~ 22 ~ B 1 C H U K KuiBcbkoro HauioHanbHoro yHieepcurety imeHi Tapaca LleBueHka

UDC 512.554
DOI: https://doi.org/10.17721/1812-5409.2024/1.3

Pavio MINAIEV, PhD (Physics), Assist.

ORCID ID: 0000-0002-5365-5014

e-mail: minaevp9595@gmail.com

Oles Honchar Dnipro National University, Dnipro, Ukraine

Oleksandr PYPKA, DSc (Phys. & Math.), Assoc. Prof.
ORCID ID: 0000-0003-0837-5395

e-mail: sasha.pypka@gmail.com

Oles Honchar Dnipro National University, Dnipro, Ukraine

ON SCHUR-TYPE THEOREM FOR LEIBNIZ 3-ALGEBRAS

One of the classic results of group theory is the so-called Schur theorem. It states that if the central factor-group % of a group G is

finite, then its derived subgroup [G,G] is also finite. This theorem was proved by B. Neumann in 1951. This result has numerous
generalizations and modifications in group theory. At the same time, similar investigations were conducted in other algebraic structures,
namely in modules, linear groups, topological groups, n-groups, associative algebras, Lie algebras, Lie n-algebras. In 2016,
L. Kurdachenko, J. Otal and O. Pypka proved an analogue of Schur theorem for Leibniz algebras: if central factor-algebra % of Leibniz
algebra L has finite dimension, then its derived ideal [L,L] is also finite-dimensional. Moreover, they also proved a slightly modified
analogue of Schur theorem: if the codimensions of the left {!(L) and right {" (L) centers of Leibniz algebra L are finite, then its derived ideal
[L, L] is also finite-dimensional. One of the generalizations of Leibniz algebras is the so-called Leibniz n-algebras. It is worth noting that
Leibniz n-algebra theory is currently much less developed than Leibniz algebra theory. One of the directions of development of the general
theory of Leibniz n-algebras is the search for analogies with other types of algebras. Therefore, the question of proving analogs of the
above results for this type of algebras naturally arises. In this article, we prove the analogues of the two mentioned theorems for Leibniz
n-algebras for the case n = 3. The obtained results indicate the prospects of further research in this direction.
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Introduction

Let L be an algebra over a field F with the binary operations + and [—,—]. Then L is called a Leibniz algebra (more
precisely, a left Leibniz algebra) if it satisfies the left Leibniz identity:

[a,[b,c]] = [[a,b], c] + [b. [a, c]].
forall a, b, c € L. Leibniz algebras first appeared in the paper (Blokh, 1965), but the term "Leibniz algebra" appears in the book
(Loday, 1992) and article (Loday, 1993). In (Loday, & Pirashvili, 1993), the authors conducted an in-depth study on Leibniz
algebras properties. The theory of Leibniz algebras has developed very intensely in many different directions.

Note that Lie algebras present a partial case of Leibniz algebras. Conversely, if L is a Leibniz algebra in which [a,a] = 0
for every element a € L, then itis a Lie algebra. Thus, Lie algebras can be characterized as anticommutative Leibniz algebras.

One of the key tendencies in the development of Leibniz algebra theory is the search for analogues of the basic results of
Lie algebra theory. At the same time, there are very significant differences between these two types of algebras (Chupordia
etal., 2019).

We recall some necessary definitions. Let L be a Leibniz algebra over a field F. If A, B are subspaces of L, then [A, B] will
denote a subspace generated by all elements [a, b] where a € A,b € B.

A subspace A of L is called a subalgebra of L, if [a,b] € A for every a,b € A. It follows that [4,A4] <A.
A subalgebra A of L is called a left (respectively right) ideal of L, if [b,a] € A (respectively [a, b] € A) foreverya € A,b € L. In
other words, if A is a left (respectively right) ideal of L, then [L, A] < A (respectively [4, L] < A). A subalgebra A of L is called
an ideal of L (more precisely, two-sided ideal) if it is both a left ideal and a right ideal. If A is an ideal of L, we can consider a
factor-algebra i. It is not hard to see that this factor-algebra also is a Leibniz algebra.

The left (L) and right T (L) centers of a Leibniz algebra L are defined by the rules:

¢(L)={a€L|[ab]=0forallb € L},
U'(L)y={a€L|[bal=0forallbeL}.

