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YV danit pobomi susuaeMbCA THEEPCHA HANIB2PYNA MOHOMORHUL nepemeopers LOz. Onucani cmpy-
nieepynu. Ilokasaro, wo ichye maxa cucmema meiprux, wo Jdosisvhuts esemenm wanieepynu LOz
MOXHCHA NOdamu Y 8u2AA0L AobYMKY He GiAbUL HINC YOMUPLOX eAeMeHMis 3 yiel cucmemu meipruz. A
maxooic dosedeno, wo epyna asmomoppizmic nanisepynu LOz i3omopPHa HeckinuenHit diedpasvrit
epyni Doo.

Kaowoei caosa: ineepcha naniéepyna, HaNi62pyna nepemeopery, idean, sionouwenms I'pina, asmo-
MODPIZM.

The segroup theory is a relatively young but important direction in mathematics. It has been studied
by many mathematicians during the last decades. Naturally there are issues related to the semigroups
of transformations of some ordered set. We consider the so-called order-preserving transformations (a
transformation a : M — M of poset M is called order-preserving, if for all x <y from the domain of
a we have a(x) < a(y)).

The present paper is dedicated to the inverse semigroup of order-preserving transformations ZQOy.
In the first part of this paper we describe a structure of the semigroup ZQOy, properties of multiplication
and we show, that there is such generating system, that any element of semigroup ZOy can be written as
a product of at most four elements from that system. In the second part of this paper we describe ideals
and Green’s relations of the semigroup ZOyz. And in the end we prove that the group of automorphisms
of IOy is isomorphic to the infinite dihedral group Dy.

Key Words: inverse semigroup, semigroup of transformations, ideal, Green’s relation, automorphi-
sm.

CrarTio mpecTaBuB JOKTOP (Pi3UKO-MaTeMaTudHuX HayK mpodecop Kupnuenko B.B.

papers ([5], [6]). However, at the moment there are
many open questions for the case of infinite sets.
In this paper we consider the inverse semi-
group ZOy of order-preserving transformations.
In particular, we describe the ideals of this semi-
group, its automorphisms, and show that there
exists a system of generators such that every
element of the semigroup ZOyz can be written as a
product of at most four elements from this system.
We keep the notations from [3].

1 Introduction

The important direction in the theory of semi-
groups of transformations of some set M is
the study of semigroups of transformations
that somehow consistent with some additional
structure on the set M. Usually, this structure
is a certain partial order on M. Consistency
with the order can be understood in different
ways. We consider the so-called order-preserving
transformations. A transformation a : M — M
of poset M is called order-preserving, if for all
z < y from the domain of a we have a(z) < a(y).
Many papers are dedicated to the study of semi-
groups of order-preserving transformations of the

2 Main definitions and properties

We denote by Z the set of all integers with the
natural linear order.

linearly ordered sets (1], [2], [3], [4]). The semi-
groups of order-preserving transformations of the
linearly ordered infinite sets have been studied in

© K.S. Alekseeva, 2015

Definition 2.1. The semigroup of all partial
injections a : Z — Z, which preserve the natural
order on Z (that is for every x < y from the
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domain of a we have a(z) < a(y)) is called an
inverse semigroup, which preserves an order on the
set Z. We denote this semigroup by ZO7z.

We define the norm of a subset A on this set
by the following rule:

k,if A is finite and contains k elements,

+00,if A contains an infinite number of
elements and is bounded from below,

||A||={—00,if A contains an infinite number of
elements and is bounded from above,

200, if A contains an infinite number of

elements and is not bounded.

The norms take values in the set {0,1,2,...} U
{+00, —00,200}, which is a poset with order
determined by following Hasse diagram:

0

For a partial injection a : Z — Z we denote by
dom(a) and im(a) the domain and the image of a
respectively. If a is monotone, then || dom(a)]|
||im(a)||. In this case the number nrank(a)
||dom(a)|| = ||im(a)|| is called the normalized
rank of a transformation a.

Proposition 1. For any a,b € ZOyg

nrank(ab) < min(nrank(a), nrank(b)).
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Proof. For every element xz € 7Z we have
(ab)(z) = b(a(x)). This implies im(ab) C im(b),
so, clearly, we have ||im(ab)|| < ||im(b)||. Hence
nrank(ab) < nrank(b). Let z be an arbitrary
element from dom(ab). Since (ab)(x) = b(a(z)),
we have x € dom(a). Hence, dom(ab) C dom(a),
which implies inequality || dom(ab)|| < || dom(a)l|.
Thus we have nrank(ab) < nrank(a).

For any two subsets A and B of the set Z
with equal norms less then 200, there exists a uni-
que element a of the semigroup ZOz such that
A =dom(a) and B = im(a). If ||A|| = ||B|| = 200,
then there are infinitely many elements a of the
set ZOz such that A = dom(a) and B = im(a). In
the latter case in order to determine a one needs
to specify its value at some point. For conveni-
ence, any element a € ZOz with A = dom(a),
B = im(a), and m = a(n) will be denoted by
TA Bn—m, Where n € A, m € B. The element
n € A in this notation will be chosen as follows. It
is the minimal element of the set A with respect
totheorder 0 < 1 < -1 <2< -2<...<k<
—k<k+l<-k-1<...

The semigroup ZOz contains an identity, whi-
ch is the identical transformation idy, and a zero,
which is the nowhere defined transformation. The
set of idempotents

E(ZOz) ={ida,ACZ} := {WA,A,A C Z}

forms a semigroup, which is isomorphic to the
semigroup (2%,MN). The idempotent e is primiti-
ve element if and only if e = idy,) for some n € Z.
The semigroup ZOz is an inverse semigroup si-
nce it is a regular semigroup in which idempotents
commute. Inverse element of an element 74 B y—m

1S TB,Am—n-

Proposition 2. Fach element of the semigroup
Z0Oz can be written as a product of at most four
elements of the set

G :={a € TOz|dom(a) = Z or im(a) = Z}.

Proof. Every element of a normalized rank
less then 200 can be written as a product of two
elements of a normalized rank 200: T4 B p—m =
id¢ b, where CNdom(b) = A and b(A) = B. Every
element of a normalized rank 200 can be written as
a product of two elements from the set G. Indeed,
let @ € ZOz and nrank(a) 200, moreover
a = TABn-m, then a =147, k772 B k—m-
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3 Ideals and Green’s relations

Theorem 3.1. Let a € TOy. Then

1) a principal left ideal generated by an element
a has the following form

IOz -a=4{b€I0z:im(b) Cim(a)}

2) a principal right ideal generated by an
element a has the following form

a-ZO0yz = {b € ZOyz:dom(b) C dom(a)}

3) a principal two-sided ideal generated by an
element a has the following form

Z07-a-ZO7={be IOz :nrank(b)<nrank(a)}

Proof.

1) Let M, = {b € ZOyz : im(b) C im(a)}. If
¢ € ZOy then ca(z) = a(c(x)) by definition.
Thus im(ca) C im(a) and ZOz - a C M,.
Now let im(b) C im(a). Denote A = dom(b),
B im(b). Then [|A|| = ||B]|. Denote
C = a!(B). Since a~! is partially defined
injection, ||C|| = ||B]|. So ||4|] = ||C|| and
there exists a transformation o : A — C.
Then b = a - a. Hence M, C 70Oy - a.

Analogous to the proof of statement 1.

Let M, {b € 1Oy nrank(b) <
nrank(a)}. For arbitrary ¢,d € ZOyz we have
the following inequalities:

nrank(ca) < min{nrank(c), nrank(a)}
and
nrank(ad) < min{nrank(a), nrank(d)}.
Let b=c-a-d € Z0Oy. Then we have
nrank(b) <

< min{nrank(c), nrank(a), nrank(d)} <
< nrank(a).

Thus ZOy - a - IOz < M,. Let now
nrank(b) < nrank(a). Denote A = dom(b),
B =im(b). Let C' C dom(a) be an arbitrary
subset, such as ||C|| = nrank(b) = ||4]|,
IDI| = Jla(C)]| = [IC]| = nrank(b) = ||B]I
There exist some transformations o : C' — A
and 3: D — B. Thus b = ! - a3. Hence
M, C1I0gz-a-107.
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For every k € Ny we denote by
I, = {b € IOy : nrank(b) < k},

Ir ={b € IOz : nrank(b) < oo},
Iioo = {b€Z0Oyz : nrank(b) < +oo},

I_» ={b€ IOz :nrank(b) < —oo}.

Set F' < oo, F' > k for all k € Nj.

Proposition 3. The sets Ip and Iy, k € Ny, are
two-sided ideals.

Proof. For the sets I, k € Ny, this statement
follows from the definition of an ideal and proposi-
tion 1. For arbitrary a € Ir and b € ZO(N, —N)
we have nrank(bab) < nrank(a) < co. So bab € I.
Hence I is a two-sided ideal.

Proposition 4. I, C I, if and only if r1 < ra.

Proof. Obviously, m < ry implies I, C I,.
We prove the converse statement by contradicti-
on. Assume that Iy, C I_. In particular, it
means that some element a with a normalized rank
400 belongs to the ideal 1_,. By definition of the
ideal I_,, we have that domain of every element of
this ideal is bounded from above. However dom(a)
contains an infinite number of positives. We arrive
to contradiction. Analogously one can show that
I_o ¢ I+s. This completes the proof.

Proposition 5. Let T be the set of principal two-
sided ideals. Then every two-sided ideal of the
semigroup Oy, is a union of at most two sets from
the set T U Ip.

Proof. Let I C Oy be two-sided ideal. Every
two-sided ideal is a union of principal two-sided
ideals. Let the set of normalized ranks of elements
of the ideal I contain 200. Then decomposition of
the ideal I into the union of principal ideals contai-
ns the principal ideal ZOy. Therefore, I = ZOy.

Let the set of normalized ranks of elements
of the ideal I is bounded from above by an
element [ (+£o00). Then we take the ideal I} (1)
in decomposition of the ideal I. If the set of
normalized ranks of elements of the ideal I is not
bounded from above, then we take the ideal Iz in
decomposition of the ideal I.
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Consider the case when the set of normalized
ranks of elements of the ideal I is not bounded
from above by elements —oo and +o0o. There exist
elements a,b € I such that nrank(a) = —oo and
nrank(b) = +o00. So I_oo Ui = I(a)UI(b) C I.
Suppose I ¢ I o U I1. Then there exists an
element a € I such that a € ZOz \ (/oo U I40),
that is normalized rank of this element is greater
than —oo or 4+o00. Therefore nrank(a) = 200. We
arrive to contradiction. So I C I_ U I . Hence
I =1_o UlIl;y. All other cases are similar.

The next theorem provides a description of
Green’s relations in ZOy,.

Theorem 3.2. Let a,b € ZOy. Then
1) aLlb if and only if im(a) = im(b);
2) aRb if and only if dom(a) = dom(b);

3) aHb if and only if im(a)
dom(a) = dom(b);

im(b) and

4) aJb if and only if nrank(a) = nrank(b);
5 D=J.
Proof.

1) Let alb. Then a € Ly, b € L, and im(a)
im(b), im(b) C im(a). Therefore im(a)
im(b). On the other hand, if im(a) = im(b),
then b € ZOza and a € ZOzb. This implies
TOzb CZOza and TOza C ZOzb. Thus we
have ZOza = ZTOzb, so aLlb.

c

2) Analogous to the proof of statement 1.

3) Let aHb. Then aLb and aRb by definition,
that is im(a) = im(b) and dom(a) = dom(b).

4) Let aJb. Then a € J,, b € J, and
nrank(a) < nrank(b), nrank(b) < nrank(a).
Therefore nrank(a) nrank(b). On the
other hand if nrank(a) = nrank(b), then b €
1070107 and a € ZTOzbZIOy. This impli-
es TO07zaZO7 C ITOzbIO7 and TOzbI O C
Z07aZOy. Thus we have ZOzaZOy
TZO7zbI Oz, so aJb.

D C J by definition. Let aJb, then
nrank(a) nrank(b) and || dom(a)l|
|| im(b)||. So there exists ¢ € ZOz such that
dom(c) = dom(a) and im(c) = im(b). This
implies aRe¢ and c¢Lb. Then a(R o £)b. Thus
aDb. Hence J C D.
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4 Automorphisms

Recall that the infinite dihedral group D is the
group of symmetries (both rotations and reflecti-
ons) of the set of integers Z with respect to
composition.

Theorem 4.1. Aut(ZOz) ~ D

Proof. Let f be an automorphism of ZOy.
An automorphism maps an ideal to an ideal,
moreover the relation of inclusion is preserved.
One can conclude from the diagram of ideals that
f(Ix) = Iy for every k € Ny, f(Ir) = Ir and
f(Iioo) = Ji or f(-[ioo) = I:Foo- Let a € 7Oy
be an element of a normalized rank k for some
k € Ng. Then a € Iy \ Ix—1. This implies f(a) € I}
and f(a) € Ix—1. Thus f(a) € I \ Ix—1 and
nrank(f(a)) = k. Similarly one can prove that
nrank(f(a)) = £oo for a of normalized rank +oo
in case f(Iis) = Itoo and nrank(f(a)) = Foo for
a of normalized rank £oo in case f(l1oo) = I500-
Let a be an element of normalized rank 200. Then
it does not belong to any ideal It, I100 and 1o
for every k € Ny. Thus f(a) does not belong to
any of these ideals. Hence it has normalized rank
200.

An automorphism f induces a bijection ¢
on the set of primitive elements. The map ¢
specifies a permutation 7, on the set Z by the
following rule: 7,(z) = y if and only if ¢(idy,)) =
idgyy- S0 Ty () idgiy iy (i) This
implies f(m(y (51) fldgy) f(mgay ) fidggy)
or f(may) = idgr@pf (T 45))idir(y)- Since
f preserves normalized ranks of the type &k,
where k € Np, then nrank f(m ) = 1.
On the other hand dom(’bd{.,.(l)}f(ﬁ{lh{]})Zd{T(])})
does not contain any element 7(z), if z
i. Thus dom f(mgy 453) = {7(i)}. Analogously
lmf(ﬁ{l}7{]}) = {T(])} Therefore f(ﬂ-{z},{]}) =
(@G}

Let @« € ZOz be an element such that i €
dom(a) and CL(Z) = j Then ld{l} ~a~id{j} = T} {5}
Hence i) f(a)idirgy = Tir) ey S
7(i) € dom(f(a)) and f(a)(7(i)) = 7(j). Since i €
dom(a) is arbitrary, then dom(f(a)) D 7(dom(a)).
For every i ¢ dom(a) we have idg-a = 0.
So id;@yy f(a) = 0 and 7(i) ¢ dom f(a). Thus
dom f(a) = 7(dom(a)) and ¢(a)(7(i)) = 7(j) for
every ¢ € dom(a). Thus, an automorphism f is
completely determined by permutation 77, which
it induces on the set Z.
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If there exist pairs ¢ < j, t < s such that

7¢(i) < 7¢(J), T5(s) < 7¢(t), then we have f(a) =
Ty ()71 )1y (7 (51} & LOz for @ =iy 1.5y €

Ogz. We arrive to contradiction. So for all 4, j such
that ¢ < j we have 7¢(i) < 74(j) or for all 7, j such
that ¢ < j we have 7¢(7) > 7¢(j).
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If 74(i) < 7¢(j) for every 4,j such that
i < j, then 7¢(%)

i + t. In this case f(a) =

Tdom(a),im(a)+t,n—a(n)+t teZ. 1t Tf(l) > Tf(]) for
every i,j such that ¢ < j, then 74(i) = —i —¢. In

this case f(a) = Tdom(a),im(a)+t,n—a(n)+t teZ.
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Criterion of topological conjugacy for
homogeneous mappings of R"
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Y pobomi posaasrymo kaac 8id0OPANCEND N-BUMIPHO20 €68KALD06020 NPOCTNODY, Y AK020 KOOPIUHA-
mui Gynryii € 0onopidnumu. Onucaro pad QUHAMINHUT MaA MONOAOLTYHUT BAACTNUBOCTNET UUT 61000Da-
otcens. Tloxasano, wo 61006pasicens Ubo20 KAACY MA0OMb 2 HAMYPAALHT MPAHCEEPCANDHT THEADTAHINHT
WAPYBAHHA, Je NEPUWE WAPYBAHHA UE ULAPYSAHHA HG NPOMENT 3 NOYAMEKY Koopdunam, a dpyze wapysa-
HHA Yymeopene JUHAMIYHO 3a0aHuUMU 2inepchepami, Haskoao novamry xkoopduram. s 6idobpasicerns
darozo Kaacy nobydosaro HAOIP MONONOINHUL THEAPIAHMIE Ma daHo KPUmepil ix monoso2iuHol cnps-
HCEHOCTNT Y MEPMIHAT NOPOOJHCEH020 61d0bpasICEHHA Kopoamiprocmi 1, wo 3adane na 2inepchepi, wo
poadinae bacetinu npumaasicinus movwokx 0 ma co. Llet pesysvmam pedykye npobiemy nepesipru, wu €
dea 61006pasicents MmaKozo KAACY MOMOAOZIYHO CNPAACEHUMU D0 30004l 8 HA 0OUHUUIO MeHWIT Po3-
MIPHOCTN.

Knowoei crosa: 00nopioni 6idobpastcerina, Kpumepith Cnpastcenocms, monoso2ivti tHeapiaHmu.

We consider a class of maps of the n-dimentional Fuclidean space that is a generalization of the
class of maps having homogeneous polynomials as its coordinate functions. We describe some dynamical
and topological properties of the maps of this class. It is shown that maps of this class has two natural
transversal invariant foliations. The former is the foliation on the rays from the origin and the latter
1s on some hyperspheres around the origin generated by an invariant hypersphere that separates the
basins of attraction of 0 and oo.

A criterion of their topological conjugacy is obtained. A homogeneous map induce a map on their
mwvariant hypersphere that separates the basins of attraction. It is shown that two homogeneous maps are
topologically conjugate if and only if the induced codimension 1 maps are topologically conjugate. This
result reduce the problem of topological conjugacy for the maps of the considered class to a codimension
1 problem.

Key words: homogeneous mappings, conjugacy criterion, topological invariants.

CraTTio peicTaBuB JOKTOP (bisnKo-MmaTeMaTrnaHUX HayK, mpodecop B. B. Kupnduenxko.

Introduction. The non-invertible maps are
much less studied in comparison to homeomorphi-
sms with the exceptions of one-dimensional
and holomorphic maps. Fine topological invari-
ants of such maps are the invariants of their
conjugacy class'. The class of maps introduced
here is a natural generalization of maps having
homogeneous polynomials as coordinate functions.
Note that homogeneous polynomials are already
studied for the problem of their classification up
to left-right topological equivalence, see [1]. But we
consider these maps up to conjugacy which is more
accurate equivalence that preserves fine details of

a map lost under left-right topological equivalence.

In the paper [6] similar results were obtained
for the inner (open discrete) homogeneous mappi-
ngs of R2. In this paper we describe some properti-
es for these maps and prove a criterion of their
topological conjugacy without assuming that the
map is inner and in case of R".

Preliminary information.

Definition 1. Call a continuous map f: R* — R"”
homogeneous of a degree k if Vt > 0 VT € R"

f(t'T) = t* f(@).
From the definition f(0) = 0.

1f and g are topologically conjugate if there exists a homeomorphism h such that fh = hg.

© I. Yu. Vlasenko, 2015

14



Bicnux Kuiscvko20 HauionaibH020 YHIGEPCUMEMY
iment Tapaca Illesuenxa
Cepia: $iszuro-mamemamusni HAYKY

Definition 2. A homogeneous map f is called
non-degenerate if f~1(0) = 0.

Let f R®™ — R" be a non-degenerate
homogeneous map of a degree £k > 1. Let a
hypersphere R™ be the one point compactificati-
on of R™ with the point co. Then f(o0) = oo and
f also can be considered as the map f : R™ — R™,
We assume that f can be a non-invertible and a
non-surjective map. Note that if the homogeneous
map is differentiable, then from the definition if T
is critical, then the whole ray {¢Z|t > 0} is critical.

Some of the following lemmas were proved
in the paper [6]. It was in case of R?, but the
proof holds for R™ literally or with trivial obvious
changes.

Lemma 1. The foliation of R™ \ {0} of the rays
from the origin is invariant under the action of
f. Furthermore, any two pre-images of the same
point can’t belong to the same ray.

Proof. Let z = ty € R"\ {0} and = # y. Then
x,y # 0, t # 0, t # 1. Due to homogeneousness,
f(z) = f(ty) = t*f(y), i.e. f maps a ray into a
ray.

Show that any two pre-images of the same
point can’t belong to the same ray. Indeed, let
v =ty € R"\ {0} and f(x) = f(y), ¢ £ O,
t # 1. Then f(z) = t*f(y) = t*f(x) due to
homogeneousness, which is not possible for z # 0,
t#0,t#1if fis not degenerate. O

Lemma 2. For the map f each of the points 0 and
oo has open basins of attraction.

Proof. Let D, be a disc of radius r around the ori-
gin, and a hypersphere S, = 0D, be its boundary.
Consider the image of D, the set f(D,).

Note that the boundary f(D,) C f(S,).
Consider f(S,). Let d™ = minp(O, f(S1)),
d"** = max p(O, f(S1)), where p is the Euclidean
metric. Then d"** > d7"" > 0 because f(S7) is a
compact hypersurface that does not intersect the
point 0. Since f(S,) is homogeneous we have

"™ = min p(O, f(S,)) = r*dp™,

d™® = max p(O, f(S,)) = rkde®,

Thus for r < 1/d"** d7** < r and the
interior Int(D,) of the disc D, is the strictly
invariant neighborhood containing the point 0, i.e.
f(Int(D;)) C Int(D,).
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By definition, an attractor of the strictly
invariant neighborhood Int(D,) is the set A =
Np>of"(Int(D,)). As 0 € A, A # @. And since
dmer = pkgmar A is just the point 0.

Similarly, for r > 1/d7*" d™" > r and the
exterior R™\ D, of the disc D, is the strictly invari-
ant neighborhood containing the point 0 and the
resulting attractor is the point 50 itself.

O

The lemma is proven.

Lemma 3. On every ray from the origin there is
exactly one point that is not attracted to the point
0 or oo.

Proof. Consider a ray from the origin. The basins
of attraction of the points 0 and oo are open sets,
the ray is a linearly connected set. Then the set V
of points of the ray not belonging to the basins of
attraction of the points 0 and oo is not empty.

Assume that the set N has two different poi-
nts p; and ps # pi. Since they are on the same
ray their coordinates are proportional: ps = tpq,
t > 0,t# 1. Consider f"(p1), n > 0. p; does not
belong to the basins of attraction of the points 0
and oco. Therefore, the norm || f™(p1)|| is bounded:
4C,Cy > 0: Cy > ||f”(p1)]| > (.

Consider  f"(p2), n > 0. [[f"(p2)l =
[t ol = L (py)ll. Then tnCy >
[[f™(p2)|| > t*"Cy. But t # 1. It follows than
f™(p2) tends either to 0 or to co when n — oo
depending on whether ¢ > 1 or t < 1. But po
belongs to N.

The obtained contradiction proves the lemma.

O

Lemma 4. Points that does not belong to the basi-
ns of attraction of the points 0 and oo create a
hypersurface that is homeomorphic to the sphere
S™~1 and separates the basins of attraction of the
points 0 and oo.

Proof. Define the set of points that does not
belong to the basins of attraction of the points
0 and co by v1. The basins of attraction of the
points 0 and oo are open mutually exclusive sets
by definition. As the set that divides them and
their complement, the set 1 is closed. Also it is
bounded, as follows from the proof of the lemma 2,
then v, is a compact set.

Note that the set of rays from the origin is
homeomorphic to a hypersphere and is a compact
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set. According to the lemma 3, there is a one-to-
one map (bijection) between the rays from the ori-
gin and the points of v;. Show that this bijection is
continuous. Definite a map p: R™\ {0} — S"~! as
p(T) = HL;H Then the restriction ¢ = ply,: 71 —
S1 by definition is continuous and is the bijecti-
on above. It is well-known (see, for example, [2]),
that continuous bijection of compact sets is a
homeomorphism. It follows that the one-to-one
map between the rays from the origin and the
points of v is indeed a homeomorphism and the
O

lemma is proven.

Lemma 5. The hypersurface ~; that separates the
basins of attraction of the points 0 and oo is totally

invariant (f~1(y1) = 71).

Proof. It follows from a more generic fact, that
any union A of an attractor A and its basin of
attraction can be represented as U, f~"(U), where
U is the strictly attracting neighborhood of the
attractor A (f(U) C U). As the representation of
A is the union of all pre-images it is obvious that
the result, the union A of an attractor A and its
basin of attraction, is totally invariant. Since v
is a complement to two such unions of 0 and its
basin and oo and its basin which are totally invari-
ant then ~; itself is totally invariant. g

Consider a ray from the origin. Let it intersect
the hypersurface v in a point p;. The points of
the ray can be then represented as p; = tp1, t > 0.
Using t as the coefficient of proportionality, let us
build a family of hypersurfaces ~, t > 0, such that
they are homothetic to v; with respect to the ori-
gin. By construction it is a foliation of R™ \ {0}.

The set of rays from the origin is
homeomorphic to the sphere S"~!. Denote the set
by Sg_l. According to the lemma 1, f preserves
the partitioning of R™ \ {0} by the rays from the
origin. Thus f induces a continuous map fs; on
Sg_l.

Theorem 1 (Topological conjugacy criteri-
on). Let f and g be homogeneous maps of a degree
kE>1and fy,g4: Sgil — S(Z*l be the continuous
maps induced by f and g on the set Sg_l. f and
g are topologically conjugate <= fy and gy are
topologically conjugate.

Proof. According to the lemma 3, The
hypersurface 7, (f) intersect each ray exactly in
one point. Using this fact we can build a foliation
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of R™ \ {0} on homothetic images of ~;(f) with
respect to the origin, the family v(f), ¢ > 0. In
the same way we can build the family v (g), ¢ > 0.

Note that the homotheticity map from ~,(f)
to v4(f) is exactly the multiplication by the
scalar 1 for each coordinate. This map is also a

P
homotheticity from 7,(g) to 74(g). Denote this
map by HPY. Note that because g% = 1 we have
HP%0 H?P =1d (identity equation 1).

Since fg and g4 are topologically conjugate
there exists a homeomorphism h: Sg_l — Sg_l
such that hggy = fehe. There is one-to-one
correspondence between the rays from the set
5’;“17 the points of 71 (f) and the points of v1(g)
because of the fact that 1 (f) and 71(g) intersect
each ray in a single point. Then hyg induces a
homeomorphism of the hypersurfaces hy: v1(f) —
v1(g) such that on ~1(f) we have hig = fhy
(identity equation 2).

Define the homeomorphism » on R\ {0}. For
that define hy,: v,(f) — p(g) as h, = H"P o hy o
HPL. Define h: R\ {0} — R"\ {0} as follows:
if 7 € 4,(f) then h(Z) = hy(Z). This defini-
tion is correct because the hypersurfaces belong
to the foliation. The obtained map h is one-to-
one and continuous by construction. It extends
to the points 0 and co by continuity: h(0) = 0
and h(oo) 0o. A continuous one-to-one map
of compacts is a homeomorphism. It follows that
h: R" — R™ constructed here is a homeomorphi-
sm of R™.

Let us verify that h is required conjugacy
homeomorphism. It is enough to check on R™\{0}.

Let T € 7,(f). Then 371 € % (f): T =
pT1 = HYP(T1). h commutes with homothetici-
ty maps HP? by construction, f and g commute
with HP'? because they are homogeneous and HP»4
is a multiplication by a scalar value. Using those
commutations and identity equations (1) and (2)
above, we get

h(f(T)) = hy(f(T)) = hp(f(H"P (T,
hp(H"P(f (1)) =
HYP(hy(f(Z1))) = H"P(g(h1 (1))

g(HP(h(HPN(7)))) = g(hy(T)) = 9(M(T)).

hyp

"(

Thus, h(f(Z)) = g(h(Z)) and f and g topologi-
cally conjugate with the help of h. The theorem is
proven. ]
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Corollary 1. If f is a homogeneous maps of a
degree k > 1 then it induces a map f’ on the
set of rays from the origin such that f is topologi-
cally conjugate on R™\ {0} to the map S" ! xR >
(z,t) = (f'(2),t").

Conclusions

For a class of maps of R" that is a generali-
zation of the class of maps having homogeneous
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polynomials as its coordinate functions we have
described some topological invariants and have
reduced the problem of their topological conjugacy
to a codimension 1 problem.

The obtained results can be used for the global
classification of the homogeneous mappings in di-
mension 2 and 3, as well as an initial step for
the study of homogeneous mappings in greater di-
mensions.

All these results are applied in the study of
the polynomial inner mappings.
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We consider m-functions on a closed oriented two-dimensional manifold (surface) M with boundary
OM that is smooth functions f such that: 1) f is a Morse function, 2) restriction f|ans is a Morse
function. We investigate changing of neighborhood of a critical level (f-atom) points under a small
deformation of the function. Hear f-atom is considered up to homeomorphism that maps level component
of function into level component and preserve the direction of function arising. An atom with one critical
point (a simple atom) is stable under smooth deformation of the function. In one a one-parameter family
of m-function, an atom with 2 critical points (complexity 2) can appear. Each atom of complexity 2
splits at a small movement in the one-parameter family of m-functions into two simple atoms by two
ways. All possible deformations of atoms of complexity 2 of m-functions on surfaces with boundary to
simple atoms are considered.

Key words: Morse function, atom of m-function, topological classification.

CrarTio tipejictaBus 7. ¢.-M. H. ipod. Kupuuenko B.B.

Introduction. Let M be a closed oriented two- [2,3,5,6,8-12]. In [3] all possible atoms of complexi-

dimensional manifold (surface). Let f be a smooth
function on M. Consider the Hamiltonian dynami-
cal system given by the equation % = sgrad f(z),
x € M. Then its trajectories lie on the components
of the line-level function f. These components are
called layers. Homeomorphism of surface reflecti-
ng layers on layers is called a layered equivalence.
So the layered classification of functions sets the
topological classification of Hamiltonian dynami-
cal systems. On the set of all functions one can ide-
ntify an open everywhere dense subset consisting
of simple Morse functions. To study the functions
A Konrod [4] and H.Rib [7] introduced a graph,
which is obtained from the surface after collecting
each layer to the point. This graph is a complete
topological invariant of simple Morse functions.

The analogue of Morse functions for manifolds

with boundary are m-functions. The topologi-
cal properties of m-functions were investigated in

© O. M. Ivanyuk , S. V. Bilun, 2015

ty 2 of m-functions on surfaces with boundary are
considered. The purpose of the scientific work is
to describe all possible deformations of atoms of
complexity 2 to simple atoms.

m-function. Simple atoms. Let M is a
smooth manifold of dimension n, f : M — R
is a smooth function.

The point x € M is a critical for function f
if df(x) = 0. Herewith f(z) is a critical value for
function f.

The critical point is called non-degenerate if
the second differential d?f = %dmidxj is
non-degenerate at this point.

Definition. A smooth function on a manifold
M is a Morse function if it has no degenerate cri-
tical points.

Let M is a smooth compact manifold of di-
mension n with boundary.
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Definition. The function f : M — R is m-
function if:

a) all its critical points are non-degenerate and
do not situated on OM;

6) the boundary of manifold can be
represented as a union OM = dM_ U IMyU IM,
so that the restriction fs of function f on 9Mjy
is Morse function and when the set OM_ # ()
(OM4 # 0) then function f takes minimum (maxi-
mum) value.

We will call m-functions f and g on the
surfaces X2 and Y? layered equivalent if there is
a diffeomorphism A : X? — Y? which maps
connected components line-level of function f into
connected components line-level of function g.
The pair (X2, f) is layered equivalent to the pair
(Y2, 9).

We will explore the layered equivalence of m-
functions in the neighborhoods of their critical
values.

Definition. The neighborhood of the P? cri-
tical layer which is given by the inequality ¢ —e <
f < ¢+ e for sufficiently small & which strati-
fied on the line level of function f and which
is considered accurate to the layered equivalence
P?={r:—e < f(x) — c < e} is called an atom.

If the critical value c is local minimum or local
maximum then an atom is called an atom A. If the
critical value c is saddle then the corresponding
atom is called a saddle .

Atom is called simple if m-function in the
(P2, f) is simple. Remaining atoms are called

RYAY
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Fig.

Atoms of complexity 2. All possible atoms
of complexity 2 of m-functions on surfaces with
boundary have been considered in the work [3].
Each atom of complexity 2 splits at a small
movement in the one-parameter family of m-func-
tions into two simple atoms by two ways (fig.2-11):
We stretch the points to different critical
levels. Fig.2 shows that atom B; splits into two

19

Bulletin of Taras Shevchenko
National University of Kyiv
Series: Physics & Mathematics

complex.

Let c is the critical value of function f on X2
and ¢’ is the critical value of function g on Y2. We
consider their specific layers: f~!(c) and g=!(c)
and suppose that these layers are coherent.

m-functions f and g are called layered equi-
pped equivalent in the neighborhood of their parti-
cular layers f~!(c) and g~!(¢) if there are two
positive numbers ¢ i ¢’ and diffeomorphism A :
fHe—ec+e) — g} —¢€,d +¢), whi-
ch converts line-level of function f in line-level of
function g and preserves the direction of functions
growth that A maps the range (f > ¢) into the
range (g > ).

We consider the pair (P2, f) where P? is a
connected compact surface with non-empty edge
OP? and f is m-function on it which has exactly
one critical value C moreover f~'(c—e)Uf!(c+
g) = OP2. The class of equipped layered equi-
valence of this pair (P2, f) is called f-atom or
equipped atom.

Remark. Each atom corresponds to two f-
atoms. Sometimes these two atoms can coincide,
be equivalent.

Definition. f-atom is an atom with the
previous definition for which the splitting of rings
into positive and negative is observed .

The simplest examples of atoms is a nei-
ghborhood of maxima, minima and saddle critical
points on surfaces. When passing through the cri-
tical level of m-function of the common situation
levels adjustment may occur [2] (fig.1).

1.

simple atoms. Firstly we consider the case when
the first critical point is above the second critical
point. Having made a small movement we obtain
two simple atoms: A; and Ag. If we have a second
critical point at a higher critical level than the first
one we get other simple atoms: Ag and As. And
similarly for By, whereas By and By are the same
as atoms although different as f-atoms.
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A,
_-__.C BI I:"> @ ij

Fig. 2.

Fig.3 shows that atom Bj splits into two si- Atom Bs splits into two simple atoms: Ag, As
mple atoms by two ways: Az, A7 and A7, Ay. Si- and Ajz, Ag. And similarly for Bg, whereas Bs and

milarly for B4, whereas both atoms B3 and By are Bg are the same as atoms although different as
the same as atoms although different as f-atoms. f-atoms.

A; 7 As Aj
é@ }Bg —— % = %;%Bj :>f&
7 1 5 A6

Fig. 3.
Fig.4 shows that atom By splits into two si- Atom By splits into two simple atoms: As, Ag
mple atoms by two ways: Az, Ag and Ag, As. Si- and Ag, As. And similarly for Byg.

milarly for Bs.
A, A,
< — B, ———
4, 4,

Fig.5 shows that atom Bjp; splits into two si- As and As, A;. And similarly for B4, whereas
mple atoms by two ways: Ay, Ay and Ay, A;. Si- both atoms Biz and By are the same as atoms

milarly for Bjs. although different as f-atoms.
Atom Bj3 splits into two simple atoms: As,

Fig. 4.

A;
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Fig.6 shows that atom Bjs splits into two si- Atom Bj7 splits into two simple atoms: As,

mple atoms by two ways: As, Az and As, Ay, Si- A7 and Ag, As. And similarly for Big.
milarly for Big.

4, 4,
B, < B, ——
A A,
Fig. 6.
Fig.7 shows that atom Bjg splits into two si- Atom Bsp splits into such simple atoms: As,

mple atoms by two ways: As, Ag and Ag, As. Si- As and As, As.
milarly for Bog.

4, A,
< — B, /— =
A5 Ai
Fig. 7.
Fig.8 shows that atom Bsjg splits into two si- And atom Bsg splits into such simple atoms:
mple atoms by two ways: A;, Ao and As, A;. Ay, Ay and Ay, Ay
i 4, 4,
< — B, ——— < B, —
’42 4, A4 A4
Fig. 8.
Fig.9 shows that atom Bsy splits into two si- Atom Bsg splits into the following simple
mple atoms by two ways: Az, As and A4, As. And atoms: Az, Az and As, As.
in the same way for Bos.
B, —— By, ————
A, A,
Fig. 9.
Fig.10 shows that atom Bsg7 splits into two Atom Bsyg splits into the following simple

simple atoms by two ways: Ag, A7 and Ag, A7. atoms: Ag, Ag and A7, Ag.
Similarly for Bog.
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A, A A4,
<— ®B,——
A, VAN A

Fig. 10.

Fig.11 shows that atom Bsg splits into two si-

mple atoms: As, As and Ag, As.

4,
— B, —=
: ;{ } 4,

Summarizing all of the above the following
theorem is just.
Theorem. All possible deformations of atoms

of complexity 2 to simple atoms are set in the
table:

A

By | By | Bs | By | Bs | Bg | By | Bs

Ay | A7 | A3 | Ag | As | A5 | A3 | Ao

Ag | Ao | A7 | Ay | As | Ag | Ag | Ay

Ag | Ay | A7 | Ax | A3 | A7 | Ag | Ay

A3 | A7 | Ay | Ag | Ag | As | A3 | Ao
By | Byg | B11 | Bi2 | Bisz | Bia | Bis | Bis
As | Ag | Ay | Ay | A | Ay | A5 | Ay
Ao | As | Ay | Ay | As | Ay | As | As
Ag | As | A1 | Ay | As | Ay | A5 | Az
As | As | Ay | Ay | Ay | Ay | Ay | A
Bi7 | Big | Big | Bog | Boy | Bag | Bog | Bog
As | Ag | A3 | As | As | A1 | Ay | As
A7 | As | Ag | Ag | As | Ax | Ay | As
Ag | Ay | Ag | Ay | As | Ax | Ay | Ay
Az | Ag | A3 | Ag | As | Ay | Ay | As

22

Atom B3 splits into two simple atoms by two
ways: Ag, Ag and Ag, Ag. And similarly for Bss.

AN
B31 :

i
Bos | Bag | Bar | Bog | Bag | B3o | B31 | B3
A1 | As | Ag | Ag | As | As | Ag | Ag
As Asg A Ag Ag As Ag Ag
Az | As | Ay | Ag | A7 | Ay | Ay | As
Ag | As | A7 | Ag | Ag | As | Ag | Ag

Conclusions

We have considered all possible deformati-
ons of atoms of complexity 2 of m-functions on
surfaces with boundary to simple atoms.

The results by O. V. Bolsinov and
A. T. Fomenko [1] and O. O. Prishlyak [6] have
been generalized in the work.

The obtained results can be used for the global
classification of m-functions of complexity 2, as
well as an initial step for the study of atoms of
greater complexity.

All these results are applied in the study of

vector fields of oblique gradient on the manifolds
with boundary.
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The construction of wreath product is well-known and widely used both for groups and semigroups.
It gives a possibility to get new group (semigroups) from old. The semigroup of partial automorphisms of
a rooted tree of a special kind is isomorphic to partial wreath product of inverse symmetric semigroups.
However, sometimes it is necessary to consider a construction similar to wreath product, but which
allows to get wreath product of a semigroup (group) with a set of semigroups (groups). It is shown In
the present paper a generalization of partial wreath product of semigroups is introduced. It is proved
that the generalized partial wreath product of semigroups is a semigroup. Besides, it is shown that the
generalized wreath product of inverse semigroups is an inverse semigroup. It is also shown that under
certain conditions the generalized wreath product of semigroup is isomorphic to the direct product of
wreath products of semigroups. The description of idempotents of a generalized partial wreath product
1$ provided.

Key Words: semigroup, partial wreath product, generalized partial wreath product, idempotent.

Communicated by Prof. Kirichenko V.V.

1 Introduction 2 Partial wreath product of semigroups

The wreath product construction is a useful tool We follow notations from [3].
to obtain new groups or semigroups from old.

However, it is interesting object of study. Dependi- group of partial transformations of a finite set M.

ng on type of semigroups, slightly different modi-  gnsider the set SPX of partial functions from M
fication of wreath product are considered. The , p.

most comprehensive survey is contained in [3]. In
certain cases it is convenient to have a possibili-
ty construct a wreath product of a group (semi-
group) with a set of groups (semigroups), for
example, when describing closed subsemigroups If f,g € SPX, then product fg is defined in a
of a semigroup of partial automorphisms of a following way

rooted tree [1]. The generalized wreath product
introduced in this paper provides such a possibi- dom(fg) = dom(f) N dom(g)
lity. We consider a generalized wreath product of ’
semigroups and study its basic properties. (f9)(x) = f(x)g(x) for each z € dom(fg).

Let P be a semigroup and (H, M) be a semi-

SPX —{f: A— P|dom(f)=A,AC M}.

© €.A. Kouybincoka, [.B. Cemeniok, 2015 24
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If he H, f € SPX, then f" is defined as follows:
dom(f") = {z € dom(h) : 2" € dom(f)} =
(ran(h) N dom(f)h~", (f*)(z) = f(a).

Definition 2.1. Partial wreath product of a semi-
group P with a semigroup of partial transformati-
ons (H, M) of a finite set M is a set

{(£.h) € "% x (H,M) | dom(f) = dom(h)}
with multiplication defined by
(f,a)(g,b) = (fg",ab).

Partial wreath product of semigroups P and
(H, M) is denoted by P, H.

Proposition 1. [2]

1. Partial wreath product of semigroup Py, H is
a Semigroup.

2. If semigroups P and (H,M) are inverse then
the semigroup Py, H is inverse. The inverse
element to (f,h) is the element (f ,h)~! =

(#2772, m).

3 Generalized partial wreath product of
semigroups

Let H be a semigroup which acts (possibly, parti-
ally) on a set M, {P,},enm be any set of semi-
groups satisfying condition:

if y € 2 (that is, y = 2" for certain h € H),
then Py, C P,.

Definition  3.1. Generalized partial wreath
product of a group (semigroup) (H,M) with a
set of semigroups { Py }zecns is a set

GWr(H, M, {P,}) =
={(f,h) | he H, f: M — | P,

f(z) € Py, dom(f) = dom(h)}
with multiplication defined by

(i, h1)(f2, ho) = (fLf3*, haho),
where (f1,h1), (f2, h2) € GWr(H, M, {Py}).

We define the product of functions fi; and fo
in the same way as for usual wreath product:

(frf2)(x) = fi(z) f2(2),

and we also define

(1)
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Theorem 3.1. The generalized partial wreath
product GWr(H, M,{P,}) of semigroup (H, M)
with the set of semigroups { Py }zenr forms a semi-
group under multiplication defined by (1).

Proof. We show that the set GWr(H, M,{P,}) is
closed under multiplication.

Let (fl,hl),(fg,hQ) S GW’I“(H,M,{PI})

Note that

dom(fl) = dom(hl)
and

dom( f2) = dom(hya).
Then

(f1,h1)(fa, ha) = (frf2* hihs).

Clearly, h1hy € H.
Since Pn, C Py, then fo(z") € P, and

ALY @) = fi(@) fa(a™) € Py
And we need to check that equality
dom(flfgl) = dom(hlhz)

holds. We have

dom(h1hg) = (ran(hy) N dom(hg))hi?,

dom(f2) = (ran(h1) N dom(f2))h; L.

Since
dom(f1 f3) = dom(f1) N dom(f3")
and

dom(f1) = dom(hy), dom(fz) = dom(hs),

then

dom(fify') =
= dom(hy) N (ran(hy) Ndom(f2))ht =
= (ran(h;) Ndom(hy))hy! = dom(f2).

To complete the proof, we note that every set
Ah7!is contained in dom(hy).

Thus, (f1,h1)(f2,he) € GWr(H, M,{P,}),
and generalize wreath product of semigroups is a
semigroup.

O
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Consider now the semigroup GWr(H, M,{P,}).

On the set M we introduce a relation ~:
d
x~y é{ x € yH,
that is, there exists h € H such that = = y".

Lemma 1. If H is an inverse group, then relati-
on ~ 1s the equivalence relation on the set M.

Proof. Clearly, x € zf
Since H i 1s an inverse bemlgroup, then z = y"
implies y = 2"~ . Thus, z € y¥ implies y € 2.
Let + ~ y and y ~ z. Then there exists
hi,hy € H such that x = ¢y, y = 2. Tt follows
r=yM =2MM and z ~ 2. O

Lemma 2. For equivalence relation ~ the followi-
ng holds: if x ~y, then P, = P,.

Proof. It follows from the definition of the
generalized wreath product that z € y implies
P, C P,. Since ~ is symmetric, then P, C P,. [

Theorem 3.2. If semigroup H and all the semi-
groups of the set {Py},en are inverse, then semi-
group GWr(H, M,{P,}) is inverse.

Proof. Let H and { P, },cn be inverse semigroups.
If (f,h) € GWr(H, M,{P,}), then h~! € H and
(") e P
Thus, (/)"
The element (( f
(f,h). Indeed,

e GWr(H, M, {P.})
AT

1Y is inverse for

(F R Rh
)"H" hRTY) (f, k) =

(f ) (f )" (f h) =
= (f.h) = (F((S"

1

= (F((" )™ = h) = (f, h).
Similarly,
(F )RR = ()7 Y.

As H and {P,},cp are inverse, the uni-
queness of the element (f,h)~! follows from the
uniqueness of the elements 2! and (ff~)~!. O

Since ~ is equivalence relation, the set M
is partitioned into disjoint union of equivalence
clases:

M=MUM,U...UM,..
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Theorem 3.3. If the semigroup H is inverse, then
generalized partial wreath product is isomorphic to
the direct product of partial wreath products:

k
GWr(H, M, {P-Ti}f:l) = H(PCB'L Zp(Ha M;))
i=1
where x; € M;, 1 =1,2,...,k.

Proof. Let (f,h) € GWr(H, M, {P;,}¥_,). Consi-
der the map

k

H(Pifz Zp(Hv MZ))a

i=1

2 GWT<H7 M7 {Pafz}le) -

which acts as
(fih) —

= <(f‘M1’h‘M1)7 (f‘MQ’h‘M2)7 ’(f‘Mk’h|Mk)> :

First, we check that for all i = 1,2,...
(f\Mi,h]Mi) is in Py, 4, (H, M;).

K

Let x € M; for some ¢ = 1,...,k. Since M; is
an equivalence class, then for every h from H we

have z 1M € M;. Therefore, h‘M (H, M;).
From the definition of a generahzed wreath

product it follows that f(x) € Py, for any x € M.

Denote dom(f;) = B;. Clearly, B; C M;. From

above we have

is a function from B; C M; to P,, as required.
Therefore, (f}Mi, h‘Mi) € Py, w(H, M;)

Show that the map given above is a
homomorphism. On one hand, we have

(fg", hb)
= (((9)" a1y 7Bl o1,)-

On the other hand,
((f’Ml’h’Ml)’ ’(f’Mk’h‘Mk)) X
X ((Q‘Mpb‘Ml)’ ’(g‘Mk’b‘Mk)) =
(ZE

(6" ) ], =

= ((€F9)" gy bl g, )5+ ((F9)" g B0y ) -

((£9)" | W] 01)) -
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It is left to prove that this map is bijecti-
ve. The injectivity follows from the definition of
equivalence classes and from uniqueness of inverse
element. Clearly, it is also surjective. So, given map
is indeed an isomorphism. O

4 Idempotents in generalized partial
wreath product of semigroups

Theorem 4.1. Element (f,h) € GWr(H,M,{P,})
is idempotent if and only if h € H is idempotent
and f satisfies the condition: f(z)f(z") = f(x)
for each x € M.

Proof. Ann element (f,h) € GWr(H, M,{P;}) is
an idempotent if and only if (f,h)(f,h) = (f, h).
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According to multiplication rule in the semi-
group GWr(H,M,{P,}) it means (f,h)(f,h) =
(ff" hh) = (f,h). Therefore, h is idempotent in
H and f(z)f(z") = f(x). O

Theorem 4.2. Let (f,h) € GWr(H, M,{FP.})
be idempotent, then f(y) € Py is an idempotent,
where y = x for some x € M.

Proof. Let h € H be idempotent and z,y € M
such that 2" = y. Then y = 2 = 2" = (2M)h =
y" and f(y) = f(y") = f*(y). Therefore from the
previous theorem we have f(x)f"(x) = f(x) and

F M) = FW) ) = fy),
so f(y) € P, is an idempotent. O
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Hezati K anzebpaiuno samxnene nose xapaxmepucmuru 0 i R nose arzebpaivrur gyrxuid 6id deox
aminnux nad K. Aneebpa Jli sciz K-dupeperuyitosans noss R e d606umiphum exmopHum npocmopom
nad R (3 cmandapmmuum 6a3ucom i3 wacmunrux noxionuz). YV pobomi dano Tapaxmepusayitn Komy-
mamushux basucie uiei aszebpu JIi i onucano memod nobydosu deaxux i Komymamushur 6a3ucis.
3natideno saxon aminu dusepzenyii dosiavhozo dugeperyirosarms noas R npu smini basucy npocmopy
dugpepenuyitosars.

Knmovoei carosa: muozousen, areebpa JIi, dupepenyitosanms, xomymamuehutl 6a3uc, Jueep2eHi

Let K be an algebraically closed field of characteristic zero and R the field of algebraic functions in
two variables over K containing the field K(x,y). The set Der(R) of all K-derivations of the field R is a
Lie algebra. This Lie algebra also is a two-dimensional vector space over the field R (with the standard
basis consisting of partial derivations). A basis of this vector space over R is called commutative if its
elements commute in the Lie algebra Der(R). A characterization of all commutative bases of Der(R) is
given in terms of divergence of their elements (the derivations from a basis of Der(R) can have nonzero
divergence in contrary to the Lie algebra of all derivations of the polynomial ring in two variables over
K). A method of building some commutative bases of the vector space Der(R) is pointed out, a formula
for computing the divergence of a derivation from Der(R) in any commutative basis is obtained. It
turned out that the divergence of a derivation of the field R does not depend on choice of new basis
consisting of coordinate polynomials.

Key Words: polynomial, Lie algebra, derivation, commutative basis, divergence.

CrarTio mpecTaBuB JOKTOP (Pi3UKO-MaTeMaTHIHUX Hayk, mpodecop B.B.Kupnuenko

1 Introduction vations from such a basis are divergence-free [5]
(see, for example [1], [9]). This characterization of
commutative bases can not be transferred on the
Lie algebra W, (R) where R = K(z1, ..., z,)) since
there are commutative bases of Wn(R) such that
not all their elements have zero divergence. So, it
is interesting to characterize commutative bases of

Wy (R) in terms of divergence of their members.

Commutative bases of the Lie algebra WQ(R)
are characterized (Theorem 1). A method of bui-

Let K be an algebraically closed field of characteri-
stic zero and R O K(x1, ..., 2,) a field of algebraic
functions in n variables, i.e. an algebraic extensi-
on of the field K(z1,...,z,). The set of all K-
derivations of the field R is a Lie algebra (with
the Lie bracket [Dy, D3] = D1Do — Do D1 ) which
will be denoted by W, (R), this Lie algebra is also
a vector space of dimension n over R (but not a Lie

algebra over R). The basis {8%1, e %} is called
standard, its elements satisfy obviously the relati-
ons [8%1,%] = 0,9,7 = 1,...,n, i.e. this basis is
commutative. All the commutative bases of the Lie
algebra W, (K) (consisting of all K-derivations of
the polynomial ring K[x1, ..., ,z,]) are characteri-

zed in [4] (see also, [5], [3]). In particular, the deri-

© ALIL IlerpaBuyk, B.B. Crenyx, 2015 28

lding some commutative bases in Wy, (R) is poi-
nted out, the law of changing of divergence when
we change a basis of the field K(z,y) is found
(Theorem 2).

We use standard notations in the paper (see,
for example, [6]). Recall that every derivation of
the field K(z1,...,z,) can be uniquely extended
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to the field R 2 K(xi,...,x,) of algebraic
functions in n variables (see, for example [1]).
Therefore the standard derivations ai of the
subfield K(x1,...,zy) of the field R can be uni-
quely extended to the derivations of R and these
derivations form a basis of W,,(R) (we save the
same notations for such extended derivations). If
Disa gerivation of the field R written in the form

D = Z ai%,ai € R, then the divergence of D

Z 8ai

the K- Space R we will write KerD for its kernel,
this is subfield of R called field of constants of D
in R.

is divD =

. Since D is a linear operator on

2 Commutative bases of Lie algebras of
derivations

Lemma 1. Let Dy,Dy € WH(R) and a,b € R.
Then

1) [aDy,bDs] =
ng(a)Dl;

ab[Dl,Dg] + CLDl(b)D2 —

2) ifa,b € KerDyN KerDsy, then [aD1,bD3] =

ab[Dl,Dg]
Hosedenna. Straightforward check. O
Lemma 2. Let D = ana%l + a12%,D2 =

CL21,9%1 + a228%2 € Ws(R) be nonzero derivati-

ons of the field R O K(xy,xz2) such that A =

Gt a2l g The equality [Dy, D2] = 0 holds
ar a2

if and only if De = aDy for some a € KerD;

Hosedenna. Since Dy, Do are linearly dependent
over R, we have Dy = aD; for some a € R. The
condition [D1, Ds] = 0 is equivalent by Lemma 1
to the equality D;(a) =0, i.e. a € KerD;. O

Theorem 2.1. Let D1 = allaixl + alza%z,Dg =
agla%l + agga%Z be derivations of a field R O

K(x1,x9) such that A = a i # 0. The
as a2

equality [Dy, D2] = aDy + bDs, for some a,b € R

holds if and only if divD; = 2H8) _p divD, =
DggA) .

Zosedenna. Denote by B

_ ai] @
A7 where A = 1 e
a1 a2

= (bij)zz,jzl the matrix
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Then
0
=— = b11D1 + b12D2, =— = b1 D1 + ba2Ds.
oxy Oz
Using the approach from the paper [?] write down
o 0 o 0 0
0= = 2 % = % (b Dy +bypD
0x1 0xy  Oxo Oz 8561( 2101 + 622 D)
0 Obay 0
——(b11 D b1aD —D boy—D
82(11 1+ bi12D2) = o1 1+ 21(%1 1
Obas 0 Obyy 0
—=D b Dy — D bj1—D
+8 9 + 25 -Ds (8 1+ gD
Obia 0
—D bijo—D
+ 92, 2 + 123 2).

It follows from the last relation (after substitution
52 = bin D1 + bip Dy):

Oba1  Ob1y Obaa  Obia
P DOuyp 4 (P22 P2y
( 6901 a$2 ) + ( ) 27

b11(b21 D1 + baaD2) Dy + bi2(ba1 Dy + baa Do) Do—
b21(b11D1 + b12D2) Dy — baa(b11D1 + b12D2) Do.
Therefore the next equalities hold:

Oby1  Ob1y Obaa  Obya
P2 Py (2 Oy
(8371 Oxa )P+ ( Oxr; Oz /D2 =
(b11b22 — ba1b12)[ D2, D1] = det B[Dy, D1] (1)

Taking into account the relations det B =

%, [D2, D1] = —aDy — bDy we get from (1) that
0b1a B 0bay o 1 0boo 8[)12 o —lb
81‘1 81‘2 N A @ 8%’1 81‘2 - A

Since B=A"1=1 ( 12 ) we have

a2
asy 0 ,ax
5 xl( )+ 3 m( )=
a 8 ail 8 a1 o b
2w a) T an'a) s @
The equation (2) implies
divD; = DliA) b, divDy= 2 QXA) —a (3)

Conversely, let the equalities (3) hold for
some elements a,b € R. As Dy, D5 are linearly
independent over R we get [Dy, D2] = aDy + D3
for some «a,3 € R. Repeating the considerati-

ons from the first part we get divD; = % —

B,divDy = 228 _ o But then a = a,f=b. O
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C’omllary 1. Let D, = ana%l + algaim,Dz =

a1 75— 61 + a0 50— 3 € Wg( ) be linearly independent
over R The derlvatlons D; and D, commute if

and only if div(xD1) = 0,div(xD2) = 0, where
A= | @1 a2
Ga21  a22

While studying the Lie algebra WQ(R) a
question arises about derivations D1, Dy € WQ(R)
such that [D1, Do) = Dy (they generate in WQ(R)
a two-dimensional over K nonabelian subalgebra).
Such Lie subalgebras can also be characterized in
terms of divergence:

Corollary 2. Let Dy,Dy € WQ(R) be linearly
independent over R. The relation [D1, Ds] = Dy
holds if and only if div(xD;) = —x,div(xD2) =
0, in particular, if A = 1 then divDy = 0,divD; =
—1.

Note that a question was posed in [8] about
structure of polynomials f, g satisfying the equali-
ty detJ(f,g) = g, i.e. about structure of Jacobian
derivations satisfying the mentioned above condi-
tions. Such polynomials in some cases were descri-
bed in [2], see also [7].

Let us show a simple method how to build
commutative bases in the Lie algebra W, (R). Let
{y1,...,yn} be a transcendence basis of the field
R over K. Denote by -2 I +— the usual partial
differentiations of the subﬁeld K(yl, .oy yn) of R
and extend them (uniquely by Lemma 2) to deri-
vations of the ﬁeld R (we save the same notati-
ons). Since [82 > ] =0,4,j = 1,...,n on the
subfield K(yi,...,yn) of R and R is algebraic over
K(yp....,yn) then the commutativity preserves on
the field R (by Lemma 2). Hence {8%17 ce ay }is

a commutative basis for W, (R). Write this basis

in an explicit form. Denote A = detJ(y1,...,Yn),
the Jacobian of the algebraic functions y1, ..., yn-

Consider the derivations Dy, ,...,D,, of the
field R defined by the rule:

Dyi (h) = det‘](y17 < Yi-1, h7 Yit1y--- 7yn)7 Where
oy Oy
ox1 Oxn

J(yla'"7yi—17h7yi+17"'7yn): % %
o O
Ox1 Oxn

is the Jacobi matrix of the functions yi,...,yn-

1 N — §.s 1 - 0
Then xDy,(y;) = di and therefore x Dy, = 5-
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on the subfield K(y1, ..., y,). But then Biyl = %Dyi
on the while field R by Lemma 2. So {1 Dy, } is a
commutative basis of the Lie algebra W,,(R). Note

that all the derivations %Dyi have zero divergence
of and only if A € K*.

3 On divergence in different bases

Let R O K(z,y) be a field of algebraic functions in
two variables. Then every derivation D € Wy (R)
has a unique expression D = a; 8‘1 + az gy for
some ai,a0 € R and divD = 8‘” + 8a2 If we
take any elements f and g € R Wthh algebrai—
cally independent over K then D = bl% + bga%
for some b1,b5 € R and a question arises how
to compute divD in the basis {2 o 8 of the

Lie algebra W2(R) (we can consider divD as a
geometric characteristic of D). The answer is given
by the next statement:

Theorem 3.1. Let {8%,8%} be a commutative
basis of the Lie algebra WQ(R) = DerxR, where
R O K(, y) s a ﬁeld of algebraic functions.
If D = P + Qa € Wa(R) has an expressi-
on D = R8 + S gg n the basis {8%,%} then
divD = 98 4 & aQ = %—? + %5 — D(A)x, where
A= de‘cJ(f7 ) 25 the jacobian of f, g

Jlosedenna. Let us find a relation between coordi-
nates (P, @) and (R, S) of D. Note that

8f of
=D ~J
R=D(f) =Py + Qay’
dg
(9) 3, (4)
aof  of
R 5y P
Therefore < > = gff gy ) ( ), where
5 < g 2\ Q
of of
; % = J(f, g) is the Jacobi matrix of the
x Oy

algebraic functions f,g. Using the chain rule for
differentiation we obtain

oR_oRox 0ROy 05 _
of — Bz of oy of dg

Since f, g are algebraically independent over K we
have

05 0r
Ox Jg

0S8 dy
dy g’

F(z, f,9) =0

for some nonzero polynomials F'(z, f, g),
Klu, v, w].

Gy, f,9) =0 (5)
Gy, f,9) €
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It is also obvious that 75 0,9 5, 7 0. From But using (4) we obtain
the equalities (5) it follows
oFoz OF _, 0FOx OF Or Oz dr 0z dx dy 3m8y
Ox 8f af " Oz 09 Og
8G8y+%:0, 8G8y 0G —0 OR 3P6f Zf_'_@%_‘_Q f
oy of =~ of dy 0g ' dg Oy Oy Oz oxdy ' Oy Oy Dy?
and then
o) o)
or_ _or 0 G 05 _0Pdg &% 0Q0g, 0%
of 9’ 9g aF dr Oz Ox dz? Oz Ox dzdy
oy _ 57 O _ 5 7 05 9P 0% 0Qog 0
af 9@ pg o (7) 9 , p 99 99 L 0%9
dy dy dy Oy Oz oxdy = Oy dy Oy?
After differentiation the first equation in (5) by x Using the last equalities write down
and then by y we get
2
OF OFdf OF dg OR0g 0S0f _ OPOf  pO°F  0Q0f
— +—==—+—==0 Ox Oy  Ox Oy Ox Ox 0302 ox Oy
x Of dxr  9dg Ox (8) ) )

0 0 oP 0 0 0Q 0
oFof OFdg 40 f)ig_(iig P%+Q£+
of oy = g dy 0x0y’ Oy Ox Ox ox Ox Oy

Solving this system of linear equations we obtain 99 Of OP AL P 0%’fog 0%gof
520y 0y ~ oz T P Gatay " aar oy’
oF _ _OFdgl  OF _OFOf1 s ! i
0f ~  0rxOyA’ dg OxoyA’ ( O*f dg I Qf)
of of 0xdy 8y 0xdy Oy
where A = ‘g”’f gz . Analogously it follows Analogously
or Oy
from the second equality in (5) that 0590f OROg _ 0P g &g | 0Qdg
= ( + P +
Oy 0x Oy Oz oy Ox oxdy = Oy dy
aG 0GoJ 0G99 _ g.0f OPAf  *f . 9Qof
of 0y ~ 0g 9y +Q ) —(=——=—+P + ==
2Gof G dg 9) oy2’ Ox Oy Ox 0xdy Oy Oy
ofox " agon " Q105 _0Q, 09 Of 5 Dy,
that oy’ Oz 8y 0xdy Ox ax(?y Ox
oG 0Gag1 9G  0GOf1 Pgof 0°fog
Ar T A AN As T A A A Q(828 dy? 0 )
of 0Oy odx A’ dg Oy Ox A y-ox y-or
erte now the divergence of D in the basis It follows from the last equalities that
{8f7 5 8R 85 oP 0Q 0A 0A
o il A+ P22
! af A((8x+8 ) or T9%,) =
8R 0S 0ROz OROy  0S0x  0S0y _ OP  0Q 1
+ = + — + = Pl i 2 il
of "dg  owof " oyof owdg  oydg o Ty ~PAA
OR % OR df 98 %—5 Therefore divD = ‘g—? + % - D(A)x O
(by(6),(7)) = (fT(—W)‘*' 5 (= ) 3 ——(—35F)
R Yy T 9z Corollary 3. If A = detJ(f,g) € K* then the
ag % 9ROy OR divergence of a derivation D € DerR does not

dg 1
+7(_@) = (by(8),(9)) = —(—=— 4+ depend on the choice of the commutative basis
Oy dy A dudy " Oy {2,921, In particular, the divergence does not
df > dg
OROg 0Sof 0SOf depend on the choice of the coordinate polynomi-

oy dor Ozx oy Oy a$) als in the polynomial ring K[z, y].
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Busuaromwves wenepepeni mpurkymmi eidobpasicenns keadpamy |0, 1]2 8 cebe, imepayli AKUL
YMBOPI00ms crinuenny epyny. Jlosedeno, wo Axwo Hanie2pyna imepayit HENePepeHo20 MPUKYmMHo20
gidobpasicenna xeadpamy 6 cebe € CKIHUEHHON UUKATUHONW 2PYnot, mo 60HO abo mpueiasvha, GO0
ckaadaemuves 3 080T, abo 3 HOMUPLOT esemenwmis. Beedeno mowamms KaHOHIYHO20 300PAAHCEHMHA
UUKATWHOT epynu Henepeperumy  6idobpasicennamu.  Jlosedeno, wo epynu, AKi 300paHCAI0OMBCA
81006PANCEHHAMY THMEDBANY, MAIOMb Kanoniune 300pascenna, ane epyna Cy He MaE KaHOHIuH020
300pasicerta mpuxkymmuumu 6idobpasicennamu. Beedeno nowammsa muny mpaekmopii nepioduunol
MOYKU MPUKYMH020 61000pasicenns xeadpamy ma dogedeno, U0 00MedNHcENHA MG CNIGICHYBANNA MUNIG
NEPLOOUNHUL TMOYOK NePIody 4 0is MPuKymHux 6idobpasicens, wo 300pascaroms epyny Cy, 6idcymmi.

Karomosi caosa: Tpurkymmne eidobpasicerts, mun nepiodusHoi mpaexmopii, cniiCHY8aHHA MUnNie
neproduYHUT MPackmopit.

So called triangular continuous square maps, whose iterations semigroup is finite are considered
in the article. These are maps of square into itself, such that the first coordinate of the image is
independent on the second coordinate of preimage. It is proved that this semigroup is a finite cyclic
group only in the case if it is either trivial or has order 2 or 4. The notion of canonical representation
of a cyclic group with triangular maps is introduced as such representations, where group identity
corresponds to the identity map as a function, which does not move any point. It is proved that
those groups, which can be exactly represented by interval maps have the canonical representation by
triangular maps, but the group Cy does mot. The notion of a type of a cyclic trajectory of a point is
introduced for triangular maps. All possible types of periodical trajectories for continuous interval maps
are described. The coexistence of all types of periodical points for triangular map, which represents a
group Cy, is proved.

Key Words: Triangular map, periodical trajectory type, coexistence of periodical trajectories types.

Communicated by Prof. Kirichenko V.V.

spect to compositions. Remind, that compositions
of a map F' with itself is called iterations and the
n-th iteration of F' is denoted by F™ for n > 1.

Denote by Fj; a triangular map, which does
not move any elements of 72. This map is the iden-
tity element of semigroup of all triangular maps.

Introduction

Triangular square 12 into itself maps whose it-
erations semigroup is finite are considered in the
article. Here we denote with I the interval [0, 1].

A map F : I? — I? are called continuous

triangular, if it is of the form

F(z,y) = (f(2), g(x,v)) (1)

for some continuous functions f : I — [ and
g : I? — I. This means, that the first coordinate
of the image of F' is independent on the second
coordinate of the argument.

Triangular maps form a semigroup with re-

© M.B. Ilnaxoruuk, 2015

We will differ representations of monoids (pre-
cisely, groups), where identity element is repre-
sented by Fj4, or not.

For any point o of the period n under the
action of a map f of the interval I into itself, a
permutation w € S, corresponds to xg in the fol-
lowing rule (see. |5, p. 53], or a classical work [4]).
Let 1 < ... < x, be an ordered orbit of xy. Then
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permutation 7 of the set {1,..., n} is defined by
the rule f(z;) = ;) for 1 <i < n.

Definition 1. The permutation ™ which is con-
structed above is called the type of periodical point
xg in the action of the map f.

The work [4] by O. Sharkovskii contains the
world known theorem about the linear ordering of
the sets of interval maps and about impossibility
to specify this ordering. It is proved that sets B,
of those continuous interval I maps, which have
the periodical point of a period n are linearly or-
dered by inclusion as follows.

By DBy DBy DBy D...

ce.D By D By3D... DBy DBasD ...
...B9g D By D By D Bs,

and all the inclusions are strict i.e. for all different
n1, ne € N the inequality B,,, # By, holds.

Remark 1 (see. [5], p. 58). A cycle of period

8 may be only of the type w3 = ; g i) > or
mverse. The cycle of a period 4 may be of some
’ - le of m (1 2 3 4

ypes: for exzample of mi” = { 5 5, | ) or

1 2 3 4

(2 _ .
o —<3 4 9 1). If the map f has a cy
(1)

cle of the type m, "’ then it is easy to show that
it also has a cycle of the period w3 and whence
the Sharkovskii theorem gives that it has points of
all periods. In the same time interval map f may
have a cyclic point with type wiQ) and have no other
point’s periods except of those which yield from the

Sharkovskii theorem i.e. 2 and 1.

This remark explains the naturalness of con-
sidering of types of points trajectories in the study
of properties of periodical points of maps.

It is proved at [7], that Sharkovskii theorem
can be generalized to triangular maps.

In our work we will introduce the notion of
canonical representation of a cyclic group by trian-
gular map as such representation, where identity
element of a group corresponds to Fj;, mentioned
above.

We mention in the Section 1, that only groups
of 1, 2, or 4 elements can be exactly represented
by triangular maps.

In Section 2 we prove, that there is no canon-
ical representation of the group C4 by continuous
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triangular map, whence all its representations are
non-canonical.

Is Section 3 we generalize definition 1 for tri-
angular maps and define the type of periodical
point of triangular map. We call a type of the peri-
odical trajectory of triangular map representable,
if there exists a triangular map with a periodical
point of such type. We describe all representable
types and prove that any set of different repre-
sentable types can be the whole set of all types of
periodical trajectories of some triangular map.

1 Prelinaries

It is proved at [3]| that if the semigroup of it-
erations of continuous map f : I — [ is a finite
group then this group consists of 1, or 2 elements.
Also the following lemma is proved.

Lemma 1. If the map f € C°(I, I) has a period-
ical point with a period m > 2 then the semigroup
of iterations of f is infinite.

Simple algebraic reasonings give the following
lemma (see. [3]).

Lemma 2. For an arbitrary map H which maps
some set M into its subset the uniformly bounded-
ness of points orbits is equivalent to the fact that
iterations semigroup of this map is finite.

Graphs of maps of I into itself, whose iter-
ations semigroup is a finite group are described
at [1]. Also the following theorem is proved.

Theorem 1. If the map f of the interval I repre-
sents the finite group, then there exists an interval
[a, b] C I, such that f(I) = [a, b] and one of the
following two conditions holds.

1. For any x € [a, b] the equality f(z) = z
holds and in this case the group of iterations of f
18 trivial;

2. The graph of f is symmetrical in the line
y =z for x € [a, b] but does not coincide with it.
In this case the group of iterations of f is Cs.

All the semigroups which can be represented
exactly with triangular maps of n-dimensional
cube I™ are described at [2]. It is proved there
that if cyclic group has exact representation of tri-
angular maps of I? then its order is either 1, or 2,
or 4.
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Example 1. Let us give an example of a triangu-
lar map F of the square I? such that the equality
F = F™ holds for its iterations and the condition
F™ = F does not hold for 1 <mn < 5.

The deal of the example. Use the notation of def-
inition 1 for the map F'. Let the first coordinate
f be defined with the formula f(z) =1 — x for all
x € I. Define the second coordinate g as follows.

Let « < 3. Define g(z,y) = z for y € [0, 2];

g(z,y) =y fory € (x,1 —x) and g(z,y) =1 —=x
for y € [1 —x,1].
Also for =z > % define g(z,y) = z for y €
0,1 —2z]; g(z,y) =1—y fory € (1 —z,z) and
finally g(z,y) =1 —z for y € [z, 1].
The graphs of go4 and gog are given at fig-
ure la). Now check the equality F° = F.

Forz € (0,1)and y € [0, z) we have F(z,y) =
(1—:1: z); F?(2,y) = F(1 — 2,2) = (2,1 — z);
( ) (xl z) = (1_$71_$);F4($>y):

= F(- 2,1 2) = (2,2); F(a,9) = Fla,7) =
= (1 — z,z) whence F(z, y) = F°(z, y).
For z € (0,2) and y € [z,1 — x| we have

F(z,y) = (1= ay); F(z,y) = F( - x,y) =
— (2, 1-y); F*(a.y) = Fla,1-y) = (12, 1- )
Fiz,y) = F1 — 2,1 —y) = (v,y) whence
F(z, y) = F(z, ).

For z € (0,3) and y € (1 — z,1] we
have F(r,y) = (1 — 2,1 — 2); F%*(z,y) =
Fl—=z,1- x) (z,2); F3(z,y) = F(z,2) =

(1—2z,2); F4(z,y) = F(1 —z,2) = (2,1 — 2);
F3(z,y) = F(z,1 — ) = (1 — 2,1 — x) whence

Flz, y) = F(x, y).
The equality F = F° for « > % is proved in
the same way. O

Definition 2. A representation of a cyclic
group Cy, by iterations of the map F is called ex-
act if there is one-to-one correspondence between
elements of C, and iterations of F' and this cor-
respondence is concerted with the group operations

mn C,.

Definition 3. An exact representation of a
cyclic group Cy, by iterations of the map F' is called
canonical representation if the identity of a group
C,, corresponds to the neutral element of the semi-
group of all maps which belongs to the set of iter-
ations of F.

Remark 2. Theorem 1 yields that canonical rep-
resentation of either trivial or the group Co by the
maps of interval I is canonical if and only if [ is
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a bijection i.e. the equality [a, b] = I holds where
a and b are from the theorem formulation.

Remark 3. It is constructed at the example 1 the
exact representation of the group Cy but it is not
canonical, because the group identity is represented
by a map F*, which is not identity element of the
semigroup of all square I maps.

2 Canonical representations of cyclic
groups with triangular maps

The main theorem of this section is the fol-
lowing.

Theorem 2. There is no canonical representation
of the group Cy with triangular maps of I?.

Remark 4. If a triangular map F represents
the group C4 canonically, then for every point
(w1, y1) € I? the condition FY(z1, y1) = (21, y1)
holds.

Lemma 3. If the semigroup of iterations of a tri-
angular map F is finite, then trajectory of any pe-
riodical point of the period 4 is of the form

(1, y1) — (w2, y2) — (21, y3) —
— (22, ya) — (21, Y1),

(2)

where y1 # y3.

Proof. Let the map F' and point (z1, y1) be as in
the condition of the lemma. Then x is a periodi-
cal point of the map f.

If z1 is a periodical point of the period 4 for
the map f then Lemma 1 yields that semigroup
of iterations of f is infinite whence semigroup of
iterations of F' is also infinite.

If z1 is a fixed point of f then the point y; is a
periodical point of the map g, (v) = g(x1, y1) and
its period is 4 and trajectory of (x1, y1) under the
action of F' is looks as F"(x1, y1) = (1, gy, (y1))-
Lemma 1 yields that semigroup of iterations of
gz, is infinite which means that semigroup of iter-
ations of F' is also infinite.

So, the period of x; as a periodical point of f
equals 2 which finishes the proof. O

Lemma 4. [f iterations of the triangular map F
represent the group Cy canonically then for every
x € I the map g.(y) = g(z, y) is a homeomor-
phism of I with itself.
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Proof. We will prove this lemma by contradiction.

Consider an arbitrary point (x1, y1) € I? and
consider the following two cases.

L f(21) = z1;

2. The point z1 has a period 2 under the ac-
tion of the map f.

According to Lemma 3 there are no other pos-
sibilities for periods of 1.

If f(z1) = x1 then trajectory of (x1, y1) is
F"(z1, y1) = (w1, g3, (y1) and the fact that g, is
a bijection yields from Remark 2 and Lemma 2.

Let now the period of the point x; be equal 2
under the action of the map f. If the lemma does
not hold then one of the following two cases holds.

1. For some 1 € I and for two distinct
i, ys* € I the equality g(z1, yi) = g(z1, y5*)
holds.

2. For some z1 € I the map g4, (y) = g(z1, v)
maps the interval I into the interval J which does
not coincide with I.

Consider each of these cases separately.

If for some z1 € I and for points yj, y5* € I
the equality g(z1, yi) = g(z1, y5*) holds, then
it means that F(x1, yi) = F(z1, y3*). But this
equality contradicts to equalities

{ F4(IE1, yik) = (xlv yik)v
F4($1, yf*) - (wla yT*)7

which yield from the fact that representation of
Cy with iterations of F' is canonical and from that
points yi and y3* are different.

If for some x1 € I the map g¢., (y) = g(z1, v)
maps the interval I into J which does not coin-
cide with I then consider an arbitrary point yo € I
such the equation g(z1, y) = y2 has no solutions
for y. Denote x9 = f(x1) and consider the tra-
jectory of (xg2, y2) under the action of F. Ac-
cording to the Remark 4 this trajectory is cyclic
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there is some £ € N such that the equal-
ity F*¥(x9, y2) = (w2, y2) holds. It means that
fE N ao) = 21, ie. F¥ (g, y2) = (1, y) where
y € I is some point if I. But whence g,, (y) = y2
which contradicts the way of constructing of ys.
The obtained contradiction finishes the proof
of the lemma. O

l.e.

There is the following corollary from this
lemma and the continuity of F.

Corollary 1. [t iterations of F represent the
cyclic group Cy canonically then for any x € I
the bijective map g,(y) is either increase for all
y € 1, or decrease for all y € 1.

Lemma 5. If for the triangular map F the con-
dition holds then for any x € I the map g,(y) =
g(z, y) is a bijection then either F2 = F or the
semigroup of iterations of F' is infinite.

Proof. It is enough for proving this lemma to con-
sider the map

Denote it as F2(z, y) = (f(z), §(z, y)).

Lemma 3 and Theorem 1 yield that if the
semigroup of iterations of F' is finite then for every
x € I the equality f(x) = z holds.

As for any x € I the map g, is a bijection
then for any x € I the map g, increase. In this
case Theorem 1 yields that the semigroup of iter-
ations of F? is finite if and only if for all x € I
and for every y € I the equality g(x, y) = y holds.
But this equality together with the obtained prop-
erty of f means that F? = F which finishes the
proof. O

Now Theorem 2 is a corollary of Lemma 5.

Figure 1:
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3 Non canonical representations of cyclic
groups

We will consider in this section the question
about possible types of periodical points of the
period 4 under the action of the triangular map
whose semigroup of iterations is finite.

Definition 4. We will call periodical sequences
{(zk, yr)} and {(Tk, yr)} to have the same type
if for some fired t € N and all i, j inequalities
y; < yj and Yy < Yj4¢ are equivalent and also
inequalities x; < xj and Tipy < Tj4q are equiva-
lent.

Remark 5. Note that trajectories of periodical
points (x1, y1) and (1, y1) under the action of tri-
angular map F have the same type then points x1
and T1 as periodical points of the map f have the
same period and the type of periodical trajectory in
the sense of the Definition 1.

Definition 5. A type of a periodical sequence
P = {(zk, yr)} is a finite sequence of points T =
= {(ax, b)} of the set N? which have the following
properties:

1. The set of first values of the first coordi-
nates of points of the set T together with the set
of the second coordinated T are sets of some first
natural numbers.

2. All elements of T are different.

3. Periodical sequences P and T have the
same type where the infinite sequence T is obtained
from the finite T one by its repeating infinite num-
ber of times.

Definition 6. We will a type of periodical
point the type of its trajectory.

Remark 6. From Lemma 3 yields that a period-
ical point of the triangular map whose semigroup
of iterations is finite may have either type

T = (17 y1)7 (2’ y2)7 (L y3)7 (2, y4)7

of the type

(3)

T = (27 yl)’ (L y2)7 (Qa y3)7 (L y4)7 (4)

for some natural numbers y1, y2, y3 and y4.

Definition 7. The finite sequence of natural num-
bers T = {(ag, bx)} is called an admissible type
of periodical point if items 1 and 2 of Definition 5
hold.
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Definition 8. The admissible type T of periodi-
cal point is called representable if there exists a
continuous triangular map F whose semigroup of
iterations is a finite group and which has a period-
ical point of the type T .

The main result of this section is the following
theorem.

Theorem 3. Fach representable type of periodical
point T of the period of the form (3) and (4) is
representable.

Consider some lemmas which let decrease the
number of types of periodical points whose repre-
sentability should be studied.

Lemma 6. If for some natural numbers y1, yo, y3
and y4 the type of periodical points Ty = [(1, y1),
(2, y2) (1, y3), (2, ya)] is representable then type
of periodical point Ty = [(2, y1), (1, y2), (2, y3),
(1, y4)] is also representable.

Proof. Let triangular map F' = (f, g) have a peri-
odical point of the type 7;. Consider the map F ,
defined as F(z, y) = F(f(z), g(1 — z, v)).

The periodical point which whose period type
is 71 under the map F' will be of the type 75 under
the map F.

Note that all trajectories of F are symmetrical
in the line x = 0,5 to the correspond trajectories
of F. O

Lemma 6 lets to prove Theorem 3 only for
admissible trajectories types 7 of period 4 of the
form (3) and not to consider types of the form (4).

Lemma 7. If for some natural numbers y1, y2, ys
and yy the type of trajectory T of the form (3) is
representable the a type of trajectory T = [(1, y1),
(2, y4), (1, y3), (2, y2)] is also representable.

Proof. If the map F' has a point of the type T
then this point has a type 7 under the action of
the map F = F3. O

Lemma 8. If the type T of a periodical point of
the form (3) is representable then the type

T = (17 yw(l))? (27 y7r(2))7 (17 y7r(3))7 (27 y7r(4))

of periodical point is also representable for any per-
mutation ™ € Sy.
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Proof. Definition 5 of a periodical trajectory yields
that type of a periodical point 7 of the form (3)
will not change if we “permutate cyclicly” points
of the sequence 7 i.e. obtain

T = (27 y2)7 (17 y3)7 (27 y4)7 (1’ yl)?

T = (17 y3)> (27 y4)7 (17 yl)v (2? y2)

and

T3 = (27 y4)’ (1a yl)’ (2a y2)7 (1a yS)'

Now lemma yields from Lemmas 6 and 7. O

Lemma 9. Type of trajectory T of the form (3)
where {y1, y2, y3, ya} = {1, 2} is representable.

Proof. Lemma yields from the example 1 and
Lemma 8. O

Lemma 10. Type of periodical point T of the

form (3) where {y1, y2, y3, ya} = {1, 2, 3} is rep-
resentable.

Proof. Taking into attention Lemma 8 it is enough
to prove that there exists a triangular map F
whose iterations form an exact representation of
the group C4 and which has a periodical point of
the type

T =(1,1),(21),(1,2), (2, 3).

We will construct the map F' with the period-
ical point of the type T in the same way as it was
done at the Example 1.

Let the map f be defined with the formula
fx)y=1—xforall z € I.

For x < 1/2let g be defined as ¢,(y) = y+1/2
for y € [0, 0,5 — x) and let be g»(y) = 1 — x for
y=0,5—=x.

For z > 1/2 take g,(y) = 0,5 for y € [0, 0, 5];
g(y) =1—yfory € (0,5, x) and g,(y) = 1 —x for
y>x.

Graphs of go(y), 90,4(y), go,s(y) and g1(y) are
given at the figure 1b).

The fact that this map really has that prop-
erties as it is necessary can be proved with the
direct checking in the same way as it was done at
the Example 1. ]

Lemma 11. The type of the sequence T of the

form (3) where {y1, y2, ys3, ya} = {1, 2, 3, 4} is
representable.
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Proof. The idea of the prove of this lemma is also
analogical to the proof of the Lemma 9 and the
Example 1.

According to Lemma 8 it is enough to prove
that there exists a triangular map F' whose itera-
tions represent the group Cy which have periodical
point of the type

T=(1,1),(2 2),(1,3),(2 4).

Take f(x) =1—x for all z € I.

For x < 1/2 take g,(y) = 1/3 + x/3 for
y < /3 goy) =y +1/3 for y € (x/3,2/3 — )
and ¢gz(y) =1—x fory >2/3 —x.

For x > 1/2 take g,(y) = 1/3 + x/3 for
y<2/3—2/3; gu(y) = 1—yfory € (2/3-2/3, z)
and g,(y) =1—z fory > z.

Graphs of maps go(y) and g4(y) are given at
figure 1c). O

Theorem 3 yields from Lemmas 9, 10 and 11.

4 Coexistence of types of periodical
points

Remark 4 shows that the problem about co-
existence of cycles of periodical points for interval
maps was considered at first by A. Sharkovskii at
his classical work [4]. In fact it is in this work the
notion of type of periodical point of continuous in-
terval map was given at first and the impotentness
of some additional characteristic of a cycle except
its period was explained.

Lemma 12. If a triangular map F whose semi-
group of iterations if finite has a periodical point
of period 4 then it has a periodical point of the type
7=(1,1),(2,1).

Proof. Let (x1, y1) be a periodical point of the pe-
riod 4. According to Lemma 3 its trajectory is of
the form (2) i.e. x; is a periodical point of f and
its period is 2.

Consider the map

9(Y) = G5 (92, (v))-

As a continuous interval I into I map it has a pe-
riodical point i.e. there exists a point gy such that
trajectory of the point (z1, yo) looks as

(z1, yo) — (72, Yo) — (21, Yo)-

This point has that type which is necessary. [
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Figure 2:

Remark 7. Note that all triangular maps which
were constructed in the process of proving of Lem-
mas 9, 10 and 11 have the following properties.

1. gos(y) =y for all y € I in particularly for
x = 0,5 the unique periodical point of F' is its fized
point (0,5, 0,5).

2. The points of period 4 have the same type
for each of three constructed maps.

Taking into attention the Remark 7 we may
obtain the following construction of triangular
maps which have points of period 4 of different
types.

Consider the transformation ¥; which acts on
the set of triangular maps and moves the map
F(z,y) = (f(x), g(z, y)) to ¥1(F) which is de-
fines as (V1(F))(z,y) = (f(z), g(x, y)) where
the function f is defined as follows. If z < 1/4
then f(z) = f(—2z +1/2); if 1/4 < x < 3/4
then f(z) = f(2z — 1/2) and if x > 3/4 then
Flz) = f(~22 +3/2).

For example the figure 2a) contains a shaded
area of the square I? which is the periodical points
set of the map F' from the Example 1. Sets of pe-
riodical points of maps which were constructed at
Lemmas 10 and 11 are given at figures 2b) and 2c).
The bold curve at all three figures denotes the pe-
riodical points of period 2 and the point at the
center of a rectangle is a fixed point.

The following lemma holds.

Lemma 13. Let the triangular map F is such that
its the first coordinate is defined as x — 1 —x and
F(0,5,y) = 0,5 for all y € I then the following
holds for H = W1(F).

1. H(0,5,y) = H(0,y) = H(1,y) = 0,5 for
ally e I;

2. Sets of types of periodical points of maps F'
and H coincide.

3. Semigroups of iterations of the maps F' and
H coincide.

This lemma is proved with the direct checking.
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For example the set of periodical points of
map ¥ (F) from the Example 1 if given at the
figure 2d).

Define a transformation Wy which makes pos-
sible to construct the triangular map Wy(F, G)
with two given triangular maps F and G and ¥,
will be such that the set of types of periodical
points of the image map will be union of types
of periodical points of F’ and G.

Additionally assume that as the triangular
map F', as triangular map G are defined with the
formula z — 1 — x for the first coordinate. Let F]
be the restriction of F to the set [0, 1/2] x I and
let F,. be restriction of F' to the set [1/2, 1] x I.
Then the transformation Wa(F, G) is schemati-
cally shown on the figure 2e) and it can be de-
fined analytically as follows. (¥a(F, G))(z, y) =
F(2z, y) for x < 1/4, (Vo(F, G))(z, y) = G2z —
1/2, y) for 1/4 < x < 3/4 and (Vo(F, G))(z, y) =
F(2z — 1, y) for z > 3/4. The following lemma
yields from the construction of Ws.

Lemma 14. Let the triangular map F and G are
as in Lemma 13. Then the following holds for
H =Wy (V1 (F), U2(G)).

1. H(0,5,y) = H(0,y) = H(1,y) = 0,5 for
ally € I;

2. Sets of types of periodical points of H is a
union of sets of types of periodical points of F' and
types of periodical points of G;

3. If semigroups of iterations of the maps F
and G are finite groups the the semigroup of iter-
ations of H is bigger of these two groups.

The reasonings above can be generalized in
the following theorem.

Theorem 4. For arbitrary representable types
Ti, ..., Tt of periodical points of period 4 there is
a triangular map F whose iterations exactly rep-
resents a group Cy and which has periodical points
of each of types T1,..., T and has no periodical
points of another period 4 types.
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Proof. As is was noted in the Remark 7 the points
of period 4 have the same type for each maps which
were constructed at Lemmas 9, 10 and 11.

the

1

2]

13l

4]

[5]

[6]

7]

The constructions which were presented in
proof of further lemmas till Lemma 13 are
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phose periodical period 4 points have the same
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Now application of transformations 1 and ¥,

introduced above finishes the proof. O
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V daniti pobomi onucano uyenmp nanieepynu eidnosidnocmetl cxinuennoi epynu. Beedeno
03HAYEHHA — CYNEPUCHMPAALHOZ0 — GBMOMOPPIBMY  cKinvennoi epynu. Ilokasano, wo KoscHud
asmoMopPiam  yukAiwHol  epynu € cynepuenmpasvhum. Jlosedeno, wo uyenmp  HaAniG2pYnU

610nosidnocmets CcKinvenHol 2pynu  i30MOPPHULT  2pYni  CYNEPUEHMPANOHUT  I30MOPPIBMIE  2PYNU.

Kmouost crosa: CYNEPUEHMPasLbrutl  a8momoppiam, Hanigepyna 6iono-

sidnocmet.

UEHMP Hanie2pynu,

The problem of learning the semigroups of correspondences was set by Kurosh O. H. at his time.
The work presents the centre of the semigroup of correspondences of the finite group. It is introduced the
definition of the supercentral automorphism of the finite groups. We show that every automorphism of
the cyclic group is supercentral and each homotecia of the vector space is the supertsentral automorphism
of the additive group of this space. It is proved that the set of all supercentral automorphisms form a
subgroup of the group of the automorphisms of the finite group. It is also proved that the center the
semigroup of the correspondences of the finite group is isomorphic to the group of the supercentral
isomorphisms of the group. As a result, it is stated that the center of the semigroups of correspondences
of the finite group is isomorphic to the group of the automorphisms of the finite group. It should be
noted that if the finite group is a cyclic group or elementary abelian group, then the semigroup of
correspondences has nontrivial center. If the group is generated by the element of order 2, then its
semigroup of correspondences has the trivial center.

Key Words: center of a semigroup, supercentral automorphism, semigroup of correspondences

1 Becryn

Hexait G — yniBepcaJsbha aarebpa. fAkmo mima-
rebpy 3 G X G posrisigaru sik OiHApHEe BiIHOIIEHHST
uHa G, To muoxkuna S(G) Beix miganaredbp 3 G X G
€ HAIIBIPYIIOK BiHOCHO JEMOPIraHiBCHKOTO 100y-
1Ky Bigaomensb. Hamisrpyna S(G) HasuBaeTbest
Hnanieepynoro eidnosidnocmeri anrebpu G.

3ajiady BUBYEHHSI HAIIBI'PYI BiIIOBimHOCTEH
IMOCTaBUB I1e B KiHI 60-X pOKiB MHHYJIOTO CTOJTi-
15t Bigomuii Mmaremaruk Kypom O.I (mus. [1]).
Hamierpynu BigmosigHocTell M0OBiIbHUX yHiBEp-
casibHux ajire6p Buuas Ickamgep [2]. Hamisrpy-
W BIIIOBITHOCTEN CKIHYEHHUX T'PYI BUBYAJINCH,
30KpeMa, B [3] i [4]. ¥V mamiit pobori omucyerbes
Oy/10Ba 1EHTPa HAIIBIPYIHU BilmoBigHOCTEN CKiH-

© Tetiana V. Turka 2015

9eHHOl I'PYyIH.

VY pobori [3] nokazano, mo konu G — rpyna,
TO estleMenTH HamiBrpyu S(G) MOKHA OTOTOKHU-
tu 3 waripkamu surasny (Hy, Gy, Ha, Ga, ), 1e
H{ <G < G, Hy<1Gy < G, a o — isomopdiszm da-
kroprpynu G1/Hy va dakroprpyny Gao/Hs. Ilpu
pOMY Biamosigamit esement namisrpymm S(G) —
gK migMuOXKUHA i3 G X G — Mae BULJISII

(H1,G1, Hy, G, @) = U (aHy X @(aHy)).
a€eGy

Muoxkunn  Buriany aHy; X bHa, ne
bHy = ¢(aH;), Gymemo HasuBaTu OJIOKaMU eJie-

menta A = (Hy,G1, Ha, Ga, ).
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2 llenTp HamiBrpymu BigmosimmocTeili

Haranaemo, mo nenrpom Z (1)) nanisrpynu T Ha-
3UBAETHCST MHOXKUHA

Z(T)={aeT |ar=xa nnsascix z € T}.

3ayBaxKUMoO, 10 Y BUIAJKY HAIBIPYIHU Bijl-
nosignocreit S(G) 1T nenrp Z(S(G)) 3asxkau Mmi-
CTUTH OJMHUITIO HAIIBIPYIIM — JiaroHaJibHE BiJI-
HOMeHHsT A, i HyJIb HAIIBIPYIIM — IIyCTE BiTHOIIIE-
HHsI (OCTAHHE — Yy BHUIAJKY, KOJIH IIyCTe BiTHOIIE-
HHsI BK/IIO9aeThest B S(G)). fkio nentp micrursb
JIAIIE T1i eJIEMEHTH, Oy/IeMO HA3UBATH HOr0 mpuesi-
AABHUM.

TBepaxxenns 1. Hexatit G — Jdosiavra ymi-
sepcanvra aszedpa. AKwo Henyavosul esemenm
A € S(G) nanesrcumo yenmpy Z(S(Q)) nanisepy-
nu eidnosionocmed S(G), mo npoexyia esemerma
A C G x G na xooscen mnooicnur 3bteaemuea 3 G.

Hosedenns. st noBiabHOro GiHAPHOrO BijIHOIIE-
wHs @ C G X G MaeMo pIBHOCTI, §IKi JIETKO IIe€pe-
BipAIOTHCS 6E31M0CePeTHBO:

po(GxG)=pr; ¢ xG,

1
(G xG)op=G X pry ¢. M)

[Toeue BinHomenus: G X G € eJleMeHTOM HalliB-
rpynu Bignosinuocreit S(G). Tomy 3 piBnocreii (1)
BHUIUIMBAE, IO JJIs JOBLILHOIO HEHYJIBOBOIO €Jle-
menTa A € Z(S(G)) BuKoHy€eTbCs PiBHICTD

pr; Ax G =G x pry A.
Ane Toni

priA =G, G = pryA. 0]

Hexait Tenep G € rpymoio,

A= (Hy,G1, Ha, Go, )
— eqemenr i3 nenrpy Z(S(G)) 1T mamisrpynn Bi-
nosigaocreit S(G). 13 TBepmkenusi 1 BuLIMBaE,
mo G1 =Gy =G.
Jlema 1. fxwo esemernm

A= (Hl,G,HQ,G, QO)

nanieepynu - eidnosionocmet S(G)  manescumo
uyewmpy, mo Hi=Hys=F i ¢ € AutG.
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Hosedenns. Posriasaemo ejgemeHT

B=(E,E,G,G,e¢),

Jie € — TpuBiaJabHIH aBTOMOP(]I3M OJUHUIHOI I'PY-
nu. Tomi

BoA=(E,E,G,G,e) =B,

Ao B = (Hy,H,,G,G,e).

Orxe, H = E.
AHaJIOrYHO IS €JIEMEHTa

C: (G7G7E7E7€)

MaEeMO:
AoC=(G,G,E,Ee) =C,
CoA= (G,G,HQ,HQ,E).
Tomy Hy = E.
Ockisibku 0obujBa hbaxkTopu Ternep JIOPiBHIO-
ot G/E ~ G, 10 ¢ € AutG. O

Astomopdism ¢ rpymu G 6ymeMo Has3WBATH
CYNEPUEHMPANLHUM, SIKIIO BIH KOMYTYE 3 yciMa
isomopdismamu dakrTopiB rpynu Gy TOMY CEHCI,
mo Ajst poBiibHEX miarpyn Gy, Hy, Gso, Hsy, Ta-
kux, mo G1>Hy, Go>Hy 1 G1/Hy ~ Go/Hs, i nist
JIoBLIbHOTO i30Mopdismy ¢ : G1/Hy — G2/ Ha Bu-
KOHYETHCS PIBHICTD

o(Y(gHy1)) = P (p(gH1)) (2)

JJ1s1 foBiabHOTO g € (31.

3po3yMisIo, IO TOTOXKHUI aBTOMOP(dI3M € Cy-
[IepIEHTPaAJbHIM. PO3IJIssHEMO MEHI TpHUBiaJIbHI
IPUKJIAIH.

TBepmxkenuuss 2. Koowcen asmomopdiam wuxai-
YHOI 2PYNU € CYNEPUEHMPANDHUM.

Hosedenns. 1le oueBUIHO 1J1si HECKIHUEHHO! IiH-
KJI9HOI Tpynu  Z, Jie € BCbOro 2 aBToMopdizmu:
TOTOXKHUM 1 & — —T.

Hexait Tenep Z,, — mukJjidna rpymna mopsiji-
Ky n. Koxker apromopdism rpynu Z,, Mae BUTIS,
wi : ¢ — kx, ne enement k € Z — dbikcoBaHuil.
st aBromopdisma ¢y, pisaicTb (2) HabyBae Bu-
TSIy

k-(g+N1)=9(k-(g+ Hi))

1 € IPaBUJIHHOIO. O
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Enemenrapry abeseBy rpyity Zp 3py<HO pO3-
JIAaTA $K QJUTUBHY TI'PYILy N—BUMIPHOIO Be-
KTOPHOI'O IIPOCTOPY HaJi HoJieM Zjp. Toui miarpynu
36iraTUMyThCA 3 TiAIpOcTOpamMu, a aBToMOpdizMu
— 3 HEBUPOJKEHUMHU JIHITHIME IEPETBOPEHHSMH.
Tomy ana/IOrivHO MOMEPEIHBOMY TOBEIEHHIO JIJIst
rpynu  Z, JTOBOJUTHCH

TBepaxkenass 3. /Jaa 006iavHo20 esemenma
* - .

k€ Z, eomomemia ¢ : v — kx € cynepyen-

MPAALHUM AEMOMOPPIZMOM A0UMUBHOT 2pYynu 6e-

KMOpHo20 Npocmopy  Z,) .

TBepaxkennst 4. Hexatli G — ckinvuenna 2pyna.
a) Hrxwo ¢ — cynepuenmpasorul, a8momop-
Pizm, mo das kooichol nidepynu H < G suxonye-
muca pienicms o(H) = H.
b) Mmnootcura 6cix cynepueHmpasoHuT a8mo-
mopdiamie ymeoproe nidepyny epynu Aut G.

Jlosedenns. a) Hexait H < G — noBinbHa 111
rpyna, ¢ — CylepleHTpaabHuil aBToMopdisM,

6:H/E—>H/E

— TOTOXKHUI i30MOpdi3M i ¢ — TOBULILHUI ejie-
ment i3 H. Toxmi 3 piBHocti (2) BuIMBaE, 1O
o(g) = e(¢(g)). OckinbKu £ BU3HAYEHU JIHIIIE HA
uiarpyni H, To ¢(g) € H.

b) Ilosask rpyma G — ckiHueHna, TO BCi aB-
TOMOP(}IZMU MaIOTh CKIHUYEHHUI TOPSIOK. Tomy
JOCUTDH IIEPEBIPUTH JIAIIE 3aMKHEHICTh MHOXKUHUI
CYTEePIEHTPAJBHIX AaBTOMOP()I3MiB BiJTHOCHO MHO-
xenHd. Hexait p1 i w9 — cyneprienTpaJsbHi aBTo-
Mopdiszmu. BpaxoBytoun @), 3aMKHEHICTH BijHO-
CHO MHOXKEHHS BUIIMBAE 3 TAKOTO JIAHITIOXKKA PiB-
HOCTeI:

(p192) (Y (gH1)) = pa(p1(v(gH1))) =

= 2(Y(p1(gH1))) =
= p2(Y(p1(9)H1)) = P(p2(p1(9)H1)) =
= Y(p2(p1(gH1))) = V((p192)(9H1)). O

Teopema 1. Iewmp Z(S(G)) manisepynu 6io-
nosidnocmets S(G) cxinvennoi epynu G 306i-
20EMBCA 3 MHONCUHONW — EAEMEHMIE  6U2AAY
A= (E,G,E,G,p), de ¢ — cynepuenmpanrvrui
asmomopdiam epynu G.

Hosedenns. 13 rBepirkennss 1 i jiemu 1 Bumm-
Bae, 110 KokeH esleMenT A € Z(S(G)) mae Burys
A = (E,G,E,G,9), ne ¢ € AutG. Tlokaxemo
ciouatky, mo ¢(H) = H nus KoXKHOI miarpynn
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H < G. Cupasgi, skimo H < G, to H X H €
estlemenToM Hamisrpymu S(G). Ase

(Hx H)oA=H x o(H),

Ao(H x H)= (¢ ' (H) x H).

Tomy sikmo A € Z(S(G)), ro o(H) = H.
Posrnginemo — Temep  JIOBUILHHI  eJleMeHT
B = (H1,G1, Hy, Ga, ) nanisrpynu S(G). 3amm-

memo By Burisami

B = U(gZHl)g;HZ)v

(2

ne giHy = 1(giH1). Besnocepeaubo nepesipsie-

ThCS, IO

Bo A=|Jg:H1, (g} Ha),

’ » / (3)
AoB = U(SD (9i)H1,g;H>).

dkimo AoB = BoA, to o~ (g;)Hy = gjH1 st nie-
sxoro gj. Tomy g;Hi = ¢(g;)Hi. Kpim Toro, mae
OyTu

(¢~ '(9i)H1, giH2) = (9;H1, (g}) Ha).

Ane Toni

V(p(giH1)) = Y(p(g;)H1) = Y(giH1) =

= giHa = (g})Hy = (g Ha) =
= (¢ (g;H1))-

Ockinbkn enement g; € G Moxke OyTn Jo-
BIJIBHUM, TO IIe JIOBOJUTH BHKOHAHHS yMOBHU (2).
Otxke, aBTroMOpdi3M ¢ € CylepIeHTPATbHUAM.

Hapmaku, dximo ¢ — CylHepreHTpaib-
Huit aromopdizm rpymu G, TO IsT eJIeMEH-
ta A = (G,E,G,E,p) 1 n0oBiabHOTO ejieMeH-
ra B =(Gi1,H,Go,Hs,v) i3  piBHOCTI
giH1 = ¢(g;)H1 i piBHocTelt (4) BuIIMBaE, IO
npasi dactuau B (3) Oyayrh 36iratucsa. A Tomy
AoB = BoAi A HalnexXuTb IEHTPY HAIIBIPY-
m S(G). O

(4)

Hacnigok 1. Iewmp Z(S(G)) nanisepynu 6io-
nosionocmetis S(G) ckinwennoi epynu G i3omop-
PHUt 2pyni CYNEPUEHMPAALHUL ABMOMOPPIZMIE
epynu G.
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Hosedenna. Ockinbku

(G7E7G5E790) o (G7E7GaE7qu)) =

= (G, E7 G7E790w)7
TO 1I¢ BUIJINBAE 3 TEOPEMH 1 1 TBEpIKeH-
ust 4.0). O
Hacaimok 2. Sfxwo epyna asmomopgismis

Aut G epynu G maec mpusiasvhutl yenmp, mo 1
nanieepyna sionosionocmeti S(G) mae mpusians-
nul yenmp.

Zosedenns. lle BuminBae 3 Teopemu 1 1 Toro, 1o
KOXKHUH CyTeplieHTpaabHuil aBToMOpdi3M HaJie-
JKUATH HNeHTpy rpyuu Aut G. ]

Hacaigok 3. fxwo G ¢ yuxaiumnoro epynoro Zy,
(de n > 2) abo eaemernmaproro abenegoro 2pynoro
Zy (de p > 2 — npocme), mo nanieepyna 6iono-
sidnocmet S(G) mae nempusianvrud yewmp.
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Hosedenns. 13 TBepmKeHb 2 1 3 BUILUIMBAE, IO B
X BUNAJKaX ICHYIOTH HETPUBIaJbHI CyHepIleH-
TpaJibil aBTOMOpdizMu. 3a TeopeMoio 1 KOoyKeH
i3 Takux aBTOMOpPQI3MIB Jla€ HeTpUBIAJIbHUIT ejie-
MeHT i3 nenrpy HamiBrpymu S(G). O

Hacainok 4. fxwo epyna G nopodocyemocs
enemeRmamu nopadky 2, mo i nanieepyna 6iono-
sidnocmet S(G) mae mpusiarvhul yenmp.

Jlosedenns. 13 TBep/KenHst 4.a) BUILIMBAE, IO
KOXKHUH CyHepIeHTPaJIbHAN aBTOMOPdI3M JuIae
HEPYXOMUMH €JIEMEHTH TOPSAAKy 2. A ToMy KoJn
rpyIia MOPOJKYEThCA €JIeMEHTAMU TOPSIKY 2, TO
CYHePIEHTPAJIBHUM Oyie TIIbKM TOTOXKHUN aBTO-
Mopdizm. O

BayBakuMo, M0 YMOBY HACJIIKY 4 3a10BOJIb-
HSIOTh, 30KpeMa, ejieMeHTapHa abejeBa 2-Tpyria
Z3, nienpasbha rpyna Dy, cuMerpudHa rpyna Sy,
i smaxko3minna rpyna A, (n > 4).
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Y pobomi eusuaromuves pisni modesi ma 6i0nosidHi ouiHoOwHI GYHKYIE, Wo 6a3yMbCs Ha AIHIT-
HUT MOOCAAT, OAA DOHUT, AKL MICTMAMD GEAUKY KIADKICMb HYyais. Locaidoceno eexmushicms maxux
OUIHOK NPU 3GCMOCYBAHHT BUDIPKOB020 MEMOJY OAA 0OCTNENHCEHHA KANIMANYHUL THEECTMUUIT 68 YKDAiHI.

Knmowoei caosa: Tobim modeav, Xexim modeas, 3azasvha 060pieHesa Modeav, Kanimaivhi iHee-
CcmuYLt, peepeciting OUIHKU.

In the paper we examine the different models and corresponding Linear Model estimators for data
containing many zero values. One of the models that widely used in such situations is Tobit model
introduced by Tobin in 1958. It is developed for the censored data. For the data suffering from big
number of zeros but not caused by censoring another models can be used: Heckit model or General
Bivariate model. We examined the usefulness and efficiency of these models utilizing general linear
regression estimator (GREG) in order to analyse the sample capital expenditure survey in Ukraine. For
this we use Monte Carlo simulation method measuring the efficiency with the Absolute Relative Bias
and the Relative Root Mean Square Error. It is appeared that GREG estimator leads to the biased but
better results with regards to the accuracy comparing to the classical Horwitz- Thompson estimator. The
usage of the Tobit and Heckit-based estimators fell short of expectations but still can be improved by

changing or incorporating more independent variables.
Key Words: Tobit model, Heckit model, general bivariate model, capital expenditure, regression

estimators.
Communicated by Prof. Kozachenko Yu.V.

1 Introduction

It is rather frequent situation when the economic
data, especially contain
observations where some variable of interest is
equal to zero for a number of the observati-
ons in the data set. Such data have excess
of zero values and this can lead to a number
of econometric problems when using Ordinary
Least Squares (OLS) to estimate the unknown
parameters of a regression model. We faced with
this problem when start to work with Ukrainian
capital expenditure survey.

microeconomic data,

The annual and quarterly surveys of capital
expenditure collect important information for the
Ukrainian National Accounts. This information is
widely used by Ukrainian government and agenci-
es, trade associations, universities and internati-
onal organizations etc. for policy development and
as a measure of regional activity.

© T.O.fuesud, 2015

The aim of the annual surveys is the structural
detection whereas the quarterly surveys have the
estimation of changes as an objective. All enterpri-
ses are to be observed in the annual survey. In
the quarterly survey only the enterprises that have
significant size of capital expenditure are usually
surveyed. Before, only the enterprises, which take
part in other quarter surveys (mostly in structural
business survey), had a chance to be observed
quarterly. Within the quarterly surveys the total of
the capital expenditure was not adjusted for the
unobserved enterprises. They contain many zero
observations which have different nature. Some
zeroes are obtained since the enterprises were
not surveyed and some are real "genuine'"zeroes
corresponding to the situation when the enterpri-
se doesn’t have capital expenditure.

In order to avoid underestimation of the capi-
tal expenditure value in the quarterly surveys the
probabilistic sampling should be implemented into
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the investigation. Since the large and medium-
sized enterprises are more valuable they are all
observed every time. We survey by the means of
the sample only the small and new enterprises.
For new enterprises only the Horwitz-Thompson
estimator can be used since we have little additi-
onal information for them. Thereby we focus on
the investigation of small enterprises and perceive
them as population.

2 Models for data with excess of zeros

The key decision facing any researcher working
with a data set containing zeros is the choice of
the appropriate model. The following summarizes
the key elements of such a decision. Suppose that
the variable of interest is y;, and there are a large
number of zero values for y in a given data set. The
first step is to determine why the zeros are present
in the data. There can be two alternatives: (1) the
zeros appear as a result of censoring or (2) the
zeros represent a decision that the researcher has
no control over for some reason.

The first alternative usually corresponds to
Tobit Model whereas the second one — to Heckit
Model. The General Bivariate Model includes the
features of both these models and can be consi-
dered as their generalization. Let us consider them
in details.

2.1 Tobit Model

The Nobit Model was introduced by Tobin [5] in
1958. The Tobit Model, also called a censored
regression model, is designed to estimate linear
relationships between variables when there is ei-
ther left- or right-censoring in the dependent vari-
able (also known as censoring from below and
above, respectively). Formally, it can be written
as

Yl = :L’;ﬁ +u;, 1=1,2,...,m;

yi = yi, ify; > 0;

yi =0, ify < 0.

where wu; are ii.d. drawings from N(0,0,), and
y; and x; are observed in the sample, but y; are
unobserved if y; < 0.

It is
sometimes confusion about the difference between
truncated data and censored data. With censored
variables, all of the observations are in the dataset,
but we don’t know the "true"values of some of

also worth to mention that there is
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them. With truncation some of the observati-
ons are not included in the analysis because of
the value of the variable. When a variable is
censored, regression models for truncated data
provide inconsistent estimates of the parameters.

The coefficient of such model can be
calculated using the Maximum Likelihood
method. In R there is a function tobit () in the
AER package developed for this task. The Tobit
Model allows different generalizations. For more
information see [3].

2.2 Heckit Model

This type of model is appropriate when y; = 0
because of a non-observable response. It means
knowledge that y; = 0 (as opposed to d; = 0) is
uninformative in estimating the determinants of
the level of y;. We can formulate it as follows

yi=d-y’,i=1,2,..
w; = o'z + vj;

d; =0, if w; > 0;
{ d; =1, otherwise.
y; = i + u;.

)y T

Here (v, u;) are jointly normally distributed.
If w and v are independent then we obtain so-called
Two Part Model. The coeflicient of the Heckit
Model can be calculated using the Maximum Li-
kelihood method or 2 step method, developed by
Heckman [2] in 1976.

In R you can use the function R or
selection() inside the sampleSelection package
developed for this task. For details see [6].

2.3 General Bivariate Model

According to the Jones’ [1] notation, the General
Bivariate Model can be identified via the followi-
ng three components. (In this paper Jones investi-
gated the cigarette consumption and this caused
the notations)

e Observed Consumption y =d - y**

e Participation Equation w = o'z + v and
participation depends on the indicator vari-
able so that

di:(), if w,->0;
d; =1, otherwise.
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e Consumption Equation

y** = max(0,y")
*=x'B4+u.

So, in the Tobit Model the variables and the
parameters in the Participation and Consumption
Equations are identical. The Heckit model can be
derived from the General Bivariate Model if there
is no censoring in the Consumption Equation.

3 Analysing the data of expenditure for
agricultural enterprises

In this section we plan to investigate the effici-
ency of the general regression estimator based on
Tobit and Heckit models comparing to the classi-
cal Horvitz-Thompson estimator when analyzing
capital expenditure of the Ukrainian agricultural
enterprises.

For the population U consisting of N elements
we denote as (y1,...,yn) the vector of values for
the variable y (here y; are the values for the k-th
element of the population. In our case we consi-
der as a population U all the small agricultural
enterprises of Ukraine. According to the State
Register we had 37100 such enterprises in 2010, so
N = 37100. The variable y that we are interested
in is the capital expenditure of such enterprises
in 2010. The parameter we investigate is the total
capital expenditure Y = >, _;; yx. The underlying
design is simple random sampling.

The main relative measure of efficiency for the
estimator @ of the parameter 6 is the relative bias

~

MSE(8) =

We compare the efficiency of two types of esti-
mators for the total — classical Horvitz-Thompson
estimator and the general regression estimator usi-
ng the auxiliary information and assisted by di-
fferent models:

YHT _ Z yk

kes

YGREG—Zyk+Zyk_yk

keU kes
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where 73 are the sample weights of the k-th
element and 7 are the predictive values of the
variable y for the element k£ obtained from some
linear model. The additional information on these
and other estimators can be found in the books
(4], [7].

Since the explicit expression for the bias and
mean square error is very hard to obtain so the
Monte Carlo simulation method is usually used for
estimation of such parameters. For the estimati-
on of the relative bias we shall use the Absolute
Relative Bias

ARB = /Y,

K
Zm

and the Relative Root Mean Square Error for esti-
mation relative mean square error

K

Y (V(s)—Y)2/Y

i=1

1

RRMSE = %

Within the investigation we have made K = 1000
Monte Carlo simulation utilizing data from annual
surveys of capital expenditure in 2009 and 2010.
As far as these data appeared to be not very si-
milar to the Normal we also investigated different
estimator for log-transformed data.

So, we shall compare the following estimators

Horvitz-Thompson estimator (HT);

general regression estimator assisted by
classical linear regression model with capital
expenditure in 2009 as a regressor (GREG);

general regression estimator assisted by
classical linear regression model with log-
transformed variables (LGREG);

general regression estimator assisted by
Tobit model with capital expenditure in
2009 as a regressor (TOB);

general regression estimator assisted by
Tobit model with log-transformed variables
(LTOB);

general regression estimator assisted by
Heckit model with capital expenditure in
2009 as a regressor (HECK);
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e general regression estimator assisted by
Heckit model with log-transformed variables
(LHECK);

The results of the simulation study are presented
in the Tables:

% HT | GREG | TOB | HECK
ARB 0.07 | 1.27 3.94 0.13
RRMSE | 8.15 | 7.89 12.2 7.89
% HT | LGREG | LTOB | LHECK
ARB 0.07 0.08 32.09 0.05
RRMSE | 8.15 7.86 2294 7.74
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4 Conclusion

As we can see, usage of GREG estimator leads
to biased but better results with regards to the
accuracy. The usage of the Tobit and Heckit-based
estimators fell short of expectations but still can
be improved by changing or incorporating more
independent variables. And the main useful thing
is that all theses estimators except HT can be used
for the construction of small area estimators.

The small efficiency of the regression esti-
mators based on the Tobit model can be explained
by realizing that the process of zero appearing in
this case is not connected to the censoring. The
Heckit model explains the this process much better
and efficiency of the estimators is much better.

References

1. JONES, A. M. (1989), ”A double-hurdle model
of cigarette consumption”, Journal of Applied
FEconometrics, v. 4, No. 1, pp. 23-39.

2. HECKMAN, J. (1976)"The Common
Structure of Statistical Models of Truncation,
Sample Selection and Limited Dependent
Variables and a Simple Estimator for Such

Models”, Annals of FEconomic and Social
Measurement, 5, No.4, pp. 475—492.

3. HUMPHREYS, B.R. (2013) ” Dealing wi-
th zeroes in economic data”, University of
Alberta , www.ualberta.ca/ bhumphre/class/
(zeros_vl.pdf).

4. SARNDAL, C.-E., SWENSSON, B. and
WRETMAN, J. (1992) Model Assisted Survey
Sampling, Springer-Verlag, New York, 694 P.

5. TOBIN, J. (1958) "Estimation of relationships
for limited dependent variables”, Econometri-
ca, v. 26, pp. 24-36.

6. TOOMET, O. and HENNINGSEN;, A. (2008)
"Sample Selection Models in R: Package
sampleSelection”, Journal of Statist. Software,
7, www.jstatsoft.org/v27/i07

7. VASYLYK, O. and YAKOVENKO, T. (2010)
Lectures on theory and methods of survey
sampling, PC "Kyiv University”, Kyiv, 208 P.

Received: 25.10.2014



JNPEPEHIIIAJIbHI
PIBHAHHA,
MATEMATHUYHA ®I13UKA
TA MEXAHIKA






Bicnux Kuigcbkoeo nayionanshoeo ynigepcumeny 2015, 2 Bulletin of Taras Shevchenko

imeni Tapaca Llesuenka National University of Kyiv
Cepis ghizuxo-mamemamuuni HayKu Series Physics & Mathematics

YK 517.9

Acpopo ®. A.', k.¢.-M.H., H.C. F. A. Asrorov', C.Sci (Phys-Math.).
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Temamuxa pobomu micHO no8'A3ama i3 3aACMOCY8AHHAM Meopii 6a2amoyacmomHux KOIUBAHb 8
cucmemax 36UYAHUX OUpepeHyianbHuX pieHAHbL 3 IMNYIbCHUMU 30YpeHHAMU. Bueuacmvcs numanus
ICHY8aHHs | elacmueocmelt iHMe2paitbHUX MHONCUH O/ KIACI6 TIHIUHUX ma c1ab0 HeNHIUHUX A8MOHOMHUX
imnynbcHo 30ypenux cucmem. Kpim moeo, 00cnioxcyemuvcs SKiCHA NOGEOIHKA PO36 S13KI6 8 OKOJIE OMPUMAHOL
iHme2panbHOi MHOMCUHU. J[lI51 Yb020 BUKOPUCHOBYEMbCS IMepayiliHull npoyec, AKUU NOA2AE 8 MOMY, WO
MHOACUHA BIOULYKYEMBCS, K SPAHUYSL NOCTIO0BHOCHT MHONCUH, KONCHA 3 SIKUX € THMESPATbHOI0 MHOMCUHOIO
cneyianvHo nobyoosanux cucmemu pisHanb. OOHICIO 3 HAUBANCIUSIUUX OOCMAMHIX YMO8 O/ ICHY8AHHS
inmeepanvroi muoxcunu € Qyuxyia I pina-Camotinenka. Paniwe ye numanns 6y10 6ueueHo 01s cucmem 3
iMnynvcHum 30ypenusm y gixcosani momenmu uacy. Hoeusna 0anoi pobomu nonseac 6 momy, wo mym
PO321510AEMbCSL PO3PUBHA OUHAMIYHA cucmemda, moomo Koau (azoea mpackmopis 3a3HA€ IMNYIbCHO2O0
BNIUBY NPU NPOXOOHCEHHT Yepe3 PIKCcOo8aHY 2INEPROBEPXHIO (A308020 NPOCMOPY.

Kurouoei cnosa: gyuxyis I pina-Camotinenka, inmeepaibHa MHONCUHA, IMAYIbCHA OISl

Subject of the work is closely connected with applying the theory of multifrequency oscillations to the
systems of ordinary differential equations with impulsive perturbations. We study the problem of existence
and properties of integral sets for classes of linear and weakly non-linear autonomous systems with
impulsive perturbations. Also we investigate the qualitative behavior of solution in a neighbouhood of
obtained integral set. For this porpose we use iteration process that is we obtain integral set as a limit of
sequence of integral sets for specially constructed systems of differential equations. One of the most
important sufficient conditions for existence of integral set is Green-Samoilenko function. Previously, the
issue has been studied for systems with impulsive perturbations at fixed moments of time. The novelty of this
work lies in the fact that here we consider discontinuous dynamical system, that is a situation where the
phase trajectory has impulsive perturbation when it passes through a fixed subset of the phase space.

Keywords: Green-Samoilenko function, integral set, impulsive action.

CrarTio ipecTaBuB 1.¢.-M.H., akageMik HAH Ykpaiuu [Tepectiok M.O.

Hocmimxyemo MUTaHHS ICHYBaHHS dp dx

. ..l . o, —=P X+ ,X), o gl
IHTErpaJibHUX MHOXKHH OJHOTO Kiacy JIHIHHUX 1 dt dt (p)x+f(o.x) @
cnabko  HENHIMHUX —cucTeM  JUQepeHIiaabHuX (1
PIBHSIHB, IO MiJAIOTHCA IMITYJbCHOMY BIUIUBY B Ax|per = B(@)x+1(9,x),
MOMEHT IONaJaHHsA 300pakaroyol TOYKH B 3ajaHi . _ _
p B SIK1M X=(x,...%,), @=(Q,....0,)
MHOKHHH (ha30BOr0 MPOCTOPY. .
. = - BEKT THIMH
Posrissaemo CUCTEMY UG epeHIliabHUX 0=(a,....0,) CKTOp 3 Aona
PIBHSHD 3 IMITYJIECHHM BITHBOM KoMItoHeHTamu. 11{ono MHOXUHK ' NPUITyCKAEMO,
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II0 BOHA € MiIMHOXKHHOIO Topa J,, 1 fABJIsE cCOOOI0

MHOTOBHJIM  PO3MIPHOCTI m—1, SAKI MOXHa
BH3HAUUTH PIBHAHHIM <k, >=0 (mod 27), TpH

k =(ky,... .k, )— IiIOYNCENbHUH
<k w>~0.

LBOMY BEKTOP,

3a0e3mneuye

o(t)

MHOXHHI [~ B MOMEHT Jii IMIyJbCy SIK mpH ¢ —0,

Ocranns yMOBa

MPHHANCKHICTh KyTOBOi (pa3oBoi 3MiHHOI

Tak 1 npu t+0. P(p) 1 B(¢p)- HenepepeHi, 2x -
MepioANYHI MO0 KOXHIA KOMITOHEHTI gov,v=1,_ml
KBaapaTHI Matpuil, QyHKIT f(@,x) Ta I(p,x)
BU3HAUYCHO I BCIX ¢ €3, x€R", HenepepsHi
(KyCKOBO-HEIIEPEPBHI 3 PO3PHBAMH IEPIIOTO POAY
no ¢), 2x-NEpiONUYHI MO ¢ 1 3a/J0BOJNBHSIOTH
YMOBI
pel,:

/(0. x" )= f(@.x")

Jlinmunsg 1o  x  PIBHOMIPHO BIAHOCHO

<

+|1(p.x")=I(p.x")

2

< N"x'—x”

i Beix x',x" e R".
JlonoMixkHa Jiema.
Jlemma. [lns Oynap-1KOro po3B’si3Ky t=t,(¢)

piBHsHHA (3) cripaBeIMBa PIBHICTH

L(p—ot)-t(p)=t

T o~ n
I BCIX @3, teR".

3)

Bynp sixka HemepepBHa TPAEKTOPIs ¢ = ot + @,

MEepETHHAE MHOTrOBUJ [ dYepe3 OJHAKOBI YacoBi
iHTEepBaIn
2r

<kw>
Ilo3Hauumo depes f;(¢@)- MOMEHTU IIONAJaHHS

TOYKH, IO pyXaeTbcs MO ¢ +w! Ha I . Tomi mns
OyIb-SIKOTO i € Z CHpaBeIINBa PIBHICTb

Lin(@)—ti(p)= 21 .
<k,w>
IMepmr  HiKX  chopMymoBaTH  OCHOBHHMH
pe3yabTaT, 10 BimHOCHUThC 10 cuctemu (1),
PO3IJISIHEMO HACTYIHY CHCTEMY PIBHSHb:
do dx -
E—w,E—P(co)Hf(co), e,
4)
Ax pell = B(go)x + I(QD)’

B sKili P(¢), B(p), o, I — Ti kK, mo 1 B cucreM (1);
f(p) 1 I(p)— HenepepBHI (KyCKOBO-HEMEPEPBHI 3
pPO3pHBAMH TIEPIIOT0 POAY MO ¢ ), 27 -TIEPIOANYHI
no ¢ QyHKIIl.

Hexait G(t,7,0),G(t,t,0)=E —
(dyHIaMeHTaIbHA MATPHIISL CHCTEMHU PiBHSHB
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dx
i Plo(p))x, t#t(p),

(5)
Ax t=ti(p) — B(th[ (QD))
besnocepenubo nepekonyemocs, mo G(t,7,p)

3aJI0BOJIbHSIE PIBHOCTSIM
G(tr,p+2r)=G(t,7,9),
(6)
Gt,t+1,0—t)=G(0,7,0),
JUIS BCIX t,7eR 1¢0e3,.
Hexait matpuus G(t,7,¢) 1 yHkuii ¢(¢) Taxi,

wo QyHKLii

x(9)= [ G(t.T.0)f (p+wt)r +

—o0
+ > G(t(e), @) l(p+ot(p))
ti(@)<t

SBIISIIOTH COOOK0 CIM’I0O OOMEXEHMX Ha BCIH oci

PO3B’SI3KIB PIBHIHD

(7

%:P(¢+wr)x+f(go+wr), t#t(p),
AX| o) = Blo+0ti(9))+ (@ + 0t;(9)).

IMokmamemo x,(¢)=u(p+wt) i 3amiaumo B (7)
@ Ha @ — ot , OTPEMAEMO

u(p)= jG(t,r,go—a)t)f(go+a)(r—t))dr+

—o0
t;(p—ot )<t

xI(p+oti(p—-—wt)—t))
3BizcH, BpaxoBYIOUH, 110

+ G(tt,(p—ot), ¢—ot)x

Li(p—ot)-t(p)=t, Os(0)=0(05(0)),

G(tr,p+2n)=G(t,r,0), G(tr,p—ot)=G(0,7,90),

MaeEMoO

0

u(p)= [ G(0,1,0)f(p+aor)dr +

i ®)
+ 2 G0.6(p) o) I(p+at(p))
ti(9)<0

VY nmpunymenni, mo iHterpan i cyma B (7)
PIBHOMIPHO 301KHI, OJIEP)KYEMO, 10 PYHKIS (@)
BHU3HAYA€ IHTErpaJibHy MHOXHHY CHCTEMH PiBHSHb
G

BimzHauumo, 1m0 s 30DKHOCTI 1HTerpana i
cymu 3 (8) mocratHbo, 1100 (yHkuis G(t,7,¢)
3aJI0BOJIbHSIIA HEPIBHICTh

IG(te.p)|<Ke?"™, 121 (10)
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I BCIX ¢, 7 € R, @ €3, NPH JESKUX A0JaTHIX K 1
¥, a po3B’s3ku piBHIHHA (3) #,(¢) Oyau TaKUMH, IO
lLin(9)—1:(9)20>0 (11)
I BCIX ieZ, ¢, 1aeakoro 0>0.
[Tpu 3a3HaveHnx ymoBax 3 (8) MaemMo

K K
i (@) < = max| f(@)|+ ———5 max|i(p)] (12)
¥ 03 1-e7 pes,,

AIABCIX teR 1 9T,
ACHMITOTHYHY CTiHKICTh IIi€l iHTerpaibHOi
MHOXHHHU u(¢) 3abe3nedye HepiBHICTH (10).

Takum 4YMHOM, JIOBEJICHO HACTYITHA TEopeMa.
Teopema 1. Hexaii B cucremi piBHsSHBL (5)

byHKUIT f(@) 1 I(@) 2x —epioauyHi, HEEePEePBHI
Ha J,, (KyCKOBO-HENEPEpBHi 3 PO3PHUBAMH IIEPIIOTO
pony ipu ¢ €' ); P(p) 1 B(p)— HemepepBHI Ha
3,, 27 — epioAUYHI MATPHUILL.

Axmo matpuns G(t,7,) 3aI0BOJBHSE OIIHII
(10), a dynkuii #(¢)- HepiBHocTi (11), To cucrema

piBHSHB (5) Ma€ aCUMITOTUYHO CTIHKY 1HTErpaibHy

MHOXHUHY
x=u(e) u(Q+2m)=u(p)
e u(@)- KYCKOBO-HEIEpepBHA 3 pO3pUBaMU

MepuIoro poay Ha MHOXHHI I” ¢yHkuis. [Ipu upomy
MOXKHA BKa3aTH TaKy MOCTiHHY C, HE3aJeXHY Bif
bynkuiii f(p) i I(p), mo

Juto | Conax{max| (0 ) mas o

BimzHauumo jeski okpemi Bumaaku cucteM (6),
JUIS SKUX HOPMOBaHa (yHIaMEHTaJbHA MATPHIISL
G(t,7,p) nomyckae ouinky (10). Tak, Hampuknan,
SKIIO B(¢)=0, a TpaeKTOpii ¢ + @7 BCIOIH IIIILHO

nexaTb Ha  Topi To HepiBHicTh (10)

-~
S

BHUKOHYETHCA, AKIIO
1 2r 2w

o) (j) { A(p)do,..dp, <0,

A(@)— HaliOlIbIe 3 BJIACHUX YHCET CHMETPHYHOL

MaTpHIli
P(p) =%(P(¢)+P'(<o)),

ne P'(¢) -TpaHCIIOHOBaHa IO BIIHOLICHHIO 10 P(¢)
MaTpPHIISL.

HepiBaicte (10) BUKOHYETBCS TakoX y pasi,
Ko P 1 B— TOCTiHI MaTpHUIl, KOMYTYIO4i MiX
cobor, mpuuoMy £E+B HEBUPODKECHI 1 diHCHI
YACTHHH BCIX BJIACHHUX YHCEN MaTPHIl

A=P+pln(E+B)

B11’ €MHI.
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InTerpanbHa x=u(p)

piBasab (1), Oymemo mIykaTH SK TPaHHUIO
HOCIIiZIOBHOCT] IHTErpaIbHOI MHOXKUHH U, (@) -

MHO>XHHa CUCTEMHU

u(p)= lim u, (), (13)
m—>00

KOXXKHC 3 SIKUX € iHTeraHbHOIO MHOXXHWHOK CUCTCMH
PIBHSHB

@ _ .,

dt

dx -

E=P(¢)x+f(¢,um_1(¢)), pes, (14)

AxX|per = B(@)x+1(¢u, (@),

3rigHo 3 TeopeMoro 1, mpu KoKHOMY m =1,2,...
GyHKITIS
0
u,(p)= [ G(0,7,0)x

—00

xfp+ot,u, (p+or))dr+
(15)
+ > G(0t(p) @) x

1i(9)<0

XI(@+ (9 )ty (@ +0 ()
BHU3HAYa€ IHTErpalibHy MHOXHUHY cuctemu (14).
PiBHOMIpHY 100 ¢ € J,, 30DKHICTH MOCTIJOBHOCTI

u,(¢) no rpaHu4yHoi (GyHKUII u(¢p) 3abe3medye

HepiBHICTh (2) 3a YMOBHM MaJlOCTI KOHCTaHTH
Jlimmmuims N.

TakuM  YUHOM,  CIpaBeUIMBE  HACTYIIHE
TBEPIKCHHSL.

Teopema 2. Hexaii cucrema piBasHb (1) Taka,
o BUKOHYIOThCS HepiBHOCTI (2) 1 (10). Tomi npm
JNOCUTh Majid moctiHid Jlinmmusg N cuctema
piBHSHB (1) Mae aCHMITOTUYHO CTIHKY 1HTErpalibHy
MHOXHHY
u(p+2m)=u(p),
3

x=u(p),
e u(p)— KYCKOBO-HEIEpEpBHA

MEpIIOro POAY Ha MHOXKHMHI 7 (DyHKIIiS Taka, 110
M| e =B(@)u(p)+1(@.u(p)).

po3puBaMH
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Posensoaiomvcs ocobnueocmi nepemiuiysanms piounu 6 mpusumipHux nepioouunux meuisx. Ilokazano,
wo npupooa nepemiuly8aHus PiOUHU y MpUSUMIPHUX MEYisX MAE 3HAYHO CKAAOHIWUL XapaKkmep NOPIGHAHO 3
nepemiutysanHim y 08osumipnux meuisx. Ilposedeno xknacugixayito nepioouunux mouwok. Ilokazano, wo
sAKICHe nepemiuly8anHs PIOUHU MOJCIUGE aulle 8 Medisx, Wo MAaroms GUKIIOYHO i301608aHI NepioOuyHi
mouxu. Ilepemiulysanus 6 meuisnx, wo Maromev NepiooudHi iHii, 3a8xHcoU MAE 0BOBUMIPHUL Xapakmep, a
omdice OMPUMAHHA AKICHOI MIKCMYpU 6 mMaxkux meuiax Hemoodcause. Ilepemiwiysanns 6 meuisax 3
nepioouyHUMY TIHIAMU I I301bOGAHUMU NEPIOOUYHUMU TMOYKAMU LIHOCMPYIOMbC HA NPUKIA0l Mpbox
nepioouunux meuiti Cmokca 6 ckinuennomy yuninopi. Haseoeno nepemun Ilyanxape ons yux meuitl. /[ns
MOOeN08aAHHS NepeMilly8aHHsA NACUBHOI OOMIUKU BUKOPUCTNOBYBANACh YUCEeNbHA MEXHIKA, Wo 6a3yembcs Ha
MpeKiney MamepiarbHux n0GepxoHs.

Kurouoei cnosa: meuii Cmoxca, 1aminapue nepemiuty8anHs, XaomuiHa ad8exkyis, nepioOudti il

The paper addresses the kinematic features of three-dimensional mixing in periodic flows. It is shown that
the fluid mixing in three-dimensional flows has considerably more difficult characteristics as compared to
the mixing in two-dimensional flows. A classification of periodic points, providing important information
about the mixing properties of a flow, is presented. It is shown that qualitative three-dimensional mixing
takes place only in flows that contain only isolated periodic points. Flows with periodic lines possess only
quasi-two-dimensional mechanisms of chaotic advection and therefore the high quality of mixture cannot be
reached in such the flows. Three examples of Stokes flow in a finite cylindrical cavity with discontinuous
periodic motion of its end walls are used to illustrate the apparent differences between the mixing in flows
with periodic lines and in flows with only isolated periodic points. The dynamics of the Poincare map is
analysed for all the identified types of periodic points. It is shown that the stable and unstable manifolds of
points on the periodic lines create two surfaces in the flow which intersect infinitely often. The Poincare map
is presented for the flows under consideration. A numerical technique based on tracking of a material
surface is presented to study the mixing process.

Key Words: Stokes flow; finite cylinder; laminar mixing; periodic lines.

CrarTio nipencraBuB 1.¢.-M.H., ipod. Kyk .0.

Beryn TPUBHMIPHUX TEYisAX BCE IlE NPEACTABISAE 3HAYHI

TpyaHomi. Hampuxmaa, saxmmBoro iH(opmarliero,

Ha  BiaMiHy Big  JOBOBUMIpHMX  Te4id IO TOBOPUTh TPO PpO3TAIIyBaHHS oOiacTel
HECTUCITUBOI PIAMHHU, Ui SIKMX PIBHSHHSA PyXy PErYJSAPHOTO PyXy piIWHH, SKi € Oap’epamu s
IHIMBIAYaIbHOI TACHBHOI YaCTUHKU PIJMHH MOXE IPOLECY XaOTHYHOIO TIepeMilllyBaHHs, € THPOpMaIlist
3aBKAM OyTH 3alMcaHe y TaMiTbTOHOBIH (opmi, a Tpo po3TamyBaHHS 1 Kiacupikamio MepiogndHux
OT)KE TIPU OMHCAHHI TaKOi CUCTEMHU MOXYTh OYTH TOYOK. Y JIBOBHMIPHUX TEUifX TNEPIOAMYHI TOUKH
3aCTOCOBaHi J0Ope BiOMI METOAM TaMiTbTOHOBOI PO3AUISIOTH HA TPW KIIACH: EMINTHYHI, TiMepOomiyHi i
MeEXaHIKH, JOCTIJDKEHHSI MepeMilllyBaHHSl PiqMHHM y mapabonivHi. Bimomo, 1o OCTpOBH pEryisipHOTO
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PYXY BHHUKAIOTh JIHIIE JIOBKOJA ENINTHYHUX TOYOK.
VY TpHBHMIpDHUX TeUisX KIacH]iKaiis mepioJuaHux
TOYOK € 3HA4YHO CKJIajaHimow. bigeiie Toro, y
TPUBHMIPHUX TEUisX TMEpIOANYHI TOYKH MOXKYTh
OyTH He JUIIe i130JbOBAHUMH, a i 00’€THYBaTHCh Y
nepioauyHi niHil. B maHii poboTi mpoBeneHo MOBHY
knacu(dikaiio NepioANYHUX TOYOK Y TPUBUMIPHHX
TEYisIX, BUJIICHO JIEB’SITh THIIB MEPIOJUUYHUX TOYOK
1 IOKa3aHO TNOBEIHKY BimoOpakeHHs IlyaHkape
noO/IM3y KOKHOTO THIy TO4oK. [lokazaHo, 1o
OCTPOBH PETYIISPHOTO PyXy MOXKYTh BHHUKATH JIHIIIE
JIOBKOJIa  TMEPIOJMYHUX TOYOK, OO’ €IHAHHX B
nepioanyHi JiHil. B Tedwisx, me € nuiie i301b0BaHi
MEepioINYHI TOYKH, OCTPOBIB DEryISIPHOTO PyXY
OyTH He MOXe, a OTXKE IMpOIeC XaOTHYHOTO
nepeMilyBaHHs BiIOYBAEThCS 1O BCill 00acTi.

B nmaHiii craTTi MM PO3IJISAAAEMO  IIPOIIEC
MepeMIlllyBaHHS B’S3KOI HECTHCIMBOI pIIUHU B
CKIHUCHHOMY IMIIIHAPUYHOMY KOHTEHHEpi, SKIIO
pPyX PpIIMHH BHKIMKAaHO TMEPIOJMYHAM PyXOM
TOPIIEBUX CTIHOK IWiIiHapa. Ha oMy npukiami Mu
HarJISAHO JIEMOHCTPYEMO 0COOJIHBOCTI
nepeMilyBaHHsl PIJMHA y TPUBUMIPHUX TEUisiX, IO
CYTTEBO BIJPI3HIIOTHCS BiJ JETAJIBHO BHBYCHHUX
OCOOJIMBOCTE TepeMilllyBaHHS Y JBOBHMIPHHX
TeduisX. 3 II€I0 METOI0 MH pO3POOHIN TEXHIKY
BU3HAYEHHS TMEPIOJIMYHUX  CTPYKTYp, MPOBEIH
NeTaibHy KiIacu(IKalilo MepioJUYHUX TOYOK 1
BU3HAYMIM iX MHOTOBHIM, IMOOYAyBalId IIEPETHH
Ilyankape. Po3paxyHKuM DpPOBOAMIINCH JUISI TPHOX
TUTIOBUX TIPOTOKOJIIB  PYyXy TOPIEBHX CTIHOK
numinapa. JIBi Tedii Manu nepioAnyHi JiHii, a TpeTs
MaJja JIMIIE 130JIbOBaHi mepioauyHi Touku. HaBemeHi

pe3yibTaTH Jy)Ke HarIsIHO JEeMOHCTPYIOTh, IO
JIUIIe B TpeTid Tewii mepemimyBaHHs —Oyne
e(pECKTUBHUM.

Kaacudikania nepioilM4HuX TOYOK Ta
CTPYKTYpa MHOTOBH/IiB

3rizHo 3 Teopemoro Bpayepa mpo Hepyxomy
TOUKY OyIb-sIKe HelepepBHe HECTHCIIUBE
BiIOOpaKEHHS 3aMKHYTOI o0jacTi B cebe B
CKIHYEHHOBHMIPHOMY €BKJIiJJOBOMY IIPOCTOPI Mae€
HepyxoMy To4ky. O4YeBHIHO, IO Taka HEpyxoma
TOYKa BigOOpaKeHHS Oyle MepioJUYHOI TOYKOIO
Teuil. Po3ranryBaHHS 1 THO MEPIOAMYHUX TOYOK B
Tedii BU3HAYAIOTh XapaKTep, IHTEHCHUBHICTD 1 SKICTh
nepeMilyBaHHs PiZIMHU B TeUii.

