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The asymptotic behavior of autonomous oscillating system describing by differential equation of
fourth order with small non-linear external perturbations of “white noise” and centered “Poisson noise”
types is studied. Every term of external perturbations has own order of small parameter €. If small
parameter is equal to zero, then gemeral solution of obtained non-stochastic fourth order differenti-
al equation has an oscillating part. We consider given differential equation with external stochastic
perturbations as the system of stochastic differential equations and study the limit behavior of its soluti-
on at the time moment t/e,
derived and its dependence on the order of small parameter in every term of external perturbations is
studied. The case of multiple real root and two conjugate pure imaginary roots of characteristic equation
is considered.

Key Words: asymptotic behavior, autonomous oscillating system, stochastic differential equation.

Communicated by Prof. Kozachenko Yu.V.

as € — 0. The system of averaging stochastic differential equations is

1 Introduction random function such that

In the papers [1] — [3] it is investigated the behavi-
or, as ¢ — 0, of the fourth order autonomous
oscillating system driven by stochastic differential
equation

0
!V (t) + bra" (t) + bax" (1) + bya'(t )+ ‘
+hyz(t) = '“fl( (1), 27(8), 2"(t), " () + (1) +eb [ [ faa(s),2'(s), 2" (s), 2" (s), 2) (ds, dz),
+fe(a(t), ' (t), 2" (t), 2" (1)) 0 R

ki > 0,5 = 1,2,3; fi,i = 1,2,3 are non-
with non-random initial conditions x(0) = l‘él), random functions; w(t) is the standard Wi-
z'(0) = x((]2), 2"(0) = x(()s), 2"(0) = l‘(() ), where ener process; v(dt,dy) = wv(dt,dy) — I(dy)dt,
e > 0 is a small parameter, f.(z,2',2",2") is a Ev(dt,dy) = (dy)dt, v(dt,dy) is the Poisson

© O.. Bopucenko, O.B. Bopucenko. 2015 9
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measure independent on w(t); II(A) is a finite
measure on Borel sets in R.

We will study the asymptotic behavior of gi-
ven oscillating system, as € — 0, in the case when
there exists stable harmonic oscillations at the
system under condition € = 0. Under this condi-
tion corresponding characteristic equation has a
form

A A2 + 0N + s\ + by = 0.

The following cases were considered previ-
ously
([1]) by > O b3 > 0 biby > bg, b2 > 4(b2 — *)
b2by = b3(b1bs — b3). In this case the characteristic
equation has a roots

A1 = —1n1, A2 = =12, A\34 = Fiw, where
_1 b3 b3
= [ by [b2—4(by— = 2_2
71,2 2(1 \/1 <2 bl)),w b

2) ([2]) by > 0, b3 > 0, by > b1b3/4, b%b4
b3(b1ba —bs3). In this case the characteristic equati-
on has a roots

A =-—n+iv, Adg = —n —1iv, A34 = Fiw, where
b 1 [bi(4by —bib3z) 5 b3
nN=—, V= ——, w = —.
2 2 bs b1

3) ([3]) b1 =0, b3 = 0, by > 0, by > 0, b3 > 4by. In

this case the characteristic equation has a roots

)\1’2 = :I:iwl, )\374 = ZI:ibL)Q, where

1

w%:§ by + /b3 — 4by |,
1

w§:§ by — /b3 — 4by

We will consider the equation (1) as the
system of stochastic differential equations

dyi(t) = yira(t)dt, i =1,3
dya(t) = [—(b- y(t)) + ¥ f1(y(t)))dt+
ek oy (8) ) du(t) + £ / Fo(y(t), 2)p(dt, d2),

U(0) = ()b = (banba ),
yi(0) =aff), i = T4,
@

= xo y
(b-y(t)) — is a scalar product of vectors b and y(¢).
In what follows we will use the constant K > 0
for the notation of different constants, which are
not depend on €.
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2 Main result

This paper deals with the following case:
b1 > 0, 4bo > b%, bs = by (bg—b%/ll), b
b3 (b — b7/4) /4. Characteristic equation has a
roots A12 -1, A34 +iw, where 7
b1/2, w? = 4by/b2.

If ¢ = 0 then the equation (1) has general
solution in the form

Cre M 4+ Cote ™ + A; coswt + Agsinwt

x(t) =

Let us consider the following representation of the
solution y(t) to the system (2):

yi(t) = Ni(t)+
+A;(t) coswt + Aa(t) sinwt,
()= —nNi(1) + No(t) -
— A (t)wsinwt + A (t)w cos wt,
ys(t) = n*Ni(t) — 2nNa(t)—
— A1 (t)w? coswt — As(t)w? sin wt,
ya(t) = —n*Ni(t) + 30> Na(t)+
+ A1 (t)w? sinwt — Ag(t)w? cos wt,
3)
where
Ni(t) = (C1(t) + tCa(t))e™, Na(t) = Co(t)e ™.

We can solve the system of linear equations (3) wi-
th respect to (N1(t), Na(t), A1(t), A2(t)) and using
the Ito formula we derive the system of stochastic
differential equations:

2n
dN:1(t) = [-n]N1(t) + N2(t)]iit + de(f)7
dN5(t) = —mNo(t) dt + ———~dH (t
b (772 ! i) T ) ®),
(W = 7n7)sinwt — 2nw cos wt
dA(t) = , W2(772 + w?)2 dH(t),
_ (w® —n?) coswt + 2nw sin wt
dAs(t) = — 0P+ ) dH (),

(4)
dH () = €1 fi(wt, Ny (t), Na(t), Ay (), Aa(t))dt+
+eM2 fo(wt, N1 (t), Na(t), A1 (t), Aa(t))dw(t)+
feks / Falwt, N1 (8), Na(), Ay (8), As(t), 2)5(dt, =),

R
where ﬁ(wt,N1,N2,A1,A2), 1 = 1,2 are
obtained from fi(y(t)), ¢ = 1,2 and
fa(wt, N1, No, A1, Ao, z) is  obtained  from

f3(y(t), 2) using (3).
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Theorem 2.1. Let II(R) < oo, t € [0,t0], k =
min(ky, 2ka, 2ks). Let us suppose, that functions
fi,7 = 1,3 bounded and satisfy Lipschitz condition
on y;, i = 1,4. If given below matriz 52(A;, As) is
non-negative definite, then

1. If kx = 2ky = 2ks, then the stochastic process
Et) = (Ni(t/e"), Nat/e"), A (t/e*), As(t/<*))
weakly converges, as € — 0, to the stochastic
process £(t) = (0,0, A1(t), Aa(t)), where A(t) =

(A1(t), As(t)) is the solution to the system of

stochastic differential equations
dA(t) = a(A(t))dt + o (A(t))dw(t),

(0) = (A1(0), 42(0)),

(5)
A
where

2

L / F1(6, Ay, As)U(6)do,

™
0

a(Aq, Ag) =

(A1, Az) = {B _(Al,Az)}% =

N|=

2T
_ QL / F(6, Av, Ag) U (6) U7 ()dep
0

1
(P w22
y ( (w? —n?)sin ¢ — 2nw cos ¢

(n? — w?) cos ¢ — 2nwsin ¢
fi(#, A1, Ag) = fi($,0,0, Ay, Ag), i
f3(¢, A1, Az, 2) = f3(6,0,0, A1, Az, 2),
F(6, A, Ag) = f3(6, Ar, Ag)+

+ / P26, Av, A, 2)TI(dz),
R

V(o) =

)

1,2

VT (¢) is the wvector transpose to wvector ¥(¢),
w(t) = (wi(t),s = 1,2), wi(t),i = 1,2 are
independent one-dimensional Wiener processes.

2. If k < ki then in the averaging equation
(5) we must put fi = 0; if k < 2ky, then in
the averaging equation (5) we must put fo =0;
if k < 2ks then in the averaging equation (5) we
must put f3 =0.

Proof. Let us make a change of variable ¢t —
t/e¥ at the system (4) and obtain for the
process & (1) (NE(t), N3 (1), A (t), A5(2))
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(N1 (t/eF), No(t/eF), Ay (t/eF), As(t/eF)) the
system of stochastic differential equations

ANF() = |- ENF() +  NE(0)dt+

2n
+7(77 e dH(t )1

dN5(t) = <>dt+( a0,

dAi(t) = \111(0075/6 JdH(2),

dA5(t) =  Wa(wt/")dHL(t),

dH(t) = MFfI(4, (0)+

ek k2 fy (L k,&( ))duw. (t)+
feks / oS5 e0),2) 0t d),

where U;(¢),i = 1,2 are a components of vector
U(P), we(t) = ¥/ ?w(t/e¥), v.(t, A) = v(t/ek, A)—
II(A)t/e*, here A is a Borel set in R. For each ¢ > 0
the process we(t) is standard one-dimensional Wi-
ener process, and 7. (t, A) is the centered Poisson
measure independent on we(t).

We have N5(t) = exp{—nt/e¥}Cs(t/e*) and
process C5(t) = Ca(t/c¥), satisfy the stochastic
differential equations

ent/e”

10 =~

HE (t)7
where |C5(0)| < K.

So, from boundedness of functions f;,7 = 1,3
and condition II(R) < oo we have the estimate

E[N5(1)|? < K[e 21" 4 ek (1 — e=2mt/e") x
X(tEZ(kl_k)+€2k2_k+€2k3_k)].

0
For the process C.(t) = N§(t)en/s

Cy(t/e¥) + Co(t/e¥)t /e¥ | using the Tto formula, we
obtain the stochastic differential equation

t
/ ens/e N5(s)ds+
0

k
T I AHL(s),
then for the stochastic process N5 (t) we have

nt

e <k
ok

_nt tons
e £C1(0) + /es’“NQE(s)ds—i—
0
0t

2ne <k tons
G fy o )

Ni(t)

11
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From (6) we derive

~% 3
€ ns te =
fof f— /eZkNg(s)ds <K<€k
g 0 (3
k)2 . (7)
+— (1+t1/2> <1—e_?> ,
"

and also we have the estimate

nt
2ne <F b ons
(7724“"2)2/0 ek dH.(s)| <
) +

<K (5k1 (1 — e_?

+ <<€k2 =+ 5’“‘) (1 —e nf€>1/2> .

Because |C1(0)| < K, from (6), (7) and (8) we
have lim. .o E|N5(t)|?> = 0, lim._oE|N{(t)] = 0
and it is sufficient to study the behavior, as e — 0,
of solution to the system of stochastic differential
equations

A5 (t) = Wi(wt/c")d

with initial conditions Aj(0
A2(0), where

(8)

(t), i=1,2
A1(0), A5(0)

9)

dH_(t
) =
dH(t) = "~ kfl( LA (), A5(0)+
e k,As() A5(t))dw:(t)+
w2 [ (G AL, 43000, 207 a1, d2),
where
fi(t, A, Ag) = fi(t,0,0, Ay, Ag), j=1,2

f?)(tv A17 A27 Z) = f~3(t70707A17A27 Z)

Let us denote A.(t) = (Aj(t), A5(t)). Using condi-
tions on coefficients of equation (9) and properties
of stochastic integrals we obtain estimates

ElAL ()2 < K1 +126200 =) 4 y(c2hah | 2ok

22k
+ 62k3_k)].

(€1 (1), ¢G5 (2)),

EllA<(t) — A=(s)I]* < K[t

+ [t — s|(e2k2F

Similarly for the process (. (t) =

where
C(t) =
:/w (52) 72 (55 4505, 45(9)) duwe(s)+

ws

(55 45(), 45(5). =) 72(ds. =)

+5k3//\111
0 R

12
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1 = 1,2 we derive estimates

ElI¢:(0)]* < Kt(e*
E[I¢=(t) = ¢ (9)I” <

—k + 521€3,—Ic)7

K|t—8|(62k2_k 2k3—k)'

+e

Therefore for stochastic process ne(t)
(Ac(t),¢(t)) conditions of weak compactness [4]
are fulfilled

limlim sup P{[n:(t) —ne(s)| > 6} =0

hl0e=01_sj<n
for any 6 > 0, t,s € [0,T],

lim lim sup P{n-(t)| > N} =0,
N—o0e—0 te[0,T]

and for any sequence ¢, — 0,n = 1,2,... there
exists a subsequence &, = &,4,, — 0,m
1,2,..., probability space, stochastic processes
Ao, () = (A (1), A57(1), G (8), A(t)
(A1(t), Aa(t)), {(t) defined on this space, such that
A, (t) — A(t),(.,, (t) — ((t) in probability, as
em — 0, and finite-dimensional distributions of
A., (t),C.,, (t) are coincide with finite-dimensional
distributions of A, (t),(.,,(t). Since we interesti-
ng in limit behaviour of distributions, we can
consider processes A, (t), and (., (t) instead of
A., (t),¢.,, (t). From (9) we obtain equation

t

Aeo (£) = A(D) + / iey, (5, ey (5)) ds + Coon (1),
0

A(0) = (A1(0), A2(0)), (10)

where aq(t, A) = (aj(t, A1, A2), a5(t, A1, Aa)),

t
af(t, Ay, Ag) = MR, ( >f1 <;€,A1,A2>,

i = 1,2. It should be noted that process (.(t) is
the vector-valued square integrable martingale wi-
th matrix characteristic

( ﬁ(ﬂ(t) =

= fU s), A3(s))
+;Of]1{7§(5,A§(S)aA§
X’y?(S,Ai(S),AS(S),Z)

05 (s, Ai(s), A3(s)) ds+
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i,7 = 1,2, where

a; (s, Ai(s), A5(s))

= ek (S0) o (4, 4109, 45(9))

wSs
AT (s), 45(9), 7))

i=1,2.
For processes A.(t) and (.(t) following esti-
mates hold

El|A-(t) — Ac(s)|I* < K" M)t — o'+
HEllG ()¢9, (1)
Ellc=() = C()lI* < K[(e™=7+
+ €4k372k)‘t _ 8|2 + E4k373k/2‘t _ 8|3/2+
FetRg], (12)
EllA<(t) — A-(s)|° < K,
Ellc:(t)—C:(s)IIF < K. (13)
Since A, (t) — A(t),¢.,, (t) — ((t) in probability,

as £y, — 0, then, using (13), from (11) and (1
we obtain estimates

E|[A(t) — As)||* < K (|t — s/ + [t — s[),
EJIC(t) = Cs)II* < Ot — s,

Therefore processes A(t) and ((t) satisfy the

Kolmogorov’s continuity condition [5].
Let us consider the case k1 = 2ko

Under these condition we have for ¢,j = 1,2

2)

2ks.

t
1
/af(S,Al,A2)d3 = ai(Ar, A2),

lim
e—0

[e=]

o5 (s, A1, A2)o5(s, A1, Az)+ (14)

1
+;k/’Yf(S,AhAzaZ)’Y;(SaAhAQ,Z)H(dZ) ds
R

= B;j(A1, A),

13
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where functions a® (A, As) and B(Aj, Ay) =
{B;;(A1, A2), i,j = 1,2} are defined in the condi-
tion of theorem. Since processes A(t),((t) are
continuous, then from (Lemma 1 [6]) and relati-
onships (10), (14) it follows

A(t) = A(0) +
A(0) =

a(Ai(s), Az(s))ds + C(1),
(41(0), A2(0)),

o o

(15)
where ((t) is continuous vector-valued martingale
with matrix characteristic

o

Hence [7] there exists Wiener process w(t)
(w;(t),7 =1,2), such that

(c* Bi;(A

As(s))ds,i,j =1,2.

)= fota

(A, A2

(s)) dw(s),
_ {B Al,AQ)}l/Q.

(16)

Relationships (15), (16) mean that process A(t)
satisfies equation (5). Under conditions of theorem
the equation (5) has unique solution. Therefore
process A(t) does not depend on choosing of
sub-sequence €,, — 0, and finite-dimensional di-
stributions of process A, (t) converge to finite-
dimensional distributions of process A(t). Since
processes A, (t) and A(t) are Markov processes
then using the conditions for weak convergence of
Markov processes we finish the proof of statement
1 of theorem.

Let us consider the case & < k. Then
the corresponding terms in the coefficients

(z)(t A1, As), i = 1,2 of equation (10) tend to

zero, as € — 0.

In the case k& < 2ky in (14) we have
O’f(t,Al,Ag)Oﬁ(t,Al,Az) = 0(62’927’6)7 1,7 =1,2.
In the case k < 2k3 in (14) we have

= f% s, A1, Ag, 2)75 (s, A1, Az, 2)11(dz) =
— O( 2ks— )

Repeating with obvious modifications the proof of
statement 1) of theorem we obtain proof of the
statement 2). O
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s KomymamueHoi 36°A3KU 3 HYAEM Y MEPMIHAT 8ION0BIOH020 HACTMKOB020 NOPAJKY, SCMAHOE-
AEHO KpumMepit i3omopdrocmi deoxr sapianmis. 3a dONOMO2010 Ub020 KPUMEPO ONUCAHE 6APIAHMU
MHOHCUHU HAMYPAALHUL YUCEA 3 ONEPAULAMU MIHIMYM MG HATOIALWULT CNIAbHUT JIAbHUK J80T ene-
MEHMIB, OYAEAHY HECKIHYEHHOT MHONCUHU MG PEULITKY TNIONPOCTNOPIE 3ATYEHHOBUMIPHO20 BEKMOPHO20
npocmopy.

Karowosi crosa: nanieepyna, eapianm, KOMYymamueha 36 A3Ka.

We consider the semigroup with the new operation, which is replace a standard product of two
elements on product of three elements, where central one is some fixed element of the semigroup. The
semagroup with this operation is called the variant.

In this paper we study the variants of a commutative band with zero, we obtain an isomorphism
criteria for two variants of a semigroups of this type. Later we focus our attention on applying this
criteria to particular infinite semigroups. Using this criterion, we describe variants of the set of natural
numbers with the operations minimum and great common divisor of two natural numbers. We show
that all variants of the set natural numbers with usual order are non-isomorphic. The main criterion
1s also used to classify variants of the power set of an infinite set and the lattice of subspaces of an
countable-dimensional vector space.

Key Words: semigroup, variant, commutative band.

Communicated by Prof. Kyrychenko V. V.
1 Introduction

Let S be a semigroup with the operation denoted
by a dot (-). Frequently we will omit the dot, wri-
ting xy for x - y.

Let a be a fixed element of a semigroup S. For
arbitrary x,y € S operation *, defined on the set
Sbyz*,y=x-a-y. We will write

4oy =aay, (z,y€S).

This binary operation *, is associative. Then
(S,*q) is a semigroup, which is called a variant
of the semigroup S.

The study of variants was initiated in the
acclaimed Lyapin’s monograph |[1]. Although
Lyapin formulated this notion for transformation
semigroups.

Later on various authors have studied vari-
ants of other classes of semigroups. Variants of
semigroups of binary relation has been studied by
Chase in [2] and [3].

Results on variants of a regular semigroup
have been obtained by Hickey in [4] and [5], they

© 0O.0. Hecarepuxk, 2015
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have also been studied by Khan and Lawson|6].

Other classes of semigroup were studied by
Mazorchuk and Tsyaputa |7], and by Ganyushkin
and Mazorchuk [8], more references could be find
in [8],(Chaper 13).

In the present paper we consider variants of
commutative bands with zero. A commutative
band S is a lower semilattice with respect to the
partial order

a<b&ab=a.

Note that variants of semilattices were studi-
ed in [9], main result in the paper cover the fini-
te case of such semigroups. Also there are a few
conclusions in which classification of particular fi-
nite semilattices is given.

In this paper we consider variants of the class
of infinite semigroups which contain zero.

The main result of the paper is Theorem 1,
which gives a criterion for variants of commutati-
ve band with zero to be isomorphic.

We use this criterion to describe variants of
particular commutative bands with zero. Such as
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the set of natural numbers with the operations
min(n,m) and GCD(n,m), the power set of an
infinite set and the lattice of subspaces of an
infinite-dimensional countable vector space.

This criterion could be used to classify vari-
ants of any finite or infinite semigroup with zero.
But it should be noted that parameter w(z), the
weight of the element x, is sensitive to the type of
infinity.

For example, the Corollary 4 could not be di-
rectly applied to the infinite-dimensional vector
space. Because for a countable-dimensional vector
space the greatest value of w(x) is countable but
for an infinite-dimensional vector space it could
reach not only a countable but a continual value.
And the possibility of direct generalization to the
infinite-dimensional spaces is not obvious.

Let U € V and W C V be subspaces of
countable-dimensional vector space V.

The Proposition 1 is an isomorphism criteria
for two lattices of subspaces £(U) and L(W) of
subspaces U and W.

This proposition
statements which are
Corollary 4.

of the
to prove

1S one

used

major
the

2 Main theorem

Recall that a band is a semigroup S in which every
element is idempotent. Such a semigroup has a
natural partial order:

a <b if and only if ab= ba = a.

A commutative band S is a lower semilattice
with respect to the partial order on S. The greatest
lower bound a A b of two elements a and b with
respect to this partial order coincides with their
product ab. Vice versa, every lower semilattice S
is a commutative band with respect to A.

If there exists a zero element in a commutati-
ve band, it coincides with the least element of the
corresponding semilattice. For a finite commutati-
ve band S, the zero is a product of all elements
from S.

We define the interval Sj,p of a commutative
band as the set

Siap ={r € Slr-a=a, b-z =z}

Let a be a fixed element of a commutative
band S with zero. For every element x € S}y, we

2015, 4
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define the set
Qz) ={y € Sla-y =z},

and the weight w(z) of the element z by
w(x) = |(z)].

Theorem 1. Two variants (S,*,) and (S, *p) of
a commutative band S with zero are isomorphic
if and only if there exists an isomorphism from
S(0,a) to Sjop), which preserves the weights of all
elements.

Proof. Necessity. Let variants (S, %,) and (S, *p) of
the semigroup .S be isomorphic, and let

90:(57*0)_>(S7*b) and ¢3(Sa*b)—>(57*a)

be mutually inverse isomorphisms. Then for every
x,y € S the following equalities hold:

o(x-a-y) =) b-e(y),
Y@ -b-y) = () -a-P(y). (1)

If x = y = a, then we get from the first
equality p(a-a-a) = p(a)-b-p(a), which implies
o) = pl(a) - b

Similarly, if x = y = b, then from the second
equality in (1) we obtain ¢(b) = 1(b) - a.

Applying isomorphism ¢ to the both parts of
the equality ¥ (b) = ¥(b) - a, we get a chain of
equalities:

b=(b)) = () -a) = p((b)-a-a)
= (b)) - p(a) - p(a) =b- p(a) = p(a).

Using a similar argument, we can prove that
a = 9(b).

Further we will show that isomorphism ¢
maps every element from Sjg 4] to the element from
S(o,p)- Indeed, let z € S|y ). Then z = z-a. Applyi-
ng isomorphism ¢ to the both parts of this equali-
ty, we obtain a chain of equalities:

a

Since ¢(z) @(x) - b, then p(x) € Spoy-
Hence, ¢(S(0,q)) € S0,

In the same way we can prove that
Y(Sj0,5)) € So,q)- Therefore, p(Sjg4)) = Sjo,p) and
¥(Sp) = Sjo,e)- Then the restriction ¢ of the
isomorphism ¢ to S|y ) is an isomorphism between

(S[0,a]5 *a) and (S|gp), *p); the restriction ¢ of an
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isomorphism ¢ to Sjgp is an isomorphism between
(S[O,b]a *p) and (S[O,a]a *a)-
For @,y € S q),

THhgY =2 -G -Y=2T" Y.

Hence, the operations - and *, coincide on Sjg 4.
Analogously, the operations -
Sio,p- Hence, mappings ¢ and ¢ are mutually
inverse isomorphisms between S o and Sjg p-

It remains to prove that these isomorphisms
preserve weights of the elements. Let x € Sy ).
Then for any y € Q(z) the equality x = y - a
implies

and #; coincide on

o) =¢y-a)=p(y-a-a) =@y *,a) =
o(y) *p p(a) = p(y) - b-b=p(y) - b.

Hence, an isomorphism ¢ maps every set
Q(z), where = € S|y 4], to the set Q(p(z)), where
@(z) € Sy Since the inverse isomorphism 1)
maps Q(¢(x)) to Q(z), then these sets have the
same cardinality. Since ¢(x) = p(z), we get:

w(p(z)) = wlp(z)) = [Q(p(x))]

Sufficiency. Let @ be an isomorphism between
S(0,q) and Sjp, which preserves the weights of
elements. We will show that ¢ can be extended
to an isomorphism ¢ : (S,%,) — (9, %) between
corresponding variants.

From the definition of Q(z) it follows that
family of sets Q(x), x € S|4, forms a partition
of the semigroup S. The family of sets Q(@(x)),
@(z) € Spp is also a partition of S. Since
preserves weights of elements, then for every x €
[0,a] the sets Q(x) \ {z} and Q(p(z)) ~{@(x)}
have the same cardinality. For every element x €
[0, a] we introduce a bijection

()] = w(z).

@ 1 () N A{z}) = (@) ~ {B(2)})

and extend it to a bijection

Pz 2 Uz) — Qp(2)),
by setting ¢, = @(z). This family of bijections
$x, T € S|y, can be combined into one bijection

@0 (S, %q) — (S, *p),

where ¢(z) = @, (z) for z € Q(z) \ {z}.
To complete the proof, we have to show that
© is a homomorphism of semigroups. We choose
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arbitrary elements u,v € S and let u € Q(x),
v € Q(y). Since

UkgV=U G- V=U Q-0 -V =1T"Y,
then the element w %, v is in the interval [0, a].

Hence ¢(u*qv) = @(z-y) = @(z) - ¢(y). On the
other hand, for the elements u and v we have

p(u) x p(v) = p(u) - b-p(v) =
=@(u)-b-b-p(v) = @(z) - o(y)
Hence, ¢(u %, v) = p(u) % ¢(v), and ¢ is a
homomorphism. O
3 Variants of particular commutative

bands with zero

3.1 Natural numbers with usual order

Consider the natural numbers N with the usual
order and with the operation min(n,m).

Corollary 1. All variants of the set N with usual
order are mon-isomorphic.

Proof. If m and n are different elements from N,
then intervals [1,m] and [1, n] have different cardi-
nalities. This is why they are non-isomorphic. It
follows from Theorem 1, that variants (N, *,,) and
(N, *,,) are non-isomorphic too. O

3.2 Natural numbers with the divisibi-
lity relation

Denote by (N,|) the set of natural numbers
ordered by the divisibility relation.

On (N, |) we define the corresponding operati-
on GCD(n,m) — greatest common divisor of two
numbers n and m.

For n € N, let n plf1p§2 ~-phm Dbe its
canonical decomposition. We assign the multi-set
pow(n) = {ki,ka,...,kn} of positive exponents
ton e N.

Corollary 2. Variants (N, |),*,) and ((N,]), %)
are isomorphic if and only if the multi-sets pow(n)
and pow(t) coincide.

Proof. Since in the set (N,|) the greatest lower
bound a A b of a and b is the greatest common di-
visor, then for every element x from the interval
[1,n] the set Q(x) is countable. Hence, the weight
of every element from the interval [1,n] is equal to
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Ro. Therefore, it follows from Theorem 1 that vari-
ants ((N,]),*,) and ((N,|),*;) are isomorphic if
and only if intervals [1,n] and [1, ¢] are isomorphic.

Denote by (N,]|) a chain of length k, that is,
the set of integers {0,1,2,...,k} with the usual
order. If n = plflpé€2 .- pkm then the interval N1
is isomorphic to the Cartesian product of chains
Ly,,ie€{l,...,m} that is

N[l,n} ~ Lkl X Lk2 X oo X Lkm-
Two products

Ly, X Lyy x-+--x Ly, and Lg X Lg, X -+ X Ly,
are isomorphic if and only if the multi-sets
{ki,ko,... ,kn} and {q1,q2,...,qr} coincide.
Hence, the variants ((N, |), *,) and ((N,]), %)
are isomorphic if and only if the multi-sets pow(n)

and pow(t) coincide. O

3.3 The power set of an infinite set

Let (B(M), C) be a power set of an infinite set M,
that is, (B(M), C) is the set of all subsets of M,
ordered by inclusion.

Corollary 3. Let A and B be subsets of the
set M. Variants (B(M),x4) and (B(M),*p) are
isomorphic if and only if one of the following two
conditions holds:

(1) the sets A and B have the same cardinali-
ty, which is less than cardinality of M ;

(2) the cardinalities of both A and B are equal
to that of M, and their complements M ~ A and
M ~ B are equipotent.

Proof. For every set A € B(M), the interval (&, A
is isomorphic to the power set B(A).

It follows from the generalized continuum
hypothesis that the intervals [@, A] and [@, B] are
isomorphic if and only if sets A and B have the
same cardinality.

According to Theorem 1, in order to prove
that variants (B(M),x4) and (B(M),*p) are
isomorphic, we need to show that the sets A and
B have the same cardinality.

Consider arbitrary element X € [@,A].
Element Y of the power set B(M) belongs to the
set (X) if and only if ANY = X. Equivalently,
Y has the form Y = X U Z, where Z is a subset of
M ~ A. Hence, the set (X) has the same cardi-
nality as the power set of M \ A.
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Thus, all elements of the interval X € [@, A]
have the same weight equal to 217 >4l

Now let sets A and B have the same cardi-
nality. Then the intervals [, A] and [&, B] are
isomorphic. The elements of every interval have
the same weight.

Therefore, in order to prove the existence of a
weight-preserving isomorphism, it is necessary and
sufficient to show that elements of every interval
have the same weight. Since the set M is infinite,
then we have |M \ A| = |M| whenever |A| < |M]|.

Hence, if condition (1) holds, then elements
of every interval [&, A] and [@, B] have the same
weight 21MI.

Thus, by Theorem 1, variants (B(M), *4) and
(B(M),*p) are isomorphic. If both A and B are
equipotent to M, then the equality of weights
2IMNA[ — 9l MB ig equivalent to

|M ~ Al = |M \ Bj,

and in this case condition (2) holds. O

3.4 The Ilattice of subspaces of a
countable-dimensional vector space

Let V' be a countable-dimensional space over a
finite field. Let L(V) denote the lattice of
subspaces of the space V, ordered by inclusion.
Let U C V and W C V be subspaces of V. Note
that every subspace of the space V has finite or
countable dimension.

Proposition 1. The lattices of subspaces L(U)
and L(W) are isomorphic if and only if the di-
mensions of subspaces U and W are equal.

Proof. Sufficiency is obvious. Let lattices of
subspaces L(U) and L£(W) be isomorphic. From
the Hausdorff maximality theorem it follows that
every lattice has a maximal chain. If ¢ is an
isomorphism of lattices £(U) and L£(W), then it
maps a maximal chain of £(U) to that of L(WV).
Consider a maximal chain of subspaces of subspace
U; it has the form

OcUycUsc...CcU.

The dimensions of subspaces Uy, Uz, Us... are
exactly 1,2,3,..., hence the number of elements
in the maximal chain is equal to dim(U). If
dim(U) < oo, then the maximal chain is finite and
its cardinality is equal to dim(U) + 1.
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On the other hand, the cardinality of maximal
chain is infinite if and only if the subspace U has
infinite dimension.

Then ¢(0) C ¥(Uy) C ... C ¢(U) is the maxi-
mal chain of the lattice L(W).

If the subspace U is a countable-dimensional
space, then the maximal chain of its subspaces is
infinite and dim(U) = dim(W) = oc.

If U is finite-dimensional, then the
corresponding maximal chain is finite and has
cardinality dim(U) + 1.

Since the corresponding maximal chains of
L(U) and L(W) are of the same cardinality, then
dim(U) + 1 = dim(W) + 1. Hence the equality
dim(U) = dim(W) holds. O

Corollary 4. Let U and W be subspaces of
the wvector space V. Variants (L(V),*y) and
(L(V),*w) are isomorphic if and only if one of
the following two conditions holds:

(1) the subspaces U and W have the same di-
mension less than that of V;

(2) the dimensions of both U and W are equal
to that of V', and their co-dimensions codim(V/U)
and codim(V/W) are equal.

Proof. For every subspace U, the interval [{0}, U]
is isomorphic to the lattice of its subspaces L(U).
The weight of an element X € £(U) is equal to the
cardinality of Q(X)={Y e L(V)[UNY = X}.
For each subspace X € [{0},U] there exists a
subspace U’ € [{0},U] such that U'NU = X
(possibly U' = X). Also there exists a subspace
X € [{0},U] such that U = X & X.

Since U'NU =X & U ®X)NU =U, a
bijection from Q(U) to (X) exists. Thus, these
sets have the same cardinality. The sets Q(U) and
L(V/U) have the same cardinality.

Hence

QX)] = QU)| = [£(V/U)],
and all elements from [{0}, U] have the same wei-
ght [£(V/U).

Since lattices of subspaces L(U) and L(WW)
are isomorphic if and only if dim(U) = dim(W)
that provided by Proposition 1, then by Theorem 1
the variants (L(V),*y) and (L(V),xy) are
isomorphic if and only if subspaces U and W have
the same dimensions.

Hence, if condition (1) holds, then co-
dimensions of subspaces U and W are equal to
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the dimension of space V:

codim(V') = codim(U) = dim(V/U) =
= dim(V/W) = dim(V).

In this case lattices of subspaces L(U) and L(W)
are isomorphic. Then all elements of this lattices
have the same weight, which is equal to the cardi-
nality of lattices £(V/U) and L(V/W).

By Theorem 1 variants (L(V),x*y)
(L(V),*w) are isomorphic.

Let dim(U) = dim(W) = dim(V'), then the
lattices L(U) and L(W) are isomorphic. The vari-
ants (L(V),*y) and (L(V),*y ) are isomorphic if
and only if this isomorphism is weight-preserving.
Since every element from the interval [{0}, U] has
the weight |£(V/U)| and every element from the
interval [{0}, W] has the weight |L£(V/W)]|, then
isomorphism of intervals is weight-preserving if
and only if codim(U) = codim (W), that is condi-
tion (2) holds. O

and

4 Conclusions

Variants of commutative bands with zero are
studied in the paper.

An isomorphism criterion for variants of a
lower semilattice with zero is proved. It could be
applied to both finite and infinite bands with zero.

This criterion is used to classify variants of
particular commutative bands up to isomorphism.
We obtained classification for variants of the set
of natural numbers with the operations min(n,m)
and GCD(n, m). The main criterion also is used to
describe variants of the power set of an infinite set.

In the final section an isomorphism criteria for
two lattices of subspaces is proved.

Later this proposition and main criterion is
used to classify variants of the lattice of subspaces
of an infinite-dimensional countable vector space.
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Deformations of vector fields on non-orientable surfaces are investigated using notions of atoms
and molecules of function by Fomenko. In general position vector field is a Morse-Smale field. But in
one-parametrized family of vector fields this condition for vector field can false. Handle decomposition
of surface can be constructed using neighborhoods of stable manifolds of singular points. The atom of
function, which is the neighborhood of critical level, can be described using handle attaching. Deformati-
on of vector fields correspond transition of correspondent atoms. We describe all possible transitions
for non-oriented atoms of complexity does not exceed 3 by means of operations of the slide and the
reduction of the handles. We made a table of all adjacent graphs and proved that two fields can be
connected by path if there exists a correspondent sequence of related graphs connecting corresponding
atoms. When there several transition from one atom to another, we fix one of them using equipment.
If two families correspond to the identical equipped sequences, then they are topologically equivalent.

Key words: Atoms and molecules of Morse functions, f-graph, deformation of vector field, topologi-
cal classification.

CrarTio ipejictaBuB 1. ¢.-M. H. npod. Kupuuenko B.B.

Introduction. Bifurcation theory of dynamical
systems is a theory that studies the changes of the
qualitative picture of the partition of the phase
space, depending on the variation of the parameter
(or several parameters).

Bifurcation is obtaining a new quality in the
movements of a dynamic system at a small change
in its parameters. The central concept of bi-
furcation theory is the concept of stable system.
They take any dynamic system and consider a
manyparametric family of dynamical systems that
the original system is obtained as a special case -
at any one value of the parameter(s). If the value
of the parameters that are sufficiently close to this,
there remains a qualitative picture of the partiti-
on of the phase space in the path, then the system

© I. M. Ivanyuk , A. O. Prishlyak, 2015

is called rough. Otherwise, if a neighborhood does
not exist, the system is called unstable.

theory the
parameter changes, and we consider major opti-
on changes when passing several bifurcations. In
bifurcation theory invariants are applied, and we
will use atoms and molecules introduced into the
[1] for Morse functions. In the two-dimensional
case Morse-Smale systems are structurally stable.

Bifurcation considers small

We consider how the atom is given in the form
f -graph. The idea of atoms and molecules is appli-
ed to trajectory classification Morse-Smale flows
on closed two-dimensional surfaces. Various appli-
cations of atoms and molecules are in the works
[3], [1], [4] developed this approach; bifurcations
theory considered in |7].
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The main purpose of the research is to explore
the topological properties of the family of Morse-
Smale vector fields using atoms and molecules;
to describe all possible transitions for atoms,
the complexity of which is not greater than 3.
We proved for orientable graphs in [2], and now
explore non-orientable case.

Atoms and f-graphs

Definition 1. An atom is is a neighborhood P? of
a critical fiber (which is defined by the inequality
¢ —e€ < f < c+ e for sufficiently small €), foliated
into level lines of f and considered up to the fi-
ber equivalence. An f-atom is a atom with fixed
direction of the function arising.

Definition 2. A finite connected graph I is said to
be an f-graph if the following conditions hold:

1) All vertices have degree 3.

2) Some of the edges of graph I' are oriented,
and each vertex is adjacent to two oriented edges,
one of which enters this vertex and other goes out
of it. A vertex can be the beginning and the end
of the same oriented edge if this edge is a loop.

3) Each non-oriented edge of graph T is
endowed with a number £1.

Definition 3. We call two f-graphs equivalent if
one of them can be obtained from the other by a
sequence of the following operations. It is allowed
to change orientation on all the edges of a certain
cycle and at the same time, to change all marks
on the non-oriented edges incident to this cycle. If
both of a non-oriented edges belong to the same
cycle, then the mark is not changed. The equi-
valence classes of f-graphs are called f-invariants.

There  exists a  natural  one-to-one
correspondence between f-invariants and f-
atoms.

We show how the idea of atoms and molecules
can be applied to the problem of orbital classi-
fication of Morse-Smale flows on closed two-
dimensional surfaces.

Vector fields v1 and v given on closed surfaces
M; and My are called topologically orbitally equi-
valent if there exists a homeomorphism h : M7 —
M> that sends the trajectories of the vector field
v1 to those of vy while preserving their natural
orientation.

Definition 4. Vector field v on a manifold M is
called structurally stable if the topological behavi-
or of its trajectories is not changed under small
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perturbations; i.e., after any sufficiently small
perturbation v — v the field ¥ remains orbitally
topologically equivalent to v.

Structurally stable vector fields on two-
dimensional surfaces are exactly Morse-Smale fi-
elds. In the case of two-dimensional surfaces, they
can be defined as following way.

A vector field v on a closed two-dimensional
surface M? is called a Morse-Smale field if:

1) v has a finite number of singular points and
closed trajectories, and all of them are hyperbolic;

2) there are no trajectories going from a saddle
to a saddle;

3) for each trajectory of v, its a-limit w-
limit sets are either a singular point or a closed
trajectory, a limit cycle.

We describe the classification of Morse-Smale
flows with no closed trajectories. Such flows are
called Morse flows.

Morse flows have another natural descripti-
on. They are exactly gradient-like flows without
separatrices going from one saddle to another.
A flow is called gradient-like if it is topologi-
cally orbitally equivalent to the flow gradf for
some Morse function f and Riemannian metric g;;
on the manifold M. Each Morse flow on a two-
dimensional surface M? can be associated with
some f-graph or f-atom, in such a way that the
correspondence between f-atoms and topological
orbital equivalence classes of Morse flows will be
bijective. Let us describe this construction expli-
citly.

The singular points of a Morse flow can be di-
vided into three types: sources, links, and saddles.
Besides, the flow has separatrices that connect
sources and sinks with saddles. Each saddle has
two incomming and two outgoing separatrices.

Consider a small circle around each source
which is transversal to the flow. Choose some ori-
entation on it and mark the points of intersecti-
on with the separatrices Consider a graph whose
vertices are the marked points and whose edges
are of two types. The edges of the first type are
the arcs of the circles around sources, the edges of
the second type are the curves consisting of two
separatricos connecting the pair of vertices. As a
result, each vertex is incident to three edges, two
of which (edges of the first type) are oriented, but
the third (an edge of the second type) is not. This
sets the atom of Morse-Smale field.
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Atoms of Morse-Smale fields 1
We consider only the gradient-like Morse- 2
Smale fields, field without closed trajectories. 3
Let M be a closed two-dimensional surface wi- 4
th a Riemannian metric on it. 5
Let M be a closed two-dimensional surface wi- 6
th a Riemannian metric on it. Consider a Morse 7
function f : M — R all of whose critical points are 8
located on the same level f~1(c), and consider its 9
gradient flow with respect to the given Riemanni- 10
an metric. The mapping f — gradf establishes a 11
natural one-to- one correspondence between fiber 12
equivalence classes of such functions and orbital 13
topological equivalence classes of Morse flows on 14
M. 15
. 16
This one-to-one correspondence does not
. : . . 17
depend on the choice of a Riemannian metric on 18
M [5]. 19
Class T; of vector field represents all vector 20
fields which have no more than ”¢” saddle points. 21
Two families X and Y; topologically equivalent | 99
if there is a homeomorphism £ : [0,1] — [0,1] and | 93
there is a set of homeomorphisms ¢ : M — M, | 94
t € [0,1], such that they are topological equi- | 9
valences between the vector fields X; and vector 2%
fields Yh(t)' 27
Let M be n-dimensional manifold with | 9g
boundary M. 29
n-dimensional disk H is called handle of | 30
index X (or X -handle) if there is a homeomorphi- | 31
sm ¢ : D x D" — H such that p(0D* x | 32
DM =HNM C oM. 33
Definition. Handle decomposition of a closed | 34
manifold M is called the decomposition M = | 35
HyUH1{J...UH,, where Hy — n -dimensional di- | 36
sk and H; — handle attached to M;_1 = Uj<i H;. 37
While working with handles we will use the | 38
operations of handles slide and reduction [6]. 39
There is one atom of complexity 1, 4 atoms | 40
of complexity 2, which correspond 6 f-graphs and 41
25 atoms of complexity 3, which correspond to 43 | 42
f-graphs. They are depicted in Fig.1-3 43
44
45
Deformation of vector fields We say that two | 46
atoms are adjacent if one can be obtained from the | 47
other using handles reduction and sliding operati- | 48
ons. 49
50

Theorem 1. All possible pairs of adjacent atoms
of complexity 1-3 are given in the table.

23

G31
G'32
G
Gao
Gs51
Ge1
G2
Gn
G2
Hyy
Ho,
Has
H3;
Hy
Hyo

D11, D12
Dy1, Eog, F11, Foy
Es1, Eyo, Fso
E3y, Es51, Fo)

Bi1, Ch1, Eao, Fi1, Fo1, F51, H3p, Hy
B, H31,Ga2, G2, Ge2, G2
Ga2,Gat, Fo1, Fiun
Ehvo, Eoo, F11, Foy
Enry, oy, Fi1, Foy
Era, P11
Evy, Py
Cio, Ea, F31, Fin
Eyo, F32, Fy2
Es1, Es1, Fy
Ch2, E32, E51, Fyo, Fry
Co1, Eq1, E51, F31
Ey2, Eg1, F32
Es2, Eg2, Fe1
Es1, Fo2, Fr1
F5
F51
Evy, Erg, Ea1, Eg, Gr1, Hin
Eqy, Eqo
Co1, E31, Es1, Es1, Gat, Hap
Co1, E32, B2, Goo, Hao
Doy, E31, Eg1,Ga1,G31, Ho
Es3o, Eyo, Eg1, G2, G32, Hao
C11, D11, E72, Ge1, Gr1, Hyn
Ci2, E71, Ge1, G, Hao
Ch2, Es2, Eg1, Gat, Gs1, H31
Ch1, D12, Eg2, Gz, Gs51, H31
D13, Eg2, Eg2, Ga1, G142, H31
Fny
Doy, F11, F31, Fy1, Ho
Doy, F31, Fy1, Hoo
Fyu
Fyo
D12, Fe1, Fr
D1y, Feo, Fra
D11, D12, Fe1, Foz, H31
D1y, F51, Hyy
D12, F52, Hyo
D1y, F51, Hyy
D12, F52, Hyo
Fn
Doy, F31, Fa1, G2y
Doy, F3a, Fu2, Ga2
D11, D12, Fe1, Feo, 1, Gsi
Dy1, F51,Ge1,Gr1
D12, F52,Ge2, Gro

Proof. We obtain Bi; from Dy by glueing up
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B
Fig. 1: non-orientable f-graph of complexity 1
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a handle with a disk. Similarly glueing up a handle
with a disk we obtain

D1y from Ger, Gr1, Haa;

D12 from H31, G51;

C11 from F3q,

C1o from Fyq.

We obtain Bj; from Dis by applying a
property of handles reduction. From Cy; to Do
one can get by sliding the handle. We obtain Do
from Gg9; by glueing up a oriented handle with a
disk. From G435 to D11 we can get by reducing the
handle. Using the property of reducing handles we
obtain

011 from F62,

D5y from Gog,

D12 from GGQ,

D15 from Gro,

Dgl from HQQ,

DH from ];Igg7

D12 from H42.

Slide handles there is a transition from Cq
to D11, F11 to Eia, Fos, Fi1 and Fby. Similarly
sliding the handle we obtain

Ga1, F31, Fy from Hoy;

Ey1, Ero from Foy;

D12, F52, H42 from G72.

Thus, carrying out similar reasoning with the
rest of the f-graphs, we will receive all pairs of
adjacent elements.

Theorem 2. If two families are topologically equi-
valent in the class of T;, then they set the same
sequence of adjacent graphs.

Proof. Each t corresponds to the graph, except
for a finite number of ¢;, in which there is a change
from one element to another, ¢; corresponds to
the edges connecting these graphs. Then since
Yy 1s topologically equivalent to Xi, the same
f-graphs correspond to them in case when ¢ = t.
Consequently, the corresponding sequences have
the same row and adjacent edges, i.e. they coinsi-
de.

Conducting considerations in reverse order,
we get the following theorem:
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Theorem 3. Two fields of class T; can be
connected by path (family of vector fields) in the
class of T; if there exists a sequence of related
graphs connecting corresponding atoms.

Let the number of movements from one atom
to another be n. Let’s number possible movement
from one atom to the other by integers. These
numbers will be called equipment. The sequence
of adjacent graphs, each pair of which is specified
by equipment, we will call equipped.

Theorem 4. If two families correspond to identi-
cal equipped sequences, then they are topologically
equivalent.

Proof. We can depict the "n"multiple adjacent
graphs, then each feature sequence will correspond
to one family of vector fields. In case of the
vector field deformation, the following situations
are possible: 1) topological type of a vector fi-
eld does not change, then this family is given
by Fomenko atom; 2) the bifurcation happens,
so the topological type changes. In this case, the
deformation is given by a pair of atoms. Then
depict all such possible bifurcations. If several
bifurcations occur consistently, then they set a
sequence of adjacent atoms.

Conclusions

The topological properties of family of vector
fields were investigated. All the possible transiti-
ons for non-orientable atoms , complexity of which
is not greater than 3, was described.

The received results can be used while studyi-
ng contact structures on 3 -dimensional manifolds,
namely, when Morse function is given on manifold.
If there are no critical levels between two regular
levels of this function, then there is a family of
vector fields on the surface, which are Morse-Smale
fields in general.

In addition, the results will be of interest in
the study of deformation of Morse functions that
are undergoing similar processes of reducing criti-
cal points, but which differ from the flows so that
the addition of handles replaced by changing the
order of the critical points.



Bicnux Kuiscvkozo nayionanrvro2o yrisepcumemy
iment Tapaca Ilesuwernra
Cepia: Pizuro-mamemamusri HAYKY

Crnucok BUKOPHUCTAaHHUX [2KepeJl

. Boacunos A.B. nrerpupyemble raMUIbTOHO-
BbIE CHCTEMBI. |'€OMeTpHsi, TOIOJIOTHsI, KJIac-
cudukanusi/ A.B. Boscunos, A.E. ®omenko
// ¥amyprekuit ya-t. — 1999. —1. — 444c.

Hpuwaax O.0. Tomonorist ciM’i BEKTOPHUX
nosis va nmoepxui/ O.0. [punursk, I.M. Isa-
uiok// Proc. Intern. Geom. Center. — 2013. —
6. — N4, — p.44-51.

Boacurnos A.B. Tonosorndeckass Kiaccudu-
Kalligd HWHTErpupyeMbIX TaMUJIBTOHOBBIX CHU-
CTeM C JIByMsl CTemeHsIMu CBOOOALI. Crumcok
cucrem majioit cioxkuocru / A.B. Boscunos,
C.B.Martsees, A.T.®omenko// YMH, — 1990.
—45. — Ne2. — ¢.49-77.

Owemxros A.A O rnaccupukanuu MOTOKOB
Mopca—Cweiina Ha JIByMEPHBIX MHOI000pa3u-
sax / A.A. Omewmxos, B.B. [Ilapko // Marewm.
c6. — 1998. — 189. — Ne8. - ¢.93-140.

Meyer K. R. Energy functions for Morse-
Smale systems/ K.R. Meyer // Amer/ J/
Math.. — 1968. — 90. — Ne4. - pp.1031-1040.

Kysaxonv B.M T'manki muorosuau. ['eomeTpu-
vl Ta Tonosoriyni acnektu / B.M. Kysakomns,
B.®. Kupuuenko, O.0. Mpunusk // K.: IIp.
Ia-ty mar. HAHY. — 2013. — 97. — 500c.

Aproavd B.H  Teopuss Oudypkanmit /
B.I1. Apuossy // @usmariur, - 1980. - 218p.

Baacenxo H.FO). Tononormueckue MeTONLI B
U3yYeHUN TPYII Ipeodpa3oBaHuii MHOTOOOpa-
suit / W.FO. Buacenko, C.J. Maxkcumenko,
E.A. Honynax // K.: Tp. Uu-ta mar. HAHY.
— 2006. — 61. — 338c.

2015, 4

26

Bulletin of Taras Shevchenko
National University of Kyiv
Series: Physics & Mathematics

References

1. BOLSINOV A.V. and FOMENKO A.T.(1999)
Integrable  Hamiltonian  systems.  Geometry,
Topology and  Classification, Publ. Houses
Udmurtia University, v.1.

2. PRISHLYAK 0O.0., IVANYUK ILM. (2013)
"Topology of set of vector fields on surface Proc.
Intern. Geom. Center, vol.6, Ned, p.44-51.

3. BOLSINOV A V.MATVEEV S.V. and
FOMENKO A.T. (1990) "Topological classificati-
on of integrable Hamiltonian systems with two
degrees freedom. List of systems of small complexi-
ty UMN, v.45, Ne2. p.49-77.

4. OSHEMKOV A.A. and SHARKO V.V. (1998)
"Classification of Morse-Smale flows on two-
dimensional manifolds Math., v. 189, N8, p.93-
140.

5. MEYER K.R. (1968) "Energy functions for
Morse-Smale systems Math., v.90, N4, pp. 1031-
1040.

6. KUZAKON V.M, KIRICHENKO V.F. and
PRISHLYAK O.0 (2013) Smooth manifolds.
Geometric and topological aspects, proceedings of
Institute of mathematics vol.97, K.

7. ARNOLD V.. (1980)
Physmathlit.

8. VLASENKO I.U., MAKSIMENKO S.I. and
POLULYAH E.A. (2006) Topological methods in
the study of transformation groups of manifolds,
Proceedings of Institute of Mathematics, v.61, Ki-
ev: Institute of Mathematics NAS of Ukraine.

Bifurcation theory,

Hanifinia 1o penkosterii 21.11.2014



JNPEPEHIIIAJIbHI
PIBHAHHA,
MATEMATHUYHA ®I13UKA
TA MEXAHIKA






Bicnux Kuigcbkoeo nayionanshoeo ynigepcumeny 2015, 4 Bulletin of Taras Shevchenko

imeni Tapaca Llesuenka National University of Kyiv

Cepis ghizuxo-mamemamuuni HayKu Series Physics & Mathematics

V]K 532.59

Topoaeupka H.C., n.¢.-m.H., pod. N.S. Gorodetskaya, Doc. Sci. (Phys.-Math.), Prof.

lep6ak T.M., acucteHT Shcherbak T.M., assistant

Hikimos B.1., un.-xkop. HAHY,. n.¢.-m.H., ipod. V.1. Nikishov, Cor. Member of NASU, Doc. Sci.
(Phys.-Math.), Prof.

Po3ciloBaHHsI moBepXHEeBUX rpaBiTaniifHuX Scattering off surface gravity waves by
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Y pobomi pozeunymo memoo noninuenoi pedykyii 0iis po3paxyHKy po3cito8aHHs NOBEPXHEGUX
2pasimayiiHux Xeuib ni08OOHOI0 NPSMOKYMHOIO REPEUK0O0I0 (6apom) Ha OCHOBI NPEeOCMABICHHSL PO36 SI3KY
PAO0OM No 61aCHUM PyHKYIaM. Bpaxosano icnyeanns cmenenesoi 0cobausocmi po3nooiny umeuoKocmi 6
OKOJIL 20CMPUX KPOMOK Repeuikoou, o 00360410 OMPUMAMY ACUMIMOMUYHI GUPA3U 0151 HEGIOOMUX
Koegiyicnmie posxaadants. B pesyromami 6Hecox MO0 8UCOKUX NOPSAOKIB 8DAXOBYEMbCSA ACUMATNOMUYHO.
Iepesipano mounicms UKOHAHHS YMO6 cnpsadicenis. [lokasano, uwo 3acmocy8ants Memooy npusooums 0o
CHPOWEHHS YUCETbHUX PO3PAXYHKIG [ 3MEHUIeHHs 001aCi, 8 AKIU YMOBU CAPANCEHHS BUKOHYIOMbCA i3
He3a008i1bHoI0 mounicmio. [ocnioxHceHo eniue sMiHu eIUOUHU KAHATY 30 NEPeUK000i0 mMa 008XHCUHU
nepeuKoou Ha 3aedCHiCmb Koepiyicnmie si00Ummis ma npoxooXNCeHHs 610 X6ULbOBO20 YUCIA NAOAIOHOT
xeuni. [lokasano, wo HecumMempisi po3mauLy8aHHs nepeuKoou npu3gooums 00 mozo, wo Koegiyicnm
8I0OUMmMSL, AKUL MAE OCYUTIOIOYUL XapaKkmep, He OOPIGHIOE HYII0 HA BIOMIHY 8I0 CUMEMPUUHO20 UNAOKY.

Kurouosi cnosa: nosepxmnesi xeuni, po3citosansi, 1aACHi QyHKYIL.

The method of improved reduction to calculate the scattering of surface gravity waves by submerged
rectangular obstacle (bar) is developed on the basis of eigenfunction expansion of the solution. It is taken
into account the presence of power-like singularity in velocity distribution in neighborhood of sharp edges of
obstacle. This enables the asymptotic expressions for unknown coefficients of expansion to be found. .
Consequently, the contribution of high order modes is allowed for asymptotically. The accuracy of the
fulfillment of conjugation conditions has been verified. It is demonstrated that the using of the method results
in simplification of numerical calculations and reduction of region in which the conjugation conditions are
fulfilled with unsatisfactory accuracy. The influence of the change of depth behind the obstacle and its length
on the reflection and transmitting coefficients depending the wave number of incident wave has been studied.
1t is shown that unsymmetry of obstacle arrangement causes the reflection coefficient, whose character is
oscillating, differentiates from zero in compared with symmetrical case.

Key Words: surface gravity waves, scattering, eigenfunctions.

CrartTio nipeacTaBuB mpodecop, a.¢.-M.H. XKyk 5.0.

AnHanizyouu poOOTH, IPUCBSIUYCHI TPodIeMi 3ayBa)KUMO, 1110, JOBUILHUI MPOdiaL JOHHOT
3aXUCTy OeperoBoi 30HH BijJ pyHHYBaHHS MTOBEPXHI MOXKE OYTH MPEACTaBICHUIN B
MOBEPXHEBHMH XBUJISIMU 32 JIOIOMOTOI0 3aHYPEHUX ~ CTYITIHYACTOMY BHIJIS[I, CaMe TOMY OCOOJIIMBOCTI
Y PiIIMHY IITYYHUX KOHCTPYKILiH, CITiJ] BUIUTUTH MOIIUPEHHS TOBEPXHEBUX XBUJIb HAJl TAKUM

KJIac 3ajJiay, B IKHX BOJIOWMA CXeMaTHYHO po3JijieHa  mpodijieM MOXYTh OyTH BUBYCHI NIISIXOM
Ha OKpeMi 00JacTi, 0 MalOTh BEPTUKAIBHI TPAHUIN, PO3B’sI3aHHS 33Ja4i Mpo TpaHc(HopMaIlito XBHITb
a TIMOWHA B KOXKHIN 3 00JIacTeil He 3MIHIOEThCA. MEBHOIO CYKYITHICTIO CTYIIHYACTUX CTPYKTYP.
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OnHuM 3 epeKTUBHUX MIAXOIB A0 3a7a4
PO3CiIOBaHHS MOBEPXHEBUX XBUIIb Ha MEPEIIKOIaX
MIPH HAasIBHOCTI BEPTHKAIBLHUX TPAHUID € TTOJIAHHS
PO3B’SI3KY JUIsl MMOTEHIIIATy IIBUAKOCTI B KOXKHIH 3
obJyiacTell y BUTIIAIL PSAY 11O CHCTEMI BJIACHUX
(GyHKIIIH, a TOTIM BUKOHAHHIO YMOB CIIPSDKEHHS ITUX
PO3B’sI3KIB Ha BEPTHKAILHUX IPAHUIISX.
BukopucToByI0YH YMOBY OPTOTOHAJIBHOCTI BIACHUX
(GYHKIIIH, 3a1a49a 3BOJUTHCS IO HECKIHUEHHOT
cucTeMH anredpaiyHuX piBHSIHB, 0 IKOT
3aCTOCOBYEThHCS oreparlist penykiiii. JlaHa cucrema
MOJKe OyTH pO3B’si3aHa METOIOM HalMEHIIINX
KBaJpaTiB [1], sIKMi € 10 CyTi IHTErpaTbHIM
METOJIOM, a00 MUIIXOM 0€3IMOCepeTHBOr0
PO3B’si3aHHS 3a3HAYCHOI CUCTEMH PIBHIHD
4rceNbHUM MeTosioM [2, 3]. B pesynbrati Oynu
3HalIeH] 3aJIeKHOCTI KOeilieHTIB MPOXOKEHHS Ta
BIAOUTTS Bl XBHJILOBOI'O YHCJIA MAJAK0Y0] XBHUIIL.

XapakTepHOI OCOOIMBICTIO KOHCTPYKITiH
XBHJICIIOMIB, 1110 PO3TIISIAETHCS, € HASIBHICTD
roCTpuX KpoMoK. Lle mpu3BoauTh 10 MOSIBH

CTENEHEeBOT CHHTYIISIPHOCTI Y BUpa3ax Juist

. -1 .
mBuakocti motoky [4] (ocr™''?, ne r - pamiansHa

KOOPJMHATA TIOJIIPHOI CUCTEMH KOOPJIUHAT 3
HEHTPOM Y BEPILINHI FOCTPOI IpaHi), o 00yMOBIIIOE
HEOOX1THICTh CYTTEBOIO 301IBIIICHHS YUCIIA PIBHSHbD,
TOOTO BpaxyBaHHS MOJ] BUCOKOT'O ITOPSIAKY.
3okpema, B po0OTI [5] mokazaHo, 110 JJis OTPUMAaHHS
TOYHOCTI JIO IPYTOro 3HaKy Tpeba po3riisiaaTH 10

N =400 Mon y 3aayi npo MOMIMPEHHS XBHJIb HaJl
TOHKHUM Oap’epoM. Y poboTi [6] 3amady Oyiio
3BEIICHO JI0 IHTErpaJibHOTO PIBHSAHHS BITHOCHO
TFOPU30HTAIBHOT KOMIIOHEHTH IIBUAKOCTI, SKE
PO3B’S3yBANIOCH IIUISTXOM BUKOPUCTAHHS PO3KIATY
no ["anepkiy, Mpu bOMY B SIKOCT1 (PyHKIIIH
BHUKOPUCTOBYBAJIHMChH yIbTpachepiuHi MOTiHOMH
I'erenbayepa, 10 T03BOIKIIO BPaxyBaTH CTEIICHEBY
OCOOJIMBICTD TOJIS IIBUAKOCTEH.

B namniit po6oTi Ha OCHOBI METOTy PO3BUHEHHS
PO3B’SI3KY B psifI 1O BIACHUM (DYHKIIISIM
PO3IIISAAETHCS 3a1a49a MPO PO3CIIOBAHHS
MTOBEPXHEBHX T'PaBITALIIMHUX XBUJIb ITiBOHOO
MPSIMOKYTHOIO TTepenko/1oto (bapom) y BUNIAIKy
HOpPMAaJIBHOI'O MaaiHHsA XBWIl. Bupas, 1m0 onucye
OCOOJIMBICTD MPECTABICHO PSIIOM TI0 BIIACHUM
(YHKIIISIM, Ha OCHOBI SIKOT'O 3HAXOUThCS
ACUMIITOTHKA HEBIIOMUX KOC(DIIEHTIB /I BEIUKHUX
3Ha4yeHb N . lle 103BONIIIO MOKPAIUTH SKICTh
PO3B’SI3KY MPH BpaxyBaHHI MEHINOT KITBKOCTI
PIBHSIHB, B TOH )K€ Yac BHECOK BiJl BACOKOYACTOTHUX
MOJ] BpaXOBYETHCSI aCHMITOTHYHO. BrkoHaHO
MePEBIPKY TOYHOCTI BUKOHAHHS I'PAaHUYHUX YMOB 1
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YMOB cripsbkeHHs. [IpoBeeHo mopIBHAHHS
pe3yabTaTIB 3 BIIOMUMH JTaHUMHU.

ITocTanoBka 3agaui.

PosrisiHemMo po3ciroBaHHS MOHOXPOMATHYHUX
MMOBEPXHEBHX T'PaBITAI[IMHUX XBUJIb HA MiABOIHIN
MPSIMOKYTHIN MEPerko/ii y BUNIaJIKy HOPMaJIbHOTO
naainHs. Ha nepemkony majgae XBUist 3 4aCTOTOIO
@y, » 110 TOIMPIOETHCS B3/I0BXK BICI X 3 X = —00.

I'mubuHa pinuHM N0 nepemkou aopiBHIoe H |, 32
HepemnKkono - H 5 1 Haja nepemkonow - H, .

JloBkKHHA TIepenKoan AopiBHIoe 2b . Po3ranryBanHs
MEPEIIKO/IN 1 CHCTEMH KOOPAWHAT 3 MTOYaTKOM
BiJUTIKY Ha BUTBHIN MOBEPXHI MPEICTABICHO HA PHUC.
1. Piguna BBaXaeThCA 11€aILHO0, HECTUCITHUBOIO.

[ToBeninka JIHIMHUX OBEPXHEBUX XBHUJIb, 110
MOIIMPIOIOTHCS B3JIOBXK BUTHHOT IIOBEPXHI
OMUCYEThCS piBHAHHIM Jlaruiaca Juist HOTeHIiany
HIBUAKOCTI [5]

2 2
A =2 q; +6—q2) =0 (1)
ox° Oz
3 BIJIIOBIIHUMY TPAHUYHUMU YMOBaMH
I’ 0D
- = mpu z=0, 2
or %oz b2 @)
o® = npu z=-H, 3)
Oz

Je g - IPUCKOPEHHS CHJIN TSDKIHHS.

“1

X

@

,| Hs

@

©)

2b

Puc.1. Po3ramryBanss nepeuikou
Ta CUCTEMHU KOOpJIWHAT.

BBaskaemo, 1110 3MiHHI 3aJIeKaTh BiJ] yacy 3a

rapMOHIUHHM 3aKOHOM e '“’ . BBeneMo XapakTepHi

Macurabu nosxkunn L= H, iyacy " =./H,/g .
Binokpemiroemo 3miHHI B piBHsHHI (1) 1 oTpuEMyeMo
BUpa3 JUIs TIOTEHI[ialy MIBUKOCTI XBUII Y
0e3po3MipHiii (HopMi, IO MOMHPIOETHCS Y
JI0AaTHOMY HATpPSMKY BiCl X :

:a_Chk] (Z+H])ei(k]x—(ot)’ (4)
chk, H,

Je a - aMILUTITy/a MMaavol XBHUJI, XBUIbOBE YHCIIO

(0]

k, , 110 BIMOBia€ XBUIII, IO MOMIUPIOETHCS, €
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TIMCHUM JIOJaTHIM KOPEHEM JUCIIEPCIHHOro oD,
PIBHSHHS 0D, npu —H, <z<0,
—— =9 Ox ) (10)

2
®? =k H, tanhk, H,. & %% |0 wpu-H <z<-H,
JU1st 3pydHOCT] BeMM4YMHY H| 3aiuImMo y ®, =0, npu —H,<z<0 (11)
HonepeHbOMY BHUIIA, alie ii 3HaueHHs JOPIBHIOE Ta y IIOCKOCT] x = b
OJIHHIL]. oD

PiBusiHHS (7) Mae Takox O€3I1i4 YHCTO YSIBHHX 0D, 5 2 npu —H, <z<0, (12)
KOpEHIB, 5K 3HAXOAATHCS K PO3B’SI30K HACTYITHOTO ox x ’
PIBHSHHS: 0 mpu-H, <z<-H,
o’ =-o,H tana, H,. (6) O, =0, mpu —H,<z<0. (13)

Kopeni piBasiHHS (6) XapakTepU3yIOTh HEOJHOPIIHI
XBHJII (1[0 HE TTOIUPIOIOTHCS ), SIKi TEHEPYIOThCS B
OKOJTi BEPTHKAILHUX TPAHUIb MTEPEIIKOJIH.
BkazanuM KopeHsiM aucnepciiinoro piBHsSHHSA (K, ,

o, ) BIANOBIZa€ OPTOroHallbHA cUcTeMa (QYHKILIH
chk(z+H,), cosa,(z+H,),ne n=12,...n,....

Enepris, noB'sa3aHa 3 malarouoro XBHUIICHO, SKa
najae Ha MepeniKoy, YaCTKOBO TIEPEHOCHTHLCS B
00J1acTh HaJI MEPEIIKOI00 1 YaCTKOBO BIJIOMBAETHCS.
PesynbTyrounii XBUIbOBHH pyX B obnacti 1 (auB.
puc. 1) ckamgaeThes 3 Maar0vol Ta BiIOUTOT XBUJIb.
XBWISL, IO MPOMIIUIA Yepe3 FPAHULIO NTEPELKOIN
(x =-b), noMMPIOETLCS B 00JaCTi 2, MOTIM
BiZIOMBAETHCS B/l APYTol IPaHUIIi MepeIKoan
(x =05, 4aCTKOBO ITPOXOAMUTD YEPeE3 1[I0 IPAHUIIIO 1
MOUIMPIOETHCS B 00acTi 3. 3araibHuii po3B’ 130K
3aJa4i IS MOTEHIlialy BUIKOCTI, SIKUH
3aJI0BOJIbHSIE TPaHMYHUM yYMoBaM (2) i (3), B obnacti
1 (x < 0) MOKHa 3aMucaTy y BUTISI (MHOKHHK

e " omyckaemo)
o = (eik](x+b) N Re—ik](x+b))Ch k (z+H,) .

chk H,

— an(x+h) . cosa, (z+H,)
$Y ety 08 (24 )

o cosa, H,
BiamosigHo B obiactsax 2 ta 3 MacMo

®, = (B, cos k,x + C, sin kz)c)M +

chk, H,
®)

i ch g, x shpB,x \cosB,(z+H,)
+>| B, +C, )

o chg,b sh 8,b cos B,H,
O, - R ch ky(z+ Hy) N

chk, H,

< cos B, (z+ H,) ©)
+Ze—7n(x—b)Dn n 3 ,

p cos 3, H,

ne R,T - xoedimieHTH BIAOUTTS Ta MPOXOIKEHHS,
koedinientn 4, ,B, ,C,, D, BU3HauaroThCsA 3

YMOB CIIPSDKEHHSI PO3B’SI3KiB (PIBHICTH MIBUIKOCTEH
Ta THCKY) Y IUIOCKOCTI x = —b.

Po3B’s130K 3amaui.

Ha BinMiHy Big MEeTOIy IPOCTOI PEAYKILii, B
POOOTI MPOIIOHYETHCS 3aCTOCYBATH METO]T
MOJIMIIEHOT PeNYKIIii, AKUH MmosTrae y
BHUKOPUCTAaHHI ACUMIITOTUYHUX MOJaHb JJIs
koediuientis 4,,8B, ,C,, D, N1 BeIMKUX

3HaueHb 7 . L{i acuMITOTHYHI 3HAYCHHS
3HaXOJATHCSI HA OCHOBI PO3TIISy KOHKPETHOTO BUIY
CHHTYJISIPHOCTI. JJIsl JaHOTO THITY 3a/1a4 XapaKTepHO
ICHYBaHHSI JIOKQJIBHUX OCOOJTMBOCTEH 32
MBHIKOCTSIMHA. [IpssMyBaHHS 10 HECKIHYEHHOCTI
MIBHJIKOCT B OKOJIi TOCTPOT KPOMKH TIEPEIIKOIH B
paMKax MOJIEII 11eaIbHOT PIIMHKM CTABUTh IIUTAHHS
PO JIOCTOBIPHICTh OTPUMAHOTO PillIeHHs. Y 3B'S3KY
3 UM BiJJ3HAYMMO, [1[0 BUHUKHEHHSI JIOKATBHUX
0COOJIMBOCTEH CITiJ] pO3MIIAAaTH SIK "po3ruiaty" 3a
3aHA/ITO TPyOe MOJIETIOBAaHHSI PeaIbHOTO MPOIIECY.

VY miocKocTi cupsbkeHHsT x = —b BUpa3 s
TOPU30HTAIBHOI KOMIIOHEHTH IIBUAKOCTI B 00J1aCTi
1, ax BunuBae 3 (9), Mae BUTIISA

U]‘ :ikl(l_R)MJr

x==b chk, H,
. u (14)
+ZanAn cosa, (z+ ])‘

=]

cosa, H,
Slk 3a3Ha4eHO BHMILE, y BUPa3i, 1110 OIHCYE T1071e

IIBUAKOCTI B OKOJII TOCTPOI KPOMKH, ICHYE JT0JTAHOK

nponopuiitanit #~ ' [4]. Toxi noBeminka

TFOPU30HTAIBHOT KOMITOHEHTI IIIBUIKOCTI B OKOJI
KPOMKH TIPU X = —bh ONHUCYETHCS 3aISKHICTIO

U (z)=—D (15)

ne V, - KOHCTaHTa, 10 MiAJsIrae BU3HAYEHHIO.

mpu z—>-H,+0,

Honamo i BimHiMeMo 1o ipaBoi yactunu (14) Bupas
V,/(H? —2z*)"? | axwmii npencTaBuMO y BUIISI
psily 1O CHCTEMi OpTOrOHANBHUX (QYHKIIIH
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|4 chk, (z+H,)
= — =+
2 241/3 10
(Hy —z7) chk, H,
. o (16)
+V]ZE,, cosa, (z + ,)‘
ael cosa, H,
[Ticnst psixy mepeTBOpEeHb, OTPUMYEMO
h H
UJ :ih(l_R)S_ﬁlii_Jl+
x==b chk H,
N
H
L ACAL N (17)
nel cosa, H,
> H
7, ZEn cosa, (z+ ])‘
v cosa, H,

Byno 3pobneHo npunyIieHHs, o MpH BETUKUX
3Ha4YeHHSX 7 (OUIBIIMX Jesikoro N ) Xapaktep
KOeQIIi€HTIB 4, BU3HAYAETHCS MOBEIIHKOIO
MIBHJIKOCTI B OKOJIi rOcTpoi KpoMku. [Ipu 1ocuTh
BEIIMKOMY N MOXKHA 3aIlUCaTH

K, A, =V,E, n>N. (18)

Jns 3HaxoKeHHs KoedilieHTiB £, MOMHOXHMO

npu

Bupas (16) Ha cos «,, (z+ H,) Ta mpoiHTErpyeMo

Bix —H, no 0.3 ypaxyBaHHSM OPTOTrOHAJILHOCTI
BIACHUX QYHKIIIH OTPUMYEMO

0
J- cos ozzm (zz+ll/-§,) _ E, ’ (19)
U (H; —=z7) N, cosa,H,
ne
N, =— 4a, .
sinh2ea, H,+2a,H,
3 iHMmoro 60Ky, BUKOPHUCTOBYIOUH TaOIHYHI
iHTerpany, 3 (19) orpumyemo
1/6
Jr(2H 2
E,=N,—| =2 I|=|x
" "2\ K (3) (20)

) ) 4 gin gD 2) l

X [cosam xJ,¢(a,”)+sina,’ xH, (a,”)

ne I'(pB)- ramma-dynxuis, Hy ,,(ab) -

monndikosana ¢pyukuis Crpyse, J4_;, (ab) -

¢yHkiis beccens nepioro pony, a,;]) =a,H,,
(2) _

a,”’ =a,H,.

Koeodiuientu £, y po3paxyHKax 3HaXOAWINChH

BHUXOJISTYM 3 ACHMIITOTUYHUX 3AJISKHOCTEH IS

¢ynkuiit Ctpyse i beccenst a1 BeNMKHX 3HAYCHD

o, , AKi mponopuiiai m [5].

AHAJOTYHO YNHUMO 3 BUPA30M IS
TOPU30HTAIBHOT KOMIIOHEHTH IIBUAKOCTI B 00J1aCTi
2 mpu x =—b, a TAKOXK Ha IHIIIHA rpaHuli x =b.

[Ticys BUKOHAHHS YMOBaM CIIPSDKEHHS
oTpuMmyemo crucrtemy 4N +4 anreOpaidHuX piBHIHB

2015, 4

32

Bulletin of Taras Shevchenko
National University of Kyiv
Series Physics & Mathematics

st 4N + 4 HeBimoMuXx Koe(illieHTiB, alle TAKOK 3
HeBU3Ha4eHUMH KoedinieHtamu V; . OctaHH1

BUOHPAITUCH 3 YMOB, IO MPH JOCTATHHO BETHKHX
3HaYeHHSX N BUKOHYIOTbCS criBBimHOIIEHHs (18) i
aHAJIOT14YHi, SIKi BHHUKAIOTh TIPH PO3TJISA/Ii BUpa3iB,
JUTISL TIOJIST IIBUJIKOCT1 Ha TPaHUIl x = b .

OtpumaHa crucTema anreOpaiuHuX piBHSHB €
CHCTEMOIO JIPYroro poay, To0To 100pe
00yMOBJIeHOO. I'paHnyHi 3a1a4i, sIKi 3BOJIATHCS JI0
TaKUX CHCTEM, SIK IPaBUIIO, AAI0Th MPUHHSATHI
pe3yNbTaTH MPU TPOCTIH PEAyKIlii CHCTEMH, KOIH
BEJIMYMHHU KOe(DillieHTIB BIZOUTTS R Ta
MPOXO/KEHHS T MPaKTHYHO HE 3MIHIOIOTHCS MPH
po3paxyHKax IIOYHMHAIOYU 3 AEIKOro N .

B naniii 3amayi mounHaodu 3 50 WieHIB B paLy
BEJIMYMHU KoedilieHTiB R 1 T MpakTUYHO HE
3MIHIOIOTBCS, CIIBIAIAIOTH 10 5 3HAUYIUX IUDP
HE3JIEKHO BiJ] TOTO BPaXOBYETHCS aCHMIITOTHYHA
MOBE/[IHKA HEBIJIOMUX UM Hi. AJie, IpH MepeBipii
BHUKOHAHHS YMOB CIIPSDKEHHSI CUTYaIlid iHma. Ko
YMOBH CIIpsDKEHHs 110 noreHiriany (11), (13)
BHUKOHYIOTBCS 3 JIOCTATHHOIO TOUHICTIO HABITh MPH
MPOCTIH PERyKIlii CUCTEMH, TO s IBHIKOCTI (12),
(14) mpocTa penykiisi CHCTEMH J1a€ 3HAYHY TTOXHOKY
Yy BUKOHAaHHI YMOB CHPSKEHHS] OCOOJIMBO B OKOJ1
KyTOBHX TO4OK. [Ipu 3acTocyBaHHI METOTY
MOJIMIIEeHO] PeayKIIii, SKUi BpaxoBye
ACUMIITOTHYHY MOBEIIHKY HEeBimoMuX, 1t N =50
noxuOKa BUKOHAHHS YMOB CIPSDKEHHS 110
noteHitiany He nepesuirysaina 0.1% moTeHiiany
majarodol XBUI, a o MBUAKOCTI — 2% i1 BCiX
z=—-H,*¢g, &=0.2.]Ilpu 30iu1bIeHHI
N BennyMHA & 3MEHIYBajach.

AHaJi3 pe3yJbTaTiB

Ha ocHOBI BHIIIEOITMCAHOT CUCTEMH ajredpaiaHux
PIBHSHB OyJIM PO3paxoBaHi 3aJeXHOCTI Koe(illieHTIB
BIIOUTTA R Ta NMPOXOMKEHHs T Bil XBHIBOBOIO
YKClia TaIat0u0i XBHJII JIJIs Pi3HUX CITIBBIIHONICHB
rmbun H , H,, H, Ta JOBXHHU nepemkoau 2b .
OcHOBHY yBary OyJIo NPUALICHO BIUIUBY BETHYUHU
H, Ha xapakTep BiIOMTTs Ta IIPOXOKEHHS XBUIII.

Takuii aHasi3 y BIIOMUX JIITEPATyPHUX JPKEPET
MPaKTUYHO He TpoBoauBcs. Ha puc. 213 sk
MPHKIIA]l HABEJCHO PE3YJIbTATH PO3PAXYHKIB
koedimieHtiBs R, T .

[TpuBeneni Ha puc. 2 pe3ynbTaTd BiANOBIIAIOTH
TakuM BenmuuHam H, =0.5, H,=0.7, 2b=1.0.

BunHo, 1110 mpu neBHUX BeMHYMHAxX k, H,

KOC(IIIEHT BIIOUTTSA Ma€ MiHIMYM, SIKHH HE
JOPIBHIOE HYIIIO.
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Puc.2. 3anexnocti R,T npu H, =0.5,
H,=0.7,2b=1.0

0
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kiH,
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Puc.3. 3anexnocri R, T npu H, =0.3,
H,=07,2b=2.0

LI L B
0 2

V Bunazky, konu H, = H, =1.0, To6To KapTiHa
CHUMETPHYHA, IIel Koe]illiEHT JOPIBHIOE HYIIIO IS
NEBHUX 3HaueHb k, H, . JlanoMy deHOMEeRY,

BIIOMOMY SIK “ OperoBChbKe” PO3CiIOBaHHS XBHUIIb,
MPHUCBSYCHO 3HAYHY YBary B JIOCTIDKCHHSX PI3HUX
aBTopiB [2,3]. 3 puc. 2 BUAHO, 110 BiIXUICHHS
KapTHHU BiJl CHMETPHYHOI PU3BOIUTH JIO TOTO, IO
HE BHHUKAE MTOBHOTO BiIOUTTS XBHIIi. Byro
3HAWJICHO, 1110 TOBHOTO BIOUTTS HE BUHUKAE 1 TIPU
3MiH1 THOMHHM PiJJMHU 32 MEPEIIKOI0I0.

[Moni6Hi BHCHOBKH 3p00iIeHO B poOOTi [7], B SIKiH
Y HaOJIMKEHH1 JOBTMX XBWJIb PO3TIISIHYTO
MOUIMPEHHS TOBEPXHEBUX XBHIIb HAJ MIEPEIIKOJI00
MPH HAasIBHOCTI JIBOX TIPUMHKAIOUHUX JI0 Hel
3ariu0sIeHb. ABTOPH MOKa3aJjy, 110 Ha BIAMIHY BiJ
CUMETPUYHOTO BUIAJIKY, KO KOS(IIIEHT BIIOUTTS
JIOCSITa€ HYyJbOBUX 3HAYCHb, HOTO BETMYNHA
BiJIMiHHA Bi/I HYJISI TPY HAsIBHOCTI HECUMETPUIHHUX
CXUJIIB.

30UIbIIEHHS IMUPUHH TIEPEIIKOIH TPU3BOJUTH

JI0 TIOSIBH LILJI0T HU3KM JIOKAJIbHUX MIHIMYMIB B
PO3MOIiI KoedilieHTa BiTOUTT, ajic 3HOBY 1X
3Ha4YeHHS HE IOPIBHIOE HYII0. JIOKanbHI MiHIMyMH
Ha rpadiky R BUHHKAIOTh P MOMIPHUX 3HAYCHHSX
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k, H,. JIng XBWJIb MaJIoi IOBXHUHU BIIJIUB
MEPEIIKO/IN CYTTEBO 3MEHIyeThes. Lle HarmsaHo
MPOJIEMOHCTPOBAHO Ha puc. 3. B nanomy Bumaixy
Ipu po3paxyHkax Oynu BuOpani Takumu: H, =0.3,
H,=07,2b=20.

Bigmitumo, 110 y nepiiomMy BUNaJIKy
MaKCHUMallbHI 3HAUCHHS BETMYMHA R 3HAaXOAMIIOCH
MpUOIN3HO HA OAHOMY piBHI, B okoJi 0.25.
3pocTaHHs BUCOTH TMEPEIIKOIN (3MEHIIICHHS
rnuOuHN Haj Heto 1o H, = 0.3 ) npu3BoauTh 10
301TbIIEHHS 11 BIJTMBY Ha MOIIUPEHHS XBHIIb (PHC.
3). MoxHa mo0a4mTH, 1110 MaKCHUMaJIbHI 3HAUCHHS
Koe(ilie€HTy BITOUTTS CyTTEBO 3POCTAIOTH 1
J0CArarTh BeuuH ~ 0.5 . I 3HOBY HYyJIBOBHX
3HauYCHb KOC(IIIEHTY BIAOUTTS HE CIIOCTEPIra€ThCsl.

o crocyeThest KoedillieHTy TPOXOKEHHS,
MPAKTUYHO y BCIX BHUIAJIKaX HOTO BETUYMHA
CIIOYATKY 3pOCTAE, a MOTIM IIJIaBHO criaiae. Ane y
BUIIAJIKy BUCOKOI MEPENIKOIN, KOJIH 11 BILIMB
30UTBIIYETHCS, CIOCTEPIraeThest ocmIsALil 7 mpu
HEBEITMKUX XBUJIHOBUX YMCIIaxX. B minomMy BenmuunHa
T O6mu3bKa 10 OOUHHIL, OCOOIHBO ISl BETHKHX
XBHIJIbOBUX YHCEII.

BucHoBku

Y po0oTi po3rIsSHYTO 3a/1a4y PO3CIIOBaHHS
MOBEPXHEBHX I'PaBITAIIMHUX XBHJIb Ha MPSIMOKYTHIN
3aHypeHii nepemkoi (6api). PosrnsHyTo BUNamok
HOpMaJIbHOro naainHA. OIHUM 3 e)EKTUBHHUX
METO/IiB PO3B’sI3aHHSI TAKOI'0 KJIacy 3ajay €
MPEICTaBICHHS PO3B’S3KY B PsiI IO BIACHUM
¢dyHkuisx 3agadi [5]. BizoMo, mo po3momin
HIBHJIKOCT] IIOTOKY Ma€ CTYNEHEBY OCOOJIHMBICTh B
OKOJTi TOCTPHX KPOMOK TiepemKoii. Po3B’ 30k
3a]a4i 3BOJIUTHCS JI0 BUKOHAHHST YMOB CIIPSKECHHS
JUTS TTOTEHITiaTy IBHUIKOCTI 1 TOPU30HTAIBHOT
KOMITOHEHTH IIBHJIKOCTI Ha BEPTHKAIBHUX
TPAHUIISX.

Jnist po3risiay Kiacy 3a7iad po3CiloBaHHS
MOBEPXHEBHX I'PaBITAIIHHUX XBHJIb 3aHYPEHUM
0apoM 3ampoIOHOBAHO BUKOPHUCTOBYBATH METOJ
BUJIUJICHHSI OCOOJTMBOCTEH 1 TIOIaJIbIe
BUKOPUCTaHHS aCHMITTOTUYHUX 3aJIEKHOCTEH, sKi
BHU3HAYAIOTHCS BHJIOM 3a3HAYEHHX OCOOIHMBOCTEH,
JUTS HEBIIOMHUX KOE(IIIEHTIB JUIsl BETUKUX 3HAYCHb
N (somepiB mon). Lle 1ae MOKIMBICTD 3MEHIIIUTH
HE TUTBKH PO3MIip CHCTEeMH airedpaidHux piBHSHB,
ajie i iICTOTHO PO3IIMPHUTH 00J1aCTh B OKOJII TOUKH
3MIHU THIYy TPAHUYHUX YMOB, B SIKill ITOJIITIITY€ETHCS
TOYHICTh OTPUMAHOT'O PO3B’SI3KY.

[IpoBeneHo aHami3 BIUIMBY 3MIHU TJIMOMHU
KaHaIy 3a MEeperIKkoIor0 Ha XapaKkTep po3IoAiTy
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KOC(IIIEHTIB BIIOUTTS Ta MPOXOKCHHS B
3aJIEKHOCTI BiJ XBUJILOBOIO YMCJIA MAJAK0YO0I XBUIII.
[NokazaHo, 110 HECUMETPUYHICTD perbedy TOHHOT
MTOBEPXHI MPU3BOIUTH JI0 TOTO, IO KOSPII[IEHT
BIIOMUTTS HE J0CATAE HYJIbOBUX 3HAYCHD HA BIAMIHY
BiJl CAMETPHYHOI'O BUIIAJIKY.
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Jocnioxcyemoca  MOXMCAUGICMb  ONUCAHHA — PEalbHUX — MEPMOMEXAHIYHUX npoyecie i3  GenuKuMu
WBUOKOCMAMU  HABAHMANCEHHS. 68 PAMKAX OOHIel 3 MoOenell i3 GHYMPIUWHIMU 3MIHHUMU CMAHY Ol
Xapaxkmepusayii Henpyx#CcHoi peakyii Mmamepiany 8 WUpoKoMy iHmepseali 3MiHU meMnepamypu.

Kniouogi ciosa: mepmomexaniymne iMnyavbCcHe HABAHMANCEHHS, HENPYICHA OeopMAaYis, 6enuKi
WeUOKoCcmi 0eqhopMy8aHHsl.

The problem of adequate characterization of coupled thermomechanical response of the material to
deformation with high strain rate is investigated. The Bodner-Partom model is chosen to describe the
material behavior under wide range of temperatures and strain rates. The set of internal state variables is
used to simulate the variety of inelastic effects: change in yield limit under loading, strain hardening,
Bauschinger’s effect etc. Reliability of the inelastic material behavior simulation in the frame of Bodner-
Partom model under high strain rate loading and accuracy of numerical technique to attack the boundary
problem are studied. As an example, the test problem of short-term loading of the half-space with stress
pulse is investigated. The essentially nonlinear problem is solved numerically with the application of
especially developed finite element code. Variable time step integration scheme is used. To accelerate the
convergence, special averaging procedure is applied. Numerical results are compared with the experimental
data. The comparison shows that the model provides reliable simulation of thermomechanical response of
the material under loading with the strain rates up to 10°c™".

Key Words: thermomechanical pulse loading, inelastic strain, high strain rate.

Crartio npencraBuB akagemik HAH Ykpainu [lepectiok M.O.

1. Beryn BiJIHOIIICHb. BinbIie TOro, BUMOTH 3HWKEHHS Mare-
piamoeMHOCTI ¥ coOiBapTOCTI KOHCTPYKILii, 30111b-
IICHHS! CTPOKIB ii pOOOTH MPHU3BOAUTH O HEOOXiJ-
HOCT1 TIPOTHO3YBaHHS TIOBE/IIHKK MaTepialy B Helli-
HilfHIi oOmacti. [ MpOro akKTHBHO BUKOPHCTOBY-
IOTBCSI Teopil HENHIHHOI B’SI3KOMPYKHOCTI, TUIACTH-
YHOCTI ¥ B’ SI3KOMJIACTHYHOCTI.

Otxe, B Mpo0IeMi OMHMCAHHS BIACTHBOCTEH Ma-
Tepiany, ToOTO B MpoOieMi BU3HAYAJILHUX PIBHSHb,
MEPETUHAIOTLCS TakKi (PyHIaAMEHTaIbHI KOHIICIIIIT
MexaHiKu JepOpMIBHHX T, SIK (i3W4YHA HENiHil-
HICTh MaTepiajiB MIpu Maux aedopmarisx, KOIu-
BaHHS T 1 TerUIoBi spuina. KoxkHui 13 mepepaxopa-
HUX aCIEKTiB OyB 00’€KTOM BEIMKOI KUTbKOCTI eKc-

OnMH 3 METOAIB MOJEIIOBAHHS CKIIaJHOI 3B'13a-
HOI TepMOMEXaHIYHOI MOBENIHKH MaTepiaiiB, 30K-
peMa MeTaiiB, B paMKax MEXaHIKH IOJISTae y BUKO-
pUCTaHHI (PEHOMEHOJIOTTYHOIO MiIXO0AY, AKUN Opi€eH-
TOBaHUH Ha (OPMYITIOBAHHS aHAITHYHUX MOJENEH 1
MpaKTUYHE PO3B’S3yBaHHA KpaHoBUX 3ajad, IO
OIUCYIOTh TIOBENIHKY Je()OPMOBAHUX Ti MMiJI HABaH-
TakeHHsM [1].

B mporieci ekcriyaTaiii eeMeHTH KOHCTPYKITiH
3a3HAIOTh PI3HOIO POJY MEXaHIYHUX 1 TEIUIOBUX
BIUIMBIB, TIPU SIKMX MOBEIIHKY MaTepialy HEeMOKIIU-
BO ONKCATH 3a JOMOMOTOI TUTBKH JIHIMHUX CITiB-

© 5.0.Xyk, JI.5. Bacunsesa, 2015
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MEPUMEHTAIBHUX 1 TEOPETUYHUX JOCTIKEHb, pe-
3yIbTaTH SKHX OMYOJIiKOBaHI B YWCIICHHUX HAYKO-
BUX mpaiiXx. OcoONMBICTIO Cy4acHOTO eTary po3BHU-
TKY HEJTIHIHHOT Teopil € HamMaraHHs COPMYITIOBATH
ii B IOCTaTHBO 3arajJbHOMY BUTIISL 13 3aiydeHHSIM
TEPMOJIMHAMIKA HEOOOPOTHHX TPOIECIB i 3 BUKOPU-
CTaHHSIM CTPOTO BU3HAYECHUX TTOHSITb.

OnHuM 3 HampsSMKiB, B paMKax SKOTO TPOBO-
IATHCS IHTEHCUBHI TOCTIIKEHHS, Ha MOTOYHUH MO-
MEHT € PO3p00Ka y3arajbHEHUX MOJICIICH HEPYyKHOT
noBeliHKH MaTepianiB [2]. Taki Moaeni MicTATh Ha-
0ip CKaNspHUX 1 TEH30PHHX BHYTPIIIHIX 3MIHHHX
JUIsl ONMCaHHsS epeKTIB 130TPOIHOrO 1 KiHeMaTHYHO-
ro 3MIIHEHHsI, TIOB3Yy4YOCTi, peiaKcailii HarpyXeHb
touo. KokHa 3 UX BHYTPINIHIX 3MiHHUX €BOJIOIIi-
OHY€ BIIMOBITHUM YMHOM B 4aci, popmyroun ¢eHo-
MEHOJIOTIYHUH MPOIIeC HENPYKHOTO e OpMyBaHHS.
[Tpu 1bOMy KOKHA 3 OCHOBHUX BHYTPIIIHIX 3MIHHHX
MOKe€ OyTH CYMOIO CKJIaJIOBHX, 5Ki 3MIHIOIOTHCS
OKpeMo, i, B CBOIO 4epry, € MEepPBHHHUMH BHYTpI-
IIHIMU 3MIHHAMH [2].

OpHier0 3 HAWMOMIMPEHIINX MOJCIEH IbOro
knacy € monens boguepa—Ilaproma (b-II) [2]. Bona
4acTO 3aCTOCOBYEThCS JJISI OIMCAHHS CKJIaJHOI
3B’S13aHOI TEPMOMEXaHIUYHOI TMOBEAIHKA METalliB B
MIUPOKOMY IHTEpBaNi TeMIepaTyp 1 MIBHIKOCTEH
neopmyBanHs. [Ipore muTaHHS BU3HAYCHOCTI MEK
3aCTOCYBaHHS MOJIENI HOTpedye T0AaTKOBOrO JA0CIi-
JokeHHA. [laHa cTaTTs MPUCBSYEHA BHBYCHHIO MOX-
JUBOCTEH JIOCTOBIPHOTO OIHCAHHS PEajbHUX Tep-
MOMEXaHIYHUX MPOLECIB 13 BEJIMKUMH IIBUIKOCTSIMU
HaBaHTa)XEHHS B paMkax mozeni b-I1.

2. PiBusinnst mojesi bognepa—Ilaproma

Henpyxue nedopmyBaHH Till 32 yMOB 1HTEHCH-
BHOTO TEPMOMEXAHIYHOTO IMIYJIbCHOTO HABaHTA-
KEHHS BiIOYBA€ThCS B IIMPOKKUX IHTEpBanax 3MiHU
TeMIIepaTypH Ta MBUAKOCTI aedopmarii. [Tpu npomy
0COOJIMBO BaXKJIIMBOTO 3HAYCHHS HaOyBa€ MUTAHHS
PO JOCTOBIPHICTh PE3YNbTATIB MOJCIIOBAHHS TEp-
MOMeEXaHIYHOro crany Tl Cepes MHOXHHH aclieK-
TIiB IILOTO IMUTAHHSA CJI1J BUAUINTH JBa OCHOBHUX:
JIOCTOBIPHICTD OIMHCAHHS HEMPY)KHOI TMOBENIHKA
MaTepiaidy HpH BUCOKHX IIBUIKOCTAX Jaedopma-
il B LIMPOKOMY iHTEpBaJIi TeMIepaTyp Ha OCHO-
Bi mozgemi b-11;

TOYHICTh YMCENIBHOI peaizallii KpaiioBoi nuHa-
MIYHOT 331241 TePMOMEXaHIKH.

MosknuBocti Mmoaeni b—I1 onucyBati HamIIBHI-
xicue nepopmysanns (& >10%") npucpsuena 3mau-
Ha KUIbKICTh TyOumikamiii. SIk Big3HadeHo, HaIpH-
knaja, y [2], mogens b—I1 noOpe omucye HenmpyxHe
neopMyBaHHS MatepiaiiB, 30KpeMa 3aJIeKHICTh
TpaHMII TEKY4OCTi BiJl MBUAKOCTI ae)opMyBaHHS B
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inrepani 10 °c'-5-10%". TTokaxkemo, mo Mmomens
MOJK€ OIMHCYBAaTH HABEICHY 3aJISKHICTh 1 JJIs OLIb-
IIUX IIBUIKOCTEH.
HaBenemo KopoTke 3Be/IcHHsI piBHAHb Mojieni b—
I1. B pamMkax 11i€f MoJiel1i BAKOPHCTOBYEThCS [2]:
— MpeaCTaBIeHHS TIOBHOI JedopMaliii y BUTIISIL CY-
MU TIPYKHOI, HETIPY>KHOT 1 TETUIOBOT CKIIaIOBUX
— gl P T
& =& + & + Ej» YOIz,

(1)
1ie TeruioBa aedopMallisi IpeaCTaBISETHCS Y BUTIIAI

9
sg = 51']_[90 a(6')de",;

— 3aKkoH ['yKka, 3amucaHuii AJ1s [apoBoi i eBiaTopHOT
YaCTHH,

s;=2Gle,— e} ou =3K,(en ) ()

2

7€ s;; 1 e;; — IeBlaTOpH TEH30PIB HANpyxKeHHs 1 1edo-
pMartii BiamoBigHo; G — MOIYJIb 3CYBY; IO 1HAEKCAX,
1110 TIOBTOPIOIOTHCS, TPOBOINTRLCS JI0IaBaAHHS,

— 3aKOH Te4il 3 YMOBOIO ITACTUYHOI HECTUCINBOCTI

g =Ls; &h=0; 4)
— KIHETHYHE PIBHSIHHS
D} = Dj exp [— (2%/64, )H (5)
ne  Z=K+D, Jy=s;s;/2, D§=élél)2,
P =D,

— PIBHSIHHSI €BOJIOIIT JUTS BHYTPIMIHIX 3MIiHHHX 130-
TponHoro K Ta HanpapJIeHOTO f3;; 3MIiLHEHHS

K=m(K, -KW, K(0)=K,,

ﬂlﬁ/’ = mZ(D]uzj _ﬂg;)Wp, ﬂij(0)= 0, ©)

_ _ 2 P
ne D= fuy, uy —C’ij/(c’ijc’ij) s W, =085

Benuuunu Dy, Dy, Ko, K,, m;, my 1 n € KOHCTaH-
TaMd Mojeii. EkcriepuMeHTanbHl 1 TeopeTHyHi J10-
CITiKeHHs [2] moka3anu, 1o JJist OUIBIIOCTI METaNiB
napamerpu Dy, D, m, cnabko 3aliexarts BiJl TeMIle-
paTyp i MOXKYTh BBRXKATUCh CTAIUMH B IIHPOKOMY
iHTepsani temmeparyp. [lapamerpu Ko, K, my, i n —
GyHKIIIT TEMIepaTypH.

B piBusiHHAX (6) Ha BinmMiHY Big pobotH [2] Bia-
CYTH1 JIOaHKH, 110 BU3HAYAIOTh TEIIOBUH 3BOPOT.
OCKIIBKM MPOIIECH, SIKI PO3TIISIAIOTHCS B JaHIA Po-
00Ti, TOCTAaTHBO IIBUJKI, TO MPH OMMCAHHI MTOBEIIH-
K{ MaTepiajiy UM SBUIIEM MOXHA 3HEXTYBATH.
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3. ITocTanoBKAa 3aaayi

Posrisimaerbest miBnpoctip z > 0, 0 < 7 < oo, Ha
noBepxHi z > 0 SKOro 3aJaf0Th TPAaHUYHI YMOBH M-
MyJIBCHOTO CHIIOBOTO HaBaHTAYKEHHS

1<t

o’
9

t>t_;

o

. T
— Py Sin—t¢,
t

[

(7
03

e po — 3a/IaHUH MapaMeTp CHIIOBOTO HaBaHTAXKEHHS,
t, — TPUBANICTH il IMITYJIBCY.

[TocTaHoBKa OCECHMETPUYHOT 3aJla4i TAKOXK Mic-
TUTH criBBinHOmEeHHsa Kol

Ou, Ou, u,
SZ = > F T T E,=—,
oz or 7y @)
1({0Ou, Ou,
£, =— + ,
" 2\or oz
PIBHSIHHS PyXy
oo, +l(a s )+aarz 0%,
o r "7 oz orr’
2 ©)
oo, 1 oo, 0°u,
+—0, + = ,
or r oz ot?

PIBHSHHS TETUIONPOBITHOCTI
c,0+3atK, (&, —3a6)-D'—kAO =r,. (10)

Bupa3 st mBHIKOCTI AucUmalii MeXaHiuyHOI
eneprii D'y (10), orpumanuii i3 3a;Iy4eHHSM TEPMO-
JMHAMIKA HE3BOPOTHUX IMPOIECIB 13 BHYTPIIIHIMH
3MIHHUMH, Ma€ BHTJIS]]

D'=0,6l —~KS— oy =W, ~ Wy ~W,;. (11)

Benuuunu J; 1 @; € BHYTPIIHIMU 3MiHHHMH,
CIIPSUKEHUMHU 110 TepMOJMHAMIYHUX cul K 1 f, sKi
BUCTYIAIOTh TP OOpaHOMY MiAXOJl SK MapaMerpH
I30TPOMHOr0 1 HampaBJieHOro 3MilHeHHsA. OcTaHHI
nBa nogaHku y (11) omucyioTh 4yacTHHY HENpYyXHOL
MOTYXHOCTI, 1[0 HE MEePEXOAUTh Y TEIJI0, a HAKOIH-
YyeThCsl Y MaTepiai.

[locTaHoBKa 3ajgadi TaKOX MICTHTh PIBHSHHS
Mojeni moBeainku Marepiany (1)—(6) i 3aMukaeTbes
3aJIaHHSAM BIAMOBIIHUX MOYaTKOBUX YMOB
=u

r z

=i, =1 =0, 6=6, npu 1=0. (12)

Y dopmynax (8)—(12) wu,, u, —nepeMilieHHS
B3JIOBXK BIAMOBIAHMX OCEH; ¢, 1 k — KoeillieHTH Ter-
JIOEMHOCTI TIPH CTaJIOMy 00’€Mi 1 TEIIONPOBIAHOCTI
BIJIMIOBIIHO; 7y — MOTYXKHICTh 3aJlaHMX BHYTPIIIHIX
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JKepen Temna; ¢ — modaTkoBa TeMIlepatypa; n; —
KOMIIOHEHTH BEKTOpa OAMHUYHOI HOpMaJi 0 BiIIo-
BiJIHOI TPAHMYHOI MOBEPXHI; &y =&, + &, +&,, A —

onepatop Jlannaca.

4. Pe3yibTaTn po3paxyHKiB i BUCHOBKH

3amaua (1)—(12) po3p’s3yBanach YUCEIbHO i3 3a-
CTOCYBAHHSM CIIEliajbHO PO3BHHEHOI peamizalii
METO/y CKiHueHHHX eneMmeHTiB [3]. PozpaxyHku
NPOBOAMIIMCH 3 METOI TOKa3aTH, 1o Moxaelb b—II
MOJKE€ aJIeKBaTHO SKICHO 1 KIJIBKICHO OMMCYBaTH He-
MPY)XKHY TIOBEIIHKY METalliB HE TUIbKH B iHTEpBali
10°%'-5-10%" a # mist Ginbmmx mBHAKOCTEH Je-
(dhopmarrii.

Ha puc. 1 3HaukaMu mokaszaHi eKCIIepUMEHTab-
Hi JIaHi 3aJIeKHOCTI TPaHUIl TEKY4OCTi TaHTaly BiJ
IIBUAKOCTI JedopMaliii B Matepiaii B Mekax 10°%c!
—10°% " npu TemmepaTypi 20°C Ha OCHOBi JaHHX 3
[4]. BukopucraHi Taki MMO3HAYEHHs EKCIIEPHMEHTA-
JTBHUX JaHuX: © — Xomk 1 Myxepxki; 0 — Yen i ['pei;
+ — ApMCTpOHT Ta iHII., V — Bekkio.

Go2: Mlla
800
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4 - -1
-2 0 2 T
Puc. 1. 3anexHicTh TpaHHIli TEKY4OCTi TAaHTAIy BiJ

MIBHJIKOCT1 Ie)OpMyBaHHS B MaTepiai.

CylinbHOK KPUBOIO HA I[bOMY PHCYHKY ITOKa3a-
Ha PO3pPaxyHKOBA 3aJISKHICTh 0ox( & ) VIS TAHTAIY B
inTepBani mBHakoctei nedopmariit 10 °c'-10% ",
oTpruMaHa 3 BHKopucTaHHsIM Mozemi B-IT npu takux
3Ha4YeHHSX mapamerpis s Temreparypu 6 = 20°C
(Habip A):
n=0,418;m =0,1 MIla™"; K, =2,57-10* MIIa;
K, =5,14"10* MIIa; Dy = 10° ¢ .
[lITpuxoBa JiHis BiAMOBiJae TAKOMY Ha0OPy KO-
edimienTiB Mmoneni (Hadip B):
n=0,355;m =0,1 MITa"'; K, =5,5-10" MIIa;
K, =1,1"10" MIIa; Dy = 10° ¢ .
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JUIsl Ipy»XHUX XapaKTEpUCTUK IpuiimMaiocs E =
1,88:10° MITa, v = 0,35 [1].

Toz- TB. Mlla
140 p
4
4
120
. by
Pl
P ,
1000 = jgr”
>
oy
80 -
PPz
600 /%,—/{f
-
40
200
0 -
10° 10" 100 10° 107 107 g o

Puc. 2. 3anexHocTi rpaHWIi TEKYyd4OCTi 1 TpaHHMIl
MIITHOCTI TIpH 3¢yBi s cram 35XMA.

Habip napamerpiB (A) oTpuMaHHi IUITXOM 00-
POOKH eKCIIepUMEHTAIILHUX PE3YNIbTATIB B iIHTEpBaIi
muakocreit gedopmanii 10 ¢ '~10% ", a Habip (B)
BU3HauaBcs B inTepami 10 °c'—10%c". OGumBi KpH-
Bl IOCUTh JOOPE SKICHO 1 KUIbKICHO €KCTPAIOJIIOITh
eKCIIepUMEHTAIbHI pe3yJbTaTH, OTPUMaHi B 1HTEp-
Bajax 3a ME)KaMH BU3HAYEHHS MapaMeTpiB MOJIEIII.

Oco0arBO BIIMITUMO JIOCUTH XOPOIIY alpOKCH-
Mallif0 JaHHUX MPH HAJBEIUKUX IIBUIKOCTIX Aedop-
MYBaHHSI.
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1984. - 596 c.

Bodner S. Constitutive equations for elastovisco-
plastic strain hardening material / S. Bodner, Y.
Partom // ASME. J. Appl. Mech. — 1975. — v.
42. —P. 385-389.

JKyx A.0. 3anuiikoBuii HampykeHo-aedopmo-
BaHUU CTaH CTAJICBOTO JUCKA NPH IMIYJIbCHOMY
teroBomy ompominenHi / S.0. XKyk, LK. Cen-
yeHkoB, O.B. boituyk / MaTtemaTnyHi METOIU Ta
¢izuko-mexaniuni nomst. — 2008. — 51, Ne 1. — C.
157-168.

Liang R. A. Critical review of experimental
results and constitutive models for BCC and
FCC metals over a wide range of strain rate and
temperatures / R. A. Liang, A. S. Khan // Int.
Journal of Plasticity. — 1999. — 15. — P. 963-980.
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Ha puc. 2 mrpuxoBuMH JiHISMH TIO3HAYEHO 3a-
JEKHICTh TPaHMII TeKydocTi (KpuBa 2) 1 rpaHHIli
MiIHOCTi (KpuBa 1) mpu Kpy4eHHi (3cyBi), po3paxo-
BaHl Ha ocHOBI mozeni b-I1 mig cram 35XMA s
napamerpiB Bu3HaueHux B [3] mpu 6 = 20°C. Tpuky-
THUKAMH 1 KPy>)KKaMH T03Ha4YEHI eKCIIepUMEHTaIbHI
naHi [4]. CyuniabHi KpWBI BiIIOBINAIOTh JIHIHHINA
anpokcumaii Eiipinra [1], ne 4;,,B1, = const. Bep-
THUKaJIBHUI BIIPI30K BU3HAYA€E PO3KUJ EKCIIEPUMEH-
TaJTBbHUX JIAHHUX JUISl CXOKUX CTalied, OTpUMaHHX Tie-
pepaxyHKOM BiJl 3HaYEHb MPY>KHOI rpaHutli [ toronio
Ta BIJHECEHUX 110 MIBUAKOCTI [g & =5 10°¢".

HaBezeHi aaHi 103BONSIIOTh 3pOOUTH TaKHil BU-
CHOBOK: Mmojenb bonnepa — Ilaproma pae Moxnu-
BICTh 3a/IOBUTFHO OMNKCATH HEMPYXKHI BIACTHBOCTI
ctani 35XMA B iHTepBaji mMBUIKOCTEH nedopMarrii
10%¢"'-10% " i mae excrpamomsuif0 IO MBHAKOCTI
&~10°", sKa Kopemioe 3 TAHUMH IS CXOXKHX CTa-
neid. BuaHO TakoX: B TaHOMY pa3i eKCTpamnosIis 3a
Eiipirrom 1o 3Hadenns & ~10°™" mae ripu pesyis-
TaTH.

3 iBUYHOI TOYKH 30py CYTTEBE MPUCKOPECHHS
3aNeKHOCTI 0oy € ) Tpr & >10°c”' moB’s3ame 3 THM,
110 TaKl MBUAKOCTI OJU3BKI 10 MAaKCUMAaJIbHO MOXK-
JUBUX MIBHJIKOCTEH IUCIIOKAIlid, IO CYTTEBO YCKIIa-
JTHIOE MEXaHI3MH HENPYXHOTo JepopMyBaHHs 1 00-
MEXKYE MOXKIHNBOCTI KOHTHHYAJIBHOTO MiIXOAy 0
J0r0 MOJIEIIOBAaHHS.
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B pobomi pozenanymo 3a0aui onmumanibHo20 KepyeamHs HA dacogux wikanax. Ompumano docmammi
VYMOBU ICHYBAHHS ONMUMATLHO20 KEPYBAHHS 6 MEPMIH  aX NpAGUX HACMUH cucmemu ma QyHKYii, wo
8X00UMb 8 KpUMepitl IKOCMA.

Kniouogi cnosa: Yacoea wikana, onmumanvhe kepyganus, A - sumipnicms, MOMeHM GUX00Y.

This paper is devoted to research the problems of optimal control for systems of differential equations
defined on time scales. To solve such problems we must be sure that optimal control exists. For this purpose
necessary to have an analogue of existence theorem for optimal control on time scales.

Initially we describe the basic concepts associated with the time scales theory. We consider the problem
of Mayer and Bolz on the time scales to the moment when the solution exits from the domain. In this case
quality criterion has another parameter which depends on control. This parameter is the time of exit, which
greatly considered optimal control problem on time scales.

Sufficient conditions for the existence of optimal control for these optimal control problems are
obtained. These conditions are presented in terms of right sides of the system and function which are
included in the quality criterions. It turns out that in the proof of the existence of optimal control the
important role plays condition of convexity a certain kind.

Key Words: Time scale, optimal control, A - measurability, moment of exit.

Crartio nipenctaBuB akagemik HAH Ykpainu, 1. ¢. — H., npod. Ilepectiok M. O.

Beryn. BuBueHHs audepeHIianbHUX PIBHSHb HA ONTHMANBHOCTI Yy TepMiHAX BHUXIIHUX JIaHUX.
YacoBHX IIKaJaX BHUKIIMKAE BEITMKUI iHTEepec cepesi BWBYECHHIO IMX MUTaHb 1 MPUCBSYEHA 1aHa PoOoTa.

nocnigaukie. e moB’s3ano 3 TuM, mo B 1988 pomi Cama po0oTa CcKIaNa€eTbesi 31 BCTYNMY 1 TPhOX
Stefan Hilger B pobGori [1] BBIB TOHATT A- dYacTHH. B mepimiii YacTHHI TNpUBEIEHO OCHOBHI
MOX1THOT, SIKE TO3BOJIHIIO 00’ €THATH 3 €IMHOI TOYKU TOHATTS Ta TBEPPKEHHS, SKi CTOCYIOTHCS YaCOBHX
30py AMCKpPETHHUH 1 HemepepBHUM aHami3. OCHOBM INKal. Y  Jpyrid 1 TpeTiii dYacTUHAX JUId 3a1ad
TAKOTO aHaTi3y BUKJIaJleHO B MoHorpadisx [2], [4]. onTumanbHOrO KepyBaHHS 3 KpHUTepisiMu Maiiepa i

B nopanpmomy gudepeHmianbHi  piBHAHHS Ha  bombia OTPUMAaHO TeopemMy ICHYBaHHS
YacOBHX IIIKajaX B PI3HUX HANPSIMKax BHBYAIKCS B  ONTHUMAalbHOTO KEPYBAHHS Ha YACOBUX IIKAJaXx.
poborax GaraTbox aBTOPIB. 1. OcHOBHI MOHATTS Ta HEOOXiIHI TBEPIKEHH,
Teopiss ONTHMaIbHOIO KEPyBaHHS Ha YaCOBUX MOB’s13aHi 3 YaCOBUMM IIKAJIAMM.
mKanax Ie JOCHTh Majlo BHBUeHa. B 1mpomy YacoBoro mikanmoo 7 HA3WBAETHCS JOBITBHA,

HaNPSAMKY BiI3HAYUMO poOOTy [6], B sIKill OTpUMAHO HEMOPOXKHS, 3aMKHEHA MiJIMHOKHHA JIICHUX YHCEI.
CHJIBHY BEpCitO MPUHIUIY MakcuMyMa [lonTpsrina.  HailOuieIn BiTOMUME TpPUKIalaAMH YacOBHX IIKAIl €
et pe3yabTaT nae HEOOXiaH1 ymoBu T =R, T=Z,T=hZ mua h>0. Jani noBinbHUH
ONTUMAJIBHOCTI, aje i iX IepeBipku NOTPiOHO iHTEpBai 3 4acoBOi mKamu I OyaeMo MMO3Ha4YaTh SIK

. v b b .
BUKOPHCTOBYBATH ClICIliabHHH 00’€KT - (I)'yHKHIIO I,,ne I —intepsans R, to6ro I, =1 NT.
[NouTpsrina. baxano Oyno 6 MaTu HOCTaTHI YMOBH
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BBememMo  HAcTymHI  MOHSTTS,  IIOB’s3aHi
KJ1acU(IKaII€I0 TOYOK YaCOBOT IIKAJIH.

