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V pobomi susuaromuvea cazatioarxu wepenuunux nopadkie. Onucaro cazatidaxu, U0 Ma0mob He biab-
we N AMU BEPWUH T AKE € €a2alidakamu CKIHYEHHOT KIALKOCTE HEIZ30MOPPHUL YEPENUYHUT TOPAJIKIE.
THoxazaro, wo 6ci Ui caz2atoary € HCOPCMKUMU.

Karowosi caosa: wepenuunut nopadok, mMampuys noka3nukis, donycmumul cazalidak, scopemrudl
cazatoax.

In this paper we study quivers of tiled orders. Quiver of tiled order can be realized up to isomorphism
by the only tiled order of finite number of tiled orders or an infinite number of tiled orders. In particular,
a quiver which has a loop at least at one vertex is implemented by infinite number of tiled orders.
Moreover, all these orders have infinite global dimension. We describe all admissible quivers with at
most five vertices which are not realized by infinite number of tiled orders. It is shown that all of these
quivers are rigid, i. e. each one defines up to isomorphism the unique tiled order. There is a criterion
of rigidity for admissible quivers associated with finite partially ordered sets. For n < 4 all rigid quivers
are associated with finite partially ordered sets. There are rigid quivers on five points which are not

associated with partially ordered sets.

Key words: tiled order, exponent matriz, admissible quiver, rigid quiver.
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1 Bcryn

[TousarTss wepenmanoro mopsaky BeiB [.Kamaan-
cokuit. Voro ydenp P.Tapci Buuas riiobaibHy
PO3MIPHICTL YePEeIuIHUX IOPSAJIKIB HaJl JIOKAJIb-
HUM JIeJIEKIHJOBUM KiJiblleM. KoxkKeH depenuaHuin
MOPSIIOK  HAJ[ JUCKPETHO HOPMOBAHUM KiJIbIEM
MTOBHICTIO BU3HAYAETHCS JTUCKPETHO HOPMOBAHUM
KiJIbIIEM 1 MAaTpUIEI0 IOKA3HWKIB YEePEIUIHOTO
mopsaaky. Taka OymoBa sae mpocTip uia Oara-
THOX ObumcieHb. ToMy 6araTo aBTOpIB BUBYAIOThH
[J100aJIbHY PO3MIPHICTD YepPENnIHUX HOPSIKIB. 3
2003-ro poky MaTpuIll IOKA3HUKIB CTAI OKPEMUM
00’€KTOM BUBYEHHSI.

BinmiTumo, 1o B Hammiit TepminoJiorii gepe-
NUYHAN TOPSAJIOK — IIe HETEePOBE 3 JIBOX CTOPIH
MIEPBUHHE HAIiBJOCKOHAJIE Ta HAIIBIUCTPUOYTUB-
He KiJIbIle 3 HEHY/IbOBUM paanKajioM J2KekobcoHa.

Carafilak YepenuyHOro IOPsiIKY BH3HAUYAE-
ThCA HOro MaTpUIEI0 MOKas3HuKiB. Jlomyctumuii
carafijak, ToOTO caraffilak IepernuIHOro MOPSIKY,
B [4] posrisiiaeThes sIK caraiijiak 3 Barooo ¢yH-
KITI€I0, 3a/1aHOI0 Ha MHOXKUHI CTPLJIOK caraiijgaka.

© B.M. 2Kypassbos, .M. Iurauiscoka, 2016

JList 2KOPCTKOro caraiijjaka iCHye 3 TOYHICTIO
JI0 i3oMOp(diZMy €IUHUN YepennIHuil MOPSI0K 3
maHuM carafimakom. Koxuauit pomycrtumuii caraii-
JaK Moxke OyTu caraiimjakoMm abo HECKIHYeHHOI
KUIBKOCTI Hei30MOp(MHUX dUepenuvIHuX OPsIKiB
abo ckindeHHol KiibkocTi. KpiMm Toro, gomycrumunii
caraiifak, sskuit MicTUTh X04a O OJIHY IETJII0, € ca-
rafiTakoM HeCKiHYeHHO! KLIBKOCTI Hei3oMOopdHUX
JepenuyHuX Mopsakis. s caraiimakis, acorriiio-
BAHUX 31 CKIHUeHHNMH JaCTKOBO BIIOPSIIKOBAHIMUI
MHOXKHHAMU, B [2| maeTbest Kpurepiii Toro, mo ca-
raiflaKk peasii3yeTbCsd CKiHIeHHOIO ab0 HEeCKiHYeH-
HOIO KiJBKICTIO HeizoMopdHUX mopsakip. [Ipudo-
My BCI Taki caraifJlaku, siKi peai3yoThCsa CKIHU€eH-
HOIO KiJIbKICTIO YePENUIHUX TOPSIKIB, € 2KOPCTKH-
MH.

Y naniit poboTi MU OIUCYEMO BCi YKOPCTKI Ca-
raiiijakm Ha n TOYKax, e n < o.

2 TIlomepenni BimomocTi

[Tosuauumo yepes M,,(Z) Kijablie BCiX KBaJIpaTHIX
N X N-MaTPUIlh HAJI KUTbIeM iux uncena Z. Hexaii
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£ e My(Z).
Osznaudenns 2.1. Marpung € = (oy;) HasuBae-
ThCs MATPUIEIO MOKAZHUKIB, AKINO (v + Qjf =
i og 1,0,k = 1,...,nT1a a = 0 s ¢ =
1,...,n.

Hexait £ = (oy;) — 3BejeHa MaTPHILS IIOKa-
suukis. Hokmazemo EL) = (Bij), me Bij = auj

st @ # jora By = 1 g i = 1,...

(2) — ([~ I ; . .
& (7@]); 1€ Yij lg}flgn(ﬁzk + /Bk])

y 1Yy 1

Osnauenns 2.2. Caraiijak Q(€) 3 marpurero cy-
mixmocri [Q(E)] = €3 — W masusaernes ca-
raiilakoM 3BeIEHOI MAaTPUIll MOKA3HUKIB &.

Osnauvenns 2.3. CuibHO 3B’sI3HMIT IPOCTUIL ca-
rajilak Ha3WBAETHCsS AOIIYCTUMHM, KIIO BiH €
carafiJ;lTakoM 3BeJIeHOI MaTPUIll ITOKA3HUKIB.

Bsenena (0, 1)-marpui nokasHukis € 3a1ae
JaCTKOBHUIT TOPSIJIOK HA MHOXKUHI

Pe ={1,...,n}

3a IPABUIOM: 1
0. HaBmaku, 3 KOXKHOIO CKiHYEH-
HOIO YaCTKOBO BIOPSIIKOBAHOIO MHOXKUHOIO P =
{1,...,n} mu 38’a3yemo 3Begeny (0, 1)-marpuigo
NOKa3HUKIB Ep = (\jj) HACTYIIHUM YHHOM: \jj =
01 < j, inakme \;; = 1.

[Tosraunmo yepe3 Pyax MHOXKUHY BCiX MAKCH-
MaJILHUX €JIeMeHTIB MHOXKUHU P, uepe3 Py, —
MHOYXKWHY BCiX MIHIMAJILHUX €JIEMEHTIB MHOXKWHU
P, iuepes Phax X Pmin

< jJ Tomi @ TULIBKHM TOJi, KO-
Jm Qg =

— iX JexapTiB 100y TOK.

Osnavenns 2.4. Caraiimax Q(P), orpumanmit 3
miarpamu Q(P) nomaBaHHSIM CTPLTOK 07 JUIst BCIX
(Pi,Pj) € Pmax X Pmin Ha3UBa€TbCsl caraiigakom,
acoIfioBaHUM 3 YACTKOBO BIIOPSIJIKOBAHOIO MHO-
KuHoio P.

Teopema 2.1. [1] Cazatidax Q(Ep) cnienadae 3
cazatidaxom Q(P).

Osnauenns 2.5. Caraiinak @ = (VQ, AQ) na-
3UBAETHCS 36ACEHUM, SIKIIO BU3HAUEHA (DYHKITis
w: AQ — R. OyHKIiS w HA3UBAETbCSI BArOBOIO, &
11 3HAYEHHS Ha CTPLII HA3UBAETHCI Baroko CTPLi-
K.

Cyma Bar BCiX CTPUIOK IJISXY HA3WBAETHCS
BaroI0 ILIAXY.

Teopema 2.2. [4] Cuavho 36’aswuil cazatioar
Q = (VQ, AQ) e donycmumum modi i miavku mo-
di, Koau icnye eazosa gynkyia w: AQ — NU{0},
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AKA 3040080NDHAE HACTNYNHUM YMOBAM:

1. saza cmpiaku 3 MOYKY © Y MOYKY J MEHWE 3G
8a2Y WAATY 3 MOYKY © Y mouky j dosorcunu | > 2,
2. saea nemai 6 mouui i MeHwa 3a 8azy 0ydv-
AKO20 YUKAY, UL NPOTOOUMD Yepe3 mouky t, Jdoe-
orcuru [ = 2,

3. 8aza 6Ydv-AK020 YUKAY 3662C0U OLALULG GO0 DO-
pierroe 1,

4. 6aza 0osiavHOT nemai dopiewioe 1,

5. wepe3 kooicHy mouky 6e3 nemai nporooumb
yuxa dosorcunu | > 2, saza axozo dopisHioe 1.

Oszuavenns 2.6. Jlonycrumuii caraiiak () Ha3u-
BAETHCsI 2KOPCTKUM, Ko Q = Q(&) a1 eunol
3 TOYHICTIO /IO €KBiBAJIEHTHOCTI 3BEJIEHOI MaTPUIIL
[TOKA3HUKIB &.

Teopema 2.3. [2] Jonycmumut cazatidarx Q,
Axut mae Toua 6 00HYy NEMAI0, HE € HCOPCTIKUM.

Hexait Q = (VQ, AQ) - monycrumuii caraii-
nak. Tomi yepes KoxkHY BepiuHy a € V() mpoxo-
quth 1uki C, oauHuYHOl Baru. PosrisinemMo ca-
raiijak ) 3 MHOKHMHOIO BepmmuH V() i MHOXKH-
HOIO CTpioK AQ =

U AC,. OueBunno @ =
acVaQ
Coy, U+ -UC,, mist Iesikux BEpIIUH a1, . . . , Gy
Teopema 2.4. [2] Jonycmumut cazatidar QQ mae
HECKIMUEHHY KINDKICTb HEEKGIGANEHMHUL 36ede-
nux mampuysb nokashuxie £ 3 Q(E) = Q modi i
miavku modi, xoau icnye Q — mess’asnuti cazadi-
dax.

Hacrymra Teopema € KpuTepieM >KOPCTKOCTI
caraiiJJakiB, acoIliiOBaHWX 31 CKIHYEeHHUMH 4Yac-
TKOBO BIIOPSITKOBAHNMU MHOYKUHAMI.

Teopema 2.5. [2]/ Hexald P — ckinuenna wac-
mKo6o enopadkosana mroscuna. Cazatidar Q(P)
€ oicopcmrum modi i minvku modi, KoAU He ICHYE
posbummas mmoocunu P =P UP", P'nP" =0,
ons aAx020 Ppax = P UP’ Poin = Prlnin U

max max’
P// Pl / i
min’ * max’

Pr/r/laxfpmin?Pmin 7& (Z)

Ozuavenns 2.7. Ilpocrtuit muka B caraiigaky
Q = (VQ, AQ), Bara sikoro nopiBaioe 1, Gyjemo
HA3UBATU O00UHUYHUM.

TBepmkenns 2.1. [5/ B donycmumomy cazatioa-
xy Q@ = (VQ,AQ) miorc sepuunamu 00unu4mo20
UUKAY HE ICHYE THWUT CMPILA0K, OKPIM CMPILAOK
U020 UUKAY.

10
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TBepaxxkenns: 2.2. [5] Jlonycmumud cazatidax
Q me moorce micmumu 060x cmpiaok (vi,vg) ma
(vj,va), de sepwunu vy, V; HANEHCAMD 00HOMY

OOUHUYHOMY UUKAY.

TBepmxkenus 2.3. [5] Jonycmumut cazatidax
Q = (VQ,AQ) wne moorce micmumu cmpiiky
(Vas i), (Va, v5), de sepuunu v;, v; HAALHCAMD
dearxomy 00UHUNHOMY UUKAY.

3 OcHoBHIi pe3yabTaTu

Posrustnemo caraitnaku @ na n (n < 5) Bepumuax
1 gkl MalOTh CKIHYEHHY KIJIBKICTb HeeKBiBaJleH-
THUX 3BEJIEHUX MaTpuUllb MoKasHukis £ 3 Q(E) =

n=4

1) Hexaii y caraiijjaky () € OJIMHUYHWIA IUKJI
nosxxuan 4. Tomi B () MiXK BepIIMHAMHA ITHOTO
[IUKJIy HEMAE IHINUX CTPIJIOK, OKPIM CTPLIOK
mukiy. OTke, caraiigak () - TpOCTUH ITHKJI
JOBKUHA 4.

2) Hexait y caraiifaky () HeMae OJMHUIHOIO
UKy JOBXKUHU 4, € OMUHUIHUN ITUKJIT JOB-
xkuau 3. Hexait ne nuki

2

S

1

AN

3

3a TBepkeHHsIMEU 2.2, 2.3 BepiuHa 4 3’€-
HaHAa 3 IIUM ITIKJIOM JIUITE TBOMa CTPLIKAMMT:
OJTHA CTPiJIKA BUXOIUTD i3 Bepiuuu 4, Ipyra
CTPLIKa BXOAUTH y BepIIuHy 4. 3 TOUYHICTIO
J0 TepeHyMepaliil BepImuH 1uKay 1 — 2 —
3 — 1 MOXKJIMBI BUIIQJIKU:

1) 2) 3)

11
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VY BunaJky 3) yepe3 BepIIuHy 4 MPOXOUTH
€IIMHAN ITUKJI

1—-2—-4—-3—1

Ockisibku BepiinHa 4 He Ma€ MeTi, TO el
UKJT ofuHuIHAE. OTPUMAIE CylEePeTHICTh.
Orxke, BUMAJIOK 3) HEMOXKJIUBHIA.

V caraiigaky () € OOUHAYHI IUKJIM TiJIbKH
noexkunu 2. [lpumycrumo, 1mo caraiimak @)
MICTHTB IMKM 1 2 1a 3 4.

Toxi caraiinak @, SIKHil € 06 € IHAHHIM X
OUKJIB, - He3B'si3umit. Orxke caraiimak ()
Ma€ HeCKiHYeHHY KIiJIbKICTh HeeKBiBaJIeH-
THUX 3BEJIEHNX MATPHUIb IMOKa3HUKIB & Ta-
kux, mo Q(E) = Q. Orxe, Gyab-sKi jBa
OVHUYHI TUKJIA JIOBYKWUHU 2 MAIOTh CITLJIHbHY
Beprmnuy. | ToMy caraiijak (Q Mae BUIVISL

N

N
S

3a TBepmkenHsMu 2.2, 2.3 y caraiimaky
iHmux cTpiiok He Moxke OyTu. OTxe, ) =
Q. Taxum 9uHOM, Ma€EMO 4 caraiiaky Ha 9o-
TUPHOX BEPITHHAX:

1) 2)

N
@

ITe monmycTumi carafinaku, siki acoriioBaHi 3
JaCTKOBO BITOPSJIKOBAHUMH MHOXKUHAMM.

BianosinHo. 3a TeopeMoio 2.5 caraiigaku 1-4
€ YKOPCTKUMI.

n=>5
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4) Hexaii y caraiijaky ) € OJUHUIHUN UK
posxkunn 5. Toxi B () MizK BepIIMHAMHU [IHOIO
[IUKJIy HEMAE IHINX CTPLJIOK, OKPIM CTP1IOK
TUKJTY.

1.1.

5) Hexait y caraiifaky () HeMae OJMHUIHOIO
[IUKJIY JIOBYXKUHU O, € OJIMHUYHUN ITUKJI JOB-
xkuau 4. Hexaitl ne nuki

—_— D
B~ <—Ww

3a TBep;KeHHsSAMEU 2.2, 2.3 BepiiuHa b 3’€-
HaHa 3 UM [UKJIOM JIUIIE JIBOMa CTPIIKAMHU:
OJIHA CTPiJIKA BUXOJUTH i3 BEpIIUHU D, JIPyTa
- BXOIUTh. MaeMo BUIAJIKH

2.1. 2.2.

\%7
/

SN L
2 4 5 2
NN

2.3. 2.4.

3
2 é \4\ 5
N LT
VY Bunanky 2.4 depes BepHIMHY 5 MPOXOIUTD

ONUMHUYHHAN MTUKI 1 — 2 -3 —-5 —4 — 1
JoBxKUHK 5. MaeMo cyrnepeqHicTb.

2/3\
N\

4<=5

6) Hexaii y caraiijaky () Hemae OJMHUYHUX 11~
KB oBXKUHU 4 ab0 5, € OAMHUIHUN UK
nosxkuau 3. Hexait MmaemMo 1K1

2

/
AN
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dAxmo Beprmuu 4 1 5 3’e¢aHaHi ONMHIYIHUM
[IUKJIOM JOBXKHUHU 2, TO MAEMO HE3B SI3HMIA
caraiimax @

3a Teopemoro 2.4 caraiimak () Ma€ HeCKiH-
YeHHY KiJTbKICTh HEEKBIBAJIEHTHUX 3BEJIEHUX
MaTpPHIb MOKA3HUKIB TakuX, mo Q(€) = Q.
Omrxe, Bepmunn 4 i 5 #He 3’e¢aHani oauHU-
YHUM IUKJIOM JOBXKuHA 2. Bonm 3’emmamni
abo omaUM, ab0 ABOMA OAUHWIHUMU ITUKJIa-
MU 3 BEpIIUHAMHU [TUKJIY JOBXUHU 3. Hexait
Bepmnau 4 1 5 3’enHAHI OJHUM OJUHUTHUM
[IUKJIOM 3 BEPIIUHOIO MUKy 1 — 2 — 3 — 1.
Toai MaeMo 2 OIMHUYHUX UKJ/IN JOBXKUHU 3
i caraiiiak Q Mae BUIJIST

2 4
N,
RN

1 5

3 ypaxyBaHHSIM TBep/KeHb 2.2, 2.3 MaeMo
MOXKJIMBI caraiimaku )

3.1. 3.2, 3.3.
2 4 2 4 2_ 4
\3/ \3/ \3/
VAN 2N N AN
1 5 1 5 1 5

Hexait Bepriuan 4 i 5 3’enHaH] pisSHUMEA O1U-
HUYHUMU IIAKJIaMI 13 MUKJaIoM 1 — 2 — 3 —
1. 3a TBepmKenHsMu 2.2, 2.3 KOXKHA, 3 Bep-
muH 4 1 5 3’emHaHa JHITEe IBOMAa CTpILIKa-
MM: BXIJIHOIO Ta BUXIJTHOMIO. 3ayBarKHUMO, IO
BepruHa 4 abo 5 He Moxke OyTu 3'e€nHana i3
IUKJIOM 1 — 2 — 3 — 1 HaCTyIIHUM YUHOM

Yepes BepmuHy 4 TPOXOAUTH €IUHUN OIU-
HU9HAR muka 1 — 2 — 4 — 3 — 1, akuit
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Mae JoBKuHY 4. OTKe, MOXKJIMBUM € IIijica-
raiiak

Aximo Bepruau 4 1 5 3’€qHAH] OUHITHAMN
IMUKJIAMH JIOBKUHHU 2 3 IHUKJIOM 1 — 2 —
3 — 1, To carafimak () Ma€ BUIJISI

2
7N
1 ~——3

ZZEEAN

4 5

abo

3 ypaxyBaHHsIM TBepJzKeHb 2.2, 2.3 MaeMo
MOXKJINBI caraiijgaku ()

3.4. 3.6. 3.8.

7N 7N
TN

3.5. 3.7.

IN 2N
O =

dxmo BepmmHa 4 3’€¢HAHA 3 MUKJIOM 1 —
2 — 3 — 1 OAUHUYIHUM LUKJIOM JIOBXKHUHH 2,
a BEpIINHA D - OJUHUYIHUM IUKJIOM JTOBXKH-
HE 3, TO caraiifak () CIIBIAJa€ 3 OJHUM i3
HaCTYIIHUX Caraiiiakin

a) b) c)

2 4 2

RN 1 N

1 5 9 4:1
v/
3 1 5 3

1

7N
NS
/
AN

4 3

13

VY Bunajky c) icHye He3B'si3HUil caraiinak

i () peamnizyeTbcsi HECKIHUYEHHOIO KLIBKICTIO
HEEKBIBaJIEHTHUX 3BEJICHUX MaTPHUIL ITOKa-
3HUKIB. 3 ypaxyBaHHSM TBepJKeHb 2.2, 2.3
MaeMO MOXKJINBI caraiijaku ()

3.9. 3.10.

N )
v N
) v

dAxmo »x Bepmunau 4 i 5 3’eqHAaH] 3 TUKIOM
1 —2—3— 1 oauHuIHIMH IUKJIaAMUA JOB-
JKIHI 3, TO caraiinak () CIiBIaIae 3 OJHUM
i3 HACTYIHUX caraiijjakiB

a) b)

NSNS AN

3 ypaxyBaHHsSIM TBepJKeHb 2.2, 2.3 MaeMo
MOKJINBI carafimakm ()

3.11. 3.13.

Hexaii caraiimak () MicTUTh OJIMHUYHI [TUKJIN
tinbkn gopxuun 2. Caraiigak (Q HOBHHEH
OyTH 3B’SI3HUM, TOMY OVIb-siKi 2 OXWMHUYHI
IUKIU Y HBOMY MAIOTh CHIJIbHY BEPIIUHY.
Tomy @) Mae BUTJIA
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4.1.

/\< >/—\

\./( >M/
3 ypaxyBaHHSIM TBEpPKEHb 2.2, 2.3 OTpuUMy-
eMo, o @ = @ BayBasKnMo, MO cepe] OTPU-
MaHUX caraiijiakiB € izomopdui. Caraiimax
3.2 izomopduuit caraiimaky 3.11, caraiimax
3.3 isomopduuit caraiaky 3.12. Caraitmaku
1.1, 2.1, 2.2, 2.3, 3.1, 3.2, 3.3, 3.8, 3.9, 3.10,
3.13, 4.1 € acormifioBaHIMU 3 YACTKOBO BITO-

PSIKOBAHUMU MHOXKHUHAME. TOMYy Iie JI0ITy-
cruMi caraiimaku. 3a TeopeMoio 2.5 Bci 1 ca-

Cnucok BUKOPHMCTAaHHUX J2KepeJl
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cbKoro yuipepcurery imeni Tapaca [1lesuen-
ka. Cepis: Maremaruka. Mexanika — 2013. —
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B.B. Kupwnuenko, B.H. ZKypasnés, .H.
[piranosekast // @yHpaMeHTabHAS] [TPU-
kiaamgHas maremarnka. — 2006. — Ne§, — T.12
— C. 105 - 120.

. Zhuravlev V.N. Admissible quivers / V.N
Zhuravlev // Journal of Mathematical Sci-
ences. — January 2010. — V. 164. — Issue 2. —
P. 234-239.

. Kypasave B.M. OnuaudgHi caraiijakum ma-
Tpunp nokasaukis. / B.M. 2Kypasibos,
O.B. Besencpknit, B.M. lapmaciok // Bi-
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raiimaku € xxopcrkumu. [lepeBipka mokasye,
mo caraiigaku 3.4, 3.5, 3.6, 3.7. € »KoOpcTKU-
M.

Mu nmosesin Teopemy.

Teopema 3.1. 3 mounicmio do i30mopgi-
3MY ICHYE 4 €a2000aKYU Ha YOMUPLOT MOo-
ykaxr 1 16 caeatidaxie ma n’amu moukar,
AKL PEAAIYIOMBCA CRINYEHHOIO KINDKICTNIO
HEEKBIBANEHMHUL 36CICHUT MATPUUD NOKA-
3HUKLE.

Ile caraiimaku 1-4 Ha YOTUPHOX TOYKAX i ca-
raitnakn 1.1, 2.1, 2.2, 2.3, 3.1, 3.2, 3.3, 3.4,
3.5, 3.6, 3.8, 3.9, 3.10, 3.13, 4.1. Bci ui ca-
raifJlaku € KOpPCTKUAMU.
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Minimax extrapolation problem for
harmonizable stable processes with noise
observations
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Locaidorcyemnves 3adaywa onmumansHo20 oUIHI08aHHA ATHITIH020 GYHKUIOHAAG 610 HEGIOOMUT 3HA-
YeHb 2aPMOHIZ06aH020 (-CMItiKo20 sunadkosozo npouecy &(t),t > 0 3a cnocmepescennamu npoyecy
&) + n(t) y moukax t < 0, de £(t),t € R ma n(t),t € R — 63aemno nezareorcri 2apmonizosarii
Q-cmitKt eunadkosi npouecu. Ompumani Gopmyst OAA 0OUUCAEHHA GEAUNUNY NOTUOKY Ma SUHAYE-
HHA CNEKMPANDOHOT TAPAKMEPUCTNUKY, ONIMUMAAOHOT 0UIHKY GYHKUIOHAAG 30 YMOBU, UL0 CEKMPAALHT
WINDHOCTE Mpoyecte 6idomi. Y momy eunadky, KOAU CNEKMPAALHI ULAOHOCTE He8idoME, ane 3a0aHT
MHOHCUHU JONYCTMUMUL CNEKMPANDLHUT ULAYHOCTEN, 3GCTMOCOBAHO MIHIMAKCHUT MEMOO OUIHIOBAHM.A.

Kao01061 cr06a: 20pmoni308aHULT NPOUEC, ONMUMGAOHA ATHITHG OUIHKQ, POOACTHG MIHIMAKCHG
OUIHKA, HAUMEHWCNPUAMAUBE CNEKMPAALHE ULTADHICTD, MIHIMAKCHA CNEKMPAADHA TAPAKMEPUCTNUKG.

The problem of optimal linear estimation of the linear functional which depends on the unknown
values of a harmonizable a-stable stochastic processes &(t),t > 0, from observations of the process
E(t) +n(t),t <0, where £(t),t € R and n(t),t € R are mutually independent harmonizable a-stable
stochastic processes is considered. The problem is considered in the case of spectral certainty where
spectral densities are exactly known as well as in the case of spectral uncertainty where spectral densi-
ties are not exactly unknown while classes of admissible spectral densities are specified. Formulas for
calculating the error and the spectral characteristic of the optimal linear estimate of the functional are
proposed in the case of spectral certainty. Formulas that determine the least favorable spectral densities
and the minimaz (robust) spectral characteristics are proposed in the case of spectral uncertainty for
some classes of admissible spectral densities.

Key Words: harmonizable process, optimal linear estimate, robust estimate, least favorable spectral
density, minimaz spectral characteristic.

Communicated by Prof. Kozachenko Yu.V.

1 Introduction maximum of the errors for all spectral densities

from the given set of admissible spectral densi-

The interpolation, extrapolation and filtering
problems for stationary stochastic processes were
investigated by A. Kolmogorov, N. Wiener, A.
Yaglom (see [2] for details). The extrapolati-
on problem for harmonizable stochastic process
was investigated by S. Rajput and K. Sandberg
[8]. The proposed methods of solution the esti-
mation problems are based on the assumption
that we known spectral densities of the consi-
dered processes. However, usually we do not know
exactly spectral densities of the processes while
we often know a set of admissible spectral densiti-
es. In this case we can apply the minimax-robust
approach to estimate the functional A®*"¢. This
method let us find an estimate that minimizes the

© M.P.Moklyachuk, V.I.Ostapenko, 2016 15

ties simultaneously (see book [5] for more detai-
Is). The paper by U. Grenander [3] is the first
one where the minimax-robust approach to the
problem of extrapolation of stationary stochastic
processes was formulated and investigated. In the
book by M. Moklyachuk [5] results of investigati-
ons of the problem of optimal linear estimation
of functionals which depend on unknown values of
stationary and related sequences and processes are
presented. In the papers by M. P. Moklyachuk and
V. I. Ostapenko (6], [7] results of investigations of
the interpolation problem for harmonizable stable
sequences are proposed.

In this paper we deal with the problem of opti-
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mal linear estimation of the functional A®*'"¢ =
Jo~ a(t)&(t)dt which depends on the unknown
values of a harmonizable a-stable stochastic
processes {(t),t > 0, from observations of the
process &(t) + n(t),t < 0, where £(¢),t € R and
n(t),t € R are mutually independent harmoni-
zable a-stable stochastic processes. Formulas for
calculating the error and the spectral characteri-
stic of the optimal linear estimate of the functi-
onal are proposed in the case of spectral certai-
nty where spectral densities of the processes
are exactly known. Formulas that determine the
least favorable spectral densities and the mini-
max (robust) spectral characteristics are proposed
in the case of spectral uncertainty where spectral
densities are not exactly unknown while a set of
admissible densities is given.

2 Harmonizable symmetric a-stable

stochastic process

Definition 2.1 (symmetric a-stable random vari-
able). A real random variable ¢ is said to be
symmetric a-stable, SaS, if its characteristic
function has the form Fexp(it§) = exp(—c|t|*) for
some c>0and 0 < o < 2.

Definition 2.2 (symmetric «-stable stochastic
process). A stochastic process {{ = {(t),t €
R} is called symmetric a-stable, Sa.S, stochastic
process, if all finite dimensional distributions

(&(t1),&(t2), ..., &(ta)),t1,t2, ..., tg € R;d > 1 are
symmetric a-stable.

For jointly Sa.S random variables £ = &1 +i&s
and n = 1 + @2 the covariation of ¢ with 7 is
defined as [1]

€1l = /S (21 + i2) %

X (yl + iy2)<a_1>drél7§27771,772 (xlv €r2,Y1, y2)7

(1)

where 2<P> = |2/#~1%z for a complex number z
and 8 > 0. The covariation is linear on the first
argument but in general is not symmetric and li-
near on the second argument [1]. For £, &1, &2, 1 joi-
ntly SaS we have [61 + &2, 77]04 = [617 77]04 + [527 77]047

1€, Mol < IEllallnlla™ (2)

and [[€]|la = [g,g]}/"‘ is a norm in the linear space
of SaS random variables which is equivalent to
convergence in probability. The norm || - || is not
necessarily the standard L% norm.
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Let Z ={Z(t) : —oo0 <t < o0} be a complex
SaS process with independent increments. The
spectral measure of the process Z is defined
as p{(s,t]} = [|Z(t) — Z(s)||&. The integrals
J f(t)dZ(t) can be defined for all f € L*(u) with
properties [1]:

H [ rwaz

[/f(t)dZ(t),/g(t)dZ(t)L _

— [ s du.

zz [ 15,

(3)

Definition 2.3 (Harmonizable symmetric a-stable
stochastic process). A SaS stochastic process
{&{(t),t € R} is said to be harmonizable,
HSaS, if there exists a SaS process Z =
{Z(0);6 € [—00, 00|} with independent increments
and finite spectral measure p such that process
€(t) has the spectral representation &(t) =
[ emdz(9), t € R, and the covari-
ation has the representation [£(1),£(s)]la =
e et=9)0d,(0), t, s€cR.

Note that a HSaS stochastic process is not
always stationary, but for a« = 2 the HSa$
processes are stationary with Gaussian distributi-
on. We consider the case where 1 < o < 2.

Denote by H () the time domain of the HSa.S
process {£(t),t € R}, which is a closed in the norm
| - |l linear manifold generated by all values of
the HSaS process {{(t),t € R}. It follows from
the spectral representation of the HSaS process
{€(t),t € R} that the mapping £(t) « €0 t € R,
extents to an isomorphism between the spaces
H(§) and L(p). Under this isomorphism to each
n € H(§) corresponds a unique f € L%*(u) such
that n = [ f(6)dZ(0).

For a closed linear subspace M C L*(u) and
f € L*(un), there exists a unique element from M
which minimizes the distance to f. This element is
called projection of f onto M or the best approxi-
mation of f in M. This projection is denoted by
Py f and is uniquely determined by the condition

o0
| ot-rupeau=o, gem ()
—00

Similarly, for HSaS stochastic process

{{(t),t € Z} and a closed linear subspace H ™ (§)
of the space H (&) there is a uniquely determined
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element &, € H~(£) which minimizes the distance
to &, and is determined from the condition
e —Ew] =o.

neH™ (). ()

3 Extrapolation
approach

problem. Projection

Consider the problem of the optimal estimation of
the linear functional

Aeatrg _ /0 T ae)dt = / At (0)dzE (),

—00

A (9) = [ atyea,
0

that depends on the unknown values of the H Sa.S-
process £(t),t > 0, from observations of the
process {£(t) + n(t),t < 0}, where £(t) and n(t)
are harmonizable symmetric a-stable stochastic
processes.

We consider the problem for mutually
independent harmonizable symmetric «-stable
stochastic processes {£(t),t € R} and {n(t),t €
R} which have absolutely continuous spectral
measures and the spectral densities f(¢) > 0 and
g(0) > 0 satisfying the minimality condition

/°° hOF
—o (£(6) +9(6)7

df < oo.

(6)

for a non-zero function of the exponential type
7(0) = J57 alt)e"dt, 72, [v(0)]7Td6 < oo.

Denote by H™({ + n) closed in the || - ||
norm linear manifold generated by values of
the harmonizable symmetric a-stable stochastic
process &(t) + n(t),t < 0, in the space H({ + 1)
generated by all values of the process {{(t) +
n(t),t € R}.

It follows from the relation between spaces
H(€) and Lo(f) that the optimal estimate A®tre
of the functional A“**"¢ is of the form

Aewtre — / Z h(6) (alzé 0) + dZ”(@)) .

This estimate is determined by the spectral
characteristic h(0) from L_(f + g) which is a
subspace of Lq(f + g) generated by e for t < 0.

The optimal estimate A®*"¢ of the functional
AT e g a projection of A®P¢ on the subspace
H~ (£ +n) which is determined by relations

¢, Aettre — Aeetre), =0, V¢ e H™(£+1),
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or, equivalently, by relations

[£(t) +n(t), A€ — A€l =0, VE<0. (8)

It follows from these equations that the
spectral characteristic h(f) of the estimate is
determined by the relation

(A (6) — ()" £(6)—(h(6)) <" o >
9

— Cextr(e% Cextr(e) —_ / C(t)eitadt
0
and satisfies condition

/ e % h(h)do = 0,t < 0. (10)

The variance of the optimal estimate of the functi-
onal is calculated by the formula

HAea:trg o Aemtrg

o
o

_ /_ A - h@) O (1)

+ [ ol g,

We can conclude that the following theorem holds
true.

Theorem 3.1. Let {{(t),t € R} and {n(t),t € R}
be mutually independent harmonizable symmetric
a-stable stochastic processes which have absolutely
continuous spectral measures and the spectral
densities f(#) > 0 and g¢g(@#) > 0 sati-
sfying the minimality condition (6). The opti-
mal linear estimate flez”f of the functional
Aertre = [P a(t)E(t)dt that depends on the
unknown values £(t),t > 0, of the process £(t),t €
R from observations of the process {£(t)+n(t),t <
0} is calculated by the formula (7). The spectral
characteristic h(0) of the estimate is determined by
equations (9) and (10). The variance of the opti-
mal estimate of the functional is calculated by the
formula (11).
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3.1 Extrapolation problem. Observati-
ons without noise

Consider the problem of optimal linear estimati-
on of the functional A®**"¢ that depends on the
unknown values of a HSaS— process £(t),t > 0,
from observations of the process {{(t),t < 0}.

Let {£(t),t € R} be a harmonizable
symmetric a-stable stochastic process which has
absolutely continuous spectral measure and the
spectral density f(6) > 0 satisfying the minimality

condition
/°° [y (0)|~—T -1
(f(8))1

for a non-zero function of the exponential type
= [ at)edt, [ |y(8)]a-Tdd < oc.
Denote by H (€) the closed in the || |[o norm
linear manifold generated by values of the HSaS
process £(t),t < 0, in the space H(§) generated by
all values of the HSaS process {£(t),t € R}.
From isomorphism between spaces H (&) and
Lo (f) it follows that the optimal estimate Aeatrg
of the functional A®**"¢ is of the form

Aeatre — /

The spectral characteristic h(6) of the optimal li-
near estimate A°*"¢ of the functional is determi-
ned by the formula h(f) =

dh < oo, (12)

0)dZ* (6 (13)

:Aextr(e) _ (C@Tr(ﬁ)><a_l (f(@))ai—ll, (14)

where C*'"(6) is determined by condition
/ e Ph(8)dh = 0, < 0. (15)

The variance of the optimal estimate of the
functional is calculated by the formula

HAextrg _ Aewtre Z _

[0}
1

- /_Z ‘ (th“w))g%i1> (f(0))==1| f(0)do.

(16)

From the theorem 3.1 the following corollary
holds true.

Corollary 1. Let {£(t),t € R} be a harmoni-
zable symmetric a-stable stochastic process whi-
ch has absolutely continuous spectral measure and
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the spectral density f(0) > 0 satisfying the mi-
nimality condition (12). The optimal linear esti-
mate Aemf of the functional A“'"¢ | that depends
on the unknown values £(t),t > 0, of the process
{&{(t),t € R}, from observations of the process
{&(t),t < 0} is of the form (13). The spectral
characteristic h(0) of the optimal linear estimate
fl”t’f of the functional is calculated by formula
(14), where C*'"(0) is determined by condition
(15). The variance of the optimal estimate of the
functional is calculated by formula (16).

3.2 Extrapolation problem. Stationary
processes

Consider the problem of the optimal estimati-
on of the functional A®*"¢ that depends on
the unknown values HSaS— process £(t),t >
0, from observations of the process {£(t) +
n(t),t < 0}, where £(t) and n(t) are mutually
independent harmonizable symmetric «-stable
stochastic processes in the case o = 2.

We will suppose that stationary process
{&(t),t € R} and {n(t),t € R} have spectral densi-
ties f(0) > 0 and g(#) > 0 satisfying the minimali-
ty condition (6) with o = 2.

The spectral characteristic h(0) of the optimal
estimate is of one of the forms

B Aertr(g)f(a) _ Cextr(e)

A (O E )
The variance of estimate has the form
HAeztrg _ Ae:vtrg ‘2 —

o] extr extr 2
[

o] extr extr 2
R -
— (B, c) + (Ra,a),

(19)
where c(t) = (B™'Da) (t),t > 0, (20)
C = Oocu Ooei(“ £)0 1 u
0= [ )_4 70+ 90"
c — > clu ! 6z(uft)@ f(e) u
D))= [ ctw) [ e o
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oo .

el (1) — o0 i S (0)g(0) o Theorem 3.3. Let {g(t),t € R} be a stat?onary

(Re) (1) = . c(u) € W . stochastic process which has absolutely continuous

—o0 spectral measure and the spectral density f(6) > 0

So, the following theorem holds true.

Theorem 3.2. Let {£(t),t € R} and {n(t),t €
R} be mutually independent stationary stochastic
processes which have absolutely continuous spectral
measures and the spectral densities f(6) > 0
and g(0) > 0 satisfying the minimality conditi-
on (6) with a = 2. The optimal linear estimate
Aeztre of the functional A®'E, that depends on
the unknown wvalues &(t),t > 0 of the process
{&(t),t € R}, from observations of the process
{&(t) + n(t),t < 0}, is calculated by the formula
(7). The spectral characteristic h(0) of the esti-
mate is calculated by the formula (17) or (18). The
variance of the optimal estimate of the functional
is calculated by the formula (19).

3.3 Extrapolation problem. Stationary
processes. Observations without
noise

Consider the problem of optimal linear estimati-
on of the functional A®*¢ that depends on
the unknown values £(t),t > 0, of a stationary
stochastic process {{(t),t € R} from observati-
ons of the process £(t),t < 0. Suppose that the
stationary stochastic process {£(t),t € R} has the
spectral density f(6) > 0 satisfying the minimality
condition (12) with a = 2.

The spectral characteristic h(6) of the optimal
linear estimate A®*'¢ of the functional A" is

calculated by the formula
h(6) = A (0) = CU(0) (F(0) 7", (21)

The variance of the optimal estimate of the
functional is calculated by the formula

| desrrg — acerre E _
- /Z o) (10) [ 7). 2
where .
cetr(9) = /0 c(t)e?do,
c(t) = (B™'a) (),t > 0, (23)

(Be)(t) = (f(t)) " dtdu.

“5 ) )

So, the following theorem holds true.

satisfying the minimality condition (12) with oo =
2. The optimal linear estimate Aemt”f of the functi-
onal A€ that depends on the unknown values
E(t),t > 0, of the process {£(t),t € R} from
observations of the process {£(t),t < 0} is of the
form (13), where the spectral characteristic h(6)
of the optimal linear estimate flef”’t’f of the functi-
onal is calculated by the formula (21). The vari-
ance of the optimal estimate of the functional can
be calculated by formula (22).

4 Extrapolation Minimax

approach

problem.

The derived formulas for calculation the error

‘ «
«

and the spectral characteristic h(f,g) = h(6)
of the optimal estimate A“*"¢ of the functional
AT e can be applied only in the case where we
know spectral densities of the processes. However,
usually we do not have exact values of the spectral
densities of the processes while we often know a
set D = Dy x Dy of admissible spectral densiti-
es. In this case we can apply the minimax-robust
approach to estimate the functional A®**"¢. This
method let us find an estimate that minimizes the
maximum of the errors for all spectral densities
from the given set D = D; x D, of admissible
spectral densities simultaneously (see book [5] for
more details).

A (h(f.g); £.9) = || A=t — A=trg

Definition 4.1. For a given class of spectral densi-
ties D = Dy x Dy, the spectral densities fo(6) €
D¢, go(#) € Dy are called the least favorable in
D = Dy x D, for the optimal linear estimation of
the functional A%*'"¢ if the following relation holds
true

A (fo,90) = A (R (fo,90); fo.90) =

A (f9): f.9)- (24)

max
(f,9)€D§x Dy

Definition 4.2. For a given class of spectral densi-
ties D = D; x D, the spectral characteristic
RO = h(fo,go) of the optimal estimate A®*"¢ of
the functional A°**"¢ is called minimax (robust)
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for the optimal linear estimation of the functional
A e if the following relations hold true

N L(f+9),

(£:9)€DfxDg

e Hp =

i A(h; f,g9) = A (R f.q) .
2 i A U559 = s, & 05 59)

The least favorable spectral densities fo(6),
go(f#) and the minimax spectral characteristic
hY = h(fo, go) form a saddle point of the function
A (h; f,g) on the set Hp x D. The saddle point
inequalities

A (h; fo,90) = A (K" fo.90) = A (% £, 9)
Vh € Hp,Vf € Dy, Vg € D,

hold true if h® = h(fo,g0) and h(fo,90) € Hp,
where (fo, go) is a solution to the constrained opti-
mization problem

A (h(fo,90); f,9) = A (h(fo,90); fos 90) ,
(25)

max
(f,g)GDf XDQ

A hn a0 ) = [J4re — A

_ _% > ’Aextr(e) _ hO(g)‘af(Q)dH (26)
~ % _OO 1h9(6)|* g(6)db.

The constrained optimization problem (25)
is equivalent to the unconstrained optimization
problem

Ap(f,g9) = —A(h(fo,90); f,9)+

27
+6(f,9|Dy x Dg) — inf, (27)

where 6(f,g|Dy x Dgy) is the indicator function
of the set D Dy x Dg. Solution (fo,g0) to
the problem (27) is characterized by the condi-
tion 0 € 9Ap(fo,90), where OAp(fo,g0) is the
subdifferential of the functional Ap(f,g) at poi-
nt (fo,g0). This condition makes it possible to fi-
nd the least favorable spectral densities in some
special classes of spectral densities D = Dy x D,
(15).

Note, that the form of the functional
A(h(fo,90); f,g) is convenient for application the
method of Lagrange multipliers for finding soluti-
on to the problem (25). In the following part of
the paper we propose relations that determine the
least favourable spectral densities in some special
classes of spectral densities.
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Basing on the presented definitions and the
derived formulas we come to conclusion that the
following lemmas hold true.

Lemma 1. Let {{(t),t € R} and {n(t),t € R}
be mutually independent harmonizable symmetric
a-stable stochastic processes which have absolutely
continuous spectral measures and the spectral
densities fo(0) > 0 and go(0) > 0 satisfying the
minimality condition (6). Let the spectral densities
(fo,90) € Dy x Dy gives a solution to the constrai-
ned optimization problem (25). The spectral densi-
ties (fo,90) are the least favorable spectral densi-
ties in Dy x Dy and h® = h(fo,go) is the mini-
mazx spectral characteristic of the optimal linear
estimation A®*'¢ of the functional AT that
depends on the unknown values £(t),t > 0, of
the process {£(t),t € R} from observations of the

process {£(t) +n(t),t < 0} if h® = h(fo, g0) € Hp.

Lemma 2. Let {{(t),t € R} be a harmoni-
zable symmetric «-stable stochastic process whi-
ch has absolutely continuous spectral measure and
the spectral density fo(6) > 0 satisfying the mi-
nimality condition (12). Let the spectral density
fo € Dy gives a solution to the constrained opti-
mization problem

jeb; A (h(fo); ) = A (h(fo); fo) (28)

€Ly

A (h(fo); f) = HAe:ctrg _ eatrg ‘Z _

/_oo ’(Cextro(g))<a1> (fo(g))a;—ll f(@)d‘g
(29)

The spectral density fo is the least favorable
spectral density in Dy and h° (fo) is the
minimazx spectral characteristic of the optimal li-
near estimate /lext’"{ of the functional A““'"¢, that
depends on the unknown values £(t),t > 0, of the
process {&(t),t € R}, from observations of the
process {£(t),t < 0} if h® = h(fo) € Hp.

Lemma 3. Let {{(t),t € R} and {n(t),t €
R} be mutually independent stationary stochastic
processes which have absolutely continuous spectral
measures and the spectral densities fo(6) > 0
and go(0) > 0 satisfying the minimality conditi-
on (6) with « = 2. Let spectral densities (fo, go) €
Dy x Dy gives a solution to the constrained opti-
mization problem

A (h(fo,90); f19)

max

A(h ;
(f,g)EDfXDg ( (foagO)afO)go)a

(30)
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f07 90 ) - 1 e
) : — (9Ol [ o) < P).
’Aextr f((BO)_lROa) (t)eiwdt o
/ 0  Let fo(0) € D?,go(ﬁ) € Dg and let the functions
(fo(0) + 90(0))?

1
0)df + ——

e 2
0o | AT (9) fo(0) — [ ((B?)~'R%)(t)edt
0
4 (Fo(0) + 90(6))? "
x g(6)dé.
(31)
The spectral densities (fo,g0) are the least

favorable spectral densities in Dy x Dy and ho =

h(fo, g0) is the minimax spectral characteristic of

the optimal linear estimate Aext’f of the functi-

onal A®*'T¢ | that depends on the unknown values

&(t),t > 0, of the sequence {{(t),t € R} from

observations of the process {£(t) + n(t),t < 0} if
= h(fo,90) € Hp.

Lemma 4. Let {{(t),t € R} be a stationary
stochastic process which has absolutely continuous
spectral measure and the spectral density fo(6) > 0
satisfying the minimality condition (12) with o =
2. Let the spectral density fo € Dy gives a solution
to the constrained optimization problem

e A (h(fo); f) = A(h(fo); fo), (32)
A (h(fo); ) =
00 2
o [ |t 5o
(33)

The spectral density fo is the least favorable
spectral density in Dy and h® = h(fo) is the
minimaz spectral characteristic of the optimal li-
near estimate At ¢ of the functional A"E that
depends on the unknown values £(t),t > 0, of
the process {£(t),t € R} from observations of the
process {£(t),t < 0} if h® = h(fo) € Hp.

4.1 Least favorable spectral densities in
the class D} x D)

Consider the problem for the class Dg)c X DS, where

DY =10y [ 1@)a8 < P,

a

hy(fo,90) = ;o (34)

/ " a()edt — ()
0

hg(fo, 90) = |h°(0)]" (35)

be bounded.
Under these conditions it follows that the
functional

1 [ ¢

Bty ==g0 [ | [ atwetar—n)| so)as
— % |h°(0)|" g(6)do.
(36)

is bounded in the space L1 X L.

From the condition 0 € 9Ap(fo,90),D =
Dgl X Dg it follows that the least favorable densities
satisfy equations

/ " (e dt — hO(9)
0

«

= a1 (fo(0)+9(0)) (37)

|h0(0)|" = as(fo(0) + g(0)),

where a7 > 0,0 > 0 are constant a; # 0, if
22 fo(0)dO = Py an # 0, if [*°_ go(0)df = Ps.
We have the following statement holds true.

(38)

Theorem 4.1. Let the spectral densities fo(f) €
D?,go(e) € DS satisfy the minimality condition
(6). Let functions hy, hy determined by (34), (35)
be bounded. The spectral densities fo(0), go(6) are
the least favorable in the class D = Dg)c X Dg for the
optimal extrapolation of the functional A®C¢ if
f0(0),90(0) give a solution to the system of equati-
ons (37), (38) and define solution of optimization
problem (25). The spectral characteristic h( fo, go)
of optimal linear estimation A ¢ of the functi-
onal A®'"¢ s defined by equations (9), (10).

4.2 Least favorable spectral densities
for class D;. Observations without
noise

Consider the problem for the class of spectral
densities

Dy = {fw) YCT =v}.
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Making use of the Lagrange multipliers we get zi > IF(N) — f1(/\)!2d)\ — (45)

_ T J 0o

fo(8) = A ‘thro(e)‘ . (39) -
) o= [ 19N =g (M)]dA =€ (46)

extr 0 <a-1~ 1 21 — oo

B(fo) = A (O)+(Cor0(8)) " (fo(0)) T

(40)
Thus, the following theorem holds true.

Theorem 4.2. Let the spectral density fo € D1
satisfy minimality condition (12) with o = 2. The
least favorable spectral density in the class D1 for
the optimal estimate of functional A®*"¢ is densi-
ty (39) which determine solution of optimization
problem (28). The minimax spectral characteristic
of the optimal estimate flmtrﬁ of the functional
AT E s defined from (40) and (15).

4.3 Least favorable spectral densiti-
es for class Dy, x D;.. Stationary
processes

Consider problem for the class Dae, X Die,, where

Daes = U055 [

—00

IF(A) = i) PdA < e},

Dis ={9®l5- [ 1600 - (VladA < 2}

Let the functions hy(fo, go) =

|A6wtr(9)go(9) + fOOO ((BO)—IDOa) (t)eitodt‘Q

(fo(0) + g0(0))? 7
(41)

hg(fo,90) =
‘Aextr(ﬁ)fo(ﬁ) _ fOOO ((BO)leOa) (t)eitgdt‘2
(fo(0) + go(0))? ’
(42)

be bounded. From condition 0 € dAp(fo, 90), D =
D?c X Dg, we have that the least favorable spectral
densities are defined by equation

2

AT (0)go(0) + /D h ((B%)'D) (t)e*dt

= o1 (fo(0) + 90(0))*(fo(6) — f1(6))

(43)

2

‘Aextr(e)fo(a) _ /oo ((BO)leOa) (t)eiwdt

0
= az(fo(0) + g0(0))¥(0),

(44)

22

(W(0)] < 1,%(0) = sign(go(¥) — 91(0)), if go(0) #
91(0), a1, ag are constants.
Thus, the following statement holds true.

Theorem 4.3. Let fo(0) € Dae,g90(0) €
D, satisfy minimality condition (6). Let functi-
on hy,hy determined by (41), (42) be bounded.
The spectral densities fo(0),go(0) are the least
favorable in class D = Dy X Die, for
optimal extrapolation of functional A®7E =
Jo~ a(t)E(t)de, if fo(0),90(0) are solution of equati-
ons (43), (44), (45), (46) and determine soluti-
on of optimization problem (30). The spectral
characteristic h(fo,g0) of the optimal estimate
flmt’f of the functional A®®¢ is determined by
equations (18).

4.4 Least favorable spectral densi-
ties D?. Stationary processes.
Observations without noise

Consider the problem for class D? , where

D] =0 [ (r)ir = ).

It follows from condition 0 € 0Ap(fo,90), D =
D? that the least favorable spectral density sati-
sfies equation

2
£2(0) = m(fo(6))" 1,
(47)

/ ” (B a) (t)e?dp
0

where 1 is determined by condition

/_ " h0)%do = Py, (48)

Thus, the following statement holds true.

Theorem 4.4. Let spectral density fo € D? sati-
sfy minimality condition (12) with o« = 2. The
least favorable spectral density D? for the opti-
mal estimate of the functional A“**"¢ is determi-
ned by equation (47) and the optimization problem
(32). The minimax spectral characterisation h(fo)
is determined by equation (21).
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5 Conclusion

In this article we propose methods of solution of
the problem of optimal linear estimation of the
functional A“*"¢ = [ a(t)€(t)dt which depends
on the unknown values of a harmonizable a-
stable process £(t),t > 0 from observations of
the process £(t) + n(t),t € R at points t < 0.
The problem is investigated in the case of certai-
nty where spectral densities of the processes are
exactly known as well as in the case of uncertai-
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nty where spectral densities of the processes are
not exactly known while sets of admissible densi-
ties are described. In the case of certainty we deri-
ve formulas for calculation the error and spectral
characteristic of the optimal estimate of the functi-
onal. The minimax approach is applied in the case
of spectral uncertainty. Formulas that determine
the least favorable spectral densities and the mini-
max (robust) spectral characteristics are proposed
for some classes of admissible spectral densities.
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Llocaidorcyemvea 3adaywa onmumassHo20 AMHITHO20 OUIHIOBAHHA GYHKUIOHAAG 610 HEGIOOMUT 3HA-
YeHb CMAYIOHAPHO20 CMOTACTNUNHOZ20 NPOYUECY 30 OGHUMU CNOCTMEPENHCEND NPOUECY 3 WYMOM, KOAU HE
8t cnocmepesicernts 6idomi. Snatident gopmyau daa obuucaenns cepednvboreadpamuumnol norubky ma
CNEKMPANLHOT TAPAKMEPUCTIUKY ONMUMAALHOT OUTHKY GYHKUIOHAAG 34 YMOBU, UL0 CNEKMPANOHT WLIAD-
HOCME npouecie 6idomi. Y 8unadky, KoAU 6U2AAD CNEKMPANLHUT WLAbHOCTEN Hesidomul, are 3a0aHT
MHOHCUHU JONYCTMUMUL CNEKMPANLHUT UWIAYHOCTNEN, 3GCMOCOBAHO MIHIMAKCHUT MEMOO OUIHIOBAHM.A.
as 3adanux MHOMCUH JONYCTUMUL CNEKMPALLHUL ULAYHOCTET SUSHAYEHT HAUMEHUL CNPUATNAUGT
CNEKMPANLHTL WIABHOCTL TG MIHIMAKCHT CNEKMPAALHE TAPAKMEPUCTNUKY ONMUMAALHOL ATHITHOT 0ULH-
KU GyHKUIOHAAA.

Karonosi caosa: cmayionaprutl npoyec, cepednvbokeadpamuima norubka, pobacmma oyinka, Hal-
MEHUL CNPUAMAUSE CNEKMPANDLHE WIADHICTND, MIHIMAKCHA CNEKMPLALHE TAPAKMEPUCTIUKA.

The problem of the mean-square optimal linear estimation of the functional which depends on
the unknown values of a stochastic stationary process from observations of the process with noise is
considered. Formulas for calculating the mean-square error and the spectral characteristic of the optimal
linear estimate of the functional are proposed under the condition of spectral certainty, where spectral
densities of the processes are exactly known. The minimaz (robust) method of estimation is applied in
the case where spectral densities are not known exactly, but sets of admissible spectral densities are given.
Formulas that determine the least favorable spectral densities and minimaz spectral characteristics are
proposed for some special sets of admissible densities.

Key Words: stationary process, mean square error, minimaz-robust estimate, least favorable spectral
density, minimaz spectral characteristic.

Communicated by Professor Kozachenko Yu.V.

The basic assumption of most of the methods
of estimation of the unobserved values of
stochastic processes is that the spectral densi-
ties of the considered stochastic processes are
exactly known. However, in practice, complete
information on the spectral densities is impossi-
ble in most cases. To overcome the problem one
can find parametric or nonparametric estimates
of the unknown spectral densities and apply one
of traditional estimation methods. This procedure
can result in significant increasing of the value of
error as K. S. Vastola and H. V. Poor [19] have
demonstrated with the help of some examples.
To avoid this effect one can search the estimates
which are optimal for all densities from a certain

© M.P. Moklyachuk, M.I. Sidei, 2016

class of admissible spectral densities. These esti-
mates are called minimax since they minimize
the maximum value of the error. The paper by
Ulf Grenander [4] should be marked as the first one
where this approach to extrapolation problem for
stationary processes was proposed. Several models
of spectral uncertainty can be found in the survey
paper by S. A. Kassam and H. V. Poor [6].
In the paper by M. Moklyachuk [11]|, books
by M. Moklyachuk [10], M. Moklyachuk and
A. Masyutka [13], M. Moklyachuk and I. Goli-
chenko [12] results of investigations of the problem
of optimal linear estimation of functionals whi-
ch depend on unknown values of stationary and
related sequences and processes are presented.
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Estimation problems for functionals which depend
on unknown values of stochastic processes wi-
th stationary increments were investigated by M.
Luz and M. Moklyachuk [8, 9]. The problem of
interpolation of a stationary sequence with missi-
ng values was investigated by M. Moklyachuk and
M. Sidei [14, 15]. Prediction problems with missing
observations for stationary processes were investi-
gated in papers by P. Bondon [1, 2|, T. Nakazi [16],
Y. Kasahara, M. Pourahmadi and A. Inoue [5].

In this paper we deal with the problem of
the mean-square optimal linear estimation of the
functional A& = > f—_]\]\;ll—N a(t)&(t)dt, which
depends on the unknown values of a stochastic
stationary process £(t) from observations of the
process &(t) + n(t) at points t € R\S, S =

S

l
Ul-M; — Ni,...,—M), M; = > (Ny + Ky),
=1 k=0
Ny =0, Ky = 0. The case of spectral certainty as

well as the case of spectral uncertainty are consi-

dered.

1 Classical interpolation problem for stati-
onary processes

Let {£(t),t € R} and {n(t),t € R} be uncorrelated
stationary stochastic processes with zero first
moments E¢(t) = 0, En(t) = 0 and correlation
functions of the form Re(k) = 5= [* e f(X)dA
Ry(k) = 5 [77 e g(A)dA, where f(X), g(\) are
spectral densities of processes £(t) and 7)(t) respec-

tively, and the minimality condition holds true

© P N
/_oo 7O + a0 ™ =%

where y(A) Zl 1 f M -N @
vial function of the exponentlal type. Under this

condition the error-free interpolation is impossible
[18].

Processes £(t) and 7(t) admit the spectral
decomposition [3]

(1)

”’\dt is a nontri-

)= [ e Ze(dN). (1) = / e 7, (dN),
@)

where  Z¢(d\) and Z,(d\) are orthogonal

stochastic measures.
Consider the problem of the mean-square

optimal linear estimation of the functional
S
A€ = Z f a(t)&(t)dt, which depends on the
=1-M,-N,
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unknown values of the process £(t) from observati-
ons of the process £(t) + n(t) at points t € R\S,

S = U[ Ny, .., M),

Makmg use of spectral decomposition
(2) of stationary process &(t) we can wri-
te the functional Agz€ in the following form

f As(e?) Ze(dN), where Ag(e?) =

Zl 1 f Ml Je'dt.

Denote by A5§ the optimal linear esti-
mate of the functional A€ from observations
of the process &(t)+ n(t) and by A(f,g9) =

2

the mean-square error of 12135 .

Consider values £(j) and n(j) as elements of
the Hilbert space H = Lo(Q2, F, P) generated by
random variables £ with 0 mathematical expectati-
ons, B¢ = 0, finite variations, E|¢|? < oo, and
inner product (£,n) = E&7. Denote by H*(§ + 1)
the closed linear subspace generated by elements
{&(t) + n(t) : t € R\S} in the Hilbert space
H = Ly(Q,F,P). Let La(f + g) be the Hilbert
space of complex-valued functions that are square-
integrable with respect to the measure whose
density is f(A) + g(A). Denote by L5(f + g) the
subspace of Lo(f + g) generated by functions
{ef* t € R\S}.

The mean-square optimal linear estimate flsf
of the functional A ¢ can be represented in the
form A& = L2 h(e™)(Ze(dN) + Zy(dN)), where
h(e?) € Ls(f + g) is the spectral characteristic of
the estimate.

The mean-square
estimate A 35 is given

(h f’ ) = 271' —00 ‘A
o ‘h A } g(A)dA.

Accordmg to the Hilbert space projection
method proposed by A. N. Kolmogorov [7], the
optimal estimation of the functional Az is a
projection of the element Ag¢ of the space H on
the space H*({ + n). It can be found from the
following conditions: 1)/155 € H5(E+n), 2)AL—
A& LH?(€ 4+ n). Thus, the spectral characteristic
h(e”) and the mean-square error of the estimate
Asé are calculated by formulas

error  A(h; f) of the
by the formula

) — h(e™)]” F(N)dA +

N (c B A Gl
h(e™) = Ayl )f(A)+9(A> FO)+g(N)
N =S [T BIR A (1
( ) - ;/;M _N( ° ’ 7
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A(h; f,g9) = s
( fg? k o teR\S, S = U[-M —N,...,—M,|], can be
1 [ [Ag(e)g(N) + Cs(e™) I=1
— F(A)dA calculated by formulas
L R oY) by formules
L [As(e™)F(N) = Co(e™) [ D h(e) = As(e?) = Co(e) 1),
5 2 g . S _Ml . 5
21 ) oo () +9(N) Cs(el)‘) _ Z/ (Bs—la)(t)eztkdt’ (5)
= <RS§7 B;1R85> =+ <Q85:7 5:)7 1=1 Y —Mi—Ni

where < A,C >= >/, f__]%l—Nl At)C(t)dt is
the inner product in the space La(S), (Bsx)(t),
(Rsx)(t) and (Qsx)(t) are linear operators in the
space Ly(S) determined by the following formulas

(Bx)(t) =
1o M ) [ w1
27”21/%]% @ [ oy

(Rsx)(t) =

IR o PN VO S (CY
27TZ/_MZ—NZ () /—ooe fN) dAdu,

=1 +g(N)
(Qsx)(t) =
L [ [T ey S
2w,zl/MlNl @ | Ty

x(t) € Lo(S), teS,

and the function a(t) a(t),t € S. Let us
summarize results and present them in the form
of a theorem.

Theorem 1.1. Let () and n(j) be uncorrelated
stationary processes with spectral densities f(\)
and g(\) which satisfy the minimality condition
(1). The spectral characteristic h(e?) and the
mean-square error A(f,g) of the optimal linear
estimate of the functional As& which depends on
the unknown values of the process £(j) based on
observations of the process £(t) + n(t), t € R\S
can be calculated by formulas (3), (4).

For the case when the stationary process £(t)
is observed without noise we obtain

Corollary 1. Let (t) be a stationary stochastic
process with the spectral density f(X), which sati-
sfies the minimality condition fjﬂ FHA\)dA < oo
The spectral characteristic h(e*) and the mean-
square error A(f,g) of the optimal linear esti-
mate of the functional A& which depends on
the unknown values of the process £(j) based on
observations of the process &(t) at time points

A(h; f) =< Bj'a,a > . (6)

2 Minimax method of interpolation

The obtained formulas can be applied only in the
case where spectral densities of the processes are
exactly known. In the case where spectral densities
are not exactly known, while a class of admissible
spectral densities is given, the minimax method
can be applied to estimate the functional. This
method allows us to find estimates that minimize
the maximum values of the mean-square errors of
the estimates for all spectral densities from a given
class of admissible spectral densities.

Definition 2.1. For a given class of spectral densi-
ties D = Dy x D, the spectral densities fo()\) €
D¢, go(X) € Dy are called least favorable in the
class D for the optimal linear interpolation of the
functional A€ if the following relation holds true

A (fo, 90) = A (R (fo,90); fo,90) =
A(h(f,9);f.9)-

max

(f,9)€Dfx Dy
Definition 2.2. For a given class of spectral densi-
ties D = D; x D, the spectral characteristic
h9(e*) of the optimal linear interpolation of the
functional Ag¢ is called minimax-robust if there
are satisfied conditions

M

(f,9)eDx Dy

min max A (h; f,g) = max A (h°;f,g).
heHp (f.9)€D (h: £:9) (f.9)€D ( / g)
From the introduced definitions and formulas
derived in the previous section we can obtain the
following statements.

h(e?*) € Hp = Li(f +9),

Lemma 1. Spectral densities fo(X) € Dy, go(A) €
D, satisfying the minimality condition (1) are
the least favorable in the class D = Dy x D,
for the optimal linear interpolation of the functi-
onal A&, if the Fourier coefficients of the functi-
ons (o) + o) foM)(folA) + go(N) 7,
FoN)goN) (fo(N) + go(A))™t determine operators
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0 0 0
BS’RS’

S
constrain optimization problem

max (R.a,B;'R.d) + (Q.&,3a) =
<ﬁweDfng< A > (7

(RYE, (BY)™'R{E) + (Q(4, a).

which determine a solution to the

The minimazx spectral characteristic h°® = h(fo, go)
is determined by the formula (3) if h(fo, 90) € Hp.

Corollary 2. Suppose that the spectral density
fo(\) € Dy is such that fy'(\) is integrable. The
spectral density fo(X) € Dy is the least favorable
in the class Dy for the optimal linear interpolati-
on of the functional As& from the observation of
the process &(t) at points t € R\S if the Fouri-
er coefficients of the function f(;l(A) determine
the operator BY which determines solution to the
constrain optimization problem

max (B, '4, &) = (B) 4. 4).

jax (®)

The minimaz spectral characteristic h® = h(fy) is
determined by the formula (5) if h(fo) € Hp,.

The least favorable spectral densities fo(A),
go(A) and the minimax spectral characteristic
hY = h(fo, go) form a saddle point of the function
A (h; f,g) on the set Hp x D. The saddle point

inequalities
A (hoa fag) <A (hoa ang()) <A (h7 angO) )
Vh € Hp,Vf € Dy, Vg € Dy,

hold true if h® = h(fo,g0) Ta h(fo,q0) € Hp,
where (fo, go) is a solution to the constrained opti-
mization problem

sup
(f?g)eDf XDQ

9)
A (h(fo.90); fr9) =

1 [ |As(e™)go(N) + COeM) |

FOOdA

o )s (M) + 00
L[ A fo(N) — CO(e™)[?
Yo ) Gy amopr I

e =30 [ () R e
=1 Y —Mi—N,;

The constrained optimization problem (9)
is equivalent to the unconstrained optimization
problem

Ap(f,g9) = —A(h(fo,90); [, 9)+

5((/.g) Dy x Dy) —inf, )
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where 6((f,9) |Df x Dy) is the indicator functi-
on of the set D = D; x D,. Solution of the
problem (10) is characterized by the condition
0 € 9ADp(fo,90), where OAp(fo) is the subdi-
fferential of the convex functional Ap(f, g) at poi-
nt (f(),g()) [17]

The form of the functional A(h(fo,g0); f,9)
admits finding the derivatives and differentials of
the functional in the space L x Lj. Therefore
the complexity of the optimization problem (10) is
determined by the complexity of calculating subdi-
fferentials of the indicator functions 6((f, g)|Ds x
Dy) of the sets Dy x D,.

Lemma 2. Let (fo, go) be a solution to the optimi-
zation problem (10). The spectral densities fo(\),
go(X) are the least favorable in the class D = Dy x
Dy and the spectral characteristic h® = h(fo, go) is
the minimax of the optimal linear estimate of the

functional AE if h(fo,g0) € Hp.

3 Least favorable spectral densities in the
class D = Dy x D,

Consider the problem of the mean-square opti-
mal interpolation of the functional A £ in the case
where spectral densities of processes belong to the
class of admissible spectral densities D = Dy x D,,

1 o0
2W[meMA<H},

De ={g(N) [g(N) = (1 = €)g1(A) + ew(}N),

1 oo
g(\)dA < Pg},

Do = {f(A)

27 J oo

where g1()) is a known and fixed spectral density,
w(A) is an unknown spectral density.

Suppose the densities fo(\) € Do, go(A) € D..
Let us introduce the following functions

| As(€™)go(A) + CO(e)|?

helo90) =y g0 MY
Ag(€™) fo(X) — Ce 2
hg(f0790) = ‘ ((fo)(f)l(\))(‘i‘)go()\»g )‘ 5 (12)

1 oo

A(h(fo,90); f,9) = o

hy(fo,90)f(A)dA

—00

o | ol anlgar
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Suppose the functions determined by (11),
(12) are bounded. In this case the functional
A(h(fo,90); [, g) is continuous and bounded in the
space Ly x L.

It follows the condition 0 €
OApyxD.(fo,g0) that the least favorable spectral
densities satisfy the following equalities

from

[Au(eM)g0(0) + CI(E)| = ar(fo() + 90(N),
(13)
AN o) = C2e™)
= (olN) + 90N (#(A) + a3,

where ¢(A) < 0, and p(A) = 0, when go(A) >
(1 —¢&)g1(N), constants ay > 0, as > 0. Note that

o £0if = [ fo(A\)dX = Pr.

Thus, the following statement holds true.

(14)

Theorem 3.1. Let the spectral densities fo(\) €
Dy, go(\) € D, satisfy the minimality condi-
tion (1) and let the functions determined by
formulas (11), (12) be bounded. The spectral
densities fo(N), go(N\) are the least favorable in the
class Dy x D, for the optimal linear interpolati-
on of the functional A& if they satisfy equations
(13),(14) and determine a solution to the optimi-
zation problem (7). The minimaz-robust spectral
characteristic of the optimal estimate of the functi-
onal A is determined by the formula (3).

Theorem 3.2. Consider the spectral densities
fo(A) € D, go(X) € D,

1 o0

- NdA< P b
27T/oof() 1}
1 o0

Df={o |5 [ aar< m}.

which satisfy the minimality condition (1).
Suppose that the functions defined by (11), (12)
are bounded. The spectral densities fo(N\), go(N)
are the least favorable in the class Dy x D, for
the optimal linear interpolation of the functional
A€ if they satisfy equations

of = { s

[A:eM)g0() + C3(E™)| = aa(fo(N) + 90(N),

(15)
A fo(0) = C2E)| = az(fo(N) + 0(N));

(16)
where oy > 0, ag = 0, af # 0, if
%ffooofo()\)d)\ = P1 and a9 7& 0, Zf
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3= [0 90(A)dA = Py, and the pair (fo(A), go(N))
determines a solution to the optimization problem
(7). The function calculated by the formula (3) is
the minimax-robust spectral characteristic of the
optimal estimate of the functional AE.

Corollary 3. Let the spectral density g(\) be
known, spectral density fo(\) € Do, function
(fo(\) +g(X\) ™1 integrable and function hy(fo, g),
determined by formula (11) be bounded. The
spectral density fo(\) is the least favorable in the
class Dy for the optimal linear interpolation of the
functional As€ if it is of the form

fo(N) = max{0, oy " |As(e™)g(A) + CL(e™)|—g(N)}

and the pair (fo(N\), go(N\)) determines a solution to
optimization problem (7). The function calculated
by formula (3) is the minimaz-robust spectral
characteristic of the optimal estimate of the functi-
onal A€.

Corollary 4. Let the spectral density fo(\) €
Do, function f5*(\) be integrable and the functi-
on determined by formula (5) be bounded. The
spectral density fo(X\) is the least favorable in the
class Dy for the optimal linear interpolation of the
functional AsE from the observation of the process
&(t) at points t € R\S if it is of the form fo(\) =
a1 |C(e™)| and fo(X) determines a solution to the
optimization problem (8). The function calculated
by the formula (5) is the minimaz-robust spectral
characteristic of the optimal estimate of the functi-
onal A €.

4 Conclusions

In the article we propose methods of the mean-
square optimal linear interpolation of the functi-
onal which depends on the unknown values of
stationary stochastic process based on observed
data of the process with noise and missing values.
Under condition of spectral certainty we derive
formulas for calculating the spectral density and
the mean-square error of the estimate of the functi-
onal. Analogous results are derived for the case of
observations of the process without noise. In the
case of spectral uncertainty where certain sets of
admissible densities are given we derive the relati-
ons which the least spectral densities satisfy.
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A group G faithfully acting on the set of all finite words over an alphabet X is called self-similar if
for arbitrary letter x from X and group element g from G there exist a letter y from X and an element
h from G such that for all words w over X the image of xw under g equals to y concatenated with
the image of w under h. Self-similar actions of G over X exist if and only if there exist an automaton
A over X such that the group of A is isomorphic to G. Fach faithful representation of G on the set
of all finite words over X defined by initial automata over X gives rise to the self-similar closure of
G. Certain faithful representations of free products of cyclic groups of order 2 are considered and their

self-similar closures are described.

Key Words: self-similar group, finite automaton, free product.

Communicated by Prof. Kirichenko V. V.
1 Introduction

In this short note it is described explicitly the self-
similar groups naturally arising from faithful fi-
nite automaton actions of free products of cyclic
groups of order 2 defined in [1]. These actions are
determined by 2-state initial automata and are
not self-similar. The examples of self-similar fini-
te automaton actions of these free products were
constructed in [2]. It is natural to ask for the mi-
nimal self-similar group containing an isomorphic
copy of G generated by initial automata, i.e. to
describe the self-similar closure of G. The main
result of this paper is the description of self-similar
closures of free products mentioned above. It will
be interesting to describe self-similar closures of
free products whose automaton actions were defi-
ned in [3].

2 Preliminaries

Let X be a finite non-empty set. Denote by X™* the
free monoid with basis X, i.e. the set of all finite
words over X including the empty word A under
concatenation. The set X* is partially ordered by
the prefix relation <, i.e. u < v for u,v € X*, iff
v = uw for some w € X*. Denote by GA(X) the

© A.C. Ouniitauk, 2016

automorphism group of the poset (X*, <).

A subgroup G of GA(X) is called self-similar
([4]) if for arbitrary z € X and g € G there exist
y € X and h € G such that (zw)? = y(w)" for
all w € X*. The group GA(X) is self-similar and
for each of its subgroups G one can define its self-
similar closure as the intersection of all self-similar
subgroups of GA(X) containing G. Self-similarity
can be naturally described by automata.

An automaton A over X is a triple (Q, ¢, ),
where () is the nonempty set of states of A,
Y Q x X — @ is the transition function and
P Q x X — X is the output function of A.
Each sate ¢ € @ gives rise to a transformation on
X*, denoted by the same letter ¢, and defined by
the recursive rule A? = A, 27 = ¢(q,x), (zw)? =
2w? %) ¢ e X, w € X*. The transformation ¢
preserves the partial order < but it may be not a
permutation. If all these transformations are one-
to-one then the automaton A is called invertible.
For an invertible automaton A the subgroup of
the group GA(X) generated by all transformati-
ons ¢ € @ is called the group of automaton A
and denoted G(A). Groups of automata are self-
similar subgroups of GA(X) and vice versa, for
each self-similar subgroup G of GA(X) one can
find an automaton A such that G = G(A).
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3 Main result

Let X = {0,1,...,n}, n > 1. Consider an
automaton A, over X with the set of states {a;, b; :
1 < i < n}. The transition and output functions
of A,, are defined by the equalities

. . a;, j=0o0rj =1
as, - b'a - )
plai j) = ¢(bi, J) {b i 0and j £
i, 7=0
Y(ai,j) =40, j=i
jo jA0andj#i
where 1 < i < n, 0 < j < n. In [1], where A,
was defined, it is shown that the subgroups of
GA(X) generated by the sets {a; : 1 < i < n}
and {b; : 1 <14 < n} splits into the free product of
n copies of cyclic groups of order 2. The group of
the automaton G(A,,) is the self-similar closure of
both these subgroups and the following theorem
characterizes this self-similar group.

a@(bla]) :ja

Theorem 1. 1) Every group {(a;,b;) (1 <i<n)is
isomorphic to the Klein four-group. 2) The group
(a1b1, ..., apby) is isomorphic to the symmetric
group of degree n + 1. 8) The group (ci,...,cp),
where ¢; = a; or ¢; = b;, 1 <1 < n, is isomorphic
to the free product of n copies of cyclic groups of
order 2.
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Proof. The definition of G(A,,) implies that ¢; €
{ai,b;}, 1 <i < n,act on X* as follows. For arbi-
trary word w € X* and any letter j of w this letter
changes under ¢; in two cases. In the first case j
is the first letter of w and ¢; = q;. In the second
case j is not the first letter of w and the previous
letter of w equals 0 or 4. In both cases j equals 0 or
1 and ¢; permutes these letters. This observation
means that ¢; has order 2. Moreover, the products
a;b; and b;a; act on X as the transposition (07)
and preserves all other words from X*. The first
and the second statements of the theorem follow.

Let us fix a group (c1,...,¢cp), ¢ € {ai, b},
1 < ¢ < n. To prove the third statement it is
sufficient to show that the product g =¢;, ...¢;,,,
where 1 < iy,...,0n < nand ig # igr1, 1 <k <
m — 1, acts non-trivially on X*. Consider a word
w = 0i1...%4,,. We will show that w is not a fi-
xed point of g. For each k, 1 < k < m, denote
by gi the product ¢;, ...c;, . It is enough to prove
that the (k 4 1)th letter of the word w9 equals
0 and all next letters of this word are the same
as in w. It follows by induction on k from the
observation made at the beginning of the proof
and inequalities iy # ip+1, 1 < k < m — 1. The
proof is complete. O

Theorem 1 allows one to derive the set of defi-
ning relations of the group G(A4,,).
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We consider the structure of a set of continuous bounded solutions of difference equations systems and
their properties. Under various assumptions, the difference equations have been the object of research of
many mathematicians, the development of their theory acquired a number of currents. Today this theory is
widely branching and already has a lot of tangible results. Especially it concerns the existence of different
kinds of solutions (analytic, continuous and others) and investigation of their properties. Despite this, during
the research of numerous theoretical problems connected with them, we have to develop specific methods of
solution since methods available do not give desired results.

The objective is to study existence of continuous limited solutions, study the structure of their set and
also developing the method of their construction. Performed researches add to already existent works of
other mathematicians and facilitate further study of the continuous limited solutions of wider classes of
functional-difference equations.

Key worlds: difference equations, functional -difference equations, continuous limited solutions.

Crartio npeacrasuB akagemik HAHY, n.¢d.-m.H., mpod. Ilepectiok M. O.

PoGora npucesveHa IOCHIIKEHHIO MHOXUHU | ,1i| #0,1i=1..,n.
HENepPEePBHHUX PO3B’A3KiB CUCTEMH PiBHAHb BUIIIALY Toni icHye 3amiHa 3viHHIX
x(t+1) = Ax(t) + F(t, x(qt)) Q) X(t) = Cy(t) |

H_e teR, A — nificia crama (n ><.n) -Matpuild, q - ne C - geska HeocoOmuBa (NxN)-Marpuils, siKa
nivicHa crama, F(t,X) — meska mificHa HemepepBHa .
MIPUBOJUTH CUCTEMY piBHAHB (1) 10 BUIIIALY

npu t E.R, xeR" BeKTOp-g)yHKHiH. Oxpemi Kiacu y(t+2) = Jy(t) + F (t,y(qt)), @)
TaKuX PIBHSIHb BUBYANKCS OaraTbMa MaTeMaTHKaMU E(t.v) = F(t.Cv). J = diaq(J 3
i Ha CHOrojHi HHM3Ka NUTaHb iX TEOpil JOCUTH ze F(ty) (t.Cy), (1 (Ao I ()
neTanbHO BHBUeHA. (OCOOIMBO 1€  CTOCYETHCS 4 ¢ 00 0 0 O
ICHYBaHHS pi3HOTO pony (aHAMITHYHUX, 0 4 ¢ O 0 0 O
HEMEePEPBHUX TOIIO) PO3B’SI3KIB 1 JOCTIMKEHHS iX )=l . .
BIIACTUBOCTEH. 4 pobori MPOJIOBKYETHCS e '
JMOCTIDKEHHS. aHAJIOTIYHUX THTaHb JUIA  TaKUX 0000 .04 ¢
CHUCTEM DiBHSHb. 0 0 00 .. 0 0 4
i=1..,mm<n

Posrmsremo cucremy piBHsHB (1). BimHocHO
MaTpuili A OyaeMo MNPUIyCKaTH, IO 11 BJIACHI
3HaueHHA A;,i=1,...,N, 33a0BONBHSIIOTH YMOBI

© I. B. Berko, 2016
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HocninuMo cuctemy piBHSHBG (2) y BUTIAAKY,
KOJIU BUKOHYIOTHCSI YMOBHU:
1. 0<4<Lli=1..,mqg>0;
_ L
T1-(1+6)
A" =max{4,i=1..m};

3. |Fty)-Fty")| <Lly-y" me teR,

2. <1,6,=68,(¢) >0 npu ¢ -0,

y,y"eR",L - mesika jomarTHa crana;
Ft0) e
HETIEPEPBHUMHE 1 OOMEXEHUMH TIPH BCiX te R

4, Bci eleMeHTH BEKTOP-QYHKITT

(GYHKITSMH 1 sup|lf(t,0)| =M <o
t
Mae micne Teopema.

Teopema 1. Hexaii BuKkoHytoThcsl yMoBU 1 — 4.
Tomi cucrema piBHSHBD (2) Ma€ HeNepepBHUI
obmexennii mpu teR  po3B's30k y BUTIAL
(YHKLIOHANBHOTO PALY

Y =3y 3)
i—0

ne V;(t),i=01.. — nmeski HemepepBHi BEKTOp-

(GyHKIII.
Hosedenns. SIkmo  |y; ('[)|SM*Ai (mo Oyxe

IIOBECHO ITI3HIIIE), TO

- o id 2
F(t, yo(at)) + Z{F(tyz y; (@) —F(t. Dy, (qt))J =
i—2 i=0 i=0

Sy (at).
=0

JlificHO, OCKIUTbKH TPU BCiX M >1 BHUKOHYIOTHCS
CITIBBIAHOIIEHHS

m+1 =

~ - 1 ~ i-2
F(t,yo(qt))+Z(F(t.Zy,-(qt))— F(t,Zy,-(qt))j=
i=2 j=0 j=0

- m
=0
TO BHACJIIOK YMOBHU 3) TEOPEMU OTPHUMYEMO

FL Yy, @) -Ft Yy, (@)
j=0 j=0

<

<

Sy, (at)

j=m+1

0 i Am+l
<L) MA'< LM*1

j=m+1

<L <L

Sy, -y, (@)
j=0 =0

OTxe, B culy yMOBH 2) 3HaileThCcsi Take
HatypanbHe uyucio N, mo mpu Bcix mM=N Mae

MicIle HepiBHICTb
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m+1

LM. <g.
1

Takum wmpoMm, g Beix M>N,teR

BUKOHYETHCS HEPIiBHICTh

FL Yy, (@) - F(t Y y;(at)
j=0 j=0

<g,

1, 0T)K€E, Ma€ MICIIE CITIBBIAHOIIECHHS
Him P2, (@00 = F. 2, (@)
um camuMm J10BEI€HO, LIO psia
F(t,yo(a0) +_§Zj(ﬁ(t,§2y,- () - ﬁ(t,'_izy,- (qt))}
piBHOMIpHO 36;Fa€TLCHJ;TpH teR i I?Iorlc; cyMa

nopisaroe F(t, "y, (qt)).

j=0
Hani, miacrasusiiu (3) B (2), OTpUMyeEMO

SHE) =32 v O +FELY ).
3Bi;[con BI/IHJ‘II/IBael, i M0 SIKIITO IBOeKTop—(byHKui'i
y;(t),i=01.., € po3B’sA3kaMH IOCIIIOBHOCTI
CUCTEM PIiBHSIHb
Yo(t+2) = Iy, (t) + F(t,0), (49)
Yi(t+D) =y, () + F (LYo () - F(£.0), (4,)

YD) =y + FE Sy, @) - FE Sy, @)
-0 =0

1=23.., (4)
to psix (3) Oyne bopMambHUM PO3B’S3KOM CHUCTEMHU
piBHSHB (2).

Posrnsnaroun MOCHIZOBHO CUCTEMH PIiBHSHB
(4,),i=0,1,..., MO)XHa MOKa3aTH, L0 BOHU MAalOTb

PO3B’S3KH y BUTIISAI GOpPMaTBHUX PAIIB

Vo) =3 JHE - },0), (5:)
j=1

(0 =33 [Ft- i yoatt- ) - Ft-1.0)]
j=1
(5)

yi(t):i‘]jll:lf(t_ J,iyj(Q(t— m-
j=0

j=1
—ﬁ(t—j,'_iyj(q(t—j»)} i=23,.. (5)
j=0

Jms  toro, mo6 (5;) Oymn po3B’s3kaMu
IOCNIIOBHOCTI cUcTeM piBHSAHL (4;) JOCTaTHBO

MoKa3aTH, IO Il PSJAU PIBHOMIPHO 30iraroThCs JI0
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TESKNAX HETepePBHUX BEKTOP-(DYHKIII i
y,(t),i=12,..., W IKMX BUKOHYIOTbCS OL[IHKH
ly; @] <M.A'. (6)

IMpuiimaroun 1o yBaru (5,), OTpUMY€EMO

Yo <[>0 F - .0)
j=1

si|J|j_1‘suplf‘s
j=1
X * i M
<SS +8) M—— =
,z ' 1- (4" +5,)

Hani, 3 ornany Ha (7) Ta (5;,) oTpuMyeMo

@< 33 E - yolat— ) -Ft-.0)|<

i1

()

<3 +6) Ly (At - )| <

=1

L —
T T1-(AT+s)
Takum uywmHOM, omiHKa (6) Mae MicHe mpH
i=0,1. Po3mipkoBytoun 3a IHAYKLI€I0,

MPUITYCTHMO, 1[0 BOHA JOBE/ICHA Y)KE IS JICSKOTO
k, 1 mokakeMo, IO BOHA HE 3MIHHUTLCA TIPH
nepexoni Bix k mo k+1. 3rigHo 3 (5.,) i (6)
MaeMo

G E N
=L

_ k
F(t—i,2 y;(at-i)-
j=0

<

~ k-1
~F(t-1J.2 y;@t- i)
=0

<> (A+)L <

=L

k k-1
PR ACIEINEDRTCIEN))
i=0 j=0

< +6) Ly (a(t— )| <

=1

1-(4 +9)

I{um camuM o1fiHKM (6) MOBHICTIO TOBEACHO 1,
otxe, psif (3) piBHOMIpHO 30iraeThest pu Beix t € R
JI0 Jesikol HemepepBHOi mpu t € R BekTOp-QyHKIIIT
y(t), sxa € po3B’s3KOM cHcTeMH piBHAHD (2) i

M.AK < M, A,

3aJI0OBOJILHSIE YMOBI

M*
t) < .
yol<7—

TeopeMy 10BeEHO.
JocnigumMo Tenep cucTeMy piBHsHB (2) y

BUIIAJKY, KOJIM BUKOHYIOTbCS YMOBHU:
1. 4>1i=1..,mqg>0;
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0= LL}L@<1,52 =5,(£) >0 npu & >0,
1- (A +5,)
Ac=min{4,i=1..,m};
3. |Fty)-Fty) <Lly=y' meteR,
y,y"eR", L - neska 1oJarHa craia;
Bci ememMeHTH BekTOop-QyHKLii F(t,0) €
HeMepepBHUMHU i OOMEXEeHUMH TIpH BCiX te R

GYHKISIMH 1 sup|lf(t,0)| =M <.
t
Mae micrie Teopema.

Teopema 2. Hexaii BUKOHYIOTBCSI yMOBU 1 — 4.
Tomi cucrema piBHSHE (2) Mae HeNepepBHUMA
obMexennit ipu t € R po3B'sI30K y BUTIISAAL pAIY

vy =%, 8)
i=0
ae Y (t),i=0,1,..., - neski HemepepBHi i oOMexeHI

npu t € R BekTop-QyHKIII.
Jlosedenns. Sk 1 B monepeHiil Teopemi, MOKHA
MMOKAa3aTH, IO Psif
_ 0 ~ i—1 _ i-2
F(t, Yo (q1)) +Z(F(t,z y;(at) -F > (qt))J
i=2 =0 j=0
teR,
JTIOPIBHIOE

PiBHOMIpHO 30iraeTbes
V. ()|<M.0i20 i

F(t Y, ().
j=0
OTxe, mijcrapuBimi (8) B (2), OTpUMYEMO
2N+ =33 VO +FE Y51,
i=0 i=0 i=0

BekTOp-QyHKIIii
MOCTIITOBHOCTI

pu

foro cyma

3BIAKM  BUILIMBAE,

y.(t),i=01,.., €
CUCTEM DPiBHSIHb

70(t+1)=\])70(t)+|f(t,0), (%)

Yt +1)=J,(0) + F(t. Yo (@) - F(t.0), (9,)

(D)= 7,0+ FO.3 3, @) - F .Y, @),
j=0 j=0

oo SIKIIO
PO3B’sSI3KaMHu

i1=23.., (9)
TO psx (8) Oyae GopMaibHUM PO3B’SI3KOM CUCTEMHU
piBHSHB (2).
3rigHo 3 YMOBaMH TEOPEMH PSA
Yo()=-2 3 VF(t+],0) (10)

j=0
piBHOMipHO 30iraeTbes npu Beix t € R, 3a10BoIBHSIE
cucremy (9,) (B IbOMYy MOXHa HEpPeKOHATUCS
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Oesnocepenupor0  migcranoBkoro B (9,)) i 4. Bci KOMIIOHEHTH BEKTOP-PYHKITIH

BHKOHYETLCS OIliHKA

_ O (i) = . L. _qpi+l ~
Vo)< > 37 UE(+j,0) SZ‘J 1‘ ‘supF‘s
j=0 j=0

© . _ -1 _ _

<A +5,) MM Sﬂ*—j@M =M.. (11)
= 1-(L"+0,)

Posrnsgaroun MOCHITOBHO CUCTEMH PIiBHSHB
(9,),i=12,..., MoxHa 3a IHAYKIi€I0 TOKa3aTH, MIO0
psaau

© . _ . ifl_ .

Vi(t)=—ZJ‘““{F(t+J,Zy,-(q(tﬂ)))—

i=0 j=0

—If(t+j,IZVj(q(t+j)))},izl,Z,.... (12,)
j=0

piBHOMipHO  30irarotbcss Tpm  BCix teR,
3aI0BOJIHHSIOTh  BIANOBIAHI ~ CHCTEMU  PIBHSIHB
(9,).1=12,..., 1 BUKOHYIOTbCS OL[IHKH

V)| <M.6'i=12,... (13)

Takum umHOM, psin (8) piBHOMIpHO 30iraeTbes
npu teR [0 AESIKoro HENmepepBHOTO PO3B’SA3KY
y(t) , sKuit 3a10BONBHSIE YMOBI
M*

1-6

ly(®)|<

TeopeMy noBeneHo.

[Nepenumemo cucremy piBHAHB (2) y BUTIISIII
yH(t+1) =3,y (1) + F'(t,y'(a), y* (at),

2 2 =2 1 2 (14)
ye(t+1) =3,y () + F°(t, y (at), y“(at)),

e

Jy =diag(J; (4), -, I (A)),
‘]l = diag(‘]kﬂ(ﬂkﬂ)"'"‘]m(ﬂ‘m))i m<n.

Teopema 3. Hexaii BUKOHYIOTHCSI YMOBH:
1. O<ﬂ1<1<ﬂj,i=],...,k,j:k+:L...,m,q>O;
2L 2L(A1 +5,) -1
1-(A"+8) 1-(At+6,)|
A =max{4,i=1...k},
ﬂ,ﬁzmin{/‘tj,jzk+1,...,m};
3 Pty ya) —Fys v <L{|vi - |+

+|y2 = Vi) i=L2, met e R,y ¥, 1, v; € R,

L - mesxa nonarHa crania;

2. 0=max{

F'(t,0,0),i=12 e
obMmexeHnMH IpH Beix T € R pymkitismm.
Tomi cucrema piBHAHD (14) Mae HellepepBHUI 1

HeTepepBHUMHU 51

oOMexxeHH npu teR PO3B’sI30K
y(®) =(y'@®.y*@).
Hoseoenns. Po3B’s30K CUCTEMHU (14)

HIYKaTUMEMO Y BUIIIAA1 QyHKIIOHATIBHUX PSiB

VO =y

w (15)
Y0 =2 v (0,

i=0

e yil(t), yi2 t),i=01,.., - nmesxi HemepepBHi I
obomexeni npu t € R Bekrop-dyHKIi.

Sk i B momepenHix TeopeMax, MOKHA ITOKa3aTH,
110 psiau

EL(t,yA(a). y2(at)) &{ﬁl(t,'zy} @3 y? (qt)J—
i—2 =0 =0
(i i-2
—Fl[t,Zy} (at).>’ y?(qt)n,
j=0 j=0

F2(t, y(at), y2 (qt»+i£ﬁ{t.iy} @),y y,?(qt)}—
j=0

i=2 j=0
2 i2
s DR ACODRAC
j=0 j=0
piBHOMIpHO 36iratotecst mpu teR, ‘yil(t)‘SM'Hi,
JIOPIBHIOIOTH

‘yiz(t)‘SM'Hi,iZO i ix cymnu

AORACODRACH LA DR ACOIRACH)
j=0 j=0 =0 =0

BIJIIIOBITHO.
Toni, miacrasnsitoun (15) B (14), orpumyemo

Sy D) =3,y + B S yian, S y2(a),
i=0 i=0 i=0 i=0

S+ =3,3 y20 + F2 6 i, S y2(at)),
i=0 i=0 i=0 i=0

3BIIKH O€3MMOCEPEHR0 BUILIMBAE, IO SKIINO BEKTOP-

dymkmii  Yi(t), y2(t),i=0,1..., € po3s’sKamu
MOCTIIOBHOCTI CUCTEM PiBHIHB
Lt+1) =J, v (t) + F(t,0,0),
Yo(t+1) = J1y,(t) ( ) (16,)

Yo (t+1)=J,ys (1) + F?(t,0,0),

yi(t+2) = J,y; (t) + F(t, yg(at), y5 (at)) — F*(t,0,0),
(16,)
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yi(t+1) =J,y7 (t) + ﬁz(t,yé_(qt),yé(q_t))—ﬁz(t,o,O),
VD) = 3yH0 + FHL S v 0. Y v (D) -
j=0 j=0
=2 i-2
j=0 j=0
i=23,..,

V(D = 1,y20 + B2 Y v (0.3 v (@) -
j=0 j=0

(16;)

2 i-2
—F2(t, 2 yj(at). 2 i @),
j=0 j=0

to psaau (15) € dopMaTbHUM PO3B’SI3KOM CHCTEMHU
piBHsHB (14).

IIpuiimaroun 10 yBaru ymMOBH TEOPEMH, MOKHA
MEPEKOHATHCS, 10 PN

yo () => I/ Fi(t-j,0,0),
j=1

(175)

0

yo(t)=-> 3, UF?(t+},0,0).

j=0
piBHOMIpHO 36iratorsest mpu t € R, 3a10BONIBHSAIOTH
cucremy piBHHB (16,) 1 BUKOHYIOTBCS OLIHKH
M 1
1-(A"+68,)
M? (A +35,)
1-(A2+6,)
e M* =sup‘lfl(t,0, 0)‘ ,M? =sup‘|52(t,0, 0)‘.
t t

V)] <
(18,)
Vo)<

3riguo 3 (18,) oTpumMyemMo OLiHKY

: M* M?(A +6
YoM = — (_1 Dl (19,
1-(4 +8;) 1-(As +9,)
Bpaxosyroun  (16,) Tta (18,) MmoxHa
MOCITITOBHO MTOKAa3aTH, [0 PSAIN

yi(t) =

Cnucok BUKOPUCTAHHUX JZKEpPeJI

1. Birkhoff G.D. General theory of linear
difference equations. / Birkhoff G. D. —
Trans. Amer. Math. Soc. — 1911. — 12. — P.
243 —284.

2. Trjitzinsky W. J. Analytic theory of linear g-
difference equations./ Trjitzinsky W. J. —
Ibid. — 1933. - 61. — P. 1 —38.
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M

.L

) B i-1 i-1
Jfl[F{t— i Yia— ). yiat- j»J—
j=0 j=0

J
—ﬁl(t— I3 yh@t - )Y yA(a - j))ﬂ,
j=0 i=0

i=12.., (17,)

Yi2 ®=

o ) ~ i-1 i-1
=->"3,0" {FZ {t+ IDHCIES) DI ACIE ,-»J_
j=0 j=0 j=0

5 i—2 i-2
~F? (t +§.2 yi@at+ ). > yi(act+ J'))J:l )
j=0 j=0

piBHOMIpHO 36iraroThes npu € R | 3a10BONBHSIOTH

cucremu piBHsaHb (16,), 1=12,..., i BUKOHYIOTbCS
OLIHKU
viw[sme,
, o i=12,.. (18;)
IACELA

3Bigcu BurumBae, mo psau (15) piBHOMIpHO
36irarorbest pu teR  no nmesxoi HenepepBHOI

y() =y (®).y* 1),
po3B’s3koM cucteMu piBHSAHB (14) i 3aM0BONBHSE
YMOBY

BeKTOp-QyHKIIii dKa €

o<1
1-6
Teopemy 3 noBezneHo.
OTmxe, y craTTi BCTAHOBIEHO HOBI yMOBH
ICHyBaHHS  HENEPEPBHUX  PO3B’A3KIB  CHCTEM
(O YHKITIOHATBHO-Pi3HUTIEBHX PIBHSIHB,

3alpPONOHOBAHO METOJ MOOYAOBH TaKUX PO3B’S3KIB
Ta JIOCHIIHKEHO CTPYKTYPY 1X MHOXKHUHH.

OTpumaHi  pe3yibTaTH OONOBHIOIOTH YK€
ICHyIOU1 TIpalli iHIIWX MAaTeMaTHKiB 1 CIPUSTUMYTh
NOJaNbIIOMYy BHUBYEHHIO HEINEPEPBHUX PO3B’S3KIB
OLTbII ~ IIUPOKUX  KJIAciB  TaKUX  PIiBHSHb.
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Y oaniii cmammi docnidocyemovces npobrema KOIUBAHb KPYHCIAHHSA OYPOBO20 00I0MA, WO 00epmacmucs,
8 YMO0BAX 1020 KOHMAKMHOI 63a€MOOII 3 WLOPCMKUM OHOM C8EPONI0SUHU. Bowce 0a6HO 8i00MO npo pyUHIGHUL
6NIUE KOMUBAHL KPYIUCTAHMA HA Oypoee 0010mo ma Oypuavky Koaowy. Beadicaemwvcs, wo 3860pomui
KPYHCAsHHS mpanisiomsbcsi 8 40% ecix éunaokie OYpiHHs eMuOOKUX C8ePONOGUH.

