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ON ERGODIC PROPERTY OF SOME LEVY-TYPE PROCESSES IN R

In this paper, we investigate the ergodicity in total variation of the process X, related to some integro-differential operator
with unbounded coefficients, and describe the speed of convergence to the respective invariant measure. Roughly speaking, a
Markov process is said to be ergodic if there exists an invariant probability measure to which the transition probability of the
considered process converges. In this case, the speed of convergence is also called the ergodic rate, and it plays an important
role in further investigations of asymptotic properties, in particular, in simulating the processes, calculating their functionals,
and also in limit theorems.

In the proofs, we use the Lyapunov-type criterion, which resembles the well-known from the theory of ordinary differential
equations Lyapunov’s second method. Some examples are provided.
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Introduction
Consider an integro-differential operator

Lf(x) :f(r)-Vf(w)wL/]Rd\{o} (flx+u) = fz) = V(@) ulju<i) v(z, du), (1)

defined on the set C?3(IR?) of twice continuously differentiable functions with compact support, where £(-) : R* — R¢, and
the Lévy-type kernel v(z, du) satisfies

/ (1A Jul®)v(z,du) < oo forany z € R”.
R4\ {0}

To simplify the notation, we assume that the kernel v(z, du) does not have an atom at 0 and write f]Rd instead of fm\{o}.

Under certain conditions (see Section fi below) one can associate with (L, CZ(RR¢)) a Markov process X, whose transi-
tion probability kernel P;(z, dy) possesses certain regularity properties. The process X is often called a Lévy-type process,
because locally its structure resembles the structure of a Lévy process, e.g. a process with independent stationary incre-
ments.

The aim of this paper is to derive sufficient conditions for ergodicity of the process X related to (ffl) and find the ergodic
rates.

This work further develops our previous studies on the ergodicity of Lévy-type processes: we began our investigation
in (Knopova, & Mokanu, 2024) with the one-dimensional case and bounded Lévy-type kernel; continued in (Knopova, &
Mokanu, 2025), where a Lévy-driven stochastic differential equation (SDE) with unbounded coefficients was considered in
dimension d.

The long-time behaviour of Markov processes has been extensively investigated. Skorokhod in (Skorokhod, 1987)) dis-
cussed the long-time behaviour of general Markov processes and solutions to SDEs, as well as stabilisation properties of
solutions to systems of SDEs. Masuda in (Masudd, 2004), (Masuda, 2007) investigated a Lévy-driven Ornstein-Uhlenbeck
process, in particular, the existence of a smooth density, ergodicity, and convergence rates. Sufficient conditions for recur-
rence, positive recurrence, and exponential ergodicity of one-dimensional Lévy-type processes generated by the integro-
differential operator were derived in (Wang, 2008). In (Wang, 2013) sufficient conditions for exponential and strong ergod-
icity of SDEs driven by symmetric «—stable processes were obtained. Next, exponential ergodicity of solutions to certain
SDEs (in particular, SDEs of McKean-Vlasov type), damping Hamiltonian dynamics with state-dependent and non-local
collisions, and Lévy driven Langevin dynamics with singular potentials was studied in (Liang, Majka, & Wang, 2021)), (Bao,
& Wang, 2023) and (Bao, Fang, & Wand, 2024)), respectively. Ergodicity of a solution to the jump-diffusion SDE was studied
by Wee in (Wee, 1999). In (Fort, & Roberts, 2005) and (Douc, Fort, & Guillin, 2009) sufficient conditions for ergodicity were
given in the form of so-called ( f, r)-modulated moments. In (Kulik, & Scheutzow,, 2018) the problem of the uniqueness of an
invariant probability measure of a Markov process was investigated; here the authors also derived sufficient conditions for
the weak convergence of the transition probability to the invariant measure. Kulik in (Kulik, 2018) discussed the asymptotic
behaviour of a wide range of Markov processes from simple Markov chains with finite state spaces to more sophisticated
models (including solutions to Lévy driven SDEs), in particular, the author examined different types of ergodic rates and
their further application in limit theorems; the question of weak ergodicity was addressed as well. Sandri¢ in (Sandrid,
2013) gave sufficient conditions for recurrence, transience, and ergodicity of stable-like processes in terms of their coeffi-
cients. Further, sufficient conditions for recurrence, transience, and ergodicity of stable-like Markov chains under certain
assumptions on their density functions and drift were derived in (Sandrid, 2014). In (Sandrid, 2016) the author discussed re-
currence, transience, ergodicity, strong, (sub)-exponential ergodicity, and mixing properties of Lévy-type processes driven
by the infinitesimal generator.
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The structure of this paper is as follows. In Section [, we recall the notion of ergodicity, discuss the assumptions, and
formulate our results. Proofs are given in Section J and examples in Section f3.