Hns teT BHU3HAYMMO OIEPATOPH CTPHOKA
Briepen i Hazax o, p: T — T HACTYIHUM YHHOM

3

a(t)zinf{seT:s>t}ip(t)=sup{seT:s<t}
byHKIIiI0 u:T —[0,40)
u@)=o()—t. Touka
TPAaHUYHOIO  (JTIBO-PO3CIiSTHOIO,
MPaBO-PO3CIAHON),  SKIIO

o(t)=t,

Ta 3€PHHUCTOCTI SIK
t €T Ha3MUBa€ThCs JIBO-
IIpaBO-TPaHUYHOIO,
p)=t (p@)<t,

o(t)>t). Skmo T mae iBO-pO3CIAHUI
MakcumMyM M, Tomi BH3HAYMMO T = T\{M} , B
inmomy sunanky T* =T .

Osnauenns 1. [2] ®yukuis f :T — R Ha3uBaeThcs
rd — HETIEPEPBHOIO, SIKIIIO BOHA HEMEpPepBHA B
MpaBO-TPAaHUYHUX TOUKaX ¢ € T 1 TpaHuId 371iBa i€l
(GYHKIIIT ICHY€ B JIIBO-TPAaHUYHHUX TOUKaX f € T .

Hns dyskmii f:7 — R BU3HauMMO (YHKIIiIO
f°:T >R sk f° = f(c). Busnauumo nousrrs A
- OXiAHOI.

Osnauenns 2. [2] A - moxigHoto ¢yHkmii f B ToUIi
t € T* nasuBaetncst Take uncno f*(f) (KO BOHO
icuye), mo mis gosinmeHoro & >0 icuye okin U
t mo s seUNT
BUKOHYETHCS HEPIBHICTb:

A
| fe®)=f(s)-f"Olo@)-t]l<e[o()=s].

Osnauennss 3. [S] Jdna ¢yl f: [a,b]T —> R

f:la,b]l, > R

HAaCTyIIHUM YHHOM f (t) = f(supla,t];) nmnsa Bcix

TOYKH TaKHM, BCIX

BU3HAYUMO PO3IIMPEHHS

tela,bl,.

st PIBHSHB Ha YacOBUX IIKajJax
CHPAaBEUIMBUM € aHAJIOT IEPIIOi TeOpeMH X eI,
Teopema 1. 3 HOBUIBHOT MOCITIIOBHOCTI MOHOTOHHO

HeClaJHUX 1 piBHOMIpHO oOMekeHuX Ha [a,b],

(GYHKIIH  MOXKHA  BHAUIMTH  IIAIOCHIIOBHICTD,
30DKHY Yy BCIX TOYKax 3 [a,b]; .

JloBeZicHHS  TEOpEMH  OUYCBUIHMM  YHHOM
OTPUMYETBCS 13  KJIIACHYHOI ~ TeopeMH  Xewii

MEepexo/IoM BiJl MOCTIIOBHOCTI (DYHKIIIH { /, (t)},
3agaHoi Ha [a,b], 10 iX po3mHMpeHHA {fn(t)},

3a7aHuX Ha [a,b], .

Hami [uis  BBEJEHHS TOHATTS  aOCONIOTHO
HermepepBHUX  (PYHKIIH Ha YacoBHX  IIKalax,
PO3TIITHEMO JTOTTOMIXKHI TBEPKEHHS 3 [6].

Hexait p,— A- mipa Jlebera Ha ', BU3HaueHa

B TepMiHax mpoaoBkeHHs Kapareomopi B [2].
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Hexait 4 < T . Kaxyth, 10 Jedka BIaCTHUBICTD
BUKOHYEThCSI A — Maibke ckpi3b Ha A, SKIIO BOHA
BUKOHYEThCS it Oymb-sikoro te A\ A', ne

A'© A— nesxa U, - BUMIpHA MiAMHOXKMHA T , 17Is
akoi  p1,(A)=0. OyHKUIOHATBHUM TIPOCTOPOM

1 n . o
L, (A,R ) HA3WBAETHCS MHOXXKMHA BCiX (YHKIIH

f, BusHaueHmx A- MaibKe CKpi3b i Takux, MIO

[lf@| Ar<+o.

[TozHaunmo uepe3 AC([a,b]T,R") MHOKUHY

BCIX a0COIIOTHO HemepepBHUX Ha [a,b], GyHKii.

Mae Mmiclie HacTyIHa TeopeMa.
2. 6] t, €la,b],

f:la,b], > R". ®ynxuia f € AC([a,b];.R")
TOJI 1 TiNbKH Toi Ko f € A - mudepeHiniioBaHo0

A - maibxe ckpisb Ha [a,b), , fte LIT ([a,b)T,R")

Teopema Hexait i

i st koxHorot €[a,b], mae Micue piBHICTB:

fa)+ | fA(T)AT,tZtO

[t0.0)r

fa)- [ Aoani<i,

[to.)7
Beenemo monsTTs A - BuMipHOCTI QyHKIIT Ta
npuBeAeMO aHajor Teopemu Jly3iHa Ha YacoBHX
IKasnax.
Osnauenns 4. [8] @yukuiss [ :T — R Ha3uBaeThcs

f=

A - BUMIpHOIO, SIKIIIO JUTA KOKHOTO ¢ € R MHOKHMHA
S ([~0,@))={teT: f(t)<a}e A- Bumipuoro.
Teopema 3. [8] Hexaii f:T — R. Oynukuis f €
A- BUMIPHOIO TOAI 1 TUIBKM TOMI, KOJIW s
nosineHoro & >0 icHye Taka rd - HemepepBHa
dynxuis  ¢:[a,b], > R, mo A- wmipa JleGera
muoxuan {x: f(X) # @(x)} Menme &.

Jaui HaBeneMo aHajor Teopemu Jlebera npo A -
UG epeHITiioBaHICTh MOHOTOHHOI (DYHKIIII.
Teopema 4. [9] fAxmo f :[a,b], = R - MoHOTOHHO
dynkuis,
N cla,b], taka, mo A- wmipa uiel MHOXHHH

HecIaHa TOAi  ICHyEe  MHOXHHA

. . A .
nopiBHIOE Hymo 1 f°(X) iCHYe IS KOXHOrO

xela,b),\N .
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2. llocTanoBka 3anauvi. Teopema icHyBaHHS
ONITHMAJIBHOI0 KePyBAHHSI.
Ha wacogiit mkami 7, sup7 =400, po3risHEeMO

HACTYIHY 3ala4y OIITUMAJIbHOI'O KEPYBaHHA:
Xt = f(6,x(0),u(0))
e= (t] ,x(O),x(t])) es

3 KpUTEPieEM SKOCT1 TUIY Maiiepa:

(1

J(x(0),u) = ®,(e) > inf )
Ha Bigpisky [0,7)],, 0eT, T,eT, xeD-
¢dazoBuii  BekTOop, [ — o00nactb B RY,
x(0)eKcD, K — xoMmakr, #, — MOMEHT

MEpIIOr0 BUXOAY PpO3B’sa3Ky X(f) Ha TpaHHUINO
obmacti D, u(t) e U < R™ — Bekrop KepyBaHb,

u - BEKTOp-( yHKIIis
®:[0,7,], x DxU — R menepepsna mna S, ne

3aMKHCHa MHOXHWHa,

MHOKHHA S Bu3HayaeThes piBHsAHHAMU D (e) =0

npu j:2,_k, CI):{CD.}/;:].

J
f:0,T,],xDxU - R~ rd-

HelepepBHa 3a 3MIHHOIO f 1 HemepepBHa 3a X € D i
JUIsl Hel BUKOHYIOTHCSI HACTYITHI YMOBH:
al) ymoBa JIiHIFHOTO pocTy:

OyHKIisA

icnye Ttaka crama C, >0, mo mns Oyap-sIKUX
tel0,7,],, xeD,uel:

|/ (t,x,u)| < C(+| x| +ul). (3)
a2) icuye taka crama C, >0, mo mis Oyap-sIKux
tel0,7,],, xeD,uel:

|f(t,x',u)—f(t,x,u)|£ C, |x'—x|(l+|u ). @

KepyBanns u(¢) BBaXaeThCs JOMYCTUMUM, SIKIIO:
Bl) u(1)e L,([0,7;],), p =1,

B2) u(t)eU npu t €[0,7 ], .

Po3B’s3kom cucremu (1) Oymemo HaszuBaTH
¢yukiiro x = x(-) , 0 3a10BOJbHSE PIBHAHHS:
x(6)=x(0)+ [ f(s,x(5),u(s))As, ¢ €[0,T,],.(5)

[0,)7

[Mosznaunmo yepe3 F' kiac ycix map (x(0),u),
JUIS IKUX U 3aJI0BOJIbHSE YMOBH B1)-B2) 1 pO3B’A30K
piBHSHHS (5) 3aJ0BONBHSIE TPaHUYHUM YMOBaM
ec€S. JloBiubny mapy (x(0),u)eF' OGynemo
HA3UBATH JIOMYCTUMOIO.

PosrisiHeMo HacTyriHy MHOXKHHY:

F(t,x):{f(t,x,u):u eU},te[O,To]T,xeD.(6)

Mae Mmiclie HacTyIHa TeopeMa.
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Teopema 5. Hexaii mns cucremu (1) 3 kpurepiem
SKOCTi (2) BUKOHYIOThCS YMOBH al)—a2) i KpiM TOro:
a) F'' — HenmopoXHs MHOKHHA,

6) U — KoMmakTHa MHOXKHHA,

B) MHoxwuna F'(¢,x) e omyxinoto mst ¢ €[0,7] ], ,
xeD.

o . * * e e .
Toni icuye mapa (x (0),u )e F', sxa minimizye
KpHTepiit skocTi (2).

JloBeleHHsSI TEOPEMH CKJIAIA€ThCS 3 YOTUPHOX

neM. IlosHauumo uepes Y, MHOXKHMHY BCIX
po3B’sizkiB  cucremu  (5), sKI  BiINOBIZaOTh
(x(0),u) € F' iBusnaueni na [0,0(t,)),, xe
t,= sup {Vse[0,t],:x(s)e D}.
e[0Ty I
Po3B’s3ku  cucremu (5), sKi  BiANOBIZaOTh

(x(0),u) mponosxumo Ha Bech intepsan [0,7;],
HAaCTYITHUM YHUHOM!
x(1),t €[0,0(1));
()=
(@ (1)t [0 (). T, ;-

MHOXHHY BCIX TaKMX PO3B’S3KIB IO3HAYUMO

(7

yepes ! 1 IOKaxeMo, W0 BOHA € MHOXHHOIO

PIBHOMIpHO 00MEXEeHNX i piBHOCTEIEHHO
HerepepBHUX QYHKIIH. Mae miclie HacTyIHa Jiema.

Jlema 1. IcHytots nogatai crami M, i M, Taki, mo
JUISL BCIX Y € ¥ BUKOHYIOTHCSL HACTYIIHI YMOBH:
a) | ¥(0)]< M.t €[0,T,],

6) | ¥(O) = y(s) IS M, (t=s5),s<t,t€[0,T;], (9
Jloseoennsn. Ockinpkn K — KOMITaKTHAa MHOKHHA,
x(0)e K, toni y(0)eK i |y(0)[<M, ana Bcix

Yy € x.. B cuny xomnakraocri Muoxunn U st

®)

BCix KepyBanb u wmaemo: |u(t)|<B. Ilokaxkemo
PIBHOMIpHY  OOMEXKEHICTh
te[0,7,],.

Hexait m(¢)=| y(¢)— y(0)|. 3 piBusuus (5),
YMOBHU JHIAHOTO pocty i
| ¥(s)|< m(s)+]|y(0)|ana nmoimproro ¢ e[0,7]];

pO3B’A3Ky Y  IIpH

HEpIBHOCTI

Ma€eMo:
0<m(t)<C, [ m(s)As+C, [ (14| y(0)|+|u(s) As-
[0.0); [0.0);
BuxopucroByroun ananor gemu I'ponyomna [2,
cTp. 256] oTpUMaEMO HACTYIIHY HEPIBHICTS:

| ¥(0) = y(0) [£ Clipp, A+] ¥(0) |+ u(s) [)As
ne C=e.(1;,0)C, nmpu te€[0,7;],. Tomi nns

nosinsHoro t €[0,7;], maemo:
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| ()= y(0) [ CTy(1+ M + B) .
| y@&) <M, +CT,(1+ M, +B)<M,.

Otxe, piBHOMIpHY obMmexenicte y(t) na [0,7]],

Toxi

MH MMOKa3aJju. HoBenemo

y(t)
PosrisiHeMo HacTyIHI BUNAIKH.
1) Hdnsa Oymp-sxux s,,s, €[0,0(t)), Takux, mo

pIBHOCTEIICHEBY

HETepepBHICTh  QYHKIIIT npu t<[0,7],.

s, <S,, BUKOPUCTOBYIOUM YMOBY JiHIHHOro pocTy
(3) maemo
| y(s,) = y(sy) = x(s,) = x(s,) |=

<| [ fx@.u)Ar<

[s1.82)7
<C/(+M,+B)s,—s,)—>0npu |s,—s,|—=>0.
2) Sxmo s, <o(t)<s,<I1,, Toui aHAJOriYHO

MONEPEIHBOMY BUNIAJKY MAEMO:

| ()= (o (1) = x(s) = x(a(#)) <
<C/(1+M,+B)(o(t,)-s,)— 0 mpu | s, —s, |—=> 0.
3) SAxmo x o(t) <s, <s, <T,, Toxni
| () = ¥((s,)) = x(a (1)) = x(a(£)) = 0,
o 1 O3Haya€e pIBHOCTENICHEBY HEMEPEPBHICTh
dyukuii y(¢) na [0,7;], . Jemy 1 noeneHo.
[3] u=1nf J(x(0),u).
(x"(0),u") e F' r=12,..
HAa3MBAETHCS MIHIMI3YIOUYOI0, SKIIO

u=lmJ(x"(0),u").

Osnauenns 5. Hexaii

[MocminoBHICTH pu

Hexait (x"(0),u") ta (y"(0),u"), r=12,.. -
nocrigoBrocti 3 F', a x",y" — po3B’sa3ku cucremn
3,
(»"(0),u")iBuznaueni Ha [0,0(t,)),Ta [0,7;], .
BinnoBiaHi TpaHAYHI YMOBH BUTJISII:

e, = (t/,x"(0),x" (1)), e, = (1, ¥ (0), ¥ (1)) -

Mae Mmiclie HacTyIHa jeMa.
Jlema 2. IcHye Taka MiHIMi3ylo4a MOCTIIOBHICTb

(" (0),u"), r=12,., mo
36iraetbes 1oy wa [0,7,], mpu 7 —>o0. Kpim

mo Bigmosimarote mapam (x"(0),u") Ta

pIBHOMIpHO

TOTO y* 3aJ10BONBbHSIE yMOBH (8) 1 (9) 1 e; 30iraeTbcs
710

¢ =,y (0).y'(1)).
Jlogedenns. Hexait (37(0),u’), j=1,2,...— nesxa

MIHIMI3yI04a IOCJIIOBHICTh, a )77 — BIAIIOBIOHHI
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po3B’s30k cuctemu (5). Ockinbku x(0)e K, a K —
xommakt, Tomi | x(0)[<M,, |x(4)I<x(t,)]-e".

=/ ZJ
Orxe, e; ,e)
BuxopucroByroun anamor Tteopemu Apiiena-

Ackomi [7, Teopema 4.2] Temep MOXKHA BUAUTUTH
JisJpr-r TaKy, mo Yy =y”

36iraeTbes pisnomipuo wa [0,7,], m0 ¥, a

— OOMeEKeHI.

ITATIOCIII OBHICTD

r_ =
e —ey

. 3
! 36iraeTbes 10 €, mpu 7 — o0 . [losHaunmo

u" =u’ . Ockineku Y 3amoBonbHsE yMOBH (8)-(9)

*
npu  KoxkHomy r=1,2,..., TO )y  Takox

3aJI0BOJIbHSIE IUM yMOBaM. OCKUIbKU e; 30IraeThCs
hi (o e; ,a y’ piBHOMIpHO 36iraeThes 10y, Toji

. r £ . r r £ £

lim# =t , limy"(t))=y (¢,).

r— r—o
Otxe, 1ema 2 10Be/IcHA.
Jlani mokmazemo x (t) =y (t) npu ¢ €[0,0(t))];.

Ham sammmmiocs mokasaTd, mo X (f) €

pose’szkom cucremu (5) mpu t €[0,5(¢)],, mo

u'(t).

OyHkmis X  3a10BombHsE yMmoBy Jlimumims (4),

BINOBIIA€  ONTHUMAJILHOMY KEPYBaHHIO

* .
OTXKe, X — abCOJMIOTHO HemepepBHa (YHKISA, a
. KA . o .
omke, A-moxigHa (X )” iCHYE Maiie CKpi3b.
Mae Mmiclie HacTyIHa jeMa.

Jema 3. Sxmo  (x)*(2) icHye,  TO
() () e F(t,x"(1)).
Jloseoenns. [Toznaunmo F(t,x () =F i

PO3IJISTHEMO (X - OK1JI MHOXKHHU F'
0, ={zeR":dist(z,F)<a}.
Ockinpku F — omykina MHOkHHA, TO O, TaKOXK

OnyKJa MHOXHMHA. IcHye 1oaaTHA MOCIIOBHICTD 17,

30bkHa g0 wHyns mnpu  a—>0, gim skoi
F(s,X)c O, npu |s—1]|+|x' —x () |< n..

Hexaii Z'(s)=f(s,x"(s),u"(5)). Toni
z'(s)e F(s,x"(s)), a omxe, z'(s)eO, mupu

|t —s|<0, . PosrnsHeMO HACTYITHI BUMAIKH.
1) Hexaii ¢ € T — npaBo-po3cisiHa To4Ka, TOJI

By M OO _ oo

(1)
[epeiimoBim 10 TpaHuUIli IPH ¥ —* I, MAEMO

(x")
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*

x*(e@)-x (1) _eo,.

()
Ane a >0 mu Bubupanu 10BibHEM grHOM. OTXKE,
(x)*(t)eF.
2) Hexaii tenep Touka ¢ € T’ — nmpaBo-rpaHuyHa.
Buxopucrosyioun (5), oTpumaemo

X (e@)-x" ()
u(t) ht
O,— onykia

z'(s)eO,, rtoni mpaBa uacTHHa 1€l pPiBHOCTI

) 0 =

1 t+h

o) = N syas

OCKITBKH MHOXKHMHa, Ta

HAJIEKUTh 5a . [Tepeiinemo no rpaHui mpu » —> o0 .

Ockinbkn O, — 3aMKHEHa MHOXKHHA, OTPHMAEMO:

A 1 t+h _
(N ()=— [ z¥(s)ds €O, .
ht

Hexait & — 0, tomi (x)*(¢)€0,. Ane a>0

MU BuUOWpamum  JoBilbHUM — umHOM.  OTike,
(x")*(¢) € F. Jlemy noBeneHo.
Mae Mmiclie HacTyIHa jeMa.
Jema 4. IcHye Take KepyBaHHA U , IO
(x'(0),u")eF' i

()" = f (. (@0,u (@) (10)

Maibxe ckpiszb Ha [0,7; ], .
Jlosedenns. 3a nemor0 3 1 O3HAYEHHSM MHOXKHHH
. Ed
F(t,x) orpumaemo, mo icuye kepyBauus u (t),
ske 3agoBonbHse (10). OmHak, Wi TOoro, moob mnapa
* * . . *

(x (0),u ) € F' neobxinno, mo6 ¢yukuis u Oyna
BUMIPHOIO. A 1l TapaHTYETbCS TEOPEMOK TIPO
BUMIpHHUI BHOIp Ha 4YacoBUX IIKamax [8, Teopema
4.1].

Hoeeoenns meopemu.: Ockinbku @ — HemepepBHA

dynkuis, 0 D(e))—>D(e)) mpu r—ow. A
J(x"(0),u”")=D(e]) 36iraeTbcss 00 L, OCKIIBKH
s IIOCIIIIOBHICTH OTxe,
JEO),u)) = D) = . o
dynkuis J(x(0),u) mocsrae minimymy Ha F'Ha

MIHIMI3yIOYa.

3BimcH  MaeMo,

mapi (x (0),u") . Teopemy JOBEIEHO.
3. /lonoBHEHHS /10 TeOpeMH iCHyBaHHS.
Ha yacosiit mkani 7,sup 7" = 400, po3risiHeMO
3aja9y ONTUMAIBHOTO KepyBaHHS (1) 3 KpuTepieMm
axocti bonbia :
J(x(0),u)= [ L(t,x(t),u(t))At + @, (e) > inf .

[7.11)

(11

Pozrisiaemo HacTynHy MHOXUHY
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F(t,x)={z:z= f(t,x,u),z,,, 2 L(t,x,u),u cU}.(12)
Mae Mmiclie HacTyIHa TeopeMa.

Teopema 6. Hexaii mns cucremu (1) 3 kpurepiem
sakocti (11) BukoHyroThcs ymoBu al)-a2), L-
HerepepBHa QYHKIIIsL, 1 KpiM TOTO:

a) F'' — HemopoXHs MHOXHHA,

06)U — 3aMKHEeHa MHOXKHHA,

B) Muoxuna F(¢,X)e Omykiow L tel0,7,],,

xeD.

r) L(¢t,x,u)>g(u), ne g - HenepepBHa (QYHKIIs i
|lul" g(u) — oo npu |u|—>w,uecl.

Tomi icnye mapa (x (0),u' )€ F', sxa wminiMisye
Kputepii sikocti (11).

JloBeicHHS 11i€1 TEOpEMHU CKJIaJa€ThCs 3 IIECTH
geM (memu 5.1 — 5.6) 1 MOBTOPIOE JOBEICHHS
BianoBinHOI Teopemu [3, crp. 97, Teopema 4.1]. Mu
He OyaemMO  TMOBTOPIOBAaTH  [I€  JIOBEACHHS,
3YMIUHAMOCS JIMIIE HA THX MOMEHTaxX, B SKHX
MPOSIBIIIETHCS crienudika yacoBux mkai. Jlema 5.1 B
HAIIIOMY BHIIAJKy Oy/Ie 3By4aTH TaK:

st noinbaux v > 0,717 > 0 icHye Take & >0,

1110 |Al<o i i3
HepiHocTI | g(u(t))Af < v BUILIMBaE
[0,75)r
[lu() At <n.
A

JloBeIcHHS 1Ii€T JIEeMU BUILIUBAE 3 TIEPEXOIY JI0
posmmpenoi ¢yukii #(f) itoro ¢axry 3 [5], o

[ uar= [ .

[a,b) [a,b]

Jani B JOBeIEHHI TEOPEMH BHUKOPHUCTOBYETHCS
MTOHSTTS PIBHOCTEIICHEBOT a0COIOTHOT
HEMEPEPBHOCTI, SKE TEPEHOCUThCS 1 Ha Hall

BuMaaok. DopmysroBaHHS 1 JOBeACHHS JieM 5.2 1
5.3 amajoriude, TIIBKM B JIOBEIEHHI JieMH 5.3
3aMICTh TEOPEMH XeJUTi BHKOPUCTOBYETHCS ii aHAIIOT
Ha yacoBHMX mKanax (teopema 1). Jlami aHanoridno

OyIyIOTbCS MHOKUHH O,7 1 Crz‘ @opMyJIIOBaHHS 1

noBeneHHS Jiemu 5.4 ananoriune. DopMmyitoBaHHS
JeMH 5.5 aHajoridyHe, a JOBEIEHHS aHAJOrIYHE 3a
BUHSITKOM TIPaBO-pO3CIIHOI  TOYKH, aje Take
JOBEJICHHS MW  MPOBOJMIM B JeMi 3.
dopmMynnroBaHHS JIEMH 5.6 aHAJIOTIYHE, a JOBEACHHS
0a3yeTbcsi Ha BUKOPHCTAaHHI aHAJOTy TeOpeMH
Jlebara mpo audepeHifOBaHICTE MOHOTOHHOL
byHkIii (Teopema 4). AHaNOTTYHIMH
MIpKYBaHHIMH, 3 BAKOPUCTAHHSM JIeM, JOBOJHUTHCH 1
cama Teopema 6.



Bicnux Kuigcbkoeo nayionanshoeo ynigepcumeny 2015, 4 Bulletin of Taras Shevchenko
imeni Tapaca Llesuenka National University of Kyiv

Cnucox BUKOPHUCTAHUX TKEPeEa

Hilger S. Analysis on measure chains — a
unified approach to continuous and discrete
calculus / S. Hilger. Results Math, 18. —
1990. — p.18 — 56.

Bohner M, Peterson A. Dynamic equations
on time scales / M. Bohner, A. Peterson —
Boston: Birkhduser, 2001. — 369p.

Dnemune V., Puwen P. OnTuMaisHOe
pranIeHI/Ie I[eTepMI/IHI/IpOBaHHBIMI/I 158

CTOXaCTUYECKUMH cucreMamu / V.
@®nemunr, P. Pumen — Mocksa: Mup,
1978. —c. 316.

Bohner M. and Peterson A., editors.
Advances in dynamic equations on time
scales / M. Bohner, A. Peterson — Boston:
Birkhauser, 2003. — 361p.

Bohner M., Stanzhytskyi A., Bratochkina A.

Stohastic dynamic equastions on general
time scales / M. Bohner, A. Stanzhytskyi,
A. Bratochkina // Electronic Journal of
Differential Equations. — 2013. — p. 1-15.
Bourdin L., Trelat E. Pontryagin maximum
principle for finite dimensional nonlinear
optimal control problems on time scales /
L. Bourdin, E. Trelat // SIAM J. Control
Optimal. 5. —2013. - p. 3781-3813.

Gong Y., Xiang X. A class of optimal
control problems of systems governed by
the first order linear dynamic equations on
time scales / Y. Gong, X. Xiang // Journal of
industrial management optimization, 5(1). —
2009. —p. 1-10.

Pawluszewicz E., Torres D. Avoidance
Control on Time Scales / E. Pawluszewicz ,
D. Torres // Journal of Optimal Theory. —
2010. — p. 527-542.

Pouso R., Sanjurjo  A. A new
unification of continuous, discrete and
impulsive calculus through Stieltjes
derivatives. [Enekrponnuii pecypc] / R.
Pouso, A. Sanjurjo—2015. — Pexxum

44

Cepis ghizuxo-mamemamuuni HayKu Series Physics & Mathematics

JNOCTYIly 10 OKypHaiy: http://  www.
researchgate.net/ publication/ 277952939.

References

1. HILGER, S. (1990) Analysis on measure
chains — a unified approach to continuous
and discrete calculus. Results Math., p.18 —
56.

2. BOHNER, M., PETERSON, A. (2001)
Dynamic equations on time scales. Boston:
Birkhéuser.

3. FLEMING, U.,, RISHEL, R. (1978)
Optimal'noe upravienie determinirovannymi
i stohasticheskimi sistemami. Moskva: Mir.

4. BOHNER, M., PETERSON, A. (ed.) (2003)
Advances in dynamic equations on time
scales. Boston: Birkhduser.

5. BOHNER, M., STANZHYTSKYI, A,
BRATOCHKINA, A. (2013) Stohastic
dynamic equastions on general time scales.
Electronic Journal of Differential Equations,
p. 1-15.

6. BOURDIN, L., TRELAT, E. (2013)
Pontryagin maximum principle for finite
dimensional nonlinear optimal control
problems on time scales. SIAM J. Control
Optimal, p. 3781-3813.

7. GONG, Y., XIANG, X. (2009) 4 class of
optimal control problems of systems
governed by the first order linear dynamic
equations on time scales. Journal of
industrial management optimization, p. 1-10.

8. PAWLUSZEWICZ, E., TORRES, D. (2010)
Avoidance Control on Time Scales.

Journal of Optimal Theory, pp. 527-542.

9. POUSO, R., SANJURJO, A. (2015) A new
unification of  continuous, discrete and
impulsive calculus  through Stieltjes
derivatives.  [Online] - Available from:
http:// www. researchgate.net/ publication/

277952939.

Haniituoia mo peaxonerii 18.11. 2015



Bicnux Kuigcbkoeo nayionanshoeo ynigepcumeny 2015, 4 Bulletin of Taras Shevchenko

imeni Tapaca Llesuenka National University of Kyiv

Cepis ghizuxo-mamemamuuni HayKu Series Physics & Mathematics

YK 519.946

Mapuneus B.B.', n.d.-M.H., npod, V.V.Marynets', doctor of physic. and mathem., prof.,

[utsoBka O.F0.% K.(b.-M.H., 01 0.Y.Pityovka®, candidate of physic. and mathem.

OnuH miaxia gocaixKeHHs KpailoBUX 3a1a4 On one approach of the boundary-value
AJisl PIBHAAHb B YACTUHHHUX MOXITHUX problem investigation for the higher-order

BHUILOT0 NOPSAJIKY partial differential equations
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byoyemvcsi 00na  koncmpykmuena mMoougixayisi  080CMOPOHHbO2O Memo0dy O0CHIONCEHHS M
HAOMUMNCEHO20 THMe2PYS8aHHI KPAllosoi 3a0ayi 015 HeMIHIlH020 OUpEPeHYiaNbHO20 PIGHAHHS 6 YACTIUHHUX
NOXIOHUX MPemb0o20 NOpPAOKYy HA NIOWUHI, KOAU Kpan o001acmi He3aNe)NCHUX 3MIHHUX MAE CKAAOHY
CMpPYKmypy.

Kurouoei cnosa: 0socmopouniiic memoo, kpauosa 3a0aud, HeniHilHe Ougpepenyiaivhe DIGHAHHSA 6
YACMUHHUX NOXIOHUX.

This work is about the investigation and approximate integration of the boundary—value problems in
the theory of partial differential equations of the hyperbolic type with a complex structure of the bound. We
give one approach of the investigation of the Cauchy-Gaursat boundary-value problem for a third order
non-linear differential equation of the hyperbolic type with the help of the constructive modification of the
two-sided method. On the basis of transformation of the given problem to the equivalent system of integro-
differential equations we establish sufficient conditions of existence, regularity of solution of the boundary-
value problem, prove theorems about differential inequalities, and give one practical method of construction
of the zero approximation functions (functions of the first “blanch”).

The alternative two-sided method built for the investigation of boundary-value problems for partial
differential equations has a number of advantages upon other monotone two-sided methods.

Key Words: two-sided method, boundary-value problem, non-linear partial differential
equation

CraTTiO IpEICTaBUB JIOKT. (i3.-MaT. HayK, npod. MimkonbibKoro yH-Ty Porto M.

Jlana po0oTa € MPOAOBKEHHSIM JTOCITIIKEHb, Hocmigumo 3amady: npu (x,y)e€ D 3HalTH
npuBezeHux B[1,2]. PO3B’s30K UG epeHIIiaTbHOTO PIBHSIHHS
Hexaii B R? 3amana 061actsb . o
D=D,uD,UD;, ne D*Vu(x,y)=f(x,yu(x,y), D" u(x,y), W
D, ={(x.y)xe[xe,x ] ye(g(x)n]}, D*u(x,y)) = flu(x,y)]
D, ={(x,y)|xe(x0,x,],y €(yiy2]} f:B—>R, BeR®, sxuil 3a10BONBHAE KpanoBi

Dy ={(x.y)xe(x.x, ] ve(von]}, yMoBI1
Xo <X, <Xy, Vo<V <Vy,
ne y=g(x)itoni x =k(y)— «BimbHa» KpUBa,
g'(x)<0, g(xy) =y, 8(x1)=y,-

u(x,g(x))=@(x),
D™ u(x,g(x))=¢,(x), )
D™ u(x,g(x))=p5(x),x € [x,,x,],

© B.B.Mapusenp, O.YO.ITutsoBKa, 2015
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vE )= () G TffuEn)] = [ [xv-&)ffuenjacd
1.0 3/ Luz(s.mn)f = X= us(e.m n,
D" u(xy,y)=w,(y). e[y, 9], o
u(x,y,)=w(x),xe[x,x%,], ) (x.y)eDs.

Ta YMOBH Y3TO/DKEHOCTI

@ (y)=01(x9), @,'(y;)=0:(x),
Oy (¥1)=0,"(x9), 0" (y,)=93(x,),
oi(x;)=w(x;),

v, (x;)=9,'(x;) =& (x,)p,(x;),

ne  o(x)eC([xex]), w(x)eC([x,x,]),
Py(x), p3(x) € C]([xO’x]]) 5

o,(y), 0(y)eC\([y,,y,]) — 3amani ynKuii.
OueBuHO [3] mykaHUil po3B’ 30K 3a1a4i

()= () u(x,y)=u,xy), (x,y)eDs, s=123,
ne u,(x,y) — po3B’430K B D 3anaui Kouri 1), (2),

)

(5), u,(x,y) — po3p’szok 3amaui I'ypca (1), (3) i
uy(X, 1) =uy(x,y) npu (x,y)€D2,a uz(x,y) —
po3B’s130k ipu (X, y) € D3 3amaui ['ypca (1), (4) 1
us(x,y)=u(x,y).

IToznauumo:

D)(x,y)=¢,(x)+

y —
+ J[€02(k(77))+(x—k(ﬂ))ﬁl’g(k(ﬂ))]dﬂ, (x,y)eDi,

g(x)
D,(x,y)=@)(x,y,)+o,(y)-w,(y,)+

+(x=x))[@,(y) = ,(y,)].(x,y) €Dz,
Dy(x,y)=y(x)+

+ [[@:(k(n))+(x=k(n)Jps(k(n))]dn,(x,y) € Ds,

Yo

y x
Tf[u(En)l = | [(x=&)f[u,(&n)idEdn,

g(x)k(n)
(x,y)eDi,

y x
Tf[uy(En)] = [ [(x=&)f [u,(&n)ldEdn,

Yi*o
(x,y)eBz,
Yy x
T flu(En)]= | [(x=&)f[u,(En)jdédn,
g(x)k(n)
(x,y)eDs,

46

v
Ty f[u(Em)] = [ [(x=&)f[w,(En)]dédn,

yok(n)
(x,y)eDs.
CrpaBemBa HaACTYITHA

Jema 1. Hexait f[u(x,y)] € C(B).Toni

KkpaiioBa 3amaua (1) — (5) € eKBIBaJCHTHOIO CUCTEMI
PIBHSHB

u(x,y)=@(x,y)+eT  flu,(cn)]+
+T flu(c.n)],

(x,y)eDs, s=123, ¢, ={

(6)
0,s=1,
1,s=23,

[Mpuyomy, sKIIO icCHYE OOMEXKeHa YaCTHHHA MOXiTHa
o [u(x,y)]
6D(2'0)u(x,y)

(1) — (5) mae po3B’s30K, TO BiH Oy1e pEryIsApPHUM.

BcranoBumo — goctaTHi  yMOBM  iCHYBaHHS
€IMHOTO Po3B’s3Ky 3aaaui (1) — (5).

3 mi€0 METOK Hajali OyneMo BBaXKaTH, IO
dyskuis  f/u(x,y)] € C,(B), TobTO, MO BOHA
3aJI0BOJIbHSIE HACTYIIHI YMOBH [4]:

1. flu(x,y)]eC(B) i B obmacti B mMae

B o0Osacti B 1KpaiioBa 3aaa4a

00MEXeHY YaCTUHHY TOXiJHY W ,
oD "u(x,y)
2.y MPOCTOpI C(E/) , BicR?,
prOyE /=D, icHye Taka byHKITiS

H(x,y,u(x,y),D""u(x,y),D*"u(x,y);v(x,y),
D v(x,y), D v(x,y)):= H[u(x,y);v(x,y)] ,
110

a) Hlu(x,y)v(x,y)] = flu(x.y)],

0) AN JOBUTBHOI 3 MPOCTOPY C(Z'o)(B) napu
byHKUin u(x,y),v(x,y )eE;, SK1 3aJI0BOJBHSIIOTH
ymou  D*Vu(x,y )= D "v(x,y), (x,y)eB,

k=0,12, B obnacti B; BUKOHYETHLCS HEPIBHICTD
Hlu(x,y)v(x,y)] =H[v(x,y);u(x,y)] <0, (7)

3. dynkuis H/u(x,y);v(x,y)] B obmacti B
3aJI0BONIbHsIE yMOBY Jlimiima, TOOTO, AJis BCSIKUX 3
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20), 1 (X9 k.0 k.0

npocropy ~ C*"/(D)  dymkmiit  wu,(x,y), DWW, (x,y)20, D*a ,(x,)20,

v.(x,y)e B , ¥=1,2 BUKOHYETHCS YMOBA

\H [u,(x,y)5u,(x,9)] =H[v,(%,);v5(x,)]| <
< 0,5LZQW, (x,y)| + ‘D”’O)w,(x,y)‘ + ‘D(Z'O)wr(x,y)‘),

w.(x,y)=u(xy)=-v.(xy), r=12, 05L-

crana Jlinmmina.

OueBunHo, skmo GyHkuis f/u(x,y)] € C(E)
1 Mae OOMEXKeH1 YaCTHHHI TIOXiHI MEPIIOTo MOPSIKY
Mo BCIM CBOIM apryMeHTaMm, pPO3NOYHHAIOYH 3
Tperboro, TO f/u(x,y)] 3aBKIN HAJISKUTH
MIPOCTOPY C;‘( B ).

ObepHeHe TBEpIKEHHS HECTIPaBEITHBE.

Hexaii byHKIii Z,,(x,y)
(20) /1 : T
Vi (x,y)eC™(Ds) wnanexarp obnacti B,
s=123, peN.

BBenemo nozHaueHHs:
W (xy):=Z ,(x,y)=V,,(x,y),
(x,y)eDs, s=123,

S y)=H[Z ,(x.y)V,,(xy)]
Jop(x¥):=H[V, ,(x,y);Z, ,(x,y)],
QN (x,y) =@ (x,y)+eT, , f(En)+
+T, 1 (5m),

Q (x,y)=@(x,y)+eT,f;,(5m)+
+ T, fs ,(&m),
a,,(x.y):=2 ,(xy)-Qr(x,y),
Bop(x.y):=V ,(x,y) =€ ,(x,y),
(x,y)€ D;.

)

[ToOynyemo MOCJIiJOBHOCTI byHKIIH

{Z,,(x, )}, {V,,(x,y)},3rimHo dopmyn
Z,u(x,y)=02(x,y),
Vipr(x,3)=£€2 ,(x,y), (x,y)€Ds,

Zop(x.y),
Vio(x,y )eﬁz BUOMpaeMo JOBUTBHI (yHKIIT 3

C(Z.O)(BS )
BiZMOBiIHO yMOBH (2) — (5) Ta HepiBHOCTI

©)

Ie 3a  HYJIbOBE  HAOJMXKCHHS

MIPOCTOPY SKI  3aJI0BOJILHSIOTH

47

DB (x,y)<0, (x,y)eDs,
s=123k=0,12.

(10)

Hapamni GyHKIIT
V,)(x,y)eC*(D;),

BigmoBimHo ymoBH (2) — (5), mepiBHOcTi (10) i

Zoo(x.y),

SIKI 3aI0BOJILHSIIOTH

Halexath  obnacti B, Oymemo Ha3uBaTH

(dyHKIISIME TOPIBHSIHHS KpaitoBoi 3aaa4i (1) — (5).
Mae Mmiclie HacTyIHa

Jlema 2. Hexaii

flu(x,y)]€C/(B) i
piBHsHHS (6) B mpoctopi (QyHKIH C(Z'o)(BS )
MalOTh PO3B’SI3KU, SIKI TPH (x,y)eBs,s=],2,3,
3aJI0BOJIbHSIFOTh YMOBH

DY o (x,y) <D*Vu(x,y)<DEVZ o (x,y).

Toni B o6macti B crpaBemuBi HepiHOCTI (10).
JaMo mpakTHYHHUA MeToj| MmoOynoBH (QyHKIIIH
NopiBHSIHHA KpaioBoi 3axadi (1) — (5), konu

flu(x,y)]€C)(B).

Hexaii

uy(x,y)=®@(x,y)+eT, flu(En)] +
+T f[h(Em)],

ne h(x,y)eC(z'o)(B)— NOBUIbHA B obOyacti B

dyHKIIis.
X _
Beaxaroun, mo u (x,y)e B;, M03Ha4UMO

a(xy)=u (xy) = (xy) =T, fluj(5n)] -
~T.f[u;(&n)]
Toni Gyukmii
D*Z, (x.y) :D(k.())u:(x,y)+‘D(k.0)a;‘(x,y)‘,
DY, (x,y) =D’ (x,y) _‘D("'O)a:(x,y)‘,

(x,y)eDs,s=123k=0,12

MPH YMOBI, 110 D(k'o)Zs,o(x,y), D("'o)Vs,o(x,y) € B

€ QyHKIisIMU TTOPIBHSHHS KpaiioBoi 3amadi (1) — (5).
HikicHo

D(k'())Ws,g(xJ’) = 2D e (x,y )20,

a mpuitMalodu 10 yBaru ymoBy (7), MaeMo
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Toni, BpaxoByruM TONEpeNHi HEPIBHOCTI,

DV (x,y |+ D"l (x,y) +

D(k'O)OlS o(x,y) :‘
’ Ma€eMo
3 *
+e, DT, (1 s ()] - £ (Em))+ S
+ DT (f[u*(§ )]—f0(§ ))>0 o(%,Y)< s1(X,y)<
AT = <DV (xy)<D*VZ o\ (x,y)
- s U7 - 5,0\ 7SS
DB, o(x.y) =D Ve (x,y)+ D Vel (x,y)+ _
. TOOTO, SAKIIO Zoo(x,y), Vs,o(x,y)eBz, TO 1
e, DT, (fLug(Em)]— fry(6m)) 7 o V(e
(k.0) * _ s,V S T LT I
D Ts(f[us (en)i fs,o(é,n))SO, I3 (14) npu p =0 onmepkumo D(k'o)as,,(x,y)SO,

D*YB (x,y)=0, ana Beix (x,y) e D, a oTke i3

(x,y)eDs,s=123k=012,
(11), (13)upu p=11i (x,y)e D, BuLmBaE

TOOTO MHOKMHA (DYHKIIIH IOPIBHAHHS 3a/1a4i
(1) — (5) ue mopoxHs.

I3 (8), (9) onepxxumo
DOl (%, y)=V, (% 0)]20,

DRz, (%, y)-Z,,(x,1)]<0,

D' ’f-")[zs,p(x, V)=Z, x,y)]= D*a ,(x,y), (1

DN, (5,901, s (5. 7)| =D VB, (5.3, DEOW, o(x.y)20,

Do, (v, (xy)]= (xy)eDs, s=123, k=012,
=D("'O)[ZS,I,(X,)/)—Zs,p+2(xJ’)]: (12) (15) mnpu
DYV[B, (x,3)+ By ps(x.3)]=

=D, (x )=V, a(xv)),

Ockinmbku B cuiny  ymoB  (7),
(x,y)eD;
D4 a, y(x,y)+at, (x,y)]=D*[Z, 4 (x,y) -
Vo (x,y)+T, (fro(Em)— f/(&n))+

DYOW, (xy) =D Q0 (xy)-0, (x.3))(13)

) ’ ST fp(Em)- fl(Em)]20,
Da . (xy) =D ()~ (x.9)) (k0) "
DRI, () =D, (xy)- @ eh (4 [B.o(x.) + ﬁs,,(j,y)] =DV, o (x.3) -

(x.y)€Ds,s=123,k=012,p=012.... _ ZSJI xTij”:(Z; r; )f :(sz’;)i_ﬂf;]ligon "

Bpaxosyroun (7), (10), i3 (11), (13) mpu p =0
Toi3(12)npu p=0, k=0,1,2 1 (x,y)e€ Ds maemo

OZIEPKUMO
D*V(Z, \(x.y)-Z,,(x,)]20, D*VZ (%, y)-Z, (%, v)]20,

DO,y (x,y) =V, (x.9)]<0, D O, (%, y)=V,5(x,9)]<0, s =123

D*W (x, )20, Are
_ (k.0) _
(x,y)eDs,s=123,k=012. D [Zs,,m( x,Y) =V, ol x,y)]—
) - N = D00 (x,7)-2, ()}
Hexait ipu (x,y ) € Ds cripaBeniuBi HEPIBHOCTI o) (16)
DY, (5 9)-Z, (3]
DRI (x,y)-Z (xy)|<0, (k.0) /
Vo (xp)=2,y(50) =000, ()~ 0 (x)
DXz, (xy) V. (x,y)]>0, (15)
' —_ mwis peN, a ODKe, BpPaxOBYIOUH IMOMEPEaHI
(x,y)eDs,s=123. . .. _
HepiBHOCTI 13 (16) mpu p =0 oxepx MO
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DNz, (x,9)=V,,(xy)|<0,

DRV (x,y)=Z,(x9)]20,
(x,y)eDs, s=123, k=012,
TOOTO MarOTh Miclle HEpiBHOCTI
D(k'o)Vs,o(x,y) SD(k'o)Zs,,(x,y)SD(k'o)Vs,Z(x,y)S
< D(k'o)ZS,Z(x,y) < D(k'o)VS,,(x,y) < D(k'o)Zs,o(x,y),

(x,y)eBS.
I3 (14) nmpnu p=1 wmaemo D™ ,(xy)20,

D(k'o)ﬂs,z(x,y) <0, a OTXKe ¢byHKiT
Zo,(x,y), Vs,z(x,y)eﬁz i € GYHKIISIMU
nopiBHsHHs 3a1a4i(1) — (5).

[loBToprotour BUIE HaBeNEHI MipKyBaHHS,

METOJIOM MaTeMAaTHYHOI IHIAYKIII MEePEeKOHYEMOCH Y
CIPAaBEUIMBOCTI HEPIBHOCTEH

D(k.o)V;,Zp

(k.0)
<D Vs,2p+2

< D(k'O)I/s,th? (x,y)< D(k'O)Zs,zpu (x,y)<
< D(k'O)Vs,zpu(x:J’) < D(k'O)Zs,zp(xJJ’):

(x.y)<D*Z . (xy)<

(x.y)<D*VZ , 5(x,y)<
2t (17)

st V(x,y) e D, ,s=123,k=012, p=012,....
TakuM YMHOM, CIIPaBEJIMBa HACTYITHA

Teopema 1. Hexaii byHKITis
flu(x,y)]eC,(B),aBobnacti B; BUKOHYIOThCS
ymoBH (15).

Toni TUTS MOCHITOBHOCTEN GyHKITIH

(k.0) (k.0) .
{D"7Z, ,(x,9)}, {DV (x.3)} SIKi

moOymoBaHi 3rimHO 3akoHy (9), e 3a Hy/IbOBE
HAOIKEHHS D(k'o)Zs,o(x,y), D(k'o)Vs,o(x,y)eBz,
k=0,,2, s=123, ¢GyHKIil

nopiBastHHA  3agadi (1) — (5), B obmnacri B

BUOHPAIOTHCS

crpaBeuBi HepiBHOCTI (17).
[TokaxkemMo, 1m0 TOOYIOBaHI IOCIITOBHOCTI

bynxui  (D*VZ (x,y)}, DV, (x,y)}

30iratoThCs pIBHOMIpHO TIipH (X, ) € Dy i

limD*"7Z  (x,y)=1lim D"V, (x,y)=
p—o®© ! p—>© !

:D("'o)us(x,y),(x,y)EBS’S :],2,3,/( :0,1,2.

(18)

B cuny HepiHocteit (17) it bOTO TOCTaTHHO
IOKa3aTH, 110
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lim D“W, (x,y)=0,
p—>®© -

(x,y)eDs, s=123, k=012.

3 i€ METOI0 MTO3HAYHMO:
max sup D(k'())WS,O(x,y) =d,
S, Dy
max{ 1, sup(x =Xy +y =y, )} =y .
D

I3 (13) maemo

DEOW, L (xy)=D* Ve T [ fF(Em)-
— [ (EMI+ T [ fP(Em)— £, (Em)]},

a oTKe, B cuity ymoBu Jlinmrina

2
D(k'O)VVs,pH(x:y)‘ < L{gsz—;,l |:Z‘D(k'0)W1’P (5,77)‘:| *
k=0

+T, {i\za(’f-“m,p(f:,n)ﬂ}
k=0

3BiAKHU METOA0M MaTeMaTHYHOIL
MEPEKOHYEMOCH Y CIIPaBEIIMBOCTI OIIIHOK

D40, (e ) <(p! ) BLy(x=x,+ =1, )V
(x,y)eDs,s=123 k=012 peN.

THAYKIT

d,
(19)

I3 oninok (19) BumnmMBae BukoHauHs ymoB (18).

[epeiimoBmm y (9) n0 TpaHumi mpu p —> ©
HEepPeKOHYEMOCh, 110 rpaHuuHi QyHkuii u (x,y) €
(6)

PO3B’SI3KaMH  BIJNOBIIHUX  PIBHSHB

(x,y)eBs, s=123.

npu

Teopema 2. Hexali BHKOHYIOTBCSI YMOBHU
Teopemu 1.
Toni IOCHIIOBHOCTI b yHKIIH

{D*"z (x.y)}, {D*"V, (x,y)}, nobynosani
srigHo gopmya (9), ae 3a HyJbOBE HAOJIMKCHHS
D&z (x,y), D™V, ,(x,y)eB;, Bubupacmo
¢dyHKIIT TOpiBHAHHS KpaioBoi 3anadi (1) — (5):

1. 36iraroTecss  piBHOMIpHO 70  €IUHOTO
peryJsipHOrO po3B’si3Ky KpaiioBoi 3amaui (1) — (5)
mpi (x,y) € D;

2. MarTh Micte ominku (19);

3. B oGmacTi B/ BHKOHYKOTBCS HEPIBHOCTI

DY, (x,9)<(2)D ", (x,9) < (2)

(20)
<(2)D*"Z, (x.y),
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Uil p — mapHux (HemapHux), (x,y)e Dy, s=1,2,3,
k=012.

JJis NOBEICHHS €MHOCTI PO3B’SI3KY 3a1aui
(1) — (5), nmocraTHRO TIPOBECTH MIPKYBaHHS,
aHAJIOTIYHI JI0 TUX, AKI BUKJIJCHI B [5].

JoBeaemo crpaBeaiuBicTh HepiBHOcTeH (20). 3
II€I0 METOK MPHUITYCTUMO CYIPOTUBHE, IO B ASAKIH

Toulli (X,y )EBS Ta HOMeEpa, Hampuknan, p =2k
BHKOHYEThCS HEPIBHICT V ,, (x,y)>u (x,y). Toni

s Bcikoro ve N B cwily HepiBHocTed (17) B
Jagii Toyr

u(x,y) <V, ,,(x,y)< Vs,z(nw)(x:y) >
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TOOTO TOCTINOBHICTE DYHKWHA {V 5, (X, V)} B

il To4Li He 306iraeTbes 10 Po3B’A3KY U (X,y ), IO
CYIEpEUuTh OBEICHOMY. AHAJIOTIYHO OBOJSTHCS
BCI iHII1 HepiBHOCTI B (20).

Hacainok. Hexaii npaBa yactuna piBasHHS (1)
Sflu(x.y)] = flu(x,y),0], f[0]=(<)0. Toni
po3B’s130K KpaiioBoi 3axadi (1) — (5) 3 ogHOpiAHUMHI
KpaiioBumu ymoBaMu (2) — (4) 3aH0BOJNBHIE
HEpiBHOCTI

Dy (x,y)2(<)0,s=123,k=012(x,y)eD,
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Muxaiinenxo C. B., k. ¢.-M. H. S. V. Mikhaylenko', Ph. D.
IloOynoBa HaOIMKEHb CTALlIOHAPHUX Constructing approximate stationary
PO3B’A3KiB PiBHSIHHSI OCHWJIATOPA solutions to the oscillator equation
3 Ky0iuHOI0 HeJliHiliHiCTIO with cubic nonlinearity and

i MOHOTapMOHIYHHMM 30yIsKeHHAM monoharmonic perturbation

1
YKutomupeskuii nepxasmmii ynisepeuter iveni | | Ivan Franko State University of Zhytomyr, 10008,

Isana @panxa, 10008, m. XKuromup, Byn. Bemika | Zhytomyr, Velyka Berdychivska Str., 40
BepanuiBchka, 40 e-mail: s.mikhaylenko@ukr.net
e-mail: s.mikhaylenko@ukr.net

IIpononyemucsa memod nooy0osu Habaudicenb CMayioHAPHUX PO38 A3Ki8 PIGHAHMS, WO ONUCYE NOBEOIHKY
ocyunamopa 3 JIHIUHOI OUCUNAMUBHOIO [ KYOiYHOIO KOHCEP8AMUBHOI XAPAKMEPUCMUKAMU NpU
MOHO2APMOHIUHOMY HABAHMAIICEHH].

Kurouosi cnosa: mueninitinuii  ocyunrsmop, koepiyienmu @yp’e, MOHOAPMOHIUHE HABAHMANCEHHS,
CMAayioHapHi KOAUBAHHS, 2APMOHIYHUL OALAHC.

We propose an approximation method for stationary solutions of an equation that describes the behavior
of oscillator with a linear dissipative characteristic and a cubic nonlinear conservative characteristic in a
monoharmonic load. The method is based on the representation of complex Fourier coefficients as functions
of components of the complex loading amplitude. A general form of these functions appears when their
invariance condition regarding conversion shift over time is used. As a result, each complex Fourier
coefficient is represented as the product of some complex value function of the square amplitude by the
appropriate degree of the complex loading amplitude. This presentation of Fourier coefficients makes it
possible to reduce an infinite system of equations of harmonic balance regarding the Fourier coefficients to
the infinite system of equations regarding unknown functions of square of the loading amplitude. This
system enables the construction of solutions in the form of series in even powers of the loading amplitude,
which makes it possible to construct approaching stationary solutions of equation for oscillator in the form of
analytical expressions. The managing factor here is the loading amplitude.

Key Words: nonlinear oscillator, Fourier coefficient, monoharmonic load, stationary vibrations,
harmonic balance.

Crattio nipencrasus 1. §.-M.H., ipod. XKyx f. O.
1. PiBHAHHA HediHiliHOro ocuHuaATOpPa i BA3KONPYKHOTO CTEPXKHS, OAWH KiHElb SKOT'O

cucTeMa piBHIHb FTAPMOHIYHOTO 6anancy 3aKpilUieHHd, a IHIMH 3’€JHaHUN 3 MAacolo, sKa
30y KYETHCSI MOHOTaPMOHIYHOIO CHIIOK. Matepian

PiBHsHHA OCLIUIIATOPA 3 JIHIMHOIO N
. . CTEp)KHSI OINUCYEThCs Mojemno Ttuny Doiirra 3
JMCUTIATUBHOIO 1 KyOIYHOIO  KOHCEPBATHBHOIO . . Lo . 2
. KyOI4HOIO MPYKHICTIO 1 JTIHIHHOIO B S3KicTIO [2,3].
XapaKTepUCTUKAMH pu MOHOTapMOHIYHOMY

[epioguuni po3s’si3ku piBHsAHHEA (1) IIyKaemo y

HABaHTAXEHHI IBHSHHS THII 1Hra Mae .
(P y Aydinra) BUIIIAAIL psiny Pyp’e

Buriin [1,2]:

Ey o v
=—+ 9t + 97 =
d(;: 5£+g (f} cos 97 — £ sin 9) = & ;[sncosn T+¢&,smnnIr]
gt de (1) L @)
:—dog ,T>0, :E Zg 1n.9r‘
ne 0y,%, f]',f]",do = const , MIPHYOMY Tyr "
50>0,19>0,a"0';t0. ' F =g +ic, oLzl
VYV  MexaHilli, Hamnpukiag, MM PiBHAHHIM B A 3)

OIUCYETHCS B 0€3pO3MIpHUX MapameTpax MOBEIiHKa €., =€,58) =&y

© C. B. Muxaiinenko, 2015
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Pucka 3Bepxy oO3Hayae€ KOMILIEKCHO-CIPSKEHY
BEJINYHHY.
Sxmo migcrasutu (2) B (1), yBiBIIM MO3HAYCHHS

6, =1—(nN> +isyn9, f, = f, +if,, (4
JIICTAHEMO
255 in9t (f‘] -9t +f‘] 191')_
5)

Z Z ngg[gmei(k+l+m)9r‘

k=—o0 [=—00 m=—

[MomMHOkMMO JiBYy Ta mpaBy uacthHu (5) Ha

21
— ¢ " { npoinTerpyemo 1o 7 Big 0 o ——. ITicis
2 9

HEOOXITHUX BHUKIIAIOK, OB’ SI3aHUX 3 yCEPEIHCHHIM

MOTPiIHHOI CyMH, JIICTaHEMO HECKIHYEHY CHUCTEMY

HEeNMiHIMHUX  pIBHSAHb  BIJHOCHO  Koe(illie€HTIB
£,,n=203(2)
~ _ d n n—kN e
engn _fn = _To[zzgkglgn—k—l +
k=0 1=0
o n+k o o _
+3225k51 E ik 1"‘3225 1€ k115 (6)
k=11=0 k=1 I=1
n=0,12,...,

ae f, =0,sxmo n#1.

2. IloboynoBa Hal0JM:KeHb MJIA PO3B’A3KIB
NMepeTBOPEHOi CHCTEMH PIiBHAHb TaPMOHIYHOTIO
oajmaHcy

CkopucraeMoch  3arajJbHUM
KOMILIEKCHHX aMILTTY] €,

MPEACTaBICHHIM

=E, (A S n=012,.., (7)

OoOTpyHTyBaHHSI  SIKOTO HaBeieHo B [3] 3
BHUKOPUCTAHHSIM YMOBH 1HBapiaHTHOCTI KoeilieHTIB
®yp’e BITHOCHO MEPETBOPEHHS 3CYBY B Yaci.

Tyr E,- noiumeHa piiicHa, a E|,E,,...-10BUIbHI

KOMITJICKCHO3HAauH1 (QYHKIIT AIHCHOTO apryMeHTy
2 12 w2

| f]| =f +/ Hwmxue BEIHYUHY

| £ | HA3UBAaTHMEMO aMIUTITY/JOI0 HAaBAaHTaKEHHSI.

SAxmo miacraButu (7) y cUCTeMy TapMOHIYHOTO
Oasancy (6), TO MiCIs CKOPOYECHHS Ha f;" JicTaHeMo
HECKIHUEHHY CHCTEMY pIBHIHb BiJHOCHO BEITUYHH

E

n
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d n n—k __ __ _
en En N, = _To[zz & lEn—k—l +
k=0 1=0
o n+k — "
+3) D EvEE, | fi] ®)
k=1 1=0
+3iif EEn+k+l|f]|2(k+1) = 0,1,2,....

Tyrn,=1in,=0,akmo n=l.
Sxmmo po3s’si3ku cucteMu (8) HIyKaTd y BUTIISI

E,=E" +i&,§j)|f]|2j,n =0,,2,...,

J=

©)

To sk 1 B crarri [3], MoxHa JicraTH 3arajbHi
dbopMyIH Ui 00UMCIICHHS KOe(ilieHTIB E;O) , &y ).
Ipote opmyna st &'/ BUXOMUTH TPOMI3IKOIO.
OckiNbKH, 3a3BUYal, TOBOAUTHCS OOMEXKYBAaTHUCh
CKIHUGHHHMH cymamu THITy (9), 3acTOCYEMO MiJXif,
SKHW JIa€ Ti cami pe3yJabTaTH.
3HextryeMo B TpaBiii  uactuHi (8) THMH

JOJaHKaMH, SKI MICTSITh, SK MHOKHHMKH, CTEIeHI
Eio),nZO
CHUCTEMH, III0 OTPUMYETHCS, HA3BEMO HYJIbOBUM

HaOJIMKEHHSM PO3B’s3Ky cucTeMu (8).
Otxe, mst HynLOBoro HaGJ]I/I)KeHHH

o (0) 77(0) 7=(0)
ZZE EYEY, |,
k=0 [=0

aMIUTITYId HaBaHTaXCHHs. Po03B’s30k

g, O -
e (10)
n=0112,....
KyGiune piBHsHHS, sike mictaemo 3 (10) y pasi
n =0, Ma€e OIUH AIHCHUHN PO3B’SI30K

E® =0 (11)
npu d, > 01 Tpu IiCHUX PO3B’A3KU
E(O) 0, E(O) — 2
o
(12)
O
o]
npu d,; <0.
[Hmi  BeNMWYMHW ~ HYITBOBOTO  HAaONMKEHHS
OZIHO3HAYHO BU3HAYAIOTHCS 3araJIbHOI0 (hOPMYIIO0
~ 1
Er(z()) = 3 — 5 (nn -
en + 7dO(E(§0))
4
dO £ (0) 77(0) 77(0)
_T[ZE EE, )+ (13)

k=
n—k
0

=

1
1
EOEOEY D=1

22

k

=
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(TyT 1 HIDKYE 3HAK CYMH Z OepeTbCst 10 yBaru

JIIE B TOMY pa3i, KOJM YUCIIO HaJl IIUM 3HAKOM HE
MEHIIIE YHCIa, IO CTOITh IMiJ] HUM).
Cucremy piBHSHB

_ d n on-k _ __
en n _nn :_TO[ZZEkEIEn—k—I +

o k=01=0 (14)
+3ZEEE,,+,_,|f,| n=0,1.2,...,

SKY JIiCTaHEMO, SIKIIO 3HEXTYBATH B MpaBill 4acTHHI
. 4
(8) momankamu, IO MICTSATh SK MHOXHHUKH | f]|

BHII CTEMEHI aMIUTITyId HABaHTAKEHHS, Ha3BEMO
CHCTEMOIO TIEPILIOro HaOIMIKECHHS.
Sxmo po3s’si30k cucremu (14) mrykaT y BUIIISI

E =E9+a"f[',n=012,.., (15)
To micis migcTanoBku (15) y (14), ypaxysanns (10) i

m .
HEXTYBAHHS CTEIECHAMMU | 5 | ,m >4 nicranemo

a3 S @VEOEY, 4

k=01=0

gtww:__
(16)

(0)

n+l1-1

ntl — - -
+> E"EVE
=0

(16) 1o
O/IHO3HAYHO BU3HAYAIOTHCS (hOPMYIIOO

Ln=0,12,..

I3
()

BUILTUBAE, KoeimieHTH

n—1n—k

~(1) 77(0) 77 (0)
*[ZZ% EVE, S+

k=01=0

(17)

+nZE(°)E(°)E
1=0
Haspemo (15) mepiinM HaOMMIKEHHSIM PO3B’SA3KY
cuctemu (8).
Cucremy Ipyroro HaOJIMKEHHS AICTAHEMO, SIKIIIO
3HEXTYEMO B MpaBidi 4acTuHi (8) mOmaHKaMH, IO

(0)

n+1-1

Ln=0.12,...

. 6 . .
MICTATh SAK MHOXHHUKHU |f]| BUIIIl CTCIICH1

aMILTITY/IN HaBaHTaKEHHS.
SIKIo po3B’sI30K CHCTEMHU JIPYroro HaOJIMKEHHS
IIYKaTH y BUTIIS
ol 00 | ~( 2 4
En=E£)+a,§)|f]| ,n=0,12,.., (18)

To  micng migcraHoBku (18) y 1o cucremy,
ypaxyBanas (10), (16) i HexTyBaHHS CTENEHAMH

| f]|m,m26 JiCTaHeMO 3arajibHy (QopMmyiy, sKa

OJTHO3HAYHO BH3HAYAE KOCQIIIEHTH &22) .

Haspemo (18) mpyrum HaONMKEHHSM pPO3B’SI3KY
cuctemu (8).
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AHaNoOriyHO, 3a TMONepeAHIMU HaOIKeHHIMHU
Oyayerbcs  Oynmb-sike€  HACTyNHE  HAOIMXKCHHS
PO3B’s3Ky cuctemH (8)

~ k ) .
=E\"+ Y @A n =012,k 21,
Jj=1
3. IloGynoBa Ha0JAUKeHb
po3B’si3Ky piBHsiHHS (1)

E, (19)

CTAlliOHAPHOT O

SAxmo ckopucratuce (19) y Bupazax mis
KOMITJIEKCHUX aMILUTiTyx (7), a moTiM y cyMi (2), Ky
MEpPEruIIeMO Y BUTIISII

g N~
P =?°+Rezgnemgr ,

n=l

ne Re QificHa 4YacTHHA, TO HEMa€ CEHCY
yIpUMyBaTH B il cymi J0#aHKH, aOCONIOTHI

. 2k+2
BCIIMYUHU SAKHX MICTATh SAK MHOXHUKH |f]|

BHIL CTEIEHI aMILTITY ¥ HABaHTaXKCHHSL.
VY pesynbrati 3 yMoBH 2+ n < 2k +1 mictanemo

1 ~0 &y or
&= (E” + 2a”|f] )+
Jj=1

2k+1
+Re{ > (E” +

(20)

n=l

[k—f]
~ 2 n _in9t
+ Z VAR VAT
n- 1 .
ne [k - T] - I[iJIa YacTHHA.

Hazsemo (20) k -um HAOJINKCHHIM

nepiloanyHoro (craioHapHOro) po3B 3Ky PIBHSAHHS
(1). 3rimno 3 (11), (12) y pasi d,>0 Takux

pO3B’sI3KiB OJMH, a B pasi d, <0 - Tpu.

Jst 1-ro HaOMmKeHHs

1
—(EP v |+
+Re{(E<°>+a<‘>|f| Ve + (21)
E(O)f]2 297 ECEO)fISele}
ko Eéo) =0, to 3rigHo 3 (13), (17)
Fo-L po_gpo- 9o
1 4939]3
_0.a" = 3d,
~al~12
49]2\9,\

1 popmyna 1-ro HaOMMKEHHS1 HAOYBA€ BUTIISAY
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1 o| f]| PIBHSHHS, 1110 OMTUCYE MOBEIIHKY OCIIIISATOPA 3
e=Re{(=———7) f] TMHIKHOIO  JWCHUNATHBHOK 1 KyOidHO-
1 449 ‘9‘ HENiHITHOI0 KOHCEPBATUBHOIO
XapaKTepUCTUKAaMH TPH MOHOTAPMOHIYHOMY

f]3 B39ty HABaHTa)XKCHHI.
449 93 Meron TpYHTYEThCS Ha  300pa)KeHHSIX
3 KOKHMM HACTYHHHUM  HaOJWKCHHSAM KOMILIEKCHUX KoedinienTiB Dyp’e sk QyHKLiH
posB’s3ky  piBusHHA (1)  yTOUHSIOTHCS CKJIaJIOBUX KOMILJIEKCHOT aMILTITY T
KOMITJIEKCHi AMILTITY I rapMOHIK HABaHTaXEHHS.  3arajlbHUH  BUTISA — [UX
MIOIEPEHBOr O HaAOKEHHS HUISIXOM (yHKLIH  3’COBYETBCS 3  BUKOPHCTaHHSM
BpaxyBaHHS BHIIMX CTCICHIB aMILTITYIU YMOBH  IXHBOI  IHBAIaHTHOCTI  BIJHOCHO
HaBaHTaXEHHS, 1 3’SABJSETHCS HOBAa HEMapHa NCPETBOPEHHS 3CYBY y 4aci. VY pesyibrari
rapMoHiKa. KOKEH KOMIUIeKCHHH  Koedimient Dyp’e
BigcyTHicTh mapHUX TapMoOHIK y 1-My 1 300paKyeThCs SIK n00yTOK JEAKOT
BCIX HACTYNHHMX HaOJMKEHHSIX XapaKTepHa KOMHJ‘IeKCH03Ha‘IH0'1' yHKuii _ Keajpara
JTHIIE /LTS BHTATKY Eéo) -0. AMIUTITY M1 HABAHTAXKCHHA Ha  BIIIOBIMHAH
CTEIiHb KOMITIJIEKCHOT aMILTITY TN
Y  pasi  HEHyJIbOBUX  3HAYCHb Eéo) HaBaHTAKEHHS. Taxke MPEACTaBICHHS
(muB.(12)) Bci HaOMIKEHHS MICTATH K koedinieHTiB Dyp’e na€ MOXKIHUBICTH 3BECTH
HelmapHi, Tak 1 MapHi TapMOHIKH, 30Kpema, HECKIHUCHHY CHUCTEMY DPIBHSHb T'apMOHIYHOTO
HYJbOBY TapMOHIKY. Oanmancy BigHocHO KoedimieHtiB Dyp’e mo
Jnig B’SI3KONPYKHOTO CTEPXKHS 3 MAacolo, HECKIHYCHHOI CHCTEMH pIBHSIHb BiJHOCHO
7 (0) HeBiloMuX (QYHKIIA KBajpaTa aMILTITYad

HampHKIaJ, HEHYJbOBMM 3HAYEHHSAM 0
BPaxOBYEThCS BUIAJOK, KOJM KOJWBaHHS
30yKYIOTBCS 32 HAsABHOCTI B CTEPXKHI
3aJIMIIKOBOI e opMaltii.

HaBaHTaxeHHs. [lg  cucrema  jomyckae
PO3B’SI3KM Yy BUTISAL PAAIB 32 NapHUMH
CTETNeHSIMU aMIUTITYJi HaBaHTaXXEHHS, 110 Ja€
MOXIJIUBICTb OynyBatu HaOIMKEHHS
CTalliOHAPHOTO PO3B’SI3KY PIBHSHHS
OCIIUJISITOpA Y BUIJISAII aHAJITHYHMX BHpPa3iB.
Kepytounm ¢akTopom mpu 1bOMY € aMInIiTy1a
HABaHTa)KEHHS.

5. BUCHOBKH

3amporioHOBaHO ~ METOJl  3HAXOKEHHS
HAOIKEHDb CTAIlIOHAPHUX PO3B’S3KiB
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KOHTAaKTY ii Oeperis
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Opanasovych V. K., Dr. Sci., Assoc. Prof.,
Yatsyk I. M., engineer

Uniaxial bending of the isotropic half-plane
with a crack, which is perpendicular to its
boundary, accounting for the width of the

contact area of its faces

Ivan Franko National University of L’viv, 79000,
L’viv, Universytetska str., 1,
email; ThorYatsyk@i.ua

e-mail: ThorYatsyk@i.ua

Y pobomi docnidaceno 3eun pisHOMIPHO PO3NOJINEHUMU 3CUHATLHUMU MOMEHMAMU HA HECKIHYEHHOCMI
OOHOPIOHOT 130MPONHOI NIBNAOWUHU 3 MPIWUHOIO, NEPREHOUKYIAPHOIO 00 il medci, bepeeu sKoi 2naodko
KOHmakmyoms no obnacmi nocmitnol wiupunu. Ha ocrnosi memoois meopii ¢pyuxyii komniekcrhoi 3sminHol
ma KomniaekcHux nomenyianié Konocosa-Mycxeniuiini ompumano cuneyiapre inmezpanivhe pieHsHHI, sKe
PO38’A3AHO YUCETLHO 3a OONOMO20I0 Memoody Mexaniunux keaopamyp. IIposedeno uucrosuil ananis 3adadi
ma noby008aro epapiuni 3a1exiCHOCMI 01 KOHMAKMHO20 3YCUILIS MIdC Depecamu mpiuuHy ma KPUMuiHo2o
HABAHMADICEHHA Npu  PI3HUX napamempax 3ada4i. /[na Kpatiogoi mpiwjunu 3poOneHo NOpIHAHHS 3
EeKCHepUMEHMATLHUMUY OAHUMU MA HA IXHITI OCHOBI GU3HAYEHO WUPUHY 00AACmE KOHMAaKmy ii bepezis.

Kniouosi crnosa: mpiwuna, 3eun, i3omponna nieniowuna, KOMNIEKCHI NOMeHYianu, KOHmMakm bepezie
mpiwunu, KoepiyicHmu IHMEeHCUBHOCTI 3YCUb | MOMEHMIE.

In this paper the stress-strain state of isotropic half-plane with a through-the-thickness crack
perpendicular to its boundary, which faces are free from the external loading is investigated. The half-plane
is under the action of the uniformly distributed in a remote part bending moments, which vectors are parallel
to the axis of the crack. It is assumed that under external loading the crack faces come in a smooth contact
on all crack length along the two-dimensional area of constant width near the upper plate basis. As a result
of the crack faces contact, solution of problem is presented in the form of two related problems solutions: the
problem of the plane stress-strain theory, which is treated in the frame theory of elasticity, and the problem
of plates bending, which is based on the equations of Kirchhoff-Love plate theory. On the basis of complex
variable function theory methods and complex potentials, the singular integral equation is obtained which is
reduced by the mechanical quadratures method to the infinite system of linear algebraic equations. This
system is solved numerically by the method of reduction with making use of Gauss technique with a choice of
main entry. The numerical analysis of the problem for some parameter values is carried out and graphic
dependences for contact force between the faces of crack and critical loading are constructed. In particular
cases known in the scientific literature, results for Kirchhoff-Love plate bending appropriate problem are
obtained considering the contact of crack faces along the line. For boundary crack, the comparison with
experimental data is performed and, on their basis, the contact area width of its faces is determined.

Key Words: crack, bending, isotropic half-plane, complex potentials, crack faces contact, force and
moment intensity factors.

CrarTio ipenctaBuB 1.¢.-M.H., mpod. XKyk .0.

KOHIIEHTpaTOpaMH HaIpy>KeHb Ta 1CTOTHO
3HIDKYIOTh JIONYCTHME HABaHTAXKCHHSI, 10 MOXKE
OyTH TPUKIAJCHUM 0 IUIaCTHHH. J[1s1 BU3HAUYCHHS
IPaHUYHOIO HABaHTAXXCHHs, a TaKOX Pecypcy
eKCIUTyaTalii MJIaCTHHYACTOro elieMEHTa, BaXKIHBO
3HATH BIUIMB Takux Ae(EKTIB Ha PO3MOALT IOJIB
HaTpyXeHb 1 edopmMalliil y Hbomy.

1. Beryn

SIK KOHCTPYKTHBHUI €JIEMEHT IUIACTUHH IIUPOKO
3aCTOCOBYIOTh y MAaIIMHOOYAYBaHHI Ta 0arathbox
iHMX Ta’dy3sX TexHiku. IXmiit 3amac MilHOCTI
ICTOTHO  3aJIE&KUTh Bl  HasSBHOCTI B  HHUX
TPIIMHOMOAIOHNX Je(eKTiB, SKi € MOTYKHUMH

© B. K. OnanacoBuy, 1. M. fuuk, 2015
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Haituacrimme nnactuHM TiepeOyBalOTh MiA JIIEI0
3TUHAJBHOTO  HaBaHTaXEHHs. TOMy  BUBYCHHS
HanpyXeHo-1e(OpMOBaHOTO CTaHy IJIACTUHH 32
3TUHY 3 ypaxyBaHHSAM MOMKJIMBOI'O KOHTaKTy OeperiB
TpIIMHOMOAIOHNX JedekTiB He BTpadae CBOET
AKTyaJIbHOCTI. 3 JIOCHIDKCHHSMH 3aJa4 3THUHY
IUTACTHH 3 TPIIIMHAMU Ta TIOIIYKOM e()eKTHBHUX
METO/IiB iXHBOTO PO3B’sI3yBaHHS MOXHa
o3HaliomMuTHCs B MoHOrpadisx [1-3], Ae KOHTakT
OeperiB  TpIIMH HE BpPaxOBYBajH, BBa)KalOUuH
TpiluHy InimHOW. OjHaK 3po3yMiIo, MO0 Yy
OLIBIIOCT] BHMIAIKIB, HE3BaXKAI0YM HA ICTOTHE
YCKIAQJAHEHHsT ~ (OpPMYINIOBaHHS  3ajgad  3THUHY
IUTACTUHHA 13  TpIIMHAMH Ta  PO3B’SI3yBaHHS
BIIMOBIIHUX MaTeMaTHYHHX 3ajad, 11 BCe K Tpeda
pobutu. Y mpangsx [4—-14] BUBUEHI pi3HOMAaHITHI
3ajayi, ¢ y PI3HMM CrHoci0 BpaxOBaHO KOHTAKT
OeperiB  TPIIIUHOMOMIOHUX Je(EKTIB 3a 3TUHY
IJIACTHHH, MPOTE BIICYTHI JOCIIJKCHHS, OB’ s3aHI
31 3rHHOM MIBIUIOMIMHU 3 TPIIIMHOK, Oeperu sKoi
KOHTaKTYIOTh Y3J0BX JBOBHUMIPHOI 30HU IOCTIHHOT
MIUPUHN 3 BHKOpUcTaHHsAM Teopii Kipxroda-Jlssa.
3a3Ha4uMMo, 110 B po0OTi [9] AOCHIIKEHO BOOIYHUIM
3TUH KYCKOBO-0HOpiHOI mnactuau Kipxroda-Jlssa
3 TPAMONIHIHHOIO MEXE MOJUly MarepiajiB
pO3IMOJUIEHUMH ~ 3THHAIBHUMA  MOMEHTaMH  Ha
HECKIHYEHHOCTI 32 HassBHOCTI MepIEeHIUKYISPHOT 10
MEXKI MOy MaTepialiB TpIllMHU, Oeperu sKoi
NPUXOAATh y THAaJKAH KOHTAaKT Y3IOBXK JiHil
o0JIM3y OJHIET 3 OCHOB IUIACTHHH.

Mera poOOTH — JIOCHITUTH 3THH 130TPOIHOT
miBrutoman - Kipxroga-Jlsea 3 TpimmHOIO,
MEPIICHANKYIIPHOI 110 1i MEXI, 3 ypaxXyBaHHSIM
MUPUHNA 00NacTi KOHTakTy OeperiB TpimmHuU. I3

3aCTOCYBaHHAM METOJIiB Teopil byHKIIH
KOMILJIEKCHOI 3MIHHOI Ta KOMIUIEKCHUX ITOTEHIIAIIB
PO3B’SI30K  3ajauyi  3BEACHUH 70  CHCTEMH

CHHTYJISIPHUX 1HTETpaJbHUX PIBHSHB, SIKa PO3B’sA3aHa
YHUCJIOBO 3@ JOMOMOIOI0 METOAY MeXaHIYHHX
KBaapaTyp.

2. @opMyJIIOBaHHS 3a1a4i

HocniiuMo  HampykeHO-1epOopMOBaHUN  CTaH
HaIiBHECKIHYEHHOT OJTHOPITHOT 130TpOIHOT
TUTACTHHU 3aBTOBIIKKA 2/ 3 TPSIMOIIHIHHOIO MEXEI0
3a HaAsABHOCTI B HIid HaCKpi3HOI MNPSIMOIIHIHHOT

TPIIIMHU  3aBAOBXKKM 2/ 3a [Ail PIBHOMIPHO
PO3MOIiTEHUX 3TUHAJIBHUX MOMEHTIB Ha
HeckiHueHHOcTi. Jlo medopMyBaHHS  TUIACTHHHU
Oepern  TPINIMHM  BUIBHI  Bi  30BHIIIHBOTO
HABaHT&XEHHS Ta  NEPHEHAMKYISpHI 1o 1l
npsaMoniHiiHOT  Mexi. Iling  Ji€er0  30BHINIHBOTO
HaBaHTAXEHHS Oeperu TPIIIUHU TJIaJIKO

2015, 4
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KOHTaKTYIOTh Y3/I0BX Yciel ii JOBXKHHH 10 00JIacTi
MOCTIHOT IIUPUHHA /i .

A
Mw

X

Puc. 1. Cxema HaBaHTa)KEHHS IUIACTHHU Ta
PO3MIIIIEHHS TPILHHH.

Bubepemo rno0aibHy — JIEKapTOBY  CHUCTEMY
koopauHat OxyZ 3 KOOPAWHATHOIO IJIOUIMHOI0 Oxy

Yy CEepeAMHHINA IUIOIIMHI IIJIACTUHH, CIPSMYBaBIIU
Bicbh Ox Y3MO0BX 11 TIpsAMONiHIHHOI MeXi, a BiCh
Oy — y3moBx TpimmHHA (puc. 1). 3 TpimuHOIO
3B SDKEMO JIOKANIbHY cUcTeMy KoopmuHat O,xy, 3
O, y ueHrpi
O, x;,  Y3IOBX
[No3HaunMo TPSAMONIHIAHY MEKY IUIACTHHH 4Yepes
L, Bigpizok naifickoi oci Ox,, wis sikoro |x|</,
Mo3HauuMo uepes L;. y, —

TPIIIMHA Yy TJIO0aNbHIA CcHCTeMi KOOpJIUHAT,
ITo3HaunMoO 3ruHaJIbHI MOMEHTH Ha HECKIHYEHHOCTI

IMo4YaTKOM KOOpAHWHAaT P iIIII/IHI/I,

HalpaBHBIIK  BICh TPIIIMHY.

OpAMHATA IIEHTPY

yepes M.
Hapmani gorpumyeMocs Takux IO3HAYeHb: [l —

MOAyIb 3CyBy; E — MOOymb MpPYXHOCT; V —
. 2ER’
Koe(ilieHT [Tyaccona; D=—F—5< -

3(1-v?)

. . 3-v
mumHApHU4YHa KOPCTKICTh IIJIACTUHH, K= I+ v 5
s 3+v. 1

“1-v M T ap(-vy
3a paxyHOK KOHTakTy OeperiB  TpIilIMHU

PO3B’SI30K 3ajadi MOJAEMO Y BUTIISAI CYHEPIO3UIIiT
JIBOX PO3B’S3KiB: IJIOCKOI 3a/1a4i Teopii Mpy»KHOCTI 1
3ajadi 3TUHY, MPH YOMY KOPHCTYEMOCS KIACHYHOIO
TEOpi€lo 3TUHY MJIACTHHH.

3rigHo  QopMyitoBaHHS 3ajadi  MAEMO  Taki
KpaiioBi yMOBH Ha MPAMOJIHIHHII MEXi TUIaCTHHU:

(1

(¢

w =0y =0, M, =P =0, xelL

Ta Ha Oeperax TpiluHH [8]
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N 4
S o + _ t+ 8(x + t+
Oy = T c)qy]_O’ Py]_O’ _ ( y0)2+ (1 yO)( J;O) ,
o ) (t+x+2y) (t+x+2y)
+ ~ ~
M)’] thN:[vl]+ah|:a_y]:|=0:x16Lb N(fx): 1 2K _ K2
> 47'[}1 t_x] t+x1 +2y0
Jc o, 1 6., — KOMIIOHEHTH TE€H30pa HaIIPY>KEHb
oo N P by .y 4(t+y0) 8 +yo)(t+y)
IIJIOCKIM 3aJ1a4l, — KOHTaKTH WIIA  MDK ?
Aatl; OHTAKTHE  3yCHILT (t+x+2y) (t+x+2y)
OeperaMu  TPIIIMHK, TPUYOMY BBAKAEMO, IIIO
N >0; v, — KOMIIOHEHTa BEKTOpa TepeMilIeHHS Y G: _OLh_E‘
. . . . l1-v
IJIOCKIH 3ama4i Ha Bice Oy;; M, — 3ruHanbHUi
MomeHT; P, — ysaraieHena B cenci Kipxroda Cumrynsipue  inTerpanbHe  piBHAHHA  (3)

nepepi3yBajibHa CHUja; W — TMPOTHMH IUIACTHHH;
KBaJpaTHi AyXKd Yy ¢opmyni (2) o03HA4YaOTh
CTpUOOK  BIANOBIAHOI BEIMYMHM Ha Oeperax

tpitmunn [ f]= f* — f7; cuMBomaMu «+» 1 «—»
MMO3HAYEHO IPAHMYHE 3HAYCHHS BiIMOBIIHOT PYHKIIIT

2
mpu  y; > 0 a=—1+(1_y> , le—z, a
2 3
Y =% — 3BeJicHA MIMpPHHA O00JIaCTi KOHTakTy |[8];

iHmekc «l» yka3zye Ha TPUB’S3KY JIO CHCTEMH
koopauHat O, .

[MotpibHO 3HaWTH HampyKeHO-IedopMoBaHHI
CTaH IUIACTHHM Ta  BCTAHOBUTH  TIpaHUYHE
HABaHTa)XEHHS pyHHYBaHHSI TUTACTHHU.

3. Po3B’s130k 3agaui

3 BHUKOPHCTAaHHSIM KOMIUICGKCHUX IIOTEHIIialliB
mwiockoi 3amaui  [15] Ta 3amawi 3ruHy [2],
MOCTYMAYM aHAJOTIYHO TOMY, SIK 1€ 3pOOJIEHO Yy
mpaii [9], po3B’SI30K 3amadi 3BENCHUH 10 3amad
JMHIKHOTO CHPSDKEHHS Ha MPSMONIHIMHIA  Mexi
IJIACTMHH 1 Ha TpIlIMHI Ta 3HAWICHO IXHIH
aHamTHYHUN po3B’si30k. Kpim Toro, Ha Oeperax
TPIIIMHA  OTPUMAHO CHHTYJSIpHE IHTerpajibHe
PIBHSHHS BIJHOCHO HeBimoMol (yHKIlii cTpuOka
KyTa TIOBOPOTY HOpMaJi 10 CEPeIUHHOI MOBEPXHI B

1 {sz

14K Oyox
[{BK (%) +N(t,x)} X (t)dt = M7,

X ELI:

sagaui 3runy X (1) = } Ha Oeperax

TPIIUHU
3)

ac

2 1
+
t—x t+x+2y,

ph’

K(Z,xl):_ T

|

57

JIONIOBHIOEMO JOJIATKOBOIO YMOBOIO, IO BHUpaKae
cO00I0 OTHO3HAYHICTh KyTa MOBOPOTY MpH 00XO0i

KOHTYpY TPIllIMHU L,

[x(t)de=0. (4)

Koeoiuient inTencuHocTi MoMeHTiB (KIM) K| i

sycuib (KI3) & moxna obumcnuti 3a dopmynamu

[3]

ki =FBhlim

t—o=xl

{r(Ox @y, 1)
/(0 x(0)-

3ayBakuMmo, M0 Y BUMAJKY KpaioBOi TPIIMHU Y
Spax CHHTYISIPHOTO IHTErpajbHOro piBHSHHS (3)

Ky =F2D(3+v)lim

t—>*/

notpibHo moknactu ), =/. KpiMm TOro, OCKiIbKH
st kparioBoi Tpimmar KIM Ta KI3 y BepmmHi, 1o
BUXOJUTh Ha MEXy IUIACTHHH MaloTh OyTH
HyJIb0BUMH [3], TO 3amicTh (4) Mae BUKOHYBAaTHCS

yMoOBa

X(-1)=0. (5)

3BepHEMO yBary Takox, 110 Mix 3BeaeHuMHu KIM

+

w_ K§ " .
K*=—— ta KI3 k*~ _ Mk BHKOHYETBCS
M1 M=l
) K* 3o(l+v)
3QIEKHICTD —5— = .
B 3+v

1

4. YucgoBuii aHAJTI3 i BHCHOBKH

OTpuMaHe CHHTYISIpHE IHTErpaibHE PIBHSHHS
pO3B’s3aHE YHUCIOBO 3a JOINOMOIOI0  METOXLy
MexaHIuHUX KBajpaTyp [16, 17]. UucnoBuii anami3
OyB IpOBENCHHM I IJIACTHMHKH 3 KOE(IIiEHTOM
[Myaccona v =0,3. Jlns Bunaaxy xpaiioBoi TpiluHA
Oyno 3/11liCHEHO TIOPIBHSHHS YHCIOBUX PE3YNbTaTIB
3 JIaHUMH, OTPUMAaHUMH EKCIIEPUMEHTaIbHUM
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nuaxom [18], Ta BcTaHOBIEHO, IO pPe3yibTATH
CHIBMAJAIOTh MPH BIAHOCHIM ITUpWHI 0O0JACTI
koHtakty 0,3<y<0,7. ILle y3romkyerbca 3
JaHuMH cTaTTi [19], y sKii Ha OCHOBI TPUBHUMIPHOT
Teopil MPYXKHOCTI i3 BHKOPHUCTAHHAM YHCIOBOTO
METOJly CKIHYCHHHX EJIEMEHTIB I0Ka3aHO, IO s
HECKIHUYEHHOI IUIaCTUHM 3aBTOBLIKM / BiJHOCHA
MHUpUHA 00JIaCTi KOHTakKTy OeperiB TpIilUHU €
mocridHor mobnu3y ii BepmmH (0,342) 1 merno
BIJIPI3HSETBCS Y IEHTPANbHIM YaCTHHI TPIIIUHH
(0,3).

Ha puc. 2 1 3 cyniabHEMH JiHISIMH TTOOYOBaHI
BiNmoBimHI  BemwuuHM npu  y=0,6, mTpHX
OyHKTUpHUME — Tpu Y =0 (KOHTaKT moO JiHii),
IITPUXOBUMH — 0O€3 ypaxyBaHHS KOHTakKTy Oeperis
TPINIMHH.

0,5 0 0,5

Puc. 2. I'padiuna 3anexHICTh 3BEIEHOTO

7

-1

KOHTAaKTHOro 3ycuinss N~ Bia 6e3po3MipHOi
KOOPJIMHATH & TpH PI3HUX 3HAYCHHSX ) 17 .

Ha puc. 2 nobynoBana rpadivyHa 3aJexHICTh

* .
3BE€JIEHOI0 KOHTAKTHOrO 3ycwiia N =—— Bij

E=x/1.

nobynoani npu y=y,/l=1 (Bumagox kpaiioBoi

0e3p0O3MIpHOT  KOOpPAMHATH Kpusi 1
TpimmHK), KpuBi2 mpu— y=1,1, kpuBi3 — mpu
y=L5, kxpuBi4—npu y =2, KpuBi 5 —npu y=3.
[lpu BimgameHHi TPINMHU BiA MEKI MIBIUIOMIMHU
KOHTaKTHE 3yCHJUIS y NANbHIN BEpIIMHI TPIIMHA 110
BiJIHOIIIGHH] /10 il MEXi 3pocTae, a TpU 3pOCTaHHI

obmacti  KOHTakTy OeperiB  TpIMHA  BOHO
SMCHIIYETHCA.
JIJIS[ BU3HAYCHHA KPUTHUYHOI'O 3HA4YCHHS

HAaBaHTAKEHHS, KOJIM IJIACTHHA MTOYHE pYWHYBATHUCH,
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CKOpHCTaEMOCs EHEepreTUYHUM KpHUTEpiEM
pyrinyBanHs [20]
. M7 |
21° \ 2v.E
3+v ©)

) K]*\/3(1+v){3a2(1+v)+3+v} ’

ne K =maxK,” i y.— rycTMHa edeKTHBHOI
MOBEPXHEBOI eHeprii MaTepiay.

Ha pwuc.3 nobynoBano rpadiuHy 3ajIeKHICTh
3BEJIEHOTO KPUTHYHOro MomeHty M™~ (6) Bin
0e3po3MipHOI Bimaani . I3 30iIbIICHHSIM BiAHOCHOI

abo
Y

KPUTUYHUI MOMeHT M~ 36inbyerses. Kpim Toro,
BiH 30UIBIIYETHCA Y BHUITAJKY YPaxyBaHHS KOHTAKTY
OeperiB TPIIIMHKM, MOPIBHIHO 3 BHITAIKOM, KOJHU
BOHH HE KOHTAKTYIOTb.

Jlnss  kpaitoBoi Tpimmuu  M" =0,777
y=0,6, 0,906 — y=0 0,648 —
HEXTYBaHHI KOHTAKTOM OeperiB TPIIUHH.

BiAAadi TPIIIUHU BiA MEKI IUTACTUHH )

3MEHIICHHSAM WIMPHHUA  OO0JIACTi  KOHTAKTy

npu

npu i npu

2

1.6 2.4

1.2

Puc. 3. I'padiuna 3anexHICTh 3BEIEHOTO
KPUTHYHOro MOMeHTy M~ Bix Oe3po3mipHOi Bimmani
¥ TpU Pi3HUX 3HAYCHHSX 7 .

3BepHEMO yBary Ha Te, IO V BHIAIKY
BHYTPIIHBOT ~ TPIMHM PYHHYBaHHS IUIACTHHU
PO3IIOYHETHCS 3 BEPUIMHU, IO 3HAXOIUTHCS OJIFKIe
110 11 Mexl.
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3anpononosano yucenvrho-aHarimuyHUl NIOXI0 0151 GUSHAYEHHS MEPMONPYIHCHO20 CMAHY NIBDE3MENCHO20
MEPMOUYMAUBO20 MPUCKAAV08020 MINA, SKe 3AEMOOIE 3 CEPEOOBUUYEM ULTAXOM KOHBEKMUBHO-NPOMEHEBO20
mennoobminy ma nepebysae nio odicio dvicepen menaa. I1ioxio nepedbauac UKOPUCMAHHS NEPEMEOPEHHS
Kipxeogha, yzazanvnenux ¢ynyiu, ¢ynxyiti I pina ninitinoi Hecmayionaproi 3a0aui menionposionocmi 0Jis
MPUCKIAO0B020 HEMEPMOYYMAUBO20 NPOCIMOPY MA AIHIUHUX CHAAUHIE. 3a Oii piBHOMIPHO pO3N00JiNeHo2o no
00°€EMY NPOMINCKOBO20 WAPY IMNYILCHO2O OdHCepend Menad OOCHIONCEHO 6NIUE MEPMOUYMAUBOCHT MA
napamempie menio0OMiHy HA PO3NOOLIU MEMNEPATNYD MA HANPYICEHD.

Kniouogi cnosa: mepmouymaugicmo, mepmonpyscHicmv, KOHBEKMUBHO-NPOMEHEGULL MENL00OMiH.

The numerical-analytical approach for determining a thermoelastic state of semi-infinite thermosensitive
(physicomechanical properties depend on temperature) threelayer body , which is under the action of the
depending on axial coordinate and time heat source and interacts with the environment through convective-
radiant heat exchange, is presented. By using Kirchhoff transformation, generalized functions and the
Green's function of the linear non-stationary heat conductivity problem for a threelayer space, integral
representation of the solution of respective heat conduction problem relatively the variable Kirchhoff is
obtained. By approximating of linear splines in this representation the integrands functions, that contain a
time-dependent unknown variables Kirchhoff at the division surfaces and limiting surface, recurrent system
of three nonlinear algebraic equations is obtained, after solving which the value of the variable Kirchhoff
and accordingly the searched temperature field is found, and therefore radial and circular strain and axial
displacement. The influence of the thermosensitivity, parameters of heat exchange and heat source to
temperature and stress distributions was investigated.

Key words: thermosensitivity, thermoelasticity, convective-radiant heat exchange.

CratTIO IpencTaBuB JOKT. (i3.-MaT. Hayk, mpod. XKyk 5.0.

METO/IaMH BUKOPHCTOBYIOTh UHCEIbHO-aHATITHYHI
migxoau [1-5].

B npaniii poOOTI 3ampoONOHOBAHO YHCENBHO-
AQHATITHYHUNA  TIAXiM A8 po3B’si3aHHSA — KBasi-
CTaTUYHUX 3a/1a4 TEPMOIPYKHOCTI JUIsl MiBOE3MEK-
HUX TPUIIAPOBUX TEPMOUYYTIHMBHX TiN, SIKi B3a€MO-
JIIOTh 3 CEpellOBHINEM MUISIXOM KOHBEKTHBHO-
MPOMEHEBOT'0 TEIUIOOOMIHY Ta TepeOyBaloTh IIif
nieto pkepen Tterma. Llei migxim mepenbadae
BUKOPHUCTaHHS y3araJlbHeHUX (QYHKIIIH, epeTBopeH-
s Kipxroda, ¢ynkuiii ['pina nixiiiHOT Hecrario-
HapHOI 3a/a4l TEMJIONPOBIAHOCTI IS TPUCKIIAIO-
BOT'0 MPOCTOPY Ta JIHIMHUX CILJIAMHIB.

Beryn

[Ilupoke BUKOPUCTaHHS B Cy4acHId TexXHIIl
KYCKOBO-OJTHOPIZIHMX €JIEMCHTIB KOHCTPYKIIIH, SKi
nepeOyBarOTh il JIIEF0 BHUCOKHUX TEMIIEPaTyp
MPU3BOAUTL JI0 HEOOXITHOCTI JOCHIIDKEHHS IX
TEPMOIIPY)KHOTO CTaHy 3 YypaxyBaHHSM TEPMO-
YyTIUBOCTI (TeMIlepaTypHOl 3aleXHOCTi (izuko-
MexaHiyHuX Xapakrepuctuk (PMX)) Ta TemnoBoro
BunpoMiHtoBaHHs. CKIaJHICTh BIAMOBIAHMX 3aaa4
TEPMONPY)KHOCTI  3yMOBJICHa  HEIIHIMHICTIO 5K
PIBHSHHS TETUIONPOBIAHOCTI, TaK 1 yMOB TeIJIO-
oOMiHy. Jlns iX po3B’s3aHHS MOPAJ 3 YMCEIbHUMHU

© B. B. IIpowtok, O. II. 'opyH, 2015
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IocTranoBka 3anaui 3 BHKOpI/ICTaHHHM neperBopeHHs  Kipxrodga
PosrnguemMo  BigHeceHe 10 III/I'J'IIHI[pI/ILIHOI _ J' 7» 3a NPUIYIICHHS, 110

CUCTEMU KOOpJIUHAT r,Q,z MiBOE3MEKHE Aoi

TPHUCKIIAIOBE TiJIO, siKe TepeOyBae i i€ro JuKepen  KoedillieHTH TEIIOmpOBIAHOCTI JIHIHHO 3a1ekaTrh

1 = = ()

tera. Ha noeepxwsax momity z=z =0 Ta gig TeMIepaTypH A () =ho; (1+Bi;)

z=z,=h  BUKOHYIOTbCS YMOBH  1I€QIBHOTO koeilieHTH 00’€MHOI TEMIOEMHOCTI MAIOTh BHIJISI

TepMoyexaﬂquoro KOHTAaKTy, a H'OBerHSI r= R € cl(j) (tl. ) = Co;C; (ti) (i - 1’3) ’ a koopinjienTn

TETJI0130JIbOBAHOIO Ta TJIANIKO 3aKPIIICHOO (BICYT- ) )

Hi paiajbHi TEpPEMILICHHS 1 JOTHYHI HANpyKeHHs), TEMICPaTypolpOBIAHOCTI  4; B  MCKAX KOXKHOI

— i3k (O]
Yepes oOMexyrody IIOBEPXHIO Z =Z,, Ha SKiii ) A7 () hoi
. . . . CKIIAZOBOI € CTAMMMH —r-—=~d; = , IO Mae

BIACYTHI HOpPMaNbHi Ta JOTHYHI HAIPYKEHHS, el (ti) Cor

BiIOYBa€ThCS  KOHBEKTHBHO-IPOMEHEBUH  TEILIO- . ..

e I . Mmicme A pagy  MmarepiamiB - [6], 3amauy
MiH BHIIlEM Temreparypu ¢ . [logaTkoBi . .

0 3 CEPEAOBUIIEM TEMIIEPATYpH [.. 1109aTKO teronpoBigHocti  (1)-(3) 3BeaeHO 10  OMHOTO

TEeMIIepaTypy CKIAJOBUX € HYIbOBUMH. BuzHaummo
B TAKOMY TiJTi HECTaIliOHApHE TeMIIepaTypHe ToJe Ta
3yMOBJICHI HHM HAalpyXEHHS 1 TepeMillleHHS 3
BpaxyBaHHsM 3aniexxHocTi DMX Bijx TeMIiepaTypH.

Po3B’s13aHHA
TEPMOMNPYKHOCTI

3aAa4yi  TemJompoBiTHOCTI Ta

Jinst BU3HAUCHHS TEMIIEPATYpPHOTO TIONS MAa€EMO
PIBHSHHS TETUIONPOBIJHOCTI:

0 Ot

(@) i |- A0 i 113
g{x, (zl.)a—z} — el (1), (20, (1=13)
YMOBH KOHTAKTY:

4 (z1) =t (7). AP o, (z,7) Y 0ty (2,7)
A Oz
IpH z =z, (i = 1,2) 2)
TpaHUYHI Ta MMOYATKOBI YMOBH
{xp>%+SG[R(%)-R(Q)]M(@ —tc)} o,
z
z=2z3
t(2.1)].5=0, 4] _, =0, (3)

ae ti(z,
(GYHKIIII, 110 ONMHCYIOTh IO JDKepena Temia B i -id

’IZ) 1 w,’l.(z,r) BIAIIOBIJHO TeMIIepaTypa Ta

I 4 .
ckmagosiii, R(n)=(m+273)", & — cryminp
yopHotH, G — crtana Credana-bonpiimMana, o —
KOeIIiEHT TEIUIOOOMIHY; IHACKCY i=1
BIJNOBIIalOTh BEIMYWHH, SKI HaJeKATh IEPIIii
CKJIAJIOBIH —0<z<0, i=2 —  ;apyrii

(mpomixkkoBomy mapy) 0<z<z,, i=3 — Tperiit

z, <z<z,.
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PIBHSHHS 3 y3arajlbHEHHMH 10 z TIOXIJHHMH Ta
TPAaHAYHHX 1 TOYaTKOBUX YMOB [5]:

0 00

_|:}\'O(Z)_

00

RGO

+

oz oz ot

+Z7u 0.j+1 ]+1 (1:)6 (z z. ) (z 1:), 4)
7‘0,366% F](T)=0, 0,].55=0, eiL:O =0, (5)
F () =eo]| R(63 ()~ R(x.) |+ a[03(7)-1 ],
F () (1 BB1+]) 0, ZzaT) i_+]1><
x(\/1+2Bi+16i+](zi,r) 1)},

0;(x B‘(«/1+2B3 (1) - 1),63(T)=93(z3,r),
9( ) 9]( 2[6“](2,1 (z,r)]x
><S(z—zk), (6)

ae S (z)
nenbTa-Qyukii Jipaka, w,(z,r), Ao (z) Ta ¢, (z)
MaroTh BUTIIAL (6).

3a G(z,Q,T)
JIHIAHOI HecTaliOHapHOi 3ajavi TEerIONPOBIAHOCTI

— ¢yuxiris I'esicaiina, 6'(2) — MOXiIHA BiX

norioMororo  ¢yHkui ['pina

JUISL  TPUCKIIAOBOTO TpocTtopy [5,7], po3B’sSI30K
3agadi (4), (5) momaeThCs y BULIISL
2 6G(z C,t—1 ) N
0= Yo [ = m Fal€)-
=1 G=z;+0

i{ (2.6 = ) F (1) 2 0 (1)
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0G(z,C,t—1 2

XM dtv' + JJG(Z,C,I—I')X
0z
z=z3 -0 0
xw, (€,7')dCd’ . (7)

Cnoci6 BH3HaYeHHS 9j+](zj,r) (j=12) ta

0, (23,1:), SKi BXOIATh B cHiBBimHOMmEHHsX (7) y

BIAITOBIAHUX MiTIHTErPaIbHIX (GYHKIIISX,
MPOLTIOCTPYEMO JUIS BUITAJIKY, KOIH JHKEPEIO TeIlia
plBHOMlpHO po3n0;[1neHe o 00’emy HpOMl)KKOBOFO

mapy 1 Mae€ IMOyJIbCHHM  XapakTep 3MiHH
IHTEHCHUBHOCTI:
m—1
w (z ’E) =q02|:S(T—bp)—S(T—bp -1, )}, ®)
=0
ae g, — TOTYXHICTb JUDKepena  TeMJa,

b, = p(rf +r;), T, — TPUBAIICTb IMIYIbCY, Ty —

TPHUBAJICTh TMay3W, m — KUIBKICTh IMITYJIBCIB.
Anpokcumyemo [5] kokHY 3 (QyHKIIH E(r) Ta

0, (T) JIHIMHUM CIUUIAHOM:

K1
g(v)=s"(g)r+s\" (g)+ X (sth (g)r+
k=1
(s (2) -5 (2)1-5" (2))S (= 1), )
ne
(©)-[4G fdﬂw
)=[~() ~+c Ju /o
At =71, -1, (1=1,KT), 0=TO <T <7 <Tg,
K, — KUIbKiCTh BY3IIiB CILIaifHA.
[MincraBuBum y (7) Bupasu ans ¢yHkuid [pina
[7] Ta 3HAWIIOBIIM BIANOBIAHI IHTErpanu 3

ypaxyBaHHAIM (9), OTPUMAEMO CITiBBITHOIICHHS IS
3miHHUX Kipxroda, ski y 0e3po3MipHHX 3MIHHHX
3aITUIIYTHCS TaK:

0, (E, Fo) =f (E, Fo) + M1V (E, Fo,F, ) +
M 2Yi2 (E’ Fo, K ) —MN;i3 [%‘,3 (E, Fo,F, ) -

*

(10)

2a '}’14( ,F0,93 (33,1:‘0)) .

ac

63

Bulletin of Taras Shevchenko
National University of Kyiv
Series: Physics & Mathematics

V., (2.F0.) =51 (C) i’ (Z.Fo) + 5" (¢) x

><\|ji2’j (E, Fo) +
k=1

xyry/ (E, Fo-Fo, ) + (S,Q] (C) -

><\|12’j (E, Fo-Fo, )] ,

(1)

Sk

(6))

F,(Fo) =o' (R(65 (Fo)) - R(z,))+
+Bi(05 (Fo) -z, ),
N, = 2627‘03 N, = )“0,3
1,3 > 2,3 7 s
Jag (8,+8,)(3,+85) Vg (8, +3;)
_ )“0,3
s = 2\a,9, ’

v,/ (z,Fo) =117 (Z,Fo) (j=12),
VL (2.Fo) = 91, (2.Fo) , wi*(7.Fo) = 82 (%.Fo)
mpu p=1,2;
v,/ (z,Fo-Fo,) =17 (z,Fo—Fo,) (j=12),
v, (2,Fo)=9.. (Z,Fo-Fo,),
w;’4 (E,Fo) = 8;”2@ (E,Fo— Fo, ) mpu p=3,4;

0

‘9:5,].} (Zé) = Z:(:)(Vl"z )n X

xvp (s (1+2n)h +aiy (5~ 1) -Z.€),

90 (2.8) =2 (ah (5 - ) +h-Z.E)+

—i(% ) (@ (5
—vlz(:)(v]vz) Vs (a23(
T Y- G-

+(-1)"2 vy004 (2h -7, - 2.8) +

—E)+2ni7—§+}_z,§)—

2.8),

h) +(1+2n)h +

+v, i:(v]v2 )’ y‘]),3 (ZniTa;2 +2,+7Z —2h, g) -

n=1

_vlil(v]v2 )’ y:),3 (2(1 +n)hay, +7, +E—2iT,E_,),
n=0
s o] 2]

N 4a,,8
s

g

g
2“:0\/E
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, \/F _p2 4 2
%5 (C.Fo)= \/;0 expLafFo}[gFo +3§1—0J—
¢ (& P g
2\ay (3611'0 +2FOJ(( 1) erf[za:o\/%J}

\JFo—Fo, y
Jn

%% (G, Fo—Fo, ) = S (Fo—Fo, )[

- 2 2
xexp| —————— || —=(Fo—Fo, )" +
4a;,(Fo—Fo,) |\ 3
2 2
5 ko |-—5 [ 5 ok ((—1)‘”]—
o 2ay 3a;
g
—lerf| ————— |||
( [2a§"01/F0— Fo,
ne Foza—(f, Fokzaozr", Biza—lo, *:861‘),
0 0 Mos Mos
d; — cumBon Kponekepa, [/, — neskuil JIHIHHUHA
po3Mip, @, — BEIMYMHA, PO3MIpPHOCTI KoedilieHTa
. . " . A
TemIepaTyponposigsocri,  a; = |—, 9§, =—,
;e
v]:6]_62’ 2:63_62’ E:ij El:i’ }7:&3
3, +9, S, +9, L L L
a; = G ; yskmism yg:l. (C,é) BIJIIIOB11AI0Th
a .
J

ymxuii %(C.E) abo ¢(C.E), mamo inxexe “y” B
ng’y JIOPIBHIOE BIANOBIAHO ¢ abo ¥ ; (P(Ca@)a
(.Fo)

HaBeZleHUMU y [8].
IMoknaBmm y cmiBBigHomeHHsx (10) B

0, (E,Fo) (i=2,3) BIANOBIAHO Z =Z; +0 (j=1,2),
(k=LK.),

TPHOX

1 pemra mo3Ha4YeHb 30iraloThCs 3

z2=2zy | OTPUMAEMO

PEKYpPEHTHY
anredpalaHux
0, (EzaFOk)
3HaWaeMO BUpasu id 3MmiHHEUX Kipxroda,
t,(Z,Fo)

Fo="Fo,
CUCTEMY HETHIHHUX
0, (z] ,Fo, ) ,

0, (73 ,Fok) . Pos3p’sazaBmm i,

PIBHSHBb  BIIHOCHO

Ta
a
BU3HAYMMO 3i

TeMIlepaTypHe IoJie

CITIBBIJHOIIIEHH:
£,(2.Fo) =P;" (1 +2B,0, (.Fo) ~1).

Y Tini HeHyNbOBMMH OyIyTh pajialibHI Ta
KUIbIIEBI HaMpyxeHHs [S]:
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[lpu upomy pajianbHi TepeMilleHHs BiACYTHI, a
ocboBl (0e3 ypaxyBaHHS IEPEMIICHb Tida SIK
aOCOJIOTHO TBEPJAOro IUIOr0) BHU3HAYAIOTHCSA 13
CITIBBIHOIIIEHHS

1+9(z,Fo)

J 1 _(Z,FO)

3

w(Z,Fo)= ®(z,Fo)dz.

v

Tyr dynkuii E(z,Fo), ©(z,Fo), ®(z,Fo), sxi
MaroTh BUTIAA (6), B Mekax i-01 cKianoBoi 30ira-
IOTBCSI BIJMIOBIZIHO 3 MOIYJSIMH TPY>KHOCTI El.(tl.) ,

v, (t,),
1(Z.Fo)

nedopmauismu @, (1,)= J o, (n)dn, e o, (%)
0

koedimienramu  Ilyaccona TETJIOBUMHU

- TeMIlepaTypHi koedimieHTH JHIHHOTO

PO3IIUPEHHS.
YucJy0oBi gocaimKeHHs

Anpo0aIlifo METOIUKHU MPOBEACHO IS BUIIAIKY,
komu OMX mepmoi Ta TPETbOi  CKIAJ0BOI

BizmoBigamm HioGio (a, =23,9-10° M2 cex, AV =
=53,17(1+0,226-10_31‘1-)BT/(M-OC), v, =033,
a, (1,)=(6,186+0,002367,)10° °C", E(1,)=
=(100-918-107, —411-10"°4 JI0’H/ m?),
mapy [6] (a,=
=24,4-10° m/cex, v,=035, AP =71,301(1+
+0,207-107%,) Br/(m-°C), o, (1,)=(8,865+

a

IUIATUHIL

MPOMIXKKOBOT'O

+0,002781,)107°°C™, Ez(t2)=(168—338.1o4t2)x
x10°H/ M?) pu h=5-10"m, z, =10k, K, =10,

t.=1100°C, m=5, q, =24-10'Bt /™,
1, =80cek , T, =20ceK .
Jeski pe3yibTaTd MPOBEACHUX  JOCIHIIKECHb

npeacTaBieHi Ha puc.l-2 'y Bumsn rpadikis.
CymineHi JiHiT moOymoBaHi JUId 3aJeKHUX BiX
TEeMIIepaTypH, a MYHKTHPHI Ta ITPUX—ITYHKTHPHI —
st cranux OMX, ski 30iraroTbest 3 TeMIIepaTypHO-
sanexaumu pu 700°C ta 0°C BiAMOBIAHO.