It is not hard to prove that the left center of L is an ideal, but it is not true for the right center. The right center is a subalgebra of
L, and, in general, the left and right centers are different. They even may have different dimensions (Kirichenko et al., 2017).

The center {(L) of L is the intersection of the left and right centers, that is

(L)={a€L|l[ab]l=0=]b,a]forallb € L}.

Clearly, the center {(L) is an ideal of L. In particular, we can consider the factor-algebra Z(L_L)

There is a very close connection between the center {(L) of the Leibniz algebra L and its derived ideal [L,L]. In
(Kurdachenko, Otal, Pypka, 2016), the authors prove that if the central factor-algebra ((L—L) has finite dimension d, then the
derived ideal [L, L] is also finite-dimensional and dimg([L,L]) < d2. Moreover, they proved some modification of this result: if
codimy (T(1)) = d and codim; (' (L)) = r are finite, then dim;([L, L]) < d(d + 7).

The first of the mentioned results is a direct analogue of the famous group-theoretical Schur theorem. More precisely, Schur
theorem states that if the central factor-group % of a group G is finite, then the derived subgroup [G, G] is also finite. In this
formulation, for the first time it appears in the paper (Neumann, 1951). This theorem was obtained also in (Baer, 1952).

In (Casas, Loday, Pirashvili, 2002), the authors introduced the concept of Leibniz n-algebras. Let L be an n-algebra over
a field F with the binary operations + and an n-linear bracket [—, ..., —]. Then L is called a left Leibniz n-algebra if it satisfies
the following left Leibniz n-identity:
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[bl, vy bpq, laq, ...,an]] = Z[al, ey @1, [D1y ooy b1, @), Qs s Q)

i=1
forany ay, ...,a,, by, ..., by_; € L. The theory of Leibniz n-algebras is much less developed than the theory of Leibniz algebras.
Our goal is to establish connections between these types of algebras. In particular, in this paper we will prove analogs of the
two above-mentioned results from the theory of Leibniz algebras for Leibniz n-algebras for n = 3.

1. Main results

Let L be a 3-algebra over a field F with the binary operation + and ternary operation [—, —, —]. Then L is called a Leibniz
3-algebra (more precisely, a left Leibniz 3-algebra) if for all elements a, b, ¢, x,y € L it satisfies the left Leibniz 3-identity:

[x,y, [a, b, c]] = [[x,y, al, b, c] + [a,[x,y,b],c] + [a, b, [x,y, c]].

If A,B,C are subspaces of L, then [4, B, C] will denote a subspace generated by all elements [a, b,c] where a € A,b €
B,ceC. As wusual, a subspace A of L is called a subalgebra of L if [a,b,c]€eA for all elements
a,b,c € A. In other words, [4, A, A] < A. A subalgebra A is called a left (respectively middle, right) ideal of L if [x,y,a] € A
(respectively [x,a,y] € A, [a,x,y] € A) forevery x,y € L, a € A. In other words, if A is a left (respectively middle, right) ideal of
L, then [L, L, A] < A (respectively [L,A,L] < A, [A,L,L] < A). A subalgebra A of L is called an ideal of L (or three-sided ideal) if
it is a left, middle and a right ideal of L. If A is an ideal of L, we can say about the factor-algebra %. It is not hard to see that%

