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DYNAMICS OF A NON-AUTONOMOUS STOCHASTIC MUTUALISM MODEL WITH JUMPS

In nature, we can find many examples where the interaction of two or more species is to the advantage of all. Mutualism
occurs when one species provides some benefit in exchange for some benefit, for example, ants and aphids, in which the ants
obtain honeydew food resources excreted by aphids while the aphids obtain increased survival by the non-trophic service of
ant defense against natural enemies of the aphids. Mathematical deterministic mutualism models are widely used to study the
dynamics of such population systems. In real life, there is a lot of randomness and stochasticity, such as environmental noise,
so using stochastic models is more suitable. Suppose we want to take into account abrupt environmental perturbations, such
as epidemics, fires, earthquakes, etc., in the considered models. In that case, we must introduce Poisson noises into population
models to describe such discontinuous systems. So, we take into account not only “small” jumps, corresponding to the centered
Poisson measure, but also the “large” jumps, corresponding to the non-centered Poisson measure. The existence and unique-
ness of the global positive solution are proved for the system of stochastic differential equations describing a non-autonomous
mutualism model disturbed by white noise, centered, and non-centered Poisson noises. We obtain sufficient conditions of
stochastic ultimate boundedness, stochastic permanence, non-persistence in the mean, weak and strong persistence in the
mean, and extinction of the solution to the considered system.

Keywords: stochastic mutualism model, global solution, stochastic ultimate boundedness, stochastic permanence,
extinction, non-persistence in the mean, weak and strong persistence in the mean.
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Introduction

In nature we can find many examples where the interaction of two or more species is to the advantage of all. Mutualism
occurs when one species provides some benefit in exchange for some benefit, for example, ants and aphids, in which the
ants obtain honeydew food resources excreted by aphids while the aphids obtain increased survival by the non-trophic
service of ant defense against natural enemies of the aphids. Mathematical deterministic mutualism models are widely
used to study the dynamics of such population systems.

In (May,, 1976), the following deterministic two-species mutualism model
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z(t) (7’1 - Iflli;t()t) — 51:1;(16)) dt,

1
dy(t) = y(t) (ra — 22205 — cay(r)) dt A

is proposed. Here z(t), y(¢) denote the population densities of each species at time ¢, r;, K;, bi,e; (i = 1,2) are positive
constants, r1, 72 denote the intrinsic growth rate of species z(¢), y(t) respectively, K1 is the capability of species x(t) being
short of y(t), similarly K> is the capability of species y(t) being short of z(t).

In the paper (Li et all, 2015) the stochastic version of the model (fl]) is considered in the following form

dz(t) = x(t) (rl - Kblli;t()t) — 51;17(t)) dt + anz(t)dwn (¢),

2
dy(t) = y(t) (7“2 — g2 — szy(t)) dt + azy(t)dws(t), @

where w1 (t), w2(t) are mutually independent Wiener processes. The authors proved the existence and uniqueness of a
global positive solution to the system (). It is proven that the solution to the system (B) is stochastically ultimate bounded,
stochastically permanent, uniformly Hélder-continuous. The sufficient conditions for persistence in the mean and extinction
of the solution to the considered system are obtained.

Population systems may suffer abrupt environmental perturbations, such as epidemics, fires, earthquakes, etc. So, it
is natural to introduce Poisson noises into the population model for describing such discontinuous systems. In the paper
(Li, Gao, & Wang, 2016), the authors consider the stochastic mutualism model with white and centered Poisson noises

da(t) = z(t™) (rl(t) - et 51(t):c(t)) e+ aa(O)dwn (0) + [ (6, 2)P(dt, dz) |

dy(t) = y(t™) (7“2(t) - % - 82@)?/@)) dt + 2 (t)dws (t) + {’72(757 z)v(dt, dz)
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Here x(¢t7), y(t™) are the left limit of =(¢) and y(t) respectively, r;(t), bi(t), K:(t), €:(t), ai(t), i« = 1,2 are all positive,
continuous and bounded functions, Y is a measurable subset of (0, +o0), w;(t),: = 1,2 are independent standard one-
dimensional Wiener processes, o(t, A) = v(t, A) — tII(A) is the centered Poisson measure independent on w;(t),i = 1, 2,
Elv(t, A)] = tII(A), II(Y) < oo, 7:(t, 2),4 = 1,2 are random, measurable, bounded, continuous on ¢. The global existence
and uniqueness of the positive solution to the problem (B) are proved. The sufficient conditions of stochastic ultimate
boundedness, stochastic permanence, persistence in the mean, and extinction of the solution to the system (E) are obtained.