Hexaii B mOYaTKOBUM MOMEHT dacy
nMacvBHA MaTepialbHa TOYKAa  Maia

t=0
eiinepoBsi
KOOpJMHATH X,. A B JIIKMI MOMEHT 4Yacy f I
MarepialbHa TOYKA BXKE Ma€ eHIepoBI KOOPAUHATH
x. Takuil mpomec TEPEHECEHHS  MAaCUBHOL
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MaTepiaabHOT TOYKH MPEACTaBUTH
x=0, (x0 ) . P

MEPiOAMYHOI0 TOYKOK MOTOKY 3 mepiogoM T, SKIIO

MOXHa

orepaTopom Toni TOuKa €

Pzd)T(P). B rtepminax BimoOpaxkenus Ilyankape

rmepiognyHa Todka 3 mepiogoM T BH3HAYAETHCS 5K
HepyxoMma Touka. JIificHO, AKIO0 BiIOOpaXKeHHS

Xn+] zf(xn)’ ne
To misa mnepioguyHOl TOYKU 3
P= f(P) AHaJOri4HO,

mepioguuHi  TOYKM  Tewil 3 mepiogom  nT
BHU3HAYAIOTHCS SIK HEPYXOMi TOUYKH BiJOOpa)KeHHS
MOPAIKY P=f”(P).
Knacupikamis mepioguyHuX TOYOK IMOAI0OHA [0
knacuikarlii ocooIMBUX TOUOK moist Tedii [1, 2]. ¥V
JIBOBUMIPHUX TEUisiX MEPiOJMYHA TOUYKA MOXKE OYTH
knacudikoBaHa sK eNiNTHYHA, TinepOoniyHa abo
napabollivHa B 3aJIeKHOCTI BiJl CTPYKTYPH TIONIS B
oKoli mepioguyHOi Touku [3]. Y TpHBHUMIpHHX
Tedisx Kkiacudikaiis TepioJUYHUX TOYOK 3HAYHO
criannima. OnuieMo KIacu(piKaliio MepiognIHux
TOYOK Y TPUBHUMIPDHUX TEUisAX OUIBII JETAIBHO.
Hexaii y 1mo4aTKOBMH MOMEHT 4Yacy JiedKa
MaTepiajdbHa yacTWHKa Onm3bka 10 P 3Haxoamnack
y nosunii P+dx,. Uepes mepiox us marepianbHa

y

Ilyankape
f(x) =, (x).

nepiogoM

BU3HA4YCHO SAK

T wmaemo

[Tyankape n, TOOTO

9

YaCTHUHKa MePEXOaAnUTh HOSI/IHiIO

P+dx, = f(P+dx,).
orpumyemo dx, =Fdx,, ne F=0f(x)/ox|x=P —

[Micns TiHeapu3alii

Matpuus SIko0i B Touni P . BmactuBOCTI cTidiKoCTI
BiJOOpakeHHsT f  BH3HAYAIOTHCS BIIACTHBOCTSIMH
Matpuli F, ski B CBOHO uepry BHU3HAYaIOThCS
3HAYCHHSMH BJIACHHX YKCEN MaTpHili. BracHi uncna
MaTpuii € kopeHsmu piBHsHHA |F-AE|=0, ske y
TPUBHMIPHOMY BHMNAJKY pUIIMae HACTYIHY GopMy:

D =J A +I,A-J,=0, (1)
Jie TpW iHBapiaHTH MaTPHIll BU3HAYECHI HACTYITHUM
yunom J, = tr(F), 2J, = tr’ (F) - tr(F*) , J, =det(F) .
Bei  emementn wmatpuii  F oOpaxoByBanmuch
yrcenbHo. [Ipu oMy YMOBa HECTHCIMBOCTI PiIUHH
J, =1 BUKOpHCTOBYBallach sl KOHTPOJS TOYHOCTI
YHCebHUX  po3paxyHkiB. YwucembHa  moxubka
|J, —1| e mepesuuryBana 10~ moGmu3y moBepxHi
nWIiHapa 1 HaOyBaja 3HAYHO MEHIIUX 3HAYCHb
BCepeIMHI pO3paxyHKOBOI 00macTi.

OueBnnHoO, 1o piBHAHHSA (1) 3aBXIM Mae OJWH
nificHuit nomaTHii kopinb. Hexait me Oyme 4,. 3
ypaxyBaHHAM 1IbOTO (akTy piBHIHHA (1) Moxe OyTH
MPEICTABJICHE Y BUTJISII
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(A-4) 12+(11—J])1+i =0. 2)
JIBa IHIIWX BIACHHUX YHCIIA HaGyBaIOT]I) 3HAYCHbB:
', =("’—;“i D, 3)
Jie TUCKPUMIiHAHT
= M _1 4)
T

Bnachi uncna A,, A, MoXyTb HaOyBaTu siK JifCHI

TaKk 1 KOMIUIEKCHO-CIPsDKEHI 3HaueHHs. [Ipudomy
nepexix BimOyBaeTtbcss mpu D=0, TOOTO mpH

A=A =%1/{A . mo y
TPUBHMIPHHUX TEUisIX MOXXHAa BHJIUIMTH JIEB SITh
KJIaciB NMepiOJUYHUX TOYOK, 3aJISKHO BiJ 3HAYCHb A,

Tenep  o4eBHUIHO,

i D. PosrmsiHemo wiacugikamiio mepiogndHuX
TOYOK OUIBII IETAJIBHO.

Sxmo A, =1, To 1e 03HaYae, 10 B HANPSIMKY
BIITIOBIZTHOI'O BIIACHOTO BEKTOpa N, HE BiIOYBA€ThCA
CTHCKaHHSI. Y  KaHOHIUHIH

n".n?.n?),
BU3HAYAIOTHCS BIACHUMHU BEKTOpamH, ymoBa A, =1

po3TsATyBaHHS 200

CHUCTEMI  KOOpJUHAT ocl  SKOi

o3nagae, mo 1" = f(n"). Toxi a1g mBoX iHIMX
BIaCHUX 3HAa4yeHb BHKOHYeTbCi ymoBa A4 =1,

(2)
(n
BI/IKOHyeTI)CSI

, n(3) ) TSt
yMOBa

TOOTO B KAHOHIYHIN IUIOIIMHI

f

HecTHCauBOCTI. TakuMm 4uHOM, BUMAJOK A, =1 € 1o

BiZJOOpasKEeHHS

CyTi ABOBUMIpHHM. Taki mepiognyHi TOYKH MOXYTh
OyTH po30HTI HAa TPH KIIACH: EIINTHYHI, TiepOONIiyHi
Ta mnapabomiuHi. YMoBa A, =1 BHKOHYyeTbCS B
TOYKAx MEPiOANYHUX JIiHiH. J{iicHO, HA TIepioANYHIM
mHII B HampsMKy JOTHYHOI HE BiIOyBaeThCs
po3TAryBaHHsT a00 CTHUCKaHHS, TOOTO HANPsAMOK
JOTHYHOI 10 mepioguduHOoi  JIiHIT  BIATOBIZA€E
HaNpsIMKy BJIACHOTO BeKTopa n,. Takum dYHHOM,
Kiacudikaris TOYOK nepioaAnYHOT JHHIT
eKBiBaJICHTHa Kiacu(ikallii MepioJMYHUX TOYOK Yy
JNBOBUMIpHUX Tedisix. ToOTo, mepioanyHi JiHIil
MOXHa pO30MTH Ha CEIINTHYHI 1 TinepOomivHi
BIZPI3KH, 1110 3’€IHYIOTHCS B MapaOOIiYHUX TOUYKAX.
3 (4) BuUIUIMBaE, M0 TOYKA IMEPIOJUYHOI JIiHIT €
eTNTUYHOI, AKmo —1<J, <3. ¥V 1npoMy BHHAIKY

D <0, a omxe BracHi yucna A,; € KOMILIEKCHO-

cnpspkeni. Slkmo J, <-1 abo J, >3, 10 D>0, a

OTKE Taka TOYKa  TMepioju4Hoi  JiHiI €
rimepOomiuHO0. Y JBOBHMIPHHX  CHCTEMax
SIINTUYHI TOYKH OTOYEHI OCTPOBAMHU PEryJISIPHOTO
pyxy. Bimobpaxenns Ilyankape B Takux ocTpoBax
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MPEACTaBIIIe COO0K 00EPTaHHS JAOBKOJIA CIINTHYHOL
MepioAMYHOI  TOYKHM. TakuM YHHOM, piguHa
BCEpE/IMHI CNINTHYHOI 007acTi HE MOKHIAE IO
o0NacTb 1 BUSBISIETHCS 130JbOBAHOIO BiJl PEINTH
pinuHN B oOmacTi mepeMinryBaHHs. Y TPUBHUMIPHHX
o0JIacTAX ENINTHYHI AUISHKA TEPIOAUYHUX JIIHIH
TaKoK OTOYEHI OCTPOBaMH, IO MalOTh GopMmy TpyoO.
3 rinepOOMIiYHUMH TOYKAMH y  JBOBUMIPHHX
cHUCTEeMax TIIOB’s3aHI  CTIHKMH 1 HecTifKui
MHOTOBHMJIM, III0 TPEACTABIAIOTh COOOK JIiHIi,
B3JIOBXK  SKHX  BiIOYBa€TbCS  CTUCKAaHHA Ta
PO3TATYBaHHS DiMHA. Y TPUBUMIPHOMY BHIIAJIKY
CTIKMIA 1 HECTIHKMH MHOIOBHIM, IIOB’s3aHI 3
rimepOONYHUME ~ TUITHKAMU  TIEPIOAWYHOT  JIiHii,
00’€qHYIOTBCSA y  TOBEpXHI. TakuM  YHHOM,
BinoOpakenust [lyankape moBKoia nepiognyHo1 MiHil
MA€ IO CYTi JTBOBHMIPHY MTPHPOY.

n@

Puc. 1. ®a3zoBuii mopTper nepioJuuHOI TOUKHU: a)
TUITy rinepoomiunuii By3on (D >0 ), 0) Tuny
rinepOomiunuii pokyc (D <0 ).
Sgxmo A, #1, To Taka nepiogMYHAa TOUYKa €
i3ompoBaHol0. [Ipupona BinoOpaxkenns Ilyankape B

OKOJIi Takol TMepioNUYHOI TOYKH € CYTTEBO
TpuBuMipHOO. Kiacudikalliss 1301b0BaHUX TOYOK
Oyle 3HA4YHO  CKIAQJHINIOK,  TOPIBHAHO 3

knacudikamiero mepiomuuHux niHid. Ha puc. 1 a)
Mmoka3aHo (a3oBUH MOPTPET B KaHOHIYHINA cHCTeMi
xoopmuuar (n",n®,n®) npu ymoBi D>0. V
IIbOMY BHUIAJKy BCl TPH BJIacHI uncia A, HaOyBaloTb

niiicHi 3HaYeHHs. Da30Bi MOPTPETH B KOOPMHATHUX
IUIOIIMHAX TMPEACTaBIsAIOThE CO0OK 1Ba ciama 1
By30oi. Ha puc. 1 0) mokazaHo ¢a3oBuii moprper
BiZJOOpa)KEHHSI B OKOJI MEPiOMUYHOI TOYKH TPH
ymoBi D <0. VY 1poMy BUNAJKy BIacHI uucia A, ,
HAOyBalOTh KOMIUIEKCHO-CIIPSDKCHI 3HAYEHHS, IO
BiNOBiNaOTh 3a obepranns y miomuni (n*,n?).
Y BupomkeHoMy Bumnaaky D =0 MaeMo 1aBa piBHI
BilacHi uucna A, = A, =%1/,/A, . A oTxe y IIIOMUHI
(2)
Y]
JTIKpUTHYHUK 200 BHPOKEHHU BY30II.

A #1

,n) ¢azoBuii mopTper mpencTaBise COOOO
Takum

YUHOM, IIpH nepioyHa  TOYKa €
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1301IbOBaHOI0 1 MoOXe OyTH KiacudikoBaHa SK
rimepOoiuyHUHi By30:1 a0 rinepOomiyauid (okyc.

Puc. 2. CTilikuii Ta HECTIMKAII MHOTOBUIH 1
TOMOKJIIHIYHI TOYKH 1X TIepeTUuHY (ILI0IIi
A=A=4"=..).

OueBuyHO, Mo (pa3oBUil MOPTpET i30IHOBAHMX
MEepiOJMYHUX TOUOK HE Mae 3aMKHYTHX JiHIA abo
MOBEPXOHB, & OTXKE JIOBKOJIA TAKUX TOYOK HE MOXKE
YTBOPIOBATUCH 130JbOBAHMX OCTPOBIB PErYISIPHOTO
pyXy MOIIOHUX JIO THX, IO YTBOPIOIOTHCS JOBKOJIA
SHMIMTUYHUX TOYOK MEPIOJUYHHUX JIiHIA. Y Teuii, 1110
Ma€ JIMIIE 130JIbOBaHI MEPIOJNYHI TOYKH 1 HE MaE
MepioTUIHUX TiHIH, pinuHa MTOBHHHA
nepeMilryBaTUCh 10 BCiii 001acTi Tedii.

a)

6)

Puc. 3. CxemaTnuHe 300pakeHHs BiJI0OpaxKeHHS
MiJIKOBU: a) Y KBa3i-JIBOBUMIPHIN Tedii, 0 Mae
NepionyHi JiHii, 0) y peaibHO TPUBUMIpHIi
Teuii.

Bynb-sika i301poBaHa mepioguyuHa rinepooniyHa
TOYKA II0B’s13aHa Y MPOCTOPI 3 MOBEPXHEIO 1 JIHIEIO,
10 Ha3UBaIOThECI MHOroBuaaMu. CTIMKUII MHOTOBU/I
W (P)
BinoOpakeHust [lyankape npsiMyrOTh JI0 MepioANIHOT

— 1I6 MHOXXMHAa TO4YOK, SKi B Mpoleci

touku P . ToOto mis Oynp-sikoi Touku xeW*(P)
f"x)—>P
mHoroBun W*(P)

MaeMO npu n—oo. Hecriiikui
— II€ MHOXHHA TOYOK, SKI
npsiMytoTh 10 P Tipu 3BOpOTHBOMY MpoIlieci, TOOTO
xeW"(P)

Y  n1BOBHMIipHOMY

IUI1  JOBIIBHOI  TOYKH Ma€eMO

S —>P
BHITQJKy CTIMKHI Ta HECTIMKHUI MHOTOBHIIU — L€ MBI
JIHIT, [0 TEepeTUHAIOThCS Oe3iu pasiB (puc. 2).
Toukyn mepeTHHY HA3MBAIOTHCS TOMOKIIIHIYHHUMHU
(mpu TmepeTuHi CTIMKOro i HEeCTIMKOro MHOTOBHIIB
onHiel mepioAMYHOT TOYKK) ab0 TeTepOKIiHIYHO
(mpu mepeTuHi CTIMKOro i HEeCTIMKOro MHOTOBHIIB

opu n—>0o0.
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JIBOX PI3HUX TMEPIOANYHUX TOUOK). OCKUILKH TOUOK
MEPETUHY CTIMKOro 1 HECTIMKOro MHOTOBHIIB 0e31id,
BOHH  YUIUIBHIOKOTBCS TNPH  HAONMIDKEHHI 10
MepiOAMYHOI TOYKH. TakuM YHHOM, MHOTOBHIU
(GOpMYIOTh CKJIaJHY [IAPOBY CTPYKTYPY. 3aBISKH
it BIIACTHUBOCTI nepeMilryBaHHs pinuHI
npeAcTaBisie co0O0 BUIOBKEHHS PIAKOl TUISIMH
B3I0BK HECTIHKOrO MHOTOBHAY 1 OaraTopa3ose
CKJIaJIaHHs IIPU TIEPEXO/l Yepe3 FrOMOKJIIHIUHI TOYKH.
Take BHIOBKEHHS 1 CKIamaHHS PIAKOl IUIAMHU
HAa3MBAETHCS BIMOOPAKEHHAM IMiAKOBH. OYEBHIHO,
0 Y TPUBUMIPHHUX TEYisX, IO MAalOTh MEPiOANYHI
JiHI, MeXaHI3M MepeMillyBaHHs MOMIOHUI 10 Toro,
IO Mae MiClle Yy  JBOBHUMIPDHHUX  TEUIfX.
BimoOpakeHHs1 MiAKOBM TaKOi Te4il CXEMaTHYHO
MmoKa3aHo Ha puc. 3 a). Y TakoMy KBa3si-
JBOBUMIpDHOMY BiOOpa)keHHI TeMHa piJHMHa He
3MIIIYEThCS 31 CBITIOK. BUIOBXKEHHS 1 CKIagaHHS
piIMHU BiIOYBa€ThCs JHIIE B OJHOMY HAMPSMKY.
Xoua Take BIOOOpaKEHHS  IMIJKOBH  TaKOX
NPUBOJIUTH JI0 CKJIAJHOI IIApOBOi CTPYKTYPH, OJIHAK
HasSBHICTp  JIMIIE  JBOBUMIPHOI'O  MEXaHI3MY
nepeMilyBaHHsT HE JI03BOIISIE OJCPXKATH SIKICHY
OJTHOPIHY MIKCTYpYy B yCili TPHUBHMIpHIiH o0sacTi
teuil. Ha puc. 3 6) nmokazaHo BiioOpaskeHHS IMiJKOBU
JUIsL pealibHO TPHUBHMIpHOI Teuii. BumoBxkeHHs i
CKJIaJIaHHs PIAMHU I10 4ep3i B ABOX HAIPSIMKax Bele
10 eheKTUBHOTO TMepeMilllyBaHHs B YCii oOsacTi
Teuii.

YucenbHi pe3yJibTaTu

Jnst po3paxyHKiB 0yJ0 BUKOPHCTaHO PO3B’S30K
3amaui Ctokca, mpencrasnennid B [4]. Haseneni
BUIIIE TEOPETHYHI MIPKYBaHHS MPOLTIOCTPYEMO Ha
MPHKIAI TPHOX MOXIJIMBUX TMEPIOJUYHUX TEUii, IO
TCHEPYIOTBCS Yy CKIHUEHHOMY IIiHApi. B ycix
TPHOX BHIAAKaX Tedii B IWIHIPI TEHEPYHOThCS
MEpIOJUYHUM  PYXOM  TOPLEBUX  IOBEPXOHBb
nuaiaapa. Hexali nmuminap 3aiimae odmacts 0<r <1,
0<60<2r, —h<z<h. BiuHa MOBEpXHS IWITIHIpPA
r=1 HepyxoMa, a TOpPIEBI CTOPOHU PYXaIOTHCS
MepioudHo. Y 3arajlbHOMY BHITAJKy PYX TOPIIEBHX
CTOpIH MOXKHA 3aIIMCATH y HACTYIHIN GopMi:

u=u (e, +v (e, z=—h, %)

z=h. 6)
PosrisiHeMO TpW THIOBI IMPOTOKOIU PYyXy TOPIIEBHX
CTOpIH:
e 3amaya 1. Pyxaerbcs nuiie BepxHsS TOpiieBa
cTinka. HwkHs 3anumiaeTbcss Hepyxomoro. Pyx

u=u (e, +v (e,

BEPXHBOI CTIHKM € 3Ur3aromnomioHum: u, =V,
v,

1 v, =

+

v,=u =v. =0 npu 0<t<T/2
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u,=u =v. =0, nmpu T/2<t<T. Tobro,
MPOTATOM TIEPIIOl MOJIOBUHU MEPIOAY BEPXHS
TOpIIEBa  CTIHKAa pyXaeTbcd 31 CTaJOo

MIBHJIKICTIO B HANIPSIMKY OCi X, TPOTATOM APYToi
MTOJIOBMHH TEPiOAY — B HAIIPSIMKY OCI Y.
3amaua 2. BepxHs 1 HWKHSA CTIHKHA PyXarOThCs

Mo uep3li B  NPOTHISKHUX  HAMpPIMKax
napaienbHO oci X. Tobro,
u, =V, v.=u =v =0 mpu 0<¢t<T/2 i
u ==V, v=u =v,=0npu T/2<t<T.
e 3anaua 3. [IpoTrokon pyxy CTiHOK B IIiii 3amadi
CKJIa/Ia€ThCS 3 TPHOX KPOKIB:
u, =V, v,=u_ =v. =0 mpu 0<t<T/3,
u =-V, v =u, =v, =0 npu
T/3<t<2T/3, v =V, u, =u =v =0

mpu 27 /3<t<T.

B)
Puc. 4. Ileperun [lyankape: a) 3amaua 1, 0) 3amaua
2, B) 3a71a4a 3.

Teuii y mepmmx IBOX 3ajadax MarOTh MEPIOAMYHI
miHii, a Tewis 3amaui 3 Mae€ JMIIE 1307IL0BaHI
nepioguuni  Toukd (muB. [2]). Omke, 3rimHO
BUKJIQJICHOT Yy TMOMNEpPeNHbOMYy pO3JLT  Teopii
MepeMilllyBaHHsl Y TAKHX TEYisSX Ma€ JBOBHUMIPHHI
Xapakrtep. Xo4a PeKHUM IepeMilllyBaHHS PiIUHH
MOXe OyTH XaOTHYHUM, B CHIIy HOTrO JBOBUMIPHOI
NPUPOAM TIUIsIMAa TACHBHOI JIOMINIKK He Oyne
MepeMilllyBaTuCh 1o BCid oOmacti. Kpim Toro, B
TaKAX TeYisiX MOXYTh BHHHKATH 1 30HH
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PEryJIsSpHOro IMEepeMilllyBaHHs, M0 YTBOPIOIOTh
OCTpPOBU JIOBKOJIA ENINTUYHUX JIUTSTHOK
MEpIOAMYHUX  JIIHIHA, 10 TaKoX  3aBaXkaloTh
nepemimyBaHHIO pinuan. Teuis 3agadi 3 Mae e
130JIbOBaHI TEPIOANYHI TOYKH, a OTXKE JOBKOJA
TaKMX TOYOK HE MOXYTh YTBOPIOBATHCH OCTPOBH
peryinspHoro pyxy. [lnsmMa macuBHOI JOMIIIKK
MOBHHHA TIEPEMIlIyBaTHCh IO BCid 00JIacTi Tedii.
HiiicHo, HaBelEeHI  TEOPETHYHI  BHUCHOBKH
MIATBEP/PKEHO Ha puc. 4, Ha SKOMY HaBEICHO
neperud [lyankape s BCiX TphOX 3ajaad.
OueBuIHO, 1110 JIMIIIE B TPETid 3a1a4i MaTepiaabHa
Touka Onykae mo Bcii obnacti Tewii. B mepmmx

JIBOX 3aJlayaX HasBHICTh MEPIOAMYHUX JIHIN
CIPUYHHIOE JIBOBUMIpHUH XapakrTep
nepeMinryBaHHsI.

Puc. 5. TpekiHr OBEpXHi TACHBHOI JOMIIIIKH
(3amaua 2): a) moyarkosa mo3uilist t =0 ,0) t =4T ,
B) t =107, T) BUIJISLT 3TOPH.

Jnst BifCTeXEHHsI pPyXy IACUBHOI JOMIIIKH
Oyll0 BHKOPHUCTaHO TEXHIKy, MO 0a3yeTbcs Ha
TPEeKIHTY  MaTepiaJlbHUX  TIOBEpXOHb.  Pijka
MOBEPXHsI  MPEJCTaBsUIaCh  HECTPYKTYPOBAHOIO
TPHAHTYISIPHOIO CITKOIO. Pe3ymbraTét TpekiHTy
noBepxHi B 3amavi 2 moka3aHo Ha puc. 5. BuaHo,
110 piaka nmoBepxHs micis 10 mepioai mpeacTaBisie
co00I0  CKJaJHy  BHJIOBXKEHY  CKJIaq4acTy
CTPYKTYPY, K 1 MOBHHHO OYTH IPH XaOTHYHOMY
nepemimyBanHi piauau. OHAaK, OCKUTBKM Taka
Tedisi Ma€ MepioJuuHy JiHiI0, TACUBHA JIOMIIIKA HE
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pO3MHUBAEThCA MO  BCiH  obOmacti  Tewii, a
3aJIMIIAETBCS  30CEPEHKCHOI0 B JIOCHTh BY3bKIil
obmacti mapanensHii oci X. Ha puc. 6

MPEACTABICHO PE3yNbTaTH TPEKIHTYy MOBEPXHI B
3amaui 1. Bugno, mo macMBHA JOMIIIKA TaKOXK HE
PO3MUBAETBCS MO BCili oOmacti Tedii, a yTBOPIOE
CKJIam4yacTy CTPYKTYpy B JACAKIiM JIOKajabHii
obnacti, oOMexeHil moBepxHe obepranHa. Ha

puc.7  TpPEACTaBJIICHO  pe3yabTaTH  TPEKIHTY
mopepxHi B 3amaui 3. IlouaTkoBa MOBEpXHS
1 1
z z
Al "
1 —_— 1 -
X 11 y
a)

Puc. 6. TpekiHr MOBEpXHi NACHBHOI JOMIIIIKA
(3amaua 1):a) t=0,0) t=17T.

Puc. 7. TpekiHT OBEpXHi TACHBHOI JOMIIIIKH
(3amaua 3):a) t=6T ,0) t=10T .
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MpeacTapiisiia cobow chepy 3 IGHTPOM B
1301bOBaHiM mepioanuHiid Toumi. Jlumie y npomy
BUMAJKy TIaCHBHA [OMIllIKa JIOCHTh MIBUJIKO
3aIl0BHIOE BCIO 00J1aCTh Teuii.

BucHoBku

Y TpUBUMIpHHX TeYisX TepiOJUYHI TOYKH
MPOSIBJIIIOTE  3HAYHO ~ OUTBIIY  PI3HOMAHITHICTH
MOPIBHSIHO 3 JABOBUMIPHUMH TedisiMH. binblie Toro,
Yy TPUBUMIPHUX TEYisX MEPIOJUYHI TOYKH MOXKYTh
o0’enmnyBatuch y TmepiomuuHi JtiHii. B pobori
HABEICHO 3arayibHy KIacHuQiKaIiio MepioJuIHuX
TOYOK y TPUBHUMIPHHX TEUisIX, MPOAHAII30BAHO iX
¢a3oBi  mopTpeTM Ta  BIUIMB  HAa  IPOIIEC
nepeMinryBaHHs piIuHM. IToxazano, N
Kiacudikallis TOYOK MepiOIUIHMX JIIHIN MoaioHa 10
knacudikamii mepioJMYHNX TOYOK y JBOBHUMIPHHX
Teuisix. ToMmy mpomec MepeMilllyBaHHS B TaKHX
TEUisX Ma€ TaKy XK caMmy IMPHPOJIY, IO 1 MpoIec
nepeMilnyBaHHsl y TBOBHUMIPHHUX Tedisix. Byab-skuit
MaTepialbHHE 00°€M 3a3HAa€ BHUIOBKEHHS, 3THHAHHS
1 CKJIaJIeHHS JIMIIE B OJJHOMY HaIpsIMKy. YTBOpeHa
TaKMM 4YHHOM CKJaj4acTa CTPYKTypa HoJiOHa 0
THX, IO YTBOPIOIOTbCS TMPH TIEPEMillyBaHHI Y
JIBOBUMIpHUX Teuisx. [TnsiMa macuBHOI TOMIIIKKH HE
PO3MHMBAEThCS IO BCiM 00jacTi Tedil, a oOmKe
OTpUMATH SIKICHY MIKCTYpy B TaKhX TeuisixX
HEeMOXJTMBO. EpEeKTHBHMIT MIKCHHT MOXJIMBUI JIUIIIE
Yy TPUBUMIPHHUX TEYisX, [0 MAIOTh JIUIIIE 130Jb0BaHI
nepiognyHi ToukH. JIMIe y TakuX TedisX IUIIMa
MacUBHOI JIOMIIIKA PO3MHMBAETHCS MO BCil 00iacTi
Teuii.
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IIBUAKOCTSIX TPAHCIOPTYBAHHS PiAUHHI

KuiBchknii HamioHanbHUN YHIBEpCHTET IMEHI ' Taras Shevchenko National University of Kyiv,

Tapaca IlleBuenka, 83000, ™. KwuiB, np-T. 83000, Kyiv, Glushkova st., 4d,
['nmymikora 4. * National Transport University, 01010, Kyiv,
° HauioHanbHMil TPAHCIOPTHMII  yHIBEPCHTET, Suvorova 1,

e-mail: a.goroshko@gmail.com,
s.v.kyvkot@gmail.com

01010, m. Kuis, Byn. CyBoposa, 1,
e-mail: a.goroshko@gmail.com,
s.v.kykot@gmail.com

Jlocniooicytomsbest KOMUBAHHS SHYUKO20 mMPYOONpOo8OOY HA NPYIHCHIL OCHOBI 3 WAPHIDHUM 3AKPINAEHHIM
KIHYi6 ni0 GnauBOM NOMOKY PIOUHU, WO PYXAEMbCS 3 WEUOKICMIO 3HAYEHHS K0T Nepesuiyyioms 3HAUEHHS.
Opyeoi kpumuunoi weuokocmi. Ha ocrogi 060x611608020 npedcmasients po3g a3Ky, no0y008ano piGHAHHA
018 BUSHAYEHHS! GNACHUX YACMOM MA eKCYecis, AKUMU GU3HAYAIombcs Oeghopmayii ¢opm xorueamns npu
BAKPUMUYHUX — WGUOKOCIAX PYXy HOMOKY piounu. Bcemanosneno, wo 6 3axkpumuuniii  obracmi
MPAHCNOPMYBAHHSL PIOUHU MAE Micye CKIHYeHe YUCIO MOHIE IACHUX KOIUBAHD.

Kniouogi cnosa: enyukuii mpyoonposio, pyxome HABAHMAdCEHHS, O080X6UTbOGULL KOAUBHUL Npoyec,
4acmoma KoauBamv, eKcyec, 3aKpUmuiHa weUoKicms.

The paper considers oscillations of a flexible conduit with fluid flow, which is located on elastic
foundation with pin jointed ends. The fluid flow velocity is more than the second critical velocity value. The
inertia forces in full of the moving load are taken into consideration in the mathematical model construction.

Object of study — a flexible conduit with fluid flow, which is located on an elastic foundation.

Purpose — investigation of influence of the fluid flow velocity on the natural-vibration frequencies and
determination the conditions of loss of stability of the conduit on an elastic foundation.

Method of study is based on extraction and approximate investigation of one-frequency two-wave
oscillation processes in mechanical structures with moving loads.

Based on two-wave representation of the solution, equations for determining the natural frequencies and
excesses which define deformation of the oscillations forms depending on the overcritical values of the fluid
flow velocity are constructed.

The results of the paper can be used for further developments of direct methods for constructing
approximate solutions of complicated dynamic systems.

Forecast assumptions about the object of study — taking into consideration of the inertia forces of moving
load in full gives an opportunity qualitatively reveal the basic characteristics of dynamics of a structure with
a moving load.

Key words: conduit, moving loading, double wave oscillation process, oscillation frequency, excesses,

overcritical velocity.

CrartTio ipeactaBuB 1.¢.-M.H., mpod. Kyk . O.

VY HaykoBiii monorpadii [1] Ta crarti [3]
JIOBEICHO, WIO KONMBAaHHS OalloOK Ta THYYKHX
00’€KTIB CKIHYEHHOI IOBKMHH, SKI JISKaTh Ha
MPYXHil BiHKEpOBiH OCHOB1 1 BiIOYBAIOThCSA IIif
J€I0  PYXOMHX  PIBHOMIPHO  PO3MOAUICHHX
IHEpIIHHUX HaBaHTaXeHb (TMOTOKY PIOUHH), IO
PYXaroThCs 3 TIOCTIMHOIO IIBUIKICTIO, MOJETIOETHCS

© 0.0. I'opoiko, C.B. Kukors, 2015

CYNEPHO3HUIIIEI0 JBOX TPYH CTOSYMX XBHIb 3
OJTHAKOBUMH YacTOTaMH, ajie 3 pi3HUMH (popMami i
¢dazamu.

JocnipkeHHs JIUHAMIKH TpyOOIpoBOLy MpH
3aKpUTHYHHX  MIBUAKOCTAX  TPaHCIOPTYBaHHS
piIMHY pO3MIIIHYTO Y poboTi [4].
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Meroro maHoi poOOTH € BUBYCHHS JAMHAMIKH
KOIIMBaHb THYYKOI'O0 TPYOONpPOBOAY Ha MPYXKHIH
OCHOBI TIPHU 3aKPUTHYHHUX HIBHIKOCTSX PYXY IMOTOKY
pinuHH.

ITocranoBka 3amauvi Ta METOIMKA
po3B’si3aHHsi. Po3riisHeMO 0COOIMBOCTI KOJNHMBaHb
OJJHOBUMIPHOTO  THYYKOTO  TpyOOmpoBOAy  Ha
MPYXHill OCHOBI MiJl BIUIMBOM IOTOKY PiIWHH, IO
PYXQ€TbCsl 3 WIBMAKICTIO V>V, 3HAYEHHS SKOI

MepEeBHILYIOTh KpUTHYHI [3].

Hudepentiansae PIBHSHHS MOTIepeYHUX
KOJIMBaHb THYYKOI'O0 TPYOONpPOBOAY Ha MPYXKHIA
OCHOBI 3 pPYXOMOIO DIIMHOIO TIpU TIOBHOMY
BpaxyBaHHI CHJI iHEpIlii pyXOoMOro HaBaHTaXCHHS B
JTAHOMY BHTIAJIKy Ha0yBa€ BUTIISAY

0%u

Oxot

2

2
Ou (T—pzvz)ZTZ+ku=0, (1)

—+2p,v
patz p2

ne u(x,t) — nonepeyni BigXuaeHHs TpyOH;

P=p P,
PO3IOIIEHNX Mac TPYyOH 1 pyXOMoi piinHY;
V — MBHUJKICTh TPaHCIIOPTYBaHHS MIOTOKY PiJIHHU;
k — xoe(ilieHT )KOPCTKOCTI OMIOPHOT OCHOBH.
I'pannuni ymMOBH, SIKi HE 3aJIeKaTh BiJ TOTO,
KOHTaKTye TpyOONpOBiI 3 TOBEPXHED YW Hi, a
BHU3HAYAIOTHCS  CIIOCO0AMH  3aKpilUleHHsS — Ta
HaBaHTa)XEHHS KiHIIB. Hampukman, po3risHeMo
BUIAQJIOK IIAPHIPHOTO 3aKpilUIEHHS Ha Kpasx
THYYKOT'0 TpyOOIIpOBOIY

T — T TNO3MOBXKHIM HATAT; cyma

@)

HasBHICTH TipOCKOMIYHUX CHII, MPEICTaBICHUX
YlieHaMH 31 3MIIaHUMH TOXIIHUMH B DIBHSHHSIX
JMHAMIKH TPYOOIPOBOJIIB 3 PYXOMOIO PiJHHOI0, HE
Jal0Th 3MOTH 3aCTOCYBaTH METOOM PO3AUICHHS
3MIHHUX Ta MPsAMiI METOJW MaTeMaTh4yHol (i3UKd B
KJIaCHYHINA (GOpMi J0 TOCTIHKEHHS KOIUBHOTO PYXY.

[lpr NOKPUTHYHUX MBHUAKOCTSIX PYXY PiJUHH
piBHsHHS (1) € PIBHAHHAM TilepOONIYHOTO THUIY, a

u(O,t)zO, u(l,t)zO.

Opyd  3aKPUTUYHHMX MIBUAKOCTSAX PyXYy piIUHH
piBHsHHS (1) TIepeTBOPIOETBCS B PIBHSHHS
SNNTHYHOTO TUITY.

Y pobori [3] mnd KOJMMBAHHS THYYKOIO

TpyOONpoBOLy Ha TPYKHI OCHOBI IiJ] BILTUBOM
MOTOKY pIAMHH, IO PYXa€Tbcs 3 TIOCTIHHOIO

JOKPUTHYHOKO IIBUIKICTIO V<V, , BCTaHOBJICHO

3HAYCHHS TPhOX KPUTHUYHUX IIBUAKOCTEH pyXy
piavHU
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P
Vi) = =v . |1+,
7! 2 v P
Vs = i+L \ 1+£ s 2'
kp3 P, ,022«,,2 kpl T\ 7n ’
a  TakoX = yMOBH Vipl <Vip3 <Vin,  TIpH
2
k<&(ﬂj T, n=1,23,.,%.
p\l
Hdns posp’sizanHst kpaiioBoi 3amadi (1), (2)
OynemMo 1IykaTH po3B’s30Kk piBHsSHHS (1) B
KOMITJIEKCHOMY BHUTJIsi [ 1,2]
u(x,t) =aX(x)ei(w+”) . 3)
[MincraBuBnm po3s’sizok 'y dopmi (3) B

piBHsHHA (1) Ta, BIJOKPEeMUBIIM JiiCHY U YSBHY
YaCTUHH, OTPUMAEMO CUCTEMY PIBHSHB:

(7)) X+

{(a+p.)@ +2pvay ~T— o)y —k | X(x) =0,
pro—(T—py?)y | X'(x)=0. ()
[ ]

PiBHsiHHS (4) maroTh 3MOTy MOOYAyBaTH BIIACHI
byskuii X, (x) , 3HAWTH YaCTOTH BIACHUX KOJIHMBAHb

(0)

n
¢dbopM BIAaCHUX KOJHMBAHb TiJ €I PYXOMOTO
HABaHTa)KEHHS.

I3 gpyroro piBHsHHS cucteMu (4) 3HAXOAUMO
3HAUYCHHS IapaMerpa y 3a popmMyIio

Ta eKCUeCH J,, L0 XapaKTepU3ylTb 3MiHY

__Pyvo
T—- ,02\/2

Py
pv' =T

)

BukTrouMBIIHN 3 TIEPIIOTO PIBHSHHS CUCTEMU (4)
rmapamerp y 3a J0moMorow Gopmynu (5), oTpuMaeMo

3BHYaitHE midepeHianbHe  PIBHSIHHS JUIS
BHU3HAYEHHS BIIACHUX YHCelN Ta (hopM
X"(x)+2°X (x)=0, (6)
ne
22 k g p]p2v2_T(p]+p2)
.1 5 2 :
PV ( pv =T )
[lpy HynMbOBHX TrpaHUYHHX YMOBax i3 (6)

3HAXOIHUMO

X, (x)=sin,x, ne 1,,:% (n=1,2,3,..
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[um mapamerpaM BiINOBiga€ YaCTHHHHUH Jdnst mobynoBu rpadiyHUX 3aJIEKHOCTEH, SIK

KOMITJIEKCHU PO3B’ 30K Ha YacTOTi 7-TO TOHY

u, (x,t)=a,sin,x[cos@,tcosy,x —sine,tsiny,x +

o : (N
+i(sin,t cosy, x +cosa,fsiny,x) |
VY BignoBigHocTi 3 (5) — (6) BU3HAYAEMO
: LY
(pzv —T) T+kl — | —p,v
nr nrw
o, =— > ,
[ PPV _T(p] +,02)
®)
IY
T+kl— | —pywv
y = nm o nrw
n 2 ’
! (p2V2 —T)(p]p2v2 _T(p] + pz))
n=12.3,.,m
®opmynu  (8) BCTaHOBJIOIOTH  3AJCKHICTH

YacTOTH BIIACHHX KOJIMBaHb ( Ta Mapamerpa y Bif

MIBHJIKOCT] pyXY IHEPIIHHOT'0 HABAHTAXKEHHSI.
JIiCHUX 3Ha4YeHb YacTOTH HAOyBalOTh

3aKPUTHYHIA 0011aCTi IpH vy, <V <V, 5, abo

P k(1Y
Vipl |1+ == <v<vp I+ —| — | ,
12 T\ 7n
2
p, T\mn

2
(%) T, n=123...m.

B

3BIJIKK OZIEPIKYEMO YMOBH:

Pr
P

k>

BHacmigok niHifiHOCTI 3aja4yi  YaCTUHHUMU
po3B’sizkamu piBHSHHA (1) OymyTh sIK JiiicHa, Tak i
ysiBHa yacTuHu (7)

u, (x,1) =a, sin A,x(cos @, cosy,x —sinw,siny,x),
()

u,, (x,1) =a,sinA,x(sine,tcosy,x +cosw,siny,x).

omo ¢opmyn (9) MokeMO 3ayBa>KWUTH, IO
PO3B’30K  u,, (x,f) BimpisHserbes Bin u, (x,f)
2

JIMILIE 3aMi3HeHHIM Ha Af = — .
w

n

MPHKIIAJI, MPUHMAINCH TaKi TApaMETPH CHCTEMHU:
pi=p,=p/2, 1=5m, T/ p=Q(I/z)’, Q=2 "

Ha pucynkax 1 Ta 2 moka3aHO 3aJIeKHOCTI
YacTOTH BIACHUX KOJIMBAaHb (), Ta Iapamerpa ¥,

BiJl MBHAKOCTI PyXy TMOTOKY pIAMHK V, IO
BH3HAYAIOTHCS popmymamu (8).

1

Puc. 1. 3anexHicTb 4YacToTH 3HAYEHHS

3aKpUTHYHOI IIBUJIKOCTI PYXY PiTMHH

v’
me
2. 3aJexXHICTh eKClecy BiJl 3Ha4YeHHS

Puc.
3aKpUTHYHOI IIBUJIKOCTI PYXY PiJTMHH

3aranpHUd  PO3B’SI30K  PIBHSHHS  KOJNWUBAHHS
TpyoomnpoBony (1), skumii Oynmyerbes y  dopmi

m
u (x,t) =z u, (x,t) Jas  3aKpUTHUYHUX 3HaA4CHb
n=l1

WIBUIKOCTI PYXy TOTOKY DIMHH Vi, <V <V,

HaOyBa€e BUTIISLY
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S . NTX
u(x,1) =Z , | sin—=cos y,xcos(w,t +o,)—
i (10)

. NTX . .
—sin—=sin y,xsin(@,t+@, ))

3aranpHuii  po3B’s3ok  (10) mepenummemMo y
JIBOXBHJTBOBIH (popmi

u(x,t) =ian (an cos(w,t+¢,) -, sin(a)nt+qon)) ,(11)

n=1
Jc

D, (x)= sin 22 cos y, x,
/ (12)

¥, (x)= sinnlﬂsin ¥, X

Maemo 1Bi pi3Hi OpPMHU CTOSYMX XBUJIb, YTBOPEHI

. TThX
nedopmyBanHsM GopM BIacHUX KOJTHBAHb smT,

3CyBaMH, IO BH3HAYAIOTHCA MapaMeTpoM ¥, , aje

Y, ue
cBOepiHUN ekciiec (mepekic) GopM KomuBaHb, SKi
3aJIOBOJIBHSIFOTh OJIHI M Tl JK TpPaHWUYHI Ta MOYaTKOBI

OJIHAKOBUMHM  vactoTamMu. Ilapamerp

o T .
YMOBH, ajie 3MillleHi 3a (a3oro Ha > [Tpu HynbOBIt

MIBHJIKOCTI ~ pPyXy HaBaHTaxeHHs 1i  (opmu
301iraroThbCs, TOOTO Ma€ MICIl€ KIACHYHHMHM TiaXim 10
PO3IUICHHS 3MIHHUX.

[Micns HECKIIQJHUX TPUTOHOMETPHYHUX
nepeTBopeHs po3B 30K (11) 3BoAUTHCS 10 BUTIIALY

u(x,r)= ian sinmlr—xcos(a)nt +y,x+9,). (13)

n=1

BucnoBku. OtpruMaHi po3paxyHKOBI (opmynu
Ta TpadiuHi 3aJeKHOCTI JAF0Th 3MOT'Y 3pOOUTH TEBHI
BHUCHOBKM IIO/I0 KOJMBHOTO TIPOIECY THYYKOTO
TpyOONpOBOMLYy TpPH 3aKPUTHYHUX  HIBUIKOCTAX
TPaHCIOPTYBAHHS PiJIHHU.

VY 3akpuTHuHiIH 00NacTi MIBHIKOCTEH pyXy
MMOTOKY PIIMHU KOJMBAHHS THYYKOrO TPYOOIPOBOIY
MAaIOTh TBOXBHIILOBUH XapaKTep.

3anexHo  Bifn CIIIBBIJIHOIIIEHb,  BEIWYMH:
MIBHJIKOCT1 TpPaHCTIOPTYBaHHS pinuHH v,
MO3/IOBKHBOTO  HaTsary 1, Ta  koedillieHTa
KOPCTKOCTI OCHOBH Kk, — TIpU 3aKPUTHYHHX
MIBHJIKOCTSIX TPaHCIOPTYBAHHS DPIIUHH Mae Micie
CKIHUEHE YHCIIO TOHIB BIACHUX KOJUBAHb.
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B daniti pobomi ompumano Ymoeu ICHYSAHHA MG €OUHOCTT NEPIOOUNHUL PO36 A3KI6 UUPOKO20
KAGCY CUCTNEM HEATHIGHUL JUPEPeHUIaNbHO-PYHKUIOHAADHUT DIBHAHD 3 BI0TUACHHAMU AP2YMEHMY T
MAAUM NADAMEMPOM, 3GNPOTLOHOBAHO MEMOJ Nob6YJ06U MAKUT P03’ A3KI6 Ma J0CAIONCEHO IT 8AGCTIU-
80CM.

Kmowoei caosa: dudepenyiarvto-Gynryionasvis pieHantg, 6I0TUACHHA AP2YMEHMA.

Differential-functional equations with deviations of argument were the main subject of research of
many mathematicians, and they are widely used in various fields of science and technology. Extensive
application, as well as the diversity and complexity of the problems that arise in their research, are sti-
mulating the research of various aspects the theory of such equations. There are currently a large number
of publications in which a number of actual problems the theory of differential-functional equations with
deviations of argument have been investigated, in particular for differential-functional equations with
linearly transformed argument. Among them a special place is occupied by papers in which the questions
the existence of continuously differentiable, bounded and periodic solutions such equations have been
studied and their properties have been investigated. In this paper we obtain the sufficient conditions for
existence and uniqueness of continuous periodic solutions of systems of nonlinear differential-functional
equations with deviations of argument and a small parameter. We propose the method of construction
such solutions for the given systems in case when the parameter is equal to zero and when it is different
from zero. Furthermore, we investigated properties of such solutions when parameter tends to zero.

Key Words: differential-functional equations, deviations of argument.

Crartio npegcrasus akajemik HAHY, gokrop diz.-mar. wayk, npod. Iepectiok M. O.

1. Ilocranorka 3amadqi. /lana crarTs npwu-
CBAYEHA JOCHIKeHHIO TUTAHHS ICHYBaHHS Ta BJa-
CTUBOCTEH TePIOIUIHUX PO3B’d3KIiB CHCTEM He-
JUHIHUX JudepertiaibHO-DyHKIIOHATIBHUX PIB-
HYAHb BUTJISTY

z(t) = Az(t)+

+f(t,x(t), e\t (t,€)), - - (At +r(t, €)))+
+eF (t,x(t), z( At + ¢1(t,€)), . ..

(At 4+ vk(te)),e), (1)
de N; € N, i = 1,k; € — J0OCTaTHLO MaJIHil He-
Big'emumii ckassipauii napamerp (¢ € I = [0,¢e0],

€0 — AgocraTHBO Mane); t € R = (—oo, +00); A —
aiiicna crama (n X n)-marpung; ¢; 0 R x I — R,
i=T.F f:RxR"x-.-xR" = R",

© H.JI. Hdenucenko, 2015

F:RxR"x--- xR*"x I —R"

Pizui Bumagkm Takux PIiBHAHL  JIOCITi-
JKyBaJIMCh DararbMa MaTeMaTHKAMU 1 Ha ChOTOJIHI
icHye BesmKa KLIBKICTH pobiT, dKi omepzKamHi Ipn
BuBUeHHI nuranb ix reopil [1 — 4]. YV gamiit po-
60Tl y3araabHIOIOTHCA pe3ynbraru poboru [4] nist
cucrem pieHsitb (1).

2. OcHoBHnii pe3synbrar. Hexait Buko-
HYIOThCS YMOBH:

1) wucaa N, i = 1,k, e yiai dodamai;

2%) aci KOMNOHEHTIU gexmop-Pyrry it
f(ta'rOawlw"?xk): F(t7x07x17"'7$k75)
ma gynxuii ;(t,e), i = 1, k, ¢ nenepepsnu-
MU 30 6Cima 3minnumy i T -nepiodunnumu
3a t Ppynryiamu, mobmo
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FHT, x(t), w(AMt+pi(t,€)), oy e (At +401(t, €)) )=
= f(t2(t), 2\t (t,€),o x (At +u(t, €))),
Ft+Ta(t)x(t+ii(t ) . ()\kHW(t £)),9)=
=F(t, z(t), x(Mit+(t,€)), . .., (At +p(t,€)).8),
Vit +T,e) = ilt,e), i =1,k;
) |f(t $0,l’1, e ,53‘]9) - f(t,f%o,i‘l, e ,ik” §
<h Z ’xl §Z|7
‘F(t,xo,l'l, e ,.’f?k,s)—F(t,.%o,i%l, e ,%k,6)| S
k .
<lo Y |& — T4,
i=0
de t € R, #,2; € R", i = 0,k, l1,ly —
dogiavhi dodammui cmani.
IlpumycTumo, 1m0  BJIacHI  3HAYEHHA  aj,

j = 1,n, marpuni A 33J0BOJIBHIIOTH YMOBY
Rea;(A) #0, j = 1,n. Y npomy Bumajxy, siK Bigo-
MO, icHye HeocobauBa MaTpuild C, siKa TPUBOIUTH
marputio A g0 surasaay A = C~ldiag(Ar, As)C,
me Ai,As — Jedki crajii MaTpHUIl pPO3MIpHOCTI
pXxXpi(n—p)x(n—p), Bracui 3HAYEHHS STKUX
3aJTOBOJILHSIIOTH YMOBH

Rea](Al) <07j = 17"‘7p?(0 <p§n)’

Reaj(A2) >0,j=p+1,...,n (2)

HocaiguMo criovaTKy IATaHHS ITPO ICHYBaHHS
T-nepiognaanx po3B’a3kiB cucremu pisasHb (1)
npu € = 0, ToOTO cucTeMu piBHSIHB BUIVISTY

#(t) = Az(t)+ (3)

+f (), 2Nt +11(2,0)), ... (At +9x(8,0))).

JL1st 1[bOT0 BUKOHAEMO TIEPETBOPEHHS
(t) = Ax(t) +y(t),

ze y(t) € €%, ne C°
MePioANYHNX BEKTOP-PYHKITM 3 HOPMOIO
y(®)]| = mﬁx\y( )|. Toxi i3 (4) GesmocepesHbo

BUIIMBAE, 10 Z(t) BU3HAYAETHCS €IUHUM YUHOM
3a JOIIOMOIOIO CIIBBIIHOIIEHHS

+oo
= /G(t—T)y(T)dT,

(4)

—TIpOCTip HemepepBHUX 1'-

()

ze
Gt) = C~diag(e**,0)C, mpu t > 0; (6)
— | —Cdiag(0,e42H)C, mpum t < 0.
ITpu HOMY I MaTPAIHOT dbyukii
G(t) = (94j(t)) BUKOHYIOTBCH TaKi yMOBH:
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a) G(+0) — G(-0) = E, ne E — opuanaHa
MaTPHUIISd PO3MIPHOCTI N X N;

6) |G(t)] < Ke ol mprt BCix t # 0, ne K > 0,

a>0i|G|= glgnggu!
) G=AG, t#£0.

Buacuiok nepersopents (4) cucrema piBHAHD (3)

HaOyBa€ BUTTISITY
“+oo
t, / G(t —7)y(r)dr,
—0oQ

+oo
A / GO (t — 7))y + b1 (¢,0))dr

+oo
[ 60t = s + nte.0)dr). (1)

— 00

oy

ne G(t) BU3HAYAETHCA 3a JIOMOMOTOIO CITiBBITHO-
menns (6). g cucremu piBusanb (7) Mae micue
HACTYIIHA TEOPEMA.

Teopema 1. Hexaidl sukonyromocs ymosu 1* — 3*
i

4) eci eaacui snanenns aj, j = 1,n, mampuuyi
A maxi, wo mae micye (2), moomo IK > 0,

a>0: |Gt) < Ke M npu sciz t+#0;
5) max |f(t,0,...,0)] < f* < 4o0;

teR

2Kl (k+1
6) l(aJr):®<1.

Todi ichye edunut nenepepseruti T -nepiodunsHud
poss’asox v = y(t) cucmemu pisnans (7).

ZHosedenna. Ilobynyemo po3B’d30K crucreMu piB-
HsiHb (7) 3a JIOIIOMOIOI0 METOAY MOCJI/IOBHUX Ha-
OJIMKEeHb, siKi BUBHAYUMO (DOPMYyIaMu

yo(t) =0,

+o0
= 1(t. [ Gt~ yms(ryar,

A / GM(t—7)ym—1( M7+ 1(t,0))dT, ...
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+oo
e [ GO = T)nr O+ 8 0))dr ).

(8)

m=12,....

Tlokasxkemo, mo mpm Bcix m=1,2,...,t € R
BUKOHYIOTBCSI CITIBBITHOIIIEHHS

‘ym(t) - ymfl(t)‘ < f*@m_l' (9)

Cupabii, 3BayKal4uy Ha YMOBU TEOPEMU, MAEMO

|yl(t) - yO(t)‘ = |f(ta0a" '70)| < f7

ro6ro npn m = 1 ouinka (9) mae micue. Posmip-
KOBYIOUM 33 1HAYKINE, IPUIYCTAMO, IO OIIHKA
(9) nosemena yxe mua gesikoro m > 11 mokazxe-

MO, 110 BOHA, HEe 3MIiHUTBCA IIPU IIePeXoi BijT m JI0
m + 1. iiicuo, i3 (8) omepryemMo

Ym1(t) = ym (8)] <

+oo
<ti( [ 16 = Dllumlr) ~ gmr ()t

koot
oA [ G = 7))
5
<y AT + 81(£,0)) = g1 (AT +951(8,0) dr ) <

+oo
<l ( / Keelt=mlprom=1gr4

koo Teo
+ Z i / Ke—a)\i|t—7\f>k®m—1d7_) <
=1 00

+0o0

< prom K /

—00

k
e~olt=lgr 4 Z Ai X
i=1

x 76—%'“7'057) < f*em-lel(

—0o0

k
+> N\
=1

[Tum noweneno, mo ominka (9) mMae micne s 10-
BlabHoro m > 1.

2
=+
«

2
Oz)\i

2(k + 1)

) — FremlK, — from.
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2

ITo
ym(t), m=10,1,2,..., ¢ T-nepioJUIHIMH BEKTOD-
dyukiisvu 10 t, T06TO

ym(t + T) = ym(t)v

B cuity ymos Teopemu, Maemo yo(t + 1) = 0=1yo(t),
Tobro cmiBBinHOmeHHa (10) BUKOHYETHCS pH
m = 0. Tpunycrumo, mo cnissigromenns (10)
JIOBeJIeHE yiKe Uit Jeskoro m > 0 1 moKaykeMo
fioro cnipasemusicts st m + 1. I3 (8) maemo

IHAYKIHT TOKaXXKeMo, 110 HaOJIMKEeHHST

m=0,1,... (10)

“+o0o
pmir(t+T) = £(t+ 7. [ Glt+T = Dy,

+oo
)\1/G()\l(H—T—T))ym()\17+1/}1(t+T,()))dT,...

+o0
. )\k / G()\k(t-l-T—T))ym()\kT‘FT/}k(t—FT, O))dT) =

+00
= f(t, / G(t — 8)ym(s)ds,

+00
A1 / G (t = 5))ym(A1s +1(t,0))ds, . ..

+oo
e [ GO = 9)nOs + (8, 0))ds) =
= Ym+1(t)-
Orxe, crieBigaomenas (10) BUKOHYIOTBCS NpH
Bcix m > 0.

Takum gwnHOM, BCl HaOIMKEHHST Y (1),
m =20,1,2,..., € HenepepBHUMHU T -TIePIOIUIHIMHA
BEKTOP-QYHKIISIMA, I SKUX  CIPABeIIu-

Bl omuakn (9). Bpaxosywoum ymoBy 6 Teope-
vu i (9), TpPUXOAMMO 0 BUCHOBKY, IIO DS

+oo
> (Ym(t) — Ym—1(t)) piBHOMIpHO 36iraeTbes st

ZLOBILHBHOFO t € R o neskol memepepsuoi T-

nepiognaHol BekTop-byHKIT Y(t) lim  ym(t),
m—-+o00o

KA € PO3B'sA3KOM cucTemu piBHsHD (7) (1€ J1erko

NOKAa3aTH, AKIIO B (8) mepeiiTu 10 TpaHWIl Tpu

m — 400). [Ipu npomy s gosinerOrO ¢ € R Mae

MicIle HEPIBHICTH

f*
1—

+o00 40
YOI Jym(t) = yma (B[ _frOm = 5
m=1 m=1

st 3aBepIentst TOBEIEHHST TEOPEeMU TOKa-
JKeMO, 110 po3B’st30K 7y (t) cucremn (7) — eauHmit.
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Jliticno, mexaii icHye mie oamH HenepepBuwit 1-
nepioguannit 7)(t) cucremn piBHsHb (7) Taxwii, Mo
~(t) # n(t). Toxi ogepxyemo

+o00
&) = (o)l <t ( [ 166 = 7))~ n(rldr+

k o0
3 / GOu(t — 7)) x
=1 B

YT + i, 0)) — (AT + it ode)

IN

—+00
<ii( [ K= —n(rldr+

k +oo
3 / KemoNilt=l
i=1 L

XY+ (8,0)) = A + 9i(t,0))dr ) <
<0 2D 1) - nit)] < Ol (1) - ),

ze [y () =n()|] = max|y(t) —n(t)]. Oraxe, onep-
JKAMO CIIIBBLIHOIIIEHHS

(@) = @) < Oy () —n@)ll,

daKe MOXKe MaTnu MiC]_[e JIAIIE Yy BUIIQJAKY, KOJIU
© > 1, mo cynepeuuTb yMOBi 6 j1aHOi Teopemu.
[Tum moeegeno, mo Bekrop-dpyHukis Y (t) € €quaum
HerepepBHUM 1-TIepiogndIHIM pPO3B A3KOM CHCTe-
mu piBastab (7). Teopemy 1 moseseno.

Bpaxosytoun reopemy 1 i cuissignomenns (5),
IPUXOJIUMO JI0 BUCHOBKY, 1110 BEKTOD-(PYHKITis

+0oo
() = / Gt — T)y(7)dr

€ €IUHUM HerepepBHUM T -TepiOANIHUM PO3B’T3-
KoM cucreMn (3).

Tlepeitimemo Temep g0 mocaimxenwmss T-
MepioAnIHUX PO3B’sI3KiB cucreMu piBHsAHB (1) mpu
e # 0. Bukonaemo B cucremi pisasitb (1) B3aemHo-

OJTHO3HAYHY 3aMiHy 3MIHHUX

z(t) = y(t) + z(t), (11)

ne T(t) — T-nepioguanuii pO3B’A30K CUCTEMU PiB-
HsaHb (1) opu € = 0. B pesynabprari orpuMaemMo cu-
CTeMY DIBHSHb BUIVISLY

y(t) = Ay(t)+
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ot y(@), yAt+i(t,€)), ..., y(Met+r(t, €)))+

+e® (ty(t),y(At+v1(t,€)),. .. .y(At+i(t, e)z,g)),
12

e
o(t,y@), y it +1(t,e)), ..., yt +x(t,€))) =

=1 (t,y()+Z(t),y(Mit+1 (¢, €))+T (M t+a(t, €)),. . .
oyt + k(t ) + Z( Akt + Yr(t,€))) —
—f(t,2(t), 2(Mt+91(t,0)), ..., 2\t +Yx(t,0)));
CI)(t, y(t), y(Mt+i(t,e)), ..., y(Mt+x(t, €)), 5)
=F (t,y(t)+Z(t), y Ait+en (¢, €))+T( M t+1 (¢, €)), ...
oyt + et e)) + Tkt + Yi(t,€)),€).

Jlerko  mepekoHaTmcd, IO  BEKTOP-YHKITI

Qﬁ(t, y(t)v y()‘lt + wl(ta 5))7 ce 7y()‘kt + wk(t’ 6)))7

q)(tv y(t)v y(>\1t + Qpl(tv 5))7 SRR y()‘kt + ¢k(ta E)), 5)

3aJI0BOJIBHSIOTH yMoBH 2* —3* 1 (¢,0,...,0) = 0.
AKIMO BUKOHAEMO TTEPETBOPEHHST

y(t) = Ay(t) + =(1),
ne z(t) € C° me C° — upocrip menepepsrux
va R T-mepioguunnx BeKTOP-PYHKITN 3 HOPMOIO
l|z(t)]] = max |z(t)|, To omepxuMO, 110 Y(t) BU3HA-

(13)

JaEThCA €IMHUM YUHOM 33, JOTIOMOTOI0 PIBHOCTI
+oo
v0) = [ Ge-namar.
—00

ne G(t) BusnavaeTses crniBBiaHOmeRHAM (6). B pe-
syabrari nepersopents (13) cucrema pisuans (12)
HaOyBa€ BULISIIY

“+o0o
2(t) = gp(t, / G(t — 7)z(1)dT,
+oo
A1 / G\t —7))z(MT + ¢i(t,e))dr, . ..
_ B
o / GOW(t — ))2(AT + wn(t,2))dr )+
_ +o00
ven(r, / Glt — 7)2(r)dr,

+o0o
A1 / G\t —7))z(MT 4+ i(t,e))dr, . ..

68



Bicnux Kuiscvkoz2o Hayionaavbto20 yrisepcumemy
iment Tapaca Hlesuwenra
Cepia Pi3uKo-MamemamuiHi HayKy

+oo
o / GOW(E = )2 + (1. €))dr. ).

(15)
Mg cucremu piBasiHb (15) Mae micre HacTymHA
TeopeMa.

Teopema 2. Hezat suxonyromsca ymosu 1* — 3*
1
4) eci eaacni snavenns aj, j = 1,n, mampuyi
A maxi, wo mae micye (2), moomo IK > 0,
a>0: |Gt)| < Ke M npu sciz t#0;

5) ¢(t,0,...,0) =0,

max |®(¢,0,...,0,¢)| < M < +o0;
teR

6) 0K (k +1)(I1 + elo)

=60 <1. (16)

Toodi ichye edunuti wenepepenuti T-nepioduurud
pose’asox Y = 7(t,e) cucmemu pisnanv (15) ma-
xud, wo lim~y(t,e) = 0.

e—0
Jlosedenns TPOBOINTHCS 3a TICIO XK CXEMOIO, IO
i momemenns Teopemu 1. Ilpm mpomy mocsimoBmi
HaOJIMKEHHS BU3HAYAIOTHCS HACTYITHUMU (HOPMY-

JIaMH1
zo(t,e) =0,

+oo
zm(t,e) = gp(t, / G(t — 7)zm—1(T,e)dT,
+o00
M / GOt = 7)) zme1 (T + 01 (t 2), £)dr, . .
400
e, Ak /G()\k(t—T»Zm_l()\kT—i-dJk(t, 8), 8)d7’>+
+oo
+€<I>(t, / G(t — 7)zm—1(T,€)dr,
+o00o
A1 / Gt —7))zm—1( M7+ ¢1(t,e),e)dr, . ..

+oo
RV /G()\k(t—T))zm_l()\kT—i—wk(t,5),5)d7, 5),

(17)

m=1,2,...
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Po3miproBytoun 3a iHayKITi€r0 MOYXKHA TTOKA3a-
TH, IO TPH BCiX ¢ € R BUKOHYIOTHCA CIIBBIIHOIIE-
HHSI

2m(t+T,e) = zp(t,e),

|zm (t,€) — zm—1(t,&)| < M@m_l,

m=20,1,...;

m=1,2,...,
(18)
e M = M(s) > M — pesdxa 10jaTHa CTaJa, L0
3aJIEXKUTh BiJ €.
3Bijgcu ciaijgye, mo nocaigoBHicTs T-mepio-
JIMIHUX BEKTOP-DYHKINH 2 (f,€), m = 0,1,2,...,
piBHOMIpHO 36iraeThes st moBiibHOTO t € R
J0 Jiedkol HerepepBHOT T-1epiogudHOl BEKTOP-
dyukmii 7 = 7(t,€), 9ka € po3B’I3KOM CHUCTEMU
piBusHb (15) (B 11bOMY JIETKO [IEPEKOHATUCS, SKIIO
B (17) mepeiiTu 10 TpaHUIl IpH M — +00).
[Mokazxkemo, 1m0 po3B’a30K (¢, £) cucremu pis-
HaHb (15) 3a70BOJIBHSIE yMOBY ili% 7(t,e) = 0.

Jnast umporo moBememo, mo mpu Bcix ¢ € R,

m =20,1,2,..., BAKOHYIOTHCS CIiBBIHOIIIEHHA
lim 2, (t,e) = 0. (19)
e—0
Posrnsimaroun nocaigosno (17), m = 0,1,2,...,
OTPUMAEMO
li t,e) =0
61_1;% ZO( ) 8) )
+o0o
lim z(t,e) = lim [gp (t, / G(t —7)zo(T,€)dr,
e—0 e—0
—00

+0oo
A / GM(t—1))z0(MT +Y1(t,e),e)dr, . ..
_m+m
Y / GOW(t — )20(\er + (), £)dr ) +
% B
+6<I>(t, / G(t — 7)zo(,e)dT,
+o00 -
)\1/G()\l(t—T))Zo(/\lT-i-wl(t,E),E)dT,...

400
Y /G()\k(t — 7)) 20( AT + (L, €), e)dr, 5)}:

= ¢(t,0...

e—0 e—0

+00
lim 2, (t,¢) = lim {4,0 (t, / G(t — 7)zm-1(7,€)dT,
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+oo
M / GO (t = 1)) zm 1 (T + v (F 2), )dr, . .
+0o0
e [ GO (e, ) +
+oo
+8<I>(t, / G(t — T)zm—1(7,€)dT,
+oo
A1 / G()\l(t — T))Zm_l(/\lT + (t, E), E)dT, e

+00
o /G(/\k(t_r))zm_l()\kv'—i-wk(t,E),s)dT, 5)}:

1110 1 HeobxiaHo 6yJ/I0 MOBECTH.

JloBeneHHA €IWHOCTI HemepepBHOro 1T-mepio-
JMYHOTO PO3B’si3Ky (¢, &) cucremu piBHsHB (15)
TMPOBOMMO AHAJOTIYIHO JI0 TOTO, K Te 6yI0 3po-
6aeno y Teopemi 1. Orxe, BekTop-dynkiis (¢, )
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€ €IMHUM HermepepBHuM T-TepiognIHnM PO3B’d3-
KOM CHCTE€MU DiBHsTHD (15), 1110 33/10BOJIBHSIE yMO-
BY hH(l) ~(t,e) = 0. Teopemy 2 moBemeHo.

E—

Bpaxosyioun teopemy 2 1 cuiBBigHOIIEHHS
(14), 3HAX0MMO, 110 BEKTOP-(DYHKIIisA

+o00
y(t,e) = / Gt —1)y(r,e)dr

€ €IWHUM HerepepBHUM T -mepioguaHuM PO3B’d3-
KOM CHCTeMH DiBHsiHB (1) mpu € # 0, Jyis siKOro
lim y(t,e) = 0.

e—0

Takum wunom, B cuay (11) i reopem 1, 2 npu-
XOJIMMO JI0 BUCHOBKY, 110 cucrema pisusanb (1) mae
eanHuil HemepepBHH T-TepiogudHUl PO3B’SI30K
Z(t,e) = y(t,e)+z(t) raxmit, mo ;I_)I% Z(t,e) = z(t),
ne  Z(t) — menepepsuuii T-nepiogmanamii po3s’s-
30K cucremu piBHsHb (1) npn e =0, a y(t,e) —
Hernepeppuuit T-miepiognvHuil PO3B’A30K CHUCTEMUT
piBasgub (1) mpu € # 0.

BayBakeHus. Ilpm Jedkux J0JaTKOBUX
NPUMYIIEHHIX TeopeMu 1, 2 MarOTh MicCIle TaKO¥XK
y BUNAIKy, Ko GyHEKIil ;(t, ), i = 1, k, 3a1e-
Karb Bij HeBioMoi dyHKl (t).
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Pospobaero memod nobydosu nenepepsrur pods’askie 00H020 KAACY CUCTNEM HEATHITHUL DIBHUYUEEO-
PYHKUIOHANDHUT PIGHAND T J0CAIINHCEHO 1T BAACTIUBOCTII.

Karwmosi crosa: pisnuuesi piehanta, GyHKUIOHAAbHT DIGHAHHA, PIBHUUEEO-PYHKUIOHANDHT PiBHA-
HHA.

It is considered one class of systems of nonlinear difference-functional equations which includes
properties of difference and g-difference (functional) equations what is important tool in solving many
problems in applied sciences. Therefore, under various assumptions, the difference equations have been
the object of research of many mathematicians, the development of their theory acquired a number of
currents. Today this theory is widely branching and already has a lot of tangible results. The main task
of this work is a study of the structure of the set of continuous solutions of one class of systems of
nonlinear difference-functional equations. Determined sufficient conditions of the existence of conti-
nuous solutions, developed a method of constructing such solutions of systems of nonlinear difference-
functional equations and also investigated the behavior of these solutions at t goes to infinity. It should
be noted that the method of proof also gives possibility to construct a periodic solution and investigate its
properties. Performed researches add to already existent works of other mathematicians and facilitate

further study of the continuous solutions of wider classes of difference-functional equations.
Key Words: difference equations, functional equations, difference-functional equations.

CrarTio pejcrapus akajgeMmik HAHY, nokrop dis.-mat. Hayk, npod. Ilepectiok M. O.

Okpemi KJlacu cUcTeM HeJIHIHHUX PI3HUIIEBO-
GYHKITIOHAJIBHI PIBHSHL MPHU PI3SHUX IPUITYIIEH-
HaX Oysin 06’€KTOM JIOCITiPKEHHs Oararbox MaTe-
maTukiB [1-4] . OcobimBa yBara npumiisaiacs Bu-
BUEHHIO [MUTAHb ICHYBaHHS HEIEPEPBHUX PO3B d3-
KiB, JIOCJIIJI?KEHHIO CTPYKTYPHU 1X MHOXKHHU Ta, T10-
Bejiint npu t — 0o [3-4]). IIpogosxkytoun 1i jio-
CJIIIKeHHST BUHUKJIA 33/1a9a IIPO OTPUMAHHS aHa-
JIOTIYHUX PE3YJIbTATIB JJIsl PIBHAHD BUIVISLY

x(qt) =Ax(t)+ f(t,z(t+1)), (1)

ne t € R, A— giiicna (n X n) - MaTpUIlsl BULJIsI-
ny A = diag (M1, ..., ), [ RXR" - R, ¢
- mesika JificHa cTaja, IPU MIeBHUX IIPUILYIIEHHIX
BiZHOCHO A;, 1 = 1,n Ta q.

Posrnsgnemo cucreMmy HeJIiHINHUX PI3HUIIEBO-
dbyukuionanpuux pisasgHb Burisiay (1). IIpu mpo-
MY HPUITYCTUMO, 1110 BUKOHYIOTHCS HACTYIIHI yMO-

BU:

1. [N #0,i=1,2,...,n, g >0

© T.O. €promina, 2015

2. Bekrop-byukiis  f (t, )
obmexkeHoro mpu Beix t € R, x € R" i

f(ta 0) =0;

3. nnga mosimpHEX t € R, x,y € N BuUKOHYE-
ThCsI CIiBBITHOIIIEHHS

If (tz) — f(t,y)| <o —yl,

€ HelepepBHOIO

(2)

ne | - mestka moJaTHA CTAJA.

Teopema 1.Hezat suxonyromoca ymosu 1.-
3. 1 ymosu:

4.0< N <1,i=1,...,n,qg>1;

5.A=1s <1,

de 1 >N >max{\,i=1,...,n}.

Todi cucmema pisuans (1) mae cim’o nene-
pepenux obmesicenuxr npu t > T > 0 (T - deaxa
docmamnvo eeaura dodamna cmana) po3e’askie y
su2AAdi Pady

2(t) = 3 (), (3)
=0
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de z;(t), i =0,1,... - deaxi nenepepsni obmedrceri
npu t > T > 0 sexmop-pynruii, axi

3adosonvraoms ymosi lim x(t) = 0.
t—+o00

Hosedenns: PosrisiHeMo TOCTITOBHICTD CH-
CTeM PiBHSHDL BUTJISLY

zo(qt) = Azo(t), (40)
x1(qt) = Ax1(t) + f (t,xo(t + 1)),  (41)
x;i(qt) = Az;(t) (let—}—l)
1—2
~f (t,le(t+1)> : (41)
=0
t=2,3,..., 1 MOKaXKemMo, 110 BOHU MAIOTb CiM'T He-

rnepepBHUX obMmerkeHux npu t > T > (0 po3B’sI3KiB,
sIK1 38/T0OBOJIBHSTFOTH yMOBHI

lzi(t)] < MAY i=1,2,... (5:)

e M- nesika JIofaTHa CTaJIA.
Cucrema piBHsHb (49) Ma€ MHOXKHHY Helle-
pepBHUX 1pH t > T > 0 po3B’sI3KiB BUIVIALY

)

e w (1) = (w1 (1), w2 (7). ,wn (7)), wi(7), i =
1 N - HOBiJbHI HenepepBHi 1-mrepiogutni GyH-

KITii,
Y = diag < ) ,

K1 338JI0BOJIbHAIOTH YMOBI
In)*® In)*
lzo(t)] < [t |w (7)| < t Wa |w (7)| < t e M,

(50)

Int

zo(t) = t'w (

Ing (Go)

gy

In \q
t Ing

In Ao
1
7t na,

In A\p
. 7-[; Ing

jge M = max |w(7)|.
T

[Tigcrasisitoun B (41) psig

ZAJ ( D 20(qg~ Ut + 1))7
(61)

MOYKHA MEepPEeKOHATHCS, IO BiH € i1 (hopMaJbLHIM

posp’sizkoM. Bimbie mporo, B cumity (2), (59) i
In \*

< 0, oTpuMaemo

Ing
lz1(t)] < ,
<Y, AP | (¢, mo(q~ U+ 1))| <

< ZF “UHe41)| <

< Y2 (WY 1M (5 i
<IM Y32 (V) < M=

(A) 1 |2o(q
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2015,

Bulletin of Taras Shevchenko
National University of Kyiv
Series Physics & Mathematics

2

Orzxke, cucremu piBastHb (4p), (41) MaOTD ciM’T
HenepepBHUX npu t > 1" > 0 po3B’g3KiB, I KO-
JKHOTO 3 SIKUX BUKOHYIOTbCs CliBBiHOmEHHs (5(),
(51)-

Bpaxosytoun ymoBu teopemu i orinku (5g),
(51), MOXKHa [IOCJIJIOBHO IIOKA3ATH, 1[0 Psi/IH

Y [f <q<j+1)t S (qf(m)H 1)) _
j=0 =0
i—2 '
f (q_(]“)t, ) (q (J“)Hl)) (6:)
=0
1 = 2,3, ... piBHOMIpHO 36irafoThCs NMpu BCiX ¢ >

T > 01 € po3p’si3KaM# BiJIITOBITHUX CHCTEM PiB-
usaub (4;), i = 2,3, ... . [iiicHo, jilerko mepekoHa-
tucst, mo psaau (6;), i = 2,3,... € bopMasbHIMU
po3B’si3KaMu cucTeM piBHsHD (4;), 1 = 2,3, .... lo-
BeJeMO X 3012KHICTD.

Ockinbku psiyg (61) piBHOMIpHO 36iraeTbest
upu t > T > 0, To pO3MIpPKOBYIOUH 3a IHYKIIIEIO,
OpUIYyCTUMO, IO 301kHicTh psimy (6;) mosesieHa
yKe st Jiesikoro ¢ > 1 1 nosejemo, mio psij (6;41)
TaKOK PIBHOMIpHO 306iraerbca mpu t > 1T > 0 i
BUKOHY€ThCsI OIiHKa (5;41). B cuny (2), (6;41) Ta
(5;) orpumaemMo

() < |

<%, |A|J‘ < ‘“*”t,ZLO 2 (q—ml)t“))
—f (q G+, Zl 01 (q—(j+1)t 4 1))‘ <

< Zg NI ’Zz ot (a7t +1) —

01 (¢~ Dt + 1)’

o AP 1|z ( q AR S 1)‘ <

l

<Y

< lMAZ Yo () < MAY L = MAT
Otxke, cucremu piBHsAHb (4;), 1=1,2,. .. MaoOTh
po3B’si3ku y Buriisii psizis (6;), 1=1,2,.. ., 1m0 pis-

HOMipHO 306iratorbest ripu t > T > 0 10 jesKkux He-
nepepBHUX BeKTOP-DyHKIN x; (t), i=1,2,..., gK
3a,10BOJIBHsIIOTH yMOBH (5;). I3 (5;) 6e3mocepeHbo
BUILINBAE, 110 psiJl (3) piBHOMIpHO 36iraeThest mpu
Bcix t > T > 0 510 1medkoi HelepepBHOI BEKTOP-
dyukii z (t), sKa 33/10BOJIbHSIE yMOBI

i

M

20l < =5
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st 3aBeplieHHsI IOBEJIEHHSI TEOPEMU JI0CTa-  3a0080AvHAN0OMb Yymosi lim z(t) = 0.
t—+00
THBO, OYEBH/IHO, IOKA3ATH, IO Psijt (3) 3a70BOJIb-

Jlosedernsa: PosrisineMo IMOCIOBHICTL CH-
Hsi€ cucreMy piBHsiHB (1), TOOTO BUKOHYETHCSI TO-

CTEM piBHHHb BUTJIALY

xo(qt) = Axo(t), (9)

z1(gt) = Az1 (1) + f (t,zo(t +1)),  (91)
zi(qt) = Ax;(t)+

TOXKHICTD

Yiowi(gt) =AY g wi(t) + f (6,22 wi(t + 1))
JlJ1st boro moTpibHO JOBECTH, IO P/

ftzo(t+1))+ i1 i—2
+ 332 [ (BT mt+ ) - 7 (LS wt+ DYy (t,le(tJrl))—f <t,2xl(t+1)>, (9)
=0 =0

piBHOMIpHO 306iraerbest mpu Beix ¢ > T > 0 i #ioro

cymoro € f (¢, Y 2 xi(t+1)).
A 11e B cBOIO Uepry, Oye JTIOBEJIEHO, SIKINO Bla-
CThCS TOKa3aTH, 0 Ipu Beix ¢t > T' > 0 mae micrie

CHIBB1IHOIICHHS (1) < MAY i=1,2,. ... (10,)

% 00
ne M- nesika qofaTHa CTaJa.
1 1| = 1)]. . . .
ziglof (t’lz_;xl(t + )> ! (t’;xl@ + )> Hiiicno, cucrema piBasiHb (99) Mae ciM'io Here-

(7) PepBHHEX mpH t > T > 0 posB’s3KiB, gKi 3a/10-
BOJIBHSIIOTH YMOBI

i = 2,3,.... [lokaxkemo, 110 BOHM MalOTh CiM’l He-
epepBHUX 0bMerkeHux npu t > T > (0 po3B’sa3KiB,
SIKi 38JI0BOJIBHSIOTH YMOBU

Hexaii £ - s1K 3aBrogHo MaJie JIofaTHE YUCJIO.

Toni B cuny yMoB TeopeMu icHye Takuit HoMep N, M
IO BUKOHYETHCS YMOBA o ()] < Iy |’ (100)
t Ing
! N
+1 . . .
MI_AA <E. me 1 < A <min{\;,i=1,...,n}. Haui, oigcras-

_ ~ usmioun B (9) pan
Haui, npuiimMarodn 10 yBaru yMOBH TEOPEMH 1

ominku (5;), i=0,1, ..., 3HAXOIUMO ad
(5:) ZA J+1)f 7t, zo( Jt+1)) (11y)
0 7 j=0
FLED mt+0) ) = f (6> mt+1)
ey =0 MOKHa IepPEeKOHATHCS, 10 BiH € 1T dhopMasbHIM
posB’siskoM. Bisbine Toro, B cuity (2), (10g), orpu-
o0 i+1
MYEMO
<] t+ 1) <IM <
= l;l$l(+)— N
=1

i+1
- [z ()] < 327, !A W0 f (@9t mo(git + 1)) | <
mpu Beix ¢ > N. lum camum criBBigHomenHst (7 o 1 )J
< ; = J
i Teopema noBejEHA. = Z]:O <>\ l }xO ¢t + )l

Teopema 2. Hezatli suxonyromoca ymosu 1.- < /\1* ;x; . ( % )J ! % <
3. 1 ymosu: i (@7t+1)l Ina

6 Ai>1 =10 0<q<]; gig;‘;o(i) IM <

7.A=55 <1, <M_ 1 <) Lo < MA.

de 1 < A, <m1n{)\z-,i:1,...,n}. A l—s Al =

Todi cucmema pishwansv (1) mae cim’o nene-
pepenux oomescenux npu t > T > 0 (T - deaxa
docmamnvo seaura dodammna cmana) po3s’askie y
su2AA01 pady

Orxe, cucremu piBHsIHB (9p), (91) MatoTh cim'T
merepepBuux npu t > 1T > 0 po3B’a3kiB, s
KOXKHOTO 3 sIKHX BUKOHYIOTHCsI CIIBBIJIHOIIEHHSI
(109p), (104).

Bpaxosytoun ymoBu teopemu i orinku (10q),

t) = in(t), (8) (101), MOXKHA TIOCJIJIOBHO TIOKA3ATH, 1[0 Psi/IH
00 i—1
de zi(t), i = 0,1, ... - deaxi nenepepeni obmesrceri ZA (j+1) £ ¢t le (qjt + 1) _
npu t > T > 0 sexmop-pynruii, axi =0 _
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i—2
~f (qﬂt,zxz (¢t + 1)) ; (11;)
=0

1 2,3, ... pIBHOMIpHO 30irafoThcst IPHU BCiX
t > T > 01 € posB’sisBKaMM BiJIOBITHUX CHCTEM
piBasiab (9;), ¢ = 2,3, ... . liiicHO, JIerKo mepeko-
Hatucs, mo psaau (11;), i = 2,3, ... € dbopmasibHu-
MU PO3B’si3KaMu cucreM piBHsiHb (9;), i = 2,3, ....
HoBememo ix 3012KHICTb.

Cupasi, ockinbku psizt (111) piBHOMIpHO 36i-
raerbesd pu t > T > 0, TO pO3MIpKOBYIOUIHU 34 iH-
JIYKIHEI0, TPUILYCTHMO, 110 36iKHicTh psaxy (11;)
JoBeJIeHa y2Ke JyId Jiesdkoro ¢ > 1 1 jgoBeneMmo,
mo psax (11;41) TakoK piBHOMIpHO 36iraeTbest Ipu
t > T > 0 i Bukonyerbcs orinka (10;41). B cuny
(2), (11;41) Ta (10;) orpumaemo

i () <
< Y, (AT (f (qjt,ZLo ('t + 1)) -
—f (@t iz (e + 1))! <

<SR AT S (@t 4+ 1) -
— il (qjt—f-l)‘ <
<Y AT s (@it + 1) | <

o0 1

. J
< IMA'S 35 (T)
< MAL = MATL

<
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3HOCTHBIX ypPABHEHUIl C HENPEPLIBHBIM apry-
menrom /Ilemox I'NIT.— JJAH. — 2006. —
73.— Ne 2. — C. 269-272.

Epromina T.0. [locikeHHsT CTPyKTYpPH MHO-
JKWHM HEIEPEPBHUX PO3B’S3KIB cucTeM JIi-
HIMHUX PI3HUIEBO-DYHKIIOHAJIBHUX PIiBHIHD
/€ppomina T.0.—// Heniuiitai komuBamHs.—
2014. — 17, Ne 3. — C. 341-350.
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Otxe, cucremu piBHsHb (9;), 1=1,2,. .. MaoOTh
po3B’sizkn y Buriisiai pagis (11;), i=1,2,..., mo
piBHOMipHO 36iratorbes npu t > T > 0 10 Jesakux
HEIlepepBHUX BeKTOp-DyHKIiH z; (), i=1,2,...,
sIKi 3a710BOJIBHAIOTE yMoBH (10;). I3 (10;) 6e3noce-
PeJIHBO BUIUIABAE, MO psaf (8) piBHOMIpHO 30irae-
Thed npu Beix ¢ > T > 0 10 nedkol HenmepepBHOL
BeKTOP-DYHKIUT (1), sKa 3a/I0BOJILHSIE YMOBI

M

2@ < .

Jaui, mitoun aHAJIOTiMHO TOMY, SK 1 IPHU H0-
BeJIEHHI TeopeMu 1, MOXKHa [0Ka3aTu, 1o psi (8)
3a/I0BOJIbHSE CUCTEMY DiBHSHB (1), TOOTO BUKOHY-
€THCS TOTOXKHICTD

in(qt) = Ain(t) + f (t,Zwi(t + 1)> ,
=0 =0 =0

110 1 3aBEPIIYE JTOBE/ICHHST TEOPEMU.
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Sliding contact of the semi-infinite stamp with

IITAMIIa 3 NPY’KHO0 CMYTI'0K0 an elastic strip
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03680, Kyiv, Glushkova st., 4 ¢,
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Tapaca lleBuyenka, 03680,

M. KuiB, npocn. ['mymkosa, 4 e,
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Pozensnymo naocky xonmaxmmuy 3a0auy meopii npyICHOCMI HPO 80AGII06AHHS HANIGHECKIHYEHHO20
WIMAMNGA 8 NPYICHY CMY2Y, HUICHS MeXHCA AKOI HCOPCMKO 3AKpinieHd, y UnaoKy HO8HO20 NPOKOG3VEAHHS
Midic NIOOWB0I0 WMAMNA I Medicer0 CMyeu 3 YPAxXy8auHaM cuil mepms 6 obnacmi xowmaxmy. I3 3acmo-
cysanusm memooy Binepa — Tonga ompumarno mounuil aumanimuynuili po3e’s30Kk 3adavi. Busnaueno
PO3NOOINU HaANpYJiceHb 6 00nacmi KOHMAKMY mda HA 3aKPInieHiil epani cmyeu, a maKodiC HOPMATbHI
nepemiujents GiIbHOI Gi0 HABAHMAICEHHS YACTNUHU MEXCi CMY2U.

Kniouogi cnosa: koe3nuil konmaxm, npysjicua cmyea, wimamn, memoo Binepa — I'ongha, nanpyorcennsi.

In present paper the sliding contact problem of the semi-infinite stamp with rectilinear basis and an
elastic strip with rigidly fixed bottom edge is considered. Corresponding mixed boundary-value problem of
theory of elasticity was reduced to single integral equation by means of using the Fourier integral transform.
The functional equation was obtained after expanding the integral equation on whole real axis and settling
the functions which are analytical in upper and lower half-planes of the complex plane. The solution of the
last one was realized by the Wiener — Hopf method. The factorization of the coefficient of functional equation
was implemented in the form of infinite products which contain roots of transcendental equations. Obtained
exact analytical solution for stress and displacement includes the power series with exponential
convergence. The results of the calculation of contact stress and normal displacement on the top edge and
also normal and tangential stresses on the bottom edge are presented. The calculation was performed for
different values of friction coefficient and compared with results of smooth contact.

Key words: sliding contact, elastic strip, stamp, Wiener — Hopf method, stress.

CrarTio nipeactaBuB 1. ¢.-M. H., mpod. XKyk . O.

B yMoBax Iutockoi naedopmarii (puc. 1). Hexai
HWOKHS TpaHb Y =—h (—00 < X < 00) CMYTH KOPCTKO

Beryn

VY KOHTaKTHIl MexaHilll OKpeMH# po3Jil cKiiaaa-
I0Th 3371241 JUTsl PYKHOI CMYTH, 10 TIOB’SI3aHO 3 He-
OOXITHICTIO JOCHIKCHb BJIACTUBOCTEH KOHCTPYK-
HilfHUX MatepianiB 3 MOKpUTTsiMA. OTpUMaHi, B oc-
HOBHOMY, HAaOJIMKEHI aCUMIITOTHYHI PO3B’S3KM KOH-
TaKTHHUX 3aJa4 JUIsl By3bKOI1 a00 IMpoKoi (B MOpiB-
HSIHHI 3 PO3MIpOM IITaMIa) CMyTH Y BUMAJKy TJaj-
KOTO KOHTaKTy, TOOTO 0e3 BpaXyBaHHS CHII TEPTS B
obnacti koHTaKTy [1, 2].

Jana poboTa npHCBsiYeHa TOCIIHKEHHIO HAIPYkKe-
HO-71e()OPMOBAHOTO CTaHy B TIPYKHIH CMY31 IpH PPHK-
IIHHOMY KOHTAaKTi 3 HAIIBHECKIHUCHHHM IITAMIIOM.
Panime 1151 3amaua 6e3 BpaxyBaHHS CHJI TEPTS B 00-
JIACT1 KOHTAKTy Po3B’s3aHa B [3].

3aKpiruieHa. Y BEpXHIO TpaHb y =Hh CMYTH Ha Tpo-
MiKKY 0<x <oco BJIABIIOETHCS INTAMIT 3 IPSMOINI-
HIHHOI OCHOBOI, SKUH TIiJ Ji€f0 PIBHOMIPHO
PO3IOJIUIEHNX HOPMAJIBHOIO p 1 JOTHYHOTO ¢
HABaHTaXEHb PYXAETbCA PIBHOMIPHO 3 MAJIOKO
IIBUAKICTIO TaK, 10 TUHAMIYHUMH e(heKTaMU MOXKHA
3HEXTyBaTU. IHmA yacTuHa —-00<x<(0 BEPXHBOL
MeXKl y =h BiIbHA Bil HaBaHTaXeHHS. B oOiacti
KOHTakTy 0<x<oo, y=Hh MJOmBH IUTaMma 3
YaCTUHOIO BEPXHBOI TpaHi CMYrd HOpMallbHI Ta
JNOTHYHI HaNpyXKeHHS MiAMOPSAKOBaHI 3aKOHY TEPTS
AwmonTona (Kynona). [lis 3a0e3medeHHs: TPOKOB3Y-
BaHHS IITaMIIa B3JIOBXK CMYTH Ha IHTEHCUBHOCTI p 1

¢ HaBaHTQKCHHS HEOOXIAHO HAKJIACTH YMOBY

q=Hyp, e | ,u0| — KoeQillieHT TepTs; BUMAIKY PYXY
IITaMIa BIIBO BIANOBINAIOTH 3HAUeHHA 14, >0,

ITocTanoBka 3agaui

PosristHeMo ipyKHY CMyTy —0<x<o0, —h<y<h
3 MoayJeM 3cyBy G Ta koedimienrom ITyaccona v ¢ >0, BrpaBo —3HadeHHs 1, <0, g<0(p>0).
© T. B. Kimimuyk, B. I. Ocrpuk, 2015
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(A

e

Puc. 1. B3aemomis mramma 3 npy>KHOK CMYyTOrO

KpaiioBi yMOBH 3a/1a4i HACTYIIHI:

uy‘y:h ==0, 7, - =,uoay‘y:h (0<x<mo),
W,y =00 T, =0 (o<x<0), ()
ux|y:_h =0, uy‘y:_h =0 (-o<x<®),

ne 6 — mpocimaHHs mraMna. BennuuHa 6 BU3HAYa-
€TbCS 3 YMOB PIBHOBArM €l1eMeHTa X, < x <x,+Ax,
—h<y<h cMyru Ha HECKIHYEHHOCTi (X, —> ),
KA 3HAXOJMTHCS B YMOBax OJHOPIJHOrO HaMpy-

KeHo-epopmoBanoro crany: o,=-p, &, =0,
€, ==06/(2h). I3 3akony I'yka orpumaemo
1-2v ph

o= .
1-v G

InTerpanbHe piBHSIHHSA 3a71a4i Ta HOro
PO3B’si3aHHA

BBenemo HeBimomy (yHKIiIO HOpMalbHUX KOH-
TaKTHUX HaIlPy>KeHb

G(x)zi

Ta 1 Tpanchopmanty Dyp’e

o, (0<x <)

2

G(p) =Lja(r)ef”’dr.
2 0

PosrissiHeMo OCHOBHY 3MilllaHy KpaloBY 3amady
JUISl CMYTH, KOJTM Ha TpaHi y =/ 3aJaH0 HOpMaJbHi
2Go(x) ta potuyHi 2Gu,o(Xx) HampyKeHHs, a Ha
rpaHi y =—h — HynbOBi mepemilieHHs. Po3B’s30k
IIYKATHMEMO 32 JIOTIOMOTOK0 IHTETpajbHOro Mepe-
tBOopenHs Oyp’e. Ha rpani y =/ cMyru MaTuMemo:

ﬂ,(Z,uh)

0

uy‘y:h =2h_j® o (2ﬂh)~(ﬂ)e—wdﬂ, 3)
A(z)=2(1-v)[(3-4v)sh2z-2z]-

=2, [(3—4v)(1—2v)sh22—22],
A(z)=(3-4v)(ch2z-1)+8(1-v)’ +22°.
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Po3B’s30k (3) 3amoBONBHsIE BCi KpaioBi yMOBH
(1), okpim mepmoi. [lincraBuBiM BHpa3 it HOp-
MaJIbHUX TepeMileHsb 3 (3) B mepiry KpaioBy YMOBY
(1), orpumaemo iHTETpaIbHE PIBHIHHS

20 [ K(2uh)6(p)e ™ du==6 (0<x<wo).(4)

OyYHKII0 KOHTAKTHUX HAMpyXeHb MOJIaMO Y
BUTJIAII

p
G(X)=—%+Gl(x), 0,(0)=0.
BukoHaBmy 3aMiHU 3MIHHUX
x=2h, r=2hn, t=2uh

Ta BBIBIIM HOBY HEBIJIOMY (PYHKIIiO

9(&) =—\272h57'0,(2hE) (0<E<0), (5)
iHTerpanbHe piBHAHHA (4) nepenuiieMo y Gopmi
Jk(i—n)co(n)dn=f(§) (0<g<e),  (6)

k(E—1)=— j K(t)e "¢ dr

A(—is,)
s A (- lSk)

) — KopeHi piBHsHHA A(is)=0 3

_‘Ské

9

&= J_ ud Z
e s, (k=12,...
mBIUIOmMKHA Res > 0.

PiBHsiHHS (6) € KJIACMYHUM IHTErPaJbHUM PiB-
HsHHAM Binepa — [ondpa. J{mst Hioro po3s’sizaHHs 3a-
crocyemo MeTo hakropusarii [4].

Bpakarouu, mo @(&)=0 npu & <0, po3noBcro-

MO 1HTErpajibHe PiBHSHHS (6) Ha BCIO YHCIIOBY
BICh 1 3aCTOCYEMO 0 HBOT'O IHTErpasibHE IEPETBO-
pennst dyp’e. YBiBIM HEBigoMi QYHKIT KOMIUIEKC-

HOI 3MiHHOT

0
q)+ _ 1 izéd 7
(2) =—=]p(5)e™ds, (7
N27m

: R
O (2) = —— [ &=dE[K(E-me(n)dn,
N27 5, o
aHAIITHYHI BiAmOBiAHO y miBmmommHax Imz>c' i
Imz<c™ (c¢"<0, ¢ >0), orpumaemo GpyHKIIIOHATb-
HE PIBHSIHHS

K(z)D (2)-® (2)=F"(2) (¢c"<Imz<c), (8)
+ 1 R iz
F (z)=ﬁjf(§)e *dé =

_ lhpz

A(=isy) 1
SkA( is; ) iz — sk'
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daxTopu3zairito koedimienra K(z) piBHsHH: (8)
BHKOHAEMO Y BUIVIAI HECKIHUCHHUX JOOYTKIB:

K(z)=K(OK (K (), K(0)=1=2~,

K+z=0O d
) H[ éJ[

:)

1-=

|
iz
b
Sk
|
J ,

KOpeHi

iz
1+—
Sk

1+Z

K (2)= 12[[
k=1 k

ne ¢ S (k=12,..)
A@s)=0 13 miBmiommH Res<0 i Res>0 Bia-

i PIBHSHHS

MOBIIHO.
®Oyuknivo F'(z)/ K (z) mogamo SIK Pi3HHIIO

aHATITMYHKUX Y MiBIIonmHax Imz>c¢" i Imz<c™
byHKITi:
F(z)
=f"(@-f (),
K (2)
A(=isy) 1

i hp
f )— Z spA(—is, ) K™ (=is, )(is, +z)

B pesynbrati 3rigHo 3 [4] oTpEMaeMo pO3B’SI30K
(dyHKIIOHATBHOTO PiBHSAHHS (8):

O'(2)=f'(2)/| K(OOK'(2) ],
O () =K () (2).

3acTocyBaBIIM OOepHEeHe mepeTBopeHHs Dyp’e
JI0 TIepIIoro criBBimHOMEHHS (7), OTpUMAaEMO pPO3-
B’SI30K IHTETPaJIbHOTO PiBHAHHSA (6):

1 K + —igt
co(g):ﬁ_[ocb (t)e “dt (&>0). 9)

Busznauenns HAaIpPyKE€Hb Ta nepeMimeﬂb

OO6uncnuBmm iHTErpain i3 (9) 3a I0MOMOrow Te-
opii THIIKIB Ta BpaxyBaBIy 3aMini (2), (5), orpumMa-
€MO KOHTaKTHI HaIlpy>KeHHS (5 >0 ):

NG
AHanorquo, 06anYBaBIHI/I iTerpan i3 (3) mist x<O0,

3HAWJEMO HOpPMaJIbHI MEpeMillleHHS HEHaBaHTaXe-
HOI 4aCTHHH BepXHbOi rpani emyru (£ < 0):
o0

u, 1 1 AGs,)
5|, KO kZ]K+(isk) seA (isy)

[To6mu3y kparo mTamiia KOHTaKTHI HampyKeHHS
Ta HOpMaIlbHI TIEpEMIllICHHS] MAIOTh XapaKTepHY IS
3a]1a9 KOB3HOTO KOHTaKTy MOBEIHKY

ay\ =0(x"*7), x> +0;
y=h

9]

(10)

u

Yy ok

(11
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u| =0(-x)"*"), x—>-0,

y‘y:h

(=2v)i,
2(1-v) -~
Ky Bu3Ha4aemo 3 popmyi (3), (7) i3 3acTocyBaHHAIM
TayOepoBuX TeopeM [4].
HanpyxeHHs1 Ha HWKHIN TpaHi CMYTH JicCTaHEMO
Y BUIJISA1 KOMIUIEKCHOT KOMOIHAITT

y= ; arctg

%(a}, vie)| = —%(1 +ig)+
I () B
#2(1-v)—- jTA(T)K o dr, (12)

@) =[r+2(1-v)]chz +[r —(1-2v)]|shz -
—iptg{[r —2(1=v)]cht +[r +(1-2v)]shr}.
OOuuciieHHs HAIIPYXKEHb 1 MepeMillleHb, BiHECe-
HUX JIO BETMYUH p 1 & BIANOBIAHO, 32 (OpMYIaMu
(10)-(12) mpoBenmeno mns koedimienra Ilyaccona
=1/3 i pi3Hux 3HaueHb KoediuieHTa TEPTs | ,u0|
(4o =0.25,0.5,1 mpu npoxoB3yBaHHI IITaMIa BIi-
Uy =-0.25,
—0.5, —1 mpu NpOKOB3yBaHHI IITAMIIa BIIPABO).

BO; U, =0 mpu riIagKoMy KOHTaKTi;

Ha puc. 2 HaBeeHO pO3MOILIM HOPMATBHUX KOH-

TaKTHUX HalPYKeHb O, / p‘ L Bugno, 1o 3i 3011b-
=

HICHHSM KoeillieHTa TepTs y BUIIAJIKY PyXy HITaM-
na BopaBo (4, <0) crocrepiraeTbCs 3MEHIIEHHS
KOHTAaKTHOTO THCKY B CepenHili vacTuHi o0iacti
konrakry (0.3 <x/(2h) <1). Ha kpato obnacti KoH-
TakTy (x—>+0) KOHTaKTHHH THCK HEOOMEXEHO
3poctae. Ha BimMiHY Bill KOHTaKTy mTaMma 3 Mpyx-
HOIO TIBIUIOIIMHOIO, JI€ BILUTUB JIOTUYHUX 3YCHIIb, SKi
BUHUKAIOTHh B 00JIACTI KOHTAKTy 3a HasIBHOCTI TEPT,
Ha PO3MOJIT KOHTAKTHOT'O TUCKY € He3HA4YHuM [1], y
JaHil 3a/1a4i ed BIUIMB € CYTTEBHM.

(o /p =S
P “0/\
05 T
P 098 i
[~ "“hh:
1 D—
-1.1
-1.3
-1.5
0 0.4 0.8 12 1.6  x/(2h)

Puc. 2. Po3noaiin KOHTaKTHUX HAIPYXeHb (y =/ )
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Ha puc. 3 300paskeHO HOpMaJbHI TepeMillleHHS
BUIBHOI BiJl HABAaHTXKEHHS YaCTHHU BEPXHBOI IpaHi
cmyru. Ha Bincrani Bix kparo mramna, ska mpuoim3-
HO JIOPIBHIOE MIMPHHI CMYTH, ii BEpXHS MeXa MijIHi-
MAa€eThCs, YTBOPIOIOUM IAaropOoK, BUCOTA KOO 3pO-
cTae npH 30UIbLIEHHI TapaMeTpa L, ; Ul Bl €MHUX

3HaueHb [, <—0.5 maropOok 3HHMKa€ i BCsA BEPXHs
MeKa CMYTH IPOCIJIa€ pa3oM 31 MITaMIIOM.

2015, 2

u /o
y et
e 0
0.5
0.1 — >&n,7 5
e 0
""""""""""" =&
-0.1 \'1\ N\
0.3 \\ \
0.5 \ \
) -1.6 12 0.8 04  x/(2h)

Puc. 3. Po3noainu HopMaibHUX niepeMilieHs (y =4 )

Puc. 4 i 5 iMrOCTpYIOTh PO3MONLTH HOPMAIBHUX

a,/ p‘y:_h i motwunnx , / p‘y:_h HaINpyXeHb Ha

3aKpiruieHild HIKHIN Tpani cMmyru. [IpuBeprae yBary
ToW (hakT, 10 y BHUIMAJKY MPOKOB3YBaHHS INTaMIIA
BIpaBo ( 4, < 0) y neBHiil 30H1 HIKHBOI IPaHi CMYTU
032 IITaMIIOM HOPMaJIbHI HATIPYXKEHHS MePEXOIATh
y HampykeHHs po3Tary. [lpu 30inblIeHHI HaBaHTa-
JKEHHS 116 MOJKE TIPU3BECTH 10 BiIIAPYBaHHS CMYTH
BiJl JKOPCTKOT OCHOBH. 3CYBHI Hanpy>KeHHS Ha HIXK-
Hill rpaHi CMYTH 3MEHIIYIOTHCS MOOJIM3Y Kparo MITam-
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a BHACTIIOK BHIABJIFOBAHHS MPYXKHOT'O MaTepiany 3
ITiJ1 IITaMIIa.

-0.8 \ : —
= ot

O W -~ o~ e

—
N0 0.25

=12

1
14
2 15 1 05 0 0.5 1 1.5 x/2h)

Puc. 4. Po3noainu HOpMalbHUX HAPYXKEHb ( y = —h )

T /p
yx ﬂ
/
B / 03
/
| o= s
1] e —— =l 0
S i el s e B
?%Q\_/ _________ 0.25
\\\—//__\ 0.5
0.5 o
\/\
1 E—
g -1.5 -1 0.5 0 0.5 1 1.5 x/(2h)

Puc. 5. Po3noainn 1oTHYHUX HanpyKeHb ( y = —h )
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moeoio weudKicmio. Bueuaromocs HeniHitiHI KOIUBAHHA cuCmeMUy 08 PI3HUX 3HAYEHb KYIMO0B80i WEUOKOCHI.
Tokazano, wo obepmanns smMenuLye 3anac cmMiukocmi mpybonpogooy i npu3e00ums 00 nposisy Oighyprayii-
HUX PeAHCUMIE.

Kurouosi cnosa: npysichutl mpy6onpogio 3 piouroo, 00epmanHsi, pexcumu 6mpamu cmiikocmi,
anvmepHamueHe NOJONHCEHHS PIBHOBALU.

We consider combined motion of rotating elastic pipeline with liquid. Pipeline is rotated with given
angular velocity. It was shown that the presence of rotation does not change normal modes of oscillations,
however, normal frequencies and, as consequence, critical velocities of liquid flow decrease. Rotation is
reduced in the motion equations as supplementary force, which acts similar to centrifugal forces and
weakens elastic forces. Therefore, under the presence of rotation stability loss is attained for lesser values of
liquid velocities. Different modes of behavior of rotating pipeline were considered in a vicinity of liquid flow
with half of critical velocity for pipeline without rotation. Numerical results showed that there are three
typical modes of the system behavior. Increase of angular velocity results in normal frequency lowering.
After reaching certain value of angular velocity, which corresponds to critical velocity of liquid flow in
rotating reservoir, pipeline begins to perform oscillations in a vicinity of alternative position, normal
frequencies increase. Further increase of rotation lead to growth of amplitudes of oscillations and finally this
causes transition to oscillations with larger amplitudes and loss of stability.

Key Words: elastic pipeline with liquid, rotation, mode of loss of stability, alternative equilibrium
position.

Crattio nipencTaBuB OKTOp (i3.-mat. Hayk, nmpodecop 1.0. Kyk

Beryn

B TexHUI IMUPOKO BHKOPHCTOBYIOTHCS TPYOO-
MPOBOJIM 3 PIAMHOIO, 10 oOepTaroThcst. Hacammepen
Taki iH)KEHEpHI CUCTEMH TMOB’s3aH1 3 BUKOPUCTAHHIM
PI3HUX TEXHOJOTiH OypiHHS, KOTH MO TPYOOIpPOBOAY
Teue piauHa, sika a00 3MUBAE YacCTUHY 3pYHHOBAHOI
mopoad, abo po3kpyuye TypOiHHuE Oyp. Ilpu
MOJIC/TFOBAaHHI TPYOOIIPOBOMIB IMEpeBaXkHa OUIBIIICTD
3aa4, 10 PO3MVISIAIOTHCA, JOCHIIKYEThCA 0e3
BpaxyBaHHS MOCTYMAIBHOTO YU 00EPTaIbHOTO PYXY
ocHOBU. P03B‘s3aHHS TakuX 3a7ja4 HAWOUIBIN YCITIIIHO
MPOBOIUTLCS HAa OCHOBI HAOMMIKEHMX METOJIB,
OCHOBaHWX Ha BapialiiHuX anroputMax. JlomaTkoBy
CKJIIQJIHICTh I 3ajJada MICTUTh dYepe3 MoTpedy
OIUCYBATH BUXIHY MEXaHIYHY CUCTEMY B MIIIaHOMY
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BUTIISIZII — JIATPAH)KEBHH OMHUC JUIS TPYXKHOI TPyOH,
eiinepiB onmuc i piauHUA. B minomy po3poOGrnenuit
paHillie adropuT™M JJIsl BUMAJKY MOCTYMNAIbHOTO PYXY
OCHOBH, Ha SIKiif BCTAHOBJICHO TPYOOMPOBi/I, JT03BOJIHB
BUKOHATH MOIUQIKAIIIO JJIsl BUIIAJKy TPYOOIPOBOAY,
kUit obepraerses [1].

JocmiKyeTbess pyX MPYKHOTO TPYOONPOBOAY 3
PIAMHOIO, 1110 TeUe, Ha OCHOBI, SIKA BUKOHYE 3aJlaHUM
o0epTajdbHU pPyX HABKOJO BiCi, sKa 30IiraeTbcs 3
MO3I0BXHBOIO BICCIO TPYOONPOBOAY B HE30ypeHOMY
MPSIMOJIIHIKHOMY CTaHi. 3 OZHOro OOKy TpyOOmpoBif
KOHCONIFHO 3allleMJICHHH, JApYruid Kpalk BUIbHHM.
PosrisiHyTO  JIeKibKa  XapaKTepHUX  Jiarma3oHiB
obepTaHHs TpyOompoBoay. BBakaeThcs, mo B II0-
YaTKOBHM MOMEHT 4Yacy CHUCTeMa 3HaXOIHUThCS Y
CIIOKOi, MpOoTe KiHeMaTHYHO 30ypeHa mepiia (opma
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KOJMBaHb 3 ammuIiTynoto ¢;(0)=0,01. Baxaemo, 1mo

piiMHAa  OJHOpigHA, HECTUCIMBA, imeaynbHa. i
MO3JIOBXKHIHN pyX 3aJlaHHH.

Meror poOOTH € BHBUCHHSI TUHAMIYHUX TIpPOIIE-
CIB pyXy cHCTeMH TpYyOONpOBiA — piAWHA MpH
o0epTaHHI HABKOJIO MO3I0BXKHBOI BICI.

MaremMaTH4YHA MOJEJIb

MatemMaTiyHa MOJEIb CHUCTEMHU OYyIyeEThCS ITOB-
HICTIO aHAaJOTIYHO BHITAJKy IIOCTYIAIbHOTO pPYXY
OCHOBH TpPYOOIPOBOIY, TOMY INPHUBEAEMO JIMIIC Bij-
MIHHOCTI 1 TOJATKOB1 WieHH B Moneni. Ha BinMiny Bix
BHIAAKy Oe3 o0OepTaHHS B CHUCTEMI JOJAETHCS
MOTEHIlIalbHA CHEprisi, OOyMOBJICHA JI€I0 BiICH-
TPOBUX CHJI, III0 BUHUKAIOTh Yepe3 o0epTaHHs

1
1, =

/
=5+ P’ J w'dx.
0

Tyr # i P ¢ niniitanvu rycrunamu Tpyou i
pimuan, @ — 3amaHa KyToBa IIBHIKICTH OOCpTAHHS
TpybompoBony, ¥ — momepeuna medopmariisi Tpy6o-
MPOBO.Y, [ nosxuna TPyOOIIPOBOY.

B migcymMKy HasiBHICTB IIbOTO JOJATKOBOI'O Hjie-
Ha TICISl 3aCTOCYBaHHS METONY MOJAAIbHOI JEKOM-
mo3uilii B Gopmi poskiaay pyxiB TpyOOIpoBOAY IO

(dbopMax KoNMBaHb 4, 3 aMILTITYZIHIMH TapamMeT-pamMu

u(x,t) = D e (t)4(x)

¢ ( ) TpuBeAe [0 TaKUX
PIBHSHB PyXy
i} EJ 7 pV?
A P
p+u 2 (p+uN, <
2pV . 1 1 PF 2
e S (- L) S e
ey, S A b
ZpV 2
o+ pwe, ~—L N ¢, -
(o 0 =1, 2P
B .. 1 1
TN GiCiCk dj2'kir - Zcicjck N_(djzkir _Edlgrij) B
Tk ijk r
EJ 6 EF .
N c.c 'de"kl —_—— cC 'ckd"kr -
(P+#)Nr§ B 2(p+ﬂ)Nr,,Zk:’ S
13 pr?

—Zc.c crdiy.
4 (p+uN, 4/

3MicT Koe(ilieHTIB PIBHAHD 3aJTUIIAETHCS TAKUM

Ie SK 1y BUnaaky tpyoomnpooay 0e3 obepranus [1].
3BepHEMO yBary, 110 B HACIIOK OOepTaHHS B PiB-
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HSHHSIX PYXy IOJA€ThCS OJHMH WIEH, SIKHHA MiJKpe-
CIIeHMI JBOMa prckaMu. Binpasy 3a3Hauumo, mo 1oro
ISl € IPOTHJISKHOIO JI0 [Tii OHOBJIIOOYOI cuiii. B Toi
e 4ac CTPYKTypa piBHSIHb B TOPIBHSHHI 3 BUIAJIKOM
0e3 obepranHs He 3MmiHmnacsa. DopMH KOJIWBaHBb
TpyOONpoBOdy 1 XBWIIBOBI uHMcia k; y BHIAIKY
00epTaHHS 3IMIIAIOTHCS TAKUMH K K 1 Y BHUITAJKY
HEpYXOMOi OCHOBH TPYOONPOBOJY, MPOTE HYaCTOTHI
napaMeTpH p; 3MIHIOIOThCA

EJ

H+p

Tyt EJ — 3ruHHA KOPCTKICTh TPyOONPOBOAY, d
— MIBHJKICTh TOIIMPEHHSI 30ypEHb.

Jyis oLliHKM K 00EpPTaHHS BILIMBA€ HA KPUTHUUHY
MBUAKICTh Teuii PITUHH BHIUAIIEMO JIiHEapHU30BaHE
PIBHSHHS PyXy CHCTEMH B JUCKPETHUX IapaMeTrpax
JUIs TIepioi GOopMHU KOJTMBAHb

. o)
(&] =Q C.

2_,42 2 2
pi =kia"-0°, ne a

ne {2 — wacrora KonuBaHb TpyOOIIpoBOIY.

EJ 7pV2 2 PF 2 2
X Bii— Bii—o.
(p+u)™ " 2p+uN, T (N

KpuTHYHY WIBUAKICTH Vjip ONEPKHMO 3 yMOBH piB-

4
O’ =— +

HOCT1 HYITIO 4aCTOTHOT0 napamerpa @ . Tomi

4
2 EJNZIZI CPF— o (p+121)N1
p B B

I3 BUpasy it KpUTUYHOT IIBUAKOCTI BUIHO, IO 00ep-
TaHHSI CIIPUsIE 3MEHIIICHHIO KPUTHYHOT IBUIKOCTI.

1
Vip ==

YuceabHU NPUKJIA]

PosrisiHemo 3amady mpo pyx TpyOompoBoay 3
KOHCOJIbHUM 3aKpIIUICHHSM 3 OJJHOTO OOKY 1 BUILHUM
KpaeMm 3 iHIoOro. TpyOompoBig MoOXe BHKOHYBATH
o0epTaHHs 3 33J1aHOI0 KyTOBOIO MIBHKICTIO. [Ipw unc-
JIOBil peamizailii BBeJileMO HACTYIHI (i3u4Hi 1 TeoMe-
TPUYHI TapaMerpu TpyOONpOBOAY TPH PO3TIISII
BIUIMBY KYyTOBOTO pyXy. BBaxkaemo TpyOorpoBiza
HWTIHAPUYHUM, BUPOOIEHUM 3 alfOMIHIIO, JJOBXKHHOIO
1 M, BHYTpIlIHI# panxiyc 2 cM, TOBIIUHA TPYOU — 2 MM.
®dizuuHi mapameTpu sl PITUHA MPUAMAIOTHCS K JUTS
BOIW, IO Tedye B TpybompoBomi. Po3rmsmaerbes
BHITQJIOK IMOYAaTKOBOT'O BIAXWJICHHS TPYOOIPOBOAY 110
nepuiit gpopmi 3 ammitynormo ¢;(0)=0,01.

Posrisinemo BapianTH obepTaHHS TPyOOIpPOBOLY
3 KyTOBMMH MBUAKOCTAMH 10 @ =207.TIpu upomy

IIBMJKICTb Tedii piMMHM V =0,5V;,, € KpUTHYHA
IIBHJIKICTh OOMpAaeTCs Uil BUIIAJIKY, KOJM 00epTaHHS
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TpybonpoBony BiacyTHe. Ilepma KpuTHYHA IIBUI-
KIiCTh JIUIsl TPYOONpoBOAYy 0e3 obepTaHHs € XapakTep-
HOIO BEIMYMHOIO, siKa Il oOpaHux (i3WYHM3 1 reo-
METppUYHUX TapameTpiB piBHa 20,94 wm/c. Byaemo
PO3IIISAATH TIOBEAIHKY TPYOOIPOBOIY MIPY HIBHJIKOCTI
Teuii piguHM V =0,5V,,, IO NPUOIU3HO BiANOBiga€e
10 m/c. Ilepiox nepmioi GopMH KOIHBaHb JJISI TAKOTO
TpyOomnpoBony Oyae T=0,1567 c. Ilpu oOuncCIEHHAX
BBOJMTHCS O€3pO3MIpHUI Yac sIK TPUBAIICTh IEPioIy
KOJIUBaHb 3a mepiioto (opmoro. Jam B pesynbpratax
yac ()aKTUYHO BIIIOBIJA€ KUIBKOCTI MEPIONiB KOJH-
BaHb 1o repuriii popmi. Lls BracHi 4acToTy KONMBaHb
Oyzne Q, _2r 40,11.
T c
UwncenpHi pe3yabTaTH OJEPKYBaJKcsS Ha OCHOBI
HenmiHiiHOT Mojeni auHaMiku TpybompoBony. [lpu

0.01

-0.01

-0.02
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pOMYy TIpuiimManocss 10 yBard 7 (opM KOIUBaHb
TPYOOIIPOBOY.

Jnist pi3HUX 4acTOT 0OepTaHHS MOXKHA Ha OCHOBI
MPUHHATOT MOJENTI AOCTIIUTH IMOBEIIHKY CHCTEMH 1
Tenep BXKE 3a PaxXyHOK 3MIHM IIBHAKOCTI 0OepTaHHS
3MIHIOBATH CTYIIHb HAOJIMKEHHS CHCTEMH JI0 KPUTHY-
HOI IMIBUAKOCTI, TOOTO 10 BHYTPIIIHBOI'O PE3OHAHCY.
Byno mpoanamizoBaHO MOBEAIHKY CUCTEMH Ha iHTEp-

Baii 3MiHM mBUAKOCTe oOepramus Bim @ =0 1m0
@ =20r. HaiiGinbin XapakTepHi BUMAIKHA MOBEIiH-

a =0,
w, =107, w3 =167, @, =207. Hymepauis KpuBux

KA CHCTEMH  CIIOCTEpIraloThCsl  MpH

BHKOHAHa Y BIAMOBIAHOCTI 3 HyMeEpalli€l0 YacTOT
o0epTaHHs TPYyOOIPOBOY.

-0.03 T T T T

10 t

Puc 1. 3mina B yaci aMmmuiiTyau nepioi GopMu KOJIIMBaHb TPYOOIIPOBOLY
JUISl pI3HUX BapiaHTIB KyTOBOI IIBHJIKOCTI

Ha Puc. 1 mokazano 3MiHy B 4aci aMIUTITYIH
nepuroi GopMH KOJIIMBaHb TPYOOIPOBOY ISl PI3HHX
BapiaHTIB KyTOBOI INBUAKOCTI oOepranHs. [is
@; =0 B cuctemi BiOyBalOThCS CTIHKM KOJMBaHHS.
ITpn 30imbIIeHHI MBHUAKOCTI 00epTaHHA @, =107
CTIMKICTh TIPOIIECIB HE MOPYIIYETHCS, IMPOTE Y
BIAIIOBIAHOCTI 13 CHIBBIIHOIIEHHIM JUIA 3aJIEKHOCTI
YaCTOTH KOJIMBAaHb BiJ] KYTOBOI IIBHUIKOCTI 4acTOTa
KoNMBaHb crazgae. [lpu monmampiiomy 30iMbIICHHI
MIBUJIKOCTI oOepTaHHs 1o ;=167 B cucremi

BiIOYBa€ThCS HAOMWKEHHSA 10 00JacTi, J€ MIBU-
KiCTh Tedil cTae OJM3bKOI 10 KpUTHYHOI. Temep
KOJINBaHHS BiZI0OYBaOThCS BXKE B OKOJI allbTEpHAT-
TUBHOT'O TOJIOXKEHHSI UHaMivHOI piBHOBaru. [lpm
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[OMY YacTOTa KOJHMBAaHb 3HAYHO 3pOCTA€ 1 CTaE
HaBITh BUILOIO 32 BUTIAJIOK KOJHBAaHb TPYOOIIPOBOIY
0e3 obepranHs. ToOTO obOepTaHHs B I[bOMY jiama-
30HI 3MIHU KyTOBHMX IIBHAKOCTEH Ma€ CTaOLIi3yI04y
poib. Ilpu momanmbIioMy 3pOCTaHHI 4acTOTH 00ep-
TaHHA @4 =207 dYacToTa KOJIMBAHb 3MIHIOETHCS

HECYTTEBO, OJHAK 3POCTA€ aMILTITyJa KOJIMBaHb 1 B
KiHIIl ~ IHTEepBally dYacy, 1[I0  PO3TJSAAETHCA,
KOJTUBAHHS HABKOJIO allbTEPHATUBHOTO TOIOKECHHS
PIBHOBar# BTPavaroTh CTIHKICTb.

TaxkuM yrHOM OOCpTaHHS MPUBOAMTH 0 BHHK-
HEHHS TPHOX PEKUMIB JUHAMIYHOI MOBEMIHKU
TPyOOIIPOBOY.

Jlo mBuaKocTed o0epTaHHs MPUOIU3HO PIBHUX
®, =157 B cucTeMi BiOyBalOThCA CTiiKi KOMMBaHHS
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B OKOJIi MOYAaTKOBOI'O MPSIMOJIIHIHHOTO TONOKEHHS
TpyOOIIpOBOAY; MpPH I[OMY 13  30LIBIICHHSIM
IIBUAKOCTI 00epTaHHS YacTOTa KOJIMBaHb MaJaeE.

B nianasoHi 157 <@ <187 KOIUBaHHA TpyOo-

MPOBOAY BIIHOCHO TPAMOJIHIHHOTO TIONOXKEHHS
MOXYTh BTPATHTH CTIHKIiCTh 1 OymyTh BinOyBaTucs
BIJTHOCHO aJIbTEPHATUBHOTO IMOJIOKEHHS PiBHOBArH;
OpH 1BOMY 4YacTOTa KOIMBAaHb 3pPOCTaE 1 CTaE
OUIBIIO HDK Yy BUIAIKy KOJIHMBaHbL TPYOOIPOBOAY
0e3 obepTaHHS.

[lpn konuBaHHSX TPyOONpOBOAY B Jiama3oHi
OunbmoMy 3a 187 <@ KonuBaHHS BiOYBalOThCH 13

3pOCTAI0UOI0 aMILIITYI0K0; MOXKIIUBA BTpaTa CTIHKO-
CTi KOJIUBaHb BITHOCHO aJIbTEPHATHBHOTO TOJOKEH-
Hs pIBHOBar“ i mepexij A0 KOJIWBaHb BiJJHOCHO
MMOYATKOBOI'O MPSAMOIHIHHOIO TOJIO0XKEHHS TpyOo-
MPOBOJY; YaCTOTa KOJIMBaHb 3MIHIOETHCS HECYTTEBO
B MOPIBHSHHI 3 KOIIMBAaHHIMH Ha JPYroMy Jiana3oHi
JUHAMIYHOT MOBEIIHKH TPYOOIIPOBOY.

BucHoBku

Ha ocHoBi BapiamiifHOr0O MiAXOay IOMIUPEHO
3actocyBaHHs Mojeni [1, 2] Ha BUManok obepTalib-
HOT'0 PyXy TPyOOIpOBO/a 3 PIAUHOIO.

UucenbHO MPOaHATi30BaHO TIPyMy MPHUKIAIIB
0 KOJIMBAHHAX TPYOOIPOBOMAY, IO O0CPTAETHCSA, 3
piauHO0. JJOCTIIKY€EThCS PO3BUHEHHS TMEPEXITHUX

Cnucok BUKOPHCTAHHUX JKepest
1. Jlumapuenko B.O. Bapianifinuii meron gocmi-
JOKEHHS HENIHINHUX 3a7a4 JTUHAMIKH Tpy0o Mpo-
BomiB 3 piguHoto / Jlumapuenko B.O., Jlumap-
genko O.C., Timoxim O.I1. // 36ipHuk npanb
Incruryry marematuku HAH Ykpainu. —2012. —
T.9. —Ne2. — C. 224-239
Limarchenko O., Rotational motion of structures
with tanks partially filled by liquid /
O. Limarchenko, G. Matarazzo, V.Yasinsky —
Kyiv: FADA, 2003. — 286 p.
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nporeciB Ha iHTepBani nepmmx 8—10 mepiofiB Ko-
JUBaHb N0 Tepiiit Gpopmi.

[okazano, mo obepraHHs TPYyOOHPOBOAY TPH-
BOJIUTS JIO MOSBU TPHOX Jiara30HiB MOBEIIHKH TPY-
0ONpOBOIY 3 PIAMHOIO, 10 Teue. BoHM 00yMoOBIIEHI
THM, IO 0OepTaHHS 3MEHIINYE 3HAYCHHS KPUTHIHUX
IMIBUAKOCTEH Te4il piAUHU.

B nmoxpuTHYHOMY Jiana3oHi PO3BHTOK KOJH-
BaHb BIIOYBAETHCS CTIMKO BIAHOCHO MPSIMOJIIHIAHO-
ro TOJOXEHHSI PIBHOBarm TPyOOMpPOBOAY 3 HYaCTO-
TOIO, SIKa 3MEHIIYETHCS 13 3pOCTAHHSIM YacTOTH 00e-
pTaHHSI.

B OLIAKpUTHYHOMY Jiana30Hi KOJIMBaHHS Bij-
OyBaroTbCsi B OKOJI allbTEPHATUBHOTO TIOJIOXKEHHS
pIBHOBar" 3 4acTOTOO, IIO HE3HAYHO IepeBepIIye
4acTOTy KOJIMBaHb TpyOompoBoay Oe3 obepTaHHS.
[Ipu 3pocTanHi MBUAKOCTI 00EpTaHHS TPYOOIPOBO-
Jly 4acTOTa KOJMBAaHb 3MIHIOETHCS HE3HAYHO, aMILITi-
TyJa 3pOCTa€ 1 MOXKJIMBA BTpaTa CTIMKOCTI KOJIMBaHb
TPYOOIIPOBO.Y.

TakuM YMHOM B LIIJIOMY OOepTaHHS TPyOOIpo-
BOJly CIPUYHMHSE JECTaOlli3ylody posib JjIsl KOJH-
BaHb. B 1IbOMy BHUNAaJIKy TPOSBU PEKUMIB BTPATH
CTiHKOCTI, MPosiBU OiypKaliii HUX PEKHUMIB MOXK-
JUBI HaBITh NPU IIBHJIKOCTSAX Tedii, sIKi HabaraTo
MEHIII 32 KPUTHYHI 3HAYCHHS IIBUAKOCTECH JUIS BH-
najKy Tpyoonporoay 0e3 o0epTaHHs.
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Pozensnymo 3eun npysicnHoi cmyeu mpboma 30CepeddtceHUMU HOPMATbHUMU CULAMU, OOHA 3 SIKUX
nPUKAA0eHa 00 OOHIEL 2pani cmyeu, a 08l THWUX cuiu — 00 THWOL epani. 13 3acmocy8anHam iHmMespaibHO20
nepemeopents Pyp’e 3HANOEHO MOUHUL AHATTMUYHUL PO36 30K 3a0aui. Tlodano pesyribmamu po3paxyHKie
PO3N00INI8 HANPYIICEHb 8 PI3HUX NONEPeyHUx nepepizax cmyeu ma HOPMATbHUX nepemiujelb HA cepeoHill
JUHIT cmyeu. IIposedeno nopieHAHHA OMPUMAHUX pPe3YTbMAmie 3 pe3yibmamamy HaAOIUNCEH020 POo38 A3KY
saoaui y mexcax meopii 6anox Kipxeoga.

Kurouosi cnosa: 3eun, npysicna cmyea, HanpysceHHs, nepemiujents, Oaixa.

It was considered the bend of elastic strip by three normal concentrated forces, which one of them was
put on the one side of the strip, and two others forces were put on the another side. With the application of
integral transformation of Fourier it was found the exact analytic solution of the problem, according to
which the stresses were expressed by convergent integrals of Fourier, and displacements by divergent
integrals. To define the latter it was used the apparatus of general functions. It was given the results of
calculations of the stress distribution in the different accros sections of the bend and the normal
displacements on the middle line of the bend. It was compared the obtained results with the results of the
approximate solution of the problem in the bound of the theory of Kirchhoff's beams. In the last case it was
considered the bend of the beam with the hing fixing edges by central concentrated force. It was elucidated,
that in case of relatively thin beams the theory of Kirchhoff give good results for crooks and stresses on
some distance from the points of putting the concentrated forces. It was defined the zones of great
concentration of tangent stresses in the across sections of the strip near the lines where concentratedforces
had effect. Stress components exceed more than several times the stress components, which were obtained by
the beam's theory in the zones.

Key Words: bend, elastic strip, stress, displacement, beam.

CrarTio ipeactaBuB 1. ¢.-M. H., mpod. XKyk . O.

cunamu. [lOpiBHIOIOTBCSL JIBA PO3B’S3KU: TOUYHUH
PO3B’SI30K PIiBHSHB TEOPil MPYKHOCTI ISl MPYXKHOT
CMYTH, TOOTO JIJIsl IJIACTHUHH, SIKA 3HAXOJMTHCS Y CTa-
Hi miockoi gedopmarrii, Ta HaOMMKEHUI PO3B’ 30K
3a Teopiero 6anok Kipxroga 3 BUKOPHCTaHHSM Tilo-
TE3H MPSMOT HOpMAJTi.

[Miaxin, sxkuii monsrae B KOMOIHYBaHHI PO3B’SI3KY
PIBHSHB Teopil MPYXHOCTI B OKOMi 30CEpemKeHol
HOpMaJIbHOI cuin (3amadi damMaHa JyIs MiBILIONIH-
HU [2]) Ta po3B’s3Ky 3a Teopiero Kipxroga noza Bka-
3aHUM OKOJIOM, PO3BHHYTO B poborax [3, 4].

Beryn

Sx Bigomo [1], BUKOpHCTaHHS MPUKIATHAX TEO-
piif 3rMHY TOHKHUX IJIACTHH, 0aJI0K Ta 000JOHOK, SIKi
0a3yroThbCsl Ha TIEBHUX (DI3UYHUX TINOTE3aX, MPHU3BO-
JUTh J0 3HaYHUX MOXUOOK MpU BHU3HAYEHHI HAIPY-
XKeHO-1e(h)OpMOBAHOTO CTaHY BKa3aHHX TLT MOOJIU3Y
X MEX Ta B OKOJIi KOHIICHTPATOPiB HAIIPYKEHb.

3 Meroro BH3HAUYCHHS MEX 3aCTOCYBaHHS Teopil
Kipxroda 3runy 6anok Ta yTouHEHHsS OTPUMaHHX 32
IIEI0 TEOPi€l0 PE3yNbTaTiB HUXKYE PO3TISAIAETHCS
3ajada Mpo 3rHH Oallki, sSiKa MIAPHIPHO OMHPAETHCS
CBOIMH KpasiMH Ha JIBl OIOPH, IEHTPAILHOIO 30ce-
peIKeHo HopMallbHOW cuioto. Lls 3agaua ekBiBa-
JICHTHA 3a/1a4l IMIIHAPUYIHOTO 3TMHY CMYTOBOI I1ap-
HIPHO OMNEPTOi IUIACTHHH PIBHOMIPHO PO3IMOALICHU-
MU Y3JIOBXK JIiHIT CUMeTpii TIIACTHHU TMONEpeYHUMH

ITocTranoBka 3agaui

[IpyxxHa cmyra, sika 3aiiMae 00IacTh —00 < X < 0,
—h<y<h iwMae IpyXHi XapakTepucTuku G 1 v

(G — mMomynb 3cyBy, v — kKoedimient [lyaccona),

© O. X. Ocroc, B. I. Octpuxk, 2015
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3HAXOMUThCS y cTaHi mockoi nedopmaiiii. Cmyra
3TUHAETHCS TPHOMA 30CEPEHKCHUMU HOPMAaJbHUMM
cujiaMH: cWia P TpHKIajeHa J0 BEpXHBOI T'paHi
y=h cmyru y toui x=0, cun P/2 — 10 HEX-
HBOI TpaHl y=—h y TOUKaxX X=a, X =—a.
BinnoBinHa kpailioBa 3ajaya Jisi CMYTH CKIIa-
JAEThCS 13 IBOX PIBHAHBL piBHOBaru Jlame BIAHOCHO

KOMITOHCHT U, , U, BEKTOpa nepeMilteHs [2]:
2 2
u
2(1-v)2 - +(1—2v)a—”;+ Y -0,
ox 0 Ox0y
*u, “u “u
+(1-2v L 4 2(1-v L —0 1
. ( )ax2 ( )ay2 (D

1 KpailoBUX YMOB BiIHOCHO HOpMaJIbHUX Ta JOTHY-
HUX HanpyXeHb

—Pd(x),

y‘y:h

cy\y:_h - —g[S(x —a)+8(x+a)],

Tyy yﬂ:o (o< x<00), )

ne O(x) — nenpra-hyHkiis Jipaka.
Po3B’si3anHs KpaiioBoi 3axaui

Jnst po3B’sizanHs kpaiioBoi 3aaadi (1), (2) 3acro-
CyeEMO iHTerpanbHe rneperBopeHHss Dyp’e 3a 3MiH-
HOW X . BimHocHO TpancdopmaHT nepeMinieHb

o0
~ ipx ~ ipx
i, = juxe dx, i, = juye dx
—0
i3 (1) orpumaeMo cuctemy 3BHYAHHUX IUQEpeHIli-
QIBHUX PIBHSHB
2~
d-i,

dy2

o0

)

—00

di

(1-2v) 7

—2(1—v)p212x—ip 0,

2~

du du
L4+2(1-v J 4
G2 )

VBiBIIM po3B’s3yBaibHy QyHKIiIO ¢(y) 3a Iomo-

—ip ~(1-2v)p*ii, =0.

MOT'0I0 PiBHOCTEH
i, = 2(1=v)§"(») = (1-2v)p*$(») ,
it,(y)=ip'(y) (5)
TakK, o0 3aJ0BONBHUTHA TOTOXXHO JPyre PiBHSIHHS
(4), 13 nmepmoro piBHsAHHA (4) oTprMaemo audepeH-
HiaJbHEe PIBHIHHS

¢ () - P01+ P o(») =0,

3arajibHUM PO3B’SI3KOM SIKOTO € (DYHKIIist
®(y) = 4y chpy+ Bysh py + oy chpy +Doyshpy (7)

3 IOBUIBHUMH CTaMMU 4, By, Cy, D,.

(6)
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I3 (5), (7) 3Haxogumo

i, :Achpy+Bshpy+C[(3—4v)p_1 shpy+ychpy]+

+D[(3— 4\/)p_1 ch py +yshpy] , ®)
=i, = Ash py + Bch py + Cysh py + Dych py ,
A=(4p+Dy)p, B=(Bp+G)p, C=Gp*, D=Dyp’.

TpanchopmanTn HampyxeHb gicraemo i3 (8) 3a
nornomoroto 3akony ['yka 1 criiBBigHOMmeHs Komri [2]:

i(2G)'&, = Apch py + Bpsh py + C[(3-2v)sh py +
+pychpy]+D[(3 —2v)chpy +pyshpy] ,

—i(2G)_] G, = Apchpy+Bpshpy+ C[(l —2v)sh py +
+pychpy]+D[(1— 2v)ch py + pyshpy] ,

(2G) ™'z, = Apsh py + Bpch py+ C[2(1- v)ch py +
+pyshpy]+D[2(1—v)shpy+pychpy]. 9)

KpaiioBi ymoBu (2) BiTHOCHO TpaHC(HOPMAHT Ha-
MPYXEHb HA0YBaIOTh BUTIIS LY

_P
2G°

_pr
2G

&, =
Yly=h

CcoSa,
y‘y=—h p ,

Txy

= (10)
y=th
3amoBonpHUBINK BUpa3amu (9) cucremy piBHOCTEH
(10), orpumaemo
_ iP 2(1-v)sh ph+ phch ph
G p(sh2ph+2ph)
_ iP 2(1—v)ch ph+ phsh ph sin’ ap.
G p(sh2ph—2ph)

_ _iP ch phsin® ap __ishphcos2 ap
G sh2ph—2ph’ G sh2ph+2ph’

OO6epHennM neperBopennsM Dyp’e 13 (8), (9),
(11) 3HAXOMUMO KOMITOHEHTH TIEepeMillleHb Ta Ha-
MPYXEHb y TPYXHIH CMy3i, IO BIAMOBIIAIOTH PO3-
B’s3Ky KpaiioBoi 3amaui (1), (2). 3okpema, BepTH-
KaJIbHI MepeMillleHHs Ha cepeiHil JiHii cMyru Haly-
IYTh BUTIISIAY

2
A cos“ap,

B

(11)

2(1-v)cht+tsht o2 QT it/
t(sh2t—-27) 2h

B ocranHboMy BHpa3i migiHTerpajbHa (QYHKILIS

], = nfz;of dr. (12)

Mae TIOPSUIOK BEMMUYMHK T > mpH T—> 0, a inTerpan
€ pO301KHUM 1 HOTO CITiJT pO3YMITH B y3arajJbHEHOMY
ceHCl. 3 BHKOPUCTAHHSM Yy3araJlbHEHOTO 3HAYCHHS
iHTerpana
© e—mﬂh |x|
——dt=—1n—,
T h
—00
SIKe MO)KHA OTPUMATH TMOJBITHUM IHTErpYBaHHSIM 32
X IHTerpaia

(13)
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o0

[ e dr=2mhd(x), (14)
13 (12) orpumaemo
_3(1—v) P |4 2P
1], =301 Vs [ + 2= (15)
© B _ 2
XJ- 2(1 V)ChT+TShTsin2ﬂ+ 3(1 2\/)261 cosXT g
o t(2t—sh27) 2h 8Pt h

Haoaunxenuii po3B’sa30k 3a Teopicw Kipxroga

VY teopii Kipxroga mumiHApHIHOr0 3THHY TOHKHX

IJIACTHH MEPEMIIICHHS u, HaOJIMKEHO JOPIBHIOIOTH

¢dyHKIIT poruHy —w(x) (3 IPOTHIISKHUM 3HAKOM),
sIKa BBAXKA€THCS HE3MIHHOIO 110 TOBIIMHI IUIACTHHH 1
3aJI0BOJIbHsIE A epeHITianbHe PiIBHIHHS

WW(X)Z%S(X) (D=—2_GI, —a<x<a) (16)

3(1-v)
Ta KpaloBi yMOBH MIAPHIPHOTO OIMMUPAHHS
w(xa)=0, w'(+a)=0. 17)
Po3B’s3k0M KpaiioBoi 3amadi (16), (17) € yHKIis
__P 3 4.2 3
w(x)—lzD(|x| 3ax” +2a ), (18)

a 3TMHAIIBHAA MOMEHT 1 y3arajibHEHa mepepizyBalib-
Ha CUJIa BUPAKAIOThCS Yyepe3 NPOTHH TaK:

(19)

Kpim ToOro, ropu3oHTaNbHI IMEpeMilllcHHsI Ta Ha-
MPYKEHHS MTPUAMAIOTHCS TAKUMHU:

dw G_3yM

2
M, =-DdW

23
dx

d*w
=-D&
O dx?

Uy ==V 0> Ox _2_h3 v» 0,=0,
Ty =5 (7 =30, (20)
Pe3yabTaTu 004uC/IeHb
Be3posmipHi BEpTUKabHI IEPEMIlIEHHS U, =

_ Gk’

Pa’
touri x =0, ki obuncieHi 3a popmynoro (15) npu
v=0,3, nogano y tabm. 1 s pi3HUX 3HAYCHb Bij-

u ‘ —u ‘ CepenHboi JiHIl CMyTd y
Vly=0 V1y=0, x=a

HOCHOI LUIMPUHK CMYTH //a . 13 3MEHIIEHHAM OCTaH-

HBOT'O TIapamMeTpa aOCONOTHI 3HAYCHHS ‘17 ‘ HaOmH-

¥
k)aroThcs 10 3HaudeHHs 0,0875 0e3po3MipHOro mpo-

3
THHY W = %w(x) y nenTpi 6anku (x=0), po3pa-
a

xoBaHoro 3a (opmysoro (18), a mist @ =a/h=38 Bin-
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pi3HsIOTBECS Bij HBOrO Ha 5 %. I'padiuno mepemi-
wenns u, (xpusil, 2,3 nns a =2, 4, 8 BiANOBiAHO)

imporuH —w (IYHKTHp) MMOKa3aHo Ha puc. 1.

Taomus 1
alh -1, (x=0) alh —u, (x=0)
2 0,1416 12 0,0896
3 0,1141 15 0,0889
4 0,1033 20 0,0883
6 0,0950 50 0,0877
8 0,0919 80 0,0876
10 0,0904 100 0,0875
iy 1
i 7%
0,1 /2/3
0,05 /
0
0,05 —
3= ;;/
0,1
_0,15=—1
0 0,5 1 1,5 x/h
Puc. 1

Bei iHI11 po3paxyHKH MPOBEACHO JUIS 3HAYCHHS
a =8 ixkoedimienra [lyaccona v=0,3.

Posnoxinu 6e3po3MipHHX HOPMAallbHHX HAINpy-
KeHb G, =(h/P)c_ y30BXK NONEPEYHHX Iepepi3iB
cmyru x =0,25a;0,5a;0,7a; a 300pakeHi KpHBH-
mu 1, 2, 3, 4 BianosigHO Ha puc. 2. [IyHKTHPHI NiHI
Bignosizatots Teopii Kipxroda. IMoomans Bim JiHik
nii cun teopis Kipxroda mae 3a10BiNbHI pe3ynbTaTH
(postioninum 2, 3), a moOIU3y BiA OmHIET i3 BKa3aHUX
JiHi (po3moain 1) abo Oe3mocepeaHbO Ha JIiHIT
x=a pii cunu P/2 (posmoxin 4) HaNpyXeHHA G,
32 TOYHUM PO3B’SI3KOM MalOTh HENIHIAHUN pO3MOILI,
0COOJIMBO B OKOJI1 TOUKH MPHUKIIAJAHHS CHIIH.

y/h

0,5

1\
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Ha puc. 3 mokazaHo po3noniain 0e3po3MipHUX J10-
THYHUX HAPYXCHb T, = (h/ P)t,, 1O wWHMpHuHi cMy-
ru B3noBX npsmux x =0,9a; 0,95a;0,97a; a (xpu-
Bl 1-4). 3a teopiero Kipxroda yci i posmominu
30iratoThcs MK cOOO0 1 MOKa3aHi MyHKTUPHOIO Ji-

Hiero. BoHM mpakTHyHO 30iratoThes 3 po3MoiIaMH
JOTHYHHX HaNpyXeHb 32 TOYHHM PO3B’SI3KOM Ha Tie-

BHIM BijcTaHi Bix miHid aii cuia (0,1la < |x| <0,9a).

y/h _—

=

NN

0,5
4

0 > N
-0,5 =
/

’,.—____/‘/
-

0 0,1 0,2

A \
, )

7

T

—/

e

098 099 Xx

0 0,01
Puc. 4

0,02
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VY nepepizax cMyrd, OJIM3bKUX JO0 JIiHIT X =a il cu-
T MakCHMyM Oe3pO3MipHUX JOTUYHHX HANPYyKEeHb
Tax TIOMITHO 3pOCTa€, a TOUKa, y sAKill 10CAraeThest
el MaKCHMYyM 3CYBA€ThCS 13 CEpeHbOT JIiHIT CMYTH
1 miAXOmUTh OJMU3BKO J0 MEXKI CMYrd 1 TOYKH
MPUKIaIaHHs CHIH. SIK MOKa3aHo Ha puc. 4, 3Ha4YCH-
Hi T, Y HONEPEYHHUX Iepepizax CMyru HoOnu3sy
JiHIH x=0, x=a Al CUJI NEePEBUILYIOTh BIAMOBIA-
He 3HaueHH:A 3a Teopieto Kipxroda (7,,, =0,37) y
JIeKiNTbKa pasiB.