1. Main definitions and results
A Markov process (X;):>0 on R¢ with a transition probability kernel P;(z, dy) is called (strongly) ergodic (see (Sandrid,
2016)) if there exists an invariant probability measure = (-) such that

Jim [[P.(,) = 7l =0

for any z € R?. Here || - ||rv is the total variation norm. Moreover, one can describe the speed of convergence to the
invariant measure, if certain assumptions are satisfied. The process is called (non-uniformly) «-ergodic (see (Sandrid,
2016) for polynomial and exponential rates), if there exists a function v > 0, ¢/(t) — 0 as t — oo, such that

[Pe(z,-) —=m()lrv < Clx)p(t), t=1, (2)

for some C: R* — [0, c0).

There are several possible ways to show ergodicity of a Markov process (see (Kulik, 2018, § 3.5)). We use the skeleton
chain approach, described in (Kulik, 2018), which allows us to reduce the continuous-time setting to the discrete one by
constructing a skeleton chain X" := {X,.,,n € Z. } and apply ergodic theorems, developed specifically for Markov chains.
Under certain irreducibility assumptions (e.g., Dobrushin condition), ergodicity of the skeleton chain implies ergodicity of
the initial process with the same convergence rate (cf. (Kulik, 2018, § 3.2), (Sandrig, 2016)).

To see if the chain is ergodic, one can check the (local) Dobrushin (or other forms of irreducibility condition, suitable
for a particular task (see the discussion in (Kulik, 2018, p. 64))) and the Lyapunov-type conditions ((Kulik, 2018, Th. 2.8.9,
Th. 3.2.3)). Note that the irreducibility-type assumption is crucial for the described approach, but if it fails, it is still possible
for the process to be ergodic only in a weaker sense (see the discussion in (Kulik, 2018, § 4)).

A Markov chain X with a transition kernel P(z, dy) satisfies the local Dobrushin condition (cf. (Kulik, 2018, p. 42)) on
a measurable set B ¢ RY x RY if

sup [[P(z,-) — P(y,")llrv <2. @)
z,yeB

In practice, it is sufficient and reasonable to check if there exists an absolutely continuous component of P(z, dy), such
that  — P(z,-) is continuous in L, (see (Kulik, 2018, Prop. 2.9.1)), instead of proving () directly. This, in turn, is the
case if the initial Markov process possesses a strictly positive transition probability density p:(z, ), such that z — p:(z,-) is
continuous in z in L; (see (Sandrig, 2016)). It means that the respective semigroup (P;):>0, P f(z) := E® f(X:) possesses
the Cy-Feller property, that is, it preserves the space of bounded continuous functions (see (Bottcher, Schilling, & Wang,
2013)). The Dobrushin condition ensures that the process converges to the same invariant measure, regardless of its
starting point.

The Lyapunov-type condition (see (Kulik, 2018, p. 52)) allows us to establish moment estimates, responsible for (non-
uniform) ergodic rates. Suppose that there exist:

« anorm-like function V : R* — [1,00) (i.e. V(z) — oo as |z| — oc), bounded on a compact K;
+ afunction f: [1,00) — (0, 00), that admits a non-negative increasing and concave extension to [0, co);
e aconstant C > 0;

such that the following relations hold:

E*V (X)) —V(z) < —f(V(z))+C, zeR% (4)

¥ (1 + xigLV(m)) > 2.

Inequality (f]) is called the Lyapunov inequality, and such a function V is called the Lyapunov function.
Given that we are in the continuous-time settings, it is reasonable to consider the Lyapunov-type condition in terms of
the process X itself, namely, in terms of its full generator £:

LV(z) < —f(V(z))+C, (5)

where f,V and C have the same meaning as above.