In this paper, we consider the stochastic mutualism model with jumps generated by centered and non-centered Poisson
measures. So, we take into account not only “small” jumps, corresponding to the centered Poisson measure, but also the
“‘large” jumps, corresponding to the non-centered Poisson measure. This model is driven by the system of stochastic
differential equations

dl‘l(t) = Z‘rb(t) |:7'i(t) — % — ¢ (t);vl(t) dt + o; (t)xl(t)dwl (t)+
+/%(t,z)m¢(t7)171(dt,dz) + /61'(25,z)xi(tf)yz(dt,dz),xi(()) =z >0,1=1,2,
R R

(4)

where w;(t),: = 1,2 are independent standard one-dimensional Wiener processes, i1 (t, A) = v1(t, A) — tI11 (A), vi(t, A),
1 = 1,2 are independent Poisson measures, which are independent on w;(t),: = 1,2, E[v ( A)] = tIL;(A),i = 1,2,
I1;(A),i = 1,2 are finite measures on the Borel sets A in R.

We prove that system (H)) has a unique, positive, global solution for any positive initial value, and this solution is stochas-
tically ultimately bounded. The sufficient conditions for stochastic permanence, extinction, non-persistence in the mean,
weak and strong persistence in the mean of the solution to the system () are derived.

It is worth noting that the impact of centered and non-centered Poisson noises to the stochastic predator-prey model
that depends on the population density of the predator is studied in the paper (Borysenko, & Borysenka, 2023).

In the following we will use the notations X (t) = (z1(t),z2(t)), Xo = (%10,720), | X&) = /z3(t) + 23(t),
RZ ={X €R?: z; > 0,22 > 0},
Bi(t) = /'yl (t,2) — In(1 4 ~i(t, 2))]I1 (dz) /In (14 68:(¢, 2))|1L2(d2),

R

i = 1, 2. For the bounded, continuous functions f;(t),¢ € [0,+0),¢ = 1,2, let us denote

fisup = Sgp fi(ﬂ,fiinf = JQB fi(t)7i = 1,2, fmax == max{flsup,stup}a fmin = min{fl infy f2inf}~
t=0 Z

The rest of this paper is organized as follows. In Section 2, we prove the existence of a unique global positive solution to the
system () and derive some auxiliary results. In Section 3, we prove the stochastic ultimate boundedness of the solution
to the system (@), and obtain sufficient conditions under which the solution is stochastically permanent. The sufficient
conditions for extinction, non-persistence in the mean, strong and weak persistence in the mean of the solution are derived.

1. Existence of a global solution and some auxiliary lemmas
Let (2, F, P) be a probability space, w;(t),7 = 1,2,¢ > 0 are independent standard one-dimensional Wiener processes
n (Q,F,P), and v;(t, A),i = 1,2 are independent Poisson measures defined on (22, 7, P) independent on w; (¢),7 = 1, 2.
Here E[v;i(t, A)] = t11;(A),i = 1,2, D5(t, A) = v;(t, A) — tIL;(A),i = 1,2, I1;(-),% = 1,2 are finite measures on the Borel
sets in R. On the probability space (2, F, P) we consider an increasing, right continuous family of complete sub-o-algebras
{Fi}i>0, where Fy = o{w;(s),vi(s, A),s < t,i=1,2}.
We need the following assumption.

Assumption 1. It is assumed, that r;(¢) > 0,b;(t) > 0, K;(t) > 0,ci(t) > 0, 0:(t),i = 1,2 are bounded, continuous on ¢
functions, cmin > 0, Kmin > 0, 7i(t, 2),0:(¢, 2),7 = 1,2 are continuous on ¢ functions and In(1 + v;(¢, 2)),In(1 + 8;(¢, 2)) are
well-defined and bounded, IT;(R) < oco0,7 =1, 2.

In what follows, we will assume that Assumption [ holds.

Theorem 1. There exists a unique global solution X (t) to the system (@) for any initial value X (0) = Xo € R%, and
P{X(t) eRI} =1

Proof. Let us consider the system of stochastic differential equations

t) + exp{vs—i(t)}
+/In(1 + 7i(t, 2))o1(dt, dz) + / n(1 + 0;(t, 2))2(dt, dz), vi(0) =Nz, i =1,2.

R R

dvi(t) = (ri(t) e E’ b expivit)l ) explun(t)) — @(t)) dt + o (t)dw (t)+
_ (®)

The coefficients of the system (B) are locally Lipschitz continuous. Therefore, for any initial value (v1(0), v2(0)) there exists
a unique local solution V'(t) = (v1(t),v2(t)) on [0,7.), where sup,_. |V (t)| = +oo (cf. Theorem 6, p. 246,(Gikhman, &
Skorokhod, 1982)). So, from the Itd’s formula, we derive that the process X (t) = (exp{vi(t)}, exp{v2(t)}) is a unique,
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positive local solution to the equation (H). To show this solution is global, we need to show that 7. = +oco a.s. Letng € N
be sufficiently large for zio € [1/n0,n0],7 = 1,2.

