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ROBIN'S PROBLEM FOR A FOURTH-ORDER HYPERBOLIC EQUATION

The Robin problem, also known as a mixed boundary condition, is often applied to partial differential equations. It defines a
relationship between the value of a function and its derivative at the boundary of a domain, enabling the modeling of physical processes
that affect both the properties of the surface itself and the flow of matter or energy. Fourth-order hyperbolic equations describe complex
processes involving wave propagation and their interactions, enabling the modeling of dispersion effects often present in real-world
physical processes. Such equations are used in hydrodynamics to model wave propagation at great depths, where both the velocity and
the influence of dispersion on wave behavior are taken into account; in elasticity theory to analyze deformations and wave propagation in
elastic materials, where dispersion effects and complex boundary conditions are present; and in seismology.

The aim of this work is to solve the Robin problem for a fourth-order hyperbolic equation with conditions imposing a
relationship between certain derivatives of the function at the boundary. For this problem, the obtained solution to the Cauchy
problem for a second-order hyperbolic equation is used. The solution to the Cauchy problem is obtained using differential
operators that transform arbitrary functions into a regular solution of an m-th order hyperbolic equation. By reducing the problem
to a solved Cauchy problem for a second-order hyperbolic equation and matching the boundary conditions of these problems, a
system of equations arises whose solution exists and is unique as a solution to the Volterra integral equation and as a solution to
the inhomogeneous Bessel equation. The solution to the Robin problem is a combination of the obtained solutions to the
corresponding Cauchy problems for second-order equations.
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Introduction

Hyperbolic equations are used to describe wave propagation processes, such as sound, heat, and light waves, as well as
in electromagnetism and elasticity theory. They are used to model with high accuracy dynamic phenomena characterized by
wave propagation and interaction, as well as the vibration of bridges, structures, and mechanical systems. Mathematical
models are formulated as boundary value problems for partial differential equations in bounded and unbounded domains, for
which a general theory of function-theoretical methods is considered in (Gilbert, 1969).

In the Riquier and Robin problems, which consider mixed boundary conditions for partial differential equations, solutions
are determined taking into account the values of the function and its derivative at the boundary of the domain. Problems for
higher-order elliptic equations are considered in (Gomez-Polanco, Guevara, & Molina, 2013; Karachik, 2003). In the Robin
problem (Rozkosz, 2025), the existence of a positive renormalized solution was proven and a stochastic representation for a
uniformly elliptic divergence operator with a measure on the right-hand side of the equation and an absorbing term on the
boundary containing collapsing terms was proposed. In the paper (Guarino Lo Bianco, La Manna, & Velichkov, 2021), a two-
phase free limit problem was studied for the first time, in which the solution satisfies the Robin limit condition. The case in
which the solution is continuous on the free boundary was considered, and the existence and regularity of minimizers for the
associated variational problem were proven.

The use of fourth-order hyperbolic equations allows one to model dispersion effects, which are often present in real
physical processes. Wave propagation in dispersive media (liquids, gases, and certain types of solids) requires the formulation
of fourth-order hyperbolic equations that take this dependence into account.

This paper is devoted to deepening the results of studying solutions to differential equations containing operators of the

m
form D, :ﬁ and their iterations, taking into account the Robin limit condition. Methods for solving such equations
Xl XZ... xm
are based on the creation of differential and integral operators that determine the solution of hyperbolic and elliptic equations
and systems.

The differential operators constructed in (Lyashko et al., 2024) that transform arbitrary functions of the domain DcR?
into a regular solution to the Robin problem equation
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are applicable to solving the Robin problem.
1. Main results
Consider the differential equation
L=ml @) am DY)
ot W, 2 =Y (2)
$(x) +y(y) (©(x)+w(»)
where ¢(x),y(y) are functions satisfying the condition (¢(x)+wy(¥))d'(X)W'(y) #0, n,me N U {0}, and W(x,y) are defined by
the equality (Lyashko et al., 2024)
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is a solution to equation (2), and the functions g(x), f(y) are arbitrary, differentiable a sufficient number of times in the domain D .
Let us formulate the Cauchy problem. In the domain D =[a,b]x[a,b], find a solution of the equation

2
W 0, 4
Y et ) 4)
satisfying the conditions
oW oW
W(xay) |y:x: (X(X), (E - E) |y:x: B(x)a (5)

where a(x) e C*([a,b]),(x) e C*([a,b]) are given functions, x+ y =0 in the domain D .
According to formula (3), satisfying conditions (5), the solution to the Cauchy problem will have the form

— y
L L R (LA GO LG (6)

L, 1 , 1
where y(1) = —(a/'(t) = B(®)) + — (a'(t) = B'(1) - — (1) -
2t 2 2t
We move on to equation (1) for 2k € Z . Replacing W = (x+y)"+1V into equation (1), takes the form

2 m
N +”("+13 V=0,meN,neN - @
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Let D be the domain in the upper half-plane. Using mathematical induction, it was established (Lyashko et al., 2024) that
the solution to equation (7) is

m—1 3
Vixy)=2 (x+»)'Vi(xy), (8)
i=0
where V;(x,y), i=0,m—1, are 2(i +1) continuously differentiated solutions of the equation Y,V =0.

