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BOUNDS SIMULATION FOR FLUID FLOW MODEL OF THE SECOND ORDER

This paper presents an approximation formula for the conditional cumulative distribution function of the maximum of a
Brownian bridge with a given minimum. The formula enables us to develop an algorithm that generates the minimum and the
upper bound of the maximum for a Brownian bridge trajectory. Thus, we can determine the simulation procedure for the upper and
lower limits of a second-order fluid flow model. The demonstration of the results of the algorithm for a specific set of parameters
is given. The extrema empirical distributions obtained using the sequential discretisation method and the approximate quantile
method are compared. The possibility of sampling points in the middle of intervals, as well as choosing one of the subintervals
at which the minimum is achieved, is considered.
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Introduction

Fluid models can be considered as a special class of Markov additive processes that allow the study of inhomogeneous
dynamics. The parameters are assumed to depend on the state of the external environment, which can be described in
terms of a finite Markov chain. Two main types of fluid models are recognized: first- and second-order. The first-order
models imply piecewise linear paths that change direction at the transition moments of the environment, or regime-switching
moments. A detailed list of references on the applications of these models in various fields, as well as an overview of known
extensions, can be found in (Latouche, & Nguyen, 2018). Such models are appropriate if the system characteristics can be
completely determined by first moments. The second-order model emerges when controlling the first and second moments
of the rates of change is necessary (cf. (Karandikar, & Kulkarni, 1995)). This model evolve like a Brownian motion, but the
drift and volatility depend on the environment state. It is also referred to as Markov-modulated Brownian motion (see, for
example, (Latouche, 2025)).

Fluid models are versatile enough to represent a variety of phenomena while remaining analytically tractable. A matrix-
analytical framework has been developed for them. Within this framework, many probabilistic characteristics (at least in
terms of some integral transform like the Laplace transform) can be expressed in explicit form as a function of solutions to a
certain quadratic matrix equation (see, for example, (Ahn, & Meini, 2019)). The framework stays relevant for some exten-
sions like models with phase-type jumps (see, e.g., (Breuel, 2010a; D’Auria et al., 2010)), models with barriers ((lvanovs,
2010; Breuer, 2010b; Horvath, & Telek, 2017), to name just a few), and with the level dependent evolution (see (Almousa,
Horvath, & Telek, 2020) and the references therein).

Including jumps in the model whose distribution differs from the phase-type distribution (or, more generally, from a dis-
tribution with a rational characteristic function) significantly complicates the possibility of obtaining an explicit solution. The
problem of establishing effective numerical procedures becomes apparent in this case. One direct approach is to use the
Monte Carlo method. Rather than trying to derive analytical expressions for probabilistic characteristics, we can generate
a large enough number of paths to get the empirical distribution of the characteristic of interest. Under the assumption
that the jump part is independent of the diffusion part, the main issue will be related to the latter (sample paths of it are
infinite dimensional random elements). For a general overview of the issue see, e.g., (Pollock, 2013). Using a discreti-
sation scheme (simulating from the finite dimensional distributions) introduces the bias to the Monte Carlo estimator. To
overcome this issue, (Beskos, Peluchetti, & Roberts, 2012) presented the e-strong algorithm, a rejection sampling method
for constructing upper and lower Brownian path boundaries. This method allows for unbiased Monte Carlo estimators over
path expectations. For an extension to the case of jump diffusion, see (Pollock, Johansen, & Roberts, 2016). For some
alternative approaches, see, for instance, (Gribaudo, lacono, & Manini, 2021), (D’Onofrio, & Lanteri, 2023), (Herrmann, &
Massin, 2023), and the references therein.

The e-strong algorithm involves iterative use of the rejection method at all steps, including the initialization one. At
this step, it was proposed to select from an increasing sequence of nested space intervals the one (the so-called Bessel
layer) that contains the entire trajectory at a given time interval (for more details, see (Pollock, Johansen, & Roberts, 2016,
Section 7.1)). In this paper, we present and justify an algorithm for modeling upper and lower bounds using the inversion
method. Specifically, we propose to simulate the endpoints of a path over each time interval with the minimum and an
upper bound of the maximum (cf. (Pollock, Johansen, & Roberts, 2016, Section 7.2)). The possibility of midpoint values
simulation with subsequent inclusion of refinement and bisection steps of the e-strong algorithm for certain subintervals is
also discussed. This can provide enhanced control over path behavior on the corresponding interval. Thus, the proposed
algorithm complements the existing range of diffusion modeling methods.

