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LIMIT THEOREMS FOR GENERALISED CONVEX HULLS

The (K,H)-hull of a set A C R? is a generalization of the standard closed convex hull of A which can be defined as the
intersection of all images that contain A of a closed convex subset K C R under the action of a subset H of the group of
invertible affine transformations of R¢. We demonstrate that the scaled normalization of the (K, H)-hull of a random sample,
distributed according to a probability measure ;. on K with a power-like behavior near the boundary 0K of K, converges in
distribution to a random closed set which can be viewed as the zero cell of a certain Poisson hyperplane tessellation with explicit
intensity measure.
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Introduction

A random closed set in a finite-dimensional Euclidean space is a random element taking values in the family of closed
sets in this space equipped with the Fell topology. More information on the Fell topology can be found in Appendix B
in (Molchanov, 2005). Over the past decades, considerable attention has been paid to the problem of generalized convexity
and the related constructions emerging from random point samples. For instance, recall that for a subset A of the unit
Euclidean ball, the ball hull of A is defined as the intersection of all translated unit balls that contain A. The paper (Fodor,
Kevei, & Vigh, 2014) investigates ball hulls of random samples in R?, that is, the case when A = =, = {£1,...,&,} consists
of independent points uniformly distributed in the unit Euclidean disk. This study has been subsequently extended to ball
hulls in R? in (Fodor, 2020). This concept was further generalized by replacing the unit Euclidean ball with an arbitrary closed
convex body K in (Fodor, Papvari, & Vigh, 2020) and (Marynych, & MolchanoV, 2022). The approach evolved further in a
recent study (Kabluchko, Marynych, & Molchanov, 2025), introducing the concept of a (K, H)-hull in the following manner.
Let K be a closed convex subset of R?, distinct from the entire space. Let H be a nonempty subset of R%xGL, , where GLg
represents the group of all invertible linear transformations in R%. The (K, H) hull of a set A C R is defined in (Kabluchko,
Marynych, & Molchanov, 2025) as follows:

conv (x my (A) = N g(K + ),
(2,9)€H: ACq(K+a)

where g(B) = {gz: 2 € Bland B+x = {z +z: 2 € B}, for (g,x) € Hand B C R%.

We assume that K € IC‘{O), where /Cfo) is the family of compact convex sets that contain the origin in their interior. Let
u be a probability measure supported by K and E,, = {£1, ..., &, } a set of n independent random points with the common
distribution p. Let M, denote the space of all real-valued d x d matrices, and let exp : M; — GL, denote the standard
matrix exponent. The following set

Xn = {(z,C) €ER? x My : E, C exp(C)(K + )},

which is the main object of investigation in the present paper, has been introduced and studied in (Kabluchko, Marynych,
& Molchanov, 2025) in the case when p is the uniform distribution on K. The importance of this set and its connections to
conv k. (En) and also to the Lie algebra of R? x GL, are explained in (Kabluchko, Marynych, & Molchanoy, 2025).

Assuming that y is the uniform distribution on K, it was shown in (Kabluchko, Marynych, & Molchanov, 2025) that for
any closed set ® C R? x M, the random closed set nX, N® C R? x M, converges in distribution, in the Fell topology,
to a random closed set defined as a certain intersection of half-spaces in R? x M,. These half-spaces are derived from
a Poisson point process whose intensity measure is determined by the curvature measure of K. The present study aims
to determine the limiting behavior of an appropriately rescaled X,, when the measure p is not uniform. Our main result
(Theorem B below) states that, under suitable normalization, the intersection X,, N © converges in distribution to a random
closed set, which is also defined as an intersection over the points of a Poisson point process. However, in this case, the
intensity measure of the Poisson process depends not only on the curvature measure of K but also on the behavior of
the measure p near the boundary of K. The limiting random closed set can be interpreted as the zero cell of a Poisson
hyperplane tessellation in this space. When R? x M, is replaced by R x {0}, a similar result has been established in
(Visona, 2024).

