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ANALYSIS OF LINEAR SYSTEMS WITH COMPLEX ELEMENTS
BY THE BASIS MATRIX METHOD

This work proposes the application of the mathematical framework of complex variable function theory (specifically, for linear
systems with complex elements) to describe the mechanism of interaction between components in a system ("model” — "re-
searcher”) during the process of mathematical modeling. The method of basis matrices is extended to linear systems with complex
elements. An algorithm and computational procedure are developed for analyzing the properties and solving such systems, taking
into account the interaction mechanism between the real and imaginary components in the representation of the mathematical
model. A computational experiment is conducted to verify the correctness of the proposed algorithm and computational procedure.

The object of the study is processes of various natures in the context of solving the problem of mathematical modeling.
The subject of the study is methods, algorithms, and computational procedures of mathematical modeling, particularly the mathe-
matical apparatus of complex variable function theory and linear algebra.

Research Objective: to develop algorithms and computational procedures for analyzing the properties of two-component math-
ematical models of processes (with complex elements), capable of accounting for the researcher’s activity in the problem-solving
process.

Research Tasks: to analyze known approaches to solving computational problems while considering the "activity” of the hu-
man analyst, operations researcher, or decision-maker; to identify basic mathematical methods in the class of linear systems that
incorporate the ability to account for (human) activity in the problem-solving process; to develop computational procedures and
algorithms adapted to modeling tasks (at various stages) for comprehensive analysis of linear systems (two-component systems),
with a component accounting for human activity; to conduct a computational experiment based on the proposed method, algo-
rithm, and procedure to verify their correctness on model examples; to analyze and summarize the experimental results and outline
prospects for further research.

The mathematical modeling procedure involves a series of sequential stages (with feedback). Unfortunately, the unavoidable
issue of the adequacy of the mathematical model in representing the studied process remains a challenge in solving applied prob-
lems. It is well known that modeling problems are expressed using mathematical tools of varying complexity and are often simpli-
fied (reduced) to linear models. This includes the discretization of continuous problems and the linearization of nonlinear ones.

It should be noted that the modeling process does not explicitly account for the influence of the researcher’s experience, i. e.,
the human factor, on the quality of the modeling process at all stages. In fact, the two-component structure of the problem ("ex-
plicit" component — the mathematical model, and "implicit" — the researcher within the modeling loop) can be "traced”.

This underscores the relevance of developing new mathematical problem formulations for modeling with complex elements
(two-component systems), in which mechanisms are embedded to account for the researcher’s experience in achieving greater
adequacy of the model to the studied process at various problem-solving stages.

Keywords: system of linear algebraic equations, basis matrix method, complex analysis.
AMS 2020 classification: 15A06, 65F05, 30A99.

Introduction

In recent decades, a scientific direction has gained intensive development (in practical tasks), which involves taking into
account the presence of a person (in various guises) in the problem-solving contour of a model when presenting it. For
example, dialogic (Dul et al., 2012), human-machine (Mrachkovskyi, 2023; Tan, Feng, & Shen, 2017), active (Strauch, 2017),
ergatic (Korobiichuk, Tokar, & Danik, 2019), expert decision-making systems, and others. In practice, they include various
interpretations of two-component systems — taking into account a person (analyst, researcher, expert, operations researcher).
That is, the mechanisms of human interaction with the system (influences on a certain mathematical model). In the mathe-
matical aspect (as a generalization), the nature of the category of a complex number (in the theory of functions of complex
variables) is based on two-componentity (real and imaginary parts). And the modulus of a complex number can be interpreted
as the resulting interaction of two components: real and imaginary.

In general, there is an implicit tendency towards an increasingly widespread involvement of the mathematical apparatus
of complex (and hypercomplex) numbers in the description of complex processes (mathematical representation) (Demmel,
1997; Blackford et al., 2002).

The use of a more complex formal mathematical apparatus, on the one hand, "leads" to a more complicated representation
of the model, and on the other hand, contributes to a more adequate representation of processes of a complex nature. Ac-
cordingly, the use of the mathematical apparatus of linear systems with complex elements can be a "golden mean", that is, a
parity "measure of balance" between the complexity of the study and the adequacy of the representation.

Further study of the properties of linear systems with complex elements seems important in the field of practical application
in the description of applied problems.

