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THE CONVERGENCE OF SEQUENCES IN TERMS OF POSITIVE AND ALTERNATING
PERRON EXPANSIONS

In this paper we study conditions for the convergence of sequences in terms of positive and alternating Perron expansions of
real numbers (P-representation and P~ -representation). These conditions make it possible to verify the continuity of functions
defined via the P-representation or P~ -representation.

The main results of this work are as follows. First, we systematically consider all possible cases and, by taking into account
the geometric structure of Perron expansions, significantly reduce the number of distinct cases that require separate analysis.
Second, for each case, we formulate and rigorously prove aconvergence condition that is both necessary and sufficient. Third,
the results are obtained not for specific expansions (such as the Engel or Pierce expansions), but for the Perron expansions,
which include many classical representations of real numbers as special cases.

These results provide a foundation for further analysis of fractal functions defined through Perron expansions or their special
cases (the Liiroth, Engel, Pierce, and Sylvester expansions).
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Introduction

Many expansions of real numbers serve as effective tools for defining and analyzing functions that exhibit locally com-
plex behavior and fractal properties, including nowhere monotonic, nowhere differentiable, and singular functions. For
instance, various number expansions can be employed to define singular functions such as the Minkowski question-mark
function, the Salem function, and the Cantor function, as well as continuous functions that are nowhere monotonic and
nowhere differentiable, such as the Tribin function (Prats’ovytyi, Baranovs’kyi, & Maslova, 2021).

In recent years, the Engel and Pierce expansions have been increasingly utilized for such purposes, enabling the mod-
eling of fractal functions with structures more intricate than self-similar ones (see, e.g., (Albeverio et all, 2013; Baranovskyi/
& Pratsiovytyi, 2023; Moroz, 2017, 2024)). Verifying the continuity of such functions is often essential, yet it is not always
a trivial task. However, a general approach to verifying the continuity of such functions was not proposed in these works.
In this paper, we aim to lay the foundations of such a general approach. Continuity is understood here in the Heine sense
— namely, in terms of the convergence of sequences. Accordingly, our primary focus is on establishing conditions for the
convergence of sequences whose elements are given in terms of such expansions.

We formulate and prove all propositions for the positive and alternating Perron expansions of real numbers ( P-represen-
tations and P~ -representations) (Moroz, 2024, 2025). These expansions generalize a number of classical representa-
tions, including the positive and alternating Liiroth expansions (Zhykharyeva, & Pratsiovytyi, 2012; Kalpazidou, Knopf-
macher, & Knopfmacher, 1990), Engel expansions (Erdés, Rényi, & Szusz, 1958), Sylvester expansions (Erdés, Reényi,
& Szusz, 1958), DKB-expansions (Galambos, 1998), Pierce expansions (Shallil, 1986), and second Ostrogradsky expan-
sions (Torbin, & Pratsyovyta, 2010). They are also closely related to Oppenheim expansions (Galambos, 1976; Oppenheim,
1972; Sydoruk, & Torbin, 2017).

1. General information about Perron expansions and main notations

Consider functions ¢, (z1,...,z,): N* — Nfor all n € N, with po = const € N. A fixed sequence of such functions
(¢on)nZo is denoted by P. Each sequence P defines two types of Perron expansions of real numbers: the P-representation
(positive Perron expansion) and the P~ -representation (alternating Perron expansion).

The P-representation of a number z: € (0, 1] is defined as its expansion into a positive Perron series:

> ""0 .. ’r’n
xr = ’ 1
7;) (p1 — L)p1-++ (Pn — 1)pnpnt1 (1)
where 79 = @0, 'n = Pn(p1,...,pn), @nd p, = 7,1 + 1 for all n € N. The number z and its P-representation (fll) are
denoted briefly by A}, ... For each sequence P of functions ., every z € (0, 1] has a unique P-representation (MoroZ,

2024, Theorem 1). The number p,, = p,(z) is called the nth P-digit of z.
The P-cylinder of rank k with base c; . .. ci is defined as the set Aflmck consisting of all numbers z € (0, 1] such that
pi(z) = c1,...,pp(x) = ck. Itis known (Moroz, 2024, Lemma 3, Corollary 3) that the P-cylinder Aflu_ck is an interval of

the form (a, b]. The infimum, supremum, and diameter of the P-cylinder Aimck are given by the following formulas:
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where ro = po and r, = gpp(c1,...,cn) foralln=1,... k- 1.