The remainder of the paper is structured as follows. In Section [l], we review relevant definitions from convex geometry
and introduce our assumptions on the distribution ;.. Section J is dedicated to the proof of Lemma [, which is a variant of
Proposition 2.2 from (Visona, 2024), as well as results from (Kiderlen, & Rataj, 2006). This lemma plays a central role in
the proof of our main theorem. In Section [§, we state and prove our main result concerning the convergence of a suitably
rescaled X,,. Several examples are presented at the end of Section 3.
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1. Preliminaries and necessary definitions

Let us introduce some necessary definitions. Int A denotes topological interior of a set A ¢ R¢. The Minkowski sum of
two sets K and L is the following set, see Section 3.1 in (Schneider, 2013):

KeL={k+l:keK,le L}
Minkowski difference of two sets K and L is defined as follows:
KoeL={z:2+LCK}.

Let S9! denote the unit sphere in R%. By B,.(a) we denote the closed ball in R? of radius = and center a € R?.

Even though in the present work we are interested in convex closed sets K, we find it useful to formulate some auxiliary
results for a more general class of closed sets called gentle sets. To this end, we need to introduce some additional
notation. For an arbitrary closed (and not necessarily convex) set K, the exoskeleton exo(K) is the set of points that do
not admit a unique nearest point in K. It is known that the set exo(K) is Lebesgue measurable and, with V; denoting
the d-dimensional Lebesgue measure, V;(exo(K)) = 0, see Section 2 in (Kiderlen, & Rataj, 2006). The metric projection
¢x 1R\ exo(K) — K is defined by letting £x (a) be a unique point in K closest to a.

Let K C R? be a closed set. The reduced normal bundle of K is

N(K) := { <§K(z), ﬁ%) 2 g KU exo(K)} .
The set
N(K) := N(OK) \ N(K)

is called the inner reduced normal bundle of K. The reach function of K is a mapping 6(K, -, -) : N(K) — [0, +oc] defined by
d(K,a,u):=inf{t >0:a+tucexo(K)}, (a,u)e N(K),

assuming that 6(K, a,u) = +oco if the set {t > 0: a + tu € exo(K)} is empty.
Let #%~! denote (d — 1)-dimensional Hausdorff measure. A closed set K is said to be gentle, see (Kiderlen, & Ratal,
2006), if the following holds:

1. H* '({a € B: (a,u) € N(OK),u € S*'}) < oo for all bounded Borel sets B C R%

2. For %% !-almost all « € 9K, there are non-degenerate balls B; and B, containing a such that B; C K and Int B, C
K¢, where K° denotes the set complement.

It is known, see p. 107 in (Kiderlen, & Rataj, 2006), that for #¢~'-almost all & € 9K, there exists a unique outer normal
vector u = u(a) such that (a,u) € N(K). Let C4_1(K, -) be a measure defined as the image of #*~* on K under the map

0K 3 aw (a,u) € N(K).

As explained above, this map is defined #*~*-almost everywhere on 9K and is measurable. The measure Ci-1(K,")
is called the curvature measure of K. Let Cjj_,(K,-) be the image measure of Cy_1 (K, ) under the reflection (a,u) €
N(K) — (a,—u) € N(K), this reflection is well-defined almost everywhere.

We will use the abbreviation for almost all (a, u) € N(K) instead of for Cy_ (K, -)-almost all (a,u) € N(K). The same
convention is used for N(K) equipped with the measure Cj_, (K, ).

The following assumptions on the measure 1 on K are borrowed from (Visond, 2024)). In what follows we shall work
under these assumptions.

Let i be a finite measure, supported by K, and satisfying:

(M1) The measure ;. has a compact support and is absolutely continuous with respect to the Lebesgue measure on R?
and with density f.

(M2) There exists an a > —1 such that, for almost all (a,u) € N(K),

fla+te) _,

lim g(a,u) = g(a) € [0, +00), (1)

tl0 to
where the function g is strictly positive on a subset of 0K of positive measure and is bounded almost everywhere.
Note that if K is a compact set, then 1 always has a compact support.
We will also need some definitions for a convex compact set S. The support plane of S with outer normal vector u # 0
is the following set:
H(S,u) :={x € R*: (z,u) = h(S,u)},

where £ (S, -) is the support function of S in the direction u defined byl

h(S,u) :=sup{(z,u) : z€ S}, wueS

"Observe that (S, -) is well-defined for any compact set S (not necessarily convex) and h(S, -) = h(conv (S), ).
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Let H, (t) denote the closed half-space defined by:
H,(t):={zxeR": (z,u) <t}, teR, ueS"
For v, which belong to the boundary 95 of a convex compact set .S, the normal cone N (S, v) to S at v is defined by
N(S,v) := {u e R\ {0} : v € H(S,u)} U{0}.