Theorem 1. For any solution of the equation Y,"V =0, m> 2, in the domain D there are functions g;(x), f;(v) such that

m-1

V(x,y)= z (x+y) x

n 2n - k)! 1 ok 2n—k 1 ok
x[kzo(_l)n k ;’(n_k))'(ﬁy)n Pt —— g (x)+ Z (1" k ]E'(n_k))l(xq-y)n e f,(J’)J
and vice versa, if g;(x), f;(y) - are arbitrary in D funct/ons, differentiated the required number of times, then (9) is a solution
of equation (7) in D .

Let us apply formula (9) to solve the Robin problem for the equation Y2V =0.

Robin problem. Let D be a square [a,b]x[a,b]. Find in the domain D a solution of the equation

) 2
vr=| 2 2 |y, (10)
Ox0y (x+y)2

9)
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(11)
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Here a(x), a,(x) are given functions of sufficient smoothness.
In accordance with statement (8), we seek the solution of problem (10), (11) in the form
V(x,y)=Vo(x,y) + (x+ )V (x,p) .
Satisfying boundary conditions (11), we obtain
. 0 0
lim | Vo + (x+ ) + (=) + (x+ 0N | = ay(x),
yox Ox 6y
tim | (2 e -2 g |
y—x| OxOy (x+ ) 0 ! Ox 0Oy Oxdy (x+ ) ‘ : ? .
Since 1,,V; satisfy to equation
2
o 2 v =0,
ady (x+y)?
then to find functions ¥V,(x,y),V;(x,») we have the following Cauchy problems
%, 2 v, o,

. - Vo=0, Vylyer =t y — —— |y = , 12
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The functions o, (x), B;(x), a,(x), B,(x) are determined from the system of equations:

0 (x) + 2xaup (x) + 31 () + 2B, (x) = a1 (x)

205 (x) = By (x) + Bl(x) +By(x) =ay(x)

og(x) = goh (x) =PBi(x) '

1
as(x)— gaz(x) =B2(x)

transforming which, we obtain

268D () + (o + 2270l (x) + doay (x) — (1+ 1/ x)aty (x) - izaz(x) = 4xoly (x) + 2x7as (x)
X

Ba(x) = a3 (x) - Otz(X)

of(x) + 0 (x) - ? o (x) = ag (x) = 2x(aa (x) + B2(x)) = 2(0p (x) + B2 (x))

’ ”, 1
Bi(x) = aj(x) —?011()5)
Putting o (x) = ¢(x) , for ¢(x) we will have an integral Volterra equation of the 2nd kind

2620+ [ K(r)o)de = F(2),

X0

where K(x,7)= 4x +2x7 +4x(x—t)— ( —t) ——(x ) , F(x):4xa’2(x)+2x2a'2'(x).

Then the functions a,(x), Bz(x) are expressed by ¢(x):

3
oy(x)= — j W) (x—t)dt | By(x) = j ¢(t)(£x2+ == tx+1z21ni+t2—’—)dt.
X 4 X 12x

The function o, (x) is a solution of the equatlon
” ’ 1
of(x) + oy (x)— 2—2a1(x) =G(x),
X

where G(x)= al(x)—fx o(x)— J¢(;)((x e+ s )+f§ 2,32,
%)

which is a non-homogeneous Bessel equation, and has the form
dxl

s enba
2 2 X

oy (x) = xe 72 5 /( ] [ exp(ye %y \/—y(%))G(xz)dxz.
x0 exp(xe” rlJ\/*/( )) X0 2
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Finally,
3
By (x) = ay(x) — oy (x) - 2xxj0¢(z)( (x-1)° + x +%(x—t)—tx+%tzlné+t2 —é—x)dt.
The solution of each Cauchy problem (12), (13), according to the solved problem (4), (5), will be
Fo ) = @)~ = v (x)+7y (02 (-0t - Py, (14)

where mr)%(ai(z)—sl(z»%(a - Bi(0) -5 al(z)

(x,p) = (a5 (x) =By (x) ———

+ 0o, (x)+

=) L1007~ (y == P)pa(0)d (15)
+y +y

where v, (1) =%(01'2(f)—ﬁz(f))+%((X§(f)—ﬁ'2(t)))—#az(f) .

The solution of the Robin problem (10), (11) is V(x,y) =Vy(x,»)+(x+ y)V (x,»), where Vy(x,») and Vi(x,y) are defined
n (14) and (15).