The object of research is processes of various nature in the context of solving the problem of mathematical modeling.

The subject of the research is methods, algorithms and computational procedures of mathematical modeling. In particular,
the mathematical apparatus of the theory of functions of a complex variable, linear algebra.
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The purpose of the research: to develop algorithms and computational procedures for analyzing the properties of two-
component mathematical models of processes (with complex elements) with the ability to take into account the activity of the
researcher in the process of solving the problem.

Research objectives:

+ to analyze known approaches to solving computational problems taking into account the "activity" of a person, such as
an analyst, operations researcher, decision maker, etc.,

+ to identify basic mathematical methods in the class of linear systems, which include the ability to take into account (and
activity) of a person in the process of solving a problem, i.e. two-component systems,

» to develop computational procedures and algorithms for the complex analysis of linear systems (two-component
systems) adapted to modeling tasks (at different stages), with a component of taking into account human activity,

« to conduct a computational experiment based on the proposed method, algorithm and procedure to verify the
correctness of their "work" on model examples,

* to analyze and form conclusions based on the results of the experiments and outline prospects for further research.

1. Overview and relevance

It is known that mathematical models of processes are presented in the class of nonlinear problems, often optimization
problems. When studying them, simplification procedures are used, for example, by transitioning from continuous problems
to discrete ones (discretization of continuity), replacing nonlinear complex dependencies with simpler ones (linearization of
nonlinearity in the neighborhood), etc. As a result of such transformations, the initial problem is formalized in the class of
linear systems, in particular, equations, inequalities, etc.

It is natural (desirable) that the study of a linear system with complex variables can also be reduced to a system of linear
algebraic equations with real elements (generally, of higher dimension). This indicates a wide range of possible practical
applications of linear systems.

Of course, when analyzing solvability (unsolvability), the appropriate basic theoretical background can be applied (Demmel,
1997). It should be noted that the issue of solvability of systems of linear algebraic equations (SLAE) was embedded in classical
theoretical results: the fundamental theorem of linear algebra, Kronecker — Capella, Mynkivsky — Farkash. A number of studies on
the analysis of the solvability of linear systems and the influence of the parameters of the organization of calculations on the quality
of the mathematical model were conducted, in particular, in (Granlund, 2023; Fromberger, 2005). The practice of performing calcu-
lations revealed differences between the mathematical (theoretical or exact) and machine (approximate computer) representation
of the model, which was described in (Demmel, 1997; Blackford et al., 2002). These differences (as irreducible errors) are an addi-
tional source of inadequacy of the model and the process (for example, the incorrectness of the problem).

It has also been established that when using computational methods for solving SLAE, it is important to estimate and take
into account the rank value and its completeness (it depends on the accuracy of the model representation). It has been
established that for SLAE with an arbitrary ratio of the number of rows and columns, the Gaussian method can be considered
the most universal (Demmel, 1997). This method allows solving the problem without restrictions on the structure of the con-
straint matrix and the dimension of the corresponding matrix. The importance (for correct calculations) of controlling the rank
values (and the properties of its completeness) (Kudin et al., 2019a), conditionality (Kudin et al., 2019b) has been established.
It is also important for analyzing the structure of the system (Kudin, Onyshchenko, A., & Onyshchenko? 1., 2019) to find the
corresponding rank matrix (basis), fulfill the conditions of support, and non-degeneracy of the basis matrix (Kudin et al., 2007).
In particular, in the work (Kudin et al., 2019a) the influence of the accuracy of the representation of model elements (mantissa
length, order value, machine zero threshold and overflow) and the options for organizing calculations on the properties of
solutions was investigated. The corresponding software implementation was developed for calculations using the basis matrix
methods (BMM) (Kudin et al., 2019a). Long arithmetic for models with rational elements was used here. In the works (Kudin
et al., 2019b), algorithms and computer implementation of Gauss-type methods and artificial basis matrices (a variant of the
basis matrix method) (Kudin et al., 2007) in the Matlab and Visual C++ environments were proposed using the technology of
exact calculations of method elements, primarily for ill-conditioned systems of different dimensions (Kudin et al., 2019b).