Lle nokasye, wo cumyayis nog’sa3ana i3 30LIbUEHHAM CULU MUCKY MA iT HAOTUICEHHST 00 KPUMUUHO20
sHauenns Eunepa. ToOi 3eunna scopcmxicmv OYPUIbHOL KOJIOHU 3MEHULYEMbCS, WO NPU3600ums 00 il
BUCUHAHHS, | AIMA3HI BKPANIEHHS, WO € HA NOBEPXHI 0010MA, NPOHUKAioms 621ub nopoou. Konu maxe
cmaemucs, 8ich 0onoma Haxuasemvces i noyunac npeyecygamu. Cnio 0ocobauso niokpeciumu, wo y makomy
CMaHi 000Mo 3HAX0OUMbCsL Ni0 0i€l0 8ePMUKANLHOI CUNU (HABAHMAIICEHHS. HA 00A0MO), WO ICIMOMHO
nepeseputye 6ci iHwi cuiu. Bowa npumuckae 0onomo 00 OHa c8eponouHu (He 00 il cminku) i 0010Mo
empavae 30amuicmv Kogzamu no OHY [ HOYUHAE KOMUMUCA NO 1020 NOGepXHi, eiocmaiouu abo
sunepeddicaiouy obepmants OypuIbHOL KoaoHu. B pezynemami mouka xonmaxkmy 0onoma 3 30a3HAYEHOI0
NnoGepxXHel0 (MUMmeUll yeHmp WeUOKOCHmell) Modce ONUCYBAMU HAO3BUYAUHO CKIAOHI MPAEKmMopii y
6uenadi nemenb ma MOYOK 3A20CMPEHHsl | 3MIHIOE Hanpsam pyxy. K Apuxiad, po3ensHymo 00epmaHHs
donoma cepuunoi gpopmu.

Kniouogi cnosa: I'nuboxe OypinHs, 0010MO, HE20AOHOMHA OUHAMIKA, NPAMI MA 360POMMI KPYIHCISAHHAL.

This paper studies the problem of whirl vibrations of rotating drill string bit under conditions of its
contact interaction with the bore-hole bottom surface. The mechanical model of the bit motion based on
assumption of the possibility of its pure rolling without sliding is discussed. The destructive effects of whirl
vibrations of drill bits and drill strings have long been recognized. The backward whirling is believed to
randomly happen to some degree in 40% cases of deep drilling of all wells.

1t is shown that the situation is essentially associated with enlargement of the compressive thrust force
and its approaching to the Eulerian critical value. Then, the bending stiffness of the drill string reduces, it
hogs and the diamond impregnations existing in the bit surface penetrate into the rock medium. As this fact
takes place, the bit axis tilts and nutates. It should be particularly emphasized that at this stage, the bit is
under action of the vertical force (weight on bit) which essentially exceeds all other forces. It presses the bit
to the hole bottom (not to the hole wall) and the bit loses its ability to slide on the bore-hole bottom and
begins to roll on its surface, lagging behind or outstripping the drill string rotation. As a result, the point of
the bit contact with the reference surface (the instantaneous centre of velocities) may describe extremely
complicated trajectories with loops and cuspidal points and to change the motion directions. As examples,
whirling of spherical bit is considered.

Key Words: Deep drilling, drill bits, nonholonomic dynamics, forward and backward whirls.
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1. Introduction

In the majority of cases, previous studies of drill
bit whirl have concentrated primarily on assumption
that in whirling the rotating drill bit is compressed to
the bore-hole wall and is rolling on its surface [1-3].
But in our opinion, a prominent phase of this effect
proceeds at the initial stage of its generation. These
phenomena occur when the drilling bit changes over
from being in sliding contact to rolling contact with
the bore-hole bottom and then instantaneous center
of its rotation begins to move around the DS axis on
the bore-hole bottom surface [4]. Depending on the
rotative movement direction, the forward and
backward whirls are distinguished [2, 5]. As this
takes place, the backward whirl can achieve
frequencies somewhere in the range from 5 to 30
times the speed of the DS rotation [4]. This speed
makes the generated force effect especially
detrimental, producing a set of high fatigue-loading
and strong impact-loading conditions that can be
responsible for intensive bending vibration and
irremediable detriment to downhole tools when the
bit does not achieve the well wall, does not touch it,
and is rolling on the well bottom. Therefore, it is
more reasonable to associate these vibrations with
the bit rolling on the bottom surface rather than on
the well, as is traditionally considered in theoretical
researches.

According to field observation, the main factor
influencing whirl is the bit geometry. In papers [3,
5], the phenomena of the bits spinning and rolling on
the well bottoms are simulated with the use of non-
linear frictional and nonholonomic models for bits
with different shapes. As an example, spherical bit
whirling on spherical bore-hole bottom is
numerically studied. It permitted to find three types
of its stable and unstable motions associated with
forward and backward rolling as well as pure
spinning.

The problem on whirling of rigid ellipsoidal bits
on well bottoms is considered in [4]. The oblong and
oblate ellipsoidal shapes are selected for
investigation. To establish general regularities of
these processes proceeding, the object-oriented
analytic studies should be performed. They cannot be
performed through the application of created non-
linear mathematic models and should be oriented to
incipient stage of the process evolvement which can
be described by linearized equations.

2. Whirling of a spheric bit on spheric bottom
surface.

To elaborate mathematic model of a drill bit
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whirling, take into account that this vibration process
is attended with elastic bending of the DS tube adja-
cent to its bottom hole assembly (BHA). Assume
that it is possible to separate mentally the lower sec-
tions AB and BC located between two lower central-
izers A and B, and the collar boundary C with the bit
at its end (Fig. 1). In the model constructing, the fea-
ture of fundamental importance is simulation of the
bit motion which can be dynamic or kinematic. To
perform the choice, it is necessary to

Z z

Fig.1. Schematic of lower sections of a drill string

compare frequencies of free vibrations of the
separated piece of the DS and angular velocity of the
bit. For example, the first frequency of free
vibrations of the steel three-point beam ABC with
lengths e=2m, [=9m (Fig.1) and cross-section

d, =0.18m,
£, =106.7s™", while the DS angular velocity may

Besides, the bit

represents a hollow-centered body with small inertia
moment. So, the considered whirlings represent
quasi-static processes of the DS deforming, inertia
forces can be neglected at its analysis, and the
whirling motions can be reckoned as kinematic,
proceeding with velocities determined by angular
velocity @ of the DS rotation. Therefore, in the
whirling study only elastic and constraint forces will
be taken into account and kinematic stimulation of
the system motion will be analyzed.

diameters d, = 0,16 mequals

achieve only w~10-20s".

3. Model of a spherical bit rolling on a
spherical bottom surface.

Assume that a DS is elastically deflected from
vertical and its spherical bit, rotating with angular
velocity @ around its axis, begins to roll on uneven
spherical surface of the well bottom 7z (Fig.2). Then,
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depending on the position of contact point G with
respect to the D point, lying in the rotation axis, the
bit center C can rotate in the direction of the bit
rotation (forward whirling — Fig. 2a) or, every so
often, in the opposite direction (backward whirling —
Fig. 2b). Introduce immovable coordinate system
OXYZ and reference frame Oxyz fixed in the beam

of the rotating DS. Vertical axes OZ and Oz
coincide. As is traditional in mnonholonomic
mechanics [5], it is conveniently to examine this
motion relative to its instantaneous center G of total
rotation, because in this case the unknown constraint
reaction R is excluded from the -constitutive
equations and only elastic axial (T ) and shear (Q)
forces and bending moment (M) participate in the
force equilibrium. Let the radii of the bit and hole
bottom surfaces be a and b, correspondingly.

If to assume that the contacting surfaces are
absolutely uneven, then the sliding effects becomes
impossible. In this case, v=0 and pure rolling with
spinning is realized. Such model belongs to the
nonholonomic type.

It is shown in paper [4] that the possibility of bit
sliding the bore-hole bottom is severely reduced
through the presence of diamond thorns on its
surface. This effects is amplified by enlargement of
the bit pressure on the hole bottom and decrease of
the DS stiffness. Then, the nonholonomic model
application is throughly justified.

In paper [3], nonlinear kinematic and dynamic
equations were constructed, stemming from
conditions of the spherical drill bit rolling without
sliding and equilibrium of elastic moment M and
shear force Q applied to the bit (Fig. 2).

Q

Fig.2 Nonholonomic rolling of a spherical bit:
a) forward whirling; b) backward whirling

In this paper, small whirling vibrations are
studied. Therefore, the nonlinear equations can be
linearized and represented in the form:
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u+au'—a)(1+ jv+aa)v'=0,

b—a

\>+a\>'+a)(1+
—-a

ju—aa)u'zo,

I Ta | T
g(])—ah(])——a u+ —g+ah+—a u'=0,
I El(h—a) El
] ] (1)
T T
gV - O L —g+ah+—a V' =0.
I El(b—a) El
Here, the notations
(1)
D = EIlw, w —yw wi) , W—Mzh, W =h(”,
o ). 2,
Yo wp' M)
Lo _,. =W, 2
D 8 8 2

are introduced.

This system of four equations with four desired

variables wu,u’,v and V' can receive further

simplification through exclusion of variables ' and
V' . Indeed, two last equations in this system permits

one to write

3)

Substituting Egs. (3) into two first Egs. (1), one
gains the ultimate form of this system

u'=qu ,v'=qv,

u—awpv=0, v+apu=0. 4)
Here,
p=(1+a—aq)/(l+aq). (5)
b—a
System (4) is equivalent to equations
i+0’p’u=0, V+0’°p’v=0 (6)
They have solutions
u(t) =C sin wpt +C ,cos apt ,
v(t) =C,sin wpt +C ,cos wpt . (7
Here, constants C,C,,C, and C, are

determined from initial conditions.
They describe trajectories of the C center
movement in the Oxyz coordinate system rotating

with angular velocity . Denote wp =€2,. Then,
these correlations can be represented as follows:
u(t) =C,sinQ,t +C,cos Qt,
v(t)=—-C,sinQt +C cos Q7 . (8)
Here, ), is the whirling frequency in the rotating
coordinate system.

4. Basic peculiarities of the spherical bit
rolling on the spherical bottom of a well
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Though movement of a drill bit in rotating refer-
ence frame Oxyz is governed by simple Egs.(6), it
can assume large variety of modes, depending on
initial conditions (constants C, and C,) and value

of parameter p which, in its turn, is specified by ge-
ometric values a and b, DS stiffness EI, and flexibil-

ity parameters WM,WQ,W,(V],), and Wg).

outline much more complicated paths in fixed coor-
dinate system OXYZ. These trajectories are traced
with the use of equalities

But it can

X(@)=u(t)coswt —v(t)sinwt ,
Y () =u(t)sin wt + v(t) cos wt . )
They testify that in the fixed reference frame, the
bit moves with angular velocity Q, =w(p—1) and
its motion is determined by equations
X (t)=C;sinQ,t +C,cos ¢,
Y(t) =—-C,sin Q¢ +C,cos Q,t (10)
Egs.(8) and Egs.(10) permit one to analyze the
possible tendencies for the spherical bit to perform

different self-triggered whirlings depending on the
frequency p values. Thus, if p < -1, then, as Egs. (8)

and (9) testify, the bit center C moves along circular
trajectory with angular velocity €, >@ in rotating
reference frame Oxyz and performs forward whirling
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with angular velocity Q, > 2@, outstripping the DS
rotation in fixed coordinate system OXYZ. Value
p=-lisinlinewith Q =0,Q, =2w.

Special regime is generated at p=0. In this
situation, the bit is motionless in rotating reference
frame (Q, =0) but performs forward whirling with

frequency €, =w in still space. The opposite

situation occurs at p =1 when the bit rotates in
reverse direction with frequency Q, =w, though
comes to a standstill at point X =C,, Y =C, in the
still space. Accentuate that this state is also
unfavorable because here the bit performs pure
spinning without rolling and sliding and the drilling
direction begins to change its direction.

The subsequent enlargement of the parameter
entails change-over from forward whirling of the bit
to backward motion with further essential
enhancement of the Q, frequency. Note once again

that this detrimental effect is in compliance with the
unexpected field observations cited in paper [3] and
consisting in essential increase in the whirl
frequency which can be 30 times greater than the
angular velocity of the DS, while the generally
recognized model of the bit touch with the bore-hole
wall [2] cannot reveal it.
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B ymosax nnockoi depopmayii 6 pamxax mooeni Jleonosa-Ilanacioka UKOHAHO PO3PAXYHOK MATOMACUL-
MaoOHOT 30HU NePeopYUHYBANHs ) 3'€OHY8ATLHOMY Mamepiani 3 JIHIUHUM 3MIYHEHHAM i 30HOI0 0eCmpYKYil
Ol 6epuUHY MIdNCEHA3HOT MPIWUHU, WO BUXOOUMb 3 KYMOBOT MOUKU IAMAHOL MedCi NIy 080X PI3HUX 00-
HOPIOHUX I30MPONHUX Mamepianie. JJoCniodNceHo 6naue ymeopeHHs 301U NePeOPyIUHY8aH A HA YMOBU SPaAHU-
ynOi pigHOBazlU KYCKOBO-0OHOPIOH020 Mind.

Kurouosi cnosa: midcghasna mpiwuna, 30na nepeopyiunysanHs, 30Ha 0eCmpyKyii, JiHitiHe 3MiYHeHHS,
2PAHUYHUL CINAH.

Under the plain strain conditions, by the Wiener-Hopf method we found the analytical solution of the
problem about the computation of the small-scale pre-fracture zone with the near-tip area of destruction in
the vicinity of angular point of the broken interface of two different elastic media, from which an interfacial
crack goes out. The pre-fracture, which propagates from an angular point along the interface in the joining
material, is simulated by the line of rupture of the normal displacement, on which the normal stress satisfies
the linear law of strengthening. The destruction zone is determined as an adjacent to the crack tip the area of
pre-fracture zone with the high level of the breaking interparticle bonds, that causes the decrease of the
stress in the zone and the increase of its opening. The transcendent equations for the calculations of sizes of
the pre-fracture and destruction zones and of the crack opening in its tip are obtained. The numerical
analysis of the influence of strengthening and the formation of destruction zone on the conditions of start of
the crack and on the ultimate sizes of zones is carried out. Their substantial dependence on the parameters of
material strengthening, loading configuration and on the interface angle as well as is revealed. It is
established that the ultimate size of the destruction zone constitutes a considerable part of the pre-fracture
zone, reaching 0,9 of its lengths.

Key words: interfacial crack, pre-fracture zone, destruction zone, crack opening, ultimate state.

CTaTTIO IPEACTaBUB JOKT. (i3.-Mat. HayK, npod. XKyk 5.0.

1. Beryn 30Hy TIOBEPXHEID PO3PHBY HOPMAJBHOTO IepeMi-
IICHHS 13 3aJJaHMM Ha Hil CTAJUM HOpPMaJbHUM Ha-
MPYKEHHSM, 1110 Ma€ CMHCI OIOpPY BiIPUBY MaTepi-
ay 1 BU3HAYAETHCS EKCIEPUMEHTAIILHO SK CepeHE
3HA4YCHHS HAINpY)KEHHsI 1O JoBXKHWHI 30HU. [Ipore,
Taka MOJIEb HE BPaxOBYE OCOOJIMBOCTI CTPYKTYpH
30HH 1 PO3MOJIUTY HamNpy>KeHb B Hild, Tomy B [2, 3]
OyJI0 pO3BHMHYTO 1i BapiaHT 3 JIHIHHUM 3MIIIHCHHSM
MaTepiady Ta 30HOI0 PO3MYIICHHS (JecTpykuii) 3
BHUCOKUM piBHeM nedopmaniii. [Ipu npomy B [3] y
SKOCTI KpHUTEpilo, 10 BHU3HAYA€ YMOBH 3PYIICHHS
TPIIIMHU, TPUHHATO IOCSTHEHHS JOBXHHOI 30HU

AKTYaNbHOIO0 MPOOJIEMOI0 MEXaHiKH pyHHYBaHHS
KOMIIO3MTIB, 3BapHUX 1 KJICEHUX 3'€IHAHb TOIIO €
BHU3HAYEHHS yYMOB TPAaHWYHOI PIBHOBarum KyCKOBO-
OJIHOPITHOTO Tina 3 MiK(pa3HOW TpimuHOW. Buco-
KWW piBeHb HaIPyKEHb OUIS BEPUIMHU TPIIMHU
MPHU3BOAUTH JIO TIOSIBU B 11 OKOJI1 30HU IepeapyiHy-
BaHHS — 00JacTi HeoOOpOTHHUX JIedopMalliii MaTepi-
ay. OHUM 3 NUISXIB YpaxyBaHHS BIUIMBY 30HU Iie-
peapyiHyBaHHS Ha TPAaHMYHHIA CTaH Tijia € BUKOPHC-
tanHs Mogeni Jleonopa-Ilanacioka [1], sika momae

© M. B. ynux, IO. B. Jlixrsiperko,
4. 1. Ulenkina, 2016 45
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JECTPYKIil IEBHOr0 KPUTHYHOIO 3HAYEHHA d,, IO

BUKOPUCTOBYETHCS SIK OKpEMa XapaKTepPHUCTHKA Ma-
Tepiany. Hwkue B pamkax mozeni [2, 3] posrisiia-
€ThCS METOM JOCTIPKEHHS TPaHUYHOrO CTaHy Tija 3
BUKOPUCTAHHSM TOIIMUPEHOT0 y MeXaHimi pyiHy-
BaHHs1 KPT-kpurepito [1], mo nependayae 3pyeHHs
TPIIIMHU TPU JTOCSATHEHHI PO3KPHUTTSAM TPINMHHU Y il
BEPIUIMHI KPUTUIHOTO 3HAYCHHSI.

2. [locTanoBKka 3a1adi Ta ii po3B’si3aHHSA

B ymoBax miockoi nmedopMailii po3riasgaeTbes
3ajada Mpo BU3HAUCHHS MapaMeTpiB CTaHy rpaHdY-
HOI pIBHOBaru KyCKOBO-OJHOPIIHOTO Tia 3 MiK(as-
HOIO TPIIIIMHOIO JTOBXHUHH L, IKa BUXOIUTH 3 KyTOBOT
TOYKHU JIaMaHOI MEXKI MOALTY JBOX PI3HMX OJHOPIJI-
HUX 130TpONHMX MartepiaiiB 3 MoxyisiMu fOnra E|,
E, 1 xoediunientamu Ilyaccona v,, v, . Ilependaua-
€TBCS, MO Y BHIAJKy MEHIIOI TPIMHOCTIHKOCTI
3'€IHYBaJIbHOTO Matepiany TOpPIBHAHO 3 TPIIIUHO-
CTIHKICTIO MaTepiadiB 3’€IHAHMX YaCTHH Tila y
HBOMY YTBOPIOETBhCS MalloMaciuTabHa 30Ha TMepe-
NpyHHYBaHHS JIOBXWHH [, IKa MICTUTBH Y TIPUJICTIii
JI0 BEPIIMHM TPIMIMHU YacCTHUHI 00NACTh JAECTPYKIIil
MaTepiay JOBXUHHU d.

BBaxkaeMo TpaHMYHHM CTaH Tija, KOJH PO3KPHUT-
TS 30HU TIEpPeNPYHHYBaHHS y BEPIIMHI TPIIMHU JI0-
csra€ KPUTUYHOTO 3HAYCHHS Jy, IKe € 0a30BOIO Xa-
PAKTEPHCTUKOIO TPIIMHOCTIHKOCTI 3'€JHYBaJILHOTO
MaTepiaidy. HexTyioun TOBIIMHOIO 3'€IHYBaIbHOTO
mapy 1 aedopMaiisMd 3CyBY, MOCIIOBATHMEMO
30HY MepeApyHHYBaHHS JIHIEIO PO3PUBY HOPMajlb-
HOTrO TepeMillleHHs, Ha SKIH 3aJlaHO MEBHUH PO3IIO0-
JIJT HOpPMaJbHOTO HAaIpPYXKEHHs, IO BiANOBimae Jii-
HiIHOMY 3MiI[HEHHIO Matepiany [2, 3]. g pospa-
XYHKY PO3KPHUTTS Ta IHIIUX MMapaMeTpiB 30HH Y TpH-
nymieHHi il MamoMacmTabHOCTI aX J0 3pyLICHHS
TPIIIMHA  PO3MVIIAATHMEMO TIIO SK  KYCKOBO-
OJTHOPIAHY IUIOHMIMHY 3 MEKEI0 MOALTy MaTepialiB y
(dhopMi CTOPIH KyTa, 3 BEPIINHHU KOO B3JIOBK OJIHIET
31 CTOpPiH BHXOIUTh IMIBHECKIHUEHA TPILMHA 3 Bilb-
HHUMHU BiJl HABaHTaXXCHHS Oeperamu, B3IOBX 1HIIOT —
JiHig po3puBy (puc. 1).

D) =-(1+x) 4
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E, vy

Ey vy
Puc.1. Po3paxyHkoBa cxema 3ajadi

VY monsipHiii crcTeMi KOOpJHMHAT 3 TIOYaTKOM Y
BEpUIMHI TPIIMHMA TpPaHWUYHI YMOBU BiANOBIAHOT
KpaiioBoi 3a1a4i Teopii Mpy>KHOCTI MarOTh BUTJISII:

O0=-alUb=271-a: o,=1,,=0;
0=0: (5,)=(7,,)=0, (u,)=0;

0=0, r>I: <u6>:0;
(r+dc—d)%, 0<r<d,
0=0: 0= ‘

ne d, — KpUTU4HUI PO3MIp 30HH JECTPYKIii, IKOMY

BI/INIOBiJIa€ 3pYIIEHHs TPIIMHYU, O, 1 O, — IPAHUILI
TEKY4YOCT1 1 MIITHOCTI 3'€JHYBAJIBHOTO MaTepiay npu
posrary [2, 3].

Jnst manmoMaciuTabHOI 30HH TepeApylHYBaHHS
PO3B’SI30K 3ajadi Ha BIJCTAaHSAX, 3HAYHO OLTBIINX 3a
il TOBXMHY, ajie¢ 3HAYHO MEHIIMX BiJl JOBKWUHHU TPi-
IIMHHU, TIOBUHEH MEPEXOJUTH y aCUMIITOTUYHO Haki-
OUTBIINI PO3B’SA30K OiNsl BEPIIMHU TPIIIMHU aHAJO-
rivHOi 3a7a4i 6e3 30HH MepeApyHHYBaHHS, BiOMUIt
3 [4]. Lle mo3Bonse chopmynoBaTH yMOBY Ha He-
CKIHYCHOCT1 Y BUIJISIIL:

0=0, r>0: oy=Y CFA)r" +ol/r),

A€ A; — MOKa3HUKH CHHTYIISIDHOCTI HaNpy»KeHb, 110 €

KopeHsMHu y cMy3i —1<Re A <0 xapakrepucTHUHO-
TO pIBHSHHS 3a]1a4i

D(2)=0, 2

—4(1+x,)(e=1) 1ty — (14 1,) 15 + 4 (e—1) 111 + de(1+K,) (e = 1) 132, +

+2e(1+1,) (145, )ts,

tl—(ﬂ,+1) sin® o —sin*(A+a, t, =sin’*(A+1)(27-a),

(1+1) sin’ @ —sin®(A+1) (27 —a), t,=sin*(A+1Da, t5=1 +sin(A+1asin 2z cos(A+1)(27 —a),

l+v, E
= —, Kyn =3—-4v,,; F(1)=
1+v, E, 1(2) 1(2) (4) =

1
20w+ e i) (2 + 2w -
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v, =sin(1+2)(27 —a)[(e~1)A=(1+K) |- (e=1)(A+2)sin A Q27 - ),
w, =2Asin’ asin(A +2)(27 —a) —sin A (27 —a ) + cos(A +2)asin 24,
w5 =sinAa[2cos(A +2)a cos(A +2)(27r —a)+ Acos2Ax],
A=(1+x))tg —0,5e(1+K,)t; +2(e —=[Atg sin(A +2)(27 — ) + ¢ty sin L],
te =Asinacos(A +1)(2r —a)—sinAacos2An, t; =(A+2)sinA(27 —oa)—Asin(d +2)(27 — ),
o= (ﬂ, + 2)sin2 a—sin*(A+1)a, ty =(A+2)sin(A +1)(27 —a)sin(A +1)a —sin(A + 2)(27 —a)sin(A + 2)a;

C,; — cTai, AKi XapaKTepH3yl0Th IHTEHCUBHICTb 30B-

HIIIHBOT'O CHJIOBOTO TIOJSI 1 BBAXKAIOTHCS 3aJlaHUMHU
3a yMOBOIO 3a/1a4i. [IpuyckaeTbes, o Ha Mexi To-
Jiy B 00JIACTI 30HU NepeaApylHYBaHHS Ji€ pO3TATY-
BaJlbHE HOpMAJIbHE HAIPY)XEHHsI, sKe 3a0e3redye
BiZpuBHIi nedopmartii, HeoOXiTHI Il YTBOPEHHS 30-
HH.

3rigHo 3 [4], B 3aJ€KHOCTI Bil MPYKHUX MMapame-
TpiB 3'€JJHAHUX MaTepiaiiB i KyTa 3j1aMy Mexi IMoJi-
Ty piBHAHHSA (2) MOXXE MaTH JiBa YU TPH IIHCHUX TO-
Ka3HUKA CHHIyIsApHOCTI A, i=1+3, abo x naBa

KOMIIJIEKCHO CIPSUKEHUX A, = A, 1 OAUH YU KOJHO-
ro AificHOro mokasHuka A, . B nmoganeimomy npu po-

3paxyHKax MapaMerpiB 30HH PO3PI3HATHMEMO BHIIa-
KA HAABHOCTI JHIIE MIMNCHUX a00 M KOMIUIEKCHUX
MOKa3HHUKIB CHHTYJISIPHOCTI.

CdopmynboBana 3agaya auiie yMoBor (1) Biapi-
3HSIETHCS BiJl aHAJIOTIYHOT 3a1a4i mpo Mik(pasHy 30-
Hy TepelpyiHyBaHHsS 0e3 30HU JEeCTPYKIIil 1 JiHil-
HOTO 3MIITHEHHS, PO3B’s3aHOl B [4] 3a JOMOMOIOIO
Mmeroay Binepa-Xonda. 3 ypaxysanusm (1) 3Haiine-
HUl B [4] pO3B'A30K MPHUBOAMTH O PIBHSHHS IS
BU3HAYEHHS JIOBKUHH 30HU TepeApylHYBaHHS
x=1[/L (B ODUHUIILX NOBXUHH TPIIIUHU) B 3aJICK-
HOCTI Bijl HASIBHUX KOPEHIB XapaKTEpPUCTUIHOTO PiB-
HsHHS (2) y emy3i —1<Re A <0:

a) SKIIO XapaKTepucTHyHe piBHSHHS (2) Mae 2
a0o 3 milicHi KOpeHi, TO HoMy BiINOBiZa€ PiBHAHHS:

3 - (I=g»)S,—(1-9)S
oS nFUING = LEERZEE0% )
i=1 -y
C A C L
o= L Ayt
o, C
0) ko piBHAHHA (2) Ma€ 2 KOMIUIEKCHO CIIpSi-
- - K, +iK
xeui (4 =4, =4, +il,, C,=C,=——=—") i omun
(2‘1 }‘2 1 2 \/ELM"”)

a00 XKOIHOTO AIMCHOTO KOPEHS A3, TO PIBHSHHS Ha-
OyBae BUIJISAY:

G{2|F(A1 )| |N(ﬂ.1 )|x’1’ cos(4, Inx+p+y +&)+
+ nyF ()N (A)x | =

_(1=g»)$,-(1-9)S,

-y ’
p=argF(4), y=arctgn, n=K,/K,,
- |K|LAT 2rCy L

V2re,” Kz

K =K, +iK; — KOMIIeKCHUH KOedilli€eHT iHTEHCHU-

“4)

c E=argN(4), ny=

BHOCTI HanpyxeHb. TyT 1 HUIKYe BHKOPUCTOBYIOTBCS
CIIUIBHI JUTS BUIIAJKIB JIACHUX 1 KOMIUIEKCHUX ITOKa-
3HHKIB CUHTYJISIPHOCTI A;, A, NO3HA4YEHHS:

_o, _d _ KA
1= V= NI e oy

S, = N(0), S, = N(I), K*(p) = ——P)_

F(O,S—p),
. I *InG(z)
G (p)zexp — | —=dz | (Rep<0),
2ri 5, z—p

_ (I+x))D,(p) cos pm
AD(-1-p) sinpr’

~ (+x)[e+x +1+e1<2]‘

G(p)

2(e+k;)(1+ex,)
Di(p)=e(1+x,)A\A, —(1+ K)A A,
A, = p*sin® a —sin’ p(27 — ),
A,(p)=psin2a —sin2pa,
A, = p*sin® o —sin’ pa,

A,(p)=psin2a+sin2p(2z —a);

I'(z) — ramma-dynxist Eitnepa.

PiBusinast (3), (4) MICTATH HEBiJIOMY BiJJHOCHY
JOBXKHHY 30HH JecTpykuii y=d /[l . [lna camoy3ro-
JDKEHOTO BH3HAYEHHS X 1 ) BHKOPHCTOBYEMO YMO-

BY PIBHOCTI PO3KPHTTS 30HU IMepeApyHHYBaHHS B
KiHI[I 30HHU JECTPYKI1 HOro KpUTUIHOMY 3HAYECHHIO

<”e (d ,O)> =0, , 10 IPUBOAUTH 10 J0AATKOBOIO PiB-

HAHHSA:

X

{Co (x,7;0)+ 2. Cy(x, y;0)(1 =y } =
1+k, P
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_ o.E, _s 5) x.=1./L, y,=d,/I, — rpaHU4Hi 3HaYECHHs BiIHO-
41-v})Lo, < CHHX PO3MIpIB 30H MepeApyHHYBaHHS 1 JeCTPYKIIi,

)= (] _ "D
CO(xay’G)_(l y)<(1 xcch{ [D”( 1)]

4
+Q{ln4—§+2l S]}} %[ 24— By (x,0)]+

1

2)x(1
e LI !
21'(=1)

QO ) Dlﬂ(_l) ’

SE1=2) G-1=7)
D(=1=2) K* (1= %)

Y
Faf ]
k X Ve l_y

1-24 I
b2 {xy ~(1-g) =2 }—Pk(x,cr)},
X I-y
p)=[l(p-x)a(p)+a,(p)l-
—e[(p—1,)b,(p) + by (p)],
a, (p):e(lJrzcz)GAzA6 +2A5A8j_
“2A, [ 1+, -2(e=1) A |,
512(p):e(1+K2)[2(p—1)A7A8—%(p+1)A2A6]_

2 {24, [e+ 1, = p(e—1) |- (1+1)(p+1)},
b(p)=2A[e(1+x,)+2(e=1)A, |-

(14, )(%A4A9 N 2A7A10),

c/c

Ck(x:y;g) =

()= (1) 301, -2p- 1), -

_2A, {e(1+K2)(p+l)—2A8|:l+eK2 +p(e—1)]},

A (p)zpsinza—sinzp(2ﬂ—a),
Ag(p)=psin2a—sin2p(27 - a),
A, (p)zpsin2a+sin2p(2ﬂ—a),

Ag(p)= psin® a +sin’ pa,
A, (p)
Ay (p) = psin® a —sin® pa;
J (1-A)InG(ir)
Tan Aoy eal

= psin2a +sin2 pa,

mtpuxu npu GyHkOiax f(p) ta D;(p) O3HAYaIOThH
HOXijgHi Mo p; A — KopeHi piBHAHHA D;(—1—x)=0,
GyHKIIT
Fy(x,0) 1 P,(x,0) BIIHOCHOI IOBKHHHU 30HH Iepe-

AKi 3aJI0BONBHAIOTH YMOBY Rel; >

NpylHyBaHHS X 1 6€3p03MIpHOTO MapaMeTpa HaBaH-
TaXCHHS ¢ B 3aJIOKHOCTI Bil HASBHUX KOPEHIB PiB-
HsHHS (2) y cMy3i —1 <Re A <0 maroTh HacTymHHI
BUTJISIL:

a) A, A, € nilicHUMH:

B (x,0)= GZ—(A}?N( )x}”',
P (x.0) = aan()”)N,( )

l

=<

6) Ay, Ay € KOMIUIEKCHO CIIPSDKCHIMH (4, = A,) :

| ]

+o+y +&—argd)+o

F(x,0)=20 cos(4,, Inx+

mF ()N (2)
A

B (x,0)=20 wx’l’ cos(A,, Inx +

4= 4]
+o+y + & —arg(A, —l,;))+0—n3F(AS)N'(ZS)xA3.
Ao =y

B piBusiHHES (3)-(5) BiINOBIAHO O MPUIHATOTO B
(1) po3nogity Hanpy»KeHb y 30HI NepeApyHHYBaHHS
B SIKOCT1 MapaMerpa BXOAWUTh TPaHUYHUHA pO3Mip 30-
HHM JIECTPYKLii ¢, B MOMEHT 3pYIIEHHS TPILIMHH.

b

Hna #ioro 3HaxopkeHHs, poTpumyrounch KPT-
KpuTepito [1], mpuiiMeMo B SIKOCTI YMOBH 3pYIICHHS
JOCSITHEHHST PO3KPHUTTSM TPIIIMHY B 11 BEPIIUHI KpH-
TryHoro 3HaueHus: 6(0,0)= <”e (0, 0)> =9, . [lpumy-
CKalo4H, M0 TPU [IOMY JOBXKHHA 30HU Tepenpyk-
HYBaHHS 3QJIMINAETHCS 3HAYHO MEHIIOKO BiJl JIOBXKH-
HU TpPIOIMHW, BU3HAYUMO HOPMOBAHE PO3KPUTTS
6(0,0)E,

——
4(1-v{)Lo,

_x _ _
y ﬂG(O){S{[l xcher(l qy)}+

+&{i_(1—q(l+y)}—l’(x,0)}, (6)
2| x..

TPIMHHK y BepuuHi (o) =

(o) =
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ne ¢yHkiis P(x,0) B 3aJSKHOCTI BiJ 3HAYEHb

MOKA3HHUKIB CHHTYJISIPHOCTI Ma€ BUTJISL;
a) A, A, € nilicHUMH:
nF(%)N(%)
P(x,0)=cy "1/ x%’;
(ro)=o L= —rs

i

0) A, A, € KOMIIJIEKCHO CHPSKEHUMHU:

|F (7)) |V (%)

P(x,0)=20 |1+A1|

X" cos(A, Inx+¢+

+W+§—arg(]+&))+gwx}8‘
1+ 2,

TakuMm YUHOM, ajJrOPUTM BU3HAYEHHS Mapamer-
piB 30H TepeapyiHYBaHHS 1 JIECTPYKIIl € HacTyIl-
HuM. Ha mepromy erami, mokiiasaiodu B PiBHSIHHIX

!
(3)-(6) Y=Yes Go(0,) =

=G8,.E, /4(1-v{)Lo, =5, 3 OTpUMAHOi CHCTEMH

X=X, o=0,,

pIBHAHb 3HAXOAMMO TPAHWYHE HABAHTAKEHHSI O,
TiNa Tmepes 3pyIeHHsM 1 BiJIOBIIHI HOMY TpaHUYHI
PO3MIpH 30HU TMEpeapyHHYBaHHS 1 30HM JSCTPYKIIIT
X., y,. Lli 3Ha4eHHS MiJCTaBIAIOTHCS y BUXIJIHI piB-
HsaHHS (3)-(6), 3 SKMX BH3HAYAIOTHCS PO3MIPH 30H
X,y 1 PO3KpHUTTS TpiumHH O(j(C) NPU 3aTaHOMY
0e3p03MipHOMY HaBaHTAXKEHHI O .

2016,

1 Bulletin of Taras Shevchenko
National University of Kyiv
Series: Physics & Mathematics

3. UucnoBuii aHai3 pe3yJbTaTiB i BUCHOBKH

[MpuBeneHi y 1.2 piBHSIHHS BUKOPHCTAHO JJIS J10-
CI/DKEHHS BIUIMBY 30HH JECTPYKIII 1 IiHIHHOTO
3MII[HEHHSI 3'€IHYBaJbHOTO Marepialy Ha YMOBH
TPAaHUYHOI PIBHOBAard KyCKOBO-OJHOPITHOTO TiNla 3
Mikdasznoro TpimuHoo. Ha puc. 2-4 momano pe-
3yJIbTaTH YMCIOBUX PO3PAXYHKIB TPAaHMYHHUX BiTHO-
CHHX PO3MIpIiB 30HU TIepEeIPYHHYBaHHS X, 30HU Je-
CTPYKIlii Y. 1 HOPMOBAaHOIO TPAaHMYHOTO HaBaHTAa-
KEHHA O, Ui JAEIKUX IapaMerpiB KOMIIO3UTHOTO
3'eqHaHHS 1 KOH(Irypamii 30BHIIIHBOrO HaBaHTa-
KeHHA 1pu v, =V, =0,3 1 n;=0. [lynaktupHi minii
BIJIMOBI1al0Th pO3paxyHKaM NapaMeTpiB 30HH Iepe-
NpyiHyBaHHS 0e3 ypaxyBaHHS 30HH JECTPYKIIi i
JIHIAHOTO 3MIIHEHHs, BUKOHAHUM 3TiIHO 3 MOJIEI-
JT10, PO3TIISIHYTOIO ¥ [4].

3rigHo 3 pHc. 2, TpaHU4YHI PO3MIPH 30H Iepe-
NpyHHYBaHHS 1 JIECTPYKIil Ta T'paHUYHE HaBaHTa-
KEHHS € TUM OLTBIIIMMH, YUM OUIbIIIE BiZIPi3HSIOTHCS
monymi FOura wmarepianis (E/E,—0). YTBOpeHHS
30HH JECTPYKII MPU3BOAUTE JI0 3HMKEHHS TPaHUY-
HOT'O HaBaHTA)KEHHS 1 JOBXHHHU 30HU IepenpyiHy-
BaHHS (CYILUIBHI JIiHIT) TTOPIBHSAHO 3 BHITAJIKOM BiJl-
CYTHOCT1 30HU JecTpykiii (myHkTupHi niHil). ['pa-
HUYHUN pO3Mip 30HU JECTPYKIil BUSBISETHCS JO-
CHTh 3HAYHHM, OJHOTO TIOPSJKY BEIWYHHU 3

JIOBYKUHOIO BCi€l 30HM MepeapyiHyBaHHS.

x, y.
0,09 ", 06
0,08

0,07

0,5
0,06

0,05

T
n,=1

0,4

0,04 : k
0,1

0,1 02 03 04 05 06 07 08E/E,

0,01

0 1 1

! : 0,65 :
0,1 02 03 04 05 06 07 08E,/E,

0,1

02 03 04 05 06 0,7 08E,/E,

02 03 04 05 06 07 08E/E,

O
1,0}
0.8
0,6
041

0,2

0

01 02 03 04 05 06 07 08E/E,

Puc. 2. 3anexHicTh TPaHUYHUX PO3MIPIB 30HU NEpENPYHHYBaHHS X, 30HH JIECTPYKIIIT }, 1 HABaHTAXKECHHS
o, Bi# BigHomeHHs MoxyniB KOHra 3'ennanux MmatepianiB E\/E, ana niicaux (a, b, c: o=50°, 6, =0,1,

6. =0,08, g=0,5) i kommekcHux (d, e, f: a=210°, &, =

Sk BUIHO 3 pHC. 3, XapakTep 3aJeKHOCTI PO3Mi-
piB 30HU TepeApyHHYBaHHS 1 30HH JECTPYKIl Ta

0,01, 5. =0,008, g=0,5) xopeHiB piBHAHHA (2).

IPaHUYHOIO  HABaHTAKECHHS  BiA  BiJHOIICHHS
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g=0,/0,, AKe XapaKTepH3ye CTYMiHb 3Mil[HCHHs HAHHAX (3-6), Ta BENMYMHHU KPUTHYHOIO PO3KPHUTTS

Marepiany, € pisHUM Wi pisHux J,. [Mocwiennss 3OHH ACCTPYKIl O, . 3MILHCHHS 3'€HYBATbHOIO

.-
MaTepialdy TpPU3BOAUTH JI0 3POCTaHHS T'PAHHUYHOTO
HaBaHTaXEHHS 0, TIPU MaJMX 1 Maike He BIUIMBAE Ha

HBOI'O IMPU JOCTATHHBO BCIIMKUX 3HAYCHHAX ITapaMeET-

pa S, (puc. 3, c, f).

3MillHEHHs (3MEHIIEHHsA BEIUYMHU O,/C,) MOXeE
CYIIPOBOJIKYBATHCh SIK 3MEHILICHHSIM, TaK 1 3017b-
IIEHHSAM X, , y, B 3aJIEKHOCTI BiJ| KOH}Iirypanuii Ha-
BaHTa)KEHHS, 33J1aHOT0 MHOXKHUKAaMH #; 1 n B piB-

x > n,=0; 80,04 . —=1; 5,=0,04
neoscoos @ 0 70_@14 n=13 5004 ()
0,06 \\ ’ 1; 0,04 1,8 1; 0,08
150,08
0,65
0,05 L6

R 0,60
oo LS 1; 0,04 0; 0,08 I 0: 0.04
) \ ’ s Yy
0,55

0; 0,08
0,03 0,50 ‘ 1,2 w ‘ |
o1 03 05 07 094 0,1 03 05 07 09¢q 0.1 0.3 0.5 0.7 09 ¢
X, . GK
n0:3-0008 (@ ¢ © n=1; 520,004 @
L o T 085 06 ;80,004
0,018
n=0; 5,0,004
080 ———"———— | 1; 0,008
L 1, 0,004
0,75 0.4
0,014 0; 0,008
0,70 0; 0,004
0,012 1, 0,008 :
1; 0,004 0,65 0,2 0; 0,008
0,01 0,60 ‘ ‘ ‘ ‘ ‘
o1 03 05 07 094 0,1 03 05 07 09q 01 03 05 07 09 4

Puc. 3. 3anexHicTh TpaHUYHUX PO3MIPIB 30HU NEPENPYHHYBAHHS X, 30HH JIECTPYKIIIT ), 1 HABAaHTAXKEHHS
0« BiJ apaMerpa JIiHIHHOro 3MillHeHHs ¢ =0, /0, a1s AiicHux (a, b, ¢: 0=50°, &, =0,1) i KOMIUIEKCHUX
(d, e, f: a=210° 6. =0,01) xopeHiB piBHsHHS (2); E1/E>=0,25.

e ] B o
L @//‘ 0’9 @/’
0,06/ / |-
i T b 20>l |l
0,04 / i A | | 0,7 .‘:{__;j,’-:"
Pad { "//
L . 0,6/ 1.0} L
0,02/ . | : L
I SRR Srbil R A I 0,5 P
0 — : : : : 04 0
0,01 003 005 007 009 35,38, 001 003 005 007 009 8.5 001 003 005 007 009 8.8,
X, @ Y @ G, @
T 0N e i [~ 08 . L
002 ’? 0.6 \\ o - et
/y ’ ,-:‘:"" ==
/// i 0,4 T
M a \ il
’//// _______________ | 0’2 ,,/5
0L 05 L— : | .| ; ‘ ‘
0,001 0,003 0,005 0,007 0,009 3,38, 0,001 0,003 0,005 0,007 0,009 8,3, 0,001 0,003 0,005 0,007 0,009 3,3,

Puc. 4. 3anexHicTs mapamMeTpiB TPaHUYHOTO CTaHy 30HU TEpePYHHYBAHHS BiJI TPAHUYHUX PO3KPHUTTIB I,
(cyuinbHi diHii) 1 d, (MYHKTUPHI 1 WITPUX-TTYHKTUPHI JdiHil) g E1/E>=0,25, ¢=0,5; a, b, ¢) a=50°, n,=1; d, e,
) a=210°, n=1.

I'padixu Ha pHCc. 4 IMIOCTPYIOTH 3aJIGKHOCTI Tpa- il Ta TPAHWUYHOTO HABAHTAXKEHHS BiJ TPAHHYHOTO
HUYHUX PO3MIpIB 30H TEpEApPYHHYBAHHS 1 JECTPYK- PO3KPHTTS J. 30HH ACCTPYKIIi (CYIIbHI JiHii) 1 rpa-
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HUYHOTO PO3KPHUTTS 30HU TMepenpyHHyBaHHS o, Y
BEpUIMHI TPIIUHY (B pamMKax Mojenei 6e3 30HHU Jie-
CTPYKIIii 1 3MIlTHEHHS Ta 3 1X ypaxyBaHHSM — BiJIO-
BIJTHO TYHKTHPHI 1 INTPpUX-MYHKTHpHI JiHii). [Ipu
po3paxyHKax 3alieKHOCTI IMapaMerpiB 30HU IIepe-
NpyHHYBaHHS BiJ| 0, Y BUNIQJIKY JIHCHUX MMOKa3HHKIB
CHUHTYJISIPHOCTI A1, A, moknaganu 6,~0,008, y Bumnaj-
Ky komruiekcHux — 0,~0,001. IIpu po3paxyHkax 3a-
JISKHOCTI TTapaMeTpiB 30HU TepepyHHyBaHHS BiJ J,

2016, 1

Bulletin of Taras Shevchenko
National University of Kyiv
Series: Physics & Mathematics

y BUNAJKY TIHCHUX A, A, mokianamm 6,=0,1, y Buma-
JKY KOMIUTEKCHUX — 0,=0,01. 3 pUCYHKIB BUILIHBAE,
10 TIpH 301IBIICHH] J, BITHOCHA JOBXKHMHA 30HHU IIe-
penpyiinyBanus x.=[./L 3poctae, a BITHOCHA JTOBXH-
Ha 30HU JecTpykuii y.=d./l. 1 HOpMOBaHe TpaHUYHE
HaBaHTAXEHHS 0, 3MCHIIYIOTbCA (CYIUIBHI JIHIT).
[Tpu 30inbIIeHH] J,, 5K 1 cig Oyno odikyBaTH 3 (i-
3MYHUX MIPKyBaHb, BCi BKa3aHI mmapamerpH 3pocTa-

Ve

i @
I /
v 0,6
e
0,08 e /

n,=0

|

\ :

F //

0,06 > 0.4
’ /\4% n,= ’ n=1
| .~ 2
0,045~
v

L=~ 0,2}

-
0,02 L

i [ ‘ ‘ ‘ ‘ 0 . . 1,0 . . .
30 40 50 60 o° 30 40 50 60 [e3 30 40 50 60 [e3

75 85 95 105 a’ 85

95 105 a’ 75 95 105 a’

Puc. 5. 3anexHicTh TpaHUYHUX PO3MIPIB 30HU NEPENPYHHYBAHHS X, 30HH JIECTPYKIIIT . 1 HABAaHTAXKEHHS
0, B KyTa 3]1aMy MeXIi IOJTy cepelloBUL o A AilcHuX (a, b, ¢: §, =0,1, 6. =0,08) i KommIekcHuX (d,
e, f o=210°, 5, =0,01, 5, =0,008) kopeHiB piBHsHHA (2); E\/E,=0,25, ¢=0,5.

X 1000,1 03 05 07 090l g
® /’l 0,06
10"
0,04 duy
0,04 |
107
2
0,02 107 |—= 0,02 .
7 /2
— 10° - A==
0 02 04 06 08 oo, y 0. 02 04 06 08 ol

Puc. 6. 3anexHicTh BiTHOCHHX pPO3MIpiB 30H MepeApyHHYBaHHS X 1 JECTPYKIl ¥ Ta NPUBEACHOTO
PO3KpUTTS TpIMHK &) Bix 6e3po3MipHOro mapamerpa HaBaHTaXeHHA o; 1) a=50°, §.=0,1, §.=0,08,
n=1; 2) a=210°, 6, =0,01, 6. =0,008, n=1; E\/E,=0,25.

'pannuni mapaMeTpu 30HU TepeApyHHYBaHHS
CYTTEBO 3aJIeXKaTh BiJ KyTa 3J1aMy MEKI MMOALTY Ce-
penosu o (puc. 5). B miit 3anexkHOCTI crocrepira-
IOTBCSI MAKCUMYMH 1 MIHIMyMH PO3MIpiB BCi€i 30HH
nepenpyiHyBaHHS 1 30HU ACCTPYKIil. Y BHMAAKY
KOMIUIEKCHO CIpPSKEHHX A;, 1, MakCUMyMaM TIpa-
HUYHOI JIOBXKMHH 30HH TIepepyiHYyBaHHS HaOJIMKe-
HO BiJIIOBIIAIOTh MIHIMYMH BIJHOCHOI JIOBXXHHH 30-

HU JecTpykuii 1 HaBmaku (puc. 5, d, e). BigHocHa
JIOB)KMHA 30HH JECTPYKIIii € JIOCUTh MAJIOIO TIPH Ma-
JUX KyTax po3xuiy (a <35°, puc. 5, b). 3rigHo 3 puc.
5, ¢, f, npu oOpaHUX mapamerpax J., d, TPaHUIHE
HaBaHTa)XEHHS B MOJIeIi Oe3 30HU JecTpyKii (IyHK-
TUPHI JIiHIT) BUSABISETbCS OUTBIIAM, HIXK Y MOJENI 13
30HOK0 JECTPYKIlii (CYIIbHI JiHIl), MpoTe IeH BH-
CHOBOK HE € 3arallbHHM, OCKIIbKH 3 pHC. 4, ¢, f BU-
IUIMBAE, IO MPU JOCTATHHO BETHKHX 3HAYCHHSX O,
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O, HEpIBHICTh MK TPaHWYHUMH HaBaHTaKEHHIMHU
CTa€ MPOTHIICIKHOIO.

[licns BU3HA4YCHHS TPaHMYHHUX IMapaMeTpiB Po3-
TIISTHYTa MOJENb JI03BOJISIE PO3paxyBaTd MapaMerpH
30HH TepepyHHYBaHHS TPH JOKPUTHYHOMY HaBaH-
TakeHHI. Pe3ynbraTi okpeMux po3paxyHKiB, OAaHi
Ha puc. 6, TIOKa3ylTh, O PO3MIPH 30H MEpeApyi-
HYBaHHS 1 IECTPYKIIii Ta PO3KPUTTS TPIIIUHK y BEp-
IIMHI HENIHIHO 3pOCTal0Th 3 POCTOM 30BHIIIHBOTO
HaBaHTa)XCHHS, 3aJlaHOr0 OE3pO3MIPHHUM IapaMeT-
poM o. Y 3MilTHEHOMY MaTepiali Mpu HassBHOCTI 30-
HU JECTPYKIil JOBXHHA 30HH TepenpyHHyBaHHS i
PO3KPHUTTS TPIIMHHU (CYIUTBHI JIiHIT) IPH OJHAKOBHX
YMOBaX HaBaHTAXXCHHS BUSBISIOTECS OLTBIINMH,
HDK TIpH 1X BiACYTHOCTI (IIYHKTHpHI JiHii, puc. 6, a,
¢). Y 3aJeXHOCTI BiIHOCHOI JJOBXXKHHH 30HU JIECTPY-
KIii BiJl HaBaHTa)XCHHs Iepen0davaeThCs CTPUOOK
MIPH BEJIMKUX KyTaX 371amy (puc. 6, b).

BucHoBku

B ymoBax miockoi aedopmarliii 3a J0MOMOIO0
Meroay Binepa-Xonda 3Haii/IeHO aHATITHIHUI PO3-
B'S30K 3aJladi PO PO3paxyHOK MajJoMaciTabHol 30-
HHU NepeApyHHYBaHHS 3 IIPUBEPIIMHHOI 30HOIO Jie-
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CTPYKIIii B OKOJIi KYTOBOI TOUKH MEXKi MOALTY JBOX
PI3HUX MPYKHHUX CEPENIOBHII, 3 SIKOi BUXOIUTH MIX-
(dazHa TpimmHA. 30Ha MEpeAPYHHYBaHHS, IO PO3-
BHMBA€ETHCA 3 KYTOBOT TOYKH 110 MEXKI MOJLTY Cepelio-
BUII Y 3’€JHYBUILHOMY MaTepialli, MOJETIOEThCS
JHIEI0 PO3PUBY HOPMAIILHOTO TIEpeMilleHHs, Ha
SKii HOpMallbHEe HAIPYKEHHS 3aJI0BOJILHSE ITiHIM-
HOMY 3aKOHY 3MIlIHEHHs. 30Ha IeCTPYKLIi BU3HAUa-
€TBCS SIK MPHJIETIIa 70 BEPIIMHU TPIIMHU OOJIACTb
30HH TIepelpyiHHyBaHHs 3 BUCOKUM PiBHEM po3ipBa-
HUX MDKYaCTUHKOBUX 3B’SI3KIB, III0 OOYMOBIIIOE
3HMKCHHS HAIIPY>KEHHS B 30HI 1 30UTbIIEHHS ii po3-
KpuTTs. OTpUMaHO TPAaHCUECHICHTHI PIBHSIHHS IS
BHU3HAYEHHS PO3MIpIB 30H IMepepyiHyBaHHS 1 Jie-
CTPYKILii Ta PO3KPUTTS TPIIIUHY Y 11 BepumHi. 31ili-
CHEHO YMCIIOBHH aHali3 BIUIMBY 3MII[HEHHS i YTBO-
PEHHS 30HHU JECTPYKIII HAa YMOBH 3pYIICHHS TPIilIU-
HU 1 TpaHUYHI PO3MIpH 30H. BusBIEHO iX CyTTEBY
3aJIeKHICTh BiJl MapaMeTpiB 3MIIHEHHS MaTepiaiy,
KoH(]Iiryparii HaBaHTa)XKEHHSI, a TAKOX BiJI KyTa 3J1a-
My MEXIi oAy cepenoBuil. BeranosieHo, mo rpa-
HUYHUH PO3MIp 30HHM JIECTPYKIIl CKIagae 3HAYHY
YacTUHY 30HM TepenpyhHyBaHHS, Aocsraiouu 0,9 ii
JIOBKHUHH.
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Influence of contact interaction between Dugdale
crack faces on fracture parameters of orthotropic
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BruiuB KOHTaKTYy Mizk OeperamMu TpPilUMHU
Jarnaeiijia Ha mapaMeTpu pyHHYBaHHA
OPTOTPONHOI IVIACTUHHU
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Y cmammi nasedeno nioxio 0o po3e’sa3ysamHs 3a0ay HENIHIUHOLI MEXAHIKU PYUHYBAHHS, KU 8PAX0BYE
MOACIUBULL KOHMAKM Midc bepezamu mpiwunu. Busedeno eusnauanvHi pigHAHHA 018 POIKPUMMSA MPIUUHU
ma KOHMAaKkmHo2o Hanpyscenus. Haeeoeno npuxiad o6uuciens 0as opmomponHo2o KOMno3uma.

Knrouosi cnosa.: mpiwuna, pyinysants, posKpumms mpilyunu, KOohmaxm depe2ie mpiujuru

An approach taking into account possible contact between crack faces is proposed to solve nonlinear
fracture mechanics problems. The studied body is assumed to be a cracked infinite orthotropic plate. In this
work, as an example of the approach application we study a problem for the body which is loaded by the
tensile forces at infinity and a pair of the compressive point forces applied near the crack. As a cohesive
force model we used Dugdale model for its simplicity. Muskhelishvili’s formalism is used to reduce the
problem to Hilbert—Privalov boundary value problem. A linear approximation is used for the contact
stresses. Equations are derived to determine crack opening and node values of the contact stresses. Due to
the problem’s nonlinearity, the contact zone extension and the location of the process zone ends should be
determined as a part of the solution. An example of calculations is given for an orthotropic composite. The
composite effective characteristics were obtained using homogenization. Quantitative assessment of the
proposed approach is made when compared to the approach of the linear fracture mechanics (Griffith crack
model).

Key words: crack, fracture, crack opening, contact interaction between faces.

CraTTiO IpeAicTaBUB JOKT. (i3.-Mar. Hayk, pod. XKyk 5.0.

1. Betyn

BaxnuBicth  OOYMCICHHS TapameTpiB, IO
XapaKTepHU3yIOTh HAsABHY B EJIEMEHTI KOHCTPYKITI
TPIIUHY, Jajia TOITOBX PO3BUTKY YHCICHHUX
AHAIITUYHHUX Ta OOYMCIIOBAJIbLHUX METOIB JIHIHAHOI
Ta HeJTiHIHOT MeXaHIK1 pyHHYBaHHS.
HaiiBaxmuBIIAMH  XapaKTEPUCTUKAMH TPINTAHA €
koedimieHT iHTeHcHBHOCTI Hamnpyxkenb (KIH) ta
po3kpuTTs OeperiB Tpimuan. HesanexxHo Big Tuiry
TPIMUHY (KPUBOJIiHIHHA Y1 TIPSAMOJIIHIHHA, TIPOCTOTO
peXUMy PYWHYBAaHHS YW 3MIIIAHOTO) B OUIBIIOCTI
BHUIAJKIB 3a1ada pO3B'I3YETbCS B MPUIYIICHHI
BIICYTHOCTI B3aeMOIii OeperiB, TOOTO JJIS BIAKPHUTOI
TpimuaU. Hagite skmo KIH tpinmuan HOpMaInHOTO
BiipuBy K| BiAMIHHMI Bin Hyns (Big'emHuil K|
CBIAYUTDH TPO MEPEKPUTTS OeperiB TPIIIMHU B OKOJI

© A.O. Kaminceknii, M.®. CenuBaHos,
10.0. Yopuoisan, 2016

BEPIITMHN) MOXKJIUBE YaCTKOBE IEPEKPHUTTS OEperiB
Ha JESIKAX [IISHKAaX, [0 HE MICTATh BEPIIHH.
OueBunHuM € (aKT BIUIMBY YTBOPEHOI 30HH
KOHTaKTY Ha XapaKTepPUCTUKH TPIIIKHY.
IlinTBepKEHHS THOTO BIUIMBY MOXKHA 3HAUTH Yy
pO3B’s13Kax, sKi HaBeJleHO y poboTax [5-9].

v i poboTi HaBEIEHO aNTOPUTM
pO3B’s3yBaHHS 3a7adi MMPO BU3HAUCHHS IapaMeTpiB
o0macTi KOHTaKTHOI B3aeMoOAii OeperiB TpILIMHU
Harpetina, mo nepedyBae mijJ Ai€l0 NPUKIAJACHUX HA
3HAYHIM Bifgam Big Hel pO3TATYBAIBHHUX 3yCHIIb Ta
CTHUCKAIbHUX 30CEepeKEHUX CHJI, TMPUKIAJCHUX Ha
neBHIA Bigmami Big TpimuHU. Jns  1oOymoBu
aHATITHIHUX PO3B’SIKIB B pOOOTI BUKOPHUCTOBYIOTHCS
KiacuyHi roteHmiam Mycxemmsim [3]. Kontaktae
HanpyXeHHs1 Qirypye B IMX MOTEHIIajdax y BUITIAIL
JIHIAHOT ampoKcuMarii 3 HEBIIOMUMHU
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HANpYKCHHAMH y By3nax. [ 3HaXODKEHHS NHX
HampyXeHb OYAYIOTbCA Ta PO3B’SI3YIOTHCS CHCTEMHU
HEJIIHIHUX PiBHSHB.

2. ITocTaHoOBKa 3aga4i

V3aranbHeHUd 3akoH ['yka [ TOJIOBHHUX
HaIpsIMKIB aHI30TPOITii MaTepiany iacTuaH [2]:

gx =a110'x +a120-y ,gx :alzax +61226y,

7xy = a66Txy .
PosrasasMo 3a/1aqy, 110 BiIOBiTa€e
ITOCTaHOBITI, 300pakeHiit Ha puc. 1.
A A A Ox 4 A A
MY
g Yo 1 o
iz o P H
rL1d p
cE i) Lo
c b ® b d
v \/ vV Ow ¥ v v

Puc. 1 ITocra”HoBKa 3a1ayl 1 HO3HAYEHHS.

Kontypni ymoBu 3anaui

xel”
xe(=b,b)’

o,

o, =—0y(x)— 0 (x)+ {O,

(L"=(c,-b)w(b,d)) Ta yMOBY Ha HECKIHYEHHOCTI

o,(z)=0,, z—on

HamnpyxenHs o (x) € BIIMIHHUMHU Bif HyJIs Y
BUNAAKYy  KOHTakTy  OeperiB  Tpimmuu.  Lli
HaIpy>KeHHS OyZleMO BH3HAYATH B XOJi PO3B’SI3aHHS
3amadi B hopMmi JIiHIHHOT anpOKCHMAITii:

(b =x)04 4 +(x—b; )0y
, XE€ (bk—labk )>
Ab,

KOHTaKTH1

T (x) =

o, - HampyXeHHS Yy  By3Jax

anpokcumaii, b, =c, b, =d . bynemo posrisaatu
JIATIIE YaCTKOBHUH KOHTAKT OeperiB, KOJIW BEPIITMHHU
TPINIMHU JISKATh 10332 30HOK KOHTAaKTy. Takox y
mpolieci po3B's3yBaHHS 3agadi Mae OyTH 3HaiIEeHO
TTOJIOXKEHHS 30BHIIMIHIX TPAaHUIh 30H 3UCIUICHHS C 1

d.

2016,
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3. MeToauka po3B’si3yBaHHsI
KomnoHeHTH HampyskeHb i HepeMillleHb y Tii
MO’KHA TIPEJCTaBUTH dYepe3 IOTCHILIATN y TaKOMYy

BUTIIAI [2]:

o, = 2Re{s]®(z) + 53¢ (2},

o, =2Re{®@(z)+¥(z2,)}; (1)
Ty = —2Re{s1<D(zl) + sz'z”(zz)} ,
u = 2Re{P1¢(Z1)+P2'//(22 )};
v = 2Re{‘11¢(21)+ 9y (2, )}‘,
ne
P = @18k + @y, @ = Sy +aﬁ;
Sk
#(2)= [0(2)dz. v = [#(2)dz. @)

Kommnekcni mapamerpu aHizotpomii s; =if3 1
S, =if3, € KOPEHAMU XapaKTEePHCTUYHOTO PiBHSIHHS

OCHOBHOTO JU(epeHLialbHOTO PIBHSIHHS ITOCKOT
3aadi Teopii NpyKHOCTI

a11s4 + (2ay, + agg )s2 +a,, =0.

JI71s1 BeNTMKWX 3HAYCHD | Z |
o()-r+2roc v -r+Eroc,
z z

r=B"+i-0 i I"'=B"+iC" BU3HAYAIOTHCS
YMOBaMHU Ha HECKIHUEHHOCTI 3 BUpasiB (1):

s+ s3I+ 52T+ s50'= o7
r+ '+ T+ [I'= o 3
s+ s,l'+ 5T+ 5= -1,
Hdnsa  QopmymoBanns  3azaui  [inbOepra-
IIpiBamoBa BBemeMo GyHKITIT [4]
O0(2)= Do)+ 22y (),
I+ as;
Q) =B(2) + 272,
1+as;
ot ag “4)
0(z) = p(2) + 22—y (2),
D taq

o(2) = p(z) + L2790 )

P taq
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BBCI[SHI/II/I. napaMeTp & €  KOPEHEM ol (x) = (1+as)@" (x) + (1+a5;) 2™ (x);
KBaJIPATHOTO PiBHSHHS B B . 3
o,(x)=1+as)O (x)+(1+as)2" (x).
l+as, p,+agq,
= : ®)

l+as, p +ag
PiusiHHA (2), (4) 1 (5) maroTsb
0(2) = [0(2)dz.

PiBHicTB

wo(z)= jg(z)dz (6)

BUIUIMBAE 3 TOrO, IO 3 & TAaKOX € KOpEHeM
KBaJpaTHOTO PiBHIHHA (5), 3BIAKH

1+as, _ P +agq, ; 1+ as, :1_92 +aq,

l+as, p+aq l+as, p+ag

110 1 3a6e3mneuye (6).
YTBOopuMO HACTyIHI KOMOIHAMIl HANpPyXEeHb 1
MepeMileHb
o, =0, —ar,, =(l+as)0(z)+
+(1+a5)Q2(Z) +(1+as))[¥ (z,) - ¥ (z)]+

H1+a5,)[¥(2) =¥ (2)];

(6)

u,=u+av=_(p +aq,)0(z)+
+(p +aq)o(z) +(py +agy)ly(z,) -y (z)]+
(D + @)y (22) ~w ()}

[Tepemimmenns 6eperiB TPIMIUHA:

u, (x) = (py +aq)0" (x) +(p, +ag)o’ (x). (7)
3 (3) BumuIMBaE, 110

o, =0,—-ar, =
=(+as)l +(1+as,) +
+(1+as) "+ (1 +as,) [

OyHKLi1 y BUpa3ax 1jisi HApYKeHb 1 mepeMilieHb

(1), HaObyayTh BUTIISAY

O(z)+ Q2(z) 1+as; O(z)-2(z)

e T R
o(z) = 0(z) J; a(z) w(2)= : +as, 0(z)—w(z) '
+as, 2

Ha niiicHiif oci KOMIUIEKCHOT ILTONIUHH, KOTH )

MpsSMYy€E IO HYJsI 3rOpH 4YHM 3HU3Y 3 BHpasy (6)
BiJIMIOBiZTHO OTPUMAEMO

Jlomaroun Ta BigHIMAIOUYW IpaBi 1 JiBI YaCTHHHU
piBHsHL (8), OTpMMaeMo MABI TpaHWYHI 3adadi
I'nsbepra-IIpiBanosa

[(1+ as)O(x) + (1+a5)2(x)] +
+H(1+ as)O(x) + (1+a5)2(x)] =0, (x)+ 0, (x);
[(1+ as)O(x) - (1+ a5)2(x)] -
~[1+ as)Ox) - (1+a5)R2x)] =0 (x) - o, ().

(€))
Po3B'a30k mMX 3amay y BHUNAJKY HasBHOCTI
HaIpy>XeHb Ha HECKIHUE€HHOCTI Ta
CaMOBPIBHOBaKCHUX KOHTYPHHUX YMOB
(o, (x)=0,(x)) nHabyBae BUIsALY
(I+as)O(2) £ (1+ as))2(z) =
—H\(z) - H,y(2)+ H3(z) + Hy(2)
7 , (10)
-,
ae
d
Hy(2)=—— [79 ¥ (ydx,
iX(z)% x—-z
1 d
1,2 = [ % (s,
iX(z)de x—z
Coz+C
Hy(5) =202 (= [ AW,
X(2) iX(z)" x-z
(1D

X(x) — smadgeHHs pyHkmii X(z)=./(z—c)(z—d)
Ha BepXHbOMy Oepesi pospizy (X (x)=X"(x)).
Cram C,

HECKIHUYEHHOCTI, cTana C; — yMOBOIO OJHO3HAYHOCTI

Ta F2 BU3HAYA€TbCsA YMOBaMH Ha

nepeMimeHL, O — HallpY>KCHH:, 110 BUHUKAIOTh Ha

JHII pO3TAIKyBaHHS TPINIUHU B TUTI 0€3 TPIIIMHH
BHACIIIZIOK TIPUKJIAJIAHHS 30CEPEKCHUX CHUIL.

3  ymoBH OJTHO3HAYHOCTI  TEPEMIllCHb
BcTaHOBUMO, 110 C; =—eC,. Crani C, 1 [,
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1 o0 ’
Cozgaa;Fz=—(1+as1)F—(1+as2)F +

+(1+as) T +(1+as,)

IaTerpyroun y (9), orpumaemo

H,(z)=

iP & _
e | RGz.2)-R(zZ) |;

n-l1
H,(z)= izo'k [ (2) -
k=1

_N0k+N1k(Z_e)_N2k(Z_e)2 )
X(2) ’
H,(z)=rno,, ()

H,(2) = o{iCb () +7 —%}, (12)

X(z)

e e=(d+c)/2,

a, (1+as
Dk:k(—~k)'qk7 k=1,...,4,
a1k
a=a,=1, ay=a,=-1;

X» = X(b) - X (=b)

X(2)=Jz-c)d-2),

= 2arcctg [M}, X(z)= .
1+ X (-b)X (b) z
R(z,{)=(z-) " [X(29)-X()];
hy(2) =Q)(2) + Cy(2), h,(2) =-0,(2)-C,(2),

M (2)= 04 (2)— Oh(2), k=1,...,
0i(2)=(Ab) [0 (2) - 0,1 (2)];
Qk (2)=(z- bk)Ck (2),

n—1;

Ci(2)=C(z.b;,);
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Nog = AS) + Xo, Nyg = ARy — I, Nyy = A},

NOk = ASk+1 _ASk’ le = ARk+1 _ARk’

N2k :A]k+1_A]k=

NOn :_ASn _Xn’Nln :_ARn +In’N2n __A]n;
k

I, =2arctg X,, X, = X, =X, (n-k),

n—k

2
(k_Ej]k’ 28, :Tl —(k—zj .

C,(z2)=C(z,b) - C(z,-b),

Rk:

L XO-X©)

o o X0

Koopaunatu BepmmuH 30H 3ueruieHHS ¢ 1 d
MalTh  3aOBOJIBHATH  yYMOBY  CKIHYEHHOCTI
HanpyxeHb. 1100 oTpumaTu BiANMOBiZHI pPIBHAHHS
migcraBumo  ¢ynkuii H;(z) 3 (11) mo
criBBigHomeHs (10) 1 mpupiBHAEMO BHpa3 IpHU
X 71(2) , O0UHCIIEHNH y X TOYKAX, 10 HYJIS:

szglk +ezzo'k |:nN0k _ENzk:|_O-Xb =0

n—1 >
ZDngk +e, { Zakle +0B, - 7[600:| =0
k=1

23
(13)
ae
e,=(d-c)/2,
,:_,322_“12/“11 r:ﬂ12_a12/a11
Dy 2 2 D, 2 2
By =P By =B

8.k ~RelX ' (20) F X(2)}.

OtpumMaemo  BHpa3 OO  BEPTHKAIBHUX
nepemimens  OeperiB  TpimumHH. Jna  1mporo

npoinrerpyemo (12):
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iP & z—zK
jHl (z)dz = ?ZDk In——=0 - C(zf,2) +

p z -7
+C(z; Z)];
[H,(2)dz = iZZ:iak {Jk (2)- iOFS (DN, };
[H;(2)dz = 70, X (2); S
[Hy(2)dz =K, (2) + 72 = By X (2) +iX b1 (2),
ne

Jo(2)=T(2)+K(2), J,(2)=-T,(z)- K, (2),
Ji(2)=T,(2)-T(2), k=1,...,n—1,

T;(2)=(Ab) [T (2) - T4 ()]
K, (2)=0,(2) - X, 1(2);

2T,(2) = (=5, Co () + X, | X (2) +b,1(2) |;

Fy(2) =-I(z), F(z)=X(2),
2F,(z) = & 1(z) - zX (2);

K, (2) = K(z,b)— K(z,-b), I(z)=2arctg X(2).

3rigHo 3 (7) oTpuMaEeMo TiepeMillleHHsI OeperiB
TPIIITUHA

2ra 2
7 Y v(x) =Py D"C,(z5,x) -
k=1

n—1 2
-> o, {Jk (xX)= D F (XN, } +
k=1 s=0

+0, X (x) + o[K,, (x) = By X (x) + f(,,z(x)].

Po3's130k HemiHiWHOI cuctemu (13) Moxke OyTH
3HAWJEHO 3a JOMOMOIOK OJHOTO 31 CTaHIapTHHUX
METOJIIB PO3B'SI3aHHSI CUCTEM HEIHIHHUX PIBHSIHb.
Jlst mepioi itepamii ¢ 1 d (TTOJTIOKEHHS BEPIIUH
30HM 34erieHHs) oOumcmoemo KIH y mpasiii Ta
niBiM BepmmHax TpimuHu K[ (Fb); y Mexkax pamkax
KOHIIENI[iI TOHKOi CTPYKTypH BEPUIMHH TPIIIUHU
3HAXOJIUMO

~b—c| _ 7K} (Fb)
d-b 8o
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Ha xoxHil iTepamii po3B's3aHHSA HEMiHIHHOL
cuctemi (13) gieMo 3rifiHO 3 TAKMM aNTOPUTMOM:

1. Po3B's3yemo cucTeMy JiHIHHHX pPiBHSHb
v(b,)=0 3 HEBIIOMHUMHM 3HAUYEHHSAMH KOHTaKTHHX

HanpyXeHb y By3lax anpokcumanii. Lo cucremy
MOXKHa [OJaTU Y BUIIIAIL

AG =B, (14)

Jle eJleMeHTH MaTpuili A 1 Bektopa B HaOyBaroTh
TaKUX 3HAYCHb!

2
Amk = Jk (bm ) - ZFs (bm )va 2
5s=0

2
B, =PYD'.C,(z.b,) + 10, X(b,)+

k=1
+ o[ Ky(b,) ~ By X (b)) + X, 1(b,,) ],
mk=1,2,...,n-1,
C.(z,x)= Re{C(z,x)} .

2. Bukiouaemo 3 cuctemu (14) piBHSIHHS 1
3MiHHI 3 HOMEpaMmH, IO BiAMOBIIAIOTH BiJl' €MHAM
elleMEHTaM G OTPUMaHOrO PO3B’SI3KY.

3. IToBTOpPIOEMO NPOLIEAYPY JOKH BCi €IEMEHTH
O HE CTaHyTh JOJaTHUMH.

TakyM  YWUHOM,  aNrOpUTM  Mepeadavae
3aCTOCYBaHHS ITEPAaTHBHOI TPOIEIypH Ha KOXKHIM
iTepamii MeTomy pPO3B'SI3aHHS  CHUCTEMH  JIBOX
HeTIHIHHUX piBHIHG (13).

4. Ilpuxaan po3B’si3aHHA

[Ipoimoctpyemo ITOPUTM YHCIIOBUM
pe3ynbTaToM, HaBeleHUM Ha puc. 2. Pesympratu
orpumao ana o, =20 Mlla, P=o0,-1 cM,
xp = 0.1 IPYKHUX CTalluX

Marepianry, SKi OTPUMAHO IIITXOM MOJCITIOBAHHS
Marepially IUIACTUHA OPTOTPOIHUM CEpPEIOBHILEM 3
e(eKTUBHUMHU XapaKTEePUCTUKAMHU, 3HAMJEHUMH 3a
JIOTIOMOTOI0  PEe3yJIbTATIB MEXaHIKH KOMITO3UTHHUX
marepianmiB  [1] sk QyHKOii = MexaHIYHHX
XapaKTepUCTUK 130TPONHUX MaTepiajiB KOMIIOHEHT
komrno3uTa. KoHIeHTpamis apMyBaHHS BBa)Kajacs
piBHOIO 0.2, MOAYINi 00’€MHOTO CTUCHEHHSI Ta 3CYBY
JUIsL apMyBaHHs 1 HamoBHIoBaua — K, =85.8 Mlla,

G,=29.3 MIla, K, =5.41 MIla, G, =2.51 MIla.

cM, ;=03 cm i
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Puc. 2 Po3kputts 6eperiB TpiluHA.

Jis  TOpiBHSHHS Ha 1BOMY JK PHUCYHKY
MITPUXOBOIO  JIHIEIO  300pa)X€HO  BiATIOBIMHUN
PO3B'SI30K IJIT MOJIEI TPIMHN y MeXax JiHIHHOT
MEXaHIKu  pydHyBaHHsA.  KoHmemmis  TOHKOI
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CTPYKTYpPH JIa€ TPaHUIN 30H 34uetuieHHs ¢ =—0.5177
cM 1 d=-0.5521 cwm; po3B’s3aHHSA 3amadi nae
c=-05220 cm 1 d=-0.5693 cMm. IloxubOxka
KOHIICTINI TOHKOi CTPYKTYpPH BEpIIMHUA TPIIIHHH
MIpH BU3HAYCHHI PO3MIpiB 30H 3UCIUICHHS CTAHOBUTH
qutst miei 3amaqi 0.82 % mns miBoi 3oHm 1 3.11% most
IpaBoi.

TakyM 4YHHOM, Ha KOHKPETHOMY NPHUKIA[I
MPOLTIOCTPOBAHO €(PEKTUBHICTh 3alPOIIOHOBAHOTO
iIXOy bi (o) BU3HAYCHHS XapaKTePUCTUK
pYWHYBaHHS Y BUTIAIKy KOHTAKTy O€periB TPilluHU.
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Ilpedcmasneni pezyromamu 00CTIONCEHHS BUMYULEHUX PAOIATbHUX KOJUBAHD | OUCUNAMUBHO20 PO3icpigy
BAMKHYMOI chepuunoi 000I0HKU i3 Di3UUHO HENIHIUHO20 8 S3KONPYHCHO20 MAMEPIANy ma ix 0emn@yeanHs
n'€30en1eKMpPUMHUMU CEHCOPOM T AKMYamopom. J[oCaiodiceHo eniue 3aneicHocmi 610 amniimyou oegpopmayii
KOMNIEKCHO20 ~ MOOYJsl — HACUBHO2O — Mamepiary HA  aMIAImyoHO- 1 MeMnepamypHo-4dacmomHi
Xapaxmepucmuku 000a0HKY. Tloxkazana MoxicIugicmov aKmueHo20 O0eMIQYBAHHSA GUMYULEHUX KOAUBAHD
0007I0HKU 30 OONOMO2010 0DEPHEH020 38 A3KY, KU MAMEMAMUYHO PeanizyemvCs MIHIUHOW 3AeHCHICIO
MidIC pi3HUYeI0 NOMEHYIANI8 aKkmyamopa i NOKAZHUKAMU CEHCOpd, U020 WEUOKOCHI Md NPUCKOPEHHS, WO
BHOCUMb BKAAO 8 HCOPCMKICHI, OUCUNAMUBHT MA THEPYIUHI XAPAKMEPUCMUKU CUCITIEMU.

Kniouogi cnosa: peaonancri KonuganHs, OUCUNAMUBHULL PO3iepi6, CEHCOp, aKmyamop, obepHeHull 38 30K.

The problem of forced radial resonant vibration and dissipative heating of closed spherical shell made of
physically nonlinear viscoelastic material that is actively damped with used of piezoelectric sensor and
actuator is investigated. It is assumed that the core layer of the three-layer shell is composed of the
electrically passive material while the outer layers are manufactired from the piezoceramics. Theory of
coupled thermo-electro-viscoelasticity is used to derive the problem statement in the case of monoharmonic
loading. Within this theory, the concept of complex-value moduli is applied to formulate the relations
between main field characteristics. Influence of strain amplitude dependence of complex modulus of the
electrically passive material on both amplitude-frequency and temperature-frequency characteristics is
studied. Possibility of active damping of the shell vibration is demonstrated. It is shown that the damping can
be performed through the specially organized feedback. The feedback is complying with the linear
mathematical law that is organized as the linear dependence between the actuator difference of potential
and the amplitude of the electric potential of the sensor, it’s rate and acceleration which make the
contribution to stiffness as well dissipative and inertial characteristics of the system. The heat transfer
coefficient influence onto critical values of the amplitudes of mechanical loading causing the overheating of
the shell to the critical temperatures leading to thermal breaking of the shell is studied in details.

Key Words: resonant vibrations, dissipative heating, sensor, actuator, feedback.

Crartio nipencraBuB akagemik HAH Ykpainu Ilepectiok M.O.

1. Beryn B ocranHi poku Uil 3HWKEHHS PiBHSI KOJTHBAaHb
TOHKOCTIHHUX OOOJIOHKOBHX EJIEMEHTIB KOHCTPYK-

© 1.®. Kupuuok, A.0. XKy,

T.B. Kapnayxosa, 2016
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il i3 HenmpyxHux (0e3 m’e30edeKty) marepiaiis
BHUKOPUCTOBYIOTBCSI 11’ €30€IEKTPHYHI BKIIIOYCHHS,
SIKI BUKOHYIOTh POJIb CEHCOpIiB 1 akrtyaropis [13].
YacTo Taki €IEeMEHTH 3HAXOAATHCS i JIEH0 rapMo-
HIYHUX MEXaHIYHUX HABAHTAXKEHbL 3 OJM3BKOI 10
PE30HAHCHOI YacTOTOI0 Ta BHCOKHM pPIiBHEM aMILTi-
Tyn. 11i o0cTaBuHM BUMararoTh TOCTIIKCHHS BILUIUBY
¢i3u4HOl HENIHIHHOCTI 1 AUCUNATHBHOTO PO3IrpiBY
Ha TMpane3faTHICTh 1 epeKTHBHICTh JeMI(yBaHHS
BUMYIICHUX KOJIMBaHb TAaKUX €EMEHTIB. AHANITHY-
Hi Ta YMCENbHI pe3yabTaTH MpPO BIUIMB (i3UYHOI i
reOMETPUYHOT HEeNMHIHHOCTeH Ha PEe30HAaHCHI KO-
BaHHS 1 BIOPOpO3IrpiB MpH BUMYIIEHUX KOJWBaHHIX
TPUIIAPOBUX OATOK 1 MPSIMOKYTHHX T[UIACTHHOK
orpuMaHi B [3—5] Ta iHm. Orjasa QoCiiIKeHb TermIo-
BOr0 pyHWHYBaHHS TOHKOCTIHHHX EJIEMEHTIB 13 He-
MPYXKHUX TIACUBHHUX 1 I1’€30aKTHBHUX MaTepiajiB
MpencTaBIieHo B [6, 7].

B naniit cratTi po3B’sA3yeThCs 3alava mMpo paii-

aNbHI KOJNWBaHHS 1 JIMCUIIATUBHHUHA  PO3IrpiB
3aMKHYTOi  cepruHOi  OOOJIOHKH 13 (I3UYHO
HenmiHiiiHOro  macuBHOro  (6e3  m’e30edeKTy)

B’SI3KOMPYXKHOTO Marepiany Ta ix JeMndyBaHHS
MPYKHUMH 11"€30€NIEKTPUYHAMH IapaMH, OIUH 3
SKHX € CEHCOPOM, a JpYrHid — aKTyaTOpOM.
HemndyBaHHST  peami3yeTbCsl  3a  JIOIIOMOTOIO
BUKOPUCTAaHHS MeXaHi3My OOEpHEHOro 3B’sI3KY,
SKW BIUIMBAE HA JKOPCTKICHI, JWCHIIATHBHI Ta
iHepIiiHI XapakTepucTuku cucremu [1]. Bpaxo-
BYETBCS 3QJICKHICTh B SI3KOMPYKHUX BJIACTHBOCTEH
MACHBHOTO MaTepiay BiJl aMIUTITYd TPOTHHIB 000-
JIOHKH.
2. [TocTanoBKa 3aaa4i Ta ii po3B’A3aHHS

PosrisiHeMo TpuIIapoBy 3aMKHYTY chepuyHy
00ONOHKY, BifiHECEHY 10 chepruyHHX KOOpAMHAT
©,0,z 3 xoopauHaTolo z =0 Ha CepeMHHIN MmoBep-
XHIi B’SI3KOMPYKHOT'O CEPEHBOr0 Mapy paaiyca R i
TOBIWMHY /. BHyTpimHiit (z <—Ay/2) i 30BHimHIA
(z2hy/2) wapn ToBUWMHOW A 1 h,, BigmosimHO,
BUTOTOBJICHI 13 IOJIIPU30BAHOI 110 TOBIIUHI MPYXKHOT
I’ e30KkepaMiku. MK HacHMBHMM 1 I1’€30aKTUBHUMHM
mapamMyd Ta Ha 30BHIMNIHIX TOBEPXHSAX I1"€30MIaPiB
HAHECEeHO HECKIHYeHHO TOHKI enektpoau. Jlo BHYT-
PIIIHIX €JIEKTPOIB MiJABENEHI eICKTPUYHI OTEHIlIa-
m "@(th,/2)=0, (m=12). JInd KOHKpETHOCTI
HIpUiiMaeMo, 10 IMAap TOBIIMHOK /; BHKOHYE POJb
CEeHCOopa, a IIap TOBIIMHOIO /1, € aKTyaTOPOM.

OOonoHka HaBaHTaXXEHa IEHTPATHHOCUMETPHY-
HHUM IIOBEPXHEBUM THUCKOM ¢, = ¢COS@? , AKuil rap-
MOHIYHO 3MIHIOETBCS 3@ 4acOM ¢ 3 TOCTIHHOI aMI-
JTYOK0 ¢ 1YacTOTOK @, OJIM3BKOIO J0 PE30HAHC-
Hoi. Kpim Toro, 10 enekTpoiB akTyaTtopa Jjsi KOM-
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neHcanii MEXaHIYHOrO0 HaBAHTAXKEHHS ITABOIUTHCS
rapMOHIYHA PI3HUI ENeKTPUYHUX IOTEHIIANIB 3

2o(hy |2+ hy) -

—2p(h, /2)=V,. lpu 11bOMy Ha PO3IMKHYTUX €llek-

4acTOTOK @ 1 aMIUITYI0I0

TpOJaxX CEHCOpa BHHUKAE PI3HUIIS €ICKTPUYHHUX I10-
TEHI[IaJIIB HEBIIOMOI aMIUIITyaAu ]qo(—ho /2—h)—

~'o(=h, /2)=V, a Ha eeKTPOJOBAHUX TOBEPXHSX

S BHUKOHYIOTBCS TaKi €IEKTPUYHI IPaHIYHI YMOBH:
jj 'D.ds=0. (1)
s

Tyt 'D, — HOpManbHa CKJIa0Ba €IEKTPUUHOI iH-
nykuii. Ha moBepxHsSX OOONOHKH BHKOHYIOTBCS
YMOBU KOHBEKTHBHOTO TEIUIOOOMIHY i3 30BHINIHIM
cepelloBHUILEM, TemmepaTypa I, SKOro JOpIBHIOE
MOYATKOBIH TeMIepaTypi 000IOHKH.

BBaxkaemo, 1110 BHACIHiIOK BHOpaHOi TeoMeTpii i
XapakTepy HaBaHTaXCHHS 10 TAKeTy IMapiB BHUKO-
HytoTecsl rinore3sn Kipxroda—Jlssa GesmoMeHTHOT
Teopii 000NOHOK. BiIHOCHO €IeKTPUYHUX 3MIHHHX
MpUAMAIOThCS aJeKBaTHI iM mpumymeHHs [1, 8], 3ri-
JIHO 3 SIKUMHU IHAYKIi D, =const € MOCTiiHOIO 1O

TOBIMHI T1’€30mapiB. B’s3konpyxHi BIacTUBOCTI
130TPOITHOTO MaTepialy MacHBHOTO IIapy XapakTte-
PHU3YIOTBCST KOMILJICKCHUM MOJIyJdeM [4], CKIamoBi
SKOTO 3aJIeKaTh Bij aMInnTyau aedopmarii. Po3z-
TIISAAa0YN  yCTajeHUu#  mpoliec  BiOpopo3irpiy,
BB@KAEMO TEMIIEPATypy TIIOCTIHOI I10 TOBIIMHI
nakery. Ha oOCHOBI MNpUIHATHX TPHUITYHIEHb 13
TPUBHMIPHUX BW3HAYAIBHUX CIIBBIJHOIICHD IS
MOJISIPU30BaHOI B3ZIOBXK OCi z T1°e€30Kepamiku [1]
OTPUMYEMO TaKi BUpa3M Ui I’ €30aKTHBHUX IIAPiB:

"og="c116g="by"E.;

z9

m _Am mey m .
D, =2"by5y="63," E.; (2)
m
Wom d"e
£, =& =—; EZ:— ;
R dz
ne
m _E
Ly 1 Sy 512 .
117 m E m > E™ m_E”
sn(1="vg) S11
"d
m _ 31 .omy _m T _Am m .
by =% RN 337" &35 =2" b3 "dyy;
su(1="vg)
E E T .
i sy, s, "dy, "&; - TONATIUBOCTI,
1’€30MOAYJIb 1 JieJeKTprYHa TPOHUKHICTh MaTepia-
Jy I’€30€JeKTPUYHUX mapiB; w=w' +iw" - KoM-

TUIEKCHA aMILTITYa Mporuny, m=1,2.
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Jnist B’SI3KONPY>KHOTO MaTepiany MacuBHOTO Ia-
Py ClipaBe/UIMBI Tepiiia i TpeTs piBHOCTI 3 (2), B SIKUX
m 0 ’ "

= ¢ =E(g),65)/(1-v),
"b,y=0; ne E=E"+iE"
B’S3KONPYXKHOCTI, SIKUH 3aJCKUTh BiJ aMILIITYaH
nedopmartiii; v =const — koedinient [Tyacona.
3rigHo [4] npuiiMaeMo, 10 3aJeKHICTh BiJ aMil-
miTyn aedopmariiii peanizyeThcs depe3 3aleKHICTh

HEOOXIIHO ITOKJIACTH

— KOMIUIEKCHUM MOJYJIb

KOMTLIEKCHOTrO Moayns 3cyBy G=G'(J3)+G"(J;)
Bifl iHTeHCHBHOCTI nedopmariii J; . Jlns posrisy-
BaHOI 3a71a4i
T3 =ag(ey” +ep’),
a, =(1+v)* [(1-v)* /3,
E(J7)=2(1+v)G(J3)

)

IaTerpytoun 3anexHocTi (2) MO TOBIIMHI HIAPIB
00O0JIOHKU OZIEP’)KUMO TaKi BUpa3u Juist 3ycuiid N,

B O0OJIOHIII 1 €IEKTPUYHOT 1HIYKIIIT ]DZ B I1’€30€e-
KTPUYHOMY:
_ 1 2 .
Ny =Dyey—by V +°by\V,;
0,0 1. 20 _ 2 )
Dy =Dy+"c by s Dy = ¢ hy+7¢; hy;

'D, =2'by e, +'E3V, / h.

“4)

)

I3 rpannynoi ymoBu (1) 3 BpaxyBauHusaM (5) 3Ha-
XOIMMO BHpa3 Jjisi OOYHCIEHHS EIeKTPUYHOrO TO-
TeHIliay, 0 BUHUKAE HA eNIEKTPOJax CeHCopa

Al 1~
V.==-2byhe,/ &5;. 6)

B pamkax 6e3MOMEHTHOI Teopii piBHSIHHS rapMo-
HIYHMX KOJIMBaHb JOCIIIKYBaHOI OOOJIOHKH B TEp-
MiHaX aMmIUITy] 3MIHHAX Ma€ BHIISA (MHOXKHUK

it

e'” ormymieHo)

2N9 _p*RwZW:a: (7)
ne p,=ph+phy+pohy; G=R(hy+h +hy), a
Pi» Py 1 p, — INTOMA T'yCTHHA I1’€30KEPaMiKU CEH-

copa, akTyaTopa i TaCMBHOI'O MaTepialy BillIOBIIHO.

Jiist akTUBHOTO JieMIipyBaHHS MEXaHIYHHX KOJIH-
BaHb O0OJIOHKM BHUKOPHUCTOBYETHCS MEXaHi3M 00ep-
HEHOT'0 3B’SI3Ky, II0 MAaTEMAaTHYHO OIMHCYEThCS Ta-
KHUMH JIHITHUMH 3aJIKHOCTAMH MDK TOKa3HHKOM
akTyaTopa V, 1 IOKa3sHMKOM ceHcopa V,, ioro

MepIIoo, abo IPyroro MoXiIHUMH 3a yacoM [1]:

I/a = _GaV;’

V,=-ioG, V.

as’ s?

V,=0’G,V,.(8)
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Tyr G,, G, i 5,” — mapaMeTpH KepyBaHHS, sIKi
BHOCSITh BKJIJl B KOPCTKICHI, JMCUIIATUBHI Ta 1HEp-
[iifiHl BJIACTMBOCTI CUCTEMHM BIIIIOBIOHO. 3HAK «—»
Mmokasye npotudasHe 10 MEXaHIYHOrO HaBaHTA)KEH-
Hsl IiJIBEJIGHHS MOTEHIiany V, 10 akTyaTopa.

B cuny npuiiHATHX TpUNYHIEHb i YMOB TEIJIO-
OOMiHYy CTallioHapHEe 3HAYEHHS TEeMIIepaTypH JHCH-
MaTUBHOTO PO3IrpiBy OOOJIOHKK BH3HAYAETHCS CITIiB-
BIJHOIIEHHAM

C B =0,

20,0 +—
(1-v)R

©)
B SIKOMY |w| =wr+wH", 0=T-T,; a, — xoe-
OilieHT TermmooOMiny.

[liacrapistoun Bupas (4) B piBasHHS (7) 3 Bpaxy-

BaHHSAM (6), (8), micns HECKIaJHUX MEepEeTBOPEHb
3HaXOIUMO

W =g/(a% +a%), (10)

A=A, +2mE'(J7); A" =2[0G,y, +mE"(J)];
Ay =2Dy/R+7y,+G,1) =0 (Rp. +2G,7));
my = hy [[(1=V)R]; ¥, =2'by, by hy /('3 R);
Y2=T ]b31/2b31-
CnisignomenHns (10) siBisie cobor0 TpaHCUEH] Ie-
HTHE PIBHSHHS BITHOCHO aMILIITyAd NporuHy. Bu-

TS MOro aHalliTHYHOTO PO3B’S3KY 3aJICKHUTh Bif
anpokcuMarii ckmamoBux G' i G” KOMILIEKCHOTO

monyns G sk dyHKuiii inBapianty J; . ITpuitmemo,
o cki1aaoBi G’ 1 G" anpoKCUMYIOThCS (DYHKIIIME
[4.5]

G'=a,-bJ:,G" =a,-b,J;, (11)

Toni 3 BpaxyBaHHsIM 3anexHocted (3), (11) i3

criBBimHOmeHHs (10) BiIHOCHO KBaJipaTa aMILIITy I
2 . .

MPOTHHY Y = |w| OTPUMYEMO Take KyOiuHe piBHSH-

HA

A,y — A4,y  + 4y-q* =0. (12)

B piBusHHI (12) no3HaYeHO:
A =N+ A A, =2(dA, +d,A,);
A, =d} +d;; A=A, +mE,;
A, =2(0G,y, +mkE,)d , = 2””151,2;
E,=2(1+v)a,,; E,, =2(1+Vv)b ,a, /R .
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OOYHCIHMBIIN aMIUTITYly IPOTHHY, TEMIIEpaTypy
JMCUTIATUBHOTO pO3irpiBy 3Haxoaumo i3 (9) 3 Bpa-
xyBaHHsM piBHoctel (3), (11). V Bumanky ¢izuvHO
JIHIAHOr0 MAaCMBHOTO MaTepiayly MPOruH 1 TeMIepa-
Typa JIUCHITATUBHOTO PO3IrpiBy 3HAXOISATHCS 13 CITiB-
BigHomeHb (9), (10), B SKUX HEOOXiJHO MOKIACTH

E'(J})=E,, E"(J;)=E,.

3. PesynbTaTn po3paxyHkiB Ta ix aHaji3

[Tpu mpoBeneHHi YMCIOBUX PO3PaxyHKIiB BUKOPH-
cTaHo oTpuMaHi B [9] ekcliepuMeHTalbHI JaHi JUIs
MOJYJIsSl 3CYBY TACHBHOTO Matepiany, sKi anmpOKCH-
MytoThest Bupazamu (11) 3 koedimienTamu [4]

a,=2,41-10°Ta, a, =1,81-10° Ila, b =0,537-10’
[a, b, =0,38-10" Ila, v =031, p, =1200kr/™’.
[T’ e30eneKTpUyHI aKTyaTop 1 CEHCOp BUTOTOBJICHI

3 onHakoBoi 1’ e3okepamiku Tuiry LITCTBC-2 [10] 3
TAaKUMU MapaMeTPaMu:

st =12,5-10"*M*/H, s& =—-4,62-10"> M*/H,
dy, ==1,6-107"" Kn/m, 5 =2100¢,,
£, =8,854-107"7 ®/m, p, = 7520 kr/v’.
I'eomerpuuHi po3mipu obonmoHku Taki: R =0,5M,
hy=0,04m, b =h, =0,1-10" m.

w

0,2

0,1

0
242 244 246 w,c’!

Puc. 1. YacToTHi 3aneKHOCTI aMILITyIl TpPOTHHIB
O0OJIOHKH MPH MEXaHIYHOMY HaBaHTaKEHHI.

Ha puc. 1, 2 moka3zani kpuBi 1-3 yacToTHHX 3a-
JNeXHOCTeH OE3pO3MIPHHX — aMIUTITYJ] IPOTHHIB

Vv=|w|/ hy (AUX) i TemnepaTypu AWMCHIIATHBHOIO
posirpisy 6 (TUX) HememmndoBaHoi 000JOHKH
(G,=G, = 503 =0) npu o, =25 Br/(M*rpan), pos-
paxoBaHMX U aMIUITYJ HaBaHTaXeHHs ¢ =75,
100 i 125H BiamoBiano. 3 puc. 1, 2 BUIHO, 110 Bpa-
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XyBaHHs (Qi3MYHOI HeTiHIHHOCTI (CYIUIBHI JiHIT) 1Mo
BIJJHOILICHHIO JIO JTiHIHHOT 3aia4i (IITPUXOBI JIiHII)
xapakrtepu3yerbesi 3cyBom AUX i TUX B cropoHy
3MEHIIICHHS PE30HAHCHOI YaCTOTH 1 JCSIKOMY IIiJIBH-
HICHHIO MPOTHHY 1 TeMIlepaTypH BiOpOpO3irpiBy Ha
4acToTi HENiHIHHOrO pe3oHaHCy. BkazaHi edekru
MiJICHITIOIOTECS 3 POCTOM aMILTITYIM HaBaHTAXKCHHS
Ta CYNPOBOJDKYIOTHCS BHCOKHM DPIiBHEM TEMIIEpaTy-
pH BiOpOPO3IrpiBy, sika MOXE IOCATTH KPUTHYHOTO
3HAYCHHS, TIPU SKOMY BiIOYBA€THCS TEIJIOBE PYHHY-
BaHHS CHUCTEMH 4epe3 pPO3M SKIICHHS IacCHBHOTO
MaTepiaidy abo BHACIIIOK Jenospu3allii m’e30kepa-
Miku (Touka Kropi).

0,°C

120

80

40

o ¢

244
Puc. 2. YacToTHI 3aJ€KHOCTI TeMIepaTypt Ipu Me-

XaHIYHOMY HaBaHTa)KCHHI.

Ha puc. 3 kpuBuMu 1-3 moka3aHi 3aJeKHOCTI
TEeMIIepaTypy JUCHIIATUBHOTO PO3IrpiBy HemeMigo-
BaHOI OOOJIOHKH BiJl aMILTITYyJX HABaHTAXKCHHS ¢ ,
po3paxoBaHi Ha YacToTi @ =244c¢ ' 3 koediuienra-
MH Termnoodminy o, =5, 10, 20 Br/(M>Tpan), Biamo-
BiZIHO. 3ipOYKOI0 Ha OCi OpJIMHAT MMO3HAYEHO TEeMIIe-
patypy Kropi 6 =160°C m’e3okepamiku. Llifi Tem-
repaTypi Ha oci aOCIUC BIAMOBIAAa€ 3HAYUCHHS aMILTi-
Ty KPUTHYHOTO HABAHTAKEHHS ¢, . 3aJEKHICTh

qi, Bl KoedilieHTa TemIooOMiHy @ NOKa3aHa
KpPHBOIO Ha puc. 4. 3a3Ha4MMO, IO MPH aMILTITYAax
HABaHTa)XEHHSI, TPH KX TEMIIepaTypa po3irpiBy He

Jocsrae Qkp , JJIA pO3TIAAYBaHOTI'O IMAaCUBHOI'O MaTe-
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piany BB (i3nuHOi HENiHIHHOCTI Ha ¢, € He3Ha-

YHHUM.

H,OQ

I 3
120 |
; 2
80 / ; /
] [}
|
40 /
|
0 ]
0 04 q;, 08 ¢-102H

Puc. 3. 3anexxHOoCTi TemmepaTypu BiJ MEXaHIYHOTO
HABaHTa)XKEHHS

i, 107 H
0,8 e
0,4
0
0 10 20 o

Puc. 4. 3anexHicTh KPUTHYHOTO HaBaHTaXECHHS BiJ
Koe(iI[iEHTa TEIIO00MIHY.