3 puc.]l 6aunMo, 1110 HEXTYBAaHHSI TEILJIOBIIIaYECIO
3YMOBIIIOE 3aHIKCHHS TEMIIEpaTypH, sSIKe HAHOLIbII
MOMITHE Ha TIOYATKy il APYroro iMmyiabca i Moxe
nocsirati 25%. 3a HeBpaxXyBaHHS BHIIPOMIHIOBAHHS
3aH)KEHHS  TeMIepaTypud  CIOCTEpIraeTbCs  JIi0
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MOYaTKy OCTAHHBOI'O IMIIYJIBbCY 1 HE mepeBuInye 5% ,
iCJIg 4YOro NOMITHE HEe3HAYHE 11 3aBUILIEHHS.
Haiibinbn TOMITHHUH BIUIMB TEPMOYYTIUBOCTI
(puc.2) B MpoMiKKOBOMY IIapi Ta 00JacTsxX, Mo J10
HBOTO TPUJIATAIOTh. Pi3HUIISI MDK TeMIiepaTypamu 3
Ta 0e3 BpaxyBaHHS TEPMOUYTIMBOCTI CIIOYATKYy €

MEHIIIOI0 JITIsl XapakTepucTHk B3stux npu 0°C, a 3a
MOJANIBIIOT0 HATPiBy — JUISL XapaKTEPUCTUK B3STHX

npu 700°C. MaxkcumanbHe i1 3HAYEHHS MOXKeE

nocsratu 300°C .

. C
1200
1100
1000
900
200

700

T T T T T T
100 200 300 400 500 600 700

T.¢

Puc.1. 3anmexHocTi Temmeparypu Bijg dYacy Ha

OoOMeXyro4if  MOBepXHI z=z; TpPH  Pi3HUX
. B

mapaMmerpax TeIIooOMiHy: I — a= 4002—nzc ,
M .
€=03;2-a=400,e=0;3—a=0, =0.3.

t,"C|

1500
1400:
1300:
1200:
1100:

10004+
T

Puc.2. 3anexHocti
nmoBepxHix z=0

TEeMIIepaTypd Bil dacy Ha
(/) Ta (2) mpum

z= Z3
0 =400—2" ¢=03.
M °C

Ha nmoBepxHSX TOAiTy  HampyXeHHS €
pospuBHuMH (puc.3). Ha BigqmiHy Bijg TemmnepaTypw,
HEXTYBaHHS TEPMOYYTIUBICTIO 3YMOBIIIOE
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3aBHINCHHS a0CONIOTHUX 3HA4YCHb HANpyXeHb IS
xapaktepucTuk B3sTHX sk npu 700°C, Tak 1 npum

0°C. Pi3HMIT MK HampyKeHHsMH 3 Ta 0e3
BpaxyBaHHS TeMIiepaTypHol 3aJISKHOCTI
XapaKTePUCTUK € HaWOUIBIIO Ha IOBEPXHIX
MPOMIXKKOBOTO mmapy i Moxxe gpocsirat 20%, a 'y 1-iit
Ta 3-iif ckanoBii He Oibine 15%.

0 100 200 300 400 500 600

70 T,C

Puc.3.
noBepxHsax z=z, -0 (1) i

3ajexHOCTI HampyXeHb Bil Yacy Ha

z=z+0 (2) npmu
0 =400—2" =03
m-°C

BucHoBku

AnpoOoBaHO 3aMpONOHOBaHUMN YHCEIbHO-
AQHATITHYHUN TIAX1T 0 PO3B’I3aHHS KBa3iCTaTHUHUX
3aJad  TEPMONPYXHOCTI Ui IIBOE3MEXKHOI0
TPUCKJIAIOBOIO  TEPMOYYTIMBOrO  Tima,  SKE
nepedyBae MmiJ JTi€r0 PIBHOMIPHO PO3MOIIICHOrO 10
00’€My TIPOMIDKKOBOTO IIapy iMIYJIBCHOTO JKepena
tewna. IlpoaHali3oBaHO BIUIMB TEPMOYYTIMBOCTI,
MPOMEHEBOI'0 Ta KOHBEKTHBHOI'O TEILIOOOMIHY Ha
PO3MOIIIN TEMIIEpaTypy Ta HampykeHb. [lokaszaHo,
0 HEXTYBaHHS KOHBEKTHMBHHUM TEILIOOOMIHOM
3YMOBIIIOE 3aHI)KCHHS Temiepatypu. HeBpaxyBaHHs
BHITPOMIHIOBAHHS TAKO)K TPU3BOIUTD JI0 3aHIIKCHHS
TEMIIEpaTypH, aje J0 MEBHOT0 MOMEHTY Yacy, IICIIs
YOro CIOCTEPIra€ThbCs HE3HAYHE 1i 3aBHILCHHS.
HexTyBaHHS TEPMOYYTIMBICTIO MOXKE 3YMOBIIIOBATH
K 3aBHINEHHS, TaK 1 3aHWKEHHS TeMIepaTypu
3aJIeXHO BiJ 3Ha4eHb ctannx OMX. [{ns HanpykeHb
HEBPAXyBaHHS TeMIepaTypHOl 3aJISKHOCTI
XapakTEPUCTUKH  TPU3BOAUTH O  3aBHIIEHHS
a0COJIOTHUX 3HAYCHBb HAIIPY)KCHb.



Bicnux Kuigcbko2o nayionanbHoeo yHigepcumemy
imeni Tapaca lllesuenxa
Cepis: ¢izuxo-mamemamuyni HayKu

2015, 4 Bulletin of Taras Shevchenko
National University of Kyiv

Series: Physics & Mathematics

. YuciaeHHo-aHAJIUTUYECKUI

Cnucox BUKOPHUCTAHUX KEPeEa

. Azadi M. Nonlinear transient heat transfer and
thermoelastic analysis of thick-walled FGM
cylinder with temperature-dependent material
properties using Hermitian transfinite element /
Mohammad Azadi, Mahboobeh Azadi // Journal
of Mechanical Science and Technology. — 2009. —
Vol. 23, Ne 10. — P. 2635-2644.

. bepesoBckuit A. A. Henuneiinpie  kpaeBble
3ajayd  TeIiousiaydaromiero Tena /Al A.
bepezosckuit. — Kues: HaykoBa mymka. — 1968. —
166 c.

. Kymnip P. M. MonentoBanHs Ta ONTHMI3allis B
TEPMOMEXaHII[l  eIEKTPONPOBITHIUX HEOHOpPI-
naux Tt T. 3: TepMonpyXHICTh TEPMOUYTIHBHX
tin [Tekcr] / P. M. Kymnip, B. C. [Tonosuy; min
3ar. pexn. 5. Y. Bypaka, P. M. Kymipa. — JIbBiB:
CIIOJIOM, 2009. — 412 c.

METOJl  peIICHUS
HECTAIlMOHAPHOTO  YPaBHECHUS
reronpoogHoctn  / [B. 1. benuk,  b. A.
VYpiokos, I'.A. ®ponos, [I'.B.Tkauenko]| //
Wmnxenepro-puzmuecknii xyprain. — 2008. — T.
81, Ne 6. — C. 1058-1062.

[pomrok b. B. KBa3zucratuueckue temmepaTyp-
HbIC HATMpPsDKEHUS B MHOTOCITOWHOI
TEPMOUYYBCTBHUTEIILHOW IJIACTHHE TIPH HarpeBe
terioBbiM noTokoM / b. B. Iporrtok // Teoper. u
npuki. Mexanuka. — 2003. — Ne 38. — C. 63—-69.

. 3unoBbeB B. E.  Temnodusnueckre  cBoOcTBa
METaJsIoB MpH BBICOKUX Temmepatypax / B. E.
3uHoBREB. — M.: Metammyprus, 1989. — 384 c.

. Ipomrok b. B.  Hecramionapue  ogHOBUMIipHE
TeMIIepaTypHe TMOJie TPUIIAPOBUX TiM 3 IUIOCKO-
napanenbHuMu Mexxamu nonity / b. B. TIporrok,
L. 1. Bep6a // Bicuuk JIbBiB. yH.-Ty. Cep. NPHKIL.
MateM. Ta iHpopm. — 1999. Ne 1. — C. 200-205.

. IIpomtok b. TepMmomnpyxHa mnoBeaiHKa Oe3MeExK-
HOT'0 TEPMOYYTIMBOI'0 TPUCKIIAIOBOIO Tija 3a il
o0’emHoro mkepena temna / b. Ilpomrok, O.
Topyn // Bicauk THTY. — 2014. — T. 76, Ne 4. —
C. 53-63.

HEJIMHENHOTO

66

. BEREZOVSKIJ, A. A.

. PROCJUK, B. V.

. ZINOVEV, V. E.

. PROCJUK,B.V. & VERBA L L

References

. AZADL M. & AZADL M. (2009) Nonlinear

transient heat transfer and thermoelastic analysis
of thick-walled FGM cylinder with temperature-
dependent material properties using Hermitian
transfinite element. Journal of Mechanical
Science and Technology. 23 (10). p. 2635-2644.
(1968) Nelinejnye
Kraevye Zadachi Teploizluchajushhego Tela. —
Kiev: Naukova dumka.

. KUSHNIR, R. M. & POPOVICH, V. S. (2009)

Modelyuvannya ta Optymizatsiva v Termo-
mekhanitsi  Electroprovidnykh — Neodnoridnykh
Til: Termopruzhnist Termochutlivih Til. 3. Lviv:
SPOLOM.

. BELIK, V. D. et al.(2008) Chislennoanalitiche-

skij metod reshenija nelinejnogo nestacionarnogo
uravnenija teploprovodnosti. Inzhenerno-
Fizicheskij Zhurnal. 81 (6). p. 1058—1062.

(2003)  Kvazistaticheskie
temperaturnye naprjazhenija v mnogoslojnoj
termochuvstvitelnoj  plastine  pri  nagreve
teplovym potokom. Teoret. i Prikl. Mehanika.
(38). p. 63-69.

(1989) Teplofizicheskie
Svojstva Metallov Pri Vysokih Temperaturah. M.:
Metallurgija.

(1999)
Nestacionarne odnovimirne temperaturne pole
trisharovih til z plosko-paralel'nimi mezhami
podilu. Visnik Lviv. Univ. Ser. Prikl. Matem. ta
Inform. (1). p. 200-205.

. PROCJUK, B. & GORUN, O. (2014)
Termopruzhna povedinka bezmezhnogo
termochutlivogo triskladovogo tila za dii

ob’emnogo dzherela tepla. Visnik TNTU. 76 (4).
p. 53-63.

Haniitnna no penkonerii 29.09.15



Bicnux Kuigcbkoeo nayionanshoeo ynigepcumeny 2015, 4 Bulletin of Taras Shevchenko

imeni Tapaca Llesuenka National University of Kyiv
Cepis: ¢izuxo-mamemamuyni HayKku Series: Physics & Mathematics
VK 539.3
Xamemi M., acmipanr, M. Hashemi', graduate student,
Kyx 5.0.", 1. d.-M. H., mpodp. Y.A. Zhuk', Dr. Sci., Prof.
MeToanka BU3HAYEHHSI KOMILIEKCHUX A procedure for complex moduli
MOJYJIiB /ISl MOJIKapOOHATHOIO MJIACTHKA determination for polycarbonate plastic under
NP¥ TAPMOHIYHOMY HABAHTAKEHHI harmonic loading
'KuiBchKuit HallioHATbHMIT yHIBepenTeT iMeni Tapaca '"Taras Shevchenko National University of Kyiv,
I1leBuenka, 01033, m. KuiB, Byn. Bonomivupeska, 64 K}’iV3 01033, Volodymyrska Street, 64
e-mail: moh.hashemi2013@gmail.com, e-mail: moh.hash§m12013@gma11.com,
y.zhuk@i.ua y.zhuk@i.ua

Jlocniooicyemuvest yukivHa noedinka amop@Ho2o noximepy — NOLIKApOOHAMa — 8 YMOBAX 2APMOHIUHO20
Hasaumaoicenns. [ MoOeniosamHs HecmayloHapHol  Di3uuHO  HEeNiMIUHOI NO0GediHKU — Mamepiany
BUKOPUCMOBYIOMbCSL €BONOYIUHI PIBHAHHS 3aipi. B yM08ax eapMOHIUHO20 KIHEMAMUYHO20 HABAHMANCEHHS
6y0yIOmbCst aMAAIMYOHT (DI3UYHT CNIGGIOHOULEHHS, SIKI NOG S3VIOMb AMIJIINMYOU OCHOBHUX NOAbOBUX GCTUHUH |
BUKOPUCTHOBYIOMb KOHYENYil0 KOMNAEKCHUX MOOYi8. [ 3Hax00dcenHs OMCHOT ma yaeHOI 4acmuHu yux
KOMNIEKCHUX MOOYNI@ (MOOYII8 HAKONUYEHHS I 6mMpam) GUKOPUCMOBYEMbCL MOOUPDIKOBAHA cXeMa Memooy
eK8iBaNeHMHOI NiHeapu3ayii 3 6UKOPUCMANHHAM YUKATYHUX Oiazpam. 1106Y006aH0 3anedcHOCmi KOMNIEKCHUX
MOOYI8 IO amnaimyou iHmeHcueHocmi Hasanmadcenus. Iloxazano, wo cmanoapmua cxema Memooy
eKsiganenm1oil Tineapuzayii 3a6UWLYE 3HAYEHHS AMNIIMYOU Hanpyscenns Oinve Hide na 10%.

Kurouosi cnosa: eapmoHiune HABAHMANCEHHS, AMNLIMYOHI CNIGGIOHOUICHHS, HenpydcHa Oepopmayis,
KOMNJIEKCHI MOOYII.

The problem of characterization of material response to harmonic loading is addressed. In the present
research, Zairi unified constitutive model is used to predict the time dependent inelastic response of
amorphous glassy polymer, a polycarbonate (PC). The approach that uses the complex-value amplitude
relations is preferred rather than direct numerical integration of the complete set of constitutive equation for
the material. The key point of the approach adopted lays in determination of complex moduli, i.e. storage
and loss moduli under harmonic loading. It is usually done by making use of equivalent linearization
technique. It is shown that this technique leads to overestimation of stress amplitude. To avoid this, the
modified equivalent linearization technique is used. It relies on special procedure for determination of
storage modulus which based on the usage of cyclic stress—strain diagram. Obtained histories of main field
variables evolution were used to find the stress—strain cyclic diagram and real as well as imaginary parts of
complex shear modulus with making use of both standard and modified equivalent linearization techniques.
The prediction of stress amplitude obtained in the frame of the former scheme overestimates the actual value
for more than 10% while the latter scheme gives it with desirable accuracy.

Key Words: harmonic loading, amplitude relations, inelastic deformation, complex moduli.
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1. Introduction mechanisms of mechanical energy dissipation. This
phenomenon is usually called the “dissipative
heating” [1,2]. It's important to notice here that,
under some conditions, the dissipative heating, being
small over one separate cycle of vibration, can lead
to overheating for long term processes causing the
change of mechanical properties, degradation of
performance and durability of the structure.

At the present, there are two approaches to
address this issue. In the frame of the first approach,

Cyclic loading is one of the most important and
widely used types of loading imposed on structural
elements. Materials of structures and their members
experiencing cyclic deformation can exhibit specific
time dependent properties and can be deformed
inelastically being exposed to high stress levels.
Inelastic deformation of the material is accompanied
by heat generation caused by the internal

© M.Xomewmi, 51.0.Kyxk, 2015 67



Bicnux Kuigcbko2o nayionanbHoeo yHigepcumemy
imeni Tapaca lllesuenxa
Cepis: ¢izuxo-mamemamuyni HayKku

the complex set of constitutive equations governing
response of numerous internal parameters is
introduced. For polymers, the constitutive modeling
utilizes, either directly or with some modifications,
viscoplastic constitutive equations which have been
developed for metals. The Schapery single integral
form has been widely used to characterize the
nonlinear (stress or strain dependent) viscoelastic
behavior of polymers. In general, the models can
divided into two categories. The first category
additively combines linear viscoelastic and plastic
constitutive relations (see, for example, [3]). In this
category, the viscoelastic strain rates depend upon
loading histories and time, and the plastic strain rates
depend only upon loading path histories. Second
category combines linear elastic and viscoplastic
constitutive relations, such as the models proposed in
[Perzyna, Perzyna and Wojno, Bodner and Partom ,
Frank and Brockman, Goldberg and Roberts, Gilat
and Zairi [4-6]. To describe the material time
dependent behavior accounting for different features
and peculiarities over the cycle of vibration, a direct
integration of the set of constitutive equations is
necessary. Usually it appears to be time and resource
costly for multi-cyclic processes.

Within the second approach, the approximate
amplitude relations are used to characterize the
cyclic response of the material, i.e. the relations
between amplitudes of the main mechanical field
parameters over the cycle [7]. Naturally, the
application of this technique is justified for the class
of problems where there is no need for detailed
information on the material response during the
cycle (life prediction of the structure, failure due to
overheating as a result of internal dissipation etc.).
The key point of the amplitude theories is concept of
complex moduli [7]. For an inelastic (particularly
viscoelastic) material, the modulus governing the
relation between strain and stress amplitudes is
represented by a complex quantity with real and
imaginary parts referred to as storage and loss
modulus respectively. The former characterizes
elastic response of material and the latter one defines
the dissipative ability of the material [2]. In other
words, the energy is stored during the loading part of
cycle and released under unloading phase, whereas
the energy loss occurs during complete cycle due to
dissipative properties of the material. The drawback
of the approach was the overestimation of stress
amplitudes as a result of making use of standard
equivalent linearization technique for calculation of
both storage and loss moduli. To overcome this
difficulty, the modified scheme was proposed in
[2,7]. But applicability of the method should be
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verified for each particular type of the material.

This paper is devoted to investigation of the
technique applicability to the typical -elastic-
viscoplastic materials such as Polycarbonates (PC),
and to determination of complex moduli for
isothermal loading case for wide range of loading
amplitudes. Particular attention will be paid to
simulation of cyclic response of pure polymer
material (PC) to monoharmonic kinematic loading in
the frame of the second approach.

2. Constitutive relations

To accurately predict an overall performance and
lifetime of polymer, it is necessary to model time
dependent and inelastic responses. Viscoelastic
materials such as polymer materials have the
particularity of possessing viscous, elastic and, under
some conditions, plastic behavior. Constitutive
material models of viscoelastic solids have been
proposed for isotropic materials undergoing small
deformation gradients whereas the inelastic strain
can be calculated as the difference of the total strain
and elastic strain. In order to determine the
viscoelastic-viscoplastic response of the polymer,
Zairi et al. [5] proposed a model for predicting the
viscoplastic response of neat polymers, utilizing a set
of state variables as an indication of the resistance of
polymeric chains against flow. It should also be
mentioned that polymer’s mechanical properties and
loading/strain rate are the two main parameters that
govern the nonlinear response of the polymer.
Bodner and Partom model [4] is a typical
representative of the class of constitutive theories
that constitutes a state variable approach with no
yield surface. In the frame of this model, the
viscoplasticity contribution exists at all non zero
stress levels, and it is found to be the more adequate
for the viscoplastic part. The model is modified in
order to include strain softening immediately after
yield and subsequent re-hardening in [8].
Accordingly, the viscoplastic strain component can
be expressed in terms of the deviatoric stress
components as follows:

g =ﬁDo[—“e J LA

Z,+72,) o,

where £ is the viscoplastic strain rate which can be
defined as a function of deviatoric stress; the internal
state variable Z, was initially introduced in [8] to
account for the horizontal plateau upon yield and the
subsequent strain hardening exhibited by a glassy
polymer and Z, is internal variable to account for
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the effect of strain softening. The equivalent
(effective) stress is given by expression:

o,=(3/26":6")"*, where ¢'=6—-1r(c)1/3 is the
deviatoric part of the Cauchy stress, o . Moreover,
D, and n are material constants; D, represents the

maximum inelastic strain rate and # is the strain rate
sensitivity parameter controlling the viscosity of
flow. The rate of change of the other two internal
state variables, Z, and, Z, can be determined using

the following evolution equations:

Zz _ch

h(Zzs _Zz)WP_Azzz[

Zl _(l_a)Z]O (2)

J, )

where W', WP =6 :(¢ —6°) =6 : ™, is the inelastic
work rate and the associated rise of temperature is

10

Z,=

28

=& +¢&" 1is referred to as inelastic

the initial value of Z, introduced to

neglected, &”
strain; Z,, is

represent the onset of the plasticity, Z,; is the

saturation value of Z,, m and A are the hardening

2
and softening rate parameters, respectively, o is a

parameter controlling the onset of the re-hardening;
A, Z,, and r are three parameters introduced in the

model equations to simulate the static recovery. It
should be emphasized that nonlinearity is also
included in the viscoelastic part. In order to
determine the viscoelastic response of the polymer,
the unmodified Bodner—Partom model [4], used to

describe the nonlinear pre-peak viscoelastic
behavior, can be expressed as:
1(z,)" o
£” =3D, exp[——[in ., @
2\ o, o,

where Z, is an added internal state variable and the

defined earlier. The
the following

terms
Z 3
differential equation:

remaining
parameter

are as
is governed by

P

Z3 = ‘1(23.; _Z3)W > (%)

where q is the pre-yield hardening rate parameter,
Z,, is the saturation value of Z, and the initial

value of Z, is defined by the parameter Z, .
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3. Procedure of complex moduli derivation

Harmonic loading is one of the most widely used
and important types of loadings imposed upon a
mechanical  structure. In this investigation,
approximate model of inelastic behavior developed
in [1,7] for the case of proportional harmonic loading
has been used. In this case, the cyclic properties of
the material are described in terms of complex
moduli. It is important to notice that the inelastic
deformation is considered to be incompressible and
thermal expansion is dilatational, it may be more
convenient in some applications to separate the
isotropic stress-strain relations into deviatoric and
dilatational components that can be shown by
equations as:

O"ZZG(B—SW _Sve),O'kk :3KV(gkk _80): (6)

where G is the shear modulus, K, is the bulk mod-

ulus, 7,7,k = 1,2,3 and repeated index implies a sum-
mation over. Due to incompressibility of plastic de-
formation, &j; =0, i.e. the plastic strain rate is devia-
toric: ¢" =é".

According to this model, if a body as a system

subjected to harmonic deformation or loading, then
its response is also close to harmonic law:

e(t)=e'coswt —e"sin wt,
(7

o(t)=0'coswt—o"sinwt.

The complex amplitudes of the deviator of total
strain, e, inelastic strain, ¢™, and the stress
deviator, &', are related in the N™ cycle by the
complex shear modulus, CN?N, and plasticity factor,

Ay > as shown below:

G'=2Ge, e"=21¢, N=123..., (8
where
e=e+ie", 6=06"+ic", e" =e'" +ie"", )
G=Gly +iGl, Ly =2l +idl,

where N is the cycle number and (-)' and (-)" denote
the real and imaginary parts of complex quantities.

The shear modulus and plasticity factor are
functions of the intensity of the strain-range tensor,
frequency and temperature

5=5N(603w:9)7 IN:IN(eO’w’Q)’ (10)
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where the square of the intensity of strain-range

n

tensor is calculated as e; =e':e'+e":e”".

The imaginary parts of the complex moduli are
determined from the condition of equality of the
energies dissipated over a period and are calculated
according to the formula

D' "
G;"v=—< >2N ar=Sn.
w e G, (11)
1 v 27
<(‘)>N A T(N_])(‘)dl, T=;

where D' is the rate of dissipation of mechanical
energy, G, is the elastic shear modulus.

b

The real parts are found with making use of the
condition that generalized cyclic diagrams
o =0, (ep,w) and e,y =e,y(€e),®) which
relate the ranges of the stress and plastic-strain
intensities in the N cycle, coincide in the frame of
the complete and approximate approaches

s 1/2
’ G[J e 76() "
Gy (e, w) = {LS)_GNZ (eO’a)):| 5
4e,
(12)
I ) 2 v
l&(eOﬂw):{%_ﬂ‘;\'/ (eOﬂa)):| >
4e;

where G’ and A’ are the sought-for real part of
shear modulus and plasticity factor.

4. Problem statement and numerical integra-
tion procedure

Due to significant nonlinearity of the stiff type,
the numerical integration of Zairi equations was
adopted. Three step scheme of attacking the problem
of complex moduli determination was designed. At
the first step, the elastic-viscoplastic response of the
material to harmonic deformation was calculated by
direct application of standard MATLAB solver
ODE45 to constitutive equations for different
amplitudes of loading strain. At the second step, the
stabilized cyclic stress—strain and inelastic-strain—
strain diagrams were obtained for the whole set of
calculated data. At the final step, the complex moduli
were calculated by the averaging over the period of
vibration of the results of direct integration and
making use of cyclic diagrams and formulae (11) and
(12).

The system of nonlinear ordinary differential
equations that describes the polymer response to
harmonic loading in the case of pure shear consists
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of the one-dimensional equations of Zairi model
comprising equations (2), (3), (5) and evolutionary

equations
2 n
év‘v = DO — 30 ) i )
(Z,+2,)* ) |o

1(z2)
£ =D0exp{—5[3;2D ﬁ.

The law of strain deviator variation e = ¢, sin wt,

(15)

(16)

as well as Hooke law for shear stress

o=2Gle-e” —e")=2Gle-")  (14)

should be added to the system.

The values of material constants for PC, which
were used for calculations, has been taken from [5].
The list of the values is given below
E=2000 MPa, D,=10" 1/sec, n=10.3, ¢=2.5,
Z,=176.5 MPa, Z, =20 MPa, Z, =—-60 MPa,
Zy, =50 MPa, Z, =100 MPa, o =0.9, a =0.0035,
h=125 m=6.5,r=2.0.

5. Results of calculation

In this section, we present the results of transient
response simulation and the complex moduli
calculations performed in the frame of modified
technique described in Sec. 3. In Fig. 1, the stress—
strain curve was obtained for PC polymer under
monotonic loading in pure shear. In this figure, the
numerical predictions of the model are generated for
strain rate 1.0-10 % sec ' at room temperature. As can
be seen, this figure demonstrates a very good with
the results presented in [5].

Evolution of stress and inelastic strain for PC
polymer under harmonic loading in pure shear with
strain amplitude e, =7.0-10 are shown in Fig. 2

and Fig. 3 respectively for frequency 1 Hz. The
material demonstrates cyclically stable response over
the whole interval of loading amplitudes and
frequencies investigated. As a result, stabilization of
the response amplitude occurs after several initial
cycles. Relatively slow stabilization is observed only
in the vicinity of yield point.

Fig. 4 illustrates the mechanical hysteresis
phenomenon under cyclic loading that enable one to
measure the phase shift between stress and total
strain. The energy dissipation capacity for PC
polymeric material under harmonic loading in the
maximum dissipation condition ( e, =7.0-10") at the
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frequency 1 Hz is quite high. Calculated value of the
normalized loss modulus is about 0.34.
50

401

Stress, MPa
N w
o o

0 0.08 0.1

0.04 0.06
Strain
Fig. 1. The stress—strain curve under pure shear
monotonic loading.
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0 0.02
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Fig. 2. Stress evolution under harmonic loading.
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0.04r

0.03f; F ﬂ

0.02

0.01
0

Inelastic strain

-0.01r
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Time, sec
Fig. 3. Inelastic strain evolution under harmonic

loading.

As it was mentioned in Sec. 3, this actual loop
can be approximated with making use of either
standard or modified equivalent linearization
scheme. In the same figure, the actual loop (line 1) is
shown along with the loops calculated in the frame
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of standard (line 2) and modified (line 3) equivalent
linearization techniques. The cyclic diagram at
stabilized stage of the vibration o), =0/(¢,) (i.e.
concretization  of  general cyclic  diagram
o)y =0iy(e),®) used in the formulae (12) for N —»x)
is shown in Fig. 5. The curve is calculated for cyclic
pure shear.

60F 1 1
20 3 f
20F .

0, ,

Stress, MPa

-201 1

40} ]

.60} ]

-0.08 -0.06 -0.04 -0.02 O
Strain

0.02 0.04 0.06 0.08

Fig. 4. Hysteresis loops.
70 :

601 1

MPa

s,

20r 1

O0 4 8 12 16

e, %

Fig. 5. Cyclic diagram for PC polymer at 1 Hz.

N o o
» o fo) -
T T

Normalized Moduli G'/G , G"/G

o
)

16

e, %
Fig. 6. Normalized values of the real and imaginary
parts of complex shear modulus for PC polymer.

Having calculated the cyclic diagram and making
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use of formulae (12), it is easy to find the real parts
of the complex moduli (storage moduli G' and A')
in the frame of modified equivalent linearization
scheme. The imaginary parts of the complex moduli
(the loss moduli G" and A") are determined
according to the formula (11). The normalized
improved values of G'/G and G"/G found
according to the modified scheme for frequency 1 Hz
at steady-state cyclic regime and constant
temperature are shown in Fig.6 for wide range of
loading amplitudes. This diagram shows the highest
losses occur at strain amplitude of about seven
percent for this type of polymer.

6. Conclusions

The problem of characterization of material
response to harmonic loading is addressed.
The approach that uses the complex-value ampli-

Cnucox BUKOPHUCTAHUX TKEPeEa

1. Zhuk Y. A. Modelling the stationary vibrations
and dissipative heating of thin-walled inelastic
elements with piezoactive layers / Y. A. Zhuk,
Senchenkov 1. K. // Int. Appl. Mech. — 2004, —
Vol. 40. — P. 546-556.

2. Beards C. E. Structural Vibration: Analysis
and Damping / Beards C. E. — London: Ar-
nold, 1996.

3. Ottosen N. S. Mechanics of Constitutive Model-
ing / N.S. Ottosen, M. Ristinmaa / Elsevier,
2005. — 700p.

4. Bodner S. R. Constitutive equations for elasto-
viscoplastic ~ strain  hardening material /
S. R. Bodner, Y. Partom // Trans. ASME, J.
Appl. Mech. — 1975. — Vol. 42. — P. 385-389.

5. Zairi F. Phenomenological nonlinear modeling
of glassy polymers / F. Zairi, K. Woznica,
A. M. Nai // C. R. Mecanique. — 2005. — Vol.
333. —P. 359-364.

6. Goldberg R. K. Computational simulation of the
high strain rate tensile response of polymer ma-
trix composites / R. K. Goldberg — NASA/TM-
2002-211489, 2002.

7. Senchenkov I. K. Modeling the thermomechani-
cal behavior of physically nonlinear materials
under monoharmonic loading / I K. Sen—
chenkov, Y. A. Zhuk, V. G. Karnaukhov // Int.
Appl. Mech. —2004. — Vol. 40. — P. 943-969.

8. Frank G.J. A viscoelastic-viscoplastic constitu-
tive model for glassy polymers / G.J. Frank,
R. A. Brockman // Int. J. Solids Struct. — 2001. —
Vol. 38 — P. 5149-5164.

72

2015, 4

Bulletin of Taras Shevchenko
National University of Kyiv
Series: Physics & Mathematics

tude relations is preferred rather than direct
numerical integration of the complete set of
constitutive equation for the material. The key point
of the approach adopted lays in determination of
complex moduli, i.e. storage and loss moduli under
harmonic loading. It is usually done by making use
of equivalent linearization technique. In this paper,
Zairi model was used simulate the time dependent
response of PC polymer. Obtained histories of main
field variables evolution were used to find the stress—
strain cyclic diagram and real as well as imaginary
parts of complex shear modulus with making use of
both standard and modified equivalent linearization
techniques. The prediction of stress amplitude
obtained in the frame of the former scheme
overestimates the actual value for more than 10%
while the latter scheme gives it with desirable
accuracy.
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This article represents the analysis of establishment of the modern types of e-learning.
The remote learning originates from the extramural education, which arose yet in the XZx"
century. The methodology of the remote learning consists in the programmed learning. The
use of the computing techniques in education became possible due to the technological
revolution and the emergence of the brand new computers. The rise of mobile devices with
internet connectivity, such as smartphones and tablets, has transformed many aspects of day-
to-day life, but perhaps one of the most significant benefits of mobile technology has been its
impact on how we learn. With connected devices becoming increasingly prevalent and
affordable, experts believe that more young people will want to employ mobile devices to
make education more engaging and personalize it to suit their specific needs. Mobile learning
focuses on the mobility of the learner, interacting with portable technologies. Using mobile
tools for creating learning aids and materials becomes an important part of informal
learning. The main problems in introduction of the remote learning became the cost of
development and training, and the creation of the appropriate software. In this paper the
solutions to these problems are outlined.
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TEXHOJIOTIi 3HAaXOAATh CBOE 3aCTOCYBAHHS
Bil JiTHaxiB, M0 BUBYAIOTh MOBY YU
apu(MeTHKy, 10 NICHCIOHEPIB, AK1
HaMararoThCs 3100yTH 3HAHHS 3 MEIUIUHHU,
YHY 1€ JArOTIKH.

Beryn.  Miniatiopizaniss  3aco0iB
O0YMCITIOBAJILHOT TEXHIKM — CMapTQOHH,
IUTAHIIETHI ~ KOMIT'IOTepH, HOYTOYKH -
JOKOPIHHUM  YHMHOM  3MIHWJIA  Cy4acHi
HaBYaJIbHI TEXHOJION], 3a0€e3I1eunBIIN
JIOCTYH JI0  Maiixke HECKIHYEHHUX CraHoBJIEHHA €J1eKTPOHHOI0
oOcsriB HalpisHOMaHiTHIIIOT iHpopmanii. [[i HaBuanHs. JucTaHIiliHA OCBiTa CBOT KOpEHI,
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0e3 CyMHIBY, Bele BiI OCBITH 3a0YHOI.
bararokoHndeciiiHicTb Ta  PO3KUAAHICTDH
LIEPKOB IO TEPUTOPil KpaiHW CTHUMYIIOBAJIO
NOsIBY peniriiiHoi 3a04noi ocBity y CILIA mie
y XIX cronirri. Ha Mmanenskiii Teputopii

ot o3epa Yoroksa (Chautauqua) Ha
nmiBJeHHOMY 3axoni mrTary  Hpro-Mopk
penoI00HUH Jlxon X.BiHceHT i

nianpuemens Jlptoic Mimep B 1874 pori
poO3MoYaiy HEBEIMYKUN EeKCIEePHUMEHT B

rajgy3i OCBITH JOPOCIHX JUIS BYHTEIIB
METOJIUCTCHKOIL HEIUILHOT IIKOJIH,
EKCIIEPUMEHT MIBUIKO nepepic y

3araJlbHOHALIOHATBHUN PyX 1 ICTOTHO 3MIHUB
cucremy ocBitu B Cnonyuyenux Ilrarax.
Moro ycmix mpuBiB 10 CTBOPEHHS 0araThox
noaiOHMX KT~ HA  BCid  TepuTopii
CIOA.“Pyx YorokBa”, sKHH po3moyaB
Bincenr y 1886 poui, HazBamu “nepmroro
CY4acHOIO TEOPIEI0 OCBITU JIsi AOPOCIUX B
Cnonygyenux LltaTax”.

IamycTpianbHi, MMOJIITHYHI Ta
BilicbkOBI moTpeOu namu y cepeauni XIX
CTOJITTSL TOLITOBX PO3BUTKY MalOyTHBOI
JTUCTaHIIIHOT OCBITH B iHIIOMY (opmari —
BUBYEHHS 1HO3€MHUX MOB IO  TOIITI.
[TionepaMu y 1bOMY THUTaHHI OyJH
ToBapucTtBo cydacHuX MoB B beprini Ta
Crpatiep (Strayer) Oi3Hec KoJIeDK MicTa
banrimop y CHIA, ki 3anponoHyBalIH
3a04HI KypcH (paHIly3bKOi, HIMEIBKOI Ta
aHrTHCHKOT MOB.

SIBHUM ITiZIepOM 3a0YHOTO HABYAHHS B
aMEepUKaHChKii BUIIM OcBiTI B KiHII 19-TO
cTomitTst OyB UMKa3bKUil yHIBEPCUTET, KU
BUKOPHCTOBYBAB OCBITHIO cucTteMy YoTOKBH,
nourHaroyu 3 1883.

OnHuM 3 mepmux TEeXHIYHUX 3aco0iB
HETPaJAULIAHOIO HaBYaHHSI OyB HPOEKTOP
cliaiiaiB (mmixTap Linnebach), SAKUN
BUKOpPUCTOBYBaBCs B XIX CTOMITTI B Ki1acax
YoTokBM 1 MIKUT A7 JOpociuX. [HImM
3HaYHUM TEXHOJOITYHUM HOBOBBEJCHHSM
craB ¢onorpadp Tomaca Enicona (1877).

76

3aBAsIKM [[bOMY MPUCTPOIO 3’ SIBUIUCH
nepii JiHradoHH1 KJIacu AJis BUBYCHHS MOB,
a B 1936 poui nonax 200 yHIBEpCUTETCHKUX
pamioCTaHINi  TPaHCIIOBATM  HAaBYalbHI
nporpamu. Ha mnowatky 20-ro cromirTs,
Teopii HaBUaHHS MOYAIU KOHIIEHTPYBATHCA
Ha Bi3yaJIbHHUX MIAX0JaxX J0 BUKIIAJaHHS, HA
BiIMIHY Bil IIUPOKO  PO3MOBCHOIKEHOT
MPaKTUKA MOBHOTO CHUIKYBaHHA. EmicoH
TakoX mepmuM e a0 noyarky I CBiroBoi
BilfHM 3ampOTIOHYBaB BUKOPUCTOBYBATH s
3aHATh HaBYalbHI (PiIBMH. Y pPOKM BiliHU

HaBYaJIbHI binbMu LIMPOKO
BUKOPHUCTOBYBAJIUCS JUISt MArOTOBKU
BIliICLKOBHX, UBUILHOT o0opoHu 1
nponaras/iy.

[lepmiuM CyTTEBHM KPOKOM IO TMOSIBU
cydacHHX (OpM €JIEeKTPOHHOTO HaBYAHHS
CTajo porpaMoOBaHe HaBYaHHS,
3ampornoHoBaHe B cepeauHi 50-X pokiB
MUHYJIOTO CTOJITTA B poboTtax
aMEpPUKaHCHKOTO OixelBiOpaIbLHOTO
ncuxonora beppeca @penepika CkiHHepa.
CyTHICTb HOT0 MiAX01y MmoJyiraia B po30uTTi
Mpoliecy HaBYaHHS HA HEBEJIWYKI MOPIIii, SKi
BUBYAIOTHCA 3a IMEBHOIO MPOTrpamolo, sKa
BU3HAYa€ HACTYIHY MOPILII0 B 3aJEXKHOCTI
BiJI OBE/IHKY y4Hs (pe3yJabTaTiB HABYAHHS).
YrupaBiiHHS HAJIXOKEHHSM HOBUX MOPIIN
MOTJIO JIETKO 3JIMCHIOBATUCh HE JIMILE
MPOCTIIUMH €JIeKTPOHHUMH, a "
MeXaHIYHUMU NpUcTposiMu. Konu HaBuanbHi
MOPIii yTBOPIOBANHU JIHIAHY MOCIIJOBHICTS,
yIpaBIiHHSA IIPOLIECOM MOTJIO
3MIIIICHIOBATHCH 3a JIOIIOMOTOIO CHELiaIbHO
0pOpPMICHOTO  HABYAJIBLHOTO  IMOCIOHHUKA.
Onpnak  Halikpamoro  OOOJOHKOIO /s
IIPOTPaMOBAaHOTO HABYAHHS, 3BUYANHO, CTajla
o0uuCITIOBalIbHA TEXHIKA.

3 mporpecoM 00UHCTIOBATBHOT TEXHIKU
CHHXPOHHO pO3BHBAJIOCS 1 NpPOTpaMoBaHe
HaBYaHHS! 301TBIIYBAJIACS 00’emu
iHpopManii 1  ypi3HOMaHITHIOBaIUCS i
bopmu, YCKJIaTHIOBAIHUCS AITOPUTMHU



Bulletin of Taras Shevchenko
National University of Kyiv
Series Physics & Mathematics

Bicnuk Kuiscvkoeo nayionanvrozo yHieepcumenty 2015,4
imeni Tapaca lllesuenxa

Cepis ghizuxo-mamemamuuni Hayku

YIIPaBIIiHHS IIPOLIECOM HaBYaHHS,
BJOCKOHAIIOBATIHCA ~ (OpPMHU  KOHTPOJIIO
3HaHb.

Opnnax Bxke y 80-Ti pokH 3a KIaCHYHUM
POrpaMOBAaHUM HABYAHHSAM  3aJIMLININCS
JUIIE JUCHMIUTIHM 3 JIOCTaTHBO MPOCTOIO
JIOTIYHOIO CTPYKTYPOIO, IPOCTUMHU (POpPMaAMHU
nojavi iHGopmanii. Taki mporpamu me i
J0CI BUKOPHUCTOBYIOTHCS, HANpPUKIAA, TMPHU
NepeBipill 3HaHb MPaBHI JOPOKHBOTO PYXy
YH IHIIUX OIPOCTUX (POPMATBHUX IHCTPYKLIH.

IcHye ymmano mepeBar BUKOPHCTAHHS
KOMIT'10Tepa Juisl HaB4YaHHs. Hacammepen 1e
IHAMBiAyaJlbHa B3a€MOJISI CTYIEHTAa/y4dHS 3
MPOrpaMoro, M0 J03BOJISE BU3HAYATH TEMII
IHAUBIAYAIBHO AJI1 KOXKHOTO, IbOMY CIIPHSIE
1 MUTT€Ba  MepeBipka  KOHTPOJIBHUX
BIAMOBiAEH 1 I[IBUAKA  BIANOBiAL  HA
CTaHJApTHI 3alUTAaHHS CTYyJEHTa, 0COOJIMBO
[[e BaXJIMBO TpPH BHUKOHAHHI BIpaB Ha
noBTopeHHss  (apudmeTnka, MeIUIINHA,
MOBa).

3BUIBHEHHM 4Yac BHUKIAJaueEM MOXKE
3HOBY XK BUKOPHCTOBYBATUCH TS
1HAUBIAyaIbHIX KOHTAKTIB

Komm’roTepHuil KOHTpOJb Tpae i
BEJIMKY COLIAJIbHY-IICUXOJIOTIYHY pOJib, 00
JIO3BOJISIE HE COPOMIIIYKMCH BIIMOBINATH B
3py4Hill Ui cTyaeHTta ¢opwmi. Bennuesnuit
oOcsAr mam’ATi Ta pO3PaxyHKIB IIBUIKICTH
KOMIT'10Tepa MPOINOHYIOTh HIUPOKI
MOJIMBOCTI JJIi MOro BHUKOPUCTaHHSA B
knaci. BiH Moxe fgatu IHCTpYKIil AN y4HS,
BHUKJIUKATH BIAITOBIAl Ta 3BOPOTHI
pe3ynbTaTH, MOXe 3MIHHTH Xig #oro
noJanbuioro HapuaHHg. KoMm'roTep Takox
MoO’Ke OyTH BUKOPUCTAHUN JJIs1 BUMIPIOBAaHHS
JOCATHEHb KOXKHOTO YYHsI, MOPIBHSHHSA iX 3
MUHYJIUMU pe3yabTaTaMH, a MOTIM MOPATUTH
BUMTEIIO NMPO T€, SIKI YACTUHU HABYAIbHOI
MIPOTrPaMU CJIiJl BUBYATH/TIOBTOPIOBATH JIaJi.

SkicHUM
[MOSABU

JIlucTaHmiliHe HABYAHHSL.
CTpUOKOM,  SKHH  TpPUBIB IO
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IUCTAHIIHHOTO HABYaHHS, CTaB PO3BHUTOK
KOMIT'IOTepHUX Mepex. Lle  mo3Bosmio
PO3HECTH CHOYATKY B MPOCTOPI, a 3rOJIOM 1y
4yaci YYacHUKIB HaBYAJIBHOTO MPOIIECY:
BUYMTENIB, YYHIB OJHI€i HABUAIbHOI TPYIH.
Mepexa JI03BOJISUIA eeKTUBHIlIe
BUKOPHUCTOBYBATH JOCBIJ BUKJIa/1a4a,
OCKUIBKM BIH MIr MpalOBaTH 13 3HAYHO
OUIBILIOI0 ayAWTOPIEI0, BHUKIAAAYY 1 YUHIM
He Oyno moTpiOHO 30upaTucs B OJHOMY 1
TOMYy > Micli B OAMH 1 TOW Xe dac,
pe3yibTaTu OJIHOTO yUHS JIETKO
YTaeEMHUYYBAJIUCh BiJ 1HIIOrO, a 3 IHIIOTO
OOKy crpoInyBaBcsi OOMIH MDK yYHSMHU JJIst
IPYNOBUX 3aBJaHb.

[HIIUM CTUMYJOM Ui BUKOPUCTAHHS
JTUCTAHIIIMHUX TEXHOJOTIH CTajno CTpiMKe
30uIbIIeHH 00’eMy HOCIiB iH(opmarii 1
BIIMOBIAHO KOMIT FOTEPHOTO 00’emy
HaBYaAJIbHO1 iHpOopMaii. Lle Jlajno
MOYKJIMBICTB I10/1aBaTH iH(OPMAIiIO HE JIHIIe
y BUIJIAJI TEKCTIB 1 MalIOHKIB, a i 3BYKY 1
BIJI€O. Bennuesnui o0csr HOBITHIX
HaBYAJbHUX MpPOrpaM 4YacTo HE JO03BOJISIB
TpUMaTH iX Ha OJHOMY KOMIT'IOTEpi, IO
TaKO’X  BHpINIYBaJIOCh 32 paxyHOK
BUKOPUCTaHHS MEPEexi.

Ha mouaTtky CBOro CTaHOBJIEHHS
JUCTaHI[IfHE HaBYaHHSA 3aCTOCOBYBAJIOCH
IS HaBYaHHS CTYJEHTIB/NIo1eH 3
HETPAJAULIMHUMU  TOTpebdaMu: THX, XTO
IpaLoe 1 BUHUTHCS OJIHOYACHO,
BiliCbKOBOCTYXOOBIIIB, YB’SI3HEHUX,
IHBAIIAIB Ta IHIIKUX. 3 4acoM JUCTaHIIINHE
HaBYaHHs HaOyBajmo HOBI (GOpPMHU 1 AKOCTI,
OXOIUTIOBAJIO BCE IIMPIII MacH HAaCEJICHHS.
CporosHi JUCTaHLIMHI KypCH OXOIUTIOIOTh
MUIBHOHHM JIIO/IeH Y PI3HUX KpaiHax.

Buxopucrtanus IUCTaHIIHUX
TEXHOJIOTIH JI03BOJISIE HaBYAJILHUM
IHCTUTYI[IIM HE BUTPAYaTUCh HA CTBOPEHHS
KJ1aciB, noOynoByY I'YPTOKHUTKIB,

3a0e3nevyBaTy He 30MTKOBE BUKIIAAAHHS TSI
HeBelMYKUX Tpyn. CryaeHTam ke Le Jae
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MOJIMBICTh ~ KOMQOPTHIIIE  MOETHYBATH
HaBYaHHA 3  poOOTOI0, HE  BHUMAarae
ONMM3BKOCTI )KUTJIA 1 YHIBEPCUTETY.

JlucraHiiiiine HaBYaHHS HE
00OB'SI3KOBO KOHKYpYE 3 J00pe BIIOMHMH
KIIACUYHUMM TEXHOJOTIIMU 00 MOXKe iX
JIOTIOBHIOBATH 1 po3mmproBatu. ['apHa HOBa
MOJI€ENb TaKo1 IMILIEMeHTAaIil Oyna
3aMporoOHOBaHA, KOJIN I"apBapn i
MaccauyceTcbKkuii TEXHOJIOTIUHUI IHCTUTYT
OTOJIOCHIIH po o0'enHanHs, j11(6]4)
3aMporoHyBaTh OE3KOIITOBHI OHJIAWH-KYpCH
32 JIONOMOTOI0 CIUIBHOI HEKOMEpIIHHOT
opranizanii EDX. OO6unsa yHiBepcUTETH
OTpUMAIH 9y70BY MOJKJIUBICTD
criocTepiraTd, SK CTYACHTH pearyroTh Ha
KypCH TUCTAHIIIHOTO HaBYaHHS. Buainmmo
0COOJIMBOCTI, SIKI BIAPI3HSIOTH TUCTAHIIIHE
HaBYaHHS. Ho-nepuue, JIUCTaHIIIHE
HaBYaHHSA He € (OpPMOIO CaMOOCBITH abo

OCBITH B HEAaKaJEeMIYHOMY CEpEIOBHIII],
HampuKIag yAOMa Yd B TypTKax 3a
IHTEepecamH. Bono MIPOBOIUTHCS
HABYAIBHUMH  IHCTHTYI[ISIMH,  SKi,  SIK

MpaBWJIO, TIOBHUHHI MaTH BIAMOBITHUN HO3BLI
(JTiIIeH3110, aKpeIUTAIlilo).

Ilo-apyre, aucTaHuUifHOMY HaBYaHHIO
IpUTaMaHHa PO3HECEHICTh y Yaci 1 MpocTopi
YYaCHMKIB OCBITHBOTO mporecy. Lle 30Bcim
HE  3amepeuye  BHUKOPHCTaHHS  CTapux
TEXHOJIOTIM:  eNeKTPOHHOI 1  3BHYAHHOI
nomTH, TenebaueHHs, tenedony. IlapHo
pPO3pOO0JIeHI CUCTEMHU 1 MPOrpaMU_MOXKYTh
TaKOX JTOTIOMOTTH M0JI0JIATH
IHTENEeKTyallbHI, KYyJIBTYpHI Ta CoLiaibHi
BIIMIHHOCT1 M1 CTYJICHTaMHU.

ITo-TpeTe, IHTEepaKTUBHI
KOMVHIKAI[IifHI ~ TeXHOJorii 00 €IHYIOTh
KOJICKTUBM  CTYJIEHTIB 1  BHUKIAQJauyiB.

[TpuHanexHIiCTh 10 CHUIBHOT MEpeXi poOUThH
HaBYaJIbHI 3B SI3KM MEHII 3aJIEKHUMH Bif
BlJIcTaHl, OUIBII JOCKOHAJIUMH, MOOUILHUMH,
YVHIBEpCAIBPHUMH, IO 3HAYHOIO  MIpOIO
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CHpUsi€ CTPIMKOMY PO3BHUTKY AUCTaHLIAHOT
OCBITH.

Ilo-yeTBepTe, 1UCTaHLiiHa oOCBiTa
YTBOPIOE HaBYaJbHI CIIBTOBAPUCTBA, LIO
00’€THYIOTh CTYJICHTIB, BUKIIAJa4iB, OCBITH1
pecypcu. ComianbHi  Mepexi CHpPUSIOTh
PO3BUTKY TaKUX CIUILHOT Ha 0a3i HaBITh
pI3HUX KypCiB, YHIBEPCUTETIB, KpaiH, THUM

CaMHMM  3MEHIIYIOYM  MOYYTTS 1301wl
IpUTaMaHHE  KOMIT IOTepHUM  (opmam
HaBYaHHS.

MoGinbHe HaBYaHHA. Y  Opyrii
nosoBuHi  10-x  pokiB  XXI  cromirTs
BU3HAYAJIbHUMU JUII PO3BUTKY TEXHOJIOTIH
HaBYaHHS CTaJu Ha/I3BUYaifHa

MIHIaTIOpU3aIlisl KOMIT'FOTEPHOI TEXHIKH 1
noefHaHHs TinobOanpHOI Mepexi [HTepHer 3
JOKAThbHUMH  Tele(OHHUMH  MepeKaMu
MOOUTBHOTO 3B’s3Ky. [losiBa TuiaHmieTiB —
IIEPCOHATBHUX MIKPOKOMII IOTEPiB i
cMapTdoHIB, IO TOEIHATA MOKIHBOCTI
TeneoHy 1 KOMIT'IOTE€pa, 3 OJHOro OOKy, 1
MOJKJIMBOCTI MIIKIIOYeHHS 10 [HTepHeTy 3
KUIIEHBKOBOTO TeJe(OHY , MPU3BEIH JI0 1
OUIBIIOTO PO3TaTYKEHHS 1 PO3MHOXKEHHS
YIPaBIIHCBKUX Ta iHpopMaLiiHIX
HaBYAIBHUX 3B SI3KIB. JSIKIIO [aucTaHIiiiHe
HAaBUaHHS  mepeadavano  3HAXOJKEHHS
BUKJIaJaya 1 cTyAeHTa Oyxap-ae, ane Ouls
CTallIOHAPHOI MepeXi, TO BIATENEp CTalo
MOXXJIMBUM OTPUMATH HABYATbHUN KOHTEHT
y Oynp-siKiii TOYIll IHMBLII30BAHOTO CBITY.
3BUIBHEHHMI Yac 1 BHKJIAgad, 1 CTYACHT
MOXXYTh 3HOBY X BHKOPUCTOBYBATH IS
IHAMBiAyalbHUX KOHTAKTIB 1 CaMOCTIHHOL
poOOTH CBOTOJHI y CBITI CIOCTEPIracThes
IikaBa KapTuHa: 6% HaceleHHS IUIaHETH
BoJoniroTh Iuranmeramu, 20% - I1K 1 22% -
cmarponamu. Illopoky mnpomaeTbes MOHANA
200 MinbiOHIB MAHIIETIB, a 3 4 MUTBbSIPIIB
MOOUTBHUX Tene(OoHiB, IO 3HAXOAATHCS B
kopuctyBanHi, 1,08 minesipaa — cmapThoHu.

Ili BeaWye3HI TEXHOJOTIYHI 3MIHU
pazoM i3 pO3BUTKOM JAHMCTaHIIAHOTO
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MUCTAHIIIMHOTO HaBYaHHI — MOOUIBHOLI.
MoOiTbHE HaBUaHHSA — I€ HaBYaHHS B
6araTromapoBomy cepeoBuIIl, gyepes
HAaBYaJIbHE 1 CoOIliaJibHEe CHUIKYBaHHS 3
BUKOPUCTAHHSIM MEePCOHATBHUX
eneKTpoHHUX npuctpoiB [1]. OcHoBHOIO
IepeBarol0 MOOITPHOTO HaBYaHHS TEpen
JUCTAHIIITHUM € 3HSTTA Oyab-IKNX
oOMEXeHb Ha PO3TAalIyBaHHSA y MPOCTOPi 5K
BUKJIaJ]a4ua, TaK 1 CTY/ICHTIB.

MoGineHe HaBYaHHS HaOyBae
0COONMMBOrO 3HAYEHHS B  HECTaOUIBHUX
perionax, Takux sik Ipak, Cupis, Adranictas,
ne BinOyBaioThCsl 30poiiHI KOHQUIIKTH, a
MOJIOJIb HE MAa€ JIOCTyNly JO SKICHOTO

CTAI[IOHAPHOTO HaBYaHHA 1 Oi0OmioTeEK.
MoOiIbHI TEXHOJIONI Jar0Th MOXKIIUBICTD
JOCTYIly 70 OCBITHBOTO KOHTEHTY Yy

MPOMDKKax BUIPHOTO 4Yacy, MiJ Yac May3
MPOTATOM MOBCSAKIECHHOTO KUTTS 200 BHOYI.

Y  nmesxkux  KpaiHax, e, 4epe3
0araToBIKOBI TPaJMIIil MOJOJIUM >KIHKaM He
JIO3BOJICHUN JOCTYN 10 HOPMAaJbHOIT OCBITH,
MOOUIbHE HaBYaHHS o0O0ilsie OyTH B 3MO31
HAJaTU JiBYaTaM 1 JKiHKaM pi3HOTO BIKY
SKICHY OCBITY B IIPUBAaTHOMY MOPSIKY 1y X
BIIaCHUI dYac. MoOUIbHI TEXHOJIOTII TaKOX
JIOITIOMArarmTh JIOBECTH HaBYaJIbHUN
Matepiai JIFOISIM 3 00MEKEHHMHU
MOXJIUBOCTSIMH, SIKI HE MOXYTh (I3UYHO
micratucst 10 kiacy abo Kammycy Ha
perynspHiii ocHOBL. MOOUIbHI TEXHOJOTIi
Jal0Th  MOJKIIHMBICTH TaKUM  COIaJbHUM
rpyrnaM B3STH il BIACHUH KOHTPOJb iX
OCBITHIO, a 3HAYUTh 1 IpodeciiHy 010,

MoOuTbHI pillIeHHS JO3BOJSIOTh BXKE
3apa3 3pOOUTH JIOCTYIHUMHU BEJIUYE3HY
KUIBKICTh ICHYIOUHMX HaBYAJIBHUX MaTepiajiB,

HACTAHOB, KEPIBHULUTB 1 TIOBHOLIHHUX
YPOKIiB, fAKi MOXYyTh OyTH IOBTOpPHO
arperoBaHi Mo  BIiANOBiAHIA  Temi i
BMOHTOBaHI B  HaBUYaJIbHMIA  MaTepialn,

Hampukiaa sk cepicu YouTube.mponec
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NEPEeTBOPUTH YUHS UM CTYJCHTA B BUKIJIajaya
JUIS CBOIX MOJIOALIMX/CTApIIMX POJUYIB, YU
B pO3pOOHUKA CHUIBHO 3 TOBapUIIAMU HOBUX
HaBYaJbHUX  MaTepianiB. Tum  camum
3abe3neuyeThes 1€ 0JMH €PeKTUBHUN KaHa
MOIIUPEHHS MOOLTEHUX TEXHOJIOTIH.

IIpo6.jeMu eJIeKTPOHHOT0 HABYAHHSIL.

3 caMOoro moOYarky 3a04YHE HaBYaHHS,
0COONMMBO  KOMEpUiiiHI  KypcH, HalynH
MOraHy  pemyTamilo B  aKaJeMiYHOMY
cepenoBuili. Bxxe B 1926 porti, nocnimKeHHs
Ha 3amoBneHHs  Kopmopamii  Kapneri
BUSBUIM, IO Yy  3a0YHUX  IIKOJAx
Cnomyyenux  Hlraris  Oyno  mIHPOKO

MOLIMPEHE MaxXpancTBO, 1 He OYJI0 KOTHUX
aJICKBaTHUX  CTaHAAPTIB IS 3aXUCTy
CYCHIJILCTBA BiJ] 3JIOBKMBaHb. X0Ua CUTYAIlisl
OyIia mi3Hillle MOJINIIeHA UITXOM BBEJICHHS
aKpeIUTaIlIITHIX THCTHUTYIIIH, SIK1
BCTAQHOBJIIOBAIM CTaHIAPTH IS peaizaiii
nporpam HaBYaHHS, 3aBXKIU Oynu
MOOOIOBAaHHS  3a  SAKICTh  HaBYaJIbHOI'O
IpoIlecy Ta MEepPEeBIPKH CTYACHTCHKUX POOIT.
KpiMm Toro, BBeneHHS JIUCTAHLIMHOTO
HABYaHHS B TPAAUIIMHUX BUIIAX BUKIUKAIO
1M0OOIOBAHHS, IO L1 TEXHOJIOTIS OJHOIO JTHS
MOBHICTIO YCYHE peaylbHi KJIacu 1 Jrojei-
IHCTPYKTODIB.

HeBunpaBgani crnogiBaHHs IOYaTKy
2000-x pokiB Ha MIBUAKUN KOMEpPIHHUN
yCmixX  JUCTAHIIMHMX  (QopM  HaBYAHHSA
3MyCHJIM ~ Ollbllle  BUKOPUCTOBYBATH  IIi
dopMu  mnsA 3aJydeHHS — TAJIAHOBUTHUX
CTYACHTIB 1 CHIBPOOITHUKIB, 3700yTTS HUMU
HOBUX 3HaHb. lle nmamo cBoi KomepiriliHi
Hacniaku — B 2015 poui puHOK OH-NAlH Ta
IHIIUX eNeKTPOHHUX (POpPM HAaBUAHHS CSATHYB
y cBiti 107 MinbsipaiB gomapis.

OCKUTbKM TpOrpaMu  JUCTAHIIHHOTO
HaBYaHHSA, SK MPaBUJIO, MPOTOHYIOTHCS
KOMEpLIHUMHU OpraHizalisMu, AUCTaHILIHHE
HaBYaHHS CTaJo HOB'A3YBAaTHUCh 3
KOMepIliamizaiiero  BHUIIOT  OCBiTH. Sk
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MPaBUJIO, KPUTHKHU IHOTO MiAXO1Y BKa3YyIOTh
Ha MOTEHIIHHY eKCIUTyaTaIlilo CTYACHTIB, K1
HE MOXYTh TNPETEHAYBaTH Ha JMAOIMYCK 0
TPaIULIHHUX KOJICJDKIB 1 yHIBEpCHUTETIB, B
KOMEPIIIMHUX [IKOJIaX BHUHHUKAE CIIOKYycCa
3HM3UTH aKaJeMIYyHl CTaHAapTH MO TOTO,
mo6 30ubmmMTH goxoau. KopnopaTtuBHuit
aJIMIHICTpaTHBHUHN I AX1T B TaKUX
HABYAJIBHHUX 3aKiajgaX HaB’sa3ye ''Mojeni
pUHKY "B HaBYaJbHI IpOrpaMH Ta KypCH,
mo0 3BEpHYTHUCS 10 OUIBII  IIHPOKOT
ayauTopii i reHepyBaTH OinbIne
IHCTUTYIIHHUX AOXO/iB. Bece 1e mpu3BoanTh
70 3HIDKEHHS aKaJeMIYHHX CTaHIapTiB 1
SKOCTI OJIep’)KaHUX 3HAHb.

JlucraHiiiiHe HaBYaHHS KOMEPIIIMHHIX
abo TpagULIHHUX YHIBEpPCUTETIB
BUKOPUCTOBYE JIBI OCHOBHUX EKOHOMIYHI
MojieNi, CIpsIMOBaH1 Ha 3HM)KEHHS BUTPAT Ha
criBpoOiTHUKIB. Ilepiia mozens nependayae
3aMiHy Tpalli KamiTajaoM, y TOH yac sk Jpyra
NIPONIOHY€E BUKOPUCTAHHS OUIbII JEmIeBO1
pobouoi cuiu.

[IpuxunbHUKN nepuoi Moieni
CTBEpP/KYIOTh, IO JUCTAHLIIHE HaBYaHHS
IPONOHYE EKOHOMIi0 BiJ MacmTady 3a
pPaxyHOK CKOPOYEHHS BHUTpaT Ha MNEepCOHal,
MICJIS TTIOYATKOBUX IHBECTHI[IM KamiTtamy AJis
BeO-cepBepiB, €JIIEKTPOHHUX TEKCTIB,
MyYIbTUMEIIMHUX JONaTKiB Ta I[HTEepHeT-
nporpam JUist B3aeMoii 31 cTyAaeHTamu. Tum
HEe MeHII, 0araTo yCTaHOB, K1 Meperiun 10
JUCTAHI[IMHOTO HaBYaHHS 3a TAKOIO CXEMOIO,
BUSIBUJIM, IO MOTOYHI BUTPATH, IMOB'SI3aHi 3
peaizalti€ro HaBYaJIbHUX porpam
HacnpaBi MOXYTb 3pOOUTH IX JOPOKUYUMHU
JUTsl YCTAaHOBH, HDK TPaAUIIINAHI KYPCH.

Jpyruii OCHOBHHMI miaxXin mnoJyArae y
pO3ALICHH] byHKIii MIATOTOBKH,
BUKJIAJJaHHS Ta OLIHKA 1 MpU3HAYCHHI]
JesIKMX (YHKLIH MEHII BUCOKOOIJIauyBaHUM
poOiTHuKaM. Bigkputi yHiBepcUTETH, SK
IPaBUJIO, 3pO0MIIN L€ HIIAXOM (POPMYBaHHS
KOMITETIB U1 pO3poOKH KypCiB Ta HalMy
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BUKJIJa4uiB-CyMICHHUKIB JUTSl 1HAMBIAYAIbHOI
JIOTIOMOTH  CTYA€HTaM 1 MepeBipKu pooirT,
3anumadyd  (akTUUHI O0OOB'SA3KM KIACHUX
3aHSATH, AKILO TaKi €, mpodecopam.

[lenaroriuna teopis 3 90-x pokiB
poOuia CHUJIBHIIINNA aKIEHT Ha
ayJlioBi3yasbH1 3acO0M MyJIbTHMEia, OJHAK
Outblle TOWMpeHi Oyau KypcH 3 MPOCTUM
BUKOPUCTaHHAM €JICKTPOHHHUX TEKCTIB 1
TEKCTOBMX NOBiIOMJIeHb. [IpuunHa 11OTO
Oyna B TOMy, L0 TArap po3poOKH KypciB
Je’KaB Ha caMOMY BHKJIaJlaueBi, IKUH HE MaB

qacy/1ocBiLy PO3pOOKH JIOCKOHAJIUX
MYyJIbTUMEIIMHUX  KYpCIB, a  TaKoX
KOHIIEHTPYBaBCSI Ha HOJIETIIEHH]
CHUIKYBaHHS  MDK  BHUKJIQJadyaMH  Ta

CTyACHTAMH, a TAKOXK MDK CTyACHTaMHU.

CyuacHi €JIEKTPOHHI Kypcu
BUKOpHCTOBYIOTh  Web-apxitektypu,  ski
BKIIIOYAIOTh B ce0e muQpoBi Marepianu AJs
YUTaHHS, WIOKaCTH, EJIEKTPOHHY TMOIITY,
(GopyMH, TECTOBI CHCTEMH B MOJCTIOIOYHX
BipTyanbHHX JabopaTopisx. Xoya OLIBIIICTh
X TEXHOJIOTIH € aCHHXPOHHUMH 1 JI03BOJISIE
NpAIOBaTH B CHUCTEMi KOJH 1 JIeé 3aBTOJHO,
OOMEXEeHHS y BHUIJISAI MpaB JOCTYIY 10
pecypciB 3a PO3KIIAIOM TEK
BUKOPHCTOBYETHCS.

HesBaxkaroun Ha 1[I CKJIamHOLN Ha
nouyatok XXI cromirTs OUIbIIE ITOJIOBUHHU
BumiB CIIA mpononysanu monan 100 000
JTUCTAaHIIMHUX ~ KypciB  4vepe3 I[HTepHer.
[Tpubnu3HO YBEPTh aMEPHUKAHChKUX
CTyIeHTIB Oparna xo4a O OJUH Takuil Kypc Ha
ceMecTp.

BucHoBku. HasBHICTh pi3HOMaHITHHX
METO/IB HABYaHHS Bl ayJIUTOPHUX [0
MOOUIBHUX, 6araTo()yHKIIOHAIEHUX
TEXHIYHUX TMPHUCTPOIB HAJae BUKIAAAueBl
MOJKJIMBICTH BUOOpY 1 MO€AHAHHS HAHOUTBII

agekBaTHUX  ¢GopM  BUKIAamaHHS.  Taki
TEXHOJIOTT], SIK1 00’ € THYIOTh pi3Hi
TEXHOJIOTIUHI TIiAXOAW OTPUMAIId HAa3BY
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3MIIaHOTO  (KOJIaOOpaTHBHOTO) HABYAHHS
[2].

CxyagHicTh MIPOBEACHHS
nabopaTOpHUX POOIT 3 HOBITHHOIO TEXHIKOIO,
3 OAHOTO OOKy, 1 HAsIBHICTh JOCKOHAIIUX
3ac00iB  BigOOpaKeHHHA,  AKI  MOXYTb
MOEHYBATH  pealbHE  300pakeHHS 3
KOMIT IOTEPHUM, BpPaxOBYBATH Jii CTYJICHTA,
MPUBEIM JIO TOSIBU TEXHOJIOTii JOMOBHEHOT

peanbHOCTI[3]. MarictpanbHuii IUISIX
10JI0JIAHHS TOJIOBHUX pooeM
CJICKTPOHHOTO  HAaBYAHHS —  CTBOPCHHS

PO3BHHYTHUX 1HCTPYMEHTAJbHUX 3aco0iB 1
Jlitepatypa

1. Crompton H. Historical overview of
mobile learning: Toward learner-centered
education/ Crompton H. In Z. L. Berge &
L. Y. Muilenburg (Eds.), Handbook of
mobile learning. Florence, KY: Routledge.
— 2013. - pp. 3-14.

2.Ceprienxo [.B. IlIporpamui 3acobu
CTBOPEHHS 1 CYNPOBOIY PO3MOIIUICHOTO
HaBuasibHOTO cepenouia / [.B.Ceprienko,

M.M.T'nmu6oserp, C.C.I'opoxOBCBKHI,
A M.I'nubosenp, 3a HayK.pexl.
M.M.I'mu6osist, C.C.I'opoxoBcbkoro. —

K.:HaVKMA, Arpap Megnia ['pyn. — 2012.
- 710c.

3. labemox O.B.
TEXHOJIOTIl  JIOMOBHEHOT
JUCTAHI[IMHOMY  OCBITHBOMY  mporieci/
O.B.IlIa6entox//  Bicauk  KwuiBchkoro
HaIllOHAJIILHOTO yHiBepcuTeTy iMeHi Tapaca

[leBuenka. Cepis ¢izuko-MaTeMaTHUHI
Hayku. — 2014, — Ne2. — c. 215-218.

Bukopucranus
peanbHOCTI B
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MEpPEKEBUX CTPYKTYpP UL pPO3POOKH HOBHUX
CY4aCHUX HaBUAIBHUX CHUCTEM.

PeBoMromifHUN BHKIHK MOOUIBHOIO
HABYaHHS MOJISITa€ HE CTUIBKUA B ouU(pOBIIi
HasBHUX HaBYAIBLHUX PECYPCIB, a B TOMY, IO
e Oyae M03BOJATH JIOISIM CaMUM BUOHMpATH
CBOT BJIACHI IIISIXU MPOJAOBKEHHS HABYAHHS 1
BUKOPUCTAHHS CBOiX TalaHTIB, WTH TIO
JKUTTIO BIIMOBIAHO J0 CBOiX ymojoOaHb 1
MMOKJIUKAHb.
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to reduce the optimization problem with vector criterion function to an optimization problem with scalar
objective function, which allows to apply known methods for its solve. The proved theorem, justifying that
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modification of scalar scheme for solving lexicographic problem with alternative criteria is proposed.
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CrartTiO npencTaBus A.T.H. Bonomua O.0.

1. Beryn HewiTkumu 1irsiMu  (migxix benmana-3ane) s

[lepeBarkHa OUMBIIICTD 3aa4 MPUHHATTS pPilIeHb BUIAAKY PIBHOBOXKJIMBHX HEYITKHX Iied Ta
€ 3a7aYaMd 3 HEYiTKO 3aJaHiMMM KpHUTEpiIMM Ha BHUMAAKy, KOMH BiIOMi KOe]illieHTH BiZHOCHOI
MiZIMHOXHHI YHIBepCcaIbHOI MHOXHHH aJIbTEPHATHB, Ba)JIMBOCTI CTYNEHIO HAJIEKHOCTI OO0 MHOXHUHHU
sgKa y 3araJbHOMy BHIIQJKy TakoK Hedirka. Ha anprepHatuB i BimHOCHOT BaxkimuBocTi murei. Y [3]
JAHUM MOMEHT pO3po0IeHO 0arato MiAXOMiB 1O 3alpOIIOHOBAHO miaXig PO3B’sA3aHHS 3a7a4
pO3B’A3aHHS OaraTokpuTepiaJbHUX 3aJad  JIeKCHKOrpadiyHoi onTHMi3alii 3 HEYITKO 3aJaHUMHU
npuitHATTa pimenb [1]. Tak y [2] 3ampomoHOBaHO LUISAMM — IUIIXOM — 3BEACHHA 11 g0  3ajadi
MiAXiA 70 po3B’sA3aHHS 3a4a4l MPUAHATTA PilleHb 13

©A.10. bpuna, ILII. Anrocsk, FOpuenko H.B. 2015
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ONHOKpHUTEpiaIbHOI ~ OoNTHUMi3amii 3  LIUIBOBOIO

(YHKITI€TO, SIKa € JOAaTHOK 3TOPTKOI0 KPUTEPIiB.

VY nmaHiit cTaTTi pO3TISIAETHCS 3aa4a MPUHHSITTS
pilieHb, y SKii eKCHepTiB YMOPSAKOBaHO 3a
BXKJIMBICTIO 1 JJIs1 KOXKHOTO €KCIIepTa BU3HAYAETHCS
MiHIMaJIbHE JOMYCTHME 3HA4YeHHs (DYyHKIlIi OIIHOK,
Mpu SKOMY JyMKa €KCIiepTa BpaxoByeThcs. s
pO3B’sI3aHHS JaHOI 3ajavi 3alpONOHOBAHO MiAXiJ,
IO TPYHTYETbCA Ha 3BeNeHHI 11 10 3amadi
OJTHOKPUTEPIaIbHOI ONTHMI3allii 3 BUKOPUCTAHHSIM
¢GyHKLIOHATY, IO HAaBOAWUTH JIEKCHUKOTrpagiuHUi
TIOPSIIOK BiI1ayil nepeBaru Ha MHOXXHHI
AIBTCPHATHUB.

2. [locTanoBKa 3agayi

Hexaii X (X c Z) — yHiBepcaJbHa MHOXHHA
anpTepHaTHB  (po3B’s3kiB). Hewitkumu  1insamu
MOXYTb OyTH HEHiTKi MIAMHOXHHA X THILY:

1) «genuuuna X nosumnna Oymu npubIUHO 8

Mmedrcax 6io b 0o c»;

2) «senuyuna X nogunna oymu 61u3pKoi0 00 b»;

3) «senuuuna X ne nogunna Oymu 6inbuioio 3a »;

4) «geruuuna X He NOBUHHA OYMU MEHWO 3a .

KoxxHa HewiTKa LI IOJAETHCA BIAMOBIIHONO
dbynkuiero HanexHocti ([4])

1 (x) 1=12,...,q, ne 0< 4(x)<L,i=12,..9.

Heditki minmi ynopsjkoBaHO 3a Baj)KJIMBICTIO,

TOOTO HAa  MHOXKHHI  BIiINOBiZHUX  (YHKIIIH
HaJ©KHOCTEH 3a7aHo0 CyOOpAMHAII0  CTPOrOro
pamkyBaHHS ~ Rg (1, 2,...,q ) . Tosmaunmo k-

KpUTEpil, 10 € BEKTOPHOI 3TOPTKOI0 KPHUTEPiiB
Ui i=12,..,q 'y cybopaunanmii Rg(l,Z,...,q) 3
BEKTOPHOIO IILOBOKO (DYHKITIEO

F (0= a0} 12 (K)o 10 ().

3apmaua 3HAXOIKCHHS HETOKPaIIyBaHOTO
pO3B’S3Ky 'y 3adaHii cyOopAuHamii  CTPOroro
pamwKyBaHHS €  3ajader0  JeKcukorpadidHoi

ontumizauii [5]

max" F(x),xe X . )
Ha ocHoBi 3amaui (1) mnoOymyemo 3amauy
JIeKCUKOrpagivaHoi onrtumizarii, y AKIH
PO3TISNAIOTECSA TUIBKU Ti HEUITKO 3aJaHi 1T , JUIs
* e .

SAKAX Yy ONTHUMalbHOMY PO3B’SI3Ky X 1€l 3amadi

BUKOHYBAaTHMEThCS HEpIBHICTb (ymoBa
JOITYCTHMOCTI)

Hi (X*)Z m;, ()
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ne 0<m;<1i=12,..,9 — meiki 3amaHi Hamepen
KOHCTAHTH. [HIIMMH ClIOBaMH, SAKIIO IS JESIKOrO

*
1 (X) y onTUMaIbHOMY PO3B’SI3KY X

*
M (X )< my,

To 4(X) Mae OyTM BHKIIOUEHO 3 pO3MIALY, 1
pillleHHS MOBHHHO NPUHMATUCH IPYHTYIOUHCH Ha
OUIAX 3 MEHIIUM 3HAYEHHSM paHry Al SKHUX
BUKOHYETbCs  ymoBa  (2). Limi, mma  skux
BUKOHYETHCS YMOBa JIONMYCTHUMOCTI (2) Ha3MBaIOThH
JOIYCTUMUMH. 3anmauy JIeKCUKOTpadiuyHoi
ontumizanii (1) i3 JOAaTKOBUMH  YMOBaMH
nomyctumocti  (2)  HasuBalOTh  3amayero 3
aIbTEpPHATUBHUMH KpHTepisimu [5]

max" F(x),xe X ,

)= () g, 001, ), K<
{iv Jor Fcfl2,00}, 1<z <<k,
Mj; (X*)Z m;, i=12,..k.

3)
ae
<

Tosnaunmo X MHOXHHY ONTHMaJIbHUX PO3B’A3KiB
3aadi (3).

Jlnst po3B’si3anns 3anadi (3) y podoTi po3risiHyTO
MOuQIKaII0 CXEMHU CKaIsIpu3allii Ta MiIXil, 0
IPYHTYeTbC ~ Ha  3BeAeHHI ii 1mo  3amaui
OJHOKPUTEpiaIbHOI ONTUMIi3amii BUKOPUCTOBYIOUH
(GyHKLIOHAN, IO NPEACTABISE JIEKCHUKOrpadiuHU

MOPSZAOK  BigAadi  TepeBard  HAa  MHOXHHI
AIbTEPHATHB.

3. MoaudikoBana cxema ckajasipu3aumii
PO3B’sI3aHHA  3agadi  JIeKcuKorpadidHoi

onTUMI3alii 3 aJIbTepHATHBHUME LijisiMu (3)

OpHuM i3 MWiOXOAiB 1O pO3B’SA3aHHS 3aaayi
nekcukorpadiynoi  ontumizauii (1) € cxema
ckansipu3anii [6]. PosrissHeMo Moaudikanio cxemu
cKamspu3amii, mo Moxe OyTH BHKOpPHCTaHA IS
PO3B’si3aHHS 3a/1a4i JIeKCUKorpadiqvHol onTuMizamii 3
aNbTePHATUBHUMH KPUTEPISIMU.

[MToknagaemo Xq=X.

1-ii kpok. 3HaXOOMMO ONTHMAIBHUI PO3B’SI30K
3a[a4i OAHOKPUTEPIaIbHOI ONTHMI3aLlii

u: = max 14(X).
XeXl

(4)

* *
[Toznaunmo  X; = {X e X | y(X)=1y } MHOXHUHY
*
ONTHUMAJILHUX PO3B’s3KiB 3anaui (4). ko M, <y,
TO MOKIafaeMo Xy = X 1 IEPEXOIUMO JO KPOKY 2.

* . * . .
Akmo x p =My 1 X; MICTHT TUIBKH OIHY
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* * .
anpTepHaTUBY, To X = X;. B iHmomy Bunauky

* .
HOKIaMaeMo Xp = X1 1HEpPeX0JUMO JI0 2-TO KPOKY.
2-ii KpOK. 3HaXOIMMO ONTHMAaJbLHHH PO3B’SI30K
3a/a4i OAHOKpUTEPiaIbHOI ONTHMI3aLlii

Ho = max fp(X) .
XGXZ

©)

[Noznaunmo X; = {X € Xy | up(x) = ,u;} MHOXHHY
ONTHUMAJILHUX PO3B’s3KiB 3a1aui (5). ko ,u; <my,
TO NOK/IaJaeMo X3 = Xo 1 MepexoquMo J0 KPOKy 3.
Sxmo K ,u; >my i X; MICTUTB TIIBKH OJHY
aNbTEPHATHUBY, TO X" = X;. B inmomy Bunaaky
HOKJIafgaeMo X3 = Xf 1 Iepexo Mo 710 3-TO KPOKY.

(- KpoK. 3HaXOOUMO ONTHUMAIBHUI PO3B’SA30K
3a[a4i OAHOKPUTEPIaIbHOI ONTHMI3aLlii

*= max X).
Hq Xqu’uq()

(6)

[o3Haunmo Xq= {X € Xqlpq(x)= ,uq}
MHO)KMHY ONTHMAJBHHX pO3B’s3KiB 3amadi  (6).
ko ,ua <Mg, TO X" = X - B iHIIOMY BUIAnKy —
X" =Xg.

4. locszKHiCTh  ONTUMAJIBHUX  PO3B’SI3KiB
3agayi (3)

CroyatKy OCTiIMMO BUTIAJ0K, KOIH I KOXKHOI
13 GpyHKUIH HaJgexHOCTEH

w(x)e{od), xe X,ie{l,2,....q}. (7

I'padiuno Taki QyHKUIT BUTISIIAIOTH TaK:
)

v

U

)

]

1

1

1

)

)

)

:

]

I

b —1 by

Puc. 1. «Beruuuna X noeunna Oymu npuOiusHo 6
medncax 6i0 b do c»

hiii (%)

0 Ci +1

Ci

4

1

A 4

T ]
bi -1 bi bi +1

Puc. 2. «Benuuuna X nosunna 6ymu 6;1u3vxoro 0o b»
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A
1 (x)

I
i bi +1
Puc. 3. «Benuuuna X ne nosunna Oymu 6invuioro 3a
b»

b:

i 1 (%)

v

b —1

Puc. 4. «Beruuuna X He nosunna 6ymu mMeHuiowo 3a
b»
Bynemo

b

BBAXKaTH, IO bi.cCj,

i=12,...,q € iI0YHUCITIOBUMH.

napamerpu

VY [3] BkazaHo cmocid 3HAXOMKEHHS JO0JATHUX
koedinieHTiB j,1=12,...,q Takux, mo QyHKIioHaN

q
L(X) =Y Qili (X) MPEACTaBISE JEKCUKOrpadiaHuit
i=1

nopsinok Binmaui mepeBarn Ha MHOxuHI X . Ilpm
upoMy KoediuieHT oq >0 BuOpaHO 1OBLIBHUM

YUHOM, a IHII JoJaTHI Koe(ilieHTH BUOPAHO 3TiTHO
YMOBH
q
a> Y.a,i=q-19-2...1. (8)
I=i+1
OcobauBicTi0O Takoro (¢QYHKUIOHATY € Te, IO
PO3B’S30K 3a1a4i

max L(x), x e X

©)

€ PO3B’S3KOM 3ajadi JIeKCUKOrpagiuHoi onTumizamii
(2) 3]

Sxmo po3B’s30k OaraToKpUTepianbHOI 3amadi
ONTHUMIi3alii MOXKe OyTH OTpPUMaHHH SK PO3B’A30K
BIJINOBITHOT OTHOKPUTEPIALHOL 3a/1a4i, 3 MUTLOBOIO
(byHKILIETO, sIKa € JIHIHHOIO 3TOPTKOI0 KPUTEPiiB i€l
OaraTokpuTepialibHOT  3a7adi  ONTHMI3alii, TO
BBaXatoTh ([5]), mo maHwmii po3B’sA30K € ITOCSHKHUM
3a 3Ba)KEHOIO CYMOIO PI3HOBAXKIMBHUX KPUTEPIiB.

[pyHTYyr04HCH Ha JTaHUX KoediienTax
PO3IIISTHEMO 33129y

G(X) = oy (X) + app (X) +...+ aq g (X) - max (10)
ac
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xe X,

Mi (X)Z m; Y, i =1,2,...,q,

Xj >0, j=12,...,n,

yi {03}, i=12,..,q.

Teopema. Poze’sizox  szadaui  (10)-(11) ¢
PO38 30K JeKcuKoepa@iunol 3adaui 3
anbMepHamu8HUMU KpUmepisimu.

Jloseoenns TeopeMHu JIETKO OTpUMATH
BpaxoByloun BHOIp koedimientiB «j,i=12,...,q, 3a
npaBwioM (8), ki JI03BOJNAIOTH  TOOYIyBaTH
¢byHKIiOHAT L(X) , 1o MIPECTaBIISE

JIEKCUKOTrpa(iuHUi TOpAIOK BinAayi mepeBard Ha
MHOXKUHI anbTepHaTuB. KoxkeH 3 Koedilli€eHTIB ¢;
BU3HAYAETHCSA HA OCHOBI Qj 13MIHHOI Y
aj =Y,
gKa TPU HEMOMXJIMBOCTI BUKOHAHHS YMOBU
. *

JOIIyCTUMOCT1 L (X )2 M; HEepEeTBOPIOETHCS B HYIb
3a paxyHOK OOMEXEHHS

#i ()= myy;
A oTxe, y Hylb IEpETBOPIOEThCA 1 KoeillieHT «;,
IO MNPHU3BOAWUTH 1O BHKIIOYEHHS 3 PO3IIALY
BIANOBIAHOT QYHKIIT L (X)

OTxe, TIpPYHTYIOUMCh Ha JaHii Teopemi Ta
npaBuiax BHOOpY nomaTHHX KoediuieHTiB (8) mu
MOXEMO 3HAXOIUTH JOCSKHI ONTHUMAJIbHI PO3B’A3KH
3amadi (3) 3 BEKTOPHOK MHUTHOBOK (HYHKIIEIO
nuIsixom po3B’si3anHs 3aaadi (10)-(11) 31 ckanspHOO
L1TBOBOIO (DYHKITIETO.

3ayBasKeHHSI. Januit TAXIT JIO3BOJISIE
3HaXOAUTH  ONTHMAallbHI  PO3B’S3KH 3amadi
JekcuKorpagiuHoi  onTUMi3amii 3 HEYITKMMU

AIbTEPHATUBHUMHU IISIMH 3 JIOAATKOBOIO YMOBOIO
BHOOpPY ONTUMANILHOTO PIllIeHHS, IPYHTYIOUUCH Ha
P IOMyCTUMHX HUTbOBHX (YHKLISX SIKHAWBUILIIOTO
panury. Taka cwuTyamis ekBiBaJieHTHa 3anadi
NPUAHATTS pIlIEHh [ eKCIepTaMy SIKHAHBHIIIOTO
paHry, Ui SKUX BUKOHYETHCS YMOBA JIOIYCTUMOCTI.
VY namomy Bunanky, 1o 3agadi (10)-(11) meooxigHo
JOAaTH YMOBY

q
2Yi=p.
i=1
PosrnssHemo Temep 3amauy JieKCHKOrpadidHOT
ONTUMI3allii 3 HEYITKUMH  aJbTePHATHBHUMU

ninboBUMH  QyHKUisME  (3), BIIMOBUBIIMCH BiX
ymoBu (7). I'padiune mnpeacTaBieHHS LiJIbOBHUX
¢$yHKUil HaO0yne BUTTIALY:
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Puc. 5. «Beruuuna X noeunna Oymu npubiusHo 8
medncax 6i0 b do c»

A 14(x)
17 1
; > X
’ T di
Puc. 6. «Beruuuna X nosunna 6ymu 6;1u3pkot0 0o b»
A
4 (x)
! '
0 |I I > X
b; di

Puc. 7. «Benuuurna X ne nosunna Oymu 6invuioro 3a
b»

1 (%)

v

g bi

Puc. 8. «Benuuuna X ne nogunna 6ymu Menuioio 3a
b»
bynemo BBaxaru, mo mnapamerpu a;,b;,cj,d;,

- . **
1=12,..,9 e uniouncnoBumu. [lozHaummo X

MHOXKUHY OIITUMAJIBHUX PO3B’SI3KiB Takol
JieKcUKorpadivHoOl 3a7a4i ONTUMI3aIlii 3 TOBUTbHUMH
(yHKITISIMH.

HocniguMo mpobieMy BiALTYKaHHS JOCSKHHUX
oHTUMAlbHUX po3B’s3kiB. Hexait [y >0 nosuibue

J0JaTHC YHUCJIO, a 1HII MMOCTYIIOBO BU3HAYCHO 3

- 1 J— .
Bi>— Y B, i=q-19-2,..1,

O =i+l

(12)
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Aac
ai=min - u(X)-p(y)l, i=12..q.  (13)
w4 (e (y)

3 BUKOpHUCTAaHHAM Koe(illi€HTIB Bi’ 3HaAUJEHUX
3rigHo 3 (12), moOyayemMo yHKIiOHAT
q _
Z(x)=Y. i)
i=1
1 3agayy OOHOKpHUTEpialnbHOI
CKaJSIPHOIO IUTHOBOIO (DYHKITIERO

onTumizamii 31
max Z(x),x € X . (14)
VY [3] mokazaHo, MO MHOXHWHA ONTHMAJbHHX

po3B’si3kiB 3amaui (14) € MHOKHHOIO ONTHMAIbHUX
po3B’s3KiB 3a1aui (3) 6e3 JOIaTKOBOTO MPHITYIICHHS

(7).

Sk 1 y monepeqHOMY BUIAIKY, IPYHTYIOUHUCH Ha
KoedirienTax ﬂ_i,i =1,2,...,q, 3a1a4y 3HAXO/LKCHHS
IOCSHKHUX OIITUMAaJIbHUX PO3B’SI3KiB
JIEKCUKOTpaivHOI ONTHMI3AIlil 3 HEYITKUMH LIIIMHU
MOJKHA 3BECTH 10 3a1a4il

H(X) = B (X) + Batip (X) + ...+ By g (X) = max (15)

hi (S
Xxe X,

pi(x)>my;, i=12,..,q,
Bi = Bivi,i=12,...,q,
Xj 20, j=12,..n,

yj {01}, i=12,...,q.

(16)

5. Ipuknan

Hexaii moTpiOHO HpUAHSATH pIICHHS BiJHOCHO
3HAYCHHS MIEIKOi BETUYMHU HA OCHOBI HACTYITHHX
CYIKEHb €KCIIEepTiB:

excnepm 1. '3mauenmns  @eiuuMuHu  NOGUHHO
KOIUBAmMuch 0ecb y medxcax 6io 2 0o 4", MiHIMaIbLHO
JOIyCTUME 3Ha4eHHS My =1;

excnepm 2. "3HAYeHHA GeIUYUHU HE NOBUHHO
nepesuwyyeamu 1",  MiHIMaabHO  JOIYCTHME
3HaueHHs My =0.9;

excnepm 3. "3HA4EeHHA GEIUYUHU NOBUHHO Oymu
Oins 5", MIHIMaJIbHO IOMyCTUME 3HaueHHs M3 =0.5;

excnepm 4: "3nauenHs GelUUUHU NOSBUHHO Oymu
Oins 6", MIHIMaJIBbHO IOMyCTUME 3HaueHHs My =0.5;

I mHexaii 1 HewiTKi eKCHEPTHI  OI[IHKA
¢dopmamizoBaHO  QYHKIISIMM ~ HaJNeXKHOCTI Y
BiJMIOBIAHOCTI 10 HACTYITHOTO PUCYHKAa!
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---- m(X)
— (9
H3(X)
—— (X

Puc. 9. @opmanizosani cyosicenns excnepmis

Hdns po3B’si3aHHSA MOXHa  3aCTOCYBaTH
Mo dikalio cXeMH CKalsipu3aLii A po3B’s3aHHS
3aga4 nekcukorpadigHoi OIITUMI3AI] 3
IBTEPHATUBHUMH KPUTEPiSIMHU.

[Moxnagaemo X=X =[L7].

Kpox 1. 3HaxomuMo ONTUMAIIbHHHA PO3B’S30K
3a[a4i OAHOKPUTEPIaIbHOI ONTHMI3aLlii

*
p, =1=max y(X).
xeX;

OnTumansHUM PO3B’SI3KOM 3ajadi €
X; ={234}. Ockimsxm p =1>mg=1 i X
CKJIaJIA€EThCS 3 OLNBINE HIXK OHIET abTEPHATHBH, TO
HOKJIAZaeEMO Xo = Xf 1 mepexoAnMo A0 2-TO KPOKY.
[Moxnamaemo X=X =[L7].
Kpox 2. 3HaxomuMo ONTUMaIbHHHA DPO3B’SI30K
3aadi OAHOKpUTEPiabHOI ONTHMI3aLii
,u; =0.5= max uy(x).
xeX,

. *
Ockinmpkn  pp =0.5<m, =0.9, TO mnOKIamAEMO
X3 = X5 11epexoauMo 10 Kpoky 3.

Kpox 3. 3HaxomuMo ONTUMAalIbHHHA PO3B’S30K
3a[a4i OAHOKpUTEPIaIbHOI ONTHMI3aLlii

1, =0.66 = max u3(x).

Xe X3
. * . *
Ockimbkn 3 =0.66>2m3=05 1 Xz={4},
TOOTO ~ MHOXHHA  ONTUMAJbHHX  PO3B’SI3KIB

CKJIAZIAE€THCA 3 OJJHOTO PO3B’SI3KY, TO X =X ; .
[ToOynyemo 3amady aist 3HAXOMKEHHS TOCSHKHUX
ONTUMAJBHUX pO3B’s3KiB. BuzHaummo koedimieHTH
Bi,1=123,4 3 ypaxyBauusm [3]. Maemo:
1 | 1
6-5' E} 3
1 —

o =—=
273

o3 = min{

N =
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1
2-1'6-4] 2°
Ba =1,
_ 1 —
B3 =4>—P4=3,
as

o= min{

B2 =11>i(34 +Ps)=10,
az

BI=33>ail(B4+ﬁ_3+Bl)=32.
V BignosigHocTi 10 (15)-(16) maemo:
max H (X) = By (X) + Batip (X) + B3z (X) + Batia(X)

xeX =[L7],
p(X) 21*yq,

Ho(X) 209y, ,

p3(X) 2 0.5*ys,

Ha(X) 205%yy,
Pr=33*y,
Ba=11xy,.
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Bz =4x*y3,
Ba=VYa,
yi E{O,l}

SIK po3B’A30K OTpUMAEMO X - ={4}.

6. BucHoBKH

3anpormoHoBaHMUN MiAXiA 0 PO3B’sI3aHHA 3ajadi
MPUAHATTA PilIEHb i3 HEUITKO BU3HAYCHUMH LUISIMH,
SKI CTPOTO VYIOPANKOBAHO 32 BAXJIMBICTIO 3
JOJJATKOBUMHU YMOBAaMHU JIOITYCTUMOCTI 3BOJTUTHCS JI0
JIeKCUKOrpadiuHoi 3amaui O THMi3amii 3
QIBTCPHATUBHUMHU  KpHTepisMu. Po3rmsHyTOo Ta
OOTPYHTOBAHO MOXKJIUBICTh PO3B’sI3aHHS 3ajavi 3
BHKOPHUCTAaHHSAM MOAM(IKAIT CXeMH CKaIIIpU3aIlii Ta
3BEJICHHS JaHOI 3ajadi, SK 3a/a4i 3 BEKTOPHOIO
LiTbOBOIO (DYHKLIEIO, 10 3a/adi OJHOKPUTEPiadbHOT
ONTHUMI3AIIl 31 CKAISIPHOIO IUTHOBOKO (DYHKITIETO, M0
B CBOIO Uepry Ja€ MOXJIHMBICTH 3aCTOCYBaTH JUIS ii
PO3B’sI3aHHS BiJIOMI METO/TH.
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Y cmammi posensoaiombcss maki 3aeanvii - meopemuro-mHoxcunni konempykyii: (1) sionowenns
KOHiHambCMi i KOIHIYIAIbHOCTE HA MHONCUHAX e/IleMEHMI8, IHOYKOBAHT GUXIOHUM BIOHOUWEHHAM HA eleMEeHmax;
(2) sionowenns nopsoky na Gaxmop-mHoNCUHI, IHOYKOBAHE SUXIOHUM GiOHOUEHHSIM NEPEONOPSOKY HA MHONCUHL.
Kpim moeo, posernsinyma cemanmura <ynopsaokysaHHs» psaokie maonuys 6 sanumax SQL-nodionux mos y euenadi
BIOHOUWIEHHST NepeonopsoKy Ha psaokax mabmuyb. Ochosni pesymomamu:. (1) ecmanosneni xkpumepii Onst
giOHOUWEHb KOHGIHambHOCME | Koiniyianbhocmi 6ymu nepeonopsiokamu;, (2) noxasano, wo yi 6iOHOULeHHs,
IHOYKOBAHT 4ACMKOBUM TNOPAOKOM, € NOpAOKAMU HA OUCKDEMHUX MHOJNCUHAX, NOMIM yel pe3yismam
nepenecenuii na mabnuyi; (3) noxazana ponv KOHQIHATGHUX | KOIHIYIATLHUX NIOMHONCUH OSL 3HAXOONCEHHS.
mounux epaneii muoxcunu; (4) snaiioenuti Kpumepiii 0isi NepPeOnoPsiOKY HA PAKMOP-MHONCUHE OYMU NOPIOKOM
(5) scmanoeneno kpumepiii, Koau nepeonopsIOOK Ha POKAX MadIUYb € NOPIOKOM.

Koudghinanvnicms, nepeonopsoox, SQL-nodioni mosu, ppaza ORDER BY

The article discusses such general set-theoretic constructions: (1) the relations of cofinality and coinitiality
on sets of elements induced by the initial relation on the elements; (2) order on the factor set induced by the
initial preorder on the set. In addition, we consider the semantics of the "ordering™ of table’s rows in SQL-like
languages as the pre-order on the table’s rows. The main results: (1) the criteria for the cofinality and
coinitiality relations to be preorders is specified; (2) these relations, induced by partial order, are partial
orders on discrete sets, this result is transferred to the tables; (3) the role of cofinal and coinitial subsets for
finding supremum and infimum of the set is shown; (4) the criteria for preorder on the factor set to be the order
is established in terms of cardinalities of cosets of corresponding factor set; (5) the criteria for pre-order on the
table’s rows (this pre-order specifies the "ordering " of rows in the query) to be an order is specified in terms
of the primary key of table:(this pre-order is order if and only if the set of attributers (from the clause ORDER
BY) contains primary key.

Cofinality, pre-order, SQL-like languages, clause ORDER BY
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Crartss npucBsdeHa BiactuBocTaM: (1)
BiJHOIIEHHA  KOH(IHAIBHOCTI OiHapHOTO
BiJHOILICHHA Ha OylneaHi MHOXUHH, iHIYKOBaHOTO
OiHapHMM  BIJHOIIGHHSAM Ha  MHOXHHH; (2)
BIJHOIIEGHHA  TOPAOKY Ha  (haKTOpP-MHOXHHI,
IHIYKOBAHOTO BiJHOIICHHSIM TMEPEANOPSIAKY Ha
MHOXUHI; (3) BITHOIIECHHS MEPEANIOPSIKY Ha PsIKax
Tabnmunp, Ake € cemaHTukolo ¢pasu ORDER BY
3amuTiB SQL-moxiOHMX MOB.

Berogn manmi cumBon [] mo3Hayae KiHelb
(hopMyTIOBaHHS TBEP/HKCHHS 200 KiHEIb JOBEICHHS,
a cuMBOJ1 M — KiHEI[b YaCTHHU JOBEACHHS.

Binnomenns KOH(iHaNBbHOCTI
KOIHINiaTbHOCTI: 3arajbHi BJACTHBOCTI

[ToHsTTS KOH(IHATBHOCTI (TOYHIIIE KaKy4H,
TOHATTS. KOH(IHAIBHOI MIAMHOXHUHU) € KIACHYHUM

Ta

MOHATTSAM Teopii MHOXWH (ouB., Hanpukimazm, [1,
. I, 8 1, m. 7, c. 146; 2, § 2, ¢. 22]); B Teopil
TaOMUUHUX  anredp 1[e  TOHATTA  NPUPOJHO
BUKOPUCTOBYETbCS ~ TNPH  SIBHOMY  BBEICHHI
BiTHOIIICHHS TIOPS/IKY Ha TaONUIIX, IO BiAMOBigae
KOMYTAaTUBHIl HamiBrpymi TaOmuup 3a 3‘€ITHaHHAM
([3, mimpo3min 2.8, c. 56-58]). OcHoOBHI BIacTHBOCTI
BIJHOIIGHHS KOH(IHATBFHOCTI HaBeleHiI B poboTax
[4, c. 49-50; 5; 6, migposmin 2.1, ¢. 40-43].

3ayBaXuMO, B KIaCHYHHUX pOOOTax MO CYyTi
BBOJMTHCS MOHATTS KOH(IHATHHOI MiJIMHOXKHHH, SKE
MPUPOAHO MOXKHA PO3MOBCIOOUTH Ha JIOBUIBbHI
MHOKUHH (muB. nani). KpiM TOro, ocHOBHUI cMHCIT
BBEACHHS TMOHATTS KOH(iHANBHOI MiAMHOXHUHU
nojsraB B TOMY, IO 3aJada 3HAXOKECHHS
CyIpeMyMy MHOXXHMHH 3BOJHUTHCS A0 AaHAJOTIYHOT
3a/a4i il KOH(IHAIBHOI MIAMHOXKHHH; OLIBII TOTO,
HE Ba)XHO IMOKA3aTH, IO CYNPEMyMH MHOXHHHU Ta il
KoH(}iHANBHOI MIIMHOXHHM ICHYIOTH abo He
ICHYIOTh OJJHOYACHO, IPUUOMY Y BUTIAJIKY iCHYBaHHS
30iratoteest (muB. nmami). IlepeiimemMo 10 TOYHUX
O3HaYeHb.

3adikcyemo OiHapHE BiJHOIIEHHS = Ha
yuiBepcymi D. Ile BimHOmeHHs iHaykye OiHapHe
BIJHOILIGHHA KOH(IHAIBHOCTI = OyneaHi
yniepcymy P(D):

de
X< Fé‘v’x[x EX=>3y(yeY&x <vy))

3ayBaKMMO, III0 3a TepMiHoIori€eto [7, po3m. |,
82, ¢.39] smigHomeHus X <Y  o3Hayae, 110
MHOXHMHa Y KoH(piHampHA ~ MHOXHMHI X
BesnocepeiHbO  TiepeBIpSETHCS, IO  BiHOIICHHS
KoH(iHATBPHOCTI Ma€  HaMEHIIMM  EIEMEHTOM
HOPOXKHIO MHOXUHY &, TOOTO BUKOHYeThess @ < X
as1st Beix MHOXuUH X . KpiM TOr0, TOPOXKHS MHOKHHA €

Ha
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1 MiHIMaJbHAM €IIEMEHTOM B TOMY PO3YMiHHI, IIIO
BHKOHY€ThCs iMrunikaiisa X < @ = X = @, Ocranus
IMITTIKALiS IETKO TIePEBIPSETHCS Bifl CYPOTUBHOTO.

ITo CTOCYEThCS BJIACTUBOCTEH
peIIEKCUBHOCTI Ta TPaH3UTHBHOCTI, TO MarOTh
Miclle [Bi HACTYIHI JIEeMH MpO 3B‘S30K BKa3aHHX
BIIACTUBOCTEH BHUXIJIHOTO  BiJIHOIICHHS Ha
yHiBepCyMi = Ta iHAYKOBAHOTO BiJHOIIEHHS
KOH(]iHATBHOCTI <.

Jlema 1 (npo pediaekCHBHICTH BiJHOIICHHS
KOH(iHaTbHOCTI). BigHOmeHHS KoH(DiHATBHOCTI =
peduiekCHBHE TOJI 1 TITBKK TOIi, KOJU BiTHOIICHHS
= pedexcuse. [

JoBeneHHa. Ines momanplmuxX — JIOBENEHBb
MOJISATAE B TOMY, IO HA OJJHOCIEMEHTHUX MHOKHHAX
(CIHIITITOHAX) BiHOLICHHS KOH(IHAIBHOCTI MO CYTI
30iraeThCs 3 MOYATKOBUM BiTHOIIICHHSIM.

[Mounemo 3 HeoOXimHOCTI. Hexaii BiHOMICHHS
KoH(]iHANBHOCTI = pediIeKCUBHE, MOKaXXeMO BiJ
CYNPOTHBHOI'O, IO TOJ 1 TOYaTKOBE BiTHOIICHHS =
pedaekcusHe. JlificHo, Hexall BiHOIICHHS = HE €
pedrekcuBHUM, TOAI iICHY€E €IeMEHT YHiBepcyMmy X,
TaKWH, 10 x K x, Age BIIHOIIIEHHS
KoH(]iHANBHOCTI pedeKCUBHE, TOOTO BHUKOHYETHCS
{x} < {x}, 3Binku oueBnmHO BUIMBaE, MmO X = X.
[Mputinmm no cynepeyrocTi. M

JlocTaTHICTE. Hexait BIIHOILICHHS =
peduiekcuBHE,  MOKaXeMO, MO0  BiHOIICHHS
KoH(]iHaNBHOCTI = Takox peduekcuBHe. JilicHO,
pPO3TIISIHEMO JIOBUTBHY MHOXHMHY X. Skmo s
MHO)KHHA TOPOXKHS, TO, SIK 3a3HAYAJIOCS BHIIE, Ma€
micie @ = @. Hexait 111 MHOXUHA HenopoxHs. Tomi
PO3TIITHEMO TOBUTBHIN CIIEMEHT x € X
3anuImaeThes BpaxyBaTH, 1Mo X = x (ToOTO B SKOCTi
€JIeMEHTa MHOKUHM X, OLIBIIOrO 3a X, MOYKHA B3ATH
TOM CaMHii €JIEMEHT X); TAKUM YuHOM, X < X. W [

Jlema 2 (npo TpaH3WTHBHICTH BiJHOIICHHS
KOH(iHaTIbHOCTI). BigHOmeHHS KoH(piHATBHOCTI =
TPaH3UTUBHE TOAI 1 TUTbKK TOJi, KOJIU BiITHOIICHHS
= TpaH3uTHBHE. [

[Mounemo 3 HeoOXimHOCTI. Hexaii BimHOMIEHHS
KOH(IHAIBHOCTI = TpPaH3UTHBHE, MOKAKEMO Bif
CYNPOTHBHOI'O, IO TOJ 1 MOYATKOBE BiIHOIICHHS =
Tpan3utuBHe. JlilicHO, Hexall BIAHOIICHHS = HE €
TPaH3UTUBHUM, TOJi ICHYIOTh €JIEMEHTH YHIBEPCYMY
X,V, Z, Taki, M0 BUKOHYETbCI X = ¥, V = Z, aje
x % z. Ouenmyno, wo {x} < { v} ra {v} <{z}. 3
TPaH3UTUBHOCTI  BIAHOMIEHHA  KOH(]IHAIBHOCTI
BUILIMBAE, IO TOII {x]— = Ez}, 3BIIKM X = Z;
MPUALLINA IO CyNepeYHOCTi. M
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JlocTaTHICTE. Hexant BIIHOIIICHHS = Teepmxenns 1 (mpo BiJJHOILICHHS
TpaH3UTHUBHE, IIOKaXXEMO, 110 Bi,Z[HO MICHHS KOH(l)lHaJ'IBHOCTl Ha JAUCKPCTHUX MHO)KI/IHaX) .
KOH(IHANTBHOCTI < TakoX TpaHsuthBHe. Jlilicho, DBIAHOIICHHS KOH(IHAIBHOCTI (imyxoBame
posrasHeMo noBinbHI MHOXuEM X,Y, Z, Taki, mo I ACTKOBHM MOPSIKOM)  MaCTKOBO  BIOPA/IKOBYE
: b
X =<V V< Z tanokaxemo, mo toml X = Z, CIMFO IMCKPETHHX MHOXHH. [
JloBeneHHS. OuyeBHIHO, JOCTaTHbO

Bumnanok MTOPOKHBOT MHOXKUHU X
TPUBIATBHUN, TOMY PO3TIITHEMO JOBUIHHUM €TEMEHT
x € X, Ockinpku X < Y, TO 3Halinerbcd eneMeHT
¥y €F, takwif, mo x = ¥. B cBOIO 4epry, OCKiIbKH
V<2 10 mia enemenra ¥ €V s3npaiinerscs
eNMEMEHT ZE Z, Takuid, 1o ¥ = Z. 3 TPaH3UTUBHOCTI
[TOYaTKOBOI'O0 BiJHOIIEHHS BUIUIMBAE, IO X = I,
TakuM YHHOM, IS JOBIILHOI'O €IE€MEHTa MHOKUHHU
X B MHOXUHI Z 3HANIIOBCA €1EMEHT, HOro OUIBIINI,
a 1e 1 o3Hauae BUKoHaHHA X < Z, W []

Harapnatimo, mo pediexkcuBHE 1 TpaH3UTHUBHE
OiHapHE BiJHOUICHHS HA3WBAETHCA BiJHOIICHHSIM

nepennopsaaky (auB., Hampuknan, [1, , ro. 11, § 1,
m2,¢.138; 7, . 1,8 2, ¢c. 37)).
3 mem 1-2 0Oe3nocepedHbO — BHILIMBAE

HACTYIHUHN HACTiJOK.

Hacainok 1 (kputepiit OyTH mepeanopsaKoMm
JUTS  BifIHOIICHHS KOH(IHAILHOCTI). BimHOmICHHS
KOH(IHATBHOCTI = € MEepeAroPsIKOM TOAL 1 TUIBKH
TOJI, KOJIM BiIHOIICHHS = € MepeanopsaKoMm. [

PosrisiHemMo Temep BUMAZOK, KOMH MOYaTKOBE
BIIHOIICHHA = € TIOpsAAKOM (B3araji KaxydH,
YacTKOBMM). 3 Hachmigky 1 BuIumBae, mIo
BITHOIICHHS  KOH(IHANBHOCTI =< €  TUIBKH
nepennopsiakoM. JlificHO, poO3MIIHEMO HACTYNHUR
MIPOCTHUI NpHKIa.

Hexaii < N,=> — MHOXWHa HaTypaJbHUX
yycen 3 CTaHAapTHUM mopsakom; N', N
MHOXHHHU MAapHUX Ta HEMapHUX HATYPaJIbHUX YHCEN
BimnosimHo. OueBnmno, mo N’ < N" Ta maBmaku
N =« Nf,aHeNf = N

TakuMm uYMHOM, 33Jaya TOJNSTA€E y IOMIYKY
YMOB TOr0, 00 BigHOIIEHHs KOH(piHATBHOCTI Oy10
TOPSIIKOM.

Jami OymemMo BBaKaTH, IO IIOYaTKOBE
BiTHOIICHHS = € mopsukoM. KpiMm Toro Oymemo
pO3TIIAAaTH BiTHOIIEHHS KOH(IHAIBHOCTI HE Ha
BChOMY OyJieaHi, a Ha JUCKPETHUX MHOKHHAX.

Muoxuny X Ha3BeMO IHMCKPETHOIO, SIKIIO
YaCTKOBO BIIOpsIKOBaHa MHOXKHMHA < X,<>  (3a
IHIYKOBaHUM TIOPS/IKOM) JWCKPETHA B 3BUYAHHOMY
posyminHi [8, § 1, c. 8], TobTOo st Beix X, X, € X
BUKOHYETBCS IMIUTIKALIA X; < X, = X = X, .

Hatinpoctimmii
MHOKWHU — CIHTJIITOH.

MPUKIIaa JUCKPETHOL

90

BCTAHOBUTH aHTUCHMETPHUYHICTh BiHOIICHHS Ha
MUCKpeTHUX MHOXHHaX. Hexait X <Y T1a Y <X,
npuyomy MHOKHUHM X, Y auckperni. Tpeba
MOKa3aTH, IO I[i MHOXXHUHHU PiBHi.

Hexait cnouarky X = @, toxi, 3 orisay Ha
MIHIMaJIBHICTE  TOPOXKHBOI ~ MHOXKHHH,  MAa€eMO
pisnicTs ¥ = @,

Hexait Temep ™HoxumHa X HemopoxxHS i
pO3TisSHEMO JOBUTbHMI eneMeHT Xe X . Tomi
3HAWIYThCS enmeMeHTH YeY 1 zZe X, Taki, 1o
X<y<z;
BIHOIIICHHS
SNIEMEHTH JMCKPETHOI MHOXWHU X , TOOTO X =1Z.
Takum unHOM, X< Y <X, 3BiIKM X =Y 3 OIJISiAY Ha
<

3BiI[KI/I, BpaxoOBYyHOUH TpaHSI/ITI/IBHiCTI:

<

OTpUMyeEMO X<Z. Ane X,Z

AHTHCUMETPUYHICTE TIOPSIIIKY Orxe, xeY,
T00TO BKIMtOueHHS X Y noBenmeHe. OOepHeHe
BKkIroueHHsS Y C X
a”aioriuHo (mpocto MHOXHHH X,Y  MIHSIOTBCS

BCTAHOBIIOETHECHI  MOBHICTIO

ponsimu). [

HesBakatoun  Ha ~ HaueOTO  IUTYYHICTD
TBepKeHHS 1, 3ayBakMMO, L0 JBa NPUPOAHUX
YaCTKOBHUX MOPSJIKY Ha TAOJMHILIX (SIKi € MCKPETHUMH
MHOKMHAMH BiZTHOCHO MOPSIKY BKIIOYECHHSI PAIKIB B
PO3YMiHHI ~ TEOPETUKO-MHOKHHHOTO  BKJIIOUCHHS
rpadikiB psnkiB) OyIylOThCS caMe 3a HaBEACHOIO
soriyaoro cxemoro [9; 3, migposmin 2.6, c. 47-48,
miaposain 2.8, ¢. 56-58]. Lle nutanus me Oyae mami
PO3IIISIHYTO OLIBII JETaTBHO.

