma
IHMEHCUBHOCMI, HENTHITIHO 3aNedHCUMb 8i0 AMOMHOIL 2YCMUHU MA NOYAMKOBOL IHMEHCUBHOCTI.

Knouosi cnosa: koeghiyieum noznunanus, keanmosa onmuxa, ecpexm J{onniepa, komymayititi
CNiBBIOHOUIEHHA.

In this work the calculation method of absorption coefficient in the terms of quantum optics, taking into
account the Doppler effect, is presented. The atomic collisions are not discussed here. Accordingly, in
contrast with the impact theory, the introduction of the chronology of absorption/reemission events in the
system is avoided here. The "single-atom" methods, such as the equation of motion for the one-particle
population matrix, to find the number of quanta, imbibed by atoms or liberated into the environment per unit
time, are not used here. Under certain assumptions, it is enough to know the information about the
distribution of system states at the given initial moment of time for the calculation of the coefficient of
absorption. The derived expression for the local absorption coefficient, based on the commutation relation
between the operators of electric field and intensity, non-linearly depends on atomic density and initial
intensity. It was found that the ability of the system to absorb or emit quanta can quantitatively be expressed
through the special form of interaction integrals. The form of dependence on the integrals results from the
structure of the quantum brackets.

Key Words: absorption coefficient, quantum optics, Doppler effect, commutation relation.
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Introduction the system is avoided here. The "single-atom"

i ) methods, such as the equation of motion for the one-
In this work the example of the analytical

evaluation of the quantum optically defined
absorption coefficient is provided.

As it was shown in the previous work [1], the
absorption coefficient can be defined by the
commutation  relation  between the  model
Hamiltonian and the operator of intensity. The
estimation technique for the averaged commutators
is demonstrated.

In comparison with other theories (see, for
example, [2] - [10]), the induced by spatial atomic
motion Doppler effect is naturally introduced into
the corresponding averaging procedure. The atomic
collisions are not discussed here. Accordingly, in
contrast with the impact theory, the introduction of
the chronology of absorption/reemission events in

© A.C. Cixyk, C.M. €xoB, 2016

particle population matrix, to find the number of
guanta, imbibed by atoms or liberated into the
environment per unit time, are not used here. Under
certain assumptions, it is enough to know the
information about the distribution of system states at
the given initial moment of time for the calculation
of the coefficient of absorption.

Assume, the system of N atoms occupies the
volume of capacity V, determined by optically
transparent and thermally insulated (for example, till
near-infrared region) walls. And suppose, generated
within a certain period of time electromagnetic field
"reaches" the space of volume Vg (which includes
V). Atoms, that fill the volume V, are able to interact
with the modes of this electromagnetic field. The
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frequencies of the modes are distributed near the
resonant frequency w, of a single atom (or molecule)
transition between only two levels b (the ground
state) and a (the excited state). Taking this into
account, the following Hamiltonian is assumed to
model the infinitesimal change of the state function
of the system during the infinitesimal time intervals:
H=HA+H" + A",
Here, the first item describes the spatial "movement"
of N atoms with the translational energy e and
intrinsic energy ho,, (fori=1..N), such

N
that H* =3 H", where HA[i)=(g; + Ao, )|i) and
i=1

|i> is the eigenvector of the single particle operator.

The second item represents the energy of free
electromagnetic field in the volume V. Inasmuch as
the electromagnetic field can be defined through the
superposition of its modes, the representation in the
basis of the corresponding Fock states is allowed:

HF =S AF

q
where I—AIqF‘nq>:(nq +1/ Z)hwq‘nq> with ‘nq> being
the corresponding Fock states. Here, the symbol g

denotes the mode of electromagnetic field with the
propagation wave vector k and the j-th polarization

with j=1,2. A state|n,) has the determined

number of photons n, corresponding to the mode qg.
The third item is the energy of interaction between
the atoms and electromagnetic field, expressed by
the standard dipole-field coupling:

N
A =36 E(r),
i=1

where d, is the dipole moment operator for i-th atom
located at r,. E(r) is the electric field operator.

The definition

The definition of local absorption coefficient is
introduced here as the derivative of logarithm of
intensity with respect to distance in the vicinity of a
given spatial point and the moment of time. The
intensity is represented by the averaged normally
ordered product of creation and annihilation
operators of certain electromagnetic field states. The
averaging is performed over all possible quantum
(discrete and continuous) states of the system of the
field and atoms. Then, in accordance with the
accepted model of device counting photons (see, for
example, [11]), the local absorption coefficient can
be written in the following manner:
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[Py |P), (1)

o
oy —In D) (¥
w o
=i te[A 3 s Z[H,[H,fﬂ, @
’ h 2\ h
foa . 2 A —ikg Tt
where I =E,E. with E =) é&Ee “al and
q
E =) 6Ee ""a,. p, is the statistical
=
distribution over the pure system states |\¥) at the

initial moment of time t=0. The optical pathway
inside the sample is assumed to be parallel to the Z-

axis. The field “amplitude” is  given
12
hv, . oA
by qu[ j . The phase factor in E; is
EoVel

neglected for simplicity. The sum of E, and E_
represents the electric field operator.