This paper is structured as follows. In Section [il, we provide the definition of the second-order fluid model. Section P
contains an in-depth discussion of the modeling methods employed. In Section §, we present a monotonic sequence that
approximates the conditional cdf of the Brownian bridge maximum with given minimum from below. We use this sequence
to justify the algorithm for modeling the minimum and an upper bound of the maximum. An example for comparison with
the results obtained by the standard discretization method is provided. Section f is devoted to discussing the possibility

ISSN 1812-5409 (Print), ISSN 2218-2055 (Online) © Karnaukh levgen, 2026



~ 44 ~ B 1 CH MUK Kuiecbkoro HauioHanbHoro yHisepcurety imeHi Tapaca LleBueHka

of modeling midpoint values in order to clarify the behavior of the trajectory on subintervals. Finally, Section § describes
the simulation procedure that combines the steps of constructing a path envelope with endpoints and midpoints, taking
regime-switching into account.

1. The model

Let J = {J:,¢t > 0} be a homogeneous irreducible Markov chain with right continuous sample paths and finite state
space £ = {1, ..., N}. Denote by Q = ||Qi;||7 ;=1 the rate transition matrix and by = = (7, ... 7n) the invariant distribution.
For certainty, we assume that = is also the initial distribution of the chain. J is usually referred to as a phase or regime
process, and J; can be interpreted as the environment state at the moment ¢. The environment controls the flow parameters:
a; € R (drift) and o7 > 0 (volatility), s € E. The model will be of the second order if 3i € E: o7 > 0, and if Vi € E: 07 = 0,
we get the first order model.

Let W = {W(¢t),¢t > 0} be a Wiener process. We assume that J and W are mutually independent. The fluid level
process is defined as

t t
Xt:Xo+/ aJsds+/ o5, dW,
0 0

where X is the initial level. That is, X follows a Brownian motion in between any two jumps of J. The process {X, J} is
called a fluid flow process, and it is a special case of Markov additive processes (see, for example, (Cinlar, 1972)).

The simulation of J is straightforward. We begin with a randomly selected initial state according to the initial distribution,
say Jo = j. The time J spends in the state is exponentially distributed with rate —@Q;;. Then, sample the next state from
the distribution %J” 1 # 7, and generate independently the next inter-transition time, etc.

In between transitions, X is a pure diffusion. We can split the time interval, say, into 2" parts, m € N, and simulate the
sample path at each point of partition iteratively. This discretization scheme does not sufficiently characterize the simulated
sample paths. A path’s entry into a region cannot be accurately determined simply by examining its position at a limited
number of points. To gain more control over the path behavior within the partition interval, it can be helpful to get upper
and lower bounds. Since we fix the initial and terminal values, the Brownian motion is actually a Brownian bridge. Although
there is an analytical expression for the joint distribution of the minimum and maximum, it is represented in terms of an
infinite series, which complicates the simulation. In the next section, we consider some versions of two basic techniques to
simulate a random variable, namely, quantile transformation and the accept-reject method (see, e.g., (Brandimarte, 2014,
Chapter 5) or (Owen, 2013, Chapter 4)), which can be useful for overcoming complications.

2. Simulation methods
Let g (z) be a nonnegative function with [* g (z)dx = ¢, < co. Assume that we can simulate a random variable

C(~g(x) = ig (z), but we need to simulate a random variable ¢ ~ f (z) with

f(@)e<p(z)g(z),
where p (x) is the probability of an event which we only know up to the alternate sequence:
p2(z) <pa(z) <...<pan—2(2) <p2n (@) < ... <p(2) <o < p2atr (@) <p2n—1(2) < ... <1 (2),
nIme pan (z) = p(z) = nlL)mOO pan—1 (x), Vo € R.

Assume p_; () = 1 and po (z) = 0. In this case we can use the following accept-reject algorithm with squeezing (see, for
instance, (Pollock, 2013, Algorithm 2.6.1)).

1. Setn = 1. Simulate independently » ~ Uniform (0,1) and ¢ ~ g (z).

2. If n > p» (€), then back to Step 1 (reject ¢). If not, go further.

3. If n < pny1 (€), then put £ = ¢ and stop (accept ¢). If not, increase n by 1 and go to Step 2.
Proposition 1. Random variable £ obtained by the accept-reject algorithm with squeezing, has probability density function

1.