Ha puc. 5 mokazano Burmsig Hopmaneit x =0,125a;
0,25a;0,5a;0,75a (xpusi 1-4) micis aedopmarii
rtactiHd. [TyHKTHpHI JTiHIT BiINOBigarOTh Teopii
Kipxroda. Tyr ii, = k(G/P)u,, i, = y/h+k(G/P)x

x(u, — uy‘ o) , k =0,1149 . He3paxxatoun Ha Te, 110
=

My /
4
0,5
0
-0,5 // 7
RV /

-1-0,75 -0,5 -0,25 0 0,25 0,5 0,75 u
Puc. 5

3a TOYHUM PO3B’SI3KOM HOpMAaJb TUIACTUHH 11032 Ma-
JUMH OKOJIAMH TOYOK MPHUKIIAJIaHHS CHII 3aJTHIIAETh-
csl MaiiKe TPSIMOIO, BCE K TaKd BUKOPUCTAHHS TeOpii
Kipxroda moxe maBaTtv 3Ha4YHI MOXUOKU MPH 00YHC-
JICHH] HaNpyXeHb Ta NepeMillieHb y TUIaCTHHI.
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Busuaemuvca kpatiosa 3a0aua Ons ninitinoeo OugepenyianbHoeo ncesdo2inepboniunozo onepamopa
mpemvo2o nopsaoxy. Hupepenyianrvnuii onepamop Oi€ y npocmopax y3a2aibHeHux (YHKYitl CKiHYeHH020
nopaoky muny npocmopie Cobonesa. Pozenadaemoca y3aecanvhena nocmanoska. /losedeHo, wo ncesoo-
2inepboniuHull onepamop 3a0080MbHAE IAHYIOZ ANPIOPHUX HEPIGHOCMEU 8 DIZHUX KAACAX V3A2ATbHEHUX
@yukyiil. /losedeno meopemu iCHy8anHs Ma EOUHOCHI PO38 'I3Ky NCeB002inepOONiYH020 PIGHHHSL.

Knrouosi cnosa: nceosozinepboniune pigHsHHs, SKICHULL AHANL3, Y3a2albHeHT YHKYIL, PO36 A30K.

The paper deals with linear third order differential pseudo-hyperbolic equations defined in a cylindrical
domain. We require that the state function of the equations satisfies the homogeneous initial and boundary
conditions of the first, second, or third types. The main operator of the pseudo-hyperbolic equation is
required to be uniformly elliptic with respect to the space variables.

The chief result of the article is the existence and uniqueness theorems for the pseudo-hyperbolic
equations in the terms of theory of distributions (generalized functions) of finite order. Since the problem
is considered in the weak formulations, we continuously extend the classical pseudo-hyperbolic operator
and its adjoint operator to operators defined in certain spaces of distributions. This allows us to prove
an infinite chain of a priori inequalities for the extended pseudo-hyperbolic operators and their adjoint
operators. The proof is based on using specific auxiliary integral and differential operators with respect
to the time variable. The existence and uniqueness theorems for both the pseudo-hyperbolic equations and
their adjoint ones proceed from these inequalities.

Key Words: pseudo-hyperbolic equation, qualitative analysis, distributions, solution.

CrarTio mpeacTaBuB 1.T.H., ¢.H.c. Kymin B.L

V mwninapuyHiit obmnacti (¢,€) € Q = (0,7 x
x Q, ne QCR"™ — oOMekeHa 0IHO3B’A3Ha 00JIaCTh 3

JKaTh BiJl 9aCOBOi 3MIiHHOI ¢ 1 3aJalOThCS CTaHIAp-
THUMH 3araJlbHUMH TU(epeHIlialbHUMH BHpa3aMu

PEryIspHOI0 Mekero Of), PO3IITHEMO JIIHIHHUE 1H1-
(hepeHIiaNbHU TICEBIOTINEPOOTIUYHUH OepaTop:

ca(2) <

Hudepennianbui omepatopu A ta B He 3ane-

9%u

Lu=%m

(D

© A.B. Anikymun, JI.A. HomipoBcekuit, 2015
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JIPYTOTO TIOPSIIKY 3a MPOCTOPOBUMH 3MIHHUMH & =
= (&,. .., & ). Hanpuknan,

n

Aw) = = (aijug e, + Y aiug, + au.

i,j=1 i=1

Bumaraetncs, mo6 omeparop A OyB piBHOMIPHO
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eninTHYHEM B obmacri €.

Mexa Of) obmacti ) ckiIagaeThes 3 TPHOX pe-
TYJSIPHUX YacTHH 71,72,73. llokitagemo I
= (0,7) x~;, neie{1,2,3}. Oynkuis crany u(t,§)
3aJI0BOJIbHSIE OJTHOPIIHI KpailoBi yMOBH:

oru oru
ule, = Zle, = (w@u+ 52 )i =0 @
Ta MMOYaTKOB1 YMOBH:

ul —@
=0 = 7

=0,
t

|t=0 3)
ne Opu/On = (grad, u, @)gn, a L-rpagieHt grad,
BH3Ha4eHO B [1].

B crarti [1] muis oneparopa £ moBefieHO anpiop-
Hi HEpIBHOCTI B JIESKHX MPOCTOpaxX y3arajlbHEHHX

(hyHKITIH CKIHYEHHOTO TIOPSIKY:

[ullwg < el Lull gy < ezflullgy <

<esl|Cull gy - < eallullys, 4)
ne u(t, ) — nosinbHa Gynkuis npoctopy Wy, ¢; —
JOJaTHI CcTai, [0 He 3ajiexarb Bif u(t,§).

JomoMixHi i1HTerpo-audepeHuiaabHi oneparo-
pH, SKI BUKOPUCTAHO Y ITOBEACHHI HepiBHOCTEH (4),
JIO3BOJIAIOThL BCTAHOBUTH IOAIOHI CHIBBIJHOIIECHHS
JUISL CIIPSKEHOTO TICEBOTINEPOONTiYHOTO ONepaTopa.
Kpim nporo, Ha OCHOBI OTPUMaHHX anpiopHUX He-
piBHOCTEH MOKHA BHBYATH JIIHIHHUN TICEBIOTIIIEp-
OoniuHuUi1 omepaTop, IO Ji€ B iHIIMX Mapax MpoCTo-
piB. 30kpema, HepiBHOCTI (4) MOXkHa "3CyHYTH" Ha
mudepenniansauii oneparop d* /dt* npu moBinbHEX
LIINX 3Ha4YeHHsX k.

Posnoscromumo mosnauenns u*) s k-of moxi-
mHOT 3a 3MiHHOIO t mist ¢yHKmil w € Ly Ha BHIa-
JIOK IITUX BiJ’€MHUX 3HA4YCHb k . Y BUMAAKY k €
€ Z, k<0 nig u® Gymemo posymiti dymxuio,
SIKY OZIepKaHo Mmicst | k|-KpaTHOTO 3aCTOCYBaHHSI 110
byHkii u(t, ) omeparopa iHTErpyBaHHSI

u(t,f)—)/o u(r, &) dr.

BukopucToBytouH iHTErpajJbHUHN OmepaTop

v(t,f)—>/Tv(T,§)dT,

BBEZIEMO UI KOKHOT PyHKIIH v € Ly moniOHe mo-
suauenns: vlFl. 3ayBaxumo, mo dynxuis v!* s
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k >0 Bu3Ha49aeThCH SIK 3BMYaiiHa k-Ta moxigHa QyH-
Kuii v € L 3a 3MIHHOIO t.

BuxopucTtoByroun HaBeIcHI MO3HAYCHHS, yBeEIe-
MO 10 PO3DISIAY INPOCTOPH Wé“, H(])“, lei i Héﬁ
JUTsI BUMAAKY IINWX 3HadeHb k. Hampukmam, min
WYIE OyIeMO pO3YMITH TPOCTip, MOOYTOBAaHUH 5K
MIOTIOBHEHHS MHOXMHU QYHKIIH L7 32 HOpMOIO:

Iy =32, () e

3po3ymisio, 110 IPUPOIHE PO3IMIUPEHHS JiHIHHO-
ro BimoOpakeHHS U — u(k), ne k € Z, 3 MHOXXUHH
L( Ha Bechb IpocCTip Wé, ne | € Z, 3aaae i30MeTpito
MIiXK TTPOCTOPOM Wé (abo BigmOBiTHO H(l)) i IpocTo-
poM Wé*k (BiAmOBiIHO H(l]*k).

3 aHaAJIOTIYHHUX TPUYUH PO3MIUPEHHS BimoOpa-
JKEHHSA v — v[k}, ne k € 7, 3amae 130MeTpito Mix
MIPOCTOPOM W% (abo BigmoBiAHO Héﬂ) 1 mpocTopomM
W;k (BiZIOBiTHO Hlek).

Juis Beix w 1 k, m € Z BUKOHY€ETHCS PIBHICTE!

(uR)m) — gy (ktm).

30Kkpema, piBHICTb (u(l))(*l) = u, IKy (opMaIbHO
MOXKHA TOZIaTH y BUIVISL

/ w(7, €)dr = u(t, €),
0

CHPAaBIKY€EThCS IS BCIX W(?, HEe3Ba)Kalo4yl Ha Te,
110 TIPOCTIp Wg MICTHUTH 1 TaKi HECKIHICHHO Aude-
peHuiiioBHi dyHKil u(t, ), siki He 00epTarOThCs B
Hy’b Ipu t = 0.

AHajoriyde TBEepKEHHSA Ma€ Micle 1 JJIs Bif-
obpaxenms: v — vlk],

BuxopucroByroun ¢GopMyiny IHTETpyBaHHS dYa-
CTHHAMH 1 1MOYaTKoBi yMOBH Ha QyHKLIT v 1 v, MO-
JKHA MOKa3aTH, IO IS JOBUTBHUX (GYHKIINH u € Lo
i v € Ly Mae micue piBHICTb:

(L, 0) 1,@Q) = (W, vt — ave + bv) @)+

n t
+ Z (/0 ’LLgidT, aijvgjtt — bij'Ugjt)

ij=1

n t
+ Z </ Ug, dT, a;vy — bivt>
i=1 0 La2(Q)

t
— </ aoudr, Ut> .
0 Lg(Fg)

IIpaBy wactuHy ocTaHHBOI piBHOCTI (5) MoO-
JKHa PO3MNIAJATH K O3HAYECHHS PO3LIMPEHHS Olle-
paropa L 1o omeparopa (3a SKuUM 30epexeMo

+ (5)
L2(Q)
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TOTIepeTHE TIO3HAYEHHS), IO Ji€ B TMPOCTOpax
L: H) — (W2)* i Bu3HaueHuUil HA BCLOMY MPOCTO-
pi H.

HeBakko moBecTH, MmO pO3MIMPEHUN oOrmepa-
top L: H] — (W2)* € niniiiuum i Henepeps-
HuM. CIIpsDKCHHH JTIHIHHUN HeTIepepBHUE ortepaTop
L*: W2 — (HJ)* Takox BU3HAYaEThCS IPABOIO 4a-
CTHUHOIO piBHOCTI (5).

Jema 1. Hexaii £L: H) — (W2)*. Jina dosirvoi

dynryii u € HY maroms micye nepienocmi
(6)

de c1, co — 000amHi CMAli, Wo He 3a1exXcamb 6i0
dynryii u(t, §).

Hosedenns. SIkmo no BUpasy, BU3HAUCHOMY IIpa-
BOI0 YAacTHHOIO piBHOCTI (5), 3acTOCyBaTH HEpiB-
HicTh Komri-ByHSIKOBCEKOTO B iHTErpaibHIN (hopMi
i HepiBHicTE Dpinpixca, TO OTPUMAEMO JOBEICHHS
npaBoi gacTuHu (6).

Jdns  noBeneHHS Hu||WO_1
< af[Lullyz)- posmiHemo sHaueHHs (yHKio-

[l < el Lullwz)y- < collullmg,

HEPiBHOCTI <

nana Lu € (W2)* Ha enemenri

t
(—1] — d
U €) /T o(r€) dr,

ne dynkuis v(t,§) — po3s’s30k 3amaui Komri st
3BHYalHOTO AH(EPEHIIaJbHOrO PIBHSIHHS MEPIIOTO
MOPAAKY:

t
eMt(y, —v) = / u(r,&)dr, v|g=r =0. (7)
0

Big3HauuMo, 110 JIETKO BCTAHOBUTH HAJICKHICTh
dynxuii vl (¢, £) npocropy W2. Cpasi, 0CKisb-
xu  Qynkuis u(t,€) wanexuts npoctopy H{,
1o dynkuis u(~Y(t,£) manexurs mpocropy Hg.
3 nemu 1 pobGotu [1] BHILIMBae, MO (GYHKIISA
e~ Mty(=1(t,¢) e enementom npocropy WY. Bu-
KOPHCTOBYIOUH JieMy 3 po0OoTH [1] i mocHiIarounch
Ha piBHicTb (7), Maemo, mo v W, Tomy v[=U(¢, €)
HANEXKUTh npoctopy W2,

BukopuctoBytoun (opmyiy IiHTErpyBaHHS 4Ya-
CTUHAMH, MO’KHA TTOKA3aTH, 1[0 MA€ MICIIe PIBHICTb:

<£u,v[_l]>w% = <£(—u(_1)),v>w%.

VYpaxoBytoun Te, M0 (GyHKIIi w=Y i v 3B sg3aHi
MDXK c000t0 piBHICTIO (7), AT OIIHKH 3HU3Y BHUPA3Y
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<L’(—u(*1)),v>w% MOYKHA TIOBTOPHTH MipKyBaHHS
nemu 4 crarTi [1]. Lle m03BosI€ CTBEPIHKYBATH, IO
JUISL IesIKOi IOCUTh BEJIMKOI JOAATHOI CTajol ¢ Ma-
OTH MICII€ CITiBBIHOIIICHHS:

c <£(—u(_1)), U>

= luulfy o + 1015 > 2lully oYl

(-=1))12 2 _
s 2 0V g 0l =

3acrocosyioun 110 upasy (Lu,vl~1) ., Hepis-
T
Hicts llIBapma, oTpuMyemo:

cllCullwzy- [0z > e (Lu o) >
T
>2Jullyy 1o -

Slkmro B ocraHHI HEPIBHOCTI JIiBY 1 MpaBy 4YacTH-
HH CKOPDOTHTH Ha ||v[_1}||W% , TO OTPUMAEMO JIBY
JacTHHY HepiBHOCTEH (6). O

BukopuctoBytoun (opmyiay IiHTErpyBaHHS 4Ya-
CTHHAMH, TIpaBy YaCTUHY PIBHOCTI (5) I BCIX u €
€ Lo i v € LT MOXHa nepenucaT y BUIIISAL:

(u, v — avy + bU)L2(Q) + (aou, U)LQ(Fg)_
n
- Z (u&., iVt — bijv&j)Lg(Q) - (®)
ij=1
n
— (u§i7 a; V¢ — biv)Lg(Q) .
i=1
OTpumaHMii BUpa3 3ama€ 3BYXKEHHS oIreparopa
L: H) — (W2)*. Taxnii 3ByKeHuii oneparop Oyze
BU3HAYEHUI HA BCiil MHOXKHHI W(? Ta Oyne IisATH y
npocropax L: W — (H2)*.

Jema 2. Hexaii L: W — (H2)*. Jina dositenoi
Dynryii u € Wé) Mae micye HepigHicmb

©)

lull g < erllLullrz)- < callullwe,

oe c1, Co — 000amui cmani, Wo He 3a1excamv 6i0
Gynryii u(t, §).

Josedennsa. Sxmo mo Bupasy (8) 3acTocyBaru He-
piBHicTh Komri-ByHSIKOBCEKOTO B iHTETpaibHil (Hop-
Mi 1 HepiBHiCTh Ppiapixca, TO OTPUMAEMO JOBEE-
HHS 1IpaBoi yacTuHH (9).

Jns  noBeneHHS ||| HY S
< allLull H2)~ PO3TIAHEMO 3HAdYCHHS (yHKIiO-

HEPiBHOCTI

Hana Lu Ha enemeHTi v(t, ), ne bynkuis v(t, &) —
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po3B’s30K 3amaqi Komri miist 3Bu9aifHOrO nudepeH-
LiaJILHOTO PiBHSHHS JPYTOTO MOPSIKY:

eMt(

v =+ Bu) = u, V=1 = vt|t=r = 0.

Bingzraunmo, mo 3 jgemu 2 crarti [1] BumimBae,
o GyHKist v(t, §) HAEKUTD MPOCTOPY WTQ,, a oT-
ke 1 pocTopy H% BuxopucroBytoun ¢opmyimy iH-
TerpyBaHHS YacTHHAMH, MOXKHA TIOKa3aTH, MI0 Mae
MicIle piBHICTb:

(Lu, v)H% = <£(7u(_1)),vt>H1 .
T

Vpaxosyioun, mo dyrxuii u(~1 i v 38’ s3ami Mix
Cc000I0 CITIBBIIHOIIECHHAM

Mt -1
e (v—vt+ﬁvtt): (u( )>t’
i L(—y(=D -
st oniHkd 3um3y Bupasy (L(—ul"Y), v;) g1 MO
T
JKHa TTOBTOPUTH MipKyBaHHS Jemu 5 ctarti [1]. Le
JI03BOJISIE CTBEPIUKYBATH, IO VIS AESKOI TOCUTH Be-

JIMKOI IOAATHOI CTajoi ¢ MAroTh MICLE CIIBBIIHO-
[IEHHS

c<£(—u(_1)),vt>H1

T

= llullfpg + ol >

> ||U(_1)H§{3 + ||Ut\|§1% =
Ml 0.

3acrocoBytoun 10 Bupasy (Lu,v) H2 HEPiBHICTb
[IIBapia:
ellCul sz

2 > c{Lu,v) o > 2l o llo]l 3

i cxopouyroun Ha ||v|| H2» 3BEPIIYEMO JOBCICHHS
JEMH: O

MipKkyro4n aHaJIOTIYHUM YHUHOM, JJOBEJIEHI arpi-
OpHI HEpIBHOCTI MOXHa "3CyHyTH' Ha OIepaTop
u — u®) s nosigeHOrO HiNOro 3Hauenus k. Ta-
KUM 9HHOM, Ma€ MiCIle Teopema.

Teopema 1. /[na 0oginvnozco uucna k€Z i 006inbHOI

Gyuxyii u € Wok Maiomuv micye HepigHOCHi

lull s < erll Lol gyasy-

< ealjull gy <

<esllCull ga-vy. < callully

0e ¢; — 000amHi cmarni, wo He 3anexcams 6i0 (hyH-
kyii u(t, ).
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BuxopucToBytourn MipKyBaHHSA ABOICTOCTI, aHa-
JIOTIYHI anpiopHi HEPIBHOCTI MOXKHA JOBECTH 1 JJIs
CHPSDKEHHOTO oreparopa L*.

Teopema 2. /{ns dosinbHozo uucna k€7 i 008inbHoi
Gynxyii' v € lei Maiomb micye HepigHocmi

[ollyr—r < el L] -y < e2f|v]lgx <

<esl Lol gy < callollg,

0e ¢; — 000amHi cmarni, wo He 3anexcamsv 6i0 (hyH-
kyii v(t, €).

3 TBepHKEHb TeopeM 1, 2 BHIUTHBAE iH €KTHB-
HicTb onepatopiB L i L*.

BupunMo mnHTaHHS iCHYBaHHS Ta €IWHOCTI
PO3B’SI3Ky  IICEBIOTINEpPOOTIYHOTO ONEepaTopHOro
piBHsiHHS Lu = f. Y BHNAJKy, KOJY NpaBa YacTUHA
f € y3aranbHeHO0 (DyHKIII€I0 IEBHOTO CKIHYEHHOTO
TIOPS/IKY, JEsIKi pe3ysIbTaTy 00 iICHYBaHHS Ta €U~
HOCTI y3arajibHEHOTO PO3B’S3KY JIHIHHOTO MCEBIO-
rinep6oIiYHOTO PIBHSIHHA OTPUMAHO B Ta iHIIUX PO-
borax [2-7].

Teopema 3. Hexaui L — ncesdocinepboniunuii one-
pamop.

1. JTns dosinboi npasoi wacmunu f € (Wk)*,

de k € Z, icnye eounuil po3g’ 30K u € W(} -
pisnannn Lu = f.

2. Jlna Oosinvbroi npaeoi’ wacmunu f € (H{,?)*
Oe k € 7, icnye €e0unuil po3e’si30Kk u € HOQ_
pisuanna Lu = f.

Jlosedenns. JloBenemMo NUIIE MEPITY YaCTHHY TEO-
pemu. [Ipyra yacTuHa JOBOIUTHCS aHAIOTIYHO.

Maemo f € (WE)* C (Wéﬁ“)*. BuxkopucToy-
FOYM HEPIBHOCTI TEOpEeMH 2, MAEMO, IO I BCiX
byHKIiN v € W:,’fH C Hffrl C Wi}? BHUKOHYIOTbCS
HEpPIiBHOCTI:

|<f, U>Wk+1‘ = ‘(f, ’U)Wk \g

< all - 1£700 -k

< Moy

3Bakarouu Ha iH’eKTHBHiCTL oreparopa L*, BH-
pa3 ( f,v>W1;E+1 MOXXHa PO3IISAATH SIK O3HA4YeH-

HA JESKOTO JIHIMHOTO HemepepBHOro (hYyHKITIOHA-
nma l(w) Bix w = L*v, BU3HAYCHOTO HAa MHOXHHI
L£F(Wry < (H3™)* mpoctopy (W, F)*.

3a Teopemoro Xana-banaxa mel ¢yHKIioHaNT
Moxe OyTH HelepepBHO PO3IIMPEHUHN Ha BECh MPO-
CTip (Wol_k)*. 3 pedieKCUBHOCTI MPOCTOPY W(}_k
BUIUIMBAE iCHYBAHHS TAakoro eneMenta u € Wy~
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o (YHKITIOHAT | JOIyCKAae TPEICTABICHHS y BH-
ol l(w) = (w, u)yy1-k. Hincrasnsoun w = L%
0

B piBHICTS [(w) = (W, )y 1-k, OTPEMYEMO
0

<f’v>lef+l = <£*U,u>wo1—k =

= (Lu, v)H?rl = <£u,v>w§+1.

3BigKM, 3BaXAlOUM Ha JOBUIBHICTE QyHKHII v €
€ qufﬂ, maemo Lu = f.

€IMHICTD PO3B’A3KY BHIUIMBAE 3 iH €KTHBHOCTI
omeparopa L. O

AHajoriyga TeopemMa Ma€ Micle 1 IS CIpshKe-
HOro omneparopa L*.

Cnucoxk BUKOPUCTAHMX JKepet

1. Homiposcoxuii /. A. AnipiopHi HEPiBHOCTI JyIs
THIMHEX IudepeHIialbHuX MCEeBAOTINepOoTiYHNX
moneneit / JI. A. HomipoBcekuii // Bicauk Kwuis-
CHKOTO HalliOHaJBHOTO YHiBepcUTeTy iMeHi Tapaca
[lleBuenka. Cepist: ¢i3MKO-MaTeMaTHYHI HAyKU. —
2013. — Nel. — C. 215-220.

2. Lyashko S. I. Generalized Optimal Control of
Linear Systems with Distributed Parameters / S. L.
Lyashko. — London : Kluwer Academic Publishers,
2002. — 466 p.

3. JIawko C. M. O600mEeHHOe yIpaBIeHUE JIH-
HerapiMu cucteMamu / C. W. Jlsmko. — K. : Hayko-
Ba nyMmKa, 1998. — 472 c.

4. Ianienxo JI.I. MonenoBaHHsI Ta y3aralibHe-
Ha ONTHMI3allis y MCeBIOTINepOOTIYHIX CUCTEMAX :
IiC. ... KaHa. ¢i3.-mat. mayk: 01.05.02 / JI. 1. Tami-
enko — K., 1999. — 122 c.

5. Cemenos B.B. Mogeri i MeTonH y3araibHEHOI
ONTUMI3allil JTIHIHHUX CUCTEM 3 PO3MOALICHUMH Ta-
pameTrpamu : tuc. ... Kava. $i3.-mar. Hayk: 01.05.02 /
B. B. Cemenos. — K., 2002. — 153 c.

6. Homuposckuii /. A. O emnHCTBEHHOU pa-
3pEIIMMOCTH TICEBIOTUNIEPOOTHYECKUX YPaBHEHHMA
C CHHTYJSIpHBIMHU TIpaBbIMHU YacTsamu / [I. A. Homu-
poBckuii // Maremarmueckue 3ametku. — 2006. —
T. 80, B. 4. — C. 582-595.

7. Anuxkywun A. B. OO00OIIEHHOE ONTHMANb-
HOE YIpaBlIEHHE CHCTEMaMH, KOTOPbIC OIMHUCHIBA-
FOTCS JIMHEHHBIMU HHTErpo-AuddepeHnaIbHbIMU
YpaBHEHMSIMH C HEOTPHULATEIbHO-OMPEACICHHBIMU
HMHTETpabHBIMU oniepatopamu / A. B. AHuKymuH //
[IpoGnems! yripaBienus 1 nHGopmaTuku. — 2014, —
Nel. — C. 33-41.

93

2015, 2

Bulletin of Taras Shevchenko
National University of Kiev
Series: Physics & Mathematics

Teopemu 1-3 MOXyTh OyTH BUKOpHCTaHI s
PO3B’sI3aHHS 3ajadi ONTHUMAaJbHOTO KepyBaHHS Ta
JOCITIJKCHHSI KEPOBAaHOCTI IICEBAOTINEPOOTIIHOT
CUCTEMH, 30KpeMa, JUIs BCTAHOBIICHHS TPAeKTOPHOI
Ta (iHATBHOT KEPOBAHOCTEH B Pi3HUX KJIacax Kepy-
I0YMX BIUIMBIB, TOBEJCHHS iICHYBaHHS ONTHMAJIBHO-
ro MPOrpaMHOT0 KEPyBaHHS CHUCTEMOIO 4epes3 Ipa-
BY YaCTHHY PiBHSHHS, BUBUCHHS NHU(epeHIiaTbHIX
BIIACTHBOCTEH (DyHKIIOHaJIA SKOCTi, MOOYIOBH 4H-
CEJPHUX METOIIB HAOMIKEHOTO PO3B’SI3aHHS 3aj1a-
Yi ONTUMAIILHOTO KePYBaHHSI, MMOOYIOBH YHUCEITBHUX
METOIiB HAOMIKEHOTO PO3B’ I3aHHS TICEBAOTINEepOO-
JIYHOTO PIBHSHHSA Ta MOCTIIKEHHS 30DKHOCTI 3a-
MIPOITOHOBAHUX YHCEIbHUX METOMIB [2,3].
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Kpurepii 30epexenHsi akTuBHOro momeny | The criteria for preservation of active

CHTHATYPpHHMHM  omepauismu  Taduumuanx | domain by signature operations in the table
aareop algebra
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B pobomi 3naiioeno HeoOXiOHi ma docmamui yMo8U, 3a SAKUX CUSHAMYPHI onepayii mabauyHux aieebp
30epieatomv akmuHull domeH. Pezynbmamu pobomu modxcymos O6ymu GUKOPUCIIAHUMU 8 Meopii MAOIUYHUX
aneebp 015 00CHiONCeH s 30epedicents OeHOMAamis, ma 015 ONMUMI3AYii 3anumis 8 perayitiHux 6azax OaHux.
Krouosi crnosa: bazu oanux, mabauuua aneebpa, akmugHUll OOMeH.

In this paper is investigated the properties of the active domain in the table algebras, which are modern
analogue of Codd's well-known relational algebra and formed the theoretical foundation of modern query
language databases. Elements of the carrier of table algebra specify relational data structures, and
signature operations are based on the basic table manipulation in relational algebra and SQL-like
languages. Active domain of attribute in the table is the set of all values of attribute in the rows of the table.
The necessary and sufficient conditions under which the active domain preserved signature operations table
algebra (intersection, difference, selection, projection, active complement, join, division) are found. Also is
found a criterion of distribution of active domain with respect to the difference between the tables. The
results can be used in the theory of table algebras to the study table denotation preservation, equivalent
transformations of expressions and in a relational database to ensure data integrity, and, in our view, to
optimize queries.

Key Words: database, table algebra, active domain.

Cratrio npencraBus A.¢.-M.H., mpod. AnicimoB A.B.

Beryn. Cucremu kepyBaHHS 0a3aMy JaHMX 1bOro aTpuOyTy B Wil Tabnuui. Hanpuknan, 3aBasku

IIUPOKO BUKOPUCTOBYIOTHCS Y ISJIBHOCTI JIIOIMHH.
Haii6ineIn po3noBCIOIKEHO € peslliiiHa MOJENb
JAHUX, MaTeMaTWYHa MOJENbh SKOi BIepiie Oyia
sanporioHoBana E. Kommom [1, 2]. Pensumiiina Ga3a
JaHUX € CKIHUYCHHOK) MHOXHMHOK CKIHYEHHHUX
BIJIHOIIIEHb MDK 3a3gaierige BHU3HAYEHUMHU
MHOXKWHAMU JaHuX. Tabmuuni anreOpu, mo Oynu
BBeneHi B.H. Penpkom i .. Byem [3], moOynoBani
Ha ocHoBI pensniitaux anredp E. Kognma, cyrreBo ix
YTOYHIOIOTH Ta CKIIAJaI0Th TEOPECTUIHUN (DyHIaMEHT
MOB 3allUTiB Cy4YaCHHX TaONWYHHUX 0a3 JdaHUX.
Enementnn iX HOCiSI  yTOYHIOIOTH  peISLiiHI
CTPYKTYpH HaHHX, a omepauii moOynoBani Ha 0as3i
OCHOBHUX MaHInmymsiii y SQL-moniOHnx MoBax.

VY TabnuuHuX anredpax BaXKJIMBY POJIb Bilirpae
AKTUBHUHA JOMEH aTpuOyTy TaOnuii — MHOXHHA
3HAYCHb, KA CKIIAJIAETHCA 3 YCIX MOXKJIMBUX 3HAYCHD

© [.b. byit, 1.C. Kanapcrka, O.C. Cenuenko, 2015

JOCITIDKEHHIO 30€peXKEHHS aKTUBHOTO JIOMEHY B [4]
BJIAJIOCS] BCTAHOBUTH HETOXIHICTh JISTKUX ONeparin
TaOJUYHUX anreOp BiTHOCHO PEIITH.

B moHorpadii [4] 3HalieHO B3a€MO3B’SI3KH MiXk
AKTUBHHUMH JIOMEHAaMHM BHXITHMX TaOnuob Ta
TaONHIll, 10 € Pe3yIbTaTOM BUKOHAHHS OIEpallii
TabMMYHUX anreOp, OUTBIIICTE 3 IIMX B3a€MO3B’S3KIB
MOJaHO Yy BHIVIAAI BKIIOYEHb. Y JaHid poOoTi
3HalICHO Ta JOBEJCHO KPUTEPii, 32 BUKOHAHHS SIKMX
i BKIIFOUEHHS TIEPETBOPIOIOTHCS B PIBHOCTI.

OcHoOBHI BU3HAYECHHA

3adikcyeMo  IesIKy  HEMOPOXKHIO  MHOXHHY

aTpudyTtiB R = {Al,...,An}. JloBiIbHY CKiHUEHHY

Ha3BEMO CXEMOIO,
OyTM  TOpPOXKHBOIO
cxemu R HazuBaeTbcs

MIIMHOKHHY MHOXUHU R
NpUYOMYy  CXeMa  MOXKe
MHOXHHOIO. Pagkom S
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MHOXHHA TIap Sz{(A{,dl),...,(A&,dk)}, MPOEKIIist
KOl 3a TMEepIIOI KOMIIOHEHTOI0 JOpiBHIOE R,
npudoMy atpulytu A/,..., A, € HOmapHO Pi3HUMH,
TOOTO pSAOK €  (QYHKIIOHANbHUM  OiHapHUM
BigHomeHHsaM. Tabmuma T cxemu R — ckiHuenHa
MHOXHHA PAJKIB cxeMu R .

AKTUBHUM JOMEHOM atpuOyTy A BiITHOCHO
Tabmui T Ha3UBAETHCI MHOKHHA
Dar =1{d| 3seT A(Ad)es},
Ka)Xy4Hd, CKIaJA€ThCA 3 YCIX 3HaYeHb aTpuOyry A B
psaakax tadmr T .

Ha mMHOXUHI TaOnHIb OIHAKOBOT CXEMH BBEICHO
orepauii 00’€qHaHHS, IEPETUHY Ta PI3HULI TaOIUIb
AK  OOMEXKEHHS OJHOIMEHHHUX  TEOPETHUKO-
MHOXMHHUX  omepauiii. 3a  aHajorielo 3
apu(METUYHOIO OIepali€l0 Pi3HULI Ui TaOmuIi
T,-T, mnepmmii aprymMeHT Ha3BeMO TaOIHLEO-

3MEHIIYBaHUM, a APYTUH — TaOJIUIEI0-Bil EMHUKOM.
[Ipoekuieto 3a MHOXHHOIW0O aTpubyTiB X < R

sKa, 3MICTOBHO

Ha3MBA€THCS YHApHA NapaMeTpH4HA Omeparis 7y ,
3HAYCHHSAM $KOI € TaONuIls, IO CKIIAJAEThCS 3
oOMexeHp Mo X yCiX psOKIB BHUXITHOI TaOmwmi:
wy(T)= {S|X |S eT} (TyT OOMEKEHHS PO3yMieMO

CTaH/IapTHO: S|X =sN(X xpr,s), me prs
MPOEKIIS pAKa S 3a i -F0 KOMIIOHEHTOIO).

Cenekmiero 3a npenukatrom P:S — {true, false},
ne S — MHOXHHA YCiX PAIKIB, HA3MBA€ThCA yHApHA
napaMeTpuyHa omepaulii oOp, fKa CIIBCTaBIIs€
Ta0nuii i maTabauIko, IO MICTUTh PSJIKH, Ha STKAX
npeaukatr P HaOyBae 3HadeHHS  «iCTHHa»:
op(T)={s[s €T AP(s) =true}.

Jns BBemeHHsS omepauii 3’€IHaHHS BHU3HAYUMO
JONIOMDKHE TOHATTS. biHapHI BigHOIIEHHA p Ta T

Ha3WBaIOThCS CYMICHUMH (IIO3HAYAETBCI P =T ),
SIKIIIO p|X =‘L‘|X ,ae X =prppprr.
3’ennanns — OiHapHa omepauis &, 3HAYEHHSIM
AKO1 € TaONHLs, IO CKIAAAEThCA 3 YCIX MOXKIMBHX
00’€THAHb CYMICHUX PSIIKIB BHUXITHUX TaOJIUIIb:
T, ®T, =1, Us,| s, €Ty AS, €T, A, ~s, .
Hacuuennsam C(T)
H DAT , e R — cxema T1abmumi T, H -
AeR
OIepaTop y3araJbHEHOr0 JAEKapTOBOrO JOOYTKY, IIO
BiJMOBiZae iHAEKCYBaHHIO 3a BCiMa aTpuOyramu A
CXeMH T (AI—) Dpr. Ac R). AXTUBHUM

Ha3nBaA€TbHCA Ta6J'H/II_I$I

JOIIOBHEHHAM Ta0muii 1 € TadauIs T = C(T)—T .
Hexait R, — cxema tabmuui T;, R, — cxema

tabmumi T, ta R, < R,. Hinenna T, ma T, -

2015, 2

95

Bulletin of Taras Shevchenko
National University of Kyiv
Series Physics & Mathematics

TaOIuLs CXEMU R, —R,, TakKa, II10:

T, + 21 T,= {S € TTr, R, (T1)| {s}®T, ng}. [HmmMu
2

1 .
cloBamMH, Tabmuus T, + R T, ckmamaetbes 3 ycix
2

TaKUX PSAKIB S € 7g g, (Tl), mo s OyIb-sSKOro
psaka S' €T, , psagok SUS' Hanexurs Tabmumi T, .

Takox Ha MHOXXHHI Ta0JIUIb BBEICHO OIEpAaIlito
nepeiMeHyBaHHs, sKa He Oylne BUKOpUCTaHa B

pobori, Tomy 11 O3HaUYCHHS HE HABOIUMO.
TabnauuHolO anredporo Ha3BEMO YaCTKOBY airedpy 3
HOCIEM — MHOXHHOK BCIX TaOiauub (IOBUIBHUX

CXeM) — Ta HaBEJCHUMHU BHUIIIC OTIEPAIlisIMH.
Buningrore aB1 0COOJHMBI TaOJMHIN: TaOIHIIO
T, ={8}, JIe & — TOPOXKHIN PANOK, TPHU I[HOMY
cxemMa Tabmuui T, € MOPOKHBOK MHOXMHOIO, Ta
Tabmuio Ty = — NOPOXKHIO MHOXKHHY PSJIKiB

JOBTBHOT CXeMH. 3ayBa)XMMO, IO [UI LUX TaOnuLb
3HAYCHHS AaKTUBHOTO JIOMEHY € MOPOKHBOIO
MHOXHHOIO.
OcHoBHI pe3yJbTaTH
B wmonorpagii [4] y migpo3aini mpo B3aeMHY
MOXITHICTD omepanid TaONUYHUX anredp 3HalIeHO
B32€MO3B’I3KH MK aKTHBHUMH JIOMEHAMH BHUXiTHHX
TaOMUIp Ta TaONMuIi, IO € Pe3yabTaTOM BUKOHAHHS
OUX Olepamliif; y 3arajJbHOMy BHIAAKY JUIS
MEPEeTUHY, PI3HMUIN, CEIeKIlil, MpoeKIlii, 3’€THaHHS,
IOiTeHHssT ~ Ta  aKTUBHOTO  JIOMOBHEHHS I
B3a€MO3B’SI3KH 3aJJAIOTbCSl Yy BUIJIAA1 BKIIOYEHB. Y
JaHii poOOoTi 3HaiimeHi Kpurepii, 3a SKHX Wi
BKITIOUEHHSI IIEPETBOPIOIOTHCS B PIBHOCTI.
PosrisiHeMo 30epekeHHsI aKTUBHOIO JIOMEHY
ornepauiero nepeTuHy. CripaBeauBe TBEPIKECHHS:
Teopema 1. Hexaii T, ta T, — tabnuni cxemu

R. JHna Bcix atpubyriB A, €R  piBHICTH
Damnr, =Dam ND N7, BUKOHYETbCS TOHI Ta
TUIBKM TOMi, KONW g Oynb-sikoro Xe D AT
BUKOHYETHCS IMILTIKAL{isg
xeDy 1, > 3s(seT,NT, A(A,X)es) (D).
Jlosedennus.
HeoOxignicte.  Hexait  Bukonyetbcs  (1).

Hosenemo piHicTs Dy rar, =Da gy ND AT, Bl
CYIIPOTHUBHOIO, HPHUITYCTUMO, IO LS PIBHICT HE
BUKOHYETbCA. ToAl, 3 ypaxyBaHHSM JOBEICHOIO B
[4] sBxmouenns Dy par, SDaoq NDyy,, 1
MOJKJIUBO JIMIIE Y TOMY BHIAJKY, KON iCHY€ TaKUi
X€Dp 7 MDy 1, 110 3

npuHaNeKHOCTI X € Dy 1 ND a1, Ta (1) Bummsae

X&Du 701, -



Bicnux Kuiscbkoeo Hayionanvno2o yHisepcumemy
imeni Tapaca Lllesuenka
Cepis ghizuxo-mamemamuuni Hayku

ICHyBaHHS Takoro psaka S, mo SeT, SeT, Ta

(Ai,x)es, xe Dy, -
CYIIEPEUHICTh JOBOAUTH HEOOXiTHICTb.
HocrarHicte. Hexali BHKOHyeThCS
Bix
MPUITYCTHMO, III0 HE BUKOHYEThCS yMoBa (1), To0To,
icuye Takuii Xe Dy y, mo xe Dy r,, Ta He icHYye

TOMY, OTtpumaHa
piBHICTB

D ATOT, = D AT ND ATy - CYIIPOTUBHOIO,

Takoro psaka S, mo SeT, ASeT, /\(Ai,x)e S.
Toni 3 piBHocTi Dy 7, = Dy 1, N Dy 7, BHILIMBAE,
oo Xe DAi,TlﬂTz’ TOMY 3a BHU3HAYCHHSM OIeparii
MEePEeTUHY TaOIUIb iICHY€E TaKWUH PSANOK Z, Mo Z€ T,
(Ai , X)e Z; CyNEpeyHICTh JOBOJUTH
JIOCTaTHICTh TEOPEMHU.

PosrnssHemo 30epeKeHHS aKTUBHOTO JIOMEHY
omnepanicro pizHuni. CriodyaTky 3HaWIEMO KpHUTEpii

30epexeHHs aKTUBHOI'O JIOMEHY Ta0IuII-
3MEHIIIYBAHOTO Ta0JIUIICIO-Pi3HHIICIO.

zeT, Ta

Teopema 2. Hexaii T, ta T, — Tabnuni cxemMu
R. s A eR
Dy 71, =D 1, BUKOHYETBCS TOAI Ta TUIBKH TOAL

Koi Juist Oyap-sikoro X € D 5 ICHye Takuii psIok

BCiX  aTpuOyTiB piBHICTB

seT,,mo (A,x)es TasgT,.

Jloseoenns.

HeoOxinHicTs. BUKOHY€ETBCSI  YMOBa
teopemu. Jlosenemo pisHicTs Dy 1, =D, 5 - Bin

Hexait

CYIIPOTHUBHOIO, HPHUITYCTUMO, IO LSl PIBHICT HE
BUKOHYETbCA. TOAl, 3 ypaxyBaHHSM JIOBEICHOTO B
[4] Brxmouenns Dy gy, € Dyy, ue MOXIHMBO

JIMLIC y TOMY BUIIAJIKy, KOIH iCHYe Takuil X € Dy, 7,
moX&Dy g7, 3 ymoB seT, ta s¢T, 3
BU3HAYECHHAM Pi3HULI BUIUMMBaE, mo S€T, —T,, a3
(AI \ X) €s summsae, mwo X€D, 5 5, . Orpumana

CYIIEPEUHICTh JJOBOAUTH HEOOXiTHICTb.

HocrarHicte. Hexali BHKOHyeTbCS PIBHICTb
Dy 7-1, = Da 1y - Bin cynporuszoro, npumycrumo,
I0 yMOBa TEOpPEMH HE BUKOHYEThCA, TOOTO iCHYE
Takuii Xe D ATy O JUIS BCIX TaKuX psaKiB Se€ T,
JUTSL STKAX (Ai,x)e S BHKOHYETHCS TMPUHAICKHICTH
s¢T,. Toxi, 3a BU3HaUEHHSIM OIlepalii pi3HULi, BCl
TaKi psaaKd S, Mo (AI , X) €S He HajleXaTh TaOIUIl
T, -T,, Tomy X&D, 3 7,, OTKE B 1IbOMY BHIAIKY
Dpmt, #Dar - Omepxamu cynmepedsicrs, 10

JOBOJHTH ,Z[OCTaTHiCTB TCOPCMU.
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3Haiinemo KpHUTEpii IUCTPUOYTHBHOCTI
AKTUBHOTO JJOMEHY BiJTHOCHO Pi3HUIII TaOIUIIb.
Teopema 3. Hexaii T, ta T, — Tabnuni cxemMu

R. MHna Bcix atpubyriB A, €R  piBHICTH
Dpmn-t, =Dagm —Day, BHKOHYyeTBCS TOAlI Ta
TUIBKKM TOMi, KONW g Oynb-sikoro Xe D AT
BUKOHYETHCS IMILTIKAL{isg
xeDyr, > (VseT(A.x)es>seT,)) (2.

Jlosedenns.

HeoOxignicte.  Hexaii ~ BuKOHyeTbcs  (2).
Hosenemo  piBHicTb Dy g5, =Dpq =Dy, -

Cnouarky nosenemo, wo Dy 5, € Doy =Dy,
Bin cynpoTHBHOrO, NPUITYCTUMO, IO L€ BKIIOYEHHS
HE BUKOHYETBCS, TOAI icHye Takuil X € Dy, 7,1, , o
X ¢& (DAi 1, ~Da T, ) 3 mpunanexHocti X€ Dy 5 g,
BUILIMBAE, IO iCHye Takuil pagok SeT, —T,, mo
(A,x)es, Tomy seT, Ta s ¢T,. 3 npuHANEKHOCTI

seT, sumsae, wo XeDy 5, a 3 ypaxyBaHHsIM

Toro, 1mo XgD AT T D AT,  BHUIUIMBAE, IO

XeDy 1, Tomi 3 BUKOHaHHS (2) O;EPXKHUMO, IO

seT,. CynepeuHicTb JOBOAUTH  BKIIIOUCHHS
DAivTrTz S DAile - DAisz '

JoBeneMo oOepHeHe BKJIIOYEHHS. Big
CYMPOTUBHOIO,  MPUIYCTHMO, IO BOHO HE

BUKOHYETBCsI, ToMy ICHYe Takuii X€Dy gy —Da 1,

110 xegD ATy-Tp - Tomi 3  IpUHAIEKHOCTI

sm ~Dar,
X#Dy1,, TOMy icHye Takuil psgok SeT;, wo

xeD pummBae, mo XeD A Ta

(Ai,x)es. 3 X¢ DA'.'T2 BUILIMBAE, WO S ¢ T,, ToAl

32 BU3HAYEHHAM
seT,-T,, 3

omepariii  pi3HUII  TaOIUIb
YOro BWILIMBAaE MPUHAICKHICTH

X€Dy 11, CynepedHICTs NOBOAUTH BKIIOYCHHS

Dpn —Da1, ©Da 1yo1, T2 HEOOXINHICTD TCOPEMH.

AT
HocratHicte. Hexall BHUKOHyeTbCS — PIBHICTB
Dymn-t, =Dam —Dy1,-  Bin  cynporushoro,

HPUITYCTHUMO, III0 HE BUKOHYEThCS yMOBa (2), ToOTO,
icuye Takuii X€D,p, mo XeDyr,, Ta icHye

Takuii psaoK S € T, mo (Ai,x)es TaseT,. Toni3s

xeDy Ta xeDyr, BUIUIMBAE, IO
Xg€Dyr —Dpr,y 2 3 sel; 1a sgT, =
BH3HAUCHHSAM PI3HHIN TaONUIb BUIUIMBAE, IO
seT,—T,, tomy XxeD,qy.y,, WMo mnopymye
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piBaictb Dy r, =Day —Dar,-  Onepxamn [4] Brmouenns Dy qer, ©Dyy . ue MOXIMBO

CYIEpEUHiCTh, 10 JOBOJUTH JOCTATHICTh TEOPEMHU.
PosrisinemMo 30epexeHHsI aKTUBHOIO JIOMEHY
onepaiero mpoekuii. CripaBeainBe TBEPIKECHHS:
TBepmxenns 1. Hexaii T — tabmuns cxemu R.
Js BCiX aTpuOyTiB A eR piBHICTB
Dy 2y (r) = D1 BHKOHYETBCS TOAI Ta TUIBKH TOAI,

komu A e X.
PosrnsHeMO 30epeXeHHS aKTUBHOTO JOMEHY
onepauiero cenexuii. CrpaBennyBe TBEPIKEHHS:
Teopema 4. Hexati T - Ttabmuus cxemu R.
Js BCIX aTpuOyTiB A eR piBHICTB
Dy op(r) =D 7 BHKOHYETBCS TOAI Ta TUIBKH TOAL,
ko st Oynp-sikoro X € Dy, 1 icHye Takuii psiiox

seT,mo (A,x)es ta P(s)=true.
Jloseoenns.
HeoOximnicte. Hexait BUKOHYy€EThCS
teopemu. Jlosenemo piBHicte Dy ooy =Dy 1. Bin

yMOBa

CYIIPOTHUBHOIO, HPHUITYCTUMO, IO LSl PIBHICT HE
BUKOHYETbCA. TOAl, 3 ypaxyBaHHSM JOBEICHOTO B
[4] sxmouenns Dy, q)S Dy, me moxmmso

JIMLIC Y TOMY BHIAJKy, KOJNH icHye Takuil X € Dy, 1,

mo X¢ DAivUP(T)' Tonl 3a BU3HAUYEHHSIM CeJIEKI[Il

BukoHyetbess  S€op(T), TomMy, XeDy ,oy;
CYIIEPEYHICTh JJOBOAUTH HEOOXiTHICTb.
HocrarHicte. Hexali BHKOHyeThCS PIBHICTb

Dy op(r) =Da .1 - Bl CynpoTHBHOrO, HPHUILYCTHMO,

o ymoBa (2) He BHKOHYEThCS, TOOTO, ICHY€E Takuit
xeD AT O UL BCIX pSAOKIB S, I SKUAX

(A,x)es Bukonyerscs P(s)= false. Tomi 3a

O3HAYCHHSIM cenekiii X & Dy (), T00TO piBHICTH

HC BUKOHYETBLCH. Oz[epmann

Daop) =Dar

CyHepe‘lHiCTb, 1o AOBOAUTH ,Z[OCTaTHiCT]) TeOpeMI/I.
PO3FH§IHGMO 36epe>KeHH5[ AKTHUBHOI'O I[OMeHy

oneparicro 3’ eaHanns. CpaBeyIUBE TBEPIKEHHS:

Teopema 5. Hexail T, — Tabmuus cxemu R;.
Host A eR;

Dy mer, =Day BUKOHYETBHCS TOAL Ta TUIBKH TOAL

BCIiX aTpuOyTiB piBHICTB
Kol uist Oyzp-sikoro X € D 1 ICHYIOTb Taki psiiku

seT,, s'eT,, mo (A,x)es Tas~s'.

Jloseoenns.
HeoOxinnicte. Hexaili BHUKOHYETBCS  yMOBa
teopemu. Jlosenemo piBHICTS Dy o1, =Dy 7, - Bin

CyIpOTUBHOI'O, MNpUIIYCTUMO, IO IA piBHiCTL HC
BUKOHYETLCA. TOI[i, 3 ypaxyBaHHAM JOOBCACHOI'O B

97

JIHLIC y TOMY BUIIAJIKY, KO iCHYe Takuil X € Dy, 7,
wo X&Dy 11, 3 npuHanexsocti XeD,; Ta
BUKOHAHHSI YMOBH TE€OPEMHU BHILIMBA€E ICHYBaHHA B
Tabnuui T, Takoro psaka S, Lo (AI , X) €S Ta psaaKa
s'eT,, mpuuomy S=~s'. Tomi 3a BH3HAYCHHIM
3’eqHaHHs B Tabmuui T, ® T, icHye psmok sUs',
IUISL IBOTO PSAZIKA BUKOHYETHCS (AI , X) esUs’, tomy
X € Dy 1@, » CYNCPEUHICTD JOBOAUTH HEOOXIIHICTD.

HocrarHicte. Hexali BHKOHyeTbCS PIBHICTb
Dy mer, = Da 5 - Bin cynporuszoro, npumycrumo,
I0 YMOBa TEOpEMH HE BHUKOHYETHCS, TOOTO, iCHYE
Takuii Xe D Ty O IS Oynb-sikoro psaaka S €T,
Ui SIKOTO (Ai,x)es, He ICHY€ CYMICHOTO 3 HHM
T,.

3’€[IHAaHHSA BCI Taki psSaKd S, IIO (Ai,x)es, HE

paaka 'y TaOmuii Tonml, 3a BHU3HAYEHHAM

MAKOTh y4acTh y 3’€JHaHHI, ToMy X & Dy g7, , OTIKE

DAivT1®T2 g DAile;
JOCTaTHICTb TEOPEMH.
PosrisinemMo 30epexeHHs aKTUBHOIO JIOMEHY
Olepali€ro aKTUBHOTO JIOTTOBHEHHS.
Teopema 6. Hexati T - rtabmums cxemu R.
Jnst Beix atpubytiB A, € R piBricts D AT = Dyt

CYIEPEYHICTh JTOBOJTUTH

BHKOHYETHCS TOAI Ta TUIBKH TOIi, KOIU IS Oyab-

skoro  Xe€ D,y  ICHYOTb  Taki ~ 3Ha4YCHHI
dleDAlvT,...,dneDAan, 1110 PAIIOK
(ALdy) (AL X (A d, )2 T )

Jlosedenns.

HeoOxinnicte. Hexaii BuKOHyeThcs ymoBa (3).
Hosenemo PIBHICTB D AT = Dy Bin

CYNIPOTHBHOIO, TPHIIYCTUMO, LIO LS PIBHICTH HE
BUKOHYEThCS. Tofi, 3 ypaxyBaHHSM JIOBEICHOTO B
[4] Bxarouenns D AT S Dy 1, e MOXIMBO JHLIE Y

BUIIA/IKY, KOJIH ICHY€ Takuil X € Dy 1, WO X & DAi T

3 YMOBH 3) BUIUIHMBAE, 10
s={(A.d).. (A X) (A, )T Ta
seC(T), TtomMy 3a BH3HAYCHHSAM aKTHBHOTO

JOonoBHEeHHA Se€T, omke XeD AT OTtpumana

CYIIEPEYHICTh JOBOAUTH HEOOXiTHICTb.

HocrarHicte. Hexali BHKOHyeTbCS PIBHICTb
D AT = Dy 1+ Bix cynporusroro, npumycrumo, mo
ymoBa (3) He BUKOHYEThCS, TOOTO, ICHYE Takuii
Xe€Dy7, mo min Beix sHauens d; €Dy,
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d, e D, 7 Psnox {(Al,dl),...,(Ai,X),...,(An,dn)}

Hanexuth Tabmumi T . Toxi 3 piBHOCTI D AT = D AT

BHILTHBAE, MO0 X € D ToMy y T IiCHyYe psIoOK

AT
S = {(Al,dl'),...,(Ai,X),...,(An,dr:)}. 3 BU3HAYECHHSA
aKTHBHOTO JIOMOBHEHHs BuIumBae, mo S € C(T) Tta
s¢T . 3 npunanexuocti Se C(T) Ta moBeneHoi B
[4]

MPUHAIESKHOCTI

piBHOCTI BUILIUBAIOTh

Da.cary =D
d;eD AT
Opneprkanu CynepeyHicTh, 10 JOBOUTH JOCTATHICTS.
PosrnssHemo 30epekeHHST aKTUBHOTO JIOMEHY
orepartiero aiieHHs. CrpaBeUIUBe TBEPKCHHS:
Teopema 7.
Hexaii T, — Tabmuus cxemu R; ta T, — tabnuuns

dyeDy 1.

cxemu R,. Jaa Bcix arpubyriB A €R, —R,
pisaicte D R T Dy 7, BHKOHYETBCS TOAL Ta
AT+ Ry T2

TUIBKH TOJi, KOJNH JIsl Oynb-skoro X e D AT icHy€
Takui psAoOK S € TR-R, (Tl), 114 (6) (Ai,x)e S, Ta A

BCix psiakiB S' €T, psamok sUS' Hanexuts T;.

Jloseoenns.

HeoOxinnicte. Hexaifi BHUKOHYETBCS  yMOBa
teopemu. Jlopenemo piBHicTs D R,. =Dam-3

ALTLs T2
2

ypaxyBaHHSAM JOBeIeHOro B [4] BKiIOYCHHS
D R, S D AT Tpeba MOKa3aTH, 11 (0]

AT oo T2

2
DyncD R Hexan xeDyy- 3a
AT Ry T2

BH3HAUCHHAM oOIlleparlii AUICHHS TaOMUIh PSIIOK S
Cnucox BHKOPHCTAHMUX JIXKepeT

1. Codd E.F. A Relational Model of Data for
Large Shared Data Banks / E.F. Codd //
Communications of the ACM. — 1970. — 13
(6). — P. 377-387.

Codd E.F. The Relational Model for
Database Management: version 2 / E.F.
Codd. — Addison-Wesley, 1990. — 538 p.
Peovko B.H. K ocHOBaHWSIM TeEOpUHU
PEISIMOHHBIX ~ Mojened 0a3  JaHHBIX /[
B.H. Penpko, /J.b. Byii // KuGepneruka wu
cucTeMHBIH aHanmu3. — 1996. — Ned, — C. 3-12.
Pensmiiini 6a3u maHux: TaOJIM4HI anreOpu Ta
SQL-momi6Hi MOBU / B.H. Pennko,
I0.1. bpona, JI.b. by#t, C.A.IlonskoB. -
Kuis: «Axagemmnepioguka», 2001. — 198 c.

3.

2015, 2

98

Bulletin of Taras Shevchenko
National University of Kyiv
Series Physics & Mathematics

! T,, Tomy 3 (Ai,x)e S BUILIMBAE
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, 1110 JOBOJUTH HEOOXIIHICTE.

HaJIOKUTb [, +

xeD

R R
AT Ry 12
HocrarHicte. Hexali BHKOHyeTbCS PIBHICTb
D R, =Dam- Bin CYIIPOTHBHOTO,
AT+ Ry T2

MPUITYCTUMO, [0 YMOBa TEOPEMH HE BUKOHYETHCS,
T00TO, iCHye Takuii X € D AT IO s BCIX TakKHUX

PSUIKIB S € g, _g, (Tl), I AKHX (AI \ X) €S, icHye
Takuil psgok S’ €T, , mo psagox SUS' He HaTeKUTH
tabmuui T,. Toxi 3a BU3HAUEHHAM oInepalii JiIeHHs,

BCl Taki pAAKH S, IO (Ai,x)es HE HaJeXaTb

1T2, Tomy Xe¢D

tabmuui T, + R + OTXC B
AT+ " T2
2 Ry
upoMy BHMmagky D oRm 7 Dy - Onepxann
AalefR T2
2
CYIIEPEUHICTh, IO JIOBOJIUTH JOCTATHICTh TECOPEMH.
BucHoBkn

B poGori 3HaiijeHo Kpurepii, 3a SKHX Yy
TaOMUYHUX anreOdpax omepauii MepeTHHy, Pi3HUL,
CeNeKii, MpoeKii, 3’€IHaHHs, aKTUBHE JONOBHEHHS
Ta JiIeHHs 30epiraloTh aKTUBHUH JIOMEH, Ta
KpUTEpili IUCTPHUOYTUBHOCTI aKTHBHOTO JOMEHY
BITHOCHO pi3HULI. Pe3ynbTatn podoTH MOXKYTH OyTH
BUKOPUCTAaHUMH B TeOpii TaOMWYHUX anredp ams
MOCTIKeHHsT 30epeXEHHS  JIEHOTATIB Ta  JUIA
onTUMI3allii 3aMuTIB y persiiHuX 0a3ax TaHHX.

References

CODD E.F. (1970) A Relational Model of
Data for Large Shared Data Banks.
Communications of the ACM. 13 (6).

p. 377-387.

CODD E.F. (1990) The Relational Model for
Database Management: version 2. Addison-
Wesley.

REDKO V.N. and BUY D.B. (1996)
Foundations of the theory of relational
database models. Cybernetics and Systems
Analysis. 32(4). p. 3-12.

REDKO V.N. et al. (2001) Relational data
base: table algebras and family of the SQL
languages. Kyiv: Academperiodica.

Hapiiinura o peakonerii 27.05.15



Bicnux Kuigcbko2o nayionanvbHoeo yHigepcumemy
imeni Tapaca lllesuenxa
Cepis ghizuxo-mamemamuuni HayKu

VIIK 004.655

Byit J1.b." m.-p. di3.-Mar. 1., mpodecop,
Kommnan C.B.%, TTomskos C.A.” kanz. ¢i3.-mar. H.,
Kapam JI.* acmipaut

Aaropurmu CLOS ta LOOPS aineapu3sauii
KJIaciB B MOBax NMporpaMmyBaHHsi: (popMaibHA
nodymosa

KuiBchknii HallioHaIbHUI yHiBepcuTeT iMeHi Tapaca
[IeBuenka, 03680, m. Kui, mp-1. ['mymkosa 41

e-mail: ' buy@unicyb.kiev.ua

e-mail: * robin_2005@mail.ru

e-mail: ’ sergey.a.polyakov@gmail.com
e-mail: ¢ karamjasim1978@yahoo.com

2015, 2

Bulletin of Taras Shevchenko
National University of Kyiv
Series Physics & Mathematics

D.B. Buy' professor, S.V. Kompan®,
S.A. Polyakov’ PhD, J. Karam® postgraduate

Linearization algorithms CLOS and LOOPS
of the classes in programming languages:
the formal definitions

'"Taras Shevchenko National University of Kyiv,
03680, Kyiv, Glushkova st., 4d

e-mail: ' buy@unicyb.kiev.ua

e-mail: * robin_2005@mail.ru

e-mail: ’ sergey.a.polyakov@gmail.com
e-mail: ¢ karamjasim1978@yahoo.com

B cmammi odocrioxcyromocs memoou supiuienns KoHgaikmie imen 6 mosax npoepamyeanus CLOS ma

LOOPS, saki 003601110mb  SUKOPUCMOBYBAMU MHONCUHHE YCnaoKyeauus. Lli memoou 3acnosani Ha
JIHeapuzayii K1acie, siKa noseae 8 mpancoopmayii iepapxii Kiacie 3 MHONCUHHUM YCNAOKYSAHHAM 8 I€papXito
00UHOUHO20 YCNAOKY8AHHS, NPU AKOMY NpobIeMa eubopy 8i0n0GioH020 ampubyma eupiuyemvcs mpugiaibHo.
Beooumuca eusnauenus iepapxii kiacia.

Knrouosi cnosa: mnoocunne yenaoxysauns, CLOS, LOOPS, arcopummu nineapusayii

The methods of conflict resolution of names in programming languages CLOS and LOOPS that allow
multiple inheritance were researched. Those methods are based on the linearization of the classes. The idea of
linearization is to reduce multiple inheritance to single, in which the problem of selecting a suitable attribute
is solved trivially. The definition of a hierarchy of classes is introduced. The property of monotonicity was
clarified. The idea of monotonicity is that all the attributes that the class inherits either identified in its direct
ancestors, or inherited them. Methods of conflict resolution used in programming languages CLOS and

LOOPS were formally defined.

Key Words: Multiple objects inheritance, CLOS, LOOPS, linearization algorithms.

Crattio nipencraBus 1.¢.-M.H., mpodecop AHicimoB A.B.

Introduction. In object-oriented programming
languages that implement multiple inheritance, the
situation when the same method or field is found in
multiple parent classes can take place. In this case,
there is the problem of choosing the "right" method or
field from several possible. Since the respective
algorithms perform equally for both fields and
methods of classes, we will in further call fields and
methods of class as attributes. If the class X contains
an attribute atr, then we say that the attribute atr is
defined in class X (atr € X).

There are two basic approaches in the resolution
of the conflict of names [1]. In the first case, the
conflict is resolved trivially by explicit the indication
of the class in which the desired attribute exists. This
is, for example, in C ++. In the second case, a special
algorithm is used to select the "most appropriate”
attribute. This approach is used in languages such as

© J1.b. byii, C.B. Kommnas,
C.B. Ilonsxos, 1. Kapam 2015
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CLOS, LOOPS, Python, Perl, Dylan and others. The
basic idea is that the parent classes are linearly
ordered as the list. Then the method takes the first
class in the list in which the attribute is defined.

We can say that the multiple inheritance by means
of such ordering, boils down to the single inheritance,
in which the problem of name conflict is solved by
the fact that each class defines its own scope of
visibility, which overload the scope of visibility of its
the parent classes.

The main advantage of the second approach is that
the name conflict can be resolved dynamically, i.e.
during the program execution. Considered technique
is called classes’ linearization. There are several
algorithms to resolve a name conflict by means of
linearization. We will consider algorithms used in
programming languages CLOS and LOOPS.
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Although the algorithms have been created in the
90-th years of the last century, their formal properties
are not well understood. That does not allow to talk
about creating safe programs in programming
languages that use these algorithms for classes’
linearization. In addition, when formal definition of
the semantics of programs is given, different
approaches are usually consider the semantics of
basic programming constructions like branching,
looping, sequencing, but the semantics of classes and
objects are omitted. The obtained results form the
basis for a formal model that describes the classes,
inheritance and relationships between classes.

The purpose of this paper is to give the formal
definitions of these linearization algorithms that make
possible the second step — proofing the formal
correctness of these algorithms. Other algorithms for
linearization examined in [4, 5, 6].

Definitions. Let’s introduce the needed definitions
[1], [2]. Class X, which is directly inherited from
class Y, will be called direct descendant of the class
Y, and Y, respectively, the direct ancestor (parent) of
X (see. Fig. 1).

Y

A

X

Fig. 1. Direct inheritance: Class Y is the direct
ancestor (parent) of the class X; the class X is the
direct descendant of the class Y

Such inheritance will be written in the form of a
pair (X,Y), i.e. the pair (a descendant, an ancestor). A
class can have a few direct ancestors, for example, a
pair (X, (Y, Z)) indicates that the class X inherits from
classes Y and Z, wherein the set of ancestors is
ordered. Ordered family of items will be called
tuples. Graphically, described multiple inheritance is
shown in Fig. 2.

X

Fig. 2. Multiple inheritance: class X is a direct
descendant of classes Y, Z, and direct ancestors are
ordered from left to right
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In turn classes Y and Z may be inherited from
other classes, etc. Thus, we obtain a class hierarchy. It
is said that two pairs of direct inheritances
(Xo, (X1, ..., X)) and (Yp (Y3, ...,Y)) are linked if
there exists i = 1..n, that X; =Y. If X; = X,, the
inheritance is called the self-linked. Graphically, the
linked pairs of direct inheritances are shown in Fig. 3,

self-linked inheritance is shown in Fig. 4.

Fig. 3. Linked pairs of direct inheritances

Xo

Fig. 4. Self-linked direct inheritance

Sequence of direct inheritances 1,75, ..., 7% called
a cycle when each i-th element is linked with the
(i+1)-th for i =1..k —1 and the k-th element is
linked with the first.

Let us denote by m? projection by the first
component of the set of ordered pairs, and by 7% —
projection by the second component.

Let us denote by A the set of the classes, and by
A the set of all classes of tuples A. Class hierarchy
is called a binary relation H € (A X A_s), such that:

— H is functionally, i.e. for each X € m?(H) exists
exactly one tuple (Xq, ..., X,)em?(H) that sets its
direct ancestors;

— all the elements of the H are not self-linked;

— elements of the H does not form a cycles;

— elements from all tuples of projection 2 (H) are
not repeated.

The class hierarchy defines an acyclic direct
simple graph whose vertices are the classes and the
edges are defined as follows. For each direct
inheritance (Xg, (X1, ..., X)) of the class hierarchy
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the set of edges from X, will be defined as the set of
pairs {(Xy,X1), (Xo,X2), ..., (X0, X,)}. Union of the
all of these sets will be the set of edges of the graph.
Such graphs will be called the direct inheritance
graphs. Each class hierarchy corresponds to a single
graph of direct inheritance. But each direct
inheritance graph corresponds, in general, several
hierarchies of classes. They differ by the order of the
elements in a tuple, since during the transition from a
pair (Xg, (Xq,...,Xn)) to the set of pairs
{(Xo, X1), X0, X3), ..., (X, Xp,)} information about
ordering of the classes X4, X5, ..., X, lost.

The set of all edges of direct inheritance defines
the anti-reflective and antisymmetric binary relation
on classes. Its transitive closure is a strict partial order
relation, denoted by <.

The relation X <y Y means that in the graph of
direct inheritance there is a path from the class X to
the class Y. In this case we say that the class Y is an
ancestor of class X, and class X, respectively, a
descendant of the class Y.

A linearization can be considered as a topological
sorting (see. eg., [3], section 2.2.3) on a graph of
direct inheritance or, another words, it specify linear
order <; on the set of classes that would include a
partial order <.

Such a topological sort is called linear extension
of the graph of direct inheritance. Then we call
linearization a unary function L, displaying a graph of
direct inheritance of H in its linear extension L(H).
Thus, topological sorting is an example of a
linearization.

The idea of linearization is, in fact, the reduction a
multiple inheritance to a single inheritance, in which
the problem of choosing the most suitable attribute
from several ones is solved trivially.

For the class Y denote via Hy the subgraph of
direct inheritance graph of the hierarchy H, consisting
of class Y and all of its ancestors (not only direct).

Under the method of conflict resolution we mean
the mapping M, assigning to the class X, direct
inheritance graph of the hierarchy H, and attribute
atr the class Y from subgraph Hy, such that attribute

atr is defined in this class: X, H, atr A—4> Y, attribute
atr is defined in class Y. In particular, if the attribute
atr is defined in the class X, then M(X, H, atr) = X.

The method of conflict resolution is not bound
only to linearization of the direct inheritance graph
and any other mapping satisfying definition can be
used.

Adequate methods of conflict resolution must
satisfy a number of natural properties, which
essentially is not to produce results contrary to
intuition.
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The main feature is the so-called monotonicity.
The idea is that all the attributes that a class inherits
are defined in its direct ancestors, or inherited them.
L.e. situation is impossible when a class inherits an
attribute, but none of his direct ancestors; this
attribute does not inherit or not defined. Monotonicity
means that the class can be considered as a
specialization (specification) of his direct ancestors,
i.e. it has all the attributes that his direct ancestors
have, plus the additional attributes that are unique to
this class.

Methods of conflict resolution M is monotone if
for any inheritance graph H = (C,I), any class XeC
and any attribute atr € X either M(X, H, atr) = X or
M(X,H,atr) =Y,Y # X, and there exists at least one
direct ancestor Z of class X, such that atr €
Z&M(Z,H,atr) =Y. In particular, it can be a
situation that Y = Z.

We proceed to the definition of the monotonicity
feature for linearization. Linearization L is monotone
if for any inheritance graph H = (C, ), and for any
classes X,Y € C such that X is an ancestor of the Y,
L(Hy) included in the L(Hy).

Let’s introduce the relation pred; of the
precedence of classes on a hierarchy of classes H,
where C is a set of classes. Two classes X; and X, are
in relation of precedence if there is a direct
inheritance (Y, (Y4, ...,Y,)) € H, that X; =Y; and
X;=Yandi<j,i,j=1.n

Relation of the precedence can be obtained as the
union of all the relations of local linear orders,
obtained by ordering direct ancestor classes.

The relation pred, must be acyclic for correct
algorithms work. Then for each class you can specify
an ordered set of his previous classes.

Linearization algorithms. Let's go directly to the
linearization algorithm.

Algorithm of the linearization LOOPS.

For the hierarchy of the classes H build a direct
inheritance graph H = (C,I) and define relation of
the precedence pred.. Algorithm is defined in the
triple (C, I, pred.), called the graph representation of
the direct inheritance and denoted R(H) . It builds a
linearization of the direct inheritance graph using the
precedence relation to resolve the ambiguity. We
denote this the linearization as L(R(H)).

For class X and representation graph of the
inheritance R (Hy) algorithm works as follows.

1) As an initial linearization it takes a sequence
consisting of single element Ly = [X].

2) We examine Ly from right to left and look for
the first class X, which has at least one direct
ancestor such that all its descendants already have
been chosen, and it is not already chosen. If X has
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few such direct ancestors, then take the first with
respect to the relation pred, . Add it to the sequence
Ly.

3) Repeat step 2 until it is possible.

Algorithm CLOS.

1) As an initial linearization it takes a sequence
consisting of a single element Ly = [X].

2) We examine Ly from right to left and look for
the first class, in which there is a direct ancestor such
that all its descendants and all previous with respect
to relation pred. classes have already been chosen,
and it is not already selected. Add it to the sequence
Ly.
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3) Repeat step 2 until it is possible.

Conclusion. The paper clarified multiple
inheritance  classes  (object-oriented): direct
inheritance, linked couples, and cycles of direct
inheritance, a class hierarchy, the graph of direct
inheritance hierarchy, its transitive closure and
linearization method of conflict resolution and its
monotonicity. In these formal terms we specified
linearization algorithms LOOPS and CLOS. The
formal specification allows the formal proof of the
correctness of these algorithms. It is the purpose of
the subsequent work.
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Y cmammi suxnadeno gpacmenm mamemamuunoi meopii Hopmanizayii: HABOOAMbCS CMPO2T O3HAYEHHS
2-4 nopmanvrux gpopm (H®) ons mabauunux (pensyitinux) 6a3 0aHUX; SUSHAUAIOMbCSI NOMEHYIUHI KTIOYL 34
VMO8, KOJIU 3HAYEHHSl NOMYICHOCMEU PeNsyiliHol cxemu i 0omeHa 3Haxooamuvcs y medxcax |R[<2 a6o |D|L1

(po32n0aI0MbCst YMOBU, KOJU aKciomamuka Apmcmponza He € n08HOI0); 8KA3YIOMbCL O0CMAMHL YMOBU OISl
3HaxoOxcenuss y 2-4 H® ona  cneyianvHux 6unaokie, 6CMAHOGNIOOMbCA JIO2IYHI 368 A3KU  MidC
chopmynvosanumu o3Havennimu 2-4 Ho.

Krouosi cnosa: mabauuni 6asu danux, HOpmManvHi popmu.

This paper presents a fragment of normalization theory: rigorous definitions of Second Normal Form,
Third Normal Form, Boyce-Codd Normal Form and Fourth Normal Form in table (relation) databases are
given; finding out the meanings of candidate keys, provided that the values of cardinalities of the scheme R
(finite set of attributes) and the universal domain D (the set, from which attributes take on values in
interpretations) lie within |R|<2 or |DI|<1 (considered conditions when Armstrong’s axiomatic is not

complete). Sufficient conditions which ensure that the table being in Second Normal Form, Third Normal
Form, Boyce-Codd Normal Form and Fourth Normal Form for special cases are specified. Logical
connections between the determined definitions of normal forms are established and it is shown that those
definitions are satisfied the principle of "inclusion” higher normal forms in lower normal forms.

Key Words: table databases, normal forms.
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PizHi migxomu 1o mMoHATIHOrO amapary Teopii
HopMami3alii B persuidHux 0azax AaHUX MPHU3BEIH
70 PI3HOMAHITHOCTI y BHM3HAUYEHHSAX HOPMAJIbHUX
¢dopm (HD) B Takux 6a3ax manux [1].

Meroo pobotu € mobOynoBa (parMeHTy
MareMaTHyHOl Teopii Hopmamizamii (ctocoBHO 2-4
H® nns tabnuunux 0a3 qaHWX), IKUEH OW BiAMOBIIAB
BHMOT'aM CTPOTOCTI [l MATEMaTUYHUX TEOPiH.

Bci Heo3HauyBaHi TyT MOHSTTS Ta MMO3HAYCHHS
BUKOPUCTOBYIOTBCS B PO3yMiHHI MoHorpadii [2];
30kpeMa, t, MO3Hayae MOPOXKHIO TAOIMIIO, KA HE
MICTUTh PSIKIB 1 SIKili MOXXHA MPHUNKCATH TOBLIBHY
cxeMy; t, mo3Hauae TaOIMLIO NOPOKHBOI CXeMU O ,

AKa MICTUTh TUIBKA PAOOK & TaKOX IOPOKHBOI

def
cxemu: t. ={e}.

© .b. byii, A.B. Ily3ikosa, 2015

Hexaii t — rtabmung, A, B, C - arpubyru
tabmuii t, R — cxema (moBimbHa 3adikcoBana
CKIHYeHHa MHOXHWHa artpudytiB), X, Y, Z -
niaMHOXHMHK cxemMu R, D — yHiBepcanbHHIA JOMEH.

CynepkJiioui, noTeHuiiiHi Karo4i, nepBUHHI Ta
HelepBHHHI ATPUOYTH, MOBHI Ta TpaH3UTHBHI 3

HarapaiimMo, mo Ha Tabnuni t BUKOHY€EThCH, 3
O3HAYeHHSM, (QyHKUiOHATBHA 3ajekHICTE (D3)
X =Y, Ko A1 ABOX IOBUIBHUX PAAKIB S;, S,
Tabmumi t, sxi 30iraloTeCsi HA MHOXKHHI aTpuOyTiB
X', Mae micue iX piBHICTh 1 HA MHOXXHWHI aTpuOyTiB
Y [2]:

def
(X >Y)(t) =true &

Vs,s, et(5)]X =s,|X = 5,|Y =s,]Y).

103



Bicnux Kuiscbkoeo Hayionanvno2o yHisepcumemy
imeni Tapaca Lllesuenka
Cepis ghizuxo-mamemamuuni Hayku

Hexait F — muoxwnua ®3. Haragalimo Takox,
mo Taommnsa t cxemu R € mooennio muoxuaun O3
F, sxmo koxHa @3 X —Y € F BHKOHYEThCS Ha

Tabau t
def
t mooenw F <

V(X >Y)X oY eF = (X >Y)(t)=true) [3].
P33 X Y

MHOXUHY D3:
O, ={X">Y| X' cXAYEZX}.

MHOXHWHAa

MOCTaBUMO Yy BiIMOBiMHICTH

TobTo, ®, ,, mictute  yci
HerpuBianpHi @3, Taki, mo ix MpaBa 4YacTHHA
cIiBIIaga€ 3 MHOXKHMHOKO Y , a JlBa YacTHHA €
BJIACHOIO ITIIMHOKHHOK MHOKHHU X .

OueBusHo, 10 O, , ={X'>Y|X'e
€2 \{X}} 3a ymoru X cY; @, , ={X'>Y|
X efUUV |U e2*Y \{X},V 2" {Y}}}, 3a

ymoBu Y < X abo MHOxuHH aTtpuOytiB X, Y
HEMOPIBHIOBAaHI BIJIHOCHO TEOPETHKO-MHOXUHHOTO

BKIIIOYEHHST C . Buime 2 - OyneaH MHOXUHH Y .
Osnauennn 1. ®3 X —Y Ha3UBAETHCA NOBHOIO
(BimHocHO MHOXHHM P33 F), skmo BoHa
BHKOHYEThCS Ha JIOBUIBHIA Tabmmmi t, ska €
MoIeIo MHOXKMHA F, a xomHa D3 3 MHOXHUHH

®, ,, He BUKOHYeThCA Ha TaOmumi t :
def
X =Y —noena (Bignocuo Mmuoxuau ®3 F ) <

def
< Vit —momens F = (X - Y)(t) =true A

AVy(yed, ,, =>w(t)=false)).o

BanOBYIO‘-II/I, 1o Bi,Z[HOH_ICHHH CUHTAKCHYHOIO 1
CEMAHTH4YHOI'O CJ'IiI[y'BaHB JUJISL akciomatnku O3

30iratoTbest 32 ymoBu |D[>2 (aumB. kpurepiit
MOBHOTH aKcioMaTuku Apmcrporra [4]), s
BKa3aHOrO BHIMAJKy MOXHA BHKOPHUCTOBYBATH

CHHTaKCH4HY (opMy O3HAUEHHS 1:
def
X =Y —noena (BigHocHo Muoxuau ®3 F ) <
def
S X oY e[FlaVy(y ey, =y e[F]),

ne [F] — cunrakcuune 3amukanHs MHOXHHH D3
FL

Osnavenns 2. Muoxuna arpubytieB W < R
HA3UBAETHCS cynepkuiodem (BITHOCHO MHOXHHU D3
F), skuo @3 W — R BUKOHYEThCS Ha JOBiNBbHIN

TabiuIl t, sIKka € MOIEJUIF0O MHOKHUHN F :
def
W - cyneprarou (BimHocHO MHOXKMHK D3 F ) &
def
& Vi(t —momens F = (W — R)(t) =true). o

! Jus., Hanpukinan, [3].
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TakuM 4YWHOM, HampUKIAJ, BCSI MHOXHUHA
aTpulyTiB cxemu R € cymepkmioueM, ockinbku D3
R — R € TpuBianbHOI 1, 3HAYUTH, BUKOHYETHCS Ha
JIOBUIBHINA TaOauI.

Ak i Bume AIA BUMNAJAKY
BHKOPHUCTOBYBATH
O3HAYCHHS 2.

|ID[>2 wmoxHa

CHHTAKCUYHY bopmy

def
W - cyneprarou (BimHocHO MHOXKHHU D3 F ) <

def
<W > Re[F].

Osnavenns 3. Muoxuna arpubytiB K c R
Ha3UBAETLCA  nomeHyiinum  Kkuoyem  (BITHOCHO
Muoxuan ®3 F ), skmo K e cymepkiatodem i @3
K — R € noBHOMW0. O

3MIiCTOBHO Ka)Ky4H, MOTEHUIHHUHA KIIOY — 1e

CYMEpKIIOY, JIBY YaCTHHY SKOrO HE MOXHA
3MGHIIIUTH, HE BTPATUBIIM BJIACTHBICTH OYTH
CYTIEPKITIOUEM.

Jlema 1 (po icHyBaHHS MOTEHLIHHOTO KIIIOYa).
Jns nposinpHOiT MHOXMHH D3 F, 3amamoi Hapg
cxeMor0 R, icHye He MeHIIIe OJHOTO MOTCHIIIHHOTO
KITto4a. O

Jloseoenns. JliticHo, sikmo TpuBiambHa @3
R — R € moBHOl, To MHOXHMHa aTpuOyTiB R €
LIYKaHUM MOTEHIIIHHUM KIIIOYeM; 1HaKIIe iCHy€e Taka
piacHa miaMHOkuMHa X' R, W0 Ha JIOBUIBbHIN
monem MEOxkUHN @3 F Bukonyerbcst @3 X ' 5R.
SJxkmo ®3 X!'—>R

aTpuGytis X' € noTeHmifiHEM KIIOYeM, iHAKIe

€ TMOBHOIO, TO MHOXHHA
iCHye Taka BJIacHA MiAMHOXHHA X 2 X'eR, mo
(X2 5> R)(t)=true, me t -
MHOxkuHA D3 F . [IpomoBxkyioun TakuM YHWHOM 1
BpaxoBYIOUHM, II0 MHOXXHMHaA aTpuOyriB R wmicTuTh
CKIHUEHHY KiNbKicTh aTpuOyTiB, Ha K -oMy Kpomi
(mmst mesHoro K <|R|) 3HaiimeTbcsi Taka MHOXKHHA
(X¥ 5> R)(t)=true i @3

XY 53R € moBHOW. 3a O3HAYEHHAM 3 MHOKHHA

IOBUIbHA MOJEND

atpubytie X *, o

atpubyrie X i e
KITI04EeM. O

IIyKaHUM  TOTEHI[IHIM

Bamamo Ha MuOkmHHI 2° x2% (mo cyri, Ha
MHOXKUHI Bcix @3, 60 ®P3 € mapord MHOXUH
aTpuOyTiB)  HacTymHe  OiHapHE  BIJHOIICHHS.
Ckaxemo, mo @3 X'—>VY'i X - Y 3HaxomaTscs y
BifHOIIEHH] <, sikimo X' X ta Y'=Y !

def
X' 5Y'a9X oYX cXAY' =Y.
OueBnaHO, IO BiAHOWIEHHS < Ha MHOXHHI

2R x2® (10610 mHa wMHOXHMHI Bcix ®3) 3amae
YaCTKOBUU MOpsAOK. JlificHO, BiHOIICHHS < €!
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1) pednexcuBHIM, OCKUIBKU
X>¥YaX->Ye X X;

2) aHTHUCUMETPUYHUM, OCKUIBKM 3 TOrO, II0
X'5Y<aX>Y i X>Y<aX'>Y BianoBigHo

crinyroTh BkmoueHHS X' X 1 X < X', 3Bimku

X'=X;
3) TpaH3UTHBHHM, OCKUIBKA 3 TOrO, MIO
X">Y<X'>Y i X'5Y< X —>Y BianoigHo

crinyrTh BrIoUeHHS X'c< X' 1 X'<c X, 3Bimku
X"c X ,aomke, X"5>Y<aX Y.

Po3srnsHeMo 4acTKOBO BIOPSIKOBAaHY MHOXHHY
<CI)R_,R U{R — R}ﬂ[F],51>, ne, fAK 1 panimie,
®, . ={X >R|X cR}.
MiHIMaIbHUNA efleMeHT BUTIAY X — R € MOBHOIO
®3 1 3amae moreHuiiHuM ka4 X . HagsHicTs
IEKIIbKOX  MIHIMAJAbHHX  €IE€MEHTIB  BH3HAyac
JIeKiTbKa MOTEHIIHUX Ki1rodiB. 1o cyTi 1e me oxHe
BU3HAYEHHS MMOTEHI[IMHOrO KITI0Ya.

3HaveHHS MOTCHIIHHUX KITIOYIB TPH JIESTKUX
3HAYEHHSIX MOTYXHOCTeH MHOXKMH R Ta D Bkasani
y Tabm. 1. Jlama TaOmuus MICTUTH TpU PSAKA Ta
YOTUPU  CTOBMUMKHM. KOMIpKHM  MMO3HAYAOTHCA
rmapam#, Tiepiia KOMIIOHEHTa — HOMEp psjiKa, Ipyra
— HOMEp CTOBITYHUKA.

Tomi 11  KOXHUN

2015,
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OJHOPSAKOBI  TaOmuili; ockimpku @3  BUTIALY
J—->R BUKOHYETBCSI ~ Ha  MOPOXHIH  Ta
omHOpsinKoBid Tabmuusax (memm 1, 4 3 [4]) 3
oueBuanux BrmoueHp JC{A}cR, nme A
noBinpHHN (a00 enuHMi) aTpudyT cxemu R, maemo,
M0 €IMHUM TOTCHIIHHUM KIIOYEM € TIOPOXKHS
MHOKUHA O ; o

B) |RI=1l, |D[]>2 (3.2); B
iHTeprpeTalisix He OuIblle HDK OXHOATPUOYTHI
tabnumi; Hexail s BusHaueHocti R ={A}.
Ockinbku @3 & —{A} — He BHUKOHYETBCS Ha

(Bumagox

TaONUII 3 NBOX PSAKIB, TO TaOIWIL Mae €IUHUI
noreHuinuit  kmou  {A} (P3 {A}—>{A} €
TPUBIAIBHOIO); ©

r) |[RI=2 i|D[>2 (Bumanox (3,3)); Hexait s
Bu3HaueHocti R={AB} i d,,d, eD, nme d,,d,
pisHi. Ockinekn D3 Burmsigy < —> R He
BHKOHYETHCS Ha JIOBUTBHIN JABOPSAAKOBINA TAaOMUIIL Ta
muoxunan {A}, {A B}, ({B},{AB}) He moxyTsh
OyTH OJHOYACHO MOTEHUIHHUMH KIIOYaMH 3 OTJISTY
Ha MIHIMQJIBHICTG IMOTEHIIWHUX  KIIOYIB, TO
MHO)KMHa TOTCHIIIHHUX KIIOYiB MOKE MAaTH OJHH
wiou: {A} a6o {B} a6o {A B}, uu mBa: {A} Ta
{B}. MHOXW1Ha KITFOYiB 3aJSKUTh Bil MHOXUHH D3

Tabmums 1
[NoTeHuiiiHi KIIOYi MpHU NEBHUX 3HAYEHHSX MOTY)KHOCTeH MHOXHMH R Ta D
1 2 3 4
Rl=1 Rl=2
IR |IR|=0 R IRl |R|>2
|D| R={A} R={A B}
1| |IDFO %) %) %) %)
2 ID|=1 % ) % )
€munnii kiou: {A} .
€t kow: 260 {B} a6o {A, B}. Kiroui Bu3HavaroTheA,
3 |D[>2 %) . . | BUXOISIYH 3 MHOXKXHUHU
{A HBa xmtoui: {A} i
@3 F
{B}
Jlema 2. 3anoBHeHHs Tabn. 1 kopekTHe. O F; Tounime kaxyuu: skumo F =, 1O enuuuit
Jlogedenns. JoBenenns npoBOAUTECA  motenniiauil karou {A, B} ; axkmo {A}—>{A B}eF

PO3TIISIOM KOKHOTO 3 BUIAIKIB.
a) |R|=0 (Bumamku (1,1), (2,1), (3,1), TobTO
OeplMii  CTOBMYMK);  TOMi, HE3aJIeKHO  BiX

HOTYXKHOCTI JIoMeHa, g, t. — Bci MOKIMBI TabmMLI

B iHTepmperaunii, 60 aTpuOyTiB B AaHOMY BHIAAKY
HeMae. €auHor MOXIHBoO P3 ¢ - T, sxa €
TPUBIaJIBHOIO, 3BiACH & — MOTEHLIHHUHN KITIOY; ©

6) |R[>1, |D|L1 (Bumamku (1,2), (1,3), (1,4),
(2,2), (2,3), (2,4), ToO6TO KOMIPKH MEPUIUX JBOX
PSIOKIB, OKpIM KOMIpOK TEpHIOro CTOBIYHMKA); B
IHTepIpeTalisiX pO3rsSAaloTECS He OUlblIe HiXK

({B}>{AB}eF), T0 enuumii mOTEHIIHHUN KIHOY
{A} (BimmoBigHO {B}); SIKIIIO
{{A}—>{AB}{B}>{AB}}cF, 1o mMaemo nBa
noreHuiianx xiaroua {A} i {B}; -

n) |R[22 i |D[>2 (Bumamok (3,4)); MHOXHHA

MNOTEHUIHHUX  KIIOYIB  I[ITKOM  BU3HAYAETHCA
MHOXHHOIO @3 F |, TOOTO B 1IbOMY BUMAJAKY HI4Oro
HE MOYKHA CKa3aTd MPo MOTEHIHI KIIoUi. =0
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Hacainox 1. Sxuo |R]=0 a6o |D|K1, 1o
MOTEHUIHHUM KJIfoueM Oyne TiNbKA —TOpPOXKHS
MHOXUHA . 0O

JloBeeHHs BUIUIMBAE 3 3alTOBHEHHS Ta0. 1. O

Jlema 3. Sxuo |R|>0 i |[D[>2, To ®3 Buay
{A}>Y, e AeR, J#Y c R € IOBHOO 32 YMOBH
{A}—>Y €[F] (1o0To Bukonanus ®3 {A}—>Y Ha
noBinpHIN Moneni MuHokuHU @3 F ). O

Jnss  moBemeHHs JOCTaTHRO BpaxyBaTH TOU
¢dakr, mo O3 Burisiny J—>Y , e YCR 1 Y #J
HE BHKOHYETHCS Ha JIOBUIBHIA  JIBOPSIKOBIN
Ta0IUIl. O

Osnauennss 4. Atpubyr A€ R Ha3uBaeTbes
MPAH3UMUBHO 3Ae)HCHUM BiJl MHOXUHU aTpUOYTIB
X R (BimHocHo mHOkuHH D3 F ), sxmio icHye
Taka MHOKMHA atpuOytiB Y <R, mo Ag X UY i
JUISL TOBUIBHOI TaOmuIl t, sKa € MOAEII0 MHOKHUHHI
@3 F, BUKOHYETHCS (X =Y)(t) =true,
(Y = X)(t) = false, (Y = {A})(t) =true:

Y(Y cRAAeR\(XUY) AVt —mooens

F= (X ->Y)(t)=true A
AY = X)(t) = false A(Y > {A})(t) =true). o

Jnsa Bunaaky |D [>2 3amuimeMo CHMHTaKCHYHY

(hopMy o3HaUEHHS 4:

aTpudyT A mpaH3umueHo 3aexHcHUl Bij
MHOXHHHU aTprOyTiB X < R (BITHOCHO MHOXXWHU
def
®3F) < AY(YcRA AcR\(XUY)A
AX oY e[F]AY > X ¢[F] AY >{A}e[F]).
Jdema 4. Sxmo K - moreHmifiHHE KIHOY
(BimHocHO MHOXMHH D3 F) i mug  jgeskoro
arpudbyra A€ R ®3 K —{A} He € moBHOM, TO
aTpuOyT A € TPaH3UTHUBHO 3aJICKHUM BiJl MHOKUHH
arpudytiB K .0
Jlosedenns. PosrisiHeMO JOBUTBHY TaOmwio t,
gka € Momeunro MHoxkuHM D3 F  Hexain @3
K —{A} He e moBHOWw, ockimbku ®3 K —{A},

OYEBH/IHO, BUKOHYEThCS HA Tabmwii t (3 ornmsay Ha
te, mo K — kmrou), Tomi iCHye Taka BllacHa
nigmaokuaa K'c K, {A}z K’ (to6ro Ag K'),
mo BukoHyThC ®3 K'—{A} Ha Tabnumi t; ane

ocklnpkn K — morenmiiinmii ko4, o 3 K' —» K
HE BUKOHYEThCA Ha Tabmumi t 3 ommsagy Ha
MIHIMJIBHICTG noTeHuiHoro ximroua K. Takum

2 Osnauenns HaBeseHO Bimmosimmo mo [5]. Hpibac y
monorpadii [6] B o3nauyenni TpamsurmBHOi D3 Hamae

nonatkoBy ymoBy: Y & X . Toxi monansma nema 4 He €

YMHHOIO, a4 B HABEICHOMY HIDKYE oO3HaueHHi JHO
motp*iOHO BUMaratd, 100 TaONHIA 3aJ0BOJBHHSIA
ymoBam 2H®.
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gyuHOM, 3 BUKOHaHHa ®3 K — K', K'—>{A} i
HeBukoHaHHa @3 K'— K Ha tabmuui t (3 orssimy
Ha 1i JOBUTBHICTB) 32 O3HAa4YeHHAM 4 atpubyr A €
TPaH3UTHUBHO 3aJIGKHUM BiJ] MOTSHUIHHOrO KI0Ya
K.o

Osnauenna 5. Atpudbyr Ae€R Ha3uBaeTbcs
nepsunnum (BigHocHo MuHoxuan @3 F), gxmo A
MICTHTBCS B IKOMY-HeOY/Ib HOTEHIIHHOMY KITIOUi :

def
A — nepsunnuii < Ae UK ,
KeA

ne A=A(F) - ciM’s BCiX MOTEHHIHHHMX KIIOYiB
(BimHOCHO MHOXHMHU D3 F ). O

Osnavenns 6. Atpudbyr Ae€R Ha3uBaeTbes
nenepsunnum (BimHocHo MHokuan @3 F ), sxmo A
HE MICTHTBCS B )KOJHOMY 3 OTCHUIIHUX KITIOYiB!

def
A — nenepeunnuii <> AR\ UK ,
KeA

ne A — sk 1 paHime, ciM’S BCIX MOTCHIIHHUX
KJIIO4iB. O
Jpyra HopmanbHa opma

Sk i panime ¢ikcyeMo cxeMy R Ta MHOXHHY
®3 F.

Osnauenns 7. Cxaxemo, mo Tabmuusa t(R)
3HAXOIUThCA Y Opyeitt H® (2HD), ko, mo-nepiue,
tabmuns t(R) 3maxomurtbes y mepmiit HO (1HD?),
no-apyre, tabmuus t € mopemwtro muoxuaun O3 F
Ta, TMO-TPETE, KOXHUH HENEPBHHHUHA aTpHOYT
XapakTepu3yerbcsi MmoBHOW D3 BiI  KOXHOIO
MMOTEHIIHHOr 0 KIIF04Ya, TOOTO:

VAVK(K eAnAeR\ [ JK =K >{A} -
KeA

noBHa ©3). O (1)

3 o3HaueHHA 7 BWILIMBAE, IO SKIIO MHOXHHA

HETIEPBUHHUX aTpuOyTiB mopokHs, TO ymoBa (1)

OBOTO  O3HAYECHHS BUKOHYETHCS ~ aBTOMATHYHO

(BimmoBimHA  IMIUTIKAISl  TPHUBIAJIBHO  ICTUHHA,
ockijpku ymoBa A€ R\ U K xu6Ha).

KeA

Teepmxennst 1 (mocratHi  ymoBM s

3HaxomkeHHs y 2H® s crnenianbHUX BHIAJKIB).

Ta6murs t 3uaxomutbes y 2H®, sxmo |R[<2 abo

|IDK1.o
Jlosedenns. BUKOPUCTOBYIOUM pE3YyNbTaTH 3
Tabn. 1 po3ristHEMO yCi MOXKITUBI BUTIAJKU JJIs1 YMOB

% O3nauenns 5-6 HaBOIATECA BiamoBimHo 10 [5-7].

Ockubkn  o3”HaueHHs 1H® we mimirac IOBHIN
¢dopMaizanii, NMPOMOHYEMO BUKOPUCTOBYBAaTH OJWH 3
Horo BapiaHTiB 3rigHO [7], aganroBaHumii 10 TEpMiHOIOTIT
JTAHOI CTaTTi: «Tabmums 3HaxoquThes y 1H® Tomi i Timpku
TOMi, KOIMM KOXXHUU i1 PSMOK MICTUTH TINBKH OJHE
3HAYCHHS JIJIS KOXKHOTO aTpUOYTy».
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|R[<2 (mepui tpu croBmuuku) abo |D|<1 (mepmri
JIBA PSIIKA):

a) |R|=0 abo |D|<1 (xomipku (1,1), (1,2),
(1,3), (1,4), (2,2), (2,2), (2,3), (2,4), (3,1)); TobTO 1Ba
nepmmx psaka ta komipka (3,1); 3rimHo 3 Tabm. 1

€IMHUM TIOTEHIIHHUM KiIoueM € &, To0TO
A={J}, 3Bizkn Bci aTpuOytm cxemu R €
HCTICPBUHHUMH; OCKUIBKM B  I[IbOMY BHIAJKY

pO3TISAMAOTECs  HE Oilbllle  HiK  OJHOPSIKOBI
TaOIuIl, TO, OYEBUIHO, 110 TOBUILHA TaKa TaOIUIIs
Oyne monemnro MHOXMHM D3 F; TakuMm 4YMHOM,
3aJTHINAETHCS MIEPEBIPUTH BUKOHAHHS yMOBH (1), sika
B JJAHOMY BHUIIAJIKy MTPHIIMA€E BUTIIS/:

VA(AeR =@ — {A} — noua ®3),

Ta, 3HOBY XK BUKOHY€ETBHCS OYEBHUIHO; ®

0) ID>2 i |R|=1 (xomipka (3,2)); Hexaii mis
BusHaueHocti R ={A} (s B Tabum. 1), Tomi MHOXHHA
{A} € norenuiiinum KmroueM (mauB. Ta6m. 1), a
OCKUIBKHM CXeMa B3arajli He MICTUTh HENEpPBHHHHX
aTpuOyTiB, TO TaOJUIlA, KA € MOJCILII0 MHOXWHU
@3 F , 3Haxomuthes y 2HD; =

B) |[D[>2 i|R|=2: (xomipka (3,3)); Hexaii ayist
R={A/B} (sx B Tabm. 1). Hexait

MOTEHIIHHUM KJIIOUYEM € OIHOEIEMEHTHa MHOXHHA,
nanpuxiaan, {A}. Tomi @3 {A}—{B}, ne {B} -
€IMHUHA HENEepBUHHUI aTpuOyT, € MOBHOIO 3TiHO
nemu 3. OTxe, Tabnuus t, siKka € MOAESIUTIO MHOXKHHU
@3 F , saxomuthes y 2HO. =

Hexaili Tenep MHOXXHHOIO MOTEHI[IHHUX KITFOYiB
€ abo A ={{A},{B}} a6o A ={{A, B}}; toni cxema
B3araJii He MiCTUTh HEIEPBUHHMX aTpHOYTIB, a OTXKe,
ymoBa 2H® (1) mns tabnumi t, ska € MOACILIIO
MHOxHHUA @3 F |, BUKOHYETBCS aBTOMaTHYHO. =01

3MicTOBHA iHTEpIIpeTaliss TBep/yKeHHs 1. He
OuTblle HDK OBOATpUOYTHI Tabmuui abo He Oinblie
HDK OJHOPSIKOBI Tabmuii 3HaxomsaThes y 2HD (3a
YMOBH, III0 BOHH € MozelsiMi MHOKuHE O3 F ).

B nacTynHiit temi A — ciM’s BCIX MOTSHIIHHUX
KJIIOYiB, SIK 1 paHimie.

Jema 5 (moctaTHi yMOBH UIS 3HaXOIKEHHS Y
2H®). Tabnuisa t, sxa € mogemuto MHOKUHN D3 F |
3HaxomuThcsd y 2H®D, sAKIm0 BUKOHYETHCS OfHA 3
HACTYITHHUX YMOB!

1) BCi MOTEHIIHHI KITFOYi OJJHOCIEMEHTHI;

BU3HAYEHOCTI

2) U K =R, T00TO ciM’s MOTEHIIIHUX KITIOUYiB
KeA
€ TIOKPUTTSIM cxeMd R (eKBIBAJICHTHO: MHOXHHA
HETIepPBUHHUX aTPUOYTIB TOPOXKHs)°. O

® DOPMYITIOBAHHS YMOB HABOIMTHCS 3riTHO [8].
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Jlosedenns. JloBenemMo Tmepiie TBEpIHKCHHS.
Ockinbku Tpu 3Ha4YeHHAX moTy:xHOocTel | D|<1 a6o

| R|=0 moTyXHIiCTh MOTEHIIHHOrO KIF0Ya HYJIbOBA

(macmimok 1), HaM MOTPIOHO PO3IIISIHYTH BHIIAJIOK,
komu |[D[>2 i |R[>0. Hexaifi Bci mOTeHIiiHI
KIFOYl OJIHOCNIEMEHTHI. 3riflH0 3 JeMo 3 yci
HEeMepBUHHI aTpUOyTH TIOBHICTIO 3ajieXaTb Bif
KO)KHOT'O TIOTEHLINHOro Kio4a; oTxe, Tabmuus t
3HaxoauThes y 2HD. o

HoBenemo npyre TtBepmkeHHs. OCKUIbKH 3a
yMoBH 2) B (OpPMYJIIOBaHHI CXeMa B3arajii He
MICTUTh HENEpBUHHUX aTpuOyTiB, To ymoBa 2H®
Ui Tabnuni t He mopyuyeTbes. =0

Tperst HopManabHa dpopma

Sk i panime ¢ikcyemMo cxeMy R Ta MHOXHHY

@3 F.

Bagamo Ha MHOxmHI 2° HactynmHe GiHapHe
BigHOIeHHS. CKkaXeMo, 110 MHOXUHU aTpUOyTiB
XY € R 3HaxomaThcs y BiTHOIICHHI = (BigHOCHO
maoxuan  ®3  F), sgkmo FEX-o>Y i
FFY > X.

Jlema 6. Bigwomenus =

€KBIBAJIEHTHOCTI. O
Jloeeoenns. JIIMCHO, BITHOIICHHSI = €:

€ BIJHOIIEHHSAM

1) pednexcuBHIM, OCKUIBKU
X=EX<oF=EX->X (@3 X > X €
TPUBIAJIBHOIO);

2) CHUMETPUYHHM, OCKITbKH 3 Toro, mo X =Y
pumauBae Y = X ;

3) TpaH3UTHUBHUM; MOKAXEMO, IO BUKOHYETHCS
MImikamis X 2Y AY 2Z = X =7 . Posrmgaemo
BUTIAJKH:

a) |D|IK1 (mepiui nBa psimku Tabi. 1); ockinbku Ha
MOPOXKHIH Ta OTHOPSAAKOBIN TAONHIISIX BUKOHYIOTHCS
noBiTeHI @3, TO IMILTIKAIliS BUKOHYETHCS OUEBUTHO;,
0) |R|=0 (mepummii croBmuuk Ta6n. 1); emuHOKO
Moo @3 e TpuBianpHa @3 J > I oTxe,
IMILTIKaIisl BAKOHYETHCS] TPUBIAIBHO,

B) |D[>2A|R|>1; BpaxoBywoouH, IO i AAHOTO
BUNAJKY BIJHOIICHHS CHHTAKCHYHOTO CJIiyBaHHS
(]-) Ta cemantmunoro  cmigyBaHHs  (|]=)
CIIBNAAIOTh (JIMB. KPUTEPii MMOBHOTH aKCiOMaTHKU
Apmctponra [4]), mobynyemo moBeneHHs s D3
X—>Z:

1. X >Y (3a mpunymennsm X =Y ; oTxe,
Fl=X—>Y, 3Bigzcu 3a KpuUTepieM MOBHOTH

akciomatiku Apmcrponra Maemo: F [-X Y );

2. Y >Z (3a npunymeHHsm Y =Z; OTKe,
FI=Y >Z, 3Bimcu 3a KpuUTEpiEM [OBHOTH

akciomatiku ApMctponra maemo: F |-Y — Z);
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3. X>Z (3 1 i 2 3a mpaBmwioMm A (X >{A}(t) =true= (X - R)(t) =true).o (2)
TPaH3UTUBHOCTI). 3 o3HaueHHs 8 BHIUIMBA€, IO, SKIIO MHOXHWHA
Omxe, F|-X—>Z, 3Biicu BUIUIMBAC HemepBUHHUX AaTPUOYTIB MOPOXKHS, TO yMmoBa (2)

F|= X > Z (naramaemo, mo |D[>2). Ananoridao
Oynyerbcss nmoBenmeHHs miiss 3 Z — X, TtoOTO,

F|-Z-> X, OTKe Fl=Z->X. 3Bigcu
MaemMo: X =7 . O
TakuMm 9HHOM, BigHOIIGHHS = po30HBace

MHOXHHY 2R
CKBiBaJICHTHOCTI.
Hacainok 2. 3a ymoB |[DI<1 a6o |R|=0 yci

(6ynean cxemum R) Ha kimacu

enementr MEOXuHE 28 ={X | X < R} Hanexars j0
OZIHOTO KJIaCy €KBIBaJIGHTHOCTI. O

JloBeneHHs ~ BWIIMBAaE  Oe3MOCEpPENHBO 3
JOBEEHHS JieMu 6. O

Jlema 7. MHOXXWHA CYNEPKIIOUIB HAJICKHUTH JI0
OZIHOTO KJIaCy €KBIBaJIGHTHOCTI. O

Jlogeodennsn. Hexait MmHOXuHa aTtpuOyTiB K €
cynepkiarouem (BimHocHO MHOXMHH D3 F ), Tomi
Bukonyetbcst ®3 K — R, 1o6to F|]=K > R.
BpaxoByroun BukoHaHHS TpuBiansHOi @3 R — K
(KcgR), 10610 F|=R—> K, Maemo K=R. 0O

[To3HaunMo KJ1ac eKBiBaJICHTHOCTI CYTIEpKIIOUiB
[R]., ne cxema R € mpencraBHUKOM Kiacy.

Jlema 8. BUKOHYeTbCS iMILTIKAITiS
VA VX (VY (Ae R\(XUY)A(Y > {AD(t) =true =

XzY)=

— A HE € TPaH3UTHBHO 3aJIKHUM Bix X ). O

JloBeneHHs MPOBOJUTECS Oe3mocepeHbo. O

Binomo, 110 HasBHICTH HEMEPBUHHUX
aTpuOyTiB, SKi € TPAaH3UTHBHO 3aJICKHHUMH BiZ
MOTCHI[IMHUX KIIOYiB, MPUBOAUTH 1O BHHUKHCHHS
aHoMayii (3riqHO BH3HAYeHHs aHomanii 3 [9]). 3
JeMu 8 BUIUTUBAE, IO JUIS BUPIMICHHS BKa3aHOL
npoOJeMH JOCTaTHBRO BUMAaratu, o0 JiBi YaCTUHU
ycix HerpuBianpaux @3 Bugy X — {A}, ne {A} -
HeTepBUHHMI aTpUOyYT, Hanexkanu 10 knacy [R].°.

Osnauenns 8. Cxkaxemo, mo Tabmuis t(R)
3HAXOmUThCA y mpemiu H® (3HD), sxmo, mo-
nepure, tabmuis t(R) 3Haxomuthes y 1H®, mo-
npyre, Tabmuus t e mopemwmo mHOkuHN O3 F Ta,
Ho-TpeTe, s KOXKHOI HerpuBianbHoi D3 BuUIy
X —>{A} Ttakoi, mo Fl|=X —>{A}, ne {A} -
HEMepBUHHUN aTpuOyT, MHOXKHHA aTpuOyTiB X €
CyIEepKIIoYeM, TOOTO:

VX ,VA (X cRAAeR\(|JKUX)A

KeA

6 . . . .o
Came Takuil mijxiz 3HCHIOETHCS Y KIIACHYHUX
AIrOpUTMax, orucaHux y [6].

OBOTO  O3HAYEHHS BUKOHYETHCS ~ aBTOMATHYHO
(BimmoBimHa  IMIUTIKAIis TPUBIaJbHO  ICTHHHA).
Takum uyMHOM, TOBEJEHA HACTYIIHA JIeMa.

Jlema 9 (moctaTHS yMoOBa Ui 3HAXOPKEHHS Y
3H®). Tabmuns t, sxa € MojewTo MHOKUHN D3 F |
3HaxouThcsa y 3HD skio UK =R, T00OTO CiM’a

KeA
MOTEHLIHHUX KIIOYiB € IOKPUTTSAM cxeMu R. O

Teepaxennss 2  (moctaTHi yMOBH st
sHaxomkeHHs y 3H® s crmenianbHUX BHIAJIKIB).
Tabmunst 3Haxoauthess y 3H® skmo |R[<2 abo
|IDK1.o

Jlosedenns. BpaxoBytoun pe3ynbraTH 3 Tabdmd. 1
PO3TIITHEMO yCi MOXKITHBI BHMAAKHU U1st yMOB | R [< 2
(mepuri Tpu croBmumku) a6o |D|<1 (mepmri aBa
PAIKH):

a) |[R=0 (xomipku (1,1), (2,1), (3,1), TobTO
MEePIIHA CTOBITYKK); OCKLITBKU MOPOXKHS cxema R He
Ma€ HeMepBUHHUX aTpuOyTiB, TO ymoBHn 3H®
BUKOHYIOTBCSl aBTOMAaTU4HO (J1ema 9); ©

b) IR>1 i |D|K1 (xomipku (1,2), (1,3), (1,4),
(2,2), (2,3), (2,4); ToOTO mepIIi JBa PAAKK); 3TITHO 3
Tabi. 1 €JMHUM MOTEHIIHHUM KIYEM € &, ToOTO
A={J}, Tomi Oyap-sIKUil eIEMEHT MHOXHHU

2R ={X | X R} € cymepkmoueMm; TakuM UHHOM,
yMoBa (2) BUKOHYETBCS [UIsl KOXKHOI BinnoBigHoi O3
Burisiny X —{A}; OCKUTbKH B LBOMY BHUIAIKY
pO3TISAMAOTECs  HE Oinbllle  HIK  OJHOPSIKOBI
TaOIuIl, TO, OYEBUIHO, 110 TOBUILHA Taka TaOIUIIs
Ooyne momemto MHOkuHEM D3 F 1 3HAXOAUTHCA Y
3HD;

c) |RI=1, |ID22 (xomipka (3,2)); Hexaii mis
BusHaueHocti R ={A} (s B Tabum. 1), Tomi MHOXHHA
{A} € norenuiiinum Kmrouem (mauB. Ta6m. 1), a
OCKUTBKM ~ CXeMa HE MICTUTh  HENEPBHHHUX
aTpuOyTiB, TO 32 JIeMoto 9 TabnuIs, SKa € MOJEIUIIO
MHOKuHU @3 F | 3Hax0omuthes y 3HD; =

d) |RI=2, |[D[>2 (xomipka (3,3)); Hexaii mis
R={A/B} (sx B Tabm. 1). Hexait

MOTEHUIHHUM KJIIOUYEM € OIHOCIEMEHTHa MHOXHHA,
nanpuknan, {A}, toni B — enuHuMii HemepBUHHUI

BU3HAYEHOCTI

aTpuOyT. 3amumemMo YCi €IeMEHTH MHOXWHHU
2R ={X|X cR}: {O{A}{B}{A B}}. Ockinbku
yMoBa (2) BUKIIIOYAE 3 po3risiay TpusianbHi O3, TO
3aJUILAETHCS MEPEBIPUTH JIUILE IMIUTIKALT:

1. (D >{B})(t) =true = (D > {A,B})(t) =true;

2. ({Ay—>{B})(t) =true = ({A} > {A B})(t) =true.

108



Bicnux Kuiscbkoeo Hayionanvno2o yHisepcumemy
imeni Tapaca Lllesuenka
Cepis ghizuxo-mamemamuuni Hayku

B mepmriii immutikamii Tocmiika € XHOHOIO,
ockimeku @3 I —{B} He BUKOHYIOTbCA Ha
JOBUTBHIN JBOPSNKOBINA TaOMUIli, OTXKE, IMILTIKAIlis
BHUKOHYETBCSL.

Hpyra iMIUTiKalis BHUKOHYETHCS, OCKUIBKH 3a
npunyieHHsiM - MHOxuHa {A} € TOTeHIHHIM
kmodeM. OTxe, Tabnuisd, SKa € MOJEIUII0 MHOXKUHHU
@3 F , 3Haxomutbes y SHO. -

Hexaii Tenep MHOXHHOIO NOTEHLIHHUX KITIOYiB
€ a6o {{A}.{B}} a6o {(A,B}}; Toxmi cxema B3arami
HE MICTHTh HENEPBUHHHUX aTpuOyTiB, a OTXKe, 3a
j1eMoro 9 Tabmuns, Ka € MOAEIII0 MHOKUHHA O3 F |
3HaxoauThes y 3HD. =0

3MicTOBHA IHTepHperawis TBepKEHHS 2. He
OuTblIe HDK JBOATpUOYTHI Tabmuui abo He Oinble
HDK OHOpSAKOBI Tabiuui 3HaxonsaTbes y 3HD (3a
YMOBH, III0 BOHH € MozeisiMu MHOKuHE O3 F ).

Hacuainok 3. 3H® < 2H® 3a ymoBu |R[<2
abo |DI<1.0

JloBeneHHs BUIUIMBAE 3 TBEPPKEHb 11 2.0

Jlema 10. Skmo Ttabmuns t 3HAXOmUTHCS Y
3H®, To Bona 3Haxoauthes y 2HD: 3HO = 2H® .0

Jlogedenns. 3  ypaxyBaHHAM  HAacliIKy 3
J0CTaTHBO PO3MIIHYTH BHMAAoK, komu |D[>2 i
|R|>2.

Hexait Tabnmuus t, sxa € MOZEWII0 MHOXHHU
®3 F, 3Haxomuthca y 3H®. JloBemenHs
MPOBOAMUTHCS  Bil  cympoTtuBHOro. Ilpumyctumo
tabmuns t He 3HaxomuThes y 2H®D, Tomi s
NeIKOro HeMepBUHHOrO aTpubyra A 3HalJeThCs
takuit norenniiauid kmou K, mo ®3 K —{A} ne
€ TIOBHOIO, TOOTO, icHye Taka migMuoxkuHa K'c K,
mo Bukonyetbes D3 K'—>{A}. Ile mnopyurye
(2), ockimpkm B cuiy
MOTEHIIHHOTO KII0Ya MHOXKHHA

cynepkitoueM. [lpuiinum 1o

BUKOHAHHS  YMOBH
MIiHIMaJIBHOCTI
K'eK He €
OPOTHPIYYSL. O
Hopmannna ¢popma boiica-Kogna
Osnauenns 9. Ckaxemo, mo Tabmuis t(R)
3HAXOIUTHCA Yy HopmanvHiti ¢opmi boiica-Kodoa
(HOBK), sxmo, mno-nepumie, Tabmuusa  t(R)
sHaxoautecs y 1H®, mo-mpyre, tabmuig t €
Monemmto MHOoxkuHM D3 F  Ta, mo-tpere, mus
kokHOT HerpuBiamsHOT @3 Buay X — {A} Takoi, 1o
Fl=X—>{A},
CYIEPKITIOUEM:

MHOXHHA  aTpubytiB X €

VX ,VA
(XcRAAeR\X A(X >{AD() =true =

= (X > R)(t) =true) .o (3)
Teepmxennst 3  (moctaTHi  yMOBH  JJist
3HaxopkeHHs1 y HOBK st cnernianbHUX BUMAJKIB).
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Tabmuns 3Haxoauthess y HOBK skmo |R[<2 a6o
|IDK1.o

Jlosedenns. BpaxoBytoun pesynbraT 3 Taomd. 1
PO3TIITHEMO yCi MOXKITHBI BHMAAKHU U1st yMOB | R [< 2
(mepuri Tpu croBmumku) a6o |D|<1 (mepuri aBa
PAIKN).

a) |RI=0 abo |DIK1 (xomipku (1,1), (2,1),
(3,1), (1,2), (1,3), (1,4), (2,2), (2,3), (2,4); T0OTO
MepIIMid CTOBITYMK 1 TepUri JBa PSIKH); 3TIAHO 3
HACJIIAKOM 2 yci eIIEMEHTH MHOXUHU
2R ={X|X cR} HamexaTh 10 ONHOTO KIacy
eKBIBaJICHTHOCTI — Kiacy cymnepkmouiB [R]., ne
cxema R € mpencraBHukoM kiacy. OTke, yMOBH
H®BK BUKOHYIOTHCS aBTOMATHYHO 1 TaOJUIL, KA €
monemto MHOokuHU @3 F | 3Haxomuthes y HOBK; =

b) |IR|=1, |ID[>2 (xomipka (3,2)); Hexaii mis
BusHaueHocti R ={A} (six B Tabn. 1), Toxi MHOXXHHA
{A} Tabm. 1).
Imrutikarist 3 ymoBu (3) i €aMHOT HETPHUBiaIbHOI
O3 & — {A} 3amuieTsCs SK:

(D —>{AN(t) =true = (D >{A})(t) =true,

1 BUKOHY€EThCS TpuBiasbHO. OTXXe, TaOMUI, siKa €
mozemto MHOxkuHA @3 F , 3Haxomuthes y HOBK. -

c) |IR=2, |D>2 (xomipka (3,3)); Hexail mis
BusHaueHocti R={A B} (sx B tabm. 1). Moxusi

€ TOTEHIIHHUM KifoueM (IuB.

JIBa BUNAJKU.
1) Hexall MHOXHHA TMOTEHIIHHUX KIIOYIB —
onxoenementHa, T00T0, A ={{A}} a6o A ={{B}},

abo A ={{A B}}. BpaxoBywouu [0OBEIACHHS 3
TBEPIDKCHHS 2 JUIS JTAaHOTO BHIAJKY, 3aJIMIIAETHCS
NepeBipUTH  BUKOHaHHA  ymoBu  (3) s
werpuBiamsHoi ®3 I —>{A} (J—>{B}), ne
arpuOyt A (arpubyr B) € nepBuHHHM:

(D> {A}(t) =true = (D —>{A,B})(t) =true.

SIkmo mocwika € XuOHOIO, TO IMIUTIKAIA
TpHUBiaJbHO icCTUHHA. SIKIIO MOCHIIKa € ICTUHHOIO, TO
BCi psiaku Tabmuui t MaroTh OIHAKOBE 3HAYECHHS
arpubyta A. Ockinbku {A} — MOTEHUIHHUI KITHOY,
TO y BCIX PSAKiB TaOmuii t ogHAKOBI 3HAYCHHS
aTpubyTta B . OTxe, iMIUTIKaLiS TAKOXK ICTUHHA;

2) Hexail Ternep MHOKMHA TOTCHIIIHHUX KITIOYiB
nBoenementHa, 100t0, A ={{A},{B}}; BpaxoByrouu
MONEPeHId  MyHKT  JOBEJCHHS  3aJMINAETHCS
NepeBipUTH  BUKOHaHHA  ymoBH  (3) s
unerpusiansHoi @3 {A} > {B} ({B}— {A}):

{A} > {B})(t) =true = ({A} > {A,B})(t) =true.

IMrnmikanis BUKOHYETKCH,
npunyiieHHsiM  MHoxuHa  {A}

OCKIJIBKHA 3a
€ IIOTEHIIHUM
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kimodeM. OTxe, TaOnuIls, IKa € MOJEILTI0 MHOXHHHU
@3 F , snaxomuthes y HOBK. =0

3micTOBHA IHTepIpeTanis OCTaHHBOTO
TBEP/PKEHHSI: HEe Olnblie HDK ABOATpUOyTHI TaOmuIi
a0o0 He Oimblle HDK OJHOPSAIKOBI  TaONMUIl
sHaxomiaTeess y H®OBK (3a ymoBHM, 1m0 BOHM €
MozensiMu MHOXuHH O3 F ).

Hacuainok 4. HOFK <> 3H® 3a ymoBH |R|<2
abo |DI<1.0

JloBenenns BuIumBae 3 Jiem 111 13.0

Hacainox 5. HOFK < 3H® & 2HD 3a
ymoBH |R|<2 a6o |D|<1.0

JloBenenus BUIImBae 3 HacaiakiB 3 1 4.0

Jlema 11. Skmo Ttabmuns t 3HaXOmUTHCS Y
H®DEBK, TO BOHa 3Haxoguthcs y  3HO:
H®OFK = 3H® . o

Jloseoenns. Hexait Tabmuns t, sika € MOJCILIIO
MHOKkuHH ®3 F, 3Haxomuthcs y HOBK. 3
ypaxyBaHHSM BKITIOUeHHS R \ (U KUX)cR\X 3

KeA

BUKOHaHHS yMOBH (3)
VX ,VA(XcRAAeR\X

A (X > {AD(t) =true = (X — R)(t) =true)
TPUBIaJTbHO OTPUMYEMO BHKOHAHHS yMOBH (2) st
Tabmumi t:

VX, VA (X cRAAeR\(|JKUX)A
KeA

(X >{AD(t) =true= (X — R)(t) =true) .

Omrxe, Ta0nuud t, sika € Mmoaeuto MHOXKAHA D3
F , 3sHaxomutees y SHO.O

Hacainok 6. Buxonyrotbcs
HOFK = 3H® = 2H® .0

JoBenenus Bummsae 3 gem 14 112. o

YerBepTa HOpMaabHa opma

Harapmatimo, mo Ha Ta0mumi t cxemu R
BUKOHYEThCS ~ Oarato3HauHa 3anexHicTh (b33)
X —>—Y, gKIo Ui ABOX AOBUIBHUX PSIKIB S, S,

IMIUTIKALT:

Tabmumi 1, sKi 30iraroTbesi HA MHOXKHHI aTprOyTiB
X, icHye psagok S;et, JOPIBHIOE
00’€IHAHHIO OOMEKEHb PSAJKIB S;, S, Ha MHOKUHU
arpubytie X UY 1 R\ (X UY) Bixnosinmo:

SIKHAT

(X >—>Y)(1) =trueg>vS1,s2 et(s; | X =5,| X =
=3s;et(s; =5, [(XUY)Us, [R\(X UY))) [2].
Hexaii 3adikcoBani Mmuoxkunu @3 F 1533 G.
Haramaiimo, mio Ttabmuus t(R) € wmodewno
FUG, sxmo
¢ € F UG Bukonyerbcs Ha Tabmmi t

MHOXWHHU KOXHa 3aJIEKHICTh
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def

t(R) mooens FUG <

def

< Vo(p e FUG = ¢(t) =true) [10].
Osnauenns 10. Ckaxemo, mo tabmuus t(R)
3HAXOMUThCA Yy uemegepmiti HO (AH®D), sxiio, mo-
nepure, tabmuis t(R) 3Haxomuthes y 1H®, mo-
apyre, Tabmuns t € Momeuto 00’ €HAHHS MHOXHH

®3 i B33 FUG T1a, mo-tpere, mis KOXKHOI
HeTpuBianbHOi b33 X =>—>Y, oTakoi, 1O
FUG|=X >—Y, wmHoxuHa artpubyriB X €
CYIIEPKITIOUYEM:

VX, VY (XcRAY#RAXAY X A
A (X >=>Y)(t) =true= (X = R)(t) =true) .o (4)

TBepmxenns 4 (moctaTHi YMOBH IS
3Haxo/pkeHHs1 y 4H® nns cremianbHUX BUIAJKIB).
Ta6muns 3uaxomutbess y 4H® skmo |R|<1 abo
|DI<1.o

Jlosedenns. BpaxoBytoun pesynbraT 3 Tabdmd. 1
PO3LIITHEMO YCi MOXJIHMBI BUIAAKH it yMoB | R [<1
(mepuri gBa croBmunku) a6o |D|<1 (mepuri aBa
PAIKN).

a) |RI=0 a6o |DIK1 (xomipku (1,1), (2,1),
(3,1), (1,2), (1,3), (1,4), (2,2), (2,3), (2,4)); T0OTO
NepIIMid CTOBITYMK 1 Tepur JBa PSIKH); 3TAHO 3
Tabi. 1 €qUHUM MOTEHIIHHUM KIYEM € &, ToOTO
A={J}, 3BigkM BCi €IEMEHTH MHOXHHU

2R ={X | X <R} e cynepxmouamu. OTXke, YMOBH
4H® BHUKOHYIOTbCA aBTOMATHYHO 1 Tabiuud, sika €
monemwto muokuban F UG | 3Haxonutees y 4HD; -

b) |RI=11i |D[>2 (xomipka (3,2)); Hexait mis
BusHaueHocti R ={A} (sx B Tabn. 1). MoxmuBumu
B33 ¢ T->—->0, I->->{A}, {A}->>J,
{A} >— {A}, xokHa 3 SIKHX € TpuBiadbHOIO. OTKE,
YMOBH 4AHOD BUKOHYIOThCS ABTOMaTHYHO
(BimmoBimHa IMIUTIKAINS TPHUBiaAbHO iCTHHHA) 1
Tabnung, ska € Momewmo MHoxkumHHM @ F UG,
3HaxoauThes y 4H®. =0

3ayBaxuMo, 110 32 yMOBH | R|=2 Tabnuis Oyme
3HaxoauTHch y HOBK, ane moxe He 3HaXOIUTHUCH B
4H®, 5K MoKa3aHo B HACTYITHOMY MPUKJIaII.

IMpuknan 1. Hexait 3agani cxema R={A B} i
muoxuHa b33 G ={& —— {A}}. 3 BkazaHHUX yMOB
BUIUIMBAE, IO MOTCHUIHHUM KIIOYEM € MHOXKHHA
arpubytie {A,B}. Tabmuus i3 cxemorwo {A, B},
300pakeHa Ha puc. 1, € MOIEILTIO 3aJaH0T MHOXKHHU
B33 G. OueBuano, moO TAOMHI 3HAXOOUTHCS B
H®BK, ane, ockinbku jiiBa yactuna b33 & —— {A}
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HE € CyINepKIoveM, TaOmuils He 3HAaXOAUTHCS B
4HO.

A|B
1|1
12

Pucynok 1. Tabauus 3 mpuknagy 1.

Jlema 12. Skmo tabmuus t(R) 3Haxomutses y
4H®, TO0 BOHa H®BK:
AH® = HOBK .0

Jlogedennsn. 3 ypaxyBaHHSIM TBEpIXeHb 3 1 4
J0CTaTHBO PO3MIISHYTH BHMAAoOK, koimu |D[>2 i
|IRI>2.
muoxkunn F UG, smaxomutees y 4H® i Hexail
X —{A} - nosinpHa HerpuBianbHa D3 (TOOTO,

AeR\ X) raka, mo F UG |=X —{A}. ITokaxxemo,
0 MHOXHHa aTpudyTiB X
Po3ristHeMo BHMAAKH:

a) X U{A}c R; ockijgbpku, 3a HpPHUITYLHICHHSM,
FUG|=X ->{A}, To
akciomatuku b33 i @3 [10] mns Bumaaky |R[>2
FUG|-X —>{A};
nponowxenns @3 no b33 (auB., Hanpuknan, [2]) Ha
tabmuii t Bukonyetbcss B33 X —>—>{A}, sxa €
mo AeR\X 1
OpUMyIIeHHsIM — Tabmuus  t

3HaXOIUTHCA y

Hexaii Tabmmust t, ska € MoaeilIro

€ CYHEPKIIOYEM.

3a KpUTECp 1EM TIOBHOTHU

MaeMO. TOI[i 3a IIPpaBHUJIOM

HeTpuBiabHOIO  (Haragaemo,
XU{A}cR). 3a
3HaxoauThes y 4H®D, T06TO BUKOHYEThCS yMOBa (4) 1
MHOXHHA aTpuOyTiB X € cymepkmoyeM. OTxe,
imMIuTiKarist 3 ymou (3)
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vX ,VA

(XcRAAeR\X A(X >{AD() =true =

= (X = R)(t) =true)
€ ictTuHHOIO 1 Tabnuus t 3HaxoguThes y HOBK; -

b) X U{A}=R; anHajoriuso 10 mormepeaHboro
OYHKTY IS BHIMAJKY, 0 posrisaaetses (|R[>2),
FUG|-X >{A};
NONOBHEHHsI (uB., Hampukiaxa, [3]) va Tabmumi t
Bukonyerscst ®3 X — X U{A}, to6T0 ®3 X - R,
3BiICM MHOXHHA aTpuOyTiB X € CyHepKIIoueM.
Omxe, Tabnuus t, sika € moxeswo muoskuau F UG,
3HaxoauThes y HOBK. o

Teopema 1. Buxonyrotscs
AH® = HOFK = 3H® = 2H® .0

JloBeneHHS TpHBialbHO BUIUMBAE 3 jJemu 12 i
Hacmiaky 6. O

MaeMO. TOZ[i 3a IIPpaBHUJIOM

IMIDTIKALT

BucHoBkn
1. Tabmuus t(R), ska 3Haxomuthes y IHD i €

monemto MHOoxkuHN D3 F |, 3Haxomutbes y 2HO,
3H® i HOBK, sikmio | R|<2 a6o |D|<1.

2. CdopmynsoBani o3HauenHs 2-4 HO
3aJ0BOJIBHSIOTE ~ MPUHIMIY — «BKIIOYCHHS» HO
BUIMX TOpsAKiB B H® HuWXYMX MOpSIKiB, TOOTO
BHUKOHYIOTBCS IMILITIKAIIii:

AH® = HOFK = 3H® = 2HD .

3. lTlomanpma pobora momsrae y moOymOBi
¢parmenty Teopii Hopmamizaumii crocoBHo H®
BHLIUX MOPSIZIKIB (3oxpema, MPOEKTUBHO-
3’ennyBangbHOl H®D), sxuii OM BiAMOBiZaB BUMOram
CTPOrOCTi JJIsl MATEMAaTUIHUX TEOPiH.

References

1. BUIL,D.B. and PUZIKOVA, A. V. (2014)
Theory of Normalization in Relational
Databases (A Survey). Radioelektronni i
Komp’yuterni Systemy. 5(69). p. 45-49.

2. REDKO, V. N. at al. (2001) Reliatsiini Bazy
Danykh: Tablychni Alhebry Ta SQL-Podibni
Movy. Kyiv: Akademperiodyka.

3. BUI,D.B. and PUZIKOVA, A. V. (2011)
Completeness of Armstrong’s axiomatic.
Bulletin of Taras Shevchenko National
University of Kyiv. Series Physics &
Mathematics. 3, 103-108.

111



10.

byii 1. b. Kputepiii NOBHOTHM aKCIOMaTHKH
Apwmcrponra / 1. b. byi, A. B. IlysikoBa //
Marepianu ~ MDKHapogHOi — KOHQepeHIii
«Teopernuni Ta  TpUKIagHI  acmeKTH
noOyZOBH  TPOrpaMHUX  CHCTEM»  —
TAAPSD’2011 (Vkpaina, Snra, 19-23
BepecHs 2011 poky). — C. 30-34.

Meiiep /]. Teopus pensiiiuOHHBIX 0a3 JaHHBIX
| 1. Meiiep. — MockBa: Mup, 1987. — 608 c.
Jlpubac B. Il. PensuuoHHBIE Momenu 0a3
maunabix / B. I1. Ipubac. — Munck: M3n-Bo
BI'Y um. B. U. Jlenuna, 1982. — 192 c.

Jeiim K. /[»c. BBeneHue B CHCTEMBI 0a3
naHHbIX, 8-¢ m3manwue.. [lep. ¢ anrm. — M.:
Bunssamc, 2005. — 1328 c.

Hcauenxo A. H. Mopnenu gaunsix u CYBJI /
A. H. HUcauenko, C. I1. bongapenko. -
Mumuck: BI'Y, 2007. — 205 c.

FaginR. A Normal Form for Relational
Databases That Is Based on Domains and
Keys / R. Fagin // Communications of the
ACM. - 1981. - Vol. 6. — P. 387-415.

byii 1. . Axciomatnka  0araTo3HauHHX
3aJIeXHOCTEH TaONMMYHUX 0a3 TaHHUX: TOBHOTA
ta 1i kpurepiii / 1. b. by, A. B. Ily3ikosa //
Martepianu MDKHapOIHOT HayKOBOI
koH(pepenuii «TeopeTwuHi Ta NPUKIAAHI
acmeKkTd MoOyIoBH NMPOTPAMHHUX CHCTEM» —
TAAPSD’2014  (Yxpaina, Kuis, 15-17
rpyans 2014 poky). — C. 35-43.

112

10.

BUIL, D. B. and PUZIKOVA, A. V. (2013)
Kryteriy Povnoty Aksiomatyky Armstronha.
In Theoretical and Applied Aspects of
Program Systems Development Conference,
Monday 19th to Friday 23d September 2011.
Yalta. pp. 22-23.

MAIER, D. (1983) The theory of relational
databases. Computer Science Press.
DRIBAS, V. P. (1982) Relyacionnye modeli

bas dannyh. Minsk: lzdatelskiy centr
Belorusskiy universytet.
DATE, C.J. (2005) An Introduction to

Database Systems. 8th Ed. Addison-Wesley.
YSACHENKO A. N. and
BONDARENKO S. P. (2007) Modeli danykh
i SUBD. Mins’k: BHU.

FAGIN, R. (1981) A Normal Form for
Relational Databases That Is Based on
Domains and Keys. Communications of the
ACM. 6. p. 387-415.

BUIL, D. B. and PUZIKOVA, A. V. (2014)
Aksiomatyka bahatoznachnykh zalezhnostey
tablychnykh baz danykh: povnota ta yiyi
kryteriy. In Theoretical and Applied Aspects
of Program Systems Development
Conference, Monday 15th to Wednesday 17th
December 2014. Kyiv. pp. 35-43.

Hagnitinna o penxonerii 12.06.2015



Bulletin of Taras Shevchenko
National University of Kyiv
Series Physics & Mathematics

Bicnux Kuiscbroeo nayionanvbHo2o yHisepcumemy
imeni Tapaca Llleguenxa
Cepis Qizuxo-mamemamuyni HayKu

2015, 2

VJIK 681.3.062

Bosutok T.I'., acmipaHr. T.G. Vozniuk, Postgraduate Student.

Building a classifier to solve pronominal
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B pobomi 3anpononosano nioxio 00 SUPIUEHHS 3AUMEHHUKOB0I aHA®Opu 3a 00NOMO20H0 NoOYO0sU
Kaacugixamopa, sKull Ha OCHOGI OAHUX NPO CUHMAKCUYHI MA CeMAHUMyHI 81acmugocmi ciie anapopu ma
anmeyeOeHma pooums 8UCHOBOK NPO IX CYMICHIMb YU He CYMICHICMb.

Kniouogi crnosa: memoo onopnux eexmopie, KoMn 1omepHa HinegicmuKa, Kepylouuil npocmip, npoonema
aunagopu.

The paper presents an approach for solving the pronominal anaphora. A short description of existing
approaches to resolve the anaphora using classifiers and semantic knowledge was given. There was
formulated twenty five heuristic syntactic criteria. Some of them take into the account the morphological
properties of the anaphora and the antecedent. Other are based on the distance in words in general and
distance in specific part of speech between the two. Criteria based on evaluation of the compatibility by the
method of support vectors machine to the already recognized anaphora requires modification to training
algorithm, because in this case training process can change training data. Eight criteria were obtained by
modifying the estimation algorithm based on the Tensor Model of natural language texts. The basis of the
syntactic component analysis with tensor model-based algorithm is control spaces of natural language
sentences. Semantic analysis was done using the semantic ontology WordNet and the factorized tensor of
typical control spaces. Proposed classifier builds hyperplane in thirty-three dimensional space between the
points of matching and not matching pairs of anaphora. Problem of finding this hyperplane has been
reduced to an optimization problem. Its dual problem can be solved by gradient descent.

Keywords: support vector machine, computational linguistics, control space, anaphora resolution.

Crartio nipesicTaBuB 1.¢.-M.H., ipod. AHiciMoB A.B.

B wnam wac iHdopmamiiiHi TexHOJOTIl BCe
OlJIpIlIe IPOHMKAIOTH B TOBCSKICHHE JKUTTS JIIOACH.
Binpmiicte moged  AKi  KOPUCTYIOTBCS —JTaHUMH
TEXHOJIOTISIMM He € (axiBUAMU B I[H raigysi, a €
MepeciyHuMH  JIIoJbMH  pisHUX Tnpodeciii. Tomy
iHTepdelicn MporpaMHUX JOJATKiB CTalOTh BCE
Oinpir mpoctumu. OAMH 3 HaHOUIBII 3PO3YMITHX
iHTEepQEHCIB ISl JIOJAWHN — 1€ 3aC00U CIIJIKYBaHHS
MPUPOAHBOI0 MOBOKO. 3 OIHOTO OOKY IIe po3poOKH,
IO JI03BOJISIIOTH CHHTE3YBAaTH 3BYK 3 TEKCTY, TOOTO
YUTaTH TEKCT B TOJNOC (TaKoX PO3BUBAIOTHCS
MPOIYKTH, IO 3aMAaIOThCS MPOTHIICKHOIO 3a/1aUeto
— po3mi3HaBaHHS 3BYKiB HPUPOAHBOI MOBH, TOOTO
«cIyxaTth» Jojfiel), 3 1Hmoro OOKy HeoOXimHi
3aco0M aHamily Ta CHHTE3Y MPHUPOIHHOMOBHHX
TexkcTiB. OcCTaHHI  OOCHIIKEHHS IOB’sA3aHI 3

© T.I'. Bo3urok, 2015

CUHTAaKCUYHUM aHaIli30M TEKCTiB MOKa3yIOTh BHCOKI
pesynbTaT. TOAl SK CEeMaHTWYHHMNA aHaJi3 TEKCTIB
MICTUTh B CO0i Oarato He BHpIIICHHX MPOOIIEM.
Omna 3 HuX — pos3B’szaHHA aHadopu. MoxHa
BUJIUTUTH HACTYIHI THITU aHadopH : 3aiiMEHHUKOBA,
IMEHHHMKOBA, MPUCIiBHA Ta HynboBa. MeToro naHoi
CTaTTi € TIOKpAaIIeHHS PEe3yJbTaTiB BUPILICHHS
3aliMEHHUKOBOI aHa(OpH.

Cepen poOiT HPUCBAYEHUX  PO3PI3ZHEHHIO
3aliMEHHUKOBOI aHaOpH CIiA BUIUIMTH AITOPUTM
Mirtkosa[l]. TIpencraBiaena B #oro poGOTI MOIETH
y3arajapHIOE 0araTto iCHyIOUHMX Ha TOM Jac €BPICTUK B
OnHiM 3pyuHid Qopmi. A caMe BHIIICHHS ACIKHX
KpUTEPiiB OITiHIOBAHHS AHTEICCHTIB o
BITHOITICHHIO 10 aHagOopy HA OCHOBI CHHTAKCHUYHOI
Ta Mop¢omoriuHoi iH}opmarii, HagaHHS KOXHOMY
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KpUTEpil0 JIesIKOi Baru i CyMyBaHHS Bar KpHUTEDIiB,
SIKMM 33JI0BUTBHSIE JJaHA TIapa.

B poGoti [2] mnpeacraBineHwii anropuTM, IO
JO3BOJISIE TIOKpAITUTH poboTy amroputmy MiTKoBa

3a  JIOMOMOTOK)  BUKOPUCTAHHS  CEMaHTHYHOT
iHpopMmarii.
B pobori [3] omucanuii kputepii s

anroputMy MITKOBa 3aCHOBaHHMH Ha BHUKOPHCTaHHI
CEeMaHTHYHOI iHpOpMaLlii IpeACTaBICHOT TEH30PHOIO
MOJIEILITIO.

B po6orti [4] 6ysi0 moOymoBaHo kiacudikarop,
SIKHA Ha OCHOBI CHHTAaKCHYHOI iH(opMarli mgae
BIJNOBiZIb TPO CYMICHICTh YW HECYMICHICTh Hapu
aHTeneeHT-aHadopa.

Hana poOota sBisie cOOOIO CHHTE3 ITiIXOIIB
omucanux B [3] ta [4], ToOTO Oyme moOymoBaHO
knacudikatop, MO  BpPaxoBYE  CEMaHTHYHY
iH(opMartito.

Kpurepii oninioBaHHsA Ha 0CHOBI
CHHTAKCUYHOI iH(opmarrii

Cepen KpUTEpiiB OIIHIOBAHHS MOXKHA BHIUTUTH
Ti, IO MPUUMAIOTh OiHApHE, HATypaJlbHE Ta JIHCHE
3HAYCHHS.

binapni kpurtepii koxyroThcst cranmaptHo: 0 —
KpUTEpiii HE BHUKOHYeThCS, | —  KpuTepii
BUKOHY€ThCS. HaBenmemo mepenik BHKOPUCTAHUX
OiHapHUX KPUTEPIiB:

1. AHTEIENEHT € M METOM PEUCHHS.

2. AHTEINEACHT € BIACHOI Ha3BOIO.

3-11. binapHi 03HaKM YOJOBIUOTO, >KIHOTO,

CEPeIHbOr0 PpOJaY, MHOXHUHM aHaopu Ta

AHTEIIC/ICHTY.