It has been confirmed by experiments that computational procedures can be developed and applied in different ways
(subjectively). This is also observed when choosing: a computational algorithm, the accuracy of calculations, the representa-
tion of numbers (the length of the mantissa), the tool for performing calculations (the threshold value of the machine zero),
and the degree of taking into account the conditionality of the system. This ultimately forms a "different vision and assessment"
of the course of calculations. That is, the influence of such subjectivity in organizing calculations can be significant. And in the
future (due to the established value of the rank of the constraint matrices) to affect the solvability, the dimensionality of the
solution space (in the case of non-uniformity). This indicates the importance of developing a mechanism to take into account
the possible influence of the researcher (his implicit activity) during the construction of the model at the stage of developing
the computational method and algorithm. In general, through the quantitative selection of the parameters of the organization
of calculations, it is possible to actively influence (i.e., interact with the system) the quality of the mathematical model at the
stage of organizing calculations. Such activity can be quantitatively assessed, i.e., acquire its meaning, by introducing into
consideration the coefficient of influence of the subjective on the mathematical model. The use of the mathematical apparatus
of complex numbers makes it possible to quantitatively take into account the experience of the researcher (through the coef-
ficient of influence activity) on the real component (mathematical model) when solving the problem.

2. Main definitions and results

Let us investigate the properties of a linear system with complex elements. In particular, the conditions of solvability and
non-solvability in the context of using the method of basis matrices (artificial basis matrices) (Kudin et al., 2007).

We have a SLAE with complex elements

APy =C, (1)

where AP = A® +id®,C“? =C® 1+iC® — real and imaginary components (i’ =-1), i. e. matrices and constraint vectors

m,m () (8) m,m .
, A" =(al-j ) - matrices (and elements)
_ e

. T .
of a complex linear system, u=(u,,u,...,u,) — vector of variables, 4" =(al§.R))i o
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of real and imaginary components (components), C® :(c,‘”’)'_ﬂ_1 , C® :(cjs’)"il — respectively, the vectors of the right-hand

sides of the constraints of the component of the complex system. In particular,

O =a, P +ia,,c P =c' +ic®,i=1,m,j=1,m — complex elements of a linear system.

a
Let us consider a system of the form:
A(Mod)u — C(Mod) , (2)
whose elements are formed by the corresponding modules of complex numbers of the elements of the model (1), where
AMod) =(aij0d) ),m}: , Ced) :(C’(Mo(/)):il , ai/_(l'l/lod) — a;jR)z +a§/5)2 , C[(Mod) _ /ch)z +c[(5)2 ,iZl,_fn,jzl,_fn ]
That is, the classical mechanism of (element-wise) interaction of real and imaginary components of a complex linear
system.
Without loss of generality, system (1) can be written in equivalent form:
ABy =
Ay =S (3)
Let us rewrite the linear system (3) in the form :
Au=C, 4)

(R) (R)
where 4= [A‘S’}C :[C‘S’J , accordingly, the matrix A of dimension 2m x m , which will be called the main or generating matrix
in the future, C is the constraint vector of dimension 2m .
When studying system (4), we will also use a system of the form:
EMu=1", (5)

m,m . . . . . . . . . .
in  which E‘”’)=(efj’"))l_j:l=5,j,ef,.’"’=1,1=J,e,§."’):0,l¢] is a trivial square matrix of dimension (mxm),

™ = (ii‘.‘””)fll ,e™ =1,i=1,m is a constraint vector of dimension = , with a known solution and inverse matrix. In the following,
we will call it an auxiliary system.

The basis of the proposed method of artificial basis matrices (ABM) and its corresponding algorithms is the idea of a
basis matrix formed by linearly independent rows. The process of iterative "incrementing" (replacing) the constraints of the
auxiliary system (5) with the relaxed constraints of the main system (4) is carried out. During the iterations (based on the
formed artificial basis matrices), the magnitude of the rank of the matrices of the formed intermediate systems is analyzed
and the main elements of the method are found.