Hagenmene moBemeHHS MOXKHA 3HAWTH B [3,
migpo3ain 1.3, c¢. 25], KpiM SBHOTO pO3TIILY
BHUIIA/IKY MTOPOKHIX MHOYKHH.

Bxkazani BJIACTHBOCTI BI1IHOIIEHHS
KOH(IHAIBHOCTI  MEPEHOCATHCS  HA  BHIIAJIOK
BIHOIIICHHS KOiHiImiampHOCTI = Ha  Oyreadi
yuiBepcymy P(D), ske Takok iHAYKyeThCS

IIOYaTKOBHUM BiI[HOH_ICHHHM:

¥c P’g‘v’x[x EX =23y(yE V&y < x)).

Biamosiaui aHaJIOTH HaBeIEMO oe3
JOBEICHHSI, SIKi MPOBOJSTHCS MOBHICTIO aHAJIOTIYHO
BUIMAJIKy KOH(QIHAIBHOCTI. 3ayBa)kuMo, IO MOPOKHS
MHOXHMHA € HallMeHIIMM Ta  MiHIMaJbHUM
enementoM B posyminni @ = X rta  iMmtikanii
Xcg=>X=0

Jlema 1’ (npo peiekCHUBHICTH BiJHOIICHHS
KOIHIIIanbHOCTI). BiHOMIEHHS KOIHII[IATBHOCTI =
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peduiekCHBHE TOJI 1 TITBKK TOIi, KOJU BiTHOIICHHS
= peduiekcusHe. [

Jlema 2’ (nmpo TpaH3WUTHBHICTH BiJHOIICHHS
KOiHiIianbHOCTI). BiHOMmIEHHS KOIHII[IATBHOCTI =
TPaH3UTUBHE TOAI 1 TUTBKU TOJIi, KOJU BiITHOIICHHS
< TpaH3UTHBHE. [

Hacainok 1’ (kputepiii mepennopsaxy s
BIIHOILICHHS KOIHIIIaTbHOCTI). Bignomenus
KOIHILIaNBbHOCTI = € MepeamnopsaKoM TOHi 1 TUTbKH
TOZi, KOJIW BIAHOLIEHHS == € TIepeanopsIIKoM. [

Teepmxenns 1’ (mpo BiJHOILICHHS
KOIHIIIaTBHOCTI HAa  JUCKPETHHX  MHOXXHHAX).
Bignomenss KOIHIiadbHOCTI (inmykoBaHe
YAaCTKOBHM  TIOPSIKOM) YacTKOBO  BIIOPSIKOBYE
CiM 10 AUCKPETHUX MHOXKHH. []

3acTocyemo oTpUMaHi pe3yabTaTH

(tBepmxenns 1 Ta 1 *) i moOyaoBU TPUPOIHUX
BIIOPSIIKYBaHb TaOmuubs. Bci HeozHauyBaHi TyT
MOHATTS. ~ Ta  MO3HA4YeHHA A TaOnuub
BUKOPUCTOBYIOTECS B po3yMiHHI MoHOrpadii [3].

B sikocTi yHIBEpCaIbHOTO TOMEHY PO3TISTHEMO
MHOXKWHY BCIiX PSIKIB 5 , BIOPSIKOBAaHUX 3a
BKIIIOYEHHsIM ixHiX rpadikiB mopsinkom &. Ha
Oyneani P(S5) posrisHemMo 3a BHIIEHABEIEHOI
CXEMOI0 BiZJHOILICHHS KOH(iHaJIBHOCTI Ta
KOIHILIaNbHOCT:

def
X<YeovVs(seX=3(fe¥&s = 5)),

Xc Fg}‘v‘s(s EX = 3 (s' € Y&s' < 5)).

OCKITbKH TE€OPETUKO-MHOKMHHE BiJHOIICHHS
BKJIFOYCHHS & € MOPSKOM, TO BBEICHI BiJHOLICHHS
KOH(IHAIBHOCTI Ta KOIHI[IaTBHOCTI 3TiMHO 3
Hacnigkamu 1 Ta 1’ € mepennopsikamu.

Jlema (mpo muckpeTHIiCTH Tabiuib). JloBiibHA
MHOXKMHA OIHOCXEMHUX PSJAKIB, BHOPAIKOBaHA
BIJHOILICHHSIM TEOPETUKO-MHOKHHHOT'O BKITIOUCHHS
T e muckperHoro. 30KpeMma, KOXHA TaOmMI,
BIIOPSIIKOBAHA aHAJIOTIYHIM YHHOM, € AUCKPETHOO.[]

NoBenenna. Hexait X noBinbHa MHOXKHMHA
PSAKIB, IPUUOMY BCi PSAIKH MAOTh OJHAKOBY CXEMY
(HaragaiiMo, B JaHOMY BHIIaJKy CXeMa Iie 00JacTb
BU3HAYCHHS psaka sk (yHkuii). PosriasHemo nBa
JOBUTLHUX PSAAKH Ii€i MHOXUHU 5, s’ Taxi, o,
nanpukiaz, s S s'. Hepaxko 3po3yMiTH, 10 Tak K
doms = doms', to s=5'. Bimem ¢opmansHO
JOBEACHHS MO)KHa TIPOBECTH 3 BHKOPHUCTaHHAM
3aranbHOl BJIACTUBOCTI 00OMEKEHHS
f cg&domf =domg—= f =g (auB., Hampukiazm,
[6, migpozain 1.4, TBepkenns 1.11, n. 10]). =

3po3yMiJio, MO0 BCTAaHOBJICHA BJIACTHUBICTH
MPSIMO MEPEHOCUTHCS Ha TaOMuIIl, OCKLIBKH, 3TiIHO 3
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O3HAYCHHSM, TaOMHLS € CKIHYEHHOK MHOKHHOKO
OTHOCXEMHHX pAAKIB. M [

3 wmiei nemMum Ta TBepMKeHb 1 Ta
0e3nocepeIHhO BUTLIMBAE HACTYITHUHN HACITIIOK.

Teopema 1 (mpo BigHOIICHHS KOH(IHATBHOCTI
Ta KOIHII[IaBHOITI Ha TaONMIAX, IHAYKOBaHI
TEOPETUKO-MHOKMHHUM  BKITIOUCHHSIM  PSIKIB).
BinHomennst koH()IHATBLHOCTI < Ta KOIHII[IAJIBHOCTI
= 9aCTKOBO BIOPSIIKOBYIOTh MHOXKHHY TaOJIHIIb. [

3ayBaxMMo, 1110 BiIHOMIEHHS KOH(IHAIBLHOCTI
< [IPUpOAHBO 3B‘A3aHE 3  ONEpaIli€l0  MpOeKii
Tabmuunux anre6p [3, miaposmin 2.6, c. 47-48], a
BiJIHOIICHHS KOIHII[IaIbHOCTI — 3 OIEPAITIEr0 3°€THAHHS
HX ke anreop [3, migposnin 2.8, c. 56-58].

Binnomenns KOH(iHaNBbHOCTI
KOIHINIANBHOCTI: 3HAX0AKEHHSI TOYHUX IPaHei

Bcrogn nmami Ha yHiBepcymi PpO3TIISAAETHCS
YaCTKOBHI TOPAIOK =.

Hasenemo 3araibHi BIACTUBOCTI BiJHOIICHHS
KOH(IHAJIBHOCTI, TMO3HAYAIOYM BEPXHIH (HIKHIN)

17

Ta

KOHYC MHOXHHH X 5K XA (BigmoBimHO XV), a
cynpemym (indimym) miei x muoxuau sk | [ X

(Bigmosinuo [ X).
Teepmxennst 2 (Ipo  BepxHI  KOHYCH
KOH(IHATBHUX MHOXHH). [ NOBUTBHHX MHOXUH

BHKOHYEThCS iMrutikamis X <Y = c X A0

JoBenennst oueBuimHe, 00 KOXHAa BEpPXHS
rpaHb MHOXHHH Y € i BEpXHBOIO TPaHHIO MHOXUHH
X.O

Hacuainok 2 (npo cynpemymu KoHQiHaJIbHUX
MHOXHUH). Jlns JOBUTBHMX MHOXHH 32 YMOBH
ICHyBaHHS  iXHIX  CYIPEMyMiB  BHUKOHYETBCA
imrmikamisgs X <Y :>HX SHY .0

JloBeneHHs  BUIUIMBAaE 3  MOIMEPEAHBOTO
TBEP/DKECHHSI Ta O3HAa4YEHHS CYNPEMYyMiB, SIK
HallMEHIIMX  €JIEMCHTIB  BIJIIOBITHUX  BEPXHIX
KOHYCIB. []

B mitepatypi moHATTS = KOH(iHANTBHOCTI
Haifuacrilie BHKOPHCTOBYETHCS Il KOH(QIHAIBHUX
MiIMHOXHH B HACTYITHOMY PO3yMiHHi: MHOXKUHY Y
Ha3BEMO KOH(QIHAIBHOIO MiAMHOKUHOIO MHOXXHHU
X', sxmio, no-nepure, Y < X Ta, mo-apyre, X <Y .

OcHoBHa BJIACTUBICTD KOH(iHATBHUX
NiAMHOXHH  copMynbOBaHA B HACTYIIHOMY
TBEpP/KCHHI.

TBepmkennst 3 (BIaCTUBOCTI KOH(IHATBHUX
miaAMHOXKHH). ko Y KoH(piHATBHA MiAMHOXHHA
MHOXHHA X, TO BEpPXHI KOHYCH IIMX MHOXUH
X A — Y A :
y3arajbHEHa PiBHICTh H X= HY O

CHIBIAJIAIOTH

TOOTO BUKOHYETBHCA
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r

Bume uyepes MO3HAa4YeHa y3arajabHeHa
piBHICTH (MO iHINIKA TEPMIHOJIOTIT CHJIbHA PIBHICTH
Knini): Bupaz ¢ = g¢b osHauae, mo abo o0OuABi
qacTHHU (OJHOYACHO) HEBM3HA4ycHI, a00 BH3HAYCHI
Ta MaloTh piBHI 3HaueHHs (auB., Hampukian, [10,
BCTym, c. 11].)

Hosenenns. Hexait X <Y Tta Y < X, Toxi 3a

TBEPIDKCHHSIM 2 y2 - XA, Kpim TOro, 3a
3aralbHUMHU BJIACTHBOCTSIMU KOHYCIB BHKOHYETHCS

pmouenns Y2 o XA (mwB., Hanpukian, [8, 81,
teopema 5, 1. (i), c. 11]). 3HaunuTh, BepXxHi KOHYCH
muoxuH X, ¥ criBnagarTs; i TOMy BOHH OJHOYaCHO
MaloTh a00 He MalTh HaWMEHIIN eJIeMEeHTH
CYyIpeMyMHU  BIJIIOBIMHUX MHOXHH. 3BimcW i
BUIUIMBAE Yy3araibHEHa DIBHICTb 3 (HOPMYIIIOBAHHS
TBEPKECHHS. [

OTxe, mUTaHHS TPO CYNPEMyM MHOXHUHHU
CKBiBAJICHTHE TOMY CaMOMy HHTaHHIO JUIA il
KOH(iHAIBHOT ITiIMHOXUHU.

3ayBaXuMO, II0 HE3BAXKAIOUW Ha IMPOCTOTY,
MPUPOAHICTD Ta MOTYXHICTh BJIACTUBOCTI
KOH(IHATbHAIBHUX MIAMHOKUH (TBEpIKEeHHS 3), B
SBHOMY BHIJISAI ISl BJIACTHBICTh BIJICYTHS B
mireparypi (muB., Hampuknan, [8, 81; 7, posm. 1,
82;1, posm. Ill, 81, m.7 ta §6, m. 5 3 3BenmeHHA
pe3ynbTaTiB]).

Ha ocranok gomamo, 1o 3riJHO 3 MPUHLIAIIOM
nBoicrocti (muB., Hampukian, [8, § 1, c. 10]) npwu
nepexoi 10 odepHeHoro (IHBEPCHOro) MOPSKY BCi
TBEP/DKEHHSI ISl KOH(IHAJIBHOCTI IEpexXolsTh B
TBEPKEHHS JUTS KOIHIIIAIBHOCTI 3 3aMIHOI0 BEPXHIX
KOHYCIB Ha HIXKHI, CynpeMyMiB Ha iH}iMmymu.
HaBenemo BIiAmOBigHI O3HAYEHHS Ta aHAJIOTH
BUIICHABECHUX TBEPKEHb.

TBepmkennst 2'  (Ipo  HIKHI  KOHYCH
KOIHIIIaMbHAX MHOXHH). s AOBITBHUX MHOXHH
BHKOHYEThCS iMILTiKaliss X = ¥ = Y¥"Cc x'.o

Hacainok 2' (npo iHdiMymMH KoiHiIianbHUX
MHOXHUH). [N JOBUTBHMX MHOXHH 32 YMOBH
ICHYBaHHS iXHiX iHQIMYMIB BUKOHY€ETBCS IMILITIKAIIis
XcyYy=lx<I[IY.O

Muoxuny Y ~ Ha3BeMO  KOiHIIiaJbHOIO
MiAMHOXHHOIO MHOXHHH X , SKIIO, MO-TIEpIIe,
Y < X Ta, o gpyre, X = ¥.

Trepmxennst 3' (B1acTHBOCTI KOIHIIIaTbHUX
miAMHOXKHH). SKimo Y — KoiHiliaapHa MiAMHOXWHA
MHOXHHA X, TO HWXKHI KOHYCH IMX MHOXHH

CIIIBIIAJAIOTh XV =YV; TOOTO BHUKOHYETHCS
y3aranbhena pisuicts [1X = 1Y, [
Ilepeanmopsaaku Ta NOPAIKH
Bcromu nami Oymemo BBaxaTd, IO BHXIiJHE
BIJHOIIEGHHA = € TMepeamopsakoM. B mitepartypi
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noOpe  BigoMa  KOHCTPYKIliS  TOOYIOBH  TIO
MepeAnopsaAKy MOPSAKY Ha BiAmoBiAHIA Qakrop-
MHOXWHI (quB. Hanpuknan, [7, o1 |, 8§ 2, ¢. 37; 8, 8
1, c. 7, Teopema 3]). HaBegemo 110 KOHCTPYKIIO

posropuyro. Ha yHiBepcymi BBemeMO HacTyIHe

. def
BIIHOIICHHA X~y < x =y & ¥ = x.

Jlema 3 (Ipo eKBiBaJEHTHICTb, 1HIYKOBaHY
TEPETOPSIIIKOM). Bignomenss ~ €
eKBiBaJICHTHICTIO. []

HoBenennsa. PediekcuBHICTh BiAHOMICHHA ™
BUILIMBAE 3 Pe(IICKCHBHOCTI BiTHOMICHHS =. M

TpaH3UTHBHICTH BiJHOIICHHA ™~ BUILIUBAE 3
TPaH3UTUBHOCTI BigHOIIeHHs =. [lificHo, Hexail
X~y Ta ¥ Z | MOKaKEMO, o ToAl X~Z. OueBHUIHO,
x=<ZvyTra ¥=z, TOOTO X = Z. AHAIOrYHO
BCTaQHOBIIOETHCS, 10 Z = X ; OTXKE, X~Z. M

CuMerpuyHicTh BiJHOIICHHA ™~ BUIUIMBAE 3
1oro o3HayeHHs. M [

Jlema 4 (npo ycrpiii CyMDKHHX KIiaciB
CKBIBaJICHTHOCTI, IHJYKOBaHOI MEPEIIOPSAKOM).
ko x, ¥ JOBUIBHI €IEMEHTH OJHOT'0 CYMIXHOTO
KJlacy eKBIBaJIGHTHOCTI ™ , TO BUKOHYETHCS X = V
Tay =x.[

HoBenenns. Hexall x, ¥ HanexaTb OJAHOMY
CYMDKHOMY KJ1acy eKBiBaJICHTHOCTI 3 PEICTABHIUKOM
z:x,¥y € [z] Tomi x~z ta y~z. ODKe X = Z Ta
Z = ¥, 3BIIKM X = V. 3BOPOTHA HEPIBHICTh V = X
BCTaHOBJIIOETHCS MOBHICTIO aHAJIOTIYHO. [

Ha ¢akrop-muoxuni D/~ (MHOXMHI BCix
CYMDKHHMX  KJIaciB 1O  €KBIBJIGHTHOCTI ™)
pO3TIITHEMO  HAacTynHe  OiHapHe  BiIHOIICHHS

de
nxf {=f> JFxTy(x € n&y € B&x < y), ne 1.0
CYMDXKHI KJTacH.
3ayBakuMo, IO B JITEpaTypi BiTHOMICHHS <«
BBOJUTHCA 4e€pe3 MPEACTaBHUKIB CYMDKHHMX KJIaciB

HACTYNHHM umHOM [x] < [v] gx < y. Bana
HOTO IIUISIXYy B TOMY, IO Tpebda TMOKa3yBaTH
KOPEKTHICTh [BOTO O3HAYCHHS (HE3ANCKHICTh Bif
npeactaBHUKIiB), Ile poOHTBhCA 3 BHUKOPUCTAHHIM
nemMu 4.

Teepaxennss 4 (mpo mopsanok Ha Qaxrop-
MHOXKHHI, IHIYKOBaHUI MEPEITOPSITKOM ).
Bignomenns << nHa Qakrop MHOKuHI € D/~ ¢
MOPSLAKOM. L]

HoBenenns. PednekcUBHICTh BiHOIIEHHS <X
BUILTHBAE 3 PEICKCHBHOCTI MepeAIOpAAKY =. W

BcraHoBUMO TpaH3UTHBHICTH BiTHOIICHHS <.
Hexait 17 << @ T1a 8 <« @, nmokxaxemo, mo TOIi
n << ¥, JlilicHO 3 O03HauYeHHsA BiJHONIEHH <&
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BUILIMBAE ICHYBaHHS TaKuX €JIEMEHTIB  MICTHTH JIBa Pi3HMX eneMeHTa X, V. Tozxi 3a nemoro 4

xEnwEH v, €L zeDP, mo mae wmicue
X = ¥y, ¥2 = Z. AJle eneMeHTH ¥y, Yy Halexarth
OZHOMY CYMDKHOMY KJacy, 3HaUYUTh 3TAHO 3 JIEMOIO
4 BHUKOHYETHCS  HEDIBHICTD ¥ = V,. 3
TPaH3UTUBHOCTI BUXITHOTO TEPEeANOPSIIKY BUILTBAE
X = Z 1 3QIMIIAETbCA CKOPHCTATHCS O3HAYCHHSIM
BIHOIIIECHHSA <. W

Hapemri BCTaHOBMMO aHTHCUMETPUYHICTH
BigHomenus <<. Hexall mig cymiknux kinacis 1,8
BHKOHYIOThCS HEpiBHOCTI 1] << & Ta 8 << 7).

[Mokaxkemo, 10 I[i CYMDKHI  KJIacu
cmiBmagaroTh. JiCHO, Big CyNPOTHBHOrO: HeXau
BOHM pi3Hi. 3 O3HAUYCHHS BiHOIICHHS <% BUILTUBAE
iCHyBaHHs eneMeHTiB X, E 1, ¥, € 5,
Y2 € 8, x; E1 mwo Mae micie x; = ¥y, ¥ = X,

TaKHuX

ATl eneMeHTH X4, X, HaJeXaTb OXHOMY CyMDKHOMY
KJIacy 1 Tak caMo JUlsl eIeMEHTIB ¥y, ¥». 3a 1emoro 4
Ma€eMO HEpIBHOCTI ¥y = ¥, Ta X, = X4 (nuB puc. 1,
Ha SKOMY HampaBleHa CTpiIKa iJe BiJ MEHIIOro
elneMeHTa 0 Oinpmioro). OTKe MaeMO JTaHIIOXKOK
HEpIBHOCTEH ¥y = ¥; = X3 = Xy, 3BiIKM 3 oIy
Ha TPAaH3UTHUBHICTh BUXIJHOTO  HEPEANOPSIKY
BHILUIMBAE HEPIBHICTb ¥y = X;. 3 BpaxyBaHHAM
HEpiBHOCTI Xy = ¥y MaeMmo, mo Xxq™~¥y. Takum
YUHOM, Ili €JIeMEHTH MOBMHHI HAaJeKaTH OJHOMY
CYMDKHOMY KJlacy; IpUIIUIN 0 cynepedyHocTi. W [

Xy

Va

Pucynoxk 1. [lo noBeneHHs TBepKeHHS 4
(aHTHCUMETPHYHICTh BiHOIICHHS & )

B Ttepminax po3misiHyTOl (aKTOP-MHOXKHHU
HaBeIEeMO NPOCTUH, ajie KOPUCHUH KpHUTEpill TOro,
10 MEPEANOPSIO0K € MTOPSIIKOM.

TBepmkennss 5 (kputepiii nepeanopsaKy
Oyt mopsimkom). Ilepeamopsaok = € MOpsSaAKOM
TOJi 1 TUTBKH TO1, KOJIU BCi CyMiXHI Kiacu (hakTop-
MHOxkuHU D/~ € cinrmiTonamu. [

Hosenenus. ITounemo 3 HeoOximHocti. Hexait
HEepeanopsiiok €  mopsiakoM  (ToOTo  BiH €
AQHTHCUMETPUYHUM), TTOKa)XEMO BiJl CYNpPOTHUBHOTO,
mo BKa3zaHa (aKTOP-MHOKMHA MICTUTh TUIBKH
cinrmironu. OTke, Hexal iCHye CyMiKHHIA Kiac, 110
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X =y Ta HaBmaku ¥ = x. AJe L€ CyHepeuuTh
AHTHCHMETPUYHOCTI BITHOIICHHS <. M

JlocTaTHICTP BCTAaHOBHMO BiJ CYNpPOTHBHOTO.
Hexait (akTOp-MHOKHHA MICTUTb TLTBKH
CIHIJIITOHH, ajieé TNEepeNHopsIoOK HE € TOPSIIKOM.
OCKilbKM  BiHOWICHHS < € pedJIeKCUBHUM Ta
TPaH3UTUBHHUM, TO TOJAl MOPYIIYEThCA BIACTUBICTH
AHTUCHUMETPUYHOCTI, TOOTO iICHYIOTH Pi3HI €IeMEHTH
X, ¥, TaKi, 0 X = V Ta HaBHmaku ¥V = x. 3BiacH 3a
O3HAUEHHSIM EKBIBAJICHTHOCTI X™~¥, TOOTO Il
CNEMEHTH HaleKaTh ONHOMY CYMDKHOMY KIacy.
3Ha4YUTh, 3HANILOBCS CYMDKHHI Kiac (HAapHKIas, 3
MPEACTABHUKOM X ), SKH HE € CIHTJITOHOM. W []

Cemantnka ¢pazm ORDER BY 3anwutis
SQL-moxioanx MoB

Cemantuka ¢pasu ORDER BY 3anuris SQL-
nomiOHUX MOB Oyna posrisHyra B MoHorpadii [3,
miaposain 3.5, ¢. 159-165], ne Oymno mokasaHo, 110
OiHapHE BiJIHONICHHS, SKE YTOUHIOE BKa3aHy (pasy,
€ B 3araJbHOMY BUNAJKy IEPEONOpAIKOM, a He
MOPSIIKOM Ha PAIKax TaOIuIi.

Hani Oyze HaBeoeHWH KpHUTEpid TOro, IO
BianoBifHe OiHapHE BIMHOIICHHS € HE TUIbKH
HEePEIoPsIKOM, a i mopsakoM (pu 1boMy OyIaemMo
cnupaTHcs Ha KpuTepidd, cdopMmynboBaHUE Yy
TBEP/DKCHHI 5.)

HaramaiiMo ocHOBHI o3naueHHs 3 [3] miomo
BIIOPSIAKYBaHHS PsIAKiB TaOnmuub. Hexail t tabmmis
cxemu R, Tabmuus po3rismacTbesi SK MHOXKHHA
pAAKIB 5 Tiel )k cxemu H; B CBOIO uepry psaoK
cxemu R e Qynkuiero Burmagy s: R — D, ne D
VHiBepcaJbHa MHOXXHHA, fKa BBAaXKAE€THCS JIHIHHO

BIOPAIKOBAHOIO 3 TOPSAIKOM =, Hexait
<Ay, ...,A, = — xoprex arpuOytiB 31 cxemun H
(robto A4, ..., A, ER). Ha psaagkax Tabuii
BBOJWTHCS  HACTYIIHE  IMapaMeTpu3oBaHE  3a
KopTexeMm  aTpuOytiB = A4, .., 4, > OinapHe
BIIHOIIICHHS

def

s =5 s(4,) <s'(4)Vv [:s(f-llj =
s'(4,)8s(4,) < 5'(4)) v v ((s(4) =
s'(A) A ns(4, ) = s'(ﬂn_lj)&s(ﬂn] <
s'(4) )V (5(4)) = 5" (A& &5 (4, ) =
s'(A,_1)&s(4,) = 5'(4,)).
B naBeneHomy o3HaueHHi S(A) — 3HaueHHS
atpubyty A B pAOKy 5, a <= — CTpOra HEpiBHICTb,

de f
Tootod < d' =d =d'&d + d'.
3MICTOBHA CXeMa BBEIECHOrO BiJHONICHHS
Taka: CIIOYaTKy MOPIBHIOIOTLCS 3HAYCHHS (B pAOKax,



Bicnux Kuiscbkoeo Hayionanvno2o yHisepcumemy
imeni Tapaca lllesuenxa
Cepis ghizuxo-mamemamuuni Hayku

II0 MOPIBHIOIOTHCS) Mepioro atpudyry (A,); sKmo
Ii 3HAYeHHA PiBHI, TO MEPEXOJUMO O TOPiBHSIHHS
3Ha4YeHb Apyroro aTpuodyry (#,), Ko 3Ha4eHHS i
MEpIIOro 1 Apyroro aTpuOyTiB piBHI, TO MEPEXOAUMO
70 TIOPiBHSIHHS 3HAY€Hb TPEThOr0 aTpUOYTY 1 T.1.

MoBa mo cyti Hae mpo JekcuKorpadivHun
NoOyTOK 3TiIHO 3 TOPAOKOM aTpUOYTiB KOPTEXKY-
napamerpa (nuB., Hanpukiaz, [8, 8 2, c. 28]).

Jlema 5. BinHomreHHs = Ha psakax TaOnwili €
MEePENIOPAaKOM. [

HNoBenenns. PediekCUBHICTh BiTHOIICHHS =
BUIUIMBAE 3 MOro O3HA4YeHHS Ta PeIIEKCHBHOCTI
BIJIHOIIICHHS = HA yHIBEpCaIbHOMY JOMCHi M.

TpaH3UTHBHICTh BimHOIIEHHS [| BHIUIMBAE 3
HOro O3HAYCHHS Ta TPAH3UTUBHOCTI BiHOIICHHS =
Ha yHiBepcaJbHOMY JIOMeHi. M[]

OTxe BIAHONICHHS Ha psAAKaX TaOIWIl €
MepennopsiAIKOM, MOXKHA HaBECTH MPOCTI MPHUKIAIH,
KOJIM BOHO He Oyne aHTucuMmeTpuuHuM (auB. [3,
migposain 3.5, c. 159-165]). Tomy BuUHHKacE
MPUPOAHE MUTAHHS PO MOIIYK KPUTEPit0, KOIU L e
MepeAnopsIIOK MEPEXOAUTE B MOPSAOK.

Hawm 3Han00uThECS HacTymHa JieMa Ipo YCTPii
CYMDKHUX KJIaciB psIKiB A eKBiBaJeHTHOCTI,
IHAYKOBAHOIO  MEPEANOpPSIKOM %.  Hmxkue
(mapameTpuyYHe) BIJHOIICHHS CKBIBaJICHTHOCTI Ha
psaKax, iHAyKOBaHE MPENIOpPSIKOM, ™ BBOIUTHCS
Tak caMO0 SK 1 [ 3arajdbHOrO  BHIAJKY:

daf ;
svs' SsL&" L s

Jlema 6 (mpo ycTpiii CyMDKXHHX KiaciB

eKBIBaJICHTHOCTI ™~ Ha psgkax Ttadmuui). Jlns
JIOBLIIBHUAX PAIKIB s, 5 BUKOHYETHCSA
€KBIBaJICHTHICTD

s~s' e s(4) =5(4)&...&s(4,) = s'(4,,).

[HmmMu  cnoBamMm JABa psAKa  HaJeXartb
OZJHOMY CYMDKHOMY KJIacy TOZi i TUIBKH TOIi, KOJH
B OUX psOKax CHiBOAJAlOTh 3HAYCHHS BCIX
aTpuOyTiB 3 KOpTEeXa-mnapamerpa. [

HoBenenna. JloctaTHiCT,  TpHUBiaJibHA,
HEOOXI1THICTh TOBOJUTHCS Oe3m0cepeHbO. [

Hwkue mnoHATTS Kioda (TOUHINIE KaKydH,
NEepBUHHOrO  Kitouya, primary  key)  rtabGmumi
BUKODHUCTOBYETBCSI B  CTaHOAPTHOMY PO3YMiHHI:
MHO)KHHA aTpUOYTIB X Ha3MBAETHCS KIFOYEM TaOIHUII
t, SIKIIO BUKOHYETHCS HACTYITHE TBEPIPKCHHS

VsVs'(s,s' €t&s|X¥ =5' X =25 =5").

B 1poMy o3HaueHHi 5| X — oOMeKxeHHs psKa S
(K pyHKLIT) 32 MHOXUHOO aTpuOyTiB X

3MICTOBHO Ka)Kyyd, MHOXXHHA aTpuOyTiB X
HA3UBAETLCI  KIodyeM Tabmumi ¢, dgkmo 31
CHIBMAJiHHA 3HAY€Hb BCIX KIIOYOBUX aTpUOYTiB B

a
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JMOBUTLHUX  JIBOX  psIKax TaONWIIl  BUILIMBAE
CHIBIAJIIHHA caMHX PS/IKIB (B eKBiBaJCHTHIi (opmi:
SKIIO JBa JOBUIBHMX PI3HUX psAaKa TaOIUIl
PO3pI3HAIOTECA 3HAYEHHSM Xoda O OJHOro 3
KJIFOYOBHX aTpUOYTiB).

Teopema 2 (kpurepiii mnepenmopsaky Ha
psankax = Oyrm mnopsakom). [lapamerpuune
BIJHOILIGHHA TICPENNOPANKY Ha psgkax Oyne
MOPSAKOM TOJi 1 TUIBKM TOMi, KOJU MHOXHHA
atpulyTiB {A4, ..., A, } MicTuTs K10 [

JoBenenns. JocratHicTh. Hexaii MHOXHHA
arpubytis {44, ..,4,] mictute wmou (B sKocti
miaAMHOXKHHK). Toi, OYEBHUIHO, 110 1 caMa MHOXHMHA
arpubyTiB {Ay, ..., A, } Oyne xmouem. 3 nemu 6 Ta
O3HAa4YeHHS KJI04a BHIUIMBA€E, IO JAOBUIBHUH
CYMDKHHH  Kllac  eKBIBaJIeHTHOCTI ™  Oyne
OHOCNEMEHTHUM.  3aJMIIA€Thcd  3aCTOCYBATH
KpUTEPiii 3 TBEpAXKEHHS 5. W

HeoOxiaHICTE. Hexait BIJIHOILIEHHS
MEepeAnopsIKy =% € TMOpSAAKOM, TOAl, 3 OrJsiAy Ha
KpUTEpili TBEpPKEHHS 5 KOXKHUK CYMDKHHUI Kiac
dakTop MHOKHHHU /™~ € CIHITITOHOM. AJl€ 3 I[LOTrO
BHIUIMBAE, M0 MHOXHHA aTpuOyTiB {A4, .., A,]} €
KIoyeMm. W []

OcCHOBHi pe3yJ1bTaTH Ta BUCHOBKH

B pobori po3risgHyTi Taki  3arajibHi
TEOPETUKO-MHOKUHHI KOHCTpYKIii: (1) BigHOLICHHS
KOH(IHAIBHOCTI Ta KOIHINIaJBbHOCTI Ha MHOXHHAX
SNIEMEHTIB, 1HIyKOBaHI BHXIJIHUM BiJHOIICHHSM Ha
ereMeHTax; (2) BIAHOIICHHS TOPSAKY Ha (akTop-
MHOXHHI, 1HIYKOBAHE BiIHOUICHHSM IEPEAIOPSIIKY
Ha MHOXHHI. OKpiM TOro pO3MIIAHYTAa CEMaHTHKA
«BIIOPSIIKYBAHHA» PsAKiB 3anuTiB  SQL-momioHMX
MOB y BUIJISI BiIMOBIAHOTO TEPEANMOPSIKY Ha
psankax Tabmauk (ppaza ORDER BY).

[ BBemeHUX KOHCTPYKUi BCTAHOBJIEHI Taki
OCHOBHI BJIaCTHUBOCTI.

Bcranosnenuit KpHUTEpiit TOrO, 0
BiTHOIIICHHS KOH(IHAIBHOCTI Ta KOIHIIIaJbHOCTI €
nepeanopsakamu (Hacmigku 1, 1).

[Tokazano, 10 BigHOMICHHS KOH(IHATBLHOCTI
Ta  KOIHIIIAJBHOCTI, IHIYKOBaHI  YaCTKOBUM
MOPSIZIKOM, € TOPSAKAMU Ha AMCKPETHUX MHOXKHHAX
(tBepmxenns 1, 1).

[Toxazano ponb KOH(]IHATBHUX
(KOIHIIIAIPHUX) MIAMHOKHH IS  3HAXO/DKCHHS
TOYHUX BEpxHiX (BIAMOBIAHO HWXKHIX) TpaHeil
MHOXHH (TBepmKenns 3, 3).

3HaiiieHuit KpHUTEpii
nepennopsiiok  OyB  TOPSIKOM
MOTYXHOCTEH  CYMIDKHHMX  KJaciB
(baxTop-MHOKUHH (TBEpHKECHHS 5).

100
TepMiHaxX
BIAIOBIIHOT

TOrO,
B
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Y ecmammi npedcmasnenuil nopieHAbHUL aHANI3 HAUOLILUL NOUWUPEHUX POPMATLHUX MemOodie PO3POOKU
npoepamnozo 3abesnevenns. Z, B memody ma Vienna Development Method. Poszensnymi ocHogHI
61ACMUBOCII 3A3HAYEHUX HOPMATLHUX MemoOis, 6Kasami ix 3azanvHi xapaxmepucmuku. I[Ipogedenuil
nopieHATbHUL aHanis. Mema nopigHAIbHO2O AHANIZY: BUSHAYUMU MONCIUBOCIT BULEBKAZAHUX POPMATLHUX
Memoodie 015l CMBOPeHHsT AOCMPAKMHUX Mooenell ma iOMpanCO8AHHs IX 00 NPOSPAMHO20 KOOV, WO
3A0080bHAE YMOBAM Y3200HCEHOCMI NepsunHoi abcmpakmuoi moodeni. Taxkooc 3anponoHO8aAHi MONICIUG]
hopmynu nepexody misie a6CMpaKmHuMu MOOEISAMU, WO CMBOPeHi 3a 0onomozoro Homayit B ma VDM. Ha
OCHOBI PO32TSIHYMUX (hOPMYI 3p0OIEH UL BUCHOBOK U000 B3AEMOZANEHCHOCHIE OAHUX MEMOJi8.

Kurouosi cnosa: gopmanvhi memoou po3podxu npoepam, nopieHsAIbHUlL ananis, Z nomayis, B memoo,
VDM.

This paper contains comparative analysis of the most common formal methods for software development:
Z, B method and Vienna Development Method. Basic properties of these formal methods are considered,
their general characteristics are given. This paper contains comparative analysis of VDM, B and Z methods.
The purpose of the comparative analysis: identify opportunities of these formal methods for creation abstract
models and translation them into code that satisfies the conditions of the consistency for abstract models.
Differences between these methods are placed in three tables (general comparative, OOP support and
programming tools for development process) Also some formulas for transition between abstract models
created with the notation B and VDM are proposed. On the basis of these formulas conclusion about
interdependence of formal methods are given.

Key Words: formal methods in software development, comparison analysis, Z notation, B method, VDM.

Crattio nipenctaBuB 11.Q.-M.H., pod. A.B. AniciMos

Beryn HYJIBOBOTO TI0 TpeTiii. Tperiid, HalBUIIMI piBEHB,

VY BignosigHocti A0 [1] dhopmansHi Meroau nependavae BUKOPHCTaHHS MOBHICTIO
MOYKHA BU3HAYUTH SIK TaKi, 110 (dopMmaizoBaHUX MOB crenu@ikaimii i JT03BOJIsIE
BHUKOPUCTOBYIOTBCSI B PO3POOILI KOMIT IOTEPHUX MEepeBipsATH  BCl  MpoOrpamMHi  KOHCTPYKIil
MpOrpaMHUX  CHCTeM, Ta  0a3yloThcs  Ha CTBOpIOBaHOi aOCTpakTHOT Mojeni 3acobamu
MaTeMaTHYHUX METOJaX, 30Kpema, YHCICHHI MaTeMaTHYHOI JIOTiKH. Y ¢l I0Ka3u Ha IIbOMY piBHI
MpeAuKaTiB Ta Teopii MHOXHH. DopManbHi MOXYTh OyTH TpoBerneHi abo mepeBipeHi
METOJM  3aCTOCOBYIOTBCSL IS PO3POOKH AaBTOMATHYHO 32  JIOTIOMOTOI0  CIIEI[ialIbHUX
MPOrpaMHUX CHCTEM: BiJl MaTeMaTHYHO CTPOroi nporpaMHuX 3aco0iB. B crarti  posriasHyTO
MoJenli  MalWOyTHBOI TporpaMu JO  BIIacHe dbopManbHi METOIM, IO HANEeXaTh came [0
MPOrpPaMHOT0 KOJY. JPYTroro Ta TPEThOTO PiBHIB.

Bignosinno g0 knacudikamii Hkona Pam6i [Ipoxoasun JeKiabKa e€ramiB  yTOYHCHHS
(John Rushby) 3 Toukm 30py 3acTOCYBaHHS (refinement) aOcTpakTHa MOIENb 3a3HAYCHHX
(dhopmaizaliii METOAM CTBOPEHHS MPOrpaM MOYKHA MeTOmiB  30epirae  CBOIO  KOPEKTHICTh  Ta
YMOBHO PO3IUIMTH Ha YOTHPH TPyIH a0d0 PIBHS: 3 y3rojpkeHicte  (consistency). Hampuxman, B
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METO/, OnmucaHuil y [2], mepembayae neKimbka
cTajiii mepexomy BiJ aOCTpakTHOI Mojeni [0
MpOrpaMHoOi peaizallii, HaBeJIeHUX Ha puc. 1.

Specificaktion

Raf inemenkts

Frocfs

entatlon

Automatic
(el [51
Generation

Puc. 1. Cranii nepexoay Big abCcTpakTHOI MO
JI0 TIPOTPaMHOTO KOy

Crmipg 3a3HayuTH, IO
dbopMaTbHHX METOJIiB HE rapaHTye
ONTUMAJBHOCTI (MO  TMEBHOMY  KPHUTEPIIO)
MPOrpaMHOro Koy abo BiACYTHOCTI MOMHJIOK B
HboMmy [3]. KopekTHICTh BHM3HAYa€ThCI 5K
BIJIMIOBITHICTh OOMEXKEHb (B iHIIIHN TepMiHOIOTIT —
aKcioM), 3aJ]aHuX JUIsS TIOYaTKOBOI (aOCTpaKTHOI)
MOJIeNTi Ta MPOrpaMHoi peanizaiii. Sk 3a3HauaB
E. Xexuep B [4] caMe B IIbOMy MOJATa€E ONHA 3
CKJIAJIHOIIB JJIsl 3acTOCYBaHHsS (popMaibHUX
METOJIB y PO3pO0Ii MPUKIATHOIO MPOrPaMHOIO
3a0e3MmeYeHHsI.

Bubip mns nopisasiHHEs came Z, B ta VDM
00YMOBIICHUI MOXIIMBOCTSIMH 1X BUKOPHCTAHHS B
inmycrpii (mpoektu FeliCa Networks Ta TradeOne
B Anownii, Automatic Train Protection y ®panmii
TOIIIO).

BUKOpPHUCTaHHA

3aranbHi xapakrepuctuku Z, B, VDM

7. meTop
Z wHoraiis (Z notation) Oyma Brepie
3ampornoHoBaHa  AOpianem  [5],  mi3Hime

nonoBHeHa Programming Research Group [6].
OcHOBHA CTPYKTypa, IO BUKOPHCTOBYETHCS JUIS
cTBOpeHHs Z-cnenudikaiiii, € cxemoro [7], sixa
CKJIaIa€ThCs 3 JEKIapaTUBHOL YaCTUHU
(o0’siBNIEHHST  3MIHHHX) Ta  IPEAWKAaTHBHOL
YacTUHH (HaKIaJaHHS OOMEXKEHb Ha 3a3HadyeHi
3MiHHI). 3B’S30K MDK IMEHaMH Ta THUIIAMH
3MIHHMX, BKAa3aHWX B JIEKJIIAPATUBHIA YaCTHHI,
3aJ]a€ThCS 3a JIOMIOMOTOI0 CUTHATYpu. Hampuknan

[8]:
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books : P Book
person : P People
lent _to: P(Book x Person)

3araJioM TOHSTTS CXEMH IOTPIOHO st
BU3HAYEHHS MHOXHHHM CTaHIB  aOCTpakTHOI
MOJICNTI, MEepexifi MK SKUMH 3IIHCHIOEThCS 3a
JIOTIOMOT'OI0 OIlepalliii, 110 3aJal0ThCs K YMOBH
MDK ITOYaTKOBUM 1 KIHIIEBUMH CTaHAMH.

OmHMM 3 CYTTEBUX HEMOJIKIB Z HOTaLIl €
CKJIAJIHICTh 1I 3acTOCYyBaHHS B  yCTaJICHHX
MPOrpaMHUX KOHCTPYKISIX TMOMIOHO 1O MOBHU
oxopoHroBaHux Komany Jeiikctpu [9]. Oxpim
1IbOr0, Z HE MICTUTh B SIBHOMY BHIJISII 0OpOOKH
BHKJIIOUCHb Ta, BJIACHE KaKy4W, HOTalis Z
OUIbIlIE CHOpsMOBaHA Ha PO3YMIHHSA MO
JIOJIMHOIO, aHDK Ha 1 MpOrpaMHy peaiizaiiko.
3a3HaueHi HemoNiky Oynu ycyHeHi AOpianieM npu
po3po0iti koHiemnii B MmeTony.

B MeTton

B wmeron € MoOnenbHO-Opi€EHTOBAaHUM
(dhopMaTbHIM METOZOM, 3aCHOBAHUM Ha YHCIICHHI
MPEIUKATIB Ta THUII30BaHIA Teopil MHOXHH,
3aCTOCYBAHHS 1 XapaKTEPUCTUKH SKOT'O TMOBHICTIO
HaBenieHi AOpianiem B [2].

Cemantrka B Bu3HadaeTscs MoBoro GSL
(Generalized  Substitution = Language). 3a
JIOTIOMOr0K0  I1i€i MOBHA BHM3HA4YaIOTHLCS OCHOBHI
€NIEMEHTH MOBH MAIIMHHHUX KOHCTPYKIiH AMN
(Abstract Machine Notation), AKa
BHUKOPUCTOBYETBCS JIISI CTBOPEHHSI aOCTPaKTHUX
B-mopeneri. Jlnst koxHoi KoHCTpykuii  GSL
AOpian  BKkazye  HaWcmalmy — mepeayMoBY
(KOpUCTYIOUHCh  TepMiHoOJOriel0  JIeHKCTpH).
Hanpukman, mist koHCTpYKIii Q|S, M0 BUKOHYE
ormeparop S y pasi ICTHHHOCTI mnpeaukara Q
(amamor oxopoHIOBaHOi KOMaHIW y JleWkcTpm),
Mae Miciie HacTyITHa Haiclia0Ia rnepeyMmoBa:

[QIS]P=QA[S]P.

3a3HaueHi abCTpaKTHI MOJIEN, ISl 3aIHCy
SIKHX BHUKOPUCTOBYETHCS MOBa AMN,
CKJIAJIAOTBCSl C JEKUTbKOX YACTHH, Y3TOKEHHX
MK co0Ooro. Hampukiaa, mno4aTtkoBi 3HAYCHHS
3miHHuX, ki 3agarotbes B INITIALIZATION,
MalOTh 3aJ0BOILHATH OOMEXKEHHS, BKa3aHli B
CONSTRAINTS (3MiHHI, II0 TNEpPEmarThCI 0
mopeni) Ta PROPERTIES (ymoBU [uist KOHCTaHT).

LleHTpanpHOIO incer0  KiaacuuHOoro B
METOJly € KOHIICMIIis orepallii, BUKOHAHHS SIKOT
MOJKJIMBE JIMIIIE€ 32 YMOBHU ICTMHHOCTI OOMEXEHb
abCTpakTHOI MoOjenl Ta TMepeayMoB  camol
orepartii. PO3BUTOK I1i€1 KOHIIEMIIIi BUSIBUB ceO€ y
Bigramyxenti Event-B [10].
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Event-B, sax 1 kmacuunuii B wmerog,
MpHU3HAYCHUH U1 CTBOPEHHS Ta  aHAN3y
a0cTpakTHUX Moaened. OnHak kiacuyHuii 1 Event
MeToau Oyau po3poOJieH] yis pi3HuX wiieh: B
METO HpH3Ha‘IeHHI71 JJ11 CTBOPCHHA KOPCKTHHUX
ImporpaMHux CUCTEM, Yy TOU 4ac K IMPU3HAYCHHAM

Event-B € MozenroBaHHA INOBHHUX CUCTEM
(mporpamHi cHCTEMH pa3oM 3 YIPaBIiHHAM
amapaTHol0  dYactuHoio). Event-B  momens

CKJIAJIA€ThCSI 3 KOHTEKCTy i MamuH. KoHTekcT
BKIIIOYae B cebe CTaTHYHy YacTHHY MOJEi:
KOHCTaHTH 1 akcioMH (ONMUCYIOTH BJIaCTHUBOCTI
3raJlaHuX  KOHCTaHT). MaluHl  OnepyroTh
JUHAMIYHOI YaCTHHOIO MOZEN, 3MIHIoun 11
CTaH, 0 BU3HAYAETHCS 32 JOMOMOTOI0 3MiHHUX.
3MiHHI, K 1 KOHCTAHTH, 3ICTaBISIOTECS 3 TAKHMH
MaTeMaTHYHUMHU 00'€KTaMU SIK MHOXXHHHU, O1HapHI
BinHOWIeHHSA, (yHKOii, uywmcna 1 T.0. BoHu
OoOMeXeHI yMOBaMH, IO 3aJal0ThCs B ITYHKTI
INVARIANTS. [i yMoBu TmOBHHHI OyTH
JOTPUMaHI JJis BCIX HaOOpPIB 3HAYCHbB, SKI MOXKYTh
HaOyBaTHCh 3MIHHHUMH. 3MIHM CTaHy MoJemi
3aJal0ThCsl TIepelikoM Tofii (event), KoHa 3
SIKUX CKJIQJa€ThCSI 3 OXOPOHH 1 Ail.

3acrocyBaHHs iHBapiaHTIB, IO CKICIOIOThH
(glueing invariants) [11], m03BoJIsgE€ TEPEHOCHUTH
OOMEKEHHs aOCTpaKTHMX MOAeIed Ha IX
neramizanii. KiHIIEBOI0O METOI pO3pOOKH TOCTaEe
CTBOpPEHHs jokazaHoi Mmoxeni (proved model)
[11], sxka Moxxe OyTH BTiJIeHa 3a JONOMOTOIO
o0panoi MoBu nporpamysanHs (C, Java).

Tabmuus 1. [Topisusaas Z, B ta VDM
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VDM

Vienna Development Method (VDM) [12,
13] € momepenuukoM sk Z, Tak i B meronis. Y
BimnoBigHocTi A0 [13] VDM Bu3HaYaeThcs sK
CYKYIHICTh TEXHOJOIIM JUIsi MOJICIIOBaHHS Ta
pO3pOOKHM TporpaMHUX cHcCTeM. € JeKiibka
nonBuaie VDM, sk, nampuknan, VDM-SL a6o
VDM++  (00’€KTHO-Opi€EHTOBaHE PO3MIMPEHHS
VDM).

Oynknii VDM MoxyTh OyTH BH3HAUYeHI
JIBOMa CIIOCOOAMHM: SK SIBHUM, TaK 1 HEIBHHM.
Hanpukman, siBHe Bu3HaueHHS (yHKIii, ska
KO)KHOMY YHCIIYy CTaBUTh y BIAMOBITHICTH HOro
a0COJIOTHE 3HAYCHHS, MATUME BHTJISIL:

abs: Z > N
abs(i)Aifi<0 then —i else i

3a [OomoOMOrow IepeA- Ta IMICISyMOB
MOXHa 3aJlaTh HesBHY (QyHKmito. Hampuxman,
GYHKIIS A 3HAXODKEHHS  MaKCHMAaJIbHOI'O
3HaYCHHSI 3 MAacHBY, CJIEMEHTAaMH SKOTO €
HaTypasbHI YMCIA:

maxs(s :N—set) r:N

pre s # { }
post resaAVies-i<r
B mepeBipui icruHHOCTI mepen- Ta

MICIIyMOB 1 TOJSrae  HECYNepewIUBICTh
a0cTpakTHOI Mozeni. AHajoriuio a0 B meromy
BH3HAUCHE MOHATTS YTOYHCHHS
(reification, [13, p. 179]), ananorom skoi B B
MeTO/] € IoHATTA refinement.

Osnaxa z B VDM
MOPIBHAHHS

Ctuib MopaensHo- MoienbHO-0pi€eHTOBaHU M MopaensHo-

(dhopManbHOTrO OpIEHTOBaHUMH OpIEHTOBaHUMH

METOy

CuHrakcuc Buxopucranus Buxopucranus abctpakTHHX | BukopucranHs
3aMKHEHHX CTPYKTYp — | MalllMH, $Ki 3alMCyIOThCA 3a | KIIOYOBMX cniB (pre, if]
cxeM (schema), ski | IOOMOroOIl0  KIIOYOBHMX  ciiB | then TOLLO), AKi
pmrogarote g0 cebe | (PRE, THEN, INVARIANT | 3acTocoByIOThCS JUIst
nepernik 3MIHHUX, | TOIIO), IO BKIIOYAIOTHCS JIO | 3anucy (QYHKIIH (SBHO
NpeIMKaTiB, ta | MoBu AMN abo HesBHO), mepen- Ta
oreparin MICJISTYMOB 1 IHBapiaHTIB

Busnauenusa Ilepen BUKOHAHHSIM Ilepen BUKOHAHHSIM:

MHOKHHHU CTaHIB | omepartii MHOKHHA migkmoueHi  (hooked)

(mepex 1 Tmmicis | CTaHIB BU3HAYAETHCS 3MIiHHI; MTiCJIsl BAKOHAHHS

orepariii) HabopoOM BX1IHUX BigkimodeHi (unhooked)
(undecorated) 3MiHHHX, 3MiHHI. BinkmtoueHi
IS BUKOHAHHS 3MiHHI MarTh
omepamii — BUXIJHHX 3aJ0BOJILHATH
(primed) 3miHHEX [16, micstymoBi [15]
p. 98]
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InenTudikaris 3MiHHI BXIZHMX JaHuX | BXigHi Ta BHXIiZHI mDapaMeTpu
BX1JTHUX Ta | MICTATh CHUMBOJN  «?7» | BUBHAYAIOTBCI B 3arOJIOBKY
BHUXIJIHHUX JJAHUX | HAIPHKIHII iMeHi. | omeparrii 3a HACTYITHUM

3MiHHI BUXIJHHUX JAHUX | CHHTAKCHCOM:

1 |
mictats  camBon  «» | Qut < —— Name ( Inpu t) ,
HANPHKIHII iIMEHI. .
p 1 ne  Name  nosHadae  iM’s

omepauii, a Qut Ta Input -
Ha0OpH BHUXITHUX Ta BXIJIHUX

JTaHUX
I'eHeparis AOCTpakTHa MOJEIb HE MOXE OyTH aBTOMATHYHO MEPEBEICHA 10 MPOTrPaMHOro KOIYy.
MIPOrpaMHOr0 VYTouHeHHS a0CTPaKTHOI MOJIEN] BiTOYBAETHCS B MIOyaBTOMATHUYHOMY PEXKHUMI.
KOILy
Type[nat] —> N;
Tab6muns 2. [Tinrpumka OOII Typ e[n atl] - N;;
Z B YDV Type[char]— STRING
Object Z minTpumye VDM++  Tliarpumye ) ypelchar|—= NG. )
nonimMopdizm, nonimMopdizm, 3BiCHO, 110 HasBHA CEMaHTHYHA PI3HUIA
HACITiTyBaHHS, HACITiyBaHHS, Mik tunamu B VDM Tta B. 30kpema, pons Tumie B
iHKancysuio [16] iHKancysuio [17] METOJly BIirPalOTh MHOKHHH, & BCI MHOKHHU B B
ckiguenni. Tunu bool Ta int, massui B VDM,
[HcTpyMeHTapiili s pO3POOKM  IPOTpaMHAX noTpe0yIoTh 00’ sIBJIEHHS B 0i0i0TeIli MAIIHH:
MOIENIEH: Type[bool] — INCLUDE Bool Type
Type|int |- INCLUDE Int _Type
Tabnuus 3. lncTpymeHnTapiii po3poOkn Tumn  rat Ta real Moyt GytH
Z B VDM MpejcTaBieHi aHaiorivHUM YuHoM. CHHOHIMH, Ha
Z Word, AteluerB SpecBox 3pazok Time =N, MOXyTb OyTH NpeICTaBIICHI 3a
Z/Eves ProB Overture I . VDM
Fastest Rodin VDM tools JoroMoroto KoHcraHT. [lepepaxoBHi THIH B
as BHU3HAYAIOTHCS HACTYITHUM YHHOM:
. . e definition = identifier ,'=", name , {| namey,
Tpancasuia koucrpykuii VDM B B bp /i ., if . . {| }
Crig sasHaunts, mo HesBakaioun ma AC KOKHE M €  YHIKATbHUM. Ix MoxHa
CHHTAKCHYHI BiaMiHHOCTi, aGcTpakTHi Mopemi, [PEACTABUTH 33 IONOMOIO0 MHOXHH-KOHCTAHT.

3allMCcaHi 3a JIOTIOMOTOI0 OJHOTO 3 PO3TISIHYTHX
BuIe GopMaNTbHUX METOJIB, MOXYTh OYTH 3amucaHi
3a JIONOMOI'OI0 KOHCTPYKIIH iHIIOro meromy. Jlms
MpUKIaLy po3riasHemo mepexin Bim VDM mo B
HoTarii. 3pa3oKk Takoro IMepexoiy sl MPHKIALY
MEpEeXEeBOro MpOTOKOAy HaBeaeHud B [18].
PosrisiHeMoO niesiki aclieKTH TakKoro Mepexony, JUls
YOr0 BUKOPUCTAEMO (DYHKIIIIO HACTYITHOTO BUJIY:
TranslationFunction :[VDM T erm]—)AMN _Term
bazoBumu tmamu VDM € HacTymHi.
bazoBuit tTun="'nat'|'natl'|'int'| 'rat'| 'real' |
'char'|'bool' | 'token'
3a3HaueHi THIN SBISIIOTH COOOM MHOMKHHH,
HallpuKiaj, TUO  ngtl  1O3Ha4a€  MHOXHUHY
HaTypaJbHUX YUCEN, a TUIl nat JOMOBHIOE THUI natl
guciom 0.
bazosuM TMnam VDM MoOXHa ITOCTaBUTH Y
BIJIIIOBIIHICTh HACTYIIHI TUIIK J1aHUX B:

99

TypeDef [nameztl |t ] -
MACHINE name'_type'
SETS

4 set'=1t,},

set'={t,},
name _'set'
PROPERTIES
name'_set'=t,' _set'U...Ut,' set'At, #t,...t, | #1,
END

t '

n

Hanpuxnan,
Result=YES| NO

HAaCTYITHUM YHHOM:

rnepepaxoBHUM THUTT
Oyne BiITPaHCILOBAHMN
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MACHINE Result_type JO3BOJISIE  3JIMCHIOBATH  B3a€MHI  TPAHCIISIIL
SETS cnenudikamif. 3 TPbOX METOMIB  HAWOLIBII

Yes set ={YES}, No _set = {NO}, Result_set
PROPERTIES
Result set=Yes set\ U No set AYes #No

END

[puxmnan TpaHCIIAIIT KOHKPETHOI
a0CTpaKTHOI MAIMHH, CTBOPEHOI 3a JOMOMOTO0
VDM, B koHCTpyKIIii B Merony Bkaszana B [18].

Tak sax Z 1a B HoTamii MamOTh OIHOrO
pO3pOoOHMKa, TO Tepexiy MDK HUMHM  OUIBII
cpomienuii. [Ipuknaa Takoro mepexomy Ha OCHOBI
B-ToolKit Bxa3anuii B [19].

T'onoBHI pe3yJbTaTH Ta BHCHOBKH
3po0sieHUI TOPIBHAUIBHUK —aHali3  J03BOJISIE
CTBEpP/DKYBaTH, 110 (OpMalIbHI METOIM MAIOTh
€IUHY CTPYKTYpy aOCTpPaKTHMX MOJACJICH, IO
Cnucok BUKOPHCTAHMX JKepest

1. Morris D. Concise encyclopedia of
software  engineering /  D. Morris,
B. Tamm. — Pergamon Press Ltd, 1993. —
400 p.

2. Abrial J-R. The B Book: Assigning
Programs to Meanings / J.-R. Abrial. —
Cambridge University Press, 1996. —

816 p.

3. Hall A. Seven Myths of Formal Methods /

A. Hall // IEEE Software. — 1990. —
Vol. 5. —P. 11-19.
4. Hehner E. What's wrong with formal

programming methods? /
Eric C.R. Hehner //  Advances in
Computing and Information. — 1991. —

Vol. 497. - P. 1-23.

5. Abrial J.-R. Data Semantics / J.-R. Abrial.
— IFIP Working Conference Data Base
Management — 1974. — P. 1-60.

6. SpiveyJ. The Z notation: a reference
manual / J. M. Spivey. — Prentice Hall,
1992. — 150 p.

7. McKeag R. On the Construction of
Programs / R.M.McKeag, A.M.
MacNaghten. — Cambridge University
Press, 1980. — 426 p.

8. Wordsworth J. Software Development
With Z: A Practical Approach to Formal
Methods in Software Engineering /

J. Wordsworth — Addison-Wesley Pub,
1992. — 336 p.

MOXIIUBOCTI JIISl 1HIYCTPIaTbHOTO BHKOPUCTAHHS
Mae B-meron (3okpema iioro Bimramyxenns Event-
B), ToMy po3risHyTa MOXIUBICTD TpPaHCIAIIT
abctpaktHux Mojeneid B AMN. 3 po3risiHyTOro
BUILJINBAE JIOTTYHHI 3B’ SI30K METOIIB,
MIpeCTaBJICHUH Ha pHC.2.

B
7N
Viahg £
Puc. 2. Jliarpama TpaHcisaiii crerugikamii
[oganpma pobota monsrac B yTOYHEHHI

0a30BMX TOHATP B  Meromy Ha  OCHOBI
KOMIIO3MIIIHHOTO MiIXOY.
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Cmamms  npucesauena OO0CHIONCEHHIO Henapamempudnux 2IUOUHHUX Kiacugikamopie Ha O0CHOGI
Konyenyii 2iubuHnux okonig. Po3pobneno npoyedypy cumempusayii pynxyit erubunu na ocHosi memooy K-
HaubudICuUX cyciois, wjo 3abesnevye YeHmpaibHO-3068HIUHE GNOPAOKYBAHHS O GUSHAYEHHS HAUOIUNCHUX
cycioie. Tlobyoosa cumempusayii acCUMNMOMUYHO 2APAHMYE YHIKAAbHICMb HAUAUOUWOT MOYUKU, WO SUDIULYE
npobremy Onykioi obnacmi 3 HeCKIHUeHHOK MHONMCUHOIO Hatienubuux mo4ok. Ompumani enuOUHHI OYiHKU

K, Hatibnuocuux cycioie ¢ egpexmuenumu 3a608Ku SUKOPUCTAHHIO HECHEPUUHUX MA HEENINCOIOANbHUX

OKONI8, (hOpMA AKUX BUSHAUAEMBCSA IOKATLHOIO 2e0MEMPIEI0 BUOIPKU OAHUX.
Kniouogi cnosa: nenapamempuunuil Kiacugikamop, cumempuszayis Oauux, QYHKyia enuounu

The article is devoted to research nonparametric depth classifiers based on the depth neighborhoods
concept. The symmetrization procedure of depth functions is developed on the basis of k-nearest neighbors,
which provides centrally external ordering to determine the nearest neighbors. Construction of
symmetrization asymptotically guarantees uniqueness of the deepest point, which solves the problem of a

convex domain with an infinite set of the deepest points. The resulting depth based estimates of K, nearest

neighbors are effective through the use of non-spherical and non-ellipsoidal neighborhoods, whose form is
determined by the local geometry of the sample data. Data depth in the proposed approach is considered
relatively empirical distribution associated with sample obtained by adding to the initial data elements of
their reflections. Consistency properties obtained in the classification problem can also be applied to the
regression problems and density estimates. It is established that the use of spherical namely ellipsoid
neighborhoods in density estimates problems can lead to fundamental finite-sample properties. Using of
depth neighborhoods is of interest in regression problems where conditional mean of function is estimated
on the basis of mutually independent groups of random vector.
Key Words: nonparametric classifier, data symmetrization, depth function

CratTio IpeacTaBuB 1.¢.-M.H., ipod. AHiciMoB A.B.

Beryn Haiivenme suadennss R (P), mo mae iimosipHicTs
B pamkax [JOCHIIKEHHS CTaTMCTHYHMX

(GyHKIIH TIMOMHU BaXKITUBY POJIb BiJirpa€e MOHSTTS

oOacTi rUOWHYU (TIOPSAKY @), IO BU3HAYAETHCS SIK - ) : :
iHekcu s obnacreit rimOuHU. Bubipkosi dopmu

_ r.
mnoxkuna C,(P)={zeR"E(z,P)2¢} mn V ¢>0. BEPXHIX TIMOMH MOXHA OTPMMATH HUIAXOM 3aMiHH

Ockinbkn obnacti rIMOMHM € BKIAJACHUMHM, X P pa pigmosigaumii emmiprasmii posmomin P™ s
iHJeKcallis IPOBOANUTHCS 3a HMOBIPHICHOIO CXEMOIO,

2y . Tomy, mii DMOMHHMX DIBHIB T2 KWMOBIPHICHOTO
HAIlOBHEHHSI BUKOPUCTOBYIOTBHCS BEpXHI Ta HIKHI

I -BUMIpHUX J@HAX Z,,...,Z.. MOXXHa BHOOPSIKYBaTH

to610 nnst V' y €[0,1) memuumma R7(P) Brasye ma 5 TAKHM SHHOM, 10
I >
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OCKiTbKM BUOiIpKoBa (hopMa TrHOMHE 3a0e3medye
IIEHTPAJIbHO-30BHIIIHE BIOPSAAKYBAaHHS CJICMCHTIB
JaHUX BIJHOCHO BIAMOBIAHOT HAWIIHOMIOl TOYKH

5 (m) :
A'™ . Tomy, y riuGunHOMY ceHci Z;, € enemMeHToM
nauux, Haommkunm g0 A™ Zy JIPYTUM
eIEeMEHTOM JaHuX, Hai6mmkauM 10 A™ alZ

N geeey (m)

- eJIEMEHTOM JIaHuX, HaiiBiianeniomm Big A™ .

BuxopuctoByroun  BnopsakyBaHHsS (1),
CTaTHCTUYHA byHKLisA rIMOUHU MOXeE
3aCTOCOBYBAaTHCS  IUIsl  BHU3HAYEHHS  CYCigiB

Haitrm6moi Toukn A™ . Opnak, ans peamizarii
Kkiaacudikaropa Ha OCHOBI METOAy K-HaHOIMKIHUX
CYCiZliB HEOOXiTHO BU3HAYUTHU CYCIJIB JOBLILHOI
toukn zeR".

VY paniit poOOTI 3amMpOMOHOBAHO MiAXi, e
rauouHa JAHNX PO3TIISIAETHCS BIJHOCHO

EMIIPUYHOTO PO3MOLTY Pz(m), 0 TOB’S3aHUN 3

BUOIPKOIO, OTPUMAHOI IUISIXOM JOJAaBaHHS [0
NOYaTKOBUX €JIEMEHTIB nauux Z,,7Z,,..,Z, ix
BimoOpaxeub  2Z—2,,..,27—-2Z, BiZHOCHO Z.

3a3HauMMoO, IO Z € ACHMIOTOTHUYHO YHIKaJbHOIO
(m)
P,”. Towmy,
BIJIMOBIIHA MTOOYI0BA CUMETPHU3allii MPU3BOAMUTE IO
Z -30BHIITHBOTO BIOPSAIKYBAHHS TaKO1 POpPMHU:

(m) (m) (m)
E(Z, 4 P")2E(Z, 5, P") 2 2 B(Z; () P2™) L (2)
CIEMEHTH JIaHUX SKOTO HE € BIIOPSIKOBAaHMMH, a

BUKOPHUCTOBYIOTHCS JIMIIIE JIJISI BU3HAUCHHS TOPSIIKY.
Omxe, TIMOMHHI OKONH, TOOTO BHOIPKOBI

oQMIacTi THMOMHH CQE = Cw(PZ(m)) BiJliIrparOTh BaXJIMBY

HAWrIUOMOI TOYKOK  BIJHOCHO

C y(m) 3 6
pojib, A€ 7 O3Havya€ HauMCHIIY O00JacCTb

m . o
TIHOUHU Célg , IO MICTHUTH IMOHAWMCHIIC YACTHUHY

y enemeHtiB manux Z,,Z,,...Z,. Tomy, s

m v
y=kim, Czy( ) ¢ HaiiMeHIIMM TIMOUHHIM OKOJIOM,

o Mictuth K Beix Z;.

Bukaax ocHoBHOro Mmarepiany. Inmes
3allpONIOHOBAHOIO TIJAXOAy TOJsIrac B TOOYHOBI
rmOuHHENX Kiack(pikaTtopiB Ha OCHOBI metomy K -
HaHOJMKUMX CYCIJIB IUISXOM 3aMIiHH EBKJIIJIOBUX
OKOJIIB Ha BIJIIOBIJHO BW3HAYEH] INIMOMHHI OKO. To0TO,
3aNpONOHOBaHui  miaxin K -HalOmmKuux Cycimis
Oyne kiacugikyBaTu eeMeHT Z B MHOXKUHY | Tofi i
TUTBKA TOMAl, KOJNW MHOXHWHA | MICTUTH OULIBIITY
KIIBKICTh €JIEMEHTIB JaHWX, HIK MHOXKHHA 2 B
HalMEHIIIOMY TTHOMHHOMY OKOJIi Z , IO MiCTUTh K

(m)

eneMeHTiB fanux - tooto, B C™, ne y =k/m.
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OTxe, 3aMPOTNIOHOBAHNI TTIMOVHHKH KITacH(iKaTop
BU3HAYAETHCS, SIK

" (z) =

=A iA[Xi:1]Di’(m)(z)>i/\[xi:O]D(("”(z) , @)

ne D/ (2)=

N7 Az eci™],

m
a N;(m)zzlzlA[ZleCf(m)] BM3HAYAE  YHUCIIO

; 6 i crm
CIICMCHTIB JaHWX B TJIHOMHHOMY OKOJIl M

3a3zHaunMo, 10 3amporoHoBaHmi Kiacudikatop (3)
OTpUMaHMIl 3 BUKOPHCTAHHSAM TJUOMHHOI OIIHKH

- .
6™ (z) ymoBHOrO MaTeMATHUHOrO CIOXiBAHHS

0(z), ockinbku

" (2)=A[ 0" (2)>1/2], (4)

ne 6" (2) :Zm:A[Xi =1] D/™(2).

BimzHauumo, 1110 B 0THOBUMIPHOMY BUIIAJIKY
ﬁém) 3BOJUTHLCS JI0 €BKJIiI0BOro Kiacudikaropa K -
HaHOMMKUMX CYCIZIB HE3aJICKHO BiJ CTaTUCTHYHOL
¢ynkuii rmubunn E . Kpim Toro, 3anpornonoBanuii
KiacudikaTop € apiHHO-iHBapiaHTHUM, TOOTO, SKIIO
Z,,.,Z, Ta 7 WgIAraoTh 3araibHii adiHbii

Tparcopmalti, pesyasTar  KiacuQikallii  3aJUIIAThCS
HesminauM  [1]. YV JgaHoMy BHNAAKy METO

BU3HAUeHHs  aiHHO-HBApiaHTHOIO — Kilack(ikaropa K -
HaOMMKYMX CYCiIB TOJSrac y 3acTOCyBaHHI
KJIaCHYHOrO MeToay K -HalOmwKkuux CycigiB Ha
HOPMAaITi30BaHMX JAHUX Efl/zzi, i=1...m. na V
oGepuenoi I'xr marpuui G Ta VI -Bektopa V,
omiaka = € adiHHO-IHBAPiaAHTHOIO OLIHKOIO, IIT0 Mae
TaKWU BUTIIAL |

E(GZ,+V,...,GZ,, +V)x GE(Z,,...,Z,,)G". (5)

Takuit TpaHchopmMaliiHuH MiAXi
NPU3BOANTH IO OKOJIB, IO HE BUKOPHUCTOBYIOTH
TE€OMETPIF0 PO3MOALTY B OKOJNI TOYKH Z Ta €
eNincoifaMu 3 Z-HE3aJEeKHOI OpIiEHTAIliEl0 Ta
dhopmoro.

3anponoHoBaHUH TIAMOMHHUI KinacudikaTop
Ha OCHOBI Merony K-HaWOmWK4MX CyCimiB €
Y3TO/IKEHUM TP BiANOBIAHMX ymoBax. [nsa mporo
cratuctiyHa rmMoOuHHa ¢yHkois W noBuHHHA
3aJ0BOJIBHSITH TAKUM BJIaCTHBOCTSIM:
(a) BnactuBicTh yHiKaJdbHOI MakcuMizauii B LEHTPI
cumetpii. Tooro, E(X,P)>E(z,P) ms BCcix z#A,

aKkmo P € cUMETpuuHMM BIZHOCHO A Ta Mae
HIUIBHICTB, IO € TOJATHBOIO B A .
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(6)
SUP,ey

pu

BracvBicth  y3rOmKEHOCTI.
E(Z,P(m))—E(Z,P)‘=O(1) Maif)ke HareBHO

m—ooo mm V

oOMexeHoi I -BUMipHOL
6operniBehkoi Muokuak V . YV manomy Bumagky P™
€ EeMIIPUYHAM PpO3MOALIOM, TMOB'SI3aHMUM 3 M
BUIAJKOBUMH BEKTOpPaMH, W0 € HE3UICKHUMHU
OJTHAKOBO PO3MOIICHUMH BHUITAJKOBUMHU BEIUYHHU
P.

(8) Bnactusicts menepepsHoct. Tooro, Z+ E(z,P) €
HENIEPepBHUM B OKOJI A, sKmo posmomin P e
CUMETPHYHHM BiJHOCHO A Ta Ma€ IIIBHICTD, IO €
JIOJIATHBOIO B A .

Teopema 1. Hexaii P € iimMoBipHiCHOIO
MipOI0, CHMETPHUYHOIO B OKOJIi A Ta Ma€e HIJIbHICTB,
0 € J0JaTHhOK B A. TakoX NPHIyCTHMO, IO
¢byHkuis tnubuHn E  3a0BONIBHSIE BIACTUBOCTSM
MaKCHMaJbHOTO 3HAYEHHS B IICHTPi, MOHOTOHHOCTI
BIIHOCHO HAaWrIMOIIOI TOYKM, HEMEPEPBHOCTI Ta
YHIKaJIbHOT MakcuMizamii B mentpi cumertpii. Tomi,
s Vo<g, , 3p>0 , mo V,(p)=C,(P) ta nnsa

V>0, Ip<p =max E(z,P), mo
C,(P)cV,(r) ={zeR": |z-&|<7};
JoBenennsi.  BmactuBictep  yHiKambHOL

MaKcHUMi3allii B IEHTpI cUMeTpii o3Hadae, IO It
V p€lp, ¢.) Binoopaxenns d, npuiivae 3HaYEHHS B

R;. Takum It (@) eW™, o
d,(t)>d,(t,(¢))=p, >0. Tooro, w11 V p<lp,,p.),

mu maemo V; (p,) =C,(P), mo oBoguTh pesymbrar

YUHOM,

JUIS 1IUX 3HaueHb ¢ . ToMy, sIK CIIiJIy€ 3 BIIaCTUBOCTI

MOHOTOHHOCTI  BIZHOCHO  HAWrIMOIIOI  TOYKH,
Bkinagenus C w(P) BU3HAYA€E pe3ynbTar s
YV p<o,.

Haui 3adikcyemo Take a>0, mo z+ E(z,P)
€ HerepepBHOIO QyHKIieo Ha V, () Ta 3ayBaxkumo,

o IiCHYBaHHS ¢, CIiIye 3  BIIACTHUBOCTI

MaKCHMaJIbHOTO 3HAYCHHS B LEHTPI, a iICHYBaHHS a
rapaHTyeThCsS BJIACTUBICTIO HemepepBHocTi [2,3].

OcranHs. BIACTUBICTH O3Hauyae, mo 2 E(z,P)
mocsrae  minimymy B V,(d), a BiactuBicTh
VHIKQIIbHOI ~ MakcHMi3alii B IEHTpi cHMeTpil

MPUITYyCKae, IO Iie MiHIMallbHe 3HAuYeHHS ¢, <Q,.
BuKOpHCTOBYIOUM BIIACTUBICTh HENEPEPBHOCTI, MU
OTPUMYEMO, 11O JUIst KoskHOTO V 9 €[0,,0,],

d, ;W™ >R"t>sup{d eR":A+dteC,(P)} (6)
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HENEepepBHOI0  (YHKI€I0, M0 TOTOYKOBO
cxomuthes gm0 d, (1)=0 mpu ¢ —>¢,. [ana
301KHICTD € PiBHOMIpHOIO, T00TO

sup, . |d ¢(t)| =0(1) pu ¢ — @, ockineku W' €
KoMmmakToM. TeopeMy TOBEICHO.

Teopema 2. Hexaii P € iiMOBipHICHOIO
MipOI0, CHMETPHYHOIO B OKOJIi A Ta Ma€ IIIbHICTb,
0 € J0JaTHhOI0 B A. TakoX NPHUITyCTHMO, IO
byHkiis TnuOuHE E  3a0BONIBHSIE BIACTUBOCTSIM
MaKCHMAJIBHOTO 3HAYEHHS B IEHTPi, MOHOTOHHOCTI
BIIHOCHO HAWTIMOIIOI TOYKH, HEMEePEePBHOCTI,
Y3OIDKGHOCTI Ta  YHIKaJIbHOI MakCHMi3aiii B IICHTPI
cumerpii. Hexai N{m(m) € KUIBKICTIO TJIMOMHHUX

(m))

HailGmwkunx cycigie B C"(P™), me y,=k,/m

rpyntyethest Ha nocmigorocti K, P™ o3mauae

eMmmipuyHuit  posmomin  Z,,..Z,, ne Z,,..Z, €

HC3aJIC)KHUMH Ta OIHaKOBO p03HOI[iJ'ICHI/IMI/I

BUIIAJKOBUMH BenmumHamu P, a Z;,; - i-i

TIMOMHHUM HanOmokunii cycin A. Toxi, i V 7>0,
N{m(m) .
Im=m(z), mo ZH A[”Zx,(i) —K“ >7]=0 wmaibke
HaneBHo it V m>m(z).
JloBenenHns.
3¢<ep,, mo C,(P)cV,(r) ana dixcosanoro 7>0.

Ak cmigye 3 Teopemu 1,

Takox Bi3bMeMo Taki ¢@ Ta >0 mo
P<P-U<P+U<QP,. P™ —>P, =P
npu m—o0, 1e P™ 1a P, € X —cumerpusoBaHuME

BepCisiMU P™M ta P, BigmosigHO,
CTBEP/DKYBATH, 110 3 Take miie M, , mo

C,..(P)c Ca(Px(m)) cC, ,(P)cC,(P)

Maiike HaIlleBHO IS BCix V m>m,.

OCKUIBKH

MOXXHa
(7)

Kpim toro, 3 p>0, mo V,(p)<=C,, ,(P),
ToMy JuIst V M > M, , Ma€e Miclie TaKe BKJIQJCHHS:
Vi (p) € C,(R™) <V, (2)

MaliKe HalleBHO.
OTtxe, BUXOASYM 3 HemepepBHocTi, Z =~ P
Ma€ IUTBHICTD, 0 € JO0JaTHhOI0 B Okomi A [4].

Tomy, M /m— PN, (0)]=PN,(0)]>0  mpu
m-—oo g1t M, ZZLA[Zi eV, (p)]. Kpim Toro,

(8)

s V m=mg(=my), Y AlZ, eC,(R™M)]=M, >k,

i=1
Maiike HareBHO, OCKUIBKH K, =0(M) mpu m—>o0.
B pesynbrarti,
Cir(P™) =€ (A™) < C, (R™) <V, (1)
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Maibke HalmeBHO JUIi TakuX 3HA4eHb M, Je npumyckawoun, mo X, =X, , ae 1(z) € Takum,
Ym=Kn/m. Omxe, max_, .m|Zum= H<r woz, i =Zi) -

Maibke HAINeBHO JUIsi BEJMKHX M, 3BiKH CIiIye Otxe,

pe3ynbTat. Teopemy AOBEIECHO.
3ayBaXKMMO, III0 BHUMHA

Y A2, -] > 71=0

| =1

(9)
€ 3aBXXI1 BU3HAYCHOIO Ha BlI[MlHy Bl[[ Zk,(i) .

Teopema 3. Hexaii k, € mocmigoBHicTio

TAaKUX J0AATHIX ymcen, mo K, »>o Tta k, =0(m) npu

m—. Kpim Toro, Hexaii E € dyHkuiero rmubuny,
IO 3a7I0BOJIbHSIE BJIACTHUBOCTSIM MaKCHMAaJIBHOCTI B
IIEHTPi, MOHOTOHHOCTI TIO  BIJIHOIICHHIO  JIO
HAWTTUOmOi TOYKM, a TakKoX BIACTHBOCTSIM
HEMEepPepBHOCTI, YHIKAIBHOI MaKCHMi3amii B LEHTPi
cuMeTpii Ta y3romkeHocti. [Ipumyctumo, 110

Z|[X =|] Mae (yHKIiI0 mineHOCTI N, MHOXHHA
TOYOK po3puBY sAKOi Mae Mipy Jlebera Hymb mns
[=01. Tomi, sxkmo 2, € curMa-aare6poro,

[OB'SI3aHOI0 3 (Zi,Xi), i=1..m, Mae wmicne
Y3rO/DKeHHICTh FJ'IPI6PIHHOFO knacudikaropa K, -
HaHOJIMKIUX CYCiJIiB n B (3), ToOTO:

P[0 (Z) % X |zm}—P[nB )#X]=0,(), (10

npu M—>00.

Hosenenns. IIpunycrumo, mo

Supp, (h)={zeR" :h(z) >0},
a Takok BuzHaumMo S(h,) T MHOXHHH TOYOK
HeriepepsHocTti h, 1=0,1, ne
M =Supp, () " S(hy)NS(h).  (11)

3asHauumo, 1m0 Z Mae QyHKIiK0 NIIbHOCTI
2 h(z) = p,hy (z) + p,h,(z), mo cuinye 3 Teopemu
Baiieca [5].

Omxe, npu P[Z e M]=1 Mu maemo, 1110

P[ZeR"\M |<P[Z eR"\Supp, (h) |+
+> P[ZeR\S()]=| h(z)dz =0,

101} R"\Supp.. (h)
ockimekn R"\S(h) mae HymboBy Mipy Jlebera, ne
1=0,1.
Jani npumyctumo, mo Z€M | ne
2 0(z) = phy (2) 1(Pohy (2) + 10y (2))
e HenepepsHoto pynkiieo na M . Ominxy 6™ 3 (3)

(12)

MOJKHA 3aITUCaTH Y TaKii Gopmi:
NZV(m)

L Z Xz,(i)’ (13)

Nzy(m)

_ m
o =3 X0 (2) =
i=1

Q"(2) =G" (2)-0(2))"1<2Q" (2) +2Q" (2), (14)

Jc
2

Ql(m)(Z)ZQ N}/(m) Z (Xz(l Q(Zz,(i))) (15)
Ta
Q@) =0 ey £ (02,0 |- (19

3ayBa)I(I/IMO, IO BEJIMYMHY J, 3aMiHEHO Ha
y o s
Xoiy —O0(Z,4), 1=1...,m € HyIbOBUMHU CEPEAHIMA

cnpomenHss  3amucy. Kpim  Toro,

3HAYCHHSIMH B3a€MHO HE3QICKHHX BHUIAJKOBHX
BEJIMYMH, HA WO BKasye Yo" Ui CHTMa-anreopw,
nopoukeroi Z,, i=1,...,m[6].

B pesynbTari, BUKOPUCTOBYIOUH TOH (axT,
mo N/™ >k maiike HaNeBHO, MU OTPUMYEMO TaKy
PIiBHICTB!

Q)=

=Q

ZZ[

Z I|1

ZZQ[

<Q i]sizo(l),

))(Xz,(l) - H(Zz‘(l))) | Z(zm) }] =

o) 12 }]

(17)
=Q

opu M-—>o0.
Jaimi, BukopucTOBYrOUM HepiBHicTh Kormri-
IIBapiia, Mae Miciie Taka HEPIBHICTh:

Q) <Q{ﬁ > (9(21,@))—9@»2]:

1 )
= {NZ(”‘ 2 (6(Z,) - 60(2))° Al zzy(i)_z"g]}+
1 N{("‘)
+Q{ w2 (0Z)- 0(z)’ —Z||>r]] (18)
< sup |6(2')-6(2)| +4Q[ —Z||>f]}
7'eV, (1)
=Q,(z,0)+Q" (z;7)
o V 7>0.

Tomy, nna V 4 >0 MmoxHa BHOpaTH Take

r=7(u)>0, mo Q,(z;7(x))<u. Jlanuii BuBin
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cmigye 3 HenepepBHocTi 6 B Z. KpiM TOro Bsaemuo HesanexxHux rpymn (Z,,X;) BHITQAKOBOTO

ouesnano, mo Q™ (z;7(x)) =0 st Benmkux M, a
ockimekn Q™ (z) € 0o(), Te x came Mae micue i s
Q™ (2).
Orxe, mpu M —> 0,
Q[P (2) # X | Z,1-1.

=Q[P[A{"(Z)# X |Z,]-J, ]
PR (Z) = X]1-3, <
<2(Q[am(2)-02))2]) " =0,

ockimbkn P[A{™(Z) # X |2, 1> J, maibke HanesHo.

(19

Teopemy n0OBeIEHO.

BucHoBKkH.  3arpornioHOBaHMIA METOJ]  TJIMOMHHKX
OKOJTIB MOYKe OyTH e(DeKTUBHO 3aCTOCOBAHUMN HE JIUIIIC
uis 3amad kmacudikamii, a ¥ Ansg 3aad  OIMiHKH
3araJibHOI IIUJIBHOCTI h HE3aIe)HUX Ta OIHAKOBO
PO3MOAITICHNX BHUIAOKOBUX I -BeKTOpiB Z,, xe
i=1..,m. KpiM TOro, BUKOpPUCTaHHS TIIMOUHHHX
OKOJIiB TIPE/ICTABIISIE IHTEPEC B pETPECiiiHUX 3a1a4ax,
Ie  YMOBHE  CepeAHe  3Ha4YeHHS  QYHKIi
Z>n(z)=Q[X |Z=2] ouiHOETCI Ha OCHOBI
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R'xR, ne
BJIACTHBOCTEH

Bektopa (Z,X) 31 3HAUCHHSAMH B
i=1...m. JocmmkeHus JIAHUX
TTHOMHHUX METOMIB BHXOJUTH 3a PAMKH JIaHOl
po0oTH, OAHAK, JIOCUTh WMOBIPHUM € T, IO
BIIACTHBOCTI Y3TO/DKEHOCTI, SIKi OTpUMaHI Ui 331249
Kimacudikalii TakoX TMOMIUPIOIOTECS Ha  3ajadi
perpecii Ta OILIHKHM HIJIEHOCTI. B 3amadax oriHku
IIITPHOCTI BUKOPUCTaHHS HecpepnyHuX, a came
CITICOIMHNX ~ OKOJNIB  MOXE  TPUBECTH 1O
(hyHIIAMCHTATEHIX CKIHYCHHO-BHOIPKOBHX BJIACTUBOCTEH. Y

JTAHOMY BUTAJIKY TJIMOMHHI OI[IHKA km HaUOJIMKUNX

CyCilliB € MOCHTh e(QEeKTHBHUMH, OCKIIBKH BOHH
BUKOPHCTOBYIOTh Hec(eprdHI Ta HeeIiIcoiganbHi
okonH, ¢GopMa SAKHX BH3HAYAETHCS JIOKATHHOIO
TeOMETPi€l0 BUOIPKH.
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JocainKeHHs] THHAMIKA MOJIeJTi «XHKAK- Study of the dynamic of the model "predator-
JKePTBa» 3 KBAAPATHYHOIO HeJIiHiliHicTIO npH prey" with a quadratic nonlinearity in the
HAsIBHOCTI 3ami3HeHHsl, 00yMOBJIEHOT0 YaCOM presence of the delay caused by the time of
BU3piBaHHS maturing
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Y oaniti pobomi npodossiceno 00CHioNceHHs OUHAMIKY CUCTEM 080X HENIHIUHUX OUughepeHyiaibHux
Pi6HAHD 3 KEAOPAMUYHOK HENIHIUHICMIO, WO MOOeIomMb HONYIAYIUHI NpoYecu 6 CUCMEMI «XUICAK-
aorcepmeay. Modenv aensic cobow cucmemy 080X OuepeHyianbHux pieHAHb 3 OOHUM NOCMIUHUM
saniznenusim. OOUUCTIeHI MOYKU CHOKOW CUCmeMU, wo npedcmasnaoms cmani pescumu. Ilpogedeno
00CHI0IHCEHHST CIMITIKOCTT HEHYIbOBO20 NOJIONCEHHS. PIBHO8A2U, 8I0N0GIOHEe CMANIN 8I0NOBIOHOCTI KITbKOCHI
XUDICAKIB T dlcepmeu.

Kurouosi cnosa: mamemamuuna mooenvb, OUHAMIYHA cucmeMda, OupepeHyianbHi piBHAHHA, 0COOaUBI
moYyKu, CmiuKicmso.

In this article the continuation of the study of longitudinal nonlinear mathematical models of
population dynamics such as "predator-prey" with the delay is presented, which was previously
published in [1-3]. Those types of models are described by systems of ordinary differential
equations considered in [4]. The need to introduce "delay factor”, is caused by many factors, in
particular, the time of "population manuring”. This model is a system of two differential equations
with quadratic nonlinearity. Special points of system were found. Particular attention is given to a
singular point, which is a steady position of equilibrium between predator and prey. A study of non-
zero equilibrium position is done. Investigation of the stability of non-zero equilibrium position
comes to the study of the system linearized near this position. For biological models of dynamics of
the population, the important factor is the delay due to the time of maturation of the population.
Therefore, in the second part of the article, a mathematical model is given and it’s representing a
system of differential-difference equations with a constant delay. The research of stability of
nonzero equilibrium position can also be reduced to the study of stability of the system linearized at
a singular point. However, in this case, the left side of the characteristic equation is a quasi-
polynomial of the second order, which has a countable number of eigenvalues. The algorithm for
his research is proposed.

Key words: mathematical model, dynamic system, differential equations, special points, stability.

Crartio npeacraBuB 1.¢.-M.H, mpod. Xycainos . 5.
XM)KaKOM, 110 BHHHINYE ii, 3 LIIBHICTIO y(t).

Beryn Cucrema piBHSHbD JTUHAMIKHA Ma€ BUTIISI
. Yy 3alIpoOIIOHOBAaHIM  CTaTT1 HPO)IOB)KC'HO X(t) _ ax(t) _ sz (t) _ CX(t)y(t),
JIOCIIDKEHHST MATEMATHYHUX MOJIENEH JUHAMIKU ‘ '
HOMyJSIiM  THITY — «XW)KaK-KEpTBa», PpaHilie y(t)=—ey(t)+ cx(t)y(t). (1.1)

myOikoBaHuX y cTartsx [1-3]. .
omybxiKko ye [1-3] B ocnoBi ckmamanus cuctemu (1.1) nexarts

B po6ori [4] po3rasHyTi piBHSHHS, IO ONMUCYIOTh HACTYIHI HPUIYIICHHS:

B3a€EMO/11 MUK BUJAOM KCPTBU 3 HIUIbHICTIO X(t) 1 - Ipu Bi}lC}’THOCTi XIKAITBA 3POCTAHHS YHCElb-

HOCTI KEPTBU BiZI0OyBaTUMETHCS BIAMOBIAHO [0
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JIOTICTHYHOTO PIBHSHHSAM 3 IIBHIKICTIO 1 EMHICTIO
cepenosuia a/b,

- IBUAKICTh «ITOITAHHSI» KEPTBH IPOIIOPITiiiHA
NOOYTKY IMITFHOCTI XMKaKa 1 JKEPTBU.

[IpoBenemMo MOCHIIKCHHS SKICHOI TOBEHIHKH
cucremu (1.1). IlomoxeHHs1 piBHOBAarM CUCTEMH
BH3HAYAIOTELCS PIIICHHSIMH CHCTEMH PiBHSHD

ax(t)—bx?(t)—cx(t)y(t)=0,
—dy(t)+ cx(t)y(t)=0.

1 € 0COOTUBHMH TOUKAMHU

0(0,0),

[lepma ocobnmBa TOYKa SABIISIE COOOIO BiJCYTHICTB
MOMyJISALIA 1 HE TpeacTaBiisse iHTepec. Jlpyra
nependadae BiICYTHICTh XMKAKa 1 CTAIAN PeXUM
MIOTYJIAMIT )KePTBH, BiNMOBIAHUN HAsABHOCTI Tki. B
pasi ac’'—bd >0 Tpers ocobnuBa TOYKa SIBISE
co0OK CTaJly B3aEMOJII0 MK XIDKakoM i
XKepTBo10. B poboTi [4] MpOBEACHO JOCITIIKEHHS
mi€i oco0nMBOi TOYKH. BcTaHOBIIEHO, IO BOHA
Moxke Oyrtm abo 1wmkiIoM, abo  CTIHKHM
(HecTiikM) QOKyCcOM.

Y nmaniii poOOTI TPOBEACHO aHATITUYHE
JOCTIDKEHH. ATlapaToM JOCIHIKEeHHS BUOEpEeMO
MeTOJ JiHIHHOrOo HaOmmwkeHHs. Jlas HemiHiHHOT
CHCTEMH 3arajibHOTO BUTIISTY

X(t)=P(x(t) y(t)). ¥(t)=Q(x(t) y(t)

CHCTEMA JIIHIMHOTO HAOIMKEHHS B OKOJIMIII
oco6miBoi Toukn O, (X,, Y, ) Mae BursN

x(t)=
_Px(t)(XZ’yZXX() Xz)"'P (X2’Y2)(Y() 2),

y(t)=
= Qx(t) (Xz Y2 )(X(t) —X; )+ Qy(t)(XZ Y2 )(y(t) —Y )

A00 y BEKTOPHO-MaTPHUYHOMY BUTIISIII

2(t)= Az(t).
_ a  ap S(t)= X(t) al __ﬁ
Ao 1| .0 0 ’ (t)_(y(t)J’ 11 — o’

¢’ —bd

(1.3)

0o al, = (1.4)
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XapakTtepucTU4He piBHAHHS cuctemH (1.3) mae
BUTJIS

0o 0
det(A, — 21)=["10 4 B2l
a; -4

2 0 0,40
=A" —a; A —a,a,, =0.

[TincraBuBim 3HavyenHs (1.4), orpuMaemo

bd bd
A2 +— A+ d— 0. (1.5)
c’ c’
YMOBOIO  CTIMKOCTI  TIOJIOKCHHS ~ pIBHOBaru
(cuctemn Ha mioummHi) OyAe  /AONATHICTH
KOe(Ili€HTIB  XapaKTEpUCTHUYHOTO  PiBHSHHA,
TOOTO
bd ac’ —bd
—>0,d———>0. (1.6)
c

[Mpudomy, sxio OyZie BUKOHYBATUCS YMOBa

2
bd ac’'+hd
— | - Je —
c c
TO OyJie CcTiikuii By30i. [Hakme Oyne cTifkuit

doxyc.

1. Cucrema c 3ami3HIOBAHHAM

B poboti [4] 3a3HaveHO, MO0 iCTOTHUM
(hakTopoM, 1O BH3HAYAE JMHAMIKY, MOXE OyTH
BIUIMB 3ami3HIoBaHHA. «Ha mpakTwii cTiliKicTh
a00 KOJMBAJBHHN XapakTep CHCTEMH XWKak-
JKEPTBa 3aJICKUTh BiJl TOTO, SKHWH i3 YAHHHKIB €
JOMIHYIOUHMM: JeMI(ipyBaHHS, 10 CTBOPIOETHCS
CHCTEMOI0, 1[0 CaMOOPTaHI3y€eThCs i BIUIMBOM
XKepTBu ~ abo  Xmkaka, ab0o  3ami3HeHHS,
00yMOBIIEHE JUCKPETHICTIO CE30HIB
PO3MHOKEHHS 200 YacOM PO3BUTKY».

>0,

Byna posrnsHyTa cucremMa piBHAHB 13

x(t)=ax(t)—bx?(t)—cx(t)y(t),
y(t)=—dy(t) + cx(t —2)y(t- 7).

s cucrema piBHSIHB «cXxoxa» Ha cuctemy (1.1).
[lepenbagaeTncst ICHYBaHHSA THMYaCOBOT'O
IHTepBally 7 MK MOMEHTOM, KOJH yOHWTa OJHa
0co0a KepTBH, i MOMEHTOM, KOJHU BiJOyBa€ThCs
BIJIMOBIIHE 30UIBIICHHS YHCEIBHOCTI IOPOCINX
xmxkakiB. OcoOnMBI  TOYKM I CHUCTEMU 3
3ami3HEHHSIM Ti K, IO 1 s CHCTeMH 0Oe3
3ami3HeHHs.. B po0oti [4] CTIMKICTh MOJIOXKEHHS

(2.1)
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piBHOBaru BH3HAYAIACS YHCENEHUM
MO/JICJTIOBAHHSIM.

[IpoBenemMo  aHamiTHYHE  JTOCIIJHKCHHS
0c00IMBOI  TOYKH Oz(xz,yz) cUcTeMH 3

3amizHeHHSM (2.1). B OCHOBY JTOCIIPKEHb TaKOX
MOKJIAIEHO METOJ JIHIMHOrO HAaOIWXEHHS B
OKOJHUIII 0COONMMBOI TOYKH 1 OIIHKY XapakTepy
HENIHIMHOCTI. Y 3arajJlLHOMy BHIIQJKy CHUCTEMa
JIBOX PIBHSIHB 13 3aMi3HCHHSIM Ma€ BUIJIS]

X(t)=P(x(t). y(t) x(t - 7). y(t - 7)),
y(t)=Qlx(t). y(t). x(t - 7). y(t - 7).

CucremMa JiHIHHOrO HaOMMKEHHS B OKOJIHI
ocobmmuBoi Touku O, (Xz,yz) 3allUCYETHCS B
BUTIIAIL

X(t)= Py Xz, V2. %o, Yo XX(E) = X5 )+
+Py0)(X0, V2. X, Yo XY () -y, )+
+ Pyt o) (X2, Yau X0, Yo Xt —7) = X5 )+
+Pyie)(Xa0 Y2 X0, Yo XYt —7) = Y,),

Y(t)=Qu) (X1 Yo X, Yo JX(1) = X, )+
+O0y) (X5 Y20 X, Yo XY(1) - ¥, )+
+QX(H)(X2- YaiXg, Yo JX(t—7) =X, )+
+Oyo)(Xa1 Y2 X0, Yo Y(E—7) = ).

Tak sx

P(x(t). y(t). x(t - 7).yt
= ax(t)—cx(t)y(t)-bx2(t)

QUx(t) y(t) x(t 7). ¥t 7)) =
=—cy(t)+c'xt-7)y(t-7)

TO, OOYHMCIUBIIM TOXiJHI, OJEPKUMO CHUCTEMY
JIIHIAHOTO HAOJIMKEHHS

2(t)= Az(t)+ Bz(t - 7). (2.2)

S A NN )
)
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bd cd
ap=——, A, =——, 8, =0, a,=-d,
ac’—bd
byy =————. by, =d.
o
XapakTeprucTUuHe PiBHSHHS CHUCTEMU 3

3ami3HeHHM (2.2) BXKE Ma€ BHTIISL

a;; -4 a2
-t —Jr -

=27 - [(all +ay,)+e bzzli +

+ [allaZZ + (alleZ - a12b21)e%f ]: 0

det(A+e Bl )=

[limcTaBuBIIH 3HAYCHHS Koe(iITieHTiB,
OTPUMAEMO
A+ HB, +1j e }d/l ~|pd -ace ]g, =0.
c C
(2.3)

VY pa3i BiACYTHOCTI 3alli3HIOBaHHS, TOOTO MpH
7=0, BoHo 30iraetbcst 3 (1.5). Hocmmxyemo
BIUIMB 3alli3HIOBAHHSA HAa CTIMKICTh IOJIOKCHHS
pIBHOBaru CUCTEMH 3 3alli3HEeHH:sM (2.2).

PimeHHss XapakTepuUCTHYHOTO  PiBHSHHS
(2.3) mykaemo y BUTISAI KOMIUIEKCHOTO YHCIA
A=x+iy. [Ilicna mincranoBku B (2.3),

OTPHMYEMO

(Xz -y?+ 2iXY)+ [(g +1} —e " (cosyz —isin yr)} x
x de(x —iy )+

+ [bd —ac'e ™ (cosyz —isin yr)]% =0.

Hamumemo oJiepKaHe KOMIUIEKCHE
PIBHSHHS y BHIJISIJII CHUCTEMH JBOX MJIMCHUX
PIBHSIHB

X2+ y{(%ﬂ}te” cos yr}x—dye” cosyr +
+ (bd —ac'e™ cos yr)g, +
c
1 b -XT —XT
i{2xy + yH? +1j—e cos yr} —xe " cosyr +

+ade ™" sin yr}: 0.

Taxum
TBEpKEHHS.

YHMHOM, OTPUMYEMO  HACTYIIHC
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Hexait icaye Take 7 >0, mo pimeHHs
Mi(xi,yi), i=12,... cucreMu
PIBHSIHB

HEJIHIHHUX

X% + yz[(g +1] +e** cos yr}x— dye ™ cosyr +
c

+ (bd —ac’e™ cos yr)% =0,
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2xy + Y(g +1J—(X+ y)e ™ cosyr +ade " sinyr =0

3aJI0BOJIFHSIE YMOBI
Rex; <0, i=12,...

Toni Touka crokoio O,(X,,y,) HeniniiiHoi

cucremu (2.1) mpu 7>0 Oyme acUMITOTHYHO
CTIHKO¥O.
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B cmammi 3anpononosano 3acmocysanns cucmemu ONA NAPANENbHUX PO3NOOINEHUX O00YUCTIeHb
ITAPKC.NET (IIAPKC - Ilapanenvni Acunxponni Pexypcusni Kepyroui Cucmemu) ma XmMapHux 004ucienv.
V axocmi mexnonocii ons xmapnux obuuciens 6yao euxopucmano Amazon Elastic Compute Cloud (Amazon
EC2).

B pobomi naoano onuc pooomu cucmem IHHAPKC.NET ma moscaueocmi ii HanawimysanHs oas pobomu 3
mexnonozicio Amazon Elastic Compute Cloud. Hasedeno pesynomamu mecmysanns cucmem OJist 6UpiuleHHsl
KIACUYHOI 3a0aui MHOJMCEHHS Mampuyb. Po3zenanymo modcnueocmi yux cucmem npu 6upiuleHHi npakmuy4Hux
3a0ay napaneibHo20 NPOPAMYBAHH.

Kurwouosi cnosa: xmapui obuucnenns, napanenvui posnodineni obuucienns, cucmema ITAPKC, CH,
Amazon EC2.

In the article provides the use of the system for parallel distributed computing PARCS.NET (PARCS -
Parallel Asynchronous Recursive Control System) and cloud computing. As the technology for cloud
computing was used Amazon Elastic Compute Cloud (Amazon EC2).

The paper provided a description of the systems PARCS.NET and its possible settings for the technology
Amazon Elastic Compute Cloud.

The basic terms of the PARCS-technology are point, programming channel and algorithmic module.
Pattern of control space is a graph. Top is a point of control space and edge is programming channels. The
points are connected per programming channels. Each point of control space is assigned with the
algorithmic module. The algorithmic module is a procedure PARCS and extension of the basic programming
languages. Algorithmic modules are executed in parallel. In practice this means that in a computer network
one major computer (Server) is selected. This computer is accessible to all others (Clients). It generates a
gueue of all tasks. Tasks from the queue are sent for computing. Each computer obtains a task from the
gueue and executes it. After finishing computing the active task it sends the results to the server and selects
the new task. The model is designed for distributed network. Description of these systems is provided

The results of testing systems for solving the classical problem of matrix multiplication are presented.
Capabilities of these systems in solving practical problems of parallel programming were considered.

Keywords: cloud computing, parallel distributed computing, PARCS system, C#, Amazon EC2.

CratTio nipeAcTaBuB 1.¢.-M.H., 1pod. AHiciMoB A.B.

Beryn Compute Cloud (Amazon EC2) [8]. s pobGora
MPUCBSYEHA PO3IMIUPEHHIO (TIapalielibHi BIIACTHBOCTI)
MHOXHHH QJTOPUTMIYHUX MOB HpOrpaMyBaHHS
(Pascal, C, JAVA[2-4]), sxi Bxe peanizoBaHi 3a
mormomord  texHomorii  ITAPKC, wmoBuMm 3a
poromororo  texnonorii  .NET  Tta  moBHm
nporpamyBaHHd C# [5], a TakoX BHKOPHUCTAHHIO
TaKUX TEXHOJIOTIH y XMapHUX O0UHCICHHSX.

B JaHii CcTarTl PO3TIISAIAETHCS
3aCTOCYBaHHS ~ TEXHOJOTIT  JJIsi  MapalielIbHUX
posnoginenux obuucnenp I[TAPKC (Ilapanenshi
Acunxponni Pexypcusni Kepyroui Cuctemn) [1], a
came cucremun [TAPKC.NET [6,7] Ta xmapHux
obuncieHb. Y SKOCTI TEXHOJNOTIl A XMapHHX
obunciens Oymno BukopmcraHo Amazon Elastic

© O.B. JlepeBsHYEHKO,
A10O. Xaspo, 2015 111
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TexnoJoria TAPKC

[TAPKC (mapanenbHi acCHHXPOHHI peKypCHBHI
KEepOBaHI CHCTEMH) - TEXHOJIOTiS NpOrpaMmyBaHHS,
O SBJISIE COOOI0 JEsIKy CYKYITHICTh MPOTPaMHUX
3aco0iB, fKi 3a0e3MedyloTh IPOIEC PO3POOKH 1
peamizamii  anropuTMiB  mapajenbHoi  00poOKH
iHpopmanii. Bona ©0a3zyeTbcsi Ha  KOHLEMII
kepyrouozo npocmopy (KIT) [1] — nunamiuuwuii rpad,
KU BHKOPHUCTOBYETHCS JJIsl OMUCY JIOTIYHOI Ta
KOMYHIKaIii{HOT CTPYKTYpH IOCIiIKyBaHOI 3a1a4i.

OcnogHi Tepmini IIAPKC-Texnomorii:

1) touxka;
2) nporpamuwnii kanan (ITK);
3) anroputMmidyHHA MOIYIb (AM).

Crpykrypa KII — rpad, BepmmHH sSKOTO —
toukn KII, pedopa — IIK. Jlo koxknoi Touku KII
npunucanuii AM, saxuil € mpouenyporo ITAPKC-
po3mupeHas 6a30Boi MOBU. B HamoMmy BHUMaaKy mMu
3aCTOCOBYEMO 0a30By MOBY nporpamyBaHHs CH#.

[IporpamMui  3aco0m  po3mIMpeHHS  0a30BUX

AITOPUTMIYHKX MOB TIporpamyBaHHs[1]:

1. IlporpamHi 3aco0u, 10 3a0e3MeUyIOTh OOYI0BY
i momudikariro KII.

2. TlporpamHi  3aco0w,
30epiraHHs  Ta
noromororo KIT.

3. Ilporpamui 3aco0u, mo 3abe3nedyroTs podoTy 3
AM.

3a0e3nevyoTh
iHpopmanii  3a

o
nepeaavdy

4. Tlporpamsi 3acoou, 110 3a0e3evyoTh
PO AYPHO - 00'€KTHO-OPIEHTOBAHE
porpamMmyBaHHSI.

TexnoJgorig Microsoft NET Framework

Microsoft .NET Framework — cydacna
porpaMHa wiatdopma, 110 JI03BOJISIE
CTBOPIOBATH  TPOTpaMH i3  3aCTOCYBaHHSM
KOMITIOTEpHUX  MEpeX Ta  HapalelbHuX
o0YMCIIeHb, a TaKOX HAJA€E  MOXJIMBICTh
MEPEeHOCy MporpaM MiX PI3HUMH anapaTHHUMHU
rtatopMamu, Ha SIKUX BCTaHOBJIEHE
cepemoBumie  Microsoft .NET  Framework.
Opnniero 3 nepesar .NET € cymicHicTs 0i0mioTexk,
HanucaHux pizHuMHu MoBamu. Cucrema [TAPKC-
NET nanucana na moBi C# [5], ame 11 MoxHa
BUKOpUCTOBYBaTH 1 mis iHmmx wMoB .NET,
Hanpukiaz Visual Basic ado F#.

Jlo mo3utuBHUX sskocter TexHosorii .NET,
IO BIUIMHYJAM Ha 1i BuOIp UI1 NpOEKTyBaHHS
cuctemu ITAPKC.NET, Takox Halle:KaTh:
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e HasBHICTH MOBH CH#, sika HaOyBae Bce OinbIIOT
MOMYJIIPHOCTI  3aBASIKM TPOCTI 00’ €KTHIN
MOJIEJIi Ta TOCTIHHOMY PO3BUTKY;

® BIiJINIOBIIHICTh CY4aCHUM BUMOTaM: 0i0mioTeka
TPL  (Task  Parallel  Library), sxa
BukopuctoByeThesl B cuctemi I[TAPKC.NET i
Hajga€e IMHPOKUH HaAOIp MOXKIMBOCTEH I
PO3pOOKHM TapajeNbHUX Mporpam, MiATPUMKa
3aco0iB MEpEKEBOTO MporpaMyBaHHS,
3a0e3TleUeHHsT  MEPeCHNaHHA  JaHWX 110
KOMIT'IOTepHill Mepexi, peduiekcia — mporec
BUSIBJICHHS THUIIIB TIij] YaC BUKOHAHHS Ta IHIIIE.

Cucrema ITAPKC.NET

ApxiTekTypa  CHCTEMH

HACTYIHUX YacTuH [6,7]:

1. Parcs — ocnoBHa 6i0nioTeKka KiaciB CHUCTEMH.
MicTuTh BCi OCHOBHI Kiach, MmO OyIyTh
BUKOPUCTOBYBATHCH JUIst MO/JICITIOBAHHS
napajelibHuX 00YUCIICHb.

2. Daemon — xumient. SBnse coboro mporpamy, 3a
JOTIOMOTOI0 KO ~ OyayTh  MPOBOJIUTHCH
00YHCIICHHSI.

3. HostServer — cepBep. Mae CIUCOK AOCTYITHUX
KIIEHTIB, a TaKOX IH(POpPMAII0 MPO MOTOYHI
3aja4i Ta Toukd. [Ipu 3amycky Moayllb MOYMHAE
pO3/1aBaTH 3aBIaHHS KIIE€HTaM B 3aJIeKHOCTI BiJ
KIUTBKOCTI sifiep TmporecopiB (ITOTYXKHOCTI) Ta ix
3aBaHTAYKEHOCTI.

CKIIaga€ThCsA 3

4. AM — okpemMHuil TPOEKT, IO BHKOPUCTOBYE
Oibmiorexy Parcs Ta peamizye inTepdetic
IModule.

Ha Bcix wmammHax, III0 MNpPU3HAYEHI s
o0uucieHs, 3amyckaeTecsi nmporpama Daemon, a
mouatkoBuit  AM Tta HostServer  moxyTth
3amyckaTucss ab0 Ha THUX Jke, a00 Ha IHIIUX
MallnHax. B okpeMoMy BHIaJKy HaBiTh BCi TpU
€JIEMEHTH CHUCTEMH MOXYThb OYTH 3alylIeHi B

OJTHOMY MICIIi. Daiin server.txt
BUKOPHCTOBYEThCS ~ MOYaTKOBHM AM  mns
3HaXOJ/DKCHHS  KOMII'I0Tepa, Ha  SKOMY

sanymennit HostServer (IP-axpeca).

VY crBopeHiil peamizamii KiIi€HTa Ta cepBepa
3B’S130K MPOXOAMTH Y TaKild MOCIHiAOBHOCTI:

1.Ilpu 3amycky MoIyJsi cepBep IepeBipsie Bci
3a3HaveHi y (daiimi hosts.txt i Bumaise Ti, 3 IKUMHU
He Baanocs 3’emHartucs. Ilicis mporo cepsep
3alUTYEe y KOXKHOTO 3 KJI€HTIB KIUIBKICTH AOep
mpoliiecopa i 30epirae cooOi 1i pe3y/IbTaTH.

2.Cepsep posmnouiise TOYKH, 1o
CTBOPIOIOTBECS B QJITOPUTMIYHOMY MOJIYJMi, IIO
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KOMIT'IOTepaxX, Ha SIKUX BHKOHYEThCS MpOrpamMa
Daemon.

3.Ilicns mporo Ha KoMIT'IOTEpi, ne Oyne
CTBOPEHA HOBa TOYKA, MOYATKOBUH AM mepenae
exe-gaitn, B IKOMYy MICTHUTBCA iHGOpMAIIS PO
Bci AM, mo OyayTe 3amymieHi miJg —4ac
BUKOHAHHS IIOTOYHOI 3aaavi. 3a JOIOMOroro
pednexcii Daemon cTBoproe eK3eMIUIIp Kiacy
AM i Bukmmkae merox Run(). Takum umHOM
3aIyCKaIThCSA HEOOXiTHI OOUNCIICHHS.

4.1licns  3aBepmieHHs oOuuciaeHs, Daemon
BiJICHIIa€ pe3yibTAaT Ha3aj] Ha MOYATKOBHUH AM.
[Ticas Toro, K 3aBEPIIMIINCS OOUHUCICHHS Ha BCiX
MalwHax, Mmo4yatkoBuid AM o0poOmoe Bci
pe3yJIbTaTH, BHBOJUTH 3arajbHUN pe3ysbTaT Ha
eKpaH Ta 30epirae Horo B Qaiii.

Amazon Elastic Compute Cloud (EC2)

Amazon Elastic Compute Cloud (Amazon EC2) -
BeO-cepgic [8], sxuit Hamae XMapHi 00UHCITIOBATIBHI
MOTY>KHOCTI. Cepgic BXOJUTh B
indpactpykrypy Amazon Web Services (AWS).

[IpocTuii BeG-iHTEpdEiic cepBicy JTO3BOJISIE
OTpUMaTH JOCTYI bi (o) 00YHCITIOBATIBHUX
MOTY)KHOCTeW 1  HalamTyBaTH  pecypcd 3
MiHIMaTbHUMHA BHATpaTaMHU. Bin Hajae
KOpHCTYyBadaMm MOBHUH KOHTPOJIb HaJl
OOYHCITIOBAJIBHAUMHU PECypcaMH, a TaKoX JIOCTYITHE
cepenoBuile 111 pobdoru. Ciyxba ckopouye dac,
HEOOXiTHUH /U1 OTpUMaHHS 1 3aBaHTAKEHHS HOBOTO
cepBepa.