Posrmssaemo  kpwurepii,
HaTypaJIbHUMU YHCITAMH.

12. KinbKiCTh BXO/DKEHD aHTELEAEHTA B TEKCT.

13. KinbKiCTh BXOIKEHb aHTEIEAECHTa B JaHE

pEYCHHSI.
14. KinpKicTh BHKOPHUCTaHb aHTEICACHTa B
aHaOpUYHUX 3B’ SA3KaX.
15. KinbkicTe BIacHUX Ha3B MiX aHadoporo Ta

0  MpeICTaBieHi

AHTEIICICHTOM.

16. KingpkicTh IMEHHHKOIB MK aHadopor Ta
aHTEIIeICHTOM.

17. KinpkicTh 3aliMEHHHKIB MiX aHadoporo Ta
AHTEIICICHTOM.

18. KinmpkicTe pedyeHp Mik aHadopor Ta
aHTEIIeICHTOM.

19. INopsaakoBuii HOMEp cepel IMEHHHKIB

aHTele/IcHTa B peUCHHI.
20. IlopsimxoBuii HOMEp cepen  3aliMEHHHUKIB
anadopu B peucHHI.
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21. Kinbkicte anadop, Ui SKUX OyJIO paHimie
BH3HaUEHA BiJIMTOBITHICTH TaHOMY
AHTELE/ICHTY Ha MPOMIKKY MiX
aHTEIEeACHTOM Ta aHa(hOpOIo.

22. Kinbkicte anadop, Ui SKUX OyJIO paHimie
BH3HAUCHa HE BIANOBIAHICTH  JAHOMY
AHTELE/ICHTY Ha MNPOMIKKY MK
aHTEIEeACHTOM Ta aHa(hOPOIo.

HaiicknagnimmmMu € kputepii, 3HaYCHHS SKUX

npecTaBieHe TIHCHUM YUCIOM.

23. Kaugugar BXxoauTh B anb(a-3BSI30K Bix
CJIOBa, IO 3HAXOIMTLCS B OJHIN 1 TiH ke
¢dakTop-MHOKHMHI sIK 1 cioBa  diSCUSS,
illustrate, identify Tomo. Jlns mepeBipku
KpUTEpil0 HEOOXiMHO B3SATH 3HAYEHHS 3
MaTpulli anbda-0era 3B’sA3KIB MO Tapi CIIiB
(identify, antenenent). Takox Tpeba
3poOUTH 3amuT A0 TaOnWIi TPIHOK 3a
Tpitikoro (amrerienent, identify, -). Bubip
inmoro cmosa (illustrate um discuss) me
CYTTE€BO BIUIMHE HA PE3YJNbTaTH, OCKITbKH
BCi BOHH OyAyTh 3HaXOIUTHCA B OMIHIN
(hakTOp MHOMKUHI.

24. Cepenne 3HAYEHHSA OLIIHKHA napu
aHTele/eHT-aHagopa METOJOM  OMOPHHUX
BEKTOPIB, IS SIKUX OyJI0 paHille BU3HaUYeHa

BiJIMIOBITHICTB Ha MPOMIXKKY MIXK
aHTEIEICHTOM Ta aHa(pOPOIO.
25. Cepenne 3HAYEHHS OLIIHKHU napu

aHTeneneHT-anagopa METOJOM  OMOPHHX
BEKTOPIB, IS SIKUX OyIIo paHille BH3HaAUYEHA
HE BIAMOBIAHICTE Ha MPOMIKKY MK
aHTEIEeIEHTOM Ta aHa(pOPOIO.
Kpwurepii 21, 22, 24 ta 25 MOXyTh OyTH BBEJICHI
B NPOLIEC TPEHYBAHHS TUIBKU IICIA IOYaTKOBOTO
TPEHYBaHHS Ha BCiX IHIIMX KPHUTEPISIX, OCKUILKU
BOHM BHMAararmTh BXe ICHYIOUOro KiacudikaTopa.
KpiM TOro miciast KOXHOIO II€PETPEHYBAaHHS 3
BpaxyBaHHSIM IMX JOJATKOBHX KpHUTEPIiB BHJ
knacugikatopa 3MIHIOEThCS. TOMy TepepaxyHOK
pe3yiIbTaTiB IUX KPUTEPiiB HEOOXiTHO BKIIOUUTH B
npolec TPEHyBaHHS.

Mopaudikaiis TEH30pPHOr0 aJAropuTMy
OLIiHIOBAHHS MAPH aHTeleeHT-aHadopa

Hexali pmaHo CcIoBO 4YM  CIOBOCHONYYEHHS
AHTELEJICHTY W Ta PEUYCHHS B SIKE BOHO BXOIUTH S.
Takox Maemo aHaQOpUYHHMN 3aliMEHHHK W' Ta
peUCcHHS B K€ BiH BXOIHTH S'.

Cdopmynroemo ANTOPUTM MiIPaxyHKY
CEMaHTUKO-CHHTaKCUYHUX KpUTEpiiB A 3agaHoi
mapu W ta W'
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I.  TloOymyBaTm Kepyroui MpocTOpu €S Ta Cs'
JUIi pedeHb S Ta s 3a JIOTIOMOTOIO
AJITOPUTMY 3aIPONIOHOBAHOTO B [5].

Il. BwusHaumtu nABiMiKy two Ta Tpiiiky three,
SIKIIIO BOHHU iICHYIOTH, TaKi IO :
a) two in cs, three in cs
0) W BXOJUTH SIK KOMITIOHEHT B two i three
I1l.  Busmaunté nBiliKy two' Ta TpilKy three',
AKILO BOHU iICHYIOTb, TaKi IO :
a) two' in cs', three' in cs'
0) W' BXOJHTH K KOMIIOHEHT B two' i three'
IV.  OOunciouTy GiHaApHUN KPUTEPIi:

1, sxmo two.type= two'.type
0, iHakme

V. OOpaxyBaTu HaTypaldbHO3Ha4YHI KpHUTEpil Ha
OCHOBI  orpumanoi  iHdopmamii  Ta
3HAXO/KEHHS CEMAaHTUYHOI BIJACTaHI MIXK
cioBamu 1o oxrosorii WordNet[6].

two.first Ta two"first

two.second Ta two'.second

three.first Ta three'.first

three.second Ta three'.second

. three.third Ta three'.third

VI.  3naiitu amilficHO3Ha4HI KpUTepii BXKUBAHOCTI
aHTELEICHTa B KOHTEKCTI aHadopu 3a
JIOTIOMOT'OI0 3aIIMTIB /10 TEH30PHOI Mozei
3a HACTYITHUMHU BEKTOPAMHU:

1. SIkwmo two'first = w',
To (W, two'.second)
iHakme (two'.first, w)
2. Sxmo three'.first=w'
to (W, three'.second, three'.third)
iHakmre sikmio three'.two=w'
to (three.first, w, three'.third)
imaxme (three'first, three'.second, w)

Kputepiti IV € aHamoroMm  KpuUTEpiro
CHUHTaKCUYHOTO  Tapalielli3My,  OCKUIbKM  BiH
nepeBipsie, YM B OJHAKOBHHA THIT 3B’SI3Ky BXOJIUThH
aHTeleneHT Ta aHadopa.

Kpurepii V.1-5 BignosigaoTs 3a CHHTAKCHYHO-
CEMaHTUYHHN TapaiesizM Ta MepeBipsIoTh 9d CXOXKI
3a 3MICTOM CIIOBa 3HAaXOZATHCS B OJHAKOBHX
CHUHTAaKCUYHUX BIIHOLICHHSX BiHOCHO aHaopH Ta
aHTele/ICHTA.

3a gomomororo kpurepii VI.1-2 3a momnomororo
TEH30pPHOI MOJENI MOBH BH3HAYA€THCS, UM MOXKHA
BXKHUTH aHTELEJCHT B PEYEHHI 3aMicTh aHa(oOpH.
Sxmo npu 3aMiHi aHadopH aHTele/eHTa B mapi Ta
TpiHLli yTBOPIOIOTHCS CEMAaHTUYHO HE KOPPEKTHI
¢pa3u, To Taka mapa NOBUHHA OYTH BIIKUHYTA.

Takum guHOM MU chopMyBanm 8§ KpHUTEpiiB Ha
OCHOBI aHaJi3y KOHTEKCTY aHTeleAeHTa Ta aHadopH
3a JOIIOMOT'OI0 TEH30PHOI MOJIeli MOBH

agrwnE
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TpenyBanusa kiacudikaTopa MeToay
ONOPHHUX BEKTOPiB

CkoprcraeMocsi ~ HaBYaHHSAM 3  BYHTEIEM
(supervised learning). /lns maHoro THIy HaBYaHHS
HaM HEOOXiIHWI po3MiueHa TpeHyBajbHa BHOIpKa.
Ha ocHoBi  TpeHyBasibHOi  BuOipkM  Tpeba
chopMyBaTH TIO3UTHBHI Ta HETATUBHI MPUKIATN I
HaBuaHHs. s mporo obpaxyemo chopmynboBaHi
BUIIIC O3HAKW BCiX Map aHTCHEJCHTIB Ta aHadop.
Kimpkictp map B HeEraTuBHUX TMpuKiIanax Oymae
OJIM3BKOIO 0 N*M, e N — KUIBKICTh aHa(pOpHUIHHX
3aliMEHHUKIB B TPEHYBaJIbHII BUOIpIli, M — KUIbKICTh
KaHIUAATIB B aHTENeNeHTH. ToMy KiIbKIiCTh
HEraTWBHUX O3HaK OyAe 3HA4HO OuTbIIe HIXK
MO3UTUBHUX. JJIsl MPUIIBUALIICHHS! HABYAHHS MOXKHA
3MEHIIUTH  KUIBKICTh  HETaTUBHUX  MPUKJIA[IB,
BUKHWHYBIIA 3 TPEHYI0UOi BUOIpKM TapHW HETaTHBHI
napu aHTeueAeHT-aHadopa, BicTaHb MK SKHMH
OlnbIIa HIXK JesKe TOpPOroBe 3HAYCHHS, BHOpaHE
BUXOJISTYH 3 CTYTICHS 3B’ SI3HOCTI TPEHYIOYOi BHOIPKH.
Maewmo:

D={(X; ’yi)‘xi <R™Y, E{_ll}in—l

Ie X; - i-Ta ToYKa TpeHyBaJIbHOI BUOIPKH B IPOCTOPI
O3HaK,
1, AKmo TTOYK MPEACTABISIE CyMiCHY APy

Yi = 1,

1HAKIIIE

,
N — KUIBKICTh TIap B TPEHYBaJIbHIN BUOIPIIi.

B miHiliHOMYy BHMIAagKy METOIy OIOPHUX
BEKTOPIB MOBEPXHS Ma€ BUTIISA] rinep-miomuHy. [{ro
TiNepIwionMHy ~ MOXHa  3aJlaTH  HACTYNHUM
PIBHSHHSM:

w-Xx—-b=0,

Iie - — CKaJIsIpHUA T0OYTOK.

CyuacHi anropuTMH LITYYHOI'O I1HTEJEKTY HE
MIANDITM 10  TOBHOTO  PO3YMIHHS — TEKCTY.
ChopmyibOBaHUH BHILE MPOCTIP O3HAK HE €
BUKJIIOUEHHSM. ToMy Jeski TOYKHM B HPOCTOpi
MOXYTh BKa3yBaTH Ha CyMiCHY a00 HE CyMiCHY B
JeAKOMYy KOHTekcTi mapy. lle o3Hagae, 110
noOyaoBaHa Aisi kiacudikaropa TMOBEPXHS HeE
3MOJKE PO3AUTUTH MPOCTIp HA 2 YaCTHHH, B KOXKHIMH 3
aKuX OymyTh TOYKHM CBOTrO Kiacy. JlomaTkoBoro
MPOOJIEMOI0 HEPO3IIBHOCTI KJIaCiB MOXe OyTH HE
MPaBUIBHO 0OpaHMil BUJ MOBEPXHi, 10 iX PO3ALIIOE.

B Hamiomy Bumagky — 1e TrinepruromuHa. Jlns
HEPO3UTBHAX KJIaciB BHKOPHUCTOBYETHCS
MoIudiKalis alropuTMy OINOPHHX BEKTOPiB 3

M’SIKUM 3a30poM. B 1boMy BUNAJKy TpeHYBaHHS
MoJIsira€ B BHPIMICHHI HACTYIMHOI ONTHMI3aliifHO1
3aa4i:
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arg min (%Ilvvllz +C§§i)

wb.g VY poboti Oyno mpeAcTaBIEHO METOJ BUPILICHHS
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Cmamms npucesuena 00CniONHCeHHIO HenapamempuiHux Memooie kiacugikayii ma ix acumMnmomuyHux
enacmusocmeli Ha OCHOGI GUKOPUCMAHHA (DYHKYIU HANiGNpocmopoeoi ma pezpecitinoi nubuHu, ujo
BUKOPUCMOBYIOMbCA 07 NOOYOOGU JTIHIUHUX ™A HENHIUHUX PO30IN0GUX NOBEPXOHb Ceped KOHKYPYIOUUX
MHOJICUH  OQHUX. 3anponoHOBAHO NOBHICMIO HE3ANENCHUN 6I0 PO3N0Jiny nioxio, Oe O0as Minimizayii
Koegiyicnmie nOMUIK080i Kiacugixkayii 3acmocogyemvcs po3nooiibHe PO3MAULYEAHHS 0A2AMOBUMIPHUX
Odanux. Peanizosano onmumizayitinui aneopumm OJist UPIUEHHS NPoOieMU HA8HOCMI OeKiIbKOX NOKANIbHUX
MIHIMYMIG.

Kmouosi cnosa: ¢ynxyis enubunu, po30inosa 2inepniowjuna, 6anueciCoKuil Kiacu@ikamop.

Linear and quadratic classifiers are optimal Bayesian classifiers under the multivariate normal
distribution based on simple parametric surfaces, and provide effective low-field class resolution. However,
these methods are not reliable enough and sometimes are quite sensitive to extreme values and reductions in
sample. In addition, these methods may not lead to correct classification if the data correspond to a certain
distribution with heavy tails. This usually occurs when the assumption of multivariate normal distribution of
data is violated. Most non-parametric methods do not use the information about the distribution of data and
forms of dividing surface, but such flexible methods of statistical analysis for recognition problems
sometimes tend to overfitting of training data and their performance can decrease significantly in the
absence of large data sets. The article is devoted to research nonparametric classification methods and their
asymptotic properties through the use of half-space and regression depth functions that are used to build
linear and nonlinear separating surface between competing sets of data. A fully distribution free approach is
proposed where distributive location of multidimensional data is used to minimize misclassification
coefficients. An optimization algorithm was implemented for solving the problem of the presence of several
local minima.

Key Words: depth function, separating hyperplane, Bayesian classifier.

Crartio npenctaBuB A.¢).-M.H., ipod. AHiciMmoB A.B.
Beryn

Jlimitini Ta KBampatnyHi Kiacudikaropum Ha
OCHOBI TIPOCTHX MapaMETPUYHHX IIOBEPXOHb €

OLIHOK MpOEKUiiHOro BekTopa ¢, mocTiiHOi
BeIMYMHN 7 Ta cUMeTpuuHOi Marpuui M,
BUKOPHCTOBYIOYM MOMEHTH MEpIIOTO Ta IPYyroro

ONTAMANBHAMHU OaiieCciBCbKUMH Kiacu(ikatopamMu B
pamkax 0araToBHMipHOTO HOPMAIIEHOTO PO3MOILTY
Ta 3a0e31euyloTh e()eKTHBHE HU3BKOPO3MIpHE IOJie
KJIACOBOL PO3ALTBHOCTI. Onnax, BKa3aHi
Kiacu(ikaTopu HE € JOCTAaTHHO HANIMHUMH Ta €
JOCUTh YyTIMBHMH /10 €KCTPEMAJIbHUX 3HAYCHb Ta
BUKHJIIB, IO HasBHI B BuOipui nanux. lLle €
HACJIIKOM TOTO, IO JAaHi MpOLeAypu NOTPeOyIOTh

© O.A. I'ankin, 2015

nopsiaky BuOipku. KpiMm Toro, maHi METOmu MOXYTh
MIPU3BECTH JI0 HEKOPEKTHOI Kiacuikariii, Ko aaHi

BiJNOBIAalOTh TIEBHOMY PO3NOAITY 3 BaKKUMH
XBOocTaMu. Sk mpaBwio, Lie Mae Micle, KOJu
MTOPYIITYETHCS TIPUITYIIICHHS 0araToBHUMipHOTO
HOPMAJFHOTO  pO3MONITYy  JaHuUX.  burbmicTs

HEMapaMeTPUYHUX METONIB HE BHUKOPHCTOBYIOThH
iHpOpMAaIliI0 MOA0 PO3MOALTY AaHMX Ta (opmu
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pPO3AUIOBOI TIOBEPXHI, MPOTE Taki THYYKI METOIU
CTaTHCTHYHOTO aHali3y UIA 3adad po3Ii3HaBaHHS
IHOMI ~ MamTh  TCEHIEHIIO TICpECHABYaHHS  Ha
HaBUAJIBHUX JAHUX, a iX NPOAYKTUBHICTb MOXKeE
CYyTTEBO 3HM3UTHCh TIPH BIJICYTHOCTI BEIIMKHAX
MHOXXUH JIaHHX.

Y  nmaHili  cTarTi  JOCHDKYIOTBCA — JesKi
HemapaMeTpU4HI MeToqu Kiacudikarii Ha OCHOBI
KOHIIETIIII 1 GbyHKIIH HaIiBIPOCTOPOBOT Ta
perpeciiiHoi TIMOWHY, 10 BHUKOPUCTOBYIOTHCS JIJIS
moOynoBH JHIMHMX Ta HENIHIHHUX PO3AUTOBHX
IIOBEPXOHb Cepell KOHKYPYIOUMX MHOXWH JaHHX.
JocnimkyBaHi iIHCTpYyMEHTH METOAIB CTaTUCTHYHOTO
aHaizy U1 3ajJad pO3Mi3HAaBaHHA € TOBHICTIO
HE3aICKHUMHU BiX PO3MOIiTY, OCKUTBEKH
TPYHTYIOTbCS Ha (YHKIIISX HaIiBIPOCTOPOBOI Ta
perpeciitoi rmuounu. [ns miniMizamii koedimieHTiB
noMuikoBoi  knacudikanii, naHi  Kiacugikaropu
3aCTOCOBYIOTb po3moiibHe po3TanryBaHHs
OararoBuMmipHuUX JaHux. KpiM TOro, BOHH €
HE3WISKHUMH  Bin  Oymp-sSKMX  Mozenel s
OCHOBHHMX PO3IOJLIIB MHOXKHH JaHUX.

BukJiian ocHOBHOT0 MaTepiaiy

Y  OararoBuMipHOMY  TpOCTOpi  (YHKIIiS
HaIliBIPOCTOPOBOI TJIMOWHM BHU3HAYA€ 3aHYPCHHS
MEBHOTO €JIEMEHTY JaHUX BiIJTHOCHO
OararoBumipHOro  posmomiry, abo  3agaHuX
OaratoBumipHHX manux. KoHmenmiss perpeciifHoi
MMUOWHU € TOHATTAM  DIHOWHU  perpeciiHoi
BiJIIIOBITHOCTI. HaiinpocTrimumu ¢dbopmamu
PO3IUIOBUX MOBEPXOHb € TiNEPIJIOIIMHY, IO
3a0e3MeuyloTh JiHIHHY PO3IUIBHICTh MK KiIacaMH

[1].

Hami y cTarti JOCHIIKYIOTBCA TPOLEAYpH
moOynoBM  BKa3aHWX TJIMOWHHUAX  IHCTPYMEHTIB
miHiHOT  knacudikamii  Ha  OCHOBI  3amaHoi

HaBUYaJIBLHOT BUOIPKH 3 IBOMA KJIacaMH.
HamiBnpocTopoBa mmoOnHa #-BUMIpHUX TaHHUX Z
BITHOCHO 0araToBUMipHOTO po3moainy F
3HAaXOOWTHCS,  AK  MiHIMalbHa  HMOBIPHICTB
3aMKHYTOTO HaIliBOPOCTOPY, L0 MICTUTb Z, & CaMe:

Hnp.I'n.(z,F) = inf P, {S}, (1)

Je S € 3aMKHYTHM HaIiBIIPOCTOPOM, a Z€ S .
Emmnipuynuid BapianT maHoOi (QyHKUIT MMMOMHK
OTpUMaHMH NUIIXOM 3aMiHM F Ha eMIipu4Hy
¢ynkuito posnoainy £, . Emmipuuna Bepcis GyHKIT
HaMBIPOCTOPOBOI  IMMOMHM, 10 €  adiHHO-
IHBapiaHTHOIO, PIBHOMIPHO 30ira€rbcsi A0 (QyHKHii
TUOWHY, KoK F' € HeTlepepBHOIO (PYHKITIETO.
Pososmemo  BoKTTacOBY  3amady 3 OJHOMIpHHUMH
JaHUMHU. MOXXHA OUiKyBaTu, IO OUIBINICTH Pi3HHUID
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y4

. _sz , A€ z,; Ta sz HaJIC’KaTb OO ABOX PIZHUX

wiaciB st 1<i<m, rta 1<j<m,, Oymyrs maru
OJTHAKOBUM 3HAK Yy BHUIAJAKY, SKIIO KJIaCH €
edeKTUBHO po3aiieHNMH. Takuil miaxing moxe OyTu
pPO3BHHYTHH 10 0araTOBUMIpHUX BWIIAIKIiB, ¢
MO’KHA OTPUMATH JIiHiifHYy Hpoekuito @'z, ams sKoi

. . . / /
OinpiicTe pi3HULL @ Z; —PZ,;  OyayTh Matd
onHakoBUH 3Hak. lle Mae Micue nuine y BHIAIKY,
KON J1BA KJIAaCH MOXYThb Oyrn  edeKTHBHO

pPO3MINEHNMH 3a JIOTIOMOTOI0 JIHIHHOT PO3AiTEHOT

Gynkii [2].
Mu Oynemo oriHoBatd ¥, MiHIMI3yHO4H

@, () =——Y Y Az, -2,)>0, ()

1""%2 =1 j=1
ne m=(m;,m,) € BEKTOPOM PO3MipiB BHOIpKH s
3amaua Makcumizamii Moxe OyrH

IBOX KJIACIB.
oOMexeHa Ha MHOYKMHI {(PIH(P":I} , 0 € 3a7a4er0
MakcHUMi3aIlii Ha CKiHYeHHIN BHOIpIi. 3ayBakumo,
IO OL[iHEeHa JIiHiiHA MPOEKLisl € OPTOrOHAIBHOIO JI0
riNepmjomyHY, II0 BH3HAYa€ HamiBIPOCTOPOBY
[MMOWHY KOOPJHMHAT BiTHOCHO JaHWX, YTBOPEHUX
pi3HUIIMU Zy; —Z; B r-BUMipHOMY TpocTopi. [lana
y3arajibHeHa HesMmimena craructuka PD,(Q) €
MIpoI0 JiHIHHOT PO3AIIBHOCTI MiX JBOMa KiIacaMH
B3JIOBX HampsMKy ¢, a ii mMakcuMaiabHEe 3HAYCHHS
Cepell  pPI3HMX MOXKIMBMX 3HAY€Hb ¢  MOXKE
po3rsaaTucs, AK OaratoBuUMipHa MOJIETb
OJTHOMIpHOT HE3MIIIIEHO1 CTaTUCTUKK MaHHa- YiTHi.
Maxkcumizyroua ouinka P, (@), nosmauena sk
(ﬁw MOXe OyTM BHKOpHUCTaHa i MOOYIOBU

JMiHIAHOTO KIacudikaTopa @ 74y =( W ACAKOI
Hunp

BIJIMOBIIHO BHOpaHOi mocTiiHol Bennuuan 7 . Crin
3ayBaKUTH, III0 TMPABWIO KiIacHpikailii, a omke 1
BIJIMOBiTHI WMOBIPHOCTI TOMMWJIKOBOI Kiachikarii
3aJeXaTh BiJ BHOOPY ITi€l MOCTIIHOT BENMYHHN.
ITicaa 3HAXOMKEHHS OLIHKUA @np R ?_’,mp MOXKE
OyTH OTpHMaHa NUIIXOM MiHimi3amii BigHOCHO 7V
CepeIHbOT TMOMWIJIKMA IOMIJIKOBOI  Kilacudikarii

Y. (@ .7), mo 3amaeThcs BUpa3oM

m

\Pmﬁ%? :7)2%2%571'21 +y<0}+

1 i=l1

+ 22 NG,z + 7> 0},

m2 i=1

3)

ne p, Ta p, € anpiOpHUMH HMOBIPHOCTSIMH JUIS
JIBOX KJIACIB.

OyHKIliE  perpeciiHOi  MMOWHM  BH3HAYae
IMOWHY 3aHYpeHHs [aHUX, [0 BHU3HAYAETHCS 3a
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JIOTIOMOTOI0 BeKTOpa KoedilieHTiB @, = (¢,7)e R
B JIHIAHIA  perpeciiiHiii  cTpykTypi. Maroun
MHOKHHY JaHHX

A, =z, =(z,,2,,2,), 5} i=12,....m]
€JIEMEHTIB Oyzne
He3aHypeHHsM J0 A, Tomi i TUIBKK TOMi, SKIIO
icHye Taka adiHHA TIEPIUIONMHA S B Z-TIPOCTOPI,
0 KONeH Z; He HaleKuTb A0 S, a ocTaui

3 m JaHWX, BeIW4YUHA @,

Y, —@.(z,,1) € Bci nomatHi B OMHOMY BiIKpHTOMY
HamiBopocTopi (T06TO, OmHA CcTOpoHAa S) B Z-
MpOCTOpi Ta BCi BiI’€MHI B JOMOBHEHHI BIIKPUTOTO
HamiBIpocTopy (To0TO, iHIIA cTopoHa S ). OyHKIisA
perpeciiiHoi NIMOWHU 3aHYPEHHS (p, BU3HAYAETBHCA,

SIK MIHIMaJIbHE YUCJIO €JIEMEHTIB JaHMX, 1110 OBUHHI
OyTu BUIAJEH] JUIA IepeTBOPEHHsI ii B He3aHYpPEeHHs
[3].

Takuit migxim perpeciiinoi mmOwWHNM OyB
BUKOPUCTAHUHU ISl ABOKJIACOBUX 3a7ad B KOHTEKCTI
OiHapHoi perpecii s moOymoBM — JiHIHHHUX
kiacugikaropiB [4]. BukopucToByloun MITKH Kiacy
0 abo 1, sx 3HayeHHsd 3ajJe)KHOI 3MIHHOI Y Ta
nocmimkyroun  Hesanypenns @, =(0,0,...,0,0.7)
BeIMuMHA ¢, Oyne HesaHypeHHsM g0 A, Tomi i
TITBKK TOMI, SIKIIO ICHYE TimepruiomuHa S B Z-
MPOCTOpi, IO TOBHICTIO PO3IAUIIE AaHi 3 IBOX
kjmaciB.  SIk  pe3ymbrar, perpeciiiHa mmbOuHA
He3aHypeHHS @, posrmsgarucs, 5K
MiHIMaJbHE YHCIO TTOMUJIKOBO Kiacu(]piKoBaHHX
JMAHUX, 10 MOXe OYTH MOCSITHYTO 3a JIOTIOMOTOIO
PO3/1I0BOI THIIEPIUIOMIMHE § B Z-IIPOCTOPI.

MOXKEC

OckinbKd B CIEIiai30BaHil JiiTepaTypi Oyi0
JOCHIJDKEHO JIMINE 3a/ady BHU3HAUCHHS PO3ZUIOBOL
TINEPIUIONIMHY  [IUISIXOM  MiHIMi3allii 3araJbHOTO
YUCclla TOMMJIKOBO Kiacu(iKoBaHWX MJaHUX [5],
MOYKHA CTBEpIKYBATH, 110 JIHIMHUI Knacudikarop €
EMIIIPUYHO ONTUMAalbHUM, KOJIU JBa KOHKYPYIOUHX
KJJacH  MaloTh  anpiopHi  WMOBIPHOCTI, IO
MIPOTIOPIIiiHI iX po3mipam Bubipkm. Ha mpaxTuir
HEOOXiTHO KOPEKTHO HaJlalUTyBaTH Barw JJIsl Pi3HUX
JaHMUX Ta BU3HAYUTH BUBAXEHY pErpeciiHy rMHUOUHY
3aHypeHHS ., SK MiHIMaJbHE 4YHCJIO Bar, IO
MOBHHHI OyTH BUAAJCHI Ui TIEPETBOPEHHS ii B
He3aHypeHHs. Tofi, BUBaKeHa perpeciiiHa rmmorHa B
KIHIIEBOMY TIJCYMKY CTa€ CepeAHbOI0 WMOBIPHICTIO
MOMWJIKOBOi  KiacuGikamii, Mo Mae HaCTyIHUH
BUTJISIA:

¥, (9.7) =%ZA{¢’ZU +y<0}+
| =l

”, 4)
+&ZA{¢’z2i +y>0L.

2 i=l
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Minimizauis ¥, (9,7) BigHocHo ¢ Ta 7
J03BONAE OTPUMATH OWIHKA Py T2 Vyep, IO

BH3HAYAIOTh  PO3JUIOBY  TINEPIUIOMIUHY
BUKOPUCTaHHA B 3a7a4yax KiacuQikariii.

MiHIMI3ail MOXKE Oytu
{(@,7):[(@.7)|=1} . Takox moxua nepeiputn, mo

TS
3agaua
oOMeKeHa bi (o)

MinHimizauia ¥, (9, %) BusBngeTbes onTUMIzaLiiiHO0O
3a7a4yel0 Ha CKIHYEHHIII MHOKHHI.

Kpim Toro, Oymo mocmimpkeHo ToW (DaKT, IO
OLlIHKA MAaKCHMaJIbHOi HMOBipHOCTI B  3ajaui
JIOTICTUYHOI perpecii iCHye JHIIe TOIi, KOIU € NesKi
30ird B KOBapiaTHBHOMY IIPOCTOpPI MiX HTaHWUMH 3
JIBOX KJIaciB, IO BiamoBifgaroTh 3HaueHHsM 0 Ta 1

3aJeXHol  3MiHHOI. Y  BHOagkax  aOCOJIOTHOI
pO3MIMBHOCTI HE  iCHYE€  CKIHYCHHOI  OIIHKH
MaKCUMAaJIbHOT WMOBIPHOCTI I BEKTOpa

perpeciitHux koedirieHTiB @, . SIKmo maHi 3 ABOX
KJIACIB € TOBHICTIO PO3/UILHUMH, MOXKHA TIOOQUUTH,
10 (Ppecy » ¥ peep ) € MiHIMIZYIOUOIO OLiHKOKO ¥, (0,7)
TOMi i Tinbky TOmi, Komu @, Makcumizye P, (@), a

ToMy @, € TaKOK P, .

Y BUMajKy, KOIM MEXi Kiacy € JOCHTh
CKIIAIHUMH, JiHIMHI Kiacudikatopu MOXYTh OYyTH
HEJOIUIBHUMU JUII BUKOPUCTaHHsS. B Takomy pasi,
JUIS  PO3PI3HEHHS MDK KOHKYPYIOUMMH KJIacaMu
HEOOXiHA 3aJIeXKHICTh BiJ HEMIHIHHUX pPO3IIIOBHX
MoBepXOHb. J1J1sl MOOYNOBU TaKMX TIOBEPXOHb, MOXKHA
cripoexTyBatu maHi  Z; =(Zz;,Zi,.-»Zy) B IIPOCTIp
OLITBIIT BHCOKOI PO3MIPHOCTI IS OTPUMAHHS HOBOTO
BEKTOpa BUMIPIOBaHUX BEJINYHMH
t, =(w(z),@,(z),....,0,(z;)) Ta BUKOHATH JiHiiHY
KJIaCU(IKaIliIo B /~-BUMIPHOMY IPOCTOPI.

SKmo MM MPOEKTyeMO JaHi B IPOCTIp
KBaJ[paTUYHUX (QYHKIIIH, 116 MOXe PO3TIAJATUCS, SIK

)

r
= BUMIPIOBaHUMH

2)

BEIMYMHAMH, SIKi B KIHIEBOMY HiJICYMKY MPHU3BOISATD

10 KBAJPaTHYHOTO PO3JIUICHHS B ITOYaTKOBOMY /-

BHMIpHOMY TIpocTOpi. Benmmunan

1 nmy o my

ninHifiHa knacudikanis 3 [ =7+

P, (9)= Y ) A9’ (4,-1,)>00  (5)
mm, imr =1
Ta
¥, (0.0 =1 ) Al +y <)+
1 i=1
. ©)
+&ZA{¢”% +7>0!
2 =l
MOXYTb OyTM ONTHMI30BaHi Ml OTPUMAHHA
BIAIIOBITHUX OLIIHOK (' Ta 7, K1
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BUKOPUCTOBYIOTECS Ui (POPMYBAHHS PO3ZILIOBOI
MTOBEPXHI B IBOKJIACOBIH 3a1adi.

Tpaauuifini JTiHIMHI Ta KBagpaTHYHI METOAU
CTaTUCTUYHOTO aHami3y Uil 3ajJad pO3IMi3HaBaHHA
TOJIOBHUM YHHOM MOTHBOBaHI 0araToBHMipHUMH
HOpPMaJBLHUMH pPO3MOoAUIaMu. B mBOKIacoBii 3amadi
JiHiliHA po3aiioBa (YHKIiS HA OCHOBI MOMEHTY
TICHO ITOB's3aHa 3 BiAcTaHHIO MaxanaHo0ica, 1o €
JOCHUTh YYTJIMBOIO /IO MOXIMBHUX  BHUKHIIB,
NPUCYTHIX B JaHHUX. 3 IHIIOT CTOPOHH, HE3aJIeKHI Bij
po3moxminy THOWHHI KiacupikaTopu € TOCHUTH
CTIHKMMH I10 BiTHOIIICHHIO JT0 BUKUIIB [6].

Teopema 1. IIpunycrumo, mo #,(z)=c(z—§;),
ne i=(1,2) nna gesxux mapamerpis Jokamizamii &
Ta 3arajgbHOl EIINTUYHO-CUMETPHYHOI  (YyHKIIT
IIBHOCTI €, IO 3a0BOJIbHAE yMOBY C(kz)2c(2)
U1l KokHOTO Z Ta O0<k<1. YV manoMmy BUIAAKY,
¢yHKIii mineHOCTI A, Ta A, JBOX KOHKYPYIOUHX
KJIaciB € eNNTUYHO-CUMETPUYHUMH i3 3arajbHOI0
MaTpHLEIO PO3CIIOBaHHS X .

[Ipunyckarouu, 1o amnpiopHi HMOBIPHOCTI ABOX
KOHKYPYIOUHX KJIaciB JaHUX € PIBHUMH, MH MOKEMO
CTBEPILKYBATH, LIO:

(@) p=E"'(¢,—€,) € MAKCUMI3YIOUOIO OIiHKOIO
d(@) > @ TAKOK MIHIMATBHOIO OUIHKOIO P(¢,y) NPH
HaJIOKHOMY BUOOpIi 3HaueHHs 7V ;

(0) icHye onTUMaNbHUM JIiHIWHUE OaileciBChKUN
Kiacudikarop.

JoBenenns. (a) XapakTepuCTUYHUMHU
GyHKLIIsIME ~ po3monily € QyHKUii HACTYIMHOTO
BUIILLY:

0, (k) =" a(K=K) (7)
Ta
0, (k) =" a(KEK) (8)

OCKUTBKM PO3MOAUIA MAafOTh 3arajlbHy MAaTpPHITIO
pO3CitOBaHHA E Ta CHUIbHY €TINTHYHO-CUMETPUYHY
¢dopmMy 3 mapamerpamu JoKamizauii £ Ta £,,a & €

ACAKOI0 3arajibHOX0 CKAJIAPHOIO (I)YHKLIi(lIO.

Buznauarouu
X=¢/{ (Zl _Zz)_(gl _82)} /((p,E(D)UZ ) (9)
ne Zy=h ta Z,=h,, MoxnHa mn00auYUTH, IO
XapakTepucTH4YHa (QYHKIsS X  3aaeTbes, K
0, (k) ={a(x™)} * . Ockinkm posmomin X €

CHMETPUYHAM BIJHOCHO HYJS Ta HE3aJISKHHHA Bif

TaKUX T[apaMeTpiB MHOXWHHM, AK € Ta &,

P{¢'(Z, - Z,)>0] moxe OyTH BUpaXeHa, K
Plo (2 -2>0) = [l9e e I0=0] "f 0)
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ne Fy e xymynsaTuBHOIO QyHKUi€ posnoaity X . B
P{9(Z,-2,)>0}

MakKCHUMAaJbHE 3HAYEHHS IS Aesikoro @, sxmio made

pe3ynbTari, MaTuMe

¢ makcumizye | @'(e, —€,)}’ /@E¢ . Ile o3nauae, mo
P=E"(g —¢,) € makcumizyrouoro oninkoro (@) .

(6) ®ynkmii mineHOCTI #4 Ta h, MOXyTh OyTH
BUpaXEHi, K

h)=V, g " @{(z-e)E (z-€)}  (10)
Ta

h) =V g P a{(z-e)E 2 -}, D
0 € pe3yabTaToM CJNTHYHOI CcHUMeTpil 3

JIOKAJTi3aliiHUM  3CYBOM, Ji¢ € € MOHOTOHHO

criagHoto (yHKiielo Ha [0,%0) ) a V, - mocTiitHOIO
BEJIMYUHOK, 10 3aJIS)KHUTh BiJ PO3MIPHOCTI 7.
OnrtumansHe OaiieciBcbke MpaBUIIO Kiacugikye naHi
IO TIEPTOIIO KJIacy TOI 1 TUTBKH TOI, SKIIIO
s=—1

h(z)zh(z)=(z—€)E (z—¢€)<

<(z-&)E'(z-¢,) &
(z-&)E"(z-¢,) 12)

Ir .,

o —_—1
S (g,-8)E 225[81 E7g -8 g,
Jlanuii pe3ynmbTaT Ma€ MicIe y BHMAIKy PiBHHX
anpiopHux #MoBipHOCcTeil. OTxKe, ONTUMAIBLHUMN
THIMHA] KJacugikarop € OalieciBCbKUM
knacudikatopom, a @ =27 (€, —€,) - MiHIMi3y0U0I0
ouinkoro ¥(¢,7) npu manexnomy BubOpi 3HAYEHHS

V.

Teopema 2. Hexail mineHocTi # T1a A
HaJekarh N0 KIacy 3 eJINTHYHO-CUMETPHYHUM
0araToBUMipHUM HOPMAaJIBHUM PO3IIOJIIOM, a TAKOK
BOHM MAalOTh OJHAaKOBY (OpPMY, 3a BHHSITKOM,

MOJMJIMBO, IX TapaMeTpiB JIOKami3allii Ta pPO3KULIY.

Tomi, CepeHii koeimieHT HOMMJIKOBOIL
kracudikamii  KBaIpaTHIHOTO Kiacuikaropa,
noOyJOBaHOTO 3  BHKOPHCTAaHHAM  perpeciiiHoi

DIMOMHU 301ra€Thcs OO0 ONTUMANIBHOI OaleCciBChKOI
TTOMIJIKH, a KBaJApaTHIHUN KiacudikaTtop 30iraeTscs
Mai’)ke HAleBHO 0 ONTHUMAJILHOrO 0OaieciBChKOro
knacugikaropa, KOIM PO3Mip HaBYaNbHOI BHOIpKH
OPSAMYE€ 10 HECKIHYEHHOCTI.

JloBeneHHsl. Yy BUIIAJIKY, KOJIN Ba
KOHKYPYIOUMX  PO3IMOJIIA MHOXHH JaHUX €
0araTOBUMIpHUMH HOPMAIBFHUMH PO3MOMUTAMH 3
napameTpaMu Jiakajizamii Ta poscitoBanus (€,Z,)

ta (&,%,) 5
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ph(2)> p,h(2) & 0araToBUMipHOTO HOPMaJILHOTO po3noaiTy

1 -
-2 () '(z-g)
e

< pE 13
o 12 e E e (13)
>p,|[E,l e
S(z-6)E N (z-€)-(z—€)E'(z—¢) >V,
- |12 \
ne V =2log %i
J2! |:'2| 7
OCKUIbKH JIOCTaTHLO ITOKAa3aTH, 110
ONTHMAIbHAN  KBaJpaTHYHHK  Kiacudikatop €

VHIKaJbHUM OalleciBCbKUM  KiacudikatopoMm 3a
3aJ]aHUX YMOB, MH OTPHMaJH, [0 ONTHMAIIbHE
OalieciBcbke ~ MpaBWIO €  YHIKAIBHUM  Ta
KBaJpaTHUYHUM [7].

WmosipuictHa Qyskumis mimeHOCTI  A(2) -
BUAMIPHOTO  ©TITAYHO-CUMETPHYHOIO ~ 0araToOBUMIpHOTO
HOPMAJIBHOTO PO3MOALTY 3aIa€ThCS, K

W)=V, [ gt u e E ey, (19
ae U>0, U>r/2, V.=(puw)" *IU)/IU-r/2), a
€ T1a X € mapaMerpamMu JOKamizamii Ta
po3citoBaHHs,  BigmoBimHo. Jlami  mpoBememMo
JOCIIIDKEHHS. JTBOX OJJHAKOBOI (DOPMH eINiMTHIHO-
CUMETPUYHUX 0araToBUMIpHUX HOpPMaJIbHUX
PO3IIOIIIIB 32 BUHIATKOM iX MapameTpiB JIOKasizaril
Ta PO3CiIOBaHHSI.

IIpunycTnmo, mo ¢ € mapamMeTpom JIOKaITi3artii,

—
C)
—

a E - MaTpHIE0 pPO3CIIOBaHHA i -1 (j=1,2)
1
MHOXWHH JaHHX, & € il alpiopHOIO HMOBIPHICTO.
1
Tomni, Mae MicIie HACTYITHA HEPIBHICTD:

ph(z)>ph(2) &

|—1/2

- -1 7r=—] nd
<=>p||:‘1 {1+,u (z-€)E, (2_81)} >

spf 1+ C-e)E )]

L (z-e )5 (c-e) | [
-l I /:]4 : >n i n= : 2-1/2 (15)
I+u7(z-6) &, (z-¢) p1|31|
_-1
,Ll+(Z—£1)/L] (Z—EI) i
——1 0
U+(z-€)E) (z-¢)
——1 ——
S (z-€)E (z—¢)-n)(z-€,) 5, (z-¢€,)— (n, - u <0.
B pesymbrari, onTtuManpHe ~— Oal€ciBChbKe
NpaBWIO Ma€ BJIACTHBICTh YHIKaJbHOCTI Ta €

KBaJIpaTUYHUM  KJIacH(]iKaTOpOM, OCKIJIbKH JIiBa
YaCTHHA Ii€] HEPIBHOCTI € KBaAPATHYHOI (QYHKITIEIO
BiI Z.

3ayBa)KMMO, 10 HMOBIpHICTHA (YHKIIis
IIJIBHOCTI  7-BUMIPHOTO €JiNTHYHO-CUMETPUYHOTO

3a/1a€ThCA, K
h(z)=(pw)”""* LU/ WU —r/2)|g] " s
X1 +/1"1(z <€) El(z )Y, (16)
ne € Ta & € mapameTpaMu JIOKami3aiii Ta po3Kuay,
u>0 aU>r/2. . Komu U=(u+r)/2 a M enimum
YUCIIOM,  BIJIMOBIAHWUH  PO3MOMIT €  TaKOXK
0araTOBUMIpHMM  {-pO3MOAUIOM 3  (YHKIIIEIO
minpHOCcTi M. K yacTKOBUM BUNAZOK, Ma€ MicLe
GararoumipHuii posnosin Komi, komn 4 =1,

Pe3yabTaTH NPAKTHYHHX €KCIIEPUMEHTIB
Maxkcnmizauis ¢ (¢) MOxe Oyru 3BeieHa 10 ¢
3 |@|=1, a minimisauis ¥(@.7) - m0 (@) 3

[(e.n|=1. 1o
O0OYMCITIOBAJILHOT CKJIQJHOCTI IIBHJIKO 3pPOCTa€ 3
posmipuictio /, Touna ontumizaiis P, () Ta

BpaxoByroun e, MOPSATIOK

Y, (9,7) He Moxe OyTH 3aCTOCOBAHOIO 3a 3a1ay
BEJIUKOI PO3MIPHOCTI, TOMY MOXXHA BHKOHYBaTH
JIATIE TPUOJTN3HY OTITHMI3aIlito.

B MIPaKTHYHIX EKCTIepUMEHax Oyio
3aCTOCOBAHO MiJXiM, J€ IHAUKATOpHI (YHKIi, 10

¢birypytors  y Bupazax mi P, Ta ¥,
alpOKCHUMYIOThCS 3@ JIONIOMOTOI0  BIJIMOBIAHO
BH3HAYECHUX GbyHKIINA 3TNIAKyBaHHS.

BukopucToByroun BKasaHy —anpoKcHUMaIlio, Oyro
BUKOPHUCTaHO TIOXiZHI JUIi BU3HAYCHHS HAIPSIMKY
HalmBUAIOTO TigHdoMy, a00 CIycKy WiJbOBOi
¢hyHkmii, Ky HE0OXimHO onTuMizyBatH. JloricTrmaHa
byukuis 1/(1+e™) 3 BemukuM gomatHiM K €
anpoKCHMAILi€ro ISt inauKaTopHoi Gpyrkuii A(z > 0)

3po3yMinio, M0 HEAOCTATHHO BEIIMKE 3HAYCHHS
K mpusBele A0 HETOYHOI ampokcumarii. OmHak,
Iy’K€ BEJIHMKE 3HAUYCHHS K MpHU3BEAC J0 J0CTaTHHO
TOYHOI anpoKCUMAIlil, OJJHAK YHCJIOBAa ONTHUMI3allis
Ha OCHOBI HAWIIBHUIIIIOTO TiaiioMy, abo cIrycky Oyme
YUCENHHO HECTIHKOI. BCTaHOBIIEHO, IO BHCOKHI
KOC(IIIEHT YMCEIBHOI CTIHKOCTI B ONTUMI3AI[iTHOMY
ITOPUTMI MOXe OYTHM OTpUMAaHWU HaBiTh AJSI TyXKe
BEITUKOro 3HadeHHS !. lle cramo MOXIMBAM IIpH

YMOBi, KONMM BCi BHMIpPIOBaHI BEITWIHMHH OyIH
HOpPMaJi30BaHMMHU [0 Tporecy ampokcumamii. Ha
OCHOBI MIPAKTUYHHUX EKCTIEpUMEHTIB Oyimo
BCTAHOBIICHO, IO SKIIO BUKOPUCTOBYETHCS 3HAYCHHS
10< k<15 TTiCTIst porecy HOpMAaJTi3amii
BUMIPIOBaHMX  BEJIMYHMH, CEpelHi KOeQilieHTH
NOMUIIKOBOT  Kiacudikamii A7 OTpUMaHHX

QITOPUTMIB 3aJIUIIAIOTHCS MakKe OJHAKOBUMH Ta
JIOCTaTHbO MaluMHU. B pesynmeraTi, Oyam BUBeIEHI
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HaANOLTBII PUHHATHI 3HAYEHHS, OTPUMaHI B IIbOMY
Jliama3oHi.

B n#BoBUMipHOMY BHIAAKY Uil  JHHIMHHX
METOMIB  CTATHCTUYHOTO  aHami3y Juid  3aj1a4
po3mi3HaBaHHs, Ja¢ TouHe Bu3HauyeHus P, (@) Ta
¥, (9,7) € [ocurh NpOCTHM, Oy10 IOpPIBHAHO
e(PEKTUBHICTh TOYHUX Ta HAOMKEHUX TIMOUHHHMX
METOMIB KiacuQikalii, a Tako)Xk BCTaHOBIEHO, IO
BOHH JIOCSTAlOTh MPAKTUYHO OJHAKOBHX CEPEIHIX
KOeQiIli€HTIB IIOMIIIKOBOI Kiacudikarrii.

[MounHarou 3 Pi3HUX BHIAJKOBUX MOYATKOBHX

JAaHUX, HAONVDKEHI peamizamii  ONTUMI3aliiHUX
aJTOPUTMIB BHKOHYBAIMCA JACKIIbKAa paziB g
BUpIMIEHHS  TpoOJeMH  MOXJIIMBOI ~ HAaBHOCTI

JEKUIBKOX JIOKAJIbHUX MiHIMYMiB.
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CTOCOBHO 3acTOCyBaHHS Kiacudikatopa Ha
OCHOBI HaiBMPOCTOPOBOI IMMOWHY, HEOOXiAHO OYI0
OIIHUTU 7 3 HABYAIHGHOI BUOIPKH MIiCHs OIiHKA P
Lle Oyno peanizoBaHO B pe3ylbTaTi MepepaxyBaHHS
MOPSIIKOBUX ~ CTATHCTHK — CIHPOCKTOBAaHUX  JIAHUX
Pupti Ta Pyt (1Sis<m, 1<j<m,) ysznoex
OILIIHEHOTO HANPAMKY @, . By0 3p0GreHO BHCHOBOK, 1110
00YHCITIOBAJIBHA CKJIAIHICTh MPH OTPUMAaHHI OIIHKH
7., HE 301IBIIYETHCS 3 PO3MIPHICTIO ; Y pe3yiabTaTi

BHUKOPUCTAHHSA JTIHIMHUX MPOEKIIIH.
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OTpumanHs omiHkM obJjacti cridkocTi
MOJIOKEHHsI PIBHOBaru Mojesi nomyJsaunii 3
micJasiaicro

Obtaining the estimation of the stability area
of equilibrium in the model of population
with aftereffect

KuiBchkuit HanlioHATFHUHN YHIBEPCUTET IMEHI

Tapaca lllesuenka, 03680, m. Kuis, np.-T. Taras Shevchenko National University of Kyiv,
Fnyn_mOBa, 4n, _ 03680, Kyiv, Glushkova av., 4d,
e-mail: ngarkusha@gmail.com e-mail: ngarkusha@gmail.com

Y cmammi docnioocytombcs nonodcenns pisHogacu mooeni nonyaayii 3 3anizneHuam. Pozensoaemves
cucmema Ougepenyianvhux pieHAHb I3 3aNi3HEHHAM. J[oCniOdceHHs OUHAMIKU NPOBOOUMBC 3
BUKOPUCTHAHHAM JiHeapu3ayii cucmemu 8 OKoauyi HeHynvboguu ocobausoi mouxu. Iloxazano, wo ocobnusa
MOYKA ACUMNMOMUYHO CIILKA.

Kuwouosi  cnosa: mamemamuuna moodenv, OUHAMIYHA cucmemd, OuepeHyianbhi piGHAHHS,
3aNi3HI0BAHHA.

The article investigates the equilibrium population models with delay. The system of differential equations
with delay is investigated. Nonlinear right part is described by the variables that determine the dependence
of the density of the populations of the victim and predator, respectively, rate of breeding populations of
victims in the absence of predators, the specific rate of consumption of predator population offerings at unit
density, natural mortality predator ratio processing consumed predator biomass victim of its own biomass
and others. Two special points system are identified. The first point corresponds to the absence of
populations. The second special point corresponds to sustainable regime. Research of dynamics is conducted
using linearization system in a neighborhood of nonzero singular point. The characteristic equation are
constructed. Showing that particular point asymptotically stable. Guaranteed region of asymptotic stability
assessment equilibrium is computed using the second method of Lyapunov. Region asymptotic stability of
equilibrium nonlinear system is calculated using a quadratic Lyapunov function constructed for the linear
system. In system the delayed derivative is measured using the provided B.S. Razumyhyn.

Key words: mathematical model, dynamic system, differential equations, delay.

Crartio npeacrasus A.¢.-M.H, mpod. Xycainos . 5.
CMEpTHICTh XIKaka, Koe]illieHT mepepoOoKu
s crarTs € MpOJOBKEHHSIM JIOCII/IKEHb CHOXKHTOI XIDKAKOM OioMacH XEepTBH Y BIIACHY
TUHAMIKK TIOBEIIHKM MOJeNi TOMyIsmii 3 Oiomacy Ta iH.
3ami3HeHHsAM, po3nodvara B [5,6]. JocmimkeHHs 3
PO3pOOKM MaTeMaTUYHUX MOJIeNIeH JTUHAMIKH
MOMYJISIIA TpoBoAMIHCS B poboTax depxroibcra
I1., Jlotku A. [1], Basukina A.J1.[3], Boabrepa B.
[4], CmiTa JTx. [5], Konmoroposa A.H. [10]. Byno ] ax(t)
CKIIaJIeH0  pAd  MaTeMaTH4YHUX  Mojeseit X(t)=
B3aEMOJIOUMX  MOMYJAII  THIY — «XHKaK-

OnHa 3 Mojelnei omucyBanacsi CHCTEMOIO
JIBOX JUQepeHIiaTbHuX PiBHSHB 0e3
3aITi3HIOBaHHS

t)—bya)}x(t),

N + x(

xKeprBay. BoHM  ManM  BUITIAL  CHUCTEM y(t) = —[C — dX(t )]y(t) (1)
mdepeHIialbHUX PIBHSIHD 3 HENIHIHHOI MPaBoIo

YaCTUHOIO 31 3MIHHHUMH, BU3HAYAJIbHUMU TyTa— LIBUKICTD PO3MHOKCHHA HOHyHﬁHﬁ
3aJIeKHICTh IIUIBHOCTI TOMYJSIiA XKEepTBH 1 KEPTBM Yy BIACYTHOCTI Xmkaka, b— mmroma
XIKaKa, BINMOBIHO, MIBUAKICTH PO3MHOMXKEHHS MIBUJIKICTh ~ CIIOXKHMBAHHS  TOMYJISAIIT  XM)Kaka
MOMYJISIIIIT )KEPTBH Y BiJICYTHOCTI X¥KaKa, TUTOMY KEPTBM MPH  OJAWHWYHIN  mmbHOCTI, C-—
IIBUJIKICTh CIIO’KMBaHHS TOMYJAIEI0 XMKaKa [PUPOJIHA CMEPTHICTH Xmkaka, d/b— koedimient

XKEPTBH MPH OAMHUYHIN LIUIBHOCTI, NPUPOIHY
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TepepoOKH CITOKHUTOI XFDKAaKOM 0ioMacH >KepTBU
y BiacHy Oiomacy, N — MakcHUMaJbHY KiJIbKiCTb
TIOTYJISAMI{ KEPTBU.

Y poborax [5,6] Oyno 3amponoHOBaHO
PO3IJISIHYTH BIUIMB 3alli3HIOBaHHS, 00YMOBJICHHIA
gacoM fo3piBaHHSA ocobuH. JlndepeHmiambHi
piBHsHHSA (1) B IbOMY BUMAIKy MaJId BUTJISA]

%(t) = [ ax(t ) i by(t - r)}x(t)v

N+x(t-7)
J0)="le-at-ohe). @

Cucrema piBHIHB (2) Ma€ Ti K IOJIOKCHHS
piBHOBaru, 1o i cuctema 0e3 3amizHroBaHHs (1).
JochimkeHHss ~ OWHAMIKA —~ TPOBOAWIOCA 3
BUKOPDHCTAHHSAM  JIIHIHHOTO  HaONMKEHHS B
OKOJIMIII KOXKHOT 3 0COONMMBHX TOYOK. OcoOIMBHX
TO4OK AB1. Humu €

ac
b(Nd +c)

CraiioHapHi TOYKHM BU3HAYAIOThCS 13 CHCTEMHU

{ ax(t) )_by(t)}x(t)zo, ~[e-dxt)ly(t)=o.

N + x(t

0(0,0). O,(%,¥,): x, =§’ Y=

Humu 6ynyTh

C ac
M =— = .
0(0,0), M(x,y1), % q’ Y1 b(Nd +¢)
[lepma ocobauBa TOUKa O(0,0) HE TPEJICTABIISIE

iHTEpecy. Bona BIIIIOBiAA€ BiJICYTHOCTI
nonyJsiii. Po3risHemMo Apyry ocoOJHBY TOYKY.
Cucrema JIHIHHOTO HaOMMKEHHS B OKOJl L€l
0CO0JIMBOI TOYKH Ma€ BUTJIISA

2(t)= Az(t)+Bz(t — 7).
&

A= N+xl Y, o

—c+dx1

1 —b t
B= (N+x X y(t)
X(

- ZJ

[ligcraBuBIIM 3HAYCHHS Ol(xl, yl), OTPUMAEMO

00 b, b,
A= ' B= b, =-
00 b, 0

f—r

@)

—+

acdN
(Nd +cY’
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acd
blzz—c, blei. (4)
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TaxkyM YHMHOM, CHCTEeMa JIIHIHHOTO HAOJIMKEHHS B
OKOJNHUII ~ 0COONMBOI  TOYKM Ol(xl, yl) €
«CHCTEMOI0 3  UHMCTHM  3alli3HEHHAM». 11

XapaKTEPUCTUYHE PIBHAHHS MA€ BUTJISL
ac(dK — C)e’“’
dK

YMOBaMH aCUMITOTHYHOT CTIHKOCTI OYayTh [5]
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bi (S
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L=t || = +1| —(a+1)
’ 2dK 2dK
OCKUIBKM BHXigHA CHCTEMa HeJiHIfHA, TO

ACHMIITOTHYHA CTiHKIiCTh MOJOXKEHHS PIBHOBAaru €
JIOKaJIbHOIO, TOOTO B neskid oxomumi U 5(01)

TOYKH Ol(X1’ yl)

lapanToBany oOIliHKY 00JacTi
CTIMKOCTI  TOJIOKEHHS PiBHOBaru

ACHUMIITOTHYHOL

O,(x-)
MOXHa OOYHCIHTH, BHKOPHUCTOBYIOUH JIPYTHHA
Meron  JlsmyHoma.  PosrmsHemo  yHKIiO
JIsanyHOBa KBaApPAaTUYHOTO BUAY

x(t)

V()= 27 OHL (). 2. (t) = to)
h, h,
H:(th hZZJ

(5)
3 MIO3UTHBHO BU3HAYCHOIO MAaTPUIICIO H.

z,(t)

Oyuknito JlsmyHoBa s HENiHIMHOT CcHUCTEMH
noOy/yBaTH, B 3araJlkHOMY BHUIIAJIKY, BOXKO. Sk
mpaBuiio, Oynyroth (yHkmito JlsmyHoBa s
JiHEapu30BaHOiI CUCTEMH, a 1l TOBHY MOXiIHY
O0YHCIIOITh B CHJy HemiHiiHOI cuctemu. [lns
JHHIAHUX CHCTEM 3 3ami3HEHHIM HEOOXiTHOIO
YMOBOIO CTIHKOCTI € CTiHKiCTh IPH BiJCYTHOCTI
3aIi3HI0BaHHS, TOOTO CUCTEMU

2,(t)=(A+B)z(t)., A+B= {bﬂ bﬂ- (6)

b
OCKiNbKH XapaKTePUCTUYHE PIBHSHHS CHUCTEMH
0e3 3aIi3HIOBaHHS MAa€ BUTIISA
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BU3HAUYCHUMHU B (8), TIOBHA MOXiJHA, B CHIY
cucremi (7), TOpiBHIOE

d 2

v (2,0)= b0+ it <0
a HYJIbOBE TIOJOXKEHHS PIBHOBArM CHCTEMHU
JIHIAHOTO HAOJIVKCHHS (6) rJ100aIbHO

ACHMIITOTHYHO CTilike. Sk BUIUIMBae 3 TeopeMHu
PO CTINKICTH 32 JIHIHHMM HAOMMKEHHAM, Oyre
ACHMIITOTUYHO CTiHKMM (ajle  JIOKajJbHO) 1
HYJbOBE  TIOJOXKEHHS  BHXiZAHOI  HENiHIHHOT
«obypenoi  cucremm». OOUHCINMO  OIHKY
00J1aCTi aCUMIITOTUYHOI CTIMKOCTI.  3amumemMo
CUCTEMY, «OOypeHy» N0 cucTeMu (2) B TOHII

O,(x.y,).
Binomo, 1110 cHcTEMy 3arajbHOrO BUTIISLY
zl(t) =F (Zl(t)’ Zl(t - T))
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Ba, OTPUMAEMO

V() <2 (t)cz(t)+

dt
Z\HB\Hzl(t]mzl(t)+ z,(t - r]\]+
+2H|z,t)F(z(t), z,(t —7))— Az (t)- Bzt —7)
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Rl[zl(t), zl(t - z')] «BEKTOpa 30ypeHb»
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2H Iz ORI 0,20 -7)]
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Jlooamku nobyodosani Ha 0CHOBI 0OHOPAH20BUX MePedNC 00MO2Aiomb pPOo38 a3amu npooiemy 00CmasKu
inpopmayii 6acamvom aboHeHMmam, WiAXOM PO3NOOLICHHsL MEPEICUX HABAHMAICEHb ceped YCIX YYUACHUKIB.
IIpome i3 pocmom mepedici, makoxc 3pocmae i 3ampumka OOCMABKU OAHUX, SIKA BUHUKAE BHACAIOOK
HeONMuManbHo2o0 3 2eo2pag)iunol mouku 30py po3mauly8amHs 6y3nié 6 monoaocii. B i cmammi
3anPONOHOBAHULL HOBUL ANOPUMM ROULYKY HAUOIUdNCUUX Cycidis, a mMakKodxic MONnonoz2ia, AKa 0036075€
poodumu nodibni 3anumu, 8 0CHOSI SAKUX JIeXHCUNMb NPUHYUN NOUWYKY HAUOIUNCHUX 8 MEPENCEBOMY PO3YMIHHI
8Y3/1i6 30 OONOMO20I0 PO3NOOLIeHOI cucmemu mepedcesux Koopounam. Jlanuil nioxio 003601s€ Oinbu
eexmusHoO BUKOPUCIMOBYBAMU MepexHCesl pecypcu, 36ecmu 00 MIHIMYMY HAOIUWKO8Y 3AMPUMKY, AKA
BUHUKAE NpU nepedadi OaHUX, a MAKON’C 3HUSUMU HABAHMNANCEHHSA Mepedc IHmepHem-npogatioepis. B ceor
yepey BGUKOPUCMAHHA aAl20pUmMMYy NoOY008U MONOA0ZI] HA OCHOBI 7-8UMIDHOZ0 NPOCMOpPY HAOAE 3MOZY
8Y31aM 3HAUMU HAUOAUdICUUX CYCIOi6 3a KINbKICMb 3anumie, sKa J102apu@MIiuHO 3a1edcumsb 6i0 KilbKOCMI
8Y31i8 8 MepPexC, Wo pobums cucmemy UUOULOI, NOPIGHAHO 3 ICHYIOUUMU PO368 I3KAMU.

Knouogi crosa: oonopanzosi mepesici, ROuLyK HAuOIUdNCUux cycioie, mepesicesi KOOpOUHamu.

Applications that use peer-to-peer networks help to solve a data delivery problem to many endpoints by
distributing network load among all participants. However with network growing also a delivery data delay
increased, which occurs due to unoptimal location in geographical meaning of nodes in a topology. In this
paper proposed a new algorithm of the nearest neighbor search as well as a topology that enables these
queries that uses a principle of searching the nearest nodes in the network by using a distributed coordinate
system. This approach helps to use network resource more efficiently, decrease to a minimum unwanted
delay that appears during data dissemination, and at the same time decrease a network load for Internet
providers. Also usage of this algorithm, which is based on the 7-dimensional space, makes possible to find
nearest neighbors with a count of queries that is equal to a logarithm of the total amount of nodes in the
network and makes this system faster compared to existing solutions.

Key Words: peer-to-peer networks, nearest neighbors search, network coordinates.

CrartTio mpeAcTaBuB A.T.H., pod. [Toropimuit C. 1.

Introduction delay that appears during data transmission.

Moreover this approach is not scalable in general,

Peer-to-peer network is a promising technology
for solving data dissemination problems. Its
distributed feature makes possible to unload a
network bandwidth of a central server. While for file
transmission there are a lot of efficient existing
solutions like BitTorrent, for video streaming and
other latency dependant data this approach is still too
far away from meeting quality of experience (QoE)
criteria. Main reasons are unpredictable behaviour of
users that join and leave the network and a network

© O.B. l'opaiitayk, 2015

because the bigger size of the network, the bigger
quality impact for the end users. With a network
growth participants of the network also notice
sudden interruptions and a jitter until new data will
be available. Another possible side effect is a time
lag of the executed query in the network like
accessing key-value resource or searching another
nodes. In case of real-time peer-to-peer streaming
event like football or basketball match, users in
adjacent rooms will observe a synchronization
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problem. While in one room viewers will see a score,
in another room they will wait up to several minutes
until this event occur. These reasons make peer-to-
peer networks for real-time applications rather proof
of concepts then production ready solutions.

In this paper proposed a new distributed location
service that has a goal for the decreasing end-user
delays, which in a result improves quality of
experience. The key idea is to make things
completely distributed and thus scalable to networks
of any size. At the same time proposed schema
significantly decreases query latency by avoiding
inefficient transmitting between peers that are
located far a way from each other. It is mainly based
on an approach of finding nearest neighbours in
network meaning that is achieved by using a special
topology structure, which enables this query for
every node.

Related work

The task of finding nearest neighbours in the
network is a known problem in peer-to-peer
networks. A solution of this task is hard due to the
fact that ISP networks are connected in a different
manner with each other and even in case when users
located in the same network they can have big value
of RTT (round-trip time) compared to peers located
in other networks. This situation is typical for
cellular networks (2G-4G) as peers located in such
network will be farther between each other then with
another peer that uses a cable connection. It is also
complicated due to a huge amount of possible
distance pairs between peers and complexity of its
measurement. However the last problem is partially
solved by using King [1] tool that helps to evaluate
distance between two hosts by using recursive DNS
queries that return RTT wvalues. This tool allowed
measuring network distances between two hosts
without direct querying them. However for
answering the nearest neighbours query it still
requires an efficient data structure and n(n — 1)
“king” measurements, where n — is a number of
nodes in the network. It means that using this
approach for the problem solution requires a central
server and a query complexity grows with every new
node entrance and departure.

These problems are solved in Meridian [2]. It is a
completely distributed system that helps peers to find
nearest neighbors in a logarithm of network size
amount of queries. Meridian has its own network
topology that organizes neighbors into groups at
different distances that are exponentially increased.
Every group contains peers of a maximum possible
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observed square calculated every time new peer tries
to join it. In the proposed paper we also use an idea
of building topology, where every peer has a small
set of neighbors at different distances that helps
newcomers to find their nearest neighbors. But
instead of requesting every subset of neighbors for
retrieving distance information, here we use network
coordinates that make possible to avoid additional
operations and increases speed of the query.

Another approach is to use virtual network
coordinate systems. A key idea here is assuming that
all peers live in Euclidean space and in result every
node has it’s own coordinates in such space. There
exist two different approaches: land-marking and
distributed network coordinates. In the land-marking
case every participant of the network measures
distances to predefined nodes that are located as
farther as possible between each other. Every land-
marked node represents separate axis, thus naturally
the more predefined nodes the more accurate results
could be achieved. This idea is used in GNP [3],
Lighthouse [4] and PCoord [5] systems. Mainly after
landmarks measurements accomplished every peer
applies some optimization method like Simplex
Downhill that minimizes possible errors. However
these systems require lot of landmarks over the
world for the really accurate results, also this
solution requires centralized server and thus is not
scalable. That is why the distributed network
coordinates approach was proposed. Here each node
acts as a landmark and is used for coordinates
calculations. Perhaps the most known system that
implements this idea is Vivaldi [6]. This system
consists of a 2-d coordinate system that is enriched
by a height parameter that represents a jitter or error
that occurs in the network space as the triangle
inequality is often violated. The Vivaldi algorithm
continuously updates coordinates of every node,
however they use only 2-d coordinates system due to
inability to decrease network overhead for greater
dimensions. The approach proposed in this paper
uses 7-d coordinate system that achieves at least
same accuracy, but it doesn’t require computing the
height parameter and has constant network overhead.
Also in the Vivaldi the nearest neighbor query is not
implemented. Another existing implementation is
PIC (Practical Internet Coordinates) [7]. Here every
node is used for the network coordinates estimation
like in the Vivaldi. But comparing to the previous
approach it has an ability to request the system with
the nearest neighbor query by using an active node
discovery protocol. It combines 3 strategies: random
nodes, closest nodes and a hybrid of both for
minimizing errors that appears in the Simplex

129



Bicnux Kuiscbko20 Hayionanvnozo yHieepcumemy
imeni Tapaca [llesuenxa
Cepis ¢izuko-mamemamuymi HayKu

Downhill method. This idea improves overall
accuracy and makes system reliable for both — near
and far peers. In the proposed paper we also provide
an ability to answer the nearest neighbor query in a
completely decentralized manner and for achieving
better accuracy we use sets of neighbors at different
distances that represent a better sampling than in
PIC.

An algorithm for buidling network coordinates

We assume that a network space could be
represented as an n-dimensional Euclidian space,
where distance function r(ny,ny) = |ln; —nyl|
represents RTT (round-trip time) between a pair of
n, and n, nodes in the swarm. While it’s known [6]
that a real network space is not the Euclidian one due
to a triangle inequality violations, it’s still possible to
accurately predict network distances with a high
probability (evaluation of this method is described in
the section below). The network coordinate of node
n denoted as a tuple (x4, X, ..., Xp), Where every x;
represents a value of a dimension an p is a
cardinality of x. Initially, when the peer joins the
network, it assigns to itself a coordinate where all
dimensions are equal to 0: (0,0,...,0) and starts
communicating with other nodes. Periodically (every
k seconds) every peer requests the neighborhood
current coordinates and updates information about
RTT using response time. It triggers updating of its
own coordinates and rebuilding local searching
topology. As only coordinates values need to be sent,
a network overhead of this algorithm is constant and
configurable via k and p parameters. In this case for
a valid operating of the algorithm every peer needs
to additionally allocate b bytes for the upload and
download bandwidth that may be evaluated as
following equation:

b = cpb (D)

Here b is an amount of bytes required to encode
one dimension and c¢ is a cardinality of the
neighborhood set. Naturally the more neighbors
every peer has and the greater cardinality of
coordinates is, the more accurate results may be
obtained. However, increasing of these values also
increase the network overhead. That is why it’s
important to choose a good tradeoff. In this paper we
use ¢c=10, b=2, p=7 and k=5 that means it’s only
need 140 bytes of the bandwidth for every 5 seconds
to accomplish next stage of the network coordinates
updating. These values provide reasonable accuracy
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and overhead (comparison with other parameters
described in the next section).

Whenever peer receives new information about
coordinates, it’s possible to evaluate current error e
that is defined as following equation:

e(ni,nj) = |r(ny,ny) — d(ni,nj)|,
Tli,leEN,l'ij. (2)
Where N — is a set of all nodes, r function that
returns the round-trip time between two nodes and d
is a distance function on the defined Euclidean space
that calculates distance by using network
coordinates. Ideal case when all error values are
equal to 0. However, as it was mentioned before,
generally it’s known to be an impossible task due to
the triangle inequality viloations in the Internet
network. So in this case network coordinate will
always contain error information and therefore a key
idea of the algorithm is updating all coordinates by
minimizing possible errors. It could be represented
as a task of minimizing a square sum of observable
errors for every node n;:

min Z e?(n;,ny),

njeEN;
N; © N. 3)
Where N; is a set that represents the

neighborhood of a peer n;. So the defined task is a
common non-linear least squares problem. It could
be solved by using Levenberg-Marquardt algorithm
(LMA) [7]. In the input the current network
coordinates of every neighbor, their values of RTT
and the current node’s coordinate are provided. And
the algorithm will modify values of the current
peer’s coordinates to satisfy condition described in
(3). In a result network coordinate of the node
updated and availiable for requesting by other nodes
and possible errors are minimized. Next time, when
neighbors of the peer will request new coordinates
they also update their ones, which will produce more
accurate result as errors are minimized. It means that
this algorithm is iterative and at every step accuracy
is improved. Also in a case when peer churn
appeared or new participants entered the network
coordinate topology will be rebuilt in a couple of
updates that makes it robust to dynamic changes in
the network. These approach enables possibility to
use network coordinates for answering the nearest
neighbor query for both: server based and distributed
implementations. While both of implementations
have their advantages and disadvantages, we
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recommend to use network coordinates obtained
from the described algorithm and use them in the
Meridian topology. In this case it’s possible to avoid
direct measurements for the nearest neighbor query
and make things completely in a distributed manner.

Evaluation of the algorithm

For evaluating the algorithm that described in the
previous section we used a statistical table data for
168 cities that contains ping measurements for every
pair in the table (28056 records totally) [9]. Cities are
located on all continents of the Earth and mostly
represent captials and big cities. It’s not hard to
notice that main parameters of the algorithm, which
will affect accuracy are number of dimensions and a
size of the neighborhood. The more dimensions and
the greater size are, the better accuracy and higher
performance penalty. While the neighborhood size
may vary in different peer-to-peer applications, we
assume that in most cases the minimum value equal
to 10 neighbors. This value doesn’t mean that it must
be used in implementations of the proposed method,
rather it helps to compare how number of dimensions
will impact in a typical case. Every neighbor in every
test has chosen randomly, all tests repeated for 10
times and in the end obtained values are averaged.
Such approach shows results in different
environments and thus eliminates possibility of
“well-tuned” effect. Below represented a column
chart that compares average error of every dimension
type after 20 cycles of the updating coordinates:

100
75

50

Average error, ms

25

Dimensions

Figure 1. Average error compared to dimensions.

As it’s shown in the figure above starting from
the 7th dimension overall accuracy doesn’t
significantly change. On the average it’s equal to
33.07 ms for and in the case with 10 dimensions it’s
equal to 32.86 ms. Therefore it’s recommended to
use p parameter (which represents amount of
dimensions) equal to 7. As in this case it’s possible
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to achieve reasonable accuracy without overloading
CPU for applying the Levenberg-Marquardt
algorithm. Separately for the case with 7 dimensions
presented charts, which show how many (in
percentage) nodes are covered with relative and
absolute errors:

1
0,75
05

0,25

Number of nodes in percents

Relative error

0,75

05

0,25

Number of nodes in percents

Absolute error
Figure 2. Relative and absolute errors compared to
number of nodes.

Moreover these results may be improved if apply
following heuristic. It’s known that some of the
nodes are affected by network jitter that may appear
in mobile carrier networks, DSL or due to the
network congestion. If assume that these nodes don’t
have any neighbors closer than 100 ms, than it’s
possible to create a second layer of network
coordinates, where such nodes will be removed. In
this case they still can use the first layer, while others
use both layers for more precise calculations. In this
case the second layer of our dataset contains 130
cities from 168. Applying the proposed algorithm
results to an average relative error being equal to
17.12 milliseconds and nearly in 50% of cases peers
have relative error less than 10 milliseconds.

Conclusion

In this paper proposed a new algorithm for
building network coordinates. It’s based on the idea
of minimizing visible errors in a 7 dimensional space
on the each side of the swarm. It requires a minimum
of additional bandwidth allocation that will not be
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noticed in most peer-to-peer applications. And its
algorithm is simple in implementation and compared
to analogues doesn’t require to transmit or evaluate
additional information except network coordinates.
Also the proposed approach executed in a
completely distributed manner and may be used in a
existing engines for searching nearest neighbors. At
the same time it demonstrates very accurate results:
mean relative error is equal to 33.07 milliseconds on
the proposed dataset. And in a case of using a second
additional layer with the reducing heuristic the mean
relative error is almost halved and equal to 17.12
milliseconds. Achieved results enable usage of the
algorithm in all peer-to-peer locations, specially
video-streaming ones, that improves quality of
experience of such systems.

Cnucox BUKOPHCTAHUX JIAKepe

1. Gummadi K. P. King: Estimating latency
between arbitrary internet end hosts / Gummadi
K.P., Saroiu S., Gribble S. D. Proceedings of
the 2nd ACM SIGCOMM Workshop on
Internet measurment. — ACM, 2002. — P. 5-18.

2. Wong B. Meridian: A lightweight network
location service without virtual coordinates /
Wong B., Slivkins A., Sirer E. G. - ACM
SIGCOMM Computer Communication Review.
— ACM, 2005. — Vol. 35. — No. 4. — P. 85-96.

3. NgT. S. E. Predicting Internet network distance
with coordinates-based approaches / Ng T. S.
E., Zhang H. - INFOCOM 2002. Twenty-First
Annual Joint Conference of the IEEE Computer
and Communications Societies. Proceedings.
IEEE. — IEEE, 2002. — Vol. 1. — P. 170-179.

4. Pias M. Lighthouses for scalable distributed
location / Pias M. - Peer-to-Peer Systems II. —
Springer Berlin Heidelberg, 2003. — P. 278-291.

5.  Lehman L. Pcoord: Network position estimation
using peer-to-peer measurements / Lehman L.,
Lerman S. - Network Computing and
Applications, 2004. (NCA 2004). Proceedings.
Third IEEE International Symposium on. —
IEEE, 2004. — P. 15-24.

6. Dabek F. Vivaldi: A decentralized network
coordinate system / Dabek F. et al. ACM
SIGCOMM Computer Communication Review.
— ACM, 2004. — Vol. 34. — No. 4. — P. 15-26.

7. Cox R. Practical, distributed network
coordinates / Cox R. et al. ACM SIGCOMM
Computer Communication Review. — 2004. —
Vol. 34. —No. 1.—P. 113-118.

8. Moré J. J. The Levenberg-Marquardt algorithm:
implementation and theory / More J. .

132

Bulletin of Taras Shevchenko
National University of Kyiv
Series Physics & Mathematics

Numerical analysis. —  Springer Berlin
Heidelberg, 1978. — P. 105-116.
Wondernetwork statistical

https://wondernetwork.com/pings/

References
GUMMADI K. P., SAROIU S., GRIBBLE S.
D. (2002) King: Estimating latency between
arbitrary internet end hosts. Proceedings of the
2nd ACM SIGCOMM Workshop on Internet
measurment. p. 5-18.
WONG B. SLIVKINGS A., SIRER E. G.
(2005) Meridian: A lightweight network
location service without virtual coordinates.
Computer Communication Review 35 (4). p.
85-96.
NG T. S. E.,, ZHANG H. (2002). Predicting
Internet network distance with coordinates-
based approaches. Twenty-First Annual Joint
Conference of the IEEE Computer and
Communications Societies 1. p. 170-179.
PIAS M. (2003). Lighthouses for scalable
distributed location. Peer-to-Peer Systems II. —
Springer Berlin Heidelberg. p. 278-291.
LEHMAN L., LEHMAN S. (2004) Pcoord:
Network position estimation using peer-to-peer
measurements.  Network  Computing  and
Applications.  Proceedings.  Third  IEEE
International Symposium on. — IEEE, 2004. — p.
15-24.
DABEK F. (2004) Vivaldi: A decentralized
network coordinate system. ACM SIGCOMM
Computer Communication Review 34 (4). p. 15-
26.
COX R. (2004) Practical, distributed network
coordinates. ACM  SIGCOMM  Computer
Communication Review 34 (1). p. 113-118.
MORE J. J. (1978) The Levenberg-Marquardt

algorithm:  implementation and theory.
Numerical analysis. —  Springer Berlin
Heidelberg, 1978. —p. 105-116.

WONDERNETWORK STATISTICAL

https://wondernetwork.com/pings/

Hanitinura no penxonerii 28.05.15



Bulletin of Taras Shevchenko
National University of Kyiv
Series Physics & Mathematics

Bicnux Kuiscokozo nayionanvroeo ynisepcumenty 2015, 2

imeni Tapaca lllesuenxa
Cepis ghizuxo-mamemamuuni Hayku

YJK 51-77+519.854

V. S. Donchenko, Doctor of Sciences (Physics &
Mathematics), Full Professor,
O. V. Tarasova, Postgraduate Student.

Honuenxo B.C., n.¢.-M.H., ipod.,
Tapacosa O.B., acipant

MaTtpuyHa MHOKHHHA perpecis Matrix multiple regression

KuiBchkuil HamioHanbHuit  yHiBepcuter imeni | Taras Shevchenko National University of Kyiv,
Tapaca Illepuyenxa,83000, ™. Kuis, 1p-T. 83000, Kyiv, Glushkova st., 4d,
I'mymikosa 41, e-mail: voldon@univ.kiev.ua

e-mail: voldon@univ.kiev.ua e-mail: olga_ta@bigmir.net

e-mail: olga_ta@bigmir.net

3anpononosano 00 po3ensidy Kiac MAMpudHux QYHKYiu Habopy MAmMpUHHUX apSyMeHmie. MampuyHy
MHOJCUHHY pezpeciio. V pamxax po36umxy KOHYenyii KOpmeiCHux onepamopie po3pooaieHo MamemamuyHui
anapam cuneynsprozo (SVD) posknady ma mexuixu ncesdoobepuenns (I100) za Mypom-Ilenpoyzom, wo
0036019€ NOCMABUMU A KOHCMPYKMUBHO PO38 A3amu 3a0ayy OYiHKU MemoOOM HAUMEHWUX Keaopamia
(MHK) ons muoscunnoi mampuunoi peepecii.

Knrouosi cnosa: mampuuna MHOMCUHHA peepecis, ncesd0ineepcis, mediabizHec.

The class of matrix functions with set of matrix arguments (matrix multiple regression) is offered for
consideration. The mathematical apparatus of singular (SVD) decomposition and of pseudoinverse
technique (PDO) by Moore-Penrose is developed in this paper. The development of mathematical apparatus
is made within the concept of cortege operators. The materials of this paper allow to formalize and to solve
constructively the estimation problem by the method of least squares (OLS) for multiple matrix regression.
OLS-estimation algorithm is proposed and realized for with unknown parameters vector of the matrix
functions class in solving forecast. The example of forecasting with the use of the matrix multiple regression
is shown for TV Viewing Ukrainian data. As shown in the example, matrix multiple regression can be used
for mediabusiness parameters forecasting problems with acceptable business planning processes accuracy.
Moreover the forecast indicators accuracy for commercial time slots higher than for noncommercial; that
fact is especially important for commercial media planning and planning the TV-media business processes.

Key Words: multiple regression matrix, pseudoinversion, mediabusiness.

CratTio pencTaBuB I.T.H., npod.. ['apamenko @.I.

3amaya rpymnyBanHs iH(opmamii [1]: 3amaua
BiTHOBJICHHS 3aJIOKHOCTI 1 3ajaya Kiacugikarii,
KJIacTepu3allii i po3mi3HaBaHHS 00pas3iB, - Ie 3a/1a4a
MPUHITAITOBOT BaXKJIMBOCTI y MPUKIATHUX
IOCHIIKEHHAX. BaXIUBHM KIIacOM MaTeMaTHUHHX
ctpyktyp ([2]) € eBKIimOBI TPOCTOPH HYHCIOBUX
BEKTOPIB. Ix BUKOPHUCTaHHS BH3HAYAETHCS

00poOKku 300paskeHb. Y TakuxX 3agadax MPUPOIHiH
NPEACTABHUK  JOCHI[PKYBaHMX OO0 €KTIB — 1€
MaTpHIll: 30KpeMa, CIEKTpOrpaMd 1 MaTpuli
300paxkeHb. Y  pobori [/]  3ampomoHoBaHO
KOHLIETIIII0 KOPTEXHUX ONEpaTopiB, LIO IO3BOJISE
nepenectn SVD — i TIgO-TexHiKM Ha EBKIIOBI
MPOCTOPH MaTpUllb PIKCOBAHOT PO3MIPHOCTI; 3rajiaHi

0araTcTBOM CTPYKTYPHHUX 3B’SI3KiB  €BKIIZOBUX
OPOCTOpPiB B IIOMYy Ta PO3BHUHYTOIO TEXHIKOIO
OllepyBaHHS y LHX MpocTOpax, B TOMY YHCIHI
cunrynsipuuii (SVD) poskian B 1mceBnooOepHEHHS
(ITnO) y mmx mpocropax [3-5]. BigmiTuMo 3HauHY
pons M.®. Kupuuenko mo possuBae [1nO-TexHiky
[6]. Tum He MeHIIE, BUKOPHUCTAHHS EBKIIIOBHX
MPOCTOPIB YUCIIOBUX BEKTOPIB CTAaE OOMEXYIOUHM Y
PO3B’sI3aHHI NMPUKIATHUX 3a7ad, SIKHMU €, 30KpeMa,
3a7a4i po3mi3HaBaHHA MOBH (Speech recognition) ta

© B.C. lonuenko, O.B. Tapacoga, 2015

TEXHIKM BHKOPHCTAHO i TOOYJOBH BiJCTaHi
BIAMOBIAHOCTI y 3ajadax KiacTepusauii. Y podoTax
[8-9] s3ampomoHOBaHO OCHOBM  BEKTOPHOrO i
MaTPUYHOTO METOMAIB HAaWMEHIIMX KBaApaTiB 3
OpUKIaJaMd  TPUKIAJHOTO  3aCTOCYBaHHS  JUIs
MaKpo- Ta MiKPOEKOHOMIYHHX MTOKa3HHUKIB.

TeopeTH4Hi 0CHOBM MATPHYHOI MHOKMHHOI

perpecii

1. Teopema Bl. (basoBa Teopema mpo SVD-

poskian [7].) Hexait A - niniiiHuii oneparop Mix
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IBoMa aOCTpakTHHMHU €BKIIZOBUMH TPOCTOPAMH

AE —>E,, A" E, - E, - cnpssxennii 1o Hporo,

r =rankA =dimR(A) . Tomi:

1) 3arajpHa KUTBKICTh HEHYJIbOBUX CHHTYISPHOCTEH
(mapu BIIACHUI BEKTOp — BIJIACHE YHCIO) IBOX

oneparopis AA", A"A nopisHioe I;
2) Habip BIIACHUX YHCEN 212 2.2 lrz > 0 3raganux
OIepaTOPiB € CHIJILHUM,

3) BnacHi BEKTOpU BiZIMOBiAHNX HabopiB
CUHTYIISIPHOCTEH (u, ,iiz),(vi ,iiz),i =1r
OB’ s13aH1 CITIBBITHOILIEHHSM:

Av, Au . —
U =—=v, =——,i=1r;
P

1
4) omeparop Mo)Ke OyTH TpPEICTaBICHHN y BHIJISII

r
Ax =Y AU (v;,x),x € E;
i-1
2. Busnauenns. IlceBnooOepHEHUM JI0 onepaTopa

A:E, > E, - nosmauatumemo A" - HasuBaeThbCs
1 2

oreparop A":E, >E;, mo BH3HAYaeThCs

r
criBBigHOmEeHHsIM A’y = Z/livi (u,y)y €E,.
i-1
3. Teopema B3. 3uauenns A'Y € MiniMaabHUM

32 HOPMOIO pIllICHHSM ONTHMI3aIliifHOI 3amadi

Minimizanii 1 X € B, dynxiionany || Ax -y ||’:

A'y = argmin ||z|P.

ZeArgmin||A><—y||2
XEEl

4. Teopema B4. (Hocmimkxenns CJIIAP.) VY
NPUAHATHX BHLIIE IO3HAYEHHIX, HEOOXiJHOIO 1
JOCTaTHBOIO YMOBOIO PO3B’A3YBAaHOCTI BiHOCHO
CHCTEMU JiHIiHUX anreOpaiunux piBHsHb (CJIAP)

Ax=Yy,yeE, € ymoBa (y,(IEZ - AA*)y) =0,
MHOKHMHA BCiX PO3B’SI3KiB Ma€ TaKUii BUTJISL:

ATy + (Ig, - ATAE, )

Y pasi HEpPO3B’S3YBAHOCTI CJIAP:
(y,(IEZ - AA*)y) >0, - MHOXKWHA, III0 BU3HAYAETHCS
CHIBBiIHOLIEHHSM (1), OITUCYE MHOXHUHY
Argmin||Ax -y |?, To6To  MHOXMHAa  BCiX

xek
PO3B’SI3KIB  ONTHUMI3AIIfHOI 3aja4i HaWKpaIIoro

KBaJpaTHYHOro HaOmmxeHHs npaBoi yactuau CJIAP
3HAYCHHSIMHU JIiBOI YACTHHU. Y Ci €JIEMEHTH MHOKHHU
(1) y rakomy pa3i Ha3UBAIOTHCS MICEBAOPO3B SI3KAMH.

5.  MHOXHHHY  MaTpuU4Hy  perpecito 3
MaTPUYHUMH 3HAYEHHIMHU BHU3HAYNMO y
JieTepMiHOBaHiil TOCTaHOBLI: SIK MATPUYHY (PYHKIIiIO
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Y MatpuuHOro Koprexa-pamka oy, =(X;i...iX),

X, e R™", k =1K TaKOro BHIY
Y () = BiXe +-+ B Xy, B Rk = O,K 110
BU3HAYAIOTHCS Ha OCHOBI CIOCTEPEXKEHb
(0‘1(,2 i) i =LN, ae B CBOIO qepry

6. Binobpaxenns o, ‘R 5 R™",  mpo

BU3HAYAETHCA TaKM CHiBBiI[HOHICHHSIM:

Y(a)=BX, + B X = ©,, B, Ae KOPTEKHUM

onepaTopom HasuBaetbes ' = (.., 5 ), B € R",
y BiAmoBigHOCTI 3 [7].
7. Byaemo mo3HayaTi Tak camo:

—X - MaTpu4YHMM  CTOBIIYUKOBUH  KOPTEXK,
OTpUMaHHUIl 31 3HAYCHb CIIOCTEPEKEHb Y,,i =1N:
Y, o
X =] Y, i =1LN;
Yn
- )(,(\,ji,j =1,K - cToBIUHKOBHii KOpTexX AoBXHHU N,

OTPUMAHUH i3 |-THX KOMIIOHEHT  PSIKOBUX

KOPTEXIB ll(k,i = L_K;

CTPOKOBBI  KOPTE&X JOBXHHH K,

—Onk

OTpI/IMaHI/Iﬁ 31 CTOBITYUKOBHX

lr(\lji’j =LK :ayk = (Zl(\i[,)ls"'sll(\l}fl));

KOPTEXiB

~ P RK — RN™" MaTPUYHUN KOPTEKHUM

. K
omepaTtop 3  eBKIigoBoro  mpoctopy R B

€BKJIIZJOBOMY MPOCTOPi CTOBITYMKOBHX KOPTEKiB

nogkuHd N 3 Martpuipe po3MmipHOCTI MxN i
MOKOMIIOHETHIUM  CKaJSIpHUM ~ JTOOYTKOM  JJIst
@ 2
Y Y,
Zl — c RN,mxn,ZZ — c RN,mxn y
Y '\(ll) Y '\(12)

N
. 1 v (©2
takomy BC (71, 22 )nmen = 2L (V7Y )y

i=1

ﬁ eRX  wmeromy maiimenmmx
KBaJIpaTiB HEBIIOMOTO MapaMerpy MaTpU4HOI
MHOXHHHOI perpecii 3 MaTpUYHUMHU 3HAYCHHSIMHU
NPUPOAHIM YHHOM BH3HAYA€ETHCS SK PO3B’SI30K

ONTHUMI3alifHOI 3azadi MiHiMizanii QyHKIioHaTY

8. Oumwinka
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N *
o O OoI1epatTo , O BH3HAYaA€TbHCA
IV, -0 o Blhy  wetony  maitwenmmx  Pavk 2O ONCPATOPY 0y, 0 1L
N a. . .
i=1 1K CHIBBIHOIICHHSIM.
casperi A2
~ ) . , X
= argmin (2) . N mxn
’ penrgmin ¥ I ”ﬂ”ﬁll Pk = R
eArgmin = (|) mxn (K)
ﬁeRK i=1 (Z’ZNJ_)N,mxn
9. CrangapTHUM YUHOM MHK-ouinky TIlinctaHOBKA y 3) 3HAYCHHS

Y () = (X5 i Xy )y X eR™™ k =LK

MaTpUYHOI MHOKHHHOI perpecii OyznemMo BHU3Ha4YaTu
CITIBBIIHOIIIEHHSM

~ - K. N
Y (k) = 9oy B =2 BeXi X eR™ "k =1K.
k=1

10. O‘leBI/I)_IHO, B CWJIY TIOKOMIIOHCHTHOI'O

BH3HAUCHHS CKaJsIPHOTO JOOYTKY MAaTpPUYHUX
KOPTEXIB, BCE OJIHO CTOBITYMKOBHX YH PSIKOBHX
KOpTeXiB,  (YHKI[iOHAT  METOAYy  HaWMEHIIUX
KBaJpaTiB

Y

ABY=Y=p BIl =llx = Bx Il .x =
Y
MaTpu4HOi perpecii Moxke OyTH 3amEcaHo 3a
CTOBITYMKOBUMH MATPHYHUMH KOPTEKAMH.
11. Jlema. ®yHKUiOHaT METOAY HaHMEHIINX
KBajpaTiB MaTtpuuHOi perpecii A(fS) moxe Oytu
[PEICTaBICHO

N
A(B) = Z”Yi _Soa(i)ﬂ ”2m><n =
i=1 1K

y BUTJISIIIL:

K

2 2

=l - Zﬂ]ll(\ljg_ [N s =1 2 _SOaNYKﬂ |
j=1

12. Teopema 1. Po3B’s3k0oM onTuMizamiiHol

3amaui (2) € ﬁA , 1110 BU3HAYAETHCS CIIBBIIHOIIIEHHSIM:
ﬂ = sOJ@;NYK ZY (3)

Jloseoenns Teopemu 1 BuTikae i3 3araiabHOTO

BapiaHTy SVD-po3knany, BU3HAYEHHS
nceBnoinBepeii  Ta  gocmimkenns CJIAP s
JHIAHUX OIepaTopiB MDK a0CTpaKTHUMHU
eBkiitoBuME npocropamu (Teopema B3).
13. Teopema 2. Omnepatop
* .pK K
P Py R®™ >R 3aJJa€TbCd  CTaHJAPTHUM

yuHOM MaTpuilelo F, mo € marpuneto ['pama [T ms

Habopy BEKTOpIB )(,(\,Ji, j=1K:

I = ((Zf\]l)yll(\jj; N,mxn )I,j=1T< )

Jlosedenns Teopemu 2 MPOBOMUTHCS TaK CaMo, SIK 1y
[7]: criouaTky OOUMCIIEHHSIM CIIPSIKEHOTO OTepaTopa

K
X =Py« p= Z B; ;(,(\,’3 3aBepIIy€e JOBEICHHS.
: =

IMozmaunmo  (V,4),i = ]7
CHHTYJISIPHOCTEH — Tap «BJacHI BEKTOPH — BIIACHI
qucia», - Omeparopy, 1o 3aiaeTbcs marpuuero F:
r = rankF, A >
PO BJIACHI BEKTOPH 1 BIACHI YKCIa MATPHIIL.

14. Teopema. 3anaya SVD—poskiany
KOPTE)KHOTO  Omeparopa (. . 3BOXUTECS 10

Ha0ip HEHYJIBOBHX

> lrz > 0. Haragaemo, moBa iige

CTaHJapTHOI 3aJayi Ha BJIACHI YMCIIA JJIS MaTPUIIb:
npu  (V;,A°),i =11 - HeHyTbOBHX CHHIYJISPHOCTEH
MaTpuli F HaOOp «CHpsHKEHUX CHHTYISPHOCTEH»:

2 . - .
(xuisA7),i =Lr, npu 30epexeHHi HabOpy BIACHUX
YHCell, BU3HAYAECTHCS CITIBBITHOIIIEHHAM
Soa i
Fang T Vi
Xui = 2 i=1r,a SVD—po3kian KOpTEeKHUX
1
: +
orepaTopiB Pan P «  TIPCICTaBIIAIOTHCS
CITIBBIIHOIIIEHHSIMH, BIAIIOBIIHO:
_) Rmxn ’

r
SOO‘N,K = Z)"kZU,iV?(— RK
k=1

r
SO;N,KZ zzﬂ'lzlvk(luyhl)Nmen :RN'an —)(ﬁ)(,
k=1

ne % c RN,mxn
15. Teopema 3. Ominka MHK Bekropy
HEBIJIOMUX napamerpis BH3HAYAETHCS
CITIBBIIHOIIIEHHSIM
r
X . -
B= Payg Xy = Zﬂk Vi (20, 20 I msn-
k=1

Jlosedenns Teopemu 3 OTPUMYETBCS 13 TPSMOTO
3acrocyBaHHs Teopemu 1.

16. Anroputm o04nCIeHHSA ﬁ :
1. IToOynmoBa

CTOBITYHMKOBHX KKOMITIOHCHTHHX»

KOPTEXKIB )(,(\,’i,j =1K .

2. IlobynoBa wmartpuui ['pama I' croBmYMKOBHX
«KOMITOHEHTHHX» KOPTEXKIB.
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3. OOuMcneHHS  HEHYJIbOBUX  CHHTYJSIPHOCTEH KaHaJiB, AUCKPETH30BAHUX 10 MATPHUIlh PO3MIPHOCTI

(v, A%),i =1r marpuui [pama I CTOBITYMKOBHX

CKOMITOHCHTHHUX» KOpTe)KiB.

4. OGuncneHHs BJIACHUX KOPTEXKiB
Y _
Xui ' Xuj = zK Li=1r oreparopa
|

o N K o ONK

5. OGuuncneHHs CKaJISIPHUX JOOYTKiB
(lU,le)N,mxmi =1,I’ .

6. OOuucienHs ﬁ 3a dhopmyoro

ﬁ = Z%l"k (XU,i A% )N,mxn'
k=1

17. BapianT 00YHCITIOBAILHOI (POPMYIH PO3B’SI3KY
yepe3 3ajady Ha BJIACHI 3HAYEHHS I MAaTpPHIl
I'pama:

B = Zﬂkilvk()'kilsoa Vi Xy )N,m><n =
k=1

= Z%ZVk(VkJOZlY)
k=1

Jani 3anuimaeTbcsl BpaxyBaTH, 110

D
(x: AN1INmxn

Pang X =
K
(Z’Zl(\l,l) N,mxn

IIpuknag BHUKOPUCTAHHSA MATPUYHOI
MHOKMHHOI perpecii 1J1s1 IPOrHO3yBaHHA
NMOKA3HUKIB TejleneperJsiay

Yactka  TenekaHaly ——  TOKa3HUK, IO
XapakTepu3ye YacTKy TeJeBi3iiiHOl ayauTopii, ska
IUMBHJIACS TIEBHUH TeNeKaHal y MEBHOMY YacCOBOMY
iHTepBaJi  BIIHOCHO  3arajJbHOi  TeNeBi3iHOL
ayauTopii y Toi cammii wacoBuid mepiox [10].
Po3B’sa3yeThes 3a1a4a MPOTHO3YBAaHHS PiYHOI YACTKH
LIECTH TeJCKaHATIB A TONXMHHHMX IHTEpBAIiB Yy
Mexkax ycepemHeHoro TwxkHs 2013 poky 3
JMCKPETH3alli€cl0 32 JHAMHU TIKHS (TIOHEILIOK,
BIBTOPOK, ..., HeAlIst). Bukopucrano nani 2006-2013
POKiB 3 TOTOIMHHOIO JAWCKPETH3AIi€l0 3a IHIMU
THXHS A1 ycepenHeHoro TwxHs, naHi 2013 poky
BUKOPUCTOBYIOTBCA ~ JAJIsl  aHalli3y  MOJAENBHOI
TOYHOCTI porHo3yBaHHA. [loBHA TaOMULs HaHUX HE
HABOJUTHCS 3 MIPUUMHU ii BETUKOr0 po3Mipy. 3agayua
PO3B’SI3YETHCSI 3 BUKOPUCTAHHSIM BUIIE OMHCAHOTO
ITOPUTMY OOUYMCIICHHS OLIHKM BEKTOpa HEB1IOMHUX
napaMeTpiB, IO 3aCTOCOBYETHCS Il PIYHUX YaCTOK

,Z c RN,m><n )

24x7 (romuHM X JHI THOKHS).

1. TloGynoBa CTOBIYMKOBUX «KOMITOHEHTHHX»
KOPTEXKiB )(,(\,’i,j =1K. ®@opmyloTbcsi Ha OCHOBIi

pIYHHX AaHWUX. MaTpuyHe PiBHSHHS TSI KOXKHOTO 3
KaHaJiB:

Y (i) ::31Zé21006)(i)+,ngézlow)(i)+---+
+Bex SO () =Y *2(i),i =16
Hnst YAZOLO’(i),i _16 i

~

LIYKaeMO OLIIHKY BEKTOpa mapaMeTpiB f .

(4)

3HaXOXKCHHA

(4)

2. IlobynoBa matpuni I'pama ' cTOBMUMKOBHX
«KOMIIOHEHTHHX» KOPTEeXKIB — Yy HAIIOMY MPHUKIAIi
MaTpHIlsl TOKOMIIOHGHTHUX CKaJSIpHUX JOOYTKIiB
po3mipHOCTi 6X6.

3. OOuucleHHS HEHYJIBOBUX CHHTYJISPHOCTEH
(v, A%),i = Lr Matpuli ['pama [’ cTOBMYMKOBHX
«KOMITOHEHTHHX» KOPTEXKIB.

v, =(0.5,-0.3,-0.6,-0.3,0.1,0.5),4, = 71.7

v, =(0.5,0.4,0.4,0.4,0.4,0.4),4, = 759.9

v, =(-0.6,-0.4,0.0,0.3,0.5,0.4), 4, =141.5

v, =(0.0,-0.1,-0.1,0.6,-0.7,0.3),4, =31.6

v, =(-0.1,0.5,-0.7,0.4,0.3,-0.3),4, =40.5

Vs =(0.4,-0.6,0.0,0.4,0.2,-0.5), 1, = 50.7

4. OOGumcneHHA  xy; ' Xu; _ Nk

OTpuMyeMO MIICTh BJIACHUX KOPTESKIB-MaTPHUIlh
po3mipHocTi 144X7, ki HE HABOAUMO 3 TPUYMHH iX
BEJIMKOTO PO3MIpY.

5. OOuncneHHs
ski = (ruir 2 INmsniol = ir.
sk, = 26.39;sk, = 282.31;sk, =53.30
sk, =9.99;sk; = —6.52;sk, = —29.59

A

6. OOumcnenHs [, IO MO3BOJIIE OOYUCIUTH

CKaJISIPHUX JOOYTKIB

MPOTHO3 TOKA3HWKIB YAaCTKH IIECTU KaHAINB JUIs
2013 poky 3 MOrOJAMHHOIO AUCKPETU3AIIEIO IS THIB

twkns f = (~0.11,0.16,0.01,0.05,—0.05,0.92).

TouHicTh MPOTHO3Y PO3PAXOBYEMO 32 KPUTEPIEM

y-y

APE = CepenHe 3HaueHHS KpUTEPilO s

KOXKHOT'O 3 KaHaJIiB HaBeneHo y Tabmuui 2 aist moou
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i ans wacoBoro iHtepBany 18:00-24:00 — HaiiOunbin
KOMEpUiiHO 3Ha4uMoro intepBany. HaiOiabme
3HayeHHs1 Kputepito APE nocaraerbcs y HidyHHX
YacoOBHX IHTEpBalax,ll0 HE € CYTTEBUM IS
KOMEpUIHHOro miiaHyBaHHs. Ik 0ayMMoO, TOYHICTB Y
KOMEpLIHHUX YacOBUX IHTepBasaXx OLTbII BHCOKA,
o0  OCOOMMBO  BAXKIMBO ISl  KOMEPIIMHOTO
TUTaHyBaHHS Oi3HEeC-IPOLECiB.

Taomumg 1
3unauenns kputepito APE nns wactku mectu xaHajis

2013 poky
Kanan CYTKH 18:00-24:00
Kanan 1 15,5% 17,1%
Kanan 2 19,3% 16,0%
Kanan 3 10,1% 8,3%
Kanan 4 18,3% 13,4%
Kanan 5 12,6% 12,4%
Kanan 6 13,0% 10,0%
[lopiBHSIEMO  CcepeAHI  MOTOAMHHI  YaCTKU
OpOTHO3HI, IJIaHOBI 1 (akTUYHI HA NOPHKIAILi

okpemux kanaiiB. Kaman 3. ycepenHeHi YacTKe
BHUXIZTHOTO JHs HaBeneHo Ha Puc 1, OyaHiB — Ha
Puc 2. YV cepennbomy 3HaueHi kputepito APE mns
MmaHoBUX mMoka3HukiB Kanamy 3 ckmamgae 11,5%, a
IUIi TPOTHO3HOIO 3 BHUKOPUCTAHHSAM MAaTPUYHOL
MHOXXHMHHOI perpecii W amapary IIceBROiHBepcii
6,9%. Taka pi3HUI € 3pO3yMUIOI0, SKIIO KaHAaJ
wianye pict. [Ipore KO picT HE MIAHYETHCA, TO
IUTaH € ONTUMICTHYHHUM, IO 1 MATBEPIKYE MPOTHO3.
Ha npoMy mpukiazi moka3zaHo, IO BHUKOPHCTaHHS
MPOTHO3HHUX  TOKAa3HUKIB ~ MOXE  JIONOMOITH
MEpEBIPUTH PEATICTUUHICTD TIAHOBHUX MTOKA3HUKIB.

Yacmea wanany 3,

Togusa
Puc. 1 Yacrka xkanamy 3 y BHXIigHI
MOTOAWHHOIO AUCKPETU3ALIEI0

s xkanany 5: Ha Puc. 3-4 HaBeneHO pe3ynabTaTH
nporHozyBaHHs. CepenHe 3HaueHHs Kpurepito APE
JUTsl TUTaHOBHX TToka3HUKiB 10,7%, ais mporHo3HUX -
7,2%. TakuM YUHOM, TPOTHO3HI MOKA3HHUKH OLIBII
TOYHI 1O BimHomeHHI0 10 dakty 2013 poky. ¥V Toit
camMuii 4Yac, miaaHoBi uacTku Kanamy 5 Oinbm
peayicTW4Hi, HDK IUIaHOBI moka3Huku Kanamy 3.
Takum 4MHOM, MaTpUUHa MHOKWHHA PErpecisi Moxe

oHl 3

2015, 2

Bulletin of Taras Shevchenko
National University of Kyiv
Series Physics & Mathematics

OyTH BUKOpHCTaHa JUIs 3a7ad TMPOrHO3YBAaHHS
MOKa3HWKIB Meniabu3Hecy 3 NPUHHATHOIO JUIS
TUTaHyBaHHS Oi3HEC-TPOLIECiB TOUHICTIO.

Yacrua nanany 1, %

Puc. 2 Yactka xaHany 3 y OyaHi AHI 3 MOTOJUHHOIO
JIUCKPETU3AIIIEI0

Yactka KaHany 5, %

FloguHa

Puc. 3 YacTka xanay 5, BUXifHi qHi

=+ nnaH ——nporHos

-~ dakr

YacTtka kaHany 5, %

o700
00
0500
1000
1100
1200
1300
1900
2000
2100
20
30
2400
2500

FoauHa

Puc. 4 YacTka xanaiy 5, OynHi nHi
BucHoBkn
3anponoHOBaHO [0 PO3MISAY Kilac MaTpUYHHUX
¢byHKLUill Ha0Opy MaTPUYHUX apPTYMEHTIB: MAaTPUUHY

MHOKMHHY  perpecito. Y  pamMKax  pPO3BHTKY
KOHIICMIIi KOPTEXKHUX OIepaTopiB  po3po0IIEHO
MaTeMaTHyHud  amapat  cuHrymspaoro  (SVD)

poskiany i TexHiky mnceBmoodepHeHHs (I[110O) 3a
Mypom-Ilenpoy3oMm, ™0 J03BONSE TOCTABUTH i
KOHCTPYKTHBHO PO3B’S3aTH 3a/a4y OL[IHKH METOIOM
HaiiMeHmmx kBazapatie (MHK) mns mHOXHHHOT
MaTpU4HOI perpecii. 3anmponoHOBaHO 1 peani3oBaHO
anroputM  MHK-ouinioBanHs a1 BekTopa
HEBiIOMHUX MapaMeTpiB 3raIaHoro Kjacy MaTpruuHUX
¢yHKIIH y po3B’s3yBaHHI 33724 MPOTHO3Y.
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IpedikcHi (A,K)-koau Prefix (A,k)-codes
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Onucano HoOBULl KIAC YHIBEPCANbHUX NPeQIKCHUX KOOI8, BIOMIHHOW PUCOI0 AKUX € MONCIUBICHDb
BUKOPUCMAHHS KLIbKOX PO30LIbHUKIE KOOOBUX Cli6 8 00HOMY KOOI [losedeno maki enacmugocmi KoOie
ONUCAHO20 KNACY, SIK NOGHOMA MA YHIBEPCAIbHICD.

Kmiouosi cnosa: npegixcni koou,(AK)-xoou, nosnoma koody, ynieepcanvhi koou.

The new family of universal prefix codes is introduced. The distinctive feature of this family is the use of
multiple codeword delimiters in the same code. Such properties of representatives of this code family as
completeness and universality are proved. The delimiters are the bit groups of the form 01...10 containg m;
or... or myones and the code with such delimiters is denoted by C,;,, .- The bit sequence of the from 1...10
containg my or... or my ones is called delimiting sequence for the code C,,, ... This code contains all
codewords that consist of only some delimiting sequence and also all codewords satisfying the following
conditions: (i) codeword doesn’t start with the delimiting sequence; (ii) codeword ends with the bit sequence
0D and (iii) codeword doesn’t contain the bit sequence 0D anywhere except the end, where D is the
delimiting sequence. The name “(AK)-codes” is due to representation of codewords as sequences of (4,k)-
groups of bits. Each group is constructed as a concatenation of codes of A- and k-values. The value of A is
represented by one bit in fact, while the code of k-value has the form 1...10 containing zero or more ones.

Key words: compression code, (2,3)-representation, text compression, prefix code.

CrarTio nipefcTaBuB 1.¢.-M.H., pod. AHicimoB A.B.

Beryn O3nauennsn (A k)-konis

V pobori [1] Gyno posrasHyTo npedikcHuMIA KO Osnavenns 1. Kox Cy,, ., MicTHTH YCi CTTOBa

Ci, mo GasyerbCcs Ha MOJAHHI ILIMMX 9HCEN y Burisany 1...10 i3 m; abo... abo M; oguHUIIAMU, a
JBOOA3HCHIN CHCTEMi 3 OCHOBHHM 0a3HCOM 2 1 ragox yci cI0Ba, MO 3aOBONBHSIOTH TAKHM
JOJaTKOBUM OasmcoM 3, sike Oyio BBeaeHo y [2]. YMOBAM:
Ie#t kox MOXKHA AOCUTH €(PEKTHUBHO 3aCTOCOBYBATH °
JUTST CTUCKaHHS iH(opMartii, nepeaycim
NPUPOTHOMOBHHX TeKCTiB. Ockimbku kox C; —
npedikcHUE, TO BIH TaKOX 1 OJHO3HAYHO
nexomoBHui. OpgHak meil kox He € moBHUM. Lle
O3Hayae, MO0 MHOXHHY KOJOBHX CIIiB MOXKHA
PO3LIMPUTH TaK, IO BIACTUBICTH OJHO3HAYHOT
JIEKOJJOBAHOCTI HE BTPATUTHCA. Take PO3IIMPEHHS
npuBOAUTH 110 Koay C,, ommcanoro B [1].

Kox C, 3 [1] MoxHa onwmcaTH sSK KOJ 13

po3auieHukom  0110. Y it crarmi  Oyne Tyr i Hagam MH TIPUIYCKAeMO, IO
PO3IIISIHYTO LTy POJMHY MOAIOHMX CTUCKAIBHHX (< m;<...<mMm,
KOJIIB, KOKEH 13 SKUX MAa€ KiIbKa PO3UTLHHKIB
Burisaay 01...10, mo mMictate My abo M, abo... abo
M; oaMHUIG. X MU HazuBaTHMeMO (A K)-Komamu, a
npeIcTaBHUKA TaKoTro cimelicTBa KOJIiB
TIO3HAYATUMEMO K Cpy, . . Hanpukian, Cp3 — 1ie
ko7 i3 po3auteHuKamMu 0110 ta 01110.

CIIOBO HE IIOYHMHAECTHCSA 3 ITOCHITOBHOCTI
1...10, mo mictute M; abo M, abo... abo M
OMHUIIE;

®  CIIOBO 3aKIHUY€EThCS MOCJIIIOBHICTIO
01...10, oo MicTuTh M; a6o M, abo... abo m;
OJUHULIb;

e  CJIOBO HE MicTHTH mocaigoBHocTi 01...10 13
m; abo M, a6o... abo M; OAMHULIAMU HijJE, KPiM
KIHLIA.

Hasga «(A,k)-koan» moB’s3aHa 3 THM, 1110 CJIOBA
IUX KOIIB MOXYTh OyTH TOJaHI y BHIJISAAL
mocimoBHOCTEN Tak 3BaHuX (A,K)-2pyn 6imis, mo
03HAYYIOTHCS B TAKUH CITOCIO.

© 1.0. 3aBaxncekuii, 2015
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O3navennsi 2. (AK)-rpyma  yTBOpPIOETBCS
3’cOHAHHAM ABiMKOBMX KoAiB 3HaueHb A 1 K. J{is
Kony Cp, . m, BEMMYMHA A MOXe HaOyBaTu 2%+1
3HaueHb, ne 0 — meskuit mapametp, 0 < d < my.
3HaueHHs A monmaroThes psakoMm “0” Ta BciMa
IBINKOBUMH psAAKaMHU A0BXUHH d + 1 i3 mepuium
cumMBojioM “17. Tlapametp K — 11e Oymb-sike moaaTHe
ine umcno. Moro 3HaYeHHS MOIAETHCS y BUTIISAIL
nocaigoBuocTi 1...10, mo mictuts K—1 oguHuIEb.

, .
38’130k Mix (A,K)-rpynamu Ta kogamu Cp,, .
BCTaHOBJIIOE TaKa TEOpeMa.

Teopema 1. Bynb-sike clioBo 3 OyAb-SKOTO KOAY
Cmy,..m, MOXKe OyTH IHTEpIpPETOBaHE K
noCIiIoBHICTH (A,K)-rpy1 GiTiB.

HoBenennsi. Skmo cinoBo mae Buria 1...10,
TO, 3TIJHO 3 O3HA4YEHHSAM 1, HOro JOBXXHUHA € HE
MEHIIIO 3a Mi+1. Aune, 3rigHO 3 O3HAYEHHSIM 2,
JMOBKMHA KOOy A He TepeBHIIye M; i Kom A He
BKJIOUae B ceOe BChoro ciosa Bursay 1...10, a
OTXe, pelra I[bBOro  CjloBa MOXe OyTu
iHTEpIIpeToBaHa sk Ko K.

Posrmsmaroun iHINI KOMOBI COBa, 3ayBa’kKUMO,
0 TIOYaTOK OYAb-AKOi ABIMKOBOI IMOCIIJIOBHOCTI
MOXe OyTH IHTEPIPETOBAaHO 1 SIK KOJ MAESKOTrO
3HAUEeHHS A, 1 K KOJ JeIKOro 3HadeHHs K.
BuiyunuMo 3 modaTKy KOJOBOTO CJOBa KOJA A,
noTiM — Kox K i OTpUMaeMo KOpOTIIE KOJOBE
CJIOBO, JIO SIKOTO 3aCTOCYEMO Ty camy HpoLeaypy,
@K TOKM HE MOAIIMMO BCe c0BO Ha (A,K)-rpymu
0iTiB 200 HE OTpUMAEMO 3AIUIIOK, y SKHA He
BKJIagaeThes 1ia (AK)-rpyma. IToauBumoch, sk
3TiTHO 3 Ii€}0 MPOLEAYPOI OOpPOOIATUMETHCS
3aKiHYCHHS KOJIOBOTO CJIOBA, IO MAa€ BUTJISI
01...10 i micTuTh HE MeHIIe M; OAUHUIG. [leprmii
0iT “0” 1BOro 3aKiHUEHHS MOXe OyTH a00 KiHIIEM
neskoro koxay K, abo Hamexatn komy A. Y
nepuioMy  BUNAJAKy Ha  OCTaHHIA  itepamii
oTpumyemMo 3anuiiok 1...10 i3 He MeHII HiK My
OJIMHUISIMH, IO, SK ITOKA3aHO BHIIE, € MOBHOIO
(Ak)-rpynoro. ¥ npyromy BUNaaKy 3a3Ha4uMO, 110
KOJ A MICTUTEL He OIIBII HI’K M OITIB 1 ICIA HOro
BUJIYYCHHS OTPUMAEMO IIOCHIJIOBHICTh BHUTIISATY
1...10, sxa npeacrasise neBHe 3HaueHHs K. Takum
YHHOM, CHTYyallis, KOJM Ha OCTaHHIH iteparii
OTPUMYETHCS 3aIUIIOK, Yy SKHH HE BKJIAJTAETHCS
mina (A K)-rpyma, HeMoXxiuBa, i Oyab-IKe CI0BO 3
Oyab-sikoro Kony Cp, . m, CKINA€THCS 3 MIJIOL
KisbKocTi (A,K)-rpym 6iTiB. m

3ayBaxxuMmo, MmO Teopema | crpaBemjinBa JUis
Oynpb-fKMX  3HAa4YeHb  mapametpa d, 10
3a10BOJIBHIOTE HepiBHOCcTI 0 < d <my. Tomy
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Hamagi JUIs COpOINEHHS BBakatuMemo, mo 0=0,
TOOTO KOJ BEJIMYMHU A CKJIAJAE€ThCS 3 OJHOro OiTa.

AJITOpUTMH KOAYBAHHSI TA 1eKOyBaHHS

Ha BXig xoIyBaJIbHOTO aNTOPUTMY HAIXOIMThH
HaTypaJlbHE YHCJIO X, JABIMKOBHIA BUIJISAJ SKOTO —
XnXn_1...X0, @ HA BUXOJII OTPUMYEMO CJIOBO 3 KOAY
Cm,,..m,- Hexait J={jy, jo, ...} — Taka HeckinueHHa
3pocTaroya MOCiTOBHICTh HATYPATBHHUX YHCEN, 110
Jj1 — HafiMeHIIIe YHCITO, AKE HE HACKUThH MHOKHHI
{my,....mg}, a jj — Take HaWMEHIIE YHCIO, IO
Ji>Jiaij; & {my,...,m;}. CrangapTHHIl AITOPUTM
KOJIyBaHHS € TaKUM:

1) x e x—2", 1o0TO BHMIAIsIEMO HaicTap-
it OiT 9nca X, SKUi 3aBXIU TOPiBHIOE 1.

2) Skmo x=0, 1m0 psaaKa Xni...Xo, SKHi
MICTUTh JIMIIEe HYJi a00 MOPOXHIH, IOMUCYEMO
cnpaBa mocHigoBHICTH 1...10 3 mM; OXUHUIIMHU.
[ITykane KOJOBE CIOBO Ma€ BUIJSL Xq 1...Xol...10.
Kineup anropurmy.

3) Slkmio gBifikoBe momaHHA X HabyBae
Burisany psaka 1...10 a6o 0...01...10 i3 m; abo...
abo M OMUHUIIMH, 1€ 1 € IIyKaHe KOJOBE CIOBO.
Kineup anropurmy.

4)  PosriasimaeMo KOKHY OiTOBY IOCIiTOBHICTD
Burisany 01...10, mo He € po3TamIoBaHOO B KiHII
CI0Ba IMOCTIZOBHICTIO i3 M, abo abo my
omuHuIsIMH. Sxkmo B wiil nocmigosHocti d
OJMHHMIIb, 3aMIHIOEMO 11 MOIIOHOK IOCIIJOBHICTIO
01...10, 1110 MICTHTS jy OIMHUII.

5)  SIKI0 CITOBO MOYMHAETHCS 3 TIOCITiJOBHOCTI
1...10, 3akinuyerbcs mocmimoBHicTio 01...1, abo
LIJTKOM CKJIaNa€ThCs 3 TOCHIIOBHOCTI BHIJISILY
1...1, 3aMiHIOEMO KIJBKICTh OJMHHUIL Y IMX
MOCIIZOBHOCTSIX i3 d Ha jj.

6) SIKmo CIIOBO 3aKiHYYETHCS MOCITIIOBHICTIO
01...10, ska micTUTE M, abo ... abo0 M; OXUHHUIIb,
1e mykaHe cioBo. KiHenp anropurmy.

7) [onmcyemo 10 ClIOBa ClpaBa PSIOK
01...10, 110 MICTUTHb My OIMHHULIb.

3riHO 3 UM AITOPUTMOM, KO X — 2" # 0,
po3aimeHuK 01...10 i3 M; OAMHHULIAMU AOMTUCYETHCS
MTYYHO 1 TOMY Mae OyTH BHJAJCHHW TiJ 4ac
JeKOAyBaHHs, a po3auibHuku Burisiay 01...10 i3
m, a6o ... abo M; OAVHUIIAMYU € 1HPOPMATHUBHUMU
YacTMHAMH KOJOBUX CJiB 1 TOMYy IIijJ 4ac
JICKOIyBaHHs TOBUHHI 00poOATHCS. SKIIO K
x — 2™ =0, ocranni m;+1 06itiB BursImy 1...10
MaloTh OyTH BUAJICHI.

Hani  omucaHo — CTaHAAPTHUA  alNrOpUTM
JICKOIyBaHHs, Ha BXIiJ SIKOI'O TOJA€ETHCS KOJOBE
CJIOBO, & Ha BUXO/[i OTPUMYEMO YHCJIO.
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1) ﬂKHIO KOOOBE YHUCJIIO Mae BUTJIA Posriassanemo KO,HOBi CJIOBa JOBXHHU N, IO

0...01...10 a6o 1...10 1 MicTUTb M; OJMHHII,
BHIATIAEMO OCTaHHI M;+1 OiTiB 1 mepexoauMo Ha
KpOK 5.

2) SIKIIO YKCITO 3aKiHYYETHCSA MOCTiIOBHICTIO
01...10, sxa MICTUTb M; OJAUHMIb, BUIAIIEMO
ocTaHHI My+2 OITIB.

3) 3aMiHIOEMO KOKHY TOCIIIOBHICTh BUTIISILY
01...10 i3 j; € J omuHUIIMH, KiHEUb SKOI He
30iracTbCcd 3  KIHIIEM  KOJOBOT'O CJIOBa,
nociifoBHicTIO moAioHoro Burisny 01...10, mo
MICTHTE O OJMHUILG.

4) SIkmio caoBO MMOYHHAETHCSA 3 psaka 1...10
13 jg € J OMUHMIIAMHU, 3aMIHIOEMO HOTO TOIIOHMM
psakom 1...10, o MicTuTh d OAMHUII.

5) Momucyemo cuMBOI “1” 10 OYATKY YHCIIA.

IToBHoTa (A K)-KOTiB

I3 camoro (akty iCHyBaHHS HaBEICHOI BHILE
JIEKOTyBaIbHOI IpOIeAypH BHIUTHBAE, 10 (A,K)-
KOIY € PO3IUIBHUMH, OJHAaK II€ MOXHA TaKOXK
JIOBECTH, TIEPEBIpUBIIM BHUKOHAHHS HEPIBHOCTI
Kpadra-Makminana: Y.c2711<1, ne C -
neBHuit koa. Kpim toro, yci (AK)-koau MaroTh 1ie
OJIHy Ba)XXJINBY BJIACTHBICTH: BOHM TOBHi. Lle o3Ha-
yae, mo 0 OyAp-KOTO KOAY 3 IBOTO CiMeicTBa
HEMOXIIMBO JIOJIATH KOJHOTO CJOBa Tak, II00
BJIACTHBICTH PO3AUTFHOCTI HE BTparwiacs. Yci i
BIIACTHBOCTI JIOBE/ICHO B TeOpeMi 2.

Teopema 2. Bynp-sixuit (AK)-kon Cp, m, €
PO3AUTEHUM 1 TOBHHM.

JloBenennsi. HeoOXimHO Ta JIOCTaTHBHOKO
YMOBOIO PO3JIIJIBHOCTI Ta TIOBHOTH Jiesikoro koay C
€ BUKOHaHHs HepiBHOCTI Kpadra-Makminana sk
pisroCTi: Yoec2719 = 1. Sxmo f, — kimbkicTs
KOJIOBUX CJIIB JIOBKUHHU N, TO I[f0 PIBHICTh MOXKHA
MEePEnucaTH y BUTIIAIL

Yn=12""fn=1 1)

Posrnsmemo  (AK)-xon Gy, . M Oyme-
skoro N > 2 icuye aBi (AK)-rpymnu D0BXUHH N:
1...101 01...10, mo mictars N—1 Ta N—2 OJUHUI
BianoBigHo. Cepen ycix (A,K)-rpyrm Ti, 1110 MIiCTATH
my, M, abo ... abo M; OIMHUIIB, € TEPMiHATHHUMH,
TOOTO TaKUMH, MO0 MOXYTh TPAIUTUCS JIHIIE B
KiHIi KomoBoro ciosa. Omke, mist kony Cp,  m,
icHye 2t TepMiHaNBHUX TPYI, JOBKUHH SKHUX —
my+1, mi+2,..., m+1l, m+2. Io3HaunMo KiJIBKICTE
TEPMIHAIBHUX TPYI JIOBXHHH N 4epe3 .
OueBuaHO, T, JMOPIBHIOE KUIBKOCTI BXOJDKEHb
gucna N B Habip {my+1, mi+2,..., me+l, m+2} (s
KimbkicTh craHoButh 0, 1 abo 2), a KiNbKIiCTh
HETEPMiHANBHUX TPYI TOBKUHH N JOPiBHIOE 2—T .
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MicTaTh npuHaiimMHi 181 (AK)-rpynu. Koxne take
CIIOBO MOKHAa OTPHMATH JOJABaHHSIM 3IiBa Oro
nepimoi  HerepMiHaibHOi  (AK)-rpymm g0
KOPOTIIIOTO KOJIOBOTO CJIOBa. 3 IHIIOTO OOKY,
JOJaBaHHA A0 OyIb-SIKOTO KOJOBOIO CJIOBA 3J1iBa
JIOBUILHOT HETEPMIHAJIBHOT IPYITU YTBOPIOE JOBILE
KOJIOBE CJIOBO. SIKIIO X KOJOBE CIIOBO MiCTHTh
TITBKU OAHY TPYIY, TO ISl TPyMa € TePMiHAIBHOI.
Otmxe, BpaxyBaBIIM, L0 JOBXHHA HAaHKOPOTIIOL
(AK)-rpyri  cTaHOBHTH 2, OTPUMYEMO TaKy
peKypeHTHY (opMyIy IUIsl OOYMCICHHS KUTBKOCTI
KOJIOBHX CIIiB IOBXKHHH N:

fn = Tn + 22;3(2 - Tk)fk =
= Tn + Z(fn—Z + fn—3 + ) -
fn—(m1+1) -t fn—(mt+1) -
fn—(m1+2) -t fn—(mt+2)

)
3actocyemo 1110 hopmyy aiast odourciaeHus f, 1

fn—l = Tn—l + 22;8(2 - Tk)fk =
=Th1 t+ 2(fn—3 + fn—4 + ) -
fn—(m1+2) -t fn—(mt+2) -
fn—(m1+3) -t fn—(mt+3)

@)

3Haiinemo npaBy yactuHy (3) B (2) 1 3amiHUMO
i ua f, 4

fo=T —Thoa +2fn 2+ fuoa —
fn—ml—l - fn—mt—l +
fn—m1—3 +-t+ fn—mt—3 (4)

[loznaumBmm niBy wactuHy (1) depe3 S Ta
BpaxyBaBl, mo fo=f_1=--=0, mia Oyns-
SIKOTO p>0 MaTUMEMO  Taki  pIBHOCTI:
Z;.zo=1 Z_nfn—p =277 Z;.zo=1 2_(n_p)fn—p =s27P.
BpaxoByroun ix ta mingcraenstoun supas (4) B (1),
OTPUMAEMO:

S=2n=12 M =2n=1 27 (T — Tq +
fn—l + 2fn—2 - fn—(m1+1) -t fn—(mt+1) +
fn—(m1+3) + et fn—(mt+3)) =

o laow  me(n
anlz nTn - Eanl 2 (n 1)Tn—l'l'

SGHy—2mT o — el

2—mi=3 4 .4 Z_mt_3) (5)
B3spmm mo yBaru, 1o 2-m;=3 _ p-m;=1 _
—327™3 g Gymb-aKoro i, Ye—q 27T, =

Yo, 2==UT, ;i ckopormBmm S B 000X
yacTuHax (5), OTpUMaeMO Taky QopMyIiy:

(6)

OCKiNbKM JTOBXHHH TepMiHaIbHHUX (A,K)-Tpym
CTaHOBIATh My +1,my+2,...,m; +1,m; + 2,

3 law o
3SZ§=12 i =52n:12 nTn
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BUKOHYETBCSI PIBHICTb Y1 27T, =
—mi— —m— 3 —m;
o (27l 4272y 2125212 e

. 3 m
HepiBHICTD (6) HaOyBae BUTISIY 5325212 mi =

Tomy

3 o
5 2i=1 27, sinku BumUmBac S = 1. m

VYHiBepcaabHicTh (A K)-koxiB

Hab6ip xomoBux ciiB i3 gosxuaamu li (1< ,<...)
HA3WBa€ThCS YHIBepcadbHUM y po3yMmiHHI Emiaca
[3], sxmmio icHye Taka koHcTtanTa K, 1110 ajst 0y/as-

SAKOTO CKIHYEHHOTO pO3MOJUTYy WMOBIPHOCTEH
P=(p,....pn), & P1 = P >... BUKOHYETHCA
HEPiBHICTb

Yiz1 lipi < K'max(1, E(P)), (7)

ne E(P) = =Y p; log, p; — errpomist po3mozixy
P, a K — me3anexna Big P koncranTa.

Teopema 3. Bymb-axuit (AK)-kox Cp, m, €
YHIBepCATbHHM.

Hosenennsi. OIiHUMO BEJIUYUHY S, — KUIBKICTh
KOJIOBHX CIiB, JIOBKUHA SKUX HE TEPEeBHILYE N.
st mboro ckopucTaemMocs piBHICTIO (4):

sn = Xi=1fi = Bi=a(Ti = Tim1) + 2812 fia*t
fn—l + Z?=_11fi—1 - fn—ml—l -t fn—mt—l -
_fn—m1—2 -t fn—mt—z -

1ot (fiomy—1 4+ fimme—1) +
Z?zl(fi—ml—3 +t fi—mt—B) (8)

BayBaxkumo, mo Yi—(T; —=Ti—1) =T, =Ty =
Tn ockimeku To=0; 2% fi o+ Yt fi =
3N fi+3fo+2f1=3Y L fi OCKiNIbKH
fo=1fo1=0; =X fimmy—1 + -+ fimm,—1) +

zr'l:l(fi—ml—S ++ fi—mt—3):f—m1—1 +ot
fompa1t fomy—2+ -+ fom,—2 =0,  ockinbku
fi=0, sixkmo i < 0. Takum umHOM, piBHICTH (8)
MO’KHA TIEPETBOPHUTH TaK:

Chnmcoxk Jiitepatypu

1. 3asaocvxuii 1.0. TlpedikcHuil CTHCKAIb-
HUH KOJI HA OCHOBI HIDKHBOTO (2,3)-110JTaHHS YHCEe
/ 1.O. 3asancekuii // Bicauk KwuiBchkoro Harmio-
HanpHOTO yHiBepcutety im. T. IlleBuenka. Cepist:
¢iz.-maT. Hayku. — 2015. — Nel. — c. 124-129.

2.  Anucumos  A.B. [TomexoycToitunBoe
npeuKCHOE KOIMPOBaHWE HAa OCHOBE HUXKHETO
(2,3)-mpencrasnennss uucen / A.B. AHHCHMOB,
W.A. 3aBaackuii // KubepHeTnka W CUCTEMHBIH
anamms. — 2014. — Ne 2. — C. 3-14.

3. Elias P. Universal codeword sets and
representation of the integers / P.Elias // IEEE
Trans. Inform. Theory — 1975. —v. 12, p. 194-203.
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— n—2
Sp = Tn +3 i=1Ji _fn—m1—1 -t
fn—mt—l - fn—m1—2 - fn—mt—Z > 3Sn—mt—Z'
Bbesnocepennbo 3 o3HaueHHs | BUIUIMBAE, 1110
Si> 0, Km0 i > my. ToMy K TiTBKH

n—m,—2>m, 9)
n—-miq

. I1o3-

HAYUBIIH V3 yepe3 o, a 1/a™! — uyepe3 J,
OTPHMAaEMO HEpiBHICTh S, > Ba”, ne a>11 >0 —
JesIKI KOHCTAHTH, 10 3aJIeKaTh Big My i M. Takum
YHHOM, SKIIO | — Ile TOBKMHA i-T0 KOJZOBOTO CIIOBA
Y BIIOPSAIKOBAHOMY 3a 3pOCTaHHSIM JOBKHWH HaOOPi

. . mg+2
BUKOHYETHCA HEPIBHICTD Sy, > ( \/_)

me+

KOJIOBUX CNiB, TO [>S;_1> Bali~1. 3gincu
OTPUMYEMO

l; <log,(i/B)+1=

=log, 2 -logy i —log, B+ 1 (10)

s HepiBHICTH BUKOHYETHCS, SKIIO lj > my + my
+2 (ymoa (9)). Tomi i > 2, a omxke, log,i =1 i
HepiBHIcTH (10) MoxkHa nepenucaTu y BUMIIAAL [; <
(logy 2 —log, B+ 1) logy i = (log, (2/B) + 1)
log, i. Ame OCKibKHM BETMYHMHU P PO3TAIIOBAHO Y
HE3pOCTAI0YOMY MOPSIKY, a iX cyma JOpiBHIOE 1,
To p; <1/i, a omke, log,i < —log,p;; Iip; <
—(logy(2/B) + 1)p; log, p;, a oTKe, KOHCTAHTOIO
K B HepiBHocTi (7) Moxe OyTH BelMYMHA
Ky =log, (2/B) + 1 =log, 2a™ + 1. Bpaxo-
ByIOYH, [0 O = mt+i/§, maemo Ky =
logz 2 (m; + 2) + my + 1. fIkmo x ymosa (9) He
BUKOHY€eThCsI, TO eHtporis E(P) 3 nepiBHocTi (7)
oOMexeHa BeMMUUHOIO logy(Mi+m+2), a tomy
HEepiBHICTP (7) BUKOHYETHCS JJISl TIEBHOI BEIIMYHHH
K=K, o 3aiexuTh BiJ mapameTpiB Komy My i My i
HE 3aJeKWUTh Bix posmoaury P. Takum duHOM,
koHcTaHTolo K 3 HepiBHOCTI (7) Moxke OyTH Oinbia
3 BesmunH Ky, Ki.m

References

1. ZAVADSKYI, 1.0. (2015) Prefix
Compressing Code by Means of the 2,3-
Representation of Numbers, Bulletin of Taras
Shevchenko National University of Kyiv. Series
Physics & Mathematics. No 3. pp. 124-129.

2. ANISIMOV, A\V. ZAVADSKYI, 1.0.
(2014) Pomekhoustojchivoe prefiksnoe
kodirovanie na  osnove nizhnego  (2,3)-
predstavlenija chisel. Kibernetika i systemnyj
analiz. No 2, pp. 3-14.

3. ELIAS P. (1975) Universal codeword sets
and representation of the integers. IEEE Trans.
Inform. Theory. vol. 12, pp. 194-203.

Hagniitnra no peaxosnerii 10.03.2015



Bicnuk Kuigcvbkoeo Hayionanvbho2o yHisepcumenmy
imeni Tapaca Illeguenka
Cepis ghizuxo-mamemamuuni HayKu

YK 530.145

3aBazncekuii 1O, K.¢.-M.H., JI0IL,
IernboBana M.B.2, CTYIECHTKA.

KBanToBuii  Bentwiab  Toddgouai, iioro
peaJiizanisi Ta 3aCTOCyBaHHSA
KuiBcbkuii  HalliOHANBHUM ~ yHIBEpCHUTET  iMeHi

Tapaca lleBuenka, 83000, m. Kui, ['mymkoBa 41
e-mail: ihorza@gmail.com
Ze-mail: mariapetlovana@gmail.com

2015, 2

Bulletin of Taras Shevchenko
National University of Kyiv
Series Physics & Mathematics

1.0. Zavadskyi', k. ph.-mat. sc., docent,
M.V. Petlovana?, student.

The quantum Toffoli gate, its implementation
and application

Taras Shevchenko National University of Kyiv,
83000, Kyiv, Glushkova st., 4d
Ye-mail: ihorza@gmail.com

%e-mail: mariapetlovana@gmail.com
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The concepts of quantum circuit, quantum gate including Toffoli gate are considered in the article. The
implementations of quantum gates FANOUT, NOT (negation) and AND (conjunction) with only one Toffoli
gate are presented. Thus one of the effective ways to solve the problem of modeling classical computation on
a quantum computer is proposed. Toffoli gate is scrutinized as an element of a set of universal quantum gates
to which any operation possible on a quantum computer can be reduced. The importance of the
reversibility of the Toffoli gate is explained. The concept of the complexity of quantum computation is defined.
The implementation of the Toffoli gate by circuit containing only 1- and 2-qubit gates is presented and
compared with other known implementation. The proposed circuit requires 5 2-qubit gates and 2 1-qubit
gates, while known implementation requires 6 2-qubit controlled-NOT gates and 10 1-qubit operations. Thus
the proposed circuit significantly reduces the number of elementary gates needed for the implementation of

the Toffoli gate.

Key Words: quantum gate, quantum circuit, Toffoli gate.

CratTio peacTaBuB 1.¢.-M.H., ipod. AHiciMoB A.B.

1. Beryn

VY cxemaTHuHIN MOJENI KIIACHYHOTO KOMIT I0Tepa
Oy/Ib-sIK€ OOYMCIICHHS PO3TIISIAETHCS K sl CXEMH,
noOyIOBaHOi 3 PI3HUX THUIMIB OYJICBUX JIOTIYHUX
eleMeHTiB  (BEHTHIIIB), IO OOPOOIAIOTE  JesKi
OiHapHi BXimHi gaHi. KoXHWH JOTIYHUN eleMeHT
Ma€ BXOJAM Ta BHXOJHU N NEPETBOPIOE BXiJHI OITH B
o/iiH a0 KijbKa BUXIJHUX 32 IEBHUMHU (POPMYJIaMH.

Buxomy OmHMX BEHTUIIB OTOTOKHIOIOTHCS 13
BXogamMu 1HmHMX. [logiOHMM YMHOM  MOJKHA
3MOJIENIOBaTH M  OOYHCIEHHS Ha KBaHTOBOMY

KoM 1oTepi. ['onoBHA BiAMIHHICTD HOJISTaE B TOMY,
0 B TOM dYac SK KJIACH4YHI JIOTIYHI BEHTHII
OTIEPYIOTh KIACUYHUMHM 3HaYeHHsIMU Oita — 0 abo 1,
KBaHTOBI BEHTHJII ONIEPYIOTh TaK 3BAaHUMH KyOiTaMHu,
g axkux 0 ta 1 — 1e nuine 0a3ucHI CTaHU. 3arajioM
CTaH KBAHTOBOI YaCTKH — 1€ CYIEPIO3HIis
0a3uCHUX CTaHIB 13 IIEBHUMH KOMIUICKCHHMU
KoedillieHTaMH, W0 HAa3WBalOThCA AMIDTITYAAMH.
CraH cucteMu 3 N KBAaHTOBUX YaCTOK OMHCYETHCS B
3araJbHOMY BUIIAAKy BekTopoM i3 2" ammiiTyn, a

© 1.0. 3aBaxncekuii, M.B. IletnsoBana, 2015
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OTXe, KBaHTOBI 00YUCTICHHS 3HAYHO
PI3HOMAaHITHIII, HI)K KITaCHYHi.
3 1iHmoro OOKy, KBaHTOBI BEHTHJi MAalOTh

0oOMeXXeHHs, He BJIACTHBI KiacuyauM. Hacamriepen
e 06opoTHicTh. KoXHOMY KBaHTOBOMY BEHTHIIIO
BIJNOBiZa€ JesKe YHITapHE NEPEeTBOPEHHS, a Taki
MEPETBOPEHHS 3aBXaud 000poTHi. s KaacHuHUX
00YHCIIeHb, HaBIAKW, BJacTHBa HEOOOPOTHICTD.
Hanpuknan, noriuamiéi BeHTmwnis AND 3 nBoma
BXOJIaMH ¥ OJIHUM BHXOJIOM peallizye HeoOOpOTHE
O00YHCIIEHHS, OCKUIBKY SKIIO BUXiJ A0piBHIOE 0, TO
BiJHOBUTH 3a HUM 3HAYEHHS BXOJIB HEMOKJIUBO.
Tomy 3amawa peanizallii JOBUILHOIO KJIACHYHOTO
o0YMCIIEHHST Ha KBaHTOBOMY KOMIT'IOTEpi €
HETpUBiaabHOMW0. LI 3aaua Mae CyTTEBE MPaKTUYHE
3HAYCHHS, OCKUIbKH, SKMM OU He OyB KBaHTOBUU
aJTOpPUTM, MOr0 HEBI €MHOIO CKJIAIOBOIO €
BUKOHAHHS TOTO YM IHIIOTO  «KJIACHYHOTO»
obOuucnenHs. Hampuknasn, B KBAaHTOBOMY alTOPHTMI
(akTopm3allii BETUKWUX YHUCEN I MiAHECEHHS 0
crenens. OpuH i3 ePEKTHUBHHX  CIOCOOIB
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pO3B’A3aHHS  3afadi MOJENIOBAaHHS  KJIaCHYHUX X X

o0uncneHb Ha KBaHTOBOMY KOMIT FOTepi

3aMpOIOHOBAHO B IIii CTATTI.