Definition 1. The submatrix 4, of the matrix 4, composed of m linearly independent normals 7, =(i,i,,....,i,) I = {1,2,...,2m}
of constraints (4), will be called artificial basis, and the solution u, = (u,,u,,....4,,)" Of the corresponding system of equations
A, =Gy,

where C, = (c,.I NN )" is the subvector C, artificial basis, A, =au,—c,,rel is the residuals of the constraints.
Let e, be elements of the inverse matrix A;] =||e!./.|| @ :I,_m;jzl,_m) composed of m linearly independent column vectors

(Jisdase-rdin) (ev/. =(e0e5,00e ),j:1,2,...,m) inverse to 4,; a, =(a,,a,,,...,a,,) — vector of expansion of the constraint

> Y mj r22° 0 rm

normal vector a,u =c, a, along the rows of the basis matrix 4, (o, =a,x4,"); «,, #0 —leading element of the transformation

Ik
method, where [ is the number of the normal-row of the constraint matrix that is introduced, and & is the number of the
normal-row of the constraint matrix that is extracted from the artificial basis matrix. It has been established that between the
coefficients of expansion of the constraint normals (4) along the rows of the artificial basis matrix, elements of the inverse
matrices, artificial basis solutions, and constraints (4) in two adjacent artificial basis matrices, the relations given in (Kudin et
al., 2007) take place.

Let us establish the properties of solutions of a linear system with a square matrix of constraints. Let system (5) have a
square matrix of constraints, for definiteness of dimension m ( r=rang(4)=m).

Proposition 1. For the existence of a unique solution (4), it is necessary and sufficient that a’ #0,i :I,_m, where o’ are

the leading elements of the simplex iteration of the method of artificial basis matrices by replacing the rows of the basis matrix
formed by (5) with the normals (4).
Proof. Let the simplex iterations of replacing the rows of the matrix (5) with the normals of the constraints (4) (Kudin et al.,

2007) satisfy the condition a,(k“ ¢O,i:1,_m. That is, at all m iterations, the condition of support of the intermediate artificial

basis matrix (linear independence of the rows of the matrix) and the nondegeneracy of the matrix (4) are satisfied. This means
that there is a solution to the system (4) and, unique. It is not difficult to verify that the "reverse" condition is also satisfied.
m}

Proposition 2. The matrix A of the main system is full rank (non-degenerate for this case) if o’ #0,i :I,_m, where iis the
number of iterations for replacing the normal vectors of the auxiliary system (5) with the vectors of the main system (4).
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Proof. The validity of the statement follows from the fulfillment of the support condition (linear independence of the rows of
the basis matrix) when performing the substitution iteration and its non-degeneracy.

Corollary 1. The rank of system (4) is determined by the number of correct substitutions (fulfillment of the support condition
— linear independence of rows) based on simplex iterations.

Let »=rang(4)<m . In general, the solvability analysis of the SLAE (4) is carried out in two steps. In the first step, we
find a separate solution of the relaxed SLAE (4) with the normal constraints forming the basis matrix. In the second step, we
analyze the solvability of (4) as a whole, i.e., we establish the admissibility of the found solution to the basic system. It should
be noted that the solvability conditions of the above statement can be extended to the general case of the structural properties
of the constraint matrix and the rank value, i. e., r =rang(A) < min(n,m) .

Proposition 3. A necessary and sufficient condition for the undecidability of system (4) for which r =rang(A4)=m is the
violation of the relation for at least one of the expansions of the row (the normal vector «,,i €I of the constraints)

¢zc,=aC,ielll,, (6)
ie, iyelll,c #c =aC,.
Proof. Necessity. Proof by contradiction. Let system (4) be solvable. Taking into account the solvability property for Yu, eU
(in particular, our intermediate) in the assumption of the value of rank r, we have

au,=c,,iel

in particular, the systema, u,=c, is equivalent «, 4,u,=c,C, as a linear combination of basis constraints, then
a, 4, =a,, o, C,=c, =c, . We have arrived at a contradiction, since by the condition must Ji,,c, #¢, =«,C, .
Sufficiency. Proof also from the converse. Let us have the fulfillment of condition (6), i.e. among «;,,i €I — series expansions
of normals Ji,c, #¢, =a,C,, with solvability (4). For Vu,eU the solution of system (4), a,u,=c,,iel. In particular, under

the assumption of solvability, it follows that ¢, 4,u,=2,C,, &, 4, =a,, @, C,=c, =c,. Due to the assumption of (6), we have

reached a contradiction.

O
Proposition 4. A necessary and sufficient condition for the solvability of system (4) for which r = rang(A) = m is the fulfillment
of the relation for vectors «,,i € I, , row expansions of normals (4):

¢=c¢=aC, iel,. (7)

The proof of the statement is carried out according to the scheme of the previous one (statement 3). Taking into account the
solvability of (4) we obtain the validity of (7). On the other hand, the assumption of the validity of (7) for
Viyel, 1a,u, =, 4,u,=a,C,=c, =c, , will determine the solvability of (4).

m}

It should be noted that the conditions of the statement correspond to the provisions of the well-known Kronecker-Capelli
theorem on the solvability of a system of equations.