Edextn aktuBHOrO neMiiyBaHHS pO3TIISAyBaHOT
00OJIOHKH JAeMOHCTPYIOTh rpadikn AUX Ha puc. 5,
po3paxoBaHi mnpu HaBaHTaxkeHHi ¢ =100H. Tyt
kpuBa 1° pospaxoana juis HeeMI(pOBaHOI 0OGOTOH-
ku (G, =G, = 5“ =0) Jlma BHUMAIKy aKTHBHOTO
neMri()yBaHHSI 3 BUKOPUCTAHHSM CITIBBiZIHOIIICHD (8)
kpuBi 1 i 2 poszpaxoBani npu G, = 0,1-107,0,1-10™"
(G,=G,=0); xpusi 1, 2’ — nmpu G,=0,1, 0,1
(G,=G,=0); xpusi 1", 2" —mpu G, =0,1-107,
0,410° (G, =G, =0).
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Puc. 5. YactoTHi 3aNeXHOCTI aMILITyIl TpPOTHHIB
O0OJIOHKH MPH MEXaHIYHOMY HaBaHTa)KEHHI.

AHani3 KpUBUX Ha pUC. 5 MOKA3ye, 10 MPH aKTH-
BHOMY JeMi(yBaHHI BUMYIIECHHX KOJIHBAaHb 000-
JIOHKW 3a JIOTIOMOTOI0 MEXaHi3My, IO BIUTMBAE HA
JMCUTIATUBHI XapakTepucTuku (kpusi 1 1 2), 30i1b-
meHHs KoedimieHTa ynpasiinaa G, Bele A0 IOB-
HOr0 TacCiHHS KOJIMBaHb B YChOMY Jialia30Hi 4acToT
HaBaHTa)XeHHs. [Ipy BUKOpPHCTaHHI MEXaHI3MIB, IIO
BIIMBAIOTh Ha JKOPCTKicHI (kpuBi 1', 2') abo iHep-
uiiiHi (kpusi 1", 2") XapakTepHCTUKH BiIMOBITHO,
pe30HaHCHA YacToTa JemiipoBaHoi 000JOHKM 30i-
JIBIIYETbCS a00 3MEHIIYETHCS IO BiTHOIICHHIO [0
yacToTH JiHiitHOro pesonancy (xpupa 1° ). Ilpu
OMY aMILTITy/la MPOTWHIB Ha pe30HAHCI JeMIdo-
BaHOI 00OJIOHKH HE 3MIHIOETHCS, a TACIHHS KOJIMBAHb
Ha pe30oHaHCI HemeMmmnoBaHOI OOOJIOHKH peaji3y-
€TBCSl 3MIMCHHSM PE30HAHCHOI YacTOTH B CTOPOHY
30UIbIIEHHST a00 3MEHIIIEHHS, BiIITOB1IHO.

4. BUCHOBKH.

JlaHO TMOCTaHOBKY 1 pO3B’s30K 3ajadui PO BUMY-
IIIeHI pajiaibHI KOJMBAHHS 1 AMCUIIATUBHUK  Po3i-
IpiB 3aMKHYTOI cdepudHoi OOOJOHKH i3 (i3UYHO
HENHIHOTO B’SI3KONPYXHOTO MaTepiany Ta il
neM(byBaHHS 32 JIONIOMOIOIO0 11’ €30€NCKTPHYHUX
CeHCOpiB Ta akTyaropiB. IlokazaHa MOXJIMBICTH
AKTHUBHOTO JeMI(yBaHHS KOJIMBAHb OOOJOHKH 32
JIOTIOMOT'0I0 00EPHEHOTO 3B’ SI3KY, SIKUH pealizyeThes

JHHINHUMHA 3AJIEKHOCTSIMHU MDK PI3HHIICIO
MOTEHIIAJIB aKTyaTropa 1 MOKa3HWKaMH CeHcopa, II0
BIUIMBAIOTh HA JKOPCTKICHI, JMCHUNATHBHI a0o
iHepIIiiHi XapaKTepPUCTUKU 0OOJIOHKH.

BpaxoByeThCsl 3aNIEKHICTh B SI3KONPYKHOTO MOJTYJISI
Bin amunityau jaedopmaniid. JlOCHimpKeHO BIUIMB
koedimieHTa TEIOOOMIHY Ha KPHTHYHI 3HAYCHHS
aMILTITYIM MEXaHIYHOI'0 HABaHTAXKEHHS, NPU SKHUX
Temriepatypa gocsirae Touku Kropi i 1m’e30kepamika
JETIONSIPUBYETHCSL.
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Ompumano ymosu Oighyprayii’ po3e’sa3xie cnabxko30yperoi ninilHoi Kpaogoi 3adaui 0 iHme2panbHO20
PIBHAHNA, 3a NPUNYWEHHAM, W0 HOPOOIICYIOUa 3a0aUa € Hepo3s a31oio. I1006y0osano po3e 130k nocmasnenol
3a0ayi y euensoi acmuku psody 3a CMENneHIMU MAlo20 Napamempa 3i CKIHUeHHUM HUCIOM OO0OAHKI8, SKI

Micmsame 6i0 eMHI cmeneHti.

Kniouogi cnosa: inmezpanvue pieHanHs, Hemepoga Kpatosa 3a0aud, 30VpeHHs, Nce80000epHeHa

Mampuys, opmonpoeKmop.

In this paper we consider weakly perturbed inhomogeneous linear boundary-value problem for
Fredholm integral equations. The peculiarity of this problem is that the nonperturbed linear boundary-value

problem is not always solvable.

Scheme of investigation of considered boundary-value problem is based on the transition from

boundary-value problem (1) to an equivalent weakly perturbed boundary-value problem for countable
measurable system of algebraic equations. We consider a critical case of the first order. The question of the
solvability and the structure of the solution set of weakly perturbed linear boundary-value problem for
integral equations were considered. Using the Vishik-Lyusternik method, we obtain bifurcation conditions of
solutions of boundary-value problem (1). The solution of weakly perturbed boundary-value problem for
integral equations is constructed as part of power series of a small parameter ¢ with finitely many terms
with negative powers of ¢.
Key Words: integral equation, Fredholm boundary-value problem, perturbation, pseudoinverse matrix,

orthoprojector.

Crartio npeactasus 1.¢.-M.H., akageMik HAH Ykpainu [lepectiok M. O.

Teopii HeTepoBUX KpalHOBUX 3aj1ad JUIsl IHTETPO-
mudepeHLiaIbHUX  PIBHSHb, 110  iHTCHCHUBHO
PO3BHUBAETHCA OCTAaHHI ACCATHIITTSA, MPUCBIYCHO
yumano podit [1-3]. 3okpema, y [2], 3a ymoBH
ICHYBaHHS €IMHOTO PO3B’A3KY, OOIPYHTOBaHO
3aCTOCYBaHHS 1O TaKWX 3a7ad pi3HUX BapiaHTIiB
MPOEKIIHHO-1TEepaTHBHOTO METO/Ty. OpHax,
BKJIMBUM € BUTQ/IOK, KOJM PO3B’ 30K ITOCTABICHOL
3amaui He Oynme emuauM. OOWH 13 MiIXOAIB [0

JNOCT/DKEHHS  TakWX 3ajad  IPYHTYETbCS  Ha
3aJydeHHI  amapaTy  Teopii  ICeBI00OEPHEHHX
orepaTopiB, IO JIO3BOJISE BCTAHOBHTH YMOBHU

ICHyBaHHS 1 CTPYKTYpY PpO3B’S3KiB Pi3HHX KIaciB

© H.O. Kosnosa, B.A. ®epyk, 2016

HEeTepOBUX KpaioBux 3anay [3-6]. Cmix Bin3HauuTH,
M0 B OIIBIIOCTI BHIE3a3HAYECHHUX JOCIIIKEHb
pO3TISAAAETHCS  BHIIAJOK  BUPOKEHOTO  sijpa
IHTErpaJIbHOrO  omeparopa. Y  jdaHid  poOoTi,
MIPOJIOBXKYIOYH JIOCTIDKEHHS [7], BUCBITIIOETHCS
OJIMH 3 MOXMJIMBHUX MiJXOMIB IO BiJIIYKaHHS yMOB
Oidypkariii po3B’sA3KiB  CIa0K030ypeHOol JIiHIHHOT
KpaiioBoi 3ajaui JuIsi IHTETpalbHUX DIBHSAHB, SIpa
SIKUX HEBUPOKEHI.

1. IocranoBka 3agaui. PosrissHeMo ciaOko-
30ypeHy JIHIAHY KpailoBy 3ajauy TS
IHTErpaNbHOrO PiBHAHHSI
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x(t) — TK (t,s)x(s)ds = f(t) + gj"Kl(t, s)x(s)ds, (1)

SX(-) = a + £IX(). 2
Tyr K(,s), K,(t,s) — sampa, cymoBHI 3
kBaaparoM B obmacti [a,b]x[a,b], f,xelL,[a,b],
s=collS;, S, ... S,):Lab]>R" 1a
J=cold;, J,, ... J,):L,[ab]>RP -
oOMexeHi  JiHIWHI ~ BEKTOpPHI  (DYHKITIOHAJH,
Si,J,:L[abl>R, &£<<1 — wmammii napamerp,
a= Col(al, Ay ey ap)e RP.
CTaBUTbCS  NUTAaHHS  3HAXOMKCHHS  YMOB
Oigypkamii  po3B’s3kiB  Ta  1X  CTPYKTypH

c1abko30ypeHoi kpaitoBoi 3anadi (1), (2), mpu ymMoBi,
II0 MTOPOKYI0YA 3aa49a

X(t) — _TK (t,s)x(s)ds = f(t),

SX()=a

3)
(4)

HE Ma€ po3B’s3KYy.

2. 3B’s30k KkpaiioBoi 3amaui (1), (2) i3
KpaioBoo 3ajaver0 AJA  3JiYeHHOBMMIipPHOL
cucTeMH ajre0paiyHuX PiBHAHbL 3i 30ypeHHAM.
3amauy (1), (2) MoxHa 3BECTH 110 KpaloBOi 3ajadi

JUIS  3TMIYeHHOBUMIpHOI cuUcTeMH anreOpaidHux
piBasHp  [7].  Hexait  {p, (1)}, MOBHA
oproHopMmaibHa cuctema ¢yHkuii B L,[a,b].

BenemMo 110 po3risiny BeTUYIUHU

b b
X = [xOe®dt, = [fOe®d,  (5)

a; = ﬁK(t, s)o; (o, (s)dtds,

(6)

o
aQ; = ”Kl(t, s)p; (D), (s)dtds, (7
BukopucroByroun MMO3HAYCHHS 5)-(7),

MPUXOIUMO 10 ¢J1a0K030ypeHoi KpaioBOi 3aaa4i st
371{4YeHHOBUMIPHOI CUCTEMH alre0paidHuX PiBHSIHD

(8)

0 0

=1

j=1 i

>S,0,00% =a, +>d,0,00x, v=1p, (9)
j=1 j=1

lej |? < +o0,
j=1

Bamumemo 3amauy  (8),
Bursi [3, c. 84]

(9) y BexkropHOMY
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A A
Uz= {W} :B} h{wjz =q+e&U,z, (10)

ne
z=col(X, Xpv ..o X, ...)€l,,
g=col(f,, f,, ..., f, ..)et,,
l-a,;, -a, .. -—-a;
—ay; l-ay — 8y
A= ,
—a —a 1-a;
é‘ll 512 o ali
dyy Ay ... Ay
A= .. :
all a|2 aii
W = SD(:), W, :=JD(),
o) =(p®, ¢0. .. 4O, ..
IMopomxkyroua 3amada i claOko30ypeHol
3amaui (10) Mae BuTIIAA
Uz =aq. (11)
3azHaunMo, 1o omnepatop A:l, > /{, Mae
purnsig A=1-A, ne |:4, > (¢, — OIUHUYHHH,
A:l, >/, — LIKOM HENEPEepPBHUI OIEPaTOpH.

Hdns  omeparopa A € BIpHOIO allbTepHATHBA
Openromema [8, c¢.  188], T00TO BiIH €
(GpearombMOBUM  ONEPAaTOpPOM, a  OMEpaTop

U:l, >0¢,xR" € nerepoBum. TakuM 4uHOM, IJIst

piBasHHA (11) cripaBe;IMBE HACTYIHE TBEPXKCHHS
[3, c. 87].
Teopema 1. Onnopiane piBusaus (11) (g =0)

Mae l-napamMeTpuyHy ciM 10 po3B’s3KiB Z € £,
— d2
=P, Pdec, ceR™. (12)

Heonnopinue piBasHHs (11) € po3B’si3HEM TOI

i TUTBKM TOMI, KOJM BUKOHYIOTbCS I  JiHIIHO
HE3aJIEXKHUX YMOB
P.g=0, (13)
Ar
Ta 0, JIiHIHHO-HE3aJISKHUX YMOB
PQ* (¢ —WA'g) =0, (14)
dy

i Mae r-mapaMeTpu4Hy cCiM’I0 PO3B’S3KiB Z €/,
BUTIISTY
z=P, Py i, CF
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+P, Q" (@-WA'g)+A'g, ceR%. (15) Uz, =0. 17)

Tyr Q=WP, - (pxr) wmarpuusi, P,
MaTpHUIIS, KA CKJIATAE€ThCs 13 TOBHOI CUCTEMH I
JMIHIMHO  HE3aJICKHUX  CTOBIYMKIB  MAaTpPHIIi-
npoekropa P, , PA*r — MaTpHIld, KA CKIaAEThCs i3

MOBHOI CHCTEMH [ JIIHIHHO HE3aleKHUX PAOKIB

MaTpHLIi-IPOEKTOpa PA* , A" — nceBnooGepHeHa (3a

Mypowm-Ilenpoysom) no A wmarpuus, P, iy

MaTpHIll, SKa CKIATA€ThCs 13 MOBHOI cuctemu d,

JIIHIAHO HE3aJIEKHUX CTOBITYMKIB MaTpHIIi-

npoekropa Py, PQ* — MaTpHIIA, KA CKJIAAEThC 13
dy

noBHOI cuctemu 0; JHIHHO HE3aJNEKHHUX PSAKIB
MaTpHILIi-POEKTOpa PQ*, Q" — nceBnoobepHeHa (3a

Mypowm-Ilenpoysom) o Q marpwuus.

Ockinbku, 3a TPUIYHICHHSIM, KpaioBa 3aaava
(3), (4) Hepo3B’s3Ha, TO 1 HEPO3B’s3HE PIBHAHHS
(11). Bunukae mUTaHHA: YU MOXKHA 32 JIOTIOMOTOIO
ninidHOro 30ypenHst U, 3podutu piBHsHHs (10)

po3B’si3HuM?  3Halimemo  ymoBH  Oidypkarii
pPO3B’S3KiB  Ta IX CTPYKTypy clabko30ypeHoi
HEOJIHOPIAHOI KpatioBoi 3amadi (1), (2), mpu yMmoBi,
0 TOpOJpKyloYa KpaiioBa 3amada (3), (4) He mae
po3B’si3Ky. st bOT0, CIIOYATKY, JOCHIANMO YMOBH
BUHUKHEHHS po3B’si3Ky piBHsHHs (10).

Sk Bimomo [9, c. 60], maii 30ypeHHs 30epiraoTh
HETEPOBICTh JIHIHHOTO omepaTopa, TOOTO omepaTop
(U —&U,) € HeTepoBuM, 110 103BOJISIE BUKOPUCTATH
npu  jgochipkenHi  piBHsHHA  (10)  xmacwuHi
METOJTUKH.

3. Meton Bimuka-JIocrepHuka aias modyno-
BHU PO3B’si3KIB cJa0k030ypeHoi KpaiioBoi 3agaui
i1 anre0paiyHol cucreMu. 3acTOCYEMO METOH
Bimmka-JTroctepanka [10], skuii 103BOJISIE 3HANUTH
e(eKTHBHI YMOBH BHHUKHEHHS PO3B’SI3KiB PiBHSHHS
(10) y BurIsii 4aCTUHM Py 3@ CTETICHSIMH MaJIOro
napamerpa & 3i CKIHYEHHHM YHCIIOM JIOJaHKiB, SIKi
MICTSTh BiJI'€EMHI CTeneHi &. Y HalloMy BHIIQJIKY
po3B’si30k piBHsHHSA (10) OyaeMo nrykaTe y BUIIISI

HAaCTYIHOIO psixy

7=1(¢) = ig"zk.

k=-1

(16)

MincraBumo psim (16) y piBasaEs (10) i
MPUPIBHIEMO KOE]iLi€HTH IPU OJHAKOBUX CTEMEHSIX
mapameTpa & .

Ipu &'

JJI1 3HAXOKCHHA Z—l oTpuMaeEMoO

OJTHOpiTHE PIBHSHHS

3rigHo Teopemu 1, omHOpimHe piBHsHHA (17)
3aB¥KAN Ma€ pO3B’SI30K

2,= Py Po,Ca Cy€ R, (18)

A€ BEKTOP-CTOBOYMK C_; 6yI[C BU3HAYCHHIH 3 YMOBU

PO3B’SI3HOCTI PiBHAHHS BITHOCHO Zj .

Ipu &° ans 3HAXOMKEHHS Z, OTPUMAEMO
HEOTHOPiTHE PIBHIHHS
Uz, =q+U,z,. (19)

PiBustaus (19), 3a Teopemoro 1, € po3B’sI3HUM
TOMi i TUTBKM TOMi, KOJMM BHKOHYIOTHCS HACTYITHI
YMOBH

PA*, (9+A,z,) =0, (20)

P (@+ Wiz, ~WA™(g+A;2,)) = 0. (21)
1

[TincraBumo Bupa3 mnst Z, (18) y Bkasawi

ymoBu posB’szHocti  (20), (21). Otpumaemo
anreOpaidHy CUCTEMY BITHOCHO C_;

Boc; =hy, (22)
ne wmatpuus B, posmipuocti ((r+d;)xd,) Ta

HEOHOPIIHICTD D_; MarOTh BUTJIST

. P APy, Py,
0~ + ’
Ple (W, ~WA"A;)P, Py,
b= "
T P. WA'g-a)

st Toro, mo6 cucrema (22) Oyia po3B’s3HOIO,
HEOOXiIHO Ta JIOCTaTHBO, 1100 BUKOHYBaIach yMOBa

PBS b, =0. (23)
SIKI1I0 BUKOHY€ETBCS yMOBa
P.=0, (24)
Bo

TO 1 yMoBa (23) BUKOHYeThC, 1 cuctema (22) Oyne
PO3B’SI3HOIO BIJTHOCHO C_;
- P A& .8 § =p-* A d2
C,=PgCi+Cy, Cy=Byb,, C;eR™

10, By €
(hpenronsMoBUM, TO cuUcTeMa (22) MaTUMe €TUHHIA
po3B’s30k. CripaBni, y IbOMY BHITaIKy PBS =Py, 1,

3a3Haunmo, SKIIO  OIepaTop

3rizHo ymoBw (24), Py ¢, =0, To6T0
c,=C,=Bgh,.

OTxe, koediuienT Z_; B poskiazi (16) Habysae
BUTIISTY
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— + =
2, =P, Py, By'b. (25) Uz, =U,z,. (32)
. . YMOBH pO3B’SI3HOCTI piBHSIHHS (32) BUTIIAIAIOTH
3pigcu, miacraBuBmm y (19) Bupas (25), p p (32) a

OTpUMAEMO HACTYITHE

Uz, =g +U Py Py B, 'b. (26)

PiBusiaHs (26), npu BUKOHaHHI yMOBH (24), Mae
pPO3B’A30K
— > do
Z, = PArPdec0 +2Z,, C,eR™,
ne C, — BEKTOp KOHCTAHT, KU Oy/e BU3HAYCHUH Ha

HACTYITHOMY KpOILi 3 YMOBH PO3B’SI3HOCTI CHCTEMH
s Z;, Z, — YaCTHHHHUIA PO3B’SI30K HEOIHOPIIHOTO

piBHsiHHS (26)
7, =U"(q+U,P,, Pog, B, b ,).

Ipu &' oTpUMaeMO HEOTHOPIHE PIBHAHHS

Uz, =U,z,. (27)
YMoBH  po3B’si3HOCTI  piBHsHHS  (27) €
HACTYITHUMH
PA,; Az, =0, (28)
PQE W, —WA"A,))z, =0. (29)
1

ITincraBumo BUpa3 st Z, y piBHOCTI (28), (29)
1 OTpIMaeMO CX0Xy 10 (22) anredpaiuHy cucTeMy
ByCo = by, (30)
sKa € PpO3B’SI3HOK TONMI 1 TIABKK TOMi, KOJIH
BUKOHYETHCS PIBHICTD

Py =0,

ae
-P.A,Z
Ay 170

%= P WATA, -W)Z, |
Qdy

Tomi, omun i3 po3s’s3kiB cucremu (30) Mmae
BHUIJIS

j— +
C, = Byhy.
TakuM 4MHOM, SKIO BUKOHYETHCS yMoBa (24),

TO piBHSAHHSA (27) Ma€ po3B’ 30K

7, =Py, Py, C +7, ¢ eR%, (31)

Je C, — BEKTOp KOHCTAHT, SIKMi OyAe BU3HAUEHUH Ha
HACTYITHOMY KpOIli JAHOTO iTepariifHoro mporecy, a

Z, — YaCTHMHHUH PO3B’S30K  HEOIHOPITHOTO
piBHsHHS (27), 110 Ma€ BUIIIS
z, =U"U,z,.

Ipu &2 0TpUMaEMO PiBHAHHSA

HACTYITHUM YHHOM
PAi; Az, =0,
P. W, -WA"A))z, =0,
Qd]_

abo ok, BpaxoByruu (31), oTpumaemo cucremy
BIZTHOCHO €JIeMEHTa C;

Boc, = by, (33)
ae

- PA,; Az,

E L WATA, ~W,)Z, |
le

sSKa € PpO3B’SI3HOK TONMI 1 TINBKK TOMi, KOIH
BUKOHYETHCS] yMOBa

by =0.

Toni, omuH i3 po3B’si3kiB cucremu (33) Mae
HACTYIHUM BUTIIAL

—_ +
¢, = Bghy.
Pipasians (32) Mae po3B’ 130K
— =~ do
Z, = PArPQch2 +2,, ¢, eR™,
Je JOBUIbHUI eneMeHT C,

HACTYITHOMY KpOIli iTepalliiHoro mpouecy, a
YACTUHHHUI PO3B’SI30K Z, KpaiioBoi 3axaui (32) mae

6y;[e BH3HA4YCHO Ha

BUTJISL
z,=U"U,z,.

Jlerko mokas3aTH 3a JOIOMOTOK IHIYKIII, IO
yMoBa (24) € yMOBOIO PO3B’SI3HOCTI 1 PIBHSHHS, SIKE
MH OTpUMaeMO Ha K -My Kpori irepariiitHoro
nporecy

Uz, =U,z, ;. (34)
3rigHo Teopemu 1, piBHAHHS (34) € PO3B’SI3HUM
TOJIi 1 TIIBKH TOA1, KOJTU BUKOHYIOTBHCSI yMOBH

PA,krAlzk,1 =0,
P. W -WA"'A)z,,=0
Qdy
Ta Ma€e po3B’A30K
Z = Py Pog, G + 2 G € R, vk>1, (35)

e C, — BEKTOp KOHCTaHT, SIKUi Oyae BU3HAYCHUH
Ha HACTYIHOMY KpOIli, & YaCTMHHUH PO3B’SI30K Z,
HEOJHOPITHOTO piBHSAHHA (34) Mae BUIIIAL

- +

z, =U"U,z,,.

Otpumaemo anredpaidHy cucTeMmy
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B,C, = by, (36) Amnamoriuao poboti [11, c¢. 266], MoxHa

sIKa € PO3B’SA3HOI0 TOMI 1 TIIBKH TOMI,

BUKOHYETBHCA YMOBa

KOJIN

ac
-P.AZ
Ay 1%k

bk a P. (WA+A1 _Wl)zk .
Qd]_

OpuH 13 po3B’s13kiB cuctemu (36) Mae BUIIS
¢, =Byh, . (37)
Takum umHOM, piBHSIHHS (34) € PO3B’S3HUM,
SIKIIO BUKOHYETHCA yMoBa (24), i Mae po3B’s30K
(35).
[MlincraBuBmm Bupasu mis z,, VK >-1 B psn
(16), oTprmaemo

PAI‘ PQd2 -1

&

7= +Zg (Px, Pog, ¢ +2Z,), (38)

1e C, BU3HAYalThcs Gpopmysioro (37).

Otxe, MU JIOBEJIH CHPaBEUTUBICTH HACTYITHOTO
TBEPUKCHHSL.

Teopema 2. Hexait mopomkyroue mias (10)
piBasaHsa (11) He € posp’ssuuMm. Tomi, AKIIO
BUKOHY€ThCS ymoBa (24), to pieasaas (10) Oyne
MaTH PO3B’S30K y BHIIISI 301KHOTO, TIPH TIOCTaTHHO
Manux ¢ikcoBanux ¢ € (0,&.], pagy (38).

3ayBaxeHHs 1. YmoBa (24) € moctaTHBOIO
YMOBOIO iCHYBaHHS PO3B’s3Ky piBHsSHHS (10). fAxmio
yMmoBa (24) He BUKOHYEThCS, TO PO3B 30K PiBHIHHS
(10) y Burmsanmi psagy (16) He icHye, ame MoXxe
iCHyBaTH y BUTIJSAI 4YacTWHU psgy tamy (16) 3a
CTETICHsIMH MaJloro TlapaMeTpa & MOYHHAIYH i3 -2,
-3, ...

BukopucTtoBytoun OTpuUMaHi pe3yibTaTH IS
30ypenoro piBasHHS (10), Mu Moxkemo 3poOHTH
BUCHOBKH TIpO ICHYBaHHS pO3B’SI3Ky  BHXIJHOI
30ypeHoi kpairiooi 3amaui (1), (2). Hdus uporo
BUKOPHUCTAEMO IEPexij, onucaHuii y poodoti [7].

Sxmo cucrema (10) mae xo4ya 6 ofMH PO3B’ 30K
z=col(x, Xy, ..., X, ), TO 3TiHO TEOPEMU
Pica-®imrepa, icHye enemeHt X € L,[a,b] rakwuii, o
Ma€ Miciie 300paKeHHs

X()= > %00 = 0z, (39)
i=1
ne
O =0, 20 . 2O ..)
{p;(t)}., — mnoOBHa OpTOHOpMaNbHA CHCTEMA

obyuxiii B Ly[a,b] .

3pOOUTH BHCHOBOK PO T€, II0 MHOYKHHA €JIEMEHTIB
X(t) , sxi Bu3HaAyUarOThCs criBBigHomeHHIM (39), 1 €
IIYKaHOIO CIM €0 PO3B’S3KIB BUXIMHOI KpaioBOi
3agadi (1), (2).

OTxe, Temep MH MOXEMO 3acTOCYBaTd
pesynbrat Teopemu 2 s piBasHHS (10) 10
KpaiioBoi 3agaui (1), (2).

Teopema 3. Ilpumyctumo, 1110 MOPOAKYyIOUa
KpaifoBa 3amada (3), (4) He € po3B’sa3H010. Toi,
SIKIIIO0 BUKOHY€EThCsT yMOBa (24), To KpaiioBa 3a1a4a
(1), (2) 6yne matu po3B’si3ok X € L,[a,b] y Burmsai

pAaay

X(t) = <D(t) Qd? - +Z€ (P, Po, G +Z) |,
Qdp

SIKUH 301ra€ThCsl PU JTOCTATHHO MaluX (piKCOBaHUX
ee(0,&.].

3ayBaxeHHs 2. Bigmitumo, 1o, sk
nokasano y [12], mnst 3Benenus 3amaui (1), (2) mo
KpaiioBOi 3afadi s 3IIYCHHOBUMIPHOI CHCTEMH
anreOpaiyHux piBHAHHB (8), (9) 3aMicTh MOBUTBHOT
noHoi B L,[a,b] opronopmaneHOi cucremu

obyukuiit {¢; (t)},2;, MOXHa BHKOPHCTOBYBATH Mapy
L,[a,b]

29} SR R 71 (3) )

cumerprunnx omeparopis K ta K [12, c. 123]

IIOBHUX B OPTOHOPMAJIbHHUX  CUCTEM

BIacHUX  (DyHKIIiH

BIITIOBIHO
(Kw)t) = Tﬁ(t, s)w(s)ds,
(kwko - TR(L s)w(s)ds,
Ie

b
K(t,s) = [K(& DK (& 5)dé,

. b
K(t,s) = [K(t, K (s, &)dé .
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Pozensioaemvcs supodocena cucmema, SU3HAYEHA HA NPAMOMY O00OVMKY mMopa ma e8KAi008020
npocmopy, sSKa 3600UMbCsi 00 YEHMPAAbHOL KAHOHIMHOL hopmu, | npu ybomy 6ION08IOHA O0OHOPIOHA
HEBUPOOINCEHA CUCMEMA eKCROHEHYIANbHO-OUXOMOMIYHA HA 6Cill OCi. JJoChiOdHceHo numaHnts iCHY8aHH ma
€OUHOCMI  0OMEdCEeH020 HA 6CIll OCI PO36 513Ky  BUPOONCEHOT cucmemu OUu@epeHyiaibHuX pPIGHsHb 3
IMRYTbCHOI OI€I0 Y (DIKCOBAHT MOMEHMU HAC).

Kniouogi cnosa: excnonenyianvia OUXomomis, YyeHmpanbHa KAHOHIYHA popma, obmedniceni po3e sa3KuU.

This article is devoted to singular system of differential equations with impulse action in fixed point of
time define on the direct product of torus and Euclidean space. We assume that this system can be reduce to
the central canonical form and the corresponding linear homogeneous nonsingular system exponential
dichotomous on the entire axis. The main problem of investigation is to find the condition for existence and
uniqueness solution bounded on entire axis of singular system of differential equation with impulse action.
Previously, the issue has been studied for nonsingular system with impulses in fixed point of time. The
novelty of this work lies in the fact that here we find sufficient condition for existence solution bounded on
entire axis of singular system with impulse action that reduced to the central canonical form. Also we find
sufficient condition for existence the asymptotical stable bounded solution for the considered system.

Key words: exponential dichotomy, central canonical form, bounded solutions.

Crartio nipencraBuB akan. HAH Ykpaiau, a.¢.-m.H., npod. [Tepectiok M.O

PisHOMaHITHI HpaKTU4HI 3a1a4i MPUBOAATH 0

MaTeMaTHYHUX  MOJENeH, IO  OMUCYIOThCS
cucTeMaMy JUQepeHIlialbHUX PIBHSIHb 3 PI3HOTO
poAy BUPOMKCHHSMH. 30KpeMa, B  3ajadax
OIITUMAIBHOTO KepyBaHHA, JHIHHOTO

MporpaMyBaHHsI, TEOPii SMEKTPUYHUX KUI Ta THIIUX
JIOCUTh YaCTO 3yCTPIYarOThCS CUCTEMHU BHUIIISLY

B(r)% — A(D)x+ £ (0).

CucremaTHyHe  BHWBYCHHS TaKUX  CHCTEM
posroyanocs: MOpPiBHSAHO HEJaBHO, 3 Movatky 70-x
POKIB, XO0dYa TepiIi pe3yabTaTH, IO CTOCYHOThCS
CHCTEM 3 CTaluMH Koe(illieHTaMu, 3 SIBUIINCS
3HaYHO paHime. BaxmuBuil BHECOK y PO3BHTOK
Teopii BUPO/DKEHUX CHCTEM BHECIH aMEPHUKAaHCHKI
matematukn C.Kemnbemn 1 JLIlermonen [1], ski

© 10.10. Kopoms, 2016

BBEIM TMOHATTS IEHTPaJbHOI KAaHOHIYHOI (HopMH
(LIK®) i mokaszamu 10 PO3B’A30K BHPOIKCHOI
CHCTEMH Ma€ HAHMpOCTilly CTPYKTYpPY, SIKIIO BOHA
3BoauThes 10 LIK®. Po3utky 3arambHoi Teopii 1iux
CHCTEM TPHUCBAYCHO 3HAYHY KUIBKICTH TIpalb
pocificbkux ~ MartemaTtukiB: BospunneBa HO.E.,
Uucrtsakosa B.®., Jlanunora B.O., Jlorinosa O.0O.
[2]. B momaneimux gocnimkenusax A.M.CamoitieHka,
M.LIkinsa, B.ILSkoBus [3], Oymo 3HaiimgeHO
JOCTaTHI YMOBH 3BiTHOCTI BUPOPKEHOI CHCTEMH 0
HK®. bepyun no yBaru Iii pe3yiabTaTH, a TaKOXK
pesyabTaTi [4] 3°SICYEMO NHMTaHHS ICHYBaHHS 1

€IMHOCTI OOMEKEHOro Ha BCiH OCi PO3B’SIBKY
BHPO/DKEHOI  CHCTEMH 3  IMIIYJbCHOI  JII€I0
BM3HAUEHOI Ha MpsMOMYy JOOYyTKy Topa Ta

EBKitioBoro mpocropy , y IpHUITYIIEHH] [0 BOHA
3BeJIeHA JI0 LIEHTPAIbHOI KAHOHIYHOT (hopMH
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‘2—¢=a(t,co),
B, O]a [Mp) 0 )
I E_ 0 E_Y X+f(l,(0),

Ax, |,:Tl. = B,(p)x, +b, (2)

X1 (t,qo),xz (I,(D) -
BeKTOp-pyHKIIIT,
(S r s r 'n/l'BHMipHHI‘;I TOD, a(ta (0), f(ta (0), M(ta (0)
-HenepepBHi(KyCKOBO-HEMIEPEPBHI 3 pO3pUBAMHU

HepuIoro poAy MNpU t=7;) TO ¢, HENepepBHi i

ne xeR",x=col(x,,x,), ne

BIIMOBIIHO 72— §Tas -BUMIpPHI

nepioguyHi mo ¢,,v=»1,.,m 0oOMexXeHi mpH BCIX
teR ¢byHKIil
Bimnosin, f,(t,) € C* ' (RxT™) dynxuis  a(t,)
Es —
MaTpulli n—s Ta S§—TO0 TOPSIAKY
BIANOBiIHO, [ — KBasiliaroHanbHa MaTpuusd, B, ()

BEKTOPHI i MaTpUyHa

3a70BoJbHsIE yMOBY Jlinmuns o ¢ e 7" E

n—s?

OJMHHNYHI

i b, pIBHOMIDHO OOMEKEHI 10 i MaTpHLi 1 cTami
BeKTOpU BigmoBigHo,  det(E,_, + B;(¢))#0 ansa
Oynp-sikoro @ T™. IlocnifmoBHICTH MOMEHTIB T
3aHyMepOBaHa LUIMMU YHCIAMU TaK, O 7, —> —©
npH i — —o0 1 7, — 400 1pHU [ — +0o0 BBakatumemo,
10 PIBHOMIPHO MO ¢ € R ICHY€E CKIHYEHHA TPaHHIIS
fim G D 3)
T -+
ne i(a,b)— KiIbKICTb TOYOK IOCTIZOBHOCTI 7; Ha
NpOMKKY [a,b]. Lle o3Havae, 1o iCHYIOTh uncia / i

HaTypajbHE ¢ Taki, IO OyIb-IKHH MPOMDKOK Yacy

JOBKUHOIO | MICTUTh HE Oimbllle ¢ TOYOK
HOCTIJOBHOCTI {7,} .
3’cyeMO THUTaHHS ICHYBaHHS OOMEKEHHX

po3p’sizkiB cuctemu (1),(2). B cuny kommakTHOCTI
(ha30BOro MPOCTOPY CUCTEMH PIBHSIHb

do
_za(t:q)): (4)
dt
1 NpHUIyIIeHb, HaKJIaJACHUX Ha QyHKI0 a(f,@),
KOXKEH PO3B’A30K @,(7,¢), SKMHA 3aJ0BOJIBHSE

MOYaTKOBY YMOBY ¢, (7,()=¢,, ICHye Ipu Oylb-
akuX 7€ R,p eT" i Moxe OyTH POJOBKEHHIA 1O ¢

Ha Bcto milicHy Bick. Cucrema (1),(2) moxe OyTH
po3IIenyieHa Ha IBI He3aJIeKHI CHCTEMU
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Bulletin of Taras Shevchenko
National University of Kyiv
Series Physics & Mathematics

d dx
_qD = a(t,(D), 7; = M(t,(D)x] +j(] (t,(D),

di 5)

Ax, |,:Tl- = B.(@)x, +b,

do dx,
_—= Z, N [—: + Z, . 6
r a(t, ) r Xy + /2t 9) (6)

PosrnsHemo omHOpigHYy cucteMy audepeH-
iJIbHUX PIBHSHb
dx,
— Mo, @ o). A =B (o, (T.0)x,. (7)
3alekHy Bin T7e€R,peT™ sk Big mnapamerpis.
[MpumycTiMo, MmO I CHCTEMa EeKCIIOHEHI[iallbHO-
QUXOTOMIYHA Ha BCIM MAiMCHIA ocCi, TOOTO iCHYE
npoektop C(t,0)=C*(t,¢) (C(t,p)— Hemepe-pBHA
no teR,peT™, 2x -nepioguuna o ¢,,v=1,..,m
MaTpuiHa (QYHKIIiS) 1 He3aJIeXKH1 BiI ¢, s KOHCTaHTH

K >1, ¥ >0 raxi, 110 BUKOHYIOTHCSI YMOBH

[} . 0)C(5.0)Q0 (1,0)| < Ke 7, 125 ®)

HQB (t,go)(En_s - C(s,go))Qg (t, go)” <Ke’ s>t

. t
a1 Oynb-skux t,s€R; Q((r,) - MaTpUIAHT
cucreMu (7). B cuiny HemepepBHOI 3aleXKHOCTI
po3B’s3Ky ¢,(7,¢), Big mapamerpiB 7€ R,peT™,

marpumait Q! (7,9) TeK 3aNeKATh BiI WX
MapaMeTpiB He3aJSKHUM YHHOM.
IToxnanemo
QL (t,0)C(s,0)Q° (¢, 0), s<t
G(t,w):{ b0 PR (g, 5 )
~Q4(L.)E,, - Cls.0) (1. p)s > 1,

i HazBemo G(?,s,¢) ¢ynkuieto ['pina-Camoiinenko
CHCTEMH PIBHSHb

d dx
7(: = a(t: (D), 7; ZM(I: q))x]:Ax]L:Tl. = Bi ((D)x]’ (10)

SIKIIIO

ﬁ|G(t,s,go)|| <k <o,

—00

(11)

nsiBCiX teR, peT™.
3 BusHaueHHs G(z,s,¢) BHIUIMBA€E, IO (YHKIIIS
I'pina-Camoiinenka HemepepBHa ais BCiX £, € R

t#s,peT™,2r —uepioguuna  1mo @, v=1m,
npuaomy G(s+0,s,0)—G(s—0,s,0)=FE.

Teopema 1. Hxwo ninitina cucmema 3
iMnynvcuum  30ypennam (7) € eKCHOHEHYIANbHO-
OUXOMOMIUHOI0 Ha 6Ciil OicHiU ocl, a @yHKyii
a(t,p), f(t,p)i cmani eexmopu b, obmediceni npu
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6cix teR i npu ie€eZ 6i0nogioHo, npuuomy,
£,t,0)eC*H(RxT™), mooi cucmema (1),(2) mae
€ounuil  obmedcenutl npu 6cix teR, peT"
D038 "A30K.

Hosenenns. Ockinbku cucrema (1), (2) posie-
TUTFOETBCST Ha 7Bl HezanexHi cucremu (5),(6), TO
MOKaYKEMO CIIOYaTKy iICHYBaHHS PO3B’SI3KY CHCTEMH
(5). Buznaunmo ¢yHKIIit0

% (60) = [ G(t,5.0,(.0)f, (5.0, (9, (7, 0))ds +

—00

~+00

+ [ Glt,5.0,(5. 001 (5,0, (1,0, (. 0))ds +

+ Z G(Z’ Ti s gorl- (T’ q)))bz + Z G(Z’ Ti s gorl- (T’ q)))bz (12)

T <t 7>t
1 IOKa)keMO 1110 111 (YHKIIISI € €MUHUM OOMEKECHUM
po3B’si3koM cuctemu (S) mpu BCix te€ R, p e T™ .

[lpaBa wactmHa piBHOCTI (12) BH3HAaYeHa,
ockinbku HepiBHocTi (3) 1 (8) 3abe3neuyroTh
piBHOMIpHY 30DKHICTH iHTerpaniB ta cymu 3 (12).
HikicHo

@@ < [Ke | fi (5,0, )]s +

+00
n ZKe—}’(t—ri)”bi” + J-Ke}’(t—s)"f] (s,0,(t, (D))"dS +

T;<t t

« K| < = supmax] .00 +
Ti>t VoreR QDETm

+Ksup||bl-|| Ze_y('_m + Zey('_m .
ieZ i<t 7>t
B cuny (3), Oyap-sikuii TpOMDKOK oci ¢

JOBXUHU [ MICTUTh He OUIbllEé ¢  TOYOK

nocninosHocTi {z,}. Toni ansa j >i mMaemo

Tj_Ti Tj_Ti
j—i+1<gq ] +1|<gqg ; +1],

3BIIKH
1 1,.
T, -1, Sl(——l +—(]—1).
q q
Tomy
Ze—y(t—ri)+zey(t—ri) < Ze—Y(Tj—Ti)+ Ze}’(Tj—Ti) <
T;<t 7>t T;<t Tl'>Tj
n
yl[l—l] 0 —M 26}4 _;
q q _
<2e Ze ==
m=0 -
l1-e 1
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Takum YMHOM, MaEMO OLIIHKY

I (0] < c[sup max| £, 0]+ supfe J
teR @el icZ

Ie
)
2K 2e ‘1
C =max| —,———
% _L/
l1-e 1

IMTokasxemo, mo GyHKIIA x,(f,p), BU3HAUEHA
piBHicTIO (12), € pO3B’I3KOM CUCTEMH PIBHSIHB(S).
Hudepenuiroroun x,(¢,¢) MO ¢ IPH ¢ # 1, ,
OJICPIKUMO

dx,(t,p)
d

£ dG(1,s,0,(t,
_ JW f1(s,0,(t,0,(z,)))ds +

—00

dG(t,s, 9, (z,
+ J Wﬁ (5,0, (t,0,(z,9)))ds +

G1,0,00), < 4G 71,0,00),
dt oot dt
= M(Z’ @)x] (t’ (P) +ﬁ (t’ (P),
Otxe, dynkmis Burisny (12) € oOMexkeHnM Ha
BCiii oci po3B’si3koM cuctemu (5). Hexaii icHye 1me
OMH OOMEXKCEHHMH Ha BCiii oci po3B’s30k  Y(f, Q)

t

2

T <t

cucremu (5). Toni iX pi3HHUI € OOMEXKEHOI Ha BCId
oci (QVYHKII€O, IO € PO3B’SI3KOM OXHOPIAHOL
cucremu (7). OngHak, B cuiy TinepOONiYHOCTI, IS
CHCTEMa Ma€ IIMIIE TPHUBIaJbHUN PO3B’SI30K, SIKUI
oOMekeHn# Ha Bciit oci. Tomy po3B’si3ku x, (¢,p) Ta

y(t,) cmiBmagaoTh 1 cucrema (5) Mae eauHUMR

OOMKEeHHH Ha BCill OCi pO3B’S30K.
Po3B’s30k cucremu (6) OyaemMo 3HAXOIUTH
KopucTytounch MeroaoM [2]. Tlozmaummo depes D

d
orneparop Burmsiny D=1—.

Tomi cucrema(6)
dt
HaOy/Ie BUTIISI LY
d
“r=altg)., x=Dr,~ fy(tg).  (13)

Hexaii x,(¢,¢) — pO3B’SI30K Ipyroro piBHSIHHS

(13). 3acrocyBaBmm g0 HBOTO omepatop D,
ICTaHEMO

x, = Dx, — f,(t,9); Dx, = D*x, = Df, (t,0);...;
Dm_]x2 =Dmx2 _Dm—]f2 (t, (0)
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HomaBmm 1i piBHOCTI W ypaxyBaBIIH, IO Q' (1,0), 125,
m . G(t,s,0) = (17)
D"x, =0, 6aunmo, mo cucrema (6) Mae eauHMIi 0, t<s

PO3B’SI30K SIKUI1 Ma€ BUTIIAL
xy(t, ) =
0 t
p o ,
gl ..opm
Leii po3B’sI30K € TakKOK OOMEKEHHH B CHIY YMOB
HakIajgeHux Ha QyHKIii £, (4,9) Ta a(t,).

14
Nt @)..alm (t,9) (14)

k=001 +..+iy =k

O6’eqnaBmm (12) ta (14) omepKuUMo €qUHHIA
OOMEKEHUH Ha BCil AIHCHIN OCi pO3B’SI30K CHCTEMHU
(1),(2)

x(t,p)=

[ Gt 5.0, o011 5.0, (1.0, (7. 0D +

—00

= + Z G(t7 Ti s ¢1'1- (T7 ¢))bl

+00<7; <00

(15)

G afz( (D)

k=01 +..+ipy =k 90

L, @)..am t,0)

TeopeMy noBeneHo.
t
[Mpunycrumo, mo aus matpunanta . (7,¢)
CHCTEMH PIBHSHB (7) BUKOHYETHCS HEPIBHICTh

“Qg (7,go)” <Ke 7" ¢>5 (16)

it Oyme-akux @ eT™ 1 JedKMxX  KOHCTaHT

K >1, ¥ >0. B upomy Bunanxy ¢GyHKIis
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€ ¢ynkuieto I'pina-Camoitnenka cucremu (7). 3
¢dopmynu (15) merko 6aunTH, MO PO3B’ 30K X(7,()

MOJKHA TIOJIaTH Y BUIJISI

x(t, )=

[ 65,0, (.00 11 (5.0, (0, (. ))ds +

—00

= +ZG(t7Ti7¢T1' (T’¢))bi

i<t

5T I g

k=01 +..+ipy, =k

(18)

Ockinbku, mmst Matpuianta Q' (7,¢) BHKOHYETHCS
ymoBa (16), To nel po3B’s30K OyJe acCUMITOTHYHO
cTiiikuii. OTKe, MOKeMO c(HOPMYIIIOBATH HACTYITHY
TeopeMy.

Teopema 2. Hexaii pynoamenmanvha mampuyst
Q! (1,9) 3a006onvnsc oyinky (16). Tooi cucmema

(1),(2) mae eounuii obmedxcenui Ha 6Cill OCi
po3s 30k euensady (18), npuuomy yeil po3e’s3ok
ACUMRIMOMUYHO CIMIUKULL.
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Y pobomi posensoaromscs ckinuenHi KOMOIHAMOPHI iepu 31 CKIHUEHHOK MHONCUHOW NO3UYIL Ma NOGHOIO

iHghopmayicro, de epasyi x00amsv o uep3si.

Knrouosi cnosa: kombinamopHi, iepu, nosua ingopmayisi.

We consider finite combinatorial games with a finite set of positions and complete information where

players take turns. Such games can be viewed as games on graphs. We'll find strategy for the bot. More
precisly under current strategy we'll understand list of the incident edges where each edge has probability
which bot use it during next step. For bot study we use neural network. During the study probability of each
edge change. The main idea in the modifying of the probabilities was the following. If game is successfull(bot
won) then steps which were made at the end of game were more meaningful and probability for appropriate
edge much more than probability of edge at the start of game. For this main idea we used three different

rules for changing probability. Algorithms that find optimal strategy were built for several famous games.

Key Words: combinatorial games, no uncertainty.

CraTTiO pencTaBus I.T. H., pod. ['apamenko @.I.

Beryn

Koxxny rpy MO)kKHa MpEACTaBUTH Y BUTIISLII Tapu
A=(G,u), ne G=(V,E) — opienroBanmii rpad, U —
Jiesika BepiimHa 11poro rpada. MuoxxkruHa V B TakoMy
BUIA/IKy € MHOXKUHOIO MO3ULil rpu, E — MHOXKHA
xomiB. Bepmmna U iHTepIpeTyeTbcs SK IMOTOYHA
MO3HLIIS TPH.

3ayBa)XUMO, L0 iHKOIW MiJX TPOK0 PO3YMIIOThH
rpap G 9K CyKymnHICTh TpaBWI TIpH, Ta
MOCTiIOBHOCTI X0/iB rpaBIliB. [Ipore Hanam Oynemo
PO3IIISAATH JIHMILIE Teplie 03HAUYEHHsI, e He Qirypye
iHpOopMaLis Ipo monepeaHi KPOKH rpaBLiB

I'pa Ha3uBaeThCSI HOPMANBHOW, SKIIO IPOTPAE
rpaBellb, 1110 He MOXKE 3pOOUTH XiI.

I'pa Ha3MBaE€THCS CIPaBEIUIMBOIO, SIKIIO0 MHOXKHHA
MOXJIMBUX XOIIB JJsi OyAb-fKOi TO3MIlI T'pH HE
3aJIeXHUTD Bifl TOrO, KOTPHUil 3 TPaBLiB XOOUTh

© B.A. boryn, C.B. INonompxkwuii, 2016

[IpouecoMm rpu B BeACHUX O3HAYECHHIX OyIeMO
BBaXaTHU TPOLIEC MIEPEXOIiB C OAHIET BEpIIUHH rpada
G no iHmoi, e Xxonu poOATH ABa TPaBIli MO 4ep3i,
JO THX Mip MOKM OJWH 3 TPaBLiB HE MOTPANUTH Y
NporpaiiHy Mo3uuiro (Ui HOPMaJbHHUX Irop Iie
BEpIIMHA, cTeriHb Ko 0).

Onuc anzopummy

BpaxoByroun, 1o rpa NpENCTaBISETHCA Y
BUTIAAI rpada, TO B TakoMy BUTISAL 1 Oyaemo
LIyKaTu cTpaTerito g pobdora. A came Mmix
MOTOYHOIO CTpATerielo podora OyaeMo PO3YMITH
CHHCOK IHIUAEGHTHUX pedep I KOKHOI BEpIIMHU 3
V (pakTuyHO, CIHUCOK MOMIIMBUX XOJIB JUISI BCIX
NO3UIIH  TpH), J€ KOKHOMY pedpy TaKox
MOCTaBJICHA Y BiNMOBIHICTh WMOBIPHICTh TOTO, IO
po0OT 3pOOUTH TaKHIA XiJI.

Hexait G=(V,E). V={v,v,,...vp}, E={(u,v) [ue V,ve
V}.
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IMoznaunmo E(vi):={(v;,u) | (vi,u) ¢ E} ={es,e;..emi}-

CIIHCOK  IHIUAEHT HUX JIO Vi pebep,
P(vi,e))=Pij=P{3pooumu xio €j 6 nosuyii v; }
Temep pO3MISHEMO MPOIEC  HAaBYAHHS

pobota. Hexaii B mpomeci rpu poOOT y HESIKHX
MO3UILAX  Vi,Vp,...V; 3pOOMB  BIiJMOBITHO XOAU
€1,6;...6.. B Takomy BUNaaky MoaudikyeMo TOTOUKY
CTpaTerito B 3aJISKHOCTI Bill pe3ynbTaTy rpu. A came
Hexait 3amana neska koncranta C ¢ (0,1), i akmo rpa
3aBepiiuiacs TEepeMOro I[bOro podora, TO
30iMpIIMMO  MMOBiIpHOCTI 3poOnennx xoniB Ha C
BIJCOTKIB, 1HAKIIIE 3MEHILIMO.

PosristHeMoO Aesky nmo3uitito Vi € { Vi, Va,...V; }
Ta BiAMOBiaHMIA Xin €] € E(V;), mo Bin 3pobus. Hexaii
MapTis 3aBeplimiacs IEePeMOror, TOAl IMOTPiOHO
30UIbIMUTH  HMOBIPHICTE  Pjj Ha C BIICOTKIB.
PobuTnMeMo 11e HacTyITHUM YHHOM:

P; < P;+(1—P;)C
PP (1—-Clk=+j
Komm x mapris 3aBepmwiacs mHopaskoro, OynemMo
3MeHIIyBaTd HMOBipHiCTH Pj; Ha C BiICOTKIB
HACTYITHUM YHHOM:
P:-}- — P:-}- — P:‘}'C

P, P, + LULE k+j
ik T4’ ]

L
3ayBaXXeHHS: TyT BBaxaeMo, mo M; > 0, iHakiie

PO HiSKy MOAUQIKAIi0 CTpaTerii B JaHild MO3MIIii
HE MOKe 1 ¥TH MoBa (MHOXXKMHA MOXKIIMBHX XOJIIB
OIHOCJIEMEHTHA).

He Baxko mepekoHaTHCh, IO BBEICHI B
000X BHIIaJKax omepainii 30epiraloTe BIIACTHBOCTI,
mo Pj € [0,1 Taix cyma nopiBHioe 1.

PesynbpraTtn HaBYaHHS

ANTOpUTM HaBYAHHS BUIJIAAA€ HACTYITHUM
YMHOM: CTBOPIOIOTBCS 2 POOOTH, SIKi TpaloTh MiX
co0010 IpH IbOMY MOIUQIKYIOUH CBOi cTpaTerii B

mpomeci camoi Tpu. ToOTO BHKOPHCTOBYETHCS
MOJIeTIb HaBYaHHS 0e3 BUHTES.
[loyatkoBa mMO3WLisT TpU KOXKHHUK pa3

BUNagKoBa (B 3aJ@KHOCTI Bil KOHKPETHOI TI'pH),
HMOBIPHOCTI, IO POOOT XOIUTH MEPIIUM YU IPYTUM
piBHI, TaKUM YMHOM iX HIAHCH Ha IEPEMOry PiBHO
MOXJIUBI.

[lowaTtkoBa crpaterii pobOoTa 3amacTbcsi HaOOPOM
o p 1

MMOBIpHOCTEH  ©if T
MOBHICTIO BUIMIAAKOBI XO/IH.
Posrmsimaerbest  mpomec  po3BUTKY — poboTa  Ha
NPUKIAAI  TPhOX irop (OmMCcaHO HWXKYE), UIs
nepeBipku HOro «iHTENEKTYy» MPOBOAMIACH JesKa
KUIBKICTh  MapTidk 3  poOOTOM, WLIO  BOJOIIE
BUTPAILIHOIO CTparTeri€lo. Pesynpratn
YCEpEAHIOBAINCH i OTPUMYBAJIACh OLIiHKA
WMOBIpHOCTI ~ TOrO, IO POOOT  TMEPEMOXKeE

TOOTO pOOOT pPOOUTH

2016, 1

Bulletin of Taras Shevchenko
National University of Kyiv
Series Physics & Mathematics

(imoBipHicTs 0.5 o3HauaTuMe, MO POOOT JOCSITHYB
HalKpamoro po3BUTKy, 60 came Takol Mae OyTH IS

HMOBIPHICTB BUXOJASYH c BUIIEOMUCAHOT
MOCTaHOBKH I10YATKY TPH).

3ayBaXXeHHS. WA dYac TpPH 3 <«POSYMHHM»
poboToM  Hiska Moaudikamis — cTpaTerii  He
BiOyBamnace.

3ayBaXeHHS. (QakTHyHO, 100 mMoOyIyBaTH
«po3yMHOr0o»  poboTra  TOTPIOHO  aHANITUYHO
posB’sizat  rpy. Kiac irop, mo MoxHa Tak
pO3B’s13aTH IOCUTDH BY3bKHM. Haiikpamumu

crnoco0aMu JUIsl UBOTO € PETPOCIEKTUBHHUN aHaili3
abo Bukopucranus Tteopii Ilmpara-I'pangi. Xoua
Ul TECTyBaHHS BHKOPHUCTOBYBAJHCh aHAIITHYHO
PO3B’SI3HI irpH, cTpaTerii Ta iX po3BUTOK y poOOTa HE
3alIeKaTh BiJl TOTO iCHYE aHANITUYHA BiJMOBIb YU
Hi, 94 ICHY€ TEOPETHUYHO, KOJH MPAKTUYHO HE
Ma€ MOKJIMBOCTI ii BUBECTH Y SBHOMY BUTJISIL.
I'pa 1. Kaminyi

PosrisiHemo kynky 3 N kamiHIiB. KoxeH rpaseus mo
4ep3i 3a0upae 3 Hel BiJl OJHOTO J0 TPhOX KaMIHIIIB.
[Iporpae Toii rpaBeup, IO HE MOXKE 3pOOHTH XiA
(abo x eKBiBaJICHTHO LILOMY, BUTPA€ TOH, XTO 3a0paB
OCTaHHIi KaMiHBb).

3HaliIeMO CTpAaTerito METOIOM PETPOCIEKTHBHOTO
aHainizy. [lounHaemo aHaii3 3 KiHIS TPH.

Kynka 3 0 xamiHLIB OYeBHMIHO WporpamHa 3a
MOCTaHOBKOIO TpU. SIKIIO rpaBenb 3HAXOOUTHCSA B
no3utisax 1, 2, 3 — BiH Moxke 3a0paTy BCi KaMiHII i
BHUTpaTH, OTOX Ii TMO3MII mepemMoxHi. Tenep
PO3IIITHEMO MO3UILII0 4. CKiTbKK O TpaBelb HE B3SB
KaMEHiB, HOr0 OMOHEHT 3a0epe PelTy i mepeMoxKe,
OTOX I TO3WIlis TporpammHa. 3 mo3umii 5, 6, 7
MOTOYHUK TpaBelb MOXE 3aJHIIUTH CBOEMY
OIOHEHTY 4 KaMeHi, 1 B TAKOMY BUIAAKY BUTPATH.
V3arajpHIOOUH, TO3UIIA N BUTpAIlHA, SKIO N HE
OimuThcsd HaWimo Ha 4, WporpamHa iHaKIie.
Haiikpamoro crpareriero Oyzae 3abupatu n mod 4
KaMeHIB B BUTPAILHIN MO3MILIi, a AJs MPOrpaIHoi He
BXKJIMBO, SIKUH Xi1 3pOOUTH.

Pesynbratu TectyBaHHs — puc 6, 7
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e Howa fuec 1. B 3. H: 000, B 250

S s o T - -
Puc. 7.
I'pa 2. Cmpiuxa
Posrnsemo crpiuky mamepy 3 N kmituHOK (1XN).
I'paBens 32 omuH Xin Moke po3pisatu i Ha 1Bi, mpu
4oMy 3a00pOHEHO PO3pi3aTH KIITHHKHU (iX KUIBKICTh
Ma€ 3aMUIIATUCH IIJIOF0 Ha 000X CTpiukax), Ta
3a00pOHEHO pO3pi3aTH CTPIYKYy Ha JBI OIHAKOBI
gactuHd. HacTymHuii TpaBeus oOHpae sKych 3i
CTpiuok Ta pospizae ii. [Iporpae Toi, mo He MOXKe
3pOOUTH PO3pi3, IO 33JI0BOJIEHSIE TIPABHJIA TPH.
dakTnyHO crioyaTKy Oyna rpa Ha crpidmi 1XN, micis
MEpIIOro PO3pidy BOHA PO3MANAEThCS HA JIBi, IO
MPOTIKAaIOTh HE3aJEeKHO, MOTIM Ha TpH 1 T.A. [pa
3aBEPLIUTHCS, KOIM OTPUMAETHCS Kyma CTPIUYOK
po3mipiB /x1 aGo Ix2.
Jns anamisy Ta moOyZOBM BHUTIpamHOi CTpaTerii
Takoi Tpu BHKOpUCTOBYBajacs teopis Ilmpara-
I'panni. [ani HaBemeHo 3HauyeHHs (QYHKUIi TrpaHmi
JUTA AesKUX 3HadeHb N:
G(1)=0,G(2)=0,G(3)=1,G6(4)=0,G(5)=2...
Pesynbratu TecryBanHs — puc 8

SEre Coipeiy Py 1 DU, R0 0G40 I8

o TR 3 EZ] Er Fa

Puc 8.
I'pa 3. Jlabipunm
Hacrynna rpa ¢aktudHo i He € TpolO y TOMY
PO3YMiHHI, 110 B Hill HEMAa€ APYroro rpa.Is.
Posrisaemo mome NXM  kmituHOk. Jleski 3 HHX
J03BOJIEH], JAeski — Hi. ['paBenb 3HAXOIUTBCA Y
IedKIf J03BOJIEHIM KIITHHLII Ta 3a OJUH X1 MOXE
3MICTHTUCH Ha OJIHY MO0 BEPTUKAIH 200 TOPU3OHTAII.
Sxmo BiH craHe Ha 3a0OpOHEHY KIITHHKY — Ipa
3aBEepUIYETbCA  IMOpas3koro. ['pa  3aBepuIyeThCs
MEepeMOrolo, SAKIIO I'paBelb CTaHE Ha AESKY 3aBUACHO
00paHy J03BOJIEHY KIIITHHKY. TakoX BBa)Ka€EMO, L0
ICHY€ IUISAX BiJl TOYATKOBOI MO3MIIi O KiHI[EBOI.
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MoxHa ySABUTH TaKy Ipy K OJyKaHHA y JaOipUHTI,
e KIHIIEBA KJIITHHKA - BUXIJ, Horo
MICIIE3HaXO/IXKCHHSI HEBiIOME 70 TIOKU I'paBelb TaM
HE ONHMHUTHCS. 3a0OpOHEHI KIITHHKM MOXKHA
TPaKTYBaTH 5K CTIHU NAOIpHHTY, a00 Kpalue K AesIKi
nactkd  (rpa  3aBEpIIYETHCS, KOIM B HHUX
noTparuisient). 3ayBakKHMO, IO TpaBelb TaKOXK HE
3HA€, K1 3 IMO3ULIHA J03BOJIEH], a AKI — Hi.

Xoya 1 rpa 1 Ha OXHOrO TpaBlsl, BOHA JIErKO
3BOAMTBCA 1O [JBOX TpaBIiB, a oOTXKe 1 A
BHIICOMMCAHOI CXeMHU HaBYaHHA. g 1mporo mpocrto
3aMIiCTh JPyroro po0oTa MOCTaBHUMO po0OTa, SKUH
He Oyze 3MIHIOBaTH MOTOYHY MO3MLII0 TpPH.
OuiHioBaTH B TaKOMY BHUNAJIKy WMOBIpPHICTH poOoOTa
3HAWUTHU «BHXiJ». Y BIIMIHHOCTI BiJl IOMIEPEIHIX irop
TYT HaWKpamyM pe3yiabTaToM OyJe MOCATHEHHS
imoBipHOCTI 1.

Pesynbpratu TECTYBaHHS

T O, RN N LA, B G

a e - - (o] L] = =

Puc. 2
Tenep naBaiite Momu(iKyeEMO TMOTOYHE HABYAHHS
pobota. ¥ Bumeonucaniii cxemi C BucTymae y poii
KOHCTaHTH (TPU TECTYBaHHS BHKOPUCTOBYBAIOCS
snadenns 0.1). I{e o3Hayaso, 1o HMOBIPHOCTI XOIiB
MOIU(IKYIOTECS OJHAKOBO, HE 3aJIOKHO BiJ TOTrO
BOHHM Oynu 3po0JIeHi Ha MOYATKY YH MiJ KiHElb TPH.
[MpuponHinie » BBaXkaTH, IO XOAW 3pOOJIEHI TMin
KiHEIlb BaXJIMBIII, HIK Ti, IO 3p00JICHI HA cCaMOMy
MOYaTKY.

OTtox Monu(iKyeMO HaBUAHHS HACTYITHUM YHHOM:
VimoBipHicTh Haiinmepuroro xoxy 6yie 3MiHIOBAaTHCEH
Ha Cpin BIICOTKIB, a 0CTaHHBOr0 — Ha Cpnax BIACOTKIB
(pu TecTyBaHHI BUKOpUCTOBYBaiuch 3HadeHHs 0.02
ta 0.1 Bignoeigno). CremiHp 3MIHM  IHIIHX
HMOBIpHOCTEl XOHiB MOHOTOHHO 3pOCTa€ BiA
moyaTky 70 KiHis rpu Bif Cpin 10 Crax.

TecTyBaHHS TPOBOMWINCH JJIs BUMAIKIB JIIHIHHOI,
KBaJpaTHYHOI Ta KyOiuHoi QyHkmii 3anexkHocTi C
BiJl MOMEHTY, KOJIH OyB 3pOOJICHHUH XiII.

Pesynpratu HaBeneno Ha puc 3,4,5.
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CrnMcox BUKOPHCTaHMX JKepet

PyrkoBckas  /I. HeliponHsie ceTy,
FEHETUYECKUE AITOPUTMBI M  HEUYETKHUE
cucrembl / JI. PyrkoBckas, M.ITununbckui,
JI. PyrkoBckuit — Mocksa: ['opsiuas iuHus-
TenexomKunra, 2006. — 383 c.

Xaiikua C. HeiipoHHBIE ceTH: TIOTHBIN KypC, 2-¢

n3nanue/ C. XalKkuH. — MockBa:
Usznarensckuit oM "'Buiabamc”, 2006. —
1103c.

CrankeBnd A. Urpsl Ha rpadax. - Pexum

nocrymy:https://ejudge.lksh.ru/archive/2014/07/
AJgames.pdf.
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Sx Oaunmo Taki Momudikamil 3HAYHOIO MIpOIO
MOKpAaIuiIn 301KHICTE cTparerii podora.

3ayBaXxCHHS: TakoX OyJl0 BHUSBICHO, LIO
nmonmiOHi Momudikamii Maibke HE BIUIMBAIOTh Ha
301KHICTD y MOMEPEAHIX JBOX irpax.

i e e J W D L S
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Cmamms npucesiuena ananizy ma oopooyi pearbHux OaHux, Wo noe si3ami 3 npo@eciiiHorw OiTbHICMIO
MEOUYHUX NPAYi6HUKIE NpU BUKOHAHHI 0008’a3Ki6 no 002180y 3a nayienmamu. 3anponoHo8aHo Memoo
BU3HAYEHHS ONMUMAIbHO20 (DYHKYIOHYBAHHSA MeOUYHUX NpayieHuKie npomsizom pooouo2o OHA 3
BUKOPUCMAHHAM — ANPIOPHUX 3HAHb NPO  BIONOGIOHI cekmopu yHKYioHysanHua. Memoo 0ozeonse
MOOUDIKY8amMU MHONCUHY YACOBUX O3HAK CEKMOPI6 8 anpiopHy UMOGIPHICTb CEKMOPI8 QYHKYIOHYEAHHS 30
PAXYHOK GUKOPUCTMAHHA KoHyenyii eubipku 3a 3uauumicmro. OmMpUMAHO MONCIUBICIb GUKOPUCTHAHHSL
OatiecigcbKUx OYIHOK 3a PAXYHOK 3MEHULEHHS YMOBHOI UMOBIPHOCHI OYIHOK (PYHKYI 01 CeKmOopie UOIpKuL.

Knrouosi cnosa: uacose 6ikno, éenuxi oaui, bameciscoka mepeica

The article is devoted to the analysis and processing of real data related to the professional functioning
of medical personnel in the performance of duties in patient care. The aim of our study of large amounts of
medical and statistical data is to determine the optimal functioning of health professionals using the
supervised learning algorithms. Data were collected within one year from medical records of patients and
special controllers, resulting in the method of determining the optimal functioning of health professionals
during working hours using a prior knowledge of the relevant functioning sectors. The proposed method
makes it possible to modify the set of time features of sectors into prior probability of functioning sectors by
using the concept of importance sampling. There was obtained an opportunity to apply the classical methods
for determining the function for each local time window within a range of sectors which allowed the use of
Bayesian estimation reducing the conditional probability of functions assessment for sample sectors. The
proposed method outperformed the classical methods with a balanced ratio of classification to 27.74%
without a prior knowledge for evaluation of data set. In comparison with the classical methods, the proposed
method significantly reduces the number of errors in functioning sectors (from 346.3 sec. to 96.7 sec).

Key Words: time window, big data, Bayesian network

CratTio ipeacTaBuB 1.¢.-M.H., ipod. AHiciMoB A.B.

Beryn

Y cdepi oxopoHH 3IOpOB'S CTaHIAPTH3ALIS
MpoIleciB MO JOTTSAY 3a MAIliEHTAMU € OJIHIEI0 3
HaHOUIbII aKTyaJIbHUX Mpo0jieM, M0 MOTpedye
MOILIYKY HOBUX Ta €(EKTHUBHUX METOJIB BUPILLICHHS.
3acrocyBaHHSl IHCTPYMEHTIB MAIlMHHOTO HaBYaHHS
3 YUUTENEM Ta IHTENEKTYILHOTO aHAJII3Y JIAHWX JIa€
MOXIIMBICTh KpPaIloOro PO3yMiHHS Ta MOKPALICHHS
chepu MEOMYHMX TIOCAYI y CEHCl YHHUKHEHHS
HENOTPIOHMX Jii Ta HaAMIpHOI POOOTH MEPCOHAIY.

© O.A. Tainkin, 2016

Kpim Toro, po3poOka eheKTUBHUX METOJiB 00pOoOKH
BEIIMKUX JaHWX € BAXIWBOIO /IS TMAli€HTIB,
OCKIJIBKH ONITHUMI3YEThCS 3arallbHUAH MPOIEC JOTIISTY
3a XBOPUMH, IO MPH3BOAMTH JIO OULIBII KOPOTKOTO
CTPOKY TrocmiTaii3amii Ta 3HIKEHHS BHUTpaT.
OcTaHHIM 4YacoM, HAYKOBIII BUBYWJIA MOXJIHMBICTh
BU3HAYCHHS ONTUMAJIBHOIO (hyHKITIOHYBaHHS
MEJIWYHUX TPaLiBHUKIB 32 JOMOMOTOIO CTICIiaIbHIX
JAaTYMKiB: HANpHUKIAA, aKCEJIEPOMETPH, TipOCKOIH,
HU3BKOYACTOTHI ayaio mpuctpoi Ta inmm [1]. Kpim
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TOTO, Taki TEXHOJNOTii OyJam 3acTOCOBaHI Yy
BIAMOBIAHUX MpoQinbHUX cdepax (YHKIIOHYBAHHS
MEAWYHOTO TEPCOHATy MO AOTISAY 3a XBOPHMH.
Onnak, HE3BWKAOYM HAa CTPIMKHHA PO3BHUTOK
BKa3aHUX MiJXOMiB, MEBHI MUTaHHS 3aIHIIAIOTHCS
BiJKPUTUMH.

BigcyTHicTh 4iTKOr0o BUBHAYEHHS
XapakTepy peajJbHUX QyHKIIH MeINYHNX

npaniBHUKIB
[Ipu BU3HAYEHHI byHKLi MEIUYHUX
NpaliBHUKIB,  Ki1ach  (QYHKOIH  OMHCYIOTHCA

MpeIMEeTHO-CIeNN()IIHUM YHHOM, SK 3a3HAYEHO Y
Tabn. 1. Y ganomy BUNaaKy, BU3HAUeHHsS (QYHKLIN €
JIOCUTh CKJIQJHUM TIPOLECOM, OCKIJIBKH TaOIHIIs
BKIIIOYAa€ O3HAKHM, 3HAYCHHS SKHX BapilOIOTHCS
HaBiTh JUII  OKpemMux kiaciB. Hampukman,
BUMIPIOBaHHSl apTepiaibHOTO TUCKY TOYHHAETHCS
IUIXOM TIPUETHAHHS BiAIOBITHOTO OOJIATHAHHS IO
MaIli€HTa, TMICIsA YOro IMEePiOANYHO BigOYBaEThCA
3/1aBJIFOBAHHS MOBITPSIHOTO Hacocy, 10
3aKIHYYEThCS BiJl'€MHAHHAM oOnamHanHs. Kpim toro,
Takl il MaroThb IEBHI AUCOAJaHH, TakKi SK YHUCIIO
BXOJ/DKEHb cepell KJIACiB, 4YHCIO TMOYHHAHb B
THXKJCHb, a TaKOX TpUBalicTh. Hampukman, Taxi
CKJanmHi BUIW (PYyHKITIH, SK BAKOPUCTAHHS PEHTTEHY,
BHUMAraroTh JIECATKIB XBWJIHMH, B TOH Yac K I1HIII
MOLICTYPH 3aBEPIIYIOTHCS 3HAYHO IIBHIIIIE,

Tabmums 1
Krnacu QyHkiii Ta 03HaKH
No Krnacu ynkiii O3Haku
1 BumiproBaHHs Baru 59
7 BumiproBanas 631
apTepiaibHOTO TUCKY
10 3pa3ok Kposi 19
12 | TlouaTok BHYTpPIITHHOBEHHOT 71
iH'ekIil
13 3akiHueHHs 49
BHYTPIITHHOBEHHOT 1H'€KIIiT
15 3MiHa KpaneJlIbHUIl 39
18 | Hapmanns momomoru mikaps 23
19 3HaxomKeHHs apTepii 321
20 Ormsit HaOpAKiB 121
22 [NepeBipka mpoJiekHiB 14
23 BumiproBanns EKIT 27
24 [Ipuennanus EKT’ 61
25 Bunanenus EKT” 7
27 | TlpuenHaHHS NOB'SI3KH HA 34
MOTPY IS

28 [lopraTBHMI pEHTIEH 9
29 3miHa OUHTIB 41
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31 3MiHa TOCTaBU 79
36 | Hanansst iHBaJiTHOTO Kpicia 91
37 Hananus qonmomoru mpu 43
X0a601
38 IlepeminieHHs JTiXKKa 21
39 MHuTTs pyK 153
41 OO0J11K MEAUYHOTO 1007
(yHKLIOHYBaHHS

Kiacnani migxomm mependadarorh, IO KIIACH
(GYyHKLIH MarOTh OHAKOBI HMOBIPHOCTI y OyIb-SIKHUiA
MOMEHT dYacy MpOTArOM MIHS, a TaKOX OIHAKOBI
TpuBasocti. ToMy, MeTOA, TOYHICTH SIKOTO HE
3MIHIOETHCS TIPU aHaJi3i qucOaIaHciB, HE BIJIOMUIA.

Hocnimxyroun (yHKUii MEJUYHOTO MEPCOHAITY,
MH MOKEMO BCTAaHOBHUTHM YITKI IJI, Taki SK
e eKTHBHE MTOKPAIEHHS (GYyHKLIOHYBaHHS
MEMYHOTO TEePCOHANY BiJHOCHO Yacy, ONTHUMI3allis
TPHUBAIIOCTI TPOIENYP, 3aI0BOJEHICTh MAIIEHTIB, a
TaKo)X  ONTHMi3amis BUTpaT Ha  BHUKOHAHHI
npoeciiHuX OO0OB’SA3KIB MEIUYHUX TPAIliBHUKIB,
Jns pocsATHEHHS BKa3aHUX IIJIEH, TEXHIYHA MeTa
Moyisira€  He TIABKM Y TOKpAlleHHI TOYHOCTI
BU3HAUYeHHs  (YHKIIH  BiJHOCHO  KJIACHYHOTO
BU3HAYEHHS 3 MOTOYHOI'O YacCOBOr0 BiKHA abo TOro,
0 3HAXOAWTHCA B Oe3mocepeHiil OMM3bKOCTI (Tak
3BaHI JIOKaJbHI 4YacoBi BiKHA), ajie¢ 1 B OIHII
CEKTOpY, TOOTO fiama3oHy, e QYHKIIisS BUKOHYEThCS
HETIepepBHO 3 BUKOPHCTAHHSIM KOPEKTHHX YaCOBUX
03HaK Ta TPUBAIIOCTI.

BincyTHicTh MHOKMHU JaHUX 3 YiTKUMHU
HiJIAMHU

Jlis  BupilieHHS BHUIE3a3HAYCHUX MPOOJIEM
AITOPUTMU  MAlIMHHOTO HABYaHHSA MOTPEOYIOTh
BBCJICHHS peallbHUX BEIMKHX JaHUX JUIs  iX
KOpekTHOI ominuku. OJHak, iCHye IeBHa HecTada
BIJKPUTUX MHOXUH JIaHHX, OTPUMAHUX 3 PI3HHX
chep MenWYHOI JiSUTBHOCTI, a TaKOX MHOXHH, IO
MICTSITh BUYEPITHY iHpOpMaIIito 11010
(GYHKIIOHYBaHHSI MEJIMYHHX MPALliBHUKIB BIIPOJOBK
MOBHOrO0 pPOOOYOro JHSA 3 MIJILHO AHOTOBAaHHMH
o3HakaMu. Ha creriayiizoBaHuX HayKOBHX pecypcax
€ JIOCTYITHUMH JIEK1JIbKa MHOXKUH, 1110 MICTSTh JaHi 3
JIOCUTh TPUBAJIUM YacOM, OJHAK, OCKUTLKH BOHU HE
MalTh  YITKOTO  3aCTOCYBaHHS, BIJTKPUTHM
3aJIMINAETHCS MUTAHHS MO0 TOYHOCTI IMX JaHUX
[2].

B pamkax gocmimkenHs Oynu  BiniOpasi
po3MiveHi JaHi, IO BiANOBIAAIOTH (HAKTHIHOMY
(GYHKIIOHYBaHHIO MEJWYHHX TPAI[iBHHUKIB, SKi
HOCHJIM aKCEJIEPOMETPH TPOTATOM TPHbOX THIKHIB.
BiniOpani gaHi Oyiau 00’€iHaHI 3 HaBYAJbLHUMH
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O3HaKaMH, B pe3ysibTaTi 4oro Oymno orpumano 34
knacu QyHKUid 3 7,434 miTkamu Bin 24 MeOUUHHX
npauiBHukiB.  Kpim  Toro, Oymm  BimiOpani
HEepO3MiUeHI JaHi, IO € BIIKPUTAMH IaHUMH
BEIIUKOT0 00CATY JUIs 73 MEIUYHUX MPAIliBHUKIB IS
541 [gmiBXoci®] mOpOTSIrOM  OAHOTO  POKY.
3ayBa)knMO, MO IS NPOBEACHHS EKMIICPHMEHTY
OyJ0 OTpMMaHO 3TOAY BiJl MEAMYHUX MPAI[iBHUKIB, a
TakoX Bif 120 mamieHTiB BiTHOCHO BUKOPHCTaHHS

creriaabHuX BHMIipPIOBATHHIX TATYUKIB Ta
HPUCTPOIB IS BEACHHS MEHYHNX 3aIHCIB.
Ha  ocHoBi  po3miueHnx  JgaHux  OyIo

BCTaHOBJICHO, 1110 BUKOHYBaHI MPOLIECH MAIOTh MEBH1
mucOamancd B PAOl BHUIMAAKIB JUIA KOXKHOTO KIIacy
¢GyHKLIH, Yacy moyaTtky poOOYoro IHs, a TaKoX
TpuBajocTi. B pesymbrari, Oyno 3amponoHOBaHO
METOJ JUII BU3HAYCHHS (QYHKIIH BIPOIOBX MOBHOTO
TTHS, BUKOPUCTOBYIOUH arpiopHi 3HAHHS HAa OCHOBI
iH(popMarii 1010 [IOCJIIIOBHOCTI CEKTOpIB
(yHKITIOHYBaHHS, IO OTPUMaHI 3 HaBYAIBHOL
MHOKHHU JJaHUX BITHOCHO TaKuX (YHKIIi poO0odoro
JHS, SIK IIOJICHHI BIAMITKM 4Yacy, TPHBAJICTh Ta
nrcOanaHcy MK KITacamH.

B pamkax 3ampormoHOBaHOTO METOAYy MH
MoauikyBamu MHOXXHHY 4acOBUX O3HaK
HaBYAIBHUX JJAHUX B allpiopHY HMOBIPHICTH CEKTOpA
(yHKIi 32 paxyHOK BHKOPUCTAHHS KOHIICTIIii
BHOIPKM 3a 3HAYAMICTIO. TakoX, MH OTpHMAaJH
MO)K.HI/IBiCT]) IIPOBOJAUTHU TECTYBaHHA JaHHUX,
BUKOPHUCTOBYIOYHU KJ'IaCI/I‘-IHi METOAU BHU3HAYCHHA
OGYHKIIA 11 KOXKHOTO  JIOKQJIbHOTO  4acOBOTO
iHTepBaly B jiama3oHi cexkropiB. Kpim Toro, Oymno
3aCTOCOBAHO 0aife€CiBCHbKi OI[IHKH, 3HU3UBIIN YMOBHY

WMOBIpHICT, OIIIHKK  (YHKIIIH I8 CEKTOPHUX
BHOIpoK [3].
ONiHIOIYM  MHOXHWHY  JaHUX  MEAWYHUX

MPaLiBHUKIB, 3alPONIOHOBAHUN METOH IIE€PEBEPILUB
Ha 27,74% HaiBHuii OalieciBCbKMI MeTOn 0O€3
BUKOPUCTAHHS  amnpiopHUX  3HAaHHb  3aBJISKU
30aiaHCcOBaHii YactoTi Kimacudikamii. Kpim Toro,
3allpONIOHOBAHUM ~ METOA  3HA4YHO  3MEHILIUB
TPUBAJICTh  MOSIBE  TIOMHJIOK B CEKTOpax
¢byukmionyBanus 3 347,4 ¢. no 73,4 ¢. B meroni k-
HalOmmwkunx cycigie, 3 1694 c. mo 79.14 c. B
HaiBHOMY OaiieciBcbkoMy MeToni Ta 3 119,7 c. mo
6.97 c. B METOIIi BHIIAIKOBOTO JIICY.

OTxe, BHECOK Hamoi poOOOTH IMOJNSATaE B
HacTymHoMy. byrno BimiOpano Ta mociimKeHo
pealbHy ~ MHOXHUHY  BEIMKUX  JIaHUX,  II0
XapakTepu3ylTh pi3HI BHAM (QYHKIH MeTUIHUX
npauiBHUKiB. KpiMm Toro, Oyno BimiOpaHo BenHKi 3a
o0caroM [aHl croemiaabHMX [JaT4YUKIB I iX
BUKOPUCTAHHS B MAIlIMHHOMY HAaBYaHHI 3 yYUTEJICM.
Byno  3ampomoHOBaHO ~ METOA ~ BHKOPHUCTAHHS
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anpiOpHHUX 3HAHb 32 CEKTOpaMu (YHKIIH BIPOIOBK
pobouoro mHS, B pe3yibTari 4oro OyJjio OIIIHEHO
3alpONOHOBAHUN METOJ] B CEHCI MOKpAICHHS
TOYHOCTI BHW3HAUEHHS (QYHKIIH Ta TPUBAJIOCTI
cexkTopiB  QyHkmioHyBaHHs. Kpim Toro, Oyno
MPOBEJICHO 1HTENIEKTYyaTbHUIM aHaTI3 JaHUX MUISIXOM
3aCTOCYBaHHS ~ 3alPOIOHOBAHOTO  METOLY  JI0
BEJMKUX 3a O0O0CIrOM JaHWX, OTPUMAaHHX BIiJ
MEMYHUX MPAIliBHUKIB.

XapakTepuCTHKA AAHUX JATYUKIB 11010
BH3HAYeHHs QYHKII MeIMYHHUX NPALiBHUKIB

Jani ciemiaabHIX AATYNKIB OyIM OTpUMaHi BiJl
MEMYHUX TMPAIiBHUKIB JTIKApPHSIHOTO 3aKJaay, Mo
CIICIIATI3YEThCS HA TOCIIPKEHHI CepIIeBO-CYAMHHUX
3aXBOPIOBaHb. 3a3HAYMMO, IO CKCIIEPUMEHTATBHI
JIOCHTIJDKCHHST TPOBOJWIIACS BHUKIIOYHO 3 THMH
MEIMYHUMH TpalliBHUKAMKU Ta TalliEHTaMH, SKi
MOTOJMIIUCS ~ HA  BHKOPUCTAHHS  CHCIAbHUX
naT9uKiB. MHOXWHA BEJIUKAX JaHUX MICTUTH
pO3MiYeHi JaHi, IO BiAIOpaHi MPOTATOM TPHOX
THXKHIB Ta HEpO3MOMiyeHi naHi Bix 134 maiieHTIB,
BiZIiOpaHi MPOTSATOM POKY.

Jus  anHamizy po3MideHHX Ta HEPO3MIYCHHX

MHOXKMH JIaHUX 3a3HauuMo, 110 B  TpoIieci
NPOBEACHHS  EKCIIEPUMEHTAJIBHUX  JIOCIIHKEHb
MEINYHUM TIpalliBHUKaM OyJI0 3alpoIlOHOBaHO

HocuTH crierianbHi npuctpoi (Cowon Z2) B cBOiX
HaArpyZIHUX KHUIIEHHSX, 0 3aUCYIOTh TPUCKOPEHHS
y (hikcoBaHOMy HampsiMKy. KpiMm Toro, Oymm Takox
BUKOPHUCTaHI HEBEIIUKI aKCEIIEPOMETPH, OJIMH 3 SKHX
OyB NMPUKPITUICHUI Ha MpaBOMY 3aIl'siCTi, a 1HIIUH -
Ha 3a1Hii YacTuHi Taiii. KoxkeH matumk BEUMiproBaB
MIPUCKOPEHHSI 110 TPHOX OCSX B Aiama3oni +2G .

VY sSKOCTI MHOXWHH po3MiueHuX JaHHX OyIo
BUKOPHCTAaHO JaHi MIOJ0 BHKOHAHHS MPOQeciifHuX
000B's13kiB 27 MEIMYHUX TMPAIIBHUKIB 3a TEpPioa
MPOTSATOM TphOX TWXKHIB B TpyaHi 2015 poky.
3ayBakuMo, 10 3a3Ha4eHi JaHi Oynu po3MideHi 3a
JIOTIOMOTOI0 ~ CHEMialbHOTO  TPUCTPOIO  1HITHUMU
MEJIWYHUMH NPAIiBHUKAMH, SKi BUCTYIAJIH B SIKOCTI
crioctepiraviB. llepex modaTtkoM AOCITIIKEHHS MH
Bu3HauWwiM 37 kiaciB (yHKuid, iHGoOpMAIli0 Mpo
AKHUX OYyJI0 3aIMCaHO CIIOCTEPirauamH.

[aTepnperaniss o3HaK [UIs peasibHUX (QYHKIH
MEIMYHUX  TPALiBHUKIB BUMAara€ peTeIbHOTO
ompamtoBanHs. Y mpodeciiiHii  JisSUIbHOCTI
MEJMYHUX TPAIiBHUKIB JOTJISA] 32 IMAalliEHTAMHA Ma€
HalBULIMKA NPIOPUTET, OJHAK, y NAHOMY BHUIAIKy
Mae wmicie mpoOiieMa BiJICYTHOCTI 0araThoX O3HAK
abo HeBipHuMX o3Hak uacy [4]. Tomy, y sKoCTi
croctepiraya OyIo 3aJIy4eHO MEJIUYHOTO
NpaliBHUKA, SKHH KepyBaB IHIIUM HPUCTPOEM
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Cowon Z2 gns 3ammcy (QyHKOIA MeIMIHUX
npauiBHukiB. Ha  manomy  mpuctpoi  Oyno
BCTAaHOBJIIEHO  T@porpamMHe  3a0esmedeHHS,  3a
JOTIOMOTOI0  SIKOTO ~ CIIocTepirad BHOWpaB  Kiac
¢GyHKLIH, Ha SKOMYy MEOWYHHN  TpaliBHUK
30MpaETbCsl TIOYATH MPOLENYPY Ta AKTUBYB 3HAUOK
3aKiHYEHHS, KOJIU TPOIIeypa 3aKiHIyBaIacs.
3a3HaunMo, MO SIKIIO CIOCTEepirad OdYiKyBaB Ha
MOYaTOK  BHKOHAHHSA  MPOLEAYpH  MEAUYHUM
NpAIiBHUKOM, II0YaTKOBAa 4YacoBa O3HAKa Maja
BIJIMOBIIHY 3aTpUMKy. TakuM YHHOM, criocTepirad
Ta MEIWYHI MPAIIBHUKYU B3a€EMOJIISLTU OJHE 3 OJTHUM
JUIL OTPUMaHHS KOPEKTHHUX MOYATKOBUX YaCOBHX

o3Hak. Tomy, mepex THM SIK T[OYaTH TICBHY
npouenypy, MEAWYHMK TIpalliBHUK OTOJIOIIYBaB
criocTepira4eBi mpo MOYaTOK CBOT'O
(yHKIIIOHYBaHHS.

Y ToMy X BIAMIJICHHI JNIKapHSHOTO 3aKIaay
OyJli0 OTpUMAHO MHOXXHUHY HEpPO3MIYEHUX JaHUuX,
OTPHMAaHMX 3a JIOTIOMOTOK0 JIATUUKA MPOTSATOM POKY
Bil MEIWYHHWX TPAI[iBHUKIB, $Ki HOCHIH TpH
aKCEICPOMETPH TaKUM K€ YUHOM, SIK 1 JUIS BUMAAKY
MHOXXMHHU PO3MIYCHHMX HaHUX. Bkaszani maHi Oynu
OTPUMaHi BiJl MEIMYHUX MPAIliBHUKIB, B/l AKUX OyIa
OTpHMaHa 3rojJia Ha BHUKOPUCTAHHS JaTYHKIB
YIPOAOBXK POOOUHX JHIB.

Bu3zHayeHHsI MHOKHHH TaHHX

Jns BUKOpHUCTaHHS 3arajibHOI MHOXKWHU JaHUX
y SKOCTI pO3MIYEHHX Ta HEPO3MIYCHHX JaHUX, JaHI
Oynu piBHOMIpHO BiadopMaTOBaHI HACKIIBKH IIe
MOXJIUBO. OCKUIBKH 1IEHTU(IKATOPH IJI MEIUUHUX
TMpaIliBHAUKIB € IOCJI1 IOBHUMH, MOYKHA
CTBEP/KYBaTH, 110 ineHTudikarop IS
KOHKTPETHOTO MEMYHOrO MPaIliBHUKA € OJJHAKOBUM
uis 000X MHOXHH JaHux. KpiM Toro, KoxeH
JaTYWK, 10 MPUKPITUICHNH B KOHKPETHOMY MicCIli Ha
Tl 30epirae cBoi JaHi OKpeMoO, L0 JO3BOJISE
e(eKTHBHO TPOBOJUTH aHaNi3 JaHUX, SKi OYAyTbh
o0'eHaHI B OJJHY TaOJIHINFO 3 IEKUTHKOX CTOBIIIIIB.

TakuM dMHOM, MU O0O0'€IHANIM JaHI TPHOX
MPUCTPOiB, 10 OyNIK BiiOpaHi YIMpoaoBX poOOYUX
IHIB B oiHy Tabiuio. Crnovatky OyJio 3reHepyBaHoO
O3HAaKU 4Yacy, 30UTbIMBIIN YacTOTy Ha 24 I'm, mio
osHauae 0,06 c., Ta BUKOpHUCTANH HANOIIKIY
BUOIpKy naHux B mnepion 4yacy 0.074 c. misg KOXHOI
4acoBOI O3HaKW. 3ayBaXMMO, M0 Yy BHIIAJKY
BIJICYTHOCTI HaaXO/KeHHs BUOIpok mpotsarom 0.037
C., MH TIOBTOPDHO BHKOPUCTOBYBAIH OCTaHHE
3HaYeHHs 4acoBOi o3HaKW. OCKINBKH BCi MPUCTPOL
MaloTh CBOI BJIACHI TaliMepH, 110 HE MAIOTh JKOJHOL
B3a€MOJII MO0 CHHXPOHI3aIIl Yacy, iICHye PH3HUK
TOTO, IO 3araJibHUN Yac Oyje HE CUHXPOHI30BaHUM.
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Hnst BupimenHs wiei mpobieMu, MH OOHYIISITH
TaliMepy OJHOYACHO Ta MEPIOAUYHO B CEPEAHBOMY
OIMH pa3 Ha JCHb IJIsi OTPUMAHS OMOPHOI MIiTKH
4acy, MiCJsl 90T0 BUKOPHUCTOBYBAIHM BiJHOCHHWH Hac
BiJ] yacy OOHyJICHHS.

AHAaJIi3 MHOKHHH JaHUX

B pesynbraTi ekcmepumenty Oyio BimiOpaHo
453,7 [rommaXO0Ci0] maHWX maTYWKiB Big 24
MEINYHUX TMPAMiBHUKIB Y SKOCTI MHOXHUHH
po3mivueHux naHux Ta 1764 [meHbXoci6] Big 73
MEIWYHUX TPAliBHUKIB y  SKOCTI MHOXHHHU
Hepo3MiueHnX maHuX. Jlig aHamizy OTpHMaHuX
03HaK, MU PO3IJISIAEMO O3HAKH, OTPUMaHIi y SIKOCTI
MHOXHHH  pO3MIUEHHX JlaHUX. B  pe3ynbrari
MPOBEJICHHS EeKCIEepUMEHTy Oylo oOoTpuMano 22
KJacu. 3arajipHe 4MciIO MITOK - 4347. Mitku ans
KO)KHOTO Kjacy (YHKIIH TakoX IepepaxoBaHi y
Tabm. 1.

Ha puc. 1 mpomemoncTpoBano Tpadik dHacy
CTapTy A KOXXHOTO Kiacy (QYHKUIH B Xiama3oHi
pobouoro nHs. KokeH psIOK BiANOBIgae Kiacy
GyHKIIH (YUCI0 SKUX BiANOBimae HoMepy y Tabi.l),
a Bich abcuuc BiANOBiAa€ 3a TOAWHU B J€Hb. TOUKH €
MOYaTKOBUM 4YacoM (PyHKIIOHYBaHHA. MH MOKeMO
mobaynt AwcOanmaHc MK KiacamMu (YHKIOIA Ta
nepiogaMu 4acy TPOTSIrOM JAHS. 3a3HaYuMoO, IO
YKUCII0 (PYHKIIIH BapitOETHCS B 3aJISKHOCTI Bijl KJ1aciB
¢byHKLIH, a caMi QYHKIIIT BUKOHYIOTbCS Y OyIIb-SIKUHA
4yac piBHOMIPHO.

Meton Bu3HaveHs PyHKLiNH MeTUYHUX
NPaUiBHUKIB BIPOI0K POOOYOro JHS

OyHKIiT MEIUYHUX TpAIiBHUKIB MAalOTh Di3HI
BIIACTHBOCTI, IO 3aiexaTh Bix dacy nobu. llpwm
HAsIBHOCTI y HABYAJIbHUX JAHHUX O3HAK T4 YaCOBHX

O03HaK, MH MOXEeMO MOIU(IKyBaTH MHOXUHY
YacoBMX O3HAK B  ampiopHy  HMOBIpHICTh
BUKOHYBaHHX (¢yHKHiH. KpiMm Toro, skmo wmwu

OyJIeMO BHUKOPUCTOBYBATH TNOYATKOBHMA 1 KiHIICBHIA
yac (QyHKII, ME MOXXEMO OTpHMaTH 1HQOpPMAIO
Opo  TPHUBAIICTH 1X BUKOHaHHA. OTpuUMaHHS
iHdopMaIlii Ipo Te, KOJNH 1 IK JOBrO BUKOHYIOTHCS
GYyHKIIT MO JOTIsIy 3a XBOPHMH Ma€ BaXKIIMBE
3HA4YCHHS Ul aHali3y HOaHWX. 3anpOIOHOBaHHN
METOJT Ha JOJaTOK JIO OIIHKK (YHKIIH, 110
HAaOXOAATh Ha BXIJ JaT4MKa YacOBHUX BIKOH,
BUKOPUCTOBYE 1H(GOPMAII0 MPO MITKH Hacy st
Toro, 1mo0 mOOyayBaTH PO3MOLIN  amnpiopHOl
HAMOBIpHOCTI (YHKUIH TpPOTATrOM poOOYOro IHs, a
TAKOXK X peami3zalilo Ha OCHOBI BHOIpKH 32
3HaummicTio  [5]. B pesymbrari, oTpumaHa
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iH(hopMaIlisi BHUKOPHCTOBYETHCS sl OaileciBCBbKOI
OLIIHKU (PYHKIIIH.
OTxe, gaini MM BBOAWMO MaTeMaTW4HI BHpa3H,

K1 BHKOPHUCTOBYIOThCS JUIst o0y 10BH
MaTEeMaTHYHOTO arapary 3anporoHOBAHOTO METOJY.
Ha puc. 1 300paxkeHa cxeMa OJHOJCHHOTO

(hyHKIIIOHYBaHHS UL OMHOTO Kiacy pyHkuii c € C .

EARE Y
F A =
dymuiz &7, F a“y
ESKTOP OZHEKZ 4 | | Tpuy ir
Jlos=msks Y2008 BIH0 [
—
s,
I
T Y Ak
v \
S— ._‘1"_‘.!,\.-;*‘.._._
l‘.r i’ '\qu " '/\"*'IJ
v V
' i !
Jami marnaae

Puc. 1 Cxema ogHOZEHHOTO (PYHKITIOHYBaHHS

Bbynemo BBakaTh, IO KOHKPETHHHN dYac a00H
BUPAKAETBCS AK Iile 4Yucao Mk 1 Ta T, ne
mocimoBricts (1,2,...,T) mosumaunmo sk 1:T . Mu
MIPHUITYCKAEMO, IO BEKTOP O3HAaK BUALUISE JEKiIbKa
CTaTHCTHYHUX 3HA4e€Hb 3 YacOBOIO BiKHa BXOIY
JaTumka B okoui 3HaueHHs . Takosx, NOCIiIOBHICT
BEKTODIB O3HAK (Z;,Z,,...,Z; ) TIO3HAYUMO 5K Z; .

Beenemo Benmnunby C, 110 BKa3y€ HA MHOKUHY
knaciB  QyHKIIHA, sKi HEOOXiTHO  BH3HAYWTH.
[punyctumo, mo y Oynap-sSKuii MOMEHT dacy t
MOXYTh OyTH BHKOPHCTaHI 4YHCIOBI (QYHKIIi B
pe3ysbTaTi TOro, MO MEJUYHHI MpaliBHUK BUKOHYE
JeKiabka (YHKIIH OAHOYAacHO, abo TOMy, IO
QITOPUTM BHU3HAYeHHsI (DYHKIIH MPOBOAMTH HEUITKi
OLIIHKK. TaKuM YUHOM, HAIIIOI0 METOIO € BU3HAYCHHS
TOro, 4u mpu OiHapHOMY 3Ha4YeHHI t QyHKIsS B
MOMEHT Yacy t Biamnosigae c € C .

3anponoHOBaHAN METOJ MOXKE oyt
3aCTOCOBAaHUH /sl KOKHOTO Kiacy ¢yHkmiid ¢ € C,
JI€ BUKOPHUCTOBYEThCS ab0 HaWOLIbII HMOBIpHUIA

kiac arg, maxP(a;) abo Bci kimacu, omiHeHi 3a 4ac

t. Opnak, Mum OygemMo KOHLEHTPYBaTuCs Ha
BU3HAaueHHI Jume oxHiei ¢yHknii ceC  Ta
OLIIHIOBATH 11 TOYHICTE.

Hani My BHKOPHCTOBYEMO TEPMIH “‘CEKTOp” SK
HETNepepBHUI Jiala3oH dYacy, [J€ BHKOHYETHCS
GYHKIIS ¢ 1 IPEACTaBIIEMO HOTO y BUTIISI HapH
MOYaTKOBOT'0 Hacy Ta 4acy 3aKiHUe€HHS BHKOHAHHS
¢ynkuii  [6]. [lpunyckaroum, wmo cexropu L
MOBTOPIOIOTECS U1 QPYHKIIT ¢ Ha IpOTA31 podovYoro
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JHS MEIMYHOTO TpAalliBHUKA, ceKTop | 3 MomeHTy
vacy b(lI) mo momenty wacy e(l) BuzHauaeTbcs, K

s =(b@).e(1)), 1)

e 1<b(l) <e(l)<T .