2. Peanizauii 0230BUX KJIAaCHYHUX BEHTHJIIB 32
aonomoroio Bentuisi Todddoai

Bimomo, mio Oyap-skuii CKIamHWN JIOTi9HUI
BHpa3 MOKHA 3BECTH /IO OJHI€I 3 TBOX CTaHAAPTHHUX
(dhopM: u3'tOHKTUBHOI ab0 KOH'FOHKTHBHOI. Kpim
TOTO, JIU3 FOHKIIS BUPAKAETHCS Yepe3 KOH FOHKIIIIO
Ta 3amepedeHHs. ToMy SKIIO MH pearizyeMo
Beutwii NOT ta AND, To 3MoXkeMoO peasi3yBaTu
Oyap-siKy KiacuuHy cxemy. KpiMm Toro, B peanbHUX
00YHMCIIEHHX BUKOPHUCTOBYETHCS orepartist
MIPUCBOEHHS, TOOTO BEHTWJIh KOTIIOBAaHHS 3HAYESHHS,
skuit mo3Haunmo sk FANOUT.

BusiBnseTscs, Mo yci  BHIenepepaxoBaHi
oreparii MOXXyTb OyTH peasi3oBaHi 3a JOMOMOTOI0
obopotHoro BeHTunsi Toddom (puc. 1). Bentunp
Toddoni takox nasmBatoth Controlled Controlled
NOT (CCNOT), ockinbku HOTO JIist MOJISTAE B TOMY,
O TpeTid OIT 3MIHIOE CBO€ 3HAYCHHSA Ha
MPOTHJICKHE TOAI W TUTBKH TOJi, KONW TEpIIi JBa
O0iTm nmopiBHIOIOTH 1. [Hakme Kaxxydu, 3HAYSHHS
MEepUINX JBOX OITIB KOHTPOIIOE 3HAUYEHHS TPETHOTO
OiTa.

* Bentwib Toddomi

N < X
<<

= FANOUT

X X
1 1

0 X

» NOT (3anepeueHHs)

* AND (xoH’rOHKIIis)
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y y
0 XAY

=  OOOpOTHICTh

X X X
y y y
Z Z & (Xay) Z

Puc. 1. BractuBocri Bertwisa Toddooi

VYHiTapHa MAaTpHIi, IO BiJAIMOBIa€ BEHTUIIIO
Toddomi, Mae Takuit BUTIIS;:

1 0 0 0 0 0 0 O
010 0 0 0 OO
0 01 0 0 0 0O
= 0 001 0 0 0O
0 0001 0 0O
0 00 00 1 0O
0 0000 0 01

0 0 0 0 0 0 1 O

3. Peanizauin Bentuias Toddoai uepes 1- Ta 2-
KyOiTHi BeHTHITI

MoxmuBicTh pearnizyBatu BeHTHIb Toddorm 3a
JIOTIOMOTOr0  1- Ta 2-KyOITHUX BEHTWIIB € JIyXKe
B)XIIMBOIO, OCKIJIbKM (DI3WUHI BJIACTHBOCTI HUHI
BIJOMHUX TPUCTPOIB Taki, IO CYMEPIO3UIIis
NIEPETBOPEHb, sKi 00poOIsaoTs 3 1 Oinblie KyOiTiB,
Belie JI0 CKCIIOHEHIIITHOTO 3pOCTaHHS BEIUYWHU
MOXUOOK.

Ha pmaHWii MOMEHT iCHye JEKUIbKa BiJJOMHX
peamizamiii BeHTHns Toddomi, KoXKHa 3 SKHX
BUKOPHUCTOBYE Pi3Hi 1- Ta 2-KyOiTHI MepeTBOPEHHS,
Ma€ CBOi NEpeBarH Ta HEAONIKH, a TaKOX pi3HY
ckiaaHicTh cxemu. OpHa 3 Takux peajizariii
MpeJcTaBIeHa y Jpkepenm [4] Ta mpejacraBieHa Ha
pUCYHKY 1.

3a jmomomoror  posknanaHas — N-KyOiTHOTO
KBAaHTOBOIO OOYHMCJIEHHS HA IIOCIIIOBHICTH 1- Ta 2-
KyOITHHX KBaHTOBHX BEHTHIIIB, MO>KHA
OXapaKkTepU3yBaTH CKJIQIHICTE KBaHTOBHX
o0uMciIeHp SIK TVIMOWHY MiHIManbHOI KBaHTOBOI
CXEMH, II0 peattizye Horo.
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X * * l T— X
y l l THH—S—TT—® S y
H TH—3— T TH—&—T—H Z D (XA
yA v N N v y

Puc. 2. Peanizanis Bentwis Toddomi uepes 1- ta 2-ky06itHi BenTmwini H, CNOT, S, T, Tt

Peamnizanis, HaBeZieHa Ha PUCYHKY 2, CKIaJa€ThCs
3 BeHTuniB Anamapa, CNOT, Bentwist ¢asu S Ta
BenTwIs /8 (B cxemi cumBomom TT mosmaueno
TPaHCIIOHOBaHE KOMIIJICKCHO CTpsDKeHe
nepeTBOpeHHs 10 BeHTw s /8, abo T). 3aramom ii
€MHICHA CKJIAHICTb CTAHOBUTH 16 BEHTUIIB.

1 0 0 O
3l 2] worft 100

0O 01 O
s=[o o Ty el

[TepeBara nmanoi peamnizamii mojsrace B TOMy, IO
cepen 2-kyOiTHMX BEHTHIIIB BOHa BHKOPHCTOBYE
mumre OazoBe meperBopeHHs CNOT, sxe rerko

peanmizyBaTd Ha KBaHTOBOMY Kowmm 'torepi. [Ipote
HE/IONIIKOM € Te, 10 BHUKOPHCTOBYEThCS Oarato 1-
KyOITHHX TIEPETBOPEHb, SKi 30LIBIIYIOTh CKJIATHICTh
1 9ac crpanbOBYBAaHHS CXEMHU.

Y miif cTarTi MpOTOHYEThCS KBAaHTOBA cXeMa
(puc. 3), mo peanizye BeHTHWIH Toddomi i MicTHTh
mume 7 1- 1 2-kyOiTOBHX BEHTHIIIB, Cepell SIKHX
Bimomi BenTwii Apamapa, CNOT, a Takox nBa
crierianpHuX BBeaeHnx Hamu BeHTw N ta V:

10 0 0 100 0
Jo 100 o100 o
Vlo 0 1 ol lo 0 1 o
00 0 i 0 0 0 —i

HenomikomM 3amporoHOBaHOI CXeMH € Te, IO
nuTaHHg (i3uyHOI peanmizamii meperBoperb V Ta N
3aJIMIIAETHCS BIKPUTHM.

Y X

S—

v

I
Z H N

D y
\% Z D (Xny)

H

Puc. 3. Peanizanis Bentuns Toddoii uepes 1- ta 2-xkyoitHi Bentuni H, CNOT, N, V

[lokaxkemo Temep, IO HaBeleHa BHILIE KBAaHTOBA
cxeMa JilficHo peani3ye neperBopeHHs: Toddomi.

Jns

MOJJIMBUX 8 Oa3UCHUX CTaHIB TPHOX KyOITiB:

ObOro  po3riIgdHEMO INEPETBOPCHHA BCiX

1000 . |00 ! (10> + |1 )V 100 ! (10> + |1 )CNOT|00 ! (10> + |1 )N |00 ! (10> + |1>)
> >— > >) > >— > >) — >— > >) > >— > >
2 V2 2 V2

V2

CNOT 1 \%

V2

1 H
—> [00>—=(]|0>+ |1>) = |00>—(|0> + |1>) —» |000>
| \/i(l |1>) = | \/j(l |1>) > |

V2

10015 3 1005 = (105 — 115) 5 1005 = (105> — 115) X2 1005 = (105 — [15) 2 1005 = (0> — [1)
> — > — > — >) > >— > — >) — >— > — >) > > — > — >
2 V2 2 V2

CNOT

%
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2

1 v 1 H
—> [00>—=(]0>—|1>) = |00>—(|0> —|1>) —» |001>
| \/E(l |1>) - | 2(I |1>) - |
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H 1 \% 1 CNOT 1 N 1
010> - |01>—(]0> + |1>) - |01>?(|0> +i|1>) — |01>T(|0> +1i|1>) = |01>—(]0> + |1>)

V2

CO

N

1 1
015 —— (10> + [15) > 01> —

V2

(10> + [1>) —> [010>

H \ CNOT N 1
011> — |01>—(|0> —|1>) - |01>?(|0> —i|1>) —> |01>T(|0> —i|1>) = |01>—(]0> — |1>)

V2

CO

N

1 1
—01>—(]|0> — |1>) —> |01>—

V2

(10> —|1>) —> [011>

H % CNOT N 1
|100> — |10>—(|0> +1|1>) - |10>T(|0> +1>) — |11>—(|0> +[1>) - |11>ﬁ(|0> —i|1>)

V2

CNOT

|10>—(|0> —i|1>) —> |10>—
z z

\/_

(J0> + |1>) —> [100>

H \Y CNOT N 1
101> — |10>—(|0> —-|1>) - |10>T(|0> —|15) — |11>—(|0> —|1>) - llbﬁ(l(b +i|1>)

CNOT |10>—(|0> +i|1>) —> |10>—(|0> —|1>) —> [101>
1105 5 115 (105 + [15) 5 [115 -2 (10> + i]15) 225 1105 -2 (10> + [1>) > [105—= (|0> + i|1>)
> — >— > >) > >— > 1 >)— >— > 1 >) > >— > 1 >
.‘[ 1[ 1[ 1[2
CNOT
|11>—(|0>+1|1>)—>|11>—(|0>—|1>)—>|111>
V2 V2
1115 5 |11 r(|0 1>) > 11 ruo i11>) = |10 r(|0 i115) 3 [105 = (10> — i[1>)
> — >— > — >)— >— >—1 >) — >— >—1 >) = >— >—1 >
2
CNOT
|11>—(|O>—1|1>)—>|11>—(|O>+|1>)—>|110>
V2 V2

4. BHUCHOBOK 4. Nielsen M.A. Quantum Computation and
Quantum Information / M.A. Nielsen, I.L.
Chuang. — Ed. 10-th. — New York: Cambridge

University Press, 2011. — 702p.

3anpornoHoBaHo peanizamito BeHTHIS Toddoni
yepe3 1- Ta 2-KyOiTHI BEeHTHJII, IPU [LOMY EMHICHA
CKJIQJIHICTh KBAaHTOBOI CXEMH CTaHOBHTH [, IO
CYTTEBO MEHIIE 33 €MHICHY CKJIAIHICTh BiJIOMOI
peasizarii neperBopenns Toddori, HaBeneHoT B [4].
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Cmamms npuceésyena O00CniodiceHH0 Memoodie ma 3acobie peanizayii  idenmupixayii ma
aymenmudbixayii’ cy6’exmie asmomamu3zoeanoi cucmemu . Jlia supiwenns yiei npobiemu 3anponoHo8aHa
peanizayis cucmemu nputinamms piwensb. OOHIEI 3 HAUOIILIUX Nepesds CUCeMU — € MONCIUBICMb (i
macwmabysanns. Cucmema modice Oymu UKOPUCMAHA HA NPAKMUYT, HANPUKIAO 05 GUSGNEHHS OEKITbKOX
CMOPIHOK OOHIET TIOOUHU 8 COYIANLHUX Mepexcax, popymax ma noOpmanax HoGUH.

Krouosi cnosa: ioenmudghikayis kopucmyeaua, ingpopmayitine cepedosuwge, iHpopmayitini nomoxu

This article is devoted to research of methods and tools for identifying subjects of an automated system.
This problem remains unresolved, because there is no single method for identifying a person who is using
the computer at the moment. In conditions of modernity, while information warfare and a variety of
cybercrime, there is a great relevant of this subject researching and development of new methods of
identification and identify trends. A multifactor decision-making system is proposed to solve this problem.
System can answer the question whether the owner of two accounts is the same person with a certain
percentage of accuracy. One of the main advantages of the system - is its ability to be expanded. Factors that
are analyzed are fields that the user enters about himself during the registration and fields (hidden from the
user) that the system gets from users browser, computer, software, any behavioral factors of the user etc.
The system can be used in practice, for example to identify duplicate user pages in social networks, forums
or news portals.

Key words: user identification, information environment, decision-making system, information flows

CraTTIO IPEACTaBUB . T. H., pod. 3acnaBcbkuil B.A.

Beryn 1 I  KOpUCTyBaua  BUKOPHCTOBYBATH  I[IO
iHpopmanito. IneHTudikamiro Ta ayTeHTH}IKALiO
MOXHa BBa)XaTH OCHOBOIO IPOTPaMHO-TEXHIYHHX

O,Z[Ha 3 OCHOBHHX np06neM, sKa TOCTa€ Mepea

pO3pOOHWUKAMH  TPOrpaMHHUX  JOMAATKIB, me 3aco0iB  Oe3meku, OCKUIBKM  iHINI  CepBicH
imeHTH}iKawis KOpHCTyBaya. Peectpamisi po3paxoBaHi Ha  OOCIYroByBaHHS iMEHOBAaHHX
KOpHCTyBaua mousermye 30ip cratuctuku 1 cyO'extiB [1]. IneHTudikamis Ta ayreHTH}IKALIS - I

3a0e3medye IUTICHICTh JAaHUX KOPHCTYBada, IO JIA€
MOJKJIMBICTh BJIACHHUKAaM JOJATKIB BUTIIHO Ui cede

«repuia JiHis 000poHN» iH(POPMAaLIITHOTO MPOCTOPY
oprasizariii.

© JI1.O. Katepuan4, A.A KanamHikosa,
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InenTudikamis JIO3BOJISIE cy0'ekTy CucremMa € HamiBaBTOMAaTH4HOIO, TOOTO €
(kopucTyBayeBi, mTporecy, IO Ji€ Big IMEHI MOXIUBICTh aBTOMATUYHOI Ta aJIMiHICTPATUBHOI

KOpUCTYyBaua 4YM IHIIOIO amnapaTHO-IPOTPaMHOMY
KOMIIOHEHTY) Ha3BaTH ceOe (IOBIIOMUTH CBOE iM's).
3a gomomoror ayTeHTH(]ikamii Apyra CTOpoHa
MEPEKOHYETRCS, MO CY0'eKT MiHCHO TOH, 32 KOro BiH
cebe Bumae. SIk cuHOHIM cioBa "ayreHTH]IKAIisS"
iHOA1 BUKOPUCTOBYIOTh CIIOBOCTIOJTYYCHHS
"mepeBipka cripaBkHocTi" [2].

[IpoGnema igenTudikamii Ta  ayHTedikamii
KOPHUCTYBaUiB 3aJIMIIAETHCS BIIKPUTOIO, aJDKE MOKH
II0 HE ICHye €JUHOTO METONY MJsl BUSBICHHS
cy0’€xTa, 0 KOPUCTYETHCS CUCTEMOIO y MOTOYHHH
MOMeHT 4acy [3]. 3Bigcu BUIUIMBAa€E akTyalbHICTH B
JOCHI/DKEHHI JaHOi TeMH Ta po3poOli HOBHX
METOJIB imeHTHdIKaIlii.

[losutuBHUM pe3yabTaToM ayTeHTU(IKalii €
aBTOpH3allisl KOpHUCTyBada, TOOTO HaJaHHSI HOMY
mpaB JOCTYIy A0 pecypciB. g goctymy 1o pisHUX
CHCTEM MOXYTh 3aCTOCOBYBATHCS Pi3HI METOIH
ayTeHTUiKaii.

B 3anmexHocTi Big MipH IOBIpYMX CTOCYHKIB,
CTPYKTYPH, OCOOTMBOCTEH MeEpeki 1 BiIIalieHOCTi
00'exTa mepeBipka JaHUX HaaHUX J0 CUCTEMH MOXKeE
OyTH OHOCTOPOHHBKOK 200 B3aeMHOI. PO3pi3HAIOTH
0qHO(pAKTOPHY i CTpory (mBodaxropHy)
ayrentudikanii. B onmHodakTOpHHX cHcTeMax,
HANMOIMPEHIIMMHY B L€l Yac € MapoibHi CHCTEMH
ayreHtudikamii [2].

Hnst BHSIBIICHHS IyOmikaTiB aKayHTIB
KOpHCTyBaua  3alpoloHOBaHa  OaratodaxkropHa
cucTeMa aHalizy iHpopMalii Ta IPUAHSATTS PillleHb.

OcHoBHI NpUHIUIIA PO0OTH OaraTo(pakTOPHOL

cmp
OcHOBHa imes cuUCTEeMH TOJisATrae B TOMY, IIOD
NPUAHATA ~ PIlIEHHS IIOM0 HAJIEKHOCTI  JIBOX
AKayHTIB OTHOMY KOPUCTYBauyy.
Cucrema Mmae OaraTo)akTOpHYy CTPYKTYpPY
(ToeTHaHHS OIpa3y 10T HU3KW METOJIIB Ta JHKEpel
00po0TIOBaHUX JTAHWX) i MOXITUBICTD

MmacmTaOyBanHs. dakTopamu, MO aHATIBYIOTBCA, €
SK TIOJNS,, IO BBOOUTH KOPUCTYyBad Mpo cebe mpu
peecTpaitii, Tak i Mo, MO BUABISIOTHCSA IPUXOBAHO
Bi KopHCTyBaya 3 JaHMX Horo Opaysepa,
KOMIT 10Tepa, MPOrpaMHOro 3a0e3MeyeHHs,
MOBEAIHKOBUX (DAaKTOPIB CaMOro KOPHUCTyBayda TOLIO.

Cuctema oTpuMy€e N BXIIHUX MapaMeTpiB — MO,
II0 BBOAWTH KOPHUCTYBAau NpU peecTpamii, Ta
mapamerpd, [0  BH3HAYAIOTBCS  CHCTEMOIO
camocTiiiHo. KoxkeH 3 mapamMerpiB aHami3yeThCsl IO
BCIX KOPHUCTYBayax y CHCTEMi Ta BHIA€THCS
pe3ynbTart.

MepeBipKH KOPUCTYBadiB. ABTOMAaTHYHA IIEpEBipKa
BUJAa€ TPUOIM3HMNA CIHCOK TMiJO3PIOBAHUX HA

CXOXKICTh  KOpHCTyBauiB. Jlami  mpomoHyeThcs
MEpeBIpUTH 1UX KOPHUCTYBayiB 3a JOMOMOTrOI0
aIMIHICTpaTUBHOI  NeEpeBipKU. AIMiHiCTpaTHBHA

nepeBipka HABOAUTH TaONMIIO TOPIBHSHHS JIBOX
KOpPHUCTYBauiB 3a yciMa (pakTopaMu, sIKi € Yy CUCTEMI,
Ta IMOBIPHICTH TOTO, IIO JBAa AKAYHTH HAJCKATh
OIHIN JIFOOUHI.

OcraHHe pilieHHs, Y1 OJIOKYBAaTH KOPHCTYBaua,
3aBXK/AW 3aJHMIIAETHCS 3a JIIOAUHOI0. ToOTO crcremMa
JUIIE MOXKE 3pOOMTH MPHITYyLHICHHS Ta HATAKHYTH
JrOMHI (HampHUKiIaa aaMiHicTpaTopy Gopymy), 1moo
BiH 3BEpHYB yBary Ha MiZ03pIOBaHi 2 aKayHTH.

OpHi€ro 3 HaWBAXKIMBIIINX IEpeBar CUCTEMHU — €
MOXIUBICTB ii MacmTaOyBaHHs. CTPYKTypa CHCTEMH
nependavae  MOXKIIMBICTh  JIOIAaBaHHS  JIOBUIBHOI
KUIBKOCT1 (pakTopiB mepeBipku cyd’€KTa CHCTEMH.

KoxxHoMy mapaMerpy NmpuCBOIOETbCA KOe]ilieHT
BIUIMBY. 3p0O3yMiJio, IO 30ir JeIKHX MapameTpiB €
OinbII BayKJIMBUM (DAKTOPOM AJISi IPUNHHATTA pillieHb
HDK iHmmiA. Ha nanuii MOMeEHT KokeH 3 (hakTopiB
Mae BaroBUi KoedimieHT, mo aopieHioe 1. J{ns Toro,
00 BU3HAYHUTH Bary Uil KOXKHOTO 3 (pakToOpiB, sIKi
BUKOPHUCTOBYIOTbCS B CHCTeMi, Tpeba moOyayBaTh
CTaTUCTUKY ISl BEIMKOI KiTBKOCTI KOPUCTYBAviB Ha
pearbHOMY MPOEKTI.

JeMoHcTpamiiiHa Bepcist CcHCTEMH HamucaHa
moBoto PHP [5], 3a momomororo ¢peiimMmpopky
CakePhp [6] Ta 3 Bukxopucranus JavaScript. s
30epexkeHHs JaHUX BHKoOpUcTOBYeThes MySql 6aza
nanux [7]. Jns  nmeMoHcTpamii  3ampornoHOBaHa
MaHeNlb aJMIiHICTpaTopa, B SKi MOXHa JOJaTH
KOPHUCTYBadiB Ta 3pOOUTH TEPEBIPKY aKayHTIB LUX
KOPHUCTYBadiB Ha CXOXICTb.

ABTOMATHYHA NepeBipKa

ABTOMaTHYHA TEepeBipka Hamae iHPOPMAIIIIO PO
Te, IO OJWH KOPHCTYyBad CXOXXHH Ha IHIIOTO Ha

JIesTKui TIPOLIEHT. Hami aZMiHICTpaTopy
MPOMOHYETHCS  TMEPEUTH 10  agMIHICTPaTHBHOI
MEepEeBipKH.

Anroputm ABTOMAaTHYHOI MepEeBipKH
KOPHUCTYBaiB.

ABTOMaTHYHa IepeBipKa MpAIIOE 332 AITOPUTMOM
ART1 [8]. OOwupaerbcst mepmmii KOpUCTyBay i
poOUThCA 3amuT A0 0a3uW JaHWUX HA Ti MOJS, IO
noTpiOHi mnpu mepeBipui. 3a OUMH  TONAMHU

6y /LyeThCs BEKTOP-03HAK E .
Janmi BUKOHYETBbCS TMEpeBipKa Ha CXOXICTh 3a
HepiBHicTHO (1).
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" E” ” P A E” nepeBipka), MepImii  KOpHCTyBad, Opyruit

1)

P, .

e ! - BEeKTOp-IPOTOTHII, B . napaMerp, sKai
o0HMpae MPOTOTUIH, B SKUX OUTbIIEe 3HaveHb 1, 3a
YMOBH, IO YyCi 3Ha4eHHS 1 B BEKTOpPi-POTOTHII

TaKOXX HasBHI y BEKTOPi-03HAK, L0 TECTYETHCH, d.

po3mip BekTopa (HOro JOBXKHHA). ”u” - 3HAYUMICTh
Bexropa U .

Ha mepmoMy erami BiACyTHIll BEKTOP-IPOTOTHII.
To0To mepmmM BEKTOPOM-TIPOTOTHUIIOM € BEKTOp-
0O3HaK (2)

Fo=E @

SIKmo TecT Ha CXOXICTh MPOWIIOB YCIILIHO,
BHUKOHYETHCS MOPIBHSHHS BEKTOpPa O3HAK 1 BEKTOP-
NPOTOTHITY 3 MapaMeTPOM YBa)KHOCTI (HEpiBHICTh

3)).

)

3aBiaHHsIM JAHOTO MapaMerpa € BH3HAYCHHS
po3Mipy Kiacy. SKiio 3HadeHHS mapaMeTpa BENHKe,
YTBOPIOIOTHCSI OUBINI KiIack (KIacTep 3 BEIHUKOO
KUIBKICTIO  J1aHuX). [lpy 3MCHIICHHI 3HA4YCHHS
CTBODIOIOTBCSL KJIacTepH 3 MEHIIOK KIJIBbKICTIO
JNaHuX. SIKOI0 mapaMerp YBasKHOCTI 3aJaHHi JOCUTh
Hu3pkuM  (<0,1), i1 JOMycKy BEKTOpH O3HaK
MOBHHHI  30iraTucs 3  BEKTOPOM-TIIPOTOTHUIIOM.
[Mapamerp s pmanoi 3amaui  OyB  oOpaHuit

EKCIIEPUMEHTAIBHO: p=0.7 .

SxImo npoiiieHnit TeCT Ha YBaXKHICTh, MTOTOYHHMA
BEKTOpP O3HAK [JIOAA€TbCd B IOTOYHHUI BEKTOP-
nporotur (piBHAHHS (4)).

Pi:PimE. 4)

B pe3ynbTaTi KOXEH KOPHCTYBad HAJICKUTh
MEBHOMY KJIacTepy 3a CXOXKICTIO BEKTOPIB O3HAK.
Cucrtema Hajae mi pe3ylbTaTH aaMiHICTpaTOpy Ta
MPOMOHYE BUKOHATH aIMiHICTPaTUBHY MEPEBIPKY.

AnMiHicTpaTHBHA nepeBipka

AnMiHICTpaTHBHA TEpEBipKa Hala€ MOXKIHMBICTH
aZMiHICTpaToOpy 0OpaTH [1Ba aKayHTH Ha IEPEBIPKY i
MOJUBHUTHUCS PE3yNbTaTH MEPEeBIPKH CaMOCTiHHO.
AnMiHiCTpaTHBHa TepeBipka MPEACTaBIsIE COOOI0
TaONUIIO0, KA CKIAJa€ThCsl 3 TAKUX CTOBITYMKIB!
HOMEp KpuTepito, Kputepiii (mone, 3a SKUM ine

KopucTyBad (TOOTO 3HAYCHHS MOJIIB 3 TONEPEIHBOIO
CTOBITYMKA Yy KOXXHOTO aKayHTa) Ta pe3yJbTar
nepeBipku (+\-).

ANTOPUTM TIEPEBIPKH CXOXKHM Ha aBTOMATUYHUIH,
alle TYT TepeBipsAeThCS TITBKM 2 KOpHCTYyBadi,
3Ha4YeHHS sKUX nepenarotbess POST-3amurom 3
¢dbopmu BUOOpPY KOPUCTYBaUiB IJIsl IIEPEBIPKH.

ANTOpUTM py4YHOI IEpEeBipKU KOPHCTYBAYiB.

1. OOGwuparoTbca ABa AOBITBHI KOPHUCTYBadi 3
0a3u JaHux.

2. PoOutbed 3anur mo 0asy maHUX Ha Ti IO,
110 HaM TOTPiOHI MpH MepeBipLi MepIoro
KOpHUCTYyBaua.

3. BuxonyeTbcs mepeBipka M0 KOKHOMY OO
(dbakropy), mo Hagae Ham iHGOpMAILIO PO
KOpUCTYyBada, 3 IHIIUMH aHAJOTIYHUMHU
MOJISIMU y 1HIIOT'O KOPUCTYyBaya.

4, SIxmo maHi 30iraloThbCs, TO BUBOAUMO 3HAK
«+», B IHIIOMY BHIIAJKY — <«-».

5. OOumCHIOETBCA 1 BHBOOMTHCS BIANOBIAL —
HMOBIpPHICTb ~ TOTO, IO AKAYHTH HaJISKaTh
OIHIH JIFONHI.

IMOBipHICTh cucTeMa OOYUCITIOE HACTYITHUM YHHOM.
Bimomo, 110 cyma Bar ycix mapamerpiB JAOPiBHIOE S .
Skimo npu mepeBipii 3a mapamMeTpoM A 3HAYCHHS B
000X KOpPHUCTYBadiB 30iraroThbCs, TO MO JIYHILHUKA
JOJa€ThCd Bara IbOro mnapamerpa. B pesynbrari,
TicIIsl IepeBipKy 3a BciMa mapaMeTpamMu, OTPUMYEMO

3HaueHHs S,. Imosipricte P oGuncmroetses 3a

dopmyioro (5):
p_ S, -100%

3 ®)

ITapameTpn nepeBipkn

Pyuna mepeBipka BHKOHYETHCS 3a IOJISAMH, SIKi
BBOJIUTH KOPUCTYBA4, a TAKOXK 3a MapaMeTpamH, SKi
chucTeMa Ji3HaeTbcs 3 Opaysepa KOpHUCTyBada
camoctiiHo. Ha ©0a3i pe3ynbraTiB MOpiBHSHHS
napaMerpiB MOXKHa BUPIIIUTH 3 MEBHOI TOYHICTIO,
MA€EMO MU CIIPaBY 3 OAHIEIO JIIOAHOIO YH 3 PI3SHUMHU.

3a monomororo JavaScript [9] moxHa orpumaru
noBHY iH(opMmamito mpo Opay3ep KOpuUCTyBada Ta
Horo omepauiiiHy cucteMy. ABXEX, L iHPOpMAIis
He Oynme #oro imentudikyBatu Ha 100%, ame sx
KOMIIOHEHT Tak 3BaHoro fingerprint, crane mnyxe
KOPHUCHOIO.

[Tapamerpu, 3HaUEHHS SKUX BU3HAYAE CUCTEMA!

" omepauiliHa cucTeMa,
=  Opaysep, 10 Hapa3i BUKOPUCTOBYETHCS,
= |P ampeca;
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" [HMpHUHA Ta BUCOTA AUCILIEI0, TTTMONHA
KOJIbODY;

* mnardopma Opaysepa;

"  1aTa Ta YacOBHI MOSIC;

"  [IariHg, 1o BCTaHOBIEHI y Opaysepi;

"  CUCTEeMHI WpUQTH.

3 mapaMerpiB, 0 BBOOUTH KOPUCTYBay aHAJ3ye
HACTYIIHI: Tapob, MOWITY, AEpKaBy, aIpecy TOLIO.

[TopiBHSHHA 3a UMMU MapaMeTpamH Ja€ 3MOTY 3
MEBHOIO TOYHICTIO BU3HAYMTH, Y OIHA JIIOJHHA €
BJIACHUKOM JBOX pi3HMX akayHTiB [lpu Oinbuiii
KiIJIBKOCT1 KOPUCTYBadiB € MOXJIHMBICTH MOOYAyBaTH
CTaTUCTUKY YacTOTH 30DKHOCTI  KOXHOTO 3
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BIICOTKaX BHIAJKIB, TO ~ HOMY  IIPHCBOIOETHCS
koedimient K (popmyna (6))
n
-1 ©)
100

Hpuxnax podorn CIIP

PosrnsiHemo pe3yiabTaT poOOTH CUCTEMH Ha
MPUKIIA]T. ABTOMaTH4YHA nepeBipka BUJAE
MiZI03PIOBAaHI aKayHTH, MO SKUX HANAIOThCS JaHHI,
HaBeneHi B Tabm 1 (B Tabmuii HaBemeHa
JIUIe yacTuHHA). Js MacKyBaHHS Bi CHCTEMHU

oo P . . KOpUCTYBad  HamaraBci  3apeecTpyBaTHCS 3
mapamMeTpiB i MpHUCBOITH iM BaroBi KOEQILi€HT. .
q . MOOITEHOTO MPUCTPOIO.
KIIO mnapaMerp a  3yCTpIYaeTbCcsa B n
Tabmuus 1.
Pesynbrat pobotu cucrtemu
3aro0BOK OIS Fiona Iphone +/-
Im's diona MapkiBHa Tenedon Dionn -
n 29bb6h6ec346e0291¢c9de68680feda3l | 29bb6b6ec346e0291c9de68680fe +
apoIh 098d87f3 da31098d87f3
Tenedon 033421212 505252411 -
ITowmra kiss@mail.ru kiss@mail.ru +
HepxaBa VYkpaina Pocis -
Micro Kuis Mocksa -
Anpeca Byn. Xpemarux UYepBoHna miorma -
OoC Safari iPhone -
Bpayzep Safari 7.0 Safari 7.0 +
Ocranniii IP 212.90.37.69 212.90.37.69 +
Hlupuna mucruiero (PX) 1440 320 -
Bucora nucreto (px) 900 480 -
I'myOuna KoIbopy o4 32 i
aucmero (B 6itax)
[Inarpopma Opaysepa Maclintel iPhone -

3a manumu Tadaumi 1 My MokeMo OauuTH, 11O B IIUX
akayHTax OyJio BBEACHO OJHAKOBI Mapoii, UI0 YacTo
poOasTH 0cOOM, HE 3I0TaAyuuCh, L0 iX Mapoii
MO)XKHa mepeBipuTH (maponi mmpyoThC 32
OZJHAKOBUM QJTOPUTMOM, TOMY MH 0€3 MOpYyIICHHS
MPUBATHOCTI MO’KEMO MOPIBHATH iX).

Takox BBEJEHO OHAKOB1 €JIEKTPOHHI MOIITH, 110
BXKE HAJa€ HaM BEIUKY IMOBIPHICTh TOTO, IO
BJIACHMKAaMH IIUX aKayHTIiB € onHa ocoba. OgHakoBa
IP agpeca mepesxi miaTBEpIKY€e Hallle MPHUITYLLIEHHS,
moJ0 TOro, w0 Iie Ta cama JIoAWHA, LI0
3apeecTpyBajia  akayHT  CIIOYaTKy 31  CBOTO

KOMIT'IOTepa, a MOTIM 31 cMapTdona, mia’ eTHaHUX 0
omuiei Mepexi. 306ir Opaysepa TyT Mae JMIIe
BUMAJKOBHHA Xapakrep. B maHoMy BHIagxKy CBOIO
pOJb 3irpae BaroMicTb KOE(iliEHTIB KOKHOTO IMOJIS
iH(popMarii.

OCHOBHi BHCHOBKH

B nmamifi  crarri  Oyno  TPOJEMOHCTPOBAHO
OaraToakTopHy CHUCTEMY NPHUHHATTS PilIeHb JUIs
BUSIBJICHHS JICKUTPKOX aKayHTIB OJHOTO 1 TOro
caMoro KOpHCTyBaya, Ui TMOAANBIIOTO HOTO
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BHUJANICHHA. 3alpoOlOHOBaHA CHCTEMa [a€ 3MOry
aJMIHICTpaTOpy CalTy BU3HAYMTH 3 NEBHOIO MipOIO

TOYHOCTi, YM BIJNOBIJAIOTh 2 aKAyHTH OJHOMY
KOpHCTYyBauy.
Amnamizatop CHCTEMH MPENCTaBICHUN

ABTOMATUYHOIO Ta aIMiHICTPaTUBHOIO TIepEBipKaMH.
[TpulHATTS pilIeHHS 3aJIMIIATHMETHCS 32 JIIOJHHOO
— cHucTeMa JIUIe POOUTHME HATSIK Ha CXOXKICTh 2-X
aKayHTIB B CUCTEMI.

Cuctema Mae OGaraToakTOpHy CTPYKTYpY.
dakTopH, MO0 AHAMIZYIOTBCS — L€ SAK MOMs, IO
BBOJIMTH KOPUCTYBa4 Mpo cede Mpu peecTpalii, Tak i
mojis, 110  BH3HAYAIOTBCS  MPUXOBAHO  Bix
KOpHUCTyBaua 3 JaHUX Horo Opaysepa, KOMII 'I0Tepa,
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MPOrpaMHOro 3a0e3MEeYEeHHS, IKUXOCh MTOBEIIHKOBUX
(akTOpiB CAMOr0 KOPUCTYBa4a TOILO.

OauH 3 HaWTONOBHINIMX IJIIOCIB po3pobieHol
CHCTEMH — € MOXKJIMBICTh po3MMpeHHs. Yum Oinbie
¢akTopiB mepeBipku Oyzde 3afisiHi B CHCTEMi, THUM
ToyHime Oyne pe3ynbTaT mepeBipku. Takox €
MOXIIMBICTh /I HaJaHHA Baru KOXKHOMY 3
(hakTOpiB, IO MiIBULITUTH TOYHICTH OI[IHKH.

Po3pobneny CHCTEMY  MOXHa LIMPOKO
BUKOPUCTOBYBAaTH Ha MpPaKTHL, HaNpUKIaL s
BUSIBJICHHS! yOJIiKaTiB CTOPIHOK KOPHCTYBadiB B
coLiaJIbHUX Mepekax 4u popymax.
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IIpoToK0J 6AraTOTOYKOBOI0 MOTOKY:
O03HA4YeHHS TA 32CTOCYBAHHS B CTBOPEHHI
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B cmammi 3anpononosano npomoxon 6acamomouxko6oco nomoxy. Busmaueno eumoecu 0o makoco
NOMOKY ™A 3aNpoNnoOHOBAHO CcXeMy @QYHKYIOHYBaHHS NpOmMoKony. B saxocmi mpukiady 3acmocy@ams
0a2amomouxk08020 NPOMOKONY PO32NAHYMO peanizayiio MexaHizmie po3napanenosaia ma aHanizamopa
nooill 6 cucmemi IHMepPaKmMuBHO20 JHCecmoo2o iHmep@eicy KOMYHIKayii 1100UHa-KomMn romep.

Kniouoei cnosa: npomoxon 6aeamomouxo8o2o nomoxy, inmepgeiic dcecmogoi Mosu.

Requirements for protocol to develop parallelizer and events analyzer mechanisms in gestures interface
system are discussed in the article. A multipoint stream protocol is proposed. The complete set and
semantics of protocol methods were proposed. Security key usage and strategy for next key selection
proposed. Also additional techniques for security strengthening proposed such as using of key shift field and
fields shift field. The next security improvement is the usage of cover fields. The complete scheme of state of
one point that used the multipoint protocol presented. A different ways of using multipoint stream protocol
were demonstrated on examples of realising a parallelizer mechanism and events analyzer mechanism of
sign language human-computer interface system. A problem for commands set of parallelizer and events
analyzer mechanisms was discussed and the solution proposed. The advantage of multistreaming of
multipoint stream protocol for command and result stream was also demonstrated.

Key Words multipoint stream protocol, sign language interface.

Cratrio npencraBus A.¢.-M.H., mpod. AnicimoB A.B.

1. Beryn Ta nocTaHoOBKa 3a1ayi

Cxema iHTepdeiicy KOMyHiKamii JroauHa-
KOMIT'I0Tep Ha 0a3i >KeCTOBOI MOBHU Ta JKECTIB,
3amporioHoBaHa B (1), MICTUTh €JIEMEHT
po3mapanentoBad, MPU3HAYEHHSIM SKOTO €
3a0e3MedYeHHs] OJHOYACHOT Mepeiadi 3HaueHb Ha
00poOKy nekinmpkoM mporiecam. Lli mpouecu €
CKJIAJIOBUMHU BIPTYaJIbHOTO MPOLECY BiAMOBIIHO
1o (2) Ta KepyrTbCs aHATI3aTOPOM MOJIiH, IO
TaKOX € CKIaA0BHUM mporiecoM. Cepen cydacHUX
TEXHIYHUX CHCTEM MOXMJIUBICTh OJHOYACHOI
nepeaadi 3Ha4eHb MalOTh KOMIT FOTEPHI MEpexi,
noOynoBaHi 3a TexHoJoriero broadcast. Ha
ChOTOJIHI HAMOUIBII Y)XMBAaHOK MEPEKEBOIO
texHosorieto € TCP/IP (3). Ilpore cepen
Cy4aCHHX MPOTOKOJIIB, Peaiz0BaHUX ISl MEPEXK

© 10.B. Kosais, 2015

y MeXax I[i€l TEXHOJIOT1i, HEeMa€e MPOTOKOIY, s
SIKOT'O0 BUKOHY€ETBHCS] TAKMIA HAOip BUMOT:
1. onmHouwacHa mepenaya Ha JIeKUIbKa
(MOKJIMBO, CYCiTHIX) KOMII IOTEPIB,;
2. 3Ha4YeHHA NEPEeAAI0THCS OTOKOM,;

3. y moToui NEpeAarThcs  OKpemi
IMOB1OMIJIEHHS

4. € MOXIUBICTh TPHUEAHATUCA IO
MOTOKY,

5. BIJCYTHICTb KOHTPOJIIO OTPUMYBaHHS;
6. HasBHICTb CHCTEMHU 3aXHCTY.
Bumorn 1, 2 ta 3 BIANOBINAIOTH 3a1adi
00po0OKH >kecToBOi iHpOpMallii.
Bumora 4 BukiukaHa moTpebor0 CTBOpPEHHS
[OTOKY Ha JIEKUIbKa OTPUMYBAYiB.
Bumora 5, tpaauniiina nis nporokory UDP,
BBKAETHCS HEJIOPEUHOIO IS Tiepeadi MOTOKY.
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[lpuynHa mosArae B HEMOXXJIMBOCTI NepenaTu
NOTIK 3Ha4YeHb 0e3 BTpaT Ta/abo MOMMIIOK
HaBITh JJIs1 HEBEIUKUX 32 PO3MIPOM IMOTOKIB.
Po30uTTS MOTOKY Ha OKpeMi MOBIIOMIICHHS
J03BOJIsIE  mepedatd  ix  OEe3MOMUIKOBO B
OUTBIIOCTI CHUTYAIlif, a Yy BHIMAJIKaX MMOMHUIIOK
30epiraTd CTPYKTYpY MOTOKY ¥ HpaBUIBHO
IIPOJIOBXKYBATH HOro mnepenady. Y BUIAIKY
BTPATU OTPUMYBa4YeM IOTOKY BiIHOBJICHHS HOTro
poboTu BinOyBaeTbCs 3aBIASKA BUKOHAHHIO
Bumoru 4. Takuil niaxig J03BOJISIE BIIMOBUTHUCS
Bix Texuouorii TCP, mo myxe 1opedHo 3a yMOB,

KOJM BIJHOBIGHUH TOTIK BXEe He Oyre
aKTyaJbHUM i3 MipKyBaHb 4acy.

Bumora 6  HeoOximHa  jmns  peanizaimii
MOXIJIMBOCTI ~ poOOTH 3  HE3aXHILEHUMU

BiJTAJICHUMU MEpEKaMHU.

3 BHUIIIECKAa3aHOTO BUILTMBAE TaKa MOCTAHOBKA
3agaqi: B Mexxax TexHosorii TCP/IP po3poouTu
MEpEeKEeBHI MPOTOKOJI, IO BIAMOBiIa€ BKa3aHUM
BuMoram. Ha 6a3i 3arpomnoHoOBaHOTO MPOTOKOTY
pO3pOOUTH MEXaHI3MH po3MapaienioBaya Ta
aHaji3aTopa TMOJI B CHCTEMI JKECTOBOTO
iHTepdeiicy. B miif crarri  mpomoHyeTbes
HEOOXITHUN TPOTOKOJ Ta BKa3YyIOThCS METOIHU
fioro peaizartii.

2. IIpoToko 6araToTOYKOBOr0 MOTOKY

ITin moTokoM y il cTaTTi OyAEeMO PO3yMITH
CTPYKTYpOBaHy TMOCTIJOBHICTh 3Ha4yeHb. Lle
O3HAYa€. 3HAYEHHS, IO YTBOPIOIOTH TOTIK,
o0’eqHaHi B OJOKM, IO MAalOTh BHYTPIIIHIO
CTPYKTYpy ¥ o00’e¢mHaHi B TOCHiZOBHOCTI.
[lepenOauvaeTbes, IO OIOKM MOXYTh OyTH
pI3HUX pO3MIpiB, TOMy OyJaemMo Ha3MBaTHU IX
noBigoMiieHHAMHU. [lOCIITOBHICTS ITOBIIOMIIEHD
MOJK€ YTBOPIOBAaTH CKIQJAOBHHA minmoTik. B
MOTOLII 3aBXJIW ICHY€ TOJOBHUHM MIAMNOTIK, B
SKOMY TepeJatoThCsl KOMaHAW Ha CTBOPEHHS Ta
3HUIIEHHS MIANOTOKIB. ['OJIOBHHN IAHOTIK
TaKOX MOK€ BHUKOPUCTOBYBATHCS AJIsl Mepenadi
noBigomneHb. OOMiH  iHdopMamicro It
IporpaM OpraHi3yeTbCS 3  BHUKOPUCTAHHSIM
BKa3aHUX CTPYKTYPHUX OJUHUIIb.

OpHe MOBIAOMIICHHS MOTOKY IPH Nepeayl B
MEpeKi  pO3IUIAEThCS  HA  MaKeTH, IO
MepealoThCsl Ha HIDKYOMY MEpPEeXKEeBOMY pIBHI.
KoxeH Takuil makeT MICTUTh TpaauLlidHI IS
npotokoniB cimeiictBa TCP/IP mons—  IP-
aJipecH BIANpPaBHUKA Ta OTPUMYBaua, YUCIOBUIN
HOMEP MPOTOKOIY Ta po3Mipy makety. B skocTi
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ampecd OTpHMyBaua MOXKJIMBE BHKOPHUCTAHHS
broadcast-agpecu IP-mimmepexi. e 3a6e3neuye

OHOYACHEC OTpHUMYBAHHS TIIAKCTa KiJIbKOMa
KoMII ,IOTepaMI/I. BI/IKOpI/ICTaHHSI aapecu
KOHKPETHOTO KOMII ,IOTepa O3Hayae, 1o

MPOLECU-OTPUMYBadl BUKOHYIOTBCS B MEKax
I[LOTO KOMIT foTepa abo Ha KOMIT IoTepax MicJIs
HBOTO B PO3YMIHHI TOMOJOTIl Mepexi Ta
MapIIpyTy rnepeaadi.

Ha Binminy Big mportokonis TCP ta UDP, B
SKMX BKa3yIOThCS TIOPTH BiANpaBHUKA Ta
orpumyBaya (3), y IpoTOKOJIi 6araT0TOYKOBOTO
MOTOKY BKA3yeEThCS HOMEpP TOPTY IOTOKY.
BukopucTaHHs 0THOTO ¥ TOTO CaMOro HOMEpPY
MOPTY VIS BCIX TOYOK, MiJI’€THAHUX IO TIOTOKY,
HeoOXigHe Uit 3a0e3leueHHs OJHOYACHOI
0araronuTboBOI Mepeaavi 3HaYCHb.

Jns 3abe3meueHHs 3axucty iHdopmarii B
KOKCH TaKeT JOJAIOThCS TMOJIA YHaKOBKH,
HOBOTO KJIFOYa, TaCyBaHHs KIIOYa Ta TaCyBaHHS
ITOJIIB.

[Tole 3 KOHTPOJBHOK CYMOI IIaKeTa
MIPUCYTHE T4 BUKOPUCTOBYIOTHCS SIK 3a3BUYAH.

Jlist y3ro/pKEeHOCTI 3 OJIOYHOIO CTPYKTYPORO
iHdopmanii J0Mar0ThCA TOJST 3 HOMEpaMH Ta
pO3MipaMH MOBIIOMJICHHSI Ta ITAKETY B HHOMY.

I[Tone 3 uwmcmoBuUM  imeHTHdIKATOPOM
MIANOTOKY BKa3ye BIAMOBITHUN imeHTU]IKATOP.
Jlns  3amobOiraHHs  KoOJIBli HA  CTBOPEHHS
MIAMOTOKIB  BBAXKAETHCA, IO Y  BHUIAAKY
CTBOPEHHS  ICHYIOYOTO  ITNOTOKY  TOYKa
MPUETHYETHCSA 10 HBHOTO.

[ToBHa CTpyKTypa MakeTa Taka:

1. IP-ampeca BimmpaBHUKa,
2. |IP-aapeca otpumyBaua,
3. umCcIoBHH imeHTH(DIKATOP
MPOTOKOJTY;
4. po3Mip makery,
5. TOpT MOTOKY.
[TomanpIin oISt 3aKPUBAOTHCS KITFOUECM:
6. yIakoBKa;
7. TacyBaHHS KIIOYA;
8. TacyBaHHS OB,
9. HOBWUII KJIIOY;
10. koHTpOJIbHA CyMa,
11. yucnoBuii ineHTU(DIKATOP MiAMOTOKY;
12. HOMED TTOBITOMIICHHS,
13. po3mip oBimOMIICHHS,
14. Homep makeTy NOBITOMIICHHS,
15. po3mip nakeTy moBiOMIICHHS,
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16. makeT IOBIIOMIIEHHS,
17. ynakoBka.

ITin 3’eaHaHHSAM B ONHCYBAaHOMY IPOTOKOJII
PO3YMIETHCS CYKYIHICTD TOYOK, i/’ €THAHUX JI0
MIOTOKY iH}popmarii, 10 bopmyeTbes
npolecaMu, SKi Ha3BEMO YYaCHHUKAMH IOTOKY.
KokeH yyacHMK NOTOKY MOXe IepelaBaTH Ta
npuiiMaTH  iH(pOpMAIlilo,  BHUKOPUCTOBYIOUH
MOTIK. 3aXWCT BiJ OJHOYACHOI Tmepenadi
3a0e3Meuy€eThCsl TEXHOJIOTIEI0 OMOPHOI MEpexi.
Hanmpuknan, mis wmepexi Ethernet me e
JeTeKTyBaHHS KOJI3il.

KokeH y4yacHMK TMOTOKY Tepenae HOBHUU
KJII0Y, 10 MOe OyTH BUKOPUCTaHUH Yy MOTOLIL.
[TpononyroThCS Taki cTpaTerii BUOOpy Kiroya:

1. xmou Bix TOYkM 3 HaiimeHmoro |P-
azipecolo;

2. KIIOY BiJ TOYKM 3 HaiOutemoro |P-
azipecolo;

3. K04 BIiI TOYKA 3 HANOUIBIIUM
00’eMoM niepeaHoi iHdopmartii.

Bubip CTpaTerii MOKJIA1a€ThCS Ha
nporpamicta Tpu  BKa3yBaHHI  IapaMeTpiB
3’enmHaHHs. [lin’eTHaHHA TOYKM O TOTOKY

MOJKJIMBE JIMIIE 32 YMOBH IMPAaBHIBHO BKa3aHOT
cTparerii BHOOpY HACTYITHOTO KJIIOYa.

Sk BKe BKa3zyBaloCs, pIMIGHHS MIOAO
BIJICYTHOCT1 M€XaHi13My BiTHOBJICHHS I[UTICHOCT1
MOTOKY MPHUHHSATO 3 OTJSAY Ha KOPCTKI 4acoBi
BUMOTH. He3pydHOCTI HbOro mMiIXOQy MaroTh
KOMITICHCYBATHCS SIK 30BHIITHIMU YHHHUKAMH Ha
KIITaNT HAJIMHOCTI Mepexi B  pO3yMIHHI
MIHIMAJIbHUX BTPAT MAKETIB, IO MEPeaaroThCs,
TaKk 1 BHYTPIIIHIMH, SK Hamnpukiazg, oOpoOka
JUIIe YaCTHHH TMOBIMOMIICHb Ui OTPUMAaHHS
pe3ynpTaTy. Y BHUIAQAKY BTpaTH 3’ €THAHHSI
TOYKa ab0 3aHOBO MiA €IHYETHCA N0 MOTOKY,
a00 epexoUTh 10 BUKOHAHHS 1HITNX Aiil.

ITepenbaueno taki iHTepdeiicHl QyHKUiT 11s
peaiizalii IpoTOKOIY:

1. create — cTBOpeHHS TOYKH;

2. listen— ouwikyBaTH Ha YTBOpPEHHS
MOTOKY,
connect — 00’eiHAHHSA TOYOK B ITOTIK;
JOin — mpueaHATH TOYKY J0 TOTOKY;
close — 3akpuTH MOTIK;
disconnect — Bix’emHaTH TOYKY BiJI
MOTOKY,
read — ynTaTH OBiIOMIIEHHS,
8. write — HaziciaTy NOBiIOMIICHHS,
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9. keepalive — miaTpriMKa MOTOKY;
10. new — cTBOpUTH HOBHI MIANOTIK;
11. delete — 3akpuTH MiAMOTIK.
CxeMy craHiB poOOTH TOYKH
300pakeHo Ha puc. 1.

HOTOKY

Create

close,
disconnect

join,
connect A

connect B

new, delete
read, write, keepalive

Puc. 1. Cxema cTaHiB TOYKH MOTOKY

B mHaBemeHili cxeMmMi BHKOpPHUCTaHi
MMO3HAYEHHS.

S — MOYaTKOBHUH CTaH,

L — craH ouikyBaHHS 3’€THAHHS,

R/T — poGouwii cTaH MOTOKY,

create, listen, close, join, new, delete, read,
write, keepalive — BigmoBigHi aii TOYKH, OMUCaHi
BHUIIIE,

connect A — aktuBHe (pOpMYBaHHS CILILHOTO
MOTOKY 3 OKPEMUX TOYOK,

connect B — macuBHe npueaHaHHS 1O TIOTOKY
31 CTaHy OYiKyBaHHS.

3. MexaHnizMu po3napajejoBaya Ta
aHaJjiizaTopa nojii

MexaHi3M po3snapaienroBaya Ma€ 3’ €IHyBaTH
BXITHUH TOTIK, MO Tepenae iHpopmarlliro, Ta
BY3JIH MOJIYJIIB, 10 OTPUMYIOTH iH(popMalriro(1).
OCKUIbKH BX1JIHI TOTOKU MOXYTh OyTH PI3HUMHU
W Hamepen 3peali30oBaHMMH Ta 3 BHU3HAYCHUMU
iHTEepdeiicaMu, TO MOMYJIb poO3MapajeoBaya
3’€AHYETbCS 3 BXIZHAM  IOTOKOM  3a
TPAAUIIHHUMUA TMPOTOKOJIAMH. 3a3BUYal 1Ie
TCP-cecis. Mopyii, mo 31iCHIOIOTE 00pOOKY,
Ta caM MOJyJb po3mnapajeioBadya yTBOPIOKOTh

TakKi
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MOTOKY MOyl 0OpOOKH YTBOPIOIOTH TOYKU Ta
OUIKYIOTH JOTH, JOKH pO3HapajieiioBady He
3’€JTHA€ 11 TOYKU B €JUHUN TIOTIK.

Amnainizatop nofiii BUKOHY€E pOJib MEHEIKEpa
BIPTYaJIbHOTO IIpOLECY JUIs MOJTyJIiB
¢dyukuionaabHoi 00poOku (2). Ha mincrasi
pillieHb aHani3aropa MO 3amycKaroTbes abo
3YMUHAIOTBCS OKpemi monymi. Jnst peamizarii
TAKOTO KEPyBaHHS MHOKMHOIO IMiANPOLECIB
3allpONIOHOBAHO  YTBOPUTH  0araToTOYKOBUUN
MOTIK, IO CTBOPIOETHCS aHAII3aTOPOM TOJIH,
MiCIsT  490ro A0  HBOTO  MiJ €JHYHOThCA
MIAMPOLECH OKpeMHUX MOIyiliB. B yTBOpeHOMY
MOTOIl  MEpelaloThCsl KOMaHIU  KepyBaHHSI
MOJIYJISIMH Ta pe3yJIbTaTH poOOTH MOyiB. Jlis
PO3MEXKyBaHHS IMX IHPOpPMaLifHUX MOTOKIB B
MeXax 0araTOTOYKOBOI'O MOTOKY CTBOPIOIOTHCS
MAITOTOKH.

Omnucana peanizallisi HakJIa/la€ MEeBHI BUMOTH
Ha CHHTAaKCHC KOMaHJ, IO BUKOPHCTOBYIOTHCS
s KepyBaHHS  MonayiasimMu. CHHTaKCHYHO
OJTHAKOB1 KOMaH/JM MOBHHHI BUKOHYBaTHCS B
MOAyJsIX  ojxHouyacHo. [Ipukmagom  Takoi
KOMaHIM € KOMaHJa <IepedTH 10 O0O0poOKH

CnHcoK BUKOPHCTaHHX JKepeJt

1. Kpax FO.B., Kosans 10.B., Tepuos A.C. [o
pO3poOKH  iHTEpaKTHBHOrO  iHTepdeiicy
MOJICJIIOBAHHSI Ta PO3IMi3HABaHHS >KECTOBOI
inpopmanii / 10.B. Kpak, 0.B. KoBass,
A.C. TepuoB /| Bicauk  KuiBcbkoro
HaIl[iOHAJIBHOTO YyHiBepcurery imeHi Tapaca

Illepuenka  Cepis  ¢izumko-maremMaTHuHi
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CraBpoBcbkuii A.b.  BipTyansnuit nponec:
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CHCTEMH ’KECTOBOTO inreppeiicy [
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pi3HUX KOMaHJ, TO BOHHM MalwTh OyTH
CHUHTAKCUYHO pI3HUMH. Moy, 10 HE MaloTh
TaKUX KOMaH, MOBUHHI COPUAMATH 111 KOMaHIU
SK Taki, [0 HE BHUKIUKAIOThL HIAKAX iH.
[lpuknamamMu  TakMX KOMaHJ € KOMaHIU
BCTaHOBJICHHS ITapaMeTPiB OKPEMHUX MOYIIB.
4. BHCHOBKH Ta NOAAJbII HANPSIMKH
podotu
B pesynbrari npoBeaeHUX AOCHIIKEHb OYI0
3allPONIOHOBAHO  IPOTOKOJI  0araToTOYKOBOTO
IOTOKY, 3@ JIOTMOMOIOI0 SIKOTO PEali3yIThCs
MEXaHI3MH po3lapajenoBaya Ta aHajizaTopa
noxii B cucreMi iHTepdeiicy  IroauHa-
KOMIT I0Tep Ha 0a3i )KeCTOBOT MOBHU Ta JKECTIB.
[Tonanbuii nocnipkeHHs: OyIyTh CIPSIMOBaHI
Ha Te, 00 peali3yBaTu 3alpONOHOBAHUMN
IPOTOKOJI, peaji3yBaTu Ha HOro OCHOBI MOJYJIi
po3mapainenioBaya Ta  aHaji3aTopa  IOJiH,
Y3rOJWTH 30BHIIIHI (QYHKIIOHAIbHI MOJIYII,
CTBOPUTH 3arajbHy CHCTEMY pO3Mi3HaBaHHS
J)KECTIB Ta >KECTOBOI MOBM Ta JOCHIOUTH il
poboTy.
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Onucyemovca cmaHn enekmpouHoi oceimu 6 Yxpaini 6i0HOCHO ceimosux menOenyiti. Pozensoaromuca
MOACIUBOCT BNPOBAOIHCEHHS CepBicy 0 OUCMAHYIIHO20 ab0 4acmKo80 OUCMAHYIIHO20 HABYAHHIA CMYOeHmMi8
y opmami coyianvroi mepexci 3 oOMmedxcenor peccmpayiero.  Onucylomocss MOMUSAYIUHI MeXaHizmu 0Jis
cmyoenmis, nepesacu 360pOMHO20 383Ky O GUKIAOAYI8, GUKOPUCMAHHA MOOIIbHUX HPUCHPOi8 Y
HasuanbHOMy npoyeci ma IH@POpMYy8aHHI cmyOeHmis i euxknadavis, cucmema WEUOKOI OYIHKU 3HAHL, WO €
YACMUHAMU NPOEKMY ma NePCReKmus 1020 PO3GUMKY .

Knrouoei cnosa: enexmpontne HagUaHHs, COYIATbHI MEPENCi, A0anmueHi MoOei, iepoikayis, MoOiIbHI
npucmpoi.

Main subject of current article is an internal e-learning system that allows users to be aware of any urgent
updates, useful information, and changes to schedule regarding ongoing learning activity in university and also
maintain this information changes. E-learning situation in Kiev National University of Ukraine compared to
world tendencies is briefly described in this article. Possibility of social network for distant or partly distant
students learning service implementation as a social network with strict registration is reviewed. Motivational
mechanisms in a gamification framework form, feedback advantages for teachers in a non-anonymous way,
examples of mobile devices usage in educational process for immediate updates, system for fast assessment with
adaptive evaluation as parts of the project oriented for education enhancement and its perspectives are
described. Possibility of MOOC with video lectures that available for everyone on this platform is also
mentioned and particular formulas, methodologies and situations are shown.

Keywords: e-learning, social networks, the adaptive model, gamification, mobile devices.

Crartio npeacTaBuB A.T.H. 1pod. Bomomun O.0.

Beryn.  EnextponHa ocBita |y ABanusTh MK BHKIaJa4aMH Ta CTyIEHTaMHd B KOHTEKCTI
MEPIIOMY CTOJITTI CcTajla Maike OOOB’SI3KOBUM HaBYaHHS.
aTpubyToM Oyab-KOrO HaBYaHHs. Peaizallito AKTYaJIbHICTbD. Binbriicts 3ax1IHUX
CUCTEeMH eJIeKTPOHHOI OCBITH OYJO BTIIEHO Y VHIBEPCUTETIB MalOTh CBOi BIACHI BHYTpIIIHI
METONYHIHI TECTYIUe-OI[IHIOI0YIH cucreMi CUCTEMH, IO JO3BOJISIFOTH MPOBOJIUTH JCsIKi abo
SMPR[1], mo e momatkom 10 Kypcy «Teopis HaBiTh OUIBIIICTh HABYAIBHUX MPOIECIB Uepe3
npuitHATTS pimeHb»[2]. Po3poOka wmiel cucremun rnobaneHy Mepexy iHtepHer. lLle nmomomarae
NPOXOAWia TPOTIArOM JIEKUIBKOX POKIB  IpH CTyAeHTaM 1 BHWKIazayaM 30epiratu ixHid wac i
3QJIy9€HHI CTYIEHTIB TPETHOTO KYypCy (aKyIbTeTy HaJa€ MOXJIMBICTH 30CEpPEAWTHCS CcaMe Ha
kibepuetukn. Y 2014 pomi Oyno cTBOpeHO Bed HaBYaHHI. YKpaiHChKI BHII HABYAILHI 3aKJIay HE
BEpCil0 TECTYIOUOi CHCTEMH, IO YCHIImHO Oya MaloTh IEHTPATI30BaHOTO CEPBICY 3 HEOOXiTHUMHU
3aCTOCOBaHA TPU €K3aMCHAIITHOMY OIIIHIOBaHHI. ¢dyHKIiIMU, 1, HA JOYMKy aBTOpiB, #oro
HactymHuM KpOKOM pO3BHTKY cTajla po3poOka 3alpOBa/KCHHST MIPU3BEJIE JI0 TIOKPAIICHHS SIKOCTI
crnenn(pikoOBaHOTO OHJIAHH CEepBiCY Ul KOMYHIKaLii Ta IIBUIKOCTI HABYAHHS.

© J1.1. KoBansos, 2015
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Bicnux Kuiscbko2o nHayionanbHo2o yHieepcumeny
imeni Tapaca Lllesuenxa
Cepis ¢hizuxo-mamemamuuni HayKu
CouianbHa wMepexa. OCHOBHOIO YacTHHOIO
CepBiCY € coIliaJlbHa MepeXxa Jis CTYICHTIB Ta
BHKIIafadiB. PeecTparist y Mepexi MOXIIMBa JIAIIE
32 HAsABHOCTI  CTYACHTCHKOTO  KBUTKa  abo
CHEIaTFHOTO 1HIWBIAYaIbHOTO KOAY BHKJIA/Iada.

[onmiGuuit minxim g0 peectparmii 3ade3medye
HEMOJIMBICTH ~ KOMEPIIIHHOTO  BUKOPHUCTaHHS
MEpexi.

3a TWKAEGHb O TIOYATKy 3aHITh CTapocTa
HOBOC(OPMOBaHOT Tpynu OTPUMYE BiX
aJMiHICTpaTopa MeEpexi JOCTYN M0 peAaryBaHHS
mpoding rpymu Ta ii ckmany. Crapocta BIacHOPYH
3aHOCHTh 10 coriaabHoi Mepexi IIIb Ta HOMEp
CTYJCHTCHKOI'O KBUTKAa KOXXHOTO CTyJICHTa HOTO
IPYIH Ta 3alOBHIOE PO3KJIaJ] 3aHATh BiIMOBIAHO 110
odimiitHoro posknamy. Ha3eu mpenmeriB ctapocrta
BUOMpAE 3i CIIUCKY JOCTYIMHUX IS HOTO KypCy.

CropiHka Tpynmu y Mepexi Mae HacTyHHUR

(hyHKITiOHAT:

- 3aralbHa  CTpiYKa  TIOBIIOMIIEHBb, IO
CTOCYIOTBCSI BCIX WICHIB IPYIIH;

- IHTepaKTHUBHUM po3KITaz 3aHATh

(meTasnbHimIE 3rOHOM);

- maHenb 3 JOKYMEHTaMHd, HIO CTOCYHOTHCS
rpyny;

IaTepakTuBHUIT po3kiaa Mae 0arato T01aTKOBUX

GyHKITI:

- CTBOPEHHA Ta peJaryBaHHS BHKJIaJa4aMu
JOJTATKOBUX 3aHITh, KOHTPOJBHHUX POOIT,
KOHCYJIbTAIIii Ui BCiX chyxadiB abo
MEBHUX TPYII;

- CTBOpPEHHs Ta penaryBaHHS CTYACHTaMHU
MOTiH JJIS TPYTIN, CTAPOCTAMH — JIJISl TIOTOKY;

- MOXIJIMBICTh TNPHKPIIUIEHHS JOKYMEHTIB JIO
MO,

- CTBOpPEHHS Ta peJaryBaHHs BHKJIaJadaMu
MOMiN Ta 3aHATH, IO € 000B’SI3KOBUMU IS
BCIX CTYJEHTIB, 3 MOCJIAHHSM Ha CTOPIHKH
BIAIMIOBIAHUX IUCLIAILTIH.

CropiHKM AWCUWIUTIH HAJalOTh MOXIIUBICTh
BUKJIaJlayaM  3aBaHTaxyBath Ta  30epiratu
JOKYMEHTH ab0  BiZI€O3allMCH, TOB’s3aHi 3
JNeKUIMHUMH Ta NPAaKTUYHUMH 3aBJAaHHSIMHU Ha
OMJISAZ| CTYJACHTIB TeBHOI rpymu abo  BCix
BiBiMyBauiB  cropiHkd.  CTyleHTH  MarTh
MOJKJIMBICTb 3aJaBaTW MUTAHHS 10 NEBHHUX JIEKLil
YM JOKYMEHTIB, a TAKOX 3aJIMIIaTH KOMEHTapi Ta
nmoOaxaHHS 10 BCHOTO KypCy 3arajoMm Ticis Horo
3aBEpILICHHS.

Takox Ha CTOpIHKAax JUCLUIUIIH Ta y PO3KIali
MOXXYyTh OyTH JOJaHI TIOCHJIaHHS Ha OHJIAHH
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TECTyBaHHS, 10 MOXE OYTH BHUKOPHCTaHO
BUKIANa4aMH  JUIsl  TPOBEACHHS  IIBHIKUX
OIUTYBAaHb YN KOHTPOIBHHUX POOIT.

Be3smeka  mepexi. Ockinbku  3BHYaiiHa

CoITiaJTbHAa MEPEKa € IHDKEPESIOM PeKIaMHUX, a 1HOII
W TpOBOKAMIMHMX 1HGOPMAMIMHUX BIUIMBIB, €
norpeba B I30/IFOBaHHI HaBYaJIbHOI COI[iaJIbHOT
MEpeXKi BiJI aHOHIMHMX Ta HE aBTOPU30BaHUX
KOpHcTyBadiB. Lle MOXIIMBO pearnizyBaTH NUISIXOM
MIOTIEPETHBOT  PeecTpallii KOpucTyBada B CHCTEMI
aJAMIiHICTpaTOPOM o7l IHIITAM JOBIpEHUM
KOpUCTyBaueM 3a KOpoTkumu naHumu — IIIb Ta
HOMEpPOM CTYJEHTCHKOI'O KBHTKA. 3aKIIFOYHI eTamu
peecTpariii KOpUCTyBa4 MPOXOJUTh CAMOCTIHHO:
- TATBEPPKEHHS OCOOM NUISXOM BHECCHHS
HOMEpa CTYACHTCHKOTO KBUTKA,
- 3amoBHEHHs HeoOXimHOi iHpopmaii
- TWATBEP/PKEHHS BIIIOBIMIHOCTI IOIITOBOI
CKPUHBKHU [UITXOM epexory 3a
MTOCHIIaHHSM, IO Ha Hel Ha/TicTIaHo.
ABTOpH3allis Ha caWTi 3IICHIOETBCS 32
JIOTIOMOTOI0 JIOTiHY, II0 € HOMEPOM CTYACHTCHKOTO
KBHUTKA Ta MAPOII0 00paHOTO KOPHUCTYBAaUYEM.
Ilefi Merom 3am0BOJIBHSIE JEKUIbKA MOTPEO:

JI03BOJIAIE BECTH aKTyaJbHYy CTaTUCTUYHY
iHbpopMarito TO  CHOpaBXHIX CTyJeHTax Ta
BUKJIaZa4aX BHINMX HaBYAIBHUX 3aKJIagiB B

uuppoOBOMY BUTIISALI (POKH HaBYaHHS, MPOCITyXaHi
KypcH, 0any, akTUBHICTh y TPYII TOIIO); 3aXHINAE
CHCTEMY BiJl HECaHKIIOHOBAaHOTO JOCTYITy JIFOAEH,
[0 MalOTh HAa METI MPOJaX, ariTallil0 Yu 1HII He
OB’ s3aH1 3 HABYAHHAM II1JTi.

Bineoneknii. Buxmagadi 3M0XyTh 3ammcyBaTH
CBOIT JIEKIIi Ta pemaryBaTu ix mepej IMyOJiKalliero
Oe3nocepenHbo Ha caiTi. Lle Hagae MOXKJIMBICTH
BECTH JIEKIIii JJIsl CTYICHTIB, IO XBOPilOTH, a00 He
MalTh MOXIIMBOCTI OYTH TPHCYTHIMH 3 1HIIUX
OpUYMH a TakoK Opatd ydacTb Yy mporeci
MPOCIIyXOBYBaHHS JIEKLii THM CTyZAEHTaM, IIO
JKUBYTh B IHIIUX KpaiHax. AHajmoramMu NOJiOHUX
CEPBICIB ICHYIOTh JIaBHO, aJic B KOHTEKCTI JOIMTOMOTH
[IPU OYHOMY HaBYaHHI BOHM BHKOPHCTOBYIOTHCSI HE
4acTo.

Mo0inbHi NPHUCTPOI. [ikaBum Ta
MEPCIEKTUBHAM HANPSMKOM BHKOPUCTAHHS I[HOTO
CEpBICY € 3aCTOCYBaHHS MOOLIBHOTO JIOJIATKY.

Jlns  BUKJIQmadiB € MOMKJIMBICTH BiIMIiYaTH
MPUCYTHIX HATUCKAHHSAM OJIHIET KHOIIKK Ha €KpaHi
CBOTO cMapTdony. IIpn BiJIIOBIAHUX
HaJIAMITYBaHHSAX TeorpadidyHa MO3MLIsS HPUCTPOIO
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MOke OyTM BHpaxyBaHa 3 TOYHICTIO, JIOCTaTHBHOIO
JUTS BU3HAYEHHsI IPUCYTHOCTI CTY/ICHTA Ha Mapi.

AHaJIOTIYHAM  NDITXOM  MOXJIMBE  BEACHHS
KypHaimy uepe3 MoOUIbHUWI Aoxarok. JlocTaTHbO
nuIie BHUOpaTH TPI3BHUINE CTYIACHTAa 31 CIHMCKY
MPUCYTHIX 1 BUCTABUTH HOMY OIIiHKY.

Takox y BUNIQ/IKy 3aTPUMOK BUKJIaJa4a, BiJIMIHA
3aHATh, MIBUAKUX KOHTPOJBHHMX POOIT YM I1HIIKX
TepMIHOBUX TIOMIM BHUKIAZad MOXKE HaICHIATH
MOBIIOMJIGHHA y TPYIy CTYACHTIB, $KE€ BOHH
OTPUMAIOTh Yepe3 JOJaTOK Ha MOOUIBHOMY
MPHUCTPOi, HaBiTh mepedyBaroYM JaleKko  Bif
MOHITOPY KOMII F0TEpAa.

Takoxx uyepe3 MOOUTBHHUH JOJATOK CTYACHTH
MOXXYTh TPOXOJIUTH TECTYBaHHSA, a BHKJIagay
OTPUMYBATH PE3YJIbTATH CTYICHTIB T2 aBTOMATHYHO
00YHCIICH] OI[IHKH.

Cucrema TecTyBaHHsl. SIK YacTMHA Mepexi Ha
CTOpiHKaX TpeAMETIB € OKpemMa  YacTHHA
NpUCBSYEHA TECTaM 3 aJalTHBHOKIO OIiHKOM[3].
Buxianadyi  MOXYyTh  CTBOPIOBAaTH TECTH  Ta
acomiroBaTh iX 3 JEKMiIMH Ta NPAKTHIYHUMH
3aBIaHHSAMHU TaK caMo, SK 1 3BUYaiHI Qailnn.
BinmoBigHo, CTyIEHTH MOXKYTh IX KOMEHTYBaTH 200
3aaBaTd nutaHHsA. CUCTeMa TECTYBaHHS 3BUILHSIE
BHKIIaJlaya  Big  HEOOXiTHOCTI  TepeBIpATH
BJIACHOPYY BIJIOBIJIi CTYIEHTIB, MO30aBiisi€ HOTO
MOJKJIUBOCTI IOMUJIUTHCh., TaKOX y BHUITaJIKY, KOJIH
MMUTaHHS Ma€ HOBI a00 He mepeadayeHi BUKIa1aueM
BIJIMIOBi/Ti, OIIHKa MOXe€ OyTH TepepaxoBaHa IS
BCiX CTY/ICHTIB aBTOMaTHYHO.

Kpim 1poro, cuctema m03BOJISIE BCTAHOBIIOBATH
YiTKi 4acOBi MEKi IPOBE/ICHHS OIliIHIOBAHHL.

Cucrema  TeCTyBaHHS  Ma€  MOXIJIUBICTh
MpaIOBaTH 3 PI3HUMHU BHIAMU TUTaHb!

- MUTaHHA 3 OIHAPHUMH BiJIOBIIAMH («TaK» 49U

«HI»);

- IUTaHHA, e MpaBUJIbHA BIAITOBiAE
BUOUPAETHCS 3 JIEKUTBKOX, a MPaBWIBbHICTh
KOXXHOTO BapiaHTy BiJIMIOBi/i  OIIHIOETHCS
Gamom;

MUTaHHS, JIe JCeKUIbKa NPaBUIBHUX BiJIMOBIICH
BUOMpArOThCs 13 0araThOX BapiaHTIB;

MUTaHHs, JI¢ BIANOBIAb 1€ YHCIO0. Y LbOMY
BUIIAJKy 70 0a3M JaHUX HEOOXiIHO J0JaTH
iH(opMaIlito 100 MPaBWIBHOI BIINOBIAI Ta
niarna3oHy MOXKJIMBHX pO30iKHOCTEH, Ha AKOMY
MO’K€ 3HaXOJUTHCh BIJIOBIIb CTYACHTA;
MUTaHHS, Je BiATIOBLIIIO € IHTEPBAT;

NUTAHHS, BIANOBIIIIO Ha SKI € HeJiTKi
BEJIMYMHH, 1[0 BH3HAYAIOTHCS  (PYHKIIIEIO
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HAJC)KHOCTI, IO 3BOAMTH iX JO IIUTaHb
YETBEPTOTO TUMY (BIAMOBIIH II€ YHCIIO);
- IWTAaHHA, BIAMNOBIAA0 Ha SIKI € cJa0BO abo
cioBocnoydeHHs. Yepe3 Te, IO BiAMOBiIL

Moxke Oyth chopMyTbOBaHa  CTYAEHTOM
MIPaBUJIBHO, ane BUKOPHCTOBYIOUN
TEPMIiHOJIOTiI0, BiAMIHHY BiIl TEpMiHOJIOTIi
BHKJIa/1a4a, MOKIIBE BUHHUKHEHHS
HEey3TroKeHHOCT. [ 0OpoOKkm Takoro TUITy
IIUTaHb HEOOXiaHO BUKOPUCTOBYBAaTH

CIIOBHMKM 3 CHHOHIMIYHUMH psAAaMd Ta
ANTOPUTMH TIOITYKY CIIOPIAHEHOCTI TEKCTIB;

ITicns  mpoBemeHHS  TECTyBaHHS  CHCTEMaA
MepepaxoBye BapTiCTh MUTaHb 1 3allMCy€ HOBI
3Ha4YeHHs y 0a3y. SIkmio B OIiHII 3HaHb Opalo
y4acTh N CTYACHTIB i OyJI0 M MHUTaHb, TO KOPEKIIis
CKJIQJIHOCTI OyJie po3paxoBaHa 3a (hopMyJIok:

pl=p"+ ) m d2),j=Tn,,i=Tm,
ae pl-] - CKJIQIHICTb {-TO 3aBJaHHS MPHU MPOXOKEHHI
j-ro cTyaeHTta; f; - QYHKIIS B3rigHO A0 SKOI
BizOyBaeThCs KOperyBaHHs owinkm; d’/~1 cymapHa
omiHka j — 1 cryaeHra; Z — Jeska BeJIUYMHA, IO
3aJI€KUTh BiJ BIOXWIEHHS [JAHOI BIAMOBIAI BIiX
npaBuIbHOI[4].

Ockinpku Tig 4ac poOOTH 31 CTyAeHTaMu
MOJKJIMBI BHIIQJKH «CaOOTyBaHHS» CHUCTEMH JUIs
OTPUMAaHHS KpaIlluX pe3yNbTaTiB, CHCTEMa Ma€
peecTpyBaTd BCI  MOXIIMBI 3MiHM Tiepen  ix
3aCTOCYBaHHSM Ta MOPIBHIOBATH 3 MOMEpPEeIHIMHA. Y
BUMAJKy HAJIXO/DKEHHS BHKJIAJady CHOBIIICHHS
PO 3HAYHY BiJAMIHHICTH PE3YNBTATIB MOIMEPEIHIX
MPOXOJUKEHb TECTOBOTO OJIOKY Ta IOTOYHOTO,
BUKJIaJad Ma€ TMPOBECTH eKCIIEPTHHUH aHai3
pe3ynmbTaTiB  Ta MATBEPOUTH a00  BiIXHIUTH
BHECEHHS 3MiH.

MoruBaniiina cucrema. Ha choromsimgin
JIeHb TIUTAHHS MOTHBAIl IIKOJSPIB, CTYJISHTIB Ta
poOiTHUKIB Mae BeNmuKe 3HadeHHs. be3yMoBHO €
CaMOMOTHMBOBAHI 1HJUBIIH, 1[0 PYXalOThCS 10 METH
0€3 CTOPOHHBOT JIOMIOMOTH. AJie, HaXaJlb, KiIBKICTh
TaKMX JIIOJICH HEBENMKa, 4Yepe3 M0 TaK 3BaHa
irpodikallisi 3a3Ha€ BEIIMKOTO TIOITUTY.

Y npuMiTHBHIA (GOpMiI BOHA 3YCTpIYaeThCsS Y
BUTIISIAl OIUHOK Ta OayiB 3BMYHOI HAM CHUCTEMH
HaBYaHHJI. AJle Taka CHUCTeMa  BHKIIOYAE
IHIMBIAyaJIbHI JTOCSITHEHHS KOXKHOTO, SIK TaKi, IO
MPOCTO HE MOXYTh OyTH BpaxoBaHI dYepes
posnoaineHicTs OaniB MiX (iKCOBaHOT KUIBKOCTI
KOHTPOJIBHUX Ta CaMOCTIHMX po0iT. Takoxk 3BUYHA
CUCTEMA OLIHIOBAHHA Ma€ JIMIIE €ENi30AUYHUN
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XapakxTep, 1 He Ja€ 3MOT'y CTYyAEHTOBI OauuTH CBil
MOCTIHHWK pIiCT 4M WOTO BiACYTHICTH Ha (OHI
inmux. lle mpw3BOAWTH MO TOTO, IO JIMIIE HAa

MepefoHl eK3aMeHY CTYACHT pO3yMi€ CBOE
CTaHOBHIIIC.
Cucrema irpodikamii gacTe  BHKIIamadam

JOJTATKOBHI 1HCTPYMEHT, IO JTO3BOJIAE BiIMIiYaTH
JOCSITHEHHST TEBHUX CTYJEHTIB 3a JOMOMOTOI0
iCHyI0UnX, a00 CTBOPEHHUX YHIKAIbHUX TpadigHux
BIIMITOK YH CIICHMialbHAX 3aBlmaHb. [lpukiamom
MoOke OyTH BiamiTka «Bci mapu BigBigaHO», ska
MoXe OyJie HajJaHa CTYACHTY, 0 HE MpPOIYCTUB
JKOJTHOL TapH.

Kpim nporo, cucrema B aBTOMaTHIHOMY PEKHUMI
OyJe HapaxOByBaTH YMOBHI Oanu 3a BiJBiTaHHS
JIEKIid, BYACHICThP BWUKOHAHHA JIA0OPAaTOPHHUX Ta
JOMaIHIX  poOiT,  aKTUBHICTh  (3amUTaHHSA
BUKJIa/la4y, TPOBEACHHS 3aXO0MiB) Tomo. Takum
YIHOM, Y KOXKHOTO CTy/IeHTa Oy/ie CBiil yHIKaIbHUIA
piBEHB 3aMy4E€HOCTI B HAaBYAJIHHHIA TPOIIEC, 3TiTHO
SIKOTO  3’SIBUThCSI MOXIIUBICTH OIIIHUTH CTaTyC
CTY/ICHTA Ta PiBEHb HOTO 3HAHb.
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Texnogorii. [ns cTBOpeHHS 1€l cucreMu
BukprucraHo 1iarpopmy .NET ta w™mou CH#,
JavaScript[5]. Lli Texuosorii Oymu BuOpaHi yepes ix
PO3MOBCIOJIKCHHICTh Ta JIETKICTh BHKOPUCTAHHS Y

Oynp skomy cepemosmmii. [l  opranizamii
nporeccy PO3pO0OKH BUKOPHUCTOBYBAJIach
MeTomonoris  Scrum[6], 1m0 OCHOBYeThCS Ha

MEepioANYHOMY MiICYMKY pe3yibTaTiB Ta CTBOPEHHI
HOBHUX aKTyaJbHUX 3aBJIaHb.
BucHoBok. VY 11iif cTaTTi pO3rIsSHYTO OCHOBHHM

(¢yHKLIOHAaT HOBOTO cepBicy momiOHOro g0
COIIAIBHOI ~ MEpeXi, IO  CHpPAMOBaHWUN  Ha
iHpopMaTH3aIlifo, ONTHMI3aIlif0 Ta 30UTBIICHHS

MOTHBAIil y HaBYaIbHOMY IpoOILeci A CTYICHTIB
Ta BUKJIaaaviB. CucteMa y OaraToeTamHoOMy pexXuMi
IHTeTpy€eThC IS POOOTH  Ha  (PaKyIbTeTi
[ndopmarniitnnx ~ TexHONOTiIH K  TECTOBOMY
MaiiiaHunMKy. 3a YMOBM NO3UTHBHHX BIiAT'YKiB Ta
JOUUTFHOCTI BUKOPUCTAHHS CHUCTEMH, ILIAHYETHCS
BIOPOBA/DKCHHS Ta  PO3IMIHUPEHHS CHCTEMH B

MacmTabax iHMHUX  (aKyJabTeTiB Ta  BHIIUX
HaBYaJIbHUX 3aKJaJiB.
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B pobomi npedcmaeneno memoo nepemeopenHs 6eKMOPI8 CeMAHMUKO-CUHMAKCUYHOI BANeHMHOCTI
cuncemie WordNet y popmy A6HUX cCeMAHMUUMHUX 36 A3KI6-GIOHOUIEHb MIJC KOHYENMYANbHUMYU 8V31AMU
OHMONO02IYHOI I€papxXiunoi mepedxci. Bexmopu cemanmuko-cUuHmMaxcuuHoi 8aleHmMHOCMI CUHCemis, SKi €
Juwe HesA8HUM NpeoCmAaGlenHAM CeMAHMUYHUX 38 S13Ki@ MidC NOHAMMAMU, MemOOOM «NOBMOPHO20
YUMAHHAY MEKCMIE HABYANbHO20 KOPNYCY MPAHCHOPMYIOMbCs Yy pedpa CeMaHmudHux iOHOueHb 6 epai
OHMON02II.

Kniouosi cnosa: wimyunuii inmenexm, Komn 1omepHa Nine8icmuxa, cemManmuxa, 3000y68anHs1 3HaHb.

The work describes an algorithm for automatic detection of semantic relations between ontological
knowledge base nodes by analyzing matrices of semantic-syntactic words valences. These matrices are
obtained by means of non-negative factorization of syntactic words combinability tensor. The tensor has
been generated in the course of frequency analysis of syntactic structures obtained from the large text
corpora sentences taken from English Wikipedia and Simple English Wikipedia articles.

The vectors of semantic-syntactic synsets valences implicitly describe semantic relations between concept
nodes in WordNet. The main purpose of the paper is developing of a method for transformation the implicit
form of semantic-syntactic relations between concepts in ontology to explicit form of semantic relations
structure. Presented method pretends to become a good basis for developing new effective tools for
automating the process of building ontological linguistic knowledge bases. This perspective proves
theoretical and practical value of the proposed algorithm.

Keywords: artificial intelligence, computational linguistics, semantics, knowledge extraction.

CrarTio nipeicTaBuB 1.¢.-M.H., ipod. AHiciMoB A.B.

V¥ crarrti [1] onucyeThess METO ABTOMAaTUYHOTO
BU3HAUYCHHS  CEMAaHTHUYHHUX  BIJIHOIIEHb  MIDXK
KOHIIeNITaMKX OHTOJIOTIi. JlaHi 3B’SI3KM OMMCYIOTHCS
TaK 3BaHUMH BEKTOPAMHU CEMAHTHUKO-CHHTAKCUYHUX
BaJICHTHOCTEH KOHIENTiB. B orpumaniii Momemi
MOKHa JIETKO IMIEPEeBipUTH HASBHICTh JIiHIHHOTO
MPEIUKATUBHOTO 0-B-3B'SI3Ky MK KOHKPETHUMH
TphOMa KoHIlenTamu-By3namu WordNet [2] -a, bic
a00 KiNbLEBOrO0 CHHTAIMATHYHOTO 0-B-3B'A3KY Mixk
KOHIIeNITaMu & 1 b, 110 € JoCTaTHIM TS BUPILICHHS
psAMy 3amad B aHai3l TEKCTIB MPHUPOIHOI MOBH. 3
IHIIIOTO OOKY aITOPUTMH, IO BHKOPHCTOBYIOTH
MOIIYK HAMKOPOTIIMX IUIAXiB-TAHLIOKKIB MK
By3JIaMH OHTOJIOTiH, HE MOXYTb Oe3mocepeIHb0

© 0. O. Mapuenko, 2015

BUKOPUCTOBYBaTH JIaHY MOJIENIb 0e3 SIBHOTO OITUCY
BIIHOIIICHh MK KOHIIENITAMHU-BY3JaMU Yy BUTJISI
iHouaeHTHux  pebep. Kpim  Toro,  ckimagHo
poO3MIIAaTH  TIOMOBHEHHS CEMaHTHYHOI Mepexi
HOBHMH BIJIHOIIEHHSIMH SIK TIporec 30aradeHHs
OoHTOJNIOTIM  0e3  reHepauii  SBHOTO  OMNHUCY
CEMaHTHUYHHX 3B'SI3KiB MK OHATIHHUMH By3JIaMHU.

3 1bOro BHUIUIMBAE HEOOXIIHICTH MOOYIOBH
METOAIB  aBTOMAaTHYHOIO  BUAUICHHS  SIBHUX
CEMAaHTHYHUX 3B'I3KIB 3 BEKTOPiB CEMAaHTHKO-
CHUHTAaKCUYHOI BaJCHTHOCTI KOHLIENTIB OHTOJOTII.
Ines Merony BHIIEHHS SABHUX CEMaHTHYHHUX
3B'A3KIB NpeAUKaTUBHO-aPTyMEHTHOTO abo
KUTBIIEBOTO CHHTAarMaTHYHOIO THUIY 3 BEKTOPHOI
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MOJIETII TIPEeNCTABICHHS BiHOIIEHb MK BY3JaMU-
KOHIICTITAMHA OHTOJIOTIl TOJISITa€ B TOBTOPHOMY
«YUTaHHI» OOpOOJICHWX TEKCTiB KOpIycy 3a
JIOTIOMOTOI0  TIPOLICAYPY CHHTAKCHYHOTO aHaji3y,
peanizoBaHOTO Ha OCHOBI anroputMmy Koka-SHrepa-
Kacami[3] ©Ha  ©0a3i  BEKTOpIB  CEMaHTHKO-
CHUHTAaKCUYHOI BaJCHTHOCTI KOHIICTITIB, MPHUB'I3aHUX
no cuacetiB WordNet.

CxeMaTHYHO MOXHa MPEACTAaBUTH LEH IMporec
HACTYITHUM YHUHOM:

ANTOpPUTM  TIOCIIJOBHO  aHANi3ye pedeHHS
TEeKCTiB BXIZHOTO KOpmycy 1 Oyaye Kepyrodi
MPOCTOPU CUHTAKCHYHHUX CTPYKTYP PEUCHb TEKCTIB.

Kommu anroputmy mOTpiOHO BH3HAYWTH, YH
MOXXJTMBa IMOOYIOBa KIUIBIEBOTO CHHTarMaTHYHOTO
3B'I3Ky MDK ClloBamMH a Ta D, — mepexomumo 10
cunceT-By311iB WordNet {Ai}, Ha sKi mOCHIA€ThC
cioBo a, 1 mo cuHceT-By3miB {Bi}, Ha sxki
MOCHJIAEThCS CII0BO D.

Oo6uncaroemo 3uauenns (W, H bT ), anist ciiB a’
€ {A}, b’ {B;}: saxmo icHyoTh Taki a’’ € {A;}i
b’e {B}, mo (W,», H g )>T1 (me T1 — moporoBuit

piBEHb, IO BHU3HAYAETHCS EMIIIPUYHO; IMOYATKOBO
Oymo mpuitaato  T12>1), TOOl  KUIbLEBUN
CUHTarMaTHYHUN  3B’SI30K  YTBOPIOEThCS  Ta
BCTAHOBJIIOETHCS CEMAHTHUYHE BIJIHOIICHHS THITY
«00’€KT - aTpuOyT» MK KOHIENTOM-CHHCETOM Ay:
(@” €Ay), ta xonuenrom-cuuceroM Bj:i(b” € Bj) B
MEpPEKi OHTOJIOTII.

IcuyBanHst xoua 6 ojHiei Takoi mapu (87 € Ay,
b” € Bj) rapantye Toii ¢axr, 10 JaHi U MaTPHLY
D Oynu oTpumaHi 3 THX Xe TEKCTIB Ta peueHb, SKi
o0poOJISIIOThCS B JIJaHWM  MOMEHT. BimmoiaHe
CHHTAKCHYHE BiJHOIICHHS MiX cioBaMu @ i b Oyio
3aHeceHo B MaTpuilro D i moTpanmiio B BEKTOpH il
¢dakropuzoBanux wmatpuie W 1 H. TIlim wuac
PO3IIETICHHS UX BEKTODIB CEMaHTHKO-
CUHTAKCUYHUX BAJICHTHOCTEH BiJMOBiJHI 3HAYECHHS
Oynu TpHB'sI3aHi 10 AESIKMX JBOX CIHCETIB, sKiI M
OyayTh 3HaWCHI MM aJTOPUTMOM, - MK HHUMH I
BCTAHOBHTHCS JaHE BiJTHOUICHHS Yy SIBHOMY BHTJISIL.
ANTOPUTM TapaHTOBAaHO KOPEKTHO 3HAXOAWTH 1
MPOIUCY€E CEMAHTHYHE BIJHOIICHHS MK CIHCETaMi
OHTOJIOTI{ TPH BUKOHAHHI JBOX HACTYITHUX YMOB:

1. Ilpy ©HaByYaHHI BIAMOBIAHUNA CHHTAKCUYHUI
3B'SI30K OyB KOPEKTHO IPOIUCAHUN B JEPEBO
MiNOPSAKYBaHHS 1 JIEPEBO BUBEICHHS PEUCHHS
CrendopacekuMm mapcepoM. Tomi BiAMMOBImHI
Kepylodi IPOCTOPHM, Ha SAKHX HaByaiacs
cucTema, OynM CKIQJCHI KOPEKTHO, 1 JaHWi
3B'S130K OyB NMPaBWJIBHO MPOMUCAHUI B MaTpPHIIL
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D i, oTxe, TapaHTOBaHO MPHUCYTHINH y BEKTOpax
(dhakTopuzoBaHux MaTpunpb W i H.

2. AJropuT™M pO3ILEIUICHHS BEKTOPIB CEMaHTHKO-
CHHTAKCHYHOI BAJICHTHOCTI HPaBHIBHO
PO3IIENHB BiANOBIIHI TaHOMY 3B'SI3Ky BEKTOpHU
3 W i H i KOpekTHO BHUKOHaB MpUB'SI3KY 10
BIpDHO BCTAaHOBJIICHHX BY3IB - CHHCETIB
WordNet.

[IpoBeneHi ekCriepUMEHTH CBiqYaTh MPO BHCOKY
TOYHICTh POOOTH BHKOPHCTOBYBAHUX aJTOPUTMIB,
TOMY MOXXHa TOBOPHTH IIPO BHCOKY HAaIiHHICTb

JAaHOTO  METOAy TPONHCYBaHHS  CEMaHTHYHHX
3B’s13KiB Mixk cuHceTami WordNet.
Hus  30inblueHHs CTYMeHsT  HaAilHOCTI

aNrOpUTMY MOXKHa BBECTH JOIATKOBY NEpPEBIpKY Ha
HasBHICTH MOMIOHUX 3B'SI3KIB Y CHHIB 1/a00 OaTbKiB
JlaHUX cUHCETiB Ay Ta Bj. SIKio 11i 3B SI3KH iCHYIOTb,
100TO 3 A’ — OATHKIBCHKMII/CUHIBCHKUI CUHCET Ay
ta 1 B’; — O6aTbKiBChKuil/cHHIBCBKUIT cuHCceT Bl Ja’
€ A’x ta 3b’e B’} raxi, mo (W, Hg. »>T1 , 10
IMOBIpHICTh TOOYIOBH KOPEKTHOTO CEMAaHTHYHOTO
3B’A3Ky MK CHHCeTaMHu Ay 1 Bj 3Ha4HO 3pocTae.

HeoOxigHo BiA3HAYUTH, IO 3B'SI30K MIDXK
cuHcerami Ay Ta Bj Oyne 3HalineHo Oe3nocepeqHbo
BiJpazy, K0 YMOBH | i 2 BUKOHYIOTbCA. SIKIIO Tipu
HaBYaHHI 3B'I30K He OyB 3HalifieHwii, abo OyB
3HAIeHnd, ajle HeNpaBWIbHO MPONHCAHUN 10
HEKOPEKTHOI Mapu  CHHCETiB, TO JOJAaTKOBI
MEPEBIPpKH MOXKYTh 30IJBIIUTH HaJilHICTE pOOOTH
METOJTy BU3HAYCHHS CEMAHTHYHUX BiJHONIEHb MiX
CHUHCETaMI.

[To-cyTi 1151 «IIOBTOPHOT'O YHUTAHHS TEKCTIB
KOPITYCY  BHUKOPHCTOBYETHCSI ~ Tapcep-TeHepaTop
KEPYIOUYHX MPOCTOPIB, onucaHuii B pobori[4], 3 Tiero
JIMIIIE PI3HUIICIO, 110 TaM JIjIsl BU3HAYCHHS HAsIBHOCTI
3B'SI3KiB M)XK CIIOBaMH BHUKOPHUCTOBYBAIIUCS BEKTOPH

CEMaHTUKO-CHHTaKCHUYHOI BaJICHTHOCTI CIIiB,
OTpUMaHi TTiCIIst daxTopuzarii MaTpHIli
CUHTarMaTHYHUX  3B’s3kiB D Ta  TeH3opy

NpeaUKaTUBHUX 3Bs3KiB F , a B 1aHOMy BUIIaIKy Ham
MOTPIOHO TIEPENTH Bij CJIiB JI0 iX 3HAYCHDb - CHHCETIB
WordNet, Tak sk B JaHidi MOJeni BEKTOpHU
CEMaHTHUKO-CUHTaKCHUYHOI BaJICHTHOCTI NpHUB'S3aHi
BUKJIIOYHO JI0 KOHIENTIB-CHHCETIB. TakuM YHHOM,
napcep «BHUMYILIECHO» IIEPEXOIUTh Big CIiB 1
CJIOBOCIIONYYEHb 10 iX CeMaHTHYHHX 3HAYeHb, 1
JaHa ¢aza CEMaHTUYHOTO aHaji3y 3/iMCHIOETBCS
napaseabHO 3 CHHTAKCHYHHM aHAJi30M.

OKpemMoro po3risiLy BUMarae BUNaao0K, KON
ANTOPUTM BHSABJIsIE OLTBII HK OJHY Mapy CHHCETIB

AiBj (@’ €A, b” € B): (W, HI )>TL,
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Cam amroputMm Koka-furepa-Kacami sBiste
co00I0 TpoIrec OWHAMIYHOTO 30WMpaHHSA  BCIX
MOKJIMBUX BapiaHTIB CHHTAKCHYHOI CTPYKTYypH
peuenHsa. Ha koxHOMy piBHI mporecy moOymoBu
KEpPYIO4Oro MpPOCTOPY CHHTAKCHYHOI CTPYKTYpH
BiOYBA€THCS 3MUTTS ABOX CTPYKTYp (IBOX TOYOK
KEepPYIOUHX TIPOCTOPiB) B OJHY OUIbII BEIHKY
CTPYKTYpY - TOUKY, 5IKa YCIaJAKOBY€ TUM UM 1HIIUM
YHHOM CBO€ JIGKCHUYHE 3HAYCHHS y TOYOK, fKi il
yTBOpiotoTs. Ilojanbine mnpuesHaHHS Ha OUIbII
BHCOKOMY CTPYKTypHOMY piBHI BiZOyBaTUMETHCS
3T1IHO BEKTOpIB CEMaHTHKO-CHHTaKCHIHOT
BaJGHTHOCTI THUX CHHCETiB, Ha sKi OyayTh
MTOCHJIATHCST HOBI JIEKCHYHI 3HAYEHHS YTBOPEHUX
CTPYKTYP-TOUOK Kepyrodoro mpoctopy. IloTpi6HO
30epiraTd B KIIITHMHKaX TaOJUIll 0O0'€mHaHHS BCIiX
MokuBUX map Ag ta By (@7 €Ay, b7 € Bj): (War,
Hl )>TL

y mpotieci reHepartii CTPYKTYpH
anroputMoM Koxka-SIarepa-Kacami HeBipHI BapiaHTH

BIAIAJAI0Th BHACIIIIOK HEMOXKJIUBOCTI
BCTAQHOBJICHHS CEMaHTHUKO-CHUHTAKCUYHOI'O 3B'S3KY
Ha BEpXHIX pIBHAX TaONMWIi 1 HEMOXIUBICTH
noOyJoBM LTICHOT CTPYKTypu. Y pasi ycmixy
MOBHICTIO  MOOyJOBaHa CTPYKTypa KEpyHuoro
MpoOCTOpY B TOYKAX MICTUTHME  00'€JHAaHHS
BIJIMOBIIHUX KOpPEKTHUX cuHceTiB Wordnet 3
BUKOPHUCTAHHSAM MPaBUIIbHUX CEMAaHTHKO-
CHUHTAKCUYHMX BIJHOIIEHb-3B’SI3KIB MK HHMH.

Otxe, MOXXHA BHECTH 1Ii BIJHOILICHHS B CEMaHTHYHY
0azy WordNet nuisxoMm JgojaBaHHS BiJIOBITHUX
CEMaHTHYHHMX 3BSI3KIB MK CHHCETaMi BXKE TiCIs
3aKiHYeHHS MMOOYMIOBU MOBHOI 1 IUIICHOI CTPYKTYpH
KEPYI04Oro MpoCTOpy VISl TAHOTO PEUSHHSI.

Pozrnsaemo [N (hopmanpHO 011(¢
ANITOPUTMY
Bxio. WordNet 3 BekTOpamMHM CEMaHTHKO-

CUHTAKCHYHOI BaJEHTHOCTI, MPHUB'SI3aHUMH JI0 IX
CUHCETIB -BY3JIiB, Ta BXIJHHUI JAHIIOKOK PEYCHHS
®=a,8...a,eX’

Buxio. Tabmunst ceMaHTHKO-CHHTaKCHYHOTO
aHamizy T, mo omnmwcye Kepyloudidl —OpocTip
CHHTAKCHYHOI  CTPYKTYpH  BXIJHOTO  PEUYECHHS.

[Mooynosanuit KIT MicTUTh y CBOIX TOYKaX 3HAYCHHS
cimiB - cuHcetn WordNet, 3'eqHani y mnpocTopi
CEMaHTHYHUMH 0-3-BiTHOIIICHHSIMH.
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Anzopumm

1. Moknagemo ty={{Ai}[{A} — cuncernu, nHa
SKi oCHIalThes @ Vi=1..n}.

Skmo  Takux ~— HeMmae(HANpUKIAN Ui
MPUIMEHHUKIB, CTIOIYYHHKIB 1 T.JI.) — TO 3aMiCTh
CHHCETIB tjy MICTHTHh TIPOCTO JIEKCEMH, SIKi TaKOXK
MaOTh CBOi BJacCHI BEKTOPH
CUHTaKCUYHOI BAJICHTHOCTI, 3aBIIKU SIKUM BOHHU

CECMaHTHUKO-

Ha HACTYITHOMY €Talli BCTYNMAalTh y 3B’S30K 3
CEeMaHTHUYHO 3HAYYIIUMH JICKCEMaMHU.

2. Ilpumyctumo, 10 Bke oOYMCIeHi tij s
BCcix 1< i< niBeix 1<’ <j.

[Moxmamemo tj ={{A} mna mesxoro 1<k<j ,
{Bi}etik Ta {Ci}Eti+k,j.k, E_,(Bi,Ci): Ai } OCKUIBKH
1<k<j, o k Ta j-k mMenmi 3a j. Takum guHOM, tjy 1
tisij-« OOUHCITIOIOTBCS paHillle, HiK

Ai =+aais1... a4 ITicns 1poro kpoky 3 Ajetj

criaye Ai=(Bi,C)=+(ai...ain1,C)=+

=+ @j...8j+k1 &k - - Qjje1

3. IToBTOprOEMO KPOK (2) 0 TUX Tip, ITOKU HE
CTaHyTbh BijoMi tj mig Beix 1<i <h Ta 1<j <h-
i+1.

Posrimstremo poboty dynkuii &(B,C). Bona
nepeBipsie Touku B 1 C, yu MOXJIMBO BCTaHOBUTH
MDK  HUAMHA  JEIKUHA  3B'SI30K -  KUIBLIEBUHA
CHHTarMaTHYHUHN 0-fB-3B'I30K, 0-3B'I30K IHIKHOTO
MPEIMKATUBHOTO  BiAHOMmIEHHS a00  [-3B'I30K
JIHIAHOTO IPEUKATUBHOTO BiHOIICHHS.

Jnist BU3HAUYEHHSI MOKIIMBOCTI BCTAHOBJICHHS
KUTBIIEBOTO CHHTarMaTHYHOTO  O-f-3B’SI3KY  MiX
toukamu B Ta C mepeBipka 3IiHCHIOETHCS
oOuncineHHsM omnepauii ckamsapHoro n00ytky (Whe,

T o
H.) (Wg — BeKkTOp KOHIENTYy—CHHCETYy, SKUH €

CCMAaHTHYHUM 3HAYCHHSIM TOYKH B, HC-BCKTOp

KOHICUTY—CHUHCETY, SIKUH € CECMAaHTHYHUM

3HayeHHsIM To4kH C): axmo (Whg, Hg ) =Tg, 1O

¢GyHkuis &  BCTAaHOBIIOE  JAaHUH  KiNbLEBUH
CUHTarMaTHYHHUHA 3B’S30K, PO3MIlIye HOTro B HOBIil
TOYIll A, Ta OOYHUCITIOE 1T HOBE JIEKCHKO-CEMaHTHYHE
3HaueHHs. BoHO a00 ycmagkoByeThCs 3 TOUKH B, sk
TOJIOBHOI TOUKH HapH, abo B pe3ynbTaTi 00'eAHaHHS
yTBOproeThesl HOBUM cmuci(«Te3a» + «Upopuay =
«Te3za UYsopuan). Touka A oTpumye 3HaiineHe
¢yHKkUiero & JeKcHYHe 3HAYCHHA 1 BiAMOBIIHUHA
CHHCET (abo HaOip CHHCETIB y  pasi
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HEOQHO3HAYHOCTI) SIK CeMaHTHYHE 3HadeHHsA. Jlo
cuHcetry (abo 1o cuHCeTiB) mpuB'sa3aHi Horo (ix)
BEKTOPH CEMaHTHKO-CHHTAaKCHYHOI BaJCHTHOCTI 3
PI3HUX MaTPHITL TEH30PHOI MOJICIIi MOBH.

Jl1st BU3HAYEHHS MOKJIUBOCTI BCTAaHOBIICHHS [3-
3B’SI3Ky JIHIHHOTO TPEIUKATUBHOTO BiTHOIICHHS
Mk ToukamMu B Ta C mnepeBipka 3IiHCHIOETHCS
OoOYHCIEeHHSIM  omeparlii  CKaJsIpHOTO  JTOOYTKY

(Ye, Z.) (Ys — BekTOp Y KOHIENTY—CHHCETY, SKHIA

€ CCMAHTHYHUM 3HAUYCHHAM TOYKH B, Z ¢ — BEKTOp Z

KOHICNITY—CHHCETY, SIKUH € CECMaHTHYHUM

3HaueHHsAM Touku C): skmo (Yg, Z. ) 2Ts TO

(GbyHKIIS & BCTAaHOBIIOE AaHWH [(-3B’S30K JHIHHOTO
MPEJUKATUBHOTO BiJIHOIICHHS, PO3MIIIye HOro B
HOBIH Touri Al, Ta oOuucimOoE T1i JEKCHKO-
CEMaHTU4YHEe 3HayeHHA. Y Al, sk mpaBuio,
YCIIaKOBYIOThCSI OOWABA JIGKCHUHUX 1 0OuaBa
CEeMaHTHYHHX 3HaueHHs 3 Touok B 1 C.

[y BU3HAYEHHS] MOXJIMBOCTI BCTAHOBJICHHS
0-3B'SI3Ky JTIHIHOTO MPeIuKaTUBHOTO BiJHOIICHHS
Mik Toukamu D 1 Al mepeBipka BHUKOHYETHCS

K
OOYHMCIIEHHAM  OTIepallii Z Xolil*Yg[i]*Z.[i]
i=1

(Xp — BEKTOp KOHIIENTY-CHHCETY, M0 € 3HAYCHHAM
Toukd D, Yg-BEeKTOp KOHIICNITY-CHHCETY, IO €
3HaueHHsIM TO4Ykd B 3 Al, Zc — BeKTOp KOHIENTY-
cuHceTy, 1o € 3HadeHHsM Toukd C 3 Al): sKio

iXD[i]*YB[i]*ZC[i]ZTp , 10 (ynkumia &

BCTAHOBJIIOE 0-3B’SI30K JIIHIMHOTO MPEAMKATUBHOTO
BITHOIICHHS Ta 3aBEpLIy€, TAaKUM UYUHOM, IIOBHY
JHIAHY TPEIUKATUBHY TOCTIIOBHICTH 0-f-3B’S3KiB
KEpYIO4OTo MPOCTOPY JAHOTO PEUCHHSI.

[licna Toro, SIK aNropuTM YCIILIHO 3aBEPIIyE
30ipKy LJIICHOrO KEepyHuyoro MNpoCTOpPY pPEYEHHS,
noBHicTIO MoOynoBaHa crpykrypa KII B TOukax
MICTUTh  00'€HAHHS  BIANOBIIHUX  KOPEKTHHX
cuaceTiB Wordnet 3 BHUKOpPHCTAHHAM TPaBHIBHHUX
CEMaHTHKO-CHHTAKCHYHHX BiTHONICHL MK HAMH.

Hauni iine erarm 00xo/ty mOOYZ0BaHOT CTPYKTYpH
KII peueHHs 3 mepeHECEHHSM 3HAMICHUX MIiX
CHHCETaMi CEMaHTHYHHMX 3B'I3KiB y 0a3y OaHuX
WordNet y Burisiai  BiOOBIAHHX CEMAHTHYHHX
BiJIHOIIIEHb MK BY3JIaAMH-KOHIIETITAMHU OHTOJIOT1.

Skmo MK aBoma Touykamu KII, mo MicTATh
cuncetd A 1 B B sSKOCTI 1X CEeMaHTHYHHX 3HAYEHb,
BCTAHOBJICHWH KUTBIIEBHA CHHTarMaTUIHHHA 0O-f-
3B'130K, T0 Mk A i B y WordNet nponucyerscs
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SIBHE BITHOIIEHHS THUIY «00'€KT-aTpuOyT» abo «isi-

aTpudyT».
Slkmio mick Toukamu KI1, 110 MicTSTh CHHCETH A
i B B sgxocTi IX CEMaHTHMYHUX 3HAYEHb,

BCTAHOBJICHUH JIHIMHUN TPETUKATUBHUHA 0-3B'30K,
To Mbk A i B y WordNet npomnmcyeTbcst siBHE
BiJTHOIIIEHHS «CYO0'€KT-is» a00 «aKTaHT-Iisi».

SIkmro mixk Toukamu KI1, 1o Mictars cuncetd B
i C B sdxocti 1X CEMaHTHYHHUX 3HAYCHbB,
BCTaHOBJICHUH JIHIHHUHA NpeAUKaTUBHUN [-3B'A30K,
to Mbk B ta C B WordNet mponwmcyerbes siBHE
BITHOIIICHHS «Iis1-00'€KT», a00 «IisI-peuIieHT, abo
«IiS-THCTPYMEHT» 1 T.JO. - 3aJeKHO  BIA
BUKOPHUCTaHHS TOTO YH IHIIOTO CHHTAKCHYHOTO
mabJoHy B pEYCHHI M BHUPAXKEHHA JaHOTO [-
3B'13Ky. CeMaHTHW4HI poJbOBi BimMiHKK DimMopa-
I'pybepa  [5,6], ski  MOXyTh  e(hEKTHBHO
BHUKOPHCTOBYBATUCSI B JTAHOMY BHUIAJKY, OIHCYIOTbH
BIAIIOBIAHICT, CHHTAKCHYHMX IIA0JOHIB THIIAM
CEMaHTHUYHUX BiJHOIICHb.

OmHOYACHO 3 J0JaBaHHSIM B OHTOJIOTiI0 Ha0Opy
CEeMaHTUYHUX  3B'I3KIB 3  OJHOTO  PEYEHHS
(IKCYIOTBCSI MITKH MPO IX CyMiCHE BUKOPHUCTAHHS B
paMkax oOfHi€l  (YHKIIOHANBHOI  apryMEHTHO-
NpPEMKAaTHOI ~ CXeMH  BIINOBITHOTO  KOHIENTY-
JiecaoBa.

TakuM YMHOM, TIiC/IE TIOBTOPHOI OOpPOOKH
TEKCTOBUX KOPITYCiB BCi HESIBHI CEMaHTHUYHI 3B'SI3KH
CHHCETiB, BHPaXEHI  BEKTOpaMH  CEMaHTHKO-
CUHTAKCUYHUX BAJICHTHOCTEW, TMPOMUCYIOThCS B
WordNet SBHUM YMHOM JOJAaBaHHSIM BIJITOBIIHUX
pebep ceMaHTUYHUX BiTHOIIEHH B rpad OHTONIOTI].

BucHosku

Y pobotri OyB 3ampolOHOBAaHUH  METOJ
TpaHcdopmallii BEKTOPIB CEMaHTHKO-CUHTAKCHUYHOT
BasentHocTi cuHceriB WOrdNet, ski € HesBHOIO
(dopMOI0 TpeACTaBICHHA CEMaHTHYHHX 3B’S3KiB-
BIIHOIIEHh MIDK  KOHIENTYyaJIbHHMH  BY3JIaMU
OHTOJIOTIYHOI i€papxiuHOi Mepexi, y SBHY ¢opmy
NpEACTaBIEHHS. B SKOCTI pedep CeMaHTHYHHX
BIJIHOIIIEHbL B OHTOJIOTiYHOMY Ipadi. Meros mossrae
y TIOBTOPHIi 00pOOIIi TEKCTIB HABYAJIBHOTO KOPIYCY
1 3 3aHECEHHSAM  3HAWJACHUX  CEMAaHTHKO-
CHHTAKCHUYHUX BiJTHOIIICHB «IPEIMKATHO-
apryMEHTHOTO» THIYy A0 0a3u JAaHMX OHTOJIOTii. B
pe3yibTaTi BinOyBaeThCs TOMOBHEHHS i€papXidyHOl
MEpeXKi  OHTOJIOTii  CEeMaHTHYHUMH 3B SI3KaMH
«TOPU3OHTAIBHOTO»  THITY, 10 CTaHOBUTh
TEOPETHYHY 1 MPAKTHYHY IIHHICTH TaHOTO METOY.
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Posensoaemovcsa koonepamuena epa 6 xapaxmepucmuyHin Gopmi 3 HeUimKoI0 MHONCUHOIO OONYCIMUMUX
xoaniyiti. Iokazano, wo C-20po yici 2pu 6yoe neuimkow MHoMCunoo muny 2 (Heuimka MHONCUHA, (PYHKYIA
HANEHCHOCMI AKOI NputiMae Hewimki 3uauenus), nobyoosana ii (yuxyia Hanexcnocmi. 3anpononosana
MPLOX-KPUMEPIANbHA 3a0a4d NOULYKY PAYioHANbHO20 po36 A3Ky. Posensmymui nioxio 0o ompumanis
HAbIUdICeH020 Po38' 43Ky yiel 3a0aui.

Knmiouogi cnosa: koonepamusna epa, (pyHKYis HANEHCHOCMI, HEUIMKA MHONICUHA THUNY 2, 20p0 2pu.

The problem of the choice of an equitable distidoutof profits among the players, if they agree to
cooperation, but not clearly understand what thalition may be admissible. This is due to the fhat in
many real-life situations, not every group of playdas the ability to cooperate and therefore &k t
coalition can not be formed. The well-known concé#iZ-core cooperative games generalized to the oés
fuzzy sets of admissible coalition players. In tase, it can be described as the intersectiomzfyf set of
crisp sets of distributiong/hich satisfy to principle of separatioltis the fuzzy set of type 2 (a fuzzy set,
membership function which takes a fuzzy values)s Mmembership function is build. A three-criteria
optimization problem of finding a rational solutios proposed. The approach to obtain an approximate
solution of this problem is considered. The proposgproach extends the scope of the theory of &etzyin
case of cooperative games with fuzzy set of pabi@ssoalitions and may provide a new approach to
solving other problems of game theory.

Keywords: cooperative game, membership functiazyfset of type 2, core of game.

CrarTio ipeAcTaBuB 1. T. H., npod. ['apamenko O.I.

Beryn. KoomeparmBHa Teopis irop po3B’ s3ye Kiracuana KOOTIEpaTHBHA rpa y
3a/ady «CIPaBEUIMBOTO» PO3MOALTY HPHOYTKY MIK  xapakTepucTHuHiii  dopmi <N,V> 3aJ1a€THCS
TpaBOsMU y BUMNAAKY iXHBOI CIHiBIpami. Tum He
MEHII, y 0araThbOX peallbHUX >KUTTEBHX CUTYaIlisX,
He KOXHA Tpyla TpaBIiB Maec MOXIHBICTp XAPAKTCPHCTHIHOIO (YHKIIEIO v:2" o R, sxa wis
CIIIBIIPAIIOBATH i TOMY BCi Koasilii He MOKyTh KOXHOI Koamiii TPaBIIiB JIOPiBHIOE i
yTBOproBaTucsi. B 1mpoMy Bumagky BuHHKae IapaHTOBaHOMYy — BHIpally, MpUiOMYy v(l) =0,
KOOIEpaTHBHA TIpa 3 oOMexeHow Koomepauicro. V(SUT) =\ 3+ ¢ ) s OS, TO N, SNT=0.
[MpuunHN OOMEXKEHb Ha CTBOPEHHS MOMXIIUBUX YV Gigbm 3aranbHOMy BHNAAKY, KOTH JesKi
Koaminiii  MOXKYTb  OyTM  DiSHMMH, HANPUKIAN o iyif MOXYTb OyTH 3a00pOHEHUMH,
00OMeXeHHS, SIKi BHKITHKAH] IPaBaMH, oOMe)XeHHS Ha KOOTIEpATHBHA Ipa MOKe OYyTH ONHMCAHA TPIlKOI
MaKCHMalbHy KITBKICTh TIDABIiB, SKHM J03BOJIEHA <N,v, Q>, g QO2Y\N — mabip moxcmBiX
criBmparist; 0OMEeXEeHHS, SKi OB’ s13aHi 3 BiICYTHICTIO o ] i

. Koamimiid (B SKMX TpaBlli MOXYTh CITiBIIPAIFOBATH

3B'I3Ky MUK TpaBIsIMH, ab0 OOMEXEHHs, SKi \
pa3oM), 1 Ha3WUBAETHCS TPOK 3  OOMEKEHOIO

BHKJIMKaHI TTOTPEOOI0 y 3Trojli HaYadbHUKIB T'PABIIIB ]
Ha GopMyBAHHI KOAMILT 3 iHIIMMH. KOOTIEPaIli€lo. 3HaXO0/KCHHS CIPaBEIMBOTO

Habopom  rpaBuiB N ={l,..,n}, n=2, i

© C.0.Mamenko, B.I.Mopeneup, 2015
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pO3IOAUTY BHTpAIly BCIi€l CIITLHOTH TPAaBIIB IS
rpu 3 00MEKEHOIO KOOTICPAIIi€l0 MPEJICTABIISIE COOO0
OlmpIn 3arajbpHy MpoOJieMy, HIX [ 3BHYAHOI
KoorepatuBHOI rpH. Uepes e Oyab-aKuii po3B’ 30K
rpu 3 OOMEXKCHOI KOOIEPAIli€l € y3aralbHECHHIM
JIESIKOTO PO3B’ 3Ky KJIACHYHOI KOOTEPATUBHOI TPH.
VY3aranpHeHHss BekTopa llleruni  mms  irop 3
0OMEXEHOI0  Koormeparliero  posriasmanucs  R.
Myerson [1],mi3nimre ix anamizyBanun G. Owen [2]i
P. Borm, G. Owen S.Tijs [3]. E.Algaba, J.Bilbao,
P.Bormi J.Lopez [4, 5]BBaxkaroTh, IO YacTKOBA
MOJIeTh CIHIBMpAIli Ha OCHOBI TaK 3BaHUX COIO3HUX
CTIHKMX CHCTEM € Yy3arajJbHCHHSAM  CHTYyallil
CIITKYBaHHS.

B neskux Bumagkax OyBae CKIagHO YiTKO
BKa3aTH 3a0OpoHeHi koamimii. B ik  poboTi
posrisnaeteess  C-apo  KoOMepaTWBHOI TIpu 3
HEYITKOI0O MHOKHWHOIO JTO3BOJIEHUX KOAIIIH.

C-sigpo  koomepatuBHoi rpu. Cnovatky
pPO3TIIIHEMO ~ KJIACHYHY  KOOIIEPaTHBHY TPy Y

XapakTepucTUIHii Gopmi <N , V> . OmpHuM i3 MeToxiB

posmoxiny Burparry V(N) Bci€i CIiIBHOTH TpaBIfiB €

C-aapo, ske CKIQNAeThess 3 TOALTB  (BEKTOpIiB

X=(X,...,%,) Takux, IO ZXi =v(N) ra
iON

x2v({h) mwm 0OiON), sxi 3aK0BOJBHAIOTH

yMOBaM ZXi 2Vv(S mna USO N. Sk npasuio C-
i0s

SIIPO  MICTUTH OUTBIIIE OIHOTO EIEMEHTa, TOMY
BUHHMKae mpoOinema Bubopy. Lls mpobiema moske
pO3B’ A3yBaTUCS Pi3HUMH METOJIaMH, aje BCi BOHH
3BOJIATHCS JIO 3HAXO/DKEHHS y TIEBHOMY CEHCI
«uentpa» Cnmpa. s 1boro po3s’ si3yeThes 3a1ada
MaTEeMaTHYHOTO MTPOrpaMyBaHHS:

g(x) - min,
in >v(9, SO2"\ N,
2% =VN),

iON

ne g(X) — mesika (yHKI[s, 3a JOTMOMOIOMO SIKOT
BUOHPalOTh KOHKpeTHHH momin 3 C-impa. Burmsan
miei QyHKMil 3aneXuTh Bif mpeaMeTHoi obmacTi Ta
JIOMOBJICHOCTI Mi>K TPaBISIMH.

C-fipo KoOOMEpaTHBHOI TIpPHM 3 HEYITKOIO
MHOKMHOIO J103BOJIEHMX KoaJiuii. [Ipunycrumo,
IO TPaBIli HE MOXKYTh YiTKO CKa3aTH, SAKi KOAMIIIii 3
vHOKkHEE Q =2"\N yciX MOXIMBHX, MOXYyTb
OyTH IO3BOJICHMMH, a iM BigoMa Jumie (QyHKITiS

Hanexunocti  U(S), SOQ, HeuiTkoOl MHOXHHU
QUOQ go3Bomennx koamimii. Toml BHUHHKAE
KOOIepaTHBHA Tpa 3 HEYITKOK  MHOXKHHOIO

Bulletin of Taras Shevchenko
National University of Kyiv
Series Physics & Mathematics

2

JIO3BOJICHUX KOAQTIIii, sKa 3adacTbCsl TPIHKOIO

<N , V,Q> . SIKmo y3arajlbHUTH Ha LIeW BUIMAJ0K
METOJ PO3IOAUTY BUTPAITy BCi€l CIIIHHOTH T'PABIIiB

3rimHo 1o koumemmii C-ampa, TO MH  OJEpPKHUMO
3a/1avy, sIKy MOXKHa C(OPMYITIOBATH Y TaK:

g(x) - min, )
2% 29, sOQ, (2
> x =V(N), ®)

iON

ne 3amuc (2) ciij po3yMiTH TakuM 4YMHOM. Hexaii

Fs ={X=(%-, x)| D.%=UN, > x= {( $

iON i0s

MHOYKMHA BEKTOPIB X , SKi 3aI0BOJILHAIOTE YMOBI (2)

s xoamirii SOQ Tta ymosi (3). Tomi 3ammc

BUIsAAy (2) o3Hayae, 0 MHOYHHA JOMYCTHMHX

po3B’s3kiB cucrtemu (2), (3) moBuHHA 3amaBaTHCS

MHOKHHOIO F = N Fs, me srigao [7] Nk -
SOQ SOQ

MEPEeTHH HEYITKOI MHOXHHA M YiTKHX MHOXUH
Fs, sxuii npencraBise cOOOH0 HEUITKY MHOXKUHY
TUny 2.

IepeTnH HeYiTKOI MHOKMHH YiTKUX MHOKHH.
BusHaunMo 1i¢ TIOHATTS BIANOBIHO 1O IMiIXOMY,
KM OYB 3aIpOOHOBaHui B [7].

B npocropi R" Bu3sHauMMO (YHKIIIO HAJIEKHOCTI
(xapakTepuctuuHy (GYHKLIIO) 4iTKOI MHOXHMHH F,

SUQ, sxy mo3HauuMo

L >x2v(9),

i0s

0, > x<Vv(9).

i0s

@ (x) =

Insa posinmeHoro X[ R' BBemeMO BigHOIIEHHS
JIOMiHYBaHHS Ha MHOXKWHI Koy Q .

loBoputumemo, mo koamimiss SOQ gomiHye

koamiuito TUQ nmngs XxOR' 1 mo3navaru ue S; T,

SKIIO CIpaBeUINBI Taki HepiBHOCTI: @ (X) < @ (X),

M(S) = u(T) ixoua 6 omHa 3 HEX CTpOTa.
ITo3naunmo

H(S),
0,

SO P 3,

(%, S) ={ SO PO(X),

e PO(X) ={S0Q| T¢ SO TIQ} .
IlepeTHOM  HEYIiTKOI Q
mHOXHH Fg, SOQ, nasuBaerbes [7] F= NFs -
SOQ

MHOXXHUHU YITKUX

HEUiTKa MHOXMHA THUILy 2, AKa 3aJa€TbCs TPiKaMu

(@ (X y)), ne
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¢Y:R'xY 5 {0,1} - (yHKIiS HAIEKHOCTI maxu S), OSSO & @a(3=1,

HEYiTKOro BimoOpaxeHHs @, MO BUKOHYE pOJb
HEediTKOI QYHKIIT HaJeKHOCTI, IKa BU3HAUYEHA TAKUM
YUHOM:

wxy) = maxu(x S 1ps (3= ¥,
skmo [SOQ @s(X) = ;

w(xy)=0,

akmo USOQ @ (X) 2y,

X —enemenT npocropy R";

y — eneMeHT yHiBepcaiabHoi MHOXuHE Y ={0,1}
3HaYeHb QYHKII HajdexHocTi (Y(X,Y) HEUiTKOI
MHOXMHH F Tumy 2.

3nauenns (Y(x°,1) MOXHA PO3YMITH K CTYMiHb
xX’0R"
BinnosigHo 3Hauenns (/(x°,0) Mae CeHC CTYNEHIO

HAJIKHOCTI  BEKTOpa MHOXHMHI F .

BizcyrHocTi HanesxHocti X° O R' MuOXmHI F .
Ockinbkr  (QyHKIiS OpuHAIEKHOCTI  @(X, Y)
OJTHO3HAYHO BU3HAYa€ HEUITKE BimoOpakeHHs @,
SKe, Y CBOIO Uepry, OJHO3HAYHO BH3HAYa€ HEUITKY
MHOXXHMHY F Tumy 2, TO Hajajli Ha3HMBaTHUMEMO
@AX,y) OYHKII€I HaNEKHOCTI HEYITKOI MHOXHHU
F tuny 2, a 11 3Ha4eHHSA — JOCTOBIPHICTIO CTYIICHS
nanexsocri YOY =[0,1] enemenra npocropy R"
HEUiTKil MHOXUMHI F Tumy 2.
Moznaunmo S* = Argmax(T) — MHOXHHY
TOOQ

KOAJIIIH 3 MAaKCUMAIILHUM CTYIICHEM HAaJIe)KHOCTI JI0
HEYITKOI MHOKHHH JTOTTYCTUMHUX KOAIIIii.

Cropoctutyn  10OYyAOBY (YHKITi HAJIEKHOCTI
(X, y) n03BOJIsiE HACTYIHA Teopema [7].

Teopema. Hexait Fg, SUQ, —4iTki MHOXUHH,

BIJIIIOBIJHUMH
xOR",
— (yHKUiA HANEXHOCTI

ki 3agani B mpocropi R"
XapakTepucTHyHuMu  QyHKisMa @ (X),
sSOQ; w(S), sUQ,
HewiTkoi MHOXHHH Koanimiii Q. [t Toro, mo6
HediTKa MHOXHHA F THmy 2, sike 3amaHa QyHKIiero
manexsnocti  Y(x,y), xOR', yO{0,1},

MEPETUHOM HEYITKOI MHOXHUHHM ) YITKUX MHOXUH

Oyna

F, SOQ, to6t0 F=(1F, Heobxizmo u
S1Q

NOCTAaTHBO, 110 6 11t X R":

max 4 (S), 0SOQ @ (X= 0,
P(x,0)={ #09
0, OsOQ @ (x)=1,

ph= 0, SOS* @(3=0.

3 BUKJIaJICHUX BHUIIE MipKyBaHb CTa€ 3PO3YyMiJIO,

[0 MHOKMHA F € HEYITKOI MHOKHHOI THIY 2,
sKa 3ama€Tbes  (PyHKIE0 HagexHocTi (X, Y),

xOR', yO{0,1} , ne

(x)=0

max u(S), 0S0Q > x< «39,

%
,0)= 4
Y(x.0) 0, 0sO0Q > x= w9, )
i0s
- nocToBipHicTh HepomycTumocTi X R
maxu(S), 0SJ s* z x> ¢
Y(x1)= - ®)

0, SOS* > x<{($

- IOCTOBIpHICTH HommycTumocTi Bekropa X R'.

Homyk pauioHaabHuX mnoaidiB. B peanbHiit
irpoBiit cuTyanii rpaBi MParHyTUMYTh
MiHIMI3yBaTH OKpiM IiIs0BOI ¢yHKIii ¢(X) me i
moctoBipHicTs J/(X,0) HemomycTHMOCTI TOmidy, a
TaKOXK MAaKCHMI3yBaTh JOCTOBIpHicTh (J(X,1) #ioro

JMOTYCTUMOCTI. TakuM 4YHHOM, TIepen TPaBISIMH
MOCTa€ HACTYITHA TPhOXKPUTEpialbHa 3a/1a4a.

g(x) - min,
Y(x,0) - min,
Y(x1) - max,xO R

(6)

IMoznaunmo SO — MHOXHHY ONTHMAJIBHUX 32
Cnefitepom  (cmabo ontumaneHux 3a [lapero)
po3B’s3KiB mi€i 3amadi. Haragaemo, mo po3B’ s30K
X" HazuBaeThes omtumanbHEM 3a Crieifrepom s
3amayi Burisiny (6) skmo (X[ X, aist sikoro MaroTh
micrie HepiBHOCTi: (X)) > g( X, ¢(x",1)<y(x,1),
P(x,0)>¢(x,0).

3arajbHUM palliOHAIEHUM PO3B’ si3KoM 3anadi (1)
— (3) 3HaxomKeHHs PO3MOIINy BHUTpally BCi€i

CHIJILHOTH TPaBIIiB B KOOMIEPATHUBHIN I'pi <N,V,Q> 3
Koaiii
HIY 2 3

HEUITKOIO MHO>XHWHOIO JO3BOJICHHUX

HA3UBA€THCA HEYITKAa MHOXHMHA X
(yHKLI€I0 HATIEKHOCTI

Y(xy), x0OSQ

‘//>*<(X'Y)={ 0, xS0,

ne yOvy ={0,1}.
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Y pa3i, KOaW TPaBIiB IIKABUTh KOHKPETHUI
pauioHanbHUR po3B’ 30K 3amaui (1) — (3),To itoro
MOkHa BHOpatu 3 MHOXMHH SO 3a J0MOMOrO0
Toro abo IHIOIOrO MeToAy OaraToKpuTepialbHOl
onTHUMi3allii, BUpimmBIIM 3a1a4y (6).

Jlerko mepeBipuTH, IO ONTUMATLHUN PO3B’ SA30K
X* «yitkoro anamora» (1) — (3) Hanmexarume
MHOXHHI SO 13 3HAYEHHSM JOCTOBIPHOCTI HMOTO
mepomyctumocti  Y(X*,0)=0. Hassemo meit

PO3B’ 30K TpUBIaNIbHUM po3B’ s13koM 3amadi (1) — (3).

Hac, B mepury uepry, HiKaBUTHUMYTh HETpUBiaJbHI
po3s’s3ku 3amadi (1) — (3), AKi MawTh CTPOro
JIOIaTHY JTOCTOBIPHICTH HEIOITYCTUMOCTI.

OntumaneHuii 3a CneiiTepoM HeTpUBiaTbHUI
po3B’si30k  X* 3amaui  (6) OymemMo Ha3MBaTH
pamioHambHUM po3B’sizkoM 3amadi (1) — (3) 3
nocroBipHocTsiMu  (Y(X*,1) i ¢¢(x*,0) BiamoBigHO
HOTO JOIYCTUMOCTI 1 HEIOITYCTUMOCTI.

[osnaunmo Q° ={SDQ| S <E wmHOKHEY
KOAJIIi, SKi MalOTh CTYICHI HAJEXKHOCTI HEUITKii

MHOKHHI JI03BOJEHHX Koamimii ( He 6iibimie 3a
£0(0,1). Crpobyemo cupoctuth 3amaqy (6).

TBepmxenns 1. Hexait ¢[0(0,1) — 3amane

3HAYCHHS MMapaMeTpa, TOI AKIIO 3aj1aya;
g(x) - min, (7)

xOR"
0<@(x,0= &, Y % = V(N), (8)
iON
Y x=2vS, SIQ\Q°. 9)
i0s

Mae€ ONTHMAJIbHHWHA pO3B’S30K, TO BIiH Oyme
pamioHambHUM po3B’s3koMm 3amaui (1) — (3) 3

JOCTOBIPHICTIO JOMYCTUMOCTI U™

= maxu S)is
JOCTOBIPHICTIO HEZOIMYCTUMOCTI He Oibime 3a & .
Jloseoennsi. 110
x’0S0O. Toxi [X, sxuii 3an0BonbHAE ymMoBaM (8) i
(9), nmns  sgKOro MakwTh  MiClle  HEPiBHOCTI:
9(%) < o(X), Y(X1) >y (x,1), Y(X,0)<y(x",0).
Ockinpku X~ — momycTuMuii po3B’ 130k 3anaui (7)
- (9), 0 3 (5) BHILINBAE, 110
W(x"1)= maxy (S)= ™. Toni 3 3amUCcaHNX BHUIIE

HpI/IHYCTI/IMO CYIIPOTHUBHE,

HepiBHOCTel BuxoauTh, mo Y(X,0)<y(x,0)<¢ i

YXD>w (X, D)= ™. Ockinekn, s3riggo  (5)
Y(x,1)< ™, 10 OTpUMAaNK CyIEpEUHICTb.
TBepmxeHHs TOBEACHE.
Crpobyemo maii cripocTuTh 3a1a4y (6).
Teepmkennss 2. Hexait ¢0(0,1) — 3amane

3HAYCHHS MMapaMeTpa, TOZ[i SKINO 3aJa4a.

2015, 2
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min ming (x); (20)
TOQ¢ XaR'
D% <UT); D% =V(N); (11)
iar iON
D xzv9, SIQ\QY. (12)
i0s
Ma€ ONTHMAIbHUM PO3B'S30K, TO BiH Oyze
pamioHaapHEM po3B’s3koM 3amaui (1) — (3) 3

JOCTOBIpHICTIO jomycTuMocTi U™ = maxu S)is

JIOCTOBIPHICTIO HEJIOMYCTHUMOCTI He Oinbiie 3a & .

Hosedennsa. Hexait £0(0,1). TTosnaunmo Q -—
MHOKHHY JTOITYCTUMHX pO3B’s13KiB 3a1a4i (7) — (9),a
PT — MHOXMHY JOMycTMMHX po3B’s3kiB — (10) —
(12). Criouarky mokaxkemo, 1o

U P =Q. (13)

Too¢
ITokaxkeMO  BKJIIOUEHHS ngf PTO0Q. dxmo
ngf P"=0, To BOHO € oueBuaHNM. Hexaii
X* Dm%f P" #0 . IIpumycTHMO CYNpPOTHBHE, IO
x*Q. Toxi MoxnuBi aBa BUNAAKU. B mepriomy

BUMAAKy HE BHKOHyeThcs ymoBa (8), T0oOTO

Y(x*,0)>¢. 3eigcn 3 dopmynu (4) orpumMaemo

@(x,0) =max{u(S)| 3 x< (9}>¢.
i0s

[SOQ\QY, s sKoro inD<V(S), 110
i0s

Tomni

cymepeunts ymoBi (12). B apyroMy BHUIagKy He
BUKOHyeThCcs ymoBa (9), To6To [ISOQ\Q¢, ms

PR EIECR

i0s

SIKOTO TOZ[i HC BUKOHYETbHCA

BigmoBigHa ymoBa (12)i Tomy x* 0P OTOQ¢ i sax

macmigok x*0 U P'. OrtpuManu cymepeuHicTs.
Too¢

Takum unrom, X*0Q iTomy U PT OQ.

ToQ¢
QO U P".
ToQ*
Q=0, 1o BoHO oueBmpgHe. Hexair x*Q=#0.
IIpumryctiiMo cympoTuBHE, 1m0 X* [ Uf P". Tomi
TOQ

TTokaxxeMO BKIIIOUEHHSI SIkro

x*OP" OTOQY. Ockimekn ymoBu (9) i (12)

CHiBNagaroTh, TO ZXiDZ V(S 0 S1Q¢. Ockinbku
i0s

Q° ={SDQ| HJ <&, 1o 3 hopmyn (4) BuruinBae

abo  (x*,0) = max{u(9)| %S: X< \($>¢&, abo

Y(x*,00=0. B

CYIMEePEYHICTh 3

000X BHUIATKAaX OACPKYEMO

ymoBoto (8). Takum umHOM,
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x*O U P", seigem Bummeae QU U P' i ming(x);
TOO¢ TOO¢ XOR
cripaBeyInBa piBHICTH (13). z X <\V(T); in =V(N);
3aBepmIMMO JTOBEJCHHS TBEPIKEHH:. 3 piBHOCTI ir N
3 i i >v(9, FIQ\Q°
(13) oueBnaHO BUILUIMBAE €KBiBaJEHTHICTH 3amad (7) X 2 ) :
i0s

- (9)i (10) — (12),9oro mocTaTHRO Ha IIiACTaBi
TBEpKEHHS 1 111 TOBEICHHS.

TBepIKeHHs 10BECHE.

TakuM YHHOM, 3TIAHO [0 3aMPOINIOHOBAHOTO

miIXomMy  JUIs  3HAaXO/KCHHS  palliOHAIBLHOTO
po3B’s3ky 3amaui (1) — (3) mocraTHBO 3pOOHTH
HACTYITHE:

- BuOpatm wuymecno £[(0,1), ske 3rigHO

TBEP/DKCHHIO 2 XapaKTEepPU3y€ MAaKCUMAIIbHY IS
TPABIIIB JOCTOBIPHICTH HEAOMYCTUMOCTI PO3B’ SI3KY;

- ooy ayBaTH MHOXHUHY KON
Qf ={s0Q| £ $<8,
HAJIEKHOCTI JI0 JIOMYCTHMHX HE OLUIBINE 3aJaHOTO
guciaa & 0(0,1);

- JUIA  KOXKHOI
3a1auy:

SKi ~MalTh  CTYIIiHb

xoamnii T OQY po3s’ssarn

Cnucok BUKOPHUCTAHHUX TKEPET

AKIIO BOHA MA€ PO3B’ A30K, TO Mo3HauMMo iforo X',

B MPOTHJICKHOMY BHIIQJIKy BHOHMPAEMO HACTYIHY
xoaimito TOQ¢;

orpuMannx pose’sskie X, TOQY,
BUOUPAEMO PEKOPAHE X 3a 3HAYEHHAM ILILOBOI

dynkuii, To6T0 g(X) =argming (X" ).
TOOY

- 3

BucHoBok. Ha 3akiHueHHS CITijJ| 3a3HAYUTH, IO
3aIpOMOHOBAHMMA  MIAXiA  PO3MIHPIOE  00JIaCTh
3aCTOCYBaHHS TEOpii HEUITKMX MHOXHH Ha BHIIAIO0K
KOOIEPAaTHBHUX 1Ir0p 3 HEYITKOK MHOXHUHOIO
JIOIYCTHUMHUX KOAIIIN 1 MOXE TaTH HOBUM MiIXiJT 10
pO3B’s3aHHS IHIIMX TIOCTAHOBOK ITPOBHX 3a7ad 3
HEYITKOIO CTPYKTYPOIO.
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B pobomi onucano ancopummu Hegio 'emHoi haxmopuzayii po3piodNceHux mampuyb md mMeH30pis,
HONYAAPHY MEXHON02II0 6 WMYYHOMY IHmeNeKmi @3azani, ma 6 KOMN 1omepHill JiHegicmuyi 30Kpemd.
Obpobniosana mampuya — mampuys 36 ’a3xie Crnoga *Cmammi, AKa MICMUIA YACMOMHY OYIHKY BHCUBAHHSL
cnie 6 mexkcmax cmameii Bixineodii. Hasedeno icuytoui nioxoou 0o gaxmopuzayii mampuyb ma meH3opis.
3anpononosano 0O10YHO-OiazoHaANbHULL NIOXIO0 00 Hegid 'emHOi ¢hakmopuzayii mampuyb ma MeH30pi8
Haogenukoi posmiprocmi. Buxopucmanus nam’ami ma mepedsicegux onepayiti 6y10 NPOAHANI308AHO MAa
ONMUMI306AHO.

Knrouoei cnosa: wimyunuti inmenexm, KOMn 10mepHa TiHe8iCMUKa, napaieibHi 00UUCIeHHS.

This paper proposes parallel method of non-negative large sparse matrix factorization - very popular
technique in computational linguistics. The initial matrix contains frequency estimations of using terms in
Wikipedia articles.

The main purpose of the paper is developing of a parallel method of factorization. Proposed blocks
factorization approach, which can speedup non-negative sparse extra-large matrix and tensor
factorization. Memory usage and data transmitting necessity of factorization algorithm was analysed and
optimized. The described algorithms were compared by means of large sparse matrices and tensors
processing. Presented method pretends to become a good basis for developing new effective tools for non-
negative huge sparse matrix and tensors factorization. It can be used to perform the tasks of industrial scale
to factorize sparse matrices of large dimension with an acceptable time using available computing
resources. This perspective proves theoretical and practical value of the proposed algorithm.

Keywords: artificial intelligence, computational linguistics, parallel computations

Crartio nipeacrasuB wi.-kop. HAH VYkpainu, a.¢.- M.H., npo¢. AHiciMoB A. B.