is also a Leibniz 3-algebra.
Let L be a Leibniz 3-algebra over a field F, M be a non-empty subset of L, and H be a subalgebra of L. Put
Annk,(M) = {a € H| [a, M,M] = < 0 >},
Anntf(M) ={a € H| [M,a,M] =< 0 >},
Anny(M) ={a € H|[M,M,a] =< 0 >}.
The subset Annl, (M) (respectively AnnF(M), Ann},(M)) is called the left (respectively middle, right) annihilator of M in H.
The intersection
Anng (M) = Annk, (M) N Ann} (M) n Ann}, (M)
is called annihilator of M in H. We note the following basic properties of annihilators.
Lemma 1. Let L be a Leibniz 3-algebra over a field F, M be an ideal of L, and H be a subalgebra of L. Then Annﬁ,(M),
Ann} (M), Ann}; (M), Anny (M) are subalgebras of L.
Let L be a Leibniz 3-algebra over a field F. Put
{(L)y={a€l|[axy]=[xay]=][xya]=0foralxye€L}.
The subset {(L) is called the center of L. We note that the center of L is the annihilator of L in L. The left, middle and right
annihilators lead us to the following subsets. Put
(L) ={a€L|[axy]=0forallx,y €L},
(M(L)={a€l|[x,ay]=0forallxy€elL}
U'(L)y={a€lL|[x,y,al=0forallx,y € L}.
The subset (L) (respectively 7™(L), {"(L)) is called the left (respectively middle, right) center of L. Obviously,
L) =@ ng™L)NT L.
In particular, we can define the Im-center of L by the rule
g™(L) =T (L) N T™(L).
We note that, in general, ¢'(L), 7™(L), T"(L) are not ideals of L. However, we have the following result.
Lemma 2. Let L be a Leibniz 3-algebra over a field F. Then the following assertions hold.
(i) (L), T™(L), T (L), T(L) are subalgebras of L.
(i) ¥™(L), (L) are ideals of L.
Let L be a Leibniz 3-algebra over a field F. A linear transformation f of L is called a derivation of L if
f(a,b,c]) = [f(a),b,c]+ [a,f(b),c] + [a,b, f(c)]
foralla,b,c € L.
Consider the mapping [, ,: L = L defined by the rule I, ,(x) = [a, b, x], a,b € L. We note some basic properties of [, ;. Let
x,y,Z€ L, A€ F. Then
la,b(x +y} = [ar brx + Y] = [a, b,x] + [ar b»)’] = la,b(x) + la,b()’)1
lap(Ax) = [a,b,Ax] = A[a, b, x] = M(x),
lap([x,y,2]) = [a,b,[x,v,2]] = [[a, b, x],y, z] + [x,[a,b,y],z] + [x,¥,[a, b, z]] =
= [la,b(x)lyrz] + [X, la,b(y)vz] + [x,y, la,b(z)]'
These equalities show that [, , is a derivation of L.
We now present the main result of this paper.
Theorem 3. Let L be a Leibniz 3-algebra over a field F. If codimg (Zlm(L)) =d and codim;(7"(L)) =r are finite, then
dimp([L,L,L]) < d?(d + 7).
2. Proofs
We begin with the proofs of the two lemmas given above.
Proof of Lemma 1. Let A = Annk,(M), a,b,c € A, x,y € M. We have:
[[a, b, c],x,y] = [a, b, [c, x,y]] —[c, [a, b, x],y] — [c,x, [a, b,y]].
Since ¢ € 4, [¢,x,y] = 0. The fact that M is an ideal of L implies that [a, b, x] € M and [a, b,y] € M, so that [c, [a, b, x],y] =
=[¢,x,[a,b,y]] = 0. Thus, [[a,b,c],x,y] = 0.
Now, let B = Ann}}(M), a,b,c € B, x,y € M. We have:
[x,[a,b,cl,y] = [a, b, [x, c,y]] — [[a,b,x],c,y] — [x, c, [a,b,y]].
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Since ¢ € B, [x,¢,y] = 0. Furthermore, M is an ideal of L, so that [a, b, x] € M and [a, b, y] € M. Therefore, [[a,b,x],c, y] =
= [x, c, [a,b,y]] = 0. Thus, [x, [a,b,c],y] = 0.
Finally, let C = Ann};(M), a,b,c € C, x,y € M. We have:
[x, y,la, b, c]] = [[x, y,al,b, C] + [a, [x,y,b],c] + [a, b,[x,y, C]].
Since a,b,c € C, [x,y,a] = [x,y,b] = [x,y,c] = 0. Thus, [x,y,[a,b,c]] = 0.
Since Anny (M) = An B n C, Anng (M) is also a subalgebra of L. The lemma is proved.
Proof of Lemma 2. (i) Since
Anni (L) = 3'(L), Ann*(L) = {™(L), Annj (L) = T (L), Anny (L) = 3(L),
Lemma 1 shows that ¢'(L), 7™(L), T" (L), {(L) are subalgebras of L.
(i) Let D = ¢"™(L), v € D, a,b,x,y € L. We have:
[[x,y, v, a, b] = [x, v, [v,a, b]] —[v,[x,y,al],b] — [v, a,[x,y, b]],
[a, [x,y,v],b] = [x, y,[a,v, b]] - [[x, v,al,v, b] — [a, v, [x,y, b]].
Since v € D,
[[x,y,v],ab] = [x,,01 =0 -0 =0,
la, [x,y,v],b] = [x,7,0] —0—0 = 0.
This means that D is a left ideal of L. Furthermore,
[[x,v,¥],ab] = [x,v,[y,a b]] - [y, [x,v,al,b] = [y,a,[x,v,b]] = 0= [y,0,b] — [y,a,0] =0,
[a,[x,v,y],b] = [x, v,la,y, b]] — [[x, v,al,y, b] — [a, v, [x, v, b]] =0-[0,y,b] —[a,y,0] =0,
which shows that D is a middle ideal of L. Finally, we have:
[[v,x,y],a, b] = [v, x [y, a, b]] — [y, [v,x,a],b] — [y, a,[v,x, b]] =0-[y,0,b] —[y,a,0] =0,
[a, [v,x,y],b] = [v,x,[a,y,bl] - [[v,x,al,y,b] — [a,y, [v,x,b]] = 0 —[0,y,b] — [a,y,0] = 0.
In other words, D is a right ideal of L. Thus, D is an ideal of L.
In the same way we can show that the center {(L) of L is an ideal of L. The lemma is proved.
Finally, we present the proof of the main result of this article.
Proof of Theorem 3. We have: L = ('™ (L) @ E for some subspace E. Choose in E a basis {e,, ..., e4}. If x, v,z are arbitrary
elements of L, then
X=oqge + +ageg+51,y =061+ +Bgeqg+ 52, Z2=v161+ "+ Yg6q + 53
for a;, B;,y; € F, i € {1,...,d}, and s; € I"™(L),j € {1,2,3}. Then we have