Let v be the number of steps we need to simulate a sample from f of size one. Then forn > 2

q
Pr{v=n}= Z H Rog;—1 A2k, 4, (1)
q,kl,...,kzq.H eN: i=1
q < n,n—qliseven,
S k= (n—q)/2

where | e
Rop—1 = — (P2r—3 (2) A1 — pa—1 (2) A1) G (2) dz,
g — 00
1 e -
Aoy = ; (ka (Z) V0 — pak—2 (Z) \Y O) g (Z) dz,
g —o0

xVy:=max{z,y}, zAy:=min{z,y}.
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Proof. Denote f(m) =p(x)g(z)and cy = ffooo f(:c) dz. Using the total probability law and independence of n and ¢ we
get

Pr{¢ <z} = Pr{¢ < z|¢ is accepted} Pr {C is accepted} + Pr{¢ < z|( is rejected} Pr{( is rejected} =
= Pr{¢ < z|¢ is accepted} Pr {¢ is accepted} + Pr{¢ < z} Pr{( is rejected} =
= Pr{¢ <z, is accepted} + Pr{¢ < z} Pr{C is rejected} . (2)

From the algorithm

Pr{Cisrejected} =Pr{3k e N:n > par_1({)} =Pr{n>p(()} = Pr{n > f(C)} =E {E []1{ (O}] |§] =
1250

70
R 1 B e 1O JN )
‘E{l g(q)]‘l L GrIBdE=1=

and

[~

Pr{¢ < z,( is accepted} = E [E {11{4@}11{ Egg}] IC] =E [n{cq}%} _ /j‘ g((z))g(z) dz = %[z f(2)dz.

Substitution in (@) yields Pr{¢ < 2} = [ _ f(2)dz. Thus, £ ~ f ().
To get (fll) just note that

n<

|

Q|

Agr, = Pr{(is accepted in 2k steps} = Pr{pax—2 ({) <1 < p2r ({)},

Rai—1 = Pr{(is rejected in 2k — 1 steps} = Pr{par—1 (¢) <1 < p2r—3({)}.
O
From a practical point of view, the use of formula (f) to estimate the complexity of the algorithm may require consid-
erable analytical effort. In accordance with the algorithm, we will check within the loop whether a proposal falls within the
acceptance or rejection region. One way to control the execution time of the loop is to impose a maximum number of steps.
Consequently, it would be suitable to consider the probability that the check of the proposal will require no more steps than

the pre-established limit.
FiX nmae: € N and denote the events

H = {Check of the proposal takes more than 1., steps},S = H,

A = {The proposal is accepted} , R = A.
For concise notation, we will use Pr as the probability of event E and P4g as Pr(AN B).

Proposition 2. Let v be the number of proposal checks that take more than n.,... steps. Then

. Pas - Prg \™'  PaPy
Pr{iz=0'=-—"2_ Pr{p= = ,m e N. 3
(7= 0p = T2, Prip—m) = () T m 3)

Proof. Event {v = 0} corresponds to the case when all checks take less than or equal to 1,4, steps. So,

Pas

k=0

Conditioning on whether the last step of acceptance take more than n,,,.. steps and on the number of preceding rejections,
we have

Pr{v =m}=Pan »_ Cr 'Pas""'Ppi'+Pas > Ci'Prs™Piy.

k=m-—1 k=m
Since W = Z;o:m C}’Tpggm we get
Pr {5 = m} = LAnPRE PasPRy ( Pru )’"‘1 (PAH (1— Prs) + PASPRH)
(1= Prs)™ * (1 — Prs)™"! 1 = Prs (1~ Prs) .

The observation that Pax (1 — Prs) + PasPru = PaPr completes the proof.
O

Remark 1. From Proposition B we have that the distribution of  is the mixture (with parameter 15‘;1?5) of the distribution

concentrated at 0 and the geometric distribution Geom (1 — :’}Dgs ) . This is to be expected as we wait for a particular event
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to occur in successive independent experiments and count only those that meet the given criteria. From () we deduce

-2
e () G-y

A (1 — Prs)® Py

This result can be obtained as a consequence of Wald’s equality and the representation 7 = -7 | X;, where « is the number
of proposals we need to generate ¢~ f(z)and {X;};°, arei.i.d. indicators of event A. From the proof of Proposition fil the
probability of acceptance is --. The number of proposals that we must make before one is accepted has the distribution

Geom ( and the expected number of proposals is C‘? . We count only the proposals that require complex verification

which can happen with the probability
Pr= [ s ()3 (2)
Cyg

where

0 (2) Lp()>13 + P (2) Lipu <1y = Po-1 (2) Ly, o)5g),  misodd,

n(2) = .
ﬂ{pn_l(z)>1} + pn—1(2) ﬂ{pn_1<z)<1} —pn (2) Ugp, ()50}, N iSeven.

Thus, the expected number of such proposals is

25 dnan (2) 3 (2) d2
I5.p(2)g(z)dz

Assuming that n.,... is even and large enough (such that p,,,.. () > 0and p,,,..—1 (2) < 1) we get the upper estimate

Ev=

Ev <

~1 4)

S e Prmas—1(2) 3 (2) dz
S 2o Primas (2) §(2) dz
Now, consider the following modification of the quantile transformation method. Let ¢ be a random variable with strictly

monotonic continuous cdf F' (z) = Pr{¢ < z}. The exact formula for F' (x) is not known. We can only approximate it from
below by F,, (z): F, (z) < F (), F, (z) is strictly monotone and continuous on the set of nonnegative values of F,, and

im0 Fr (z) = F (2), Yz € R. Define F, (z) = Fy, () L(r, ()50} () and F;* (z) = inf {y cF,(y) > u}, then Vz € R:
F, (z) 1 F(z)and Vy > 0: Fi;! (y) | F~' (y) (see Fig. fil). Therefore, the following statement holds.