[Ipouenypa Bu3HaueHHs (yHKLIH Moxke OyTH
3MOJIeTIbOBaHA K npobiiema OTpPUMAaHHS
MakcuManbHoro aprymenty ceC  Bix P(af|z)

JMIIEC  JJI1  JIOKAJIBHOT'O  4aCOBOI'O BiKHA t.

BayBaxxumo, mo obuncieHns P(z,|a’) moxe Oytn

BUKOHAHO, BHKOPHUCTBYIOUM Teopemy baiieca. [lami
4
P(z &)
HMOBIpHICTIO JIOKaJTbHOTO 4Yacy. OnHaK, B SIKOCTI
HAIIOMY BHECKY MU OyJeMO BUPIIYyBaTH MpoOiemMy

OTpUMaHHSI WMOBIpHOCTI  (YHKIIH  METUIHUX
MPAIiBHUKIB BIPOJOBK IIOBHOTO pPOOOYOro MJHS

C
P(ar [z,1)
Js mocimKeHHS 3aIpOTIOHOBAHOTO METOAY MU

MPUMYCKAEMO OaileCiBCBKY MEpExy, SIK MOKa3aHo Ha
puc. 2.

MU OyZeMO  Ha3uBaTH  BEJIMYUHY

CayTop
SVEILIOKVESHER

e Fymaii yacosoro
s Elimz

Brimni ozkaig
YICOEOTD Bl

Huozipicrs
MOEETEHOTD H2CF

Puc. 2 Cxema GalieciBcbkoi Mepexi

Ha puc. 2 mpencrasieHi yMOBHI WMOBIpHOCTI

ISl OHOTO CeKTopa S/ . Mu IpHIyCKaeMo, IO
fiMOBIpHOCTI MDK OyIb-IKMMH CEKTOpaMH S Ta
C r

sp (I=1) e 110
rpaHAYHa HMOBIPHICTH MOXE OyTH BHpaxkeHa Yy
TAKOMY BHIJISII:

P(Zb(l):e(l)’ag(l):e(l)lslc) :P(Sf) H P(z,

teb(1)e(l)

HE3aJe)KHUMH. 3a3HAYUMO,

a)P@s). (2)
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V Bumazky, konu S € GikcoBaHHM, @ MOXHA

nerko otpumatn st b(l)<t<e(l), tomy wmm
moxxemo Bumanutu P(a; |s7) . Bixnosino,
P(Zb(l):e(l)’ag(l):e(l)’slc) =P(S,°) H P(Zt alc) . (3

teb(l)e(l)

Hns oTpuMaHHS YMOBHOI HMOBIPHOCTI MIiX

a Ta Z, (1)) » MH 3MEHITYEMO S(, B Pe3ynbTaTi

c
b(l)e(l)
YOro Ma€ MicIle Taka PiBHICTb:

(4)

IT P

teb(1)e(l)

P(ag(l):e(l)’zb(l):e(l)) = ZP(SD a’).

Jami, MU pO3OiNSEMO HYacOBY WOCITIIOBHICTh
1:T nHa cexktopu

{o(0):eM}.{b(2):e(D}....{b(L) :e(L)}

Ta PpO3TJIIAEMO TPaHUYHY HMOBIPHICTH  JUIs

KoxHoro vacy 1:T , sk

P(aj,z,)= ©)

— ¢ ¢ c

= P85y Zotrey Bre) Boere B yerey Loy
SIKIO  TMPUIYCTHTH, 1[I0 TMapud  CEKTOPIB

He3aJeXXHI OauH Bixm omHOro, TO ¢opmyna (5)
3aIHCYETHCS SIK JTOOYTOK CEKTOPHUX TPaHUYHHX
HMOBIpHOCTEH, a came:

P(aic-T ) Zl_'T) = H P(a‘g(l):e(l) 1 Zb(l):e(l)) . (6)
lelLl®

[TigcraBnsroyn

P(ak:(l):e(l)’zb(l):e(l)) = ZP(SD H P(z &),

5 teb(i):e(1)
MU OTPUMYEMO TaKy PiBHICTb:
P(ajiTlZ]_'T): H ZP(Slc) H P(Zt atc) : (7)
letl® | s teb(l):e(l)
Orxe, 3 OIIISAY HA BXiX Z,; , MH Ma€MO, IO
P(aic:T|zl:T)0cH ZP(SD H P(z|a);. (8)
leLl® | sf teb(1):e(l)

Jana ¢opmyna BUKOPHUCTOBYE HE TUIBKH
HAMOBIpHICTH JIOKanbHOTO 4acy P(z, ‘af) , a TaKoX
anpiopHy JimoBipHicTh cektopiB  P(S7). Mu
3aCTOCOBYEMO  HMOBIPHICTh  JIOKQJILHOTO  4Yacy
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P(z, ‘af) , OTPUMaHy 3 pe3yJbTaTiB HAiIBHOTO METOAY,

anpiopHy P(sf),
BUKOPHUCTOBYIOUH BiJIMOBiAHI BUOIPKH 3 HaBYAIIbHUX

a  TaKoxX HMOBIpHICTh

manux. Ockineku iMoBiphicts P(Sf) Moxe OyTu

IOCUTH 1H(QOPMATHUBHOIO, 3alPOMOHOBAHWA METO.
MOXKE TPHU3BECTH /O TiJBUINEHHS TOYHOCTI B
nporeci BH3HAYEHHS (YHKUIA MPOTATOM BCHOTO
po60YOTO THS.

Peanizaniss meTony Bu3Ha4YeHHs pyHKIiN
MeIUYHUX MPaliBHUKIB

BukopuctoByroun norapudmiuHy HAMOBIpHICTB
JUIA  YHUKHEGHHS aHTHIIEPENOBHEHHS, a TaKOX
KOHIETIIF0 ~ BUOIpKM 32  3HAYUMICTIO, MH
obuncaoeMo (8) BIiAMOBITHO IO HIDKYCHABEICHOTO
ANTOPUTMY IUIsl OTPUMaHHS BHOIPOK, 3BaKCHHX 3a
anpiOpHUMHA 3HAHHSIMH CEKTOPIB.

1. IlpoBecTn HaBYAaHHS JTOTapUPMITHOT HMOBIPHOCTI

a;) mm Vtel:T 3a

nokansHOro dacy logP(z,

JIOTIOMOTOI0 ~ HaiBHOTO 30epertu

pe3yibTaTH.

METOay Ta

2. Ilobynysatu P(S) Ha HaBuanbHHUX JaHuX. [laHa

HMOBIPHICTh PEaNi3yeThCsl y BUINISAI MHOXHHH K
BUOIPOK 3 HAaBYAJIBHHUX JaHUX. MH BUKOPHCTOBYEMO

BUOIpKY i 5K S, ne 1<i<k.

3. ns VS,CU] Ha Kpoili 2, O0YHCITUTH

exp| >, logP(za) |,
teb(I[i]):e(I[i])
BUKOPUCTOBYIOUH PE3YNbTAT KPOKY 1.
4. CepenHe 3HAUYCHHS
exp logP(z, |a;)

teb(I[i]):e(I[i])

s [1,1[2],...,1[K] moxkHa posrnsgaTu sk BHOIpKY

3a 3HAYUMICTIO Ui EXp logP(z|&) |, a
teb(I[iD):e(I[i])

TaKOX B AKOCTI HAOIMKEHHS PIBHSIHHS

P(atg(l):e(l) s Zoyeqy) = ZP(SF) H

teb(1)e(l

P(z |a),
)

BIJIIIOBIHO.

OckinbkH, piBHICTB
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P(a‘g(l):e(l) , Zb(l):e(l)) = ZP(SF) H

teb(l):e(l

P(z |a)
)

Vliel:L°, Mm MoxeMo

BUKOPHUCTATH 1i OE3MOCEePEeAHbO ISl OLIHKH S

€ aQHAIOTIYHOKI JIA

3aMICTb TOro, 100 TMOBHICTIO OOYMCIIIOBATH

piBESHHS (9).

3a3naunmo, 1o Ha kpoui 3, logP(z,|a’) moxe

OyTH BUKOPMCTaHMi JEKibKa PasiB 1 PisHUX Sy,

B PE3yNBTATi YOTO S;; MOMEPEIHBO OOHCITIOIOTHCA i

30epiratoThcs Ha Kpotli 1 uid yHUKHEHHS HaAMIpHUX
00YHCIICHB.

Ouinka meToay BU3HAYeHHs1 PyHKUi MeJUIHNX
npauiBHUKIB

Jami Mu OIiHIOEMO 3ampoIIOHOBAaHWN METO] Ha
MHOXHHI ~ JJaHUX, OTPUMAaHMX Bl MEIUYHUX
MpaliBHUKIB, IO HOCWIM aKCeJIepOMETpH B
JKapHIHOMY 3aKJIaJi IPOTATOM TPHOX THXKHIB.

O1iHKy 3aIpOIIOHOBAHOTO METOMY TPOBENIEHO 3
METOI0 BHU3HAYEHHS TOIO, YA MOKE HAHUA METOI
MIJBUIIATH TOYHICTh BU3HAUCHHS (DYHKIIIH, a TAKOXK
e(eKTUBHO OI[IHIOBAaTH CEKTOPH. Y nanomy
BUMAJIKy MH OI[IHIOEMO TOYHICTh Yy MOPIBHSHHI 3
HAiBHUM METOJIOM, @ TaKOX OIIIHFOEMO TPUBAJICTh
oTIeparii.

Orxe, OynO BHIIIEHO BEKTOPH O3HAK 3 TPHOX
oceli, BUKOPHUCTOBYIOYM JaHi akcenepomerpa. s
OTPUMAHMUX MAHWX JATYUKIB OyJTW BUIIIEHI 4acoBi
BiKHa B 4 CEKYH[H, 3MIIIIyFOUHUCh KOXHI 2,3 CEeKYH/IH.
JIJIs KOXKHOTO 4acOBOrO BIKHA MM po3paxyBaiu 56
3HaYEeHE O3HAK.

3a3HayuMo, L0 MH CKOpPOTWIM 56 03HAKOBUX
3MIHHHX JIO 25 IUISIXOM 3aCTOCYBaHHS CTYIIEHEBOTO
BuOopy ¢yHkuii no 1500 BumagkoBo BHOpaHUX
BEKTOPIB MPOTATOM ABALSATH iT€PAIliii.

Jst  OIiHKKA 3ampoIOHOBAaHOTO METOAY, MU
HOPIBHSUIH {Or0 3 anpiopHUME 3HaHHSAMHE 1po P(S)

3 HalBHUM MeTOJOM Oe3 anpiopHUX 3HaHb. Y SIKOCTI
0a30BUX aJrOPUTMIB MAIIMHHOTO HABYAHHS JUIS

P(z,

3aCTOCYBaHHS TeopeMmH baiieca, MU BHKOpHCTaIH
METON K-HalOmmKxInx CYCiJliB, HaiBHUI1
0aifeCciBCbKHMI METOJ] Ta METOJ] BHUIIAJIKOBOTO JICY, B
pe3yIbTaTi 4OTO OI[IHIIIN KOXKEH 3 HHX.

Jami Mu Bukopucranu posmonin [aycca mns
HaIBHOI'O 0aifeciBChKOI0O METONY, o €
MapaMeTPUYHOI MOJEN0 HMoBipHOCTEH. OCKIIBKH
JaHW METOJ| MPHUIYCKAae HECTaHAApPTHY (YHKIIiIO
WMOBIPHOCTI, 116 MOX€ HPUBECTH JIO HEKOPEKTHOTO

af) , [0 € TAKMMHU K€, SIK HaiBHUH METOJ ITiCiIs

2016, 1

Bulletin of Taras Shevchenko
National University of Kyiv
Series Physics & Mathematics

MOJCITIOBAaHHS WMOBIpHOCTI. TakuMm dYWHOM, MU
TAKOK BHKOPHCTATH MeTOA K-HafOmmkdnux Cycimis,
OI0 MOXe  HemapaMeTpUuHO  alpOKCHMYBAaTH
HWMOBIpHICTH, BUKOPHCTOBYIOUH 3BOPOTHI BiJICTaHi i3
BUOipku K, sK 1€ peamizoBaHo B 0arathox
NPUKIaTHUX AoAaTKax. MeTo BUMaJKOBOTO JIiCY He
Ma€ TaKOTO IEePEBIPEHOT0 HAONIKCHHS, OTHAK MU
MOJKEMO 3aCTOCOBYBaTH Oal€CiBChKE MPaBHIIO [0
Ma)KOpUTApHOI YacTOTH, OTPUMAHOI BiJi KOXHOTO
cmabkoro nepeBa pimeHb. BpaxoByroun To#t (hakr,
0 METOJ] BUITAJKOBOTO JICY € JOCUTh €PEKTHBHIM 1
3a0e3rneyye OiNbII BUCOKY TOYHICTH Yy OaraTbox
3aCTOCYBaHHSIX, BiH OyB BHKOPHCTaHMH IS
MePeBIPKA BUKOPUCTAHHS BUXITHIX YMOB.

s Toro, mo0 OIIHUTH TOYHICTH PEATILHOTO
BUKOPUCTaHHA 3aIIpoOIIOHOBAHOI'O METOoAaYy, MU
3aCTOCYBalll  MIAXiJA  TEpPEeXpecHOl  TepeBipKU
(YHKIIi# BIIPOIOBXK OJHOTO POOOYOTO JTHS.

3a3HauuMoO, IO Uil OLIHKH 3allpONOHOBAaHOTO
MeTony, TO4HiCTh Ta F-mipa He mnoTpiOHI s
KOXXHOTO YacOBOTO BiKHA, OCKUIBKH PO3TISHYTI
peaysibHi JaHi € He30asaHcoBaHUMHU. OCKIIBKU
CTaHJApTHI MipH, Taki sSK TOYHICTH Ta F-Mipa €
JIOCUTh IyTIUBUMH JI0 IUX AUCOANIaHCIB, HEOOXiTHO
BUKOPHCTOBYBATH MipH, HE3aJIeXkKHi Bl AHCOAIaHCYy.

BigmiTaMo, 1o TpuBaiicTh QYHKIINH TaKOXK Mae
BaYXJIMBE 3HA4YeHHs. BpaxoByroum T1o#t (akrt, 1m0
KJIACMYHI MIpH HE BpPaxOBYIOTh (parMeHTaIlio
OIIHOYHMX (DYHKIIIH, QparMeHTaIlisl 3aJIUIIAE€TLCS B
MOCIITOBHOCTSIX PO3PaxXyHKOBUX (DYHKIIIH, 110 MOXKE
HPU3BECTH JI0 OTPHUMAHHS CEKTOPIB OLIBII KOPOTKHX
TPUBAJIOCTEH. 3a3HAUMMO, 110 Ui aHaIi3y (QYHKIH
MEIWYHUX TMPALiBHUKIB TPHUBAJICTh € OJHUM 3
KPUTHYHHX 3HAYCHb.

JInst BUpIIIEHHST BUIE3a3HAYEHUX MPOOIeM MU
BUKOPHUCTAJIM OILIHOYHUN MeTo]. bByiio mpuiiHATO
CHIBBIJHOIICHHS BHTOAM Ta BHTpAaT X, IO
BU3HAYAETHCS HACTYITHUM YHHOM:

o A +A ,

5 (9)

JI€ TIOKa3HHK A . BHU3HAYAETBHCA SK

(Q+A,)’

MOKAa3HUK A - 4 , IIe Z+(D ,Zf,Q) €

K _

(A_+0)
YHCJIOM ICTHHHO IO3UTHBHUX ITOKA3HUKIB (XHOHO
MO3UTUBHHUX, ICTUHHO HEraTMBHUX, ab0 XWOHO
HETaTHBHUX, BiANoBigHO). Ha BigmiHy Bix iHIIHMX
Mip, TaKuX SIK Mipa MoBHOTH Ta F-Mipa, 11i 3HaYeHHs
HE 3aJieXaTh BiJ He30anaHCOBaHMX IMO3UTHBHUX Ta
HETaTUBHHUX BHOIPOK, TOMY CEpeIHE 3HAYCHHS X
TEX He 3aJeXuTh Bix aucbamancy. Kpim Toro, Oymo
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OIIIHEHO PI3HHUINI0O MK CEpPEeNHBOI0 TPHUBANICTIO OaleciBCBKOTO  MeTOooy B SIKOCTI  ©a30BOTO

PO3PaxyHKOBUX Ta ICTUHHHMX O3HAK JUIS KOXKHOTO
KiIacy (QyHKIid. SKIio 3HAYCHHS € MCHIIUMH,
OIlIHEeHI CEeKTOPH MATHUMYTh ONMK4l TPHUBAJIOCTI O
ICTUHHHX CEKTODIB.

BucHoBku

s TOsICHEHHS  OTPUMAaHUX  pe3yJbTarTiB,
3a3HaYMMO, II0 MU OIYCTWIM pE3yJbTaTh KIAaCiB
¢byHKIi Ha He Oinmbine, HiX 7 o3Hak. JlaHi BuOipkH
OynM BHWKOPHCTaHI JUIA OIIIHKH pPEANThbHHUX JaHUX,
OJHAK AJIsl COPOILICHHS MPECTaBICHHS PE3yNbTaTiB
Oynmu  BupaajeHi. AHami3ylo4d  TOYHICTH IO
30a7aHCOBAaHOMY TIOKAa3HHKY Kiacudikamii, Oymu
OTpUMaHI pe3yJabTaTH Ui METOAy K-HaiOmmK4mx
CyciziB, HaiBHOTO 0ai€CiBCBKOTO METOIY Ta METOIY
BHIIAJKOBOTO JIiCy B SIKOCTI OCHOBHHUX AaJTOPUTMIB
MAaIIMHHOTO HaB4YaHHsA. BcraHoBiaeHO, 1110 OUIBIIICTD
KnaciB (QyHKLIH CTaroTh OLIbII e€(EKTUBHUMHU MpU
3aCTOCYBaHHI 3aIPOIIOHOBAHOTO METoza.
YcepenHroroun Bci kiracu (GYHKITIH Ta 3aCTOCOBYIOUH
MeTOA K-HalOMMKYMX CYCiZiB B SIKOCTI 0a30BOTO
anroputMy, Mipa X cknana 53,14%, ne £=8,4, B
TOH Yac sK JUTst 3aIponoHOBaHoro merony - 70,17%,
ne &£=13,1. Ilpu BUKOpPHUCTaHHI  HAIBHOTO

Choucox BUKOPUCTAHUX JHZKEPEJI

1. He H. Learning from imbalanced data /
H. He, E.A. Garcia // IEEE Transactions on
Knowledge and Data Engineering. — 2009. —
21. - P. 1263-1284.

2. McQueen, J.M. Segmentation of continuous
speech using phonotactics / J.M. McQueen //
Journal of Memory and Language. — 1998. —
39. — P. 21-46.

3. Chaudhuri P. Scale space view of curve
estimation / P. Chaudhuri, J. Marron // The
Annals of Statistics. — 2000. — 28. — P.408-
428.

4. Guyon I. An introduction to variable and
feature selection / 1. Guyon, A. Elisseeff //
Journal of Machine Learning Research. —
2003. - 3. - P. 1157-1182.

5. Kim E. Human Activity Recognition and
Pattern Discovery / E. Kim, S. Helal, D.
Cook // Pervasive Computing, IEEE. — 2010.
—9.-P. 48-53.

6. Holmes C.C. A probabilistic nearest neighbor
method for statistical pattern recognition /
C.C. Holmes, N.M. Adams // Journal of the
Royal Statistical Society. — 2002. — 64. —
P. 295-306.

anroputMmy, Mipa % ckiana 52,11%, ne £=14.5, a
JUTSL 3aTIPOTIOHOBaHOro MeToAy - 77,91%, ne ¢ =13,2.
Takox, TpU BHUKOPUCTAHHI METOJIY BHIIAIKOBOTO
Jicy B SKOCTI 0a30BOro ajroputMmy, Mipa X Juist
HaIBHOTO MeToxy ckiana 56,07%, ne £=16.4, a s
3aMpoIrOHOBAaHOr0 MeTony - 64,71%, ne ¢ =12,1.
AHai3yI0UM TOYHICTH TPHUBAJIOCTI (QYHKIIH,
Oyno OLIHEHO CepedHI0 TOMHIKY TPHBAJIOCTI
(GYHKIIIH 111 HaiBHOTO Ta 3aIpOIIOHOBAHOTO METOTY
JUIL KOKHOTO Kiacy ¢yHKUiH. OCKUTbKH BiCh Y €

IHUKAaTOPOM TOXHOOK, MOXKHA CTBEP/XKYBATH, IO
YUM MEHIIUMHU € ii 3HaYeHHs, THM BUIIOIO Oyne
TouHictb. Ha  kokHOMYy — Kkmaci  QyHKOii
3alpONOHOBAHUN  METOJ] 3HAYHO  IIEPEBEPIIHB
HaiBHUN Meton. Cepenmni mommiku ckmanm 319,1 c.
s MeTony K-HaiOmmwkumx cycimiB ta 69,4 c. mis
3alpoNOHOBAHOr0 MeToay. Ilpu  BUKOpHUCTaHHI
HAIBHOTO 0ail€CciBCHKOTO METOMAY, CEepeIHi MOMUIKH
cknamu 168,7 c. mia HaiBHOrO Meromy Ta 85.27 c.
JUTsL  3alTPOIIOHOBAHOTO METOaY. BHKOPHCTOBYIOUH
METO/] BUIIAJIKOBOTO JIICY, CEPEIHI TOMUIIKU CKJIAIH
117.4 c. nna wHaiBHoro wmetoxmy Tta 4.97 c. mns
3aIpPOTIOHOBAHOTO METO/Y.
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Cmamms npucesyena O0O0CHONCEHHIO CNeKMPATbHOI KO2ePeHMHOI Mipu pusuky ma Mmipu pusuxy 3d
Kycyoxi 6 npobremax nopmgpenvroi onmumizayii. Pospobneno ma 0ocniodceHo OuHamiuny cucmemy
onmumizayii nopmdbens, wo Mmoogice uKopucmosygamucs y inancosomy mooemoeanti. Pozpobneno
npoepamue cepedoguuje peanizayii memoody cenepayii oepeé cyeHapiis, AKUL € BANCIUBON UACNUHOIO
CMOXACMUYHO20 NPOSPAMYBAHHA MA HPOMecmosaHa bOazamoemanHa 3aoada onmumizayii nopmgbens 3
sacmocysanuam mipu pusuxy 3a Kycyoki ma cnexmpanvroi kozcepenmuoi mipu pusuxy. bacamoemanna
3a0aua onmumizayii nopmehenst UMIPIOEMbCS MECMYBAHHAM 3 TMOYKU 30pPY 8apMOCMi nopmaens, a maxkoxic
NpOYEeCOPHO20 YACy, BUMPAYEH020 Ha 2eHepayilo Oepes cyenapiis. llpoepamuo peanizo8ano 4acosuti
20pU3oHm, AKUll 00380J8€ Hepedbauumu cmpamezii ma MNoediHKy IHeecmopa w000 BiONOBIOHO20
nopmeenio.

Knrouosi cnosa: mipu pusuxy, nopmeenvha onmumizayis, cmpamezis iHgecmopa

The article is devoted to investigation of the spectral coherent and Kusuoki’s risk measures in the
portfolio optimization problems. Risk is represented as portfolio yield variability due to changes in market
and uncertain events. Dynamic portfolio optimization system is developed and it can be used in the financial
modeling. The assets of the given problem are traded each period in order to generate a revenue stream and
maintain a balanced portfolio close to the target function. The solutions of the multistage dynamic portfolio
optimization problem applying the spectral coherent and Kusuoki’s risk measures are found. Software
environment of the method of scenarios trees generation is developed and multistaged portfolio optimization
problem is tested using spectral coherent and Kusuoki’s risk measures. The multistaged portfolio
optimization model is measured in terms of portfolio value and CPU time spent on scenarios trees
generation. Dynamic portfolio optimization model tested for various parameters. Scenarios play a key role
in the time of the model performance, increasing number of scenarios leads to worse performance in terms
of speed. In order to evaluate the strategy for the investor the portfolio model is solved at different time
stages. Time horizon is implemented that allows to predict the behavior and strategies of the investor to the
relevant portfolio.

Key words: risk measures, portfolio optimization, investor strategy

Crartio npeacrtaBus 1.¢.-M.H., npod. AHicimoB A.B.

Beryn PHU3UKOBAaHOMY CTAHOBHINI Z Ta IHBECTYyBaTH 1€ B

PosrnsiHemMo 3aranbHuil WMOBIpHICHHN TpOCTip OE3pH3MKOBI  aKTHUBH, WI00 MaTH MOXIIUBICTh
(Q, F, P) Tta niHiitHuii npocTip BUMIpHUX QYHKII TPOJOBXKUTH CBOI IUIaHH, TOOTO MaTh PHU3MK 3i
Z'={Z:Q >R}. Hexaii Qyukuin p:Z-—>R ¢ 3HaueHHam 0. Kpim roro, sikmo uucio p(Z) e

Mipoto pu3KKy. Yncio p(Z), sKILO BOHO no3uThBHe, HETATHBHUM, TOJMI MOXe OyTH BHIYYeHa Ccyma

. i . ) ) . TPOIIOBUX KOIITIB Mipi — . OyHKIioHan
IHTEPIIPETYETHC SIK MiHIMAIIbHI JOJAaTKOBI TOTIBKOBI potio 0 y posmipi —p(Z) YHKIIO

rpommi, sKi IHBECTOp TOBHHEH  JOAATH Y

© O.A. Tankiuna, 2016
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£ € KOTEPEHTHOI0 MIpOI0 pHU3UKy Z', SKIIO BiH
3aJI0BOJIbHSIE HACTYITHI aKCIOMU:
Tpancrayitina ineapianmuicms
Sxkmo aeR 1a ZeZ', T04j
p(Z+a)=p(Z)-a.
[HmiuMu cltoBaMH, NOJABaHHS BIIBHOI KiIBKOCTI
PU3UKY « 10 BHUXIJHOTO TOJOXCHHS Z 3HUXKYE

pM3UK ¢« . 3ayBaxkumo, sKmo «a=p(Z), Tomi
p(Z+p(Z2))=0, mo BimmoBimae iHTEpHIpeTAaIii
p(Z).
Hanisaoumuenicmo
SIk1mo Zl' 22 eZ' tonl
pP(Zy+2Z5) < p(Zy)+ p(Zy).
IHmmmu  cioBaMu, pU3MK  JIBOX  OKPEMHX

mopTdeniB He MoKe OyTH MEHIINM, HiX PU3UK 000X
nopTdeniB pazoM (TPUHIUT TUBepcH]iKallii).
THoszumuena ooHopioHicmo
Sxkmo >0 Ta ZeZ', Tomi
plaZ)=ap(Z).

[HImMMU crioBamm, SKIIO iHBeCTHINIi B MOpTGheEnb
30iMBIIYIOTBCS  (3MEHIIYIOTBCSI),  TO  PHU3HK
301IBIIYETHCS (3MEHIIIYETHCSI) Y CTUTBKH K pa3iB.

Monomonunicmeo
SAxwo z,, 2, ez T ZISZZ,TOL[i

P(Zl) < p(zz) .

Inmmmu cnoBamy, sikimo noprdens Z, mae ripimri

172

3HaueHHS HiK moprdens Z, TpU BCIX peamizarisx,
TOII pU3HK Z, TOBMHEH OYTH OUTBIINM, HIK PU3UK
Z,.

3nauenns pusuky (Value at risk — VaR) sBise
CO000 Mipy PHU3HKY, IO BU3HAYAETHCS SIK BEJIMYMHA
BTpar mopory «a€R, To6To B KiHII mnepiogy
1HBECTYBaHHS, TUIbKA TIEPEBHUIIYIOYM 1MOBIPHICTb
(- ) eR|[2]. Hexait f(w, &)— BTparty, noB's3aHi 3

BEKTOpOM  mpuidHATTS  pimenb W e RI Ta

BUIIA/IKOBUM BEKTOpPOM & € R!. Octosmmit PO3IOALT

p(&) -

ImoBipHicTh TOro, 0 f (W, &) He nepesuiye mopir

WMOBIpHOCTEH é‘eRI Ma€ IIUIBHICTH

« € R BU3HAYa€THCS Y HACTYITHOMY BUIJISII:

| p(&)dé.
104

f(w, &)<

Y(w, a)=

S —VaR 3HadeHHs 1)1 BUNAJAKOBOI BEJIMUMHU BTPAT,

MOB'SI3aHAX 3 wWTa  Oymp—KHM  3aJlaHIM
imoBipHicHuM piBHeM S €(0, 1), mo3HadaeThCA

a 8 (W) Ta BU3HAUYA€ETHCS 3@ HACTYITHOIO (HPOPMYIIOLO:
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aﬂ(w) =min{e e R:¥Y(w, ) > S}

VmoBHe 3Ha4denHs pusuky (Conditional Value at
Risk — CVaR) € KOrepeHTHOI MIpOI0 PHU3HKY, IO
BPaxOBY€ YMOBHY O4iKyBaHy BEJMYHHY BTpar, 3a
YMOBH, III0 BOHa mepeBuinye 3HadeHHs VaR [4].
MareMaTHyHO 1€ BHM3HAYAETHCS y HACTYIHOMY
BHUIUISIIL:

b =a-p " |
f(w, £)2ar (W)

f(w, &)p(H)ds.
CrekTpasibHa KOrepeHTHa Mipa pusuky [1]
1
M, (X)=~[p(p)ax (p)dp,
0

ne ¢yskuis @:[0,1] >R
pu3HKy, Mae HacTymHi BiactuBocTi: @(-)>0, ¢(-)

Ha3MBA€THCA CIICKTPOM

1
criajHa QyHKIis, j o(p)dp =1 [1].
0

Jns  nuckpeTHOi BUIIAAKOBOI BEJIMYUMHU Ha
MHOJKHHI 3 N eIeMeHTapHHUX CIIeHapiiB, CIIEKTpaabHa

mipa pusuky M () Bu3HadeHa sK omykia
KOMOiHALIS CVaRﬁ JUIS pi3HUX [
M, (X)= > ACVaR, (X),
i1
0<A<li=1..,n, iﬂ,l =1, (1)
i1
ne mapamerpu A ta S, 1=1..,n MOxyTh OyTH

TOYHO BU3HAYEHI.

PosrnsitHeMo 3HaueHHsI CIICHApIiB BUIAJKOBHX
BEJIMYMH X B CHAJHOMY IIOPSJKY, HYyMEpYyIOUH
cueHapii Ta IX HMOBIPHOCTI BiMOBITHO O MOPSAKY.
Busnauumo p; i=1...,n.

Maemo M () sk omykmy komGinamiro VaR,,

ToOTO [1]:
M, (X) = uVaR, (X),

i=1

ne Bi=1->pji=1...n, )
j=1

PL+P;

[ o(p)dp,

*

Py

B
= p(p)dp, 1, =
0
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P+t pf
w=[ olp)dpi=3,

Pt et Pia

HopiBuioroun nane BusHayenns M () 3 (1) ms

£, i=l...,n 3 (2), MoxHa HpOHyMepyBaTu 4
i=1..,n BuxopucroByroun g, I=L..,n Sk
pe3ynbTart, orpumaemo [1]:
P N )
21 = P " P, (/ul - p*l /ui+1)’ i=1..,n-1
pi pi+l
A=t
n
p* PiPs
A= j p(p)dp—-= | p(p)dp,
: Pl
2, j o(p)dp,
NPy +et P
M & P tetpp * P+ APiyg
p, +...+ D pI
A==l o(p ¢(p)dp,
pi P+t Py |+1 P+ p;
i=2,..,n-1
MoskHa nepeBipHUTH, 110
n n 1
Z&:Zﬂ;jgo(p)dp:l,osz ~1,...,n.
i=1 i=1 0
VY Bunmanaky, Koinu WMOBIPHOCTI YCiX clieHapiiB
JIOPIBHIOIOTh ~ — , TIapaMeTpy BusHaueHHs M ()

MO’Ha CIIPOCTUTHU:

i+l

o(p)dp— j o(p)dp), i=1

n

—nj(p(p)dpﬂ “1-List.n

n

,h=1

A (

=] 5 | -
‘.'_\'—' |

3ayBaxenns. IcHye omykma xomOiHariss CVaR mis
BUIIAJKOBUX BEIUYNH X :

©)
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Teopema. Onykna komGinanis CVaR, (X) B (3) €
CVaR, (X), ne f, Bu3HAuEHO:

i A
1-8 g 71— ﬂl
Josenenns [1].
Cnektpanena Mipa pusuky M (), Bu3HaueHa

AJ1d AUCKPETHUX BUINIAAKOBUX BCIMYUH 13 CKIHYEHOIO

MHOXKHHOIO crenapiiB € CVaR, (X), me §,
3aMKCaHO y HACTYITHOMY BUTJISII:
kA
=Y " ne 4 1a B, i=1..n.
* i=ll_ﬂi
BusHnaueHHsT KOrepeHTHOI MIipH pHU3HKY 3a
Kycyoki, iHBapiaHTHOI 32  pO3MOIIJIOM, Ma€

HacTynHy ¢opmy [1]:

Ie A € OmykIor 3aKpUTOI0 MHOXXHHOIO BEKTODIB
BaroBux (haKToOpiB, cyMa SIKUX JOPIBHIOE 1.

[MpencraBnenns 3a Kycyoki € TuM camum, mo i
CVaR, (X), ne ., BU3HAYECHO 3 PiBHSHH:

1 A
= max >
(g JEA
1- ﬂ* ) i=1 1- ﬂ.
Junamiyna 3agaya ontumizamii
noprgens

[Tpunyctumo: X ¢~ €MKICTb aKTHBY | 3a Iepiox
H

Jacy f; ri

Ui t— KUIBKICTh aKTHBY | KYIUIEHOTO/IIPOJIAHOTO 3a
1

t JOX1Jl aKTHBY | 3a mepioj yacy f;

nepiog dYacy xtar _

LUTBOBUHA  MOPT(QEb;
T=E(}) - cepenHe 3Ha4YeHHs [OXOmYy; p -
napameTp BiAXWICHHS; Kk — TPaH3aKLiliiHI BUTpaTH.
PosriissHeMo HacTyIHY AuHAMiYHy cuctemy [3]:

Xt = @G )0G ¢ +Y ) =1 1=1T

He3Bakaroun Ha KOJIMBaHHS B J0X0Jax:

E[th -

HeoOXxinmHO, MO0 moprdens OyB OJU3BKHM J0
IJTHOBOTO MOPTdEITIO:

xtarMs Ip, t=1.T,
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X ¢~ Xitar' i=1..1,t=1.T. HaBezeHo y Tabuwuii 1.
' Tabmuus 1.

O6OmexenHs mojeni 1 3a nepiog wacy t=1,..., T +1
bromkerHe oOMexxeHHA MOXe OYTH BH3HAYEHO

HACTYITHUM YHHOM: =1 — Tt=T =T+1
tar X
(S) _Jtar (1) _,2 BinvHa
let zx t=1..T. 1" =% T
=1 =1 (3) _ X(4)
=L.., NTENT
3Bifcu, AMHaMIYHA CHCTEMa MOXKE OYTH 3amicaHa $=1...5 (s—l) ©)
Y BUTJIISIIL: i=1..,1

X: =(+T: X o +U: )+
I t+l ( I, t)05, ¢ U o) 3aCTOCOBYIOUH CIEKTPAlIbHY KOTEPEHTHY Mipy

tar

+(ri i 1_Fi i 1)(Xi +(% ¢~ Itar)+u ) PH3UKY JUIS TUCKPETHUX BHUITQJAKOBUX BEJIUYUH 3
+ + ) ' KiHLIEBUM YHCJIOM cLeHapiiB N , oTpuMaemo:
ar
Tt =BG X =% U =< ¢ 1
Ta CIPOILIEHA 10 HACTYIIHOTO BUITIALY: XU W a,y
X, t41 = A+ )G Y D8 1 n A P
tar /= =2 Bi=1-3 p;
Gt = = )% 1-p* =l =
. . . . * * *
Omnopa BUMagKoBOi 3MiHHOT & 3afaHa y BUIIISII pl p* +p2
HOPMAaJIbHOT'O PO3IOJILILY: A= | o( )dp—i;k [ o(p)dp (2)
0 p *
_ _ 2 M
2= x;rzl[ft er!: (r-ko) <& <(r+ ké‘)}.
p]’_k ot
BrpaTtu MoxxyTh OyTH BU3HAYEHI fK: | o(p)dp
* *
T- P BT A
_ 1 - * * *
Loss= 2, {Z Ui, t+k||“t||1} o or PLtPi
——— [ _o(p)dp
ne ke(0,1) - Ttpansakuiiini Burparu. LlinboBa Pis1 P+t B
(GyHKIiST MOke OyTH TIpe[CTaBIeHa y HACTYITHOMY 1
1 n
BULIISLL: ﬁ—CVaR:mLE([Loss—a]*). == _ [ e, X4%=1
1-p Pn p+.+pp =

3anada MiHiMizaii Moxke OyTH IpeacTaBieHa SIK:
Slkimo W - piBHOMipHO posmozineni Ha [0,1],

min_«a +LE([Loss—a]+)
1-5 T0 ¢(p)=1,

X, U, a
X a1 =@ )06 ¢+ ) +6 14

i=1..1,t=1.T @

@r] Ty to1. T 3acTocoByloun Mipy pu3uKy 3a Kycyoxki s
th Hl P, JUCKPETHUX BHITIQJIKOBUX BEJIMYMH 3 KIHIICBHM

YHUCIIOM CIIEHapiiB N, OTPHIMAEMO:

/’llzo,l:l,n_l,ﬂ,n :1 => ﬂ*:ﬂn

| |
E[_z X; t}:_z X2 t=1..T.
=1 " i=1

3arajgpHe TIPEACTABICHHS HemepeadadyBaHUX
oOMexxeHnp monemi 1 3a mepiop uacy t=1,..,T+1
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min CvaRﬁ*(W)=0!+1_1ﬁ*E(W),
L o A
1-p* [ﬁ,...,ﬂnjeAlzll—ﬂi

ﬁ*

n
A=4(Agdn )] 0< 4 <1, 24 :1}

3arajgpHa OmiHKA THHAMIYHOI 3aMa4i
onTuMmizauii moprdess
Yac BUKOHAHHA MoOjeledl 2 Ta 3 MeHmui
npubnuzHo B 10 pasiB y mopiBHSHHI 3 Monemto 1.
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-0.51 1

-1.51 1

251 T

3 L L L L L L L L L
0 1 2 3 4 5 6 7 8 9 10

[ — 3HaueHHsA: B MoAeIsX 2 Ta 3 Bu3HayaeThes i Puc. 3 OmiHKa ONTUMAJIBHUX 3HAYE€Hb MOJEN 2 IPU

*
BUKOPDUCTOBYETbCSI OfHe 3HaueHHaA S ; k —

3HA4YeHHs: COPTYIOThCcS 3HadeHHA Big 0 mo 1 3
kpokom 0, 1 Ta mis koxHOro K po3B’si3yerbes
3ajjaya ONTUMI3alii; O — 3HAYCHHS: COPTYIOTHCS

3HaueHHs Bix 0 70 10 3 kpokoM | Ta Uit KOKHOTO P
PO3B’A3y€ThCS 3a/1a4a ONTHUMI3alliil.

-120
-130
-140
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-210

-220
0

PI3HUX 3HAYCHHAX p

0.2

0.3

0.4

0.5

0.6

0.7

0.8

0.9

1

Puc. 1 Ominka onTUMallbHUX 3HaYeHb MO 2 TIpr

pi3HUX 3HaUeHHAX K

20

o
201
40
60
80

-100f

120t

140t

-160
0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

0.9

1

Puc. 2 Orninka onTUMalIbHUX 3HAYCHb MOAECTI 3 TIpU

pi3HUX 3HaUeHHAX K

Puc. 4 Omninka onTUMalbHUX 3HAYSHDb MOJIET 3 TIpH
PI3HUX 3HAYCHHAX P

Ha pucynkax 1 Ta 2 mnoKa3aHO TOBEHIHKY
Mojeaer 2 Ta 3 BIANOBIAHO JJIS Pi3HUX 3HAYCHb
napametrpy k. Ha pucynkax 3 Ta 4 anamizyerbcs
e(heKTUBHICTh MO 2 Ta 3 BIAMOBITHO JJIS Pi3HUX
3Ha4YeHb IapameTpy pO.

Ouinka cTpareriii inBecTopa 11010 BiINOBiTHOT0
noprdens

Jnst Toro, o0 OLIHUTH CTPATETI0 iIHBECTOpA IS

JIAaHOTO TOpTdens, MoJeli 2 Ta 3 po3B’sI3YIOTHCS Ha

pI3HMX  YacoBMX  eTamax:  CIO4YaTKy  JuId
t=3(x_tar=100), pmami mis t=1 mo t=4
(X_tar — cepenHe 3HAa4YCHHS  ONTUMAIBHHX

pO3B’sI3KIB, OTpPUMaHMX Ha TEpUIOMY eTari),
KO>KHOT'O pa3y MpOCyBar4YncCh Ha t=t+1.

3 pUCYHKIB 5 Ta 6 MOKHa TIepeI0auyuTh CTpaTerii
iHBECTOpa IOAO0 JaHOro mopTdens Ta 3poOUTH
BHCHOBOK, IO Kpamui crocid s iHBecTopa
MOJSITa€ B YTPUMaHiI aKTHUBIB MPOTITOM  JIBOX
nepioJiiB yacy (JIBOX POKIB), a MOTIM TX IPoOJIaK.
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BucHosku
B pmaniii po0oTi IOCHIIKEHO CHEKTpaTbHY
KOTepEHTHY Mipy PU3UKY Ta Mipy pu3uKy 3a Kycyoki
B 3aJauax noptdenbHoi onTuMizamnii. Po3pobieno ta

JMOCITI/DKEHO ~ JAMHAMIYHY CHCTEMYy  ONTHMi3allii
noprdens, MO MOXE BUKOPUCTOBYBATHCA Y
(iHaHCOBOMY MOJICITIOBaHHI. Po3pobmneno
MporpaMHEe  CEPeJOBHINE  peaiizailii  METOIy

reHeparii JepeB CIeHapiiB, SKUH € BaKIUBOIO
YaCTUHOIO  CTOXAaCTUYHOIO IpOrpaMyBaHHA Ta
MPOTECTOBAaHO OaratoeTanHy mpoojeMy ONTHMi3awil
noprdenst 13 3acTOCYBaHHSIM MipH PHU3UKY 3a
Kycyoxki Ta criekTpanbHOT KOTepEeHTHOI MipH PH3HKY.
BaraToeranna wmozens ontuMizamii TopTdens
BUMIPIOETbCS TECTYBaHHSM 3 TOUYKH 30py BapTOCTI
noprdens, a  TakoX  IMPOLECOPHOrO  Hacy,
BATPAueHOI0 Ha TeHepalilo JepeB CIeHapiiB.
[IporpaMHO peasi3oBaHO YaCOBUN TOPU3OHT, SKHI
JTO3BOJISIE TIEPEeN0AYUTH CTpaTerii Ta TOBEIIHKY
1HBECTOpa IIOJI0 BiAMIOBITHOTO MOPTHEITIO.
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EdexTnBHE 1eK0xyBaHHSA
MYJbTHPO3AITBHUKOBOIO Koay Cz35

The efficient decoding of multi-delimiter
code Cy35

KuiBchkuit HamioHaEHUH YHIBEPCUTET IMEHI
Tapaca Illesuenka, 03680, m. KuiB, mp-T.
I'mymikosa 41, e-mail: zava@ukr.net

Taras Shevchenko National University of Kyiv,
03680, Kyiv, Glushkova av., 4d

Onucano memood 0exodyeanusi 015 K00y Cz 35, W0 MAE€ 00UH i3 HAUGUUWUX KoeiyieHmie CIMUCKAHHS 6
POOUHi npe@iKCHUX CMUCKATILHUX KOOI8 13 KiibkoMa po3ditbHuxamu. Memoo 6aszyemvcs nHa nobaimosii
00pobYyi KOOy 3a OONOMO2010 MAbIUYL, SIKI 8U3HAYEHT Ha cmadii nepedobuucienb. Memoo € eghexmusHiuum
3a ananoiuHull Memoo 0 8i0omux kooie DiboHauui K 3a EMHICHUMUY, MAK | 34 4ACOBUMU GUMPATNAMU.

Kniouosi cnosa: cmuckanvii koou, Myaibmupo30iibHUKOGI KOOU, 0eK0OY8aHH s, MAabIUUHUL MemOoo.

The article presents the further investigation of multi-delimiter compressing codes introduced in the
previous issues of Bulletin of Taras Shevchenko National University of Kyiv. The distinctive feature of this
family is the use of multiple codeword delimiters in the same code. Among these codes, code Cs 35 has one of
the highest compression rate. The conventional bitwise decoding algorithm for this code is considered. The
fast bytewise decoding algorithm is presented in details in assembler language for 32-bit operating system
for PC. This algorithm utilizes the pre-computed table, which allows to process one byte of encoded text at
each iteration. This table serves as array, where bytes of encoded text are indices and element values are
represented by the words of the source text that can be obtained from the encoded byte. The time and space
complexity of algorithm is assessed and compared with the complexity of similar algorithm for known
Fibonacci code Fib3, which has the best text compressing rate among Fibonacci codes. Our algorithm is
almost 2 times faster than the fastest decoding method for Fib3, and it requires more than 2 times less space.

Key words: compression codes, multi-delimiter, decoding, tabular method.

CrarTio npeacTaBuB 1.¢.-M.H., ipod. AHiciMoB A.B.

Beryn
Y pobori [1] Oyno Brepiie po3risiHyTO POJIUHY
CTHCKaIbHUX TpepiKCHUX  KOAIB, OCHOBHOIO

BIIMIHHOIO PHCOIO SKHX € MOXKIIUBICTh PO3JIJICHHS
KOJOBMX CJiB 3a JOIIOMOTOI0 KIJIBKOX CITEIlalbHUX
nociinoBHoctell OitTiB. Lle Tak 3BaHi (A,k)-koxw,
ab0 MyIBTUPO3IUTBHUKOBI Koau. IIpemcraBHUK
i€l POAMHA KOAIB MO3HAYAETHCA K Crpy, o, Llei
KOJI MICTUTh yCi CJIOBA, IO 33J0BOJIBHSIOTH TAKUM
YMOBaM:

® CIOBO HE IIOYMHAETHCA 3 IOCIIJIOBHOCTI
1...10, mo micTuts m; ado my abo... abo my
OJMHULIB;
CJIOBO 3aKiHuyeTbcs nocaigoBHicTio 01...10,
oo Mictute m; abo m; abo... abo my
OJMHULIb,
CII0BO He MicTHTEL mociimoBHocti 01...10 i3
m; abo my abo... abo m; OOUHULIAMHU HIJE,
KpiM KiHIIS.

© I1.0. 3aBaacekuii, 2016
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Tyr 1 Hamami Mu 1110
0<m<..<my.

HasBa «(A,k)-xogm» moB’s3aHa 3 THM, IO, SK
nmoka3aHo B [1], yci ciioBa nux KOJiB MOXYTb OyTH
MOJaHi y BUTISAL TOCHiZOBHOCTEH (Ak)-rpym.
Ko>xHa Taka rpyna € KOHKaTeHaliero 0XHOOITOBOTO
3HayeHHs A Ta 3HavyeHHs k Burisay 1...10 13 0 un
OUIBIIIE ONUHUIISIMU.

OcHoBHa cdepa 3acTocyBaHHS LUX KOJIB —
CTUCKaHHS  TMPUPOJHOMOBHUX TEKCTiB. Xoda
HaliBUIIMK Koe(illiEHT CTHCKAaHHS TEKCTIB Jaf0Th
konu Xadmana Ta apuMETHUHI KOIH, MOAIOHI 10
HaBeZeHWX B [l] komum MarOTh HH3KY IHIINX
nepeBar, 30KpeMa MOXJIMBICTh  TOLIYKY B
cTucHyToMy (haiiimi Ta IIBUIIIE JIEKOJYyBaHHS.
HaiiGnmxaume 10 MyJIbTHPO3IUTEHUKOBHX KOJIIB €
koau DiboHauyi, HAHOIIBII IPYHTOBHO JOCIIKEHI
B [2]. Sk moxazano B [3], nmeski MyJIbTHU-
PO3/IUTEHUKOBI KOJIU MArOTh IEepeBary Haj KOJaMu
®i6oHauyi K B €()EKTUBHOCTI CTUCKAHHS TEKCTIB,
Tak 1 B ckmagHocTi (i €MHICHIH, 1 4YacoBiii)

MIPUITY CKAEMO,
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TIPUCKOPEHUX METOJIB JeKOMyBaHHI. 30Kpema, y
[4] HaBeneHO MPHUCKOPEHUM METOM JIEKOJyBaHHS
JUTSE MYJIBTUPO3ILUTBHUKOBOTO kony Cs. Iler metoxn
Mae B 3,5 pa3iB HIKYY €MHICHY Ta Ha 20% HIDKYy
YacoBY CKIIAIHICTh, HIXK TPHUCKOPEHHUU METOH
JIEKOJyBaHHsI HAWOJMKYOTO JI0 HBOTO KOAY
®ibonauui Fib3 (sxuii BomHOuYac € HaWKpanym
cepen koniB PiOoHayui 3a CTYNEHEM CTHCKaHHS
MIPUPOAHOMOBHHX TEKCTiB). OHAK, 5K 3a3HAYCHO B
[3], 3a crHucKanbHOIO €QEKTHUBHICTIO B POJIWHI
MYJIBTHPO3IUTLHUKOBUX KOJIB KpamuM € Koa Ca 3 s.
ToMy mocrae mUTaHHS TOOYIOBH NPUCKOPEHOTO
JIEKOTYBATBHOTO AITOPUTMY CaMe Ui IbOTO KOy .
Horo mocimkennto i MIPUCBAYCHO JIaHY CTATTIO.

CraHiapTHe 1eKOTyBaHHS

CranmapTHi 1MOOITOBI METOAM KOIYBaHHS Ta
JIEKOTyBaHHS TSt BCHOTO cimeiicTBa
MYJIBTHPO3IUILHUKOBUX KOIB onucaHo B [4]. dns
Kparioro pO3yMiHHSA BHUKJIAJICHOT'O Jani
MIPUCKOPEHOTO METOly JICKO Ty BAaHHSI MH
JIETATI3yEMO 3arajabHuN CTaHIapTHUN
JEKOTyBaNbHIN MeTO st Koy Co3s.

Hexait J={1, 4, 6, 7,...} — HeCKiHYCHHA
3pocTaioua TMOCHIAOBHICT yCiX HaTypaJbHUX
gucen, kpim 2, 3, 5. Ha Bxig anroputmy
JIEKOYBAaHHS TIOJAEThCS KOJOBE CJIOBO, a Ha
BUXOJIi OTPIMYEMO BiJIIIOBiTHE HOMY YHCIIO.

1) Sxmo komose ciaoBo mae Burisig 0...0110
abo 110, BugamsgemMo ocraHHi 3 OIiTH 1
MIEPEX0IMMO Ha KPOK 5.

SIKI0 cOBO 3aKiHYYETHCS TOCHIIOBHICTIO
0110, BumanseMo ii.

3aMiHIOEMO KOXHY IOCIIJJOBHICTh BHIJISIILY
01...10 i3 jz € ] ONMHUIIMH TOCIIiJIOB-
HicTiI0O moxionoro Burisgy 01...10, mo
MICTHUTE d OVMHUIb.

Skiio ciaoBo mounHaeThes 3 psaka 1...10 i3
Ja € ] onuHunsMY, 3aMiHIOEMO  HoOTO
nofioHuM psimkoM 1...10, mo wmictuth d
OJUHULIb.

Jomcyemo Oit 1 g0 movarky cioBa 31iBa.

2)

3)

4)

5)

BaxxnuBo 3ayBaxuTH, 110:

e Koxen 0 y KOJIOBOMY CJIOBI, SIKIIIO BiH HE
HaJeXuTh po3ainbHukoBi 110 a6o 0110 B kiHmi
CIIOBa, MeEpPeTBOPIOEThCS Ha (0 y [EKOIOBaHOMY
YUCIIL.

e KosxHa i30/1bOBaHa TpyIa 3 j; OJUHUIG Y
KOJIOBOMY CJIOBi (TOOTO Taka, 10 OTOYCHA HYJISIMH
a00 MICTUTBHCS Ha IIOYATKY CJIOBA) NEPETBOPIOETHCS
Ha Tpyny 3 d OAMHWUYHUX OITIB y AEKOJOBAHOMY
yucai. 30KpeMa, oOJHa 130J1bOBaHa  OJUHHUILA
3QIHUINAETECA  ONHIEI0 OAWMHMIEI0, 4 OXWHHMII
MepeTBOPIOIOThCA Ha 2, 6 — Ha 3, 7 — Ha 4 To1Io.
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e Posgimpauky 01110 ta 0111110 mig gac
JIEKOJyBaHHs HE 3MIHIOIOThCA, a po3auIbHUK 0110
BUJIAJISIETHCAL.

IIpuckopene nodaiiToBe 1eKOAYBAHHSA

CraHgapTHi KOAYyBaJIbHUHA Ta [IEKOIyBaJbHUI
anropuTMu 00pOOIIAIOTH OIT 3a 0iTOM, a TOMY €
JOCTaTHBO  TOBUIBHUMH. Y  pa3i  oOpoOkm
HEMepepBHOrO IMOTOKY 3aKOJOBAHOI'O TEKCTYy iX
MOXHA 3HAYHO TIPUCKOPHTH, 3aCTOCYBAaBIIU
mo0aiiToBl TaOIWYHI METOAH, OCHOBHA iJes SKUX
moaiOHa 110 onucanoi B [2] mst koxiB @idonayyi.

Ha xoxuiif iTepamii y moOalToBOMY MeTOI
JIEKOTyBaHHS 3YUTYEThCS IJIe YUCIO OaiTiB
3aKOJIOBAHOTO TEKCTY, 1 3 Tabmnwii, MomiOHOI a0
Tabn. 1, Bigpa3y BHM3HA4YAIOTBCS BCl 4YMCIA, SKi
MOXKHAa OTpUMAaTH IOBHICTIO a00 YacTKOBO B
pe3yJibTaTi JeKoiyBaHHs nux OaiitiB. Y Tadm. 2 1i
qucia IMO03HAueHO SK Wi—ws4, a 34YMTaHa TIpyma
0alfTiB — SK # (MU PO3TISAAATIMEMO ITHIIE TOH
BUNAJIOK, KOJIU U CKJIQAEThCS 3 OJHOTO OaiTy).

3BUYaiHO, KOZOBE CJIOBO MOKe OyTH TOJiIeHe
MK Tpynamu OaiTiB, 1m0 OOpOONAIOTECS Ha
MOCHIZIOBHUX iTepalisix, i ToMy Ha crocid i
pe3yabpTaT JACKONYBAaHHA KOXHOI Takoi Tpymnu
0alTiB MOXYTb BIUIUBATU 3HAUYEHHs HAHMOJIOALINX
0iTiB momepexnsoi rpymu. Hampukmazm, sKmo
NeBHA rpyna 0alTiB MOYMHAETHCS 13 cuMBoIiB 10,
TO BOHA JEKOJYBAaTHUMEThCS IO-PI3HOMY Yy THX
BUTIAJIKaX, KOJM MOMEpeIHs Tpyna 3aKiHIyeThCs
6itamu 01 ta 0111. CrpaBnai, y nepiioMy BHITAIKY
MmatumeMo mociaigoBuicTe 0110, sgxa mo3Hagae
KiHellb KOJIOBOTO cjoBa, a B japyromy — 011110,
jgKa MOXeE MICTUTHCA JIMIIe Ha IoYaTtky abo
BCEpeANHI KOJOBOrO cioBa. OIHAK «30HA BILUIUBY»
y momepenHiii rpymi OaifTiB — mne Jwme il
HaliMomo/1 OiTH, sIKi HE CTapIili 32 HAWMOJIOIIITHIA
HyJb. [Hakme Kaxydd, crocid [IeKoIyBaHHS
HACTYIHOI TpYyNmu OalTiB 3aJIC)KUTh JIHINE BiJ
JIOBXUHHM ITOCIIIJOBHOCTI OJUHUYHUX OITIB B KIHIII
NONEpeHb0I TPynH, a TakoX BiA TOro, sK
IHTepIpETOBaHO HaiiMonmoamui «0» momnepeaHbol
rpynu  Ha mnonependii itepamii. lle nerko
NO0AYNTH, SKIIO 3ayBAXHUTH, IO HYJIHOBHH OiT
MOXE€ MICTHTHUCS JIMIIE Ha MOYaTky abo B KiHII
neBHOi (A,k)-Tpynu i 10 Ha JEKOIyBaHHS OYIb-
sakoi  (Ak)-rpynu  BMICT  mojadbuX — OITiB
3aK0JIOBAHOT'O TEKCTY HE BILTHBAE.

Binpie TOro, BCi MOCHIAOBHOCTI 3 n > 6
OIMHMIIL B KIHII TpynHu OalTiB BIUIMBAIOTh Ha
cnoci® JekoayBaHHSA HACTYNHOI TPYIH OAHAKOBO,
OCKIJIBKM JKOAHA 3 HHUX HE MOXXE HaJIeXkKaTu
octaHHild (A,k)-rpymni KOZOBOIO CIIOBA Ta MOXKeE
OyTH IeKOIOBaHA HE3alIe)KHO BiJ HACTYIHOI IpyIH
OaiftiB. Y TakoMmy pasi OiTW HACTYNmHOI TpynH
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0aifTiB crijg 3amucyBaTH B JIEKOJOBAaHE CIIOBO,
MOYMHAIOYH 3 HAMCTAPIIOro, TOKU HE TpanuThes 0,
a TOJli IOYMHATHU JACKOILyBaHHS HOBOI (A,k)-Tpymu.

CTOCOBHO HANMOJIONIIOTO HYJIS IOMEPEIHBOT
Irpyny 3ayBaKHMO, 10 HOTO MOXHA OJTHO3HAYHO
JIEKOyBaTH TOTEPEeNHbOI iTepamii B  TaKWX
BHUIIAJKaX:

1) 1M HyJIeM 3aKiHYIy€EThCS KOJOBE CIO0BO;

2) 1ed Hynb HanexuTh nociigoBHocti 0...0,
SIKOFO TIOUMHAETHCS KOJIOBE CIIOBO;

3) micia 1BOTO HYJS 3alMCaHO HE MEHIe 3

OJIMHHIIb.

B inmmx Bunankax takuii «0» Moxe SIK yBiHTH
1o cknaxy posaiuteHuka 0110 (i Toni BiH Mae OyTn
BIIKMHYTHI MiJl 4ac JEKOAYBaHHS pa3oM i3 yciMm
pO3AUTEHUKOM), Tak 1 He BBIWTH (i TOAl BiH Oyne
MPUCYTHIH y  JEKOJAOBAaHOMY  3HA4yeHHi), 1
BH3HAYUTH 1€ MOYKHA JIUIIIE HACTYITHOI iTepallii.

JIOTpUMYIOUUCh TIPUHIUIY «JICKOJAYyBaTH Ha
MOTOYHIN iTeparlii BCi OiTH, SKi MOXKHA JIEKOyBaTH
OJTHO3HAYHOY, OTPUMYEMO 10 croco0iB
JeKOJyBaHHs rpynu OalTiB, mepemiyeni B Tabm. 1.
Howmep ciocoOy mo3Ha4aTuMEMO SIK 7prev-

Tabnuus 2. Ciocobu AeKoLyBaHHS TPYIH
OaliTiB

Ne cnioco0y, KinpkicThb Yy 1eKOL0BAHO
Fprev «1» B XiHII HAWMOJIOAIIUIA
TIOTIePETHBOT «0y»
rpynu MONEPEIHBOI
OaiiTiB rpynu OalTiB
0 0 Tak
1 0 Hi
2 1 Tak
3 1 Hi
4 2 Tak
5 2 Hi
6 3 TaK
7 4 TaK
8 5 TaK
9 >6 TaK

Orxe, psaaku Tabia. 2 MOXXHA PO3TISIATH SIK
CYKYTIHICTh JIBOBUMIPHHX MAaCHB 3 IHAEKCAMH Fprey
Ta u, SKI 3alMMCaHO B NEPUIMX JBOX CTOBIIIAX
Tabauml. Ycl 1Hm CTOBHII MICTIATh 3HAYEHHS
€JICMEHTIB JIBOBUMIPHHX MaCHBIB.

Hapani po3rimsimatumMeMo 0HOOAaWTOBHI METOJ
JICKOyBaHHS, HAa  KOXHIH  irepamii  sIKOTO
3UUTYETHCS OJuH 0alT koay C»35. B omHOMY Oaiiti
MOXK€ BMICTHTHCS IOHAiOIIbIIe 4 TOBHHUX YH
HEIOBHUX KOIOBHX cjioBa. Lle yierko mo0auutu 3
OISy Ha Te, M0 HAKOpOoTIIe KomoBe cioBo (o35
mae Burisy 110. €aunuii BapiaHT, KoJiu OaiT
MO’KE€ OXOIUTIOBATH MOBHICTIO UM YaCTKOBO YOTHPH
KxomoBux cioBa, — 1te 0110110x, me x — MOBITBLHMI
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ocranHii O0ir. Tyt mnepmmii OiT BiamoBigae
OCTaHHBOMY OITy KOJYy Wi, IOTIM 3alHCaHO KOIU
wy 1 ws — nBiui 110, a ocranHii OIT — 1e NepImii
01T KOy W4.

TakuM YHHOM, KOXHOT iTepallii IeKOIyIOThCS
uuciaa wi,... W, 1 < k < 4. 3a3smauumo, 110,
MOXJIMBO, JCKOJYBaHHS 4YHUCJIA W Ha TEBHIH
iteparii TIJIBKA pO3MOYHEThCS, a
MPOJIOBKYBATUMETRLCSI Ta 3aBEPUIYBATUMETHCS Ha
HACTYITHUX iTepamiax (Akmo k = 4, TO TUIbKH
Takui BUMAIOK 1 MOuBHiA). [1[00 Bu3HAUMTH, YU
3aBepIIYEThCS MMEBHOI iTepallii JeKOAyBaHHS YUCIia
wi, 1 < i < 3, ckopucraemocs OJIHOOITOBHMH
«TIPANopISIMKY f;: AKIIO 3aBEPUIyETHCS, TO f7=0.

ITin 3aromoBkoM y Tabn. 1 3ammcaHo 3BEpxXy

BHU3 TI PAJOKH, IO BHKOPUCTOBYIOTHCS IS
JIEKOYBaHHSI  TEKCTY 11000111 01101011
11100110 11101101 10011000 (tyr HemapHi

KOJIOBi CJIOBa BUIJIEHO CIpUM).

Tabnuist 1. @parmeHT TaObIUI IS
mo6alTOBOro METOy JeKoMyBaHHs Koay Ca3 s

Yprev u wi filw | o wsl|fs |

11000111 0| 100 | 1 6
6 (01101011 | 1110 0 1 0 5
5 | 11100110 |0111110| O 10 1 1 0
0 | 11101101 | 1110 0 1 0 1 2
2 110011000 0 10 0 |100{1 | O

[IBuaKicTs MOGAWTOBOTO METOMY IEKOyBaHHS
3a0€3MeuyeThCsl, 30KpeMa, 3aBISKH TOMY, IO
Maibke Bci Horo omepamii MO)KHa BHUKOHATH B
pericrpax mpouecopa. KoxHnoi itepamii g0 onepa-
TUBHOI TaM’SITi MPOLeCOp 3BEPTATUMETHCS JIMILE
TpU4i: JUIA 3YATYBaHHS OalTa KOJOBOTO TEKCTY,
3YUTYBaHHS 32-pO3PAJHOTO psIKa TaOmuIi Ta 3a-
MHCY AEKOJOBAHOTO YKCIIA y BIAIOBIJHUI MacuB.

Yepes TEXT mno3HauynMo MacuB OaiTiB
3aKOJIOBAHOTO TeKcTy, a uepe3 TAB — macus, y
SIKOMY 30epiratoTbest psaku Tabn. 1. Ha mouatky
KOXKHOi iTepamii iHIAEKC MOTPiOHOrO eleMeHTa
macuBy TAB ¢dopmyBaTuMeTbcst B pericTpi bx: y
perictp bl 3ammcyBaTHMeTBCS UeproBuil OalT
3akomoBaHoro tekcty TEXT[i], a B perictp bh —
3HAUCHHS Fprev. SIK YK€ 3a3HAYATOCS, KOJIOBI CIIOBA,
[0 PO3TAIIOBaHI HA MEXI JIEKOJOBAaHUX OaWTiB,
MOXYTh Ha TIEBHIH iTepamii AEKOTyBaTHUCS JHIIE
yacTkoBo. Tomy moTpibHO jech 30epiratu Ta
nepegaBaTH  BiJ iTepamii g0  iTepamii  Bxke
JICKO/IOBaHy YaCTHHY CJIOBA, SIKy mo3HaumMo w. Lle
OyzeMo poOHTH 3a JOMOMOTOI0 PEricTpoBOi Mapu
esi,edx, mpuYoMy TpaBa Mexa NHUX HaHUX Oyze
BUpiBHsAHA 3a 17-m Oitom perictpy edx. ToOto
JIEKO/IOBaHI J1aHi 30epiraTUMyThCS Y JJBOX CTApIINX
Oaiitax perictpy edx, a sKmo ix He BHCTauaTHME,
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TO crapmi OiTH W «BHCYBaTHUMYThCS» B MOJIOJII
0iTH pericTpy esi.

[Mokaxkemo, $K IOBILNBHUH psgok Tadm. 1
«3amaKyBaTW» B OJAHE 32-po3psaHE MalIMHHE
CJIOBO. 3 METO0 3MeHIIeHHs o0csry macuBy TAB
MH  JIOTPUMYBaTHMEMOCS TaKOTO TPHHIUITY:
3allUCYBaTH y W; BCi OITH, SIKI MOXKHAa OJHO3HAYHO
JIEKOTyBaTH HA MOTOYHIN iTeparlii, 1 TIIbKH Ti OiTH,
JUISL IKHX 1€ 3pOOUTH HEMOXKJIMBO, 30€piraTUMyTh-
csl B UHCIII W y CKJIazi enementa MmacuBy TAB, mo
00pOOIATHMETECS HACTYNHOI iTepamii. 3HauCHHS
panopuiB  fi, f», f3 MICTUTUMYTbCS B TPbOX
HalcTapmmx 6itax enemenra MmacuBy TAB. Croci6
3aMOBHEHHS PEINTH OITIB 3alexaTHMe BiJ LUX
TIPAIoPIIiB.

PosriissHeMo /1Ba BULIAIKH.

1. fi=1 a6o f>=1 (puc. 1a). V 1npomMy BUMAIKY
MiJ 4Jac itepalii 3aBepIIYEThCS JIEKOJYBaHHS He
OLIBIII HIXK OJHOIO CJIOBa, a OTXKE, CIIOBA W3 Ta W4
Mopo’kHi. 3ayBaxxumo, mo B MacuBi TAB mis
30epiraHHs 3HaYCHHS W OCTAaTHBO Juine 10 OiTiB.
Hiticno, motounuii 6ait TEXT[i] nae e Oinbime 8
JICKOJIOBaHHUX OITIB Y Wi, & BCi OITH MOTIEPETHHOTO
OaiiTa, Bij HalcTapimoro 0iTa 10 HAHMOJIOIIIOTO
HyJs (HE BKJIIOYHO), IEKOAYIOTHCS Ha TONEpeaHii
itepauii. [Ipumyctumo, mo micis HAAMOJIOIIIOTO
HyJIS B TIOTIEPETHBOMY OaiTi MiCTUTBCS ¢ OJIUHUID.
MokuBi Taki BUITAIKH.

e <2 Toxai 1o NEKOJOBAHOIO 3HAYCHHS W)
JIOJIA€ThCs 371iBa He Oimpme 3 OitTiB, mpuiyomy 3
OITH MOMA€ThCS TUILKKM TOMi, KOJIM BOHH MAaroTh
purisigm 011,  PosmistHeMo  mel  BHIIAOK
neranpHinme. Skmo Hadicrapmmii  6it  TEXTI[{]
HYJIbOBUH, YTBOPIOEThCs mociigoBHicTh 0110, sxa
MICTUTh PO3JUIBHUK, 1 TOMY 3HAau€HHS Wi €
nopoxHiM. Skmo TEXT[i] mounHaeTbcs 3 OiTiB
110, To yTBOproeThest mocminoBHicTs 011110, skii
y nekojoBaHoMy ciioBi Bimnosimae 0110, To6To wy
BUJOBKYyeTbcs Ha 1 Oit.  Sxmo TEXTI[{]
nounHaeThess 3 OiTiB 10 um 1110, yTBOPIOIOTHCS
po3auteHuKK 01110 i 0111110 1 Ha HUX 3HAUEHHS
wi 3akiHayeTbes. A sikmo TEXT[] nounHaeTses i3
t > 4 OaMHMIB TOCHIJIb, TO YTBOPIOETHCS TpyIa
01...10 i3 ¢ + 2 oguHULSAMH, SIKiil Y JEKOJJOBAHOMY
3HAUCHHI BIAIIOBiNae MoAiOHA Tpyma i3 He OijbIre
HDK ¢ OJMHMIIMM, TOOTO 3HAYEHHI Wi
BHJIOBXKY€EThCS Ha | OIT.

e ¢ > 3.V nexogoBaHOMY CJOBI Takiii rpymi
OITIB BIJIIOBIA€ ITOCIIAOBHICTH 13 HE MEHII HIXK
t~2 omuHWIB 1 IX yci MOXHa 3amucaTH y w Ha
TIOTIePEIHIM iTepallii.

Otxe, HeoOpoOJieHa 4YacCTHHA IONEPETHHOTO
OaiiTy no1ae 10 wi 31iBa He OlbIIEe OHOTO OiTa.
[le omna HaiicTapmia OJWHHUI TOMHCYETHCS [0
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OyIp-SIKOTO  JIEKOZOBAHOTO 4YHWCNA 3I1iBa (IUB.
0a30BUil  anrOpUTM  JICKOAYBaHHS), aje  IIe
BiIOyBa€eThCs monepeAnpoi iteparii. Tak, y cy-
kynHocti 3 8 6itamu TEXT[7], maemo 10 GiTiB ans
3HAYEeHHs Wi, sIKe 30epiraTuMeThest B Oitax 6—15.

3uauennio w> y TEXT[i], oueBmmnHo, Moxe
BiJIIOBiIaTH He Oibiiie 7 OITiB, IO 3 ypaxyBaHHIM
HalicTapmioi oxwHmMmi uywcna gae 8 OitiB. e
3HaUYeHHs Mu 30epiratuMemo B Oitax 16-23. YV
b0itax 24-27 MICTUTUMETBCS 3HAYEHHS 7, IO
obOMexyeThes JiamazoHoM Big 0 10 9.

2. fi=f,=0, f3=1 (puc. 16). Y upomy BHUIAIKy

JICKOJyBaHHsI 3HAYCHHS W, 3aBeplryeTbes. lle
O3Hauae, 10 3HAYEHHIO W) BIIBOAWUTHECS B
3aKOJIOBAHOMY TEKCTi IOHaiiMeHmie 3  OiTH

(OCKIJIBKM HAWKOPOTIIUM KOJOBHM CJIOBOM Y (235
e 110). Takum yunOM, 13 Oaiity TEXT[i] Ha w
3aJIMIIAETHCS HEe Oinbiie 5 OITiB, O SIKUX, y CHITY
BUKJIQJICHUX BHWIIE MIPKyBaHb, JOMUCYETHCA HE
Oimpme 2 OiTiB momepenHporo OalTy, 10 Hae
JIOBXKHHY JIEKOJIOBAHOTO 3HAYCHHS W He OuibIie 7.
[e 3HaueHHs MicTUTHMEThCS B OiTax 9—15 macuBy
TAB. 3Ha"ueHHS Wy, K 1 B IOTIEPEAHBOMY BHIIAJIKY,
3aiimMaTuMme He Oinblie 8 OiTiB 1 3aMKUCyBaTUMETHCS
B Oitax 16-23.

Kon 3HaueHHs w; B 1[bOMY BHUNAAKY 3aiiMae He
Oimpme 4 OiTiB, a ACKOJOBaHE 3HAYECHHS W3, 3
ypaxyBaHHSAM HaiCTapIIoi OJUHUII, — He OlibIIe 5
0OiTiB, SIKI MICTUTUMYTbCS B OiTax 24-28.

3. fi=f;=f3=0 (puc. 1B). ¥ mpomy Bumamky
JIEKOIyBaHHS 3HA4€Hb W; 1 W3 3aBEpUIYEThCS 1
3’ IBJIETHCA 3HAYCHHS Wa. SIK KOI w3, Tak 1 KO Wy
Moke Marm Bursag 110, 0110 a6o 1110, mro
BiAmOBiae aexomoBaHUM 3HaueHHsM 1, 10 Ta
11110. Tumpku sgxmo ws=1 1 HalMoOJIOAIIMI OIT
TEXT([{] Hyap0BHi, nekogoBaHe 3HaueHHS ws=10
(i r=0), a imakme ws=1 (i r=2).

OTKe, I 3HAYEHDb W) 1 W3 JOCTATHLO BiJBECTH
mo 5 OiTiB, a mAId ws — 2 OiTH. 3HAUYEHHS W3
MicTUTHMEThCS B Oitax 22-26 eneMeHTa MacuBY
TAB, 3HaueHHs w4 — y Oitax 27-28, a it w;
3aInmaThes oitn 16-21.

VY 2-my i 3-my Bunankax (fi=/,=0) 3HaueHHA 7
MiCTHTUMETBCS B OiTax 5—8.

B ycix po3risiHyTHX BHNIAAKaX y HAMOJIOAIINX
5 Oitax enmementa macuBy TAB 3amucyBarumemo
3HAYCHHS § — BEJINYMHY 3CyBY (DOPMOBAHOT'O YUCIIa
w. SIKIIo Ha TeBHIH iTepalii YMCI0 W OCTaTOYHO
chopmoBane Ta migiarae BuBeAeHHIO (f1=0), TO
Horo moTpiOHO 3CyHYTH BIIPaBO, BUPIBHSBIIM 32
HaliMonoqmuM po3psiiom 32-0iTHoro cnosa (1e
pobuts komanna shrd edx,esi,cl), inakme (fi=1) 1o
yycia W HAa  HACTYNHHUX  iTepamisx  1ie
«JIOKJICIOBAaTUMYThCS» CHpaBa OITH — TOMI 1Ie
YHCIIO 3CYBA€ThCS BIIIBO, TaK, MO0 WOTO MpaBHid
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Kpaii Oyno BupiBHsSHO 3a 16-M OiTom perictpoBoi esi,edx,cl). ¥ komanmax shrd i shld BpaxoByroTbcs
napu esi:edx (3a ueit 3cyB Binnosigae komanaa shld Tineku 5 Halimonoamux OiTiB pericTpy cl.

31|30{29| P27 24123 1615 6 4 0
HEE R R e L[]
Sl lf3 r w2 4R wi S
a
31|30(29|28 24123 1615 918 514 0
oo [T TR TIITRTITITITITITITELTLT ]
flAlf ws P Wy > |« Wi r s
0
31|30(29|28 27|26 22|21 16]15 918 514 0
ofofol [ [T T ITITHRTITITIITITITELLELT L]
fila|fs lwa B ws P %) > |« wi r s
B

Puc. 1. [TakyBaHHS psiaKa IEKOAYBAILHOIT TAONMIN Y YOTHPHUOANTHE MAIIIMHHE CIIOBO
for(i=0;1<N;i++) {
mov  bl, TEXT]i]

mov  eax, TAB[ebx] ; inexc enemenTa TAB —y perictpi ebx
mov  dx,ax ; IO W JIOTIHCATH CIpaBa Wi

mov  cl,al ; 3aIMCATH S Y PETICTP KIJIbKOCTI 3CYBiB
if(fi==0) { ; btr eax,31 jer3

; (BcranoButu 31-ii OiT B 0, a sAKIIO
; BiH OyB 1, mepeiTi Ha MITKy 13)

shrd  edx,esi,cl ; 3CYHYTH Tapy esi,edx 10 mpaBoro Kparo
output(edx) ; BUBECTH W)
if(,==0) { ; btr eax,30 jer2
mov  bx,ax ; BHAUCHHS 7', 1[0 MiCTHTBCS
and bx,0x01e0 ; B 5-8 Oirax ax,
shl bx,3 ; IepeHecTtu 10 bh
mov  edx,eax ; v 3-ii OaiiT edx 3amucaru w;
shr edx,16 ; 3CYHYTH W» JIO IPaBOTO Kpato edx
if(:==0) { ; btr eax,29 jerl
and dx,0x3f ; OUHCTHUTH 3aiiBi OiTH
output(edx) ; BUBECTH W»
mov  edx,eax ; y OiTr 22-28 edx 3amucartu nmapy waws
shr edx,11 ; Wé—wy
shr eax,22 ; W3 TIOUMHAETHCA 3 OiTa 22
and eax,0x1f ; 1 MICTHTE 5 OiTiB
output(eax) ; BUBECTH W3
} else {
rl: mov  dh,0 ; OUHUCTHUTH 3aiiBi OiTH
output(edx) ; BUBECTH W»
mov  edx,eax ; y crapimii 6aiiT edx 3amucatu w3
shr edx,8 ; wée—ws (yci crapii 3a w3 0iTH HyJIbOBI,
; OCKIJIBKH f; Oynm ckuHyTi B 0 komanamu btr)
H
} else {
r2: mov  edx,eax ; We—w,
and edx,0x00£f0000 ; OUHCTHUTH 3aiiBi OiTH
mov  ebx,eax ; BHAUCHHS 7', [0 MiCTHTBCSI
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and ebx,0x0f000000
shr ebx,16
} else {
r3: shld  esi,edx,cl

shl edx,cl

mov  ebx,eax

and ebx,0x0f000000

shr ebx,16

}
;

3ayBaxuMo, IO IO YUCIA W MOXKE «IOKICHO-
BaTHCA» CIIpaBa TUIBKU YHCIO Wi, @ caMa «CKJIeH-
Ka» BiIOYBA€ThCA HA CTUKY JIBOX MOJIOJIINX 1 IBOX
cTapmux OiTiB perictpy edX 1 3HiHCHIOETBCS
IIpOCTOI0 KOoMaHjow mov dx,ax. Lle MoxiauBo
3aBJISIKM TOMY, IO, SIK 3a3HAa4asiocsl BUIILE, MTPaBUN
Kpali 3HauYeHHs Ww BUpPIBHAHO 3a 16-m OiToM
perictpy edx, a JiBHUil Kpail uncia wi, BUPIBHIHO 32
15-m Oitom enementa MacuBy TAB, skwuii
3allUCYEThCA B ax (Ha puc. 1 BUPIBHIOBaHHS YUCEN
MoKa3aHo crpiikamu P> ta ).

Bume MoBowo acemOiep 3amucaHo Mporpamy
JIEKOlyBaHHs N-6aiiToBoro TEKCTY, SIKWAI
mictuthcst B MacuBi TEXT. Komanmu mukiy,
YMOBHHX OIIEpaTOpiB Ta BHUBEINEHHS MJIsi OiIbIIOL
3p03yMiJIOCTi HaBeaeHO MOBOIO C.

OniHka cKJIagHOCTi

OLiHUMO €MHICHY CKIQJHICTh  OIUCAHOTO
merony. Hns koxxkHOro 3 10 MOXIMBUX 3HAa4YCHb
Tprev ICHYE 256 3HAUEHB U;, @ OTXKeE, Ta0N. 1 MICTHTH
10 x 256 = 2,5 K6 psinkiB, KOXKeH 13 AKuX 3aiiMae 4
Oaiitu. Tomy moOalToBe IEeKOAyBaHHS TOTpeOye
10K6 mam’siti. 3a3HayMMo, 10 OmucaHuii y [2]
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; B 2427 OiTax eax,
; IepeHecTy 110 bh

; BUPIBHATHU 3HaYeHHS W 3a 16-M OiToM edx

; 3HAYEHHS ', 1[0 MICTUTBCS
; B 24-27 Oirax cax,
; IepeHecTty 10 bh

HaHONTHUMAIBHIIINAKA 13  MOOAHTOBHX  METOMIB
nexomyBaHHs s koxy Didonauui Fib3 (sxwii, y
CBOIO 4Yepry, € Haie(eKTHBHIIINUM cepel KOIiB
®iboHauyui B 3aCTOCYBaHHI JI0  CTHCKAHHS
MPUPOTHOMOBHUX TeKcTiB) moTpedye 21,4 KO
maM’sTi, IO TIEPeBHIIyE €MHICHI  BHTpaTH
HaBEACHOT0 HAMH METOY O1JIBII HIXK Y/IBIYi.

[[lomo 9acoBOi CKIagHOCTI  1OOAKWTOBOTO
JICKO/TyBaHHS, TO €KCIIEPUMEHT IOKa3ye, 10 BOHO
€ MaiDKe BJBIYI MIBHAIIMM 3a JEKOIYyBaHHS KOIY
Fib3 (us BenmumHa MOXKE BapilOBaTHCA 3aJICKHO
BiJl 0COOJMBOCTEH Mporiecopa).

BucHoBkH

N crarri ONHCAaHO IIBUIKUN METOJT
JIEKOTyBaHHS MYJIbTHPO3LILHUKOBOTO Koy (a3 s,
AKMH € OJHUM 13 HalKpalux MyJBTUPO3ILIb-
HUKOBUX KOJIB 32 CTUCKAJIBHOI E(PEKTHUBHICTIO.
Anroputm 0a3yerbcs Ha 0OpoOIll Bifpa3zy OJHOTO
YH KIJIBKOX OaWTIB 3aK00BaHOTO TeKCTy. OIiHEHO
CKJIaJHICHI XapaKTePUCTUKU METONy. 3a3Ha4eHUI
METOJ [IeKOJyBaHHS BUABHMBCA €(EKTUBHIIIUM 3a
Halikpamuii 3 TONIOHMX METOHIB Ui KOJIB
®iboHavyi 32 YacOM i 32 BUTpAaTaMH IaM’SITi.
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B cmammi nobyoosano mamemamuuni 3anedcHocmi Gnau8y (QDI3UYHUX HABAHMACEHL 6i0 UdAcCy
BIOHOBNEHHS. MA MAKCUMANbHOI nompebu KUCHIO Ol MPEHOBAHUX Ma HEeMpEeHOBAHUX 2pyn Joell
8i0no0ioHo. Pozensidacmvcs cman Qizuunozo 300p08’°si M00UHU, AKUN 6CIMAHOBIEHO 34 CEPIEr KIIHIUHUX,
Mopghonoziunux ma Qizionoiunux, OGIOXIMIYHUX Ma IHWUX NOKA3HUKIG 3 YPAXYBAHHAM 8I0N0GIOHO cmami ma
8IKY I 3anexcumy 8i0 2e02pahivHux, MemeopoaOSiYHUX | COYIANLHUX PaKmopis.

Hasedeni ¢ynxyionanvui 3anesicnocmi MOACYMsb GUKOPUCTNOBYEAMUCA Y CHOPMUBHUX 3A1aX O0JA
Hanucanui gi0N0GIOHUX NPocpam Hasanmavicents. Lle 00360numv UKIIOUUMU HAOMIPHT HABAHMAINCEHHS 05l
HempeHo8anoi epynu modei ma nioguwyumu e@exmueHiCms MpPeHysanb mux Jooel, Xmo MAc 2apHuil
Qizuunuli pozeumox. Bci noxkasnuxu (Kainiuni, Mmoppo-gizionociuni, 6i0Ximiuni) SKi OYI0 GUKOPUCAHO NPU
PO3PAXYHKAX NIOOQAIOMbCS BUMIPIOBAHHIO A00 8 1aDOPAMOPHUX YMOBAX AOO HA CHOPMUBHUX MALOAHYUKAX,
ma oawome 3mozy oyinumu @isuynuti cman aoounu. Came maxi NOKAHUKU OYI0 BUKOPUCMAHO OISl
no6yo0osu GiONOGIOHUX MAMEMAMUYHUX 3ANeNHCHOCMEN, WO HAOACMb MONCIUBICMb NOOAILUIO20 AHANIZY
Gizuunozo cmamny opeanizmy 1OOUHU MA NPOSHO3Y 1020 PI3UUHOI AKIMUBHOCHII.

Kurwouosi croea mopghonoziuni ma ¢hizionociuni, 6ioximiuHi NOKA3HUKU, (DI3UYHEe HABAHMAIICEHHS,
MamemMamuiua Mooens.

The article is built mathematical depending on the impact of physical activity on the time of recovery
and maximum oxygen needs for trained and untrained groups respectively. This will eliminate excessive
burden for the untrained group of people and improve training those people with good physical
development. We consider the state of physical health, which established a series of clinical, morphological
and physiological, biochemical and other indicators for the appropriate gender and age, depending on
geographical, meteorological and social factors.

These functional relationships can be used in gyms for writing the respective programs load. All
parameters (clinical, morphological, physiological, biochemical) that were used in the calculations or
measurable in the laboratory or on the sports fields, and make it possible to assess the physical condition of
the person. These are the indicators used to construct appropriate mathematical relationships that will
enable further analysis of the physical condition of the human body and its prediction of physical activity.

Key words: morphological and physiology, biochemical indexes, physical activities, mathematical
model.

CratTrO IpecTaBuB 1. T. H., C. H. ¢. Kynin B.1.

IcHye mocuTh BenMKa KUIBKICTH O10J0TTYHHX
MMOKA3HUKIB, 32 SKUMH MOXHA JIaTH BIAMOBIAb MPO
CTaH JIFOJICHKOTO OpraHizMy. ToMy BHKOPHCTOBYIOUH
JIaHl CIIOCTEPEeKeHb, SAKI Oynu 310paHi JiKapsIMu Y
JOTJISIAL 32 CIOPTCMEHAMH, MH 3pOOHMIIH CHpoOy
npuBHeCTH  (i3WMYHI  HABAaHTAKEHHS Y  IKUTTH
3BUYANHOI JIOAMHU.

BpaxoBytoun xapakrep moBeIiHKH (yHKIi B
3aJeKHOCTI  Bin BHOpaHMX mapameTpiB  Oyio
3aIpONOHOBAHO HACTYMHUI BUTTISA QYHKLIN:

v, = fi(n.x) =cxlixdi, i=1,4,

© T.B. Koasnosa, 2016
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ne y, — IJd TPEeHOBAaHHX JIIOJEH 3alexkHiCTh
nakraty kpoBi Bix MIIK (Makcumanbha motpeba y
KHCHI) Ta 9acy aCCHBHOTO BiJHOBJICHHS;
Y, — A7 TPEHOBaHMX JIOJEH 3allekKHICTh

JIaKTaTy KpOBi
B1IHOBIIEHHSA

Bim MIIK Ta dYacy axkTHBHOTO

Y3 — A1 HCTPCHOBAHUX J'II-O,Z[CI‘/JI 3aJICKHICTD

naktaty kpoBi Big MIIK Ta wuacy
BI1JIHOBJIEHHS,

ITaCuBHOI'O

Y, — A HCTPCHOBAHUX J'IIO,I[Cﬁ 3aJI€KHICTD

JIAKTaTy KpoOBi
BiJHOBJICHHS,

Bign MIIK Ta 4yacy akTHBHOTO

X, —pisers MIIK y BiTHOCHHMX BEIMYNHAX;

X, — 4ac BiJIHOBJICHHS.

Ockinpku BenmunHa MIIK mopgana y BimHOCHHX
BeJIMYUHAX Ha Biapi3ky [0;1], To BCI iHII BEIUYUHH,
0 TOB’s3aHi 3 JaHOK TEepPeBeeMO TaKOX Y
BIIHOCHI BeNMWYWHU Ha Bimpizok [0;1], TuM camum
MU OyJgeMo TMpaioBaTH B OJHOMY BHMIpi i
3MEHIINMO TIPU I[bOMY TTOXUOKY.

IMomyx xoedimientiB o,;,B;, Ta ¢; BiIOyBaeThCSA
3a monomororo MHK.

[Tobynyemo

n a; PB; ~ . . e
S=Z(cjx1/x2{ -¥;) — min, j=L14,
i=1

ne Ql.,xl, ,X, — BIJTOBI/IHI 3HAUEHHS CIIOCTEPEKEHb.
1 1

3actocyemo (DyHKITIOHATEHUHN TTiAXIT;
NEePeTBOPUMO Y, = C;X, xg;, i=1L4 y ¢ynkuio

HACTYITHOTO BHIY:

Iny, =Inc, +a;Inx; +B,;Inx,,, Toxni

S =Z(lnc_/. +o;Inx; +B;Inx, —1n)A/j)2 — min

pary Inc,o,B

Hexaii Inc= A4, Toni
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oS 5
a=IZ:I:(Ia[jLocjlnxli+[3jlnxz,-—lrlyj)=0»
a—S:Z(A+a/1nxU+[3/1nx2,~—ln):j)lnxu:0=
60(] i=l1 . .
a—S=Z(A+(x/1nxU+B/1nx2i—h1;/j)lnxzi:0'
B, = ' '

To6T0

e, Y, +B, I, =y,
i=l i=1

AY I, +o,YInx, | +B, Y ln, Inx, =Iny, Y,
=l =l =l =l

n n n 2 . n

AZ]nle- +°9;21nxu Inx,, +Bj2(1nx2i) =y, Zlnxzi-
i=1 i1 i=1 i=l

Iepenumemo y MaTpU4HOMY BUIJISAI:

n . . ~

;n'xll ;nle ) 11'1 yj

n n 2 n

Ding, Y| Y inx, | oy

=l i=l i=l

lenxz Zlﬁnxl Inx, i(lnxzi)z

R
|

- ]Ilj/ j Zlnxlz
i=l

lnjzj Z]nxﬁ
=l

N

Toni

n i i "
n n 2 n

o [={ Yy, x| Do Iy,
i=l i=l i=l

hl«‘AV.fEnxu
=l
n n n ) . n
D, Y inx, D] | |y, Ynx,
=l =l i=1 =l

Jlnsa po3B’sA3aHHsA JIAHOTO DIBHSAHHA 1 IOLIYKY
koeQilieHTiB  o;,;, Ta ¢, BHKOPHUCTOBYEMO

nporpamanii makeT Microsoft Office Excel.

OTxe, Oyau oTpUMaHi Taki AaHi:
JUIS TPEHOBAHUX JIIOJICH:
®  3aJIeXKHICTH JakTaTy KpoBi Bix MIIK Ta gacy
NAaCUBHOTO BiJJHOBJICHHS:

= 0.29)611‘2)6270'6

102



Bicnux Kuiscbroeo nayionanvhoeo yHisepcumemy

imeni Tapaca Lllesuenxa
Cepis izuxo-mamemamuyni HayKu

2016, 1 Bulletin of Taras Shevchenko

National University of Kyiv
Series Physics & Mathematics

e  3anexHicTh MakTary KpoBi Bix MITK Ta wacy ~ Ckopucraemock MetojoM Kpamepa

AKTUBHOT'O BiJIHOBJICHHS:
Yy = 0.19x?'5x£0'6

J1st HeTpeHOBaHUX BiITOBITHO:

e 3anexHicTh yakraty kpoBi Big MIIK Ta wacy

ITaCUBHOTI'O Bi,[[HOBJ]CHHH:

V3= 0.35x11‘4x£0'5

e 3anexHicTh nakraty kpoBi Big MIIK Ta wacy

AKTUBHOI'O Bi,I[HOBJ'ICHHSIZ

Vs = 0.39x11‘9x2_0‘4

BpaxoByroun xapakTep 3aJIeXKHOCTI

A i=l

A
i=l i=l

kpoBi Bim MIIK Burmsang dyskmii OyB 3amaHwmit

HACTYITHUM:
y=A+ Bx’.

Jns 3HAXOKEHHS KOoeQiIliEHTIB

Bukopucropyemo MHK.

_ C 5 T\2 .
S—Z(A+Bx ) —)Iﬂl’lél

i=1

Toni
%:?“Bxf -3 =0,
2_;: g(“Bxis - y)x =0.
Tobro

An+BY P =Y},
i=1 i=1

n s n 10 no,. s
A X +BY % =D v
i=1 i=1 i=1

[lepenumemo y MaTpu4HOMY BUIIIALI:

i=l i=l

291‘ les
A = nz':l in:I ’

Zgixis inlo

i=1 i=1
n Z%
Y Y
JaKTaTy P P

Toni A= %, B= % .

takoxx OTiKe, piBHAHHS 3aJIE)KHOCTI JIAKTaTy KPOBI Bix

MIIK Burnsimae tax:

=0.075+1.305x°,

ympeHoeaHi
5
Vuempenosani = 0-0609 +0.874x” .
Bpaxoryrouun Xapakrep 3aJIS)KHOCTI

HopagpeHaniny Bix MIIK (ana  MIIK > 50%)
(hyHKITiOHATbHA 3aJIE)KHICTh Ma€ HACTYITHUIN BUTJISIII

Y Hopadpenanin — 0.03x-1.

BpaxoByroun xapakTep 3aJeKHOCTI JTAKTaTy
KpOBI BiJl 9acy BiTHOBJICHHsI BUTJISI 3aJICKHOCTI OYB
3aJIaHUN HACTYITHHUM:

® IS TACUBHOTO BiIHOBJICHHS

— Al
Ynae = XBI °

®  JUIS aKTUBHOTO BIJHOBJIEHHS

A2
Yaxm X B, *

3HOBY 3aCTOCOBYEMO (DYHKITIOHATBHUHN TiAXiA:
Hexall Iny=InA4— Blnx, Toxi
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§=3(In4-Blnx,~Iny,)> - min.

: InA4,B
i=1

Tomi
oS ! ~
= In4A-—Blnx,—Iny,)=0,
oln 4 le( i~y
6—5:—Z(InA—Blnxl.—ln)A;i)lnxi:O.
0B I
Tob6T0

alnd+BY g =5,

i=1 i=1

4> Iny, B (Inx )} =3 In, Inx,.

i=1 i=l i=1

[Nepenumemo y MaTpUIHOMY BHUIJISI:

CnHcox BUKOPHCTAaHUX JxKepes

1. [ X Yurmop.  ®usnonorus  cmnopra H
nBUTaTeNIbHON akTthBHOCTH. / JDk.X. Ymimop,
. JI. Koctumn  //  Kues:  Oaumnuiickas
nmutepatypa. — 2001. — 495 c.

2. 3yee CM. Ouenka napaMmMeTpoB Ipolecca
(YHKIMOHAJIBHOTO BOCCTaHOBJICHUS 1o
naboparopHeiM  nmaHHbiM. /  3yeB CM. //
HoBocubupck: Hayka. — 1978. — 350 c.

3. Cepeienro JLII. TectyBanas PYXOBUX
3ni0HOCTEH mikoJisipiB. / Ceprienko JLIL. /
Kuis: Onimmniiiceka mitepatypa. —2001.— 287 c.
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n

no Yy [m A]: leh@

i=l
Sin)’ S} fnx,
i=1 i=l

B

2

n Sy || S
i=1 i=l
S i) || S ins
i=l i=1 i=1

VO
5
| LN

B

OTxe, pIBHSIHHS 3aJI€)KHOCTI JIAKTaTy KpOBi BiJl yacy
BiZTHOBJICHHS [TPEJCTABICHO y HACTYITHOMY BHTJISIAI:
® IS NACUBHOTO BiJHOBJICHHS

2.99

Ynac = ’
X

® 11 aKTHUBHOI'O BiZ[HOBJ'ICHHH
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aBTOMAaTH30BaHOI0 mepekJgaxy pededHb | translation of Ukrainian language sentences
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3anpononosarno memoo ma 30ilicCHeHa 1020 aleOPUMMINHA Ma NPOSPAMHA pedrizayis O0ns noby0o8u
ABMOMAMU308AH020 CYPOONEPEKAA0Y pPeueHb YKPAIHCbKoi mosu y ix owcecmosi ananoeu. OcHoéHa ides
Memooy NONALAE Y 3HAXOONCEHHI 63AEMHO OOHOZHAUHUX NAP Y3A2ANbHEHUX 2PAMAMUYHUX KOHCMPYKYIIL:
peueHHs Ha YKPAiHCObKIU MO8i 3 OOHUM HPeOUKAMUBHUM 38 SA3KOM MA 8i0N0BIOHE peueHHS HA JHCecmosil
Mo6l. B pezynomami nposedenux 00caiodcenv 0Oyio ompumano Oausvko 300 makux KoHCMpPyKyii.
TecmysanHs 3anponoHOBaH020 Memoody HA MEeKCMAx, AKi UKOPUCTOBYIOMbCA NPU HAGUAHHI 2TYXUX TI00el,
NOKA3anU 8UCOKULL piseHb npasuivho2o nepekiady — 85%-91%.

Knrouoei cnosa: agmomamuzoganuii nepexiao, dcecmosa mMoga, 080MOGHUL KOPHYC.

Method is suggested and it’s algorithmic and software realization for constructing of Ukrainian language
sentences automated translation into their sign analogues is implemented. The method basic idea is to find
the generalized grammar constructions bijective pairs: sentence in Ukrainian language with one predicate
relation and corresponding sign language sentence. For the fixed order of words in the sentence algorithm
to obtain generalized grammatical structures is created. These structures instead of specific words in the
sentence set of words that can be used at these fixed locations are constructed. Given method provides a
small amount of grammar translation. For grammar constructions creation using the specialists of
Ukrainian sign language was formed corps with bilingual Ukrainian language sentences and their
corresponding sentences of sign language. This corps contains 9800 sentences from a one predictive link.
About 300 such structures obtained as result of the research. The method testing on texts used for the deaf
people training has shown a high level of correct translation - 85% -91%.

Key Words: automated translation, sign language, bilingual corpus.

Crartio npeacrtaBus 1.¢.-M.H., mpod. AHicimoB A.B.

Beryn monmert [1]. BaxkimBoro mpobimeMoro s BCiX

’KECTOBHX MOB [2], 1 y TOMY YHCII JJIsl YKPATHCHKOI

XKectopa moBa (OKM) rmyxux momeit — me KM, € CTBOpeHHS aBTOMAaTH30BaHUX 3aco0iB
MpUpoJHAa MOBa, 10 Imepenae iHdopmario 3a nepekiaaay 3 ykpaincekoi moBu (YM) Ha JKM.
JIOTIOMOT'OI0 PYXiB PYK 1 MaibliB, Bupady obmmuus, Cypaonepexnaj OTPHMYETHCSI HUIIXOM
MOJIOKEHHST KOPITyCy Tina moawHd. JKecToBa MOBa  3HAXOKEHHS B32€MHO OJTHO3HAYHUX nap
HE € Bi3yaJIbHOKO IHTEpIIPETaIli€l0 3BUYAaiHOT MOBHM, KOHCTPYKIIiif, IO TEpearoTh CEHC: pPEYCHHsS Ha
Mae CBOK TI'paMaTHKy, BHKOPUCTOBYEThCS SK BXIiIHIH MOBI — BiamoBigHe pedeHns Ha XXM [3,4].
CKJaioBa JUIsl CHUIKYBaHHS JtOJel 1 CiyXuTh 3adiKCyBaBIIM TIOPSNOK PO3TANIYBaHHS CIIiB Yy
OCHOBHUM KOMYHIKaI[ifHUM 3acO000M JJisi TIOYyXMX BXiJHOMY pEUYEHHI 3 OJHUM MPEeIUKATUBHUM

© Kpaxk 10.B., Kacesniok B.C., Crens 1.O.,
Yepuenko 1.JI., 2016 105
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3B’SI3KOM, TIPOMIOHYETHCS OTPUMATH MIEBHI CTPYKTYPH
(y3arajbpHEHHS), Y SIKMX 3aMiCTh KOHKPETHHX CIiB y
pedeHHi OyAyTb MHOXHHH CIiB, $Ki MOXYTb
BHKOPHCTOBYBATHUCh Ha IUX 3a(iKCOBAHMX MICIISX.
TakuM YMHOM MOXXKHa OTPUMAaTH  HEBENHKUHN
(BIIHOCHO 3arajibHOi KIUIBKOCTI pEYeHb) 00csT
rpaMaTU4HuX KOHCTPYKIIiH nepexiIamLy.
BukopuctanHs =~ Takoro - miAXomy — JO3BOJIUTh
BUPIIIUTH MPOOJIEeMy aBTOMAaTU30BAHOTO TEPEKIIAmy
3 BUKOPUCTAHHSAM OTPUMAHUX Map KOHCTPYKIin. Jist
CHUTYaIlill, KOJH BiJICYyTHS OJHO3HAYHA KOHCTPYKITiS

Y4 HE ICHye aHajiory B JKECTOBIH  MOBI,
nepeadavaeTbes y4acTh npodeciiHmx
cypaomnepekiaaadiB IS 3a0e3IeICHHS

MPaBUIIBHOCTI TIepeadi ceHcoBol iHGopMarii.