3a gonomoroo EC2 no3BONSIETHCS CTBOPIOBATH
XMapHi BIpTyaJbHI MalllHHH, BUKOPHUCTOBYIOUH
notyxkHocTi xmapu Amazon.  Kopucrysauy
Ha/laeTbcsl BUOIp omepariitHoi cucremu: Windows
Server abo pizHi Bepcii Linux. Takox MoxHa
BUOpaTH XapaKTEPUCTHKH BIPTyaJIbHOT MAIIIHU.

Cepen inmmx ocobmuBocteii EC2  Bapto
BI/[BHAYNTH  MOXXIIUBICTh  CTBOPEHHS  0OOpa3iB
BipryansHux MammH (Amazon Machine Image

(AMI)), a rakox ix 30epiranHsi. AMI mo3Bomse
BCTaHOBJIIOBATH Mporpamu, Oi0mioTeku, HaHi Ta
HQJIAIITOBYBaTH MOB'A3aHI 3 HUMH MapaMeTpu. 3a
noromMororo AMI MoXxHa CTBOPIOBATH HOBI MAllIMHH
Ha OCHOBI icHy4HMX ((haKTHYHO KOIIIOBATH
BIpTyaJbHi MaIlIWHY).

Takox BaXIJIMBOIO OCOOJIMBICTIO € MOKJIMBICTBH
HaJIANITYBaHHS OE3MEKH Ta MEPEKEBOIO JIOCTYITY.
Lle no3Bosisie BIAKPUTH MAOCTYNI [0 BipTyajbHOI
MAIWHY U151 30BHILIHBOTO CBITY (32 3aMOBUYBaHHSIM
BiH 3aKpUTHH), & TaKOX JO3BOJIUTH KOMYHIKAIIIO
MiX CaMHMH BIpTyalbHUMH MalllHHAMH.
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Be6-inTepdeiic Amazon Elastic Compute Cloud
JIETKO JTO3BOJIAE 3aITyCKaTH 1 3yNMUHSATH BIPTyalbHI
MAIlIMHH, a TAKOXK POOUTH BCI BUIIICOMTUCAHI Iil.

BuxopucTanHsi TEXHOJIOTIT
Amazon Elastic Compute Cloud

Hdns  Bukopuctanus Amazon  Elastic
Compute Cloud HeoOximHO 3apeecTpyBaTHCs Ha
caiti  http://aws.amazon.com/. Jns  1p0Oro
MMOTPiOHO BBECTH CBOI NIEPCOHAIBHI AaHi 1 IPOHTH
MiATBEpDKEHHS peecTpanii mo tenedony. Takox
npu  peectpauii moTpiOHO BKa3zaTH HOMeEp
KPEOUTHOI ~ KapTKH, XOYa CepBiC  MOXXHA
BUKOPUCTOBYBAaTH 1 OE3KOIITOBHO — KOXXHOMY
KOpUCTYBady Hagae€ThCsl OOMEXKEHHH IaKeT
KOPHCTYBaHHSI CEPBICOM Ha piK.

[Micns MIPOXOKEHHS peectparii
KOpUCTYBad MOXKE TIOYMHATH TIpalioBaTd 3
ceppicom. Tak Ha Puc.l moxxHa moGaunté BeO-
intepdeiic cepsicy Amazon Elastic Compute
Cloud. Buamo, 1mo Ha JaHHH MOMEHT CTBOPEHO
OJIHY BipTyaiabHy MaliuHy 3 iM’ssM «host servers i
npuBatHuM [P. Bapro 3a3HauuTH, 1O MpHU
nepe3anycKy MaluH npuBatHuid [P 3amumaerbes
ctayimM, a nmyOsiunuii IP Moxxe 3MiHtoBatucs. Ha
PHCYHKY BHIHO, IO MAaIIMHI HE MPUCBOEHO
myOmiaauit IP, OCKiTbKM BOHAa 3HAXOIUTHCH Y
3YIIHHEHOMY CTaHi.

Hnst Toro, mo0 CTBOPUTH HOBY BIpTyallbHY
MalMHy, NOTPIOHO HATUCHYTH Ha KHOIKY
“Launch Instance”. Tlicms 1poro MOTPiOHO
obparu o6paz (AMI), 3 sxoi Oyme cTBOpeHa
BipryansHa Mammunaa (VM), Puc.2. e moxe Oytn
K CTaHAApTHUH o00pa3 omepamiiiHOl CHCTEMH,
taki sik Red Hat Enterprise Linux ado Microsoft
Windows Server 2012, Tak i BIacHOpYyY CTBOPEHi
obpa3u, abo Oyme-sKi 00pa3W, CTBOpEHI
CHUILHOTOIO.

HactymHum KpokoMm € BUOIp THITy MaIIWHH.
€ oauH OC3KONITOBHUI BapiaHT: MalldHA 3
onauMm mporecopom Intel Xeon 3 moTykHicTIO
2.5 GHz i 1 T'b oneparuBHoi mam’siti Puc.3.

Hani mMokHa oOpaTH iHIII HaJalITyBaHHS
MallMHU. 30KpeMa, MOXKHa CTBOPUTH JAEKIJIbKa
BIpTyaJIbHUX MAaIIIMH 3a OJIuH pa3 Puc.4.

Jami moxHa nojmatu Miciie Ha JUCKY (3a
3amoBuyBaHHsM 30 I'B), mo3Hauntn MamumHy
Teramu, HaJAITyBaTH SECUrity group (MHOXHHA
npaBUJ MepekeBoro ekpany). Lli kpoku MokHA
NPOMYCTUTH, ane Ul poboTH  cucremu
ITAPKC.NET HeoOxigHO 3a0e3meduTd 3B S30K
MDK MallMHAMH, TOMY HOKa)XEMO, SK MOXKHA
HaJIAIITYBaTH MEPEXEBHI EKpaH.
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-

AWS v Services v
nch |
Events 1
Tags Q
Reports
Limits o b
=] INSTA B  hostserver

Instances
Spot Requests

Reserved Instances
Commands
Dedicated Hosts

= IM.

AMIs
Bundle Tasks

Volumes

Snapshots

—| NETWORK CURITY

Security Groups

Instance: | i-45400381
Elastic IPs

Instance ID ~

i-45400381

2015, 4

Actions ¥

Instance Type ~ Availability Zone ~ Instance State ~

2. micro us-west-2b Q) stopped

(host server) Private IP: 172.31.28.10

Puc.1. Cepsic Amazon EC2

Services ~

N AWS ~

1. Choose AMI 2. Choose Instance Type

3. Configure Instance

4. Add Storage 5. Tag Instance 6. Configure Security Group

Step 1: Choose an Amazon Machine Image (AMI)
An AMI is a template that contains the software configuration (operating system, application server, and applications) required to launch your instance. You can select an AMI provided by AWS, our user
community. or the AWS Marketplace: or you can select one of your own AMIs.

Quick Start

My AMIs

Amazon Linux

AWS Marketplace
Community AMIs

Y
Red Hat

Free tier only (j

SUSE Linux

Puc.2

AWS ~ Services v

LT ]

1. Choose AMI 2. Choose Instance Type

3. Configure Instance

Amazon Linux AMI 2015.09.1 (HVM), SSD Volume Type - ami-f0091d91

The Amazon Linux AMI is an EBS-backed, AWS-supported image. The default image includes AWS command line tools. Python, Ruby. Perl

and Java. The repositories include Docker, PHP, MySQL, PostgreSQL, and other packages

Rool device type: ebs  Virtualization type: hvm

Red Hat Enterprise Linux 7.1 (HYM), SSD Volume Type - ami-4dbf3e7d
Red Hat Enterprise Linux version 7.1 (HVM), EBS General Purpose (S5D) Volume Type

Root device type: ebs  Virtualization type: hvm

SUSE Linux Enterprise Server 12 (HVM), SSD Velume Type - ami-d7450be7

SUSE Linux Enterprise Server 12 (HVM), EBS General Purpose (SSD) Volume Type. Public Cloud, Advanced Systems Management, Web

and Scripting, and Legacy modules enabled

. CtBopenns HoBoi VM

4. Add Storage 5.Tag Instance 6. Configure Security Group 7. Review

Step 2: Choose an Instance Type
Amazon EC2 provides a wide selection of instance types optimized to fit different use cases. Instances are virtual servers that can run applications. They have varying combinations of CPU, memory, storage
and networking capacity, and give you the flexibility to choose the appropriate mix of resources for your applications. Learn more about instance types and how they can meet your computing needs

Filter by: Allinstance types v

Current generation

Show/Hide Columns

Currently selected: t2.micro (Variable ECUs, 1 vCPUs, ZIEEE: Intel Xeon Family, 1 GiB memory, EBS only)

Family - Type - vCPUs (i - Memory (GiB) - Instance Storage (GB) (i
a General purpose 1 1 EBS only
General purpose t2.small 1 2 EBS only
General purpose tz.meaium 2 a EBS only
General purpose 2 large 2 8 EBS only
General purpose md.large 2 8 EBS only

Cancel Previous

Puc.3. Bubip Ty MammHa#A
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Andrii v Oregon v  Support v
o " 0
[>] 1to10f1
Alarm Status Public DNS = PublicIP
None %
»
_N =N m]
Andrii +  Oregon ~  Support |

7. Review

Cancel and Exit

110 22 of 22 AMIs

64-bit.

64-bit.

64-bit

Andrii v Oregon ~  Support ~

EBS-Optimized Available
D}

Network Performance

4

Low to Moderate
Low to Moderate
Low to Moderate
Low to Moderate

Yes

Moderate

Configure Instance Details
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Andrii ~

Oregon ~  Support v

1. Choose AMI 2. Choose Instance Type 3. Configure Instance 4. Add Storage 5. Tag Instance

Step 3: Configure Instance Details

6. Configure Security Group

7. Review

Configure the instance to suit your requirements. You can launch multiple instances from the same AMI, request Spot instances to take advantage of the lower pricing. assign an access management role to

the instance. and more

Number of instances i 1

Purchasing option (j Request Spot instances

Network  (j vpc-91072efd (172 31.0.0/16) (default) b

Subnet (j No preference (default subnet in any Availability Zo

Auto-assign Public IP (j Use subnet setting (Enable) M

Domain join directory (j None v

1AM role (i None .

Shutdown behavior (j [stop v

Enable termination protection (j Protect against accidental termination

Puc.4. CtBopeHHS BipTyaJIbHOTO MIPOCTOPY

W@ AWS -~  Services -

1. Choose AMI 2. Choose Instance Type 3. Configure Instance 4. Add Storage 5. Tag Instance

Step 6: Configure Security Group

6. Configure Security Group

Launch into Auto Scaling Group (i

Create new VPC

Create new subnet

Create new directory

Create new 1AM role

Cancel  Previous Review and Launch Next: Add Storage

Andrii ~ Oregon ~ Support ~

7. Review

A security group is a set of firewall rules that control the traffic for your instance. On this page, you can add rules to allow specific traffic to reach your instance. For example, if you want to set up a web server
and allow Internet traffic to reach your instance, add rules that allow unrestricted access to the HTTP and HTTPS ports. You can create a new security group or select from an existing one below. Learn more

about Amazon EC2 security groups
Assign a security group: ®Create a new security group
Select an existing security group

Security group name: launch-wizard-30

Description: launch-wizard-30 created 2015-12-15T00:33:58.570+02:00
Type (i Protocol (i Port Range (i Source (j
All trafiic v All 0 - 65535 Anywhere v | 0.0.0.0/0 @
RDP A TCP 3389 Anywhere v ||0.0.0.0/0 Q
Add Rule
Puc.5. HanamryBanHs mepexi
Launch Instance Actions ¥
[— o0
Q (2] 1to2o0f2
Name ~ Instance ID -~ |Instance Type ~ Availability Zone ~ Instance State ~ Status Checks ~ Alarm Status Public DNS ~  PublicIP
host server i-45400381 t2.micro us-west-2b @ stopped None ‘,4-,,
i-b69fab72 t2.micro us-west-2b @ running z Initializing None Y  ec2-52-3471-50.us-we. . 52.34.71.50

Puc.6. [pamtoroui VM

JJist cripoItieHHs! TO3BOJIMMO OyAb-iKkoMY Tpadiky
MPOXOIUTH uYepe3 MEepeKeBUH eKxpaH aisi Oynab-
sikoro nopty Puc.5.

Takox i MpaBwia notpibHO
MpoAyOJIIOBAaTM B  HAJAIITYBaHHAX  O€3MeKH
Windows miciist CTBOpEHHS BipTyalbHOI MaIINHH.

[Ticns Toro, sk BCi HANANITYBaHHS 00paHoO,
NnoTpiOHO HATHCHYTH Ha KHOMKY «Review and
Launch», ne MosxHa iepeBipuTH PaBHIBHICT
BBEJICHUX HanamTyBaHb. [licas 1poro, moTpioHO
HATHCHYTH Ha KHOTIKY «Launch». Ha expani
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3’SIBUTBCSL JIAJIOT, MO JIO3BOJISIE CTBOPUTH Mapy
KIIOYiB i1 OTPUMAaHHA 1 po3WHUQpyBaHHI
MapOITIO JI0 MAIIUHH.

[Micna 3aBaHTaXEHHS KJIOYAa 1 HATUCKAHHS
Ha kHomky «Launch Instances» mnounHaeTbcs
CTBOpEHHS BipTyanbHOI MamuHH. Temep, SKIIO
MOBEPHYTHUCS JIO TOYATKOBOTO MEHIO, IO ITOKAa3ye
CIHMCOK BIPTyaJIbHUX MAaIlIWH, MOXHa MOOaYUTH
HOBY MAIlIHY B CTaHi «running», To6To Taka, 1o
3amytieHa i nparigoe Puc.6.
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Create Image X
Instance ID  (j i-b69fab72
Image name (j
Image description (j
No reboot (j
Instance Volumes
- ] - Delete on
Volume Device Size (GIB Encrypted
: ] snapshot (i 2 (C1B) | volume Type (1 IOPS (i) Termination P
Type (i i i i i
Root idevisdal  snap-567b1408 |30 General Purpose (SSD) ¥| 90/3000 @ Not Encrypted
Add New Volume
Total size of EBS Volumes: 30 GiB
When you create an EBS image, an EBS snapshot will also be created for each of the above volumes.
cancel BELEGILENT

Puc.7. CtBopeHHs 00pa3y MallnHA

ii AWS ~ Services ~ Edit ~ Andrii +  Oregon ~  Support ~
EC2 Dashboard Actions ¥
Events o %0
Tags Owned by me + () (-] 1to 20f2
Reports
Limits Name AMI Name ~ AMIID Source Owner Visibility Status. Creation Date Platform
- New Parcs (10. ami-210c1040 859183279164/ ... 859183279164 Private available December 10, 2015 at 6:27: Windows
Instances no firewall and ami-84bface5 859183279164/ 859183279164 Private available November 27, 2015 at 11:41 Windows
Spot Requests
Reserved Instances
Commands
Dedicated Hosts
AMis
Bundle Tasks L2
_ Select an AMI above [_ = =]
Volumes
Snapshots
Puc.8. BimoOpakeHHs: HOBOTo 00pa3y
Marmmni Hagaetbes nmyOmiuni DNS i IP-aapeca. JU1s  UBOTO  TIOTIOGHO  3aBAHTAKMTH  baiin
11}”‘ TOro, 100 lparrosatn 3 HOBOKI T AKITFOYEHHS yepes Remote Desktop,
BIPTYaJIbHOIO  MAIIMHOIO, HEOOXinHO o - Hef HaTUCHYBIIM  KHOmKy  «Download Remote

migkmoyntucs. s mporo motpibHO oOpatu
MalllMHy 1 HAaTUCHYTH Ha KHOMNKY «Connect».
[Micns HaruchyBmm kHomky «Get Password»,
3'IBUTBCS Jialor JUis OTPUMAaHHS Napojio A0
MammHU. (s 1IhOoro MOTPIOHO BHKOPHCTATH
3aBaHTOKEHWH Ha TIOMEPENHIX KpPOKaxX KIOY.
Bapro 3azHaunTH, 10 AKIO MamMHA Oyna
CTBOpEHA 3 BJIacHOrO o0pasy, TO Mapojib Ha Hel
Oyze Takuil ke, SIK 1 HAa MalluHy, 3 00pasy sKoi

Desktop File». BinkpuBmm neit ¢aiin, notpioHO
BBECTH oOTpuMaHuii mnaposib. [licas mporo 3a
JIOTIOMOT OO 3aXHIICHOTO RDP- 3’ennanss
MOYHEThC CEaHC POOOTH 3  BIPTYaJIBbHOIO
MAIIIMHOIO, 3 SIKOK0 MOJXKHA TPAIIOBATH TaK CaMo,
SIK 1 31 3BUYAHHOIO0 MAIIMHOIO.

TakoX BaXJIMBO BMITH CTBOPIOBaTH 00pa3u
MaruH. [ 1boro MoTpiOHO HATUCHYTH MPABOIO

BOHa 6yJ1a CTBOpCHA.

OtpuManuii mapoib

MOTPIOHO BHUKOPHUCTATH IS MiAKIFOYCHHS JI0

mammman yepe3 Remote Desktop Protocol (RDP).
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KHOTIKOIO Ha TMOTPiOHY MaliuHy, 0OpaTH IyHKT
«Image» i1 «Create Image». B nmiamory, 1mio
3’SIBUTBCSI, MOYKHAa BBECTH iM’sl 0o0Opasy Ta iHII
nerani Puc.7.
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[licas mporo 1 HaTUCHEHHA Ha KHOIKY
«Create Image», moyHeThCS CTBOPECHHS 00pasy.
Konu 00pa3 cTBOpHUTBCS, BiH 3’SBUTHCS B MEHIO
«AMI» mig Bkmagkoro «lmages» Puc.8.

CrtBopHUTH HOBY MAIllIHy Ha OCHOBI 00pazy
MOYKHAa 3a J0TMOMOror KHomku «Launchy Ha
BKiaami «AMI», abo, sgK OmMCaHO BHIIIE,
o0OpaBImIM CTBOpEHWI 00pa3 y sKOCTi o0pasy
HOBOI MalIWHHU.

Takum ywmHOM, OyJI0O ONMHWCAaHO OCHOBHI
3acobu HamamtyBaHHi WEB-cepsicy Amazon
Elastic Compute Cloud (EC2).

Buxopucranua cucremun INAPKC.NET
na Amazon Elastic Compute Cloud

Jua Bukopucranss cuctemu [IAPKC.NET Ha
Amazon Elastic Compute Cloud ueo6xinmo
BUKOHATH HACTYIHI KPOKU:

1. CrBopuru BIpTyabHY MaIlHy i
ckomitoBatu Ha Hei Qaitmn [TAPKC.NET.

Takok € ceHC momaTH B aBTOMAaTHYHHA

3amyck nporpamy Daemon st Toro, mo0 He

3amycKaTH il OKpeMO Ha KOKHIA MaIlvuHH,
sika Oyne OpaT y9acTh B OOUMCIICHHSX.

CtBOopuTH 00pa3 Ii€i MaIIUHY.

3. CtBOpUTH  JOCTaTHIO KUTBKIiCTh (y
0E3KOIITOBHIH Bepcii MaKCcHMallbHa
KUTBKICTh — 20 MaIllluH) BipTyaJbHUX MAaIlluH
Ha OCHOBI 00pady (iHakme TOTpiOHO
KOITIOBaTH HEOOXimHi Ui POOOTH CHCTEMHU
(aiinu Ha KOXXHY MalIuHy).

4. 3anyctutu Daemon Ha BCiX MalIuHax, sKi
OyayTh OpaTH y4acTh B OOYMCIICHHSX.

5. 3amyctutu HostServer Ha mamuHi, sika Oyne
BIJIMOBIIaTH 3a IUCIICTUEPU3ALIIIO 3aBIaHb.

6. Ilpormcartu B daitm hosts.txt, o TEKUTH B
onmHiit mupextopii 3 HostServer, IP-ampecu
MaIlliH, Ha SKux 3amymeno Daemon. Ile
MOXYTh OyTH SIK TIpUBaTHI, TaK i MyOJivHi
IP-anmpecwu. vy BUIAJIKY, SIKIIIO
ITOPUTMIYHUI Monynb (AM), skuii Oyne

N
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3aIlyCKaTUCS Ha CHCTEMIi, pO3TAIIOBAHUN HE
Ha OJIHI{ 31 CTBOPEHUX BipTyaJbHUX MAIIHH,
notpiObHO BuKopHcTaTH myOmiyni [P-agpecy.
Sxmo AM 3HaXxogWThCA Ha ONHIA 3 [HX
MalllvH, TO MOYKJIUBO € CeHC
BUKOPHCTOBYBaTH  mpuBatHi  [P-aapecw,
OCKIIBKM BOHHM HE 3MIHIOIOTHCSA  IICHA
KO>KHOTO TIepe3arycKy MalluHH.

7. Y (aiini server.txt, mo 3HaX0IUTHCS B OJHIN
mupektopii 3 AM, mpomnmcatu IP-agpecy
HostServer.

Ilicms BHUKOHAHHS TUX KPOKIB MOJKHA
3allyCKaTH alTOpUTMIUHI MOAymi, sKi OyayTh
00YHCITIOBATUCS 3 BUKOPUCTAHHIM CUCTEMH.

TecryBannsi cucremu ITAPKC.NET Ha
Amazon Elastic Compute Cloud

Hns  TtectyBanHs poOOTH cucTeMu OyB
peari3oBaHWil KIACUYHWUN aNTOPUTM MHOKEHHS
Matpuilb. OOUHCIeHHS TPOBOIMIMCE Ha Amazon
Elastic Compute Cloud 3 Bukopucranusm 1o 16

BIpTyaJbHUX MaIluH TUITY «Burstable
Performance Instances» 3  MiHIMaJILHOIO
notyxuictio - Intel Xeon mporecop 3 omHEM

aapom 1 gacrtororo 10 3.3GHz. OcobnuBicTio
JIAHOTO TUIy MalmHu € Te, mo Amazon EC2
Haja€ TakMM MallMHaMm  0a30BHH  piBEHb
NPOAYKTUBHOCTI, @  TakoX  MOXJIMBICTh
«BUOYXaTH» B MOMEHTH BEJIMKOI 3aBaHTAKEHOCTI
Ha T1epioJy dYacy, TIOB’S3aHMA 3  4acoM
nepeOyBaHHs He3alHATOW. Pe3yibraTh HaBeaeHi
B Ta0mumi 1.

PesynbraTtu mokasyroTh, 0 31 30UILIICHHAM
KIUTBKOCTI MalllH JOCATHYTO MOKpPAIIeHHS B Yaci
10 9 paziB. Takok pe3yibTaTH MHOXKCHHS Ha
BEJIMKUX MATPHUIAX MOKa3yIOTh, IO JAHUH THUI
MalliH He JyXe MIXOAUTh MJSl BEIMKHX
o0uMCIeHp  4epe3  CBO0  HEMOXJIMBICTh
MpalioBaTH Ha TOBHIM MOTYXHOCTI HPOTATOM
JoBroro yvacy. Jis mporo iCHyIOTH iHIII THIN
MallliH, 110 He I0CTYIHI B 0€3KOIITOBHIH Bepcii.

Tabaunda 1

Uac (c.) MHOKEHHS MaTPHLb JI1 PI3HOI KITBKOCTI MAIllHH (IIPOLECOpiB)

MatpHui
1000x1000 | 2000x2000 4000x4000 10000x10000
MamHue

1 15.1 118.6 1098.5 -

2 8.2 61.5 571 -

4 4.7 39.2 330.5 -

8 3.5 20.6 180.7 8119.9
16 - 14.1 132.7 2635.3
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BucHoBku

B nmaniii po6oti Oyna mpecTaBiieHa CUCTEMa
Ul TapalelibHUX PO3MOAUICHUX OO0YHCIIeHb Ha
koMt totepHi Mepexi [IAPKC.NET, a Takox
MOXUIMBICTh 1i BHKOPHCTAHHA I XMapHHX
obuncnens. Byno mokasaHo, SIK HajlamTOBYBAaTH
cucremy [IAPKC.NET nyis xMapHuUX OOYHCIIEHB
i3 3acrocyBanHsMm cepsicy Amazon Elastic
Compute Cloud Tta mpoBeIeHO TECTyBaHHS
CUCTEMH Ha KIacH4HId 3aJadi MHOMCHHS
Matpuils. I[lpu BukoHaHHI 004YHCICHs Ha AMazon
Elastic Compute Cloud i3 3actocyBanusim 16
BipTyaJIbHUX MalliH OyIo JOCATHYTO
MOKpaieHHst B 4aci B 8-9 pasis. Ilpu 306inbmienHi
pO3MIpHOCTI OOYHCIIEHh MAa€eMO 301IBIICHHS
e(eKTHBHOCTI 3aCTOCYBaHHS CUCTEMHU
IHHAPKC.NET, mo Ha mpaKTHI Ja€ JOCUTh
HEMOTaHUM pe3ynbTar.

Pesynbratu poboTtu MOXYTb OyTH
BUKOPUCTAHUMH TIPH CTBOPEHHI Pi3HOMaHITHHX
XMapHHUX 00YHCITIOBATBHUX KOMIIJIEKCIB.
Iloennanus JAaHUX TEXHOJIOT1i MOKeE
3aCTOCOBYBATHUCS Ul PO3B’S3YBaHHS LIMPOKOTO
KJacy 3aaad, o NOTpeOyIoTh MapaieabHol
po3noaineHoi obpodku. Ha mpomy poboTu Hajg
BJIOCKOHAJICHHSIM CUCTEM He 3aBEpIIYEThCS.

Sx BapiaHT O0E3KOIITOBHOTO BHKOPHCTaHHS
XMapHUX OOYHCICHb Yy TECTOBOMY BapiaHTi
(6imprr  Hik 20 oOYHMCTIOBAJBHHUX  BY3IIB)
MO>KJIMBO BUKOPHCTATH MiJKIIOUEHHS 10 Amazon
EC2 GaraTthox KOpHCTYBa4iB Ta 3aCTOCYBaHHSA
cucreMu  [IAPKC.NET  pns KEepyBaHHSA
PO3MOAITICHUM MapajieTbHIMHU 00YHCIICHHSIMHU.
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HoBenennsi y IPCL kopekTHOCTI ajgropurmy Peterson’s Algorithm for Mutual Exclusion
ITirepcona aJist B3a€EMHOI0 BUKJIIOYEHHS Correctness Proof in IPCL

KuiBcpkuii  HamioHanbHuii  yHiBepcureT — imeni | Taras Shevchenko National University of Kyiv,
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Hosedeno enacmugicmo 63a€MH020 guKiouenHs areopummy Ilimepcona ons kpumuynoi cexyii. 3a
npoepamoro 3aghikcosano cmanu ma nepexoou mpansuyiunoi cucmemu. Cepedoguuje 6UKOHAHHA —
napaenbie 3 noOYep206UM NepexioyeHHAM 3i cninvholo nam smmio. Chopmynvosano i 0o6edeno ineapianm,
3 K020 eunaugac nompiona eracmugicmp. CyodiceHHS NPOBeOeHO0 8 pAMKAX Memo0dy 008eOeHH s,
eracmusocmeti npozpam (y momy uucaii — kopekmnocmi) y Interleaving Parallel Compositional Languages
(IPCL). Mosu knacy IPCL € adeksammnoro mooenno cynepkomn tomepie 3 apximexkmypoto nam smi UMA ma
NUMA, anapamnux apximexmyp cumempuunoi 6bazamonpoyecopuoi oopooKu, onepayiinux cucmem,
cucmem ynpaeninus 6aszamu oanux (CVB/), yenmpanizoeanux cxosuwy 0aHux, cepeéepHoi 4acmunu
npo2pamHo20 3abe3neuenHs KiicHm-cepeepHux Komniexcie moujo. Cnuparoyuce Ha 0any ma inui pooomu
asmopie 3pobIeHO BUCHOBKU W00 A0eKEAMHOCHI 3ACMOCYB8AHHA Memody 0151 NOOIOHUX 3a0ay 3a80KU
SHYUKOCE KOMROZUYIUHO-HOMIHAMUGHOT naameopmu ma 11020 NPAKMUYHOCHI i 1e2KOCHi 3aCMOCY8aHHs
OJ151 peanbHUx CUCHEM.

Knwouoei cnoea: anecopumm Ilimepcona, 63aemHe BUKNIOYEHHA, KPUMUYHA CeKYis, 008e0eHHs
sracmugocmeti Npoepam, KOpeKmuicns npoepam, napaieiba npoepama, interleaving, IPCL, komno3uyiiino-
HOMIHAMUBHI MOGU.

Mutual exclusion property of Peterson’s Algorithm for critical section has been proved. States and
transitions were fixed by the program. Runtime environment considered is interleaving concurrency with
shared memory. Invariant of the program was constructed and it is proven that it keeps true over all
transitions. The program property required is just implication of the invariant. All reasoning provided in
terms of Method for software properties proof (including safety and correctness ones) in Interleaving
Parallel Compositional Languages (IPCL). IPCL class is an adequate model for supercomputers with UMA
and NUMA memory architecture, SMP-based computer hardware architectures, operating systems, database
management systems (DBMS), centralized databases and data warehouses, server-side software in client-
server environments, etc. Conclusions about adequacy of the Method usage for such a kind of tasks (thanks
to flexibility of composition-nominative platform) and its practicality as well as ease of use for real-world
systems have been made based on this and other authors’ works.

Key Words: Peterson’s algorithm, mutual exclusion, critical section, software properties proof, software
correctness, concurrent program, interleaving, IPCL, composition-nominative languages.

CrarTio npenctaBuB A.¢.-M.H., mpod. byit /1.b.

Introduction products we have to deal with systems which are

based on shared memory concurrency [1]. Those are

Almost every day while operating on up-to-date supercomputers with UMA and NUMA memory
computers or working with modern software architecture, SMP-based computer hardware

© A.A. Kuramio, }0.A. OctanoBcbka,

T.B. INanuenxo, 2015
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management systems (DBMS), centralized databases
and data warehouses, server-side software in client-
server environments, etc. At the same time, it is
noticeable that a current situation with hardware,
specifically CPU, implies increasing the number of
processor cores in order to raise computational
capacity which leads to the development of software
parallelization. Therefore, the problem of program
verification is still acute and open to debate.
Especially it concerns the necessity to prove the
correctness of safety-critical systems whose failure
or malfunction may result in death or serious injury
to people, loss or severe damage to
equipment/property, environmental harm. [1]

In this particular work the partial correctness (the
safety) of Peterson’s algorithm will be proven with a
help of Method for program properties proof in
IPCL. Paterson’s algorithm 1is a concurrent
programming [2] algorithm for mutual exclusion (i.e.
no two concurrent processes are in their critical
section at the same time [3]) that allows two
processes to share a single-use resource without
conflict, using only shared memory for
communication.

We will do the reasoning based on Interleaving
Parallel Composition Language (IPCL) [4] — the
class of compositional [5-7] languages, which
provide an adequate model for interleaving
concurrency with shared memory [8]. We will also
use the Method for software properties proof in IPCL
(including safety and correctness ones) [8].

Although there is a broad range of approaches to
handle this issue most of them have remarkable
disadvantages in terms of using them on practice as
they are too complicated or too theorized. Moreover,
some of them are not applicable for coping with real
tasks in general. For instance, without specifying the
details, original Owicki-Gries method [9] requires
the quadratic number of verifications relating to the
program operators amount. While the extended
version of the rely-guarantee Owicki-Gries method
[10] needs the implementation of additional variables
as well as non-evident formulating of rely- and
guarantee- conditions in order to tackle this task. In
TLA [11] (Temporal Logic of Actions) Lamport
offers to construct a model which is not much easier
than two previous ones. Moreover, TLA is
characterized with a big difference between the
program and its proving formula. In such a way

[4] might be one of the most efficient solutions.
While IPCL is up to solve the verification problem
of the parallel software it describes the so-called
serializability mechanism. Though ultimately, we
will work with sequential processes which steps will
be interrupted by parallel running programs in an
unpredictable way.

IPCL Syntax

The syntax of such languages is defined as
follows:
P::= P1;P2 |
if b then P1 else P2 |
while b do P |
x:=e|
P1]| P2,
where x:=e is an atomic, vector assigning and
P1 || P2 implies interleaving parallelism.

IPCL Semantics

Let us define compositional semantics of IPCL.
The semantics of the first three compositions is
standard while semantics of interleaving parallelism
is defined through its arguments semantics and
syntactic context in traditional way with its algebraic
and semantic properties. An Index-parameter of the
semantics function is a syntactic context - piece of
the program or the program itself. So:

Semantics of «;”:

semMa.g(d)=d V> sema(d) V' semg(d V’ sema (d))

where V’ — component-wise superposition of
Cartesian product of nominative data:

d; V’ d; = (Pry(dy) V Pry(dy), Pra(dsy) V Pry(dy))

Pri(d) is a projection of the Cartesian product d by
the i-th component, d;, d, € DxD,

This small modification is due to the fact that data
is considered as two-component one — such that
contains "global" and "local" parts and V — is a
simple operation of the data superposition (two
nominal or nominative sets) in accordance with [5-7]
here.

Semantics of “:=""

semy .- (d) =d V’ f (d),
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where f € Oper —is a (semantic) fucntion, which
complies with syntactic operator x:=e. An
assignment (the result of f) provides two-component
result, as global and local data are evaluated, and
superposition is occurring to the relevant
components of d data: global variables — to the first
component, local variables — to the second; x and e
are the vectors of names and values (expressions)
respectively,
semantics of “if”:

SEMit b then P else Q (d) =SE€mp (d), iff b(d) = True,
SeMit b then p eise @ (d) = €M (d), iff b(d) = False,

semantics of “while”:

SE€Myhite b do p (d) = SEMp . white b do p (d), Iff D(d) = True,
SeMunile b do p (d) = d, iff b(d) = False,

“”” .

semantics of
|| is associative and commutative:

seMcaye)jc (d) =semajsjc)(d)
sema s (d) = semsg 4 (d)

on the syntactic level it means respectively:

(AlIB)IIC) (d)=(All (Bl C))(d)
(AlB) (d)=(BIlA)(d)

|| relatively to “if”:

SEMit b thenp eise g | R (0) = Semp g (d), iff b(d) = True,
S€Mit b thenP else Q || R (d) =SeMgqr (d), iff b(d) = False,

SEMit b then pelse @ ; * |[R (d) = S€Mp; p- v (d),
iff b(d) = True,

S€Mit b thenPelse Q; P’ ||R (d) =S€Mq;p R (d),
iff b(d) = False,

|| relatively to “while”:
SMuynite bdo P |[R () = SEMp . whileb do R (0),
iff b(d) = True,
SeMunile b do p - (d) = SEMg (d),

iff b (d) = False,

SeMuyite bdop: p+ R (0) = SEMp . whitebdop: P+ & (d),
iff b (d) = True,

SeMunile baop : p R (d) = SeMp- g (d),

iff b (d) = False,

TRIN

|| relatively to “;:

seMa;s)p(d) =Sema; (sp)(d),
semap (d) = sema.p (d),

where A,B,C,P,P’,Q,R e Terms — programs in
IPCL (terms in IPCL Algebra), b is a syntax notation
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of an appropriate condition of the predicate pred
from Pred that is b (d) = sem(d) = pred (d) and
d € DxD.

In all the above definitions if the value of b (d) is
undefined then the value of the left side of the
relevant equality will also be undefined. Similarly, if
any of the definitions of the right side of equality is
undefined then the value of the left side is undefined.

Fis a set of functions for the data conversion,
Cis the compositions over functions from F.
F=OperuPred, where Oper=DxD — DxD and
Pred=DxD — {True, False}, where the first
occurrence of D to the Cartesian product is “global
data” while the second is “local data” for the current
process; functions which return values from the set
{True, False} (predicates) do not change the current
state (i.e. does not have “side effect”) of data DxD —
they are used as conditions in branching and cycle
operators; D=ND(V,W) in the usual sense (as simple
nominative data [5-7]).

The specific IPCL class language is formed by
fixing F.

The functions from F are atomic transactions
which are indivisible in the sense of parallelism —
their execution cannot be interrupted. Thus, the
conditions in compositions are also atomic.

Peterson’s algorithm notation in IPCL

The problem statement of this work is to provide
a formal proof of mutual exclusion criteria for
Peterson’s Algorithm. This states the safety property
of the algorithm.

The main idea of the Peterson’s algorithm uses
three variables, flagl, flag2 and turn. flagl or flag2
value of 1 indicates that the process n wants to enter
the critical section. Entrance to the critical section is
granted for process T1 if T2 does not want to enter
its critical section or if T2 has given priority to T1 by
setting turn to 1, and also entrance to the critical
section is granted for process T2 if T1 does not want
to enter its critical section or if T1 has given priority
to T2 by setting turn to 2.

Despite the fact that this algorithm is widely
common and might seem obvious from the first
view, it has complicated correctness proof using
known methods.

According to the method for program’s properties
correctness proof [1,4,8] the sources of T1 and T2
programs with labels will have the form:
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T1= [M11] flagl:=1;
[M12] turn:=2;
while [M13] (flag2=1&&turn =2) do
skip;
[M14] r:=do_critical_operations();
/lcritical section
[M15] flag1l:=0;[M16]

T2=[M21] flag2:=1;
[M22] turn:=1,;
while [M23] (flagl=1&&turn=1) do
skip;
[M24] r:=do_critical_operations();
/[critical section
[M25] flag2:=0;[M26]

In this work while-cycle condition (for instance in
T1 program: flag2 = 1 && turn =1) is considered
as an atomic operation while we may as well use the
method dividing this process into three independent
stages, like:

varfiag. = flag?,
varoa = turn,
while(varfiag, = 1 && varwm-= 1) do
begin
varyag, = flag?;
Varoen = turn;
end;

This case could be researched as separate
question in further works.
The whole program system will have the
following structure:
program =T1||T2.

States and Transitions

The state of this program will be as follows:

State = (S1,S2[flagl & f1,/lag? » f>,
turn - t],d1,d2),

where S1 € {M11,M12, M13, M14, M15, M16}
— labels of T1; S2 € {M21, M22, M23, M24,
M25, M26} — labels of T2; [fagl » fi1, flag2 —
fa, turn — t] — global data; d1 and d2 are the local
data of T1 and T2 respectively. States will denote the
set of all possible states.

The transition system will have the following
scheme of transitions:

Transitions ={51 — 5 | 51, 5 € States /N
(Trll(jll‘sé) VTHZ(‘SE.!‘S’Z) 1/717.13(.51,.55) 4
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7714(81,52) V 7715(51,52) V 7716(51,5) V
7721(51,52) V 7722(51,52) V 7723(51,5) V
717'24(‘53.1‘5'2) V717‘25(.53_,$) Vv 717‘26(‘53.1‘55)}1

where each predicate 77; i = 1:2, j = 1:6 describes
the possible program step between states.

For program T1 we have 6 different steps:

1. Move M11 —M12 (assigning variable flagl
to 1):

Trll(Sl,Sz) = (Prl(Sl) = Mll) A (Pl’l(Sz) = M12) N
(Pl’z(Sl) = Prz(SZ)) 1A (Prg(sl) = d) 1A (Pr3(82) =dVv
[ﬂag 1|—>1]) N (Pr4(81) = Pr4(82)) N (Pr5(81) = Pr5(82))

2. Move M12 — M13 (assigning variable turn
to 1):

Tl’lg(Sl,Sz) = (Pl’l(Sl) = M12) A (Pl’l(Sz) = M13) A
(Prz(sl) = Prz(SZ)) 1A (Prg(sl) = d) 1A (Pr3(82) = dV
[turn'—)Z]) A (PI’4(Sl) = Pr4(82)) A (Pr5(81) = Prs(SZ))

3. Move M13 — M13 (true value of while-
cycle condition):

Tr13(S1,S2) = (Pri(S1) = M13) A (Pry(S;) = M13) A

(Pra(S1) =Pra(S2)) A (Pra(S1) = Pra(S,) = [flagle fy,

flag2m1,, turn = t]) A (Pry(Sy) = Pra(S,)) A (Prs(Sy)
=Prs(S)) A (=) A(t=2)

4. Move M13 — M14 (false value of while-
cycle condition):

Tr4(S1,S2) = (Pry(S1) = M13) A (Pry(S;) =M14) A

(Prz(sl) = Prz(SZ)) A (Pr3(81) = Prg(SZ) = [flagj.'—) fl,

flag2f,, turn = t]) A (Pry(S:1) = Pra(S2)) A (Prs(Sy)
=Prs(S)) A (f Z1VE£2)

5. Move M14 — M15 (execution of the critical
section as ‘atomic’ operation):

Trl5(31,32) = (Pl’l(Sl) = Ml4) N (Pl’l(Sz) = Ml5) N
(Prz(sl) = Prz(SQ)) A (Pr3(81) = Prg(SZ)) N (Pr4(31) =
dl) A (PI’4(32) = funcl(dl)) A (Prs(sl) = PI’5(52))

6. Move M15 — M16 (assigning variable flagl
to 0):

TI‘16(Sl,Sz) = (Prl(Sl) = M15) N (Prl(SZ) = M16) AN
(Pra(S1) = Pra(S,)) A (Pra(S:) = d) A (Prs(S;) = dV
[flag1=0]) A (Pra(S1) = Pra(S;)) A (Prs(S1) = Prs(Sy))

Similar transitions could be fixed for program T2.
The set of the fixed Starting states will have the
following structure:

StartStates = {S € States |
Pri(S) = M11 A Pry(S) = M21}
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Final states are:

FinalStates = {S € States |
Prl(S) =M16 A Prz(S) = M26}

Invariant and the proof

In these terms the mutual exclusion condition for
the algorithm, that no two concurrent processes are
in their critical section at the same time, can be
formulated as:

— (Pry(S) € {M14, M15} A Pr,(S) € {M24, M25})

which have to be proven.
The invariant of program system is:

InV(S)= Il(S) A Iz(S) VAN |3(S) A\ |4(S),
where

1,(S) = Pry(S) € {M12, M13, M14, M15} —
flagl = (Pr;(S)) =1,

1,(S) = Pry(S) e {M14, M15} —
(Pry(S) ¢ {M24, M25} A
Pr,(S) =M23 — turn = (Pr3(S)) = 1),

15(S) = Pr,y(S) e {M22, M23, M24, M25} —
flag2 = (Pr;(S)) =1,

1.(S) = Pry(S) € {M24, M25} —
(Pr.(S) ¢ {M14, M15} A
Pr,(S) = M13 — turn = (Prs(S)) = 2)

The idea of invariant Inv(S) is clear and follows
from the definition of critical section. If T1 is located
previously to while-cycle {M12, M13} or is inside
its critical section {M14, M15}, then flagl = 1,
namely it wants to enter critical section (getting
access to the resource). If T1 “goes through” while-
cycle {M14, M15}, that means it come out of the
cycle (entrance to critical section and getting access
to the resource), then the other process (T2) is
outside critical section (i.e. not in {M24, M25}), and

Cnucok BUKOPHCTAHHUX K€ PEJI

1. Illanuenxo T.B. Komno3umiiiHi MeToau crietmdgi-
Kamii Ta Bepudikaiii TPOrpaMHUX CHCTEM.
Hucepraniss Ha 3100yTTS HAYKOBOTO CTYIICHSI

KaHaugaTa (hiBUKO-MaTEeMaTHUIHHAX HAyYK.:
01.05.03 / T.B. ITanuenko. - Kuis, 2006. - 177 c.
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also if T2 is located previously to critical section
{M23} — then it has not access, because it is T1's
turn to entrance now: turn = 1.

The proof that invariant holds true over all
transitions is rather technical and will not be
presented here.

It is obvious, that Inv(S) implies that

Pr.(S) € {M14, M15} — Pr,(S) & {M24, M25} A
Pry(S) € {M24, M25} — Pry(S) & {M14, M15}

which is equal to:
— (Pry(S) e {M14, M15} A Pr,(S) e {M24, M25})

namely, the mutual exclusion condition: for any state
S it is not possible to appear in critical section (marks
M14, M15 for T1 and marks M24, M25 for T2) for
both processes (T1 and T2) at the same time.

Conclusion

In this paper we proved mutual exclusion
property of well-known Peterson’s Algorithm for
critical section. It states that no two concurrent
processes are in their critical section at the same
time. Namely, we have:

1) noted the algorithm in IPCL terms,

2) provided semantics in terms of states and
transitions,

3) formulated and proved invariant of the
program as well as required condition.

In this way we prove what has been stated at the
start — as a consequence of invariant, that it is not
possible to appear in critical section for both
processes (T1 and T2) at the same time in Peterson’s
algorithm for mutual exclusion.

We can conclude that Method for program
properties proof in IPCL provides an appropriate
technique for software correctness proof in terms of
safety properties. The same conclusion is obtained in
[12] also.
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I BuAKHI TAGMMYHUI METO IeKOTYBAHHS Fast tabular decoding method for multi-

MYJITHPO3AiIIbHUKOBUX KOIiB delimiter codes

KuiBchkuii HallioHaIBHUM YHIBEPCUTET iMeHi Taras Shevchenko National University of Kyiv,
Tapaca IlleBuenka, 03680, m. Kuis, mp-T. 03680, Kyiv, Glushkova av., 4d
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Onucano memoO 0eK0OY8aHHs Oasi POOUHU NPeIKCHUX CMUCKATbHUX KOOI8, WO MAaiomb KilbKa
Ppo30invHuKie. Memoo 6azyemvcsa Ha nobaumogii 0o6podYyi Kody 3a VONOMO2010 MAdIUYb, WO BUSHAYEHI HA
cmaoii nepedobyuciens. Memoo € eghekmuHiuUM 3a AHANO2TUHUTL MemOO 051 8I0OMUX K00i8 DiboHauui sk
30 EMHICHUMU, MAK T 3a 4ACOBUMU BUMPATNAMU.

Knrouosi cnosa: cmuckanvui KoOu,Mynibmupo30iibHUKOBI KOOU, 0eK0OY8aHH s, MAOIUYHUL MemOoO.

This article presents the further investigation of multi-delimiter compressing codes introduced in one of
the previous issues of Bulletin of Taras Shevchenko National University of Kyiv. The distinctive feature of
this family is the use of multiple codeword delimiters in the same code. The conventional bitwise encoding
and decoding algorithms are considered. The fast bytewise decoding algorithm is presented in details for
one representative of multi-delimiter codes family. This algorithm utilizes the pre-computed table, which
allows to process one byte of encoded text at each iteration. This table serves as two-dimensional array,
where bytes of encoded text are indicies and element values are represented by the words of the source text
that can be obained from the encoded byte. The time and space complexity of algorithm is assessed and
compared with the complexity of similar algorithm for known Fibonacci code Fib3. The space consumption
of our algorithm is 3.7 times less than for the Fib3 one and time complexity is 20% lower.

Key words: compression codes, multi-delimiter, decoding, tabular method.

Cratrio npencraBus I.¢.-M.H., mpod. AnicimoB A.B.

Beryn

VY pobori [1] 6ys10 Brepiiie po3rISIHYTO POAUHY VY [1] nmomemeHo Taki BaKJIMBI BIACTHUBOCTI
CTHCKAJbHUX Mpe(piKCHUX  KOJiB, OCHOBHOIO MYNbTHUPO3IUIBHUKOBUX KOMIB, SK IIOBHOTY Ta
BIIMIHHOIO PUCOIO SIKHX € MOXIIUBICTh PO3JUICHHS yHiBepcalbHICTh. L0 poOoTy MU NPHCBATUMO
KOJIOBUX CIIiB 32 JONOMOTOI0 KUTHKOX CIEIIalbHUX  PO3pOOIli aJITOPUTMIB KOIYBaHHS Ta JCKOJyBaHHS
nocimigosHocTeil Girie. Ile Tak 3Bami (AK)-xkomu, 3a3HadeHux koaiB. CmouaTky Oyne HaBelEHO
a00 MyJIBTHPO3ALILHUKOBI KOaW. IIpeacTaBHMK —aIrOPUTMH, IO ONpPalbOBYIOTh BXiJHI 4nciaa abo
KOJMOBiI cioBa Oir 3a OitoM. Taki amropumu €
JOCUTh HeeEKTHMBHMMH 32 OOYHCIIOBAIbHUMU
BUTpaTaMH, OCKUIBKM  CKJIagHICTh  OOpOOKH
MalIMHHOrO cioBa (ik mpaBwio, 4- 4m 8-
0aliTOBOTrO) HE BHWINA 33 CKJIAJHICTH OOPOOKH
onHoro 0ira, TOX ONpanbOBYBaTH iHGOPMALi0 OiT
3a 0ITOM HEIOLIIBHO.

[ToriMm MU HaBeeMO 3HAYHO LIBHIIIMN METOJ
JEKOAYBaHHS, L0 Ja€ 3MOry oOpoOisITH 3a OAHY
iTepalito omAuH OalT 3aKOJOBAHOTO TEKCTY.
[MoniOHmit minxix 3acrocoByBaBcs y [2] s
Bimomux koaiB MiboHauyi, o 6ysau BBemeHi B [3].
OpHak 3ampoNOHOBAaHUM HAMH METOJ Ma€ HUXYi
AK 4acoBi, TaK 1 EMHICHI BUTpATH.

1i€T pOJMHYU KOMIB TIO3HAYAETHCS K o et
KOJI MICTHTB yCi CJIOBa, 110 33JI0BOJIBHIIOTh TAKHM
yMOBaM:

e (CJIOBO HE IIOYMHAETBHCSI 3 IOCIIIOBHOCTI
1...10, mo mictuts My 260 M, abo... abo My
OQUHHUIIb,

® CJIOBO 3aKiHuyeThes mocmigoBHicTio 01...10,
o0 MICTHTE M; abdo M, abo... abo M
OQUHHIIb,

e cioBO He MmictuTh mociaimosHocti 01...10 i3
m; abo M, abo... abo M; OOUHHUILISIMH HIIE,
KpIiM KiHIIS.

Tyr 1 Haganmi MH  OPUIYCKAEMO, IO
O0<m<...<m.

© 1.0. 3aBancekuii, 2015
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CraHjapTHe KOIyBaHHS Ta IeKOTyBAHHA

Ha BXim KomyBajgpbHOrO ajropuTMy HAJIXOIUThH
HaTypaJIbHE YMCIO X, JBIMKOBHH BHIJISI SKOTO —
XnXp-1...Xo, @ Ha BHUXOII OTPHUMYEMO BiIIIOBiHE

CIIOBO 3 KOIY S — Hexait J={ji, j2, ...} — Taka

HECKIHYEHHA 3pocraroya IOCJI1IOBHICTD
HATYPAIBHUX YKCE, 110 j; — HAWMEHIIIE YUCITO, SIKE
HE HANGKUTh MHOXHHI {My,...,M}, a | — Take

HaliMeHIIe 4uco, o j; > jig i [i € {my,....m.},
CraHapTHHI aJITOPUTM KOLYBAHHS € TAKUM:

1) X« x— 2" TOOTO BUJIAIIEMO
HalicTapmmid OIT umMcna X, SKUH 3aBKIH
nopiHroe 1.

Axmo X=0, 1o psaaka Xn-j...Xo, IKANA MICTUTb
Juie Hylni abo € MOpPOXKHIM, AOMHCYEMO
crpaBa nocuigoBHicts 1...10, mo micTuth
m; omuHuIb. lllykaHe komoBe ciIoBO Mae
BUTJISIT Xp1...Xol...10. Kinenp anropurmy.
Skmo gBifikoBe TOmaHHSA X  HaOyBae
Bursiny psaka 1...10 a6o 0...01...10 i3 m,
a0o0... ad0 M; OJMHMIISIMH, IITYKaHE KOJOBE
YUCIIO — 1€ Xn_1...Xo. KiHENb anroputmy.
3aMiHIOEMO KOXXKHY OITOBY MOCIiZOBHICTH
urnsaay 01...10, mo mictuth d OXUHUI i
po3TamoBaHa HE B KIHII  CJIOBa,
nocmigoBHicTio 01...10, mo wmictuth jg
OIUHHUIIb.

Skmo KiHenb ciaoBa — II€ PSIOK BHTIISAY
01...10 13 My OQUHHUIIEIMH, 3aMIHIOEMO HOr'0
psankom moniouoi crpykrypu 01...10, mo

2)

3)

4)

5)

MicTHTh /ms OMHUIID.

SIKIIO CIIOBO MOYMHAETHLCSA 3 MOCIIOBHOCTI
1...10, mo Mictute d OOUHHUIE, 3aMIHIOEMO
ii momimoBHiCTIO MOAIOHOI  CTPYKTYypH
1...10, 1o MiCTUTb f¢ ONUHHMIIB.

SIKIO COBO 3aKiHYYETHCS IMOCIIIOBHICTIO
01...10, gxa wmicturh M, abo abo my
OMHUIIL, II¢ IIykKaHe clioBo. KiHelp
aITOPUTMY.

Jomucyemo 1o crmoBa  crpaBa
01...10, 10 MICTUTH My OOUHHUIIb.

6)

7)

8) psIoK

3rigHo 3 UM anroputMoM, skmo X — 2" F 0
po3ninbHuK 01...10 i3 M; OAMHUIIAMU JOMUCYETHCS
WITy4YHO 1 TOMYy Mae OyTH BHJAJICHHH Mia dYac
JeKoryBaHHs, a po3auvtbHuKK Burisamy 01...10 i3
m; abo ... abo M; oguHUIAMH € 1HHOPMATUBHUMHU
YaCcTMHAMH KOJIOBHUX CJIiB 1 TOMYy TIJ 4dac
JIEKOJlyBaHHS TIOBUHHI 00poOmsitrcs. SIkmo x

x—2" =0 | ocrammi m+1 6irip Buraagy 1...10
MaroTh OyTH BHJIaJICHI.

Jlanmi  OmMCaHO  CTaHAAPTHHM  aJrOpUTM
JICKOIyBaHHsI, HA BXI SKOTO TMOJAETHCS KOIOBE

126

CJIOBO, @ HA BHUXOJl OTPUMYEMO BiINOBiOHE HOMY
YHCIIO.
1) Skmo  KOJAOBE  UYHCIO Ma€  BUIIIAA
0...01...10 ab6o 1...10 1 wmictuTp My
OIMHUIb, BUJAIIEMO OcTaHHl My+1 OITIB 1
MepexoauMo Ha KPOK 5.
SO YMCI0 3aKiHUYETHCS IMOCIIIOBHICTIO
01...10, sgxka wMmicTHTL My OJWHHUII,
BUIAJIIEMO OCTaHHI My+2 OITiB.
3aMiHIOEMO KOXKHY MOCHiIOBHICTh BUTJIISIIY
01...10 i3 7+ €] onuHMUAMH MOCIiTOB-
HicTio mnoxionoro Burisay 01...10, mpo
MicTuTh d OIUHUIE.
Sxmo ciaoBo mounHaeTbes 3 panka 1...10 i3
je €T OIUHHUIISIMU, 3aMIHIOEMO  HOro
momionuM psaxkom 1...10, mo wmictute d
OIUHHIb.
Hommcymo cumBon “1” 1o mouaTKy ducra.

2)

3)

4)

5)

IIpuckopene nodaiiToBe 1eKOTYBAHHS

CranmapTHi KOAYBJIBHHM Ta JEKOAYBaIbHUH
ITOPUTMH OOpOONSIOTH OIT 32 0iTOM, a TOMY €
JIOCTaTHBO  MOBUIBHUMH. Y  pa3i  oOpoOKHu
HEMepepBHOr0 MOTOKY 3aKOAOBAaHOTO TEKCTy iX
MOXHa 3HAYHO MPUCKOPHUTH, 3aCTOCYBaBIIN
mo0aiToBl TaOIMYHI METOAH, OCHOBHA 1€ SIKHX
noxiona no ommcanoi B [2], [4], [5] mis xoxmis
diboHayuyi.

OCKIJIbKH J1eKOTyBaHHSI BUKOHYETHCSI B PEXKHUMI
peajbHOro 4acy wyacTilie, HDK KOIyBaHHS, 1 B
LIOMY TPUBA€E OBIIE, IPUCKOPEHHS 1E€KOTyBaHHS
€ BKJIMBIIIO 3aJa4elo, Ha SIKiil MU 1 30CepeMOo
yBary pam. Ha xoxHiii itepanii y mobaiToBOMY
METOAl JEKOAYBAaHHS 3UYUTYETHCA IIJIE YHCIO
0aifTiB 3aKOJIOBAHOTO TEKCTY, 1 3 TaOMHIIi, MOMIOHOT
1o Tabn. 1, Bigpasy BH3HAYAIOTHCS BCI YMCIA, SKi
MOXHa OTPUMATH B Pe3yNbTaTi ACKOLYBaHHS IUX
OaiiTiB. Y Tabn. 1 ui yncna HaBeaeHo 0e3 cTapnux
OQUHUYHUX OITIB 1 MO3HAYEHO SIK Wi, W, W3, a TXHI
JIOBXHHHU — SIK |Wy|, [W5|, |W3|. MoxIHBO, Ha IEBHUX
iTepalisix BIAcCTbCS OTpUMATH HE TOBHUH
JBIIKOBUH 3aIllC OCTAHHBOTO 3 [IUX YHCEN, a JIUIIe
woro crapmi Oitu. «[Ipamopui» f; BkasyroTs, um
MOBHICTIO JIEKOI0BaHO yucio Wi. Kpim Toro, neBHy
KUTbKiCTh HaWMonommux OiTiB y ©OalTax, Mo
00pOOIISAIOTECS HA TICBHIM iTepallii, MOXKIUBO, HE
BIACTbCS JICKOAYBATH OJHO3HAYHO (OCKUIBKU IS
BOr0 MOTPIOHO 3HATH MOYATOK HACTYMHOI MOPILii
0aiiTiB), a00 He MOTPIOHO OOPOOIATH BHACIIIOK
ocobnuBocteil anroputMmy. Taki OiTm MmoO3HauYeHO
yepe3 S. 3HaYCHHs WX OiTiB BIUIMBAIOTh HA CIIOCIO
JIEeKOAyBaHHS HacTynHol mopuii OaiitiB. Tomy
Tabn. 1 MOXHA PpO3IJSIIATH  AK  CYKYIHICTh
JBOBHMIPHUX MAacuB 3 1HAEKCAMHU Syrey (01TH, AKi Ha
nonepeHii irepauii He Oynu 00poOieHi) Ta U
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(4eproBa mopuisi GalTIB 3aKOAOBaHOro TeKcTy). Lli
IHAEKCH 3allCaHO B TMEPIIMX JIBOX CTOBIIISIX
TabauIl, a BCl IHINl CTOBII( MICTATh 3HAYEHHS
€JIEMEHTIB IBOBUMIPHUX MACHBIB.

Hns MIPUKITATY JOCHIAUMO JETaIbHO
nobaiiToBuii MeTon MekoayBaHHs koay C,, mo Ha
KOXHI iTpamii 00pobasie mo omHoMy OaiTy.
3aromoBok Tabm. 1 BiAMOBigae caMme bOMY METOAY,
OCKIIbKH, 32 HEBEITUKUM BHUHSITKOM, B OJHOMY
0alTl MOXKE BMICTUTHCS IIOHAWOUIbIIE 3 MOBHHUX

0alT MOXKE OXOIUTIOBATH MOBHICTIO YW YacCTKOBO
qoTupu KomoBux cioBa, — ne 0110110x, me X —
JIOBUIBHMK ocTaHHid Oir. Tyt mnepmmit OiT
BIJINIOBiJITa€ OCTAaHHBOMY OITy KOXy Wi, TOTIM
3amucaHo Kogu W, { Wi — asiul 110, a octanHii 01T
— 1e mepmuii OiT KOAy 4YeTBEpTOro 4Mcia, SKUi
MOXHAa BiJHECTH A0 HEOOPOOIEHOro 3alUIIKy S i
OOMEXHUTHCE, TaKUM YHHOM, TpbOMa
pe3ynbTyounMu  yucinamu. [lig 3aromoBkoM y
Tabn. 1 3ammcaHo 3BepxXy BHU3 Ti PSAKH, LIO

9 HemoBHUX KomoBux cioBa C,. lle merko BUKOPUCTOBYIOThCS [UIS JICKOJYBaHHS TEKCTY
nmobauynTH 3 OISy Ha Te, o Halikopotmie kogose 11000111 01101011 11001011 11101101
cnoBo C, mae Burisan 110. €nunwmii BapianT, komu  10011000.
Tabmurs 1. Tabmurs ais mob6alTOBOro MeToay JekoayBanHs kony C,
Sprev u Wy W fy Wo s f W3 |ws f3 S
11000111 0 1 0011 4 0 1
1 01101011 0 1 1 1 0 011
011 11001011 0111001 7 0 011
011 11101101 01111 5 1 0 0 1
1 10011000 0 1 0 1 1 00 2 0
Ha puc. 1 mnpoimtocTpoBaHO JEKOAYBaHHS BXOJINTh, & B IPYTOMY JIEKOYBATUMEThCS K

OCTaHHBOIO OaiiTa 3 HaBCACHOI'O IMPUKIIATY.

Sprev nomounui bavim

..l 1 l1]Jo]Jol1[1]o0o]o0]0O

le(l) W2=(1)0
Puc. 1. lexonyBanns 6aiita 10011000

Bu3zHauMO MHOXHUHY MOXKIUBHX 3HAYCHb
BenmunHW  S.  Hacammepen  3poOumo  Taki
3ayBaXKCHHSI.

e Skmo o ckiamy OaiiTa BXOTUTH MOBHICTIO
neska (AK)-rpyma, TO BOHa MOxe OyTh
IIEKOIOBaHA OJHO3HAYHO HE3aJIeKHO Bif
BMICTy HacTyIHOTo OaiiTa, a oTKe, ii OiTH 10
CKJTay S HE BXOAUTHMYTh.

o JSIkmio OalT 3aKiHYYeTHCS P > 3 OMUHUIIMU
MOCIiJIb, TO BOHU JCKOJYyBaTUMYThCS SIK P—1
OJIMHUIIL HE3aJISKHO BiJI BMICTY HACTYITHOTO

Oalita. VY 1pOMy BUNAIKYy PSIOOK S
CKITaJaTUMEThCS 3 OJHOTO  OCTAaHHBOTO
ogUHHYHOIO  0Oira, SKMH [ 4ac

JICKOJTyBaHHs HACTYITHOTO OaiiTa CIy>)KUTHME
O03HAKOI0 TOTro, IMIO TMOMepenHii OalT He
3aKiHUYMBCS HYJICM.

o Pamox 10 abo wmictuthes B kiHmi (AK)-
rpymnu, abo koaye 3HaueHHs A. B o0ox
BUNIAJKaxX  HOro MOXKHa  JCKOJIYBaTH
HE3JICKHO BiJ] BMICTY HAaCTYIHOro Oaiita: y
NEePIIOMY BHIIAJIKYy BiH JIEKOAYBaTUMEThCS
pasom i3 (AK)-rpymoro, mo ckmamy sKoi
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10.

3 meporo i3 IUX TPHOX TBEPIKECHb BHILJIMBAE,
IO MOCTIIOBHICTh S HE MOXKE MICTUTH JBOX HYJIB
MOCHiIb, aJKe Taka CHTYyallisi MOXIWBA JIMIIE
SKIIO i JBa HYyJI CKIamaroTh MoBHY (AK)-rpymy
(Tomi 11 OiTM He BBIHAYTH y S) ab0 SKIIO MepUInit
“0” — e xineus oxniei (A,K)-rpymu, a npyruit “0” —
noJaToKk HactynHoli (y TakoMmy pas3i B S BBiiae
TUIBKA JAPYTHi HyJb). 3 APYroro i TpeThOro
TBEpPKEHb  Oe3mocepenHbO  BUILIMBAE, IO
MOCTIJOBHICTD S HE MOXKE€ MiCTHUTU TPHOX OAMHUIb
nocine Tta pagka 10. Takum 4MHOM, OTPUMYEMO
BCHOTO 6 MOXJIMBHUX 3HAa4€Hb S. MOPOXKHINA PSAOK,
0,1,01, 11, 011.

Tenep nokaxxemo, 1mo Oyab-sKuil psAaok Tadu. 1
MOXe OyTH «3alakoBaHO» B OIHE 32-po3psiiHe
MallMHHE CJOBO. YCi MOXKIWBI 3HAuYeHHS S
MPOHYMEpYEMO ABiKOBUMH unciamu Bix 0 1o 5, a
oTxe, JIs 30epiraHHS OyAb-1KOrO TaKOro 3Ha-
4yeHHs1 OyZe NOCTaTHBO TPhOX OITiB. 3ayBa)kuMo,
0 SKIOIO MEeBHUE mpamopens fi € HymboBuM (e
O3HAyae, 10 CIOBO W ACKOJOBAHO HE MOBHICTIO),
TO C10Ba Wit1, Wisz,..., K 1 mpanopii firg, fivo,...,
MOXHA HE PO3IJISAATH, aJKe KOA Wi MOIIKNPIOBaTH-
METhCSl 10 MOYaTKy psiaka S abo 70 mpaBoi Mexi
Oaiita. ITo3HaunBmy Ti 3HaveHud f;, sxi MoxxHa He
BpPaxoBYBaTH, HYJISMH, OTPUMAEMO TaKi MOXKJIMBI
koMbinarii 3Hauenp npanopuis (fy, f;, f3): 000, 100
ta 11X, ;e X — moBLIbHE OBIMKOBE 3HAaueHHS. JIJis
KOXKHOI'O 3 LMX BHMAAKIB OIHMIIEMO CBiil cIocio
MaKyBaHHs psaka Tadn. 1 y yorupubaiiToBe cioBo
(puc. 2), onHak 3a OyAb-IKOTO CIOCOOY 3HAUCHHS
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(fy, Ty, f3) 3amucyBatumMemo B 3 Halicrapuri 0iTH, a
3HAYCHHS Wy, |Wy|, Wa, |Wo| (K110 €), W3, [W3| (sKIIIO
€) Ta S — Bix HaiiMoiommoro 6ira A0 cTapuux, y
3a3HaveH1i IOCIITOBHOCTI.

(f1, T, £3)=000. ¥V upomy BHUMAAKy 3HAUCHHS Wi
3aiiMatume He Oinmbmre 10 OiTiB. JlificHO, SAKIIO
Sprev=011 1 f;=0, TO Haiicrapmmii 6iT GailiTa U He
MoXe OyTH HyJIeM, OCKUIbKM iHaKuIe ckianacs O
nocaigoBHicTs 0110, sika 03Hayae KiHELb KOZOBOI'O
cmoBa i fi=1. Skmo Bci OiTH U OOUHWYHI, TO
OCTaHHIM OIT BIOHOCHUTBCA OO S, a JOBXKHHA
JIIEKOIOBAHOI0 3HAYeHHSA W; cTaHoBUTH 3+7=10
0iTiB. SIKmIo0 U MICTUTH HYNBOBUH OiT, TO Mix 4Yac
JIEKOyBaHHST W; OOpOOJIATUMETBCS TOCIiIOBHICTh
punsiny 01...10 i3 p=>3 oguHMISAMH, SKil
BIJINIOBiITaTUME HA OJHMH OIT KOPOTIINK (parMeHT
KOIy Wi, a OTXKe, 3arajibHa 0iToBa JOBXKWHA W; HE
nepesunryBatume 3+8-1=10 6iriB. Sfkmo x
3HAaYeHHs] S MICTUTh MEHIIE TPhOX OITiB, TO
JIOBJ)KMHA Wi, OYEBHIHO, HE MOXe OyTH OUIBIIO0
3a 8+2=10 6itiB. Takum uuHOM, y Bunaaky (f;, fo,
f3)=000 nns 30epiraHHs BEIUYMHH |Wi| JOCTaTHHO
YOTHPHOX OITiB, a 3arajoM MaKyBaHHS psaKa TaO.
1 y votupubailiToBE CIIOBO BUIIISNAE TaK, SK Ha
puc. 2a.

(f;, f;, 13)=100. YV upoMy BHUMAIKy, SKIIO
Sprev € {ﬂ,ﬂi,ﬂii}’ TO KOHKAaTEHALIsl PAIKIB Sprev
Ta U nmoBuHHA Mictutu po3nuibHuk 0110. Te came
CIpaBIEIMBO 1 B TOMY BHIAJKy, SKIIO

Sprev € (111} 4 PO3IUTBHUK MICTUTBCS HE Ha
MOYaTKy KOHKaTeHalii Sprey Ta U. 3HaUEHHS W; Oy1e
HalJOBIINM, SIKIIO 1€ pPO3AUTLHUK 3CYHYTO 0
npaBoi Mexi 6aiita. OCKITBKM PO3IUIBHUK Mij Yac
JIEKOTyBaHHS HE BPaXOBYETHCS, 3HAUYCHHS Wy Oyre
OTpUMaHO B pe3ynbTaTi JIEKOYBaHHS
mioHaiouIbIIe 7 OiTiB, @ 3 MipKyBaHb, BUKJIAJICHUX
s Bunaaky (fi, f, f3)=000, Haitbinbira MoxinBa
JIOB)KMHA W; Oyle Ha OJUHUIK0 MEHIIOK, TOOTO
|w1|<6 1 s 30epiraHHsI 3HAYEHHS |W;| TOCTaTHBHO
TPbOX OITiB. SIKIO XK Sprey — MOPOXKHIN PSIIOK UM

i—1;
S«—0;
w—1;

while (He mocarayro kiHisg Tekety ) {
r — TAB[s][text];
if(r&0x80000000) {
len — (r >> 6)&0x7,;
output (w << len)|(r&0xa3f);

w—1;
if(x&0x40000000) {
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Sprev=0, TO pPO3AUIBHMKOM I Wi MOxe OyTu i
psimok 110, ane HepiBHICTB |Wi|<6 y mbpomy pasi €
OUYEBHUTHOIO.

VY sumagky (f;, f, f3)=100 motpibHO TakoX
30epiraTu 3HaueHHS W,. OCKUIbKH KOJ W; 3aiimae
NpUHAWMHI onuH OiT Oalita U, mIs Komy W,
3amumaeThcs He Outbme 7 OiriB, 1m0 moTpedye 3
OiTH JUIS 3HAYEHHS |Wp| 1 B I[JIOMY MPUBOIMTH JIO
TaKOro MaKyBaHHS, AK Ha puc. 20.

(f,, T, f3)=11x. V¥V 1poMy BHMAAKY KOJI W
3aJIOBOJIBHSIE TUM CaMHUM OOMEXKEHHSM, IO W Y
punaaky (f;, f,, f3)=100, a xom W, 3arambHa
JOBXHHA SKOTO HE MepeBHINye { OiTiB, MOBHHEH
TaKOX MICTHTH PO3AUIBHUK i3 HE MEHII HDX TPbOX
OiriB. TakuM 4MHOM, IUId 3HAYEHHS W, JOCTATHBHO
Y4OTUPBOX OITIB, WIS |W,| — TpbOX. OCKUTBKH KOI Wy
3aiiMae mpuHaliMHI oamH OiT Oalita U, a
Halikopormuii kom W, — me 110, nmomkwuHa
3aKOJOBAHOI'0 I JIEKOJOBAHOI'O 3HAYEHHS W; HE
OUTbIIIa YOTHPHOX, |W3|<3, i B LIJIOMY MaeMO Take
MaKyBaHHS, K Ha PUC. 2B.

Temep geranbHO  ONMIIEMO  MMOOAWTOBUI
aJropuTM JeKonyBaHHs s kony C,. Uepes X << ¢
MO3HAYaTUMEMO OIEPaIlif0 3CYBY 3HAYCHHS X
BJIBO, a 4epe3 X >> C — 3CyBY BIpaBo Ha C 0iTiB
(3cyB HEUUKIIYHMIA, a HOBI OITH 3allOBHIOIOTHCS
Hyasmu).  CuMBONIOM  «&»  MO3HAYATUMETHCS
omepallisi TMOOITOBOrO «i», a CHMBOJIOM «[» —
nobiToBoro «abo». UYepes text; mo3HauaTuMemo
yeproBuil OAWT 3aKOJOBAHOTO TEKCTYy, 4epe3 I —
3aIaKOBaHHUN Y YOTUPUOANTOBE CIIOBO PS/IOK TaOII.
1, y 3MiHHII W QopMyBaTHMETbCs IEKOJOBAaHE
YUCIIO SK KOHKATEHAIlis PSAAKIB Wi, W, 9d W3, 2 y
3MiHHIA len 30epiraTUMyTbhcs JOBXKUHH — IHX
psankiB. CrodaTtky 3HauYeHHS W CKIQJa€ThCs 3
OJTHOTO OJMHHWYHOTrO 0iTa, MOTIM BOHO 3CYBA€THCS
BIIIBO, & MpaBi OITH 3aMiHIOIOTHCS 3HAYCHHSIMHU Wi,
W, abo Ws (3 BIINOBIiAHUX MAUISIHOK cioBa ) i,
TaKUM YWHOM, HaWCcTapmwmii OiT W 3aBXIH
3aTUIIAETHCS ONMHUYHUM.

/[ HomMep OaliTa 3aKOOBAHOIO TEKCTY
/[ ciouaTky S — MOPOXKHIN PSITOK

Il iz “1” Gyne HaiicrapimM 6iToM

/I nexonoBanoro uncia

/] 3untyemo 4-6aiiToBHIA psIoK Tadm. 1
/I sixmo ;=1

I'len « |wy|

/I nexonoBaHe YUCIO: W i3 JOMUCAHUMH
/[ cripaBa 6 HailiMosoAIIMMH OiTamu I

/I axmo f,=1
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len — (r >> 13)&0x7;

output (w << len)|((r >> 9)&0xf);
wW—1;

len — (r >> 20)&0x7;
if(r&0x20000000) {

output (w << len)|((r >> 16)&0xf);

W 1;
} else

W« (w << len)|((r >> 16)&0xf);

S «— (r >> 23)&0x7;

} else {
len — (r >> 16)&0x7;

W« (w << len)|((r >> 9)&0x7f);

S «— (r>>19)&7,;

}
} else {
len «— (r >> 10)&O0xf;
W «— (w << len)|(r&0x3ff);
S« (r >>14)&0x7;

I'len « |wo|
/I nexomoBaue yucao: 1w,

I len « |ws|
/I axmo f3= 1
/I nexomoBaue yucno: 1ws

1l (fl, fg, fg):llO
W «— 1w,

I/l sy 6irax 24-26
/! (fl, fg):lO

I'len «— |wo|

IIw «— 1w,

Il sy 6itax 20-22

/I axmo f1=0

I'len «— |wy|

Il nomrcyemMo 10 W cripaBa Wy
Il sy 6itax 15-17

}
|« i+1; /[ mepexouMo 10 HACTYITHOTO OAUTY
}
32/131(30 17 15|14 11|10 1
oofol [T T TT T T T T PTI I T TITTITTTTT]
fl fz f3 S |W1| Wi
a
32/31(30 22 20119 17|16 10| 9 716 1
wvjojof [ [P [T T T I IPT I PPl T]
fl fz f3 S |W2| Wo |W1| Wy
0
32/31(30 26 24|23 21|20 17|16 14|13 10| 9 716 1
11 HEEE RN EEEEEEN
fl fz f3 S |W3| W3 |W2| Wo |W1| W,
B

Puc. 2. [TakyBaHHS psiKka AEKOLYyBaJIbHOI TAOMUI Y YOTUPUOANUTHE MAILIHHE CIIOBO

Oninka cCKJIaaHOCTI

OWiHUMO €MHICHY CKJIQJHICTh  OMHCAHOTO
MeTofy. Jis KOKHOro 3 6 MOMJIUBUX 3HAYEHb Sprey
icHye 256 3HadeHb Uj, a oTXKe, Taba. 1 MicTUTh 6 X
256 = 1,5 KO psnkiB, koxkeH i3 skux 3alimMae 4
Oaiitu. Tomy moOaiiTOBE IEKOMyBaHHS MOTpedye 6
K6 mam’sti. 3a3Haunmo, mo omucanuid y [2]
HAHONTHUMAJBHIIMINKA 13 MOOAMTOBUX  METOMIB
nekoxyBaHHs i koay dDibonauui Fib3 (sxuit, y
CBOIO 4Yepry, € Haiie()eKTHBHILIMM Cepel KOJiB
®iboHayui B  3aCTOCYBaHHI JO CTHCKaHHS
NPUPOJHOMOBHMX TeKCTiB) morpedye 21,4 KO
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mam’siTi, T00TO y 3,7 pa3iB Ouiblle, HiXK HABESJICHHMA
HaMH METO.I,.

Tabmuns 2. [TopiBHSIHHS CKIAAHICHUX
XapaKTePUCTHK MO0AHTOBUX METOJIIB JICKOyBaHHS

IToGaiiToBe IToGaiiToBe
nexomyBaHHs C, JIEKOTyBaHHS
Fib3
Yac 0,255 ¢ 0,321 ¢
ITam’ga1B 6 Ko 21,4 Ko
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YacoBy ckJIaZHiCTh NOOAWTOBOrO EKOTyBaHHS
Oyn0 BH3HAYEHO 3a JIOTMIOMOTOI0 YHCEIHLHOTO
ekcriepuMenTa. s npukiangy Oyino B3sto ko C; i
nekoxoBaHo 20 MIIH. BHUITQIKOBUX KOIOBUX CIIB 13
YacTOTaMH, BIINOBITHMMHU po3noauty 3inda (o
ONMU3BKUI 0 PO3MOIUTY CIiB Yy MPUPOIHOMOBHHUX
TeKcTax) 1 mw mpouenypy nosropero 100 pasis.
PesynbpTaTn excepuMeHTa HaBeAEHO B Ta0i. 2. Sk
BUOHO, TmoOaiitoBe naekomgyBaHHs koxmy C;
npUOJIN3HO Ha 20% HIBH/ILIE 3a
HAaONTHMaJbHIINK 3 METOMIB ACKOAYBaHHS KOAY
®idonayuyi Fib3.

Hacammepen Take MpHCKOpEHHA MOB’S3aHE 3
THM, 0 Y METOAI JAeKoayBaHHs aias koay Fib3
KOKHO{ iTepawii BUKOHYETbCS 3 UWTaHHA 3
Ta0JIHIIb, 10 30€PIiraroThCs B IaM’sITi, B TOH Yac K
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y 3aIporOHOBAHOMY HaMH METOIl — JIMILIE OAHE.
Lle naif0inpm 3aTpaTHa omepamis A CydacHHX
npouecopiB. Pemra onepamiii  Moxe  OyTH
BHKOHAHA B PETiCTpax Mpolecopa 3Ha4HO IIBU/ILIE.

BucHoBkn

v CTaTTI OIMHMCaHO IIBUJIKHAH METO/
JIEKOIYBaHHS MYJbTHPO3IILHUKOBUX KOIIB, IIO
0a3yeTscst Ha 00poOLi Biipa3zy OJHOTO UM KUIBKOX
0aiiTiB 3aKomoBaHOrO TeKcTy. OLiHEHO YacoBy Ta
€MHICHY CKJIQJHICTh METOAY Ha NIpPUKIaIi
MpEACTaBHUKA CIMEHWCTBA MYJIbTHPO3AUIEHUKOBUX
koniB — koxgy C,. 3a3HadeHuil METOJ 1EKOyBaHHS
BUSIBUBCS €()eKTUBHILIMM 33 HAKPaLMK 3 TOAI0HMX
MeroniB g KoxaiB ®i0oHayyil K 3a yacoM, Tak 1 3a
BUTpaTaMH Iam’SITi.
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Haseoeno epyny JIi 0ns sakoi cumniekmuuua cmpykmypa opOim KOnpueoHaHo2o npeOCmAasleHHs €
CUMNIIEKMUYHOIO CIMPYKIMYPOIO OUHAMIKU MEepO0o20 mina 6 Keamepuionnux sminnux. Iloxazano, wo 0yicKu
Ilyaccona sionosionoi Jli-Ilyacconosoi cmpykmypu 3a (opmoio cnienadaromes 3 KAHOHIYHUMU OVHCKAMU
Ilyaccona na KOOOMUYHOMY PO3UAPYE8AHHI 2PYNU OOUHUYHUX KEAMEPHIOHIE.

Knrouoei cnosa: keamepuion, oyaxcku Ilyaccona, Jli-Ilyaccona, cumniekmuduna cmpykmypa
Kupunnosa-Koncmanma-Cyp'e.

We proposed Lie group that symplectic structure of the orbits of its coadjoint representation is the
symplectic structure of the rigid body dynamics in the quaternions variables. It is shown that the Poisson
brackets of the corresponding Lie-Poisson structures coincide with the canonical Poisson brackets on the
cotangent bundle of the group of unit quaternions. We specified the relationship of symplectic structure of
Kirillov-Kostant-Souriau on the coadjoint orbits of the group with the canonical symplectic structure on the
cotangent bundles of the spheres in 4-dimensional space of quaternions with the standard metric. The
approach of study of orbits that proposed similar to the consideration of the orbits of the coadjoint
representation of the group SE(3). In view of the fact that in this investigation of Lie-Poisson structure has
only one Casimir function, there are two, not three types of orbits. In this case the orbit of the 1-st type are
completely analogous. The orbits of the 2-nd type have a different dimension, but in many respects similar to
the orbits of the 2-nd type. For the orbits of the 3-d type that have the additional magnetic member in the
form of Kirillov-Kostant-Souriau, then such orbits do not occur for the study group.

Key Words: quaternion, Poisson and Lie-Poisson brackets, symplectic structure of Kirillov-Kostant-
Souriau.

Crartio nipeactaBuB 1.1T.H. Kynin B.1.

1. Beryn OIHCY Opi€HTAlli TBEpJAOro Tija B IPOCTOpl 3a
JIOTIOMOTOI0 KBaTEpHIOHHUX MapameTpiB [1], 1
JUIIe HEBeJMKa KUIbKICTh POOIT MpHCBSYEHA
JTUHAMIYHUM acreKkTaM 3aCTOCYBaHHS
KBaTEpHIOHIB.

3acTOCyBaHHIO KBaTEpHIOHIB B MEXaHIIll
TBEPJIOTO Tijia MPUCBIYEHO BEITNYE3HY KUIBKICTh
nyOmikanid. IlepeBakHa OLIBIIICT 3 HHUX
CTOCY€TbCS KIHEMAaTHKU TBEPJIOTO Tila, TOOTO
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B poGori B.B. KoszmoBa [2] maHO KOIOTHYHHX pO3IIApyBaHHAX cep B 4-X BUMIPHOMY
JarpaHkeBHil ONMUC JTWHAMIKH TBEPJAOrO Tia Ha IPOCTOP1 KBATEPHIOHIB 13 CTAHAAPTHOK METPUKOIO.

po3BuHenuil Ilyankape. Buxonasuu 3 rimOokux
3B'I3KIB  MDK  anreOpor0  KBaTEepHIOHIB  Ta
rpynamu SO(3)i SO(4), A.B. bopucos ta I.C.
MawmaiB [3-5] s3ampomoHyBanu BHpasd IS
IIYyKOK IIyaccona MiX rapaMeTpamu
KBaTepHIOHA Ta KOMIIOHEHTaMU BJIACHOTO
MOMEHTY IMITYJIbCY TiJIa, PO3TISAJAIOYM iX SIK
TBipHI gAeskoi crpykrypu Jli-Ilyaccona, o
nos's3ana 3 rpynoro SO(4). Takox Bif3HaUYEHO
3B'SI30K 13  CTaHJapTHUM
dopmarnizmom ma T*(S%).

B Hamiii poGoti [6] KBaTepHIOHHI TMapaMeTpH
PO3IIISIIAI0THCS SIK IMHAMIYHI 3MIiHHI B
raMiIbTOHOBIA JWHaMimi TBepaoro Tima. Takum
gyiHOM ayXku Ilyaccona, mo orpumani B [3-5] €
MPOCTO JICKOIO MiJIMHOXKUHOKO B anreOpi JIi gyxok
[lyaccoHa uisi TMHAMIYHUAX 3MIHHMX TBEPJOTO Tija.
Ix emumHoIO cremmdpiko0 mpH TakoMy pPO3TIAAI €
no0pe BioMa ABO3HAYHICTH WX 3MIHHHX.

B poGoti [7] moka3ano, mo myxku Ilyaccona
KBaTepHIOHHWX 3MIiHHUX BiJIlIOBINalOTh KAaHOHIYHII
CUMIUIEKTHYHIA CTpyKTypi [8,9] Ha KOZOTHYHOMY
po3lapyBaHHI TpynH OJUHUYHHUX KBAaTEPHIOHIB.
Tum camMuM B OJHIA MaTreMarHyHiil Moxenl
00'€THYIOTBCS 1B MaTeMaTH4YHI CTPYKTYpH, IO
3amponoHoBaHi B. ['amineroHom, a came anreOpa
KBaTEPHIOHIB Ta raMiJIbTOHIB (hopMalIi3M.

B pobGorti [10] po3rmsiHyTI TreoMeTpudHi Ta
anreOpaivyHi acmekTH TaMiIbTOHOBOTO (hopMaiizmMy
JUIS. TBEPJIOTO TiJla B KBAaTCPHIOHHHMX 3MIHHHUX, a
TaKOX MOro 3acTOCyBaHHS [0 OIHUCY JWHAMIKH
MaJoro aCHMETPUYHOTO MarHiTHOTO Tisa (JUIOJS) B
MOCTIHOMY 30BHIITHBOMY MAarHiTHOMY ITOJI.

B pobGorax [6,7,10] kBaTepHiOHH]
[Tyaccona po3risgaloThess SIK  KAHOHIYHI,

raMiIbTOHOBUM

JY)KKH
110
Bianosinaots ¢opmi Jliysimas na T (SO(3)),
T*(SE(3)) i T*(S®). 3 apyroro Goky odyeBHIHO,
MO Il JYyXKH € JIHIAHUMH 33 3MIiHHUMH, TOOTO
MaroTh Buj nyxok Jli-IlyaccoHa, 1o € mpoBigHOIO
ifeer0 B TMiOHEpChbKMX pobortax [3-5]. Bunukae
MUTaHHS 1PO 3B'SI30K LIUX ABOX ACTIEKTIB.

B nawniit po6oti npononyetbest rpyna Jli uist Kot
CHUMIUIEKTUYHA CTPYKTypa OpOIT KONpPUETHAHOTO
NPEACTABICHHS! € CHMIUIEKTUYHOIO CTPYKTYPOIO
JMHAMIKH TBEPJIOTO TiJia B KBaTEPHIOHHUX 3MiHHHUX.
Bkazyerbcsi  3B'SI30K  CHMIUIEKTHYHOI  CTPYKTYpH
Kupumnosa-Koncranra-Cyp'e (KKC) Hna op0itax
KONPUETHAHOTO TPEACTaBICHHS HaHoi TIpynu 3
KaHOHIYHOIO CHUMIUICKTHYHOIO CTPYKTYpOIO Ha

opOit aHaJIOT1YHHUN po3risny opOir
KOIPHETHAHHOTO TpeacTapieHHs rpynu SE(3) [11-

12]. Tak sx B mocmimkyBanii Huwxkue Jli-Ilyaccon-
OBill cTpykTypi € jmme ongHa ¢yHKmis Kaszumipa,
icHye ABa, a He Tpu TUnH opOiT. [Ipu boMy opOiTH
1-ro Tuny noBHicTiO aHanoriuxi. Opbith 2-To THITY
MaloTh IHITy pPO3MIpPHICTh, ayie Oarato B YoMy
noaiOHi 10 opOit 2-ro tumy [11]. Illogo op6iT 3-ro
THILY, 1o XapaKTepU3YIOTHCS HasBHICTIO
JMOJTATKOBOTO ~ MAarHiTHOrO  4WieHoM y  Qopwmi
Kupumnnosa- Koncranra-Cyp'e, To moaiOHi opdiTu He
BUHHKAIOTH ISl TOCTIIKYBaHO1 TPYIIH.

2. Aaredpa Jli, mo acouiiioBana 3
KkBaTepHioHuMH ayxkamu I[lyaccona

Sx BiIOMO, TONOXKEHHS TBEPAOrO TiNla, IO
00epTaeThCsl HABKOJNO IIEHTPY Mac MOXKe OyTH
ONMCAHO KBATEPHIOHOM (] = q°e0 + qlel + qzez + q3e3
[4-6]. Bmacumii mMomeHT oOepTaHHS Tijla TaKOXK
MOke OyTH TpEeICTaBIEHO KBATEPHIOHOM, a caMme,
YHCTUM KBATEPHIOHOM K = ,ulel + ,uzez + ,u363 .

Ix kommonentu q°, =0,...,3i ', i=1,...,3
MOXKYTh PO3IJISIATHUCS SIK IMiIMHOXKUHA JUHAMIYHUX
3MIHHHMX TaMUJIbTOHOBOTO (hopMatiaMy JIjisi TBEPIOTO
Tija [6], 10 MTOBHICTIO OMUCYIOTH HOTO JUHAMIKY.

Tomi, B cucteMi BijIiKy, o MOB's13aHa 3 TiJIoM (B
npeacTaBieHi JiBoi TpuBiamizamii [8,7]), Maemo
HacTymHi 6a30Bi qyxku [lyaccona (JI1).

{/uinuj}: _Zgijkluk;

{u,9,}=19; )1
{/uiﬂqj}:_qoé‘ij _quijk; @1)
{q/z’qv}: 0

i croiBBigHOMmIEHHS MOXYTh OYTH 3amlucaHi B
OCCKOOpIHATHOMY BWIJISJII 3 BUKOPUCTAHHSIM
anreOpy KBaTepHIOHIB [6,7] Tak

{u, (1, &)} = ad;[p] = 2ux &
{0.(u.&)y=a =L ¢
{(g,a),(q,b)}=0,

ne & - pikcoBaHuii uncTuii KBatepHion, a,b -dpikco-

(2.2)

BaHi KBaTePHIOHH.
Hespaxkatoun Ha Te, mo B [6,7] mi JI1 orpumani

K KaHOHIYHI, TOOTO Ti 10 BIANOBIAAIOTH
KaHOHIYHIM  CUMIUIEKTHYHIA  CTPYKTYpi Ha
* 3 *

T'S*(T SO(3)), saxa BusHauaeTbes  (GOPMOIO
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JliyBinns, BoHr MatoTh BUrisia ayxok Jli-ITyaccona,
TOOTO TMiHiMHI 32 (], K.

Crnovyatky nyxku (2.1) Oymu orpumani A.B.
bopucoBum Ta [.C. MamaeBUM mpH JOCIiKESHHI
sactocyBanns anrebpu JIi rpymu  E(4) [3] mo
3aBJIaHb MEXaHIKH.

JIoriyHO TOCTaBHTH 3aJadyy NP0 3HAXOIKCHHS
rpynu JIi, mo o6ymoBieHa criBBigHOMEHHIMH (2.1)
Ta Oe3mocepeHhO TOB'A3aHOI 31 CcTpykTyporo Jli-
[lyaccona. 3okpema, po3MipHICTH Iii€i Tpymu
noBuHHA OyTH 7, a He 10 5K B poboTi [3].

Posrmsiremo anre6py JIi posmiprocti 7 3
OasucHMMH eneMmeHTamu: g, 1=1...,3 1 €
a=0,...,3.

Beaskatouwn, mio miBiil TpuBiamizamii BiMOBial0Th
JAIT 3i 3nakom “-” (mmB. (13.1.1) B [11, c. 426]),
OTPUMYEMO HACTYITHI 0a30Bi1 CIIBBIAHOIICHHS s
anrebpu Jli g=H,®H (aus. Hmxue)

o !

[, 6;]1=2¢;

[ei. 6 ]=-¢;

2.3
[gi’ej]:é}je0+8ijkek; 23)
[e,.e ]=0

BuxopucroByroun, Sk 1 B
KBaTEepHIOHIB, OTPUMAEMO
eKBiBaJIeHTHI 710 (2.3)

[$.m]=25xn;
[S.v]=—",
[v.S1=v¢%
viv1=0;

ne - JiHIIHU 130MOpdi3M & —> €.

(2.2), anrebpy
CIIBBITHOLICHHS

(2.4)

Li »x criBBiIHOLIEHHS MOXYTh OyTH 3amvcaHi B
O1IIBIIT KOMITAKTHOMY BUTJISI

[E+v,E+V]=2ExE+vE”—VE (2.5)
3. I'pyna Jli, aconiiioBana 3 KBATEPHHUOHAMH
ayxkamu Ilyaccona

BBenemo no3snayeHHs:

H - anreGpa kBatepHioHis,;

H, - niniitauit npocTip YHCTHUX KBAaTEPHIOHIB, LIO €
Takok anreoporo Jli momo xomyratopa (BUALIS-
FOThCS YKUPHUM MIPUDTOM);

H . - HIIMHOXMHA OJMHMYHUX KBaTE€PHIOHIB, TOOTO
KBaTEPHIOHIB OJMHMYHOI TOBXKUHHU, 1110 € Tpymoro Ji
3 anre6poro JIi H;
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S = H, - cdepa omuuuunoro pagiycy B H, o
PO3TIIAAA€ETHCS K 4-BUMIpHUIA €BKJIIIIOBHI TIPOCTID.

Posrmsswemo rpymy G kBarepmionmx 2x 2
MaTpUlb BUIY

1l g 3

G={g= : qeH, seS (3.1)
0 s
Toni

11 gl 1 g+0qs
= = 3.2
% [0 s}{o s’} {0 ss’ } (32
711 3BOPOTHBOTO €JIEMEHTY MAEMO
goio|td S 1 g

0 s 0 st

I'pyma JIi G e
G=S&H, ne rpyma H - ne BexropHuii mpocrip

(3.3)

HaMIBIPSMHM  JTOOYTKOM

H, mo posrmsimaerscs sk abeneBa rpyma 100

3
nonasaHHs, a S =S,
TaxkuMm uynHOM

g e

e

Ilepmr 3a Bce, miarpyma
isomopdua H momo nomxaBanms

{1 q {1 q’}:{l q’+qe}:[l q’+q}(3.5)
0 ef|0 e 0 e 0 e

arpyma S isomoppma S°

1 0][1 O] B 1 0
0 s|[0 §'] |0 ss
Jiist BHYTPIIHEOTO aBTOMOP(]i3My rpynu MaeMo

[ r_ N1
1 (q q+qls)s} -
0 ss's

(3.4)
, SNH=e

H -

abeieBa Ta

(3.6)

1,(9")=09'97" =

3okpema
1 p 1 pst
H>h= —> 1 (h)= H (3.8
R IR R LT

Too6ro H - nopmanbuuit gineHuk B G .
Bynb-siknii enement rpynu g € G moxe Oytu

npencrasienuit y Burisiai  =sh,seS,heH.
MiticHo

. 10{|1 q| |1 q
g_Sh{o sMo e}{o s} (39)

i mpaBa yactuHa (3.9) moBHICTIO BU3Havae S, h.
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3aysascenns. Byno ckazano, mo G € HamiBIpsMUAM
I00yTKOM G=S&H. Opnak, 3BuuyaiiHe
BusHaueHHs ([12, c. 119], [14, c. 48]) Biapi3HA€TbCS
Bil HAIIOTO. 3BWYAWHWN HAMBOPAMUN JOOYTOK
MO’KHA Ha3BaTH Jli6UM, & JAHUH - NpaguM.

4. Anreopa Jli rpynu G i npuennane
npeacTaBJIeHHS

Te, mo rpyna G € marpuuHoro (xoua i 3
HEKOMYTYIOUMMH €JIEMEHTaMH), CIIPOLIYE 3HAXOJb-
KEHHsI TIPUEIHAHOTO TIPEICTABIEHHS Ta yKKH JIi.

BoueBnzup, amrebpa JIi ¢ gamoi rpymn G

yTBOpeHa ManI/IHﬂMI/I BI/II[y
[0V H, ceH 1 @.1)
= = : Ve . (S .
o ¢ |

HacrymHi no3raueHHs Oy/1eMo BBayKaTH €KBiBa-
JCHTHAMH

10 v v _ 42
L e eans e

PosrnsiHemMo ormepaTop NPHEAHAHOTO TMPEICTAB-
nenns rpymn G Ad .

Bin moxxe OyTu 3HaijeHuil AudepeHIiFoBaHHM
no aprymenty |,(9°) B myxxax (3.7) mpm
q’ =0,5'=e, a TakokX, BPaxOBYIOYHM MATPUYHY
CTPYKTYPY TPYIH, MATPUYHUM aBTOMOP(I3ZMOM, IO
3aCTOCOBaHHUIA 110 eneMeHTiB (4.1).

Ad[ne=| HE)S }

0  s&st
. 4.3
0 (v+qd)s'
0  s&s }

Onepatop ad Temep Moxe OyTv 3HaiijeHUI
nudepenniroBannsam no ((,S) npu (q,s) = (0,e)
V' vE —v'E
ad(v,r){ ,}:{ A }: vE'—viE (4.4)
LS 1g8-¢¢
0 y3TO/Ky€eThes 3 (5).
Omxke, rpyny JIi G, 1110 HaC 1[ikaBUTh 3HAMIEHO.

5. Konpueanaune npeacrasiennst rpynu G

B anre6pi JIi § MokHa BBECTH CKaJISIPHHI JOOYTOK
3a (hopMyII0r0
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(v,V') = %tr(w’ +VV) =

%(Vv"‘+vTV'+§§’T+§*§') = (5.1)

(&80 +(vv)
3ayeancenns 1. Ckamspuumii  106yrok (5.1)
JIO3BOJISIE OTOTOXKHUTH BEKTOPHI mpocTopu ( Ta

g*.
Jus  KBaTepHIOHHOTO  CKASIPHOTO  JTOOYTKY
CIIPaBE/IMBI CITiBB1IHOIIIEHHS
(a,qb)=(q'a,b), geH;
(5.2)

(a,bg)=(aq’.b), qeH. . 1. /

BukopuctoByroun Bu3HauenHs (5.1) ta BmacTu-
BocTi (5.2) 3HaiimemMo omepaTop, IO CHPSKEHUH 10
omeparopa Ad (4.3) BIIHOCHO 10 CKAISPHOTO
n00yTKy (5.1).

+

TS
T

o = . 5.3
Ad(q,s)* Luj| S(,u _%(qvﬂ. _ ﬂ.’rq)jsT ( )

abo

Ad; H
(a,)* 1

ne (7, 1) € 9" (mo3nauenns (4.2), 3ayBaxeHns 1).

st

s u—q'z ST+<q,7r> (5.4)

6. Op0iTH KOAOTUYHOIO NpeACTABJIEHHS IPYNH

Jagaiite mocmiauMo opOiTH KOMPUETHAHOTO TPEI-
crasnenns rpymu G .

Hexaii |7 |=0™ 7z =0.

Toni 3 hopmyn (21) abo (22) maemo

245 s s
] sust] | S[u]

7€ S - OpTOroHaJIbHE MEPETBOPECHHSI 3-BUMIPHOTO

€BKJIIZIOBOT'O TpocTopy (00epTanHs) [6] Ta opOiTh
2
Iz

PosrisiHeMo ocHOBHUIA Bumagok: o =| 77 |#0.

(6.1)

nudeomopdui chepam S

|7 e k.
HOKa)KCMO, 1o 0 HaJICKUTDb Op61Tl .
Y7,

O
Bo3pMmem

(6.2)

T -2
So=—"> Oo=—|7[" 7

|7
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Tomi 7S, =| 7 |€,a

(O, 7r) == |7 [* (mus, ) =

e <,u,7rT72> _ —</l,eo> _0 (6.3)
a TaKkoXK
O =l 7" ur' —>ar=p (64)
3a (5.4) orpumyemo
Ad; m {' 7 ﬂ (65)
(%-50)™ u 0 '
[
3acTocoByOUH (6.1) Ta BPaxoBYIOYN

3(q") = —q, orpumyemo n0BiTBHY TOUKY OpGiTH Y

* lon _ S%
Ad(qﬁ’{ 0 }_ qusT

Ile, 30kpema, oO3Hayae, IO JOBUIbHY TOUYKY
opOiTH MOKHA OTPUMATH Jif0YX Ha (PiKCOBaHY TOUKY

BUIJISLII

(6.6)

(p€,,0) mNiAMHOKHMHOI €NEMEHTIB TIPyNH BHIY

(0,S), TOOTO OOMEXYHIOYHCH JIMIIE YHCTHMH
KBaTEpHIOHAMH.
.| Pe s'
Ad(q,sp{ 0°}=p SqJ (6.7)

Takum 4yrHOM, BHUIIE JOBEJIEHO HACTYITHE TBEPA-
KEHHS:

Ilpono3zuyia 1. OpbiTn KONPUENHAHOTO TMpel-
crasieHHst Tpy G MOXyTh OYTH IBOX THITIB:

1) Op6itu touku (0,re;), r>0, sxi audeo-
MopdHi 2-BumipHEM chepam Sr2 , I' - paaiyc coepu;

2) Op6itu O, Touku (ce,,0), ¢ >0, sxi gudeo-
mopdri SPxH,, ne S 3-BumipHa chepa pagiyca
C.

7. CHMILUIEKTHYHA CTPYKTYpa Ha op0iTax
KOINPHEIHAHOTO NMPeACTABICHHSA

Ax 1 gma Oymp-skoi rpymm Jli, Ha opbitax
KonpueHaHoro mpexacrasienust rpymu G icHye
cumiviekTnyHa 2-¢popma  Kupunnosa-Koncranra-
Cyp'e (KKC).

Hns dikcoBaHOTO anreopu  JIi
v=v,€)eg (7, ) opGiTn

BH3HAYCHO 3HAYCHHS BEKTOPHOIO MOMA V. (7, ),

eJIeMeHTa
B KOXHIH TouIll

mo € iH(QiHITe3UMATHbHUM TeHEPATOPOM KOIIPHEJ-
HaHHOI Ail rpymnn Vg (7, @) G [11,c. 371].
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BukopucroByroun ¢opmyny (14.2.5) 3 [11, c.
467] 1 mudepentiroroun (5.4), oTpUMyEMO

V- (7, 1)) = —ady ) [ﬂ} =
U
(7.1)

5
ad:[al+ (' —(2,0)
Toni cummnextnyna 2-¢popma KKC Buznavaerbes
BupazoMm (14.3.1) 3 [11, c. 469]

Dy Vs V'gr) = = (7, 1), [V, V'])

=—((m, 1), (&' —VEE,ETD) =
—(m, v —vE)—(u[&,€7)

3a BH3HA4YCHHSIM OyIb-iKa CHUMIUIEKTHYHA 2-
¢dopMa e 3amkHyTOR. 3a Teopemorw JlapOy koxkHa
Taka 2-GopMa € JIOKaJhbHO TOYHOK, TOOTO €
30BHIIIHIM IudepeHtiianom aeakoi 1-hopmmu.

OpnHak, Hi B 3araJbHOMY BHIIQJIKY, Hi B pasi KKC
i popmu He 3000B's13aHI OyTH TTI00ATEHO TOYHUMH.
IIpote, mist op6it 2-ro tuiry (to6To | 77 | 0) hopma

(7.2)

(7.2) € TouHOO.
A came: po3TisTHEMO HaCTyIHUU Bupa3 s 1-
bopmu 6

9|(7r,;1) (Vg* ((72" ,U))) == <:u7 §> , V= (Vn 5) (73)

®opma @ 1ipu | 7 |~ 0 BU3HaUCHA KOPEKTHO, TaK
sk 3 (7.1) BumHO

Vg* :V'g* > 525' > <ﬂ,§> :<ﬂa§’>
CxopucTaeMocs BiJOMHM CITiBBiTHOIIICHHSIM JIS
30BHIIIHBOTO AudepeHtiana 1-popmu

d el(”’/-‘) (Vg* , V'g*) =
avg* e(V’g*) - av'g*g(vg* ) h 0([\/9* ’ V,g*])

Hns  iH}iHITE3UMaNbHUX TeHEepPaToOpiB BHKOHY-
eTbes criBBiHOmEeHHs (11.1.5) 3 [11, ¢.372]

v, . vgl=-v,v], (7.5)

BpaxoByroun (7.5) 1 Te, mo CKasIpHI Ta YHUCTI
KBaTEPHIOHU OPTOTOHANBHI, 3 (7.3) Ta (7.4) MaeMo

06V V'5) =0, (') 40, (m8)~(mI£:€T)=
= (adill+ ("7 = (7,v)),¢")
~(ad: L]+ (7 = (7 V'), €)= (€, £1)
=(adilil+v'7, &)~ (adiLul+v/'7.€) - (€. €)
=(adilp) &)+ (v'm. &)~ (adil]. £) - (v''7. &)~ (m[£.€1)
= ad [¢)+(7,8")~(ad A1) - (7€)~ ([£,£])
=(WIE.EN) (7€) +(m¢)

(7.4)
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TOOTO
—d Hl(”’”) (Vg,, W) =
- <(7Z.5 /l), (Vf’ + Vlfa [é:’ é:’])> =
Dz, ) (Vg* V'g)

Takum ymHOM, BuIe OylIO JTOBEIEHO HACTYITHE
TBEPUKCHHS:

(7.6)

Ilponosuuin 2. Ha op0biTax KoNpHeaHAHOTO
npencrapiaenas rpymu G 2-ro  tumy  (ToOTO
| 7|=0) 2-popma KKC e TouHOW0, TOGTO icHYE

popma O Taka, mo w=-dE, ne ® ta O narotees
Bupaszamu (7.2) i (7.3).

8. OpbiTa 2-ro THIY KONPUETHAHOTO
npejacTaBjieHHA rpynu G CUMILUIEKTHYHO

izomop¢na T'(S?)

[Mponozunis 1 BcraHoBmioe nudeoMopdizm opodiTh
2-T0 THITY KOIIPHEIHAHOTO NpeacTaBieHus rpym G
3 3
npsiMomy 106yTKy S xR,
Ak moxazaHo B [7], KOZOTHYHE pO3LIapyBaHHSI
*Q3 3_ @3
T(S%) (S°=S,) mae Burmsig npsiMoro I0OYTKY
S*xH, B npexcrasnenni niBoi (mpaBoi) TpuBia-
0 pen p p
Ji3amii.
3 . . . 3
Coepa S; ma Bigminy Big S° He € rpymnoro moo
KBAaTEPHIOHOTO MHOXEHHS, TPOTE TpUBiai3allis
* 3 .
T (S.) moxe GyTv BUKOHAHA aHATOTIYHUM YHHOM.
Buznaunmo i30Mopdi3m posmiapyBaHb @

.3 *ra3
@:S;xHy—>T (SC) (8.1)
TaKUM YHHOM, MO0 ¢ OYJIO CUMILIEKTHYHHM JTUde-
oMopdi3MOM.

Hexait nmotwmunuii BekTop 7T 10 OpOITH KO-

IPUEIHAHOTO TMpEACTaBlIeHHs B touui (77, 4) Mae
Burisin 7 =—2¢ (nus. (7.1)).

Busnaunmo enement T, (S°) e @ = ¢, p) Tax,

o6 (@,7) = (&), VE e g.

Tomi y BIANOBIAHOCTI 10 BH3HAYEHHS (HOpMHU
Jliyiiss ® Ha KOZOTHYHOMY po3iuapyBanHi (6.2.1)
[11, c.163] ta (7.3) maemo

0=¢0 8.2)

TakuM 4MHOM, Ma€ MicIle HACTYITHE TBEPKCHHSL:

Ilpono3uuin 3. CUMIUIGKTHYHA CTPYKTypa Ha
op0OiTi  2-ro

iy O KOIIPHEIHAHOTO

C

MpeJICTaBICHHS rpynu G CHUMILIEKTUYHO
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mudeomopdHa 10 KAaHOHIYHOI  CHUMITIEKTHYHOT

CTPYKTYpH Ha KOJOTHIHOMY posmapysarsi T (S7).

HeoOximHo 3po0uTH KiJIbKa 3ayBaXeHb, IO
MOSICHIOIOTh CEHC BUBEAEHOI BHIIIE €KBIBaJICHTHOCTI
PI3HHX 32 TOOYAOBOIO ITYaCCOHOBUX CTPYKTYP.

Cnouarky kBatepnioni HII (2.1) Oynu otpumani
B Mexax pmpochimkeHHs crpykrypu Jli-Ilyaccona
rpymu SE(4) [3], e BOHH € [ESIKOIO i AMHOKHUHOFO
11 B wiii cTpyKTYpi.

B naniii poborti 3Haiigeno rpymy Jli, cTpykrypa
Jli-Ilyaccona sikoi 6e3mocepeiHbO BiAOBIIAE TAHUM
AIT (2.1).

Y monepeanix poborax [6,7,10] Ti x cami JII
Oymu oTtpumani sk kaHoniuHi J[II ramimpTOHOBOL
MEXaHIKH TBEPOTO Tia.

KBatepHioHi 3MiHHI (| B cmiBBigHOUICHHIX (2.1)

MaroTh CEHC TPYIOBHX NapaMeTpiB, 10 BU3HAYAIOTH
MOJIOKEeHHST TBepmoro Tina (dopmyna Pompira-
laminerona), mnpu UOMYy Ha I HapaMmeTpu
3_ o3
HaknazeHo 3830k | =1™ qe S, =S°.
[Ipomosuriss 3
€KBIBaJICHTHICTh

BCTAHOBIIIOE ~ MaTEMaTH4HY
ctpykrypu  Jli-Ilyaccona Ta

KaHOHIYHOI myacconiBoi crpykrypu aa T (S°). Ipu

bOMY BHUXIIHI TPYIOBI KBaTepHIOHI 3MiHHI (]
CTPYKTYpi

3MiHHI

Jli-Ilyaccona Ha
req .
BIJIIITOBXYBAaTUCS BiJ CyTHOCTI JAaHOTO MiAXOIy TO
obmexenns |7 |=1 Hemae. 3miHHi ( Ta 7, OTXe,

3aMIHIOIOTBCS B

KBaTEePHIOHI SIk1ro

MAaIOTh PI3HUI TEOMETPUYHUH Ta MEXaHIYHUH 3MICT.

Takum ymHOM, Oe3mocepenHili MexaHIYHUHA
CEHC Ui TWHAMIKK TBEPJIOTO Tila Mae€ KaHOHIYHA
IyacCOHIBChbKA CTPYKTYpa, 10 oTpuMana B [6,7,10],
Togi sik crpykTypu Jli-Ilyaccona, mo otpumani B [3]
i B maHiii poOOTi, SBISIOTH COOOK ANbTEPHATHBHI
MIIXOAW A0 OINUCY JMHAMIKM TBEPJOTO Tijia, IO
JIAI0Th JOJAaTKOBI MOXJIMBOCTI JIJIS 3aCTOCYBaHHS
TEOPETUKO-TPYMOBUX, a00 MIMPOKO, anredpaiuHux
METOIIB HOCIIHKECHHS.