For any n > no we define the stopping time 7, = inf{t €[0,7e): X(t) ¢ (l, n) X (1, n) } . Itis easy to see that 7,
n n

is increasing as n — +oo. Denote 7o, = lim,_, o 7, from which 7o, < 7. a.s. If we prove that 7., = o a.s., then 7. = oo
a.s. and X (t) € R% a.s. forall t € [0,+00). So we need to show that 7.. = oo a.s. If it is not true, there are constants
T >0ande € (0,1), such that P{roc < T} > ¢. Hence, there is n1 > no such that

P{r. <T}>¢, VYn>=ni. (6)

For the non-negative function V(X) = > (z; — 1 —Inx;), X = (z1,22), z; > 0, i = 1,2, by the 1td’s formula we obtain

V]

V(X(T A Tn)) = V(Xo) + . { / [(Iz(t) — 1) (Ti(t) — % — Ci(t)l’i(t)> + /Bz(t)+
+ / 5i(t, z)xi(t)Hg(dz)] dt+ [ (@ilt) = Vos(t)dwi(t) + / / it )2 () — In(1+ % (t 2))in(dt, d=)+ ()

R

o\

0 R

// (t, 2)z(t™) — In(1 + 5:(t, 2))]ia(dt, dz)}

Under conditions of the theorem, there is a constant L > 0, such that

22: |:(:ci—1) (Ti(t)—%—cz() )-!-/31 /6 (t ZIHQ(dZ)] <

i=1 ) (8)
b
Z |:(7'max + Cmax + Kr—nax + 5maxH2(R)> Tqi — Cminl‘? + Bmax] <L,
i=1 min
WhEre dmax = MaXi=1,2{SUP, > .cr di(t, z)}. From (@) and (B) we have
2 TATn
V(X(T A1) < V(Xo)+ L(T A1) + Z / (z:(t) — 1)os (t)dw; (t)+
=1
TATn T ATy, ’
//[% (t, 2)x:(t7) = In(1 4+ v4(t, 2))] o (dt, dz) + //[5 (t,2)xs () — In(1 + 6;(¢, 2))] 2 (dt, dz)}
0 R
Whence taking expectations, yields
EV(X(T A7) < V(Xo)+ LT. 9)

Set Q, = {7, < T} forn = ni. Then by (B), P(Qn) = P{m, <t} > ¢, ¥n > n1. Note that for every w € Q,, there is some
i such that z;(7,,w) equals either n or 1/n. So V(X (7,)) = min{n — 1 —Inn, 2 — 1 + Inn}. It then follows from () that
V(Xo) + LT > E[1, V(X(n))] = emin{n — 1 —Inn, L — 1+ Inn}, where 1q, is the indicator function of £2,,. Letting
n — oo leads to the contradiction co > V(Xo) + LT = co. This completes the proof of the theorem. O

Lemma 1. Let X(t) = (x1(t), z=2(t)) be a solution to the system (H). Then the density of the population x;(t),i = 1,2 has
. In xT; (t) .

a property lim sup — <0,i=1,2as.

t—o0

Proof. By the Itd’s formula we have fori = 1,2

bL(S)Iz(S)
e Inz;(t) — Inzgpo /6 {lnxl ) +rils) = Ki(s) +w3-i(s)

(10)
/[In 1+7i(s,2)) — Wi(S,Z)]Fh(dZ)} ds + i (t),

—ci(8)xi(s

where

t

wi(t):/esaz )dw; (s //e IN(1 + v:(s, 2)) i1 (ds, dz) // e’ In(1 4 6;(s, 2))va(ds,dz), i =1,2.

0
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By virtue of the exponential inequality ((Borysenko, & Borysenkd, 2019), Lemma 2.2) we have

P{sup Ci(,u,t)>ﬁ}<e M0 < pu<l, >0, i=1,2,

0<t<T

Ci(mt):q/h‘(t)—%/e%af ds—f// 14 7i(s, 2))* —1—

e’ In<1+w<s,z>>} Iy (d2)ds— / / (146105, 2))" 1] Ta(dz)ds, = 1,2,

where

Choosing T = kr,k € N,7 > 0,u=e"*",3=0e""Ink, 6 > 1 we get

P{ sup Ci(p,t) > 0 In k} < i=1,2.