[x,v,2] = Z a;e; + sq, Z Bjej + s, z Yierx + S3| =

1<isd 1<j<d 1<ks<d
Z a;Bivilei € ex] + z a;Bjles e, s3)-
1=, jksd 150j5d

It follows that the subspace S generated by the elements [ei, ej,ek], 1<i,j,k <d, and the subspaces [ei,ej, (“"(L)],
1<i,j<d,include [L,L,L].
Put Z = ¢™(L) and let a, b be arbitrary elements of L. We define a mapping I, ,(x):Z - Z by the rule ., (z) = [a, b, 7],
z € Z. As we noted above, this mapping is linear, Im(l,,) = [a, b, Z] and Ker(l, ;) = Ann}((a, b)) where (a, b) is an ordered
pair of elements a and b. Hence
Im(lap)=rZ _ z
Ker(lop)  Anng((ab))’

Since ¢"(L) < Ann}((a, b)), we have codimy (Ann{((a, b))) < rand so

[a,b,Z] =

dimg([a, b, Z]) = dimg (m) <r.

In particular, dimg([e;, e;,Z]) < r for every 1 < i,j < d. It follows that the subspace S has dimension at most d* + d?r =
= d?(d + ), as required.

3. Examples

Let's consider two partial cases. Firstly, Theorem 3 directly implies the following.

Corollary 4. Let L be a Leibniz 3-algebra over a field F. If codimz({(L)) = d is finite, then dim([L, L, L]) < d°.

Indeed, we have {(L) = {™(L) n {"(L). Since codimy ((lm(L)) and codimg(T" (L)) are finite, codimg(3(L)) is finite. Then
it suffices to take the proof of Theorem 3 into account to obtain Corollary 4.

Secondly, recall (Filippov, 1985) that a 3-algebra L over a field F (char(F) # 2) with the binary operations + and a 3-linear
bracket [—,—, —] is called a Lie 3-algebra if it satisfies the following conditions: (i) Lie 3-bracket is antisymmetric, that is
[a1, az, as] = sign(o)[as(), As(2), Ao(a)]; (ii) Lie 3-bracket satisfies the generalized Jacobi identity (or Jacobi 3-identity), that is

[x,y,[a b, cl] = [[xy,alb,c] + [a[x,yblcl +[abxycl]
for any a, b, ¢, x,y € L and any permutation o € S5. Note that since char(F) = 2 the first condition equivalent to [a;, a,,a3] = 0
whenever a; = a; forsome i # j, 1 <i,j < 3. Obviously, every Lie 3-algebra is a Leibniz 3-algebra. Therefore, we can apply
the previous results to this partial case. We have the following.