Let us consider the main stages of the relaxation scheme of sequential inclusion of relaxed constraints (4) into system (5)
with known elements of the method. At the last iteration of the inclusion, the rank value, the solution of the relaxed ("interme-
diate") system of algebraic equations (4) with constant elements for a non-degenerate system, will be established.

Algorithm 1

Preparatory step. We assume that the solution u, and the inverse matrix 4;' of the SLAE of type (5) of the auxiliary
system are initially known.

Step 1. We perform simplex iterations by replacing the rows of the basic matrix of the system (5) with the normals of the
constraints of the system (4), according to the relations (Kudin et al., 2007).

We find the corresponding elements of the method: row expansion of the basic matrices with constraints from (4), the
inverse basic matrix, artificial basic solutions ug“ , where £ is the iteration number.

Step 2. We check the number of iterations » of replacing the rows of the auxiliary system (5) with the rows of the main
system (4) for which the conditions are met: a, * 0 is the number determines the rank of the main system.

Step 3. If the number of iterations for which «.’ #0 is equal to m , then we proceed to the next step. Otherwise, to the
penultimate step.

Step 4. We find the unique solution of the relaxed system (4) 4,'-C, =u’ .

Step 5. Fulfilling the condition » < m means violating the condition of completeness of rank and uniqueness of the solution
and requires further analysis of the solvability of the problem.

The last step. Formation of initial information based on the results of the analysis (5).

3. Computational experiment

A specific model problem was constructed (m = 5 selected), for which:

1) The pseudo-random number sensor generated a solution u, with components from the range [0, 99];
2) the off-diagonal elements of the coefficient matrix A are complex numbers a,“” with real and imaginary parts —
numbers from the range [0,1];
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3) diagonal elements a,“” are calculated by the formula:

a, ' = Za,j(k) + iZaU(S) =a,'” +ia,”
= =
J#i J#i
where m is the dimension of the coefficient matrix.
4) the vector of the right-hand sides is calculated by the formula C“? = APy, =(4® +id®)u, =C*® +iC® | i. e. the

components of the system with complex elements (3) are found;

5) system (4) is formed and "normalized" (each row of constraints is divided into the corresponding diagonal element of
the matrix).

As a result (de facto) we obtain a SLAE of type (4) with a diagonal advantage of the component constraint matrices for

both the real and imaginary parts ( A4'®, 4)) of the form:
1 0.205882 0.169118 0.257353 0.367647
0.472973 1 0.027027 0.135135 0.364865

AP = 0 0.330189 1 0.5 0.169811 |,
0.25283  0.350943 0.283019 1 0.113208
0.334601 0.114068 0.368821 0.18251 1
1 0.285714  0.107143 0 0.607143
0.175115 1 0.299539  0.442396  0.0829493
A% =10.436893 0.0485437 1 0.038835  0.475728 |, (8)
0.235632 0 0.195402 1 0.568966
0.608696  0.236025 0.0807453 0.0745342 1

C® =(120.199 834189 165.047 149.238 154.365)
C® =(111.071 10223 162.087 172.546 130.161)T, 9)

where 4P = 4P 4i4® C9 =C® +iC® | i* =-1 - imaginary one.

The exact solution of such a generated systemis u, :(45 16 98 95 84)T.

For testing, a computer program was developed in the C++ programming language that implements the ABM with calcu-
lations within the long double type (for real, imaginary times, solution and intermediate values).

The accuracy parameter of the computational experiment was chosen as eps=1e-12 — the threshold value for comparison
with zero (Kudin et al., 2019a).

Experiment 1. Solving the SLAE (4) with the coefficient matrix (8) and the right-hand side (9) using the ABM.

As a result of the 5 iterations, a solution u =(45 16 98 95 84)T with an error of 10" was obtained, which is due to the

error of the input data, the error of calculations and the machine "epsilon". During each iteration, the fulfillment of the condition
a, #0 was observed. In addition, the solvability conditions of the redefined system (4) were checked by calculating and

evaluating the residuals of the solution rr_la[x|A,| <4.3-10™, which are within the computational error and confirm the correct-

ness of the solution of the redefined system (4).