o<t<kT

1
k77
By the Borel-Cantelli lemma for almost all w € 2, there is a random integer ko (w), such that for Vk > ko(w) and 0 < ¢ < k7
we have

di(t) <

ST /6250'12 )ds + " // 1 + (s, 2) S S In(1 +’yi(s,z))] 14 (dz)ds+

(11)
eFr // {(1 Foi(s,2) T - 1} Ia(dz)ds + 0" Ink, i = 1,2.
0 R

Applying the inequality 2" < 1+ r(z — 1), valid forallz > 0,0 < r < 1, firstfor z = 1 + 7i(s,2), r = *~*7, then for
z =1+ 6(s,2), r = e, we derive from ({1 the estimates

t

Pi(t) < 2elkT /e2saf(s)ds+// e’ [fyi(s,z)—ln(l—l—’yi(&z))]Hl(dz)ds—i—// e*8i(s, 2)Ila(dz)ds + 0" Ink, i = 1,2. (12)

0

So from (f0) and (i), we get for i = 1,2

e'inz;(t) < Inayo + /eS {In xi(s) +7ri(s) — —Kz(b;)(—&)-xi )l( 5~ ci(s)xi(s) — oi(s) (1 - esfl”) +

¢
+ / 0i (s, 2)IIy (dz)} ds + 0" Ink < Inzy + /es[ln 2i(s) — ciintzi(s) + Lilds + 0" Ink <

R 0
<Inzio + L(e' — 1) + 60" Ink, Vk > ko(w), 0 <t < kT,

for some constant L > 0, where L; = 7;sup + SUP, > [ 02(, 2)I12(dz). So forany (k — 1)7 <t < k7, Vk > ko(w) we have

kT
(loeyp——de ik 19 as

In SL‘Z(t) < ,tln Zi0 L
e=D7In(k — 1)7

nt Int ' Int

Therefore
. In liz(t)
limsup ———=

t—o0 Int

<P, i=1,2,V0>1,¥Vr >0, a.s.

If6 1,710, then we obtain

lim sup Inz:(t) xlft)

t—o00 l

<1,i=1,2 as.

So limsup @

t—ro0o

<0,i=1,2 as. O

Lemma 2. Let p > 0.Then for any initial value x;o > 0,7 = 1,2 we have

limsupE [z} (¢)] < Li(p), i = 1,2,

t—o0

where L;(p) > 0,7 = 1,2 are some constants depending on p.

Proof. Let 7, be the stopping time defined in Theorem fil. Applying the 1t&’s formula to the process V (t,z;(t)) = e'z?(t),

7
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i=1,2,p > 0, we obtain fori =1, 2
tATH 9
VAT, xi(tATR)) = aby + /esmf(s) {1 +p (n(s) - % - Cz(s)l'z(s)) + MJF
0 tATH
/ (14 75, 2))" — 1 - pyils, D] Th (d2) + / [(14+61(s,2))" ~ ]n2<dz>} dst [ peal@o@dus+ (19
0
//ex [(14+7:(s, 2))P—1] 1 (ds, dz) //ex [(1 4 d:(s,2))? — 1] 2(ds, dz).
Under Assumption il there are a constants L;(p) > 0,i = 1,2, such that
s bi(s)zi(s) p(p — 1)o7 (s)
P __0\S)Ti\S) . PP~ 2)9:i\5)
e'at(s ){1+p( () = B ) + =P
(14)
[(147i(s,2)" =1 —pyi(s, 2)] M1(dz) + [ [(1+d:(s,2))’ —1]2(d2) p <
R R
1
<e’ {xf(s) (1 + prisup + |p2 | oFawp + stur)) _pciinfl‘i+l(5):| < e’Li(p),
where
Jisup = Sup {/ (1 +7(s,2))" =1 = pyi(s, 2)] T (dz) + /[(1+5i(8,2))”—1} Hz(dZ)} :
520 R R
From (i) and (fi4), taking the expectation, we obtain
E[V(EATn, z:i(tAT))] < by + Li(p)e’, i =1,2.
If n — oo, then we get
e'E[zP(t)] < 2% + Li(p)e’, i = 1,2.
Hence limsup,_, . E[z7(¥)] < Li(p), i = 1,2. O
Lemma 3. Ifmin{(r1 — B1)inf, (r2 — B2)int} > O, then for any initial value z;o > 0,7 = 1,2 we have
1 6
i — < L; =
IlrtrLsolipE [(:ci(t)> ] <Li(0),0<0<1,i=1,2, (15)
where L;(0) > 0,7 = 1,2 are some constants depending on 0 < 0 < 1.
Proof. For the process U;(t) = 1/z;(t),i = 1,2 by the 1td’s formula we have
t bils)ai(s) 2(s,2)
(D) = U . o i . . 2 Til$ % _
Uilt) = Ui(0) + /m( >[ n(s) + ey s em(s) + ol(s )+/1+%(8 Z)rh(dz)] ds
_ ’yZ s, z
/U s)oi(s)dw;(s // 1—|—'yzsz 1(ds, dz) //U 1+5 sz) vo(ds,dz).
Then by the It0’s formula we derive for0 < 0 < 1,7 =1,2
/ b
(14 U0 = (14 T(0)+ [ 0(1+Ti(9)" 2 {<1+Ui<s>>m<s> [— o)+ I sy o)+
’L 3—1
0
2 6
2 Vi (S,Z) 0— 2 1/ ( 1+UZ(S)+’Y’L(Saz) )
: LA 11 (de —U ~ [ la+Ui( ~1
rato+ [ )}* o) 1T T anart)) )7
R R , (16)
. M 1/ L+ Ui(s) + di(s, 2) B B
+ 6(1 + Usi(s)) T+ 7:(5.2) 7 (14 Ui(s 5 0:(5,2))(1 + Ui (5)) 1| 2(dz) p ds
R

