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STABILITY OF INFECTION-FREE ALMOST PERIODIC SOLUTION
IN IMPULSIVE SEIR-MODEL

Mathematical models of the infection spread dynamics have remained a relevant area of research for the past few decades.
Moreover, these models have also proven to be suitable for modeling DDoS attacks in computer networks. The qualitative
behaviour of solutions in such models is usually arranged as follows: there is some threshold value at which the global asymptotic
stability of the solution with a zero component, which is responsible for the number of infected individuals, changes to the stability
of the non-zero equilibrium position. From a meaningful point of view, this means that the self-exhaustion and disappearance of
the infection changes to a constant circulation of the infection in the population.

However, the presence of an impulsive perturbation can make the infection-free solution asymptotically stable regardless of
the threshold value, and such impulsive perturbations allow a natural interpretation within the framework of the epidemiological
model as the process of vaccination of a certain part of individuals.

Such problems have already been considered for the SIR- and SEIR-models in the case of a simple structure of impulsive
points, due to which the impulsive problem was actually reduced to a problem without impulsive perturbation. However, a more
complex structure of the set and magnitudes of impulsive effects requires the application of the theory of impulsive differential
equations, which is done in this work.

Namely, the article considers the SEIR-system of differential equations with impulsive perturbations that have an almost
periodic character. The existence and properties of an infection-free impulsive almost periodic solution are investigated, and its
asymptotic stability is proven.

Keywords: SEIR-model of differential equations, impulsive perturbation, infection-free solution, periodic solution, almost
periodic solution.

AMS 2020 classification: 34C25, 34C27, 34D10, 34D20.

Introduction

The classical SIR-model is a three-dimensional system of differential equations that describes the infection spread dynamics in
a population consisting of potentially Susceptible, Infectious and Recovered individuals. Various modifications of this system, as well
as a qualitative analysis, are contained in the review (Hethcote, 1989). SEIR-model is a four-dimensional system that includes
Exposed individuals of infection as part of the population (Liu, Hethcote, & Levin, 1987). This model can also be adapted to describe
the dynamics of certain types of DDoS attacks in computer networks (Balarezo et al., 2022). A qualitative analysis of this type of
model has been investigated in works (Li, & Muldowney,1995; Li, & Muldowney, 1996). As in SIR-models, it is shown that if the
contact number ¢ < 1, then there are physically justified invariant regions where the only globally asymptotically stable equilibrium
position is I = 0 (infection-free). If & > 1, then another equilibrium position with / > 0 becomes asymptotically stable.

It turns out that the presence of an impulsive perturbation can radically change this qualitative picture. The theory of
differential equations systems with an impulsive perturbation was created in the works of prominent mathematicians
A. M. Samoilenko and M. O. Perestyuk (Samoilenko, & Perestyuk, 1995). In models of the infection spread, the impulsive
perturbation has a natural interpretation as a vaccination procedure of a certain part of potentially susceptible individuals. For
the first time, such a problem was considered in (Shulgin, Stone, & Agur, 1998). In the simplest situation, when moments of
an impulsive perturbation are equidistant, the asymptotic stability of an infection-free impulsive periodic solution was proven.
The same impulsive problem for the SEIR-model was solved in (D'Onofrio, 2002). It should be noted that the simple structure
of the impulsive moments (t, = nT) actually allows to reduce such a problem to the study of a periodic problem without
impulses, that makes it problematic to use the approach (Shulgin, Stone, & Agur, 1998), (D'Onofrio, 2002) to more complex
impulsive problems (Feketa, Klinshov, & Licken, 2021).