Lemma 1. Letn ~ Uniform (0,1) and put &, = Ft (n). Then the sequence {¢,}.. , converges almost surely to a
random variable with cdf F.

F,(x)

¢ | & z

Fig. 1. Upper bound simulation for ¢

Lemma [i] justifies the quantile method of modeling an upper bound that monotonically approaches a random variable &
inthe case when its cumulative distribution function is known to W|th|n an approximating sequence. The exact representation
for ;! (z) is the exception rather than the rule. To find &, = E,; ' (1), we will use a numeric procedure for solving the
nonlinear equation (e.g., the van Wijngaarden-Dekker-Brent method (Forsythe, Malcolm, & Moler, 1977, Section 7.2)). In
this case, we need to be careful that we are trying to approach the solution from above.

3. Simulation of the minimum and an upper bound of the maximum for a Brownian bridge
Let {Bz,,y (t),t € [0,1]} be the Brownian bridge process with value € R at 0 and value y € R at! > 0. Since

t l—t

ISSN 1728-3817



DI3BUKO-MATEMATUYHI HAYKMW. 1(82)/2026 ~ 47 ~

we have that the event that the Brownian bridge stays in an interval corresponds to the event that a Wiener process does
not cross linear boundaries (for more details see (Casella, & Roberts, 2008, Appendix 1)):

(y—u)t+(z—u) (v—y)t+(v—2z)
\ﬂ < Wi < \ﬂ

Set B, ,, = infiejo,) Bz 1,y (t) and B;l’y = SUP,¢ (o, Bz,i.y (t). Then from (Beskos, Peluchetti, & Roberts, 2012, (4.3)) we
get

Pr{u<Bz,l,y(t)<v,we[o,z]}:Pr{— ,Vte[o,l]}.

Pr {B;l,y > u, B;L’Ly < v} = (1 — Z Hy, (l,v—u,z —u,y — u)) Liuca,y<v}s (5)
n=1
where . . ~ B
H,([,AJA;,Ay)=e D +e7% —e™h —e™2 A>A;, A, >0,
with 9 )
g = Y(HA—Ax)(nA—Ay),(E =7 ((n=1DA+A:) ((n=1) A+ Ay),
_  2nA _  2nA

As a consequence, we can get the marginal cdfs (see also (Doob, 1949, (4.2)))

. + .
Baiy 1 otherwise, ~ Be.iy 0 otherwise,

—2(z—u)(y—u —2(v—z)(v—
P (u)—{e 7 (z—u)(y )7 u<z,y, F (u)—{l—e 7 (v—2)( y)7 v >,y

and expectations

_ [l (@=w? sVy—x Ay
EBz,l,y :x/\yf ge 2l erfc (T) 5

[l (@=v)? TVy—x Ay
EBf,, =zVy+ et erfc (7 ,
Wy Y 8 /a1

where erfc (z) = 1 — \/gfoz et dt is the complementary error function. Each addend of H,, (I,v — u,x — u,y — u) is

monotone in u, and from (Jones, 2001, Ch. 16, Sec C) we can use term-wise differentiation of the series in (), which gives
the following statement.

Proposition 3. The conditional cdf of the Brownian bridge maximum with given minimum v < x can be represented as the
series
ﬁgfleGn(lw—u,w—u,y—U% v=zTVy,
F_+ (U) = Bty

ot Pay = 0 v<zVy
9

where f,—  (u) is the pdf of minimum, and

z,l,y

+ + - -
Gn (laAaszAy) = 67q1 pf + 67(]2 p; - 6*41 p; - 67q2 p;a A 2 Az»Ay > Oa

with
2(n—1 2
pr =20 gnaa,a) p = e -nAa A +A,),
b= @A+ AL = A p7 = T 2nA+ A, - Ad).
Theorem 1. Function F, (v) = F, (I, z,y,u,v) = ﬁ > Gn (v —u,x —u,y — u) Diysavyy IS continuous and
x,l,y .
strictly monotone on the set on which it is non-negative. Moreover, Fy, (v) 1 FB;,,yI BI, = (v) asm — oo.