_/0(1+U¢(8))91U‘( s)dwi(s //
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o

where I .0cn(t),7 = 1,3 are corresponding stochastic integrals in (8). Under Assumption i there exist constants
|L;i,1(0)] < o0, |L;2(0)| < o0, i = 1,2 such, that for the process J;(¢) we have the estimate

146:(s, 2

(1+%7))) —(14Ui(s7)) } 2(ds,dz)=(1+U;(0 /9 (1+Ui(s 9 2 ds+Z[J stoch (

J0) < (14 B0 [—mu) w00 (5 ) +ato+ [t z)fh(dz)] v

+9%U?<t)a?(t> +3 /(1 +Ui(1)*

1| I, (dz)+

<1+’yt(t,z) + 1+1U¢(t))0 B

0 2
+% /(1 +Ui(1)° (1 +($(t7z) + 1 +][-]i(t)> — 1| Ma(dz) < U (L) [*n(t) + U’T(t)+
+/ i (¢, z)Hl(dz)—i— O’Z 9/[ +7i(t, 2)) 111, (dz) —&—é (14 6:(t, 2)) —1]H2(dz)]+

+L; 1(0)Us(t) + Li,2(9) = —L;o(t, Q)U (t) + Li,1(0)Us(t) + Li2(6).

Here we used the inequality (z 4+ 3)° < 2% 4+ 2%y, valid forall 0 < § < 1, =,y > 0, in the first integral term for
z=(1+v(tz2)"" y=(1+U(t)*, and then in the second integral term for z = (1 + 6;(t,2)) ", y = (1 + Ui(t)) ™+
Due to

lim [2 %/ (14 vi(t,2)”7 — 11 (dz) + é/[(l +6:(t,2)) "% = 1|Ta(d2)+
R

60—0+
R

+ / IN(1 4+ ~;(t, 2))1 (dz) + / In(1 + &;(¢, Z))Hg(dz)] = tglinowJr Ai(0,t) =
—
and the condition min;=1,2(r; — Bi)int > 0 we can choose a sufficiently small 0 < 6 < 1 so that
Lio(0) = JQE Lio(t,0) = t'gf)[n'(t) — Bi(t) — Ai(6,t)] >0
is satisfied. So from (f{§) and the estimate for Ji(t) we derive

d [(1 + Ui(t))e] <O+ Ui(t)" *[~Lio(O)UZ () + Li,i (0)Ui(t) + Li2(0)]dt — 0(1 + Us(£))° " Us(t)os () dwi () +

+R/ [(1 + %)9— (1+Ui(t_))9} 1 (dt, dz)+R/ <1+1f;£it,)z))e—(1+ Ui(t))? | 22(dt, dz). (7)
By the It8’s formula and ({7]) we have
a1+ U0)] =AM+ U(0) dt + Ma[(1+ Ui)°] < o1+ Ui(1)" [f (Li,o(o) - g) UZ(t)+
+(Li1(0) + % Ui(t) + Li2(0) + %} dt — 0™ (1 + U () U (t) o () dwi (8) + (18)

(1 + Ui(t_))>0 — (14 Ui(t))9:| Da(dt, dz).

+€/ (1+1+%t)2)) (HUi(t))g]ﬁl(dt’dz)’%”/ 150t 2

Let us choose A = A(f) > 0 such that min;—1,2 L; 0(#) — A/68 > 0. Then there is a constants L;(6) > 0,7 = 1, 2, such that
fori =1,2 we have

(14U (1) {— (Lw(e) - g) U2(t) + (Li,l((?) + %) U(t) + Loa(6) + g} < L.(6). (19)

Let 7,, be the stopping time defined in the Theorem fi. Then by integrating (f{8) from 0 to ¢ A 7., using (f[9) and taking the
expectation we obtain

E [e)‘(MT")(l LU A Tn))f’} < <1 + 2 )9 + 5.0 (e“ - 1) .