Crorojui HeBix emHa Qaxropusariis marpuis ta (Selectional Preferences [4] Tta Verb Sub-

TEH30piB € Jy)Xe TOMyJSIPHOIO TEXHOJOTIEI0 B
MITYyYHOMY iHTEJIEKTI B3aralli, Ta B KOMII FOTEpHIH
JIHTBICTHILI 30KpeMa. BUKOPHCTOBYIOUN HEBiJ €MHY
¢dakTopu3alil0c B paMKax MapaJurMd JIATEHTHO-
CEMaHTHYHOTO aHaji3y, KOMIT'IOTepHI IIIHTBICTH
3aCTOCOBYIOTH JaHUM MiJXiJ IJIs1 PO3B’A3aHHS TaKUX
MPUKJIAIHUX 33]1a4, K Kiaacudikailisi, KiacTepu3aiis
TEeKCTIB Ta TepMmiHiB[l, 2],

noOynoBa  Mip

CEMAaHTUYHOI Omu3bKocTi[3], aBTOMaTUYHE

BUJIUJICHHS JIIHTBICTUYHHUX CTPYKTYp Ta BiJHOIICHBb

© E.M.Hacipos, 2015

Categorization Frames [5]) i 6araro iHmux.
Jana pobora
napanenizamii

noOyIoBy  MOJei

o0unCIIeHHS

OIIUCYE
HEBi1’ eMHOT
¢akTopuzawii PO3PIKEHUX MaTPULb HaIBEIUKOL
PO3MIPHOCTI, III0 MPEACTaBIsE OCOOJMBUN IHTEpEC
Ta aKTyaJbHICTH 3 TOYKM 30pY il 3aCTOCYBaHHS Y
Benukux NLP cucremax 3aragpHOr0o TEMaTHYHOIO
MpU3HAYCHHS, He 0OMEXEHNX BUKOPUCTAHHSIM JTUIIE
JUIS By3bKHX IPEIMETHHUX 00IacTei.
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3amaua HeBin’emHoi (pakTopu3amii po3pimKeHHX
MaTpHIIb mocraia B
mporeci
CEMaHTHYHOI OJIM3BKOCTI-3B’A3HOCTI 32 TEXHOJIOTIEI0
Amnamizy[6]. Hus

noOyJIoBU cUCTeMH OyB 0OOpOONCHUI BeNUKUN

HaJIBEITUKOI  PO3MIPHOCTI
PO3pOOKM CHUCTEMH BH3HAYCHHS MipH
JlatertHoro  CeMaHTHYHOTO
TEKCTOBUI KOPIYC CTaTell aHriIoMoBHOI Bikimenii.
OO0poOka Koprycy mojisirajia y JCKCUYHOMY aHami3i
Ta JeMaTh3alii JIeKCeM pe4YeHb cTaTeld Ta B
OO0YHCIIEHHI YacTOT BXXMBAHHS MHOXXHHU CIIB Ta
CJIOBOCIIOJIYYCHb aHIJTIMCHKOI MOBH B CKJIaJli Pi3HUX
crareid aHrmoMmoBHOI Bikimenii. B pesyneraTi Oyma
nmoOynoBana Benuka Mmatpurs CrmoBaxCraTTi fgKa
MICTHJIa YaCTOTHY OILIIHKY B)XXKMBaHHSI CIIiB B TEKCTax
crarerr Bikimexii. Po3mipHicTs MaTpuili OpiBHIOE
2,437,234 4,475,180
crareid anriaoMoBHOi Bikinenii. Ilicmsa 1poro ms

CIIiB-CIIOBOCTIOJTyYeHb ~ Ha
YCYHEHHS 3 MATpHUIll BHIIAJKOBUX JaHUX OyB
BCTaHOBJICHM TOPOTroBHi piBeHb T=3, dYacToTHI
OIIIHKY B MATPHIIi, SIKi MEHIIII 3a IMOPOTOBUI pPiBEHb
T, Oynu oOnysneni). B pesynbraTi Oyia moOymoBaHa
pO3piKeHa MaTpullsl HAABEIMKOTO po3Mipy -
156,236,043 HeHyNTHOBUX €NEMEHTIB TPU PO3MIpi
2,437,234%4,475,180. Jst
(hakTopu3zarii po3pimKeHoi MaTPHUIli TAKOTO PO3MIPY
po3podka
napanenizamii MaTpuyHUX OOYHCIEeHb, sfKa Oyna

HEBI €MHOI

3Haxo0OmIacs croeljanbHol  Mouenl

peani3OBaHa 13 34CTOCYBAHHAM napajeiibHuxX

PO3MOoiIeHnX 00unciieHsb Ta oouuciens Ha GPU.

AJITOPUTM HEBiA’€MHOI MATPUYHOL
(paxTopuzamii

AJTOPUTM HEBi €MHOI MaTpUYHOI (haKTopU3aIii
BUKOHY€ JICKOMIIO3MIIFO HEBiZ eMHOI MaTpulll V Ha
HeBix emHi MaTpuii W Ta H Takum anHOM, 11100

V~WH
GyHKIT
BUKOpHUCTaHA (DYHKIIsI BUMIpY BiJICTaHI MiX JBOMA

B skocti OLIHKK MOXe OyTH
HEBiJ'eMHUMU MaTpuilaMu. OJHIEI0 3 TaKuX Mip €

KkBaapat EBKITIIOBOT METPUKH:
2
u=llA-B|?= Z(Aij — Byj)
ij

Taka 1inboBa ¢GyHKIisE oOMexeHa 3HU3Y. HrokHs
rpanunt 0 gocsAraeThes TOMI 1 TUIBKH TOJMI KOJIH
A = B.

© E. M. Hacipos, 2015
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OTxe, MPU BUKOPUCTaHHI EBKIIIOBOT METPHUKH,
(dakTopHM3alliss MaTpHINl TOJIATaE B MiHIMI3aril
IV — WH||? npu ymoBi HeBin’emuocti W ta H.

Taka uinpoBa (QyHKIIsE HE 3pocTarda MOpu

HaCTYIIHHUX IIpaBUJIaX:

WTv); .
(VHT);;

BukoHaHHS iTepalliii anropuTMy MPOAOBXKYETHCS
JIOT TUX Tip, IOKH HE OyJe AOCATHYTa CTallioHapHa
Touka, abo He OyJe BHKOHAaHA MaKCHMajbHa
KIJIBKIiCTb iTepamiii[7].

AHaJji3 moaeJi

B Tabnmui 1 mpeacraBieHo HEoOXimHI 00’eMu
mam’sti gns 30epiranHs Matpuite W Ta H mpm

pizaux k mpu BukopucTaHHi TuUmy pgaHux float
(32bit).
K 100 200 300
W 0.98Gb | 1.95Gb | 2.92Gb
H 1.79Gb | 3.58Gb | 5.37Gb
Bevoeo | 2.76Gb | 5.53Gb | 8.29Gb
Tabnuug 1. HeoOxinni 00’ emu nam’sti
Jutst 30epiranus mMatpurs W ta H npu
pizHux k
OnucaHnii anropuT™M Ha KOXHIM  itepamii

notpedye B 2 pa3u Oinbie mam’sTi Uit 30epekeHb
MaTpHIlb (He BPaxOBYIOUH MOTpeOH Ha 30epekeHHs
mouatkoBoi MaTpuili V). BpaxoByroun Taki motpedu
B TaM'siTi, JJis BUKOHAHHS alTOPUTMY Ha OIHOMY
KOMITTOTEpI HEOOXiTHO TPOBOJUTH 30€epeKeHHS
JaHWUX Ha >KOopcTKUN auck. [ami Oyzne posrisHyTo Ta
MOPIBHSHO 2 MiIXOIM JI0 Hapajelizailii aJropurMmy:
JIOKAJIbHUH Ta PO3IIOALICHHA.

3acTtocyBaHHA MoaeJi 10 (pakTOpU3amii
TeH30piB

Jns Toro, mo0 OOYHUCIUTH HEBIA'€MHI
MaTpPHULI-KOMIIOHEHTH {A, B, C} 3a3Buuaii
3aCTOCOBYETHCS OOMEKEHHUIM ONTUMI3AIIHHUE X1
Uit MiHIMIzamii  migxonsmoi  (YHKINT  OI[iHKH.
3a3Buuail MiHIMI3yIOTh HACTYITHY QYHKIIO:

2
Dr(Y|IIA, B, CD) = ||Y — [4, B, C|, + aallAllF +
aglIBll% + aclIClIf

, J€ Qu,®p,Xc — HEBIA€MHI peryJsiiiHi
napaMeTpH.
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IcHye moHaliMeHIie TpW Pi3HI MiAXOAU 0
pO3B’s3aHHS TaKoi onTUMIi3amiiHol 3amadi. [leprrmii
MiAXiA MoNsrae y BUKOPUCTAaHHI BEKTOpHOI (popmMu
¢Gyukuii  ominku:  J(X) = vec(x — [A,B,C]) =0.

JInst  po3B’si3aHHA ~ BUKOPHUCTOBYETBCSI ~ METOX
HalMeHImUX  KBampaTiB.  Llefi  Merom  mus
¢dakTopuzalii  TEH30piB  BIEpIIE  BHKOPHCTAB

[TaaTepo [7]. fIkobiaH Takoi (GYyHKII MOXe MaTH
posmip ITQJ X (I +T + Q), a oTxe Takui MiAXin
noTpedye 3HAYHUX PO3PaxXyHKOBUX BUTpAT.

VY mpyromi migxomi Axap, Konma ta [lynnasi
3allpONOHYBAIM INTYYHO ONTHMI3yBaTd (PyHKIIiIO
OIIIHKM  BHUKOPUCTOBYIOUM TEXHIKY HENiHIHHOI
3B’SI3HOI TpaJieHTHOT onTrMizarii.[1]

TperiM, 1 HaWMNOWMPEHIIMM MiAXOAOM €
BUKOpHcTaHHS TexHiku ALS. B mpomy migxoxi
MiApaxoBYEThCS TpadieHT (QYHKIIT OLIHKK IS
KOXHOI MaTPHIl OKPEMO.

V4Dp = =Y;(C © B) + A[(CTC) ® (B'B) + aul],
VgDp = —Y,(C © A) + B[(CTC) ® (AT A) + asl],
VeDp = —=Y3(BO A) + C[(BTB) ® (ATA) + al].

[TpupiBHIOIOYN KOKHY KOMIIOHEHTY TpajlieHTa
no 0 Ta HaKIagarOuYd YMOBY HEBi’€MHOCTI MOXKHA
OTpUMAaTH eEeKTHUBHI Ta MPOCTi MpaBUIa OHOBJICHHS
MaTpHIIb:

Ae[Y(COB)+I(CTC)® (B"B) + aul]™],
B« [Y(€C © A) +[(CTC) ® (ATA) + apl] "],
C < [Yay(BOA)+[(B"B) ® (ATA) + acl]‘1]+.

OCHOBHMMH TIepeBaraMy TaKOTO MIiAXOAy €
BUCOKA IIBUAKICTH 30DKHOCTI Ta MOMKJIUBICTH
PO3MOIUTeHHS IS 337a49 BEJIUKOI PO3MIPHOCTI.

BaouHo-giaronaasHui miaxin 1o
(axTopuszauii MaTpuub Ta TEH30piB

Tak sk po3rIsAAyBaHa PO3piIKEHAa MATPUIS €
Matpurero 3B’ si3H0cTi CrioBaxCTatTi, OTXKE MOMKIIHBI
MEPECTAHOBKH SIK PAIKIB TaK 1 CTOBIIIIB MOYaTKOBOT

MAaTpHII.
PosriisimyBana  pospipkeHa MaTpUIlsl  Mae
156,236,043 HEHYJIbOBUX eJIEMEHTIB 3

10,907,060,852,120 mio ckinanmae nuiie 0.014%. Taka
PO3PIHKEHICTh JO3BOJISIE TMPUBECTH MATPUIIO JI0
dopmu  3a
MEPECTAHOBOK PSJIKIB Ta CTOBITYHMKIB. Y BHIAJKY,

0JIOYHO-AiaroHaIbHOL JIOTTIOMOT OO0
KOJIM CJIOBO MOJKE HAJIEKATH JCKIIBKOM OJIOKaM,
pAIOK MoOke OyTH pPO3IUICHWH HA JBa PSAKH, IO
BiJITIOBIZIATUMYTH OJIHOMY CJIOBY.

Amnajnoriuio, 10  OJOYHO-I1arOHAILHOI'O
BUIIAy MOXYTh OYTH TPHUBEACHI TEH30pPH 3a

AOIIOMOTI'ORO IIEPECTAHOBOK mapiB.
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Po3mipu OnokiB Halikpaie oOMpaTH TaKUMH,
O MOXYTh OyTH TIOBHICTIO 3aBaHTaXEHHI B
nam’s1te. B pesynbrati Oyse orpumano N GiokiB.

[lepeBaru Takoro miaxomy:

1. He motpiOHO MepekeBUX omepariid Ha
KOXHIM irepamii. HeoOXimHe muIie mOYaTKOBE
pO3MOAUIEHH OJIOKIB MaTpwili abo TeH30pa MiK

BY3JIaMHU.

80
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Po3mip matpuui

I'padix 1.
2. lBumma 30ixHicTh. Ha rTpadiky 1 Ta
rpadicy 2
¢dakTopu3alii KBagpaTHUX MaTpHIlb Ta TEH30PiB
pi3HHX pPO3MIpiB BIANOBITHO, B OAWH TIOTIK 0e€3

[IOKA3aHO dYac HEeOOXIAHWI IS

BukopuctanHs GPU. Ha rpadiky 3 mokazano
HEOOXiJIHy KUIBKICTh IiTepamiii s HeBiJx eMHOI

MaTpUllb  PI3HHAX

g 2000 /
T ‘//T
0

(dakropuzanii  KBaJpaTHUX
PO3MIpIB.

4000

C

100 200 300 400 500
Po3mip TeH30pa
I'padix 2.

3. 3meneHHs K, a 0TKe 1 3MEHIIICHHS pO3MipiB
pe3ynpTaTiB Ta 00’€MiB HEOOXIOHMX MaHUX IS
30epiraHHs B aM’sITI MiJ1 4ac iTepariii.

4. lllpummwuii migpaxyHOK (QYHKIIT OIMHKH L.
IBuammii migpaxyHok 1o0yTky W*H Tak sik MeHie
k. KinpkicTh ejgeMeHTiB IS MipaxyHKy (QyHKIii
ominku MeHmra B N pas3iB(as Marpuili), KijabKiCTh
HEOOXiHMX MEPEeBIPOK MEHIA TaK SIK 3MEHIIYETHCS
3aralibHa KiJIbKICTb iTeparlii.

Ha rpadiky 4 moka3aHO 3alIeXKHICTb SIKOCTI
pesynbTaTiB  Qakropuzanii Bix k Ta KimbkocTi
iTepalii JJs 3BHYAHHOTO anroputMmy (akropu3zarlii
MaTpHIb.

172



Bicnuk Kuiscvrozo nayionanbHo2o yrisepcumeny
imeni Tapaca lllesuenka
Cepis gizuxo-mamemamuuni HayKu

3000
© 2000 //
()
F 1000 /(
0
o O O O O O ©o O O o
© O O O O O O O O o
OO O O O O O O o o o
- N MmO T N O N 0D S
Po3mip matpuui
I'padik 3.
VY Bumaaky 3BeneHOi 10 O6JI0YHO-A1aroHaIbHOT
MaTpulli, B pe3yabTaTi QaxTopusamii OKpEeMHUX

OJIOKIB I KOKHOTO CiioBa Oyne OTPHMAaHO OJWH
abo gexinmpka psAAKiB Ta imeHTH(]iIKaTOp OJOKY B
SKOMY L€ CJIOBO 3HaxOAMThCS. lIpW BiAHOBIIEHHI,
SIKIIIO CJIOBO Ta CTATTS 3HAXOMATHCS B PI3HUX OJOKax
— pe3yabTatoM Oyzae 0, iHakIine pe3yibTaToM Oyne
NOOYTOK BIATOBITHUX PsIIKA Ta CTOBITYHKA.
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BucHoBku
B pobGori ommcaHo anropuT™M  HEBiI €MHOL

(dakropu3anii MaTpuilb Ta AJITOPUTM HEBiJ €MHOI
(dakTopm3amii TEH30piB. 3aMpPOTOHOBAHO OJIOYHO-
JiarOHAJILHUHN MiJIXiJ J0 HEBi eMHOI (pakTopu3alii
MaTpHIlb Ta TeH30piB. HaBeneno nepeBaru

OJI0OYHO-A1arOHAITFHOTO TAXO0IY MO0 MIBUAKOIII.
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Jlosedennsa KopekmHoCmi nApanenrvuux npocpam € CKIAOHOW 3a0aueio, OCKIIbKU NOMOKU SUKOHAHHSA
MO2HCYMb 6NAUGAMU OOUH HA THWMUL Yepe3 CHINbHI 3MiHHI b0 Mexauizm nogioomuens. Knacuuui memoou
muny @notida-Xoapa He 3acMOCOBHI Y YbOMY GUNAOK)Y HANPAMY | HeOOXIOHI HOBI HeMPUBIANbLHI NIOX0OU, 5Ki
epaxosyioms ye YCckaaoHenHs. Pospobnenuit memoo 0ns 0oeedenusi Kkopexmuocmi npoepam (01s
BUZHAYUEHO20 CNEYIANbHO20 KAACY NPOSPAM — 4 CaMe Cep8ePHO20 NPOZPAMHO20 3a0e3nedeHts 8 apXimeKkmypi
SMP sx-mo cepsep 6a3 danux abo seb-cepsep) — € npedmemom oanoi cmammi. Hozo npocmoma y eunaoxy
8I0CYMHOCMI TOKANbHUX OGHUX NIONPO2pam i 3aCmocCy8ants 00 KAACUYHOL 3a0adi-npuxiady napaieibHo2o
000a8anHs1 00 CNIIbHOL 3MIHHOI HOOAHO Y POOOMI.

Knrouosi cnosa: kopexkmuicmos npozpam, napaneivii npocpamu, KOMRO3UYIUHO-HOMIHAMUGHT MemOoOu.

The correctness proof for programs with parallelism is complicated problem due to possible inference of
one execution path on another via shared data or messaging mechanics. Classical methods like Floyd-Hoare
cannot be applied in this situation directly and new non-trivial methods are required to cope with such
complexity. Developed method for software correctness proof (for defined custom class of programs —
namely server software for SMP architecture like DB-server or Web-server) is the subject of this article. Its
simplicity in case of local subroutine data absence and application to classical sample task of shared

variable concurrent increment are shown here.

Key Words: software correctness, concurrent programs, composition-nominative methods.

CratTio npencrasus 1.¢.-M.H., mpod. byit JI.b.

Introduction

The methodology for software correctness proof
was developed in [1] and presented there in details.
Using this methodology one can formulate and prove
properties of programs developed in Interleaving
Parallel Composition Language (IPCL) [1]. The
syntax and operational semantics of IPCL presented
ibid. Here we concentrate on simplified method for
program properties (including correctness) proof for
some subclass of all IPCL programs. The notion of
simplified state for this kind of reasoning (introduced
in [1]) as well as clarification on specific IPCL
subclass mentioned above are also discussed here.

© T.B. [Tanuenxo, 2015

IPCL Subclass and Method Description

Following [2], the composition languages
class [3] IPCL and methodology proposed by the
author  for  programs  properties  (including
correctness) proof in composition languages IPCL
[2] are well suited for the specification and
verification of the server-side software in client-
server environments.

But it should be noted that in the absence of local
data in programs A, B, ..., C (which are subroutines
of program P), it is advisable to consider the concept
of a Simplified State (here we use the notation and
follow the terms according to [2], in particular, the
program P =A"|B"| ... || C* € SeqlLProgs, where
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SeqlLProgs is the sequential programs subclass of all
IPCL programs). Simplified state is an aggregated
state of the following form N"™xD, where
PmQ = ||Amarks||*|Bmarks|[* - - - +||Crarks|l, 1-€. the sum of
all tags amounts (Amarkss Bmarkss ---» Crmarks) fOr
programs A, B, ..., C (which are subroutines of P),
where Anarks 1S the set of labels for labeled program
A— i.e. when we labeled every particular atomic
operator (or operation, function call etc.) in the text
notation of program A, ||A|| = card(A) is the power of
the set A, and D contains the global (shared,
common) data for all routines in the form of
nominative data [3], which means a set of pairs
name — value.

First ||Amarks|| COmponents of such a state include
the number of programs that are executing now
operators at appropriate labels of program A in this
state, and the sum of these components in each state
for the program P is equal to n — i.e. the number of
instances (copies) of A program in P (in terms of
program P). The following ||Bmaks|| components
contain the number of programs that are executing
now operators at appropriate labels of B program in
this state, and the sum of these components in each
state for the program P is equal to m (the number of
instances of the program B in P) in terms of P
programs and so on. The last component D contains
global shared data for all routines of P.

Simplified state operates with the number of
routines which are executing now at appropriate
label instead of label identification for each instance
of every individual routine (A, B, ..., C). In fact,
routines are not distinguished from each other
accurate to the label of current execution if they do
not change local data (actually — do not have them at
all), but only operate with shared global data.

One can obtain a simplified state for the state
Se AmarksnXBmarksm>< e ><Cmarksk>< Dx Dnumprocs,
numprocs=n+m-+...+k, in the following way. As sets
Anmarks, Bmarks, -y Crmarks are finite, let
Amars={A1, ..., Aa}, -y Chans={Cy, ..., Cc}.  Let
Pri(S) be the i-th component of a tuple S. Then for
any regular state S the corresponding simplified state
will be SS=(a;, ..., aa, ..., €1, ..., C, d), where
a=[l{ 1| Pri(S)=A;, i€Npmq }I= Pgja,  Vi€Na, ...,

=i Pri(8)=Cj,  ieNemg HI= Pyrc p.

dzprnumprocs+1(s)-

The set of simplified states SStates introduced
accordingly. The same goes with simplified initial
states SStartStates (they all have the structure (n, 0,
o 0, ..y K, 0, ..., 0, d), which means all the routines
are at their appropriate start labels), simplified final
states SStopStates (their structure is (0 ..., 0, n, ..., 0,

VjeN,,
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., 0, k, d), which means all the routines have
stopped execution at their exit (“after-program)
label) and the transition function (one step execution
of P program) over the simplified states
SStep: SStates — SStates. For every particular
possible transition of execution control for each
routine this new transition function SStep decreases
the value of some components of the SStates vector
by 1 (eg. first component) and at the same time
increases the value of some other component by 1
(eg. second component), which means the transfer of
execution control from one label (in this case A;) to
another label (in this case A;) for one of the routines
(in this case A), and also changes the value of the last
components (global data) if the current function is in
subclass Oper of class F. All these objects could be
easily obtained by transferring states into their
simplified states appropriately or by direct
construction.

Sample Correctness Task: Parallel Increment
To Shared Variable. Discussion

To prove the properties of both types (defined
in[1,2]) one could apply the methodology given
in[1,2]. To demonstrate the simplicity of the
method [1,2] and the convenience of simplified state
model usage, let us discuss a sample that — de facto —
(see. [4], [5] and others) become "standard" to check
the "efficiency” of parallel programs and methods
concerning modeling, execution, model checking
and correctness proof. Let the program twice
(separately, independently) increments some shared
(global) variable concurrently. In the IPCL notation
program P will look like x:=x+1 || x:=x+1, where x is
a shared (global) variable and the set F={f,}, where
fi(d)=dV [x+ (x=(d)+1) ] (here the semantic
function f; has syntactic form of x:=x+1). It is clear
that every action is atomic (read, add +1, write back
the variable value). The problem is formulated as
follows: to prove that when the initial value of
shared (global) variable x is O, the final value of x
(after the program stops) will be equal to 2.

Without going into details, "pure™ Owicki-Gries
method [4] requires program properties to be
formulated and tested for each operator taking into
account their potential interference and "cross"-
interference effects. Recall that inspections quantity
is quadratic with respect to the program operator
count.

The extended version of the rely-guarantee
Owicki-Gries method modification [5] requires two
additional variables (for such a trivial program!)
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introduction and formulating of nontrivial (1) rely-
and guarantee- conditions for application of the
method to this task. The proof itself takes more than
one page space [5].

TLA [6] offers (for the very similar task) to build
a model that is not much easier than the first two,
and the formulation of the model and, in fact, the
proof itself (with explanations) is again at least the
page of formulas in space.

Sample Correctness Task: Parallel Increment
To Shared Variable. Proof

Let us now consider a detailed proof of
generalization of this property in IPCL. Explore
generalized version of the task first. Thus, let us have
a program P =Inc" (for some fixed neN), where
Inc = x:=x+1. The semantic model described above
with F={f,}. We consider a simplified model, as we
have no local variables for routines (just shared
global x). Labelling algorithm [1] (obviously) will
result to the next for Inc: Inc = [M1] x:=x+1 [M2],
SStates={(si, Sz, d) | s1€N, s;eN, deD}, where s; is
the number of programs (all performed in parallel)
executing currently at the label [M1], s; is the
number of programs executing at the label [M2] (in
fact, finished currently), and d is the shared (global)
data (containing variable x and its value).

It is clear that SStep={((si, Sz, d), (51—1, S>+1,
f1(d))) | s1>0 & s;eN & s,eN },  SStartStates=
{(n, 0, [ x— 0]}, SStopStates={s|s=(0, n, d’) &
3sy, Sz, ..., S| ® (S eSStartStates & 5= & (VieN,; o
(Si, Si+1)€SStep) ) } — by definition.

Let PreCond(SS) = (x=(d)=0) and
PostCond(SS) = (x=(d)=n), where
SS=(sy, Sz, d)eSStates — (simplified) state. Consider
the invariant Inv(SS) = (s,=x=(d)). Let us verify
InvCond(Inv, PreCond, PostCond):
VvSeSStartStatese  ( PreCond(S) —» Inv(S) ) =
PreCond((n, 0, [x+—>01])) = Inv((n,0,[x+—>01])) =
True —> True = True, VSeSStopStates e (Inv(S) —»
PostCond(S) ) = VS=(sy, Sy, d)=(0, n,
d’)eSStopStates o ( (s,=x=(d)) — (x=(d)=n)),
since s,=n, then the implication is True, and the
entire predicate is True, V(S, S*)eSStep e ( Inv(S) —
Inv(S’))=V(S, S)=((s1,s2 d), (s51-1,s:+1,
f1(d))) eSStep o ( (s;=x=(d)) — (S2+1=x=(f1(d))) ) =
V(S, S’)eSStep e True, since it is obvious that
Xx=>(f1(d)) = x=(d)+1.

Hence, Inv indeed is invariant for the program P,
besides at the starting states it is a logical
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consequence of the pre-condition and it implies post-
condition at the final states. Q.E.D.

Sample Correctness Task: Parallel Increment
To Shared Variable. Conclusions

Thus, we have proved a generalized property.
Originally formulated (correctness) property can be
derived from a more general just letting n=2.

Note that some of sources mentioned here are
considered a variant of the example
P’ = x:=x+1 || x:=x+2 with pre-condition x=0. To
solve this problem with the method proposed one
should use another (but obvious) invariant
Inv(SS) = (s,+2*s, = x=(d)), where
SS=(sy, S», Ss, S4, d)eSStates is simplified state, for
generalized program P”’=(x:=x+1)" || (x:=x+2)" apart
with labels (labelled program P): [M1] x:=x+1 [M2],
[M3] x:=x+2 [M4], and initial states
SStartStates={(n, 0, m, 0, [ x — 0 ])} (with n=m=1).

Note also that the number of inspections to prove
is linear regarding the number of program operators
in both examples (in general, for every program).
Details on this and other examples as well as detailed
theory can be found in [1].

Conclusions

The simplified method with simplified state
introduced for program properties proof (including
program correctness checking) is appropriate for
parallel programs without local variables which use
only shared ones. This case is appropriate model of
server software (in SMP architecture) like Web-
servers and Database-server applications and such a
kind of computing. The method and the model as
well as Interleaving Parallel Compositional
Languages class (IPCL) are described in details in
[1] and were first presented in [2] and then in [7]
with modifications (simplified state).

All reasoning presented here are in terms of
composition-nominative approach [8,3], but the main
formalism for concurrent behavior modelling is
Abstract State Machines [9,10], which in line with
compositional semantics gives us enough means to
describe interleaving parallel execution within
operational approach indeed.
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AJIrOpuTM  JIiHifiHOT aMcKpuMiHamii 1S | Algorithm of linear discrimination problem
MaTPUYHUX MPOCTOPIB TA HOI'0 OCHOBH for matrix spaces: base principals
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Y pobomi naseoeno ancopumm 3adaui aiHitiHOL QUCKpUMIHAyYii K 0OUH 3 8aAPIAHMIE PO38'I3aHHS NPoOIeMU
epynyeanus ingopmayii(lll'l) y eapianmi 3a0aui xnacughikayii wu xnacmepusayii. 3acanom IHIT, wo €
BAJICIUBOIO CKAAO0BOI0 NPUKIAOHUX OOCHIONCEHb, BUCTNYNAE 6 OOHOMY 3 NPOAGis. K  3a0aya 6IOHOGNECHHS
@yHKYIT, npedcmasnenoi ceoiMu CnOCmepedcerHaMuy, Yu — y euensiol 3adaui kiacugixayii, knacmepusayii,

posniznasanns obpasis. 3adaua ninitinoi ouckpuminayii 6 R" e eascnusum incmpymenmom epynysannsn 6
NPUKAAOHUX OOCTIONCEHHSAX, KOAU O0CNIONCYBaAHT 00 €ekmu npedcmasieHi 6ekmopamu o3Hax. B moil oce uac y
bacamvox 8axdcIUBUX 00AACMAX OO0CHIONCEHHA. DPO3NI3HABAHHA MOBHUX CUSHANIE, 0OpOOKA 300pajiceHs,
OUHAMIYHI CUMBOJIU IHCECMOBOL MOBU, - RPUPOOHUMU NPEOCMABHUKAMU OOCTIONCYBAHUX 00'€Kmie € mampuyi.
Poboma npucesuena po3pobyi ma obOIpYHMYEAHHIO ANCOPUMMY DO3NI3HABAHHA CAMe OCHMAHHbOI 3a0aui HA
OCHOGI NIHIUHOI QUCKPUMIHAYTI 8 MAMPUUHUX eBKAI008UX NPOCMOPIB, PO3BUMKY MAMEMAMUUHO20 anapamy
0151 ONepysants 3 MampudHumu 06'ekmamu. Ax i 6 €8KII006UX NPOCMOPAX YUCLOBUX BEKMOPIB, HEOOXIOHI
Mamemamuuui 3acobu 6y0yIOmbCs HA OCHOBI CUHSYTIAPHO20 NOOAHHA MA MEXHIKU Nce800 0OepHeHHs 3d
Mypom - Ilenpoysom 01 cHywiHUX NiHIUHUX ONepamopié HAO CAYWHUMU e8KIidosumu npocmopamu. B
pobomi HageOeHi OCHOGHI Pe3yIbmamu meopii KOPMENCHUX ONepamopis, ki 00360510Mb CHOPMYI08amu
ma KOHCMPYKMUGHO pednizy8amu y 6ueisol anieopummy 3a0a4y JiHIHOT OUCKPUMIHAYIT Ol Mampuyb.

Kniouoei cnosa: mampuuni esxnioosi npocmopu, KOpmedCHi Onepamopy, CUHeYIAPHe NOOAHHS KOPMENCHUX
onepamopis, NiHiUHA OUCKPUMIHAYIS 8 MAMPUYHUX eBKAI008UX NPOCTNOPAX.

In this paper, represented algorithm of a linear discrimination problem as a variant of the problem of
grouping information (GIP). In general GIP which is an important component of applied research, appears
in one of the manifestations: a problem of recovery function, presented his observations or - in the form of
classification, clustering, pattern recognition, or recognition dynamic symbols sign language. Linear
discrimination of two classes is an important representative of the latest version of PIP. Linear
discrimination inserted and considered for elements of Euclidean space matrices of a fixed dimension. The
importance of clustering or classification tasks defined by the recognition that in many important applied
problems of representative natural objects are grouped perform matrix. Matrix, in particular, presented
image. Just - spectrogram in processing audio signals, dynamic symbols sign language , too, is the image
matrix. Formulation and solution of linear discrimination based on the use of a special class of linear
operators introduced by the authors in [Donchenko, Zinko, Skotarenko, 2012] - cortege operators. The work
the proposed are necessary facts from the theory cortege operators.

Key Words: Matrix Euclidean spaces, cortege operators, matrix corteges operators, Single Valued
Decomposition for cortege linear operators, linear discrimination of Matrix Euclidean Spaces.
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Beryn

OpHuM 3 HafiHUX 3aco0iB PO3B’S3yBaHHS
3afaui knacudikanii B R” € kxmacudikaiis Ha ocHOBI
niHiiaOI muckpuMinamii (JI[) kmaciB. B Toi ke dac
y 0araThb0X BaXJIMBHUX NPUKIATHUX 00JIACTAX: MOBHI

CUTHAJIM, 300paXEHHsS, JOWHAMIYHI  CHMBOJH
KECTOBOI MOBHU, - MPHPOJHUMH NpeACTaBHHUKAMU
JOCHIDKyBaHUX  00'ekTiB € MaTpumi. Tomy

BOXJIUBUM € PO3pOOKa METOMIB, SKi O T03BOJSUIN
po3r’s3yBanHs JI/-3amay uis MaTpUYHUX 00’ EKTIB.
OCHOBHI CKIT/IOB1

Huxae MIpeICTaBIIeH]

amapary,
(opMyIIOBaTH Ta KOHCTPYKTHBHO po3B’si3yBaTh J1/I-

MaTeMaTHIHOTO KT JI03BOJISIE
3ajady SK 3amady pos3Mi3HaBaHHA ISl MaTPHYHUX
MpeICTaBHUKIB. SIK 1 B EBKIIJOBHUX IIPOCTOpPAx
YHICIIOBUX BEKTOPIB, HEOOXiAHI MaTeMaTH4Hi 3aco0H
OyIylOTbCS Ha OCHOBI CHHTYISPHOTO TIOJaHHA Ta
TEXHIKH IMceBo o0epHeHHs 32 MypoM - [lerpoy3om
(I1zO)
CIyIIHAMH €BKJiJJOBUMHU MPOCTOpaMu. Taki CIylIHi

JUTSL CAYIIHHUX JIIHIKHUX OTepaTopiB Halx

CKJIaJIOBI  MPONOHYE  KOHIEMNINsl  KOPTEXKHUX
orepaTopiB s MaTpUYHHX KOpTexiB. B poborti
HaBEJICHI OCHOBHI pe3ynbTaTu i3 ctarti [JloHueHKo,
3inbko, Ckotapenko, 2012] B skiil cdopmynsoBaHa
Ta pealli3oBaHa KOHIICMIiSl KOPTEKHUX OIepaTopiB
SIK1 JI03BOJISIIOTH COPMYITIOBATH Ta KOHCTPYKTHBHO
peanizyBaTH y BUTIIAJI aITOPUTMY po3B’si3aHHs JI1J]-

3aJ1a4i JIHIHHOT AMCKPUMIHALIIT 711 MaTPHIIb.

OcHOBHI BU3HAYCHHA Ta HEOOXiAHI pe3yJIbTATH
HAaBOJUTUMYTBCSI caMe 3a [UTOBAaHOI  BHIIE
po0oToIO.

1 Kopre:xHi onepaTopu

[ig “rxoprexxuum omneparopom” (KopO) 3a
marpuynum kopreskem o = (X,,...,X), X, eR™" ,

k=1K
onepatop ¢, :R —->R™" |,

Oymemo PO3yMITH JHHIAHU]
SIKHH  BU3HAYAETHCA

CHIBBIHOIIEHHSIM

K
p.2=).7X, 7eR:7 =(z,..2).
i=1

HactymHa TeopeMa TeXHIYHOIO, aJie € BAXKITUBOKO IS
pearizalii mporpaMu KOHIIEHITiT KOPTEKHUX
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oreparopis: KOHCTPYKTHBHOI noOya0BU
cunrymsapuuii nogands (SVD) KopO Tta moOymoBu

Teopii nceBno OOepHeHHs I HuX. B Hilt () -

N03HAYA€E CIPSHKEHUH 10 £, .

Teopemal. JoOyTkoM TTIBOX oTepaTopiB
.., - R — R" e niniituuit oneparop, Busnauemnmit
3BUYAHOIO MaTPHIIEIO F:
trXT Xy, trXT X
Py = =F
Pofo = =,

X X tIXE X
sika € Marpuueto I'pama st X, ..., X, B eBKiIijoBoMy

npocropi R™"1i3 cninoBum ckanspHuM 100yTKOM:

(X,.X;)=trX X,,i,j=1K

Cunrynsapuuii  posknan mias wMarpumi  F o ome
CIIEKTPAJIbHUK pO3KJIaJ 3BUYANHOI CHMETPHUYHOI
HeBiq eMHO BH3Ha4deHoi marpuii. Lle o3nawae, mo
3ajaya NOOYIZOBM CHHTYJSIPHOIO PO3KIamy Ajist
KOPTEXKHOTO OIeparopa 3BOIUTHCS 0 KIACHYHOT
3aj1a4ui CUHTYJISIPHOTO PO3KIIaLy JUIsl ONIepaTopiB Mixk
EBK1i10BUMHU IPOCTOPaMHU YUCIIOBUX BEKTOPIB.
[No3nayarumemo B MOJJANTEIIOMY

(v, A2), k=1r, r=rankF

cuHryJsipHOCTI Marpumni F (mapu BmacHuii BEKTOp -
BJIaCHE YHMCJIO), SKI  BIANOBINAIOTH  JOJATHIM

BCi HEHYJIhOBI

BJIACHUM qI/IcnaM,/ll2 2---2/1,2 >0.
Teopema 2. Ha6ip map (U,,A), k=1r B sxiii

U, = ;t—goavk, k=1r € HaGopoM HEHyJILOBUX
K

CHHTYJIAPHOCTEH oreparopa (9, (., - Kpim Toro

Vi = %XOZUM k:_“-
K

Teopema 3. (SVD-noanHs1 KOPTEKHOTO OIepaTopa)
Bynb sxkuii KOpTeXHUI ONEpaTop (0, Ta CIPSKCHUM

JI0 HBOTO {9, MOJKYTb OyTH MOJAH] y BULIIS/L:

o = Z;ljujv} = le}“juj("i")RK :
j= j=

R WANCHD R
=
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Teopema 4. I1n0 . mwis KopO ¢ Bu3HauaersCs

CHIBBIIHOLIEHHIM

K
(@;X = Zivk(Uk ,X),X S Rmxn y
Py

a aJiA P’IOFO CHpﬂ)I(eHOFO -

. L1
SOZ =Z/1_Uk"kT
k=1"%

B mopampmomy OynyTe TOTpiOHI aHamoru Z-
OlepaTopiB B EBKIIOBUX HPOCTOpPAax UUCIOBHUX
BEKTOPIB, IO € OPTOrOHAIFHHMH IIPOSKTOpaMH Ha
OPTOTOHAJIbHI JOTIOBHEHHS 10 MHOKUHH MOYKJIMBUX
3HAYCHb JIIHIHHOTO OIeparopa Ta CHPSHKEHOTO [0
Hporo. llumm omeparopamMum Ui KOPTEKHHX
OTIepaTopiB i3 30epeKeHHAM 3MICTY € Z - OTIepaToOpH,
[0 BU3HAYaTUMYThCS CITiBBITHOIICHHSIMMU:

Z(p,)=E¢ —ZVJ-VJT , Ey - omummuma B R,
=

K
Z(@23)X = 3 Uy (U X)gmn X €R™"
k=1

2 JliniiiHa TUCKpUMiHAILlisg B MATPUYHHUX
EBkiinoBux npocropax

JIJI- npobniema moJisirae B PO3IIJICHHI JIBOX
Ha0OpiB BEKTOpPIB B  €BKIIJOBHX IPOCTOpPax

cinymHoro rineprmomunoo. s R" B poGacrwiit
mocraHoBIi JIJ[-3amaua 3acToCyBaHHSIM TEXHIKH
I[InO Oyna pos3s'sizana B [Kupuuenko, Jlemexa,
2002]. KoHrieriisi KOPTEKHUX OMEPATOPIB T03BOJISE
MIEPEHECTH 3rajjaHuil pe3yabTaT Ha MATPHIII.

2.1 IlocTanoBKa 3agaui

Hexaii X,,...,X;, € R™" muoxkuna marpum

3 HaBYaJbHOI BHOIPKM MpPEACTaBIsSE€  JBa KJIacH

C/1 ,C/2 00’€eKTIB: I

Jnd,=3,J,ud, ={12,..K}
X;ell,jed, X, eCl,jed,: .

Heooximuo 3Haiith A >0 1 BU3HAYMTH TiHIHHWH

dynkmionan  A:R™" —R' takum umHOM, mOG

(AX)>Ajed (AX)<-Ajed, ()
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[MosHaunmo wepes CYA)  MHOKHHY YHCIOBUX
BekTopiB Y = (Y,,....Yx) 3 R, ski 3a/10B0NMBHSIOTE

0OMEXEHHIM

Y, >Ajedny; <-Ajed,

2.2 Po3p’si30k JI/I-3amadi ayis MaTpunb

BayBaxumo, mo Habip (A X)), (A X),

MaTpHIAX, IO
BU3HAYa€ 3HAUYECHHS

3HaYeHb JHIHHUX ¢GopM Ha
MiJUIATal0Th  JAUCKpUMIHALIIT,

CIIPSUKEHOIO 9, ONEpaTopa 10  KOPTEKHOIO

omeparopa ¢ s aprymenry A:

(go*aA)T=((X1,A,),...,(XK,A)), @ AecRK

Mae miciie HacTymHa TeopemMa

Teopema 5. JIJI-3agaua jmius mMarpuib B Qopmi,

chopmynboBaHiii  BuIIe, €  PIBHOCHJIBHOIO
PO3B'I3HOCTI JIIHIHHOTO PiBHSIHHS

*
©X=Y 2

B obmacti Q(A):
(2) po3B’si3HE .

JloBenenns.
BEKTOP

yeR y" =((AX),...(AXy))

Hanexuts 10 (A). HaBnaku, Ko 1uist JeSAKOTO

icayBanmio y € Q(A), ms sxoro

MiticHo, BukoHaHHs (1) o3Hadae, 110

y € Q(A) poss’sizox piBusHHs (2) icHye, TO uel
PO3B’s30K 1 € po3B’si3kom JIJ[-3amaui.

Teopema 6. JI/I-3a1aua Mae po3B’ 30K TOJI 1 TUTBKU
. . K
Toni, kon icuye Y, € Q(A) c R" , st sikoro

ViZ(9,)y. =y (Ex =D vvp)y. =0.

k=1

3a Ttakum Y, JIJI-po3B’S30K  BH3HAYAETHCA
PiBHSHHSIM

ot
A=, Y. ©)

Hacainox. Matpuuna JI/| po3B's3Ha 3amada SKIIo
. K .
icaye y, € Q(A) C R s SKOro BUKOHYKOTHCS TaKi

YMOBH

yI(EK _kaV;)y* =0
k=1
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1 BiAMTOBiIHI pO3B’A3KM paHilie BusHaveHi (2).

Teopema 7. Matpuuna JIJI piBHOCMIBHE 3amadi

ontmMizanii B obmacti  QA)c R s

KBaApaTHIHOi PopMHU

Y Z(@,)y =y (Ec =D vvp)y .

k=1
Sxmo po3B’s30K Y, B ONTHMI3aLidHOI 3ajadi Aae

MIHIMYM, SIKH{ IOpiBHIOE HYI0, TO JIJ[- po3B’sa30k
BU3HAYACTHCS CITIBBITHOIIEHHAM

A=0,Y..
3. MaTtpuyuna JI/I - 3agaua: aaropurm

AITOPUTMI
Ui JTBOX

Teopema 7 €
pPO3B’A3Ky  MaTpHUYHOI
MaTPUYHHX KJIaciB.

BiH ckmagaeThbes i3 MIECTH HACTYITHUX KPOKiB

OCHOBOIO B
JIJ-3amaui

1-i1 xpok: OOumcinenns Marpumi ['pama F ams

Habopy marpuup X,,..., X, e R™":
X () X (), XATXK) ) [ (XAXD), o (XALXKD),
F- =

X (K)T X ()X (KT XK) ) L (XCRLX(D), (XKL XIK)),

2-i1 KpOK: OO6uncneHss
CUHTYJIIpHOCTEH MaTpuii F:

HCHYJIbOBUX

(v, A2),A2 >0, k=1r, r=rankF - naGopy nap

BJIACHUH BEKTOP
BJIACHUX 4YuCEN

- BJIACHC YHUCJIO i1 HEHYJIbOBUX

,
3-it kpok:  OOumcnennst marpuui E, — kava

k=1
KBaJ[paTHYHOI GOPMHU ;

4-1  kpok: PosB'szaHHa 3amaui  KBagpaTHYHOI
ontumiszanii B obmacti CQ(A) s KBagparudHOi
(dbopMu 3 MaTpPHILCIO TOMEPEAHBOTO KPOKY:

- MiHiMi3anig KBagpaTHIHOI GopMuU
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y'| Ex =D ViV |y B obmacti Q(A) = R
k=1

YHUCIIOBUHI METOIaMU Po3p’s;30k  3amaui

MO3HAYAETHCA VY, ;

5-i1 kpok: IlepeBipky ymMOBH pIBHOCTI MiHIMyMy B
TOULi Y, MIHIMyMY HYIIO:

,
y! EK_ZVKV; y.=0; 4)
k=1
6-11 KpoK:
e KOO 3370BOJIbHSIE yMOBi (4) TOII

OyayeThest po3B's3ok MaTpudroi JI/I- 3amaui
3a popmyroro,
A=p.y.

3a CIIIBBIIHOLIEHHAM
* K 1 T
+ .
Po = Zﬂ_ Upvi 5
k=1""%

e skmo ymoBa (4) He 3aJ0BOJIbHSETHCH,
pOOHUTBCS BHCHOBOK, o MatpuuHa JIJI -
3a/1ada He PO3B’gA3HA.

BuchoBok

Hasenenuit aJIrOPUTM JHHIAHOT
JMUCKPUMIHAIT  TEPEHOCUTh  JOCHIDKEHHS  Bif
YHCIIOBUX BEKTOPIB E€BKIIJIOBOTO TIPOCTOPY JO
€BKIIIJIOBOTO  TPOCTOPY  Marpuimb  (hiKcoBaHOI
po3MmipHocTi. B cBOWO uepry 1ie  J103BOJISE
JOCII/PKYBaTH JTHHAMIYHI CMMBOJIM JK€CTOBOI MOBH.
SIK 1 B eBKIIIOBHX MPOCTOPax YHCIOBUX BEKTOPIB,
HEOoOXiZHI MaTreMaTH4yHi 3aco0M OYJyIThCs Ha
OCHOBI CHHTYJISIPHOTO TIOJIAHHS Ta TEXHIKH TICEBIO
oOepuenns.  Leit  amroputm  Moxke — OyTH
BUKOPHUCTaHWUH Yy 0aratb0X Ba)JIMBHX OOJACTAX
JIOCITIDKEHHS: PO3Mi3HABaHHS MOBHHX CHTHAIIB,
00poOKka 300paXkeHb, JHHAMIYHI CUMBOJIU KECTOBOL
MOBH, - MPUPOTHUMU MIpeICTaBHUKAMHU
JOCITI/PKYBAaHUX 00'€KTIB € MaTpPHIII.
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B cmammi pozensoacmocs apximexmypa mooeni €0unozo anzopummiuno2o cepedosuwya (MEAC) ons
PO38 A3aHHA 3a0a4 00UUCTIOBANLHOL 2e0MempIi Ma 3anPoONoOHO8AHA i NPAKMUYHA peani3ayis.
Kouosi cnosa: MEAC, memoo “po30insii ma nanyii”.

Architecture of model of the united algorithmic environment (MUAE) for solving computational geometry
problems is considered in the article. Implementation of MUAE is proposed. Implementation description
includes: problem statement, architecture requirements, description of chosen approach, which satisfies all
key features of MUEA. Description of the universal data structure, which is used to maintain all final and
intermediate results for all algorithms, is provided. “Divide and conquer” method is a base approach for
considered algorithms. In order to algorithms used functions and primitives only from the united base of
geometric functions, a separate geometric library was created. Key feature of the implementation is that
every algorithm has its own merge method, which connects two already processed parts with possible usage
of intermediate results of other algorithms. Algorithm dependency graph that used to verify, if the given
algorithm computational sequence is valid, is described.

Key Words: MUAE, “Divide and Conquer” method.

CratTio nipeacTaBuB 1. §. -M. H., pod. AHicimoB A.B.

1. Beryn 1) Ha eranax momepenHbOI OOpPOOKHM JaHHX i

BUKOHAHHSI aJITOPUTMIB AyOJIIOBaHHS OJJHHX 1 TUX

Ha croroasi icHye 0e3miu okpeMux epeKTHBHUX Ke  omepauii JUIL  KOXHOTO  ITOPUTMY
ITOPUTMIB I  PO3B’SI3aHHA OCHOBHHX KJIaciB (HampuKIa;, COPTYBaHHs, mMOOYIOBAa JepeBa
3ajau oOYMCIIOBaNbHOI reomeTpii. B Toi ke wac, PO3GHTTS, CTBOPGHHS HEOOXINHHX CTPYKTYp

TIpH PO3B’s3aHHI 3a7a4i Bi3yaJdbHOTO MOJIEIIOBAHHA,
BUHHMKA€ HEOOXiJHICTh Yy BHUKOPUCTAaHHI Iiyoi
CYKYITHOCTI aJITOPUTMIB, sKi, 3a3BMYaii, MOB’s3aHi
MK CO0O0I0: pe3yabTaTH POOOTH OJHOTO aJrOPUTMY
€ BXIIHMMH JaHUM{ A5 iHIIOro. SIKmo KoxeH
ITOPHUTM 3 i€l CYKYITHOCTI pealli3oBaHUll OKPEMO,
TO 3arajbHa €(EeKTUBHICTh PO3B’s3aHHS 3arajbHOI
3a1a4i 3MEHIIYETHCS , & CaMe!

):laHI/IX) CYTTEBO yHOBiJ’IBHIO€ 3arajpHUi dYac
BUKOHAHHI,

2) BHUKOPHCTAHHS CTPYKTYP JAHHX IS KOXXHOTO 3
AJITOPUTMIB 301JIbIITyE 00’ €M 3arajibHOI maM’sTi 1
JOJTATKOBUI Yac sl JOCTYIy JO EJIEMEHTIB
JaHKX;

© B.M. Tepewenko, b.O. Ocaguui,
M.B. IletaroBana, A.l. Cene3HboB,
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3) KOHBepTallisl JaHUX MijJ HeoOXiqHUH Gopmar, sKa
MOX€E MPU3BECTH 0 BTPATH TOYHOCTI OOUMCIICHD
1 TEXX YIMOBUIBHIOE YaC BUKOHAHHS.

TakuM YWMHOM, TIOCTa€ TMHUTAHHSA PO3POOKH
€IUHOTO  QITOPUTMIYHOTO  CepelloBHINA  JUIS
e()EeKTUBHOTO PO3B’S3aHHS CYKYITHOCTI TIOB’S3aHUX
MK CcO0OF0 3a7ma4 OOYHMCITIOBAIBHOI T€OMETpIi, SKe
1030aBJICHO IUX TTPOOJIEM.

B poGoti [1] Oyna 3ampomoHoBaHa 0a3oBa
MOJICTb  €MHOTO  aJrOPUTMIYHOTO  CEpeIOBHINA
(MEAC), sxa Bupimye I[OCTaBIeHY 3ajady.

[lepeBaroro 1i€i Moxmeni € Te, MO BOHA HIATPUMYE
napajelibHe BUKOHAHHS aJlTOPUTMIB, sIKi 0a3yHOThCS
HA METOMI «po3Aiisgii Ta maHyi». B poborax [2,3]
OCHOBHAa yBara MpPHUAUIIETECS MaTeMaTHIHOMY
OIIMCY MOJIENI Ta pealizalii mapajieinizmy, B TOi dac
SK  apxXiTeKTypHEe  pIillleHHd caMoi  Mojeni
3aJINIIAETHCS BIAKPUTUM ITHUTAHHSAM.

B wmiii po0OTi MPOMOHYETHCST MOKJIMBUN BapiaHT
apxitektypu MEAC, ocHoBaHWil Ha ifgesx Momneni
[4], sixa Bupimrye Taki mpodaeMu:

1) MacmraboBaHICTh MOJETI Ha BEIHKY KiTBbKIiCTh
ANTOPUTMIB;

2) ABTOoMaThM30BaHa TIEPEBIpKa CEPEIOBHINA Ha
KOPEKTHICTb,

3) 3abe3mneyeHHst THYYKOCTI POrPAMMHOTO KOJY JI0
3MiH.

Tlocmanoexa 3a0aui. Hexait 3a1aHO MHOXUHY S 3
N Touok y mpoctopi R?. Po3po6utu apxitekTypy
€IMHOTO  aJTOPUTMIYHOTO  CEPelOBHINA  JUIS
edeKTHBHOI pearizalii anropuTMIiB CyKYIHOCTI
3a7a4, 10 BU3HAYEHI Ha MHOXHMHI S, METOIOM
«pO3AUIS  Ta TMaHyW» 3 HWKHBOIO OLIHKOIO
ckaagHocti 2(N logN), ska Oyne po3s’si3yBaTH
riepepaxoBaHi BUILE MPOOICMH.

2. IlpoekTyBaHHS apXiTeKTypH

3Bakaroud Ha Ti 3ajayi, SKi Mae BUPILIYBaTH
peamizaniss MEAC, Ha erami HpoekTyBaHHS Oyin
chopMysibOBaHI  Taki  OCHOBHI  BHMOTH  JIO
apXiTEeKTypH CepeIOBHILA:

1. TiagTpuMKa CYKYIHOCTI OKPEMHUX T€OMETPUYHUX
AITOPUTMIB, SKI MOXXHa BHKOHYBaTH Ha
JMOBUTHHUX BXIJIHUX JaHUX B JIOBUIBHOMY
nopsiiky. KokeH ainroputM B cepeloBHUINI Mae
peaizoByBaTH METOJ «PO3IUIAHA Ta TaHYyW».
Anroputmu MOXYTb BUKOPUCTOBYBATH
pesyabratd  poOOTH  IHIIMX  aJNTrOPUTMIB
cepeIoBHIIa, TOOTO € 3aICKHUMH BiJl HUX.
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2. MacmtaboBaHICTh 32 KIUIBKICTIO aITOPHTMIB.
JlonaBaHHS a00 BIIyYEHHS HOBOTO JITOPUTMY 3
cepenoBuia  Notpedye  MiHIMalbHHX  Ta
IHTYITHBHUX 3MiH KOJY.

3. 3abesmneueHHs KOPEKTHOCTI CepeIOBHINA:
BIICYTHICTh  IUKIIYHHAX  3QJIEKHOCTEH MK
QITOPUTMaMH, TMEPeBipKa TOTO, IO BCI 3aJIeXKHI
ANTOPUTMHU JIHCHO NPUCYTHI B CEPEAOBHIII.

4. Apxitexktypa Mae Oyrtu moOymoBaHAa TaKuM
YHHOM, 1100 KiNBKICTh CHUJIBHOTO KOAY, CTPYKTYP
nanux, GyHkoid  Oyma wmakcumanbhHa. Lle
3a0e3rmedye JETKICTh B MATPUMIL  KOXIY
CepeIOBHINA, BHECEHHI 3MiH, a TaKOX 3MEHIIYE
Yac BUKOHAHHSI aJITOPUTMIB.

5. Tlomepemus 00poOKa JTaHNX MTOBUHHA
MiHIMI3yBaTH KUIBKICTh OJHAKOBUX Mill is
PI3HUX aNTOpUTMIB (HANpPHKIAA, COPTYBaHHS,
PO3OUTTS BXiTHHUX JAHHUX TOLIO).

6. KoxxeH anropuTM Ma€ BHKOHYBATHCH TITBKH B
pas3i HeoOXiTHOCTI Ta He Oinblie 0JHOTO pa3y Ha
OJHUX 1 THX CaMHX BXIJHUX JaHUX.

7. 3abe3nedeHHs1 Bi3yamizallii pe3ynbTaTiB poOOTH
KOKHOTO JITOPUTMY.

3. Peaqizauians MEAC

3anporoHoBaHa peajizallis BIANOBIAaE BCIM
chopmynpoBaHUM BHINEe BUMoram. Jliarpamm, siKi
OMHCYIOTh apXiTeKTypHE pIlIeHHS HaBelIeHI Ha
puc.1-4.

3.1. IlonepenHs o0po0Kka Ta 1epeBo po30UTTs

Ha kpoui momepenHpoi oOpoOku BijOyBaeTbCs
3YATYBAaHHS BXIJHMX JaHHUX, COPTYBaHHS Ta
po30UTTS UII METONy “‘pO3aUISiA Ta TaHyH .
Po30uTTSI BXiZHHX TOYOK 30€piracTbesi y BHIIISL
JIepeBa, e KOXKEeH BY30JI BIANOBiZae IesKii
MHOXKHHI TOYOK, i OyIyeThCS IMIIE OAWH a3 Ha
noyatky pobotu. [lepeBo po3OHTTS pealizyeThes
kmacom DACTree (Divide and Conquer tree). ¥V
By3Jax IBOTO JIepeBa, 3a sIKi BIAMOBiZae Kiac
DACNode (puc.l), 30epiratoTbCsi  pe3yJbTaTH
poOOTH KOXKHOI'O 3 QJTOPUTMIB Ha BiAMOBIAHIN
MHOXHHI TO4YOK B noii data. Knac nepeBa po30uTTs
DACTree (puc.2) TakoX MIATPUMYE CIHUCOK YCiX
QITOPUTMIB, SIKIi MOXXHAa BHKOHATH Ha IBOMY
po3outTi BXigHumx panux — AlgorithmContainer
(muB. myHKT 3.2).
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DACMode

- data: Map=5tring, Object=

+ getDataResult{String): Object

+ setDataResult{String. Object): void

Puc.1. Byszon DACNode

DACTree.

nepeBa  PO3OHTTSA

3rigHo 3 BuUMoramu 1, 6 anropuTMH MOXKYTb
BUKOHYBAaTHCh B JOBUTBHOMY IMOPSIIKY, ajeé MOXYTb
3aJexaTH OAWH Bif OAHOTO. TOoMy BHHHKAaE
HEOOXITHICT TEPEBIPKH, UM € TICBHUH alTOPUTM
B)K€ BUKOHAHUM. [y 1IbOTO B J1epeBi Ui KOXKHOTO
anroputMmy 30epiratothes npanopiai PROCESSED,
NOT_PROCESSED. BimMiTumo, 10 aaroput™M He
MOKe OyTH MOpaxOBaHWM YACTKOBO (IIe€ MOPYIIMIO
0 WITICHICTh CTPYKTYpP JAHUX), TOOTO BiH 3aBXKIH €
abo BHKOHaHMM JJsI BChOro jepeBa, abo
HEBUKOHAHMM JUTS BCHOTO JIepeBa.

Buxonanus  anropuTmiB  BigOyBaeTbca  3a
noromororo  ¢yHkmii  processAlgorithm, — sika
CIOYaTKy BUKOHYE BCi alTOPUTMH, BiJ SKHX
3aJIe)KUTh NOTOYHHUH aITOPUTM (SKIIO BOHU IIE HE
BUKOHaHI), 1 TIJIbKU [TOTIM BUKOHYE TIOTOYHUH.

DACTree

- points: ArrayList=Foint=
- algoContainer: AlgorithmsContainer =
22 - nodes: ArrayList=DACNode=

- AlgorithmProcessStatus: {PROCESSED, NOT_PROCESSED}

- statusMap: Map=5tring, AlgorithmProcessStatus=

+ processAlgorithm(String); void

+getAlgorithmResultString): Object

! {

DACNode AlgorithmsContainer

Puc.2. lepeBo po3outtss DACTree.
3.2. IllpencraBjieHHS aAJTOPUTMIB

KoskeH anropuT™ B CepeloBHUINI MpPEICTABICHUN
KJIacOM SIKMH pealli3ye caM alllfOpPUTM, Ta KIacoM
SIKHI ITpecTaBisie co00r0 JaHl — pe3ysIbTaT POOOTH
anroput™My  (Hampukiajn, Agiarpama  Boponoro
npecTaBieHa K peOepHuil CUCOK 3 MOABIMHUMH
3B’SI3KAMH).

Buxonsium 3 myHKTY 1 TIPONIOHYEThCSI MAaTH
aOctpaktHuii kiac Algorithm (puc.3), B sxwuii
BUHECEH! CHJIbHI Il BCiX aJrOpUTMIB (YHKIII.
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OCKiNbKH yCi BOHH pealtizyloTh METo[ “po3Aisil Ta
maHyi’ 1 BHKOPHCTOBYIOTH CIIiJIbHE pO3OHTTS
BXIIHUX JAaHHUX, TO Ml KOXHOTO KOHKPETHOTO
ANrOPUTMYy JOCTATHHO ONHCAaTH TUIBKHM  CBOIO
¢yskmiro merge(), sKa peamidye KpPOK 3JIHTTA
pe3ynbTaTiB, Ta CBOI PyHKIIT 0OPOOKH TpHUBiaAIEHUX
BUTIAJIKIB (323HAYMMO, L0 AJSl KOYKHOTO alrOPUTMY
TPHUBIAIBHOIO MOXe OyTH pi3Ha KIIBKICTh TOYOK, SKa
3amaeThes koncranToro TrivialCount).

MinimumAreaPolygonAlgo VoronoiDiagramAlgo

Extends Extends

Algorithm

- name: String

- dependencies: ArrayList=String=

+merge(DACNode, DACNode). Object

+ doTrivialCaselArrayList=Point=): Object

Puc.3. A6crpaktauii kiaac Algorithm.

Oynukmis merge() nmpuitmae DACNode-u cuHiB B
JepeBi  po3OWTTS, IO [IO3BONIIE OTPHUMYBATH
pe3yJbTaTH POOOTH aJITOPUTMIB, BiJl SKUX 3aJICHKHUTh
aJrOPUTM, IO BHUKOHYEThCS, 1 TMOBEpPTaE 00’ €KT
naHux ainropurmy. OkpiMm nporo, kiac Algorithm
30epirae CHHCOK THX AalTOPUTMIB, BiJl SKHX BiH
3aJICIKUTb.

Bumora mnyHkry 2 mpo MacmraboBaHICTh
peamizyerbca uepe3 knac AlgorithmContainer —
KOHTEHHEep Uil alNrOpuUTMiB,  4epe3  SKUH
BiZIOyBa€ThCS JIOJJABAHHS Ta BHJIYYCHHS aJlTOPUTMIB.
Ili omepamii MOXyTh TOPYNIUTH KOPEKTHICTh
CEpeIoBUINA, TOMY IO aNTOPUTMH € 3aJIC)KHUMHU
oIH Bia oxHoro. Jljus Toro, mo0 aBTOMAaTH3yBaTH
MEPEBIPKY 3aIEKHOCTEH MiXK anropuTMamu (ITyHKT

3 BHMOT'), BUKOPUCTOBYETHCS 11a0JIoH
MIPOEKTYBaHHS Builder. Knac
AlgortihmContainerBuilder  (puc.4)  mo3Bousie
“OymyBatu” 00’ekt AlgorithmContainer (sxwuii

BUKOPUCTOBYETBCS JIISL JIOJIABaHHS Ta BHUJIAICHHS
QITOPUTMIB), a TIepe]l TUM, SK MMOBEPHYTH TOTOBUH
00’€eKT, BUKOHYE IEPEBIPKY cepenoBHIIa (BUMOTa
3).

[leperipka cepenoBHINA 3IIHCHIOETHCS HUIIXOM
noOyJIoBH OpieHTOBaHOrO Tpady 3aeKHOCTEH
anroputMmiB. 3a gomomororo o0xoxy rpady B
[NIMOWHY TIEpEeBIPSAETBCSA, YH HE MICTUTH Tpad
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HEBIJJOMHX JJIS CEPEIOBHINA AITOPUTMIB, a TaKOK
qn HEMaeE OUKIIYHUX  3aJIEKHOCTEH MIDXK
QITOPUTMAMHU.

AlgorithmsContainer

- algorithmsMap: Map=5String, Algorithm:=

- AlgorithmsContaineriAlgorithmsContainerBuilder) —,

AlgorithmsContainerBuilder

- algorithmsMap: Map=String, Algorithm:=

+ addAlgorithm{Algorithm)

+ buildContainer(): AlgorithmsContainer

Puc.4. Krnacu AlgorithmContainer Ta
AlgortihmContainerBuilder.

3.3. CnisibHa reoMeTpu4Ha 0i0TioTeKa

Jia Toro, mo0 anropuT™Mu B CEpPEAOBHUII
IPALIOBAIM 3 €IUHOI0 0a3010 TEOMETPUYHUX
NPUMITHBIB Ta (PYHKIIiH, OYJI0 CTBOPEHO OKpPEMY
reoMeTpuuny 6i0mioreky. Lle Bupimrye nuTaHHs
MIEPETBOPEHHS TaHUX BiJ OJTHOTO
IPEJCTAaBICHHA B 1HIIE, a TaKOX CIIPOIILYye
BU3HAYCHHS OOYMCIIOBAJIBHOI TOYHOCTI Ta
noxubku anroputMmiB. bibmioreka moOymoBaHa
TaKUM YMHOM, III0 aJITOPUTMH MO>KHA ITHACATH Ha
BHUCOKOMY DIBHI a0OCTpPakTHOCTI, ONEPYIOUH
3BUYAalHUMU TE€OMETPUYHUMHU (PYHKLISIMH Ta
o0'eKTaMH — HamNpHUKIaJ, 3HAUTH TOYKY
MEPETHHY MK TPSMOIO Ta CETMEHTOM. TaKkoX B
6i0mioTeni € ckianeHi 00'€KTH, SK, HATPUKIIA],
iaHapHe po3outts y Burianl PCII3, sike moxe
BUKOPHUCTOBYBATHUCH AJITOPUTMaMU HE3AJIC)KHO OAWH
BiJl OHOTO.

4. Chnmcok peatizoBaHUX aJrOpUTMiB

Po3pobiieHe 3a 3ampoIOHOBAHOK APXiTEKTYPOIO
CEPe/IOBHIIE MIATPUMYE psJ AJITOPUTMIB, IO
0a3yt0ThCsI Ha METOIi «PO3IiIIsi Ta MaHyi»:

1) ITob6yoosa onyxnoi obononku [5];
2) Ilo6yoosa oiacpamu Boponoro [6,7];
3) Towyxk ycix naubnuxcuux cycioie [2,3,6];

4) ITobyoosa Esxnioosoco
kicmakosoz2o oepesa [8-10];

MIHIMAIbHO20
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5) Iowyx npocmozo OXONAIIU020
bacamoxkymuuka minimanonoi naowi [11-16].
Hns umporo anroputMy Oyna 3ampONOHOBaHA
GyHKLis 37IMTTS, sKka Oa3yeTbcs Ha MOy
CYMI>KHOTO MPOCTOTO 0araToKyTHHKA
MIHIMAJIBHOI IUTOLLI.

Taxum gmHOM, Tpad 3aNEKHOCTEH aITOPUTMIB,
SAKUH MIATPUMYETBCS CEpeloBUIIEM, Oyae MaTH
BUTJISA, 1[0 300paKEHO HA PHC.5.

Minimum
Area
Polygon
Algo

Convex
Hull
Algo

Voronoi
Diagram
Algo

All
Nearest
Neighbours
Algo

Spanning
Tree
Algo

Puc.5. I'pad 3amexxHOCTEH aNrOpUTMIB.
5. BucHoBox

Y crarti 3ampomlOHOBAaHO apXiTEKTypy Ta
peamizamiro MoOJeNi  €QMHOTO  ANTOPUTMIYHOTO
cepelioBHINa, SKA Mae€ €IUHY yHiBepcalbHY
CTPYKTYpy JMaHUX i1 3amad  OOYHCIIOBaIbHOI
reoOMeTpii, M0 PO3B’SI3YHOTHCS METOJOM «PO3IIH
Ta mna"yih». TakuM YHMHOM, MOKHAa YHUKHYTH
OKpPEMHX CTPYKTYp NAHUX JJIsi KOXKHOTO allTOPUTMY,
a OTXKe 3aiBOro cnokuBaHHs maM'sati. HeoOXimHiCTE
y  Tpoleaypax — IONepenHboi  OOpoOKM  Ta
PEKYPCUBHOTO CIYCKY Ui KOXXHOTO aJTOPUTMY
3HUKA€, OCKUIBKM BHKOHYETHCSA JIMINE  OJHA
nporenypa, siKa TOTye HEOOXiHY CTPYKTYpy
BXIJIHMX JaHHX Ui anroputMmiB. OTKe, 11e 3MECHIIYE
4yac BUKOHAHHS aJlTOPUTMIB.

Takox BapTO 3ayBaKWTH, 110 HABEJACHA B IIiif
poboTi peainizaiis Iyxe A00pe MacIiTa0yeThcs Ha
BEJIMKY KUIBKICTh aJOPUTMIB, SIKIi MOXYTb OyTH
IMIDIEMEHTOBaHI B [IbOMY cepenoBulii. [Ipu npomy
NPOTPaMHUI KOJI 3aJIUIIAETHCS THYYKUM IO 3MiH.
BigmiTiMo, 1110 1HBapiaHTOM JaHOTO CEPEOBUINA €
Te, M0 JEPeBO 3AJICKHOCTEH anroputMmiB Oyje
KOPEKTHHM IIiCJII KOXKHOI omepaiii BcTaBkd abo
BUJIAJICHHs] aJITOpUTMY. llepeBipka Ha KOPEKTHICTb
BiJI0YBa€THCsI aBTOMATHYHO.
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Lnsa mooeniosants 6impo6o2o X6UNOEAHH MA WMOPMOBO20 HA2OHY 6 patioHi kKocu Kpueoi posmawiosanoi 6
Tacanposvkiii 3amoyi A306cbkoeo mops euxopucmosysanacs mooens SWAN, ocnosana ma uucenvnomy
PO38 3Ky PIBHAHHA OANAHCY X6UNe8oi eHepeii 8 cneKmpanbHill opmi. YV po3paxyHkax 8UKOpUCmosy8ascs
SWAN eepcii 40.85 6 cmayionapromy pedsicumi. Kymosuii 0038in moodeni ckiadag 10°. Ilo wacmommiii
Koopourami, wo 3minioemocs 6i0 0,04 0o 2 Iy, suxopucmosysanacs wepieHomipua cimka 3 71 gyziom.
IDicepeno ecenmepayii Xeunv impom GU3HAYANOCS HA OCHOGI K8a3iNiHiliHOI meopii Ancena. byna euxkonana
cepia 3 20-mu 4ucenrbHUX eKCNepuMeHmie no po3paxyHKy XGUIbOGUX XAPAKMEPUCUK OJid weuoxocmet i
HAnpamKie 6impy npeocmagienux. Y KoscHoMy ekchnepumenmi enubuna mops 6 3-i 0b1acmi Kopekmysanacs
WLIAXOM O00ABAHHSL 00 Hel MAKCUMANbHUX NIOUOMIS pieHst Mopsi. [[nsi noby0osu penvedhy OHa po3paxyHKOGUX
obracmeti npoBOOUNACS OYUPDPOBKA HABI2AYILIHUX KAPM.

Kurouosi cnosa: simpoese xsuntosanis, mooenv SWAN, nacin, bepecosa 30ma.

To simulate wind waves and storm surge in the area of spit Curve located in Taganrog Bay of the Azov Sea
used model SWAN, based on the numerical solution of wave energy balance equation in spectral form. The
calculations used SWAN version 40.85 in the steady state . The angular resolution of the model was 10°. For
coordinate frequency varying from 0.04 to 2 Hz was used irregular grid of 71 node. Source waves wind
generation was determined on the basis of quasi-linear theory Janssen. For a description of bottom friction
applied the theory of the relation of the Grant — Madsen. It was made a series of 20 experiments on
numerical calculation of wave characteristics of wind speed and direction. In each experiment, the depth of
the sea in the 3rd region corrected by adding to it the maximum sea level rise. For the construction of the
bottom topography of settlement areas digitize navigational charts . The bottom relief was obtained by
digitizing the navigation map 3434 scale 1:50 000. The results of calculations of the wave fields in the area
Crooked braids show that the intensity of the wind waves on the wind direction is the same as for the storm
surge, dangerous wind direction in order of importance are: the south- west, south , west, south-east.

Key Words: wind waves , model SWAN, assault , coastal zone .
Crartio npeactaBuB 1.¢.-M.H., mpod. AnicimoB A.B.
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A30BCchkE MOpe 3a  MOP(ONOTIYHUMH YHCEIHHOMY PO3B’SI3KY PIBHSHHS OalaHCy XBHIJIEBOI

O3HaKaMH BiTHOCUTBCSA [0 IUIOCKMX MOpIiB 1 €
MUTKOBOZIOIO BOJIOMMOIO 3 HEBUCOKUMH OCpPETOBHMU
cxunamu. Ilmoma wmopst 6e3 CuBamry i JUMaHiB
ckranae 37 802xm”. [lnoura Cuamy - 2 540 KM%, a
BOJOIM JMMAaHOBOro THIa-4 200xM>.  Haii6inbima
WOTro JOBXKHMHA BiI KOcH Apabarchka CTpiaka 0
rupna p.Jlon nopisaroe 380 kM, HallOiNbIIA IMPHHA
Mk BepmmHamu Temprokckoi 1 bBenocapaiickoi
3aTok - 200 kM. O6'eM BOIW TIpH CepenHiil TIIHOWHI
8,5 M opiBHIO€ 320 kM’

[ligBognuii  penbed  A30BCBKOTO  MOpS
MOPIBHAHO TIPOCTHH: 3 BIOJAJICHHS Bim Oepera
MMMOWHA — TOBUIBHO 1 IUTABHO — HApOCTAaIOTh,
JOCSTalOYl B LEHTpaibHIM wacTUHi Mops 14,4 M.
OcHOBHa MJIOIIA XapaKTEPU3Y€EThCsI TIMOUHOIO 5 -
13 M. O0nacTe HAMOUIBIINX TJIMOWH 3HAXOOUTHCSA B
meHTpi  Mopa.  bam3pke 0 cHMETpHYHOrO
po3TanryBaHHsl 1300aT, MOPYIIYETHCS BUTATHYTICTIO
Taranpospkoi 3aTokn. [300aTa SM po3ramoByeThCS
mpuOIM3HO B 2KM Bif Oepera, BiIIansiOvnch Bij
HBOTO B 3aTOKaxX i IMMaHax.

Y penbedi gHAa  A30OBCBKOTO  MODS
BI3HAYAIOTbCA CUCTEMH IIJBOJHUX BHCOYMH,
BUTATHYTHUX y3IIOBXK cXinHOro (0anka JKenesnHcbka)
i 3axigHoro (O6anku Mopceka 1 ApabaTchka)
y30epekb Mopsi, ITTUONHY Hall SKMMHU 3MEHIIYIOThCS
Bim 8-9m mo 3-5m. [lns mimBomHOTO OEperoBoro
CXWIIy MIBHIYHOTO y30€pexcks XapaKTepHE IUpPOKe
mimkoBoas (20.30km) 3 rmimOuHamMm 6.7M, Iy
MIBJIEHHOTO y30epeXoKs - KPyTUH MiTBOJIHUN CXUNI
1o rimouH 11-12Mm.

[TiBHIYHO-CXiHA JJITHKA MOPSI BPI3a€EThCS B
cymy Ha 140 kM, yTBOproroun Taranpo3bKy 3aTOKY.
Bucoki i oOpuBHCcTi Geperd MiBHIYHOI Ta MiBIEHHOT
JUISTHOK 3aTOKW IMPOPi3aloTh spaMu i Oankamu. Bing
00ox OeperiB BHUCTyHarOTh Koch. Ha miBHIYHOMY
Oepesi 3aTOKM HAWOLIBII BeNWKi KOCU- bermuipka i
Kpuga.

XapakTEepUCTUKA IITOPMOBHX HAroHiB i
BITPOBOI'O XBMJIIOBaHHsA B padioHi KpuBoi kocw,
po3tamoBanoi B TaraHpo3bKiii 3aToii A30BCHKOTO

MOpsi,  BHM3HAYalOThCS:  penbepoM  jgHA i
KoH(irypamieto OeperoBoi IiHii; MIBUIKICTIO 1
HaAmpsSIMOM  BITPY;  BeJIMYMHAMH  e(DEeKTUBHHX
PO3TOHIB.

Beperosa 3o0Ha c. OOpuB, M0 NpUMHKAE 3i
cxony A0 ocHOBHM KpuBoi Kocu, € MiJIKOBOJHOIO
akBaTopiero 3 rimOuHamu 1-2m  (i300ata 2Mm
po3tamoByeTbcst Ha Bifactani 500-750M Bim ypisy
BOJIH).

st MoJieitOBaHHS BITPOBOTO XBHJIIOBAHHS
BHUKOpHCTOBYBanacsi mozenb SWAN, ocHOBaHa Ha

eHeprii B CIIeKTpaJIbHil (popMi:
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XBUJIEBOTO BEKTOPY; K =, [kf + k; ; o =4Jgkth(kH)

- BJIJaCHa 4YacToTa, S - IPOCTOpOBA KOOpJAMHATA,

napajienbHa  HampsIMKy MOIIUPEHHS XBWIb, M -
IPOCTOPOBa KOOpAMHATa NepHeHANKYISIpHa
HampsiMy TIOIIUPEHHs XBWJb. [IpM BHBeACHHI
coiBBitHOmeHb  (2), (3)  BHUKOPHUCTOBYIOTHCS
JUCTIEpCIHE  CITIBBiTHOIIEHHS i piBHSIHHA
30epeKeHHs XBUJIEBIX TPEOHIB.

B  pesynbrari  4HMCENBHOTO  PO3B’SBKY

piBasHHES (1) BUXOJUTH TPOCTOPOBO-YaCOBUH
PO3MOIT 4aCTOTHO-KYTOBOTO CIEKTpy XBuib F .
SKIo BBECTHM OIepallilo MOABIHHOI 1HTErparii o
YacToTi Bl O, MO omax 1 M0 HampsaMmy Bix 0 g0
2T

27 o max

(@®y=[ | ®@,0)dodd,

0 omin

(4)

3HaOYM CepedHI0 BHCOTY XBHWJIb , MOXKHA
3HAUTH BHCOTH XBWJIb Pi3HHX 3a0e3leyeHocTedl Ha
OCHOBi iHTerpayibHOi (PyHKUIi po3noaity A MOpS
KIHIIEBOI TNIMOMHH.
VY po3paxyHKax BUKOPHCTOBYBajacs MOJAECIb
SWAN Bepcii 40.85 B cramioHapHOMY pPEXKHMI.
KyroBuit no3ein momen ckianas 10° [To yacToTHii
KOOpJMHATI, 110 3MiHeThes Big 0,04 mo 2 I,
BUKOPUCTOBYBaiacsi HepiBHOMipHa citka 3 71
By3noM. JIkepeno TeHepalii XBWJIb  BITPOM
BU3HAYAIOCS HAa OCHOBI KBasumiHiiHOI Teopil
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Sncena. Hns ormcy JIOHHOTO TepTs  3-iif 00nacTi KopuryBanacs NUITXOM JIOJABaHHS JIO

3aCTOCOBYBAJIUCS CITIBBIJHOIIEHHS Teopii ['paHTa-
Mancena 3 mapameTpom rmopctkocti aHa Ky =0,01m.
3 MeTo  MiIBHIICHHI TOYHOCTI pPO3pPaxyHKiB
BUKOPUCTOBYBABCSl 3-X KPOKOBHM METOJ BKJIQJICHUX
citok. Ha mepmomy kpoui MonemtoBajucs MO
XBWJIIOBaHHS B ychoMy YopHOMOpCEKOMY OaceifHi

Ha citmi  ~ 4,5%4,5 kM (246x160 By3miB). Ha
apyromy kpoui Ha citmi ~ 1,5x1,5 xm (246%205
BY3JiB) XBUJIIOBAaHHS ~ PO3PaxOBYBANOCS IS
aKkBaTopii, 10  BKIIOYae  AB3OBChKE  MOpE,

KepueHcbky NMpOTOKY 1 MiBHIYHO-CXIIHUM — IIENbd
YopHoro mopsi.

Ha tperpomMy kpomi 3 mo3Bomom ~ 50x50 M
(669%518 By31miB) pO3paxOBYBANHCS TOJS BITPOBUX
xBwib B paiioHi KpuBoi kocu. Ha kpokax 2 i 3
napamMeTpy XBWJIb Ha DPIOKUX MeEKaxX BHU3HAYAINCS
IHTEPIIONALIIE€I0 MOJAETHHUX MaHWX, OTPHUMAaHUX Ha
nomepenHix — Kpokax. Ha  Tperbomy  kpori
BPaxoBYBaJIOCSI BIUTUB 3MiHH PiBHS MOps Ha BITpOBE
xBUIOBaHHS. s mporo rombuHa Mops B SWAN
sagaBanacsa y Bugi: H =h+n, ne h- penved nna
n o -
noromororo mozeni ADCIRC.

Hns no0y0BH
PO3paxyHKOBUX obnacreit
omudpyBaHHs HaBiramiiHmx kapt. Penped nHA
TpeThoi obnacti mokaszanuii Ha puc. 1 Bin OyB
OTpUMaHUM [UIAXOM OnuQpyBaHHS HaBiramiiHOl
kaptu 3434 macmradbu 1:50 000.

Oaceliny; piBeHb MOps, OTpUMaHWA 3a

penbedy JTHA
MPOBOTUIIOCS

0 T T T T T
0 5 10 15 20 25 30

X, KM
Puc.1 Monenbhuii pensed aaa (M) B parioni Kpusoi
kocu. [300atu nposejieHi uepes 0,5M.

Byna Bukonana cepisi 3 20-TH YHCETBHHX
eKCHEpUMEHTIB 32  PO3PaxXyHKOM  XBHJIEBHUX
XapaKTePUCTUK ISl PI3HUX I[IBUAKOCTEW 1 HATIPSMIB
BITpPY. Y KOXXHOMY €KCIIEPHUMEHTI TIJIMOMHA MODPA B

Hel MaKCHUMaJbHUX MiAHOMIB PIBHSI MODSL.

PesynbTaTi po3paxyHKiB XBHJIEBHUX IOJIB B
paiioni KpmBoi KOocW MOKa3yrOTh, IO 3aIEKHICTH
IHTCHCUBHOCTI ~ BITPOBOTO  XBWJIIOBAaHHA  BiJ
HanpsMIB BITpY Ta K, 11O 1 A7 IITOPMOBUX HAroHiB,
TOOTO XBHJIEHEOE3MEUHI HANpSAMHU BITPY B MOPSIAKY
iX 3HAYYyMIOCTiI HACTYMHI: MIBJSHHUN 3aXiJl, MMiBICHB,
3axif, MBASHHMM cxig.  MojenbHi oA
XBUJTFOBAHHS ISl CXiJTHOTO BITPY CIIiJl CIIPUAMATH 3
ypaxyBaHHSIM BHIICBHUKIAICHAX BHIIE 3ayBa’KCHb,
10 CTOCYIOThCS €(PEeKTIB OOMUTIHHS 1 OCYIICHHS JHA.
PesynpTatn  MoJemOBaHHA ~ JAlOTh ~ OCHOBY
MIPHUITYCKATH, M0 TPHU CXiTHUX BITpaX BHHUKAIOTH
3TOHM, IO  MEPeHIKOJKAIOTh  BUHHKHEHHIO
IHTEHCHUBHOT'O XBWJIIOBaHHS B JOCHIIKYBaHOMY
paiioHi.

[IpoanamizyemMo  OCHOBHI  OCOOIMBOCTI
MOJICIFHUX TIOJIIB XBWIIIOBaHHS B paiioHi Kpusoi
kocu. Ha puc. 2 mpuBeneHi mpocTopoBi po3moiiam
Bucor xBuib 1% -oi 3abesmeuenocti (hy, ) i

CEepeIHbOrO HampsMy BiTpoBoro xsumoBanHs (6 )
st yeix 20-Tv BapiaHTIB po3paxyHKiB. A Ha puc.3
aMIUTITy/la IIBUAKOCTI TPUAOHHUX OpPOITAIBHUX
PyXiB.

Puc.2 Bucora xBwib 1% -oi 3abesnedeHocTi (M) i
cepeAHild HampsiM XBHJIIOBaHHA B paioHi Kpupoi
KOCH TIpH 3aXiJTHOMY BiTpi 8 m/c.

Sk BWAHO, PpO3PaXyHKOBUH  HariH
MPHU3BOJUTH 1O 30UIBIICHHS BUCOT XBWIb Ta i3
3MEHIICHHSM TJIMOWH CTa€ yce OUIBII 3HAYMMIEM.
Tak sKIIO B paioHI YJOTOBHMHHM BHCOTHU XBHIJIb
30imbmyroThc Ha 0,25-0,3 M (~15%), TO ¥y
Oeperogiii 30Hi, mo npumukae 10 Kpupoi kocw,
30UIBIIEHHsT BHCOT XBWIb jgocsrae 0,7-0,9 M
(~75-90 %).
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Puc.3 IIBUAKOCTI

AwmroriTyna
opOiTanpHUX pyxiB (M/c) B paiioni KpuBoi xocu npu
3axigHomy BiTpi 20,3 m/c.

MIPUAOHHUX

BucHoBKH

OTpumaHuii  pe3ynbTaT  JEMOHCTPYE
Ba)XXJTUBICTh PO3PaxyHKy INTOPMOBHX HAaroHiB
OpU MOJEJIOBaHHI BITPOBOTO XBHJIIOBaHHS B
MiTKOBOguX paiionax. llpoBemeHi umcenbHi
CKCIICPUMEHTU TIOKa3yrOThb NMOECAHAHHA CHUJIBHUX
IITOPMOBHUX HAroHiB IHTCHCUBHHX BITPOBHX
XBWIb, IO BHWHUKAIOTH Ha ix ¢oHi, Moxe
MMpU3BOAUTH a0 BUHHUKHCHHA 0C00IMBO
HebOe3nevyHuX ABUIl y Oeperosiii 30Hi c. OOpuB.
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IIpo onTuMi3anio TPAHCMOPTHUX MOTOKIB On transport flow optimization in

B MoeJii bekmana Backman model
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B pobomi 0ocridsicyemvces 3a0ava onmumizayii mpancROpmMHUX NOMOKIE 3 MemOor MIHIMI3ayii 3a2aibHUx
3ampam cucmemu 3a OONOMO20K 308HIUHIX 0OMedceHb abo, HABNAKU, 3a0X04eHb. Posenanymo 3eedenus
mooeni bexmana 0o 3adaui 08opieHegoi onmumizayii i 3a0aui 3 0OMedCeHHAMU Bunady 6apiayitiHoi
HepieHocmi. 3anpononosano nioxio 00 i posze’szanus memooom Kapywa-Kyna-Taxepa. [emanvho
PO32IAHYMO KOHKpemuy pedanizayiio 0anoi 3a0adi, a came 3a0auy Kepy8aHHs 2poMAOCLKUM MPAHCHOPIOM.
Ilpooemoncmposaro 36edents it 00 HabOpPY 3a0ay ONYKLOi ONMUMIZAYIT HA ONYKTITE MHOJMCUHL.

Kurouosi cnosa: mpancnopmui nomoxu, npunyun Bopopona, pisnosaza 3a Hewem, dsopisresa
onmumizayis

Transport flow congestion problem is relevant for big cities. In case of uncontrolled development of
transport flow the equilibrium of traffic, which is far from effective, is quickly set in the city. Different methods
of road network management are used to overcome this problem: limitation or extension of the road traffic,
regulation by means of traffic lights, or development of public transport. Generally, mathematical background
of this management leads us to a highly complicated problem. This research studies the problem of optimizing
transport flows to minimize the total cost of the system by means of external constraints or, on the contrary,
incentives. Its implementation for the Beckman model is considered, and reduction to a bilevel optimization
problem, or mathematical problem with variational inequality constraints. Its solution by Karush-Kuhn-
Tucker method is suggested. Specific implementation of this problem is considered in detail, namely the
problem of public transport control. Its reduction to a set of convex optimization problems for convex sets is
demonstrated.

Key Words: transport flows, Wardrop principle, Nash equilibrium, bilevel optimization

CraTTiO TIpeACTaBuB J.T.H., .H.c. Kynin B.1.

(ikCOBaHOM, 1 IOCTIIKYETHCSI KEPYBAHHS TOUYKOIO
Beryn piBHOBArH.

IIpy momryky TOYKM piBHOBarM IIOTOKIB
iHAMBIOYaJIbHOTO TPAHCIIOPTY BUKOPHUCTOBYIOTh
nepmnii  npuHnuMn  Bopapoma  [2]: koxkeH
KOPHCTYBa4 TPAHCIIOPTHOI MEPeXi HE3aIeXKHO Bix
IHIUX BHOWpAe MapuIpyT CIiyBaHHSI B TOYKY
NpU3HAYCHHS, [0  BIJAMNOBIZAE  HAWMEHIINM
3aTparaM JJI1 HbOTO. B pesynbTaTi mporo BHOOpPY
KOPHCTYBadi yTBOPIOIOTh MTOTOKH HA BiAMOBIIHUX
MapuipyTax, HOIIYK 3HaueHb SKUX 1 € HULIo iX
MoJietoBaHHs. Hal0inbil BUBYEHO0 MOJICIUTIO €
monenp bekmana [3]. Bona mnpumyckae, mio
BUTpAaTH HAa  KOPHCTYBaHHS  JOpOTaMH €
HEeTNepepBHUMH 1 MOHOTOHHUMHE (PYHKITISIMH BiJ| X
3aBaHTaKEHOCTI, 1 3BOJAUTH 33/1a4y MOIIYKY TOYKU
piBHOBarm 10  PO3B’S3aHHA  BapiauiiHOi
HepiBHOcTi. B [4] noBoauThes, M0 10 PO3B’SI3KY
miei Kk BapiamiiiHoi HepiBHOCTI  30iraeTbcs

B BenukHx MicTax OCOOJIMBO aKTyalbHOIO €
nmpoOyieMa  MEPEBAaHTAKEHOCTI  TPAHCIOPTHOL
Mepexi. st 6opoTeOHM 3 HEro MpH TUIaHYBaHHI
MICTa HaMararThCs TMPOCKTYBaTH JOPOTH Ha
KiTbKa KpOKiB Hamepel, a 3 IiCHYIOUYHMHU
npoOyieMaMu  PO30UPAIOThCsl, BUKOPUCTOBYIOYH
pi3Hi METOJIU: PO3BUTOK TpOMaJICEKOTO
TPAHCIIOPTY, OOMEXCHHS PYXY, PpEryJIrOBaHHSI
4acToT CBITIO(OPIB, TOILIO.

3amaya MOJETIOBAHHS TPAHCIIOPTHUX MOTOKIB
CKIIQIa€ThC 3 JIBOX TMi/A3alady: pPO3paxyHOK
MAaTpHIl KopecmoHAeH i [1], mo Bu3HAYaE TTOIUT
Ha TIEPEBE3CHHA, 1 MOIIYK TOYKH PiBHOBArH, IO
BilmoBimae naHiii wMatpuri. B maniii  poboTi
MaTpHLIsd KOPECIOHCHIII BBaXKAEThCS BIZOMOIO 1
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CBOJIOLIMHUI anropuT™M 3a TUX K€ (QYHKLIN
BUTPAT, a OTKE 3a/1a4a MOXKE MOJICITIOBATH pPeajlbHi
MPOIIEeCH.

OueBuaHO, IO OTPUMaHa piBHOBAra MOTOKiB HE
Oyne TOUKOIO, B SKiH CyMmapHi 3aTpaTH €
HaliMeHIUMU. binmbie Toro, mpu HErpaMOTHOMY
IUIaHyBaHHI JAOPIT PI3HUIM MDK ONTHMAJIBHUMH i
HassBHUMHM 3aTpaTtaMH TUIbKH 3poctatume. B [5]
HaBOIUTLCS IMPUKIIAT MEPEXKi, 1€ OJIUH 3 CETMEHTIB
JOPIT TUTBKH TMOTIPIIY€E 3arallbHUI TPaHCIIOPTHUI
CTaH, IPUUOMY TaKi CErMEHTH 3yCTpidaiuch i B
peanbHUX CUCTeMaXx AOPIr Pi3HUX MICT.

B pob6otri posrisHYyTO METOA OmTHMI3arii
pOOOTH TpaHCTIOPTHOI MeEpeKi, BIUIMBAIOYM Ha
3aTpaTd KopHucTyBaHHS Hew. Lleil BmimB Moxe
OyTH BHKIIMKaHWAN 3BYKEHHSIM a00 PO3MIUPEHHSIM
MPOKIDKOI YaCTWHM, BBENCHHSAM IUIaTH 34
KOPHUCTYBaHHSsI, Y4 MPOCTO 301IbIICHHIM KUTBKOCTI
aBTOOyCiB Ha MapmpyTi. 3amada 3BOIUTHECS IO
3aj1a4i ABOPiBHEBOI onTHMizarliii [6].

Moaeans bekmana

BukopucroByBatumMemo onuc moxeni 3 [1].
Hexait I'(V,E) — opientoBanmii rpad, ae V —
MHOXKMHAa BepmMH, a E — MHOXHWHA JIyT.
[lognaunmo S C E — mHOXWHA mxepeni D C E —
MHOHHA CTOKiB. MiXk eleMeHTaMu MHOKUH S 1 D
iCHye TMONUT Ha TepeBe3eHHs. [lo3HauMMO
MHO)XHHY ITOTOKOTBOPYHX T1ap:

W={w=(,j):i€S,jeD}

Koxniit mapi w € W Binmosimae uucmno p,, =
0, sike Ha3MBAETHCSI MOMTUTOM Ha TIEPEBE3CHHS.

[No3naunmo: P,, — MHOXMHA MapIIpyTiB, IO
BeayTh 3 i B j; P = Ugye wy By — MHOXHHA BCIX
MOXJIMBMX MapuIpyTiB; X, p € P — motik 4epes
BigNoOBigHUN MapuipyT. s koxHol mapu w € W
BUKOHYETHCS] HACTYIIHA yMOBA:

Xw=4xp= 0:p€ PW,Z Xp = Pw

DPE Py

ITo3HauuMo TakoXx x = (xp,p € P) — BEKTOp
MOTOKIB 3 JIOMYCTUMOIO MHOKHHOIO:

x € X=1_[XW.

Hexaii 8, € {0,1}, ne p € P,e € E — innexc
HaJISKHOCTI pebpa e MapupyTy p. Toll KOXHIN
ny3i e € E BiANOBiA€ YKCIIO — BapTICTh NOAOPOXKI
uepes Hel t, = ge(Xe), 1€ X = Ypep OpeXp € R
— MOTIK Yepe3 BiamoBigHy nyry. Toxi BapTicTh
MOJIOPOXKI  MapmipyToM p € P BU3HAYa€THCS
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(ynkuiero Gp = Gp(x) = YecE 6p,ege(xe)a nex e
X, a BEeKTOp BapTOCTEd MapHIPYTiB — BEKTOP-
¢dyHskuiero G(x).

OcCkinbkH KOXEH BOJIM MiHIMI3ye BiacHi
3aTpaTd, TO HEHYJIbOBUMH OyAyTh TIIBKHA Ti
IIOTOKH, SIKI € MIiHIMaIbHMMHU [JIS BiAIOBIIHOI
Mapyu «IKEPEIo-BUTIK»:

1)

X, >0 Gy(x) = Itrézl%l, Gy(x),p €PB,.

B TakoMy BUTIaIKy TpaHCIIOPTHA PiBHOBAra, 1o
BCTAHOBJTIOETHCS B MICTi, BU3HAYAETHCS BEKTOPOM
xt, mo e PO3B'I3KOM BapiaiiiiHoI HePiBHOCTI:

G(x*)(x—x*)z 0Vx€eX. @)

KepyBanusi norokamu

Mickke KepiBHHIITBO 3aIliKaBlIeHe B MiHIMi3aIIii
3arajibHUX TPAHCHOPTHUX BUTpAT. BruBary Ha i
BUTpaTH BOHO MOXKE, 3MIHIOIOYH MPOITYCKHY
CIIPOMOXHICTh  JOpPIr, TOOTO BIUIMBAIOYMA Ha
(hyHKIIIT BUTpAT.

Hexait {R;cE,i€l cN} - cimeiictBO
MHOXXUH pedep, KepOBaHUX 33 OHUM IPHHIAIIOM,
Takux wo Vi,j € I, R;NR; = @. Ilozmaynmo Tozi
r = (r;,i € I) — BeKTOp KepyBaHHA peOpamu.
BapricTs mpoizny 3aganuM pedpom Oyie mogaHo B
BUTTISAI QYHKIIT 3 TApaMeTpOM:

@)

ty = Gge(Xe,7) = ge(xe,11).

Toni HEPIBHICTB, 110 3aJIa€ PiBHOBAry, HabyBae
BUIJISLY:
(4)

G(x*,r)(x' —xT) >0VvVx' € X.

Hexaii  Takok  BapTicTh  3aCTOCYBaHHS
KepyBaHHS 33J1a€ThCS CTPOTO OMYKJIOK (YHKIIIEI0
K(r) =Y Ki(r;) . 3a Takux yMOB OTPHUMYEMO
MaTeMaTH4yHy 3ajady 3 OOMEXKCHHSM BHIIISILY
BapialliifHOT HEPIBHOCTI:

G(xt,r)xt + K(r) — min, )
xtr
G(xT,r)(z—xT)= 0 VvzeX.

Iinxoau 1o po3B'sA3aHHA

JABopiBHeBa 3amaua onrumizamii. Hexait
¢dyHKIii BapTocTi mpoizmy mo pedpy G.(x,7r) =
ge(xe,7) = ge (ZpEP 5p,exp ’ T') HETIEPEPBHO
IuQepeHIliioBHI, CTPOr0 MOHOTOHHO 3pOCTarovi
10 X,. Toxi ast qoBiNbHKUX P, k € P’ Maemo:
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0G,(x,1) Z 5 09e(Xqep 8q.eXqT) —
—— p'e -

axk = axk
_ 5.5 dge (ZqEP (Sq,exq ’ T) _
- p,eYk,e dx -
e€E €
_ 0Gi(x,7)
B ox,

3Bifmcu, BimmoBimHO g0 Teopemm IlIBapia,
BUILUIHBAE icHyBaHHs Takol (yHkuii F(x,7), 1m0

Gp(x,7) = %. Bona Moke OyTu npeicTaBicHa
p
Y BUTTISIAL:
Ypep OpeXp (6)
F(x,r) = Z f ge(z,1)dz.
ece 0

B takomy Bumanmky 3amada (5) 3BOAMTHCS J0O
JIBOPIBHEBOI 3a1a4i MiHiMi3aIlii:

7
G(xT,r)x + K(r) — min, 2
xtr
xt € argmin F(x,r).
xtex
Ockineku  ¢ynkiis  G(x,r) —  cTporo

MOHOTOHHA, TO, BiinoBiaHO, QyHKItis F (x, ) Oyxe
CTPOTO OITYKJIOKO.

MeTton Kapyma-Kyna-Taxkepa. st
pO3B’si3aHHS  IMi€i 3amadi  3aCTOCYEMO METOJ
Kapymra-Kyna-Takepa [6]. PosriissHemo cTpykTypy
MHOXMHU X . KokHii mapi «mkepeno-cTiky w € W
BIJIMIOBI1a€ OOMEKEHHS BUTJISTY

vy (x) = Z Xp = Ppw =0
DPEPy

[oznaunmo N, = |P,, | — KiIbKiCTh MapIIpyTiB Ha
JaHii mapi.

Ha koxeH mMOTIK HakKIagaeTbcss OOMEXKEHHS
HEBIJ’ EMHOCTI:

h,(x) =x, =20,p €EP.

Toni gynxuis Jlarpamka ass 3a1a4i HIKHBOTO
PIBHSI MaTHMe BHTJISI:

L(x,A, 1) = F(x,r) — Av(x) — uh(x).

Tyr A€ER",m=|W|,au€R", n=|P|.VY
TaKOMY BHUIAJKy OTPUMAaEMO HEOOXiIHY YMOBY
MiHIMyMY:

V.F(x, 1) = V. F(x,r) — AV, v(x) — uV h(x).

Posnumemo ii:
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Gp(%,7) — AyNy —up, =0,p € B,
DPEPy
4 Ay =0, )
Xp 20,
Mp 2 0;
UpXxp = 0.
Tomi  3amawa (7) HabyBae  BUTISAY
ONTHMI3amiifHOI  3amadi 3  OOMEXEeHHSIMH
B32€MOJIONIOBHCHHSI:

G(x*,r)x*, + K(r) ——— min

xT,ruA

Gp(xT,r) — AN,y — Up =0,p € By,

Z Xp—Ppw=0,wewW,
PEPy

Ay =0,weEW, )
x;,r =>0,peP,
Up =0,p €P,
,upx; =0,p€EP,
\ r; =0,i €L

— 30
Posrmsremo  Bemuumny A, Ny, = A;,.  dua
KOJKHOTO Mapuipyry p € B, sSKIIO TOTIK 4epe3
HBOTO HEHYJIbOBUH, BUKOHYETHCSI PIBHICTS!

Gy(x,7) = A,
Tomy A% — maiimenmia BapTicTh Mmogopoxi 3a
maporo w € W. Tomi 3amaua (9) moxe OyTH
npejcTaBiIeHa y BUTIISI:

Z Z Axy,+ K@) mmin

WEW pEP,,
(Gp(xT,r) —AwNy —pp =0,p € By,

pr—pW=O,WEW, )

DEPy
Av=0,wew,

x; =>0,p€eP,
Up =0,p €EP,

ypx;r =0,p€EP,
r;=0,i €l

ChnpoineHa riopuana TpaHCIoOpTHA MOJeIb

Hana MOJIEITb 00'emHy€ OJTHOYACHO
rPOMAJICBKMIA Ta 1HJAMBIAYalbHUH TPAHCIOPT.
BoHa BUKOPUCTOBYE HACTYITHI MPUITYIICHHS:

e MapuipyTd TpOMaJChKOr0  TPaHCIOPTY

MPOKJIAZICHI 3a3/1aJIeTi b,
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o Koxen MapipyT TPOMaICHKOTO
TPaAHCIIOPTY MAe€ JIUIIC MOYATKOBY 1 KiHIIEBY
3YIUHKY;

e ['poMajCbKUi TpaHCHOPT Ii3AUTH JIUIIE
CBOIMH BHAUICHAMH CMYTaMH 1 HISIK He
MEPETUHAETHCS 3 1HIUBI Y TbHUM,;

e KokeH macaxup npuiiMae pillieHHs: II0A0
BUKOPUCTAaHHS Tumly TpaHncnopty. [lpu
FOMY Ma€ TMOBHY iH(OpMAIIIO MOA0 BCiX
MOKITUBUX MapIIpyTiB.

JlomoBuumo pebpa rpada E pebOpamu e, €
E*,w € W, mo BIINOBIJAIOTh MappyTaMm
TPOMAaJICBKOTO TpaHCTOPTy. BiamoBigHo, KOXHE 3
X pedep moporKye HOBUM MapuipyT p* € P*Ha
w € W. Koxxnomy Mapuipyty p € P* Biamosinae
HOro iHTEHCHBHICTL 1, = 0, a Takok K, >0 —
BapTICTh 00CITyroByBaHHS OJIMHUYHOL
inTeHcHBHOCTI. Tomi Il BENMWYWHH YTBOPIOIOTH
BeKTOpH " 1 K. 3arajgbHa MHOXKHHA BCiX MapIIpPYTiB
ckmagae P' = P UP".

[MTo3HaunMo x’' — BEKTOp MOTOKIB HA KOKHOMY
3 MapupyrtiB p € P’, i, BigmosigHo, G'(x',1) —
BEKTOP BapTOCTEH IIPOI3Ay, IPHUUOMY

, Gp(x'),pEP,
Gp(x',7) = { .
9p(%p, 1)1 € P,

TOOTO BapTICTh MOT3IKH MapIpyToM
TPOMAJICBKOTO TPaHCIOPTY 3aJEXKHUTh TiTBKU Bij
3aBaHTKEHOCTI [BOrO  Mapmpyry 1 Horo
THTEHCUBHOCTI.

Toni TpaHCcHmOpTHa piBHOBara BHU3HAYAETHCS
poss'askom xT € X' BapiauiiiHoi HepiBHOCTI:
G'(xf,r)(z—x") > 0 vze X" (10)

B npomy Bumajxy 3araibHa 3ajgada HaOyBae

BIJIIOBIAHO OIITUMI3ALIHOT 3a1a4l 3
00OMEXEHHAMU BUTIISTY BapiariitHux
HepiBHOCTEH.

Z(Cpx + b,)x, + Z (cp®p + by) + Z K,

pEP pPEP*

CpRp + by — AN,

2,

DEP),
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G’(x*,r)x + Kr xT’;min,

(11)
G’(x*,r)(z —xT) >0vze X'

Jliniiinuii Bunagok. Hexail ¢yHKIii BapToCTi
MPOT3y MapIIpyTaMy MatOTh BHTJIS

Cpx + bp,p EP,
Gp(x',r) = %P | by, p € P*, (42
e
C, ER",n = |P'|.
Tomi, mimcraBuBmu (11) 1 (12) B (9),
OTPUMAEMO:
G’(x*,r)x*, + Kr —— min
xTr,u,A
Cpx + by — ANy, —pp =0,p € By,
CpXp .
T-l'bp_lwlvw_ﬂp =O,p € Pw:
Z Xp— Py =O0,wEW,
4 PEPy
Ay =0,wew,
Xp=0,p €P,
Up =0,p €P,
Upxp =0,p EP,
r, >0,p € P

JloBu3HAUMMO JaHy cucTeMy npu 13, = 0.
3pobumMo 3aMiHy:

Xp .
R —,pEP,rp>0,
xp: Tp
O,pEP,rp=0.

X
x—p mpu X, > 0. Takox IOKIaZeMo
p

Toni Ty

BEKTOp X = (J?p, p E P*). B 1ipoMy BUTNIaIKy poJib
KEpyBaHHs BMKOHYBaTUMYTb KOMIIOHEHTH X,
BEeKTOpa X mpu p € P*.

Xp ]
— ——min
Xp x,2,u,4
pPEP*

Cpx + by — AyNy — 1y =0,p € B,
Xp—Ppw =0,wew,

0,p € PB,,
(13)

] Ay =0,wEW,
Xp =0,p €P,
Up =0,p €EP,

UpXp = 0,peP,

\ X, =0,p€P.
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3adikcyeMo nesKy MHOXKHHY 1HIEKCIB

Az{pEP’luzo:O}.
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Ha wiif 3agaqa (13) HaOyBae BUTTISAAY:

x
Z(Cpx + bp)xpy + Z (cpz?p + bp) + Z K, £ ) min

pEP pEP*

DEPy,

3adikcyemo w € W. Toxi ans mOBimTBHOTO
Ay = 0 cucrema piBHSIHB

Cpx + b, —AyN,, =0,p € B,NA
mae emummit poss’mox x™(1,) = A,a™ +

MW 1714 i i -
d™’. TlincTaBuBIIM HOro B PIBHAHHA Y, ¢ Pl Xp
pw = 0, oTpuMaemo:

Ap +

WEW peP;,NA

X, =
P
Cp

Py, NA Pwna

Pywna

OueBH/IHO, 1[0 BOHA Ma€ MHOYKHHY PO3B’S3KiB,
SKUM BiamoBizae MHokuHa BekTOpiB {(x,7)p} i
ynciio Gp((x,7)p) — 3HaYEHHS TLOBOT (YHKIIII.
BigmoBigHo, po3s’s3koM 3amaui  (13) Oyzde
arg mAin Gpa((x,7)p) .
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Cpx + by — AN,

Cox + by — ANy, —p, =0,x, =0,p € B,N(P\4),
cp®p + by — ANy,

b, — AwNy, — p, = 0,p € Py N(P\ A),

) pr—pwzo,wEW,

o o= Al

Z Xp = Pw — Z (lwaéw) + déw)),w EW,

X, X,X,U,
pEPNA p
=0,p € B,NA,
=0,p € P N4,

(14)

Ay =20,WweW,

x, = 0,p € PN(P\ A),
1, =0,p € PN4,

\ X, =0,p€P.

Z Xp = Pw — Z Apa™ + dW)

Py, NA PyNA

ITo3HayuBIIN BEKTOP X = (xp,p € P*)
BEKTOPOM KEPYBaHHS, BKa3aBIIIH, IO BEKTOP [, HE
BIUIMBAE  HAa  PO3B’SI30K 1  BUKOHABIIN
nepeTBOpeHHs], aHanoriydi (9°), MU OTpHUMaemMo
3a/avqy onrtuMizamii omykioi GpyHKIIIi Ha OMyKJIii
MHOKHHI:

—min

CpXp XA

( xM(4,) = 4,a™ +d™, P4,
by, — ANy,

0,p € B, NA,

(15)

X Aw =0,wew,
xp, =2 0,p € PN(P\ A),
Ay < min{bp|p € PwﬂA}’

Pw — Z (Awaéw) + déw)) >0,

\ X, =0,p€P.

BucHoBku

B crarti po3misHYTO 3ajady ONTHMI3aLii
TPaHCIOPTHUX TOTOKIB Ha NPUKIALl Moeni
Bekmana. [i 3BemeHo 0 3ajaui  JBOPiBHEBOI
OINTHMI3allii, @ TAKOXK JOCIIKEHO Ti I OKPEMOTO
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BUMAAKY, Konu (YyHKUIi BUIIAT JiHIAHI 3a
3HAYEeHHSIMH MOTOKIB.

3agada omTuUMI3amii TPAHCIOPTHUX ITOTOKIB
Ma€ BUCOKY OOUHCITIOBaIbHY CKIaaHiCTh. HaBiTh B
HalimpocTimoMy BUMAnKy, e (yHKLii BUTpar €
NiHiffHAME, BOHa po30mBaeThes Ha 2V 3amau
omykjoi omruMizamii, ae N — KUTBKICTB
MapIiipyTiB, a BpPaxOBYIOUYH, IO KIiJBKICTbh
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MapLIpyTiB TEK 3pOCTAE EKCIIOHEHIIITHO 3 pOCTOM
MicTa, mpobjieMH 3 OOYUCICHHSM BWHHKAIOThH
JIOCHUTH IIBHIKO.

HAns  momonanHs wiel mpobieMH MOXKHA
HAKJIacTH OOMEKEHHS Ha KiNbKICTh MapUIpyTiB
JUIST KOXKHOI TapH CTIK-BHUTIK a00 BHKOPHCTATH
MOJIeTb, BiIMIHHY BiJ Mojerni bekmana.
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Statistical correction of test results

CTaTuCTMYHe KOperyBaHHA pe3y/ibTaTiB

TecTiB

KuiBcbKUi Hau'iOHa_anmﬁ yHiBepCVITeT iMeHi Taras She-VChenkO National University of KyiV,
Tapaca LllesueHka, 83000, M. Kuig, np-t. | 83000, Kyiv, Glushkova st., 4d,

nyLuKoBa 44, e-mail: sharapov@unicyb.kiev.ua.

e-mail: sharapov@unicyb.kiev.ua.

B cTaTTi po3rnagaeTbcs CTATUCTUYHE OLIHIOBAHHA KifbKOCTI TWX NMUTaHb TeCcTiB, Ha AKi 6yno
CBIAOMO [aHO npaBwnbHi BIANOBIAl. Tako>XX MNPOMOHYETLCA HOBWIA MigXid A0 TecTyBaHHS, 3a AKOro
ONUTYBaHWIA MO>KE SIBHO BKa3dyBaTW Ha CBOE He3HaHHA BiAnosifi. Moka3aHo, Lo 3anponoHOBaHUI Nigxig He
3MIHIOE KiflbKiCHe 3HAYeHHsi CTaTWUCTWYHOI OUiHKW, ane [03BONSE BBECTW A0 PO3rnsgy SKICHO HOBI
MOKAa3HWKMN OLiHIOBAHHSA 3HaHb.

Knoyosi cnosa: oOuiHIOBaHHA TeCcTiB, CBiAOMI BiAnoBigi, CTaTUCTWUYHE KOPEryBaHHs, HOBI MOKa3HUKM
AKOCTI 3HaHb.

Here we consider a statistical estimation of a number of consciously given correct answers during
testing. If a testee doesn’t know a correct answer in the test then he can try to guess the correct variant. The
intuitive approach can be used to estimate the number of non-guessed correct answers while statistical
approach can be used too. Furthermore, the statistical approach gives a higher estimated grade. A new
approach to testing is considered as well. Under new conditions a student has opportunity to mark the
guestion as unbeknown without trying to guess the correct answer. It is shown that new method doesn’t
change the estimation of consciously given correct answers under statistical approach but makes it possible
to introduce new ratings for knowledge estimation. Moreover, the introduced sub-indicator of knowledge
strength makes it possible to build new grades, estimation and indicators using the described technique.

Key Words: tests assessment, consciously given correct answers, statistical correction, new ratings for
knowledge estimation.

CraTTio npeAcTaBuB 4. T. H., npodecop MapatleHko .1

to obtain the SL over some standard scale then
the SCTR is needed.

There are many different kinds of tests and we
will start with the simplest ones when test
consists questions under three conditions:

All questions have the same difficulty
level.

The main questions we are going to deal with
are “What is statistical correction of test results
(SCTR)?” and “Why/when do we need it?”. Well,
the SCTR is a method (algorithm) to make test
results (TR) closer to a real skill level (SL) of a
student (testee) because sometimes TR and SL can (i)
differ seriously. So we do need SCTR to decrease

(B)

this difference. Suppose the test consists of 40 (i) All guestions have the same number of
guestions with 4 variants of answer each while variants of answer.
student gave 28 correct answers and 12 incorrect (iii)  All variants of answers have the same

ones. It is logically to suppose that he guessed some
answers when he didn’t know the right answer. So,

(equal) probability to be guessed.
Under conditions (i)-(iii) it is easy to generalize

the real result should be 24 instead of 28.
The aspects that should be taken onto account:
(A) The purpose of test.
(B) The kind of the test.
(A) If the purpose is just a ranking then we do not
need a SCTR because it will not change the
result (ranks of students). But if the purpose is

© M.M. LWapanos, 2015

the result of mentioned example: if test consists of
N questions with n>1 variants of answer each
while student gave C correct answers and |
incorrect ones (1 + C = N ) then the corrected result
should be X =C—-Y where Y is a number of
guessed answers. Well, X <C means that the
corrected result supposed to be less or equal to C.

199



BicH1K KniBCbKOro HaLioHanbHOro yHiBepeUTeTY
imeHi Tapaca LLleByeHka
Cepis (pisko-MaTeMaTUUHI HayKu

We state that X could be obtained (estimated) as
follows

Cn_N,ﬂ<CSN
Xp=f "M ®
0, c<N
n
AX
N
[ ]
[ ]
[ ]
[ ]
[ ]
01  N/n N c

In troth, the average number of guessed answers

should be Y =u (each n-th of all unknown
n

ones) and X =C-Y =C—ﬂ+£ yield (1). By the
n n

way, the case X =0 [C sﬁj means that
n

unfortunately student couldn’t even guess the
sufficient answers.

Now let’s try to use common probabilistic
approach to obtain the desired estimation for X . Let

P(C | X) be a probability to give C correct answers
while X of them have been guessed (C > X ). Then

P(C|X)=P{guessedY —C - X of N - X} =
:CL7X py (1_ p)N*X*Y

is nothing but binomial probability where p =l isa
n

I
probability of success and C;’:L is a
bl(a—b)!
binomial coefficient. In order to obtain the
argmaximum (X ) for P(C|X) we’ll deal with the

inequality

P(CIX+1) ~ N-C 1 )
P(CIX) (N=-X)1-p)
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because for the corresponding values of X
P(C|X +1)>=P(C|X). Inequality (2) has a plane

solution X SCn—N so the desired argmaximum
(see the numerator of LHS at (2)) is
X +1= Cn _1N +1. So, we get the estimation
n_
cn-N_ o Nocen
Xp=X,+1=y "L T )
0, C<—
n

and it differs from (1). Why? What’s the problem?
Well, let’s try to substitute X, into (2) and we’ll see
that

P(CIX;+1) _ N-C 1
P(CIXg) (N=X)@-p)

Cn—-N
n-1

and

This equality means that both X, =
~Cn-N

Xo=X,+1 +1 give the same maximum

for P(C|X). SCTR decreases amount of earned

points so it’ll be honestly to deal with X, instead of
X,. For example, if N=12, n=4, C=6 then
X, =4 but we’ll propose X, =5 instead (we’re
going to steal only one point instead of two).

The next interesting idea is to add to every
question one more variant of answer — “I don’t
know” (IDK). Well, the testee can be honest
(choosing IDK every time he doesn’t know the
correct answer) or can try to guess the correct answer
anyway.

If the testee is honest then we have N
questions with n+1 variants of answer each (n real
variants and IDK one), the probability to guess is

p =1 (when the honest testee really thinks that he
n

knows the correct answer while he doesn’t), C isa
number of given correct answers, D is a number of
IDK answers, X is a number of questions when
testee really knew the correct answer, Y — the
number of guessed correct answers (when the honest
testee really thought that he knew the correct answer
while he didn’t). C=X+Y . Well, this Y is the
same one we used at the beginning, so the SCTR will
be
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Cn—-(N-D N-D N -D
(1 )+1, <C<N-D Ce{ iN—-D|.
n-— n n
X, = N_D (4)
0, 0<Cx< - Second, SIKS k depends upon D - the greater

The number C in (4) differs from C in (3) because
N-D-X
—
numerical values of X; and X, are the same
because of

now C=X+Y and Y= But the

N-D-X
n

C=X+Y=X+

that is Chn+D=N - X doesn’t depend upon D;
SCTR doesn’t depend upon chosen schema or
testee’s honesty because (4) turns into (3) when
D=0). Eg. n=4, testee knew 40 questions,
mistakenly assumed he knew 40 questions and didn’t

know 20 questions (N =100). Then in case of (3)

60 554 -100
—_—

we have C:4O+T:55' Xo = 1=41.

40

And in case of (4) C:4O+T:50 and

X, +1=41. So, if the testee is

_ 504 (100 - 20)
3

dishonest, will he get the same statistical result? In
statistical sense the answer is positive but
unfortunately sometimes he will get an even better
result just guessing correct answers.

In order to remedy the situation we introduce a
new sub-indicator of knowledge strength (SIKS)
in case of IDK-test

Xl
N-D
fé”l)((NN_[Q)’ N;D<CSN_D
= N_D (5)
0, 0<C< ;

It is time to explain why we reduced the

. . . X
numerator. Wasn’t it logical to deal with N 1D ?

Well, it was. But we’re not going to obtain a new
SCTR, we’re going to introduce SIKS with comfy
properties.

First, k €[0;1] monotonically while

D, the greater k . Third, no matter what kind of user
we have — a cheater or just an unsure one — SIKS k
will describe the strength of his knowledge. Under
conditions of mentioned example in case of (3) we
have

_Xo 40 g4
N 100
while in case (4)
:X1—1: 41-1 05,
N-D 100-20

In practice it will be useful and interesting to
include in IDK-test several questions without
corrects answers (dead question) and analyze
student’s choice. For example it is interesting to
investigate the correlation between SIKS k and
answer to the dead question.

One more interesting question is how SIKS k
depends on the level of honesty. Obviously, the
testee can behave honesty with some probability
pel0;1]. p=0 means the dishonest behaviour

(trying to guess correct answer by all means), p=1

means the honest behaviour (choosing IDK in
appropriate cases). Let a be a part of those episodes
when student erroneously supposes that he knows
the correct answer, in other words

N=X+a(N-X)+@-a)(N-X) where student
really knows X questions and really doesn’t know
(1-a)(N—-X) ones. Then he will guess
approximately

_a(N-X) @-a)N-X)(1-p)
o n

_ (N-X)(a +(1-a)(1-p))

Y

correct answers. If he knows the formula (4) he will
try to maximize the value of
Cn+D=C(p)n+D(p)— max but he’ll not be able

to because

C(p)n+D(p)=(X+Y)n+(1-a)(N-X)p=

=Xn+(N-X)(a+(1-a)(1- p))+
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+(1-a)(N=-X)p=X(n-1)+N

doesn’t depend upon p. Well, this effect we saw

earlier — the honesty doesn’t affect the estimated
grade. On the other hand, the honesty affects the
SIKS k. Really, according to independency X, of

p we obtain

X, -1 _ X, -1
N-D(p) N-(@-a)(N-X)p

k=k(p)=

This means that honesty is a good strategy to
increase the SIKS k though if a —1 the honesty
loses its effect: if one cannot distinguish white from
black no matter how honest he is. And on the
contrary, if a — 0 (and may be in addition X —0
in sense of first line at (4)) then honesty affects SIKS
k strongly. Eg. N=40, n=4, a=0, X=2.
Then

D=D(p)=(-a)(N - X)p=38p,
C=C(p)=X +Y(p)=

—X 4 (1-a)(N ; X)(1- p) os 38(14— p)’
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:M+l:
n
_8+338(L- p3)—40+38p 13

X

1

(here is our bonus grade — compare X, =3 Vs
X =2).
X, —
k=k(p)

-1 2 [1 _ }
= = (S _,1 .
N-D(p) 40-38p |20

Well, the effect is rather great: k.. =k(p) =2—10 and

K..x =K(@) =1 (the biggest possible value for SIKS
k).

Well, we have introduced so-called point
estimation while interval estimation can be examined
too. The standard confidence interval seems to have
a doubtful practical value but it will be usefully to
obtain the estimate that could be guaranteed (like
“not less than” or “not more than) with some given
probability. This can be done both in cases with IDK
variant and without it. Some kinds of confidence
intervals can be built for SIKS too. The described
technique splits up quantitative and qualitative
grades but makes it possible to obtain new grades
and ratings as functions of introduced estimates (3),
(4) and (5).
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Jlosipui enincoiou ma cghepu maromv wupoke 3aCMOCY6AnHA Y CYYACHOMY MAWUHHOMY Hasuyanui. Ix
BUKOPUCTNOBYIOMb 0/1 06A2AMOBUMIPHO20 PAHICYBAHHS, 3HAXOONCEHHS MeOIaHU, 3HAX0ONCEHH SUKUII8 ma
OYIHKU K8AHMUNIE nesHux pienie. Ha cb0200Hi icHye uumano aneopummis, wo 6UKOPUCMOBYIOMb eaincoiou
ma cghepu. 30Kkpema maxa KOHCMPYKYIA AK enincoio MiHIMAIbHO20 00 €My, WO MICTUMb OaHy MHOICUHY
MOYOK BUKOPUCOBYEMbCS Ol N0OYO08U Kiacugikamopa, wo obmexcye obracme exionux oanux (gap-
tolerant classifier). IlJe oonum npuxkiadom € 3acmocysanus cgep 051 GUAGNEHHS SUKUOLE, 3ANPONOHOBANE
Taxcom ma [yiinom. Binvwicme iCHYIOUUX al2Opummie Maiomv CMAMUCIMUYHY Hpupody abo ¢ ix
cmeopenns Oy10 noe’s3ame 3 WUPOKOGIOOMUM MEMoOOM ONOpHUX eekmopis. Ix ocmosnoro memoio €
nobyoogea cmpykmypu, sika O sikomoea wiivHiute micmuna abo i00inana mpenyeanvhi oami. Icnye dosipuuii
enincoio, 3anpononosanuii F0. 1. Iemyninum. Hozo 201061010 nepesazoio € gidomuii pigens snavywocmi. Y
pobomi  3anponoHo8aHo HOBGUL anzopumm nobyodosu enincoioa Ilemynina. OpucinanbHutli aneopum,
3anpONOHOBAHUL ABIMOPOM, 8ANCKO 3ACMOCO8Y8AMU Y NRPOCMOpax i3 po3mipuicmio Oinvwioio 3a mpu. /lana
pobomu micmums MOOUPIKayito BUXIOHO20 ANCOPUMMY, WO 00380J5€ AeeKo bydysamu 008IpUUll enincoio
Ilemynina y 008inbHUX NRPOCMOPAX CKIHYEHHOI PO3MIDHOCTII.

Kouosi cnosa: 0osipui enincoiou, baeamosumiptie paudicy8anHs OaHux, Kiacupixayis

Confidence ellipsoids and spheres have wide application in modern machine learning. They can be used
for multivariate ranking, determining median, detecting outliers, determining quantile of prescribed level,
resolving uncertainties etc. A lot of algorithms that use ellipsoids and spheres have been introduced. Such
construction as minimum volume enclosing ellipsoid is used to build gap-tolerant classifier. Another
example is support vector data description introduced by Tax and Duin that uses a hypersphere to detect
outliers. Most of existing algorithm have statistical origin or were inspired by well-known support vector
machine algorithm. Their purpose is to build a structure that tightly contains or separates training data.
There exists a confidence ellipsoid introduced by Y. I. Petunin. Its main advantage is known confidence level.
In this article we introduce a new algorithm of Petunin ellipsoid construction. The original algorithm has
some constraints in its application for finite-dimensional space whose dimension is higher than three. This
article contains a modification of the algorithm that allows easy construction of Petunin ellipsoid
construction in any finite-dimensional space.

Key Words: confidence ellipsoids, data-ranking, classification

CraTTiO IpeacTaBuB A.¢.-M.H., npod. byit /.b.

wracudikanii  (one-class  classification), To0TO
Beryn 3aJlaya BiICIFOBAaHHSI aHOMAJIBHUX 00’ €kTiB. OQHUM 3
HAUMOMyJSIPHIIIMX METOAIB Kiacudikamii € MeTox
ONoOpHUX BekTopiB (support vector machine) [1]. Bin
OyAye TINEPIUVIONIMHA Y TMPOCTOpPi O3HAK, IO
3a0e3MeuyoTh HaOUIbIly MHUPUHY HTPOMIKKY, IO
posninse 00’ekTH TpeHyBasbHOI BuOipku. CBO€IO
MOMYJISIPHICTIO METOJ, OMOPHUX BEKTOPIB 3aBASUYE

MamuHHe HaBYaHHS CHOTOJHI JAWHAMIYHO
po3BuBaeThcs.  Lle  3yMOBIEHO  MOXJIMBICTIO
HAKONMUYyBaTH Ta 30epiraté BeiuKi 00’eMH JaHUX.
OpHi€l0 3 aKTyalbHUX 3a/a4 MAIIMHHOTO HABYAHHS
€ 3amada knacudikamii.  3okpema  Habupae
MOMYJSPHOCTI Tak 3BaHa 3aJavya OJHOKIACOBOI

© M. II. Illnukos, 2015
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BiJHOCHI mpocToTi. 3amaya onTHMI3awii, 1o OpuriHaibHUH  anroOpuUTM, 3apPONOHOBAHUI

JeXUTh B HOro OCHOBi, 3BOOUTHCA OO 3ajadi
KBaJpaTHYHOTO MPOrpaMyBaHHS.

Meron ONOpPHHMX BEKTOpiB OyIye «IIpocTy»
NiHiHY ToBepxHI0. ChOromHi 3poOJICHO YHMAIo
cnpob ycknaaHuTu ¢Gopmy wiei mosepxHi. Tak y
podorax [2] Ta [8] posrasmaroTecs MeroaH
BiJICIFOBaHHS BHKHJIIB 32 JIOMIOMOror chep. ABTopu
Ha3BalM CBid amroput™m Support vector data
description uyepe3 ioro MOAIOHICTH J0 METOLY
OMOpHUX BEKTOpiB. OCHOBHOIO 1iI€I0 METOOYy €
nmo0OymoBa cepr HaWMEHIIOro 00’ €My, IO MiCTHIIA
0 yci TOYKHM, IO BiAMIYEHI S TOYKU 3aJaHOI
MHOXHHU. [Ipu npoMy yci TpeHyBajbHi 00’ €KTH, 110

€ BHUKHJAaMH, MAalOTh  3HAXOIUTUCH  330BHI
noOyznoBaHoi chepu.
e OJTHIEFO LIUPOKO 3aCTOCOBHOIO

KOHCTPYKII€IO € eNIcoig MiHIMaIbHOTo 00’ €My, 1110
MICTHTh JTaHy MHOXHHY Todok (Minimum volume
enclosing ellipsoid). V [6] mociimkeHo WMOBIpHICTB
TOrO, MO O0’€KT, KWW Mae OyTH BiIHECEHHI IO
MHOXHHH, OyAe HEBIpHO KiIacH(piKOBaHUN TaHUM
emincoigom. Ille omHMM  3acToCyBaHHSM €
oOMEXKEeHHsT 00JacTi, B SAKil JIexath gaHi. Y poOoTi
[7] enincoin miHiMambHOTO 00’€MY 3aCTOCOBYETHCS
pa3oM i3 METOJIOM OIMOPHUX BEKTOPIB VIS MOOYI0BH
Tak 3BaHoro gap-tolerant classifier.

Bzarami  3acrocyBaHHS ~ eNINCOINIB  JIyKe
HIMPOKE: 1X BUKOPHUCTOBYIOTH sl OLIHKK MEZiaHH,
OLIHKM KBAaHTHJIB IMEBHUX PIBHIB a TaKoX IS
noOyZOBH 0araTOBUMIPHOTO DPaHXYBaHHS JaHUX.
ABTOopu pobotn [5] TPOMOHYIOTH  ANTOPUTM
noOyZOBM emincoina 3 HaMEHIIUM eQeKTHBHUM
pamiycom (least effective radius) na ocHOBI
KoBapiallifHOi MaTpuli OTPUMaHHX JaHUX Ta
3aCTOCOBYIOTH HOro [isi BHSBICHHS BUKUIIB Yy
0e3pOoTOoBii ceHCOpHIN Mepexki. 30KkpeMa LiKaBoIo €
npoleaypa OHOBJICHHA KoBapialiHOI MaTpuii Ta
Mepexoy IO HOBOT'O EIIIICcoina Ha OCHOBI TaHUX, IO
HAAXOASTE.

Icnye aJrOpUTM, 3alpONOHOBAaHUI
10. I Tleryninnm Ta HaBeneHuit y podorax [3] Ta [4],
SIKHI J03BOJISIE TOOYyBaTH ENIMCOiA, 10 MiCTUThH

3aJaHy MHOXHHY 00’ekTiB. Crmoyatky BiH
po3risiaaBcs K HaOJIMKCHHS emincoina
MiHIMaJgpHOr0 00’eMy, TpoTe mi3Hime Oy’no

BHSIBJICHO, WO JaHWW emirncoin Mae (ikcoBaHy

HMOBIPHICTh TONAJaHHS B HBOTO, fKa 3AJICKUTH

Jmie Big 00’eMy BHOIpKH, 3a SIKOIO Horo OyayBanu:
n

n+1
emirncoina Ha JaHWH MOMEHT € OaratoBUMIpHE
pamkyBanHs nanux ([3]) Ta enintuynnit nimiar ([4]).

OCHOBHUMU 34CTOCYBaHHAMU JaHOoro

1O. I. IleryninuM, Ma€ CYTTEBHUH HEHONIK: HOro
Ba)KKO 3aCTOCOBYBATH Y MPOCTOpax i3 poO3MIpHICTIO
OLIBILIONO 32 TPH.

Meroo pmaHoi poOOTH €  3amMpONOHYBATH
MO (IKAIiF0 BUXIJHOTO QJITOPUTMY, IO JO3BOJISE
OymyBatu emincoig Ilerynina y mpocropax
JOBUIBHOT CKIHYEHHOI PO3MIpHOCTI. ACHMITOTHYHA
CKJIaIHICTh MOAM(]IKOBAHOTO aNTOpUTMY CIIIBIAAAE
31 CKJIaJHICTIO OPHUTiHATBHOTO.

CtpykTypa cTaTrTi € HacTymHowo. Y Ipyrid
YacTUHI MU HaBEIEMO OPHTIHAJBHHUA ajJropuTM Ta
BKakeMO Horo Henomiku. Tpers dactuHa Oyne
npucBsdeHa moauikanii ganoro aiaropurmy. [lami
Oyze OLIHEHO CKIAHICTh OTPUMAHOTO AJITOPUTMY Ti
HaBEICHO MOro MOPIBHAHHA 3 BUXITHHUM.

Eaxincoin Ierynina

VY gaHii YacTMHI MM HaBEAEMO aJrOPUTM
nobynosu enincoina Ilerynina. Sk i B podorax [3]
Ta [4] mist HaoYHOCTI ONMUIIEMO MOOYJOBY CIIOYATKY
juts Ipoctopy R, a motiM copMyTI0eMo 3araabHuit
QITOPUTM JUIA JOBUIBHOTO CKiHYEHHOBHMIPHOTO
npoctopy. OTke, Hexaili MH MaeMo Habip TOYOK

npocropy R™ (mosnaunmo iioro M, = {)?1, oy )?n} ).
Bunagoxk m=2. 3HaiizeMo miaMeTp MHOXHHHU
M,. Hexall Horo BH3HA4YalOThb TOYKU (Xk,yk) 1
(X, , y,) . IlpoBenemo yepe3 TOUKU (Xk,yk) i (X| , y,)
npsMmy L. 3HalizeMo BepIIMHM OIYKJIOI OOONOHKH
(Xr,yr) i (Xq,yq), [0 € HaHBIIJAICHIIIUMU BiJ
npsmoi L Ta nexare mo pi3HI CTOPOHM BiA He.

IpoBenemo yepes Touku (X, Y, ) i (Xq,yq) npsami

L i Ly, mapanenshi no L. Yepes Toukn (X, Yy ) i

(X| VY ) L, 1 Ly,
neprneHaukymnsapui go L. Ileperun mpamux Ly, L,

Oynyemo  1Bi  mpsiMi

L; i L, yTBOpIOIOTH HPSMOKYTHHK, CTOPOHH SIKOTO

MaroTh JOBXKHHHM a 1 b (Hexal, JIsS BU3HAYEHOCTI,
a<b). 3mificHHUMO TIOBOPOT Ta MEPEHOC CHCTEMH
KOOpAWHAT, TaKk MO0 JiBUA HWXKHIA  KyT
MPSIMOKYTHHKa OyB pO3TAIIOBaHWI HA TOYATKY
HOBOI cucteMu koopauHat 3 ocsimu Ox' 1 Oy', a

Toukd (X, Y1), (X2,¥2), -
Touk (X, Y1), (X5,Y5),

CTHUCKAHHS aOCIHC YCIX TOYOK (Xl', yl') , (Xé , yé) N

\ (Xn,yn) NEPENIIIN B

. (X, Yn). Bukonaemo

’ 2 .. _ a .
(Xn,yn) 3 Koe(ilieHTOM oc—E 1 O#EepXKUMO

TOYOK (ocxl',yl'), (ocxé,yé), s

CYKYIIHICTb
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(ocx{],yr']), o Jexatrbh y KBaapati S. 3Haiiaemo
LEHTP (X('),y(')) KBajJpaTa S H OOUMCIMMO BiICTaHi
BiJl HBOTO JO KOXHOi TOYKU K,Ty,...,I,,. 3Hailnemo
HaiiolapIIe unciao R = max(rl, Y rn) . [Tobymyemo
KOO 3 LEHTPOoM y Touli (X),Yo) 1 pamiycom R,

: ’ ’ ’ ’ ’ ’
(Yeitoukn (axg, ;). (aX5,¥5), ..., (ax;,yy) Temep
JIeKaTh BCEPEMUHI I[LOTO KOJa.) 3aCTOCOBYEMO M0
IOTO KOJa OMepallito PO3TATYBaHHS Y3/I0BX OCi

1 .
Oox' 3 p=— 1

o
MEPETBOPEHHS MOBOPOTY 1 MEPEHOCY, OIEPKYHUH
IykaHuid JoBipumii eminc. Jlerko 0auuTH, dTO
CepeHS CKIIaHICTh OO AJTOPUTMY BU3HAYAETHCS
CKJIAQHICTIO MOOYJOBH  OMyKJIoi OOONOHKH 1
nopisroe O(nlgn).

Bunagoxk m>2. 3HaiizeMo miaMeTp MHOXHHHU
M,. Hexait X, 1 X, — 1Bl BepIIUHH, LIO JIEKATh HA

KoedimieHTOM 3BOPOTHI

HpoMy. IIpoBememo wepes X, Ta X, mpamy L.
31iCHUMO TIOBOPOT 1 TIEPEHOC CUCTEMHU KOOPJIMHAT,
Tak o0 giamerp Omykiaoi 0OONIOHKH JIeKaB Ha OCi

Ox;. CropoekTyeMO TOYKM Ha  HIANPOCTIp,
neprneHaukynsapauidi Ox;. Y naHoMy miampocTopi
3aiicHUMO  aHanoriyHi  aii  (moOymoBy — omykioi
000JIOHKH, nepeHoc Ta HIOBOPOT).
[ToBTOpIOBaTMMEMO IaHi KPOKH, JOKH PO3MIPHICTb
HiAPOCTOpY, HA SKUH HEOOXiAHO TPOEKTYBaTH
TOYKH, HE CTaHe piBHOIO omuHuUIi. [licms mporo
no0yayemMo HaliMEeHIIUN MPSMOKYTHHUH
napasenernines, CTOpOHH SIKOTO HamlpsSMIICH B3J0BXK

!

KOOPJMHATHUX BICEH, IO MICTUTh TOYKH Xq,..., Xy -
CrtucHeMO MpOCTip, MEPETBOPIOIOYM MPSIMOKYTHHH
napaieneninen y rinepky06. 3HaiizeMo LeHTp X,
rinepkyba # oOuuciuMo BiAcTaHi I,l,,..,I, BiA
HBOTO OO KOXHOI TOYKH. 3HAWIEMO HanOUIbIIE
grcno R = max(rl,rz,...,rn). [MoOynyemo rimepky:ro
3 IEHTpOM y Touli X, 1paaiycom R 3actocyemo 1o
miel TimepKymi 3BOPOTHI omepauii po3TSAryBaHHS,
MOBOPOTY 1 TEPEHOCY, OACPKYIOUH HEOOXiTHUN
eJITCOiA y BUXITHOMY IPOCTOPI.

OCHOBHMM HEZIONIKOM JAaHOTO QJITOPUTMY €
CKJIAZIHICTBh HOro 3acTocyBaHHs y BUnaaky m>3. Tax
30KpeMa CKJaJHOW € To0yIoBa IOBOPOTY Ha
KOKHOMY Kpouli. Y 3B’S3Ky 3 LHM 3MEHIICHHS
PO3MIPHOCTI ~ MIANPOCTOPY  TakOX  CTBOPIOE
CKJIaJHOIII TpH peaiizamii anroputMy. [IpaxTuune
3aCTOCYBAHHS aJTOPUTMY € 3pyYHHM JIMIIE y TBO- Ta
TPUBUMIPHOMY MTPOCTOPax.

AJIbTepHATHBHHUH aJIrOPHTM

2015, 2
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Y 1wt wactmHi MU Jemo  Moaudikyemo
BUXITHUH alropuTM MOOYAOBH JIOBIPUOro eIincoiia
3 METOI0 MOro 3py4HOro 3acTOCYBaHHS VIS TOYOK
npocropy R"™, m>2. Tlomitmmo, 10 OCHOBHOI
METOI0 aJropuTMy B I[bOMY BHUNAIKy € MoOyaoBa
TAaKoOro JiHIHHOTO MEepPeTBOPEHHS NPOCTOpY, NpHU
SAKOMY 00paHi Ha KO)KHOMY KpOIIi AiaMeTpH MHOXHH
(abo 1x omykaMX 00OJIOHOK) OyayTh MapajelbHUMH
IO BEKTOpiB Oaszucy mpocropy. Ilicis mporo Bce
3BOAUTHCA 0 MPOCTOTO CTUCKAHHS Ta 3HAXOKEHHS
HaHOUTBII BiIANICHOT BiJ] IICHTPY TOYKH.

Hamioto OCHOBHOIO METOI0 € YiTKO OIUCATH
mo0yIoBy 3a3HAaYEHOT0 BHILIC JHIHHOTO
MepeTBOpeHHs. YIBIMO, 110 B TpoLeci HoOyI0BH MU
Ha KO)XKHOMY KpOLi HE BHKOHYBAJIM TOBOPOTH, a
MPOCTO TPOEKTYBaJM Ta 3CyBaJd Halli BEKTOPH.
Toni B KiHII HaMm BiZOMi yCi BEKTOpW JiaMeTpiB
OIyKJIUX OOONOHOK. 3 MOOYIOBM OUYEBUAHO, IO
BOHH YTBOPIOIOTb OPTOTOHAJIBHY CHCTEMY BEKTOPIB.

Hopmyemo i Ta moznauumMo Bm ={a1, az,..., am}.

[licns 1pOro HamuM 3aBOAHHSAM € 3HAUTH
VHITapHE IMEPEeTBOPEHHS MPOCTOpPY, 3a SKOro JaHa
OPTOHOPMOBaHa CHCTEMa BEKTOpIB CTaHE 0a3MCOM.
L5 3amada crae TpHUBiaNbHOIO, SKIIO BPaxyBaTH, IO
npu 00epHEHOMY MEepPEeTBOPEHHI 00pa3zamMu 0a3HuCHUX
BEKTOPIiB OyqyTh BEKTOpHM Hamoi cucremu B, .