The geometry of the P-representation was studied in greater detail in our previous work (MoroZ, 2024). Figures il and
B illustrate the relative positions of P-cylinders and provide insight into the geometric structure of the P-representation.
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Fig. 1. P-cylinders of rank 1 inside (0, 1], 7o = o
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Fig. 2. P-cylinders of rank k + 1 inside the P-cylinder Afl.,.ck of rank k, . = pr(c1,...,ck)

The P~ -representation of a number x € (0, 1] is defined as its expansion into an alternating Perron series:

_ > (=1)"rg---Tn
T=2 (@1 = 1)g1--(gn — Dgn(gnt1 — 1)’ ©®)

n=0
where 7o = o, 7'n = @n(q1,...,qn), and ¢, > 7,1 + 1 for all n € N. The number z and its P~ -representation () are
denoted briefly by Af;l;z,_, For each sequence P of functions ¢, there exists a countably infinite set 7S* < (0, 1] whose

elements do not have its P~ -representation. However, every = € (0,1) \ IS has a unique P~ -representation (MoroZ,
2025, Theorem 3.12). For z € (0,1) \ IST ", the number q,, = ¢,.(z) is called the nth P~ -digit of x.

The P~ -cylinder of rank k with base ci ... cy is defined as the set A, . of all numbers = € (0,1) \ IS”  such that
q1(z) = c1,...,qu(z) = ci. Itis known (Moroz, 2025, Corollary 3.14) that the P~ -cylinder A . is a set of the type
(a,b) \ IST . The infimum, supremum, and diameter of P~ -cylinder AZ .

« if k is odd, then

k
. are given by the following formulas:

k—1
—_ (D)o
SUPAL oo = & Do (e Do)’ (6)

n=0

ro - ThR_1 @)

infAL”  =supAf . —
c1...ck PAc ..c, (Cl — 1)01 . (Ck — 1)Ck7

« if k is even, then
— (=D -1

. P~ —
infAL o= (e — D1 (en — Den(onr — 1) (8)

n=0
sup AL =infAL rorr Thot 9
Up Cl...Ck | Cl...C + (Cl _ 1)01 . (Ck _ 1)Ck7 ( )
* in both cases
AP _ ro - Th—1 10
ALl = e e =T (10)
where 7o = o and 7, = @n(c1,...,c,) foralln =1,... k — 1. Itis important that IS* is the set of infima and suprema

of all P~-cylinders.

The geometry of the P~ -representation was studied in greater detail in our previous work (Moroz, 2025). Figures 1, 2,
and 3 in (Moroz, 2025) illustrate the relative positions of P~ -cylinders and provide insight into the geometric structure of
the P~ -representation. Note that the geometry of the P~ -representation is similar to that of continued fractions.

2. The convergence of sequences in terms of P-representation
We now prove several propositions that establish a connection between the convergence of a numerical sequence and
the P-digits of its elements.
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Letzo = AL ., €(0,1],and let (z,);2, be a sequence of numbers from (0, 1] \ {zo}. For each n € N, let k,, denote
the smallest index such that px,, (zn) # pk,, (o).

Proposition 1. If lim k, = 400, then |lim x, = xo.

n—00 n—00

Proof. Assume, without loss of generality, that &, > 2. Then z, and z,, are contained in the same P-cylinder Aflmc
of rank k,, — 1, and we have

kp—1

cClpy—1 |

0<|zo—zn| < )AZ

Since k,, — 400, according to (Moroz, 2024, Lemma 4) we have ’Af’l...c — 0asn — oo. It follows that z,, — z9. O

kp—1

The condition lim k, = oo is sufficient for the convergence of the sequence (z,)5Z; to zo. However, it is generally
n— o0

not necessary. There are several fundamental cases, each characterized by its own necessary and sufficient conditions for
convergence.