Proof. Fixn > 2,1 > 0,A, > 0,A, > 0, then the function G, can be considered as a linear combination of functions of
the following type f (A) = e~ *®)p (A) with ¢ (A) = (aA + b1) (aA + ba), p(A) = kA +m, a >0,k >0, A > A, where
A := max {0, b b —ﬂ}. For the derivative, we have the representation

a a’ k
F(8) = ™ (= (A) p(A) + 5 (A)) = e 1) (—a(ad + by +al + ba) (kA +m) + k).

Since 0 < (aA + b1 + aA +b2) (kA +m) T +o0 as A T 400, we have only the two possible cases for behavior of f. If
f (A) > 0, then f firstincreases to some point A* > A (the corresponding values of A* for each term of G, are VitBs+Ay

2n ’
ﬁ;@jf”, ‘ﬁ_éz‘%”, and ‘m'g;_A”), and then monotonically approaches 0. If f’ (A) < 0, then f monotonically

approaches 0 from the starting point (see Fig. B).
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f (A) >0 1a) 7 (A) <0

0 AA* 0 A

Fig. 2. Cases of possible behavior of e~ 2(2)p (A)

Since ¢ < ¢y and ¢ < ¢3, e’qu + e’q;p2 tends to 0 more slowly than e~%1 p; + e~ 9% p; . Hence, G, starting
from some A, WI|| be positive monotonically decreasing to 0 (see the top right graph in Fig. B), and this A,, will decrease
monotonically in n (the bottom left graph in Fig. B).

Ifn =1,thene % p; and e*q’;p; show the similar behavior as shown in Fig. B. While e=% pi and e~ p; are constant

in A. More precisely, e‘qfrpl+ e Py In=1,A=0—u,Ap=z—u,Ay—y—u = fB , (u). The term G, as function of A starts from

the non-positive value (for certainty, let A, < A, then G1 (I, Ay, Az, Ay) = ‘7(2% =)2 7 (3Ay — Ag) <0), reaches
zero at some pomt Al, and then monotonlcally approaches fo ( ). So, the sum "7 | G is continuous and, starting

ehpy +etpy

o+ ot +
e~ pf +e % p]

A, A

0
N

Fig. 3. Behaviorof 3~ | G; withi =2,A; =0.1,A, =0.2

O

Combining Lemma [i] with Theorem [i gives us the following modified quantile transformation method for modeling the
minimum and an upper bound of the maximum. Let F,;' be the inverse function of F,,, restricted to the set {v : F},, (v) > 0}
and (1, (2 are independent Unifom (0, 1)-distributed random variables. Define £ = F}; (¢1) and nm = Ent (G2) |u=es

x,l,y

then n,, > n and

GQ<F__ (n) o by

z,l,y

Pr{§<r717m<q}:E]l{ }Fm(q)|u e 41) / F () lu=zfp- (2)dz.

By Lebesgue’s dominated convergence theorem

(@) fp- (2)dz=Pr{B,,, <rBf <q}.

le‘B’fwl,y:z x,l,y

Pr{§<rnm<q}—>/ Fyet
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Example. Just to illustrate, we fixed x = 2.1, y = 2.2, I = 1, and simulated 100000 of Brownian bridge trajectories using
standard discrete-time approximation. Namely, we simulate a Wiener process path {Wti}?;nl at points ¢, = 2’—1, m = 12,
and calculate B,y (ti) = x4+ 5 (y — ) + Wi, — %W, i = T, m. The points (Mini<i<om By (i), MaXi<i<om Boy (ti))
determined for each trajectory are presented in Fig. 4 (on the left). The contours in Fig. @ are constructed based on the
approximation of the joint density of the minimum and maximum, obtained as the sum of the derivatives with respect to u
and v of the first 30 terms in (). The graph on the right in Fig. ] shows the results of 100000 simulations using the modified
quantile transformation. To find £, (¢2) |.=¢, we used the van Wijngaarden-Dekker-Brent method, iteratively increasing m
to no more than 50, until the difference between successive solutions became less than 10~8. The sample and theoretical

values of the expectations, together with the 0.025 and 0.975 quantiles, rounded to 6 significant figures, are shown in Tab. fl.

v (2

ol @ | D

u u
0 zVy 0 TVy

Fig. 4. Generated minimum and maximum of the Brownian bridge using sequential discrete-time simulation (left) and the
approximate quantile method (right)

Table 1

Estimates and exact values of the mean and quantiles for extrema
Minimum B, | Maximum B,

Theoretical Mean

152037

277963

Theoretical Quantiles

(0.790978, 2.02688)

(2.27312, 3.50902)

Discrete-time
approximation

Quantile transform
approximation

Discrete-time
approximation

Quantile transform
approximation

1.52782
(0.795669, 2.03636)

1.52104
(0.799451, 2.02684)

2.76925
(2.26324, 3.50005)

2.78048
(2.2754, 3.50600)

Sample Mean
Sample Quantiles

In general, the discrete-time approximation gives us an overestimate for the mini&num and underestimate for the max-
imum. To demonstrate, we simulated 1000 Brownian bridge paths at points {ti}le, found the average values for the

minimum and maximum, and repeated this process 150 times. Similar steps were performed for the quantile transforma-
tion. The smooth kernel density estimates for the resulting data are shown in Fig. B.