ToOto daxkTryHO HaM BigOMa MaTpULs 0OEPHEHOTO
MepEeTBOPEHHS:
-1 g g g
U™ =(ai|az]...|am)
abo x
Z 13 2 \1
U=(ai]az]...|]am)

Ha upomy kpori ayxe 3pyanum € te, mo U —
yHitapumit  omepatop, a Tomy U T=U".
HacrymHuM KpOKOM [0 CHpOIIEHHS IpOLecy
peamizamii Hamoro anroput™my Oyae MoauQikaris
Mepexoay A0 MiAMpPOCTOPY MEHIIOI PO3MIPHOCTI.
Hamoro wmeroro Tyr € 3pobutm Tak, 100 3CyB
npocropy OyB omHuM. Jlns LBOro PO3ISHEMO
nepmii kpok anroputMmy. Hexalt Mu 3Haimmm
BEKTOpPH JiaMeTpa ONyKJIoi OOOJOHKM  HAIIoi

MHO)KMHH TOYOK (IO3HAUMMO iX Xk Ta Xi). Skmio
He poOHTH MOBOPOT Ta 3CYyB, HA MEPIIOMY KpOLI HaM
HEOOXiZHO CIpPOEKTYBAaTH HAalll TOYKH Ha JIHIMHHUI

muoropun Xk +L, me L — oproronansue

JONTOBHEHHS NPAMOi, BU3HAYEHOI BEKTOPOM Xk — X .
@DaKkTUYHO 1€ TINEepIUIOUINHA, IO MPOXOAUTH Yepes3

X, Ta oproroHampHa 10 Xk —Xi. IlozHaunmo

TOYKH, OTpuUMaHi micins MPOEKTYBAaHHS

M® ={x® i=1n-1}. 3ayBakumo, mo KimbKicTs

piBHI/IX TOYOK IIICHS MMPOCKTYBAaHHA 3MCHIIUTLCA Ha
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o7iHy, 00 3a MOOYI0BOIO IIPOEKIIIEIO TOYKKU X, Oyze

X . Ilokaxkemo, moO 11 HOAANBIIMX KPOKIB MH

MOXEMO HE MEPEeXOAUTH A0 MiANPOCTOPIB MEHIIO]
po3MipHOCTi. 3aMicTh [BOrO HaM JOCTaTHHO Ha
KO)KHOMY KpOILli BHUKOHYBaTH IIPOCKTYBaHHS Ha
JMHIAHUA ~ MHOTOBHJ,  HIiANPOCTIp  SIKOrO €
TiMeprUIOMMHOI0, OPTOTOHAJIBHOIO 10  BEKTOpa
niaMeTpy omykiaoi MHOXMHH. Hexail Ha peskoMmy

. K G i1 L
xpouti Mu maemo muoxury M ® ={x® i=1n-k}
BekTopiB mpocropy R", mo HanmexaTth JiHIHHOMY
MHOTOBUAY Y+L;, PO3MIpPHICTH SIKOro JOPIBHIOE P.
[lpumycTUMO TakoXX, L0 MH 3HAWILIM BEKTOP
miaMeTpy JTaHOi MHOXWHHA 1 BiH  JIOPIBHIOE
g (K) _ (k)
PR A
OPTOTrOHANBHY O LBOrO BeKTOpa. i piBHSAHHS Mae
BUTJISIL

PosrnsiHeMo Temep  TimepIUIONIMHY,

()-(" X'I(k) _ )-('t(k)) — ()-('t(k), )-('I(k) _ )-('t(k))

[Ipy 1BOMY TIIPOEKIis TOYKM HA JaHY
TiNepIIOIMHY MA€ BUTIIA
g g(k) _ g(k) g(k) k)  gk)
. X, X = — X — .
PX = % — (X, % X)) = (X | X:) (Xl(k) _

EREEE
Ockinbku )?t(k) nexutb B L, T0 Y+ L = )?l(k) +L.
Tomy sKIo )?E;(t(k) +L,, 10 )?:;(Ek) +V,¥ely
PR =X-a(X® -x¥)=x +J-a(%® -x¥)

(5(-’ )-('I(k) _ )-('t(k)) _ ()_(t(k)’ )-('I(k) _ )-('t(k))
| %" =% | '

a(X-xNel,, a Tomy

ae o= Takox

MH 3HAa€EMO, IO

_ (k)
PX e Xt +L . IIpu upomy 3a 03HaAYEHHSM MIPOCKL
Px HAJIEKUTh

v v(K) _gk)y _ rgk) k) _ k)
XX =x")= (X", %0 -x"),
JNIHITHUM MHOTOBHJIOM. TOMYy TIpOEKIlii Hamux

TOYOK JIGKATUMYTh Y IIEPETHHI MABOX JIHIHHHX
MHOTOBHU/IIB, NPUYOMY Halla TiNEpIUIONIMHA €

rinepIuIommHi

JKa TOK €

JIHIKHUM MHOTOBHUJIOM )?t(k)+ Lz’ e L2 — 1e

miampoctip  posmipHocti mM-1.  IlepermH mux

JIHIAHUX MHOTOBUIIB MAa€ BUIJISAI )?t(k) +L L,
IIpu mpomy ockibku X' — X oproromamsHuii 10
L,, to L +L,=R"™. 3anumemo tenep popmymny
I'pacmana, mo06 3HalTH posmipuicts L ML, :
m=m-1+p-dimL NL,
3BIAKU

dimL NnL,=p-1
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3 ypaxyBaHHSIM LBOIO MU Ha KOXXHOMY KpOIi
MOXXEMO BUKOHYBaTH MPOEKLil0 Ha TiMEepPIUIOUIMHY
NEpIeHINKYISIPHY ~ BEKTOpY  JiaMmerpa, 10
MPOXOJUTh Yepe3 OJHY 3 TOUOK IIbOro AiaMerpa.

I[lpy upoMy HacmpaBmi Ha KOXHOMY KpoIi
PO3MIpHICTH MHOTOBHZA, Y SKOMY JIEKAaTUMYTb
TOYKH, 3MEHIIyBaTHUMEThcsi. B opuriHaabHOMY

QIrOpUTMI  IIe Tepexil 0 MiAmpocTopy, IO
NEpNeHINKYISIPHUM ~ 4eproBii  oci  KOOpIMHAT,
OTpPHUMAHiH MiCIIst TOBOPOTY.

TakuM 4YMHOM Yy WiACYMKY Hall ajJrOpUTM
HaOyBa€ BUTIISIY:

Bxioni dani: M, ={)71,...,Xn}
Aneopumm
1. M9«M, B=3k=0;

2. Jloxu k < m—1 Bukonysaru:
(k) 2K

—(k
2.1.3maiitn X Ta X

TOYKH,

E

1o

. k
BHU3HAYAKOTh J1aMCTP MHOKUHU M r(1

gk k)
22.B« By X __L.
- 0 _ @[
%) 1% =% |
2.3. Mékﬂ) <~ PLMr(]k) , nme L 1e
rinepruionMHa,  BH3HA4Ye€HAa  PIBHAHHAM
()-(' X'I(k) _ )-('t(k)) — ()-('t(k) )-('I(k) _ )-('t(k)) .
24. Kk <k +1;

3. CdopmyBatn MaTtpunio U, croBmIuKamu SKoi €
BEKTOpU MHOXHHHU B;

4. M, «<U'M_;

5. 3HaiiTh  MiHIMaJBHMHA  mapaneneminex  3i
CTOPOHAMH, HaIpsIMICHUMHU B3JIOBK
KOOpAMHATHUX OCEeH, IO MICTUTh MHOXUHY
I\/I;1 . Hexaii C — 1eHTp 1p0ro napaseserinesa;

6. I[loOymyBaTu mepeTBOpeHHsI S, MO MEPEeBOIUTH
e mapajieneninesn B Kyo;

7. M «<SM , C «SC;

8. R« max{|x—c'||, xeM,};

1 0
1. . .

9. E (—? : A I
0 1

10. E<USTESU", €« Uc;

Buxioni oOawi: E — wMartpunms BUXITHOTO
emincoina, C — 1EHTP.
3acTocyBaHHSI 3alpPOIMIOHOBAHOTO  AJITOPUTMY

MOXJIMBE JIMIIE Y BUMAAKY, KOJIH IIyKaHUH eNiNcoix
iCHye Ta € He BHPOPKEHMM. [HIIMMH clloOBaMU He
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Mae iCHyBaTH MmianpocTopy BuxinaHoro mpocropy R,
10 MiCTUTbH BXiTHY MHO>KHHY TOYOK.

CkiagHicTh

Y nmaHifi YacTHHI MM BBa)XKaTUMEMO OIeparlii
MpOEKTYBaHHs TOYKM Ha adiHHMKA MiAIpoCTip,
JHIAHOT'O TMEPEeTBOPEHHS! MPOCTOPY Ta MOPIBHAHHSA
JIBOX TOYOK €IEeMEHTapHUMH, OCKIITBKH

ACHMIITOTUYHO  HANCKIAJHINIOW YacCTHHOIO
000X aNrOpuTMIB € 3HAaXOMKEHHA JiaMeTpa
CKIHYEHHOT MHOXXHHH TOYOK. KiTbKiCTh omeparfii,
HeoOXiZHAa [UIA TOIIyKy Jiamerpa mepebopom,

n(n-21)

JOpiBHIOE [Ipote neit pesyabTar Moxke

OyTH TIOKpalleHW# s JBO- Ta TPUBUMIPHUX
MPOCTOPIB 32 JIOMOMOTOK)  OMYKIJIOI OOOJOHKH.
MoxHna 1oOyayBath omykity — OOOJNOHKY — Ta
3miicHioBatH  mepebip mo  ii  BepmmHax.
AcCUMNTOTHYHA CKJIANHICTH TakuxX Jid  Oyne

z(z-1)

O(n Ign+T), ne z KUTBKICTh BEpIINH

onyknoi obomoHku. B Haliripmomy BUmazmky
CKJIAJIHICTh 3aJIMIIUTHCSA KBaJIpaTHYHOIO, MPOTE JUIA
OUTbIIOCTI BHMOIPOK KUIBKICTH BEPUIMH OMYKIIOL
OOOJNIOHKH € HE3HAYyHO y TOPIBHAHHI 3 PO3MIpoM
BHOIPKH, TOMY CKJIAJIHICTh JUIS TAKHX BUOIPOK Oyne
O(nlgn). Hdma npocropis R"™, m>3 cknagnicts

anroputmis 6yze O(n?)

IopiBHAHHS Ha MpaKTHI

[TopiBHSHHA aITOPUTMIB POBOAMIOCS ISl IBO-
TpUBHMIipHOro Bumnaaky. OOuzasa aiaroputMu Oyio
peanizoBano MoBolo R. Bbymo 3renmepoano 100
BUOIpOK, KokHa 3 sAkuxX Mictuia mo 200 BekTopis.
Koxxna Bubipka mictuina nmo 100 BekTopiB 3 IBOX
HOPMaJIbHUX po3MoiiB 3 OJTHAKOBUMHU
JiarOHAJIBHUMH MaTpUISIMUA KoBapiauii Ta pisHUMH
BEKTOpaMU MaTeMaTHYHUX CHOAIBaHb. s KOXKHOTO
QITOPUTMY PO3TJISAABCS CyMapHUi 4ac poOOTH Ha
Bcix 100 BubGipkax. IlpuitHsABIIM cymapHHN dac
poOOTH OPUTIHATBLHOTO ANTOPUTMY Y ABOBUMIPHOMY

BUIAJAKy 32 OIMHHULIO, pe3ylIbTaTH  MaroTh
HACTYIHUHN BUTITIAL
Opwurinaneauit | MonudikoBanuit
ITOPUTM ITOPUTM
R’ 1 2,0082
R® 1,9951 2,9404
Tabmuus 1. IlopiBHSHHS Yacy poOOTH
QJITOPUTMIB.
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Chin  3ayBakWTH, IO JIsI TPUBHMIPHOTO
OpOCTOPY  MiC/is  MEpLIIOro  MPOEKTYBaHHS B
OpWTiHANBHOMY alTOpUTMi 3ajada 3BOJUTHCA [0
Bumnaaky m=2. lle o3Hayae, 1m0 micis MOBOPOTY MU
MOXKEMO Ha IUIONIMHI, NepHeHmuKyJspHid, OX
3aCTOCYBAaTH QJITOPUTM JJs BUNAIKy M=2 Ta
noOyAyBaTH ILIyKaHWH OPSAMOKYTHHK, a IOTIM 3a
HUM TNoOyAyBaTH mapanenemninen y mpoctopi. Lle
Oylo BpaxoBaHO TMpU TNPOrpaMHii  peamizamii
OpWUTiHANBHOrO  alNropuTMy. Take CHpPOILEHHS
3MEHIIY€E KiTbKICTh HEOOXiTHHX IOIIYKiB JiaMeTpy
MHOKMHA Ha 1 1 Ham HeoOXxigHO Oyne ix
smiicaroBatd M—1  pasziB. MomudikoBanuit
ITOPUTM TIPH LLOMY BUMArae€ 3/iiiCHIOBATH TOLIYK
JiaMeTpy MHOXHHH M pa3iB. B iHmomy anroputmu
3IIACHIOIOTH momioH1 il Taxum YHUHOM
CHIBBiIHOLIEHHSI MDK 4YacoM po0oTH  JBOX
QITOPUTMIB Ha OJHUX 1 TUX CaMUX BXIJHUX JaHUX

m-1

Mae OyTu ONHU3BKUM 10 , 10 1 BiToOpaXkeHo y

pe3ynbTaTax.

Sx BUIUIMBaE 3 pe3ynbTaTiB IOPIBHIHHSA,
MOIu(]IKOBaHUHI aNrOPUTM Ma€ Iemo OUTbIIMKA Yac
pobotu. Ilpore 3i 30LIBLICHHSM PO3MIPHOCTI
MPOCTOPY JaHa pi3HUIA HiBemoeThes. KpiM Toro, sik
MU  BXKE  Kaszajdd  paHille,  3acTOCYyBaHHS
OpDWUTIHANBHOTO  aJrOpUTMy y  TOPOCTOPHUX 3
PO3MipHicTIO, OUIBIIO 3a 3, € MpoOIeMaTHYHUM Y
3B 513Ky 31 CKJIaJIHICTIO TOOYZOBH MOBOPOTIB

Bucnosku

VY crarri 3ampomoHOBAaHO HOBHH alTOPUTM
noOynoBu emincoiga llerynina. Jlanuii emincoin
3aCTOCOBYETBCS Il OAraTOBHUMIPHOTO PaH)KyBaHHS
Ta MUTIHTY AaHWX JUIS OIIHKKA Memianu. HaBemeHo
CKJIaJHICTh OTPHUMAHOTO aJTOPUTMY Ta MPOBEACHO
MOPIBHSIHHA 3 OpPUTIHAJIBHUM  aJTOPUTMOM.
OcHOBHOIO ~ #Oro  mepeBarord €  JIErKiCTh
3aCTOCYBaHHS IJIsl IPOCTOPIB AOBLIBHOI CKiIHUEHHOT
po3mipHocTi. Hemomikom € gemo Oumbmmii yac
poOOTH MOPIBHSHO 3 OpUTiHAJIHHUM aJTOPUTMOM Ha
mpoctopax posmipHocti 2 1 3. ITlomamprmm
MOKpaIleHHSIM MOIJI0 O CTaTd BIOCKOHAJECHHS
MPOLIECY 3HAXOKEHHS AlaMeTPy MHOKUHH.

lIle oamniero mpobIeMolo, sKa BHHUKAE IIPU
moOyIOBI JTAHOTO EIiINCcoina € JOCATHEHHS Harepen
BU3HAYEHOTO PIiBHA 3HAYymOocTi. 31 3pOCTaHHAM
KUIBKOCT1 TpeHYBaJbHUX AaHUX PiBEHb 3HAYYLIOCTi
3TiIHO IMOBIPHOCTI MOTPAILISHHS JI0 eJincoina Oyue
npsiMyBaTd 10 Hyis. s oTpumanHs, HampHUKIazi,
piBust 3Hauymocti 0,05 HeoOxigHo 19 TpenyBambHUX
To4oK. ToMy moctae nutanss BuOopy uux 19 Touox
TakK, 100 OTPUMAaHUHN ENINCOoiq MiCTHB TPEHYBAJIbHY
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BUOIPKY Ta JOESIKOI0 MIpOI0 BigoOpakaB CYKYIHICTb,
3 sIKOi OYJIO B3TO JaHi.
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Y cmammi nposodumvca nopieHANbHUL AHANZ MONCIUBOCHIEL CYYACHUX NAKEMi8 MamemMamuyHo2o
npoepamysants Onsi 3a0aui HeniHiunoi onmumizayii. OKpeclieHo KOA0 0a308UX HUCETbHUX MemoOi8
onmumizayii poss'szanus HenHiunux 3aday. Ilodaembcsi nepenik ICHYIOUUX ORMUMI3AMOPIE MA MO8
MAMeMamuyHo2o npocpamysantsa. Hagooamvcs OCHOBHI HANPAMKU MOJNCAUBO20 PO3GUMKY ICHYIOUUX
iHCmpyMeHmapiis.

Kniouosi cnosa: anecopumm, po3g’szyeau, mosa anceOpaiuHo20 MOOEN08AHHs, HUCETbHUL Memoo,
HeNIHIUHA ONMUMI3AYIL.

Nonlinear programming problems are in general more difficult to solve than linear programming
problems. Solving nonlinear problems without modern technologies would be complicated and laborious.
Effective application of a particular algorithm for solving a nonlinear constrained optimization problem
primarily depends on the optimization algorithm practical realization quality.

Most frequently used solvers (for solving constrained optimization problems) and algebraic modelling
languages are represented. Point is also made of software packages operational functionality. It is
concluded that there is no universal algorithm for solving nonlinear optimization problem.

An article deals with most common nonlinear optimization problem solvers and methods employed by this
solvers. Numerical methods which are mostly used in mathematical software are the following: GRG
method, interior point method, quasi newton method, branch and bound method, Frank-Wolfe algorithm
(also known as conditional gradient method) and trust region method. Programming languages used to
develop optimization algorithms were also analyzed.

It is also stated that nonlinear systems properties analysis is carried out only within used optimization
method. Therefore, the question of instrumental analysis (especially for systems where the mathematical
model changes are required) is not resolved jet.

Keywords: algorithm, solver, numerical method, nonlinear optimization.

CraTTiO IIpeACcTaBuB JA.T.H., 1pod). Bomomun O.0.

PosBurok Mopmeneit 1 MeroniB onTuMizalii HemiHiiHMMU. YucenbHe  pO3B’SA3aHHA  3ajadi

CTHMYJIIOBABCSl 3HAUHUM 30UIBIIEHHSIM PO3MipHOCTI
1 CKJIAIHOCTI ONTHUMI3aIliMHUX 3a]a4, BUKIUKAHUM
ICTOTHUM TEXHOJOTIYHHM MiHOMOM Iicisl JIPyroi
cBiTOBOI BiiiHM [1, ¢.13].

Haii6inpm MOLITUPEH] MaKeTH
MaTeMaTHYHOTO TpPOrpaMyBaHHS, IO HAJal0Th
MOKJIMBICTh TPOBEACHHS aHali3y BIIaCTHBOCTEH
TMHIMHUX Mopenel, Oynu po3MIIIHYTI y HoIepeaHii
crarTi [2].

IIpore, TIpoTIeCH pi3HOI
(hopMani3yroThcs 3a1ayaMu HETiHIIHOTO
mporpamMyBaHHS pi3HOI ckiamHocTi. llepeBakna
OUTBIIICTG TMPUKIATHUX 3adad  ONTHMI3allii €

MIPUPOTU

© O.A. SIxosenko, 2015

HeliHiHOT onTuMi3alii 6e3 3aCTOCYBaHHS Cy4aCHHX
TEXHOJIOTIH Oa4YUTBCS CKIAIHUM Ta OOTSDKIMBHUM.
Tomy cydacHi mpouenypu aHamizy Ta aJIrOPUTMH
HeJiHIHOT onTUMi3alii, 0 BUKOPUCTOBYIOTHCS AJIS
iX  po3B’si3aHHA y  TaKeTaX  IMPHUKIAJHOTO
MaTeMaTHYHOTO  TPOTPaMyBaHHS,  BHUKJIMKAIOTh
JKBaBUM  HAayKOBHH  iHTepec K  0a30BWi
IHCTpYMEHTapii po3B's3aHHS IPAKTUYHUX 3a]a4.
3arampHa ~ Teopis  poO3B'A3aHHA  3amad
HETIHIHHOTO TIpOrpaMyBaHHA Ha JaHWUH dac
3HAXOAUTHCS B CTaHi CTaHOBIIECHHA. J{71s1 po3B’A3aHHS
TaKUX 3ajJad Ha [PaKTULl BUKOPUCTOBYIOTHCA
aJTOPUTMIYHO 3aIllpOrpaMOBaHi YHCENbHI METOIH,
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SKi PO3B’S3YIOTH 3afjady 3a nomomororo EOM.
TeopeTnuHa Ta MpakTUYHA CKJIaTHICTH MPOOIEMH
o0Mmexye MOYKIIUBOCTI1 IUIst CTBOPEHHS
3araJbHONIPUIHATOTO YHIBEpCAIBHOTO YHCEIHEHOTO
METONy, SAKHH  J03BOMSIB OM  OTPHMYBaTH
ONTUMAJbHUN PpO3B’A30K Ans Oyap-Koi 3amadi
HemiHiliHOT omrTuMizarii. Yepes 1e Tmig dac
pO3B’sI3aHHS  ONTHMI3alliiiHOl 3amadi, mo Oy’a
chopMybOBaHa K 3a/7a4a HEJTIHIHHOTO
MpoTrpaMyBaHHs, MOXYTb 3HaIOOMTHCH JEKilbKa
MetosiB. Tomy BHOIp Ta epeKTHBHE 3aCTOCYBaHHS
KO)KHOTO 3 HHX Yy TIpoleci po3B’si3aHHA 3ajadi
HEJTIHIMHOT ONTHMI3aIll 3aJIeXKUTh HacamIepea Bif

SKOCTI ~ TMPaKkTUYHOI  peamizamii  anropuTMiB
OIITUMI3allii, SKi € B PO3NOPSKEHHI Y TOCITi THHIKA.
®dopmankHO 3amaya HEJTIHIHHOTO

MporpaMyBaHHS MOXe OyTH c(hOpMyIThOBaHA TaKUM
YHHOM:

MinimizyBaTu
flx),x e E™, (1)
3a m JniHidHEX Ta(a00) HemiHIHHUX
0OMEKEeHb y BUTIIS/II PiBHOCTEH
hix)=0,j=1,..m, (2)

i (p—m) niniiaux Ta(ab0) HEMiHIHHUX
0OMEKEHb y BUTJISI/II HEPIBHOCTEH:

g1x)=0,j=m+1,.p. (3

[3,c.19].
MaremaTH4Hi METO/IH, K1 Oynu po3podIieHi
JAOCTIJHAKAMH B MHHYJIOMY,  JO3BOJISIOTBH

po3B’si3aTH (B 0araThOX BHIIAJIKAaX) 3aJladyl BHUIJISILY
(1)-(3) bararbma criocobamu.

Mertomu ix po3B’si3aHHS MPUHHATO TOIISTH
Ha TIpsIMi Ta JBOICTi, y 3aJI€KHOCTI BiJ| TOrO, YH
pO3B’SI3yI0Th BOHM BUXIJHY 3ajady, a0o Xk
3HAaXOIATh BIANOBIAL 13 JOIIOMOIOK)  JBOICTOI.
[Iporpamua peamizailiss METOJiB JJO3BOJIMIIA ITiHSATH
Ha SKICHO HOBHW piBE€Hb NIBHJKICTh BUPINICHHS
npo0iieM ontumizanii [1, 4].

B pesymbrati  OypXJHBOTO  PO3BHUTKY
MPUKJIATHOTO TPOrpaMHOro 3abe3nedyeHHst y cdepi
MaTeEMAaTUYHUX KOMIUIEKCIB 3 ’SIBHJAch  BEJIMKA
KIJIBKICTh MAaTEMATHYHHUX ITAKETIB, IO T03BOJISIOTH
pO3B’sA3yBaTH 3aJadui MareMaTHYHOI onTuMmizarii. 3
omHOTO OOKy, 11e Oyno '"crpoBokoBaHE" pOCTOM Ta
MOXKJIUBOCTSIMH ~ OOYMCIIIOBAIBHUX — MOTYXHOCTEH
KOMIT FOTEPHUX CHUCTEM, 1 3 1HIIOTr0, HArajbHOIO
BUPOOHWYOI0 HEOOXiTHICTIO ((POPMYIOTBCS BHMOTH
JI0 IHCTPYMEHTApII0 MPOBEACHHS 004MCiICHb). ToMy
Ha CHOTOJHINIHIA JIEHh MH Ma€MO JJOCUThH IIMPOKHIA

miana3oH Juis  BUOOpPY  IHCTpYMEHTapito, IO
BUKOPUCTOBYETHCS.
Take  po3MaiTTS  MOPOMKYE  PE3OHHE

3allMTaHHS — TO SKMH caMe MaTeMaTUYHMI ITaKeT
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Kpame BpaxoBye moTpeOm  "3aMoBHHKA' ~Ta
NpUAATHUN A7 pO3B’sI3aHHS KOHKPETHOI 3a1a4i?

Y cy4acHMX HAyKOBUX  JIOCTIKCHHSX
pEeTeNbHO  PO3TIIIHYTI TUTaHHA  BUKOPHCTaHHS
MPUKJIATHIX TPOTPAMHHUX KOMIUIEKCIB Ta HasBHUX
ANTOPUTMIB UIE  PO3B’sI3aHHSA KOHKpPETHOT
MPUKIAAHOI 33134l HEeTiHIHHOT onTuMi3altii. Y Takux
JTOCITI IKEHHIX pOOIIATECS BHCHOBKH po
MPOJAYKTUBHICTh Ta JOUIIBHICTH BUKOPUCTAHHS
KOHKPETHOTO alTOpUTMY IJsl pO3B’S3aHHS THIIOBOI
3amadi. HaM 3maeTsest HEOOXiIHUM 3pOOUTH aKIICHT i
Ha OTJIsA 1 Ta NOPiBHAHHI ICHYI0YOTO
IHCTpyMeHTapiro He mauie Ha 0a3i KOHKpeTHOI
3amavi, a 3a JOMOMOTOI0 aHaji3y 1 BHCBITICHHA
CrieKTpy  (YHKIIIOHANBHUX  MOXIHUBOCTEH Yy
NPOrpaMHUX TPOIAYKTaX, IIO BHKOPHUCTOBYIOTHCS
HalyJacrime.

B mimomy apceHan anst po3B’s3aHHS 3aiadi
oInTuMi3aLii MOXKHA MMOUINTH Ha MOBH
anreOpaivHOTO MOJIEIOBaHHS Ta Ha PO3B’SI3yBayi.

Cepen MOB anreOpaivHOrO MOMAETIOBAHHS
MOJKHA BM/IUINTH IICTh HAMOLIbIN BkuBaHHMX [5].
Taki cucTeMH BHKOPUCTOBYIOTH MJisi OIUCY Ta
pO3B’si3aHHSA ~ TPOOJIEM  BUCOKOi  CKIIQIHOCTI
BEJIMKOMACINITA0HNX MAaTEMAaTUIHHUX PO3PAXYHKIB.

Ileit crivicox MiCTHTBH TaKi MOBH:

1. AIMMS (Advanced
Multidimentional Modeling System);

2. AMPL (A Mathematical Programming
Language);

3. GAMS (General Algebraic Modelling
System);

4. LINDO/LINGO;

5. MPL (Mathematical Programming
Language);

6. MathLab.

Bynyuu cucremamu MoJietOBaHHS BUCOKOTO
piBHS, BOHM MiATPUMYIOTH BEJIMKY KUIBKICTH 1
KOMEpPIIIHHUX PO3B’s3yBadiB, 1 TaKUX IO MAalOTh
BiIKpuTHii Koxa. IlepeBara BUKOPHCTaHHS MOBH
anreOpaiyHOro  MOJETIOBAaHHS SIK  CEpeAOBHUINIA
NpOrpaMyBaHHsl TOJISITa€ y TOMy, W0 Yy pasi ii
BUKOPHUCTAHHS ONTUMI3AIliifHA MOJENb 3alUCYEThCS
JIMILIE OJUH pa3, a AJs TOro, 00 3MIHUTH aIrOPUTM
(TobTo poO3B’sA3yBau, SKUH peaNi30Bye TaKUi
aJrOPUTM), JOCTAaTHHO 3MIHHUTH JEKUIbKA PSAIKIB
KOy 1 mapaMerpd Mojeii OyayTh mepeaaBaTUCs y
3a3HAYeHOMY HampsMKy. Lle He TiIbKU 3BUIBHSE Bif
HEOOXiAHOCTI MepenrcyBaTH MOEIb IeKijbKa pasis,
aje W Hamae MOXJIMBICTH IOPIBHATH PO3B’SI3aHHS
Ti€l %K caMoi MOJIEII PI3HUMHU METO/IaMHU.

Takox ICHYIOTb OCIIIKEHHS,
MTOPIBHIOIOTH KOHKPETHI  PO3B’s3yBadi,

Interactive

110
SIK1
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BHKOPHCTOBYE NOCTIHUK ITiJl Yac pO3B’sI3aHHS CBOEL
3ajadi y pamMKax BHKOPHCTaHHS KOHKPETHOI MOBHU
MaTeMaTUYHOTO TporpaMmyBaHHs [6], Hampukiam,
AMPL [7] a6o GUMS [8].

Cepen po3B’s3yBadiB HAHOUIBII B)KUBAaHUMHU
JUIs  PO3B’sI3aHHSA  3afad  HEJNIHIHHOI  yMOBHOI
orrumizanii BusHauyaroth Taxki: CONOPT, SNOPT,
Gurobi, MOSEK, KNITRO, MINOS, LOQO,
IPOPT,BARON, XPRESS.

BapTo Takox 3a3HauyMTH, IO Cepes BHUIIE
mepemvyennx Mo, LINDO Tta  MathLab
(Optimizational Toolbox) sBistOTE CO00I0 i MOBY
anreOpaiYHOr0  MOJICNIOBaHHS 1 ONTHUMI3aToOp
omHouacHo. CaMe TOMy BBaXaEMO 3a HEOOXimHe
BKJIFOUUTH X y CIMCOK pO3B’sA3yBadiB, sKi OymeMo

JOCIIKYBAaTH.
Tabnuys 1
Po3B’s3yBag AJNTOPUTMI30BAaHUI METOT
LINDO GRG method (MeTon
YMOBHOTO T'pajii€HTa)
CONOPT GRG method (Meton
YMOBHOTO TPaJIi€HTA)
LOQO MeTo/1 BHYTPIIIHEO{ TOYKH
SNOPT KBa3iHBIOTOHIBCHKHI METOT
KNITRO MeTo ToBipUYHX IHTEPBATIB
MOSEK MeTo/1 BHYTPIIIHEOi TOYKH
MINQOS MeTo]1 YMOBHOT'O TpajliEHTa
BARON Mero rinok i Mex
XPRESS Merto/ riioK 1 Mex
IPOPT MeTo1 BHYTPIlITHBOT TOUKH
Mathlab Merto/ 10BipYHX iHTEPBAIIB
Optimizational
Toolbox

V rtabnuii 1 HaBegeHI HAWOULIBII MONMIUPEH]
MaKeTH MPHUKJIAJHOTO MPOrpaMyBaHHsl, IO OCHAIIEH]
PO3B’si3yBauaMH HENiHIHHUX 3a/Ja4 MaTeMaTHYHOI'O
nporpaMyBaHHsS  Ta METO/IH, SKi BOHH
BUKOPHUCTOBYIOTH JIJIs1 PO3B’ I3aHHSI.

Kepyrounce inpopmani€ero, OTpUMaHOIO Mij
qac MPOBEICHHS JIOCITiJUKEHHSI, MOYXKEMO
KOHCTaTyBaTH, IO HaWOUIbII 3rajyBaHUMH Y
niTeparypi i MOIIUPEHUMHU BBAYKAIOTHCS
orrrumizaropu: KNITRO, SNOPT ta MINOS.

[MopiBHsuTEHA Tabmus 1 Ha04HO
JNEMOHCTPY€E, IO PO3B’sI3yBaui BUKOPHCTOBYIOThH
pisHOMaHiTHI Metonu. Lle miaTBepKy€e 3pobieHe Ha
[OYaTKy CTaTTi 3ayBaXKCHHs, 10 HEJIHIHHE
MporpaMyBaHHs, Ha BiMiHYy Bij JIiHIHOTO, HE Ma€
YHIBEPCaJIBHOTO METOAY PO3B’sI3aHHS
ONTUMI3ALIMHUX 3a/a4. 3 iHIIOro OOKy, I Hajaae
MOJKJIMBICTD JUI OTPUMAaHHs KpaIlloro pe3yyibTaTy 3a
PaxyHOK TOro, IO MOKHa BHUPILIMUTH NPOOIIEMY
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onTHMIi3amii MeKiIbKoMa MeTOAaMH 1 TOPIBHATH
pe3ynbTaTH, a00 HaBiTh 3a3/1aJeriab MOAUBUTUCH HA
CHemiani3oBaHUX  calTax, SKHA caMe MeTOoJ
BUKOPUCTOBYETBCS JUISI PO3B’SI3aHHS  KOHKPETHOT
3amavi, IO JO3BOJSE KOPHCTyBady CaMOCTIHHO
BU3HAYUTH, SIKHH came PO3B’s13yBau
BUKOPUCTOBYBaTH. AJiKEe KOKHA 3ajlada yHIKaJbHa,
a Hare()EeKTUBHIIIIMKI aJTOPUTM MOYKE BapilOBATHCH.

MoBH, Ha SKHUX HamUcaHi aJrOpUTMU
onTuMi3alii, HaleXxaTh JO ELIEJIOHY MEPUIMX MOB
nporpamyBanHsa: C/C++ ta FORTRAN (iforo pi3Hi
Momudikamii(sepcii), sk To Fortran77, Fortran 90,
Fortran95 Ttompo). Ille mow’s3aHo 3 TuUM, IO
TeopeTHdHa 0a3a MUX alTOpUTMIB Oyia po3podieHa
paHime, aHDK TModYadw OypXIMBO PO3BUBATHCS
KOMIT'FOTEpHI ~ TEXHOJIOTii ~ 3araJioM 1  MOBH
MporpaMyBaHHA 30KkpeMa. K TiNBKH 3 SBUIIACh
(yHIaMEeHTaTbHa TpaKTUYHA 0a3a 1 MOMIIMBICTH
3alporpaMyBaTH ICHYIOUI aJTOpPUTMH ONTHMIi3allii,
nouyrHao4n 3 70-X poKiB 3’SBISUIHACS 1 TepIni Bepcil
ONTHUMI3aTOPIB, K1 OYJIH 3r0I0M MOKpAIIIEHI.

VY Toif Wac, Sk y JiHIITHOMY TporpaMyBaHHI
nepeBakHa OUIBIIICTh 3aad  PO3B’SI3YyEThCS  3a
JIOTIOMOTOK0 ~ TPOTPAaMHOT0  3a0e3MeveHHs, 10
pO3B’s3ye 3ajadi 3arajlbHOBH3HAHUM €()EKTUBHUM
CUMIUIEKC-METOJIOM [2], Ta poONISIThCS AaKTHBHI
cnpoOM 3aCTOCYBaHHS peJaKkcallifHUX CXeM Ta
CTPYKTYpHOTO aHaNi3y BIACTUBOCTEH JIHIHHUX
cucteM [9], HeiiHiIMHE NpOrpaMyBaHHS BCE IIE
3aJMIIAE€ThCS  00NAcTIO JIOCHI/DKEHHS Ha  cTajil
CTAaHOBJICHHS,  BKIIO4a€ B  ceOe  CIIEMEHTH
EKCTIepUMEHTYBaHHSI.

MosxkHa KOHCTaTyBaTH, 110 HEJiHINHHI 3a1a4l
onTUMi3amii BCe 1€ HE MarTh YHIBEPCAIHLHOTO
ANTOPUTMY  PO3B’S3aHHS. DBIJBIIOK Mipo0 Ha
CHOTOJHINIHIM JICHb TMPOIEC PO3B’SI3aHHS 3azadi
HENIIHIHOTO MPOTrpaMyBaHHs 3BOJUTHCS JIO MOIITYKY

HalKpamoro  ajaropuTMy Ui pO3B’sA3aHHS
KOHKPETHOT 33/1a4i IUISTXOM IOPIBHSHHS pe3yJIbTaTiB
BUKOPHCTaHHS pi3HUX METO/IiB. Amnami3
BJIACTUBOCTEH HENIHIHHUX CHUCTEM MPOBOAMTHCS
JUIIEe |y paMKax MeTOoAy —ONTHMi3amii, IIo
BUKOPUCTOBYETHCS. I TOMY MUTaHHS
IHCTPYMEHTaJIBHOTO aHalli3y BJIACTUBOCTEH TaKHX
cucteM (0coOnMBO TpH  3MiHaX  IapaMeTpiB

MaTeMaTHYHOI MOJIeJi) KOMIUIEKCHO HE BHPIIICHO.
[le 3anumae 1mUpoke TMOJe YIS MOJATBIINX
HAYKOBHX JIOCIIi/IKEHb.
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Hocnioxceno naazmy enekmpodyzo6o2o pospady mixc Cu — Ni enekmpodamu 6 nomoyi apeony 3a
00NOMO02010 ONMUYHOI eMICIlIHOI CReKMPOCKONII y NpunyujesHi J10KaabHOI MepMOOUHAMIYHOI pieHOBA2U.
Memooom 8iOHOCHUX [HMEHCUBHOCHEL 00epHCaHi padianibHi npodini memnepamypu y cmogni naasmu. Jlis
BUBHAYEHHSI PAOIANbHO20 PO3NOOIY MEeMNEpamypu 6UKOPUCMAHI CHReKMPAalbHi JIHIT MIOI ma HiKemo.
Pexomenoosani cnexmpanvni ainii Ni | 0 diaenocmuxu nnazmu.

Knwouoei cnosa: nnasma enekmpodyeo602o pospsady, ONMUYHA eMICIUHA CNeKmpOCKONis, Memoo
BIOHOCHUX [HMEHCUBHOCME.

Plasma of electric arc discharge between Cu—Ni electrodes in argon flow at arc current 3.5 A in the
assumption of local thermodynamic equilibrium was investigated by optical emission spectroscopy. The
gualitative difference between emission spectrum of the investigated plasma source in comparison with the
free-burning electric arc in air was found. Namely, its spectrum contains a much larger number of nickel
atomic spectral lines. Selection of Ni | spectral lines for purposes of plasma diagnostics was carried out. The
radial profiles of temperature in discharge column were obtained by method of relative intensities of spectral
lines. Copper and nickel atomic spectral lines were used with this aim. The total intensity of three spectral
lines Nil 508.0, 508.1, 508.4 nm in combination with line Ni | 547.6 nm is proposed to determine the
temperature by method the relative intensities in diagnostics of plasma with nickel vapour impurities.

Key words: plasma of electric arc discharge, optical emission spectroscopy, method of relative
intensities.

Crartio npeactaBus 1.¢.-M.H., mpod. Anicimos L.O.

Beryn 3abe3rnieuye HEOOXiJHY EJEeKTPONpOBIJHICTh Ta

Ha cporoani npu BUTOTOBJIEHHI €IEeKTpoiB abo
KOHTaKTiB NpPWIAIiB, $SKi BHKOPHUCTOBYIOTHCS B
CJIEKTPOTEXHIYHIH ramysi TS KOMYyTarlii
CIIEKTPUYHOTO CTPYMY, YacTO BUKOPUCTOBYIOTHCS
komno3uTHi Marepiamu [1]. IlepeBaroro Takmx
MaTepiagiB € TIO€IHAHHS BHCOKOI  epo3iiHOT
CTIKOCTI Ta 3aJ0BUIBHOI  TEIUIONPOBIAHOCTI 1
€JIEKTPONPOBITHOCTI. 30KpeMa, NPUHHATHI epo3iiHi
BJIACTUBOCTI KOMIIO3HTIB 3a0€3MeUyIOThCS 3aBISKU
TYTOIIaBKii KOMIIOHEHTI B I  KOMITO3HIIiL
(manpukian, Bonb(pamy, MomiOIeHy abo OKCHIIB
MeTaniB). HasBHICTh JIeTKOIIaBKOI KOMIIOHEHTH Y
CKJIaZi KOMIIO3WTa (HANMPHUKIAK, Mimi abo cpida)

© AM. Bexuu, M.M. Kneniuy,
B.®. bopeupkuii, C.0. decenko,
B.M. Tenera 2015

TEIUIONPOBIAHICTh. Taki KOMIIO3UTHI MaTepiaiu, sK
MPaBUJIO, BUIOTOBJSIIOTHCS METOJAMH IOPOLIKOBOT
Metanyprii [2, 3].

OueBHIHO, PO3POOKA KOMIIO3UTHUX MaTepiaiB
HE Moxe OyTH TmoKpamieHa 0e3 JOCKOHAJIOro
BUBYCHHS BIUTMBY EJIEKTPUYHOI JyTM Ha PoOOUMit
map TNOBEepXHI  enekTpomiB. OTke, JOIIBHO
JOCHITUTH BIUIMB HapameTpiB IUIa3MH AYTOBOTO
po3psoy Ha  €pO3iHI  BJIACTUBOCTI  TaKHX
KOMIO3HUTIB. TOMy, TEpIIOYeproBUM 3aBIAHHAM
Takoro THIy IOCIIIKeHb € po3poOka 3aco0iB
KOHTPOJIO HapameTpiB IUIa3MH Takux po3psaiB [4].
Panimre mms HiarHOCTUKW €NEKTPUYHOI IyTH, sKa
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Puc. 1 OnTryHa cxema eKCepuMeHTalIbHOT ycTaHOBKH [8].

ropuTh y moBitpi [5-7] abo B morori aprony [8] mix
KOMITO3UTHUMHU €JICKTPOJaMU Ha OCHOBI Mimi abo
cpibna, po3poOJicHI METOAM ONTUYHOI eMiciiHOi
CHEKTPOCKOMii IIa3MH Ta Jia3epHOoi abcopOIiiHOi
CHeKTpockomii. Y  TpUNyIEeHHI  JOKalbHOI
tepMonuHamiyHoi piBHoBarn (JITP) B muiasmi
JOCTIKEHO TyTOBUH PO3PSII CHIIOK0 CTpyMy 3.5 abo
30 A MK IUIOCKHMH TOPIEBHMH TIOBEPXHAMHU
HEOXOJIO/KYBAaHUX CTPWIKHEBHX eJEKTpoiaiB. Taki
OYyTH MOXYTh OyTH BHUKOPHCTaHI SIK MOJEIbHE
JDKepeNo  pealbHUX  JYroBUX  PO3pSdiB Y
KOMYTYIOUHX npuIagax EJIEKTPOTEXHIYHOT
MPOMHCIIOBOCTI.

Mera miei poboTh — po3poOka METOTUKH
ONTUYHOI ~ €MICIHHOI  CHEeKTPOCKOMi  TIa3Mu
CJIEKTPUYHOI JyTH 3 JIOMIIIKAMH TapiB HiKemo. A
camMe, B paMKax I[bOT0 JOCIIDKEHHS, BAKOHY€EThCS:

- TIOpIBHSHHS CHEKTPIB  BUIIPOMIHIOBAHHS
Ia3MH  BUIBHO icHyro4oro pospsay Mik Cu—Ni
€JIEKTPO/IaMH Y TIOBITPi Ta B MOTOIIi aProHY;

- CeNeKWis  CHEeKTpaJbHHX  JIHIK  Ta
CHEKTPOCKOMIYHUX KOHCTAHT aToOMy HIKEI0 s
BUKOPUCTaHHS  iX B ONTWUYHIA  eMiciiiHil
CHEKTPOCKOMii MpH BU3HAUCHHI  TEMIIEPATypH
I1a3MH.

OTxe, 3aCTOCYBaHHS MepeBipeHol B Iil poOoTi
CIEKTPOCKOMIYHOT METOJUKH JIO3BOJMTH JOCIIAUTH
Ha HACTYNHHUX eTamax MmpobjieMy B3aeMOAIl Iu1a3Mu
IyTH 1 TOBepXHi KOMITIO3UTHUX Cu—Ni eneKTpo/IiB.

ExcnepumeHTaIbHA YCTAHOBKA

Enextpuuna pgyra 3amaiioBaliack y TOTOII
aprony (6.4 craHmapTHUX JITPIB HA XBHJIHMHY) MIXK
TOPLEBUMU MOBEPXHIMHU HEOXOJIOMKYBaHUX
enekTponiB. Po3psimHuMiI MPOMDKOK cKiIazaB 8 MM,
aiaMeTp eJIeKTponaiB — 6 MM, cTpyM ayrd — 3.5 A.
Enextpomu po3ramioBaHi BEPTHKAIBHO: BEPXHIN
enektpox — Ni (karon), HmxHiH enexktpon — Cu

(arom). Takoro THITy po3psii MOXKHA PO3TIISIIATH SIK
CHPOIIEHY TOYAaTKOBY MOJENb EJIEKTPUYHOI Jyru
Mk kommo3utHuME enekrpogamu Cu—Ni. Tlotik
ra3zy (aprosy) y 1pOMYy JDKEpelNi CIPSMOBYBaBCS 3
0OKY BEPXHBOTO EJICKTPOIY CITIBBICHO JI0 PO3PSIY.

3 METOr0 TOpPIBHAHHS OJICPXKAHUX Pe3yJbTATiB
BUKOHYBAJIM JIOCHIDKEHHS BUTRHO ICHYIOYOI Yy
MOBITPI ENEKTPUYHOI IYyTH y TaKOMY X PEXHUMI
poboTH PO3psY.

s ogHOYacHOI peecTpallii CHeKTpaabHUX Ta
MTPOCTOPOBHX pO3MOiIiB IHTEHCHBHOCTI
BUTIPOMIHIOBaHHS €JIEKTPUYHOI JyI'M 3acTOCYBaU
po3po0JIeHY paHillle METOAMKY JiarHocTuku [8]. YV
bOMY BUNAJKy BHKOpHCTAIM  AHPPaKIiHHUHA
CIeKTpoMeTp Ta UU(POBY Kamepy Ha OCHOBI
npunany i3 3apsgoum 38’ s3koM (1133) (puc. 1).

Juis 0OpoOKM OTprMaHUX 300pa)KeHb CITEKTPIiB
BUIIPOMIHIOBAHHS IIJIa3MU BUKOPUCTAHO TrpadivHUit
inTepdeiic kopucrtysaua [8].

Peecrparito POCTOPOBUX po3moaiTiB
IHTEHCUBHOCTI BUIPOMIHIOBaHHS €JIEKTPOAYTOBOTO
PO3psly BHKOHYBAJIM y CIEKTPaJbHOMY Jiana3oHi
400 — 660 aM.

UYepes OiuHE CIIOCTEpPEIKEHHS HEOTHOPIIHOTO
TIa3MOBOr0 00’€kTa (sIK OyJI0 peayli3oBaHO B JaHii
eKCIIEpUMEHTANTBHIM  YCTaHOBIN) IS OJEpIKaHHS

JIOKaJbHUX 3HAu€Hb 1HTEHCHBHOCTI HEOOXiIHO
3aCTOCOBYBaTU nepeTBopeHHs Adens. B rpadiunomy
iHTEepdeiici KOpHCTyBada s mporeaypa
BHUKOHY€ETBCS BiJITIOBITHO bi (o) aNropuUTMY,
3anpornoHoBaHoMy B poOoti [9], y mnpumymiensi
0CHOBOT cumeTpii JoKepena ONITUYHOTO
BUTIpOMiHIOBaHHS [8].

B npoeci peectpanii CIEKTPiB
BUIIPOMiHIOBaHHS eJIEKTPOLyTOBOT T1a3MH1
BpaxoBaHa HEpIBHOMIPHICTH CIIEKTPaTbHOL

gytauBocTi [133 marpurii. MakcuManbHa 9y TIUBICT
BUKOPHUCTAHOI B €KCIICPUMEHTAIBHUX JTOCIPKSHHSIX
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Puc. 2. CrieKTp BUIIPOMIHIOBAHHS €JIEKTPOLYToBoro po3psay Mixk Cu-Ni enekTpogaMu B MOBITpi.
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Puc. 3. CriekTp BUIIPOMIHIOBAaHHS €JIEKTPOIYTroBOro po3psay mMixk Cu-Ni eJeKTpoaaMu B TIOTOLIl aproHy.
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Taommms 1
Crexrpockomiuni gaui Cu | Ta Ni I
g | Ao Tepexini — ] gj g | EjeB | EyeB |gfill0] |gfilll]| g;fi[5]
8]
510.5 3d%4s” —3d"4p 6 4 | 138 | 381 | 00312 | 0.02 0.0197
515.3 3d"4p—3d"4d 2 4 | 378 | 619 | 096 1.9 1.6466
Cul | 5218 3d"°4p—3d"°4d 4 6 | 381 | 619 | 1.84 24 1.9717
570.0 3d°4s” —3d"4p 4 4 | 164 | 381 | 00048 | 0.0069 | 0.0057
578.2 3d°4s’—3d"%4p 4 2 | 164 | 3.78 |0.01656 | 0.027 0.0130
5080 | 3d°(D)4p—3d"(D )4d | 11 | 9 | 365 | 609 | 135 | 80
iy | 508 3d°(2D)4p—3d’ (D, )4d | 9 | 7 | 384 | 628 | 196 | 67
" [sosa 3d’(Dyp—3d°(D)ad | 7 | 9 | 367 | 611 | 105 | 21
547.6 3d" —3d°(CD)4p 1 3 | 18 | 408 | 013 | 021

MaTpHulIll repedyBac B Jiama3oHi MTOBKUH XBHIb 500
— 600EmM. Jlns xopekmii HepiBHOMIpHOCTI Il
CIIEKTPaIbHOI ~ YyTIMBOCTI (B JOCHIIKYBAaHOMY
nianasoni 400 — 600 HM) BUKOPHUCTAIHM ETAJOHHY
BOJIb()pAMOBY JaMILy.

JomaTkoBoto pobiIemMoro y Tporieci peectparii
CICKTPIB € HEJOCTAaTHIA JUHAMIYHMN Jiama3oH
IBOTO THUIy MATPUL. 3 METOK ONTUMAILHOTO
BHUMIpIOBaHHS IHTEHCHBHOCTI CTIIEKTPAIbHUX JIiHINA B
KOXXHOMY E€KCIIEPMMEHTI MiJ0Mpad BiAOBITHHI
Yac eKCIO3ullii. 3 Ii€0 X METO, B pa3i morpedw,
BUKOPHCTOBYBAIIM HEUTPAIBHI CBITIIO(PIIBTPH.

Pe3yabTaTu Ta 00roBOpeHHs

Ha MepIIoMy eTarri BUKOHYBAJIU
CHEKTPOCKOMIYHI  JOCTI/KEHHS] IUIa3MHA  BUIBHO
ICHYIOYOTO €JIEKTPOyTrOBOTO po3psiny y moBiTpi. Ha
pHC. 2 IOKa3aHO CIIEKTP BUIPOMIHIOBAHHS TUIA3MH, B
SIKOMY YiTKO CIIOCTEpIraloThCs CIIEKTPaIbHI JIiHIT 5K
aToMa Mifmi, Tak 1 atoMa Hikenro. Ha 1poMy erarti
TaKOX BHKOHATH TIOTIEPETHIO CEJICKITIT0
CHEKTPATBHUX JHIA Ta CHEKTPOCKOMIYHUX KOHCTaHT
aToMa HiKeJo.

Ha HACTYITHOMY eTari JIOCITIJKEHb
3apEECTPOBAHO CIIEKTP IUIa3MH  EJIEKTPOAYTrOBOTO
po3psay B mortoui aprony (puc.3). IlopiBHSHHS
CIIEKTPIB, TPEICTABICHUX Ha pPHUC. 2 Ta 3, TO3BOJISIE
3pOOUTH BHCHOBOK, IO CHICKTP BHUIIPOMIHIOBAHHS
IUIa3MU €IEKTPOIYTOBOTO PO3PSIAY Y TOTOLI aproHy

MICTHTh 3HAYHO OUIBIIY KiJBKICTh CHEKTPATBHHUX
mHiA atoma Hikemo. lleit edexkr moTpedye
IMOJAJIBIIOTO, OUIBII JETAIHHOIO, JOCIIIKEHHS.

Jns  Bu3HaueHHs Temmeparypu twiasmu  (y
npunymiendi JITP) BUKopHCcTamy METOI BiJHOCHHX
IHTEHCHUBHOCTEH 13 3aTy4eHHSIM CIIEKTPAIBHUX JiHIH
Ni 1 508.4 ta 547.6 uwm.

[IpoTe, nmOCHIKEHHSMH BCTAHOBIEHO, MIO
mopyd 31 CHekTpaibpHOIO  JiHieo  508.4 HM
postammoBani mie Jinii Nil 508.0 ta 508.1 am.
ToOto, (hakTUUHO 3apeecTpoBaHMl MPOCTOPOBUI
PO3MOJIiT IHTEHCUBHOCTI BHIPOMIHIOBaHHS B OKOJI
508 M ckmamaeTbecs 13 TPHOX  CHEKTPAJIbHHUX
KOMITOHEHT. 3a3Ha4unMo, M0 eHeprii 30y KEeHHS
BEPXHIX piBHIB CHEKTPATBHUX nepexosiB
nociipkyBanux tiHid (508.0, 508.1, 508.4 Hwm)
CKJIaJal0Th, BignosigHo, 6.09, 6.28, 6.11 eB. Kpim
TOTO, BHECOK BUTIPOMIHIOBaHHSI KOXKHOT
CHEKTPAJIbHOI JIiHII B PE3yNbTYIOUM MPOCTOPOBUIA
pO3MONIN THTEHCHUBHOCTI € CIIBBUMIPDHHM. ToMy,
npu BH3HAYCHHI paniainbHOro po3noaity
TeMIIepaTypu 3aIpOHOHOBAHO BUKOPHUCTATH
CyMapHy iHTCHCUBHICTb IUX JIHIMH.

Y  po3paxyHkax mpoduIo  TeMIepaTypu
BUKOPUCTAJIM  CEPEAHI0O  CEHEepriro  30yIHKEeHHS
3a3HAYEHUX TPHOX CIIEKTPANbHUX JiHiH, a JOOyTOK

g;- f ji CyMy
JoAaHKiB (Tabu. 1):

HEOOXIHO B3ATH  SIK TPHOX
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(gj . fji )sos0T (gj . fji )ss1 + (gj : fji )s08.4 1) T K BNl (1]

KpiM TOro, 3 MeTow TepeBipKU JOIUILHOCTI O cul [5]

BUKOPHCTAHHS TaKOTO MiIXOAY, NpW BHU3HAYCHHI
pamiampHOTO  PO3MONLTY  TEMIEpaTypu  IIa3MHu
METOAOM BiIHOCHUX iHTEHCHUBHOCTEH JOAAaTKOBO
3aJy4MiIM Taki CIeKTpalbHi JiHii atoma mini — Cu |
510.5 ta 515.3 M (tabm. 1). B mocmimkyBanoMmy
pexxumi pobotu myru crekrpaibhi Jinii Cu | 521.8,

570.0, 578.2 am BUKOPHCTaTH MPAKTUYHO
HEMOXJIMBO d4epe3 IX cinabKy 1HTEHCHUBHICTb
BHIIPOMiHIOBaHHSI.

Ha puc. 4 nokazaHo, oJiep>kaHui 13 3aITy4YeHHIM
cnektpanbHux JiHiH Nil ta Cul, pangianpami
PO3MOMIN TEeMIepaTypu IUIa3MH B CEpeIHbOMY
MOTIEPEYHOMY TEpepi3i EICKTPOAYTOBOTO PO3PSIIy
Mik Cu—Ni enekTpomaMu CHiIow cTpymy 3.5 A B
notori aproHy. B pospaxyHkax Temmeparypu
BUKOPHCTaJIN CHEKTPOCKOIIYHI KOHCTAaHTH aToMa
Hikeno Ta Mimi i3 mkepen [11] ta [5], BiamosigHo.
Pagianeni mpodinmi TemmepaTypw, BHW3HAuUeHi i3
3aydeHHsAM crektpanbHux JmiHid Cul Tta Nil,
30iraloThCs B MEXKax MOXHUOKH BUMipIOBaHb.

TakuM 4YMHOM, 3aIpPOIIOHOBAHMM Yy LbOMY
JIOCT/DKEHHI  crmocid  BUKOpHUCTaHHS — CyMapHOL
inTencuBHOCTI crmekrtpanshux minid Nil 508.0,
508.1, 508.4HM s BH3HAYCHHS TEMIIEPATYPH
METOJIOM BiJTHOCHWUX IHTEHCHBHOCTEH y TIOEHAHHI 3
miniero Nil 547.6 HM MOXXHA PEKOMEHIyBaTH JIJIsI
MIAarHOCTUKY IIIa3MH 3 JOMIIIKAMH HIKEIIFO.

KpiMm TOro, Ha OCHOBiI aHami3y OJEPKAHOTO

po3noiny TEeMIEpaTypu (puc. 4), MOJKHA
PEKOMEHTyBaTH ISl MOJAIBIIOT0 BUKOPUCTAHHS Y
JIOCITIPKEHHSIX 3HAa4YCHb CHEKTPOCKOMIYHUX

KOHCTaHT aToMy Hikemo came i3 poboru [11] (ma
BiZIMiHY Bix HaBeneHux B 6a3i marnux NIST [10]).
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Puc. 4. PanianeHuii po3noAi TeMIepaTypH IUIa3Mu
eJeKTpoayroBoro po3psay Mixk Cu—Ni elekTpogamu
CHIIOI0 cTpyMy 3.5 A i3 3ay4eHHSAM CIIEKTPAITBHUX
minHi# Ni | ra Cu l.

BucnoBkn

CHeKTPOCKOIIIYHIMH JTOCIIPKEHHSIMHU  TUTa3MH
€JICKTPOJYTOBOTO PO3PSAy B MOTOLI aproHy Mix
Cu-Ni enmektpomamu cuiow cTpymy 3.5 A
BCTaHOBJICHO:

- AKICHY BIJIMiHHICTb CIIEKTPY BUIIPOMiHIOBAaHHS
TaKOTO IJIa3MOBOI0 JPKEpelia y MOPiBHIHHI 13 BUTBHO
ICHYFOUHM PO3PSIOM Y TIOBITpi, a came: HOoro CIeKTp
MICTUTh 3HAYHO OUIBIIY KIUIBKICTh CIIEKTPAIbHUX
JIiHIH aToMa HIKEITIo;

- MOXKJIMBICTh BUKOPHCTAHHS JUIS J1iarHOCTHUKU
WasMM 3 JIOMIOIKAMH ~ HIKEJIO ~ CyMapHOi
IHTEHCUBHOCTI TpPhOX cCrhekTpambHux JinHid Ni |
508.0, 508.1, 508.4umM g BU3HAUYEHHS
TeMIIepaTypy METOJOM BiJHOCHUX IHTEHCHBHOCTEH
y noeHanHi 3 siniero Ni | 547.6 awm.
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Pospaxoeano nanpyzy xonocmozo xo0y KpeMHi6020 COHAUHO20 eleMeHmMa Ha OCHOGI ACUMEmMPUYHO20 N -
P nepexooy 3 MOOUPIKOBAHUM WaApoM 6 obracmi npocmopogozo 3apsdy. Posenawymo nadbap epruii ma
MYHeNbHUL MeXaHizMu NepeHocy Ccmpymy udepes Moougikoganuu wap. [na eunadxky naodbap eproco
NnepeHocy 3MEeHUleHHs CMPYMY HACUYEHHS Modce OYMu CnigposmipHe i3 8UNAOKOM MYHENbHO20 NepeHOCy.
Hepwuii 6unadok € imogipnum 0nst Mooughikosanux wapie 6Oinbwioi moswun. Iloxazano wo eioHoCHe
3POCMAHHA HANPYeU XONOCHO20 X00) CKAA0AE OAU3bKO Oecamu 8Ii0COMKI6, AKWO CMPYM KOPOMKO20
3AMUKAHHA BUXIOHOI CMPYKmMypu 30epieacmuvcs, NPUHAUMHI,He3MIHHUM. B ceoro uepey binbuia moswuna
MOOUPIKOBAH020 wapy O0036018€ OMPUMYBAMU  GUIYI 3HAYEHHSA 000AMKOB020 CMPYMY 6HACTIOOK
000amMK08020 IHPPaAUEePEOHO20 NOTUHANHS.

Kniouo6i cnoea: consunuii enemenn, Moougphixosanuii wap, acumempuyHuii n' -p nepexio.

An open circuit voltage of n"-p silicon solar cell with amorphized layer inserted in space charge region
was calculated. Insertion of optical dopant into space charge region can by accompanied by partial
amorphization of silicon. This lead to local energy band gap increase and potential barriers in conduction
and valence bands formation. As efficiency of holes injection is very low for asymmetrical junctions,
saturation current is defined by injection of electron in p-base completely. It was analyzed two principal
cases of current flow through space charge region: first one corresponds to situation when electrons from
emitter pass the barrier with assistance of thermionic emission, second one is tunneling. It was shown that
an increase of open circuit voltage consist nearly ten per cent for both cases, if short circuit current remains,
at least, unchanged. However, amorphized layer can change current flows of initial cell significantly and
precise analyze of fill factor and photocurrent is needed to obtain ultimate result. The relative increase of
open circuit current is comparable for both cases. In turn, larger modified layers allow more efficiently
improve value of additional photocurrent due to infrared absorption.

Key Words: solar cell, modified layer, asymmetrical n"-p junction.

CrarTio peactaBuB 1. §.-M. H., mpod. CkpunieBcbkuii B.A.

1. Beryn npobjJeMH €  3aCTOCYBaHHA  JJOMIIIKOBOTO
Koedimientr xopucHoi aii  KpeMmHieBUX (DOTOBOJBTaTYHOTO e(deKTa Il BUKOPUCTAHHS
(doTomnepeTBOprOBadiB Ha OCHOBI KBaHTIB 3 EHEPri€l0 MEHINOK HIK IIMpUHA
MOHOKPUCTAJIIYHOIO  n'-p  Tepexomy  Ha 3a00pOHEHO] 30HH MOHOKPHUCTAIYHOTO

ChOTOAHIMHIN neHb He mnepeBumrye 16-18%. kpemniro 1.12 eB. CyTp 1poro miaxomy mnossrae
JlociKeHHs MOXJTHBOCTEH MIJBUIIATA y BBEJIEHHI B KPEMHIEBY TpaTKy “TIMOOKHUX”
Koe(illieHT KOpPUCHOI [Mii € BaXIMBUM JOMIMmIOK (sik Hampukman In, Er, S, Te), sxi
HaIpsIMKOM Cy4YacHOi GI3UKH  CTBOPIOIOTH PIBHI BCEpeArHI 3a00pPOHEHOI 30HU
HamiBNpoBiAHUKOBUX mpwianiB. Opaum 3 [3,4]. 3a3Buuail 11sl HOTO 3aCTOCOBYIOTH 10HHY
MEePCIEKTUBHUX IMIIXO0JIB O PO3B’SHHA TaKOi IMILIAHTAIlIO 3 HaCTYITHUMH UKJIAMU

© O.B. Kosunerp, 2015
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Tepmiunoro Bignamy [4]. Ilo3utuBHHI edekT
MoJIsiTa€ 'y  CTBOPEHHI  MOMKJIMBOCTI ISt
JIBOCTyINEeHeBoi ()OTO reHepalii mpu MorauHaAHHI
KBaHTIB 3 BIAMOBIZHUMHU eHeprisimu. OHaK, B
mpoleci 1I0HHOI IMIUIaHTalLlll MOKIIMBa HeOakaHa
amopdizallisi MOHOKPUCTAJIYHOTO MaTepiany B
MEeBHOMY 00’eMi Ta, SIK HACHIJOK, 301TbIICHHS
LIMPUHU 3a00poHEH01 30HU 110 1.6-1.8 eB.
MosxnuBuit BapiaHT e(eKTUBHOTO
3acTOCyBaHHA (DOTOBOJBTAITYHOTO EQEKTy €
10HHa IMIUTaHTallis B OO0JIAaCTH MPOCTOPOBOTO
3apany. Ilo-mepme B TakoMy BUIAAKY €
MOXXJTUBICTh  KOHTPOIIOBATH PEKOMOiIHAIIHI
XapaKTepUCTHKH iHTep(eiciB  amopdizoBaHOi
o0jacti, mo-Apyre iHTEHCHBHICTh HeOaKaHUX
pexoMOiHamiiftHuX mporeciB mo tumy lokoi-
Pina-Xonma  uepe3  [0AaTKOBO  CTBOpEHUU
rIMOOKUil  piBeHb B 3a00pOHEHIM  30HI.
3a3HauMMo, LI0 MapamMeTpu amop¢izoBaHOTIO
mapy CyTTEBO 3aJIeKaTh BiJ TEXHOJOTTUHHUX
YMOB TMPOBEIEHHS 10HHOI IMIIaHTamii Ta
XapakTEepPUCTUK Biamany. HasBHICTh 107aTKOBOI
Oap’epHOi 007aCTI MOXKE CyTTE€BO BIUIMBATH Ha

IpoIlecH TEepeHoCy CTpyMy Ta  OCHOBHI
XapaKTEePUCTHKH (OTOCNEKTPUIHOTO
TIEPETBOPECHHS. OTtxe, HEoOX1THO
MpoaHami3yBaTH  0cOOMUBOCTI  (opMyBaHHS

TaKUX XapaKTEPUCTHUK Ta BH3HAYUTH JIOITYyCTUMI
napameTpu amop@izoBanoi obnacti. B poboTi
[2] posrasHyTO O0COOMMBOCTI 11 BIJIUBY Ha
(GopMyBaHHS TYCTHHH CTPYMy KOPOTKOTO
3aMUKaHHS. PoO3paxyHOK Hampyrd XOJOCTOTO
X0y, SIKa € IHIIMM BaKJIUBUM TapaMeTpoM
COHSTYHOTO €JIEMEHTA, 3alpOIIOHOBAHO B JIaHIH
po0ori. J{ns agexBaTHOTO onucy amop(dizoBaHOi
00J1acTi 3 ONTHYHUMH JIOMIIIKaMH BUKOPHUCTAHO
TEOPETHYHY MOJIEIIb, SIKa Mepeadadae HassBHICTh
toHkoi (50-100 HM) Oap’epHOi CTPYKTypH
BCcepenuHi 00JacTi MPOCTOPOBOTO  3apsay.
Metoro poOOTH € BHUBYECHHS 3aKOHOMipHOCTEH
(dopMyBaHHS HAmpyrd XOJIOCTOTO XOAy B
CUCTEMI 13 CKJIQJHOI0 30HHOIO CTPYKTYPOIO Ta
BU3HAYCHHS napaMmeTpiB amophi3oBaHOi
obmacti, ki  3a0e3nmedyioTh  30UTBIICHHS
HAIMpPYTH XOJOCTOTO XO/Iy 32 YMOBU HE3MIHHOTO
3HaYeHHS  TYCTHHH  CTPyMy  KOPOTKOTO
3aMuKaHHSA. OTpuUMaHi pe3yapTaTd MOXYTh
OyTH KOPUCHHMH JUISI TIPAKTUYHUX JIOCIIKEHB
MOAIOHUX CTPYKTYP.
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2. TeopeTnuHa Mmozenb

Jis  po3paxyHKy BHUKOPHUCTa€EMO JIOJHY
MOJIeJIb, B PAMKaX SIKOI MPUITyCKAaIOTh, 110 HOCIT
OPOXOJATh 00JacTh MPOCTOPOBOrO 3apsiay 0Oe3
po3cisiHHA. 3a3BHuail KOHIEHTpAIsl TOHOPHUX
JOMIIIOK B €MiTepi Ha [JBa-TpU TMOPSAKU
BEJIMYMHU OUTBINA HIXK aKIETITOPHOT JIOMIIIKU B
0as3oBiii oOmacti. Sk Hacmigok, 00JacTh
MIPOCTOPOBOTO 3apsily BUHUKAE JIUIIE B 0a30Biit
ob0nacTi a I1HXEKIis EeNeKTPOHIB 3 emiTepa
BU3HAYa€ CTPYM HACHUYEHHS TaKOl CTPYKTypH.
[Tpumyctumo, 1o B AesKii Toumi x o006macTi
IPOCTOPOBOTO 3apsiy aCHMETPUYHOTO
KPEMHIEBOTO 1" -p Tepexofy iCHye amop(hizoBaHa
CTPYKTypa TOBIIMHOIO d, sIKa CTBOPIOE
MOTEHLIaTbHUIl Oap’ep B 30HI MPOBIAHOCTI
BEJIMYMHOI ¢, (BLATIK eHeprii Bix piBHA 30HU

MPOBITHOCTI B TOUIMI X,z ). [loTeH i) B 06macTi
IPOCTOPOBOTO 3apsiay IIMPUHOK L 3 BHCOTOIO
Oap’epa ¢, MOXKHA aNpOKCUMYBaTU BHPA30M

? =0, (1_1)2. CtpyMm Ha Mexi nmoainy obiacTb
L

IPOCTOPOBOTO  3apsiiy—HEHTpasbHA  00JIaCTh
0azu MOkHAa TomaTH abo SIK  TPagie€HT
KOHIICHTpAIlli HEOCHOBHUX HOCIiB, abo sK

PI3HUIIO TIOTOKIB €JIEKTPOHIB 3 €MITepHOI Ta
6a30Boi obnacTell (3 ypaxyBaHHSM IapameTpiB
aMop(}i30BaHOTO IIApy Ta MEXaHI3My MEPEHOCY
ctpymy). [IpupiBHSBIIM IIi BEITWYHHH, MOXHA
3HAWTH PO3MOIiN KOHIICHTpAIl €JIEKTPOHIB B
6a30Biii 00JIACTI Ta TYyCTUHY TEMHOBOI'O CTPYMY

[2]:
JOY =, 1+ jy L P)exp(eV /kT)-1), (1)
e Jj,-CTpyM BUX1IHOT

CprKTypH’fn :ievnnn exp(—(¢ +¢, +eV2)/kT) - A

HAaCHU4YCHHA

Han0ap’epHOTO  ; _ %ev"”nP,l (V exp(~¢, / kT )~

TYHEJIBHOTO MEXaHi3MYy. B UX
BUpazax ¢ =¢ —@(x,,), V,-4aCTUHA HaNpyTru
3npaBa Bl amMopQi3oBaHOPro mapy, P.(V)-
KOe(]iIi€HT TyHEIBHOI MPO30POCTi, V, - TEIIOBA
MIBUJKOCTI  €JIGKTPOHIB, #, - PIBHOBa)XHA
KOHIICHTpALlisl €JEKTPOHIB B eMmiTepi, k- cTaia
bonbimana, 7 - Ttemmeparypa, e - 3apan
€JIEKTPOHA.
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Hanpyry XOJIOCTOI'O XO04y MOKHaA OHiHI/ITI/I 3a
BizoMo10 popmyiioro [1]
Vxx = nk]jm /jof ln(jm /jof + 1) s

Ac oy =J,/(+ j,/ f)-ebexruBHa

()

IryCTHHA

CTpyMy HACHUYCHHS, j_, - TYCTHHAa CTpyMy
KOPOTKOTO  3aMHKaHHS, n-KOCQIlIEHT  He
1J1eaJIbHOCTI.

3. Pe3yabTaTu Ta iX 00roBOpeHHS

Ctrpym HacuyeHHs 0a30BOi 00JyacTi OiibIie
HIXK CTPYM HaCHYEHHS eMITepHOT 00JIacTi Ha TpU
HOPSAJIKA BEIMYUHH Ui ACHMETPHYHOTO 7' -p
nepexoy. SIk BUIIIMBAE 3 aHaizy Gopmynu (2),
CTpyM  HaCHYeHHs  BUXIAHOI  CTPYKTYpH
3MEHIIYETbCS Y  BHUIAAKY CTBOPEHHS
JIOTATKOBOIXX OapepHOi CTPYKTypu B 00JaCTi
pocTopoBoro 3apsiny. HacTymHi pospaxyHkn
BUKOHA€EMO [Jid TUIIOBUX IapaMETpiB KPEMHIEBUX
¢oroneperBOprOBayiB: j =33MA/eM’, N P =10"cm
. Ng=10"cm, D,=30cm’/c, D,=13cm’/c,
v,=v, =10"cm/c,  ¢,=0.8¢B, L=0.5  wmxwm.

Edexrusna Bucora 6ap’epa ¢, = ¢, — ¢ BuOpana

JUI TIapaMeTpH3alii po3paxyHKOBUX KPHBHX.

Puc. 1 inmroctpye BUMAIOK TYHEIIOBAaHHS
€JIEKTPOHIB uepe3 amopdizoBaHmii mmiap. Sk
BIIOMO, TakWili  MeXaHI3M MOXe OyTu

AKTYyQJIbHUM Yy BUIIAJKY 1i HEBEJIMKHUX TOBIIUH
komu d<10 HM. 30UIbLICHHS TOBLIMHM ILIApY
CYTTEBOT'O 3MEHIIYE CTPYM HAaCHYEHHS B¥KE JUIS
HeBeNMKUX d=3-5 HM. Sk nOKa3yrTh
pPO3paxyHKH, Y BHMAAKy HE3MIHHOi T'yCTHHHU

1E-11 pe

1E12

1E-13

1E-14

1E-15

1E-16

lsn 6a3u, AlcMm?

10HM
1E-17 A

1E-18

1E-19

0 0.1 0.2 0.3 0.4
BUcoTa b6ap'epa, eB
Puc. 1. 3anexHICTh TYCTHHH CTPyMY

HAacCUYEHHS 0a3u Bix eeKTUBHOTO Oap’epa
JUTSL TYHEITbHOTO MEXaHI3My
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1E-10 -

1E-11 4

lsp 6a3u, Alcm?
m m m
N > I

1E-15 -
1E-16 : : : : :
0 0.1 0.2 03 04 05
BUcoTa b6ap'epa, eB
Puc. 2 3anexHicTb TyCTUHH CTpyMy
HacUueHHs ©0a3u  Big  €PEKTUBHOTO

Oap’epa st TEPMOEMICIITHOTO MEXaHi3My

CTpyMy KOpPOTKOTO 3aMHKaHHS, 3pPOCTaHHS
Halpyru XOJOCTOTO XOay Moke ckiamatu 10-
15% Big MOYATKOBOI BENWYHHH. Y BHUIAIKY
3pOCTaHHSI TOBIIMHH amop(}i3oBaHOTO IIapy
IMOBIpHICTb ~ TEPMOEMICIHHOrO  MeXaHi3My
30uTbIIyeThes.  [Ipuuomy nst  ¢ikCoBaHOTO
3HAUeHHS X4, YAM Oilbla Bemu4nHA Oap’epa
¢,, THM OUIBII CYTTEBO 3MEHILYETHCA CTPYyM

HACHYEHHSI BUXIJTHOT CTPYKTYpH.
Hapnaku, gxmo ¢, ¢ikcoBaHo, OLIBII X4

0.16 - AV Vix
0.14 |
0.12 |
0.1
0.08 |
0.06 |

0.04 -

0.02

0 0.1 0.2 0.3 0.4

Bucorta 6ap’'epa, eB

Puc. 3 BinHocHa 3MiHa Hampyrd XOJOCTOTO
X0y Bim BHCOTH edekTuBHOTO Oap’epa y
BHUIAJIKy 1HXEKIIi eleKTpoHiB Ta mipok (1),
TIJIBKU €NEeKTPOHIB (2), TibKU AipoK (3).
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(amopdizoBaHuii map po3MilieHO Ommkue 10
TpaHUIli  O0JIaCTh  MPOCTOPOBOTO  3aAPSAY-
HeWTpanbHa 00nMacTh 0a3u)  BIANOBIAAIOTH
MEHIIIMM 3HAYEHHSIM CTPyMy HacW4eHHs. Puc.2
UTIOCTpY€  BIUIMB BENMYMHH ¢, HA CTPYyM

HacuueHHs 0a3oBoi  oOmacti. Po3paxyHku
CBIUaTh MO 1 y BHUMAJIKYy TEPMOEMICIHHOTO
MEXaHi3My BIJIHOCHE 3pPOCTaHHA HamNpyru
X0JI0CcTOr0 X0y Moxe ckiaaatu 10-15%, Puc.3.
[lnaro B obnacti Benn4nuu mapamerpa ¢,>0.3

eB (kpuBa (2), puc.3) BiANoBigae BUMAIKy KON
CTpYM HAaCHYeHHs 0a3u 3MEHIIYeTbCS Ha [Ba
TIOPSIIKKA BEJIMYMHM 1 MOTO0 BETMYMHA CTa€ CIIB
MIpHHUM 13 CTPYMOM HacH4eHHs emiTepa. SIKio
amMop(hi30BaHH AP CTBOPIOE MOTCHIIATBHUI
Oap’ep 'y  BaJIEHTHIH 30HI  aHAJNOTIYHI
MIpKYBaHHS ~ MOXYTb  OyTH  3aCTOCOBaHI.
OOMexeHHs THXEKIII1 TIPOK B eMiTep 0e3 3MIHU
YMOB JJIsl TIEPEHOCY EJIEKTPOHIB uepe3 00JacTh
IIPOCTOPOBOrO  3apsAy HE MPHU3BOIUTH J0
CYTTEBOI 3MiH HANpPyTd XOJIOCTOTO XOIy, KpUBa
3. Sxmo amop@dizoBaHMiI TIIap  CTBOPIOE
OJTHOYACHO Oapepu y 30HI HPOBIAHOCTI Ta y
BAJICHTHIM 30HI, Hampyra XOJOCTOTO XOIy
301IBIITY€THCS BHACJIIJTOK BILJIUBY
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amop(hi30BaHOrO IIapy Ha OOWIBI KOMIIOHEHTH

cTpymy HacwdueHHs. Ciix 3a3Ha4MTH, IO
OPUNYLIEHHS HE3MIHHOCTI TYCTUHH CTpyMY
KOPOTKOTO  3aMUKaHHS €  1/1eani30BaHUM

HAONMMKEHHSIM, OCKUIbKM  (i3udHa mpupoaa
BIUIMBY Oap’e€pHOro miapy Ha CBITJIOBI Ta
TEMHOBI CTpyMH OJHaKoBa 1 HEOOXiJIHi
JOJJATKOBI YHCJIOBI pPO3paxyHKH B paMKax
CaMOy3TO/KeHOT Mozemi. 3a3HauyuMOo IO LIapu
OUIbIIOT TOBILUMHHU JIO3BOJISIIOTH OTPUMYBATH
OUIBIIy BEMTUYHMHY AOAATKOBOrO (DOTOCTpyMy B
oOmacTi eHepriii kBaHTiB MeHIIEe HiX 1.12 eB.

4. BucHoBku

Ha ocHOBi [niomHOT Moneni po3paxoBaHO
HANpyry  XOJOCTOTO  XOJy  KpEMHI€BOTO
doroneperBoproBaya 3 amopdizoBaHUM MIAPOM
B o0iacTi mpocTopoBOro 3apsay. PosrisiHyTo
TEPMOEMICIHHUN Ta TYHEJIbHHH MeEXaHi3MU
MEPEHOCY CTpyMy dYepe3 amop(izoBaHH IIap.
[TokazaHO 110 30iNBIICHHS HAIPYTH XOJIOCTOTO
xony Moxe ckianatu 10-12% B 000x Bumagkax,
SKIOIO0 TYCTHHA CTPyMy KOPOTKOTO 3aMHUKaHHS
3aJIMIIAETHCS, PUHAWMHI, HE3MIHHOIO.
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B pobomi mnpononyemvca memoO 06°cOHaHHA 6 AGMOMAMU308AHUN  BUMIPIOBATLHUNL  KOMNIEKC

niuunvuukie [eticepa-Mioniepa 3 mobinbHuMu npucmposmu (HOymoOykom, menepoHoM, NIAHUEMOM).
Pezynomamom pobomu € po3podra yHigepcaivHo2o KOMNIEKCY peecmpayii padiayitino2o unpoMiHIOBAHHS.
Hanuii xomnaexc modice @hixcysamu 003y GUAPOMIHIOBAHHS HeOE3NeuH020 piHs 08 JOOUHU PIGHSA ma
CUSHANIZY8amu Npo cmyneHi Hebe3nexu.

Kurouosi crnosa: oozumemp, niuunvnuk I eticepa-Mrwonnepa, Bluetooth, Arduino

A method of combination of the Geiger-Muller counters with the mobile devices (a laptop, a
smartphone, a tablet computer) into the automated measuring system is offered in this work. The result of the
work is the development of a universal set of registration of radiation based on the microcontroller Atmel
Atmega 328. This set can register the dose of gamma radiation levels dangerous for humans and can signal
the degrees of danger. The device also has a built-in counter of the accumulated dose. The adjustment and
work with the device occurs with the help of a wireless interface Bluetooth, or with the help of a Universal
Serial Bus USB. Bluetooth interface realized with the help of microcircuit BlueCore 417 and USB with the
help of CH340G. It is not necessary to use a special set sofiware for the measuring set for the work of a
mobile device. The set is compact, portable, has an integrated power supply and can operate without a
mobile device as a signal of the dangerous zones. The built-in flashing alarm system and audible alarm
system are implemented in the device. This device can be used in the industry, for work on the facilities with
high radiation background, and at home, because it is not expensive and it is also affordable.

Key Words: dosimeter, Geiger-Muller counter, Bluetooth, Arduino.

Crartio npeacrasuB A.T.H. [loropimuit C.JI.

HOPMAaJIbHOT TOBCSKACHHOI MisZIbHOCTI JIFOJAUHU, i
yac SKOI JIFOAM MOXYTh TOTPAILIATH TWiA IO
10HI3YI0UOTO BHITPOMIHIOBaHHS [1,3,7].
Jlo3uMeTpuuHUil KOHTPOJIb TEPUTOPIM MPOBOIUTHCS

Beryn

B wmam wac, micns karactpodm  Ha
Yopuoounmscrkiii AEC BUMIpIOBaHHS 30BHIIITHHOTO
pamianiiHoro OHy € aKTyaJlbHOK METPOJIOTIYHOIO

3ajayero, aJke BeNMKa KUIbKICTh 3a0pyAHEHHX M CBOEYACHOTO OTPUMAaHHSA MOaHUX Mpo 03U
PCUYOBHH IMOTPAIUISAE i3 30HHM BIUYXKECHHS 10 PEIITH ONPOMIHEHHS JIIOACH Ta CTYIiHb 3apaKeHHS
teputopii Vkpainum [1,4]. Takoxk, Ha Ttepuropii wMicueBocTi, OyIWHKIB, O0’€KTIB  HapOIHOTO
VYkpaiHu € BelHKa KUIbKICTh 00’€KTiB, SIKi HECYThb Y TOCIOAAPCTBA, TEXHIKM TOMIO, M BXXKHBAaHHS

co0i OTEeHIIIHY 3arpo3y IS pajialiitHol Oe3ImeKH.
Pamiaritina G6e3mneka - e 3a0e3MeUeHHS 3aXUCTY
BiZl 10HI3YIOYOTO OMpPOMIHEHHS OKpeMHux oci0, ix
HAI[3JIKIB 1 JIIOACTBA B LIJIOMY. 3 iHIIOT0 OOKY - II¢
HEOOXITHICT, CTBOPEHHS BIAMOBITHUX YMOB IS

© B.B. JIackorcekwuii, O.C. bayxa, 2015

CBOEYACHHMX 3aXOJIB MO0 3MCHINCHHS HeOe3MeKH
paniarmiitHoro ypakenss [1,7].

[Mponukatoua pamiaiiss HeOe3NeuHa CBOIMH
HACIIITKaM¥ JUIS 370POB's JIIOJUHH. Marouu BEIHKY
EHepriro, pamioaKTHUBHI TIpOMEHi rO0KO
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NPUHUKAIOTh B TKAaHWHUM OpraHi3aMy JIIOJUHH,
10HI3YIOTH iX Ta 30y/UKYIOTh IPOMEHEBY XBOPOOY.

B crarti mpomoHyeTbcs CTBOPEHHS HOBOTO
VHIBEpCAJIbHOTO  TpHJaxy Uil IPOBEICHHS
PeryJsipHOTO panionoriyHoro KOHTPOJIIO

HaBKOJIMIITHBOTO cepenoBuina. HeoOXiqHo cTBOpHUTH
yHIBepCaJIbHUU TpHUIaj, SKUH MO3BOJSB OW BECTH
panionoriuHui KOHTPOJIb.

VHiBepCaTbHICTh MOJIATAE B HACTYITHOMY:

1. Ilpmmag oO’emnye B co0i  QyHKITIT
JIO3UMETpa,  pajioMerpa  Ta  CHTHaji3aropa
HeOe3MeYHUX 30H.

2. Ilpwman Mae TTUPOKHA JianazoH

BUMIPIOBAaHHA, a OT)KE TOBHHEH 3aCTOCOBYBATHUCH
BOJHOYAC HA TPOMHUCIOBHX 00 €KTax 3 BHUCOKUM
pamianiiHuM GOHOM i B MOOYTI.

3. Ilpunag MIOBHHEH MaTH
co0iBapTicTh, Mali po3MipH, HEBEIHUKY Bary.
OCHOBHI TPUHIIUTIH POOOTH TIPHUIIALY

HHU3BKY

PaniamiiiHuii KOHTPOJIb — 1€ KOMIUIEKC 3aXOJIiB
[0 JOTPUMAHHIO HOPM pafiamiifHoi Oe3meKku i
OCHOBHHMX  CaHITapHUX  TMpaBWiI  pobOTH 3
pamioOaKTUBHUMH  PEUOBMHAMH  Ta  IHIIUMH
JoKepenaMu 10HI3YI04OTO BUIIPOMIiHIOBaHHS.
OCHOBHHUM JIOKYMEHTOM, SIKHI peryioe
pamiamiiHuil KOHTpoJIb € 3akoH Ykpainu «IIpo
3aXUCT  JIIOJUHU  BiJl  BIUIMBY  1OHI3YIHOUOTO
BHIIPOMiHIOBaHHS» Bin 14 ciuHsa1998 poxy Nel5/98-
BP, ct. 9 1a 15).

3 TririeHiyHOi  TOYKH  30py, CBOEYACHO
MpoBeNeHUH pafialifHui KOHTPOJb Ta YCYHEHHS
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YM 3HIKEHHS JI0 HOPMATHBHOTO DPiBHsI 10HI3YIOYOTO
BUIIPOMIHIOBaHHSl 3aXWUCTUTHh 3J0POB’S, TaK SK
3HAXO/UKCHHS TPUBAIMHA dYac y TNPUMIMICHHAX 3
MiZIBUIIEHUM  pajiallifHuM  (GOHOM dYM  piBHEM
pazoHy B MOBITPI MOX€E MPUBECTU 10 HETaTHBHOTO
BIUIUBY Ha CTaH 310pOB’ s JIOACH.

Hai0iip1n momupeHuM METOA0M paaialiiHOro
KOHTPONIO € BHUKOPUCTaHHS JIO3MMETPiB, AKi
OCHOBaHI Ha miumibHHKax [elrepa-Miomrepa. €
Oararo peamizamiii JidrIBHAKIB [ eiirepa-Mroiepa,
are HaiOuIbImIoro momupeHHs Ha Teputopii CHJL
3100yB miunneHuK CBEM-20.

[IprunHOO MHMPOKO BUKOPWUCTAHHA € MPOCTOTA
BUPOOHUIITBA Ta HEBEJMKA BapTICTh, IIO JO3BOJISE
BUKOPUCTOBYBAaTH JaHWU JYMUIBHUK BOJHOYAC B
noOyToBUX 1 mpodeciiHuX npuianax pamiamiitHoro
koHTpoit0. CBM-20 Mae rabaputu Tpoxu Oiiblie 3a
OJIiBelb, 10 JO3BOJISIE CTBOPIOBATH HA OCHOBI HHOTO
SK BENWKi CTallioOHapHi, TaK 1 MOPTaTHBHI
mo3uMeTpu. Jlo3uMeTpaM Ha3WBAaIOTh CIMEWCTBO
npuiagiB - Qikcamii MOTYXKHOCTI  PajiOaKTHBHOTO
BUIIPOMIHIOBAHHS, BHMIPIOBAIBHUN TIpWIIAJT IS
BUMIPIOBaHHS  JIO3W ab00  TOTYXKHOCTI  JTO3H
10HI3YI0YOTO BUIIPOMIHIOBaHHS OTPHMAHOI
OpUIIAZIOM 32 IeSKUil MPOMIKOK Yacy, HalpHKiasi, 3a
nepiox mepeOyBaHHS Ha JAedKiii Teputopii abo 3a
pobouy 3miHy. BumiproBaHHA BHIIE3ragaHUX
BEJINYMH HA3UBAETHCS TO3UMETPIEIO.

KommnonenTHa 6aza

NiMMNeRUK Medrepa-
Mionnepa CBEM-20

EWCOKOEONETHUW BNOK
KHWENeHHA

Enok ceiTnoBoi

cUrHanisauii

"Atmega 328"

Bnok ze'saky "BlueCore
417"

Bnok seykoEoOl

T

CUrHanisauii

ENoK XMBNEeHHA
"LM7805"

Mil{pomHTpon9p> UART

Arduino Nano

Puc. 1 brok-cxema T03UMETPUIHOTO0 KOMILIEKCY
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Buxoasun 3 OCTaBJICHOL 3a1a4i Ta
MPEACTABICHUX Ha PHUHKY JIaTYHKIB Ta
MIiKpPOKOHTPOJIEP, Oyo miaiopaHo TaKi
KOMITOHEHTH:

- Mikpokontponep Arduino Nano Ha mpouecopi
Atmel Atmega328 [5].
- Jliyuneauk I'efirepa-Miomiepa CMb-20;
- Monayns 38’s13ky BC 417 [6];
[TpuHIMIIOBa CXeMa TPHCTPOI0 300pakeHa Ha
puc.1.
MikpokoHTponepu cimelictBa Arduino [5] €

MiHIaTIOPHOIO anapaTHO-00YHCIIOBAITEHOIO
wiatgopmoro, OCHAIIEHOIO IIPOLIECOPOM,
ONECPATUBHOIO  IaM’ATTIO,  CHEPrOHE3aleKHOIO

¢nemr-namM’ATTIO Ta iHTEpQercoM BBOIY-BHBOAY.
[Iporpamue 3a0e3nedeHHs A Ii€i MIATQOPMHU
Moke OyTH po3pobieHe moBamu AcemOiiep a6o C-
nonioHoro MoBoro Processing/Wiring. CimelicTBO
MIKpOKOHTPOJIEPiB Arduino MOXKe
BUKOPHCTOBYBATHUCSI a00 CTBOPEHHS aBTOHOMHHX
IHTEePAaKTUBHUX O0'€KTIB, a00 JJIi KOMYHIKAI[ITHOTO
3’€¢IHAHHA JO TMPOrPaMHOro 3a0e3MedYeHHs, MIO0
TIpaITioe Ha IHITUX KOMIT I0Tepax JIOKaIhHOI Mepexi,
3okpemMa Adobe Flash, Processing, Max/MSP, Pure
Data, SuperCollider Tomo. Iudopmamis mpo
CXEMOTEXHIYHy peaji3alil0o MiKpOKOHTPOJIEPHUX
cucteM Arduino 3HaXOmUTBCA y  BIAKPUTOMY
JIOCTYII..

MikpokoHTpoIep Arduino Nano
CKIIaZaeThes 3 mporecopa dhipmu Atmel apxiTekTypu

AVR, a TakoX eJeMEHTIB OOB’S3KH A
mporpaMyBaHHsT ~ Ta  iHTerpamii 3  IHIIMMH
npuctposimu. Ha  Gararbox IuiaTax — HasBHUI

NiHiMHKMNA crabimizarop Hanpyru +5B ta +3,3B.
TaktyBanHs 37iiCHIOETBCS HA YacTOTi 16 a6o 8 MI'1
32 JIOTIOMOTOI0 30BHIIIHBOTO KBapIIOBOTO
pe3oHaropa. Y  MIKpPOKOHTpOJIEp  3alHCaHO
3aBaHTaxyBau (bootloader), TomMy s 3MiHH
nporpaMHOro  3a0e3nedeHHs  MIKpOKOHTpoJepa,
BUKOPHUCTAHHS 30BHIIIHBOTO IIPOrpamaropa He €
000B’s13KOBUM.

[Mnatn  Arduino [03BOJNSIOTE  BHKOPHUCTOBYBATH
3HaYHy KUTBKICTh /O BHBOJIB MIKpOKOHTpOJepa y
30BHINIHIX cXxeMmax. Y 1wiati Arduino Nano J0CTymHO
14 mmudpoBux BXOAIB/BUXOIB, 6 i3 SKUX MOXYTb

BHJIABATH TUPOKO-IMITYJILCHUN CUTHAI, i 8
aHAJOTOBHUX BXOIIB.
Jliunnenukn  [efirepa-Miomnepa  ~ CBEM-20

MPEACTaBIAIOTE 13 cebe craneBy TpyOKy HAallOBHEHY
CIIEIIaIbHOI0  Ta30BOI0  CYMIIIITO, JIOBKHUHOIO
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Oomu3pko 10 caHTHUMeETpiB 1 AiaMeTpoM OJIM3BKO
OIHOTO CaHTUMETpa. 3 IBOX CTOPiH JIYMIBHHK
I'eiirepa  CBM-20 Mae KOHTaKTH TNl ITOKOJIbHE
3'€IHAHHS.

Jliuvunenuku ~ [eifrepa-Miomnepa ~ CBEM-20
(Puc.1) mmpoxko BUKOPUCTOBYBAIUCS B IOIMYJIAPHUX
B CPCP no3umerpax moOyTOBOTO Ta BiiCBKOBOTO
NpU3HAYCHHS.

Jliunnpank CBM-20 BupoOisieTbes 3 KiHng 70x

pOKiB B 0e3 ICTOTHHX 3MiH KOHCTPYKIII 1
XapaKTEepPUCTHUK.
BC417 [6] opHOKpHCTanbHAa pagiocMyroBa

IHTerpajgbHa MIKpOCcXeMa SKa pealli3yio MPOTOKOJ
Bluetooth. [lana mikpocxeMa HiATPUMYE MiBUIICHY
mBuaKicTh nepenaui nanux (EDR), mo 3a6e3neuye
nepeqady IaHUX Ha MBUIKOCTI 10 3 MOiT. Jlo3Bossie
OTIEPaTHUBHO 3’€HYBaTH MPHUCTPIA 3 OyAb-SKUM

MOOUIEHIM TenehOHOM, IJTAHIIETHUM
KOMIT'IOTEpOM, a00 JIaNTOOM 32 JOIIOMOTOIO
nporokomy  Bluetooth. BC417 (Puc.1) wMae

inTepdeiic 30BHIHBOI Flash mam'ari, 31 MIBHAKICTIO
mo 8Mbit. IIpu Bukopucranni 3 Bluetooth KCB
MPOTPaMHMM CTeK 3a0e3leduye TOBHY CyMiCHUH
Bluetooth cnenmgikamii 2.0 mis nepemadi gaHUX i
roitocy. BC417 wmoxe OyTH BHKOPUCTaHHH SIK
koHBepTep RS232-to-Bluetooth.

o MikpokoHTpojepa Atmega 3a JTOIIOMOTOIO
upOBUX BXOMIB MiJa’€IHAHO JYMIBHHUK [ elrepa-

Mriomepa  CBM-20  (puc.1). Ilpm  koxHOMY
CITparfoBaHH1 TYMITEHAKA, BiIOyBa€eThCS
nepepruBaHHs Ha MIKPOKOHTPOJIEPI.

Kusnenus MIKPOKOHTpOJIEpa 3abe3neuye

Mmikpocxema LM7805, sika 3 00B’s13K010, 3a0e3meuye
5 Bonbr Ha Buxomi. Lli€el Hanmpyru JOCTaTHBO LIS
KHUBJICHHS BCHOTO TNpWiIany. BuKIIOUeHHAM €
miunnpHUK  [efirepa-Miommepa CBM-20.  Jlanwuit
JIYWIBHUK BXOIUTh B CTaH JAETEKTYBaHHA MpHU
Harpy3i *KHUBJIeHHS B Mexkax BiJ 260 m1o 320 BOIBT.

[ KUBIEHHA JIIYMJIIBHUKA  3aCTOCOBYETHCS
BHCOKOBOJIFTHHI ONOK >kuBieHHS (Puc.2), sxwuit
BUJIa€ MOTPiOHY HAmpyry mpu 6 BOJBTaX Ha BXOII.
CxemMa  BHCOKOBOJBLTHOTO  OJOKYy  >KHUBJICHHS
po3pobnena [0 «l'opu3oHT» Ta oOmyOIiKOBaHA B
BUTHHOMY JTOCTYIII.

Ha naniii cxemi 300paskeHo Tpu pe3uctopu. R1 ta
R3 o 100 xkOM, a R2 — 5,1 MOwm. Konaencaropu C3
ta C4 marote emHuicts 4700 nd, C1 — 50 mxd, a C2
— 0.1 Mmx®. B cxemi npucytsi giogu D1 — D2 cepii
KJ102b ta mion D3 cepii KJ[522. Tpansuctop Q1
cepii KT315T.
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Puc. 2 [IpuHIIMnoBa cxemMa BUCOKOBOJIBTHOTO OJIOKY JKUBJICHHS

TpancdopmaTop € OCHOBOIO HAHOTO OJIOKY
JKUBJICHHS 1 CKJIaJaeThCs 3 MBOX oOMOTOK. Ilepmra
00MOTKa CKJIIAZAa€Thes 13 JBOX OJIOKIB M0 9 BUTKIB, a
apyra — 3 400 BurkiB. B Ttpanchopmaropi
BUKOPHUCTOBYEThC MarHiTonposix M2000HM. P1
TTo3Havae JYmIbHUK | efirepa-Mromepa CBM-20.

B npunami mnpucyTHi ONOKM 3BYKOBOI Ta

cBiTioBoi1 curHamizanii (puc.l). Bonu npusHaueni

!

JUISL TIOTICPEeDKEHHST KOPHCTyBada NMpO MOTEHIIHHY
HeOesneky. CBiTVIoOBa Ta 3BYKOBa CHTHANI3aIlis
BMUKAETBCA TIPU HepeBI/IIIIeHHi IMOTOYHOI'O IIOpory
3HAuYCHHs  pajiaiiiiHoro  ¢ony, abo  AKIIo
HaKONHMYEHa /1033 MEpeBHIIyE 3aJaHy 3a JeHb
HOPMY.

Puc. 3 CrennoBuii ekciepuMeHTaIbHUN 3pa30K T03UMETPUIHOTO

KOMILIEKCY
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€ 11Ba MOpPOTW CUTHATI3YBAHHS: MOMEPEIHKSHHS Ta
TpuBora. [lomepemKeHHST  CHpalboOBYE,  SKIIO
MIOTOYHE 3HAYCHHS pamianiiHoro dhony
HAOJMKAETHCA IO KPUTUYHOTO 3HAYCHHS, alle He
jnocsirae  foro. Y BUMAAKy TOAAIBIIOTO POCTY

MOKa3HWKa  TMOTOYHOTO  pajiamiiiHoro  Qowny,
BMHUKAETBCS PEKUM TPUBOTH, SIKHH TMPOJOBIKYE
NpaIoBaTH, TIOKM  KOPUCTYBa4 HE  ITOKHHE

HeOe3MeyHy 30HY.

[Moporn momnepe/keHHST Ta TPUBOTH, SK JUIS
MOTOYHOTO  pamiamiiiHoro ¢oHy, Tak 1 s
HAKOMMYEHOI JI03M, KOPUCTYBad MOXKE BCTAaHOBHUTH
3a IOTIOMOT'OI0 TePMiHATYy.

Monyns 38’s3ky BC 417 (Puc.l), mosBomsie
i €MHATHCSA 10 TPUCTPOIO 33  JIOMOMOTOKO
nporokony Bluetooth. Cam Monmynms  3B’SI3Ky
i’ €JHAHO JIO MIKPOKOHTpOJIepa 3a JOTMOMOIO0
inrepdeticy UART [2,6].

Monyns BC 417 no3Boiii€ BHKOPHUCTOBYBATH
OyAb-SIKUl TPUCTPIH, SIKMH MITPUMYE MPOTOKONT
Bluetooth pmns mepernsgy naHux 3 Opwiaay Ta
HaJalTyBaHHA #oro. B sKkocTi TepMmiHamiB OO
J03UMeTpa  MOXYTh OyTH  BUKODUCTaHi, sK
nepcoHaNbHI KoMI'IoTepu Ha cuctemax (Windows,
Linux, Mac OS), Tak i mnanmeTtHi [1K ta cmaptdonu
(Windows Mobile, Windows Phone, Android, iOS,
BlackBerry OS).

Jlnst HArISIHOT JEMOHCTpAIlil IPOCTOTH CXEMH,
Ha Pmc. 3 300pa)keHO TPOTOTHIT TO3UMETPHUIHOTO

KOMIUIEKCY, 3i0paHoro Ha IUaTti Oe3masyHoro
MOHTaXYy.
Po3pobnenunit  mpuctpii €  mpoctUM Y

MOBTOPEHHI, aJike 0yJIO BUKOPHCTAHO MOIYJISIPHI Ta
JeleBl KOMIOHEHTH. BapTicTh ofHOTO mpuiiagy npu
MaJocepiiHOMY BUI'OTOBJICHHI Onm3bka a0 14-15 $.

[Ipmmam MoXKHA JKUBHTH, SIK BiJf aKyMYJIITOPIB,
Oarapeiiok, Tak 1 BiA 30BHINIHLOTO JDKEpena
JKUBJIGHHS 3 HANpyTolo Big 6 — 18 BombT. ['abaputu
MIPUCTPOIO € CHIBPO3MIPHUMH 3 TIYJIBTOM 1O
noOyTOBOI TEXHIKM, Y BHUMAIKy 30MpaHHs Ha 0a3i
OJIHOLIAPOBOI OJJHOCTOPOHHBOI ILIATH.

BucHoBkmu:
Baxxwuii Oarak TEXHOJIOTIYHUX Ta COLIAIbHUX
mpobieM, kUi ycraakyBana YKpaiHa B pe3yJbTaTiB

Cnncok BUKOPHCTAHMUX ZKepeT

1. Unvun JI.A. PagmanmonHass 0e30MacHOCT U
3aIuTa; CnpaBounuk / JILA. WnbuH,
B.®. Kupunnos, U.I1. KopenkoB - Mocksa.:
Menmmmaa, 1996. — 336¢.
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aBapii Ha YAEC, a Takox HemONaBHS aBapisd Ha

smepHOMy OO’€KTi B STOHCBKIH  mpedexTypi
OykyciMa [ar0Th HaO4YHI JOKa3d TOro, IO
CBO€YACHA po3pobka i BIPOBAIKEHHS
BHUCOKOTOYHHUX, TMOPTATUBHUX 1 MAOCTYMHUX IS

HIMPOKOTO BHKOPUCTAHHS 1HAWBIAyaJIbHUX 3ac00iB
panialiifiHOr0 KOHTPOJIO € BOXKJIMBUM 1 aKTyaJbHUM

MUTaHHA IS Oynb-sKOT pPO3BHHEHOI KpaiHu 3
AJIEPHOI0 €HEPTETUKOIO.
Cepen pi3HHX NpOaHAi30BaHMX  METOJIIB

peecTpamii pamiariifHoro 3a0pyIHEHHS TIepeBary
HAaJaHO BHKOPHCTaHHIO KJIACHYHOTO JIIYMIBHHUKA

I'eiirepa-Mromiepa BUCOKOEHEPTETUUHHX
€IIEMEHTAapHUX  YaCTHHOK  MOJEi CBEM-20
YKpaiHCBKOTO  BHUPOOHHMITBAa SK  IHTErpyrHO4Oro

JaTyvka Ui TOOYJOBAaHOTO TPHIAAY KOHTPOIIO
paniariiiHoi Oe3nexu.

Sk amapatHUi OOYMCIIOBAaIBHHUHA TMPUCTPIN
0o0paHO sCKpaBOTrO mpeAcTaBHUKAa Mozaem Arduino
Nano HOMYJISIPHOTO cimeiicTBa Cy4YacHHUX
MIKpOKOHTPOJIEPiB,  OCHAIEHHX  MPOLECOpPaMHU
Kopmopartii Atmel 3 BIacHOIO apXiTeKTypOIO KOMaH]T
AVR uyepe3 MiHIaTIOpHI pO3MipH Ta HHU3bKE
EHEeProCIOKUBAHHS IIi€1 MOJIETI.

OckinbKu  TpwWiag KOHTPOJIO  pamialiiHoOl
Oesrekn Mae BOYIOBaHHH eMyJATOp TepMiHALY 3
BJIACHOI0O CHCTEMOIO KEepyIOUHMX KOMaHHI, TO
IUQpoBUH 3B’S30K 3 NPHWIAAOM OpPraHi3oBaHO 3a
JIOIIOMOTO10 YHIBEpPCaIbHOTO ACHHXPOHHOTO
npuiiomoniepenaBada UART, mis sikoro ¢izudHuM
nepefaloyuM  CepelOBUIEM €  MOLIMPEHUH
intepdetic  BlueTooth. Ile mae MoxnmBicTH
NPaKTUYHO OYIb-IKOMY MOOUTBHOMY MPUCTOI abo
CTalLlilOHAPHOMY KOMIT I0Tepy, OCHAILIEHOMY
BlueTooth-inTepdeticom 3’eaHaTHCh 3 MPUIAIOM 1
BUKOHATH KEePYO4i KOMaH[IH.

HaHuil mpuiaag MoXke 3acTOCOBYBaTHCA SIK B
MIPOMUCIIOBOCTI, U1 poOOTH Ha 00’ €KTax 3 BUCOKHM
pangiamiitaum poHOM, Tak i B mOOyTi, a/pke € HE
JIOPOTHM Ta JAOCTYITHUM.
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Pospobreno edockonanenuti memoo mamemamudnoi 00pooKu GomoereKmpuiHo20 8i02yKy COHAYHOZO
eneMenmy Ha Mooyavboeane oceimaenns. Pozensinymo 0ea sapianmu nabaudicenv, nodibnocmi eremenmie i
3CY8Y 80IbM-AMNEPHOT XAPAKMEPUCTNUKU, MA POSUUPEHHS 8iI0N0BIOHUX 0OUUCTIOBANLHUX CXeM HA BUNAOOK
008INbHO20 (POMOENeKMPUUHO20 MOOYVS. 3aNPONOHOBAH] 600CKOHANIEHHS 00360AI0Mb MECHY8AMU COHAUHI
bamapei 3 HeOOHAKOBUMU NAPAMEMPAMU KOMIOHEHMIE.

Knrouosi cnosa: consaunuil enemenm, oomoenreKmpuuHuLl CUsHAL, Mecmy8aHHs.

The improved mathematical processing of photoelectric signal obtained from solar cell under modulated
illumination is proposed. Suggested method extends the scope of the original testing approach, which basic
assumption is constant proportionality coefficient between the photoelectric response and derivative of
current-voltage characteristics of the element. So, the more flexible assumption methods are proposed. The
first method is based on supposition that the solar module elements have identical parameters but different
responses for different values of current. The second method requires a fixed bias of current at light, but
allows for differences in the components of the device. The corresponding modifications of calculation
schemes for current-voltage characteristics restoration are listed. The advantages and disadvantages of used
calculation approaches are discussed. It is possible to combine these methods in the algorithm, which does
not require any of the previous assumptions. This combination provides a tool for research and diagnostics
of semiconductor solar cells with heterogeneous parameters.

Key Words: solar cell, photoelectric signal, testing.

CrarTio ipeactaBuB 1. §.-M. H., mpod. CkpunieBcbkuii B.A.

1. Beryn Baxnusum HaNpPSIMKOM JIOCHIJKEHD

JlocmikeHHsT COHSYHUX EJIEMEHTIB 3aiiMae COHAYHUX EJEMEHTIB € po3poOka 3acobiB ix
noMiTHE Micre y cydacHid ¢i3uni. Ha TectyBaHHS. Knacuunnmu crocobamu
CHOTOHITITHIN JIeHb HaIBIPOBIIHUKOBA TECTyBaHHS  (OTOUYTIIMBUX  TNPUCTPOIB €
MIPOMHCIIOBICTh BUPOOJISiE KPEMHI€BI BHMIipPIOBAaHHS ix BOJIbT-aMIIEPHUX
dboToenekTpuuHi  MOAYJl 3 KOE(QIIIEHTOM XapaKTePUCTUK (BAX) Tta  peectparis
kopucHoi nmii Oims 18-19% s myOmiyHOTO CHEKTPaJbHUX  3AJIEKHOCTEH HaBEJEHOI'O
BUKOPHUCTAHHS. Haiixpari MoKa3HUKH (oroenekTpuuHoro curdHany [1-2]. Bonm
€(EeKTUBHOCTI Cy4aCHHUX NPUCTPOIB CATalOTh JO3BOJIAIOTH BU3HAUYNUTHU eKCIUTyaTaliiHi

25% [1-2]. IIpu upoMy, 11iHAa Ha COHsIUHI OaTapei
3HM3uIach Ha 70% MPOTATOM OCTAaHHIX 5 POKIB.
CucremMn Ha OCHOBI  HaImiBIPOBIIHHUKOBUX
MOJyJIiB  JEMOHCTPYIOTh aBTOHOMHICTh Ta
3MaTHICTh TOBHICTIO 3a0e€3MeuuTH MOTpeOun
criokuBava y eHeprii [3-4].

© A.l. Maminos, 2015

MOKa3HUKKU mpuctpoiB. Lli MeTomu mocTiiHO
BJIOCKOHAJIOIOTECS HOBHUMH OCOOJIMBOCTSIMU B
OCBITJICHHI, TOmNepenHiii o0poOii 3pa3kiB Ta
KOHCTpYKLIi mpuianis [5].

Henmomnikom Ki1acuyHUX cocoOIB € 31aTHICTD
TECTYBaHHS JIUIIE MOIYJS B LIJIOMY, a HE HOTO
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komrnoHeHT.  CywacHi  CcOHsSYHI  Oarapei eKclepUMEeHTaTIbHUX 3HaYeHb
CKIAaMalOThCst 31 3B'A3aHMX MK €000 ()OTOENEKTPUYHOrO CHTHAy Ta  IMOXiAHOT

(OTOCNEKTPUYHUX ENIEMEHTIB, KOXEH 3 SKUX
pOOHTH CBili BHECOK y 3arajbHy €(QEeKTHBHICTH
npucTporo. BianmoBimHO, TOCTalOTh  3aaadyi
BH3HAYCHHS XapaKTePUCTHK OKPEMHX
€JIEMEHTIB, BUSBIICHHS 1€(DEKTHUX CKJIaJ0BUX.

Onaum 3 MEPCIEKTUBHUX 3ac001B
TECTYBaHHS € METOJl MAIarHOCTUKH COHSYHHX
€JIEMEHTIB y MOJYJISIX IIISIXOM BHUMIPIOBaHHS
€IEeKTPUYHOTO BIATYKY Ha MOIYJIHOBAaHOMY
ocBiTiieHHi [6]. Bin no3Bomse otpumatu BAX
CKJIQJIOBUX MPUCTPOIO 0€3 HEOOXiAHOCTI y Horo
pyWHYBaHHI  9Yd  CTBOPCHHI  JOJAaTKOBHUX
KOHTakTiB. Takui miaXig mae psig OOMEKEHb,
MOKJIAZICHUX B OCHOBY OOpOOKH pe3ynbTaTiB
BUMIpIoBaHb. (OOIacTh 3aCTOCYBaHHS METOIY
MOKHA PO3IIUPHUTH 32 PAXYHOK BJIOCKOHAJICHHS
MaTeMaTH4HOI 0O0poOku manux [7]. VY crarTi
3alpOIOHOBAHO  NUISXH ~ BUPIMICHHS i€l
poOIeMH.

2. Buxiguuii meTox

2.1. 3acaau meToay

Buxigauii MeTon moisrae y BUMIPIOBaHHI 1
HACTYMHIM MaTeMaTH4Hid o0poOIi Mayoro
CUTHAITy, HaBEJICHOTO IMPH OCBITJICHHI KOXXHOTO
€JIeMeHTa COHSYHOI Oarapei MOIyJIbOBAaHUM
cBiTiIOM [6].

3pa3ok MAKIIOYAETHCS 10 EJIEKTPUYHOTO
KoJa, B SAKOMY pearizyeTbest
raJlbBAaHOCTATUYHUN pPEXUM. 3a TaKuX YMOB
OTIPOMiHEHHS CIAa0KMM MOJyJIbOBAHUM CBITIIOM
MPU3BOAUTH JI0 TeHepalii 3MiHHOI HampyTH,
HEOOXiTHOI ISl TOTO, 00 HACKPI3HHU CTPyM
3aIUIINBCS HE3MIHHUM.

MonynboBaHe CBITIIO MaJIOi 1HTEHCHBHOCTI
(OKyCyeTbCSI Ha OKPEMOMY N-My €JeMEHTI
Moayst. BianosigHo, poTOENEKTpUUHUN CUTHAT
OV BIJI OCBITJICHOI'O €JIEMEHTa BUIUIAETHCI Ha
gactori Moxyssamii. Llei ¢oroenexTpudHmit
CUTHaln € mponopuiiinuMm mnoxinHik BAX Ha
€JIEMEHTI:

ov(ln)=K - @vrl), (1)

Binryk peectpyeTscst Ui KOXKHOTO €JIeMEHTa
npu pi3HUX 3HAa4YeHHAX cTpyMy. KoedimieHt
nponopuiiHocti K po3paxoByerbcs 3

3aranbHOi BAX Moy Ha OCHOBI aAUTUBHOCTI
XapakTEepUCTUK elieMeHTIB. BigHoBnenns BAX
N-r0 eJEeMEHTY 3IIHCHIOEThCS IHTErpyBaHHSIM
MOX1IHOT:

I .
=] i+ @)
0

ne Vyx — MOCTiiHA IHTErpyBaHHs, KA JOPIBHIOE
HYJII0 U1 TeMHOBUX BAX i Hampy3i X0iocToro
XOJy MPH MOCTIHHOMY OCBITJICHHI.

Tobto, onepkanHa TeMHOBOT BAX enemenTta
BUKOHYETbCA y JBa eTamu: (a) MOJIyJbOBaHE

OCBITJICHHSI ~ €JIeMEHTa 13  BHUMIpPIOBaHHSIM
€JIEKTPUYHOTO BIATYKY, IPONOPLIHHOTO
noximHii  Bim BAX, (0) oOuucieHHs

KOoe(Illi€HTIB MPOMOPIIHHOCTI Ta BiJHOBICHHS
BAX inTerpyBaHHsM.

2.2. O0MexeHHSI METOAY
Po3paxyHku BUXIIHOTO MeTOAy O0a3yrOThCS

Ha MIPUITYLIEHHI, 10 Koe(iLieHT
MPOMOPIIHHOCTI K M1k 3HAYEHHSIM
(OTOETEKTPUIHOTO  BIATYKYy  €JIEMEHTY Ta

noxigHow Horo BAX e mocriiHuM. Ane y
3araJlkHOMy  BUNIANKy, Ied  Koedimi€eHT,
BU3Hauatounii 3cyB BAX mpu ocCBiTIIEHHI,
3aJICKUTh BiJ CTpyMy [, Ha SIKOMY IpPOBOISATH
BUMIPIOBaHHS, a TAaKOX BIJl €JIEMEHTa 7, 10
TecTyeTbes. ToOTO, CripaBeTMBICTh MOIATBIITIX
PO3paxyHKIB y MeTO/li 0a3yeTbcs HA TePeXO/Ii:

K(I,n) = K = const 3)

Mo >x poOuTH, SKIIO TaKe CIPOIICHHS He
mpaioe? 3amada € JOCUTh CKJIQAHOIO IS
po3paxyHKy. JlJig monermeHHs 3aBJaHHs MOKHA
BUJUIMTA 2 BapiaHTH BIOCKOHAJICHHS METOJNY,
K1 PUMYCKalOTh He3anexHicTh K Big omHiel 31
smiHHEX. lle cmpormrye po3paxyHKH —IIOJIO
3aralbHOrO BWIIAJKy, ajle B TOH ke uyac
po3MIHpIOe  00JaCTh 3aCTOCOBHOCTI BHXITHOTO
METOTY.

3. 3anponoHoBaHuii MeTO]
3.1. HaOau:xkeHHA MOXIOHOCTI eJIeMeHTIiB

[lepme  waOmmxkeHHs ~ Oa3yeTbcss  Ha
IICHTUYHOCTI TTapaMeTpPiB €JIEMEHTIB COHSIYHOTO
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Moayms. B Toil ke wuac gomyckaethcsi koedimientn K(n). BigmoBigHO, KITBKICTb
HepiBHOMIpHUI 3cyB BAX mo oci cTtpymy. Y HEBIJOMHUX JOpPIBHIOE KIJBKOCTI €JIEMEHTIB
bOMY BHUMAAKy Koe(ilieHT mnpomopuiHocTi Moxyns. Habip piBusHp Bumy (9) MoxHa
Ma€ BUTJIAA! OTpUMATH, BHUMIpPIOIOYH  (HOTOETEKTPUUHUI

K(Ln) = K() 4

BiamoBigHo, (QOTOCIEKTPUIHMIA BIATYK N-TO

eJIeMEHTa TMpH 3Ha4yeHHI cTpymy [ Oyne
BH3HAYaATHUCS 32 POPMYIIOIO:
ovihnyK(@)-(@vzdl), )

3 aputuBHOCTI BAX enementiB momyst, K(I)
MOXXe  OyTH  OOdYMCICHWA 31  3HAYCHBb
(OTOENEKTPUYHOTO  BIATYKY €JIEMEHTIB Ta
noxigHoi moBHO1 BAX mpuctporo:

K(1)=25V(/,/7)/(dV/d1) (6)
n

MO0V

OtpumaBm Hablp KOEQIIEHTIB Ha Pi3HUX
CTpyMax, MOXHa po3paxyBatu BAX enemeHTa

3a  ¢opmynoro (2). Tobro mnpu 1BOMY
HAOJIMKEHHI] 3aIIUIIAETLCS BUXI1JTHUAN
MaTeMAaTHYHUNA  amapaTr, ajie  Koe]illieHTH
pPO3paxoBYIOTbCS TpU  PI3HUX CTpyMmMax i3
BpaxyBaHHSIM 3aJICKHOCTI K(I) npu
IHTEeTrpyBaHHI.

3.2. Habimxkenns 3cyBy BAX

Hpyruii BapiaHT HaONMMKCHHS TIOJIATAE Yy
3natHocTi BAX mpucTtporo 3cyBatMcs Ha
(ikcoBaHy BEJIWYMHY II0 OCl CTPyMiB TIpH
ocBiTieHHI. Lle HaOIMKEHHS 3aCTOCOBYETHCS y
BHXIJTHOMY MeTOJli. BirockoHamumo meit miaxin
J03BOJIOM €JIEMEHTaM COHSYHOTO MOJYJS MaTh
BIIMIHHI OJMH BiJl OJIHOTO TapameTpu. B
TaKOMY BHIAAKy KoediuieHT mponopuiiinocti K
HE 3aJIeKUTh BiJl CWIIM CTPYMY, IIPOTE MA€E CBOE
3HAUYEHHS /ISl KO)KHOTO €JIEMEHTA!

K(Ln) = K(n) (7

Toxi ¢dotoenekTpuyHMii BIATYK 3aJa€ThCS
CHIBBIIHOIIEHHSIM:

Sv(ln)=K(n)- (dV/dl), (8)

CximaBmm BAX BCiX €JIEMEHTIB MO
OTPUMAEMO PIBHSHHS:

(@AVAD 0 =5 OVO D) K(n) ()

HeBimoMumu B 1IbOMY PIBHSHHI BUCTYTAIOTh

BIJI'YK MPH PI3HUX CTpyMax.

Hexait y Momym N erneMeHTiB, a BUMIpH
NpOBOAATHCS Tpu M 3HadeHHsX cTpymy. Tomi
pesynpTatroM Oyzae cucrema M piBHsSHB i3 N
HEBIJOMHMH, PO3B'SA3aHHS SKOI JAaCTh 3HAYCHHS
Bcix K(n). Jns  po3B'sI3HOCTI  cucTeMHU
HeoOximHo, mo0 M > N. V3roautu KuUIBKICTB
pobounx Touok Ha BAX 13 KUIBKICTIO €JIEMEHTIB
y MOAyJi AOCUThH mpocto. BigHoBnenHs BAX
KOKHOTO eJIeMeHTa 3IIACHIOETHCS 3a
noromororo ¢popmynu (2).

3.3. 3aranbHuii BUNAI0K

Po3ragmeMo 3araJlbHUM — BWMANOK, KOIH
koediuient npomnopuiiHocTi K(I,n) 3anexuts
BiJl CTpyMy 1 Ma€ pi3HEe 3HAYEHHS ISl KOXKHOTO

eJIeMEeHTa MOJYJISL. BinnosigHo,
(GOTOCNEKTPUYHUIA  BIATYK N-TO  €JIeMEHTa
MAaTHUM€E BUTIISI;

ov(lnk K(I,n)-(dV/dI)n (10)

Y upomy Bunaaky ¢opmynu (6) 1 (9) He

JIO3BOJISIFOTH BU3HAYUTHA Koe(ilieHTH
nponopuidHocTi a1 moBHOI BAX enmemenra.
Ane icHye MO>KJIUBICTE 3aCTOCYBaHHS

PO3MIISIHYTUX HAOMKEHb [ AUstHKA BAX.

Jis iporo HeoOXiJHe BUKOHAHHS HACTYITHOI
YMOBH: KIJIbKICTh 3HAY€Hb CWIH CTPyMy, NpHU
SKUX TPOBOJWINCH BUMIPIOBAHHS, Ma€ 3HAYHO
NEPEBUIIYBaTH KUIBKICTh €JIIEMEHTIB Y MOJIYJIi:
M >> N. Tomi moxHna po3doutu BAX Ha
IUISHKW, KUIBKICTHP TOYOK Ha KOXHIA 3 SIKHX
piBHa N: (Il, Iz, ceey IN), (IN+1, IN+2, ceey IzN), ceesy
(Im~, ImN+1, ..., Im). BBememo Ha KoXxHIM
ninstHI HabmmxkeHHs 3cyBy BAX (7). B Takomy
BUNIAIKy KOEQIIIEHTH TMPOMOPIHHOCTI Ha
OUISTHKAX MOXYTh OyTH OOYHCIIEHI 3 CHUCTEM
piBHsHB (9). Lle 1acTh MOXIIMBICTH BITHOBHUTH iX
BAX.

[ToegrmaBmm BAX Bcix JAiISHOK MOXKHA
OTPUMATH 3arajbHy XapaKTEPUCTUKY KOXHOIO

eJIeMEHTa MOIyJs. 3BYKEHHS JUISSHOK 1
BIJMOBIIHE  3pOCTaHHSA  KUIBKOCTI  TOYOK
BUMIPIOBaHb CIPHATAME OUTBIIINA  TOYHOCTI
METoay.
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4. BUCHOBKH BUMarae (DiKCOBAaHOTO 3CyBy CTPyMy IIpU
3amponoHOBaHi  CHOCOOM  BJIOCKOHAJIGHHS OCBITJICHHI, aje JIOMyCKae HEOJHAKOBICTh
MaTeMaTH4HOT 0OpOOKH  (POTOENEKTPUYHOTO KOMIIOHEHTIB IPUCTPOIO.

CUrHajly JO3BOJIAIOTH  PO3MHUPHUTHU 00J1acTh
34CTOCYBAHHA MCTOAY TCCTYBaHHA COHAYHUX

Oarapeli 3a  JONOMOIOI  MOJYJIBOBAHOTO
OCBITJICHHSI.
[Tepmmi crnoci0 3aCHOBaHUI Ha

MPUITYIEHH], 10 €JIEMEHTH COHSYHOI'0 MOJYJIs
MAaIOTh IZICHTUYHI TTApaMETpH, ajie Pi3Hi BIATyKH
JUIS pI3HUX 3Ha4YeHb cTpyMmy. [pyruii cmoci0
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Hocniosxceno ocobnugocmi cmpykmypu oucnepcitino2o 0zepkana 3 pobouum odianazonom 6io 750 0o 850

HM, 8 AKOMY 03ePKaN0 MA€ JIHIURY 3anexcHicms 2pynosoi sampumku (GD) i necamuesny oucnepciio epynosoi
sampumxu (GDD). Cepeowniii pisens GDD oopisuioe -600 ¢pc®. [J3eprano ymeopeno nanecenHam na CKIaHy
niOKNaoKy bazamowiapoeoi cmpykmypu (13 wapu) 3 okcudig Hiobito i kpemuito, wo yepeyromoca. llogua ¢i-
3uyHa moswuna bazamowaposoi cmpykmypu oopienioe 93317 Hm. Ananiz npocmoposo-cnekmpaibHO20
PO3N00INy eneKmpuyHo20 nois C8i04UMb NPo HAAGHICMb 8 CMPYKMYPI CeMu pe30Hamopis, KodiceH 3 AKUX
ymeopenul mpooma cycionimu wapamu. Llenmpanohuii wap 6 080X pe30Hamopax Mae SUCOKUL NOKA3HUK
3aN0MAEHHA, A 8 N amu — HU3bKul., Enexmpuune none 3a62cou KOHYEHMPYEMbCa 6 YEHMPANbHUX | OIUHUX
wWapax 3 HU3LKUM NOKA3HUKOM 3ATIOMAEHHS.
Kniouosi cnosa: oucnepcitine 03epxano, Hecamuena Oucnepcis 2pynoeoi 3ampumxu

The features of structure of dispersive mirror with the operating range from 750 to 850 nm were investigat-
ed. A mirror has linear dependence of group delay (GD) and negative group delay dispersion (GDD). The
middle level of GDD equals - 600 fs%. A mirror consists deposited multi-layer structure (73 layers) from the
oxides of niobium and silicon that alternate on the glass substrate. The complete physical thickness of multi-
layer structure equals 9331,7 nm. The analysis of spatially spectral distribution of electric field testifies to
the presence in the structure of seven resonators, each of which consists of three adjacent layers. In two res-
onators, the central layer has a high refractive index and in five — low. Always electric field is concentrated
in the central and lateral layers with low refractive index. The presence of half-wave resonators in ordi-
nary quarter wave structure produces due to the effect of energy storage in the resonator the highest
negative group delay dispersion. All half wave resonators are formed a combination of three layers. Key
words: dispersive mirror, negative group delay dispersion. The total optical thickness combinations just un-
der half the wavelength of the mid-operating spectral range of the dispersion mirror.

CraTTio npeACTaBUB A.TeXH.H., npod. [Toropinuii C. /1.

[Iporpec B TexHOINOTIT AMCHEPCIHHUX H3epKal
(1) [1-5] mo3BoamB mMomoNaTH MPOOIEMY KOMIIEH-
cauii nucnepcii npu reHepanii gpeMTo- i aTTOCeKyH-
JTHUX iMITyJbeiB [6, 7]. OnTHYHI eIeMEHTH Ha OCHOBI
JJ1 3abe3neuytors TouHMi KoHTpons GD i GDD y
Pi3HUX YacTOTHUX [iama3oHax, IO Ay>Ke BaXJIUBO
IpU CTBOPEHHI (heMTOCeKyHAHUX Jna3zepiB. OpHaK,
OTPUMaHHS HEOOX1HOTO JIJIsl KOMITEHC Al aucepcii
Bucokoro piBHs HeratuBHoi GDD wacro Bumarae
BUKOPUCTOBYBAaTH CXEMH KOMIICHCATOPIB, IO HAali-
gytoTh necsatku JIJI. Jlias reHepaiii HaZKOPOTKHX
CBITJIOBUX IMITYJIECIB TIOTPIOHO CYTTEBO PO3IIHUPIO-
BaTH CHEKTPAJIbHUH JAiana3oH TOYHOT'O KOHTPOIIO
snaueHb GD/GDD. CnektpanbHuii giana3oH OB-

© 10.0.ITepBak 2015

JKUH XBWJIb B JIBI OKTaBH, JI03BOJISIE TEHEPYBATH M-
MyJIbCH TPUBAIICTIO MEHIIE 2 (¢ Y BUANMOMY Jriara-
30Hi [4]. Came Tomy, poekTyBanHs [1/] 3 GaskaHuMM
CHEKTPAIbHUMHU XapakTepUCTHUKaMH (BiOOMTTA Ta
GDD), nyxe BaxiuBe y Gi3ulll HAIKOPOTKHX IMITY-
JIBCIB.

[Iupokoxiama3onHa ontuka Ha ocHoBi JI/] 3 Be-
JIMKAMU BiJ‘eMHUMH 3HaueHHsMH GDD BukopucTo-
ByeTbes i kKommneHcarii GDD, makonndyeHoi imimy-
JILCOM TIPU TIPOXOJIDKEHHI 4Yepe3 JUCIEpPCilHI cepe-
JIOBHMIIA, ONITUYHI MiACHIOBaYl Ta iH. YuM mupiui
poboumii crieKTpaIbHUH Jiana3oH, THM MEHIIE cepe-
nHe 3HadeHHs GDD moxe Oytu otpumano. lle o0y-
MOBJICHO TIPUHIIUIIOM HEBU3HAYEHOCTI 1 TICHO
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MOB‘si3aHe 3 (Pa30oBMMM BIACTHBOCTSIMH Oararoiia-
poBux ctpykTyp [5]. HemomasHo otpuMaHi pe3yib-
TaTH [8] M03BONMIM OLIHUTH MAaKCUMAJIBHO JOCSKHI
sraueHHss GDD, 1o BianmoBinawTh OAHOMY BiaOWT-
T10. [IpoTe mo3a yBarorw 3aJUIIMIUCSA OCOOIHBOCTI
Oynosu Takux /1.

Tomy B maniit poOOTi HOCHIHKEHO 0COOTMBOC-
Ti crpykrypu JIJ] 3 MakcuManbHO BUCOKOK HETraTH-
BHOIO GDD Ha npuxiazi /] 3 pobounm aiarnazoHom
Bix 750 mo 850 uM, B sikomy /] Mae miHiiHY 3a1€%K-
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HicTh rpynoBoi 3arpuMku (GD) i MakcumanbHy He-
ratuBHy aucrepcito rpymoBoi 3atpumku (GDD).
JI3epKaino yTBOPEHO HAaHECEHHSAM Ha CKIIHY ITiJKIIa-
IKy OaraTomapoBoi CTpYKTypH (73 1mapiB) 3 OKCHIIB
Hio6ito (H) i xpemnito (L), mo uepryrorscs. [ToBHa
¢i3nyHa TOBIIMHA CTPYKTYypH aopiBHIOE 9331,7 HM.
OnTyUYHi TOBITUHU Ha MTOBXWHI XBWII CEPEAMHH PO-
Oovoro miamazony (Ao = 800 HM) ycix 73 miapi
CTPYKTYpH TOKa3aHo Ha puc.l.

I H

40 50 60 70

Layer Number

Puc.1. OnTruni TOBIMHM 1mapiB (HyMepailis HIapiB MOYNHAETHCS B MiAKIAIKH).

[pouenypa orpumanus koHcTpykmii /1 3 BuKopuc-
TaHHAM nporpamuoro makery Optilayer [9, 10] nera-
JpHO onmcana panime [11]. Kpurepii morryky KoHc-
TPYKIii BU3HAYAIHMCS YMOBaMH OTPUMAaHHS MaKCH-
MaJIbHOro HeratuBHOro 3HadeHHss GDD i BiOuBaH-
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80 100”'["““““--__,——'
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0 v L 7T 7T L L
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Puc.2. CnexrpanbHa 3aj1exHicTh BitOMBaHHs Ry mpu
KyTi magiaas 10°.

Hs (cepenHe) He MeHIe 99% uisi P-TOJIAPU30BAHOTO
cBiTna npu Kyti naginas 10°. CrekrpajibHa 3alex-
HicTh BigOuBaHHS R, mocmimkyBanoro [IJ] moka3ana
Ha pHUC.2, a BIANOBIJIHI CIIEKTpasbHi 3aj1exxHocTi GD
i GDD Ha puc.3.

GD, fs GDD, fs?
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Puc.3. CnexrpansHa 3anexHicts GD 1 GDD mpu ky-
Ti magigag 10°.
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AHati3 IpoCcTOPOBO-CIEKTPAIFHOTO PO3IOJIUTY EJIEKTPUYHOTO TONS BCepeauHi 0araTomapoBoi CTpYKTypH
(puc.4) cBimunTH PO HASIBHICTH B Hill CEMU PE30HATOPIB, B SIKMX I10JIE KOHIEHTPYETHCSL.

[Nepmmii pezonatop (Hymepauis pe30HaTOPIB MO-
YMHAETHCA Bifl 30BHIIIHBOTO CEPENOBHUINA), HAHOIM-
xuunit mo moepxHi JIJ1, yrBopenuii 67, 68 1 69 ma-
pamu. 3 puc.l BHIHO, IO yCi MapHi Mapu MaroTh
HIDKYMI TI0Ka3HuK 3amomienus (Si0), Hixk HemapHi
(Nb20s). OTsxe meHTpanbHHil map IEePIIOro pe3oHa-
TOPY Ma€ HU3bKUH MOKAa3HUK 3ajomieHHs. OnTudHa
ToBIIMHA 67, 68 1 69 mwapiB gopiBHIoE 264; 374 1 200
HM, BignosigHo. CyMapHa TOBIIWHA IUX TPHOX IIa-
piB nopiBHioe 838 HM, IO TPOXHW OiNbIIe TOBKUHA
XBWI cepeanHu pobodoi odmacti /1. KomGinarito
67, 68 1 69 mapiB MOXXHA PO3TISAIATH K NEIKANA K-
BiBaJICHTHUH IIap 3 BIAHOCHO HU3BKUM MOKa3HUKOM
3anomiieHHs. Lle miaTBepHKy€eThCS XapaKTepoM Tpo-
CTOPOBO-CIIEKTPAIFHOTO PO3MOAYIY EIeKTPHYHOTO
2000 760 A,nm nosisi. Enexrpudne none KOHUEHTPYEThCS B 68 mmiapi.

Hpyruii pezonatop yrBopenuit 67, 68 i 69 mrapa-
mu. TyT UEHTpadbHUI 1Iap MAa€ BUCOKUHN MOKa3HUK
3amomieHHs. KombiHaris 67, 68 i 69 mapiB ekBiBa-
JICHTHA OJHOMY IIapy 3 BUCOKHM MOKa3HHKOM 3aJI0-
mieHHs. CymMapHa TOBLIMHA IIUX TPHOX IIApiB A0Pi-

Puc.4. IIpocTOpoBO-CIIEKTpaIbHUIN PO3IOILT SIEKT-
puunoro nosst JIJ (mpocropoBa koopauHara d Bif-
PaxoBY€ETHCS B IMiIKIAIKH)

. Tabmuus 1 BHIOE 813 HM, 10 TeX Tpoxu OiNbIlle TOBXHHU XBH-
XapaKTepHCTHKH Pe3oHATOpIR ni cepenuHu pobouoi obmacti JIJI. BigmosimHi 3HA-
Homep Ho- Mare- Onrtuuna  OntuyHa YCHHsI MapaMeTpiB JUIsl YCiX PEe30HATOPIB 3BEJICHO B
pe3o-  Mep  pian TOBIIMHA  TOBIIWHA Ta0JIHUII.
HATO-  MApy mapy, HM  pe30OHa- Takox yTBOpeHi 3 TpbOX ILIAPIB 1 iHII PE30HATO-
py TOpY, HM pu. BoHu Takox MOXYTh OyTH HpPEICTAaBJICHI CKBi-
69 Nb,Os 200 BaJICHTHUMH IlIapaMK 3 HU3bKUM a00 BUCOKHM IOKa-
1 68 SiO, 374 838 3HMKOM 3aJIOMJICHHS. TpeTiii pe30HaTop yTBOPEHHI
67  NbyOs 264 56, 57 i 58 mapamu. EnexTpuuHe mosie KOHUEHTPY-
64 SiO, 207 €Thcst B 56 1 58 mapax i MiHiMajbHe B 57 1api.
2 63 Nb,Os 372 813 UerBepTHii, I’ AT, MIOCTUH 1 CHOMHUI Pe30HATO-
62 SiO, 234 PY MO’KHA TIPEJICTABUTH E€KBIBAJIIEHTHUMH IIAPAMU 3
58 SiO, 224 BITHOCHO HM3bKUM TIOKa3HHKOM 3ajioMJieHHs. Ejek-
3 57 Nb,Os 365 809 TPHUYHE M0JIE KOHIEHTPYETHCS B HEHTPAIILHOMY mapi
56 SiO2 220 KOXHOTO pe3oHaTopa. ONTHYHA TOBIIWHA PE30HATO-
51 Nb,Os 274 piB TPOXH IIEPEBHUIIYE IOBKHHY XBHII CEpPEeIUHH
4 50  SiO; 333 828 po6ouoi obnacti JUI.
49 Nb,Os 221 EnexTpuyHe mose TOBroXBHIBLOBHX KOMITOHEHTIB
43 Nb,Os 347 BHUIIPOMIHIOBaHHS KOHIIEHTPYETHCS B YCiX CEMU pe-
5 42 SiO, 258 831 30HATOpPAX, B TOW YaC SIK €IEKTPUIHE TI0JIe KOPOTKO-
41 Nb,Os 224 XBWJIBOBUX KOMITOHEHTIB BUIIPOMIHIOBaHHS KOHIICH-
35 NDb,Os 291 TPYEThCS B PE30HATOPAX, HAWOIMKIMX JI0 MOBEPXHI,
6 34 SiO, 321 835 0 KOHTaKTye 3 30BHIIIHIM cepenosuiieM. Lle 3a-
33 Nb,Os 223 Oe3neuye OLbINy IPYIOBY 3aTPUMKY JTOBIOXBHJILO-
25 Nb,Os 323 BHUX KOMIIOHEHTIB €JICKTPOMAarHiTHOTO TOJS BiJHOC-
7 24 Sio, 277 832 HO KOPOTKOXBIJILOBHUX 1 HETATHBHY JUCIIEPCIIO TPy-
23 Nb,Os 232 MTOBO1 3aTPUMKH (IHB. puc.3).

[MoTpiOHO BiA3HAYWTH, IO MPUHIUIIOBOIO Bij-
MIHHICTIO JociimkyBaHoro JIJl € came HasBHICThH B
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HOro KOHCTPYKLiI MiB XBHUJIBOBUX pe30HaTOpiB. I
caMe TOMY Taki KOHCTPYKLIi J3epKajl Ha3WBalOTh
TUCTIEPCITHIMHA J3epKajlaMy, Ha BiMiHY Bif Tpaau-
IHUX YMproOBaHUX a3epkan [1], ski Bmepiie no-
3BOJIJIM OTPUMATH HETaTHBHY AMCIEPCIIO TPYMOBOT
3aTPUMKH 1 BUPIMIUTH TpoOiIeMy KOMIIEHCAIli JTuc-
nepcii HaIKOPOTKHUX CBITJIOBUX IMITYyNbCiB. B Tpagu-
UiMHUX YUPHOBAaHUX J3epKajax He OYyJ0 MiBXBHIBO-
BHUX PE30HATOpIiB, a 30inbmicHHS GD 3 J0BKUHOIO
XBuii 1 3HayHo MeHina, HiK B JIJ1 merarmesaa GDD
JOCATAIIACS 332 PaXyHOK IMOCTYIOBOTO 30ibIICHHS

Cnucok BUKOPUCTAHUX JHKEPEJI

1. Szipocs R. Chirped multilayer coatings for
broadband dispersion control in femtosecond la-
sers / R. Szipocs, K. Ferencz, C. Spielmann, F.
Krausz // Opt. Lett.—1994 —19— N.3.- P.201-203.

2. Pervak V. High-dispersive mirrors for femtosec-
ond lasers/ V.Pervak, C.Teisset, A.Sugita, et
al.//Opt.Express. — 2008.-16 — N.14. — P. 10220—
10233.

3. Pervak V. High-dispersive mirrors for high pow-
er applications / V. Pervak, O. Pronin, O.
Razskazovskaya, et al. // Opt. Express. — 2012.
—20. — N.4. — P.4503-4508.

4. Pervak V. Recent development and new ideas in
the field of dispersive multilayer optics / V. Per-
vak //Appl.Opt.—2011. -50. — N.9. — P.C55-C61.

5. Nohadani O., Birge J.R., Kartner F.X., Bertsi-
mas D.J. Robust chirped mirrors / O. Nohadani,
J.R. Birge, F.X. Kartner, D.J. Bertsimas // Appl.
Opt. —2008. —-47. — N.14. — P.2630-2636.

6. Pervak V. Robust synthesis of dispersive mirrors
/ V. Pervak, M.K. Trubetskov, A.V. Tikhonrav-
ov //Opt.Express.—2011.—19.—N.3.—P.2371-2380.

7. Krausz F. Attosecond physics / F. Krausz // Rev.
Mod. Phys. —2009. -81. — N.1. — P.163-234.

8. Wirth A. Synthesized light transients / A. Wirth,
M.T. Hassan, V. Pervak, et al. // Science. — 2011.
—334. - P.195-200.

