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������� 
� 
�� mi�
�
������
 	� � ��
���

(P�Σ̂
−1

P)−1P�Σ̂
−1

, �6�

����� P = (pmi )N,M
i,m=1 �� � ������ ��	
�
���
�

��
��� ��� ��
��� Σ̂ = diag(σ̂2
1(t), . . . , σ̂

2
N (t))

�� � ����	��� ��
��� ����� �	�
���� ��
���
	���
	� �����
	
�� !�������� 	� 2����������� ��
����

	�" ���� σ2

i (t) = V[ĤKM
i (t)], i = 1, . . . , N �

(���� ���� σ2
i (t) ������� 	�  �'�	�� ���
��
 �


�	�� H1(t), . . . , HN (t) 	�� ���  �� 7�����		�$�
�	�� �� �� 	���� 
	 ��
���
� �
*

σ̂2
i (t) = (1− ĤKM

i (t))2
∑
j:ξj≤t

δj
(ni − j)(ni − j + 1)

�8�

������� � �.���	!" /�0�� �	���
� ����� ���
�


bi > 0 
	�� ���� ni
n → bi, ni → ∞� �����

n = n1 + . . . + nN ��� ��� i = 1, . . . , N ��
 ����

�	�� ����������� ������ P ��
 � �	�� ���	�� �����

���� F̂R
m 
����
 �� �4� �
 	�������� ���
�
����

��
 �
������������ ������ �
������� �� Fm ���

���� m = 1, . . . ,M �

��� ��������
��
���� 
��
�����

9���'� .���	!$� ��
���
	� �� ��
���
	� ��	�	���
�� /-0 �	�� �	
 ��� ��� ��!����� ����	��� ��
� ��
	
� 
�������� : ���
��
 
�	� 	� ����	�� �� 
��� ����
������� 	� 
�� �	��	���
 
	 ����� 
�� � 
;��


��	���" ����

Gm(A) = P(cj ∈ A | ind(Oj) = m) �<�

���� ��
���
	�" ��� ���
	����������� �
�������"

�'�� 
�� �	��*

F̂PI
m (t) = 1−

∏
j:ξ∗j≤t

(
1− amj δj

1−∑
i:ξ∗i <t a

m
i

)
��=�

����� �	�5����
� amj ��� �� �� 
	 mj�
� ������

	� � ��
���

(P�P)−1P� ����

��
� � ������ ��	
�
���
� ��
��� P = (pmj )n,Mj,m=1�

������ -� >	
� 
��
 
��� ��
��� ��?��� ��	� 	��
�� .���	!$� ��
���
	�" ���� �
 �� n×M ��
��� 
���
N ×M �
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������� �� ��� ������� 	�
����
��� ������ P ����

���� ��� �



���� 	�
	�����√
lnn

n
(det(P�P))−3 → 0, n → ∞

���� F̂PI
m ������ �� ���� �� � ����
��
� �
��������

�������
� 
� Fm �
� ���� m = 1, . . . ,M �

������ �� ���	
���
� ���	��
�� �� 
�������


������� ����	���� ��� ��� ���� 
����� ����

	 
��� 
���������

��
� ����
�� 
��������� ����
��� ��� ��	
��
�

��� �� ��� ���
	����� �����
��� 
���
������ ���

���� � 
��
	��� ��� 	
 ���� 
�����
�
�� 	���
 

P 
� ��������� �����	�� ��
�� ��� ������
�� 
���

������!

�� ��	
�� nM 
���
������ �����	 ���
�����

���	 U(0, 1)" ��
�� ���	 �� n × M 	���
 

A

#� �
�
�� ���� ��� �� A �� ��� ��	 �� ���	����


� ���� ���

�� 
� det(A�A) > 0.2 ��� P = A" ������
�� ��

�� ���
 �

������ $� ��� ���� ���
 
� 
���
��� �����
��	 
�


�����	�� 
� ����� �� ���
� 
�������
�
���� ������

%
��� &�'���(� ��� 
�������
������� ���
	��

���� ��)�
��� �
*����� +
�� �� ������� ��� ��	�

,-� G ��� ��� ������� 
� ���� 
� ����� �� .� ����

����
����

/� � ����
�� 
���
��� �
	����
�� ������� ���

������	
����� 	
 ����" 
��� M = 2" ����� ���

)����
��

E sup
t

|F̂m(t)− Fm(t)|, m = 1, 2 ��#�


� �� 
��������

� ���������� ��
���


0�� F1 ∼ χ2
1 ��� F2 ∼ χ2

2 ���� ��
��)�����

�
���
���
�� �
�� 1 ��� 2 ������� �� ������	 ���

�
���
����� ��� ������� cj ���� ��� ��	� ��
���	

�
���
���
�� G ∼ U(0, 8) ��
�� ������
���� �� �
�


�� 
	����� 20% �� �������� ��������
���� �� ���

�
	��
�� ��� ��� )����
�� E supt |F̂m(t)−Fm(t)| 
�
�
��� �� ������
�� ���� 
���
������ � 
��
	�����

%
��� &�'���(� ���
	���� ��)�
��� � �
��
��

���	 �� 
�
�� ����" ��� ������
�� �����
�� 
���

������ 
� ����
�����!

�� �
 � ��	��� �� �
�� N ≥ 2 ��� ����
��� �


���
�
�� {B1, . . . ,BN} �� ��
� 
������� [0, 1)"
�����

Bi = [
i− 1

N
,
i

N
), i = 1, . . . , N

#� ���
�� ���� pmj �� ��� ������ �� � �
� 
� ���

����� ��

�������" � �����	
�� �� �������� ���� Dc ��
��

������
���
�� 	
 ���� 
�����
�
�
�� ������ �� ���

i��� �
� ���	� D̃c
i �

�
���� � ��
������� �
	����
�� �������" 
�

��
�� 
�������
������� ���
	���� ���� ���� 	
 �

���� 
�����
�
�� 	���
 P ��
�� &�'���(� ���
	��

��� ���� 
�� ������� ����
�� ��.��� ������ � ���
�

'����� � 
� ������ ��� � ��	
�� �
'� n ��
�� ����
���

� 
� ����� ��� ��� ������ ����� 	������ ��#��

�� ��� ��� ���" ��� ��1�
����� ����� ��	
��

�
'� ��� ���������� ��	��� �� �
�� ���
	����� 
���

���	 ��	��� �)������ ��� �	���� �� �
�� ��� ��

������� �� � �
������
���� �������*" 
��� �	��� ����

��� �� N 
������� �
�� �
�� ��� ���
���� ���
	��

�
��� ��� �
�� ������

�
���� # 
���������� ��� 
��
���
�� �� ���� ���

�
	����� 
� ���� �+���� 	
 
�� 
�����
�
�
��" ����


�" 	
 
�� 
�����
�
�� 	���
 �
�� ��� ������
��

����
��!

p1j =
j2

n2
, p2j = 1− j2

n2
, j = 1, . . . , n ����


� ���� ��� ��� 
�������
������� ���
	���� ��� 
��

������� ����
�� �
�� N = 2 
� ���� ��� &�'���(�

���
	����� �� ��� ��� ��� ������ 
� ��� .���

��	
����� ��� ��	
������ �
�� ���� ����� ��
��


�������
������� ���
	���� ��� ��� ������ ��	
��

���� ���
�����	� &�'���(� ����

��� �� � ��� .����� ����� ��� ��� ����� 	���

���� ������� �
�� �
*����� ������ �� n ��� N �

2��� ��� ��	
��� ��� ��������� ��
�� ������� ����

�
�� �� 	
 ���� 
�����
�
�� 	���
 � ���� 
�" 	
 �


�� 
�����
�
�� 	���
 ��� ��� 
�������
������� ���

�
	���� 	�� �����
� �� 	��� N �
*����� �����

3� �
���� � ��� ��	��� �� �
�� N = 2 ��	�
��

. ��" ��
�� ��� ��	
�� �
'� n ���
�� ���	 100 ��

1000� �� ��� ��� ���" ���� ���
	����� 
�����	

��	��� �)�����" ������� ��� ��� .��� ��	
�����

&�'���(� ���
	���� 
�����	� ��
����� �������

�
���� $ ��
������� ��� �����
��� �� ��� ���

�
	����� ��� . �� ��	
�� �
'� n = 100 ��
�� ���

��	��� �� �
�� N ���
�� ���	 2 �� 10� 3� 
� �����

���� 
�������
������� ���
	���� ������ ���
�����	
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.

A problem is formulated and untied about a  biaxia bend by the up-diffused bend moments on endlessness 
of isotropic plate with one through lineal crack, the banks of which under the action of the external loading 
contact for the areas of permanent width near-by one of bases of plate, and in its tops plastic areas appeared 
taking into account strengthening of material at the linear distributing of tension for them and by 
implementation of terms of plasticity of Treska as a superficial layer or plastic a hinge. Through the contact 
of banks of crack of upshots of task will give as superpozicii of two tasks: flat task and task of bend (classic 
theory). Using the methods of theory of functions of complex variable and complex potentials of flat task and 
classic theory of bend of plates of untiing of task it is erected to the task of linear interface, on the basis of 
which the analytical decision of task is got in the class of functions of the plastic areas limited in tops. 
Numerical certainly length of plastic area and opening in the top of crack. 

Key Words: Crack, Bending, Isotropic Plate, Complex Potentials, Strengthening, Plastic Zone. 
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.
’       

     , 
    [1–3]  . 

      
   [4, 5],    

(  )  –  [6, 7].    
,     

 ,    [8–10]. 

2.   

    
 2h    
  2l ,    

    
 xM  yM  ,  

      
.     

   Oxyzz    
 ,   Ox  , 

  Ozz    
 . ,    

    
       

 1h    ,   
    
   b .   

    2d , , 
  –  L ,   

 – 1L ( . . 1). 

. 1.     
 

     
   :    
  (    )  

  

0 0 1( ), ( ), ,yy yx M M x x L        (1) 

, , [ ] [ ] 0,
2yy y y
N M hN h w x L
h

,(2) 

10, 0, ,xy yP x L L                   (3) 

( ) (1 )( ) / ( ), / ,B Yx m m x l d l m

 yy  xy  u  –   
     

  Ox  Oy   ; 0  0M –
     

   ,    
     

     [11,
12]; N –   ( 0)N ; w –   

; yM  yP –    
    ; B  Y –

   ; 
[ ]f f f ,   «+»  «–»  

     
0y ,     [6]: 

2
10.5{1 (1 )}, 1 / 3, / .h h    (4) 

3. ’   

  -  
    

 ( )z  ( )z    
  ( )z  ( )z  [2, 3] 

( ) ( ) ( ) ( ),yy xyi z z z z z          (5) 

2 ( ) ( ) ( ) ( ) ( ),x u i z z z z z    (6) 
( ) ( ) ( ) ( ),x g z z z z z           (7) 

( ) ( ) ( ) ( ),f z z z z z( )( )( )( )           (8) 
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 .

The problems of steady flow of viscous incompressible fluid through a branching system of viscoelastic 
tubes, and wave propagation accounting for wave reflections at bifurcations of tubes are considered. The 
geometry of system of tubes corresponds to the geometry of arterial systems for inner organs of human. An 
algorithm of restoration of space filling 3-d branching systems composed of the plane bifurcations of tubes is 
elaborated. This algorithm use correspondence between organ type and vessels bifurcation geometry rules to 
determine angles, diameters and length of current bifurcation based on parent bifurcation. Based on the 
linearized Navier–Stokes equations, the computations of pressures and flow velocities, steady and wave 
conductivity of any subsystem of tubes are carried out. The proposed approach can be used for a patient-
specific modelling of intraorgan blood circulation systems, planning of surgery, therapy and rehabilitation 
procedures basing on the quantitative estimations of possible outcomes of the treatment, like improvement of 
blood delivery, normalization of blood pressure and wall shear stress. 

 Key Words: Branching trees, Arterial system, Modelling, Wave propagation, Medical diagnostics. 
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In the article we use three-dimensional elasticity theory equation of motion in terms of displacements for 
a homogeneous elastic isotropic medium in order to obtain the equation for the resonant frequencies of 
axisymmetric vibrations of an isotropic elastic hollow sphere. The general solution that represents the Lame 
vector decomposition in spherical coordinates is used. The case of simple harmonic oscillations in time is 
considered. As usual, values of the stress components at the boundary surfaces is set equal to zero. As a 
result, we get a system of four homogeneous algebraic equations for constants of integration. From equating 
to zero of the main determinant of this system, we obtain the equation for resonant frequencies. This equation 
can be used, for example, in boundary problems for arbitrarily loaded spatial bodies that have all three 
dimensions of approximately same size; also in dynamic problems for high-frequency oscillations. The 
frequency equations of purely radial vibrations of solid and hollow spheres that are available in the 
literature were obtained from this equation and were given as special cases.  

Key Words: Resonant Vibrations, Natural Frequency, Isotropic Hollow Sphere, Axisymmetric 
Oscillations. 

1. Introduction 

Continuous improvement of modern technology 
puts new demands on the research in the field of me-
chanics to obtain more accurate representations of 
mechanical properties of elastic bodies under dynam-
ic loading. The analysis of the natural vibrations of 
deformable objects has an important place in theoret-
ical analysis. Currently there are a large number of 
works about the oscillations of spherical bodies. In 
this article the solution to the problem of resonant 
vibrations of an isotropic hollow sphere is based on 
the full three-dimensional system of elasticity theory 
equations. It can be used in both boundary problems: 
for arbitrarily loaded spatial bodies having all three 
dimensions of approximately equal size; and in dy-
namic problems for high-frequency oscillations.  

2. Statement of the problem and its solution 

Three-dimensional elasticity theory equation of 
motion in terms of displacements–Lame equation for 
a homogeneous elastic isotropic medium–has the 
form [1, 2]: 

2

2
12 graddiv rot rot ,
2

m
m G t

uu u      (1) 

where u  is the vector of elastic displacements, m is 
Poisson's number, G is the shear modulus,  is the 
material density, t is the time coordinate. The formu-
la of general solution to dynamic problems of elastic-
ity theory in the spherical coordinate system can be 
written as the Lame vector decomposition [2]. In the 
case of simple harmonic oscillations in time with 
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circular frequency ,  the solution to equation (1) 
can be represented as [2]: 

0
( , ) ( , )

n
i t k k

n n
n k n

e u r Lu

( , ) ( , ) ( , ) ( , ) ,k k k k
n n n nv r M w r N            

where the vector harmonics denoted as: 

( , ),k
nL ( , ),k

nM ( , ).k
nN

After substitution of this expansion into equation 
of motion (1), we obtain a system of ordinary differ-
ential equations for the unknown radial functions 

( ) ( , ),k
nu r ( ) ( , )k

nv r . The solution of system con-
tains the Bessel functions of half-integer index [2]:
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k
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r drk

     (2) 

Here, and in what follows, we consider only the case 
of axisymmetric vibrations 0 ;k 1 1/ ,k c

2 2/ ;k c 1 2 2 1 / 2c c m m  is the velocity 

of compression waves, 2 /c G is the velocity of 
shear waves.  

Further, assume that the values of stress compo-
nents ( , )r and ( , )r  are set equal to zero at 
the boundary surfaces. Then, we substitute the radial 
functions (2) into these boundary conditions, written 
in the form: 

2 ( )
( )

2
( )1 1 ( 1)

2

k
kn
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( )

0,
k

nd u
d r
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0,
k k
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d r r r

      ,jr r       0,1;j

where 0 ,r r 1 ;r R r  and R  are the radii of the 
inner and the outer boundary spheres, respectively. 
As a result, we obtain the system of four homogene-
ous algebraic equations with the constants of integra-
tion ( ) ,k

nA ( ) ,k
nB ( ) ,k

nC ( ) :k
nD
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The values of circular frequency , for which the 
main determinant of this system disappears, are the 
resonant frequencies of axisymmetric vibrations of a 
hollow sphere.  

Therefore, we have the following determinant of 
fourth order: 

,

bbbb
bbbb
aaaa
aaaa

0

44434241

34333231

24232221

14131211

        (3) 

where 
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The coefficients ijb 3,4;i 1,2,3,4j  are 

derived from ija  with the replacement r  by R , for 
example: 
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Next, for brevity, let us introduce the following 
notations: 
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The equation for determining resonant frequen-
cies of axisymmetric vibrations of a hollow sphere, 
using equation (3), takes the following form: 
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The frequency equations of radial vibrations of 
solid and hollow spheres are derived as particular 
cases from this equation. Natural frequencies of radi-
al vibrations of a sphere obtained from equation (4) 
coincide with results already known in literature. For 
example, if 0n  taking into account the formulae 
[3] 
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2
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frequency equation (4) takes the form: 
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Putting in equation (5) 

1 ,k h ,R a ,r b 1 1 ;
2( 2)

m
m

it is transformed into the frequency equation for a 
vibrating hollow sphere given in [4] 
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And, if 0n  and 0r  from (4), we obtain the fre-
quency equation for pure radial vibrations of a solid 
sphere [2]: 
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Basic relations of Coriolis dispersion of plane harmonic waves in a steadily rotating unbounded elastic 
medium are described in [1, 2]. Coriolis dispersion is conditioned by the influence of relative, translational 
and Coriolis accelerations of spatial motion of an elastic solid [3] on the wave propagation in it. Briefly, in 
the unbounded rotating medium three independent types of harmonic waves can exist at the same time, their 
phase velocities depend on the angular rate, and they have circular or elliptic polarization of displacements. 
Superposition of waves with equal amplitudes at the close frequencies, which travel in the opposite directions 
along the axis of rotation, brings modulated traveling wave, not the normal mode in its common meaning. This 
feature is also known as Bryan's gyroscopic effect [4] and is widely used in wave gyroscopes [5]. 

On the other hand, wave propagation in an unbounded medium exploits the notion of opened vibration 
system without any inherent dimensional parameter. Therefore, correct relations of the Coriolis dispersion 
can be given only in the terms of phase velocities of waves, what brings the anomalous dispersion: a phase 
velocity of some wave tends to infinity when the frequency and the angular rate become equal. This pheno-
menon is revealed mediately in BAW angular rate sensors, where some parts of the frequency spectra beco-
me imaginary and the corresponding components of coupled shear waves degenerate [6]. Thus, the substan-
tional question in such model is the selection of the frequency. To solve this question and to adopt relations 
of Coriolis dispersion for a practical use one should exploit simple interpretation models of the harmonic 
oscillator with two degrees of freedom with equal or different stiffness characteristics of the elastic springs.  

Key Words: Harmonic Oscillator, Coriolis Dispersion of Waves, Angular Velocity. 
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The most well-known approaches for the mixed elasticity problems’ solving are based on the using of the 
different representations for the solutions of the equilibrium equations. In the article the new methodic of 
plane elasticity problem’s solving for a semi-strip under mechanical and thermal pressures is considered. 
The sense of it is in the applying of the integral Fourier transformations directly to the Lame’s equations. In 
the right-hand parts of the equations the known temperature is given, its values are the solutions of the 
corresponded problem of the thermal conductivity for a semi-strip, which was solved earlier. The initial 
problem is transformed to a one-dimensional one, which is solved with the help of a matrix differential 
calculation and Green’s matrix apparatus. With the help of the matrix differential calculations the 
fundamental matrix and matrix fundamental solutions’ system were constructed. Green’s matrix is 
constructed in the form of the bilinear representation. Such representation is very comfortable for the further 
calculations. The solution of the problem is reduced to the one integro-differentional equation with respect 
to an unknown displacement function. With the help of the numerical parametrical analyses the stresses’ 
distributions inside the semi-strip were investigated. 

Key Words: Semi-strip, Thermoelasticity, Integral Fourier Transformation, Green’s Matrix.
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A formation of a residual stress-strain state of a half-space under the combined pulse thermal and force 
loading is considered. The model with internal variables, which is consistent with thermodynamics of 
irreversible processes, is used to simulate the material response to the fast thermomechanical loading. The 
model is modified to take into account of microstructural transformations (MST) that accompany the 
processes of fast heating followed by the gradual cooling. The resulting residual stress-strain state is formed 
by the inelastic strain caused by the thermomechanical pulse loading combined with the inelastic strain that 
occurs due to a change in the microstructural state of a material. In the latter case, the inelastic strain is 
induced by the difference of the specific volume of the microstructural phases. Martensite has the largest 
specific volume and austenite has the smallest one. The problem statement formulated is essentially 
nonlinear. The problem is solved numerically with the use of FEM technique specially developed to deal with 
high velocity coupled thermomechanics accounting for MST. The Newmark scheme is applied to allow for 
the dynamic problem integration. The influence of the MST on the residual stress-strain state of a half-space 
is investigated. A stress intensity is chosen as the main representative characteristic to describe the residual 
state of a material at the pulse subjected site. The main attention is paid to the evaluation of a size of thermal 
and force pulse affected zones as well as to the MST contribution to the residual stress state. 