Minimum Maximum
[
1
]
I
I
1
1
/)
/
ra \s
Theoretical Theoretical
mean mean

Fig. 5. Kernel-smoothed empirical marginal distributions for the average of minimum (left) and maximum (right) using
sequential discrete-time simulation (dashed lines) and the approximate quantile method (solid lines)

Remark 2. ltis possible to apply the considered algorithm to model Brownian motion with drift « and volatility o%. To do so,
substitute lo? instead of I in the obtained relations (see, e.g. (Metwally, & Atiya, 2002, Section I1)). According to Girsanov’s
theorem, the value of the drift is not essential (Beskos, Peluchetti, & Roberts, 2012, Section 6.1).

Example. Leta = —1, ¢ = v/5. We split the interval [0, 1] into 80 subintervals of the same length and start from = = 2. Fig.
B shows sampled points of a Brownian motion path with corresponding lower and upper bounds.

The first passage time to the level 0 has an inverse Gaussian distribution (see, e.g., (Karatzas, & Shreve, 1998, Ch. 3,
(5.12))) and the probability of crossing this level on the interval [0, 1] up to 6 digits is 0.527339. We did a series of 1000
runs. In each run, we simulated 500 times the points and bounds on the interval [0, 1], which was divided uniformly into 200
subintervals. We then determined the average number of times a path crossed the zero level. The empirical distribution of
these averages is shown in Fig. [d, (a). The total average for all runs was 0.527874 and the empirical 0.025, 0.5, and 0.975
quantiles were 0.482, 0.528, and 0.568, respectively.
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Fig. 6. Simulated path points of the Brownian motion with drift « = —1 and volatility c = /5

For a series of 50000 simulations, we recorded the value of the left boundary of the subinterval on which the crossing
happened. Fig. [, (b) shows the corresponding histogram and the conditional pdf of the first passage time through level 0,
given that the crossing occurred within [0, 1]. Given the specified parameter values, and despite the potential for bias, the
estimated outcomes appear to be reasonable. For a method of direct and exact simulation of the first-passage time, the
reader can refer to (Herrmann, & Zucca, 2019). This method avoids simulating the full path, introduces no approximation
error (only statistical error), and does not restrict the first passage time to be within a fixed time interval.

0.482 0.528 0.568
(a) (b)

Fig. 7. (a) Kernel-smoothed empirical distribution for the average number of times trajectories cross zero level. (b) Histogram
of an approximation of the first passage time and its conditional pdf (solid line)

4. Midpoint simulation

To further detail the trajectory behavior in the interval, we can adapt the idea of the e-strong algorithm from (Beskos,
Peluchetti, & Roberts, 2012). After defining the boundaries, the next step is to determine the position at the middle of the
interval. The modeling routine can be justified using the following consequence of (Beskos, Peluchetti, & Roberts, 2012,
Proposition 5.1).

Lemma 2. The conditional pdf fmia (z) of Bo,y (L) given By, =wand B, < v is proportional to p* (z) ¢ (z), where

z,ly z,ly

pt (2) =pt (l,z,y,z,u,v) = —% (Pr{B’ >u, B . <v} Pr{B;é,y >u, BT y <v}),

1 l
z T3, 235

+y)2

b(z)=e 10772
For sampling from f.,.;4 () we can use the accept-reject algorithm with squeezing. First, note that

2(z—u)2—1

£ l
maxf,- (u)=maxf,- (u)=4  a-u z—u< \£7
s et Ho—w) otherwise.

Second, the monotonicity of probabilities gives 0 < f% Pr {B’ ., >u,BT, < v} < fy
x z T,5,%

2 m%

PR

4 0 _ _
0<p™ (») = (—%Pr{B%é’z >u,B::%’z <’U}> PV{BZ’L y>u,B:é7y<v}+

0 _ _
+|(—=—Pri{B", >u,BY, <ov}|PriB, >uB', <ol (6)
ou 2,55y 2,55y T, 5,2 T,5,2
< - - < - - = Uz u-
< wa,%,z (u) + fBz%’y (u) < max fo,g,z (u) + max fBzvéﬁy (u) Ly,
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The algorithm requires 0 < p* (2) < 1, which can be satisfied using = Ll p* instead of p*. Third, the function ¢ (2)
oLy

up to a constant is the density of normal distribution N ("‘;y, i) Finally, without explicitly specifying the dependency
on the corresponding arguments, the alternating sequence for Pr {B’ >u, Bt < v} is {hn}oo, (for details see (Beskos,