The full generator is taken into consideration because Lyapunov functions are often unbounded and the domain of L
is too narrow to include them. Recall the “stochastic version” of a full generator, see (Bottcher, Schilling, & Wang, 2013,
(1.50)). The full generator of a measurable contraction semigroup (P;):>o on the space C(R?) of continuous functions
vanishing at infinity is

Li={(f,9) € BRY)BRY): M= (X)) - f(a) = / g(Xds, @ eRY >0,
0
is alocal F,¥ := 0(X,s < 1) martingale}.

Note that in general L is not single-valued, see the discussion in (Bottcher, Schilling, & Wang, 2013, p. 36).
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Since for f € CZ(R%)
Pif(z) — f(z) = / P,Lf(z)ds Yt>0,z¢e R (6)
0

see (Ethier, & Kurtz, 1986, Ch. 1, Prop. 1.5), by the strong Markov property and the Dynkin formula (f, Lf) C L for any
f € C3(R%). Further, it is not difficult to check that L f(x) < oo for f € Do, where

Do := {f € C*(RY) :

/I |>1(f(ac +u) — f(x)v(z, du)

< 00 VJJERd}.

Using the localization procedure, the Ito formula, and taking the expectation, we derive (B)) for any f € Do and, consequently,
we get that (f, Lf) € L, f € Do. We denote this extension of L to D by L.

Summarising, condition (B) for the initial process implies (@) for its skeleton chain (see (Kulik, 2018, Th. 3.2.3)), which,
along with the Dobrushin condition, ensures the ergodicity in total variation of this chain and provides the (non-uniform)
ergodic rate (cf. (Kulik, 2018, Th. 2.8.6, Th. 2.8.8)). As it was mentioned above, the ergodicity of the chain implies the
ergodicity of the initial process with the same ergodic rate.

The speed of convergence to 7 in (f) as t — oo is (cf. (KuliK, 2018, Th. 2.8.8, Th. 3.2.3))

5
1 dw
1/175::(7)7 F(t):= [ —, te(1,00), (7)
©= G en) O] Fowy 1)
where v, 4§ € (0,1). Moreover,
f(V(z))m(dz) < 0.

R

Our standing assumptions in this paper would be
There exists a solution {X;, ¢ > 0} to the martingale problem for (L, C3 (R%)); (A1)
The skeleton chain X" := {X,., n € Z, } satisfies the Dobrushin condition. (A2)

Condition (A1) assures the existence of the process associated with (fll) (which we call the Markovian selection related
to L), but it looks rather abstract and is not easy to check. The sufficient conditions ensuring (A1) were obtained in (Kihn,
2020) and are the following:

The symbol ¢ is locally bounded, continuous in z, satisfies ¢(z,0) = 0; (AT’)
lim sup sup |q(z,&)|=0. (A17)

R0 |5|<R |¢|<R-1

Recall that the symbol ¢(z, £) of the operator L is a function, such that for f from the Schwartz space S(R<)
Liw) == [ a0 i€
R
where f is the Fourier transform of #, and

a(z.€) = —il(z) - € + /

(1 — T e u]l|u|<1> v(z, du).
Rd

Under (A1) and (AT7), there exists a solution to the Martingale problem for (L, C§°(R?)), which is strongly Markov,
see (Kuhn, 2020, Th. 1.1, Cor. 4.1).

The uniqueness of the process in the case of unbounded coefficients is harder to prove. Up to our knowledge, at the
moment there are no general results establishing the uniqueness of the solution to the Martingale problem for (L, C5° (R?)),
if the kernel v(x, du) is unbounded, unless one can rewrite L (using the change of measure) in the form, usually used in Lévy-
driven SDEs, and check the conditions for the existence and uniqueness of the (strong or weak) solution to the respective
SDE. We do not pursue this topic in the current article and confine ourselves with finding the conditions that guarantee the
ergodicity of some Markovian selection, related to (L, C§°(R%)).

Itis a kind of general knowledge that ergodicity can come from the drift or diffusion parts of the generator. We investigate
the conditions on the Lévy-type measure under which (B) is satisfied. Our interest lies both in the drift- and noise-induced
ergodicity. Further, we will show that in the second case, when the ergodic behaviour comes from the kernel v(z, -) itself,
the support of v(z, -) must depend on the direction of the vector z.