Key Words: Microstructural Transformation, Thermomechanical Pulse Loading, Residual Stress-Strain 
State. 
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The problem of diffraction of normally SH-wave by a finite crack situated at the plane elastic layer is 
investigated. The crack surface and layer one are assumed to stress-free. The solution of the problem is 
sought in class of functions that ensure the satisfying of the radiation condition at infinity and Meixner 
condition at the vertex of the crack. Applying the boundary conditions to the integral representations of the 
unknown scattered field than the initial problem is formulated as the modified Wiener–Hopf equation. This 
one is reduced to a pair of simultaneous integral equations via the factorization and the decomposition 
procedures. Further, these integral equations are reduced to the infinite system of linear algebraic equations 
(ISLAE) of the second kind. The obtained ISLAE are solved by the reduction method with the desired 
accuracy depending from the number of truncation. The approximate characteristic equation is also derived. 
The solutions of this equation as a function of parameters of the initial problem are analyzed at the cut 
Riemann surface. The resonance properties of the corresponding dynamic problem is considered. The 
numerical dependences of the complex resonance frequencies as a function of geometrical parameters are 
shown. 

Key Words: Wiener–Hopf Technique, Resonance Vibrations, Crack, Elastic Layer. 
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The method of definition of a phase and residual stress distribution for a thin low-carbon low-alloyed 
plate subjected to a compatible heating by a moving normally distributed heat source and a stationary 
temperature field (additional heating) is proposed. The method is based on adapted to the proposed class of 
problems known models describing phase composition and caused residual stresses in steel solids subjected 
to the monotonous cooling (from a high temperature initial state with a complete austenization zone). The 
method is built on the weighted residual method combined with the finite element method for the numerical 
solving of three stages of the proposed calculation scheme (definition of temperature field, definition of 
percentage of residual phase components based on the known analytical dependences obtained by statistical 
processing of the experimental phase diagrams of thermokinetic changes in the steel solids subjected to  
monotonous cooling, and definition of residual stress based on the problem set out in displacements by the 
relative deformation method with known deformation caused by various percentage of phase components of 
the specific volumes). The numerical analysis of the conducted problem shows that heating of the plate by 
the additional local stationary temperature field can reduce the maximum values of martensitic component 
and residual stress intensity by 30% in comparison with the case of one moving normally distributed heat, 
while not making qualitative changes in the distribution phase composition and the residual stresses. 

Key Words: Thin Low-Carbon Low-Alloyed Steel Plate, Distributed Moving Heat, Additional Heating, 
Temperature Field, Phase Composition and Residual Stress State. 
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A mathematical model to describe a thermoelastic state of plane-parallel plates (plate composites) 
subjected to a thermal radiation is developed. The model is grounded on phenomenological theory of radiation 
and quasistatic thermoelasticity. It takes into account an effect of radiation on plate surfaces, contact 
boundaries, and in a semitransparent plate bulk. It is assumed a perfect contact between the constituents of 
layers that boundary contact is modeled on the plane surface defined on both sides of its radiation 
characteristics of the material layers and the conditions of heat and mechanical contacts – ideal. Within the 
framework of the model, the contact problems of heat transfer and thermoelasticity for plates consisting of 
two and three layers of a various transparency have been posed. Approximated relations to determine the 
radiative characteristics (using the effective reflectance at the interface of layers), temperature (utilising the 
operator method) and stresses (using given stiffness characteristics of the bending and stretching of the 
intermediate layer) in a plate consisting of two layers connected by an intermediate thin layer and in plate 
with coatings have been developed.  

Key Words: Modeling, Thermostressed State, Thermal Irradiation, Heat Transfer, Multilayered Plate. 
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The plane problem for an electrically permeable tunnel crack between two piezoelectric half-spaces 
under a concentrated loading applied to the crack faces and remote mixed-mode loading is studied. The 
elastic displacement and potential jumps as well as the stresses and electrical displacement along the 
interface are represented via a sectionally holomorphic vector functions. At the crack tip, we assume closed 
crack faces with a frictionless contact at the crack tip. The problem is reduced to combined Dirichlet–
Riemann boundary value problems, which are solved analytically. From these solutions clear analytical 
expressions for characteristics of the electromechanical field at the interface are derived. A transcendental 
equation that determines the point of separation of the open and closed section of the crack is found. The 
stress intensity factors at the crack tip and the energy release rate are calculated. The influence of the 
magnitude and the locations of the applied loading upon the contact zone length and the associated fracture 
mechanical parameters is considered. The dependencies of the mentioned values on the intensities of the 
electromechanical loading are presented in tables and associated diagrams. 

Key Words: Piezoceramic Material, Interface Crack, Contact Zone.
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The problem concerning definition of stresses and displacements within an electrostrictive plane with an 
arc crack taking into account a contact of the crack faces is considered under loading applied at infinity. 
Unknown complex electrostatic potentials of electrostrictive plane and crack are found from boundary 
problem of electrostatics. The problem is reduced to the singular integral equation of the first kind with the 
Cauchy kernel for the complex function of real variable that determines a crack opening. Unknown function 
is submitted as the series expansion on the Jacobi polynomials with unknown coefficients. Different series 
expansions are used inside contact zone and outside of it. The singular integral equation with the conditions 
of displacements uniqueness and zero crack opening in the contact zone are reduced to the system of linear 
algebraic equations for the unknown coefficients and contact stresses. The unknown contact zone is 
determined from equality of stress intensity factor at the end of contact zone to zero. The crack opening and 
the stress intensity factors are found. 

Key Words: Arc Crack, Electrostriction, Singular Integral Equation, Orthogonal Polynomials. 
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The plane problem of diffraction of acoustic cylindrical waves on a rigid rounded wedge is investigated.
The problem of constructing a solution within the method of partial domains is examined. A continuation of 
the boundary conditions on the non-physical part of the boundary was used to build a general solution in the 
considered domain of existence of field. A field structure near the wedge apex and its dependence on a wave 
radius of rounding of the edge is studied. It is shown that rounding wedge eliminates the sharp lowering of 
pressure and singularity of vibrational velocity near the edge. At the same time, it results in reduction of 
amplitude oscillations of pressure and the radial component of vibrational velocity along the illuminated 
surface of the wedge, indicating a decrease in the amplitude of the scattered wave toward the source of 
acoustic waves. It is shown that all the characteristics of a diffraction field for an acute wedge and a
rounded wedge coincide for a small wave radius of the edge rounding. That is, there is a convergence of the 
studied problem solution to the solution to the problem of wave diffraction on an acute wedge when reducing 
a wave radius of rounding of the edge. 

Key Words: Wave Diffraction, Rounded Wedge, Method of Partial Domains.
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The problem of forced axisymmetric resonant vibration and dissipative heating of a layered structural 
element containing piezoelectric layers is investigated. The main attention is paid to the estimation of size of 
the thermally fractured zone due to an overheating above the Curie point. As an example the problem for 
three layer beam under an electric or mechanical excitation is considered. It is assumed that the core layer 
of a beam is composed of the electrically passive material while the outer layers are manufactured from the 
piezoceramics. Theory of coupled thermo-electro-viscoelasticity is used to derive the single frequency 
approximation problem statement in the case of harmonic loading. Within this theory, the concept of 
complex-value moduli is applied to formulate the relations between the main field characteristics. In terms of 
these moduli, the initial problem is reduced to a scleronomous system of equations for complex amplitudes of 
mechanical and electrical variables – displacements, stresses, total and inelastic strains, electric field, and 
electric displacement. The dissipative function is calculated and evolution of the temperature field under 
steady state vibration phase is studied in details. The electric response of the beam partially depolarized 
(due to excessive heating above the Curie point) is investigated. The dependencies of depolarized zone size 
on the amount of cycles is obtained. 

Key Words: Resonant Vibrations, Dissipative Heating, Thin Wall Structural Member, Piezoactive 
Material. 
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Problems of determination of the radiation forces acting on the obstacles in an ideal liquid is formulated 
with respect to the Lagrange coordinate system. Thus, the radiation pressure is defined as a time-averaged 
value of the acoustic pressure over the obstacle surface. This approach proves to be adequate if, at 
determining of the acoustic pressure in a fluid, the deviation of the pressure from the harmonic law in a time 
domain is taken into account in the obstacle vicinity. The linear approximation for the radiation pressure 
evaluation is an insufficient because having the sound pressure as the periodic function of time and 
averaging it over the wave field oscillation period leads to zero value of the force. According to the 
approach developed earlier, solution of the specified problem is performed in two basic steps. The first step 
comprises the examination of regularities of interaction between incident harmonic sound wave and 
obstacle: the sphere, i.e. the solution of the problem of a primary wave scattering. With making use of the 
results obtained, the second step encompasses determining of hydrodynamic forces acting on the spherical 
droplet with their subsequent averaging over the suitable time interval at the third step. The formulae for 
radiation force calculation as well as determination of the direction of it are derived. The dependencies of 
force on the ratios of the densities and adiabatic elastic moduli of the droplet itself and external liquids are 
studied. 

Key Words: Ideal Liquid, Plane Acoustic Wave, Liquid Drop, Hydrodynamic Force, Radiation Force. 
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In the paper, the one-dimensional models of brittle fracture of a finite linear elastic rod under the 
propagation of tension-compression wave initiated by a finite impulse are proposed. The models are based 
on the well known experimental studies by Hopkins and Kolsky of a full or a partial destruction of the rod 
under the elastic wave impact. Two models of fracture–with energy dissipation and without energy 
dissipation–were considered. A conservation of integrals for complete mechanical energy and the 
momentum for fragments of destroyed rod are studied. The mathematical problem statement was set as the 
initial boundary value problem for the one-dimensional wave equation with singular generalized functions in 
the coefficients. The quasi-solution of this problem was built and analyzed, what allowed to formulate some 
realistic model of destruction, which taking into account the energy dissipation while destructing. 

It is shown that the joint center of an inertia keeps its movement for both fracture models. The application 
of models is illustrated by the study of quasistatic fracture through the brittle crack propagation. The 
dependence between the fracture energy of crack size and the total energy of fracture are obtained. 

Key Words: Dynamic Fracture, Saved Integrals, Elastic Wave Propagation. 
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A nonlinear axisymmetric deformation of a flexible current-carrying orthotropic conical shell magnetic 
field is studied. An influence of external magnetic field on a stress-deformation state of an electrically 
conductive orthotropic conical shell in the geometrically nonlinear statement is investigated. By the special 
electromagnetic hypotheses, the problem of three-dimensional deformation of a shell is transformed to the 
problem of deformation of the coordinate surface selected arbitrarily. The stress in the conical shell element 
was considered as the sum of the mechanical and Maxwell stress. To describe the deformation process, the 
quadratically approximated equations of geometrically nonlinear theory for thin shells are used. To find a 
solution of these equations, it is used the numerical method based on the successive application of the 
Newmark finite-difference scheme, linearization methods, and discrete orthogonalization. A history of 
deformation is described for the time interval 0÷10-2 with a time step 10-3 . It was established that the shell 
flexure is strongly dependent on a external magnetic induction, and an increase of the external magnetic 
induction leads to an increase of the induction for an internal magnetic field. 

Key Words: Conical Shell, Magnetic Field, Magnetoelasticity.
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The method for determining the characteristics of functionally graded materials (FGM) ensuring zero 
radial stresses in a long hollow cylinder under a steady heat loading was proposed. It was supposed that the 
classical boundary conditions for a heat exchange are present, the temperature field is steady, the 
characteristics of FGM are represented by the simple mixture model (Voigt model), material characteristics, 
temperature field, stresses, strains, displacements are functions only of a radial variable. The exact 
condition between the temperature field and thermo-mechanical characteristics ensuring zero radial and 
circumferential stresses were obtained as a solution of proposed integral equations. The explicit relations 
under thermo-mechanical characteristics of FGM, following from obtained conditions, were written. Since 
the manufacturing of FGM with arbitrary characteristics is complicated, the model of simple mixture was 
used for further investigations. The exact explicit expression for a concentration of one material of two-
component mixture through Lambert functions was obtained. The corresponding concentrations, 
temperature field, characteristics of metal-ceramic FGM, ensuring the absence of radial and circumferential 
stresses in a long hollow cylinder using simple mixture model were calculated.  

Key Words: Functional-Graded Materials, Thermo-Mechanical Characteristics, Cylinder, Simple 
Mixture Model, Stress Absence, Steady Temperature Field, Composite. 
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A problem of damping of the forced resonant vibrations and dissipative heating of inelastic plates and 
shells by the piezoelectric sensors and actuators is formulated. To model the electromechanical behavior and 
response of these layered structural elements, the Kirchoff–Love hypotheses and adequate to them 
hypotheses about the electric and temperature field variables are used. The mechanical behavior of passive 
material under harmonic loading is described by making use of the concept of complex characteristics, 
which depend on amplitudes of strains. To attack the nonlinear boundary problems, the iterative procedures 
are applied to reduce the initial problem to the linear ones. The linear problems are solved by the finite 
element method adapted for the complex moduli approach. Using developed models and methods, variety of 
amplitude-frequency and temperature-frequency characteristics of resonant vibrations of cylindrical panels 
are calculated and the stress-strain state is studied. It is shown that the coefficient of feedback coupling and 
physical nonlinearity have considerable influence on these characteristics. 

Key Words: Inelastic Plates and Shells, Resonant Vibrations, Dissipative Heating, Sensors and Actuators. 
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In this paper, a single-domain sample of a metal/ceramic composite with lamellar microstructure 
containing multiple transverse cracks in the ceramic layers is analysed. For analytical modelling, the 
Equivalent Constraint Model is used. A composite sample consisting of a ceramic layer fully bonded between 
two metal layers is considered. The ceramic layer contains multiple tunnelling cracks assumed to be spaced 
uniformly with constant crack spacing, spanning the full thickness of the ceramic layer. The sample is 
subjected to biaxial tension and in-plane shear loading. Materials are assumed to behave elastically. A finite 
element model of the quarter of representative segment is built in ABAQUS to investigate dependence of the 
stress field on the transverse coordinate. It is found that there is a region of high tensile stresses in the 
ceramic layer in the vicinity of ceramic/metal interface, indicating possibility of debonding. 

Key Words: Metal/Ceramic Composites, Transverse Cracking, Damage Modelling, Finite Element 
Modeling, Analytical Modeling.

1. Introduction 

Composites with metal matrix and ceramic 
reinforcement offer many advantages over 
monolithic metals and their alloys such as high 
stiffness-to-weight and strength-to-weight ratios, 
good thermal properties and better resistance to 
wear, creep and fatigue. Recently, innovative porous 
ceramic preforms have been developed that can be 
infiltrated by molten aluminium alloy to produce 
composites with relatively high ceramic content in a 
cost-effective way [1], making such composites 
attractive to many automotive, aerospace and 
biomedical engineering applications. As a 
consequence of ice crystals growth during freeze-
casting of the preforms from ceramic-water 
suspension,  the resulting metal/ceramic composites 
possess a hierarchical lamellar microstructure, with 

randomly orientated individual regions (domains), in 
which all ceramic and metallic lamellae are parallel 
to each other [2]. Recent studies [3] of the 
compressive behaviour of metal/ceramic composites 
with lamellar microstructure have shown initiation 
and accumulation of damage within the ceramic 
lamellae, mainly in the form of transverse cracking, 
Fig 1.  

However, damage mechanisms in these 
composites have not been studied in depth yet. In 
this paper, a single-domain composite sample with 
lamellar microstructure containing multiple 
transverse cracks in the ceramic layers is analysed 
using the Equivalent Constraint Model [4, 5] and a 
finite element method. 

2. Analytical modelling 

© . , . , . , 2015

107



    
  
: -

2015, 
 

Bulletin of Taras Shevchenko  
National University of Kyiv  

Series: Physics & Mathematics 

Fig. 1. Transverse cracks in ceramic layer of metal-
ceramic composite with lamellar microstructure 

Consider a composite sample consisting of a 
ceramic layer of thickness ch2  fully bonded between 
two metal layers of thickness mh . Ceramic layer 
contains multiple tunneling cracks, assumed to be 
spaced uniformly with crack spacing sS 2 ,
spanning the full thickness of the ceramic layer and 
depth w2  of the sample. The sample is referred to 
the co-ordinate system 321 xxx , with 1x  axis parallel 
to the cracks and subjected to biaxial tension 

11 22,  and in-plane shear loading 12 .

Fig. 2. Representative segment of a single-domain 
composite sample 

Due to periodicity of damage in the sample, only 
a representative segment bounded by two cracks 
needs to be considered (Fig. 2). The equilibrium 
equations in terms of microstresses, i.e. stresses 
averaged across the thickness of the layer and the 
depth of the sample, have the form 
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where 21,  are the interface shear stresses at the 
metal/ceramics interface. Assuming that out-of-plane 
shear stresses vary linearly with 3x  and in the metal 
layer this variation is restricted to the shear layer of 
thickness sh , i.e. 
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The constitutive equations in terms of 
microstrains and microstresses are 
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In addition, it is also assumed that ( ) ( )
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) , and 

crack surfaces are stress-free, i.e. 
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) ( . Equations (1)–(4) can 

be reduced to two uncoupled second-order ordinary 
differential equations with respect to in-plane 
microstresses in the ceramic layer 
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Solutions of these equations satisfying specified 
boundary conditions can be found as 

cracks in ceramic 
layer
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Figure 3 shows distribution of the normalized 
axial stress ( )

22 22/c( )
22 22/( )
22 /  under uniaxial tensile loading 

( 11 12 0 ) as a function of distance 2x  for a 
range of half-spacing to layer thickness ratios s/hc.
Young’s moduli of metal and ceramics are taken as 
80 GPa and 390 GPa respectively; Poisson’s ratios 
are 0.33 and 0.24 respectively. Layer thicknesses are 
hm = 0.3mm; hc = 0.2mm, shear layer thickness is hs

= 0.15 hm.
According to the analytical model, the average 

axial stress between the two existing cracks is 
tensile, with its value decreasing as the distance 
between two neighbouring cracks becomes smaller. 
At lower crack densities (i.e. larger crack spacing), 
the curve exhibits a characteristic plateau. 

3. Numerical modelling 

A finite element model of the quarter of 
representative segment is built in ABAQUS to 
investigate dependence of the stress field on the 
transverse co-ordinate 3x . For large crack spacings, 

axial stress ( )
22
c in the ceramic layer between the 

cracks away from crack surfaces is tensile. As crack 
density increases and crack spacing becomes 
smaller, a region of compressive stress in the 
ceramic layer emerges, which is consistent with 
observations in [6]. There is also a region of high 
tensile stresses in the ceramic layer in the vicinity of 
ceramic/metal interface, indicating possibility of 
debonding as competing failure mechanism. 
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Fig. 3. Normalized axial stress ( )

22 22/c( )
22 22/( )
22 /  in the 

ceramic layer as a function of co-ordinate 2x  for a 
range of crack spacing to layer thickness ratios as 
predicted by: a) analytical model; b) finite element 
model 

4. Conclusions

The cracked microstructure is of metal-ceramic 
composite is modelled by analytical and 
computational approaches. Stress field is determined 
using a modified 2-D shear lag approach and a finite 
element method. The result obtained by finite 
elements analysis is consistent with result in work 
[6]. The average axial stress between the two cracks 
is found to be decreasing with decreasing the 
distance between the cracks. 
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   a)        b) 

Fig. 4. Axial stress distribution in the ceramic layer 
for three crack half-spacing to layer thickness ratios: 
a) s/hc. = 1.3; b) s/hc. = 1.0; c) s/hc. = 0.7 
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It is investigated the complex model of the plastic zone near the tip of the interfacial crack in an elastic-
plastic piecewise homogeneous body under conditions of the prevailing tensile loading that foresees the 
formation of the  fracture process zone in the part of plastic zone adjoining to the tip and a small scale area 
of the contact of lips. The plastic zone going out of the crack tip in more plastic material at an angle to the 
flat interface is modeled as a straight line of a displacement discontinuity, which consists of two parts. In the 
plastic zone, the part adjacent to the crack tip modeling a fracture process zone of the tangential and normal 
displacement discontinuity is assumed, and the tangential and normal stresses are equal to the shear yield 
strength and to the resistance of the material to separation accordingly. In the rest part of it that 
corresponds to the plastic zone only a tangential displacement discontinuity takes place and the tangential 
stress is equal to the shear yield strength. 