Proposition 2. If x is not the endpoint of some P-cylinder, then

lim z, =20 < |im k, = +cc.

n—o0 n—oo

Proof. Given the Proposition [i], it suffices to prove that

lim z, =20 = lim k, = +oo.

n—00 n—r00

Suppose to the contrary that lim z, = o and lim k, # +o0o. Then there exists a constant M and an infinite sequence
n— oo

n—roo

(n¢+)f2, such that k,, < M. Since zo is neither the infimum nor the supremum of any P-cylinder, we have

infAL .., <zo=AL., <supAl .

c1c2-. M

However, it follows that z,,, ¢ AL =)

RSV
|zo — Zn,| = min< zo —infAL sup AL - = const > 0
0 ne| = 0 c1...Cpr0 p c1...Cpf Zo ¢ = > 0.

Since this inequality holds for infinitely many indices n., the sequence (z,);Z; cannot converge to x¢. This contradicts our
assumption. Hence, k,, — +o0. O

It follows from the geometry of the P-representation that the infimum of any P-cylinder coincides with the supremum
of the adjacent left P-cylinder of the same rank. Moreover, the supremum of any P-cylinder, except for Afjoﬂ], coincides
with the infimum of another P-cylinder, though not necessarily of the same rank.

The following proposition provides necessary and sufficient conditions for the sequence (z,, )52, to converge to =, from
the left, where ¢ is the supremum of a P-cylinder.

Proposition 3. Let zo € (0, 1] be the supremum of a P-cylinder, and let (z,,);-, be a sequence such that 0 < x,, < zo for
alln € N. Then
im z, =29 < Ilim k, = +oo.

n—oo n—oo

Proof. The proof is similar to that of Proposition [. O

The following proposition provides necessary and sufficient conditions for the sequence (z,);~; to converge to =, from
the right, where z; is the infimum of a P-cylinder.

Proposition4. Letxzy = ianflm%, and let (z,,)52, be a sequence such that xo < x,, < 1foralln € N. Then lim z, = x¢

n—r00

if and only if there exists an index no such that

(11)

pi(zn) = c; foralli < kandn > no,
n'EnOO Pr+1(XTn) = F00.

Proof. Sufficiency. It follows from (1)) that

~CkPr+1( k

foralln > no. Thus, infAL ., <z, <supAl

)- Using (Moroz, 2024, Corollary 1), which follows from (@) and
(8), we obtain

ek Pr41(Tn

. ToT1 " Tk
0 < zn —z0 < SUp AL oy —infAY = -0
€z Zo p c1...cpPrt1(xn) 1---Ck (Cl — 1)01 T (Ck; — 1)Ck(pk;+1($n) — 1)
as pr+1(zn) — 0o, Where ro = o and r; = p;(c1,...,¢;) forall i < k. Hence, z,, — zo.

ISSN 1728-3817



DI3BUKO-MATEMATUYHI HAYKMW. 1(82)/2026 ~T5~

Necessity. Assume, for the sake of contradiction, that (f{1) fails to hold for any no. We distinguish two cases to show
that in both z,, - xg.
Case 1: There exists a sequence (n:);2; and indices i; < k such that p;, (xz,,) # c;, for all ¢ € N. In this case,
Tn, AL ., 50
2o =INfAG e, <SUPAL oy < Tny,

and therefore

T, — To > ’AZ...ck = const > 0.

Since this inequality holds for infinitely many indices n:, the sequence (z),=100 does not converge to z.
Case 2: Suppose that p;(z.) = ¢; for all i < k and n > no, but there exist a constant M and a sequence (n:){2; such
that pr+1(zn,) < M. Assuming without loss of generality that n, > no, from (Moroz, 2024, Corollary 1) we have

ne — z0 > InfAL —infA? L = ror
Tny o C1<-<Ckpk+1(znt) c1...CR (Cl — 1)01 . (Ck — 1)Ckpk+1(xnt)
rori Tk
> = const > 0,
(Cl — 1)01 s (Ck — l)CkM

where ro = o and r; = @;(c1, ..., ¢;) for all ¢ < k. Since this inequality holds for infinitely many indices n:, the sequence
(zn)n2, does not converge to zo.

Thus, condition () is both necessary and sufficient for the convergence of (,,)5; to xo. O

Since the number 0 does not have a P-representation, we will consider the convergence of the sequence (z,);2; to 0
separately.

