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EXTENDED UNIQUE FIXED POINT THEOREM IN COMPLETE QUASI-METRIC SPACE

The primary goal of this research is to present novel fixed point theorems within the framework of complete quasi-metric
spaces. Fixed point theory is a critical area connecting pure and applied mathematics. While classical results like the Banach
contraction principle are well-established in metric spaces, this paper extends these concepts to the more generalized quasi-
metric space, which lacks the symmetric condition of a standard metric space. We prove a unique fixed point theorem for
continuous mappings in a complete quasi-metric space under a newly defined, comprehensive contractive condition. This result
significantly generalizes and extends several existing fixed-point theorems in the literature. An example is provided to illustrate
the applicability of our findings. Our work contributes to the development of fixed point theory in asymmetric spaces, which
have applications in diverse fields such as shape-memory alloys and Hamilton - Jacobi equations.
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Introduction

Fixed point theory is a fascinating branch of mathematics with deep connections across pure and applied disciplines.
Its origins trace back to the early 20th century, notably with Banach’s pioneering work in 1922 on the Banach contraction
principle (Banach, 1922). This principle has wide-ranging applications in areas like differential and integral equations, metric
spaces, and numerical analysis. Inspired by this, many researchers have proven various fixed point theorems in different
mathematical spaces.

Following Banach, Kannan in 1968 (Kannan, 1968) and Chatterjea in 1972 (Chatteriea, 1972) introduced similar results
on metric spaces, which were later generalized for complete metric spaces by Jojar et al. (Jojar et al), 2022). A pivotal
development in the generalization of metric spaces was the introduction of quasi-metric spaces, also known as asymmetric
metric spaces (Wilson, 1931). These spaces are defined without the symmetric condition of a standard metric, making
them suitable for modeling phenomena where directional distance matters.

The relevance of quasi-metric spaces extends far beyond theoretical mathematics, finding numerous recent and sig-
nificant applications in both pure and applied domains. These applications include, but are not limited to, the modeling of
complex behaviors in shape-memory alloys (Mielke, & Roubicek, 2003), addressing questions of existence and uniqueness
in Hamilton-Jacobi equations (Mennucci, 2013), facilitating automated taxonomy construction (Woon, & Madnick, 2009),
providing robust models for material failure (Rieger, & Zimmer, 2009), and analyzing rate-independent models for plastic-
ity (Mainik, & Mielke, 2005). The utility of fixed point theorems in these contexts often lies in proving the existence and
uniqueness of solutions to equations that arise from such models.

This research article aims to further advance fixed point theory by establishing new fixed point theorems for continuous
mappings in complete quasi-metric spaces. Our results introduce a novel contractive condition that extends and generalizes
several well-known existing results in the literature. We provide a suitable example to demonstrate the applicability of our
findings. This work contributes to the theoretical understanding of fixed points in asymmetric spaces and their potential use
in various scientific and engineering problems.

1. Preliminaries
In this section, we introduce some basic definitions and an example that will be used further.
Definition 1. (Wilson, 1931)): Let X be a nonempty setand let d : X x X — [0,00) be a function satisfying the following
conditions:
1. d(z,y) =dy,z) =0 = z=1y;
2. d(z,y) < d(z,z) +d(z,y) Vz,y,z € X.

Then, d is called quasi-metric (or g-metric) on X and the ordered pair (X, d) is called a quasi-metric space.
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Example. (Ayoob, Chuan, & Miaiki, 2023) An example of a quasi-metric space is a circle, where the distance d between
two points A & B on the circle is defined as the length of the shortest arc measured in a clockwise direction.

Definition 2. (Uleli, & Samet, 2018) A sequence {z,} in a quasi-metric space (X,d) is said to be g-convergent to z if
limnso0d(Tn, 2) = 0 = limn0d(z, zn). Here, z is the g-limit point of a sequence {xz, }.
Definition 3. (Uleli, & Samel, 2018) A sequence {x, } in a quasi-metric space (X, d) is said to be Cauchy sequence if for a
given e > 0, there exists a ng € N such that for all m,n > no,

d(Tn,xm) < €0rd(Tm,zn) < €.

Definition 4. (Wilson, 1931) A quasi-metric space (X, d) is considered complete if every Cauchy sequence in X converges
to a pointin X.

Definition 5. (Banach, 1922) Let (X, d) be a metric space and let f : X — X be a function. Then a point x € X is a fixed
point of f if f(z) = «.

2. Main Results

In this section, we establish some fixed point theorems for continuous mappings in a complete quasi-metric space. Our
results extend and generalize some well-known existing results in the literature in (Banach, 1922; Chatterjea, 1972; Jojar
et al), 2022; Kannan, 1968; Mittal et al., 2023).