Zi0 A

Letting n — oo leads to the estimate

e'E [(1 + Ui(t))"] < (1 . )6 + .0 (e“ - 1) . (20)

Zi0
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From (R0) we obtain

limsup E [(x-l(t))e] = limsupE [Uf(t)] < limsupE [(1 + Ui(t))e] < ——Li(6),

t— oo t— o0 t— oo

and this implies (f5). O

2. The long time behaviour
Definition 1. ((Li, & Mad, 2009))) The solution X (¢) to the system (#) will be said stochastically ultimately bounded, if for any
e € (0,1), there is a positive constant xy = x(¢) > 0, such that for any initial value X, € R2, the solution to the system (&)
has the property that

limsupP{|X(#)| > x} <e.
t— o0

In what follows in this section we will assume that Assumption [i] holds.

Theorem 2. The solution X (t) to the system (B) is stochastically ultimately bounded for any initial value X, € R%.

Proof. From Lemma [ we have an estimate

limsup Ezi(t)] < Li, i =1,2. (21)

t—o0

For X = (z1,22) € R% we have | X| < x1 + z2, therefore, from (1) limsup, , E[|X(t)|] < L = L1 + Lo. Let x > L/e,
Ve € (0,1). Then applying the Chebyshev inequality yields

. 1. L
limsup P{|X(t)] > x} < = limsup E|X(t)| < = < e.
t—oo X t—oo X

O

Definition 2. ((Li, Gao, & Wand, 2016)) The solution X (t) to the equation () is said to be stochastically permanent if for
any € > 0, there are positive constants H = H(e), h = h(e) such that fori = 1,2

liminfP{z;(t) < H} >1—¢, liminfP{z;(t)>h}>1—¢,
t—o0 t—o0

for any initial value X, € R3.

Theorem 3. Under the conditions of Lemma 3, the solution X (t) to the system (H)) is stochastically permanent for any initial
value X, € R3.

Proof. From Lemma [ we have an estimate

limsup Efzi(t)] < L.i=1,2.

t—o0

Thus for any given ¢ > 0, let H = L /e, by Chebyshev’s inequality, we can derive that

limsup P{z;(t) > H} < msup E[z;(t)] < e.
t— oo

L li
H t— oo
Consequently Iitm infP{z;(t) <H} >1—¢,i=1,2.
—
From Lemma [§ we have the estimate

limsupE [(xl(t))a] <L), 0<0<1.

For any givene > 0, let h = (E/L(Q))l/‘), then by Chebyshev’s inequality, we have

t— 00 t— o0 t—o0 X; (t)

limsupP{z;(t) < h} < IimsupP{(gg(ﬂ)Q > h9} < Rk’ limsupE K L >9] <e.

Consequently Iitm infP{z;(t) > h} >1—c¢. O
— 00

Theorem 4. Iffori = 1,2 we have

t

p; = limsup % /pi(s)ds < 0, where p;(s) = ri(s) — Bi(s),

t—o0
0

then the solution X (t) to the system () with initial condition X, € R% will be extinct: tlim zi(t)=0,i=1,2a.s.
L — 00
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Proof. By the It6’s formula, we have fori = 1,2

Inz;(t) = Inzio + /Ot [Ti(s) — sz(sw

) + s i(5) ci(s)zi(s) — ﬂi(s)] ds + Mi(t) < Inwio +/O pi(s)ds + Mi(t), (22)

where the martingale

t t

Mi(t) = /tm(s)dwi(s)—l—//In(l—l-’yi(s,z))z?l(ds,dz) +//|n(1+6i(s,z))172(ds,dz), i=1,2, (23)

0 R 0 R

has quadratic variation (Meyer’s angle bracket process)

(M;, My)(t) = /af(s)ds+// In2(1+'yi(s,z))1'[1(dz)ds+//In2(1+6i(s,z))ﬂg(dz)ds <KL i=1,2

Then the strong law of large numbers for local martingales (Lipster, 1980Q) yields lim;_, ., M;(t)/t = 0,i = 1,2 a.s. Therefore,
from (22) we obtain

t
lim sup Inzi(t) < limsup 1 /pi(s)ds <0, as.