The problem of the calculation of the plastic zone parameters near the crack tip is solved by the Wiener–
Hopf method for the plane strain conditions at ignoring the lips contact. The equations for the calculations 
of the length of a fracture process zone and of the singularity index of the stresses is obtained. Expression for 
the crack opening in its tip is found. On the basis of the numerical calculations the dependences of the zone 
parameters on the configuration of the external loading and the elastic characteristics of the joined 
materials is studied. The conditions of the absence of the lips contact near the tip are determined. 

Key Words: Interfacial Crack, Plastic Zone, Fracture Process Zone, Crack Opening. 
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The contact between an elastic body and a rigid base having periodically arranged rectangular grooves 
filled with an ideal gas is considered. The state of an ideal gas is described by the Clapeyron–Mendeleev 
equation. Each gap is filled with the same amount of the gas, pressure of which is unknown and varies with 
the applied load. The corresponding contact problem is reduced to a system of two equations. One of them is 
a singular integral equation with the Helbert kernel for a height of the gaps. It is transformed to a singular 
integral equation with a Cauchy kernel, which is solved analytically. The other is a transcendental equation 
for a gas pressure. On the basis of the obtained solution of this system, the dependences of the gas pressure, 
the contact compliance of the bodies, and the contact pressure on the applied load and the amount of the gas 
are analyzed. As the applied load and the gas mass increase, the gas pressure increases and the contact 
compliance decreases. At the same time, the contact pressure outside the gaps falls if the gas mass increases. 

Key Words: Contact Interaction, Periodic Relief, Grooves, Interfacial Gaps, Singular Integral Equation. 
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Analysis of temperature fields in bodies with coatings is important for many engineering applications. 
The account of actual operating conditions of these structures frequently leads to mixed heating condition. 
The steady heat conduction problem with mixed boundary conditions currently is sufficiently investigated. 
However, the corresponding non-stationary problem, despite its relevance, is poorly studied. This is due to 
mathematical difficulties that arise in application of the Laplace integral transform. The authors of this 
paper developed a new effective method of solutions derivation for mixed boundary-value unsteady heat 
conduction problems.  

This paper considers the plate with a two-sided coating at the part of surface of which and in the end of 
plate the temperature distribution is known. Outside this area the heat transfer by Newton's law is 
performed. At the material interface of plate and coatings the conditions of a perfect thermal contact are 
satisfied. The initial temperature of a coating and a plate is equal to zero. 

To the heat conductivity problem it is applied the Laguerre integral transformation in time variables and 
integral Fourier transformation in spatial variable. As a result, the triangular sequence of ordinary 
differential equations is obtained. The general solution of these sequences is obtained in the form of 
algebraic convolution. Taking into account the mixed boundary conditions leads to dual integral equations. 
For solution of this problem it is proposed the method of Neumann's series. By this method the problem is 
reduced to the infinite system of algebraic equations, for which the convergence of reduction procedure is 
proved. Finally, the unknown temperature is submitted as a series of Laguerre polynomials. The 
coefficient of these series is Fourier integrals.

The results of numerical analysis of temperature field made of aluminum alloy and ceramic coating is 
presented. 

Key Words: Unsteady Heat Conduction Problem, Mixed Boundary Conditions, Laguerre Polynomials, 
Dual Integral Equations.
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The problem of transients in the mechanical system «cylindrical tank – liquid with a free surface» under 
excitation motion of a system with periodic forces applied to the tank is under consideration. The movement 
system is in a weak gravitational field, taking into account capillary forces on the free surface of the liquid. 
Additionally, the system is taking into account the generalized dissipation created by structural damping 
devices. Investigation is done on the basis of efficient nonlinear multimodal model, which considers 
combined motion of reservoir and free surface of the liquid. The movement system is excited in resonance, 
before resonance and after resonance ranges. Generalized dissipation factors in the equations of motion are 
calculated in G. N. Mikishev's known manner and satisfy the relevant criteria of similarity. It was shown that 
in case without the generalized dissipation mode of steady-state oscillation is not achieved. In case with the 
generalized dissipation it is possible failure of the regime, close to stationary mode of oscillations, which is 
containing two or three frequencies and one of them is dominant. 

Key Words: Nonlinear Dynamics of Liquid, Weak Gravity, Free Surface of Liquid, Generalized 
Dissipation, Attainment on Stationary Mode. 
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Contribution of mechanisms of manifestation of combined character of motion of free-surfaced liquid and 
reservoir is under consideration. Cases of translational motion of reservoir and motion of reservoir on 
pendulum suspension are considered separately. Modeling of liquid motion is done on the basis of nonlinear 
model of combined motion of liquid with reservoir, which is based on simultaneous application of problem 
formulation, done on the basis of the Hamilton variational principle and direct methods of mathematical 
physics with preliminary elimination of all kinematical boundary conditions. It was shown that on 
vibrational excitation of motion considerable variation of normal frequencies in comparison with 
distribution of partial frequencies occurs and even change of arrangement of different normal modes of 
oscillations on their arrangement in ascending order of frequencies. Numerical examples of system behavior 
on vibrational excitation of motion in a vicinity of partial and normal frequencies are given. It was shown 
that amplitudes of elevations of a liquid free surface can differ 8-10 times, and character of development of 
nonlinear mechanisms is also considerably different.  

Key Words: Nonlinear Liquid Dynamics, Liquid Free Surface, Joint Motion of Liquid and Reservoir, 
Numerical Example. 
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In the space of generalized functions, it is constructed the discontinuous solution of the stationary 
thermoelasticity problem for a piecewise-homogeneous transversely isotropic space in the case of an 
arbitrary loading. Using the formed discontinuous solutions and the properties of generalized functions, it 
was obtained two-dimensional singular integral relations which bind jumps and the sum the components of 
the stress tensor and displacement vector, and the in temperature and heat flow and allowing to reduce the 
problem of interfacial defects arbitrary nature in an inhomogeneous transversely -isotropic space directly to 
the systems of two-dimensional singular integral equations (SIE) with kernels, which are expressed in terms 
of elementary functions. 

The problem of circular crack by the action of stationary load and the heat flow, which is using the 
obtained integral relations, was reduced to a system of four two-dimensional singular equations relative to 
jumps of displacements and temperature. Passing to polar coordinates and applying the finite Fourier 
transform of the angular coordinate, the system of integral equations with kernels in the form of an Weber–
Sonin integral, which, with the help of the Sonin transforming operators, is reduced to the aggregate one-
dimensional systems of singular integral equations. The decision of the latter, received in an explicit form. 

Key Words: Thermal Conductivity, Inhomogeneous Transversely Isotropic Space, Interphase Defect, 
Two-Dimensional Singular Integral Equations. 
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The solution of two-dimensional model problem for the semi-infinite plate with two elastic flexible plates 
loaded along the whole length with a shifting tension according to conditions plane problem elasticity theory 
is presented. Mathematical model foresee the two-phase zone of prefracture. Locality zones are developed 
along interface border from tips to centers of reinforcement’s plate. They can correspond to regions of 
damages, plastic deformation, partial break of connection and another. On area outside of zones of 
prefracture the perfect mechanical contact is remaining. The problem is reduced to a singular integral 
equation and is solved by collocation method in class of functions unlimited at the ends of the interval. 
Physically correct limited stresses and deformations are received in all points of a composition. Tangents 
stresses also satisfy to relationship of pair law. The dimensions of eventual zones of prefracture, distribution 
of contact tensions under the reinforcement and breaking axial forces in the reinforcement are calculated. 
Basic part of loading from reinforcement to plate is transfer in neighbourhood of reinforcements ends. Under 
the growth the distance between reinforcements the connection between dimensions of prefracture zones are 
approximate to linear. 

Key Words: Semi-Infinite Plate, Reinforcement, Prefracture Zone, Contact Stresses, Axial Forces. 
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The problem of diffraction by a semi-infinite truncated rigid cone is investigated. This one is formulated 
concerning the velocity potential of diffracted field for the three-dimensional Helmholtz equation with 
Dirichlet boundary condition on the cone surface. The diffracted field is sought as expansion series of 
eigenfunctions in each regions of the existence of sound pressure. Mode matching technique with 
orthogonality properties of Legendre functions are used in order to reduce the diffraction problem to the 
infinite system of linear algebraic equation (ISLAE) of the first kind. The main part of asymptotic of ISLAE 
matrix element forms the convolution type operator converted by using of the analytical regularization 
procedure. Then the initial diffraction problem transformed to ISLAE of the second kind, which allows the 
solution with a desired accuracy. The boundary transition to the aperture in the infinite rigid screen is 
considered and the theorem, which allows obtaining ISLAE for solution the wave diffraction problem for a 
finite cone, is formulated. The matching of velocities at boundary of regions is used for verification of 
validity evaluation. The far-field pattern and the radiation power are analyzed.  

Key Words: Acoustic Wave, Truncated cone, Far-Field Pattern, Radiation Power, Analytical 
Regularization Procedure.
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The dynamics of catching and braking of a massive speed body by an elastic rope of variable length is 
studied. The braking process is divided into two stages. The first stage (capture) is cross-longitudinal 
vibrations of elastic rope, excited by transverse impact of ballistic body. The braking is implemented by 
braking devices of catching system, captured body wheels, and viscous aerodynamic resistance. The second 
stage is a one-dimensional longitudinal movement of the rope with the catched body. The process of catching 
is described by the Lagrange and Euler coordinates. By a special choice of generalized coordinates analysis 
of dynamics of the system «catching mechanism–elastic rope” is reduced to the problem of mathematical 
physics of hyperbolic or elliptic type depending on the speed of the catched body. The geometric boundary 
conditions for the elastic rope of variable length with mobile ends and the nonholonomic boundary 
conditions at the end of the rope reeling out the brake drums are identified. The rope length in the Lagrange 
coordinates is determined. Bringing these tasks to the classical problems of mathematical physics makes it 
possible to use for solution of these tasks the direct methods and software. 

Key Words: Ballistic Body, Catching and Braking. 
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The first boundary value problem of elasticity theory about non-axisymmetric vibrations of a finite 
isotropic cylinder is considered. It is supposed that the problem is decomposed on the sequence of boundary 
value problems with the standing waves toward a circle direction. The aim of the present work consists in 
constructing for the stated problem such a solution that enables to investigate a cylinder stress state inside 
its volume, including corner points. As follows from the article review, the most efficient among known 
methodologies to solution of the stated problem turns out the superposition method complemented by the 
asymptotic behavior of infinite system unknowns, where the infinite system is the result of usage of the 
superposition method. The behavior of unknowns for the infinite system is determined by means of the 
assumption about an independence of normal radial stress components from a circumferential coordinate 
order. The information about the behavior of infinite system unknowns allows to perform its correct 
truncation and to determine the initial infinite set of unknowns. It enables to establish the rate of series 
convergence and to investigate a cylinder stress state within all points of its boundary. 

Key Words: Elastic Isotropic Cylinder, Non-axisymmetric Vibrations, Superposition Method, Infinite 
System of Equations, Asymptotic Behavior of Unknowns. 
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The problem of the influence of slope walls of the tank in the shape of a truncated cone on the formation 
of oscillations of liquid with a free surface is investigated. The behavior of the system is considered on the 
long period of time under pulsed excitation movement force applied to the tank. We consider the problem of
forced nonlinear oscillations tank in the shape of a truncated cone and fluid with a free surface at their joint
motion. The problem of the availability of such a system in steady oscillation of the system at the excitation
pulse power is investigated. The analysis of amplitude perturbations of the liquid on the side of the tank in 
time for the cone, cylinder, and intermediate cases in the form of a truncated cone was conducted. For
considered oscillatory processes is typical modulation and unchanged average value of amplitudes, 
significant influence of higher harmonics and shows significantly on the amount of time far from the 
beginning of the oscillatory process (superharmonics and two-humped peaks), the modulation period
increases with radius lower base. The maximum amplitudes slightly decrease with increasing radius of the 
lower base. In all cases, steady state mode of oscillation was not achieved.

Key Words: Nonlinear Dynamics, Free Surface, Steady State Mode of Oscillation. 
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To solve the problem, an approach that allows to individually satisfy conditions at the surface of the 
inclusion and on the border of the cylinder is proposed. It consists in the presentation of displacement as a 
sum of discontinuous solutions of Lame equations built for the inclusion, and some unknown functions that 
are the solutions of Lame equations and through which the conditions on the surface of the cylinder are 
satisfied. These functions are presented through the wave potentials, which, in its turn, are founded as a 
linear combination of particular solutions of the Helmholtz equations, which forming complete closed 
systems of functions. As a result, the problem is reduced to solving a sequence of integral equations on the 
inclusion. After solving the systems, the coefficients of linear combination are determined from the boundary 
conditions on the surface of the cylinder. The approximate formulae for calculation of SIF with the help of 
which the influence on the frequency of oscillations, geometric dimensions of the cylinder, and location of 
the  inclusion was researched were received. These integral equations differ only in the right ports and their 
appearance does not depend on the form the boundaries of the body. Their numerical solution is built using 
the of mechanic quadrature’s method of. For this purpose, the boundary conditions of the collocation 
method obtained system of linear algebraic equations. 

Key Words: Cylinder of Arbitrary Cross-Section, Plane Deformation, Inclusion, SIF. 
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The paper deals with the realization of axisymmetric thermoelastic problem for multilayered cylindrical 
structures (pipes) made from anisotropic materials. The given problem is reduced to the system of linear al-
gebraic equations. For the solution to the above problem (the calculation of stress-strain state), the automat-
ed method and the program complex have been developed. Also, the article presents the examples of the 
stress analysis with the help of the finite element method (FEM). The results of theoretical and experimental 
studies of the influence of defects (cracks) on a stress-strain state of a cylindrical composite tube (ring) are 
presented in the paper. For the solution to the problem (the calculation of a stress-strain state), there has 
been developed the automated technique and created a software package based on the finite element method. 
The developed program complex allows to freely vary the coating materials of multilayer pipes and their 
characteristics and shows plausible results. The experimental studies on the development of a crack in a 
compression test of the tube ring have been carried out. 

Key Words: Stress-Strain State, Composite, Program Complex, Experimental Studies, Layered Tube. 
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The initial-boundary value problem for thermomechanics of bimetallic hollow sphere under the actions of 
pulsed electromagnetic field has been formulated. By defining features selected azimuthal component of the 
vector magnetic field, temperature and radial component of the displacement vector. The method of solving 
the relevant contact problems of electrodynamics, heat conduction, and thermoelasticity has been proposed,
using a quadratic approximation of distributions of the defining features for radial coordinate in each 
composite layer. Based on this methodology, the initial value problems in defining the functions have been 
built into their Cauchy integral (total package in layers) characteristics. The general solutions of Cauchy 
problem for homogenous nonstationary electromagnetic action have been obtained using the integral 
Laplace transform. These solutions have the form of resultant of the functions that describe the homogenous 
solutions of the problems and functions that describe the boundary values of the defining functions on the 
external surface of the bimetallic hollow sphere and on the contact surface of its layers. Based on these 
solutions the solution of original thermomechanics problem for a bimetallic hollow sphere under the 
influence of electromagnetic impulse has been obtained. The thermostressed condition and the bearing 
capacity of the sphere has been numerically analyzed depending on the temporal parameters of the 
electromagnetic impulse and geometric properties of the sphere. Both layers of the sphere are made of non-
ferromagnetic materials. 

Key Words: Hollow Bimetallic Spheres, Pulse Electromagnetic, Bearing Capacity, Properties of Contact 
Connection.  
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A half-space irradiated by a heat pulse is considered. The nonlinear behavior of a material is described 
by the Bodner–Partom unified flow model with temperature dependent parameters generalized for the case 
of multiphase material state. Martensitic type microstructure transformations under cooling are taken into 
account. Actual cooling diagrams, continuing cooling diagrams as well as the Koistinen–Marburger law are 
used for calculation of a volume phase concentration. Mechanical parameters, thermal characteristics and 
their temperature dependencies are calculated according to the linear mixing rule solely on the basis of 
microstructural properties of the constituents. The problem is solved numerically by the time step integration 
method, the iteration technique and FEM. A variable time step scheme is used. Variety of parameters of 
residual stress-strain state is studied depending on the thermal loading parameter. An influence of a heat 
pulse intensity parameter on a depth of martensitic transformations is investigated. The linear dependence of 
the transformation depth on the intensity parameter of a heat flux within double logarithmic axes is 
established.  

Key Words: Pulse Thermal Loading, Martensite Transformations, Flow Model. 
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Nowadays, an extensive database of experimental data for propagation velocities of acousto-mechanical 
waves in lungs is accumulated. This vital organ is known to be composed of a parenchyma formed by the 
thin-walled gas-filled bubbles (alveoli). Besides the waves similar to a longitudinal and transverse waves in 
an elastic media, the additional, so-called «slow longitudinal», wave is registered here. The last one is 
shown to be not related with a volume deformation of the alveolar gas. Previously, we failed to explain the 
existence of the «slow longitudinal»wave by the open-cell structure of the alveoli enabling the leakage of the 
alveolar gas into the bronchial tree. Therefore, a simple physical model was proposed to describe the 
formation of this wave due to oscillations of the lung accompanied by equivoluminal distortions of the 
alveoli. For this purpose, a periodic structure with closed thin-walled cells filled with an acoustic medium 
was introduced and different forms of its excitation were considered. In this paper, it is shown that the 
allowance for flexural vibrations of cell walls gives rise to the dispersion effects. A presence of the 
dispersion yields the explanation of the narrow-band nature of frequency range typical for a propagation of 
«slow longitudinal» wave in lungs. 

Key Words: Pulmonary Parenchyma, Propagation Velocity, Acoustoelastic Structure, Floquet Method, 
Bending Vibration, Dispersion, Cut-Off Frequency. 
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This paper concerns with the problem of the bilateral bending of an isotropic plate with the bending 
moments distributed on innity an presence of a circular hole ina elastically disk is inserted without a tension. 
Under the influence of external loading the edges of a disk omd a hole come into a smooth contact along a 
circular curve on one of plate bases. The problem solution is presented in the gorm of superposition of two 
solutions: a plane problem of elasticity and a problem of bending of a plate with the use of a classical 
theory. Using the complex variable method and complex potentials the problem is reduced in a number of 
problems of linear conjugation based on which the explicit espressions for complex potentials and contact 
force between the disk and the hole edge are reccived. The limits of the bending moments ratio on infinity 
when there exists the problem solution in such formulation are determined. The graphic dependences for 
contact force between the edge of a circular hole and a disk are presented. Based on them it is possible to 
detect where and under what conditions the edge of a disk and circular hole in a plate will lag behind.  

Key Words: Hole, Washer, Bending, Piecewise Homogeneous Isotropic Plate, Complex Potentials, 
Linear Contact. 
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One of the main problems in assessing the strength of the structural element with crack is determining 
forces and moments intensity factors, which is characterized by stress-strain state in the vicinity of the crack 
tip. During operation, the following elements under actions bending stress crack interface will be contact. 
Therefore, it is important to know how this effect influences the mode of deformation of the plate. We 
investigate the biaxial bending infinite isotropic plate with a circular hole and two edge of the radial cracks. 
To solve the problem, it was thought that the crack edges come into smooth contact at the top plate based on 
the area of constant width along its entire length. Because the shores of crack in contact, the solution to the 
problem presented in the form of solutions of two problems: plane problem and bending problem of plate. 
Solution of the problem is constructed using the methods of the theory of functions of a complex variable and 
complex potentials and reduced to a system of singular integral equations in the jumping displacement in the 
plane problem and the angles of rotation in the bending problem on the crack, which is solved numerically 
using the method of mechanical quadratures. A numerical analysis of the problem, on which constructed a 
graph of the contact force, intensity factors moments and efforts. 

Key Words: Edge Crack, Bending, Isotropic Plate, Complex Potentials, Contact Shores, Contact Force. 
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On the basis of earlier received relations, it was done the model study of Lamb waves excitation by 
normal forces that are applied to a limited area of an elastic layer surface. It was shown the influence of the 
load platform size on efficiency of Lamb waves excitation. It was given definition of the electroacoustic 
transducer wave characteristics. In case of small leaf thickness relative to platform diameter of external 
forces application it was proved that supplied to elastic layer energy is almost completely carried away by 
the surface Rayleigh wave. This wave is formed by addition of the first symmetric and the first antisymmetric 
Lamb waves. 