Peluchetti, & Roberts, 2012, Section 4)) and for (—-Z Pr{B~ > u, B* <v})is {g.}>", where

n n—1
hop—1=1— ZH“ hs, = max {1 — Z H;, — (67q;r + eiq;r) i—n,o} 5
i=1 =1
" o+ o+ n
gy T G (BT ) i, DI Gi2 O, S G
n— = n — 1 n . .
fo- (), otherwise, =R

The expression for the lower bound g»,, follows directly from Theorem fil. For the upper bound g2,,_1 we can use arguments
similar to those in the proof of the theorem. In case >, G; < 0, instead of the upper bound fz- (u), @ more accurate

estimate would be (Z?Zl Gi + (e‘q1+ + e‘q;) |i:n+1) at the root of the equation 3~ G; = 0, but finding the correspond-

ing solution at each iteration step can be computationally expensive. Thus, the alternating sequence for p* is defined by
BOIOINONC)
n n 9n n (
Culy,u
or (z,£,y,u,v), respectively.

see Fig. B), where the number in the superscript indicates the set of terms arguments in (B), (x, %, Z,u, v)

-
-
Phas

(ot}
1

Fig. 8. 1st, 2nd, and 10th elements of the alternating sequence for p* with ! =1,z = 2.1,y =2.2,u = 1.8,v = 2.5

For illustrative purposes, we have included in Fig. g the histogram of a sample of 5000 points from f,,:4 () with [ = 1,
1

. MW, @), (2,0
r=2.1,y=2.2u=1.8,and v = 2.5. The solid curve corresponds to the graph of % with n = 11 (a further
oy

increase in n does not result in a noticeable change in the graph).

AT
R
.llllll |II|I-

U v

Fig. 9. Histogram of simulated midpoints with | = 1,2 = 2.1,y = 2.2, u =18,v=2.5

Remark 3. After bipartition, we take into account that the minimum is reached at least in one of the subintervals. To
determine on which one, we simulate the value of the indicator 1 {n < r}, where n ~ Uniform [0, 1],

(—%PF{B;LZ >u,B:Lz <v}> Pr{BZ_L1 >u7B+L <v}
5 % s %y 24y

r=

p* (2) ’
. . T . . . . f](l) h(z)
using the technique from (Beskos, Peluchetti, & Roberts, 2012, Section 4.2). Thatis, we increase n until % <n
9on Nop T92n Non
(1), (2)
(and assume that the minimum was reached in the first half of the interval) or —; sY2n h2’; -— > n (respectively,
9;n)71hén)71+9;n)71hén>71

in the second). If the denominator is equal to O, the fraction is defined as 1. For the interval with the given minimum, we
can continue to define the value at the midpoint using Lemma . For another interval, we can employ the refinement with
consequent bisection as described in (Beskos, Peluchetti, & Roberts, 2012, Section 5).

5. Algorithm description
The following basic modeling steps can be obtained by collecting the considered facts together. Let d be the maximum
length of subintervals. The upper limits of some loop indices have not been explicitly specified. They can be defined in
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accordance with a particular condition. For example, the loop by k& can be executed until T}, exceeds the predetermined
value. We may continue to execute the loop by m until the accuracy constraints are met.

1. Set Ty =0, X1, = Xo. Generate Jr;, from the initial distribution.

2. Loop by k > 1.
Q "
(a) Draw Jr, from the discrete distribution {#,j #Jr,_, }

(b) Generate the inter-jump time ATy ~ Exponential (fQJTkilJTkil) .Set Ty, = Tx—1 + ATy.
(c) Puttd |, =Th_1, np = [%] +1, 1= Aﬂ—?‘, where [] is the integer part.

(d) Loop by i =1,ny.
i. Sett_, =t,"" + .
ii. Generate
Xt};71 = thill + aJqu I + UJTk—l \/E{, C ~ N (0, ].) .

iii. Generate the minimum B, , and the upper bound of maximum B,;"Z for Brownian bridge BXtF1 W Xy
(see Section ). e '
iv. Set S = t};_l, SR = tz
v. Loop by m > 2.
A. Puts,, = *L5°E_ Given B, , and B/, generate midpoint value X, using Lemma [.
B. Choose between intervals [s1, s,,] and [s,, sg] with minimum using Remark §. Set sg = s,,, in the
former case and s;, = s, in the latter.

C. Forthe chosen interval, we continue the loop, and for the other interval, we can apply e-strong algorithm
from (Beskos, Peluchetti, & Roberts, 2012).

Remark 4. According to the proposed algorithm, the lower bound for the maximum and the upper bound for the minimum
required in the e-strong algorithm need to be refined only for one of the intervals obtained after midpoint simulation.