Denote by |u| the norm of a vector v € R; by B(r) and B¢(r) the ball centred at 0 with radius r and its complement,
respectively; by A(r, R) the annulus with the inner radius r and the outer radius R.

As a Lyapunov function we take

V(z)=1+¢"(z), pe(0,1), zeR (8)

ISSN 1812-5409 (Print), ISSN 2218-2055 (Online)



~ 66 ~ B 1 CH MUK Kuiecbkoro HauioHanbHoro yHisepcurety imeHi Tapaca LleBueHka

where ¢ : R? — R4, ¢ € C*(R?), such that ¢(x) = |z| for |z| > 1 and ¢(x) < |z| for || < 1.
We also denote by e, = ﬁ the unit vector of z € R?, and by ~..... the cosine of the angle between unit vectors e, e.:

Yz,u = COS L€z, €y).

The aim of the article is to find conditions ensuring the Lyapunov-type inequality (§) for £. Our strategy is to select
its negative and positive components to compare their impact on the generator. For the sake of simplicity, we consider
separately the “drift” and “kernel” parts:

LV(m):VV(x)-(E(:r)Jr / uy(:c,du))Jr
AL ]z])

+/ (V(z+u)—V(z) = VV () uljy<a) v(z, du) =

= L7V (2) + L5V (2).
Consider the “drift” part. For |z| big enough V(z) = 1 + |z|?, so we can transform
LT (2) = pla|P (|£(x)|’yz,g(m) + / Vau| U] y(aadu)).
A(L]z])

Since our ultimate goal is to compare the speed of all generator components, we define the first “growth” function
¢ () == |z[P~ ! max (\z(x)\,/ ful v(w, du)).
A(L,|z])
It is not hard to see that there exists ¢ € [—2, 2], such that

LIV (2) < —pCg™ ! (). 9

Additionally, fix A € (0,1) and split the “kernel” part £*" into the “ball” and “tail” sub-components, based on the jump
size |ul:

L£rery (@) = / (V(z+u) —V(z) - VV(x) u)v(z,du)+ (10)
B(lz»)
+ / (V(z4u) = V(z) = VV(@)ul 4pr |ap)) ¥(2, du) =:
Be(|z|)

= LMY () + LTV ().

Further, again according to the jump size |u/|, split the “tail” part:

£ty (z) = / (V(z+u) —V(z) - VV(z)-u) vz, du) +
A(lz|A,|z])
+ / V(z+u) = V(z))v(z,du) =:
Be(lz])

=: LYV (2) + L1V (2).
Now we are ready to introduce the rest of the “growth” functions:
S @)= lol [ P, 6 @) = el [l vl du),
B(lz|*) B(|z|*)
and
o= ter [ Wstea, 6@ = [ st
A(lz|X, ) Be(|=))
Therefore, we arrive at the following result.
Lemma 1. ForV from (8) and ¢ € [-2,2]:
LV (z) < —pCo™ ™ (x) + 2(1 +o(1)) (1" (@) + (p — 2)6" () + 6" (2) + ¢'*"**(x),  |a| — oo. (11)
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Inequality (1)) gives us a first vision on how the final condition may look. Indeed, consider the right-hand side of (fi1]).
The last two terms (which relate to “tail”) are positive by construction. Consequently, the negativity of LV can come from
either the “drift” or “ball” components, or a combination thereof. According to this, we introduce several constants that
illustrate the interconnection of the corresponding “growth” functions.

First, it can be seen from (1)) that ¢%*" and ¢*** correspond to the positive and negative parts of “ball’ respectively
thus, the sign of £>*"'V is fully determined by their relation. Define

ball .__ s ¢T”($)
O =M S i)

By definition C**" > 1 and it has to be less than 2 — p for £°*'V to be negative. In other words, it means that the measure
v(z,-) has to be concentrated along the direction, collinear to z.
To compare “drift” with “tail” we introduce

; . (bbig(x) larae . large T
C* .= limsup ——+2 and C'"9° .= limsup ———— 2.
|x\—>oop ¢dr1ft(1=) |a:|—>oop ¢d”ft(x)
In the same vein, the constant
i ) max big z), large P

shows the relation between “ball” and “tail”.
In both cases, finite constants ensure that “tail” does not spoil the negativity of £V, and under additional assumptions,
one can get either “drift’- or “ball”-induced ergodicity (respectively).