Received results can be used to obtain quantitative assessments for elastic waves excitation processes 
created by contact type transducer. Also received results are base for the creating of the theory of electro-
acoustic transducers,  which are widely used in devices for ultrasonic nondestructive testing, as well as in 
devices of acoustoelectronics.  

Key Words: Lamb Wave, Radial Distribution, Surface Load. 
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An elastic cylinder of finite length, which has one end coupled with an elastic half-space, is considered. A 
rigid pad of the same radius as a cylinder length is connected with the other end. The rigid pad is under the 
influence of harmonic time-dependent torque. The surface of a half-space outside the contact with a cylinder 
and the lateral surface of a cylinder are considered to be free of stresses. The formulated boundary problem 
is reduced to the integral equation relative to the function associated with the stresses. Since the kernel of 
integral equation contains the fixed singularities, the main result is a numerical method for its solving. This 
method takes into account the actual singularity of the unknown function, and is based on the special 
quadrature formulas for singular integrals derived in the paper. After solving the integral equation, the 
characteristics of stress distribution in the contact area are investigated. The approximate formulas to 
calculation an angle of rotation of the pad, stresses in the contact zone and under the pad are obtained. The 
singularity contact stresses near the border of the contact area is defined and shows that the greatest 
singularity is to take place in the case of contact hard cylinder with elastic  half-space. 

Key Words: Torsion Oscillation, Cylinder, Singular Integral Equation, Fixed Singularities. 
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Modern scientific-technological development imposes increased demands to determination the stress-
strain state of structural elements, their mathematical models in order to represent more completely real 
physical processes. This, in turn, anticipates accounting such important factors as thermosensitivity of 
materials, complex heat exchange, presence of internal heat sources, power loads, contact interaction etc. 
When neglecting mechanical energy transformation into heat energy we arrive at solution a quasi-static 
uncoupled thermoelasticity problem, which is divided into separate problems: determination the temperature 
field of the body and determination of its thermoelastic state caused by this field and other possible power 
factors. Besides numerical methods, analytical-numerical approaches are widely used to solve such class of 
problems. They make it possible to verify the reliability of purely numerical solutions and to widen the 
possibilities of engineering practice as to choice of efficient and available means of solution actual 
problems. 

One of such approach, based on utilization Kirchhoff and Laplace integral transformations, the 
linearizing parameters method, method of successive approximations, which were widely approved on non-
stationary heat conduction problems for thermosensitive bodies of simple geometric shape under complex 
heat exchange with the surroundings, was introduced for solving the heat conduction problems for 
contacting thermosensitive bodies for heat sources acting on the contact boundary. The solution of quasi-
static thermoelasticity problem for two contacting half-spaces with heat release for some time on the contact 
boundary was constructed. The influence of thermosensitivity on their heat and thermoelastic state was 
studied. 

Key Words: Nonlinear Heat Conduction Problems, Thermoelastic State, Thermosensitive Half-Space, 
Linearizing Parameters Method, Analytic-Numerical Method, Method of Successive Approximations. 
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Oscillations and stabilization of a cantilever flexible supercritical bar (such bar in static conditions under 
a homogeneously distributed over its length gravity force buckles under its own weight) are studied experi-
mentally and theoretically. The bottom support point of the cantilever bar is subjected to a vertical vibration 
and the frequency of these vibrations can be slowly changed and recorded by a special experimental setup. 
Theoretical results of stabilization and resonant oscillations are experimentally confirmed by using a con-
structed experimental model, for which frequencies of stabilization are found and an effect of stabilization is 
studied. Intervals of vibration frequencies for realization of parametric resonant bar oscillations on the sec-
ond and the third eigenmodes are also experimentally found. Experimentally determined frequencies of the 
bar stabilization are in good agreement with the numerically obtained frequency based on the theoretical 
criterion of stabilization of a cantilever supercritical bar. This criterion was analytically determined and 
constructed in the famous paper by Champneys and Fraser. 

Key Words: Supercritical Bar, Oscillations, Stabilization, Cantilever Bar. 
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The axisymmetric tangent stress is applied to the lateral surface of the multilayered elastic finite cylinder 
with the fixed bottom face. The upper face of the cylinder is free from stresses.  The layers are axial and 
the conditions of the ideal mechanical contact are fulfilled between them. In the internal layer the circular 
crack parallel to the cylinder’s faces with the branches free from stress is situated. This problem is solved for 
the arbitrary quantity of the layers. The corresponding boundary problem is reduced to the integro-
differential equation, which is solved with the help of the orthogonal polynomials’ method.  It allows to take 
into consideration the real singularity of the unknown function at the ends of the integration interval. The 
solving of the equation is reduced to infinite system of the linear equations. During the calculation of the 
system’s coefficients the integrals of the special functions, which are not shown in the known integrals’ 
tables, are obtained. The expression for the stress intensity factor (SIF) is found with the help of the 
analytical continuing of the spectral correspondence. The concretization of stated problem was done on the 
example of two-layered cylinder.  The evaluation of the cylinder's stress state was done and SIF was 
estimated in dependence from the crack’s geometry, its location and a ratio of the shear modules. 

Key Words: Multilayered Cylinder, Torsion, Circular Crack, SIF. 
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The methodic of evaluation of the electromechanical coupling coefficient for longitudinal vibrations of a 
viscoelestic piezoelectric bar under an influence of electric field is considered. An accumulation of 
electromechanical energy and a dissipation are the fundamental integral characteristics of vibrations of 
piezoelectric solids. As opposed to Meson's formula, the energy method permits to evaluate the effect of 
transformation of energy under resonance and nonresonance frequency. The reductive method of finding the 
electromechanical coupling coefficient within the limits of energy theory was used. In the dynamic case, the 
electromechanical coupling coefficient depends on distribution of the electromechanical magnitudes. By 
means of introducing a complex piezomodulus, it is observed a better correlation between the theoretical 
and experimental data. In this paper, the formulas to calculate the electromechanical coupling coefficient in 
the case of inelastic vibrations of piezoelectric solids accounting losses of material are given. The different 
types of losses as well as the amplitude dependence of the coefficients, which characterizes these losses, 
complicate quantitative analysis of an energy dissipation of piezoelectric vibrations. The attenuation 
coefficient of electromechanical vibrations is considered as a relative measure of losses within an 
elementary volume under resonance and nonresonance vibrations.  

Key Words: Electromechanical Coupling, Damping Coefficient, Electromechanical Vibrations. 
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This paper studies nonlinear oscillations of linearly elastic rope with low bending rigidity. Aim of the 
study is to establish zones of chaotic motion in phase space. Earlier, a similar problem was studied by means 
of partial linearization of equations, by applying Galerkin's method, asymptotic and numerical methods 
[1,2]. As a result all these methods lead to a system of nonlinear ordinary differential equations. 
 To analyze this problem, we use a discrete model rope: a finite set of rigid rods connected by springs that 
are submitted linearly elastic. We investigate nonlinear oscillations of model of a cable that consists of two 
parts. We use direct graphical analysis of recession initially close trajectories and Poincaré sections for its 
investigation. These methods are widely used in this kind of problems [1, 2, 8]. Using received data, we 
determined chaotic regions in space of initial conditions.

Key Words: Dynamical Chaos, Poincaré Sections, Double Pendulum. 
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Problem of dynamics of cylindrical reservoir, partially filled by ideal incompressible liquid, on pendulum 
suspension under external periodic loading is investigated within the framework of model of combined 
motion. Redistribution of normal frequencies of the system depending on pendulum length is analyzed. It was 
shown that resonant properties of the system in combined motion undergo substantial changes in 
comparison with the case of immovable reservoir. Partial frequencies of the system become non-resonant 
frequencies and the system manifests no special effects in their vicinities. Normal frequencies of liquid modes 
differ considerably from their partial values. At the same time depending on length of pendulum suspension 
their arrangement is also changed in comparison with arrangement of partial frequencies. We showed 
potential of existence of resonant lengths of pendulum suspension. In the case of such internal resonance 
phenomenon of increase of amplitude of axisymmetric mode in comparatively durable period is manifested. 
It is worthy to note that axisymmetric mode of liquid motion cannot be excited by external loading of the 
reservoir, however, on excitation of the system with parameters, which corresponds to internal resonant, this 
becomes possible. 

Key Words: Nonlinear Liquid Dynamics, Liquid Free Surface, Angular Motion of Reservoir, Cylindrical 
Tank, Internal Resonance.
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The thermoelastic behavior of a bimaterial having zero Dundurs parameter in the presence of a height-
varying interfacial crack filled with a heat-conducting medium is investigated. The bimaterial is subjected to 
a uniformly distributed mechanical load and a uniform heat flow. The crack that is completely opened and 
the crack with faces that are in contact at the regions located near the crack edges are considered. The 
relevant thermoelastic problems are reduced to nonlinear systems of singular integro-differential equations 
for a temperature jump between the crack faces and an opening of the crack due to the applied load. 
Analytical-numerical solutions of these systems are constructed and the effects of the thermal conductivity of 
the crack filler, the applied thermal and mechanical load on the crack opening and the temperature jump 
across the crack are analyzed. It is revealed that the crack opening and the temperature jump increase, if the 
heat flow is into the material with the larger distortivity, and decrease, if the heat flow is into the material 
with the smaller distortivity. A decrease in the thermal conductivity of the crack leads to an increase in the 
crack opening, when heat flows into the material with the larger distortivity, and to a decrease in the crack 
opening, when heat flow has the opposite direction. 

Key Words: imaterial, nterfacial Crack, Heat-Permeable Filler. 
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The problem of a cylindrical wave in hyperelastic material whose deformation is nonlinear quadratic 
model under Murnaghana. In this work, the axisymmetric condition and presented a common approach to 
the analysis under many approximations and for different materials. When using the method of successive 
approximations limited first two approximations–zero (linear) and first. Restrictions driven by two 
arguments:–the result of two matches approximations by solving evolutionary equations; –basic nonlinear 
wave phenomena, described the decision as a decision approximations and evolutionary equations 
confirmed by experimental observation. Computer modelling of wave propagation profile for various 
materials and the analysis of the interaction of two opposing trends–the growth wave amplitude nonlinearity 
due consideration of deformation and decrease in amplitude due to the nature of a cylindrical wave. The 
basic stages of the original profile distortion due to the second and third approximations describing the 
effect inherent cylindrical (asymptotically harmonic) wave, stages nonlinear propagation characteristics of 
plane waves, the effect of the second and third approximations to the original profile. 

Key Words: Cylindrical Wave, Quadratically Nonlinear Wave Equation, Murnaghan Model. 
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We constructed the boundary-element solution of the anti-plane problem for a bi-material beam with the 
closed interfacial crack exposed to the loading by a concentrated force in the longitudinal direction and 
normal load required to prevent a loss of contact between the surfaces of the cracks. The faces of the crack 
can move relatively to each other with a dry friction. 

Using the boundary-element jump function method and Stroh formalism, the problem is reduced to  
solution of the hypersingular integral equations for the jumps of the displacements and stresses in areas with 
a sliding friction. 

Several forms (square, rectangle) of beam cross sections exposed to the concentrated shear forces are 
numerically calculated. The friction zone width and displacements dependence on the intensity of the forces 
and location of their points of application, the aspect ratio of the beam cross-section, and shear modulus of 
the beam materials are analyzed. A comparison of the data for the square timber in partial cases with the 
corresponding analytical solution for a bimaterial confirmed the accuracy of the results and effectiveness of 
the methodology applied to the solution of this class of problems. 

Key Words: Friction, Interface Crack, Anti-Plane Deformation, Bi-Material. 
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The plane punch of a certain height pressing by the given force into an elastic half-plane is considered. 
Equations of plane deformations are used. The heat exchange between the side surfaces of the punch and the 
external medium occurs according to Newton’s law. The convective heating of punch occurs on the upper
boundary line of the punch by the external medium of given temperature. The convective heat exchange 
occurs with the external medium through the unloaded surface. The heat contact between the punch and 
half-plane is non-ideal with a given thermal resistance. The solution of the problem of thermoelasticity for a 
half-plane is obtained by means of the Fourier integral transformation. The heat conductivity problem for 
the punch is solved by the method of straight lines. The obtained system of dual integral equations is reduced 
to the system of linear algebraic equations by means of the points collocation method. Formulae for thermal 
fields, heat fluxes and contact stresses are proposed. During computing the distributions of contact stresses 
were obtained with quality-different cases of contact interaction for some values of parameters. It was found 
that the half-plane detaching zones from the punch may occur. For numerical computations, the iterative 
process is applied by the scheme of gradual precision of the immediate contact interaction zone. 
Key Words: Non-Ideal Contact, Convective Heat Exchange, Thermal Resistance. 
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This paper presents an approach to the solution of three-dimensional elasticity, thermoelasticity, and 
heat-conduction problems for a space and a layer, which are subjected to force and thermal loadings and 
exhibit an arbitrarily-inhomogeneous variation of their elastic and thermophysical properties with respect to 
one of the spatial coordinates. This approach rests upon the direct integration of the equilibrium equations, 
which are irrespective of the material properties. This fact allows for the establishment of expressions for all 
the stress-tensor components in terms of the key functions (the normal stresses and their combinations) as 
well as for the derivation of integral equilibrium conditions for the key functions on the basis of the original 
boundary conditions. By making use of the obtained relations and the double-Fourier integral transforma-
tion, in order to perform the proper separation of the variables, the set of original equations with arbitrarily-
variable coefficients are reduced to the complete set of the governing equations for the key functions. The 
latter equations are then reduced to the integral equations for the key functions. It is worth noting that the 
kernels of these equations are expressed through the material properties only and they do not involve the 
loading factors. The obtained integral equations can be solved explicitly be means of the resolvent-kernel 
technique. After the key functions are determined, the remaining stress-tensor components can be easily 
found by making use of the relationship obtained from the equilibrium equations. The same solution strategy 
has been employed to analytically solve the heat-conduction problem for the mentioned solids. 

Key Words: Inhomogeneous Space, Inhomogeneous Layer, Three-Dimensional Problem, Elasticity, 
Thermoelasticity, Heat-Conduction, Integral Equations, Explicit Solution. 

1.  

    -
,   -

       
   

      
’  .  ,   

    
     , 

    

   . -
     -

.     -
     -

     -
      

  ,   ,  -
 . -

,  ’     -
-     -
     

© . . , 2015 
261



    
  
: -

2015, 
 

Bulletin of Taras Shevchenko  
National University of Kyiv  

Series: Physics & Mathematics 

      
 ,   -

     
    .  

   , -
    -

 ,   , -  -
 , ,   [1–4]  .

   -
      

    ’ -
    . 

     ’ -
     -

   .  
,    -

 ,  ’  
    [5].  

     -
   ’ -

      
    -

    ,  -
     z. -

     -
     -
       

 .   -
  ’    -

     
   z.

2.   

    -
  ( , , )T x y z    

 ( , , )x y z , { , } { , , },x y z  -
-    z  

3
1 {( , , ) ( , ) }x y z   2 {( , , )x y z

2( , ) [ 1,1]}.   -
    [6]: 

0, { , , }yx z F x y z
x y z

    (1) 

 ,      -
    [7, 8]  :

,
1

xy yxz
zz

ET FFF
z x y

2

2
1

2
T

G E E

2

2
d 1 1 ,
d

yz F T
z G G

{ , }x y ,    (2)

2

2
1 d 12

2 d

d 1 1 .
d 2

zz

yx z
z

T
E Gz

FF FF
z G G x y z

2 2 2

2 2 2 ;
x y z

2 2

2 2 ;xy x y
, ,x y z

–  ; xx yy

zz –  ; F –   
 { , , }x y z   ; ( )E z , ( )G z

–    ; ( )z , ( )z –
    -

 .  ,   -
 ,    -

     z,  (2) 
     [7, 8]. 

    1

  2      -
   . 

 ,      2 -
      

 

( , , 1) ( , , 1) 0, { , }.zz zx y x y x y     (3) 

  -
    ’  

  [9]  

( ) ( )xy
Tz T z R

z z
.     (4) 

 ( )z –  ; ( , , )R x y z
–  ,    

,   ’  .  -
    2  (4) -

   

( , , 1) ( , ),T x y x y     (5) 

  

( , , 1) ( , ).T x y q x y
z

    (6) 

 ( , )x y  ( , )q x y –  .

 

262



    
  
: -

2015, 
 

Bulletin of Taras Shevchenko  
National University of Kyiv  

Series: Physics & Mathematics 

3.  ’  

3.1. ’   .  
    (4)  

   ’  [10] 

    ( )( ) ( , , )e d d ,i s x s yx yz x y z x y     (7) 

 2 1,i s –   { , }x y ;
–  ,    (7) 

.   (7)  (4), 
   

2
2

2
d ( ) 1 d ( ) d ( )( ) ( ) ,

( ) d dd
T z z T zk T z R z

z z zz
(8) 

 2 2 2
x yk s p .

      
1 , ’   (8)   

1( ) ( ) ( ) ( , )d ,T z q z T z1( )d1( , )d)d1(1     (9) 

| || |1 ( )( ) e d ,
2 | | ( )

k zRq z
k

2 | ||

2

1
1 d ( ) d ( )( , ) | | sgn( )
( ) d d

d ( ) e .
2 | | ( )d

k z

z k z

k

1( , ), )))

 (9) ’    -
   [11]: 

( ) ( ) ( ) ( , )d .T z q z q z( , )d .( , )d(   (10) 

 

1
0

( , ) ( , ),n
n

z z1( , ) ( , ),n, 1( ,1n (1)))

11( , ) ( , ) ( , ) .n nz z d1( , ) ( , ) ( , ) .n1n 1( ,, ), ( , ), )n1( , )1( , ) ( , ), ) ( , )) ( ,1( , )1))))

 ( ) constz  (10)  :

| || |1( ) ( )e d .
2 | |

k zT z R
k

(11) 

   2 ’  -
 (8)  

1 1 2 2
1

1( ) ( ) ( ) ( ) ( , )d
z

T AT z A T z q z T z( ) (
z

((( )q( ) 1( )d1( , )d1(1 , (12) 

 1A 2A –  ,     
  (5)  (6);

1

1 sh ( )( ) ( )d
( )

z k zq z R
k
1( ) 1q z( )
k
11
k

,

1
1 d 1 d ( )( , ) sh ( )

d ( ) d
z k z

k
11
k
1
k1( , ), )))) ,

1
1 d ( 1)( ) ch ch sh (1 ),
( 1) d

T z kz k k z
k z

2
1 d ( 1)( ) sh sh sh (1 ).
( 1) d

T z kz k k z
k z

’    (12)  
   ,  

  :

1 1 2 2( ) ( ) ( ) ( )qT z At z A t z t z ,  (13) 

1

( ) ( ) ( ) ( , )d
z

qt z q z q z( ) ( )
z

( )q( )( )q( )( dd( )d( , )d( ,

1

( ) ( ) ( ) ( , )d
z

j j jt z T z T z( )d( , )d( ,   1,2j ,

1
0

( , ) ( , )n
n

z z1( , )n 1( ,1n (1( , ), ))) ,

1 1( , ) ( , ) ( , )d
z

n nz z
z

1( , )n n1 1( ,,, ( , ) ( , )d( dn1( , )1(1(1))))) .

    -
 ,     1A  2A  
’  (13).    (5)  -
  :

2
1

1 2

sh (1) (1)sh
,

(1)sh (1)ch
qt k t t t k

A
t k t k

1
2

1 2

ch (1) (1)ch
(1)sh (1)ch

qt k t t t k
A

t k t k
;

   (6), 

263



    
  
: -

2015, 
 

Bulletin of Taras Shevchenko  
National University of Kyiv  

Series: Physics & Mathematics 

2 2
1

1 2 1 2

(1) ( 1) ( 1) (1)
,

(1) ( 1) ( 1) (1)
q qq t t q t t

A
t t t t

2( 1) (1)2q q2t (1) ( 1) ( 1)2q 2(1) 2(1) ( 1)t (1) ( 1)t (1) ( 1) (( 1)1)

1 2 1 2(1) ( 1) ( 1) (1)2 1 22 1t1(1) ( 1) ( 1)2 12 12 11) (1) (
q

1 1
2

1 2 1 2

( 1) (1) (1) ( 1)
,

(1) ( 1) ( 1) (1)
q qq t t q t t

A
t t t t

1(1) ( 1)1q q1t ( 1) (1) (1)(1) (1)1( 1) (1) (1)(1) (1)q 1( 1) 1( 1) (1)t ( 1) (1)(1) (t ( 1) (1) (1)(1) (1)1) (1)

1 2 1 2(1) ( 1) ( 1) (1)2 1 22 1t1(1) ( 1) ( 1)( 1) ( 1)2 12 12 11) (1) (
q q

d q
q

t
t

dz
d q

q
t

t
dz

,
d

, 1,2.j
j

t
t j

dz
d j

j
t jt ,j

j dz

   1A 2A   
     1z 2 .