In this paper, we investigate the impulsive problem when at the moments of time t, = nT + «,,, ({a,} — almost periodic
sequence) trajectories of SEIR-model undergo impulsive perturbation which can be interpreted as a vaccination process.
Using the general impulsive systems theory (Samoilenko, & Perestyuk, 1995), we prove the existence of an almost periodic
impulsive infection-free solution and investigate its dependence on the parameter T. This allows us to establish the main
result of the paper that for sufficiently small T this solution is asymptotically stable.
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1. Formulation of the problem
We consider a classical SEIR-model respect to the unknown functions S(t) (Susceptible is the fraction of the population that
can become infected), E (t) (Exposed is the fraction of the population that is carried the infection), I(t) (Infectious is the fraction of
the population that is infected) and R(t) (the fraction of the population that Recovered and has immune), for which equality
SHO+EQ+I)+RM)=1,t=0
and an ordinary differential equations system
(S =-ASI+v—vS+6R,
E = ASI — (¢ + V)E,
{i=eE—(y+v)1,
U? =yl — (5§ + V)R,
holds. Here 4,v, §, €,y are positive parameters that determine the indicators of the spread of infection, namely:
A > 0 is the natural frequency of contacts,
v > 0 is the proportion of deaths and newborns,
6 > 0 is the proportion of recovered people who lose immunity,
€ > 0 is the proportion of infection carriers who get sick,
y > 0 is the proportion of sick people who recover.
Also important for analysing the problem is the contact number
g
(e+v)(¥y +v)
Substituting the expression R = 1 — S — E — I into the system, we have the main object of study
S=-ASI+v—-v§S+8(1—-S—E-1D),
E = ASI — (¢ + V)E, (1)
I =¢E—(y+v)I.
Let's
D={SEDER} |0<S+E+I<1}

then the following result is known.

Theorem 1 (Li, & Muldowney, 1996). For any initial data (S(0), E(0),1(0)) € D there is only one corresponding solution of (1)
on the interval [0, +o0) and for all t = 0 the inclusion (S(t), E(t),I(t)) € D takes place.

If 0 <1, then where is the only one equilibrium point P; = {S; =1, E; = 0, I = 0} (infection free) in D, which is globally
asymptotically stable in D.

If ¢ > 1, then Pj is an unstable equilibrium point and another equilibrium point P = {S{ = % E;€(01), I] € (0,1)} appears,
which is globally asymptotically stable in int D.

Modelling the vaccination process as a sharp decrease in the susceptible to infection population proportion we arrive at
an impulsive problem
AS't:tn: = S(tn + 0) - S(tn) = _bns(tn)r (2)
where {b,,} c (0,1), {t,} are the given values and the moments of the impulsive perturbation.
By solution (1), (2) according to (Samoilenko, & Perestyuk, 1995) we will understand a left-continuous function, which is
satisfies the system (1), when t # t,,, and at points {t,,} satisfies the equality (2).
In papers (Shulgin, Stone, & Agur, 1998), (D'Onofrio, 2002) in the case b,, = b, t,, = nT it is shown that when ¢ > 1 in
problem (1), (2) there is a periodic impulsive solution P(t) = (5(t), 0,0), which under condition
1 (7. 1
Tfo S(t)dt < p
is asymptotically stable.
In this paper we generalize this result to the case of almost periodic (Samoilenko, & Perestyuk, 1995) sequences {b,,},
{t, = nT + a,}. We prove the existence of an almost periodic impulsive infection-free solution and show that for sufficiently
small T > 0 this solution is asymptotically stable.
2. Main results
Let us first consider a periodic problem, namely, let there exist p € N and T > 0 such that

0<t;<t;< .. <t, <T, tyyp=t,+T, n=1,
bpsp =by, n>1. )
Then the following statement is true.
Lemma 1. Under conditions (3), problem (1), (2) has a periodic infection-free impulsive solution, and also

supS(t) >0, T - 0. 4)
£20

Proof of Lemma 1. Let's find S(t) as a T-periodic solution to the problem
S=@Ww+8)1-9),
- _ ®)
AS|i—¢, = —bpS(ty).
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On the interval of continuity [z, t] we have
S(t) = (S@) — Ve~ WO 4 q,

then
St +0) =[(S(0) — De~ 4 +1](1 — b)) =S(0)e V(1 —b) +a;, 0<a;<1-—e 4
and so on
p
5(t, +0) = S(0)e~ W+ l_[(1 —b)+a, 0<a,<1l—e O,
i=1
Therefore,

p
S(T) = $(0)e~+oT l_[(l —b) + (ap = 1)e”@+DT-5) 4 1

i=1
and the initial data for this periodic solution is determined as follows
(a, —1)e~+OT-1) 4 1
1—e OO (1—by)