Remark 1. In ({2) we do not consider the constant, related to ¢!, because in the case of “ball’-induced ergodicity, the

strictly negative component of “ball” (that is ¢*"') has to dominate.

Finally, to compare “drift” and “ball”, we define

_ ball o ball
criit —timsup 25 @ ang it jiming 2= (@)

|z|—o00 (bdrift(x) |z|—o00 (bd'rift(m)

Note that the functions ¢/t and ¢**!! are not necessarily monotone; thus, in order to formulate our main result in a
more “user-friendly” manner, we assume that they can be bounded from below by some power-type functions. Namely,
suppose that for |z| big enough there exist some strictly positive K9/, Ktel! and 49"/t 42!l such that the following

inequalities hold:
drift

(bdrift (l’) 2 Kdrift‘xry 7 ¢b_all($) 2 Kball|x|'y
Now we are ready to formulate the main results of the paper.

ball

(13)

Theorem 1. Case 1. (“Drift-induced” ergodicity). Suppose that (8) holds with ¢ € (0,2], and CI/*, Corft, ¢bia, Clerae
are finite. Then (B) holds with f(u) = Ku"""""/? K > 0, if

—p¢ + % (C“i”’ft +(p— 2)(?%”’”) 4+ C% 4 ¢ < 0. (14)
Case 2. (“Ball-induced” ergodicity). Suppose that ", C**l < co. Then (B) holds with f(u) = Ku""""'/? | K > 0, if

either
a) CHt = o, ¢ € [-2,2] and

g(cba” +p—2)+20"" < 0. (15)
or
b) C4Ht ¢ (0,00), ¢ € [—2,0] and
—éf,iﬁ + g(cb““ +p—2)+20" <0. (16)

Remark 2. In Case 2 we have purely “ball’-induced ergodicity: in Case 2a) “drift” does not have any impact compared
to “ball” and in Case 2b) “drift” is positive and thus works even against. In Case 1 ergodicity comes from “drift” only, if
Crift = 0; otherwise both components contribute.

2. Proofs
Proof of Lemma[. We already have the estimate of £L4*/*V/ (see (H)). Consider now £**"'V'. Since |u| € B(|z|*), then for
|z] > 1:
|z +ul > 2] - 1= |22 > 1,
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and V(z +u) = 1+ |z + ulP. Thus, we can apply Taylor’s formula to the integrand function of the first term of (f0) and get

1
0
where
1+ (p-2)y; W (p-28% - (p-2)y
2
d _ (p_2)191070022 1+ (p— Q)x—Q (p_Q)TiI2d
D*V(x) = {05V (2)}; ,_, = pla"™” e} E El
1T ToT 22
(p_2)m|;‘2d (p—2) ‘;|2d 1+(p_2)7712
Then

1
£y (z) = % / /(1 — 0 - D*V(z + 0u) - uv(x, du)dl =
B(|z|*) O
d

/ /1(1—0)|x+0up—2<z(1+p 2%>u?+

B(|z|*) O -

d

+p—-2) > wy

4,j=1,i#j

(CCZ‘ + Hui)(acj + Qu]')
|z + Oul?

) dov(x, du).

Regroup the sums in the inner integral and apply the sum of squares formula to w;(x; + 6u;):

2
£y (z / / (1—0)|z + 6ul’? (Z ur + W (Zul (z4 —|—0u1)> )d@y(:c,du) =

B(\»’C\ ) 0

/ /(1 — 0| + ulP 2 Ju)? (1 +(p—2) (eu - eoron)’ )dey(x, du).

B(|z|*) O negative

Consider the squared scalar product

2 2
T 0|u T 20|z| - |u
(eu . ez+9u)2 = ('Vz,u| | ‘ + ‘ | ) 2 'Yi,u ( | ‘ ) - ( | ‘ | |2

z+0u| |z + Oul |z| + |u| |z| — |ul)

N 3 2|z
Tz ol = [zA)2

Estimating the inner integral of £**!'V depending upon its sign (again by triangle inequalities), we get

(] - 11— |1 )P

w\»—x

1
el I+ )2 < [ (= 0)fo + 0up = do <
0

Summarising, we derive the final estimate of the “ball” part:

L2 () < {I’MH / |uf* (Ci(2) + (p — 2)Ca()7z ) v(w, du) =
B(|z|*)
= PO (@)gt (@) + PO

@) @),

where
1 2(2 - p)lz ! 1

, Cala)=
T e N (e (e A TP R
Both C1(z) and C2(z) tend to 1 as |x| tends to infinity; therefore for |x| large enough:

C1 (CE) =

£ (@) < T+ 0(1) (65" (@) + (b — 26" (@)).