Let Nor(S) denote the normal bundle of the closed convex S, that is, a subset of &S x S¢~!, which is the collection
(x, N(S,x) N §%~1) for x € 8S. For the closed convex set S, the reduced normal bundle N(S) coincides with Nor(S), the
normal bundle.

2. Measure change after taking Minkowski difference

Our proof uses a version of the Proposition 2.2 in (Visona, 2024)). This theorem describes the asymptotic properties
of a measure satisfying (M1) and (M2) with respect to the Minkowski difference between the gentle set K and a scaled
compact set L. While in (Visond, 2024 the theorem is proven for the measure of K \ (K ©¢L), as ¢ | 0, we extend this
result in Lemma [ to the case when the measured set under the limitis £, 4 (C) N (K \ K © L), where C is a bounded
Borel set.

The following lemma was formulated and proven in (Visona, 2024), see Lemma 2.1 therein. We provide only the
formulation of this lemma.

Lemma 1. Let K be a gentle set and let L be a compact set in R%. Let f be a nonnegative integrable function and let
h(L,—u)" denote positive part of the support function. Then, for almost all (a,u) € N(K), there exist functions t and t_,
which satisfy

lim tele) _ h(L, —u)",
el0 I

and such that
ty(e) §(0K,a,u) t_(e)
/ f(a+tu)dt</ f(a+tu)1K\KegL(a+tu)dt</ fla+tu)dt
0 0 0
for all sufficiently small .
Proof. The proof of this result can be found in Lemma 2.1 in (Visona, 2024). O
Lemma 2. Let K be a gentle set, let C' be a bounded Borel set from R?, and let L. be a compact set in R%. Suppose that
is a finite measure on K which has compact support, is absolutely continuous in a neighborhood of K with density f that
satisfies (M2). Put v := (o +1)"'. Then

L H(EGR(C)N(K\K©e'L) (R(L,u) ")
lng 2 . 7/N(K)1c(a)g(a)TC’d_l(K,d(a,u)).

Proof. Our demonstration closely mirrors the proof of Proposition 2.2 in (Visona, 2024). There exists a certain constant
s > 0 such that the finite measure p is absolutely continuous on the boundary 0K @ B,(0). Additionally, there exists a
constant » > 0 with L C B,(0).

Fore < (s/r)'/7, Proposition 4 from (Kiderlen, & Rataj, 2006) implies that

wEr(C)N(K\K©e'L)) = /Rd f@)e(Cox () k\koer s (2) do =

d §(0K,a,u)
= Zmi / 1c(a) / tiflf(a+tu)1K\K957L(a+tu) dtve—;(0K,d(a,u)), (2)
i=1 N(9K) 0
where the measures on 9K, denoted as 1y (0K,-),...,va—1(0K,-) are called support measures, with «; representing the
volume of the i-dimensional unit ball fori = 1, ..., d. According to Corollary 2.5 and equation (2.13) in (Hug, Last, & Weil,

2004), these support measures possess locally finite total variation. It is also important to highlight that the measures are
signed for convex bodies.

The conditions outlined in Proposition 4 of (Kiderlen, & Rataj, 2006) necessitate that f is bounded. However, the
proposition can be applied to integrable functions that are not necessarily bounded. Consider the sequence of functions
defined by fn. := f1;s<n}, Which is both monotonic and composed of bounded elements. Due to the principle of monotone
convergence, equation (2) holds true even for integrable functions that are unbounded.