The estimation of the absorption coefficient

We next discuss the commutator of the operator
associated with the atom-field interaction and the
intensity in the expressions (1) and (2). We can write
that
Y (©)

;(w\[ﬁ“,f]ﬁw

w)=(¥

7),

where (¥|=%"C/, (o)ﬁ@ [T(n,|and
i=1 q

{}
~ N . N o e
Y :;FSi 28 EZ (& &) Eq (e'(kq “afglatia, —c.c.)-
1= q.9

The following is assumed in the representation (3).
At the initial moment of time the system states are
assumed to be thermally distributed. This allows to
apply the splitting conditions, such as

€ ,(©)=C;,y (O, (@i €, =Cyy - C;

ngl g Mg ™" “)
CryCry =Pq [1-exp(~hv, 1 ksT,) Jexp(—nhv, /kgT, ) (5)
where p, is some distribution of frequencies. Note,

in our case the distribution describes the light beam

of quite narrow frequency band with linear
polarization. Besides,
C.(0)=(2) " exp(~e/ 2kT) (6)
\Y, 3/2
Z=—(2nMk,T)**. ()
(2nh)3( o)

(4) and (6) suppose that C.C, ~exp(-foy, / 2k;Ts).
Thus, using the defined above approximations,

the averaged commutator (3) can be represented in
the following way:
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zm[ﬁ-Aplf]@w\\}f)zl\l(%_|17|27), )
v
where
l _‘S‘ Z 68 ,e+Ag (x)mo+A038p p+r,km €', a(O)CSb(O)EZ 7Ik r
18] 3 8 s, O O, OEEE"

g'\e,m

Here, 3,...a.@nd 3, , ., the Kronecker deltas with
. o k-p
the defined variables: Ae =ho, Ve and
C
Ao~ ( Q}Do
Mc

* ikg-r
l,=2.Cr2(0C,, (O)Eq\/ﬁe ar,
Mg
* —ikg-
2= 2.Coynn(0)C,, (O)E fny +1e79" -
g

It can be shown that the introduced integrals I, and
I, has the following values:
—i%r-li+an],
c 4

I, =Ko, {1—6 Ma}exp (— Ziw_i’_

C B's

I, =Ko, [1-G_— [exp ﬂ+|&r~ﬁ+EGf :
Mc 2k, T 4

Uk and a=2MkgT ,

where K, =
€oVel
7 < h <
G="%0p 4 2y K and 6 ="%b _2i, LK
Mc Mc Mc Mc?
b= ! +2 and b_= ! +2 1 :
2k, T 2kBTS 2k T 2kgTe

The second kind of integrals, appearing in the
presentation (8) and denoted by I, and I,_, can be
estimated in the following way. First, we make the
limit transition from the summation over n q to the

integration over the number n and the space of the
wave vector k. In doing this we model the
distribution p,in (5) by the normal (or Gaussian)
one:
p(k) = NormN (V,AVZ)S(G— IZ) , 9)
(2nh)3 c?
V, VZ+Av
the integration over the continuum taking into

account that , the following approximation can be
written down:

o v a Tk sav? o) (10)
’ { [ c J 1

where Norm = After performing

5
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1 R 2
= Av ( r~kj j and
2 c
1 (nkBTS o

J . Inasmuch as, in our

where ¢ = K exp[

K, =
2V AV 8eyV,

the coefficients C:q are real,

approximation,

L, =1,.

Having the estimated commutator (3), other
commutators can also be found. For example, by
analogy with the provided above,

;<xp\[HAF,[ﬁAF,fﬂﬁq,\qj>z

(11)
NI, —2N(N =1)1,1,_
with
hoy ) 2
), 2
L= —2> | |S]'|1+——a|. 12
’ [2gov]| |( M ?c? j (12

Next, the following average can be evaluated in the
similar manner:

DUCHEERY

where

2
I, = —ih[—iv+ avi L. léH(—iv ravel. IQJ —BAVZ}(D
C C

, ) (13)

Y)Y =N (11,41, 1

and 1, =(1,) .
Thus, substituting all the found above averaged
commutators into the averaged series (2),

representing the expression under the logarithm in
(1), the total absorption coefficient obtains the
following approximate formula (14):

atm~ﬁ{£|n(l(0)+ |<l>—1[lrj N|<2>j}
d 2\ h

Here,
10)=1,1, ~els
8eoVy
1D =10, =11,
1@ =1, +2(N =10+ 11+ 1 1
The real and imaginary parts of the derived

expression under the sign of R in (14) can formally
be related to a complex refractive index (see, for
example, [12]).