The content of the iteration results is given in Appendix A.

Experiment 2. Numerical modeling of the mechanism of interaction between real and imaginary components of the system
— for a complex two-component model.

The activity coefficient is introduced into consideration, a function of the influence of the imaginary component of a complex
system on the real one. For example, in the form of A =a(k)=1/k , with parameter & €[0.5, 2].

In this computational experiment, using the ABM, solutions of the SLAE were found, the elements of the model of which

(constraint matrix) depend on the activity function a(k) and are formed by the relations: z, :min{ajf”,aa,;:‘)} , where a and

a" are the real and imaginary parts of the elements of the matrix A" .

Figures 1-5 shows graphs of the dependence of the components of the SLAE solution on the parameter k €[0.5, 2], which
varies with a step of 0.15. The horizontal lines drawn in black correspond to the components of the solution of the initial SLAE
(1) with coefficients (8), (9).

The graphs above (Fig. 1-5) show the dynamics of changes in the solution components (5 of them) when the activity
coefficient changes (within [0.5, 2]. An increase is observed for all solution components except the first component when
increasing, and for the first component from the 8th iteration.
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Fig. 1-5. Evolution of solution components depending on k (k = 0.5 ... 2) — abscissa axis

Discussion and conclusions

According to the research objectives, an analysis of known approaches to solving computational problems, taking into
account human "activity" was conducted. Basic mathematical methods (in the class of linear systems) were identified, which
include the ability to take into account the activity of a person in the process of solving a problem. The computational proce-
dures for the complex analysis of linear systems (two-component systems) were developed (adapted to modeling tasks at
different stages), with a component of taking into account human activity. A computational experiment was conducted to verify
the correctness of the "work" of the procedures on model examples.

The results of the experiments (obtained residuals of order 103 and Figures 1-5) confirm the correctness of using ABM
in numerical modeling of problems related to solving SLAE with complex elements. Prospects for further research are outlined,
in particular, the "complete" complex linear system, and the development of a generalization of the developed computational
procedures for the analysis and solution of complex systems based on classical methods.

Appendix A

Program output when solving SLAE (1) with coefficient matrix (8) and right-hand side (9). Here tek_alfa_|_k is the lead-
ing element of the transformation ( ¢, ).

Table A.1
(AIC)
1 0.205882 0.169118 0.257353 0.367647 120.199
0.472973 1 0.027027 0.135135 0.364865 83.4189
0 0.330189 1 0.5 0.169811 165.047
0.25283 0.350943 0.283019 1 0.113208 149.238
0.334601 0.114068 0.368821 0.18251 1 154.365
1 0.285714 0.107143 0 0.607143 111.071
0.175115 1 0.299539 0.442396 0.0829493 102.23
0.436893 0.0485437 1 0.038835 0.475728 162.087
0.235632 0 0.195402 1 0.568966 172.546
0.608696 0.236025 0.0807453 0.0745342 1 130.161
Table A.2
Iteration 1

tek alfa | k=1;

The inverse of A is AMN-1):

1 -0.205882 -0.169118 -0.257353 -0.367647

0 1 0 0 0

0 0 1 0 0

0 0 0 1 0

0 0 0 0 1

[MpaBa yacTuHa c:

120.199 [ 1 [ 1 [ 1 [ 1
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Table A.3
Iteration 2
tek_alfa_|_k=0.902623;
The inverse of A is AM-1):
1.10788 —0.228093 —0.181198 —0.254293 —0.324086
—0.523998 1.10788 0.0586746 -0.0148613 —0.211581
0 0 1 0 0
0 0 0 1 0
0 0 0 0 1
c:
120.199 | 83.4189 [ 1 [ 1 [ 1
Table A.4
Iteration 3
tek_alfa_|_k =1.01937;
The inverse of A is AM-1):
1.07713 —0.163069 —0.177754 —0.166289 —0.30632
—0.514039 1.08683 0.0575595 —0.0433586 | —0.217334
0.16973 —0.358858 0.980995 —0.485683 —0.0980501
0 0 0 1 0
0 0 0 0 1
c:
120.199 | 83.4189 | 165.047 [ 1 [ 1
Table A.5
Iteration 4
tek_alfa_|_k=0.805283;
The inverse of A is AM-1):
1.10603 —0.113794 —0.125531 —0.206497 —0.320416
—0.506503 1.09967 0.0711762 —0.0538426 | —0.221009
0.254148 —0.21494 1.13352 —0.603121 —0.13922
—0.173813 —0.296321 —0.314049 1.2418 0.0847668
0 0 0 0 1
c:
120.199 83.4189 165.047 | 149.238 [ 1
Table A.6
Iteration 5
tek_alfa_|_k=0.831702;
The inverse of A is AM-1):
1.25024 —0.131513 0.000395104 | —0.233865 —0.385253
—0.407036 1.08745 0.158035 —0.0727201 —0.265731
0.316805 —0.222638 1.18824 —0.615013 —0.167392
—0.211963 —0.291633 —0.347363 1.24904 0.10192
—0.450059 0.0553001 —0.393009 0.0854148 1.20235
c:
120.199 83.4189 165.047 149.238 154.365
Table A.7
Program completion
Residuals vector:
—4.26e-14 | —142e-14 [284e-14 [0 [0 [ -4.26e-14 [ 0O [0 | - 2.84e-14
The system is correct
Solution u:
45 | 16 | 98 | 95 | 84
Execution time: 0.034 seconds

Authors' contribution: Volodymyr Kudin — concept, problem statement, method, algorithm, source analysis, preparation of literature

review or theoretical foundations of the study; Vyacheslav Onotsky — computational procedures, software, experiment (collection and
verification of empirical data, research), source analysis, preparation of literature review or theoretical foundations of the study.
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AHATI3 NIHIKHWX CUCTEM 13 KOMMNNEKCHUMW ENEMEHTAMU METOAOM BA3UCHUX MATPULIb

3anponoHosaHoO 3acmocyeaHHsI MameMamuy4yHO20 arlapamy meopii (hyHKYiT KOMMNIeKCHOI 3MiHHOT (8 YacmuHi JiHilIHUX cucmeM i3 KOMIM/IeKCHUMU
esileMeHmamuy) 05151 onucy mexaHiamy e3aemodii komnoHeHm y cucmemi ("Modenb"” — "docnidHuk") y npoyeci Mamemamu4Ho2o ModesitoeaHHsI. Po3su-
HeHo Memod 6a3ucHUX Mampuyb 00 JIiHIlIHUX cucmeM i3 KOMIJIeKCHUMU efleMeHmMamu. Po3po6ieHo anzopumm U o64uciroeansHy npoyedypy aHanizy
eracmusocmel i po38'a3aHHs1 3 ypaxyeaHHsIM MexaHi3mMy e3aemodii dilicHOi ma ysieHoOI ckllado8ux KOMIMOHEHM y nodaHHi Mamemamuy4Hoi modeni. po-
sedeHO 06y4ucIro8anbHUL eKcriepuMeHm 3 rnepesipku KopekmHocmi po6omu 3anpornoHo8aHo20 as2opummy U o64yuctosansHoi npoyedypu.

06'ekmom AocnidxeHHs1 € Mpoyecu pi3HOT NPpupodu 8 KOHMeKCcMi po3e‘a3aHHs 3adavyi MamemMamu4yHO20 MOOESTHO8aHHS.

Mpedmem AocnidxeHHss — Memodu, anzopummu i o64ucroeanbHi Npoyedypu MameMamu4yHo20 Modeslro8aHHs, 30KpemMa, MameMamuyHul
anapam meopii ¢pyHKuii KoMnneKkcHoi 3MiHHOI, niHiliHoi anze6pu.

Mema docnidxeHHsi: po3pobumu anzopummu Ui o64yucnroeanbHi npoyedypu aHanizy enacmueocmeli 80X KOMIMOHEHMHUX MameMamu4HuUX
modereli npoyecie (3 KOMNIeKCHUMU efleMeHmMamu) 3i 30amHicmio epaxoeyeamu akmueHicmb 0ocsliGHUKa e npoyeci po3e'si3aHHs1 3adadyi.