  ( , )z( , ) -
 

   1
0

( , ) ( , ) ( , )
N

N n
n

z z z1( , ) ( ) ( )
N

N n, 1( ,1n (1) ( )) N ( , )) ( , )) ( , )( , ) ,  (14) 

 N – ,     
   (8). -

     ( , )z( , ) .
     -

   ’ ,   -
  

2
1( , , ) ( )e d d

4
is x is yx yx y z z s p .

3.2. ’   . -
,      (2) -

      -
   zz .  ,   

     -
      .  

’      (2)  
  ,  -

       
  .    -

   (1),    -
    

2 2 2 2

2 2 22 z zz

z z

, , { , }, .zF F F x y
z

  (15) 

     (2), -
 ’  (7) :

2

,
1zz
k ET

2

2
1 d 1 d2 ,

2 d 2d
zz zFT

E G z G Gz

2

2
T s T

G E E
 (16) 

d 1 , { , }.
dz

is
is F x y

z G G

 

2
2

2
d
d

k
z

, d .
d

z
x y

Fi sF pF
z

     (16)  
    ,   zz  .

 ’     
   :

( )( ) 2 ( ) ( )
1 ( )

E zz z T z
z

      | || |( )1 d e d
2 | | d ( )

k zzF
k G

          (17) 

2
| || |

2
1 ( ) d 1( ) e d ,

4 | | ( ) ( )d
k z

zzk G G

| || || | ( ) ( )( ) ( )e d
2 1 ( )

k z
zz

k Ez T

| || |
| || |1 | | ( )( )e d d .

2 | | 2 1 ( )

k z
k z k e

k

    (17)  -
,     zz

( ) ( ) ( ) ( ) ( , )d ,zz z z zz zz z z zz ( , )d)dz (     (18) 

| || || | ( ) ( ) ( )( ) e d ,
2 1 ( )

k z
z

k E Tz

2
| |(| | | |)

2
1 d 1 ( )( , ) e d ,
4 ( ) 1 ( )d

k z
z

Gz
G

( , )z ))

| || |
| || |( )( )e d ( ) e d d .

2(1 ( )) d ( ) 2 ( )

k z
kz

z
FG
G G

264



    
  
: -

2015, 
 

Bulletin of Taras Shevchenko  
National University of Kyiv  

Series: Physics & Mathematics 

’   (18)    -
    ,    

   -
.      zz  

  (3)     -
  (17),    

 ,  ’  . -
  (15)  x  y  -

 (16),    -
 xx yy zz   -
 ,    -

 yy      

zz .     -
 xx   (15)  y  

x .

4.     

     
    

   1    -
  ,    

,   0( ) ( )z z ,  ( ) 2z
exp( | |) 1 sgn( )z z .    

  . 1. ,   0| |z z ,  

0 0z    , ( )z -
    , ,  

0z      
0z .      -

   , 
      

0z z  0z z ,    « -
»  « »,   -

-   (« ») 0| |z z ,  -
     

  « »  « ». -
,     , 

’   ,     
(11),       

0 0/ (4 )T q ,   2 2 2 2x y z , 0q – -
  .    

   z  x = y = 0, -
     -
   0 0/ (4 | |)T q z .
 . 2    

,   -
 (10), (11)     -

 .     (14) 
 3N ,     -

  (8)  99 %.  ,   

 ,   -
        

 0z .  ,   « - » 
( 0z )     -

    .  
 « - » ( 0z )   

       
   .  -

      
  .

. 1.    
0( ) /z ( ) 2 exp( | |) 1 sgn( )z z z

. 2.      -
 

5.  

   ’  -
  ,   

      
   ,    

  .   
     -
       

   .   
’    ,  

  ’    -
     . 

       
     

’   ,    
,     -

265



    
  
: -

2015, 
 

Bulletin of Taras Shevchenko  
National University of Kyiv  

Series: Physics & Mathematics 

       
     

   . 

     -
    -

    
(   0114U005082).

   
 

1. Birman V. Modeling and analysis of functionally 
graded materials and structures / V. Birman, 
L. W. Byrd // Appl. Mech. Rev. – 2007. –
Vol. 60,  5. – . 195–216. 

2. Mortensen A. Functionally graded metals and 
metal-ceramic composites: Part 1 Processing / 
A. Mortensen, S. Suresh // Int. Mater. Rev. –
1995. – Vol. 40,  6. – . 239–265.  

3. . .     
   / . . -

. – :  , 1971. –
172 .

4. . .     -
    / . . -
. – : , 1997. – 159 .

5. Tanigawa Y. Some basic thermoelastic problems 
for nonhomogeneous structural materials / Y. Ta-
nigawa // Appl. Mech. Rev. – 1995. – Vol. 48, 

 6. – . 287–300. 
6. . .   / . . -

, . . – : , 1975. 
– 576 .

7. . .    
     -

    -
 / . . , . . . // . 

. – 2000. – . 36,  11. – . 74–81. 
8. . .    -

    / . . , 
. .  //. . . – 2002. 

– . 38,  9. – . 78–86.
9. Hetnarski R. B. Thermal stresses – advanced the-

ory and applications / R. B. Hetnarski, M. R. Es-
lami. – Amsterdam: Springer, 2009. – 562 c. 

10. , . .   
  / . . , 

. . . – : , 1977. – 288 .
11. . .  : -

, ,  / . . -
, . . . – :  , 

1986. – 544 c. 

References 
 

1. BIRMAN, V. & BYRD, L. W. (2007) Model-
ing and analysis of functionally graded mate-
rials and structures. Appl. Mech. Rev. 60(5). 
p. 195–216. 

2. MORTENSEN, A. & SURESH, S. (1995) 
Functionally graded metals and metal-ceramic 
composites: Part 1 Processing. Int. Mater. Rev.
40 (6). p. 239–265. 

3. KOLCHIN, G. B. (1971) Raschiot Elementov 
Konstructsiy iz Uprugikh Neodnorodnykh Ma-
terialov. Kishinew: Kartya Moldovenyaske. 

4. PLEVAKO, V. P. (1997) Obshchiye Resheni-
ya v Zadachakh Teorii Uprugosti Neodnorod-
nykh Sred. Kharkov: Osnova.  

5. TANIGAWA, Y. (1995) Some basic thermoe-
lastic problems for nonhomogeneous structural 
materials. Appl. Mech. Rev. 48 (6). p. 287–300. 

6. TIMOSHENKO, S. P. & GOODIER, J. N. 
(1970) Theory of Elasticity, New York: 
Mcgraw Hill.

7. VIGAK, V. M. & RYCHAGIVSKII, A. V. 
(2000) The method of direct integration of the 
equations of three-dimensional elastic and 
thermoelastic problems for space and a half-
space. Int. Appl. Mech. 36 (11), p. 1468–1475. 

8. VIGAK, V. M. & RYCHAGIVSKII, A. V. 
(2002) Solution of a three-dimensional elastic 
problem for a layer. Int. Appl. Mech. 38 (9), p. 
1094–1102. 

9. HETNARSKI, R. B. & ESLAMI, M. R. 
(2009) Thermal Stresses – Advanced Theory 
and Applications. Amsterdam: Springer. 

10. BRYCHKOV, Yu. A. & PRUDNIKOV, A. P. 
(1989) Integral Transforms of Generalized 
Functions. New York: Gordon and Breach 
Science Publishers. 

11. VERLAN, A. F. & SIZIKOV, V. S. (1986) 
Integralnyie Uravnyeniya: Metody, Algoritmy, 
Programy. Kiev: Naukova Dumka. 

   30.09.15

266



    
  
: -

2015, 
 

Bulletin of Taras Shevchenko  
National University of Kyiv  

Series: Physics & Mathematics 

 539.3 

 . .,  
 

    
     

     
 

    
 ,03680, . ,      

. , 4-
-mail: fedorchenko555@gmail.com 

L. N. Fedorchenko, Postgraduate Student 

An influence of physical properties of the 
material on a stress state of an orthotropic 

spherical shell with an ortotropic  
electrocondactivity 

 
Taras Shevchenko National University of Kyiv, 
03680, Kyiv, Acad. Glushkova av., 4-e 
e-mail: fedorchenko555@gmail.com 

 ’        
   .  ’  ,  -

    .     
         .
 :  ,  , .

The increased interest in problems of coupled-field mechanics – in parcticular, electroelasticity and 
magnetoelasticity – is due to the requirements of modern engineering process in the development of new 
technologies. The coupling of the fields is governed by Maxwell’s stress and the Lorentz force. A Solution of 
the boundary value problems of magnetoelasticity theory of thin shells with a finite electrical conductivity in 
a nonlinear formulation is connected with large computational difficulties. This is because of the fact that 
system that describes the stress-strain state of the shell is coupled. The volumetric Lorentz forces are 
nonlinear. The ponderomotive forces  depend  on  the  speed  of  the  conductive  elements  of  a continuous 
medium and the external magnetic field, the magnitude and orientation of the conduction current in 
reference to external magnetic field. The proposed technique for solving of the nonlinear problems of 
magnetoelasticity of shells is based on the consecutive application of the finite-difference scheme of 
Newmark, the method of quasilinearization, and the method of discrete-orthogonalization. In paper, the 
analysis of mechanical and magnetic strain within an orthotropic spherical shell made of the zinc and 
beryllium has been carried out. 

Key Words: Orthotropic Shell, Magnetic Field, Magnetoelasticity. 
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The contact problem of the action of a circular stamp with an eccentricity loading on an elastic semi-
infinite layer has been solved under the conditions of the smooth contact at the lateral side of a layer and on 
its bottom surface. To reach this goal, the analytic solution of the problem of elasticity for a semi-infinite 
layer with the concentrated force on the upper surface of a layer has been obtained. The novel method has 
been introduced, which is based on the reduction of Lame’s equations into two coupled and one independent 
equations with respect to new unknown functions associated with displacements. The subsequent usage of the 
integral transform reduces the problem to one-dimensional vector boundary value problem, which is solved 
by means of the matrix differential calculus. The singular integral equation with respect to the unknown 
contact pressure has been obtained. It was solved by the method of orthogonal polynomials and was reduced 
to the infinite two-dimensional system of algebraic equations. These equations were solved by the reduction 
method. As a result, the eccentricity and precipitation of the stamp, which provide its forward movement, 
were determined. 

Key Words: Contact Problem, Circular Stamp, Semi-Infinite Layer, Singular Integral Equation, 
Reduction Method. 
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The model of arterial vasculature as a single viscoelastic chamber from a biological active (bioactive) 
material is considered. The bioactivity is considered as a property of the material of the chamber walls 
respond to any increase in hydrodynamic pressure inside the chamber and in wall shear stress at the inner 
surface of the walls. That behavior corresponds to the active reaction of the arterial wall for variations of 
the arterial blood pressure and blood flow conditions. For the Kelvin–Voigt viscoelastic body and presence 
of local hydrodynamical, mechanical and chemical regulations, the mathematical problem formulation is 
reduced to the system of two ordinary differential equations for pressure and volume f the chamber. When 
the mechanism of active regulation is purely hydrodynamic, a solution of the problem may be found as the 
power expansion over a small parameter. The solution of the problem is obtained and compared to the case 
of passive viscoelastic chamber without regulation. The developed model can be used in medical diagnostics 
for a pulse wave analysis and a quantitative estimation of the viscoelastic parameters of the arterial wall.  

Key Words: Arterial Vasculature, Mathematical Modeling, Bioactive Material, Hydrodynamic 
Regulation. 
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In the paper, the plane problem of the quadratically nonlinear elastic Rayleigh wave propagation in 
classical statement is studied. Constitutive relations correspond to the nonlinear five constant Murnaghan 
potential. The paper continues the study on nonlinear Rayleigh wave propagation conducted by authors 
previously. Additionally to numerical analysis, computer aided design is applied (MathCad 15). The 
numerical analysis of the nonlinear Rayleigh equation is applied to nine elastic materials of different types 
(metals, glasses, polymers) such as: aluminum, wolfram, copper, molybdenum, steel, steel Hecla 17, 
polystyrene,  plexiglas,  fused quartz. The graph of the frequency depending on initial amplitude is plotted. 
Results of the studies problem are presented in tabular form. Common conclusions on the effect of 
mechanical properties of materials on results are made. New effects are detected. One of the new effects is 
that increasing of the initial amplitude or frequency leads to decreasing of the Rayleigh wave velocity. 

Key Words: Nonlinear Elastic Two-Dimensional Plane Problem, Murnaghan Model, Nonlinear Rayleigh 
Wave, Quadratically Nonlinear Wave Equations, Second Harmonic Generation. 
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3,10  10,10  10,10  11

3,10A  11
3,10B  11

3,10C  

2.7 5.2 2.7 –0.65 –2.05 –3.7 
18.9 7.5 7.3 –1.08 –1.43 –9.08 
8.93 10.7 4.8 –2.8 –1.72 –2.4 
10.2 15.7 1.1 –0.26 –2.83 3.72 
7.8 9.4 7.9 –3.25 –3.1 –8

 Hecla 17 8.72 11 8.2 –6.68 –2.61 –0.67 
1.05 0.369 0.114 –0.108 –0.079 –0.098 
1.16 3.9 11.9 0.19 –0.07 –0.04 

 2.3 1.6 3.1 –0.044 0.9.3 0.27 

 2
 

,linc ,Rc 4, 10A

2947 2958 0.0001 2.89 
1808 1815 0.001 1.61 
2166 2174 0.01 3.23 
988 990 0.1 5.67 
979 982 0.001 4.83 
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The mathematical model of red blood cell aggregation as a two-phase suspension of aggregating parti-
cles is developed. The aggregation of the particles is promoted by presence of allergens that change adhe-
siveness of the cell surface. The problem of blood sedimentation within a thin vertical tube in a presence of 
allergen is considered. The expression for the red blood cells aggregation rate is obtained by the dimension-
al analysis method. A numerical solution of the formulated hyperbolic problem is obtained by the method of 
characteristics. Detailed numerical computations at variation of all the model parameters within the physio-
logical limits have been carried out. It was shown; the allergens and the red blood cell aggregation rate in-
fluence on the sedimentation dynamics, in particular on the presence and length of the diffusive region of the 
settling aggregates. It is suggested that this parameter together with the standard sedimentation rate and the 
time when the maximal sedimentation velocity is reached can be used for more reliable diagnostics of an 
allergy. 

Key Words:  Red Blood Cells, Aggregation, Sedimentation, Allergy. 

1. Introduction 

Pollen, food and drug allergies are common in the 
developed world and ~10-30% of population are 
affected depending on the country. Early diagnosis 
of the allergy is still very topical because most of the 
cases are detected when the corresponding signs are 
already presented. Among the widely-spread tests 
are injections of small amounts of potential allergens 
(skin allergy test), determination of the levels of 
antibodies produced as a result of exposure to food, 
pollen or drugs [1]. In vitro estimation based on 
addition of equal amount of drug to the blood serum 
and subsequent analysis of the optical density of the 
sample in comparison with the control sample was 

proposed in [2]. The special equipment for the 
optical studies at the wavelength 450 m is needed. 
A simple method based on the standard blood 
sedimentation test carried out simultaneously on a 
control sample and the samples with small amounts 
of drugs/allergens added has been proposed in [3]. 
Here the results of the experimental study are 
reported and a mathematical model of blood 
sedimentation in a presence of allergen is studied. 

2. Materials and methods 

The experimental study has been carried out in 
the Allergy Lab of Kharkov Institute of  
Dermatology. The native venous blood has been 

© . . , . . , 2015 
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taken from 9 patients (4 males and 5 females; 
average age 58 9 years) and split into small 
portions. One portion was studied as a control test 
while into other portions small amounts of different 
drugs prescribed to the patient by his/her doctors 
were added. All the portions have been placed in the 
standard Panchenkov glass tubes (d=1mm, 
L=100mm) and microtubes (d=0,5 mm, L=50mm). 
The tubes were placed in a rack in a vertical position 
for 3 hours at the room temperature. The height h  of 
the transparent layer of blood plasma in the upper 
part of each tube has been measured each 10 min. As 
a result of the study the sedimentation curves h t
have been obtained for each tube. The value h  at 
t=60 min is used in contemporary medical 
diagnostics as the erythrocyte sedimentation rate 
(ESR) index.  

The curves have been smoothed by numerical 
filters and the time derivative curves /h t  have 
been computed. The typical example of the 
simultaneous ESR tests for the blood of the same 
patient in the Panchenkov tubes and the microtubes 
are presented in fig. 1. Thick solid lines in fig. 1 a–d
correspond to the control sample and the ESR 
indexes correspond to the healthy individuals 
(ESR<10 mm). The addition of the potential allergen 
influences on the sedimentation rate by some 
acceleration or deceleration of the rate. Since the 
ESR is determined by the aggregate ability of the red 
blood cells (RBC) [4] that means a direct influence 
on the allergen on the RBC surface. The cases with 
no allergy for the added drugs are presented in 
fig. 1 a-d by thin solid lines, while the cases with the 
confirmed allergy denoted by dashed lines. 

The curves /h t  exhibit similar dynamics 
(fig. 1 b) with the noticeable maximum at max ,t t
which corresponds to the maximal velocity of a 
sedimentation followed then by decrease in the ESR. 
The decrease in the ESF is caused by an influence of 
the settled aggregates accumulated at the bottom of 
the sedimentation tube [4]. The time maxt  was shown 
to be a good diagnostic index, which almost 
independent of the initial concentration of a RBC 
plasma viscosity, and reflects the RBC aggregation 
rate only [5].  

A sedimentation in the microtubes allows to use a 
smaller amount of blood extracted for the diagnostics 
and the sedimentation in the Panchenkov and 
microtubes are similar for the blood of the same 
individual (fig. 1 a, c). The difference between the 
control sample and the sample affected by potential 
allergens were more distinct in the microtubes 

(fig. 1 c). The maximal velocity was reached in the 
microtubes  much   earlier  and   the   dispersion  was 

a

b

c

d

Fig. 1. Experimental curves h t  (a, c) and h t  (b,d) 
measured in the Panchenkov tubes (a, b) and the 
microtubes (c, d) 

288



    
  
: -   

2015, 
 

Bulletin of Taras Shevchenko  
National University of Kyiv  

Series: Physics & Mathematics 

smaller than in the standard tubes (fig.1 d). When 
maxt  is used as a diagnostic index, the test in the 

microtubes gives the results earlier, in 30–40 min of 
sedimentation. 

Thus, the diagnostic information here can be 
obtained faster, more accurate, and by using a 
smaller portion of the blood when the microtubes are 
used. 

The results of 20 simultaneous tests with the 
blood of the same patient in the microtubes are 
presented in fig. 2. The variety of the dynamics can 
be explained by the instability of sedimentation of a 
suspension of aggregating particles [4]. Anyway, 

maxt  valued are located for all the curves in a quite 
narrow limits providing a high exactness in a 
diagnosis of the allergy on the sedimentation tests in 
the microtubes.  

Fig. 2. h t  curves and maxt  location for 20 blood 
samples of the same patient 

3. Mathematical formulation of the problem 

Blood as a suspension of aggregating particles 
settling in the non-uniform force field ( )G x  in a thin 
vertical tube is considered. The mixture model of the 
blood as a two-phase continuous media includes the 
mass and momentum balance equations as well as 
the equation describing kinetics of RBC aggregation 
for the particles (RBCs, phase 1) and liquid (blood 
plasma, phase 2). Since the tube is thin ( d L ), the 
radial and azimuthal motion is neglected in 
comparison with a vertical sedimentation. The 1-d 
governing equations are: 

(1) (1) (1)

(2) (2) (2)

0,

0;

u
t x

u
t x

                    (1) 

(1) (1) (1)
(1) (1)

(2) (2) (2)
(2) (2)

,

,

du p G R
dt x
du p G R
dt x

        (2)  

                  
(1)

,N Nu
t x

                                  (3) 

where (1) ,u (2)u  are velocities of the phases, (1) ,R
(2)R  are the interphase interaction forces, (1)p , (2)p

are hydrostatic pressures in the phases,   is the 
velocity of the aggregate formation, (1)

sH ,
(2) 1 fH  are the effective densities of the 

phases, s  and f  are real densities of the RBC 
contents and blood plasma, N  is the numerical 
concentration of the aggregates equals to the total 
number of aggregates per unit volume.  