ITocTaHoBKa 3agaui

3ampormoHyBaTH METOA Ta 3IIACHUTH HOTO
QNTOPUTMIYHY 1 TPOTpaMHy peaiizamito s
noOyIOBH CUCTEMH aBTOMATHU30BAaHOTO MEpeKiany 3
YKpPalHCBKOI MOBHU Ha YKPaiHCBKY KECTOBY MOBY.

IloGynoBa y3arajbHeHUX TPaAaMaTHYHUX
KOHCTPYKIiH nepexJyany 3 yKpaiHCbKOI MOBM Ha
7KeCTOBY MOBY

[ling pedeHHSM PO3YMIETHCS IOCIHTIIOBHICTH CIIiB
MOBH Ta 3HaKiB myHKTyarii [5]. T'pamaruunoro
KOHCTPYKITIEIO (I'K)  peuenus Ha3UBAETHCS
MOCJIIIOBHICTD CJIIB, 1[0 HAJEXAaTh 40 YaCTUH MOBH,
SIKi TIEpeIaloTh CEHC, TOOTO Y peYeHb BiTKHUIAIOTHCS
ciyx00Bi cnoBa. Pospizustorbes 'K 3a KigbKiCTIO
CNiB, 1O J0 HHUX BXoaaTh. Enemenramu ['K (Ha
BiIMIHy BiJl pe4YeHb) OyAyTh MHOXHHU CIiB,
pO3TalllOBaHi y peUYCeHHAX Ha (JIKCOBAHUX MO3MIIISX:

Gr=
={Gr; ={word; eW ||seq; € Seq |
peP, In; € In,num}, GStr, =

={ges; e Ges||gseqeGseq || )

pges € PGes, num, gesnum}},

ne W — MHoxuHa cnis Word i YM; P _ Mmuoxuna
p YM; In_
In

YaCTUH MHOXHHA I1apaMeTpiB

CIOBO3MiHM 'L cjioBa; NUM — HOMEp €JIEMEHTa B

CTPYKTYpi peueHHS YM, Ges _ vnoxuma xecris

983j KM; PGes _ ynoxuna vactun pges KM;

gestnum _ HOMED €JIEMEHTa B CTPYKTYpi peUCHHS

KM. Muoxuna Seq (cioBa, 10 MOXKYTh OyTH Ha
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Micii KoHKpeTHuX enemeHTiB y ['K) 3amaerncs
HACTYITHUM YHHOM:

Seq ={Seq; :

2
Seq; ={word; eW :word; eW,n}}, @
a MHOXXHMHA Gseq (>xecTH, MmO MOXYTh OyTH Ha
MICIlI KOHKPETHUX eIeMeHTIB y xecToBiit ['K):
Gseq ={Gseq; :

3
Gseq; ={gesj € Ges: ges; € Ges,n}}, ®)

JIe N — HOMEpP CJIOBAa B IIOCIITOBHOCTI CJIIB 1 HOMED
JKECTY B TIOCHIIOBHOCTI JKECTIB.

Anroputm ¢popmyBanns MHOxuHHU [ K niepexmnany
Ha OCHOBI JIBOMOBHOTO KopITycy peueHb YM Ta X KM
HACTYIHHI:

cepel MHOXKHHU pPEUYeHb, IO MICTATHCS B
KOPITyCi, BUKOHYETHCS MOIIYK PEUeHb, SIKI YACTKOBO
30iratoThCsi; BUOMPAIOTBCSA CEpel HHUX PEUeHHS, y
SIKUX BiIMIHHOCTI MiXk CJIOBaMH € TIJIbKU B OJTHOMY 3
€JICMEHTIB;

NPOBOAMUTHCS TPYNyBaHHS IMX pEYeHb Ta
OTPUMYIOTBCS TOCHIJIOBHOCTI CIIiB, SKI MOXHA
BUKOPUCTOBYBaTH Ha (DIKCOBAaHMX TMO3MIIAX B
KOXKHOMY 3 LIUX PEUYCHB;

MPOBOAUTHCSA ~ aHANI3 IMX  IIOCHiJOBHOCTEH,
BU3HAYAETLCS, UM KOXKHE 3 CJIIB IMOCIIJOBHOCTI MOXKE
BUKOPUCTOBYBAaTHCh B  KOXXHOMY  PEYCHHI,
BUSIBIIIOTHCS] BUHATKH, JOAAIOTHCS Y MOCTIIOBHICTh
1HII aHaJIoT14Hi CJI0Ba, K1 MOJKHA
BUKOPHUCTOBYBATH y JaHil TIO3UIIIT;

y pe3ynbTari aHalidy IIOCIiJOBHOCTEH CIIiB
¢dopmyetncs 'K peuenns;

MICJIsl TIPOBEICHHS aHai3y MOCIIJOBHOCTEH CJIiB
JUTsE  BCIX pedeHb, MIO0 YacTKOBO 30iraroThcs,
noparotbess 'K 1o cmmcky pedeHb Ta HOBTOPHO
MPOBOJUTHCS TMOMIYK pedeHb Ta 'K, 1m0 4acTkoBO
30iratoTecs, g posmupenHs ['K; moBToproerbes
ued mnyHkr gotv, noku I'K He mnepecranyThb
PO3IINPIOBATHCE;

npoBoauThes momyk 'K, y sikux mocmigoBHOCTI
YaCTKOBO 30iratoThCsl, Ta MPOBOAUTHCS aHAJI3 JaHUX
MOCHIIOBHOCTEH JUIS X PO3LINPEHHSL.

[Micns  orpumanns wmuoxkuHH ['K  moTpiOHO
3OIMCHUTH  y3arajdbHEHHS KOXHOI 13 MHOXHH
€JIEMEHTIB, SKi BXOIATb Yy Hel. Y3arajabHEHHS

pPO3YMIEThCS SIK TIOJAHHS KOXKHOI 13 OTpUMaHHUX
MHOXWH y BHTIIsAI KoMOiHatii koHkpetHux ['K Tta
YaCTHUH MOBH:

GGr={GGr, ={p; € P, In; € In,num},

GStr, ={ pges € PGes, num, gesnum}}.  (4)

koHcTpykiii  (YIT'K)
MO3UIIAX  MHOXHHHU

VY3aranpHeHi TrpaMaTH4HI
MICTSATh y  (pikcoBaHHX
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rapaMeTpiB CJIOBO3MIHH Ta YacTUHU MOB. J{s1 JKM B
VI'K wictatees  vactuad KM Ta  mosmiig
BigmosigHoro eneMenta B YI' K YM.

Enementamu YI'K moxyTs OyTi 00’ enHanHS 200
MEPETUH TICBHUX MHOXUH IMMapaMeTpiB CIOBO3MIiHH.
YI'K Moxe cKIagaTHCh 3 €JISMEHTIB, SKi MICTATh
IIeBHI YAaCTHHW MOBH Ta HE MICTATH IHMHUX. Kpim
TOTO, O MHOXXHH TIapaMETPiB CIOBO3MIHH MOXYTh
JI0JITaBaTUCh 200 BUIYYaTUCh TIOCTIIOBHOCTI CIIiB.

®opmyBanHs MHOxHHM YI'K nepeknany Ha
ocHoBi 'K mepexiagy mpoxoanTs TaKUM YHHOM:

st koxkHoi 'K mepexnany Oynyerses YI'K: mns
KOXXHOI MHOXHHH CJIiB BU3HAUYAIOTHCS IMapamMeTpu
CJIOBO3MIHM Ta YaCTHMHU MOBH, CHIJIBHI I BCIX Ii
CJIEMEHTIB;

orpumana YI'K mnepexnamy mnepeBipserbcs Ha
MPaBUIBHICTh 32 PEYCHHAMH 13 JBOMOBHOTO
KOPITYCY, IIIO BiATIOBIJAOTH il KOHCTPYKII;

OTpHUMaHa MHOXXHHA YI'K nepexiIany
aHANBYEThCSI HA HASBHICTH KOHCTPYKIIH, IO
9acTKOBO 30iraroThCsi 3a YacTWHHAMH MOBH Ta
nmapaMeTpaMM  CJIOBO3MIHHM Ta 11X MOXKIIHUBOTO
00’ eqHAHHS;

sKmIo orpuMano HoBy YI'K mepekinamy BHacIinok
o0’emHaHHS, TIEPeBIpAEThCS 1i MPaBUIBHICTH 3a
PCUYCHHSAMH 3  JBOMOBHOTO  KOpPIYyCy, IO
BiJIMTOBIatOTh il KOHCTPYKIIii.

AJITOPUTM NOAAHHS BiIHOLIEHb MiK CJI0BaMU
YKPaiHCHhKOI MOBH Ta ’KeCTAMHU 7KeCTOBOI MOBH

Ilpu mnepeknani pedyeHHs, KpiM BH3HAYCHHS
rpamMaTu4yHoi  CTPyKTypu peueHHda YM Ta
BIJMOBIZTHOT ~ CTPYKTYpPH  IKECTOBOTO  PEUCHHS,

HEOOXIJHUM € HasBHICTh MHOYKHHM BiIIIOBIAHOCTEH
Mk cioBamMu YM Ta xectamu XKM. Tomy mis
KOXXHOTO CJIOBAa BH3HAYAEThCA HOro HOMEp Yy
MOCJIZIOBHOCTI cliB (3 (2)), Ta 3a IIUM HOMEPOM 3
BIJIMOBITHOT  TTOCIIZIOBHOCTiI JKECTiB  OOMPAETHCS
KECT, IKAW BIJTIOBITHUI [IbOMY CIIOBY.

IMpu mnepexomi no YI'K mnepeknamy (4) ans
BH3HAYCHHS CTPYKTYpH peUeHHs
BUKOPUCTOBYIOTHCS, 3aMICTh IIOCIHiZOBHOCTEH CIIiB
Ta JKECTiB, TpaMaTH4HI IOHATTS CIOBO3MIHHM Ta
YaCTMHH MOBH. TOMy HEOOXITHHNM € CTBOPEHHS
MEXaHi3My IOJaHHS BIAMOBIAHOCTEH MiX CIIOBaMH
MOBH Ta BiJIIOBITHUMU iM xecTamu. [[ist CTBOpeHHS
Takoi MHOXMHU BIJHOIIEHb BHKOPHUCTOBYIOTHCS
IOCJIIJOBHOCTI CJIiB Ta JKECTIB:

it kKoxkHO1 'K mepeknaay BU3HAYaeThCS CIMCOK
MOCJIIZIOBHOCTEH CIiB Ta BIJIITOBITHUX
ITOCITIIOBHOCTEH JKECTIB, IO € i eJIeMEHTaMM;

JUISL CJTiB 3 KOKHOI 3 OTPUMAHHX ITOCIiJJOBHOCTEH
CJIiB BU3HAYAIOTHCS TAPU «CIIOBO—IKECTY;
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SIKIIIO MHOJKMHA BIJITOBIIHOCTEN CIIB K€CTaM HE

MICTUTh TapPH «CJIOBO—XKECT», AOJAEMO 1ii [0
MHOKUHH.
Sxmo  BHacmigOK  (QOpMyBaHHS ~ MHOXXHHHU

BIJIOBIIHOCTE MiXK CJIOBaMU Ta JKECTaMH IiCHYE
JICKiJIbKa BapiaHTIB MEpPeKiamy JJis OJHOrO CIIOBA,
HeoOximHo nposectr anani3z ['K mepexmany (1), mo
MICTSATh HOCITIIOBHOCTI 3 muM ciioBoM. Jma YI'K
nepekiany (4), orpumanux Ha ocHoBi 'K nepekmnamy
(1), sIxi MICTSATH CIIOBa 3 BapiaTHBHICTIO MEPEKIATy,
BKa3yIOTbCS y BHUIVIAAI JOJAaBaHHSA a00 BHIIYYEHHS
KaTeropiil cIOBO3MiHM Ta MOCHTiJOBHOCTEH ciiB abo
JKECTIB YMOBHU Ui BHOOpY MPaBHILHOTO BapiaHTY
nepexaLy.

HasBHicT, MeXaHI3MIB NOJAaHHSA BiJHOIIEHb MK
I'K peuensr YM Ta KM Ta BigHOIIEHH MK CIIOBAMHU
YM Ta xecramMH Ja€e 3MOTYy BHUKOHYBaTu
aBTOMaTu30BaHUd mnepeknan 3 YM nHa JKM.
HeoOxigHoto  ymoBOIO i 1moOygoBH — Ta
(YHKI[IOHYBaHHS  CHCTEMH  aBTOMAaTH30BAHOTO
MEpEeKIIaay € JBOMOBHUI KOPIYC peYeHb 3BUYAHOIO
ta KM, Ha OCHOBI SKOrO BOHa OYyIYye€TbCs, BiX

IMOBHOTH SIKOT'O 3aJICKUTh AKICTh nepexiany.

IIporpamua peanizauist MeToay
ABTOMATH30BAHOI0 MEPEKIANy 3 YKPAIHCHKOI
MOBH Ha KeCTOBY MOBY

3 nonomoroto ¢axiBiiB 3 ykpaiHcekoi KM Oyio
c(hopMOBaHO JABOMOBHHUII KOpHycC 3 pedeHb YM Ta
BignoBimHUX iM peuens JKM. Kopmye mictute 9800
peueHb 3 OJHHM NpPEAUKATUBHUM 3B SI3KOM, 3
BIJTIOBITHAM CJIOBHMKOBO-)KECTOBHM 3aIlacoM, SIKi
OXOTHIIM MOXIIMBI MOBJIGHHEBI CHTYyaIlii 1Mo TeMax,
10 BUBYAIOTHCS B MPOrpami BUBUEHHS YKpaiHCHKOT
KM gna cnemiamizoBaHumx KL  KUIBKICTB
BIAMOBIAHOCTEH MDK clioBaMun YM Ta »xecTaMu
ckiama 35298 3anuciB. KUIbKiCTh BiIHOBIIHOCTENH
MiXK 0a30BUMH CIIOBOGOpPMAaMHU Ta JKECTaMH CKJiasa
2754.

ITicns oTprMaHHS ABOMOBHOI'O KOPIIYCY pedeHb
Ha OCHOBI 3aIPOIIOHOBAHUX AJTOPHTMIB TTOOY/I0BAHO
MHOXHUHY 'K nmepeknany. Hactkoo I'K nepexnany
chopmoBaHi 1UISIXOM 00 ’€THaHHA pPEYEHb Y
rpaMaTH4Hi CTPYKTypd Ha erami (QOpMyBaHHS
MHOXMHH pe4YeHb 3 HaBYaJIbHOI MPOrpamMH MIOJO0
BuBueHHI JKM. 3 BukopuctaHHAM MHOXHHH 'K
nepekIany IIPOBEJICHO ¢dbopmyBaHHS YI'K
nepexiany. Hns  koxHoi 3 orpumanux YI'K
nepexiany (axiBili 3 KECTOBOTO MOBJICHHS MalOTh
MOJJIUBICTD TEPETJITHYTH, HA OCHOBI SKHX pEYeHb
OTPHMAaHO IO y3arajilbHeHy KOHCTPYKIIilO, Ta y pa3i
norpebu  pemaryBaru ii. [lpm  penaryBaHHi
KOHCTPYKLUIT ¢axiBenp BKazye  IapaMeTpH
CJIOBO3MIHH CIiB, IO MOKYTh BUKOPHUCTOBYBATHCH B
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KOHKPETHHX IO3ULIsIX pedyeHHs. [l >KecToBUX
peueHb BKa3ylOTb YacTHHH MOBH Ta HOMEpHU
CJICMCHTIB  BIAMOBIIHUX  E€JIEMCHTIB  PCYCHHS
YKPAaIHCBKOK MOBOIO.

VYHacHinoK rpymyBaHHS pe4YeHb 3 JIBOMOBHOT'O
koprycy peueHb YM Ta XXM Oyno orpumano 2101
I'K mepexmamy. Ilicms BiamoBigHOTO — aHANi3y
muoxuuu 'K mepexnamy O6ymo orpumano 293 YI'K
nepekiagy, II0 JalTb 3MOTY  BHKOHYBaTH
aBTOMATUYHUN IEPEeKJIaZ pPEYeHb 3 HaBYAIBHOTO
KOPpITyCy.

Jlis TectyBaHHs TexHOJOTii Oyino BuOpano 500
peYeHb 3  TEKCTiB, fKi Mpu3HaueHi  JuIst
BUKOPUCTAHHS [JIyXUMH JIIOABMHU.  YHAcIiIoK
nepeknany 321 (64%) pedeHp OyJio mepeKiIanecHO
aBTomMatuuHo, 119 (24%) He Oyno mepeKIaaecHo
4yepe3 BIJICYTHICTh BIATOBIAHOCTEH «CIOBO-)KECT»,
60 (12%) ne Oyno mepekyafieHO Yepe3 BiACYTHICTbH
YI'K (mns 33 (55%) 3 unmx pedeHb Oyio
3anporioHoBaHO YI'K, mo wacTkoBo 30iraroTbcs 3
BXigHUM  peueHHsM).  lllmsaxom — po3mmpeHHS
CJIIOBHHKA Ta BCTAHOBJIEHHS BIAMOBIZHOCTEH MIX
CJIIOBaMHU Ta XeCTaMHU OTPUMAaHO pe3ynbTaT B 423
(85%) pedeHHs 3 aBTOMaTUYHUM Nepexaazom Ta 31
peuennst (6%) 3 aBTOMATH30BAaHUM MEPEKIIAIOM,
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OCHOBaHUM Ha MIPOTHO3YBaHHI 3 BUKOpUCTaHHM 'K,
II0 YacTKOBO 30iraroTbesi. 3araibHUHA BiICOTOK
NpaBUIIBHOTO Nepeknany ckiaas 91 %.

BucHoBku

3anponoHOBaHUIMA HOBUH ITAX1T o
ABTOMAaTH30BaHOTO TMEpEeKJIaAy MOBILIBHOTO TEKCTY
YKpalHCHKOIO MOBOIO Y JKECTOBY MOBY,  SIKHH
MOJISATa€ y 3HAXOKEHHI B3a€EMHO OHO3HAYHHX Tap
KOHCTPYKIIiH, 10 MepelaTh CEHC: peYeHHS YM y
BinnmosimHe pedeHHs JKM. Hlmsxom ¢ikcyBaHHS
MOPSAAKY PO3TallyBaHHS CIiB y BXIIHOMY pEYeHHI
OTpUMaHi CTPYKTypH (y3arajibHEHHs), y SKHX
3aMiCTb KOHKPETHHUX CIIB y PpEYeHHI MICTIThCS
MHOKHHU CIiB (3a/laHi TapaMeTpaMy CIIOBO3MIHH),
0 BUKOPHCTOBYIOTBCS Ha IMX 3a(iKCOBaHUX
MicligX. TakuM YHHOM, OTPUMAHO HEBCIMKHIA
(BiTHOCHO 3arambHOi KUTBKOCTI pedeHb) oOcsT
TpaMaTUYHUX KOHCTPYKIIN IS TIepeKyamy.

[IpoBeneni JOCIIIKEHHS MiATBEP TN
e(eKTUBHICTH 1 Mpame3NaTHICTh TaKOro MiAXOMdy.
3anpormoHOBaHUN MiAXiJ Ma€ MPAKTUYHY I[iHHICTB
JUTsl CTBOPEHHSI CHCTEM KOMYHIKAIlil Jjs Jirojei 3
BaJlaMH CIYXY sIK MiXK cO00F0, TaK 1 3arajom.
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Posensaoacmoca 3a0ava npo nobyoosy MamemamuyHoi Mmooeni ONMuMAaIbHO20 THEECMUYIUHO20
nopmdehens akyi.

Kntouosi cnosa: mamemamuuna mooens, onmumanbhe iH6eCMy6anHs, nopmaeens akyitl.

Mathematical models of the dynamics of the formation of the market value per share and stock portfolio
are constructed in a class of ordinary differential equations. Such models are needed to build the trajectories
of the market price of shares and the optimal portfolio diversification. Initially, procedure is based on the
method of variation of arbitrary constants and enables one to find an analytical solution of the
corresponding equation. Model of the dynamics of the portfolio is constructed based on the mathematical
model of the market value per share. This model is used because of its diversification and for building the
initial values of the optimal vector of shares of different types in the portfolio. Mathematical set theory and
methods of optimal control theory are applied to achieve that. The problem of partitioning of investment
interval on subintervals is studied. On each of them the problem of constructing an optimal investment
portfolio is solved taking into account constraints on the control.

Key Words: mathematical model, optimal investment, stock portfolio

Acrticle presented by professor Garashchenko F.G.

1. Introduction
To solve the problem of optimal investment
securities following methods are used:
- H. Markowitz approach, using a valid and
effective set, investor indifference curves;
- Splitting two-kriterial investment portfolio
optimization problem into two one-kriterial;
- Methods of technical analysis;
- Methods of fundamental analysis.
2. Results and Discussion.

where x; — proportion of shares and type-portfolio;
r,— expected return on equity and-order type.
Having differentiated both parts of (1), we get

(t) dx; (t) dr; (t)
p— = Z( O——
Consider normalizing expressions that the content is

inverse response time of the system to change the
dynamics of expected profitability and structure of

Xi () —-)- ()

Let's consider a mathematical model of the market portfolio
value of the investment portfolio and build .
appropriate analytical trajectory. At the time Zﬂ_l Zx(t) 1, telt,,t,].
interval  te[t,, T] equation describing the T h(D) X; (t)
profitability of the portfolio shares r;, has the form  Gjven that there is a property
SOESRACLILF (1)

i

fori=j and Y b, =1
i

© V.R. Kulian, O.0. Yun’kova,

M.V. Korobova, 2016
109


mailto:ivanenko@unicyb.ki.au

Bicnux Kuiscbkoeo Hayionanvno2o yHisepcumemy
imeni Tapaca lllesuenxa
Cepis ghizuxo-mamemamuuni Hayku

Zi:aib, =Z‘ai +sz:aibi .

In this way occurring ratio

X OR0)- 5= T AOR0) -2 T x0)x

fi
i (t ,
r;(t)
X (t)r (t) dx; (t)
Z‘ x(t) dt
det) 1
dt - x;(t)

=2 xORM -2 % M)x

i (1)

The dynamic model of the market value of the stock
portfolio will have the following form

dr, (t)

Cdt

dx;(t) 1

dt x(t)) ®)

This is a first order linear equation. Applying the
method of variation of arbitrary constants and getting
its general solution

r,(t) = eZ‘jﬂ‘ZZ X; (O, (t)(
J

()
dx;(t) 1
= o @)
where

f; (1) = (@, SMpq (1) + a1 () (1) + iﬁu (1)

In latter ratio the assumptions made phenomenon
that describes the dynamics of the formation of the
market value of the portfolio of risky securities. A
more detailed analysis indicates two important
properties that characterize the market value of the
portfolio: dynamics depends on the dynamics of both
the expected profitability of shares and changes in

the structure of the portfolio. In relation (3) fj is the

right-hand side of the differential equation that
describes the dynamics of the formation of the
market value of the shares [2]. Its structure and
content corresponds to a market model of Sharpe [1].

We were able to construct a sequence paths at
selected time intervals, allowing you to create the
initial structure of the investment portfolio.
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However, this approach can not effectively influence
the structure of investment and not fully using the
mathematical description of the properties listed in
mathematical models (4).
dx; (1), 1

e x;(t)
that describes the possible changes in the structure of
investment.

Among other, it contains a factor

To simplify further calculations mathematical model
(4) is presented in more general terms
fo =P (%%, 5,5), =11 5)
When solving optimal control problem (1), (2) we

use the method of successive approximations. As a
phase state we consider the market value of equity

portfolio r and as the control parameters in
accordance  with  the  model -

u(t) = (%, (@), r, 0, 260 46y ©)

dt ' dt

We consider a mathematical model of the
dynamics of formation of the market value of
the investment portfolio (2); the desired level of

the market value of the portfolio at the time T,
telt,,T]; control
x(t)eU(t);

p
vector

r,(T)=ry; time interval
constraints at each time point
quality criterion

J(x(t)):].(rp(t)—r (T))2dt + O(r, (t,)) = min .

x(t)eU (t)

Here @(r, (t,)) — given function.

We need to identify x(t,) and,
rp (tO)'

At the same time, we recall that the vector x
describes the proportion of different types of
shares in the portfolio, x=(x;,Xx,,...,x,). Here
n- number of shares in the investment portfolio
types.

To solve the optimal control problem stated
above with one fixed end of the trajectory and
fixed time using the maximum principle. The
result is the ability to identify x(t,), and on its

basis r, (t,). The Hamilton function has the form

respectively,
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H (rp (), w(R), £, x() = =(r, (1) =1, (T))* +
w(t) = f(rp, X, %, 6, 5).
A necessary condition for its optimality is

(=(ry () — 1, M) +w(t)* f(ry, %, %, 5, ) 0
OX;

i=1n. (7)
A solution of equation (3) is the portfolio
management function x” (y(t), rp (1), 1).

We construct a conjugated system in the form of
. OH (r, (1), w (1), 1, x(t))
VO =———— ,
p
\if(t)= 2(rp(t) - rp(T)) _\V(t) * fr; (rpvxiixi N 'rl) :
We formulate the transversality condition at
the left end of the trajectory
o(r, (o))
or,

A boundary value problem the maximum
principle has the form

Y(t)=2(rp () —rp (M) —w(®) * £ ((ry, %, %, 5, 1)
£, ) =f(r,, %,

under conditions y(ty) =g, 1, (T)=r;.

The right side of the equations of the model

depends on the parameters o,,0, € A, where

A—a closed bounded set of model parameters.

For the correct mathematical formulation of the

problem we formulate additional equations

OH (rp (1), w(t), t, x(t, o)
an -

Let’s use the statement of the theorem for the

optimal control problem with one fixed end of

the trajectory and fixed time.

We decide to built a system of ordinary

differential equations that determine the function

r,(®), w(t), which, when x (y(t)r,().t) is

substituted in the decision, will determine the
optimal structure of the investment portfolio in
selected time interval.

The analysis algorithm described above
makes it possible to note some shortcomings,
the most important of which is the
parametrically defined objective function and

v(ty)=-

Xi N, T)

0, j=12
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significant limitations on the functions of the
control.

While in the classical optimal control theory
every part of the optimal trajectory is optimal
(or "improvement" of the path leads to
"Iimprovement” of the entire path), in a problem
with these parameters does not hold true.

Since the optimum value o =(ay,a,) for the
entire trajectory and its parts cannot be the same,
that is, if x'(t), o it’s possible to obtain a
solution formulated optimal control problem in
the interval te[t,,T], at the lower segment due
to parameter changes it may be possible to
"Improve" x(t).

We construct a procedure for determining the
optimal stock portfolio structure by constructing
a sequence of optimal controls in the sub-
intervals, starting with the last, where the value
of the objective function in a finite time is
known.

Divide the time interval tef[t,,T] into
subintervals that meet the time when the
decision to is optimize the portfolio structure.
For any of the k—sub-slot during tel[t,_;,t,]
formulation of the problem in a continuous form
can be written as

dry (t)
= (1, (0), X(1), 1), t_g St<ty, (8)
"p(tk)=r;|)(’ X(t1) €U (t4), (9)
Where U(t,_;)— closed bounded set of
admissible controls for moment t,_;
F(X(tc-1). 1) =
ty
min £O(r, (0), x(), t)dt
x(tkl)eu(tkl)(tI (7 (0 X(0). et +
kL (10)

D(ry (8 )))-
Function @(r, (t,)) is known.
Statement of the problem (8) - (10) is quite

common among the unknown
comprising time t,_, and, accordingly,
o (t1) expected market value of the

investment portfolio at this time.

Another way to the formulation and solution
of the problem of optimization of the investment
structure of the portfolio is to apply formulation
of two — kriterial problem of H. Markowitz.
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For k — interval mathematical model has the which is characterized by the presence of the

following form:

|
Mo (1) = r;',"l = > X (tea)rj (tea) (11)
j=1
and the challenge is to maximize the expected
market value of the investment portfolio.
Dynamics of formation of the market value of
one share is described by the corresponding
model that is detailed in [1] and has the
following form:

dr(jj,ft) = (0, SM 4 (1) + a2, I (D)1 (1) + ZN:,Bij r; (t),
j=In. _

It is necessary to define the control function
x(t), which will allow the optimal transition

from point r, to point r, .

Criterion for determining the optimal market
value of the portfolio to the time t,_, is written
in the form

DX (b )rj (1) > max

. 12
=t x(t)eU (t) (12)

Method of successive approximations is used for
solving the optimal control problem (8), (9). The
peculiarity of the application and the method of
successive approximations is that the function of
controls x(t), te[t;,t,_,] at each time overlaps
sufficiently restrictive

x(t) U (),

where U (t;) —the set of admissible controls,
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required amount of the respective type of
securities and properties in the market.
Application of the method of successive
approximations makes it possible to construct a
sequence of controls for optimal transition from
point r, (t,) to point r,(t,;). Applying steps of
the algorithm at the time t,, we obtain the

optimal structure of the initial portfolio.

Thus, the solutions of (11) - (12) make it
possible to build a consistent set of paths that
enable the investor to form an optimal portfolio
of stocks.

3. Acknowledgements.

The formulation of the problem and built
algorithm greatly expand the possibilities of
investing, as in every moment of diversification
it is possible to construct a set of alternatives
that are equivalent in terms of quality of selected
criteria. The investor, as in the classical
approach, Mr. Markowitz has the ability to take
into account when deciding additional factors
that arise in the course of practical investment
and are associated with the peculiarities of the
system dynamics modeling. Mathematical
portfolio diversification procedure makes it
possible for the above-mentioned models of the
dynamics of the market value of a share and the
stock portfolio to solve the problem of
constructing an initial portfolio with a known
value of its expected market value at the
selected future date.
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B pobomi onucyemuvca Hosuti po3pobienuti memoo 6104Hoi diazonanizayii ma Hegio 'emHoi hakxmopuzayii
JIHeBICMUYHUX MEH30PI8, WO NOS2AE Y NONEPEOHbOMY NePEemBOPEeHH] MEH30pY Y OI0YHO-0IA20HANLHULL 8UO
07151 Mo2o, Woob 36ecmu Hegid EMHY (haKmopuzayiio MeH30py HAOBEIUKO20 POIMIPY 00 UKOHAHHS 0OYUCTEHD
He6i0 'emHol haxmopuzayii meH30pHUX OiacoHANIbHUX O/0KI6 — HAOOpYy MEeH30pi6 Habazamo MeHUO020
PO3MIpY, W0 6uMdzae HA NOPA0OK MeHwo2o uacy. B pezyiemami pobomu aneopummy Heeio eMHA
Gaxmopuzayis AiHeGICMUYHO20 MEH30pPY OOUUCTIOEMbCA 8 €0UHOMY 6Oa3uci, wo 3abesneuye Mooeui
YINICHICMb Ma CUCTMEMHICD.

Knmiouosi cnoea: wxomn’romepna ninegicmuka, o006pobxa mexcmie npupooOHOi0 MOB0I0, He8l) eMHa
¢axmopuzayis menzopis.

The paper describes problems of the use of non-negative tensor factorization methods in computational
linguistics to solve theoretical and applied tasks, in particular for the automation of linguistic structures
descriptions generation.

In computational linguistics problems it is often necessary to calculate the non-negative factorization of
extra large size tensors, so the usage of standard algorithms for tensor factorization becomes impossible due
to the NP-completeness of the problem and polynomial complexity of existing algorithms.

New original method of block diagonalization and non-negative linguistic tensor factorization has been
proposed. The algorithm performs the preliminary transformation of input tensor to block diagonal form in
order to reduce non-negative factorization of extra large size tensor to the sequence of non-negative
factorizations of tensor diagonal blocks (a set of tensors that are much smaller than input extra large
tensor). It requires sufficiently less time.

As a result of the algorithm performing a non-negative linguistic tensor factorization is calculated in the
same basis. It ensures the integrity and systematic character of the model.

Keywords: computational linguistics, natural language text processing, non-negative tensor and matrix
factorization.

Crartio nipezcTaBuB 1.¢.-M.H., pod., wi.-kop. HAH Ykpainu AnicimoB A.B.

Hesin’emna TEH30pHA Ta MaTpu4Ha
(dakTopuzallis € cy4acHUM e(EeKTHBHHUM 3aco00M
aHaizy, KJIacTepu3alii Ta Kyacudikarii
0araToBUMIpHMX JaHUX, WI0 30epiraloTbcsi Yy
BEJIMKHX MacuBaXx, KU Ha ChOT'OJIHI HAOyB MIHUPOKOT
MIOMYJISIPHOCTI  cepen  06araThO0X MOCTIIHUKIB Y
BCHOMY CBITI.

HeBin’emna TeH30pHa QakTopu3alisi MIHPOKO
3aCTOCOBYETBCSI Yy KOMII'FOTEPHMX HayKax Ta
3arajioM y iH(popMamiifHuX TEXHOJOTisSIX, 30KpeMa y
0araTbOX HampsiMax LITYYHOTO iHTEJEKTY, KOJIHU €

© 0. O. MapueHnko, 2016

HEOOXiZAHICTh TONIYKY, IOCITI[KEHHS Ta aHalizy
3aJIeKHOCTEW Ta B3a€MO3B'S3KiB Pi3HHX (DaKTOpPIB y
JaHUX, 110 MalTh PI3HY MOJAJIBHICTH IO CBOIH
MPUPOII.

Cepen  HaWOUTBII  TOMYNAPHUX  HANPSMIB
BUKOPHCTAaHHS METOJIB HEBII €MHOI TEH30PHOI 1
MaTpU4HOi (hakTopH3alii BENIUKUX OaraTOBUMipHHX
MacHUBIB JJaHUX OCOOJUBO CHiJ Bi[3HAYUTU 0OPOOKY
Ta aHaimi3 rpadidyHMX  300pakeHb, OOPOOKY
BiZIe0300paXKeHb, KJlacTepu3alio BEJIMKHX
MPUPOAHOMOBHHUX TEKCTOBUX KOPITYCiB, 3100yBaHHS
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JMHTBICTHYHUX 3HaHb 3 BEJHMKHX KOPIYCIB TEKCTiB
MIPUPOIAHOIO MOBOIO [1, 2].

ANTOPUTMH  HEBiJ’€MHOI  TEH30pHOI  Ta
MaTpU4yHOi (haKTOpu3allii 3aCTOCOBYIOTBCA TAaKOXK 1
JUTSL aBTOMATH3AIlii TTPOIIeCiB pO3POOKH, PO3IITHPEHHS
Ta 3allOBHEHHS] KOHTEHTOM JIIHTBICTUYHUX 0a3 3HaHb
OHTOJIOTIUHOTO THIY [3, 4].

3actocyBanHsa HeBiZ’eMHOI  daxTopuzanii
TeH30piB VI MOUIYKY, JAOCT’KEHHSI Ta aHAJi3y
CeMAHTHKO-CUHTAKCUYHHUX CTPYKTYP MOBH

VYV pobGori [1] Oymo 3ampomoOHOBAHO MOMAETH
HeBim eMHOI  (akTopm3amii TEH30piB, Y SIKUX
30epiratoTbCsi JIaHI MPO YaCTOTy BHUKOPHUCTAHHS
CIIOBOCTIOJTYYEHb Y BEJMKHX TEKCTOBHX KOpITycax i3
BpaxyBaHHIM CUHTAKCHYHOI  TMO3MIi  CJIiB.
Hesin’emHa (hakropuzanis JaHUX TEH30PIiB JO3BOJIISE
ABTOMATH30BaHO BUIUISITH 3 KOPIYCiB TEKCTIB OIHC
TaKWX JIHTBICTUYHUX CTPYKTYp, SIK CEJEKTHBHI
npedepenmii  (selectional  preferences)[1] Ta
cyOkareropianbui (peiimu giecis [2], mo MicTATh
JaHl TpO CEMaHTUYHI Ta CMHTAKCHYHI BJIaCTHUBOCTI
3B’S3KIB MDK Ji€cioBamMH Ta iX apryMeHTaMH-
IMEHHHKaMH y PEYEHHSX MIPUPOTHOT MOBH.

TpuBuMipHUIA TeH30p Ui 30epiraHHs YacToT
KOMOIHAIIi CIIB y CTPYKTYpi niomem-npucyook-
000amoK,  OTPUMAHHX  YaCTOTHO-CHHTaKCHYHUM
aHaNl30M TEKCTOBUX KOPMYCiB, 300pakeHHWid Ha
pUCyHKy 1.

IIMET

IIPHUCYOOK

PucyHok 1. TpuBnmipHuil TeH30p [uis 30epiraHHs 4acToOT
KOMOIHALi#l CIIIB y PEYEHHSX TEKCTOBHX KOPIIYCIB B MO3HMIISIX
niomemie, npucyoxie Ta 000amKia.

B pe3ynbraTi 4acTOTHOTO aHaNi3y TEKCTOBHX
KOpIyciB  (hOpMYETBbCS ~ PO3PIIKEHUH  TEH30p
HA/IBEJIMKOI PO3MIPHOCTI. 3 METOI OTPUMAaHHS
OUTBII CTHUCIIOTO Ta 3pPYYHOIO MPEJCTABICHHS IO
JHTBICTHYHOTO TEH30PY 3aCTOCOBYETHLCS HEBI/I'€MHA
¢dakropuzauis. Sk mpaBwio, ANA  IBOTO
BUKopucTOByeThCs anroputm PARAFAC [5].

OcHOBHa igess METOAy TMOJsATae B MiHIMIzaril
CyMH KBaJIpaTiB PI3HHIb 3HAYCHb MiXK OpPHUTIHAIOM
TEH30py Ta Horo (akTopu3oBaHO Moneito. s
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tpuuMipHoro tensopy Te RPVP*P? e Binnoginae
PIBHSIHHIO
K
. 2
min T- E X.°Y.°Z. e k —
XieRDl,yieRDz,ZieRDs ” — i i 1 ”F H

YUCIO BHMIpIB (akTopm3oBaHOi Momem, © —
TEH30pHUH TOOYTOK.

I[lpu =HeBix’emHill TeH30pHIA QakTopu3amii

IOJAacTbcd OOMEXEHHS HEBII €MHOCTI 3Ha4veHb
BEKTODIB, IEPETBOPIOIOYN MOJIEND Y
K
. 2
min IT-> x°y.°z |
D1 D1 D1 1 1 illF
xRy, Yi€eRyy 1z Ry i—1
Mogens  MOXHA  MPENCTaBUTH  TpadidHO
HACTYITHUM  4YHMHOM, BpPaxOBYIOUH, IO JaHa

JNCKOMITO3HIIISl CKJIAA€ThCSI 3 CYMH TEH30pPHHX
MoOyTKiB TpiHOK BeKTOpiB (MO0 YHCIYy BUMIPIB

TEH30PY).
/L

= +

,/’
y

Pucynok 2. TI'padiune mpencraBieHHS HEBiJ €eMHOT
TEH30pHOT (haKTOpH3aLlil y BUIIISAI CYMH TEH30PHUX JTO00YTKIB.

Jani BEKTOpU KOXKHOTO 3 BUMIpPiB CKIIaAI0ThCS
B OKpeMi MaTpulli. Jlekommnoswuiiisi HeBi eMHOT
(akTopu3zanii TEH30py 4YacTOT KOMOiHamii CIiB y
CTPYKTYypax niomem-npucyooxk-000amox y BUTISAL
TPHOX MATPHIIb TIPE/ICTaBIICHA HA PUCYHKY 3.

OIAMET

IPUCYIJOK
ONPUCYIOJOK

Pucynok 3. TI'padiune mpencraBieHHS HEBiJ €éMHOT
TeH30pHOT (hakTOpH3aLlil 1JIsl TIHIBICTHYHOTO TEH30DY.

B pesynbrati HeBin eMHOT pakTopu3allii KOXKEeH
MiJIMET-IMEHHHK, TPHCYJOK-II€CIOBO Ta JOJATOK-
IMEHHHUK OTPHMY€ BIIACHUI BEKTOp po3MipHOCTI K 3
BiJITIOBITHUX MAaTpPHIIb.

OpwurinaibHe 3HaYCHHS 3 TeH30pY T s TpidKu
(s,v,0) — Teo Moke OyTm obuucieHO Yy
(akTopH30BaHii MoJEINi CyMOIO
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k
Tsvo= Z SiVyiOgi -
i-1

Hns Toro, mo0 oTpuMaTH YacToTy KOMOIHAI]
CIIB 2oJKinep 8pamysas KomarHoy B 00poOIeHOMY
TEKCTOBOMY KOpHYCi, Y BIANOBIAHUX MAaTPHUILIX
MOTPIOHO 3HAWTH BEKTOP-MAMET JII IMCHHHUKA
20JIKinep, BEKTOP-TIPUCYIOK JUIS JIECTIOBA 8PAMY6as,
1 BEKTOp-IOAAaTOK JJsl cJoBa KoMaHOy. 3TiAHO
nonepeaHbpol GOpMyIH OOUHCITIOETHCS YacToTa s
naHol koMmOiHamii ciiB. SIKIIO 3HAYeHHS YacTOTU
OinpIle 3a JesSKWU MOPOTOBHIA piBEHb, TO POOUTHCS
BUCHOBOK TIPO  MOXJIMBICTH  iCHYBaHHS  Ta
KOPEKTHICTh JaHOTO CIIOBOCIIOyYEHHS Y MOBI.

Bekropu 3 Marpuip (hakTOpU30BaHOTO TEH30pPY
OMKCYIOTh KOMYTAaTHBHI BJIACTHBOCTI ciiB. BoHu
MIPOITUCYIOTH, SIKi 3B’ SI3KH YTBOPIOIOTH JIaHi CIIOBa — 3
SAKAMH JIEKCeMaMH Ta Yy SKHX CHHTaKCHYHHX
MO3MLisAX. Y JaHUX BEKTOPIB TNPUCYTHA 5K
CHUHTaKCU4YHA, TaK 1 CEeMaHTH4YHA CKJAaJ0Ba OIHUCY
MOXXJMBUX 3B’s3KiB. ToMy BOHM Oynm Ha3BaHi
6eKMOpamu CeMaHmuKo-CUHMAaKCU4Hoi 8aIeHmHOC-
mi cnie [3].

Tpeba 3a3HaunTH, 10 HEBiN €MHA (pakTOpH3AIIis
teH3opy € NP-moBHOIO 3amauero. YacoBi OIIHKH
CKJIaJHOCTI ~HAWKpamuX ICHYIOUMX alTOPUTMIB
HEBiT e€MHOT (akTOpH3allii TEH30piB MOJIHOMIATBEHO
3aJeXkaTh BiJl PO3MIipiB TEH30PY 1O KOKHOMY 3 HOTO
BUMIpiB. JIIHTBICTHYHI TEH30pH 32 CBOEIO MPUPOIOI0
€ HQJIBEJIMKHMHU Ta JyKe po3pimkeHnMu. Po3mipu
BEIIMKOTO JIHTBICTUYHOTO TEH30PY B3IOBXK YCIX
HOT0 BUMIPIB MOXKYTh CSITAaTH BiJl IECATKIB THCAY JIO
MiJBHOHIB JIEKCEM.

OueBupHUM  (AKTOM CTa€ HENPUAATHICTDH
CTaHJIAPTHUX AITOPUTMIB HEBiJ €MHOI (hakToph3arlii
JUIss POOOTH 3 JIIHTBICTUYHHMH TEH30paMHU. 3BIJCH
BUHHUKAE HEOOXIHICTh Yy pPO3poO0I CreriaTbHIX
MeToAiB  dakTopuzamii  PO3piHKEHUX  TEH30piB
HAJIBEJIMKHUX PO3MIpIB.

Metoa edekTHBHOI HeBix’eMHOI (akTopH3a-
uii JJIHrBiCTHYHHX TEH30piB

Ines MmeTony monsirae y mpuBEACHH] TEH30PY 10
OJIOYHO-IiarOHATBHOTO BUAY, SK TIOKAa3aHO Ha
PUCYHKY 4, /s TOro, 100 MOTIM MOXHa OyJio 1o
4yep3i  BHKOHYBaTH HEBII'€MHY  (akTopu3aliio
KOXKHOTO OKPEMO B3ATOr0 OJIOKY 13 MOJAJIBIION0
KOHKATEHAI[IEI0 MaTpHllh, II0 TE€HEPYIOThCA, 13
BIJIIOBITHUM 3CYBOM.

TakuM  YMHOM  mpoueaypa  HEBi €MHOi
(dakTopuzalii TEH30py BHUIVIAJATHME HACTYIHUM
YUHOM.
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Pucynokx 4. TI'padiune mnpencraBieHHsS JIHTBICTHYHOTO
TEH30pY OJIOYHO-/11arOHAJIBHOTO BUITY.

Hexait Tenszop T wicture N miaroHajdbHHX
6mnokiB. 3cys I = 0.

Fori=1toNdo

1. Bssru i-Tuii AiaroHaIBHUIA OJIOK TCH30DY.

2. Buxonatu HeBin'eMHY (paKTOPH3ALIIIO i-TOTO
TenzopHoro 6ioky metogom PARAFAC [5].

3. OtpumaHi Tpu Matputi Xj, Y; Ta Z;
JIONICYEMO CIpaBa J0 MOMEePeIHIX MaTPHUIIb
13 3CYBOM BHH3 Ha I psAKiB. BepxHi r psakiB
3aTIOBHIOIOTHCS HYJISIMH.

4. r=r+Kk (aek; — panr dakropusaiiii, T06TO
KIJIBKICTh PSAKIB y MaTpuiuix X, Y 1a Z).

Bci HE3aloBHEHI EIEMEHTH  MaTpHIlb
3allOBHIOIOTHCS HYJISIMH.
TakyuM YWHOM  HeBi'€MHa  (aKTOpH3aLlis

HAJIBEJIMKOT0 TPUBUMIPHOTO TEH30pPY 3BOJIUTHCS JI0
MOCIiAOBHOCTI ~ oOumcieHHs  Qakrtopuszamiii N
TPUBUMIPDHHUX TEH30pIB Ha TMOPAAOK MEHIIOr0
po3mipy. 3 Touku 30py NP-moBHOTHM 3amaui Taka
JEKOMITO3ULIIA HEBII €MHOT (hakropuzarii
HAJIBEJIMKUX  PO3PI[KEHUX TEH30PIB €  JIyXKe
MEPCIIEKTUBHUAM IT1IX0JIOM.

IIpuBeneHHs JIHTBICTUYHOTO TEH30PY A0 0JI0YHO-
aiaroHajdbHOro  BHAY. JIIHIBICTHYHI  TEH30pH
BOJIOMIFOTh BJIACTHBICTIO 1HBapiaHTHOCTI BiJHOCHO
omeparii MepecTaHOBKU MICIIMU JBOX OyIb-SKHUX
apiB B370BXK Oy/b-s1k0i oci. Po3risHeMo jBa mmapu
JHTBiICTHYHOTO TeH30pa T BiIHOCHO, CKaXXiMO, OCi
npucyakiB. Hampuknax, map A, skuil BiAmoBimae
JUECTIOBY «icTh» Ta 30epirae JaHi «XTo 1m0 iCTh», Ta
map B, 1o Biamomigae Ai€CIOBY «apyBaTH» Ta
30epirae naHi «XTo IO Aapye». Bia mepecTaHOBKH
UX JIBOX ImapiB  Micusgmu  iHQopmaris y
JMHTBICTAYHOMY TEH30pi JKOJHMM YHHOM HE
3MIHIOETBCA. (DaKTUYHO, JMIIE JBOM JECIOBAM
MOMIHSUTM  IHAGKCHM Yy MacuBax JjaHux. JlaHi
TBEP/KEHHS € TMIOBHICTIO KOPEKTHHMH CTOCOBHO
MEPECTaHOBOK INAPIiB MICISIMU B3HOBXK OyAb-iKOi 3
ocel JIIHTBiICTUYHOTO TEH30DY.
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ToMmy TpOTMOHYETHCS TPUBECTH JIIHTBICTHYHHHA
TEH30p 10 ONOYHO-AIaroOHaJbHOTO BHUAY IIIISTXOM
BUKOHAHHS TIOCJIIOBHOCTI IEPECTAHOBOK IIApiB
JHTBICTHYHOTO TEH30pPYy B3AOBXK TPHhOX Oceld — Oci
MiMETY, OCl IPUCYIKY Ta OCi JOJATKY.

CKJIaiHICTh 3alPOTIOHOBAHOTO METOMAY TOJISTrae
y TOMy, IO TPYINyKUd HEOOXigHI HEHYIbOBI
KOMIPDKH TEH30pY Y, CKaXKiMO, BEpXHHOMY-TiBOMY-
OMMKHBOMY OJIOLI TEH30pY MH, MEPECYBAIOUYH LIAPH
Mo OJIHIH OCi, MOPYIIYEMO TOW MOPSIIOK, IO TOCATIIN
TUTBKA 1O HAa TMOMEPeIHbOMY KpOILi, KOIHU
MepecyBad MIapH IO iHIIK oci, TOOTO MO il oOci
MOYMHAIOTh 3 SBIATUCS HEHYJIbOBI 3HAYEHHS T1032
BEPXHBOTO-TIIBOTO-OIKHROTO  OJIOKY B pamMKax
MMOTOYHOTO [iama30Hy, YOro TUTBKHA IO BIAIOCS
no30ytucs. KoxHoro pazy, mepexoasyd a0
HACTYIHOI OCi, METO/ pyHHYE TOW MOPSAOK, SKUN
OyB CKJIaIcHWH Ha MOTePeTHFOMY KPOII.

@opMyBaHHSI TEeMATHYHHUX JAiaroHAJIbHUX 0JIOKIB.
OCHOBHOIO  ie€l0  aNropuTMy  HpPUBEACHHS
JHTBICTUYHOTO TEH30pYy 10 OJOYHO-IiaroHaiIbHOTO
BUJIy € TPYIYBaHHS CJIB OJHi€] TEMAaTHYHOI TPYyIH
pa3oM IO BCIX OCSX Y BIIANOBIIHUX IHTEpBaJIaX IS
MiATOHKN BCiX HEHYJIBbOBHX 3HAYEHB JHTBICTHYHOTO
TEH30py Ha TIIEpeTHHI BcepeAnHy OJIOKY, IO
CKJIQJIA€THCS B IAHUH MOMEHT.

Bes cyth Merony monsirae 'y mepexoji  Bin
HeoOXiTHOCTI (hakTopuzyBaTH HaJIBEINKHAN
PO3piLKEHUH JIHTBICTUYHHNA TEH30P J0 HEBiJ €MHOL
¢dakropuzanii  Habopy JIIHTBICTUYHUX TEH30DIB
3HA4YHO 3MEHIIEHOr0 po3Mmipy. MoxkHa ysBuTH €00,
IO CHCTEMa He Bifpa3y «4YHTa€» MITBHOHHU TEKCTiB
pi3HOT TEMAaTHUKH Ta CKIaJa€ TEH30p HAaJBEIMKOI
PO3MIPHOCTI, a 00po0IIsiE Ta aHAII3YE BECh BXIIHUH
TEKCTOBUH KOpPITyC MO TEMaTHYHHUX pO3JiTax — B
pe3ynmbTaTi  YTBOPIOEThCS  HaOip  HE3aJEXKHUX
JIHTBICTUYHUX TEH30PIB TMPHUHHATHOT PO3MIPHOCTI
JUIS  KOKHOT TeMaTukd okpemo. Il HeszamexHi
TEH30pH 1 MaioTh CHOPMYBaTH [iaroHajbHI OJIOKH
BEJIMKOTO JIIHTBICTHYHOTO TEH30py B TPOIIECI
poOOTH HAIIOTO ANITOPUTMY.

BuHukae nutaHHs, a YoMy, IIHCHO, HE MOXKHA
MTOCTYIIOBO OOPOOJIATH HEBENIMYKI HAOOPH TEKCTIB B
pamkax (IKCOBaHHX TEMAaTHK, CKJIaJaTH HEBEJHKI
JIHTBICTMYHI TEH30pH, BHUKOHYBAaTH HEBiJ €MHY
(akTopH3aLlil0 Ta OTPUMYBATH BEKTOPU CEMAaHTHKO-
CHUHTaKCUYHOI BAJIEHTHOCTI CJIIB JUII OKPEMHUX
MPUKJIaHUX 00JlacTel 3HaHb. AJie K OAHI ¥ Ti XK
ClIOBa 3 THUMH >K CaMUMH 3HAYCHHAMH OYIyTb
OTPUMYBAaTH pizHI BEKTOpHU CEMaHTHKO-
CHHTAaKCWYHOI BaJIGHTHOCTI B paMKax pi3HHX
TeMaTUYHUX miapos3imiB. Lle o3navae, mo He Oyne
iCHyBaTH €OUHOTO Oa3ucy Uil TEH30pHOI MOAei
MoBHu. Tozi HE MOXXKHA TOBOPHUTH HpPO (HOpPMyBaHHS
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ommcy IUTCHOT Mojem mpupoaHoi MoBH. Oxpim
TOTO MOJENb HE € JINIIC CEMAaHTHYHOIO 32 CBOEIO
NPUPOAOI0, BOHA € TaKOX 1 CHHTaKCH4YHOIO. | B
paMKax OKpeMHUX TpEIMETHHUX 00JIaCTeld He MO)KHA
YeKaTH HASBHOCTI MOBHOTO OIHMCY CHHTAKCHYHUX
KOMYTaTUBHUX BJIACTUBOCTEH IJIsl JAESKOTO CIIOBA.
SAxmo oMy Oyae NMpUBIacHEHO Hadip BEKTOPIB 3
pI3HUX TPEeIMETHHUX O00JIacTeH Mo pi3HUX Oas3mncax,
Tomi He Oyne CHCTEeMHOTO IUIICHOTO —OIHUCY
CHUHTaKCHUYHOI BaJICHTHOCTI JAJIS IIbOTO CJIOBA. Takox
B2XKO CYIUTH TMpPO ONTHMAIBHICTh CTUCHEHHS
TAHUX HEB1JI’ €MHOIO (hakTopH3aIli€ro pu
BiJICYTHOCTI CHJILHOTO 0a3ucy.

ToMy MH MaemMo CKIacTH OJIOYHO-TiarOHAIBHY

CTPYKTYPYy  BCEpEIHHI  €IWHOTO  HAJBEIHKOTO
JIUHTBICTUYHOTO TEH30PY METOJOM  (DOpMYBaHHS
MeMamu4Hux 0la2OHATLHUX OJIOKIE.

[lepmuM etamoM MeToAy €  TOmNEpenHii

pO3MOMIN JIEKCHYHOTO CKJIaay MOJENi IO Pi3HUX
TeMaTUYHUX Kiacrtepax. JlJis 1IbOro BUKOPHUCTO-
BYETBCS JIATCHTHU# ceManTH4Huid aHami3 LSA [6] Ta
HeBig eMHa MarpuuHa (akropmzamiss NMF anro-
purmom Jli-Cymnra [7].

1. 3ibpatu TepM-mOKyMeHT Matrpuio V Ha
OCHOBI KOpmycy craTei aHriaomoBHOi Bikimenii. ¥
SKOCTI TEpMIB PO3TIISAAIOTHCS YCi IMEHHHKH Ta YCi
JIECIIOBA B TEKCTAaX.

2. 3a pomomororo amroputmy Jli-Cynra
BUKOHATH  HEBiA'€éMHY  (aKTOpHU3AI[il0  TEepM-
JokyMeHT Matpuli V' y nooyrtok marpuns V = WH.
Matputis W koxHOMY cnoBy (iMEHHHKaM Ta
JIiECIIOBAM) CTaBUTh y BIATOBITHICTH BEKTOPH
poamipHictio K (e K — panr ¢axropusaii Marpuri
V).

3. BukoHyeMo mepeTBOpeHHS TEH30PY:
1i=1;r=0;
For i=1tokdo

3.1. BsgoBx oci migmeriB OX
MEPECTaBISIEMO HA TIOYATOK OCi BCI IMIApH, IO
BIJIMOBIIAtOTh IMEHHUKAM-TIIMETaM, Yy SKAX
mo i-ii koopauHari ix Bekropa W CTOITH
HEHYJIbOBE 3HA4YCHHsA. Hexail KiJbKICTh TaKHX
IMEHHHKIB JOPIBHIOE Nj.

3.2. Bsmoex oci mpucynkiB OY
[IepPeCTaBIsEMO Ha TOYATOK OCi BCi MIapH, IO
BIJIMTOBIAIOTH JIIECIIOBAM-TIPUCYIKAM, Y SIKHX
mo i-# koopamHati iX BekTopa W CTOIThH
HEHYJhOBE 3HAYCHHs. Hexail KimbKiCTh TaKUX
JUECITIB JOPIBHIOE M.

3.3. Bsgox oci gomarkie OZ
MIEPECTaBISIEMO Ha TIOYATOK OCi BCi IIapH, IO

116



Bicnux Kuiscbrkoeo nayionanvbhoeo yHisepcumemy
imeni Tapaca Lllesuenxa
Cepis Qizuxo-mamemamuyni HayKu

BIJIIOBIAIOTh IMEHHUKaM-AOAAaTKaM, Yy SKUX
mo i-# koopmmHati iX Bektopa W CTOITH
HEHYJIbOBE 3HaueHHs. Hexall KiJbKiCTh Takux
iMEeHHUKIB mopiBHIOE K; (3a3Haummo, 110
k1=n1).

3.4. B pe3ynbrati y J1iBOMY-BEpXHHOMY-
OmmxHROMY ~ OJNOLI  TEH30pY  yTBOPHBCA
TEH30P-MANPOCTip i-Toi TemaTHKH. Bci i#oro
3HAYEHHS NEPEHOCATHCS B OKpeMuit TeHzop T;.
IIpm mepenoci Bci BIAMOBIMHI HEHYJIHOBI
3HaueHHs B TeH3opi T y nmiamaszoni [1..n; 1%
[1..my 1% [1..k;] oOHYNSIFOTBCSL.

3.5. Bukonatu HeBix’eMHYy GaxkTopH-
3amiro i-roro TeHzopy T; metogom PARAFAC.

3.6. OtpuMani Tpu Marpuii X;, Y; 1a Z;
JIOTIICYEMO CIIPaBa JI0 MOTEPenHIX MaTPHUIlh i3
3CYBOM BHH3 Ha I psAKiB. BepxHi r psakiB
3allOBHIOIOTHCA HYJISAMU.

37.r = r + k (me ki — panr
¢dakTopuzalii, TOOTO KUIBKICTh PSIKIB Y
marpuisix X;, Y ta Z;)

4. Bci He3amoBHEHI €IIEMEHTH MaTpHIlh

3alIOBHIOOTHCA HYJIAMHU.

5. Ti Bekropu y marpuisax X, Y Ta Z, 1o
BIAMOBINAIOTE OJHUM 1 THUM CaMHM CJIOBaM
CKJIaJar0ThCS.

B pesynbrari pobotu anropurmy HopmyeThes
CHCTEMHA MOJIENb ONHCY CEeMaHTHKO-CHHTaKCHYHHX
BaJICHTHOCTEH CIIIB y €HHOMY 0a3uCi, IO TapaHTye
11 LUTICHICTB.

Ilpy 1BpOMY TaKOX TrapaHTOBaHO €(EKTUBHO
MiATPUMYETBCS  MacIiTaboBaHICTh Mozemni. SKimio
BUHUKJIA HEOOXITHICTH OOpOOUTH  J10JIATKOBHIA
KOpITyC TEKCTiB Ta JOJAaTH JaHi 3 HbOIO y TOTOBY
MOJIeJIb, TO HEMAa€ IMOTPeOH 3aHOBO OOYMCIIOBATH
HEeBI'€MHY  (DaKTOpHU3AIil0  BCHOTO  BEJIHKOTO
TEH30pY, JaHl MOXXHa T[ePeHECTH JHIIe Yy Ti
TEMaTUYHI TEH30pHI OJIOKH, JO TEMAaTHUK SKHUX
HajekaTh OOpOOJieHI TEeKCTH, 1, BIiJIMOBIIHO,
BUKOHYBaTH (pakropuszaniro Tpeba Iuie s [UX
TEMAaTUYHUX TEH30pHUX OJIOKIB 13 OHOBJICHHAM
JuIe ¢parmeHTiB BEKTOpiB CEMaHTHKO-
CHHTAKCUYHOI BAJIEHTHOCTI CJIiB JAHOI TEMATHKH.

Haiikpamoro edexkTy O4iKyBaHO JOCATHYTO 3
TOUYKU 30pY 3HAYHOTO 3MEHILIEHHS 4acy BHKOHAHHS
HeBi'eMHOT  QakTopusanii  Habopy — 3HAYHO
3MEHIIEHNX 3a PO3MIpOM TEH30pIB  3aMicCTh
(akTopu3alii HaIBETUKOTO PO3PIAKEHOTO TEH30pPY
po3MipoM MpHONHM3HO 2 MJIH. X 25 THC. X 2 MIH.
SAxio cepeaHiii po3paxoBaHuii dac (axkTopu3arii
JIHTBICTUYHOTO TEH30DPY TaKUX po3MipiB
anroputMoM PARAFAC Ha cy4acHOMY KOMIT I0Tepi
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CTaHJApTHOI KOHQiryparii csrae 6-7 wicsiiB, TO
pO3pOOIECHOMY aNTOPUTMY 610uHOI OiacoHanizayii
ma  Hegil emHOl  haxmopuzayii  TIHeGICMUYHUX
meH30pié Ha  PO3KJIANEHHS JAaHOTO  TEH30pYy
sHagoomiocs 19 roguu 23 XBUJIMHU.

BucHoBku

B poGoti Oyno AOCHIIKEHO 3aCTOCYBaHHS
METOMIB TeH30pHOI (akTopm3amii B 3amadax
KOMIT FOTepHOI JIHTBICTHKH, 30KpeMa TUTST
aBTOMaTH3alii reHepamii OMUCY JHTBICTHYHHX
CTPYKTYP.

Tak sk y 3amagax KOMIT IOTEPHOI JiHTBICTUKH
4acTO BHHUKA€E TMOTpeda B OOYMCICHHI HEBiJ éMHOL
(hakTopu3allii PO3PIIPKEHUX TEH30PIB HAJBEIUKOTO
po3Mipy, TO BUKOPUCTAHHSI CTaHIAPTHUX
aNropuTMIB  TEH30pHOI  (akTopmzamii  cTae
HeMoxIMBUM uepe3 NP-moBHOTY naHOi 3amayi Ta
yepe3  IONIHOMIalbHy  CKIIQAHICTh  iCHYFOUHX
NTOPUTMIB, IO Pa30M i3 HAJIBEIUKUMH PO3MipamMH
JIIHTBICTUYHUX TEH30pIB MIPUBOJIUTH o
HETMPUIHATHO BEIMKHX 00’€MiB OOYHCIICHB, SIKi 0e3
e(heKTUBHOTO pO3MapaliefOBaHHs] Ta BiIIOBIIHUX
O00YHCITIOBATIbHUX TMOTYKHOCTEH HE MOXYTh OyTH
BUKOHAHI y 33JI0BUIbHI TEPMIHH Yacy.

Byno 3amponoHOBaHO HOBUN METOJ 60uHOL
Jiaeonanizayii ma  Hesid 'emHOl  haxmopuzayii
JIHEBICMUYHUX MeH30pIs, 10 oJiarae y
MOTIEPEIHOMY TEPETBOPEHHI TEH30PY J0 OJIOYHO-
JaroHajJbHOr0 BUAY JJIs TOro, MO0 3BECTH
HEBiI'eMHY (DaKTOpH3aIil0 TEH30pY HAJABEIHKOTO
pO3Mipy 10 BHMKOHAHHS OOYMCJICHb HEBIJ €MHOT
(akTopuzanii TEH30pPHHUX diarOHaJbHUX OJIOKIB —
Habopy TEH30piB HA0araTo MEHIIOr0 PO3MIpy, IO
BUMAara€ Ha TOPSJOK MEHIIOro dyacy. TecTyBaHHS
MiATBEPIUIIO 3HAYHY IIEpeBary HOBOTO aJITOPUTMY 32
9acOM BUKOHAHHS.

B pesynbrati pobOTH AITOpPUTMY HEBiJ €MHa
(dakTopu3allis JIHCBICTHYHOTO TEH30py OOYHUCIIO-
€ThCS Yy €IUHOMY 0a3uci, 10 3a0e3nedye MoJei
LUTICHICTH T4 CUCTEMHICTb.

Crin 3ayBaXKHTH, 1o MIEPETBOPCHHS
JIHTBICTHYHOTO TEH30pYy M0 OJIOYHO-I[1arOHAIBHOTO
BUAY NPUBOIUTH [0 MOKPALICHHA MOTEHLIaJbHOT
MacmTaboOBaHOCTI MOJIEN, KO JUIs ii PO3MIMPEHHS
Ta 30araueHHd HOBMMH JaHUMH 3 JOJATKOBHUX
TEKCTOBHX KOPITYCiB HEMae HEOOXI1THOCTI
BUKOHYBATH HEBIJI’éMHY (DAaKTOpHU3AII0 BCHOTO
HA/IBEJIMKOTO TEH30pY 3aHOBO 3 CaMOr0 IOYaTKYy.
OOuncneHHs BHUKOHYIOTHCSI JIMIIE HA OKPEMHX
0JIOKax JIHTBICTHYHOTO TEH30PY 3 IOJAIBIIOI0
MoaudiKami€lo TiIIBPKA BIAMOBIMHUX (pparMeHTiB
BEKTOPIB MOJIEITI.
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The kinematic boundary condition at free surface in case of variable porosity is modified. In particular,
the factors of mechanical and chemical suffusion, compression, thermal expansion of soil phases are taken
into account also. The surface subsided as a result of soil consolidation and processes of contact suffusion
are taken into consideration. The authors made corresponding conclusions and determined areas for further
research.

Key words: kinematic condition, free surface, variable porosity.

Mooughixosano Kinemamuuny ymo8y HA GLAbHILL (Oenpeciiiniil) NOoGepxHi HA BUNAOOK 3MIHHOL
nopucmocmi. 3okpema 8paxoeamo axmopu mexauiunoi i ximiunoi cygosii, ywinbHeHnHs, mepmiuHo2o
poswupenns @as pynmy mowjo. Bpaxosano npocioanns ipynmy 6 pe3yibmami 1020 KOHCOMOayii.
Bpaxoeano npoyecu rommaxmmuoi cygosii. 3pobneni 6i0no6ioni GUCHOBKU MA GUIHAYEHO HANPAMKU
ROOANLUIUX OOCTIONCEHD.

Knrouosi cnosa: xkinemamuuna ymoaa, 6inbHa nogepxus, IMIHHA NOPUCTNICTb.

The article is presented by Doctor of Engineering Science Haraschenko F. H

1. Introduction. where &t X)=0 is the equation of free surface,

Research of filtration processes in earth dams a):a)(t,X) is value of infiltration through free
directly related to their safety, change of stress-strain surface into area of filtration, k=k(X) is a

state, possible failures or critical situations [16-18, . . . -
20]. The mathematical models of filtration in earth coefficient of filtration, m = m(X) is a coefficient of

dams are described with a Stefan problem [19], more storage (deficiency of saturation or, in case of dry

specifically — with a Stefan contact problem [12]. soil, porosity), u=u(tX) is pressure head,
Free surface is the boundary that divides areas X =(x,y,z).

of saturated soil and unsaturated soil in the body of The following condition is used in the work [13]

earth dam [11] and, in general, eventually changes its

position. It is necessary to require kinematic ka—h:—ma—¢+v(ny,y),

boundary conditions for correctness of free boundary on ot ©)
problems, which describe the mathematical models

of filtration in earth dams. For example, the where h=h(tx,y) is pressure head, m is soil
following form of such condition is proposed in [15] porosity, v is value of infiltration, n=(n,,n,) is a

(all authors’ marks are remained here): . . .
vector of directing cosines of external normal to free
oc o¢ boundary, which is described by
—= =(kVu,Vé)—w—,
The kinematic boundary conditions in the
problems of dissolution and leaching of water-
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soluble complexes from hard rocks are deducted and
used in the works [2, 3, 14]. The kinematic boundary
condition on the upper movable boundary of soil
area in case of its consolidation is deducted in [4].
The condition is generalized due to taking into
account any number of the influencing factors on
processes of soil consolidation [6]. The kinematic
boundary conditions in cases of contact soil erosion
and suffusion are proposed in the works [5, 8]. These
conditions are used in the works [9, 10] at numeral
research of the erosion processes in earth dams.
Review of algorithms of the movable free boundaries
approximation is presented in [1].

2. Stating of the Problem.

The form of the kinematic boundary conditions
(1), (2) testifies that porosity is, in fact, considered
constant (in case if dry soil is over the depression
surface). Porosity is a variable quantity in cases of
internal erosion, chemical suffosion, consolidation,
thermal expansion of soil phases and so on. The
purpose of this article is modification of the
condition at free surface for this case.

3. Deduction of the Modified Kinematic
Boundary Condition.

Let us do the following simplified assumption:
any vertical line crosses the free boundary only in
one point. This assumption is carried out for free
surfaces in soil dams.

We determine in the moment of time t=t; on

free surface ¢@(X,t;)=0 unit area SU). We

consider movement of free surface in to internal
normal to S (figure 1). Without loss of generality
we neglect infiltration. The properties of soil in the
identified prism between two positions of free
boundary ¢(X,t;)=0 and ¢(X,tj,1)=0 will be
approximated with line dependences. In this case the
pore volume in the determined soil prism will be:

V] =O'(j+l)(0(X(j+l),tj+l)—0(j)(ﬂ(X(j),tj ), (3)

where o is variable porosity;

oW =a( XD t;); XD €5 s a point, adequate
to determined area S{J).

As one can see from (3) porosity in areas
sMand SUijs averaged and is equal to indicated

value in the points X e st and X (1) e 501
accordinly.

From the other side during the time step
At=t;,; —t;change of liquid volume in the

identified prism of porous media will be
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V =(u,n)4t,
(4)

where u is speed of filtration.
Suppose that At — 0. Comparing (3) and (4) we
get the kinematic boundary condition

d
glop)=(un).

®)
. —_ XF)
—— f-l}l‘ . .rf‘ # _;;/
r’ll E "?_ T~ —————
/ a ) P(X.1)=0
/ / :
X(f:l-)_"- — —
AXT=0

Figure 1. Change of the position of the free movable
boundary in time

There is particle derivative in the left part (5).
We have
do ., gd0
dt dt (6)
Taking into account (6), we have the modified
kinematic condition from (5)

%(a(p)=

d_o'(p(x,t)H,M:(u, n).
dt dt @)
Actually, the condition (7) at o = const passes in to

(2).

4. Consideration of Surface Subsided as the
Result of Soil Consolidation.

Change of the free surface position can happen
due to compression, decompression, swelling of soil
under it. The generalized kinematic boundary
condition in case of surface subsided as the result of
soil consolidation is deducted in [6]

di(x,y,t)
dt

I(x,yt) d
- e[i ﬂp_idpm]w.u 2 )
(xyt) 1+el p, dt p, dt

where p, is density of pore liquid which depends on

concentration of water solution and temperature; p,,

is density of soil hard particles, which can also
depends on the indicated factors; e is void ratio
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(ezli’ o is soil porosity); z=1(x,y,t) isthe

equation of the soil upper movable boundary;
z = L(x,y,t) is soil lower boundary, which can also
be movable, but the law of its change is known.

Let us assume that independence of subsidence
and aditivity of general subsidence. Taking into
account (7), (8), we have

d

S p(x,0)+(1+0) I - (U +

o(Xt) d
2T L[i&_idﬂjw o iz
Lexyt) 1+e{ p, dt p, dt
For possibility of the formula (9) usage it is
necessary to know dependences for e(or o), p,,0,
from physical-chemical and mechanical state of
porous media (concentration of salt in liquid and
hard phases, concentration of suffusion particles,

temperature). For example, the detailed analysis of
such dependences is presented in the work [6].

5. Consideration of Contact Suffusion

Processes.

Suppose that the body of dam is heterogeneous
(figure 2). Then change of the free surface position
@( X,t)=0can happen due to processes of contact

suffusion through the boundary 77, (see [8]). One
can suppose that the boundaries ¢( X,t)=0 and

17,(X,t)=0 do not cross.

(9)

“Z

| ./ \

£ R 6 &) \

/ Q, T
H, ;/—m_ﬁ S ._ﬂ__\\
/" T Lo o\

—_ \___

|/ =\ br.
LX)

Figure 2. Heterogeneous earth dam

The next kinematic condition for the
boundary 77, ( X,t) which moves as the result of

contact suffosion was deducted in the work [8]:
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— N @ 10
ile(q LEDN (10)

12

where q®( X t) is flow of suffosion particles i -of

fraction (i=1,n); n,, is a vector of external normal
to 74, ou(Xt)=(1-0,)0,,0,,0, are
functions of porosity of “pure” soil in areas (2, €2,
accordingly; S;(X,t) is concentration of suffusion

particles i - of fraction (i=1,n).

Taking into account the condition (10), we
obtain the next modified kinematic condition for free
boundary

do

E(p(x,t)+(l+a)

p(Xt) d
N : [iﬁ_idﬁjw.udz_
Laynl el o, dt t

do(X,t) _
gt =(u,n)+

1 . i
- ; Z(q()anlz)

O max —Zsi(X,t) =

Xel;,

6. Results of numerical experiments.

We find numerical solutions of filtration
consolidation problem of the homogeneous soil dam
and filtration problem [9] also. We use kinematic
boundary condition (7).

Denote

o s the thermal expansion coefficient of solid
particles of a soil; K, is the coefficient of filtration;
Fon =K. VC+K VT is the osmosis flow; K_, K;
are the coefficients of chemical osmosis and thermal
osmosis. The coefficient of filtration is dependent on
temperature and concentration of salt solution [4, 5].

Because o = —©_ then we have [7]
l+e

do__ e [1dp 1dp|,
dt  (1+e)’(p, dt p, dt

L (VK Vh)-V-F
1+e

OSm)

dp, _

Suppose that p, = const . So =0 and
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do e dp,
—_— = +
dt  (1+e)’p, dt

(12)
+—1 (V-(K,Vh)-V-F.).
l+e

We know [6] that
do,, oT ©oN
0 TP T ——-
dt ot ot
Thus we can rewrite equation (12) as
do e OT e oN

—=—a, —+ —+
dt (1+e)> ot  (1+e)’p, ot

(13)
+L(V-(Kth)—V-Fosm).
l+e

Substituting (13) into (7) we get next kinematic
boundary condition

e OT e oN
-, —+ —+
(1+e)* ot  (1+e)’p, ot

+i(v-(Kth)—V-Fosm)]¢(x,t)+ (14)
1+e

+a%=(—Kth+ FoemN)-

Let
D. =0.001m?/ day, D, =0.0001kg/ day-m-°C,
K. =6-10"m°/ kg-day, K, =6-10"°m?/C - day,
¢ =2137kJ/ m*°C,c, =4,2kJ/ kg°C,
c=067, a,=52-10°1/C,
p, =1100kg/ m*, p, =2200kg/ m®,
A=108kJ/ m-°C-day,C, =160kg/ m®,

T,(x)=4°C,T

amm

=17 +1300$(£),
180

Co(x)=8kg/m* C(t)=8kg/ m’.
The free surface is parallel to the axis Ox at
t=0. An initial equation of the free surface is
y =30. The dimensions of the earth dam: the height

is 30 m, width of top bound is 20 m, width of bottom
bound is 80 m, length of the dam is 20 m.

We use the finite element method and we
choose the FreeFem++ environment [21]. The
FreeFem++ is free software with automation mesh
generation based on Delaunay-Voronoi algorithm.
The fixed-point method is used for approximation of
the solutions of kinematic boundary condition (14).

In Fig. 3 we represent the pressure head
distribution at a fixed time t* =10 years . Change of

free surface may be about 10% compared to data
obtained by excluding factors of salt concentration
and temperature. This change increases with time.
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Figure 3. Pressure head distribution (t" =10 years ).

7. Conclusions.

This article proposed to modify the kinematic
boundary condition at the free surface of earth dam
with taking into account variable porosity and
influence of physical and chemical factors. There is
need to know dependencies of liquid density, density
of soil skeleton from the factors. Then the kinematic
boundary condition allows to take into account
influence of these factors on change of the free
surface position. The authors also took into account
soil consolidation and multifractional internal
erosion. The further research will be connected with
study of influence of consideration of above-
mentioned factors on the free surface position.
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3anpononosano npoyedypy 3naxoodcennss N-iopa xoonepamuenoi epu 6 xapaxmepucmudniv opmi 3

HeUimKO MHONCUHOIO Odonycmumux Koaniyit. Ha koocnomy xpoyi npoyedypu poss'azyemvcs 3adaua
JIHIUHO20 NPOSPAMYBAHHS 3 HEYIMKOI MHOMCUHOIW 0bMedceHb. [lokazano, wo MHodCURa ii po3e6 sa3Kie 6yoe
HEeUIMmKOI MHOXCUHOIO muny 2 (HeuimKka MHONCUHA, (DYHKYIA HAEHCHOCII AKOL NPUTUMAE HeUimKI SHAYEHHS),
nobyoosana it ¢ynxyis narexcrnocmi. I[lobydosana mpvox-Kpumepianvha 3a0a¥a NOWYKY PAYIOHATLHOSO
p0386’ a3Ky. Posensnymuil nioxio 0o ompumanHs HAOIUNCEH020 PO38’ A3KY Yiel 3a0aui.

Kniouogi cnosa: xoonepamuena epa, Gynxyis nanexchocmi, neuimrka muodcuna muny 2, Nsiopo epu.

The problem of the choice of an equitable distidoutof profits among the players, if they agree to
cooperation, but not clearly understand what thaliton may be feasible. This is due to the faeit tim
many real-life situations, not every group of playdas the ability to cooperate and therefore &k t
coalition can not be formed. The well-known con@gmooperative games nucleolus generalized tcése
of fuzzy sets of feasible coalition players. Thebjfam of the linear programming with the fuzzy et
costraints are solvingn everystep of procedure. It is shown that the set ofilfd@solutions of this problem
is the intersection of fuzzy set of crisp setss Thihe fuzzy set of type 2 (a fuzzy set, mempdtsiction
which takes a fuzzy values). The membership functicthis set is build. A three-criteria optimizaii
problem of finding a rational solution is proposéthe approach to obtain an approximate solutionhds
problem is considered. The proposed approach estéhd scope of the theory of fuzzy sets in case of
cooperative games with fuzzy set of feasible ¢oasitand may provide a new approach to solving rothe
problems of game theory.

Keywords: cooperative game, membership functiazyfset of type 2, nucleolus of game.

CrarTio peAcTaBuB 1. T. H., npod. ['apamenko O.I.

Beryn. B kimacHyHMX KOONEPATHBHHUX irpax
MPUTYCKAETBCS, MO YIS 3aJIaHOT MHOYKHHU TPaBIliB
Oynp-siKa iXHA Koalilis € JOMyCcTUMOI0. B peambHux
CUTyaIlisiX, SAKi MOXYTh OyTH 3MOJIEITHOBAHUMU
KOOIIEPAaTHBHUMH irpamMu 3 TpaHchepadbeTbHOI0
KOPHCHICTIO, HE BCi KOamilii TpaBIiB MOXYTh
YTBOPUTHCS 3 PI3HUX TNPUYHH CEKOHOMIYHOTO,
MIOJITHYHOTO a00 TEXHIYHOro Xapakrepy. bimbire
TOTO, B JACSIKUX BUMAJKaX OYyBa€ TaKOX CKIAIHO
YiTKO BKa3aTH MHOXXHHY JTO3BOJICHUX KOAJIIiH.

PosrnsiHeMo KooTepaTUBHY TPy Y XapakTepHc-

TUYHIA Popmi <N,V> ,a¢ - N ={,...,n} —mHOXHNHA

© C.0.Mamenko, B.I.Mopeneup, 2016

rpasuiB, N=2; v:2" - R — xapakTepucTHyHA
(GyHKLiA, SKa KOXHOI KOailil TpaBLiB CIiBCTaBIIsIE
ii rapantoBanmii Burpam, unpuuomy V(O)=0,
v(SUT =23+ ¢J s OS, TO N, SNT=0.

Hexait Q 02" \N — Ha6ip MOXIHBHX KOAiIii
(B sSKMX TpaBIli MOXYTh CIHIBIIPAILIOBATH Pa30M).
Tomi rpoto 3 0OOMEXKEHOI0 KOoIepamielo OymaemMo
Ha3WBaTH TPIHKY <N ,V,Q> .

V3aranpaenust Bekrtopa Illemnmi gnst irop 3
00OMEXEHOI0  Koomepaliero  posrmsggamucs — R.
Myerson [1],mi3uimre ix anamizysaau G. Owen [2]i
P. Borm, G. Owem S.Tijs [3].
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B ngesxmx Bumamkax OyBae CKIIAmHO YiTKO
BKazaTu 3a0opoHeHi koammii. Ileii Bumamok
posrnsaaBcst aBTopamu B [4] ans 3HaxomkeHHs C-
sapa. B mi  pobGotri posrmsmaetees  N-smpo
KOOTIEpaTHBHOI T'PU 3 HEUITKOK MHOXXHWHOIO
JTO3BOJICHUX KOAIIITiH.

N-sigpo. I'oBopsiTh, mo BeKTOp X =(X,...,%,) HE

Y=(YpenYo) Y

JIEKCUKOTpadiuHOro MOPAAKY M 3alHCyBaTH X > Y,

ripme 3a  BEKTOpP ceHcl
sko X=Yy, abo [0 =1n, ms kotporo X >y u
=y ma Oj<i.

[oznauumo wepes X, =(Xy),---» X)) — BEKTOD,
KOMIIOHEHTH SKOTO X S ... < X, € KOMIOHCHTAMH

BEKTOpa X Ta BIIOPSIKOBAaHI 3a 3POCTAHHSM.
['oBOpsATH, 10 BeKTOp X =(X,...,%, ) He ripme 3a
Y=(Y,--Y,) Y CEHCi JEKCMIHHOTO NOPSIKY H
3aIUCyBaTH X>, Y, AKIIO X >V, .

Hexaii f(x)=(f,(X),...,
¢ynkuis. [Tozaaunmo uepes

Lexmaxf ()= {x[J X| f(xe, f(y, Oyd X

f,(X)) — mesixa BekTOp-

— MHOXXMHY MaKCUMAaJIbHUX €JICMEHTIB MHOXUHH X
3a BIJHOILEHHAM >, JIEKCMIHHOT'O MOPAIKY.

X= (X0 %)
koamimii K HasuBaetbes €( X K) = Z Xx= VK.
0K
Hexait X MHOXHHA BEKTOPIiB X = (X,..., X, ), sIKi

Ekcriecom  BekTopy B1THOCHO

n
3aJI0BOJILHSIIOTH  PIBHOCTI ZXi =v(N). Jus
=

koxHoro Bektopa X[ R' Busmaueno 2" —2 umcen
e(x K)Y, ne K mpobirac MHOXHHY BIIACHHX
Koaimiit (BciXx ~ MOXIMBHX  KoaNimid  3a
BUKJIIOYEHHSIM IMOPOKHBOI Ta BCi€l MHOKHHH
rpaBiliB). BropsakyBaBIIM MHOXHHY  BJIACHHUX
KOAQITiITi#l, MH MOXeMO po3rissaarty Habip €(X) uucen

e(x K), sk enement 2" — 2- BUMiIpHOTO BEKTOPHOTO

POCTOpYy.
N - sapom rpu < N, V> Oynemo Ha3uBaTH Oy/Ib-

SIKAH eJIEeMEHT MHOXKUHH Lex maxe (x).
X
Bimomo [5], mio y 6yap-skiit rpi icaye enuae N -
SIIPO, SKE € TTOAIIOM BUTPAIIIB JaHOI TPH.
Momyk N-sapa [5]. [To3Haunmo X, MHOXHHY

ycix  BIACHUX Koamimid (Bcix  koamimiii  3a
BUKJIIOYCHHSIM yci€i MHOXHHY TpaBliB N ).
Kpox 1. 3naiinemo wMakcumyM  (QyHKUii
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mine(x, K) HA  MHOXHHI  BEKTOpiB,  sKi
KO3,

n
3aI0BOJILHSIOTE PIBHOCTI in =V(N). OueBuzHo,
i=1
N - siIpo HAJICKUTHh MHOKWHI pO3B’ A3KIB ITi€l 3a/1a4i.
BBenennsM gomomi>xkHOI 3MIHHOI W ISl 3ajada
3BOAMTHCS [0 3aayi JiHIHOTO MporpaMyBaHHSI:

W - max, Q)
e(x K)yzw, KOZ,, 2)
Y% =v(N). 3)
=1
Pose'szky (1) — (3) (x*,w®) simmosinae
cimoa  Touka (XU, WP AD 4D pyrknum
Jlarpanxa
we 34 x0T x- A0 )=
KO3, iK iCN
=[1-> A W+Z{Z/]K +,uj>g -
KO3, iON \ K0
_z /]KV(K) _ILIV( N),
KO3,

e ABOICTI 3MiHHI A, € HEBiJ €eMHHMMH, a 3MiHHA U €
JOBIJIBHOIO.

3BiACH BHIUIMBAE, IO Z)I,(f) =1, a 3HA4YUTH
KO3,

MHOXHHA =, ={ KOZ,: A9 > O} ne nopoxus. Toxi

s Oyap-akoi  koamuuuu K [Z=; BUKOHyeThbCH
piBHIiCTB D X = v(K) = w. oksanemo
iOK
2, =2,\=, imepeiinemo 10 KPOKy 2.
Kpox t. Po3B’ sbkemMo 3amauy:
W — max, 4)
e(x K)=zw, KOZ,, (5)
2% =N, 6)
i=1

e(x K)= wY | KOZ,, (7

t-1
e(x K)y=2w™, KOZ,,. (8)
OueBumHO, I 3a7ada EKBIBAJICHTHA IIOIIYKY
MakcuMyma (YHKIIIT rKnDizne(x, K,V) Ha MHOXUHI

BEKTOPIB, IKi 33I0BOJILHSIOTH yMoBaM (6) — (8).

Skmo N-1apo HaNeKUTh MHOXHHI JIOITYCTHMHUX
PO3B’ sI3KiB i€l 3a1a4i, TO BOHO HAJICKUTH 1 MHOKHHI
il MaKCUMyMiB.
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fi pos'ssky (x®,w") Bpignosimae cinosa

touka (XY, W, AY 1) bpynximn Jarpamxka

W+ ZAK(Zx—V(K)—Wj+

KO3, itK

+§Z/‘K(Z>§ _V(K)_V‘ﬁj’fﬂ(ZX— \ [\Dj:

k=1 KO=, iOK iON

:[1- ZAKJW+Z(ZAK +,,,j X -

KOz, iON \ KO

-3 3 A = X AMK) - 4 N,

k=1 K[E, KOz,

ne aBoicTi 3MiHHI A, € HeBix eMHUMH, a 3MiHHA [/ €

JTOBUTEHOIO.
Ockinekn gus KL=, BUKOHYIOTChS PIBHOCTI
w9 =X, K), 10 Z,={KO%:A >0} ne

nopoxHs, 1 jana Oynp-sakoi koammi KO=,
BuKoHyetbes piBicte WY = & X, K).
[Micns po3e’'s3anHs 3amavi t, mepexomumo 10

3amaui 3 HomepoMm (t+1), AKIIO paHr CHCTEMH
PIHSHB:

e(x Ky=w?, KOz,

e( % K)=.\./\.ft), KOZ,.

MeHpIIE 3a N. B
3aBEPIIYEMO AJITOPUTM.

OCKUIBKM KUTBKICTh PIBHSHB IIi€1 CHCTEMH 3
KOKHAM KPOKOM 3pOCTa€, TO poOOTa aaropuTMy
000B’ I3KOBO 3aBepIIUTHCA. EnuHMN po3B’s30K wmi€l
cUcTeMH PiBHAHBE 1 Oyne N-sapom.

N-siipo KoomepaTHMBHOI TIPH 3 HeEYiTKOIO
MHOKHHOI0 J03BOJIEHUX Koauiuiil. I[Ipumyctumo,
IO TPaBIli HE MOXKYTh YiTKO CKa3aTH, SKi KOAMIIIii 3

MNPpOTWIC)KHOMY  BHUIIAAKY

vuokuan Q=2 \N yciX MONKIHBHX, MOXYyTh
OyTH I03BOJICHUMH, a iM BijoMa JHiie (QYHKIS

manexnocti H(S), SOQ, Heditkoi MHOXKHHH Q

JO3BOJICHUX Koaimii. Toal BUHUKAE KOOTEepaTHBHA
rpa 3 HEYITKOIO MHOXXHHOIO JIO3BOJICHUX KOAJIIiH,

<N,V,f2> . Sxmo

y3araJpbHUTH Ha I BWITAJIOK METOA PO3IOILTY

sIKa  3aJa€ThCS  TPIHKOIO

BUTpally BCi€l CHUTBHOTH TpaBIiB 3TiAHO 0
koHmermii N-sapa, To ®Ha kpomi t=1,2,...
anmropumtMma momryky — N-sgpa 3amaga (4) — (8)
MpUiiMe HACTYITHUM BUTIISL!

W - max, (9)
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e(x K)z w, (K,u(K)0Z,, (10)
3% =v(N), (11)

e(x K)y=w", KOz, (12)
e(x K)= V\.f;l), KOZ,,. (13)

ne 3amuc (10) ciim po3yMiTH TakUM YHHOM.

X ={x=( X)iDN| 2)5: N,

iON
e(x K)y=2w", KOz, s=1,...,.t-1 -
CHUTYyallill TpH, fKa 3a0BosbHSAE yMoBam (11) — (13).
OueBumHo 1Ie OyJe MIIMHOXKHWHA TOMITIB, sKa
okpeciena ymoBamu (12) — (13). Hexaii

RO ={x=(%)in| xO X, ¢ x B2 w KIZ}

— MHOXHWHA BEKTOPIB X, SIKi 3aJ0BOJBHSIIOTH YMOBI
(5) mns xoaninii KX, Ta ymoBam (11) — (13).Toxni
(10) o3Hauace,

TTosnaunmo

MHOXUHY

3aIucC  BUTIIAOY Mo MHOXXHWHa

IOMyCTUMHUX po3B’s3KkiB  cucremu (10) — (13)
noBuHHa 3anaBatuca MHOkuHOWO FO = | FY, ne
KI5,
srigro [6] () FY — meperun Hewitkoi MHOXHHH
KOZ,

t
3, uitkux muoxun F., sixuit npencrasnsie co6oto

HEYITKY MHOYKUHY THITY 2.

IlepeTnH He4iTKOI MHOKHHM YiTKHX MHOKHH.
BusHaunMo 1i¢ TIOHATTS BIANOBIHO 1O IMiIXOMY,
SIKHi OyB 3aIpoNOHOBaHUi B [6].

B npocropi R" Bu3HauMMo QyHKIi0 HaIeKHOCTI
(xapakTepuctidHy (QYHKIiI0) 4iTKOi MHOXHMHH F ,

K OZ,, Ky I03Ha4uMO

1, e(xK)zw,

W((X):{O’ K )< w

s posinenoro XOR' BBememo BimHOmEHHS
JIOMiHyBaHHs Ha MHOKHHI KOAJIIi Z, .

I'oBoputumemo, mo koamuis KX, nominye

koamiuito T OZ, ama xO R' i no3nauatu ue K ;T ,

SKINO CIIPaBEIJIMBI Taki HepiBHOCTI: ¢ (X)< @ (X),

M(K) = p(T) 1xoua 6 omHa 3 HUX CTpOra.
ITo3naunmo

[ i(K), KOPO(X),
H(%.K) ‘{o, KOPO &),

e PO(X) ={ KOZ,| Kf S 0 KIZ}).

IlepetnHOM HeEUiTKOT

MHOKHMHM %, YITKHX
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koaniuiit F, K OZ,, nasusaetses [6] F= N F, -
KOS,

HEYiTKa MHOYKHMHA THUIY 2, sIKa 3aJa€ThCS TPIHKaMH
X, V.0 (xy), ne ¢:R"xY 5 {0,} — Pynkuis
HAJIE)KHOCTI HEYITKOTO  BifoOpasKeHHS Cb, 110

BUKOHYE pOJb HEYITKOI (YyHKUIi HAIEXHOCTI, fKa
BU3HAYCHA TAKUM YUHOM.

Wix,y) = maxiu(x K) g, (9= 1
skao (KO, @, (X)=y;

w(xy)=0,

axkmo OKOZ, 4. (X)ZY,;

X —enement npocropy R";

y —eneMeHT yHiBepcansHoi MHOXHHH Y ={0,1}
3HaYeHb (QYHKINI HaIeKHOCTI (J(X,Y) HeUiTKOI
MHOXHEH F Tumy 2.

3nauenns (Y(x°,1) MoXkHA PO3YMITH SIK CTYIiHb
xXOR
Bignosinuo 3mavenns (U(x°,0) Mae ceHC CTyIEHIO

HAJIGKHOCTI  BEKTOpa MHOXuHI  F .

BincyTHocTi HanexkuocTi X° R muoxkuui F .

OckinbkH  (YHKIS TPUHAISKHOCTI @ X, Y)
OJIHO3HAYHO BH3HAYa€ HEUITKe BimoOpakeHHs P,
SKe, y CBOIO 4Yepry, OJHO3HAYHO BH3HAYa€ HEUITKY
MHOXHMHY F Tumy 2, To Hajgami Ha3UBaTUMEMO
@A X, Y) OYHKII€ HAISKHOCTI HEYITKOI MHOXKHHU
F Ttumy 2, a 11 3Ha4eHHS — TOCTOBIPHICTIO CTYIEHS
nanexnocti YOY =[0,1] enemenra npocropy R"
HEYiTKifi MHOXKMHI F THITy 2.

IToznauumo  uepes

MHOXXHUHY KOAQIIMiH 3 MaKCUMaJIbHUM CTyIIEHEM
HQJIGKHOCTI JIO HEYIiTKOI MHOXXHUHHM JOIyCTUMHX
Koamiiii.

Cropoctutn  1OOynoBy  (DYHKINI  HAJIGKHOCTI
(X, y) no3BoJsie HACTYIHA Teopema [6].

Teopema. Hexait F,, KX, , —uiTki MHOXHHH,

K1 BIIIIOBIJHUMH

xOR',
KOZ,, — ¢yHKLiS HaIeXHOCTI

npocropi  R"
XapakTepucTHUHUMU  GyHKUisMu ¢ (X) ,
KOZ,: u(K),

HEUiTKOI MHOXKMHM Koaniuii 2,. Jlng toro, mob

3amaHl B

HediTKa MHOXKHHA F Ty 2, sike 3agana yHKIi€ro
Y(xy), xOR, yO{0,1,
TIePETHHOM HEWiTKOi MHOXHHH 2, 9iTKHX KOATillifi

F., KOZ, To6to F = N F HeoOXximHO W

KOS,

HaJIeKHOCTI Oyma
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MOCTaTHBO, 0 6 st X R':

4(x0) gggzgﬂ(K). [(KOZ, ¢ &)=0,
X,0)= =
0, OKOS, @ (x)=1,

maxuK), OKOK * ¢ (x)=1,

KOz,

0, KOK* ¢ (x)=0.

w(x1)=

Homyk N-sinep 3a7aHoro piBHs 10CTOBIPHOCTI.
IToBepremock a0 3amaui (4) — (8).3 BuKIameHux
BHIIE MIPKYBaHb CTa€ 3pO3yMiJo, 0 MHOxuHA F
€ HEYITKOI0 MHOXHHOK THITy 2, SIKa 3aJa€ThCs
¢yukmiero wanexuocti ¢Y(x,y), xOR', y0{0,1},

IS
max uK),[KOZ, e(x K)< w,

l//(t)(X,O): e(x K)y<w
0, OKOZ, e(x,K)=w,

(14)

- nocroBipHicTh HeHaneskHocTi X[ R' N-sapy rpu;

maxu (K ), OKOK *e(x, K)=w,

AICRIER (15)
0, (KOK *e K KX W

- mocroBipHicTs HanexHocti X[ R' N-sapy rpu.

B peanpniii  irpoBiif  cuTyamii  rpaBwi
NparHyTUMYTh IIYKaTH TaKy CUTYIIIO T'pH, sIKa Mae
MiHIMaapHY IOCTOBipHICTE (/(X,0) HeHame:KHOCTI
N-sopy TpH, a Tako’)K MaKCHUMaJbHY JOCTOBIPHICTb
Y(x,1) ioro HamexHOCTi. Takum 4YHHOM, Iepex

TPaBISMH TIOCTAE TPHOXKPHUTEPiaibHA 33/1a4a!

W - max,
¢ (x,0) » min, (16)
¢ (x,1) - max,xOd Xt

Mosnaunmo SOV — MHOXHMHY ONTHMAIbHHX 3a

Creiitepom  (cmabo omruMmamsHHX 3a  I[lapero)
po3B’s3KkiB 1€l 3amaui. Haramaemo, mo po3s’ s30k
X" HasmBaeThcs ontmManbHMM 3a Clefitepom s
samaui Bursiay (16) skmo XD X, ams sikoro

matoTh Mice HepiBmocti: (/Y (X",1)<¢® (x,1),
@ (x,0)>¢" (x,0).

3araqpHUM paIlioHAIEHAM PO3B’ SI3KOM 3azadi (4)

— (8) Gyemo HasuBaTH Hewitky MHOXHHY X THIY
2 3 DyHKITI€I0 HAJIGKHOCTI

YU (x,y), xOSad,

Vxo (%) :{ 0, x0SaY,

ne yOY ={0,1} .
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Y pa3i, KOaW TPaBIiB IIKABUTh KOHKPETHUI
pauioHanbHUN po3B’ 30K 3amaui (4) — (8),To itoro
MOKHa BHOpAaTH 3 MHOXXHHHU SOY 3a momomoror
Toro abo IHIOIOrO MeToay OaraToKpuTepialbHOl
OIrTHMi3arii, BUpimuBIg 3axaqy (16).

Jlerko mepeBipuTH, IO ONTUMATLHUN PO3B’ SA30K

X* «ygitkoro awnamora» (4) — (8) manexarume
muoxuHi SOV i3 3HAYEHHSM JOCTOBIPHOCTI #OTO
memomyctumocti (U (x*,0) =0. Haseemo i

PO3B’ 30K TPUBIAILHUM po3B’ s13koM 3amadi (4) — (8).