5(0) = (6)

At the same time, it follows from (6) that
1-— e—(v+6)T
S(0) = ——a55r ANCETSE
which means that S(T) —» 0, T — 0. Then from (5) we deduce that for any £ > 0 there exists T* > 0 such that for all T € (0,T*)
and for all t > 0 we have S(t) < ¢, hence (4) holds. Lemma 1 is proven. o
Remark 1. It is easy to see that the periodic solution 5(t) is asymptotically stable in problem (5), that is, for an arbitrary initial
data S(0) € (0,1) and the corresponding solution S(t) of problem (5) holds
St)—S(t) -0, t— oo, (7)

Now we consider an almost periodic impulsive problem. We will use the following definitions (Samoilenko & Perestyuk,
1995).
Definition 1. A sequence {1;};c is almost periodic if

Ve>0 AN=N(e) VKkEZ IpE[kk+NINZ Vi€EZ |ty, — 7| <e (8)

The number p is called e-almost period of the sequence {t;};cz.

In the sense of Definition 1, it is stated that for any € > 0 there exists a relatively dense set of e-almost periods.
Remark 2. If the sequence {t;};cz is such that equality t;,,, = t; + T holds for any i € Z, then the sequence {t; = t;;1 — t;}iez
is almost periodic.

In the following, we consider the situation when the sequence {t;};c; satisfies the condition

<G <tpy1 <..., L€EZL t;> Foo, [ > F0,

Let N(t,t + s) denotes the number of the sequence {t;};c; members belonging to the interval (¢, t + s].

It is known (Samoilenko, & Perestyuk, 1995) that if a sequence {t;,; — t;};cz is almost periodic, then uniformly over t € R
there exists a limit

N(t, t+s
tim YEEXS g

S—00

9)

In particular, if t;,,, = t; + T than 6 = 2.
Definition 2. For a given sequence {t;};cz, we put rg =tiyj — t; i,j € Z. We will say that the sequence {rl’} is uniformly almost
periodic if for an arbitrary € > 0 there is a relatively dense set of e-almost periods common to all j, that is

Ve>0 3N VkeZ Apelkk+NInZ Vj€Z Viel |, —1|<e
Lemma 2 (Samoilenko, & Perestyuk, 1995). Let the sequence {t;};c; be such that for some T > 0 the equalities
ti=L'T+a,-, lEZ,
hold, where the sequence {a;}icz is almost periodic and sup |a;| = a < g Then the sequence {rl’ =ty — ti} is uniformly
almost periodic. <
Definition 3. A piecewise continuous function ¢: R — R¢ with discontinuities of the first kind at points {t;};cz is called almost
periodic if the sequence {rl’ =t — ti} is uniformly almost periodic and the following properties are satisfied:
1) Ve>0 36>0 VIieZ Vi t"e(t,tipq): [t/ =t' <6 = o) -t <s
2) for arbitrary € > 0 there exists set I for which there exists such [ > 0 that foralla € R: [a,a + ] n T # @ and for each
T €T, t € Rinequality [t — t;| > e leads to |lo(t + ) — ()| < &.
Now consider the almost periodic impulsive problem (2), where
tiziT+al-, LEZ,

the sequence {a;};cz is almost periodic and sup|e;| = a < g, (10)
i€z
the sequence {b; };cz is almost periodic, {b;};cz € (0,1) and ing |b;| = b > 0.
L

Lemma 3. Under conditions (10), problem (1), (2) has an almost periodic infection-free solution P(t) = {S(t), 0, 0} in the
sense of Definition 3 and
supS(t) >0, T - 0.

t=0

ISSN 1728-3817



DIBUKO-MATEMATUYHI HAYKMU. 1(82)/2026 ~133 ~

Remark 3. It also follows from (Samoilenko, & Perestyuk, 1995, Theorem 24.1) that the almost periodic solution S(t) is
asymptotically stable for problem (5)9, i.e., the limit equality (7) holds.