9. Tikhonravov A.V. Phase properties of multilayers
[ A.V. Tikhonravov, B.W. Baumeister, K.V.
Popov // Appl. Opt. — 1997. -36. — N.19. —
P.4382-4392.

10. Tikhonravov A.V. OptiLayer software / A.V.
Tikhonravov., M.K. Trubetskov//
http://www.optilayer.com.

11. Pervak V. Empirical study of the group delay
dispersion achievable with multilayer mirrors /
V. Pervak. V. Fedorov, Yu.A. Pervak, M.K.
Trubetskov // Opt. Express. —2013. —21. — N.15.
—P.18311-18316.

2015, 2

Bulletin of Taras Shevchenko
National University of Kyiv
Series: Physics & Mathematics

OINITUYHOI TOBIIMHHM IIAPiB BiJ 30BHIIIHBOIO CEPEIO-
BHUIIA IO MiIKITAIKH.

Taxkum 9UHOM, MIBXBHJIBOBI PE30HATOPH, BBEIC-
Hi B 3BHUYaiHy YBEPTH XBUJILOBY CTOIY JO3BOJISAIOTH,
3aBISKM €(EeKTy HAKOIMYEHHS €Heprii B pe30HaTo-
pax, OTpUMYBaTH MaKCHMallbHy BHCOKY HETaTUBHY
JTUCTIepCiI0 TpymoBoi 3aTpuMkd. [Ipm oMy 1mmiB
XBHJIBOBUH PE30HATOP YTBOPIOETHCS KOMOIHALIEIO 3
TPHOX IIApiB. A cCyMapHa ONTHYHA TOBIIMHA KOMOi-
HaIlii TpOXHW MEHIIIA ITOJIOBHHM JTOBKHWHU XBUJII cepe-
OUHA poOOYOro CIEKTPaJbHOrO Aiana3oHy AHCIEp-
ciliHOTO A3epKala.

References

1. SZIPOCS, R. et al.(1994) Chirped multilayer
coatings for broadband dispersion control in
femtosecond lasers. Opt. Lett. 19 (3). p. 201-
203.

2. PERVAK, V. et al. (2008) High-dispersive mir-
rors for femtosecond lasers. Opt. Express. 16
(14). p.10220-10233.

3. PERVAK, V. et al.(2012) High-dispersive mir-
rors for high power applications. Opt. Express.
20 (4). p.4503-4508.

4. PERVAK, V. (2011) Recent development and
new ideas in the field of dispersive multilayer
optics. Appl. Opt. 50 (9). p. C55-C61.

5. NOHADANI, O. et al. (2008) Robust chirped
mirrors. Appl. Opt. 47 (14). p.2630-2636.

6. PERVAK, V. & Trubetskov, M., Tikhonravov,
A. (2011) Robust synthesis of dispersive mirrors.
Opt. Express. 19. — N.3. — P.2371-2380.

7. KRAUSZ, F. (2009) Attosecond physics. Rev.
Mod. Phys. 81 (1). p.163-234.

8. WIRTH, A. et al. (2011) Synthesized light
transients. Science. 334. p.195-200.

9. TIKHONRAVOV, A\. & BAUMEISTER,
B.W. POPOV, K.V. Phase properties of
multilayers. Appl. Opt. 36 (19). p.4382-4392.

10. TIKHONRAVOV A\V. & TRUBETSKOV
M.K. OptiLayer software.
http://www.optilayer.com.

11. PERVAK, V. et al.(2013) Empirical study of the
group delay dispersion achievable with
multilayer mirrors. Opt. Express. 21 (15).
p.18311-18316.

Hanifinona mo penkosnerii 20.06.15

238


http://www.optilayer.com/
http://www.optilayer.com/

Bicnux Kuiscvkoeo nayionanvhozo ynisepcumeny 2015, 2 Bulletin of Taras Shevchenko
imeni Tapaca Illesuenka National University of Kyiv
Cepis gizuxo-mamemamuii HayKu Series Physics & Mathematics
VIIK 537.86/.87

Crno6omstaiok 1. B. ', k. ¢.-m. H., D. V. Slobodianiuk ', Ph. D.,

[onoB M. O. ?, k. ¢.-M. H., M. O. Popov %, Ph. D.,

Manumes B. 10. 3, acucrenr, V. Yu. Malyshev 3 Assist. Prof.,

o 4 . o -
Moiiceenko B. A. ”, npoBigHuil iHXXeHEP

CnorBopeHHs1 TPOQIJII0 BUXIIHOTO CHTHAJTY
napaMeTpUYHUM niicCM/II0BaYeM B
0araToMo10BOMY pe:KuMi

1234 Kuigchknil HaliOHATBHUI YHIBEpCHTET iMeHi
Tapaca IlleBuenka, 03022, wm. Kuis, np-T.
['mymxosa 4r.

" e-mail: denslobod@ukr.net

? e-mail:maxim_popov@univ.kiev.ua

3 e-mail: forstain@i.ua

V. A. Moiseienko *, Leading Engineer
Signal profile distortion in multimode
parametric amplifier

1234 Taras Shevchenko National University of
Kyiv, 03022, Kyiv, Glushkova st., 4g.

' e-mail: denslobod@ukr.net

? e-mail:maxim_popov@univ.kiev.ua

3 e-mail: forstain@i.ua

4 e-mail: v_a_m@univ.kiev.ua

* e-mail: v_a_m@univ.kiev.ua

B pobomi excnepumenmanvho ma 3a O0ONOMO20I0 YUCIO8UX Memodi8 00CHi0NHCeHO pobomy
napamempudno2o nioCUIO8aya Ha OCHOBI MOHKOL NAIBKU 3ani30-impiesoco epanamy. [[ns meopemuuno2o
onucy makoi cucmemu 3acmocosysanacsa S-meopif. B xo0i awanizy euxopucmogyeanacb Mmooeib
bazamomo0060i cucmemu 3 NApaNEILHOIO HAKAYKOIW, 0COOIUGICIb K0T NONAAE Y 6PAXYEAHHI NPUCYMHOCH
KOPOMKOXBUNbOBUX CNIHOBUX 30V0JiCeHb (M. 3. OOMIHAHMHOL 2pYnU X8UMb), WO BUPOOICEHI NO Hacmomi 3
CUCHANLHOIO XGUJIEI0 MA MAIOMb MIHIMAIbHUL RAPAMemp PenaKcayii.

B pezyromami Oyno ecmanoéneno, wo 6a2amomooosicmv npu3eo0umv 00 CHOMBOPEHH HACOBUX
npoinie uUXiOHUX CUcHANIG, NIOCUNEHUX Ni0 OI€I N0830082CHLOI napamempuunoi Haxauxu. Ilpu yvomy
3ampumKa niOCUNEH020 CUSHATY AK (DYHKYIA ROMYICHOCMI HAKAYKU MAE eKCMPEeMAalbHUull xapakmep, a
MPpUBANICMb CAMO20 CUSHANLY 3MeHUYEMbCs npubausno 6 50 paszie, 6i0 1 mxc 0o 3nauensb nopsaoxy 20 Hc.

Kurouosi cnosa: napamempuyunuil niocunosay, 3aiizo-impicgutl 2panam, CniHos8i Xeuii, S-meopisi.

In this paper the operation of the parametrical amplifier based on thin yttrium-iron garnet film was
investigated both theoretically and experimentally. S-theory approach was used for the theoretical
description of the given system. During the analysis the multimode model of parametrical amplifier with
parallel pumping was utilized. The distinctive feature of such model is the presence of short-wave spin
excitations (so-called dominant waves) that have the lowest dissipation parameter and are frequency
degenerated with signal waves. Consequently, a competition takes place between two simultaneous
processes, namely, parametric amplification of signal wave and parametric generation of dominant waves.

It was shown that multimode nature of this system leads to the distortion of output amplified signal time
profiles. The parametrically amplified signal delay time versus pump power dependence demonstrates
nonlinear behavior with clear maximum, whereas duration of amplified signal decreases monotonously with
power increase in more than 50 times, from 1 us down to 20 ns value.

Key words: parametrical amplifier, yttrium-iron garnet, spin waves, S-theory.
Crartio npeactasus 1.¢.-M.H., go1. CaBenkoB C.M.

Beryn 3MIHIOE€ 1HAYKTHUBHICTH a00 €MHICTh HEiHIHHOTO
PEaKTHBHOTO  €JeMEHTa  EJNeKTPUYHOrO  KoJja

Bxe Oinpm HiK 50 pokiB BiOMi Ta IIMPOKO MiAcHiIOBada. Takui THN NpUIaliB OTPUMAaB Ha3BY

BHKOPHCTOBYIOTHCS PaMiOCIEKTPOHHI TMPUCTPOi, B ,JapaMEeTPUYHI  TMiACHIOBadi”,  OCKUIBKH  iX
SKMX  MiACWIEHHS CUTHAY 1O TOTY)XKHOCTI MPUHIMIIOBOIO  OCOONMBICTIO €  MOAYJISLIs
BifOyBaeTbCsI 3a PAaxyHOK €Heprii 30BHIIIHBOIO MapameTpiB KOJINBAJIbHOI CUCTEMH [1].
JoKepena (reHepaTopa HakKaykH), 1Mo mepiogwmyHo IlapameTpwyni — migcwimoBadi — 3HAWIUIM  CBOE
© J1.B. Cao6oasaniok, M.O. ITomos,
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3aCTOCYBaHHS B paaioacTpOHOMIii, B OaJbHbOMY
KOCMIYHOMY Ta CYIOYTHHKOBOMY 3B’SI3Ky Ta
paziosokartii, SK MaJONTYMJISTdi MiICHITIOBAYl IS
ClIa0KMX CHUTHANIB, WIO MOTPAIUIIOTh Ha BXiA
panionpuiiMaibHOTO pUCTpoto. Yacrimie 3a Bce Taki
MPUCTPOi BUKOPHUCTOBYIOThcst B HBY  miama3zoni
JOBXHH XBWJIb. B sKOCTI peakTHBHOTO €JIEeMEHTa

napaMeTpUIHUX i JICHITIOBaYiB MIEPEBAKHO
BUKOPHCTOBYETHCS HaIMiBIPOBITHUKOBU
mapameTpuuHuii  mion, a B HBY  miamasoni
3aCTOCOBYIOTBCS ~ €JICKTPOHHO-TIPOMEHEB1  JIAMITH.

'enepaTopn Hakauykd CTBOPIOIOTBCS Ha OCHOBI
JABUHO-TIPOJTITHAX JI10JIIB, JI10JI1B Tanna,
BiIOMBaIOUMX KIICTpOHIB. Ha ChOrOIHIIIHINA JeHb
peamizoBaHi ~ MapaMeTpUYHI  MiACHIOBa4i 3
KOeQII[ieHTOM MiJCHJIEHHS CUTHANY MO MOTY>KHOCTI
Ha piBHi 10-30 16, cMmyroro mpomyckaHHs, IO
cknagae 10-20 % Bixm Hecydoi yacTOTH CHTHaly Ta
3HAYEHHSIM  IIyMOBOi  TeMmepaTypd, L0 HeE
nepesutnrye 100 K [1].

[lpore, sk 1 iHINI TUNHM MiJACUIIOBAYiB, BOHH
MaloTh HENOJNIKH, cepel SAKHX OKpeMe Micle
3aiiMaroOTh HENIHIWHI CHOTBOpeHHS. HemiHiHUMEI

CIIOTBOPEHHSIMH  Ha3WBalOTh  3MiHH  (opMmHu
OTHHAI0YOl CUTHANy, NPUYMHA BUHUKHEHHS SIKUX
ToJIsATae B HENiHIHHOCTI XapaKTePUCTUK

EJCKTPOHHUX €JIEMEHTIB, 3 SKUX T00yIOBaHUN
migcumoBad. Jlo TUHOBMX €JIEMEHTIB EIeKTPHUYHHUX
CXeM, SKHM TIpUTaMaHHI HeJiHIiHI BIACTUBOCTI,
BITHOCSITHCS TPAH3UCTOPH, BAKyyMHI JIaMITH, Ii01IA
Ta TpaHC(HOPMATOPH.

[Ipy HasgBHOCTI HENiHIHHUX CHOTBOPEHH B
MiJICIITIOBaYl (a B peajbHHUX IMiJICHIIOBA4YaX BOHHU €
3aBXIM) y BHUXIJHOMY CHTHaJi BHUHHUKAIOTh HOBI
4acTOTH, KOTpi Oynum BiACYTHI Yy BXigZHOMY.
3aranpHUN ~ PiBEHb  HENIHIMHUX  CIIOTBOPEHb
KUTBKICHO OIIHIOETBCS KOEMIIliEHTOM HENTiHIHHUX
CHOTBOpEHb [2], [KWIl 3a3BUYail BHPAXKAETHCI Y
BimcoTkax. [IpakTH4HO MalOTh 3HAYEHHS TIUIBKH
apyra Ta TpeTs TrapMoHiku. Hampuxman, mis
HiICHITIOBaYiB HU3bKOI YacTOTH MPOCTOi MoOYyTOBOT

PamiOTeXHIKH  MaKCUMaJbHUM  pIBHEM  MOXHa
BBaKaTH 15-20 %, a I BHCOKOSIKICHHUX
ITiICHITIOBAYiB CyYacHOI crepeoanaparypu

Koe(illiEHT HENiHIHUX CIOTBOPEHb CKIIANA€ JECSTi
a00 ¥ HaBITH COTI IOJII BiICOTKA.

Meroro gaHoi pobGoTH OyJI0  IOCTIHKCHHS
MapaMeTpUYHOro TiACHUIIOBaYa Ha 0a3l TOHKHUX
IUTIBOK 3aJi30-ITPIEBOTO TpaHaTy, SIKUM (QyHKIIOHYy€
B 6araToMOJ0BOMY PE&XXKHMi. BXigHWI CUTHAT TaKOTo
MiZICUIIOBaYa SIBJIAB COOOIO CIIHOBY XBHWIIIO, & JIs
HaKayyBaHHS BUKOPHUCTOBYBajacs €JICKTpOMAarHiTHa
napamMeTpuyHa HaKayka Ha [MOJBOEHIH YacToTi
BXimHOro curHamy. OcHOBHa yBara B poOOTI
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MPUTTSIIACH JIOCHIDKEHHIO BILTUBY
0araTOMOJOBOCTI  Ha  CIOTBOPEHHS  YaCOBHUX
podimin BUXIIHUX CUTHAJIIB g bis a1 0]

[IOB3/I0BXHbBOI NAPAMETPUYHOI HAKAUKH.
TeopeTnuHa MoJeJb

Hns  anamizy OaratoMoJoBOi B3aeMofili mpH
napaMeTpuYHOMY  MiJCHJICHHI CHIHOBHX  XBHWIIb
OymeMo BHKOPHCTOBYBAaTH MOIH(DIKOBAHY CHCTEMY
piBHsiHb brombeprena [3, 4], mo Mae HacTynmHHR
BUTJISL

£+Fi +vl.i A, +iPA =0,
ot 0z
P o=h(z,t)V, + S, A, A, +S, A A,

i,j=s,d

(M

1 ommcye curHanbHy A, Ta JOOMIHaHTHY A,

TpyMy CHiHOBHUX XBWJb, IPHUOMY BiJ’€MHUH iHIIEKC
BIIITOBIa€ XBHJI, IO PYXa€ThCS B 3BOPOTHOMY
HampsIMKy (T.3. XOJOCTa XBWIIs). B 3aranpHOMY
BUTAJAKY,  BpPaXxOBYIOUH  OCOOJNHBOCTI  CIHiH-
XBHJILOBOTO CICKTPY, ICHYE HECKIHUCHHA KiJIbKICTh
XBHJIb, BHUPOKEHHUX II0 YacTOTI 3 CHTHAIBHOIO.
OpHak B paMKax 3ampoNOHOBaHOI HaMHU MOZET MU
00MEXHMOCST BpaxXyBaHHSAM JIAIE OMHIET XBWII, IO
Mae HaliMeHIMi napamerp nucumnanii. [Iutanns npo

3HAXOKEHHS BKa3aHOT'O napaMmerpa oyne
00rOBOpEHO HaJAII.
HasiBHicTE  MOMIHAHTHOI  CIIHOBOI  XBHIII

CYTTEBHM YMHOM BIUIMBAE HA €BOJIOLII0 CHTHAIBHOT
IPYyNHd  XBWJIb, OCKIIBKA B CHCTEMi BHHUKAE
KOHKYpEHITiI MDK TIpollecaMd  IapaMeTPHUIHOTO
MiICUIICHHS] CUTHAJILHOI TPYNH Ta MapaMEeTPHYHOTO
30y/keHHS JOMiHaHTHOI. Tak, B HaHmpocTimomy
BUTAJIKY, BHACIIIOK TIEPEPO3MOITY SHeprii HAKaYKu
B CHCTEMi CHTHaJbHA Tpyla CIIIHOBHX XBHIb MOXE
nonasiroBaTUCh [5]. [lami meld BHCHOBOK Oyje
MPOAHAIIi30BaHO JETAJBHIIIIE.
B piBuanHax cuctemu (1) v, ta I, - we,
IpynoBa MIBHAKICTH Ta MapaMeTp
BIIITOBITHUX rpyn XBUJIb,

S, ; — HeNiHIHI MapaMeTpu, 10 BiAMOBIAAIOTH

BIAIIOBIAHO,
aucumarii
S

3a B3a€EMOJIII0 XBIJILOBUX TMAKETIB B paMKaxX S-Teopii
[5], a V, —BenuuuHa, IO XapaKTEpPHU3yE 3B'A30K

1,0

BiI{HOBiI[HI/IX XBHJIb 3 HAKAYKOIO 1 BHU3HAYA€THCA, AK:

2
Vo—y Oy, O, — Oy

i Kkt =7 —2
\ Ck; @it Oy

2
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Ie y —ripoMarHiTHe BiIHOWIEHHS, w, = yH, -
XapaKTepHa YacToTa CIEeKTPY crmiHOBUX XBWiIb (CX),
H |, - BHyTpIIIIHE MarHiTHE MOJIE.

HaKauyKu
obuacTi

BBaXKaBCs
O<z<L 1

[Tpodine
OIHOPITHUM B
TIPSIMOKY THHM Y 9aci, 3 TPHBAIIICTIO 7,

CUTHAITY
Mexax

0,z<0uz>L

h(z.0) = @(t)@(rp - t)hp 0<z<L ®)
XapakTepHuii po3mip o00macTi Hakayku L
3a7a€ThCsl  (PAKTUYHUMH TapaMeTpaMH CHCTEMH,
HaNpHUKIa, PO3MIPOM JieNeKTPUYHOIO PE30HATODA,
KA BHKOPHCTOBYETHCS B CKCIIEPUMEHTI, abo
e(heKTHBHOIO TOBIIMHOIO MIKPOCMYKKOBOI aHTEHH.
PiBHsIHHS (1) HEOOXiTHO JOTIOBHUTH
MOYaTKOBUMH Ta TPaHUYHUM yMOBaMH  JJIS
CHUTHAJIBHOI, XOJIOCTOI Ta JOMIHAHTHOI TPYI XBHJIb.

BBaxaroum  MBHAKICTH  JOMIHAHTHOI  TpYIHU
OMM3bKOI0 110 Hynsd Ta mnowmaBmu A, = A4,
MaTHMEMO:

A,(0,1)=4,,

A4.(z,0)= Aoexp(— Iz/v, ) @)

A,(L,0)=A4_,(L,0)= 4,
Ad (L,0)= AT

Takuii BUOIp TOYATKOBHX YMOB BiANOBiIa€
BUMAAKy  HENEPEpPBHOTO  BXIJHOTO  CHUTHAIY
aMIULITYAu A,, 10 B3aEMOJI€ 3 JOMIHAHTHOIO

IPYyNO0 TEIUIOBOI aMILTITy I A .

Cucrema piBHsiHb (1) po3B’s3yBamach IS
BUMAJKY JOTHYHO HaMarHiueHoi IUIIBKK 3aj1i30-
iTpieBoro rpanary (3II') umcnoBumm meronmamu. B
XO/i PO3B’S3Ky BUKOPHCTOBYBAJIUCH IapaMeTpH,
IMEHTUYHI 70 3a3Ha4eHWX y  poboti  [6]:

v, =3.6-10° cm/c, T,/27=0.7 M, T, =09T,,
BCi KoedilieHTn Sl.,j =27-200 MI'1, 7, =1 Mkc.

Jis  COpoIeHHS  BBaXKAJOCS, MO0  IIBUAKICTH
MOLIMPEHHS JOMIHAHTHUX XBHJIb OJIM3bKA JI0 HYJIS.
Ty HeoOXigHO 3a3HAYUTH, IO TapaMeTp
JUcunamii  TOMIHAHTHOI TpynH, B 3arajJbHOMY
BHITAJIKy, HE MOXE OyTH 3HaieHuil Touno. OmgHaK
MOXKHa CTBEP/UKYBATH, IO, Yepe3 psI MPUYHH,
JTUCUTIAIlIS JOMIHAHTHOI Tpynu Oyae MiHIMaJbHOIO.
['o710BHUM YWHOM II€ TIOB’S3aHO 3 TUM, WIO, IIO-
nepiie, MBUIKICTb MOMIMPEHHS KOPOTKHUX CITIHOBHX
XBWIb € OJIM3BKOIO IIO HYJIA, BIAIOBIMHO, TaKWi
MEXaHi3M 3aTyXaHHs XBWIb, SIK BHHOC €HEprii 3
obnacti nii HaKadkw, JJIsl OMIHAHTHOI Tpymnu Oyje
Maioe(heKTHBHHM. [Mo-npyre, Ut
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KOPOTKOXBUJILOBUX CITIHOBHX 30Yy/DKEHb MPAKTHYHO
BIJICYTHI TakuWil JONATKOBHUH BKIA[ B TapaMeTp
MUCHTIAIi, SK ABOMArHOHHHH MEXaHI3M PO3CisSHHSA
Ha HEOJHOPITHOCTAX KPUCTATy, IO TEK 3MEHIIYE
JIUCHITAIIIFO0 JOMIHAHTHOI TPYIIH.

B pesymprari po3p’s3ky cucremu (1) Oyno
OJICPXKAHO TPOCTOPOBO-YaCOBI MPOQLTI BUXIIHUX
MiJCUIEHUX CHTHAIIB B 0araTOMOIOBIA CHCTEMI, a
TaKoX OCHOBHI IX XapaKTepUCTHKH: HAITiBIINPHHY,
TPUBATICTh Ta Yac 3aTPUMKH, TPH PI3HUX PIBHIX
MOTY>KHOCTI HaKadku abo, IO Te 3K caMe, MPH PI3HUX
koedimienrax migcuienHs. Ha puc. 1 HaBenmeHo
TEOPETHYHO  PO3paxoBaHi  Mpodim  BUXITHUX
CUTHAIIB JJIs Pi3HUX MOTYXXHOCTEeH Hakauku. Sk
0a4rMo, IpH 3pOCTaHHI HOTYKHOCTI HaKadku opma
BHUXIJIHOTO CHWTHally 3a3Ha€ CIOTBOpEHb. Tak,
MaKCUMYM OTMHAYO0T CUTHAITY CIIOYaTKY
3CYBa€ThCcs BIIPaBO, B 001acTh OLIBIIMX 4YaciB
3aTPUMKH, a 3 TMOJANBIINM POCTOM MOTYKHOCTI
HaKa4yK{ MOYMHAETHCS 3BYKEHHS CUTHAIY i3 3CYBOM
HOro MakCHMyMy B CTOPOHY MEHIIUX 3aTPUMOK.
TpuBanicTp curHany (BH3HauYeHa SK IHTEpPBal Mik
TOYKaMH, B IKUX aMIUTITyJa CHTHAIY BJBI4I MEHIIA
32 MakCUMaJlbHy)  TEX  3MEHINYEThCSA,  BiX
MOYATKOBOTO  3HAYCHHS  MOPSJIKY  TPHUBAJIOCTI
HaKa4KH 10 TpuBasiocti osm3pko 100 He.

Pp=26 aAi

100

10

o+t & ]
0,0 0,2 0,4 0,6 0,8 1,0 12

t, MKc

Puc. 1 EBomromiss mpodiiB BHUXiHWUX CHUTHAJIB
TP 3pOCTaHHI MOTYXXHOCTI HAKAYKH

ExcnepuMeHT Ta 00roBopeHHs pe3y/bTaTiB

s mepeBipku  pe3ydbTaTiB  YHCIIOBOTO
PO3paxyHKy Oynmn IpOBEeHI BiJIIOBiAHI
eKCIIEpUMEHTAIbHI  BUMiproBaHHs.  JlocmikeHHs

BUKOHYBAJIUCh HAa YCTAaHOBI, OCHOBHOIO YaCTHHOIO,
aKoi Oyna nacuBHa JiHisg 3arpuMku (I1JI3) Ha ocHOBI
TOHKOT TUTIBKU 3IT. TunoBy cxXemy
exkcriepuMeHTanbHOi cekmii Ha I1JI3 mHaBemeno Ha
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puc. 2. Bona ckiaganacs 3 JOTHYHO HaMarHideHoi
wriekn 31" 3, ToOBmMHOIO 5 MKM, po3MilIeHoi
BCEpENMHI BIAKPUTOTO IiCIEKTPUIHOTO PE30HATOP
(BAP) 2. BJIP BuKopuCTOBYBaBCS il KOHIICHTpALIi1
€JIEKTPOMArHITHOTO TOJISi HAKA4KH B 00’€Mi TITIBKH
3" i Momynsmii Ha TMOABOEHIN YACTOTI CHUTHAIY
BHYTPIIIHBOTO MarHitHoro noiust H . B cBoro uepry,

MOJIyJISAIliE MAarHITHOTO TOJS TPU3BOJMIIA  JIO
NEePIOTUYHOI 3MIHM BEUYMHH 3B’SA3KY XBHIb 3
HaKa4dKoIo (UB. (2)), 10 poOUII0 MOXKITHBUM IIPOIIEC
napaMeTpuYHOTO MiJACHIeHHS. {1 migBeleHHS Ta
BiZIBEICHHS MIiKPOXBHIBOBOTO CUTHAITY
BHKOPHUCTOBYBIMCH JIBI MiTHI MIKPOCMYKKOBI
aHTeHH-TiepeTBOproBaul  / (BXiJlHA Ta BUXiJHA)
HIMPUHOKD 25 MKM, III0 PO3MIIIYBAIUCH MOOIN3Y
MTOBEPXHI TITIBKH.

BxigHwiA curHan

@

Ho [Mipcrnennia curHan

_—

Hakauka

Puc. 2 Cxema ekCriepuMEeHTATBHOT CEKITii

B pesynbTati 11ii MiKpOXBHIIBOBOTO TIOJISI aHTEHH
Ha JOTHYHO HamarHiueny 1miiBky 3l B HiH
30y/DKyBaJUCS CITIHOBI XBHJI, KOTPI PyXalHCh IO
BHXITHOI @HTEHU 3 IMEBHOIO T'PYMOBOIO IIBHIKICTIO
Vg, HpHYOMY BeKTOp (a30Boi wWBHAKOCTI OyB
CIPSAMOBaHUM TPOTHUJIEKHO BIAHOCHO HANPIMKY
NOUIMPEHHSI  CIIH-XBWJILOBOTO TMakeTy. B Toi
MOMEHT 4acy, KOJHM XBHJI 3MiHHOT HAMarHi4eHOCTI,
30y/DKeHI CUTHAIBHUM T€HEepaToOpOM, MOTPAIISUIA B
obmacTh mii Hakadyky (o6yacTs po3ranryBadas BJIP),
Ha BJIP mnomaBaBcs iMIynbC —TapamMeTpUUHOL
HAKa4YK{ Ha IIOJBiHIA YacTOTi BXiHOTO CHTHAIY,
KA TPU3BOAMB 10 TAPAMETPUIHOTO IMiACHICHHS
BCIX THX XBWIb, MO 3aJOBOJIGHSUIA YMOBaM
NapaMeTpUYHOTO PEe30HaHCy, TOOTO Uil  SKHUX
OTHOYACHO BUKOHYBAJHCS 3aKOHU 30epeKeHHs

eweprii w, =0, +o, (¢ @,,®,,6; — 4YacToTa

HaKayky, XOJIOCTOI ~Ta  CHUTHAJbHOI  XBWJb,
BIJIMOBIIHO) Ta iMIynbCy. 3 BuXigHOi anTeHn HBU
CHTHAIl MPOXOJWB HAa JIBA KacKaJu IiJICHUIIIOBAYiB

(xoedimmieHT T ICHUITCHHST 30 nb, IITyMOBa
temreparypa — 90 K). 3 mimcumoBadiB curHan
MOTPAILIsB Ha KBaJIpaTUYHHHA JETEKTOP.
IIpomeTekToBaHMA  CHUTHAI  CIIOCTEpiraBcsa  3a
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noromororo 1mdpoBoro ocumiorpada Tektronix

TDS 3032B. [lna 3amucy ocuuiorpam  0Oyio
pearizoBaHo CTIPSDKCHHS ocmmmtorpada 3
MEPCOHAIBHUM  KOMIT'IOTEPOM [0  MPOTOKOITY
Ethernet.

IIpu poMy Takuii MapaMeTpUYHUH MiACHITIOBAY
XapaKTepru3yBaBCs MIEBHUM KOoeQiIiEHTOM
MiICWIEHHs] Ta CMYrol MiACWJIEHHS  4YacToT.
Koedimient T JCUIICHHS napaMeTpUIHOTO

MiICHITIOBaYa BU3HAYABCS MOTYXKHICTIO HAKadK| [7],
a cMyra MiJCHJICHHS 3ajie)ala sIK BiJl MOTYXHOCTI,
TakK 1 BiJf TPUBAIOCTI HaKayky [8].

B nmamiii po0OTi mOCTiIKyBamacs €BOJIOIIS

¢bopMU  BHXIJHOrO  MIJCWJICHOTO CUTHaIy B
0araToMo/I0BOMY MapaMeTpUYHOMY MiACHIIOBadi
mpu  30UTBIIEHHI  MOTYXHOCTI — MapaMeTpU4YHOi

HaKa4Ku. HHH ObOTr'0 BUKOPHUCTOBYBAJIMCA CUTHAIN
HAKaYKH 3 MPSIMOKYTHHM IMPOMiJIeM OTMHAI0YOi, 10
CTBOPIOBAJIKCH 33 JIOTIOMOrOK0 INBHIKICHUX (4ac
MepeMUKaHHA 2 HC) JTUCKPETHUX MOIYJIATOPIB
ammnitynu HBUY  komuBawb. Yacrora BXigHOTO
curHany o, /27 ckinagana 4700 MI'n, a gacrora

9400 MI'n.

HaMar"HidyBajlacb ~ J0  HAacHYCHHS  30BHINTHIM
MmarHiTHUM monieM B 990 E. Ha BxXigHy aHTeHy-
nepeTBoproBauy  nonaeaBcsi  HemepepBHuili HBY
curHan (7, =o0), a TPUBAJIICTb HAKAYKK 7, Y BCIH

HaKaYKu Oyna [TniBka

a)p/27z

MHOXXWHI €KCIIEPHMEHTIB BapitoBaiack Big 1 mo 12
MiKpocekyHA. MakcuMaibHa ycepelHeHa 3a Tepiof
NOTY)XHICTh Hakauku P, He nepepuinysaisa 1 Br.

3MiHM YacoBOro MpoQilio OTMHAIOYOI MiICHICHOTO
CUTHAIly PEECTPYBATUCh Ta 3alMUCYBAINCh 32
JIOTIOMOTO10 octmiorpada.

JletanbHe TMOPIBHSHHSA EKCIICPUMEHTAIBHHX Ta
TEOPETUYHUX  PE3yJbTATiB  MOJO0  EBOIIOIIT
BHXITHOTO CHUTHAITy 3 POCTOM ITOTY>KHOCTI HaKadKH,
IPH TPHUBAJIOCTI HAKAYKU 7,=| MKC, HABEACHO Ha

puc. 3. TpusanicTsb MiJCHIICHOTO CHUTHAITY
BU3HAYANACh Ha MOJIOBHHI BUCOTH OCTaHHBOTO. Yac
3aTPUMKH  BHMIPIOBaBCS BIiTHOCHO TIEPEIHBOTO
(GpOHTY MONAHOTO B CHUCTEMY BXIJHOTO CHTHAIY.
Yucnose MOJENIOBAaHHSA napaMeTpUYHOTO
MiJCWJICHHS] CHTHANIB MPSAMOKYTHOTO TPOQisto
HPOBOIMIIOCH 3 BUKOPHCTAHHAM Mozeni
napaMeTpUYHOTO MiJCHIIOBaya B 0araTOMOJOBOMY
PEeXHMI, SIK OTMCAHO y TOTIEPEAHBOMY PO3JILTI.

Sk 6aunMo 3 PHUCYHKY, TPUBAJICTh CHUTHATY
MOHOTOHHO CMaJa€, TOYHHAIOYA 3 BEJIWYUHU
nopsaaky |  MKc, sKa TPUPOJHO  BiAMOBiAaE
TpuBalocTi Hakauku. L{ikaBuM € Toil QaxT, mo mpu
BEJIMKUX PIBHAX MOTYXKHOCTI HaKayKd TPUBANICTh
MiICUJIEHOTO CUTHATY CYTTEBO 3MEHIIYETHCS 1 MOXKE
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CKJIaJIaTH JIECATKU HaHOCEKyHI. Lle mpoinrocTpoBaHo
ACHUMITOTHYHUM HaOJMKEHHSIM KPHBOI TPHUBAJIOCTI
curHaly mo piBHa 15-20HC TpW  3pocTaHHI
MOTY>KHOCTI Hakauku. [IpuYuHOI0 I[LOTO € Te, II0
napaMeTpuyHo  30y/pKeHa  JIOMiHaHTHa  Tpyna
CMIHOBMX XBHIIb 3 POCTOM TIOTYXHOCTI HAKa4KH
MIEPIIOI0 JocArae CTalliOHAPHOTO piBHS,
NPUTHIYYIOYH THM CaMHM CHTHAJIbHY TpYILy.
Bracniok mporo miACHIEHHS BUXiJHOTO CHTHAIY
NPUNUHAETBCS 1 BiH HaOyBae XapaKTEPHOTO
TPUKYTHOTO  TpO(DiT0, MO  CYNPOBOIKYETHCS
BiJINIOBiTHUM 3MEHIIIEHHSIM HAIliBITUPUHHU.

1000+ O  TPUBAIICTH CHTHAITY
1 O 3aTpHUMKa CUTHAITY

800 E

© 6004 J
I

400 E

200 20004 1

0 ~
0- ~2qoppnpg

Puc. 3 3anexHicTe TPUBAJIOCTI Ta 3aTPUMKHU
ITIICHJICHOTO CUTHAJTY Bill MIOTY>KHOCTI HaKadKH.
Touku exkcrepuMeHT, CyLiJibHA JIiHIs — Teopis.
Obnacte, [ne TeOpeTMYHa MOJAENb  CTae€
HECTIPABEUINBOI0,  BIAMIYEHO  IUTPUXOBAHOIO

HerpuBianbHOIO € 3aeXHICTh 4Yacy 3aTPUMKH
CUTHAJy BiJl TIOTY>KHOCTI Hakayku. Slk Oaunmmo, Ha
MIOYAaTKOBOMY €Talli 3aTpUMKa CHTHAly 3pOCTaE,
JOCSITaE TIEBHOT'O MAaKCUMyMy, a IOTIM IOYMHAE
3MeHIIyBatucs. Lle  TOSCHIOETBCS  HACTYIHHUM
YMHOM: Ha IOYAaTKOBOMY €Talli  MiJCHUJICHHS
BiOyBa€eTbCcs CIOTBOPEHHS (OpMU CUTHAITy Bif
OPSMOKYTHOTO A0 TPUKYTHOTO Mpo(diiro, 31 3cyBOM
Horo MakcmMymy B OiK OUTBIIMX 3aTPUMOK (AMB.
puc. 1). 3 moganbIIuM POCTOM TOTY>KHOCTI HaKaIKH
BIUIUB JIOMIHAHTHOI TPYNH MiJCHIIOETHCS, CHTHAN
MEPEeXOUTh 0 TPUKYTHOTO Mpo(diaro i MoYMHAE
3BY)KYBaTHCS, TIPH IOMY 3MEHIIYETBCS 1 HOTO
3aTpuMKa. BapTo 3a3Ha4yuMTH, 110 CXOXI 3aJI€KHOCTI
Bxe (pikcyBanmucs B po0oTi [6], ogHaK Tam He Oyio
NPOaHaJi30BaHO TMOBEIIHKY CHI'HAIY IPH HEBEIHKUX
MOTY>KHOCTSIX ~ HaKaykk 1 JJIS  PO3pPaxyHKy
BUKOPHUCTOBYBAIACh MPOCTa MOAENb, 3 MPOCTOPOBO-

ONHOPITHUM  PO3IMOMAUIOM  aMIUTITyId,  TOOTO
MpoIlecaMu TIOIMMPEHHS CUTHAY IO IUTBIN OyJo
3HEXTYBaHO.

Hapewti, BapTO 3BEepHYTH yBary Ha MEXi
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3aCTOCOBHOCTI PO3pPOOJICHOT TEOPETUYHOI MOJIEI.
B3zarani kakyuu, 3 pOCTOM IOTY)KHOCTI HAaKaukd B
0araToMoIOBil TTapaMEeTpUUHIN CHUCTEMI TTOYNHAIOTh
NPOSIBIISITHCS HENHIHOCTI BUIIMX TOPSAKIB, AKi B
MOTOYHIA Mojedai He BpaxoBaHi. OKpiM TOrO,
OCKIIBKM Ma€ MiCIle 3HaYHE «3BY)KCHHS» CHT'HAIY B
yaci, crac HEOOXIJIHUM BpaxyBaHHS TUCIIEPCIHHHX
nonasHkiB B piBHsHHI (1). YV Bumaaky sikmo Oyne
BUKOHAHO KpuTepii JlaliTxXimuia B cUCTeMi MOXYTb
(hopmyBatHcs T.3. COMTOHU orumHarodoi [7]. Ilepexin
B COJIITOHHUH DPEXHM BUXOIWTH 32 PaMKH HAIIOTO
JOCI/DKEHHS 1 JIOKHTh [JajJeKo 11032 MeXaMH
po3pobienoi TeopetuuHoi Momeni. Came ToMy
00nacTb, B SIKii TPUBAIICTh BUXIJHOTO IMITYJIbCY
ctae mopsaaky 15-20 e, Oyna BigmiueHa Ha puc. 3,
SK Taka, J€ TEOpeTUYHA MOJENb IepecTac OyTH
CIpaBeUTHBOIO.

BucHoBku

B crarTti po3risiHyTO poOOTY mapaMeTpUdHOTO
MiICHIIIOBaYa CIIIHOBUX XBWJIb B 0araToMOZOBOMY
pexuMi Ta BIUIMB 0OararoMomoBOCTI Ha (opmy
BUXigHOTO curHanmy. EkcnepuMeHTambHO Ta 3a
JOMOMOTOI0  YHCJIOBHUX  METOMAIB  JOCIHiIKEHO
€BOJTIOIII0 ()OPMH BUXITHOTO TiJICHUIEHOTO CUTHAITY
B 0araToMoMOBii MmapaMeTpH4HIA cHucTeMi Ha 0Oas3i
TOHKHMX IUTIBOK 3aJli30-iTPi€BOr0 TpaHary, B SKid
OJIHOYACHO BiOyBa€ThCS MapaMeTPUYHE IiICUICHHS
CHTHQJIBHOI XBHWJII Ta IapaMeTpudHe 30yHKEHHS
JOMIHaHTHOI TPyIH XBWIb. BeTaHOBNIEHO, MO Takui
peKUM  poOOTHM TapaMeTpPUYHUX  MiJCHIIOBAadiB
MPHU3BOJUTH JO CIIOTBOPEHHS YacOBUX MpodiiB
BUXIIHMX curHamB. Ilokasamo, IO 3alEXKHICTE
3aTPUMKH CHTHAJy BiJ TMOTYKHOCTI HAKauyKH €
HEMOHOTOHHOIO, a IIPY 3MEHIIEHHI HOro TPUBaIOCTI
BHHHKAIOTH  OCOOJMBOCTI, IMO 3a KPHUTEPiEM
JlaTxiama MOXHA TOSCHUTH  IEPEXOAOM B
COJNIITOHHUHN peXuM. bylno nocarHyTo MiHIManbHE
3HAQYCHHS  TPHUBAJIOCTI  MIJACHIEHOTO  CHTHAIY
nopsinky 20 HC MpH TPUBAIOCTI IMIYJIbCY HAaKaYKH
1 MKc 1 cepenHiii 3a mepiox MOTYXHOCTI HAKAYKH He
oimpme 1 Br.  Teopermunmii  aHamiz  Takoi
apaMeTpU4YHOI CHUCTEMH INPOBOIUBCS B MEXax S-
Teopii, YMCIIOBI PO3paxyHKH SIKICHO Ta KUIBKICHO
Y3TOKYIOThCS 3 EKCIIEPUMEHTAIbHUMU JaHUMHU.

OTpumMaHi pe3yIbTaTH AO3BOJIATH ONTHMIi3yBaTH
po0OTy MapaMEeTPUYHUX IMiJCHIIIOBAYiB Ha OCHOBI
ToHKHX MIiBOK 3II" 3 MeToro 30epexeHHs! CTyHeHs
HETIHIHHUX CIIOTBOPEHb BHXIJHOTO CHTHAIY B
NPUINHATHUX MEXKaX.

ABTOPH  BHCJIOBIIOIOTH  TIHOOKY  MOISKY
MenkoBy . A. 3a migTpUMKy Ta KOHCYIbTAIll MpH
BUKOHAHHI JIOCHIKEHb.
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Poboma npucesuena Oocniodcennio ocodrugocmeli nogedinku @Guoidie 6 o0bMedceHUx cucmemax.
Tokazano, wo ax xXimiunuil nomenyian OIHAPHO2O PO3UUHY, MAK | OCMOMUYHUI MUCK 8 NIOCKONAPANENbHIl
nopi 3anedxcams 6i0 padiycy Kopenayii nooausy Kpumuunoi mouxu posuwapysanus. I1o6yoosano eupasu ois
PO3PAXYHKY XIMIYHO20 HNOMEHYiany md OCMOMUYHO20 MUCKY OIHAPHO20 DpO3YUHY, WO O00380JA10Mb
npoOOUMY OOYUCTEHHS. YUX GelUdUH 8 WUPOKOMY IHMepeani 3MIHU MePMOOUHAMIYHUX NApAMempis,
BKAIOYAIOYU  OKil KPUMUYHOI MOYKU po3wapyeanus. Bcmanoeneno, wo XiMiunuti nomeHyian ma
OCMOMUYHUL MUCK OIHAPHOT cymiuti, SUKIUKAHUL HAABHICMIO 3068HIUHbLO20 NOJIA, 8 0OMeddCeHill cucmemi
CYMMEBUM YUHOM 3ATeHCUmb 8i0 2eomempii ma posmipie cucmemu. Ilokasano, wo 3 HAOIUNCEHHAM OO
KpUMuU4HOI mMo4Kyu po3uiapy8ants 6 NA0CKONApaiebtitl nopi XiMiuHUuti nNOMeHYian ma OCMOMUYHUL MUCK
CYmMmeBO 3MIHIOIOMbCS.

Kuroyosi crosa: ximiunuii nomeHyian, oCMOMUYHUL MUCK, KPUMUYHA MOYKA PO3UAPYBAHHS, padiycC
Kopensayii, OIHapHUIl PO3UUH.

Approaching to the critical point, parameters that characterize the system (isothermal compressibility,
specific heat, thermal conductivity, concentration etc) behave abnormally. This work is devoted to
investigation of the behavior of fluids in confined geometry systems. The dependence of the chemical
potential and osmotic pressure on the correlation radius within the flat-parallel pore have been
demonstrated. The expressions for calculation of the chemical potential and osmotic pressure of binary
solution, allowing to calculate this values within a wide range of thermodynamic parameters variation
including the vicinity of the critical point of stratification have been obtained. The significant dependence of
the chemical potential and osmotic pressure of a binary solution under an external field on the geometry and
size of system as well as the correlation radius has been demonstrated. It was shown that in the vicinity of
the critical point of stratification in the flat-parallel pore chemical potential and osmotic pressure change
significantly.

Key Words: chemical potential, osmotic pressure, the critical point of stratification, correlation radius,
binary solution.

Crartio npeacrasus akageMik HAH Ykpainu, 1.¢.-m.H., npod. bynasin JLA.

Pesynbraty AOCHiKEHb BIACTHBOCTEH PEYOBUH
mo0IM3y KPUTHYHOI TOYKHU SIK BUIIAPOBYBAaHHSI, TaK i
po3IlapyBaHHs JUISE  TIPaKTHYHOTO
3aCTOCYBaHHS. YHIKaJbHI BIACTHBOCTI PEUOBHHH B

BayKJIMBI

KPUTHYHIA 007acTi MalOTh BaXKJIMBE 3HAYCHHS IS
BUKOPUCTAHHS Y HOBITHIX CyYaCHHX TEXHOJOTiSX.
IcHyroui Ha CHOTOAHINIHIA J€Hb POOOTH, B SKHX
BpPaxOBaHO HEOJHOPIJHICTE OOMEXEHHX CHUCTEM i
MPOBEIEHO PO3PAXYHOK IMPOCTOPOBOIO PO3MOALTY
TYCTUHU CUCTEMH, abo MPUCBSYEH]
OJHOKOMIIOHEHTHUM piguHaM, a0o 0a3yloTbci Ha

© . A. I'aBproueHko,
B. I. /Isopeuska, 2015

MEBHUX NPHUITYILEHHSX, IO Pi3KO 3BY)KYIOTh 0071aCTh
3aCTOCYBaHHS OTPUMAHUX PE3YJIbTATIB.

B naniii po0OTI pPO3MIISIAETHCS  3AJICKHICTD
XIMIYHOI'O TOTEHIIAly Ta OCMOTHYHOTO THCKY [7]
OiHapHOr0 pO3YMHY MOONHM3Y KPUTUYHOI TOUKH
postrapyBansst [1] Bijg TepMOIMHAMIYHHX 3MiHHHX.

JocnijpkeHHsT  TPOBEICHO Ui iJealNbHUX — Ta
HeifeanbHUX TMOpP 3 PI3HUMH NPHUCTIHKOBUMHU
MOTEHIlIaJIaMU.

Sk  OlHapHUH pO3YMH  BIAAUICHUH  Bix

PO3YHMHHMKA HAIiBIIPOHUKHOI MeMOpaHow (puc. 1),
TO MO>KJIMBA JIMILIE OAHOCTOPOHHS Au(y3is. Y upomy
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BUIAJKy OCMOTHYHUN THCK CTa€ JOCTYIHOK IS
MIPSIMOTO BHMIPIOBAHHS BEIIMYMHOIO, SKa JTOPIBHIOE
HQ/IJIMIIIKOBOMY THCKY, SIKHH BHHUKaE 3 OOKy
pO34MHY IS BUKOHAHHS YMOBU TEPMOJWHAMIYHOT
piBHOBaru. TeHICHINsI CUCTEMH BUPIBHIOBATH
XIMI4HI TIOTEHIIiaJIM Y BCiX YacTWHAX CBOTO 00'eMy
Ta MEPEXOUTH JI0 CTAHY 3 MiHIMAIILHUM 3HAYCHHIM
BIJIIOBIZHOIO TEPMOUHAMIYHOTO MOTEHIIATY
BHUKIIMKA€ OCMOTHYHUHN (mudy3iiiHUI) MepeHoc
PCYOBHH.

Posristaemo BUIAIOK, KOJIN crucTeMa
CKIIAA€ThC 3 JBOX IMJICHCTEM, PO3IUICHHUX
HaITIBIPOHUKHOIO MeMOpaHOI0, TOOTO BOHH MOXXYTh

OOMIHIOBATUCh YAaCTHHKAMHU JIMILE OJHA 3 OJIHOIO,
npu 3ananux (7, p, N). TloBeminky KoxHOi 3

MIICUCTEM  HEOOXiJHO PO3IVISLIaTH B paMKax
BEJIMKOIO KaHOHIYHOTO aHcaMOJIo 13 3aJaHuMH
3HAYEHHSAMH BIOOOBIOHMX XIMIYHAX [TOTEHINAJIB.
3miBa Bix 1€l MEeMOpaHW 3HAXOJMTHCS PO3YUH

KOMIIOHCHTH b 3 MOJISIPHOIO KOHI_ICHTpaHi€IO z, B

PO3YMHHUKY @ 3 KOHIICHTPAIIi€l0 T, 10 MICTUTBCS

TAaKOXX CIpaBa BiJ CTiHKM. MemOpaHa NpOHHMKHA
JUIIE JUIS MOJEKYJ po3urMHHUKA. OYeBHIHO, IO

r +x, =1. 3aranpHa  KUIBKICTB  MOJIEKYI

PO3YHMHEHOI PEYOBHHH, SKi 3HAXOAATHCS MO Pi3HI

croponr MmemOpaunu cranoButb N = N+ N, .

° ®
e ¢ e
.. i /.

Puc. 1. MexaHi3M BUHHKHEHHS OCMOTHYHOI'O THCKY
Opy  HasgBHOCTI  HAMIBOIPOHMKHOI  MeMOpaHu:
MOJICKYJI PO3YMHHUKA (@) Ta MOJIEKYJIH PO3YMHEHOT
peuosunu (b)

HeoOxigHolo ~ yMOBOIO  TEpMOAMHAMIYHOI
piBHOBarm MK JBOMa MiJCHCTEMaMH B LHOMY
BUTIQJIKY € PIBHICTh XIMIYHUX  IIOTEHINaJiB
PO3YMHHMKA 3J1iBa i CrIpaBa Bijg MeMOpaunu [4]:

w, (T, pyz) =, (T, p,), (1)
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Je p, — THCK KOMIOHEHT a Ta b B OiHapHOMY
PO3UMHI Ha CTIHKY MeMOpaHu 3 00Ky mifcuctemMu 1,

Dy
migcucremd 2. YmoBy (1) MokHa 3a0BOJIBHHTH

— THCK KOMIIOHEHTH @ Ha CTIHKY 3 OOKYy

JiMiIe 'y BUIIAAKY, KOJHA pl = p2 , 10 i IMPU3BOAUTH

JI0 OSIBU OCMOTHYHOTO THCKY Ap = p, — p, = 0.

Posrnauemo
3HAXOUTHCS

piguHa
TOYKHU

BUTIAJIOK,
mooIn3y

KOJIX
KPUTHYHOL

posmapysanns. Bpakatoun, mo Benmuuna Ap,

Mana, BukoHaemo posknan ji, (T, p, z,) 3a Ap,:
8’ula 1 aZ/Jla
o) A0ty

— (Ap,)* +....
p1 T 2! 8p12 !

A'ulaz

)

Jns  xoHKpeTm3amii 3aJeXHOCTI XiMIYHOTO

notenuiany  j (Az (z)) PpO3IISHEMO  BUIAIOK

MajJuX BIIXWIEHb KOHIIEHTpAIlii HEOJHOPIIHOI
CUCTEMH BiJI KOHIIGHTpAIll OAHOPiIHOI cucTemu. B
IbOMY BHITQJIKy MOKHA 3aCTOCYBAaTH HAOIMKECHHS
IUIABHOT HEOHOPITHOCTI, 3arpornonoBane [6]:
oAz,
T
-~ 1
(A, (2)) — 1y ~ A (2) ,
o,
a JT

©)

ne  j, — XIMIYHUH TOTEHIiaJl 3a BiICYTHOCTI

30BHIIIHBOTO TOJIS.
He BpaxoByroun KBaJpaTU4HI WICHH PO3KJIAY,
3 Bupasy (2) orpumaeMo HaOIWKCHUI BUpa3 s

OCMOTHYHOTO THCKY Ap, !

-1

o
Apl = MQa(pQ)_M1a<p1) 8_1a 9 (4)
Py ),
0
ne 8_#1 = U — MOJEKYJSIpHUHA 00’€M YHUCTOTO
D),

po3uMHHWKA. TakuM YHHOM BHpa3 I XIMIYHOTO
MOTEHIIIaIy BiJIOBIIHO MOYKHA 3aITUCATH:

Az (2)
A, = =2 ©)
An,
PosristHeMo IUIOCKONapaebHUi wap.

BBeneMo TpuBHMIipHY CHCTEMY KOOPJIWHAT Tak, 100
Bich Z Oyna TMepHeHIUKYyJIsSIpHA 1O IUIOIIUHHU
CHUCTEMHM, SIKa B3IOBX OCeH X Ta Y MpIMye 10
HeckiHueHHOocTi. CucreMa oOMeXeHa B3I0BX OCI Z,
TOOTO, Z MOKE 3MIHIOBATHCEH B MeXax Bigx —L 1o L.
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OueBuHO, MO 33 BIFCYTHOCTI MOJS, IO Ji€ B
miomwHl 0y KOHIEHTpAIis PO3YUHY B3IIOBX OCEi
T Ta Y HE 3MIHIOETHCA.

[Mo6nu3y CTiHOK, W0 € HamiBIPOHUKHUMH,
TIOTH CHMETPHUYHI CHITH MIPUTSITAHHS
(BIAIITOBXYBaHHS), MTOTEHIIIAN IKUX IPOMOJIETIOEMO
HACTYITHUMH BUpa3amu [2]:

u (2) =2Be " chkz,

: (6)
u,(z) = 2Bje ™ chkz.

B npomy Bumanky audepeHIlialbHE pPiBHSIHHS
BifHOCHO A7 (2) Mae Buryisn [3]:
d*Az
a
dz?

—r’Az, = A*(A\+ 2B, e "chkz)  (7)

oe K= % § — paniyc xopensuii, A= A(§) —
2€

cTanla, IO 3aJeXUTh B TapaMeTpiB KPUTHYHOI
TOYKH JAHOTO po3umHy, B, = (Bb —B)N,, N, -
KUIBKICTh YaCTHHOK (BY3JIiB) y LIapi TOBLIMHOIO | .
B ta B - ammityma (B >0
BIJIMIOBila€ CWJIaM BiMIITOBXyBaHHA, B <0 —

MIPUTSTAHHS), k?t— e(eKTUBHUI pajaiyc Iii X CHII,
KU BBAXa€EMO OIHAKOBUM [UJI1 YacTHHOK 000X

BIAITOBIAHI

COpTiB, A — cTaja, TOB’s3aHa 3 BU3HAYCHHIM
XIMIYHOTO  MOTEHIaTy  OOMEXKEHOi  CHCTeMH,
3HAUCHHS $KOI MO)Ke OyTH BH3HAYCHO 3 YMOBH

HeoOXiIHO
TpaHCBEPCATLHOCTI  Ta

isonmepumerpusmy.  PiBusaus  (7)
pO3B’s3yBaTH 32 yMOB
i3onepumerpusmy [5]:
i, vm(?)\s =0 (8)
f drAx(7) =0 9)
4

Po3B’s130k piBHsiHHSA (7) 3 BpaxyBaHHsM yMoB (8) Ta
(9) B upOMy BHIIAJIKy M€ BHIJISL:

Az (2) =2B, e " Ax® x

1 h kL
_k_ 1 shk chkz + (10)
K k2 — k% shkL
L ke~ shxLl.
E —k? kr’L
Onepxanuii MPOCTOPOBHIA po3moain

KoHLeHTpalii OiHapHoro posumHy (10) mno3Bomse
OTPUMATH 3aJIEKHICTh XIMIYHOTO MOTEHIIANY i,
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BiJl pajilyCy KOpPEJsIii, 10 3MIHIOEThCS B MEXKaX Bif
10" m. 710 0,999%10° m.

B QBBAe_kL 1
lu‘la(g) - 2.9 X
R |

—1 -1
x kg[sh 5] P [5] sh L shkr + L _ cprr |
13 & ¢ 13 kL

(11)

Ha puc.2 HaBeneHO 3aJIeXkKHICTh XiMIYHOTO
MOTEHIIaTy Bi pajiycy KOpPEeMAIil MOIEITbHOTO
OiHapHOTO PO3YMHY JUIS PI3HUX 3HAYEHb aMILTITYAN

B, . Anani3z HaBe€HUX Ha pHC. 2 NIAHUX BKa3ye Ha

3MEHIIICHHSI BITHOCHOTO XIMIYHOTO TMOTEHIATY

0,6
044 "3

£

= \

T 02+ 2

= ~

3 ~ .

1 eI
0,0 : ; R —
0,1 0,2 0,3 0,4

Puc. 2. 3anexxHicTh BiTHOCHOTO OCMOTHYHOT'O THUCKY
(K1a— po) / o GiHApHOTO PO3UMHY B IUIOCKIH TIOPi 3
CUMETPUYHAM TPHUCTIHKOBHM TIOTCHI[IAJIOM BiJ
pamiycy kopemsii & st cucremu 3 k1= 3x1070 v,
L =107 m Ta pisuux 3uavens B: B = 0,1x10% Jix (1),
B =5x10% Jlxk (2), B = 1x10** JIx (3).

08 |

06 |
o .“3
E_ Y
= 04 -
T N2
o
~ 024 T~

1 T T - —_——
0,0 : : . .
04 06 08 1,0
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Puc. 3. 3ajiexHICTh BIJHOCHOTO OCMOTUYHOI'O THUCKY
(p1—Po) / po GiHapHOTrO pO34YMHY B TUIOCKiH mOpi 3
CUMETPUYHUM TPUCTIHKOBHM MOTEHIIA]IOM  Bij
pamiycy xopemsiii & st cucremn 3 k= 3x1070 u,
L = 10 m Ta pisanx 3mauens B: B = 0,1x102* ITx (1),
B =5x10* JIxk (2), B = 1x10* JIx (3).
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'ula, — /JO
Fo
KOpeJsiii & .

Ha 20-60% mnpu 3pocraHHi panaiycy

OpepxaHa MPOCTOPOBA 3aJICKHICTh XIMIYHOTO
notenmiany (11) 3a gomomororo dopmynu (3)
JIO3BOJISIE OTPUMATH BUPA3 3aJICIKHOCTI OCMOTHYHOTO

tHeky  p(§)  Bim  pamiycy  kopemsmii &
2B, e M 1
p(§) = —2————
Vi, k¢ -1
-1 -1
x%%ﬂq mﬂ{% sh | shhr + L _ i
£ £ ¢ £ kL

(12)

Ha puc. 3 HaBemeHO 3aNeXHICTh BiJHOCHOTO
OCMOTHUYHOTO THCKY BiJ pamiycy KOpemsmii ms
CUCTEM 3 PI3HUMH 3HAYCHHSIMH CTaluxX B . Anami3
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HaBeJEHMX Ha pHC. 3 JaHMX BKa3ye Ha Te, L0 3i
30iBIIEHHSM pafiycy Kopemsmii &  BiOZHOCHUI
OCMOTHUYHHUI THUCK JJIsl TAHOT CUCTEMHU 3MEHIIYEThCS
Ha BennuuHy nopsaaky 30 — 50%.

Pe3ysbTaTH T2 BUCHOBKH

[loObymoBano  BuWpasn  Ig  OOYMCICHHA
OCMOTHYHOTO THCKYy OIHApHOTO pO3YHMHY, IO
JO3BOJISIIOTH TIPOBOJUTH OOYHCIIEHHS B IIHPOKOMY
iHTEepBaJi 3MIHM TEPMOIWHAMIUYHUX TIapaMeTpiB,
BKJTFOYAIOYH OKiJl KPUTUYHOT TOUKH PO3IIApyBaHHS.

BcranoBmeno, mo 3 HaOMMXKEHHSIM  J0O
KPUTHYHOI TOYKH pO3MIapyBaHHS OiHAPHOTO
pO3YMHY BigHOCHA 3MiHa XiIMIYHOTO TOTEHIIiATy
Ta OCMOTHYHOTO THUCKY JAocsirae BeauuuHu 20 —
50 %.
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Ab initio calculation of equilibrium position
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Ilpogedeno ab initio po3paxyHok pi6HOBANCHO2O NOJIONHCEHHS QOMIUKOBO20 AMOMA KUCHIO 8 HAOKOMIPYL
3 64 amomie KpemHito. Pospaxynox nposedeno memooom QYHKYIOHANY 2YCMUHU 8 Y3A2ANlbHEHOM)
epadienmuomy Habaudxcenti 3a 0onomoeor naxkema npozpam ABINIT. Pospaxosanuii Kkym keasimonexynu Si-
O-Si Oopienioe ~ 136°. Ilpedcmasneni ma npoananizoeamni eieKmponti cnekmpu Haokomipku 3 64 amomis
KPEMHIIO, W0 MIiCmumb OOMIUKOBUL AMOM KUCHIO 8 MempaeOpuyHii nopi ma y piGHOBANCHOMY NOJLONCEHHI.
062080pr0EMbCA MONCIUBICNL POPMYBAHHA MASHIMHUX MOMeHmi6 Ha Oeghekmax. Tlokazano, wWo uacmrkoso
3aN08HEHA OOMIUKO8A NIO30HA, AKA CNOCmepieaembcs 0l BUNAOKY KUCHIO 8 YeHMPI mempaeopuiHoi nopu,
Modice npu3eooumu 00 opMy8anHs MASHIMHO20 MOMEHMY.

Knrouosi cnosa: enexkmponna cmpykmypa, KpemHitl, 0OMilKa KUCHHO.

Ab initio calculation of the electronic spectra of a supercell composed of 64 Si atoms with point defect O
are presented. The oxygen impurity is considered in the interstitial position. The concentration of oxygen is
~ 1.5% (10°° cm™). The density functional theory in the general gradient approximation using the software
package ABINIT has been used for numerical calculation. The equilibrium position of oxygen in silicon has
been investigated. We obtained that the angle of Si-O-Si quasimolecules is ~ 136 °. The electronic spectra of
a supercell composed of 64 Si atoms with oxygen impurity in the tetrahedral pore and in the equilibrium
position are presented and analyzed. In general, the obtained spectra corresponds to the spectra of pure Si,
the main different is formation narrow impurity peak nearly Fermi level. Analysis of local spectra allows to
associate a narrow peak in the vicinity of the Fermi level with the electronic states of impurity atoms O. The
possible formation of magnetic moments on impurity atoms are discussed. It is shown that partially filled
impurity subzone observed in the case of oxygen in the tetrahedral pore can lead to the formation of the
magnetic moment.

Key Words: electronic structure, silicon, oxygen impurity.

Crartio npeacraBuB wieH-kop. HAH Vkpainu, a.¢.-M.H., npod. Makapa B.A.

Beryn KucHeBMicHUMH Jedexktamu. Hampuknan, y poGoti

. . [1] orpumano HemiHIMHI TOJIBOBI  3aJCKHOCTI

) TeXHOHOH‘,IHO}O OCHOBOIO CYHaCHOl  yiarnithoi cnpumitrsTimusocti y(H) MoHOKpHCTaniB
MIKPOCTICKTPOHIKI a r,IPHHaHO(SyﬂyBaH,HH € xpemuito mpn T=80K, sKki KOpemooTh 3
MOHOKDHCTAIYHUI  KpEeMHl. .EJ'IGKTpO(bBI/IIIHl? KOHIIeHTpaIielo ux gedektie. 3rimao [1], Taky
MexXaHiuHi Ta TEXHONOTIMHI — BIACTMBOCT ooy rprirhy TTOBEJIHKY MATHITHOI
KpUCTAJITIHOTO KPEMHIO SHATHOIO MIPOIO SYMOBIICHL  oryyyriiygriimgocTi  MOKHA — MOSICHHTH — IIPSIMOIO
HAABHICTIO IOMIIIOK, SOKPEMa KHCHIO — IOMIHYIO®OL oGy iiyol0  B3aeMogiero  Mik — KHCHEBMiCHHUMH
JOMIIIKM B MOHOKpHCTasax KpemHilo. Came ToMy nebekTaMH B OGNACTAX TAK 3BAHMX  MIKpO-

BUBYCHHS BIUIMBY JOMIIIKNA KHCHIO Ha BIIACTUBOCTI
KPEMHIIO 3QJIMIIAETHCS aKTYaJbHOIO MPOOJIEMOI0 Ta
MpUBEPTaE yBary 0ararbox JOCIiIHUKIB.

¢bnyKTyauii KOHIEHTpALil KUCHIO 3 KOHICHTPALIEO
THX camux aeekTin — 10"°-10>" cm .

H " X X ) Y pobori [2] 3adikcoBaHo (epoMarHiTHUH

ja JaHMI 9ac 1CHYIOTR JIaH1 TIPO HESBUUHL - oprpan pin spaskie mopysaToro kpemmiio (ak 10
MarHiTH1 (H.aBlTB q)e.pOMal"Hl'THl) ?HaCTI/IBOCTl Temmeparyp 570 K) i Brepiie, HACKITBKH HAM
MOHOKDHUCTAJIB  KpeMHisl, sKi OB S3yIOTh 3

BiJIOMO, OOTOBOPIOBAIACS MOXKJIUBICTh BUHHUKHEHHS
© T.B. I'opkaBenko, [.B. [Tntomait,
B.A. Makapa, 2015
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MarHeTU3My B CHUCTeMaXx Ne(eKTiB BHCOKOi I'yCTUHU
B KpemHii. 3a  JOMOMOrol  €JIEKTPOHHOTO
MapaMarHiTHOrO pe3oHaHcy Oyna 3adikcoBaHa
HasBHICTh TAapaMarHITHUX IIEHTPiB, IOB’SI3aHUX 3
00ipBaHUMH 3B’ SI3KAMHU.

[TuranHs HasiBHOCTI a00 BiICYTHOCTI MarHiTHUX
MOMEHTIB Ha JOMIIIKaX KHCHIO TaKOX IIiKaBe 3
TOYKH 30py HEMIOAABHO BIIKPUTOTO MAarHiTO-
IIacTUYHOTO eeKTy Ha MoHOKpuctamax Si [3].
[locnmimoBHOTO TMOSICHEHHS IHOTO e(eKTy AOoci He
icHye, ame JesKi IOCTIIHUK{ OB S3YIOTH BILIUB
Mar”iTHOTO TMOJIsI Ha MEXaHIYHI XapaKTePUCTHKH

KpucTamiB Si camMe dYepe3 BiANOBIAHI peakuil
neeKTiB, Mo MarOTh MAarHITHAH MOMEHT.
[lomepenHbo  mpoBeAcHI  po3paxyHKH  [4]

MoKa3ald MOXJIHMBICTh (OPMYBaHHS MarHiTHUX
MOMEHTIB Ha JOMIIIIKaX KUCHIO, ajieé B IUX poOOoTax
He Oylmo TPOBEACHO OCTiIKEHHS PiBHOBAKHOTO
MOJIOKEHHS KUCHIO.

3 JiTepaTypHHX JDKepen BiJOMO, IO aTOMH
KHCHIO 3aliMarOTh B KPUCTAIIYHIN TpaTii KPEeMHIO
MiXKBY3JI0BE TIOJIOKEHHS, YTBOPIOIOYM 3  Haii-
OJIMKYMMHU aTOMaMH KpeMHiro janmoor Si-O-Si [5].
Kgazimonekymna Si-O-Si mapanensHa Hanpssmky [111]
1 € Jemo BUTHYTOIO, YTBOPIOIOYH KyT MPHOIH3HO
150° (puc.1). bepyun nmo yBarm CHUMETPIiO
KpPHUCTATIYHOI I'PaTKH, aTOM KHCHIO MOXeE 3aiMaTu
LICTh E€KBIBAJIEHTHHUX IIOJIOKEHb BIHOCHO IIBOX
HaNHOIMKUNX aToMiB KPEMHIIO. [Ipuuomy
CHepreTHUHuil 0ap’ep TmepeopieHalii MK LIUMH
MOJIOKEHHSAMH HACTUTBKH Malii, 10 HAaBiTh IPH
KIMHATHIH TeMIiepaypi aTOM KHCHIO JJOCUTh IIBUIKO
3MIHIOE CBO€ TOJIOKEHHS. 3MiHa IMOJIOKEHHSI aToMa
KHCHIO He TIOB’s13aHa 3 Horo audy3iiHuM CTpUOKOM,
oo BUMarae po3puBy 3B’s3Ky Si-O-Si, sk 1e
BigOyBaeThCs pu Audy3ii.

3 ornsay Ha BHIIE3a3HaUY€HE METOI0 JIaHOi
poboTu OyJO BCTAaHOBUTH PIBHOBaXKHE ITOJIOKEHHS
KHCHIO B MOHOKpDHCTaJaX KpEMHII0, a TaKoX

Puc.1. CtpykrypHa Mmojeb kBazimosekynu Si-O-Si.
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0COOJIMBOCTI EJIEKTPOHHUX CTAHIB JOMIIIOK KHUCHIO
Ta MPOaHANi3yBaTH MOKJIMBICTh BAHUKHEHHS Ha HUX
JIOKAJII30BaHUX MArHiTHUX MOMEHTIB. J[nsi 1poro
Oyi0 mpoBeneHo ab initio po3paxyHOK €IeKTPOHHUX
CHEKTPiB HAAKOMIpKH KpeMHilo 3 64 aTOMiB, KHCEHb
po3risgaBcss y ~ MDKBY3JIOBOMY  ITOJIOKEHHI.
Konmnenrpariis KHUCHIO ~1,5% (10%cm™).
Po3paxyHOK mMpOBOAMBCS METOMOM (PYHKITIOHAITY
TYCTHHH [6] B y3araJbHEHOMY TpaJi€HTHOMY
HaOMKeHHI [7] 3a MOMOMOTOI0 IakeTa Iporpam
ABINIT [8].

PesynbTaTn Ta 00rOoBOpeHHs!

Crioyatky aTroM KHCHIO MH pO3TallyBald B
[EHTPl TeTpaeipuYHOTO MIDKBY3JII B CepeAHHi
HaZKoMIpkH 3 64 aToMiB KpemHilo. B mganomy
MOJIOKEHHI aToM KucHi0 MaB koopaunatu (000).
[Ticast MpbOTO MU MPOBENH YHCENHHUN €KCTIEPUMEHT
0  PO3pPaxyHKy  PIBHOBRXHOIO  MOJIOXEHHS
JIOMIIIKOBOTO aTOMa KHCHIO y HaJKOMIpIi KpeMHito
3 64 aTomiB, pyxatoun ioro 3 kpokom 0,01 at.ox. 10
HAROIKINX IBOX aTOMIB KpEMHIFo,
MepIeHINKYIIpHO HanpsMKy [111].

3anexHicTe OBHOI eHeprii (£,,) HaIKOMIpKH 3
64 aroMiB KpeMmHi0, IO MICTUTh KHCEHb Yy
MDXKBY3JIOBOMY TIOJOXEHHI, BiJ{ 3MIIIEHHS KHCHIO
MOKa3aHO Ha pHUC. 2. 3MIlICHHS aTOMa KUCHIO MH
BiJ[paxOBYBaJ M BiJ] ILIEHTPa TETpPAaeIpPUIHOI TOPH,
TOOTO Bi IOYATKOBOIO TMOJOXEHHS  KHCHIO.
MiniMyM 11i€i KpHBOI 3HAXOIWUThCS Ha BIJICTaHI
0,05 aT.0. BiJ LEHTpa TETPACAPUYHOIO MIKBY3JIS,
a0o Ha Bigctani 0,066 aT.ofd. Big ABOX HAWOIMKUYMX
aToMiB  KpeMHilo. 3rigfHo 3  pe3yJibTaraMu
po3paxyHKy, TOBHa eHeprii aroma O vy
piBHOBaskHOMY TonioxkeHHI Ha ~ 0,05 eB meHmma 3a
e”eprito atoma O y TerpaenpuuHiii nopi. OcraHHe
MiATBEP/DKYE, MO0 aTOMH KHUCHIO B KPHUCTATI4HIN
TpaTiii KPEMHIIO 3aiIMarOTh MIXKBY3JIOBE TIOJIOXKEHHS,
YTBOPIOIOYH 3 CYCIHIMH aTOMaMH KPEMHIIO JIAHITIOT

E o1 » Xaprpi
-266.812

-266.813 |
-266.814 |
-266.815 |

-266.816 |
-266.817 }

-266.818 1 . 1 .
0.00 0.02 0.04 0.06 0.08
A r, ar.of.
Puc. 2. 3anexxHicTh NOBHOI €HEPTii Bi MOJI0KEHHS

aToMa KHMCHIO.
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Si-O-Si. Ha ocHOBI MEepIIONPUHITUITHUX PO3pPaxyHKIB
MU BCTAHOBWJIM, IO KyT KBazimoiekymu Si-O-Si
nopiBHIOE ~ 136°, oTpuMaHe 3HAYCHHS € JCIIO0
MCHIMUM Bim padime mependadeHoro o(Si-O-
Si) = 150° [5] Ha OCHOBiI MOJICIIEHUX YSIBJICHb.

Ha puc. 3 mpencraBieHo po3paxoBaHy HaMmH
EHepreTHYHy 3aJeXHICTh TYCTHHH EJNEeKTPOHHUX
CTaHIB YHCTOTO0 KpEeMHIIO (a), HagKOMipKku 3 64
aTOMIB KPEMHIIO, 10 MICTUTh OJUH MIKBY3JIOBUN
aTOM KHCHIO B IIEHTpi TeTpaeapuyHoi mopu (0), Ta y
piBHOBaKHOMY TmONOXeHHI (8). IlomoxeHHS piBHS
depMi MoKa3aHO BEPTUKAIBHOIO JIHIEID. Y IIOMY,
OTPUMaHI CIEKTPU BIiAMOBIJAIOTH CICKTPY YHUCTOTO
Si, mo CBITYHTH TPO aAEKBATHICTH PO3PAXYHKY —
1,5% nmomimok aromiB O He 3MIHIOIOTH 3HAYHO
CJIICKTPOHHY CTPYKTYpy KpuctaimiB Si. €IuHOI0
SIKICHOIO BIIMIHHICTIO € (OPMYBaHHA BY3BKOTO
JMOJATKOBOTO  MmiKa B 3a00poHeHi  30HI
Oe3mocepeTHbO Hal BaJICHTHOIO 30HOIO.
HamiBmmpuna msoro mika mopiBaioe ~ 0,11 eB mast
MIOJIOKEHHSI aTOMa KHCHIO B IEHTPI TeTpaeapHUIHOL
mopu 1a ~ 0,07 eB 11 piBHOBaYKHOTO TOJIOKEHHS
KHCHIO. BucoTa JOMIIIKOBOTO TiKy JUIs BHIIQIKy
pO3TaIIyBaHHS KHCHIO B PIBHOBXHOMY IOJIOKEHHI
y ~ 1,6 pa3u MeHme, HiX Ui BUMAAKY KHUCHIO Y

n(E), en./Xaptpi/koMipka
100

80
60-
40
20

0

1500+

1000

500+

0

1500+

1000+

500+

03 04
E, Xaptpi
Puc. 3. Enepretnuna  3anexHicTh TYCTUHH
EJIEKTPOHHUX CTaHIB: a — KPUCTATIYHUNA KPEMHIH; O —
HaJKOMIpKA 3 64 aToMiB Si Ta aromMa KHCHIO B
TeTpaelpuyHil 1Opi; 8 — HAIKOMIpKHU 3 64 atomiB Si
Ta aTOMa KUCHIO B PIBHOBXXHOMY TIOJIO’KEHHI.

0 " T T T T
-03 -02 -01 00 01 02
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TeTpacApuuHii mopi. PiBeHn
JOCATHEHHS  PIBHOBa)KHOT'O
i IBUITYETHCS.

Ha pwuc.4 nHaBemeHO JOKambHI EIIEKTPOHHI
CHEeKTpH JAoMmimkoBoro atoma O B LEHTpi TeTpa-
eapuuHoi nopu (a) HaAKoMipku 3 64 aTomiB Si Ta 'y
PIBHOBXXKHOMY TOJIOKEHH] (0), a TaKoX HarOIIK-
4oro cycimHboro aroma Si y kBazimonekyimi Si-O-Si
(8). AHauti3 JIOKaJIBHUX CIIEKTPIB JTO3BOJIAE 3B’S3aTH
BY3bKHH ITiK B OKOJIi piBHSA DepMmi came 31 cTaHAMH
nomimkoBuxX atomiB O. Bkaszanmii rocTpwii ImiK B
JIOKAJbHUX CIIEKTPax yCiX iHIIMX aTOMIB PO3IJIs-
HYTOi HAJAKOMIPDKH BHUSBISAETbCS y JECATKH pasiB
MeHImUM. OTXe, 9aCTKOBO 3alIOBHEHHUI TOCTPHI TIiK,
KU CIIOCTEPIraeTbCs B EIEKTPOHHOMY CIEKTpi
HaJKOMIpKH 3 64 aToMmiB Si 3 TOYKOBUM Je(HEKTOM
O, noB’sa3aHuii 3 TOMIIKOBUMH aTroMamu O.

[Ipoanamnizyemo pe3ynbTaTH HaIX
PO3pPaxyHKIB 3 TOUKH 30py MOMJIMBOCTI BUHUKHEHHS
30HHOTO MAarHeTH3MY. YTBOPEHHS JOMIIIKOBOL
MiJ30HA B OKOJIi 3a00pOHEHOT 30HU € THUIOBUM [T
HaMiBMPOBIAHUKIB. 3rigHO 3 KputepieM CroHepa,
JUIsl BUHUKHCHHS MArHITHOTO  BIIOPSIKYBaHH:I
HeoOXillHA HAasBHICTh BY3HKOTO HAIiB3aIIOBHEHOTO

®Depmi 1o Mipi
MOJIOKEHHST  JIEIIO

n(E), en./Xaptpi/xoMipka
200

150+
100+

50+

150+
100

0 'MM PPN

50

40 8
30
20
10

WWMA et
02 -01 00 01 02 03 04

E, Xaptpi
Puc.4.  EHepretmuHa  3aleXHICTb  TYCTHHHU
€JIEKTPOHHHUX CTaHIB: a — aToMa KHUCHIO B IIEHTPI
TeTpaeipuyHOi TOpH; 6 — aroMa KHCHIO Y
PIBHOB2)XHOMY MOJIOXKEHHi; ¢ — aroMa Si, 10 €
MEPIIMM CYCIJIOM JIOMIIIKH KUCHIO.
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mika moomm3y piBHS Depmi. Sk pa3 TakuMm 1 €
JIOMIIIKOBUI cyOmik (muB. 6, 6 Ha puc. 3),
MOB’sI3aHUI 3 HASBHICTIO JOMIMIKOBHX atoMmiB O y
LIEHTPI TeTpaenapuIHoi opH (0) Ta y PiBHOBAXKHOMY
nmoyioxkeHHi (). B 000x BuIagkax JOMIIIKOBA
MiJ30Ha  CJNCKTPOHHMX  CTaHIB  KUCHIO Yy
MDKBY3JIOBOMY CTaHi Ty>Ke By3bKa (TUTOCKa) 1 i
purmaaky O y TeTpaenpwuHiii TIOpi YacCTKOBO
3all0BHEHA, & Y BUMAJKY KHUCHIO B PIBHOBAXXHOMY
TIOJIOKEHHI Maibke He3almoBHEHa, TOOTO piBEHb
@epMi mOTpAIIISiE B 00NACTh TOYATKY IIHOTO
JIOMIIITKOBOTO TiKy. YacTKOBO 3amoOBHEHa BYy3bKa
JIOMIIITKOBA MMiJI30Ha y BHIIAJKy PO3MIIICHHS aroma
KHCHIO Y TeTpaeapu4Hiil mopi, 3rigHo 3 [4], Moxe
MPU3BECTH JI0 BUHUKHEHHS 30HHOTO MarHETH3MY, SIK
e BimOyBaeTbcss B TpadiToBUX CTpyKTypax. Sk
MoKa3alli MPOBEJIcHI HAMU PO3PaxXyHKH, Y BUMAJKY
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KOJM JOMIIIKOBHH KHCEHb 3HAXOAUTHCA TOYHO Y
PIBHOB2)XHOMY TIOJIOKEHHI BHUIIE3a3HAYCHUH edeKT
CTa€ MCHII BUPa3HUM.

BucHoBku
IIpoBenenuit HaMH MEePUIOTPUHITATTHUN
PO3paxyHOK PIBHOBa)XXHOTO TIOJIOKEHHS

JOMIIIKOBOTO aTOMa KMCHIO B KPEMHIi MOKa3aB, M0
KyT kBazimonekymu Si-O-Si craHoButh ~ 136°.
AHa3  CNeKTPOHHUX  CIEKTPIB  HAaTKOMIpPKH
KPEeMHIl0 3  JOMIIIKOIO KHCHIO B  LEHTpi
TeTpaeIpUyHOI NOPH 1 B PIBHOBAKHOMY IOJIOKECHHI
BUSBHB MOXJIHMBICTH  ()OPMYBaHHS  MAarHiTHHUX
MOMEHTIB Ha JIOMIIIIKOBOMY KHCHI.
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Poboma  mpucesuena  excnepumeHmanbHOMy — OOCHIOJCEHHIO — KOHYEHMPAYiuHOi  3anediCHOCHI
HU3bKOKOHYEHMPAYIIHO20 NIKY [HMEHCUBHOCMI PO3CIAHO20 CGIMIAd y BOOHUX PO3UUHAX eMAHONY 6 OKOJ
ocobnusoi mouxu 0.05 < x <0.1 (x- monvra uacmrka emanony y posuuni). Yeazca npudirsicmocs OKowy
0C00IUBOT TMOYKU, 5AKA BUSHAYAEMBC AK MOYKA NEPEemuHy KPUBUX KOHYESHMPAYIUHUX 3ATeHCHOCIell
KOHMPAKYii npu pisHux memnepamypax abo sax mouka, 8 sKill CHOCepieacmvCs aHOMATbHUL MAKCUMYM
IHMEHCUBHOCMI MONEKYIAPHO20 posciauns ceimaa. llokazano, wjo pieHOGAdICHI G1ACMUBOCMI PO3UUHIG
6CMAHOBNIOIOMBCS. HA NPOMSA3L MPUBATL020 YACy (MUdiCOeHb ma Oinbuie), npu YbOMY AHOMATLHUL MAKCUMYM
po3nadaemvcs Ha 08a. llonooicenns yux nikie KoOpemoe 3 OAHUMU AHANI3Y KOHMPAKYii 600HUX PO3HUHIE
eMAaHoOIy MaKUM YUHOM, WO BOHU POIMAULOBYIOMbCA CUMEMPUYHE 8IOHOCHO 2paHuyi obiacmi 0e cymmesi
K8A3IKpUucmaniuti eracmusocmi 600u. JIokamvHa 6’s3KicCmb pO3YUHIE 3 MAKCUMATbHUM DPO3CIAHHAM
BU3HAYANACH OUHAMIYHUM PO3CISHHAM CEIMAA HA 3ABICI Y POZUUHAX AMEKCHUX YACMUHOK po3mipom 60 Hm.
Tosedinka KoHYeHMPayiuHol 3a1eHCHOCMI TOKATbHOI 8 SI3KOCMI CYMMEBO BIOPI3HAEMbCA OIS NiKI8 MOHKOI
CMPYKMYypU aHOMAIbHO20 PO3CISIHHSA CEIMA.

Knrouosi cnosa: 600mi posuunu emauony, HU3LKOKOHYEHMpayiline pOo3CIIHHA C8imaa, OuHAMIuHe
PO3CIAHHA CBIMAA, 0COOAUBA MOUKA.

This paper is concerned with experimental study of the concentration dependence of the scattered light's
low-concentration intensity peak in water-ethanol solutions in the neighborhood of the peculiar point
0.05<x<0.1 (x is a mole fraction of ethanol in solution). We pay attention to the neighborhood of the
peculiar point defined as intersection point of the contraction's concentration dependence curves taken at
different temperatures. Also peculiar point can be defined as the point of an anomalous maximum intensity of
molecular light scattering. It is shown that the equilibrium properties of solutions are established for a long
time (a week or more), while the maximum anomalous splits into two. The position of these peaks correlated
with the contraction to the analysis of aqueous solutions of ethanol. They are arranged symmetrically with
respect to border areas where significant quasicrystal properties of water. Local viscosity of solutions with
maximum scattering defined by dynamic light scattering on suspension of latex particles 60 nm differs
markedly for these peaks.

Key Words: aqueous solutions of ethanol, low concentration of light scattering, dynamic light scattering,
a singular point.

Crartio nipezcraBuB akajgemik HAH Ykpainu, 1.¢.-M.H., npod. bynasin JI. A.

MounekynsipHe pO3CisSTHHS CBiTJIa CTaJO OJHUM 3
OCHOBHMX  3ac00iB  BHMBYEHHS  BIIACTUBOCTEH
po3umnHiB me B S50-Ti pOKHM MHHYJOTO CTOPiY4s i
3aJTUIIATIOCS TAaKUM IIPOTATOM yCiX HACTYHmHHX 60-TH

pokiB. lle moB's3aHO 3 TUM, IO PO3CISHHS CBiTIa
BU3HAYAETHCS MIKpOCKOTIIYHIMU ONTUYHUMH
HEOJIHOPITHOCTSAMHU PI3HOTO MAaclITady, sIKi MOXYTh
BUMIpPIOBATUCS LUIAIXOM 3MIHM KYyTiB PO3CISHHSI, a

© B.4. T'ouynecekuii, O.C. CBeuHiKOBa,

M.B. Crupanens, 2015
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BUMIpPIOBaHHS YaCTOTH PO3CIsIHOTO cBiTna [1-5].

B [1,6] Oyno moka3zaHo, IO Y BOJHO-CIIUPTOBHX
pO3YMHAX  3aJEKHICTH  TOBHOI  IHTEHCHBHOCTI
MOJICKYJISIDHOTO PO3CISTHHS CBITJIa BiJl KOHIICHTpAIIil
Ma€ JBa MaKCUMyMH: OAMH 3 HUX - OCHOBHHH HpHU
KOHIIEHTpallii crnupTy x~02+0,5 i npyru#,
OLTBII Pi3KU MAaKCUMYM, TIPY KOHLIEHTpamii COUPTIB
x~0,01+0,1 (puc.l).

I

lrO
1.0

0.8 A

0.6

0.0 T T T
0.0 0.2 0.4 0.6 0.8 10 Xx

Puc. 1. XapakrepHa KOHIIEHTpaIliiHa 3aJICKHICTb
iHTeTpaTbHOL IHTEHCUBHOCTI MOJIEKYIIIPHOTO
PO3CiSIHHS CBiTJIa Yy BOJHUX PO3YMHAX CIHPTIB [1-
4, 6]: 1—- HU3bKOKOHLICHTPAL[IHHIA MaKCHUMyM, 2 —
OCHOBHUH MaKCHMYM.

OcHoBHHUH MAaKCHUMyM 3yYMOBJIEHUH
pO3CitoBaHHSAM CBiTIa Ha ¢dayKkTyamisx
KOHIIEHTpAIlii. Moro monoxenns i aMILTITy/1a 9iTKO
KOPETIOI0Th 3 PO3paxyHKaMH, IPOBEJICHUMH B
paMKax TepMOIUHAMIYHOI Teopii QuiyKkTyamiid, a
MOBEJiHKA HU3bKOKOHLEHTPALIHHOTO MAaKCUMYMy €
AHOMAJIHHOIO: BiH 3MEHIIYEThCS 31 30UIBIICHHAM
TEeMIepaTypu i 3MIIIYeTbCs MPH IIbOMY B 00JacTb
BEIMKHMX KOHUEHTpauii. IIpu mpomy namst BomHHX
PO3UYHMHIB €TaHOJIy i METAHOJIy OCHOBHUH MaKCHMYM
KOHIICHTPAI[ITHOTO PO3CIIOBaHHS CBITJa MPaKTUYHO
BIJICYTHIH, OCKUIbKH ITOKA3HUKU 3aJIOMJICHHS BOJIH 1
cnupry  Omm3eki  [7].  ExcnepumeHTH 1O
JIOCIHIDKEHHIO KOHIICHTpPAIiHHOT 3aJIEKHOCTI
TEIUIOEMHOCTI BOJTHO-CITUPTOBUX PO3YMHIB TOKA3aIH
HasBHICTh MaKCHUMYMy TaM €, /A€ 3HaXOIUThCS
JOJATKOBHUM MakCUMyM MOJIEKYJISIPHOTO PO3CisIHHS
cBiTiIa. BBa)kaeThcs, 1110 11e CBIAYNTH PO HASIBHICTH
CTPYKTYPHHX 3MiH B PO3TJISIHYTHX cucteMax |[1, 6].

[lizkpecaumo, 10 JUIs OTpPUMAaHHS BiITBO-
PIOBaHUX pE3yNbTATiB, HEOOXIIHO TPHBAJIE BUTPUMY-
BaHHS PO3YMHY Ticis Horo mnpurotyBaHHs [8,9].

0,8 -

0,6 A

0,4 -

0,2 1

0 0,05 0,1

]

357 " 6

2,5 -

0,5 4
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Puc. 2.

BOJAHMX pO3YHMHIB €TAaHONy BiJl HOro MOJBHOI
YacTKH, SKa OTPHMaHa BiIHOCHUM METOJOM: @) B
nepiry o0y TMicis 3MilllaHHS PO3YuHY, 6) uepes
THKJIEHB IIICIsI MPUTOTYBaHHSA po3unHy. CymigbHa
[ s I em ~

IHTEHCHBHOCTI PO3CISHOTO CBITJIA Ha pPO3YMHAX
BOJa-€TAHOJ 1 Ha €TaJOHOMY 3aBici JlaTekca
BIAIIOBITHO.

Banesknicts  MytHocti (turbidity) [/1,,

JHIS —  pe3ydabTaT  3MIaJUKyBaHHS.

VYV mux poGortax Oysi0 MOKa3aHO, IO PIBHOBAKHUI
CTaH Yy BOJHO-CIIUPTOBHUX PO3YMHAX JOCSTAETHCS
MPOTATOM TPHUBAJIOrO Yacy (BiJ JOOM 10 NEKUIBKOX
TW)KHIB) Tmmicnsg iX mpuroryBanHs. Ll oOcrtaBuHa
TAKOK BKa3ye Ha Te, L0 IMEPEepO3NOAil MOJIEKYI
COHPTY B PO3YHMHI 3YMOBJICHHH HE MNPOCTUM
TUQY3IHHIM MEXaHI3MOM, a Ma€ OUTbII CKIaJHHN
XapakTep, SKUH TOB'I3aHUM 3 BHHUKHEHHAM 1
PYHHYBaHHAM 3apOJIKiB MeTacTabinbpHOI (asu.

Hamu  Oynma  mocraBnena — 3ajada 10
JOCITI/DKEHHIO 3MIHM XapaKTePUCTHK aHOMAJbHOI'O
MKy PO3CISIHHS CBiTJIa y BOJHHMX PO3YMHAX €TAHOIY
3 gacoMm. [lysi mporo 3abe3redyBalioch OJTHOYACHE
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MIPUTOTYBaHHS y OIHAKOBHX ymoBax 20 3pa3kiB y
KOHIICHTpALlifHOMY Jiama3oHi 0,05<x<0.1
MOJIbHOI YacTKU €TaHOJIy Y BOAHOMY pPO34MHI. SIK
OpaBWiIo, TOpW  JOCHI[HKEHHI  aHOMaJTbHOTO
MaKCUMyMY PO3CisIHHS CBiTIIA aBTOpH
00MeXyBaJlCh KOHCTATyBaHHSIM HOTO HAsSBHOCTI 1
Ha MOro KOHIIEHTPAIIMHMK Aianma3oH MPUXOIUIOCH
He Oiblie 5 TOYOK.

HaBiTh Bi3yasbHE CHOCTEPEXKEHHS BCHOTO DALY
3pa3kiB mpu craiiii temmepatypi 22°C m103BONHIIO
BUSIBUTH T€, IO NPOTATOM TIDKHS JIMIIE Yy JBOX
3pa3kax 3 koHueHTparismu x =0,065 i x=0,095
MOJIbHOI YacTKH YTBOPIOBABCS CTaH 3 PO3CISHHAM
CBITIIA o IHTEHCUBHOCTI OJIU3BbKUI o
omanecueHiii. Pesympratm  Hedemomerpii, sKi
HaBeJIeH1 Ha PUC. 2, IOKa3yIOTh, 10 KOHIIEHTpaIliifHa
3aJIeKHICTh MYTHOCTI po3uuHy (turbidity), 1o
BH3HAYEHA B MOYATKOBUN MOMEHT Hacy (puc. 2 a) i
Ma€ OAMH MAaKCHUMyM, uepe3 [Ba  TIKHI
TpaHCc(OPMYEThCS y CYKYMHICTb mikiB (puc. 2 6). Ix
MOJIOKEHHS TTOBHICTIO Y3TOMXKYETHCS 3 THUM, IO IPU
i TeMreparypi rpaHWYHA KOHIIEHTpAIis o0JacTi,
Il CyTT€BI KBa3iKpPHUCTANiYHI BIACTHBOCTI BOAHM Y
PO3YMHI, MPHUXOIAUTHCS Ha KoHUeHTpamito x = 0,08,

ska Oyma OTprMaHa aHaNi30M  3aJIeKHOCTEH
koHTpakmii [10,11].
Ha  puc.3 IpPE/ICTABIEHO  pe3ylbTaTu

BHUMIPIOBaHb YaciB KOPESIii CBITMIA, PO3CITHOTO Ha
JATeKCHUX YaCTHHKAaX 3 IMAaCIOPTHUM pPO3MipOM
60 HM, sKi OyJu 3BaKEH] B THUX K€ BOJHHUX PO3UMHAX
€TaHoIy, 10 OylIM BUKOPUCTAaHI MpPH TOIMEPeIHIX

eKCIIEPUMEHTAX.
ABTOKOpensniiHa ~ (QYHKIiS  1HTEHCHBHOCTI
PO3CisIHOTO CBITIIa 1(%) Ha PYXOMHUX

HEOJTHOPITHOCTSIX Mae BUTIIAL [3-5]

2
2

G ()=<I®)I(t+7)>=a+b-e ™ (1)
A€ T,— XapakTepHui yac QuIyKTyaliil IHTEHCUBHOCTI
PO3CISTHOTO CBiTJa, a, b — KOHCTAaHTH. Y pasi, SIKIIO0
HEOJJHOPITHOCTI B  PO34YHMHI € OpOYyHIBCHBKHMH
YaCTHHKAMH, BUKOPHCTOBYIOUH hopmyiry
EliniuTelina, MOKHa IOB'A3aTH XapaKTepHUI Yac 7,

3 koedimienToM mudy3ii [ Ta XBUIBOBHUM BEKTOPOM
PO3CISIHHS ¢ BHpa3aMH

. 1 _dnn
¢ qu, q

sin(©/2) )

7 — TOKa3HUK 3allOMIIEHHS, A — JOBXKHHA XBHII
30HYIOUYOTO BUITPOMIHIOBaHHS, ® — KyT PO3CISIHHS.
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Ha puc. 3 B KOHIIEHTpaIiiHIHN 3aJIe’KHOCTI YaciB
Kopenslii BHAHO TNpPHUCYTHICTH JBOX MiKiB. IX
KOHIICHTpAIlII{HE TIOJIOXKEHHS 30IiraeThCs 3 MiKaMH
IHTEHCHBHOCTI PO3CisHHSA (puc. 2).

290 T, = 1 o> MKC
280 Dq
270 /
260
250
240
230
220
210
200
190
0.05 0.06 0.07 0,08 0,09 0,10 0,11 0,12 0,13 0,14 X

Puc. 3. 3anexHIicCTh BiJi MOJBHOI YaCTKU ETAHOIIY
YaciB KOpeJslii IHTEHCHBHOCTI CBITIIa, IO PO3CisHE
Ha 3aBiCi YaCTHHOK IaTekcy po3mipom 60 HM y
po3unHax Boja-etanon. Temmepatypa 22°C.

Oco0nHBICTh iX B TOMY, IO B OKOJi OJHOTO IIPH
x=0,065 TOMITHO 3MEHIICHHS 4Yacy KOPEIAIii,
TOOTO 301IBIICHHS PYyXJIMBOCTI YaCTUHOK JIATEKCY, a
npu x=0,095 MOIBHOI 4YacTKH - 3MEHIIEHHA
pyxauBocTi. Lle MoXHa TpakTyBaTH SK 3MEHILECHHS
abo  30UMbIICHHA  JIOKAIbHOI  B'I3KOCTI  Ha
HaHoOMacIITadax, AKi BU3HAYaIOTh pyX OPOYHIBCHKUH
YaCTHHKH PO3MIpPOM JECATKH HaHOMeTpiB. Pamime
po3Mip HeomHOpimHOCTEH B 00JacTi aHOMAJIBHOTO
PO3CitoBaHHs CBITIIA OIIIHFOBABCS SIK
Me3omacmrtaoHumit: 100-1000 M [9,12].

BucnoBku

1. PiBHOBaXHHMH cTaH y BOJHHMX pO3YMHAX
eTaHoiy y okom ocobnmuBoi Toukn 0,05<x<0,1
MOJIbHOT YaCTKH JAOCSTA€THCS Ha TPOTA31 THXKHSL.

2. Tlpm yTBOpeHHI pPIBHOB&KHOI'O  CTaHy
AHOMAaJILHUHI HU3bKOKOHIICHTpAIliTHAN MK
pO3CisSiHHSL CBiTJiia TpWiiMae CcKiIagHy ¢dopMy —
CYKYIHICTb MiKiB.

3. TlomoxkeHHS TMiKIB TOHKOi  CTPYKTypH
aHOMAaJbHOTO TIKY PO3CISIHHA CBITJIa KOPEIIoE 3
pe3yJbTaTaMM aHalli3y KOHTPAKI(ii BOJHUX PO3YMHIB

€TaHoNly Ta HasBHICTIO 00JacTi, Je CyTTeBi
KBa3iKpUCTAJIIYHI BIACTHBOCTI BOJIH.

4. JlunamiuHe pO3CISHHSI Ha  YaCTHUHKaX
JATeKCy y  pO3YMHAX, II0  BIAMOBIZAIOThH

MakCHUMyMaM TOHKOI CTPYKTYpH TiKy pO3CIsSHHS,
MOKAa3y€ CYTTEBY BiJMIHHICTH JIOKAIBHOI B’SI3KOCTI
[IUX PO3YHHIB.
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IlinBuieHHss  TepMiyHOI crabinbHocti | The increasing of thermal stability

amoppHux cmiaBiB 3a paxyHok mpouecy | amorphous alloys is due to initiate of

iHiniioBaHoi BUcXigHOI 1M y3ii ascending diffusion process
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3a donomozo10 mepMOOUHAMIUHUX PO3PAXYHKIE NPOBEOeHa OYIHKA MOICIUBOCHI NPOMIKAHHA NPOYecy
sucxionoi’ ougysii 6 amopgnux cnnasax cucmemu Fe-B. Ilokazanmo, wo npu izomepmiuHomy eionaii
amopuux cniaesie cucmemu Fe-B 6 oonacmi memnepamyp T = 0,67, icHye MOACIUBICMb POZCMOKHLYBAHHS
6MOPOIICEHUX YEHMPIE KPUCMARi3ayii 3a paxyHox GUCXIOHOI Ou@y3ii, wo y c8orw uepey modice nidguuumu
mepmiuny cmabinteHicms amopgno2o cnaagy. Januii 6UCHOBOK NIOMBEPONCEHO eKCNepUMEHMANbHO 3d
00NOMO02010 OUNAMOMEMPUYHOT MEMOOUKU.

Knouosi cnosa: amopgpruil cnnas, 6Mopodiceni yenmpu Kpucmanizayii, 6UcXiona oughysis

The temperature stability of amorphous alloys is determined by their composition, the receipt
technology, and also by the temperature interval of phase transformations’ activation. The study of kinetics
and the mechanisms of amorphous alloys’ structural transformations allows to give concrete
recommendations as for their thermal stability increase and the changes of physical properties in the
necessary direction. It has been conducted the estimation of ascending diffusion process possibility in the
amorphous alloys of Fe-B system through thermodynamics calculations. It has been also theoretically
grounded and experimentally implemented the process of amorphous matrix cleaning from the frozen
crystallization centers by the isothermal annealing of amorphous alloy at the temperature T = 0,6Tev, due to
the initiated ascending diffusion caused by the difference between the chemical potentials of i-component in
the amorphous and crystalline phases. The dilatometric method has revealed that the isothermal annealing
at temperatures T = 0,6Tev results in the expansion of the temperature stability interval of amorphous alloys
on (20-60) K. The increase of temperature of intensive crystallization beginning, which is explained by
dissolution of the frozen crystallization centers, also testifies the previous issue.

Key Words: amorphous alloy, freezed crystallization centers, ascending diffusion

Crartio npeacrasus wieH-kop. HAH Ykpainu, a.¢.-M.H., npod. Makapa B.A.

Beryn BIJICYTHICTIO 3apOJIKiB KpUCTaliyHOi (azm, aie

) ) ) _ YMCIICHHI €IEKTPOHHOMIKPOCKOIIYHI JOCTIIIKEHHS

C}’qaCHl TEPMOJVHAMIMHO  HCPIBHOBAXHI  1oka3yroTh, MmO B aMOpQHHUX CIDIaBaxX IiCHYIOTh
MaTepiain 3 amopdHoto CTPYKTYPOIO  yienTpn KpuCTadizauii, fKi € BMOPOXEHHMH B
XapaKTepU3YyIOThCs KOMIDIEKCOM YHIKAIBHUX  amopduy ¢dasy [1, 2]. 3rigHo Teopii roMOreHHOTro
¢i3uko-ximMiyHMX BiactuBocTei. IIpoTe OimbIIICTH 3apOIKOYTBOPCHHS IPH IIBHAKOMY TapTyBaHHi
aMOP(HHX CIUIABIB MAKOTh CYTTEBHH HEONIK — PO3ILIaBY 3apOJIKK KPUCTATIUHOT (ha3u YTBOPIOIOTHCS
HEBHUCOKY TepMidHy cTaOutbHicTh. Ilpu HarpiBaHHi 5 oGnacri temmneparyp T~0,7T,, OpH LbOMY
70 TIeBHOI TemIiepaTypu aMop(dHi MeTaleBi CIUIaBU [IEPCOXOTOKCHA DIAMHA IEPEeXOIHTh B TBEPIY
NEepexoAaTs B OUIbII CTaOUIBHUHA KpHCTAIIYHUN amopuy (asy. TakuM GHHOM, YTBOPIOETHCS
CTaH, BTPAYalo4M IIPH LBOMY CBOI XapaKTepHi TeTeporeHHa  CHUCTeMa:  BMOPOXKEHI  IIEHTPH
BJIacTUBOCTI. BucokoremneparypHy cTabiIbHICTh KpucTanizauii — amopHa (pasa, B AKill BUHHUKAIOTH
aMOP(HHX CIUIABIB YaCTO IOB’A3YIOTH i3 IOBHOIO NpYyXHI Hanpy>keHHA. TepMoIuHaMidHa piBHOBara B

© B.I. JIucos, T.JI. Ilaperpaaceka, I'.B.

Caenxo, O.B Typxos, 2015
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Takif CHCTEMI BHW3HAYAETHCS PIHUICIO XIMIYHUX
MOTEHIIaJiB KOMIIOHEHTIB CIUIaBy B aMOpQHii Ta
kpucTamiuHii dazax Ap,. Ha mporec 3apomkeHHs
IIEHTPIB KpHICTATI3allil BINIMBAE PIHHUII XiMITHHX
MIOTEHITIAMIB MiX aMop(HOIO Ta KPHUCTAJIIIHOIO
dazamu A, mpu 1bOMY 3MeHIICHHS AL, cIpusie

MiJBUIICHHIO TEPMIYHOI CTaOULIBHOCTI cIuiaBiB. B
poboti [3] oTpuMaHO TEPMOAMHAMIYHI YMOBH
iCHyBaHHS BMOPOKEHHMX IIEHTpIB KpucTati3amii B
amopHili dasi. BpaxyBaHHs J01aTKOBOTO THCKY Ha
MOBEPXHI  PO3MAUTY KPHUCTANIIYHHUM  3apOJOK —
amopdHa daza IpuU3BOAATH 10 3HAYHOTO 3MEHIIICHHS
BeMMuMHA AL, B TOpIBHSHHI 31 3HaueHHAM AL, B
Tili o0xacTi, Ae MpYXHI HaNpy>KeHHSA BiACyTHi. 3a
ymoBd  Ap <0 po3mip BMOpPOXKEHHX LCHTPIB

KpHUCTali3amii MOXe 3MEHIIYBaTHCh Ta BigOyBaTHCS
iX po3umHeHHs B amMopdHili Marpuui. B manomy
BUIIAJKY Mae ITiIBUIITYBATUCh TEPMiUHA CTaOITBHICTD
amMop(HOTO CIUIaBY.

TepmogunamiuHmii aHaJi3 MOKINBOCTI
NpoTiKaHHS Mpolecy BUCXiTHOT 1u(y3ii B
amopduux cniaBax

[MpryrHO  MEpeMillleHHS] YacTUHKU  i-TO
KOMITOHGHTA y PO3YHMHI € PI3HUIS MK XiMiYHUMH

Ay, B o (amopdHii) i

1

MMOTEHIIAIaMHU

B (kpucramiuniit) dazax,
BUHUKHCHHS PYIIiHOT crin

sSKa TPHU3BOIUTH  JIO

(D
1110
F, sxa Bukiukae audy3idHuiA

1
IIEPEHO0C peyoBUHA i-T0 KOMIIOHEHTAa B
0araToKOMITIOHEHTHIN cucTeMi BU3HAYAETHCS
TPaJieHTOM XiMIYHOTO MOTEHIliaTy i-T0 KOMIIOHEHTA,
a HE TPaJiEHTOM KOHIEHTpaIlil, SK Ie CIiaye i3
nepiroro piBHsHHS Dika.

TepMmonuHaMiyHWMiA  aHaNi3  IOKAa3ye,

pyliifHa cuia

—

cumu I

1

IIig miero aTOMH 3IIHCHIOIOTH

CHpPSMOBaHUM PYX 13 CEPETHBOIO IBH/IKICTIO
<vi >F = uiE >

1€ U; — PyXJIUBICTh aTOMIB i-r'O KOMIIOHEHTA.

2)

B pesynbrari  BUHHMKae audy3iiiHANA TOTIK
ATOMIB i-I'0 KOMIIOHEHTa, TYCTHHA SIKOT'O JIOPIBHIOE

Ji=¢ <Vi> =cuF =—cu,Vy,. 3)
XiMiYHMHA @OTEeHIand {-r0 KOMIIOHEHTa B

pcaJIibHOMY p03‘{I/IHi BHU3HAYA€THCA TaAK:

W, =RTIna; +p,,, 4)
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e d, — AaxKTUBHICTH

; [-TO KOMIIOHEHTA,

Koi —
XIMIYHHMI MOTEHLIA] YUCTOrO I-ro0 KOMIIOHEHTa B
CTaH/IaPTHOMY CTaHi.
BpaxoByemo, M0 aKTHBHICTh BH3HAYAETHCS
PIBHSIHHSIM
a;, =vC» Q)
Je Y, — Koe]ilieHT aKTUBHOCTI.

OTpuMaemMo BHpa3 A XIMIYHOTO TOTEHINANy i-TO
KOMITOHEHTA

W, =RTIn(y,c;)+py,. (6)
Takum uyuHOM, 118 TycTMHM Audy3iiiHOro
IIOTOKY aTOMiB i-r0 KOMIIOHEHTa MaEMO BHpa3

J,=—uRTIM% g, 7
Inc,
abo
J, =—uRT| 1+ 2 |ye. )
Inc,

1
[opiHroroun (8) i3 mepmum 3akoHOM @ika
OTPHMAaEMO BHpPa3

D, —uRT| 1420 )
Olnc;

Bupa3 (9) mnokasye MOXIMBICTP BHUHHUKHCHHS
siBUIIA T (y3il IPOTH TPaJIieHTy KOHIIEHTPAIIi] 32 YMOBH

L (10)
Jlnc;

JlaHa ymMoBa omucye siBUILE BUCXiTHOT qudy3ii,
mpu AKiii  NOTIK KOMMNOHEHTa, Mo AudyHAyE,
crpsiMoBaHWM B Oik  30UIBIIEHHS  Tpajic€HTa
KOHIICHTpAIIIif; TIPYU [bOMY KPUCTAJIYHUHA 3apOIoK
Oyne po3unHATUCH B aMopdHii da3si.

3 ypaxyBaHHSM piBHSHHSA (9), mepiue piBHIHHS
®ika Ui peabHUX PO3YMHIB MOXKHA 3aMUCaTH TaK

J;==DNc,+¢;(v)F. (1)

[MopiBaroroun (8) Tta (11) mnpuxoammo 10
BHUCHOBKY, IO B pealbHOMY PO3YHHI 3’SBISIETHCS
JI0IaTKOBA CHJIa

F,=—kTViny, . (12)

s cuma xapakTepusye BIUIMB TpaJli€HTa
BJIACHOTO IMOTEHIIAJBLHOTO TOJISI KPUCTANIA, B SKOMY
PYXA€ETHCS aTOM, IO TUPYHIIYE.
cuna  audysii

(—kTV Invy,)
Ve, ,

Pymiiina
BIJIPI3HAETHCS BiJl KOHIICHTPALIHHOT sIKa
BIJIMIOBiIa€ EHTPOMIi 3MilITyBaHHSI.

Posrisaemo MOJKJIMBICTD
PO3paxyHKy
KoeimieHT akTUBHOCTI i-KOMITOHEHTA BH3HAYAETHCS
PiBHSHHAM

TEOPETUIHOTO

KoeimieHTa AKTUBHOCTI Y-
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Y, =exp , (13)

RT

ne AH - napijiaibHa

1
TIEPETBOPCHHS KpHUCTaI — amopdHa (aza g i-ro
KOMITOHEHTA.

BigHocHI mapuianbHi eHTanbIlii MepeTBOPEHHS
Kkpuctan — amopdpHa daza I i-TO KOMIIOHEHTA
3HaWEeMO 4epe3 BITHOCHY IHTErpajbHY EHTAJBIII0
CIIaBy

BIJTHOCHA CHTAJIBITIS

dAH
AH, =AH +(1-¢,) , (14)
dc;
ne AH — BigHocHa iHTerpajibHa CHTANBITISA

MEPEeTBOPEHHS KpHcTal — amop(dHa ¢asa, IKy MOKHA
BU3HAYHTH 3 CKCTIEPUMEHTY.
st GiHapHOTO PO3UNHY MOKHA 3aITHUCATH

AHl—AH+(1—c1)dAH,
dZH (15)
AH,=AH+(1-c,) o

OIIHUMO MOXKJIUBICTh BUKOHAHHS KPHUTEPIIO
(10) mportikanHs mponecy BUCXigHOT Audy3ii B
OiHapHUX amop¢HUX cruiaBax cucrtemu Fe-B.

CkopucTaeMoch eKCTIepUMEHTATbHUMHA
3aJIC)KHOCTSIMM  BITHOCHOT 1HTErPAlbHOI CHTAJIBIIIL
nepetBoperrst  AH(T') kpuctaigigyHoro  CriaBy

Feg,Bis B mepeoxomomxennid (MeTacTaOlTbHUI)
posmna mpu  Temmepatypi 850K [4] Ta
HaMiBEeMITIpHYHUM BHPa30M JUIsi OIHAPHOTO CILIABY,
OTPUMAaHHUM B POOOTi [5]

_ Bcl(l_cl)
a2 +(1-2a)(1-¢)’

1e o — nonoxeHHs: Makcumymy Gynkuii AH (¢,),

AH (16)

B — 3nauenns ¢pyukuii AH(c;) B TOUIi MaKCHMyMYy.

olny,,

ncFe
(10), (13), (14) nns KpUCTANIYHOTO 3apO/KA B CIIABI
FegoBao npu T=067,,=850K Ta
AH =8,0 xJ[)x/Monb,  mOKa3aB, [0  yMOBa
MOJKITUBOCTI TIPOTIKaHHS MPOIIECY BUCXiTHOI AUQy3ii
BUKOHYEThCS:

Po3zpaxyHok mapametpa 3rigHo GopmyI

oMY re _ 4 55,
olnc,

TakuM 4YHMHOM, TpH 130TEpPMIYHOMY Biamai
amopduoro cmiaBy FegB,y B oOmacti Temmepatyp
7'=0,6T,, MOXINBE pO3UMHEHHS BMOPOKEHUX
LEHTpIB KpuCTamizamii 3a paxyHOK BHCXiTHOT
mudysii, MmO B CBOIO YEpry MOXKE MiJABHUIINTH
TEepMiUHYy CTa0UIbHICTH aMOP(HOTO CIIABY.

2015, 2

Bulletin of Taras Shevchenko
National University of Kyiv
Series Physics & Mathematics

Pe3yabTaTH eKciepuMEHTAILHUX 10CTiUKeHb Ta
iX 00roBopeHHs

Hanuit TEOPETHYHUI BHCHOBOK Oymno
MiATBEPDKEHO  EKCHEpUMEHTaIbHO. Bu3HaYeHHS
TEeMIIepaTypd MOYaTKy iHTEHCHBHOI KpHCTaizamii
IPOBOAWIIOCH 33 JOINOMOIOK JHJIATOMETPHUYHOIO
METOJy, CYTh SIKOTO TIOJIATa€ B HACTyHmHOMY [6].
Monsipauii 06’€M OUTBIIOCTI CIUIAaBIiB B aMOp(QHOMY
Ta KPUCTAIIYHOMY CcTaHaX BiapizHAeThcs Ha (1-3) %.
[Ipu nHarpiBanHi aMOp(HOTO CIIaBy 3 TOCTIIHOIO
IIBUJIKICTIO MOTO 00’€M MOHOTOHHO 3POCTa€, KOJIH
TemIeparypa Jocsrae MIEBHOTO 3HAYCHHS
(TeMrepatypy MOYaTKy IHTEHCHBHOI KpHCTaIli3ailii)
BinOyBaeTbCsl Tepexil aMOoppHOro CIjiaBy B
KpucTalliyamii ctaH. Llei mporec cynmpoBOKYEThCS
pi3kuM 3MeHIIeHHsM 00’ emy. [Iportec oxomomKkeHHs
CIUTaBY XapaKTEePHU3YEThCS JIHIHHOI 3alIe)KHICTIO
BiJTHOCHOT 3MiHH 00’ €MY BiJl TEMIICPATypH.

Ha wmarepian 3 BigoMuMm KoedillieHTOM
TEPMIYHOTO PO3MIMPEHHS 3aKPIIUTIOETHCS BiIPi30K
amoppuoi  Qoapru  Ta  3aMa€ThCS  MPOTHH.
BuMiproBaHHSI JOBKWHHU JOCHI)KYBaHOTO 3pa3Ka B
mporieci HarpiBaHHA Oe3mepepBHO (DIKCyeTbCA 3a
3MIHOIO  CTpUIM  TNPOTHHY, 10  BUKJIHKaHA
pO3IIUPEHHSIM (OJBIM BIIHOCHO CTaHKa. Takum
YUHOM, MOXKHA JOCHIJUTHA MPOIEC KpHUCTaTi3amii
amop(HOro cmiaBy, (IKCyHOUd 3MiHY JTOBXKHHH
3pa3ka Ta IepepaxoByrud ii B 00’eMHI 3MiHH. 3
OTPUMAHOI TEeMIEepPaTypPHOI 3aJeKHOCTI BiTHOCHOL
3MiHE 00’€My BHM3HAUYAIOTh TEMIIEPATypy MOYATKY
IHTEHCUBHOI KpUCTaTi3aIlii.

Hns BuxigHoro amopduoro cmiaBy FegBis
TeMIiepaTtypa TOYaTKy iHTEHCHBHOI KpHCTai3arii
cknamae (690 + 5) K, micnsg i3oTepMidHOTO Bigmaimy
npu temmneparypi T=0,6T,, nocsrae (730+5)K,
OTXe IHTEpBal TepPMIidHOT cTabimbHOCTI
posmmproeTbes Ha 40 K. AHamoriuni mocmimkeHHsS
OyJ0 TPOBEACHO Il HHU3KM aMOpP(GHUX CIUIABIB
cuctemn Fe-B: FegoBzo’ Fe70Cr15B15, FegoBl4Si6,
Fe;0M010Si6B 14,Fe76 2B 14S16Nis3 3,Fe77 5B 16S1:Ni3 sMoy.,
Bynu BU3HaYeHi TeMnepaTypy MOYaTKy iHTEHCHUBHOT
KpHCTaNi3allii Jjisi BUXITHUX aMOp(QHUX CILUIaBiB Ta
IS CILIaBIB, 110 MPONTILTH noTiepeTHIN
130TepMivHUI BTN npu BIIIIOBIJHUX
TeMmreparypax, HWKYUX 3a TEeMIIEpaTypy IOYaTKy
IHTEeHCUBHOI KpUCTaJi3alii.

Amnaniz OTPUMaHUX EKCIIEpUMEHTAILHUX
pesynbTariB (Tabn. 1). mokaszas, IO 130TEPMITHUIA
BiJITal TPU3BOJUTH [0 PO3LIMPEHHS 1HTEpBaIy
TEepMi4HOT cTabiIbHOCTI aMOop(HUX CIJIaBiB Ha
(20+60)K, mnpo mo cBiguATH 30UTBIICHHS
TEeMIIepaTypH MMOYaTKy iHTEHCHBHOI KpUCTai3aLii.
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Tabmuus 1 BucHoBku
TeMmnepaTypu mOYaTKy IHTEHCUBHOI KpHCTaIi3amil .
PATYD y P e TeopeTuuno 00IpyHTOBaHO 1

JUISl BUX1THUX aMOP(HUX CIJIaBiB Ta CIUIABIB MiCIs
MIOTIEPEHBOTO 130TePMITHOTO BiIIAITy

Cxsag aMmophHOTO (Ti£5)K
CILIaBy BUXIZHHMH | micyis Bigmamy
FegoB20 650 690
FCg3B17 695 730
Fe7OC1‘15B15 750 810
FegoBMSi(, 770 800
Fe76Ni4Si6B14 770 790
Fe77,5B168i2Ni3,5M01 750 790
[TimBueHHS TepMITHOL CTab1TBHOCTI
aMOppHMX CIUIaBiB  TOSCHIOETHCS  PO3UYMHEHHS

BMOPOXKEHHX IIEHTPIB KpHCTami3amii 3a paxyHOK
BHCX1THOT muy3ii.
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BBICOKOTEMIIEPATypHOH yCTOWYMBOCTH aMopd-
Heix cmiaBoB / E.W. Xapwskos, B.W. JIeicoB //
Pacmasel. — 1987. — 1.1, — Nel. — C. 30-37.

4. 3auyes A.M. TepMoauHaMHYeCKHE CBOICTBa
pacmmaBa W (a3oBble PAaBHOBECHs B CHCTEME
xene30-00p. [lpeBpamieHne >KUIKUX —CIUIABOB
Fe-B B amopduoe cocrosinue / A.W. 3aiiues,
H.E. 3aiiuesa // XKypnan ¢usuueckoid xumuu. —
2002. —1.76. — Nel. — C.33-44.

5. Jlvicos B.M. ®a30Boe pacclloeHHEe B MeTal-
JIMYECKUX HEYNOPSIIOYEHHBIX cucremax/
B.M. JIpicos, T.JI. Llaperpanckas, O.B. Typkos,
I'.B. Caenko, B.B. fpsin // XKypHan ¢huzndeckoit
xumud. — 2007. — 1.81. — Nel0. — C. 1765-1769.

6. Hosuxoe B.H. Meronuka IUIaTOMETPUUYECKUX
WCCIIeI0BaHUI METAJUTUIECKUX cTekou/
B.H. HoBukoB, B.E. Ps6unkoB // 3aBojackas
naboparopust. — 1989. — 1.55. — Ne37. — C.49-53.

EKCIIEPUMEHTAIIFHO peali3oBaHO MPOIEeC OYHIICHHS
amMop(HOi MaTpuIlli BiJi BMOPOXKCHUX IEHTPIB
KpUCTai3amii [UISIXOM  130T€PMIYHOTO  Bimmairy
amop(HOr0 cIUlaBy B 0o01acTi  Temrmeparyp
T=0,6T, 3a paxyHOK IHIIIHOBAaHOI BHUCXiAHOT
mudysii, BUKJINKAHOL PI3HHIICIO XIMIYHHX
MOTEHIIaMiB  {-T0 KOMIIOHEHTY B aMop(Hiii Ta
KpHUCTaNiyHii pazax.

e 3a JI0NOMOIOK0 JIUIATOMETPUIHOT METOIUKH
MMOKa3aHo, IO I130TEPMIYHMMA Bigmanx B 00JacTi
temneparyp 7= 0,6 T,; MPU3BOANUTH IO POIIIHPEHHS
IHTepBaJly ~ TEMIIEpaTypHO-49acoBOi  CTaOLIBHOCTI
aMmopduux crasiB Ha (20 + 60) K, npo 1m0 cBigunTh
301MBIICHHST TEMIIEpaTypyd T[OYaTKy iHTEHCHUBHOI
KpUCTallizamii, IO TMOSICHIOETECA PO3UNHEHHIM
BMOPOXKEHUX IIEHTPIB KpUCTAIi3aIlii.
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Onucano ycmauo8xy 0jisi GUMIPIOBAHHS. MAZHIMHOL NPOHUKHOCME PIOUHHUX HAHOCUCMEM [ ROKA3AHO, WO
30 GUMIDAHUMU 3HAYEHHAMU MACHIMHOI NPOHUKHOCT MOJCIUBO SUSHAYAU KOHYEHMPAYII0 HAHOYACMUHOK
MazHemumy 8 3pasKax (Ax piounax, max i nopowxax). Ilpoananizosano ovicepena noxubox sumipoeans ma
BKA3AHO MOJICTUBE UISXU NOOANLULO20 30LTbULCHHS MOYHOCTE UMIDIOBAHD.

Knrouosi cnosa: maenimui HaHOYACMUHKU, HAHOPIOUHU, MACHIMHA CRPULIHAMIUBICMb.

A measurement system for the determination of magnetic permeability of liquid nanosystems is
presented and it is shown that with the proposed system it is possible to determine the concentration of
magnetic nanoparticle in liquids and powder samples in the range of concentration from 0.1 to 500 mg/ml
with accuracy not worse than 20%. Possible sources of measurement errors are analyzed possible ways to
further increase the accuracy of measurements are sketched. An accuracy in magnetic permeability
measurement is estimated to be better than 1-107 and linear relationship between the measured value of
magnetic permeability and magnetite contents has been shown to work well for both liquid systems and dry
mixtures. Test measurements of magnetic permeability were made for liquid system containing magnetite
nanoparticle covered with sodium oleate in distilled water and the same particles in the form of aggregates
mixed with silicon oxide. The proposed system can be used in medicinal physics, medical biophysics,
biology, medicine to control the number of magnetic nanoparticles in biological samples.

Key Words: magnetic nanoparticles, nanoliquids, magnetic permeability.

Crartio npeacrasuB akagemik HAH Ykpainu, a.¢.-m.H., npod. bynasin JL.A.

Cepen BIIOMUX METO/IIB BU3HAUYECHHS
KOHIIHTpAIlli MarHiTHUX HAaHOYAaCTHHOK Yy 3pa3Kax
CIi 3rajlaTH MarHiTHy CWJIOBY Mikpockorito [3],

Beryn

3ajaya BU3HAYCHHS KOHICHTpAIli MarHiTHUX
HAaHOYACTHHOK Yy 3pa3Kax, 30KpemMa — 010JI0Ti4HOro

. PCHTTEeHIBCbKY (DOTOENEKTPOHHY CIIEKTPOCKOIIIO
TIOXOKCHHA, BHHIKA€ Tip1  HPOBC/ACHHI [4], meTon mIOMIHECHEHTHHMX MITOK [5], a Takox
OloMeIMYHUX  JOCHI/PKeHb  Ha  IJAOCIHITHHUX Mmeronn  enextpomsoro  (EIP) Ta  sueporo
TBAPHHAX 3 METOIO0 EKCIEPUMEHTAILHOTO BUBYCHHA  \1orpivyoro pesomancy (IMP) [6] i amanoriumi im
BIUIWBY ~ 3OBHIIIHBOTO ~ MArHiTHOTO ~TOMA  HA (71 Onuax, mei mi Meromu a6o MOTPEGYIOTH
NEPepo3nOoJil  MarHiTHUX  HAHOYACTHHK-HOCIIB

BHUKOPHUCTAHHS TOBOJI CKJIaTHOTO OOJIAHAHHS, SKE €
NOPIBHSIHO  JIOpPOrUM 1 moTpebye  0coOIMBOTO
HaJaIlTyBaHHS Ta 00CITyTOBYBaHHS, abo
noTpeOyIoTh XiMiuHOT a00 i30TomHOT MoauQikaiii
HAHOYACTHHOK, 1110 HE 3aBK/IH € MPHITYCTUMUM.

JKapchKuX 3aco0iB B iX opraHizmMax i po3poOi
MAarHiTOKEpOBAaHMX METOMIB JOCTaBKH MOJIEKYJ
JKapchKUX 3aco0iB, 3’€JHAHMX 3 MAarHiTHUMHU
HAHOYACTHHKAMH, Y 33JlaHy 00J1acTh opraiamy [1, 2].

© T.}O. Hikonaenko, €.B. [Tumumayk, 2015
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3HAYHO TPOCTIIIUM y peaiizallii, aje BOIHOYAC
JMOBOMI  ©(CEKTUBHMM  CHOCOOOM  BU3HAYCHHS
KUTBKICHOTO BMICTYy MarHiTHUX HAHOYACTHHOK B 3pa3Ky
€ METOJ, 3aCHOBAaHMHA Ha BUMIPIOBAaHHI MarHiTHHX
BJIACTUBOCTEH pPEYOBMH, a caMe€ — MarHiTHOI
CIIPUHAHSTINBOCTI, a00 OZHO3HAYHO TIOB’A3aHOI 3 HEIO
Mar"iTHOI TPOHHWKHOCTI. 3a3HAYMMO, IO OCKUIBKH
MOBa WAe TMpO CHCTEeMy 13 BEIHKOI KiIBKOCTI
HEB3aEMOJIIFOYMX OJHOJOMCHHUX MArHITHUX YacTH-
HOK cdeprdyHoi (HOpMH, MarHeTHK, IO iX MiCTHTh,
OymeMo BBaKaTH I30TPOITHUM, a HOTO MAarHiTHY
CHPUIHSATINBICTh — CKAJSIPHOIO BEJIMYHUHOIO.

Metoto  pgaHoi  pobOTH €  BCTAaHOBUTH
MOXXJIUBICTh ~ BH3HAYEHHS  BMICTy  MAarHiTHHUX
HAaHOYACTHHOK B 3pa3Ky OiONOTIYHOTO MOXOIKEHHS
HAa  OCHOBI  BHUMIpDIOBaHHA  HOro  MarHiTHOI
MPOHUKHOCTI Ta peasli3yBaTH IF0 MOXJIHBICTH 3a
JIOIIOMOTOF0 KOHKPETHOI1 KOHCTPYKIIi1

BUMIPIOBAJIBHOTO TIPUJIALTY.

Marepianau i MmeToqu

HocnimkyBaHi 3pa3ku sSBISUIA COOOI0 PO3UMHU
HaHowyacTiHOK  marHetutry  (Fe;O4),  BKpuTHX
OimapoM ojeary HaTpilo, y TUCTHIHOBAHIH BOJI.
KonnenTpariiss MarHeTuTy B po34MHAX CKIIafana Bif
0,05 mo 50 mr/mn. Kpim Toro, gociimKyBain 3pa3ku,
O SBISUTA COOOKD CYMIII TIOPOIIKIB MAarHETHUTy 1
okcuay kpemHuiro (Si0,) Kieselgel-40 3 posmipom
gactuaok 0,063 — 0,200 mm. Cepeaniii miameTp
HaHOYAaCTHMHOK MarHeTuTy ckiajnas 10 HM.

Jns  BUMIpIOBaHHS MAarHiTHOI TIPOHHKHOCTI
JOCTIDKYBaHUX 3pa3KiB OyJi0 po3po0JIcHO MpHIIaj,
MPUHIMI POOOTH SKOTO MOSCHIOETHCS OJIOK-CXEMOIO,
HaBe/IeHOIO Ha puc. 1.

BuwmiproBansHuii npunag modyaoBaHo Ha 06asi
TeHepaTopa CUHYCOiaIbHUX KOJIWBAaHb | Ha OCHOBI

omepaliifHoro  mijcwioBaya 31  CTPYMOBHM
S l lEE‘: 1 2
3
p= PC
— 5 _l
AR
~usb 4

Puc. 1. biaok-cxema KOMII'FOTEpU30BAHOTO IpUIaLy
JUIs  BHUMIPIOBaHHS ~ MarHiTHOI  IPOHUKHOCTI
HaHOCHCTEM.
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3BopoTHHUM  3B’si3kom  LT1228  (Bup. Linear
Technologies), 4acToT03a/1al04UM €IIEMEHTOM SIKOT'O
€ KOJNMBAIbHUI KOHTYp 3 MapajeibHO 3 €IHAHHX
MDK co00r0 KoHmeHcaropa emHicTio 6800 md Ta
KOTYIIKH iHAyKTHBHOCTI L (pumc. 1), BUKOHaHOI
TaKMM YHHOM, IO BCcepenuHy Hei Moxe OyTu
BMIIEHUHA AOCHTIHKYBaHUH 3pa3oK S. [HIyKTHBHICTH
KOTymIku 6e3 3paska ckianae 486 Mkl H, Toxx podoua
YacTOTa CTBOPEHOro reHeparopa (4acToTa BIACHHX
KOJIMBaHb KOJIMBAJHHOTO KOHTYpa) CKIanae OIM3BKO
88 kI'm. Ilpu BMiIIEHHI ¥ KOTYIIKY 3pa3Ka, 10 Mae
BIIMIHHY BiJi OJMHWII MAarHiTHY HPOHHUKHICTH L
(HEeHYJIbOBY MarHiTHY CIPHUHHSATIUBICTD ¥, = 1L — 1)

IHIYKTHBHICTb KOTYIIKA 3MIHIOBaTHMETHCS
nponopuiiHo 10 1 (L = ply , ne Ly — iIHAyKTUBHICTh
KOTyImIKM 0e3 3pa3ka), a Tepiol KOJIHMBaHb

reHepaTopa CKIagaTHMe

T:‘/L_C:\“’-LOCZYB\/E

ne Ty — mepio KOMUBaHb TeHEpaTOpa 32 YMOBH, L0
JI0 KaTYIIKH HE BMILIICHO 3Pa30K.

Jlo Buxoxy reHepaTopa NpHEAHAHO KOMIIApaTop
2 tumy LT1715 (Bup. Linear Technologies), sikuit
MEPETBOPIOE CUTHAN CHHYCOiJanbHOI (QopMHu Y
CHUTHAJ MPSAMOKYTHOI (hOpMH, SKUH A MONAETHCS
Ha OJUH 3 IM(PPOBUX BXOJIB MIKPOKOHTpoOJIEpa 5
(tun PIC18F14K50). Ilporpama MikpoKoHTpoiepa
Bm3Hayae vac 100000 moBHHX mepiofiB BXiTHOTO
CHUTHAJIy BiJA TeHepaTopa, BUKOPUCTOBYIOUHM IIPH
OBOMY JUIS BHMIPIOBaHHS 4acy ONOPHHN CUTHAI 3
yactotoro 12 MI'1 Big BOymOBaHOTO KBapIlOBOTO
pe3onaropa 4. broxk xuBneHHs 3 3a0e3nedye nogaqay
HeoOXiHOT CTabii30BaHOI HANpPyrd Ha BHIIE3a-
3Ha4YeHI eJeMeHTH cxemu. [lpumazgoM iHaMKaIii
CIYrye TNEpPCOHAJIbHUN KOMIT'IOTEp, 3’ €JHAHUU 3
MIiKpOKOHTpOJIepoM 5 1o inTepdeiicy USB.

st 3a0e3medeHHsT SKOMOIa BHIOI TOYHOCTI
BUMIpIOBaHb  HpPHU  KOHCTPYIOBAaHHI  NpWIamy
ocoOmmBy yBary Oyno  TNPHUAIEHO  YacOBiH
cTabutbHOCTI poboTH TeHepaTopa | Ta reHepaTopa
OIOPHOTO  CHTHaJly Ha OCHOBI  KBapLOBOIO
pe3oHaTopa 4. Y 4acToT0334ai0u40My KOJIHBAJIbHOMY
KOHTYpi OyJo Bukopuctano kongencatop KCO-1T" 3
MOCPIOHEHUM CIIIOJITHUM  JIICJICKTPUKOM, M0 Ma€
TeMIepaTypHuil Koe(illieHT €EMHOCTI HE BHIUH Bif
50-10° 1/K, a y KBaproBOMy TreHepatopi Oyio
Bukopuctano keapiy HC-49S cepii 9B (Bup. TXC),
KU XapaKTePU3YEThCS BIAHOCHOIO CTaOlIBHICTIO
yactoti Ha piBHi £10-10° B jianasoni Temmeparyp
Bin -20 o +70°C Ta THAIKICTIO 3aJIeKHOCTI
pe30HAHCHOI  YacTOTH  BiJ  Temmeparypu. B
pe3ysbTaTi 32 yMOBH BHXOIY NMpWJIady Ha IITaTHUN
pexum  pobotm  Oyno  gocATHYTO  Apeid
BUMIpPIOBaHOTO 3HAYECHHSI MarHiTHOT IPOHUKHOCTI HE

(M
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sume 0,2-107 1/c. TakuM 9HHOM, HPH TPHUBATOCTI
OJTHOTO BUMIpY TOPAAKY 5 C ToxXxuOKa MarHiTHOL
MPOHHUKHOCTI, MOB’A3aHa 13 HECTANICTIO MapaMeTpiB
KOMITOHEHTIB MPHIIaLy He nepesuiysasa 1-10°°,

Pe3ynbTaTn Ta 00roBOpeHHs!

Ha  pwuc.2 MIPEJICTABJICHO pe3yJbTaTi
BUMIPIOBaHHS MAarHITHOI TMPOHUKHOCTI L BOJHUX
PIIUHHAX CHCTEM Ha OCHOBI HAaHOYACTHHOK

MarHeTUHy, BKpPHUTUX OilllapoM OJIETHOBOI KHCIIOTH,
MIPOBEICHI TIPH PI3HUX KOHIICHTPAIISX ¢ PO3UHHIB, a
TaKko’)X — JBa MOXIJIMBI BapiaHTH ampOKCHMAIii
3ajexkHoCTI L—1 = flc) niHIAHUMH QYHKOISMH.
BigmitiMo, 1o Ui TpEACTaBICHHS JaHUX Ha
rpadiky BHKOPHCTaHO JBi4i  JorapudmidHuit
MaciTao.

n eKCnepumeHT

1 ——u-1=keMmn] k= (4,10 £0,01)-10"
c++« p-1=a+ bcmr/vn),

a=(2,30,3)-10%, b = (3,78 + 0,03)-10"

-
Y

107 ——————

0,1 1 10
Crazop MF/MN

Puc.2. 3anexuicte  Mar"iTHoi  IPOHUKHOCTI
PIAVMHHUX CHCTEM «MAarHeTuT + BOJa» BiJI
KOHIIEHTpAIil MarHeTuTy Ta 1ii amnpoKcuUMarlii
TMHIAHUME QYHKITISIMU.

MoskHa 3poOMTH BHMCHOBOK, IO JiiHIfHA
¢GyHKIiT  mocuTh  00pe  OmHCye  3alieXHICTh
MAargitHol MTPOHUKHOCTI BIJ KOHIIEHTpaIii

HAaHOYACTMHOK MAarHeTUTy B YChOMY Jliama3oHi
JOCTTIJDKEHUX KOHIICHTpaLlii (CepeIHbOKBapaTHIHA
noxuOKa anpokcuMmanii Buay p—1 = a + b-c cxianae
7-10°), Bkasyloum THM CAMHM Ha MOXIHBICTH
po3B’sI3Kky 1 OOEpHEHOI 3ajadi — BH3HAUCHHS
KOHIIEHTpAIlil HAHOYaCTUHOK MarHeTUTy Y PiIUHHIN
cucteMi 3a BHUMIPSIHMM 3HAa4€HHSM MarHiTHOI
MPOHHUKHOCTI.

Amnanoriuny 3anexHicte p—1 = flc) npns
BUMNAJIKY 3pa3KiB, IO SBSUTM cO0O0I0 Cyxi cymimri
BHCOKOJIMCIIEPCHOTO MAarHEeTUTY (arperatd po3MipoM
10 400 HM) i3 OKCHIOM KPEMHIIO IMPEJICTABICHO Ha
puc.3. B 1poMy BuOanKy 3a BEIHYUHY, LIO
BIJIKJIaZIeHO 1O oci abcuuc, Oysno BUOpaHO 3arajbHy
Macy MAarHeTHTy SIK BEJMYHHY, IO XapaKTepH3ye
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Puc. 3. 3anexxHicTh MarfiTHOi MPOHHKHOCTI CyXHUX
cymimeit «Maraetut + SiO,» Big KOHIEHTpaii
MarHeTHTy Ta ii anpoKcUMaIlist JiHIHHOIO (QYHKIIETO.

3arajibHy KiJIbKiCTh YaCTHHOK, 1[0 MAFOTh MarHiTHHM
MOMEHT 1 MOXYTh OpPIEHTYBAaTHUCS IIiJ] BILTHBOM
30BHIIIHBOIO MarHiTHOTO HOJISL.

Cri BiA3HAYWTH, IO SIKIIO Y BHIAJKY BOJHHUX
PIAMHHHUX CHUCTEM 3 MarHETUTOM 00’€M YCiX 3pa3KiB
cknanas 1 mi (a maca piguaHOi cuctemu 1,0 1), TO y
JpyroMy BUMAJKy 3arajibHa Maca Jiexaja B Mexax
Bix 0,9 10 1,5 T 3a)1€)KHO BiJl MaCH OKCHJIY KPEMHIIO,
II0 BHUKOPHCTOBYBAaBCS [UId IOBEACHHS 00’emy
cymimi mo 1,5 mu, HEoOXigHOTO, TS 3aIOBHEHHS
BUMIpIOBaJIbHOI KOMIPKH.

VTiM, HeE3Ba)KalO4Yd Ha 3rajaHl J0JaTKOBI
JoKepena oxuOoK, NiHiiHa GyHKIis u—1 =a + bc
JIOCUTh J100Ope alpOKCUMYE OJICP)KaHy 3aJIC)KHICTh
p—1=£c) (cepenHbOKBapPATUIHA noxuoka
ampokcuMarntii cxmamgae 0,014), mpudomy 3HAYSHHS
KoedillieHTa b BUSBISIETHCA CIa0KO YyTIMBAM 10
arperaTtHoro crady 3paska (3,8-10* 1/mr y Bumaaky
pinuHHOT cuctemn ta 3,310 1/Mr y Bunaaky cyxoi
cymimii). [Ipu mboMy ciij BiI3HAYUTH, IIIO 3arajioM B
MPOBEIEHNX EKCIePUMEHTax Oylo JOCIHiKEHO
Jiana3oH MacoBoro BMicty Mar"eruty Bix 0,1 mo
500 mr, sKwii csirae 4 MOPSAAKIB BETHIUHHU.

OxpeMoi yBard 3aciyroBye WHTaHHS IIPO
BIIMIHHICTh KOe(illi€eHTa anpoOKCUMAIll @ BiJ HyJS
(2:107) y BUIAAKy PiJMHHMX HAHOCHCTEM Ta HOTO
PIBHICTh HYJIEBI B MeEXax MOXUOKH arpOKCUMAIlii
(-1,6 = 1,3) y Bunagxy cyxoi cyminmi. [Tpuanna takoi
BIIMIHHOCTI IIOB’s3aHa 13 HAsABHICTIO MAarHITHUX
BJIACTUBOCTEH y BOAM Ta ii 3HAYHOIO JIIEJIEKTPUIHOIO
MPOHMKHICTIO, SIKA MOTJIa MiIBUINUTH e()EeKTUBHY
€MHICTh KOTYIIKH 1HJIYKTUBHOCTI BHMipIOBaJIbHOT
komipku. L{fo ocobnuBicTe HEOOXiAHO BPaxOBYBaTH
NpY  BUKOPUCTAHHI  3alpOIIOHOBAHOT  METOJUKHU
BU3HAYEHHsSI BMICTy HaHOYACTUHOK MAarHeTHTy Y
PIAMHHMUX cHCTEMaX Ha OCHOBI BOJIU.
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BucHoBku

3ampornoHOBaHO BHUMIPIOBAJIbHY CHCTEMY IS
BH3HAYEHHS BMICTy MAarHITHUX HAHOYACTHHOK Y
piAMHHEX cHucTeMax Ta cyxux cymimax. Cucrema
J03BOJISIE  BU3HAYaTH  e€(PEeKTUBHY  MAarHiTHY
MIPOHHUKHICTh CEPEIOBHIN i3 TOYHICTIO HE Tipime
1-107° Ta BMiCT HAHOYACTHHOK MarHeTuTy B OJUHUII
00’emy 3paszka — He ripmuie 20% y nmianasoni Big 0,1
10 500 mr/min. [loka3aHo, 110 MarHiTHa MPOHUKHICTH
TOCITIDKEHUX BOMHUX PIAMHHUX CHCTEM Ha OCHOBI
HAaHOYAaCTHHOK MarHeTuTy MOB’si3aHa 3
KOHIICHTpAIi€r0 ¢ (MI/MJI) MarHeTHTy JIHIHHUM
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