3aysancenns. B Hamid  poOOTI  BUBEIEHO
I'aminbTOHOBI PIBHSIHHS PYXY JUIS Mar"iTHOI J3UTH-
JIMTIOJISL Y 30BHIIIHEOMY MarHitHomy modi (auB. (9.2)
- (9.5), [10, c.116]), sxi MOXHa 3amMUcaTH B CYTO
anreOpaiydid  ¢opmi, SKIIO HAZaTH MOTCHUINAHY
€HEpTil0 CUCTEMH Ta ii MOXiJHI IO MPOCTOPOBUM Ta
KBAaTEPHIOHHUM 3MiHHUM B SIBHOMY BUTJISIJIL.
[loTeHuiliHa eHepris JUMOJIS B MATHITHOMY TIOJIi €

Vxa)=—~aB)=-12l(7.B)  ©3)
Martpuris nepeTBOpPEHHS Bij] 3MIHHUX B CHUCTEMI
TiJla 0 3MIHHHX B IHEpIiaJbHil cucTemi
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E, = Qi
ne Mmarpuns Q; Mae B KBAaTEpHIOHHX 3MIHHHUX

BUIIIAL
Qi = (qu -1)d, + 20,9, _Zqoqjgjik
Bekropu Ek — HanpsAMHI OPTH TOJOBHHX OCEH

iHepuii Tima. 3B'130k MibK KoMmmoHentamum N,
HATpaBJIAIOYOTO OpTa MArHITHOTO MOMEHTY B
CUCTEMI Tila Ta B iHepLialbHIA cHCTEMi V; Mae
BHIJISI

v = Qu Ny (8.4)
Toni

(v.B)=vB' = B'Q,N, (8.5)
— 2 i k i
=(29, —1)(N;B")+2(N"q, )@;B")
i
+20,0;¢4N B'
Bupasy (8.5) MokHa HaaTH iHBapiaHTHHIA BUTIIA.
Ipunycruvo, mo N* i B' — xommomenTn unctix
KBaTEpHIOHIB (X04a 32 TEOMETPHUYHUM 3MICTOM — L€
KOMITOHEHTH BEKTOPIB B PI3HUX CHCTEMaX BIAIIKY).
BukopucToByroun kBatepHionu, Bupas (8.4) moxHa
3aIllucaTy y BUTIISIL

v=gNg™ (8.6)
Bignosigno
<\7,I§>:<B,qu’l>:<Bq,qN> 8.7)
Toni noBHuit nudepeHuian mo  mMae BUTIAL
49(7,8) = d(Ba,qN)
= (Bdg,gN)+(Bg,dgN) (8.8)

TOOTO
d(q)<\7, I§> = (Be,dg",gN)+(Ba.e,dg"N) (8.9)

3Bigcu
aqi#<*,§>:<Beﬂ,qN>+<Bq,eﬂN> (8.10)

IHpumimka. [ns ckanspHOTO A0OYTKY KBAaTEpHIOHIB
JIHCHI Taki BHUpa3u

(ab)= %(ab* +ba’) (8.11)
1
=(a’,b")==(@"b+b’a
(a707) =2 )
3Biacu BUILIMBAIOTh Ba)KJIMBI1 BJIACTUBOCTI
CKaJIIPHOTO JOOYTKY
(qab)= <a,q*b>; (8.12)

(abg)= <aq* ,b>,
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ne ,a,b -- noBiNbHI KBaTEPHIOHN.
Tomi maemo (B"=—B u N” =—N)
V(‘”<\7,I§> =e,(Be,,qN)+e,(Bqg.e,N)=

—eﬂ<eﬂ,BqN>—eﬂ<BqN,e#>: (8.13)
~2e,(e,,BqN)=—2BgN
Ta
q‘lv(q)<17,l§> =-2(q'Bg)N (8.14)

—

(8.7), mudepenmitoroun Mo X,

aHAJIOTIYHO 3
OJICPIKAMO

p,=-0,v=|zl(a'Nq.0,B)  (8.15)
[Mincrasmsiroun (8.14) Ta (8.15) B ((12a), [13, ¢.43]):
x=2p;
m
pi = _axV;

QL1
=q=, ==0
4=0-. 97d4=7

M =-3(QM +q*V9V)

OTPUMAEMO DPIBHSIHHS PYyXy Ul J3UTH-IUIONSA Y
cyTo anrebpaiuniit Gpopwmi, K 1 OyII0 3as1BIECHO

o1
X=-—=p;
m
b =1 71{a7Na,0;B); 616
q:qg Q :l(l_l) M . .
‘ 2 ! i 2 ik k
M =-3(Q2M +2| ii| (@ Bg)N),
me 3() — MHHMa 4YacTHHA KBaTepHIOHY; X; —

KOOPJIMHATH LIEHTPY Mac TBepaoro Tina, q = (0,,d)

— OJIMHUYHMIA KBaTEPHIOH, 10 ONHUCYE TOBOPOT Bif
(ikcoBanoi (iHepuiiiHOi) cHCcTeMU BIIJIIKY J0
CHCTEeMHU BiMUIIKy, IO NOB'S3aHa 3 TiIOM, P; —

KOMIIOHEHTH immysbey Tina, M, — komnonenTtu

1
MOMEHTY IMIYJIbCY B CHCTEMI BiJUTIKY, IO TOB'sI3aHa
3 TutoM. TyT MOCTynaJibHI CTyNEHI CBOOOIM aHO B
iHepmianbpHIi cucTemi BimIiKy, a oOepTaimbHi - B
CHUCTEMa BIJUTiKy, IIIO TOB'3aHA 3 TUIOM, TOOTO B
"3MilTaHOMY" TIpeJICTaBIICHHI.
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Onucano cmpykmypy nepexkiadaua 2iopuonoeo muny. Hasedeni emanu nepexnady. Onucano
pesyabmam pobomu napcepa. Brkazano 6yoosy npasun ma nopsook ix sacmocysants. Onucano cmpykmypy
cnosnuxa. Hasedeno npuxiao obpodxu pevenns.

Knrouosi crosa: nepexnaoau, napcep, npasuid, Cio6HUK.

A general structure of a hybrid-type translator is described. Stages of translation are listed. A parser
builds a dependency tree for each sentence and binds each word with a tag indicating its part of speech and
some grammar attributes. A structure of rules is described. In the left part of a rule, there is assigned a sub-
tree, which it should apply to. In the right part, there is described the translation of the sentence’s part that
corresponds to the sub-tree. Words are listed in the order they should appear in the Russian sentence; part
of speech of each sentence should be indicated, as well as grammar attributes, which a word has in the
sentence structure specified. Rules are applied to the tree by decreasing number of nodes it encompasses.
After the tree is folded, there will be left only one node containing all information about the structure of the
sentence translated. Each word is transformed into its canonical form and sent to the dictionary, which finds
a correct Russian equivalence based on the grammar attributes specified. Dictionary is a database
containing words, their parts of speech and English translation, as well as tables corresponding to
inflexional word groups. An example of sentence processing is provided.

Key words: translator, parser, rules, dictionary.

Cratrio npencraBus A.¢.-M.H., mpod. AniciMmoB A.B.

A.Il. Bab6ak, B.O. Boiinex, 2015

Beryn cBOi 30aTHOCTI IPUCTOCOBYBATHUCS 10
Ha  cporogimHiii  OeHb  OCHOBHMMH crnenu@iuHoi MOpQOJOriyHOi CTPYKTypu 1€l
MiAXoAaMy A0 MAaIIMHHOTO MepeKialy € Taki: Ha MOBH.

ocHoBi npasun (RBMT), cratuctuunnit (SMT) ta
riOpuaauid, Akuii moeaHye B cobi OCOOIMBOCTI
mBox momepenHix. JKomeH 3 MmMIXOAIB HE €
yHiBepcaJdbHUM. Bubip cmoco0y MammMHHOTO
nepeKiany 3ajeXUTh Bil TaKuX (akTopiB, K TUI
TEeKCTy, MOBHa TMapa, a IiHOmI W HampsIMOK
nepeKyiagy B MOBHiM mapi, HasBHICT JIBOMOBHHX
TEKCTIB [T HABYaHHS CUCTEMH TOLIO.

VY crarti [1]-[2] noka3ano, 110 3 TepeKIagoM
Ha POCIHCBKY MOBY Kpallle CIPABISIIOTECS CUCTEMH
Ha OCHOBI TMpaBWJI a00 TiIOPUAHI CHCTEMH 3aBISKU

© H.B. Kozopis, B.O. Ka6asH,
139

Mu mnpencraBUMO PO3pOOKY MAIIMHHOTO
nepekiazava, sSgKka 3AIACHIOEThCI Ha Kadeapi
MaTeMaTHYHOI iHpOpMaTHKH (baxyabTeTy
kibepHernkn KHY im. T. IleBuenka. Cucremy
MPU3HAYCHO IS TEpeKiaay TEXHIYHUX TEKCTiB.
Bona mMae Momynp nepekiaay Ha OCHOBI IIpaBuII, a
OCKIJIbKH HasiBHA JOCTAaTHSA KUIBKICTH JBOMOBHHX
TEKCTIB BIAMOBIMHOI TEMATUKU JUIS HaBYaHHSI
CTaTHCTUYHOI  CKIaJoBOi, TO Oyno oOpaHO
TiOpUAHMIA TUT TTepeKIIaaya.
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Cepis ¢izuxo-mamemamuuni HayKu Series Physics & Mathematics
Ha cporogni He icHye O0€3KOIITOBHHX - 3HAXO[KEHHS KaHOHIYHHX (DOpPM CIIiB;

riOpUIHUX CUCTEM JUI POCIKCHKOI UM yKpaiHCHKO1
moB. Taki mepeknanmaui, sk Google Translate, e
CYyTO CTaTHCTUYHUMHM, LI0 HE A€ JOCTATHBO
AKICHOTO pe3ysibTaTy B pa3l mepekiamy Ha
(JIEKTUBHI MOBH, HAIIPUKIIAJ CIIOB’ SHCBKI.

CTpykTypa cucTeMHu

[lepexmamad, 1m0  po3poONSETHCSI,  Mae
riOpuHy TpPUPOAY: TEKCT TEpPeKIafaeThCcs 3a
JOMOMOTOI0 TPaBW, a TMOTIM KOPEKTYEThCS Ha
OCHOBI  CTaTUCTUYHHUX  JaHUX. [epexnan
3IMCHIOETHCS 3 AHTJTIHCHKOT MOBU Ha POCIHCHKY.

Etanu nepexnany:

- TIOXLI TEKCTY Ha PEUYEHHS,

- moOynoBa JepeB TpaMaTHUYHUX CTPYKTYP
pedeHb,

Texkct

l

[Tapcep: moOynosa aepes
IpaMaTU4YHUX CTPYKTYP

l

3HAXOMKEHHA KAHOHIYHUX
¢bopm ciiB

v

3roprka iepeB Ha OCHOBI

OCHOBI
O3HAK

- o00pobOka pgepeB Ha
3HAXODKCHHS I'PaMaTUYHUX
MPaBUIIEHOI TOCTiIOBHOCTI CITiB;

- TepeKial CIiB Ha OCHOBI iX rpaMaTUYHUX
O3HAK 3a JOIOMOTI'OI0 CIIOBHHKA;

- KOpEKIIis 1 BUITPABIICHHS TTOMUJIOK.

MpaBwJI,
cilIiB  Ta

[lepeknagau 3uuTye TEKCT i po30MBae Ha
peueHHs. Ha HacTymHHMX eramax KOXXHE PCUYCHHS
00pOOIIAETHCS OKPEMO.

Jlnst 3HaXO/PKEHHS TpaMaTUdHOl CTPYKTYpH
aHTJIHACHKOTO JlegpeBa Ta TOOYIOBH JiepeBa
BUKOpUCTOBYeThCss CteHopacekuii mapcep [3].
KoxxHOMY CI0BO Ta pPO3AUIOBOMY 3HAKy Iapcep
CTaBUTH Y BIAMOBIAHICTh HOTO MOPSIKOBUI HOMED
y pPEYCHHI, HyMepallis TOYUHAETHCS 3 OIUHUILI.

Ha ocHOBI nmaHux, oTpuMaHHMX 3 Tapcepa,

[IpaBuna

A

IIPaBUII

v

CII0BHHUK

[epexinaz ciiB

A 4

A

A

Kopexkuist 1 BUpaBieHHs
MTOMMJIIOK

l

IlepexknaneHuit TekcT

Cxema 1. Ctpykrypa nepexiagada
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nporpama Oyaye nepeBo 3anexxkHocTed. KoxkHa
BEpLIMHA JIepeBa MICTHThH CIIOBO i Oro rpaMaTuky
— indopmaniro 3 tery. CHomydaroTbcs BEpIUIMHU
3B’si3kamu 3anexHoctedl. Kopenem gepeBa €
BepummHa ROQOT, sika mae mopsiakoBuit Homep 0 i
BKa3y€ Ha FOJIOBHE CIIOBO PEUCHHS.

Jani  mporpamMa  mocTymoBo  00’eIHYE
miggepeBa B OAHY BEpIIMHY 3a JIOIMOMOTOIO
npaBwi.  [lpm  mpomy  rpamaTHka — CIiB

JIONOBHIOETHECS HOBHMU O3Hakamu. [lim gyac mporo
MPOIIECY BEPIIMHA MOXKE MICTHTH HE OJTHE CIIOBO, a
YaCTHHY pEUCHHS, B SKill BUAUISETHCS TOJOBHE
CJIOBO. ITicnsa 3aKIHYEeHHS 00’eqHaHHs,
3aIUMIAETHCS OJHA BEPIIMHA, SKa MICTUTh BCI
CIIOBa Yy Till MOCHIAOBHOCTI, y SIKii BOHH MAalOTh
OyTH MEepeKIIaJieH], a TAKOK IpaMaTHKa UX CIIB.

[Iporpama BiampaBiisie aHTTIKHCHKE CIOBO 3
HOro TrpaMaTUYHMMU O3HAKAMH CJIOBHHUKY, SKHUN
3HAXOJUTh POCIMCHKE CIIOBO, IO BiMOBiNae HoMy.
[lepeknanene cI0BO CTaBUTHCSA Yy MOTPIOHY Qopmy
Ha OCHOBI OTPUMAaHOi TPaMaTHKH i MOBEPTAETHCS
nporpami.

OTpuMaHuil TIepeKiag PEUCHHSI PENaryeThCs
3a  JOMOMOIOK)  CTATHUCTHMYHHUX  JaHUX, IO
30epiraeTbes y 06a3i JaHUX MPOTrpaMu.

IMapcep

Crengopacekuii  Ilapcep [3] mnpamroe Ha
OCHOBI1 CTATUCTHYHHX JIAaHHX.

[Tapcep mpUCBOIOE KOXKHOMY CIIOBY TET, SIKUH
BHM3HAYa€ YacTUHY MOBU Ta TpaMaTU4HiI O3HAKU
OBOrO  CJOBA, Taki sSIK MHOXHHA, CTYIiHb
MOPIBHSIHHA - TOOTO Ti, SKi 3MIHIOIOTH (QOpMYy
AHTJIHCHKOTO CIIOBA.

CreHdopAChbKe  TPENCTaBICHHS 3B S3KIB
3ajexHocTi  [4] 3a0esmeuye MpOCTHI  OmUC
rpaMaTH4YHMX 3B’SI3KIB Y peUeHHi. A came: 3aMicTh
npeAcTaBieHHs  (ppa3oBoi  CTPYKTypu, BOHO
300paxkye yci 3B’S3KM PCEUCHHS SK 3B SI3KH
3anexHocTedl. Bcei 3B’A3ku € OiHapHHMH, MalOTh
TOJIOBHE CNIOBO 1 3amexHe. KoxHe ciioBo, Kpim
ROOT, mae nuie ogHe roJI0BHE CIIOBO.

MaxkcumanpHa KUIBKICTH BHIAAKIB, KOJIH
mapcep  HENPaBHJIBHO  BH3HA4Ya€e  CTPYKTYPY
pEUYCHHs, TOBHMHHI BHIPABIATHCS OpH  0OpoOIi
JiepeBa MmapcepoM.

IIpaBuaa

CHHTaKCcHC ImpaBUJI

<rule>::=<left side>#<right side>

<left side>::=<PN>[.<w>](<Lnk>.<subtree>
{,<Lnk>.<subtree>})
<subtree>::=<PN>[.<w>]|<left side>
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<PN>::=<Pos><N>
Pos — part of speech, N — wuuco,
dependency, w - word

<left side> mpaBuna penpeseHTye HaesKe
mignepeBo dependency tree, ne <PN> Biamosingae
onHoMmy By3ny, a <Lnk> — ny3i, mo 3 HbOro
BUXOAUTH. Y JiBi YacTHHI NpaBUiIa MOXYTh
TaKOX 3a3HavaTHCs caMi aHTJIIHCHKI cioBa. Yci Pos
y MBI YacTHHI HYMEpPYIOTHCS. [Minnepesa
nepenivyloTbess B JIiBi 4acTWHI 37iBa Hampaso.
[IpaBuo MoXe OXOIUTIOBATU HE BCE MiAZepeBo, a
JOBUTbHY HOT'O YACTHHY.

<right side>::=<right rule>{$<right rule>}
[(<new root Pos>)]
<right rule>::=<right part>{,<right part>}
<right part>::=<TPN>[.<Grammar>
{&<Grammar>}]|<w>
<TPN>::=<Pos><N>
<Grammar>::=<gr attribute>:<value>
<gr attribute>::=Pix|Yucno|Bimminok|Yac|Ocoba
<value>::=xin[4on|cep|Ha3|poxa|aas|...|ogH|MmH]...

new root Pos — me POS By3ma, SKUM
3aMIHIOETHCS TUTKa JepeBa Micis il 00poOku (SKIO
el mapaMerp He BKazaHo, To Ta P0s, sxa Oyna B 1-
MY BY3JIi TUIKH, 1 3aJIMIIAETHCS).

[IpaBa uwacTMHaA CKIaAa€eTbesi 3 OTHOrO ado
KibKOX mpaBuJl. [lepexiag KOMIOHYETBCS 3TiTHO 3
OOHMM 13 LUX NPaBWJI IUISIXOM MOCHiJOBHOT
MiJICTAHOBKM KOHKPETHUX CIIiB/CIIOBOCIIONYYEHb
(W) abo B3sTux 3i cimoBHuka TPN, sxi €
nepeknagamu PN 3 BignoBimHumu HOMepamu N.
OCKITbKM  OHOMY COPCOBOMY CIIOBY MOXYTb
BIIMOBIIaTH Pi3HI TApreTOB1 YACTUHU MOBH, TO SIKY
caMme 3 HUX BHUOMpAaTH BU3HAYAETHCA MapaMeTpPoOM
Pos y npaBiii wacTuHi. Y npaBuiiax mpaBoi YacTUHU
MOBHMHHI BUKOPHUCTOBYBATHUCS Ti cami Homepu POS,
mo W y JiBili 4acTWHI, aje MOPSINOK 3a3HAYCHHS
X HOMepiB Ta cami POS MOXyTh OyTH iHIIMMHU.
MoxnuBo, IesKi HOMepU 3 JiBOi YacTHHH Y
HpaBWiIi MpaBoi 4YacTMHU OyayTh omymieHi (ane
HOBUX HOMEpiB, TOOTO THX, SKHX HEMa€ 3IIiBa,
clpaBa BUHUKATH HE IIOBUHHO).

I'pamatnuna ¢Gopma TapreroBoi JeKCeMH
BU3HAYAETHCS CITUCKOM aTpuOyTiB Grammar (pig,
YHCIIO, BIIMIHOK TOINIO), 3HAYCHHSIM KOXKHOTO 3
SIKMX € FpaMaTH4Ha KaTeropis (XKiH, 4oj, OfH, MH i
T.J1.).

Sxmo meBHa TpaMaTHYHa O3HaKa OAHOIO
CIIOBa BIUIMBA€ Ha TaKy X O3HAKy IHLIOTO CJIOBa
(manpuknax, pig IMEHHUKAa BIUIMBAE Ha Pix
NPUKMETHHKA), aje BoHAa Oeperbcs came 3
MEPEeKIaeHOro CJI0Ba, TOAl y MPaBWIi MU MUIIEMO
BENMKY aHIJIIHCHKY JIiTepy 3aMicTh ILi€i O3HAKH Y
TOJIOBHOMY CJIOBi, 1 MaJleHbKy JiTepy — ¥y

Lnk -
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3aJIKHOMY CIOBI (mampuknan: peanizoBano B mMomyii Evo Inflector, mo nae Ham
Cl.uuc:X,I'2.9uc:x). 3MOT'y JIETKO OTPHUMAaTH MOTpPiOHY HaM O3HaKy -

VY nmiBux dYactuHax mnpaBwil POS MOXYTh
3aMIHATUCA Ha OUTbII 3arajbHi. g IMEHHUKIB
NN — € maiioinbm 3araasHuM, NNS, NNP ta NNPS
— Oumpmr  cnenudivni. Popma niecnmoBa VBZ
y3aranbeHIoeThes 10 VBP, sika B cBotO uepry pazom
3 VBD, VBG, VBN moxe 0yt 3aminena na VB.
Sxmo ans paHux POS He 3HailIeHO MpaBHIA,
LIYKA€THCS MPaBHIIO AJis OIbII 3aranbHuX POS.

Ho TeriB, ski pospizuse Crendopacokuii
napcep aoxaano VBC, ske mo3Hawae [iecIoBO
YMOBHOT'O CIIOCO0Y.

3a  3aMOBYYBaHHSAM
HaKa30BHH C110ci0.

Sxkmo y rpaMaTHKy MEBHOTO cJoBa Oyio
3aHECEHO pi3HI 3HA4YEHHS OOHOrO U TOro X
aTpuOyTy, OOMpAEThCSl OCTAHHE BXOKEHHSI, TOOTO
OCTaHHI{ BapiaHT MOKPUBAE BCi MOMEPE/IHI.

[IpaBuna OyayTh 3aCTOCOBYBATHCH y MOPSIIKY

nieciioBa MaroTh

CliaJaHHsA KIIBKOCTI BCpIINH, SIK1 BOHH
OXOILTIOIOTE. Takox nepmum O6p06J'I}I€TBC$I TC
ni):[):[epeBo, BCPIIMHU SIKOI'O 3HaXOIAThCA

HaOMKYe 10 KopeHs migaepeBa (TOOTO pi3HHMI
HOMepa CJIoBa KOPEHs Mijaepesa 1 ciliB y miaaepesi
MiHIMabHa).

3HaxX0IKeHHSI KAHOHIYHOI ()OPMH CJIOBA

[Tpu mpuBeneHH] aHTTIHCHKOTO CIOBa A0 HOro
Mo4YaTkoBoi (pOopMHU Bci HOro rpaMaTH4YHI O3HAKU
3anam’sToBytoThCs. [1im yac ¢popmyBaHHs pedeHHS
OyAyTh TpaTH poOJNb TINBKH TpaMaTW4Hi O3HAKH
CJIOBa, POCIMCHKHI TIepeKiIaj CIIOBAa B KaHOHIYHIN
dopMi, a TakoK CTaTUCTHYHI NaHi (HampHKIazn,
YacToTa BXKMBAaHHS [EAKOrO CJIOBa B JIEIKOMY
CIIOBOCIIOJIYYEHHI 3 JISIKUM IHIIHM CIIOBOM).

Taky O03HaKy, SK 4YWCIO, BHpILICHO
OTPUMYBATH 13 aHIIIIICBKOro cioBa. Monyns EVO
Inflector peanizye anroputm BHU3HAYCHHS YHCIA,
MEPETBOPEHHS! B MHOXHMHY YM OJHUHY CIIiB.
Anroput™m 0azyetscst Ha poboti [lamiana Kones
"An  Algorithmic  Approach to  English
Pluralization” [5]. V nmaniii po0GoTi po3risaaeTbes
ANTOPHUTM IUTIOpalTizalii, SIKUil TOBUHEH BIIOpaTHCS
3 TpbOMa KareropisMu QopMaMH MHOXUHU:
yHIBepCcaJbHUX (32 3aMOBYYBAHHSM), 3arajlbHHX
npaBui Ha CyQiKCHI OCHOBi CNliB, 1 KOHKPETHHX
BUHSTKOBUX BUIIA/IKAX. Lewt ANTOPHUTM,
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gucio cinoBa. OCKUTHKY MpaBUiia aHTTIHCHKOT MOBU
IOJI0 YTBOPEHHS OJHWUHU CTAHOBIATH CKIHUCHHY
KUTBKIiCTh, TO JOILUIBHO BUKOPHUCTOBYBATH TOTOBY
0a3y 1UX MPaBHIL.

Cii0BHEK

Jns 3HaXOIKEHHsI IepeKyiagy cjioBa 3a Horo
MOYAaTKOBOIO (OPMOIO BHKOPUCTOBYEThCSA —0a3za
JaHWX, OCKUIBKM TIOIIYK MO Hii J0CTaTHBO
MIBUJKHA. Y CTBOpEHil 0a3i MICTATHCS CIIOBa, iX
YaCTUHM MOBH, aHTJIHCHKHH Tepekaa, a TaKoX
TaOJIUIli, 10 BiNOBINAIOTH (ICKTHBHUM TpyHaMm
CIIiB.

Hdns moOynoBu 06a3u  (ISKTUBHUX TPyl
noTpiOHI TabnuLi 3 yciMa MOKITUBUMH OCHOBaMH,
3 yciMa (JIEKTUBHUMH TpyNamH, i BiINOBIOHO 3
yciMa 3akiHueHHsIMU. KoXKHe 3aKkiH4eHHS! Ma€e CBil
kox (aBi OyKBM pOCIHCBKOrO ajndasiTy), SKHUM
BIZIMOBiNAIOTh TEBHI O3Haku (pim, YwucIo i
BinMiHOK). [lomykom 1o ©0a3i 3a OCHOBOIO
JOCIIIKYBaHOTO CJIOBa MOXKHA OTPUMAaTH Pif
IBOT'O CIIOBA.

baza ¢nexTuBHHX
TaOJIMII:

- Tabmuus ocHOB e
MOKJTUBUX OCHOB POCIHCBKHUX CIIiB.

- Tabmunus ¢(rekTUBHUX Tpyo — HOMEPH
BIAMOBIAHUX (DIIEKTUBHUX TPYI.

- Tabmuusg 3akiHYeHb BCl MOXKJIHBI
3aKiHUeHHS POCIMCHKUX CIIB (BKJIIOYAE HYJIBOBE).

- Tabnuug I1HAEKCIB 3aKiHYEHB KOIU
3aKiHYeHb Ta 03HAKH (PiJl, YUCIIO, BIAMIHOK), 110 iM
B1AIOBIIAIOTH.

Jns 3anoBHEHHS TaOMUIb (PIEKTHBHUX TPYIl
BUKOPUCTOBYBaNIWMCh  (ailim 3 3a3galerigb
3aMMCcaHol0 TyaW iH(POpMAIi€l0 MPO OCHOBHU, Ta
HOoMep (JIEKTUBHOI Tpynmu , L0 i BigmoBigae.
Crucok QnextuBHHX Tpyn cknagae 3176 rpym. B
OUX Tpymax MICTUTbCA pi3Ha KUIBKICTh Tap
JMBOOYKBEHHUH 1HJEKC — 3aKiHYCHHS, MK SKHMHU €
MEBHI PO3MINBHUKA (CHMBOJH, SIKi JOMOMArarTh
npu 3aHeceHHi B 0a3y). OKpeMo TaKoX 3YHTYBaBCS
¢daiin 3 po3mmdpyBaHHSIMH IHAEKCIB , TOOTO
BKa3aHMMH HaOopamu 1iHOEKC Ta TpaMaTH4Hi
O3HAaKU CJiB, HAMPUKIAJ, Pill, YUCIO, BIAMIHOK,
BH/I, CTaH TOLIO.

BKJIIOYA€  Takl

rpyn

CIIMCOK BCIX
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Multitran_cat Sess
- : Target
# name 2 id .
T id
date_time
e i lexeme
%ﬁ creator ;
sess_id
2 purpose
[T =) grammar
Multitran_LSU g ' TR
i Bl Basze Id
i __ | Source_lexemes '
sess | % i
syntax 0
g i LexemeBase
LSU o part_of speech 9 id
? id i, Value
lexema_id - Fgroup_id
keywords 800 8
sess_id Translation %2
0 % source_lsu_id
? target_id Fgroup
RGRAMTAB points % id
g sess_id Mumber
Value
Specifications j
% Ending FgroupEnding
B F id
TagEnd 2 id 5 grfup__l
Ending_id ko= Value Ending_id
Tag_id

Cxema 2. CTpyKTypa CIIOBHUKA

IIpuxkaax o0poOKH pedeHHs
A database is an organized collection of data.

Tern
A/DT

database/NN

is’'VBZ

an/DT

organized/VBN collection/NN of/IN data/NNS ./.

3B’I3KH

det(database-2, A-1)
nsubj(collection-6, database-2)
cop(collection-6, is-3)
det(collection-6, an-4)
amod(collection-6, organized-5)
root(ROQOT-O0, collection-6)

case(data-8, of-7)

nmod(collection-6, data-8)

I[Ipu  oOpoOIi

peueHHS

napcep

Hajac

KO)KHOMY CJIOBY 1 pO3IUIOBOMY B3HaKy Ter i
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MOPSIIKOBHI  HOMED,
3aJIeKHOCTEH.

VY naHomy pedeHHi:

-a,an — DT, aptuxmi

- database, collection — NN, imeHHuUKH B
onuuui, data NNS, iMeHHUK y MHOXHHI.
3BoguMo Horo 10 KaHoHIYHOI ¢Qopmu, a y
rpaMaTH4Hi 03HAKU 3aHOCHMO YHCJIO.

- is — VBZ, niecioBo TemnepimHboro 4yacy 3
0co0M OTHHHHM. 3BOAMMO 10 iHQIHITUBY — hopMu
«be» — Ta 30epiraeMo rpamaTU4Hi O3HAKH.

- organized VBN, nienpukMeTHHK
MHUHYJIOTO 4acy

- of — IN, npuiiMeHHUK

a TakoX Oyaye 3B’S3KH

[IpaBuna

VY pociiicekiii MOBiI NpHIMEHHHKIB HEMae,
TOMY IIpaBHJiIa iX BUAASIOTH 3 JepeBa.

NN2(det.DT1.a)#C2
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NN2(det.DT1.an)#C2

IMEHHMK-TTIMET BIUIMBAaE HAa TpaMaTHYHI
O3HAKH YaCTHHU CKJIAJIHOTO MPHUCYIKA — YaCTKU «t0
be», ToMy mpaBHJIO Mae OXOIUIIOBATH BCI TpHU
cnoBa. Tak sk pe4eHHs B TENEPILIHBOMY Yaci, TO y
pociiickkoMy BapiaHTi «OyTtu» Bumamae. Ilicmas
00poOku mignepeBa BepinHa HalOyBae Tery VB —
JiecioBa B MOYATKOBIH GopMi.

NN3(nsubj.NN1,cop.VBZ2.be)#Cl.namum&y
uc:Y&pon:Z,C3.nammm&unc:y&poxn:z(VB)

JliempUKMETHUK ~TpaMaTUYHAMH  O3HAKaAMH
3aJIEXKUTH BiJ TOJIOBHOT'O JJI HHOI'O CIIOBA.

NN2(amod.VBNL)#ITPNY1.nan: x&uuc:y&po
m:2,C2.mam: X&uuc:Y &pox:.Z

I'pamaTtnuHi O3HAaKM POCIHCHKHX CHiB Y
CTPYKTYpi IMEHHUK-TIPUHMEHHUK-IMEHHUK
3ajexarb Bifl IPUHMEHHUKA, TOMY JJIs1 KOXKHOTO 3
HUX OyOyeTbess OKpeMe MpaBujiao. Y JaHOMY
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peUeHHI NpUIMEHHUK «Of» He mepeKiamgaeTbes, a

3aNeKHUM  IMEHHUK CTaBUTbCA Yy  POAOBUH

BIAMIHOK.
NN21(nmod.NN3(case.IN2.0f))#C1,C3.max:poxn

V nepeBi 3aIMIIa€ThCs BCHOTO OJJHA BEPIIUHA,
sIKa MICTUTB BCI CJIOBa y TPAaBHIBHOMY MOPSIKY Ta
rpamMaTHKy IIUX CIiB:

database — C.mag:um&uuc:Y &poa:Z

organized — INTPUY.nag:x&unc:y&pom:z

collection — C.nmag:um&unc:y&pon:z

data — C.unc:ME& a1 pOT

Yucno i pin cnoBa «database» 6Gepemo 3
pociiicekoro nepeknany. Lle sxiHouwii pia, onHUHA.
IIi rpaMaTH4yHi O3HAaKM TIEPENAEMO  CJOBAM
«organized» ta «collection».

Pociiicbkuii mepexia;
ba3za pmaHHBIX YIOPSIIOYCHHBIN  HaOOp

JAHHBIX.
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CraTTiO TIpencTaBmB 1. T. H., €. H. ¢. Kyzin B.L

Pozensidaemvcsi cman izuunoco 300po6’s moouHuy, KU BCTHAHOBTIOEMbCA 3d CEPIEio KAIHIYHUX,
Mopghonoziunux ma izionociunux, GIOXIMIMHUX MA IHWUX NOKA3HUKIE 3 YDAXY8AHHAM 8I0ON0GIOHO cmami ma
BIKY I 3anedcump 6i0 2eo2pagiunHux, Memeopoociunux i coyianvhux gaxkmopie. B pobomi npoananizoeano
6NIUE (DIZUYHUX HABAHMANCEHb HA Mi NOKAZHUKU OP2aHisMy, 5Ki HauKkpauje 6i0obpaxcaromv 3miHu, U0
8100Y8aOMbCs N0 YAC PI3UYHUX MPEHYBAHb MA HABAHMAICEHD.

Haeseoeni noxasnuxu (kainiuni, mopgho-ghizionociuni, Oioximiuni) niooaromocs UMIPIOBAHHIO AO0 8
1a00pamopHux ymosax abo Ha CHOPMUBHUX MAUOAHYUKAX, MA O0AlOMb 3M02y OYiHumu @iz3uynHuli cmau
moOunU. s makux nOKA3HUKI6 HAGEOeHO GIONOBIOHI epagiKu 3aAedCHOCMI, Ky 0aiomb 3M02Y OMPUMAMU
AKICHY 8I3YANbHY KAPMUHY NPOYECi8, Wo 8i00Y8AI0MbCsL 3 NOOANLUUM IX MAMEMAMUYHUM NPeOCmABIeHHIM
V 6uenadi (QYHKYIOHANbHUX 3ANeHCHOCHEN, WO HAOACHb MONCIUGICMb NOOAIBUO20 AHANIZY Qi3uuH020
CMAHy 0p2auizmy JI0OUHU MA NPOSHO3Y U020 PI3UUHOT AKMUBHOCI.

Kurouosi crnosa mopghonociuni ma ¢hizionociuni, OioxXimiuni NOKA3HUKY, (Di3uUyHe HABAHMANCECHHS,
epaiune npedcmaeieHs

The state of physical health of man, that is set after the series of clinical, morphological and
physiology, biochemical et al indexes taking into account according to sex and age and depends on
geographical, meteorological and social factors is examined. Influence of physical activities is in-process
analysed on those indexes of organism, that represent changes that take place during the physical training
and loading better in all.

The brought indexes (clinical, morphological and physiology, biochemical indexes) over yield to
measuring or in laboratory terms or on sporting grounds, and give an opportunity to estimate the bodily
condition of human. For such indexes corresponding graphic arts over of dependence, that give an
opportunity to get the quality visual picture of processes that take place with further them by mathematical
presentation as functional dependences, are brought, that will give possibility of further analysis of bodily
condition of organism of human and prognosis of him physical activity.

Key words: morphological and physiology, biochemical indexes, physical activities, graphic arts.

opranisMy Ha (i3W4YHI HaBaHTaXXCHHS Maibke He

OpraHi3M JIFOIUHA — TUBOBMKHUN MeXaHi3Mm!
Y HbOMYy BiIOYBa€TbCS HECKIHYCHHA KIUIbKICTh
no0pe CKOOpAWHOBaHWX sBUIIL [IpoTsrom cTOmNiTh
BUCHI BUBYAJIM, SK MpaIlO€ OpraHi3M JIOAWHU. B
OCTaHHI JEKUIbKa CTOJITh BYEHI 3alHsUIMC
BHUBYECHHSIM TOTO, SIK 3MIHIOIOTHCS QYHKIIT YH
¢izionorist opra”i3aMy i 4Yac 3aHATh (i3UYHOO
JUSUIBHICTIO.

B ocHOBi gocmimkeHHs (QI3MYHUX BIpaB
nexaTh aHaTtoMis Ta ¢izionoris. dizionoris Bpas —
BIJTHOCHO HOBa B CBiTi Hayku. [IpoOiema peaxmii

© T.B. Konsnosa, 2015

BUBYaJack. He nIuBIAYMChE HA 3araJbHONPUNHATY
3HAYMMICTDh PEryJSIpHOI M’S30BOI AisIIBHOCTI BXKE Y
cepeanni XIX cT., 10 KiHIS CTOMITTSA Ha (iziosorito
M’SI30BOT TISUTHHOCTI YBaru Maike He 3BepTalIH.
[ounnatoun BuB4YATH (i3i0J0TiI0 (BIZUIHUX
HaBaHTa)XeHb, HEOOX1THO TIEPIII 3a BCE 3’ICYBATH, SIK
pearye oprasisM Ha NEeBHHUI BHUJ HaBaHTa)KeHHs. Sk
BU3HAUMTH  (izionoriuni peakmii Ha  (i3udHe
HaBaHTaXeHHA? Jlume neski ¢izionoriydi 3MiHHI
MOXIIUBO KOHTpPOIIOBATH IIiJi Yac BHKOHAHHS
GI3MYHMX BOpaB, NPUYOMY JesIKi 3 HUX MOXXHA
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TOYHO BHMIPSTH, HE TOpyUIyloun  (izumunHy
nisutbHICTh. Hampukian, 3aco0u pasioTenemerpii i
MiHIaTIOPHI MarHiTONA MOYXKHa BUKOPUCTOBYBATH ITiJ]
yac BUKOHAHHS (DI3MYHOIO HABAHTAKEHHS IS
KOHTPOJIO PI3HUX MOKa3HUKIB OpraHi3my.

OcTtaHHi  PO3pOOKK  JIO3BOJISIOTH  HABITh
0e3MmocepeIHbO  KOHTPOJIOBATH  BUKOPUCTAHHS
KHCHIO TIiJi 4ac JOBUIbHOI (Di3MYHOI IISUTBHOCTI 3a
MEKaMHM JIOCITITHUIILKOT J1Ja00paTopii.

IcHye mocuTh BeNMKa KUIBKICTh O10JIOTTYHHX
MMOKAa3HHUKIB, 32 SKUMH MO)XKHA JIaTH BIAMOBIAB PO
CTaH JIIOJICHKOr0 opraHiamy. ToMy BUKOPHCTOBYIOUH
JlaHi CIIOCTEpEeKEeHb, sIKi Oynm 3i0paHi JKapsMH Y
JOTJIAAlI 32 CHOPTCMEHAMH, MH 3POOHIIN CIPOOY
NpUBHECTH  (i3MYHI HABAHTAXKEHHA y  IKHTTS
3BUYANHOI JIOIUHH.

Haii6inp1m
HaBaHTaXEHb [
opraHizmy

e MIIK (MakcuMmanbHa MoTpeda B KUCHI);
® JIaKTaT KPOBi;

e UCC (uacToTra cepieBUX CKOPOUYCHB);

® HOpaJpeHaliH (TOpMOH).

Tomy anst mociimkeHHs Oy BUOpaHi came i
MTOKa3HHUKH.

MakcumanbHa notpeda B kucHi (MIIK). Le
OMMH 3  KpalMX I[OKAa3HUKIB  TPEHOBAHOCTI
CIIOPTCMEHAa B THX BHAaX CIOPTYy, J€ HOTpiOHa
3HaYHa BUTPUBAJICTb. JOCTIIKEHHS TI0Ka3yIOTh, 110
MIIK  30imbHryeTbess — BHACHIOK  (DI3MUHHMX
TPEHYBaHb.

OpHak s KOHTPOJIO aJanTaliiHuX peakilii
KapaiopacmipaTtopHoi i M’s30Boi cucremu (MIIK)
MOTPIOH1 cHeliaibHI HpUIaan, AKI MOXKHA 3HAHTH
TUIbKM B (i3ionoriunux jgabopatopisix. Tomy
OUIBIIICTE TpEHepiB 1 CIIOPTCMEHIB T030aBJieH]
MOJKJIMBOCTI BUKOPHUCTOBYBATH JaHUN METO/I.

Hemonasuo Oyno 3aIpONOHOBAaHO
BUMIPIOBATH BMICT JIAKTaTy KpoOBi MiJ dYac
TPEHYBaHHs, 10 J03BOJISIE OI[IHUTH HaBaHTAKCHHS
BiJl TpEHYBaHb, a TaKOX CTYMiHb aJammiiHIX
peaknii  M’si3iB.  [lpm  30inbIIeHHI  (i3UYHOTO
HaBaHTaXCHHS  KOHIIGHTpALliA  JIAKTaTy  PIi3KO
30imbHIyeThes. Lo 3MiHy MOKHa BHKOPHUCTOBYBATH
JUTS OLIIHKK 1HTEHCHUBHOCTI TPEHYBAJILHOIO IIPOIIECY.

Ak ©Oauumo 3 puc.l, TpeHyBaHHs, IO
HampaBJieHE  HAa  MIIBUIICHHS  BUTPHUBAJIOCTI,
MIJBHUIINYE JaKTaTHUHA mopir. JIfomuHa 3 BHUCOKHM
pIBHEM BUTPUBAIOCTI MOXYTh BHKOHYBATH POOOTY
npu Ounbi Bucokomy MIIK, mo Toro sik BinOymeTbes
HaKOIUYCHHS JIAKTATY.

Ha nymky chemiamicTiB 1ed Mpolec JTOCHThb
rapHO BioOpakae piBeHb M’S30BOI JisUTBHOCTI, IIO
nmoTpedye BUTPUBAIIOCTI, @ TAKOXK JO3BOJISE OLIBII
TOYHO  BHU3HAYUTH  3MIHH, 1[I0  IPHU3BEACHI
TpenyBaHHAM, uuM MIIK.

9yTIUBUMH 10  (IBUYHHX
] € Taki OioJOriYHI MOKAa3HUKH
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Puc.1. Brutue TpeHyBaHHsI, HAIIPABJICHOTO Ha ITiIBUIIICHHS
BUTPHUBAJIOCTI, HA TOPIT JAaKTaTy KpoBi: 1- TpeHOBaHi; 2-
HETPEHOBaHi.

AJle IPOBEICHHS TAKKX TECTIB 3aiiMa€e 3aHA/TO
Oarato yacy. ToMy Iie TpHU3BEIO J0 IMOSBU OLIBII
MPOCTOr0 METOY KOHTPOJIIO, SIKHH MOJIATaE Y BUMIPI
KOHIIGHTpAIlil JIAKTaTy KpOBI IIIiCAS BUKOHAHHS
OJTHOPA30BOT'0 CTaHJApPTHOTO ¢izn4aHOTO
HABaHTaXEHHS 3 (PIKCOBAHOIO IMBUJIKICTIO.

BigHOBIEGHHST HOpMalbHHX pIBHEH JakTaty
KpOBi 1 M’s3iB MICJII BUCHAKJIMBOTO TPEHYBAaHHS —
BIJTHOCHO JOBroTpuBanuii mporec (1-2 roamuu). 3
puc.2 crae 3po3yMiio, MO OUIBII HIBHAKOMY
BiJITHOBJICHHIO HOPMAJBHOTO PIBHS JIAKTaTy KpOBI
CIIPUSIE AKTUBHE BiJIHOBIICHHS.

Y

JlaxkTaT KpOBi, MOJIB/IT
N A ® ® O P
T

0 20 40 60 80

BigHoBneHHA, XB

Puc.2 BmimB aKTHBHOIO Ta ITACHBHOIO BiJIHOBJICHHS

PIBHSI JIAKTaTy KPOBI IICIIsl cepii COPUHTEPCHKUX 3a0iriB:
1- macuBHe; 2- aKTHBHE; 3- piBEHb B CTaHi CIIOKOIO.

100 120

YCC - dacrota ceprieBux ckopoueHb. lle
npoctuil 1 HaWOLTBII 1HQOPMATHBHHN MapaMerp
CEPLEBO-CY/IMHHOI CHCTeMH. MOro BH3HAYEHHS
BKJIIOUAE TICpEBIpKa MyNbCy, 3a3BMuYaii B 00acTi
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3am’sictst a6o conHoi aprepii. UCC BigoOpaxae
KUTBKICTh POOOTH, SIKy NMOBHHHO BHUKOHATH CEpIIC,
00 3aJ0BOJILBHUTH 3aBHUIICHI BHUMOTH OpraHi3My
OpH  HOro BKIIOYEHHI y (Ii3UYHY JisTIBHICTS.
Cepenne 3nauenns YCC B cmokoi ckiagae 60-80

yaapie/xB. Y  JioAed  cepemHbOro  BiKYy, Y
MaJOPYXJIUBUX 1 y THX, XTO HE 3alMaEThCsA
M’s30Bor0  mismbHicTIo, UYCC B 1OKOI MOXKeE

nepeuiyBatd 100 ymapis/xB. Uumm  Omrokumit
noka3zHuk YCC 10 cepeiHbOro 3Ha4YeHHs, TUM OUIBIII
3[I0pPOBE 1 Mpare3aTHe cepiie.

Komu mronuHa mounHae BHKOHYBAaTH BIIPaBH,
YCC mBHIKO 3pOCTae MPONOPLIHHO IHTEHCHBHOCTI
HaBaHTa)xeHH (puc.3).

210
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b
[42]
(=]
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90}

70F
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Tlotpe6a B kuCHI, JI/XB

Hopaapenajin. Mo3koBa peuoBHHA YTBOPIOE
1 BUJILISIE IBa TOPMOHH - aJIpeHAJIiH 1 HOpaapeHaIiH.
[pu CTUMYJISIIIIi MO3KOBOIO PE4OBHHOIO
CHUMIIATUYHOI HEPBOBOI CHCTEMH, BUIUIAETHCS OLIsA
0,8 (80%) anpenaminy Ta Ot 0,2 (20%)
HopaJapeHalliHy  (piBeHb  IOKa3HHWKIB  MOXe
KOIIMBATHCS B 3QJEKHOCTI BiJ BUAY (IZUYHOTO
HaBaHTaXEHHsS).  AJpeHaliH 1  HOpaJIpeHaliH
JIOTIOMararoTh OOpOTHUCS 3 KPU30BUMH CHUTYAIlISIMH.
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Xoya iX BIUIMB Ha OPraHi3M BiPI3HAETHCS, 00UIBA
TOPMOHH ““TIPAITIOIOTH” Pa3oOM.

Ha BuzineHHs NMEBHOro PiBHA aJpeHaNiHy Ta
HOpaJpeHalliHy BIUIMBalOTh Oarato (akTopiB, y
TOMY 4HCHi # (hi3UUHEe HaBaHTAKEHHS.
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0.5% . 0
Crokiit 50 75 100
(BigmoauHok)
MIIK, %
Puc.5. 3wmina koHmeHtpamiii aapenamina (1) Ta

HOpaJapeHaiHa (2) B KpOBi B CTaHi CITOKOIO 1 MPH Pi3HIN
inTencuBHocTi (MIIK) Giry Ha TpenOaHi.

BpaxoByroun xapaktep moBefiHKH (YHKII B
3aJIeKHOCTI  BiJf BHOpaHUX TapameTpiB  OyIo
3aMpPONOHOBAHO HACTYIHUN BUTJIAA (DYHKITIH:

v, = fi(x,x,)=cxlixhi, i=1,4,

ne y,/y, — Juis TpeHOBaHUX JIFOfCH
3anexHicTh akTaTy kposi Bigx MIIK Ta vacy
IIACCUBHOTO / aKTMBHOTO BiIHOBIICHHS; Y,/ Yy, — Ul
HETPEHOBAHMX JIIO/ICH 3aJIeKHICTh JIAKTATY KPOBIi Bij
MIIK Ta yacy macuBHOTO / aKTUBHOT'O BiTHOBJICHHS;
x, — pieHb MIIK y BiTHOCHHMX BEeIMYHMHAX; X, —

yac BiIHOBJICHHS.
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IIporHo3yBaHHsI mpoaaKiB MeTogaMM Sales Forecasting using Data Mining
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Poszensoaemvcs 3a0aua npoerosyeants npooasxcie npooykyii 3a 8ioomoio icmopicto npooasxcie ma oes
ypaxysauua 0ooamkosux ¢gaxkmopis. L{a 3ad0aua uacmo 3ycmpivacmvca Ha NPpAKMuyi, KOAUu HeMae
MOACIUBO CI BUKOPUCIAMU (DAKMOPHUTE AHANI3, T MU MAEMO HOKAAOAMUCDH TULULE HA ICMOPUYHI OaHi. Y
OaHil pobomi n0OaHO NOPIBHATLHUL AHALI3 MPLOX OCHOBHUX ANCOPUMIB 05 340 ayi NPOCHO3YBAHHSL.
Jlocniooicenns exnouae mpaouyiuni Cmamucmuyni Memoou ma nepCcnekmugHi CmpyKmypHi aicopummu
npoenosyeanns, a came: ARIMA (rna 6asi pimwenns Microsoft SQL Server areopummy uacoeux psois),
€80.110YiliH020 (400 2eHemUuH020) anreopummy ma no6ydosu oepes piuieHb. Mu ne 6ydemo docnidxcysamu
KOMOTHAYIT Memo0is, 3aCMoCo8Y8AHUX NOCTIO0BHO AO0 NAPAEeTbHO, Y Yill poOOMI, X0Ua Ye NUMAHHS MAKOIC
sapmo yeaeu. OcHOBHA Y8aea 8 NPOSHO3VBAHHI 3a436U4All NPUOINAEMbCA Oemanam pearizayii. Y oanii
POOOMI CKOHYEHMP 08AHO Y8A2Y HA NOPIGHLILHOMY AHANIZ] nepesas ma HedOaiKi8 KONHCHO20 i3 3a3HaAYeHUX
anzopummis. Ompumane anpiopre NOPIBHAHHA CII0 CRIGCMABUMU 3 PE3VIbMAMAMU 3ACMOCY8ANHA YUX
Memo0ie 00 peanbHux OaHUX, AOU nepesipumu Kopeisiyilo anocmepiopHux pe3yibmamis, wo 6yoe 3pobaeno
Y HacmynHux pobomax.

Kniouosi cnosa: npoenosysanns, ARIMA, ARTXP, egonoyiiinuti aneopumm, cenemuynuil aicopumm,
depeso piuleHs.

Forecasting of product sales by known sales history and without other factors influence task is the subject
of this work. This represents real-life practical task when we cannot use factor analysis and must rely on
historical data solely. This study presents a description and comparison of three basic algorithms of
forecasting. Our research covers both traditional statistical and perspective structural predictive methods,
including ARIMA (based on Microsoft SQL Server Time Series Model Query package), evolutionary
algorithm (or genetic) and constructing decision forests. We will not analyze method combinations,
sequentially applied nor parallel, in this review though it worth attention. Much of previous attention on
forecasting focuses on its implementations. This study is concentrated on the comparative analysis of
advantages and disadvantages of algorithms mentioned above. A-priory comparative results obtained here
should be matched with results of these methods application to real-life data in order to correlate them and
this will be done in the next papers.

Key Words: forecasting, ARIMA, ARTXP, evolutionary algorithm, genetic algorithm, decision tree.

CrarTio nipesictaBuB 1.¢.-M.H., ipod. byii /1.b.

Introduction and without other factors influence task is the subject
of this work. This represents real-life practical task
when we cannot use factor analysis and must rely on
historical data solely. Software solutions are built in

The necessity of forecasting presupposes a
paramount significance of the problems of prognosis.
Forecasting of product sales by known sales history

© T.I. JIuteunenko, T.B. [lanuenxko,

B.J. Peapko, 2015
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order to cope with an enormous amount of data.
In[1] it is observed that in general all predictive
techniques may be divided into two principal groups:
statistical and structural methods correspondingly.
The first group includes predictive models, which
leverages statistics to predict outcomes [2] — ultimate
model is represented by analytical formula. The
second group consists of step-by-step methods,
where terminate algorithm looks like a definite set of
stages. In our research statistical approaches are
represented by ARIMA (implemented in Microsoft
Time Series). Microsoft SQL Server [3] provides
regression algorithms that are optimized for the
forecasting of continuous values. Classical structural
approaches are represented by decision trees,
combined in random forests. According to [4], a
decision tree describes the process graphically and
simplifies a major goal of the analysis — to determine
the best decisions. In addition to the traditional
approaches mentioned above, in this research we
investigate comparatively non-popular nowadays,
but prospective method — evolutionary algorithm.
In[5] it is underlined, that this approach is based on
the evolution of set of rules genetically codified.
Overall, despite all three methods are applied to a
wide range of decision making processes, in this
study we compare the potential, effectiveness and
quality of forecasting for universal problems.

In this paper we preliminarily analyze approaches
to solve the task of sales forecasting. The actual task
is to estimate the efficiency of marketing campaigns
with the goal to advertise and deliver (or push) the
product to the market. These activities are the means
to increase the sales. So, if we could predict the sales
of some product in advance and then compare it with
the actual data, we can fix the profitability of
marketing campaigns conducted.

In our review we will not analyze method
combinations, sequentially applied nor parallel,
though it worth attention. But we concentrate
attention on basic approaches and fix the a-priori
advantages and disadvantages of each. We will
revert and compare our conclusions with new, ad
hoc, results after application of them to real-life data.

Problem Formalization

The predictive methods make forecast based on
the statistical relationships between input columns in
a dataset. The major idea is to interpret current data
in a proper way in order to obtain the objective laws.
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Input data is represented by a dataset. In our
formulation three basic categories are considered to
be processed: product name, sales and period under
consideration. In order to facilitate the perception of
forecasting model, we investigate the case of the one
product name. The predictive approaches are applied
to a dataset to obtain a probable prognosis for the
future period.

We discuss Decision Trees approach,
Evolutionary or genetic algorithms class and
compare them to Microsoft Time Series algorithm,
the practical realization of known methods.

Decision Trees Method

A decision tree is a drawing [6], consisting of
lines and boxes, that shows the different choices
which are available to people before they make a
decision, and the possible results of these choices.
According to [7], decision trees are produced by
algorithms that identify various ways of splitting a
data set into branch-like segments. These segments
form an inverted decision tree that originates with a
root node at the top of the tree. It is mentioned in [8],
that graphically a decision tree looks like a
flowchart-like structure in which each internal node
represents a “test” on an attribute. Commonly a
decision tree consists of three types of nodes:
decision nodes (represented by squares), chance
nodes (represented by circles) and end nodes
(represented by triangles). According to [9] it is also
easier for many to read and understand flow chart
symbols mentioned above. Classification and
regression trees were originally introduces and
investigated by Breiman [10] in 1984. As asserted
in [11], the main idea behind tree methods is to
recursively partition the data into smaller and smaller
strata in order to improve the fit as best as possible.
Tree models where the target variable can take a
finite set of values are called classification trees.
Decision trees where the target variable can take
continuous values (typically real numbers) are
called regression trees [12]. As explained in [13],
that classification trees are designed for dependent
variables that take a finite number of unordered
values, with prediction error measured in terms of
misclassification cost. Regression trees are for
dependent variables that take continuous or ordered
discrete values, with prediction error typically
measured by the squared difference between the
observed and predicted values.
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Picture 1. Decision Tree.

In CART (classification and regression tree) data
are handled in their raw form; no binning is required
or recommended [14]. In our model data is
represented by a training sample of n observations
on a variable Y, which represent sales, and m
variables, X; ..., X,,, which represent time
period. A major aim is to find a model for
predicting the values of Y for new periods.
Classical algorithm generates a model by building a
series of tree splits (traditionally nodes serve as
representations of these splits). A node is added to
the ultimate model every time that an element of Y-
dataset substantially influences the predictable
column (Y, 4, ... Y, ., Where k — is a predictable
period). It is worth noting, that data required for
the forecasting also includes a key basic
category that serves as identificator. In our study
we use a product name for these purposes.

CART splitting rules [14] are represented by the
following construction:

An instance goes left if CONDITION,
otherwise goes right.

General algorithm includes the following steps:

1) Start at the root node.

2) To each X;, appily a condition split

3) If a stopping criterion is reached, exit.
Otherwise, apply step 2 to each child node in turn.

Evolutionary Algorithm

According to [15] the term “genetic and
evolutionary algorithms™ is used to name a family of
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computational procedures where a number of
potential solutions to a problem makes the way to an
evolving population. Before a genetic algorithm can
be put to work on any problem, a method is needed
to encode potential solutions to that problem in a
form that a computer can process. One common
approach is to encode solutions as binary strings:
sequences of 1's and 0's, where the digit at each
position represents the value of some aspect of the
solution [18]. Each individual codes a solution in a
string (chromosome) of symbols (genes), being
assigned a numerical value (fitness function), that
stands for a solution quality’s measure. New
solutions are created as a result of application of
operators to the current solutions. There are three
main operators are widely used: mutation, crossover
and selection. The main effect of mutation is to
invert a bit in a chromosome [16]. In [17] it is
supposed a chromosome:

Sy = {811, S12) +» 510 -
Select a random integer number:
0<r<n
S, is a mutation of S; in this case:

S, ={s;|if i #r thens; = sy; elses; =
random(sy;)}.

1011001011

1011001001

Picture 2. Mutation in genetic algorithm.

Crossover causes exchange of bits string between
two chromosomes [16], [17]. Two chromosomes are
supposed:

S1 = {511,512, -, S1n}
52 = {521,522, ey Sln}

Then select a random integer number:
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0<r<n

S3,5, are offspring of S; and S, crossover in this
case:

Sy ={s;|ifi<r,s;c S;,elses; c S,}.
Sy={si|ifi<r,s;c S, elses; c S;}.

Parents
@—E)—E)—e—G)—%) @ v W G »

Offspring

® 00 6 6 0600

®—®

Picture 3. Crossover in genetic algorithm.

Parents

&

@
® o ®

o e o
e ®—

Offspring

e

Picture 4.Crossover in genetic algorithm.

As it is mentioned in [17], in selection operator
we suppose there are m individuals, we select [m/2]
individuals but erase the others, the ones we selected
are “more fitness” that means their profits are
greater.

The basic steps of the genetic algorithm involve:

1) Initialization of start population

2) Test of the stopping ctiteria. If it is false —
continue, else — stop.

3) Mutation operator application

4) Crossover operator application

5) Selection procedure (choosing the best
chromosomes).

When it comes to practical applications, in [16] it
is highly recommended to estimate the scope of the
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parameters domain in order to make genetic
algorithm search more effective. It is proposed to use
heuristic knowledge about the explored demand. In
our study it namely means to set amplitude for sales
(minimum and maximum level). In our case we
concentrate on predictive analysis. Observations are
represented by a dataset, so, the main idea is to test
input data with the usage of various operators in
order to find the correlation between operators and
predictive results. We must note here, that originally
evolutionary algorithms were constructed for
optimization tasks that is why this approach is
principally different from the algorithms mentioned
above. This method is completely dependent on the
operators. Nevertheless, this fact enables to take into
consideration the influence of external factors, which
is significant for the problem of forecasting. For our
particular case classic genetic algorithm is slightly
modified. Initialization procedure is more clear:
there is no necessity to generate a random dataset.

Time Series Analysis

The  Microsoft Time  Series  Algorithm
provides regression algorithms that are optimized
for the forecasting of continuous values, such as
product sales, over time. Whereas other Microsoft
algorithms, such as decision trees, require additional
columns of new information as input to predict a
trend, a time series model does not. A time series
model can predict trends based only on the original
dataset that is used to create the model. You can also
add new data to the model when you make a
prediction and automatically incorporate the new
data in the trend analysis [3].

The Microsoft Time Series algorithm includes
two separate algorithms for analyzing time series:

1) The ARTXP (short for Auto Regression Trees
with Cross Predict) [20] algorithm, which was
introduced in SQL Server 2005, is optimized for
predicting the next likely value in a series.

2) The ARIMA algorithm was added in SQL
Server 2008 to improve accuracy for long-term
prediction.

By default, Analysis Services uses each algorithm
separately to train the model and then blends the
results to yield the best prediction for a variable
number of predictions. You can also choose to use
just one of the algorithms, based on your data and
prediction requirements [3].

Microsoft Research developed the original
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ARTXP algorithm that was used in SQL Server
2005, basing the implementation on the Microsoft
Decision Trees algorithm. Therefore, the ARTXP
algorithm can be described as an autoregressive tree
model for representing periodic time series data. This
algorithm relates a variable number of past items to
each current item that is being predicted [3].

The ARIMA algorithm was added to the
Microsoft Time Series algorithm in SQL Server
2008 to improve long-term prediction. It is an
implementation of the process for computing
autoregressive integrated moving averages that was
describped by Box and Jenkins. The ARIMA
methodology makes it possible to determine
dependencies in observations taken sequentially in
time, and can incorporate random shocks as part of
the model. The ARIMA method also supports
multiplicative seasonality [3].

By default, the Microsoft Time Series algorithm
uses both methods, ARTXP and ARIMA, and blends
the results to improve prediction accuracy. If you
want to use only a specific method, you can set the
algorithm parameters to use only ARTXP or only
ARIMA, or to control how the results of the
algorithms are combined [3].

Advantages and disadvantages of decision trees

The benefits of the usage of decision trees are
rather obvious:

1) The model is having a single meaning; the
process is well-defined and stepwise. This approach
is clear for both understanding and implementation.
Decision trees are simple to understand and interpret.

2) The tree anticipates the dead ends and there is
no problem with stopping criteria (in comparison
with evolutionary algorithms).

3) In [22] it is noticed, that decision trees require
relatively little effort from users for data preparation.
Moreover, it is worth noting, this approach is also
able to cope with different types of data. In this
research we work with only numerical data,
nevertheless, in more complicated cases, this aspect
may presuppose the choice of algorithm.

The most substantial disadvantages are the
following:

1) The prediction is defined just once; all the
consequences are based on the previous experience.
It is mentioned in [21], that the reliability of the
information in the decision tee depends on feeding
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the precise internal and external information at the
onset. Even a small change in input data can at times,
cause large changes in the tree. Changing variables,
excluding duplication information, or altering the
sequence midway can lead to major changes and
might possibly require redrawing the tree.

2) As [21] states, another fundamental flaw of
the decision tree prognosis is that the decisions
contained in the decision tree are based on
expectations, and irrational expectations can lead to
flaws and errors in the decision tree. Although the
decision tree follows a natural course of events by
tracing relationships between events, it may not be
possible to plan for all contingencies that arise from
a decision, and such oversights can lead to bad
decisions.

Advantages and disadvantages of genetic
algorithm

The major advantages of the genetic algorithm
are:

1) The vitally important point is that genetic
algorithms are intrinsically parallel. Most other
algorithms are serial and can only explore the
solution space to a problem in one direction at a
time, and if the solution they discover turns out to be
suboptimal, there is nothing to do but abandon all
work previously completed and start over. Genetic
algorithms are able to explore the solution space in
multiple directions at once. If one path turns out to
be a dead end, they can easily eliminate it and
continue work on more promising avenues, giving
them a greater chance each run of finding the
optimal solution [18]. This fact is particularly
significant especially for our case owing to the
colossal perspective amount of input data.

2) Another notable strength of genetic algorithms
is that they perform well in problems for which the
fitness landscape is complex — ones where the fitness
function is discontinuous, noisy, changes over time,
or has many local optima [18]. Many search
algorithms can become trapped by local optima: if
they reach the top of a hill on the fitness landscape,
they will discover that no better solutions exist
nearby and conclude that they have reached the best
one, even though higher peaks exist elsewhere on the
map. Evolutionary algorithms, on the other hand,
have proven to be effective at escaping local optima
and discovering the global optimum in even a very
rugged and complex fitness landscape. This aspect is
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also substantial for our problem due to the fact that
such category as “desirable sales” may be changed
during the period.

The main disadvantages are the following:

1) A drawback of any evolutionary algorithm is
that a solution is "better" only in comparison to
other, presently known solutions; such an algorithm
actually has no concept of an "optimal solution," or
any way to test whether a solution is optimal (for this
reason, evolutionary algorithms are best employed
on problems where it is difficult or impossible to test
for optimality) [19]. This also means that an
evolutionary algorithm never knows for certain when
to stop, aside from the length of time, or the number
of iterations or candidate solutions, that you wish to
allow it to explore. Nevertheless, this factor is
acceptable when it comes to our study because
period of time is always known beforehand. In
addition to this, the main goal is forecasting based on
the previous data, and genetic algorithm is applicable
to this problem better than to optimization.

2) Anyway, to find a stopping condition is not a
trivial task. That is why the number of iterations is
traditionally serves instead of it. In general, it may
lead to worse solutions. It is not as crucial in our
problem of prognosis as in the widespread problem
of optimization, but, definitely, it may deteriorate the
computational accuracy. Steven S. Skiena, in [20]
strictly disbelieves in genetic approach and suggests
that there is no clear problem which may be resolved
with the usage of this algorithm even conditionally
optimal.

Advantages and disadvantages of Microsoft Time
Series Algorithm

Taking into account that this algorithm is “closed-
source” and comes “out of the box”, it is ready to use
and we can quickly start applying it to the raw data.
But the limitation is that we can manipulate only
allowed parameter values and this defines its pros &
cons. As a Microsoft’s concrete realization of
Decision Trees concept at high level, this approach
inherits advantages and disadvantages of Decision
Trees approach as well.

If we analyze two built-in models inside this
approach, namely ARIMA and ARTXP, then
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advantages and disadvantages can be presented in
the following form:

ARIMA model pros:

1. Good for long-term prediction.

2. Supports multiplicative seasonality.

3. Combines autoregression.

4. Well-known model, checked over time.

ARIMA model cons:

1. Not possible to run policy simulation.

2. Traditional model identification techniques are
subjective.

3. Does not support cross-prediction.

ARTXP model pros:

1. Supports cross-prediction.

2. Gives appropriate predictions in the near future.
3. Better to look at different variables influencing
each other over time.

ARTXP model cons:

1. Less stable.

2. Not appropriate for long-term prediction.

3. High complexity of calculations for long-term
predictions (requires much more time).

Conclusion

In this paper we investigated most appropriate a-
priory methods for the task of product sales
forecasting by known sales history and without other
factors influence. This represents real-life practical
task when we cannot use factor analysis and must
rely on historical data solely.

We fixed

¢ Decision Trees with Random Forests approach,

e Evolutionary and Genetic algorithms and

¢ Microsoft Time Series Algorithm (realization)
as most appropriate (a-priory) for the task stated
and discussed these methods here.

Advantages and disadvantages of each of them
were shown and argued in details.

The next step is to apply all the methods to real-
life data, i.e. real production sales historical data,
tune the models and then analyze and compare a-
priory with a-posteriori results to make the final
decision about methods applicability as well as
results obtained in each case.
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B pobomi posenanymo 3acmocysanns memooie Hegio eMHOI MampuuHoi ma men30pHoi akmopusayii 6
3a0ayax Komn tomepHoi niHeGiCMuKU, 30Kpema OJid JAMeHmHO20 CeMAHMUYHO20 aHanizy, Kiacmepu3ayii
BENIUKUX MACUGIE MEKCMI68 NPUPOOHOI0 MOB0I0, Olsl asmomamusayii cemepayii makux JiH8iCMUYHUX
CmMpyKmyp K celeKmusHi npegepenyii ma onucy cmpykmyp @peiumogoi cemanmuxu odiecnig. Taxoosc
npeocmasieno Mooeib ONucy KOMRO3UYIHOI CeMaHmuKu peyenb NpupooHol0 MO8010, 0e 3d 00NOMO20I0
MeH30pHOI hakmopuzayii cCeManmuKra KONCHO20 OKPEMO G351MO020 CNOGA BUSHAUAEMbCS MA YIMOUHIOEMbCSL Y
KOHMeKcmi IHWUX Ci6 peyeHHs ma y KOHMeKCHI 6Cb020 PEYEeHHA Y YIIOMY.

Kniouosi cnosa: komn’tomepuna ninegicmuka, CeMaHmMudHull aHAi3 MeKCMié NPUPoOHO0 MOBOI0,
He6i0 ‘eMHa (haxmopuzayis meH30pis, HeGi0 'EMHA MAMPUYHA HaKmopuzayis.

In the paper the use of non-negative matrix and tensor factorization methods in classical tasks of
computational linguistics is considered. These tasks include latent semantic analysis and large natural
language texts corpora clustering, automation methods for generation of such linguistic structures as
selectional preferences and descriptions of the verbs semantics frame structures etc. The N-dimensional
tensor is implemented as a multiway array of data obtained from the frequency analysis of large text
corpora. Factorization of N-dimensional tensor with decomposition rank k generates N matrixes consisting
of k columns that represent a mapping of each individual dimension of the tensor on k factor-dimensions of
latent semantic space. The paper describes an algorithm for unsupervised generation of verb
subcategorization frames and selectional preference information. The method improves previous non-
negative tensor factorization approaches by predicting whether a syntactic argument is likely to be used with
averb.

The paper also describes the model of compositional semantics of natural language sentences where non-
negative tensor factorization is employed. Semantics of every single word is defined and clarified in the
context of other words of the sentence and in the context of the entire sentence.

Keywords: natural language processing, semantic analysis, non-negative tensor and matrix factorization.

Crartio npeacraBus 1.Q.-M.H., npod., wi.-kop. HAH Ykpainu AnicimoB A.B.

Metoau HeBia' €MHOI TEH30PHOI Ta MATPUYHOI B3a€MO3B'A3KIB Yy JaHMX, II0 MAalOTh Pi3HY MPHPOIY
¢dakTopuzaii € epeKTUBHUMH METOJAMH aHaNli3y, Ta MOJAIbHICTB.
knacudikanii Ta KiacTepuszauii OaraTOBUMipHHX Cepen  OCHOBHHMX  HampsiMiB  3acTOCYBaHb
JaHKX, 110 30epiraloThCs y BEIMKUX MacHBaXx. METOJIIB  HEBiJl’EMHOI TEH30PHOI 1 MaTPHUYHOL

Jani MeToaWm IIMPOKO 3aCTOCOBYIOTBCA Yy  (akTopu3alii BETUKUX OaraTOBUMipHHX MAacHBIB
0araTboX HampsMax IITYYHOTO iHTENIEKTY, @ TAKOXK Y  JaHUX CIiJ BiI3HAUUTH OOpoOKy Ta aHaii3
iHpOpMAIIHHMUX TEXHOJOIIAX 3arajioM, KOJHM € TpadiuHuX 300pakeHb, 0OpOOKY BiZ€0300paKeHb,
HEOOXIiTHICTD aHamizy 3aIIeKHOCTEH Ta KIACTEPH3aIlif0 BEIMKHX TEKCTOBHUX  KOPITYCiB,
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BUUICHHS JIHTBICTUYHUX JAaHUX 3
KOPITyCiB TEKCTIB MPUPOIHOIO MOBOIO [1, 2].

Metonu HEBiA’€MHOI TEH30pHOI 1 MaTpUYHOI
(haxTopuzarii TO3BOJISTIOTH aBTOMAaTH3YBaTH
3aIIOBHEHHSI KOHTEHTOM JIHIBICTUYHHMX 0a3 3HaHb
oHTOJOTIYHOTO THITY [3].

BCIIMKUX

3acTrocyBaHHA HeBiA’eMHOI  MaTpPUYHOL
(axTopu3anmii B 3axa4yax CeMaHTHYHOIO aAHAJI3Y
NPUPOTHOMOBHHUX TEKCTIB

Temu, KOHIENII] Ta CeMaHTUKAa € KIFOYOBUMHU
O3HaKaMH TEKCTYy NPUPOJHOI0 MOBOIO, fKi JAIOTh
YSIBJICHHSA IIPO HOTO 3MICT Ta cMuci. s oTpuMaHHsS
TaKAX O3HAK 3 TEKCTy OyJM po3poOIeHi cremniaibHi
METO/IM, BiIOMI ITiJ{ 3arajJsLHO0 HAa3BOIO "BUIIICHHS
o3Hak" (feature extraction). MeTO Takux METOIB €
BHIUJICHHS OCHOBHHMX KOHIICHIIiii (200 TeM) TEKCTiB
Ta TIPEACTaBICHHA JOKYMEHTIB Yy BHIUISAIL IX
koMmOiHamii. L{i MeToan ycHiliHO 3aCTOCOBYIOTBCS Y
3a/la4ax oOpOoOKH MPHUPOTHOMOBHUX TEKCTIB, TAKHUX
SK  KJIAcTepu3amis JOKyMEHTIB, 3HaXOJKEHHS
CEMaHTHYHOI BiZCTaHl Ta 0araTo 1HIIKUX.

MartpuuHi po3KIIaad, Taki SK CHHTYJISIpHUHA
pO3KIax MaTpulli (BiOMUH ITiJ] Ha3BOKO «JIATEHTHUHN
ceMaHTHUHHMH aHami3») [4] abo HeBix eMHUiA
MaTpu4yHUi  po3kian  (HeBiL'eMHa — MaTpuyHa
daxropuzanisi, NMF) [5], BHKOPHUCTOBYIOTBCS B
SIKOCTI OCHOBHU JTaHUX METOIIB.

3araiom, NMF €  poskiagom  (abo
(akropuzamiero) Martpuiti VB JOOYTOK JIBOX
matpuip W i H. [lpudomy, Ha enemeHT! MaTpuip V,
W ta H HaxmagaroTbCcsd IOJATKOBI OOMEXKEHHS
HeBig’ eMHOCTi. [loTpiOHO 3a3HAYMTH, IO TaKH
po3kiax He € 000B'SI3KOBO YHIKAJILHUM 1 MaTpuili W
Ta H He moBHHHI OyTH OPTOTOHATEHUMH.

L5 dakTopuzalis MaTpUlh CTaja MOMYJISIPHOIO
micns myOumikanii crarri JIi Ta Cynra [5]. B mii
poboTi Oyl 3ampONOHOBAHO aJIrOpUTM MOOYIOBU
HEBIJI'€EMHOTO PO3KJIaJy MATPHIIi.

B wiit crarTi BUKOPHCTOBYETHCS OPUTiHANBHUI
meron Jli ta CyHna, me BiIOMHI T Ha3BOIO
«MYJBTHIDTIKATHBHI TpaBHiIa OHOBIEHHS» B sIKOCTI
MiTbOBOI  (QYHKIII ~ BUKOPHUCTOBYETHCS  HOpMa
®dpobeniyca.

VYV obnacti 00pOOKH MPUPOJTHOMOBHUX TEKCTIB
NMF 3a3Buuaii 3actocoByerbes a0 T D-marpumi
(Matpuui TepMmxnokymeHT). KoxkeH pagok maTpuii
TD BigmnoBizae NEBHOMY IOKYMEHTY 3 KOPITyCy
TEKCTiB, a KOXCH CTOBNEIh MATPHIll BIiIMOBITAE
IIEBHOMY CJIOBY. SIKIIO 3agaHO M JOKYMEHTIB 1
3arajibHa KiJIbKICTH CIIiB Y HHMX PIBHA N, TO PO3MIp
TD wmarpumi V piBamii m ©Ha n. NMF
BUKOPHUCTOBYETHCSL JUIS PO3KIaxy Martpuui V y
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nmo0ytok mBox Marpumb W i H 3 po3mipamu m Ha k 1
k Ha n BimmosimHo, me 3asBuuaii K << min(m,n).

Hanpuxknazn, k Mmoxxe OyTH BCTaHOBJICHO B 3HAYCHHS
OUiKyBaHOI KiNbKOCTI knactepiB. Yacto mapamerp k
Ha3UBAIOTh «KIJIBKICTh O3HAKY.

IaryituBHO, napametp k Moxe OyTH MOsICHEHHU
HacTynHUM unHOM: TD marpuug V («IOKyMEHTH
X(CJIOBa») PO3KIIATAETHCSA Y JOOYTOK ITBOX MAaTPHUIh
— V=WH. Marpumns W moB’s3ye «IOKyMEHTH» 1
«o3HaKW», a Matpunsd H moB’s3ye «o3Hakm» 1
«choBay. ToMmy, SK BHIUIMBAE 3 BIACTHBOCTEH
JIOOYTKY MaTpHllb, KOXKEH JOKYMEHT
MPEJICTABISIETECA Y BUTIISAAL JIIHIHHOT KOMOIHAIIT
BUJIICHUX O3HakK. Ilicist mboro, TpaauiiiHi METOAH
KJIacTepHu3allii MOXKyTh OYTH 3aCTOCOBaHi JI0 PSIKIB
Matputi W. Psagkn matpuni W MoxkHa po3risaaTa
SK BEKTOPH CEMaHTHYHHX a00 TEMAaTUYHUX O3HAK M
MOKyMeHTiB. Jlnsi BH3HaYeHHS TeMaTH4HOI abo
CeMaHTHYHOI OJM3BKOCTI JBOX JTOKYMEHTIB MOXXHA
BUKOPUCTOBYBATH KOCHHYCHY Mipy, 1o
00YHCITIOETBCS Yepe3 CKASIPHUN JOOYTOK BEKTOPIB
03HaK JOKYMEHTIB.

B minmomy moBHMIA mpolec
BUTJIS,IA€ HACTYITHAM YHHOM:

KJIacTepu3allii

1. IoOymyBatu TD-matpumro V

2. Hopmanizysatu croBnui marpuui V

3. 3acrocyBatu NMF: V=W H

4. TloOyayBaTu KiIacTepH3aIlifo Ha OCHOBI
matpub Wi H

NMF, sk 3aci6 00poOKH MPUPOIHOI MOBH, Mae
KUIbKa TepeBar Haj IHIIUMH METOAaMH BHIIJICHHS
o3Hak. llo-mepme, marpuui W i H maroTe Tinbku
HEBiJ'€EMHI €NeMEHTH, 10 pOOUTHh MpoIec iX
iHTepmpeTanii y TepMiHax 00poOKH MPUPOAHOT MOBH
mpoctimmM 1 Oimpm  iHTYiTHBHUM. [lo-mpyre,
croBrnui W He MOBMHHI OyTH OPTOTOHAJbHHUMH, a
OTKE€ BUIIJICHI TEMH MOXYTh MaTH CITLJIbHI PUCH, 11O
€ JIOCUTh 3BHYAWHUM JUIS PEATbHUX JIOKYMEHTIB.

Buxopucranua HeBig’eMHoOi ¢axTopu3amii
TeH30piB AJs MOJEJIOBAHHA Ta BUAiTEHHS
JIHTBiCTHYHHX CEMAHTHKO-CHHTAKCHYHUX CTPYK-
TYP 3 BeJIMKHX TeKCTOBHX KOPIYCiB

Y pobGori [1] Oymo 3ampomoOHOBAHO MOJEIb
HeBix eMHOl  (akTopu3amii TEH30piB, Y AKHX
30epiratoThCsi JaHi MPO YacTOTy BHUKOPUCTAHHS
PI3HUX CIIOBOCIIONyYEHb Yy BEIMKUX TEKCTOBHX
KOpITycax i3 BpaxyBaHHSIM CHHTaKCHYHOI MO3MLIT
ciiB. PakTopu30BaHi TEH30PHI JIHTBICTUYHI MOAEII
JTIO3BOJISIIOTh ABTOMATH30BAHO BHAUIATH 3 KOPITYCIB
TEKCTIB OMNHC TaKWUX JIHIBICTUYHUX CTPYKTYp, SK
cenektuBHi npedepentii (Selectional preferences)[1]
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Ta cyOkareropiajpHi ¢peiimu miecmiB [2], 1m0 JlexoMITo3UIIiS HEBiJl’€MHOL TEH30pHOT
MICTATh [JaHI PO CEMAaHTW4YHI Ta CHHTAaKCHYHI (aKkTopw3alii Ui TEH30py YACTOTHHX OIIHOK

BJIACTUBOCTI 3B’SI3KIB MDK Jl€CIOBaMH Ta IX
apryMEeHTaMH-IMCHHUKAMH Y PCUCHHSIX.

TpuBuMipauit  TeH30p  muIsA  30epiraHHA
YaCTOTHHUX OIIIHOK CITOJIyYHOCTEH CIIiB — ITiJIMETIB,
MPUCYAKIB Ta NPSIMUX JIOAATKIB, OTPUMaHUX B
pe3ynmbTaTi aHali3y BEIHMKHX TEKCTOBHX KOPIIYCIB,
300pakeHHid Ha PUCYHKY 1.

NPHCY NOK

Pucynox 1. TpuBnmipHHil TeH30p JUI1 30epiraHHs
YaCTOTHHUX JaHHX CIOJIYYHOCTEW CIiB — MiIMETIB, IPUCYAKIB Ta
MIPSIMUX JTOJATKIB.

B pesymbraTi 9acTOTHOrO aHami3y TEKCTOBHX
KOPITyCiB QOPMY€ETBCS PO3PIKEHUI TEH30p BEIHKOT
PO3MIPHOCTI. 3 METOI OTPUMAaHHS OUIBII CTHUCIIOTO
Ta  3py4yHOrO  MpPEACTaBICHHS /O  TEH30pYy
3aCTOCOBYETHCS HEBiJ'€eMHa TEH30pHA (haKTOPH3aLlisl.

OcCHOBHA ijies METOay IOJiArae B MiHIMi3amii
CyMHU KBaJIpaTiB Pi3HHIb 3HaY€Hb MIXK OpUTIHAJIOM
TEH30py Ta Horo (hakTopu3oBaHOK Mopernto. s

TpuBUMipHOTrO BHmaaky temsopy TeRP'" PP pe
BiJIMTOBi/1a€ PiBHSAHHIO
k
2
T-2 %°%°z ne K —
XieRDl,yieRDz,ZieRD?’ ” -y ! y' '”F >

YHCII0 BUMIPIiB Y PaKTOPU30BaHIl MOJENI.

Ilpu HeBigm’emHIH TEeH30pHIN (axTOpH3alii
JOAAETHCS OOMEKEHHS HEBI1JI’€MHOCTI,
MEPETBOPIOIOYN MOJIENb Y

k
H 2
min, T —;xiwi"zi 12

D1
% €Rxg LY

Mojiens  MOXKHA ~ MPEJICTaBUTH  IpadivHO
HAaCTYIIHUM YWHOM, BpaxoBYIOYHM, W0 JaHa
JCKOMIIO3HLIISl CKJIAAEThCI 3 CYMH TEH30pHHX
NOOYTKIB TpIHOK BEKTOpiB (IO YHCIY BHUMIpPIB

TEH30DY).
/7
= +

/
/

Pucynok 2. Tpadiune mnpeactaBieHHs HeEBix’ eMHOT
TeH30pHOI (hakTOpH3aLil 1K CyMH 30BHIIIHIX TOOYTKIB.

CIONyYHOCTEH  «HIIMET» X  «IIPHCYIOK» X
«IOIATOK» Y BUIJIAI TPHOX MATPHUIb MPEACTABICHA
Ha PUCYHKY 3.

IIMET

OIAMET

IMIPUCYTOK
ODPUCYTOK

Pucynok 3. TI'padiune mpencraBieHHS HEBiI €éMHOI
TeH30pHO1 (pakTopu3awii A JIHIBICTUYHOTO TEH30PY.

B pesynbraTi Qakrtopuzamii  KOXeH IiaMeT-
IMEHHUK, TPHUCYAOK-II€CIOBO Ta JOAATOK-IMEHHHUK
OTPUMY€E BIACHHI BeKTOp po3MmipHocTi K 3
BiJIIOBITHUX MaTpPHIIb.

OpurinanbHe 3HaYeHHS 3 TeH30pY T TSt TpidKH
(S,v,0)  Xso MOKe OyTH  BiHOBIEHE ¥y
(hakTOpr30BaHill MOIEIi OOYUCIICHHIM CyMHU

k
Xsvo™ Z Ssivvi ooi '
i=1

Jyis Toro, 100 O0YMCIUTH OLIHKY YacTOTH IS
CHOJYYEHHS Kyxap comye O6opuy TMOTPIOHO 3HANTH
BEKTOP-TIJMET IS CJIOBa KyXap, TOTIM BEKTOp-
NPUCYIOK JJIsl 3HAUCHHS 20mye, 1, HApEeIITi, BEKTOp-
JoJaToKk jans  cinoBa  6opwy. Ilotim  3rimHO
nmorepeHpoi  GOpMyIH  OOYHCITIOETBCS  OIlHKA
YaCTOTH /IS JAHOTO CIIOJYYeHHs CIIiB. SIKIIO OIiHKa
OinbIIa 3a JIesSIKMi TOpPOTOBH PiBEHb, TO MOXKHA
3pOOWTH BUCHOBOK TIPO MOXIIUBICTh 1CHYBaHHS
JAHOTO PEUEHHS y MOBI.

Bekropu 3 marpuilb (GakTOPH30BaHOTO TEH30pPY
ONKCYIOTh KOMYTaTHBHI BJIAQCTHBOCTI CJIiB. BoHH
MPOMHCYIOTH, SIKi 3B’SI3KM YTBOPIOIOTH JaHi CJIOBa — 3
AKMMH JIEKCEMaMH Ta y SKHX CHHTAKCHYHHUX
MO3UIsAX. Y [JaHWX BEKTOPIB TMPHCYTHA SIK
CUHTaKCHUYHA, TaK 1 CEMaHTH4YHa CKJazoBa. Tomy
BOHM Oyny Ha3BaHI BEKTOPaMH  CEMAaHTHKO-
CUHTaKCUYHOI BaJIGHTHOCTI CIIiB.

Mogae/l0oBaHH KOMIIO3MULIIHOI CeMAHTUKU
peYeHb MPUPOTHOI MOBH NUISAXOM 3aCTOCYBAHHS
HeBiT1’EMHOT (paxTopuzairii JIHHIBICTHYHMX
TeH30piB

VY pobori [6] Oyi10 3ampoITOHOBAHO 3aCTOCYBATH
JIEKOMITO3HITIFO Takepa JUTS (hakropuzarii
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JIIHTBICTUYHUX TEH30PiB 3 METOI0  MOJIEIIOBAHHS
CEMaHTHKH CIIiB B KOHTEKCTI CEMaHTHKH BCHOTO
peueHHs. TakuM YWHOM OOYHMCIICHHS CEMaHTUYHUX
3Ha4YCHb OKpPEMHUX CJIiB #ae Bil BHU3HAYCHHA
CEMAaHTHKH I[JIOT0 PEYCHHS.

Ilobyoosa namenmnux ¢akmopie iMeHHUKIE.
[TepmuM eTarmoM MeTomy € TOOyaOBa JIATEHTHOI
¢dakTopHOi Mozeni A IMEHHMKIB, 0a3ylO4yHCh Ha
cimoBax 3 ix  koHTekcry. Jlus  miel  1mi
BHKOPHUCTOBY€ETHCS HEBia €eMHa MaTpUIHA
(akropuzamnisa (anroput™m Jli Ta Cynra). Hein’emna
MaTpuuHa  (akTopH3alis  MiHIMI3ye  IILOBY
¢yskmito (y nanomy Bumanky 30bkHOCTI Kynmbeka-
Jlionepa moaeni 1o0yTKy aBox mMarpuitb W Hyx;
IO TodaTKkoBoi Marpumi V)., TOpH yMOBI
HEBiI’€MHOCTI €JeMEHTIB YCiX MaTpulp. [Ipu mpomy
K<<I, J, Takum 4MHOM Mae€ Miciie 3HadHa PeIyKIlis
HaJ JIaHMMH T[OYaTKOBOi  Marpuii. Mojenb
(akTopH3allii mpeACTaBIeHO Ha PUCYHKY 4.

KOHTEKCTHI CITOBa

- H |

KOHTEKCTHI CIIOBa k

iMeHHIKH

V

IMEHHHKH
X

Pucynok 4. Monens HeBin €MHOI (akTopu3amii MaTpumi
KOHTEKCTY

s takoi inboBoi ¢ynkuii Kynoeka-Jlidnepa

Ta s ABox mowatkosux marpume W, i H,; NMF

QITOPUTM CKJIAJIAEThCS 3 ITEPAI[ifHOr0 BUKOHAHHS
JTIBOX KPOKIB:

TV
Lo(H)ij =(H)i;x W V)i,

(\NkT—l\Nk—lH k1) ij 1

(VH kT-l)i,j
W,,H, ,H II—l)i,j

MeTtoa rapaHTOBaHO 30ira€ThCsi 10 JIOKaJIbHOTO
MiHiMymy ¢yHkuii Kynbeka-Jlionepa.

2. (Wk)i,j :(\Nk—l)i,j X

Mooenweanna o6azamosumipnoi e3acmooii. Ha
IpyroMy erami OynyeThcsi OaraToBHMipHa MOJIENh
B3a€EMOJII JUIs TPIHOK IIiJAMET-IPUCYI0K-10/IaTOK,
0a3yrounch Ha JATEHTHUX (haKTOpax, OTPUMAHMUX Ha
nepuiomMy etami. JlaHa JaTeHTHa MOAENb B3a€MOIIT
po3pobitena Ha ocHOBI Aexkommosuiii Takepa [7],
X04a KOHKpETHa peastizallisi CyTTEBO BiIPi3HIETHCS B
JeTasx.
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Hexommozumisi  Takepa —  MynbTHIIHIAHE
y3aragpHeHHS ~ 100pe  BioMoi  CHHTYISIpHOL
JEKOMITO3MLIi MaTpHllb, IO BHKOPHCTOBYETHCH Y
JTATEHTHOMY CEMaHTHYHOMY aHami3zi. y
nexommosunii Takepa TeH30p pO3KIagaeThbcs Ha
SAICpHUA TEH30p, SKUH MHOXXUTBCS Ha MaTpHLi IO
KO)KHOMY 3 BUMIpiB. [[ns TpuBumipHoro tenzopy &L

IxJIxL
eR MOICJIb BU3HAYAETHCSA SIK

P Q R
x:gxlA X, Bx3C = ZZngqrap obq oC,

p=1g=1r=1
Ipu mromy P, Q, R << |, J, L. SAnepuuii Terzop
G nperncraBisie CTUCHYTUHM JIaTeHTHHH BapiaHT
- . IxP
opurinansHoro Tensopy &; marpuni Ac R, B
J LxR .
eR”™@1a C eR"Rupencrasmsiors marenTHi
¢bakTopu Ui KOXHOTO BUMIpYy, y TOH 4Hac sk G
p R . e . .
e R”¥® qokasye piBens B3aemonii Mik pisHEME
nateHTHUMHU Qaktopamu. Ha pucyHnky 5 300paxkeHo
rpadivHe npencTaBieHHs AekoMIto3utii Takepa.

- o ITIAMET

7o

OIOMET

IIPUCVOOK

IMIPUCYJIOK

Pucynok 5. TI'padiune
Takepa

MPEACTABICHHS JIEKOMIIO3HUIIIT

Ilobyooea mooeni Takepa 3 0éoeumipnux gaxmo-
pie. O0uncnenHs Moxeni aekommo3uilii Takepa ais
TEH30py BUMarae 0araTo pecypciB y TEpMiHax 4dacy
ta mnam’ari. Kpim Toro, nmexkommosumis He €
yHiKanpHOW0. BpaxoByrounm 1i Hemoisikd, OyJo
pO3pO0JIEHO  anbTepHATHBHUH MeTon 1Mo0yn0BH
Mmogeni Takepa. Po3risaroTbest pakTop-MaTpHili sIK
Taki (K BHXiJ TMEpWIOrO eTamy MeTody) Ta
obumncmioeTses siaepHuit TeHzop §. Kpim toro, He
BUKOPUCTOBYETHCS JIATEHTHE MPEICTABICHHS IS
MEePIIOTo BUMIpY, IO O3HAYae€, M0 MEPIINH BUMIP
NpeJICTaBIeHUil Oe3rmocepelHb0 Yepe3 OpHUriHAbHI
nani. /lana Mozmenp HanmpsAMy BHKOPHCTOBYETHCS 0
JTHTBICTHYHMX AaHUX. SnepHuil TeH3op G mMopenoe
JIATEHTHY B3a€MOJII0 MK Ii€CTIOBAMHU-TIPUCYIKAMH,
migMeTamMM Ta JojaTKamu. SlpepHuit TeHzop @
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OO0YHCITIOETRCSI 3aCTOCYBAHHSAM N-MIpPHOTO TOOYTKY
BIJIMTOBITHOTO BUMIipy OPHUTIHAIEHOTO TEH30PY:

(}:xxsz x3CT,

e NN OPHMI'IHANBHUA TEH30p, IO MICTHThH
YacTOTHI OI[IHKM CYMICHOTO BHKOPHCTaHHS TPiHOK
niomem-npucy0ox-oooamox (OTpUMaHi 3 KOPIyCYy
tekctiB), a W™ — natentna daxrop-marpuus ms
iMeHHUKIB. JlaTeHTHe mpencTaBIeHHSA ISl BUMIPY
niecaiB He BUKOPUCTOBYEThCs. Jlisi edekTuBHOTrO
OOYHCIEHHS CEMAaHTHUYHOI OJIM3BKOCTI  JI€CIIB
TITBKY BUMIPH IIMETIB Ta JOJATKIB MPECTABICH] y
Mozeni (dakTopaMu, y TOHW Yac SK BHUMIp JII€CIIB
npeacTaBieHuil  0e3lmocepeJHbO  OpPHUTiHATLHUMHU
naaumu. OTxe, siAEpHUN TEH30p ¢ MaTHUME po3Mip
VxKxK. Mopens MaTuMe BUTJISA K HA PUCYHKY 6.

IOIIAMET

Yo

OIAMET k

IPUCYTOK

NOPHCYOOK

Pucynok 6. Mogens 0e3 NaTeHTHOrO BHUMIpY Ji€ciiB-
MIPUCYIKIB

Komno3zuuin mpiiiok niomem-npucyooxk-000amox.
Juis Toro, mo6 00YMCIUTH KOMIIO3HIIIF0 KOHKPETHOL
TPINKU niomem-npucyooxk-0odamox, Tpeda BUAITUTH
BIJIMOBITHUN BEKTOP-MIAMET W Ta BEKTOP-I0JaTOK
W, 3 dakrop-marpumi W Ta 00UHCIUTH TEH30pHUI
TO0OyTOK 000X BEKTOPIB, Pe3yJbTaTOM SIKOTO Oyze
Matpuiist Y pozmipom KxK.

Y = w; ow,

®DiHaIbHUM KPOKOM € MOPiBHSHHS OPUTiHAIBHOT
Matpuii aieciiB G, (MaTpuIll JaTeHTHOI B3aeMOIl
GaxTopiB, sIKa € mapoM TeH30py §, 10 BigmoBinae
JAHOMY JI€CIOBY) Ta MaTpuimi Y, IO OIHUCYE
JATEHTHY B3aEMOJIII0 JIAHOTO MigMeTa W JIOJAaTKYy.
[lopiBHSIHHS BUKOHYETBHCSI 3aCTOCYBaHHSM OIepaii
no0yTky Xanamapma vag G, ta Y.

Z=G,*Y.

B Takmii cmoci0 OOYHCTIOETBCS —MaTpPULL
KOMIIO3UIIIHOCTI Uil  CIOBOCIONYYEHb HniomMem-
npucyoox-000amox.

IHpuxaan.
KOMIIO3HUIIIIAHOCTL
KOHTEKCT1 pEeUCHb:

a) Man damages car.

b) Car damages man.

Obuncnumo MaTpHIIi
s giecnoBa to  damage y
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3a3Haunmo, 110 KOHTEKCT JI€ciIoBa
BIJIPI3HSETBCA y IMX PEUYCHHSAX JIHIIE TOPSIKOM
cmiB. Y TmepmoMy peEYeHHI MmigMeToM € man,
JIOJJATKOM — Car, a y IpyroMy Bce HaBITaKH.

ITepmM KpoKOM TIOTPIOHO BHIIITUTH JIATEHTHI
BEKTOPH JUIs MiAMETY Ta 1oatky 3 Matpuiii W( Wpan
Ta Wegr JUIS TICPIIOTO PEUCHHS Ta Wegr Ta Winan — JJIS
npyroro). Jami tpeba o0unCINTH TEH30PHI JOOYTKH
BEKTOPIB TMIJAMETIB Ta BEKTOPIB JIOJATKIB —
WmanOWear Ta WearOWman , PE3YIBTATOM YOTO OYAYTh
MaTtpull Y (mancar) T8 Y(arman). Jam Oeperncs
Matpus AiecaoBa Ggamage » IO € IIAPOM TEH30DPY G,
AKiH BiJITIOBi/1a€ JAaHOMY  JIIECIIOBY, Ta
00YHCITIOIThCS J00YTKM XaaaMapa:

Z, = Gdamage * Y(man,car);

Z= Gdamage * Y(car,man)-

Y MaTpuifgX KOMIO3UIIMHOCTI BHALISIOTHCS
HaRO1IbII1 3HAYECHHS, 110 BIAIIOB1AAIOTH
HaWTHUIOBINIIM TIapaM niomem-000amox 'y paMKax
KOHTEKCTiB HaBeJIeHUX peueHb. [lami y TeHzopi G
MOJKHA TOIIYKATH TaKi MaTpHUIli JI€CHiB, SKI MalOTh
moiOHI HA0OpH 3HAYEHb Y THUX CaMHX CJICMCHTIB,
mo i B Z; ta Z,. Matpunsa Z; BUsBHIA 3HAYHY
KOpEJIAIi0 3 MaTpuIlsIMHU JieciiB crash, drive Ta
ride, mo CBiTYUTH TPO CEMAHTUYHY 3B’SI3HICTh
niecioBa t0 damage y KOHTEKCTi TMepIIoro peyeHHs
0 aHoro HaOopy aiecmiB. Marpuns Z, BUsSBUIA
KOpEJIAIifo 3 MaTpuisaMu aieciis scare, kill, hurt, o

JNIEMOHCTPYE  CYTTEBY  BIJAMIHHICTh  CEMaHTHKH
niecioa t0 damage y KOHTEKCTi Ipyroro peucHHsI.
TakuM  yuHOM, MOAEAL  HpPH  OOYMCIICHHI

KOHTEKCTHOI CEMaHTHKH PEUCHHSI BPAXOBY€E HE JTUIIE
Ha0lp KOHTEKCTHUX CIIiB, aje 1 iX CHHTaKCHYHY
MO3ULUIO.

BucHoBku

B po6oTi pO3risiHyTO 3acTOCYBaHHS METO/IB
HEBII’€MHOT MaTpHYHOT Ta TEH30pHOI (akTopu3arii
B 3a/1auax KOMII FOTEPHOI JIHTBICTHKH, 30KpeMa s
JATEHTHOTO CEMaHTUYHOIO aHaJi3y Ta KjiacTepusawii
BEJIMKUX MACHBIB TEKCTIB MPHUPOJHOI0 MOBOKO, JJIS
aBTOMaTM3allii reHepaiii TaKUX JIHCBICTHYHUX
CTPYKTYp SIK CEJEeKTHBHI mpedepeHLii Ta omucy
CTPYKTYp (peliMoBOi ceMaHTHKH [ieciiB. Takox
MpPEJCTaBICHO  MOJIeNlb  OMHCY  KOMIIO3HIIIHHOT
CEMAaHTHUKH pEYEeHb MPHUPOJHOI MOBOI, 1€ 32
JOTIOMOTOI0  TEH30pHOI (hakTopH3amii ceMaHTHKa
KO)KHOTO OKPEMO B34TOr0 CJIOBa BHU3HAYA€TBHCS Ta
YTOUHIOETHCS Y KOHTEKCTI 1HIMX CIIiB PEYCHHS Ta Y
KOHTEKCTI BCHOTO PEUCHHS B LIIJIOMY.
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1Tioxio na ocnosi npasun 0y8 yCniuiHO GUKOPUCMAHULL NPU po3poodyi bazamvox cucmem 0OpoOKuU
npUpoOHbOi Mosu. L{a cmamms npucesuena ugueHHIo npobiem ma 0coOIUBoCmel BUKOPUCTIAHHSA OAHO20
nioxody 0o cimeticmaa apabcvkux mog. Ocobausy yeazy Oyio npudiieHo XapaKkmepucmukam apabcbkoi Mosu
Ma NOKA3aHO MONCIUBOCHI MAUWUHHO20 NEePEKIAdy, 3ACHOBAHO20 HA NPABUILAX.

Knrouosi cnosa: 0b6podra apabcewvroi Mou, MauuHHUL NEPeKiad, MOPEONOSIYHUL AHANI3

The rule-based approach has successfully been used in developing many natural language
processing systems. Systems that use rule-based transformations are based on a core of solid linguistic
knowledge. The linguistic knowledge acquired for one natural language processing system may be reused to
build knowledge required for a similar task in another system. In this paper we explained how to involved
rule-based approach for different Arabic natural language processing tasks. Also We focused on the
characteristics of Arabic language as rich morphologically language and the rule of ruled based approach

in some applications that can be used such as machine translation .

Key Words: Arabic language processing, machine translation , morphological analysis

I. INTRODUCTION

ARABIC is a Semitic language spoken by
more than 330 million people as a native language,
in an area extending ill-formed learner input.
Furthermore, the linguistic knowledge acquired for
one natural language processing from the
Arabian/Persian Gulf in the East to the Atlantic
Ocean in the West. Moreover, it is the language in
which 1.4 billion Muslims around the world perform
their daily prayers. Arabic is a highly structured and
derivational language where morphology plays a
very important role [2].

Over the last few years, Arabic natural
language processing (ANLP) has gained increasing
importance, and several state of the art systems have
been developed for a wide range of applications.
These applications had to deal with several complex
problems pertinent to the nature and structure of the
Arabic language [7]. The lack of available resources
and their limitations have motivated many scholars

© Mycbax 3aig, 2015

to follow the rule- based approach and rely on hand-
constructed linguistic rules in developing their tools,
systems, and resources. ANLP tools based on this
approach  generally  include  morphological
analyzers/generators and syntactic
analyzers/generators. The approach is also used for
some specific tasks. Moreover, rule-based ANLP
systems include machine translators, named entity
recognizers, and intelligent computer assisted
language learning systems.

Systems and tools that use rule-based
transformations are based on a core of solid
linguistic knowledge [8]. The characteristics of a
rule-based approach are :

1 . It has a strict sense of well-
formedness in mind .
2 . It imposes linguistic constraints to
satisfy well- formedness .
3 . It allows the use of heuristics (such as a verb
cannot be
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preceded by a preposition)

4 . 1t relies on hand-constructed rules that are to be
acquired from language specialists rather than
automatically trained from data.

The advantages of this approach are that it is easy
to incorporate domain knowledge into the linguistic
knowledge which provides highly accurate results.
Domain rules have been used in generating Arabic
sentences [9] and analysis of ill-formed learner input
[1]. Furthermore, the linguistic knowledge acquired
for one natural language processing system may be
reused to build knowledge required for a similar task
in another system.

Because time was of the essence, and in the
absence of complete computationally viable
grammars of Arabic, statistical approaches that rely
primarily on training data and parallel texts gained
momentum. Machine learning approach usually
gives good results when the training set and the
testing data are similar. There is also a point at
which more training data does not make significant
improvement. Moreover, there may be some
structures or entities that are sparse. In this case the
machine learning component does not have enough
data to make the right generalization. Regardless of
sparseness of the data, the statistical-based or
machine learning approaches have some difficulties
with specific natural language processing tasks such
as distinguishing between well-formed and ill-
formed input, whereas the rule-based approaches
have the advantage of providing detailed analyses of
the Arabic learner's answer using linguistic
(morphological and syntactic) knowledge which, in
applications such intelligent tutoring systems,
enables feedback elaboration that helps learners to
understand better their knowledge gab.

Il. ASPECTS OF THE ARABIC LANGUAGE

Arabic is rooted in the Classical or Quranic
Arabic, but over the centuries, the language has
developed to what is now accepted as MSA. MSA is
a simplified form of Classical Arabic, and follows
its grammar [8]. The main differences between
Classical Arabic and MSA are that MSA has a larger
(more modern) vocabulary, and does not use some
of the more complicated forms of grammar found in
Classical Arabic. For example, short vowels are
omitted in MSA such that letters of the Arabic text
are written without diacritic signs. The Arabic
language is written from right to left. It has 28
letters, some of which have one form (like " "),
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while others have two forms (" o« " ;"= "), three
forms (" o" ;" <" ;"2 ") or four forms

("g" ;e "™ " =") [14 ]. Arabic words
are generally classified into three main categories
[19]: noun, verb, and particle.

Arabic is a language of rich and complex
morphology, both derivational and inflectional [7].
Word derivation in Arabic involves three concepts
the root, pattern, and form. Word forms (e.g. verbs,
verbal nouns, agent nouns, etc.) are obtained from
roots by applying derivational rules to obtain
corresponding patterns. Generally, each pattern
carries a meaning which, when combined with the
meaning inherent in the root, gives the target
meaning of the lexical form. For example, the
meaning of the word form " s ™ (writer) is the
combination of the meaning inherent in the root "
" iS(write) and the meaning carried by the pattern
(or ‘template’) " J-g-- < " (fa’il) which is the
pattern of the doer of the root. Arabic inflectional
morphology involves adding morph syntactic
features such as tense, number, person, case, etc.
Arabic also has some more morphological
peculiarities. For example, an indefinite word can be
made definite by attaching the prefix definite article
" Jl "(the) to it, but there is no indefinite article. As
another example, a verb can take affix pronouns such
as " W&helu " (will-1-give-you); this also shows that
the verb is conjugated with the dual suffix pronoun "
& "(you). An Arabic inflected verb can form a
complete sentence, e.g. the verb " <li=ew " (heard-I-
you) contains a complete syntactic structure in just a
one-word sentence. Moreover, the rich morphology
of Arabic allows the dropping of the subject pronoun
(‘pro-drop’), i.e. to have a null subject when the
inflected verb includes subject affixes. There are two
types of Arabic sentences [10]: nominal and verbal
sentence. An Arabic compound sentence is formed
from a simple sentence followed by a
complementary sentence [11], such as a conjunction
form (il ) e.g glisius sk Juali B e i g™,
"ol e dy 8 jUanl Aalul(We want to rent a car and
we- will-need to park near the-hotel), or a quasi-
sentence 4lea 4xi () e.g " &xle " (in-the-hotel).
Agreement is a major syntactic principle that affects
the generation of an Arabic sentence. Agreement in
Avrabic is full or partial and is determined by word
order [10]. An adjective in Arabic usually follows
the noun it modifies) “ <1 sasll” (and fully agrees
with it with respect to number, gender, case, and
definiteness. The verb in Verb-Subject-Object order
agrees with the subject in gender, e.g sl ols ™ |
" 2¥ s¥)/(came the- boy/the-boys) versus <l ciela ™

163



Bicnux Kuiscbkoeo Hayionanvno2o yHisepcumemy
imeni Tapaca Lllesuenka
Cepia:izuxo-mamemamuuni HayKu

" <lll/(came the-girl/the- girls). In Subject-Verb-
Object (SVO) order, the verb agrees with the subject
with respect to number and gender, e.g s A5l ",
" 1sela 3Y 5Y)/(came the-boy/the-boys) versus <l "
" o alill ) @sls(came the-girl/the-girls).

111. MACHINE TRANSLATION

Machine translation (MT) is the area of
information  technology and applied linguistics
dealing with the translation of human languages
such as English and Arabic. There are three different
approaches of rule-based translation systems : direct,
transfer, and interlingual. The simplest approach is
the direct translation approach where a word-by-
word translation (lexical transfer) from the source
language to the target language is performed. From a
linguistic point of view, what is missing in this
approach is any analysis of the internal structure of
the source text, particularly the grammatical
relationships between the constituents of the
sentences. Such systems gave the kind of translation
that was characterized by frequent mistranslations at
the lexical level and largely inappropriate syntactic
structures which mirrored too closely those of the
source language.

In the transfer approach, the translation
process is decomposed into three steps: analysis,
transfer, and generation. In the analysis step, the
input sentence is analyzed syntactically (and in some
cases semantically) to produce an abstract
representation of the source sentence, usually an
annotated parse tree. In the transfer step, this
representation is transferred into a corresponding
representation in the target language; a collection of
tree-to-tree transformations is applied recursively to
the analysis tree of the source language in order to
construct a target-language analysis tree. In the
generation step, the target-language output is
produced. The (morphological and syntactic)
generator is responsible for polishing and producing
the surface structure of the target sentence. We
developed a transfer-based machine translation
system of English noun phrase to Arabic. The
architecture is shown in Figure 1 [13]. In our noun
phrase translator, the actual translation occurs in the
transfer step in which one side of the tree-to-tree
transfer rules is matched against the input structure,
resulting in the structure on the right-hand-side.
Figure 2 [14] illustrates the translation of the noun
phrase (NP) “networks performance evaluation” into
“4Sus ¢l aa& ) which shows the switching of words
that is indicated by the following transfer rule:
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[wi: $1, wi+1:$2, ..., wk: $ k]
[wk : $ k, wk-1:$ k-1, ..., wi: $i]

(1<i<k)
(1<i<k)

This rule says that the translation of the
word at level i is switched with the word at level
k-i+1 . Where Kk is the number of NPs equivalent
to maximum (sub)tree level.  Transfer-based
approach in some cases cannot give a correct
transfer of distance relationships. For example,
consider the translation of “intelligent tutoring
systems” into “ Sl adadll u1a3 7 (intelligent.adj.fem
tutoring.noun.masc  systems.noun.fem)  and
incorrectly takes the noun directly preceding the
adjective as the noun it modifies.

Englsh NP

Morphological
and grammar
analysis rules of
knghish

English Parse treg

D

Arabic Parse fres

English-Arabic
— Transformation
Rules

Morphological
and grammear
synthesis rules
of Arabic

Arabic NP

Fig. 1 Cwerall structure of English-Arabic noun phrase translator
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Fig.z ., Simple transfer
The Interlingual approach MT is used

successfully in multilingual translation. It aims to
achieve the translation task in two independent steps.
First, meanings of the source- language sentences are
represented in an intermediate language-independent
(Interlingua) representation. Then, sentences of the
target language are generated from those meaning
representations. The Interlingua representation plays
an important role in the accuracy of the translation as
it should be a language-neutral representation and
captures the intended meaning of the source
sentence.
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IV. CONCLUSION

We have presented the rule-based approach
in Arabic natural language processing. One possible
criticism of the rule- based approach is that it is a
traditional and widely studied topic especially when
it regards to European languages. The current
studies and researches still gives a steps towards
helping Arabic language technology to catch up
with other mature languages technology such as
English.

The rapid development of rule-based
systems is feasible, especially in the absence of
linguistic resources and the difficulties faced in
adapting tools from other languages due to
peculiarities the nature of Arabic language. Finally,
the necessity of adopting general solutions as much
as possible, as this increases the chances that the
linguistic knowledge and tools can be used in other
domains and systems as well.
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YV oaniti pobomi npedcmasneni pezynomamu 0OUUCTIOBATILHO2O EKCNEPUMEHMY, MEMOoI0 K020 €
VMOUHEHHS PeanbHOoi eheKmUsHOCMI apu@MemuyHux aneopummis YinouuceabHoi <MAwuHU, Wo CK1a0ae.
«Mawuna, wo ckradae» - ye mamemamuyna abcmpaxyis, éeedena P. @noiidom ma J. Knymom, cyms skoi
noasieae y momy, wo auuie 3a 00noMo2010 onepayili 000A8aHHs, 8IOHIMAHHSA, NOPIGHAHHI, NPUCBOIOBAHHS MA
0OMedNceHol KIbKOCMI pe2icmpie MOJICHA 3 NPULIHATHOK 0OYUCTIBATLHOK eqh)eKMUBHICIIO 8Upa3umu Oilbiu
CKIAOHi onepayii, maki K 3HAXOONCEHMS NUWKY 30 MOOYIeM, MHONCEHHS, 3HAXOONCEeHHSI HAUOINbUI020
CHibHO20 OLNbHUKA, NiOHeceHHs 00 cmeneHs 3a mooyiem. Ocobaugicmioo O0aHO20 eKCHepUMEHMY €
BUKOPUCTHAHHA apudmMemuKky O08LIbHOI MOYHOCHI, WO MOdce OYMU KOPUCHUM O GUKOPUCMAHHA Y
Kpunmoepagiunux areopummax. B pesynomami Odocniodcenns Oyau  ompumaHi NPAKMUYHI  OYIHKU
CKAAOHOCMI OCHOBHUX ANIOPUMMIB YINOYUCENbHOT KMAUUHU, WO CKAAOAE.

Knrouosi cnosa: oooasanns, 6IOHIMAHHS, HAUOIILWMUN CRITbHUU OLIbHUK, NIOHECeHHS 00 CMEneHs, Yucia
Dibonauui, C++, Python, GMP.

This paper presents the results of the numerical experiment, which aims to clarify the real performance of
integer "addition machine” arithmetic algorithms. "Addition machine” is a mathematical abstraction,
introduced by R. Floyd and D. Knuth. The essence of "addition machine" is the following: using only
operations of addition, subtraction, comparison, assignment and a limited number of registers it is possible
to calculate more complex operations such as finding the residue modulo, multiplication, finding the greatest
common divisor, exponentiation modulo with reasonable computational efficiency. One of the features of this
implementation is the use of arbitrary precision arithmetic, which may be useful in cryptographic
algorithms. Practical complexity estimates of main integer "addition machines" algorithms have been
computed and compared with original theoretical complexity estimates given by R. Floyd and D. Knuth.
Graphical performance comparison results of ““addition machines™ algorithms implemented both in C++
with GMP library and Python programming languages have been presented too.

Key words: addition, subtraction, greatest common divisor, exponentiation, Fibonacci numbers, C++,
Python, GMP.

CratTio mpeactasuB wi.-kop. HAHY, n. ¢.-m. 1., npod. AnicimoB A. B.

Beryn OBOX LiMMX uyucen. BuHukae 3agada edeKTUBHOL

peamizamii iHmMX, OUIBII CKJIAJHUX OIepalii,

Po3BuTok kpunrtorpadii Ta TOsABa BEIMKOI BHUKOPHUCTOBYIOUM TiIbKM HaBEIEHI BHIIE IPOCTi
KITBKOCTI Cy4JacHHUX MaJIONOTYKHUX  OIeparii.