(17)

Next, consider the “tail” part, beginning with the big jumps. Since by definition V' (z) is either 1 + |z|? or 1 + ¢P(z)
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(depending on the value of |z|), and ¢(z) < |z|, then V(z +u) < 1+ |z + u|?, and

vy < [ el el el ) o) =

Al >, |])
g
= |zf? 120l el —1 du) —
= |z| + Iz |’qu+ 2] v(z,du)
Az, ]z])

— plaf! / by vz, du) =: Ty (z) + Ta(x).

Alz|>,]2])
Now using the fact that u € A(|z|*, |z|), we derive
ya
Ji(z) < |zf? / ((1 +(1+ 27, “)I :) ’ 1)1/(m,du) <
A(lz|>,]z])
<Dt [ 2l e dw.
Az, ]z])
Summing Ji(x) and J2(x), we obtain the final estimate of the big jumps part:
V) < Bl [ fulledu) = 6(). (18)
Az, |z])
In the case of large jumps we again use that by definition V(z + u) < 1+ |z + «|?. Then
V@) < [ (el ol e dn < [l e du) = 87 @) (19)
Be(|x]) Be(|z])

Together estimates (H), ({{7), {(8) and (f[d) yield the statement of the lemma, namely,

LV (z) < —p¢¢"™ " (z) + g(l +o(1))(¢5" (2) + (0 = 20" (2)) + 6" (2) + 6" (2), |a| = oo

Now, using the results of the proven lemma, we can easily prove Theorem .

Proof of Theorem M. Case 1. “Drift-induced” ergodicity. Suppose that (8) holds with ¢ € (0, 2]. Dividing both sides of (f)
by ¢/t and taking lim sup as |z| — oo, we get

H LV(‘I:) dmft ~drift big large
imsup Sy < <+ E(C4t + (p—2)C00*) + O 4 cleroe. (20)
Then it is clear that the Lyapunov-type condition (B) is satisfied if Cd”ft ciritt ¢bis clarse gre finite, and moreover the
right-hand side of (B0) is strictly negative.

Case 2. “Ball-induced” ergodicity.

a) Assume that C"*/* = o (that is, “ball” is way faster than “drift’) and ¢ € [—2, 2]. Dividing this time both sides of ()
by ¢**!! and taking lim sup as |z| — oo, we get

limsup ———=~ AVi@)

p ball tail
= 2 . 21
NP gren(zy < 4 (@7 ¥P D20 @)

If C*e¥ Ot < 0, and the right-hand side of (21) is strictly negative, condition (B) is satisfied.

b) Assume Cf’”’ft € (0,00) and ¢ € [-2,0]. Following the same approach as above we get
. Lv o ai
“‘n‘] sup ¢ball((m$)) < —égﬁ-ﬂ g(cb Y +p—2) 420t (22)
xT|—r0o0 — -

If Ctelt ¢t < o, and the right-hand side of (£9)) is strictly negative, condition (§) holds.
In each case, the form of f from () (and thus of the ergodic rates 1 from (7)) is determined by ({3).
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3. Examples
Example. Consider a one-dimensional symmetric bounded v(-, -) and suppose that the drift part £(z) is absent. Then ¢
"9, and ¢!'%"9¢ are all equal to zero for all z € R, and we are in the setting of Case 2a) with C***! = 0. Moreover, given that
we are in the one-dimensional setting, |v...| = 1, thus, ¢5*" = ¢**" and C*** = 1. Then (fI5) is always satisfied, yielding
the Lyapunov-type condition (§).

drift

Example. Consider now an a-stable Lévy-type measure v(z,du) = |z|?|u|"% %du, z € R, with 8 € (1 — p,1) and
a € (0,2). Take ¢(z) = |z|", n € (0,8), and assume that ¢ € [1/2,1].
First, estimate

¢b_all(x) < qﬁa”(x) _ Séd -1 |x‘p—2+ﬁ+>\(2*a)’
-«

where S(d — 1) is the surface area of the unit sphere of dimension d-1.
Next, to calculate the rest of the “growth” functions we define

ann

() = [P lul'" 4" du, 7€ {0,A}.
A7, |=])
Simple calculations lead us to
(a— 1)71\m|p71+5+(17°‘>7, a>1,
#2"" (2) < S(d—1){ (1 — ) Hz|PtP—e, a <1,
(1 —7))zP~ P In 2|, a=1.