Discussion and conclusions

The Robin problem for a fourth-order hyperbolic equation is considered and solved by reducing it to the Cauchy problem
for a second-order hyperbolic equation. The solution is obtained using differential operators that transform arbitrary functions
into an established, inductively regular solution to the m-th order hyperbolic equation. A theorem for solving the m-th order
hyperbolic equation is formulated, which is used to find a solution to the fourth-order equation. The method proposed in this
paper allows one to solve problems with complex boundary conditions.

Authors' contribution: Iryna Aleksandrovych — conceptualization; methodology; Larysa Adzhubey — relevance analysis; discussion of
the theoretical foundations of the study; Andriy Ryzhenko — analysis of sources, discussion of conclusions; Viktor Lyashko — literature review.
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'KniBcbKkuit HauioHanbHWUIA yHiIBepcuTeT iMeHi Tapaca LLleByeHka, Kuis, YkpaiHa
2lHcTUTYT KiGepHeTUKM imeHi B. M. Mnywkosa HAH Ykpainu, Kvis, Ykpaina

3AO0AYA POBEHA ANA NNEPBOJTIIYHOIO PIBHAHHA YETBEPTOIO NOPAOKY

3adayy PobeHa, eidomy sik 3MiwaHy Kpaliogy yMosy, 4acmo 3acmocos8ytomb 00 OughepeHyianbHUX Pi8HSIHb ¥ YaCMUHHUX MoxiOHux. BoHa eu-
3Hayae 38'I30K MiX 3HaYeHHsIM pyHKUiT ma ii noxiOHoro Ha Mexi o6nacmi, wjo dae 3mo2y modesroeamu hi3uyHi npoyecu, Ha sIKi ennuearOmMb siK
e/1acmueocmi camoi Mo8epxHi, mak i MOMOoKU pe4o8UHU Yu eHepeil. [inep6oniyHi pieHsIHHS Yemeepmo2o nopsioKy onucyroms cknadHi npoyecu, wo
OXOMJIIOOMb MOWUPEHHS X8Uslb ma ixHio e83aemModiro, donomazaromb Modesmoeamu AucnepciliHi egpekmu, sIKi Yacmo HasieHi 8 peasibHUX Pi3u4YHUX
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npoyecax. Taki pieHsIHHS1 auKkopucmosyromsb y 3adayax 2idpoduHamiku 0551 MOOesIl08aHHS1 MOWUPEHHS X8uUJslb Ha 8eslUKUX anubuHax, de epaxosy-
romb K weudkicmb, mak i ennue Aucnepcii Ha NoeediHKy xeusib, meopii NPyXHocmi Ons aHanizy degpopmayili ma NOWUPEHHSI X8UJSTb Y NMPYXHUX
Mamepianax, Konu HasieHi egpekmu ducnepcii ma cknadHi 2paHUYHIi yMo8uU, a MaKox y celicMosiozii.

Mema nponoHoeaHoi po6omu nossizae e po3e'sa3aHHi 3adayi Po6eHa dns 2inep6oJs1iyH020 pieHsIHHSA Yemeepmoz20 nopsioKy 3 ymMoeamu, Wo Ha-
knadarome 38's130K MiX neeHUMU noxiOHUMU ¢byHKUiT Ha Mexi. [ns nocmaeneHoi 3adayi eukopucmoeyemMo ompumMaHuli po3e’'si3ok 3adayi Kowi dns
pieHsIHHSA 2inep6os1iyHO20 muny dpy2020 nopsidky. Po3e'szok 3adayi Kowi ompumaHo 3a donomozoro dughepeHyianbHUX onepamopie, Wo nepeeo-
Osimb doeinbHi hyHKUiT 8 peaynsipHulli po3e's130k pieHsIHHA 2inep6oni4Ho20 muny m-20 nopsidky. [1id yac 3eedeHHs1 3adayi Ao po3e'sizaHol 3adayi
Kowi dns pieHsiHHA 2inep6osiiyH020 muny Apy2020 nopsioKy U y3200)KeHHs Kpaliosux yMoe yux 3aday UHUKae cucmema pieHsIHb, PO38 'A30K sIKOi
icHye i € eOUHUM sIK po38'sI30K iHme2pasnibHO20 pieHsIHHSI Bonilbmeppa, a MaKox sik po38 'si30k He0OHOPiOHO20 pieHsIHHS1 Beccens. Po3e'siskom 3adayi
Pob6eHa 6yde kombiHauis ompumaHux po3e'si3kie eidnoegioHux 3aday Kowi Onsi pieHsiHb Opy2020 NopsioKy.

KnwuyoBi cnoBa: dugepeHuianbHuli onepamop, pe2ynsipHi po3e'a3ku, imepoeaHi pieHsiHHS 2inep6osliiyHo20 muny, 3ada4ya PobeHa.
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The authors declare no conflicts of interest. The funders had no role in the design of the study; in the collection, analyses or interpretation
of data; in the writing of the manuscript; in the decision to publish the results.

ISSN 1812-5409 (Print), ISSN 2218-2055 (Online)