For the gravitational sedimentation 
( ) const,G x g g  is the gravitational accelera-

tion, while in the centrifugal force field 
( ) ,G x ax b , consta b  [6]. The expressions for 

the hydrostatic pressures and the interphase 
interaction forces have the form [4]: 

(1)p Hp ,   (2) 1 ;p H p                  (4) 

(1) (2) (1) (2) ,HR R F u u p
x

      (5) 

where p  is the hydrostatic pressure in an mixture, 
F is the coefficient of resistance of the aggregate at 
its motion in a blood plasma, H is the mass 
concentration of the aggregates equals to the ratio of 
the mass of all the aggregates in a volume to the total 
mass of a volume. 

Expressions for the coefficients F  and  may be 
obtained by the dimension analysis. As it was shown 
in numerous experiments [7–9] 

2/3 4/3
1

2/3 1/3
2

( , , , ), ,

( , , , ),

f
j j

j j

Eg N f H C N
g

F N H f H C
 (6) 

where 1,2f  are the functions of nondimensional 
parameters, j  is the shape coefficients of the RBC, 

fE  is the energy of the fluctuational motion of the 

aggregates, , 1,2,...jC j m  are the concentrations of 
specific immune complexes produced during allergic 
reactions,  is the viscosity of plasma, s f .
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Detailed analysis of possible final expressions for 
 and F  from (6) gives  

2( ) ,jk C N
2/3 1/3 ( ),F N H f H                   (7) 

where 2.5( ) (1 )f H H , ( )jk C  is the aggregation 
ability of RBCs in the presence of the allergens. The 
final expression for  has been chosen by analogy 

with coagulation theory 2( )jk C N  [12].  
After substitution of (4), (5), (7) into (1)–(3) and 

some computations one can obtain the hyperbolic 
system of the first order of partial derivative 
equations for H  and the average volume of 
aggregates /w H N  in (1)–(3). The system of 
quasi-linear equations has the form: 

2 2/3

, 0,

1
.

w w H Huu kH
t x t x

G H w
u

f H

     (8) 

The boundary conditions for (8) are the uniform 
initial distribution of the particles in the suspension 
and the impermeability condition at the bottom of a 
tube 

00, ,H x H 00,w x w  at 0 ;x L     
, 0u t L  at 0.t                             (9) 

In the matrix form (8)–(9) can be written as 

(1) (1)

(1)

(1)

0
1 0

10 1

,

u
w w

u H uH uH Ht x
w Hu

kH

uH
x

and can be solved by the method of characteristics. 
Let us introduce the dimensionless quantities: 

/ ,X x L 0 / ,T tu L 0/ ,W w w 0 0/ ,K kL w u
2 2/3 1

0

1 ( )uV H W f H
u

, 2/3
0 0 /u w  is 

the sedimentation rate of a single RBC in a blood 
plasma, and 0w  is the volume of the single RBC.  

Then the equations of characteristics and 
conditions on them will take the form: 

. dW KH
dT

 along the characteristics, 

2
2/31

;
HdX W

dT f H
                                  (10) 

. 0dH
dT

along the characteristics 

2/3(1 5.5 )(1 ) .dX H H W
dT f H

                         (11) 

4. Numerical results and discussion 

Numerical computations of (10)–(11) with the 
boundary conditions (9) have been carried out for the 
following model parameters:  

0 30 50%,H 3(3 5) 10 Pa·s, ,G g
1050 1100s  kg/m3, 1000 1300s kg/m3.

The cases of the Panchenkov and microtubes 
have been studied. The typical dynamics of the 
sedimentation described by the characteristic of the 
first family started at the top of the tube and the 
characteristics of the second family computed at the 
maximal concentration maxH  at the bottom is 
illustrated in fig. 3. The two characteristics 
determine the transparent plasma zone free of the 
RBC (1), the zone of aggregating RBCs and settling 
aggregates (2), and the compact zone composed by 
the resting aggregates with a small amount of the 
blood plasma (3). 

Fig. 3. Schematic representation of the sedimentation 
dynamics according to two characteristics of the 
families I and II 

The family of the characteristics is presented in 
fig. 4. The convergence has been reached very fast 
starting with the division of the length [0,1]X  into 
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20 segments. The location of the cross section point 
( maxt ) is strongly determined by 0H , L  and k .

Based on this model, the following expression for 
the time maxt , when the maximal sedimentation 
velocity is reached, can be obtained: 

0.6

0 0
max 2

0 0 0

5 ( )1 1 1 .
3 1 ( ) (1 )

kH f Ht
kH H H

  (12) 

where ( ) 1 ( / ) / ( / )H H u u H .
The expression (12) can be used for 

determination of the RBC aggregation rate k  from 
the measured values 0H  and maxt . One of the 
computational results is presented in fig. 5. The 
values of 0H  and maxt  measured by the ESR test 
have been used for computing the aggregation rate 

3 1( )k m s . Different drugs have been tested at 18 
portions of the blood of a patient who was diagnosed 
in an allergy to verapamil. Three tubes with 
blood+verapamil are number 13, 14, 15 in fig. 5. In 
these cases the RBC aggregation rate is 4–10 times 
higher than in the control sample as well as in the 
probes with other drugs. Some scatter in the k
values computed on the maxt  values in the N 13–15
tubes can also be explained by an instability of the 
sedimentation process. The k  value in this case can 
be estimated as an average value over the three tests 
( 9.2k  when verapamil is added versus 2.2k  in 
other tests).   

The example presented in fig. 4 demonstrates a 
decelerating influence of the allergen on the blood, 
but among the studied cases both variations in the 
sedimentation dynamics under the influence of the 
allergen have been observed. 

Fig. 5. Values of the time maxt  (min) in the presence 
of the different allergens 

 

 

5. Conclusions 

The ESR is a very simple test, which is widely 
used for non-specific diagnostics of the state of an 
organism. A modification of the test with addition to 
the portion of the venous blood of a small amount of 
potential allergen (pollen, drug or food allergens) 
gives a new tool for fast and cheap quantitative 
estimation of the allergy. An addition of the allergen 
can lead either to acceleration or to deceleration of 
the ESR in comparison with the control probe. Due 
to instability of the sedimentation process when 
occasional formation of a large aggregate at the top 
of the tube could fall down faster and accelerate the 
process, the study of several (3–5) probes with the 
same allergen is recommended. The decision can be 
made on the averaged value of maxt  and averaged 
sedimentation dynamics.  

Usage of the microtubes is preferable in 
connection with the smaller amounts of the blood 
needed, faster sedimentation, smaller values of maxt
with low dispersion produced by the instability. The 
diagnostic conclusions done on the standard 
Panchenkov test and the test in the microtubes were 
similar in all the cases studied. In some cases 

maxt >60 min therefore the standard 1hour 
Panchenkov test is insufficient for the diagnostics 
and must be prolonged till 2–2.5 hours. 

The developed mathematical model of the blood 
as two-phase suspensions of aggregating particle 
leads to the simple transcendental equation (12) that 
can be easily solved by numerical methods that 
allows fast and reliable diagnostics of the allergy.  

Fig.4. Two families of the characteristics I and II and 
determination of the dimensionless value maxT
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The thermoelastic contact problem for two isotropic half-planes, one of which possesses a wavy 
boundary, is considered. The interface between the bodies consists of periodically arranged gaps, which are 
filled with a heat-conducting medium, and periodically arranged contact regions, where perfect thermal and 
frictionless contact occurs. The effect of the interstitial medium on heat transfer between the bodies is 
simulated by thermal resistance dependent on a height of the gaps. The contact problem is reduced to a 
system of two nonlinear singular integro-differential equations for a height of the gaps and a temperature 
jump across them. Its solution is constructed for the case of equal thermal distortivities of the contacting 
materials. The effects of the thermal conductivity of the interstitial medium and the applied pressure on the 
height and width of the gaps, the temperature jump across them and the effective thermal contact resistance 
at the interface are investigated. In particular, it is revealed that the effective thermal contact resistance 
increases as the applied pressure and the thermal conductivity of the interstitial medium decrease. 

Key Words: Thermoelastic Contact, Wavy Surface, Intercontact Gap, Heat-Conducting Medium. 
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The problem of potential theory in a parallelogram shaped domain is considered in this paper. The 
solution of the problem is based on the method of partial domains; the particularity of its implementation in 
this case is that the analytical solution in the considered domain is sought as a sum of simpler solutions 
presented in the form of Fourier series for rectangular areas, which intersection is a parallelogram. 
However, the methods that should be used for effective determination of arbitrary coefficients of the series 
included in the general solution is the very important question in the implementation of this approach. These 
unknown coefficients are obtained using the reduction method from infinite systems of linear algebraic 
equations resulting from the application of the Galerkin and collocation methods to satisfy the conditions on 
the boundaries of the domain in this paper. Computational experiments demonstrated the quite fast 
convergence of numerical solutions for both these methods. The root-mean-square error of satisfying 
boundary conditions via the Galerkin method is 10 times lower than that provided by the collocation method. 
In case of application of quadrature formulas, the Galerkin method and the collocation one will exhibit 
comparable accuracies. The optimal choice of the technique depends on the particular tasks, types of non-
canonical domains and available numerical capabilities. 

Key Words: Potential Theory, Dirichlet Problem, Reduction Method, Galerkin Method, Collocation 
Method, Method of Partial Domains. 
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1. Introduction 

Analytical solutions of boundary value problems 
of mathematical physics have played significant role 
in development of this branch of mathematics [1–3]. 

In terms of solving applied problems, analytical 
solutions have only one drawback – the number of 
such solutions is severely restricted. Hence, for a 
long time, various approaches have been proposed to 
expand the number of domains through which the 
effective and useful solutions capable of quantifying 
the characteristics of physical fields can be built. 
These approaches are constructed based on division 
of complex domains to relatively simple 
subdomains. Analytical representative of such 
unknown function can be constructed for these 
subdomains. Following satisfaction of boundary 
conditions, results in infinite systems of algebraic 
equations, whose properties allow the use of 
reduction method. In some cases, such as in the case 
of T–matrix method, derived solutions are valid only 
within a limited range of variation of the field 
geometry. Analysis of the existing work in this area 
shows that the potential possibilities of domain 
decomposition method is not fully used. Among a 
great variety of methods for solving boundary 
problems of the mathematical physics, the method of 
finite differences seems to be the only purely 
numerical one. Here the differential statement of a 
problem is used only at the stage of derivation of the 
basic equations. In further analysis, partial 
derivatives are substituted by finite differences, and 
the initial continuum – by a system with a finite 
number of degrees of freedom [4]. Other methods, at 
higher or less extent, involve certain analytical 
solutions for construction of the general procedure 
for the method [2, 5]. The general idea behind this is 
quite straightforward: application of some analytical 
solutions, as a rule, allows one to obtain the problem 
statement in the form of dependencies of a smaller 
dimension, in comparison to the initial one [2]. In the 
most cases, the initial boundary problem is reduced 
to some system set of equations formulated for the 
domain boundary. Noteworthy is a close correlation 
of the method of finite differences with methods of 
partial domains, concatenated sets, the Riemann–
Hilbert problem technique, and the Neumann–
Schwarz method [6]. Application of the sets of 
specific solutions of wave-type and other type 
equations for the canonical co-ordinate systems, in 
order to construct the analytical solutions in non-
canonical domains, is most consistently performed 
within the framework of the method of partial 
domains [2]. In the majority of practical cases, of 

interest are the numerical estimations of the 
phenomenon controlled by the Laplace equation in 
some domain , and therefore it is necessary to 
derive the Dirichlet problem solution for the Laplace 
equation. 

In canonical domains, this problem has exact 
analytical solutions, while for noncanonical domains 
it is quite problematic to construct exact analytical 
solutions, and therefore the method of partial 
domains is used. In many practical cases, it is 
possible to present a noncanonical domain in the 
form of sum/union of several partial canonical 
domains, e.g., rectangles, for which the solutions are 
available. This paper presents a range of tasks, 
which illustrates the new possibilities of constructing 
analytical solutions in the domains of complex 
geometry. Using the non–traditional concept of the 
general solution for the boundary value problems 
expands insights to use such approach to solve wide 
range of problems in mathematical physics. 

2. Statement of the problem 

Let us consider a boundary problem for the two-
dimensional Laplace equation in case of a 
parallelogram  

2 2

2 2
( , ) ( , ) 0,    ( , ) ;x y x y x y
x y

 (1)

1

2

3

4

( , ) ( , ),    ( , ) ;

( , ) ( , ),    ( , ) ;

( , ) ( , ),    ( , ) ;

( , ) ( , ),    ( , ) ;

x y x y x y OD
x y x y x y BC
x y x y x y DC
x y x y x y BC

where ( , ), 1,2,3,4i x y i  are given functions.  
Then, consider the two coordinate systems (fig. 

1): (x1, y1)  (x, y) and  (x2, y2) , which are related: 

1 2 2

1 2 2

sin cos ,
cos sin ;

x x y
y x y

                                       (2) 

2 1 1

2 1 1

sin cos ,
cos sin .

x x y
y x y

 (3) 

Introduce the notation (fig. 1): 1 – the domain 
OGCE; 2 – the domain OHCF; ( 21 ); 

,a b , a , b , h , L – the length of the line 
segments OF, OH, OD, OB, OG, OE respectively. 
Then 

1 1: 0, [0, ];I y x a  (4)

1 1: , [ cos , cos ];II y h x b a b  (5) 
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Fig. 1. Parallelogram plate domain 

2 2: , [ cos , cos ];III x a y a b a  (6) 

2 2: 0, [0, ].IV x y b  (7) 

The solution of the boundary value problem will be 
sought by the method of partial domains, namely, the 
function ( , )x y  is sought as the sum of decisions 

1( , )x y  in the rectangular area 1 and 2 ( , )x y  in
rectangular area 2.

Let us write the boundary conditions: 

1

1

cosh
2

1 ( );
cosh

2

II

ax
a x    (8) 

1

1

cosh cos
2

1 ;
cosh

2

IIII

a b x
a x

   (9) 

2 2
2cos cos 1 ( );

2 IIIIII

ba y y
b

   (10) 

2 2
2cos 1 ( ).

2 IVIV

b y y
b

   (11) 

The combined of boundary conditions: let  

2 2 1 1 2 1 1 2 1 1
ˆ( ( , ), ( , )) ( , ).x x y y x y x y                (12) 

:I

1 1 2 1 1 1
ˆ( ,0) ( ,0) ( ), 0 ,Ix x x x a   (13) 

1 1 1 1 1( ,0) ( ), ;x x a x L ,  (14) 

:II

1 1 2 1 1

1

ˆ( , ) ( , ) ( ),
cos cos ,

IIx h x h x
b x a b

  (15) 

1 1 2 1 1( , ) ( ) 0 cos .x h x x b   (16) 

Then let 

1 1 2 2 1 2 2 1 2 2
ˆ( ( , ), ( , )) ( , ).x x y y x y x y   (17) 

:III

1 2 2 2 2

2

ˆ ( , ) ( , ) ( ),
cos cos ;

IIIa y a y y
a y b a

  (18) 

2 2 3 2 2( , ) ( ), 0 cos ,a y y y a   (19) 

:IV

1 2 2 2 2 2
ˆ (0, ) (0, ) ( ), 0 ;IVy y y y b  (20) 

2 2 4 2 2(0, ) ( ), .y y b y b . (21) 

Thus, it is alleged that 1 2 3 4, , ,  are the
arbitrary functions. 

Firstly, note that, in view of the Laplace equation 
linearity, any linear combination of harmonic 
functions with real constant coefficients is also a 
harmonic function. It is obvious that the required 
solution satisfies the condition of parity by both 
arguments. This brings us to the first boundary 
problem, or the Dirichlet problem. Reduction to the 
Dirichlet problem is provided for various problems, 
such as derivation of a thermal field temperature or 
an electrostatic field potential in some domain at the 
preset temperature or potential at the domain 
boundary. 

3. Analytical solution in the domain 

The solution is derived in the form of the sum of 
two potential functions 

1 1 2 2 1 1 1 2 2 2( , ; , ) ( , ) ( , ),x y x y x y x y             (22) 

where  

1 1 1 1
0

( , ) ( ) sin ,n
n

nx y A y x
l

, (23) 

2 2 2 2
0

( , ) ( )sin .p
p

px y D x y
b

 (24) 

Whereas these functions should satisfy the condition 
of parity by both arguments. 

After deriving the derivatives 1 1 1( , )x y  and 
substituting them into equation (1), we obtain the 
following system of equations for determination of 
functions )(yAn :

299



    
  
: -

2015, 
 

Bulletin of Taras Shevchenko  
National University of Kyiv  

Series: Physics & Mathematics 

22

12
0

( ) ( ) sin 0.n
n

n

d A y n nA y x
l ldy

  (25) 

Insofar as sin 0n x
a

, we get the following 

system of ordinary homogeneous differential 
equations for determination of )(yAn :

2 2

2

( )
( ) 0, 0,1, , .n

n
d A y n A y n

ld y
, .,  (26) 

The solution of this system of equations looks 
like: 

( )1 1(1) (2)( ) .
n ny y h
l l

n n nA y A e A e  (27) 

Then the solution takes the form 

( )1 1(1) (2)
1 1 1 1

0
( , ) sin .

n ny y h
l l

n n
n

nx y x A e A e
l

    (28) 

Similarly, we find 2 2 2( , )x y :

( )2 2(1) (2)
2 2 2 2

0
( , ) sin .

p px x a
b b

p p
p

px y y D e D e
b

  (29) 

The first terms of the sums in (28) and (29) are equal 
to zero under 0n , 0p . Taking into account 
(22), (28), (29) the general solution has the form: 

1 1 2 2

( )1 1(1) (2)
1

1

( )2 2(1) (2)
2

1

( , ; , )

sin

sin .

n ny y h
l l

n n
n

p px x a
b b

p p
p

x y x y

n x A e A e
l

p y D e D e
b

 (30) 

4. Numerical solution of the boundary problem 
4.1. Galerkin method. In the Galerkin method, 

the residuals of the boundary conditions satisfaction 
are projected on the basis functions over which the 
construction of the solution is performed. At this, the 
reduction of series, i.e., limiting a number of terms to 
finite value, is carried out. In the result, a system of 
linear algebraic equations is obtained (below its 
section corresponding to the part I of the boundary is 
presented): 

(1) (2) (1)
1 2 1

1 1
:

N P

n nn n nn p pn
n p

A a A a D d
1

n n nn p pn111pn1D d(1)
11d(1)

n n nn2222A aA a(2)(2)(2)
22222

(2)(2)(2)

(2)
2 ,p pn nD d ,n nn             (31) 

1 1 1 10
sin sin

a
nn

n na x x dx
l l0n s 1x dx1 11

nn ,                  (32) 

( )

2 1 1 10
sin sin

n ha
l

n n
n na x x e dx
l l0n

(n
lx e

(

11
lnn ,        (33) 

here 
sin1

1 1 1 10
sin cos sin

p xa
b

pn
p nd x x e dx
b l0n

1
p x11bx e 1

11
b
pnn , (34) 

( sin )1
2 1 1 10

sin cos sin
p x aa
b

pn
p nd x x e dx
b l0n

(p
bx e

( 1
11

bnn ,

 (35) 

1 1 10

1 1 1 1 10

1 cosh( ( ))sin
2cosh( )

2

sin ( )sin .

a
n

a l

a

a nx x dx
a l

n nx dx x x dx
l l

nn
nn

1x dx1 11
n

1
l

( )sin)s1 1 1 111 1 1
l nl

( ) i n( ) in
1

Thus, the solution of the first basic boundary 
problem for a parallelogram domain is obtained.  

Here the basic difficulty is encountered not 
during construction of the general solution for 
differential equations, but during estimation of 
coefficients/factors of series, which, in particular, 
can be expressed through a solution of an infinite 
system of linear algebraic equations. Noteworthy is 
that for solving the infinite systems of equations the 
method of simple reduction is frequently used. The 
essence of this method is that solution of an infinite 
system of equations is approximated by solving a 
finite one. 

However, a practical application of such approach 
in many cases leads to occurrence of essential errors 
in the solution.  

In particular, the above fact takes place, if 
unknown values in the infinite system tend to a 
nonzero limit. This case was investigated by 
Grinchenko [5] on the basis of the Koyalovych 
asymptotic expressions [7]. Usage of the known 
asymptotical behaviour of unknown values in an 
infinite system allows one to provide an essential 
improvement of the solution convergence and, as a 
consequence, to improve the solution accuracy in 
case of using the reduction method. On the other 
hand, for completely regular infinite systems the 
boundedness of absolute/free terms implies the 
uniqueness of a solution, which can be derived by 
the reduction method or the method of successive 
approximations. 