Remark 4. For the correctness of the definitions, we consider the impulsive perturbation on the entire real axis, but we are
interested in the dynamics on the half-axis [0, +0).

Proof of Lemma 3. Since the inequality

—(v+6)+6In (sup(l — bl-)) <-(v+46)<0
i€z

holds, where 0 is determined from (8), then from (Samoilenko, & Perestyuk, 1995, Theorem 24.1) problem (5) has a unique
almost periodic solution

S(H) = (v +6) f X(t,5)ds, (11)

where for t;, <t < tyyq, tmeq < s < tp, s <twe have
X(t,s) = e~ (V+OE-t) n (1 — b)e~WOEi=tia) (1 — p Y=+ tm=s),
B ssti<t
From formula (11) we deduce that S(t) € (0, 1) for an arbitrary t € R.
For a more precise estimate of S(t), we note that from the existence of a uniform with respect to t € R limits in (8) we
have

N (0, KT + Z)

0 = lim 2) _ lim k + min{0, sign a} _ l

e kT 4 % e KT + % T
Then for an arbitrary € > 0 there exists such K = K(¢) = 1 that for all t = s we have
X(t S) < Ke(s—v—5+%ln(1—b))(t—s)

and therefore (Samoilenko, & Perestyuk, 1995, Theorem 24.1) for € = % and for K > 1, which does not depend on T for

sufficiently small T number g = —% + %ln(l — b) < 0 is negative and so for t > 0 we have
_ 1 Kv+6
50 <kw+0) (=) =553 (1 N
B2 Y3 Lin( - b)|

therefore sup S(t) » 0, T - 0. Lemma 3 is proven. o

t=0
The main result of the paper is the following theorem.
Theorem 2. Let in problem (1), (2) impulsive perturbations satisfy conditions (3) or (10) and P(t) = {§(t),0,0} is a
corresponding infection-free impulsive almost periodic solution. Then there is such T* > 0 that for T < T* the solution P(t) is
globally (in Int D) asymptotically stable.
Proof of Theorem 2. With fixed E (t) and I(t), consider the impulsive problem for first equation of system (1).
S=—-ASI+(Ww+8)(1A-=5)-8E+D,
AS|t=t’n = _bnS(tn)' S|t=0 = 50 € (0’ 1)
Since there are E(t) = 0, I(t) = 0, then for an arbitrary t > 0 we have

(12)

S(6) < X(0), (13)
where X (t) is the solution of (5) with the initial condition X (0) = S, and therefore, according to the remarks 1, 3, we have
Xt)=-St) >0, t— oo (14)

Now, with a fixed S(t), consider second and third equations of system (1)
E = 2SI — (¢ + V)E,
[=¢E—(y+v), (15)
E(0) =E, €(0,1), I1(0) =1, € (0,1).
Since system (15) is cooperative, that is, there are inequalities
oF ai
— = AS(t) > 0, —=g>0,

al oE
hold, then according to Kamke's theorem, we have

0<E()<Y(), 0<1I(t) <Z(),
where {Y, Z} are the solutions of the system
Y = AXZ — (e +v)Y,
Z=¢Y—-(y+v)Z (16)
Y(0) = E,, Z(0) = I,
and X(t) is satisfied by the limiting relation (14). So, for sufficiently large t, we have that