We next verify that for i > 2, the terms in (B) are on the order of o(¢) as € — 0. The function 1\ Keev 1 is supported
within K @ Bay.~ (0), implying that

§(OK,a,u)
1/ 1c(a)/ t 7 fa+tu) x 1\ woer (a4 tu) dt va—; (OK, d(a,w))| <
€ JN(K) 0
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2re” )
< 1/ / 1c(a)tl_1+aM dt [va—i| (0K, d(a,u)) <
€ Jo N(9K) te

v\ita
< (2re™) sup fla+tu)

i X |va—i|(0K, 0K (g) x S~ = 0,
(i + Qe ((au),t)eN(OK)x[0,2re7) te | I( (€) )

ase — 0, foralli #1,withy = («+1)"* and a > —1, where

0K (e) :={zx € OK : x +y € supp f for y € Ba,.~(0)},

which remains compact for all sufficiently small £ because the support of f is compact on 9K . Consequently, the measure
lva—i| (DK, 0K () x S4~') is bounded for each integer i in the range 1 to d — 1, due to 9K (¢) being bounded and these
measures having a locally finite total variation. Additionally, from assumption (M2), the expression f(a + tu)/t® remains
constrained for almost every ((a, u), t) within the set N(0K) x [0,2re”) when ¢ is sufficiently minimal.

Propositions 4.1 and 5.1 in (Hug, Last, & Weil, 2004) imply the equation:

2041 (0K, ) = Ca—1(K,-) + Ci_1 (K, ).

For almost every (a,u) € N(K), we defined+ := (9K, a, +u). Using that k; = 2 we conclude

i HELO) N (K\ K 0eD)
10 5
2 §(0K,a,u)
=lim= 1c(a)/ fla+tu) X 1\ geevr(a + tu) dtvg_1 (0K, d(a,u)) =
=0 € SN (oK) 0

2 o+
:Ilm—/ 1c(a)/ fla+tu)1g\keevr(a+tu) dt Ca1 (K, d(a,u))+
N(K) 0

el0 2¢
9 5_
=/ c(a) fla+tw)l\keevr(a+tu)dtCi_i (K, d(a,u)) =
2e N(K) 0
1 - .

=lim = 1c(a) fla+tu)1g\keerr(a+tu) dt Cy_1 (K, d(a,u)),
0 € JR (k) 0

since the density function f vanishes outside K. Applying Lemma fi, we obtain for almost all (a,u) € N(K),

o NFyatl ty ()
g(a)M —lim  inf Ml/ o dt <

a—+1 €10 5€[0,t4 (7)) s e Jo

<lim 1 /Msﬂf( +tu)dt <

sims g a+tu <

1 /5=
g lim = f(a+tu)1K\K95wL(a+tu) dt <
el0 € 0

1 t_(e7)
<Iimf/ fla+tu)dt <
el0 € 0

. 1 [t
<lim  sup M* / tdt =
el0 50, (7)) 5 € Jo

((L, —u) )

=g(a) a1

Thus, s
1 [ (L, —u)*t)ott
Flo) =1 [ flat ttiwen(o+ ) de - o) M0
for almost all (a,u) € N(K). The limiting function is bounded and has compact support, because g is a bounded function
with compact support and L is compact. .
The sequence F. is bounded for all ¢ > 0 and for almost all (a,u) € N(K)N((supp fNIK) x S4~1), which is compact.
We can then find an upper bound and apply the dominated convergence theorem.
We conclude by noticing that

asel0

(h(L, —u) Ty, _ (h(L,u) )"
[, et MBI e oy = [ Ac@ato) MEEE

Ca_1(K,d(a,u)).
" L (K do,w)

O

The following corollary follows from the fact that K C IC‘(io) is also a gentle set, see Section 2 in (Kiderlen, & Rataj,
2006).
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Corollary 1. The limit relation in Lemma @ holds true if K € K{,,.

3. Limit theorem for X,,

From now on, we will assume that K ¢ IC?O) Each set from IC (0) is @ convex body (a compact convex set with a
nonempty interior).

Let Pk denote Poisson point process on (0,c0) x N(K), with the intensity measure v defined as a product of an
absolutely continuous measure on (0, co) with density ¢t and a measure v* on N(K), defined by

V*(K,WQN(K)) = /N(K) 1(a7u)ewg(a)0d_1(K7 d(a,u)),

where W is a Borel subset of N(K).