Theorem 1. Let (X, d) be a complete quasi-metric space and T : X — X be a continuous self-mapping satisfying the
condition

d(Tz, Ty) < ard(z,y) + azld(z, Tx) + d(y, Ty)] + as[d(z, Ty) + d(y, Tz)]+ (1

d(z,y)d(z, Ty) ] tas {d(% Ty)(1 + d(z, Tw))} tas [ d(z, Ty)d(y, Ty)
d(z,y) + d(y, Ty) 1+d(z,y) d(z,y) + d(y, Ty)

forall z,y € X,a1,a2,as,a4,a5,a¢ = 0 and a1 + 2a2 + 2a3 + a4 + as + ag < 1. Thus, T has a unique fixed point in X.

+aq

Proof. Let zp € X be an arbitrary element in X and define an iterative sequence as
x1 =Tx0, 20 =T = T2m0, oy =Txn_1 =T"x0
for all n € N. Then

d(z1,22) = d(Txo, Tx1) <
< a1d(zo, 1) + az[d(zo, Txo) + d(x1,Tz1)] + asld(xo, Tx1) + d(x1, Tzo)]+
d(xo,z1)d(x0, T21) } tas [d(:cl,Txl)(l —|—d(xo,T:ro))} tas [ d(xo, Tz1)d(x1, T1) } _
d(zo,z1) + d(z1, Tx1) 1+ d(zo, 1) d(zo,z1) + d(z1, Tx1)
= a1d(wo, 1) + az[d(xo, 1) + d(x1, 22)] + as[d(zo, z2) + d(z1,z1)]+
d(zo,z1)d(zo, x2) ] +as |:d(l‘171‘2)(1 +d(xo7x1))} ta { d(zo,x2)d(z1,x2) } o
d(zo,z1) + d(z1, z2) 1+ d(zo,z1) d(zo, 1) + d(x1,T2)
< a1d(zo, z1) + a2d(zo, 1) + asd(z1, x2) + as[d(zo, z1) + d(x1, x2)] + aad(x0, 1) + asd(z1, x2) + asd(z1, 22) =
= [a1 + a2 + a3 + aa]d(wo, z1) + [a2 + a3 + as + ae]d(z1, 2).

+aq [

+ay [

Therefore, [1 — (a2 + as + as + ag)]d(x1,22) < [a1 + a2 + as + a4]d(zo, x1). This implies

d(z1,22) < [ a1+ G2 + a3 F G4 } d(xo,x1).

1— (a2 4+ az + as + as)
Let

k= a1+ a2 +as +aq
1—(az+as+as+ae)]’

Then, d(z1,z2) < kd(zo,z1). Similarly,
d(l‘g,xg) < k2d($07561)7 d(I3,$4) < kgd(:c07:c1).

Proceeding like this we get for any positive integer n, d(zn, xnt1) < k"d(zo, 21).
Now, if p is any positive integer,

d(ﬂ:nalﬁH—P) < d(-’rn7 -’1777.-‘(-1) + d(xn-‘rly xn+2) + -+ d(xn_'.p_l,mn-‘rp) <
<k d(zo, 1) + k" d(zo, z1) + - + K" (2o, 1) =
= K" (Lt k+ -+ kP d(z0,21) <

k™ k"
< L — k] d(zo,z1) < {m} d(xo, Txo).
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Since a1 + 2a2 + 2as + a4 + as + as < 1, then 0 < k < 1. So, d(zn, Tntp) — 0@s n — oco. Therefore, {z,} is a Cauchy
sequence. As X is a complete quasi-metric space, we have

lim z, =p e X.
n— o0
Since T is continuous, lim,,_,c T, = T'p = liMy 00 Txny1 = Tp. Thus,
Tp =p.

Hence, p is a fixed point of T'.
Uniqueness: If p € X is a fixed point of 7. Then by Equation (fi])

d(p,p) = d(T'p, Tp) <
< a1d(p, p) + a2[d(p, Tp) + d(p, T'p)] + as[d(p, Tp) + d(p, Tp)|+

tay d(p,p)d(nTp))} e [d(p7Tp)(1+d(p7Tp))}+a {d(nTp)d(p,Tp)

d(p,p) +d(p, Tp 1+d(p,p) d(p,p) +d(p,Tp) | ~
< [al + 2a2 + 2a3 + % +as + %] d(p, p).

Since a1 + 2a2 + 2a3 + % +as + %2 < 1and d(p,p) > 0, we have d(p,p) = 0. Thus, d(p,p) = 0if p is a fixed point of
T. Suppose that p and ¢ are two fixed points of T' (p # q); thatis, p = Tp and ¢ = Tq. We have
d(p,q) = d(Tp,Tq) <
< a1d(p, q) + az2[d(p, Tp) + d(q, Tq)] + as[d(p, Tq) + d(q, Tp)]+

tas d(p, q)d(p, Tq) } 1+ as {d(%Tq)(l + d(p, Tp))] L as { d(p, Tq)d(q, Tq)
d(p,q) +d(q,Tq) 1+ d(p,q) d(p,q) +d(q,Tq) |
d(p,q) < [a1 + a3 + adld(p, q) + asd(g, p). )
Similarly,
d(q,p) < [a1 + a3 + ald(g, p) + asd(p, q). 3)