%(Y(t) +Z@) == - (¥ +v—-2X(1)Z(t) < —v(Y(©®) + Z(D)), (17)
if T* is chosen so that the inequality
supS (¢) < /Zl (18)

t=>0

holds for T < T*.
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Thus, for arbitrary t = 0 we have
E(t) +1(t) < K(Ey +Iy)e™, (19)
where K > 0 is some constant.
Let's go to the new variables x,y,z in (1), (2), where
S@®) = 5@ +x(®),
E@® =y,
~ I(t) = z(¢t).
Then the stability of P(t) is equal to the stability of the zero solution of the system
x=-AS(t)z — Axz —vx + §(—x —y — 2),
y =AS(t)z + Axz — (e +v)y,
z=ey—(y+v)z
Axlt:tn = _bnx(tn)-
Under condition (18), for each t = 0 we have
y(©) +2(6) < (yo + zo)e™". (21)
Further, on an arbitrary interval of continuity (z,t), from the first equation in (20) we obtain

%%xz(t) < —(v + 8)x%(t) — sx(O)y(t) — (AS(t) + 8)x(t)z(t).

Choosing T* > 0 so that for T < T* condition

(20)

_ v
supS (t) <= (22)
£20 A
is fulfilled, we obtain
1d v+46 v+4
Eaxz(t) < -+ 8)x2®) + v+ O)x®I(y@®) +z(1)) < — 3 x2(t) + 5 (y(®) + Z(t))z.
Thus, on an arbitrary interval of continuity (z, t), using (21), we derive
d
X0 < v+ XD + v +O(© + 2(0)’,
t
x2(t) < x2(0)e~WHODE-D 4 (y 4 S)f o + 2)2e~2se~+Ot=s)gs <
+5 (23)
< x2(7)e” (oD 4 vre 5 (vo + 2g)%e e
Then
+6
x2(t) < e O + 122 (g + 20)%e 7,
+4
x2(tz) < x%(t) (1 — by)?e”+OEmt) 4 VT o +29)%e ™V <
+6
S x§(1—by)e ¥tz VT (o +20)*((1 = by)* + ez,
continuing further at the k-th step, we obtain
B v+4 _
Xz(tk) < Xg(l - b)Zke &)tk 4 m(yo + Zo)ze Vi, k=>1. (24)

From estimates (24) we deduce that x2(t) — 0, t — oo, and this, together with (21), gives the desired asymptotic stability.

Theorem 2 is proven. o

Discussion and conclusions

The article considers the SEIR system of differential equations with impulsive perturbations of an almost periodic nature.
The existence and properties of an almost periodic impulsive solution without infections are investigated, and its asymptotic
stability is also proven. From a practical point of view, this means that by choosing a certain realistic vaccination schedule
(which takes into account possible deviations from a strictly periodic nature) and supporting vaccination of a certain proportion
of the population, it is possible to achieve the stability of the infection-free state of the system, which will mean the attenuation
of the epidemic process. The obtained results can also be applied to high-dimensional systems of differential equations, which
are used for describing DDoS attacks in computer networks. The study generalizes previously known results by considering
a more mathematically complex model that allows for a more realistic practical interpretation. It should be noted that the linear
impulse perturbation condition (2) is due to empirical data on the cessation of the circulation of infections in the population
upon reaching a sufficiently high level (80—90 %, and sometimes more than 95%) of vaccinated people in the population (see,
for example, https://ourworldindata.org/vaccination ). As a rule, achieving such levels requires mass vaccination, so we really
neglect the throughput of the medical system, considering it proportional to the population size. In our further studies, we plan
to consider the case of a nonlinear dependence of the magnitude of the impulse disturbance on S, which is a more realistic
case from the point of view of the practical vaccination process, which depends on the capabilities of the system.
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KniBcbKkui HauioHanbHWUIA yHiBepcuTeT iMeni Tapaca LLleuyeHka, Kuis, YkpaiHa
2€BpasincbKuin HauioHanbHUIM yHiBepcuTeT imeHi J1. H. FlyminboBa, ActaHa, Pecny6nika KasaxcrtaH