According to classification of methods of 
weighed residuals [8–9], the above method of 
solving the problem is treated as the Galerkin 
method, insofar as the solution of a system of 
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functional equations is derived by minimization of 
the root-mean-square (rms) error functional (or, in 
accordance with [8], one can easily observe the 
coincidence of weight and basis functions).  

4.2. Collocation method. In the collocation 
method, the satisfaction of boundary conditions in 
the individual points of the boundary (collocation 
points) is required [8]. 

Below the section of a system of linear algebraic 
equations corresponding to the part I of the boundary 
is presented: 

(1) (2) (1)
1 2 1

1 1

(2)
2

:

;

N P

n nn n nn p pn
n p

p pn n

A a A a D d

D d

1
1

n n nn p pn1D d( )
11d(1)

n n nn2222A aA a( )(2)(2)
22222

(2)(2)

;n nn

 (36) 

2 1 2 1sin , cos ;x x y x , (37) 

1 1sin ,nn n
na x
l

sin ,1n n11sin 11l
,

( )

2 1sin
n h
l

nn n
na x e
l

sin l
n n1x e1sin n1l

,

sin1
1 1sin cos ,

p x nb
pn n

pd x e
b

sinncosn n11 cosi
b

cos1sin cos11

( .sin )1
2 1sin cos ,

p x anb
pn n

pd x e
b

.sin )).sin
cosn n11 coscossin

b
cos1sin cos11

1 1( ),n nx1( ),1n n1 1111n

1 0nx n stepn n0n n0 n stepn step , 1, mainn N1, main N1, , ,main addN N N

.
( 1)

lstep
N

Observation: 
)/( III

mainN  are determined so that, )/(),0(,1 IIIhx n .
)/( IVIII

mainP  are determined so that, 

)/(),0,( 2 IVIIIya n .
)/( III

addN __additions to the, )/( III
mainN .

)/( IVIII
addP __ additions to the, )/( IVIII

mainP .

In this way ( / ) ( / ) ;I II I II
main addN N N ( / )III IV

mainP
( / ) .III IV
addP P

The order of the system is equal to 
)22()22( PNPN .

Implemented modification: 

1 1 1( ) ,x C const 2 1 2( ) ,x C const

3 2 3( )y C const ,   4 2 4( ) .y C const

Thus, 1 2 3 4, , ,C C C C , considered to be unknown. 
Additional equations: 

1 1 1 2

2 3 3 4

( ,0) , ( cos , ) ,
(0, ) , ( , cos ) ,
a C b h C

b C a a C

the order of the system is equal to 
)422()422( PNPN .

4.3. Computational results of the Galerkin 
method (N=P=100). The results of numerical 
analysis of the potential function behavior at the 
boundary of parallelogram plate are shown in the 
following figures. Figure 2 shows the values of the 
function 1 1 2 2( , ; , )x y x y on the boundary 

],0[,0 11 axy ( I ). A similar behavior of 
this function is at the boundary hy1 ,

1 cos , cosx b a b ( II ).
However, comparing the error values obtained by 

satisfying the boundary conditions (figures 3 and 4), 
we see that at the angles of the parallelogram 
solution holds the oscillation.  

The values of 1 1 2 2( , ; , )x y x y  were found at the  

boundary ,2 ax 2 [ cos , cos ]y a b a  and 
],0[,0 22 byx . It was established that at these 

boundaries the error values have similar character of 
behavior, i.e., in the angle points there is values 
oscillation (figures 5 and 6). 

Fig. 2. Boundary values of the solution obtained by 
the Galerkin method at the boundary 

],0[,0 11 axy

Fig. 3. Error in satisfying the boundary conditions I. 

(x1,y1;x2,y2)

x1

Err 

x1
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Fig. 4. Error in satisfying the boundary conditions II 

Fig. 5. Error in satisfying the boundary conditions III 

Fig. 6. Error in satisfying the boundary conditions IV. 

Fig.7. Solution obtained by the Galerkin method in 
the domain under study. 

The solution obtained by the Galerkin method in 
the parallelogram shaped domain is shown in the 
Fig.7.  

4.4. Computational results of the collocation 
method (N=P=100). Figure 8 shows the values of 
the function 1 1 2 2( , ; , )x y x y  at the boundary I .

The graph of this function at the boundary II  has 
the same form. Figures 9 and 10 show the error 
values in satisfying the boundary conditions on the 
sides I  and II  of the parallelogram. 
The behavior of the error in satisfying the condition II 
under cos1 bax  has the same behavior of the 
errors in satisfying the condition I close from 0.  

The graf of boundary values of solution at the 
boundary III  is given in Fig.11.  

 
Fig. 8. Boundary values of the solution obtained by 
the collocation method at the boundary I

Fig. 9. Error in satisfying the boundary conditions I 

Fig. 10. Error in satisfying the boundary conditions II. 

(x1,y1;x2,y2)

x1
y1

Err 

x1

Err 

y2

Err 

y2

(x1,y1;x2,y2)

x1

Err 

x1

Err 

x1
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Fig. 11. Boundary values of the solution obtained by 
the collocation method at the boundary 

:III ]cos,cos[, 22 abayax

Fig. 12. Error in satisfying the boundary conditions III 

Fig. 13. Error in satisfying the boundary conditions IV 

The graph of the solution has the same form at the 
boundary ,0: 2xIV ],0[2 by .

Errors grafs in satisfying the boundary conditions III 
and IV are given below. 

Comparing the figures 3 and 9, figures 4 and 10 one 
can see that the application of the method of collocation 
gives error more half as large again as the Galerkin 
method error.  

The solution of the Dirichlet boundary problem for 
harmonic function is shown in Fig. 14. As can be 
seen this solution has the maximum and minimum 
values which are located at the boundaries. This fact 
corresponds to the theorem on the behavior of 
harmonic functions. 

Fig. 14. Solution obtained by the collocation method 
in the parallelogram shaped domain

5. Conclusions 

This study provides a comparative analysis of 
various methods for solving the Dirichlet problem 
for a parallelogram domain. 

Two methods under study are semi-analytical 
ones. According to classification of methods of 
weighed residuals [8], these are boundary solution 
methods. The first one is the Galerkin method, in 
which the root-mean-square (rms) error of satisfying 
the boundary conditions is minimized. The second 
method is the collocation method–an interpolation 
technique, which implies that the equation of 
weighed residuals is based on the condition of 
zeroing boundary residuals in the collocation nodes. 
The selected example has a simple solution, which 
allows one to analyze the singularities of application 
of various methods. 

The Galerkin method has essential advantages, in 
comparison with the collocation method, due to the 
fact that for linear problems the equation of weighed 
residuals has either symmetric, or block-diagonal 
matrix with a dominanting diagonal. Moreover, it is 
based on minimization of the rms integral residual. 

However, the pointwise collocation method has 
its own advantages consisting in simplicity of 
realization and flexibility of its application, based on 
a possibility of collocation mesh selection.  

In the considered example, the rms error of 
satisfying boundary conditions via the Galerkin 
method is 10 times lower than that provided by the 
collocation method. However, this can be attributed 
to the fact that, in this particular case, it was possible 
to achieve an analytical integration, so that the error 
value was controlled by the error in solving the 
system of linear equations. In case of application of 

Err 

Err 

y2

(x1,y1;x2,y2)

y2

x1

(x1,y1;x2,y2)
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quadrature formulas, the Galerkin method and the 
collocation one will exhibit comparable accuracies.  

The results of this study can be applied to realization 
of the method of the combined domains for solving 
linear boundary problems of mathematical physics in 
complex domains. Provided the fields under study are 
smooth enough, both methods ensure quite precise 

estimations of the derived characteristics. However,  
since their practical realization imply different scope 
of analytical work, computing procedures, etc., the 
optimal choice of the technique depends on the 
particular tasks, types of non-canonical domains and 
available numerical capabilities. 

 
   

1. . .    
    / . . , 

. . . – :  , 1981. 
– 284 .

2. Shakeri Mobarakeh P. Construction method of 
analytical solutions to the mathematical physics 
boundary problems for non–canonical domains / 
P. Shakeri Mobarakeh, V. T. Grinchenko // Re-
ports on Mathematical Physics. – 2015. – Vol. 75, 

 3. – P. 417–434. 
3. . T.   / . T. -

, I. . , . T. M . – K : -
 , 2007. – 640 .

4. . .    
     -

    / C. .
 //  . – 2010. –  

28. – . 89–98. 
5. . .    

     / 
. . . – :  , 1978. 

– 264 .
6. Mathew T. Domain Decomposition Methods for 

the Numerical Solution of Partial Differential 
Equations / T. Mathew. – Berlin, Heidelberg: 
Springer–Verlag, 2008. – 775 c.  

7.  . .    
    / 

. .  //  .- .  
. . . . – 1930. –  3. – . 41–167.

8. Zienkiewicz O. C. Finite elements and 
approximation / O. C. Zienkiewicz, K. Morgan. –
New York: Wiley, 1983. 

9. Brebbia C. A. Boundary Element Techniques / 
C. A. Brebbia, J. C. F. Telles, L. C. Wrobel. –
New York: Springer Verlag, 1984. 

 
References 

1.GRINCHENKO V. T. & MELESHKO V. V. 
(1981) Garmonicheskie Kolebaniya i Volni v 
Uprugikh Telakh. Kiev: Naukova Dumka. 

2.SHAKERI, MOBARAKEH P. & GRIN-
CHENKO, V. T. (2015) Construction method of 
analytical solutions to the mathematical physics 
boundary problems for non–canonical domains. 
Reports on Mathematical Physics. 75 (3). p. 
417–434. 

3.GRINCHENKO, V. T., VOVK, I. V. &
MATSYPURA, V. T. (2007) Osnovy Akustyky.
Kyiv: Naukova Dumka. 

4.PAPKOV, S. O. (2010) Bezkonechnie systemy 
lineinikh uravneniy v sluchaye pervoy osnovnoy 
granichnoy zadachi dlya pryamougolnoy 
prizmy. Dynamicheskie systemy. (28). p. 89–98. 

5.GRINCHENKO, V. T. (1978) Ravnovesiye i
Ustanovivshyesya Kolebaniya Uprugikh Tel 
Konechnikh Razmerov. Kiev: Naukova Dumka. 

6.MATHEW, T. (2008) Domain Decomposition 
Methods for the Numerical Solution of Partial 
Differential Equations. Berlin, Heidelberg: 
Springer–Verlag.

7.KOYALOVYCH, B. M. (1930) Issledovanie o 
beskonechnih systemah lineinih algebraicheskih 
uravneniy. Izvestiya Phys.-Math. Instituta im. 
V. . Steklova. 3. p. 41–167.

8.ZIENKIEWICZ, O. C. & MORGAN, K. (1983) 
Finite Elements and Approximation. New York: 
Wiley.

9.BREBBIA, C. A., TELLES, J.C.F. & WROBEL 
L. C. (1984) Boundary Element Techniques.
New York: Springer Verlag.

   30.09.15

304



    
  
: -

2015, 
 

Bulletin of Taras Shevchenko  
National University of Kyiv  

Series: Physics & Mathematics 

 539.3 

. .,
. ., . .- . ., . . .

   
   

     
   

 
     -

 . . .   , 
79060, . , .. , 3-
e-mail: viktsya@gmail.com 

O. I. Yatskiv, 
R. M. Shvets, Ph. D. (Phys.-Math.),  
Sr. Sci. Researcher, 

 
Cylinder undersurface thin layer  

thermophysical parameters identification  
using surface displacements data 

 
 

Ya. S. Pidstrygach Institute to Applied Problems of 
Mechanics and Mathematics NAS of Ukraine, 79060, 
Lviv, Naukova str., 3-b 
e-mail: viktsya@gmail.com 

         
 ,   ,        

  .         -
      .   -

  ,           .
 : ,  ,  ,  

,  , -  , ,  .

The problem of determining the thermostressed state in a long isotropic cylinder with unknown 
undersurface thin layer thermophysical properties is considered. Cylinder is heated by the environment of 
constant temperature. The heat exchange of the cylinder with its environment obeys the Newton law. The 
presence of a thin layer is taken into account in the formulated boundary-value problem by means of a 
Pidstrygach nonclassical nonstationary boundary condition. The additional data for inverse problem of 
determining unknown thermophysical parameters is formed by the discrete-in-time data set of surface 
displacements. In that case the representation for cylinder displacements by the surface temperature is 
obtained. When surface displacements are known this representation transforms into integral Volterra 
equation for unknown temperature at the cylinder surface. After determination of the surface temperature 
thermophysical parameter is calculated as a result of integro-differential operator acting on the surface 
temperature. Identification instability depending upon small input data errors is investigated. After 
identification of  thermophysical parameter the temperature and stresses in a cylinder are calculated.  

Key Words: Thermoelasticity. Thermophysical Parameters, Parameters Identification, Stability for 
Identification Procedure, Surface displacements, Integro-Differential Equation, Cylinder, Undersurface 
Layer. 
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The application of the fuzzy sets theory to the classical rationing problem is being considered. Cases of 
the fuzzy costs and agents’ initial amounts of money are under consideration. The set of agents is divided 
into two subsets – the subset of “poor” agents and the subset of “rich” agents. For each agent fuzzy 
membership function, representing the agents’ preferences is defined. "Poor" agents are allowed to pay less 
than their share; the «rich» agents compensate the obtained deficit. The obtained fuzzy rationing problem is 
reduced to corresponding linear programming problem using the Lotfi-Zadeh approach. In general case this 
problem can be solved by classical methods. In particular cases the fuzzy rationing problem has an 
analytical solution. In this paper the analytical solution for the case of fuzzy cost value is found. Also, the 
particular case of uniform losses rationing method is being observed and special formulas for finding the 
analytical solution are obtained.

Key Words: rationing, fuzzy sets, rationing methods, bankruptcy problems, taxation. 

  . . .  . .

 
     

    . 
      

  .  
    - . 

        
  '  [2],    

  [3],  [4].  
 ,    

,     [5], 
  [6] .
 ,    ( , 

   )     
« »  .    

    

 [7]    
    

 .
  

 
(N, ,b),  N={1,2,…,n} –   

, ’     
 ,   , 

 Niibb     

  ib ,  0
1

n

i

ib

,00
1

n

i

ii bcN:i,b   (1) 

311



                        2015,                                                   Bulletin of Taras Shevchenko 
         National University of Kyiv 
 -     Series: Physics & Mathematics

’      
Niixx ,      

   ix , 

,0 ii bx    (2) 

.:
1

cxNi
n

i

i    (3) 

   
 r,    (N, ,b)

     Niixx ,
),,( bcNrx .

     
    , 

,    , 
,    

  .     
   [6].  

  
    

   r(N,c,b)   
 -  [7]:   

’    (  
, 10 )  [8]: 

)5(;,

)4(max,

Nkx kk

)7(.,0

)6(;
1

Nkx

cx

k

n

i

i

21 , NN NNN 21 –  
 ,     

   
 , 1,ˆ, NixxX iii

2,,ˆ NjxxX jjj ,    
Nkk , , bcNrx kk ,,ˆ  Nk ,

cx
n

i

i

1

ˆ .  , , 

      
.

  ;,...,, 21 nxxx  ’  
 (4)-(7).   nxxx ,...,, 21

     
  r(N,c,b),   

    .
     

     1N

 2N    ,   
 ( ). 

’  ;,...,, 21 nxxx  (4)-(7) 
 ,    

  0< <1 [9]. 
     

   
 ,    

L
kx     

  ,   R
kx  - 

 .  

n

i

L
i

n

i

R
i

n

i

R
i

xx

cx

c

11

1
0   (8) 

0  ’   (4)-(7), c  - 
     kX .

      
   [9]  

Nkxxxx L
k

R
k

R
kk ,0   (9)  

   
  cccC ,ˆ,  

     
cC . ’     

 –  « » (    
« », ccc ˆ, )   « » 

(    « », ccc ,ˆ ).
,     

 r.    :

;,

max,

Nkx kk

cC

;
1

cx
n

i

i

.ˆ,,10,,0 cccNibx ii

     
 ,   

bcNrx kk ,ˆ,ˆ .
     

bcNrx kk ,,ˆ   k.     
 .

’   ,   
  ,     
.       
,      

,    ( ).
  Nix ii ,  

 ,      

312



                        2015,                                                   Bulletin of Taras Shevchenko 
         National University of Kyiv 
 -     Series: Physics & Mathematics

 z    
.      

cC  ccc ˆ, .   
 0c  

n

i

L
i

n

i

R
i

n

i

R
i

xx

cx

cc

cc

11

10

ˆ
.

, 

.

ˆ

ˆ

11

11
0

ccxx

xcxc

c
n

i

L
i

n

i

R
i

n

i

L
i

n

i

R
i

 (10) 

 0 ,    0c

   (10). 
      

   (9). 
  « ».  

     
  R

i
L

i xx ; , 

;,ˆ

;,ˆ1

2

1

Nix

Nix
x

i

iL
i

;,ˆ1

;,ˆ

2

1

Nix

Nix
x

i

iR
i

cx
n

i

i

1

ˆ .

     
    

n

i

R
i

n

i

L
i xx

11

; , 
21

ˆ;ˆ
Ni

i

Ni

i xcxc .

  
cxc

Ni

i ˆˆ

2

,      

ccc ˆ, .  cxc
Ni

i

2

ˆ ,   

       
 ccc ,ˆ    
cc ˆ0 .      
     

 cc ˆ0 ,     
,  c .

’     ,  
  0  .

     
      

  :
NibbbB iiii ,,ˆ, .

 
;,,ˆ;ˆ,,ˆ;,,ˆ ii

R
iii

C
iii

L
i bcNrxbcNrxbcNrx

.Ni
    

    
NixxxX R

i
C
i

L
ii ,ˆ;ˆ;ˆˆ .    , 

      
  , 

1,ˆ, NixxX C
iii 2,,ˆ NjxxX j

C
jj , 

C
ii xx ˆ1 C

ii xx ˆ1 .
    

   
1,;ˆmin~ Nixxx iiiiii .

    
, ,  

i
C

ii
R

i
C

i
L

ii xxxxxxX ˆ;~;~;~;~~ , 

L
i

C
i

C
i

L
i

C
i

L
iC

i
C

i
xxx

xxx
xx

ˆˆˆ

ˆˆˆ
ˆ~ .

      
C

ix~ , C
ii xx ~  1Ni  

1

~

Ni

ixcc .

       
     

:

;,

max,

2Nkx kk

cx
Ni

i
~

2

,

.,,ˆmax,ˆ,10 2Nixxxx i
R
i

C
ii

 

.ˆ,
ˆ

;ˆ,
ˆˆ

ˆ

i
R
iC

ii

ii

i
R
iC

i
R
i

i
R
i

ii

xx
xx

xx

xx
xx

xx

x

 
      

  
      

     : 
, cccC ,ˆ, , NibbbB iiii ,,ˆ, .

  NixxxX R
i

C
i

L
ii ,ˆ;ˆ;ˆˆ

    , 
 L

ix̂   ,  
  c , C

ix̂  ,   

313



                        2015,                                                   Bulletin of Taras Shevchenko 
         National University of Kyiv 
 -     Series: Physics & Mathematics
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Entropy analysis is a powerful approach which is widely used in communications, information coding, 
and cryptography. Its application in biological cybernetics is not as wide, but promising and can give us 
valuable information on the state of a neural system, its information processing and transformation and 
possibly more. This research investigates the influence of entropy in the input data on neural systems. For 
this purpose a method of entropy evaluation was developed using a neural network with binary lateral 
connections and local information processing, which makes it suitable for high-resolution raster images 
analysis. This method is based on merging sets of synaptic weights. From the technical point of view the 
process of building the resulting neural network state which corresponds to the orthogonal subset of input 
data is binary addition of the vectors of synaptic weights evaluated from individual signals. This method of 
entropy evaluation has been tested on two data sets of raster images: the first consisted of images with the 
uniform highly random distribution of pixels and the second was a movie record of a real world scene. 
Mathematical computation shows, that the higher is entropy in the input data of the neural network, the 
bigger is the number of nonzero binary synaptic weights that are developed in the system. 