Hac, B mepury uepry, HiKaBUTHMYTh HETpUBiaJbHI
po3B’s3ku 3amadi (4) — (8), ki MawTh CTPOro
JIOIaTHY JTOCTOBIPHICTH HEIOITYCTUMOCTI.
Ontumanpauit 3a CredTepoM HETPHUBIATHHHIMA
po3B’s30k X* 3amavi (16) Ha3BeMO paliOHATBLHUM
po3e’sizkoM 3amaui (4) — (8) 3 mocroBipHOCTAMHM
g1 i ¢ (x0)
HaJIeKHOCTI 1 HeHanexkHocTi N-sapy rpu.
gepes 2 ={K DZt| HK) <G

HIIMHOKMHY KOANIii MHOXHHHM 2, SIKI MaloTh

BIAMOBIAHO  HOro

ITo3naunmo

CTYIEHI HaJIKHOCTI HEWITKIM MHOXHWHI JT03BOJICHUX
koamiiii Q we Oumpme 3a £[(0,1). Cnpobyemo
crpoctuth 3aaaqy (16).

Teepmkennss 1. Hexait £0(0,1) — 3amame
3HAUCHHS MapaMeTpa, TOAl AKIIO 3a1aya;

W - max, a7)

o<yl (x,0)< &,x0 XU, (18)

e(x K> w KO\ %, (29)

Ma€ ONTHUMaJbHUH PO3B’SI30K, TO BiH Oyne

pamioHadBEHMM po3B’siskoMm  3amaui (4) — (8) 3

JOCTOBIpHiCTIO momycTuMocTi U™ = maxu K)is

JOCTOBIPHICTIO HEIOIMYCTUMOCTI He Oinmbiire 3a & .
Jloseoenns. 110
x"0S0. Toni [X, sixuii 3an0BosbHsAe ymMoBaM (18) i
(19), mo maroTh Micue HepiBHocTi: W(X) <W(X),
YO >e (x2), ¢ (%,0)<¢ (X',0).
Ockinpkn X~ — JomycTHMHil po3B’sI30K 3a1adi
@a7”n - (19, 10 3 (15) BummBae, 1O
WO (x"1) = maxu K )= Toum 3 samucaHux

YO %0)<g(X,0)<& i
YO (%,1)> M (X, 1)= ™. Ockinbku, 3rigao (15)

W (%,1)< ™, To OTpPUMATH CYTIEPEUHICTb.

HpI/IHYCTI/IMO CYIIPOTHUBHE,

BHINC HEPIBHOCTEH

TBepIKeHHs 10BECHE.
Crpobyemo maii cipocTutH 3amaay (16).
TBepmxenns 2. Hexait ¢0(0,1) -

3HAYEHHS MapaMeTpa, TOJ SKINO 3a1a4a:

3aJ1aHe
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min maxw, (20)
TOz¢
o<y (x,0)< &, x0 X, (21)
e(x K) = w KOZ \Z°. (22)
Ma€ ONTHMaJbHWHA pO3B’SA30K, TO BIH Oyme

pamioHaIbHUM po3B’sizkoM  3amaui (4) — (8) 3
JOCTOBIPHICTIO JomycTuMocTi U™ = TD%X,U(K) i3
t

JOCTOBIPHICTIO HEJOIYCTHMOCTI He Oibime 3a & .
Joseoennsa. Hexait £00(0,1). TTosnaunmo Q —
MHOXKHHY JIONTYCTHMHX pO3B’si3KiB 3amaui (17) —

(19), a P — MHOXHHY JOMYCTHMHX PO3B’S3KiB —
(20) — (22).Crrouatky moxaxemo, 1o

U P =0Q. (23)
Oz,
TToKakeMO  BKJIIOYEHHS U{ PTO0Q. Sxuo
T3,
U{ P'"=0, To BOHO € oueBHaHUM. Hexaii
TO,

x* U{ P"#0. IlpumycTHMO CyNpOTHBHE, IO
TOZ,

x*UQ. Toxi MoxnuBi ABa BUNaaku. B mepmomy
BUIAAKy He BHUKOHyeThcs ymoBa (18), TobOTO
YW (x*,0) > &. 3sincu 3 hopmymu (14) oTpuMaemo
@ (¢,0) = max{u(K)| > % <U(K)}>¢.
1 iOK
[(KOZ,\Z¢, D% <vu(K),
0K
cymepeuntsh yMmoBi (22). B apyroMy BUIagKy He

Tomni

IS SIKOTO 110

BUKOHyeThCst yMoBa (19), To6t0 (K O3 \Z¢, nns

> x'<v(K).

0K

SIKOTO Tomi He BHKOHYETHCS

BinmoBinHa ymosa (22)i tomy x* OP" OTOZ? i sk

Hacmizok X*0 U P". Orpumamm cymepeuHicTs.
TOs®

Takum uraoM, X* [0 Q i Tomy U{ PTOQ.
TOZ,
QU U P".
TOs
Q=0, To BOoHO oueBuane. Hexait x*1Q#[.

TTokaxkeMO  BKIIIOYEHHS SIxmo

IIpumryctiMo cynpoTtuBHe, 1o X* [J U{PT. Tomi
TS,

x*0OP" OTOZS. Ockimeku ymosu (19) i (22)
cmiBmagaroth, To €(x*, K)=w KDZt{. OCKIIbKH
i ={K DZt| HK) <&, 10 3 odopmyn (14)
@O (x,0) = max{ /( K) | €XK) <w}>¢,

¢V (x*,0)=0. B 000X BHIAmKaX OIEPIKYEMO

abo

cymepeunicte 3 yMmoBow (18). Takum umHOM,
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x*0 U P", spigzem Bummsae QO U P" i Maxw,

TOz ¢ TOE®

CrpaBeIjInBa piBHICTE (23).

3aBepIuMo TOBEJCHHS TBEPKCHHS. 3 PIBHOCTI
(23) oueBHMAHO BHUIUIMBAE EKBIBAJICHTHICTH 3a/ad
(17) — (19)i (20) — (22)goro mocTaTHBO HA TIiACTaBi
TBEpUKCHHS 1 7Tt IOBEICHHS.

TBepmkeHHs TOBEACHE.

TakuM YUHOM, VIS 3HAXOHKEHHS PalliOHAIBLHOIO

po3B’si3ky 3amaui (4) — (8) mocraTHRO 3poOUTH
HACTYITHE:
- BubOparm umcmo £0(0,1), sKe 3rigHO

TBEPKCHHIO 2 XapaKTepH3ye MAaKCUMAaJbHY I
IpaBLiB TOCTOBiIpHICTH HeHaNIeKHOCTI N-11py;
- ooy ayBaTH MHOXHUHY KON

sf={KO Zt| U K) <& i3 cryneHeMm HaleKHOCTI
1o N-spa He Ginbrire 3amanoro uncna & [1(0,1);

- g SO Zf PO3B’ sI3aTH 3a1a4y.

e(xS)<w xOX
e(x Ky2w, KOZ \Z°.

SIKIIIO BOHA Mae pOBB,HBOK, TO ITO3HAYHUMO HOro X(St) y

B IPOTHIEKHOMY BHITQJKy BHOMPAEMO HACTYIIHY

KO0 SDZIE;

SDZt‘(,

BHOMpPAEMO PEKOpPAHE X'~  3a 3HAUEHHAM IILJILOBOI
\

dynkmii, To6To W(X®) = argmaxw & .
s ¢

’ ; (t)
pO3B’SI3KIB  Xg,

()

- 3 OTpUMaHHX

BucuoBok. Ha 3akiHueHHs Cii BIAMITUTH, IO
PO3TIITHYTHH BHUINE TMIAXiX PO3IIUPIOE  00JIACTh
3aCTOCYBaHHS TEOpii HEUITKMX MHOXXHH Ha BHUIAIO0K
KOOIIEPAaTHBHUX 1Ir0p 3 HEYITKOK MHOXHUHOIO
JIOITYCTHUMHUX KOAIIIINA 1 MOXE JIaTH HOBI IIJAXH JI0
pO3B’s3aHHS IHIIMX TIOCTAHOBOK ITPOBHX 3ajad 3
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JlocmimKke HHSI CTATUCTUYHOT CX0KOCTi- Statistical similarity-relatedness research

3B’A3BHOCTI
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Cmammsa npuceadena NUMAaHHIo BUSHAYEHHS CIMAMUCTUYHOT CXOIHCOCHI Cli6 HA 0A3i 6eIUKO20 KOPNYCy
cmameil HOBUH. B ocHO8I 0ocniodceHHs nedxcamvb memoou cmamucmuynoi cemaumuxu [1], nepesipka
b6azoeoi’ cinomesu Dipcma: “cro60 Xxapaxmepusyempcsi KOMIARIEIO 6 sKil oHo 3ycmpivaemoves” [2] ma
Posnooinornoi I'inomesu (Distributional Hypothesis): “MoeHi eremenmu 3 anaio2iunum po3nooiiom mMawns
cxooici snavenns” [3]. Bascausum 01 1ine@icmuky 6UCHOBKOM 3 YuX 080X 2inomes € meepOICeHHS npo me,
WO 3HAYEHHS KOHKPemHOo20 Cloéd, y supiuenni 3a0ayi word sense disambiguation (WSD), mae 6azysanucs
HA YACHMOMAX CYMICHO20 8X00ICEHHS HAGKOIUWMHIX Cli@ KOHmeKemy. B cmammi mu mopknemocs numamns
300py OaHUX 3 GeAUKUX MEKCMOBUX KOPHYClg, ix auanizy ma o0OpoOKu, NpOAHANBYEMO 3ACMOCYBAHHS
NPUHYUNIE CINAMUCTMUYHOL CEMAHMUKU 00 3a0a4 SUBHAHCHHS CEMAHMUYHOI CXOHCOCHE MA CEMAHMUYHOL
36 ’sa3Hocmi caig. Kpim moeo, npogedene 0ocnioscenns modice 6ymu UKOPUCTHAHO 8 SKOCHI O0NOMDICHO20 Y
supiuienti 3a0aui usHavenHs snavents crosa (WSD).

Kmouosi crioea.: cemanmuuna cxocicnv, ceManmuyHa OIU3KICMb, CIMAMUCTIUYHA CXOJICICHIb.

The article deals with the statistical similarity of words on a base of large newswire corpus. The methods
of Statistical Semantics [1/, First’s basic hypothesis [2] and Distributional Hypothesis [3] are the base of
the study. Important conclusion of these hypotheses is the assertion, that the meaning of a particular word in
the word sense disambiguation (WSD) task, should be based on frequencies of surrounding context. In the
article we analyze the application of the above principles to the problem of determining semantic similarity
and semantic relatedness of words. In addition, we deal with processing huge text corpus, collecting word -
based statistics, filtering unnecessary elements, extracting semantically meaningful data and solving text-
related problems. Besides described earlier, the study can be helpful in the task of determining the meaning
of the words (WSD).

Determine the semantic similarity of concepts is one of the most interesting problem of today. Solution of
the problem will lead computers to perfectly understanding natural language text. Importance of the subjects
causes to a large number of researches in the area. The most of researches are based on the proximity
determination on different language resources: dictionaries, thesauri, ontologies. Our research proposes a
different approach to the problem - the semantic similarity determination on a base of large text corpus.

Keywords: semantic similarity, semantic relatedness, statistical similarity.

CrarTio npeacraBuB 1.¢.-M.H., pod. , wir.-kop. HAH Ykpainu Anicimos A.B.

[IBuakuii TeMm pO3BUTKY Tady3i OOpOOKM MpOOJIEMHU 3yMOBIOE BENHKY KUTBKICTh JOCITITKESHD
MPUPOJTHOT MOBHM 3YMOBJIFOE BHCOKHM IHTEpeC JO JaHOI TEMAaTHKHM, TMpOoTe OUIBIIICTh 3  HHX
BIIKpUTHX TmpoOseM B il Tamy3i OpfHi€r0 3 CHMParOThCS HA BU3HAYCHHS OJM3BKOCTI MOHATH Ha
HaliO b1l TOCTPUX MpOOJieM HAa ChOTOAHI € OCHOBI THUX UM IHIIMX MOBHHX PECYPCIB: CJIOBHUKIB,
BU3HAYEHHS CEMAaHTHYHOI  CXOXKOCTI-3B’SI3HOCTiI Te3aypyciB, OHTOJNOrid. Hame — mocmimkeHHs
TIOHATH, OCKUIbKU Bil BHpIIICHHI AaHOT MPOOJEeMHU MPONOHYE BUKOPUCTATH IHIIHMN MITXi J0 MpodJieMu
NPaKTUIHO  HATIPSAMY  3aJIeKUTh  PO3YMIHHA — BHU3HAYCHHS OJIM3BKOCTI 3a JIOMOMOTOI BEIHMKHX
KOMITIOTEPOM ~ 3MICTYy  TEKCTy. AKTYaJbHICTb TEKCTOBHX KOPIIyCiB.

© A. O. Huxonenko, 2016
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Imes, ormicana B CTATTi, MOJATaE B OOYMCIICHH 1
CEMaHTHUYHOI CXOXKOCTI-3B’SI3HOCTI IMOHATH Ha 0asi
CTAaTUCTHYHHMX BIACTUBOCTEH cIiB, 3i0paHMX 3
JIOCUTh ~ BeNWKOro kopmycy. B pobori wmu
pO3TIIAEMO  TpPUTpaMHYy MOBHY MOIEJb, IO
MICTHTB JIMIIIE CEMAHTUIHO 3HAYMM1 YaCTUHU MOBH 1
MO)ke OyTHM BHKOpHCTaHa B SKOCTI 3MEHIICHOI 3a
JIOBXXHMHOI0, aJle CEMaHTHYHO KOPEKTHOI Moel
KOHTEKCTY. 3a 4ac MpOBEJCHHS JOCIIKEHH 0YII0
NMpOaHAI30BaHO  OUILII ~ TJIHOOKO  TPUPOILY
CTATUCTHYHOI ~ CXOXKOCTI-3B’SI3HOCTi,  PO3IJITHYTO
JEeKUIbKa PI3HUX MIIXOAIB 1O BHPIIIEHHI 3a/adi,
KpOKM 3 ix onruMBamii, Ta meronum QumeTparmii
MaJIoO3HAYYIHX €JICMEHTIB.

Hackinbky HaM BigOMO, JOCHIIKEHHI B TaKii
MOCTAHOBIII 3a/1a4i, a came: BU3HAYCHHI CXOXKOCTI
yepe3 (QOpMYBaHHSI CTEIiai30BAHOT TPUTpPaMHO1
MOBHOT MOJIeJli, HA CIeIialbHO MiNI0OpaHuX JTaHUX
(BracHAN BENMKUN KOPIYC AHIJIOMOBHMX HOBHH)
TPOBOAMTHCS BIEPIIIE.

Jani Ta HanamryBaHHSA NJisi TPOBeJeHHS
JAOCJIi/I7Ke HH 1

B sxocti 06asm Ot OOCHIIKEHHI HAMH
BUKOPUCTAHO TEKCTOBHMH KOpIyc, 3i0paHuii Ha
npotsi3i 2013 poky 3 pi3HUX pecypciB HOBUH: AP[5],
Noodls [6], PR News Group [7] Ta iHmux. B
IUIOMY, KOpIyC MYJIbTUTEMAaTUIHUA 3 JIESIKAM
3MIllEHHSIM B OIK OBBHECOBHX Ta EKOHOMIYHHUX
HOBMH. Bchoro 3i0panHuii Kopryc MICTUB OJM3BKO
186THC. HOBUWH, IICIS BHIAJICHHSI HEAHITIOMOBHHX
craTel, HaiKopoTkux ctateit (mo 400 cuMBOIB) Ta
HETIOBHHUX cTareil B kopmyci numuiocs 183420
AHIJIOMOBHMX CTaTreil mpupaTHux Ui oOpoOku. B
cepeHLOMY pO3MIp OfHIEl cTaTrTi B KOpmyci
KonuBaeThes B 3 1o 50 Koaiir.

JIis  JOCHIKEHHST CTAaTUCTHYHOI CXOXOCTi-
3B’A3HOCTI Ta /I TEPEBIPKM HABEJCHHX BHILE
rinore3, HaMu Oyli0 BHpIIIEHO TIOOYIyBaTH
TpurpamHy MoBHY Mozelnb (language model). Bubip
TpUrpamMHOi Mojiesli 0yJlo MPOJUKTOBAHO KiJbKOMa
MipkyBaHmsiMU. [lo-mepiie, B 3amadax oOpoOKH
MPUPOJTHOT MOBY TPUIPaMHI MOJIET TOKa3yIOTh cebe
OutbII epeKkTUBHO, HIK YHI- Ta Oi-rpamHi (B TOIl ke
yac, MAam4yd TPUTPaMHy MOIEiIb, MH 3/aTHI
noOynyBaTu Ha ii 06a3i MOAENb, MEHIIOI MIpHOCTI).
[Mo-gpyre, mpu 30UbIIeHHI uyucia N B MOBHIH
MOJIEJT 3aBXKIU POCTE PO3PIIKEHHICTD JaHUX, TOX
TpUrpaMHa MOJIENb € PO3YMHHM KOMIIPOMICOM MDK
TOYHICTIO MOJIEJI Ta T TOCTATHICTIO VIS IPOBEICHHS
excnepuMeHTiB. [lo-Tpete, mpu 30inbeHH] yncaa N
PO3MIp MOIE 3pOcTae 31 MBWIKICTIO, OJIM3HKOO J10
CKCTIOTCHIITHOT, TOMY TpHTpaMHa MOJACIb €
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MAaKCHMAaJbHO JIOMYCTUMOIO JJisi ToO0yooBiI Ha
KOpIIyC1 TaKuX pO3MIpiB Ha HASIBHUX KOMITbIOTEPHUX
pecypcax (11 no0ymoBu Mozeni notpioHo 16 I'6air
[13Y, a daiin pe3ynpTyro40i MOjeNi 3aiiMae OJIM3BLKO
500 M6aiir).

Takox mepeBaror0 TpurpamMHoi Moxpenm € i
MPUPOJIHA IHTEPIPETOBAHICTh 10 TeKcTy. KokeH
TPUIUIET MICTUTH JIBUH 1 NpaBUH KOHTEKCT MJISt
LHEHTPAJBHOTO CJIOBA, TAKKMM YWHOM, 3i10paBIIM BCi
TPUILJIETU TEBHOTO CJIOBAa, MM OTPUMAEMO HaOip
HOro BCIX MOXKITMBUX KOHTEKCTIB.

IIpenodpodka Ta 30ip CTATUCTUKH

OO0’eKTOM HAIIIOTO JOCIIUDKCHHS € IMEHHHKH,
TOMY BCi TPUIUIETH MICTSITh B IIEHTPaJbHIN MO3HIIii
e ciosa, mo Maiorh Ter NN abo NNS 3a
knacugikariero Penn Treebank [8]. B sikocTi miBoro
Ta TPaBOrO KOHTEKCTYy Oyne  BHKOPHCTAHO
HAMOTWKINX CyCiiB IMEHHUKA, OJJHAK, HA PEAJTHHIX
TeKCTaX TaKWd MWiIXim [dae Jyke pPOo3pimKeHi
pe3ynabpTaTh 4Yepe3 BENMKY KUIBKICTh YacToK,
CTIOJTYY HUK B, MPUMMEHHUKIB Ta 1HIUX HE3HAUYIINX
gacTUH MOBH. OCKUTbKHM MU BBa)KA€EMO, 110 3HAUCHHS
cimoBa B rinmore3i PDipcra 3amaroThCid 3HAYCHHIMH
THIITUX 3MICTOBHUX €JIEMEHTIB, TO B SIKOCTI TTPaBOro 1
JmBOro cycigiB nans ¢GopMyBaHHS TPHUILIETY MU
OyneMo BHKOPHCTOBYBATH caMe CJIOBa, IO HECYTh
NICBHUI 3MICT: IMCHHHKH, PUKMETHUKH, IIECIIOBA,
NPUCTIBHUKY, 3aiMEHHUKH, Tomlo. [loBHUI crucok
YacTHH MOBHM y BUIMOBITHOCTI 10 [8], M0 MOXYTh
3aMOBHIOBATH JIIBUI 1 TMpaBUid KOHTEKCTHI CIIOTH,
Hactymauit: EX, FW, 1J, JIR, JJS, MD, NN, NNS,
NNP, NNPS, PRP, PRP$, RB, RBR, RBS, VB,
VBD, VBG, VBN, VBP, VBZ, WDT, WP, WP$,
WRB. Takox KpaiiHi CIOTH MOXYTh 3aI0B HIOBATH
BIIACHI HAa3BU Ta IMEHOBaHI CYTHOCTI OyIb-sIKOTO
THITY.

Ha Puc.1 cxemarnyHo 300pa’k€HO TPOTIEC
MOTIEPeTHLOT 00POOKU TEKCTY:

e cTan | — BM3HaYEHHI YaCTHH MOBY;

e ctan 2 — (QUIbTPALisS CIIB TOBKHWHOIO MEHIIE TPhOX
CHMBOJIIB

e ctan 3 — (QUIBTPALIST CTOI-CIIB 32 CJIOBHUKOM

ectan 4 — TpUBEJCHHA CJIB 1O HOPMAaJbHOT
(6a30Boi) popmu

® eTan 5 — BU3HAYEHH IMEHOBaHUX CYTHOCTEH Ta iX
rpanuib. B nanomy Bunanky, Terd NNP ta NNPS
KOHBEPTYIOThCSI B IMEHOBaHY CYTHICTB
HeBM3HaueHoro Tumy — ProperNoun. Vi
IMEHOBaHI CYTHOCTI HA MAIIIOHKY CKJIAJAIOThCs 3
omHoro cioBa, kpim “President Bill”, mro
CKJIQJIA€THCS 3 IBOX CJIIB.
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& B N/ 0D

S 08 @ ©
AFGE DoD Local 1708 President Bl McGuire shed light on how furloughs have affected military readiness at the

P NP WP 8 @ I was VBN U "N
1

2 X X

3 X X X
4

AF/GE Doiocal 178 Presi%wshm light furlough
5 ORGANIZATION ProperNoun ProperNoun DATE TITLE PERSON

Pucysoxk 1. ITepenoGp oOka TekcTy

affect military readiness

3 HaBezgeHoro Ha Puc. 1 ¢parmenty tekcty Oynie
c(hOpMOBAHO TPH TPUILICTH:
1. shed light furlough
2. light furlough affect
3. military readiness ..

B mporeci momanpmoi  00OpoOKHM  KOpIyCy,
BKa3aHl TPHIUICTH Oy/e T0IaHO J0 MOBHOI MOIEI Y
SIKOCTI MOMUIMBUX KOHTEKCTIB JJISl X CEPEeJTHIX CITIB.
To6to, “shed _ furlough” mns crnosa “light”; « light
_ affect” qya cmosa “furlough”; “military _ .. nus
cioBa “readiness”.

Arperanis iMeHOBAHUX CYTHOCTeH

VY 3B’M3Ky 3 BHUCOKMM CTYNEHEM YHIKAJIbHOCTI
TEKCTOBHX JIaHHUX, JJIs1 OOpOTHOU 3 PO3PIIKEHHICTIO
3i0paHUX TPUIVICTIB, HEOOXHI MEXaH3MH arperarii
ta yHipikamii [lpugomy MexaHBMH MarTh
NpoBOANTH YHiikamifo TpurwieTiB 6e3 BTpaTu abo
PO3IIHPEHHS CEMaHTUKHL.

OganM 3 TakMX MeEXaHBMIB € arperatis
IMEHOBAaHMX CYTHOCTEH. 3 TOYKM 30py CEMaHTHKH
TPUIUIETH THUMYy “HOBHMH aBTOMOOUT [leTpoBa” i
“HoBuit aBTOMOOUT CuHmopoBa” € a0GCOMOTHO
CKBIBaJICHTHUMH, TOMY MU OOTPyHTOBAaHO MOKEMO
3aMiHMTH 1X Ha “‘HoBHWiA aBTOMOOUTL PERSON”.
AHaJloriuHI 3aMiHM TEKCTY CJIOBa Ha KJAC CYTHOCTI
MU TIpOBEIEMO 3 YyciMa THIAMHM IMEHOBAaHHX
CyTHOCTEH, B T.4. 1 HEBM3HAUEHOr0 THUIY —
ProperNoun. [lanuii Kpok ja€ MOXJIMBICTH 3HAYHO
3MEHILHUTH PO3PIKEHICTB.

ITone pemHi pe3yabTaTé Ta MOCTOOPOOKA

OmmcaHi BuIIEe TeXHIKM Oylo peasi3oBaHO Ha
6a3i Tphox NLP-¢peiimBopkis: OpenNLP [9],
CoreNLP [10], LingPipe [11]. PeaniBamis Bcix
etamB 3 Puc. 1 y Bcix cuctemax 0yna OJXHAKOBOIO,
€IMHUM BUKJIIOYEHHIM CTaB eTanm 4 — 3 TphOX
(dpetivBopkiB nuie CTeHpOpAChKa peam3alid Mae
(dbyHKITIOHA)T 3 HOpMas3alii (opMH CJIOBa, IHIII JIBi
cucTemu 3actocoByBasu SnowBall Stemming [12].

Pesympraru, orpumani amropurmMoM Ha 0a3si
cucteM [9] Ta [10], He3Bakaroun Ha PBBHI MITXOAU
JI0 HOpMaJTBaLii clliB, € (JAKTHYIHO €KBIBaJICHTHIMH,
pesynprath Ha ©0a3i cuctemu [l11] cyrTeBo
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BITPBHAIOTHCSA 1 MICTATH OUIBIIY KUIBKICTH HIyMiB
yepes HIWA MinXin g0 TokeHiamii TekcTiB. [licns
aHallizy TOTIEpPeHIX pe3yibTaTiB, Oyno BUpINIEHO
B3sATH 3a ocHOBy cucteMy [10] i1 Bci HacTymHi
O0YHCIICHHS TIPOBOJIMTH BUKOPHUCTOBYIOUH ii 3aC00U
nonepeIHL01 00pOOKH TEKCTIB.

B skocTi pesynaprary poOOTH  alropuUTMy
noOyJIoBaHO TpHWTpaMHy MOIEIb MOBH, IO
30epiraerbes B ABOX popmartax:

e words - daiit, 1m0 MicTUTh HAOOPU TPHUILIETIB IS
KOXKHOTO cJioBa. Beboro yHikansHUX ciaiB 154288.

e templates - daiv1, o MicTUTh HAOOpPH CIIIB JJIS
KOXKHOTO  TpuIvieta.  Bchoro  yHIiKajbHUX
TpurieTiB 3728910.

Koxen 3 ¢aitnisB Micturs noHan 220MoOaiir
nannx. Ilpuknanu HamoBHeHHS (ailliB  MOXKHA
neperisinyTu Ha Puc. 2. ta Puc. 3. Ha Puc. 2.
nokazaH (parmenr BmicTy templates aiity:
NEepITUN PAIOK — TPUILIET Ta CyMapHa KUIBKIiCTh
IMCHHHUKIB ISl CepeHbOI sSUCHKM; psiaku 2-12 —
BapiaHTH IMEHHHMKIB, II0 3aMOBHIOIOTH CEPEITHIO
SIUEHKY TPHIUIETY, Ta iX 4acTOTH B Iii mo3uiii Ha
Puc. 3. nokazan ¢parmeHnr BMicTy WOrds daiiy:
MIEPLINH PSAIOK — CIIOBO Ta HOro 4acrora B KOPIyCi;
IHIIl pSIIKM — TPUIUIETH, B SKUX 3YCTPIHAETHCS
CJIOBO, Ta iX 4acTOTa B KOPMYCI.

Sk BugHO 3 HaBemeHux uwmcen (154288
yHIKagbHUX ciaiB  Ta 3728910  yHIKajdbHUX
TPHUIUIETIB), JaHI JOCUTH PO3PIMKeHi 1 MOoTpeOyIoTh
nomanpinoi  arperaimii. B gkocTi  mpukiamy
po3risiHeMo  OmmBbKOcTh  cmiB - “‘car” (13942
TPHUIUIETIB, 3 HUX 8310 yHikaibHUX) Ta “automobile”
(1645 TpumnetiB, 3 HuUX 862 yHikampHUX). Cepen
TpuuieTiB  1iei mapu Bcboro 108  yHIKambHUX
CHJIbHUX TpUIUIeTiB, Hi 8202 (98,7%) nns car Ta
754(87,5%) nns automobile — He mepeTHHAIOTHCS.
Ha pospimkeHMX [OaHUX HEMOXIMBO pOOUTH
BUCHOBKH MI0/I0 OJM3BKOCTI OHATH.

3Me HILIeHHS po3pimxeHoOCTi Ta

JA01aTKOBOI iH Gopmanii

30ip

B saxocTi 3axofiB MHOAAJIBIIOIO 3MEHIIEHHA
PO3PIIKEHOCT] JaHHX, OyJI0 MPOAHATI30BAHO BEJIMKY
KUJTBKICTh PBHMX Tinore3, 3 HUX Oyao oOpaHo Ta
peanizoBaHO HACTYIHI MIAXOIH:

1. Ilepexio ¢i0 cnie 0o uwacmun mosu. Ha 0a3i
NPUHIUITY arperalii iMEHOBaHUX CYTHOCTEH OyIo
3ampOTIOHOBAHO 3aCTOCYBATH CXOXHU MPUHITUM IO
cmB. ['imore3a  Ga3yeTrbcst HA  HACTYIHOMY
MPUIYICHHI: y 0araThOX BUMAAKaX JJIs1 BU3 HAUCHHS
3MICTy CJIOBa OUIBIIy pOJIb Tpa€ HE KOHKPETHE
CJIOBO-CYCi, a Horo yactumHa MoBu. Hampukman, y
(dparmMenrax ‘3eneHe sI0JyKO B KOIIMKY, ‘“depBOHE
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sS0JyKO B KOHIMKY’, ‘CMauHe SI0JyKO B KOIIMKY,
“cTurne sI0JMyko B KOIIMKY  — JIBUH Cycim clioBa
“a01yk0” Moxe OyTu Oyab-IKMM HPHUKMETHHKOM,
CEMaHTHYHE 3HAYCHHA IMEHHMKA ‘“SI0JyKO” BiI
IbOr0 HE 3MIHUTHCS. AHATIOTYHUI TIPHUHIIAIT MOXKHA
3aCTOCYBATH 1 JUIS HIINUX YACTHUH MOBH B TOMY YHUCII
1 U1 TIpaBOro Cycina, HATPHKJIA: “3eyieHe S0IyKO B
MIKy”’, ‘“3eeHe A0IyKo B AMUKY’, “3eieHe S0IyKO
Ha monuui’. JInsg mepeBipKkHM AaHOI TiNOTe3W HAMH
310paHo 3 KOPIYCY ABa THIM CTATUCTHK: arperoBaHy
(mBWH 1 mpaBW UNEHM TpPUIUIETA 3aMiHEHO
JacTUHAMH MOBH) Ta MAaKCUMAJILHO arperoBany (yci
€JIEMEHTH TPHILIETY 3aMiHe HO YaCTHHAMH MOBH).

[IpoBiBIIM MakcUMallbHy arperamiio JaHux, MU
orpumanu 1271 yHIKambHUM TpUIDIET, JeTani
po3mnofiny BkazaHo y Tabu. 1. [lecars Haiwacrimmx
TPHUIUIETIB TP MaKCHUMaJbHIN arperaiii HaBeJCHi B
Tabm. 2. Ta Tabu. 3.

BukopucToByroun arperopany BEpCil0 MOBHOIi
MOJeJ, MH 3BOIMMO TPHIUIETH Uil cliB “car’ Ta
“automobile” mo Bumy OUBII TNPWIATHOTO IS
0o0paxyBaHHI CEMaHTUYHOI OM3bKOCTL. Po3risHemo
orpuMmaHi nani: “car” (7722 tpumietu, 3 HuUX 203
VHIKaJIb HUX) Ta “automobile” (965 TpurwieTiB, 3 HAX
85 ymikanpHux). Cepen yciX TPHIUIETIB IMX JBOX
cHiB  onmHakoBi 31 yHIKaJdbHUI TpPUIDIET, IHII
172(84,7%) nnst car Ta 54(63,5%) ansa automobile —
He nepeTuHaloThca. OueBHIHO, 10 PO3PIIKEHICTD
JaHUX 3MEHIIWIACS, IO MPU3BEJIO /10 3MEHIICHHSI
KUTBKOCTI YHIKQJIbHUX TpUIUETiB 3 98,7% 1o 84,7%
it car ta 3 87,5% 1o 63,5% ais automobile.

Tabauys 1

IMenHMKHT ImMennukM

OJIHMHU MHOXUHU
YHiK@LHHX THPIUIETIB Y 1250 1192
rpymi
Bcboro TpurieTiB 13052529 5924688
B.i,E[COTOK. Bix .3aFaJIBHO'1. 68,8% 31.2%
KIIBLKOCTI TP UIUIETIB

Tabnuys 2

Tpunier NN_NN| JJ_NN | NN_NNS| NN_JJ| NNS_NN
KIekCTl ¥ | 066314 | 1276724 873900 | 681340| 591137
KOpTIy Ci
Bapiant Nel
SAOBHERILL | NN NN NN NN NN
cepeHbOro
CIOTY
Kimbkicts y | 1590003 | 988324 | 644789 | 446026 429530
KOpTIy Ci
BapianTty Nel
Bapiant No2
SAMOBHEHHA | \NS | NNS | NNS | NNS| NNS
Cep eHbOrO
CIIOTY
Kinpkicts y
Kopmy ci 396291 | 288400| 229111 |235314| 161607
BapiaHty Ne2
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Tabnuys 3

Tpunaer  |JJ_NNS| JJ_JJ [ NNS_NNSNN_VBN| VB_NN
Kinbicrs y 576652| 415656 397937  |353962 |275843
Kopy ci
Bapianr Nel st |-\ gy | N NN NN
CepeHbOrO CIIOTY)|
Kinbkicts y
KopTyci Bapianty | 410947(256263 | 238074 204436 219294
Nel
Bapianr N2 aums | s |NNS | NNS | NNS NNS
CepeHbOTO CIIOTY)|
Kinbkictb y
KopIyci Bapianty | 165705 150393(159863  |149526 |56549
No2

CxoxicTh TIOHATH car Ta automobile 3a

WordSim353 [13] € 6nmbkoro g0 100%, Tomy mu
BUKOPHCTOBYEMO  JlaHy TMapy $K  1HIHKAaToOp
PO3PITKEHOCTI JaHWUX, B TOW e Yac, Oyaemo
posrnsiaaTy iHmry mapy “dessert” i “sandwich” 3
HBbKOWO cxoxicTio (46% 3a [13]) B sKocTi
IHIUKAaTOpy HAAMIPHOI arperoBaHocTi Ta BTpParTH
CEMaHTHYHHX O3HAK JIaHUMH.

Jlo mpoBeleHHs arperaiii 3a 4aCTMHOO MOBH
JlaHa Tapa MaJA HACTYNHI  XapaKTepPUCTHUKH:
“dessert” (231 Tpumtet, 3 HuX 147 yHIKaIbHUX) Ta
“sandwich” (481 TpurmeT, 3 HUX 272 yHIKaJIbHUX).
Cepen mux TpurmieTis crnimbHUX 0, ToOTO dessert Ta
sandwich B3araii He epeTHUHAIOTHCSI.

ITicna arperamii XapakT€pUCTHKM TapH CTajad
BUIISIIATH  HACTYNMHWUM umHoM: ‘“‘dessert” (231
TPHUILIET, 3 HUX 52 yHiKanbHUX) Ta “sandwich” (481
Tpuriet, 3 HuX 55 yHikampHEHX). Cepen ImHx
TPUIUIETIB CIITbHUX 16, ToOTO Tenep 30,7% dessert
onHakoBi 3 29% sandwich, B pe3ynbTaTi 4oro mMu
Maemo Maibke 30% CXOXKICTh MapH MOHSITH, IO OyIn
aOCOMIOTHO PBHUMHM, OTXE NPUCYTHA BTpaTa
CEeMAaHTHKH i/ Yac arperari.

2. Inwi memoou. ]JIns TOKpalIeHHS pe3yiIbTaTiB
HaMH OyJno TakoX 3aCTOCOBAHO IHINI METOAH
oumiieHns Ta 00podnenns nanux. [Ipunuun TFIDF
[14] Gyno BukopucTaHOo ans GUIbTpaLii pinkux (a
3HAYWUTh CTATUCTHMYHO MAJIO3HAUYINUX) CJIB Ta
TPUIUIETIB, TAKOXX 3a JIOMOMOIOK JaHOi MipHu 3
Koprycy OyJio BUIAJeHO HE3HAYHy KUIBKICTh
MaJIo3HAuyIMX crtateil. Jlms ceManTnaHOi arperarii
TPUIUIETIB TMOHATH OYyJI0 3amporOHOBAHO TINOTE3Y
mpo 30€peKEeHHS 3MICTY CJIOBAa B TPAHUIIX OHI€T
CTaTTii “yci BXOMKEHHS TOHATTS B OJHOMY
JIOKYMEHT1 TSDKIIOTh JIO OIHOTO 3MICTy, OTXe BCi
TPUIUIETH CJIOBA, 3i0paHi 3 OMHOTO JOKYMEHTY,
MOXYTh BBAXKaTHCSl TAaKUMH, IO ONHCYIOTh OAMH i
TOW camuii 3MicT cnoBa”. [lomaTkoBO B METPHKY
OMMBBKOCTI  clIiB OylnOo BKIIOUEHO MiAPaXxyHOK
MepeTUHIB  JIBMX 1 TMpaBUX KOHTEKCTIB Ta
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o0umCIIeHHsT KUIbKOCTI (ailiB, B SKHX CYMICHO
3YCTPIYalOTHLCS O0MIIBA CJIOBA MAPH.

3arajioM, MeTpHKa BM3HAYCHHI CEMaHTUYHOT
CXOJKOCTI JIBOX CIIIB BPaXxOBY€ BC13HAMICHI 3HAU YT
napamMerpH TPUIUICTIB
1) 3arasibHa KUIbKICTh TPHUIVICTIB KOXKHOT'O CJIOBA;

2) KiIBKICTh CHUTh HUX TPUILICTIB y ABOX CJIB;

3) 3araybHa KUTbKICTH (pailiTiB J1s1 KOKHOT'O CJIOBA;

4) KinbKicTh (hailliB, y SKUX CIUThHO 3yCTPIYAIOTHCS
o0uIBa CJIOBA;

5) KUIbKICTh JIBMX Ta MpPaBHX KOHTEKCTIB, IO €
CHUIFHMMH U1 000X CIIIB.

[MpuitaaBIIM 10 yBaru BCi BKa3aHi MapamerpH,
HaMH OYJIO TPOBEIEHO PO3PaXyHOK CTATUCTUYHOT
CXOXKOCTI JUI1 KUIbKOX map ciiB: “forecast” Ta
“weather”; “hotel” ta “restaurant”; “downtown” Ta
“highway”. B Tabn. 4 HaBelleHO CTAaTUCTHYHI JaHi,
3i0paHi 1Sl KOKHOT'O CJI0BA; CTYIIHb CXOXKOCTI Nap,
BkaszaHy B [13]; Ta cxoxicTh, obumcieHy Ha 0asi
310paHMX CTaTUCTUIK.

2016, 1

Tabnuys 4
Cxoxicrsp 3a [13] 0.83 0.72 0.68
Caobo 1 forecast hotel downtown
®aijiniB 3i cioBoMm 1 5357 3677 1106
Caogo 2 weather | restaurant | highway
®daiiiB 3i cioBoMm 2 3406 2953 1245
CnijbHux ¢aitnie qas | 533/876 | 896/6630 34/1874
cioBa 11 cioBa 2 3
Koed. nas paiigis 0.1216 0.2703 0.0255
coeff=common/(totalDo
cs/2)
TpunJeTis aJs cioBa 1 3096 5276 733
Tpunieris 1Js ciosa 2 2475 3456 1141
CHiJIb HUX TPHILIETiB 33 316 34
Koed. nas Tpumietis 0.0118 0.0724 0.0363
coeff=2*common/(tripl
etsA+tripletsB)
Bceboro aiBux 17650 60809 2552
eJIeMEeHTiB
Cnisb HUX JIi BUX 251 537 121
eJleMeHTiB
Bceboro nmpaBux 19501 57350 10835
eJleMeHTiB
CniJib HUX npaBUX 276 540 74
eJIeMEeHTiB
CxoxicTh 32 0.5828 0.4917 0.9189
¢ opmy.ioro
PesyabTarn

CeMaHTHYHA CXOXICTh TOHITH TpaJHIIHHIM
METO/IOM OOYHUCIIOETHCS Ha 0a3i OHTOJIOTII IUITXOM
nmepeMmimennt 1o IS-A iepapxii  KiowoBoro
pBHUICI0O MDK CEMaHTHYHOI  CXOXKICTIO 1
CEMaHTHYHOIO OJIMBKICTIO € MOMIIMBICTH 3aMIHUTH
CXOXi TOHATTS OfHE ONHMM O€3 BTPAaTH 3MICTY.
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3BincHu, Mae Micle TPUIYHIEHHA MpPO HASBHICTH

BEJIMKOI  KIJBKOCTI CHUIBHUX KOHTEKCTIB  (a

BIIMOBITHO 1 TPUIUIETIB, 10 MOMYIIOIOTH KOHTEKCT B

HaIlliii MOBHIM MOJIET) Y CXOXKUX TIOHATD.
[IpoBeseHi eKCIIepUMEHTH JTO3BOIMIA BUSBUT U

JIOCHUTH 3HAYHI BITMIHHOCTI TEOPHTHY HOT MOJIEII Bil

npaktrgHO1 Cepes HUX HaiO UIbII ITiKaBi HACTYIHI:

1) OpnHakogi 3a 3HaueHHsIM cioBa bunny Ta rabbit,
mo 3a [13] MaroTh cxoxkicTh Oubmry 3a 90%, B
KOpITyCi B3aralli He MaroTh CIUIbHUX TPUILIETIB.
Amnamoriuno cmoBa black i dark; copying i
replication; endangerment i hazard ta Gararo
1HIIUX map. MOXJIKBO, Lie OB’ SA3aHO 3 THUM, IO
JIFOIVHA CXWIbHA 1O BUKOPUCTAHHS PI3HUX CIIB,
0 ONUCYIOTh OAHE TOHATTS, B PIBHUX
KOHTEKCTaX.

2) Cx0i MOHATTS, 110 3B’s13aHi B OHTONOTIIX 1S-A
3B’sI3KaM¥, Ta MaroTh 3a [13] cXoxicTh OUIBIIY
3a 90% TakoX HE MalOTh CIUILHUX KOHTEKCTIB
(rpuruietiB). Hampukiaa, gem i jewel; cushion i
pillow; bakery i bread (2 cnitbHi TpuIUIeTH 3
652); strawberry i fruit (0 3 1279);

3) Cxoxi cecTpUHCHKI TOHATTS (MAIOTh CIILHHI
rinepHiM), siki MaroTh 3a [13] cXoXicTh OUIBIIY
32 90% TaKOX MOXYTh HE MaTH CHUIbHHX
konrekctiB. Hampuxian, boy i lad (1 3 1258);
rain istorm (8 3 1275); autograph i signature (1 3
1484); harbour i port (10 3 2596).

Bci 1i, Ta Gararo HIIUX KOWI3iH MOTPEeOYIOTH
TOAAJIBIIIONO JOCIIKESHHS Ta TOSICHEHHSI.

BucnoBku

[IpoBeneni mociimkeHHS He  MiATBEPIWIH
MOXJIMBICTh BUKOpHCTaHHs Tinore3 [2] ta [3] mns
BU3HAYEHHS  CEMAaHTHYHOI  CXOXOCTi-3B’SI3HOCTI
IMEHHUKIB aHTJiiChKOI MOBH Ha 0a3i TpUrpaMHOi
MoOJIeJi MOBH, 3i0paHOI Ha KOpIyCi cTateii HOBUH.
PesynpTarn njaHoro mociimkeHHs, Xo4a i TOBOPSTH
PO HEMOXJIMBICTh MOOYIOBHM TPUrpaMHOI MOJE,
JOCTAaTHBOI JIJIT OOPaxyHKY CXOKOCTi-3B’SI3HOCTI,
NpOTE HE BHKIOYAIOTh MOXIMBICTH 3aCTOCYBAHHSI
rinore3 [2] Ta [3] ans BuUpiIEHHS 3a7a4i CXOMXKOCTI
ciiB Ha 0a3i OUTBII CKJIATHUX MOBHHX Mojelnei. B
HACTYIHUX JTOCIKCHHSIX MU PO3BUHEMO TEMAaTHKY
poJli CTaTHCTHYHMX NaHUX B 3aJadaxX BH3HAYCHHS
CEeMaHTHKM TEKCTy Ha OUIbII CKJIAQJHUX MOJIEJIX
AHITIHCHKOT MOBH.

135



Bicnux Kuiscobkoe o nayionanwhoe o yHisepcumemy

imeni Tapaca lllesuenka
Cepis pizuxo-wamemamuyni HayKu

10.

11

12.

13.

14.

Crnucok BUKOPUCTAHUX JI2Ke peJi

Delavenay, Emile An Introduction to Machine
Translation/E.Delavenay. -  New  York,
NY: Thames and Hudson, 1960. —
OCLC 1001646. pp. 78-92.

Firth, J.R., A synopsis of linguistic theory 1930-
1955. Studies in Linguistic Analysis (Oxford:
Philological Society): 1-32. Selected Papers of
J.R. Firth 1952-1959. London, 1957. — pp. 1-32.
Harris, Z, Distributional structure/ Z. Harris. —
Word, 1954. 10 (2-3). pp. 146 —162.

Philip Resnik Using information content to
evaluate semantic similarity in a taxonomy/
Philip Resnik, Chris S. Mellish // Proceedings of
the 14th international joint conference on
Artificial intelligence (IJCAI'95)  Morgan
Kaufmann Publishers Inc., San Francisco, CA,
USA, 1995. — pp. 448-453.

Associated Press [Enexrponnmii pecypc]. —
Pesxxum nocrymy: http://www.ap.org/

Gateway to facts [Emexrpomnmii pecypc]. —
Pexxum nocrymy: https://noodls.com/

Public Relations News [Enexrponnuii pecypc]. —
Pesxxum nocrymy: http://www.prnewsonline.com/
Penn  Treebank Il Constituent  Tags
[Enextpormnit pecypc]. — Pexum mocrymy:
http //www.surdeanu.info/mihai/teaching/ista555
-fall13/readings/PennTreebankConstituents.html
OpenNLP [EnexrponHuit pecypc]. — Pexum
noctymy: http://opennip.apache.org/

Stanford CoreNLP [Enexrponnuii pecypc]. —
Pexxum nocrymy: http://nlp.stanford.edu/
LingPipe [Enexrponnmii pecypc]. — Pexum
noctymy: http://alias-i.com/lingpipe/

Snowball: A language for stemming algorithms
[EnexTponmii pecypc]. — Pexwmm mocrymy:
snowhball.tartarus.org/texts/introduction.html

E. Agirre A Study on Similarity and Relatedness
Using Distributional and WordNet-based
Approaches/ E. Agirre, E. Alfonseca, K. Hall, J.
Kravalova, M. Pasca, A. Soroa // In Proceedings
of NAACL-HLT 2009. — pp. 19-27.

Jones K. S., A statistical interpretation of term
specificity and its application in retrieval
Journal of Documentation, MCB University/ K.
S. Jones. — Press, 2004, — T. 60, Ne 5. — pp.
493-502.

2016, 1 Bulletin of Taras Shevchenko

National University of Kyiv
Series Physics & Mathematics

References

1. DELAVENAY, EMILE (1960) An Introduction
to Machine Translation. New York, NY: Thames
and Hudson. OCLC 1001646, pp. 78-92.

2. FIRTH, J.R. (1957) A synopsis of linguistic
theory 1930-1955. Studies in Linguistic Analysis
(Oxford: Philological Society): 1-32. Selected
Papers of J.R. Firth 1952-1959. London, pp. 1-32.

3. HARRIS, Z. (1954) Distributional structure.
Word, 10 (2-3), pp. 146-162.

4. PHILIP RESNIK (1995) CHRIS S. MELLISH
Using information content to evaluate semantic
similarity in a taxonomy. Proceedings of the 14th
international joint conference on Artificial
intelligence  (IJCAI'95) Morgan Kaufmann
Publishers Inc., San Francisco, CA, US, pp. 448-
453.

5. Associated Press [Electronic Resource]. — Mode
of access : URL : http://www.ap.org/

6. Gateway to facts [Electronic Resource]. — Mode
of access : URL : https://noodIs.com/

7. Public Relations News [Electronic Resource] ]. —
Mode of access : URL :
http //www.prnewsonline.com/

8. Penn Treebank Il Constituent Tags [Electronic
Resource]. — Mode of access : URL
http //www.surdeanu.info/mihai/teaching/ista555-
falll3/readings/PennTreebankConstituents.html

9. OpenNLP [Electronic Resource]. — Mode of
access : URL : http://opennlp.apache.org/

10. Stanford CoreNLP [Electronic Resource]. —
Mode of access : URL : http://nlp.stanford.edu/

11. LingPipe [Electronic Resource]. — Mode of
access : URL : http://alias-i.com/lingpipe/

12. Snowball: A language for stemming algorithms
[Electronic Resource]. — Mode of access : URL :
snowball.tartarus.org/texts/introduction.html

13.E. AGIRRE, E. ALFONSECA, K. HALL, J.
KRAVALOVA, M. PASCA, A. SOROA (2009)
A Study on Similarity and Relatedness Using
Distributional and WordNet-based Approaches,
In Proceedings of NAACL-HLT 2009, pp. 19-27.

14.JONES K. S. (2004) A statistical interpretation of
term specificity and its application in retrieval.
Journal of Documentation, MCB University Press
60 (5), pp. 493-502.

Hapgiiinoia mo penxonerii 10.12.15

136


https://en.wikipedia.org/wiki/Thames_and_Hudson
https://en.wikipedia.org/wiki/OCLC
https://www.worldcat.org/oclc/1001646
http://www.ap.org/
https://noodls.com/
http://www.prnewsonline.com/
http://www.surdeanu.info/mihai/teaching/ista555-fall13/readings/PennTreebankConstituents.html
http://www.surdeanu.info/mihai/teaching/ista555-fall13/readings/PennTreebankConstituents.html
http://opennlp.apache.org/
http://nlp.stanford.edu/
http://alias-i.com/lingpipe/
https://www.google.com.ua/url?sa=t&rct=j&q=&esrc=s&source=web&cd=1&cad=rja&uact=8&ved=0ahUKEwi-lZ392ZPKAhUnvnIKHVlSCk0QFggaMAA&url=http%3A%2F%2Fsnowball.tartarus.org%2Ftexts%2Fintroduction.html&usg=AFQjCNG5I2AG0rnL0OiaImRJrdATTKJ4bA&sig2=y6e9VaVxTZg501P3Co3Vgg&bvm=bv.110151844,d.bGQ
file:///D:/Documents/Downloads/snowball.tartarus.org/texts/introduction.html
https://en.wikipedia.org/wiki/Thames_and_Hudson
https://en.wikipedia.org/wiki/Thames_and_Hudson
https://en.wikipedia.org/wiki/OCLC
https://www.worldcat.org/oclc/1001646
http://www.ap.org/
https://noodls.com/
http://www.prnewsonline.com/
http://www.surdeanu.info/mihai/teaching/ista555-fall13/readings/PennTreebankConstituents.html
http://www.surdeanu.info/mihai/teaching/ista555-fall13/readings/PennTreebankConstituents.html
http://opennlp.apache.org/
http://nlp.stanford.edu/
http://alias-i.com/lingpipe/
https://www.google.com.ua/url?sa=t&rct=j&q=&esrc=s&source=web&cd=1&cad=rja&uact=8&ved=0ahUKEwi-lZ392ZPKAhUnvnIKHVlSCk0QFggaMAA&url=http%3A%2F%2Fsnowball.tartarus.org%2Ftexts%2Fintroduction.html&usg=AFQjCNG5I2AG0rnL0OiaImRJrdATTKJ4bA&sig2=y6e9VaVxTZg501P3Co3Vgg&bvm=bv.110151844,d.bGQ
file:///D:/Dissertation/articles/snowball.tartarus.org/texts/introduction.html

Bulletin of Taras Shevchenko
National University of Kyiv
Series Physics & Mathematics

Bicnux Kuiscvkoeo HayionanvHo2o yHigepcumemy imeHi 2016,1

Tapaca [llesuenka
Cepis Qizuxo-mamemamuyni HayKu

VK 519.21
[Mpumena O.B., Buknagau Pryshchepa O.V., lecturer

On optimization of systems with limited
number of retrials

IIpo onmTumi3zamilo cucreMm 3 00OMeKEHHSIMH
HA YMCJI0 CIPO0 moYaTH 00CJIyroByBaHHs

National University of Water and Environmental
Engineering, 33028, Rivne, Soborna Str., 11,

HanionaneHuii yHiBEpCUTET BOJHOTO TOCHIOJAPCTBA
Ta mpupookopuctyBaHss, 33028, m. PiBHe, By
CobopHa, 11,

e-mail: 0.v.pryshchepa@nuwm.edu.ua

e-mail: o.v.pryshchepa@nuwm.edu.ua

B pobomi posensioaiomsbcs  cucmemu  macoeozo obcayzoeysannss muny MM /cl/o 3 odHiew
NOBMOPHOI0 cnpobol0 nouamu 00cny208y6ants. [na makux cucmem po3eiadacmuvcs nopo208a Cmpamezis
KepPYBaHHs [HMEHCUBHICHIO BXIOHO20 NOMOKY. 3HAUOEHO YMOBU ICHY8AHHA CMAYIOHAPHO2O PEdNCUMY),
eexmusHUll aneopumm niOPaxyHKy cmayioHapHux UMosipHOCmell ma A6HUlL 8UTISI0 QYHKYIOHALY AKOCMI.

Kniouosi  cnosa: cmoxacmuuna cucmema 3 NOBMOPHUMU GUKIUKAMU, Npoyec 00OCIy208Y8aHH,
CMayioHapHi UMOBIPHOCHI, NOPO208A cMpamezis, ONMUMI3ayisl.

Retrial queues have been widely used to provide stochastic modelling of many practical situations
arising in telecommunication, computer networks and in other field. In this paper retrial queues of the
M /M /c/o - type in which the rate of input flow depend on the number of sources of retrial calls and in
which the number of retrials of each customer is limited by one attempt are considered. That is, if a customer
fails to enter the server facility at the retrial attempt, then the customer leaves the system without service.
For these systems a threshold strategy for the rate of input flow is used. The existence conditions of
stationary regime are found. A vector-matrix representation of the steady-state distribution of the service
process is obtained. This representation allows to write down the stationary probabilities through the model
parameters. For this we use an approximation of the initial model by means of the truncated one and the
direct passage to the limit. The optimization problem for finding optimal strategy of control is considered.

Key words: retrial queue, service process, stationary probabilities, threshold strategy, optimization.
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Beryn. ['010BHOIO OCOOJMBICTIO KJIAaCHYHHUX
CHCTEM MacOBOT'0 OOCIYrOBYBaHHS € T€, 10 BUMOTH,
AKi He MOXYTh OTpUMAaTH OOCIyTOBYBaHHS Biapasy,
HAQ/IXOJISITh JI0 YeprH Ta 0OCIYTOBYIOTHCS BiJIIIOBITHO
JI0 BH3HAYCHOI JUCHUILTIHK ab0 X 3alHIIaloTh
cucreMy HazaBkau. [IpoTe B [esKkuX BHIAAKax
HETEepIUIsYi  BUMOTH  3aJMINAIOTh  4Yepry  Ta
BBaKAIOTHCS JJIsl CUcTeMH BTpaueHuMu. OJTHAK JaHe
NPUIYLIEHHS PO BTPaTy BUMOT € JIMILE MEPIIO0
arnpOKCHMAIII€I0 peaJbHUX CcUTyalii. 3a3Buuail Taki
BHMOTH IICIS HEBAAJNOi IOYATKOBOI  crpobu
oTpuMaTH  OOCIYroBYBaHHS  uepe3  JesSKui
BUMNAJKOBUM TPOMIXKOK 4Yacy IMOBEPTAIOTECS [0
CUCTEMH Ta 3HOBY HaMaralTbCs  OTPUMAaTH
oOcnyrosyBanHs. Knacuuni cucreMu He OepyTh 10
yBaru (peHOMEH MOBTOPHUX BHKIHUKIB 1, TaKUM
YMHOM, HE MOXYTh BHMKOPHUCTOBYBATHCS  MJIS
pO3B’s3aHHS  BENUKOiI  KITBKOCTI  BaKIHUBUX

© O.B. IIpumerna, 2016

MPAKTHYHUX 3a/1a4, OCKUIbKHA BTPAYa€ThCS TOYHICTH
moxeni. Came TOMy CIiJf pO3MNIAJATH CHCTEMHU
MacoBoro  OOCIyroByBaHHS 3  TIOBTOPHUMH
BUKJIMKAMM, B SIKMX BHMOTH, IO HaMiHIIIA 10
CHUCTEMH  TpH  3alHATOCTI  BCIX  KaHAJIB
00CJTyroByBaHHSI, ITOBEPTAIOTHCSA MICIsA JESKOTO
nepiogy dacy, mo0 OTpuMaTH OOCITyrOBYBaHHS.
Oco0nMBe 3HAYEHHS TaKli CUCTEMU MAlOTh JUIs
KOMIT'IOTEPHUX Ta TEJICKOMYHIKAIIHHUX MEpEexK.
Bbinbm netansHO TOPIBHAMBHUMA aHANi3 KIACUYHHUX
CUCTEM Ta CHCTEM 3 TIOBTOPHUMH BHMKJIHKAMH
npoBereHo B poborax [1], [2]. TIpu upomy mis
CHCTEM 3 MOBTOPHHUMHU BUKJIMKAMH MOKIIAAAIOTh, 110
TIOBTOPHE 3BEPHECHHS 3IIHCHIOIOTHCS OO THUX TIip,
MOKM BHMoOTa He oTpuMae obciyroByBaHHs. Lle €
Jvie HAOJMMKCHHSAM pealibHUX CHUTYyalliid, TOMY IO
YHUCIO IOBTOPHUX 3BEPHEHb JO CUCTEMHU YacTo
OyBac obmesxennM (auB. [3]).
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JocoipkeHHs Ta  onTHMI3allid  CHCTEM 3
00MeXEeHHM YHCIIOM CcTIpo0 MOYaTH OOCITyTOByBaHHS
€ aKTyaJlbHOIO Ha JIaHWH dac mpoOJIEeMOrO.
Hatigacrime TUTST onTHMi3arii cHCTEM
BUKOPUCTOBYIOTh KJIAC TIOPOTOBUX Ta TICTEPE3MCHUX
CTpATETIi.

I. Mopeasn
OcHOBHa MOJieib, IO PO3MIISIAETHCS B JaHIi
poboTi, € pABoBUMipHMI JaHumor MapkoBa 3
HernepepBHuM dacoM Q(t) =(Q, (1), Q,()) , t>0 y
dasosomy npoctopi S(Q)={0.1...c}x{04,..}.
ludiniTesumanbHi - XapaKTEPUCTHKA &g j)ir i) »
(i, 3" J)es@
HACTYITHUM YHHOM:
1) sxmo i=01,...,c-1 j=01,..., TO
A, npu (i',j)=(+1 j),
i, mpu (i',j)=31-1 j),
o) = ve o (00)=(+1 -2, (1)
—(/11- +|y+jv),npu (' )=, j)

0, 8 [HWUX BUNAOKAX;

ma"Hmpora Q(t) BU3HAYAKOTHCS

2) sxmo i=c, j=01..., TO

A npu (i', j’):(c, j+l),
cu, npu (', §')=(c-1 j)
A, i) = v, hpu (i,’ j’): (C: j_l): (2)
(v iv)mpu (1)=c.0)
0, 8 IHWUX GUNAOKAX.

Hanuii naHmor MapkoBa ONHCYE TIPOILIEC
oOCiIyroByBaHHs B HacTymHid cucreMi. Ha Bxin
CUCTEeMH  330BHI  HAQAXOIATh  BUMOTH  JUIA
oOciyroByBaHHs. SIKIIO Y MOMEHT HAJIXOKEHHS €
xo4ya O OJMH BUIBHMH TpWJajd, TO BUMOIa Bijapasy
MMOYMHAE OOCIYTOBYBATHUCS 1 TICIS IBOTO 3aJHINAE
cucremy. Yac o0OCIyroByBaHHS — TIOKa3HHUKOBO
pO3MOiIeHa BHUIAJIKOBA BEJIMYMHA 3 IapaMeTPOM
4 . Slkmo BCi mpuianu 3aiHSATI, TO BHUMOIAa CTa€
JDKEpPEIIOM TIOBTOPHUX BHKJIHMKIB Ta TOBTOPHO
HaMaraeTbCsi OTPUMATH OOCIYrOBYBaHHS Yepes
BUIIAJKOBHH Yac, SKHU Ma€e MOKa3HUKOBHH PO3ITOJILI
3 mapamMeTpoM v . Bumora, sika Tpu MOBTOPHOMY
3BEpHEHHI 3HaWlUIa Mpuiaj 3aifHATHM, 3alHIIae
CUCTEeMy Ta HE OTpUMye  OOCIyroByBaHHS.
IHTeHCHBHICTE  BXIIHOTO  TMOTOKY  JOPIBHIOE
i j=01,... Ta 3QJeXKUTh BIA KIIBKOCTI JDKEpeEI

MOBTOpHUX BUKIMKIB. Kommonenta Q, (t) Bkaszye Ha
KIJIBKICTh 3aifHATHX TNpPWIAAiB B MOMEHT yacy {,
Q,(t) mOopiBHIOE dUHCIy JDKEped  TMOBTOPHHUX

BUKJIMKIB. 3TiJHO 3 MPHUHHATOI0 B TEOpil MacoBOTO
00CIIyrOBYBaHHS CHCTEMOIO IO3HAYCHBb TaKy MOJEIb
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Oynemo no3Hauatu sk M /M /c/oo. CumBoin "o Ha
OCTaHHI{ MO3UII] O3HAYAE BIJICYTHICTh OOMEXKCHb Ha
KUTBKICTB JDKEepes MOBTOPHUX BUKIIHKIB.

v MOJTATBITIOMY Oyznemo BBa)KaTH
Ajy s, v>0, j=01,..., MO 3aBKAN BUKOHYETHCS Ha

npaktuni. [lpu BukoHaHHi wi€el BUMOrM OyaemMo
Ka3aTH, 110 apaMeTPH MOJIEIi HEBUPOHKCHI.

Il. YMoBHM icHyBaHHsI CTALIIOHAPHOTO PO3MOALTY
3’sacyeMO yYMOBH ICHYBAaHHS CTalliOHapHOTO
pexumy Ui npouecy Q(t) .

Jdema 1. Sxmo limn™4, <v, To ams mporecy

n—o0

Q)
CUCTEMH MAacOBOTO OOCIYrOBYBaHHS 3 OJHIEIO
crpo060I0 TIOBTOPY iICHYE CTAIliOHAPHHIA PEKUM.

00CIIyrOBYBaHHS , t=0 OaraTokaHaJbHOI

Jlosedennsi.
Jost TOTO, 100 JIOBECTH ICHYBaHHS
CTalllOHAPHOTO PEXKUMY, PO3TISTHEMO
e, ))=p())=1], (i) €SQ),
B sKocTi TecT-QyHKkuid JlsmynoBa. Jlnsg HuX

CepeHiil mepeHoc, o BU3HAYAETHCS 5K

Yij = Z R (7 (SN DR (M)

(1,30, )

JIOPIBHIOE
—jv, npu 1=0,1,...c-1,
Yij = ; -
' A — v, npui=c.

[Ipu limn™A, <v nns Yjj BHKOHYIOTBCS yMOBH

n—oo
teopemu TBizmi ([2], cTop. 97). TakuM YuHOM IpoIIEC
Q(t) € peryiasipHUM, eproAMYHUM 1 HOro TPAaHUYHUH
pO3MOMIN  CHiBMAJae 3 €IUHUM CTaliOHAPHUM
po3noinom. Jlemy dosedeno.

3MiHHUM XapakTep IHTEHCUBHOCTI BXIiJHOTO
MOTOKY B  MOJeNli, 10 PpO3MJIAJAEThCS, Jae
MOJIMBICTh CTaBHTH 1 pO3B’A3yBaTH Ui HHX
OIITHMI3aLiiiHi 3a1a4i.

B 3B’M3ky 3 OMM PpO3IJISIHEMO MOPOTOBY
CTpaTeriio, fKa 3ajgaeTbcs moporoMm H . Skmo B
MOMEHT 4acy t>0, KUIbKICTh IKEpen MOBTOPHHUX
BUKIIMKIB He TepeBumyye H , To cucrema
(YHKLIOHYE B TEPIIOMY PEXHMi 1 1HTEHCHBHICTb
BXiJTHOTO IIOTOKY Ha BXOJi CUCTeMH JIOpPiBHIOE h, . B
IHIIOMY  BUTAJKy, SKIIO KUIBKICTh  JDKepen
MOBTOPHUX BHKIMKIB cTae Oimpmor 3a H , TO
cUcTeMa TEepeXOAMTh Yy JAPYIHid pexuM 3
IHTEHCHBHICTIO  BXigHOrO TOTOKYy h, . IHmi

rapaMeTpH BiJl peKUMY HE 3aJIeXKaTh.
VY mopanemomy iHfexkc H Oyae BkasyBaTH Ha

Te, IO BIAMOBIMHI XapPaKTEPUCTHKHA CHCTCMH
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po3rnagaoThess Opu  (QikcoBaHIi  MOpPOroBi  YMOBI, IO BCi MPHIAAX 3alHATI Ta icHye N JpKepen
CTpaTerii. MOBTOPHMX  BUKJHKIB, HOBI ~ BHMOTH  TpH
Hexait S, (t,H) —  4HCIO BUKJIUKIB, HAaJXOPKCHHI BTPAvYalOThCsl CHCTEMOIO HA3aBK/IH.
0OCITyTOBYBAHHS SKMX 3aBEPLICHO B CHCTEMI 3a 4ac IIporiec obcimyroByBaHHs JUls ypi3aHoi Mozeni
t; S,(tH) — 49mcio BHKIMKIB, sKi OTpMMany BH3HAYAETBCS JBOBUMIPHMM JaHIforoM Mapkosa
BiaMOBY B oGciyroByBammi i cramu mopropummu Q' () =(Q (1), Q) (1) 3 HemepepHMM dacoM 'y
BUKIMKaMK;  Sg(t,H) — umeno  mepemmkadb  gaszopomy npoctopi  S(QV)={04...c}x{01...N}
IHTEHCHBHOCTI  BXI/IHOTO TIOTOKY. SIKINO ICHYIOTE  [ydimiTesumanbhi  XapakTepHCTHKH Qi

rpanuni limt™'S, (t,H) , To Oyaemo mo3Ha4aTu ix
t—oo

i=123.
PosrnsHeMo onTumizariiiiHy 3amgauy

gepes S, (H),

C,S,(H)-C,S,(H)—C,S,(H) — max,
He{01..},

3)

ne C, — mpuOyTOK, IMOB’SI3aHUI 3 00CIyTOBYBaHHIM

omHoro BUKIWKY; C, — mTpad 3a BIiAMOBY B

obcimyroByBanHi; C, — 1mTpad 3a TepeMUKaHHSI

IHTEHCHBHOCTI BX1JTHOT'O TIOTOKY.

Po3p’si3kom 3amadi (3) € takmii mopir H , skuit
MaKCUMi3y€e cepeAHidi mnpuOyToKk Bi poboTH
cucremu. [loniOHi onTumizauiiizi 3agaui A CUCTEM
3 TIOBTOPHUMH BUKJIMKAMH PO3TIISAANUCS B poOOTaxX
[51. [7], [8].

B ymoBax icHyBaHHSI CTalliOHAPHOTO PEXUMY
(muB. nemy 1) dyHKuioHamN Si(H), i=123, Tex
ICHYIOTb 1 MOXYTh OyTH BHITMCAHI Yepe3 cTallioHapHi
IMOBIpHOCTI

0 C

Sl(H): Zziﬂ”ij(H)a

j=0 i=1

S,(H)=h, Yy (H) +h, D (H)
j=0

j=H+1

Ss(H): h7zeq (H) +(H +1)VZC:7TiH+1(H)-

i=0
Takum umHOM s po3B’si3aHHsA 3amadi (3)

HEOOXiZHI  e(EeKTUBHI  aNrOpUTMH  PO3PaxyHKY
CTaIliOHAPHOTO PO3MOILITY.
I11. Aaroputm NiIPaxyHKy cTanioHApHUX

iMoBipHOCTeIi

Y 3aranpHOMY BHINAAKy TIpH  JOBUIBHIN
KUTBKOCTI JKEpes MOBTOPHUX BUKJIMKIB MOOYIyBaTH
sSBHI (OpPMYNH sl CTallioHApHUX WMOBIpHOCTEN
CHCTEMH 3 OJTHI€I0 crpo0oro novyaru
00CITyrOBYBaHHS HEMOKJTUBO. Buxurouenns
CTaHOBJIATH JIMIIE OJHOKAaHAIBHI cucteMu [6]. Tomy
JOIUTBHO CIIOYATKy pO3TIIAOaTH Ypi3aHy MOIEIh
nmanoi cuctemu M /M /c/N , ska Mae CKiHUYCHHY
KUTBKICTB MICITh JJI TTOBTOPHUX BHUKINKIB N . Ilpm

@G, ), (", j)eS(@Q") mammora Q" (t) 36iraroThca 3
(1) agng i=01..c-1, j=01..N Ta 3 (2) musa
i=c, j=0L...N-1, a y Bumagky i=c¢, j=N

BH3HAYAIOTHCS HACTYITHIM YHHOM:
cu, npu (i',j')=(c-LN),
Nv, npu (i', j’):(c, N —1),

~(cu+Nv), npu (i",j)=(c,N),
0, 6 inwux eunaokax.

N _
ae,Nyii) =

Ockinbkn  (asosuii mpoctip S(Q") mnporuecy
Q" (t) ckiH4yeHHMI, TO IS HHOIO 3aBXKIU ICHYE
CTarioHapHUN pexuM. 3Haiigemo Horo
crauionapHuit posmogin 7, (i, j) € S(Q").

BBeeMo HACTYIHI TO3HAYCHHS:

& (k)=(Sig, 8.5 )" > 2ie % :{L et =

1(k)= MT ;

k

0, npu i+ j;

F() =], 1=02....N -1,

k=i,i=01...,c-1
Aj+cu, k=c,i=c,

Aj +ip+ jv,

—4;, k=i+1i=01...,c-2
ne f)=4—-iu, k=i-1i=12,...,c
—-jv, k=c,i=01...,c-2,

—(/11. + jv), k=ci=c-1,

0, 6 inwomy eunaoky;

L J=0L N1,

. k=i+1i=01..c-1
k=c,i=c,

0, 6 iHwoMYy 6unaoky;,

c-1

D(N): ||dill\<‘

ik=0"

ac
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i, k=ii=12,...c
~(Ay +NV), k=i-1i=1...,c-1,
-Nv, k=i-2/i-3,...i-c+,i=23...,c—

0, 6 inwoMmy 6unaoxy;

dif( =

W(j)=BF*(j), j=01...,N-

Iepesipumo, mo matpumi F(j), j=01...,N—
Ta D(N) € HEBHPOIKEHUMH.

Jlema 2. ko Ay ,v>0 , 1O MaTpUIT

F(j) j=01...,N-1Ta D(N) € HEBUPOIKEHUMH.
llosedenns.
Hnst TIEPEBipKH Ha HEBUPOKEHICTh
matpuns  F(j), j=01...,N— CKOPHUCTAEMOCS

nocnabaeHuMu ymMmoBaMu Anamapa [4, ¢.408]:

| |—Z|f,kl|>o i=01,..
k;tl

VYmoBu (4) 03Ha4YaIOTh, IO BCi JIaTOHATBLHI
eneMenTd Matpuib F(j) € cmabko JOMiHyIOYHMH.

(4)

BpaxoByrour BHIJISI BHIINE BBEACHOI MaTpHI,
Ma€eEMO
Aj+ip+jv=4;—iu—jv=0,i=01...,c-1;
Aj+tcu—cu=4;>0,i=c.
Martpuns D(N) € TPUKYTHOIO MaTPHUIICIO 1 TOMY

D(N):ﬁiy>0 ,
i=1

0 O03Haya€ HEBUPOKCHICTD

MAaTpHIIi.
TakuMm 4dMHOM, SKIIO NapaMeTPH CHCTEMH
Ay, u,v>0, 10 marpuwi F(j), j=0L..,N-1 Ta

D(N) € HEBHPOIKEHUMH.
Jlemy 0oseoero.
Teopema 1. fxmo A;, u,v >0, 10 CTaIioHapHi

HAMOBIpHOCTI ﬂi(jN), (i, j)e S(Q") maroth HacTymnHuii

BUTJISL:
”1’\11\1
” ZNN

= 7Ton Dil(N)(N vic-1)+ 4y el(c_l)) ®)

N
TTean
N
T
_7on (,N N
TTeN ——(rON,rlN,...,
Cu

r )(N vi(c) + Ave.(©)), (6)

ﬂ_N
0j
N )
7o | g NIy .
Y ONT(rON!rlN’ rcN)WN 1 (J)’ (7)
N
7T
j=01...,N-1.
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LW N =)

rc'le )i(C) +

N-1

P ={N!Z

j=0

W(j)l(c+1)+

S

N N
+(I’ON LT
-1

1 -
+a(r0”N AT L )(Nvl(c) + A8, (c))} (8)
on
. | 1
8 o | DN NVI(e—1)+ Aye,(c-1))’
r(ﬂlN

1 -
fen = a (ro,\rlxl ' rlll\\‘l ""’rc’le )(N vi(c) + A€, (c)) ,

W(j)=BF*(j) j=01...N-

Jloseoennsi.
s xoxuoro k=01,...,c—1 po3i6’emo S(QV)
(k,N)} Ta

IIOTOKIB

Ha [Bi TiIMHOXWHH E, ={(0, N), (L N)
E, =S(Q“)\E,. B cumy pisHOCTI

HMOBIpHOCTEH  dYepe3 3aMKHEHHH KOHTYp y
crarionapaomy pexumi ([9], crop.49), Oynemo maTu

N N N N _
Nvzgy + Nvry +...+ Nvr, +(Nv+/1N )7Z'kN =

=(k+ury,y, k=04...,c-1 9)

N
TTi ..
L (i j)es@").
7oN
Toni 3 mepmmx (c—1) piBHsAHB cucTeMu (9) MaeMo

Beenemo HOBY 3MiHHY I =

v - DA(N)NvIc-1)+ A (c-1).  (10)
3(9) mpu k=c-1 3HaxX0aUMO

My = i(ro“,L NI )(N vi(c) + Ane.(©). (112)

cu
Hdus  koxsmoro  j=01..N-1 noOyayemo
posourts pasosoro mpocropy SQ")=S;(Q" )Ugj(QN),
ae $;@Q" )={kmes@"):ms jj} 3HOBY

BHUKOPUCTOBYIOUH TEOPEMY IIPO PiBHICTh MOTOKY
o . ~ : N
AMoBipHOCTEH 4Yepe3 rpanuiio obmacti S;(Q") B

CTaIllOHAPHOMY PEXHMI Ta 3BaKAIOYM HA BBEJICHY
HOBY 3MiHHY, MA€EMO
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ar =( J+1)V"oj+1+ +(j+Dvr, . (12) [MincraBnstoun cronu Bupasu 3 dopmyn (10),
(12), (17), orpumaemo (8).
Posrmsnemo  Temep  (C+1)xN  3aMKHEHHX CniBBinnomenns (5)-(7) € ©Oe3nocepenHiMm
KOHTYpiB, fKi MicTATh omHy TOuky (i,]) 3 oOmacti HACTIKOM (10), (12), (17). Teopemy dosedeno.
~ ) S JoBenena teopema MICTHTh y c0o0i eheKTHBHY
S@Q“)=1{t ,c}xi?,l,...,N—l}. Binosizni piBHAHHA oo vnourhy  mpouemypy A 3HAXOMDKEHHS
JUTST rIJ , (i, ))€S(Q") mators BurnAn CTAI[lOHAPHOTO  PO3MOJTYy KEPOBAaHOI  CHUCTEMH
M/M/c/N 3 omHieto cnpo0o TMOBTOPY Ta
(A4; + i)y = url, =0, (13) o0OMeXeHOI  KUIBKICTIO — JUKepen  MOBTOPHOTO
BUKIIMKY. Pe3ymprar TeopeMu 3acTOCyeEMO IS
(4, +iu+ jv)r) =(j+1)u Nt MOIIYKY SIBHUX  (QOpMyn Aisl  CTaliOHapHUX
i WMOBIDHOCTEH KEpOBAHOI CHCTEMH 3  OIHUM
AN [+, =12, 01 (14) P P

(/1- +Cy+jv)rc’-\‘ =
lj+l+(.| +1) c1+l’ IZC' (15)

(12)

AN

jre-j

+/1] —1cj l+(J +1)

[loxmamemMo B  piBHSHHI j=j-1 Ta

nepenamiemo (15) y Burmsai
(ﬂ+C/1)r _(A’ +Jv)r—1j +A’—1 Cj—l+(J +1)Vrc 1]+1+

+(j+Dvrly + vy + v o+ v, i=c

ITogamo Ttemep cucremy (13)—(15) y BekTopHO-
MaTpUIHOMY BHTJISI

(ro“; ) )F(j) =(j +1)v(r0’“j+1, rl’j“ﬂ,...,rc’j“ﬂ)B
abo

(ro'\} ) rll}l’ ol ) (J +1)V(r01+1’ r11+1’ Y c1+1)BF _l(J)_
=(i +1)V(r0j+l’ r1j+1""7rcj+l)vv(j)1 j=01...N-1, (16)

OCKinbKH 3a jemoro 2 obepHeni martpumi F7'(j)

ICHYIOTB.
Po3B’S30k  BEKTOPHO-MAaTPUYHOTO PEKYPEHT-
Horo piBHsHHS (16) MOXHA 3HANTH Y BUTIISLIT

N N N
(I’Oj ) rlj ""’er )=

NIy N .
*(rON ) rlN " rcN)W N 1 .XW(]), (17)
j=01...,N-1.
YMOBa HOpMyBaHHﬂ JJIs1 CTaL[iOHapHI/IX

itvosiprocreii (", (i,j)eS(Q") , sxa Burmsnae

TaxK ZZ”HN = 1, MOXKE 6yTI/I epernucaHa
i=0 j=0
HAaCTYIIHUM YMHOM
c-1 c N-1 1
N N N _(_N }
Z r-|N + r-cN + rlj (7Z-ON )
i=0 i=0 j=0

NPWIAJIOM Ta JIOBEIEMO MOXIHMBICTh MEPEHECEHHS
BKa3aHOTO pe3yNbTaTy Ha CHCTEMY 0e3 0OMeXeHb Ha
KIJIBKICTB JKEpes TOBTOPHUX BUKITUKIB.

BBenemo no3HayeHHS
j-1

Ai(j): k=i

A +K+Dv+p
A (A +kv)
1, i=]j.

, i<, (18)

Hacaigox 1. fAxmo anis M /M /1/c cuctemu 3
OJIHIEI0 CIPOOOI0 TIOBTOPY BUKOHYIOTHCS YMOBH
gemu 1, TO g Hei icHye cTalllOHApHUHA pPeXUM
CTaIioHapHi KMOBIPHOCTI JOPIBHIOIOTH

P.
Ty =——, (19)

Pl

_ P, (4; +_jv)
jluv!

A +iv+u N
ey (i)} @

(20)

{i A +iv+ p)A ()

i=0 Illuv

Jlosedenns.

®dakT iCHyBaHHS CTalliOHAPHOTO PO3MOALTY
BurumBae 3 yemu 1. g momryky crarioHapHUX
HMOBIPHOCTEH PO3IISIHEMO CHOYATKY CUCTEMY THUILY

M/M/1/N Hdns takoi cucCTeMH 3aCTOCYEMO
pe3yiabTaT Teopemu 1. Y Bunaaky ¢=1 maemo
01 Ay +jv =4+ v
B= ta F(j)= J (4;+1v) :
01 - U A+ 1
OCKIIBKH
A+u A +jv
F 7l(j) — ;( J H J J J ,
Ai(A;+jv) M A+ v

to Matpunsg W (j) Oyme MaTh BUTIISA

1 (,u /1j+jvj
A (A + jv) 4 A+ v

j=01....N

W(j)=BF"(j)=
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Tomi 3 dopmyn (5)—(8) micns BiamoBigHHUX
HEPETBOPEHb MAEMO

NIy N
TToj = 7o ‘;I Aj(N)’ (22)
NN+ jv
i = TN #AAN), (23)
1
TN = TToN ;(NV—'_/IN)’ (24)

. 1

N-1. N-j A+ -
ﬂON={N!ZVj, A,-(N>%+%(AN+NV+#)} (25)
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IMepexoasiun  y dopmynax (22) — (25) mo rpanuii
mpu N — oo, orpumaemMo moganns (19) — (21).

Hacniook ooseoero.
BucHoBku

B naniii poOOTi AOCHIIKYETbCS CTOXAcCTHYHA
OaraTokaHajgbHa CHCTEMa 3 OJHIE€I0 IIOBTOPHOIO
cnpobol0 movyath OOCIYroBYBaHHS, M SIKOL
PO3TIIAHYTO MpPOOJIEeMy ONTUMAaJbHOTO KEPYBaHHS B
Kjmaci  moporoBux  cTpareriifi. Jng  mpouecy
00CITyrOByBaHHS BHUMOT JOCHIIKEHO CTaIliOHApHHHA
pexum. 3HaleHo eeKTHBHUIA aJIrOpUTM
MiApaxyHKy CTallilOHApHUX WMOBIpHOCTEW Ta SIBHHUI
BUIIAN (DYHKI[IOHATY SKOCTI B CTalliOHApPHOMY
peXHMI.
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In this article we propose simple to compute, ten times faster than real-time contour descriptor, that can

be used for simple objects classification. Image classification is common task of computer vision, which have
many applications in different areas: robotic vision, computer intelligence, cognitive vision, statistics,
geometry, optimization, biological vision, smart cameras. Main algorithm consists of four main steps:
finding edges on image mask, build object contour based on found edges; smooth contour using extremes
based approach; rotate image(image contour), find side contour feature for each rotation, append it to
common feature vector; classify object contour, using SVM. Proposed method is better suited for objects,
whose contour is similar to star polygon, it was successfully applied on our Mushrooms dataset singly, or

together with texture or color based features.

Key Words: object classification, contour feature, contour smoothing, image processing.

CratTio peacTaBuB A.¢.-M.H., mpod. AHicimoB A.B.

1. Introduction.

Problem definition. Given segmented image,
classify it to one of predefined classes.

Actuality. Image classification is one of common
tasks of computer vision, which have many
applications in different areas: robotic vision,
computer intelligence, cognitive vision, statistics,
geometry, optimization, biological vision, smart
cameras. Image classification task is often related
with machine learning, artificial intelligence, signal
processing, imaging, control robotics technologies.
Since applications of these technologies have to
handle ever more data or to run on mobile devices
with limited computational capabilities, there is a
growing need for descriptors that are fast to
compute, fast to match, memory efficient and yet

© B. M. Tepemenxko, O. B. Koprokainos,
2016

exhibiting good accuracy. That is why, here we
introduce simple to compute, ten times faster than
real-time contour descriptor, that can be used for
further processing by classifiers(in this article we use
SVM as a classifier).

Related work. For improving images
classification algorithm it was decided to use object's
contour information, that is why we needed contour
description that can be used for further processing by
classifier. Several contour coding algorithms are
described in [1]. Chain coding and its variations[2] is
often used for representing object's contour, for
example in [3] differential chain code histogram
proposed for classification hand-written digits. The
pairwise geometric histogram is also used for coding
contours, five simple shape descriptors: convexity,
principal axes, compactness, variance, elliptic
variance are introduced in [1].
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In [4] they address the shape classification
problem and make the following contributions:
combine both contour and skeleton (also local and
global) information for shape analysis, and apply
Boosting or SVM as a classifier. Discrete contour
evolution (DCE)[5] method is applied to extract
simplified polygons.

An approach which classifies a segmented video
object based on its appearance(object views) in
successive video frames is presented in [6]. The
classification is performed by matching curvature
features of the contours of these object views to a
database containing preprocessed views of
prototypical objects using a modified curvature scale
space technique. By integrating the results of a
number of successive frames and by using the
modified curvature scale space technique as an
efficient representation of object contours, proposed
approach performs the robust, tolerant and rapid
object classification of video objects.

In [7] they propose an expectation-maximization
(EM) approach to separate a shape database into
different shape classes, while simultaneously
estimating the shape contours that best exemplify
each of the different shape classes(clusterization).
They employ the level set function as the shape
descriptor, for each shape class they assume that
there exists an unknown underlying level set
function whose zero level set describes the contour
that best represents the shapes within that shape
class. The level set function for each example shape
in the database is modeled as a noisy measurement
of the appropriate shape class's unknown underlying
level set function.

Focus on mid-level modeling of shape
representation is made in [8]. They develop a new
shape representation called Bag of Contour
Fragments (BCF) inspired by classical Bag of Words
(BoW) model. In BCF, a shape is decomposed into
contour fragments each of which is then individually
described using a shape descriptor, e.g., the shape
context descriptor, and encoded into a shape code.
Finally, a compact shape representation is built by
pooling shape codes in the shape. Shape
classification with BCF only requires an efficient
linear SVM classifier.

2. Main algorithm

Objects contour classification algorithm takes as
input data image's segmentation, and consists of four
main steps(image 1):

- Finding edges on image mask using Canny edge
detection algorithm[9], build object contour based on
found edges.
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- Smooth contour using extremes based approach,
described in previous work.

- Rotate image(image contour), find side contour
feature for each rotation, append it to common
feature vector.

- Classify object contour, using linear svm 1vs 1
winner choosing strategy, and homogeneus kernel
map, described in VIFeat[10].

"
«

Image 1. Main algorithm scheme.

Find mask edges Smooth Contour

=

A4

Extract contour
feature

Process contour
feature with SvM [P

Let us describe each step more detailed.

On first step, for computing object contour we
use single channel ground truth annotation, presented
as an image mask(255 for foreground, O for
background), proposed approach does not provide
solution for image segmentation task(foreground
subtraction). First, we find object contour using
canny edge detection algorithm, then present contour
as a polygon vertexes sequence. This is done to
optimize image rotation speed, thus we don't need to
rotate the whole image, which takes O(m™*n) time,
rotating image contour is enough — O(m+n) time.

On second step, we smooth contour with
extremes based method, described in previous
articles. While trying to implement proposed contour
classification algorithm, we faced with necessity of
special contour smoothing algorithm. In contour
classification tasks contour noises appeared as a
result of inaccurate segmentation algorithms or
human annotations, or after image's mask jpeg
compression, so we often need to remove some small
background parts near boundaries that does not
belong to object. Therefore we needed algorithm for
building bounding contour, based on the most locally
internal vertexes of input contour. That is why we
proposed a method, that first finds vertexes where
contour convexity changes, than obtains local
minimums or maximums, which should be used in
resulting contour.

On third step, we extract from smoothed contour
features, describing contour. Feature extracting
algorithm has two input parameters, which values are
selected depending on object specificity:

u — number of image rotations;

v — feature vector dimension for each rotation;
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Resulting feature vector is u*v dimensional. We
rotate input image n times, taking left object side's
description as side feature for each rotation, than
concatenate all side feature vectors to resulting
feature vector. Such description is more appropriate
for objects, whose contours can be represented as a
star polygon. Resulting feature vector will be used
for further SVM processing.

Let us tell how we obtain side feature vector.
First, we add to image mask empty background
borders of half image's size, to avoid foreground part
corruption while rotating. Than for i'th image's
rotation(original image rotated at an angle of 360*i/u
degrees) we remove borders, finding left, right, top,
and bottom foreground object coordinates, and scale
resulting ROI to size v*v. For each mask's row, we
store to side feature vector the most left object's x
coolrdinate, and than concatenate all side feature
vectors to u*v dimensional resulting feature vector.
Example for u = 4, v = 300 is shown on image 2.

TE

k‘#‘

-l

Image 2. Contour feature representation.

Cnnw ur

feature

Finally, resulting feature vector is processed by
SVM. We tried several vector normalizations, the
results are described in application part. After
normalization, homogeneous kernel map is applied,
so feature vector's dimension increases 2*order+1
times(order — input parameter of HOM algorithm).
Than we train multi-class Linear SVM with 1 vs 1
winner choosing strategy, using several dataset's
partitions to avoid overfitting.

Theorem 1. Time complexity of algorithm is
O(m*n + (m+n)*u).

Proof. Finding edges using Canny edge detection
algorithm takes O(m*n) time. Smoothing contour of
m+n vertexes takes O(m+n) time. Computing
contour feature consists of u steps, each step needs
v<m-+n iterations, that is why total time of this part
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is  O((m+n)*u). Prediction of u*v-dimensional
feature vector by SVM takes O(u*v) time, v<m-+n.
That is why total algorithm complexity is O(m*n +
(m+n)*u). Because algorithm complexity is linear to
image's size, proposed method is much faster than
real-time, algorithm's speed is 320 fps.

Same idea should be applied for more than 2
dimensional spaces, for example for 3 dimensions
we can use spherical angles using square v*v side
description for each rotation.

3. Application

Here we introduce our Mushrooms dataset, on
which proposed approach was tested. Dataset
contains ten classes of mushrooms, totally 395
segmented images, we take 60% images of each
class for training model. The results of algorithm
application singly or together with texture and color
features are presented in table 1.

Algorithm parameters True recognized(%)
Contour, u =1 33
Contour,u =4 47

Contour, u =4, L1 50
Contour,u =6 48

Contour, u =12 53
Contour,u =12, L1 52
Contour, u =20 53
BOW(MSDS+Color+Surf) 70
BOW(MSDS+Color+Surf) + Contour] 75

Table 1. Tests.

As we can see from the table 1 L1 and L2
normalization give same result. Choosing u value
depends on object's specificity, for our dataset u=12
is optimal. Proposed contour descriptor bust up
classical feature based approach (Bag Of Words for
MSDS, Sift, Color) on Mushrooms dataset from 70
to 75 %.

4, Conclusion

Image classification is common task of
computer vision, which have many applications in
different areas, that is why we designed simple to
compute, ten times faster than real-time contour
descriptor, that can be used for further processing by
classifiers. Main algorithm consists of four steps:
finding edges on image mask, build object contour
based on found edges; smooth contour using
extremes based approach; rotate image(image
contour), find side contour feature for each rotation,
append it to common feature vector; classify object
contour descriptor, using SVM. Approach was tested
on our Mushrooms dataset singly or together with
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color and texture descriptors, better result is shown
for object, whose shape's form is similar to star
polygon. In future work complex algorithm,
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Cmamms npuceauena 00CcriodHcento 6a2amoxkaHalbHoi mepedcesoi modeni 3 pisHumu munamu eysnie. Lle
03HAYAE, WO MU PO32TIOAEMO MOOENb, AKA CKAA0AEMbCSL 3 080X CUCMEM 00CIY208YEAHHA 3 HECKIHUEHOHO
KinbKkicmio obcyeogyiouux npunadie. Yac obcnyeosysanus Ha nepuiiii cucmemi mMae 008iIbHULL pO3NOOLT 3
dyukyiero po3noodiny G(t), a wac obcny208y8anHs Ha Opyeill cucmemi € NoKA3sHUKosuM. Bueuenns mooeni

VCKAAOHIOEMbCS MUM, WO i cmoxacmuuna OuHamixa He modxce bymu onucauna aanyiocom Mapkoea. Kpim
mo2o, Mu nepeddauaEmMo, Wo BUMO2U HAOX00AMb 00 Mepexces8oi MOOeli 32I0H0 3 08OBUMIDHUM HOMOKOM
Ilyaccona. Lleii nomik Xxapaxmepuzyemucs MuM, Wo GUMOSU 3 HbO2O MONCYMb HAOXOOUMU napamu
00HOUACHO. Busuaemvcs cmoxacmuunuil npoyec 4ucia gumoe y 8y3iax mooeii. Ompumano senepampucy
panuuno20  po3nodiny yvoco npoyecy. Lle 0o036onuno Gunucamu @ AGHOMY 6uenadi eupazu Ol
MaAmemMamuiHo20 cnooieants, OUCNEepcii ma KOpeasiyii Yucia UmMoe y 8y31ax Mepedici..

Krrouosi crnosa: mepesicesa mooenvb 00Cayeo8ysants, 0808UMIPHULL 6XIOHUL NOMIK, CMAYIOHAPHULL
PO3N00iN.

The present article is devoted to research the multi-channel network model with different types of nodes.
It means that we consider the model which consists of two infinite-server queues M /| G/ © and M /| M | ».

The service time in the first system has general function of distribution G(t) and the service time in the

second system has the exponential distribution. In this case the stochastic dynamic of our model cannot be
defined by Markov chain. As a result, analysis of such networks is much more difficult than that of the
corresponding Markovian queueing models .Besides we assume that customers arrive to our model
according a bivariate Poisson input flow This input process is characterized by the fact that customers
arrive according to a bivariate Poisson flow simultaneously. We consider the number of customers in the
systems at time t. This stochastic process describes the state of our network model. In present paper
we find the limit joint distribution of the number of customers in the systems. In a general way (by
differentiating the corresponding generating function.) we obtain the main characteristics of this
distribution, such as the expected number of customers in the nodes, its variance and correlation . In the
case when parameters of our model dependent on the parameter n (number of series) the limit normal
distribution was obtained for the service process in the stationary regime.

Key Words: network model, bivariate input flow, stationary distribution
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1. CramioHapHi XapaKTepUCTHKH MOJeJIi.

OcoOnMBOCTI  peanbHUX  KOMIT IOTEPHUX
MEepek  Ta  Mepex  3B’S3KYy  BHMAraioTh
3aCTOCYBaHHAM  HapalielbHOro (YHKIIOHYBaHHS

00’ekTiB pizHOro Tumy. Lle moB’s3aHO 3 THM , IO
nmapajelbHiCTh 00pOoOKM MacuBiB  iH(opMarii,
3aMWTIB, TAPAICTBHICTE OOYHMCIEHh Ta I1HIIHX
orepariii, sKki BUKOHYIOTHCSI B Cy4aCHHX MEPEKEBUX
CHCTEMAaX, JO3BOJAIOTH JOCSTaTH  HaHWOLIBIIOL
MIBUIKOCTI poOOTH Ta ekoHoMmii dacy. Ock domy,
BEeIMKE 3HAYCHHS Ma€ aHali3 BJIaCTUBOCTEU
MaTEeMaTHYHUX MOJIENIeH MEpPEKEBUX CTPYKTYp 3
rapajenbHO (QYHKIIIOHYIOUMMH eJIEMEHTaMH Pi3HUX
TUOiB. Y JaHid cTaTTi MH PO3TISTHEMO MOZEIh
MapajebHOl CTPYKTYpH, CIIEMEHTaMH SIKOi € JBi
CHUCTEMH  MacoBOro  OOCIYyroBYBaHHS  THUITY
M/G/o ta M /M /o 3 1BOBUMIpHMM BXiIHUM

notokoM Bumor Ilyaccona (V1 (t), v, (t)) 3
napamerpamu A, >0, A4, >0, b>0. Bumoru 3
noroky V,(¢) npubysaiors Ha mepmry cucremy, a
BUMOIM 3 TOTOKY V,(t) mpuGysaioth Ha apyry
cucremy obcnyrosysanns. Hexait G(f) dynxuis

po3noninay yacy oOCIyroByBaHHS B MEPIIiA cucTeMi,
-1

G(t)=1-G(t),a= Ith(t) , 1 >0 mapamerp
0

IIOKa3HUKOBOI'O pO3HOI{iJ’Iy qacy 06CHy1"OBy'BaHH$I

BiANOBiAHO y Apyriii cucrem, G'(s) ta G*(s)-
neperBopenHs Jlannaca ¢pyHKuin G(t) , E(t) .
[To3naunmo Takox yepe3 X, (t) YHCIIO BHMOT, SIKi
00cyroByroThes B nepimiii cucremi M / G/ B
MOMEHT uacy ¢, a uepes X, (t)— YHCJIO BUMOT Y

apyriii cucremi M /M /oo B MOMEHT wyacy f.
Koxna BuMOTra OOCIYTOBYETHCS TUTBKM Ha OJHIN
cucTeMi 00CIyroByBaHH:.

OpHiero 3 KJIIOYOBHX — mpoOnieM, — fKa
pO3B’SIBYyETBCSA B paMKax  Teopii  MacoBOTO
00CITyTOBYBaHHS, € JOCIHIKEHHS CTalllOHApHHUX

xapakTepucTuk mopeli. OueBUAHO, 10 HAKOLIBII
MMOBHHMM YCITIXOM Ha IIbOMY IIIJISIXY € BUIAIKH, KOJIH
BIIA€THCS 3HAUTH CTAIliOHAPHUHN PO3MOIIN IPOIECy

00cITyroByBaHHs (X . (t), X, (t)) B 3B’sa3ky 3 mum
Mae MiClle HaCTyITHA TeopeMa.
Teopema 1. Ilporec

(X,(0) X, () » womeni (M/G-M/o) 3

napajicjibHOO

00CITyTOBYBaHHS

CTPYKTYpOIO Ta  JBOBHUMIpHHM
MyacCOHIBCBKUM IOTOKOM BHMOT (Vl (t),v2 (t)) Mae

EproJIMYHHUN PO3MO/IT 3 TEHEPATPHUCOI0 HACTYITHOTO
BUTJISY:

2016, 1

Bulletin of Taras Shevchenko
National University of Kyiv
Series Physics & Mathematics

_ Xy Xy
CD(ZUZz)—MZl Z," =

—expl | 24 b LG () | [1-2)-

| B4b0 () [(1-2)= 4G ()12

JloBenenns. B maniit cTarTi M 3ampoITOHyEMO

miaxig, sxkuid  0a3yeTbcs Ha KOHCTPYKTUBHOMY
Tpe/ICTaBJICHHI CTOXaCTHYHOTO npouecy
(X | (t ), X, (t )) 4epe3  CyMH  IHAMKAaTOPHHX

BHIIAJKOBUX BEIUYMH HAa BXITHUX IyaCCOHIBCHKHX
MOTOKaxX, KOXHa 3 SKUX Oy/le OMHCYBaTH TIPOIEC
00CITyrOByBaHHS OKPEMO PpO3TJSHYTOI BHUMOTH.
Bregemo 1o posrsimy TpH ciMEMCTBA HE3alIeKHHX
JBOBUMIPHUX BWIIQJIKOBUX BEIHYUH 3 HACTYITHUMU
po3noainiamMu . /[BOBUMipHA BHITQJKOBA BEIHMYHHA

2:(t) (1L0) 3
iiMoBipHicTIO 1 — G(t) = E(Z) Ta 3HAYCHHS (0,0) 3

Hexal TmpuiiMae 3HA4YeHHA

oL 2
HAMOBIpHICTIO G(Z). Bunankosa BenuuuHa (t)
npuiiMae 3HaYCHHS (0,1) 3 iimoBipuicTiI0O € ' Ta

3HAUCHHS (0,0) 3 iimosipuicTio 1—e . B cBoro

3 o
ycpry BHIIAJKOBa BCJIMYHHA y4 & (l ) npunuMmae

(11)

snavenns  (1,0) 3 iiMosipricTio (l—e‘”)a(t),

3HAYeHHS 3 #MOBipHiCTIO ef’”a(t) ,
snavennss  (0,1) 3 iivosipuictio ¢ “G(f) Ta
snauenns (0,0) 3 iimoBipHicTio (1 —e™ )G(t) :

Toni 3 #moBipHicTIO | 1 ABOBHMIipHOTO
Mporiecy OOCIyrOBYBaHHS Ma€ MICIIe HACTyITHE
MPEICTaBICHH:

(Xl(t)’Xz(t)): ZZ;(I)‘FZZZ(I‘)‘*‘
k=1 k=1
() yy (1) yi(r)
O =)+ > 2 e-12)+ Y i),
k=1 k=1 k=1

ne J’1(t)aJ’2(t)aJ/3(t) €

HyaCCOHiBCLKI/IMI/I IIOTOKaMH 3

HC3aJIC)KHNMU

napameTpamMu
A, A,,b BianoBinHo i TakuMH 1110,

Vl(t):%(t)"'%(t)’ Vz(t):J’2(t)+y3(Z)’
t,i,i =1,2,3;k=1,2,... € MOMeHTaMH MPUXOIY
BHMOT BIJAIOBITHO 3 IIOTOKY J, (t),i =123. V
MoJaJIbIIIOMYy, HE  OOMEXYIOYM  3arajJbHOCTI,
BBaxxaemo m, =0,i =1,2. Bexemo no po3rmigy
JIBOBHMIPHY

re’Heparpucy BCIIMYHMHHU

148



Bicnux Kuiscokoeo nayionanvhozo ynisepcumemy
imeni Tapaca Illesuenxa
Cepis ¢hizuxo-mamemamuuni HayKu

(Xl (t)’Xz (t)): (D(Zl,Zz,l) = MZi)(l(l)Z;(Z(l) )

BuxopucroBytouun BJIACTHUBOCTI YMOBHOTO
MaTEMaTUYHOTO CIIOJIBaHHS, MOXKEMO
3aMucaTu: (o(zl 225, t) =
X]
{M{Zl l’ ,}()l—123}}

{"”(cw =G

k=1

v

V(A

»(1)

(1= )6 (e=1t) #2511

1

k=
X (1 - eﬂ(ﬂz)j + zzefﬂ(Hi)G (t -t ) +

2zt )E(t — )}} .