Proposition 5. lim z, =0 < Ilim p(z,) = +o0.

n—o0 n— o0

Proof. This proposition follows from the inequality 0 < —72— < z,, <

P C) where ro = ©o. O

70
p1(zn)—1’

3. The convergence of sequences in terms of P~ -representation
Not every number = € (0,1) has a P~ -representation. Therefore, we will assume that all elements of the sequence

(x,)32, belong to (0,1) \ ST . However, the limit of such a sequence can be any number from [0, 1]. Consequently,
several cases need to be considered. -
Letzo = AL, €(0,1)\ IS” , and let (z,);2, be a sequence of numbers from (0, 1) \ (ISP U {xo}). For each

n € N, denote by k, the smallest index for which g, (zr) # qx,, (0).
Proposition 6. |Im z, =z < |lim k, = 4oc.
n— oo n—oo
Proof. The proof is similar to that of Proposition fil and Proposition J. O
Consider the cases in which the sequence (z, )52, converges to a number that does not have a P~ -representation.
Proposition 7. lim z, =0 < Iim q(z,) = +oc.
n— oo n—o0
Proof. The proof is similar to that of Proposition B. O

Lemma 1. Every number from I1ST" is the supremum of some P~ -cylinder of odd rank. In particular,

< infAL o, =SupAL . . .4 ifkisodd,

* SUp AL ., =SUupALl . . ifkiseven, wherer, = gi(ci,.. ., ck),

< infAL ., =infAD ., =supAl . .y ifkisevenandcy =i 1(ci,...,ck1)+ 1,

< infAL o, =SUPAL L o1 = SUPAL L iew 1oty KIS evenand ¢y > or_1(c1,...,ck-1) + 1, where
e = @r(Cly ..oy Che1, 06 — 1).

This lemma follows directly from the geometry of the P~ -representation and from formulas (8), (@), (8), and (8).

Proposition 8. Let zo = sup Af;“ck, where k is odd, and let (x, )5~ be a sequence such that 0 < =, < x¢ foralln € N.
Then lim x, = x if and only if there exists an index no such that

n— 00

i(xn) = ¢ foralli < kandn > no,
{Q( ) 0 (12)

lim grt1(zn) = +oo.
n—r oo
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Proof. Sufficiency. It follows from (f2) that

P~ P~
Tn € Ac14.4cqu+1(zn) C Acl...ck

for all n > ng. Then ianimcquﬂ(z” Using (Moroz, 2025, Corollary 3.8), which follows from

) < an < SUpAL .
formulas (8), (@), (B), and (), we obtain

e

- . ToT1- Tk
erken o) T (e — ey - (er — 1)er (et (@n) — 1)

0<zo—z, <SUpAL . —infAl -0
as gr+1(zn) — 0o, where o = po and r; = p;(ca, ..., ¢;) forall i < k. Hence, z,, — 0.

Necessity. Assume, for the sake contradiction, that ({J) fails to hold for any no. We consider two possible cases and
show that in each case z,, » xo.

Case 1: There exists a sequence (n:)$2; and indices i; < k such that ¢;, (zn,) # ¢, for all ¢t € N. In this case,

-
Tny & Agy...cp» SO

Tn, <INfAL ., <SUpAL ., = o,
and therefore ~
To — Tn, > ’Ai..ck = const > 0.

Since this inequality holds for infinitely many indices n:, the sequence (z,);%=, does not converge to zo.
Case 2: Suppose that ¢;(z,) = ¢; for all ¢ < k and n > no, but there exist a constant M and a sequence (n.)s2; such
that gr11(zn,) < M. Assuming without loss of generality that n: > ng, from (Moroz, 2025, Corollary 3.8) we have

—xn, >supAL . —supALl = ror Tk
o Tny > p cy...cp p c1-Crai+1(Tny) (Cl — 1)C]_ . (Ck — 1)quk+1(.l’nt) >
ro- - Th
> = const > 0,
(01 — 1)01 e (Ck — 1)CkM

where ro = o and r; = p;(c1, ..., ¢;) forall ¢ < k. Since this inequality holds for infinitely many indices n:, the sequence
(zn)nz, does not converge to zo.