Corollary 5. Let L be a Lie 3-algebra over a field F. If codim(3(L)) = d is finite, then ([L, L, L]) <

Discussion and conclusions
The obtained results illustrate that the transition from Leibniz algebras to Leibniz 3-algebras is possible, but sometimes
requires additional restrictions. The experience gained during the study of Leibniz algebras can be used to study similar

d-D@-2)
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questions of the general theory of Leibniz 3-algebras, and in the future, Leibniz n-algebras. The results proved in the article
add to the large list of algebraic structures for which an analogue of Schur theorem and its modification holds true. All this
points to the prospects of further research in this direction.

Authors’ contribution: Pavlo Minaiev — conceptualization, methodology, analysis of sources, preparation of literature review and
theoretical foundations of research; Oleksandr Pypka — conceptualization, methodology, analysis of sources, preparation of literature review
and theoretical foundations of research.
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NMPO AHAJOI TEOPEMU LUYPA ONA 3-ANMEBP NEABHILA

.. . P G
OOGHuM i3 Knacu4yHux pe3ynbmamie meopii 2pyn € mak 3eaHa meopema LlLlypa, sika cmeepdxye: AKW0 ueHmpansHa (hakmop-apyna @ 2Pynu G

CKiH4YeHHa, mo if koMymaHm [G, G| makox ckiHyeHHull. Ljro meopemy doeie b. HelimaH y 1951 p. Takuli pe3ysnibmam Mae YUC/IeHHi y3a2anbHeHHsI ma
modudpikayii @ meopii 2pyn. BodHo4ac aHanozi4Hi docnidxeHHs1 npoeodusiu i 8 iHWUX an2e6pu4dHUX cmpykmypax, a came 8 Modlynsix, NiHilUHuUx
2pynax, mornoJsio2i4YHuUx 2pynax, n-2pynax, acoyiamueHux anzebpax, anzebpax Jli, n-anzebpax Jli. Y 2016 p. JI. KypdayeHko, X. Oman i O. Munka

doeesu aHano2 meopemu Lllypa dns anze6p JlelibHiya: sKwio yeHmpanbHa gpakmop-anzebpa ﬁ anzebpu JlelibHiya L mae cKiH4eHHY po3MipHicmb,

mo ii noxioHul idean [L, L] makox ckiHYyeHHoeumipHul. ba 6inbwe, eoHuU doeenu i dewyo ModughikosaHuli aHano2 meopemu Lllypa: skuo Koeumip-
Hocmi nigozo {'(L) ma npaeozo {"(L) ueHmpie anze6pu Jleli6Hiya L ckiH4eHHi, mo ii noxidHuli idean [L, L] makox ckiH4eHHoguMipHul. OGHUM 3
y3azanbHeHb anzebp JlelibHiya € mak 38aHi n-anzebpu JlelibHiya. Bapmo 3aysaxxumu, ujo meopisi n-anze6bp JlelibHiya Hamenep € 3Ha4HO MeHW
Po38UHeHO0 3a meopito aneebp JlelibHiya. OOHUM i3 HanpsiMKie po3eumky 3a2anbHoi meopii n-anzebp JlelibHiya € nowyk aHanoeill 3 iHwumMu mu-
namu anze6p. Tox yinkom npupodHo nocmae numaHHsi NPo dosedeHHs1 aHaslo2ie HasedeHUX suwe pe3ysibmamie Ons Yybo20 murny anzebp. Y npo-
noHoeaHili cmammi Mu 0o8oduMo aHasio2u d8ox 32adaHux meopem 05 n-anzebp JlelibHiya onsi aunadky n = 3. OmpumMaHi pe3ynbmamu eKka3yromb
Ha nepcrnekmueHicmb nodanbwux A0cniOKeHb Yy UbOMY HanpsiMi.

Knwo4yoBi cnoBa: anzebpa Jleli6Hiya, 3-anzebpa JlelibHiya, anze6pa Jli, yeHmp, noxidHuli idean, meopema Lllypa.
ABTOpM 3asBNAIOTb NPO BiACYTHICTb KOHANIKTY iHTepeciB. CnoHcopu He Gpanu yyacTi B po3pobneHHi 4ocniaxeHHs; y 36opi, aHanisi umn
iHTepnpeTauii AaHWX; Y HanMCaHHI pykonucy; B pilleHHi Npo nybnikauito pe3ynbTartis.
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