We start with the lemma which is the main technical result, needed for the proof of our main result, Theorem g below.
The proof follows the same reasoning as in Lemma 4.4 in (Kabluchko, Marynych, & Molchanov, 2025), with only minor
modifications for our specific setting.

Lemma 3. Let K be an element of IC(D), and assume p. meets conditions (M1) and (M2). It follows that

d
D k-t —F D Ooitua 8 n oo, @)

k=1 (t,a,u)EPK

with the convergence interpreted as convergence in distribution within the space of point measures on (K¢ \ {0}) x R?
furnished with the vague topology. Here, K¢ represents the set of compact convex sets that include the origin (which may
not be interior). As previously, we define v = (a +1)~*

Proof. For L € kg \ {0} let L° denote its polar set defined by L° := {z € R? : h(L,z) < 1}. To begin, we observe that the
subsequent equality is valid for the limiting Poisson process. L € K¢ \ {0} and every Borel R C R¢

P{[0,t 'u CLoragégaK( ) forall (t,a,u) € Pk} =

=exp (—v({(t,a,u): [0, 71u]§§L,a€§aK(R)}):
:exp( {(t,a,u) LOZHU_(t),a€§aK(R)}) =
=exp (—v({(t,a,u) : H(L°,u) > t,a € ok (R)}) =

(h(L%,u) ")

= exp ( - /N<K> 1iacesn (r)19(a) Y Ca-1(K, d(a, U)))-

According to Proposition 7.9 in the Appendix of (Kabluchko, Marynych, & Molchanov, 2025), we need to show that, for
every L € K¢ \ {0} and every Borel R C R?, as n — oo,

((L?, u) )

ot Ca-1(K,d(a,u)). 4)

WP~ (K —€)° ¢ L.é € R} — / Vcenn (1 9(a)
N(K)
Note that

lim nP{n (K —€)° € L, € Ry = lim nP{nT"L° & (K — ), € R} =

= nleoo nP{EgKon "L° € R} = nleOO nu(RN(K\ (Ken "L%)) =
h LO, +\ya+1

= /]1](}0 1{a€R}g(a)%C‘i*1(K7 d(a’7 u))7

where the last equality follows from Corollary fl, where ¢ = n~!, L is replaced by L° and C = &3k (R). Thus, () is verified
and the proof is complete. O

Let us formulate now the main theorem of this work.

Theorem 2. Assume that K € IC (0) @nd the measure . satisfies (M1) and (M2). Suppose that ® is a closed convex set

in R x M, which contains the origin and let v = (a + 1)~ be a real parameter, with o. > —1. The sequence of random
closed sets ((n”X,) N D)nen converges in distribution in the space of closed subsets of R? x M, endowed with the Fell
topology to a random closed convex set 3k N'D, where

3= () {(xC’)e]Rdde (Cn+mu>\t} (5)

(t,mu)EPK

and 3 is the reflection of 3k with respect to the origin in R x M.

Proof. The structure of this proof will closely resemble that of Theorem 4.1 in (Kabluchko, Marynych, & Molchanov, 2025).
Referring to Lemma 7.3 in the same source, it is necessary to demonstrate that (n”X,,) N ®© N & converges to 3xk ND N K.
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This should be shown for an arbitrary compact convex subset & of R x M, that contains the origin in its interior, and
subsequently, one must take the limit as £ approaches (R? x M,). Consequently, it holds

(nX,) N & = {(m, C) € f:E, Cexp(C/n")(K + x/m)} -

I
DL

{(m,C) ER: & € exp(C/n'y)(K—&—x/n'y)} =

>
Il
_

I
")

{(m,C) € R:exp(—C/n" )& € K+m/n”} _

£
Sl
-

{(a:, C) € f: (n(exp(=C/nY) — ))&, —z € n' (K — gk)},

™
I
—

where I is the identity matrix in M. Let

am:=sup  sup | (n”(exp(~=C/n") —I)y+Cy|, meN.

nzm (z,C)ER,yeK

Note that a,, — 0 as m — oo, because n” (exp(—C/n”) —I) — —C locally uniformly in C'as n — oo, the set & is compact
in R? x My, and K is compact in R%.
Recall that B,,, denotes the closed ball of radius a., in R? centred at the origin. For each m € Nand n” > m, we have