Conclusions

Thus, an example of analytical description for
the absorption properties of a model gas, taking into
account the Doppler effect, is discussed.

The derived expression for the local absorption
coefficient, based on the commutation relation
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between the operators of electric field and intensity,
non-linearly depends on atomic density and initial
intensity. It was found that the ability of the system
to absorb or emit quanta can quantitatively be

Cnucok BUKOPHCTAHUX JKepet

1. Cixcyx A. C. KBanToBoonTuune
(bopMyTFOBaHHS TOHATTS KoedilieHTa MorTHHAHHS /
A. C. Cikyk, C. M €xoB. /| Bicuuk KuiBcbkoro
HallloHaNBHOTO  yHiBepcuteTy  imeni  Tapaca
[lleuenka. Cepisa: (i3MKO-MaTeMaTH4HI HAYKH. —
2016. — Nel. C.193-196.

2. Jlinozconem I 3anexHicTh  MIUPUHHU
CHeKTpalbHUX JiHii Bix Tucky / L. Jlimaromsm. //
Ark. Mat. Astron. Fys. A. — 1945, — Ne32. — P. 17-18.

3. Jlexc M. KBanroBani mymu. IV. KBanToBa
Teopist mkepen mymy / M. Jlekc. // Phys. Rev. —
1966. — Ne145. — P. 110-129.

4. ben-Piyeen A. latepmperariisi po3mIUpeHHS
CHCKTPAJIbHUX JIiHIA. AHJIOTiIA 3 KJIACUYHUM
ocumisitopoM / A. ben-Piysen. // Adv. Atom. Mol.
Phys. — 1969. — Ne5. — P. 201-235.

5. Bopobiios @. A. BumpmiHioBaibHI Ta
MOTJIMHANIBHI CHEKTPU y CHIbHOMY Tom. Edekr
Bimmaui / ®@. A. Bopo6Giios, P. I. Cokomosckiii. //
Kypnan npuxmagaoi criekrpockomii. — 1970. — Nel3.
—C. 906-913.

6. Jlembepe P. BumpomiHioBaHHS N-aTOMHOIO
cucremoro. 1. 3aranpauii popmainizm. / P. JlembGepr.
/[ Phys. Rev. A. — 1970. — Ne2. — P. 883-888.

7. Canoo K. M. ®opmu cneKTpallbHUX JIiHIN y
nazepHoMy nodi mpu pisHux THckax / K. M. Canpo,
1. Yu. / Adv. At. Mol. Phys. — 1989. — Ne25. —P. 133-162.

8. bepman II. P. TlopiBHSHHS 30YyIKEHOIO
BiJTaUCI0 PE30HAHCY Ta KOJICKTHBHOI ATOMHOI
Bimmaui / I1. P. Bepman. // Phys. Rev. A. — 1999. —
Ne59. — P. 585-596.

9. KpanroBuii edexkr Bimmadi uIA  JBOX
HETOTOXKHHX aTOMIB Ha CKIHYEHHHX MIPOMIXKKAX 4acy
/ ®.Jlactpa, C. BamentoBuy, M. Op3zar, M.
I'epuangec. // Journal of Physics B: Atomic,
Molecular and Optical Physics. — 2009. — Ne42. — P.
065504-065505.

10.KoomneparuBnuii  edexkr Ta  Oe3nmax:
MamTaOHUN aHali3 CHeKTpy Uil e(pEeKTUBHOTO
aToMHOrO TaminbroHiaHa / Jl.bemanmo, A. I'epo, L.
Axepmanc, P. Kaiizep. / Phys. Rev. A.. — 2014. —
Ne90. — P. 063822-063823.

11. Ckani M. KsantoBa ontuka / M. Ckamni, C.
3ybaiipi. — Cambridge: Cambridge University Press,
1997. - 114 c.

12. Xeur €. Omnrtmka / €. Xeur.— Pearson
Education, Inc. New York: Addison-Wesley, 2002. 128 c.

2016, 2

Bulletin of Taras Shevchenko
National University of Kyiv
Series Physics & Mathematics

expressed through the special form of interaction
integrals. The form of dependence on the integrals
results from the structure of the quantum brackets.
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