Example. Let's choose the following parameters for Z. Assume that for J the state space is £ = {1, 2}, the intensity matrix
1 1

is Q = ( _15 2 ) and the initial distribution is 7 = (2, %). For X the drift parameters are a1 = 1,42 = —32, and
the volatility parameters are o1 = /5,02 = /2. Fig. [[J shows the results of applying the algorithm without the e-strong
algorithm steps. Specifically, it displays the simulated trajectory points at the moments of state transitions, the minimum
and the upper bound of the maximum on the corresponding intervals. It also displays the midpoints. For the purposes of
simplicity, we took d = oo, indicating that [T —1, T%] were not divided into subintervals.

Xi

1
|
|
|
i
1
|

1
1 )

|

't
T3

ﬁ____
.\yﬂ__

Fig. 10. Regime-switching moments (vertical dashed lines), values of X at those moments (blue points), values of midpoints
(red points), the minimum of X (horizontal dotted lines), and the upper bound of maximum (horizontal dashed lines) between
regime-switching moments. The gray bars indicate the interval selection (on Step B.). The darker color indicates a later
selection

Discussion and conclusions

We propose an algorithm that permits us to generate lower and upper bounds for a fluid flow model of the second order.
The algorithm has a direct generalization for models with jumps (under the assumption that the jump part is independent of
the diffusion part) and allows for reducing the problem of estimation bias due to discretization. It is based on the e-strong
algorithm incorporating a combination of rejection sampling and quantile transformation.
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The algorithm has some pros and cons compared to the e-strong algorithm. The main advantage is that in the initializa-
tion step, we simulate the precise value (up to machine precision) of the minimum and the upper bound of the maximum. By
performing additional calculations, it is possible to ascertain a lower bound for the maximum, thereby ensuring the precision
of the path upper boundary. The specification of the path behavior at intermediate points with a given value of the minimum
(or maximum) necessitates the use of a distinct type of process. For instance, conditional on a Brownian bridge sample
path minimum and the time instance when it is achieved, the law of the path parts is that of Bessel bridge (see, e.g.,(Pollock,
2013, Section 2.8)). As the value of d decreases, the necessity for intermediate point modeling also decreases; at the same
time, the number of calculations increases, which may result in redundancy. The determination of the optimal rule for d
depending on the functional under study and the required level of accuracy may be of interest for further research.

Sources of funding. This study did not receive any grant from a funding institution in the public, commercial, or non-commercial
sectors.
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[OHiNpoBCbKUIA HauioHanbHWUK YHiBepcuteT imeHi OnsAcsa MloHyapa, [Hinpo, YkpaiHa

MOLEJTIOBAHHA MEX ANA MOAENI NOTOKY PIAUHM OAPYIOro norPAOKy

OmpumaHo Ha6nuxeHy ¢hopmysy Onsi yMO8HOI (hyHKuii po3nodiny makcumymy 6poyHiecbko2o Mmocmy i3 3a0aHuUm MiHiMymoMm. ®opmyna dae
3Mo2y po3pobumu anzopumm Modesito8aHHsI MiHIMyMy ma eepxHbOi Mexi MakcuMmyMmy Ot mpaekmopii 6poyHiecbko2o mocmy. Lle, 3i ceo2o 60Ky,
ghopmye Moxnugicme eusHa4umu npouyedypy modesno8aHHs 0151 6ePXHLOI Ma HUXHLOI epaHuyi Ans1 modesii Tomoky piduHu Opy2020 nMopsioKy.
IMoka3aHo pe3ynbmamu po6omu anzopummy 051s1 neeHol MHOXXUHU napamempie. [IpoeedeHO NopieHsIHHA eMNipuYHUX po3nodinie ekcmpemymiae,
ompumaHux 3a ornomMo20r0 Mmemody nocnidoeHoi duckpemus3sauii ma Memody Habnu)xeHux keaHmuilie. Po3anssHymo moxnueicms MoOdesiroeaHHs
moyok nocepeduHi iHmepeanie, a makox aubip o0Ho20 3 nidiHmepearie, Ha sIkoMy docsi2aembCsi MiHIMyM.

Knw4yoBi cnoBa: cumbHe MoaeﬂlOBaHHﬂ, mMemoO0 eidciroeaHHs 3i CMUCKaHHSIM, KeaHMuUJ1IbHe NnepemeopPeHHsl.

ABTOp 3asBrnsie NPo BIACYTHICTb KOHMNIKTY iHTepeciB. CnoHcopu He Bpanu yyacTi B po3pobneHHi JocnimpKeHHs; y 300pi, aHanisi un
iHTepnpeTauii 4aHUX; y HanucaHHi pykonucy; B piLLeHHi Npo ny6nikauilo pesynsraTis.
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