M € ((N7X0) NK) C N, (6)
where .
Nho =[] {@C)eR: ~C& —x €n (K — &)+ Ba, }
k=1
and .
N = (] {(&,C) € 8: —=C& — x4 Ba,, Cn" (K — &)} 7)
k=1

The benefit of the lower and upper bounds in () is the convex nature of ‘ﬁi,n, simplifying their analysis. We plan to utilize
Lemma 7.8 from (Kabluchko, Marynych, & Molchanov, 2028) by setting Y,£,, = "M% , n® and X,, = (nX,) N &N D.
Let £ be a compact subset of 8. Denote
1(8) = {(L,y) € K§ xR : —~Cy — 2 € L° + B, forall (z,C) € £},
m(£) = {(L,y) € K§ xR : ~Cy — x + B,,, C L’ forall (z,0) € £},
M(L) = {(L,y) € K§ xR*: ~Cy —z € L° for all (z,C) € £}.
Then
P{eco .} =P{(n (K -&)&) € Myi(g),i=1,...,n}.

By Lemma [, the point process {(n~"(K — &)°,&),i = 1,...,n} converges in distribution to the Poisson process
{([0,t7'u],m) : (t,n,u) € Px}. The sets M(£), M;:(£) are continuity sets for the distribution of the limiting Poisson
process. Indeed, for each (¢,7n,u) € (0,00) X N(K),

{([o t ), n) € OM(L) } =

—{ Cn—x € Hy (t+ am) forall (z,C) es}\{ Cn—x € IntH (t + am) for all (z es} =

- { —On — z,u) < t+am forall (z,C) ):} \ {(—C’n—x,u) <1+ am forall (z,C) s} =

= {(—Cn —z,u) <t+anm forall (z,C) € £ }ﬂ {(—Cn — z,u) =t + an, for some (z,C) € E},
where Int denotes the topological interior. Since the probability of the latter event for some (¢, 7, u) € Pk vanishes, it follows
that M} (£) is a continuity set for the Poisson point process {([0,t " u],n) : (t,n,u) € Pk }. Letting a., = 0, we obtain that

M (£) is also a continuity set. The argument for M, (£) is similar by replacing a., with (—a).
Thus, forall m € N,

P{ecal,.}—=P{{(0 ((tmu) € P} C ML)} =P{eC N}
as n — oo, Where
Nt = ﬂ {(m,C’)ER:—Cn—eru_(t—Fam)}.
(t,nu)EPK
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The random closed sets ‘ﬁ,fw and 91, are convex and almost surely contain a neighbourhood of the origin in R x M,,
hence, are regular closed, meaning that they coincide with the closure of their respective interiors. By Theorem 7.5 from
(Kabluchko, Marynych, & Molchanoy, 2025) applied to the space R? x M,, the random convex set ot . converges in

distribution to 91;},. Since ‘ﬁ;;,n N N, as n — oo, and the involved sets almost surely contain the origin in their interiors,

Corollary 7.7 from (Kabluchko, Marynych, & Molchanov, R025) yields that (91}, ,, N D) LN (M} ND) as n — oo, for each
closed convex set © which contains the origin in R? x M, (not necessarily as an interior point). Thus, we have checked
part (i) of Lemma 7.8 from (Kabluchko, Marynych, & Molchanov,, 2025).
We proceed with checking part (ii) of Lemma 7.8 from (Kabluchko, Marynych, & Molchanov, 2025) with Y,,, := 91,,,
where
N, = ﬂ {(m,C)eﬁ:—Cn—eru_(t—am)}.

(t,mu)EPK

Note that the random sets M,, ,, and 21, may be empty and otherwise not necessarily contain the origin. We need to
check 7.14 from (Kabluchko, Marynych, & Molchanov, 2025), which in our case reads as follows

P{M,,ND2NL#2,0eN,,} >P{N, NDNLE#2,0eN,,} as n— oo, (8)

for all compact sets £ which are continuity sets of 91;;, N©. We shall prove (B) for all compact sets £ in R¢ x M,. To this end,
we shall employ Lemma 7.6 (Kabluchko, Marynych, & MolchanoV, 2025) and divide the derivation (§) into several steps,
each devoted to checking one condition of Lemma 7.6 from (Kabluchko, Marynych, & Molchanov, 2025).