Jl14 3HaxXOJKEHHsI T€HEPaTPUCH 3 OCTAHHBOTO
BHUpazy 3HOBY CKOPHUCTAEMOCS YMOBHUM
MaTeMaTUYHUM CIIOJIBAaHHSIM CTOCOBHO BEJIMUYUH

yi@)hy,(t) 1@ y,(). Toni
samcari: (z,,2,,1) =

:M{M{iﬁ(qf_z,z>+zla<r—t;>)x

xylz_[(t) ((1 —e M ) + Zzefﬂ(H'z) j X

k=1
»(1)

XH{(l_e”<’fi>j<;(t_t;)+zla(z_t;)x

k=1

X (1 o) ) + Zze_#z(t_tz)G (t -t ) +
+leze—y(t—ti)5(t—t,f)/yl. (t),i= 1,2,3}}}.

[lizpaxyemo yMOBHE MaTeMaTH4YHE CIOAiIBaHHS B
ocTaHHbOMY BHpa3i. Toai Mu oTpumMaemMo:

olz1,25,) = M{A (2,0 O M {4, (2,61
M, (2,20 e A2,

4, (22 ,t), A, (Z1 » 2, ,t) MAIOTh HACTYITHUH BUTJIAA

X

MOXEMO

BUpa3n

t

A(z,,t)= %J-(G(t—u)Jrzla(t—u))du ;

0

%j(l—e lo )+zze

0

A,)(z,,1) = )du
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4,(2,,2,, )_1l(1 G(t—u)(1-e ") (1-2)-

—e_”(t_”)G(z‘—u)(l—zz)—e_”(t_”)a(z‘—u)(l—zlz2 ))du
B ocramnix Bupazax i A4, (zl,t), Az(zz,t) T2

. 1
koedimiear - €
t

PIBHOMIPHOTO Ha ITPOMIKKY [0,1] PO3IOIiTY.
4, (Zl :t)a Az(zzﬁt)

Ta A, (Z1 s 24,1 ) OyIlyTh MaTH HACTYIIHUM BUIJIAL :
1j(l Gt—u)(1-z))du:
1

4,(2,,1) :1—5(1—@”)(1—22);

A3(Zl,zz,t)z—_:[(l—a(t—u)(l e

A, (Z1 »Z55 t) IITBHICTIO

OcraTouHO,  TEHEpaTpHUCH

Al(zl,t)

[a—

")) du(1-2,) -

~

Nl»—a

t
Ao
0

reHepaTpUcH
TaA3(Zl,Zz,t) B

t udul zzz)

Al(zpt)’Az(Zz’t)

reHepaTpucu

ITixcraBuBIIA
BEJINYUH
yl(t),yz(t) Ta ), (t), OTpUMAEMO SIBHUI BHpa3

reHepaTPUCH ¢(Zl,22,t)2 ¢(Zl,22,t) =

= exp {—[ﬂq':[a(u)du +b':[5(u)(l—e””)du)x
x(l—zl)—[ﬁ(l—eﬂzf)+b§e-#”G(u)du](1—zz)—

U

—b_[ .G u)du(1- zzz)}

HepeI/IIHOBIHI/I B OCTAaHHBOMY BUPa3i IO TPaHULI MPH
! — o0, MU OTPUMAEMO:

hm(p(zl,zz,t) (p(ZIBZ2)

= exp{—(%er(;—a*(u)jj(l—zl)_
_(%+bG*(,u)j(l—Zz)— ba(,u)(l—zlzz)}.
Teopema fioBeeHa.

3 pe3ynbTary, SKH MH OJEp)Kald, MOXKHA
3pOOUTH ps1 IIKaBUX BUCHOBKIB Ta HACIIIKIB.
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IMepm 3a Bce cmipg Big3HAYMTH, MO TPAHUIHUN
PO3MO/IiT poIIecy 00CTyroByBaHHS B HAIIM MOJCITI
€ IBOBHMIPDHUM ITyaCOHIBCHKUM 3 IapaMeTpamMu

a1:£+b l—@(u) , a2=£+bG*(,u) Ta
a 7

a
a, =bG(u).
KpiMm ToOrOo, CTpyKTypa IBOBHMIPHOTO IIPOIIECY
OOCIIyrOoByBaHHsSI ~ HaJiuye II'STh  HE3AICHKHUX

MMyacCOHIBCHKUX KOMIOHEHT. lle o3Hawae, mo B
CTaIllOHAPHOMY PEXUMi OJHOBUMIPHUN PO3TOILT
nporecy 00CITyroByBaHHS Mae HACTYITHY

oymoBy: X, =x, +x, +x , X, =x, +x, +X , 1e

. * . .
x.,i=14 Tta X He3amexHi BHIAIAKOBI BEIMYNHH,

1
PO3MO/IieH] 3a
napaMeTpaMu:

3aKOHaMHu HyaCCOHa 3

1 — A
A w x,, bl ——G (,u) s X,, —= s X,
a a u

b 1—5*(;1) s X, Ta ba*(,u) s X
U

Takum 9uHOM, B

CTPYKTYpI
00CITyTOBYBaHHS i

3’ IBJISIETHCS JB1

porLecy
JIOIATKOBI

HE3aJeKHI KOMIIOHCHTHU X, Ta X,. 3 OO0 MOXXHa

3poOWTH BHCHOBOK, IO Halla MOZEIb B TPOIECi
CBOT0 (hYHKIIIOHYBaHHS ITOCIIA0JIOE 3AJICKHICT MiXkK

KOMIIOHEHTaMH MOTOKiB Bumor. Kommnonentu x, Ta
X, OIIUCYIOTh B MOOY/I0BI MPOLIECY OOCITyrOBYBaHHS
Ti BUMOTH, 5Kl IPUHILIN B 1api 3 HOTOKY ), (t) , aJie

3JIMIIAIMCS B HAIii MOJIENI Ha 00CIyroByBaHHI 110
omHii 31 cBo€i mapu. OCKIIBKH iHIIA BEMOTa 3 IMapu
BXXe oOTpuMajia OOCIIyrOByBaHHS 1 BHUHILUIA 3
CHUCTEMH, ITapa po3majiacs, a 3HAYNThH 1 3aJCKHICTH

MiX KoMmmoHeHTamMH X, Ta X, 3MCHIIMIACh Ha

BEIMYMHY 3aJICKHOCTI, Ky BHOCHJA JI0 TPOIECY
00CITyroByBaHHS JJaHa Iapa BUMOT.

OTxe, BpaxoBYIOUH TOH (hakKT, MO HapaMmeTp
posnoainy IlyaccoHa € OJHOYACHO 3HAYCHHSIM
MaTEeMaTHYHOTO CITO/IIBaHHS 1 UCTIepPCil BUMIAAKOBOI
BEITMYMHA, KA MA€ IeH PO3MOJIii, MOXKEMO 3pOOHUTH
HACTYIHI BUCHOBKH: 1) MareMaTHyHe CIIOMiBaHHS Ta
JUCTIEpCisl  3arajlbHOTO YWCJIa TIap BUMOTL, SKi

CHHCOK BHUKOPHCTAHUX JKepet

1. Grifiths R.S. A class of bivariate Poisson
process,/ Grifiths R.S.Milne R.K. //
Journal Multivar. Anul. Issue 8, -3 — 1978 -
P.380-396.

2. Amnwmcumosn B.B. CroxacTuyeckue ceTu
oOciyxuBanws,)/ AaucumoB B.B., JleOenes
E.A.// JIetoune. — 1992. - 105 c.
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«po3manucs» B pe3yibTaTi  00CIyroByBaHHS,

, I = | Q—
nopisuioe b| ——G (/1) +b| ——G (u)
a H
2) MareMaTW4He CIIOiBaHHSA Ta AWUCIEPCis MOBHUX
rap BUMOT, SIKi 3HAXOIATHCS Ha OOCITyrOoBYBaHHI B

Hanrii Mozeni, nopisaioe bG ( ,u) .

Takox MOXHA 3HaHTH BUpa3 KoeillieHTa KOpe il
MK KOMITOHEHTAaMH TIPOIleCy OOCITYTOBYBaHHS
BHMOT Y HaIii MOIeIi:

cov(X,,X,) bG (u)
r\ X, X, |=———==-=4/a .
(x.%,) Joxpx, N T vb) (4 +b)
2. ACHMMNTOTHYHA HOPMAJIbHICTH
CTA[iIOHAPHOTO po3nogiay npouecy
00CJIyTOBYBAHHA .

B ymoBax 3pocTaHHS IHTCHCHBHOCTEH BXIJTHHX
MTOTOKIB OTPUMAEMO TECOPEMY IPO CIIA0Ky 301KHICTD
BiJIMTOBITHO IICHTPOBAHOTO Ta HOPMOBAHOTO BEKTOPA

(XI’XZ) A0

PO3HOALIEHOr0 BUIIAIKOBOTO BEKTOpa (§1 &, ) .

Z[BOBI/IMipHOl" () HOpMAJIbLHO

Teopema 2. Hexali mapameTpu BXiZHOTO
ITyacCOHIBCHKOTO MOTOKY 3aJIeXKaTh BiJi HOMepa cepii
7 HACTYITHUM YHHOM:

A = An, 2 = 2,n,b"™ =bn, n>1.
Toni mae Micrie crmabka 301KHICTh BEKTOpa

()= (X i, X - o) = (61.6,)

n—>0
Ilpu 1BOMY BEKTOP (681 ,52) Mae HOPMaJbHUIA
PO3ITOAUT 3 HYTHOBHM BEKTOPOM CEpEIHIX 3HAUYCHB 1

MaTpPHIICIO KOBapiamii

Ja,=(A4+b)/a,a =(4+b)/ u

o a
1 4
C=

a a,
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Ipoananizosano Mikpoxsuibogy OUHAMIKY 6 cucmemi 080X C1AOKO 36 A3AHUX CHIHMPOHHUX MASHIMHUX
nHanoocyunamopie (CMHQO) 3 eunadkosumu 61acHUMu napamempamu (dacmomamu ma NoO4amrKo8uUMU
(azamu xonusamv). Y meorcax pazosoi mooeni cunxponizayii CMHQO nokazano, wo 3anesxicHicmo
KOMNJIEKCHO20 napamempa HOpAOKY CUCHEMU B8I0 Yacy Moodce 0ymu HeMOHOMOHHOW abo OCUUNIONUOIO.
Bionosiono, onsa Hadilino2o 6uUsHAUeHHA CMAHY cucmemu (€ CUHXPOHI3AYis, HEMAE CUHXPOHIZaYil) HeoOXiOHO
NPOBOOUTU AHANI3 He AOCOTOMHUX 3HAUEHb KOMNIEKCHO20 napamempa nopsoky 6 0esKutl MOMeHm 4acy, a
XapakmepHux 3HaueHb QIYKmyayii yb0o2o Napamempa npomseom negHoco nepiody uacy. 3a 00nomo2or
MemoOdi8  HUCN08020 AHANI3Y 3ACMOCYSAHHA Ybo2o Kpumepito  ¢azoeoi  cunxponizayii CMHO
npoimocmposano 0asi 06ox caaoko 36’sazanux CMHQO 3 enacrumu uacmomamu, po3HOOINEHUMU 34
HOPMAIbHUM 3AKOHOM, I NOYamKo8uMu azamu Koausamv, posnooiieHumu pienomipno. Ompumani
pe3yarbmamu 003804A10Mb  YMOYHUMU icHytoul O0ani wooo cuuxpounizayii CMHO i € easciusumu 011
PO3pOOKU MIKpOXBUnbogux cucmem 3 bacamoma CMHO.

Kniouosi cnosa: cninmpoHuuii MacHimHUL HAHOOCYUNAMOP, CUHXPOHI3AYIS KOIUBAHL, Kpumepill
CUHXPOHI3ayii, az06a mMooenb, KOMNIEKCHUU napamemp NopaoKy, 6UNAOK08d 61ACHA YaCmomad.

Microwave dynamics of the system of two weakly-coupled spin-torque nano-oscillators (STNOs) with
random eigen parameters (frequencies and initial phases of oscillations) is analyzed. A time dependence of
the complex order parameter of the system is shown to be non-monotonic or oscillatory in a scope of the
STNOs’ phase synchronization model. Accordingly, one should consider not the absolute value of the
complex order parameter at a time, but the characteristic value of the parameter’s fluctuations over time for
a reliable determination of the system state (synchronization is present or absent). Using numerical analysis
techniques the application of this STNO’s phase synchronization criterion is illustrated for two weakly-
coupled STNOs with random eigen frequencies described by the Gaussian distribution and random initial
phases of oscillations distributed uniformly. The obtained results allow one to refine existing data on STNO
synchronization and are important for the development of microwave systems with many STNOs.

Key words: spin-torque nano-oscillator, synchronization of oscillations, synchronization criterion,
phase model, complex order parameter, random eigen frequency.

Crartio nipeactaBus 1.¢.-M.H., npod. CaBeHkoB C.M.

Beryn cepeqHe 3HA4YeHHS MPOeKIlii CIiHy Ha JesSKy BiCh.

OnHuM 3 TIEPCHEKTUBHUX HANpPSMIiB PO3BUTKY BimmoBimHO, pyx Takoro aHcamOJII0 YacTHHOK
Cy4aCHOI €JCKTPOHIKM € CIIHTPOHIKA, B SKii TNPUBOAUTH HE TUIBKH 0 TEPEHOCY EICKTPUIHOTO
BHKOPHUCTOBYIOTHCS KBAHTOBI BIIACTUBOCTI CIHIiHY 3apsay, ajle ¥ A0 MepeHOCY HEHYJIbOBOI IPOEKIIii
€IEeKTPOHIB (200 IHIMMX YacTWHOK) [2]. AHcamOmp CHiHy, IO CHOPUYUHSE 3MiHH CITIHOBOTO CTaHYy
CHIH-TIOJIIPU30BAHUX CJCKTPOHIB Ma€ HeHynboBe cucreMu. lleli edekr, Ha3BaHWU CHiH-00EPTOBUM

© O.P.Cynumenko, O.B. Ilpokonenxo, 2016
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edpextoMm (COE, the spin-transfer torque) [2—4], Oys
TeopeTruHO nependadennit Jx. CrnoHueBChkUM [3]
ta JI. bepxkxe [4] 1 moTIM HmOCHiIKyBaBCs
eKCIepUMEHTaIbHO B Oarathox pobortax [5-10]
(muB. Takox mepenik mocwianb B [2]). Ha
croroAHimmHIN neHs Ha ocHOBI COE 3ampomnoHoBaHO
HU3KY HAHOPO3MIPHHX MIKPOXBHJILOBUX MPHCTPOIB
[6,7, 10-13].

COE THIIOBO CITOCTEpITAEThCS B IAPYBATHX
MarHiTHUX HAaHOCTPYKTypaX, SKi MICTATh TPHU IIapH:
BuUTbHUI MarHiTHUA map (BMII), HamarriueHicTh
SIKOTO MOJK€ BIIHOCHO BUTBHO PYXaTHCh TiJ Ji€l0
30BHINIHBOTO BIUIMBY, 3aKPIIJICHUN Mar"iTHUH Imap
(BMILI), HamarHiyeHicTh SKOTO € HEPYXOMOIO, Ta
HEMAar”HiTHUH MpOIIapoK, IO PpO3JIUISE€ MarHiTHI
mapu. [Ipr TpoOTIKaHHI CTAJIOTO EICKTPUIHOTO
CTpyMy Kpi3b Taky CTPYKTypy, LeH cTpym
noJsipusyeThest Hamarivenictio 3MIL 1 moumnae
TIEPEHOCUTH CITIHOBHH 00EpTaNhbHUH MOMEHT BiJl
SMII mo BMII. Ile cnpuuumnse nectabimizaliito
Mar"iTHoro crany BMII. 3a ymoBH, 110
MepeHeceHN 00epTanbHUI MOMEHT IEpPEBHILYE
BJIACHUW JTUCHUIIATUBHUHA OOEpPTaTbHUA MOMEHT
BMIII, y upoMy mapi BHHHMKa€e CTilika Npenecis
HamarHiueHocTi. BHachimok egekTy TriraHTcbKoro
MarHiToOoIopy abo edekty TYHEIHHOTO

Mar"itoormopy [2] 1me TpHBOIWUTH 10 TOSBU
MiKPOXBHIIOBUX KOJINBaHb MAarHiTooIopy
CTpyKTypu. Taki TeHepaTopw MiKPOXBHIHOBUX
CHUTHAJIIB, Ha3BaHI CIIHTPOHHUMH MAarHITHUMU

HaHoocmiaTopamu  (CMHO,  spin-torque  nano-
oscillator), mMaloTh psAo HEOMIKIB: Mally BUXiTHY
noTyxkHicte (turmoBo  0.1-100 HBT), mocTaTHBO
HU3bKi poboui yactotu (TunoBo 1-10 I'Tx), mupoky
cmyry renepanii  (tumoBo  0.1-1ITm), wmane
CIIBBIAHOINIEHHS CHUTHA/TIyM Toto [2, 6, 7, 11, 13—
15]. Jns 30UTbIIEHHS BUXIAHOI  TOTY>KHOCTI
rereparopiB Ha ocHoBi CMHO, 3BykeHHS 1X cMyru
reHepamii  Ta  TOKpameHHd  iX  OIyMOBHX

BJIACTHMBOCTEH  HEOOXIOHO  3aCTOCOBYBaTH  HE
mooguHoki CMHO, a MacuBu CHHXPOHI30BaHUX
HaHOOCITUIIATOPIB.

CMHO € CHJIBHO HEeJIHIHHUMH Ta

HEI30XpOHHMMH KOJIMBHUMU cucTeMamiu. Lle cyTreBo
YCKJIQHIOE  CKCICPUMCHTaIbHI Ta  TEOPETHYHI
JIOCITIDKEHHS TPOIIECiB CHHXPOHI3allii B CHCTEMax 3
Oaratbma CMHO. Ha JaHWH MOMEHT
SKCIIEPUMEHTAIEHO BJIAJIOCh CHHXPOHI3YBaTH JIUIIIC
nBa CMHO tpanpuniiitnoro tumy [8, 9] Ta wotupu
CMHO 3 BHXpOBHM CTaHOM HaMmaraideHocTi [16].
Icuyroua Tteopis cunxponizauii CMHO [17, 18]
TAKOX € JIOBOJNI HEJIOCKOHAJIOI 1 HE BPaxoOBYE
HasBHUM 3HAYHWH pO3KHA BJIACHUX IIapaMeTpiB
OKpEMHUX HaHOOCIHJISTOPIB BHACITITOK

HEIOCKOHAJIOCTI TEXHOJIOTI] IX BUTOTOBIICHHS.

Metoro naHOi poOOTH € YHUCIIOBUH aHai3
mpolieciB B3aeMHOI (ha3oBoi cuuxpoHizaiii (BOC)
nBox cnabko 3B’s3aHux CMHO 3 ypaxyBanHAM
TEXHOJIOTIYHOTO PO3KUAY IX BIACHUX MapaMmeTpiB, a
TakoX  BIOCKOHAJICHHS  ICHYIOUOTO  KPHTEPIIO
cunxponizauii CMHO B mexax ¢dazoBoi mogeni [18-
20].

YucioBa MoaeJIb
Amnaniz BOC gsox CMHO 3 ypaxyBanusm dazu
koeoimieHTa 3B’ s13Ky (a0, 1110 Te X caMe, 3aTPUMKH
cHTHay 3B’s3Ky) mokazaB [17, 18], mo koxeH
reHepaTop  MOXe OyTH  ONUCAaHWd  OJHI€I0
JUHAMIYHOIO 3MIHHOI0 — «y3arajJbHEHOI (a3oro»

Q; () (r.38. pasosa monens cunxpowizanii CMHO).

Jlunamika CTaHy Takoli CHCTEMH OTHCYETHCS
PIBHSHHSIMHU:
do .
— - = A, sin ((Pz -0+ Bl,z) ,
ddt 1)
(0) .
7;_“)2 =A,, s1n((p1 -0, + Bz,l) .

Tyr ®; =2nf;, — BaacHa 4acToTa j-ro OCLMIATOPA,
A, — ammiTyaa 3BSA3KY MDK j-THM 1 Kk-THM
ocuuisitopom, B, — dasa koediumienra 3B’s3Ky.

Monens (1) Mae TOCUTH 3aralIbHUN XapakTep 1 MOXKe
OyTH 3acTOCOBaHa 110 onucy (ha30BOi CHHXPOHI3AIIi]
reHeparopiB Oyab-saxoi mpuponu [17]. s momens

MOke OyTH BHKOPUCTaHa JUIsi YHCJIOBOTO Ta
AQHAIITUYHOTO  JOCHTIDKCHHS  CHHXpOHI3alii B
macuBax CMHO.

Ha TIPaKTHIII BJIACHI YaCTOTH f;

HaHOOCITWIIATOPIB MOXKYTh BiJIPI3HATHCS 32 paXyHOK
HETOCKOHAJIOCTI TEXHOJIOTII IX BUIOTOBJIEHHA a0o
HasBHOCTI AedekTtiB. Tomy B cucremi (1) BiacHi
4acToTn ®; =27f; CJIIJT PO3TJISINATH SIK BUIIAIKOBI

3HAYCHHSI 3 TICBHUM BiJJOMUM PO3IMOALUIOM P( f j)

(OymeMo BBaXkaTw, IO IEW PO3MOMALT € OJHAKOBHM
UL BCIX OCHWJIATOpIB, IO Tepemdadae  ix
BUTOTOBJICHHS 33 OJIHAKOBOKD TEXHOJOTIEHD B
€IVMHOMY TEXHOJIOTIYHOMY IHMKIIi). BBememMo Takox
Cepe/IHE 3HAYCHHS 4YacTOTH JIs MacuBy 3 N

N
CMHO: < f > =N -12 I Takox Oymemo
j=1

pO3MNISAIATH  TiABKM  BUMAJOK, KOJIH YacTOTH
HaHOOCHWJIATOPIB  PO3IOAUICHI 33 HOPMaJTbHUM
3aKOHOM:
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1(f,={f)

1
PG (fj):\/z_TAfeXp —5 T

Tyr Af — nesike ycepeHeHe BIIXUICHHS YacToOT f;

2

BIJ < f > , IKe OyJIeMO BBa)kaTW OJTHAKOBUM ]ISl BCIX

HaHOOCTIWIIATOPIB.
Bupasu nns ammtitynm A ta dasu B ik

KoedilieHTa 3B’S3Ky 3ajexaTb Big MexaHi3My
3B’S3KYy MDK HaHOOCHHMJIATOpAMH (BBAKAETHCS, IO
BiH omHakoBui mius Bcix CMHO). B it po6ori
PO3TIAHYTO HAaWOUIBII TPOCTHH BHUMAAOK T.3B.
rinobansHOrO 3B’ s3Ky. [Ipn mpomy mns ycix CMHO
Oyze BUKOHYBAaTUCh YMOBa:

A, =A=const, B;, =B=const.

3)
Hapani Oymemo BuBuaTH cunxponizauito CMHO
Buxoasuu 3 mozeni (1) 3 ypaxyBanusM ymoBu (3),
BBAXAKOUH, 10 YaCTOTH HAHOOCUMIISATOPIB f; 3axaHi
po3moaiiom (2).

Hns ommcy mponecy cuaxposizanii CMHO
OyzeMO BHKOPHCTOBYBATH KOMILUICKCHHU MapameTp
nopsAaky [1]:

“

3a yMOBH, 0 KoJMBaHHA Hamar"idenocti y CMHO
€ HECHUHXPOHI30BaHHMH, PI3HHIS «y3araJlbHCHUX
da3» AQ=@, — @, — 3MIHHA BEJIMYUHA, a aMILTITY/a

r=Re"Y =l(ei("1+ei("2 )

napamerpa TOpPSIKY R=|r| — ocmmrotoya. [Ipu
IIbOMY BEJIMKI YW Maji 3Ha4eHHI R B AcIKui
MOMEHT 4Yacy cami Mo c00i HEJOCTaTHhO HaIiHHO
XapakTepu3yloTh crtaH cuctemu. Came Tomy, 100
BIICBHUTHCH B iICHYBaHHI CHHXPOHi3aIlii, HE0OXiaHO
JOCHIDKYBaTH HE3MIHHICTh BeMUUMHH AQ abo R
MPOTATOM TIEBHOTO MIEPioy Yacy.

Po3pobrmena mpormemypa UHCIOBOTO — aHAJI3y
nependadae po3p’s3aHHS cucteMu (1) ais MEeBHUX
dixcopanux 3Hauenp A, =A,, =A, B, =0,, =B,

f=4(0),

3alaHuX 3TigHO po3mominry (2) Ta

BHUITIAIKOBHUX

1 Efz(o)

BUIQJKOBUX I104aTKoBUX (a3 kommsanb @, (0),

IIOYaTKOBUX qacToT

®,(0), 1m0 ONUCYIOTHCS PIBHOMIPHHM PO3MIOLIOM:

1/2m, 0<¢,,(0)<2m

Py ((Pl,z (0)): . :
0.  9,(0)<0,¢,,(0)>2n

upuna cmyru po3kuay yactoT Af Oyna 3amaHa sIK

)

Af = E_,< f >, ne & — Ge3po3MipHuii KoedillieHT, SIKuii

XapaKTepHu3ye HEJIOCKOHATICTh TEXHOJIOT1{
BurotoBiieHHs CMHO. Mis icHyr049oi TeXHOJOTii
BurotoBiieHHs CMHO [14, 15] meit koedimieHT

npubIn3HO JekuTh y Mexkax: 0.05<E<0.5.

Ockinbkd ~ 4acToTd  f; €  BHUIAIKOBUMH

BEIMYMHAMHY, IO 3a7aHi 3aKOHOM po3moaury (2), a
noyatkoBi «ysarambHeni dasm» @ (0), ¢,(0) e

BUIMAJKOBUMH  BEITHYWHAMH, MO0  OMHCYIOTHCS
3aKOHOM po3nofiny (5), 3po3yMijo, IO MOBEIiHKa
po3B’s3kiB  cuctemu (1) Takok MOXe OyTH
BHITAIKOBOIO (MPHUHANWMHI, YaCTKOBO). BpaxoByroun
e, pe3ylbTaTd aHamizy po3B s3kiB cuctemu (1)
MaloThb OyTH  CTaTHUCTHYHO yCEpeOHEHi, IO
JI03BOJINTH OTPUMATH TOCTOBIpHY 1H(GOPMAIIIFO 00
JTUHAMIKU «y3arajlbHeHUX (a3» IS CUCTEMHU JBOX
ciabko 3B’ s3annx CMHO 3 BHIIaaKOBUMH BIIaCHUMU
rapaMeTpamu. Cratuctuyne yCepeIaHeHHH,
MIPOBEJICHE B JIaHii poOOTI 3a MpoleIyporo, BKazaHin
y [19], mokasamo, mo ns omepamis He 3MiHIOE
Kkputepiii cuaxponizanii nsox CMHO. BimnosigHo
Jaiai PO3TIITHEMO JIUIIE OCOOJMBOCTI YHCIIOBOTO
aHamizy cucremu (1), mpomyckarouu iHpopMmaliro
11010 MPOLEAYPH CTATUCTUYHOTO ycepeaHeHHs [19].

AJNTOPUTM YHCIIOBOTO aHANI3y TIOJIATaB y
HACTYITHOMY:

1) 3amaBanuch EBHI 3HAYCHHS aMILTITYan A Ta
¢dasu B xoedimieHTa 3B’3KY, XapaKTEPHUI PO3KHI

BIacHHX 4actoT Af abo koedimient &. Takox
3anasascs npoMikok gacy ¢ € [0;7] nporsrom sxoro

Z[OCJ'IiI[)KyeTBCH ,Z[I/IHaMiKa CUCTEMHU.

2) 'enepyBaBcst BUNIAJKOBUI BEKTOP
MMOYaTKOBUX «y3arajlbHEHUX haz»
$(0)= {(pl (0),9, (0)} , BUXOASYH i3  3aKOHY

posmoauty (5), Ta BUMAAKOBHN BEKTOpP BIACHUX

]?:{fpfz},

po3noiny (2) 1uist BiToMOro 3Ha4YeHHS Af .

qacToT BUKOPHUCTOBYIOYHU 3aKOH

3) UYucnoBMMH METOAaMH  pO3B’A3yBaslach
cucreMa piBHsHB (1) mis o6panux 3HaueHs A, [,

¢,(0), ,(0), f,, f, i BusHauamuch QyHKUID
¢, (¢) Ta @, (1), te[0;T].

4) 3a Bigomumu Qynkuismu @ (z) Ta @, ()
PO3paxoByBaBCs MOAYJIb Iapamerpa nopsaky R ()
3rigHo BHpasy (4).

5) 3apmasaBcs mpomikok wacy [T —-T7T]| Ha
akoMy Oyne AOCHiMKyBaTHCh CTaH CHCTEMH. 3a
Takoro BHOOPY TPOMDKKY dYacy aBTOMAaTHIHO
BPaxoBY€ThCA TOH (DaKT, IO B IOYATKOBI MOMEHTH
yacy t<<7T JUHAMiKa CHCTEMM MOXe OyTH CHUIBLHO

HEpIBHOBaXHOIO, a TIpu ¢t — T 1OuHAMIKa CHUCTEMH,
SIK TIPABWJIO, € OUIBII YCTaJCHOK. 3a BiJOMHMH

3HAYCHHAMH  R(f)  pO3paxoByBAalOCh  CEpEIHE
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3HAYCHHs i€l (YyHKIIT <R>T Ha TIPOMDKKY dYacy
[T—tT] Ta xapaktepHe 3HaueHHS aMILNTYAM ii

OCIIMIIALI A <AR>T:
<R>r :%lZ::R(ti ).
(o8]~ S Tre) ()]

i=1

(6)

(N

Jie n — KUIBKICTb BIJUIIKIB 4acy f;, Ha IPOMDKKY 4acy

[T-%T].

6) 3agaBanach MPUITYCTHMa BiJHOCHA BEIMYMHA
ammonitynn - ocmwnamiin O<u<1. Sxmo  mus
3a/IaHOTO I BUKOHYBAJIOCH CITiBBITHOIIICHHS

<AR>T < M<R>1 ? (8)

BBakanock mo CMHO e cuHXpOHI30BaHMMH Ha
npomixky 1acy [T —1;7T].

T T T T T T T T T 0-8
0.65¢ N T
i 10.7
0.60
R
= 10.6
3. 0.55 o
2
0.50¢ R 103
045 g
0 2 4 6 8 10 12 14 16 18 20
t (HC)

Puc 1. YacoBi 3aIe’)KHOCTI HOpMaJi30BaHOI Pi3HUIT
$ba3 AQ/T (MyHKTHpHa KpHBa) Ta aMILUNTYOud R
KOMIUICKCHOTO TMapaMeTpa Hopaaky (4) (cyminbHa
KpuBa); p=5m/4.

PesynbTaTn Ta ix aHaJi3

YucnoBwii aHaMi3 TPOBOIWUBCA I CHCTEMH
nBoX cnmabko 3B’smapmx CMHO 3 mHactymHUMU
napamerpamMu (BU3HauY€HHMMHM 3rigHo m.a. 1, 2):
A/2m=4T1Tn, fi=1251Tn, f,=101IT0,
(f)=1125TTu,  §(0)={m1.45n}, &=0.05.
BukopucToBylour ajiropuT™m, HaBEJCHUN BHIIIE,
Oymo pO3paxoBaHo JTIUTHAMIKY pi3HUI
«ysaranbHeHuX  (az»  AQ=AQ(1)=0,(1)— ¢, (1)
JUIS  JIBOX 3HadyeHb ¢a3u KkoedilmieHTa 3B S3KY:
B=5n/4 (myuxktupHa niHis Ha puc. 1) Ta B=m/2
(myHKTHpHA JiHIA Ha puc. 2). Ha Tux xe rpadikax

CYLITBHOI JIHIEID ITOKA3aHO YacOBY 3alIe)KHICTh
MOAYJII  KOMIUICKCHOTO  IapameTpa  IMOPSIKY

R=R(1).

sHaueHHs R(f) xapakrepusye iuie «OIM3bKiCTb»

3 puc. 1, 2 BuaHO, MmO aOCOIOTHE

«ysaranbHeHux das» @, (z) Ta @,(r) B mesxwuii

MoMeHT wacy. Ilpore mnosexinka R(f) mnpotsrom

JOCHTb ~ TPUBAIOTO TPOMIKKY w4acy  [f;7+7]
CBiIUMTh Tpo  icHyBaHHi abo  BiACYTHICTbH
cuaxpomnizamii CMHO.
0 ; : . . 1.0
ERAAANAARAQAR feo
“H. 0.8
10+ N 0.7
& T {0.6
s “H. Jo5%
< .
-20r .|| o4
*10.3
10.2
-30 ' : ' :
0 1 2 3 4 5
t (HC)

Puc 2. YacoBi 3ayie)xHOCTI HOpMaJi30BaHOI Pi3HUII
dha3z AQ/T (IyHKTHpPHA KpPUBA) Ta aMIUNTyOd R
KOMILJIEKCHOTO Tapamerpa mopsaaky (6) (cyuiiabHa
KpuBa); Bp=m/2.

IIpoBenmeni  AocHiKEHHS  TOKa3ald, IO

BCIIMYHHA R(t) 3QJICKUTh  BiJ] CHIBBIIHOIIECHHS
nouarkosux ¢as §(0)={¢,(0),9,(0)} i semnunnn
A . SIxuio 3HaueHHS A MeHIe AEsSKOi MOpOroBoi
BEITMYMHU, XapaKTEPHOI IS 3aJaHUX f ={f.fr} i
OJIM3BKOI JI0 3HAUEHHS PI3HUIN BIACHUX YacToT Af ,

CHHXpOHi3amiss He BigbyBatuMerhes. Ilpore ¢dasza
KoedilieHTa 38’3Ky [} BIUIMBATHME 1€ CYTTEBIIIE,

10 BUJIHO 3 TOPiBHSAHHS pHc. 1, 2. Tak mjis 3HaYCHb
B Gamsbkux go (2k+1)m/2, ke N, cunxpoHizauis

B3araym BigOyBatucs He Oyme (muB. puc. 2),
HE3aJICKHO BiJl BEMHUUHU A .
BucHoBku
ITokazano, 10 JacoBa 3aJIeKHICTh
KOMIUIEKCHOTO TIapaMeTpa TOPSAKY CHUCTEMH IBOX
cnabko 3B’ SI3aHUX CMHO MOXE OoyTun

HEMOHOTOHHOIO a00 OCIHMIIIOIYO00. BinmoBigHo, 11
HaJIMHOTO  BHW3HAYCHHS CTaHy cucTemu (€
CUHXpOHI3allisg 4 i1 HeMae) HeOoOXiHO MPOBOIUTH
aHayi3 He aOCONIOTHUX 3HA4YeHb KOMIUIEKCHOTO
napaMmerpa TOpSJIKY B JACSIKHA MOMEHT dYacy, a
JOCTI/DKYBaTH 3MiHM I[hOTO TapaMeTpa MpOTIroM
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MEBHOTO Mepiofy 4acy. 3a JOMOMOrOI0 YHCIOBOTO
aHaJi3y TaKOoX BCTAHOBJICHO, IO CHHXPOHI3AIS
nBox CMHO e wHaiOinbir  e(EKTHBHOIO, KOJIH
amIUIiTYAa KoedimieHTa 3B’s3ky A € Oinbmon 3a
PI3HHUITIO BIACHUX IMUKIIYHUX YaCTOT OCIHJISATOPIB, a
¢daza koedimieHTa 3B’A3KY BIAPIZHAETHCA  BiX

10.
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(2k+1)n/2, ke N.

Pobota Oyna miaTpumana rpantoM JlepxaBHOTO
¢douny QyHIaAMEHTAIBHUX IOCHIPKEHb YKpaiHH

(npoekt F64/8).
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Locniooicyemvcst npodnema nokpawjents skocmi 300padicentst ynpoooesic MPT-ckanysanis. BunukHerHs,
yiei npobnemu nog'szame i3 GNAUBOM 306HIWHIX MASHIMHUX NOME HA  Ouysito peosun uepes eniogpMmic.
3anpononosano  GUKOPUCMOBYBAMU  2TIYEPUH, TNONEPeOHbO 0OpoONeHuti 6 HNOCMIIHOMY MASHIMHOMY NOJI.
Bemanosneno, wo macnimma 0bpobka aminioe koepiyichm menionposionocmi aniyepury. Ompumanuti pesyiomam
nogs3anull i3 OPIEHMAYIEI0 AHI30MPONHUX KIACMEPIS )Y HANPAMKY MACHIMHO20 NOos. 3p00NeHO BUCHOBOK, WO
HAaHeCeH s 2YePUHOB020 WApy aKyMTIOE Oit0 MASHIMOYYMIUGUX YACMUHOK ) NOBEPXHEeBOMY wiapi enioepmicy i
sanobizcac ymeopennio Hexopekmuux MPT-300padicens.

Kmouosi cnosa: MPT-ckanyeanms, niyepun, Koegiyienm menionposionocmi , MacxHimue noje.

Investigated the problem of improving the image quality during MRI scans. The occurrence of this
problem to the influence of external magnetic fields on the diffusion of substances through the epidermis. The
main component of epidermis is the keratin. The mechanism of changing the structure of the epidermis
under the influence of a constant magnetic field has been associated with changes in sizes and shapes of
defective areas. To hypothesize concerning the relationship between the quality of MRI images and the
presence of the defective areas in the epidermis filled with magnetic particles. Proposed use of glycerol, pre-
treated in a constant magnetic field. The developed method of evaluate the effectiveness of using magnetic
field for pre-treated of contrasting agents. It is established that the magnetic coating changes the thermal
conductivity of glycerol. The result is associated with the anisotropic orientation of clusters in the direction
of the magnetic field. The experimental results for images of human hand with tomography system
“TOSHIBA Vantage Titan Octave 1,5 Tesla” are used. It is concluded that the application of glycerol is
accumulates the effect of magnetically sensitive particles in the surface layer of the epidermis and prevents
incorrect MRI images.

Key Words: MRI scan, glycerol , coefficient of thermal conductivity, magnetic field.

Crartro mpencraBuB akanemik HAH Ykpainu, n.¢.-m.H., pod. bynasin JLA.

Beryn

Jnst MiarHOCTUKY M'SIKMX TKaHWH TIPW TIPOBEICHHI
MPT-nocnimkeHs BHKOPHCTOBYIOTh  PEOBHHH, 110
3MIHIOIOTh pelaKcalliiHi BJACTMBOCTI TKAHMH.  IX
HA3MBalOTh ~ KOHTPACTHUMHM  TIperapaTamy  Ta
KOHTpacTyrounmu areHtamu [1]. KonTtpacThi npenapati
BIUIMBAIOTh HA BIJIACTMBOCTI HABKOJMIIHIX TKaHMH 3a
HE3MIHHOTO CHTHally. B CBOIO d4epry, KOHTpacTyroui
areHTH 3MiHIOIOTh KOHTPACT 306pa>1<eHH51
BHKODUCTAHHS 3a3HAYCHMX PEYOBMH IIOB'I3aHE i3
HAasBHICTIO MarHiTHOrO MOMEHTY.

Ilpn mnposemenHi MPT-obcrexeHHs TTOKPUB
JIOZICEKOrO OPraHi3My IUIAETECA BIUIMBY IOCTIHHONO
MarHitHoro nomst. SIk sizomo [2], nopepxHesuii wwiap
LBOr0 IMOKPHBY — L€ eIilepMic, L0 SsBIsiE CcOoOOIO

© JL.IO.Beprys, b.B.banak,
A.B.Ounitinuk, 2016

BIOPSIIKOBAaHY CTPYKTYPY 1 CKIIAJIA€Thes 3 Oe3'smepHix
KIITHH, 3alOBHEHMX HEPO3UMHHAM KEpaTHHOM 1
MDKKTITHHHAM ~ JHITAHAM ~—~ MaTpukcoM.  Emimepmic
BIIHOCATh IO TKAaHWH, & OCHOBHUM KOMIIOHEHTOM €
kepatrH. Cliz 3a3HAYATH TAKOXK, 110 TIPH OHKOJIOTTYHIX
3aXBOPIOBAHHSX B KICTKOBHX KOMIIOHEHTAX CIIONYYHOI
TKAHHHH, OCHOBHOIO LIEMEHTYIOYO0 PEYOBHHOIO SIKOIO €
KoJIareH, OyJio BUSIBJICHO HAsIBHICTh ACSIKUX MOAU(iKaLii
kepatuny [3]. Kpim Toro, B po6oTi [4] BCTaHOBJIEHO, 110
YTBOPEHHSI EMiTEeNia bHAX MAapKepiB IOB's3aHe 13
TPOIIECOM  KepaTHHI3alliil, 0 SBJIsSE COOOK TIPOIIEC
pyHHYBaHHS ~ TIOBEPXHEBOr0  IIapy  CIIiJIEepMICy.
PyiiHyBaHHS 1BOrO ImIapy BifOYBaeThCS 33 PaxXyHOK
30UTBIIEHHS JeEeKTHHUX 30H, SIKi OTOUYYIOTh CTPYKTYpPHI
OIMHHLI — KepaTMHOBI rpaHynu. JledexTHi 30HM B
eImiaepMici MOXKYTb OyTH 3allOBHEHI TAKOX MArHITHUMHU
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YacTHMHKaMH (3a1i30, Milh, TOIIO), SKi HAIXOMATH B
OpraHi3M i3 30BHIIIHBOrO cepesioBriia. B podorax [5],
[6] BCcTaHOBMEHO, IO CHJIBHI 30BHIIIHI MArHITHI TIOJS
CTBOPIOIOTb B TOBEPXHEBUX Ilapax IIKIpH BIACHI
MarHiTHI nionst opsaky 0,04-2 MTo, sKi BIDIMBArOTH Ha
JMQY3it0 peHOBHH KPi3b 11i [IAPH.

MexaHi3M 3MiHH CTPYKTYpH EIiiepMicy il Ji€ro
MOCTIHOTO MArHiTHOro monsi OyB 3alpONOHOBaHHH B
poboti [2] i TOB'A3aHMI 3i 3MIHOIO PO3MIpIB 1 GopMm
Je(EKTHHX 30H.

Jiii  BUKIIFOYEHHS  MOXJIMBOCTI  CIIOTBOPEHHSI
300paKeHb 32 PaXyHOK YTBOpPEHHs Ae(EeKTHHX 30H, SIK
KOHTPACTYHO4Ui TIperiapar, HPOIOHYETHCSI
BUKOPHCTOBYBATH [iAMarHeTHK — IILEPUH , IO MOKE
aKyMyJIFOBaTH MaJli MarHiTHi MOJIsL, 3MIiHIOFOYM CBOFO
CTPYKTYpY Ha kiacteporomiony [7], [8]. Crmim Takox
3a3HAUMTH, 10 BIUIMB CHJIOBUX TIONIB HA CIPYKTYpY
PIIMHHUX CHCTEM OYII0 EKCTIEPUMEHTAIBHO 1 TEOPETUYHO
JIOCITIIDKEHO B po0oTi [9] .

Marepiagu Ta METOIMKA eKCIEPUMEHTATHLHOTO
OCTIKeHHA

JIis mipoBe/ieHHST eKCITEPHMEHTIB  3aCTOCOBYBABCSI
cmepurn (TOCT  6259-75  "uma» TOB  HIIJ
«Anbdapycy). ExcriepuMeHTH TPOBOIIMCH HA OCHOBI
amiabariyHoro meronay Kajopumerpii Ilepcona Ta
METOIy CTBOPEHHS MArHITHOrO OIS JTOCIIDKYBaHOL
pPEUIOBHMHH, IO 0a3yeThCs HA BHUKOPHUCTAHHI CHCTEMH
korymiok Tempmromema  [10],  [11]. Pesynesratu
eKCIIEpPUMEHTY Oy/IM BHUKOPHUCTaHI I  OTPUMAaHHS
300paKeHh KHCTI PYyKHd 3a JIOIIOMOTOI0 ToMorpada
Vantage Titan Octave 1,5 Tesla kommanii TOSHIBA.

VY mporieci eKCIEpUMEHTY KiOBETa 3 TUIIIEPHHOM
po3MiliyBaiack y HOCTiHE MarHiTHe HOJ€ 3 IHIYKLIE
0,43m T, yac BUTpUMKH B MarHiTHOMY Tiofni cxiazgas 30
XBWIMH. BemmumHa 3a3HadeHoOro dacy BH3HAYAACh
OPIEHTOBAHOIO  TPUBATICTIO  mpoBeneHHs  MPT-
TIOoCTipKeHHs.  Hapami mpoBomuBes  audepeHITiiamin
TEpMIUHMIA aHai3 3paskiB. TemmeparypHuMid miamazoH
HarpiBy 3pa3KiB BiIIOBiIAB TEMITEPATYPHOMY Jiara3oHy,
0 BUKOPHCTOBYEThCS Tpu  mpoBemeHHi  MPT-
JIOCITIDKEHHSIX.

Mera 3ramaHoro TerIohi3UIHOTO EKCIEePHUMEHTY
MoJnsiraa B TIOPIBHSHHI TEIDIONPOBITHOCTI TIIIIEPHHY,

mo BUTpuUMyBaBcs (A;) 1 He BUTpuMyBaBcs (A;) B

MarHiTHOMY TTOMi .
SAx  Bimomo, TemmepaTypa IONA T(F,t)

BH3HAYAETHCS PIBHSHHIM TEILIONPOBiTHOCTI
a—T:aZAT, 1)
ot

ne T — Temmeparypa, t — wuac, a’ -

TEeMITepaTypOIPOBIIHICTh, IO BiAMOBiNae BimoMil
¢dopmyi
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a?=2, @
Cp
e A - Koe(il[ieHT ~TeIIONpOBIMHOCTI, ¢ —
TEMJIOEMHICTb, p — TYCTHHA.
'paHn4yHOIO YMOBOIO B JaHOMY BHIAAKY
CITy’UTb PIBHICTb
T(F,t)=T,, (Fe9) 3)

ne I - paaiyc-BeKTOp, S - TpaHMYHa IMOBEPXHS

00'eMy, 3a{HATOTO TIIEPHHOM.
3aranbHUN po3B'A30K piBHAHHA (1), AK Bigomo,

S, zp[ o

ne B; (F) BiacHi QyHKii piBHAHHS (1).
Yepe3 meBHUIl yac t; micns Mo4aTky BHMIpIB
BUpa3 (4) HaOyBa€e BUTIISLY

(4)

©)

Y dopmyni (5) yac penakcallii BH3HAYA€THCS
hopMyJ10t0

T ~T,y|1-ex —ij ,
T

2
T~ L—Z , (6)
a
ne L - po3mip kroBeTH.
BBoasun no3zHayeHHs
T(t
()=, )
MIEPENICYEMO BUPA3 (S)Oy BHTJIISII
1-k(t)=ex 1 (8)
T
I3 Bupasy (8) magmo
r=-t/ml—k(t)] 9)

[Mincramsaroun y dopmyny (9) piBHOCTI (2) Ta
(6), orpumyemo

A _ L=k ()]
Ay L=k, ()]’
ne k,(t) ta k,(t) Bimmosimarore HemamarmigeHOMy
Ta HAMAarHi9eHOMY TJIIepUHY.

(10)

Pe3yibTaTn ekcrnepuMeHTy Ta iX 00rOBOPEHHS

Ha puc.1. mokazaHo 3aneXHICTh 0€3pO3MipHOTO
KoeillieHTy, 1O  XapakTepu3ye  HapOCTaHHA
temmeparypu, Big 4acy K(t). Ha mpomy pucyHkKy
CipuM KOJIbOPOM IMO3HAYEHO 3HAuYeHHs K erayoHy -
Al,O;, dYOpHMM KOIBOpOM-3HAuYeHHs K st
TIIEpUHY, MO nepedyBaB y MarHiTHOMY TOMi, OiTi
KBJIpaTH BiJIIOBINAIOTh JaHUM, OTPHMAHUM JUIs HE
HAMarHi9eHoro  TIIIepHHY. PospaxoBane 3a
dopmynoro  (10) 3a mammmu  puc.l 3Ha4YeHHA

) A
BiIHOIIIEHHS /1—1 (t) HaBemeHo Ha puc.2.
2
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Puc.2 3anexHicTh BiTHOIIICHHS KOSPIII€HTIB
TETUIONMPOBITHOCTI TSI HCHAMArHI9eHOT o Ta

HaMarHiuyeHoro TiIinepuHy /1—1 Bix Hacy
2

3 puc.2. BUIHO, IO BUTPUMYBAaHHS TJHIEPHHY B
MarHiTHOMy TIONi 3MIiHIOE HOTO TerutompoBimHicTs. Lleit
(bakT MOKHA TIOSCHWUTH OpIEHTAIIEIO  aHI30TPOITHIX
KJIACTepiB y HampsiMKy MarHiTHoro momst. [lpu mpomy
TTiCIIST TIPOXOKEHHS TEIUIOBOTO TIOTOKY KOHIIEHTPAITIs IX
KJIACTepiB  TOYMHAE  3pOCTaTH. lake  3pOCTaHHSA
TIOSICHIOETECSL MOXCIMBICTIO TIONUTY KJIaCTEPHOI 30HM HA
OubIII PiOHi. [IpoTAroM ychoro eKCriepuMeHTY, Jac SIKOro
JOpIBHIOE ~ CepeNHBOMY dYacy BuKoHaHHI MPT-
JOCIIIDKEHb,  BIMOyBa€TbCS ~ 3MEHINCHHS  PO3MIPIB
KIIACTEPHHUX 30H MPAKTAYHO JI0 TTIOOAMHOKIX MOJIEKYJL.

Ha puc.3 HaBeneno MPT-300paxkeHHsI KHCTI pyKH,
SIKi BIJITOBIIAFOTH TIPOBEJICHHIO CKAHYBAHHS Y BIICYTHOCT1
HaHECEHHS TITIEPHHY, SIK KOHTPACTYIO4oro aredra (3a), a
TAaKOX TPH HaHeCeHH! 3BMYaiHOro(30) Ta HaMarHi9eHOro
rmitepuHy  (3B).  Otpumani minm wac MPT  3HiMKK
00pobrsumest y nporpami «RadiAnt DICOM Viewer (64-
bit).».
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Puc. 3. MPT-300paxeHHS] KUACTI PYKH: a — BIICYTHICTD
DIepuHy, O - TUNNEepUH , SKWH HE TIiepedyBaB vy
TIOCTIAHOMY MArHiTHOMY TIOMi, B — TJIIIEPUH, IO
niepeOyBaB y TOCTIHHOMY MAarHiTHOMY IO IHIYKITIE€IO
0,43mTI porsrom 25 XBHIHH.

Sk BumHO 3 pmc.3a, O, B, 300paKEHHS, IO
BITOBIIAFOTH CTaHy 32 BiZICYTHOCTI TVIIIEPHHY Ta CTaHAM
13 HAMarHiueHMM Ta HEHAMAarHbeHNM TIIIEPUHOM,
BIPIBHSIIOTRCS CTyrNeHeM 3epHHcTocTi. Lle o3Hauae, 1mo
TSI 33HAYCHUX BUTIA/IKIB KUTBKICTD TITIIIEPUHOBOTO APy
3 OPIEHTOBaHMMH Y HANPSIMKY TIOJS KJIACTEPaMH 3MIHFOE
MexaHBMH JU(]y3ii B TOBEPXHEBUX MIapax CIIOMYYHHX
TKaHWH, M0 TIEPEIIKODKAE YYACTI MAarHITOYyTIIMBHX
YaCTHHOK, 5IKi MICTSITECS B €ITIEpMiCi, BHOCHTH ITOXHOKH B
OTpUMaHHsI 300pa’keHb BHYTPIIIHIX OpTaHiB.

BucnoBku

Y poboTi 3amporoHOBaHO METOH, IO JO3BOIISIE
nokparmyTe 300pakeHHss MPT-ckanyBaHHsL. 3a3HaueHMit
Meror, 0a3yeThCsl HA 3aCTOCYBaHHI TUIIIEpUHY Ta HOro
TIOTIEPETHIN 00pOoOLIi B ClTA0KOMY TIOCTIIHOMY MarHiTHOMY
nom. BcraHoBmeHo, 1m0 MarHiTHA 00pOOKa 3MIHFOE
KOe(IIlIEHT TETUIOMPOBIMHOCTI TYIHIEPHUHY, IO 3yMOBIIIOE
OpIEHTAITII0 aHI3OTPOIMHUX KJIACTEPIB Yy  HAMPSIMKY
MarHiTHOro TOJIs. BCTaHOBIIEHO TaKoXK, IO HAHECEHHS
TJIHIIEPHHOBOTO IIApy aKyMYJIIOE JIiF0 MarHITOYYTIIMBHX
YaCTHHOK y TIOBEPXHEBOMY IIIapi eMifiepMicy 1 3armodirae
YTBOpPEHHIO HEKOpeKTHUX MPT-300paskeHs.
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Buseneno icnyeanns macnimo2iopoOuHamiunoi Hecmiukocmi ONsi 800H020 PO3UUHY
2NIOKO3U, WO NPOABIACMbCA Y GUHUKHEHHI MYPOVIEHMHO20 pPYXYy NICAA NPUKIAOEHHS CMAN020
MACHIMHO20 NOJIAL.

Knrouosi cnosa: maznimue noie, mypoyieHmuicmo, 2n0Ko3d.

In this work we investigated the influence of magnetic fields on diamagnetic solutions. For this purpose
experimental researches of light scaterring intensity in aqueous solutions of glucose were conducted.The
measurements were held for thirty minutes when the field was turned off, the subsequent measurements were
carried out under the steady action of magnetic field. At the time of connection of magnetic field increase in
fluctuation intensity that exceeds the experimental error was observed. The occurrence of fluctuations causes
motion that occurs at the macroscopic level, because the system is in a nonequilibrium state. Changing the
value of B induction of current magnetic field we were trying to determine the critical value of Bc induction,
excess of which leads to instability. The received dependence of scattering intensity on the time has got
chaotic nature, that by definition, causes turbulent movement.

Thus, there was revealed the existence of magnetohydrodynamic instability of aqueous solutions of
glucose, which is manifested in occurrence of turbulent motion after applying steady magnetic field.

Key Words: magnetic field, turbulent motion, glucose.

Crartio ipencraBuB akanemik HAH Ykpainu, a.¢.-m.H., npo¢. bynasin JLA.

Beryn IHTCHCUBHICTh B MOMEHT 4acy t, |y - iHTeHCHBHICTh B
MoMmeHT dacy t=0, mo BiAMOBiZa€E MOYATKOBUM
Bumipam. Criouatky nporsiroM 30 XBHJIMH BUMIpH
MPOBOJVIINCS NPU BUMKHEHOMY MAarHiTHOMY IIOJIi,
MiCJIsE 4OTO TOJIe BMHUKAIIOCS, 1 MOJambIli BUMIpU
NPOBOAMIIMCS BXK€ HPU Jii CTaJoro MarHiTHOTO
nonsi. Pe3ynbTaTi ekcriepuMenTy mokasasi Ha puc.l

KoxHa 3 mpuBeZieHNX 3aIeKHOCTEN — 11€ OJIUH 3
MepBUHHUX TpadikiB, ski Oyllo OTpUMaHO I
JTAHOTO 3HAYEHHS MarHIiTHOI iHAYKIIii. Ta HE IMiJIaHO
CTaTUCTHYHIN 00po0IIi. Taka nojiaya
EKCIEpUMEHTAIPHIX JaHUX BHUKOPHCTAaHa B Lid
CTaTTi HaBMHCHO, MOOOIOIOYUCH, L0 YCEPEIHEHHS
pe3yibTaTiB MPH CTATHCTUYHIN 00poOIl, 3HIBENIOE
eeKT, IKUil MH HaMaraTUMEMOCsl BUSBUTH, a caMme
ExcnepumMeHT Ta iioro pe3yJabraTu TypOyJEHTHHH pyX.

Y ¢i3umi pigMHHMX CHUCTEM JaBHO BiJIOME
SIBUIIE EJIEeKTPOTipOANHAMIYHOT HecTiiikocti [1],
SIKE TIOJISITa€ y BUHUKHEHHI TYpPOYJIEHTHOTO PyXY IiJ
JI€I0 eJIEKTPUYHOTO TOJS B JICIKUX HEPYXOMHUX 10
TOTO PIIMHHUX CHUCTEMaX, KOJIM HaIPyKEHICTh
SNEeKTPUYHOTO TOJIS TIEPEBUILYE IEBHE KPUTHYHE
3HAUYCHHSI.

Uu criocTepiraTUMEThCS aHAIOTIYHE SBUIIE MTPH
Il Ha PIAMHHY CUCTEMY MarHiTHOTO TOJIs?

B momrykax BigmoBimi Ha e 3amHUTaHHS MU
MPOBEIN JOCHI/PKEHHSI CBITIOPO3CiTHHS 5% BOJHUM
PO3YMHOM TJIFOKO3M, IO 3HAXOMUTHCS I €0
MAarHiTHOTO TOJIS.

CxemMa  BUKOPHCTaHOI  €KCIIEPUMEHTAIBHOT OO0roBopeHHs pe3yJbTaTiB eKCIIEPUMEHTY

YCTaHOBKM IIpHBeJeHa B cTaTTi [2]. BumiproBanach Sk BHJIHO 3 pHc. | JUIA BeHUUHH & iCHYIOTH /B

BiIHOCHA iHTEHCHBHICTb PO3CIsAHHA & = I/ lo, ne I = o6nacri, mannx (t < 30, mone BUKIIIOYEHE) 1 BETUKUX
© JL.YO.Bepryn, 10.d.3abamTa,
K.O.Oropopnik, 2016

165


mailto:keit1989@ukr.net
mailto:keit1989@ukr.net

Bicnux Kuiscbkoco nayionanbHo2o yHieepcumemy
imeni Tapaca Lllesuenxa
Cepis ¢hizuxo-mamemamuuni HayKu

(t>30, mome BimOueHe) (GuyKTyamiih. 3a
BIJICYTHOCTI MarHiTHOTO TOJsI HiSIKHX CTPYKTYpHHX

MEPEeTBOPEHh 13 PpO3YMHOM HE BiAOYBa€ThCs.
Binmosigao MOJKHA CTBEPIKXYBaTH, o
criocTepexeHi Maiti (GIykTyarii — 1e He 10 iHIe, K
BiAXMIICHHS, OB’ sI3aHi 13 MOXUOKaMHU

excriepuMeHTy. OTKe MH MOXXEMO TOBOPHUTH, IO

BKJIIOYCHHS MArHITHOTO TOJNS HPU3BOAMUTH IO

¢dyKTyarmii IHTEHCHBHOCTI, 10 CYTTEBO

MEePEBUIIYIOTH IIOXHOKY EKCTICPUMEHTY.

E 1,6 e 1,6
1,4 1,4

1.2

1,0

} 120
tmin t,min

Puc. 1. YacoBi 3a1eKHOCTI BIIHOCHOI iHTEHCHBHOCTI
CBITIIOPO3CiAHHA 5% BOAHUM PO3YMHOM TJIIOKO3H
IiJ] BIUTMBOM MarHiTHOTO moJis iHayKIer:(a) - 0,13
mTm, (6) - 0,16MmTm, (B) - 0,25mT, (r) - 0,43MmTm.

Uu MoXyTh OyTH Taki (UIyKTyarii HacIiJKoM
teroBoro pyxy? Ha namy maymky, durykryarii, mo
BUKAIOTh TPU BKJIIOYEHHI MAarHiTHOTO  TOJI,
3aBJIIYYIOTh CBOIM iCHYBAaHHSIM TOMY, IO CHCTEMa
3HAXOJUTHCSI B HEPIBHOBAXHOMY CTaHi, B IKOMY, Ha

Choucox BUKOPUCTAHUX JHKEPEJI
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BIIMIHY BiJl pIBHOB&)XHOTO, BiIOyBaeThCs pyX Ha
MaKpOCKOIIIYHOMY PiBHi.

Sk BumHO 3 puc. 1, 3anexnicts I(t) HOCHTBH
XaOTHYHAK XapakTep, a OTXe, 1 MaKPOCKOIITHHMA
pPyX, IO CHOPUYMHUB II0 3aJICKHICTh € XaOTHUYHUM.
3a Bum3HaueHHsM [3], TypOymeHTHHUE pyx €
MaKpOCKOIIYTHIM Xa0TUIHUM PYXOM. Le
BHM3HAYEHHS JT03BOJIIE HAM 3pOOUTH BHCHOBOK, IO
MH MAaEMO CHpPaBy 3 MAarHiTOTiPOAMHAMIYHOIO
HECTIUKICTIO, KOJM TPHUKIAJACHHS MarfiTHOTO TIOJIS
MIPUYUHSIE TTOSIBY TYpOYJIEHTHOTO PYXY.

3MmiHIOIOYM 3HaueHHs iHAyKuii B mitoworo
Mar”HiTHOTO IIOJII MH Hamarajucs BU3HAYUTH T

KPUTHYHE 3HaueHHs iHAyKUii B_, mnepeBuienus

e
SKOT TIPU3BOAUTH 10 BHUHUKHEHHS HECTIHKOCTI.
3rimHo 3 puc. 1, TypOyNneHTHICTh 3’SBISUTACA MPH
BCiX 3aCTOCOBYBaHMX HaMM 3HaueHHsX B . €nune,
0 MM MOXEMO 3 TICBHICTIO CTBEPJDKYBaTH Ha
OCHOBi Hamux CKCIICPUMCHTAJIbHUX JaHUX, - LC TEC,

W0 KPUTHYHE 3HadeHHs B,  3agoBombHsE
HEPIBHOCTI.
B, <0,13mTx
BucHoBkm
BomHoMy — poO3uMHY TUIFOKO3H pPUTaMaHHE

SBHINE MAaTHITOT1APOJWHAMIYHOI HECTIHKOCTI, sIKe
nposiBisie cede i i€l CTajJoro MarHiTHOTO TOJS 3
BUHHUKHEHHSIM TypOYJIEHTHOTO PYXY.

Juisa mocmikeHHS pO3YHMHIB KPUYHE 3HAYCHHS
Mar"iTHOI  IHAYKIii, TpU SKOMY 3 SBISETHCA
HeCTIHKicTh, MeHIe 3a 0,13 mT.
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B poszeumox xnacuunux meopiti Kinemuxu arOMiHecyeHyii 1 NPOBIOHOCMI pPO32NAHYMA MOOelb
Kpucmanogpocghopy, aKka micmums mpu munu nacmox (minka, ghocgopecyenmua, enuboka) ma 08a
KOHKYPYIOUL Midc co00K yeumpu C8iYeHHs, moOmo po3eisHyiu @isuyno Oinbul adexsamHy Mooelb.
Buxopucmosyiouu nputinami 6 KiacuuHux meopiax HAOMUICEHHS, 00epHCATU NPOCMI HAOIUNCEHT PO38 A3KU
cucmemu KiHemuyHUx pieHAHb 8 AHATIMUYHOMY 8u2nadi. B yiii opyaitl wvacmumi pobomu o0epicari KiHemuuui
3a7eHCHOCMI 011 HAKONUYEHHs HOCIig 3apady HA 2MUOOKUX NACMKAX MA 3AAeHCHOCMI OJisl IHMEeHCUBHOCHI
JOMiHecyerYil i 8enuuUHY CMPYMY NPOGIOHOCHIL.

Knouosi crosa: gomonrominecyenyis, pomonpogionicms, Kpucmanogpocgop abo wiupoKo30HHUL
HAanignposioHUK, YeHmp peKomoinayii (ceiuenHs)

A model of crystallophosphorus was studied as a development of the classical theories of kinetic of
luminescence and conductivity. This model has 3 types of traps (shallow, phosphorescent, deep) and 2
compete luminescence centres. The easy approximate solutions of simultaneous kinetic equations was done
using the existing in classical theories approximations. These solutions exist by specified excitation
temperature in material when a few small traps are present. The influence of shallow traps on luminescence
and conductivity was determined. Dependences of the concentration of free and localization charges carrier
on shallow and deep traps was received at start excitation. Specified that the shallow traps influence
insignificantly on the stationary recombinative luminescence because it doesn't change living time of free
electrons in conducting band. However, shallowtraps influenceessentially on current conductor value
because the part of free electrons was localised on this traps. Moreover significant influence of shallow traps
on frequency characteristics of the luminescence and conductivity at using modulation excited radiation was
found. The important peculiarity for accumulation charges carrier on shallow traps are that the form of
curves of the concentration of the charges carrier n.(t)/nge and N'(t)/N’are identical at different excitation
intensity. The recharges speed of the shallow traps is identical at different generation intensity of the
charges carrier in different layer of a specimen on the different depth from surface irradiation.

Key words: photoluminescence, photoconductivity, crystallophosphorus, wide-band-gap semiconductor,
trap, recombination (light) centre.

Crartio nipefctaBuB A.(.-M.H., ipod. €xo8 C.M.

Mozelb Kpuctamodochopy B KIACHIHIN KiIHCTHIHIN
Teopii (oToaroMiHeCIIEHITI T [1-3] Ta
dboTompoBigHOCTI [4 — 7] po3risamae TiIMBKA OIWH
TUN TACTOK 1 OXWH THUN LEHTPiB pekomOiHamii. B

Beryn

B peampHux  kpucranodpochopax  3aBxIU
MIPUCYTHIM UMK HAOIp MacTOK Pi3HOI MPHUPOAM Ta
JIeKiIbKa THIIB LIEHTPIB CBIYECHHS, a HaHMpocTima
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nificHOCT1 BEJIMKA KUIBKICTh THINB JOKAIBHUX
LIEHTPIB TPU3BOJUTH J0 BEIIMKOI KIIBKOCTI Pi3HUX
MpoleciB,  sKi  BiAOyBarOThCS  OJHOYACHO i
BIUIMBAIOTH OJMH Ha opgHoro. lle 3ymoBiroe
CKJIQJIHICTh OJICPIKaHHS MPOCTUX 3AJCKHOCTEH st
KOHIIEHTpAIliii HOCIiB Ha pi3HUX IeHTpax. Tomy
METOI JIaHOT pPOOOTH, B PO3BUTOK KJIACHYHHUX
Teopiid, OyB po3risaa (i3udHO ORI aJeKBaTHOI
Mozem kpucraiodochopa 3 meKiIBKOMa THITAMHA
mactok (Mminka, gochopecrenTra i rmboka) [8] Ta
ONlep’KaHHS B aHATITHYHOMY BHTIIAII HaOIMKEHWX
PO3B’S3KiB B aQHANTUYHOMY BWIJISIII CHCTEMH
KIHeTHYHUX PIBHAHB /IS KOHIIEHTpPANid BUTHHHX i
JIOKATi30BaHUX HOCIIB 3apsAAy Ha MIJKHUX ITacTKax

JUIS  TI0YaTKOBOTO eramy 30ymkeHHS  (mepri
IeKimpka cekyHm). Jlam HeoOXigHO pO3TISIHYTH
KIHETUKY HAKONHWYEHHS HOCIiB Ha TIHOOKHX
MacTKax: eJNeKTpoHiB Ha (ocdopecueHTHin i
MMAOOKMX  IMacTkax Ta [JIpOK Ha  IEHTpax
pexombinamii. Od4eBWIHO, IO OAEPKATH TOYHI

PO3B’SI3KH BIAMOBITHUX CHCTEM KIHETUYHHUX PiBHSHB
HEMOXITUBO, ajie, BUKOPHCTOBYIOYM TIPUHHATI B
KIIACHYHUX TEOpiAX HAONMKEHHS, CIPaBeIINBICTD
SKMX TIATBEp/PKEHa OarathmMa eKCIIEPUMEHTaMH,
MOXKHa OJIEpKaTU JIOCHTh TMPOCTI  HAOJIMKEHI
PO3B’SI3KM B AQHAJIITHYHOMY BHIVISIII JUIS  TakKoi
MoOjeTal. A BKE Mal4d KIHETHYHI DIBHSHHS IS
KOHIIGHTpAIiif HOCI{B Ha PI3HUX NEHTPax, JIeTKO
JUIst
JIFOMIHECISHINIT 1 BEJIMYMHU MPOBITHOCTI, SIKI MOYHA

oJlepKaTH 3aJISKHOCTI IHTEHCUBHOCTI
MOPIBHIOBATH 3 CKCHCPUMCHTAIbHUMH JITAHUMH.
Heo0xigHo J11(0)

KOMIUTICKCHHI PO3TJISLT JIFOMIHECIICHIIIT 1 TIPOBIAHOCTI

3a3HAYUTH, OJTHOYACHHUU

3HaYHO 3011BITYE iHOpPMATUBHICT

EKCTIEpUMEHTAIILHIX PEe3yJIbTATIB.

CranioHapHi KOHIeHTpaUii JoKaxi30BaHUX
HOCIiB 3apsany

[Micns po3risay HaKOMWYEHHS HOCITB Ha MIJTKHX

MacTKax  HEOOXigHO  MepedTH 10  KIHCTHKH
HAKOTMYEHHS HOCIIB 3apsay Ha TIHOOKHX IIEHTpax.
CucreMa KiHETMYHHMX DIiBHSHB JJIS I[BOTO BHIIAIKY
[8] 3 BuKOpHCTAHHIM MIPUAHATHX B KJIACHYHIM TEOPii

HaOJIMKEHHB Oye
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ne: G — rTemn TreHepalii BUIBHHUX HOCITB
(KUTBKICTh 3r€HepPOBaHUX BUIBHUX HOCIIB B OJMHUII
06’emy 3a oquHuINo Yacy); N™ ta P* — konmenTpaii
BUIBHMX €JIEKTPOHIB Ta JpoK B 30HaX, U, U" — ix
TEIUIOBI  IIBHMJKOCTi, BIAMOBIAHO; N Ta P —
KOHIICHTpAIl JIOKaJli30BaHUX EJICKTPOHIB Ta JIPOK
Ha BIAMOBIAHMX  JIOKAJIBHUX LEHTpax; V —
KOHIICHTpAIil aCTOK Ta IEHTPIB peKoMOiHallil; ¢ —
3apsLy

(BepxHiil iHJIEKC BKa3ye 3HAK 3apsjy BIILHOI'O HOCIs,

nepepisu  JIoKamizalii BUIBHHUX  HOCIIB

a HIDKHIA iHJEKC — I[EHTp Ha SKWUH BiIOYBaE€ThCS

Jokamizamisg); W —  IMOBIPHOCTI  TepMidHOL
nesokamizanii 3 JIOKAJII30BaHOT O CTaHy:
W, =Wy, exp(—E; /KT ) (Wo; — uactoramii daxrop st
BOr0 JIOKabHOTO UeHTpy, E; — eHeprernuna

rimmbuna mnactku; K — crama Bombnmanma; T —
TeMIIiepaTypa 3pas3Ka).

Po3p’si3ku  1i€i cucTteMu PpiBHSIHB OyAeMoO
IIyKaTd  TOCHiJOBHO. CriodyaTky  HEXTYEMO
IMOBIPHICTIO TEIUIOBOI 1 ONTHUYHOI JesoKalti3amii
HOCIiB 13 rinubokux mactok. Lle cmpaBemnmuBo yis
BUMNAJKY, KOJIM IHTEHCHUBHICTh JFOMIHECIICHIII Ta
BEJIMYMHA CTPYMYy MPOBIJHOCTI 3MEHIIYIOTHCS B
coTHi 1 Oinmplie pasiB 3a Hepuly CEKyHAy Iicis
MPUITUHEHHS  30Y/KEHHS, TOOTO BHUKOHYETHCA
HepiBHicTh G >>win.. Topmi, s KOHIEHTpaIlii
BIJIbHHX €JIEKTPOHIB 1 JIPOK MAEMO:
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N- G G [To3HaunMo  KOHIIEHTpAIii  JIOKaTi30BaHUX
= =07 . .. .

0
- - - - - - CJICKTPOHI1B N, 1 A1POK pm, a 3arajibH1 KOHLCHTpalll
u |:0i Vi T 0(gViisy) _(Gi N+ 06,0 —0p p)} . . o
rIMOO0KUX IACTOK Vi 1 LCHTPIB peKOM61HaH11 Vp.
Ta CTaHlOHale KOHHCHTpaIIl'l' JIOKaJI130BaHHUX
CJICKTPOHIB 1 [JIPOK MOXHA BH3HAYUTU 3 JABOX
Pt — G (2.2) anreOpalyHuX PiBHSIHB:
0~ 4+ 4 !
uoy, (Vp - p) UGz, -(vp - pm)z o,uGr,p,
Ane. TIOBUHHO  BHKOHYBAaTHCh  OanaHCHE o, u Gty -(v;—n,)=0,u"Gryn,

PIBHSHHS — OCTaHHE piBHAHHA cucrtemMu (2.1) Ta
BIJIOMO, IO TIEpepi3M JIOKAJi3amii € BETMYNHAMHA
omHoro mopsaky [3,9]. Tomy Bech uac Oyme
BHKOHYBATHCh CITiBBiTHOIIICHHS:
(O-i_vi + O-(_i+l)v(i+1))>> (O-i_ni + 06Ny Oy p) Ta
Vp>>D. Ie, (baKTI/Iqu, O3Hayae, 110 HAKOIWYEHHS
CJIEKTPOHIB Ha THNMOOKMX TMAacTkax B TpoLeci
30y/PKeHHS 3MEHIITy€e iMOBIPHICTB 1X JOKami3amii i, B
TOM K€ 4ac, Maibke Ha CTIJIBKU X 30LIBIIYEThCS
IMOBIpHICT 1X pekoMOiHamii Ha JIOKaJli30BaHUX
nipkax (mepe3apsKeHUX IIeHTpax cBideHHs). Lle

rOBOPUTH NPO Te, IO 3MiHM T Ta T  OydyTh

HE3HAaYHUMHU B nporeci 30y KEHHSI

kpuctasiopochopy 1 MOXKHA BHKOPUCTOBYBATH

MOCTiiHI 3HAYCHHS:

Ty =—F— 1_ , To=——. (233)
u (Gi Vi +G(i+l)v(i+1)) oV,

OCKUTbKM TJMOOKI TACTKH JIMINE JIOKATi3yHOTh
BUIBHI HOCIT, TO 1X MO’kHa a00 00'eHATH B OHY, 200
noknactd Vi) = 0. 3HalgeMo po3B’A3KH Ay
CTalllOHAPHOTO CTaHy KOJM yci TOXiMHI M0 dYacy

JOPIBHIOIOTh HYJI0 1 MaeMo TUIBKM ajreOpaidHi

PIBHSHHS:
N™ =N, =Gz,, P" =R =Gz,
n =N, Vii-1) ex (l -1)
o(i-y = Ng p T
6n - ot
e =Nouo; (v;—n)-Pyu’o;n =0 (2.4)
Nispy =0
aat_p Ru‘o; Nou o,p=0
p=n

Po3B’s13km mux anreOpaiuHuX piBHSIHB OyTyTh:
L S B (X

- - °© + o+t

o o Ut
1+0 Y To 1+'0j

u o, U 7,

3Beprae Ha cebe yBary TOH (akT, IO
CTaIliOHapHI KOHIEHTpAIl eeKTPOHIB Ha TIMOOKHX
MacTKaxX Ta IMepe3apsKeHuX MEeHTpax pekoMOiHamii
HE 3ajJexaTh BiJl IHTEHCHBHOCTI 30yIPKEHHS, Ha
BIZIMiHY BiJ] KOHIEHTpAIill BIIbHUX HOCIiB. MoOXHa
NpoaHaji3yBaTu CITiBBiTHOIIICHHS MiX
KOHIICHTPAI[ISIMH JIOKQJII30BaHUX EICKTPOHIB 1 IIPOK:

+ ot ot
149U %
v o, U 7, . S

P % ————0 |, Tlepepi3u nokanizauii Ta
n V: o, u 7,
0 i P 0
S
o, U’ 1,

peKoMOiHaIIT sl eNeKTPOHIB 1 TIPOK € BETHYNHAMH
OJHOTO TIOpPSAAKY, IO JIO3BOJIIE BUKOPHUCTATH

. - 15
HACTyNHe HabMWKeHHs o, ~o; o, ~o, ~ 10

2
cMm”. Take TPHITYIICHHS IPHHIMIIOBO HE BIUIMBAE HA
BH3HAYCHHS BENMYMHM KOHLEHTPALil HOCIiB 3apsuy,

3aTe CYTTEBO CIPOINYE PO3PaXyHKH Ta aHali3
pe3ynbTaTiB. B 11bOMy BHUITAIKy TOJaHKA 0 OJUHUII

B (2.5) craioth o0OepHEHMMH MDX COOOMO
l+a
BEIMYMHAMH | ——— =4 |, 1[0 Ja€:
1+Ya
VeU' 7, Vo U U OV,
&z—p—_—‘iz —Lzl . (2.6)
n, wuzz wvuuoyw,
Tobro, KOHIIEHTpauii nepe3apsaKeHuxX
rMMOOKMX TACTOK Uil €JeKTPOHIB 1  JIpoK
HPaKTHYHO OJTHAKOBI, HE3aJIeKHO Bix

CIiBBIJTHOIIEHHS KOHIEHTpAIlil caMuX TIMOOKHX
nacTok. Llell BUCHOBOK y3rOJDKYETHCS 3 OallaHCHUM
piBHsHHAM cuctemu (2.4). Ilpu upomy 4acu >KUTTA
BIIBHHX  €JIEKTPOHIB 1 JIpOK  3aJMIIAIOTHCS
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HE3MIHHUMHU B TIporeci 30ymkeHHs. BinmosinHo,
CTalLllOHAapHI KOHLIEHTpalii eJeKTPOHIB Ha TITHOOKHX
MacTKax Ta Mepe3apsKEHUX LEHTPIB pexoMOiHarii
OyAyTb OJTHAKOBHMHU:

AZ

p,=n_= 2.7)

vit+v,
1 MEHIIMMH 32 HAWMEHITy KOHIIEHTPAIlII0 IEHTPIB.
OCKUTbKM ~ MiHIMaJIBHI  KOHIICHTpAIlli  IEHTPIB
CBIUCHHSI, i MOXKHa  3apeecTpyBaTH B
ITAPOKO30HHMUX HAaITiBIIPOBITHAKAX
CIEKTPOMETPHYHHUMHU METO/IaMH, CTaHOBIIATh
~ 10" cm®, To GymeMo pOIIIAIATH KOHIEHTpALLi He
MEHIII 3a 110 BennuuHy. /IS Takux KOHIICHTpAIlii
TOYKOBUX Ne(EKTiB Ie CYTTEBO HE 3MiHIOKOTHCS
pyximBocti BinbHUX HociiB [10], mo mo3Bosse

SAK1

BUKOPHCTOBYBAaTH TaOJiWuHi 3HaueHHs 4 1 D*.

Orminka 4acy >KUTTS BUTBHUX €JIEKTPOHIB MPU TaKHX
xonnenTpamisix  mae  t = 1/[10" (em®)-10™° (em?)
10" (emcH] =107 c. Sk MPaBHJIO, B
kpuctanodochopax s BUIBHUX TIPOK XapaKTepHa
OimpIma eeKTMBHA Maca HDK IS ENeKTPOHIB 1,
BIAIIOBIAHO, MEHINA TEIIOBa MIBHAKICTE. A
KOHIIEHTpAIlii [EeHTPIB CBIYEHHA 3 EIEKTPOHHUM
MEXaHi3MOM peKoMOiHamii (MacTKu Ui BLIBHUX
nipok) mocaraote 10" cM®, mo-3ymoBmoe uac
JKUTTS BUTRHUX JIPOK Ha JEKiIbKa MOPSIIKIB MEHIIIHI
HIX Y €JIEKTPOHIB.

Jlns TakuxX MalnMX 4YaciB SKUTTS BIIBHHX HOCIIB
3apsay MaeMo JOCHTh HU3bKI KOHIIEHTpAIi BUTBHUX
€JIEKTPOHIB 1 JIIPOK Y MOPIBHIHHI 3 KOHIIEHTPAIliIMA
JIOKATi30BaHWX, HAaBITh MPHU MOTYKHOMY 30y/KEHHI.
TakuM 9uHOM, K i B KJIaCHYHIN KiHETHYHIH Teopii
¢doromominecuenuii [2, 3], npu OyIp-sIKMX PiBHAX
30y/DKEHHS MOXHa HEXTYBaTH KOHLEHTpaUisiMU
BIJIBHUX HOCIiB Yy TOpIiBHSHHI 3 KOHLEHTpaUisiMU
nokamizopanux. lle TakoX JI03BOJIIE HEXTYBATH
JOJIATKOBUM EJIEKTPUYHUM IIOJIEM SIKE CTBOPIOIOTH
BiJIbHI HOCIT 3apsily y 4YacTuHI 3pasky. Takum
YHHOM, JUISl CTAIliOHAPHOTO CTaHy MPH MOCTIHHOMY

30yDKEHHI  ONEPXKYEMO  JIHIAHY  3aJIe)KHICTh
KOHIIEHTpAIii  BUIBHUX  HOCIiB  3apsaay  Bix
IHTCHCHMBHOCTI ~ 30y/DKCHHS. A KOHIIEHTpaIii

CJICKTPOHIB Ha TJTMOOKMX IMACTKaX Ta KOHIICHTpAIi
OyayTh
He 3ajiekaTh BIJ

nepe3aps/KeHUX  LIEHTPIB  peKoMOiHarlil
OIHAKOBUMH MIDXK €000 1
IHTEHCHUBHOCTI 30y IKEHHSI.

2016, 1

Bulletin of Taras Shevchenko
National University of Kyiv
Series Physics & Mathematics

Kinetnka HakomW4eHHS CBITIIOCYMH B
HaMiBIPOBITHUKOBOMY 3pa3Ky Oyle BH3HAYaTHCS
pO3B’sS3KaMu  pIiBHSHb AN JIOKaJi30BaHUX
EJIEKTPOHIB 1 JIPOK, SKIIO BpaxyBaTH HE3MiHHICTb
KOHIIGHTpaliif BiIbHUX HOCIiB B (2.4) Ta npu

MOYaTKOBUX YMOBax p|t:0 = n|t:0 =0:

on_ N"u oy (v;-n)-Pu'cin
ot
op -
e P'uo, (vp - p)— Nu"o,p
. (Vi -|—vp)~G -t
p(t)=n(t)=—"—|1-exp| -——— || .(2.8)

OTxe, mi1st MPOCTOi MoJIeNi KpucTanodpochopy B
mporieci 30yJKCHHS KOHIICHTpALii JIOKaJIi30BaHUX
CJICKTPOHIB 1 JIPOK 3aJMIIAIOTHCS OJHAKOBUMH, a
TeMII X HAKOMIMYEHHS MPOMOPIIIHHNI IHTEHCHBHOCTI
30ymkeHns. Criig mam’sTaTv, [0 TPH HHU3BKUX
piBHAX 30yIDKEHHS 4ac JTOCSTHEHHS PiBHOBKHOTO
CTaHy CTa€ Jy’Ke TPUBAIIIM.

Jis BU3HAYEHHSI 3arajbHOI HAKOMUYEHOI
CBITJIOCYMH Y BCHOMY 3pa3Ky HEOOXITHO OjiepKaHe
crhiBBiiHOmEeHHsT (2.8) mpoiHTerpyBatu 1Mo 06’eMy

3pa3ka, BpPaxOBYIYM TIOTVIMHAHHS 30YKYHOUOro

BUIPOMIHIOBaHHS (K) no ToBmuHi 3paska (Yo),
T06TO 3anexkHicTs G(Y)=Gyxexp(—xy) :

[ K Gyt
jn(t)dV:Hd-nmJ 1-exp —no—exp(—xy) dy. (2.9)

0 0 0

OTpumaHe  CHiBBIJHOLIGHHS  CHIBIajgae 3
HaBelEHUM Y [11], J€  BpaxoBYBaJlOCh
HEOJTHOPIHICTh PEHTTEHIBCHKOTO 30Y/UKCHHS B
KpHCTaNax iTTpild-alrOMiHIEBOTO TpaHaTa.

B peampHuX MaTepiamax CHOCTEpITaeThes
(dochopectieHIIis Ta penakcarlisi CTpyMy IIPOBiTHOCTI
TICJIsl TPUITUHEHHS 30Y/PKEHHS TPOTSITOM TPHBAJIOTO
yacy (XBHJIMHY 1 HaBiTh roauuu). Lle o3Hauae, mo B
Mozei kpucrajgodochopa HEOOXiTHO BpaxOBYBaTH
BaYKJIMBE SIBHIIE — TEPMIUHY JCJIOKaTi3allil0 HOCIiB
3apsity 3 JIOKATBHKUX IeHTpiB. ToMy Hajasi BBOJUMO
B MOJIETTh TIPOIIEC TEPMIYHOI JIeJoKai3allii HOCIiB 3
rIMOGOKMX MacTok 3 imoBipaictio Wi~ 1c™. Tlpu
mpoMy OyJIeMO BHKOPHUCTOBYBAaTH  HEPIBHICTE:
Ng, P <<n,p. Takox

CIIOYaTKy BU3HA4YMMO
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CTalliOHApHI 3HAYEHHS KOHIICHTpALii 3 KOHUEHTpALil JIOKalli30BaHUX €JIEKTPOHIB 1 AIpOK Ha

anreOpaiYHuX PiBHSHB!
0=G-N7/r" +wn,
0=G-P*/r"

0=0;u N (v;—n,)—o;u"P"n, —wn

1" 0

. (2.10)

O=cpu'P*(v,—p,)-o,u N p,

BBenenHs B cucTeMy KIiHETHYHUX PiBHSHB
IOJTaHKa, SKUH OIMUCYe TEPMIYHY JeJOKalli3allito
€JIEKTPOHIB, 3MIHIOE iX KOHIIEHTPAILiIO:

N™ =7, (G+wn,)=N;, P/=G. (211)

[lincTapmsitoun 1 3HAYEHHS B PIBHSIHHA IS
CTaIioHapHO1 KOHIIEHTpaIlil JIOKaJi30BaHUX
CJICKTPOHIB OJICPIKYEMO KBAJIPATUYHE PIBHSHHS JUIS
Ny

6-nollil|l(n)pY-o0, @19
Vi

Vi Vv,

ake npu W, -0 nae chiBBigHOmeHHS (2.7).

P03B’5130K 11bOT0 KBaAPATHYHOTO PIBHIHHS Oy/Ie:

2
n 16 vitn| 46 G [nty
vi 2\\wy; v, Wy, 2wy v,
i 1 ,(2.13)
1+i+%
1%

p

Jie TPUHIHUIIOBOTO 3HAYEHHS Ha0yBae mMapamerp
G/W,v, , KWl XapakTepu3ye CITiBBiJHOLICHHS MK
TEMIIaMU TeHepailii BIJIBHUX HOCIIB Ta TEPMIYHOIO
JICJIOKAITI3aI[i€r0 eJICKTPOHIB 3 MaCTOK.

3a paxyHOK W, # (0 3MIHIOETbCS 1 PIBHSHHSA JUIs
JIOKaJIi30BaHUX JAIPOK, sIKe HaOyBa€ BUIIIALY:

G-nG 1,1 —(n

Vi Vp i

o0

Ile piBHsHHSA TOTOXKHE (2.12) mpH N, = P,

TOOTO, TMpPH BHKOHAHHI OaJaHCHOTO PIBHAHHS

CHUCTEMH KIHCTHYHHX pIiBHSHb. TakuM YHHOM,
TepMiuHA JEJIOKAJi3aIis EJIeKTPOHIB 3 TINOOKHUX
MaCTOK IPHU3BOAUTH 0 301IBLICHHS KOHIICHTpALil

BUIBHHX €JIGKTPOHIB Ta OJHAKOBOTO 3MCHIIICHHS

TIMOOKKX IICHTPaXx:

P A LN | IS/ P
O A wl o, woo2wl v,
(2.14)
RO R
1+ﬁ+%
Vp
[3 3arampHMX MipKyBaHb 3pO3YyMiJlo, IO

JIeJTOKai3allisl eJIeKTPOHIB 3MEHIIYE KOHICHTPALI0
JIOKaJIi30BaHUX 1 301bIIye KOHLEHTPAII0 BUILHUX
HOCITB 3apsiy. A 30UIbIICHHS KOHIICHTPALlIi BUIBHUX
€JICKTPOHIB 3MCHIIYE€ KOHIICHTPAILIIFO JIOKAJIi30BaHUX
JIIpOK 3a paxyHOK 301JbIICHHS 332 OJWHUIIO Yacy
aKkTiB  pekoMmOiHamii BUTPHUX  €JIEKTPOHIB 3
JoKaji3oBaHUMH Jipkamu. [Ipu 1poMy KOHIIEHTpaii
JIOKaJi30BaHUX ENIEKTPOHIB 1 JIPOK 3aHIIArOThCs
OJTHAKOBUMH MiX co60r0. [Ipr Mamux HMOBIpHOCTSIX
nmenokamizarii (G > WV;) MOXHa BHKOPHCTOBYBATH
OubII TpocTy HaONMWkeHy 3aiexHicT (2.14). Ha
puc. 1 HaBeieH] 3aJIeKHOCTI BITHOCHOI KOHIIGHTpAIIii
JIOKAIli30BaHUX  €NEKTPOHIB  BiJl IHTEHCHBHOCTI
30y/KeHHs. BUmHO, Mo MpU CepefHiX 1 BETUKUX
iHTeHCHBHOCTSIX 30ymkeHHs (G >>wpvj) mpouec
JIeToKai3alii HociiB 3 TTTMOOKUX piBHIB CYTTEBO HE
BIUIMBAE HA KOHIEHTPAILlIl Mepe3apsaKeHUX [EHTPIB

pexomOiHaIii.

KineTnka HakONMYeHHS CBIiTJIOCYMH HA
rJIMO0KHX MacTKax

TepmiuHa aenokaiizailis €JIeKTPOHIB MOBUHHA

BIUIMBATU 1 Ha KiHETHUKY HAKOITMYEHHS
JIOKaJIi30BaHUX HOCIIB 3apsamy. 3 (2.11) Buano, 1m0
KOHIICHTpAIIis BUIBHHUX CJICKTPOHIB JIEIO0

301IBITYETHCS B MIPOIEC 30Y/DKEHHS, ajieé KIHeTUYHI
PIBHSHHS Ul JIOKAJi30BaHUX EJIEKTPOHIB 1 IipoK
3QJIAIIAOTEC OJHAKOBUMH MIX COOOK 1 MaroTh

OJTHAKOBUM  TIOYATKOBMA  TEMII  HAKONMUYEHHSA
(dn/dt|t=0 = dp/dt|t=0 = G) . Moxna mepenucatu
mudepeHIiaTbHe  PIBHAHHA UIS  JIOKQTi30BaHUX

€JICKTPOHIB Y BUTJISII:

171



Bicnux Kuiscokozo nayionanvhozo ynieepcumemy 2016, 1 Bulletin of Taras Shevchenko
imeni Tapaca Illeguenka National University of Kyiv
Cepis Qizuxo-mamemamuyni HayKu Series Physics & Mathematics
10 ~
on_ o w, Gy 1
—=N7uo; (vy-n)-Ru'on-wn=——|n’+n— =+
ot Vi Wi (VY

[Ticns iHTErpyBaHHS MaeMO pPO3B’S30K IUX
nudepeHLianbHUX PiBHSIHB:

ne N, BU3Ha4YaeThcs Gopmyioro (2.14). 3azHaunmo,
oo Ui KpUBI HAKONWYEHHS JOCHTH J00pe
anpOKCHMYIOTBCSl E€KCIIOHEHTaMH, aje 3 OUIbIIUM
TEMIIOM HaKONWYeHHs HOCiiB Ha mactkax. OcHOBHA
BimMiHHICTH (2.15) Bix (2.8) momsirae y Tomy, o
CTajla 4acy HAaKONHMYCHHS B)K€ HENiHIHHO 3aJICKUTh
BiJl IHTEHCHUBHOCTI 30Y/PKEHHA a TaKOX CYTTEBO
3aJICKUTH Big IMOBIpHOCTI nejtokamizarii
enekTpoHiB. Ha pwuc.2 HaBenmeHi po3paxoBaHi 3a
(2.15) 3ameKHOCTI HAKOIMMYEHHS HOCIiB Ha TITHOOKHX
LEHTpax.

0,01 01 1 10 100 1000 10000

G/ wy

Puc. 1. PiBeHp 3amoBHEHHS TIIMOOKHUX ITACTOK IS
enekTpoHiB (N, /Vj) B 3aJeXKHOCTI BiI BiTHOCHOI
(G wivy)

HAIBIPOBI/IHAKA 3V, =3-V,, pO3paxoBaHi 3a

IHTEHCUBHOCTI 30y KEHHSI

touHoto (1) 1 HabmwkeHor (2) hopmymnoro (3.11)

0.0 " 1 " 1 " 1 " 1 " J

Puc. 2. Hakonwmuenns cBitmocymu Nn(t)/vi B
mporieci 30Y/DKEHHS HAIiBIOPOBIIHMKA 3 MACTKaMH
vi=10% em®, v, =10" e npu w; =0 (1),
w;=0,01c'(2, w=01c"(®), w=10c"(4)
mpu G =10%cm®c?!