Then (remember that n € (0, 3))
o7 (@) = 9§ (@), @7 (@) = o8 ().

2
Finally,
d)large(m) _ S(d - 1) ‘m|p+ﬁ*a.
a—p
We can easily see that C"/* (hence and C*"*/*) are equal to zero for every a € (0,2). Furthermore, given that ¢ €
[1/2,1], inequality (f4) is automatically satisfied for o > 1, thus, Lyapunov-type condition (B) holds with f(u) = Cupjw,
p—1+8 p+B—«

C < p¢, fora > 1,and with f(u) = Cu™ »  Inu, C < B(2¢(—1+)),fora = 1. Fora < 1, (B) holds with f(u) = Cu a

C <p(¢—3) — =2, if p satisfies the inequality

p>(1—2¢) — pa(l —2¢) —2(1 —a) > 0.

In each case, C was derived directly from (f4).

Discussion and conclusions

In this paper, we investigated the long-time behaviour of the process X, related to some integro-differential operator
with unbounded coefficients. Using the Lyapunov-type criterion, we found the conditions on the Lévy-type measure of the
process X ensuring its ergodicity in total variation norm; in particular, we showed that in the case of noise-induced ergodicity
the Lévy-type measure must be concentrated along the direction, collinear to the spatial coordinate x. The conditions were
given in terms of the coefficients of the process’s generator, making the results easily applicable in practice.
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HauioHanbHuM TexHiYHMIA yHiBepcuTeT YKkpaiHu “KuiBcbkuin nonitexHiyHumM iHCTUTYT iMeHi Iropsa Cikopcbkoro”, KuiB, YkpaiHa

EPrOAWYHICTb OEAKUX NPOLIECIB TUMY NEBI B R*

HocnidxeHo ep2oduyHicmb y noeHili eapiayii npoyecy X, noe’s3aHo20 3 desikuM iHMe2po-OughepeHyiliHUM ornepamopoM 3 Heo6MeXxeHUMU
KoegpiyiecHmamu, ma onucaHo weudkicmb 36ixHocmi Ao eidnoeidHol iHeapiaHmMHoI Mipu. IHwumu crnoeamu, npoyec Mapkoea € ep200u4YHUM,
AKWo icHye iHeapiaHmHa timogipHicHa mipa, do sikoi 36icaembcs A0po limogipHocmi nepexody eidnosidHozo npouyecy. ¥ makomy pa3si wieudkicmb
36ixHOCMi Hazueaembcs KoeghiyicHmom ep2odu4HOCMi; 8OHa gidizpae axusy posb y nodasnbWoMy 8u8YEeHHi aCUMNMOMUYHUX 8rlacmueocmeli,
30Kpema e Modeso8aHHI npouyecie, 064uUCIeHHI ixHix (pyHKUiOHanie, a maKoX y 2paHUYHUX meopeMax.

Ans doeedeHHs1 3acmocoeaHo kpumepili muny JlanyHoea, wjo Hazadye gidoMull 3 meopii 3eu4aliHux dughepeHyiasibHUX Pi6HsIHb Opyaull
memoa JlsanyHoea. Teopemu4Hi pe3ysibmamu npoinocmpoeaHo npuknadamu.

Knw4yoBi cnoBa: epz2oduyHicms, npoyec muny Jleei, kpumepili JlanyHoea, ¢pyHkyisi JlanyHoea.

ABTOp 3asBrnsie NPo BiACYTHICTb KOHMNIKTY iHTepeciB. CnoHcopu He Bpanu yyacTi B po3pobneHHi JocnimpKeHHs; y 300pi, aHanisi un
iHTepnperTauii 4aHUX; y HanucaHHi pykonucy; B piLLeHHi Npo ny6Gnikauilo pesynsraTis.
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