Step 1. Let us check that, for sufficiently large n € N,

P{(0,0) €N, .} =P{(0,0) € IntN,, .} >0, meN.

Since the interior of a finite intersection is the intersection of the interiors, and using independence, it suffices to check this
for each of the sets which appear in the intersection in (). If (0,0) belongs to Y} := {(a:, C)e R: —C& —x+ Ba,, C
n? (K — &)}, then Ba,, € n” (K — &). Since & is not concentrated on 0K, we have

P{B

C (K — &)} = P{Ba, Cn"Int(K — &)}

Am, am

foralln. If B, C n” Int(K —¢&), then —C¢, —xz+ B
of the origin in R¢ x M,. Furthermore,

C n" (K —¢&) forall z and C from a sufficiently small neighbourhood

Am,

P{(0,0) €N} =P{Ba,, Cn"(K—&),k=1,....n} =P{B,, /n»n CKOE,} >0

am,

for all sufficiently large n.
Step 2. Let us check that, foreach m € N,

P{(0,0) € 9,,} =P {(0,0) € IntaT,,} > 0.

The equality above follows from the observation that the origin lies on the boundary of {(z,C) € & : =Cn—=z € H, (t—am)}
only if ¢ = a.,, which happens with probability zero. Furthermore, (0,0) € N, if t > a., for all (¢,n,u) € Pk, which has
positive probability.

Step 3. By a similar argument as we have used for ‘ﬁﬁn, for every compact subset £ of R and m € N, we have

P{S - 9?;17”} — P{{([O,tilu],n) 2 (t,n,u) € PK} - M,;(S)} = P{S - ‘ﬁ;} as n — oo.

In summary, we have checked all conditions of Lemma 7.6 (Kabluchko, Marynych, & Molchanoy, 2025). This finishes
the proof of (B) and shows that all the conditions of part (i) of Lemma 7.8 from (Kabluchko, Marynych, & Molchanov, 2025)
hold. It remains to note that

MLND) L BxrNAND), M, ND)1+BxkNAND) as.as m— oo

in the Fell topology, and
lim P{oeMN,} =1

m— oo

Thus, by Lemma 7.8 from (Kabluchko, Marynych, & Molchanov,, 2025) (n” %,,) N8N converges in distribution to 3 x N&ND
as n — oo. By Lemma 7.3 from (Kabluchko, Marynych, & Molchanov, 2025), (n”X,) N ® converges in distribution to
3}{ noD. |

Note that 3« is almost surely a closed set as the intersection of half-spaces. The question of boundedness depends
on the properties of measure v*. If it is supported by sets contained in 0K x H C 0K x S%!, where H denotes a closed
hemisphere of S¢~!, then this set is almost surely unbounded and is almost surely bounded otherwise.

As set 3 is an element of space R? x M, the latter space can be turned into a Euclidian one, given the proper scalar
product, see Section 5.1 in (Kabluchko, Marynych, & Molchanov, 2025). Then, the set 3 x can be viewed as the zero cell
of the Poisson hyperplane tessellation in space R? x M.

Corollary 3. Convergence in distribution of random closed sets in Hausdorff metric also implies convergence in distribution
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of intrinsic volumes, so
Vi X, N®) L V(3 ND) as n—o0,j=0,1,...d,
where V; denotes the j—th intrinsic volume.

Before we proceed with example, it is necessary to introduce some new definitions as well as some assumptions,
borrowed from (Kabluchko, Marynych, & Molchanov, 2025). Let V be a sufficiently small neighbourhood of I in GL,, where
the matrix exponent is bijective. Let log : V — M, be the inverse of the matrix exponent. Define mapping exp : R? x logV
R? x V by exp(x, h) = (z,exph),z € R%, h € logV.

Assume that the following objects exist:

+ a neighbourhood §I C R? x log V of (0,0) in R% x My;
+ aneighbourhood U C R* x V of (0,1) in R? x GlLg;

+ aclosed convex cone ¢ in R? x M, with apex at (0, 0) such that
HNU = exp(Cx N LL).