Buano, mo 30inpmeHHss W; (mpu 3pocTaHHI
TEeMIIepaTypu) MPU3BOAUTE 10 3MEHIICHHS Ny, = Py, 1
rmOoKa TIacTka JUIsl  CJIEKTPOHIB  TOCTYIIOBO
TpaHcopMyeTbCS B MUIKY MacTKy. TakoXk MaeMmo
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BIJIMOBIIb IIOJI0 KOHIICHTpALii HOCIIB 3apsay uis
MOJIeJIi HaMiBIPOBITHUKA B SIKi MPHUCYTHI TIIBKA
IIMOOKI MACTKU JJIsi HOCIiB OJTHOTO 3HAKY 1 TUIBKH
MUIKI MacTKU JUIS HOCIIB MPOTHIIEKHOTO 3HaKy. B

LBOMY BUTIAJIKY 3arajapHi KOHIIEHTpaLii
JIOKATi30BaHUX HOCI{B Ha TTHOOKUX MAcTKax OyayTh
JIOPiBHIOBATH 3arajabHid KOHIICHTpaIlii

JIOKATi30BaHWX HOCIIB TPOTWJIEKHOTO 3HAKy Ha
MIJKUX macTkax. Lle cyTTeBo 3MeHITye WMOBIpHICTD
pexoMOiHarii HOCI1B (30BHIITHE 3racaHHsA
JMOMiHECIeHIi{) 1 30UIbIIye CTpyM TPOBITHOCTI.
OcTraHHE EKCHEPHMEHTAILHO CIIOCTEPIra€ThCs B
BHCOKOOMHHUX MOHOKPHUCTAJIYHAX 3pa3kax ZNSe mpu
T>360K [12]. Takum 4YHHOM, TOSIBA& TEPMIIHOI
JeJIOKai3allii HociiB He 3MiHIOE 3arallbHy KiHETHKY
JUTST KOHIICHTpAIii BUTHHHX 1 JIOKAIi30BaHUX HOCIIB
3apsaay. CrocTepiraeTbcs JIMIIE 3MEHIICHHS dYacy
BCTAHOBJICHHS PIBHOBR)XHOTO CTaHY, 3MCHIICHHST
KOHIIEHTpAIliil JIOKaJi30BaHUX ENEeKTPOHIB 1 IipOK
(mpuyomy N, =Pp,) Ta 3O0UTBIICHHS KOHIIEHTpAIii
BUTRHUX €JIEKTPOHIB 32 PaXyHOK iX JeroKaizarii.
Matoun KiHeTHYHI 3aJIEKHOCTI HAKOMHYEHHS
HOCITB 3apsy Ul OJHOTO THITy TJTMOOKHX ITacTOK,
HEeOoOX1IHO MTOBEPHYTHUCS bi (s} Mozeni 3
¢dochopecuentHow (i) 1 rmbokoro (i+1) mactkamu
Ui enekTpoHiB. Opepxanuii  po3p’s3ok  (2.15)
3aJIUIIAETLCS CIPABEJIMBUM JJII BHITQJKIB, KOJIH
Vi >> Vii+1) Ta Ui BUNIAJKY, KOJIK MAaEMO IHTEHCHBHE
OIITHYHE BUCBIYYBaHHS 3 YCIX MNTMOOKUX MACTOK.
Criouatky BHU3HAYMMO CTaIliOHapHI 3HAYCHHS
KOHIIEHTpaIiii ams Moxaeni kpuctaimodochopa 3
docdopeciieHTHOO 1 MacTKaMHu.
Cucrema anrebpaiuHux piBHsSIHb OyJie BiJIpi3HATHUCS

rIIMO0KUMHU

Bz (2.10) TiNBKM JOJATKOBUM PIBHAHHAM IS N1y

0=G-N/z, +wn,, = N =(G+wn, )7,
0=G-P'/r = P'=Gr
0=0;u'N"(v;-n,)-o;u"P'n, —win,,

0= 0750 N (Vg T )10 P

i+1)o0

0=0;u+P+(vp—pm)—0’;u'N'pw
(2.16)
Jlerko mepekonatuch, wo mpu W, =0 s

cucTeMa Ja€ O9iKyBaHi pO3B’3KH:
VoV

Vi +V,

p

oo
G TV
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n = eV
(i+)0 — )
Vi Vi +V,
1% (v. + Vg )
=t (2.17)
Vi ViV,
Ta BHKOHY€ETHCS OamaHCcHe PIBHSHHS:

N, + Ny =P, A mpu W, >>1 (mactka crae

MIJIKOFO) OJIEPIKY€EMO:

~0 _ YoV _ YoV
nioo ~ ' n(i+1)oo - ' o )
V(i+1) +Vp V(i+1) +Vp
. _ 1
OCKIIbKH T, - ————— .
U Vs

3 JBOX OCTaHHIX piBHAHB cucteMu (2.16)
OJIEPKYEMO:

ViV
G
G+wn,,

n

(i+1)o0 —
(Vi +V(i+1))

3 Vp(VV+VaHo)
P.. = G+wn,_ )\’
(Vi + Vi ) + v,

G

SKi BXE 3aJIeKaTh BiJ IHTCHCHBHOCTI 30YyKEHHS
(G), a romoBHe, Bia IHTEHCHBHOCTI aeOKaiizarii
eJIeKTPOHIB 3 pocopectieHTHOT macTku (WiNjs). st
OJIep’KaHHS KOHIICHTpAIliil eNEeKTPOHIB Ta JipOK Ha
TMUOOKUX TMACTKaX MOXKHA PO3B’SI3aTH  TPETE
PIBHSHHS CHCTEMH, K€ A€ KBAJPATUYHE PIBHSIHHS
A Nig:

G(. vi+v,, Gv.
(nim)z +(niw) - 1+I—(Il) +V(i+l) _lzo. (219)
Wi, "
Tpere piBusHHs (2.16) 15erko 3BecTH [0
BUTJISIAY:
v, ",
iw = —_
WV V.tV WV
(Vi+v(i+1)) 1y, | 1
G+Winiao G g G
G+wn,
G
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Opnepxani crniBBigHomennas (3.15) 1 (3.17) nmpu  Jnokami3oBaHMX  HOCIIB MOXXHAa  IIJICTAaBUTH B
(W-n. )<<G nepexomsite B (3.14). [l piBHSAHHS OalaHCy Wi CHIBBIAHOLIEHHS Ta 3HAUTH
1" 1o . .
BH3HAYCHHS CTaIliOHAPHUX KOHIICHTpaITiit pisnsuns win g = (G+wn,,)/G>1:
ViV 4 ViV _ Vp(vi+v(i+l))
(Vi+v(i+1)) W,V (v.+v. ) (v.+v. )+ gv
p i (i+1) i (i+1) p
1+ G tv, ———+V,
g g
3 SIKOTO OJICPIKYEMO KBaJPATUUHE PiBHSIHHS 115 Q-
W.v V. +V,. W.v
gt+ 3 Vi +Viy | 1+ —=2 |-V, @D 4 L2 =0,
v, G Vv G
p
Lle piBaanHa  ¢akTtuuHO  cmiBnagae 3 JlogaTHil poO3B'I30K KBaJpPaTUYHOTO PIBHSHHS Mae
KBaJpaTHYHUM DIBHSAHHAM Juis N, (2.19), anme Bursia:
3HAYHO CIPONIYE PO3PAXyHOK  KOHIICHTPAIIii.
2
1l v V. W.v V. + V. W.v 11 v, VvV, W.v
g= |5 4+ 214121 L@ e o B TR (2.21)
4lv, v, G v, G 2\v, v G
p
SAx 1 gms (2.14), nang  3amOBHEHHS —CTAIliOHAPHWUX KOHIEHTpaIliii HociiB Bix  G/wy; .
docdopeciieHTHOT TACTKM CYTTEBOIO 3HAYEHHS BuWAHO, [0 KOHIEHTpAIlisl BUIBHUX EJICKTPOHIB
HaOyBae  mapaMeTp  CHIBBIHOWICHHS  TeMIy cJa00 3aJeKuTh BiJi IMOBIPHOCTI JIelOKalizaliii.
redepamii g0 TeMiy Jejokamizaimii enekTpoHiB JlilicHO, 30UIBIICHHS IMOBIPHOCTI JeoKasizaiii W,

G/wiv;. Ha puc. 3 HaBejieHi 3aJIe)KHOCTI apameTpa g
Ta piBEHS 3alOBHEHHS JIOKAJNBbHUX PIBHIB JUIs

IMPU3BOJUTH a0 3MCHILICHHSA 3aIIOBHCHHS
dbochopecuenTHOT macTku N;, (kprBa 1 Ha puc. 3 6).

1,5 10 ~ b
ioo / Vi
14 n_Jy 08
g (i+1)oo (i+1)
1,3 poo Vp

12

11

1,0

100 1000 10000

G/ wv,

0,6

0,4

0,2

0,0

0,01 01 1 10

100 1000 10000

G/ wv.

Puc. 3. 3MiHa BiJIHOCHOT KOHIIEHTPAII1 BITbHUX €JEKTPOHIB g (2) Ta piBeHb 3alIOBHEHHS INTHOOKHX
macTok (0) Nie/ Vi (1), Ngriye / Viisr) (2), P/ Vp (3) B 3a€XKHOCTI B BITHOCHOT IHTEHCHBHOCTI
(G / wv;) 36ymenns kpuctanodocdopy mpu v, =15-v;, v,y =2-V;
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301IBLICHHS] KOHIEHTpalii BUIBHUX EJIEKTPOHIB B
mpoleci HaKOMUYEHHsI CBITIIOCYMH Ha mactkax. s
BUMAAKYy KoM (QocdopeceHTHa MMacTka HE €
JOMIHYIOUOI0,  TOOTO  V;<V(i+1, MAaKCHMAaJIbHI
KOHIICHTpAIlil EJICKTPOHIB Ha TIMOOKHX ITacTKax
(kpuBa 2 Ha pwuc. 30) 1 BIANOBIAHI KOHIIEHTpALIl
JIOKAJTi30BaHUX MIpOK Ha Tepe3apsKEHUX IIEHTpax
cBiueHHs (KpuBa 3 Ha puc. 30) 3MIHIOIOTHCS TAKOXK B
HEBEITMKUX MEXKax:

ViV ViV
(i+1) " p (i+1) " p
<Ny <7
Vi t Vi TV Viisny TVp
Ta
v (V- + Vi ) VvV,
p\"i (i+1) >p, > p - (i+1) .
Vit Vi TV, Vi TV

OpepxaHi CIIBBITHOLICHHS JUIS CTalllOHAPHUX
KOHIICHTpAIliii BUILHUX 1 JIOKaJli30BaHUX HOCIiB
3apsAay HEOOXimHI Ui aHali3y TeMIIepaTypHUX
3aJIeKHOCTEH CTaIliOHapHUX IHTEHCHUBHOCTI
JFOMIHECIEHIII Ta MPOBiTHOCTI KpucTanohocdopis.

HAKOMIMYEHHS eNEeKTPOHIB 1 IipoK Ha TIMOOKHX
LEHTPAX,
BIIBHUX HOCIiB y 30Hax. DakTHYHO HEOOXiAHO
3HAUTH PO3B’SI3KM CUCTEMH PiBHSHb:

BBAXKAIOUM HE3MIHHUMM YacH JKUTTA

N™=(G+wn,)z,
P =Gr,
n (G+wn
Q =Q(Vi _ni)_gni _Wini
&t (Vo +V) v,
on., (G +Wini)( . ) G, (2.22)
- (|+1) (i+1) (i+1)
ot (V(m) +Vi) 0
®_Gy, p (Erwn),
ot v, F (Vo +V)
p=n;+Ng.y
[lpuyomy, TmTpu  BHUKOHAHHI  OaJaHCHOTO
PIBHSHHS (octanne PiBHSHHS CUCTEMH)
muQepeHnianbie PpiBHSHHA JJS  JIOKaJi30BaHUX

IIPOK HE € HE3aJICKHUM,
MoTIepeIHIX JUdepeHIlialbHuX piBHSHb. B Tpere

a € CyMOK JBOX

PIBHSHHS BXOAWTH TUTBKM OJHA 3MiHHA Bix gacy ni(t)
1 BOHO iHTETpy€eThC aHAJIOT14HO 10 (2.15):

2

on. W, 1l G Gy, 1| G
= = S (Vo Vg Yy Vg | S (4 Vi + V)V | X
t (vi+Vey) 4| wy, W 2| wy,
X+ |- (v Vi TV )+v +%+1 —(v.+v. +v )+v.
i 4 WV (i+1) (i+1) W| 2 Win i (i+1) p (i+1)
[Ticns inTErpyBaHHS MAEMO PO3B’SI30K:
1 6 (v +Vp Y )+v +G—v 16 (v +Vy +V )+v | 1-exp S _ (v +Vy +V )+v +—4Gvi~t
4 WV (i+1) (i+1) w 2 WV (i+1) i+1) (V +V(|+1)) _Wivp (i+) (i) w
n(t)= -
1 G Lo 1) 6
Z W Vi +V(I+1)+V )+V(|+1) W_E WV (V +V(I+1)+Vp)+v(i+1) " n G
1- — el (v + g+ )+v(,+1)1 + 00
1o Gy 1] G (114 [ 95 "
Z W Vi +VI+1 )+V(I+1) +Wi+2 \Nivp (V +V(I+l) )+V(I+1)
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2016, 1

Bulletin of Taras Shevchenko
National University of Kyiv
Series Physics & Mathematics

o \Nlnlio [nlw G j
1-——"=.exp| —| = +— |Wt
Gv V.

i
ne Ni, Bu3HadaeTbca (2.20), a mapamerp ( —
¢dopmymoro  (2.21).  PospaxoBaHi  3aJeKHOCTI

HAKONMYEHHs CBITIOCYyMH I (t)/ V, HaBelleHI Ha

puc. 4 IS Ppi3HUX IMOBIpHOCTEH AerroKaiizamii
€JIEKTPOHIB 3 (OCPOPECIIEHTHOT TACTKH.

(2.23)

Wi nioc
MacCTKM  HAa  KIHETHKY  JIIOMIHEeCHIeHIii  Ta
HaKOTINYEHHS 3arajJbHO1 CBITIIOCYMH B

kpucramodochopi 1 BBakarm, MO TII TACTKa
HepeIna B po3psi MUIKHX MAcTOK.

Kinernka  HakomwdeHHS  CBITIOCYMH
ITHOOKMX — TAaCTKax YEeTBEPTUM
PIBHSHHAM cHuCTeMH (2.22), 1o sikoro BXomuth Ni(t).
Xoua 1151 3aIeKHICTh Bxke Bigoma — (2.23), ajge BoHa

Ha
BHU3HAYA€ETHCA

1,0 - HE JTO3BOJISIE OJIEP>KATH PO3B 30K Y BUTJIAIL MpoCTOl
n/v 3 aHAMTUYHOI QyHKIi. TOMy CKOpPHUCTAEMOCS TaKHMMH
08 I ! nBoMa Qakramu: mapamerp ¢ (B SKWUH BXOJOHUTH
1 ¢byukiis Ni(t)) mix yac 30ymMKEHHS 3MIiHIOETHCS
0,6 - 2 TITBKY Ha TOYATKy 30y pKeHHs (N MIBUAKO JIOCITAE
- HAaCHYCHHS) 1 TO B HEBEIMKUX Mexkax. Tomy, npu
0,4 3 pO3B’sI3Ky PIBHSHHA A N:p)(t) Oyaemo BBaxkatw,
- mo BenuuuHa g~ Const(t). Ile BHOCHTH HE3HAYHY
0,2 noxuOKy TUIPKM Ha CaMOMYy IIOYaTKOBOMY eTari
y 4 30ymkeHHs kpuctanodocdopy. | ans HakonmuyeHHs
ooftr—~t— 1 1 1 €JIEKTPOHIB Ha IIHOOKHX MMACTKAX MAEMO:
0 200 400 600 800 1000
tLc Mg (t) = Ny 41— €XP| — 9,9 16t , (2.24)
Vi Vi Y
Puc. 4. Hakonmuenns citmocymu  ni(t)/v; B A€ NGy BU3HAYAETHCA dopmymnoro  (2.18), a
nporeci 30y DKeHHs HAIIBIPOBiAHNKA 5 Tapametrp § — ¢opmynow (2.21). [na KiHETUKH
docopecuentroro Vi = 10 cM® Ta rmGokumu 3MIHM  KOHIEHTpamii  rnepesapspkenux HCHTPIB
nacTkamu Vg = 2-10" oM, v, = 1.5:10° cm® mpn  CBIMCHHA  MOKHa - CKOpHCTATHCH OayaHCHUM
G=10%cm® ¢! 3 pisaumm  jivMoBipHOCTSIMp  PIBHAHHAM P(®) = ni(t) + NGy , o mae:
menoxamizamii  w; = 0,0001 (1), w;=0,001c™(2),
w;=0,01¢*(3), wy=0,1c"(4)
Ha Binminy Bix (2.15) BKIIOYEHHS B PO3TIIS
ITMOOKUX TACTOK HE 3MIHIOE MOYATKOBOTO TEMITY
HAKOMWYEHHS CBITIOCYMH Ha QocdopecleHTHii
MacTii, ajge 4Yac JIOCATHEHHS  CTallioHapHOl
CBITIIOCYMH 1 cama BEJIMYHMHA CBITIOCYMH 3HAYHO
3MEHIIYIOThCS TpH 36imbirersi Wi TIpi w; > 1,0 ¢
MOJKHA BXK€ HEXTYBAaTH BILTHBOM (hochopeciieHTHOT
1-exp —[n‘“’+GJwit
p(t)=n, - (LT Ny 1-EXP| — 9,9 1 (2.25)
wn’ n, G Vi Vi Y
1-—"=.exp| -] = +— |Wt
Gy, ( Vi Wini:oJ
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BinnosifHi po3paxoBaHi 3a7I€KHOCTI A7 Ni+p)(t)
ta p(t) HaBeneHi Ha puc. 5 I pi3HUX IMOBIpHOCTEI
JeTIOKai3aIii W;.

10

r](i+1) / V(i+1)

p/vp

1 " J
800 1000

Puc. 5. HakonwueHHS eNeKTPOHIB Ha TJIHOOKHX
nacTtkax Ng:/Viey (1 -3) Ta mipox Ha meHTpax
pexom6inanii p(t)/v, (4 - 6) B mpoueci 30ymKeHHS
HAaITiBITPOBiTHHUKA 3

vi=10" em®, Vg = 2-10% em?,
Vp = 1.5-10" cm® mpu G = 10" em™ ¢ 3 pisunmu
fiMoBipHOCTSIMH Aesokamizartii  wW; = 0,0001 (1,4);
w;=0,01c"(25), wy=1,0c™ (3,6).

TakyuM 4YWHOM, IMOBIpPHICTH Jenokamizarii 3 i-
MACTKH, SIK 1 O4YiKyBaJIOCh, CYTTEBO BIUIMBAa€E Ha
3aIlOBHEHHSI HOCISIMU 11i€1 macTKy ajie cabo BIJIMBAE
Ha KIHETHKY HAKONMYEHHS HOCIiB Ha TIMOOKMX
MacTKax Ta Ha KOHLEHTPALilo Mepe3apsKeHUX
LEeHTpiB pekoMOiHamii. ®dakTHYHO MaeMo, IO
30iNbIIEHHsT W; TPU3BOAWUTH JO 3MEHIIEHHS N; i B
pe3yibTaTi, BeIMYMHA WiN; BECh Yac 3aMIIA€THCA
3HayHO MeHmow 3a G. lle miaTBepaxyoTh i
eKCIIepUMEHTAJIbHI JOCIiDKEHHS
PEHTICHONPOBIAHOCTI KpHCTaliB ZNSE, KoM Opu
temrieparypi 85 K crmocrepiraerbcss  TOCSATHEHHS
MaKCUMaJIbHOTO CTPyMy MpPOBIIHOCTI 3a JEKilbKa
XBWJIMH 1 JJaJIi CTPyM 3ajMIIA€THCS MOCTIMHMM. A
IUIsL peecTpalii penakcamii ctpymy micis 30y KeHHS

HEOOXiHO MiABHMIIYBAaTH YYyTIMBICTH Ha JIBa
MOPSIIKH.
Maroun KIHETHUYHI 3aJI€KHOCTI JUTS

JIOKaJIi30BaHUX HOCIIB 3apsy MOKHa BHU3HAYaTH
KIHeTHKY JIIOMiHecUeHIii 1 mpoBigHOCTI mpu
30ymKeHHI kpuctanodocdopy.
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KineTnka nrominecueHuii Ta npoBiaHoCTI
NP HAsABHOCTI B kKpucTanogocdopi pisHUX

NMAaCTOK
[Ipn OJTHOP1THOMY 30yKEeHH1
kpuctamodochopy CcTpyM  TpoBigHOCTI  Oyze

BHM3HAYATHCS KOHIIEHTPAIIEIO BUTBHUX HOCIIB 3apsry
B KOKEH MOMEHT 4Yacy, BEJIHYHHOIO EJIEKTPHIHOTO
Moyl y 3pa3Ky Ta PyXJIMBICTIO HOCiiB. bymemo
BBOKATH, 10 CJNCKTPUYHI KOHTAKTH  MeTal-
HaMIBIIPOBITHUK € OMIYHHIMH i, BiJIMOBIIHO, BiACYTHI
JIOATKOBI TIPUKOHTAKTHI 3apsii, a eIeKTpHIHE
noJie OJHOpimHE y 3pa3Ky. Takok BBaXKaeMo, IO
kpuctanmodochop Mae AOCTATHBO BENHMKY MIUPUHY
3a00pOHEHOT 30HU, € JIOCHTh YHCTHUM 1 Ma€ BUCOKY
CTPYKTYpHY ITOCKOHAJICTh (HH3BbKi KOHIICHTpAIii
JIOMIMIOK 1 BIacHUX JAe(eKTiB) Ansi TOro, MI00
BEJIMYMHA TEMHOBOI IPOBITHOCTI Oyia Ha TMOPSIKH
MEHIIIa 32 TIPOBIIHICTE 3pa3Ka MpH HOTo 30yIKEeHHI.
B mpomy Bumanky BenmumHa Tonss E  Oynde
MPOTOpIiiHA TMPHUKJIaNeHi 10 3pa3ka pi3HHII
morermianie Uy (E=Ug/d, d- Bimcrane Mix
CJIEKTPUYHUMH KOHTaKTaMH), a TYCTHHA CTpyMYy
MPOBITHOCTI BU3HA4a€eThes [13, 14]:

j=eE(u_N_+u+N+)zeEu_N_,

OCKIJIbKM B HaIllii MOJIeNi MaTepially KOHICHTpaIis
BUIBHHUX JIIPOK Ha MOPSIKYA MEHIIA 32 KOHIICHTPAIII0
BUIbHUX €JICKTPOHIB. BpaxoByrouu KOpPOTKOYACHY
JIOKAJTi3aIlii0 EeJEeKTPOHIB Ha MIJKHX macTkax [8],
Ma€EMO PIBHSIHHS JIsi TYCTHHHU CTPYMY:

j=eEna; yN". (2.26)

@DaKkTUYHO, CTPYM MPOBIAHOCTI BH3HAYAETHCA
TIJIBKM KOHLIEHTPALI€I0 BUIBHUX €JIEKTPOHIB, SKi MiJ
Ii€EI0  TONSl  pyXaroThbCs JO/Bil  KOHTAakTiB 3
HOCTIHHOIO IpeiidoBoro mBUIKICTIO (Ugr = 4 U,/ d).
Lls ycepennena BennynHa KOHLEHTpauii 3a At=1c
BHU3HAYATHMEThCS IBOMa (DaKTOpaMu: TeHEepaIliero ta
JieNioKaizaiieo  ejxekTpoHiB 3 (docdopecuenTHOT
MAaCTKH.

ITig
mominecueHuii (Jp) OyaeMo po3ymiTu 3araibHy
KUTBKICTh aKTIB PEKOMOIHAI BUIBHUX HOCIIB Ha
mepe3apspKeHNX IeHTpax pekomOiHamii. Jlms 1miel
Mozei kpuctanodpochopy MaeMo:

J,=o,uN"(t)p(t).

IHTEHCUBHICTIO pexoMOiHaIiHHOT

(2.27)
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3BHYaliHO, Ta I1HTEHCUBHICTH JIIOMIHECLIEHIT,
sSKa  EKCIIEPUMEHTANBbHO  PEECTPYEThca,  Oyxae
nponopuiiiHa Jy, a 10 koedirieHTa mponopuiiHocTi
OyAyTh BXOJUTH: BHYTPIIICHTPOBHI KBaHTOBHIA
BUXIiJl IIEHTpa CBIYCHHS, T€OMETPUYHUIN KOe(DillieHT
(BU3HAYAETBCS TIEI0 YACTHHOIO JIIOMIHECIICHTHHX
KBaHTIB, SIKa TOTPAIUISIE B PEECTPYIOUY CHCTEMY),
CTHEKTpalibHA YYTJIMBICTh PEECTPYIOUOi CUCTEMH JIO
CIEKTpa BHIIPOMIHIOBAHHS ILIEHTpa CBideHHS. Tomy
OyzemMo MaTd Ha yBa3i BiIHOCHY IHTEHCHUBHICTb, SKa
BH3HAYAETHCA JOOYTKOM KOHIEHTpAIliil BLTBHHAX
EJIIEKTPOHIB Ta repe3apsHKeHNX LIEHTPIB
pexombiHarii.

Bonvm-amnepni xapaxkmepucmuxu (BAX)

Slkmo enexkTpwdHI KOHTakTH € OMIYHUMH, TO
EIeKTPUYHE TIOJe He 3MIHIOE  OJHOPITHOTO
MPOCTOPOBOTO  PO3MOAITY SIK BUTBHHX Tak i
JIOKATi30BaHUX HOCIIB. A TOJIOBHE, EIEKTPUIHE MOJIe
HE 3MiHIOE€ KOHIICHTpaIlil BINTBHUX 1 JIOKaNi30BaHUX
HOCiiB. [Ipy OMiYHMX KOHTAaKTaX BiJCYTHS 1HJKEKIIis
HOCITB 3 METaliYHOr0 €JEeKTPOxy Yy 3pa3oK.
Posrisimaemo Taki HanPyKEHOCTI MOJIS, TIPH SKUX IIE
MOxHa HexTyBaTH edekrom [lyma-®Openkens i
pO3irpiBOM BITBHUX HOCIIB MiJl JIi€l0 TOMIS, TOOTO,
BBaKaeMo, MO Jpeli(hoBa IMIBUAKICTh 3ATUINAETHCS
3HaYHO MEHIIOK 32 TEIMJIOBY IIBWAKICTH BUIBHHX
HOCITB 3apsay.
CTaHy KOHIICHTpAIii

[lpr nocsiTHeHHI cTalioOHAPHOTO
BUIBHUX  EJIEKTPOHIB  HE

3MIiHIOIOThCS, a TOMY BOJIbT-aMIIepHi
XapakTepucTuku kKpucranodocdopy moBuHHI OyTH
JHIGHUMU. B
kpucTtaiopochopa 30BHIIIHE CICKTPUYHE TOJIE HE
nporiec

CJIIEKTPOHA 3 MEpe3aps/DKEHUM IIEHTPOM CBIYCHHS,

pamKax TaKol Moei

BIUIMBAa€ Ha pexoMOiHalii  BIIBHOTO

KOHIICHTpAI[iSl SIKUX 3aIHIIAEThCS MOCTIHHO IS

CTaIllOHAPHOTO CTaHy. Tomy BeJIMUMHA

CJIICKTPUYHOTO IIOJISi He GMU6AE HA IHTCHCHBHICTDH
JIFOMIHECIIEHIII].
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3anexcrnocmi 6i0 inmeHcugHocmi 30y0)cenna

Taxi 3a7€KHOCTI BijJ] IHTCHCUBHOCTI 30y IKCHHS
MOJKHA PEECTPYBAaTH AK NpH 30UIbIICHH], Tak 1 Ipu
3MEHILIEHHI IHTEeHCUBHOCTI 30y keHHs. B pe3ynbraTi
MOXEMO  ojepaTth rictepesuc. Tomy, ans
OJlep’KaHHS KOPEeKTHHUX Pe3yJbTaTiB, Ii 3aJIEKHOCTI
HEOOXiTHO peecTpyBaTH IS CTAI[iOHAPHOTO CTaHY.

Ockimbkn i N7, i p_ 3anmexars Bix G, To MOXHa

PO3MIISHYTH  BUMAAKH,  KOJAM  KOHIEHTpAIlis
(docopeclieHTHOI TMaCTKH € JIOMIHYIOYOK  Ta
MPOTHWIICKHUM  BUNANOK, KOJIH  KOHIICHTpAILs

(ochopeclieHTHOT TACTKH € MaJIOK Y TOPIBHSIHHI 13
3arajJibHOI KOHIICHTpaIli€lo rHOOKUX mactok. Jlis
000X IS
CTaIliOHAPHUX nepe3apsHKeHuX

BUMAJKIB  OJCpXKaHI  3aJIeKHOCTI
KOHIICHTpaIlii

LEHTPIB CBIYEHHS Ta JIOKAII30BaHUX €JIEKTPOHIB.

Keanmoesuii 6uxio pekomoinauiiinoi
JIHOMIHeCU eHYiT

JIFOMIHECUEHIIIT

Hns

HEOOXiZITHO BUKOPHCTOBYBATH TOHSTTS KBAHTOBOTO

peKoMOiHaII HHOT

BUXOJly PEKOMOIHAIINHOT JIFOMIHECIICHIT (URL),

SIKAI BU3HAYAETHCA AK BITHOIIECHHS KIIBKOCTI aKTIB
BUITPOMIHIOBAJILHOI PEeKOMOIHAIIT 32 OMMHUIIIO Yacy
JIO KIJIBKOCTI 3TeHEPOBaHUX €JICKTPOHHUX 30y KEHb
(BUIBHUX €IIEKTPOHHO-AIPKOBUX Tap) 3a OJUHUITIO
gacy. 3a paXyHOK TOTO, II[0 YaCTHHA BUTLHUX J[iPOK
peKoMOiHye 3  IJIOKaTi30BaHUMH  €IEKTPOHAMH
o'u'P'n, i

(momanku O'(+i +1)u+ P*n(i e B

TPETHOMY 1 UETBEPTOMY PiBHSHHsIX cucTtemMu (2.16))
KinbKicTh  pexomGimaniit J, =o U"N"p, 6yne

MEHIIIOI0 3a KIUJIBKICTh 3T€HEpOBaHUX 30YIKCHHIM
€JIEKTPOHHO-[IPKOBHX TIap.

G+wn,,
. _U;U_N_pm B G Vo (Vi+V(i+1)) V.9
RL = = ) = :
G (Vi +V(i+1)) (Vi +V(i+1))+vp M Vi +V(i+1) +Vpg
G
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BuxopucTtoByroun piBHSHHS ISl mapamerpa (

(2.21), TIre (G) ,

ACHIMITTOTHYHO HAOMMXKYETHCA TIPH  MOTYKHOMY
30y KEHHI JT0 3HAYCHHS:

MaeEMO 3HAYCHHA SAKE

Vo
Mg =—. (2.28)
VitV Y,
YHHOM, KBaHTOBHI BUXiJ
pexoMOiHaIiHHOT IIoMiHECIeHITi1 Oye OIU3bKUM 10

OJIMHHII, SIKITO KOHIICHTPAIlIS IIEHTPIB peKOMOiHAITi1

Taknm

3HAYHO TIEPEBUIIyE  3arajbHy  KOHIIEHTPAIIiO
TIIMOOKUX ITaCTOK.
BucHoBku
Ha Bigminy Big Hadmpocrtimoi — Mojeni

kpuctanodochopy B KIaCHUHIN KiHETHUHIH Teopii,
sIKa PO3TJIAA€E TIIbKW OJUH THIT MACTOK 1 OJAMH THII
LIEHTPIB pexoMOiHaITii B pearpHuX
kpucTaioochopax 3aBkIu NMPUCYTHIHN Ui HaOIp
MacTOK pi3HOI TpUpoau 1 pi3HOI TIMOWHU Ta
JeKiIbka TUMIB WEHTpiB cBiueHHA. OpepkaHi B
BUIUISIAI  HAOJIMDKEHI

AHATITHYHOMY PO3B’sI3KU

CUCTEMH KIHETHMYHHUX pIBHSHb JUIsi KOHIICHTpPALil
3apsy  TpU
30y KEHHI IS MOJICITi 3 ICKIJIbKOMa TUIIAMH MACTOK

BUIBHAX 1 JIOKAJI30BaHUX HOCIIB
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264 c.

(minka, dochopecrienTHa i Timboka). Lli po3B’s3ku
JO3BOJISIFOTE ~ PO3paxyBaTH  3aJIe)KHOCTI  JUIs
IHTEHCHUBHOCTEH CBIYEHHS 1 CTPyMY MPOBITHOCTI, SKi
MOXKHa TIOPIBHIOBATH 3  EKCIEPUMEHTAILHUMHU
pesympraTamu. OnepikaHi KIHETHYHI 3aJIEKHOCTI
JIOTIOBHIOIOTH KJIACHYHI Teopii (hOTOMOMIHECTICHITI] 1
(hOTOMPOBITHOCTI, OCKIIBKH PO3IIHPIOETHCS MOACITH

kpuctamodochopy  JOAATKOBUMHU  JIOKAJTHHUMH
IIEHTPaMHU, SKi CIOCTEPITaloThCsl B PEaIbHUX
Marepianax.

BcraHoBiieHO, 10 HASsIBHICTH TJIMOOKHUX IACTOK
B Kpucrajopochopi NPHU3BOAUTH A0 TOrO, IO
KOHIICHTpAIlii  BUIBHUX  HOCIIB  3apsay  CTa€
MIPaKTHUYHO NPOTOPLiHOIO IHTEHCUBHOCTI
30y/DKYIOUOTO ~ OTNPOMiHEHHA. A MaKCHMalbHa
BeJIMYMHA HAKONMUYCHOI CBITIOCYMH HE 3aJICXKHUTh
Bil IHTCHCHBHOCTI 30y/DKCHHs, aJie TeMm il
HAKOIMUCHHS Ha MOYaTKy 30y IKEHHS

MIPOTOPIIHHUI IHTEHCUBHOCTI 30Y/PKCHHS.
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Ilpedcmasneni  excnepumMeHmanvHi  pe3yibmamu  OOCTIONCEHHs  TIOMIHECYeHmMHUX — 81ACTNUBOCTNell
KepamuHogux  Oiononimepis Ha Npuxkiadi  Hiemvoeoi naacmunu  moounu. Haeedeno  cnexmpu
penmezenonoMinecyenyii Hiemvogoi naacmunu npu memnepamypax 8, 85 ma 300 K. IIpoananizoeano 3miny
iHmencusHocmel ma )opm C8INEeHHsL 3PA3KI6 PIZHUX MUNIE (HCIHOYO20 MA HOJI08IU020) 8I0 MeMnepamypu.

Knouosi crosa: penmeenomominecyenyis, memnepamypa, oiononimep.

Biological objects like skin, nails and hair are sources of metabolism information and also describes the
condition of body in general. Nowadays the diagnostics by using nails and hair are only empiric. Obtained
result can give information for further medical diagnostics. The way of developing diagnostic methods and
correct optical measuring is the actual problem for medical physics.

In the present work was described methods of luminescent and temperatures measurements of
inhomogeneous biological objects at the range of temperatures from 8 to 300 K. That researches
(luminescent and temperatures) for each temperature were made at the same time. The main characteristic
of these biological samples is low intensity of luminescence under X-ray excitation in comparison to
traditional luminophores. For example, intensity of luminescence under X-ray excitation in 4 times lower
compared to ZnSCu .

For experimental researches were used nails from men and women. Experimental spectra of under X —
ray luminescence at 300 K were not obtained. However the spectra of luminescence under X-ray excitation
for temperatures 85 K and 8 K have a non-elemental structure in the range from 330 nm to 700 nm. The
spectra at 8 K looks different from obtained results for 85 K. For low range of temperatures also were
registered differences between spectra from samples (nails from man and woman).

Key Words: X-ray , temperature, biopolymer.

Crartio npezcrasus akanemik HAH Ykpainu, a.¢.-M.H., npod. Bynasin JLA.
Beryn JIIarHOCTHKA HOCHTH JIMIIE€ eMITIPUYHAN Ta SKICHUH

XapakTep 1 € JIIIe MEBHUMU «ITiJIKa3KaM1», B IKOMY

Ikipa Ta mpumaTKy MWKipu (HIFTHOBA TUTACTHHA HaNpsAMKY IPOBOJMTH Ja0OPATOPHY iarHOCTUKY

Ta BOJIOCCS) JIFOMWUHHM BHACIIJIOK CBO€l OyIOBH Ta

L. . . ) . 'O IOACBKOro  opraHizmy. MerogoM  MeIU4HOI
¢izionoriunoi (byItIKLHOHaIIBHOCTl B OPraisMi iornocruiw, skuii  Hapasi  OCHTH  HIMOKO
JIOJAUHM € JOCHTb iHPOPMATHBHMMH LIOZIO 3MiH B peKIaMyeTbca, €  «MIKpPOCJIIEMEHTHHH  aHami3

OOMiHI pEYOBMH IIOJAMHU Ta BijloOpakae craH
opranismy B minomy. llkipa € ii HalOUTBIINM 3a
IUIOIIEI0  OpPraHOM  JIIOAMHM, a 1 Oyn;oBy,
(YHKIIOHYBaHHS, 3aXBOPIOBAaHHS Ta JIIKYBaHHS
BUBYAE JIepMATOJIOTis. 3 MEIUYHOI TOYKUA 30py
JepMaToliorisi 3aiiMaeTbcs TaKOX BOJOCCSAM  Ta
HITCTSMM; 1 30BHIIIHIA OIVIAJ HUX MPHUAATKIB HIKIPH
CHOT'O/IHI JI03BOJISIE IIPOBECTU HEPBUHHY
JiarHOCTHKY JESKHX 3aXBOpIoBaHb. [IpoTe Taka

Bosoccs» [1], sikuit Mae 6arato HEIOMIKIB, TOJOBHI 3
SKHX — TIO-TIepIe, OOMEXeHa CyKYIHICTh XiMIYHUX
€JIEMEHTIB Ul aHai3y - MOYMHAIOYM JIMIIE 3 CIPKH
(mo3a yBaroro JMINAIOTHCS JIETKI €JIEMEHTH - a30T,
KHCEeHb, BOJEHb, Byrienp). llo-mpyre, He
BpPaxoOBYeTbCSI  OyJ0Ba  KOHKPETHOI  BOJIOCHHH
(HasiBHOCTI MTOBEPXHEBOT Ta BHYTPILLIHBOT
KOMIIOHEHT, AKi  BIIPI3HAIOTBCS 32  CBOEIO
CTPYKTYpOIO), &, OTXE, IMO-pi3HOMY Bim0oOpakaroTh
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“peakIiro” opraHi3My JIIOJWHH Ha 3MiHy B OOMiHI
PEUYOBHH.

OCHOBOIO CTPYKTYpU SIK BOJIOCCSI TaK HITTIB €
KEepaTHH, a TOJIOBHOIO CTPYKTYPHOIO BiJAMIHHICTIO
MiXK BOJIOCCS Ta HITTAMH € HasBHICTH y BOJIOCCI
HirMeHTy MenaHiny [2].

3p0o3yMiJIo, 10 BOJIOCCS Ta HIrTHOBI TUIACTHHH €
ONTHYHO HEOTHOPITHUMH 00’ €KTaMH, KpiM TOTO
HasBHICTh MeNaHiHy y BOJOCCI BHOCHUTH CBOI
KOPEKTHBH TPH ONTHYHHUX JOCTIIKEHHAX, 00 came
MeJaHiH BHUCTYTIA€ OKpeMHM CKJIQJIOBUM
KOMIIOHEHTOM, MIO 3HAYHO BIUIUBAE€ HA IPOLECH
PO3CiSIHHSI, BUIPOMIHIOBaHHS Ta  IOTJIMHAHHSA
KBaHTIB CBiTITA. Bxe 3apa3 ONTHYHO-
JIIOMIHECIIGHTHHUM  a”aji3 BOJIOCCSI Ta  HIrTIB
3aCTOCOBYETHCSI B MEJIMIMHI Ta CyJIOBil €KCIepPTH3i,
TOMY JOCIIKEHHS B IIbOMY HAIPSIMi € BYKIIMBOIO Ta
aKTyaJlbHOI 33/I1a4er0 B MeAW4Hii Ta Oiomorivnii
¢izumi. BaxiauBo  BIAMITUTH, 10 T'OJOBHOMO
OCOONUBICTIO TOAIOHWUX JOCHTIDKeHb, WOpSA i3
ONTUYHOI0 HEOJHOPIMHICTIO 3pa3KiB, € AyXe Maia
iHTeHCHBHICTh sIK (oromominecuennii (DJI), Tak i
PEHTTeHOMIOMIHECIIECHIII (PJD) ¢bi06prspHUX
OiomoniMepiB, 10 AKUX BiTHOCSTHCS SIK BOJOCCS, TaK
1 HITTI. Y TOPIBHAHHI 3 KJIACHYHUMH JIOMiHO(pOpaMu
(ZnSCu) IHTEHCUBHICTh JIOMIHECHeHII T
Oiomomimepie Ha 4 mopsaku MeHma. s
pO3B’si3aHHs 1€l TpOOJIeMH eKCIePHUMEHTAILHOTO
BUBYCHHS JIIOMIHECIIGHTHHX BJIACTHBOCTEH TaKHX
00’eKTiB  HEOOXiTHO  pO3POOUTH  METOJOJIOTIIO
kopekTHEX @®JI- Ta PJI-mocmimkeHb KepaTHHOBUX
¢iopunsipanx  Gionomimepie (KDBIT). Came Tomy
METOI JIaHOI POOOTH € Po3polKa i€l METOAONOTIT
Ta ampoOariis i Mpy OTPUMaHHI Ta MOPIBHLILHOMY
aHamizi crektpiB PJI mpm pi3HEUX TemmepaTtypax
3pa3kiB KOBIl Ha mpuknaai HIrThOBOI IUIACTHHU
JIFOTUHU.

MeTonnka eKCliepUMEHTY Ta ONKC 3pa3KiB
AOCJTiIZKeHHSA

CTpyKTYpHO BOJIOCCS Ta HITTi CKJIaJaroThCs 3
KepaTuHy, NpH LbOMY OCHOBHOIO BiJIMIiHHICTIO
BOJIOCCSI € HAsIBHICTh MPUPOJHOTO MEJaHiHy, SKHN
CHWJIIBHO  pO3Ciloe 1  TOorMHaEe  30y/Kyroue
BUIPOMIHIOBAaHHS Ta JitoMiHectieH o [3]. s Toro,
o6 1mo30yTHCA BIUIMBY MEJIaHiHYy Ha iHTEHCHUBHICTh

JIFOMIHECIIEHITIT, TUIA E€KCTIIEPUMEHTAIILHOTO
JOCHi[DKEHHsT Oynu  oOpaHi 3pa3kd  HIrTbOBHX
wiacTiH  moguHK.  JlocmipkyBanucs  3pasku

HIFTBOBUX IUIACTMH 0€3 MEXaHIYHHUX 1 XIMIYHHX
VIIKO/KEHb 3JI0POBHX JKIHKH (BikoM 28 pOKiB) Ta
4oJoBika (BikoM 31 pokiB).

CBixo3pizaHa HIITbOBa IUIACTHHA PO3MIpOM
6aM3bK0 15 MM® MEXaHIYHO 3aKpiIUTIOBaTach Ha
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MIAHIM HigKIagnl TaKUM YHHOM, II00 3a0e3nedyuTH
HalKpaliui TErIOBUH KOHTAaKT 3pa3Ka 3 MiZHOIO
migKnankoro (puc.l).

g

Puc. 1. 30BHILIHIA BUTIISA 3aKPIMJICHOTO 3pa3Ka

3pa3ok IOMIIIABCA B KPiOCTaT, IO JTO3BOJISIE
NPOBOJWTH BHUMIPH Y BakyyMi, OIPOMIHIOIOUH
3pa3oK IHTErpaTbHUM BUIIPOMiHIOBaHHIM
pentreHiBcrkoi Tpyokn BXB 7 (Re, L =120 mm) B
pexumi U=20kB 1 [=25mA, npu mpomy
BUNIPOMIHIOBaHHS TPOXOAMJIO B KpiocTar depes
OepritieBe BiKOHIIE. 3pa30K KPIMMMBCS TaKUM YHHOM,
o0 iHTeTrpasbHe BUITPOMIHIOBaHHS BiJ
PEHTIeHIBCBKOT TpyOKH MOTPAIUISIIO Ha
BHYTpIIIHBOIO YAaCTHHY IUIACTHHH. JlOCTiIKEeHHS
MIPOBOAMIIN B Aiama3oHi Temmnepatyp Big 8 mo 300K
3a JIOTIOMOT'OI0 PIJIKUX TEJil0 Ta a30Ty, HarpiBaIbHAX
€JIEMEHTIB IIISIXOM OXOJIO/KEHHsI abo HarpiBaHHS
MiTHOI migkIanku. s BUMipIOBaHHSI TeMIIEpaTypH
BUKOPHCTOBYBAJIKCS TEPMOIIAPa XPOMEb - aJIFOMEITb
1 HaIliBOPOBIIHUKOBI AaTunku Temneparypu WAD-
305, sKi 3akpirieHi Ha MiTHIA TAKIAI pa3oM i3
3pa3KkoM.

BunpomiHIOBaHHST ~ PEHTIECHIBCBKOI  TPyOKH
HanpaBJICHO MEPIICHIUKYISPHO O TUIOIUHY 3pa3Ka.
PJI 3paskiB peecTpyBajacsi OJHOYACHO 3a JBOMA
KaHaJIaMH: THTETPAIBHO 1 CHEKTPAIBHO, MPU IBOMY
KBapIIOBi BiKHa peecTpaiii Oyau po3TalloBaHi i
KyTamu 45 ° 10 TUIOIIWHY 3pa3Ka, a MK co0010 i
kytoM 90 °. [HTEerpanmbHe CBIUEHHS PEECTPYBAIH 3
BUKOPUCTaHHIM CBITJIOUYTJINBOTO ¢oto-
enekTpoHHoro nomHoxyBada DEII-106. Crnextpu
CBIYEHHS peecTpyBanu y Aianaszoni Bix 330 HM 10
800 uM Kpi3b CBITIIOCHIIBHUIT MOHOXpOMaTop M/IP-2
i3 jgudpakniiiHoro  rpartkoro 600 mT/MM  3a
JIOTIOMOTOI0 ~ CBITJIOYYTJIMBOTO  (DOTOENEKTPOHHOTO
nomHoxyBaua @EII-106. Yci npencraBneHi criekTpu
BUTIpaBJICHI Ha CHIEKTpAIILHY Yy TIUBICTh
peectpyrouoi cuctemu. [HopMmalist B aHaoroBomy
BUTIIAAI  TICNIA  MiACWIOBAaYiB  yCiX  KaHaIiB
peectpaitii (3 070Ky CKaHyBaHHS MOHOXPOMATOpa, 3
OJIOKIB KOHTPOITIO TEMIIEPaTypH, 3 OJIOKIB peecTpariii
IHTEHCHBHOCTEH  CBIYEHHS, 3  BaKyyMMeTpa)
nogaBanacs Ha 16-kananpaui AL 3a gomomororo
CTBOPEHOTO IMPOTPaMHOI0 3a0e3MeYeHHs OJepiKaHi
eKCIIepUMEHTAIBHI naHi 00pobmsTHCS 3a
nonomororo [TK [4].
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ExcnepumeHTaIbHI pe3yJbTaTH BimcytHocti  PJI  HIrTROBOI  MIAcTWHW  TIpH
temneparypi 300 K.

Byno nocmimkeHo ABa TUIH 3pa3KiB — XKiHOYA Ta
4oJIoBiua HirtThoBa miacTuHu. Ha puc.2 ta puc. 3
HaBeJneHi criektpu PJI mpu Temmneparypax 8 K, 85 K
ta 300K gms 000X TumiB 3pa3KiB  HIrThOBOI
IJIaCTHUHHU.

800

Jop BiO.OA.

T T T T T T T
400 500 600 700
A, HM

Puc. 2. Cnexrpu PJI xxiHOYOT HIrTHOBOT TUIACTHHU
mpu Temneparypax 300 K (1), 85 K (2) ta 8 K (3)

T T T T T T T
400 500 600 700
A, HM

Puc. 3. Cnexrpu PJI 40s10Bi401 HIrThOBOT TIACTHHH
pu Temneparypax 300 K (1), 85 K (2) Ta 8 K (3)

Ciuig  HAroJgoCHUTH, 1[0  HE3aJIEXKHO  BiJ
TeMIIEPaTypy JOCTIIKEHb 3HAYEHHS 1HTCHCHBHOCTI
PJI HirTeoBOi miacTuHM AyKe Maja y NOPIBHIHHI 31
kiacuyHUMU JitomiHogpopamu (PJI Giomonimepis Ha 4
nopsiaku MeHma). Takok BapTo 3a3HAYUTH, IO
cunektpu PJI  gomatkoBo Oyiu  3amuMcaHi  Jyis
«TIOPOKHBOTO» Kpiocrary (Ce3 3paska).
3apeecTpoBaHi JlaHi TIpU KIMHATHINA TemrepaTtypi 3a
iHTeHCcHBHICTIO Oynu Ha 5-10 % wMeHmm, HiK y
cnekrpax PJI HIrTboBOi MacTHHU, a BIAMIHHOCTI 3a
dbopMoro B Mexkax NOXHOKHM («rymMOoBUH (DOHY)
OJTHAKOBI, AHAJIOTIYHO «CMY31» Yy CIEKTpaIbHOMY
niana3oni 350-450 um (kpugi 1 Ha puc. 2, puc. 3). L
pe3yabTaTH JO3BOJIAIOTH 3POOMTH BHCHOBOK ILOJO

[Tpu nopiBHSIHHSA KpUBHX 2 puc. 2 Ta pHc. 3 (sKi
Oymu onepxani nmpu Temneparypi 85 K), 6auumo, 1110
CHEKTPH CKJIAJal0ThCsl 3 HEEeJIeMEHTapHOI LIUPOKOT
CMYTH y cHekTpaibHoMy piamazoni 350-700 uM i3
BUpakeHUM MakcumymoMm mpu 450 um. Tobro,
crektp PJI cknmamaerscst sIK MiHIMYM 3 JBOX CMYT:
350-550 am Ta 550+700 M. Kpim Toro, Bapro
3a3HAYUTH, 10 B YOJOBIYIM HITTHOBIA IUIACTHHI
cmyra cBiueHHs B obOnacti 550+700 HM 3Ha4HO
ACKpaBillle BHpaK€Ha Yy TOPIBHAHHI 13 >KiHOYMM
3pa3koM. BinHocHa inTeHcuBHicTE PJI makcumymy
mipu 450 HM 117151 3pa3Kka KIiHOYOi HIrThOBOT TUTACTHHH
Ha ~ 10 % menma 3a inTeHcuBHicTh PJI 4onoBiworo

3paska.

IIpu oxomomxeHHi 000X 3paskiB g0 8K
IHTEHCHBHICTh cmekTpiB PJI 30impmryerbes Ha
15+20%. Kpim Toro, BapTo BiAMITHTH, IO

He3aJIeKHO BiJ THITY 3pa3kiB npu temmepatypi 8§ Ky
ciektpax PJI 3‘sBusieTbcss  IHTEHCHMBHA CMyTa
CBiYeHHS Yy 4epBOHii obnacti (Oinblie 3a 650 HM).
SIKiCHO JIOCHIAMTH CBIYEHHSA Yy ILOMY Jlialia3oHi
yepe3 Maji iHTEHCHBHOCTI Ta MPUIaTHI OOMEKEHHS,
Ha KaJlb, HE € MOXJIUBUM.

[MopiBasiemo ¢opmu criextpiB PJI mpu pizHux
TeMreparypax i JOCHIDKEHHX 000X THIIB
3paskiB. Ha puc. 4 Ta puc. 5 HaBe/eHi HOpMOBaHI Ha
MaKCUMyM CMyru cBiueHHs mnpu 450 HM 1pu
temneparypi 85 K ta 8 K, Bianogiaxo.

400 500 600 700
A, HM

Puc. 4. Hopmogani cnekrpu PJI nys 3pa3kiB xiHo9o1
(1) Ta donoBiuoi (2) HIrTHOBOI TUIACTHHU MIPH
temneparypi 85K

SKmo mopiBHATH 3MiHY (OPMH CHEKTPIB JUIst
000x 3paskiB mpu Temmeparypi 85 K (puc.4) B
crieKTpabHOMY Aiarna3oHi Bix 330 #m g0 500 HM, TO
B MeXaxX IMOXHOKU («IIyMOBOro (oHy») MOXHa
no0aunTH, Mo GOPMH KPUBHX HE 3aJIEKATH BiJI TUITY
3paska. A y chekTpalbHOMY Hiama3oHi Big 500 HM
10 700 um dopma cnektpy PJI 4osoBidoi HIrTboBOi
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IJIACTUHU KapIUHAIBHO BIAPIZHAETHCS Bix (GopMH
cnektpy PJI >kiHO4Woi HIrTBOBOI IUIACTHHU. Y
YOJIOBIUil HITTHOBIM IJIACTHHI 3‘SBISIETECA CMyra
CBIYCHHA 13 BUPAXEHHAM MaKCUMYMOM OJIM3BKO
650 HM.

0,0 -

— 1T T T T T T T T T T T T
350 400 450 500 550 600 650 700

A, HM
Puc. 5 Hopmosani criektpu PJI anst 3paskiB skiHO9OT
(1) ta domoBiuoi (2) HIrTHOBOI IUIACTHHHA TIPH
temneparypi 8K

Slkmo mopiBHATH 3MiHY (QOPMH CIIEKTPIB IS
000x 3paskiB npu Temmeparypi 8 K (puc.5), To B
CHeKTpaabHOMY Aiama3oHi Big 330 M g0 450 HM B
Mexax TMOXHOKH («urymoBoro (GoHY») Qopmu
KpUBUX HE 3alle)aTh Bif TUMy 3paszka. [loBeminka
cnektpie  PJI gms  o0ox TumiB  3pa3kiB y
crekTpaibHoMy aiamasoni Big 450 kM mo 700 HM
moniOHa: crmamaroda g0 600 HM Ta 3pocTaroda o
700 uM 3 neperuHoM Oinst 650 HM. [Ipu 11bOMY BapTO
3a3HAa4YUTH, 110 BHECOK B cnekTp PJI yepBoHOI cMyTH
JUISA 40JIOBIYOI HIrTHOBOI IUTACTUHU O1IBIINN HIXK I
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JKIHOYOI HIrTHOBOI IUTACTUHH. SIK BiKe 3a3Havaiocs,
SIKICHO IOCIIOWTH CBIYE€HHA B miama3oHi Bix 700 HM
B «YEpBOHY» 00JIacTh, depe3 ciadKi CHUTHAIU
CBIUCHHS IHTCHCHBHOCTI Ta TPHJIaTHI OOMEKCHHS,
Ha KaJib, HE € MOYKJIMBUM.

OcHOBHI pe3yJIbTATH Ta BUCHOBKH

IaTeHCHBHICTD PEHTTC¢HOTIOMIHECIICHITIT
OiomoyiMepiB Ha 4 TOpPSAOKM  MEHIIA  3a
IHTCHCUBHICTh PEHTTCHOJIFOMIHECIICHIIIT KIACUYHUX
moMmiHO(oOpiB, IO  BUMAara€  BHUKOPHCTAHHSA
KOPEKTHO1 METOAUKU HPOBEIECHHS
PEHTTCHOMIOMIHECHEHTHUX ~ JOCHIPKEHb  ONTHYHO
HEOTHOPIAHUX O10JIOTTYHUX 00‘EKTIB.

I[Ipn kimHATHIH TeMrepartypi He BIAIOCH
OJIep>KaTH KOPEKTHI criekTpu PJI HIrThOBUX TUIACTHH
JIOIMHU.

CriBBiTHOIIICHHS CMyT CIIEKTPIB PJI
JTOCITIPKEHUX 3pa3KiB 3MIHIOETHCSA 3 TEMIEPATYPOIO:
npu Ttemneparypi 85K cmektp PJI HirreoBoi
IUIACTUHU Mae (opMy IIHPOKOI HeeIeMEeHTapHOL
CMYTH B cliekTpanbHOMY miana3oni 330 am — 700 aM
3 BUpPaXXEHUM MakcUMyM B obnacti 450 HM, a npu
temneparypi 8 K B cmekrpax 000X THUIB 3pa3KiB
3°SBISIETHCSI «4EPBOHA» CMYT'a CBIYEHHS, MAKCHMYM
SKO1 KOPEKTHO 3apPEeeCTPyBaTH TEXHIYHO HEMOXKIIUBO.

Cnextp PJI 4on0Bi40i1 HIrTHOBOI MIACTUHH IMPH
temreparypi 85 K mMae m0maTKoBY UiTKO BHpaKeHY
CMYTy CBiY€HHsI 3 MaKCHMyMOM OIM3bKo 650 HM y
nopiBHsHHI 31 crekTtpom PJI xiHO4YOi HIrTHOBOT
TUTACTHHHU.
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3amexuicts Bix 4acy xonuentpanii  Cs y | Time dependence of Cs concentration in
soil solution at field conditions in the 10-km

ITPYHTOBOMY PO3YHHi y NOJbOBHX YMOBax
by P y Y Y Exclusion Zone of the Chornobyl Nuclear

10-xM 30Hi Binuy:kenHst Yopaoomiabcbkoi AEC

Power Plant
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Excnepumenmanvuo docniosceno 3anedicHicms 6i0 4acy Komyenmpayii B¢y y IDYHMOBOMY DO3UYUHI
npoms2om 080X POKI8 HA MPbOX OOCAIOHUX OLIAHKAX 3 DIZHUMU GIACMUBOCHAMU IPYHMIE Y NPUPOOHUX
ymosax y 10-xkm 30mi 6iouyocenns Yoprnobunvcoroi AEC. Komyenmpayin *'Cs y spaskax epynmosoco
PO3YUHY BUBHAUANACA 30 OONOMO20I0 2aMA-CHEeKMPoMempa 3 Hanienposionuxosum oemexmopom HPGe
ORTEC GMX40P4-83-RB POPTOP sn.48-TN22465A4. Minivansna demexmosana 'V'Cs axmuenicmeo
cknaoana 0,1 Bq na 3pazox ons uacy sumiprosanns 10.000 s 3 cepeonvocmamucmuunoro noxubroiw 20%
(p=0,95). 32ion0 3 ompumManumMu OGHUMU, Y5 BETUNUHA ICTMOMHO 3MIHIOBANUCS NPOMALOM HACY OOCTIONCEHD.
Ananiz ompumanux danux noxasas, wo xonyenmpayis ' Cs y [pyHmosomy posuuni ne Kopeoe 3 60102icnio
2PYHMY mMa 3 JHCOOHOIO 3 HABEOEHUX MemeopoNociunux xapakmepucmuk. Ilicna anmanizy ompumanux
pesyrvmamie 3poOieHO GUCHOBOK, WO HAUOIIbUL UMOGIDHOIO NPUYUHON 3MIH KOHYeHmpayii BCs e
MIKPOOION02IUHA AKMUBHICMb 8 OOCTIONCYBAHUX 2PYHMAX.

Knrouosi cnosa : nonvosi ymosu, yeziu-137, tpynmosuii po3uun

Experiments were performed during 2012 and 2013 years at three field sites within the 10 km Exclusion Zone of
the Chornobyl Nuclear Power Plant. Samples of the soils were selected several times during the every growth season.
Humidity of soils were determined for each of the selected soil sample. Soil solution was extracted by a centrifuge from
every soil sample. The obtained soil solution was first filtered through filter paper with a pore diameter 1-3 pm, and
then through a membrane filter with a pore diameter of 0,1mkm. The soil solutions were transparent after filtration.
The concentration of '*'Cs in the samples was determined by a gamma-spectrometer with the semiconductor detector
HPGe ORTEC GMX40P4-83-RB POPTOP sn.48-TN22465A. The minimum detectable "*’Cs activity was 0,1 Bg/sample
for a measurement time of 10.000 s with a statistical error of 20% (p=0,95). The obtained data show that the
concentration of "’ Cs substantially changes during the experiment time. The analysis of the obtained data proved that
the "’Cs concentration in the soil solution correlated neither to the soil humidity nor to any meteorological
characteristics including an average daily air temperature, a number of total hours of bright sunlight and average
relative air humidity. It was concluded after the analysis of the obtained experimental results that the most credible
reason for changes of the *’Cs concentration in the soil solution is a microbiological activity in the studied soils.

Key words: field conditions, cesium-137, soil solution
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Beryn

BUBYCHHS HAIXOMKEHHS '~ Cs JI0 POCIHHH
BITHOCHTBCS 10 HAMOUIBII aKTyalnbHUX HpoOIeM
panioekomnorii. Ha BiaMiHy Bif CTpOHILIIO, B IKOTO €
Ny)Ke TapHUU aHaJor BiJHOCHO HAJXOJPKEHHS JIO
pocnuHM  (KanbIlifi), 1O 3HAYHO  TIOJIETIIYE
MPOTHO3YBAaHHA  HAAXOKEHHA  CTPOHLIID 0
POCIMHH, y TE31F0 TAKOTO aHAJIOTa Cepe]] eJIEMEHTIB
MaKpOXKUBJICHHS pociuH HeMa. OJIHO3HAYHOTO
3B’SI3Ky MK HAJXOMKEHHAM 10 pociuun °'Cs Ta
KaJiro, SKUH BBaKAETbCS aHAJIOTOM L€3il0, He
CIIOCTEPITAETHCS. UwucnenHi TOCITIIKEHHS
HaAXOKEHHA 1e31f0 A0 POCIWH, Ha >Kalb,
NPOBOJATBHCS  HE  3aBXAW  KOpekTHo. Yacto
MPOBOJASTE TOPIBHAHHS HAIXOKEHHS ME3if0 [0
PI3HHX BHIIB POCTHH, [0 BUPOCIH B Pi3HUX YMOBaX.
Mix TuM, y poborax [1-3] mokazaHo, 10 HaBIiTH B
pOCIHMHAX OJHOTO W TOro  BUAY, IO BUPOCIH HA
Ti camili NiNSHIN, ane B Pi3HWHM 4Yac, BMICT IE3if0
1HKONIM BiJPI3HAETBCA Yy MAECATKU pasziB. ABTOpH
BKa3aHWX MyOJiKamii TMOSICHIOIOTh 1€ Pi3HOI0
KOHIleHTparielo 'Cs Ta Kalilo y TIPyHTOBOMY
PO34HMHI Ta Pi3HOIO BOJIOTICTIO TPYHTIB B Pi3HHH Yac.

3amavya NIporHO3yBaHHS HAIIXOPKEHHS 13110
JI0 POCIHHHM, IIO POCTE HAa JaHIi JUIAHINI 3 JaHUM
TUTIOM TPYHTY, YK€ CKJIaJHA. 3 HAIIOi TOYKU 30PY
JOLIBHO 1i po30MBaTH Ha MBI 3amadi: — 3amady
MPOTHO3YBaHHA CKJIaJy IPYHTOBOTO pO3UMHY Ha
nMaHii ninsgHOi, sk ¢GyHKOil Big dacy, Ta 3amady
MPOTHO3YBaHHS HAJXOJDKEHHsSI 1I€310 0 POCIUHH B
3aJIeKHOCTI BiJl MMapaMeTpiB TPYHTOBOTO PO3YHHY Ta
BrnactuBocTel pocimHu. lle aBi okpemi moBomi
CKIaJH1 3a1a4i. MU BBaXkaeMo, 110 00’ €JHAHHS IIUX
JIBOX 3ajlad B OJTHY € TaK0X OJHI€I0 3 TIPUYUH TOTO,
IO TMicHsl TMIBCTONITHIX JOCHI[DKEHb ¥ OyXe
OaraThOX IMyOJiKaIil Ha M0 TeMYy Ha ChOTOJHIIIHIN
JICHb HEMa€ HaJiMHOT METOJUKH MPOrHO3yBaHHS
HAJIXOJPKEHHSI 113110 10 POCIIHUH, 0 MiATBEPIKYIOTh
octaHHi myoOuikamii (Hanpukian, [4]).

HanxomkeHHs 1€3i10 10 POCIHHU Y SIKHICh
KOHKPETHHH MOMEHT 4Yacy BHU3HAYAEThCS B IEPIIY
4yepry mapaMmeTpaMu IPYHTOBOTO PO3YMHY B Iei
MOMEHT 4acy. € 4MMaJI0 TEOPETHYHHUX IOCIIKEHb
(mampukianm, [5-8]) momo  BMICTY He3il0 Yy
IPYHTOBOMY PO3YMHI B 3aJIeKHOCTI BiJ] IapameTpiB
IPYHTY.

Ha anb, ekcriepuMeHTaNbHUX JIAHUX I0JI0
BMICTY 1I€3i10 Y I'PYHTOBOMY PO3UYHWHI y TMPHUPOTHUX
yMOBax y JiTeparypi ayxe wmano. B poboti [9]
HaBeleHI pe3yiabTaTH TakuX JAOCHIIKEHb s
KimbKoX 3abpymHeHux °'Cs eKCIepUMEHTAbHHX
ninsHoK 'y 30-KM 30HI1 Biguy:keHHS YOpHOOMIIBCHKOT
AEC. B paniii pobori Oyjo mpoBeneHe
eKCIIEpMMEHTAJIbHE JIOCII/DKEHHS 3aJICXKHOCT1 BIJT
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yacy KoHIeHTpawii °'Cs y IpyHTOBOMY pO34HHi y
npuponHuX ymoBax y 10-kM 30HI Ha 1HIIHAX
JIISTHKAX 3 IHIIMMUY BIaCTUBOCTSIMH TPYHTIB.

Pe3yabTaTu AociaigkeHb Ta iXx 00ropopeHHs.

HocmimkeHHsT  TPOBOAMIMCA  HAa  TPHOX
eKCIepUMEHTABHUX AIISTHKAX, po3TamoBanux y 10-
KiToMeTpoBiii 30HI BimgykeHHS YOpHOOMIBCHKOI
AEC: ginsnka /| — Topd’anuii 1pyHT; ninsHka b —
mimanuit 1pyHT; B2 — mimanuii TpyHT i3 memio
BimMiHHUM Bif TpyHTY b ckiamom. Bmict mesiro-137
Yy AOCHIKyBaHWX TpyHTax ckmamas: I — 15 200
Bbx/kr, b — 16 900 bx/kr, B2 — 10 600 bx/kr. I"'ama-
(hoH HA eKCITEpUMEHTATBHUX IUISTHKAX JTOPiBHIOBAB:
J — 200 mP/roa., b — 380 mP/roa., b2 — 350 mP/rop.
I'yctuna rpynry J| — 0,85 r/em’, rpynty b — 1,41
r/em’, rpynry B2 — 1,42 r/em’. Vi pocnimkysani
IPYHTH MalOTh HU3bKY COJIOHYBATIiCTh Ta MiJBHILCHY
KHCJIOTHICTh. XiMIYHMH aHaji3 TPYHTIB MpPOBEICHO
3a METOAUKaMHu, onucanumu B [10].

Mu BinOupany 3pa3ku TPyHTIB MO KilbKa pasiB
KO)KHOTO ~ CEe30Hy. 3  IPYHTY €KCTparyBaBCs
IPYHTOBHIA pO3uuH 3a Jornomororo uentpudyru OC-
6M (CPCP). Yactota obOepTaHHS Baja NPHUBOIY
ckmamana go 6000 oOepriB Ha XBHIMHY. SIKIO

BifiOpaHuii 3pa3ok TpyHTYy OyB HEIOCTaTHHO
BOJIOTHH JJIsi UeHTpu(yryBaHHs, B UEH TPYHT
nobasisuiacst JUCTHIBOBAHA BOJA.

LenTpudyryBands npoBOAMWIIOCH uepe3 12 TroauH
micns poxaBaHHs Boau. LleHTpudyroBaHuii po3ynH
¢binpTpyBaBCcs Kpi3h mNanepoBuil (QuTeTp (miameTp
mop 1-3 MKM), a TOTIM Kpi3b MeMOpaHHUI (iIBTp
(miametp mop 0,1 mkm). ['pyHTOBHI PO3UYMH Mics
¢inbTpyBaHHs OyB mnpo3opuM. s KoHcepBarii
LBOTO  PO3YMHY MH  JOJABAIM y  HBOTO
KOHIIGHTPOBAaHY a30THY KHUCIIOTY Yy mporopiii 1 mi
kuciotd Ha 500 MI TPYHTOBOTO pO3YMHY Ta
HarpiBanmd Horo A0 KuiliHHA. MM Bu3HaYanu
BOJIOTICTh TPYHTY /i SIK BiJIHOIIEHHS MacH BOIH Yy
3pa3Ky JI0 Macl CyXOro TPYHTY B I[bOMY 3pasKy 3

€KCIEPUMEHTAJIbHOIO MOXHOKOI0 10%.
BucymryBanHs 3paskiB TpyHTY HPOBOAMJIOCS B
cymmibHifE mewi mnpu  temmeparypi 100 °C.

Konuentpauis °’Cs y 3pa3kax IpyHTOBOTO PO3UHHY
BU3HAYanacs 3a JOIOMOrOI0 raMa-CIIEKTPOMETpa 3
HaniBrpoBigHUKoBUM jaetektopoM HPGe ORTEC
GMX40P4-83-RB  POPTOP  sn.48-TN22465A
(AMETEK, USA) 3 €KCIIePUMEHTAJIbHOIO
noxubkoo 10%. MinimMansHa netextoBama ' Cs
akTuBHICTh ckiagana 0,1 Bq Ha 3pa3ok mis yacy
BumiptoBanHs 10.000 s 3 ceperHBOCTATUCTHYHOIO
noxubkoro  20%  (p=0,95). binpm  ageransHO
METOJINKa eKCIIEpUMEHTY onrcaHa B [11].
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Tabmuusg 1 MikpoOionoriyHa akTUBHICTE B TPYHTAax HPOTATOM

CepenHbOMICSYHI IOTOTHI YMOBH Ha JIOCIITHUX

4acy JOCIHIIKEHb.

nistHkax [12]. Tabmurs 2
. o 137
CepeaHbo Saranbue | Cepems Bomnoricts TPYHTY Ta KOHLCHTPALI Csy
MicsaHa . IPYHTOBOMY PO3YHHI /ISl BCIX €KCIIEPUMEHTATBHIX
2012 YUCJIO | BOJIOTICTh g . .

Micss TeMgepaTZ/pa consamux | moBiTps JIJISTHOK Ta JIaT BiIOOPY 3pa3KiB
nopmm( O) o (%) Iara pi| b B2
min. | max. h |bx/m| h |bxn| h Bx/n

TpaBeHb 11.0 | 22.6 226 69 2012,
Uepsens | 13.0 | 23.5 | 187 74 Tpas. 04 32 1.9
Jlunenn 15.7 | 27.4 265 73 2012,
Cepren» | 13.6 | 244 | 181 71 Tpas, 28| 139 | 8,52 0,006| 12.4
Bepecenn 92 | 21.2 100 78 2012, 0208 | 6.01 |0.058| 4.4
(ILO 09.18) ‘IepB. 25 > 5 s 5
2012,
Cpn. 01 0,202 0,008 | 14,41
CepenHbo
Poo? | Baramsie | Cepens 2012, 1 358 1 5,21 0,050 7.6
. Bep. 18
2013 YHUCIIO | BOJIOTICTh
: TeMIiepaTrypa . 2013
Micsiip . o COHAYHUX | MOBITPs "] 0,252 1 2,3210,072| 5,11 0,024 6,53
noBiTpa (°C) — (%) Tpas. 15
min. | _max. 2013, 16345 [ 2,64 [0,111] 9,15 [0,074| 19,1
TpaBenp 11.8] 24.1 215 67 UYeps. 04| ’ ’ ’ ’ ’
YepBeHb 153] 26.0 220 71 2013,
Jlunenp 139 24.6 228 75 Yeps. 26 0,173 | 4,8910,018114,3210,012) 16,95
CeprieHb 13.1| 26.9 199 69 2013,
(10 08.20) Ty, 09 0,0772| 1,85 (0,011 |10,62 0,004 | 7,31
2013, 0,0718 2,52 {0,007 | 7,43 |0,006| 3,92
Cpm. 20
VY rpadi «3arajgpHe YHCIO COHSYHHX TOIHHY BUCHOBKH

BpaxoBaHi TPHUBAIICTh JHS Ta XMapHICTh KOXXHOTO
JIHS BKA3aHOT'O MICSLIA.

VY rtabmumi 2 mpuBeAEHI BOJNOTICTh TPYHTY Ta
koHIeHTpanis °’Cs y rpyHTOBOMY pO3uHHi Ha BCiX
TUTSTHKAX 111 9ac eKCIIePUMEHTY.

AHai3 OTPUMaHUX EKCIICPUMEHTAIBHUX JaHUX
1I0Ka3aB, IO KOHIEHTpamis ~'CSs y IPyHTOBOMY
PO3UYHMHI HE KOPEJIIOE 3 BOJOTICTIO TPyHTY (Tabm. 2)
Ta 3 OKOJAHOIO 3 HAaBEICHHX METEOPOJIOTIYHUX
XapakTepucTuk. HalOinbin HMOBIPHOIO MPHYUHOIO
3MiH KoHmeHTpauii "~ 'CS y rpyHTOBOMY PO3UHHI €

CnHcoK BUKOPHCTAHHUX JKepet

1. Ipopox B.B. 3Banmexuicts Bmictry 'Cs y
pocnuHi Big mapameTpiB 1pyHty / B.B. [Ipopok,
K.®.B. Macon, C.®. TimodeeB Ta iH. / BicHuk
KuiBcekoro yH-Ty, cep. ¢iz.-mar., 2004. — Bum.
3.-C. 407-416.

2. Ilpopok B.B. 3akoHOMIpHOCTI HAaIXOMKEHHS
B'Cs 3 1pynry mo pocmuru / B.B. IIpopok,
JI.A. Bynagin, B.A.AreeB Ta in // SInepHa dizuka
ta enepreruka. 2007. — T.19, Nel. — C.115-122.

Y npupomgHHX yMOBax KOHIIEHTpaIlis B37Cs y
IPYHTOBOMY pO3YMHI BECh Yac 3MIHIOIOThCSL.
Hait6inbmm HMOBIPHOIO MIPUYUHOIO 3MiH
KOHIIEHTpaIi1 BCs e MiKpOOioJIOTiYHa AaKTUBHICTh B
JIOCITIJDKYBAHUX rpyHTax NPOTSATOM qacy
JOCTIKEHD.

PoGora BukoHaHa 3a (HiHAHCOBOI MiITPUMKH
VYkpaincekoro HaykoBo-Texnonoriunoro Llentpy
(mpoext YHTL] 5439).
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OnTnyHa anizorponisi HaHOCTpyKTypoBaHoi | Optical anisotropy of nanostructured surface
MOBEePXHi MIPOJiTHYHOrO rpadity of pyrolytic graphite

'KuiBcbkuil  HauionansHmii  yHiBepcuter imeni | 'Taras Shevchenko National University of Kyiv,
Tapaca IlleBuenka 01601, ™. Kuis, By 01601, Kyiv,  Volodymyrska  st. 64/13,
Bonoaumupceska 64/13, e-mail: sgr@univ.kiev.ua e-mail: sgr@univ.kiev.ua

Bucoxoopienmosanuii niporimuynuti epagim 3 HaHOCMPYKMypamu y 6uenaoi CXOOUHOK HA 1020 2PaHAX
BUBHABCSE 30 OONOMO20I0 CKAHYIOYOI MYHENbHOI MIKPOCKONIL ma Kymoeo 3aledcHoi  enincomempii.
Enincomempuuni napamempu 8i0o6umozo ceimia 8i0 nosepxwi epagimy nposeuiu amizomponiro, axa 0yia
NOSICHEHa 3a OONOMO2010 YUCENbHO20 PO368 A3KY pieHAHb Maxceena Ona naockoi enekmpomazHimHoi Xeuni
nooAU3Y NOBEPXi HAHOCMPYKMYP.

Kurwouosi cnosa: nanocmpykmyposauuili epagim, CKaHyoua MyHelbHA MIKPOCKORIs, enincomempis,
ONMUYHA AHI30MPONIA.

Highly oriented pyrolytic graphite with stairs nanostructures on its faces was studied by scanning
tunneling microscopy and angle dependent ellipsometry. The registered terrace steps had a few nanometers
heights and a few microns length. Reflected from graphite light ellipsometric parameters revealed anisotropic
behavior which was explained by numerical simullation of Maxwell equations for a plane electromagnetic
wave near the nanostructures surface. p- and s- components of incident light induce two different spatial
distributions of electrical currents in the vicinity of terraces. As a consequence electromagnetic fields
distribution just near the terraces edges differ drastically. Azimuth angle ellipsometric parameters curves had
six maximums which were found to be related to graphite crystal lattice orientation having hexagonal
symmetry. The results demonstrate possibility anisotropic behavior of conducting materials surface optical
parameters induces by nanostructures on its surfaces.

Key Words: nanostructured graphite, scanning tunneling microscopy, ellipsometry, optical anisotropy.

Crartio npeacraBuB wieH-kop. HAH Vkpainu, a.¢.-M.H., mpod. Makapa B.A.

Beryn MEXaHIYHOMY BiJJpMBI MOBEPXHEBOrO MIAPYy 3paska
rpadity. Ilpu mpomy y [7] 3apeectpoBaHi Tepacu
(CXOIMHKM) Ha TOBEPXHEBUX TPaHIX 3 JOBXKUHAMH
MOPSIAKY OJMHMIbL MIKPOH 1 MepenagoM BHUCOT B
OJIMHMLI-IECSITKH HaHOMeTpiB. Takoro poxy tepacu
MOXKYTh OyTH iHTEpIpETOBaHi sIK JiHiIHI AedekTu, ix
CTPYKTypa MOXX€ MaTh CrherudiuHi 0COoOIMBOCTI i
MOKe OyTH 3MiHEHa €JEKTPOXIMIYHHM TPaBICHHSIM
[8,9]. Ilpm Buxopucranni BOII' rpaneit s
€JIEKTPOJIiB, HASBHICTh Tepac MPHUBOJIWIO JO 3MiHU
KIHETHUKH €JIeKTPOHHHMX IpoueciB B 3paskax [10].
3amayero JaHOi POOOTH € JOCHIKEHHSI ONTHYHUX
BJIACTUBOCTEMN HaHOCTPYKTYpOBaHOI  TepacaMu
nosepxHi BOIIT'.

I'padit omHA 3 MOXKIMBUX KpHCTATIYHUX (popm
Byrnemio. Moro sp’ TerparoHanpHa TiOpHaM3aLLis
MPU3BOAUTL [0 IIAPOBOi KPHUCTAIIYHOI CTPYKTYpH
rpadity, mTpHm sKiii TpadeHOBI IIapu 3BsA3aHI
cnabkumu Ban-nep-BaanibCiBChbkMME  3BS3KaMHU 32
paxyHOK  JejoKajizoBaHuMX  m-opOitamei  [1].
Enextponni BiacTUBOCTI rpagiTy Ta HOro onTHYHA
MPOBIIHICTh OyJH EKCIEPUMEHTAJIbHO BHU3HAYCHI B
[2,3]. 3oHHa cTpyKTypa TrpadiTy TEOPETUIHO
BukianeHa B [4]. OnrtuuHa aHizorpomis rpadity
pO3risHyTa B [5]. BucokoopienoBanuit
niponitnuamnic rpagit BOIIL [6] ne cuHTeTHYHUI
rpadiT, SKUH XapaKTePHU3YETHCS BUCOKOIO CTYIIHHIO
XIMIYHOI YHCTOTH Ta 1JEAJIbHICTIO KPHUCTANIYHOT ExcnepumeHTalbHA YaCTHHA.
rpaTkH, sika Onm3bka Jo imeanbHoi. ['pani BOIIL y

. . Jns  excnepuMeHTIB MH  BHKOPHCTOBYBAJIH
BUUIAMI KPHUCTATIYHUX IUIOIIMH YTBOPIOIOTHCS MPH

CKaHyIOYMH  TYHEJIbHHH  MiKpockon Ha  0a3i

© T.C. Posysan, JI.B. ITonepeHnxo,
C.I'.'Posysan, [.A.IllalikeBuu, 2016
189



Bicnux Kuiscvkoeo Hayionanvrozo yHieepcumemy
imeni Tapaca Llleguenka
Cepis ¢hizuxo-mamemamuyni HayKu

Hanonaboparopii [HTET'PA, mo no3Bonsino Ham
peecTpyBaTH TOMOJOTiI0 MOBEPXHI 3 MPOCTOPOBOIO
PO3AUTFHOIO  3MaTHICTIO, ska gocsrama 0,5 HM.
loctpy ronky mmss CTM Mu BHTOTOBISUIA 3 JIPOTY
JliaMeTpoM 0,5 MM, 31 CIUIaBY Pty slry 5,
BUTOTOBJICHOTO IIUIIXOM MEXaHIYHOTO BiJgpi3aHHs
HOTO KIHII.

PesynpTat ckaHyloO40i TYHENBHOI MIKPOCKOIMIl
nosepxHi BOIII" npencrasieni Ha puc.1.Mu 6aunmo
CXOIMHKH MIKPOHHOI JTOBXKMHH 3 TI€PENaoM BUCOT
He Ourplme 7 HAHOMETPiB, 3 KpasMu pi3HOI
torosioriunoi opieHTauii. Pesynsratn CTM Takoi
TepacH 3 BHCOKOIO MPOCTOPOBOIO  PO3IIIHHOO
3MATHICTIO TO3Ha4deHi Ha puc.2 muppamm 1, 2, 3.
3apeecTpoBaHO TPU CXOAWHKH (OAHY 3 BHCOTOIO
nopsizka 10 HM Ta AB1 mapanensHi i 3 BUcoTaMu B
JIeKiTbKka HAHOMETPIB) SKI PO3IUIAIOTh AaTOMHI
TUIOIIMHY TpaHell (Ha IUIOIIMHAX BHIHA CTPYKTypa
KpUcTamiyHoi Tparku rpagity). Cama cxomuwHKa
YTBOPHIJIACh BHACIIJOK pO3puBY Tpadity i €
(akTHYHO JiHIMHUM HAHOOO’€KTOM Ha aTOMHIN
wiomuHi  rpadity. IlomepedHi po3Mipu Takoro
YTBOpEHHSI Ha JBa TOPSAKHA MEHII BiJ JOBXHH

——— 2 MM

Puc. 1. Cxanyroua TyHenbHa mikpockomis BOIIT 3
tepacamu. [IpocTopoBa po3aisibHa 31aTHICTE 30 HM.

XBWJIb BUIUMOTO CBiTJIa. TOMY IpH BiIOWUTTI CBiTIa
Big mosepxHi BOIII' 3 cykynHicTIO Takux JIiHIHHHX
HAaHOOOEKTIB MU Ma€MO 3HEXTyBAaTH IUPPaAKIIHHUMH
ehexramu. B Toil ke uac, Taka MOBEpPXHSA HE
SKBIBJICHTHA 1/l€JIbHIN IUIOMIMHI, SKa OepeThcs 3a
OCHOBY IIpY BHBEJICHHI CHiBBigHOIICHD DpeHens mis
najar4vol IUIOCKOT eJieKTpoMarHitHoi xBwii. Ha
puc. 3 MpUBEIEHI pe3ysbTaTH YHCENbHUX
pO3paxyHKiB CYyMapHHX CNEeKTPUIHUX
Hampy)keHocter (i30J1iHil) mnpu MafiHHI IUIOCKOT
€JIEKTPOMArHiTHOI XBWJIi 1 HABECHUX HEIO CTPYMiB B
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Puc. 2. Ckanyroua TyHENbHA MIKPOCKOMISI CXOAMHOK
Ha moBepxHi rpadity. IIpocropoBa po3misbpHA
3maTtHicTs 0,5 HM.

CXOJMHKAaX 3 1J€ajbHOI0 MPOBITHICTIO Ui P- 1 S—
KOMITOHEHT CBITJIOBO{ XBUIIL. Pozpaxynkun
MPOBOOWINCH 33  JOHNOMOIOK  IPOTrPaMHOIo
3abe3neuennss MEEP, sike € 4acTuHOIO cTaHgapTHOI
onepauiitHoi cuctemu Debian LINUX. JloxuHa
eslekTpomarHiTHoi xBwiai Opamace B 100 pasis
OUTBIIOI0 BiJ BUCOTH Mapaiesiemninesna, KyT MamiHHS
cranoBuB 30 rpagyciB, HampsSMOK XBHJIBOBOTO
BEKTOpA CBiTJIa MMO3HAYCHUH Ha PUCYHKY CTPiJIKaMHU.

Puc. 3. Po3paxyHKH HampyKEHOCTI €JIeKTPHYHOTO
NOJIsl IPY MAJiHHI IIOCKOT eMeKTPOMarHiTHOI XBHII
Ha iieaJbHO NPOBIIHY MTOBEPXHIO 3
napajelernineoM.

a) s—nonsgpu3anis, 0) p—oJsipu3aris.

3 PUCYHKIB BUIHO, 1[0 PO3MOALIHN TIOJIS ISl BUITA IKIB
S— Ta  p-Tmonsgpu3aliii  CyTTEBO  PI3HATHCA.
TeopeTudHO 1ie TOSCHIOETHCS HACTYIHHM YHHOM.
EnekTpuyHUl BEKTOP E€JIEKTPOMArHiTHOrO  IOJIS
no0nr3y MpPOBIAHOT TOBEPXHI 1HAYKY€E JIOKaJIbHI
[MOBEPXHEBI EJIEKTPUYHI CTPYMH, CHiBHANpPSIMIICHI 3
MPOEKINIEI0 eNIEKTPUYHOTO BEKTOPA Ha 1[I0 IIIOINHY.
[ToBepxHEBI CTPYMH BH3HAYAIOTh aAMIUIITYIHI Ta
(hazoBi mapamerpu BiIOUTOTO CBiTia, 00 BEIWYMHH
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CTPYMIB BXOIATh B TpaHWYHI YMOBH PIBHSHB
MakcBena. Y BHUNAAKy p—TIOJsipu3allii MOBEPXHEBi
CTpyMH Ha OOKOBHX TpaHAX Mapajeliernineaa MamTh
PO3MOBCIOJKYBATHCh TIOMEpeK Horo pebep, mI0
MPU3BOAUTH 10 3MEHIICHHS BEIMYMH CTPyMiB. 3
pucyHka 3,0 BHAHO, L0 PO3MOJIN HANPYXEHOCTI
MOJII CYTTEBO BIAPI3HAETHCA OuLTs JiBOI 1 mpaBoi
OOKOBUX CTOpPOHAaxX mapajelnemnineaa, TOOTO MpH
MajiHHI CBITJIa HA CXOJHMHKY 3 JBOX PI3HHUX CTOpIH.
Ha puc.3a BigMminHOCTEH HeMae 0O S—KOMITOHEHTA
MPAKTHYHO HE 30y/Ky€e IUTa3MOBI KOJHMBAaHHA. 3
BOTO0 MOKHa 3poOuTH 1Ba BHCHOBKH. [lo-mepiue,
HasBHICTh CXOJWHOK TIPU3BOJIUTH JIO ONTHYHOI
anizotpomii. [lo-apyre, a3uMyTanbHi eXIICOMETPUIHI
3aJCKHOCTI MaroTh OyTH  acCUMETPHUYHHMH Y
HanpsMKax MIEPIICHANKYIISIPHUX HanpsMKam

0

0.48 -
0.47 | 300
0.46
0.45

7100

tan(y)

200
Puc. 4. AsumyTanbHi 3JIeKHOCTI TaHT@HCA a3UMYyTa
BiJIHOBJICHOT MMOJIAPHU3AIIiT TPU JOBXKHUHI XBUIII CBITIa
546.1 um. Kyt nazinns ceitna 75°.

200

Puc. 5. AsumyranpHi 3alI€KHOCTI KOCHHYCa 3CYBY
(dha3 npu posxuHi XBWai cBiTia 546.1 mum. Kyt
nainus ceitia 75°.

2016, 1

Bulletin of Taras Shevchenko
National University of Kyiv
Series Physics & Mathematics

MepEeBaKHOI IMPOCTOPOBOi  Opi€HTAIli CXOIMHOK.
EdexTuBHicTh Takoi aHi30Tpomii Mae 3alexaTH Bil
KOHIICHTpaIlii AeeKTiB Ha OAMHHIIIO TUTOIII.

Jns  eKCIiepUMEHTANbHOI MEepeBIpKH  HAIUX
PO3paxyHKIB Ta BHUCHOBKIB HaMu OyJid NpOBEIEHI
eJIIIMCOMETPUYHI BUMIpIOBaHHS MOBEPXHi
miponitTrgHoro Tpadity. 3pazoxk BOIID mromero 1
KBaJpaTHUH CAHTUMETP PO3KOJIIOBABCS IILIAXOM
BipUBY HOTO BEPXHIX IIApiB 32 JOMOMOTOIO JIHIKOI

0.7 1

03— . , . ,
40 60 80

0
Puc. 6. KyToBi 3amexHOCTI TaHTE€HCa a3UMyTa
BiJTHOBJICHOT MOJIIPU3AIlii IPY JOBXMHI XBUIII CBITIA

546.1 um st asuMyTanbHEX KyTi 340°(0) i 60°(D).

ctpiuku. llicms 1poro Bimpasy X TPOBOIUIKCH
BuMipu. TakuM YMHOM, MU HE JOMYCKAIN JeTpaaarii
moBepxHi TpadiTy BHACHIIOK Jii aTMOCpepHOro
kucHO. Ha puc.4, Ta puc.5 mnpexacrasieHi naHi
CJIINICOMETPYHMX BHMIPIOBaHb 3aJIS)KHOCTEH 3CYBY
da3 Ta asuMmyTra BIJAHOBJCHOI TNOJsApU3alii B
3aJIeKHOCTI BiJ a3UMYyTJIBHOIO KyTa IIOBOPOTY
3pa3ka Ha NPEIMETHOMY CTOJHMKY TOHIOMETpa IpH
30epekeHH] KyTa MajiHHs CBIT/Ia Ha 3pa3ok 0. 3 mux
3aJIC)KHOCTEH Ha PUCYHKAX MOXKHA 3pOOUTH JCKIIbKA
BUCHOBKIB. Ilo-miepie, MakcuMyMH Ha 3aJI€KHOCTSIX
puc.4d Ta puc.5 MamTh IICTh PIBHOBIIIAICHUX
MakcuMyMmiB 3 kyrom 60° Mix Hummm.  Tak,
HaNpUKIa, UL 3aJIE)KHOCTI a3uMyTa BiJIHOBIEHOT
MOJIIpHU3allii KOOPJWHATH PO3TAIIOBaHI B O0JIACTSX
kyriz 10°, 70°, 130°, 200°, 260° Ta 320°. Tunosum
st BOIID € opienranis kpuctaniyaoi rpatku [110]
npu Horo ckomi. Ilppy 1pomy Ha CTM ckaHax
rpagity My 0aduMO BIOPSIKYBaHHS aTOMIB Yy
BEpIIMHAX IIECTUKYTHUKIB, HAINPSIM CTOPIH SKHX
BH3HAYAE MEPEBAKHUN HANPSIMOK CKOJIIB (HAIIPSIMOK
Tepac) Ha mnoBepxHi rpagity. Tobro, wrcTh
MakCUMyMIiB  Ha  a3UMyTaIbHHUX  3aJEKHOCTSIX
CJIIIICOMETPUYHUX MapaMmeTpiB puc. 4, puc.5 €
HacnmigkoM P63mc rekcaronajabHOI  MPOCTOPOBOT
Ipynu  cUMeTpii KpHCTalmiyHOi Tpartku rpadity.
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Takox, 3amexHocTi Ha puced, puc.5S € JIEeMOHCTPYE aHI30TPOITII0 SITITICOMETPUIHUX
ACHMETPUYHUMH BiJTHOCHO OCi 3 HANpsSMKOM B3JOBXK TapameTpiB. KyToBi  asumyTanpHi  3a]1€KHOCTI

kytiB 40°, 230°. Ha puc. 6 306pakeHi 3a1exHOCTI
a3UMyTa BiTHOBIICHOI MOJSIPU3allii B 3aJIE)KHOCTI Bij
KyTa MajiHHS CBiTIa 6 BUMIpsHI MPHU a3UMyTalIbHUX
kyTax 160° a 340°. 3 KyTOBHX 3aIeXKHOCTEl BUIHO,
IO TOJIOBHI KyTH IUIsI JBOX KPUBUX PI3HATHCS Ha
JeKiJIbKa TpaIyciB.

BucHoBxku

HanoctpyktypoBaHa mimocka moBepxHs rpadity 3

BEJIMKOIO MOBEPXHEBOIO KOHIICHTpAITi €10
HAaHOCTPYKTYp Ma€ OITUYHI BJIACTHUBOCTI, BiIMiHHI
Bil BiacTuBOCcTel imeanpHOl TwromuHU. BOIID
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YV oaniii pobomi nooaro npuxnad no6yoosu Koegiyienma noOIUHAHHA Y MEPMIHAX KBAHMOBOL ONMUKUL.
Pospobnena memoouxa obuucnenns  epaxosye egexm [Honnnepa. Ilokasamo, wo 6 0CHOGI
K6AHMOBOONMUUHO20 — POPMYNIOBAHHA — KoepiyieHma  NO2NUHAHHA — Modice — aexcamu — Komymayitine
CNIBGIOHOULEHHS MIJC ONEPAMOpamy eleKmpU4Ho20 NoJis Ma iHMeHCUBHOCMI.

Kniouoei cnosa: koegiyicnm noznunanms, keanmoga onmuxa, egoexm [onnaepa, KOMymayiini
CNiBGIOHOUIEHHS.

The example of the quantum optical formulation of absorption coefficient is provided. The local
absorption coefficient is defined as a derivative of logarithm of intensity with respect to the distance in the
vicinity of a given spatial point and a moment of time. The intensity is represented by the averaged normal
product of creation and annihilation operators of the certain electromagnetic field states. The averaging is
performed over all possible pure quantum (discrete and continuous) states of the system of the field and
atoms. The average quantity at an arbitrary moment of time is determined by the state of the system at the
initial moment of time through the corresponding Schrédinger equation in the introduced approximation.
The theoretical basis for the calculation of the absorption coefficient is developed taking into account the
Doppler effect. It was shown that the absorption coefficient can be defined by the commutation relation
between the operators of electric field and intensity. The fundamental role of the quantization of
electromagnetic field in defining the absorption or emission properties in the optical region is revealed in
the microscopic level of the theory.

Key Words: absorption coefficient, quantum optics, Doppler effect, commutation relation.

Crartio npezcraBus 1.¢).-M.H., ipod. Makapers M.B.

Introduction Therefore, expressing the quantum average of
the intensity operator, embraced by the conjugate

In this work we investigate some aspects of the sy gperators (the exponentials), through the

guantum optical method for the formulation of the
absorption or/and emission theory based on a model
Hamiltonian. The introduced here Hamiltonian
models the atom-field interaction taking into account
the Doppler effect.

The concept of local absorption (emission) is
introduced here as the derivative of logarithm of
intensity with respect to distance in the vicinity of a
given spatial point and the moment of time. The
intensity is represented by the averaged normally
ordered product of creation and annihilation
operators of certain electromagnetic field states. The
averaging is performed over all possible quantum
(discrete and continuous) states of the system of the
field and atoms.

© A.C. Cixyk, C.M. €xoB, 2016

series of commutators with the model Hamiltonian
and then applying the averaging over an ensemble
give the theoretical prediction of the physical
quantity in an approximation.

The following features of the present research
can in our opinion be noted in comparison with other
models (for example, used in such works as [1] -
[9]). Taking the atomic motion in space into
consideration, the induced Doppler effect is naturally
introduced into the corresponding averaging
procedure. The wused time independent model
Hamiltonian allows formally to represent the general
solution of the equation in a fairly compact form
without discussing the chronology of events in the
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system. The "single-atom" methods, such as the
equation of motion for the one-particle population
matrix, to find the number of quanta, imbibed by
atoms or liberated into the environment per unit
time, is not used here. Under certain assumptions, it
is enough to know the information about the
distribution of system states at the given initial
moment of time for the calculation of the coefficient
of absorption.

The model

Assume, the system of N atoms occupies the
volume of capacity V, determined by optically
transparent and thermally insulated (for example, till
near-infrared region) walls. And suppose, generated
within a certain period of time electromagnetic field
"reaches"” the space of volume Vg (which includes
V). Atoms, that fill the volume V, are able to interact
with the modes of this electromagnetic field. The
frequencies of the modes are distributed near the
resonant frequency wo of a single atom (or molecule)
transition between only two levels b (the ground
state) and a (the excited state). The modes of the
electromagnetic field correspond to Fock states (or
number states with a well-defined number of
guanta), formally received through the standard
procedure of quantization in the volume Ve. The
interaction of the field with an atom is determined
through the scalar potential, formed by the scalar
(inner) product of atomic dipole moment (more
carefully, the dipole matrix) and the operator of the
electric field. Translational motion of every atom has
three degrees of freedom and is confined by rigid
walls (forming the volume V). Taking this into
account, the following Hamiltonian describes the
infinitesimal change of the state function of the
system during the infinitesimal time intervals:

H=H"+HF +H". (1)
Here, the first item describes the spatial “"movement"
of N atoms with the translational energy & and
intrinsic energy hwm,, (fori=1..N), such

N
that HA =>"H/, where H/[i)= (g, +ha,, )|i) and
i=1

|i> is the eigenvector of the single particle operator.

The second item represents the energy of free
electromagnetic field in the volume Ve

HF :%jdr(goEz(r)+ wH (), @

where E(r) and H(r) are the electric and magnetic

field operators, respectively. Inasmuch as the
electromagnetic field can be defined through the
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superposition of its modes, the representation in the
basis of the corresponding Fock states is allowed:

A =S AF

q
where H{ ng)=(n, +1/2)hey, |n,) with |n, ) being
the corresponding Fock states. Here, the symbol q

denotes the mode of electromagnetic field with the
propagation wave vector k and the j-th polarization

with j=1,2. A state‘nq> has the determined

number of photons n, corresponding to the mode q.
The third item is the energy of interaction

between the atoms and electromagnetic field,

expressed by the standard dipole-field coupling:

HA o3 E (), @

where d, is the dipole moment operator for i-th atom
located at r, .

@)

The definition

Let us to introduce the pure quantum state of the
system as the following superposition:

|\P>={z}c{}<t>Nﬁ°|i.>ﬁ|d.>H\nq>,

=1 di=1 q

(®)

where g = (K, j), and { } = ({&}, {a}, {nq}) with
{o} = {a, b}.

Introducing explicitly the Doppler effect into the
atom-field coupling, we redefine the notation in (4)
as follows:

(6)

where the notation F imposes special additional
limitations on the coupled atomic and field states.
This notation introduces the corrections in
accordance with the laws of conservations (total
momentum and energy conservation during photon
scattering on a single atom) and the relativistic
Doppler effect influencing the resulting absorption or
emission frequencies. Therefore, in non-relativistic
case, the following restrictions during the acts of
photon absorption or emission take place:

Pi +hk:p;
P; "‘hk:p;

N A A
i=1

g +hv, =g +hoy (pi,IZ) (7)

co{)e' = {1+ %]@o-
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M:c

ﬁz——cose K = | ||s the unit vector
I
directed along the wave vector k. 0s is the angle
between the atomic velocity of i-th atom v; and the
direction to the source (here imaginable) of the photon
at the point of absorption. ¢ equals the speed of light in
vacuum.

In the case of the Hamiltonian independent of
time, the state function (5) can formally be

represented in the following form:

e
[F)(t)=e " [¥)(0), )
where |W)(0) is the value of the state function at the

initial moment of time.

Then, in accordance with the accepted model of
device counting photons (see, for example, [10]), the
local absorption coefficient is defined in the

following manner:
A, @

o ~ _mz \y|(
—ikgr aq

where [ =E.E_ with E, =Zéqqu and
q

s A ikgr ~ . .
E —Zeq.Eq.e 3y Py is the statistical
q

distribution over the pure system states |\¥) at the

initial moment of time t=0. The optical pathway
inside the sample is assumed to be parallel to the Z-
axis.  The field “amplitude” is  given

hv 1/2
by E, = 1 . The phase factor in Eq is
EoVel

neglected for simplicity. The sum of E. and E.
represents the electric field operator.

Commutators

For an evaluation of the expression (9) we need
to commutation relation between the intensity

operator and the model Hamiltonian.
For example, neglecting [I:I A IA} in (9), we can

be interested in the calculation of such commutators

as
[HL][AR T [A%,0]. a0
Based on the commutation relations for the operators

of bosonic field [aq,aﬂz we obtain the

SQQ' !
following expression:

. (11)
(el(kq —kq)~reikq-r, a - o ilkaka)r kg agj.
Accordingly,
A ~ N A
[R* T]=2 S, 2 6,E2(¢, ¢ )Ey x
i=1 q,q (12)

(ei(kq_kq)'reikq‘r’ ag - g lkakalrgian 3 J

Also, applying the commutation relations between
the pairs of bosonic operators, we find that

[ﬁﬁf}:%fz%(éq-éq,)EqEq,x

(13)

agaq, |:ei(kqvkq)-r B e—i(qu—kq)~r } .

It can be noted that (13) is vanishing, for example, in
the case of initially nearly symmetric distribution
over the frequencies.

Interesting then, that the following so-called
second order commutation relation can be non-
vanishing and has to be taken into account in the

. 2

next term, proportional to (hrj in the series under

the round parenthesis in (9):
TF [IgAF T & 4 \a
(AR AT |2 nog (RS, -6, ) &,

a9
) i(kg—kg )T ik -i(kq—kq )T _-ikqri _+

EqEq{e e 'a; +e e ag.

Another interesting commutator that can give
relatively significant contribution is the following:

[ [ ]S 55 )

(FS;-¢,)(6 -6 )EZE] x

] q - qa—q

éq)x (14)

{ei(kGKQ)'reikq'ﬁ o kaj +e"(kq*kq)re*'kq MPUCRS } (15)

The commutator [Ifl A f] can also be found, for

example, in the coordinate representation for the
atomic state functions |i). For this, it is necessary to

know the commutator [Vf,eikq'r‘ } that can be easily

calculated in the basis. Here, V; is the nabla operator
in the coordinates of i-th atom.
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Conclusions

Thus, in this paper we examined the example of
the quantum optical formulation of the absorption
coefficient.

The local absorption coefficient is defined as a
derivative of logarithm of intensity with respect to
the distance in the vicinity of a given spatial point
and a moment of time. The intensity is represented
by the averaged normal product of creation and
annihilation operators of the certain electromagnetic
field states. The averaging is performed over all
possible pure quantum (discrete and continuous)
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states of the system of the field and atoms. The
average quantity at an arbitrary moment of time is
determined by the state of the system at the initial
moment of time through the corresponding
Schrodinger ~ equation  in  the  introduced
approximation.

The derived expression for the absorption
coefficient is based on the commutation relation
between the operators of electric field and intensity.
Therefore, the quantization of electromagnetic field in
the optical region can play a fundamental role in
defining the absorption/emission properties of a matter.
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