00YHNCITIOBATIBHUX MIPUCTPOIB CIIPUUYUHSAIOThH VY pobori [1] P. ®noiigom ta [I. Kuyrom Oyna

HEOOXIMHICT, OlIBII OETAIBLHOrO MOCIIMKEHHS 1
pO3po0KH apu(PMETUYHUX ANTOPUTMIB, AKi MOTIU O
OyTH ehekTUBHO peasi3oBaHi MPOrpamMHoO 1 BOIOALIH
0 HeoOXigHMMHU BIIACTUBOCTAMH. OOHIEIO 3 TaKUX
I[IKaBUX MaTeMaTUYHHUX MOJEICH € «MallliHa, IO
CKJIa/Iae», sIKa Ma€ HACTYITHI BJIaCTUBOCTI.
Posrmsinemo  oOMexeHuidt  HaOip — omepariii:
MIPUCBOEHHS, TOJIABaHHS, BiTHIMaHHS Ta MOPIBHIHHS

© A. K. HoBokmonos, 2015

3alpoIOHOBaHA TaKa MaTEeMaTW4YHA a0CTpakKilis, sK
«mawunu, wo  ckraoaiome»  (anra.  addition
machines), i O0y10 mAoBegeHO, MO 3 IX JOMOMOIO0
MOXIJINBA peanizamis CKIaJHUX ONepamii 3 JiHIHHIM
VIOBUTbHEHHSIM. Jl0 TakuxX CKIaJHUX OIepallii
BITHOCSATh 3HAXOIDKCHHS JIMIIKY 32 MOJYJIEM,
MHOXEHHS, OUIEHHS, 3HaXOMKEHHS HaWOUIBIIOro
CIIUILHOI'O AUILHHMKA Ta IIJIHECEHHS OO0 CTEIEHs 3a
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MozayneM. BapTo 3a3HaunTH, 110 32 JOMOMOTOI0 LIUX
CKJIAJIHUX OIepalili BUPaKa€TbCs 3HAYHA YacTHHA
apu(METUYHUX AITOPUTMIB, SIKI BUKOPHUCTOBYIOTHCS
Y Cy4aCHHUX KpHUNTOrpadidHUX IPOTOKOMNAX.

TakuMm 4MHOM, «MAIIMHH, IO CKIAJAlOTh» - I

MaTeMaTHYHa  MOJedb, fKa  SBIAE  CODOI0
OOYMCIIOBATBHUN ~ TPUCTPIH 3 OOMEKEHOIO
KUIBKICTIO ~ peTicTpiB, Hax  SKAMH  MOXKHA

3MIMCHIOBATH JIMINE Taki omepaiii: 1) BBeACHHS:
read x; 2) BuBemeHHs: Write X; 3) IpUCBOIOBAHHS:
X «<—V; 4) nomaBaHHs: X «— X + Y; 5) BimHiMaHHS:
X «— X —Y; 6) IOpIBHSIHHS: X > .

«MalmHy, 10 CKIaAaloTh» MOXKYTh IPaIIOBaTH
K 3 MUIMMHM YHCJIAaMH, TakK 1 3 AificHUMH. Y JaHIi
poboTi yci omepamii BBakKa€MO TaKHUMH, IO
3MIMCHIOIOTBCS  HaX LUIMMHA  YUCIAMH, TOMY
OMUCAaHUK TPHUCTPIH HAZMBAETHCS LUIOYUCETHHOIO
«MAIIMHOIO, IO CKJIAZAEN.

Meroro  nmaHoi  poOOTH €  JIOCIiPKEHHS
epEKTUBHOCTI  IUTOYUCENBHOI  «MAIllUHU, IO
CKJajae» MpH il peamizamii 3a JOMOMOTOK0 MOB
nporpamyBanHs C++ 1 Python Ta BukopucraHHi
apu(MEeTUKH JOBUTBHOI TOYHOCTi. BHKOpHCTaHHS
apu(MeTUKU JOBITBHOI TOYHOCTI Oynu BUOpaHi y
3B'SI3KY 13 MOMKJIMBHM MOJAJBIIMM 3aCTOCYBaHHSM
Pe3yNbTaTiB JAHOTO JOCTIIKEHHS y KpUnTorpadii.

MeToanka T0CaiIKeHHA

Y nmaHiii pobOTI OOMEKUMOCS PO3TIAIOM 1
MOPIBHSIHHAM TaKWX OMepaIliii HaJ| [UTUMH YACITaMU:
1) MHOXEHHS JBOX 4YHCET, 2) MiJHECEHHS [0
CTEMeHs 3a MomyJeM; 3) 3HaXOMKCHHS JIMIIKY 3a
MofyseM; 4) 3HaXOMKEHHST HAWOUTBIIOrO CITBHOTO

ninpauka (HCH).
Y  pobori [1l] Oymu HaBemeHi HAcTymHI
TEOPETUYHI OLIHKM CKJIAJHOCTI oOIepamid, sKi

MOXYTh OYTH peaji3oBaHi 3a JAOIMOMOI0OI0 «MallHHH,
mo cknagae» (tabm. 1). Takox maHi OIIHKM MOXXHA
3HAWTH y poboTi [2].
Tabmumg 1
Uucno KoMaHA ~PEricTpoBOi  MallMHU — pHU
BHKOHAHHI apu(METHUHHUX Omepamii

Onepauis Yac BUKOHAHHS
JMIIoK X mod y O(log(x/y))
MHOKEHHS XY O(log(min(|x|,Iy]))
HaOLTbIIMiA O(log(max(x,y)/HC/(x,y))
CIUIbHUM TUILHUK
HC(x,Y)
EKCIIOHEHTa O((log y)(log z)+log(x/z))
x’mod z
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OCHOBHOIO  iIC€l0  QITOPUTMY  3HAXOPKCHHS
JUIIKY BiJl I[UJIOYHCENBHOrO JiJICHHS, sKuii OyB
3anpornoHoBanuii P. ®@moiigom ta 1. Kuytom y [1], €
BUKOpPUCTaHHSI TpeacTaBieHHs DiboHauyi 3aMicTh
TpaguliiiHoro OiHapHOTO THpeacTaBieHHs. Bimomo,
mo Oyap-sSKe HEBIIEMHE I[JIe YUCIO MOXE OyTH
npencraBieHe cymor uucen @dibonawwi. Jlami
KIIFOYOBUMH MOMEHTaMH € Te, 110, MOo-Tepiie, 3a
JIOTIOMOTOI0 «MAIITMHY, 0 CKJIaJa€» MOXHA JIETKO
nepexoauTu Bin napu uyucen dDidonauui <k, Fq>
nmo HactynHoi mapu <F, Fup> BUKOpUCTaHHSIM
JUIIe  OAHiET omeparii gomaBaHHA, abo O
nonepenuboi mapu <F;, F> nume 3a gonomororo
omuiei omnepanii BigHiMaHHA. Yucna @iGoHaudi
3pOCTalOTh EKCIOHEHIIITHO, a caMe TOMY MOXYTh
OyTH BUKOPHUCTaHi SIK aHAJIIOTH CTEIEHIB ABIHKU.

Y xOMaHJIaX PEericTPOBOi «KMAIIMHHU, IO CKIIAJIAE»
aJITOPUTM 3HAXOIPKEHHS JUIIKY BiJ] I[UIOYHCETHHOTO
ninenss X mod y (P1) mae Hactynauit Burisiy [1]:

P1: read x; read y; {BBaxaeTbcs, mo X >0, y > 0}
if x >=y then

beginz «;

repeat <y, z> «— <z, y + x> until not x >=z;

repeat if x >=y then x — x - y;

<Y, 2> «— <Z-Y,Yy>;

untily >=1z;

end;
write X.

Omnepanis <y, z> « <z, Y + X> no03Ha4ae
OZIHOYACHE MPUCBOIOBAHHS Y «— Z Ta Z «— Y +X.

Anayoriuno anroput™ odumncienns X[y/z] (P2) y
KOMaHJaX PEriCTpoBOi «MallWHH, L0 CKIANAE» €
HacTymHuM [1]:

P2: read x; read y; read z; { BBaxkaeTncs, oy >0,

z>0}
We— W-W;
if y >=zthen

begin u « x; v« z;
repeat <u, x> « <X, U + x>; <V, 2> « <z,V + 7>;
until noty >=z;
repeat ify >=v then <w, y> «— <w + u, y - v>;
<U, X>«—<X-U U>; <V, 2> «—<Z-V,V>;
until v>=z;
end;
write w.

ANTOpUTM OOYHCICHHS HaWOUIBIIOrO CIIJIBHOTO
ninpinka HCJ(Xy) (P3) y xomanmax perictpoBoi
«MAIlMHU, M0 CKJIAJA€» BUIIIAAAE HACTYITHUM
gyuHOM [1]:
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P3: read x; read y; {BBaxaerbcs, moX>0,y>0}
Z—Y,71 + 7Z;
while noty >=1z do
begin while x >=z do <y, 7> «— <z,y + 2>
repeat if x >=y then x — x - y;
<y, 7>« <z-Y,y>

untily >=z;
<X, Y> <Y, X>;Z Y, 272+
end;

write X.

I, mHapewTi, ocTaHHIi BaXXJIMBUI aITOPUTM
obuucinenns X’ mod z (P5) 3a Jg0omomorowo
«MaIIMHY, W0 CKJIaJae» BUKOHYETHCS HACTYIHHM
YMHOM, BpPaxOBYIOUM JOMOMIXHHMU airoputMm P4,
SAKMA  BHKOPUCTOBYETbCA  JUIi  OOYHCICHHS
npencrasieHHs Pidonauyi [1]:

Ph:u—1;v—1l;wey{u=F,v=F.,1=1}
repeat <u, v> « <v, U +v>

untilnotw>=v; {u=F,v=F4,y>u}
r—1,s1;t—t-t; {u=F,v=F., =1y}
repeat if w >= u then

beginw«—w-u;t—t+s;

end;

<U, V> «— <V- U, U>; <[, $> « <S, I + 5>
{l<1-1}

until u >=v.

P5: read x; read y; read z;
<r, 8, t> « <F, Fiyu, >
X<« Xmodz; W« X;u«1;
=1}
repeat if t >= r then
begint«—t-r; u<« (uw) mod z;
end;
<I, S>>« <S- I, I>; <X, W> «— <w, (xw) mod z>;
{I=1+1}
until r >=s;
write u.

{ X=X, W= X1,

Pe3yabTaTtu gociainkeHHs

Meroro eKCIIepUMEHTaIbHOTO0 JOCHIIKEHHI €
YTOUHEHHS HaBEJCHUX BHIIE TEOPETHYHHUX OLIHOK
IIPU NPaKTHYHIA peanizaiii alropuTMiB.

Jnsa  peamizanii Ta TMOpIBHSHHS [IBUAKOZIT
anropuTMiB OyiaM BUKOPUCTaHI HACTYINHI MOBH
NpOrpaMyBaHHs, IO BXOIATH A0 MEPIIOi I’ SATIPKH
CBITOBOTO PEUTHHTY MOB mporpamyBanHs [3] — 1e
MoBa C++ 3 0ibmioTexoro apuMeTHKu NOBIIBHOT
touHocti GMP [4] ta moBa Python, sika HaOpana
HaWOUIBLTY MOIMYJSIPHICT 32 OCTaHHI 5 pokiB [5], 3
BUKOPHUCTaHHSM BOYIOBaHOI apu(METUKU JOBITBHOT
TOYHOCTI.
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Takum umHOM, OYy/lO BHKOHAaHE Yy TOMY YHCITI

MOPIBHSAHHS MIBUIAKOIIT UX IIBOX MOB

0,0012

0,001 /’

0,0008 /
s //
o 0,0006
m
g s/

0,0004 /

0,0002

0 T T |
0 1000 2000 3000
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—8—3HaxoameHHa Avwky (Python)

=fi=3HaxoaeHHA AWKy (C++)
Puc. 1 TlopiBHAHHS Yacy BUKOHAHHs omeparii
3HAXO/KEHHS JIMIIKY Bill IUIEHHS MpHU peamizarii
Ha MoBax nporpamyBanns C++ ta Python

0,007
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Aosrmna uncea (6Gir)

== MuHoeHHa (Python]

== MuomeHHA (C++)

Puc. 2 TlopiBHAHHS Yacy BUKOHAHHs omeparii
MHOXEGHHS ~ OpuW  peamizamii  Ha  MoBax
nporpamyBants C++ ta Python

nporpamyBaHHs  (3BMYailHO, y MeKax JaHUX
apupMeTHYHUX anropuTMmiB). Jleski OunbIn TIHOOKI
pe3ynbTaTH MOPIBHAHHS MIBUKOIT MOB
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nporpamyBanus C++ Tta Python moxna 3Haiith y
pooori [6].
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Puc. 4 TlopiBHAHHSA yacy BUKOHaHHS oIeparii
MiJIHECEHHs 10 CTENEeHs MpHU peajizalii Ha MoBax
nporpamyBants C++ ta Python

XapakTepUCTUKH TIEPCOHATBHOTO KOMIT'IOTEpA,
Ha  skoMy  Oyigo  TpoOBeAeHE  TECTYBaHHS

2015, 4

Bulletin of Taras Shevchenko
National University of Kyiv
Series Physics & Mathematics

peanizoBaHUX aJIropuTMiB, Taki: mporecop Intel
Pentium Duo 2.8 TTu, 4 I'6 onepatuBHOi mam’siTi,
OC Ubuntu 14.04 LTS x64. Bepcii mporpamHOTro
3abesneuennsn: GCC 4.8.4, GMP 5.1.3, Python 2.7.6.

Ha puc. 1 HaBenmeni pe3yibTaTH MOPIBHSIHHA
mBuakonii  amropurmy Pl (xmody) Ha
MepCOHAIILHOMY KOMII IOTEepi MpH peaitizawii Horo 3a
JIOIIOMOT 00 MOB miporpamyBanHst C++ ta Python.

Ha puc. 2 npencrasiieni pe3yibTaTd NOPIBHSIHHS
WBUIKOLII  alropuTMy P2 (X[y/z]) Ha
MEepCOHAIILHOMY KOMII I0Tepi MpH peaitizawii Horo 3a
JIOIIOMOT 00 MOB miporpamyBanHst C++ ta Python.

Ha puc. 3 HaBenmeni pe3ynbTaTH MOPIBHSIHHA
mBuakonii  amroputmy  P3 (HCA(Xy)) Ha
MEepCOHAIILHOMY KOMII I0Tepi MpH peaitizawii Horo 3a
JIOIIOMOTr 00 MOB mporpamyBanHst C++ ta Python.

Ha puc. 4 npencrasiieni pe3ynbTaTd NOPIBHSIHHS
wBuakonii  amroputmy P5  (x¥)modz) ma
MepCOHAIILHOMY KOMII I0Tepi MpH peaitizawii Horo 3a
JIOTIIOMOror0 MOB mporpamyBanHs C++ Tta Python.
Jis 3py4HOCTI TecTyBaHHS B SIKOCTI cTeneHs Y Oyna
obpaHa kKoHCTaHTa 16.

Bucnosku

B pesynbrari gocmimkeHHs OynM  OTpUMaHi
YHCeNbHI XapaKTEepUCTUKU eeKTUBHOCT1
AITOPUTMIB «MAIllMHH, L0 CKIaAae», MoOynoBaHi
BiNMoBiAHI rpadiku Ta  MPaKTHYHI  OLIHKH
CKJIaJHOCTI ANTOPHUTMIB, 1o JIO3BOJIHIIO
eKCIIEPUMEHTANBHO  MIATBEPAUTH Ta YTOYHUTH
TEOPETHYHI OLIHKH CKJIATHOCTI JaHUX AJITOPUTMIB,
BuBeneri P. @noitnom ta 1. Kayrom.

OHUM i3 TPaKTUYHUX 3aCTOCYBaHb PO3TIISTHYTHX
ANTOPUTMIB MOXKE OyTH iX e)eKTUBHE BUKOPUCTAHHS
Ha  cHemiagbHO  MOOYIOBAaHOMY  amapaTHOMY
3abe3neueHHi, Hampuknaa, A cxemu RSA [1, 7],
OCHOBOIO SIKOI € OIepallis IMiTHECEHHS JI0 CTEMEHs 3a
monyineMm (xYmodz), a Takok 3acTocyBaHHsA Y
KpUOTOrpaiyHUX MPOTOKONIAX IJIsl BUMAIKIB, KOJIU
Ha0Ip JOCTYITHUX Omepariiii € 00MEKESHUM.

[ikaBuM (hakTOM € T€, IO MIBUIKO IS AITOPUTMY
HCJI(x,y) Ha C++ € NOBHICTIO OJHAKOBOIO SIK JUIS
BOynoBaHoi onepanii mpz_gcd() 3 6iomioreku GMP
[4], Tax 1 nns ioro peamizamii 3a JIOIOMOTOHO
«MammHu, 1mo ckiamae». s Python-peanizarii
anmroputmy HCJI(X,y) cutyamis cxoka: cTaHAapTHa
¢ynxuis fractions.gcd() numie y 2 pasu mBuma 3a
peaiizaiiito 3a IOIMOMOT 00 KMAIIIMHi, IO CKIaIae».

Takok eKCHEepUMEHTAILHUM  IIISIXOM  OYIo
BU3HAYEHO, IIO.
o UIA C++/GMP cepenHs MIBUIKOIIS

BOYZIOBaHMX CKJIAIHUX Omepatiii € y 47 pasiB
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OUTBIIIOI0, HIX iX aHAJIOTIB, peasli3oBaHUX 3a
JOTIIOMOTOI0 «MAIIMHH, L0 CKIIAIAE»,

o i Python cepents mBUAKOMiS BOYIOBAHHX
CKJIAZIHUX omepauiil € y 228 pasiB OUIBLIONO,
HDK 1x  adamnoris, peami3oBaHUX  3a
JOTIIOMOTOI0 «MAIIMHH, L0 CKIIAIAE»,

e pecamizamis Ha C++/GMP apupmernunux
ANITOPUTMIB «MAITMHY, 10 CKiIamae» € y 3,8
pa3y MIBHUIIOIO 33 aHAJIOTTYHY pealtizalilo Ha

Python.
Otxe, pe3yabTaTH EKCIIepPUMEHTAIIEHOTO
MOPIBHSHHA  HAJAalOTh  MOXIIUBICTE  3pOOHTH

BHCHOBOK NP0 Te, M0 peanizalisi apupMeTHUYHHX
QITOPUTMIB  HAJ [UIUMH 4YHCIAMH  JOBUIBHOI
toyHocti Ha C++ € B cepemHbomy y 3,8 pasy
mBuANon 3a Python-peanizaito, ane y Toii xe yac
nporec nporpamyBanHs Ha C++ € CKITaJHIIIAM.
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BriMm g kokHOrO Kiacy 3ajad  HeoOXiITHO

BUKOPUCTOBYBAaTH TNpaBWIbHI IHCTPYMEHTH Ta
KepyBaTHCS BHU3HAYEHUMH npiopuTeTaMu
(WBUAKICTH  PO3pOOKH, PO3MIp  BHUKOHYBAHOTO

¢aiiny, WBUIKOIIS IpOrpaMu, AOCTYIHI M1aTHOPMH
Ta 0i0J1i0TeKH), TOAI MpoLec po3poOKH Ta OTpUMaHi
pe3ynbraT OyAyTh HAaHONTHUMANBHIIIUMH.

3araioM, iHTeprnperatop Python mokaszaB mocuthb
BHUCOKY IIBHJIKOMiIO, IO pPa3oM 3 BOYIOBaHOIO
apu(METUKOI0  JOBUIBHOT TOYHOCTI, 3PY4YHICTIO
NporpaMyBaHHS Ta PI3HOMAHITTAM HPOTPAMHHUX
MOZYIMIB, y TOMY YHCJi MaTeMaTHUYHUX, pOOUTH MOBY
Python omHumM 3  1OCHTB  TEPCIEKTHBHUX
IHCTPYMEHTIB  JUI1  JOCHiHWUKIB B  oOyacti
iHpOpPMAaTHKH Ta MATEMATUKU.
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B pabome npusedeno cpasnenue uaubonee pacnpocmpamenuvix 60az Odaunvix (BJ]), xomopwie
ucnonv3ylomest 0nist xpanenus ungopmayuu. B[ 6 snauumenvHou cmenenu c8sa3aHvl ¢ ynpasieHuem 60abuum
KOIUYeCMEOM OAHHbIX, NPU IMOM HeOOXOOUMO YUUMbleamb CMAOUTLHOCMb U CKOPOCMb PAOOMbL.
Paccmompennvl ocnoguvle xapakxmepucmuky persyuonHblx U Hepersiyuonnvix b/,

Kurouesoui cnosa: 6asvl oannvix, SQL, NoSQOL, nepersyuonnvie b/, sharding.

Relational database (DB) provide good support data for grid before defined structure. But recent
developments in the IT sphere need tools for big data (Big Data), which have very large volumes and various
data structures. Using a traditional relational database compounded by the fact that they have a strict limit
on the data structure. One of the key elements of all document-oriented databases is that they can work with
much larger data sets and structures than usual. In particular, because of their distributed nature, and other
means of physical data storage, they are ideal where you need to process huge amounts of information, as is
often the case for data mining. In other words, canonical data structure relational approach is hindering
their effective use. The paper compares the most common database, which are used for storing information.
DB is largely associated with the management of large amounts of data, and the need to consider the
stability and speed. Considered the main characteristics of the non-relational and relational databases.

Key Words: databases SQL, NoSQL, non-relational DB, sharding.

Cratsto npeacraBui a.¢.-M.H., npod. byii /1.b.

PendaumonHad  Mozenb  OCHOBBIBAa€TCS  Ha
MaTeMaTU4ecKO  Teopum  (TECOPUS  MHOMKECTB,
TEOPUH OTHOILIEHHM, MaTeMaTH4YeCKOW JIOTHKE),
TOrJa Kak HependiuoHHele B/ moryr He umerh
€IMHON MaTemMaThyeckol Teopuu. PendnuonHas
MOJieJIb BBITOAHA, Korma bJ[ momkHa wuMeTh
CIEAYIOIINE  XapaKTEepUCTUKA —  HaJASKHOCTD,
rMOKOCTh, YCTOWYMBOCTh, MaciTabupyemoctb. Ho
9TOOBI COOTBETCTBOBATh MOTPEOHOCTAM
COBPEMEHHBIX MTPUJIOKEHUH, T/I€ IaHHBIE OTPOMHBI U
OOBIYHO  HECTPYKTYPHpPOBaHHBIC, TO  CIIEAYyET
NpUOCrHYTh K  HCIIOJNB30BAaHUIO  OJHOH W3
HepeuoHHBIX BJl, koTopas macT ropasao Ooiblie
ynobctBa mpu  o0OpaboTke  maHHBIX.  [Jlanmee
PacCMOTPEHBbI HHCTPYMEHTHI PaOO0ThI C TaHHBIMH KaK
B PESLIMOHHOM, TaK U B HEPEISAIMOHHOM MOAXOJIax.

Hanmexnocts wmomenu bBJ]  momkHa — OBITH
poBepeHa ¢ moMorIbio cBoiicTs ACID.

HE BBIMIOJIHEHA, TO TOT/A BCIO TPAH3AKIIHMIO

CUMTAIOT HEyJIaBIIEHCS.

v Consistency. HenpoTtruBopeunBocTh
rapaHTUpPYET, 4TO JIt00ast TPaH3aKIHs COXPaHsEeT
corjgacoBaHHOCTb B/I.

v’ Isolation.  M3onsuus  rapaHTHpyer,  4TO
MHOTOKpATHBIE TpPaH3aKIUH, BBITOIHSIIONINECS
OJHOBPEMEHHO, HE BIHAIOT Ha BBIIOJIHEHUE
Apyr apyra.

v" Durability. JIonroBe4HOCTs TapaHTUPYET, YTO
KaK TOJNIBKO TPaH3aKIMs BBIOIHUIACH, TO
JTAaHHBIE OCTAHYTCS B TOM K€ COCTOSTHUH.

Koraa Habop 31eMeHTOB IaHHBIX OPTaHU30BaH C
MOMOIIBIO  (pOPMAJILHO  OMKMCAHHBIX  TAOJIHII,
nonydaeHnyto BJ[ HaseBaroT pemsmmonnod bJl. K
3jeMeHTaM Tako bJl MOMKHO JEerko IOIy4uTh
JOCTYT, CcO37aTh HOBBIE JaHHbIE, PACIIUPHUTH.
JaHHbpli BHJ XpaHeHHss HHGOpPMAIMU SBISIETCS

v Atomicity. AToMapHOCTh 00O3HAUaeT ‘BCe WM Haubojee pPACIpPOCTPAHEHHBIM  JUIA  XPaHEHHsS
Hudero’. Ecmu kakyro-nubo 4YacTh TpaH3aKIMH
172
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JIAHHBIX, UMCIOIMX HEePapXUUYecKyl0 WIH CETEBYIO
CTPYKTYPBHI.

C Jfpyroil CTOpOHBI, KOrja TpaaUIMOHHBIC
TAOJUIIBI HE MCIOIB3YIOTCS ISl XpaHEHHs! JTaHHBIX,
to takue b/l Ha3pIBaOT HepemsIMOHHBIMU. JTH BJ]
MOT'YT XpPaHHUTh JIaHHBIC B (POPME XPAHMIUII KITFOU-
3Havyenue, popmara XML u T.71.

Hepensunonnsie b/, Takke H3BECTHbIE Kak
NoSQL (Not Only SQL), obecrneunBaroT rudkoe
MaciitabupoBanue (sharding), o3Hadarolee, YTO
OHU YBEIMYMBAIOTCS MPO3PayHoO, JNOOABIsSS HOBBIH
y3er, u OOBIYHO pa3pabaThIBaOTCS c
HEJIOPOT'OCTOSIIIUMH  alMapaTHBIMH  CPEICTBAMH.
Taxxe OAHUM U3 IPEUMYILECTB HEPEIIUMOHHBIX B/
SBIISIIOTCS:  MpocTasi  TOJJIEPKKA  PEIUIMKaIliH,
npocroii API (Application Programming Interface),
OrpOMHBIN 00beMbI TaHHBIX (BigData).

Pensiuuonnbie 6a3bl JaHHBIX

B 1970 r. 3. Koan 3amoxun OCHOBBI TEOpUHU
pensiunonubix BJI. B/l — mnpunoxenue, KoTopoe
MO3BOJISIET XPaHUTh M TONy4YaTh JaHHBIE OUYEHb
obicTpo. Pemsumonnas BJI — HaGop »iieMeHTOB
JIAHHBIX, OPTaHU30BAHHBIX B (JOPMAIBHO ONMMCaHHBIX
TaOUIAaX, B KOTOPBIX K JAHHBIM MOXHO IMOJTYYHTh
JOCTYI pa3iM4HbIMH crioco0amu. PersimuoHHas
BJ] — MHOKECTBO B3aMMOCBS3aHHBIX TAOJIHII, KaXkKaas
U3 KOTOPBIX COJEPKUT MH(popMaIio 00 o0beKTax
orpeneneHHoro tumna. Kaxmas cTpoka COAEpKUT
YHUKAJTbHBIHI IK3EMIIISIP JTAHHBIX JUIS
COOTBETCTBYIOIIEH KaTEropuu JaHHBIX. [ JIaBHBIM
WHCTPYMEHTOM 00paOOTKH JaHHBIX B PEISIIMOHHBIX
B/l sBnsiercs SI3bIK CTPYKTYPUPOBAHHBIX 3allPOCOB
(SQL — Structured Query Language), KOTOpBIi
MO3BOJISIET MONYYUTh JOCTYH W HU3MEHUTH JTaHHBIE,
xpanaamecs B BJl. S3pik  SQL  ocHoBaH Ha
PETSIMOHHOM HMCYHCICHUU M anredpe OTHOIICHHIA,
OlMpaeTcs Ha  HCIOJNb30BaHWE  MPEIUKATOB,
3aIPOCOB U OIIEPATOPOB.

IIpencraBum Hekoropble mnpeumyinectsa bJl,
pa3pabOTaHHOM COTIACHO PEIAIIMOHHON MOICIH:

e Bonbmas yacte nHpopManmu xpanutes B BJ1, a

HE B IPUJIOKEHHUU.
e [Ipocro nmoGaBUTH,

JaHHbIE.

e DOTO naeT MPEUMYIIECTBA arperanuyl JaHHbBIX,

MOKMCKA U CO3/IaHUS OTUETOB.

o JlioObic u3MeHeHHss B cxeme B/l 10BONBHO

MIPOCTEHI.

JlBe Haumbonee WHTEHCHBHO UCIIOIb3yeMbIe
pensuuonnsie CYB]l (cucremsl ynpasnenust bJI) —
MySQL wu Oracle. MySQL B Oomnbimeir mepe
UCToNB3yeTcss B BeO-cpene. JTO Ierkas cucreMa,
KOoTOopasi 4pe3BhUaiiHO OblcTpa © TpocTa B

OOHOBHUTL HIIH YAaJIuTh
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ucnonb3oBann, a  BoT  Oracle  3auacrtyro

UCIoJb3yercss npu pabore ¢ Oonpmumu  BJI,

KOTOphIC HCIOJB3YIOTCS. B OAHKOBCKOM  JIelie,

crpaxoBanuu, ERP (Enterprise Resource Planning —

crcrema yIIpaBJICHHS MPEIIPUITHAEM ) u

WHBECTUIIMOHHBIX Komnanusax. Oracle ucnonp3yercs

JUISL pelIeHHs CIOXKHBIX TPOOJIEM W TOAJCPKKH

cmoxHbix OLTP (Online Transaction Processing).

Xotst MySQL u Oracle paboratoT cx0XuM 00pa3om,

BCE )K€ €CTh HECKOIIbKO MPUHIMITHAIBHBIX Pa3InIui

MKy HUMHU.

Y Oracle uMeeTcs MHOXECTBO pa3IHYHBIX
(GyHKIWH, 3amyckas KOTOpBIE IOJIb30BATENb JIETKO
MOXKET ynpasisaTe bJl, npu 3TOM HCIIONB3ys IPOCTON
CUHTAKCHUC XML. Beuny BBICOKOI
(YHKIIMOHATBHOCTH 3TO YMEHBINAET MOTPEOHOCTD
BO BHEIIHEM NPOrpaMMHOM OOECIIeYeHUH WU
JIpyroM HHCTPYMEHTApHH, YTO B CBOKIO oOuepeib
MO3BOJISIET TIOMJICP)KUBATh TIPHIIOKEHUSI KPYITHOTO
OuzHeca.

MySQL wucnone3yercs aias web-clieHapueB u
urp. [lozBomsier  moanepkuBaTh  HEOOIbIIUE
XpaHwidia JMaHHbIX u cucteMbl OLTP. Takum
obopazom, srta CYBJl MOXET WHCIOJNIb30BaThCA B
MaJICHBKHMX TPOEKTAaX B MEHBIIUX KOMIIAHHSIX U IO
MeHblllel  croumoctd. OpHako 93T0  TpeOyer
BHEIITHET0 POrpaMMHOT0 00eCIedeHusl, YTO BIICUET
3a coboii HEJIOCTaTKH B HaJICKHOU
(YHKIIMOHATBHOCTH, KOoTOpylo  obecrieunBaeT
Oracle.

OnwuieM HEKOTOphIE HEIOCTATKH,
XapakTepHb! I penssuuoHHbIX B/

1. Pensuuonusie bB/] HE moamIepKUBAIOT BBHICOKYIO
MacCIITaOUPyEeMOCTb.

2. llockonmpky gmaHHbIE B  pensmuoHHOl  BJ]
COXpaHeHbl B BUJC TaOIHIl, TO MCIOIb30BAHHE
TAaKOW  CTPYKTYPbl  TOTCHIMAILHO  MOXET
MPUBECTH K BHICOKOH CIOKHOCTH B CITydae, eclii
JaHHbIC HENb3S aJIeKBaTHO IMPEACTABUTh B
TAaOJIMYHOM BHJIE.

3. bonbinas yacte (QyHKI[MOHATA, OOCCIICUYSHHOTO
pensaiuoHHbIME BJI, MOXeT OBITh MPOCTO HE
WCTONb30BaHa, 4YTO MOXET TIPUBECTH K
WU3JIUIIHEN CI0KHOCTH.

4. Pemsumonnsie BJ] ucnons3yror SQL, 4TOOBI
paboraTh HaJ CTPYKTYPHPOBAaHHBIMH JaHHBIMHU,
Ho SQL MoxeT OBITh OYEHb CIOKHBEIM B
WCTIOJIb30BaHUH npu pabore c
HECTPYKTYPHUPOBaHHBIMH
(c1aboCTpyKTYpHPOBAHHBIMHE) TAHHBIMH.

5. Korna 00beM JIAHHBIX CTAHOBUTCS
3HAYUTENbHBIM (OrpoMHBIM), B/l nomkHa OBITH
(u3nvecKy pasjielieHa Ha HECKOJIBKO CEpBEPOB.
OT0 paszzjencHue BiEYET 3a coboil mpoldiiemy,

KOTOpBIE
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noromy uro coequaeHue (JOIN) rabmum B
pacIpeneNeHHbIX CepBepax SBIAeTCs, BOOOIe
rOBOPS, CIIOKHOM 3a/1aueil.

Takum  o0pa3oM, BO3HHKJIA MOTPEOHOCTH
XPaHUTh U MOJIYy4YaTh JOCTYI K OTPOMHBIM MacCHUBaM
OaHHBIX, HCIIOJIb3ysd COBPEMCHHBLIC HWHCTPYMCHTEI,
TEM CaMbIM BO3HHKIIA HOTpe6HOCTB XpaHCHHUA
JaHHBIX B HOBOM (opme, T.e. HCIOIb30BaHHE
HepensanuoHHbIX B/

HepeasimuonHblie 6a3bl JTaHHBIX

Hepensunonnsie b/[ — xnacc cucreMm, KOTopbie
yopasistoT bJl, cyliecTBEHHBIM OTIIMYMEM KOTOPBIX
SIBJIACTCSI TO, YTO HE HCIOJB3YIOTCS TaOIUIBI B
KauecTBe CTPYKTYPBI XpaHEHHUsI. Hpyrue
OTJIUYHUTEIbHbIE OCOOEHHOCTH Takux cucreM: SQL
HE WHCIONB3yeTCs B KauecTBE S3bIKa 3aIllPOCOB,
olepalyy COCAMHEHUS HE TOJACPKUBAIOTCS; 3TO HE
rapa"nTupyer BoinonHeHus cBoiictB ACID, HO ecTh
BO3MOXKHOCTh MPOCTOTO TOPU30HTAIBHOIO
Macmtabupoanust (sharding). Ha ceropnsnuit
JICHb CYINECTBYET MHOI'0 KJIacCH(pUKAIMN IS
NoSQL B/, oqna u3 kiaccu(puKaiy OCHOBBIBACTCS
Ha CAP teopeme [1]. Hepemsumonusie bJI moryr
OBITh  KIACCU(UIMPOBAHBI B 3aBUCHMOCTH  OT
crocoba XpaHeHUs! TaHHBIX [3]

1. Knrou-snauenue.

JaHHBIA TOAXO0J] MO3BOJSET XPAaHUTH JaHHBIE
0e3 0co00 BBIPAKEHHOW CTPYKTYphL. JTH JaHHBIE
COCTOSAT M3 KJII0Ya, KOTOPBIH MPEICTABICH CTPOKOH
U (PaKTHYECKUMH JAHHBIMH, KOTOPBIC SIBJISIOTCS
3HAUEHHEM B Mape Kio4-3HaueHue. J[aHHbIE MOTYT
OBITh TH00BIM MIPUMHUTHBOM SI3BIKA
MpOrpaMMHUpPOBaHus  (TIOCIIEIOBATEIBHOCTD, 1I€10€
yrciao wuiau MaccuB) [2]. Takum oOpazom, 3To
ociabnsier TpeboBaHHME (OPMATHPOBAHHUS JTaHHBIX
JUIS  XpaHEHWs, u30aBisisi OT HEOOXOAUMOCTH
HCIIOIb30BaHUS (PUKCHPOBAHHYIO MOJICIb JaHHBIX.

2. Xpanunuwa O0OKYMEHMO8 (Ooxymenmo-
opuenmupoganuas bJ]).

XpaHuuiia J0KYMEHTOB, TAKKE U3BECTHBIC Kak
JIOKYMEHTO-OpueHTupoBaHHuble bBJI, sBmdroTCA B
OCHOBHOM (KOMITBIOTEPHBIMH)  TIPOTpaMMaMH,
WCIOJB3YEMbIMH  JJII  XPaHEHUsS,  IOJIYYCHHUS,
0OHOBJIEHHS JaHHBIX U3 B/I.

Ba3zoBas cTpykTypa XpaHEHUs, UCIIONb3yeMas B
takux bJl — gmokyment. Kaxmoe xpaHumuiie
JOKYMEHTOB ~ MOXKET  OTJIMYaThCs [0  CBOEH
peain3alyy JaHHbBIX, OJHAKO MPEIIOoiaraercs, 4ro
JMaHHBIC BKJIIOYCHBI W 3aKOJMPOBAHBI B HEKOTOPOM
cTaHmapTHOM (hopMaTe, HalpuMep, 3TO MOXKET OBITh
XML, BSON, PDF wm nokyment Microsoft Office.
Kaxxaplii  JOKYMEHT TMpPENCTaBiICH yHHKAJIbHBIM
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KITIOYOM, KOTODBIH SIBJISIETCS MTOCTIEN0BATELHOCTHIO
(URI — Uniform Resource Identifier). API unu s1361x
3allpOCOB  MOJJIEPKUBAIOT  OBICTpOE H3BJICUCHUE
JOKyMEHTOB Ha OCHOBE ero conepxanust. Harmpumep,
3arpoc, KOTOpBIH TIONydaeT BCE JOKYMCHTHI, B
KOTOpBIX OIpENEeNIeHHOe TI0Je HMMEET HEKOTOpoe
OIpeeNIeHHOE 3HaYCHHE.

3. I'paghosvie 6asbi.

I'padoBeie BJI — 6e3cTpykTypHBIE Oa3bl JaHHBIX,
KOTOphIE B  KayecTBe  CTPYKTYpHl  JaHHBIX
WCTIONB3YIOT Trpad, BEpIIMHBI W pedpa KOTOPOTro
HaJIeNeHbl ONPEICICHHBIMU CBOWCTBAMH, KOTOPBIE
MPECTABISIOT JaHHbIC. BepIIMHBI IPEACTaBIISIOTCS
Kak OOBEeKTHI (JIfoau, OM3HEC WM JIF000H ApYyroi
JJIEMEHT)  MOAOOHO  TOMY, Kak  OOBEKTHI
MPEICTABICHBI B JIIOOOM SI3BIKE MTPOrPaMMHUPOBAHHSL.
CpoiicTBa TakMX OOBEKTOB MpPEACTaBICHBI B BUJC
pebep, KOTOpbie CBSI3BIBAIOT COOTBETCTBYIOIINE
BepumHbl  rpada. Ilyrem  mociieoBaTEIbHOTO
IepexoAa OT OJHOW BEPIUMHBI K APYTOMl HaXOIUTCS
HeoOxouMast HH(pOpMAITHsL.

4. Kononounvie 6a3bi.

Kononounsie Bl xpansar cBou naHHble B opme
CTONIOLIOB B OTIMYUU OT OOIICHPUHATON (OPMBI
XpaHeHHUs 1o cTpokaM. J[aHHBIM Moaxod ompasliaH
TE€M, 4TO YacTO BO3HHMKAaeT MOTPEOHOCTh B
OOHOBJICHUHM BCEro croibia B TabnuIile, MpU ITOM
OCTallbHbIE JAaHHBIC CTPOKA B MOAMGDUKANH HE
HYX/IAIOTCSI, T.. IPU HM3MEHEHWH OIHOTO CTOoNOIa

JAaHHBIX OCTaJbHBIE CTOIONBI  OCTAaloTCs  O€e3

N3MEHCHHH.

5. Obvexmno-opueHmuposantvle 6a3bl OAHHbBIX.
OOBEKTHO-OPUEHTHPOBAHHBIC B TaKxKe

00b1yHO u3BecTHBIe kKak OODBMS (Object-Oriented

Database Management System). JlaHHBIC XpaHSTCS B

BUJc 0O0BEKTOB, TMOJICPKUBACTCS HACJICIOBAaHHUE H,

CIIEZIOBATEIbHO,  BO3MOYKHOCTh ~ MHOTOKPATHOT'O

WCIOJB30BaHUS (110 aHAJIOTHH C  OOBEKTHO-

OpPHUEHTHPOBAHHBIM ITPOTrPAMMHUPOBAHUEM ).

Kpome pa3nuduHBIX MpPEUMyIECTB, TaKHX Kak
BBICOKAsI MMPOIYCKHAs CITOCOOHOCTh, TOPU30HTAIbHAS
MacCIITa0UPyeMOCTh, y HepelsnuoHHBIX BJl ecTh
HEKOTOpble HejocTaTku. HamOonee 3HAUYHMTENBHBIC
MIPEICTaBIECHEI HIDKE.

1. bonpmmucTBO HepensanuoHHbix B/l ucmone3yior
MPOrpaMMHOE  OOCCIICYCHHE C  OTKPBITHIM
HCXOIHBIM KOJOM H, XOTSA OHO ce0s XOpOoIIo
3apeKOMEHJI0Bal0o, HO HHUKTO HE  Hecer
OTBETCTBEHHOCTH BO BpeMeHa OTKa30B.

2. Muoro HepensanuoHHbIXx bJl o0ecnednBaroT
croiictBa BASE (Basic Availability, Soft state,
Eventual consistency) " KEPTBYIOT
cranmaptHbiMu  cBorictTBamMu  ACID, 4ToOBI
YBEITUYHUTH MPONU3BOIUTEIEHOCTD.
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3. U3-3a mpeneOpexenus cBoiictBamu ACID  BBI30B KaK €AMHCTBEHHBIM MOAXOJ VIS YIPaBJICHHUS
CTEIEHb HaIEKHOCTH, 00eCreUueHHOW JaHHBIMH. OTO TMOJIOKHJIO Hayajgo B CIIEKTpe
HepensiuuoHHbiMM ~ BJI, HWXKe, dYeM B BapHaHTOB. YPOBHU ILIEIOCTHOCTH JIAHHBIX, BBICOKOU
PEIAIOHHOM cirydae. Pa3paborurkaM JOCTYITHOCTH U TOJICPAHTHOCTH Pa3leiiOB €CTh TPHU

HEOOXOJMMO TPUOEraTh K MpOrpaMMHPOBAHHIO,
4yT100BI 00ecneunTh ACID, KOTOpbIE, BO3MOXKHO,
MOXHO OBLIO JIETKO 00ECTIEYUTh B PENSAIIUMOHHON

B/

BriBoabI
IIpencraBum OCHOBHBIC CYIIIECTBEHHbIE
pasnuuus  Mexay JAByms Ttunamu B/l B Buze
Tabnuiel (Tabnumal).

becnpenenentHbie 00BbEMBI JTaHHBIX,
reTEepPOreHHbIE JTaHHEIC, TpeOOBaHUs
MPOU3BOIUTEIBHOCTH Hu MacCIITa0HuPyeMOCTH

COBPEMEHHBIX NpUIokKeHU! penaunoHHbIX CYB]]

OCHOBHBIX  MPOOJIEMBI,
JaHHBIE  YIpPaBICHUA
JAHHOTO TPUII0KEHUS.

Hekotopsie BOmpocsl HcCIeAOBaHUS OCTAOTCA
HepeleHHbIME 11 cucteM NoSQL, 4To0bl 40CTHYD
ypoBHS HajexHoctH U 3penoctd CYBJl. Oto
3axBaThIBalOIIee BpeMs JJIsl MccienoBarteneii 0a3
JNaHHBIX JUIs paboTBl TO O3TUM BOIpoOcaM |
pa3paboTaTh acCOPTUMEHT BapHUaHTOB YIPABIICHUS
JAHHBIMU.

OIpeneIsaioIre, Kakue
CucremMa mIOOXOOWAT IUIA

Tabauua 1

CpaBHEeHME HEKOTOPBIX XapaKTEPUCTHK PESIIMOHHBIX U HEPEISIIHOHHBIX b/l

Hepensiimonnsie 6a3bl JaHHBIX

Pensanuonusie 0a3bl JaHHBIX

1 | Beicokast mponyckHasi ciocOOHOCTb

Hwuskast mporryckHasi criocoOHOCTh

2 | Xopo1io MacmTabupyoTcs

MeHee MacITabupyroTCst

K CTPYKTYp€ JAHHBIX

3 | JlanHbIe MOTYT OBITH BCTaBJICHBI B JIFOOOE BpeMs,
HE OIpeseNnsisi CXeMbl JaHHBIX. JlaHHbIE MOTYT
OBITh M3MEHEHHI B JII000e Bpems. [ MOKuii moxon

JIERGISE JIOJKHBI XPAHUTBCS B
MPEAONPENCICHHBIX TAOIHUIIAaX WK CTPYKTYpax

KOIHUPys JaHHbIC B CUCTEMHYIO ITaMATH

4 | TIpou3BOAUTEIBLHOCTE MOXKET OBITh YIIYUIICHA,

KoammpoBanue JOMKHO — OBITh
ITOMOIIBIO CIIEHUAIIBHON CTPYKTYPBI

caciano C

5 | Ilogaepxka BASE cBoiicTs

[Tonnepxxka ACID cBoiicTB

6 | lanuple He 00s3aTENbHO JOIKHBI  ObITh | Jlydmias HempoTHBOPEYHBOCTH (I[E€IOCTHOCTD),
HENPOTUBOPEUUBBIMU YeM U1 HepessIuOoHHBIX b/l

7 | AybnupoBanue  JaHHBIX  MO3BOJIEHO, uTo | [Ipomecc npoekTupoBaHUs pensuuoHHor B/l
yTpoKaeT IeOCTHOCTH NaHHBIX. Kpome Toro, | ycrpanser npobiemy nyOIupoBaHus,
OOHOBJICHME OJHOW 3alKMCH O3HAYaeT, YTO | MPEMATCTBYS TOMY, 4TO BO3HUKHYT
HEOOXOJIMO OOHOBJISATH BCE JpyTUe | MIPOTUBOPEUUBBIC TAHHBIE
SK3EMILIAPHI ATOW 3aKncu
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B npayi na 6a3i po3e’azxky modenvHoi 3a0aui muny menionposioHocmi noby008aHo ma 00CiiONCEeHO
Ccnocio po36’a3y8anHs coOpMYnIbO8aHoi 3a0aui Memooom POo30iNeHHSA 3MIHHUX 8 0a3uci OIOPMOLOHALHUX
noninomie. Bueueno ennuge napamempie memoody, 30Kkpema HOPsAOKY UYACMKOBOI CyMU, po3psAoOHOi cimKu
004UCTIOBANILHOI cucmeMy Ma NOXUOKU OOYUCTIEHHSI HA MOYHICINb OMPUMAHO20 po36 a3Ky. Pesynemamu
HAOIUdCEHUX O0OUUCTIeHb NOPIGHIOBANUCH 3 GIONOGIOHUMU 3HAYEHHAMU MOYHO20 PO36 3Ky Ma NOOaHi y
suena0i mabauys.

Knrwowuoei crosa: cnexmpanvui memoou, 6iopmocoHanbHi NOJIHOMU, 3a0a4l MAMEeMAMUYHOi Qi3uKu.

The algorithms of construction of quasiorthohonal and biorthohonal polynomials are developed
on the base of Chebyshev’s orthogonal polynomials of the first kind. The obtained results were
tested in the process of calculating experiment on the examples of modeling tasks.

The properties of spectral expansions in the bases of orthogonal, and quasiorthogonal and
biorthogonal polynomials were investigated for efficient use of constructed orthogonal spectra and
proportion among them were found. The recurrent formulas for representation of one investigated
basis through other one and formulas of transition from one spectral expansion to another.

The method of solution of the formulated problem by means of division of variables in the basis
of biorthohonal polynomials is constructed and studied on the basis of the model problem of heat
conductivity solution. The influence of the method of parameters including the order of partial
sums, decade frame of the calculating system and errors in calculation for accuracy of obtained
solution are learned. The results of approximate calculations were compared with corresponding
values of exact solution and presented in tables.

Keywords: spectral methods, biorthohonal polynomials, problems of mathematical physics.

CratTio npencTaBuB 1.T.H., npodecop ["apamenko O.1'.

Beryn. CnekrpanbHi METOIU 3aCTOCOBYHOTHCS
SK B TEOPETUYHUX JIOCTHDKEHHSAX, Tak 1 JIs
PO3B’s3yBaHHS MIMPOKOTO KIIacy MPUKIAIHUX 3a/1a4.
[losuTBHUME CcTOpOHAMHU € Te, MO0 Oararo
OpPTOroHaJbHUX  Oa3uciB  JOCTaTHRO  A00Ope
JOCHI/PKEHH], TPOCTi y BUKOPHUCTaHHI Ta Mo0y10BaHi
Ha iX OCHOBI QJITOPUTMH pO3B’S3yBaHHS JIETKO
MiJIA0ThCs aBToMaTtu3aiii. Jo HeraTUBHUX CTOpiH
MOXKHa BITHECTH Te€, IO CYMYBaHHS BiJIIOBITHUX
pAAIB, SK MPaBWIO, € HEKOPEKTHOIO 3aaadero. Jlami,
He BCl KpHUTepii, SKi CTaBIATHCA MO0 PillleHb 3ajad,
MOXKHA  3aJIOBOJILHUTU  3aCTOCYBaHHSIM  OIHOTO
OPTOTrOHAJILHOTO 0a3ucy. Y 3B 53Ky 3 TUM ISl OUIBII
IIUPIIOTO 3a7]0BOJIEHHS KpUTEPIiB abo

© B.I'. Cob6ko, 2015

MOIMGIKYIOThCS iCHYIOYI Oaszumcu, abo OyIayroThCs
HOBl. OJHMM 3 TUIAXiB BpaxyBaHHsS 3TaJlaHUX

3ayBa)K€Hb € 3aCTOCYBaHHS  OlOPTOTrOHAJIBHUX
posknaniB. B miTeparypi € He3HaUHa KUTBKICTh pOOIT
CTOCOBHO 3aCTOCYBaHHS 010pTOrOHaJIBHUX

PO3KIaAiB 0 PO3B’SA3YBaHHS NPHUKIAJHUX 3a/4ad.
OpHielo 13 OpuYMH € Ta, 10 100ymoBa
OlopTOroHaJIbHUX 0a3WCiB TOB’S3aHA 13 3HAYHUMU
004YHNCIIOBaIbHUMHU TPYAHOLIAMH.

Metow podoTu € ampoOarlisi Ta JOCITIHKEHHS
noOynoBanux B podorax [6], [7] Ha 0a3i moniHOMIB
YeOumieBa mepumioro pogy MOBHOI  CHUCTEMH
OlOpTOrOHAJIBHUX TONIHOMIB JiJIs  3HAXOKEHHS
pillIeHHs MOAEIBHOI 3a/1a4i THITY TETIONPOBITHOCTI.
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®opmyawBanuas 3amavi. HeoOxigHo 3HaiTH

¢ynxuio f (X,t) s oBinbHoro vacy t, t >0, Ha

MPOMIKKY X € [—1, l] , AIKa 3aI0BOJIbHSIE PiIBHSIHHS

0% f (x,t of (x,t
() L a(et) W)
OX a ot
3a HACTYITHUX KpalloBUX YMOB:
f(x,0)=0, )
f(-1t) =V /(ah), ®
f(Lt)=0. (4)

Po3B’s130k 3anaui (1)-(4) mykatumemo y
BUTJISIAL

ZOZ%.. (t)(Va (%)
e V(%) Vi (x)

2i—i
MHOT'OWJICHH IIOPAAKY n+i— Tn'+1+|( )

+}/2|| n+1+|( )) (5)

OlopToroHabHi
- mepiia

MOXiJlHa MHoOrouwieHa YeOuIineBa Mepmoro pomay

cremens N+1+1 [5], wIg AKHX CIIPaBIKYIOTHCS

piBHOCTI
Jl;P(X)VzT.'( )T i (X)dx=0,  (6)
I POV ()T ()dx=0, (@)
Ip VIOV (X)X =Ny 5. @
jp LI dx (n+1+7) 'z, (9

1

p(X)zﬂ,

dynkuiit Ta 1 =1 - ans memapuux QyHkmii. s
Toro, o0 po3B’si30k (5) 3a10BONBHSAB YMOBY (2),

1=0 - mn MapHUX

n=2s,

MOTpiOHO 3HAWTH Taki (YHKIIT q[( ), i=1..n
q,(0)=0. Va7 (-1)

VD=0, T (D=1 T (-
:(—1) (n+1+i_) [5], To 3 ymoB (3) Ta (4)

JICTAHEMO BIIIIOBIIHO

o6 OCKUIBKH

1 s

%-Ilr §‘

> (n+1+ T) 7510 5 (1) =0,

360 i=0 i=1
lEml(l' t) _liml(_l t) : \/7;
=> sl () =————=. (10
2(n+2)2 ;/2'7102'71() 2(n+2)2a\ﬁ (19)
Ifm—l (:Lt)-i-lfm—l(_:L t) > T
=30 (1) =—— = (11
2(n+1)2 ;qua() 2(n+1)2a\/f ( )
Tomi
M_ S Vzr:l( ) Ty
s _go:;qu_T (t)( Kiai +ﬂ2ni—1+|' TMJ(X)+

(n+l+| ) s g ZT',
Vit 2 +
= ZzHﬁ NZH

Tls(n—l+i_)(n+7)(n+2+| )(n+3+| )T ( )D (12)

n+ : qull
1 ;z 2

i=1

x( 2’2*:( )+ Vs .Tnm.( ))- (13)

[MincraBumo popmymu (12) Ta (13) B piBHAHHA
OTpuMaHe TakuM YHHOM CIIiBBIJIHOIICHHS

().

n+|
TOMHOKUMO Ha V2I ;

(X) Ta 3IHTETPYEMO 3 Barorw
p(X) B Mexax Bin -1 o 1 [2]. BpaxoBytoun ymoBU

(10), (11) Ta piBHocri (7), (8), micranemo
3

—q (t)h_”_iiﬁ_ N2i71 dqul(t) ~0
2i-1 An 1 An- az dt
2 16at? ¥
1=1.,s (14)

Ny 72 E12i71 N, da, (t)
_qu (t) An + 1 An - aZ dt = 0’
2i-1 4at2 2i-1
i=1.,s. (15)
Orxe, mMu oTpumain N pudepeHLianbHUX
PIBHSIHB, PO3B’sI3KaMHU sKUX € iHTerpanu Jocona [1]
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3 =R
2—2I 2 \/E )
Uiy (t):_ 7 EXp _a_t _[ e’ dqg,

8\] Zni Ny ;L?ni 0
3 _a

2—2i-1 2 Vs
Lexp t E

A N, 254 0

N

2
0y (t) = e’ dq,
i=1.,s.
[MincraBumo popmymu (12) Ta (13) B piBHAHHS
OTpuMaHe TakuM YHHOM CIIIBBIJIHOIICHHS

().

!
JTOMHOXHMO Ha T . +

( ) Ta 3IHTErPYEMO 3 Baroro
p(X) B Mexax Bix -1 o 1 [2]. BpaxoBytoun ymoBu

(10), (11), piBHocrti (6), (9) Ta Bupaszu (14), (15),
ICTaHEMO

s B yaa) N[N (n+))(n+3)(n+4)
;%H(t) E Es j 2ot 15(n+2)2

3 =2

A1 gnng =0,
g‘]/ 822|N2| -1

I Nz [ (n-Dn(n+2)(n+3) _
2t 4' e 15(n 1)

(16)

—2| -1
{Zn. =0. (@)
ZAQI 1N2|
3 piBasHb (16) Ta (17) 3HaAXOmMMO HeEBiIOMI
KOCIWEHTH ¥y, =Ty, Vo =—Tpy, 1=1.,S.

Omxke, pos3B’sizok 3amaui (1)-(4) 3amucyerbes y
BUTJISIL
B 1 s T 7[2—2 =
Ralx=2 211 Al Tt
22 I].-H l\g—l ﬁﬂ’lﬁ
&k

5 (94 BT (¥) @9)

—=2i-1+1
Cain 3a3HAa4YMTH, IO HapamMeTpu i

n
NzH*, LainT i3 po3B’si3ky (18) mMoxyTh

OyTH 004YMCIICHI 3 JOBUTLHOIO TOYHICTIO 1 3HAMWICHI 3
NrOpUTMy TOOYAOBH OlOPTOTOHANBHHUX (QYHKIIIH

Vit (x) Vi (%) '

, . 111 AOBLIBHOTO HATYPAIBHOTO
uncra " moxHa nOGymyBaTH 6asu maHMX i3
3HAYECHHSIMH LUX NapaMeTpiB i BUKOPHCTOBYBATH iX

Vs
e

ln

2i-1+i ,
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min vac oOuumcieHHs po3p’ssky [3], [4]. Hus
iHTerpany Jocona B mitepaTypi mnoOynoBaHi
TaONuI, SKUMH MH MOXKEMO CKOPHUCTATHCS IiJ] 4ac
00UYHNCIIEHHS] OTPUMAaHOI0 PO3B'SI3KY.
O0uncIOBANBHIN eKcllepuMeHT. Pe3ynbratu
o0unciieHb IUIS PI3HUX 3HAYEHb IapaMerpiB NpHu

n=8, a=0,5 3 tounicrio obuncnens 10~ nomano
y BUTISAL TaOiuOpe Ta pucyHKiB. Ilpum nmpomy mms

a=0,5 i pisuux uacie t Bupas x/;/(a\/f)

npuiiMae HACTYITHI TOYHI 3HAYCHHS:

J7/(a/0,5) =5,0132566;
\/E/ (av1)=35449078; JE/ (av10) =1,1209983;

Vr/(a/50) =050132568; 7/ /100 035449078
\/7_r/ (2/500) =0,15853310.
Tab6muus 1.

3HaUYCHHS ITYKaHOI' O pOSB’SI3Ky JJIsL piBHI/IX 3HAa4YCHb
4aciB Ta KOOpAWHATH.

X, r=0,% i=1 =10 =50 =100 = 500
1 | 50115420 | 3.54682EE | 1.12LI398 | 50149199 | 35477064 | 1592751
9 | 491021 | 15092275 | 1083080+ | ATTS4E66 | 3372376 | 15072569
B | 46255700 | 3ADSTEIS | 1OM2ESTT | ASIS4TEW | JL9B3641 | 14266065
7 | 41865309 | 32400544 | 10004051 | ATS407e6 | 30243921 | L134BL40
6 | 36190057 | 30008707 | S55T00BE | A0S08050 | 1849BT34 | 12696397
5 | S0WIR85 | 760714 | S0GT6L0Z | EGSSSLD | 26746463 | L1LO07E3E
4 | 2413096 | 24729552 | ESw6ISAT | 35593443 | J49ETSS6 | IN1L4SER
3 | LEEII349 | ZA7146ED | BCG3S4EZ | 33011572 | 23223202 | 10318951
3 | LIATI0L | 12690761 | TSS00516 | (0AMS499 | 1458532 | GSA2575M
1 | JO4I61E | 1576EPES | 55972601 | ZE1II384 | 19662193 | 067330585
0 | 67565312 | 13038416 | AII5999F | 25594076 | 17906362 | O7S4L6E6
1 | 429137 | 10563606 | SEI64281 | ZI0668L0 | I6L26E9G | 0TIS0E80E
7 | 2EI33362 | 38309813 | SXIL03E4 | 0803483 | 14383648 | OA358099%
3 | TIXN03 | 6SLS0504 | AGIDGGST | 1T9EDO0S | 12386772
A4 | 014246 | Asstonie 10766302
FRET "u"_ﬁs's:;n
6 | OZEIELAE | 26303017 IC09T1E | 07182706
= [ onmEan | ameenia | OTTISA2R] | 0F3001086 | O03848ERE
8 | 007ETISq | 10066534 | 13471206 | 051568348 | 0340SE2LS | 015950117
9 | 00ST4A3 | (AI9THE | OATA3745 | O19T3E993 | OLT94Z318 | O079E2EIR
I | 0116673 | COLOZEGS | 00012446 | 0024159 |~(R00ET30 | - 000276427

Bci pesysbTaty 3ificHioBamuch s 1 <30 npu
32 Bysnax y kBaaparypax layca. Tak, sk mns

X=-0,5 wam He BigoMi TOYHiI 3HAYEHHS, TO

MOTPIOHO 3HAWTU 3HAYCHHS SIKOMOTa TOYHIIIE, a II¢
O3Hayae, 110 NOTPiOHO Oyne 30UIbIIYBaTH KUTBKICTD
WIEHIB psIAy 1 ,04EBHIHO, KIIBKICTh BY3IIB
kBanpatyp [ayca Ta TouHicTe OOuMCneHb. 3HaHACH]
TakKMM YWMHOM 3HAauYeHHs Yy IUX TOYKax, Hajaami
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nozHauatumMemo uepes F (t)’ F (t) - HaOJKeHe

3HaueHHd, & = F (t) -F (t) - a0conroTHA MOXHOKa,
N - KiTBKICTH WieHIB psity. Po3paxyHku mpoBeneHo

. )
3 tounictio 107
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Tabmuus 4.
3HaueHHsT HAOIMKEHOTO PO3B’A3KY Ta aOCOMIOTHOI
MTOXUOKH B TOUTI x=-0,5.

F(100) =0,26745329907430745958847151009

n | F(100) &=F(100)-F(100)
2 | 2673 763e4
Tabnuus 2. 1| 2674538 3582:6
3HaueHHs HAOJIMKEHOTO0 PO3B’SI3KY Ta aOCOIOTHOL 6 | ,2674532996 -528e9
HOXUBKH B Touwi x=-0,5. 8 | 26745320907432 _166e13
10| ,2674532990743072 161e-15
F ( 1) =2,76075993697717381749275 12| ,26745329907430745951 T11e-19
14| ,267453299074307459588470 753e24
n | F(1) e=F(1)-F(1) 16| ,267453299074307459588471518 _798¢26
5 505 5 -2 2
REY: Sed e 13 2674532990743074595884715101 ,313;3
T35 e 20| ,26745329907430745958847151003 | ,597¢28
: o ki 22| ,26745329907430745958847150 .190e26
6 | 2,75 Adde-d 24| 267453209074307459588471519 917226
g8 | 2,76071 A58e4 26| ,2674532990743074595884714 766e-25
10| 2,76076 -422e-5 28| ,267453299074307459588470 531e24
12| 2,76075998 -A453e-7 30| ,2674532990743074595884718 _331e24
14| 2,760759939 -233e-8
16| 2,760759937 -A421e-9 Tabanus 5
18| 2,76075993699 -.136e-10 3HayeHHS HAOIMKCHOTO pOSB’SBKy Ta abCOJIOTHOI
20| 2,76075993697718 _642e14 MOXUOKU B TOYI x=-0,5.
> 5 _14
22| 2,76075993657716 -786e-14 FF(500) =0,119039129504350210033684399299
24 | 2,7607599369771736 161e-15
26| 2,7607599369771738171 38218 n | F(500) £=F(500)— F(500)
28| 2,7607599369771738175 -,.267e-19 2 | ,119032 66525
30| 2,760759936977173817493 -.318e-21 4 | ,11903913 -.100e7
6 | ,119039129596 17911
8 | ,11903912959435022 _115:16
Ta6mums 3. 10 | ,11903912959435021001 211e19
3HayeHHsS HaOIMKEHOIO PO3B’A3KYy Ta aOCOIIOTHOI 12 | 119039129394330210033682 183c-23
p . y 14 | ,1190391295943502100336843993 | -,569¢28
noXuOKU B TOYIIL x=-0,5. 16 | ,11903912959435021003368439926 | 295¢28
— 0.9087551653485376T0RA7 3857 18 | ,1190391295943502100336843993 | -.343¢29
F(lO)—O, ol /6796413857289 20 | ,11903912959435021003368439927 | 19428
n | F(10) =~ F(10)—£(10) 22 | ,119039129594350210033684398 T11e27
- : : 24 | ,1190391295943502100336844 406226
2| 904 405e-2 26 | ,11903912959435021003368436 343e25
4 | 909 -.351e-3 28 | ,1190391295943502100336841 237e-24
6 | ,908758 -350e5 30 | ,1190391295943502100336845 -.148e24
8 | 9087351639 ~605e9
10| ,9087551652 604e-10 _
12| ,00875516534854 419¢-13 Bucnosku. OtpumaHni pe3ynbTaTH
14| 90875516534858764 363¢-16 MiATBEPHKYIOTH e eKTUBHICTD 3aCTOCYBaHH:A
16 | ,908755165348387675 A12e-17 moOymoBaHUX OIOPTOrOHANLHUX — TOJMIHOMIB  JUTS
18] ,90875516534858 767963 -138e-19 pO3B’s3yBaHHs 3a7ad MareMaTHdyHoi ¢izuku. Ha
20 | ,908755165348587679647386 ~86d4e-24 O0YHCIICHHS HAOJIMKEHOTO PO3B’SI3KY HAIIOi 3aaadi
22| ,0875516534838767964738 5% 71923 CYTTEBHUH BIUIMB MA€ HE JIMIIE KUIBKICTh JOMAHKIB N
24 | ,90875516534858767964738575 | -.291e-25 y . . . .
26| ,9087551653485876796473854 242e.24 CymMd  BUIIOBIAHOTO — psdy, —ajie M TOYHICTH
28 | ,908755165348587679647384 168e-23 O0YNCIICHHSL. B xonl 00YHCITIOBATIBHOTO
30| ,908755165348587679647386 —105e-23 EKCIIEPUMEHTY, 13 TaOnuili 3 4iTKO BUAHO, IO IPU

N> 26 ab6conrorHa MoXMOKa 3pocTae. 3pOCTaHHS
noxuOKK croctepiraerses 1 B Tabmuui 4 ta 5 npu
N > 20 .B Takux BUMAAKaxX CIil 30UTBIIUTH TOYHICTD
o0uHClIEHb, OCKUIBKM, 3 TOYHICTIO OOYHCIECHHS

_32 .
10 CIIOCTCPITa€ETHCA HAKOIMNYCHH A ITOXHOOK.
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B pobomi 3anpononosano MOHOMOHHY pi3HUYesy cxemy O HEeCMAYIOHAPHO2O DIBHSHHA KOHBEKYii-
oughysii-peakyii. 3anucyemvcsa OUCKpemu3068aHa no 4acositi 3miHuiu 3adaua. [ nobyodosu pizuuyegol
cxemMu 8UKOPUCMOBYEMbCS napaboniunull cniaun. Ilokazana MOHOMOHHICMb 00ePIHCAHOT PIZHUYEBOT cXeMU.
Haseoeno npuxnaou po3paxyuxie 6 pasi 0OMIiHY8aHHS KOHEEKMUBHO20 YJeHA HAO Ou@ysitinum. Yucenvruil
PO38 30K 3a0aui modce Oymu 8i0meopeHull y 6ueandi napaboniyHo20 CHIAUHA HA BCbOMY GIOPI3KY
iHme2py6ants 05l BUOPAHUX OUCKPEMHUX MOMEHIMIE Yacy.

Knrouoei cnosa: pieusanms Kongexkyii-ougysii-peaxyii, MOHOMOHHA PI3HUYe8A cXeMd.

This paper presents the Dirichlet boundary value problem for the unsteady-state equation of convection-
diffusion-reaction with the prevailing convection. For differencing is used the parabolic spline that is
continuous together with its first-order derivative which does not demand any additional conditions for its
construction. Search for solution of the task in the form of a spline is applied to time-discretizable equation
of convection-diffusion-reaction. For the received of difference scheme its monotonicity is proved.
Theoretical researches and results of numerous experiments show that the offered scheme for the equation of
convection-diffusion-reaction allows to solve boundary value problem for the wide range of values of the
equation coefficients. This applies especially cases when convection far exceeds diffusion. The monotonic
scheme provides stability of the computational solution, and application of a parabolic spline for its
construction allows to reproduce the solution in the form of continuous function for the timepoints
determined by discretization. There are given examples of calculations for a case of domination of the
convective term over diffusion one.

Key Words: equation of convection-diffusion-reaction, monotonic difference scheme.

Crattio npencrasus 1.¢.-M.H., mpod. byit JI.b.

HEOOXIiTHICTh CTBOPCHHS HOBUX BUCOKOCS()EKTUBHUX

Beryn

Benuka KinpKIiCTh NPUKIATHUX 3aCTOCYBaHb,
30KpeMa, y OaiicTuili, MOJCNIOBaHHI HABKOJIHIII-
HBOT'O CEpPEIOBHILA, MEIUIMHI Ta iH. TPYHTYEThCS Ha
KpailloBUX 3agayax AJsi PIBHSHHI TUIy KOHBEKLIi-
mudysii-peaknii. Di3UUHI acHeKTH NPOLECIB, IO
ONUCYE PpIBHAHHS Ta aHANITHYHI PO3B’A3KH JUIS
JIeIKUX YaCTHHHHX BHUIAJKIB MOXKHA 3HaWTH B [2].
Take mUpPOKE 3aCTOCYBAaHHS PIBHSHHS OOYMOBIIIOE

© Crens O.b., IToranenko JII., Cipenko LIL.,
Crensa 1.O., 2015

YUCENPHUX METOHIB JAJsl WOro po3B’si3yBaHHS,
0cOONIMBO TPH 3HAYHOMY JOMIHYBAaHHI KOHBEKIil
Haxg gaudysiero. 3HayHa yBara B HAYKOBHX
MyOMiKaIisaX TPHIUISETHCS MOOYIOBI MOHOTOHHHX
PI3HUIIEBUX cXeM. BracTuBicTIO MOHOTOHHHX CXEM €
Te, IO MpH iX YMCENbHIM peanizawuii 30epiraerbes
MOHOTOHHICTD PO3B’SI3KYy BUXIJHOI 3a7ayi 3 THM Xe
HampsSIMKOM 3pocTaHHs. /[[11 MOHOTOHHHMX CXeM
JErKO OOTPYHTOBYETBCS iX cTilikicTh. Y  [6]
BUKJIAZICHO igei Ta WiAXOOM 1O YHUCEIHHOTO
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MOJIETIIOBAaHHS ~ B3a€MOAii  KOHBEKTHBHHX  Ta BBenemo piBHOMIpHY CITKY 1O 4acoBiii 3MiHHIN

mudy3iiiaux mporeciB. HaBeneHO orisy CiTKOBUX
METO/IiB, 1110 BUKOPUCTOBYIOTHCS IS PO3B’3yBaHHS
pIBHSHHS KOHBeKWii-audy3ii Ta NpUKIagd HX
3acrocyBaHHs. B poOoti [4] BUKIageHO OCHOBHI
npoOieMy, [0 BHUHUKAIOTH TOpPHU  TOMIYKax
HaOMIKEHNX PO3B'A3KIB PiBHSHHS KOHBEKUii-1nuQy3ii
YHCEIbHUMH MeTonaMH. Po3risigaeTbesi cKiH4eHHO-
PI3HULIEBUI METOJ Ta METOJ CKIHYEHHUX CJICMCHTIB.
Y pobori [3] po3rismaroThCs Pi3HI BUMOTH JI0
YHCENFHIX AITOPUTMIB, TaKi AK IX aZanTOBaHICTh A0
0co0nMMBOCTE SIBUIL, SIKI MOAETIOIOTHCS. Posris-
JAETHCS BUKOPHCTAHHS HEPETYISIPHUX Ta PyXOMHX
CITOK, MOHOTOHHHX cXeM. YHCenpHHM MeToJaM
PO3B’SI3yBaHHS PIBHSAHHS KOHBEKLii-mudy3ii-peakmii
npucsiyeHi podoru [1, 5].

Jeaxi migxoaw 10 pO3B'I3yBaHHA PIBHAHHS
KOHBeKLii-1u(y3ii 3 mepeBa)karouol0 KOHBEKLIEIO,
30KpemMa MoOyIoBa PI3HUICBUX CITOK, IO ajam-
TYIOTBCSL /10 OCOOJIMBOCTEH pO3B’S3KYy 3ajad,
HaBezeHl B myOmikamisx [8, 12, 13]. 3acrocyBaHHs
PIBHSHb THUIY KOHBEKUil-gudy3ii AiIsl BHUBYEHHS
pI3HUX SBUII HaBeeHO B [7, 9].

B poGoti HamaeTbCsi pO3BUHEHHS CILIAHHOBOI
PI3HMIIEBOT CXeMH 3amporoHoBaHoi B poboTi [11] Ha
PIBHSHHSI THITY KOHBeKIii-au(y3ii-peakuii.

ITocranoBka 3agaui

PosrisiHeMo KkpaifoBy 3amady Ui HeCTawio-
HApHOT'O PIBHSAHHS KOHBeKUii-angy3ii-peakmii

At =t +p, k=012,...t, =0, p=const.

Toni 3amumieMo AWMCKPETU30BaHY MO 4YacoBid
3MIiHHIH 3a1a4y:

0t ) 00 Ser) y gy ) ML)
—iu(x,tkﬂ) + A(X, e DU(X,ty,y) =
=—f(X,t.1) —iu(x,tk) ,
P
u(0,t,1) =Uo(t.1) (6)
UL teq) =U (., ()
u(x,t) = g(x). (8)

Hexaii Ha Bigpisky [0,L] 3amani pozdurrs A,
iA,

a) A, 0=X, <X <..<Xy =L,

0)A,: 0=1,<1 <..<Ty, =L, 9
ae X <71 <X, 1=LN-2.
[Mosnaunmo C; Ta ¢ 3HAUCHHA JEIKHX

CITKOBUX (YHKIIiH, BifmoBiaHO, Ha citkax (9a) Ta
(96), mpuaomy ¢, =C,, ¢\, =C, . Bynemo mykarn
PO3B’SI30K 3a7a4i y BUIJISLAI apaboIiqHOro crutaiiHa

ou(xt) 62u(x t) ou(x, t) [10]. dns mporo 3ammiieMo KyCKOBO-KBaIpaTHYHY
=D(x,t)——-V(x,t)———= . .
X ¢ynkuiro C(x) B k +1-it MomeHT 4acy, X €[t;,1;,,],
+ A(x, tu(x,t) + f (X,t), xe (0,L),t>0, (1) i=0,N-2 ra 3maiizemo mepiny Ta APYry MOXimHi
u(0,t) =U,(t), (2) wi€i QyHKUIT HA KOXXHOMY 3 BIIPI3KiB, MIACTABUMO iX
u(L,t)=U, (t) @A) pasom i3 camor ¢yHkuiero y piBHsHHS (5).
’ LA OnepKyeMo:
u(x,0) = g(x), (4)
ae V(x,t) #0, 0 < D(x,t) <<1.
2 2 2
DkJrl(X){(pi T Vi + Qi }_
(X =) (Ti1 — ) (= 1) (T~ Xi1) (T = %) (T — )
v {(pi %) + (=) o KT T) o (X)) }+
(X1 = )(Ti — ) (%1 = Ti)(Tis = Xia) (T = X)) (T — )
( AT J { %)} =T) o mT) L (X)X }z
(X|+1 Ti)(TiJrl_Ti) " (X|+l Ti)(Ti+l_Xi+l) a (Ti+l_xi+l)(1i+l_1i)
_—fk”(x)—iuk(x). (10)
p
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He oOmexyroun 3araabHOCTI anropuTMa IMOKIIaje-

Taxox noknagemo X = X;,;. Onepxumo
mo D = const,V = const, A =const,
2D 2D 2D V(% — Ty,

OF -Cia + Qi - (%1 1)
Xip = T )T — ) (Xis1 = Ti)(Tip1 = Xi41) (Tiis = %) (T — ) (Xipg = T )(Tiy — )
Ci+lv((xi+1_“~'i)+(1'i+1_Xi+1))_ - V(%1 — 1) W{A_EJCM Z_fkﬂ(xm)_luk(xm)-

(Xia1 = Ti)(Tisg — Xi11) (Tisa = %) (Tis — ) P p

3 ocTaHHBOro Bupa3sy BusHauumo C,

Coim {(p{ 2D -V (X1 — Tis1) }L @m{ 2D-V(X,1— 1) }L fo+ (1 n AJUKM} .
(Xis1 =) (T — ) (Tiss = X)) (Tig — ) p

) {ZD _V((Xm — 1)+ (X — Ti+1)) +1_ A}
- (X1 = Ti)(Tiss = Xis1) [

AmanoriyHo, s Bigpizka [1; 4,T;] mokmazeMo 3 ypaxyBaHHsAM 3HalneHux 3HaueHb C; ta C
X=X 13Haiigemo C;. [ladi 3 yMOB HEHNEPEPBHOCTI OACPKYEMO

nepmmx noxizHux ¢yskuii C(X) B Toukax T; Ta

i+1°

0 4Q 1 —0,Q +¢,,Q,, =F,1=LN -2,

ac

Qilz{( (ti — %) {( (ZD_V(Xi_Ti))(Ti_TH) :|.|:2D_V((Xi_ri1)+(Xi_Ti))+l_A:|,
X; X, —

i~ Ti)(T —Ti) )T =) T )G = %) | (% =)t = %) p

Q = {{ (ZD_V(Xi _Ti—l))(Ti —Ti4) :|.|:2D_V((Xi —Ti) + (X _Ti))+£_ A}—
I (Ti = X)(t = Ti) (% — 1) (T — %) - (% —7i_)(t — %) [

(i) (m—x) + (ti— %) + (6 — 7)) (2D -V (X _Ti+1)) y
(T = %)(Ti = Ti1) (Xis1 =) (Tiss — ) (X2 — ) (i — )

XLX (ti —Tisa) }{ZD _V((Xi+1 —7i) + (%1 _Ti+1)) +1_ A}}

= T)(Tisa — Xis1) (Xis1 = T)(Tis1 — Xisa) [

i+1 7 X ) (Tiog = ) iy =T ) (Tioy = Xiag) | (K41 = Ti)(Tin1 — Xis1) [

Q _{( [ZD_V(an_Ti)](Ti —Tiu) }.|:2D_V((Xi+l_Ti)+(xi+l_1i+l))+£_Ai|_
Tl —

. (TI — Xi+1)
(Tiss = X)) (Tis — T) ’

{ fit (1 - AJUkiH}(Ti ~Tis1)
E__ p :|:2D_V((Xi+1_Ti)+(xi+l_1i+l))+£_Ai|+

B (X2 = T)(Tist = Xis1) (X2 = ) (Tist = Xia) p
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(X — i)t — %)

[T
+ {fi’L(p AJUI }(TI i :|:2D—V((Xi_1i1)+(Xi_1i))+£_

BinmiTumo, 1o moynHarouu 3 MOMEHTY 4acy K =1 B
SKOCTi 3Ha4eHb U(X;,;) Ta U(X;) BUKOPHCTOBYIOTbCS
3HaueHHsa C;,; ta C;. PosrisHeMo piBHOMIpHY CITKY

A, 3 xpokom h. Citka A, po3MillleHa BiTHOCHO

T
citku A_ Tak, mo T; —X =H. Ilicis nmeperBopeHsb
BupasiB Q,;, Q;, Q;; Ta F oxepxyemo cucremy
PIBHSHB sl BHYTPIIIHIX BY3IIiB CiTKOBOi 00nacTi Ha
MOMEHT Yacy 1,

frotp gl gk
k+1 k+1 k+1 Xj® Xj+1' Xi+1 Xj
s+ B =— - ,
QL — Yy +PBor 5 2
i=1N-2, (11)
ne
2
a=a+“—2(l—AJ,
2h“\ p
2 2 _ 2
y=a+b+2h = Z(h b (E—AJ,
2h p
_ 2
g-p_{ 5)f1—A}
2h p
D V D V(, u
e a=—+—W, b=——-——1-=1.
2 Rt T h( J

Teopema. PisuuneBa cxema (11) € MOHOTOHHOIO 32
ymoBH p >max(py,p,), A€

2

_ H
2(D +Vp) + Ap?’

P1

_ (h—p)®
2(D+Vp—Vh)+ A(h—p)? '

P2

1
Ta yMOBU pSK,HKH.IO A>0.

Hoseodenns. 3 ymoBu p>p;,maemo o >0. 3 ymoBu
p>p,maemof3 >0. Toni

2h® —p? —(h—p)*( 1
-B= o ——A|+
p

Y-

A} |
(% —7i)(7 — %) p

Takum unHOM Y > 00+ [3, a 1€ 03HayaE, IO 3a BU3HA-
YeHHX yMOB pi3HuIeBa cxema (11) € MOHOTOHHOIO

3]

HocnijxeHHs TNOXHOKM ampokcuMalii cxemu
HaBeneHo B [11]. Bigmitumo, 110 HasBHICTH peakxiiil
B piBHsHHI (1) He BIUIMBAE HAa TOYHICTH CXEMH.

IIpuxknagn po3paxyHkis

3a [OMOMOro po3pOOJIEHOr0 MPOTrPaMHOI0
3a0e3MMe4YeHHs] MPOBEICHO YHCEIbHI PO3PAXyHKH.
KoediuieTun piBHAHHS, KpaidoBi Ta MOYaTKOBA YMOBH
Oymu 3amani tak: L=6; D=0,0005 A=20,2;
h=0,00%; u(0)=1 u(L)=0; u(x,0)=0; V =1.

[MopiBHSHHS YMCENbHOTO pO3B’s3Ky 3amaui (1)—
(4) 3 Tounnm po3B’sizkoM mpu A =0 HaBeneHO B
pob6oti [11]. Unen A-U He BIUIMBAE HA TOUYHICTh
YHCENPHOIO PO3B’SI3KY, TOMY B HAaBEICHOMY
NpuKiIani Hac Oyzae LIKaBUTH JIMIIE HOro BIUIUB Ha
AKICHI XapakTepHUCTUKH pO3B’sA3Ky 3azaui. Ha
pucyHky 1 HaBeneHo 3HAWJCHUN PO3B’SA30K 3a/adi y
Burisiai “cxomuHkun” mnpu A=-0,2 gng pisHUX
MOMEHTIB 4acy.

3_

0 2 4 6

Puc. 1. Pe3gynpraT po3paxyHKy npH Bix’eMHOMY A
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Ha pucynky 2 HaBeneHo aHaJIOTiUHI pe3yNbTaTh
i A=0,2.

UucenpHUI pO3B’A30K 3amadyi Moxe OyTH
BIATBOpEHM Yy BUTIIAl MapaOoNivHOro crjiaiiHa Ha
BCBOMY BifIpi3Ky IHTErpyBaHHS.

BucHoBku
TeopernuHi  AOCHIIUKEHHS Ta  pe3yiabTaTH
YUCEIBHUX CKCIICPUMEHTIB MOKa3yloTh, IO 3aIrpo-
MMOHOBaHA MOHOTOHHA pIi3HHIIEBA CXeMa  JJis
PIBHSHHS ~ KOHBEKLil-mudy3ii-peakuii  J03BOISE
pO3B’A3yBaTH KpaWoBi 3agavi JuUisi  MIUPOKOTO
niama3oHa — 3HauYeHb  KOGQIIliEHTIB  pPIBHSIHHSL.

Oco0a1BO 1€ CTOCYETHCS BUTIAAKIB, KOJTH KOHBEKIIis
3HaYyHO TepeBullye Iudy3iro. MOHOTOHHa cxema
3a0e3neuye CTIHKICTh YUCENBHOTO pPO3B’S3KY, a
3aCTOCYBaHHSl MapabONiYHOro cIUlaiftHa gus il
MoOYZAOBH JIO3BOJISIE BiNTBOPIOBAaTH PO3B’A30K Y
BUMIIAAI HemepepBHOI (QyHKUii A7 KOXKHOTO
MOMEHTY 4acy.
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BH/IATHOI'0 BYEHOTI0, YJICHA-
kopecniongenTa HAH Ykpainu, npodecopa
KuiBcbKOro HaiOHAJBLHOI 0 YHIBEPCHTETY,
3acJIyKeHOro npauniBHuKa ocsitu bopuca
MuxoJaiioBnua Byoimnka)

KuiBcpkuii HauioHanbHHUN YHIBEpCHTET iMEHi

2015, 4

Bulletin of Taras Shevchenko
National University of Kyiv
Series Physics & Mathematics

I. I. Kharchenko, Ph.D. (Technics),

Strategy of Scientific Research
Development and Educational Process
Optimization
(to the 80-th anniversary of eminent

scientist, corresponding member of National
Academy of Sciences of Ukraine, Professor of

Taras Shevchenko National University of
Kyiv, honored worker of education Borys M.

Bublyk).

Taras Shevchenko National University of Kyiv,

83000, Kyiv, Glushkova st., 4 d,
e-mail: ihar@unicyb.kiev.ua

Tapaca Illepuenka, 83000, ™. Kuwuis, mp-T.
['mymkoa 4 g,
e-mail: ihar@unicyb.kiev.ua

Cmamms «Cmpamezisi po36umxy HAYKOGUX OOCHIONCeHb Ma ONMUMI3AYIS HABUAILHO2O NPOYECcy»
npucesyena ceimuiii nam ‘ami unena-kopecnonoenma Hayionanvuoi axademii nayxk Yxpainu, npogecopa
gaxynememy xibepnemuxu KHY imeni Tapaca llleguenxa Bybonuxa bopuca Muxonaiiosuua. Buceimneno
WIIAX Y HAYKYy ma 3000VMKY GUOAMHO20 GUEHO020 Y 2any3sX NPUKIAOHOI MameMamuKky ma KiDepHemuxu.
Ocobnusy ysazy npudineno 1o2o opeaizayitiniti pooomi Ha nocadi oexama Qaxyrvmemy ma CMEOPeHHIO
Kagedpu MoO0eno8anHs CKIAOHUX CUCTEM, SIKY 8IH 040M08a8 Mpuoysme pokis. Bonodirouu xorocareHum
00C8I0OM Y NpOBEOeHHi HAYKOBUX 00cniodcenv y mamemamuyi ma ingopmamuyi, b.M.Byonux 3mie
OKpecIumu cmpameziio po3gUmMKY HAYKOGUX HANPAMKIG Y DISHUX 2any35X NPUKIAOHOI mMamemamuxu ma
nepcnexmusu noOAIbUI020 HAGHAILHO20 NPOYecy HA axyrbmemi KiDepHemuKu, poO3GUmKy iH@opmayiunux
mexHonoeil. Asmop nyonixayii 36epmae ysazy Ha nedazociyuHy maticmepHicme npogecopa b.M.bybiuxa ma
Mot 6K1A0, AKULL il GHIC Y PO3GUTNOK U0 UKOTU.

Kniouosi cnosa: mooeniosanis, npukiaoHa mamemamuxa, inpopmayitini mexnonozii .

The article “Strategy of Scientific Research Development and Educational Process Optimization™ is
devoted to the blessed memory of corresponding member of National Academy of Sciences of Ukraine,
Professor of Faculty of Cybernetics of Kyiv Taras Shevchenko National University Borys M. Bublyk.

It illuminates eminent person’s scientific way and achievements in domains of applied mathematics and
cybernetics. Particular attention is paid to his organizational work at the position of Faculty Dean and
creation of Complex System Modelling Chair headed by him for thirty years. Having enormous experience in
performing scientific researches in mathematics and informatics, Borys M. Bublyk could outline scientific
branches’ development strategy in different domains of applied mathematics and perspectives of future
studying process at the Faculty of Cybernetics as well as informational technologies’ development. Author of
publication outlines Professor’s teaching skills and input he made to the high school development.

Key Words: modelling, applied mathematics, informational technologies.
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VY  ciuni
kadenpa
Bi3HaualoTh 3HaMeHHY aaTy — 80 pokiB 3 OHA
HApOILKEHHS JTOKTOpa (i3MKO-MaTeMaTHYHUX HAyK,

2016 p. daxynpTer KiOEpPHETHKH,
MOJICIOBAHHSl ~ CKIAAHUX  CHCTEM

npodecopa, 3aCHOBHHMKA KadeApy MOJECIIOBaHHS
cknagHux cucrteM bopuca MuxkonaiioBuya byOnuka.
3ragaeMo Ty BU3HA4HY pojib, AKy Bimirpas bopuc
MukonaiioBuy y po3BUTKY OCBIiTH 1 HAYKH B YKpaiHi.

HeBnoB3i B yHiBepcuTeti Oyne BimzHauatucs S50
POKiB Bif yTBOpeHHs (aKyabTeTy KiOCpHETHKH,
¢dbynaaTopamu SIKOTO Oynu aKaZeMiku
B.M. I'nymkoB Ta LI Jlsmko. OnHiero 3 mepmmx
HoBOyTBOpeHuXx y 1969 poui xadenp Oyna xadenpa
MOJIETIIOBAaHHS CKJIaJHUX CHCTEM, SKy OYOJIHB
MOJIOANK AOKTOP (Pi3MKO-MAaTEeMaTUYHHX HAyK 33-
nithii b.M. By6nuk.

[Mounnatoun  Bim  Ha3Bu  Kadenpu,  ska
3aJMIIAE€THCS HE3MIHHOIO i CHOT'OZIHI, came 3apa3 MU
YCBIIOMIIFOEMO TJHOOKY CTpaTerilo  pO3yMiHHS
HampsSIMKy PO3BUTKY HAayKOBHUX JOCTI[DKEHb Ta
MiATOTOBKM KaapiB. 3ragytoun 70-Ti pOKH MUHYJIOTO
CTONIITTS,  MOXXHa  JIMIIE  JWBYBAaTUCS  Tid
MPO3IPIMBOCTI Ta PO3YMIHHIO MEPCIIEKTHB PO3BUTKY

MPUKIATHOI MaTeMaTUK{, IO Jana He TUIbKA
MOMITOBX Y PO3BUTKY HOBITHIX TOTOYaCHHX
TEXHOJIOTiM, aje, TOJIOBHE, BHUXOBAIA ILISSILY
HayKOBIiB, sIKi /IO CHOTOJHI OYONIOIOTH 1

MPOIOBXKYIOTh 3100yTKH MIKOJU 3 MOJACTIOBAHHA |
onTuMi3allii, OAHUM i3 3aCHOBHHKIB siK0i OyB bopuc
Muxonaiiouu byonuk.

B.M. Byonuk napomgmBcs 25.01.1936 p. B cemi
Kimtoku TeriiBcbkoro paiiony KuiBcbkoi obnacti B
ciM‘i cimbchkux imTemirentis [1]. Moro 6Gatsko,
Muxkona MupoHoBuu byOnuk, 3mymeHuiit Oys
Buixatu Ha JlonOac, e mpalioBaB Oyxrajitepom, a y
1938 p. OyB 0e3mincTaBHO  pernpecoBaHUM
CTaNiHCHKUM OUTBIIOBULIEKUM PESXUMOM,
apemrroBaHui 29 KBiTHA, a pO3CTpUISIHUN 4 TpaBHS
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BHPOKOM OCOOJTHBOI TPIMKH «3a KOHTPPEBOMIIOIIIHY
IisuTbHICTE». PeaOimitoBanuit y 1958 pomi. Micie
MOXOBaHHS, HE3BaXKAIOUM Ha KJIOMOTaHHA CiM‘1
mepes BIANOBIIHMMH OpraHamu, Tak i He Oyio
BCTaHOBJICHO. 30eperyiacs nuiue oaHa ¢ororpadis
Oatbka B Komi cBOiX poauuiB. Mathn, Mapis
MuxaiiiiBHa, B HaaA3BHYaHHO TSDKKI YacH BOEHHOTO
JUXONIITTA Ta TWICISIBOEHHOI BiOYJOBH 3HAHIILIIA
CHJIK W MOXJIHMBOCTI JaTH OCBITY [BOM CHHAM
Bopucy Ta Bikropy, mepemana iM Kpami MopasbHi
3acajay, BUXOBaja sK JOCTOWHUX IPOMaJsiH.

Cepeanto mkony b.M. bybnuk 3akiHumB Yy
cycizabomy M. OpatoBi Ha Binmnmwumni y 1953 p.
Toro  poKy CKJIaB iCHUTH AJIsl BCTYITy HA MEXaHiKO-
MatemMaTnyHuil (akynsTer KuiBchkoro nep:xkaBHOrO
yuiBepcutery im. T.I'. llleBuenka, ane He MpPONIIOB
3a KOHKYpCOM. 3Ba)kKalOuM Ha BIJIMiHHI OI[iIHKU 3
npodiIoOYMX  TpeaMeTiB, OyB  3apaxoBaHUil
CIOYaTKy K BUIBHHHA clIyXad — LbOMY CHpHsia
TOIIIIHIHA JIeKaH (dakynpTeTy Knasnis
SIxiBua Jlatumesa. Ilicis 3ma4l Ha «BIAMIHHO» BCIX
ICOUTIB y TEpIIy 3UMOBY CECil0 CTaB CTYJICHTOM
neHHoi gopmu HaBuaHHsS. HacTymHi poku HaBuaBcs
HaJ3BUYAIHO YCHilHO, OpaB aKTUBHY ydYacTb Yy
HAyKOBId 1 rpoMaachkii poboTi (akympTery Ta
yHiBepcuTeTy. Sk  BiAMIHHUK HaBuaHHA OyB
neneroanuii  Big  KuiBcbkoro — mepkaBHOTO
yuiBepcutery im. T.I'. [lleBuenka na IV BcecBitniit
(ecTHBAL MOJIOJI 1 CTYACHTIB, IO MPOBOAUBCS B
Mockai 1956 poky. [Ipo crynentcoki poku bopuca €
I[iKaBl CIOrajgy HOro OJHOKYPCHHKIB Ta THX, XTO
BUHMBCS Ha JIeKiIbKa KypciB mizHime — O.I". boapuka,
LM. JIsmenka, JI.O. Makcumenka, A.Il. Mykoina,
O.B. Bosaioka Ta 1iH. ¥Yci BOHM Big3HA4YaroThb
BEIIMYE3HY Tpale3laTHICTh, HAMOJICIIUBICTE Y
JOCSITHEHHI METH, HaJ3BHYaiiHy BHMOIJIMBICTH IO
cebe, JIOOMHICTH, TOYYTTS  CIPaBEIJIUBOCTI,
ToBapucbkocTi. bopuc  MukonaiioBuu  100uB
VYkpainy, TMO0OKO 3HaB JiTEpaTypy, iCTOpito, OyB
3aKOXaHUI B YKPATHCHKY IiCHIO.

ITicnst 3akindyenHst yHiBepcurery B 1958 porri
B.M. ByOnuk BctynuB o acmipantypu. Y 1962 p.
3aXUCTUB KaHAWJATCHKY JAWCEpTallil0 Ha TeMy:
«KonmuBaHHS miacTUH Ta TONOTHX  OOOJOHOK
HiAKpimIeHnx pedpaMu KopcTkocTi». B i poku
rmoyanacsi IemaroriuHa misuibHICTH B.M. byOnmka.
CriouaTKy BiH TpalioBaB aCUCTEHTOM Ha Kadenpi
3aralibHOi ~ MaTeMaTUKd  Ha  pamioQizuIHOMY
¢dakynsreri KAY. ¥V 1963-1964 pp. nepeOyBaB y
MoHromnii  sK BUKIaza4 BHUIOI MaTEeMaTHKH B
MOHTONBECEKOMY  I€P’KaBHOMY — YHIBEpCHTETI iM.
Yoiibancana B M. Ynan-baropi. IloBepHyBIIMCE 10
Kuesa, b.M. Bybnuk mpauroBaB Ha kadenapi BUIIOT
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MaTEeMAaTUKHU Ta MaTeMaTHYHOL ¢bisukn  omTuMizali, 1o 3°sBIsHCA B YKpaiHi (0coOiauBo

paniodpizmunoro daxymnerery KAY. VYV 1964 poui
oZiep>KaB 3BaHHS JIOLCHTA.

V mnepion ctaHOBiIEHHS (HaKyIbTeTy KiOEpHETHKU
y 1969 p. B.M. byOnuk  040OnMB HOBOCTBOpEHY
kadeapy  MOAENIOBaHHS  CKIAJHUX  CHUCTEM.
Opnowacno, 3 1972 p. mo 1975 p., OyB nekaHom
cneudakynpTeTy NPUKIAZHOI MaTeMaTuKd, Ha
SIKOMY 3JIIACHIOBAJIACS TEPEIirOTOBKA CIICIialiCTiB
y ramy3i kibepueruku. llikaBy iHpoOpMaLio mmpo
TONIIIHIO  JISUTBHICTH  crengakyabTeTy  HajaaB
crapocra rpynu I1.B. Bypnyx, 3 Bemukoro moBaroro
3ralyloudl MEeAaroriyHuil KONEKTUB, SIKUM 3TypTyBaB
B.M. ByOnuk 1 BH3HAuuB UII HBOTO MpPOTpPaMmy
HaBYaHHS Ta CTpaTerito miaroroBku kazapis. Lli imei
4yepe3 TPUALATH POKiB Oynu BTiJIeHI NpU CTBOPEHHI
(aKky1bTeTy BHCOKHMX TEXHOJOTiH, OYOIIOBAHOMY
npod. O.B. Tperskom. Taka mepemigroroBka Oyma
Oy’)Xe BaXXJIMBUM 3aXOIIOM, OCKUIbKH OYypXJIHMBHUI
PO3BHUTOK OOYHCIIOBAIBHOI TEXHIKM BHMaraB HOBHX
3HaHb 1 HABUYOK BiJI CIICIIaiCTiB Pi3HUX Tamy3el
s poootr 3 EOM. V neit wac b.M. ByOnuk nodas
rypryBatu Oins cebe TalaHOBHUTHX  YYEHHX,
BinOMpaTu 34i0HMX CTYICHTIB Ta AacCHipaHTiB, SKi
MOTIM CTBOPHJIM HayKOBY ILIKOITY.

VY 1969 p. B.M. ByOnuk 3axucCTUB HOKTOPCBKY
qucepTaniio 3 (izuKo-MaTeMaTHYHUX HAyK HA TEMY:
«Metox cymMapHUX NpPEACTaBICHb B IUHAMIYHUX
3agavax Teopii miacTuH i obomonok» i B 1971 p.
omep:kaB  3BaHHS  mpodecopa mo  Kadenpi
MOJIETIIOBAaHHS CKJIaJAHUX CHUCTeM. Y Ied yac Ha
kadenpi Oynma CTBOpeHa yHIKaJbHa HAyKoOBa
atMocdepa, fKa [03BONWIA O0‘€qHATH 3yCHIUISA
Momomux tomi  BueHmx — M.D. Kupuuenka,
1.B. Betika, 0.0. Tkamniy, L.C. ®enopucnxa,
M.IL Jlemexu, P.O. Copoku, M.B. [{ubanboBa,
M.B. Horina, B.A. CrosHa, I'.I. Kynina,
O.I'. Hakoneunoro, B.JI Iipka, [I.5I. XycaiHoBa,
LIT.KoBanscekoro, @.I'. 'apamenka, B.S1. Janunosa
Ta HIIUX — Y €JUHUI TBOPYMN KOJEKTUB, KUK MIr
PO3B‘SI3yBaTH HANCKIAJHINI HAayKOBiI MpOOJIEMH B
rajry3i MOJENIOBAHHS Ta ONTHMAJIFHOTO KEpyBaHHS
CKJIaTHIUMH TEXHIYHUMH CHCTEMaMH.

Bin mouatky opranizamii kadempu  Oys
CTBOPCHHMI  HAyKOBHW  CeMiHap 3  MmpoOiieM
oIrTUMI3aLil, SAKUH 3ro0M nepepic y

pecryOnikaHchkuii. lleld HaykoBUil cemiHap cTaB
OOHMM 3 HAaWMOTYXHINMX 1 BIAOMHX Yy BCIX
Kyroukax komummuboro CPCP. YV 1979 p. B
MinicrepcTBi ocBiTH YKpainu Oynia yTBOpeHa CEKIis
ontuMmizaii, skoro kepyBaB b.M.ByOmuk - 1e
CBIIYMIIO TIPO Y€ BEIHKHH HAYKOBHH aBTOPHUTET
Bopuca MukonaiioBuya sk ydeHoro. Crano
MPaBWJIOM TMPaKTUYHO BCI JMCEPTalii 3 METOJIB

JOKTOPCBKI), anpoOyBaTH Ha ceMiHapi kadeapu.

3 1974 poky movany NTPOBOAWUTHCS IMIOPiuHi
IIKOJIW 3 MOAEJIOBaHHS Ta ONTHMI3allil, Ha SIKHX
BUCTYNald  HaiBimomimni  ¢axiBui y 1bOMY
HampsiMKy. Toro ) poky y M. Kanesi Oyna
IpoBelleHa Tepiia BceyKpaiHChbKa KOH(epeHIis
«O06uucnoBanbHa MaTEMaTHKa 1 HAYKOBO-TEXHIYHUH

mporpec» mig  kepiBHUITBOM LI Jlsmka Ta
B.M. bybnuka. Ha  xoHdepeHmito  mpuixanu
BCeCBITHRO  Bimomi  Bueni: A.O. JlopomHinuH,

B.M. I'mymixos, B.C. Muxanesuu, F0.M. €pmonbes,
B.M. [lmennyHmii Ta 6araTo iHIIKX.

VY 1978 Tta 1987 pp. xapengpa MCC nposena y
Kuesi, a 3romom 1 B Opeci, aBi Bcecoro3Hi
KoH(pepeHuii «OnTUMaiabHe — KepyBaHHS B
MexXaHIYHUX cucremax». [licias 1pOro IEHTpPOM
JOCITKEHD o ornrruMizarii CUCTEM 3
po3NoAUIeHUMH NapaMeTpamMu B YKpaiHi OCTaTOYHO
yTBepamiacs Kadeapa MOIEMIOBaHHS —CKJIaJHHUX
CHCTEM.

JlocsiTHEHHST ~ HAyKOBOTO  KOJEKTUBY,  SIKUH
oyomoBa b.M. byOnuk, Ta iioro ocoductuii BHECOK
Oynmu BHCOKO OLIHEHI HAayKOBOIO CIIEHOTOIO
konunmaboro CPCP i B 1979 poui #oro Oyino o0pano
yneHoM-KopecnoHieHToM AH Ykpainu.

Ha momo B.M. by6nuka Bunana cknagna podora
Ha rmocai AekaHa (akyiabTeTy KibepHeTuku y 1977 —
1984 pp., ocobmuBo B mepion O0O0yIOBU KOPIYCY
(akynpTeTy KiOEpHETHKM IO MPOCHEKTY aKaJeMika
B. I'mymikoBa, BBEACHHS HOro B EKCIUTyaTallll0 Ta
OCHAILICHHS CYy4acCHUMH Ha TOMH qac
obuncmoBaibHUMHU 3acobamu. Cunamu (axynpTery
KiOepHeTHKH pH miaTpumui pekropis M.VY. Binoro
ta B.B.Ckomenka ©OyB  moOymoBaHuii  Ta
YCTaTKOBaHUI HOBITHIM oOnagHaHHSIM
3aralbHOYHIBEPCUTETCHKUN OO0uuncroBaILHUN
meHtp. HoOpumu TNOpagHUKaMd Ta  LIMPUMHU
IOpy3sIMH, SKi TiATpUMYBaiu Horo B Ied uac, Oymu
aKaJeMiKu B.M. I'mymikos, LI, JIsmko,
B.C. MuxaneBuy, [.B. Ceprienko.

Bopuc MukonaiioBug OyB BU3HAYHUM
opraHizaTopoM Hayku. CTBOpPEHHH 1 KepOBaHUN HUM
PecniyOnikaHCchkmid ceMmiHap 3 MOJETIOBaHHS Ta
ONTUMAJILHOTO KEpyBaHHsS CKIaJHUMH CHCTEMaMH
CBOT'O Hacy BiirpaB 3Ha4Hy POJib. 3aCHOBaHUN HUM
Bicnuk KuiBcbkoro yHiBepcurery «MozenroBaHHs i
OIITUMI3Alls CKIAMHUX CACTEM» Ta BHUIAHI I Oro
penaryBaHHsM  30ipHHKH HaBITh CHOTO/IH1
BIJIMBAIOTh HA PO3BUTOK HAYKH, JAalOTh MOIITOBX /IO
TEOPETUYHUX JOCHIKEHb Yy Taly3i NpUKIagHOl
MaTeMaTHKH. 3a 4Yac pOOOTH B YHIBEPCHTETI
B.M. byOnuk OyB unenom Buenoi pagu daxymnbrery
i yHIBepcUTeTy, TOJOBOIO  CIELialli30BaHUX

189



Bicnux Kuiscbkoeo Hayionanvno2o yHisepcumemy
imeni Tapaca lllesuenxa
Cepis ghizuxo-mamemamuuni Hayku

HAayKOBHX pax 13 3axHCTy MJOKTOPCBKUX Ta
KaHIUIATCHKUX AWCEPTaliil B YHIBEPCUTETI, WICHOM
KUTbKOX IHIIMX CICIiali30BaHUX pajl, YICHOM
penkorerii 6araTb0x HayKOBUX KYPHAIIB.

I3 3m00yrTM VYkpaiHoro HesasexHocTi Oyna
crBopeHa Excmeprna Pama 3 iHQopmaTukm Ta
KiOepHEeTUKU BAK VYkpainy, OYOJIIOBaHa
B.M. ByGnukom 3 1992 no 1997 p.

B.M. By6nuk mienpo AiTUBCS CBOIMU 3HAHHIMH 1
JKUTTEBUM JIOCBIJIOM 13 CTy/ICHTaAMH Ta acIlipaHTaMH,
koneramu. Bci, xTo OyB mopy4 3 HUM, BiguyBaiu
0COOJIMBY MPHUTATAIBHICTE HOro 0COOUCTOCTI, IIUPY
3aIliKaBJICHICTh TpoOIeMaMu, JIOASHICTh, TEII0
cepus 1 nusAxerHy Baady. llim KepiBHUITBOM
B.M. ByOnrka 3aXyCTUIM KaHUAATChKI JUCEPTAIlii:
I'.I. Xapxyn, I.C. ®enopuenko, YBryn JlerHeriiis,
O.l. HeBinomcekuii, LI. Xapuenko, O.I1. JIoGok,
0. Omapos, T.I. CnaBoBa, b. Cignikos,
10.B. CemeHtok, KaHOUAATCBKI 1  JTOKTOPCHKI
JI.B. Momnpuenko, B.A. Jlanunos, C.I Yepnsx,
B.M. JIsmenko. Sk HaykoBHH KepiBHHK bopuc
MukonaiioBuy opa3y BHHKAaB y TIHOMHY 3amadi i
3HAaXOAWB IIUIAXH i1 po3B’si3aHHs. Tak BiH mpaioBaB
3  KOXHUM, HE3BaXaloul Ha  HEHMOBIpHY
3aBaHTaxkeHicTh ChoromHi OUIBIIICTH 3 HHX TIIHO
MPEACTABIISIOTH HOrO HAYKOBY ILIKOIY.

[lepenik npykoBanux mnpanb b.M. Bybnuka e
BEIIbMU 3HAYHUM 1 KiUIbKiICHO Hajiuye monazn 120
Ha3B. lle, Hacammepen, HaykoBi MoHorpadii,
MiIpDYYHUKW, HaBYANbHI TOCIOHMKM 1 Mporpamu
HAyKOBHX KYypCiB, HAyKOBi CTaTTi, Te3M HAYKOBUX
KoH(pepeHwil, pyHraMeHTaNbHI PO3ALUIH B HAYKOBUX
3BiTaX, peEIeH3il, CTaTTi B EHIMKIONEAUYHUX Ta
JIOBIMHUKOBUX BHJAHHSX, Ta3eTHI myOmikamii 3
aKTyaJbHUX MpoOJIeM opranizamii HayKu.

3 1Oro TBOPYOrOo JOPOOKY CIIiJT OCOOJIUBO
Bim3HauuTH MOHOrpadii — «UucrneHHoe perieHHe
JUHAMUYECKHX 3a]a4d TEOPUH IIACTHH B 000JI04YeK,
- K., 1976; «MeToapl 1 anrOpUTMBI PEIICHHS 33124
ontumuzanuu»  (cmiBaBropu I.B. beiiko, I1.M.
3inbK0), — K.,1983; «CTpyKTypHO-TapaMeTpuyecKas
ONTUMM3ALHUS U YCTOMYUBOCTh JUHAMUKU ITyYKOB»
(cniBaBTopu @.I'. 'apamenko ta M.®. Kupuienko),
— K., 1985; napuanbHmii 1mMociOHMK «OCHOBBI TEOPUH

ynpasienus» (cmiBaBtrop M.®. Kupuuenko), — K.,
1975.

b.M. ByOiiuk  pO3BHHYB  METOH  CyMapHHX
OpeACTaBleHb s OUHAMIYHMX 3a7ad  Teopii
MIaCTMH Ta  OOONOHOK.  Moro  mpukmamHi
JOCHIIPKEHHST ~ MOB‘S3aHI 3 MOJENIOBAHHSM

MPOCTOPOBOTO PYXY JITANbHUX amnapariB, JOKALIEIO
MiIBOAHUX  OO0‘€KTIB, ONTUMI3AI€0 OUHAMIKA
NYyYKIB €JIeMEHTAPHUX YACTHHOK Ta iOHIB y PI3HHX
TUMAX TNpHCKoproBaviB [2]. I3 mpoBimHUX ydeHHX
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¢bakynbprery KiOepHeTwkH, Kadeapu Ta HAYKOBIIB
nabopatopii mig Horo KepiBHULUTBOM CopMyBaacs
BifOMa HayKoBa INKONAa 3 MOJEIIOBAaHHSI U
ONTHUMI3allii, OJJHUM 3 HAayKOBHUX 3700YTKIB SKOi Ha
CHOTOMHIIIHIA JEeHb € 3axucrt Ouiple 24
MoKTopchbknx Ta moHan 130 KaHIUAATChKUX
mucepraniii. Pe3ynpraTH  HAyKOBHX — JOCHIIKEHb
Oynu BrpoBakeHi B Kb im. O. AnToHoBa, [HCTUTYTI
saepuoi  ¢isukn HAHY (KuiB), MockoBcbkoMy
pazmioTexHIYHOMY iHCTUTYTI, [HCTHTYTI TeopeTHnuHOi
Ta ekcnepumeHTtanbHoi  ¢isuku  AH  CPCP,
JIbotHOMY nocnigHOMY iHCTHTYTI (M. JKyKOBCHKHA,
Pocis) Ta B psmi IHIMX NPOBITHUX LEHTpax Ta
ycraHoBax. 3 1993 p. B.M. byOnuk mpairoBaB Hax
npobiemamu MaTeMaTHYHOT'O MOJIEITIOBAHHS
IPUPOAOOXOPOHHUX nporeciB Ta HaJ
y3arajbHEHHSIM OTPHMAHHMX paHille TEOPEeTHYHHX
pesynbraTiB. [IpUMIiTHOIO pPHCOIO HOro HayKOBOI
Olorpadii € Te, MO BiH 3aBKJAM HaMarabcs
MPAIIOBATH Y KOJEKTHBI OAHOIYMIIIB, CIOBHIOBAB X
HOBHMMH HayKOBUMH 1JI€5IMH Ta BCUISKO HiATPUMYBaB
3amnpoBaKEHHS HUMHU IHMX iJed OO NPaKTHYHOTrO
BUKOPHUCTaHHSL.

Buknanameka MalCTepHICTh npoecopa
Bb.M. bybOnuka He 3anumany Oailly>KUMU CTYICHTIB.
Bin 3aBxkauM BMIB 3aIliKaBUTH CIyXadiB HOBUMH
npoOiemamy, HEOpIMHAPHUMHU MeTOoaMHU
pO3B‘sA3yBaHHsS 3alad, ILUPO HOUIMBCA HAYKOBUM
JIOCBIJIOM 3 IMIJITOTOBKH HOBUX JICKIIHHUX KYpCiB Ta
HOBHUX HaNpsMKiB y BHOOpi cIenkypcis, fki
yutaigucs Ha kadenpi. B ocranHi poku HuUM Oynu
OPOYMTaHI JIEKUidHI Kypcd 3 audepeHmiaaIbHuX
piBHSHB, Teopil KepyBaHHS 1 creniajbHI KypcH 3a
TeMaTUKOI0 «MaTeMaTHyHi METOIM MOJENIOBAHHS

Ta OIITUMAJIbHOI'O KCpYBAaHH CKJIIaAHUMH
CUCTEMaAMU».
BaraTorpaHHa HayKOBa Ta He)lal"Ol"i‘{Ha

nisuibHiCTE b.M. ByOnuka Bim3Hauanmacss TITUOMHORO
Ta TEPCHEKTHBHICTIO, a OTpPUMAaHi  HayKoBi
pe3ylbTaTH € BaroMMM BHECKOM B YKpaiHCBKY
Hayky. Jlep»kaBa BHCOKO OIiHMJIA HAayKOBi Ta
nenaroriuni 3100yTku b.M. Bybnuka, ymocroiBmm
HOro MOYECHUM 3BaHHSIM «3aCIy:KEHHH TNpaLiBHUK
OCBiTH YKpaiHW», TpeMisiMH Ta JepKaBHUMH
HaropoJam, 30KpeMa TphOMa MEIajisIMH Ta JIBOMa
opIeHaMu — «3HaK momaHu» Ta «3a 3acmyru» I
CTYIICHSI.