t—o0 t—o0 t
0

Solimi_ e zi(t) =0,s = 1,2 a.s. O

Theorem 5. If p; = 0,7 = 1,2, then the solution X (t) to the system (@) with initial condition X, € R will be non-persistent

in the mean:
t

1 .
lim f/cci(s)ds =0 as.,i=1,2.
t— o0 t

0

Proof. From the first equality in (22) we have
t t
Inz;(t) < Inxio + /pi(s)ds — ¢ inf/xi(s)ds + M;(t), i=1,2, (24)
0 0

where martingale M;(t) is defined in (23). From the definition of 5} and the strong law of large numbers for M; (¢) it follows,
that Ve > 0, 3to > 0, and 3Q. C Q, P(2.) > 1 — ¢ such that

t

1 . & M) e
- i < i a < o 2 ) Qs~
t/p(s)ds p—i—2 ; 2Vt to, w €
0
So, from (£4) and condition 5} = 0,7 = 1,2 we derive
t t
Inz;(t) — Inzio < t(p; +¢) — Ciinf/mi(s)ds =te — CiiM/CIZ’i(S)dS, i=1,2, Vt > to, w € Qe. (25)
0 0
Let yi(t) = [, zi(s)ds, i = 1,2, then from (25) we have
In (dy#it)) Let— Ciinf’yi(t) +1In Ti0, 1 = 1,2, Vt > to, w € Qe.

Therefore
eciintyi(t) dyi(t)
dt
By integrating the last inequality from ¢, to ¢t we obtain

< mioe, 1=1,2, Vt > to, w € e

eCiintyi(t) < “n; 0 (eft _ 65t0) + ec‘l,lnfy‘l.(to), i=1,2, Vt>to, w € Q..

So

yi(t) < In [eciinfyi(tﬂ) + CiinfZi0 (est _ esto)] ,i=1,2, Vt > to, w € o,

Ciinf €

and therefore
t

lim sup%/wi(s)ds <

t—o0

€ .

,i=1,2, Vw € Q.
Ciinf
0
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t

Since ¢ > 0 is arbitrary and z;(t) > 0,7 = 1,2 a.s., we have tlim %/:ci(s)ds =0,7=1,2a.s. O
— 00
0

Theorem 6. If 5} > 0, i = 1,2, then the solution X (t) to the system (@) with initial condition X, € R2 will be weakly

persistent in the mean:
t

. 1 .
Z; = limsup = zi(s)ds >0, i=1,2, a.s.
t— o0 0

Proof. If the assertion of the theorem is not true, then P{w € Q | 3(w) = 0} > 0. From the first equality in (27) we get

¢ ¢

In l’l(t) In ZTi0 1 / bl sup 1 / Mz(t) 3

-, 2 " 0 - 1 » i -, - 17 27 2

, ; + L P (s)ds from + Cisup i (s)ds + " i (26)
0 0

where martingale M;(t), i = 1,2 is defined in (23). For Vw € {w € Q| #5 = 0} in virtue of the strong law of large numbers
for martingale M;(t), i = 1,2 we have

In l‘l(t)

limsup >p; >0, i=1,2.

t— o0

Therefore
P{weﬂz Iimsup@ >o} >0,i=1,2.

t— o0

But from Lemma [l we have
P{w €Q: Iimsup@

t—o0

So we obtain a contradiction. O

t
Theorem 7. Ifp;. = Iitm inf%/ pi(s)ds > 0,1 = 1,2, where p;(t) = ri(t) — Bi(t), i = 1,2, then
[— 00 0

B 1 t 5 b )
Tix = IItmInff xi(s)ds > p”, a.s., where m; = dinf 4 Cisup, 1 = 1,2,

—oo t [o m; iinf

Therefore, the solution X (t) = (x1(t), z2(t)) of system (@) with initial value X, € R3. will be strongly persistent in the mean:
Zix > 0 almost surely, i = 1,2.

Proof. From (26) we get

t ¢
Inz;(t) > Inzio + /pi(s)ds — mi/mi(s)ds + M;(t), i =1,2, (27)
0 0

where martingales M;(t), i = 1,2 are defined in (23). From the definition of 5;.., 7 = 1,2 and the strong law of large numbers
for M;(t),7 = 1,2 it follows that Ve > 0, 3to > 0, and IQ. C Q, such that P(Q.) > 1 — ¢,

f/pi(s)ds > Pin — % MT(” > ,%7 i=1,2, Vt > to, w € Q..
Hence, from (27) we have
t
INnz;(t) >INz + t(Pix — &) — mi/mi(s)ds, i=1,2, Vt > to, w € Qe.
0

Applying the same arguments for the processes y;(t) = fot z;(s)ds, i = 1,2 as in the proof of Theorem B, we derive the
estimate

1 s i Ti P 5. —
s> L [em1y1<zo) + T (e — et e)to)} Li=1,2, V> b, w € Qe
So
t
. . 1 71'* - .
Ilmlnff/;ri(s)ds > u, 1=1,2, we Q..
t—oo ms
0
Using the arbitrariness of € > 0, we complete the proof of the theorem. O