Thus, condition (12) is both necessary and sufficient for the convergence of (z,,)3%; to zo. O

Lemma 2. Every number from IST", except for 1, is the infimum of some P~ -cylinder of even rank. In particular,

« sup AL ., =infAl

cen_ilent1) IF K is even,

cinfAl = ianii%mﬂ] if k is odd, where i, = @i(c1, ..., cr),

* SUPAL ., =SUpAL ., , =infAl . . ifkisoddandcy = ¢k 1(c1,...,ce1) +1,

k

¢ SupAZiAck = iantii»Ckfl[ck—l] - |anZ

T = cpk(cl, ooy Chk—1,Ck — 1).

enalen—1ru+1) If K is odd and ¢, > pr_1(c1,...,ck—1) + 1, where

This lemma follows directly from the geometry of the P~ -representation and from formulas (B), (@), (8), and (8).

Proposition 9. Letzo =infA, . , where k is even, and let (x,),=, be a sequence such that xo < x, < 1foralln € N.
Then lim x, = x if and only if there exists an index no such that

n— o0

i(xn) = ¢ foralli < kandn > no,
{Q( ) 0 (13)

lim grr1(zn) = +oo.
n— oo
Proof. The proof is similar to that of Proposition B. O

Discussion and conclusions

The above propositions provide necessary and sufficient conditions for verifying the convergence of any sequence
defined in terms of positive or alternating Perron expansions. If a sequence contains infinitely many elements on both sides
of the limit point, which is the endpoint of some P-cylinder or is an element of IS* | it suffices to consider two corresponding
subsequences and apply the relevant proposition to each of them. Moreover, to establish the continuity of a function at a
given point, the propositions concerning one-sided limits are fully sufficient.
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IHcTuTyT MaTemaTtukn HAH Ykpainn, Kuis, Ykpaina

3BDKHICTb YACNOBUX NOCNIAOBHOCTEN Y TEPMIHAX AOAATHUX | 3SHAKO3MIHHUX
PO3KNAAIB NEPPOHA

Po3ansiHymo ymoeu 36ixHocmi Yucnoeux nocsidoeHocmel, eileMeHmu sikux nodaHo y euansioi ixHix dodamHux i 3HaKoO3MiHHUX po3knadie
MeppoHa (P-npedcmaeneHHsi ma P~ -npedcmasneHHs dilicHuUx Yucen eidnoeidHo). Li ymoeu daromb moxnueicmes docnidumu Ha HenepepeHicmb
byHKUiT, Wo su3HavyeHi 3a dornomozot0 P-npedcmassnieHHs1 Yu P~ -npedcmaesieHHs1 HYuceJs.

OcHoeHi pesynbmamu docnidxeHHs1 nonsizatoms y makomy. [lo-nepwe, Mu cucmeMamu4Ho po3ansidaemo eci Moxsiuei eunadku, ma, epa-
X08yHo4U 2eoMempuYHi enacmueocmi po3knadie lNeppoHa, 3Ha4HO 3MEHWYEMO Kinbkicmb eunadkie, wjo mompe6byromb okpemo20 po3ansdy. lo-
dpyee, 01151 KOXXHO20 8UnadKy Mu 3HaxoOuMo ma 3o800UMO yMoey, W0 € 00HOYacHo HeobxiOHot ma docmamuboro. [To-mpeme, Hawi pe3ynbmamu
ompumaHi He 0511 KOHKpemHux po3ksadie (makux sik po3knadu EHzens yu lipca), a dns po3knadie [leppoHa 3a2asibHO20 8udy, W0 OXOMNJIHOIOMb
6az2amo knacu4yHux po3knadie dilicHux 4ucen (sik cneyianbHi eunadku).

3asHaveHi pesynbmamu 3aknadaromb OCHo8y Osisl aHanily ppakmanbHux ¢hyHKyil, Wio susHavyeHi 8 mepmiHax po3knadie [leppoHa 4u ixHix
yacmkoeux eunadkie (po3knadie Jllopoma, EHzens, lMipca, Cunbeecmepa mowo).

Knw4yoBi cnoBa: 36ikHi nocnidoeHocmi, po3knadu lMeppoHa, po3knadu Jlrlopoma, po3knadu EHeensi, po3knadu [lMipca.

ABTOp 3asaBnsie Npo BiACYTHICTb KOHMMIKTY iHTepeciB. CnoHcopu He Bpanu yyacTi B po3pobneHHi gocnimkeHHs; y 36opi, aHanisi un
iHTepnperTauii AaHNX; Y HanMCaHHI pyKonucy; B piLLeHHi Npo ny6nikaLilo pesynsraTis.
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