3a poku He3alneKHOCTI YKpaiHu 3‘sBHIMCSA HOBI
MOYKJIMBOCTI B OOMiHI JOCBIIOM JUI BYCHUX PI3HUX
kpail. TicHI HayKOBi 3B‘s13kK OyJIM BCTaHOBJIEHI MK
kadpeapamu MCC i CATP Ta npeacTaBHHKamMu
HayKd 3 yKpaiHcbkoi niacmopu B pamkax CRDF
MPOEKTiB, 30kpeMa 3 npodecopom Pomanom Kymowm,
MPOBIIHUM CIIELialliCTOM y Tanmy3i iHQOpMaTHKH B
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Wenschkomy ymiBepcuteri CIIA. 3a crpusHHAM
B.M. byOnuka xadenpa pasom 3 HamionaabHUM
KOCMIYHMM areHTCTBOM YkpaiHu B xoBTHI 1994 p.
mpoBerda  MDKHAPOAHUH  HIMEUBKO-YKpaiHCHKHH
“workshop”, Ha sikoMy O3HalOMHJIAa MPEACTABHUKIB
¢ipmMu GMD 3i cBoiMu 3700yTKamMu Ta 0OroBOpHMIIA
MOXIJIUBOCTI CITIBITpalli B MAlOyTHEOMY.

3a miel0 KOpoTKoIO iH(Qopmamieto, sika Oyia
nmpejcTaBieHa y BuaaHHsx [1, 2, 4], MokHa Juiie
BiJ3HAYUTH BiXH Ta PO3YMIHHS CTparterii po3BUTKY
Haykd Ta iH(QOpMaUiliHUX TexHOoNorid 21 cromirTs.
Creoromui, yepe3 16 pokiB Big TOro 4acy, Koiu
B.M. ByOnuk BimidIIOB y BIYHICTh, MH MOXKEMO
JIUILE HEMOBHOIO MipOIO OLIIHUTH TOM BHECOK, KUK
BiH 3QJIMIIMB y KOXHOMY 31 CBOiX yYHIB, KOJIET Ta
OJHOZYMIIIB.

Y mam‘ate npo b.M.bybmuka kadenpa
MOJIETIIOBAHHSl CKJIaJHUX CHCTEM OpraHi3oByBaja
HayKOBY KoH(pepeH1io «MopnentoBaHHSA i
onTuMizalis ckmagHux cucrem» (MOCC- 2001)
NpHUCBAYEHY 65-piyuro  Big JHS  HapOKEHHS
b.M. Bybnuka Ta HaykoBwuii ceminap (MOCC- 2006),
3 Harogu 70-piuus, y4acTh y SKUX B3I noHaza 160
MPOBITHUX YYCHHUX.

Buena panma yHiBepcHTETy CXBallujia CTBOPECHHS
npemii imeHi b.M.byOnuka a5 Bii3HaYeHHS yCHiXiB
y HaBYaHHI Ta HAayKOBUX JOCSTHEHb Kpallux
cTyaeHTiB  ¢dakynprery KibepHetuku. Ilepmum
JaypeatoM Ii€i mpemii cTaB BiIMIHHMK HaBYaHHS
B.B.CtosH.
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BusnaynuM JocsSTHEHHsSIM cTBopeHoi byOmmkom
BM. mkomun Oyno ogpepxanus y 2012 pomi
HepxxaBHoi mpemii YkpaiHM B rany3l Haykd i
TEXHIKH, JlaypeaTaMH SIKOi OylH MPOBiAHI HAayKOBII
kapenp MCC, CATP, IK im. B.M. I'mymkoBa HAH
VYkpainu.

VY criHax Kopmycy QaxynbTeTy KiOepHEeTHKH
BCTAHOBJIICHO MEMOpiaJIbHy JOIIKY, 3 SKOi Ha
NpUAACIIHE  TOKONIHHSA ~ CTYIEHTIB  JAMBHUTHCS
BITHOCHO MOJIOJIa JIIOJIHA. 32 OCTaHHI POKH CYTTEBO
3MIHUBCS KOHTHHIEHT CTYJEHTiB, CTajld HOBHMH
YMOBH BCTyNly Ha (akyjibTeT, 3MIHHIINCSI Ha3BU
kKadenp Ta OHOBHMBCSA TMEAATOTIYHHMNA KOJEKTHUB.
HesmiHHMMU Bce X 3alMIIMIMCA Ti TPUHIMIN
JIONSIHOCT1, CTaBJICHHS IO TBOPYOIO MOLIYKY Ta HE
TUTHKU BJIOCKOHAJICHHS METOJIIB TIepe/iadi 3HaHb, a i

PO3YMIHHS ~ Micus ~ BHPOLIGHOTO Yy  CTiHax
yHiBepcuTeTy BumyckHuka. Lupmmmu — cranu
MOXIJIMBOCT] TpaleBlalITyBaHHSI Ta BUOOpY Micus
OpPOKKUBaHHS MarictpiB  Ta OakajaBpiB, SIKHX
miaroryBaB  ¢akynereT KibepHeruku. Came i
MOJIONII  JiroAW  OyAyTh  BH3HAYaTH  HOBITHI
iHpopMaLiiiHi TeXHoNorii, mpo sKi MIr Jume
310ragyBaTucs B.M. byGinuk. YTBOpIOoI0OUH
KOMIT'IOTEPHI  KJIaCH  TPUAUATH-ABAIUATH POKIB

TOMY, BaXXKO OYJIO YSBUTH HOTY)XKHI MOXKJIHBOCTI
Cy4acHOi TeXHiKM, MOXJHBOCTI [HTepHETY Ta
3aco0iB  komyHikamii. CrTyneHTam He MOTpiOHO
Oimpllle THCAaTH Ta XOBAaTH  KIIIMAPTaiKu» 3
dbopMmynamu Ta JOBEICHHAM TeopeM. Bke Ttomi
B.M. ByOnuk po3ymiB, fK 3MIHUTBCS CHCTEMa
OCBiTH, a II¢ O3Haya€, M0 CYYaCHUM OCBITSHaM
JIOBENIEThCSI POOUTH aKIICHT IepeayciM Ha BMiHHI
OyMaTH ¥ apryMeHTyBaTH CBOi BiANOBiNi, a He
MPOCTO  3amaM sITOBYBaTH  KOJOCAJbHI 00 €MU
iH(opmMartii. Po3po0ieHi HUM METOUYHI TOCIOHUKH,
mporpaMd Ta MiAPDYYHWKH HE BTPATHIIH CBOEI
aKTyaJIbHOCTI i ChOTOJIHI, Yepe3 ABAISATH POKIB.
Kurta ta misnenicts b.M. Bybnuka y Garatpox
BITHOIIICHHAX € Oe3mpere/iecHTHUMHA. BiH Hanmexas
JIO JiTel MMOBOEHHOTO MOKOJIIHHS, SKi Y OUTBIIIOCTI HE
Maiad OaTbKa, SKI 3aKIHYWIM CUIBCBKI a00 MICBKI
IIKOJM 3 MEMalnsdMH 1 JIHCHO Maiu 37i0HOCTiI Yy
pisHux ramy3sx. Came 1€ TOKOJIHHS CTBOPHIIO

KICTSIK IHTEIrexIii, Ky Ha3UBaIOTh
mrictaecatTHukaMu. Lli  ocoOHCTOCTI H  CHOTOIHI
(OpMYIOTh  CyCIIUTbHY JTyMKY, BOHH JIOKJIAIH

HEWMOBIpHUX 3YCHJIb IJIsl BiIPOIKEHHS HE JIHIIE
HaIIOHATIbHUX TPaAMLii Yy KyJabTYpi Ta HayIl.
Baxko HaBiTh mepeliuuTH IMeHa HayKOBLIB,
YUYUTEINIB, MUCHMEHHUKIB, JIKapiB, IHXKEHEPIB, SsKi
CBOIM NPHUKIAJOM, CYMJIIHHOIO Ipalelo, MY>KHICTIO
Ta OOpOTHOOI0 CTBOPHIIM OOJMYYS HOBOI BIACHOI
Jlep’KaBU — CaMOCTIHHOI He3anexHoi Ykpainu. Lle
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T€ TOKOMIHHS, fKe MEPEXHIO JUXONITTA BIMHU Ta
MOBOEHHOTO Tiepiofdy, sKe He Oyno 3apaxeHe
ChOTOICHHMMH BaJiaMH PO3BHUTKY CyCIUIbCTBA. 3apa3
JTUBHUMHA 30aI0ThCS Ta 0E3KOpUCIIUBICTD,
JOOpO3HYWINBICTD, TOJIEPAHTHICTh, OOpOTHOa 3a CBOI
MepeKOHaHHsI Ta i/1eau.

Kageopa MCC y 1997 p. — cmosamo y 1 psaoy:

LB. beiiko, @.I. I'apawenrxo, M. D. Kupuuenxo,
M. . Jlenexa, B.M. . Byonuk, 1.1. Xapuenko; 2 pso:
I'l. Kyoin, BA. Cmosn, ILM. 3invko, B.P. Kyusan,
10.B. Kpak, B.1. [lempyx, B.A. Bucoywvxuii,
O.M. bawnsakos; CcUosmy: H.I. Tpebina,
JLT. Aoacybeit, O.I. Ilasniouenxo, H.I. [lasudenko,
A.I'. Baiininenxo, 2K.1O. Benornocosa.

Cnmcoxk BUKOPHCTAHUX JKepes

1. Cyugacmi wMeromu Ta  iHOpMamiiiHi
TEXHOJOTil  MaTeMaTHYHOrO  MOZACTIOBAHHSA,
aHamizy W onTUMI3alii CKIaJHUX CHCTEM:

Moworpadis. / [3a penakuieto @.I". Taparmienka,
I.I. Xapuenka] — K.: BunaBaudo-nonirpadiqanit
nentp «KuiBcbkuit yHiBepcuter», 2006. — 200 c.
2. Ilerpyk B.®akynsrery kibepueruxku 40.
Hapuc icropii/ B.Ierpyx - K. Il
«lndpopmaniitno-ananitnune areHTcreo», 2009. —
672 c.

3. ®opmyna BiuHocTi. Knura crmoranis /
Vxnanau: XK. byonuk. — K.: Bugapaurso TOB
«/IIA», 2009. — 184 c.

4. Tlerpyk B.L Kadenpa MOJIENIIOBAHHS
ckiramgaux  cucreM. Jlo 45-piyus 3 mHSA
3actyBanHs. HaykoBe Bumanus / B.l. Ilerpyk. —
K.: OIT «IadopmariiiiHo-aHaIITHYHE areHTCTBOY,
2014. - 168 c.
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CBOIO BHYTpIIIHIO KYJIBTYpy BOHU IEPEHECIU B
cimeline kono. I'muboky moBary 1o 0aTbKiB, JH000B
0 KIHKW, JiTeH Ta OHYKIB MOXHA 3HAUTH Yy
cnorafax ApyxuHu bopuca Mukonaiiosnua Xanuu
OnmnekciiBan byOnuk y kau3i «@opmyna Bi4HOCTI»
[3]. Tyr Mu GaunMo MOPTPET NPEKPACHOT JFOJUHH,
30i0HO1 B ycix mposiBax AyIIi, PO SKi 3ragyloTh y
KHU31 Apy3i Ta koneru bopuca Muxkonaiiopuya.

«bopuc Muxonaiiouy byonuk Oy JlroguHoto 3
BEIUKOI JiTepu. BHCOKMIA 1 KpacuBHWiA 30BHI,
PO3YMHUH, YeCHUH 1 OIaropofHMIA, BiIaHUN HaYIIi,
ciM‘i. Bin OyB cnpaBXHIM TOBapHILIEM, YOJIOBIKOM,
0aTHKOM 1 IPYyrOM THUM ITFOJISIM, SIKi OTOYYBalIU HOTO,
B mepmy dYepry — To Oynga Horo kadenpa
MOZCTIOBAaHHS ~ CKIAJHUX CHCTeM (aKyJabTeTy
KiOepHEeTHKU Kuiscpkoro HaIIOHAJILHOTO
yHiBepcutery imeHi Tapaca IlleBueHka» — unmumun
cioamu ioro apyxunu JKaaau OnekciiBHH
ByOnuk MokHA 3aBEpIIMTH CHOTragd PO JIIOAUHY,
gKa BCIM CBOIM JKUTTAM JOBENa, IO CIPaBXKHIN
TaJaHT, rmmboKa JIOAISHICTB, HayKOBa
0E3KOMIPOMICHICTh Ta UWIEAPICTh OyIIi MOXYTb
MOETHYBATHCS B OJHIN JIOACHKIH OCOOUCTOCTI.
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Heninitini ounamiyni cucmemu, onucy8ami 36UdAUHUMU OUPDEPEeHYIANbHUMU DIGHAHHAMU 3
K68AOpAmMUu4HOI0 NPAagoio YacmuHow, 3HAUWIYU WUPOKe 3ACMOCYBAHH 8 MAMEMAMUYHUX MOOeNsX
nonynayii, ekoHomixu, 6ionozii. Bonu docums adexsamuo 8i000pajicaoms OUHAMIKY NPOMIKAIOYUX
npoyecie, 8paxo8ymev o0b6MedceHicmb 001acmi NPO*CUBAHHS NONYIAYIL, 360pOMHI eghekmu &
exonomiunux npoyecax ma in.[1-2]. V oaniti pobomi 6 npunywenni acumnmomuunoi cmitikocmi
HEeHYIb08020 NOJNIOJICEHHSl PIBHOBA2U NPOBOOUMbCST OYiHKA 30idcHocmi  piweHb. Ompumani
pe3yibmamu NPOOEeMOHCMPOBAHI HA OOHIl MameMamuyHiu modeni ouxnamixu nonyaayii. OcHo6Hi
pe3yivmamu OMmpUMAHi 3 BUKOPUCTIAHHAM OpY2020 Memody JIanyHosa.

Kurouosi crosa: mamemamuuna mooenb, OUHAMIYHA cucmeMd, OupepeHyianvhi pieHAHHA, CUCHEMU 3
K8AOPAMUYHOK NPABOI0 YACUHOI.

The nonlinear run-time systems described by ordinary differential equalizations with
quadratic right part found wide application in the mathematical models of population, economy,
biology. They display the dynamics of aleak processes adequately enough, take into account limit
nature of area of residence of population, reverse effects in economic processes and other[1-2].

As known, solving systems of linear stationary differential equations can be done using a
matrix exponential, and the rate decision using the extreme eigenvalues of symmetric positive
definite matrices, included in the Lyapunov matrix equation. For non-linear dependency of the
general form similar systems do not exist. In this work two nonlinear differential equations with
quadratic nonlinearity of the general form considered. Systems recorded in the universal vector-
matrix form [3,4]. It is assumed that the linear part of the system is asymptotically stable.
Calculation of "guaranteed stability of the region” and assessment estimates the convergence of
solutions in this area is carried out using a quadratic Lyapunov function. Calculate the total
derivative of a quadratic Lyapunov function. The inequality for the derivative of the form, "like™ on
the scalar Riccati equation. The solution of the inequality and, consequently, to assess the rate of
inequality for differential equations with quadratic right-hand side of the general form of the plane.
In the second part, we consider a system of differential equations "quasi-linear type." Systems of
this kind are the "extension™ linear time-invariant systems. In ecological models suggest they study
in a limited area of populations residing. The estimates of the convergence of solutions "quasi-
linear" systems with initial data from a small neighborhood of the zero equilibrium position.

Basic results are got with the use of the second method of Lyapunova.

Key words: mathematical model, dynamic system, differential equalizations, systems with quadratic right
part.

Crartio npencraBus A.T.H, pod. [apamenko @.I".
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1. Ouinkn 30iKHOCTI
KBaJPaTHYHUX CHCTEM HA MJIOLIMHI.

Hnst  ckanspHOro  JuQepeHIialbHOro
PIBHSHHS 3 KBaJApPaTHYHOIO IPABOI0 YaCTHHOIO
(piBustHHS BepHymm)

x(t)=—ax(t)+bx?(t), a>0, b>0
po3B’s30k 3amaui Komm X(O) = X, Ma€ BUTJIA]
X(t)Z axoeiat i
a—bx,[l-e™
Obnactio CTIMKOCTI € HamiBiHTEpBa
—ow<x<a/b. Jlns cucrem mudepeHianbHUX

pilieHb

piBHAHb (HaBITh Ha IUIONIMHI) AaHAJOTTYHHA
pE3yNbTaT BiICYTHIH.
Posrisiremo cHCTEMY 3BHYAHUX

mudepeHiaTbHUX — pIBHSHb Ha IUIONIMHI 3
KBaJPaTUYHOIO TPABOI0 YACTHUHOK, 3aIHCaHy B
BEKTOPHO-MaTpHYHOMY BUTIIsI [3,4]

X, (t) = ag % () + 23, %, (t) + by X7 (t) +
+ 203, % (t)x, (t) + bz x5 (1),
X, (t) = @y X, (t)+ 855X, (t) + b X7 (t) +
+2b5% ()X, (t)+b5x3 (t). (1.2)
[Nepenumiemo ii y BeKTOpHO-MaTpU4Hil HopMi y

BUTJISIL

x(t)= Ax(t)+ X (t)Bx(t), (1.2)

A=|:a11 alZ} 82{81} Blz|:blil bilz}’
ay ady B, b, bz
b2 b2
B, :{ i 122} xT(t)z{XlT(t),XzT(t)}’
b b

- a0 G )

0 0 (1) %, (t)
Xl(t)J
x(t)= . (1.3)
O
JocmimkeHHs  CTIMKOCTI  HYJIBOBOTO  CTaHy

piBHOBaru OymeMO TMPOBOJUTH 3 BUKOPUCTAHHSIM
kBampatuuHoi ¢yHkiii JlsmyHoBa V(x): X" Hx .
SKmo MaTpuisd A aCUMITOTHYHO CTiliKa, TO MpH
OyIb-sKiil ToJaTHO BU3HAUCHINH MaTpulli C

C c
C= |: 11 12i|
ClZ C22

MaTpuiHe piBHAHHA JIsmyHOBa

ATH+HA=-C (1.4)

© O.4.Xycainos, C.B. Kamparos, 2015
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Ma€ €IWHUN PO3B’A30K - JOJATHO BHU3HAYCHY
Matpuio H

H = |:h11 hlZ i| )
h12 h22

[loBna moxigHa ¢ynkuii JlsnyHoBa B cuity
cuctemiu (1.2) mae BUTIISA

SV (x(t)=

dt
_— (t)[(A+ XT(1)B) H+H(A+XT (t)B)}x(t).

Abo

%V(x(t)): X (Rfc - (BT X {)H + HXT ()8 )x(t)=
Cu Cp
= —(x (t) x. (t _
OO} )
Xl(t) 0
b111 b112 b121 b122 X, (t) 0 hyy oy
bllz b222 b122 b222 0 Xl(t) h,  hy
0 %)
by, by
_{hll hy, :|{Xl(t) Xz(t) 0 0 } by, b3 y
hlZ h22 0 0 Xl(t) X2 (t) b121 b122
b2 b2
2 D

o)

I mnst moBHoOi moxignoi ¢ynkuii JlsmyHoBa Oyne
MaTH Miclie HEPiBHICTh

V) (©)- 2B I 09

ac

1
|H|=)“max(H)=E{(h11 +h22)+\/(h11_h22)+4h122 }’

|x(t)| = x2(t)+x2(t),

1
Jin (C) = E{(Cn +022)_\/(011 —Cy )+ 4] }’

18] = {2 (B” B)}% - {zmax (BlT B, +B, B, )}y .

O6nacTio CTIHKOCTI HYJIbOBOI'O CTaHy PIBHOBAru €
BHYTPILIHA YacTHHA TIOBEPXHi piBHA QYHKIIT
JlsamynoBa V(x) =r>0, sKa 3HaXOAUTHCS

BcepeIuHi 00acTi
Gy ={xeR":C-B"XH -HX"B >0,
A€ M4 CUMBOJIOM
C-B"XH-HX"B>©

(1.6)
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pPO3YMI€ETBCST  JJOJATHA BU3HAYCHICT MAaTPHIIL. BukopucroByroun nosHayenss (1.8) nepenumemo

3aminumo ymoBy (1.6) Oumem  «rpy0Ooro». (1.10) y Burmsi

Ockinbky, B cuWily OOpaHUX MaTpUYHUX 1 dv (X(t )) |B|(p 3

BEKTOPHUX HOpM Oy/ie BHKOHYBATHUCS T —7(H WV (x(t)+ mv 2(x(t)).
min

X (t) =[x(t).

e . Bupaz (1.10) € HepiBHICTIO «THMy pIiBHSIHHS
TO 00J1aCTh «rapaHTOBAHOD» CTIMKOCTI Ma€ BUIJIS

3
G, = rTrl;':lox{Gr G, c GO}, Bepaymni». Po3mintumo i Ha V % (x(t))
G, ={xeR":x"Hx<r?} (1.7) Qrpraco
re : ' ' 3 _ Blp(H
SIk BumMBae 3 Iiel 3ameXHOCTI, miIA \Y % M+ 7(H )‘/ %(X(t))ﬁ ZM-
BHU3HAYEHHS «MaKCHMaJbHOI» o0macTi cTiiikocTi at Amin(H
cnin nomicturn eincoin X' HX = r’ Bcepemmny MMosuaunsmm V % (X(t)) = Z(t), 3aTIHIIEMO
chepu  pagiyca R=4_ (C )/2|H ||B| i dz(t) | |(p
«pO3TATYBATU» I —» 00 JIO TUX WIp, OKH EJIIIC He B 2? 7(H)z(t)< W '
TOPKHETHCS chepH. . "
PosrisiHeMo owiHKY 301KHOCTI pO3B’S3KiB 3incH
cucremd  (1.2), TOYaTKOBI  yMOBH  SIKHX dZ_(t) 1 (H)2(t)> - |B|(P(H )
3HAXOJIATHCS BCEPEANHI 00JIACTI CTIHKOCTI. dt 2 N A (H '
Teopema 1.1. Hexaii matpuus A cucremu Posp’ L
oo . . 03B’SI3yl0YM  OTpHUMaHy  HepiBHiCTH  (3a
(1.2) acumnrornyHo criiika. Toxi s po3B’sI3KiB : o .
aHaJIOTIEI0 3 JTHIAHEM HEOJJHOPITHUM

cuctemu (1.1), 10 3a70BOJBHAIOTH MOYATKOBUM

PIBHSHHSM), OCPKHMO
yMOBaM

(H) e (H) 200> | 5(0)— o [Ble(H) ]e;y(H)t N
MOl gy )=o) (‘){ O W 1)

— ]’min (C) |B|(p(H ) .
Mae MicIe Hac }/f:ij ou?g;xa(?6Z>;HOCTi - h }/(H A (H )
|x(t) < N [lincraBuum V 72 (x(t))= z(t), omepxumo

< 7(H Ao (H)[X(0) _ V%(x(t))z{v%(x(o))—z Ble(H) ]
[/(H)-2BJp(H )x(0 )]eZy(H + 2|Blp(H ) x(0) (HN2n (5

1
G |Bleo(H
1 xe 2 + 2—.
Ain (H) = 5 {(hn +y )_\/(hll —hy, )+ 4h } y(H W Amin (H)
(1.9) 3Bigcu

Jlosedenns. Buile mnoka3zaHo, IO JUIA - Blo(H "
NOBHOI ~ MHOXiAHOI  KBajgpaTWyHoi  (yHKIii \Y % (x(t)) <3|V % (x(0))- ZM e 4
JlasmynoBa B cmity cucremu (1.2) mae wmicue V(H ) Arin (H )
HepiBHiCTh (1.5). Ockinbku ¢ynkuis JlsmyHoBa
KBaJpaTUyHa, TO JUIs Hel Mae MiCIie TBOCTOPOHHS 42 |B|(p(H )
HEPIBHICTh KBaJAPaTUUHHUX (Hopm y(H )W 2Amin (H)

2 2

Armin (H )X| <V (X) < Anax (H )|X| . (1.10) 3HOBY BHMKOPHMCTABIIM JBOCTOPOHHI HEPIBHOCTI

I HepiBHicTh (1.5) MOXKHA TiepenucaTy y BUTIIS KBaJPaTUIHUX (OPM, OTPHMYEMO

Hals % (X(t))S{V H(x(0)-2 .JBWﬁj] A

)y v (x(t) B
- e 2 g ) ZMH'B'%} ‘
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|Blp(H)

= {mem (1H Jx(©) ? y(H W2 (H)
Blo(H) }

1
]e G

W ()

7(H 200 (H)X(0)

Zy(H
[ (H)-2Blo(H (O E2""" +2[Blo(H x(0)
Takum yHMHOM, AJIS pO3B’S3KIB X(t) cuctemi (1.2)
X, €G,, Oyne
cripaBeINBa OIliHKa 30bkHOCTI (1.8).
2. CucreMu «KBa3UTiHIHHOTO BHIY».
Opniero 3 mepmmMx  MaTeMaTHYHHUX
MoOJIeTieH, ONUCYBaHUX ndepeHiaTbHIM
PIBHSHHSIM 3 KBaJIpaTHYHOIO MPABOI0 YACTHHOIO
Oyna mozens @epxroibera. Bona Mana BUIISLT
x(t)=[a+bx(t)]x(t).
[i MmoznepHizaiero 6yna mozens Jlotku-BonsTeppa
TUIYy «XIDKak-kepTBa». BoHa sBisna coO0r0
CHCTEMY IBOX PiBHSHBb 3 KBaJIpaTHYHOIO MPABOIO
YaCTUHOIO
X(t)=[a+by(t)x(t), y(t)=—[c+dx(t)ly(t).
PosrisiHeMoO cucTeMy 3 KBaIpaTHYHOIO MPaBOIO
YACTHHOI 3arajbHOro BUIALY (KBa3UIiHIIHY
CHCTEMY)

% (t)= [au +bix, (t)+ Zbllzxz(t)]x(t)’

; 2 2
) Xz(t)z [azz + Zblle(t)+ by, X, ]Xz (t)
I mokHa 3amucatu y Buriami (1.2), e BiamosiaHi
MAaTpHIII MAIOTh BUTIIS]T

3 MMOYaTKOBMMU  YMOBaMU
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{Bl} Bl{blll bllz}
B, b, 0

g, {bﬁ bfz]
bf, 0

Martpuune piBasuHus JIsnyHosa (1.4) Mae BUTTIST
2a,,hy; =—Cyy, (au +ay )h12 =—Cyp,
22,0y, =—Cy.
IMoknapum C; =C, =€ >0, ¢, =0, orpumaemo

hy, =-c;,/2a,, h, =0, hy =-cy,/2a,, .

YMOBOIO  CTIHKOCTI ~ CHCTeMH  JiHIHOTO
HaOmkeHHs € a; <0, a, <0. Sk BunnmBac i3
zanexHocreit (1.5),

C c

)m((H)zmz';lx{——11 ——2 }
28, 2a,
c
Ain(H)= max{—zcl—l,—zi} , Ain(C)=C,
8y 8
%

b
e

By = (blll )2 + (bllz )2 + (b121 )2 + (blzz )2 ;
By, =byjbi, +bibS, By, = (bllz )2 + (blzz )2 :

c

y(H)=—"=.
A (H)
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ehexmusHa

Local-field intensity calculation of infinity-long nanostripe on the surface with excited surface plasmons
is proposed. Calculation is performed using Green’s function method in the frame of concept of effective
susceptibility using near-field approximation. The method of analytically calculation of effective
susceptibility of two-dimension nanostripe was considered. The main characteristic of the proposed
approach is maximal using analytical calculations. Obtained results are universal and could be able to
calculate local-field intensity of any low-dimension rectangular nanostripe with any aspect ratio or material
of nanostripe or surface. The local-field intensity distribution near infinitely-long nanostripe was
numerically calculated. For calculations was chosen silicon nanostripe placed on the gold surface with
linear dimensions: width — 100 nm, height — 100 nm. Obtained distribution is unsymmetrical and highly
inhomogeneous with “hot spots” (local field enhancement) on the nanostripe surface.

Key Words: plasmon polaritons, surface waves scattering, effective susceptibility, semiconductor
nanostripe

Crartio nipeacraBus J.¢.-m.H. CkpunieBcekuii B.A.

Introduction. Surface plasmon polaritons (SPPs)
are electromagnetic surface waves propagating along
metal-dielectric interfaces with their intensity
maximum in the surface and exponential decaying
perpendicular to the surface [2]. In recent years SPP
propagating features has been intensively studied.
Theoretical research of SPP scattering [3, 5] shows
how to calculate scattered field intensity far from the
scatterer. But sometimes we need to know local-field
distribution near the scatterer. For calculation SPP
scattering by some nanoobjects we need to solve
Maxwell’s equations [1], but this is quite

© 0. JI. Xunbko 2015

difficult task. Of course, we can use numerical
methods such as Finite Difference Time Domain
(FDTD) method [4], but it requires huge
computational resources.

In this article theoretical study of SPP scattering
by infinitely long nanostripe using Green’s function
method is presented. The main characteristic of the
proposing approach is maximal using analytical
calculations. Calculation is performed using concept
of effective susceptibility [7-8], which is a
characteristics of both nano-object and material and
it is a linear response on external field.
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The main goal of our work is to calculate
effective susceptibility of infinitely-long nanostripe
and obtain local-field intensity distribution near
silicon nanostripe.

Effective

nanostripe.
represents

L \ |/

X

susceptibility  of
The system under
an infinitely-long

infinitely-long
consideration
homogeneous

&,

SPP
&

Fig.1. Schematic of the scattering system: an
external SPP propagating along the dielectric-metal
interface (x-axis) is scattered by a rectangular
nanostripe.

nanostripe (Fig.1) placed along y-axis with
susceptibility », placed on the surface with

dielectric constant &, (in the region z <0) and upper
semi space has dielectric constant ¢, (in the region

z>0). Of cause, considered nanostripe has
determined length, but we assume that length of
nanostripe much greater than wave length and SPP
width. The response of that system on external field
can be found using Lippmann-Schwinger equation in
the frame of concept of effective susceptibility [7]:

E,(R) =E*(R) +k [dR'G, (R,R)X , (R)EX(R) (1)

R=y(x=x)?+(y-y) +(z+2)*. And effective
susceptibility is:

X (R)
X (R)= —5” ~ Sij (R) 4
()

S, (R)=k; [ dR'G, (R,R) 7, (R")

Taking into account that nanostripe is infinitely-long
along y-axis and homogeneous let us integrate eq.

(5):
Si (R)= ijkoz.[ds'.[ dy,Gij (R,R)

—00

(6)

Sy (R) = 7,k [ds'G{° (x,2,X,2) ™

where G"?D (x,z,x',2") is Green’s function (photon

propagator) of two-dimensional system with an
interface between two media and it is:

1 gll 0 ng
G (x,2,x',7') = i 0 0 O (8)
° |gu 0 9y

_ (X_XO)Z_(Z_ZO)Z K (X—XO)Z—(Z+ZO)2
(X=X +(z-2))  (x-X)*+(z+2)*)’
C))

0., = 2(x=%,)(2-2,) e 2(x=x,)(z+2,)
P =X H@-2)) (k=X (22
(10)

Gy = 2(X—X0)(Z—ZO) K Z(X_XO)(Z+ZO)
To(x=xX)+ (=2 (x-X) +(z+ 7))
(11)
(x=%)> = (z+2,)°
(x=X)? +(z+17)%)?
(12)

9u

_ (x=x)-(2-2)°
(=X + (-2

5 1 RR, where x=(g,—&)/ (s, +¢&). After all, effective
G’(R,R)=———| -5, +3—] ) L ; _
i 4rkiR®| Y R2 susceptibility can be easily analytically calculated.
Zij
I m_% & 1 RR X;(R)= X
Gji (RRY)= &, +é& 47Z'|(02 R® {_é‘ij +3 R? ) J 1- C11Zil ~Ca3 /a3 _OC13031111)(33 +CCas M1 Xa .
where G;(R,R’) is the sum of direct (2) and indirect ~Caln G (13)
(3) part of Green’s function with near-field 4 0 1 0
approximation [8], R"={x,y',-z%} and Caly 0 1-Cumy
—arctan[ £ Zl}+arctan[ £74 ]+arctan( £- 22]—arctan( e )+
1 X—X, X—X, X—X, X — X,
c,(X,2) = (14)

27 ( ( Z+1,
+x| arctan
X=X

Z+12
—arctan 1
X=X,

7+12 Z+12
— x| arctan| ——=2 |—arctan 2
X=X X=X,
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C13(X: Z) =i

1
Cy(X,2)=—

1
Cy(X,2) = Ey

Here, x,,X,,2,,z, are coordinates of the sides of the

nanostripe (Fig.2.). In addition, it should be noted
that X, = y,, which corresponds to a bulk material.

Z| 4

Z

Fig.2. The coordinates of the sides of the
nanostrpipe.

Numerical calculation. Let us consider the case
when external field is surface plasmon polariton
(SPP) that propagating along x-direction and
perpendicular to the nanostripe that leads to SPP’s
scattering. Using eq. (1) we can easily calculate
response of nanostripe on the SPP. In this case
external field is [6]:

E?(R) = exp(ik

—iky,Z,2)x[Z,,01]  (18)

spp X

where SPP’s wave number is

kop =(@/C) a8, [ (6 +8,) . Z,=-i{s, 1 (-5).

Let us calculate local-field intensity distribution at
the nanostripe. For example, SPP propagating along
gold-air interface with & =-20.13+0.29i (for

A=632nm) and ¢, =1 respectively. For stripe were
used axial dimensions: h, =h, =100nm, h, much

—In((x=%) +(@=2)" )+ In((x=1)" +(z-2)" )+ In((x= 1) +(2-2,)° ) - In((x=x,)° + (- ,)*) -
4z —zc(ln((x—xl)2 H(z+z) )= In((x=%,)" + (2+2,) )= In((x=%) +(Z+2,)")+In((x- %) +(z +zz)2))

=In((x=x)*+ (2 =2, )+ In((x=%,)* + (2= 2, )+ In((x= %) +(Z -2, )= In((x=%,)" + (2-2,)° ) +
An +K(In((x— %)+ (2+2,) ) =In((x=%)" + (2+2,)° )= In((x- 1) + 2+ 2,)* )+ In(x=x,)" + (2 + 22)2))

7-12 -1 7-12 -1
arctan L | —arctan L | —arctan Z | +arctan Z |4
X=X, X=X, X=X, X=X,
z Z+72 Z+12
— x| arctan Z | _arctan 2
X=X X=X,

Z+1, z+
+xk| arctan —arctan
X—X X=X,

(15)

(16)

(17)

greater than wave length and SPP width, and
material is silicon y, =14.045+0.008i . The results

of numerical calculations of local-field intensity are
presented on Fig.3.

-100

-50 0 50
X,nm

100

Fig.3. The coordinates of the sides of the
nanostrpipe.

One can see the local-field intensity distribution
is very inhomogeneous with “hot spots” — local-field
enhancement on the stripe surface. It should be
noted, local field distribution is unsymmetrical. The
local field is lower on the front side to the surface
wave then on the opposite side

Conclusions. The method of analytical
calculation of effective susceptibility of infinity-long
rectangular nanostripe and local-field intensity
distribution is proposed. Developed approach is
universal and could be able to find local-field
distribution for any low-dimension nanostripe with
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any aspect ratio or material of the nanostripe or dimensions: width — 100 nm, height — 100 nm.
surface. The local-field intensity distribution near Obtained distribution is unsymmetrical and highly
infinitely-long  nanostripe  was  numerically inhomogeneous with “hot spots” (local field
calculated. For calculations was chosen silicon enhancement) on the nanostripe surface.

nanostripe placed on the gold surface with linear
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3a Oonomocoro cnexmpockonii kombiHayitinozo posciosanna ceimia (KPC) odocridocysanuce
CAMOOP2AHI308AHI CMPYKMYPU HA NOBEPXHI 2ePMAHIio, AKI YMEOPHEAIUCH NIO OI€I0 BUAPOMIHIOBAHHS
YAG:Nd nazepa. Bussneno 3cye cmye 6 cnekmpax KPC y nusbxouacmomuy obnacms, aKuti iHmepnpemosano
SAK NPOs8 KEAHMOBO-pOIMIPHO20 ehexmy Ha GoHnouax. 3a memodom Pixmepa nposedeno mooenroganms
cnekmpie KPC o0na Hamoxkpucmanié pisHux posmipie. Auaniz meopemuuno po3paxoeanux ma
excnepumenmanviux cnexmpie KPC 003601use oyinumu po3mipu HAHOKPUCMANIG HA NOBEPXHI 2epMAaHiio
nicas aazephoi 0opoodku, siki ckaaau 3,3 HM.

Knouosi cnosa: kombinayitine po3citosants ceimia, HAHOCMPYKMYpa, KBAHMOBO-POIMIPHULL eghexm.

Self-organized structures on the germanium surface have been formed under the YAG:Nd powerful laser
irradiation of 1.06 um wavelength. Obtained quasi-periodic structures on Ge surface are characterized by
submicron period of about 700 nm. These structures have been studied using Raman spectroscopy. Raman
spectra are measured with DFS-24 double-grating spectrometer under the Ar” laser excitation line of
514.5 nm. The observed shift of the Brillouin zone-center optical phonon in Raman spectra to low-frequency
region by about 5 cm™ are interpreted as a manifestation of a quantum size effect on phonons. The modelling
of Raman spectra for different sizes of nanocrystals based on Richter’s method and the estimation of sizes of
nanocrystals on Ge surface are carried out. Frequencies of Raman lines in nanocrystalline germanium
calculated from the known dispersion relation in Ge crystal are compared with the measured lines
frequencies. That allows to estimate characteristic sizes of the features on treated surface that provide
confinement of phonons as 3.3 nm. Thus, in addition to the methods of scanning electron or atomic-force
microscopy Raman spectra measurements permit with sufficient accuracy to characterize the nanosized self-
organized structures on the surface, which has complex morphology after laser processing.

Key Words: Raman scattering, nanostructure, quantum-size effect.

CrarTio nipeficTaBuB 1.¢.-M.H., pod. Makapens M. B.

Beryn MUTAaHHS BIUTUBY IPOCTOPOBOTO OOMEKEHHS Ha
BJIACTUBOCTI (OHOHIB B TaKUX HAHOCTPYKTYpax
HaITIBIPOBITHUKIB Ta Ha OCOOJIMBOCTI E€JIEKTPOH-
(hOHOHHOT B3a€EMOJIii B HUX.

Y poboTi AOCHiIKyeTbCsI HAHOCTPYKTYpa Ha
TTOBEPXHi KpHCTaTy repMaHilo, sIKa €

Ha croromnimmiit yac CTBOPIOETHCS Bee OLTbINa
KUTBKICTh TIPHJIAJIIB T4 CTPYKTYP, SIKI MAIOTh PO3MIp
nopsaaky 10-100 A um  Menme, 3 MeTol ix
BHUKOPHCTAHHSA B  ONTOENEKTPOHII. BuHUKae

© C.C. Bosnenko, . M.JIMuTpyk,
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CaMOOPT-aHI30BaHOIO Ja3epHO-1HIyKOBAHOIO
MIKpOCTPYKTYpOIO,  OTpHUMaHO0  Tpu  ¢oTo-
CTUMYJIbOBAaHOMY  JIOKaJIbHOMY  HAarpisi 3a

JOTIOMOTOI0 IMITYJIbCHOTO JIA3€PHOTO OMPOMIHEHHS.
TeopeTn4Ha YacTHHA

OxavH 3 MOXJIMBHX MEXaHI3MiB YTBOPEHHS
i€l  CTPYKTYpH  TOB’S3aHMM 3  YacTKOBUM
MEPETBOPECHHSIM eHeprii J1a3epHOTo
BUNPOMIHIOBaHHSI B €HEPTil0 TMOBEPXHEBOi XBUII,
3aBASKM auQpakiii Ha HAIBHUX MEPIOJUYHUX
rparkax [1]. Pe3oHaHCHUMM TIpaTKaMu € BHIAJKOBI
HepiBHOCTI penbedy, sKi y T 49d 1HImIN Mipi
nputamaHHi Oynb-skiii moBepxHi. [lpum mocraTHii
IHTCHCHMBHOCTI ~ BUIPOMIHIOBaHHS  BiAOyBa€eThCs
HEpIBHOMIpHHMI TiAIrpiB cepeloBHINA i, BUKIMKAHE
HUM, 30UIBIICHHS BHCOTH PE30HAHCHOTO pelibedy
BHACJIIJIOK TEIUIOBHX IPOIIECIB HA TIOBEPXHi [2].

[3.4]
IbTEpHATHBHI MoJeni (QOpPMyBaHHS CTPYKTYp -

B nmitepatypi O3S IA€ThCS JBI

TeIioBa Ta Ila3MoBa. TermmoBa Mojenb [3]
0a3yeThcsl Ha IBUAKIHM nepeaadi eHeprii i3 cucTeMu
rapsuMx HOCiiB B rpaTtky. [lpm BHCOKiH TycTuHI
€Heprii JIa3epHOTO IMITYJIBCY MPHUIIOBEPXHEBUH IIap
ToBIIMHOK 50 —500 HM IIaBUTBCSA, TOOTO, Mae€
Micuie ¢dazoBuil mepexim mepmoro poxy. DpoHT
po3MiaBy IIBHAKO PYXae€TbCsl BiJl  MOBEpPXHI
BcepeauHy 3paska. Ilpu 3BopoTHROMY pyCi QpoHTY
PO3MJIaBy 0 HMOBEPXHI IMiJ 4ac OXOJIOMKEHHS 3pa3ka
Mics 3aKiHYEHHS IMITyIIbCy BiJOYBAEThCS TMPOIIEC
ABTOETIITaKCIi.

Y mma3moBiii Monem (a3oBuil mepexim TBepIe
TiJIO - piHA BUKJIMKaHUI “3M’SIKIIEHHSIM
MONEPEYHUX AKYCTUYHUX (POHOHIB B KOBaJEHTHHX
HaMIBIPOBITHUKAX TMPH 3POCTaHHI KOHLEHTpaLil
€JICKTPOH - JIIPKOBOI IJIa3MHU. Lei edekT
3YyMOBJIGHHMII THM, LI0 KOJM TIpH TMepexondi i3
BAJEHTHOI 30HM B 30HY IHPOBIIHOCTI €JIEKTPOH
MEPEXOANTh i3 3B’ 3yI0UOTO CTaHy B
aHTU3B’ A3yIOUNnH, KOBaJICHTHUH 3B’SI30K
nocna0moerbes. Edext “3m’skmenHs" aKyCTHUHHX
(OHOHIB MOXE€ NPHUBECTH TAaKOX A0 3MEHIICHHS
TEMIIEpaTypH TUIaBIeHHS [4].

Sk enexkTpoHHI, Tak i (OHOHHI 30Yy/KEHHS B
HaHOCTPYKTYpax edexTy
MIPOCTOPOBOIO  OOMEKEHHST (KBAHTOBO-PO3MIpHHUI
edexT). B KOMUBAIBHUX CIEKTPaX HAHOKPHUCTAJIB
e(eKTH PO3MiIpHOTO KBAaHTYBAHHS HPOSBIAIOTHCS SIK
B 00JaCTi aKyCTHYHHX, TaK 1 ONTHYHUX KOJHBAHb.
Hepenmukuit  00°’eM  KpHCTANIYHOI  CTPYKTYpH

BiJUyBAalOTh  BIUIUB
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NPU3BOAUTH 1O  BHPKEHOTO  KBAaHTYBaHHSI
KOJIMBAIBHUX CTaHiB B 30HI bpimmoena, a wmami

po3Mipu  HAHOYTBOPEHb €  (pakTOpoM,  SIKUH
MPU3BOJUTL JO 3HATTA MpPaBWI BigOOpy IO
IMITYJIBCY.

CdopmoBaHi CTpyKTypH Ha MOBEPXHI T€PMaHifo,
SIKUH JTOCHIKYEThCST Y POOOTI, OYJIM OTpHMaHi MPHU
ONpOMiHEHI 3pa3ka BumpomiHioBaHHIM YAG:Nd
nmazepa. BHacmimok camoopraizarii Ha IOBEPXHI
Oyma cdopmoBaHa JBOMIpHa TpaTka 3 TOYKOBOL

rpynoro cumerpii Cei[5].

Huns JIOCITi JDKCHHST HAHOCTPYKTYpH
BHKOPUCTOBYBABCS METOJT CTHEKTPOCKOTTIT
KoMOiHamiifHOTO  poscitoBanHs  cBitma  (KPC),

OCKUTHKH BiH JIO3BOJISIE OCHTH MPOCTO JOCHIIATH
crieKTp (POHOHIB 1 BH3HAYUTH BIUTUB PO3MIPHOTO
0OMEKEHHS.

ExcnepumeHTaIbHA YACTHHA

Kpwucran repmaniro 0yB ompominenuit YAG:Nd
Ja3epoM 3 JOBKHWHOK XBWJI BUIPOMIHIOBAaHHS
1,06 mxMm. [loBepxHSI OMpOMiHIOBaNach iMITyJbCAMHU
3 TpuBamictTio 15HC, mepiogom 12,5Tm Ta
IHTEHCHUBHICTIO 30 MBT/cM>. ITig bi§(30)
BUIIPOMIHIOBaHHS Ha TIIOBEPXHI TepMaHilo Oyna
chopmoBaHa KBa3i-liepioInvHa CTPYKTYpa,
MopdoJoris kol Oyna TociiKeHa 3a JIOIOMOTO0
ONITUYHOTO MIiKpOCKOTIA. BukopucroBytoun
oTpuMaHe 300pa)keHHsI C(HOPMOBAHOI CTPYKTYpH
(puc. 1), OyJ0 BHSABIEHO TEPiON CTPYKTYpH -
npu6au3Ho 700 HM.

KPC 30yKyBaJHCS
BHUIIPOMIHIOBAaHHAM HETEPEPBHOIO aproOHOBOTO

nazepa JITH-503 3 goxunoro xpuii 514,5 awm.

Crnexktpu

Puc. 1. Mikpodotorpadis 3paska.
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Cnexktpu KPC peectpyBanucs
AaBTOMATH30BaHOTO CIEKTPAJbHOTO KOMIUIEKCY Ha
06a3i cnekrpomerpa [ADC-24. B cnekrpomerpi
BUKOPUCTOBYETbCA MOJABIHHUNA MOHOXpOMAaTop 3

3a O0IIOMOI'0IO

JOJaBaHHAM nucrepcii. Jucnepryrounm eaeMeHToM
€ nBi omHakoBi mudpakmiiai rpatkr 1200 mT/™MM,
sIKi 00€pTaloThCS 3 OJHAKOBOIO KYTOBOIO HIBUAKICTIO
BIIHOCHO  3araJlbHOTO  IeHTpy. LleHTpampHMit
MIPOMIHBL TIONaJae Ha OOWIBI TPATKH IiA OIHUAM
KyTOM, YHACIiIOK TIOABIHHOTO  PO3KIAIEHHS
MiIBUIIYETBCA ~ YUCTOTAa  CHEKTpPY Ta  BABIi
301BITYE€THCS JTiHIHA AUCTIEPCisl.

[IpoBomunace peecrpamis cnektpiB KPC Bix
00’€eMHOTO TepMaHito (IS IOTO BUKOPHUCTOBYBABCS
TOpeIb 3pa3ka) Ta BiJ MOBEPXHi 3 HAHOCTPYKTYPOIO.

B cmektpi KPC o06’emHOr0 repmanito Oyna
3adikcoBana cmyra KPC 304 cm™. B crmekrpax
pO3CISTHHS ~ BiJ TIOBEPXHI 3 HAHOCTPYKTYpOIO
cnocrepiranock 3MimeHass cmyru KPC B oGmacts
MeHmmX XBmwiIboBHMX umcen (cmyra KPC Ha
299.3cm™") (puc. 2). Ionibna BenMuMHA 3CYBY
CBIMUATH TPO Te, IO Ha 0OpoOJeHId TOBEpXHi
MIPUCYTHI CTPYKTYPHI OCOOJIMBOCTi, PO3MIpH SKHAX
BIJIMOBiTal0Th HAHOMETPOBOMY [lialla30HY, a came,
HAHOKPHCTAIM 3 XapaKTEPHUM PO3MIpOM MOPSAKY
JIEK1JIbKOX HAHOMETPIB.

& - =
- g
&
. |
2
i
=
2
=
=]
=
[*]
=}
7
=
=
260 270 280 290 300 310

Pi3HHLS XBHIBLOBHX YHCe, cM™!

Puc. 2. Cnextpu KPC: 1 — Bij 00’€MHOT0 repMaHito,
2 — BiJl HAHOCTPYKTYPH Ha TIOBEPXHI 3pa3ka

3a  momomoror  Mmoxmenmi  Pixtepa  [6],
BHKOPHUCTOBYIOUH IHUCIIEPCIHHY 3aJICKHICTh YaCTOTH
(oHOHIB B XBHIBOBOTO BekTOopa (q) Oymu
po3paxoBani cuekTpu KPC mist psay HaHOYaCTHHOK,
Ta MoOyIoBaHa 3aJEKHICTh TOJIOKEeHHS MKy KPC

BiJl pO3Mipy 4acTHHKH (pHc. 3).
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Bukopucrana Mopenb ONUCYE KOJUBAaJIbHUN
cTaH HaOOpOM TapMOHIK 3 PI3HUMH XBHJIHOBUMH
BEKTOpaMH ( 3 IHTEHCHBHICTIO, $IKa OIHUCYETHCS
¢ynukuiero ["ayca.
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PizHHUS XBHJIBLOBHX YHCET, CM™
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Po3mip HaHOKpHCTATY, HM

Puc. 3. 3anexnicts monoxeHus miky KPC Big
pO3Mipy HAaHOKpHCTaIa

Cnektp,  OTpUMaHHUU
HaMONMMKIe ONMUCYETHCS PO3PAXOBAHUM CIIEKTPOM
JUIE 4acTHHKH po3MipoM 3,3 HM (6 eleMeHTapHHX
KOMIPOK y3710BK OjiHi€l oci) (puc. 4). B HaOmmxeHi
chepuunoi  30HuM  bBpiuntoeHa  KOHTYp  JTiHIL
KOJIMBAHHS, IO  CIIOCTEPIraeTbCcs  OMHCYETHCS
CYNEPIO3UIIEI0 OKPEMHUX JIiHIA Ha JUCKPETHUX
9YacTOTaX ONTUYHOI T1JIKH 3 BATOBUMH MHOKHUKAMH,
SIKi 331aF0ThCS THUTIOM JIOKami3allii oHOHA B cdepi.

CKCIICPUMEHTAJIBHO,

[HTEeHCHBHICTD, B.O.
=
e Tl
-

296 298 300 302 304 306
PisHHIS XBHJILOBHX YHCET, CM!
Puc. 4. PospaxoBani cmnektpu KPC Ha

HAaHOYAaCTHHKax po3mipoM 3,3 HM (TIyHKTHpHA
JiHisT) Ta Ha 00’ €MHOMY TepMaHilo (CyLiJibHA JiHis)
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BucHoBku

B pesynbraTi ekcnepuMeHTaIbHUX TOCTIIKEHb
cnektpiB KPC camoopranizoBanoi CTpyKTypu Ha
MOBEPXHI TepMaHilo, sIka YTBOPHJIACH MICIIA Ja3epHOl
00poOku, BuABIeHO 3cyB miky KPC vy
HU3BKOYACTOTHUM OiK, IO IHTEPIPETYETHCS SK
KBaHTOBO-PO3MipHUIT eekT Ha poHOHaxX. bepyun mo
yBaru 1ieil epexT, MOKHa 3pOOWTH BHCHOBKH TIPO
HasIBHICTh HAaHOKpUCTANiB Y  chOpMOBaHii
CTpykTypi. 3a Meromom PixrTepa, skwii BpaxoBye
MIPOCTOpOBE 0OMEXeHHs (POHOHIB B HAHOKPHCTAITI,

Cnncoxk BUKOPUCTAHUX JzKepeJt

1. Femtosecond laser-based fabrication of a new
model material to study fracture / [A. Weck, T.
Crawford, A. Borowiec Ta in.]. // Applied Physics A.
—2006. — Ne86. — C. 55-61.

2. Ripple formation during deep hole drilling in
copper with ultrashort laser pulses / [A. Weck, T.
Crawford, D. S. Wilkinson Ta in.]. // Applied
Physics A. —2007. — Ne89. — C. 1001-1003.

3. Medvid' A. Self-organization of 2D lattice on
a surface of Ge single crystal after irradiation with
YAG: ND laser / A. Medvid, A. Mychko, P.
Onufrievs. // Microelectronics Journal. — 2008. —
Ne39. — C. 237-240.

4. Kurz H. Fundamentals of pulsed laser
irradiation of silicon / H. Kurz, L. A. Lompré¢, J. M.
Liu. // J. Phys. Colloques. — 1983. — Ne44. — C. 23—
36.

5. Bok J. Plasma assisted melting of covalent
semiconductors / J. Bok. // J. Phys. Colloques. —
1983. — Ned4. - C. 3.

6. Richter H. The one phonon Raman spectrum
in microcrystalline silicon / H. Richter, Z. P. Wang,
L. Ley. // Solid State Commun. — 1981. — Ne39. — C.
625.

2015, 4

BulletinofTaras Shevchenko
National University of Kyiv
SeriesPhysics&Mathematics

pO3paxoBaHO BHECOK (DOHOHHHUX CTaHIB y CHEKTP
KOMOIHAIIfHOTO ~ PO3CISHHA  Ta  MOOYIOBaHO
po3mipny 3anexHicte JniHid KPC. TlopiBHsHHS
EKCIIEPUMEHTAILHOTO Ta PO3PaxOBaHOTO CIEKTPiB
KPC no3Bonmwiio BH3HAUUTH, IO Ha OOpOOJICHIM
Ja3epoM TTOBEPXHi repMaHiio MIPHUCYTHI
HaHOKPHUCTAIH 3 XapaKTEPHUMH po3MipaMu 3,3 HM.
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B yiti pobomi oocnioacyromuvca eracmusocmi manux CdSe xnacmepis, wo Oyau cuHme308aui y 600HOMY
po3uuni 3 L-yucmeinom 5K noeepxuesum JNicaHOOM, OJd NOOANbUIO20 BUKOPUCIIAHHA 6 0i0N02TUHUX
docnidvicennsix. Buseneno egexmu Ooecmabinizayii nanoxnacmepie (HK) npu s3uuocenni 3uauenns pH 3
JIYIHCHO20 00 HelumpanvbHo2o i kuciomuozo. [ocuioxceno nosedinky HK npu 36epicanni y nampieso-
dochamnomy 6ygepi npu ¢hizionoeiunomy pH 7,5. Buasieno egexmu uesnaunoi decmabdinizayii HK ma
BHAYHO20 CNAOAHHS [HMEHCUsHOCmi omonmominecyenyii. Jna niosuwenus sckpasocmi HK euxopucmaro
2iopoginvnui ananoe ociny, wo npusgeno 00 3poCmanHs inmencueHocmi pomonominecyenyii na 70%.

Knouosi cnosa: nanienpogionukosi nanokiacmepu, L-yucmein, pH, pomontominecyenyis.

This paper deals with the investigation of the properties of small CdSe clusters formed by the one-pot
synthesis in an aqueous solution with L-cysteine as a surface ligand for further use in biological research.
Theoretically estimated small sizes of nanoclusters (NC) of 1.2-1.5 nm are proved by the method of atomic
force microscopy (AFM). It is found that NC exhibit destabilizing effects with the decreasing of pH value
from alkaline to neutral and acidic, that is followed by the decreasing intensity of the 420 nm absorption
peak. Time-dependent behaviour of NC in the sodium phosphate buffer (PBS Ix) at physiological pH 7.5 has
been observed by means of optical spectroscopy measurements. According to the decrease of intensity of the
420 nm peak of absorption destabilization of NC has been detected as well as significant decrease of
photoluminescence intensity. In order to increase the NC brightness in these conditions hydrophilic
analogue of phosphine Tris(2-carboxyethyl)phosphine hydrochloride solution (TCEP) has been used. Almost
70% increase of photoluminescence is achieved.

Key Words: semiconductor nanoclusters, L-cysteine, pH, photoluminescence.

Crartio npencrasus akanemik HAH Ykpainu, a.¢.-M.H., npod. Bynasin JLA.
iHpopMmaliito Tpo iHAWBiAyaneHI Mojekymu [1].

MiTKH, 110 BUKOPUCTOBYIOTHCS AJIs1 Ol0JOTiYHHX
JOCHI/DKEHb, MalOTh 33JOBOJILHATH HACTYIHI YMOBH:

Beryn

SBume Qmroopecnenii, BHepIIe OMuUcaHe B

1852 pomi I'. CTokcoM, MIMPOKO TOCTIIKYBaJIOCh B 1) crienmdiume 3B’ T3y BAHHS 3 06’ €KTOM
19 cropiyui. Biyno BI/ISIBiJ'IeHO, mo Oararo perBiI/IHE JocHipKeHHS; 2) Mammii po3Mmip, O  He
BIUIIOYAIOMH MiHEPIbHi KPUCTANH Ta HEOPraHiMHi  poneiicomuae  HopMambHOMy — yHKIHOHYBAHHIO

cnonykwu, (moopeciitoroTs. [lounnatoun 3 1930-x
pOKiB, BHKOpHUCTaHHS  (pmroopodopiB  Halymo
IIMPOKOro 3acTOCyBaHHsA B Oiojiorii. [losiBa HOBHX,
SICKpaBUX Ta BHUCOKO CHEIU(IYHUX MITOK CIPHSIIO
PO3BUTKY (yHKITIOHATBHOT (hmroopeciieHTHOL
Mikpockomii. HoBi Meromu Mmikpockorii BHCOKOT
pO3MiIBHOI 3MATHOCTI JAlOTh 3MOTY OTPHMATH

00’exTa; 3) sckpaBa ¢uiroopecieHilis; 4) HasBHICTb
MUTOTIHHS Ta BHCOKa (HOTOCTAOUIBHICTh, IO
HEOOXI1THO JUIs IETKUX METOJIiB MiKPOCKOITii BUCOKOL
pO3IiIBHOI 3MAaTHOCTI; 5) OioJIOTiYHA CYMICHICTB.
3BuyaiiHi opraiuHi (Groopodopu Maii Ta SICKpaBi.
Ane 3a3Buuail  BOHM Majo cneuudiuHi Ta
MOTPeOYIOTh CKIAHUX TEXHIK MapKyBaHHS, 0 TOTO

© L.B. JIucosa, H.I. bepe3oBcbka,

LM. Imutpyxk, 2015 209


mailto:igor_dmitruk@univ.kiev.ua
mailto:igor_dmitruk@univ.kiev.ua

Bicnux Kuigcbko2o HayioHanbHo20 yHigepcumenmy 2015, 4 Bulletin of Taras Shevchenko
imeni Tapaca Illeguenka National University of Kyiv
Cepis Qizuxo-mamemamuyni HayKu Series Physics & Mathematics
xK MaroTh HU3BKY ¢otocTabinpHICTE. TeMmmeparypi. Jias BHUMIPIOBaHHS CHEKTPATbHHUX
OmoopecuenTHi  mpoteinn, Taki sk Green BinactuBocTed mpu pisHux pH, po3unn HK Oys

Fluorescence Protein (GFP) Ta fioro moxinHi MaioTh
BHINY CIenuQigHICTh, aje po3Mip ONM3BKO 5 HM
oOMeXye MOXIIMBOCTI 1X 3acTocyBaHHi [2].
HamiBrmpoBiTHUKOBI KBaHTOBI TOYKH, BiJHOCHO
HOBUHM THIT MITOK, MalOTh BHCOKY IHTEHCHBHICTb
BurpoMiHtoBaHHA. Cnermdiune 3B’3yBaHHA Ta
Oiomnoriyna CYMICHICTB 320€3MeUyI0ThCS
(hyHKITIOHATI3AIIEI0 TTOBEPXHI HAHOKPHCTANIB. AJe
pO3Mip KBaHTOBHX TOYOK, TOTOBUX JIO 3aCTOCYBaHHS,
— 01m3bKo 15-20 HM 3HAYHO 3BYKY€E MOXKIMBOCTI 1X
BUKOPHUCTAHHS JiJIs1 010JIOTIYHUX JOCHIHKEHD [3].
HemonaBno Oyno moxazano [4], mo 1 He

KpHUCTaNIYHi hopmu HAITiBIIPOBITHUKOBUX
HaHo4acTHHOK, Taki s;k CdSe nanokmactrepu (HK)
3MaTHI  BHUIIPOMIHIOBAaTH  CBITJO, ajie  MaroTh

HaJ3BUYAHO Mali po3Mmipu mopsaaky | am. Kpim
toro HK wMarTh By3pKi MiKM TOTJIMHAaHHA Ta
¢dotomrominecuentii (OJI), momiOHi 70 opraHigHMX

¢mroopodopis  [4,5,6]. Hosrmit wac  Oyma
AKTyaJIbHOIO npobiiemMa BHUT'OTOBJICHHS
MaKpOCKOITIYHOI  KIIBKOCTI ~ KJIACTEPIB  OJHOTO

po3MIpy TpU HPOCTOMY IMOCIIZOBHOMY CHHTe3i. B
2010 poui M.C. Ilapk i3 cmiBaBTOpaMH CTBOpPHUB

METOJl CHHTE3y KJIacTepiB 3 TOYHO BiJIOMOIO
KIUIBKICTIO aTOMIB Y BOJHOMY po3unHi [4].
Hanssuuaiino maii Ta ¢doTocTabinbHI

HAHOKJIACTEPU MPH MOAAJbININA (QyHKI[IOHATI3AIIT Ta
MacwBallii MOBEPXHI MOXYTh CTaTH TOTYXHUM
3acoboM gns  mikpockomii. i  Toro, 1100
MEPEBIPUTH MOXIIMBICTh BHKOPHUCTAHHS KJIacTepiB
CelleHily KaJMilo SK (DIFOOPECHEeHTHUX MapKepiB,
HaMu OyJIO TOCIHIPKEHO iX CHEeKTpalbHI BIaCTUBOCTI
Ta cTabinbHICTh Y ocdaTHOMY Oydepi, mpu pizHUX
pH ta npu nogaBanHi GpocdiH-MiCTKHUX JiraHiB.

O0’eKT NOCTINKEHHS TA eKCIIEPUMEHT

B maniii po0OTi JOCHIKYyBalUCh CIEKTPaJbHi
BinactuBocTi CdSe HK, sxi cknanarotsbes 3 33-34 map
aTOMIB KaJIMil0 Ta CeJeHy, BKPUTHUX JiraHaom L-
nucrein. CuHTEe3 KiacTtepiB y BOAHIA  asi
MPOBOJUBCS  TIOCHIZIOBHUM  JIOJABaHHSIM  Ta
MepeMilllyBaHHSIM TPEKYypPCOPIB CelieHy, KaJMilo Ta
jmiraHay — Opd  KIMHaTHIA — Temmeparypi  Ta
aTMOC(EpHUX YMOBax 3TiIHO METOJAMKH paHille
ormucanoi B poboti [4]. Bigpasy micis jomaBaHHS
OCTaHHBOT'O0 peareHTa PO3YMH KJIAaCTEepiB IMOYMHAB

KOBTITH. [Ipn MOJATBIIOMY J03piBaHHI
HaHOYACTHHOK, PO3UKH HaOyBaB O1IBIII
IHTEHCUBHOTO  KOBTOTO  Koibopy. CrabimpHui

po3unn HK 30epiraBcs y TeMHOTI mpW KiMHATHiH

po3BeneHnH y chiBBigHOMIEHH] 1:9 Oe3nocepeanbo y
BOi, 3 pe3ynsTytounM pH 10 ta y 37,5 MM po3unHi
NaOH 3 pH 12. Iloganbme 3HwxeHHs piBHS pH
NPOBOAMIIOCS TMOCHIAOBHUM nonaBanHsM 0,1 M
po3unny HCI. s nochimxennas BmactuBocteit HK
mpu  (QisiomoriuroMmy  3HadeHHi pH,  Oymo
npurotoBano 1:15 po3uumn HK y cranmaptHOMY
Hatpili-pocharanomy Oydepi PBS 1x (Lonza), mo
BHKOPHCTOBYETHCS B OI0JOTIYHUX ITOCIIHKCHHSIX.
Po3unn Tpic (2-kapbokcietnn) ¢ocdiny (TCEP) 3
¢dinanpHOIO KOHIEHTpamiero 200 MM B HaTpiid-
dbochaTtHOMY oydepi OyB MIPUTOTOBJICHHIA
0e3nocepeHO0  Teped  BUKOPHCTAHHSAM,  JJIs
3amobiranHs okucieHnHto. Jlo po3umny 1:15 HK y
PBS 1x mocmigoBHO momaBaidv IO 5 MIKpOIITPiB
200 MM pozumny TCEP, mo Bigmoimae 25%
KOHIIGHTpAIlii BK€ HAsSBHOTO Yy pO3uUMHI jJiraHma L-
nucteiny. s BUMipIOBaHb Ha aTOMHO-CHIJIOBOMY
MIKpOCKOIII po3BeAeHHH Yy cmiBBigHOmeHHI 1:50
posunn HK OyB HaHeceHuii Ha aTOMapHO TJIAAKY
MIOBEPXHIO CIIFOJIU Ta BUCYILIECHU.

HocnimkenHs cnekTpaibHuX BiaactuBocTeir HK

HPOBOJTUITUCH npu HOPMAJIEHUX YMOBaX.
BumiproBanHs  criekTpiB  (uUIFOOpecIeHIii  0yJio
BUKOHAHO Ha cnekTpoduroopumerpi HORIBA

Scientific FluoroMax-4, criekTpiB MOTTMHAHHA — HA
cnekrpodorometpi Agilent Cary 4000. OrpumanHs
300pakenns HK ta BumiproBanus po3mipy HK Oyio
BUKOHAaHO 332  JIOIOMOTOK  aTOMHO-CHJIOBO{
Mikpockorii (ACM).

Pe3ynbTaTtn T2 00rOBOpeHHs

CriocTepekeHHsT 3a JIO03piBaHHSAM KIJIACTEPIB y
yaci TPOBOAWIOCH 32  JIOIIOMOIOK0  CIEKTPiB
normHanHs HK y  pi3Hi  MOMeHTHM — micis
npurotyBaHHs. [lojoxeHHs Tika MOTJTWHAHHS Ha
noBxkuHl xBuin 420 HM BIANOBIZa€ YaCTUHKAM
miametrpom 1,22 HM, 1m0 OyJo  OI[IHEHO 3a
emnipuaHoo Gopmyioro [7]. Poamip HK Takox Oys
MiTBEPDKEHUH 3a T0TIoMOror Mmetoauku ACM.

Hpuponniit pH pozumny HK 12, 3zaBasku
Bucokiii konneHtpamii NaOH (37,5 MM). ns
OiosoriyHux gociijxeHb 3HadeHHs pH mae Oytu B
Mexax 7-8, TOMy MH JOCHiAMIN CTaOiIbHICTH
(TTOJIOKEHHS Ta THTEHCHBHICTH MKy MOTJIMHAHHS) Ta
SICKpaBicTh  (IHTEHCUBHICTh  (DOTOIFOMIHECIIHIIIT)
knactepiB npu 1-12 pH. fx BugHOo 31 cmekTpy
TOTJIMHAHHS Ha puc. 1 a, 3Ha4yenns pH B mexax § -
10 HesHayHO AecTabili3yro€ KjacTepu, ajieé IOBHE
pYHHYBaHHS BUHHKA€E TP 3aKUCIICHHI PO3UnHY. AJie
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HaBiTh He3Ha4He 3HWXKeHHs pH posuuny 3 12 mo 10
BUKIIMKA€  3HA4YHE  3HIKEHHS  IHTCHCHBHOCTI
¢dotomominecuinmii HK s mikis 430 ta 545 Hwm.

Bracimigoxk 1mx aBum iHTEHCUBHICTE DJI
3HIDKYEThCSL Maibke B jaBa pasu. OCKUIBKH
necrabinizamist HK npu ¢izionoraynomy 3navenni pH
BUSIBWJIACS HE3HAYHOIO, OYyJ0 JIOCHIDKEHO CTaH
HAaHOYAaCTHHOK PO3BeAeHUX y pochatHOMy Oydepi y
qaci (puc. 2). 3rigHo crektpy noriuHanus, HK y
po3unni 3 pH 7,5 HaBite miciags 16 romuH
3HAXOJIUIINCS Y BITHOCHO cTaOlibHOMY cTaHi. Takox
HE3HaYHI KOJIUBaHHS IHTEHCHBHOCTI Ol
CIOCTEPIraIuCh MpHU 30epiraHHi MPOTArOM Yacy Bin
0xB mo 60 xB. Ane 3HaxomkeHHs HK y po3uwmHi 3
pH 7,5 mpotsirom 16 TOQWH BUKIMKAIO Pi3KUH Criaj
inTeacuBHOCTI DJI.
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Puc. 2. Cnextpu nornunanus (a) ta oromominecuenuii (6) CdSe HK y PBS y yaci

Hns nmoxpamenns sickpaBocti HK, mo 3nHauno
cnazana npu 3HmwkeHHi pH 1o ¢izionoriuxHoro piBH,
0e3 3HauHOi jecrtabimizamii Oyno BHKOPHCTAHO
rizpodineuuii ananor ¢ochiny TCEP (puc. 3). B
npucyTHOCTi 0,33-1,4 MM konnentpanii TCEP mik
nornuHanHg HK Ha 420 M 3cyHyBCcs 10 435 HM Ta
3MEHINWBCS Mo iHTeHcHBHOCTI Ha 10% (amB.
puc. 3 a). IlocrymoBe 30iNbIICHHS KOHIICHTpAIIil
TCEP Buknukano 3poctanss intreHcuBHOCTI DJI, sika
npu 100% TCEP Binpi3Hsinack BiJ NOYaTKOBOi Ha
70%. 3poctanHs sickpaBocti HK mpu konTtakTi 3
¢dochinamMu Moke OyTH BHUKIMKAaHO CTBOPEHHSIM
3B’S3KIB 3 aTroMaMu CejieHy, I0 3amolirae BTparti
3apsIiB 3 MOBEPXHI HAHOYACTHHOK.
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Puc. 3. Cnextpu mornuHanHA (a) Ta doromominecteHtii (6) CdSe HK y matpii-pocharanomy Oydepi

mipu pizHuX KoHneHTpanisx TCEP.

BucHoBku

JocnipkeHo BIacTUBOCTI HaIiBIPOBIIHUKOBHUX
HAHOKJIACTEPIB Y BOJHOMY pO3YMHI, NpPU PIi3HUX
3HAYCHHSIX pH. Bimnocna CTaOUTBHICTD
HAHOKJIACTEPIB Yy PO3BEJCHOMY CTaHi Ta TpH
MEHIIUX BiJ MPUPOIHBOTO 3HaueHHsX pH no3Bonse
BUKOPUCTOBYBaTH HaHoyacTHHKH CdSe sk 6a3y ans
CTBOPEHHSI HOBHX (DIFOOPECIIEHTHUX MITOK JUIs
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OcobsmBocTi  onTHYHUX  BJacTHBOCTed | Features of optical properties of the lithium
JITiA-repMaHaTHOro CKJIa Ta | germanate glasses and glass-ceramics in the
CKJIOKepaMiKH Yy BUANMIli 00J1acTi criekTpa visible
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byno oocniooceno spasku LiO - xGeO, (x = 7, 11.5) y mpvox cmauax: cKio, CKIOKepamixa ma
noaikpucmaniyna cmadisi. 3a O0onomozcoiw enincomempa JIED-3M 6yno eusnaueHo enincomempuuti
napamempu A (3cye ¢paz) ma ¥ (asumym sionosnenoi niniinoi noaapusayii). 3 yux oanux 6yi0 po3paxosano
3HAYEHHA NOKA3HUKA 3a10MAeHHA ma Kyma bpiocmepa ona ecix munig 3paskie. @omonominecyenyis
docniodoicysanaca Ha cnekmpomempi CIJI-2M, 6ci 3pasku Xapaxkmepuzyiomvcsi CEIUeHHAM V SUOUMIll
obnacmi cnexmpa. Ompumani pe3yromamu Oyiu NOPIGHAHI 3 AIMEPAMYPHUMU OAHUMU MA 3 OAHUMU NPO

CIMPYKMYpPY 3PA3KIG.
Kniouosi cnosa: nimiii-eepmanamue cKo, enincomempis, HOKA3HUK 3AJIOMIEHHS, CKIOKePaMiKd.

The structures based on the germanate glasses were intensively studied last years. One of the most
popular substances of the family is lithium germanate of Li;O-xGeO; composition. The Li;O-xGeO, (x = 7,
11.5) glasses were synthesized by quick quenching of the melts. Three types of the samples were prepared
using several stage of heat treatment: initial glasses, intermediate glass-ceramics and polycrystalline stage.
The ellipsometric investigations were carried out on a 632,8 nm wavelength of LEF-3M compensatory zero
ellipsometer. In the process of measuring the ellipsometric parameters such as phase shift A between the
orthogonal component of polarization vector and azimuth ¥ of the restored linear polarization were
determined the refraction index and the Brewster’s angle for all samples. The photoluminescence data were
measured on SDL-2 spectrometer. All samples under study are characterized with intensive PL in visible
region of the spectra The obtained results were compared with known literature data about Li,O-xGeQO,
glasses and with morphology data.

Key Words: lithium germanates glass, elipsometry, refractive index, glass-ceramics.

Crartio npeacTaBus 1.¢.-M.H., mpod. Makapeus M. B.

Beryn repMa"aTHuX cTekon ckimany LiyO-xGeO,. Bimomo,
mo TepMidyHa 0OpOOKa BHUXITHOTO CKJa JO3BOJISIE
OTpUMyBaTH  rerepodasHi  CHoykd,  Gi3u4HI
BIIACTHBOCT] SKWX BU3HAYAIOTHCA (Ha30BUM CKIAIOM
i mopdomnoriero. bymno mokazano, mo y cragil

CTpyKTypH B OCHOBI SIKHX € T€pMaHAaTHE CKJIO,
AKTHBHO JOCIIIKYIOTBCSI OCTaHHIM yacoM. OaHUMUA
3  HaWNOMYyJSIPHIIIMX €  CiMEHCTBO  JiTii-

© JI. B. Tlomepenko, M. I1. TpyGiruH,
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JaCTKOBOI KpHcTaiizamii (CTaH CKIIOKepaMiKu) i0HHA
CJICKTPOIIPOBIIHICT € 3HAYHO BUIIOI0 HIXK Y CKJIa Ta
nomikpuctaniunoi ¢aszu [1, 2]. [Ipunyckaerbes, mo
e MoXe OyTH TOB’S3aHO i3 3MIHOIO CTPYKTYpH
3pa3kiB, a camMe 3 TIOSBOI BEIMKOI KUIBKOCTI
3apOJKiB BHOPSIIKOBaHOI (a3 Majoro posMmipy y
TIPOMIKHIN cTaii.

B miii  pobOTI IOCTIKYBAIHMCS  ONTHYHI
BIIACTHBOCTI CKJa Ta criokepamiku Li,O-xGeO,
(x=17, 11.5), Taki K MOKa3HHUK 3aJIOMJICHHS Ta KyT
Bproctepa. Takox Oyiro g0CTiHKEHO JTIOMIHECIICHTHI
BJIACTUBOCTI JITiH-repMaHaTHOTO CKJa Ta
CKIIOKEPaMIiKH. OTtpumani pe3yabTaTH
CIIIBCTABILUIMCS 3 JAHUMH IIOJ0 BHYTPIITHBOL
OymOBH 3pa3KiB.

Mertoauka BUTOTOBJIEHHSI 3pa3KiB Ta
NpoBeIeHHsI BUMIpPiB

JocmimkyBaHi 3pa3ku Oyl OTpUMaHi METOIOM

HIBUIKOTO rapTyBaHHsS posmiaBiB  Li,O-7GeO,
(cTexiomerpuunmii  ckian) Ta  Li0-11.5GeO,
(HecTeXiOMETPUYHUN  CKJIaZ]) MK  XOJOTHHUMU

MeTaneBuMu IuiactuHamu [1]. PazoBuil ckiag y
nporueci KpHCTaTizamii JOCIIKYBaBCs 3a
JIOTIOMOT00 T(hepeHITiaTbHOTO TEPMITHOTO aHATI3y
—  peectparii  pi3HUII TeMIIepaTyp MIXK
MOCITI/PKYBaHUM  3pa3kOM Ta ETaJIOHOM TMpH  iX
OHOYACHOMY HarpiBaHHI Y OXOJIODKCHI.

Ilpy mepmoMy  HarpiBaHHi  CKila, TIpH
temnepatypi T,=785K, mnounHaeTrsca mpouec
po3crexiryBanHs. [lpy mopanmeioMy HarpiBaHHI Ha
nmepuBarorpami  (QiKCyeTbcs  1gBa  abo  TpH
CK30TEPMIYHUX TMiKa I CTEXiOMETPUYHOTO i
HECTEXIOMETPHUYHOT0 ckia BixnosigHo (puc. 1). ITik
mpu T; =840 K croiBBiTHOCHUTHCS 3 YTBOPCHHSIM B
amopduiit ¢a3i GeO, BHOpsAKOBaHUX oObOIacTEH
Li,Ge4Oy (cxnokepamika). Bumie T, = 915 K

Tg lTl Ty Ty
) :
£ |exo : :
= 0 H
. i
E K
= :
i
! | 1 1 ! | 1 |
700 800 900 1000 1100
T,K

Puc. 1. /lepuBaTorpama s ckjia CKJIaay
leO - XGCOz/
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BimOyBaeTbcsi  3HuUKHeHHS  ¢asum  LiGe,Oy i
OCTaTOYHO  Kpucramizyetbcs  ¢asza  Li,Ge;,Oi;s
(momikpucran). Ilik T;=1090 K cnocrepiraerbes
TUTBKH  JUIS ~ HECTEXIOMETPHYHUX  3pasKiB 1

MOB’SI3aHUM 3 KPUCTANi3aLi€l0 HAIMIIKIB aMOpPHOT
¢azu GeO,.

Kpucramizarmis ckira Moxke BigOyBaThCs JBOMaA
croco0aMy:  HarpiBaHHAM  Cckiia  abo  #oro
BUTPUMKOIO TIPOTSATOM IIEBHOTO 4Yacy 3a cTanoi
temnepatrypu B iHTepBami Mk T, Ta T,
(i3oTepmiunmii MmeTon) [2].

B wmii poOoti pocmimKyBamucs MOJipOBaHi
3pa3ku ckia (a), ckiaokepamiku (b) i momikpucranu
(¢) crexioMeTpUYHOro  CKjJIamy, MO0  Oyiu
KpHUCTaNi30BaHi METOJJOM HarpiBaHHs Ta 3pa3KH CKJa
(d) i ckmokepamiky (e) HeCTEXiOMETPUIHOTO CKIIaLYy,
KOTpi Oy KpUCTaTi30BaHi 130TEPMIYHAM METOJIOM.

Pe3yabTaTi BUMipIOBaHb Ta iX 00roBOpeHHsI

[onspuzaniiiai ONTUYHI BUMIpIOBaHHS
MIPOBOIMINCS Ha 0araTOKyTOBOMY EJIIICOMETPi
JIE®-3M-1 Ha oxHiii HoBxuHI XBUIl A= 632,8 HM
npu KIMHATHIN Temneparypi.

Busnauennss kyra bBproctepa BimOyBamocs 3a

JIOTIOMOT'OF0 BUMIPSTHAX SIITICOMETPUIHIX
rmapaMeTpiB TakuX SK: A - 3cyB a3z MikK
KOMIIOHeHTaMu Tnoisgpusanii i ¥ -  asumyt

BiHOBIIeHOI JiHIAHOT momspu3amii. [lo BuMipsHUM
3raueHHsM A 1 W Oyno 3HalineHo kytu bprocrepa Ta
3HAYCHHS IUX KYTiB 3 MIHIMQJIBHUM a3WMYyTOM IS
HaIIUX JOCIIIKyBaHUX 3pa3KiB.

Pesynpratn  emincoMeTpHYHUX ~ BUMIPIOBaHBb
HaBeneHo Ha puc.2. Jna kxyra bBprocrepa
BUKOHY€ThCSI yMOBa COSA(Qg,) = 0, 3a 1i gormomororo
3 3anexHocTed cosA(@) Oylo BH3HAYEHO KYTH
Bbproctepa.  BUKOpPHCTOBYIOYM  CITiBBITHOIIICHHS
n =1tg s, Oyd0 BH3HAYEHO IMOKA3HMK 3aJOMJIECHHS
CepeloBUINa Yy BHAWMIN 007acTi CHEKTPY Ha
NOBXWHI XBHI1 A = 632,8 aM. OTpumaHi pe3ynbTaTi
HaBeJICHO B Ta0. 1.

Buano, mo HecrexiomerpuuHi 3pasku d Ta e
MaioTh ONU3bKI 3HAYEHHS IMOKAa3HWKA 3aJOMJICHHS:
ng=1630 i n.,=1,623. Ilpu 1wpomMy, mus
BIJMOBIIHUX CTEXIOMETPHYHHX 3pa3KiB a Ta b,
3HAUYCHHS MTOKAa3HHUKA 3aJIOMJICHHS MEHIII: n, = 1,522

in,=1,603.

Tabnuns 1
3Ha4YeHHs N Ta Qp, JOCIIPKYBAHUX 3pa3KiB
3pazox n OFp, °

a 1.522+0.003 56.69+0.01

1.603+0.003 58.05+0.01
c 1.688+0.003 59.36+0.01
d 1.630+0.003 58.63+0.01
e 1.623+0.003 58.37+0.01
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YV pob6orti [3] Oymo mociimkeHo (ha30BHI CKIad
Ta 3HAYCHHS MMOKA3HMKA 3aJIOMJICHHS Ul CHUCTEM
Li,O - xGeO, (ne x — MoisipHa YacTka). 3HauCHHS
MOKa3HWKa 3aJOMJICHHA BH3HAYAIUCS METOIOM
netporpagivHoi MIKpOCKOIii. 3a UMUA JaHUMHU IS
ckna ckimaay Li,O-7GeO, 3HaueHHS MOKa3HHUKA
3aJJOMJIEHHSI CTaHOBHMTL Ny—7 = 1.699+0.001, a nmus
HECTEX10METPUIHOTO CKJIa Li1,0-11.5Ge0O,
115~ 1.665+£0.001. Sk BumgHO OTpUMaHI HAMU
3HAa4YeHHS TOKa3HUKA 3aJIOMJICHHS € MEHIIMMHU 3a 11,
1 KO TSI HECTEXIOMETPHYHUX 3paskiB ¢ Ta d
PI3HULA € HE TyXe BEJHMKOIO, TO AJIs 3pa3ka a BOHA €
cyrTeBoto. Lleit pesymbrar as 3paska €, iMOBipHO,
TIOB’ I3aHUIA 3 THM, 10 IIEH 3pa30K € MOTIKPUCTAIIOM.

MoyHa TpUIYCTUTH, IO 3pa3oK a Mae
MOKA3HUK TIOTJIMHAHHA, K, BIAMIHHUH Big HYyJ,
gepe3 M0 3alekKHICTH COSA((Q) € ToNoroio, a
3anexHicte tg¥(@) B MiHIMyMI He mpsMye [0
HYJAbOBOTO 3HAUEHHS Y TMOPIBHSHHI 3 I1HIIMMHU
3pa3kaMud. B TOH jKe wyac 3pa3soKk a € JOCHUTh
Mpo30pUM y BUAWNMOMY Jiama3oHi, 1 TOMy,
OYEeBHJIHO, JUIst HOTO Kk = 0.

3 pesynbpTariB BHMIpiB Ans 3pa3kiB ¢ Ta d
MOXKHa  OauWTH, 10 3HAYEHHS  I[TOKA3HUKIB
3JIOMJICHHS CKJIOKEpaMiK{ MEHIII HIXK y CKJIa. SIKIo
i JaHi eKCTPANOIIOBaTH HA CTEXiOMETPHYHI 3Pa3KH,
TO MOXKHA TPUIMYCTUTH, IO MOKA3HUK 3aJIOMIICHHS
3pazka a Mae Oytm OimpmuMm 3a 1.600. Te o,
OTpUMaHi 3HAYEHHS N MEHI 32 JIiTepaTypHi MOXHA
MOSCHUTH HACTYTHUM YHMHOM. SK Bimomo, mpu
TIOJTipYBaHHI TIOBEPXHI MU HE OTPUMYEMO ieaabHy
IUIOIIMHY 1 BoHa OyJge MaTH MEBHY IIOPCTKICTE.
TakoX TpU LBOMY YTBOPIOETbCS Tak 3BaHHUN
«TOPYIICHUH Mmapy», TOOTO I dYac MEXaHIIHOI
00pOOKH TIOBEPXHEBHMM IAp PEUYOBHHU YACTKOBO
nepopMyeTbcst 1 32 CBOEID  CTPYKTYPOIO
BIJIPI3HAETHCS BiJl CTPYKTYPU PCUOBHHM Y TIIMOMHI
3pazka [4, 5]. CunbpHE X BIIXWJICHHS JUTS 3pa3ka a
MOJKJIMBO TIOB’S13aHO 13 BHKOPHCTaHHAM IHILIOTO
abpaszuBy, a0o i3 3a0pyAHEHHSM IOBEPXHiI 3pa3Ka
OpraHiYHUMH PEYOBHHAMH.

[Monory 3anexHicTh COSA(Q) AJIs LBOTO 3pa3Ka
TaKO)K MOXHa Oyno O moOB’s3aTH 13 HasSBHICTIO
METaJeBUX  JIOMIIIOK, ajié  CHEKTPOCKOIIYHI
TOCITIIKEHHS TTOKa3aJld BiICYTHICTh TaKHX Y IIbOMY
3pa3ky, TOAi SIK Yy 3pa3kax b Ta ¢ wMmeromom
JIOMIHECIICHTHOTO aHajlizy, HaMH OyJ0 BHSIBJICHO
HasBHICTH ioHIB Cr’* (prc. 3). SIKIIO 5k BBaKATH, 1110
JOMIIIKH HE BIUIMBAIOTH Ha PE3yNbTaTH BUMIPIB, TO
MOKAa3HUK  TOTJMHAaHHS  3pa3kiB  k  Moxe
301BITYBaTHCA Y HACTYITHOMY TIOPSIIKY: € — d — ¢
—b —a.

Crniextpu momiHecueHnii Oynu 3amucani Ha
cnextpomerpi C/JI-2 mpu kKiMHATHIA Temmeparypi,
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JOKEpeIoM 30y KEHHS OyB JTa3ep 3 JOBKUHOIO XBHITI
Asg =532 M. CriekTp 3pa3ka a Ma€ LIHUPOKY CMYTY
cBiueHHs y paiioni 550-700 um. 3pazok b Takox mae
IIUPOKY CMYTY CBIYEHHS y IbOMY [iama3oHi, aje
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Puc. 3. Cnextpu moMiHECTICHITT 3pa3KiB
a, b Ta ¢, A;5 = 532 HM, KIMHaTHA TeMIepaTypa.
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OpU IbOMY y HOTO CHIEKTpi 3’sBISIETHCS JiHIS Ha
TOBXHMHI XBWII 696 HM. Y CHEKTpi 3pa3ka ¢
CIIOCTEPITAIOThCS TIOTYKHI JIIHIT HA JOBXUHAX XBHIIh
669 Ta 696 M. B poboti [6] mocmimkyBanacs
nrominectenmis fonis Cr' y crexmax Li,0-7GeO,,
ne Oyno moka3aHo, IO y BUXIIHOMY CKJIi CBIYCHHS
R-nminili XpoMy He cIOCTepiraeTbcs, a € TUIbKU
mupoka cmyra cigenns 680-750 M. Ilg cmyra €
THMOBOIO st Howie  Cr't y  ciabkomy
OKTa€IPUYHOMY I10JIi, Y IbOMY BUIAJIKy — L€ ToJe
KHCHEBHUX OKTaeNpiB, B MEHTPI SKWX, HA MicIi
repMaHilo  3HaXoAAThCS  HOHM  Xpomy. llpm
HACTYIIHOMY TIPOTpiBi 1HTEHCHUBHICTb L€l CMyTu
3MeHmryBanacss 1 3’sBiusummes R-mimii. s Hammx
3pa3kiB b Ta ¢ TakoX MOXKHA cCroOCTepiraTu
3pOCTaHHs IHTEHCUBHOCTI LUX JiHii. Ae y cnekTpax
3pa3ka a BincyTHI gk 1 R-minii Tak i mmpoka cmyra
680-750 HM, TOMy MO’KHA BBa)KaTH, 110 y B LIbOMY
3pasky itonn Cr’* BigcyTHi.

Cnucok BUKOPHUCTAHHUX KEPET

1. Boauancexuti M. J]. TemnoBele u
SIIEKTPUYECKHE CBOWCTBA  CTEKJIIOKEpAMHKH  Ha
ocHOBe renTarepmanata Jmtus /0 M. L

Bomusuceekuii, A. A. Hectepos, M. I1. Tpyoumprs. //
®usuka tBepaoro Tema. — 2012, — Ne54. — C. 889-
890.

2. Hecmepos A. A. MetacTabMIBHOE COCTOSTHUE
crexiokepamuka  Li20-11.5GeO2 ¢ mnoBumeHoi
anekTponpoogHocThio / A. A. Hecrtepos, M. II.
TpyOunsn, HA. M. BonusHcekuii. // ®usmka
TBepaoro Tena. —2015. — Ne57. — C. 668—673.

3. Murthy M. K. Studies in Germanium Oxide
Systems: I, Phase Equilibria in the System Li20—
GeO2 / M. K. Murthy, J. IP. // Journal of the
American Ceramic Society. — 1964. — Ne47. — C.
328-331.

4. Macnos B. [Il. DuaurncoMeTpudecKre
WICCIIETOBAHUS MEXaHUYEeCKUTIOINPOBAHHBIX
00pa3moB HEKOTOpHIX omThueckux crexon / B. IL
Macnos, B. A. Omapuu. / OMIL. — 1983. — Ne3. — C.
60-61.

5. Odapuu B. A.  DnaumncoMeTpuvecKue
WCJICAOBAHHS MMOBEPXHOCTHOTO CJIOS MOJIMPOBAHOTO
ontuyeckoro crekna / B. A. Ongapuy. / Ontuueckuit
xKypHai. — 2008. — Ne75. — C. 79-86.

6. JIFOMHHECICHIHS TIPHMECHBIX HOHOB Cr’' B
HaHOKpHCTaNax u kimactepax Li2Ge7015 B muTHeBo-
repmanaTHbix creknax / T. H.Bacunmesckas, A. A.
Kammsaeepkuit, A. b. Kymuakun, C. I1. ®eodmmos. //
®usuka tBepaoro tema. — 2003, — Ne45. — C. 914—
921.

2015, 4

Bulletin of Taras Shevchenko
National University of Kyiv
Series Physics & Mathematics

BucHoBku

MeTonoM KyTOBOi emincoMmerTpii IJisi 3pasKiB
JTIH-TEepMAaHATHOTO CKJIa Ta KPUCTATi30BaHUX 3
HBOTO KepaMmik Oyll0 BH3HAYCHO IOKa3HHUKH
3aJIOMJICHHS, 3HAYCHHS SKUX JIeKaTh y MEXKax Bif
1.52 mo 1.69. Y a3l ckiokepaMikKud ITOKa3HUK
3aJIOMJICHHS MCHIIMH HDK Yy CKIAHOI  (asm.
BigMmiHHICTE Bif JNiTEpaTypHUX AaHUX, MOXe OyTh
OB’ s13aHAa 13 MIOPCTKICTIO TOJIIPOBAHUX ITOBEPXOHbD,
TaK caMo fIK 1 CyTT€BE BIAXWJICHHS 3HAUYEHHS N IS
3pa3ka a MOXXe OyTH BUKIMKAHO IHIIMMH YMOBaMH
00po0Oku Hioro noBepxHi. ToMy HEOOXiHI OAATKOBI
TOCITIKEHHS 3 ypaxyBaHHIM MOJIEICH IMIOPCTKOCTI
MTOBEPXHI.

Pe3ynprati  JTIOMIHECHEHTHUX  JIOCIIPKEHb
MOKa3alli IUPOKY CMYTY CBIYCHHS Y BHIHMOMY
niamasoHi, a TAKOXK BUSBHJIM HasBHICTH HowiB Cr'’ y
3paskax b Ta e.
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Pospaxosano ma ocnoei pos3pobaenoi 0sowaposoi mooeni ducnepciio Koegiyicnma 6i00UBAHHA 8
cnexmpanvnii oonacmi A= 0,22 — 1,2 uxm 3a KiMHamHOI memnepamypu 01 CUCMEMU OKCUO ANIOMIHIIO-
nepexioHul Wap-mMacusHull attoMiHit. BusHaueHo onmuuHi i 2eOMempuyHi XapaKxmepucmuKku nepexionoco
wapy exazanoi cmpykmypu. Odeporcani pesyrbmamu 3a008LIbHO Y3200H4CYIOMbC 3 OMPUMAHUMU HAMU
eKCnepUMEeHMAIbHUMU OanuMu Koegiyicnma O03epkanvHozo eiobusanns R(A) 6 yiil owce cnexmpanvhiil
obnacmi.

Kitro4oBi ci1oBa: 06ouaposa mooeib, OKCUO amioMIHiI0, ONMUYHI cCmai, KoegiyicHm I0OUBAHHSL.

The optical properties of aluminium oxide’s thin film — bulk metal system were modeled. Two-layer model:
aluminium oxide — interlayer — bulk metal was used in the work. Spreading light through these system was
representing in matrix form. The refractive index of transition layer n;* was deemed as a complex value
ns* = ng+iks Where nz and ks — the index of refraction and absorption of the transition layer, respectively. The
reflection coefficient’s dispersion R(A) in wide spectrum range (1 =0.2 - 1.2 nm) was calculated for dielectric-
transition layer-substrate system using two layer model. The aluminium oxide layer were applied with different
thickness (180 -600 nm). Oxide films deposited on a specially prepared surface of metal laser mirrors from solid
aluminum. The results obtained from the use of single and dual-layer models were compared and determined that
the transition layer was formed. The characteristics of this layer were determined by comparing the experimental
and calculated data in whole range of reflection coefficient’s dispersion measurements and in some areas of the
spectrum. Optical and geometric characteristics of oxide-metal system’s transition layer were determined. It was
a good agreement between calculated and measured data.

Key Words: two layer model, thin film, aluminum oxide, optical constants, reflection coefficient.

CraTTiO IpeACTaBMB NMpeaAcTaBuB A.(¢.-M.H., ipod. Makapens M. B.

Beryn 3TiIHO [5], TMOB'SI3aHUM 3 eJIeMEHTaMHU

[ImiBka nienekTpuka Ha TOBEPXHI METaJeBUX
I3epKajl TOKpallye iXHIO IPOMEHEBY CTiHKICTb,
MiIBUIIyE MEXaHiYHy MIIHICTh Ta TBepaicTts [1].
BaxmBo 3’dcyBaTH BIUIMB IUIIBKM Ha AMCIEPCiIO
koediienta BimouBanus R(A) cTpykTypm: IUtiBKa
JieJeKTpruKa-MeTaneBa ocHoBa [2-4].

[Ipu MoaeNoBaHHI BIACTUBOCTEH TaKMX CHUCTEM,
3a3BUYall, BUKOPUCTOBYIOTHCS BIJOMI 3aJIe)KHOCTI
koedilieHTa BiNOWBaHHSA BiJ ONTUYHHUX CTAJIUX
TUTIBKY 1 MeTaiy. Sk Bimomo [5], mommpenHs cBiTia
Yyepe3 MIapyBaTi CHCTEMH MOKHA IPEACTABIATH B
MaTpHU4Hii Gopmi.

B zaranpHOMYy — BHNAAKY  aMILUTTYIHHUHA
KoeQIlIEHT BiNOMBAaHHS IIAPYBAaTOr0 CEPEIOBHIIA,

© B.C. Cramyk, B.B. Ctykanenko,
0.0. Ilomenxko, 2015

XapakTepUCTUIHOI MaTpui My CIiBBiAHOIIEHHSIM:

r— (Myy + My, P, ) Pe — (Myy + My, Py ) ,
(mll + m12 poc) pc + (m21 + m22 poc)

(1)

Je m; eneMeHTH Mmarpuui My, pPs=NsC0SO, S —
IHIAEKC, 110 XapaKTepu3ye, BIAMOBIAHO, ¢ —
CEpeIOBHILIE, 3 SIKOTO MMajae CBITIIO, OC - OCHOBY, Ha
SIKy HAHECEHO MOKPHUTTS, N — IMOKA3HUK 3aJIOMJICHHS
cepenoBua, O - KyT magiHHS.

Hns  oonowaposoi cuUCTeMU  NICICKTPUK —
MACMBHHN MeETal EIEMCHTH XapaKTEePUCTHUHOT
MaTpHIl € JIHCHUMHU BETHIMHAMHY 1 PO3PaxyHOK I' HE
BUKJIMKA€E TPYIHOIIIB [6].

VY 0sowaposiii MozieTi CUTYaIlist YCKIIaaHIOETCS [7].
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3pas3ku. Meton BuMiproBannsi. MeToanka po3paxyHKy

3pa3ku  OTpUMaHi MUIAXOM PO3MOPONTYBaHHS
OKCHJIy aJIOMIHII0O MarHeTpOHHHM METOJOM Ha
MOBEPXHIO  amoMiHilo  (uuctororo 99,99 %),
OTPMMAaHOI MUIAXOM ajMa3HOro Mikporouinuas [8].
ToBmuyHa mIapiB OKCHAY AallfOMIiHII0 3MiHIOBajacs
JTUCKpeTHO B iHTepBaii ToBuwH d; = 180 — 600 uMm i
BH3HAYaIacs 3a JIOTIOMOT 010 KBapIl0BOI'O
TOBITHHOMIpA Ta (HOTOMETPUIHIM METOIOM.

BumiproBanas koedimienTa II3ePKATBHOTO
BimOuBanHs R(A) mpu HOpMaabHOMY MaiHHI CBIT/Ia
Ha 3pa3oK 3ailicHioBaaMcs B obOmacti A =0,22 —
1,2 MkM 32 KIMHATHOI TeMIepaTypH 3a JOMOMOTOI0
HECTaHAAapPTHOI YCTAHOBKH, IO CKIIaaNIacs 3 JKepel
BHIIPOMIHIOBaHHA Ta ixHIX OJOKIB KHBIEHHS,

MOHOXPOMAaTOpa AMP-4, MpuiiManbHO-
peectpyBanmbHOT  cucTeMd  ((OTOIOMHOKYBadiB,
MiICWITIOBaYiB,  LU(PPOBUX  BOJBTMETPIiB)  Ta
BiIOMBHOI  mpucTaBKu. BigOuBHa  mpucTaBKa

3MOHTOBaHa Ha CTOJIMKY roHiometpa 'S, cknananacs
i3 TaKUX EJIEMEHTIB: CBITJIOMOAUILHUKA, KBapIIOBOI
MpU3MH  TIOBHOTO  BHYTPINIHBOTO  BiJIOMBaHHSI
(eramon, mepmmit  kanan, curHan  lo(A)) i
JIOCTI/DKYBAaHOTO 3pa3ka (Apyruil KaHan, CHTHAaI
I(})). Koeoimienr  BigOMBaHHS  BHU3HAYABCA,
3posymino, 3a popmyioro R(L) =I(A)/1o(L). TounicTs
BHUMIPIOBaHHS ITi€] BETMYMHU 3aJIeKaa BiJl JOBXKUHU
XBUWII 1 3MiHIOBasiach B inTepsaii 0,05 — 0,1 %.
TeopeTnuHi po3paxyHKH MPOBEIEHI HA OCHOBI
onrcaHoi Hamu B [7] Mozeni. Y cTBOpeHiil mporpami
JUIs  MOJICNIOBAHHS ~ ONTHYHUX  XapPaKTEPHUCTHUK
JIBOIIAPOBOI CHCTEMH JIieNIEKTPUK-TIEPEXITHUH 1ap-
OCHOBAa  BB@XaJOCs, IO TMOKA3HUK 3aJIOMJICHHS
TUTIBKY JTi€TIEKTPHUKA € TIHCHOI BEIMYUHOIO Ny, a 11
BenuuMHa Jis  nepexigHoro mapy (ITHI) e
KOMIIJIEKCHOIO BEJIMYHNHOIO Ns* = n3+iks.
XapaKTepuCTHYHI MaTpuli LUX IUTBOK M, Ta M;
(iHmekc 2 BITHOCHUTBCS JIO IUTIBKH JIICJICKTPUKA,

inmekc 3 — gmo IIII) B 3araqbHOMY BHIAIKY
JIOPiBHIOIOTH:
M. = cos(kyn,d, cos)  —(i/ p,)sin(k,n,d, cos6)
2" —ip,sin(k,n,d, coso) cos(k,n,d,, cos6)
)
_cos(konydscos0)  —(i/ p;)sin(kynyd; coso)
" _ip,sin(konsd, cos6) cos(K,n;d cos0)

ne Ko — xBumpoBHil BekTOp, 0 — TOBIIMHA ILTIBKH
(wwapy), p = n cos O, 0 - Kyt nagiHH.

PesynpTyrouy  MaTpuiro  CHUCTEMH  IUTiBKa-
TIePEXiTHAN IIap 3HAXOAMMO SIK BEKTOPHUH TOOYTOK
BKa3aHux Marpuib M, = M, xM;. IligcraBupmm y
dbopmyny (1) BimmoBigHi emeMeHTH MaTpwii M,

MOJKHa pO3paxyBaTH AaMIUNTYAHUH Koe(ilieHT
BiOMBaHHS I, a nam — eHepreTwuHuil R =rr*. VY
HAIIOMY BHUIJKy OCHOBOKO € METall, a Ii¢ O3HayYae,
O[O0 IIOKa3HMK 3aJOMIIEHHS € KOMIUIEKCHOIO
BEJIMYMHOIO, OTOX 1 BIANOBIAHI  €JIEMEHTH
XapaKTePUCTUYHOI MATPHUINl TEXK € KOMILICKCHUMH
BEJIMYUHAMU. \

Tormuaa I111 BapitoBanach B Mexax BiJl KUTBKOX
HAaHOMETPIB JO JeCITKIiB HaHOMeTpiB. I[lokasHuk
3aJ0MIIEHHS N3 1 Koedimient mormmuadas K TTIT
BU3HAYAEMO 32 (OpPMYTIaMHU:;

N3 = Xng + Yn4, k3 = Zk4,

®)

ne xoedirientu X, Y, Z 3MIHIOBAIHCS B IMHPOKUX
Mekax (iHIeKC 4 CTOCY€EThCs OCHOBH).

OToX, CTBOpEHA Iporpama J03BOJISE€ BH3HAYATH
mucnepcito  R(A), 3MiHIOIOYHM — XapaKTEPUCTHUKH
KOXXHOTO 13 TIapiB, a TakoXX OCHOBH (MeTaly) B
HINPOKHX MEXKaX.

Pe3yabTaTu Ta ix 00roBopeHHs

Ha puc. 1 moka3zani po3paxoBaHi KpuBi aucrnepcii
koedimienta BimouBanus R(A) cTpykTypu: IUTiBKa
okcuay —amoMidifo  (toBmmHO© 0y =230 HM) —
MaCHMBHHUH aIIOMIHIN A OJHOIIAPOBOI (TOBIIMHA
[T d3=0), aBomraposiii moxeneii (rouruua ITIII
MK TIUTIBKOIO OKCHJy Ta MAacCHBHUM allFOMiHiEM
d;=10 HM); eKclepUMEeHTalbHa KpHBa JUIS I[HOTO
3pa3Ky Ta Uil YHUCTOrO alioMiHi0. BumHo, 1o

R A s
ey T ™ :/,(:I:.
/7
0,8
\
\
0,6 !
: ]
I
1y
1y
¥}
4
0,4 :" | 1 | 1 l L ] I>
0,4 0,6 0,8 1
A, MKM

Puc. 1. Jlucnepcis xoedimienra BinOusanHs R(A)
guctoro Al (1) Ta crpykrypu: IUliBKa OKCHIY
AITIOMIHIIO — MACUBHHUU aIOMIHINA (TOBIIMHA TUTiBKH
d; =230 HM), 2 — ekcnm. HaHi, 3 — pe3yJdbTaTH
pO3paxyHKy B omHourapoBoi mozeini (dz = 0 um),

4 — B gBomapoBoi mogmerni (d3 =10 um. nz = XN, +
Yng, ks = Zks, X=0,5;Y=0,5; Z=1).
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HaHECEHHsI TUTIBKM OKCHIY Ha MAacCHBHUH aJrOMiHil
MIPUBOJUTH A0 3HIDKEHHS KoedillieHTa BiIONBaHHS y

A, MKM

0,8 1
A, MKM

Puc. 2. lucnepcis koedinienra BinOuBanus R(A)
CTPYKTYpH IITiBKa okcuay amominiro (d; = 300 um)
-MaCHBHUI alltOMiHiH ().

1 — excnepuMeHTanbHi naHi, 2 — pe3yJIbTaTH
pO3paxyHKy 3 BHKOPUCTaHHSIM OJIHOIIAPOBOI
Mozen 0e3 Bapiamii ONTUYHUX 1 TEOMETPUYHUX
XapaKTepUCTUK, 3 — pe3yJbTaTH PO3PaXxyHKY B,
nBomiaposiit mogeni, mpu X = 0,5;Y =0,5; Z =1,
ropmuHa IIIII d3=5uM; 4-— pesynbratu
PO3paxyHKy B IBOmIapoBiit mogeni, mpu X =1, Y =
0,1; Z=1 i ToBumui I d3=6HuM, N’y = N, —
0,02 Ny, n*4= (n4+ 0,02 n4) + lk4

Pisanns AR(A) MK eKClIEpUMEHTAIbHHUMHU Ta
pO3paxoBaHUMHM JaHMMH B OAHOIIApoOBik (2') Ta
IBOIIApOBiii (4') Momessx BiamoBigHO (6).

BCBOMY CHEKTPAIILHOMY Jiana3oHi.

PesynpraTté po3paxyHKiB B OJHOIIAPOBiN Mozei
CYTTEBO PI3HSATBCS 3 pe3yiIbTaTaMu
EKCIEPUMEHTAILHUX JOCTIPKEHb 1 MOAONATH TaKy
pO30DKHICTE HE BIAETHCA IIUIAXOM  Bapiamii
ONTUYHUX  XApPaKTEPUCTUK IUTBKHA  OKCHIY 1
MacHBHOr0 MeTally. 3 pUCYHKa TakKoX BUAHO, IO,
IIHCHO, pPe3yNlbTaTH pO3paxyHKy B OJIHOLIAPOBIiH
mozenri O=0HM HE3aI0BUIBHO OTIHCYIOTh
eKCIepUMeHTanbHI  gaHi. Habararo  kpamoro
Y3TOJUKCHHSI BJAANOCS JIOCATTH ILISIXOM BBEACHHS
MePexiTHOTO Mmapy MDK IUIBKOK OKCHAY 1
MAacHBHHM QJIFOMIHIEM, ONTHYHI XapaKTCPUCTHUKU
SIKOTO, 3PO3YMiJ0, 3aliMarOTh MPOMIXHI 3HAYCHHS
MiXK XapaKTePUCTUKAMH TUTIBKH 1 METaIy.

3po3yMmiJTo, II0 13 BEIHKOI KITBKOCTI PO3paxyHKiB
TYyT HABEACHO IMIIE OJWH 13 PE3YNbTaTiB, SKHUL
OUTBII-MEHII a/IeKBaTHO OMKCYE EKCTEPUMEHTAIbHI
mani. Ilpg  mpomy  Oymo  BuOpaHo  Taki
xapakrepuctuku ITHI: d3 =10 M, N3 = XN, + YNy,
ks = Zks, X=0,5; Y=05; Z=1, nmpu gxkux yxe
CHOCTEPIraeThCs Kpale MOPiBHAHO 3 OAHOIIAPOBOIO

MOJICIIITIO Y3TOJKEHHS PO3paxoBaHUX Ta
eKCTICPUMEHTAJIbHUX JAHUX.
Otox, Oinbml  e()EeKTUBHUMHU  BHSBUIHCH

pe3yibTaTH PO3paxyHKiB B JABOMIAPOBIN MOl mpu
Bapiamisix ToBIMHM O3 mepexigHoOro  miapy,
MOKa3HWKa 3JIOMJICHHS N3, Koeilli€HTa MOTITMHAHHS
K3, a TakoX TpH BapiallisiX LUX XK€ BEIUYUH JUIS
ILUTIBKY OKCHJY i MACHBHOTO METaly.

Bci mapameTpu Ta XapaKkTepUCTUKH 3MiHIOBAIHCH

B IIUPOKUX MEXaX, BUXOIAYH 13 (QI3HUYHHX
MipKyBaHb.
Ha puc.2, gana npukiaay, IOKa3aHO

eKCTIepUMEHTAIbHI  JIaHl pa3oM 3 pe3ylbTaTaMu
po3paxyHKiB nucnepcii koedimieHTa BinOWBaHHS
R(\) Ti€i & cuctemu mpu TOBIIMHI TUTIBKH OKCHIY
amominito d; = 300 HM SIK B OJHOIIAPOBIH, Tak i B
JIBOIIAPOBIA MOZEJAX INPH TOBIIUHI MEPEXiIHOTO
mapy O3= 6 HM Ta  DI3HHIM MK
EKCIICPUMEHTATBHUMU 1 PO3PaXxOBaHUMHU JAHUMH
AR(ML) B opHomaposiii (2') 1 nBomaposii (4')
MOJIETIAX. Sk BHUHO, Y3TOPKEHHS
EKCIIEPUMEHTAIbHUX 1 PO3paxOBaHIX JaHUX B
JIBOIIIAPOBIH MOJIENl € HA0araTo Kparum.

[ToniOHI 3aKOHOMIPHOCTI CIIOCTEPIrarOTHCS 1 TS
yCiX 1HIIMX JOCHTIKSHHUX 3pa3KiB, 110 MalOTh Pi3HI
TOBIIMHY IIAPY OKCHIY.

OTOX, B CHCTEMI: OKCHJI QJIFOMIHIIO — MAaCUBHUH
ATIOMIHI ~ yTBOPIOETHCA  JOCTaTHHO  TOBCTHIA
TIePEXiMHAN Iap, XapaKTEPUCTHKHU SKOTO 3aiiMaioTh
MPOMiXHI 3HAUCHHS MK BEIIMYMHAMH IIAPy OKCHILY
1 MACHBHOTO aJTFOMIHIIO.
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BucHoBku

BcranoBsieHo, 10 OOTHYHI  BJIACTHBOCTI
CTPYKTYpH: TUTIBKa OKCHIy aJIOMIHII0O — MAaCHBHHH
IIOMiHIN BH3HAYalOTHCS HE JIUILIE BIACTUBOCTSAMH
IUTIBKA OKCHIYy Ta MAacCHUBHOTO ajloMiHiIO, a ¥
BJIACTHBOCTSIMU TIEPEXiTHOTO IIapy.

Ha ocHOBI MopgenmioBaHHsS  BIACTUBOCTEH
JOCHIPKEHUX CTPYKTYp Ta MOPIBHSHHS PE3yNbTaTiB
3  eKCHepHUMEHTAIFHHMH JaHHNMH  BU3HAYAIOThH
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JUCIIEPCiI0  MOKAa3HMKIB 3ajmomieHHs Na(A) Ta
nornuHaHHsA Ki(A) Ta ToBmmMHY d3 TmepeximHOro
urapy.

JIyi1 TOBHOTO Y3TOJKEHHS SKCTIEPHUMEHTATBHUX
1  TEOpeTHYHWX  JNaHUX  CJIiA  BpPaxOBYBaTH
HEOJTHOPIAHICT 32 TOBIIMHOIO ITEPEXiAHOTO IIapy.
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