MPO CTIMKICTb MAMXE NEPIOAWYHOIO BINbHOIO BI IHOEKL|I PO3B'A3KY
B IMMYNbCHIW SEIR-MOAENI

MamemamuyHi Modeni AuHamiku po3noectodKeHHs1 IHPeKyil € akmyanbHUM HanpsIMKOM OocCsliOKeHb ynpodoeX KiflbKox ocmaHHix decssmunimsb. ba
6inbwe, yi Modeni nokaszanu cebe npuéamHuMu Makox Ons modesmroeaHHsi DDoS-amak y kKoMn'tomepHux Mepexxax. SlkicHa noeediHka po3e 'si3kie y makux
modereli 3a3euyall ynawmoeaHa mak: icHye Oesike nopo2oee 3HaYeHHsl, y pa3i 00Csi2ZHeHHSs1 IK020 2s106anbHa acuMnmomuyHa cmilikicmb po38 3Ky 3 Hy-
JIb0BOHO KOMITOHEHMOHO, WO 8idnoeidae 3a Kinbkicmb iHghikoeaHuX oci6, 3MiHIOEMBLCST HAa cMiliKicmb HEeHYITb08020 IMOJIOXKEeHHS pieHo8azu. 3i 3MicmoeHoi
no3uyii ye o3Hayae, Wjo camocmitiHe suvyepriaHHs Ma 3HUKHEeHHS iHgheKuii 3MiHFoeMbCs1 Ha MOCMIlHY YUPKYsAyito iHghekyii e nonynsuii.

OOHak HasieHicmb iMnynbCHO20 36ypPeHHs1 MoXe 3pobumu 8inbHUl 8i0 iHghekyil po3e’'I30k acuMNMoOMmMU4YHO CMIilIKUM He3aslexHo 8id nopoao-
8020 3HaYeHHsI, MPUYOMY maki iMnynbCcHi 36ypeHHs1 donyckaromb NPupPodHy iHmepnpemauyito y Mexax enioemMionoziyHoi Modeni sik npoyec eakyu-
Hauii negHoi YacmuHu iHOugidyymis.

Taki 3a0ayi e4eHi exe po3ansdanu ons SIR- i SEIR-modeneli y eunadky npocmoi cmpykmypu iMnysnbCHUX MOYOK, 3a805IKU YOMY iMnynbCHa
3adaya ¢hakmu4Ho 3800unacsi 9o 3adayi 6e3 iMmnynbcHo20 36ypeHHs. [Ipome cknadHiwa cmpyKkmypa MHOXUHU ma 8eslu4UH iMnysIbCHUX ensusie
euMazae 3acmocyeaHHsi meopil iMnynbcHux dugpepeHuianbHuUx pieHsIHb, Wo i 3pobneHo y yili po6omi. 3okpema, y cmammi po3anssiHymo SEIR-
cucmemy OugpepeHyianbHUX pieHsIHb 3 iMMYbCHUMU 36YpeHHsIMU, W0 Matomb Matie nepioduyHull xapakmep. JocnidxeHo icHyeaHHs1 ma enacmu-
eocmi einbHO20 eid iHghekyili iMnynbcHo20 Malie nepioGu4YHO20 po3e'sa3Ky ma doeedeHo io20 acuMnNMomuYHy cmilikicmb.

KnwuyoBi cnoBa: SEIR-Modenb dugpepeHyiansHUX pieHsIHb, iMnynbcHe 36ypeHHs, 8inbHuUll 8id iHghekyii po3e'sa30ok, nepioduyHul po3e'-
30K, Malixe nepiodu4yHull po3e'sa30oK.

OpawvH 3 aBTopiB (O. KanyctaH) € uneHoM peakonerii BUAAHHSA, TOMy BiH He GpaB y4acTi y peLeH3yBaHHi Ta NPUIHATTI PiLLEeHHS Woao
ny6nikauii uiei ctarTi.

ABTOpU 3asBMSATb NPO BiACYTHICTb KOHANIKTY iHTepeciB. CoHcopu He Bpanu yyacTi B po3pobneHHi AocniaxXeHHs; y 36opi, aHanisi un
iHTepnpeTaLii AaHVX; y HaNMUCaHHi PyKOMuCy; B pilLeHHi Mpo nybrnikaLilo pe3ynbTaris.
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