Discussion and conclusions
In this paper, we consider the non-autonomous stochastic mutualism model driven by the system of stochastic differen-
tial equations with white noise, centered and non-centered Poisson noises. So, we take into account not only “small” jumps,
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corresponding to the centered Poisson measure, but also the “large” jumps, corresponding to the non-centered Poisson
measure. For the considered system, sufficient criteria for the existence and uniqueness of a global positive solution are
obtained. We derive sufficient conditions of stochastic ultimate boundedness, stochastic permanence, non-persistence in
the mean, weak and strong persistence in the mean, and extinction of the population densities in the considered stochastic
mutualism model. The results strictly generalize existing results, so they are meaningful and important.

Authors’ contribution: Oleksandr Borysenko — conceptualization, writing, and editing; Olga Borysenko — methodology, writing,
viewing, and editing.
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DOUHAMIKA HEABTOHOMHOI CTOXACTUYHOI MOLENI MYTYANI3MY 31 CTPUBKAMM

Y npupodi Mmu moxemo 3Halimu 6azamo npuknadie e3aemodii deox abo 6inbwoi Kinbkocmi nonynAyil, 3a siKUx eU200U 00ePKY€E KOXHa i3
nonynayiti. Modeni Mymyaniamy euHukarombs modi, Kosiu oOHa nonynsyisi Hadae neeHi su2odu iHwili 8 06MiH Ha eu2o0u Ans cebe. lMpuknadom
MOXymb criiy2yeamu nonynsyis mypax i nonynsyisi nonentoxu. Mamemamuy4Hi demepmiHoeaHi Modesi WUPOKO euKOpUCMO8YOMbLCS Ni0 Yyac
eueYeHHs1 QuHaMiKu makux nonynsiyiliHux cucmem. Y peanbHOMY xummi Ha nonynsyiliHi cucmemMu Yyacmo enauearoms eunadkoei 36ypeHHs,
momy OouyinbHO 8uKopucmosyseamu cmoxacmuyHi modesi nonynsAyiliHoi OuHamiku. SIKWo Mu xoyeMo epaxoeyeamu maki panmosi 36ypeHHsI
cepedoeulya, sik enidemii, noxexi, 3emnempycu, modi Ham AoyinbHO eeecmu yeHmMpoeaHuli i HeueHmpoeaHul nyaccoHieckKi wymu y nonynsayitiHy
modenb. Omixe, Mu 6ydeMo epaxosyeamu He Minbku “mMani” cmpubku, ujo 8idnoesioaromes UeHMPOB8aHOMY MyacCOHI8CLKOMY WyMy, ane i “eenuki”
cmpubku, wo eidnoeidaroms HeyeHMpPoeaHOMY MyaccoHiecbkoMy wymy. Y po6omi doeedeHo icHyeaHHs1 i eOuHicmb 2nobanbHo20 dodamHo20
po38’s13Ky cucmemu cmoxacmu4Hux dughepeHyianbHUX pieHsIHb, WO ONUCY€E HeagMoOHOMHY Modesib Mymyainiamy, 36ypeHy “6inum” wymom, yueHm-
poeaHUM i HeyeHmpoeaHUM nyaccoHiecbkumu wymamu. OdepxkaHo docmamHi yMoeu 2paHUYHOI cmoxacmu4Hoi o6MexeHocmi, cmoxacmuYyHoi
nepmMaHeHMHOCMI, 6UMUPAaHHSI, HE8UXUBaHHS1 Y cepeOdHbLOMY, C/1abK020 i CUNIbHO20 8U)XUBaHHS1 Y cepedHLOMY 01151 PO38’sI3Ky cucmemu cmoxac-
MuYyHux dugpepeHyianbHUX pieHsIHb, W40 onucye 8idnoeioHy Modesnb Mymyaniamy.

Knw4yoBicnoBa: cmoxacmuyHa Mmodesib Mymyainiamy, 2ro6anbHuUll po3e’si30K, 2paHUYHa cmoxacmu4yHa o6MexeHicmb, cmoxacmuyHa
nepmaHeHMmMHicMb, 6UMUPaHHS, He8UXUBAHHS Y cepeOHbOMY, criabKe i cunbHe 8UXUBaHHS Y cepeOHbLOMY.

ABTOpYU 3asIBNSAOTb NPO BIACYTHICTE KOHMMIKTY iHTepeciB. CnoHcopu He 6Gpanu y4YacTi B po3pobneHHi gocnigxeHHs; y 36opi, aHanisi
4n iHTepnpeTauii AaHuX; Y HanucaHHi PyKonucy; B piLLeHHi Npo ny6nikaLito pesynsraTis.
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