3ae0daHHs1 docnidxeHHsI: npoeecmu aHani3 eidomux nidxodie o po3e'a3aHHsA 064uUCI08aNIbHUX 3a0ay 3 ypaxyeaHHsAM "akmueHocmi” ft0OuHU
K aHanimuka, docniOHUKa onepauiti, ocobu, sika yxeasnoe pilleHHsI mou,o; eusseumu 6a3oei MamemMamu4Hi Memodu e knaci niHiliHux cucmem, y
sAKuXx 3aknadeHo 30amHicmb ypaxosyeamu (Ui akmueHicmb) /TIOOUHU 8 npoyeci po3e'a3aHHs 3adayi; po3pobumu adanmosaHi nid 3ada4i moderto-
8aHHs1 (Ha pi3HUX emanax) o64ucsioeanbHi npoyedypu U an2opummu KOMIJIEKCHO20 aHanidy iHiliHuUx cucmeM (O80KOMMOHEHMHUX cucmem), 3i
cknadogoro epaxysaHHs akmusHoOCMmi JIFOUHU; Nposecmu o64uco8anbHUll eKCrnepuMeHm Ha OCHOB8I 3arnpornoHo8aHo20 Memody, anzopummy ma
npoyedypu 3 nepeeipku ixHboi KOpekmHocmi "po6omu” Ha MoOesIbHUX Npuknadax; 3pobumu aHani3 i cgpopmyeamu 8UCHOBKU 3a pe3y/ibmamamu
eKcrepuMeHmie ma okpecsaumu rnepcrnekmueu rnoodasbwux 00CiOKeHb.

Y npouyedypi Mamemamu4yHo20 modesntoeaHHs 3aKk1adeHo npoeedeHHs psidy nocnidoeHux emanie (3 06epHeHUM 38 's13koM). |, Ha anb, HeycyeHa
npobnema adekeamHocmi MamemamuyHoi Modesli NodaHHs1 AocnidxyeaHOMy MPOYEeCy € CynymMHUKOM po38'si3aHHs1 npuknadHux 3aday. Sk eidomo,
3adayi ModesiroeaHHs1 NoO0arOMbLCSI MameMamuy4YHUM arapamom pi3Hoi ckiiaHocmi i yacmo "npueodsimbcs” (cnpoulyromscsi) 36e0eHHSIM 00 NiHil-
Hux modesel, 30kpema, 30ilicHloembcsi uckpemu3sayisi HenepepeHuXx i NiHeapu3auyis HeniHiliHUX 3aday.

Bapmo 3a3Havyumu, ujo e npoyeci ModesnoeaHHs He 3aksiadeHo y seHOMY euansidi epaxyeaHHs ennuey doceidy docnidHuka, mo6mo nrodcbKo020
ghakmopy, Ha sikicmb npoyecy mModesntoeaHHs1 Ha ecix emanax. [Je-gpakmo, deokoMnoHeHMHicmb cmpykmypu 3adadyi ("sieHa" cknadoea — mamema-
muyHa Modesib ma "HesieHa" — dociOHUK y KOHMYpi ModestoeaHHs1) "npocmexyemscs”.

Le obymoentoe akmyanbHicmb po3pob6rieHHsI HO8UX MameMamu4HUX MOCMaHO80K 3aday ModJdeslto8aHHSI 3 KOMIUIEKCHUMU esleMeHmamu

(080KOMMOHEHMHUX cucmeM), y IKUX 3aKia0eHo MexaHi3Mu epaxyeaHHs doceidy docsliOHUKa w000 docsi2HeHHs 6inbwoi adekeamHocmi moodersi
docnidxyeaHoMy npouyecy nid Yyac po3e'sizaHHs 3adayi Ha pi3HUX emanax.

Knw4yoBi cnoBa:cucmema niHiliHux anzebpaiyHux pieHssHb, Memod 6a3UCHUX Mampuyb, KOMIJIEKCHUL aHasli3.

OpauH 3 aBTopiB (B. KygiH) € uneHoM peakonerii BuaaHHs, TOMy BiH He BpaB yyacTi y peueH3yBaHHi Ta NPUAHATTI PilleHHs Woao
ny6nikauii yiei cTarTi.

ABTOpM 3a8BNSIOTb NPO BiACYTHICTb KOHMMIKTY iHTepeciB. CnoHcopy He 6panu yyacTi B po3pobneHHi AocnimpKeHHs; y 36opi, aHanisi un
iHTepnpeTauii AaHWX; Y HanMCaHHI pyKonucy; B pilleHHi Npo nybnikauito pe3ynbTartis.
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