Subtracting equation (§) from (B)), we get

|d(p, q) — d(q,p)| < |a1 + aa||d(p, q) — d(q,p)|-

Since, |a1 + as] < 1, we have |d(p, ¢) — d(g,p)| = 0. This implies

d(p, q) = d(q,p)- (4)
Putting equation (#) in (8), we get
d(p, q) < [a1 + a3 + ad]d(p, q).
Since, 0 < a1 + a3 + a4 < 1, we have d(p, ¢) = 0. Similarly, d(q,p) = 0. Hence, p = q. O

Example. Let X = R with g-metric defined by

0 ifz=y
d(z,y) = {m2 oty Vo, y € X

1

and let T : X — X such that Tz = £ be a continuous self-mapping. Suppose a1 = %, a2 = &, a3 = &5, as = &=, as = 55,

as = % then T satisfies all the conditions of Theorem fi], and = = 0 is the unique fixed point of 7" in X.
Remark 1. In Theorem i,

1. Ifaz = a3 = a4 = a5 = as = 0, then it extends the result of (Banach, 1922).

2. If a1 = a2 = a4 = a5 = as = 0, then it extends the result of (Chatterjea, 1972).

3. If a1 = a1 = a5 = as = 0, then it extends the result of (Jojar et al., 2022).

4. If a1 = a3 = a4 = a5 = as = 0, then it extends the result of (Kannan, 1968).

5. If as = 0, then it extends the result of (Mittal et al., 2023).

Discussions and conclusion

In this paper, we proved a unique fixed point theorem for continuous self-mappings on complete quasi-metric spaces.

The result is based on a generalized contraction condition involving several distance terms and extends classical fixed point
theorems such as those by Banach, Kannan, and Chatterjea. Unlike many earlier results, our theorem does not require
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additional structures like convexity or dislocation. An example was also given to support the main result. We hope this work
will be useful for further studies in fixed point theory on asymmetric spaces.

Authors’ contribution: Anurag — conceptualization, methodology, validation, formal analysis, original draft preparation; Aparna, Vyas
— conceptualization, formal analysis, original draft preparation; Gibak, Kim — review and editing.
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YHiBepcuteT CyHcinb, Ceyn, Pecny6nika Kopes

PO3LUIUPEHA TEOPEMA MNMPO €AUHY HEPYXOMY TOYKY B MOBHOMY KBA3IMETPUYHOMY MNMPOCTOPI

OcHoeHoto Memoto AocnidXKeHHs1 € NpedcmaesieHHs HO8UX MeopeM MpPo HePyXOMy MOYKY 8 MOBHUX KealiMmempuyHuUx npocmopax. Teopis
HepyxoMUX IMOYOK € 8aX/1UOI0 2aJly3310, W0 NoeGHye meopemuyHy ma npuknadHy mamemamuky. Xo4a Knacu4Hi pesynbmamu, maki sik npuHyun
cmuckanbHux eidob6paxeHb baHaxa, do6pe gidomi Onsi Mempu4HUX npocmopie, y yili po6omi 3a3Ha4eHi KOHUenuyii Nowuproromscst Ha 6inbw
3aeanbHuUll kKeasiMmempuyHul MPocmip, wio He 3a0080JILHSIE CUMEMPUYHY yMO8Y CmaHdapmHo20 Mempu4YHo20 npocmopy. Mu doeodumo meopemy
npo eOUHy HepyxoMy MoYKy Orisi HeriepepeHuUXx 8idob6paxKeHb y MOBHOMY Kea3iMempu4YHOMY MPocmopi 3a HOB08U3HAYEHOIO, y3a2aslbHEeHOI YMOBOH
cmuckaHHs. Ljeli pesynbmam cymmeeo y3a2asibHI0€ Mma po3WUuUproe HU3Ky 8iGoMux meopem rpo Hepyxomi moyku, 3zadaHux y nimepamypi. Ans
inrocmpauii 3acmocoeHocmi Hawux pe3ysnbmamie HagedeHo npuknad. Hawa po6oma po6umb HECOK y PO38UIMOK Meopii HePyXOMUX MOYOK &
acumMempu4HUX Npocmopax, siki 3Haxo0simb 3acmocyeaHHs1 y Pi3HUX 2aJly3siX, 30Kkpema 8 AoclidxeHHi cnnasie 3 egpekmom nam’ssmi gpopmu ma
pieHsiHHAX amMinbmoHa - 5IkoGi.

Knw4yoBi cnoBa: Hepyxoma moyka, cmuckasbHe eidob6paxeHHs, NoeHuli Mempu4HuUli Npocmip, NoeHull KeaziMmempuyHuUli npocmip.

ABTOpYU 3asBNSAOTb NPO BIACYTHICTb KOHMMIKTY iHTepeciB. CnoHcopu He Gpanu yyacTi B po3pobneHHi gocnigkeHHs; y 36opi, aHanisi
4u iHTepnpeTaLii 4aHuX; Y HanucaHHi pykonucy; B pilleHHi Npo ny6nikauito pesynsraTis.
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