Key words: entropy, neural networks, information theory, entropy analysis. 
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Моделювання утворення i росту трi-
щин у нанокристалах кварцу методом
молекулярної динамiки
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Molecular dynamics simulation of crack
origination and propagation in quartz
nanocrystals

1Taras Schevchenko National University of Kyiv,
01601, Kyiv, Volodymyrska st. 64/13,
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Створено програмне забезпечення, що дозволяє проводити молекулярно-динамiчнi розрахун-
ки для нанокристалiв кварцу пiд дiєю зовнiшнiх сил. Використано потенцiал мiжатомної вза-
ємодiї, який враховує поляризованiсть атомiв кисню у колективному електричному полi. Змо-
дельовано рiст розколюючої трiщини i динамiку дипольного моменту системи. Встановлено,
що: 1) поверхня трiщини має форму параболи, яку передбачає лiнiйна теорiя суцiльного середо-
вища, хоча вона i несправедлива поблизу вершини трiщини; 2) при ростi трiщини у кристалi
генеруються акустичнi хвилi власної частоти кристалу; 3) внаслiдок цього дипольний момент
є нестацiонарним.

Ключовi слова: п’єзоелектрик, молекулярна динамiка, рiст трiщини, генерацiя звуку, змiн-
ний дипольний момент

Computer simulations of quartz crystal fracture under external forces can be useful for modernizing
and developing methods for prediction and study of earthquakes and other kinds of seismic activities, as
the future goal is to simulate and study electromagnetic emission that can usually be registered on early
stages of seismic activities. A software has been developed that enables its user to conduct molecular
dynamics simulation of quartz nanocrystals under external forces. An interatomic potential model that
takes into account polarizability of oxygen atoms by collective electric field was employed. Crack growth
was simulated and the time dependence of the dipole moment of the system had been obtained. It
was found that: 1) the crack is parabolic-shaped in accordance with linear continuous medium theory,
although the latter is not applicable near the tip of a crack; 2) acoustic waves of crystal eigenfrequency
are generated during the crack propagation; 3) this leads to dipole moment of the system being fluctuant.

Key words: piezoelectricity, molecular dynamics, crack growth, sound generation, fluctuating dipole
moment.

Статтю представив д.ф.-м.н., проф. Макарець М.В.

Вступ

Вiдомо [1, 2], що пiд час назрiвання зем-
летрусу поблизу його епицентру, як правило,
можна зареєструвати характерне електромагнi-
тне випромiнювання, що надходить iз надр зем-
ної кори. Загальноприйнято вважати, що при-
чиною цьому є високий вмiст в корi мiнералу
iз яскраво вираженими п’єзоелектричними вла-
стивостями – кварцу. Справдi, загалом на дво-
окис кремнiю припадає бiльш як 60% маси зем-
ної кори, а кварц - найпоширенiша форма дво-
окису кремнiю в складi земної кори.

Своєчасне передбачення землетрусiв є пра-

ктично важливою задачею. I хоча у її вирiшен-
нi досягнуто певних успiхiв [3, 4], проте подiї
останнi рокiв показують, що до її вирiшення ще
далеко i iснує потреба в достовiрних критерiях
та методах прогнозування землетрусiв.

У [5, 6] в рамках лiнiйної теорiї суцiльно-
го середовища було дослiджено генерацiю еле-
ктромагнiтного випромiнювання пiд час про-
ходження трiщин рiзних типiв через п’єзоеле-
ктрики рiзної симетрiї. Але застосування лiнiй-
ного наближення поблизу вершини трiщини, де
механiчнi напруження сягають порогу руйнува-
ння, не було обґрунтоване, тому цi результати

c© М.В. Макарець, Д.I. Прядко, 2015
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можна розглядати лише як оцiнку.
Метою даної роботи є моделювання проце-

сiв зародження та розвитку трiщини у нанокри-
сталах кварцу величиною вiд кiлькох сотень до
кiлькох тисяч атомiв методом молекулярної ди-
намiки.

Модель та основнi рiвняння

Провести квантовi розрахунки для тисяч
взаємодiючих частинок виходячи iз перших
принципiв можливо лише на деяких сучасних
комп’ютерах, тому в роботi використали метод
молекулярної динамiки.

Потенцiал мiжатомної взаємодiї вiдiграє в
цьому методi головну роль. Щоб cумiстити то-
чнiсть квантових розрахункiв зi швидкiстю чи-
сельного iнтегрування класичних рiвнянь, ви-
користовують потенцiали, якi мають параме-
три, пiдiгнанi пiд експериментальнi данi чи
результати квантово-механiчних розрахункiв.
Зокрема, параметри потенцiалу TS [7] пiдiгнанi
пiд значення сил, напруг та енергiй, отриманих
у квантово-механiчних розрахунках.

Результати розрахункiв методом молеку-
лярної динамiки, отриманi з використанням TS,
добре узгоджуються, наприклад, iз такими да-
ними: а) густина коливальних станiв, отримана
iз квантових розрахункiв [8] - рис. 1, а); б) тем-

пературна залежнiсть вiдношення параметрiв
кристалiчної гратки для альфа- та бета-кварцу,
отримана iз експериментiв - рис.1, б). Таким чи-
ном, цей потенцiал добре вiдтворює коливальнi
та структурнi властивостi кварцу, шо важливо
для даної роботи. Окрiм цього, вiн дає найкра-
ще наближення в порiвняннi з iншими потенцi-
алами для залежностi об’єму елементарної ко-
мiрки вiд температури та для кутiв у зв’язках
Si-O-Si для всiх фаз кварцу.

Цей потенцiал враховує високу поляриза-
цiйну здатнiсть кисню. На кожному кроцi по
часу у чисельнiй схемi розраховуються диполь-
нi моменти атомiв кисню. Таким чином вра-
ховується диполь-дипольна та диполь-зарядова
взаємодiя, що робить потенцiал багаточастин-
ковим, оскiльки дипольний момент кожного
атома залежить вiд положень, зарядiв та ди-
польних моментiв усiх iнших атомiв. Двоча-
стинкова частина потенцiалу TS (без врахуван-
ня диполiв) виглядає наступним чином:

Uij =
qiqj
rij

+Dij

(
e
γij

(
1− rij

r0
ij

)
− 2e

γij
2

(
1− rij

r0
ij

))
,

(1)
де qi, rij , r0

ij - заряд i-го та j-го атомiв, вiдстань
мiж ними в даний момент та рiвноважне значе-
ння цiєї вiдстанi вiдповiдно.

а) б)
Рис. 1. a) густина коливальних станiв для α-кварцу при температурi 300K (кривi рознесено по
вертикалi); б) залежнiсть вiдношення довжин ребер елементарної комiрки c/a при фазовому
переходi вiд α-кварцу до β-кварцу. Позначення бiля кривих: TS – потенцiал [7]; BKS - потенцiал
[9]; mDCG - модифiкований потенцiал DCG [10].
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Взаємодiя атомiв задається константами
qi, qj , Dij , γij , r

0
ij . Значення цих та iнших кон-

стант для TS наведенi у таб. 1 (в атомних оди-
ницях).

Табилця 1

Параметри TS (в атомних одиницях)
qO qSi α

-1.38257 2.76514 8.89378

b c
2.02989 -1.50435

DO−O DSi−O DSi−Si

2.4748 · 10−4 1.9033 · 10−3 −2.08460 · 10−3

γO−O γSi−O γSi−Si

12.07082 11.15230 10.45517

r0O−O r0Si−O r0Si−Si

7.17005 4.63710 6.76038

Тут i далi α - поляризовнiсть атомiв кисню.
Графiки потенцiалу (15) для рiзних пар

взаємодiючих атомiв наведенi на рис. 2. З нього
видно, що при малiй вiдстанi мiж двома атома-
ми Si енергiя їх взаємодiї має глибокий мiнiмум
(бiля −460 еВ), який не має фiзичної причини,
а зумовлений лише виразом (15). Тому його мо-
жна застосовувати лише при низьких тисках та
температурах, коли енергiя взаємодiї двох ато-
мiв Si не перевищує приблизно 54 еВ (2 Eh).
В данiй роботi окремi атоми пiд час руху мо-
гли здолати цей бар’єр, тому потенцiал взаємо-
дiї двох атомiв Si модифiкували як показано на
рис. 2 пунктирною кривою.

Щоб врахувати заряд-дипольну та диполь-
дипольну взаємодiї, на кожному кроцi часової
дискретної сiтки шукали дипольнi моменти усiх
атомiв кисню у лiнiйному наближеннi:

	p n
i = α	E

(
	r1, ..., 	rN ; 	p n−1

1 , ..., 	p n−1
N

)
+ 	p SR

i ,
(2)

де 	p n
i - дипольний момент k-го атома кисню на

n-iй iтерацiї, α - його поляризовнiсть, 	E - напру-
женiсть електричного поля, 	p SR

i - дипольний
момент, зумовлений перекриванням електрон-
них оболонок атомiв. Розрахунки по цiй фор-
мулi проводили методом iтерацiй для фiксова-

них координат 	ri всiх атомiв до тих пiр, поки
значення дипольних моментiв 	p n

i переставали
змiнюватися в порiвняннi з попередньою iтера-
цiєю.

Рис. 2. Потенцiал TS для рiзних комбiнацiй ато-
мiв без врахування динамiчно наведених дипо-
лiв), див. формулу (15).

Iз (2) видно, що дипольний момент атома
наводиться полем, яке, у свою чергу, створене
зарядами та дипольними моментами усiх iнших
атомiв. Короткодiючим доданком 	p SR

i нехтува-
ли для атомiв Si, а для атомiв O його врахову-
вали у виглядi:

	p SR
i = α

∑
j �=i

qj	rij
r3ij

f(rij), (3)

де f(rij) - функцiя, яка враховує короткодiю-
чий характер взаємодiї, обумовленої перекри-
ванням електронних оболонок [11]:

f(rij) = c

4∑
k=0

(brij)
k

k!
e−brij , (4)

де значення коефiцiєнтiв α, b i c наведе-
нi у таб. 1. Коефiцiєнт b задає вiдстань, на
якiй дiє функцiя. Такий вигляд 	p SR

i викори-
стовується дуже широко, зокрема в [12–14].
Сила, яка дiє на i-й атом має наступний ви-
гляд:

	Fi = −	∇i U
T , (5)

де UT = UC + UB + UDD + UCD + USR + UD -
повний потенцiал iз наступними складовими:
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1. Кулонова взаємодiя заряджених части-
нок:

UC =

N−1∑
i=1

N∑
j>i

qiqj
rij

. (6)

2. Ковалентна взаємодiя атомiв:

UB =

=

N−1∑
i=1

N∑
j>i

Dij

(
e
γij(1− rij

r0
ij
) − 2e

γij
2

(1− rij

r0
ij
)
)
.

(7)

3. Диполь-зарядова взаємодiя:

UDC = −
N∑
i=1

	pi · 	Eq
i , (8)

де 	Eq
i - електростатичне поле, зарядами

усiма iнших атомiв:

	Eq
i =

N∑
j �=i

qj
r3ij

	rij . (9)

Тут i далi 	rij = 	ri − 	rj .

4. Диполь-дипольна взаємодiя:

UDD = −1

2

N∑
i=1

	pi · 	Ep
i , (10)

де 	Ep
i - електростатичне поле створене ди-

польними моментами усiма iнших атомiв:

	Ep
i =

N∑
j �=i

(
3
	pj · 	rij
r5ij

	rij − 	pj
r3ij

)
. (11)

5. Енергiя, пов’язана iз короткодiючим вне-
ском до дипольних моментiв (3):

USR =
N∑
i=1

	pi ·
N∑
j �=i

f(rij) 	E
q
ij . (12)

6. Енергiя поляризацiї атомiв:

UD =
1

2

N∑
i=1

p2i
α
. (13)

Доданки UDD, UCD та UD дають звичай-
ний вираз для потенцiальної енергiї системи ди-
польних моментiв, якi лiнiйно iндукуються еле-
ктричним полем [15], [16], [17], а USR отримує-
ться коли на потенцiальну енергiю системи на-
кладається умова рiвноваги вiдносно диполь-
них моментiв, тобто

	∇piU
T = 0, i = 1, ..., N. (14)

В свою чергу це означає, що, розраховуючи си-
ли, що дiють на атоми системи, достатньо взяти
лише похiднi по координатам, адже похiднi по
дипольним моментам рiвнi нулю:

	Fi = −
(
∂U

∂	ri

)∣∣∣∣
�pj

. (15)

Iтеративний процес розрахунку дипольних
моментiв (2) забезпечує виконання умови рiв-
новаги (14).

Дану модель мiжатомної взаємодiї з враху-
ванням наведеної поляризацiї можна узагаль-
нити, якщо вважати, що на 	p SR впливає еле-
ктричне поле, створене як зарядами, так i ди-
полями. Тодi вiдповiднi змiни треба внести в (3)
та (12). Проте, для системи, в якiй поляризов-
ними є тiльки атоми кисню, в цьому немає по-
треби [18].

Модель кристалу. Iз фазової дiаграми
кварцу та геотермiчних кривих (залежнiсть
температури вiд глибини) для рiзних видiв те-
ктонiчних плит [19, 20], можна зробити висно-
вок, що до глибин в 100 кiлометрiв i температур
до 1000◦С α−кварц є найпоширенiшою фазою
двоокису кремнiю у земнiй корi. Виключенням
є областi у мантiї пiд молодою океанiчною пли-
тою.

В данiй роботi дослiджуються нанокриста-
ли кварцу в вакуумi, тобто при нульовому ти-
ску та без добавок будь-яких iнших речовин. Їх
гратку будували розмiщуючи атоми у вузлах
iдеальної кристалiчної гратки SiO2 – рис. 3.

Оскiльки при розрахунках система не є не-
скiнченною, а потенцiал взаємодiї є модельним,
система, отримана пiсля процедури розстанов-
ки атомiв по своїх мiсцях, знаходиться в нерiв-
новажному, напруженому станi.

Для того, щоб дати системi перейти в рiвно-
важний, ненапружений стан, проводилися мо-
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делювання кристалу з вiльними поверхнями,
аж доки потенцiальна енергiя системи не до-
сягне мiнiмуму. При цьому рiзниця рiвнiв енер-
гiї системи до i пiсля її релаксацiї є досить ве-
ликою, i тому, аби дати системi релаксувати
в рiвноважний стан та уникнути руйнування
кристалiчної гратки, в розрахунки введено ефе-
ктивну силу тертя шляхом зменшення швидко-
стi атомiв на кожному кроцi на невелику у по-
рiвняннi iз значенням швидкостi величину.

Рис. 3. Початковий стан системи розмiром
50 Å× 50 Å× 50 Å. Вигляд вздовж осей {1,1,1}
та {0,0,1}.

В режимi релаксацiї кристалу спецiально
розроблений алгоритм вiдслiдковує температу-
ру системи в кожен момент часу i, впливаю-
чи на коефiцiєнт штучної в’язкостi, намагає-
ться пiдтримувати температуру в районi зада-
ного значення. Таким чином вдається швидко
провести процедуру релаксацiї кристалу, уни-
каючи руйнування кристалiчної структури при
високих температурах.

Обрiзання взаємодiї на великих вiдстанях.
Модель мiжатомної взаємодiї TS має досить ви-
сокий рiвень обчислювальної складностi, тож
було iмплементувано обрiзання взаємодiї, ко-
ли при досить великих вiдстанях мiж двома
атомами взаємодiєю мiж цiєю парою атомiв не-
хтують.

Результати розрахункiв

Для утворення трiщини в системi на двох
довiльних гранях кристалу задаються рухомi
граничнi умови. Iншi 4 гранi вiльнi.

Пiсля того, як вiдбулась релаксацiя системи
у стiйкий стан iз мiнiмальною потенцiальною
енергiєю, фiксуються положення атомiв крем-

нiю на двох рухомих гранях кристалу. Далi ко-
ристувач програми задає характер руху цих
атомiв (граней).

Утворення трiщини. На рисунку 4 зображе-
но стан кристалу з 4128 атомiв у рiзнi моменти
розрахунку iз рухомими граничними умовами.

Рис. 4. Процес руйнування кристалу пiд дiєю
рухомих граничних умов.

Як видно, розриви утворюються переважно
бiля рухомих граней кристалу, що зумовлено
насамперед його конфiгурацiєю (пiсля опера-
цiї видалення зайвих з точки зору повного ди-
польного моменту атомiв бiля рухомих граней
утворилися невеличкi затравки для майбутнiх
розривiв) та його формою. Є сенс провести на-
ступнi розрахунки iз iншими конфiгурацiями та
формами кристалу, а також iз рiзноманiтними
початковими затравками для майбутнiх розри-
вiв.
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Досить цiкавим виявилося наступне спосте-
реження: на графiку 5, на якому зображена за-
лежнiсть дипольного моменту системи вiд ча-
су, чiтко видно коливання з перiодом, що зро-
стає по мiрi проходження чисельного експери-
менту. Причому перiод цих коливань досить до-
бре спiвпадає iз часом проходження звуковою
хвилею в кварцi вiдстанi, рiвної розмiру кри-
сталу. Протягом чисельного експерименту кри-
стал розтягувався, а отже i розмiр його збiль-
шувався, чим пояснюється збiльшення частоти
коливань дипольного моменту системи. Ймо-
вiрно, що саме цi коливання i дають вагомий
вклад в електромагнiтне випромiнювання, про
яке йшла мова у вступi.

Рис. 5. Динамiка дипольного моменту системи
протягом чисельного експерименту.

Ця гiпотеза потребує подальших дослi-
джень в цьому напрямку, а результати цих до-
слiджень можуть бути корисними для розвитку

методiв iнтерпретацiї iнформацiї про стан зем-
них надр, що надходить до нас iз електромагнi-
тним випромiнюванням [1,2].

Висновки

Отриманi в межах даної роботи данi досить
добре збiгаються iз картиною, отриманою при
застосуваннi теорiї суцiльного середовища, що
свiдчить про застосовнiсть теорiї суцiльного се-
редовища до кристалу кварцу, що розтрiскує-
ться.

Окрiм вищезазначеного, можна зробити на-
ступнi спостереження та висновки:

1. Моделювання показало, що рiвноважна
структура i форма змодельованих обмежених
кристалiв помiтно вiдрiзняється вiд структури
iдеального нескiнченного кристалу.

2. Моделювання показало, що окрiм утворе-
ння поверхонь розриву, якi формують краї трi-
щини, можуть з’являтися i групи атомiв, сла-
бо зв’язаних iз рештою кристалу, особливо бiля
вершини трiщини.

3. Динамiка нестацiонарної поляризацiї та
повного дипольного моменту кристалу вiдобра-
жає перiодичний процес розповсюдження по
кристалу звукових хвиль, якi утворюються на
краях трiщини.

4. Розроблена програма дає можливiсть бу-
дувати кристали довiльних розмiрiв, дослiджу-
вати їх релаксацiю до рiвноважного стану та
моделювати його поведiнку на атомному рiвнi
за рiзних зовнiшнiх умов.
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17 Böttcher C. third edn. Theory of Electric
Polarization, vol. 1. — Amsterdam: Elsevier,
1993.

18 Hutchinson F., Wilson M., Madden P. A. A
unified description of mci3 systems with a
polarizable ion simulation model // Molecular
Physics. — 2001. — Т. 99, № 10. — С. 811–824.

19 Fowler C. The Solid Earth - An Introduction to
Global Geophysics. — Cambridge: Cambridge
University Press, 2004.

20 Skinner B., Porter S. Physical geology. — New
York: John Wiley and Sons Inc., 1987.

waals potential based on universal dampi-
ng functions for the dispersion coefficients.
The Journal of chemical physics. 80(8). p.
3726–3741.

12 WILSON, M. & MADDEN, P. (1993)
Short-and intermediate-range order in mcl2
melts: the importance of anionic polarization.
Journal of Physics: Condensed Matter. 5(37).
p. 6833.

13 WILSON, M. & MADDEN, P. (1994) Ani-
on polarization and the stability of layered
structures in mx2 systems. Journal of Physi-
cs: Condensed Matter. 6(1). p. 159.

14 WILSON, M. & MADDEN, P. (1994) Polari-
zation effects on the structure and dynamics
of ionic melts. Journal of Physics: Condensed
Matter. 6(23A). p. A151.

15 RICK, S. W. & STUART, S. J. (2002)
Potentials and algorithms for incorporati-
ng polarizability in computer simulations.
Reviews in computati onal chemistry. 18. p.
89–146.

16 AHLSTROM, P., WALLQVIST, A.,
ENGSTROM, S. & JONSSON, B. (1989)
A molecular dynamics study of polarizable
water. Molecular Physics. 68(3). p. 563–581.
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