Similarly to (Kabluchko, Marynych, & Molchanov, 2025), in our examples we will look at intersections of 3k with the cone
¢u. More information on properties of this cone can be found on pages 12-13 of (Kabluchko, Marynych, & Molchanoy,
2025). In the following example, we examine properties of such 3 that arise as part of the limit in Theorem @, where X,
is defined using Z,, sampled according to a probability measure p satisfying assumptions (M1) and (M2).

Example. Let K be aunitball B and H=T x G = {0} x GL4 . In this case, ¢y = {0} x M, and

3B, N ({0} x M) = {0} x ﬂ {C eM;: (Cu,u) < t},

(t,u)eP

where P is a Poisson point process on R, x S?~! with intensity measure being the product of an absolutely continuous
measure with density t* and measure v* on S¢~!, defined as

VK, W NS :/ 1uewg(a)Ca_1(B1,d(a,u)),
N(B1)

where g(a) is defined in the same way as in ().

Discussion and conclusions

In this work, we studied the asymptotic behavior of generalized convex hulls defined via group actions when the un-
derlying point sample is drawn from a non-uniform distribution on a convex body K. Although the construction as well as
limit theorems for the (XK, H)-hulls were introduced in (Kabluchko, Marynych, & Molchanov, 2025) under the assumption of
uniform sampling, our main contribution lies in identifying how the local behavior of the sampling density near the boundary
of K affects the limit. We proved that under power-like decay conditions, the scaled hull converges in distribution to a
random closed set defined as the zero cell of a Poisson hyperplane tessellation, where the intensity measure now depends
not only on the curvature measure of K, but also explicitly on the boundary behavior of the density. This result confirms and
extends previous findings from (Visona, 2024)) on randomly translated sets and shows that the limit structure is sensitive to
the anisotropy introduced by the sampling scheme. Our approach demonstrates that non-uniformity introduces additional
geometric information into the scaling limit, opening new perspectives for modeling and analysis. These insights are likely
relevant in applications where data is naturally concentrated near certain regions of a domain such as in image processing,
statistical physics, or non-homogeneous spatial processes.
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KuiBcbkui HalioHanbHWI yHiBepcuTeT imeHi Tapaca LlleByeHka, KuiB, YkpaiHa

FPAHWYHI TEOPEMU ONA Y3ATANIbHEHUX OMYKNNX OBONNOHOK

(K, H)-060noHka mHoxuHu A C R? — ye ysazanbHerHHsi cmaHOapmHoi 3aMKHEeHOI ornyK1oi 06OSIOHKU A, Wo Moxe 6ymu eusHayeHa siK
nepemuH ycix o6pasie onyksoi 3aMKHeHOi MiOMHOXUHU K C R? nid dieto nioMHONKUHU H 2pynu ycix o060pomHux agpiHHUX NepemeopeHb 8 R%, wo
micmsimb A. [JoeedeHo, ujo macwmaboeaHa Hopmanisauis (K, H)-o6050Hku eunadkoeoi eubipku, po3nodineHoi 32i0Ho 3 iMoeipHicHO0 Mipoto
1 Ha K, sika eede cebe sik cmeniHb 6ina mexi O K, 36izaembcsl 3a po3nodinnom 0o eunadkoeoi 3aMKHEeHOI MHOXXUHU, SIKy MOXXHa po3anisidamu sik
Hynbo8y KNiMmUHKy Oesikol nyaccoHi8cbKoT 2inepnnoujuHHOi Mo3aiku 3 8HOI Mipoto iHmeHcueHocmi.

Knw4yoBi cnoBa: y3azanbHeHa onyKiicmb, MyacCcoHieCbKa 2inepruiowjuHHa Mo3aika, HyJibogea K/limuHKa, mipa Kpueu3Hu.

ABTOp 3aABnsiE€ NPO BiACYTHICTb KOHMMIKTY iHTepeciB. CrnoHcopu He Bpanu yvacTi B po3pobneHHi gocnimxeHHs(y 36opi, aHanisi un
iHTepnpeTauii 4aHux, SKWO Le Mano Micue), y HanncaHHi pykonucy Ta B pilleHHi Npo nybnikawito pesynsrartis.
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